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Abstract

Dipolaritons are quasiparticles that arise in coupled quantum wells embedded in a micro-

cavity, they are a superposition of a photon, a direct exciton and an indirect exciton. An

interesting feature of dipolaritons is that their excitons can carry an electric dipole moment.

Previous works have found this kind of system suitable for terahertz lasing (Phys. Rev. A

89, 023836) and Bose-Einstein condensation (Phys. Rev. B 90, 125314). In this thesis we

study a system that consists of two interacting quantum dots embedded in a microcavity,

from the point of view of dipolaritons in direct analogy with the quantum well case. A

constant magnetic field is also taken into account.

First, the zero temperature case is studied with an exact diagonalization of a finite system

hamiltonian in order to find the effects of the magnetic field on the properties of direct

and indirect excitons, including their statistics. Then we include light and investigate

the properties of a single dipolariton. Next, a variational approach is used to study the

many-body problem and we find the effects of the magnetic field on the ground state energy

and number of photons. Finally, we consider the problem at finite temperatures and use a

self-consistent procedure in a Hartree-Fock-Bogoliubov approximation to find the effect of

the magnetic field on the critical temperature for Bose-Einstein condensation.
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Resumen

Los dipolaritones son cuasipart́ıculas que surgen en pozos cuánticos acoplados embebidos

en una microcavidad; son una superposición de un fotón, un excitón directo y un excitón

indirecto. Una caracteŕıstica interesante de los dipolaritones es que sus excitones pueden

tener un momento de dipolo eléctrico. Trabajos anteriores han encontrado este tipo

de sistemas como candidatos para emisión en terahertz (Phys. Rev. A 89, 023836) y

condensación de Bose-Einstein (Phys. Rev. B 90, 125314). En esta tesis se estudia un

sistema compuesto de dos puntos cuánticos interactuantes embebidos en una microcavidad,

desde el punto de vista de los dipolaritones en analoǵıa directa con el caso de pozos

cuánticos. Se incluye, además, un campo magnético constante.

Primero, el caso a temperatura cero se estudia con la diagonalización exacta de un

hamiltoniano de sistemas finitos, con el objetivo de encontrar los efectos del campo

magnético en las propiedades de excitones directos e indirectos, incluyendo su estad́ıstica.

Luego se incluye la luz y se investigan las propiedades individuales de un dipolariton.

Posteriormente, un tratamiento variacional se desarrolla para estudiar el problema de

muchos cuerpos y encontrar los efectos del campo magnético en la enerǵıa del estado base y

el número de fotones. Finalmente, se considera el problema a temperatura finita y se utiliza

un procedimiento autoconsistente en la aproximación de Hartree-Fock-Bogoliubov para

encontrar el efecto del campo magnético en la temperatura cŕıtica para la condensación de

Bose-Einstein.
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Al Dr. Dario Gerace de la Università di Pavia, con quien fue posible discutir este trabajo

gracias al apoyo financiero por parte de Colciencias, en el proyecto de código 110156933525,
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Chapter 1

Introduction

One of the most interesting and important problems in physics corresponds to the many-

body one. It is well known in classical mechanics that even the problem of 3 particles

interacting via a gravitational potential has not an exact general solution; in quantum

mechanics the situation isn’t so different although there are techniques such as the Faddeev

equations which allow to solve the non-perturbative problem iteratively [15]. However,

when the number of particles is greater than 3 the exact system becomes unsolvable.

Several approximations are used in order to deal with this, such as perturbation theory,

mean field approximation and density functional theory [17]. At lot of effort has been made

to find new techniques for the treatment of the many-body problem since its applications

ranges from condensed matter physics to quantum chromodynamics. One of the principal

techniques used to deal with the many-body problem is the picture of quasiparticles which

is the one we will focus in this work [34].

On the other hand, the improvement of experimental techniques on semiconductor materials

has allowed the development of methods to study the properties and phenomena present

in finite systems of electrons and photons [40], and in turn, the creation and control of

quasiparticles such as excitons and polaritons. Semiconductor structures as are Quantum

Wells (QWs), Quantum Wires and Quantum Dots (QDs), which restrict the movement of

charge carries to two, one and zero dimensions, respectively, are of great research interest

due to their potential technological applications in quantum computation and high-efficiency

optoelectronics. Furthermore, the introduction of this structures in microcavities, allowing
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the interaction with light, has enabled the Bose-Einstein condensation in solid-state systems

[4].

This chapter presents the background that justifies the motivation of the work and gives the

necessary tools for its understanding. First, we present the systems of interest and mention

some experimental aspects. Then, we give an overview of the concept of quasiparticle and

introduce excitons and polaritons which are essential quasiparticles for the description of

our system. With this, we present the quasiparticle of main interest in the work: dipolariton.

Finally, we conclude with a review on the state of the art of dipolariton-related research.

1.1 Semiconductor heterostructures

The Purcell effect consists of the placing of an optical emitter inside a cavity in order to

tune its relaxation time. This effect had been first looked for atoms in cavities but with

the goal of a massive technological implementation the solid state also started pursuing

this effect. The typical examples are quantum dots (QDs) or quantum wells (QWs) placed

in cavities made in micropillars, microdisks, or photonic crystals [31].

Several advantages can be found in semiconductor systems in comparison with other

candidate systems for quantum computation. The first one to be mentioned is their size,

which lies on the range of nanometres to micrometres while, for example, atomic systems

have typical sizes of the order of centimetres. Other advantages to be mentioned are

their ease to connect with electronics and the control of their shape and interactions

with state-of-the-art nanostructure fabrication techniques. However, there is a common

disadvantage in almost all solid state devices: dissipation. Semiconductor systems will

always be affected by the huge amount of interactions with the rest of the crystalline

media. The presence of other particles and lattice vibrations due to temperature introduces

decoherence to the system and an eventual break-up of the quantum behaviour. Despite

this, the improvement on the fabrication techniques and experimental conditions keep

semiconductor devices as strong candidates for future electronics.
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1.1.1 Microcavities

A microcavity is an optical resonator close to, or below the dimension of the wavelength

of light [26]. We will focus on microstructures periodically patterned on the scale of the

resonant optical wavelength (Fig. 1.1). This kind of structures use interference in order to

confine light in a defect.

Figure 1.1: Scanning Electron Micrograph (SEM) of a GaAs/AlGaAs DBR microcavity on
a GaAs substrate. Image taken from Ref. [26].

The periodic layers have a width such that reflected light satisfies a condition of constructive

interference and transmitted light a condition of destructive interference, this structure is

known as Distributed Bragg Reflector (DBR). This condition can only be achieved for a

specific wavelength so that this kind of microcavities work for a specific light frequency.

A defect, consisting of a thicker layer of a material, is introduced, this defect is the

microcavity and the periodic layers surrounding it work as mirrors that keep light confined.

The mirrors’ reflectance depends on the materials, the number of layers and the quality of

the fabrication i.e., amount of impurities, layers’ width, parallelism, etc.

1.1.2 Quantum wells and dots

A quantum well (QW) is a structure that confines the movement of charge carriers in one

dimension, so the carriers are free particles in the other two dimensions, for this reason

the QWs are known as 2D systems. Similarly, quantum wires and dots are defined by the

number of dimensions in which the charge carriers can move freely, as shown in Fig. 1.2.

QWs have quantisation in only one direction, in contrast, QDs are fully quantised systems

(artificial atoms).
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Figure 1.2: Schematic picture of a quantum well (2D), wire (1D) and dot (0D). Image
edited from Ref. [37].

In semiconductor materials, the fabrication of quantum dots by physical methods can be

done by Stranski-Krastanow growth [38] in which alternating layers of two materials with

similar lattice constants are deposited over a substrate, in this way, a periodic structure

(DBR) is produced. Then, a layer of a material with a different lattice constant is deposited.

This difference in the lattice constant generates strains on the layer that will eventually

relax to a lower energy state, with the formation of randomly positioned “islands”, passing

from a 2D to a 3D structure as can be seen in Fig. 1.3. These “islands” are the QDs.

When fabricated by this procedure are known as self-assembled quantum dots, nevertheless,

they can also be fabricated with state-of-the-art lithography techniques to have control

over their position and shape. The layer on which the QDs are located is known as wetting

layer and may be of great impact on QDs’ dynamics [3].

Figure 1.3: SEM image of a sample of InAs quantum dots grown on GaAs. The field of
view is 150×150nm2. Image taken from Ref. [38].

These structures are made of semiconductor materials, which means that there is a gap

between the valence and conduction bands. If sufficient energy is given to the medium,
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an electron from the valence band may “jump” to the conduction band [23]. One way to

provide the necessary energy for this to happen is to place one of the structures illustrated

in Fig. 1.2 inside a microcavity (Fig. 1.1), such that confined photons in the cavity are

eventually absorbed by the structure, generating a matter excitation. In this way, a QW,

for example, will act as the optical emitter placed in a cavity for the Purcell effect.

We are interested on the placing of QWs and QDs inside a microcavity. In this situation,

the complex interactions between matter and light-matter, require the use of specialized

theoretical methods for its description. Next section will approach this topic.

1.2 Quasiparticles

As mentioned above, the quasiparticle formulation of the many-body problem is one of the

most used and successful. It replaces the real problem with an effective one. A really good

explanation of what quasiparticles are is presented in Ref. [34], here we will only present a

summary.

The motion of several interacting particles is impossible to describe if the interactions are

not perturbative. However, a new simple picture of matter emerges from the quantum field

theory, in which systems of interacting real particles are described in terms of approximately

non-interacting fictitious bodies called “quasiparticles”.

Let us consider a simple example on how this can happen. Suppose a system of two masses

(m1 and m2) which are attached by a spring as is shown in Fig. 1.4. The system is also

under the action of a gravitational field. The motion of each body separately is really

complicated to describe because of the interaction between the two bodies via the spring.

Figure 1.4: Two masses held together by a spring. Image taken from Ref. [34].
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“However, we can break up the complicated motion into two independent simple motions:

motion of the centre of mass and motion about the centre of mass. The centre of mass moves

exactly as if it were an independent body of mass m1 +m2, so it is one of the non-interacting

fictitious bodies here. The other fictitious body is a body of mass m1m2/(m1 + m2)-the

so-called ‘reduced mass’-which moves independently relative to the centre of mass. Thus

the system acts as if it were composed of two non-interacting fictitious bodies: the ‘centre

of mass body’ and the ‘reduced mass body ’.”[34]

This simple classical example illustrates pretty well the idea of quasiparticles. The following

sections will be to present the quasiparticles involved in the work.

1.2.1 Excitons

Excitations of matter consist of an electron that acquires sufficient energy to go from the

Valence Band (VB) to the Conduction Band (CB). The VB gains a net positive charge

known as hole (Fig. 1.5). This hole is a quasiparticle used to describe the absence of

charge in the valence band, so it will have the electron charge but with opposite sign; an

effective mass is associated to the hole too. There are two kinds of holes: light holes and

heavy holes, with the latter being the ones with the most important effects in common

systems [23, 24].

The electron in the CB interacts with the hole via Coulomb interaction. This interaction

may generate a bound state of an electron and a hole, similar to the one generated by the

two masses interacting via a spring in the previous example, and is known as an exciton.

Excitons are another kind of quasiparticles and are common to describe the excitations of

matter [23]. They have no charge and since they are composed of two fermions, excitons

are basically bosons. It can be shown that exciton creation b†q and annihilation bq operators

follow bosonic commutation rules at low densities [32, 12, 11], this is:

[bq, b
†
q′ ] ≈ δq,q′ , (1.1)

however, at high densities the fermionic nature of the particles excitons are composed of,

becomes relevant and the commutation rule (1.1) requires corrections.
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Figure 1.5: Scheme of an electron (blue) that “jumps” from the valence band to the
conduction band, leaving a “hole” (white) with a net positive charge.

1.2.2 Polaritons

As was mentioned before, one way to generate the jump of an electron to the conduction

band is by the absorption of a photon, so, the light might generate those electron-hole

pairs known as excitons. The second quantization hamiltonian that describes this situation

in a QW is as follows [23]:

H =
∑
q

[
~eqb†qbq + ~ωqa†qaq +

(
~gqb†qaq + h.c

)]
, (1.2)

with aq (a†q) the annihilation (creation) operator of photons in the cavity, ~eq and ~ωq the

energies of excitons and photons, and ~gq the strength of the light matter interaction. The

Hamiltonian from Eq. 1.2 has two approximations known as dipolar approximation and

rotating wave approximation [19]; in the first one, the amplitude of the electric field is

considered constant along the optical emitter’s volume; in the second one, non-rotating

terms (b†qa
†
q or bqaq) can be neglected in the near-resonance situation (~ωq ∼ ~eq).

We now define the polariton operators pLPq and pUPq as a linear combination of exciton and

photon operators:
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pUPq = uqbq − vqaq,

pLPq = v∗qbq + u∗qaq,
(1.3)

and demand polariton operators to obey Bose commutation rules:

[pUPq , pUP †q ] = |uq|2 + |vq|2 = 1, (1.4)

and similarly for pLPq . The coefficients are chosen such that the hamiltonian becomes

diagonal [23], obtaining:

H =
∑
q

(
~ΩLP

q pLP †q pLPq + ~ΩUP
q pUP †q pUPq

)
, (1.5)

with [31]:

ΩLP,UP
q =

1

2
(eq + ωq)±

1

2

√
(eq − ωq)2 + 4g2

q . (1.6)

We see that the hamiltonian of interacting excitons and photons (Eq. 1.2) can be written

as a hamiltonian of non interacting quasiparticles called polaritons (Eq. 1.5). From Eq.

1.6 we see that there are two polariton branches known as upper polariton (+, UP) and

lower polariton (-, LP).

The Bogoliubov transformation (1.3) can only be performed at the low density limit, in

which Eq. (1.1) is valid. In this limit, polariton operators follow Bose commutation rules

and are able to condensate [4].

1.3 Dipolaritons

Dipolaritons have a great analogy with polaritons, in fact, they are polaritons with a large

dipole moment. They appear in a system of coupled QWs as the one presented in Fig. 1.6

where two QWs are embedded in an optical microcavity and separated by a distance d.

The QWs are coupled via electron tunnelling allowing the formation of an electron-hole
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bound state with the particles in different layers known as indirect exciton (IX); the usual

exciton with the charges in the same layer will be called direct exciton (DX) [22].

Excitons are quasiparticles with a probability of recombination, thus, they have a lifetime.

This probability depends on the overlapping of the electron and hole wave functions [21, 22].

Direct excitons have a lifetime of less than 100ps [20], while indirect excitons, in which the

spatial separation of the QWs decreases the wave functions’ overlapping, can reach tens

or hundreds of microseconds [7, 8, 18]. For this reason we expect dipolaritons to have a

longer lifetime than polaritons.

The photons C in the cavity interact with the DX and the latter is coupled with the IX

via tunnelling. The photonic modes do not couple with the IX modes. A bias voltage is

applied in order to inhibit hole tunnelling (green arrow in Fig. 1.6) [13].

Figure 1.6: Scheme of two coupled QWs. The QWs are coupled via tunnelling J , one QW
interacts with light Ω. Image taken from Ref. [10].

The hamiltonian is pretty similar to the one in Eq. 1.2 but adding the possible tunnelling

~J between direct and indirect excitons [10], in a matrix form can be written as:

H =


~2q2
2mph

+ δph ~g 0

~g ~2q2
2M

~J
0 ~J ~2q2

2M
+ δIX

 , (1.7)

where mph is the effective mass of the photons, M the one for the excitons, and δi are

possible detunings between the energies. By using a similar procedure to the one used in

the preceding section, the hamiltonian Eq. 1.7 can be diagonalized as:
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H =
∑
q

[
εLPq pLP †q pLPq + εMP

q pMP †
q pMP

q + εUPq pUP †q pUPq
]
, (1.8)

where εLP,MP,UP
q are the eigenvalues of Eq. 1.7. Here we can distinguish that in contrast

with the previous case, we have three polariton branches with MP being the middle

polariton branch [13].

Dipolaritons are, then, quasiparticles formed by a three way superposition of a direct

exciton DX, an indirect exciton IX and a cavity photon C. They are also bosons but differ

from polaritons in the fact that their IX component provides them with an electric dipole

moment, due to the separation between wells, and a longer lifetime.

Dipolaritons are the quasiparticles of main interest in this thesis since they have very

interesting properties, mentioned in the following section, that might allow the development

of several optoelectronic devices of great interest for quantum computation.

These quasiparticles are proposed in quantum wells, the main question to answer in this

text is: What about dipolaritons in Quantum Dots?

1.4 State of the art

In this section we present a summary of some interesting articles related with dipolaritons,

that motivated this thesis, and illustrate the state of the art in dipolariton-related research.

1.4.1 Cristofolini et al. (2012)

In this work (Ref. [13]), the authors use Molecular Beam Epitaxy (MBE) to grow a
5
2
λ cavity, designed to work for λ = 880nm, with 21 and 17 periods of GaAs/AlAs as

distributed Bragg reflectors. Four sets of asymmetric double quantum wells (ADQWs),

10nm wide, are inside the microcavity, positioned at the antinodes of the optical field.

They use three samples in which the QWs are separated by barriers with widths of 4nm,

7nm and 20nm, so they can access different tunnelling coupling strengths. A bias voltage

can be applied across the microcavity through electric contacts.

10



Figure 1.7: (A) Bias-dependent dipolariton modes observed in photoluminescence for a
barrier width of 4nm (dots) and fits to an effective model (solid lines). Dashed lines mark
bare energies. Inset: Extracted intrinsic tunnelling rate J as a function of the barrier width
(points) together with theory (line). (B) Bias dependence of the dipolariton composition.
Image taken from Ref. [13].

The authors perform optical measurements in a liquid helium cryostat (T∼10 K). Each

mesa is excited non-resonantly by a Ti-sapphire laser (CW 800nm) with 200µW focussed

to a 100µm diameter spot. Among several results, Fig. 1.7 is obtained, there, the bias

voltage is used to vary IX’s energy and the three dipolariton branches are found. They use

an effective model to fit the experimental results and determine the composition of each

branch.

1.4.2 Kyriienko et al. (2014)

In this paper (Ref. [30]), the authors study theoretically the system of two QWs in a

microcavity. The hamiltonian used is:

H = ~ωCa†a+ ~ωDXb†b+ ~ωIXc†c+
~Ω

2
(a†b+ b†a)− ~J

2
(b†c+ c†b)

+ Pe−iωpta† + P ∗eiωpta+ Vddb
†b†bb+ Viic

†c†cc+ Vdib
†c†bc,

(1.9)

where ~ωC , ~ωDX and ~ωIX denote the cavity mode, direct exciton, and indirect exciton

energies, respectively. ~Ω denotes the Rabi-splitting and ~J the tunnelling. A coherent
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Figure 1.8: Second order correlation function for different values of the detunings. Image
taken from Ref. [30].

optical pumping of the cavity mode with rate P and frequency ωp is taken into account.

Vdd, Vii and Vdi are the nonlinear many-body interactions between excitons. A master

equation with dissipative terms written in a Lindblad form is solved in order to calculate

the mean number of photons and the second order correlation function.

Fig. 1.8 shows the dependence of the second order correlation function with the detunings

defined as: ∆ = ωp − ωC and δJ = ωIX − ωDX . There are zones in which the correlation

function is almost zero, in these regimes the emission is antibunched and the system is

suitable for single-photon emission. It is important to notice that both detunings can be

controlled: ∆ with the frequency of the pumping and δJ with an electric field.

1.4.3 Shelykh et al. (2013-2014)

This research (Refs. [27, 28, 29]) uses effective models similar to that used in the previous

subsection. The authors consider the two coupled QWs to be embedded in a terahertz

(THz) microcavity and calculate the dynamics of the excitons’ populations. One of the

main findings consists of the IX population oscillating with THz frequency. Since the

IX composition provides the overall electric dipole moment of the system, this situation

corresponds to a time-varying dipole that should emit continuous wave (CW) radiation in

12



the THz range. Furthermore, the frequency of the emission can be tuned by means of an

electric field, and has output powers that may compete with current THz sources.

1.4.4 Byrnes et al. (2014)

In this work (Ref. [10]), the bosonic statistics of dipolaritons are exploited and used to

determine the possibility of a dipolariton condensate. To do this, the authors exhaustively

investigate the effective interactions between excitons. Fig. 1.9 shows the ratio of various

contributions in the total dipolariton interaction energy as a function of the interwell

distance. There it can be seen that the most relevant interactions are between excitons of

the same type and that the interaction between IXs is of the same order than that between

DXs.

Figure 1.9: Ratio of various contributions in the total dipolariton interaction energy as a
function of the interwell distance d. Image taken from Ref. [10].

In the same paper the authors conclude that dipolaritons may be able to Bose-Einstein

condensate and using a dissipative Gross-Pitaevskii are able to determine that parameters

for condensation of dipolaritons are pretty similar to those of polaritons.
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Chapter 2

Physical System and Model

Quantum dots, as fully quantised systems, present interesting phenomena not present in

QWs. Quantum mechanics appears at its maximum expression due to the small number of

excitons that QDs usually confine in contrast with QWs where a large number of excitons

is created when the system is excited.

Several models can be used to describe quantum dots, the most popular one might be the

Jaynes-Cummings effective hamiltonian in which the QD is approximated as a two-level

system [19]. We will use a more precise one that starts from the basics: electrons confined

in a structure.

This chapter is dedicated to the introduction of the physical system to be modelled in the

rest of the text and the derivation of the corresponding hamiltonian.

2.1 Effective mass approximation

In order to model a QD it is necessary to look first at the band structure of the material

it is made of. We consider quantum dots made of InGaAs. Figure 2.1 displays the band

structure of InGaAs, there, we see that for k ≈ 0, the bands can be approximated as

parabolas, which allows us to write:

E(k) ≈ Egap +
~2k2

2m∗
, (2.1)
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Figure 2.1: Band structure of InGaAs. We are considering the region close near the Γ-valley.
Image taken from Ref. [1].

where Egap represents the band gap of the semiconductor material and the quantity m∗ is

the effective mass of the electrons [23] that plays an important role: knowing the effective

mass in the semiconductor, the problem of a particle inside the material can be reduced in

an effective way, to a free particle with mass m∗. Electrons in the Valence Band (VB) will

have a negative effective mass, but in order to avoid dealing with negative masses, it is

often preferred to introduce holes as new quasi-particles with a positive mass and positive

charge. Then, we will refer to electrons in the conduction band just as electrons, and the

absent charges in the valence band will be the holes.

In Fig. 2.1 we see that for the valence band there are two levels labelled as Heavy holes

and Light holes, in our treatment we will consider heavy holes only because they have a

stronger coupling with light than light holes [5, 48].

2.2 Confining potential in a QD

Charge carriers will be confined in a QD, for this reason it is important to have a model

of the confining potential the particles feel in it. In this section we will follow the theory

from Ref. [38] to show that the particles in a QD are subject to a 2D harmonic potential.
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Figure 2.2: Cross-section TEM of an InAs QD grown on GaAs. Image taken from Ref.
[38].

Although the reference focus its attention on self-assembled QDs, the harmonic potential

is usually used to model other kinds of quantum dots.

We start with a single electron in a QD, subject to a confining potential V (r, z), then we

write the Schrödinger equation in cylindrical coordinates:

[
−~2

2me

[
1

r2

(
r
∂

∂r
r
∂

∂r
+

∂2

∂θ2

)
+

∂2

∂z2

]
+ V (r, z)

]
Ψ(r, θ, z) = EΨ(r, θ, z), (2.2)

where me is the effective mass of the electron in the material. Due to the low aspect ratio

of self-assembled quantum dots (see Fig. 2.2), the confinement in the growth direction (z

axis) dominates, and only one bound state exists for motion in this direction; the motion in

the plane can be considered separately [51]. Therefore, the wavefunction can be expressed

as the product: Ψ(r, θ, z) = Z(z)f(r, θ). Replacing this result in the Schrödinger equation

and separating variables we get the following two equations:

[
−~2

2me

1

r2

(
r
∂

∂r
r
∂

∂r
+

∂2

∂θ2

)
+ E0(r)

]
f(r, θ) = Ef(r, θ) (2.3)[

−~2

2me

∂2

∂z2
+ V (r, z)

]
Z(z) = E0(r)Z(z) (2.4)

Now, we need a model for the potential V (r, z); this model should depend on the shape of

the dot. Along the z direction we consider the potential to be zero inside the dot and to

have a finite value V0 outside, thus, we will have a finite well with a width that depends

on the radial position r. The energy levels of the finite well can be written, at first order

correction, in terms of the solution to the infinite well as:
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Efinite(r) ≈
P 2

1 + P 2
Einfinite(r) =

P 2

1 + P 2

~2π2

2met(r)2
, (2.5)

where P = L0

√
2meV0/2~, t(r) is the thickness of the well for each radial position, and

L0 = t(0) is the dot’s height. What is left now is to determine the shape of the dot, i.e.,

the function t(r). Fig. 2.2 displays a Transmission Electron Microscopy of a self-assembled

QD, there it can be seen that the dot has a paraboloid-like shape, such that t(r) is given

by:

t(r) = L0

(
1− r2

r2
0

)
, (2.6)

with r0 the greater radius of the dot. Introducing this expression in Eq. (2.5) and

performing binomial expansion in r, keeping only the terms up to order 2, we obtain:

E0(r) =
P 2

1 + P 2

~2π2

2meL0

[
1 + 2

(
r

r0

)2
]

:=
1

2
meω

2
0r

2 + Ee
0. (2.7)

Finally, replacing Eq. (2.7) in Eq. (2.3) we see that in the plane the particle is subject

to an offset harmonic oscillator potential. The offset energy Ee
0 corresponds to Eq. (2.7)

evaluated at r = 0.

We note that the shape of the QD determines the strength of the parabolic confinement in

an inverse way; the smaller the dot, the stronger the confinement ω0. Also, the effective

mass affects the confinement, so, in general, electrons and holes will be subject to a different

strength of the confinement.

Knowing the confining potential, in the following sections we will present the derivation of

the hamiltonian for several charge carriers in a QD and the light-matter interaction.

2.3 Charge carriers in a QD

We now consider a set of N electrons and holes confined in a QD and interacting through

Coulomb potential. The particles will be subject to a parabolic confinement [38] and
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a magnetic field B will be applied in the z direction. With this considerations, the

hamiltonian of charge carries in the QD can be written as:

H =
N∑
i=1

1

2me

(
~Pei +

e

c
~Aei

)2

+
N∑
i=1

1

2
meω

2
er

2
ei

+
e2

ε

∑
i<j

1∣∣~rei − ~rej ∣∣
+

N∑
j=1

1

2mh

(
~Phj −

e

c
~Ahj

)2

+
N∑
j=1

1

2
mhω

2
hr

2
hj

+
e2

ε

∑
i<j

1∣∣~rhi − ~rhj ∣∣
− e2

ε

∑
i,j

1∣∣~rei − ~rhj ∣∣ ,
(2.8)

where me(h) is the effective mass of electrons (holes), ~rei(hj) and ~Pei(hj) are the bi-dimensional

position and momentum vectors for electrons (holes) and ~ωe(h) are the energies associated

with the parabolic confinement. ε is the permittivity of the material, InGaAs in this case.
~A is the vector potential associated to the magnetic field. We will ignore spin degrees of

freedom, for this reason, Zeeman splitting terms do not appear in Eq. (2.8), this can be

done because Coulomb interaction does not change the spins’ orientation, also, we only

consider one polarization of light that will couple to one orientation of the spins.

The transition to the second quantisation formalism will depend on the situation: B = 0

or B 6= 0.

2.3.1 B = 0

First we turn off the magnetic field and focus on the particular case in which electrons and

holes have the same effective masses and are subject to the same confinement strength:

ωe = ωh = ω0 and me = mh = µ, then the hamiltonian (2.8) is reduced to:

H =
N∑
i=1

1

2µ
P 2
ei

+
N∑
j=1

1

2µ
P 2
hj

+
N∑
i=1

1

2
µω2

0r
2
ei

+
N∑
j=1

1

2
µω2

0r
2
hj

+
e2

ε

∑
i<j

1∣∣~rei − ~rej ∣∣ +
e2

ε

∑
i<j

1∣∣~rhi − ~rhj ∣∣ − e2

ε

∑
i,j

1∣∣~rei − ~rhj ∣∣ .
(2.9)
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Defining the oscillator length lO =
√

~/µω0 we realize the transformation to dimensionless

variables: ~r → lO~r and ~P → ~
lO
~P , obtaining:

H =
~ω0

2

N∑
i=1

(
P 2
ei

+ P 2
hj

+ r2
ei

+ r2
hj

)
+

e2

εlO

(∑
i<j

1∣∣~rei − ~rej ∣∣ +
∑
i<j

1∣∣~rhi − ~rhj ∣∣ −
∑
i,j

1∣∣~rei − ~rhj ∣∣
)
.

(2.10)

Now, we choose the 2D harmonic oscillator states as single-particle basis and write the

hamiltonian in the second quantisation formalism, with ei (hī) and e†i (h†
ī
) the fermionic

annihilation and creation operators of an electron (hole) in the state i, respectively:

H

~ω0

=
∑
n

tn(e†nen + h†n̄hn̄) + β
∑
rsuv

〈rs|V (0)|uv〉 e†re†seveu

+ β
∑
rsuv

〈r̄s̄|V (0)|ūv̄〉h†r̄h†s̄hv̄hū − β
∑
rsuv

〈rs̄|V (0)|uv̄〉 e†rh
†
s̄hv̄eu,

(2.11)

the state |i〉 represents a harmonic oscillator state defined by the quantum numbers ni =

0, 1, . . . and li = −∞, . . . ,−1, 0, 1, . . . ,∞; n and l are the radial and angular momentum

quantum numbers, respectively [40]. The state |̄i〉 for holes represents the same state |i〉
for electrons but with opposite sign of the angular momentum. ti = 2ni + |li| + 1 and

β = lO/aB, with aB = ε~2/µe2 the effective Bohr radius. Finally, 〈rs|V (0)|uv〉 is the

matrix element of the Coulomb interaction for charge carriers confined in the same QD,

details on the explicit form and calculation of this elements can be found in Appendix A.

V (0) means that the charges are in the same plane, when we consider two quantum dots

this condition will be relaxed and the charges might be in different planes separated by a

distance a, leading to a different Coulomb element 〈rs|V (a)|uv〉, i.e., the explicit form of

the potential in dimensionless units is V (a) = 1/|~r1 − ~r2 + ~a|, with ~r1 ⊥ ~a and ~r2 ⊥ ~a.

2.3.2 B 6= 0

The procedure including magnetic field is pretty similar to the one developed in the

previous section for B = 0. Instead of defining an oscillator length we define the magnetic

length lB =
√

2~c/eB and use the transformation to dimensionless variables ~r → lB~r and
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~P → ~
lB
~P . Defining the cyclotron frequency ω

e(h)
c = eB/me(h)c and using Coulomb’s gauge

for the vector potential, the hamiltonian (2.8) is written in second quantisation as [40]:

H =
∑
kn

(t
(e)
kne
†
ken + t

(h)

k̄n̄
h†
k̄
hn̄) +

β

2

∑
rsuv

〈rs|V (0)|uv〉 e†re†seveu

+
β

2

∑
rsuv

〈r̄s̄|V (0)|ūv̄〉h†r̄h†s̄hv̄hū − β
∑
rsuv

〈rs̄|V (0)|uv̄〉 e†rh
†
s̄hv̄eu,

(2.12)

where t
e(h)
kn =

~ωe(h)
c

2
(2nk + |lk| ± lk + 1)δkn +

~ω2
e(h)

ω
e(h)
c

〈k|r2|n〉, with the + sign standing for

electrons and the − for holes, 〈k|r2|n〉 is the matrix element of the confining potential, and

β = e2/εlB. The state |i〉 represents a Landau state of a charged particle in a magnetic

field. As in the harmonic oscillator case, the Landau states are defined by two quantum

numbers (ignoring spin): ni = 0, 1, . . . and li = −∞, . . . ,−1, 0, 1, . . . ,∞; n and l are the

radial and angular momentum quantum numbers, respectively. 〈rs|V (0)|uv〉 represents

the same as in the previous section.

2.4 Light-matter interaction

The QD will be placed in a cavity where an electromagnetic field is confined. The field

will interact with the dot generating excitations of matter. In this section, we will deduce

the quantum expression for the light matter interaction. The latter is considered in a

dipolar approximation, in such a way that it can be expressed as Hl−m = −~d · ~E, this

approximation is valid if the wavelength of light is larger than the typical dimensions of

the QD. The dipole moment operator is written in second quantisation formalism with

field operators for electrons and holes as [23]:

~d =

∫
d3r

∑
i,j=e,h

eψ†i (~r)~rψj(~r)

=

∫
d3re~r

[
ψ†e(~r)ψe(~r) + ψh(~r)ψ

†
h(~r) + ψ†e(~r)ψ

†
h(~r) + ψh(~r)ψe(~r)

]
. (2.13)
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The field operators can be expressed in terms of the creation and annihilation operators of

electrons and holes defined in previous sections, and the wave functions φn of the particles,

as:

ψe(~r) =
∑
n

φen(~r)en ψh(~r) =
∑
n

φhn(~r)hn̄

ψ†e(~r) =
∑
n

φe∗n (~r)e†n ψ†h(~r) =
∑
n

φh∗n (~r)h†n̄.

After some calculations the obtained result is [23, Chap. 20]:

~d = ~dcv
∑
n

(
e†nh

†
n̄ + hn̄en

)
, (2.14)

where ~dcv = e
∫
d3r ~ru∗c(~r)uv(~r), with uc and uv Bloch functions of the bulk material of

charges in the conduction and valence band, respectively.

Considering the interaction of the matter dipole with a quantised electromagnetic field

and performing a Rotating Wave Approximation (RWA) that neglects the terms ahn̄en and

a†e†nh
†
n̄ [19], the light-matter interaction is finally written as:

Hl−m = g
∑
n

(ae†nh
†
n̄ + a†hn̄en) (2.15)

2.5 Physical system and Hamiltonian

The system is drawn schematically in Fig. 2.3 and consists of a microcavity with light

confined such that the energy levels are spaced enough to consider only one light mode.

Two vertically aligned quantum dots are embedded in the cavity. Experimentally, if close

enough, the layers will naturally tend to align the QDs forming vertical stacks [44, 25, 42].

The quantum dots are close enough to allow charge carriers from different dots to interact

via Coulomb interaction and to allow tunnelling of particles between dots. Light matter
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Figure 2.3: Physical system.

interaction will be in dipolar and rotating wave approximations. With this considerations,

the hamiltonian of the system is as follows:

H = HQD
1 +HQD

2 +Hint +Htun +Hlight. (2.16)

HQD
1 and HQD

2 are the hamiltonians of the charges in each quantum dot:

HQD
1 =

∑
kn

(t
(e1)
kn e

†
k1en1 + t

(h)

k̄n̄
h†
k̄
hn̄) +

β

2

∑
rsuv

〈r, s|V (0)|u, v〉 e†r1e
†
s1ev1eu1

+
β

2

∑
rsuv

〈r̄, s̄|V (0)|ū, v̄〉h†r̄h†s̄hv̄hū − β
∑
rsuv

〈r, s̄|V (0)|u, v̄〉 e†r1h
†
s̄hv̄eu1,

(2.17)

HQD
2 =

∑
kn

t
(e2)
kn e

†
k2en2 +

β

2

∑
rsuv

〈r, s|V (0)|u, v〉 e†r2e
†
s2ev2eu2, (2.18)

where:

t
(α)
ij =

~ωαc
2

(2ni ± li + |li|+ 1)δi,j +
~ω2

α

ωαc
〈i|r2|j〉+ Egapδα,eδi,j + Eα

0 δi,j (2.19)

is the energy of electrons and holes in a parabolic confinement in the presence of a magnetic

field (α = e1, e2, h) and the corresponding gap and offset (Eq. (2.7)) energies. β is the
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strength of the Coulomb interaction which depends on the magnetic field. We only consider

one quantum dot in strong coupling with light and include a bias voltage Vb to ensure

that only electrons can tunnel, see Fig. 2.3. With this considerations, one QD will have

electrons and holes and the other one will only have electrons due to tunnelling.

Hint is the interaction between charge carriers in different quantum dots. This interaction

has a different strength γ that depends on the effective dielectric constant and the magnetic

field; Coulomb matrix elements are also different due to the vertical spatial separation

between the particles’ wavefunctions. The quantum dots are separated by a distance a, as

shown in Fig. 2.3, that defining the magnetic length lB =
√

2~c/eB is transformed into

a dimensionless variable a→ lBa. Then, the Coulomb element for charges separated by

a vertical distance a is written as 〈r, s|V (a)|u, v〉. Details on the calculation of the latter

element can be found in Appendix A. Hint has the following form:

Hint = γ
∑
rsuv

〈r, s|V (a)|u, v〉 e†r1e
†
s2ev2eu1 − γ

∑
rsuv

〈r, s̄|V (a)|u, v̄〉 e†r2h
†
s̄hv̄eu2. (2.20)

While HQD
1 is the responsible of the formation of direct excitons (DX), HQD

2 jointly with

Hint are in charge of the formation of indirect excitons (IX).

As mentioned above, a bias voltage is taken into account in order to tune the energies of

electrons in the dots, and due to the opposite charge, detune the energies of holes. This

tuning allows electrons only to tunnel between the QDs. The strength of the tunnelling

depends on the overlapping of the wavefunctions of electrons in each dots, i.e., the separation

a has a great impact in the tunnelling. Therefore, Htun will be written as:

Htun =
∑
kn

Tkn(e†k1en2 + e†n2ek1), (2.21)

where the explicit form of Tkn will be set according to the situation. Finally, the light

hamiltonian includes the confined photons’ energy and the light-matter interaction, that is:

Hlight = ~ωa†a+ g
∑
n

(a†hn̄en1 + ae†n1h
†
n̄), (2.22)

24



where it is explicit that the QD labelled as 1 is the dot in strong coupling with light.

The complete hamiltonian associated to the system of Fig. 2.3 is:

H =
∑
kn

(t
(e1)
kn e

†
k1en1 + t

(h)

k̄n̄
h†
k̄
hn̄ + t

(e2)
kn e

†
k2en2) + ~ωa†a

+
β

2

∑
rsuv

〈rs|V (0)|uv〉 e†r1e
†
s1ev1eu1 +

β

2

∑
rsuv

〈r̄s̄|V (0)|ūv̄〉h†r̄h†s̄hv̄hū

+
β

2

∑
rsuv

〈rs|V (0)|uv〉 e†r2e
†
s2ev2eu2 − β

∑
rsuv

〈rs̄|V (0)|uv̄〉 e†r1h
†
s̄hv̄eu1

+ γ
∑
rsuv

〈rs|V (a)|uv〉 e†r1e
†
s2ev2eu1 − γ

∑
rsuv

〈rs̄|V (a)|uv̄〉 e†r2h
†
s̄hv̄eu2

+ g
∑
n

(a†hn̄en1 + ae†n1h
†
n̄) +

∑
kn

Tkn(e†k1en2 + e†n2ek1).

(2.23)

For all the calculations in the text, we consider the QDs to be made of InGaAs with

a dielectric constant ε = 13.5 and an energy gap Egap = 850meV, we will ignore its

temperature dependence [2]. The effective masses for electrons and holes used are me =

0.05m0 and mh = 0.07m0, respectively, with m0 the free electron mass. We also consider

the cavity to be made of a typical material like GaAs, that has a similar dielectric constant,

in such a way that we can approximate γ ≈ β. The Rabi splitting is set to g = 1meV

unless stated otherwise. Other parameters such as parabolic confinement strengths or

photon energy are specified in the rest of the text.
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Chapter 3

Excitons in QDMs: Properties of

Direct and Indirect Excitons

As mentioned in Chapter 1, dealing with many-body hamiltonians as the one in Eq. (2.23)

is not easy. Several approximations are typically used in order to simplify the problem at

a cost, loosing quantum correlations or neglecting interactions.

The exact diagonalization procedure allows us to solve the time-independent Schrödinger

equation by truncation of an, in principle, infinite basis. In this chapter, we perform the

diagonalization of the hamiltonian of electrons and holes to describe the system of two

interacting QDs. We are able to obtain the energies and wave functions of the ground and

excited states. The effects of the magnetic field on the state of the system are studied as

well as the statistical properties of excitons.

3.1 Theory

In single quantum dots, the excitation of an electron from the valence band to the conduction

band, and the respective creation of a positive charged hole in the valence band, generates

the electron-hole bound state known as exciton; in this situation the charge carriers are

both inside the QD. The tunnelling coupling present in quantum dot molecules opens the

possibility of excitons with charge carriers in different QDs, this bound state is known as

indirect exciton in order to distinguish it from the usual exciton that now will be called
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direct exciton. Due to the spatial separation, the indirect excitons have a large dipole

moment and longer lifetimes than the direct ones.

To study the properties of excitons in QDMs we first focus on the system without light i.e.,

g = 0 in the hamiltonian of Eq. (2.23):

H =
∑
kn

(t
(e1)
kn e

†
k1en1 + t

(h)

k̄n̄
h†
k̄
hn̄ + t

(e2)
kn e

†
k2en2) +

∑
kn

Tkn(e†k1en2 + e†n2ek1)

+
β

2

∑
rsuv

〈rs|V (0)|uv〉 e†r1e
†
s1ev1eu1 +

β

2

∑
rsuv

〈r̄s̄|V (0)|ūv̄〉h†r̄h†s̄hv̄hū

+
β

2

∑
rsuv

〈rs|V (0)|uv〉 e†r2e
†
s2ev2eu2 − β

∑
rsuv

〈rs̄|V (0)|uv̄〉 e†r1h
†
s̄hv̄eu1

+ γ
∑
rsuv

〈rs|V (a)|uv〉 e†r1e
†
s2ev2eu1 − γ

∑
rsuv

〈rs̄|V (a)|uv̄〉 e†r2h
†
s̄hv̄eu2.

(3.1)

To perform the diagonalization of the hamiltonian (3.1) we must first choose a “good”

basis to find the matrix form of the hamiltonian [47]. As mentioned in Section 2.3.2, the

state of a charged particle in the presence of a magnetic field (Landau state) is defined by

two quantum numbers: the angular momentum l and the radial quantum number n. In

the case of zero magnetic field, the particles are still subject to a parabolic confinement

potential; the eigenstates for this situation (2D Harmonic oscillator states) are defined by

the same quantum numbers l and n, indeed, the eigenfunctions in the position basis are

the same (see Appendix A). These bases will be used in accordance to the situation. We

will consider the quantum dots to be made of InGaAs, which is a material with a direct

band gap, thus, when the material is excited the electron in the conduction band will have

the same angular momentum as the hole in the valence band, with opposite sign due to

the opposite charge; the electron-hole pair state will have total angular momentum zero

[46], this constrain will remain in the interacting case since Coulomb interaction preserves

the angular momentum and the tunnelling is considered elastic.

We proceed to construct states |Se1〉 |Se2〉 |Sh〉 with zero total angular momentum and

equal number of electrons and holes [46, 47, 50]. |S〉 represents a Slater determinant of

single particle states of electrons in each dot or holes. Each state constructed this way will

have an integer number of electron-hole pairs, this means that the hamiltonian without

light will be diagonalized for a fixed number of excitons, this can be done because the

operator in Eq. (3.1) commutes with the number of excitons [50] defined as:
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Nexc =
1

2

∑
n

(e†n1en1 + e†n2en2 + h†n̄hn̄). (3.2)

We construct all the states for a fixed number of excitons, calculate the matrix form of the

hamiltonian in this basis and realize the numerical diagonalization, the lowest eigenvalue

represents the ground-state energy and the corresponding linear combination of states

used for the diagonalization will be the ground-state ket, similarly, the excited states are

obtained.

It is important to notice that both the Landau and 2D harmonic oscillator bases are infinite,

so they must be truncated at a certain lmax and nmax. This truncation is, in principle, due

to computational reasons, however, it is also natural for the system since states with a

large angular momentum and energy will overcome the confinement in the QD and leave.

The 2D Harmonic oscillator basis will be used for the B = 0T situation and the Landau

basis otherwise, we note that at low magnetic fields (B ≈ 1− 3T) some precision may be

lost due to the finite Landau basis, but the qualitative behaviour remains.

3.2 Effects of magnetic field on a single exciton

The exact diagonalization of the hamiltonian from Eq. (3.1) was performed using a basis

constructed as explained in the previous section and composed of 120 single particle

(Landau) states, distributed in 3 levels, i.e., nmax = 2. We set Nexc = 1. The strengths of

the parabolic confinements were taken as ~ωh = 8meV, ~ωe1 = 12meV and ~ωe2 = 18meV,

and the separation between dots as a = 10nm. The corresponding energy offsets due to the

confinement in the z direction (Eq. (2.7)) were fixed at Eh
0 = 10meV, Ee1

0 = 15meV and

Ee2
0 was set such that, by means of the electric field, the single particle electron state with

quantum numbers n = 0 and l = 0, in both quantum dots, are tuned at the same energy.

First, we ignore the tunnelling and plot the energies of the DX and IX for several values

of magnetic field, the results are depicted in Fig. 3.1. We see that while the IX energy

increases monotonically with B, the DX energy has a richer behaviour. At low values of

the magnetic field (B < 5T ) the Coulomb interaction gives a relevant contribution ∼ −
√
B

that decreases the energy [49]. As the field increases, the contribution of the Landau

energy ∼ ~ωc ∝ B becomes more relevant than the Coulomb interaction and the energy
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Figure 3.1: Energy of the IX and DX as a function of the magnetic field.

starts increasing, causing a change in the slope. The IX has a simpler behaviour due to

the spatial separation of the charge carriers that reduces the Coulomb matrix elements

and the effect of Coulomb’s interaction is lost.

In order to include tunnelling we have to set the rate Tkn. This zero temperature treatment

allows us to ignore effects from lattice vibrations (phonons) and consider the tunnelling to

be completely elastic [45, 36, 43], such that the tunnelling will occur between the level that

is tuned in the dots. This state, as mentioned above, is defined by the quantum numbers

n = 0 and l = 0, and we label it as the state number 1, which lets us write the tunnelling

rate as Tkn = Teδn,kδk,1.

In Fig. 3.2 we plot the energy and composition of the ground and first excited state of

the hamiltonian from Eq. (3.1) for several values of the magnetic field, the tunnelling rate

was fixed at Te = 3meV. The expected avoided crossing between the energies of Fig. 3.1 is

found. The composition of the ground state follows a behaviour that can be expected from

the results from Fig. 3.1. At small values of the magnetic field the IX has lower energy than

the DX, for this reason the ground state is highly composed of IX. As the field increases,

the DX and IX have similar energies and the ground state becomes a superposition of the

two kinds of excitons. Finally, at high magnetic fields, the DX has lower energy compared
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Figure 3.2: Energy and composition of the ground (circles) and first excited (squares) state,
as a function of the magnetic field, for the system without light.

to the IX and becomes the most relevant contribution on the composition. A similar

analysis can be performed for the first excited state but there is something to note for

B > 15T. The IX composition of the state decreases while the DX counterpart increases,

this occurs because the IX exceeds the energy of another excited state of the DX branch

(DX+).

3.3 Statistics of exciton operators

When quasiparticle operators are defined, the commutation relation they follow is of great

interest since many-body properties are strongly affected by (quasi)particles statistics. If

the quasiparticle operators are not defined by a unitary transformation (e.g, Bogoliubov

transformation), the commutation relations are not trivial and may be affected by the

system parameters [32]. In this section we will study the statistics of the exciton operators.
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We consider one quantum dot which may confine up to 1 electron-hole pair. At this moment

we are not interested in quantitative accuracy, so for the sake of simplicity we will consider

electron’s and hole’s effective masses to be the same µ. Also, the particles will be subject

to the same parabolic confinement ~ω0. The hamiltonian which describes this system, in

units of ~ω0, can be written as:

Heh

~ω0

=
∑
n

tn(e†nen + h†n̄hn̄)− β
∑
rsuv

〈rs̄|V (0)|uv̄〉 e†rh
†
s̄hv̄eu. (3.3)

We will shut-down the magnetic field for this calculation such that the state |n〉 will denote

a 2D harmonic oscillator state and tn = 2nn + |ln|+ 1 (it is easy to distinguish the state’s

index and the principal quantum number even if both are labelled as n). Defining the

oscillator length lO =
√

~/µω0 we have made the Coulomb matrix elements dimensionless.

The strength of the Coulomb interaction is β = lO/aB, with aB = ε~2/µe2 the effective

Bohr radius [40].

The eigenstates |DXi〉 of the hamiltonian (3.3) are the direct exciton states, we assume

they are orthonormal 〈DXi|DXj〉 = δij . To avoid ambiguity, the exciton states are denoted

with the indices i, j and the single particle states are denoted by the other indices different

from i and j.

We define b†i the operator that creates a direct exciton in the state i, such that b†i |0〉 = |DXi〉.
Taking into account that e†nh

†
m̄ |0〉 = |nm̄〉 and the completeness relation of the single

particle bases
∑

n |n〉 〈n| = 1, we can write the exciton operators as [11]:

bi =
∑
nm

〈DXi|nm̄〉hm̄en, b†i =
∑
nm

〈nm̄|DXi〉 e†nh
†
m̄. (3.4)

We now proceed to the calculation of the commutator between bi and b†i using the commu-

tation relations of electron and hole operators:
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[bi, b
†
i ] =

∑
kpnm

〈DXi|nm̄〉 〈kp̄|DXi〉 enhm̄h†p̄e†k −
∑
kpnm

〈DXi|nm̄〉 〈kp̄|DXi〉 e†kh
†
p̄hm̄en

=
∑
kpnm

〈DXi|nm̄〉 〈kp̄|DXi〉
{

(δnk − e†ken)(δpm − h†p̄hm̄)− e†kenh
†
p̄hm̄

}
= 1−

∑
knm

〈DXi|nm̄〉 〈km̄|DXi〉 e†ken −
∑
pnm

〈DXi|nm̄〉 〈np̄|DXi〉h†p̄hm̄. (3.5)

In order to have an idea of the order of magnitude of the terms that deviate the commutation

rule from the pure bosonic one, we calculate the mean value of the commutator in the

state |DXi〉 and obtain:

〈[bi, b†i ]〉 = 1−

(∑
knm

|〈DXi|nm̄〉 〈km̄|DXi〉|2 +
∑
pnm

|〈DXi|nm̄〉 〈np̄|DXi〉|2
)

〈[bi, b†i ]〉 = 1−D. (3.6)

The deviation D will set the statistics of the excitons. It is clear that if the excitons are

bosons, the commutator must be 1, let us see what happens if they are fermions. Let us

consider two fermion operators σi and σ†i , {σi, σ
†
j} = δij. Their commutator is:

[σi, σ
†
i ] = 1− 2σ†iσi. (3.7)

If we take the mean value of the commutator in a state |DXi〉 of a single exciton we obtain:

〈[σi, σ†i ]〉 = −1. (3.8)

The criteria developed establishes that if the direct exciton operators follow Bose statistics,

the deviation D should approach 0 and the commutator 1, moreover, if the direct exciton
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Figure 3.3: Mean value of the exciton operators’ commutator as a function of the Coulomb
interaction strength, for several sizes of the basis.

operators follow Fermi statistics, the deviation D should approach 2 and the commutator

-1.

Fig. 3.3 shows the dependence of the mean value of the commutator (Eq. (3.6)) with

β, the state |DXi〉 used in the calculations was the ground state of the hamiltonian

(3.3) for 1 electron-hole pair. Several sizes of the basis (Nstates) were used to show the

convergence, although computational restrictions did not allow us to increase the basis

enough to reach good convergence at high values of β, where the harmonic oscillator basis

is not convenient because the parabolic confinement takes a small value, it is clear that

in this regime the commutator tends to 1 and the excitons tend to behave like bosons,

this situation corresponds to large quantum dots [38] in which the overlapping between

excitons’ wavefunctions is negligible [32]. On the other hand, for small values of β (large

values of ~ω0), the Coulomb interaction is negligible compared to the confinement and the

fermionic nature of electrons and holes becomes relevant. We also note that the transition

between the regimes is pronounced when lO ∼ aB. This result is consistent with that in
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Ref. [32] where the authors analyse the matrix elements of the operator b† to determine

the statistics.

A similar procedure can be developed for indirect excitons IX and the result should be

alike. When ~ω0 is large, the strength of Coulomb interaction γ decreases at the same

rate as the direct exciton one, however, the dimensionless separation between quantum

dots a takes a large value (because lO becomes small), causing the interaction matrix

elements 〈rs|V (a)|uv〉 to be smaller than those of the DX case; the final result is a negligible

Coulomb interaction compared to the confinement, making the IXs to behave as fermions

faster than DXs. At the other limit, in which ~ω0 is small, the dimensionless separation

between dots decreases (a� 1) and the interaction matrix elements tend to those of the

DX case: 〈rs|V (a)|uv〉 ≈ 〈rs|V (0)|uv〉; the IXs will behave as bosons just like the DXs

do. In conclusion, the mean value of the commutator of indirect exciton operators should

behave like Fig. 3.3 but with a sharper transition at lO ∼ aB.
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Chapter 4

Dipolaritons in QDs: Exact

Diagonalization

An optical emitter inside a microcavity that confines light may reach a strong coupling

regime. In this regime, the interaction between excitons and photons gives rise to new

quantum states of the light-matter coupled system known as polaritons [31]. The photon

component provides polaritons with a small effective mass (around 10−4 times the bare

electron mass) and, since photons may leak from the cavity, a lifetime (between 1− 100ps).

Instead, the exciton component provides the polariton-polariton interactions that are

inherited mainly from the Coulomb interaction between excitons [9].

In a system of two coupled emitters, when light-matter interaction is included, a new kind

of polaritons arise. Light couples with matter via direct exciton, and the latter couples with

the indirect exciton via tunnelling. The collective modes of this interactions are known as

dipolaritons, quasiparticles found experimentally by Cristofolini et al. in QWs, they are

basically polaritons with a large dipole moment due to their indirect exciton component.

All the research that has been made around dipolaritons, to the best of our knowledge, has

focused on QW systems, in this chapter we extend this idea to zero dimensional systems

and propose the existence of dipolaritons in quantum dots.
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4.1 Theory

In the previous chapter, the exact diagonalization method was used to investigate both

direct and indirect excitons’ features. Now we extend this procedure to take light-matter

interaction into account for the generation of dipolaritons.

To study the properties of dipolaritons in QDs, the full hamiltonian (2.23) is taken into

account. This hamiltonian commutes with the number of dipolaritons operator defined as

[47, 50]:

Ndip = Nph +Nexc = a†a+
1

2

∑
n

(e†n1en1 + e†n2en2 + h†n̄hn̄), (4.1)

for this reason, we can perform the diagonalization of the hamiltonian for a fixed number

of dipolaritons. We construct a basis similar to the one used in the previous chapter but

including a Fock state for the light |Nph〉 |Se1〉 |Se2〉 |Sh〉. We set, also, a maximum number

of excitons in the system Nmax
exc because the quantum dots are finite and have a limit on

the charge carriers they can confine [47]. Thus, we construct all the possible states that

satisfy Nph +Nexc = Ndip with Nexc ranging from 1 to Nmax
exc .

4.2 Dipolariton modes

Constructing the basis for Ndip = 1 with the Fock state for the photons having the

possibilities Nph = 0 or Nph = 1, and using 120 single particle states distributed in 3 Landau

levels, we diagonalized the hamiltonian (2.23). The tunnelling was taken as described in

the previous chapter with Te = 3meV. The strengths of the parabolic confinements used

were ~ωh = 8meV, ~ωe1 = 12meV and ~ωe2 = 18meV. The energies of the offsets due to

the confinement in the z direction were fixed at the same values used in Chapter 3 with Ee2
0

such that, by means of the electric field, the single particle electron state with quantum

numbers n = 0 and l = 0, in both quantum dots, are tuned at the same energy.

The first four eigenenergies of the system and the composition of the corresponding

eigenstate as a function of the photon energy are plotted in Fig. 4.1. The bare energies of

the photon C, indirect exciton IX and direct exciton DX are plotted with dashed lines as

a reference. As in Ref. [13], the three dipolariton branches are recognized. The avoided
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crossing between the lower dipolariton LP and middle dipolariton MP branches occurs due

to the light-matter interaction. The anticrossing between the MP and the upper dipolariton

UP branches has the same reason, however, this splitting is reduced due to the tunnelling

because the IX does not couple with light. From the composition of the dipolariton

branches we can see that the optical detuning determines if the electron spends more time

shuttling between QDs or Rabi flopping on the DX transition [13], e.g., for ~ω > 887meV,

the LP spends more time oscillating between DX and IX but for ~ω < 887meV, the LP

tends to perform Rabi oscillations.

Effective models like the ones used in Refs. [13], [28] and [10] cannot predict the avoided

crossing between the UP and a higher energy branch shown in Fig. 4.1a. Compare, for

example, with Fig. 1.7 where the independent variable is the indirect exciton’s energy. Our

model allows us to have access to higher excited states of the excitons, in particular, of the

direct exciton (DX+), this anticrossing causes the UP to increase its composition of DX for

high values of the photon energy (Fig. 4.1b), exhibiting the limitations of effective models.

4.3 Effects of magnetic field on a single dipolariton

To see the effects of the magnetic field on a single dipolariton, we plot the energy of the

ground state and the first excited state as a function of the magnetic field, the results are

shown in Fig. 4.2. The parameters used are the same of the previous section. The energy

of the light does not depend on the magnetic field while the energy of the superposition of

DX and IX increases with the field; at B ∼ 7T both energies are near resonance and the

light-matter interaction causes an avoided crossing.

The composition of the ground state and the first excited are plotted in the upper panels

of Fig. 4.2. At low B, the ground state is completely composed of IX, in contrast, the first

excited is completely composed of light. Increasing the field, the composition of the states

can be controlled to become a mixture of the three modes: IX, DX and C. Finally, at high

values of the magnetic field, the matter acquires higher energy than light and the ground

state becomes highly photon populated.
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Figure 4.2: Energy and composition of the ground state (circles) and the first excited
(squares), as a function of the magnetic field, for the system with light. The light energy
was set to ~ω = 885meV.

4.4 Emission

Semiconductor systems are interesting for its emission properties that can be used for the

implementation of lasers and single photon sources. Emission occurs when photons leak

through cavity mirrors, this means that the hamiltonian treatment developed here cannot

describe this dissipative process. Usually, dissipative terms written in a Lindblad form are

used in a master equation to take account dissipation and the emission is calculated with

the Fourier transform of the first-order correlation function [31], but if the interest is not

on the full spectrum but in more specific information as the height and position of the

intensity peak our hamiltonian treatment is enough.

The intensity of the emission can be obtained from the probability of annihilating a photon:
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I ∼ | 〈Ndip − 1|a|Ndip〉 |2, (4.2)

where |Ndip〉 and |Ndip − 1〉 denote a state with dipolariton number Ndip and Ndip − 1,

respectively. We assume that the system is operating at low temperatures, then the initial

state is the ground state of the Ndip system [47]. From the computation of Eq. (4.2) we

find that the transition to the ground state of the Ndip − 1 system is the only one that

gives a significant contribution to the intensity.
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Figure 4.3: Upper panel: Energy position of the emission line as a function of the dipolariton
number, ∆E = E(Ndip)− E(Ndip − 1). Lower panel: Relative intensity as a function of
the dipolariton number. ~ωh = 5meV, ~ωe1 = 7meV, ~ωe2 = 8meV and ~ω = 884.5meV.

The position and intensity of the emission line as a function of Ndip for several values of

B are calculated from Eq. (4.2) and depicted in Fig. 4.3. The number of electron-hole
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pairs (Nexc) is restricted to a maximum of one. As expected, at the limit Ndip � Nexc,

light is emitted at bare photon energies and I ≈ Ndip [47]. When Ndip ∼ Nexc the excitons

enhance the trapping of light, decreasing the intensity of the emission, also, the emission

is red-shifted due to light-matter interaction. At B = 5T the system is in resonance, the

emission is minimum and highly red-shifted. As B increases, the DX becomes detuned

from the photons, which reduces the red-shift and emission is less inhibited.
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Chapter 5

Multiexcitonic QDs: Zero

Temperature Variational Method

Although the exact diagonalization procedure allows us to have control over the number of

particles in the system and gives us access to the excited states, it becomes computationally

infeasible if we want to study a large number of dipolaritons (>3). The variational method

is a good option to deal with this inconvenience and obtain an approximation of the

ground-state of the system.

In this chapter, we model the system of two large quantum dots which are able to confine

more than 1 electron-hole pair (multiexcitonic QDs). A variational method is performed

to find an approximation of the ground-state physics. The effects of the magnetic field and

number of dipolaritons in the system are determined. Also, the statistical properties of

exciton operators are revised and compared with the results obtained in Chapter 3.

5.1 Theory

Based on the variational method developed for excitons and polaritons in Refs. [14], [39]

and [49], we use an extension of a BCS-like state as a trial function:

|σ, un, vn, wn〉 = |σ〉 ⊗
Nstates∏

n

(un + vne
†
n1h
†
n̄ + wne

†
n2h
†
n̄) |0〉 , (5.1)
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where |σ〉 represents a coherent state of light, v2
n (w2

n) is the probability of having a direct

(indirect) electron-hole pair in the state n and Nstates is the number of states we consider in

our finite basis. The normalization condition of the BCS-like function is u2
n + v2

n + w2
n = 1.

The mean value of the hamiltonian (2.23) is calculated using the trial function from Eq.

(5.1) with the help of Wick’s theorem [40], and setting the commutation rules {ei, hj̄} = 0,

{ei1, ej2} = 0. We model the tunnelling as Tkn = Teδkn, such that electrons will tunnel to

the same level in the QDs. By minimizing 〈H〉 with respect to σ, vn and wn, imposing the

constrain of fixed number of dipolaritons, we obtain the following generalized gap equations

[49]:

∆n = gσ − β
∑
k 6=n

〈kn|V (0)|nk〉ukvk, (5.2)

Ωn = Te − γ
∑
k 6=n

〈kn|V (a)|nk〉 vkwk, (5.3)

Γn = −γ
∑
k 6=n

〈kn|V (a)|nk〉ukwk, (5.4)

and the following set of equations for the variational parameters:

2(ε(1)
n − µ/2)unvn + ∆n(u2

n − v2
n)− Γnvnwn + Ωnunwn = 0, (5.5)

2(ε(2)
n − µ/2)unvn −∆nvnwn + Γn(u2

n − w2
n) + Ωnunvn = 0, (5.6)

(~ω − µ)σ + g
∑
n

unvn = 0. (5.7)

Eqs. (5.5) and (5.6), with the normalization condition, yield to more than one solution for

un, vn and wn, we choose the one that minimizes energy. The explicit expression for the

mean number of dipolaritons is:

N̄dip = |σ|2 +
∑
n

(v2
n + w2

n), (5.8)
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µ is the chemical potential which arises as a Lagrange multiplier associated to the con-

servation of N̄dip; and, ε
(1)
n and ε

(2)
n are the direct and indirect pair energies, respectively,

defined as:

ε(1)
n =

1

2
(t(e1)
nn + t(h)

nn )− β

2
〈nn|V (0)|nn〉

− β

2

∑
k 6=n

〈kn|V (0)|nk〉w2
k − β

∑
k 6=n

〈kn|V (0)|nk〉 v2
k,

(5.9)

ε(2)
n =

1

2
(t(e2)
nn + t(h)

nn )− γ

2
〈nn|V (a)|nn〉 − β

2

∑
k 6=n

〈kn|V (0)|nk〉 v2
k

− β
∑
k 6=n

〈kn|V (0)|nk〉w2
k +

∑
k 6=n

〈kn|[βV (0)− γV (a)]|kn〉w2
k.

(5.10)

Eqs. (5.2)-(5.10) are to be iteratively solved until two successive iterations yield the same

probabilities v2
n and w2

n, chemical potential µ and photon number |σ|2, to the desired

accuracy [6].

5.2 Effects of magnetic field on multiexcitonic QDMs

We consider bigger quantum dots that can confine several excitons, this is manifested in

smaller values of the parabolic confinement [38]: ~ωh = 0.5meV, ~ωe1 = ~ωe2 = 1meV.

Light frequency is set to ~ω = 860meV and light-matter interaction to g = 1meV. We

consider the QDs to be separated by a distance a = 15nm and assume a tunnelling rate

Te = 2meV. The offsets are fixed at: Ee1
0 = 10meV and Eh

0 = 7meV, and Ee2
0 was taken

as in the previous chapters. The iterative procedure described in the previous section is

computed for several values of the magnetic field and number of dipolaritons.

Fig. 5.1 shows the dependence of the number of photons with the magnetic field and

dipolariton number. For a fixed number of dipolaritons, Nph decreases at low values of the

magnetic field, when the detuning between matter and light is small. At high values of

B, the energy of the excitons increase and the system is detuned, causing the state to be

highly photon populated.
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Figure 5.1: Number of photons vs the magnetic field and dipolariton number.
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Figure 5.2: Scaling of the total energy as a function of the magnetic field.
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The energy of the system, measured with respect to the bare photon energy, as a function

of the magnetic field, is displayed in Fig. 5.2. In contrast with Fig. 3.1, for the parameters

used the IX has higher energy than the DX, this causes the ground state of the system

to have a high component of direct excitons. Therefore, as in Fig. 3.1, the energy of the

DXs decreases at low B, causing the total energy to also diminish, but for B > 5T the

IXs and DXs’ energy augments, and the total energy of the system rises. As in Ref. [49]

for polaritons, we find the scaling E ∼ Ndip as an indicator that the effective interactions

between dipolaritons are weak; also, as in the same reference, we find that the scaling is

completely natural at high magnetic fields as happens for excitons [33]. The change in the

slope means that at low B the system has a paramagnetic response but at high magnetic

fields has a diamagnetic response.

5.3 Statistics of exciton operators

The variational method developed gives us also the possibility to study the statistics of

excitonic operators. To do so, we will focus in direct excitons only (Tkn = 0, γ = 0), such

that wn = 0 in the trial wavefunction from Eq. (5.1), and we will ignore light-matter

interaction (g = 0) and the magnetic field (B = 0). Electrons and holes will have the same

effective mass µ and will be subject to the same parabolic confinement ~ω0. Similarly to

the procedure developed in Sec. 3.3, we define the direct exciton’s operators s†i and si that

satisfy s†i |0〉 = |dxi〉 and si |dxi〉 = |0〉. The ket |dxi〉 denotes a BCS state with a mean

number of 1 direct exciton, in contrast to |DXi〉 that denotes a Fock state of 1 exciton;

this fact distinguishes si and s†i from the operators bi and b†i defined in Chapter 3. Thus,

we write the state as:

|dxi〉 =
Nstates∏
n=1

(un + vne
†
n1h
†
n̄) |0〉 , (5.11)

and the operators as:

si =
∑
nm

〈dxi|nm̄〉hm̄en, s†i =
∑
nm

〈nm̄|dxi〉 e†nh
†
m̄. (5.12)
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Figure 5.3: Mean value of the variational exciton operators’ commutator as a function of
the Coulomb interaction strength.

The commutator is:

[si, s
†
i ] = 1−

∑
knm

〈dxi|nm̄〉 〈km̄|dxi〉 e†ken −
∑
pnm

〈dxi|nm̄〉 〈np̄|dxi〉h†p̄hm̄. (5.13)

Again, we calculate the mean value of the commutator, but instead of using the same state

|dxi〉, the variational procedure allows us to use a state with a mean number of N excitons:

|Ndxj〉. The latter will be written in the same form as Eq. (5.11) but with coefficients ūn

and v̄n. Thus, replacing the explicit form of the states |dxi〉 and |Ndxj〉, the mean value of

the commutator leads to:

〈[si, s†i ]〉 = 1− 2
∑
n

v2
nv̄

2
n

∏
k 6=n

u2
k. (5.14)
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The criterion is the same used in Section 3.3, the mean value of the commutator is 1 if the

excitons are bosons and is −1 if fermions. We note that the mean value of Eq. (3.7) in

a multiexcitonic state like |Ndxj〉 is also -1 because there can only be 1 fermion in each

state i due to Pauli exclusion principle.

Fig. 5.3 shows the dependence of the mean value of the commutator with the Coulomb

interaction β. The basis was composed of 378 single particle harmonic oscillator states, this

means that the truncation of the basis was at nmax = 13. The states |dxi〉 and |Ndxi〉 used

correspond to the ground states of the system with Nexc = 1 and Nexc = 10, respectively.

We corroborate the results of Section 3.3 where computational issues did not allow us to

reach convergence for high values of β. The excitons are fermions in small quantum dots

where the harmonic confinement is strong (β small), but are bosons in large QDs where

the wavefunctions of charge carriers do not overlap (β big). Also, the transition is sharp

when lO ∼ aB, consistently with Ref. [32].
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Chapter 6

Bose-Einstein Condensation of

Dipolaritons: Finite Temperature

Variational Method

Quantum mechanics at zero temperature allows us to describe an isolated system with a

ket (wave function) in a Hilbert space. In this situation, we have a complete knowledge of

the state of the system, this means that the entropy is zero (S = 0), as the third law of

thermodynamics states. When the quantum system interacts with a reservoir at a certain

temperature, the huge amount of interactions that arise from the thermalization process

introduces decoherence to the system and the complete knowledge we had is broken up.

In this situation, the system is described by a density matrix and the entropy becomes a

measurement of the uncertainty we have of the state of the system [41].

The study of quantum systems at finite temperature is of great interest since new phase

transitions arise due to the quantum nature of particles. Typical examples of this are the

superconductivity and Bose-Einstein condensation. In Chapters 3 and 5, direct and indirect

excitons have been proven to behave like bosons in large QDs then, in the light-matter

interacting system, a unitary transformation to dipolariton operators can be performed, in

such a way that the operators preserve Bose statistics, i.e., we may expect dipolaritons to

condensate. Also, due to the small effective mass excitons and photons have (which leads

to a small effective mass for dipolaritons) a higher condensation temperature, compared to

the atomic case, is expected for dipolaritons.
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In this chapter, the system of two interacting QDs embedded in a microcavity at a finite

temperature is modelled. A variational method in a Hartree-Fock-Bogoliubov approximation

is developed in order to minimize a proper thermodynamic potential. The effects of the

magnetic field in the thermodynamic properties of the system are studied.

6.1 Theory

In analogy with the zero temperature case, the finite temperature treatment starts with a

trial statistical density matrix of the form [6, 49]:

D =
e−βKph

Zph

Nstates∏
n=1

e−βK
(n)
eh

Z
(n)
eh

, (6.1)

where Zph = Tr e−βKph , Z
(n)
eh = Tr e−βK

(n)
eh are the partition functions of the photonic and

excitonic components, respectively. Kph = (~ω − µ)a†a and K
(n)
eh is an operator whose

form depends on the approximation used, in the Hartree-Fock-Bogoliubov approximation

it takes the form:

Keh =
1

2

∑
n

(
∆nn̄e

†
n1h
†
n̄ + ∆∗nn̄hn̄en1 + Γnn̄e

†
n2h
†
n̄ + Γ∗nn̄hn̄en2 + Ωnne

†
n1en2 + Ω∗nne

†
n2en1

)
− 1

2

∑
n

(
∆nn̄h

†
n̄e
†
n1 + ∆∗nn̄en1hn̄ + Γnn̄h

†
n̄e
†
n2 + Γ∗nn̄en2hn̄ + Ωnnen2e

†
n1 + Ω∗nnen1e

†
n2

)
+

1

2

∑
n

h(e1)
nn

(
e†n1en1 − en1e

†
n1

)
+

1

2

∑
n

h(e2)
nn

(
e†n2en2 − en2e

†
n2

)
+

1

2

∑
n

h(h)
nn

(
h†n̄hn̄ − hn̄h†n̄

)
,

which can be written as:

Keh =
1

2

∑
n

α†nH
(n)
eh αn, (6.2)

with the definitions:
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αn =



en1

en2

hn̄

e†n1

e†n2

h†n̄


(6.3)

and

H(n)
eh =



h
(e1)
nn Ωnn 0 0 0 ∆nn̄

Ω∗nn h
(e2)
nn 0 0 0 Γnn̄

0 0 h
(h)
n̄n̄ −∆nn̄ −Γnn̄ 0

0 0 −∆∗nn̄ −h
(e1)
nn −Ω∗nn 0

0 0 −Γ∗nn̄ −Ωnn −h(e2)
nn 0

∆∗nn̄ Γ∗nn̄ 0 0 0 −h(h)
n̄n̄


. (6.4)

In H(n)
eh , the h are single particle energies and ∆nn̄, Γnn̄ and Ωnn are gap functions. The

matrix H(n)
eh may be interpreted as a quasiparticle hamiltonian in which the complex

many-body interactions are simplified as pairing interactions.

As a finite temperature variational method, the idea is to minimize the thermodynamic

potential:

φ(D) = Ē − µN̄dip −
1

βT
S, (6.5)

where we have defined Ē = Tr[DH], N̄dip = Tr[DNdip], S = −Tr[D lnD] and βT = 1/kBT .

When minimizing the potential (6.5) a conserved number of particles is assumed, since

dipolaritons recombine, this assumption is valid only if their lifetime is longer than the

time required to reach thermal equilibrium. From the indirect exciton component, we may

expect dipolaritons to have lifetimes on the order of microseconds [22], time enough for

the system to reach thermal equilibrium. Introducing the generalized density matrix (not

to be confused with the statistical density matrix D):
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R
(n)
eh =



ρ
(e1)
nn τnn 0 0 0 κ

(1)
nn̄

τ ∗nn ρ
(e2)
nn 0 0 0 κ

(2)
nn̄

0 0 ρ
(h)
n̄n̄ −κ(1)

nn̄ −κ(2)
nn̄ 0

0 0 −κ(1)∗
nn̄ 1− ρ(e1)

nn −τ ∗nn 0

0 0 −κ(2)∗
nn̄ −τnn 1− ρ(e2)

nn 0

κ
(1)∗
nn̄ κ

(2)∗
nn̄ 0 0 0 1− ρ(h)

n̄n̄


, (6.6)

the minimization procedure δφ = 0 leads to the following conditions:

∂(Ē − µN̄dip)

∂σ
= 0,

∂(Ē − µN̄dip)

∂
(
R

(n)
eh

)ij =
1

2

(
H(n)
eh

)ij
. (6.7)

In Eq. (6.6) we have defined the single-particle density matrices ρ
(ei)
nn = Tr[De†nieni] and

ρ
(h)
n̄n̄ = Tr[Dh†n̄hn̄], and the pair matrices κ

(i)
nn̄ = Tr[Dhn̄eni] and τnn = Tr[De†n2en1]. The

mean value Ē is calculated with the help of Wick’s theorem [40] and a Lagrange multiplier

λ is introduced to take into account the charge conservation constrain. The explicit form

of the equations that arise from the minimization of φ, Eq. (6.7), are the single particle

energies:

h(e1)
nn = t(e1)

nn + β
∑
k 6=n

(〈kn|V (0)|kn〉 − 〈kn|V (0)|nk〉) ρ(e1)
kk − β

∑
k 6=n

〈kn|V (0)|kn〉 ρ(h)

k̄k̄

− β 〈nn|V (0)|nn〉+ γ
∑
k 6=n

〈kn|V (a)|kn〉 ρ(e2)
kk −

µ

2
− λ,

(6.8)

h(e2)
nn = t(e2)

nn + β
∑
k 6=n

(〈kn|V (0)|kn〉 − 〈kn|V (0)|nk〉) ρ(e2)
kk − γ

∑
k 6=n

〈kn|V (a)|kn〉 ρ(h)

k̄k̄

− γ 〈nn|V (a)|nn〉+ γ
∑
k 6=n

〈kn|V (a)|kn〉 ρ(e1)
kk −

µ

2
− λ,

(6.9)
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h
(h)
n̄n̄ = t

(h)
n̄n̄ + β

∑
k 6=n

(〈kn|V (0)|kn〉 − 〈kn|V (0)|nk〉) ρ(h)

k̄k̄
− β

∑
k 6=n

〈kn|V (0)|kn〉 ρ(e1)
kk

− γ
∑
k 6=n

〈kn|V (a)|kn〉 ρ(e2)
kk −

µ

2
+ λ,

(6.10)

the generalized gap equations:

∆nn̄ = gσ∗ − β
∑
k 6=n

〈kn|V (0)|nk〉κ(1)∗
nn̄ , (6.11)

Ωnn = Te − γ
∑
k 6=n

〈kn|V (a)|nk〉 τ ∗kk, (6.12)

Γnn̄ = −γ
∑
k 6=n

〈kn|V (a)|nk〉κ(2)∗
nn̄ , (6.13)

and the constrains:

0 = (~ω − µ)σ + g
∑
n

κ
(1)
nn̄ , (6.14)

N̄dip = |σ|2 +
1

eβT (~ω−µ) − 1
+

1

2

∑
n

(
ρ(e1)
nn + ρ(e2)

nn + ρ
(h)
n̄n̄

)
, (6.15)

∑
n

(
ρ(e1)
nn + ρ(e2)

nn − ρ
(h)
n̄n̄

)
= 0. (6.16)

The rest of the equations necessary to obtain a closed set are obtained from the eigenvalue

problem [6]:

H(n)
eh Xn = EnXn. (6.17)

There are three positive eigenvalues E
(1,2,3)
n associated to three eigenvectors V

(1,2,3)
n . The

other three eigenvalues correspond to −E(1,2,3)
n and are associated to the eigenvectors

W
(1,2,3)
n . With the eigensystem the generalized density matrix is constructed as:
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Figure 6.1: Temperature dependence of the number of photons in the condensate (circles)
and the chemical potential (diamonds). The dashed line at kBT = 11.2meV marks the
critical temperature. B = 9T, Ndip = 10.

R
(n)
eh =

3∑
i=1

(
V

(i)
n V

(i)†
n

eβTE
(i)
n + 1

+
W

(i)
n W

(i)†
n

e−βTE
(i)
n + 1

)
, (6.18)

from which we obtain the single-particle density matrices ρ
(e1)
nn , ρ

(e2)
nn , ρ

(h)
n̄n̄ and the pair

matrices κ
(1)
nn̄ , κ

(2)
nn̄ and τnn. Eqs. (6.8)-(6.18) are to be iteratively solved until two successive

iterations yield the same generalized density matrix Reh, chemical potential µ and mean

number of photons in the condensate |σ|2, to the desired accuracy [6].

6.2 Bose-Einstein condensation of dipolaritons

We iteratively solved the equations from the previous section using 3 Landau levels with 120

states each (a total of 360 single-particle states), the parameters used where: ~ωh = 2meV,
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~ωe1 = 3meV, ~ωe2 = 4meV, ~ω = 860meV, Eh
0 = 13meV, Ee1

0 = 18meV, a = 15nm and

Te = 2meV. Fig. 6.1 shows the temperature dependence of the number of photons in the

condensate |σ|2 and the chemical potential for a system of 10 dipolaritons. We identify

the phase transition at kBT ≈ 11.2meV as Bose-Einstein condensation of dipolaritons

[6, 49]. This energy corresponds to T ≈ 130K, so that the high condensation temperature

of bosons in solid state systems is demonstrated. It is important to clarify that the photon

number is given by:

Nph = |σ|2 +
1

eβT (~ω−µ) − 1
, (6.19)

where |σ|2 is the number of particles in the condensate and the other term corresponds to

particles that are excited out of the condensate as a result of thermal fluctuations of the

phonons [6].
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Fig. 6.2 displays the effect of the magnetic field on the critical temperature for condensation

Tc, there, we see that the field can be used to tune the condensation temperature of

dipolaritons; the range of tuning increases with the number of particles. In the same figure

the scaling of the critical temperature with the size of the system is shown to behave as

Tc ∼ N
1/2
dip .
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Chapter 7

Conclusions

In this thesis we have investigated the properties of a Quantum Dot Molecule embedded

in a microcavity from the point of view of dipolaritons. A finite system hamiltonian of

electrons and holes confined in a harmonic potential, under the presence of a magnetic

field, was proposed to model the system. Three theoretical methods were used to deal

with the hamiltonian: an exact diagonalization was performed to study single-particle

properties of direct excitons, indirect excitons and dipolaritons; a variational approach

at zero temperature was developed to study the many-body properties; and a variational

method in a Hartree-Fock-Bogoliubov approximation was used to find the Bose-Einstein

condensation of dipolaritons. The main results of this work are the following:

• The energies of direct and indirect excitons can be tuned by means of the magnetic

field.

• The statistical properties of excitons depend on the size of the QDs. Both fermionic

and bosonic regimes are reachable.

• Indirect excitons are of great impact on system’s properties, their extra tuning with

a bias voltage provides an extra control channel.

• Our finite system model successfully reproduces the expected avoided crossings

between dipolariton branches and provides extra information not obtainable from

effective models.
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• The magnetic field can be used to control: the energy and composition of dipolaritons,

the intensity and energy of emission, the production of photons in the microcavity,

and the magnetic response of the system (from paramagnetic to diamagnetic).

• Dipolaritons in QDs are able to condensate, moreover, the critical temperature can

be increased with the magnetic field.

7.1 Future Work

The theory developed in this thesis can be extended in several directions. Some interesting

future works can be to:

• Study the effects of the tunnelling rates in the statistics of excitons and dipolaritons.

• Introduce dissipation channels as are: spontaneous emission, photon leakage through

cavity mirrors and pumping.

• Use the exact diagonalization to investigate biexcitons.

• Quantitatively discuss the validity of effective models compared to this finite system

one.

• Study the entanglement in the system.
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Appendix A

Coulomb Matrix Elements

This chapter is dedicated to the explicit calculation of the matrix elements of the Coulomb

interaction between single particle states. The method described here is the one developed

by Ref. [35] and [40]. We consider two particles in parallel layers separated by a vertical

vector ~a, each particle is represented by a 2D coordinate vector ~r1 and ~r2 as shown in Fig.

A.1. The integral to calculate is:

〈ij|V (a)|kl〉 =

∫
d2r1d

2r2

|~r1 − ~r2 + ~a|
φ∗i (~r1)φ∗j(~r2)φk(~r1)φl(~r2), (A.1)

where the wave functions φi(~r) associated to the state |i〉 = |ni, li〉 are:

Figure A.1: Bilayer of interplane distance a, with charge carriers at ~r1 and ~r2, and relative
angle θ. Image edited from Ref. [35].

63



φi(~r) = φ(ni,li)(~r) = Cni,|li|r
|li|L|li|ni

(r2)e−r
2/2eıliθ, (A.2)

with Cni,|li| =
√
ni!/[π(ni + |li|)!] a normalization constant, Lln(x) the associated Laguerre

polynomial and d2r = rdrdθ.

A.1 Solving the integral

The explicit form of Eq. (A.1) is:

〈ij|V (a)|kl〉 = Cni,|li|Cnj ,|lj |Cnk,|lk|Cnl,|ll|

∫
d2r1d

2r2

|~r1 − ~r2 + ~a|
r
|li|+|lk|
1 r

|lj |+|ll|
2

× L|li|ni
(r2

1)L|lk|nk
(r2

1)L|lj |nj
(r2

2)L|ll|nl
(r2

2)e−(r21+r22)eı(lk−li)θ1+ı(ll−lj)θ2 .

(A.3)

Using the transformation θ = θ1−θ2 and Θ = (θ1 +θ2)/2, we obtain an angular momentum

conservation from the integral in Θ:

∫ 2π

0

dΘ eı(lk−li+ll−lj) = 2πδli+lj ,lk+ll . (A.4)

Now, using the relation 1/
√
x = 1/

√
π
∫∞

0
(dt/t1/2)e−tx, we expand the denominator:

1

|~r1 − ~r2 + ~a|
=

1√
r2

1 + r2
2 + a2 − 2r1r2 cos θ

=
1√
π

∫ ∞
0

dt

t1/2
e−t(r

2
1+r22+a2−2r1r2 cos θ)

=
1√
π

∫ ∞
0

dt

t1/2
e−t(r

2
1+r22+a2)

∞∑
n=0

2ntnrn1 r
n
2 cosn θ

n!
,

in the last step we expanded the exponential in Taylor series. With the above, the integral

with respect to the angle θ, taking into account the angular momentum conservation, is:
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Iθ =

∫ 2π

0

dθ e
ı
2

(lk−li+lj−ll)θ cosn θ

=


2π n!

2n
(

n−|lk−li|
2

)
!
(

n+|lk−li|
2

)
!
, for n− |lk − li| even

0, otherwise
. (A.5)

The Coulomb’s element from Eq. (A.3), defining p = (n− |lk − li|)/2, is then:

〈ij|V (a)|kl〉 = 4π3/2δli+lj ,lk+llCni,|li|Cnj ,|lj |Cnk,|lk|Cnl,|ll|

×
∫ ∞

0

dr1

∫ ∞
0

dr2

∫ ∞
0

dt

t1/2
e−t(r

2
1+r22+a2)

∞∑
p=0

t2p+|lk−li|

p!(p+ |lk − li|)!

× r1+2p+|li|+|lk|+|lk−li|
1 r

1+2p+|lj |+|ll|+|lk−li|
2

× L|li|ni
(r2

1)L|lk|nk
(r2

1)L|lj |nj
(r2

2)L|ll|nl
(r2

2)e−(r21+r22).

(A.6)

Using the transformations x1 = r2
1 and x2 = r2

2 and the closed form of the associated

Laguerre polynomials:

Lln(x) =
n∑

m=0

(−1)m
Γ(n+ l + 1)

Γ(m+ l + 1)Γ(n−m+ 1)Γ(m+ 1)
xm :=

n∑
m=0

G(n, l,m)xm, (A.7)

we obtain:

〈ij|V (a)|kl〉 = π3/2δli+lj ,lk+llCni,|li|Cnj ,|lj |Cnk,|lk|Cnl,|ll|

∞∑
p=0

1

p!(p+ |lk − li|)!

×
ni∑

mi=0

G(ni, |li|,mi)

nk∑
mk=0

G(nk, |lk|,mk)

nj∑
mj=0

G(nj, |lj|,mj)

nl∑
ml=0

G(nl, |ll|,ml)

×
∫ ∞

0

dt e−ta
2

t2p+|lk−li|−1/2

∫ ∞
0

dx1 x
1
2

(2p+2mi+2mk+|li|+|lk|+|lk−li|)
1 e−x1(1+t)

×
∫ ∞

0

dx2 x
1
2

(2p+2mj+2ml+|lj |+|ll|+|ll−lj |)
2 e−x2(1+t).
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The integrals in x1 and x2 have the following solutions:

Ix1 = (1 + t)−(1+p+mi+mk+lik)Γ[1 + p+mi +mk + lik] (A.8)

Ix2 = (1 + t)−(1+p+mj+ml+ljl)Γ[1 + p+mj +ml + ljl], (A.9)

where we have defined lik = (|li| + |lk| + |lk − li|)/2 and similarly for ljl for the sake of

simplifying the notation. At this point, we only have pendant the integral in t:

〈ij|V (a)|kl〉 = π3/2δli+lj ,lk+llCni,|li|Cnj ,|lj |Cnk,|lk|Cnl,|ll|

∞∑
p=0

1

p!(p+ |lk − li|)!

×
ni∑

mi=0

G(ni, |li|,mi)

nk∑
mk=0

G(nk, |lk|,mk)

nj∑
mj=0

G(nj, |lj|,mj)

×
nl∑

ml=0

G(nl, |ll|,ml)Γ[1 + p+mi +mk + lik]Γ[1 + p+mj +ml + ljl]

×
∫ ∞

0

dt e−ta
2

t2p+|lk−li|−1/2(1 + t)−(2+2p+mi+mk+mj+ml+lik+ljl).

To evaluate this last integral we make use of the following result:

∫ ∞
0

dte−αttβ(1+t)−γ = Γ(β+1)U(1+β; 2+β+γ;α), if Re β > −1 and Re α > 0. (A.10)

The integral we need to solve meets the requirements, so the solution is expressed in terms

of U(a; b; z), the confluent hypergeometric function of the second kind, which is related to

the confluent hypergeometric function of the first kind 1F1(a; b; z) by:

U(a; b; z) = π csc(πb)

[
1F1(a; b; z)

Γ(a− b+ 1)Γ(b)
− z1−b

1F1(a− b+ 1; 2− b; z)

Γ(a)Γ(2− b)

]
(A.11)

Coulomb’s element is finally expressed as:
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〈ij|V (a)|kl〉 = π3/2δli+lj ,lk+llCijkl

∞∑
p=0

1

p!(p+ |lk − li|)!

ni∑
mi=0

nk∑
mk=0

nj∑
mj=0

nl∑
ml=0

Gijkl

× Γ[1 + p+ αik]Γ[1 + p+ αjl]

{
Γ(νik)Γ(ηijkl)

Γ(νik + ηijkl)
1F1(νik; 1− ηijkl; a2)

+ a2ηijklΓ(−ηijkl) 1F1(νik + ηijkl; 1 + ηijkl; a
2)

}
,

(A.12)

where we have employed the following definitions to simplify the notation: Cijkl =∏
x=i,j,k,l Cnx,|lx|, Gijkl =

∏
x=i,j,k,lG(nx, |lx|,mx), αik = mi+mk+lik, νik = 2p+|lk−li|+1/2

and ηijkl = 3/2− |lk − li|+mi +mj +mk +ml + lik + ljl.

It is important to notice that the procedure has been developed for charge carriers in

different planes separated by an arbitrary distance a. The situation of charge carriers in

the same plane (in the same QD) is reproduced by Eq. (A.12) evaluating at a = 0.

We have been able to express the Coulomb interaction term as a single infinite series

(variable p) in Eq. (A.12). Computationally, the infinite series must be truncated until

the element converges to the desired accuracy, however, it is still infeasible if we want to

calculate a huge number of elements. An algorithm to accelerate the convergence of the

series has to be employed.

A.2 Series acceleration

As in Ref. [35] we use the u-type Levin transform as the series acceleration algorithm. Let

us start with the series:

s =
∞∑
n=0

an. (A.13)

The u-type Levin transform reduces the problem of calculating the series to a k + 1-

dimensional matrix inversion one. If σ is an approximation of the exact value s of the

series and σm the m-th partial sum, we have the following set of equations:
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σm = σ + ωm

k−1∑
i=0

Ciψi(m), (A.14)

with m running from a chosen m0 to m0 + k. The functions ψi(m) satisfy three conditions:

first, ψ0(m) = 1 ∀m; second, for i > 0 the functions satisfy ψi(m)→ 0 when m→∞; and

third, ψi+1(m) = O(ψi(m)), so that when taking the limit m → ∞, all the i 6= 0 terms

vanish at the same rate. We, now, have a system of k + 1 equations to solve for the k + 1

unknowns: σ and {Ci}. The u-type Levin transform uses the choices ψi(m) = (m+ β)−i

and ωm = mam, which have proven to behave well for a large family of series [16]. β is a

real parameter to be chosen and that might help to improve the rate of convergence. The

bigger k the better the approximation.
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