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“The man who has no tincture of philosophy goes th-
rough life imprisoned in the prejudices derived from
common sense, from the habitual beliefs of his age or
his nation, and from convictions which have grown
up in his mind without the cooperation or consent of
his deliberate reason.”

Betrand Russell, The Problems of Philosophy.

“Sediento de saber lo que Dios sabe, Judd Ledn se
dio a permutaciones de letras y a complejas variacio-
nes y al fin pronunci6 el Nombre que es la Clave.”

Jorge Luis Borges, El Golem.
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IX

Resumen

En esta tesis se introducen los espacios de variacion acotada en el sentido de Riesz con exponente
variable (RBVp(.)) , se demuestran algunos resultados de inmersion y se demuestra un teorema de
representacion tipo Riesz que plantea una relacion entre los espacios de Lebesgue con exponente
variable y RBV (.. Ademds se estudia el operador de Nemytskii definido en RBV (), dando una
completa caracterizacion de este cuando es globalmente Lipchitz. Finalmente, se definen los espa-
cios de variacion acotada en el sentido de Riesz con exponente variable sobre el conjuto de medidas
vectoriales y se estudia el espacio dual de los espacios Bochner-Lebesgue con exponente variable.

Palabras clave: variacion acotada, espacio de exponente variable, Operador de Nemitskii, Lemma de
representacion de Riesz , espacio modular, Espacio de Bochner-Lebesgue con exponente variable.



Abstract

In this thesis we introduce the variable exponent bounded variation spaces in the Riesz sense
(RBVP(.)), we prove some embedding results and show that a type of Riesz representation lem-
ma is valid in the newly introduced spaces. On the other hand, we characterize global Lipschitz
Nemytskii operators defined in the Riesz bounded variation space with variable exponent. Finally
we characterize the linear functionals on variable exponent Bochner-Lebesgue (Lp(.) (B )) spaces
in terms of the variable exponent Riesz bounded variation spaces for vector measures.

Keywords: bounded variation, variable exponent space, Nemitskii operator, Riesz representation lem-
ma, Modular space, variable exponent Bochner-Lebesgue space.
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1 Introduction

1.1. Historical Background

Bounded Variation spaces have been a lively research field since 1881 when Camile Jordan defined
them in his foundational paper [27] while he was studying the convergence of Fourier series. Later
on, several generalizations of bounded variation spaces there appeared. In 1924, Wiener defined
the so called Wiener p-variation (see, [51]). It was introduced as the set of functions f : [a,b] — R
that satisfies

N
Vi (£i[a,BD) = sup D |f () = ft)|" < oo, 1<p<om, (1-1)

where the sup is taken over all the partitions II of [a,b]. When p = 1 we recover the classical

definition of Bounded variation. Independently, F. Riesz introduced in [45] the class of functions

nowadays called Riesz Bounded variation spaces (RBV ,([a, b])) when investigating systems of

integrable functions. He defined RBV ,([a, b]) to be the class of functions f : [a, b] — R satisfying
‘P

VI(f;[a,b]) —su Z‘ft—t = <o, 1<p<om, (1-2)

where the sup is taken in the same way of (1-1). In relation with (1-2), it was proved in [45] the so
called Riesz Theorem, which establishes that

FeRBV,([0,1]) < fe AC(][0,1]), f' € L,([0,1]), 1<p < 0. (1-3)
Moreover, in this case we have
Vi (i la.0D) =117, ) - (1-4)

where AC([0, 1]) is the set of absolute continuous functions in [a,b] and |[-[|;, ) denotes the
L,([a,b]) norm.

On the other hand, Birbaum and Orlicz introduced in 1931 a generalization of the classical Lebesgue
spaces [5] which later were going to be called Orlicz spaces. This approach to the Banach function
spaces theory offered a new scope for the study of bounded variation concept; based on the spirit of
Orlicz spaces, Young extended in 1937 the notion of Wiener variation to a broaden class of functions
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called Wiener-Young variation spaces (see [52]). Given a Young’s function ¢, the Wiener-Young
variation is defined as the extended real number

VE(: L) = sup Yo (7(0) — (1,01 (1-5)

if V'(f;[a,b]) < oo, we say that f is a function of Wiener-Young variation. Similarly, in 1953,
Medvedev generalized the Riesz variation (see [36]) as the set of functions f : [a, b] — R such that
VE(f;[a,b]) < o0, where

tj — tj—l

V(S la b)) = sup 3o (’f &) =1 Wl)‘) (tj —ti-1), (1-6)

and the sup is taken over all the partitions of [a, b], moreover, it was shown by Mendelev that the
variation given in (1-6) holds an equivalent representation result to (1-3) in this scale of functions.
Apart from the extensions above, many generalizations of bounded variation spaces have been in-
troduced, for example the Schramm variation (see [48]) studies a distortion in the range intervals by
replacing ¢ in (1-5) by a countable sequence of Young’s functions {¢;}. The xk—variation introdu-
ced by Korenblum in 1975 (see, [31]) includes in the expression (¢; — t;_;) a distortion function
that satisfies certain conditions of growth. For a complete account of non-classical bounded varia-
tions spaces and Riesz type representation theorems we refer the reader to [2, 3, 4, 18, 26, 39, 49, 50].

The Riesz Theorem on the spaces of Riesz variation and Riesz (p—variation has interesting conse-
quences, for example, the characterization of the Nemytskii operator, also called on the literature,
the non-autonomous composition operator. Let f : [a,b] x R — R be a fixed function and F|a, b|
the linear space of functions v : [a,b] — R. The map F' : F|a, b] — Fla, b] given by

F(u)(t) = f(t,u(t)), tela,b],ue Fla,b], (1-7)

is called the Nemytskii operator. Moreover, the Nemytskii operator is not linear. Studying the solu-
tion to the functional equation

u(t) = f(t,u(g(t))),
for g : |a,b] — [a,b] and f given functions, J. Matkowski showed in [35] that the Nemytskii

operator (1-7) maps the space of Lipchitz functions (Lip[a, b]) into itself and is globally Lipchitz
if and only if there exist functions G, H € Lip|[a, b] such that

fty) =Gty + H(t), tela,bl,yeR,

since the Lipchitz functions are embedded in the spaces of Riesz bounded variation, this result has
been extended to the scale of bounded variation functions and other function spaces (see e.g.,[12,
15, 17, 33, 37] ). Furhter, it seems that Nemytskii operator has recently received attention in pro-
blems regarding solvability, existence and uniqueness of integral equations (see e.g., [1, 10, 11, 13]).
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Simultaneously, around 1930’s with the vigorous progress on the study of Bounded variation spa-
ces, the theory of integration in function spaces with values in Banach spaces and problems of
representation of linear functionals in Lebesgue and Orlicz spaces were finding more attention. In
1938, Bochner and Taylor stated an equivalence between (L,[0, 1], B)* and the spaces of Riesz
bounded variation over functions with values in B* (see, [7]), where B is a Banach space and B*
its conjugate space. Next, W. Bogdanowicz worked in the same problem from a more general ap-
proach (see, [8, 9]), and soon after, in 1968, M. Rao considered the characterization of the dual
of Orlicz spaces (Lw)* by means of Riesz variation on vector measures (see [43, 44]). Not long
ago, the integral representation problem of (Lp(B)) * was studied for by E.A. Sénchez Pérez and
O. Blasco in [6] from the perspective of p—convex Banach lattices; other recent surveys with this
particular approach are [46, 47]. On the setting of generalized Lebesgue spaces, particularly va-
riable exponent Bochner-Lebesgue spaces, C. Cheng and J. Xu showed in [19] that (Lp(.)(B)) " is
isomorphic to L, (B*), 1/p(x) +1/p'(x) = 1 whenever B has the Radom Nikodym property (for
precise definitions see Chapter 5).

Taking into account the developments described above regarding bounded variation spaces, we
planned this work to be guided for the next objectives.

1.2. Objectives

1. a) Define a notion of bounded variation in the Riesz sense on the setting of variable expo-
nent spaces (RBV,,)([a, b])) and show it stands as a modular space.

b) Prove that RBV ,)([4,4]) is @ Banach space with the Luxemburg norm and state embed-
dings results between ACJa, b], Lip[a, b] and RBV ,(([a, b]).

c) Establish a representation for the RBV ,()([a, b]) norm in terms of the norm of variable
Lebesgue spaces L,.(-), that is, prove a Riesz type theorem in our framework.
2. a) Verify that RBV,([a, b]) is a Banach algebra.
b) Characterize the global Lipchitz Nemytskii operator from RBV ,y([a, b]) = RBV ,([a, b])
in the cases 1 < p(z) < ¢g(z) and 1 < ¢(z) < p(x).
3. a) Define the space of variable exponent bounded variation in the Riesz sense on vector
valued measures.

b) Obtain an integral representation of the dual of Bochner-Lebesgue spaces L,.([a, b], B)*
by the means of the variable exponent bounded variation spaces in the Riesz sense on
vector measures.
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2 Preliminaries

Modular spaces were introduced in 1950 by H.Nakano in his seminal work [40]. These spaces ge-
neralize the Lebesgue and Orlicz spaces by defining a functional that controls the growth of the
elements of the space. Since our framework, variable Riesz Bounded Variation Spaces, is structu-
rally a function modular space, and simultaneously it represents a generalization of the classical
bounded variation spaces, the purpose of this chapter is collect some central results and definitions
on the setting of modular spaces. For complete works on modular spaces we refer the reader to
[29, 32, 38].

2.1. Modular function spaces

In this section we provide the basics on modular spaces. Throughout this chapter €2 will denote a
real vector space, > will be a o-algebra defined over subsets of (2. By a ring P we mean a non
empty class of subsets of €2 which is closed under finite unions and differences. If P is closed under
countable intersections, we say that P is a —ring. Given a fixed -ring P we will consider the
smallest o-algebra . that contains P and satisfies £ n A € P forevery £ € P, A € 3. We will
assume that () = | J A; for some non decreasing sequence of sets {A,} ey in P.

Let us recall that a set function p : ¥ — [0, o] is called a subadditive measure on ¥ if for each
A, B € ¥ we have u(J) = 0, u(A) < u(B) whenever A < B and (A v B) < u(A) + u(B).
Moreover, if (UJ Aj) < D u(A;), for every {A;}jen € X, we say that y is a o-subadditive
measure. Functions of the form

N
s = Z ajxa;, o;eR A;€eP, 2-1)

j=1
where A; N Ay = & if ¢ # k will be called P-simple functions. We denote the set of simple

functions by £. By M, we mean the set of real valued measurable functions, that is, functions
f : © — R such that there exists a sequence {s;} € £ covering pointwise to f.

Definition 2.1.1. A functional p : £ x ¥ — [0, co] is called a function semimodular if satisfies:
(1) p(0,A) =0 forevery A € X.

(2) p(f,A) < p(g,A) whenever|f(x)| <|g(z)| forany x € A, f,ge Eand A€ X.
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(3) p(f,:) : ¥ —> [0, 0] is a o-subadditive measure for every f € £.
4) p(a, A) — 0 whenever o« — 0 for every A € P, where p(«a, A) = p(axa, A).
(5) p(a, A;) — 0 forevery a > 0, if A; € P forall j € N and ﬂ;’;l A=y

(6) There exists oy > 0 such that p(/3, A) = 0 for every 8 € R whenever A € P and p(«, A) =0
for some o > «.

A function semimodular that satisfies property (6) above with oy = 0 is called a function modular.
In addition, a functional that satisfies properties (1) — (5) is called a function pseudomodular.

We can extend Definition 2.1.1 to M, and each A € X by defining

p(f,A) :=sup{p(g, E) : g€ &,|g(x)| <|f ()|, forany xe A}.

Definition 2.1.2. We say that a set A € X is p-null if p(a, A) = 0 for every > 0. A property
P(x) is said that is satisfied p-almost everywhere if the set {x € 2 : P(z) doesnothold } is a
p-null set.

Due to 2.1.1-(3) the countable union of p—null sets is a null set. We say that two functions are equal
p—a.e if they differ only on a p—null set. Let us denote p(f, Q) = p(f).

Definition 2.1.3. Given a functional p : 2 — [0, co]. We say that p is a semimodular over €2 if for
every f,g € M and « € R it satisfies:

A semimodular p is called left continuous if lim p(af) = p(f). Additionally, p is called right con-
tinuous if O[11')1111+ plaf) = p(f). If pis left anad—> rlight continuous it is called continuous. In addition,
if

paf + (1—a)g) < ap(f) + (1 —a)plg) forevery ac[0,1]
we call to p a convex semimodular. If p satisfies (1) — (3) it is called a pseudomodular. If besides
(1) — (4) there holds p(f) = 0 implies f = 0, we say p is a modular.

According to the definition of semimodular (pseudomodular) we define the modular function spaces
by

L,={feMey; plaf) >0 as a—0"}
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Theorem 2.1.4. The function semimodular p(-, <) is a semimodular.

Proof. We have to check properties (1) — (4) from Definition 2.1.3. In view of 2.1.1-(1) we get
p(0) = 0. For any « € R such that|a| = 1 we get by definition of p for measurable functions

plaf) =1{p(g) 1 g€ &, |g(x)| <lal|f(z)], z € Q}
={p(9) : g€ &, |g(2)| <|f(x)], z € Q}
= p(f).

In order to prove (4) we assume p(«f) = 0 for all & > 0. Take a sequence of simple functions {g;}
such that‘ gj| 1| f] p-a.e. We observe that

supp(f) = U supp(g;)- (2-2)

Let us assume that for some k € N, supp(gx) & supp(f), then exists some ¢ > 0 small enough such
that|gy,(z) — f(z)| > €, for z € supp(gi). Hence for all j > k we get |g;(z) — f(z)| > €, which
is a contradiction. By property (2) of 2.1.1 and hypothesis we obtain p(«a;, supp(g;)) < p(ag;) <
plaf) = 0 for some «; > «. Therefore supp(g;) is a p—null set by 2.1.1-(6). It follows by
equality (2-2) that f = 0 p—a.e. Now, consider f,g € M and 0 < «, § < 1 satisfying o + 5 = 1.
We estimate as follows

|oof () + By (@) < alf(2)] + Blg(x)]
< amax{{f(z)],|g(@)|} + S max{f(x)],|g(2)l}
= max{|f(z),|g(=)[}-

Let

By ={zeQ:|f(z)| Z|g(@)[}, E»={zeQ:lg(z)] >[f(z)[},
and define h = fxp, + gxg,. Then

|f (2) + Bg(a)| < max{f(z)|.[g(x)[}

<

<|h(z)],

and an application of Definition 2.1.1 enable us to write

(h)

(h, E1 U Eg)

(h, E1) + p(h, E»)
(

(

plaf+Bg) <p
p

[ E1) + p(g, E»)
f)+p(g),

we conclude that p is a semimodular. [

<p
=p
<p
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Let us define the so called Luxemburg functional on L, by

171, =t oo (L) <1}

151l = né {10+ o010 > 0.

and the Amemiya functional by

Remark 2.1.5. Let ¢ : [0,00) — R™ be a non decreasing continuous such that ¢(0) = 0 and
o(u) — o0, u — 0. Then ¢ is called a p-function.

Example 2.1.6. Let  be a p-functions and Iy, 5 a partition, by non-degenerate intervals, of |a, b).
For a fixed function f : [a,b] — R such that f(a) = 0 we define the p-variation of f by

VE: [ab]) = sup Yo (7(0) — (1))

where the sup is taken over all the partition of [a,b]. Then VI (f;[a,b]) is a modular. Moreover,
if p is convex, VI(f;[a,b]) is a convex modular.

Remark 2.1.7. Throughout this work, all the partitions IIf, 5 will be assumed to be non-degenerate.

Proposition 2.1.8. If {f;} < M converges uniformly to a function f € M on a set E € P, then
pla(f; — f),E) — 0 forall o > 0.

Proof. We might assume without loss of generality supp(f;) < E, for all j € N and for some
E € P. Fix a > 0. Since {f;} converges uniformly we get

sup af fi(z) = f(z)] = 0, k — o0

thus, by Definition 2.1.1 we get

pla(fx — f),E) =0, k — 0.
O

Remark 2.1.9. We highlight that 2.1.1-(4) guarantees L, contains the set of bounded functions
with support in P.

In the sequel we shall deal with convex function semimodulars. Let o € R be such that|a| > 1. By
the convexity of p we obtain

p(f) = pla” (@f)] = pllal™ (@f) + (L =|al7")0]
<la] " plaf) + (L =lal )p(0) =lal " plal f).
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thus
plaf) = p(la| f) =|a|p(f), when |af > 1. (2-3)

When|a| < 1 we estimate in a similar way to get
plaf) = p(lal f) <lalp(f), when [o] < 1. (2-4)
The next lemma states that||-||, is anormon L,.

Lemma 2.1.10. Let L, be a semimodular space and p be a convex semimodular. Then L, is a
normed vector space with the Luxemburg norm ||-|, .

Proof. 1t is immediate that 0 € L,. Let a > 0; since p is convex

0 p(alf +9) = p (30N + S2an))

1 1
< 5p(2af) + 5p(2a9) — 0,

as o« — 0. Then L, is a vector space. On the other hand, by the definition of p we have that
0], = Oand||f[|,, <ooforall fe L, Moreover, if|/f|, = 0thenp(af) <1forall o> 0.
Fix 3 € (0, 1], by (2-4) we estimate as follows

<af>—p(ﬂ6f)\ﬂ (5f)<ﬁ.

Therefore p(caf) = 0 for all @« > 0. The definition of semimodular implies that f = 0. To prove
the homogeneity of ||-[|; consider 3 € R; then

HﬁfHLpzinf{a>0 p(ﬁf) 1}=inf{a>0 p(’ﬁ(y)
:|ﬁ|inf{a/]ﬂ| >0: p(ﬁ) < 1} =|ﬁ|inf{,u>0: p(;) < 1}

— 18111 £, -

kh>—t

Finally, given f,g € L, and u > |[f||; ,v > [lg], we deduce by the definition of ||-|[, that
p(f/u) < 1and p(g/v) < 1. Hence, by the convexity of p,

+ U v U v
() = (i) < () e () <
U+ v uU+vu U+vu U+ v U U+ v v

this implies || f + g[|,, < w + v. In view of the restriction over u,v we conclude [|f + g[|; <
11z, +lgll,- Therefore we have proved||-|| isanorm. O
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The norm convergence has a relation with the semimodular convergence, it is outlined in the next
Lemma.

Lemma 2.1.11. Ler p a semimodular and {f;} < L, . Then ||fJ
forall a > 0.

||Lp — 0 ifand only if p(af) — 0

Proof. Suppose || f; — 0, then, by definition of ||-||, there exists a sequence {\]} satisfying

, I,
N V£l and ]| fill, < Af — Oas k — co. Fix any @ > 0 and observe that a\j — 0, therefore
P

p(fj/akﬁ) < 1, it follows that

()= () () e

as j — oo. On the other hand, assume p(af;) — 0as j — oo for all & > 0, hence p(af;) < 1
for large j. This implies by definition of ||-[|, that /5] .

5], ~o 0

< 1/a. Since « is arbitrary we conclude

Definition 2.1.12. We say that a function semimodular has the Fatou property if p(f;) 1 p(f)
whenever‘fj‘ Tf| p—ae.

Our framework in the next chapters shall be regarded left continuous modulars, therefore the fol-
lowing theorem stands as a practical result to show that a left continuous semimodular holds the
Fatou property.

Theorem 2.1.13. Let p be a semimodular, then the following conditions are equivalent:
(1) p has the Fatou property;
(2) pis left continuous.

Proof. (1) = (2): Let us consider {;} 1 1 and f € L,. Then|c; f| 1|, this implies by the Fatou
property p(a /) 1 p(/). which is lim p(af) = p(/).

(2) = (1): Assume|f;| 1] andletv = hm p(f] Since|f;| <|f] there holds p(f;) < v < p(f).
Hence, it remains to prove that v > p(f ) Deﬁne a p—null set H € ¥ by

= {x € Q: f;(x) dos not converges to f(z)},

and denote I' = Q\N. Consider a P-simple function s such that|s(x)| < f(z) for every x € )
and fix @ € (0,1). Let £, = {z € I : a|s(z)] < |f(x)| } and define D; = I'\E,. Hence
|fi(@)] — |f(x)] and | f;(z)| < als(z)|] < |f(z)| for all z € D;. Since {E;} is an increasing
sequence of sets we notice that {D,} is a decreasing sequence. It follows from the definition of D,

that
e¢] e¢]
ve()D;=T\()E
j=1 j=1
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if and only if z € I" and| f;(z)| < a|s(z)| <|f(x)| for all j € N, then, f;(x) does not converge to
f(z), which contradicts = € T". Thus
0

and consequently D; | &J. Since supp(g) € Pand D; < ') supp(g) we get that D; € P. Hence,
in virtue of 2.1.1-(5), given € > 0 exists jo such that

plas, D;) < e, whenver j > jo. (2-5)
Observe we can decompose € as follows

Q=nNJE D,

thus, by Definition 2.1.1-(3), (2-5) and the fact IV is a p—null set we get

plas) = p(as, Q) = plas, N v E; u D)
< plas, N) + p(as, Ej) + p(as, D;)
< plas, N) + plas, Ej) + € < p(f;, Ej) + €
<p(fj) te<v+te
by the arbitrariness of ¢ we have p(as) < . Since p is left continuous we get p(s) < ~ for any
simple function|s(z)| <|f(z)|, thus we conclude p(f) < ~ for every x € Q. O

Corollary 2.1.14. Under the hypothesis of the theorem above, the set
{f:p(f) <a}, forall « > 0,

is a close set with the L,-norm topology.
Proof. It is immediate by the last part of the proof of Theorem 2.1.13. [l

Definition 2.1.15. Let p a semimodular and f;, f € L,. We say that f; is modular convergent to f
if p (a(f — f;)) — 0 for some o > 0 and it is denoted f; 2 f.

In virtue of Lemma 2.1.11 norm convergence implies modular convergence, and by Definition
2.1.15 modular convergence is weaker than norm convergence. However, in some cases both kind
of convergence are equivalent.

Lemma 2.1.16. Let f; € L,, then modular convergence and norm convergence are equivalent if
and only if p(f;) — 0 implies p(2f;) — 0.

Proof. Suppose that convergence and modular convergence are equivalent. Let p(f;) — 0, there-

fore, by hypothesis H f; H ;. — 0, we conclude by 2.1.11 that p(af;) — 0 for all a > 0, particularly
P

p(2f;) — 0. On the other hand, assume p(f;) — 0 implies p(2f;) — 0 fix @ > 0 and consider
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28 > o for k € N. Applying repeatedly the hypothesis we get p(2¥ f;) — 0 as j — co. Hence, by
(2-4)

<plaf) =p ( 2"172) 2k0(2’“fj) — 0, as j — oo,
thus, by Lemma 2.1.11 we get the desired result. [

If one of the conditions in the theorem above is satisfied, we say the modular p has the weak A,
condition.

Corollary 2.1.17. Let p be a semimodular that has the weak A, condition. Then for every ¢ there
exists 0 > 0 such that|| ||, < e whenever p(f) <¢.

The following results ensures the mutual boundedness of p and||-|, .
Lemma 2.1.18. Let p be a left continuous semimodular. Then

(1) £, < Vifand only if p(f) < 1,

(2) If p is continuous, then || f|, < 1if and only if p(f) < 1 and|f|, = 1is equivalent to
p(f) =1

Proof. Let us assume that p(f) < 1, therefore | f||, < 1 by definition of |-, . If|| f[|; < 1 then
p (f/a) < 1forall o = 1. Since p is left-continuous and 1/a < 1 we have p( f )< 1. On the other

hand, let p be a continuous semimodular and ||-|[; < 1; then there exists|| f||, < a <1 such that
p (f/a) < 1. By (2-4) we obtain

p(f)<p(ozi) <oz,0(i) <a<l.
o o

If p(f) < 1, we can write by the continuity of p, lim, plaf) = p(f) < 1. Thenexistsay > 1
a—1

such that p(yf) < 1, which yields || f||; < 1/7 < 1 by the definition of norm. The equivalence
between||f||;, = 1and p(f) = 1 follows by the cases (1) and (2). O

In the next chapters we shall need to prove norm inequalities in RBV ,(([a, b]) by using the next
lemma.

Lemma 2.1.19. Given a left continuous semimodular p and f € L, we have
(1) I \[fll, < 1then p(f) <[l

@) if |1, > Lhenl|f],, < p(f)

(3) 1fll,, < p(f) + 1.
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Proof. By the homogeneity of ||||Lp we get Hf/||f||Lp

that p (f/||f||Lp) < 1. In view of (2-3)

= 1 and by Lemma 2.1.18 it follows
Ly

i f
T = T \1,
rumf”’<pgﬂm><

which implies p(f) <[/ f||;,- Suppose that|| f[|; > 1; then by definition of norm we get p (f/a) >
1for1 < a <[|f|,. Hence by (2-4)

1<p(i)<—Mﬁ,

a «
then a < p(f). Since « is arbitrary we conclude that|| f[|, < p(f). Part (3) is immediate. O

Finally, to end this chapter we show the norm topology generated by the Amemiya and Luxemburg
functionals coincide, namely:

Theorem 2.1.20. Let p be a convex semimodular. Then || f|| is a seminorm and

Il < W fllz, < 20171z, , (2-6)

forevery f e L,

Proof. Clearly, by the definition of || - ||, we get || f[|z, = O forall f € L,. In order to prove the
triangle inequality, first observe that

I, = inf{%(l + p(kf)) : k> 0} = inf{u (1+p(f/u) - u> 0}.

Now, consider ¢ > 0 and f,g € L,. Then, the definition of the Amemiya norm guarantees that
there exist u, v > 0 such that

igllz, +¢

||f|/;p te - p(f/u):; — 1> p(g/v).

Hence, by the convexity of p we get
f+yg u f vog u f v g
P( =p -+ —) s pl\— |+ 128 W
U+ v u+vu u+tovv u+v U U+ v v
_ v (um@+e_l>+ v (mn%+s_1>
U+ v U U+ v v

_ Az, +llgllz, +2¢ )
u+v )

Therefore
If+alle, <Wfllz, + llgllz, + 2,
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and, since € > 0 is arbitrary we have

If =+ gllz, < U fllz, + lgllz,-

Arguing like in Lemma 2.1.10 we see that || f ||z, =]/ || f||z,. To prove (2-6), let us observe that
p(f) > 1implies|| f[|; > 1 and by 2.1.19-(2) we get||f||, < p(f). According to this, we first
assume that p (f/u) > 1. Hence

-9,
u<1+p(§)) > £l

Now, if p(f/u) < 1 we know by 2.1.19 that || f /ul| < p (f/u), and so

£, < <1 o (5)) ,

therefore, we conclude || f||;, < || f[|r,. On the other hand, let us take u = || f[|, + ¢, fore > 0.
Then p ( f/ u) < 1, in consequence we have

u <1+p(§)> <20 =2 ], +22,

hence, || f|1, < 2| f[l;, + 2. Since & > 0 is arbitrary we conclude that || f[|z, < 2[[f],, - O

f

1
L=l

and so



3 Riesz bounded variation spaces with variable
exponent

In this chapter we introduce variable exponent bounded variation spaces in the Riesz sense, we
prove some embedding results and finally we show that a type of Riesz representation lemma is
valid in the newly introduced spaces.

Let us start by defining the so-called variable Lebesgue spaces. The basics on such spaces may
be found in the monographs [20, 22]. From now and on, by an exponent function we mean a
measurable function p : I —> [1,00]. For I < R we set p; = esssup,.;p(z) and p; :=
essinf,e; p(z); we use the abbreviations p™ = pf and p~ = p;. We define (1) as the set of all
exponent functions such that p™ < oo.

Throughout the text we use the symbol @ < (3 to mean that there exists a constant C' such that
a< Cp. Ifa < B and f < «then we write o = f3.

For a real-valued measurable function ¢ : [ — R we define the modular o,y by

() = [ lole)P® da

and the Luxemburg-Nakano norm by

. i
el .y = inf {A >0 oy (X) < 1} : (3-1)

Definition 3.0.1. Let p € &?(I). The variable Lebesgue space Ly.y(I) is introduced as the set of
all real-valued measurable functions ¢ : I — R for which the modular is finite, i.e. 0,()(¢) < c0.
Equipped with the Luxemburg-Nakano norm (5-2) this is a Banach space.

We need to impose some regularity in the variable exponent in order to have some “fruitful”” theory
(e.g. the boundedness of the maximal operator).

Definition 3.0.2. A function p : I — R is said to be log-Holder continuous or satisfy the Dini-
Lipschitz condition on [ if there exists a positive constant C',, such that

CVln
Ip(z) — ply)| < ma (3-2)

for all 2,y € I such that |z — y| < 1/2. We will write p € P'°¢(]) when p is log-Holder continuous
andpe Z(I).
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We will need the following embedding result. (see e.g., [20, 22])
Theorem 3.0.3. Let p,q e Z(I), p(z) < q(x), x € [a,b]. Then
Lyy[a,b] < Lyya, b]. (3-3)
The following lemma is adapted from a more general result, see e.g. [22, 21].
Lemma 3.0.4. Let p € P°¢([). Then
117 < ¢ (3-4)
for some constant C' > 0 and every interval I < R.

Proof. Since p; — p; < 0, we find that|I|p;7pf+ < 1 for every [ satisfying || > 1/4. If|I| < 1/4
and x,y € I, we estimate as follows

7 — i | log |%| < log |%| Ip(z) — p(y)]
log (1/\]!)
™ log (1/]z —yl)
- log (1/\]!)

~ log (1/\]])
<1,

which implies (3-4). ]

Let us state the following lemma which is tailored for our purposes, it is already known in a slightly
different formulation, see [23, 21].

Lemma 3.0.5. Let [a,b] = R be a finite interval. Then if p € P°¢([a, b])

1 b p(z) 1 b
(HJ | f(v) dy) < HJ 1F ()P dy + 1 (3-5)

forall x e [a,b) and | [, qas) <1

Proof. For the sake of simplicity let us denote / = [a, b] and as usual |/| = b — a. We define the
radius of I by r =|I| /2. The proof is divided in two cases.
Case 1: r > 1/2. We estimate as follow

(4 [1swran)™ [m o 1)
(|I\ ! +1)p(x)

<| 1/2 2] + )p+
—C(p
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Case 2: 0 < r < 1/2. Observe that|/| < 1. In virtue of Lemma 2.1.19 we get following estimate

1 2
3| U ey <3 | U+ = gaon+3i<t @9

Hence, by Holder’s inequality, (3-6) and Lemma 3.0.4 we estimate as follows

) p(a) 1 N AN 7
_ d <| (= P g _ ) g
(7 [roran)™ < | (7 [1rorman) ™ (i [ oo a)
1 = p(z)/py 1 o) p(z)/pyT
= (i [rorm )™ < (i [ (s + 1) )

—p@)  p() [ p(x)/py
=U\”2Vfl—fo@W“”+®d4

—p(z) )

<l 5[5 [ (ror +2) ]
—p&l) 2
~i1 e (5 170 g+ 3in)

=2le) 4 1
<1 w“(mfmwMHWJ)
I

—
PI :PI 1
<MPfy+(mfwmmmw4)

ijlf (y) P dy + 1.

For further usage, we recall the notion of variable exponent Lebesgue sequence space (., =
E{pn}nEN given by

g{Pn} = {X = (1’1,1’2,. RN U{pn Z |I |pz < OO}

and normed using the Luxemburg norm, viz.

: X
HX“%”} = inf {)\ >0 oy <X> < 1} ,

By E by We denote the set of all x € {{p,} such that the k™ projection of x is zero for all & > m, i.e.
prk( ) = 0 for all natural & > m. See e.g., [41, 42]
Variable exponent Lebesgue sequence spaces satisfy the following Holder inequality

oe)
inyi < 2||X||€{pn}||y”€{qn} (3_7)

i=1
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where

for all 7 € N.

3.0.1. Bounded Variation in the Riesz Sense

In this section we introduce variable exponent bounded variation spaces in the Riesz sense. We
also show some function modular properties and embedding results.

Definition 3.0.6. Let IIj, ;) = {a = to <t; < ... <t, = b} be a partition of [a, b] and p an func-

tion in & ([a, b]). We define the functionals O'[( )] Vf ¢ )] : Rl 5 R, by

)|p XTj— 1)

p(-) N
U[a,b] ( ) Z t _tl 1 p(-’Ez 1) 1 )

V() = sup of (f I, b])

where IIf, ;. is a tagged partition of the interval [a,b], i.e. a partition of the interval [a, b] together
with a finite sequence of numbers zy, ..., x,_1 subject to the conditions that for each 7, t; < x; <
t;+1. We now introduce the space of bounded p(+) variation in Riesz sense as

RBV,, ([a,8]) = {f e RED: VI (1) < oo}

Lemma 3.0.7. Let p : [a,b] — |1, 90) be a function in P (I). Then Vfé;e),] is a convex pseudomod-
ular.

Proof. We have that V‘fé;l),](O) = 0, or more generally, we have that Vﬁg;l)}]( f) = 0if and only
if f = const. To see this observe that if f = const then for every partition IIj,; we have that
|f(t:) = f(ti1)] = 00 V’[’é;l))]( f) = 0. Now, we suppose that f is not constant on [a, b] then
there exist ;_; and ¢; in [a, b] such that | f(t;_1) — f(t;)
contains ¢;_; and ¢;, we obtain

[a,4] b€ @ partition of [a, b] that

‘p(wl 1)

|f(t:) P(-)
O<Z (t, —t o1 = Vi)

The property that Vﬁg;z);] (af) = Vﬁf;l))] (f) whenever || = 1 is also clear. To show the convexity of

Vﬁg'z] , we note that

la(f(t:) — f(tis1)) + (1 — a)(g(t;) — g(ti_y)) P
(ti - ti—l)p(xi—l)—l

N — . (zi-1)
< M) = flti P
(ti — ti_g)pl@i-)=1

lg(t:) — g(tiy) [Pt
(ti — ti_y)pl@i-1)=1

+(1—aw)
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which follows from the convexity of z — 2 on [0, +00) when p(z) > 1 and the definition of Vﬁf'l))].

The left-continuity follows from the fact that
NV (F) S VI ) < A VI (f)

when A < 1. n

We can now introduce a norm on the quotient space
RBV,,([a,b]) := RBV,([a,b])/C,

where C is the space of all constant functions, viz.

1B, gasp = 10F {A >0 Vi, (X <1y.

From the definition of the RBVP(.) norm we have that if

p(-) f
vy (1) <»

then
1 lrBv, . qas) < ab” (3-8)
where
Loobh<;
vV = P+
Loobh>1.
p—

3.1. Main Results

In this section we will prove our main results dealing with p(-)-bounded Riesz variation spaces.

Theorem 3.1.1. Given p,q € & ([a,b]), suppose that p(x) < q(z), x € [a,b]. Then
RBVQ(.)([CL, b]) — RBVP(.)([G, b])

Proof. Let s and p’ be defined in such a way that

1 1 1 1 1
@ 5@ v e b telel

Using the inequality (AB)P < LA + £ B and specifying A and B as

|f(t:) — f(tiz)]

1
R N , B={(t; —t;_;)*E-0,
(ti — tifl)p,(zi—l) s(zg_1) Hf”RBVq(_)([a,b])

A=
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we obtain

‘f( N A ‘P(Iiﬂ)

p(x; Z; )
(ti — tiog)Plri-0) 1||f||11z{BV1()(ab])

P ‘f( — f(t; 4 ‘Q(Ii—l) »
(_> 1] £1a(zi-1) - (_) (ti —tic1), (3-9)
0) ¢ (i~ ti 1)t ; IS oy N5/,
)

and, since VI[’CE 5] is @ convex pseudomodular, by Lemma 2.1.18 it follows that

Vp() f < (E) Vﬁg'l))] / + (Z—)) (b—a) <1
HfHRBVq()([a b)) /4 7 HfHRBVq<.)([a,b]) S/ 4+

which implies, from (3-8) and the definition of the RBV-norm, that

N

1/ lrBv, (@) SN IRBV, (0t
with the constant C' > 0 independent of f, which ends the proof. 0

Remark 3.1.2. In order to apply Lemma 2.1.16 let us show that Vp ¢ »1(f7) — Oimplies V (2 fi)—
0 for every sequence {f;} < RBV,)(|a,b]). It is clear by the 1nequa11ty

V][)cg;l)a]@fj) 2p+Vp (f]) — 0,

thus, modular and norm convergence are equivalent in RBV ) ([4,5)). On the other hand, the func-
tional oy, ; also satisfies the condition above. Let oy, 3 (7;) — O, ] — 0. Then

U{pn}(zﬂ?j) < 2p+0{pn}($j) — 0.
Which means, by Lemma 2.1.16, that oy, , has the weak A, condition.

Next, we show that the space RBV ,,(.y([a, b]) contains all Lipschitz functions and is contained in
the set of absolutely continuous functions. But, let us remember first the following concepts

Definition 3.1.3. We say that a function f : [a,b] «<— R is absolutely continuous if for every
€ > 0 there exists 6 > 0 such that the following condition is valid:

N

N
Z|f(tj) — f(tj-1)| <€ whenever Z‘tj —tj 4] <.
j=1

j=1
If f is absolutely contunuous in [a, b] we write f € AC|a, b].

Definition 3.1.4. A function f : [a,b] — R is said that satisfies a Lipchitz condition if there exists
a constant C' > 0 such that

[f(x) = Fy)l < Cle —y|.

In that case we write f € Lip|a, b].
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Theorem 3.1.5. Given p € & (|a,b]). Then and Lip(|a, b]) be the space of Lipschitz functions on
[a,b] and AC([a, b]) be the space of absolutely continuous functions in |a, b]. Then

Lip([a, b]) € RBV ,(+([a, b]) € AC([a,b]).

Proof. LetIIy, ,; be a tagged partition of [a, b] and f a Lipschitz function on [a, b] with Lipschitz
constant L. Then

‘p(xl 1) n

‘ t —1; P(ﬂ?z 1) : L (@i- 1)(1; — tz 1) p(zi—1)—p(xi—1)+1
=1 i— 1

n

1+L“§]t—m1

=1

=1+ L) (b—a),

from which we have that Vﬁf;l)}] (f) < co and therefore f € RBV ,y([a, b]).

Let us now prove that RBV ,y([a, b]) & AC([a, b]). We have that

EOEVITNIED) LDIS{URY PR

t —ti 1)17(% 1)
< 2Xllgy, ¥ ler,

<2(1+ Vi >)||Y||gn

where X = {X;}!' |, Y ={Y;}!" | and

XF:U@O—fWAM’)Q:@F%FQWi;.

]
(ti —tizy)? 0

Now from Corollary 2.1.17, for all £ > 0 we can choose > 0 such that

Y|, <
Yl
whenever §
oy (Y) = Z (ti —ti1) <9,
i=1
from which we get the desired embedding. 0

Example 3.1.6. Let us show that there exists a function f € RBV ([0, 1])\Lip([0,1]). Let
I =10,1], r = 1 and define

fiy=1" Y
(1 -1o0g(t) 0<t<1,
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and
r 0<t<1/e,
p(t) =
r+1 lle<t<l.
Then, fort = 0 fixed
£ () — f(0)]

sup ————== = sup (1 — log(t)) = o,
o<t<i |t —0| 0<t<1

so, f ¢ Lip([0, 1]). On the other hand observe that f'(t) = —log(t) for 0 < t < 1. Thus, by Riesz
Theorem (1-4) we have

1/e ©
[0,.1/6](-}() = j (—log(t))" dt = j te”tdt < T(r +1) < oo.

0 1

Now, let 117,y = {1/e = to,--- ,t, = 1} be a tagged partition of [1/e,1]. Since f'(t) =
—log(t) <1 for 1/e <t < 1, we estimate as follows

Zn}(\f(t;):f(%—lﬂ) B (t; —tj-1)

ot (£ i)

tj—l
n 1 t Tj—1+1
=, (TJ (—log(t)) dt) (t; —tj-1)
j=1 J J—1 Jt; 4
= e—1
<Dt —tjm1) = < 00.
im €
Since 117, . 1) is arbitrary, we get that Vﬁ%,l] (f) < . So,

VEL() < VI () + VI () < oo,

we conclude that f € RBV ([0, 1]).
Now, we prove the completeness of the space RBV ,(y([a, b]).
Theorem 3.1.7. The space RBV ,.y([a, b]) is a Banach space.

Proof. Let { f,,},..y be a Cauchy sequence in RBV ,,y([a, b]), i.e.

meN

— 0.
m,n—00

||fm - fn ||RBVP(.)([a,b])

We take the representantive of each equivalence class using the rule that f,,(a) = 0 for all m € N,
from which we get

@) = Fu@)] = [ (@) = ful@) = (fnla) = ful@))].
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Let H?T} be any tagged partition that contains the point x. We have

N

|(fm_fn)(ti)_(fm_fn)(ti—1)| e
> ; (=)0 < 20Xl (Y[,
i=1 (ti — i) 7@ " "

from which we get
@) = Fa@)] < 2Xgy Yl

where
Xi _ ‘(fm - fn)(tz) - (fm 1_ fn)(tifl)‘, Y; _ (ti . tifl)m.

(ti —tiq)7 1)

Since

o | fon = f) (6) = (i = So) (tia) [P
O'{pj}(X) = ; (t’L o tiil)p(xi_l)—l

< VI (= f)

we get that

since Vl[)é,'l)v] (fn — fn) — 0 due to the fact that|| f,,, — anRBVp(_)([a,b]) — 0 and Proposi-

tion 2.1.16. From the same Proposition 2.1.16 we get that||X||4v T 0 due to (3-10) which
P m,n—00

implies that { f,,(z) }%N is a Cauchy sequence in R and we take f(x) := lim,, o f, (). Therefore,

for a fixed tagged partition Hfa,b] , we have

s (f = i) 0. m— oo

Thus, || f — fm”Rva(_) ([at]) 0 whenever m is sufficiently large. From we get that f — f,,, €
RBV,,([a,b]) which implies that f € RBV,.)([a,b]) due to the vector space structure of the
space. Moreover,

I/ leBv, (@ = lfmllgBv, (asn| <1 = fmllrsvy, (oo -

A famous result regarding bounded variation functions in the Riesz sense is the celebrated Riesz
representation lemma, which connects the Riesz semi-norm with the LP-norm of the derivative
of the function. A similar phenomenon happens in the variable case, although now the relation
obtained is equivalence of norms.



24 3 Riesz bounded variation spaces with variable exponent

Theorem 3.1.8. Let p € P'°8([a, b]). If f is an absolutely continuous function on |a,b| and f' €
Lyy([a,b]) then f € RBV py((a)). Furthermore we have

Proof. LetHfIHLp(_)([@b]) Land ITf, ) = {ti1 < @4 ti} be a tagged partition of [a, b]. Since
f is an absolutely continuous functlon on |a, b] we have

p(xi—1)

p{zi—1) 1 b
(ti—tia) =1 5 f f(t)dt (ti — tiz1)

‘f(ti) — f(ti-1)

ti —ti i — lim1
ti—1
N p(zi-1)
< J | f/(t)| dt (ti —ti1)
t; —ti 1
tioa
t;
< J P OFY dt+1 | (=t )
t; —ti 1

ti—1

f LFOF" dt + (1 — i),

2N

where the second inequality is due to Lemma 3.0.5. Hence

n ‘p(le) (t
p
Z t_tl m)l NZJ\f ) dt+b—a
=1 ’ thzl
§Qp(.)(f,)+b—a
<1

~ 9

since op()(f") < 1 by Lemma 2.1.19. Then, we have proved

op()(f') <1 implies Vﬁg;g](f)

N

C;
therefore by (3-8) we get

[ ——ed
and by homogeneity of the norm we conclude

| llesv, qoan < C I

which ends the proof. [

Lp(y([a:0])
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Theorem 3.1.9. Let f € RBV ,(.\(|a,b]) and assume p € Cla,b]. Then f' € L, ([a,b]) and

b

VIO (f) = f\f’(t)\p(” dt. (3-11)

Then we have that

HfI”Lp(_)([a,b]) S llrBv, a0 - (3-12)

Proof. By Theorem 3.1.5 we have that RBV ,(([a, b]) € AC([a, b]), from which exists [’ almost

everywhere on the interval [a,b]. Consider IT¥ = {a =top <lip < - <lpp= b} a tagged
partition of [a,b] where ¢ ,, < ;,, < t;11,, and

1 -1
tom = tin=a+—(b—1),  ty 1n=0+——(b—a),tun = b.
n
We define a function F;, by
liv1,n) — ftin
f( +1 n) f( ’ ) , ti’n < t < ti+17n,
Fn(t) = ti+1,n - ti,n

0 for t =0,

and observe that F},(t) —— |f’(t)| a.e. For any partition I, ) = {a = to--- ,t, = b} of [a,]]
n—ao0
We set

pat) =] : J p(x) dwxp .1 (1),

St —ticn Ji,
then, since p(-) € L®[a,b], we have that p,(t) —— p(t¢) a.e by the Lebesgue differentiation
n—ao0

theorem. Further, by the mean value theorem for integrals, there exists x; € [t; 1, t;] such that

e = [ pwar

ti—tio1 Jy,_,
Hence by Fatou’s Lemma we estimate as follows

b b
ﬁf/(t)!p(t) dt < lim infﬁpﬂ(t”pn(ﬂ dt

a

(tig1n — tin)PE)=1

n . _ . p(%)
= lim inf Z }f(?ﬂ’”) f(tm)|
" i=1

n p(zi)
< sup |f(tivin) — ftin)]

(= (ti+1,n - ti,n)p(m)il
<VIOL(f).

Inequality (3-12) is a consequence of (3-11) and the definition of norm.
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Remark 3.1.10. Given p,q € P°%([a,b]), 1 < p(z) < q(z), the embedding result 3.1.1 is a
straightforward consequence of results 3.0.3, 3.1.8 and 3.1.9.

||f||RBVp(.)([a,b]) S HfIHLp(_)([a,b]) < HfIHLq(_)([a,b]) S ||fHRBVq(.)([a7b])'



4 Nemytskii operator in Riesz bounded
variation spaces with variable exponent

4.1. Nemytskii operator

In this section we will give a result regarding the Nemytskii operator, but we first need to show
that the space RBV ) is in fact a Banach algebra. To show this we will rely on the so-called
Orlicz-Maligranda criterion. First, we introduce the concept of Banach algebra.

Definition 4.1.1. An algebra A is a complex vector space endowed with a multiplication operation,
and, moreover:

(1) flg-h) = (f-9)h;

@) (f+9).h=fh+gh
3) a(f.9) = (af).g:

where f,g,h € X and o € C.

Definition 4.1.2. Let A be an algebra. An algebranormon A isamap |-|| —> R such that (X, [|-||)
is a normed space, and, further:

If-gll </l fr9e X

The normed algebra (X, ||-||) is a Banach algebra if |- is a complete norm.

Proposition 4.1.3 (Orlicz-Maligranda Criterion [34]). Let (X,||||) be a Banach space whose ele-
ments are bounded functions, which under pointwise multiplication|| fg|| <||f|l,llgll +1I /19l -
forall f,ge X. Then (X, || - ||) equipped with the norm || f|| =1 f||., +||f|| is a Banach algebra.

Proof. Since |||, and”'”Rva(_)[a ) are norms, we have that || - [| is a norm on X. Let f,g € X.
/|| and ||-||, are complete norms.

Further, || - || is a complete norm on X due to |

ILF-gll =11f-all +17-glle <UFlgll + 17 Mgl +11F s l19llo
<Iflloollgll + A MNgllee + 1AMl + 1A 1o g llos
= (1A +11£1l0) Ulgll +lglle) = NNl
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We now obtain the key inequality for showing that RBV ,(, is in fact a Banach algebra.

Theorem 4.1.4. Let p e P ([a,b]), and f,g € RBV ,|a,b]. Then

HngRBV o0 [a,b] ||fH ”gHRBV o0 [a,b] + ||f||RBV (o a.b] ||9H 4-1)

Proof. Since the functions f and g are bounded, for simplicity we will write Ay = | f| .., A2 = |9/,
and A = A1 l9lrpy, jp) + A2 flRBV, 0 Let 11" be a tagged partition of [, b] .Then

n (zj-1)
) fg)( ‘p '
Uﬁl’b] ( ) Z‘ p(zj-1) (t —tj_ 1)p(% V-1

(1)
[l t5) = £(ti0)] + 2 lo(e) — gt
\p(zj-1) (t]. _ tjil)p(xjfl)fl

)

—_

<

p(xj—1)

" A fleev ‘f(t‘) — [t ’—1)‘
< () J J ti —ti_
,Zl A ||f||Rva(.) (tj - tj—l) ( b 1)
) p(zj-1) )
Z A1 ||gHRBV () ‘g(tj) — g(tj—l)‘ (t< — ¢ 1) \
J -

Hg”RBVP(.) (tj - tjfl)
_ A2 | flrBv,,, () ( f H) n A lglrBy,. p(-) ( 9 I

o o )
A L) ||f||Rva(_) A o) Hg”RBVp(.)
< A2 Hf”RBVp(_) Vp(.) f n A ”gHRBVp(.) Vp(.) g
A L] HfHRBV,,(_) A ot ”gHRBVp()
- A2 Hf”Rva(_) A1 ”gHRBVp(.) B
h A A -

where we used the convexity of the function x — 2P, p > 1. Since the obtained inequality holds
for any tagged partition II7 . the result follows by definition of the norm IE HRBVP(_). O

From the Orlicz-Maligranda Criterion and the previous estimate we immediately obtain.

Corollary 4.1.5. Given p € #([a,b]). Then (RBV ,)[a,b], || - [[rBV,,) is 2 Banach algebra

where || - lasv,y, = [l + Hmav. ., -
For further usage, we define the subspace RBVp( yLa, b] by
RBVP()[ b] = {ue RBVg(,)[a,b] : ua) = 0}.

Observe that RBVg(,)[a, b] is a normed space with the norm H-||RBVP(_) Moreover, it is a Banach
space. The following result states that RBV ,.y[a, b]" is continuously embedded in Ly[a, b].
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Lemma 4.1.6. Let us assume that p € & (|a,b|). Then
RBV,[a,b] — Ly|a,b].

Proof. Letu € RBV, [a,b]. Assume that||u|ggy, , # 0. and let us consider

E= {te(a,b])' @l t_a}.

' HUHRBVP(.) " b-a

Given ¢t € (a,t], we observe that ¢ : © —> ¢(x)/x is and increasing function on (0, c0) where
o(x) = aP forp = 1,z € [0, 00]. Then
Lo

b—a h (t - a)Hu”RBVp(.)

Y

yields

p(to)
1\ [ulpy,,, (#0) 4@ /sy,
b—a T ul(t)] (t — a)plto)—1 '
Thus, by Lemma 2.1.18

p(to)
1\ Lt (|U(t) — u(a)| /HuHRBVp(.))
lu(t)| < A HUHRBVP(.) (t — a)p(to)-1

-1 . u
< -a+ 1" ulpsy,, Vi <m> <llullppy,,
p(-)

(4-2)

Now, consider ¢, € (a, b])\F and t, € (a, t]. Then

u®  tza _

HUHRBVP(.) b b —a

And, since ¢(x) = 2P, p > 1, is a convex function

t t
<u(t)|/uRva(_)>p( v _t-a (u(t)/uIRBv,,<_)>p( ’

b—a “b—a t—a

1 (0~ w@) s, )

b—a (t — a)rlto)—1

< 1 V][Dé.l))] u < 1 '
b—a ’ HUHRBVP(.) b—a

Therefore

1—1 _
lu(t)| < (b—a) /p(tO)HuHRBVp(.) <(b-a+ 1)1 1p+ HUHRBVP(_) . (4-3)
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Hence, by (4-2) and (4-3) we have

u(®)| =lu(@)| xe(t) +[u®)] X@me(t)
< HUXEHRBVP(.) +H“X(a7b]\E”RBVP(_) 3 ||u||RBVp(_) ;
for all ¢ € (a, b], which implies ||u|, < Hu||RBVp(_). ]

Remark 4.1.7. Under the hypothesis of the Lemma above we see that ||-|| rBv ., [a,) and||- ||RBVP(_) [a.]
are equivalent norms. That is;

R
for all u € RBV?,(.)[a, bl.

Definition 4.1.8. Given / < R a close interval. We say that a function f : [ x R — [ is a
Caratheodory function if :

(1) f(-,x) is a Lebesgue measurable function for all z € R;
(2) f(t,-) is a continuous function a.c in R for all ¢ € I.
We now introduce the Nemytskii operator, also known as the superposition operator.

Definition 4.1.9 (Nemytskii operator). Let f : I x R — [ be a Caratheodory function. The
operator FYy, defined by (Frp)(t) = f(t,¢(t)), forallt € I and ¢ : I — R, is called the
Nemytskii operator based on f.

We need one more definition before stating and proving the main result of this chapter.

Definition 4.1.10. We say that an operator 7" : X — Y, where X and Y are normed spaces, is
globally Lipschitz if there exists a global constant C' such that

|Txy — Taa|ly <llz1 — 22|y

for all x1,z9 € X.

4.2. Main Results

We characterize the Nemytskii operator whenever it acts between variable Riesz bounded variation
spaces, namely:

Theorem 4.2.1. Given p € P'°%([a, b]) and q € P([a, b)), suppose that q(x) < p(z). The Nemytskii
operator Fy maps RBVg(,)[a, b into RBVS(_)[CL, bl and is globally Lipschitz if and only if there
are functions g, h € RBVS(.)[a, b| such that

f(t.y) =gy +n(t), telabd], yeR.
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Proof. (=) Lety € R. Define ug : |a,b] — R,t > uy(t) = y and
Fy : RBV,y[a,b] — RBV,[a,b], uo — Ff(uo)

with F(uo)(t) = f(t,y). Thenz — f(x,y) € RBVO()[a, b], for all y € R, from which it follows
that x — f(z,y) € ACla,b]. Lett,t' € [a,b], t <, y1,y2, ¥}, ys € R. Let us define uy, us by

Yi a<s<t,

Yi — Vi
s — u;(s) = tZ’—t (s—t)+y t<s<t,
v, ' <s<b,

from which it follows that u; € AC|a, b], i = 1,2. Moreover we have that the function u; — us :
[a,b] — R is given by

Y1 — Y2 a<s<t,
!/ _ !/

(Ul —UQ)(S) _ Y1 ylt/ (3~t/2 y2) (S —t) + Yy — Yo t<s< tl,
Y — Yo ' <s<b.

Since u; — uy € AClJa, b], it is differentiable almost everywhere and

0 a<s<t,

/I _ !/
(=) () = S W)y ooy
0 t'<s<b.

By Theorem 3.0.3 we get

H(U1 - UZ)IHLP(.)([G,,Z)]) g H(ul o uz)/HLp+([a’b])
A ' pt o
Y1 _thIt?iQ — U ds

t

1
1 pT\ ot
-ty — .
|t’—t|p+ 1

By Riesz Theorem 3.1.8 we have that

1
v =95+ =yl "
|l — U2||RBVP(.)[a,b] S < (¢ —t)p*- 1 '
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By hypothesis we have that F'(u1), F(uz) and Fy(u1) — F¢(uz) belong to the space RBV (y[a, b]
where Fy(u;) : [a,b] — R, s — Fr(u;)(s) = f(s,u;(s)) and

f(suyi) a<5<t7

Yi — Vi
Fou) = 41 (s 5060 4u) res<r,
f(s,9) t'<s<b

We consider the partition IT = {a < t < t' < b} and £ € [t, '], then

a(€)

|(Fy(ur) = Fy(u)) (#) = (Fylu) = Fy(ua)) (2)
(t — t)‘l(f)*l

a() Fy(ur) — Fy(us)
~ st v V| Ty

< |[Fy(w)
= Fy(u2)| gy o0 lab]

< HFf Ul Ff Uz HRBV a([ab]

< Jlua - U2||qR(f3vp()[a R

That is

a(€)

) G

AW y) = S W) = F ) + )" (= sh+ =l
(tr — )1 < =ty " ‘

Lety; =w + 2,y = w, y1 = 2,y2 = 0. Then f(t',w + 2) — f(t',w) + f(¢,0) — f(t,z) =0, By
the continuity of f(-, x) we obtain,

f(t7w+z)_f(t70) = (f(t,w)—f(t,())) + (f(th)_f(t70))'

Let P,(-) := f(t,) — f(t,0), which yields that P,(w + 2z) = P,(w) + Py(z). Since Py(-) is
continuous, so the Cauchy functional equation is satisfied and its unique continuous solution is
given by P,(y) = g(t)y with ¢ : [a,b] — R. Let us now define the function A

h:la,b] — R,t — h(t) = f(t,0),
therefore b € RBV,[a,b] and f(t,y) = g(t)y + h(t). Since
Ft,1) = £(£,0) = (R(1) + f(£,0)) = f(t,0) = g(t)

for ¢ € [a, b], we conclude that g € RBVS(,) [a, b].

(<) Letg,he RBVq( yla, b] be such that f(t,y) = g(t)y + h(t). The Nemytskii operator in this
case is given by Fy(u)(t) = f(t,u(t)) = g(t)u(t) + h(t). By Theorem 3.1.1, Remark 4.1.7, and,
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since RBV&.) |a, b] is a Banach algebra we have

IFs(wlrBv,, = llg- v+ hllrev,,
< |g-ullrBv,, + [IAllrBV,
< llgllrBv,, lullrBV,, + I2]RBV,
<

lgllrBv, lullrBV, , + [AlRBV,. <]

which implies that F : RBVg(.)[a, b] — RBVg(,) [a,b]. To show that F; satisfies a Lipschitz
global condition, let us take uq, us € RBVg(.)[a, b]. Again, by Theorem 3.1.1 and Remark 4.1.7
we estimate as follows

[ Fy(u1) — Fy(ug)llrBv,., = If (- u1) = (- u2) [lmBV,
= [lg (w1 — u2) H\RBvq(.)
< llgllrBv,, llur — wollrBv,

g H|ul - u2H|RBVp(.)'

]

The next result shows that a globally Lipschitz Nemytskii operator acting between Riesz bounded
variation spaces is constant when the exponent of the target space is essentially bigger than the
exponent from the domain space, namely:

Theorem 4.2.2. Given p € P%([a,b]), suppose that ¢ € P([a,b]) and 1 < p, < q(t) for all
€ la,b). If the Nemytskii operator Fy maps RBV py|a,b] into RBV yy|a,b] and is globally
Lipschitz, then the function f satisfies the condition f(t,z) = f(t,0) fort € [a,b] and x € R.

Proof. There exists a global constant C' such that
HFf(ul — Fy(uy HRBV o lab ]S Clluy — U2HRBV,,<_)[a,b] ;w1 uz € RBVp(pap)-

Let t,to € [a,b] with t, < t. By the definition of RBV (,[a, b]-norm and the global Lipchitz
condition over F' we obtain

£t ur () = f(t,ua(t)) — f(to, ua(to)) + flto, ua(to))]"”
(t — to)a)—1

q() FU1 - FUQ
<||Fuy — FU2HRBV a(o[a:b] V <||Fu1 FUZHRBvq(_)[a,b])

<|[Pur = Fus kv, oy -

S Hul - u2H;I{BVp(.) °
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Now we define

1 a < T < to,
a(t) = —ﬁ to <71 <t
0 t<7<0b.
By Riesz Theorem 3.1.8 and Theorem 3.0.3 we obtain
!
HOéHRBVp(.)[a,b] S ||O[ HLP(.)[G,,I)]
/
<l (4-5)

= Ot — o) .
For a given = € R we define the functions u;, u, € RBV,,([a, b] by
w (1) =2, wu(r)=a(r)z, 7€la,b.
Again by Theorems 3.1.8, 3.0.3 and (4-5) we get

|ug — ugHRBVp<_)[a7b] < ||(w — uQ)IHLP(.)[a,b]

< || - UQ)IHLZ,,+ [a,b] (4-6)
— Cla(t —to)7

hence, substituting (4-6) into (4-4) we obtain
a®)
[F(t0) = F(E,0)11 < Cle|®@]t — o]+ .

Letting t, — t we conclude that f(¢,z) = f(t,0), since % —-1>0. O



5 Linear functionals on variable exponent
Bochner-Lebesgue spaces

In this chapter we introduce the variable exponent Riesz bounded variation spaces over vector mea-
sures RBV ([a, bl, B*) and give a general characterization of the dual space of the variable
exponent Bochner-Lebesgue spaces L. ([a, b], B) without further assumptions on the Banach
space B by means of the Bartle integral.

5.1. Vector valued measures and Bochner integral

By B we will denote a Banach space and by B* its topological dual space. A mapping G : % —
B, where .% is a field of subsets of a set €2, is called a vector measure if whenever E|, E5 are disjoint
elements of .7 then G(E; U Fy) = G(E;) + G(E»). If in addition G(| )", E,,) = > G(E,) in
the norm topology of B, for every sequence {F;} of mutually disjoint sets of .7, then G is called
countably additive.

The variation of a vector measure GG on a set A € .7 is the extended real number defined by

|G[(A) == sup D |G(E)]s, (5-1)
T penn
where the supremum is taken over all the finite disjoint partitions II of A by elements of .%. If
|G| (A) < w0, G will be called of bounded variation. More about vector measures can be found in
[24].

In what follows we will assume G : .# — B* and zy,--- , xy are elements of B. Let {£;} be a
finite sequence of pairwise disjoint sets on . and s = Zjvzl xjX g, be a simple function. We define

| sty = 6B

Q

For further use in our main result, we provide the definition of the integral with respect to a vector-
valued measure G; sometimes called the Bartle Integral; for a complete discussion about integra-
bility with respect to vector-valued measures see [25].
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Definition 5.1.1. Let GG be a countable additive vector measure of bounded variation. We say that
a function f : ) — B is G-integrable if there exists a Cauchy sequence {s,} of simple functions
converging in B-norm almost everywhere to f. The integral of f respect to G is defined by

n—o0

lim | s,dG =: deG.
Q Q
Since in the next section we will deal with B-valued functions, we define for the sake of complete-
ness the Bochner integral. Let 3 be the smallest o-algebra that contains .%. Let u be a real valued
measure and let (€2, 32, i) be a measure space. The Bochner integral of a simple function s, respect
to 4, is defined by
N

JS dp = Y 2;pu(E;).

Q =1
Definition 5.1.2. A function f : () — B is called p-measurable if there exists a sequence of
simple functions {s,,} such that lim,,_,||s,, — f|| 5 = 0 u-almost everywhere. It is called Bochner
integrable if there exists a sequence of simple functions {s,,} such thatlim,, ., {, ||s,— f| 5 du = 0,

de,u = lim and,u.
n—o0
Q

Q

and

5.1.1. Variable exponent spaces

Let / be a closed interval of R and £ a Lebesgue measurable set. The Lebesgue measure of £ will
be denoted by |E|. We introduce the Bochner Lebesgue spaces with variable exponent; the basics
on such spaces and variable exponent spaces may be found in [19, 20, 22].

For a B—valued measurable function f : I — B we define the modular o,y by
o) i= [ 15 @I de,
I

and the Luxemburg-Nakano norm by

: /
1f1lz,.,z.5) := inf {A > 0| op) (X <1y, (5-2)

The variable Bochner-Lebesgue space Ly (I, B) is the set of all B-valued measurable functions

f + I — B for which the modular is finite, i.e. o,.)(f) < co. Equipped with the Luxemburg-

Nakano norm (5-2) this is a Banach space.

By p € B(I) we will mean the set of functions in &([I) such that the Hardy-Littlewood maximal

operator is bounded on L,.y(I,R). By pr we denote the so called harmonic mean of p, given by
1

1 1
—=— | —dz, O0<|E| <. (5-3)
e~ B 709 .
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If p and ¢ are conjugate exponents functions (i.e. if 1/p(x) + 1/q(z) = 1), then 1/pg + 1/qp = 1.
In what follows we will denote||-|| o(1.B) 8 Il L,.,(5)- We recall that if p and g are functions in
P (I) such that p(x) < g(z) a.e. then

Lyy(I,B) <= Ly, B). (5-4)
From the definition of L,y norm we get the next result

Proposition 5.1.3. Given p an admissible functions, we have

115 < e <IFIE, - IF,
|

<o < <1
1AL < oo (5 <AL Wl =1

The following lemma is sometimes called the Fatou property of the norm.

)

Lemma 5.1.4 ([19]). Let { f,,} be a Cauchy sequence in Ly.\(I, B). Then, {f,} has subsequence
that converges in B-norm a.e.

Remark 5.1.5. Lemmas 5.1.6 and 5.1.7 below, can be stated for L,.)(I, B). The proof of those
cases do not involve any significantly change. See [20].

Lemma 5.1.6. Given a function f € Ly.y(I,R), let {f,} be a sequence in Ly.y(I,R) such that
fu 1 f almost everywhere. TheannHLp(_)(LR) — ||f||Lp(.)(I,R) :

Lemma 5.1.7. Suppose that p is an exponent function. Then the set of simple functions is dense in
Ly (I, R).

Since, for convenience it has been changed the notation of intervals and partitions in this chapter, we
redefine the notion of variable Lebesgue sequences spaces with the current notation. Let Q = {Q}
be a countable disjoint sequence of intervals and {z¢}oeo be a sequence of real numbers. Given
an exponent sequence {pg}oeo We define the variable exponent Lebesgue sequence space EPQ(') by

57 = { {waleee  op) ({7@}aeo) = 2 |zal™ <0
QeQ

and endowed with the Luxemburg norm, viz.

QeQ

For a fixed disjoint sequence of intervals Q = {@)} the variable exponent Lebesgue sequence spaces
satisfy the following Holder’s inequality

D zoual < 2|{zo}ocel| o ||[{vatqee]l a0 - (5-5)
Qeo Q Q
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where p and ¢ are conjugate exponents.

The following result can be found in [30].

Lemma 5.1.8. Let p € B(R). Then

> zoxq ~ ‘ (5-6)

0
Qe Ly (R)

for all the sequences Q = {Q} of disjoint cubes and x¢ € R.

{$Q"XQ“p(~)}

QeQ||p0)

We end this section with the following useful lemma, see [22, Corollary 4.5.9] for a proof.

Lemma 5.1.9. Let p € B(R). Then||xql|, OE) S !Q\% :

5.2. Variable exponent bounded variation in the Riesz sense

We now define p(-)-Riesz bounded variation over the set of vector measures. We shall deal from
now and on with vector measures G : B, ;) — B*, where B, ) is the Borel o-algebra restricted to
an interval [a, b]. Let Q = {@} be a finite partition of [a, b] by any kind of disjoint non-degenerate
intervals, and consider p € &[a, b]. We define the p(-)-Riesz variation of G on [a, b] by

VIO (6.5 = sup 3 ICLQLEE

1
Q Qeo Q7™

and the space of vector measures of bounded p(-) variation in the Riesz sense is introduced as

Y

RBV,(, ([a,b], B*) := {G VI(@) < oo} .
Following the ideas of Chapter 2 the next lemma can be proved with a straightforward calculation.

Lemma 5.2.1. Let p : [a,b] —> [1, ) be a measurable function. Then V?z(') is a convex pseudo
modular.

Moreover, Vf)(') is a continuous pseudo-modular. The left-continuity follows from the fact that
NV (G BY) < VIS (MG, BY) < M-V (G, B), A< 1.
Similarly the right continuity follows from

(G, BY) < VIS (MG, BY) < W VYL (G BY), A= 1.

p(:
)\p V [(l,b]

[ab

By virtue of Lemma 5.2.1 we are able to introduce a norm on the quotient space

RBV,(; ([a.b]. B*) == RBV,,([a.t]. B")/C.
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where C is the space of all constant vector measures, Vviz.

. ) G
G RBY, (0,55 = f {)‘ > 0| Vi (X> S 1} '

For other properties of RBV ,y([a, b], B*) in the case B* = R see [14, 28].

Remark 5.2.2. Due to the way the norms on RBV ) and E’é(') were defined, is not difficult to show
that ||| ggv ., and [|[[ o satisfy similar estimates as in Proposition 5.1.3.

In the sequel we will introduce another norm in the space RBV ). We start by introducing the
space )\2)(') (B), with B a Banach space.

Let @ = {Q} be a sequence of disjoint intervals in By, ;) and {z¢}geo be a sequence in 5. We
define the space )\pQ(')(B) by

Xg.) (B) = { {zo}aea : () <{$Q}QEQ> = Z ’Q‘”%QHI];Q =
QeQ

Since ¢,(.) is a convex pseudomodular, we define

T

» | 7q
H{xQ}QGQHAg')(B) =inf<A\>0: Sp(-) ({ 3 }QEQ> <1

Theorem 5.2.3. Let {x¢}geo be a sequence in )\pg(') (B) and {yg}geo be a sequence in )\qg(.) (B).
Then

2 Qlllzellsllvell 5 = [Hretecall o s | {vateeell s, - (57
QeQ

Proof. We assume without loss of generality thatH{xQ}QeQH)\é-)(B) =1 andH{yQ}QeQHAg.)(B) = 1.
By Young’s inequality and Theorem 2.1.18 we have

3 l@llaallllvolls = X 1@ feoll51Q1% el

QeQ QeQ

1 P 1 q
< (5) DRIzl + (5) 2 1Rlvelly

T QeQ T QeQ
1 1
- (), 50 (trelase) + (5) 0 (Bolene) =
+ +

and by the homogeneity of the norm ||-|| ; we conclude (5-7). O
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Definition 5.2.4. Let G € RBV ,(,([a,b], B*). We define the norm || - [|[rBv,, by

G lIRBY 100 5%) = sup >, (GQ),xq)|.
O ={Q} finite partition of
ltwalacall =t 14
QQeelln()(5)S
Given G, H vector measures and a € R, || - [|rBv,, satisfies

O [|Gllrnv,, >0 and ||Gllrnv,, = 01f and only if G(4) = 0 for all A & By
) [|G + Hlrsv,, <IGllrBv, + [HllrBV,}
) [laGlrBv,, =lal |GllrBV,,-

Proof. It is immediate by the definition of the norm that ||G||rBv,, = 0. Now, Let G(A) = 0 for
all A € B,y Then (G(A),r4) = 0 forall z4 € B; so, ||G|[rBv,.,([at,5+) = 0. On the other
hand, assume that || G ||rBv, ., ([a.5],8+) = 0. Fix Q = {A}, A € B, and take x4 € B; therefore

0= [[GllrBv, o).z = KG(A), 249 = 0.

Hence (G(A),z4) = 0. Finally, since G(A) € B* is a linear functional and x 4 is arbitrary, we
conclude that G(A) = 0 forevery A € B,4)- Properties (I) and (II) are obtained by straightforward
calculations; so, we conclude || - ||[rBv,, is @ norm over the set of vector measures G : B, 5 —
B*. 0

Lemma 5.2.5. Let Q = {Q} be a finite disjoint sequence of intervals in Br, ;) and {xo}oeo be a
finite sequence in B . Then

Y {GQ), x| < ‘HGMRBVq(.)H{xQ}QEQH)\PQ(')(B)- (5-8)
QeQ

Proof. Let{ig}oco = {$Q}QEQ/H{xQ}QeQH)\pQ(.)(B),thenH{i'Q}QeQH/\g(.)(B) _ 1. By the definition
Of H| ) ‘HRBVQ(.) we have

>, (GQ) i) < lIGllrpv,,.

QeQ
which implies (5-8). [

Theorem 5.2.6. Let G be a vector measure in RBV () ([a, b], B*). Then

IGlIrBv, ., ~IIC]nsv,, (59)
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Proof. Let Q = {()} be a finite partition of [a, b] and {z¢}geg be a finite sequence of elements in
B such that||{z¢} geol| A2 (B) S < 1. We may assume without loss of generality that||G||ggv o =L
By Theorem 5.2.3 and Lemma 2.1.19 we have

D K6(@0)] < FI6@selinell = 3 B o] e

QeQ QeQ QeQ
1G(Q)]] g
< |[{zeleeoll o) {’T‘B
QeQ )\LIQ(')(R)
G(Q :
<] IG(@)] 50 qQ 1@ |, 4] < (vfg,g]((;)ﬂ) <l
QeQ |Q‘
Since || - [|[rBv, ., is homogeneous, we deduce that
IGlIrzv,e <I1Glrsy,,- (5-10)

On the other hand, take ||G||RBVq(_) = 1 and choose z¢ € B such that

N (||G<|Q>|||B*>qm’

<KG(@)

and

IG( @)l zq]| 5 — #Q

fore > 0, where # Q is the cardinality of Q. Then, by Lemma 5.2.5 and Lemma 2.1.19 we estimate
as follows

IG@Q)ll5 IG@)llg= "
D = Y@ (T) - < Y [C(@Q). )

1
QeQ |Q|qQ QeQ QeQ

< \HG\HRBVQ(.)H{fQ}QeQHXgJ(B) < [|GllrBv,, Z 1Ql||zel[y +1
QeQ

lete |
- |Gllrav QZQ‘ AL 1) < UGlmnv,, (ViEy @) +1).
€

Since € > 0 is arbitrary, and taking te supreme over all the families of cubes Q we have

VIOG) < lIGlImBv,, (V)G + 1),

thus

1

5 S lGlleBv,»
and by the homogeneity of || - ||rBv,., we conclude

HGHRBVq(.) < GllrBv,-
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5.3.

Main Results

We now characterize the linear functionals in variable exponent Bochner-Lebesgue spaces.

Theorem 5.3.1. Let p, q € B(|a,b]) be conjugate exponent functions, and suppose p_ > 1. Then,
the mapping G — (g, from RBV () ([a, b], B*) to (Ly ([a, b], B))* defined by

b

folf) = | 146, 1 € Ly (fa.11. ) (5-11)
is a linear isomorphism, and
”gG”(LP(_)([a,b],B))* ~ HGHRBVQ(.)([a,b],B*) :
Proof. Let Q be a finite partition of [a, b] and assume||G||RBVq(_) = 1. Let
s= > 1oxq. g€ B (5-12)
QeQ
Then by Lemma 5.1.9 and Holder’s inequality (5-5) we have
b
ta(s)| =| [ 546| =| ¥, (6(@)50)| < 3 [G(@.70)
o QeQ QeQ
14 1
< D NG@QlIpellzellz = 2 IG@Ip:lQ1™ ™ [Jzq]| 5lQ17
QeQ QeQ (5-13)
|
< 2 G@IgQI% [l 5lIxell,
QeQ
L1
s|{ic@iamiarh | {lellalvalo o)
lio@tslor | o Malabeolo],
Using Proposition 2.1.19-(3) and the continuity of V’[]LEZ] we have that that
19 1
fic@igiare} | <oy ({HG(@)HBWQ | ) 1
QeQ o) QeQ (5-14)

<V (@) +1x1L
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On the other hand, using Lemma 5.1.8 we have

el alallo b oug)| ., <[ el xe
g QeQ
Ly (R)
(5-15)
= 2. zoxe
©ee Lp(y(B)
= HSHLP()(B) :
Taking (5-13)—(5-15) into account, we obtain
la(s)] < llslz, s - (5-16)
whenever s is a simple function and |G HRBvq(_) = 1. By Lemma 5.1.4, Remark 5.1.5 and Lemma

5.1.7, for any function f € L. ([a,b], B) there exists a sequence {s,} of simple functions con-
verging to f on Ly.)(B). Thus, by Lemma 5.1.6 and Definition 5.1.1 we have

G T

forall f € L, (B) and||G||RBVq(_) = 1, hence

||€G||(LP(')(B))* <L

We note that lo(f) = alg(f) forall a € Rand all f € Ly (B). ForHGHRBVq(_) # 1, take

a= 1/||G||RBVq(_) and G = aG, it follows thatHGHRBVq(.) = 1. Therefore

1
* = ~ x <1

then we have
WGH(LP(_)(B))* < HGHRBVQ(.>(B*)7

*

we conclude that (¢ is well defined on L,.,(B) and RBV  ([a, b], B*) — (Lp(.) ([a, b], B))

Now, let £ € (L ([a,b], B))*, and define G : By, ;) —> B* by

(G(P),x)y = Ll(xxp), reB, PeDBpyy.

Take Q = {P} a finite disjoint collection of sets in By, ; and observe that G is finitely additive;



44 5 Linear functionals on variable exponent Bochner-Lebesgue spaces

D KGQ),z)] = D] f(l'QXQ)‘ = | > woxe |,

QeQ QeQ

<[lell]| Y 1oroxe

QeQ

< el {llzallslPxall i, §

QeQ

Ly (B) Qe

QeQ Oe0

«

<l X lleel1Qr) + e {1/p-,1/ps),

QeQ

= ell| 2 Izl 5 xa

S| 3 el
Q

(5-17)

where 1 = sgn {(zgx). Given e > 0 and a finite sequence of non-negative numbers {bg}oeo We

can choose x¢ € B such that ||z¢|| 5 = by and

KG(Q), z)l > |G(Q)] 5+ |xel 5 —

€

Eu

where # @ is the cardinality of Q. Then, summing in both sides

>, KG(@)

QeQ
hence, by (5-17) we have

> 6@

QeQ

which implies

> 6@

QeQ

Using (5-18) and taking by = <

QeQ
Thus

1G] 5
QI

l
Qe |Q|qQ

Q) > D IG(Q) e lgls — &
QeQ

[0}

Mssbg < 0] | D 031Q1 ) +e,
QeQ

Meebo < (€] { D] b1l

QeQ

aQ
PQ .
, we obtain

1G(Q 1G(Q
2, |@|qu RLpY |@|qu

QeQ

11—«

1G(@
<[l =1

(5-18)
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Since Q is arbitrary, we get V([’é'z] (G) < 1. From the definition and the homogeneity of the norm

on RBV () we obtain that

e ——
Finally, observe that £ and £ coincide on L, (B). Take a simple function s as in (5-12), then we
estimate as follows

Us) =t X maxg | = D, L(raxe) = D, (G(Q),x) = LsdG = la(s);

QeQ QeQ QeQ

hence, ¢ = (¢ on simple functions. Therefore, by the density of simple functions on L,.,(B), we
conclude ¢ = (¢ on L,y (B) and ||¢|| = HEGH(LP(_)(B))* . O

Remark 5.3.2. We conjecture that Lemma 5.1.9 can be extended by considering a more general
measure than the Lebesgue measure, for instance an Ahlfors ()-regular measure ;. Hence, we
could define RBV ([a, b], B *) replacing the Lebesgue measure by j and state Theorem 5.3.1
with this general assumption.
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