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Abstract

In this thesis we prove the existence of a weak solution for two Cauchy problems asso-
ciated with 2 x 2 systems of Keyfitz-Kranzer type with certain source terms and bounded
measurable initial data. One is a symmetric system of Keyfitz-Kranzer type and the other
is the Aw-Rascle model for traffic flow which is a non-symmetric system of Keyfitz-Kranzer
type. For it, in both cases, we obtain an estimate in L'(R) related to one of the Riemann
invariants, then using this estimate we apply the compensated compactness method to prove
the pointwise convergence of the viscosity solutions. For the above problems in the absence
of source terms we obtain as a particular case the existence of weak entropy solution. Finally
we study a (n+1) X (n+ 1) non-symmetric system of Keyfitz-Kranzer type with a particular
source term.

Keywords: Systems of Keyfitz-Kranzer type, Aw-Rascle model, source terms, weak

solution, weak entropy solution.

Resumen

En esta tesis probamos la existencia de solucién débil para dos problemas de Cauchy aso-
ciados con sistemas 2 x 2 de tipo Keyfitz-Kranzer con ciertos términos fuente y valores
iniciales acotados y medibles. Uno es un sistema de tipo Keyfitz-Kranzer simétrico y el otro
es el modelo Aw-Rascle para flujo de trafico el cual es un sistema de tipo Keyfitz-kranzer
no simétrico. Para esto, en ambos casos, obtenemos una L!(R) estimativa relacionada con
uno de los invariantes de Riemann, entonces usando esta estimativa aplicamos el método
de la compacidad compensada para probar la convergencia puntual de las soluciones vis-
cosas. Para los problemas anteriores en ausencia de términos fuente obtenemos como un
caso particular la existencia de solucion débil entrépica. Finalmente estudiamos un sistema
(n+1) x (n+ 1) de tipo keyfitz-kranzer no simétrico con un término fuente particular.

Palabras clave: Sistemas de tipo Keyfitz-Kranzer, modelo Aw-Rascle, términos fuente,

solucion débil, solucién débil entrépica.
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1 Introduction

A n x n system of Keyfitz-Kranzer type is a n X n system of partial differential equations of
the following form

(w)e + (wo(u, ... u,)) =0, i=1,...,n (0.1)

This type of system was first introduced for two equations by Barbara L. Keyfitz and Herbert
C. Kranzer in [10] as a model of an elastic string in the plane and was almost one of the
first examples of nonstrictly hyperbolic systems. Systems of the form (0.1) appear in areas
as elasticity theory ([10]) and magnetohydrodynamics ([8]).

The symmetric system of Keyfitz-Kranzer type where the function ¢ is of the form

O, yu) = o), =3 0,
=1

has been studied by different authors, see for example [9, 10, 21, 4, 6, 14, 17]. When the
symmetric function ¢ is given by

n

O(Uy, - ..y u,) = @), T:Z

i=1

Uy |,

the system (0.1) is the system of multicomponent chromatography studied in [8].

An example of a non-symmetric system of Keyfitz-Kranzer type is the known system of two
equations proposed by A. Aw and M. Rascle in [2] for traffic flow

pi+ (pv), =0

here p and v = u — p(p) denote, respectively, the density and the velocity of cars on the
roadway and p(p) is a smooth strictly increasing function. In [30] Zhang independently pro-
posed the same model. Aw and Rascle in their paper [2] studied the Riemann problem (i.e.,
a Cauchy problem with piecewise constant initial data) for the system (0.2).

In [7], the authors show the existence of a weak entropy solution of the Cauchy problem
for system (0.2) with initial data taking values in a domain Dy, provided that the initial
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Riemann invariants be in BV (R), the Bounded Variation Space function, and take values in
Dy, p(p) satisfies the same conditions given in [2] together with the following

P'(0)=0, p'(p)>0 for p>0 and |p(p)—p(p)| < Llpy = pel,

for some constant L.

An improved version of the model (0.2) includes a relaxation term (a source term) in the
second equation, in [7] also the existence of a weak entropy solution is proved for the Cauchy
problem associated with this improved version and initial data in Dy,. Their result is valid
for another source term introduced in [27] by Siebel and Mauser to the second equation
in the Aw-Rascle model, as well as for the specific choice of the relaxation term as given
in [25] under other extra conditions. In [3] the Aw-Rascle model is extended to include a
source term that models a highway entry. The Zhang version of the Aw-Rascle model with
relaxation is studied in [12] and [13]. Features due to inhomogeneities of the roadway such
as entries, exists and changes in the traffic speed are introduced in the models for traffic flow
as different choices of source terms.

The objective of this thesis is to establish the existence of weak solutions for two Cauchy
problems associated with 2 x 2 systems of Keyfitz-Kranzer type with a source term and in
both cases with bounded and measurable initial data. The first problem considered is rela-
tive to a symmetric system of Keyfitz-Kranzer type, problem for which r = 4?" + v?" where
n is any fixed positive integer, and the second to a non-symmetric system of Keyfitz-Kranzer
type, namely the so-called Aw-Rascle model (0.2).

We illustrate the content of the chapters of this thesis. For more details the reader is referred
to the introduction of each chapter.

In chapter 2, we consider the Cauchy problem for a 2 x 2 symmetric system of the form (0.1)
with a source term, where ¢(u,v) = @(r), r = u** + v*", n is a fixed positive integer, and
the initial data is bounded and measurable. We prove the existence of weak solution for this
problem, by using classical viscosity, an estimate in L!(R) of one of the Riemann invariants
and the div-curl lemma, but avoiding the use of Young measures.

Starting from Chapter 3 we begin to consider a non-symmetric system of Keyfitz-Kranzer
type, more specifically we deal with the Cauchy problem for the Aw-Rascle model of traffic
flow ([2]) with a source. With the same conditions on p(p) given by Aw and Rascle in [2] we
establish the existence of weak solution.

Under new conditions on the function p(p), in chapter 4, we given a result on the existence
of weak solution for the Cauchy problem associated with the Aw-Rascle model. To this end
we introduce a technique due to Lu ([17]).

In chapter 5, we state a theorem on the existence of weak solution for a (n + 1) x (n + 1)
non-symmetric system of Keyfitz-Kranzer type with source term.






2 A symmetric system of
Keyfitz-Kranzer type

This chapter is devoted to the study of the Cauchy problem for a 2 x 2 symmetric system
of Keyfitz-Kranzer type. Section 2.1 deals the case in which the system has source terms,
namely
{ut + (ugb(r))x + g:(u,v) =0 21)
o+ (v9(r)), + galu,v) = 0,
with initial data

(u(a:,O),v(a:,O)) = (uo(a:),vo(x)), (2-2)

where g,(u,v), i = 1,2 are locally Lipschitz continuous functions, u,(z),v,(x) € L>(R), ¢ is
a nonlinear smooth function and r is given by

r=u? + 0", (2-3)

for any n fixed positive integer.

In subsection 2.1.1 we get a-priori estimates for the solutions of the diffusion system asso-
ciated with the system (2-1),
uj + (uh(r)), + gu(u,v) = eus,
’ (2-4)
vi + (°6(r)),, + ga(u, v) = e,

xT

In subsection 2.1.2, a slight adaptation of an argument due to Bereux and Sainsaulieu allows
us to show the positivity of u¢ provided that the initial data u,(z) is positive. By adding
some reasonable conditions, in subsection 2.1.3, we get a bound on the total variation (with
respect to x) in one of the Riemann invariants. In subsection 2.1.4 we introduce two entropy-
entropy flux pairs for the homogeneous system related to (2-1), these pairs will be applied in
subsection 2.1.6. In subsection 2.1.5 we prove some results on compactness in H, l;; (R xR™),
which will then be used in subsections 2.1.6 to 2.1.8 where we focus on the convergence of
some subsequences of the sequences {r<}, {u‘} and {v°}, for this we use the div-cur lemma
but without involving Young measures. In the last subsection of this section, finally we
present a result on the existence of a weak solution. The Cauchy problem without source
term is discussed in section 2.2, for such problem we establish the existence of entropy weak



2.1 The Cauchy problem for the symmetric system with a source

solution in subsection 2.2.1.

The scheme given here to prove existence of weak solutions will be used in the next chapters

in order to study the Cauchy problem for some non-symmetric system of Keyfitz-Kranzer

type.
For the system (2-1) we have that the Jacobian matrix of the flux functions

d(r) + 2nu® ¢/ (r)  2nuv* ¢/ (r)

2nou® 1 (r)  o(r) + 2nv?"¢/(r)

dF(u,v) =

has the two real eigenvalues

A= o(r) +2nrd (1), A= o(r),

with corresponding right eigenvectors

U _U2n—1
TA1 = ) 7’)\2 = )
v u2n—1
the functions ;
2(u,v) = " w(u,v) = o(r),

are Riemann invariants for system (2-1), associated respectively with A, and A,.

(2-5)

2.1 The Cauchy problem for the symmetric system with a

source

We shall give a proof of the global existence of bounded weak solution for the Cauchy problem

(2-1)-(2-2), using the vanishing viscosity method with the help of the theory of compensated

compactness. So, we study the convergence of the viscosity solutions (u(zx,t),v(x,t)) for
the parabolic systems (2-4) as ¢ — 0. Hereafter we write the functions u,v with an index

u, v only when it avoids confusion with the system (2-1).

2.1.1 Existence of viscosity solutions

We initially prove the existence of a sequence (u(x,t),v(x,t)), solutions of problem (2-4)-

(2-2) on R x [0, T, uniformly bounded with respect to e.
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Lemma 2.1.1. If g,(u,v), g.(u,v) satisfy the inequality
u g 0, > e+ e, (2-6)

where ¢; 1 = 1,2 are real constants. Then for any e > 0 and any T > 0, the following a-prior:

bounds hold for the Cauchy problem (2-4)-(2-2)
w0 < M(T), (e, 0] < M(T),  (w,8) € R x [0,7), (2-7)
for a positive constant M(T) independent of e.

Proof. We multiply the first and second equations of system (2-4) respectively by 2nu*"!

2n—1

and 2nv , and adding the results, we obtain

T+ Mg 4 2nu* g 4 200 g, = eryy — 2n(2n — 1)e<u2n_2u§ + U2"_21;2>. (2-8)

Using the inequality (2-6), we have from (2-8) the following inequality
Ty + MiTe + 2ner + 2nc, < 1. (2-9)

Applying the maximum principle to (2-9) we get the estimate r¢ < N(T'), where N(T)
is a positive constant, being independent of €. Then for u¢ and v® we have the a-priori
bounds in (2-7), which implies the existence of viscosity solutions for the Cauchy problem
(2-4)-(2-2). m

2.1.2 A positive lower bound of u(z,1)

In this subsection we present a lemma that provides conditions on the initial data u,(x) and
on the source term g, to get the positivity of u(x,t). We give below a simpler direct proof
of this fact, proof that we adapt from Bereux and Sainsaulieu ([22],[15]). This result will be
required in subsection 2.1.3.

Lemma 2.1.2. Suppose the condition of lemma 2.1.1 holds. If the initial data u,(x) is such
that uy(z) > ¢s > 0 for a constant ¢ and g,(u,v) = uh(u,v) for a continuous function
h(u,v), then we have

u(x,t) > c(t,e,¢5) > 0, (2-10)

where c(t, €, ¢c;) could tend to 0 ast — 400 or e — 0.

Proof. Algebraic manipulations on the system (2-4) give the equalities

(s + 6(r)s + G(r)(Inwu)s + hiu, v) = e%um

= e(Inu)y, + €((In U)x)Q :
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We set v = — Inu and deduce from the above equalities that
Vf — €Vgy = _E(Vw)z + ¢(T)x + ¢(T)Vx + h(ua U)

= —¢€ (Vx + %:)) + @ + ¢(r>x + h(u’ U)

Thus,

vz, t) < vo(x) * ke(z, t) + /0 (% (¢(7"))2 + ¢(1)s + h(u, v)) , k(x,t — s)ds,

where v,(z) = — Inuy(x) and here

1 2
Xz
ke(‘rat) - mexp(_g)a

denotes the heat kerner for v, — ev,,. Hence

v(z,t) < vi(x)*ke(z,t) + —t+/ o(r) *, (ke(z,s)) ds

< —lIne; + —t—i—N\/’

because uy(z) > ¢, > 0. Whence

N t
u(z,t) > csexp — (—1t + NQ\/j> > c(t,e,¢y) > 0.
€ €

This proves (2-10).

2.1.3 Estimates for z(x,t) and z,(-, )

(2-11)

Let z be the Riemann invariant given in (2-5), from now on, z(z,t) = z(u¢,v) and z,(-,?)

denotes the function z,(x,t) where ¢ is fixed. In this section, we prove bounds for z(x,t)
in L*(R x [0,7]) and for z,(-,¢) in L'(R). By using the same argument given in [16], we
have the following lemma, also as in [26], the key is that the total variation of the Riemann

invariant z(-,t) is decreasing in t.

Lemma 2.1.3. If in addition to the assumption of lemma 2.1.2, z,(x) = z(z,0) € L>(R),

2\(x) € LY(R) and there exist a function G(s) satisfying

G<2> - %, G(g) > 04% Yo, G'(s)>0,

u

(2-12)
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where ¢, ¢; are constants, then (%) (z,t) € L*(R x [0,T1), (ve)x(-,t) € LY(R), moreover
+oo

TV((%z)(.,t)) _ /_:O (Z—Z)m(x,t)‘dx g/_ "

/
(—) (x)‘ dx = Tv<(—) (x)), (2-13)
where TV is the total variation.

Proof. Multiplying the first and second equations of system (2-4) by —-% and %, respectively,

oo

then adding the results, we have

(0) o) 52 (0) (), e

using (2-12) we obtain

(%)t +¢(r) (%)x + ¢, (%) + 5 < E(E)M + ZGU—J (%)x (2-15)
)

1) € Lo(R x [0,T]).
t

Appliying the maximum principle to (2-15), we thus find that (£ )(
) to get

Now we differentiate (2-14) with respect to = and then we do 6 = (2

0+ (3(r)0) = ey + (2cu'u,0) — <“9L2”91> ,

xr xr U .

multiplying this equation by the sequence of smooth functions ¢'(f, ), where « is a para-
meter, we obtain

9(0,0)i + (6(r)g(0, @), + &(r), (9'(0, )0 — g(0, ) = €g(0, ) — €g” (0, )03

+ (2eu™ uag(0, @)+ (260 uy) (9'(0,0)0 — g(0, ) — (M) g (0,a). (2-16)

02
If we choose g(0, «) such that ¢”(6,a) > 0, ¢’ (0, a) — signf and g(0, ) — |0] as « — 0, we
have from (2-16)

-+ (G101, = 6l — (6,082 + (2eu o), — s (M2 210

from this inequality and using (2-12) it follows that

1], + (¢(7~)’9|)m < €|0] s 2€u_1ux\9|)m — G/(%) 0]

+(
< €04 + (2eu"ug|0]) (2-17)

Integrating (2-17) in R x [0, ], we obtain (2-13). O
Remark 2.1.4. There are functions g,,g, and G(s), satisfying the conditions given in le-
mmas 2.1.1 and 2.1.3. Consider

gi(u,v) = au, g.(u,v) =bv, G(s)=(b—a)s,

where a,b are constants such that b > a.

0 (uv) =, g(u,v) =vud, G(s) =0.
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2.1.4 Two pairs of entropy-entropy flux

A function 7 = n(u,v) is called an entropy for the homogeneous system associated to (2-1),
with entropy flux ¢ = q(u,v) if

o(r) + 2nu® ¢/ (r)  2nuv* 1/ (r)
2n0u 1P () B(r) + 2n0* (1)

Vq(u,v) = Vn(u,v)

A pair of functions 7, ¢ satisfying the above equation is called an entropy-entropy flux pair
and we denote it (1, q).

Two entropy-entropy flux pairs of homogeneous system associated to (2-1) are given by

(n(u,v), q(u, v)) = (r, /T (gzﬁ(s) + 2n3¢’(s)) ds), (2-18)

(n(u,v), q(u,v)) = (/T (¢(s) + 2ns¢/(s)) ds, /T (o(s) + 2ns¢’(s))2 ds), (2-19)

for 7 in (2-3). By means of these pairs, we shall obtain the pointwise convergence of a sub-
sequence of {r¢(z,t)}.

2.1.5 H,! compactness

Throughout this subsection we establish the results related to compactness in H z;cl that allow
us to apply the div-curl lemma in subsections 2.1.6 to 2.1.8 in order to prove for each of
the sequences {r<}, {u‘} and {v°} the pointwise convergence of a subsequence. The first
two lemmas given here refer to the two pairs of entropy-entropy flux (2-18) and (2-19). The
results of the lemmas 2.1.7, 2.1.8 y 2.1.10 are possible thanks to the estimate (2-13) obtained
in lemma 2.1.3 of the previous section.

Lemma 2.1.5. We assume the same conditions given in the lemma 2.1.1. Then
Ty + < /

Proof. The equation (2-8) may be written as

€

(0(s) + 2nsd/(s)) ds) (2-20)

T

is compact in H; ' (R x RT).

T+ (/T (925(8) + 2n8¢’(8)) d8> = €ry; — 2n(2n — 1)5<U2n_2ui n UQn_QUi)

T

- 2n<u2”_1g1 - 112”_192>. (2-21)
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From (2-21) it follows that

e(uﬁ)zn_2 (ue)2 and €(v°) 2 (ve)2 are bounded in L, (R x R"). (2-22)

x xT

Also the last term in the right-hand side of (2-21) is bounded in L}, (R x R*), thus —2n(2n—
De(u®2u+0v*""202) —2n(u*""'g,—v*"'g,) is bounded in M(R xR") (the space of Radon
measures). The bounds in (2-22), imply that the term er,, is H,,!(R x RT) compact, by
using Cauchy-Schwarz inequality. The left-hand side of (2-21) is bounded in W, > (R x R*).

Hence by Murat’s lemma ([19],[20]), (2-20) is compact in H, (R x R*). O

Lemma 2.1.6. Under the assumptions of lemma 2.1.1, it follows that

(/T (¢(s) + 2nsd'(s)) ds)

is compact in H (R x RY).

+ </T (o(s) + 2ns¢’(s))2 ds) (2-23)

t T

Proof. Multiplying the equation (2-8) by ¢(r) + 2nr¢’(r), we obtain

/

€

(gb(s) + 2ns¢’(s)) ds) + (/’“ ((b(s) + 2ns¢’(s))2 ds) = €Ty ((b(?“) + 2m“<b’(7“))

xT

—2n(2n — l)e(u2”_2u§ + UQ"—%i) (¢(r) + 2nrd/(r))
—2n (u%_lg1 - v2n_192> (o(r) + 2nrg/(r)). (2-24)

The left-hand side of the above equation is bounded in W, "> (R xR*). Making use of (2-22),
we get that the second term on the right-hand side of (2-24) is bounded in L}, (R x RT), and
as the last term is also bounded in L}, (R x R"), then these are bounded in M(R x R*). It
follows from the estimates (2-22) and from the Cauchy-Schwarz inequality that er,, (qb(?“) +
2nre’ (7")) is compact in H;,' (R x RT). We can apply Murat’s lemma and thus conclude that
(1.23) is compact in H; (R x R*). O

Lemma 2.1.7. Suppose the conditions of lemma 2.1.3 holds. Then

((u€)2n>t + <(u;_22n /TE (0(s) + 2ns¢'(s)) ds) (2-25)

is compact in H;,' (R x R*).

Proof. Introducing the function ¢(x,t) defined by

p=1+ (3>2n, (2-26)
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we can write the first equation of system (2-4) as

Up + 1y (cb(uQ”sO) + 2nu™pdf (u2"90)> = €ty — " pud! (ug) — g1 (2-27)

Multiplying both sides of (2-27) by 2nu®*~!, we obtain

<u2”>t + <u2">x <¢(u2"<p) + 2nu*" ¢ (u2"gp)> = 2enu®™ Mg, — 2n <u2”>2<px¢' (u*" )

—2nu* g, (2-28)

this equation is equivalent to

(u2">t + <u72n /T (¢(s) + 2nsd/(s)) ds) = e<u2”> - 2en(2n — 1)u®"2u?

xT

2
- 2n(u2”> @od () — 2nu" gy, (2-29)

where we have used that

2n

[ (s + 2used () ds == / ) + 2ns¢/(5)) ds

By lemma 2.1.3 ¢(+, ), is bounded in L'(R), this implies that the third term on the right-
hand side of (2-29) is bounded in L} (R x R*). Also the term 2nu?""'g, is bounded in
L (R x R"). Tt follows from (2-29) that

loc
e(uf) e (u;)2 is bounded in L (R x R"), (2-30)

since (-, 1), is bounded in L'(R). Thus these last three terms are bounded in M(]R x RT).
Using the estimate (2-30), we can prove that the first term on the right is H, }(R x R*)
compact. In addition, the left-hand side of (2-29) is bounded in W, "**(R x R*). So, we are
in a position to apply Murat’s lemma to see that (2-25) is compact in H; ! (R x R*). O

Lemma 2.1.8. If conditions in lemma 2.1.3 are satisfied, then

ul + (u€¢(r€)) (2-31)
is compact in H;,' (R x R*).
Proof. Multiply (2-27) by 2u to obtain

(), ()

2

(gb(s”go) + 2ns"g0<b’(5”g0)) ds) = e<u2) — 2eu? — 2u" 2, ¢ (uQ"go) —2ug,.

(2-32)
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The equation (2-32) shows that

e(u§)2 is bounded in L;

loc

(R x RT), (2-33)

indeed, here one makes use of the two estimates given in lemma 2.1.3.
According to first equation of system (2-4), we have

up + (u¢(r))z = €Uzz — 1, (2-34)

the term g, is bounded in M(R x RT), since it is locally integrable. One can show that eu,,
is compact in H,,' (R x RT), to this end we use Cauchy-Schwarz inequality together with the
estimate (2-33). Hence, in view of the Murat’s lemma, we conclude that (2-31) is compact
in H,!(R x RT). O

As a corollary of lemma 2.1.8 one can prove the following result.

Corollary 2.1.9. With the assumptions given in lemma 2.1.3, it follows that
/UE
uf + (uﬁgb(rﬁ) + —) (2-35)

is compact in H;,' (R x RY).

Proof. Due to the compactness of (2-31) in H,,}(R x R*), it is sufficient to show that (Z—):C
is also compact in H,, (R x RT), which is true since (%) _is bounded in L}, (R x R"), and
in W, (R x R*), this concludes the proof. O

loc

Lemma 2.1.10. Assuming the hypotheses as in lemma 2.1.3, then

o+ (vo(r)). (2-36)

is compact in H,' (R x R*).

Proof. We begin by multiplying the first equation in system (2-4) by (%)2 and (2-14) by
2u(§), adding the above results, we obtain

v\’ v\’ v v\’ v\’ v\’
(u (—) > + (u (—> gb) +2—g, — (—) g, = e(u (—) > — 2€u<—) . (2-37)
u . u _u u u o uw/,
from (2-37) it would follow that

2
eu’ (—) is bounded in L .(R x R™). (2-38)
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The second equation of system (2-4) may written in the form

v+ (v0(r)), = e(u%) = (u (%) + u(%)) ~ g (2-39)

The term g, is bounded in L} (R x RT), then it is bounded in M(R x R*). We now claim

loc
that

e<ux (E>> and e< (E) ) are compact in H (R x RY),
u u),

to see this, we use respectively the estimates (2-33) and (2-38), together with the Cauchy-

Schwarz inequality. Hence by Murat’s lemma, the sequence v; + (Uegb(re))x is compact in
H l;i (R x RT). m

A consequence of the previous lemma is the next corollary.

Corollary 2.1.11. Suppose the conditions of lemma 2.1.53. Then we have

vr + (ved)(re) + (Z—)Q> (2-40)

Proof. Being ((;;—i)2> bounded in both LL (R x R*) and W,/ (R x R*), we deduce that

is compact in H, (R x R*).

((”6)2> is compact in H, (R x RT). So by lemma 2.1.10 the conclusion in this corollary

u€

holds. O

We will omit subscripts on subsequences and let any subsequence of the sequence {u‘} be
denoted by {u}. In particular, whenever speaking of convergence of {u‘}, we really mean
convergence of some subsequence.

2.1.6 Pointwise convergence of {r‘(z,t)}

In order to show that the sequence {r¢(x,t)} converges pointwise, we use only the two pairs
of entropy-entropy flux (2-18) and (2-19) together with the div-curl lemma.

Lemma 2.1.12. When the assumptions of lemma 1.1.1 are satisfied, the function ¢(r) €
C?*(RT) and
meas{r : (2n + 1)¢'(r) + 2nr¢"(r) =0} =0, (2-41)

then there exists a subsequence of {r<(x,t)} which converges pointwisely.
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Proof. Due to lemmas 2.1.5 and 2.1.6, the div-curl lemma can be applied to (2-18) and
(2-19), this yields to the equation

—_—2

e / " P ds — ) =7 / " fs)ds — ) (242)

where k is real constant and f(r¢) = fTE (¢(s) + 2ns¢/(s)) ds. Here the overline denotes the
weak-star limit (i.e. 7€ = w* — limre).
Let r€ = r, we first notice that

’I“e/l:€ fIQ(S) ds — f2(r€) = re /T’n6 f/2<8) ds — (f<7,€>_f<r))2 i F/krfﬂ(s) ds
+(Fo9 - £0)) — 70", (243)
and - I T
F/,: fH(s)ds = F/T J2(s)ds + F/k F2(s) ds, (2-44)

using the above equalities in (2-42), we obtain

2

=) [ e = (1) = f0)* + (FET - f0) =0 (1)
But on the other hand, for by Cauchy-Schwarz inequality

(F() — £(r)” = ( / ") ds) < (= 1) / " F(s)ds.

Therefore, the weak-star limit of (7€ —r) f:e f%(s)ds— (f(r) - f(r))2 is nonnegative. Since
both terms in the left-hand of equation (2-42) are nonnegative, we deduce

(re — 1) / ") ds — (F0) — £()? =0, (2.46)

From (2-46) we get the conclusion in this lemma (see the argument used in the proof of
theorem 3.1.1 in [15]). O

2.1.7 Pointwise convergence of {u‘(z,t)}

On the basis of the lemmas 2.1.7 and 2.1.8, we can now establish the following result.

Lemma 2.1.13. Assume that in addition to the hypotheses of the lemmas 2.1.3 and 2.1.12,
o(r) is strictly increasing or decreasing for positive r. Then there is a subsequence of
{uf(z,t)} which converges pointwisely.
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Proof. Applying again the div-curl lemma to the functions (2-25) and (2-31), we get

e (L " (6(5) + 2056/(5)) ts-o)) =7 U0 " (6(5) + 2050/ (s)) ds

716 716

— (u)* ucg(re). (2-47)

By lemma 1.1.12 we may extract a subsequence of {r¢(x,t)} (still denoted {r¢(z,t)}) which
converges pointwisely, let r(z,t) — R(x,t) (strong). Using this fact in (2-47) it follows that

(% /OR((;S(S) + 2ns¢'(s)) ds — ¢(R)> ((“E)TH - EW) = 0. (2-48)

By the condition on ¢ we conclude that % for (¢(s) + 2ns¢’(s)) ds — ¢(r) = 0 only on r = 0,
according to (2-48) we obtain that

WP i P = (2.49)

equation from which we get the pointwise convergence of {u¢} in the region r > 0. O]

2.1.8 Pointwise convergence of {v(z,t)}

Lemma 2.1.14. If the conditions of lemma 2.1.13 are fulfilled, then there is a subsequence
of {v} such that it converges pointwise.

Proof. It now follows from the div-curl lemma applied to the functions (2-35) and (2-40)
that

2
e N N 0N

€ 9,6 ___ € _ _ € € _ €___ :0 2_50
uuue¢(7“)+(u> ugb(r)+ueu ( )

€ uE

Combining (2-50) and the strong convergence of the sequences {¢(r)} and {u} we find that

U(W - @2> =0, (2-51)

which implies the pointwise convergence of {Z—} on the region v > 0, and therefore the
convergence of {v¢}. O

2.1.9 Existence of weak solution

In this last subsection, we prove our main result, which is the existence of weak solution for
the Cauchy problem (2-1)-(2-2).
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Theorem 2.1.15. Suppose that g,(u,v), g,(u,v) satisfy the inequality u®"tg, + v*" g,

ar 4 ¢, ug(z) > ¢ > 0, g,(u,v) = uh(u,v) for a continuous function h(u,v), (Z—g)(x)
L>*(R), (Z—g),(x) € L'(R), there exist a function G(s) satisfying G(%) = 2091 G(2)

e+ ¢, G'(s) > 0, where ¢; i = 1,...,5 are real constants, ¢(r) € C*(RY), meas{r :
(2n + 1)@’ (r) + 2nre”(r)} = 0 and ¢(r) is strictly increasing or decreasing for positive r.

vV m IV

Then there exist a subsequence of (u,v®) which converges pointwisely and the limit is a weak
solution of the Cauchy problem (2-1)-(2-2).

Proof. To prove this result, we consider the sequence of viscosity solutions (u¢,v¢) of the
approximated system (2-4). Let us consider ¢,¢ € Cg§° (R x [0, oo)) By multiplying the
first equation of the system (2-4) by ¢, the second by v, adding the resulting equations and
integrating by parts in R x [0, 00), we obtain that u¢ and v satisfy the weak formulation of
the Cauchy problem (2-4)-(2-2),

+o00
// (upr 4+ u P (r) . — gi(us, %)) dtd:c—i—/uogo(:c,O) dx
RJO R
+0o0
‘ O(r)e — go(u0)Y) dt d o (z,0)dr =
[ v ot - g ) dedo + [ vite.0)da
+oo
— *Vra Upe ) dt dx . (2-52
E/R/O (U Puz + Ve dt dz . (2-52)

By lemmas 2.1.12, 2.1.13 and 2.1.14, we can find a subsequence of (u¢,v) (no relabeled),
which converges pointwise, a. e. (z,t) € R x [0,T], to (u,v) and it is such that r¢ — u? +v?,
a. e. (z,t) € Rx[0,T]. Since ¢ and g, i = 1,2 are continuous, ¢(r) — ¢(u? + v?),
gi(uf,v°) = gi(u,v) i =1,2,a. e. (z,t) € Rx[0,T].

Note that by (2-7),
+oo
6/ / Uy dt dz| < €||@rz|| Lo / |u| dt dx
RJO supp(¢)

<eN <meas (supp(tp))) ;

thus we obtain

+oo
lime/ / U Qg dt dz = 0. (2-53)
e—0 R Jo
Using the above argument we also have
+oo
lime/ / VY dt do = 0. (2-54)
e—0 R Jo

We want to pass to the limit the weak formulation (2-52) to complete the proof. From
(2-53) and (2-54), it follows immediately that the integral on the right-hand side of (2-52)
converges to 0 as ¢ — 0. Due to the convergence almost everywhere, we can apply the
Lebesgue dominated convergence theorem to (2-52) to obtain that (u,v) is a weak solution
of the Cauchy problem (2-4)-(2-2). O
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2.2 The Cauchy problem for the symmetric homogeneous
system

In this section we turn our attention on the Cauchy problem for the homogeneous system
associated to (2-1) with initial data (2-2). In this case where there are no source terms (i.e.
g; =01 =1,2), the system (2-1) reduces to

u + (up(r)) =0 o 5
{vt + (U(;ﬁ(r))m =0, ( )

which is a 2 x 2 hyperbolic system of conservation laws.

2.2.1 Existence of weak entropy solution

Lax [11] proves that if the solution u¢ of the Cauchy problem for the parabolic system (e > 0)

us + f(u), = eus,,, u(z,t)eR",

Tx?

satisfies certain a-priori estimates and converges almost everywhere to a limit u, then the
function u must satisfy the following inequality

+o0
/R/O (n(u)er + q(u)e,) dt dz > 0, (2-56)

for any nonnegative function ¢ € C§°(R x RT) and any entropy-entropy flux pair (1, q) € C?,
with n convex.

For a system of two strictly hyperbolic conservation laws, the rigourous proof of this deriva-
tion has been given by Di Perna [1] (see also Tartar [29], Rascle [23]).

As a consequence of this fact we may now prove the next result.

Corollary 2.2.1. Let ¢(r) € C*(RT) such that meas{r : (2n + 1)¢'(r) + 2nr¢"(r)} = 0
and ¢(r) is strictly increasing or decreasing for positive r. Assume that u,(x) > ¢ > 0,
() (z) € L*(R) and that (Z—g)/(x) € LY (R), where ¢ is a constant. Then the Cauchy

uo

problem (2-55)-(2-2) has a weak entropy solution.

Proof. Applying the previous theorem to g, = g, = 0 it follows that there exist a subsequence
(uf,v¢) of solutions for (2-4) satisfying the a-priori estimates (2-7) and converging almost
everywhere, which ensures that the entropy inequality (2-56) is fulfilled. O]



3 Existence of weak solution for the
Aw-Rascle traffic flow model: A first
result

The purpose of this chapter, divided into two sections, is to study the Cauchy problem for
the Aw-Rascle model of traffic flow, which is a non-symmetric system of Keyfitz-Kranzer
type. Under the same conditions on p(p) given by Aw and Rascle in [2], in the first section
we prove the existence of a weak solution for the Aw-Rascle model with a source term and
in the second section we obtain the existence of weak entropy solution for the homogeneous
model, i.e. the Aw-Rascle model. In subsection 2.1.1 we get a-priori estimates for the vis-
cosity solutions of the diffusion system (3-7). An estimate for the total variation of the
Riemann invariant z(-,¢) given in (3-3) is obtained in subsection 2.1.2. The div-curl lemma
allows us to prove in subsection 2.1.4 the pointwise convergence of a subsequence of viscosity
solutions, for this we use the results on compactness in H . given in subsection 2.1.3.

We shall rewrite the system (0.2) in a more convenient form by introducing the variable
m = pu as

pi+ (m—pp(p)), ; (31)

mt—|—<——mp 0.

Let F' be the mapping defined by

m — pp
a7 2 p@)7
m == —mp(p)
the Jacobian matrix of F' is
—p(p) — pp'(p) 1
dF(p,m) = ,

m2 m
— —mp'(p) 2 —p(p)

in other words, dF'(p,m) is the Jacobian matrix of the flux functions in (3-1).
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Thus the eigenvalues of system (3-1) are given by

m m
M=——-pp), X=——plp)—pr(p), (3-2)
P P
The vectors
1 1
Tkl - ) T)\Q = )
m / m
=+ pp'(p) "

are respectively right eigenvectors of the system (3-1) corresponding to eigenvalues A, and
As.

The functions z = z(p, m) and w = w(p, m) given below are Riemann invariants for system
(3-1), associated respectively with A, and A,

2(pym) = % w(p,m) = % —plp). (3-3)

3.1 The Cauchy problem for the Aw-Rascle model with a
source

We consider the Cauchy problem for the following non-symmetric system of Keyfitz-Kranzer
type or Aw-Rascle model with a source

{pt + (p(u—p(p))), + 9:(p, pu) = 0 (3.4)
(pu): + (pulu = p(p))), + g:(p, pu) = 0,
with data initial

(p(x,()),u(:c, O)) = (po(x),uo(x)), po(x) > 0, (3'5>

where p(p) is a smooth strictly increasing function, g¢,(p, pu), i = 1,2 are locally Lipschitz
continuous functions and p,(x), uy(z) € L>°(R). For this problem, we get two results on the
existence of bounded entropy solution.

Notice that if we make m = pu in the system (3-4), this system becomes

pi+ (m = pp(p)), + g:(p,m) =0
my+ (% = mp(p)) + g:(p,m) = 0.
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3.1.1 Existence of viscosity solutions

In order to obtain bounded weak solution to the Cauchy problem (3-6)-(3-5), we now consider
the following Cauchy problem for the diffusion system associated with the system (3-6)

pi+ (m = pp(p9)), + 9:(p" M) = €pS,

€ (me)2 € € € € € (3_7)
my + ( o —mp(p )>x+gz(p ;M) = emg,,

with data initial

(4 (2, 0), m(2,0)) = (p5(x), m5(2)) = (po(2) + €. po()ua(). (3-9)

where p,(x), uy(z) are given by (3-5). In the following, we indicate the functions p, m with an
index p¢, m¢, when it avoids ambiguities with the system (3-6), and we omit them in general.

To prove the existence of viscosity solutions for the Cauchy problem (3-7)-(3-8) only need to
establish a-priori estimates for the solutions (p(z,t), m(z,t)). Using the Riemann invari-
ants (3-3) and the maximum principle, we obtain a-priori estimates that we summarize in
the following two lemmas.

Lemma 3.1.1. We assume that p(0) = 0,lim,o pp'(p) = 0, the function pp(p) is strictly
convez for positive p (i.e. 2p'(p)+pp”(p) > 0 for p > 0), g.(p,m) = ph(p, m) for a continuous
function h(p, m) and that g,(p,m), g.(p, m) satisfy the inequalities

Zp0h F ZmGs = 12+ Coy WpGh + WinGs < CW + ¢y, (3-9)

where ¢; i = 1,...,4 are real constants and the functions z(p, m),w(p,m) are the Riemann
invariants gien in (3-3). Then for any € > 0 and any T > 0, the following a-priori bounds
hold for the Cauchy problem (3-7)-(3-8)

0<p(z,t) < M(T), |m(z,t)| < M(T), (x,t)€RxI0,T] (3-10)
for a positive constant M (T) independent of .

Proof. Multiplying the firts equation of the system (3-7) by z, and the second equation of
this system by z,,, adding these results we obtain

2¢
Zi + /\lzx = €Zps + ;szz - (Zpgl + Zm.g2>' (3_11>

Using the Riemann invariant w one proceeds analogously to obtain the equality

2e €
Wy + MWy = EWgy + ~ Palls + ;(219’(/)) + 00" (p)) P2 — (W91 + Wings)- (3-12)
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Inserting the inequalities (3-9) and the assumption on pp(p) in the equalities (3-11)-(3-12),
we obtain 5
€

2t Mze 2+ < €2pp + —Prie (3-13)
p

and 5
€
Wy + AWy + CW + ¢4 > €Wyy + — Prtly. (3-14)
P

Applying the maximum principle to (3-13) and (3-14), we have that z(p¢, m¢) < N,(T") and
w(p,me) > N,(T'). Using the first equation in (3-7) and also that p,(x) > 0, we get p¢ > 0.
It follows from the invariant region theory ([5],[28]) that the region

X = {(,o,m) : Z(p7m) < N1<T)7 w(p>m) = N2<T)7 p = O}

is a bounded invariant region for two suitable constants N, (T"), N,(T"). This region is depicted
in figure 3.1. Thus we obtain the estimates in (3-10) for a suitable positive constant M (T),

which is independent of e. [l
m
e=N/
w =N,
D
figure 3.1

Since system (3-7) is singular when p = 0, it is important to prove that a vacuum cannot
occur for the diffusion system. Using the same argument as in the proof of lemma 2.1.2 in
chapter one, for p we can obtain a-priori positive bounds dependent on e.

Lemma 3.1.2. We assume the hypotheses of lemma 3.1.1. Then for any e > 0 , the problem
(3-7)-(3-8) satisfies the a-priori positivity bound
pS(x,t) > c(t,e) > 0. (3-15)
Proof. We rewrite the first equation in the system (3-7) as
1
(np)e + (= p(p)),, + (u = p(p)) M p)s + hlps pu) = € e

=e(Inp)es + €((In p)x)2 :
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We set v = —In p, then we deduce that

Vi — €Ung = —€(12)* + (u— p(p)) (Inp)a + (u—p(p)) , + h(p, pu)

= —e<y$+“_—p(p)>2+ (u=p(p)"

> o+ (w=p(p), +hp, pu)

2

- (u—p(p))

. + (u—p(p)), + h(p, pu).

Thus,

v, t) < vi(x) * k(1) + / (L(u=p(0)" + (u=plp), + hlp, pu) ) 5. ket = s)ds,

where v{(z) = —InpS(x) and k(z,t) is given by (2-11). Hence

v(z,t) < vi(x) * k(z,t) + %t + /0 (u—p(p)) *, (ke(z,s)) ds

€
N, t
g—lne+—1t+NQ\/j,
€ €

since p$(z) > € > 0. Therefore

N, t
p(x,t) > eexp — (—t + NQ\/i) > c(t,e) > 0.
€ €

and thus we obtain the bounds (3-15).

3.1.2 An L'(R) estimate of z,(-, 1)

A result is given here regarding the total variation of z,(+,¢), which is necessary in proofs of

our lemmas concerning H,,! compactness.

Lemma 3.1.3. Let z be the Riemann invariant given in (3-3). If the total variation of

zo(x) = 2(x,0) (TV (20(2))) is bounded and there exist a function G(s) satisfying

G(m> = 2,01 + Zm@,  G'(s) >0, (3-16)

p

then z,(-,t) is bounded in L'(R), moreover

+oo +o00
TV (2(-t)) = / |22 (2, t)| do < / |20, (2)| dz = TV (2(2)). (3-17)

o0
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Proof. We differentiate (3-11) with respect to z and then we do 6 = z, to get
0; + (/\19)90 = €lpy + (2€p_1px0)x - (Zpgl + ng2)$’

multiplying this equation by the sequence of smooth functions ¢’(0, o), where « is a para-
meter, we obtain

90, @) + (Mg(0, @) + Ma(9'(0, )0 — g(0, )

= €g(0, ) — €g” (0, O‘)Qi
+ (20 pug (0. @), + (267" pa) ,(9(0

a)d —g(0,a))
— (2091 + 2m2) 9’ (0, ). (3-18)

If we choose g(f, «) such that ¢"(6,a) > 0, ¢’ (0, a) — signf and g(0, ) — |0] as « — 0, we
have from (3-18)

10|: + ()\1|0|)x = €02z — €9 (0, )02 + (26p_1px|9|)x — signé’(ng1 + ngz)x,
and from this equality
6], + ()\1\9\)36 < €|0|an + (26p’1px]9])x — sign@(ng1 + zmgz)x,
from this inequality and using (3-16) it follows that

0]¢ + (>‘1"9|)x < €l0]zs + (25/)_1Px|9|)z —G'(2)|0]
< €l0]ox + (2ep7 ' p2l6]) - (3-19)

Integrating (3-19) in R x [0, t], we obtain (3-17). O

Remark 3.1.4. There are functions g, g, and G(s), which satisfy the conditions in lemmas
3.1.1 and 3.1.3. As an example we have

gl(p7 m) = ap, 92(p’ m) = bmv G(S) = (b - a)s,

where a,b are constants such that b > a > 0.
Another example

gi(p,m) =p?,  galp,m) =mp, G(s)=0.

3.1.3 One family of entropy-entropy flux pairs

We begin by giving definition of a pair of convex entropy-entropy flux for the system (3-1).
We say that 7, ¢ is a convex entropy-entropy flux pair if n is convex and

— — oy 1
Yalp.m) = Vn(p.m) p(p) — rp'(p)

m?2

— —mp'(p) 2 —p(p)
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The system (3-1) has one family of entropy-entropy flux pairs, defined for arbitrary (smooth)
functions F (see [24])

(n(p,m),q(p,m)) = (pF(2), p¢(p, m)F(z)), (3-20)

where ¢(p,m) = — p(p).

The entropy 7 in (3-20) is convex with respect to p and m if and only if the function F is
convex with respect to the Riemann invariant z. Indeed, we have

n(p,m) = pF(z) = pF<%)7 p >0,

so that the eigenvalues of the Hessian matrix of n with respect to p and m are 0 and
% (,02 + mQ)F " (%) Therefore they are nonnegative if and only if F is convex.
We can demonstrate the lemma 2.1.7 by using these pairs of entropy-entropy flux.

3.1.4 H,' compactness

Lemma 3.1.5. With the notation and assumptions of the lemmas 3.1.1 and 3.1.3, when
g(p) is an arbitrary smooth function then

9(p), + ( |

is compact in H, (R x RY), where f(s) = —sp(s).

g'(s)f'(s)ds + g(pe)W) (3-21)

T

Proof. 1If we multiply each member of the first equation in (3-7) by ¢'(p), we have

9(p), — 9'(p) (pp(p) — pu) , = eg(p),, — €g"(p)P2 — 9'(P)g,

which is equivalent to

9(p),+ ( / ' g'(s)f'(s) ds + g(ﬂ)“) = €e9(p),o—ed"(p)P2—3 (p) 9+ (9(p)—pg' (p) ) - (3-22)

xT

From this equation, choosing a strictly convex function g(p) and using the L' estimate (3-17),
we obtain
e(pS)? is bounded in L;

loc

(R x R*). (3-23)

Le(R x RY) and also together with the
Cauchy-Schwarz inequality allows to establish that eg(p),, is compact in H, (R x R").

This estimate shows that eg”(p)p? is bounded in L]
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Moreover the two last terms in the right-hand side of (3-22) are bounded in L} (R x R™).

Hence —eg”(p)p2 —g'(p)gr + (9(p) — pg'(p) ) us is bounded in M(R x RT) (the space of Radon
measures). The left-hand side of equation (3-22) is bounded in VVl;Cl . Using Murat’s lemma
([20]) we get that (3-21) is compact in H,} (R x R*). O

The next corollary is an immediate consequence of our previous lemma.

Corollary 3.1.6. Suppose the conditions of the lemmas 2.1.1 and 2.1.3 hold and that f(s)
1s as in lemma 3.1.5. Then

P+ (pus — pp(pf)), (3-24)
and

f(), + (/p () ds + f(pe)u€> (3-25)

T

are compact in H;,' (R x RY).

Proof. To prove this, we choose the particular functions g(p) = p and g(p) = f(p) in lemma
3.1.5. O

Lemma 3.1.7. Under the same hypotheses as in the lemmas 3.1.1 and 3.1.3, it follows that

(o), + (pfu (u = p(p))) (3-26)

T
is compact in H;, ' (R x R*).

Proof. Let F(-) be any convex function of the Riemann invariant z, due to what was exposed
in subsection 2.1.3, it follows that n(p, m) = pF(z) is a convex entropy of the system (3-1)
with associated entropy flux g(p, m) = (m — pp(p)) F(z). We multiply the first equation of
the system (3-7) by 7, and the second by 7,,. Adding up, we obtain

N+ G = €ee — €F" (w)priy + (ugy — 6.) F'(u) — 9. F (u) (3-27)
One can choose a strictly convex function F'(u) in the equation (3-27) to obtain that
P (ug)2 is bounded in L (R x R"). (3-28)

From the second equation in the system (3-7) we have

(pfuc), + (PEUE (u® — P(Pe)))x = e(pug +upy), — g5, puc). (3-29)
Using the estimates (3-23) and (3-28) together with the Cauchy-Schwarz inequality, one can
easily show that e(pus + upf), is compact in H;,! (R x RT) and as g,(p¢, p°u¢) is bounded
in L}, (R x R*) and hence in M(R x R*). We remark that (3-26) is bounded in W, ™.
Then applying Murat’s lemma ([20]) we end the proof. O
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3.1.5 Pointwise convergence of {p°(z,t)} and {u(z,t)}

The results given in the preceding subsection allows us to use the div-curl lemma of the
compensated compactness theory to obtain the pointwise convergence of viscosity solutions.

Lemma 3.1.8. Assuming the same notation and hypotheses as in the lemmas 3.1.1 and
3.1.3, we have that there exist a subsequence {p*(z,t)} and a subsequence {u(z,t)} which
converge pointwisely.

Proof. We apply the div-curl lemma to the functions given by (3-24) and (3-25) to get

p / F2(s) ds — f2(p) = 7 / F2(s)ds — T + 7 Fpus — F(or) e, (3-30)
k k

where k is real constant and for p¢ we denote by p¢ its weak-star limit (i.e. p¢ = w* —lim p©).
Let p¢ = p, so one has

- / " sy ds — ) = p / " PRy ds — (FGr) - £(0)?
w (fE - 10) + 7 [ £eds - T @3
and

e -
F/k f2(s)ds — F(p) + 7 f(p)us — Flo) o = ¢ | [(s)ds

p

P _
L F e — T 4 / F2(s)ds — T

k

using these two equalities in (3-30) gives

2

=0 [ 7= (1) - )" + (T - 10))" =7 T — T 7

3-32
It follows from the div-curl lemma applied to the functions (3-24) and (3-26) that .
7R T e — 7 g T =0,
which permits us to write
7T — J0) 7 = 7 (33)

From the equations (3-32)-(3-33) we see that

=) [ e ds— (1)~ 1)) + () - 10)" =7 — 7P (33

p
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Since both terms in the left-hand side of (3-34) are nonnegative and the right-hand side is
nonpositive, then we must have that

=0 [ s = (1) - 10) + (- 1) =0, (339

and
P — 57 p(u)? =0, (3-36)

The last two equalities allow us to prove, respectively, the pointwise convergence of { pe}
and {ue} in the region of p > 0. O

3.1.6 Existence of weak solution

We are now ready to give a result on the existence of weak solution. It is contained in the
following theorem.

Theorem 3.1.9. We assume that p(0) = 0, lim,_,o pp’(p) = 0, the function pp(p) is strictly
convez for positive p , g,(p, m) = ph(p,m) for a continuous function h(p, m) and that g,(p, m),
G-(p,m) satisfy the inequalities z,g, + ZmGs > €12 + 5, Wygh + WGy < csw + ¢4, where ¢;
i =1,...,4 are real constants and the functions z(p, m),w(p, m) are the Riemann invariants
given in (3-4). If the total variation of z,(z) = z(x,0) is bounded and there exist a function

G(s) satisfying G(%) = 2,01 + Zm >, G'(s) > 0, then the Cauchy problem (3-4)-(3-5) has a
weak solution.

Proof. Multiplying the firts equation of the system (3-7) by ¢ and the second equation of
this system by 1), where ¢, € C§° (R x [0, oo)), adding these results and integrating over
R x [0, 00), we get

+oo
/ / (pe% + p(u = p(p%)) o — 92(p", peue)s@) dt dx + / pop(z,0) dz
R Jo R
+oo

+ / / <P€U€¢t + puc (u = p(p9)) e — g2(p", peue)%b) dt dx + / potiot (7, 0) dr =

R Jo R

+00
- e// (P Oz + PUYyy) dt dz. (3-37)
R Jo

The argument used in (2-53) yield

e—0

+oo
lime/ / (P Pz + PUY,,) dt dx = 0. (3-38)
R J0

From the equality (3-37), and using (3-38) and lemma 3.1.8, we obtain the conclusion in this
theorem. ]
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3.2 The Cauchy problem for the Aw-Rascle model

We have now the following corollary concerning the Cauchy problem for the Aw-Rascle traffic
flow model

{pt + (plu—p(p))), =0 (3.30)
(pu): + (pulu = p(p))), =0,
with bounded measurable initial data

(p(2.0),u(x.0)) = (po(a).w2)),  pule) > 0. (3-40)

where p(p) is a smooth strictly increasing function.

3.2.1 Existence of weak entropy solution

In this subsection we consider the existence of a weak entropy solution.

Corollary 3.2.1. We assume that p(0) =0, lim, o pp'(p) = 0, the function pp(p) is strictly
convex for positive p, let z be the Riemann invariant given in (3-4). If the total variation
of zo(x) = z(x,0) is bounded, then the Cauchy problem (3-39)-(3-40) has a weak entropy
solution.

Proof. The result follows immediately from theorem 3.1.9 by taking g, (p, pu) = ¢,(p, pu) =
0. ]



4 Existence of weak solution for the
Aw-Rascle traffic flow model: A
second result

In this chapter we again study the Cauchy problem associated to the Aw-Rascle model with
a source but modifying the conditions on p(p) given in [2] and under which the results on
existence of weak solution (Theorem 3.1.9) and weak entropy solution (Corollary 3.2.1) were
established in the previous chapter.

With the conditions on p(p) assumed in this chapter an argument following the ideas of
Bereux and Sainsaulieu is not valid to prove the positivity of p¢, which shows that the
vacuum state is not present in the diffusion system (3-7). The technique used here for a
positivity proof is an adaptation of a technique due to Lu, which he first introduced in [17]
to study the isentropic gas dynamics system for general pressure function. For this reason in
Section 4.1, we introduce a new flux approximation and also an approximation of the source
term in the first equation of the Aw-Rascle system with a source (3-6) by adding a small
perturbation. We can now obtain in subsection 4.1.1 the estimate p® > § > 0, in the same
subsection we can also obtain a priori bounds dependent on € and §. Borrowing the scheme
given in section 3.1, we get a second result on the existence of weak solution for the Cauchy
problem (3-4)-(3-5). In section 4.2, we prove the existence of weak entropy solution to the
Cauchy problem (3-39)-(3-40).

4.1 The Cauchy problem for the Aw-Rascle model with a
source

To establish our second result, we first consider the following approximate system

oot (2 = (0= 0)p(p) + 20 (pm) =0

—8)m? —5)m
mi (132 — =D () ) +g,(p,m) =0,

(4-1)

where § > 0 is a small perturbation constant.
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The matrix

o —p(p) = (p = 0)p(p) 0
Welom) =\ s gt =) 2Ao-0im _ p=d ’
= = plp) — () T — op(p)
is the Jacobian matrix of the flux functions in (4-1). The matrix dFj(p,m) has eigenvalues
p—90[m m
Ay = —— (— - p(ﬁ)) o A =——plp) = (p=0)pP(p), (4-2)
po\p p
with corresponding Riemann invariants
m p—06(m p—20
wilpm) = = s(p.m), 1%@mw=—;—(;—mm>=—?—wﬁm% (43)

where z(p, m) and w(p, m) are given by (3-3).

4.1.1 Existence of viscosity solutions
To (4-1) there is associated the diffusive system

€ €—d)m* € € ‘— € € €
i+ (L5225 — (= o))+ g, (7, m) = e,

F=0)(me)? F0)m” € € € €
m§+<(ﬂ Ol ) gt me) = em,.

(4-4)

We now consider the Cauchy problem (4-4) with initial data (3-5). We denote the functions
p, m with the indexes p©°, m®?, only when it avoids ambiguities.

One can deduce the existence of solutions to the diffusive system under certain conditions
on the function p, the source terms g;, i = 1,2, on py(z) and on the Riemann invariant z
given by (3-4). For it we derive L*> bounds for solutions.

Lemma 4.1.1. Let p satisfy lim, .o pp(p) = 0, 20’ (p)+pp” (p) > 0 for p > 0, and assume that
po(z) > ¢y > 0 and wy(z) = w(x,0) > ¢, > 0 for two constants ¢y, ¢y, g:(p,m) = ph(p, m)
for a continuous function h(p,m) and that

-5 -0
pTzsp!h + ZsmGa 2= €225 + Csy pTwépgl + WsmGe < CWs + G5, (4-5)

where ¢; i = 2,...,5 are real constants and the functions z;(p,m),ws(p, m) are the Riemann
invariants given in (4-3). Then for any € > 0 and any T > 0, we have the a-priori bounds
for the Cauchy problem (4-4)-(3-5)

§ < p0 < M(T), ‘meﬁ < M(T), (2,t) € R x [0,T] (4-6)

for a positive constant M (T') independent of € and .
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Proof. We multiply the first and second equations of system (4-4) respectively by z;, and
zsm and adding the results, we obtain

-0 2¢
Zst + /\(Hzéx + pTglz5p + GoZsm = €254y T ;pxzéx‘ (4_7>

Proceed similarly with the Riemman invariant w;, we find

Wsy + /\52w6z + pTglwép + GoWspy, = EWsgg — 6<wéppp32n + 2w6pmpxmz + wémmmi> : (4_8)

Algebraic manipulations on the equation (4-8) yields
2¢ p—20
Wsp + AsaWsy + ; (— - 1) PaWsqy — m%wa + Tglwép

W0 o010y + o (p) 2. (4-9)

Using the inequalities (4-5) in the equalities (4-8)-(4-9) together with the assumption of
strict convexity for pp(p), we get the following inequalities

2¢
Zot + Ao1Zsx + CoZs T €5 < €245 + 5 Paen (4-10)
and
2¢ ) 2¢6?
Wss¢ + )\5211]51 -+ ; (m — 1) PrWsy — mpiwg + c,ws + ¢4 2 EWs - (4—11)

By applying the maximum principle to the inequality (4-10) we get the estimate z(p%, m*%) =
2 (p=°,m?) < N(T). Since po(z) > ¢, > 0 and wy(z) > ¢, > 0, this means that
wso(z) = wy(x,0) > i¢, for small §, again applying the maximum principle to (4-11) we
obtain the estimate w;(p“®, m*?) > 1c,. We have from (4-3) the equality

€,0

€,0 €0\ __
wlpt ) = 2

ws <p€7(57 me,é)’
this readily leads to the bounded w(pe"s, mf"s) > %cl > 0. Using the first equation in (4-4),
we get p©0 > §. The region

= ={(p.m) : (p,m) < N, w(p,m) > ber, p > 6}

is a bounded invariant region (see figure 4.1) for a suitable constant N. Then for p°, m®°
we have the bounds

§ < p0 < M(T), ‘mﬁﬁ < M(T),

for a suitable constant M (7'), which is independent of € and §. O
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figure 4.1

Remark 4.1.2. It may appear at the first glance that the hypothesis on w,(x) is unnecessary
for the validity of lemma 4.1.1. An example however will show that the lemma is not generally
true if omit this hypothesis. If one does not assume this condition, then for p(p) = —%p‘“
0 < a <1 the region X is unbounded, this region is depicted in figure 4.2.

Indeed, the condition wy(z) = w(x,0) > ¢, > 0 in lemma 4.1.1 is necessary to ensures that
the invariant region X is bounded when p(p) < 0.

J

figure 4.2

Using exactly the same method as in the proof of lemma 3.1.2, for p©° we can also obtain
a-priori positive lower bounds dependent on € and J.

Lemma 4.1.3. With assumptions given in lemma 4.1.1, the following a-priori bounds hold
for the problem (4-5)-(3-5)
P (x,t) > c(t,e,0) > 4, (4-12)

where c(t,€,0) could tend to § ast — +oo ore — 0.
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Proof. We obtain as in the proof of lemma 3.1.2,

vz, t) < vs(z) * k(x,t) + %t +/0 (u —p(p)) *, (k’ﬁ(x,t - s))m ds,

where v = —In(p — §), v(z) = —In(po(z) — &) and k(, ) is given by (2-11).
It follows from the above inequality that

N, t
v(iz,t) < —Ind+ —t + NQ\/i,
€ €
since po(x) > 2§. Therefore
N, 13
plx,t) >dexp—| —t+ Nyy/ - | +9 > c(t,€,6) > >0,
€ €
and thus we obtain the bounds (4-12). O

4.1.2 An L' estimate of z,, (-, 1)

Lemma 4.1.4. Let z be the Riemann invariant given in (3-3). If the total variation of
2o(x) = z(x,0) is bounded and there exist a function G(s) satisfying

p— 0 !
G(2) =——2,0; + 2m0o, G'(s) >0, 4-13
(5)=""= (5) (+13)
then zs,(+,t) is bounded in L*(R), moreover
+oo +oo
TV (2(-,1)) = / |25 (2, 1) | da < / |20, ()| dz = TV (2o()). (4-14)

Proof. Following the same kind of calculation as in the proof of the lemma 3.1.3, from the
equality (4-7) one readily checks the next inequality

: —0 -
0] + (As[0]), + signd (pTglzap +gzz5m) < €l0]u0 + (2607 0]

T

ZL"
where 6 = z;,. By using the assumption (4-13) in the above inequality, we obtain

101 + (AslO1), < 101 + (Asl0]), + G'(2)16]

< €|l + (2€p_1px|0|) (4-15)

and integrate it over R x [0, t], we conclude the result of the lemma. ]
Remark 4.1.5. There are functions g,, g, and G(s) satisfying the assumptions of the lemmas
4.1.1 and 4.1.4, such as
gilp.m) = ap®,  go(p,m) = apm, G(s) = ads,
or
9i(p,m) =0, g.(p,m)=am, G(s)=as,

where a > 0 1s a constant.
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4.1.3 One family of entropy-entropy flux pairs

A pair (n,q) is called an entropy-entropy flux pair of system (4-1) if it satisfies the system

Sm / p—9
22 —p(p) = (p—0)p'(p)
Valp,m) = Vi(p,m) (z(s—p)m2 5 (p=0)m 2(p=0)m p 4
A = Bap(p) — Ny (p) AT — el (p)

Furthermore, n(p, m) is called a convex entropy if n(p, m) is convex.

Let F(-) be any convex function of the Riemman invariant z given in (3-3), the pair

(77(07 m),q(p, m)) = (pF(Z)?prs(pa m)F(Z))v (4'16)

m

where ¢;(p,m) = p—;é( i p(p)), is a pair convex entropy-entropy flux for the system (4-1),
this pair will be used later in subsection 3.1.3.

4.1.4 H,! compactness

Lemma 4.1.6. We assume the same conditions given in the lemmas 4.1.1 and 4.1.4. Let
g(p) be an arbitrary smooth function, then

9(r"), + </p

is compact in H,' (R x RY), where f(s) = —sp(s).

€6

g'(s)f'(s)ds + g(p“‘;)ue’é) (4-17)

xT

Proof. Multiplying the first equation of system (4-4) by ¢'(p), we obtain

9(p), — () (pp(p) — pu), — 69 (p)us + 69’ (0)p(p), = €9(p),. — €9” (P2

—(p—0)g' (p)h(p, pu),

this equation is equivalent to

9(p), + ( / ! g'(s)f'(s)ds + g(p)u> =¢g(p),. — €g"(p)P%

T

-0 ( / ' g’(S)p’(SMS) + (9(p) = pd'(p) + 09 (p))ux — (p — 0)g' (p)(p, pu).  (4-18)

xT

By using the L' estimate (4-14) and taking a strictly convex function g(p) into (4-18), we
see that
e(p§’5)2 is bounded in L;

loc

(R x RY), (4-19)
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2

and from here that —eg”(p)p? is also bounded in L]

loe(R x RT). Since the two last terms in
the right-hand side of (4-18) are bounded in L}, (R X RT), we have that —eg”(p)p2 + (g(p) —
pg' (p)+89' (p))us— (p—8)g'(p)h(p, pu) is bounded in M(R x RT). On the other hand, again
the estimate (4-19) together with the Cauchy-Schwarz inequality allows to establish that

eg(p),, and —6([" ¢'(s)f'(s)ds)  are compact in H, (R x RY). Finally, the H,}(R x RT)
compactness of (4-17) follows from Murat’s lemma since (4-17) is bounded in W, Cl “(RxR*).
This completes the proof. O

As a special case of lemma 4.1.6 we have the next corollary.

Corollary 4.1.7. Assuming the hypotheses as in the lemmas 4.1.1 and 4.1.4. If g(p) is an
arbitrary smooth function then

(/ ” + < / a g'(s)f"(s) ds +u / " g'(s)f'(s) ds) , (4-20)

is compact in H,' (R x RY), where f(s) = —sp(s).

€,0

g'(s)f'(s) dS)

t

Lemma 4.1.8. We assume that g(p) is a smooth function, strictly increasing such that
lim, 0 g(p)p(p) = 0, so that [”g'(s)f'(s)ds is a regular function at p = 0, where f(s) =
—sp(s), and together with the hypotheses of the lemmas 4.1.1 and 4.1.4, we have

<g(pe,5)ue,5>t+ (g(pe,s) (ue,5)2+u6,5 /P

is compact in H; ' (R x R*).

g'(s)f'(s) d8> (4-21)

Proof. Multiplying the firts equation of the system (4-4) by 7, and the second equation by
Tm, Where 7 is the convex entropy given in (4-16). Adding up, we obtain

p—90
N+ o = €Ny — €F(u)pug — <7npgl + 77m92>-
We can choose a strictly convex function F'(u) in the above equation to obtain that
ep™’ (u;’6)2 is bounded in L; (R x R™). (4-22)

In order to show the compactness of (4-21), we now multiply the equations (4-7) by g(p)
and (4-18) by z,, then adding the results and using that z; = u together with (4-14), we get

@mwﬁ(mm+w/ <>@@) ((WM+%@@—w@me
~ e tu-o(u [ ) T (90) — (p— 86 () st — (p — 8)/ ()b

—Gwmm+@@> Ang(p +/g dww/p<>@mﬁ%y (123)
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The terms e(g(p)u)m and —6(u [” ¢'(s)p'(s) ds)gc in the above equation are compact in
H (R x R*), the other terms on the right-hand side of (4-23) are bounded in L}, (R x R*).

loc loc

The left-hand side of (4-23) is bounded in W, (R x R*). The Murat’s lemma implies the
H; ! compactness of (4-21). O

loc

4.1.5 Pointwise convergence of {p*(z,t)} and {u(z,t)}

To show that the sequence of solutions to the system (4-4) has a subsequence which con-
verges strongly again use the div-curl lemma for one appropriate function ¢ satisfying the
conditions in lemma 4.1.8.

Lemma 4.1.9. When the hypotheses in the lemmas 4.1.1 and 4.1.4 are satisfied, then a
subsequence of {pf"s} and a subsequence of {ue"s} converge pointwisely.

Proof. Let g(p) be a function as in lemma 4.1.7, but such that it is nonnegative strictly
increasing. We use the div-curl lemma to the functions (4-17), (4-21) and then making

9(p"7) = e and [ g/ (s)['(s)ds = F ("), this yields

(1) — i e (ud)” = S S () — s F(ped). (4-24)

We have that (4-20) can be written as

F(u), + </M

since fpe’é g (s)f?(s)ds = f”e’a F(s) ds.
By the div-curl lemma, for the functions (4-17) and (4-25), it follows that

€,0
F(s)ds + ue";F(uE"s)> : (4-25)

T

5 3

ne - pe R
Me,é/ F’2(S) ds — F2 (Meﬁ) — ,UE’(S / FIZ(S) ds + He,é U676F([1,€’6) _ F(“e,é)
k k

— F(Me,(F) M€’5U€’6, (4_26)

2

where k is real constant. Let u%® = u, so from (4-26) we obtain that

(40 — 1) / F2(s)ds — (F(ued) = P+ (F(ud) = F(w)

= pS uSF (ped) — F(ued) peduss | (4-27)

where we have used that

/146’6

/f»‘s/k F(s)ds — F2(us®) = pes /:6’6 F(s) ds — (F(lf’é) - F(M)>2
+

(FG) =P + 3 [Py as— Fes)
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and

€,0

s o
,u675/ F?(s)ds = ,LLE’E/ F?(s)ds + ,ue"s/ F?(s)ds.
k Iz

k

Since the right-hand side of both equations (4-24) and (4-27) are equal, we have

8

| F*(s)ds — <F(,u€v‘5) - F(u)>2

“6

N2 . 5
(Iue,(sue,(s) _ Me,é Me,&(ue,5)2 — (Me,(S_M)/

I

(P — F)) . (a28)

As the left-hand side of the above equation is nonpositive and the right-hand side is non-
negative, then both sides of this equation must be zero, i.e.,

Mé’é

mw—ml FA(s)ds — (F(ues) = F(n)) -+ (F(ud) = Fw) =0, (4-29)

and

N2 J "
<[LE’6U€’5> _ He,é Iue,é (ue,6)2 =0. (4—30)

The equality (4-29) allow us to prove the pointwise convergence of { /f?‘s} and so we get the
convergence of { ,06’5} since g(p) is a strictly increasing function. From (4-30) we get the
pointwise convergence of {u€’5} in the region of p > 0. ]

4.1.6 Existence of weak solution

Using the lemma 4.1.9, we reach the following result, with the aid of the Lebesgue dominated
convergence theorem.

Theorem 4.1.10. Let p satisfy lim, o pp(p) = 0, 20'(p) + pp” (p) > 0 for p > 0, and assume

that py(x) > ¢y > 0 and wy(x) = w(z,0) > ¢, > 0 for two constants ¢,, ¢,, g,(p,m) = ph(p,m)
for a continuous function h(p, m) and that pffszgpgl + ZsmGs = CoZ5 + Cs, ”;p‘sw(;pg1 + Wy Go <
caws + ¢5, where ¢; 1 = 2,...,5 are real constants and the functions zs(p, m),ws(p,m) are

the Riemann invariants given in (4-3). Let z be the Riemann invariant given in (3-3). If
the total variation of zy(x) = z(x,0) is bounded and there ezist a function G(s) satisfying

G<m> = ”—_‘Sngl + 2mgs, G'(s) > 0, then we have that the Cauchy problem (3-4)-(3-5) has

p P
a weak solution.
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Proof. We write the approximate system (4-4) in the weak form

+o00
// p676§0t+ (pe,ﬁ_(s) (ue,é_p(pe,ﬁ))gpx_ (pe,é_é)h(pe 7petsueé) >dtd33'
+o0
/ / pﬁ5 Dy + (p°° — 0)u’ (u”s - p(ﬂe’é))l/fx — g2 (p°, p™0u” 6)¢) dt dx
+oo
+ / pop(x,0) dx + / potio¥(z,0) d // P 76903696 + padugad}l’l’) dt dx. (4-31)
R

for all functions ¢, 1 € C§°(R x [0, 00)).

The same argument as in (2-53) shows that the term on the right-hand side of (4-31) goes to
zero as €,0 go to zero and the pointwise convergence of { P (z, t)} and {u@‘S (x, t)}, ensures
the existence of a weak solution of (3-4)-(3-5). O

4.2 The Cauchy problem for the Aw-Rascle model

The next subsection deals with the existence of weak entropy solution for the Cauchy pro-

blem (3-39)-(3-40).

4.2.1 Existence of weak entropy solution

The following result on the existence of entropy solution is a consequence of theorem 4.1.10
established for the Aw-Rascle traffic flow model with a source.

Corollary 4.2.1. Let z and w be the Riemann invariants given in (3-3), let p satisfy
lim, o pp(p) = 0, 2p'(p) + pp"(p) > 0 for p > 0, and assume that p,(z) > ¢, > 0 and
wo(x) = w(x,0) > ¢; > 0 for two constants ¢y, c,. If the total variation of z,(x) = z(z,0) is
bounded, then the Cauchy problem (3-39)-(3-40) has a weak entropy solution in the sense of
Laz.

Proof. The assertion follows easily from the theorem 4.1.10 if we set g,(p, pu) = g,(p, pu) =
0. ]



5 A (n+1)x (n+1) non-symmetric
system of Keyfitz-Kranzer type

Following the ideas of chapters 2 and 3, in this chapter we shall be concerned with a (n +
1) x (n+ 1) non-symmetric system of Keyfitz-Kranzer type with specific source terms. Such
a system is

e+ (p(w(p, U,y Uy) —10(/)))):r =0
(pu,)e + (pui(w(p, Uy ooy Uy) — p(p)))x + phi(u;)) =0, 1=1,...,n,

In section 4.1, we will consider the Cauchy problem for the system (5-1) with bounded
measurable initial data

(p(2,0),u,(,0),...,u,(z,0)) = (po(@), Ur1(2), ..., Uo(2)), polz) > 0. (5-2)

In subsection 4.1.1, by using the maximum principle and a positivity proof given by Bereux
and Sainsaulieu, we obtain a priori estimates for the viscosity solutions of the diffusion sys-
tem (5-3) with initial data (5-4). In subsection 4.1.2, under suitable conditions on the initial
data u,(z) and the functions h,(u,) is possible to get L' estimates para u (-, ¢). Motivated
by the convex entropies in (3-20) (see subseccion 2.1.3, chapter 2), in subsection 4.1.3, we
give n convex entropy-entropy flux pairs for the homogeneous system associated to (5-1)
rewritten by introducing the variables m,; = pu,. The strong convergence of (a subsequence
of) viscosity solutions is proved in subsection 4.1.5. In subsection 4.2.1, we state a corollary
on the existence of weak entropy solution for the system (5-1) without source terms and
initial data (5-2).
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5.1 The Cauchy problem for the (n+ 1) x (n + 1) system
with a source term

Let us show the existence of a weak solution for the Cauchy problem (5-1)-(5-2), for it we
use classical viscosity. Hence, we consider here the system (5-1) with viscosity terms; namely

p5 + <P€(¢(Ufa ) —p(pf))>z = €epS,

(5-3)
(prus)e+ (prus (g, us) = p(p)) ) + () = e(pu)aws i =1,

with initial data

(p°(2,0),u5(z,0),...,u(x,0)) = (po(x) + € U (), ..., un(T)), (5-4)
where po(z), uy(z), ..., u,(z) are given by (5-2).

5.1.1 Existence of viscosity solutions

According to the theory of parabolic systems, to prove the existence of the viscosity solutions
for the Cauchy problem (5-3)-(5-4), we only need to derive an a-priori L> estimate for the
solutions p(z,t), u(z,t).

Lemma 5.1.1. We assume that p(0) = 0, lim,_,o pp/(p) = 0, lim,—, 1o p(p) = —00, p(p) <0
and the function pp(p) is strictly concave for positive p (i.e. 2p'(p)+pp”(p) < 0 for p > 0); let

P(uy, ..., u,) € C*(R"™) be a nonlinear function, nonnegative and covez. If g.(p,u;) = ph,(u,),
i=1,...,n are locally Lipschitz continuous functions and each function h,(u;) satisfies the
inmequalities
Coll; + o < hy(wi) < cigu; + ¢y s (5-5)
where ¢,;, i =1,...,n, 7 = 1,...,4 are constants, then for any € > 0 the viscosity solution
(p(x,t), us(x, ) ,us(z,t)) of the Cauchy problem (5-3)-(5-4) exists and satisfies
pf < M(T), |u|<M(T), i=1,...,n, (z,t) e Rx[0,T], (5-6)

where M(T) is a positive constant, not dependent on €, for arbitrary fized T > 0.
Proof. For each fixed ¢ we proceed as follows. We substitute the first equation of system
(5-3) in the second equation, finding

+ (8 = p(p)) thg + M) = €ty + 2%u (5-7)

Using the inequalities (5-5) in the above equation together with the maximum principle we
get the a-priori estimate of u¢ given in (5-6).
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We multiply the first equation of system (5-3) by p/(p) and the equation (5-7) by 1y, to

obtain
p(p); + (¥ = p(p))p(p), + PP (p) (¥ = p(p)), = ep(p),, — " (P)P3, (5-8)
and
Pusttig + (= () Yus g + P i (1) = € Uiy + 2¢P2 % (5-9)
From this last equation, we deduce
Yo+ (1 = p(p) e + Zm ) = €lhyy — € Z Yugu, Uiglhy, + 26—% (5-10)
ij=1

Subtracting the members of (5-8) from those of (5-10), we have
(v =plp)), + (= plp) = pp'(p)) (¥ = p(p)), + Z b (v —pp),,

+26—( - —ezwwu u, +p(2p( p)+pp"(p) 3. (5-11)

2,j=1

From (5-11) and by the assumptions on the functions p and 1 one finds that
(v =p(p), + (L —=plp) —pp'(p)) (v —p(p)), —c < (¥ —p(p)), + 26/)—; (v—p(p)),, (5-12)

where ¢ is a positive constant. Appliying the maximum principle to this inequality we get
the estimate 1) — p(p) < N(T') and therefore p(p) > —N(T'), estimate from which we obtain
that p¢ < M(T). O

Next, we can show that p® has a positive lower bound.

Lemma 5.1.2. With the hypotheses of lemma 5.1.1, we assume (5-4). Then, the following
a-priori bounds hold for the diffusion system (5-3)

p(x,t) > c(t,e) >0, (5-13)
where c(t,€) could tend to 0 ast — +oo ore — 0.
Proof. Let us consider the first equation in (5-3), we rewrite this equation as
Vi — €Ung = —€(12)” + — (¥ = p(p))ve + (¥ — p(p)),, (5-14)

where v = —In p.
Let ke(z,t) be the function given by (2-19), then a solution of (5-14) with initial data

€
VO

(z) = —In(p(z) + €) satisfies the following integral equation
v(z,t) = vg(z) * k(x,t)
' 1 S 2
b (et 0= 0oD) 20 =)+ (0= p0), ) 5 el s,
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from which we get
vl t) < i) ko) + [ (0= p0) 4 (0= 000), ) 5 bt = o)
= vS(x) * k(x,t) + /0 = (v —p(p))2 . ke(z,t — s)ds

+A<w—mmwuw@¢—@%“

N, t
g—lne+—1t+N2\/:
€ €

N t
p(x,t) > eexp — <—1t + NQ\/j> > c(t,e) > 0.
€ €

5.1.2 A L' estimate of u¢_ (-1

Lemma 5.1.3. If the total variation of u;,(xz) = w,(x,0) is bounded and the functions h,(u,)

Thus

are such that h(u;) > 0, then u,,(-,t), i =1,...,n is bounded in L'(R), moreover we have
+o0 +oo
TV(ui(:c,t)) = / uix(a:,t)’ do < / qu(x)} dr = TV(u,-O(:U)), i=1,...,n (5-15)

Proof. Differentiating equation (5-7) with respect to x, we have
e + (0= (0)ttr) +hial) = Ui+ (2607 puir),.
Let 0 = u,,, then from the above equation we obtain
0; + ((w — p(p))@)x + B (1,)0 = €lup + (2ep~ ' pa) _, (5-16)

multiplying (5-16) by the sequence of smooth functions ¢'(6, o), where « is a parameter, we
see that

9(0,a) + ((z/) —p(p))g(6, O‘)>x + (v —p(p) (9'(0, )0 — g(0, ) + hi(u,)g' (0, )0
=€g(0,a)ps —€g"(0,0)0% + (2€p_1ng(9, a))x + (26p_1px)x(g’(9, ) — g(0, a)).
we choose ¢(f, «) such that ¢”(0,«) > 0, ¢'(0,a) — signd and ¢(0, ) — |0] as a — 0, so
that
0+ (0 = p(p)I0]) -+ Bl(w)

this equation yields

0| = €l — €g" (0, )02 + (2ep™" p2|0))

)

01+ (@ = p()16]) < elblaw + e pul]), (5-17)
Integrating (5-17) in R x [0, ¢], we obtain (5-15). O
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5.1.3 n entropy-entropy flux pairs

In this subsection, we given n entropy-entropy flux pairs (;, ¢;) for the system (5-18). These
pairs will be used later to prove two results on H l;cl compactness with respect to the viscosity
solutions (p(x,t),,uf(z,1t),...,uS(x,t)) of the Cauchy problem (5-3)-(5-4).

Introducing the variables m, = pu,, we rewrite the homogeneous system associated to (5-1)
as
N (5-18)

The Jacobian matrix of the flux functions in (5-18) is given by

¥ —plp)+p(¥p—1'(p) -+ PYm, e Pm,
AF s, ma) = m;(vp — ' (p)) o Y =p(p) + mithm; - mitm,,
mn (b — p'(p)) aE mnthm; —o 1 —p(p) + mathm,
An entropy n = n(p, m,, - ,m,) for (5-18) and its associated entropy flux g = q(p, m,, -,

m,,) are functions satisfying

Vq = VndF, (5-19)

PyMiy ..., mg)*

A pair (7, q) satisfying (5-19) is called a pair of entropy-entropy flux of system (5-18). If 5
is convex then (7, q) is a covex entropy-entropy flux pair.

Let F; be a convex function, and

m;
n:(p, My, ... ,m,) :pF( ; ), (5-20)
m; m, m,
QG\P; Mgy ooy My, :PF< ) w<_>a_)—PP ) 5-21
(p, ) ; ( p p (p) (5-21)
i=1,...,n, then the pairs (1,,m,) are covex entropy-entropy flux pairs. Indeed

VndF = ((w — ()1, + (P11, + Mitiin,) (Vo — P/ (0)), - - -, (o1,

since pn,, + M7y, = 1; it follows that (5-20) and (5-21) satisfy (5-19).
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5.1.4 H,! compactness

Lemma 5.1.4. Under the conditions given in the lemmas 5.1.1 and 5.1.3 and if g(p) is an
arbitrary smooth function, it follows that

9(0%), + ( / " ) () ds + (o (e, ,uZ)) (5-22)

is compact in H,' (R x RY), where f(s) = —sp(s).

Proof. Multiplying each member of the first equation in (5-3) by ¢'(p), we obtain

9(), + () (p)pe + g (p)Vps + ' (0)ptbe = €g(p),, — €g” (p) P2,

which is equivalent to

9(p), + ( / "G () f'(s) ds + g<,o>w> — cg(p),, — " (D)7 + (9(0) — pg (0)) . (5-23)

T

From (5-23) and by choosing a strictly convex function g(p) together with the estimate
(5-15), we obtain
e(pS)? is bounded in L (R x R"), (5-24)

Le(R x RY). The two last terms in the right-hand side of
(5-23) are bounded in M(R x RT) since these are bounded in L} (R x R). Also it follows
from (5-24) and the Cauchy-Schwarz inequality that eg(p),, is compact in H, }(R x R*).
The sum on the left of the (5-23) is bounded in W, "*(R x R*). Applying Murat’s lemma

loc

we have that (5-22) is compact in H, ! (R x RT). O

so that eg”(p)p? is bounded in L}

A consequence of the previous lemma is the following result.

Corollary 5.1.5. Let f(s) be the function given in lemma 5.1.4. We assume the hypotheses
of the lemmas 5.1.1 and 5.1.3. Then

pi + (MJ(UZ o) = pep(ﬁ)) : (5-25)

T

f(p%), + (/p F2(s)ds + f(p)(us, ... mi)) (5-26)

P + (pew(uf, cug) = pp(pf) + uf) , i=1,...,n, (5-27)

are compact in H,' (R x RY).
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Proof. By choosing g(p) = p in the previous lemma, then (5-22) becomes (5-25), which
shows that (2-22) is compact in H;,! (R x R*).
(5-26) is H,,' compact. In fact, the H,,! compactness of (5-22) remains valid if we replace

9(p) with f(p).
As the functions ¢, are bounded in L} (R x R*) and in W, (R x R), then they are

loc

compact in H;,'(R x RT). Using this fact and the H;,! compactness of (5-25) the proof is
completed. O

Lemma 5.1.6. With the hypotheses of the lemmas 5.1.1 and 5.1.3, it follows that for each
1=1,...,n we have

(o), + (prus (s, us) = (o)) (5-28)
is compact in H;,' (R x R*).
Proof. If (n;,q;) is an convex entropy-entropy flux pair given by (5-20)-(5-21), then multi-
plying by Vn, the system (5-18) gives
it + g = €Ny — €F" (W )uig — phi(u) F' (). (5-29)

We shall take a strictly convex function F'(u) in the equation (5-29), so we obtain that

ep” (us )2, i=1,...,n, are bounded in L}, (R x RT). (5-30)

i

According to the system (5-3) we can write

(prut), + (pfus (v (s s) = p(p)) ) = bt +pfus,), = pfhifu). (5-31)
The estimates (5-24) and (5-30) allow us to show respectively that e(pjuf), and e(pus,)_
are compact in H, ! (R x R*), with the aid of the Cauchy-Schwarz inequality. The term
ph;(u;) is bounded in M(R x R") since it is bounded in L; (R x RT). (5-28) is bounded in
W, (RxR*). Using now Murat’s lemma we see that (5-28) is compact in H,_!(RxR*). O

loc

The preceding lemma admits the next corollary.

Corollary 5.1.7. The assumptions in the lemmas 5.1.1 and 5.1.3 imply that
(), + (P (o (s ws) = p(0)) + (u)?) (5-32)
is compact in H,' (R x R*).

Proof. The bounding of the functions ((uf)?)_in L},.(R x RT) and in W, (R x R*) shows

loc loc
that these are compact in H,,!(R x R*), it together with the compactness given in the lemma

5.1.6 prove the corollary. O]
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Lemma 5.1.8. If the conditions of the lemmas 5.1.1 and 5.1.3 are salisfied, then
(pw(ut o vut)) + (P02 (k) = () ) (5-33)
is compact in H; ' (R x R*).
Proof. Using (5-10) and the first equation of the system (5-3), it is possible to write
(0)e + (0% = pp(P)), = €(P)aw — €0 Y VupuyUiztlyy, — p Y U hrs(u). (5-34)
ij=1 i=1

By the Cauchy-Schwarz inequality, we deduce from (5-24) and (5-30) that €(pt)).. is compact
in H,;!(R x R*). The other two terms on the right-hand side of (5-34) are bounded in
Lj,.(RxR*) and hence in M(RxR*). (pi)i+ (p¢® —pp(p)¢) _ is bounded in W, (R xR*)

and by Murat’s lemma is compact in H,,! (R x R*). O

5.1.5 Pointwise convergence of {p‘(z,?)} and {uf(z,t)}

Lemma 5.1.9. We assume the hypotheses of the lemmas 5.1.1 and 5.1.3. Then (a subse-
quence of ) {p(z,t)} and (a subsequence of) {u(x,t)}, i =1,...,n converge pointwisely.

Proof. From div-curl lemma applied to the functions given by (5-25) and (5-26) it follows
that

v [ ds = ) =7 [ s ds - TT + 7 TG00

— f(p) pip(uc) , (5-35)

where k is real constant and the overbar denotes the weak-star limit of the indicated quan-
tities after extraction of appropriate subsequences, if necessary.
Let p¢ = p, we have

€ 4 12 — € ” 12 ra ’ 2 _
o[ <s>ds—p/p PRy ds + 7 [ 120)ds. (5-36)

then using (3-31) and (5-36) in (5-35) one obtains

=) [ s = (1) = 1) + (T - 1)) =7 Tt

— f(p) pip(ue). (5-37)

Now, we apply the div-curl lemma to the functions given by (5-25) and (5-33), this yields

p° PP (ue) + f(p)P(uc) — po(us) pop(uc) + f(p°) = 0,
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which is equivalent to

7 T 0w) — (o) pb(us) = pi(we) — 7 pi(u). (5-38)

From the equations (5-37)-(5-38) we get that

= [ ") ds - (F0) ~ £0)) + (FT—£0)) = 90 7 o). (5-3)

p

Since the right-hand side of the equation (5-39) is nonpositive and as the left-hand side of
this equation is nonnegative, we deduce

S~—
|
~
—
s
N~—
N——
[\
I
=
—~
7
W
(=)
N~—

=) [ s = (10) - 1) + (T

p

and

—2 B ———
peb(uc) — pf pp?(us) = 0. (5-41)
The equality (5-40) allow us get the pointwise convergence of {p} and from the equality

(5-41) we get the pointwise convergence of {¢)(u)} in the region of p > 0.
We use the div-curl lemma to the functions (5-27) and (5-32), one obtains

¢ peus ((ue) — p(p)) + (u6)? — pous pe(1p(u) — p(p)) + us =0, (5-42)

from this equation and due to the pointwise convergence of {p} and {¢(u¢)}, we have

p((us? = i) =0, (5-43)

which implies the pointwise convergence of {u¢} in the region of p > 0. [

5.1.6 Existence of weak solution

Theorem 5.1.10. We assume that p(0) = 0, lim,_,o pp'(p) = 0,lim, 4o p(p) = —00, p(p) <
0, 2p'(p) + pp"(p) < O for p > 0; let Y(uy,...,u,) € C*R") be a nonlinear function,
nonnegative and covex; g;,(p,u;) = phi(u;), i = 1,...,n are locally Lipschitz continuous
functions and each function h,(u;) satisfies the inequalities ciyu; + ¢,y < h,(wi) < cigu; + ¢, ,
where ¢;;, i =1,...,n, 7 =1,...,4 are constants. If the total variation of u,,(z) = u,(z,0)
is bounded and the functions h,(u;) are such that hl(u;) > 0, then the Cauchy problem (5-1)-
(5-2) has a weak solution.

Proof. To prove the existence of a weak solution to problem (5-1)-(5-2), we recall the weak
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formulation of (5-3)-(5-4)
/R/Ooo (p?bt +p (s, ) = p(pe))cbx) dt dz + /R(po(x) +6)é(x,0) do

=1

—i—/um(m)cpi(x,()) dx) :—6// P D dtdm—eZ// PUSP; ., dt dx,  (5-44)
R R Jo — JrJo

for all test functions ¢, ¢, € C§° (R x [0, oo)), 1=1,...,n.
The same argument as in (2-53) shows that

e—0 e—0

hme/ / P Py dt dx =0, lim/ / PUPdtdr =0, 1=1,...,n. (5-45)
r Jo R J0

By using lemma 5.1.9 together with (5-45) and the Lebesgue dominated convergence theorem,
we pass to the limit the weak formulation (5-44) to get the existence of a weak solution. []

5.2 The Cauchy problem for the homogeneous system

For the system without this source term, i.e. the homogeneous system

P+ (p(@b(p, Uy, Uy,) —p(p))>m =0 (5-46)
(pu,); + (pui(zﬁ(p, Uy ooy Uy) — p(p))) =0, i=1,...,n,

T

with initial data (5-2), we obtain as a consequence of theorem 5.1.10 the existence of weak
entropy solution.

5.2.1 Existence of weak entropy solution

As a corollary of this theorem we can prove the result announced at the beginning of the
chapter.

Corollary 5.2.1. Suppose that p satisfies p(0) = 0, lim, o pp'(p) = 0, lim,_, - p(p) = —o0,
p(p) <0, 20 (p) + pp"(p) <0 for p > 0; let Y(uy, ..., u,) € C*(R™) be a nonlinear function,
nonnegative and cover. If the total variation of u,,(x) = u,(z,0), i = 1,...,n is bounded,
then the Cauchy problem (5-46)-(5-2) has weak entropy solution.

Proof. We reach the conclusion if we set h;, =0, ¢ =1,...,n in theorem 5.1.10.
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