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Abstract

Dipolaritons are quasiparticles that arise in coupled quantum wells embedded in a micro-
cavity, they are a superposition of a photon, a direct exciton and an indirect exciton. An
interesting feature of dipolaritons is that their excitons can carry an electric dipole moment.
Previous works have found this kind of system suitable for terahertz lasing (Phys. Rev. A
89, 023836) and Bose-Einstein condensation (Phys. Rev. B 90, 125314). In this thesis we
study a system that consists of two interacting quantum dots embedded in a microcavity,
from the point of view of dipolaritons in direct analogy with the quantum well case. A

constant magnetic field is also taken into account.

First, the zero temperature case is studied with an exact diagonalization of a finite system
hamiltonian in order to find the effects of the magnetic field on the properties of direct
and indirect excitons, including their statistics. Then we include light and investigate
the properties of a single dipolariton. Next, a variational approach is used to study the
many-body problem and we find the effects of the magnetic field on the ground state energy
and number of photons. Finally, we consider the problem at finite temperatures and use a
self-consistent procedure in a Hartree-Fock-Bogoliubov approximation to find the effect of

the magnetic field on the critical temperature for Bose-Einstein condensation.
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Resumen

Los dipolaritones son cuasiparticulas que surgen en pozos cuanticos acoplados embebidos
en una microcavidad; son una superposicién de un fotén, un excitéon directo y un excitén
indirecto. Una caracteristica interesante de los dipolaritones es que sus excitones pueden
tener un momento de dipolo eléctrico. Trabajos anteriores han encontrado este tipo
de sistemas como candidatos para emisién en terahertz (Phys. Rev. A 89, 023836) y
condensacién de Bose-Einstein (Phys. Rev. B 90, 125314). En esta tesis se estudia un
sistema compuesto de dos puntos cuanticos interactuantes embebidos en una microcavidad,
desde el punto de vista de los dipolaritones en analogia directa con el caso de pozos

cuanticos. Se incluye, ademads, un campo magnético constante.

Primero, el caso a temperatura cero se estudia con la diagonalizaciéon exacta de un
hamiltoniano de sistemas finitos, con el objetivo de encontrar los efectos del campo
magnético en las propiedades de excitones directos e indirectos, incluyendo su estadistica.
Luego se incluye la luz y se investigan las propiedades individuales de un dipolariton.
Posteriormente, un tratamiento variacional se desarrolla para estudiar el problema de
muchos cuerpos y encontrar los efectos del campo magnético en la energia del estado base y
el nimero de fotones. Finalmente, se considera el problema a temperatura finita y se utiliza
un procedimiento autoconsistente en la aproximaciéon de Hartree-Fock-Bogoliubov para
encontrar el efecto del campo magnético en la temperatura critica para la condensacion de

Bose-Einstein.
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Chapter 1

Introduction

One of the most interesting and important problems in physics corresponds to the many-
body one. It is well known in classical mechanics that even the problem of 3 particles
interacting via a gravitational potential has not an exact general solution; in quantum
mechanics the situation isn’t so different although there are techniques such as the Faddeev
equations which allow to solve the non-perturbative problem iteratively [15]. However,
when the number of particles is greater than 3 the exact system becomes unsolvable.
Several approximations are used in order to deal with this, such as perturbation theory,
mean field approximation and density functional theory [17]. At lot of effort has been made
to find new techniques for the treatment of the many-body problem since its applications
ranges from condensed matter physics to quantum chromodynamics. One of the principal
techniques used to deal with the many-body problem is the picture of quasiparticles which

is the one we will focus in this work [34].

On the other hand, the improvement of experimental techniques on semiconductor materials
has allowed the development of methods to study the properties and phenomena present
in finite systems of electrons and photons [40], and in turn, the creation and control of
quasiparticles such as excitons and polaritons. Semiconductor structures as are Quantum
Wells (QWs), Quantum Wires and Quantum Dots (QDs), which restrict the movement of
charge carries to two, one and zero dimensions, respectively, are of great research interest
due to their potential technological applications in quantum computation and high-efficiency

optoelectronics. Furthermore, the introduction of this structures in microcavities, allowing



the interaction with light, has enabled the Bose-Einstein condensation in solid-state systems
[4].

This chapter presents the background that justifies the motivation of the work and gives the
necessary tools for its understanding. First, we present the systems of interest and mention
some experimental aspects. Then, we give an overview of the concept of quasiparticle and
introduce ezcitons and polaritons which are essential quasiparticles for the description of
our system. With this, we present the quasiparticle of main interest in the work: dipolariton.

Finally, we conclude with a review on the state of the art of dipolariton-related research.

1.1 Semiconductor heterostructures

The Purcell effect consists of the placing of an optical emitter inside a cavity in order to
tune its relaxation time. This effect had been first looked for atoms in cavities but with
the goal of a massive technological implementation the solid state also started pursuing
this effect. The typical examples are quantum dots (QDs) or quantum wells (QWs) placed

in cavities made in micropillars, microdisks, or photonic crystals [31].

Several advantages can be found in semiconductor systems in comparison with other
candidate systems for quantum computation. The first one to be mentioned is their size,
which lies on the range of nanometres to micrometres while, for example, atomic systems
have typical sizes of the order of centimetres. Other advantages to be mentioned are
their ease to connect with electronics and the control of their shape and interactions
with state-of-the-art nanostructure fabrication techniques. However, there is a common
disadvantage in almost all solid state devices: dissipation. Semiconductor systems will
always be affected by the huge amount of interactions with the rest of the crystalline
media. The presence of other particles and lattice vibrations due to temperature introduces
decoherence to the system and an eventual break-up of the quantum behaviour. Despite
this, the improvement on the fabrication techniques and experimental conditions keep

semiconductor devices as strong candidates for future electronics.



1.1.1 Microcavities

A microcavity is an optical resonator close to, or below the dimension of the wavelength
of light [26]. We will focus on microstructures periodically patterned on the scale of the
resonant optical wavelength (Fig. 1.1). This kind of structures use interference in order to

confine light in a defect.

GaAs

| iy — JS Roberts

Figure 1.1: Scanning Electron Micrograph (SEM) of a GaAs/AlGaAs DBR microcavity on
a GaAs substrate. Image taken from Ref. [26].

The periodic layers have a width such that reflected light satisfies a condition of constructive
interference and transmitted light a condition of destructive interference, this structure is
known as Distributed Bragg Reflector (DBR). This condition can only be achieved for a

specific wavelength so that this kind of microcavities work for a specific light frequency.

A defect, consisting of a thicker layer of a material, is introduced, this defect is the
microcavity and the periodic layers surrounding it work as mirrors that keep light confined.
The mirrors’ reflectance depends on the materials, the number of layers and the quality of

the fabrication i.e., amount of impurities, layers’ width, parallelism, etc.

1.1.2 Quantum wells and dots

A quantum well (QW) is a structure that confines the movement of charge carriers in one
dimension, so the carriers are free particles in the other two dimensions, for this reason
the QWs are known as 2D systems. Similarly, quantum wires and dots are defined by the
number of dimensions in which the charge carriers can move freely, as shown in Fig. 1.2.
QWs have quantisation in only one direction, in contrast, QDs are fully quantised systems

(artificial atoms).
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Figure 1.2: Schematic picture of a quantum well (2D), wire (1D) and dot (0D). Image
edited from Ref. [37].

In semiconductor materials, the fabrication of quantum dots by physical methods can be
done by Stranski-Krastanow growth [38] in which alternating layers of two materials with
similar lattice constants are deposited over a substrate, in this way, a periodic structure
(DBR) is produced. Then, a layer of a material with a different lattice constant is deposited.
This difference in the lattice constant generates strains on the layer that will eventually
relax to a lower energy state, with the formation of randomly positioned “islands”, passing
from a 2D to a 3D structure as can be seen in Fig. 1.3. These “islands” are the QDs.
When fabricated by this procedure are known as self-assembled quantum dots, nevertheless,
they can also be fabricated with state-of-the-art lithography techniques to have control
over their position and shape. The layer on which the QDs are located is known as wetting

layer and may be of great impact on QDs’ dynamics [3].

Figure 1.3: SEM image of a sample of InAs quantum dots grown on GaAs. The field of
view is 150x 150nm?. Tmage taken from Ref. [38].

These structures are made of semiconductor materials, which means that there is a gap

between the valence and conduction bands. If sufficient energy is given to the medium,



an electron from the valence band may “jump” to the conduction band [23]. One way to
provide the necessary energy for this to happen is to place one of the structures illustrated
in Fig. 1.2 inside a microcavity (Fig. 1.1), such that confined photons in the cavity are
eventually absorbed by the structure, generating a matter excitation. In this way, a QW,

for example, will act as the optical emitter placed in a cavity for the Purcell effect.

We are interested on the placing of QWs and QDs inside a microcavity. In this situation,
the complex interactions between matter and light-matter, require the use of specialized

theoretical methods for its description. Next section will approach this topic.

1.2 Quasiparticles

As mentioned above, the quasiparticle formulation of the many-body problem is one of the
most used and successful. It replaces the real problem with an effective one. A really good
explanation of what quasiparticles are is presented in Ref. [34], here we will only present a

sumimary.

The motion of several interacting particles is impossible to describe if the interactions are
not perturbative. However, a new simple picture of matter emerges from the quantum field
theory, in which systems of interacting real particles are described in terms of approximately

non-interacting fictitious bodies called “quasiparticles”.

Let us consider a simple example on how this can happen. Suppose a system of two masses
(my and my) which are attached by a spring as is shown in Fig. 1.4. The system is also
under the action of a gravitational field. The motion of each body separately is really

complicated to describe because of the interaction between the two bodies via the spring.

centre of mass

Figure 1.4: Two masses held together by a spring. Image taken from Ref. [34].



“However, we can break up the complicated motion into two independent stmple motions:
motion of the centre of mass and motion about the centre of mass. The centre of mass moves
exactly as if it were an independent body of mass my+ms, so it is one of the non-interacting
fictitious bodies here. The other fictitious body is a body of mass mims/(my + my)-the
so-called ‘reduced mass’-which moves independently relative to the centre of mass. Thus
the system acts as if it were composed of two non-interacting fictitious bodies: the ‘centre

of mass body’ and the ‘reduced mass body’.” [34]

This simple classical example illustrates pretty well the idea of quasiparticles. The following

sections will be to present the quasiparticles involved in the work.

1.2.1 Excitons

Excitations of matter consist of an electron that acquires sufficient energy to go from the
Valence Band (VB) to the Conduction Band (CB). The VB gains a net positive charge
known as hole (Fig. 1.5). This hole is a quasiparticle used to describe the absence of
charge in the valence band, so it will have the electron charge but with opposite sign; an
effective mass is associated to the hole too. There are two kinds of holes: light holes and
heavy holes, with the latter being the ones with the most important effects in common
systems [23, 24].

The electron in the CB interacts with the hole via Coulomb interaction. This interaction
may generate a bound state of an electron and a hole, similar to the one generated by the
two masses interacting via a spring in the previous example, and is known as an exciton.
Excitons are another kind of quasiparticles and are common to describe the excitations of
matter [23]. They have no charge and since they are composed of two fermions, excitons
are basically bosons. It can be shown that exciton creation bg and annihilation b, operators

follow bosonic commutation rules at low densities [32, 12, 11}, this is:

[bqabT'] ~ Og.q's (1.1)

q

however, at high densities the fermionic nature of the particles excitons are composed of,

becomes relevant and the commutation rule (1.1) requires corrections.



Figure 1.5: Scheme of an electron (blue) that “jumps” from the valence band to the
conduction band, leaving a “hole” (white) with a net positive charge.

1.2.2 Polaritons

As was mentioned before, one way to generate the jump of an electron to the conduction
band is by the absorption of a photon, so, the light might generate those electron-hole
pairs known as excitons. The second quantization hamiltonian that describes this situation
in a QW is as follows [23]:

H = Z [heqbzbq + hwqaj]aq + (hgqbflaq +h.c)], (1.2)
q

with ag (a}) the annihilation (creation) operator of photons in the cavity, fie, and hw, the
energies of excitons and photons, and hg, the strength of the light matter interaction. The
Hamiltonian from Eq. 1.2 has two approximations known as dipolar approximation and
rotating wave approximation [19]; in the first one, the amplitude of the electric field is
considered constant along the optical emitter’s volume; in the second one, non-rotating

terms (bfal or bya,) can be neglected in the near-resonance situation (hw, ~ heg).

We now define the polariton operators pi* and pl'* as a linear combination of exciton and

photon operators:



UP _
P, = ugby — vyaq,

LP * * (13)
Py = Vb + uyag,
and demand polariton operators to obey Bose commutation rules:
g0y T = Jug? + vy = 1, (1.4)

and similarly for péP . The coefficients are chosen such that the hamiltonian becomes

diagonal [23], obtaining:

H=> (n " ptpt" + QP p Fipl’y | (1.5)

q

with [31]:

1 1
QgP,UP _ 5(6(1 + wq) + §\/(eq — wq)Q + 493. (1.6)

We see that the hamiltonian of interacting excitons and photons (Eq. 1.2) can be written
as a hamiltonian of non interacting quasiparticles called polaritons (Eq. 1.5). From Eq.
1.6 we see that there are two polariton branches known as upper polariton (4, UP) and

lower polariton (-, LP).

The Bogoliubov transformation (1.3) can only be performed at the low density limit, in
which Eq. (1.1) is valid. In this limit, polariton operators follow Bose commutation rules

and are able to condensate [4].

1.3 Dipolaritons

Dipolaritons have a great analogy with polaritons, in fact, they are polaritons with a large
dipole moment. They appear in a system of coupled QWs as the one presented in Fig. 1.6
where two QWs are embedded in an optical microcavity and separated by a distance d.

The QWs are coupled via electron tunnelling allowing the formation of an electron-hole



bound state with the particles in different layers known as indirect exciton (IX); the usual

exciton with the charges in the same layer will be called direct exciton (DX) [22].

Excitons are quasiparticles with a probability of recombination, thus, they have a lifetime.
This probability depends on the overlapping of the electron and hole wave functions [21, 22].
Direct excitons have a lifetime of less than 100ps [20], while indirect excitons, in which the
spatial separation of the QWs decreases the wave functions’ overlapping, can reach tens
or hundreds of microseconds [7, 8, 18]. For this reason we expect dipolaritons to have a

longer lifetime than polaritons.

The photons C in the cavity interact with the DX and the latter is coupled with the IX
via tunnelling. The photonic modes do not couple with the IX modes. A bias voltage is

applied in order to inhibit hole tunnelling (green arrow in Fig. 1.6) [13].

/&\ [V () DBR
= UA N
Dzt 1
=L 0N o<
z — 7 DBR
— photon
X

Figure 1.6: Scheme of two coupled QWs. The QWs are coupled via tunnelling J, one QW
interacts with light 2. Image taken from Ref. [10].

The hamiltonian is pretty similar to the one in Eq. 1.2 but adding the possible tunnelling

hJ between direct and indirect excitons [10], in a matrix form can be written as:

;th +6pn Dy 0
H= hg Bq hJ : (1.7)
0 hI AL+ 0rx

2M

where m,,, is the effective mass of the photons, M the one for the excitons, and §; are
possible detunings between the energies. By using a similar procedure to the one used in

the preceding section, the hamiltonian Eq. 1.7 can be diagonalized as:



H= Z [ggPngquLP i géprg/[PTpéWP 4 gngp;JPquUP} ’ (1.8)
q

LP.MP,UP
q

with the previous case, we have three polariton branches with MP being the maiddle

where ¢ are the eigenvalues of Eq. 1.7. Here we can distinguish that in contrast

polariton branch [13].

Dipolaritons are, then, quasiparticles formed by a three way superposition of a direct
exciton DX, an indirect exciton IX and a cavity photon C. They are also bosons but differ
from polaritons in the fact that their IX component provides them with an electric dipole

moment, due to the separation between wells, and a longer lifetime.

Dipolaritons are the quasiparticles of main interest in this thesis since they have very
interesting properties, mentioned in the following section, that might allow the development

of several optoelectronic devices of great interest for quantum computation.

These quasiparticles are proposed in quantum wells, the main question to answer in this

text is: What about dipolaritons in Quantum Dots?

1.4 State of the art

In this section we present a summary of some interesting articles related with dipolaritons,

that motivated this thesis, and illustrate the state of the art in dipolariton-related research.

1.4.1 Cristofolini et al. (2012)

In this work (Ref. [13]), the authors use Molecular Beam Epitaxy (MBE) to grow a
g/\ cavity, designed to work for A = 880nm, with 21 and 17 periods of GaAs/AlAs as
distributed Bragg reflectors. Four sets of asymmetric double quantum wells (ADQWs),
10nm wide, are inside the microcavity, positioned at the antinodes of the optical field.
They use three samples in which the QWs are separated by barriers with widths of 4nm,
7nm and 20nm, so they can access different tunnelling coupling strengths. A bias voltage

can be applied across the microcavity through electric contacts.

10
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Figure 1.7: (A) Bias-dependent dipolariton modes observed in photoluminescence for a
barrier width of 4nm (dots) and fits to an effective model (solid lines). Dashed lines mark
bare energies. Inset: Extracted intrinsic tunnelling rate J as a function of the barrier width
(points) together with theory (line). (B) Bias dependence of the dipolariton composition.
Image taken from Ref. [13].

The authors perform optical measurements in a liquid helium cryostat (T~10 K). Each
mesa is excited non-resonantly by a Ti-sapphire laser (CW 800nm) with 2004W focussed
to a 100pum diameter spot. Among several results, Fig. 1.7 is obtained, there, the bias
voltage is used to vary IX’s energy and the three dipolariton branches are found. They use
an effective model to fit the experimental results and determine the composition of each

branch.

1.4.2 Kyriienko et al. (2014)

In this paper (Ref. [30]), the authors study theoretically the system of two QWs in a

microcavity. The hamiltonian used is:

— y(ch + c'b)
2 (1.9)

+ Pertql 4 Pretrtaq 4+ Vbbb + Vielelee + ViybTelbe,

Q
H = hwea'a + hwpxb'd + hwrxcle + %(cﬁb +bla)

where hwe, hwpx and hwrx denote the cavity mode, direct exciton, and indirect exciton

energies, respectively. h{) denotes the Rabi-splitting and AJ the tunnelling. A coherent

11
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Figure 1.8: Second order correlation function for different values of the detunings. Image
taken from Ref. [30].

optical pumping of the cavity mode with rate P and frequency w, is taken into account.
Vaa, Vi and Vy; are the nonlinear many-body interactions between excitons. A master
equation with dissipative terms written in a Lindblad form is solved in order to calculate

the mean number of photons and the second order correlation function.

Fig. 1.8 shows the dependence of the second order correlation function with the detunings
defined as: A = w, —w¢ and §; = wyx — wpx. There are zones in which the correlation
function is almost zero, in these regimes the emission is antibunched and the system is
suitable for single-photon emission. It is important to notice that both detunings can be

controlled: A with the frequency of the pumping and §; with an electric field.

1.4.3 Shelykh et al. (2013-2014)

This research (Refs. [27, 28, 29]) uses effective models similar to that used in the previous
subsection. The authors consider the two coupled QWs to be embedded in a terahertz
(THz) microcavity and calculate the dynamics of the excitons’ populations. One of the
main findings consists of the IX population oscillating with THz frequency. Since the
IX composition provides the overall electric dipole moment of the system, this situation

corresponds to a time-varying dipole that should emit continuous wave (CW) radiation in

12



the THz range. Furthermore, the frequency of the emission can be tuned by means of an

electric field, and has output powers that may compete with current THz sources.

1.4.4 Byrnes et al. (2014)

In this work (Ref. [10]), the bosonic statistics of dipolaritons are exploited and used to
determine the possibility of a dipolariton condensate. To do this, the authors exhaustively
investigate the effective interactions between excitons. Fig. 1.9 shows the ratio of various
contributions in the total dipolariton interaction energy as a function of the interwell
distance. There it can be seen that the most relevant interactions are between excitons of
the same type and that the interaction between IXs is of the same order than that between
DXs.

1 Usat

UI)(-DX.

Ratio

1 U ixix

Ubx-px

Figure 1.9: Ratio of various contributions in the total dipolariton interaction energy as a
function of the interwell distance d. Image taken from Ref. [10].

In the same paper the authors conclude that dipolaritons may be able to Bose-Einstein
condensate and using a dissipative Gross-Pitaevskii are able to determine that parameters

for condensation of dipolaritons are pretty similar to those of polaritons.
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Chapter 2

Physical System and Model

Quantum dots, as fully quantised systems, present interesting phenomena not present in
QWs. Quantum mechanics appears at its maximum expression due to the small number of
excitons that QDs usually confine in contrast with QWs where a large number of excitons

is created when the system is excited.

Several models can be used to describe quantum dots, the most popular one might be the
Jaynes-Cummings effective hamiltonian in which the QD is approximated as a two-level
system [19]. We will use a more precise one that starts from the basics: electrons confined

in a structure.

This chapter is dedicated to the introduction of the physical system to be modelled in the

rest of the text and the derivation of the corresponding hamiltonian.

2.1 Effective mass approximation

In order to model a QD it is necessary to look first at the band structure of the material
it is made of. We consider quantum dots made of InGaAs. Figure 2.1 displays the band
structure of InGaAs, there, we see that for k =~ 0, the bands can be approximated as

parabolas, which allows us to write:

n2k?

E(k’) =~ Egap + 2_7’n*’

(2.1)
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Figure 2.1: Band structure of InGaAs. We are considering the region close near the I'-valley.
Image taken from Ref. [1].

where Fy,, represents the band gap of the semiconductor material and the quantity m* is
the effective mass of the electrons [23] that plays an important role: knowing the effective
mass in the semiconductor, the problem of a particle inside the material can be reduced in
an effective way, to a free particle with mass m*. Electrons in the Valence Band (VB) will
have a negative effective mass, but in order to avoid dealing with negative masses, it is
often preferred to introduce holes as new quasi-particles with a positive mass and positive
charge. Then, we will refer to electrons in the conduction band just as electrons, and the

absent charges in the valence band will be the holes.

In Fig. 2.1 we see that for the valence band there are two levels labelled as Heavy holes
and Light holes, in our treatment we will consider heavy holes only because they have a

stronger coupling with light than light holes [5, 48].

2.2 Confining potential in a QD

Charge carriers will be confined in a QD, for this reason it is important to have a model
of the confining potential the particles feel in it. In this section we will follow the theory

from Ref. [38] to show that the particles in a QD are subject to a 2D harmonic potential.
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Figure 2.2: Cross-section TEM of an InAs QD grown on GaAs. Image taken from Ref.
[38].

Although the reference focus its attention on self-assembled QDs, the harmonic potential
is usually used to model other kinds of quantum dots.

We start with a single electron in a QD, subject to a confining potential V(r, z), then we

write the Schrodinger equation in cylindrical coordinates:

{—7# F ( 00, 3_2> n 3_2} +V(r, z)} U(r0,2) = BU(r,0,2),  (22)

2m, | r? TETE 062 072

where m, is the effective mass of the electron in the material. Due to the low aspect ratio
of self-assembled quantum dots (see Fig. 2.2), the confinement in the growth direction (z
axis) dominates, and only one bound state exists for motion in this direction; the motion in
the plane can be considered separately [51]. Therefore, the wavefunction can be expressed
as the product: U(r,0,2) = Z(z)f(r,0). Replacing this result in the Schrédinger equation

and separating variables we get the following two equations:

[;Zi (§§ + %) + Eo<r>} F(r.6) = Ef(r.6) (2.3)
V()] 2 = B2 -

Now, we need a model for the potential V' (r, z); this model should depend on the shape of
the dot. Along the z direction we consider the potential to be zero inside the dot and to
have a finite value Vj outside, thus, we will have a finite well with a width that depends
on the radial position r. The energy levels of the finite well can be written, at first order

correction, in terms of the solution to the infinite well as:
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P? P? 22
~ —QEinﬁnite(T) = 2 9
1+ P 1+ P2 2m.t(r)

FEinite (1) (2.5)
where P = Lg\/2m.Vy/2h, t(r) is the thickness of the well for each radial position, and
Lo = t(0) is the dot’s height. What is left now is to determine the shape of the dot, i.e.,
the function ¢(r). Fig. 2.2 displays a Transmission Electron Microscopy of a self-assembled
QD, there it can be seen that the dot has a paraboloid-like shape, such that ¢(r) is given
by:

r

t(r) = Lo (1 - 7;) , (2.6)

with rg the greater radius of the dot. Introducing this expression in Eq. (2.5) and

performing binomial expansion in r, keeping only the terms up to order 2, we obtain:

P2 h2m? r\ 2 1
Eq(r) = 1+2(— = —mow3r? + E¢. 2.7
0(7‘) 1 +P2 2meLO [ + ( ) ] 2m Wy + 0 ( )

Finally, replacing Eq. (2.7) in Eq. (2.3) we see that in the plane the particle is subject
to an offset harmonic oscillator potential. The offset energy Ef corresponds to Eq. (2.7)

evaluated at r = 0.

We note that the shape of the QD determines the strength of the parabolic confinement in
an inverse way; the smaller the dot, the stronger the confinement wy. Also, the effective
mass affects the confinement, so, in general, electrons and holes will be subject to a different

strength of the confinement.

Knowing the confining potential, in the following sections we will present the derivation of

the hamiltonian for several charge carriers in a QD and the light-matter interaction.

2.3 Charge carriers in a QD

We now consider a set of N electrons and holes confined in a QD and interacting through

Coulomb potential. The particles will be subject to a parabolic confinement [38] and
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a magnetic field B will be applied in the z direction. With this considerations, the

hamiltonian of charge carries in the QD can be written as:

o — e - \2 al e 1
o= ( . +—Ae.> —mewlrl + —
ZQme e +22m Wele, T g 4 ’Te —Fe.|
=1 =1 1<J v J
N N
]_ — e — 2 1 62 1

+ —(P.——A > + —mpwirs + — =7 2.8
Zth hi ZQ G e |, — 7 (28)
J=1 7=1 1< g J
e? 1
£ i |Fei - th

where m,(p) is the effective mass of electrons (holes), Te;(hy) and ﬁei(hj) are the bi-dimensional
position and momentum vectors for electrons (holes) and A, are the energies associated
with the parabolic confinement. ¢ is the permittivity of the material, InGaAs in this case.
A is the vector potential associated to the magnetic field. We will ignore spin degrees of
freedom, for this reason, Zeeman splitting terms do not appear in Eq. (2.8), this can be
done because Coulomb interaction does not change the spins’ orientation, also, we only

consider one polarization of light that will couple to one orientation of the spins.

The transition to the second quantisation formalism will depend on the situation: B = 0

or B # 0.

231 B=0

First we turn off the magnetic field and focus on the particular case in which electrons and
holes have the same effective masses and are subject to the same confinement strength:

we = wy, = wp and m, = my, = p, then the hamiltonian (2.8) is reduced to:

N N
1
H:Z2_ +Z Ph +Z MW‘”Z HWT,
€ e e
+" ¢
) R Pl et e W



Defining the oscillator length lo = \/h/puwy we realize the transformation to dimensionless
variables: 7 — lo7 and P — %ﬁ, obtaining:

] =t (2.10)
e
+— -
elo <; Te, —r€] ; |7’h — Th; ‘ Z ‘rel — Th, |>

Now, we choose the 2D harmonic oscillator states as single-particle basis and write the
hamiltonian in the second quantisation formalism, with e; (h;) and e! (hg ) the fermionic

annihilation and creation operators of an electron (hole) in the state i, respectively:

Zt el en + hihy) —|—5Z (rs|V(0)|uv) elele,e,
" e (2.11)
+ 0 Z (rs|V(0)|uv) hihihsh, — B Z (rs|V(0)|uv) eihj;h,;eu,

rSuv rsSuv

the state |i) represents a harmonic oscillator state defined by the quantum numbers n; =
0,1,...and l; = —o0,...,—1,0,1,...,00; n and [ are the radial and angular momentum
quantum numbers, respectively [40] The state |7) for holes represents the same state |7)
for electrons but with opposite sign of the angular momentum. ¢; = 2n; + |l;| + 1 and
B = lo/ap, with ag = eh?/ue* the effective Bohr radius. Finally, (rs|V(0)uv) is the
matrix element of the Coulomb interaction for charge carriers confined in the same QD,
details on the explicit form and calculation of this elements can be found in Appendix A.
V(0) means that the charges are in the same plane, when we consider two quantum dots
this condition will be relaxed and the charges might be in different planes separated by a
distance a, leading to a different Coulomb element (rs|V (a)|uv), i.e., the explicit form of

the potential in dimensionless units is V'(a) = 1/|r} — 75 + @, with 7 L @ and 75 L a.

2.3.2 B#£0

The procedure including magnetic field is pretty similar to the one developed in the
previous section for B = 0. Instead of defining an oscillator length we define the magnetic
length [ = /2hc/eB and use the transformation to dimensionless variables 7 — (g7 and
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P %ﬁ Defining the cyclotron frequency we™ = eB /me(nyc and using Coulomb’s gauge

for the vector potential, the hamiltonian (2.8) is written in second quantisation as [40]:

H = Z ,mek n—i—tk_ ! 62 (rs|V(0)|uv) e T elesey
ﬁkn rSuUv (212>
BN~ (s SN Wit 5 5 et hihe
+5 > (rs|V(0)|uv) hihihsha — 8 (rs|V(0)|uv) efhlhse,,
w  Hwe” fiwseiny
where tk( ) = 5 (2ng + |le] £ U + 1)k, + ﬁ (k|r?|n), with the + sign standing for
w

electrons and the — for holes, (k|r?|n) is the matrix element of the confining potential, and
= e%/elp. The state |i) represents a Landau state of a charged particle in a magnetic
field. As in the harmonic oscillator case, the Landau states are defined by two quantum
numbers (ignoring spin): n; = 0,1,... and [; = —o0,...,—1,0,1,...,00; n and [ are the
radial and angular momentum quantum numbers, respectively. (rs|V(0)|uv) represents

the same as in the previous section.

2.4 Light-matter interaction

The QD will be placed in a cavity where an electromagnetic field is confined. The field
will interact with the dot generating excitations of matter. In this section, we will deduce
the quantum expression for the light matter interaction. The latter is considered in a
dipolar approximation, in such a way that it can be expressed as H;,_,, = —d - E, this
approximation is valid if the wavelength of light is larger than the typical dimensions of
the QD. The dipole moment operator is written in second quantisation formalism with

field operators for electrons and holes as [23]:

/d3r Z 677/}T (7)), (T)

i,j=e,h

= / drer Y1) + Un(FIULE) + ST + en(@ee()] (2.13)
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The field operators can be expressed in terms of the creation and annihilation operators of
electrons and holes defined in previous sections, and the wave functions ¢, of the particles,

as:

Ye(F) =Y d0(Fen Unl(i) =Y dh(i)hn
Vi) =6 (Pel, wh(F) =D enr(Phk.

n

After some calculations the obtained result is [23, Chap. 20]:

d=d., (eILhI—L + hﬁen) , (2.14)

n

where J;U = e [ d&®r 7ul(F)u,(r), with u, and u, Bloch functions of the bulk material of

charges in the conduction and valence band, respectively.

Considering the interaction of the matter dipole with a quantised electromagnetic field
and performing a Rotating Wave Approzimation (RWA) that neglects the terms ahje, and

atel bl [19], the light-matter interaction is finally written as:

H_,=g Z(aeilh% + a'hren) (2.15)

n

2.5 Physical system and Hamiltonian

The system is drawn schematically in Fig. 2.3 and consists of a microcavity with light
confined such that the energy levels are spaced enough to consider only one light mode.
Two vertically aligned quantum dots are embedded in the cavity. Experimentally, if close
enough, the layers will naturally tend to align the QDs forming vertical stacks [44, 25, 42].
The quantum dots are close enough to allow charge carriers from different dots to interact

via Coulomb interaction and to allow tunnelling of particles between dots. Light matter
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Figure 2.3: Physical system.

interaction will be in dipolar and rotating wave approximations. With this considerations,

the hamiltonian of the system is as follows:

H=HP" + H?” + Hipy + Hpu + Hyigne-

HPP and HPP are the hamiltonians of the charges in each quantum dot:

HOP — Z(t<81)eklen1 +t"niny) WP 5 2 (1 slV(O)u,v) elselienen

rsuv

ﬁ Z (7, 5V (0)|w,0) hihihsha — 8~ (r, 5[V (0)|u, 0) ] hlhsea,

rsuv rsuv
QD _ N\ () ot
H; E i, ekzenz + (r, s|V(0)|u, v) e qelsereya,
rsuv

where:

o) hw? hw? . o
tz(j) = 20 (2”1 + lz + ‘lz| + 1)5i,j + w_aa <Z|T‘2’]> + Egaptsa’e(si’j + Eg(;i’j

C

(2.16)

(2.17)

(2.18)

(2.19)

is the energy of electrons and holes in a parabolic confinement in the presence of a magnetic

field (o = el,e2,h) and the corresponding gap and offset (Eq. (2.7)) energies. [ is the
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strength of the Coulomb interaction which depends on the magnetic field. We only consider
one quantum dot in strong coupling with light and include a bias voltage V, to ensure
that only electrons can tunnel, see Fig. 2.3. With this considerations, one QD will have

electrons and holes and the other one will only have electrons due to tunnelling.

H,,; is the interaction between charge carriers in different quantum dots. This interaction
has a different strength ~ that depends on the effective dielectric constant and the magnetic
field; Coulomb matrix elements are also different due to the vertical spatial separation
between the particles’ wavefunctions. The quantum dots are separated by a distance a, as
shown in Fig. 2.3, that defining the magnetic length [p = \/m is transformed into
a dimensionless variable a — [ga. Then, the Coulomb element for charges separated by
a vertical distance a is written as (r, s|V (a)|u,v). Details on the calculation of the latter

element can be found in Appendix A. H,,; has the following form:

Hiny = 72 (r, s|V(a)|u,v) el el epen — vz (r, 5|V (a)|u, ) el hlhgeys. (2.20)

rSuv rSuv

While H®" is the responsible of the formation of direct excitons (DX), HZY jointly with

Hiy, are in charge of the formation of indirect excitons (IX).

As mentioned above, a bias voltage is taken into account in order to tune the energies of
electrons in the dots, and due to the opposite charge, detune the energies of holes. This
tuning allows electrons only to tunnel between the QDs. The strength of the tunnelling
depends on the overlapping of the wavefunctions of electrons in each dots, i.e., the separation

a has a great impact in the tunnelling. Therefore, Hy,, will be written as:

Htun = ZTkn(e};lenZ + GILQBkl)y (221)
kn

where the explicit form of T}, will be set according to the situation. Finally, the light

hamiltonian includes the confined photons’ energy and the light-matter interaction, that is:

Hjignt = hwa'a +gz ahnen + aeT hT) (2.22)
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where it is explicit that the QD labelled as 1 is the dot in strong coupling with light.

The complete hamiltonian associated to the system of Fig. 2.3 is:

H= Z t,m eklenl + tk_ hTh + tkn)emem) + hwa'a

5 B ,, ,,
+ 5 Z (rs|V(0)|uv) el el eprenr + 5 Z (75|V (0)|av) hihihshy

+ § > (rs|V(0)|uv) elyelsennens — B (rs|V(0)|uv) el hihsen (2.23)
—i—”yz (rs|V(a)|uv) el el emen —72 (r5|V (a)|uv) el hlihsen
+ gz (a"hneny + aeT hT )+ Z Tkn(ezlem + eiﬂekl).

kn

For all the calculations in the text, we consider the QDs to be made of InGaAs with
a dielectric constant e = 13.5 and an energy gap E,,, = 850meV, we will ignore its
temperature dependence [2]. The effective masses for electrons and holes used are m, =
0.05mg and my, = 0.07my, respectively, with mg the free electron mass. We also consider
the cavity to be made of a typical material like GaAs, that has a similar dielectric constant,
in such a way that we can approximate v ~ . The Rabi splitting is set to ¢ = 1meV
unless stated otherwise. Other parameters such as parabolic confinement strengths or

photon energy are specified in the rest of the text.
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Chapter 3

Excitons in QDMs: Properties of

Direct and Indirect Excitons

As mentioned in Chapter 1, dealing with many-body hamiltonians as the one in Eq. (2.23)
is not easy. Several approximations are typically used in order to simplify the problem at

a cost, loosing quantum correlations or neglecting interactions.

The exact diagonalization procedure allows us to solve the time-independent Schrodinger
equation by truncation of an, in principle, infinite basis. In this chapter, we perform the
diagonalization of the hamiltonian of electrons and holes to describe the system of two
interacting QDs. We are able to obtain the energies and wave functions of the ground and
excited states. The effects of the magnetic field on the state of the system are studied as

well as the statistical properties of excitons.

3.1 Theory

In single quantum dots, the excitation of an electron from the valence band to the conduction
band, and the respective creation of a positive charged hole in the valence band, generates
the electron-hole bound state known as ezciton; in this situation the charge carriers are
both inside the QD. The tunnelling coupling present in quantum dot molecules opens the
possibility of excitons with charge carriers in different QDs, this bound state is known as

indirect exciton in order to distinguish it from the usual exciton that now will be called
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direct exciton. Due to the spatial separation, the indirect excitons have a large dipole

moment and longer lifetimes than the direct ones.

To study the properties of excitons in QDMs we first focus on the system without light i.e.,
g = 0 in the hamiltonian of Eq. (2.23):

H = Z tkn ehyent + tk, hTh + tkn)ek26"2 )+ Z Tin(Chyens + ehaer)

kn
5 B _ _
+ ) Z (rs|V (0)|uv) el el epren + 5 Z (75|V (0)|aw) hihlhshy
/8 rsuv rsuv (3'1)
+ 5 Z (rs|V (0)|uv) elyelyemnens — B Z (r5|V(0)|ud) el hihgen
+ ’yz (rs|V(a)|uwv) el el e nen — ”yz (r5|V (a)|uv) el hlihseqs.

To perform the diagonalization of the hamiltonian (3.1) we must first choose a “good”
basis to find the matrix form of the hamiltonian [47]. As mentioned in Section 2.3.2, the
state of a charged particle in the presence of a magnetic field (Landau state) is defined by
two quantum numbers: the angular momentum [ and the radial quantum number n. In
the case of zero magnetic field, the particles are still subject to a parabolic confinement
potential; the eigenstates for this situation (2D Harmonic oscillator states) are defined by
the same quantum numbers [ and n, indeed, the eigenfunctions in the position basis are
the same (see Appendix A). These bases will be used in accordance to the situation. We
will consider the quantum dots to be made of InGaAs, which is a material with a direct
band gap, thus, when the material is excited the electron in the conduction band will have
the same angular momentum as the hole in the valence band, with opposite sign due to
the opposite charge; the electron-hole pair state will have total angular momentum zero
[46], this constrain will remain in the interacting case since Coulomb interaction preserves

the angular momentum and the tunnelling is considered elastic.

We proceed to construct states |Sei) [Se2) |Sn) with zero total angular momentum and
equal number of electrons and holes [46, 47, 50]. |S) represents a Slater determinant of
single particle states of electrons in each dot or holes. Each state constructed this way will
have an integer number of electron-hole pairs, this means that the hamiltonian without
light will be diagonalized for a fixed number of excitons, this can be done because the

operator in Eq. (3.1) commutes with the number of excitons [50] defined as:
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Newe = 5 > _(€hiens + €l yens + hliha). (3.2)

n

DN | —

We construct all the states for a fixed number of excitons, calculate the matrix form of the
hamiltonian in this basis and realize the numerical diagonalization, the lowest eigenvalue
represents the ground-state energy and the corresponding linear combination of states
used for the diagonalization will be the ground-state ket, similarly, the excited states are

obtained.

It is important to notice that both the Landau and 2D harmonic oscillator bases are infinite,
so they must be truncated at a certain [,,,4, and n,,.,. This truncation is, in principle, due
to computational reasons, however, it is also natural for the system since states with a
large angular momentum and energy will overcome the confinement in the QD and leave.
The 2D Harmonic oscillator basis will be used for the B = 0T situation and the Landau
basis otherwise, we note that at low magnetic fields (B ~ 1 — 3T) some precision may be

lost due to the finite Landau basis, but the qualitative behaviour remains.

3.2 Effects of magnetic field on a single exciton

The exact diagonalization of the hamiltonian from Eq. (3.1) was performed using a basis
constructed as explained in the previous section and composed of 120 single particle
(Landau) states, distributed in 3 levels, i.e., 14, = 2. We set Nz = 1. The strengths of
the parabolic confinements were taken as hwy, = 8meV, hw.,; = 12meV and Aw.s = 18meV,
and the separation between dots as a = 10nm. The corresponding energy offsets due to the
confinement in the z direction (Eq. (2.7)) were fixed at E}l = 10meV, ES! = 15meV and
E&? was set such that, by means of the electric field, the single particle electron state with

quantum numbers n = 0 and [ = 0, in both quantum dots, are tuned at the same energy.

First, we ignore the tunnelling and plot the energies of the DX and IX for several values
of magnetic field, the results are depicted in Fig. 3.1. We see that while the IX energy
increases monotonically with B, the DX energy has a richer behaviour. At low values of
the magnetic field (B < 5T’) the Coulomb interaction gives a relevant contribution ~ —v/B
that decreases the energy [49]. As the field increases, the contribution of the Landau

energy ~ hw. o« B becomes more relevant than the Coulomb interaction and the energy
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Figure 3.1: Energy of the IX and DX as a function of the magnetic field.

starts increasing, causing a change in the slope. The IX has a simpler behaviour due to
the spatial separation of the charge carriers that reduces the Coulomb matrix elements

and the effect of Coulomb’s interaction is lost.

In order to include tunnelling we have to set the rate Tj,. This zero temperature treatment
allows us to ignore effects from lattice vibrations (phonons) and consider the tunnelling to
be completely elastic [45, 36, 43], such that the tunnelling will occur between the level that
is tuned in the dots. This state, as mentioned above, is defined by the quantum numbers
n =0 and [ = 0, and we label it as the state number 1, which lets us write the tunnelling

rate as Tyy, = Tl k0k1-

In Fig. 3.2 we plot the energy and composition of the ground and first excited state of
the hamiltonian from Eq. (3.1) for several values of the magnetic field, the tunnelling rate
was fixed at T, = 3meV. The expected avoided crossing between the energies of Fig. 3.1 is
found. The composition of the ground state follows a behaviour that can be expected from
the results from Fig. 3.1. At small values of the magnetic field the IX has lower energy than
the DX, for this reason the ground state is highly composed of IX. As the field increases,
the DX and IX have similar energies and the ground state becomes a superposition of the

two kinds of excitons. Finally, at high magnetic fields, the DX has lower energy compared
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Figure 3.2: Energy and composition of the ground (circles) and first excited (squares) state,
as a function of the magnetic field, for the system without light.

to the IX and becomes the most relevant contribution on the composition. A similar
analysis can be performed for the first excited state but there is something to note for
B > 15T. The IX composition of the state decreases while the DX counterpart increases,

this occurs because the IX exceeds the energy of another excited state of the DX branch
(DX+).

3.3 Statistics of exciton operators

When quasiparticle operators are defined, the commutation relation they follow is of great
interest since many-body properties are strongly affected by (quasi)particles statistics. If
the quasiparticle operators are not defined by a unitary transformation (e.g, Bogoliubov
transformation), the commutation relations are not trivial and may be affected by the

system parameters [32]. In this section we will study the statistics of the exciton operators.
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We consider one quantum dot which may confine up to 1 electron-hole pair. At this moment
we are not interested in quantitative accuracy, so for the sake of simplicity we will consider
electron’s and hole’s effective masses to be the same u. Also, the particles will be subject
to the same parabolic confinement hwy. The hamiltonian which describes this system, in

units of Awg, can be written as:

Hep, o t T = =\ STt
R = Xn: tu(ehen + hbha) — B> (rs|V(0)|uv) efhihse,. (3.3)

rsuv

We will shut-down the magnetic field for this calculation such that the state |n) will denote
a 2D harmonic oscillator state and t,, = 2n,, + |l,| + 1 (it is easy to distinguish the state’s
index and the principal quantum number even if both are labelled as n). Defining the
oscillator length lp = \/m we have made the Coulomb matrix elements dimensionless.
The strength of the Coulomb interaction is 8 = lp/ap, with ag = eh?/ue? the effective
Bohr radius [40].

The eigenstates |DX;) of the hamiltonian (3.3) are the direct exciton states, we assume
they are orthonormal (DX;|DX;) = ¢§;;. To avoid ambiguity, the exciton states are denoted
with the indices 7, 7 and the single particle states are denoted by the other indices different

from 7 and j.

We define b} the operator that creates a direct exciton in the state 4, such that bl [0) = |DX;).
Taking into account that el hf, [0) = |nm) and the completeness relation of the single

particle bases ) |n) (n| =1, we can write the exciton operators as [11]:

b= (DXinm) huen, bl =3 (nm|DX,) el hl,. (3.4)

nm nm

We now proceed to the calculation of the commutator between b; and b using the commu-

tation relations of electron and hole operators:
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(b3, b]] = > (DX;|nm) (kp|DX;) enhmhlel — >~ (DX;|nm) (kp|DX;) efhihmen,

kpnm kpnm
= 3" (DXi|nm) (kp|DX:) {(5% — elen) (Gpm — hbhim) — e;enhghm}
kpnm
=1-> (DX;lnm) (km|DX;) efe, — > (DX;lnm) (np| DX;) hihm.  (3.5)
knm pnm

In order to have an idea of the order of magnitude of the terms that deviate the commutation
rule from the pure bosonic one, we calculate the mean value of the commutator in the
state | DX;) and obtain:

([bi, b)) =1 — (Z [(DXi[nm) (km|DX;)[* + " [(DX|nm) <np|DXi>|2>

knm pnm

([b:;,b]]) =1 —D. (3.6)

7

The deviation D will set the statistics of the excitons. It is clear that if the excitons are
bosons, the commutator must be 1, let us see what happens if they are fermions. Let us

consider two fermion operators o; and a;-r , {04, O';[} = ¢;;. Their commutator is:

(05,01 =1 —20]0;. (3.7)

If we take the mean value of the commutator in a state | DX;) of a single exciton we obtain:

([o3,01]) = —1. (3.8)

i

The criteria developed establishes that if the direct exciton operators follow Bose statistics,

the deviation D should approach 0 and the commutator 1, moreover, if the direct exciton
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Figure 3.3: Mean value of the exciton operators’ commutator as a function of the Coulomb
interaction strength, for several sizes of the basis.

operators follow Fermi statistics, the deviation D should approach 2 and the commutator
-1.

Fig. 3.3 shows the dependence of the mean value of the commutator (Eq. (3.6)) with
B, the state |DX;) used in the calculations was the ground state of the hamiltonian
(3.3) for 1 electron-hole pair. Several sizes of the basis (Nges) were used to show the
convergence, although computational restrictions did not allow us to increase the basis
enough to reach good convergence at high values of 5, where the harmonic oscillator basis
is not convenient because the parabolic confinement takes a small value, it is clear that
in this regime the commutator tends to 1 and the excitons tend to behave like bosons,
this situation corresponds to large quantum dots [38] in which the overlapping between
excitons’ wavefunctions is negligible [32]. On the other hand, for small values of § (large
values of huwy), the Coulomb interaction is negligible compared to the confinement and the
fermionic nature of electrons and holes becomes relevant. We also note that the transition

between the regimes is pronounced when /o ~ ap. This result is consistent with that in
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Ref. [32] where the authors analyse the matrix elements of the operator b' to determine

the statistics.

A similar procedure can be developed for indirect excitons IX and the result should be
alike. When Awy is large, the strength of Coulomb interaction v decreases at the same
rate as the direct exciton one, however, the dimensionless separation between quantum
dots a takes a large value (because o becomes small), causing the interaction matrix
elements (rs|V (a)|uv) to be smaller than those of the DX case; the final result is a negligible
Coulomb interaction compared to the confinement, making the IXs to behave as fermions
faster than DXs. At the other limit, in which hwy is small, the dimensionless separation
between dots decreases (@ < 1) and the interaction matrix elements tend to those of the
DX case: (rs|V(a)luv) ~ (rs|V(0)|uv); the IXs will behave as bosons just like the DXs
do. In conclusion, the mean value of the commutator of indirect exciton operators should

behave like Fig. 3.3 but with a sharper transition at lp ~ ap.
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Chapter 4

Dipolaritons in QDs: Exact

Diagonalization

An optical emitter inside a microcavity that confines light may reach a strong coupling
regime. In this regime, the interaction between excitons and photons gives rise to new
quantum states of the light-matter coupled system known as polaritons [31]. The photon
component provides polaritons with a small effective mass (around 10~* times the bare
electron mass) and, since photons may leak from the cavity, a lifetime (between 1 — 100ps).
Instead, the exciton component provides the polariton-polariton interactions that are

inherited mainly from the Coulomb interaction between excitons [9].

In a system of two coupled emitters, when light-matter interaction is included, a new kind
of polaritons arise. Light couples with matter via direct exciton, and the latter couples with
the indirect exciton via tunnelling. The collective modes of this interactions are known as
dipolaritons, quasiparticles found experimentally by Cristofolini et al. in QWs, they are
basically polaritons with a large dipole moment due to their indirect exciton component.
All the research that has been made around dipolaritons, to the best of our knowledge, has
focused on QW systems, in this chapter we extend this idea to zero dimensional systems

and propose the existence of dipolaritons in quantum dots.
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4.1 Theory

In the previous chapter, the exact diagonalization method was used to investigate both
direct and indirect excitons’ features. Now we extend this procedure to take light-matter

interaction into account for the generation of dipolaritons.

To study the properties of dipolaritons in QDs, the full hamiltonian (2.23) is taken into
account. This hamiltonian commutes with the number of dipolaritons operator defined as
[47, 50]:

1
Ndip — {Vph + Nemc - aTa + 5 Z(e;rﬂenl + 6L26n2 + h:%hﬁ)a (41)

for this reason, we can perform the diagonalization of the hamiltonian for a fixed number
of dipolaritons. We construct a basis similar to the one used in the previous chapter but
including a Fock state for the light |N,p) |Se1) [Se2) |Sh). We set, also, a maximum number
of excitons in the system N because the quantum dots are finite and have a limit on

the charge carriers they can confine [47]. Thus, we construct all the possible states that
satisfy Npp + Nege = Ngip With Nege ranging from 1 to N23*.

EXC

4.2 Dipolariton modes

Constructing the basis for Ny, = 1 with the Fock state for the photons having the
possibilities N, = 0 or N, = 1, and using 120 single particle states distributed in 3 Landau
levels, we diagonalized the hamiltonian (2.23). The tunnelling was taken as described in
the previous chapter with T, = 3meV. The strengths of the parabolic confinements used
were hw, = 8meV, hw.; = 12meV and hw.o = 18meV. The energies of the offsets due to
the confinement in the z direction were fixed at the same values used in Chapter 3 with E§>
such that, by means of the electric field, the single particle electron state with quantum

numbers n = 0 and [ = 0, in both quantum dots, are tuned at the same energy.

The first four eigenenergies of the system and the composition of the corresponding
eigenstate as a function of the photon energy are plotted in Fig. 4.1. The bare energies of
the photon C, indirect exciton IX and direct exciton DX are plotted with dashed lines as

a reference. As in Ref. [13], the three dipolariton branches are recognized. The avoided
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Figure 4.1: a) First four eigenenergies of the hamiltonian from Eq. (2.23) (black), bare
energies of the photon (blue), indirect exciton (red), direct exciton (green) and second
excited of the direct exciton (orange); as a function of the photon energy. b) Composition
of the three dipolariton branches as a function of the photon energy. The magnetic field
was fixed at B=9T. 39



crossing between the lower dipolariton LP and middle dipolariton MP branches occurs due
to the light-matter interaction. The anticrossing between the MP and the upper dipolariton
UP branches has the same reason, however, this splitting is reduced due to the tunnelling
because the IX does not couple with light. From the composition of the dipolariton
branches we can see that the optical detuning determines if the electron spends more time
shuttling between QDs or Rabi flopping on the DX transition [13], e.g., for hw > 887meV,
the LP spends more time oscillating between DX and IX but for Aw < 887meV, the LP

tends to perform Rabi oscillations.

Effective models like the ones used in Refs. [13], [28] and [10] cannot predict the avoided
crossing between the UP and a higher energy branch shown in Fig. 4.1a. Compare, for
example, with Fig. 1.7 where the independent variable is the indirect exciton’s energy. Our
model allows us to have access to higher excited states of the excitons, in particular, of the
direct exciton (DX+), this anticrossing causes the UP to increase its composition of DX for

high values of the photon energy (Fig. 4.1b), exhibiting the limitations of effective models.

4.3 Effects of magnetic field on a single dipolariton

To see the effects of the magnetic field on a single dipolariton, we plot the energy of the
ground state and the first excited state as a function of the magnetic field, the results are
shown in Fig. 4.2. The parameters used are the same of the previous section. The energy
of the light does not depend on the magnetic field while the energy of the superposition of
DX and IX increases with the field; at B ~ 7T both energies are near resonance and the

light-matter interaction causes an avoided crossing.

The composition of the ground state and the first excited are plotted in the upper panels
of Fig. 4.2. At low B, the ground state is completely composed of IX, in contrast, the first
excited is completely composed of light. Increasing the field, the composition of the states
can be controlled to become a mixture of the three modes: IX, DX and C. Finally, at high
values of the magnetic field, the matter acquires higher energy than light and the ground
state becomes highly photon populated.
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Figure 4.2: Energy and composition of the ground state (circles) and the first excited
(squares), as a function of the magnetic field, for the system with light. The light energy
was set to hw = 885meV.

4.4 Emission

Semiconductor systems are interesting for its emission properties that can be used for the
implementation of lasers and single photon sources. Emission occurs when photons leak
through cavity mirrors, this means that the hamiltonian treatment developed here cannot
describe this dissipative process. Usually, dissipative terms written in a Lindblad form are
used in a master equation to take account dissipation and the emission is calculated with
the Fourier transform of the first-order correlation function [31], but if the interest is not
on the full spectrum but in more specific information as the height and position of the

intensity peak our hamiltonian treatment is enough.
The intensity of the emission can be obtained from the probability of annihilating a photon:
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I ~ | (Naip = 1lal Naip) |*, (4.2)

where |Ngyp) and |Ngj, — 1) denote a state with dipolariton number Ny, and Ng;, — 1,
respectively. We assume that the system is operating at low temperatures, then the initial
state is the ground state of the Ngy;, system [47]. From the computation of Eq. (4.2) we
find that the transition to the ground state of the Ny, — 1 system is the only one that

gives a significant contribution to the intensity.

8815 I I I I A | I I I I I N A |
1 9
z° 0.75
05 T N | |1|00

Figure 4.3: Upper panel: Energy position of the emission line as a function of the dipolariton
number, AE = E(Ngyy,) — E(Ng;, — 1). Lower panel: Relative intensity as a function of
the dipolariton number. hw, = bmeV, hw.; = TmeV, hw. = 8meV and hw = 884.5meV.

The position and intensity of the emission line as a function of Ng, for several values of

B are calculated from Eq. (4.2) and depicted in Fig. 4.3. The number of electron-hole
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pairs (Neg) is restricted to a maximum of one. As expected, at the limit Ny, > Neg,
light is emitted at bare photon energies and I ~ Ng;;, [47]. When Ny, ~ Ny the excitons
enhance the trapping of light, decreasing the intensity of the emission, also, the emission
is red-shifted due to light-matter interaction. At B = 5T the system is in resonance, the
emission is minimum and highly red-shifted. As B increases, the DX becomes detuned

from the photons, which reduces the red-shift and emission is less inhibited.
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Chapter 5

Multiexcitonic QDs: Zero

Temperature Variational Method

Although the exact diagonalization procedure allows us to have control over the number of
particles in the system and gives us access to the excited states, it becomes computationally
infeasible if we want to study a large number of dipolaritons (>3). The variational method
is a good option to deal with this inconvenience and obtain an approximation of the

ground-state of the system.

In this chapter, we model the system of two large quantum dots which are able to confine
more than 1 electron-hole pair (multiezcitonic @QDs). A variational method is performed
to find an approximation of the ground-state physics. The effects of the magnetic field and
number of dipolaritons in the system are determined. Also, the statistical properties of

exciton operators are revised and compared with the results obtained in Chapter 3.

5.1 Theory

Based on the variational method developed for excitons and polaritons in Refs. [14], [39]

and [49], we use an extension of a BCS-like state as a trial function:

Nstates

0yt Uy wp) = 0) @ [ (un +vaelihl +wael,hl) 0), (5.1)
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where |o) represents a coherent state of light, v2 (w?) is the probability of having a direct
(indirect) electron-hole pair in the state n and Nges is the number of states we consider in

our finite basis. The normalization condition of the BCS-like function is u2 + v2 + w? = 1.

The mean value of the hamiltonian (2.23) is calculated using the trial function from Eq.
(5.1) with the help of Wick’s theorem [40], and setting the commutation rules {e;, h;} = 0,
{ei,ej2} = 0. We model the tunnelling as Ty, = T.0k,, such that electrons will tunnel to
the same level in the QDs. By minimizing (H) with respect to o, v, and w,, imposing the
constrain of fixed number of dipolaritons, we obtain the following generalized gap equations
[49]:

A, =go— B (kn|V(0)[nk) urur, (5.2)
k#n
Q=T =7 (kn|V(a)nk) vew, (5.3)
k#n
T ==Y (kn|V(a)nk) ugwy, (5.4)
k#n

and the following set of equations for the variational parameters:

2(5;1) — 11/ 2) vy + Ay (u? — v?) — Dpvaw, + Quuaw, =0, (5.5)
2(e® — 11/ 2)tnvn — Apvpw, + Tp(u? — w?) + Quunv, =0, (5.6)
(hw — p)o + g Z Upvy, = 0. (5.7)

Egs. (5.5) and (5.6), with the normalization condition, yield to more than one solution for
Up, U, and w,, we choose the one that minimizes energy. The explicit expression for the

mean number of dipolaritons is:



i is the chemical potential which arises as a Lagrange multiplier associated to the con-
servation of Ng,; and, e and e'?) are the direct and indirect pair energies, respectively,
defined as:

o0 = S +42) — 5 GnlV (0) o)
3 , , (5.9)
=5 2 knlVO)nk) wi — 5 (knlV(0)|nk) v,
k#n k#n
£ — %(t%) 4ty % (nn|V (a)|nn) — gz (kn|V (0)|nk) v}
k#n (5.10)
=B (kn|V(0)|nk) wi + ) (kn|[BV(0) = 7V (a)]lkn) w}.
k#n k#n

Egs. (5.2)-(5.10) are to be iteratively solved until two successive iterations yield the same
probabilities v? and w?, chemical potential u and photon number |o|?, to the desired

accuracy [6].

5.2 Effects of magnetic field on multiexcitonic QDMs

We consider bigger quantum dots that can confine several excitons, this is manifested in
smaller values of the parabolic confinement [38]: Aw, = 0.5meV, hw. = hwe = 1meV.
Light frequency is set to hiw = 860meV and light-matter interaction to g = 1meV. We
consider the QDs to be separated by a distance a = 15nm and assume a tunnelling rate
T, = 2meV. The offsets are fixed at: ES! = 10meV and E = TmeV, and E$? was taken
as in the previous chapters. The iterative procedure described in the previous section is

computed for several values of the magnetic field and number of dipolaritons.

Fig. 5.1 shows the dependence of the number of photons with the magnetic field and
dipolariton number. For a fixed number of dipolaritons, N, decreases at low values of the
magnetic field, when the detuning between matter and light is small. At high values of
B, the energy of the excitons increase and the system is detuned, causing the state to be

highly photon populated.
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Figure 5.1: Number of photons vs the magnetic field and dipolariton number.
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Figure 5.2: Scaling of the total energy as a function of the magnetic field.
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The energy of the system, measured with respect to the bare photon energy, as a function
of the magnetic field, is displayed in Fig. 5.2. In contrast with Fig. 3.1, for the parameters
used the IX has higher energy than the DX, this causes the ground state of the system
to have a high component of direct excitons. Therefore, as in Fig. 3.1, the energy of the
DXs decreases at low B, causing the total energy to also diminish, but for B > 5T the
IXs and DXs’ energy augments, and the total energy of the system rises. As in Ref. [49]
for polaritons, we find the scaling £ ~ Ny, as an indicator that the effective interactions
between dipolaritons are weak; also, as in the same reference, we find that the scaling is
completely natural at high magnetic fields as happens for excitons [33]. The change in the
slope means that at low B the system has a paramagnetic response but at high magnetic

fields has a diamagnetic response.

5.3 Statistics of exciton operators

The variational method developed gives us also the possibility to study the statistics of
excitonic operators. To do so, we will focus in direct excitons only (7}, = 0, v = 0), such
that w, = 0 in the trial wavefunction from Eq. (5.1), and we will ignore light-matter
interaction (¢ = 0) and the magnetic field (B = 0). Electrons and holes will have the same
effective mass p and will be subject to the same parabolic confinement hAwq. Similarly to
the procedure developed in Sec. 3.3, we define the direct exciton’s operators Sl-L and s; that
satisfy s!|0) = |dz;) and s; |d2;) = |0). The ket |dz;) denotes a BCS state with a mean
number of 1 direct exciton, in contrast to |DX;) that denotes a Fock state of 1 exciton;
this fact distinguishes s; and sj from the operators b; and b;-r defined in Chapter 3. Thus,

we write the state as:

Nstates
da;) = [ (un+ vnelynf) 10), (5.11)
n=1
and the operators as:
S; = Z (dz;|lnm) hyen, sj = Z (nm|dz;) eilh:rﬂ. (5.12)
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Figure 5.3: Mean value of the variational exciton operators’ commutator as a function of
the Coulomb interaction strength.

The commutator is:

[si,sl] = 1= (daglnm) (km|da;) efe, — > (da;|nm) (nplda;) hihs. (5.13)

knm pnm

Again, we calculate the mean value of the commutator, but instead of using the same state
|dx;), the variational procedure allows us to use a state with a mean number of N excitons:
|Ndz;). The latter will be written in the same form as Eq. (5.11) but with coefficients ,,
and v,,. Thus, replacing the explicit form of the states |dz;) and |Ndx;), the mean value of

the commutator leads to:

([sis]) =1—2 Zvi@i H uj. (5.14)

k#n
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The criterion is the same used in Section 3.3, the mean value of the commutator is 1 if the
excitons are bosons and is —1 if fermions. We note that the mean value of Eq. (3.7) in
a multiexcitonic state like |Ndz;) is also -1 because there can only be 1 fermion in each

state ¢ due to Pauli exclusion principle.

Fig. 5.3 shows the dependence of the mean value of the commutator with the Coulomb
interaction 5. The basis was composed of 378 single particle harmonic oscillator states, this
means that the truncation of the basis was at n,,,, = 13. The states |dz;) and |Ndz;) used
correspond to the ground states of the system with N,,. =1 and N,,. = 10, respectively.
We corroborate the results of Section 3.3 where computational issues did not allow us to
reach convergence for high values of 3. The excitons are fermions in small quantum dots
where the harmonic confinement is strong (4 small), but are bosons in large QDs where
the wavefunctions of charge carriers do not overlap (5 big). Also, the transition is sharp

when [p ~ ap, consistently with Ref. [32].
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Chapter 6

Bose-Einstein Condensation of

Dipolaritons: Finite Temperature
Variational Method

Quantum mechanics at zero temperature allows us to describe an isolated system with a
ket (wave function) in a Hilbert space. In this situation, we have a complete knowledge of
the state of the system, this means that the entropy is zero (S = 0), as the third law of
thermodynamics states. When the quantum system interacts with a reservoir at a certain
temperature, the huge amount of interactions that arise from the thermalization process
introduces decoherence to the system and the complete knowledge we had is broken up.
In this situation, the system is described by a density matriz and the entropy becomes a

measurement of the uncertainty we have of the state of the system [41].

The study of quantum systems at finite temperature is of great interest since new phase
transitions arise due to the quantum nature of particles. Typical examples of this are the
superconductivity and Bose-Finstein condensation. In Chapters 3 and 5, direct and indirect
excitons have been proven to behave like bosons in large QDs then, in the light-matter
interacting system, a unitary transformation to dipolariton operators can be performed, in
such a way that the operators preserve Bose statistics, i.e., we may expect dipolaritons to
condensate. Also, due to the small effective mass excitons and photons have (which leads
to a small effective mass for dipolaritons) a higher condensation temperature, compared to

the atomic case, is expected for dipolaritons.
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In this chapter, the system of two interacting QDs embedded in a microcavity at a finite
temperature is modelled. A variational method in a Hartree-Fock-Bogoliubov approximation
is developed in order to minimize a proper thermodynamic potential. The effects of the

magnetic field in the thermodynamic properties of the system are studied.

6.1 Theory

In analogy with the zero temperature case, the finite temperature treatment starts with a

trial statistical density matrix of the form [6, 49]:

_ﬁKph Nstates ﬁK(n)

Zph

D= , (6.1)

Zsy!

n=1

where Z,;, = Tr e Plon 7 E(Z) — Tr e PK5) are the partition functions of the photonic and
excitonic components, respectively. K,, = (hw — p)a’a and Kéz) is an operator whose
form depends on the approximation used, in the Hartree-Fock-Bogoliubov approximation
it takes the form:

1
K., = 3 Z <AmeT hT + A hren + FmeLQhT + I hnens + an€n1€n2 + ane,ﬂ@m)

1
_ = Z (Am—lhT L+ A enha + T,nhl TQ + T enahn + anengenl +Q €n16;22>

+ 3 Z h 61) ( n1€nl — enlenl) Z h(62) ( n26n2 — en26:rz2>
- M (pth — popt
+3 Z R (Bl — hahf)

which can be written as:
Z al”H o, (6.2)
with the definitions:
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€n2
hn
a, = : (6.3)
enl
617,2
Kt
and
h/gze’r}) an O 0 0 Anﬁ
QK0 0 0 T

0 0 Al Ay —Tw 0
0 0 -—Ar - —r 0

nn

0 0 I -0, -2 9

nn

Aby T 0 0 0 —h{)

(6.4)

In Hiz), the h are single particle energies and A5, 'z and €, are gap functions. The
matrix ’ng) may be interpreted as a quasiparticle hamiltonian in which the complex

many-body interactions are simplified as pairing interactions.

As a finite temperature variational method, the idea is to minimize the thermodynamic

potential:

o(D) = E — pNay, — ﬁis, (6.5)
T

where we have defined E = Tr[DH], Ny, = Tr[DNg,), S = —=Tr[DIn D] and fr = 1/kgT.
When minimizing the potential (6.5) a conserved number of particles is assumed, since
dipolaritons recombine, this assumption is valid only if their lifetime is longer than the
time required to reach thermal equilibrium. From the indirect exciton component, we may
expect dipolaritons to have lifetimes on the order of microseconds [22], time enough for
the system to reach thermal equilibrium. Introducing the generalized density matrix (not

to be confused with the statistical density matrix D):
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Pnn’ Ton 0 0 0 JoN
Ton pin 0 0 0 A
I B R oo
e 0 0 —wa 1-ph) -7, 0 ’ '
0 0 —kZ - 1-p 0
(e @ 0 0 1— o
the minimization procedure d¢ = 0 leads to the following conditions
Eoiag) o OE i) L (3,0) (6.7)
7 (%)

In Eq. (6.6) we have defined the single-particle density matrices P = Tr[De! e,;] and

,(—1};—2 = Tr[Dh,T—lhﬁ], and the pair matrices /1'(2 = Tr[Dhpen] and 7, = Tr[Defﬂenl]. The
mean value E is calculated with the help of Wick’s theorem [40] and a Lagrange multiplier
A is introduced to take into account the charge conservation constrain. The explicit form
of the equations that arise from the minimization of ¢, Eq. (6.7), are the single particle

energies:

WD = 1D + 83 ((knlV(0)[kn) — (kn|V (0)[nk)) pie) — 8 (kn]V (0)]kn) pi¥

= B (nn|V(0)|nn) + 5 Y (knlV (@)lkn) pi5?” — & = A
k#n

WD = 12 1 B (k] V(O) k) — {knlV (0)[nk)) 52 — 5 3 {hn]V (@)l ) ol
ket R (6.9)

— 3 (nn|V(@)|nm) + 5 > (kn]V (@) k) pf5” = 5 = X
k#n
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W8 =10 1 8" (knlV(O)[kn) — (k| V (0) k) %) — 83" (kv (0) k) i
R k#n

(kn|V (a)[kn) pl — £ + (610
_’YZ n| )Nkn) pry _§+ )
k#n
the generalized gap equations:
Api = go* = B (kn|V(0)|nk) k. (6.11)
k#n
Qun =To =7 >_ (kn|V (a)|nk) 75y, (6.12)
k#n
a ==Y (kn|V(a)nk) k", (6.13)
k#n
and the constrains:
0= (heo— o+ 93" nlh, (6.14)
N h
Ndip=|al2+eﬁT(m, 5 +5 Z(pm 2+ o) (6.15)

> (plel + o2 = i) = 0. (6.16)

n

The rest of the equations necessary to obtain a closed set are obtained from the eigenvalue

problem [6]:

HX, = B, X,. (6.17)

There are three positive eigenvalues E,(Ll’Q’?’)

associated to three eigenvectors V429 The
other three eigenvalues correspond to —EM*® and are associated to the eigenvectors

w3 With the eigensystem the generalized density matrix is constructed as:
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Figure 6.1: Temperature dependence of the number of photons in the condensate (circles)
and the chemical potential (diamonds). The dashed line at kg7 = 11.2meV marks the
critical temperature. B = 9T, Ny, = 10.

3 (@) ()t w Dyt
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, + -
GBTE’SL’L) + ]_ e_BTEr(LZ) _|_ 1

from which we obtain the single-particle density matrices péi}), pgﬁf), p,(—f;—z and the pair

matrices 52, k2 and 7,,. Egs. (6.8)-(6.18) are to be iteratively solved until two successive
iterations yield the same generalized density matrix R.p, chemical potential 1 and mean

number of photons in the condensate |o|?, to the desired accuracy [6].

6.2 Bose-Einstein condensation of dipolaritons

We iteratively solved the equations from the previous section using 3 Landau levels with 120

states each (a total of 360 single-particle states), the parameters used where: hwy, = 2meV,
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Figure 6.2: Scaling of the critical temperature vs magnetic field.

fiwer = 3meV, hwe = 4meV, hw = 860meV, E} = 13meV, E' = 18meV, a = 15nm and
T, = 2meV. Fig. 6.1 shows the temperature dependence of the number of photons in the
condensate |o|? and the chemical potential for a system of 10 dipolaritons. We identify
the phase transition at kg7 ~ 11.2meV as Bose-Einstein condensation of dipolaritons
[6, 49]. This energy corresponds to T' =~ 130K, so that the high condensation temperature
of bosons in solid state systems is demonstrated. It is important to clarify that the photon

number is given by:

1

e =1 (6.19)

Npp = |U|2 +

where |o|? is the number of particles in the condensate and the other term corresponds to
particles that are excited out of the condensate as a result of thermal fluctuations of the

phonons [6].
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Fig. 6.2 displays the effect of the magnetic field on the critical temperature for condensation
T,., there, we see that the field can be used to tune the condensation temperature of
dipolaritons; the range of tuning increases with the number of particles. In the same figure
the scaling of the critical temperature with the size of the system is shown to behave as

T. ~ Ny
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Chapter 7

Conclusions

In this thesis we have investigated the properties of a Quantum Dot Molecule embedded
in a microcavity from the point of view of dipolaritons. A finite system hamiltonian of
electrons and holes confined in a harmonic potential, under the presence of a magnetic
field, was proposed to model the system. Three theoretical methods were used to deal
with the hamiltonian: an exact diagonalization was performed to study single-particle
properties of direct excitons, indirect excitons and dipolaritons; a variational approach
at zero temperature was developed to study the many-body properties; and a variational
method in a Hartree-Fock-Bogoliubov approximation was used to find the Bose-Einstein

condensation of dipolaritons. The main results of this work are the following:

e The energies of direct and indirect excitons can be tuned by means of the magnetic
field.

e The statistical properties of excitons depend on the size of the QDs. Both fermionic

and bosonic regimes are reachable.

e Indirect excitons are of great impact on system’s properties, their extra tuning with

a bias voltage provides an extra control channel.

e Our finite system model successfully reproduces the expected avoided crossings
between dipolariton branches and provides extra information not obtainable from

effective models.
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e The magnetic field can be used to control: the energy and composition of dipolaritons,
the intensity and energy of emission, the production of photons in the microcavity,

and the magnetic response of the system (from paramagnetic to diamagnetic).

e Dipolaritons in QDs are able to condensate, moreover, the critical temperature can

be increased with the magnetic field.

7.1 Future Work

The theory developed in this thesis can be extended in several directions. Some interesting

future works can be to:
e Study the effects of the tunnelling rates in the statistics of excitons and dipolaritons.

Introduce dissipation channels as are: spontaneous emission, photon leakage through

cavity mirrors and pumping.

Use the exact diagonalization to investigate biexcitons.

Quantitatively discuss the validity of effective models compared to this finite system

one.

Study the entanglement in the system.
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Appendix A

Coulomb Matrix Elements

This chapter is dedicated to the explicit calculation of the matrix elements of the Coulomb
interaction between single particle states. The method described here is the one developed
by Ref. [35] and [40]. We consider two particles in parallel layers separated by a vertical
vector a, each particle is represented by a 2D coordinate vector 7} and 75 as shown in Fig.

A.1. The integral to calculate is:

d2T1 d27“2

7|\V(a)lkl) = | ————
v @kt = [ =t

¢; (T1) 05 (T2) or (1) u(72), (A1)

where the wave functions ¢;(7) associated to the state |i) = |n;, ;) are:

Figure A.1: Bilayer of interplane distance a, with charge carriers at 7; and 75, and relative
angle 6. Image edited from Ref. [35].
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0i(F) = Gy (F) = CrpiyrMILL (1) e 772610 (A.2)

with Cy,, i) = /ni!/[r(n; + |1;])!] a normalization constant, L, () the associated Laguerre

polynomial and d*r = rdrdf.

A.1 Solving the integral

The explicit form of Eq. (A.1) is

¥ dled T9 L1+ Lil+I1
(i51V(@)[kl) = Cr j11Cos. 115 Cog i Crni e plsbHi L .

< LI L0 L (1) L (s 0T tm i

Using the transformation 6 = 6; — 6, and © = (0; +65) /2, we obtain an angular momentum

conservation from the integral in ©:

2w
/ dO ez(lk—li-f—lz—lj) — 27T5li+lj7lk+ll' (A4)
0

Now, using the relation 1/y/z = 1/y/7 [;°(dt/t"/?)e"", we expand the denominator:

1 1
7 — 7 +dl \/r%+r§+a2 — 2ryrycosf

/ - (r%+r§+a272r1r2 cos )
\/_ nIEs
2" r? cos™ 6

o
- 2+r2+a ) 172
\/_ t1/2 n! ’

n=0

in the last step we expanded the exponential in Taylor series. With the above, the integral

with respect to the angle 6, taking into account the angular momentum conservation, is:
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2T
K2 —_]. .
[92/ df ezl=litli=l)0 (ogn g
0

27 nl
2n(n,|l§,lif>!"<n+”§,m>!, for n — |l — I;| even

(A.5)

0, otherwise
The Coulomb’s element from Eq. (A.3), defining p = (n — |l — l;|)/2, is then:

<Z]’V(a)‘kl> = 47T3/2(5l'+l lk+llana|l \Cn | |an,\lklcnh|lz|

d d (r? 24+r2+a?) N t2p+‘lkili|
/ Tl/ TQ/ e Zop!(p+|lk—li|)! (A.6)

1+2p+|l [+ |+ 11k — 1] 1+2p+\l [+ 4]+l — 1G]
T

x Lli:'(r%)Lli:'(r%)Lli;'<r2>Lli;'<r2>e*W2>.

Using the transformations z; = r? and z3 = r3 and the closed form of the associated

Laguerre polynomials:

I B " Fn+1+41) m m
Lulw) = Z(_l) L(m+1+1DT(n—m+1)(m+ 1)x T mZ:OG(n’ Lm)a™, (A7)

we obtain:

iy 1
(5 |V (@)lkt) = 781, 41,041 Ot Oy 15 Congcfa] Co Z pl(p+ |l — L])!
X Z Gni, Ll mi) Y G, |l my) Z G(ny, [L;],m;) Z G(nu, L], my)
mp=0 m;=0 m;=0

o0 o0
—ta? - =(2p+2mi+2mp+ | |+ |k |+l — 1 _
X/ gt e—ta? g2+l 1/2/ da, xf( Ll Lk ik —]) a1 (144)
0 0

o0 1
3 (@p+2m +2my+|l |+ L+ L —1])
X/ ds 1'22 J J e :172(1+t)'
0
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The integrals in x; and x5 have the following solutions:

Ly, = (1 t)”WPEmetmit ) D[ 4 pomy 4 my, + L] (A-8)
L,=(1+ t)—(1+p+mj+ml+ljl)r[1 +p+m;+m+ ljl]a (A.9)

where we have defined l;, = (|l;| + |lg| + |l — 1i])/2 and similarly for [; for the sake of
simplifying the notation. At this point, we only have pendant the integral in t:

1
(ij]V (a)|kl) = =° @MMMCMWQMHQwWOmME: Do+ s — L))
% Z G (ng, L], my) Z G (1, [Tk], M) Z G(ny, |l;],m;)
mi=0 mj:O

X Z G (n, [, m)T[L + p +my + myg + L ]U[1 + p +my +my + 1)

ml:0

0
_ta2 1= _ . . . .
X/ dt e ta t2p+|lk L] 1/2(1+t) (2+2p+mz+mk+m]+ml+llk+l]l)'
0

To evaluate this last integral we make use of the following result:

/ dte™ "’ (1+t)" = T(B+1)U(148; 2+ B+7; a),if Re B > —1 and Re a > 0. (A.10)
0

The integral we need to solve meets the requirements, so the solution is expressed in terms
of U(a;b; z), the confluent hypergeometric function of the second kind, which is related to

the confluent hypergeometric function of the first kind 1 F} (a; b; 2) by:

171 (as b; 2) 2 Fi(a—b+1;2 - b;2)

U(a;b; z) = mesc(mb) T(a—b+ 1)I(b) N ['(a)T(2 —b)

(A.11)

Coulomb’s element is finally expressed as:
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(i7V (a)|kl) = 72611, WZ p+|lk—l| ; DS Z 3 G

m;=0mg=0m;=0m;=0

L (v )T (i)

Fi(vi; 1 — ;5 ;a2 A.12
F(Vik+7]ijkl> 1 1( k Nijki ) ( )

+ a®MR T (=nin) 1L (Vik + Nijrs 1+ Nijra; az)}7

where we have employed the following definitions to simplify the notation: Cjji =
Hx:i,j,k,l Crp o)y Gijit = Hx:i,j,k,l G (ng, |lz], ms), i = mit+mp+lix, vie = 2p+ |l —1;[+1/2
and Nijr = 3/2 — [lx — Li| + mi +my +my +my + L + L.

It is important to notice that the procedure has been developed for charge carriers in
different planes separated by an arbitrary distance a. The situation of charge carriers in

the same plane (in the same QD) is reproduced by Eq. (A.12) evaluating at a = 0.

We have been able to express the Coulomb interaction term as a single infinite series
(variable p) in Eq. (A.12). Computationally, the infinite series must be truncated until
the element converges to the desired accuracy, however, it is still infeasible if we want to
calculate a huge number of elements. An algorithm to accelerate the convergence of the

series has to be employed.

A.2 Series acceleration

As in Ref. [35] we use the u-type Levin transform as the series acceleration algorithm. Let

us start with the series:

s = i Q. (A.13)
n=0

The u-type Levin transform reduces the problem of calculating the series to a k + 1-
dimensional matrix inversion one. If o is an approximation of the exact value s of the

series and o, the m-th partial sum, we have the following set of equations:

67



k-1
Om = 0 + W, Z Cihi(m), (A.14)

i=0
with m running from a chosen mg to mg + k. The functions 1;(m) satisfy three conditions:
first, 1o(m) = 1 ¥Ym; second, for i > 0 the functions satisfy 1);(m) — 0 when m — oo; and
third, ¥;11(m) = O(¥;(m)), so that when taking the limit m — oo, all the i # 0 terms
vanish at the same rate. We, now, have a system of k£ 4 1 equations to solve for the k& + 1
unknowns: o and {C;}. The u-type Levin transform uses the choices ¥;(m) = (m + 8)™
and wy, = ma,,, which have proven to behave well for a large family of series [16]. (3 is a
real parameter to be chosen and that might help to improve the rate of convergence. The

bigger k the better the approximation.
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