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Abstract

Title: Implementation of some Bayesian Filters for structural system identification.

Description: The present study deals with three different methods for structural
identification: the Kalman filter, the Unscented Kalman filter and the Particle filter.
The Kalman filter is a known filter for state estimation in linear systems. To per-
form the estimation in non-linear systems, methods such as the Unscented Kalman
filter and the Particle filter were developed. The Unscented Kalman filter uses the
Unscented transform to approximate the different distributions to a Gaussian, al-
lowing it to have certain similarities with the Kalman filter. The Particle filter uses
Monte Carlo methods to generate samples of arbitrary probability distributions in
various dimensions, which are propagated through the system in order to approxi-
mate values of the new probability distribution. Finally, a set of examples are made
that allow to compare the accuracy and computational speed of the different filters
and evaluate their performance.

Keywords: Bayesian filters, Bayesian inference, Kalman filter, Unscented Kalman
Filter, Particle filter.
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Resumen

T��tulo: Implementación de algunos Filtros Bayesianos para la identificación de sis-
temas estructurales.

Descripci�on: El presente estudio trata tres diferentes métodos para identificación
estructural: el Filtro de Kalman, el Filtro de Kalman Unscented y el Filtro de
Part́ıculas. El Filtro de Kalman es un conocido Filtro para la estimación de estados
en sistemas lineales. Para realizar la estimación en sistemas no-lineales, se desar-
rollaron métodos como el Filtro de Kalman Unscented y el Filtro de Part́ıculas.
El Filtro de Kalman Unscented usa la transformada Unscented para aproximar las
diferentes distribuciones a Gaussianas, permitiéndole tener ciertas similitudes con el
Filtro de Kalman. El Filtro de Part́ıculas usa métodos de Monte Carlo para generar
muestras de distribuciones de probabilidad arbitrarias en varias dimensiones, las
cuales se propagan por el sistema para conocer una forma aproximada de la nueva
distribución de probabilidad. Finalmente, se realiza una serie de ejemplos que per-
miten comparar la precisión y la velocidad computacional de los diferentes filtros y
evaluar su desempeño.

Palabras clave: Filtros bayesianos, Inferencia bayesiana, Filtro de Kalman, Filtro
de Kalman Unscented, Filtro de Part́ıculas.
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Chapter 1

Introduction

The Civil Infrastructure (CI) since its inception has tried to accomplish certain
service tasks, as well as o�er resistance and stability to di�erent seismic, wind, tidal,
or even human origin loads, like explosions; besides resisting weather conditions. All
of the above are factors that contribute to the deterioration of the structure which
could end in complete damage.

The ideal is that the structure avoids to reach high levels of damage, because it can
have di�erent consequences, including expensive repairs, safety problems, or even
that it can not even be repaired, requiring a demolition. For this reason, the need to
know the state of a structure has arisen, because through continuous monitoring it
can be determined if the structure has damage, or, in other words, has great changes
in its structural properties.

Although the Structural Health Monitoring (SHM) has been a study topic for a lot of
years, this studies has only been applied in Mechanical Engineering, like in rotating
machinery structural health monitoring, due to the predictability of their loads and
the use of highly known materials like steel. Applying the concepts of SHM in Civil
Engineering has been a complex task because of the complicated structures, con-
sidering things like its di�erent shapes, compound materials and the big size of the
structures. However, some numerical methods and the high computation capacities,
has approached the SHM to the Civil Engineering �eld [Farrar and Worden, 2012].

1.1 Motivation

Knowing the current needs of Civil Engineering, where certain tragedies have oc-
curred due to poor control and observation of the state of structures, this �nal
bachelor project has been done with the main interest of providing a conceptual,
numerical and programming basis for further work to be carried out in the mas-
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2 CHAPTER 1. INTRODUCTION

ter studies. The Bayesian Filters have been widely used for states and parameters
estimation in dynamical systems, and can serve as an approach to the SHM problem.

I have found in the Structural Health Monitoring a really important and exciting
�eld, which is constantly growing, and has become an important study �eld in Civil
Engineering due to its importance and complexity. I really want to help in its
development.

1.2 Objective

The main idea of this document is to compare some mainly used Bayesian Filters
applied to state and parameter estimation of structural dynamical systems, clarifying
key concepts in this �eld, probability and structural dynamics theory.

Following the last idea, the general objective is to identify the state and the param-
eters of a structural single degree of freedom linear system, a dual degree of freedom
linear system, and a single degree of freedom hysteretic system. The speci�c objec-
tives are:

ˆ Learning the theory concerning to Bayesian Filters, in order to develop their
respective algorithms.

ˆ Programming in Matlab ® the Kalman Filter, the Unscented Kalman Filter
and the Particle Filter.

ˆ Implementing and analyzing the Bayesian Filters functionality with di�erent
examples of application in the structural engineering area.

ˆ Compare the performance of di�erent types of Bayesian Filters in states and
parameters estimation of various structural dynamical systems.

1.3 Outline

The chapters of this work are developed as follows:

1. Chapter 2aims to provide fundamental concepts of dynamical systems theory,
making a small introduction to di�erent types of systems, state space represen-
tation, and a brief explanation of the structural dynamical systems, including
linear and hysteretic models, also the main approaches used to calculate the
dynamic response of systems.
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2. Chapter 3 tries to explain elemental concepts of probability theory, random
variables, Gaussian probability distribution function and bayesian models,
which are essential tools for the Bayesian �lters.

3. Chapter 4pursues to provide elementary concepts of the bayesian �ltering, in-
cluding its applications, and all its mathematical formulation. In this chapter,
the Markov sequencesconcept is explained.

4. Chapter 5aims to provide the main concepts of theKalman Filter , including
its assumptions and mathematical formulation.

5. Chapter 6 pursues to explain the main concepts of theUnscented Kalman
Filter and the Particle Filter , including all the numerical methods used in its
formulation.

6. Chapter 7develops the main objectives of this work. The examples of appli-
cation gives a performance overview of these di�erent �lters.

Finally, in Chapter 8, I expose the conclusions of this work and give pointers to
future research.

The codes used to solve the problems exposed in this document, have been up-
loaded toGitHub ® website,www.github.com/sejaramillomo/Implementation-
of-some-Bayesian-Filters-for-structural-system-identification .





Chapter 2

Dynamical systems

A system can be de�ned as a particle or ensemble of particles whose state varies
over time and thus obeys di�erential equations involving time derivatives. In order
to make a prediction about system future behavior, an analytical solution of such
equations or their integration over time through computer simulation is made. A
physical system may have di�erent models. For example, a building slab may be
considered as a rigid body in the analysis, but as a 
exible body in the design.

A system is calleddynamical if the current output depends not only on the current
input but also on their previous values. The main classi�cation of systems is given
by the continuous-time system and thediscrete-time system; the former accepts
continuous-time signals as inputs and generates continuous-time signals as outputs;
the latter accepts and produces discrete-time signals.

All discrete-time signals in a system will be assumed to have the same sampling
period � T, denoting the input and the output by u k := u (k� T) and y k := y (k� T),
respectively, wherek 2 Z is a discrete-time index.

A system is calledmemorylessif its output y k depends only on the input applied at
the time step tk . If the current output of the system depends on past and current
inputs but not on future input, the system is called acausal or non-anticipatory
[Chen, 1998].

Here, is necessary to introduce a very important concept, the concept ofstate.
Because the timet is assumed to range from�1 to 1 , the input from �1 to time
t has an e�ect on y (t); however, tracking that information is very inconvenient.
The concept of state can alleviate this problem; the main idea of the state is to
summarize the e�ect of the past inputs on the future outputs, this is denoted by
x k := x (k� T). For example, in a free falling system, if the position and the velocity
at a time step tk are known, information of the previous time steps are not needed.

The disturbancesare signals beyond our control that also a�ect the system. Some
typical sources are measurement noise (the sensors are subject to noise and drift)

5



6 CHAPTER 2. DYNAMICAL SYSTEMS

and uncontrollable inputs.

In this chapter, a brief introduction to general systems is presented with emphasis
on structural dynamical systems.

2.1 System types

In the following, a classi�cation of systems based on their properties is presented.

2.1.1 Lumped and distributed systems

A system is said to belumped if its number of state variables is �nite or if its state is
a �nite vector. A system is calleddistributed system if its state has in�nitely many
state variables.

2.1.2 Linear and nonlinear systems

A linear system is de�ned for everyt0 and any two state input-output pairs

x i (t0)
u i (t); t � t0

�
! y i (t); t � t0 (2.1)

this means that the output y i (t) at time t � t0 is a�ected by the initial state x i (t0)
and by the input u i (t), for i = 1; 2; : : : ; n. Following that, in the Equation 2.1 there
is no need to know the previous inputs applied beforet0.

A linear system has three properties:

Additivity A system is said to be additive if for any two input signalsx 1(t0) and
x 2(t0), the output corresponding to the sum of the two inputs is the sum of
the two individual outputs. This is shown in the Equation 2.2.

x 1(t0) + x 2(t0)
u 1(t) + u 2(t); t � t0

�
! y 1(t) + y 2(t); t � t0 (2.2)

Homogeneity A system is said to be homogeneous is for an input signalx 1(t0),
the output of the input scaled signal is equal to the output signal scaled by
the same factor� . This is shown in theEquation 2.3.

� x 1(t0)
� u 1(t); t � t0

�
! � y 1(t); t � t0 (2.3)
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Superposition The superposition property is a combination of the Additivity and
Homogeneity properties. This is shown in theEquation 2.4. A nonlinear
system does not hold the superposition property.

� 1x 1(t0) + � 2x 2(t0)
� 1u 1(t) + � 2u 2(t); t � t0

�
! � 1y 1(t) + � 2y 2(t); t � t0 (2.4)

2.1.3 Time-invariant and time-variant systems

For every state input-output pair of a system as in theEquation 2.1, the system is
said to betime invariant if for every � T

x (t + � T)
u (t � � T); t � t0 + � T

�
! y (t � � T); t � t0 + � T (2.5)

Equation 2.5 says that, if the initial state and the input are the same, the output
waveform will always be the same, regardless of the value oft0.

2.2 State-space representation

The main purpose of thestate-space representationis to write a relationship between
input, noise, and output signals as a system of �rst-order di�erential equations
using an auxiliary state vectorx (t). The state-space representation, in a general
perspective, uses the equations

_x (t) = f (x (t); u (t); v(t)) (2.6)

y (t) = h(x (t); n (t)) (2.7)

where the overdot denotes di�erentiation with respect to timet. Here x (t) are the
state variables, they have physical signi�cance such as position, velocity, etc;u (t)
are the inputs of the system;v(t) is the process noise;y (t) are the measurements of
the system andn (t) is the measurement noise.

Equation 2.6 is called theprocess equation, and relates the changes in the system;
Equation 2.7 is called themeasurement equation, and relates the state vector with
the measurements. The measurement equation can also have exogenous inputsu(t)
like the process equation, but they are not going to be considered in this text.

The solution of these equations can be obtained using numerical methods like the
4th order Runge-Kutta methodor some other methods under certain considerations
(linearity of the system), which can lead to the system written in a discrete form

x k = f k� 1(x k� 1; u k� 1; v k� 1) (2.8)

y k = h k(x k ; n k) (2.9)

which represents the changes from one previous state to a next one. A visual repre-
sentation of these equations is shown inFigure 2.1.
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f k� 1 x k y k
x k� 1

u k� 1
h k

v k� 1 n k

Z � 1

Figure 2.1: Discrete system representation. The process equation
has as inputsx k� 1, u k� 1 and v k� 1; it gives as output the posterior
state x k . The measurement equation has as inputsx k and n k ; and
gives as output the observationy k .

2.3 Structural dynamical systems

Structural dynamical systemsmodels the motion of a structure. These structures
may be subjected to dynamic loading, like wind, waves, tra�c, earthquakes, blasts
and people. The main objective is to determine the response of the structure
[Clough and Penzien, 1995].

Here, the term degree of freedomrefers to the number of independent coordinates
that are necessary to specify the position of a system at any time. Although a
continuous structure has an in�nite number of degrees of freedom, some structures
can be simpli�ed as a structure with a �nite number of degrees of freedom.

2.3.1 Linear system

The most simple kind of structures (talking about the dynamical part) can be mod-
eled as asingle degree of freedom system. Beams and frames can be included in this
category. Figure 2.2 shows a representation of a single degree of freedom system,
which has the following elements:

ˆ x(t), _x(t) and •x(t) are respectively the displacement, velocity and acceleration
of the structure.

ˆ k is the sti�ness coe�cient, related to the elastic restoring forces.

ˆ c is the damping coe�cient, related to the energy losses of the structure.

ˆ m is the mass of the structure, related to its inertial characteristics.

ˆ f (t) is the excitation force, related to external forces acting on the structure.
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Figure 2.2: (a) Single degree of freedom system. (b) Free body
diagram.

The free body diagramin Figure 2.2 shows the acting forces on the structure, which
are f I (t) = m•x(t) that is the inertial force, f D (t) = c_x(t) is the damping force,
f S(t) = kx(t) is the elastic force andf (t) is the applied external force.

By equilibrium of forces

m•x(t) + c_x(t) + kx(t) = f (t) (2.10)

which is the dynamical equation of a single degree of freedom linear system.

One of the most common uses of the dynamical analysis of structures, is to determine
the response of a system during an earthquake. This can be done by setting

f (t) = � m•xg(t) (2.11)

where •xg is the ground acceleration. Replacing theEquation 2.11 in the Equation
2.10, the system equation may be rewritten as

m•x(t) + c_x(t) + kx(t) = � m•xg(t) (2.12)

this equation can be expressed in terms of the so-called damping ratio� which is

equal to � = c
2m! , and the circular frequency! given by ! =

q
k
m . After dividing

the Equation 2.12 by the mass and replacing, is equal to

•x(t) + 2 �! _x(t) + ! 2x(t) = � •xg(t)

Here, the parameters of interest are relative displacementx(t), relative velocity _x(t)
and total acceleration

•xT (t) = •xg(t) + •x(t)

2.3.2 Hysteretic Bouc-Wen model

Although the structural linear dynamical equation has been widely used, due to its
simplicity and accuracy under some soft excitations generated by natural hazards,
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Figure 2.3: Single degree of freedom hysteretic system.

it can not represent the actual behavior of a structure under severe excitations.
Under this last condition, the structures describe a non-linear response, where the
need of dissipating energy to resist the external forces makes the hysteresis models
appear. Hysteresis refers to the restoring force dependency on the instantaneous
deformation and on its history. One of the most used models is theBouc-Wen
model ([Wikipedia, 2018], [Bouc, 1967]).

The model uses a �rst-order nonlinear di�erential equation that, by choosing a set
of parameters properly, can relate the input displacement to the output restoring
force. There is a large amount of literature that deals with the estimation of optimal
parameters for speci�c applications.Figure 2.3 shows a representation of a single
degree of freedom hysteretic system.

The equation of a single degree of freedom system with hysteretic behavior is given
by

m•x(t) + c_x(t) + f T [x(t); r (t)] = f (t)

wheref t [x(t); r (t)] is the non-damping restoring force, dependent of the linear restor-
ing force�kx (t) and the hysteretic restoring force (1� � )kr (t), leading to the equa-
tion

m•x(t) + c_x(t) + �kx (t) + (1 � � )kr (t) = f (t)

here, � is the sti�ness ratio (ratio between the �nal tangent sti�ness and the initial
sti�ness 0 < � < 1), and r (t) is the hysteretic displacement, obtained from the �rst
order nonlinear di�erential equation

_r (t) = A _x(t) � � j _x(t)jj r (t)jn� 1r (t) � 
 _x(t)jr (t)jn

whereA is usually set to unity; the parameters� , 
 and n de�ne the amplitude and
the shape of the hysteresis loops.
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2.3.3 Response to dynamical loading

The equation of motion can be solved by di�erent methods, that can be divided
into two main categories: thesuperposition methodsand the step-by-step methods
[Clough and Penzien, 1995], as it is explained in the following:

Superposition methods

Here, the main idea is to approximate the response of a system by the superposition
of short-duration impulsive loads. This leads to theDuhamel integral, given by

x(t) =
1

m! D

Z t

0
p(� ) sin ! D (t � � ) exp[� �! (t � � )] d�

where! D is the damped circular frequency which is equal to! D = !
p

1 � � 2. This
integral is a form of the convolution integral for linear dynamical systems. This
method can only be applied in linear systems.

Step-by-step methods

These methods approximate the response dividing its history into a sequence of time
intervals, in a way that the response at each time step is calculated from the initial
conditions, which are the �nal response of the previous step. Some of the methods
that lies on this category are theNewmark� method, central di�erence method and
4th order Runge-Kutta method.





Chapter 3

Probability Theory

An experiment is a space of possible outcomes calledexperimental outcomes, like
tossing a dice, in which each one of his faces are its experimental outcomes. In any
experiment, an event that may or may not occur is calledrandom. Following that,
the probability theory is a branch of mathematics concerned with the analysis of
random phenomena.

Here, it is important to clarify the di�erence between the frequentist and the bayesian
perspective of probability: the former is based on the frequency of an event occur-
ring given an in�nite number of attempts; the latter is based on the uncertainty that
an event occurs given a single attempt. In civil engineering, bayesian perspective
of probability is quite useful, because there are many factors or material properties
that can be modeled probabilistically.

The concepts mentioned in this chapter are needed for a better understanding of the
di�erent optimal and suboptimal �lters described in Chapters 5 and 6, respectively.
Concepts such as random variables, probability distributions and random processes
are going to be explained here; also, some important concepts related to bayesian
inference are summarized. This chapter is written after [Papoulis and Pillai, 2002],
[Bertsekas and Tsitsiklis, 2002], [Mendenhall et al., 2012] and [S•arkk•a, 2013].

3.1 Axioms

To talk about probability theory, some terminology needs to be de�ned:sample
space, denoted by 
, is the set of all the possible outcomes in an experiment; certain
subsets of the sample space are referred to asevents, the set 
 is the certain event
and the empty setf;g is the impossible event. A number P(A) is assigned to each
event A, which is called theprobability of the eventA. With that, is possible to
de�ne the fundamental axioms of the probability theory:

13
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1. P(A) is a nonnegative number:

P(A) � 0

2. The probability of the certain event 
 equals 1:

P(
) = 1

3. If two eventsA and B have no common elements (also calledmutually exclusive
events), the probability of the event A [ B consisting of the outcomes that are
in A or B equals the sum of their probabilities:

P(A [ B) = P(A) + P(B)

3.2 Conditional Probability and Independence

Two eventsA and B are calledindependentif the probability of their intersection
equals the product of their probabilities

P(A \ B) = P(A)P(B)

Given an eventB such that P(B) 6= 0, the ratio formed by P(A \ B)=P(B) where
A is any event from 
, is denoted by P(AjB) and is also called theconditional
probability of A given B. Thus

P(AjB) =
P(A \ B)

P(B)
(3.1)

ReorderingEquation 3.1, P(A \ B) can be expressed as

P(A \ B) = P(AjB)P(B) (3.2)

Now, given a set of events [B1; B2; : : : ; Bk ] that are mutually exclusive and an event
A, the probability of the event A can be expressed as

P(A) = P(A \ B1) + P(A \ B2) + � � � + P(A \ Bk)

= P(B1)P(AjB1) + P(B2)P(AjB2) + � � � + P(Bk)P(AjBk)

this is known as thelaw of total probability.

Given two mutually exclusive events,A and B, considering thatP(A \ B) is equal to
P(B \ A) and usingEquation 3.2, P(AjB) can be obtained and the Bayes theorem
can be formulated as

P(AjB) =
P(B jA)P(A)

P(B)
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3.3 Random variables

A real-valued function X : 
 ! R is called arandom variable of the experiment,
where 
 is the sample space of an experiment. In simple terms, a functionX is
a random variable if the value that it assumes corresponds to the outcome of an
experiment. The probability that X takes on a value in a measurable setS � R is
written as

Pr(X 2 S) = P(f ! 2 
 jX (! ) 2 Sg)

This function must satisfy the following two conditions but is otherwise arbitrary:

1. The setf X � xg is an event for everyx.

2. The probabilities of the eventsf X = 1g and f X = �1g equal 0:

P(X = 1 ) = 0 P(X = �1 ) = 0

3.4 Distribution Function

Random variables are often used for the calculation of the probabilities of events.
If a random variableX : 
 ! R de�ned on the probability space and the elements
of the set 
 that are contained in the event f X � xg change as the numberx takes
various values. The probability of the eventPf X � xg is, therefore, a number that
depends onx. This number is denoted byFX (x) and is called the (cumulative)
distribution function of the random variableX .

FX (x) = P(f ! 2 
 : X (! ) � xg)

The most important properties of distribution functions are as follows:

1. FX (x) is a nondecreasing function ofx, in a way that if x2 > x 1 then FX (x2) � FX (x1).

2. lim
x!1

FX (x) = 1

3. lim
x!�1

FX (x) = 0

4. FX (x) is continuous from the right lim
n!1

FX (xn ) = FX (x)

5. Pf X > x g = 1 � FX (x)

6. Pf x2 � X > x 1g = FX (x2) � FX (x1)

A random variable X is called continuous-type random variable, if X maps the
outcomes to values of an uncountable set. IfFX (x) is constant except for a �nite
number of jump discontinuities, thenX is said to be adiscrete-type random variable.
There is also a mixture of both types.



16 CHAPTER 3. PROBABILITY THEORY

3.4.1 Density function

The derivative of the probability distribution function FX (x) is called the probability
density function f X (x) of the random variableX . Thus

f X (x) ,
dFX (x)

dx
(3.3)

If X is a discrete-type random variable, thenf X (x) will be a discrete function called
the probability mass functionde�ned by

f X (x) =
X

i

pi � (x � x i )

where x i represents the jump-discontinuity points inFX (x). However, if X is a
continuous-type random variable,f X (x) will be a continuous function called the
probability density function. By integrating Equation 3.3

FX (x) =
Z x

�1
f X (u) du

3.4.2 Expectation, mean, variance and covariance

Let g : R ! R be a function of a continuous random variableX ; then the expected
value of g(X ) is de�ned by

E[g(X )] =
Z 1

�1
g(x)f X (x) dx

When g(x) = x, the expected value is calledmean E[X ] of the random variableX .

The variance of X , denoted by Var(X ), is de�ned as the expected value of the
random variable (X � E[X ])2. In this case,

Var(X ) = E[(X � E[X ])2] =
Z 1

�1
(x � E[x])2f X (x) dx

this represents a measure of the dispersion ofX about its mean. Its expression can
be reduced to

Var(X ) = E[X 2 � 2X E[X ] + E[X ]2]

= E[X 2] � [E[X ]]2

Now, given a pair of continuous random variablesX and Y, and a real-valued
function g(X; Y ). Its expectation is de�ned as

E[g(X; Y )] =
ZZ 1

�1
g(x; y)f X;Y (x; y) dx dy
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The covariance of two random variablesX and Y, is the �rst and simplest joint
moment of these variables; it gives some measure of their interdependence, and is
de�ned as

Cov(X; Y ) = E[(X � E[X ])(Y � E[Y])]

that can be reduced to

Cov(X; Y ) = E
�
XY � X E[Y] � YE[X ] + E[X ]E[Y]

�

= E[XY ] � E[X ]E[Y]

3.4.3 Joint, marginal and conditional probabilities

There are di�erent types of probabilities, which may help to explain or understand
di�erent situations such as when some events may or may not have occurred, or
some events are not important to de�ne some probabilities. Here, the concepts of
joint, marginal and conditional probabilitiesare necessary.

Joint probability Given a pair of random variablesX and Y that are de�ned on
a probability space, thejoint PDF is a distribution that gives the probability
that the random variables falls at any particular range; it is de�ned as the
derivative of the joint cumulative distribution function

f X;Y (x; y) =
@2FX;Y (x; y)

@x@y

Marginal probability Given a pair of random variablesX and Y, with a joint
probability density function f X;Y (x; y), then the marginal probabilities are
given by

f X (x) =
Z 1

�1
f X;Y (x; y) dy

f Y (y) =
Z 1

�1
f X;Y (x; y) dx

and represent the probability of occurrence of an event, no matter what happens
with the other.

Conditional probability Extending the concept of conditional probability described
in Equation 3.1, given a pair of random variablesX and Y, with a joint proba-
bility density function f X;Y (x; y) and marginal probability functionsf X (x) and
f Y (y), the conditional PDFs are given as

f X jY (xjy) =
f X;Y (x; y)

f Y (y)
; assuming that f Y (y) 6= 0

f Y jX (yjx) =
f X;Y (x; y)

f X (x)
; assuming that f X (x) 6= 0
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3.5 Gaussian distribution function

A continuous random variableX is said to be anormal or gaussian random variable,
denoted asX � N (�; � 2), if its PDF is given by

P(xj�; � 2) =
1

p
2�� 2

exp
�

�
1

2� 2
(x � � )2

�

where� and � 2 are the mean and the variance, respectively. InFigure 3.1some gaus-
sian distributions are shown. For a multivariate random vectorX (here, the bold up-
per case is used to denote a vector) with N random variablesX = [ X 1; X 2; : : : ; X N ],
the corresponding multivariate Gaussian distribution denoted asX � N (� ; � ),
takes the form

P(x j� ; � ) = det((2 � )N � )� 1=2 exp
�

�
1
2

(� � x )> � (� � x )
�

where� is the mean vector and� is the covariance matrix.

The Gaussian distribution has a lot of interesting properties:

1. The normal distribution is symmetric about its mean, and is non-zero over the
entire real line.

2. It is a unimodal distribution, which means that it has only one peak.

3. The product of two independent Gaussian distributions is an unnormalized
Gaussian distribution.

4. The Central limit theorem, which says that, subject to certain conditions, the
sum of a set of random variables, has a distribution that becomes increasingly
gaussian as the number of terms in the sum increases.

3.5.1 Joint distribution of Gaussian variables

Given two random vectorsX and Y that follow Gaussian probability distributions,
the marginal probability of X given by X � N (m ; P ) and the conditional proba-
bility of Y given X given by Y jX � N (HX + u; R ), then the joint distribution
of X and Y and the marginal distribution of Y are given by

�
X
Y

�
� N

��
m

Hm + u

�
;
�

P P H >

HP HP H > + R

��
(3.4)

Y � N (Hm + u; HP H > + R )
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Figure 3.1: Some examples of Gaussian distributions.

3.5.2 Conditional distribution of Gaussian variables

If two random vectorsX and Y follow a joint Gaussian probability distribution
�

X
Y

�
� N

��
a
b

�
;
�

A C
C > B

��
(3.5)

then the marginal and conditional distributions ofX and Y are given as

X � N (a; A )

Y � N (b; B ) (3.6)

X jY � N (a + CB � 1(y � b); A � CB � 1C > )

Y jX � N (b + C > A � 1(x � a); B � C > A � 1C )

3.6 Bayesian models

A Bayesian modelis a statistical model where probability is used to represent all the
uncertainties within the state space modelin Equations2.6 and 2.7. Uncertainty in
the output but also in the input are included; this leads to aprobabilistic state space
model. These models are constructed using the Bayes theorem, with the structure

p(x jy ) =
p(y jx )p(x )

p(y )
(3.7)

where the di�erent probabilities functions are de�ned as
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Prior model p(x ) The prior model is the mathematical representation that con-
tains the preliminary information on the statex , the information consists on
beliefs about the possible state values and their relative likelihoods before any-
thing has been observed.

Measurement model p(y jx ) The measurement model, also known as the likeli-
hood function, represents the relation between the statex and the observation
y .

Posterior distribution p(x jy ) The posterior distribution is the conditional distri-
bution of the state given the observations. Represents the information obtained
after the measurementy . Is computed using Bayes theorem inEquation 3.7.

Also, a normalization constant is used

p(y ) =
Z

p(y jx )p(x ) dx



Chapter 4

Bayesian �ltering

The term optimal �ltering refers to a group of methods that can be used for estimat-
ing the state of time-varying systems which are indirectly observed through noisy
measurements. Here, bayesian inference tools are used for formulating optimal �l-
ters, interpreting the term optimal as a statistical optimal.

As mentioned inChapter 2, the state of the system refers to the dynamic variables
whose values evolve through time in a way that depends on the values they have at
any given time and also depends on the externally imposed values of input variables.
In structural dynamics, such variables can be for example position, velocity or elastic
hysteretic force. Noise is divided into process noiseand measurement noise; those
noises cover all uncertainties that are not included in the deterministic functions
[S•arkk•a, 2013].

4.1 Applications of bayesian �ltering

In engineering applications, many time-varying systems are tracked using Bayesian
�lters. Examples of such applications are:

ˆ Global positioning systemsuses the measurements of the arrival times of signals
from a set of GPS satellites and computes a better estimation of its positions.
Some non-linear suboptimal �lters are used for computing the current position
and velocity taking into account dynamical systems (laws of physics).

ˆ Target tracking determines the position and velocity of some object or target
using radars, radio frequency sensors, infrared sensors among other devices. It
can be used for tracking cars, airplanes or ships.

ˆ Integrated inertial navigation like in target tracking, the position and velocity
of airplanes, cars, missiles, is computed using locally accurate inertial sensors

21
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such as gyroscopes, accelerometers, and unbiased but inaccurate sensors such
as landmark trackers and altimeters. This approach was used in 1969, in the
guidance system of theApollo 11 lunar module, which landed satisfactorily.

ˆ Audio signal processingoften use time-varying autoregressive models (TVAR
models) in applications like audio restoration and audio signal enhancement.

ˆ In civil engineering, bayesian �lters are employed for example in many ar-
eas like river 
ow forecasting [Ahsan and O'Connor, 1994], leak detection in
water distribution systems [Majidi Khalilabad et al., 2018] or even, applica-
tions such as the purpose of this text, the identi�cation of structural dynamic
parameters [Wu and Smyth, 2007]

4.2 Optimal �ltering as Bayesian inference

The main purpose of the optimal �ltering, is to compute unknown values or hid-
den statesx 0:T = f x 0; x 1; : : : ; x T g observed through a set of noisy measurements
y 1:T = f y 1; : : : ; y T g; this is considered to be astatistical inversion problem. This
means that in the Bayesian sense, the jointposterior distribution of all the states
given all the measurements is computed in the form ofp(x 0:T jy 1:T ). This can be
done through the application of the Bayes rule

p(x 0:T jy 1:T ) =
p(y 1:T jx 0:T )p(x 0:T )

p(y 1:T )
(4.1)

where

ˆ p(x 0:T ) is the prior distribution de�ned by the dynamic model,

ˆ p(y 1:T jx 0:T ) is the likelihood modelfor the measurements,

ˆ p(y 1:T ) is the normalization constant de�ned as

p(y 1:T ) =
Z

p(y 1:T jx 0:T )p(x 0:T ) dx 0:T

The estimation of p(x 0:T jy 1:T ) using Equation 4.1 has a serious disadvantage: with
every new measurement, the full posterior distribution has to be recalculated; this
is problematic because as the number of time steps increases, the computational
complexity becomes higher or even intractable. To overcome this problem, is possible
to restrict the class of dynamical models to probabilisticMarkov sequences.
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State:

Observation: y k� 1 y k y k+1

x k� 1 x k x k+1

Figure 4.1: Relationship between noise measurementsy k and the
hidden statesx k .

Markov sequences

Here, the main purpose is to summarize the past by thestate, which changes over
time according to given probabilities. A Markov sequence is a stochastic model de-
scribing a sequence of possible events in which the probability of each event depends
only on the state attained in the previous event. The Markov sequences are also
called Markov chain if the states are discrete. Markov sequences are named after
A. A. Markov, who introduced this concept for discrete parameter systems with a
�nite number of states. Markov sequences have the following properties:

Property 1 The state x k for k = 0; 1; 2; : : : is independent of all the previous
measurementsy 1:k� 1 and all the previous statesx 1:k� 1 which happened before
the time stepk � 1, that in a probabilistic notation is represented as

p(x k jx 1:k� 1; y 1:k� 1) = p(x k jx k� 1) (4.2)

we can also say that the past is independent of the future given the present

p(x k� 1jx k:T ; y k:T ) = p(x k� 1jx k)

Property 2 The measurement at timek, y k , given its statex k is conditionally
independent of the measurementsand state histories

p(y k jx 1:k ; y 1:k� 1) = p(y k jx k) (4.3)

4.3 Bayesian �ltering equations

The Bayesian �ltering computes the marginal posterior distribution of the statex k

given the history of measurements up to time stepk, at each time stepk, that is

p(x k jy 1:k) (4.4)
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To compute Equation 4.4, the joint distribution of x k and x k� 1 given y 1:k� 1 can be
computed as

p(x k ; x k� 1jy 1:k� 1) = p(x k jx k� 1; y 1:k� 1)p(x k� 1jy 1:k� 1)

= p(x k jx k� 1)p(x k� 1jy 1:k� 1) (4.5)

where the disappearance of the measurement historyy 1:k� 1 is due to the Markov
property described inEquation 4.2. Now, by integrating the distribution in Equation
4.5 overx k� 1, the marginal distribution is given by

p(x k jy 1:k� 1) =
Z

p(x k jx k� 1)p(x k� 1jy 1:k� 1) dx k� 1 (4.6)

Equation 4.6 is the so calledChapman-Kolmogorov equation, which is used inEqua-
tion 4.7. The latter, which is the distribution of x k given y 1:k , can be computed by
Bayes rule

p(x k jy 1:k) =
1

Zk
p(y k jx k ; y 1:k� 1)p(x k jy 1:k� 1)

=
1

Zk
p(y k jx k)p(x k jy 1:k� 1) (4.7)

where the normalization constant is given byEquation 4.8. The disappearance of
the measurement historyy 1:k� 1 is due to the conditional independence ofy k of the
measurement history, described inEquation 4.3.

Zk =
Z

p(y k jx k)p(x k jy 1:k� 1) dx k (4.8)

4.3.1 Recursive estimation

Usually the measurements are obtained one at a time, therefore, this condition can
be exploited and anon-line estimation can be made. Given a set of observations
f y 1; y 2; : : : ; y kg, the main objective of the bayesian �ltering is to estimate the states
f x 1; x 2; : : : ; x kg; following this, the recursive bayesian solutionto the problem can
be formulated as:

1. The distribution of the measurements is modeled by the likelihood function
p(y k jx k) and the measurements are assumed to be conditionally independent.

2. The prior distribution p(x k jy 1:k� 1) have all the known information about the
state x k at the step k.

3. The measurements are assumed to be obtained one at a time. At each step,
the posterior distribution from the previous time is used as the current prior
distribution in Equation 4.7.
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4.4 Bayesian �ltering step by step

The procedure used to perform a recursive estimation ofp(x k jy 1:k) is the following:

1. Initialization. Everything starts fromp(x 0), that is going to work as the prior
distribution in the �rst step computation. It should include our prior beliefs of
the state.

2. Prediction step. Using the Chapman-Kolmogorov Equation 4.6, the dynamic
model is used to compute the predictive distributionp(x k jy 1:k� 1) of the state
x k at the time stepk. In this step, the state distribution of the previous step,
is propagated through the dynamic model to obtain the possible state at the
current time step without taking into account the measurement.

3. Update step. Using the Bayes rule, applied in Equation 4.7, the posterior dis-
tribution p(x k jy 1:k) of the statex k given the measurementy k can be computed.
Here, the measurement is used to correct the state of the system.

4. Every time that a new observation arrives, it is necessary to return to the
prediction step and use the latestposterior distribution as the newprior dis-
tribution .

In Figure 4.2 the process is explained graphically.
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(a) (b)

(c)(d)

Figure 4.2: Visualization of the Bayesian �ltering process: (a) the
recursion starts from the prior distribution; (b) using the Chapman-
Kolmogorov equation, the distribution of the state is updated (pre-
diction step); (c) the likelihood distribution of the measurement is
shown in pink, with this and the prior distribution of the measure-
ment is possible to compute the posterior distribution; (d) the pos-
terior distribution arrives after using the Bayes rule (update step),
this distribution is going to be the prior distribution in the next
time step.



Chapter 5

Optimal �lters: the Kalman �lter

Although the Bayesian �ltering equations are powerful tools for tracking problems,
it is necessary to �nd a way to use them. To do that, there are a lot of di�erent ways
to use the Bayesian �ltering equations; when certain constraints hold, is possible to
�nd an optimal solution for the tracking problem. This kind of solutions include the
Kalman �lter and the grid-based �lter.

The Kalman �lter is the closed form solution to the Bayesian �ltering equations
when the posterior density at every time step is Gaussian and the state space model
is linear.

Equations2.8 and 2.9 describes a general discrete system. However, if the system is
linear, the equations are given by

x k = A k� 1x k� 1 + B k� 1u k� 1 + v k� 1 (5.1)

y k = H kx k + n k (5.2)

whereA k� 1 is the transition matrix, B k� 1 is the input matrix, H k is the measure-
ment matrix, x k 2 Rn is the state at time step k, y k 2 Rm is the measurement,
u k� 1 is the input vector, v k� 1 � N (0; Qk� 1) is the process andn k � N (0; R k) is
the measurement noise. It also assumes that the prior distribution is Gaussian
x 0 � N (m 0; P 0).

Considering the property that a gaussian random variableX � N (�; � 2) can be
written as X � � + � N (0; 1), Equations5.1 and 5.2 can be expressed in probabilistic
terms as

p(x k jx k� 1) = A k� 1x k� 1 + B k� 1u k� 1 + v k� 1

= A k� 1x k� 1 + B k� 1u k� 1 + N (0; Qk� 1)

= N (x k jA k� 1x k� 1 + B k� 1u k� 1; Qk� 1) (5.3)

27
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p(y k jx k) = H kx k + n k

= H kx k + N (0; R k)

= N (y k jH kx k ; R k) (5.4)

The posterior distribution at time step k � 1 acts as the prior distribution at time
step k, according to the recursive estimation described inSection 4.3.1. This is
given as

p(x k� 1jy 1:k� 1) = N (x k� 1jm k� 1; P k� 1) (5.5)

wherem k� 1 and P k� 1 are the mean and the covariance of the distribution, respec-
tively. Using these three probabilistic distributions, is possible to solve the Bayesian
�ltering equations.

The procedure is divided in theprediction step and update step. The �rst uses the
dynamical system to estimate or predict the state at the next time step; the latter
uses the measurement to correct the prediction done in the previous step.

5.1 Prediction step

First, is necessary to compute the joint distribution ofx k and x k� 1 given y 1:k� 1. It
is the same that the joint distribution of p(x k jx k� 1) and p(x k� 1jy 1:k� 1), in Equations
5.3 and 5.5. UsingEquation 3.4 which refers to the joint distribution of gaussian
random variables

p(x k� 1; x k jy 1:k� 1) = p(x k jx k� 1)p(x k� 1jy 1:k� 1)

= N (x k jA k� 1x k� 1 + B k� 1u k� 1; Qk� 1)N (x k� 1jm k� 1; P k� 1)

= N
��

x k� 1

x k

� �
�
�
�m

0; P 0

�
(5.6)

where

m 0 =
�

m k� 1

A k� 1m k� 1 + B k� 1u k� 1

�

P 0 =
�

P k� 1 P k� 1A >
k� 1

A k� 1P k� 1 A k� 1P k� 1A >
k� 1 + Qk� 1

�

UsingEquation 5.6, in theChapman-Kolmogorov equationis computed the marginal
distribution of x k , necessary for the next step. This can be done followingEquations
3.5 and 3.6

p(x k jy 1:k� 1) = N (x k jm �
k ; P �

k) (5.7)

where

m �
k = A k� 1m k� 1 + B k� 1u k� 1

P �
k = A k� 1P k� 1A >

k� 1 + Qk� 1
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5.2 Update step

Here, the joint distribution of y k andx k is needed. It can be obtained fromEquations
5.4 and 5.7 and by usingEquation 3.4

p(x k ; y k jy 1:k� 1) = p(y k jx k)p(x k jy 1:k� 1)

= N (y k jH kx k ; R k)N (x k jm �
k ; P �

k)

= N
��

x k

y k

� �
�
�
�m

00; P 00

�
(5.8)

where

m 00=
�

m �
k

H km �
k

�

P 00=
�

P �
k P �

kH >
k

H kP �
k H kP �

kH >
k + R k

�

Finally, the conditional distribution of x k given y 1:k is computed fromEquation 5.8
and by usingEquations3.5 and 3.6

p(x k jy 1:k) = N (x k jm k ; P k)

where

m k = m �
k + K kr k

P k = P �
k � K kSkK >

k

and

r k = y k � H km �
k

Sk = H kP �
kH >

k + R k

K k = P �
kH >

k S � 1
k

The previous steps are summarized inAlgorithm 1.
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1 Initialize m 0 and P 0.
2 for k = 1 to T do

3 Prediction step:
4 m �

k = A k� 1m k� 1 + B k� 1u k� 1

5 P �
k = A k� 1P k� 1A >

k� 1 + Qk� 1

6 Update step:
7 r k = y k � H km �

k

8 Sk = H kP �
kH >

k + R k

9 K k = P �
kH >

k S � 1
k

10 m k = m �
k + K kr k

11 P k = P �
k � K kSkK >

k

12 end
Algorithm 1: Kalman �lter algorithm



Chapter 6

Suboptimal �lters

Optimal �ltering only works under speci�c assumptions, which were discussed in
Chapter 5. Often, some models are not covered by these assumptions, so the optimal
solution is intractable. However, some methods uses several di�erent approximation
strategies to the optimal solution; these kind of methods are known assuboptimal
�lters .

There are many of di�erent suboptimal �lters with di�erent approaches such as the
Extended Kalman Filter (EKF), the Cubature Kalman Filter (CKF), the Gauss-
Hermite Kalman Filter (GHKF), the Unscented Kalman Filter (UKF), the Ensemble
Kalman Filter (EnKF), Approximate grid-based methods, the Particle Filter (PF),
etc.

Some of the di�culties that these �lters must deal with are the non-linearity of the
dynamic models and the non-gaussianity of the states. One of the most used �lters
is the Extended Kalman Filter, which is used for non-linear dynamical models; this
�lter assumes a linearization of the dynamical model, that helps to guarantee that
the posterior distribution remains Gaussian. However, this approach has the disad-
vantage that it may lead to divergence of the �lter [Wan and Van Der Merwe, 2001].
In the following, the Unscented Kalman Filterand the Particle Filter are discussed.

6.1 Unscented Kalman �lter

In the Unscented Kalman Filter, the state distribution is represented by a Gaussian
random variable, like in the Kalman Filter, which is speci�ed by a set of minimal
points that are carefully chosen. The task of these sample points is to capture
the true mean and covariance of the Gaussian distribution; once these points are
propagated through the full nonlinear system, the posterior mean and covariance
are represented with a second order (Taylor series expansion) precision. In the UKF,

31
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the process and measurement equations (Equations2.6 and 2.7) are not required to
be formally di�erentiable, however, the UKF requires slightly more computational
operations than the EKF.

The UKF has a lot of di�erent applications in non-linear estimation problems, in-
cluding non-linear system identi�cation, training of neural networks and dual esti-
mation problems.

Here we use as reference [S•arkk•a, 2013] and [Wan and Van Der Merwe, 2001]. To
develop the mathematical formulation of the UKF, is necessary to review theUn-
scented Transform.

6.1.1 Unscented Transform

The Unscented Transform(UT) is a numerical method that tries to approximate
the mean and the covariance of a distribution instead of approximate the non-linear
function. This is done by choosing a �xed number of the so-calledsigma pointsthat
capture the mean and covariance of the original distribution exactly. Although the
UT resemblesMonte Carlo estimation (which is going to be described later in the
chapter), the UT sigma points are selected deterministically.

Consider two random vectors de�ned as

X � N (m x ; P x )

Y = f (X )

to calulate the statistics ofY , a matrix X of 2n + 1 sigma vectorsX i is formed as
follows

X0 = m x

X i = m x + (
p

(n + � )P x ) i

X i + n = m x � (
p

(n + � )P x ) i i = 1; : : : ; n

where n is the length of Y and � = � 2(n + � ) � n is a scaling parameter. The
constant � determines the spread of the sigma points around the mean. The con-
stant � is a secondary scaling parameter. (

p
P ) i denotes thei th column of the

matrix square root such that
p

P
p

P
>

= P . This square root can be estimated, for
example, by the Cholesky decomposition.

These sigma vectors are propagated through the non-linear functionf (�) as them

Yi = f (X i ) i = 0; : : : ; 2n

which are the transformed sigma points.
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Then, the mean and covariance of the transformed variable are approximated using
a weighted sample mean and covariance of the posterior sigma points:

E[f (X )] ' m y =
2nX

i =0

W (m)
i Yi

Cov[f (X )] ' P y =
2nX

i =0

W (c)
i (Yi � m y)(Yi � m y)>

where the constant weightsW (m)
i and W (c)

i are given by

W (m)
0 =

�
n + �

W (c)
0 =

�
n + �

+ (1 � � 2 + � )

W (m)
i =

�
2(n + � )

W (c)
i =

�
2(n + � )

i = 1; : : : ; 2n

and � is used to incorporate prior knowledge of the distribution ofX .

The unscented transform based Gaussian approximation to the joint distribution of
X and the transformed random variableY = g(X ) + q, whereX � N (m ; P ) and
the noiseq � N (0; Q), is given as

�
X
Y

�
� N

��
m x

m y

�
;
�

P x P x;y

P >
x;y P y

��

where the sub-matrices can be computed byAlgorithm 2.
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1 Initialize the parametersn, � , � and � .
2 De�ne the parameters� = � 2(n + � ) � n and 
 = n + � .

3 Compute the constant weightsW (m)
i and W (c)

i :

4 W (m)
0 = �

n+ �

5 W (c)
0 = �

n+ � + (1 � � 2 + � )
6 for i = 1 to 2n do
7 W (m)

i = W (c)
i = �

2(n+ � )

8 end

9 Form the sigma points:
10 X =

�
m x m x + (

p

 P x ) m x � (

p

 P x )

�

11 Propagate the sigma points through the non-linear functionf (�):
12 Yi = f (X i )

13 Compute the sub-matrices:

14 m y =
P 2n

i =0 W (m)
i Yi

15 P y =
P 2n

i =0 W (c)
i (Yi � m y)(Yi � m y)> + Q

16 P x;y =
P 2n

i =0 W (c)
i (X i � m x )(Yi � m y)>

Algorithm 2: Unscented approximation of an additive transform

6.1.2 Unscented Kalman �lter algorithm

With the information of Algorithm 2, it is possible to build the algorithm for the
Unscented Kalman �lter for the additive-noise case, where the dynamical model
given by Equations2.8 and 2.9, considering an additive-noise is rewritten as

x k = f k� 1(x k� 1) + v k� 1

y k = h k(x k) + n k

where f (�) is the dynamic process equation,h(�) is the measurement equation,
x k is the state,y k is the measurement,v k� 1 � N (0; Qk� 1) is the process noise and
n k � N (0; R k) is the measurement noise. It also assumes that the prior distribution
of the initial state is Gaussianx 0 � N (m 0; P 0).

Following the dynamical model, the state transition probabilityp(x k jx k� 1) necessary
in Equation 4.6 and the measurement probability or likelihoodp(y k jx k) used in
Equation 4.7 are determined by the state-space model. With that, it is possible to
say that the process noise densityv k� 1 determinesp(y k jx k). For example, given that
v k� 1 � N (0; Qk� 1) and x k = f (x k� 1) + v k� 1, then, the state transition probability
is equal to

p(x k jx k� 1) � N (f (x k� 1); Qk� 1) (6.1)
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and usingn k � N (0; R k) and y k = h(x k) + n k , then, the likelihood distribution is
given as

p(y k jx k) � N (h(x k); R k) (6.2)

Knowing the probability distributions from Equations6.1 and 6.2 and that the main
idea is to assume Gaussian approximations, the posterior distribution is considered

p(x k jy 1:k) ' N (x k jm k ; P k)

for every stepk, wherem k and P k are the mean and covariance computed by the
algorithm. This assumption leads to a recursive estimation like inSection 4.3.1

m k = (prediction of x k) + K k [y k � (prediction of y k)]

P k = (covariance of x k) � K k(covariance ofy k)K >
k

but this is a linear recursion, and linearity of the model has not been assumed. The
optimal terms are given by

m k = E[f (x k� 1) + v k� 1]

K k = P xk yk P � 1
yk yk

� k = E[h(x k) + n k ]

These terms are computed exactly by theKalman �lter in the linear case. But, for
non-linear models, these terms can be used as an approximation. The algorithm is
shown in Algorithm 3.
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1 Initialize the parametersn, � , � and � .
2 De�ne the parameter � = � 2(n + � ) � n and 
 = n + � .

3 Compute the constant weightsW (m)
i and W (c)

i :

4 W (m)
0 = �

n+ �

5 W (c)
0 = �

n+ � + (1 � � 2 + � )
6 for i = 1 to 2n do
7 W (m)

i = W (c)
i = �

2(n+ � )

8 end

9 for k = 1 to T do
10 Prediction step:
11 Form the sigma points:
12 Xk� 1 =

�
m k� 1 m k� 1 + (

p

 P k� 1) m k� 1 � (

p

 P k� 1)

�

13 Propagate the sigma points through the dynamic modelf (�):

14 X̂ (i )
k = f (X (i )

k� 1)

15 Compute the predicted meanm �
k and the predicted covarianceP �

k :

16 m �
k =

P 2n
i =0 W (m)

i X̂ (i )
k

17 P �
k =

P 2n
i =0 W (c)

i (X̂ (i )
k � m �

k)(X̂ (i )
k � m �

k)> + Qk� 1

18 Update step:
19 Form the sigma points:

20 X �
k� 1 =

h
m �

k m �
k + (

p

 P �

k) m �
k � (

p

 P �

k)
i

21 Propagate the sigma points through the measurement modelh(�):

22 Ŷ (i )
k = h(X � ( i )

k )

23 Compute the predicted mean� k , the predicted covariance of the
measurementP yk yk and the cross-covariance of the state and the
measurementP xk yk :

24 � k =
P 2n

i =0 W (m)
i Ŷ (i )

k

25 P yk yk =
P 2n

i =0 W (c)
i (Ŷ (i )

k � � k)(Ŷ (i )
k � � k)> + R k

26 P xk yk =
P 2n

i =0 W (c)
i (X � ( i )

k � m �
k)(Ŷ (i )

k � � k)>

27 Compute the �lter gain K k , the �ltered state meanm k and the
covarianceP k , conditional on the measurementy k :

28 K k = P xk yk P � 1
yk yk

29 m k = m �
k + K k [y k � � k ]

30 P k = P �
k � K kP yk yk K >

k

31 end
Algorithm 3: Additive form of the Unscented Kalman �lter algorithm
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6.2 Particle �lter

Filters like the Extended Kalman Filter, Unscented Kalman Filter, Cubature Kalman
Filter, uses Gaussian approximations that may work well, but, that Gaussian ap-
proximations could have problems when the �ltering distributions are multi modal;
in order to circumvent this issue,Monte Carlo approximationsare proposed to �nd
the solutions of the Bayesian �ltering equations.

6.2.1 Monte Carlo methods

In the Bayesian �ltering equations, is necessary to solve integrals in the form of
Z

g(x )p(x jy 1:T ) dx (6.3)

whereg : Rn ! Rm is an arbitrary function and p(x jy 1:T ) is the posterior probability
density of x given the measurements. The problem is that an integral can only be
evaluated in closed form only in a few special cases. Here, numerical methods have
to be used.

Some of them are theMonte Carlo methods, which refers to a general class of meth-
ods where a set of weighted particles, drawn from a known distribution is used to
map integrals by sample averages [Doucet et al., 2001].

Perfect Monte Carlo sampling

Assuming a distribution p(x jy 1:T ) whereN independent and identically distributed
(i.i.d.) random samples can be drawnf x (i ) � p(x jy 1:T ); i = 1; : : : ; Ng, an estimate
of the expectation ofEquation 6.3 can be computed as

E[g(x )jy 1:T ] �
1
N

NX

i =1

g(x (i ))

where the convergence is guaranteed by the law of large numbers.

Importance sampling

Due to its complicated form, it is not possible to obtain samples directly from
p(x jy 1:T ). So, an importance distribution � (x jy 1:T ) which is an approximation to
the target distribution, is used to draw the samples which are useful for posterior
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computations; it is required that the importance distribution to be non-zero when-
ever p(x jy 1:T ) is non-zero. The integral becomes

Z
g(x )p(x jy 1:T ) dx =

Z �
g(x )

p(x jy 1:T )
� (x jy 1:T )

�
� (x jy 1:T ) dx

Then, it is possible to approximate the expectation as

E[g(x )jy 1:T ] �
1
N

NX

i =1

�
p(x (i ) jy 1:T )
� (x (i ) jy 1:T )

g(x (i ))
�

=
NX

i =1

ŵ(i )g(x (i ))

whereŵ(i ) is known as theimportance weight, given as

ŵ(i ) =
1
N

p(x (i ) jy 1:T )
� (x (i ) jy 1:T )

In this case, the probability density can be written as

p(x jy 1:T ) �
NX

i =1

ŵ(i ) � (x � x (i ))

where� (�) is the Dirac delta function.

6.2.2 Sequential Importance Sampling

The Bayesian �ltering problem is to computethe full posterior probabilityp(x 0:k jy 1:k).
The Importance sampling methodcan be used, where their respective unnormalized
importance weights are given by

w(i )
k /

p(x (i )
0:k jy 1:k)

� (x (i )
0:k jy 1:k)

(6.4)

by the Markov assumptionin Equations 4.2 and 4.3is possible to decompose the
probabilities in

p(x 0:k jy 1:k) / p(y k jx 0:k ; y 1:k� 1)p(x 0:k jy 1:k� 1)

= p(y k jx 0:k ; y 1:k� 1)p(x k jx 0:k� 1; y 1:k� 1)p(x 0:k� 1jy 1:k� 1)

= p(y k jx k)p(x k jx k� 1)p(x 0:k� 1jy 1:k� 1)

and
� (x 0:k jy 1:k) = � (x k jx 0:k� 1; y 1:k)� (x 0:k� 1jy 1:k� 1)
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Replacing in theEquation 6.4

w(i )
k /

p(y k jx (i )
k )p(x (i )

k jx (i )
k� 1)p(x (i )

0:k� 1jy 1:k� 1)

� (x (i )
k jx (i )

0:k� 1; y 1:k)� (x (i )
0:k� 1jy 1:k� 1)

=
p(y k jx (i )

k )p(x (i )
k jx (i )

k� 1)

� (x (i )
k jx (i )

0:k� 1; y 1:k)

p(x (i )
0:k� 1jy 1:k� 1)

� (x (i )
0:k� 1jy 1:k� 1)

=
p(y k jx (i )

k )p(x (i )
k jx (i )

k� 1)

� (x (i )
k jx (i )

0:k� 1; y 1:k)
w(i )

k� 1

with that is possible to show that is possible to do a recursive estimation.

Furthermore, by the Markov assumption, only a �ltered estimate ofp(x k jy 1:k) is
required at each time step. Assuming that� (x k jx 0:k� 1; y 1:k) is only dependent on
the previous statex k� 1 and the current measurey k , this leads to

w(i )
k /

p(y k jx (i )
k )p(x (i )

k jx (i )
k� 1)

� (x (i )
k jx (i )

k� 1; y k)
w(i )

k� 1

where is necessary to normalize the weights to sum to unity.

The posterior probability can be approximated as

p(x k jy 1:k) �
NX

i =1

w(i )
k � (x � x (i )

k )

6.2.3 Degeneracy problem

The Sequential Importance Samplinghas a serious issue, where after a few iterations,
one of the normalized weights tends to unity, while the others tends to zero. This
makes the variance increase over time, which implies a huge computational load
updating particles with a very low contribution to the approximation.

A way to measure the degeneracy phenomenon is thee�ective sample sizeNef f , this
cannot be evaluated exactly, but an estimate can be obtained by

Nef f �
1

P N
i =1 (w(i )

k )2

wherew(i )
k are the normalized weights.

The degeneracy problem can be solved using a very largeN , but it is often imprac-
tical. Other methods are proposed: theoptimal importance distribution methodand
the resampling method.
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Optimal importance distribution

The importance sampling distribution helps to draw samples easily and is possible
to evaluate the probability densities of the sample points. This method chooses the
importance density� (x k jx 0:k� 1; y 1:k) in a way to minimize the variance so thatNef f

is maximized.

The optimal importance density that ful�lls the conditions [Doucet et al., 2000] is

� (x k jx 0:k� 1; y 1:k) = p(x k jx k� 1; y k)

however, it is often convenient to choose the importance density to be the prior

� (x k jx 0:k� 1; y 1:k) = p(x k jx k� 1)

to make
w(i )

k / p(y k jx (i )
k )w(i )

k� 1

Resampling

The resampling method uses resampling whenever a signi�cant degeneracy is ob-
served (Nef f � NL whereNL is the particles limit). In the resampling stage, sam-
ples with low importance weights are eliminated and samples with high importance
weights are duplicated.

Although some resampling methods have been proposed, asresidual resampling,
minimum-variance sampling([S•arkk•a, 2013], [Arulampalam et al., 2002]), the most
used is thesampling-importance resampling method. This last method produceN
new particles all weighting 1=N. The algorithm is summarized inAlgorithm 4 and
a graphical representation of this process is given inFigure 6.1.

6.2.4 Sequential Importance Resampling

Using the Sequential Importance Sampling, if we add a resampling step, the algo-
rithm leads to Sequential Importance Resampling, also known as theParticle Filter .
Sometimes the resampling step is done at every time stepk, but doing that, will take
more computational e�ort. To make it faster, the resampling step is done everytime
that Nef f � N t , whereN t is the limit of e�ective particles which contributes to the
�lter.

Here, the probability distributions p(x (i )
k jx (i )

k� 1) and p(y k jx (i )
k ) uses the dynamic sys-

tem equation and the measurement equation, respectively.

There are some variations of theParticle Filter , including di�erent importance
distributions, di�erent resampling methods, that would have a better accuracy and
performance under certain speci�c considerations.
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1 Initialize the CDF

2 c1 = w(1)
k

3 for i = 2 to N do
4 Construct CDF.

5 ci = ci � 1 + w(i )
k

6 end
7 Start at the bottom of the CDF.
8 i = 1
9 Draw a starting point from an uniform distribution.

10 u1 � U[0; 1=N]
11 for j = 1 to N do
12 Move along the CDF.
13 uj = u1 + N � 1(j � 1)
14 while uj > c i do
15 i = i + 1
16 end
17 Assign sample and weight.
18 x j

k = x i
k

19 wj
k = 1=N

20 end
Algorithm 4: Resampling algorithm
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1

CDF

j

iw(j )
k

Resampled index p(i )

Sampling
index

Figure 6.1: Visualization of the Resampling process. From a
uniform distribution and using the CDF, the new samples are gen-
erated.

1 Draw N samples from the prior and assign the weights.
2 for i = 1 to N do
3 x (i )

0 � p(x 0)

4 w(i )
0 = 1=N

5 end

6 for k = 1 to T do
7 for i = 1 to N do
8 Draw samples from the importance distribution:

9 x (i )
k � � (x k jx (i )

k� 1; y k)
10 Calculate new weights:

11 w(i )
k /

p(y k jx ( i )
k )p(x ( i )

k jx ( i )
k � 1 )

� (x ( i )
k jx ( i )

k � 1 ;y k )
w(i )

k� 1

12 end
13 Normalize the weights to sum to unity.
14 if Nef f < N t then
15 Resample usingAlgorithm 4.
16 end
17 end

Algorithm 5: Sequential Importance Resampling algorithm



Chapter 7

Numerical experiments

To validate the performance of the optimal and sub-optimal �lters described in the
previous chapters, some numerical experiments are proposed. The loads used in
the examples are the generated by El Centro earthquake which have a sampling
frequency of 50 Hz and is shown inFigure 7.1. Ground accelerations are the inputs
of the system and the total accelerations are the measurements; �nally, in order to
simulate the noise, a 5% RMS noise-to-signal ratio is superimposed.
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Figure 7.1: El Centro N-S ground acceleration.

7.1 SDOF linear system simulation

In this example,the following single degree of freedom linear system is considered

m•x + c_x + kx = � m•xg

43
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wherem = 1, c = 0:3 andk = 9. The measurements used in the problems are shown
in Figure 7.2.

Figure 7.2: Acceleration measurements SDOF linear system.

7.1.1 State estimation

Due to the system linearity, the KF, UKF and PF can be used to solve the state
estimation problem. To write the process equation in a state-space representation,
the state vector is de�ned as

x =
�
x
_x

�
=

�
x1

x2

�

replacing these terms inEquation 7.1and considering the derivative, the equations
may be written as

_x1 = x2

m _x2 + cx2 + kx1 = � m•xg

that leads to the state space representation
�

_x1

_x2

�
=

�
x2

� •xg � (cx2 + kx1)=m

�

Then, the process equation may be written as

_x = Ax + Bu
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where

x =
�
x1

x2

�
A =

�
0 1

� k=m � c=m

�
B =

�
0

� 1

�
u =

�
•xg

�

Now, for the observation equation, as

•xT = •x + •xg

= � (cx2 + kx1)=m

is possible to say that
y = Hx

where

y =
�
•xT

�
H =

�
� k=m � c=m

�

The initial state vector is de�ned as x 0 = [0 0]> . The initial, process and mea-
surement covariance matrices are selected asP 0 = [0:0001I 2], Q = [0:01I 2] and
R = [0:001]. The results of theKalman Filter , the Unscented Kalman Filter and
the Particle �lter are shown in Figures 7.3, 7.4 and 7.5, respectively. For the
Kalman Filter and the Unscented Kalman Filter, as the states are assumed to fol-
low a Gaussian distribution,� one standard deviation is plotted. For the Particle
Filter, the percentile 15:87 and 84:13 are plotted (these percentiles corresponds to
� one standard deviation in a Gaussian distribution).

In Figures 7.3, 7.4 and 7.5, it is possible to see a good performance of all the three
�lters, where the estimated signal is almost the same as the true signal. The big
di�erences are in the deviation band, being similar in the KF and UKF case, but, it
is practically inexistent in the PF case; the band width may be easy to change, due
that it depends on the covariance parameters, however, changing those parameters
may risk the estimation precision.

According to Figure 7.6, the errors of the three di�erent �lters are nearly the same,
which look like a heavy tailed distribution. Table 7.1 allows to conclude that the
UKF have a better performance than the KF; on the other hand, the PF has a bad
performance in the displacement estimation, due to a high MSE, however, its error
on the velocity estimation is far lower than the other �lters.
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Figure 7.3: KF linear SDOF state estimation.

Figure 7.4: UKF linear SDOF state estimation.
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Figure 7.5: PF linear SDOF state estimation.

Figure 7.6: State estimation histogram error.
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KF UKF PF
Mean 0.0578 0.0551 0.0464

Displacement Variance 3.1626 3.1366 4.9702
MSE 3.1659 3.1396 4.9724
Mean 0.0100 0.0157 -0.0009

Velocity Variance 1.0936 0.9102 0.0936
MSE 1.0937 0.9105 0.0936

Table 7.1: SDOF linear system state estimation error.

7.1.2 Dual estimation

To determine the parameters of the system, a dual estimation should be done. This
dual estimation refers to the state and the parameters of the system. To accomplish
this task, the state vector of the system is augmented in a way that

x =

2

6
6
4

x
_x
k
c

3

7
7
5 =

2

6
6
4

x1

x2

x3

x4

3

7
7
5

using this change of variables, the equations can be written as

_x1 = x2

m _x2 + x4x2 + x3x1 = � m•xg

leading to the system
2

6
6
4

_x1

_x2

_x3

_x1

3

7
7
5 =

2

6
6
4

x2

� •xg � (x4x2 + x3x1)=m
0
0

3

7
7
5

which is not a linear system, like inEquation 2.6

_x = f (x ; u )

For the observation equation

•xT = •x + •xg

= � (x4x2 + x3x1)=m

that written in a compact form using Equation 2.7

y = h(x )
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where

y =
�
•xT

�
h (x ) = � (x4x2 + x3x1)=m

The initial state vector is selected asx 0 = [0 0 5 0:2]> . The covariance matrices are
selected asP 0 = [0:0001I 2 10I 2] with the �rst value for the states and the second
for the parameters,Q = [0:01I 2 0:1I 2] following the same rule that the covariance
matrix and R = 0:001. The states of theUnscented Kalman Filter and the Particle
�lter are shown inFigures 7.7 and 7.9. The parameters are shown inFigures 7.8 and
7.10. Again, � one standard deviation is plotted for the UKF and the percentiles
15:87 and 84:13 for the PF.

According to Figures 7.7 and 7.9, both �lters have an observable good performance
tracking the states, however, the band in the UKF is much more wider than in
the PF, showing that the latter will give more con�dence about the estimation.
The same thing happens with the parameter estimation inFigures 7.8 and 7.10;
although the UKF gives a good estimation of the parameters, the PF shows to be
most accurate, and the band width is almost invisible.

The state estimation error in Figure 7.11 shows that the displacement estimation
has smaller errors in the PF case, however, the velocity error is graphically almost
the same; like in the previous numerical experiment, the error distribution looks like
a heavy tailed distribution. Table 7.2allows to conclude that the performance of the
PF is better than the UKF, nevertheless, is necessary to consider the computational
speed described inTable 7.10.

The parameter estimation error inTable 7.3shows again that the PF is more accu-
rate than the UKF.
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Figure 7.7: UKF linear SDOF dual estimation. States.

Figure 7.8: UKF linear SDOF dual estimation. Parameters.
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Figure 7.9: PF linear SDOF dual estimation. States.

Figure 7.10: PF linear SDOF dual estimation. Parameters.
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Figure 7.11: Dual estimation SDOF linear system histogram er-
ror.

UKF PF
Mean 0.0306 -0.0442

Displacement Variance 4.6257 3.8478
MSE 4.6266 3.8497
Mean 0.0223 -0.0002

Velocity Variance 2.5229 0.2051
MSE 2.5234 0.2051

Table 7.2: SDOF linear system dual estimation error.

k c
Exact value 9 0.3

UKF Estimated 8.7950 0.4240
Error % 2.2780 41.3240

PF Estimated 8.9964 0.2986
Error % 0.0396 0.4811

Table 7.3: SDOF linear system parameters error.
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Figure 7.12: Acceleration measurements SDOF hysteretic system.

7.2 SDOF hysteretic system simulation

In this example, the following single degree of freedom hysteretic system is considered

m•x + c_x + kr = � m•xg

where
_r = _x � � j _xjj r jn� 1r � 
 _xjr jn

The system parameters used arem = 1, c = 0:3, k = 9, � = 2, 
 = 1 and n = 2.
Here, the ground acceleration was scaled to 5g, to make the hysteretic loops more
noticeable. The measurements used in the problems are shown inFigure 7.12.

7.2.1 State estimation

Due to the non-linearity of the system, the KF can not be used. The UKF and the
PF are used here. The state vector is de�ned as

x =

2

4
x
_x
r

3

5 =

2

4
x1

x2

x3

3

5



54 CHAPTER 7. NUMERICAL EXPERIMENTS

following that, the equations can be written as

_x1 = x2

m _x2 + cx2 + kx3 = � m•xg

_x3 = x2 � � jx2jj x3jn� 1x3 � 
x 2jx3jn

or 2

4
_x1

_x2

_x3

3

5 =

2

4
x2

� •xg � (cx2 + kx3)=m
x2 � � jx2jj x3jn� 1x3 � 
x 2jx3jn

3

5

that in a compact notation
_x = f (x ; u )

For the observation equation

•xT = •x + •xg

= � (cx2 + kx3)=m

that written in a compact form leads to the linear equation

y = Hx

where

y =
�
•xT

�
H =

�
0 � c=m � k=m

�

The initial state vector is selected asx 0 = [0 0 0]> . The initial, process and measure
covariance matrices are selected asP 0 = [0:0001I 3], Q = [0:01I 3] and R = [0:001].
The results of theUnscented Kalman Filter and the Particle Filter are shown in
Figures 7.13 and 7.15, respectively. In the same way, the hysteretic loops are plotted
in Figures 7.14 and 7.16, respectively.

The UKF has a quite good accuracy estimating the velocity and the hysteretic com-
ponent of the system, however, the displacement is not quite good as the others,
although the estimated values and the real are close to each other, there is a no-
ticeable di�erence between both lines inFigure 7.13. The PF has not that issue;
here, both lines are really close and both looks like the same line as shown inFigure
7.15. It is an interesting fact that in the UKF results, only the displacement has a
noticeable band, whereas the velocity and the hysteretic component does not have;
this may be because of the covariance matrices selected.

The di�erence between the estimated displacement and the real, is also shown in
Figure 7.14, where the estimated hysteretic loops are not close to the real. The PF
gives a quite good looking hysteretic loops inFigure 7.16.

The estimation error plotted in Figure 7.17looks also like a heavy tailed distribution.
From Table 7.4, is possible to infer that the PF has a better performance than the
UKF; again, the computational speed inTable 7.10should be taken into account to
decide between both �lters.
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Figure 7.13: UKF hysteretic SDOF state estimation.

Figure 7.14: UKF hysteretic SDOF state estimation. Hysteretic
loops.
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Figure 7.15: PF hysteretic SDOF state estimation.

Figure 7.16: PF hysteretic SDOF state estimation. Hysteretic
loops.
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Figure 7.17: State estimation SDOF hysteretic system histogram
error.

UKF PF
Mean 2.4918 0.0873

Displacement Variance 1:0031� 105 454.7213
MSE 1:0032� 105 454.7289
Mean 0.0074 -0.0073

Velocity Variance 11.0364 0.0881
MSE 11.0364 0.0881

Table 7.4: SDOF hysteretic system state estimation error.
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7.2.2 Dual estimation

To do a dual estimation (states and parameters), the state vector of the system is
augmented as

x =

2

6
6
6
6
6
6
6
6
6
6
4

x
_x
r
c
k
�


n

3

7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
4

x1

x2

x3

x4

x5

x6

x7

x8

3

7
7
7
7
7
7
7
7
7
7
5

and the equations remains

_x1 = x2

m _x2 + x4x2 + x5x3 = � m•xg

_x3 = x2 � x6jx2jj x3jx8 � 1x3 � x7x2jx3jx8

that in a compact form leads to
2

6
6
6
6
6
6
6
6
6
6
4

_x1

_x2

_x3

_x4

_x5

_x6

_x7

_x8

3

7
7
7
7
7
7
7
7
7
7
5

=

2

6
6
6
6
6
6
6
6
6
6
4

x2

� •xg � (x4x2 + x5x3)=m
x2 � x6jx2jj x3jx8 � 1x3 � x7x2jx3jx8

0
0
0
0
0

3

7
7
7
7
7
7
7
7
7
7
5

which can be written as in theEquation 2.6

_x = f (x ; u )

For the observation equation

•xT = •x + •xg

= � (x4x2 + x5x3)=m

that written in a compact form as in the Equation 2.7

y = h(x )

where

y =
�
•xT

�
h (x ) = � (x4x2 + x5x3)=m
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The initial state vector is de�ned as x 0 = [0 0 0 0:2 5 0 0:5 1:1]> . The covariance
matrices are selected asP 0 = [0:0001I 3 10I 5], Q = [0:01I 3 0:01I 5] and R = [0:01].
The states of theUnscented Kalman Filter and the Particle �lter are shown in
Figures 7.7 and 7.9, respectively. The parameters are shown inFigures 7.8 and
7.10, respectively. Again,� one standard deviation is plotted for the UKF and the
percentiles 15:87 and 84:13 for the PF.

The UKF has not a bad state estimation accuracy, however, like in the previous
numeric example, the displacement estimation is not the best; this is concluded
from Figure 7.18. In the parameter estimation problem, the damping and sti�ness
values show a good convergence inFigure 7.19, although, the plot shows some
oscillations, which are due to the covariance matrices selected, necessary to help to
the convergence of the parameters� , 
 and n in Figure 7.20. Figure 7.21allows to
spot a not quite good performance of the �lter, showing non well �tting hysteretic
loops.

The PF shows inFigure 7.22 a proper estimation of the states, with very low per-
centile values. The damping and sti�ness estimation inFigure 7.23, indicate a good
convergence of the parameters, even better than the UKF, again, with very low
percentile values. Next, inFigure 7.24, the parameters converge quite well without
much oscillations, although some values do not approximate entirely.Figure 7.25
also shows that this �lter has non well �tting hysteretic loops.

The histogram error in Figure 7.26 shows the same shape than in the previous
histograms, a heavy tailed distribution shape; this is complemented withTable 7.5,
which shows a lower MSE value for the PF as expected. Finally, the accuracy of the
PF over the UKF in the parameter estimation problem is con�rmed inTable 7.6.
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Figure 7.18: UKF hysteretic SDOF dual estimation. States.

Figure 7.19: UKF hysteretic SDOF dual estimation. Parameters
c and k.
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Figure 7.20: UKF hysteretic SDOF dual estimation. Parameters
� , 
 and n.

Figure 7.21: UKF hysteretic SDOF dual estimation. Hysteretic
loops.
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