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Title in English: Relations among Network Coding, Index Coding, and
Guessing Games: The Linear Case.

Abstract: This paper is a monograph on some relations among Network
Coding, Index Coding, and Guessing Games. We have focused on the linear
case. We present in detail the most important results. The purpose is that the
reader appreciates the profound connexions among these seemingly different
areas of Network Theory.
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Resumen: Este trabajo es una monografia sobre algunas relaciones entre
Codificacién de Redes, Codificacién de Indices y Juegos de Adivinacién. Nos
hemos enfocado en el caso lineal. Presentamos en detalle los resultados més
importantes. El propdsito es que el lector aprecie las conexiones profundas entre
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Introduction

We live in an interconnected world, where communication plays a central role. It
is not strange, then, that mathematicians and engineers have spent so much
time studying how information can be transmitted on a network. Networks are
represented by digraphs, which are one of the most well studied objects in
Mathematics. Thus, the study of some information/communication problems
can be reduced to the study of digraphs. Among these problems, the emerging
areas of Network Coding, Index Coding, and Guessing Games are of special
interest - the first two for their potential applications in communication, the last
one for its recreational appeal.

We have a network with a set of sources and a set of receivers where each
receiver requires some of the messages generated by the sources; roughly
speaking, Network Coding deals on how information should be codified using
some algebraic structure, like a finite field, and how data should be operated on
the edges of the network in order to satisfy the receivers’ demands. On the other
side, Index coding try to answer what is the minimum number of broadcast
transmissions necessary to satisfy some clients’ demands, where these clients
already have some of the information required by the other clients.

Network Coding was introduced in [1], and Index Coding in [3]; since then,
many papers has been written in these areas - some about their theoretical
aspects, some about their potential applications and some about how they can
be implemented. The theoretical aspects are of special interest for
mathematicians, since areas like Graph Theory, Linear Algebra, Matroid Theory
an Information Theory have been used to build the foundations.

Finally, we have the Guessing Games, which were introduced in [5]. The game
consist of a group of n player; we assign to each of them a number from
{1,...,s}. Each player cannot see his or her own number but is able to see the
numbers of some of the other players. The group of players wins if all of them
guess right their own numbers; they all lose if any of them guesses incorrectly.
The idea is to try to find a strategy that maximize the probability of winning.

il



iv INTRODUCTION

Although seemingly different at first sight, these areas -Network Coding, Index
Coding, and Guessing Games- are strongly connected. The present paper is a
monograph in some of the relations among Network Coding, Index Coding, and
Guessing Games, but we have focused on the linear case.

The reasons to write this monograph are the following ones. Usually papers on
these areas are written taken the engineers as audience, making them difficult to
read for mathematicians. We want to write a monograph with the usual
mathematical rigor for mathematicians with no prior knowledge in the study of
networks. Also, some of the results presented in this monograph come from
different papers, putting them in a single place gives us a better appreciation of
them and shows us how they are connected.

The prerequisites are a basic knowledge in linear algebra (operations with
matrices, vector spaces, linear transformations, the Rank-Nullity Theorem) and
abstract algebra (integers modulo n and finite fields), and the ones in Chapter 1.

In Chapter 1 we present the necessary prerequisites to read the next chapters.
We present some basic concepts and results in finite fields, linear algebra, and
graph theory. We also introduce some of the notation used throughout the work.

Chapter 2 is devoted to Network Coding. We define the concepts of network,
multiple-unicast network, network code, and solution. We explain the process of
reducing a general network into a multiple-unicast network presented in [4].

Chapter 3 is devoted to Index Coding. We define the concepts of index code and
linear index code. We present an important result concerning linear index codes
from [2]. This result plays a central role in connection with guessing games.

The last chapter, Chapter 4, is about Guessing Games. We present a detailed
exposition of some of the most important concepts and results in [5] and [7].
Among these concepts, the guessing number of a digraph is of special interest;
among these results, we highlight those that connect Guessing Games with
Network Coding and Index Coding.



Chapter

Preliminaries

1.1 Alphabets and Finite Fields

In this section, we introduce some of the notation and basic terminology we will
use throughout this monograph. We use the notation Z* for the set of the
positive integers, and [n]| for the set of the first n positive integers, that is,
[n] :={1,2,...,n}. As it is usual, F, represents the finite field with ¢ elements,
where ¢ = p™ for some prime p and positive integer m. We use the notation Z,
to represent the ring of integers modulo n.

An alphabet is a finite set with two or more elements. It is sometimes convenient
to treat an alphabet A with s elements as it were the ring Z;. The following
procedure justifies the preceding assertion: Let f be a bijection between A and
Zs, then for a,b € A, we define a & b = [ '(f(a) + f(b)) and
a®b:= Y f(a)f(b)). Clearly, A with these operations forms a ring isomorphic
to Zs. Along the same lines, if s = p™ for some prime p and positive integer m,
then A can be treated as Fym.

If A and B are two non-empty finite sets, we denote the set of all functions
r:A— Bas B4 For x € B4 and a € A, sometimes we use z, to represents
the value that takes a under x instead of z(a); moreover, we use the notation
T = (Tq)aea to represent the function z € BA. Also, if S is a non-empty subset
of A, x5 : S — B is the restriction of # € B to S; we also use the notation z|g
for this purpose when the function already has a subscript.

Also, as usual, A" := {(z1,...,2,) : x1,..., 2, € A}. If z € A", then z; is the
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ith-component of z; moreover, if J = {j1,...,jx} C [n] where j; < ... < j; and
T
T = e A",
T

then z; € A is defined as

Finally, we use M, (F) for the set of m x n matrices with coefficients in the field
F; when m = n, we simply use M, (F). If A € M,,«,(F), then A;; is the ij-entry
of A.

Lemma 1.1.1. If A € M,(F,), then dim Kernel(A) = log, | Kernel(A)]|.

Proof. If dimKernel(A) = k, then Kernel(A) is isomorphic to F}; therefore,
| Kernel(A)| = ¢* and log, | Kernel(A)| = k. O

Definition 1.1.2. Let F be a finite field. For A, B € M, (F), we say that A < B
if A;; = 0 whenever B;; = 0.

Example 1.1.3. Consider the field Fy, and the matrices
1 00 100 1 10
A=10 0 1|,B=1|1 1 1| andC= 1|0 1 1
011 1 11 011
Then, A < Band A < C, but B and C are incomparable.

1.2 Linear Algebra

Let V' be a finite vector space over the field F. It is well known that the set V*
of all linear transformation from V to F is also a vector space over F and
dimV = dim V*.

We now introduce some basic results about bilinear forms. You may find these
results in some linear algebra textbooks; we recommend [6].

Definition 1.2.1 (Bilinear Form). Let V' be a vector space over F. The function
(,):VxV — Fis a bilinear form over V if

{ax + By, 2) = afz, 2) + B{y, 2)
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and
(z, 0@ + By) = oz, 2) + B(z,y),
forall z,y,z € V and o, 5 € F.

Furthermore, if (w,v) = 0 whenever (v,w) = 0, then ( , ) is called a reflexive
bilinear form.

Definition 1.2.2 (Orthogonal Complement). Let V' be a vector space over F,
and let (, ) : V xV — F be a reflexive bilinear form over V. If W is a subspace
of V', the orthogonal complement of W is defined as

Wh={reV:{(wz)=0YweW}

It is easy to show that if W is a subspace of V, then W+ is also a subspace of V
and W C (W+)+,

Theorem 1.2.3 (Riesz Representation Theorem). Let V' be a finite vector space
over F, and let (, ) : V xV — F be a reflexive bilinear form over V' such that
V+ ={0}. For each f € V* there is a unique z € V such that f(x) = (x,z), for
allz e V.

Proof. For each v € V,  we consider the function ¢, : V — F where
() := (z,v), for all x € V. From the definition of bilinear form, it is easy to
check that ¢, € V*, for all v € V. It is also easy to check that the function

vV —V"
V> ©,

is linear and

Kernel(¢)) ={v eV :p, =0}
={veV:{(x,v)=0VreV}
=yt
= {0}.

Therefore, 1 is injective and dim¢ (V) = dimV = dimV*. Since ¥(V) is a
subspace of V*, then ¢(V) = V*, that is, ¢ is surjective.

Let f € V*. Since ® is surjective, there is z € V' such that f(z) = (z, z), for all
x € V; since 1 is injective, 2 is unique. O

Proposition 1.2.4. Let V be a finite vector space over F, and let
(,):VxV — T be a reflexive bilinear form over V. If V- = {0}, then for
every subspace W we have:
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a) dim W +dim W+ = dim V.
b) (WHE=Ww.
Proof. a) We consider the function ¢, defined in the proof of the last theorem.
It is readily seen that o,|w € W*. Let
p:V—W"
e S

We notice that p is linear and
Kernelp={v €V : p|w =0} ={v € V: (w,v) =0,Yw € W} =W+

Also, p(V) = W*. Indeed, let f € W*; since (, )|wxw is a bilinear form over
W, we can use the last theorem to obtain a z € W such that
f(z) = (z, 2)|lwxw = (x, 2), for all x € W. It is clear, then, that p(z) = f.

Using the Rank-Nullity Theorem, we obtain

dimV = dim p(V') + dim Kernel p
= dimW* + dim W+
= dim W + dim W+.

b) We know that
dim W + dim W+ = dim V.

Applying a) to W+, we obtain
dim W+ + dim(W+)* = dim V.

Using these two equalities, we have dim W = dim(W=)+. Since W C (W+)+,
then W = (W+)+.
[

The following bilinear form will be useful in the proof of Theorem 3.3.5 in Chapter
3. Let F be field. For x,y € F", we define

T oy :=T1Y1 +TaY2 + ... + TpYn.

It is readily seen that the mapping (z,y) — x e y defines a reflexive bilinear
form over F. In this case, (F")* = 0. Indeed, 0 € (F*)*, and if z € (F")+,
then z; = z e e; = 0, for all i € [n], that is, z = 0 (e; € F" is the vector whose
ith-component is 1 and whose other components are 0). By part b) of the above
proposition, W = (W), for all subspace W of F”.
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1.3 Graph Theory

Definition 1.3.1 (Digraph). The pair D = (V| E), where V' is a nonempty finite
set and E is a subset of (V x V) — {(v,v) : v € V}, is called a digraph. The
elements of V' and E are called the vertices and edges of D, respectively.

If e = (a,b) is and edge of D, we call a and b the tail and the head of e,
respectively. We use the notation tail(e) = a and head(e) = b.

Sometimes the vertices and edges of D will be denoted by V(D) and E(D),
respectively.

Definition 1.3.2. Let D = (V, E) be a digraph, and let v be a vertex of D. We
define Np(v) :={w € V: (w,v) € E} and N} (v) :={w € V : (v,w) € E}.

If we are working with a fixed digraph, we simply use N(v) and N*(v), instead
of Np(v) and N} (v).

Definition 1.3.3. Let D = (V, E) be a digraph. For every edge e = (a,b) of D,
we define
In(e) := {¢' € E : head(e’) = a}.

Also, if v € V, we define
In(v) := {¢’ € £ : head(e') = v}.

Definition 1.3.4 (Complete Digraph). The digraph D = (V, E) where V = [n]
and E = (V x V) —{(v,v) : v € V} is called the complete digraph on n vertices
and is denoted by K.

NPURVAN

Figure 1: K, Ky, K3, and Kj.

Definition 1.3.5 (Subdigraph). Let D be a digraph. A subdigraph of D is a
digraph H such that V(H) C V(D) and E(H) C E(D).

Definition 1.3.6 (Directed Cycle). The digraph C' = (V, E) is called a directed
cycle if E = {(v,v2),(v2,v3),...,(vpn,v1)}, where V. = {vy,v9,...,0,}.
Furthermore, if C' is a subdigraph of D, then C' is called a directed cycle of D.
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Definition 1.3.7 (Acyclic Digraph). A digraph is acyclic if it has no directed
cycles.

Definition 1.3.8 (Induced Subdigraph). Let D = (V| E') be a digraph. If W C V|
then D [W] := (W, Ew), where Ey = {(v,w) € W x W : (v,w) € E}, is called
the subdigraph of D induced by W.

Definition 1.3.9. For any digraph D and S C V(D), we define the digraph
D—S:=D[V(D)- 9]

Definition 1.3.10 (Disjoint Union). Let D = (V, E) and D’ = (V', E’) be two
vertex-disjoint digraphs, that is, V NV’ = () (and therefore £ N E’ = (). The
digraph DU D' = (VUV', EUFE’) is called the disjoint union between D and D'.

Definition 1.3.11. Let D = (V| E) be a digraph. We define v(D) to be the
maximum number m such that there are m pairwise vertex-disjoint directed cycles
C1,Cs, ..., C,, of D, that is, the maximum number of pairwise vertex-disjoint
directed cycles of D we can take. We define 7(D) to be the size of the smallest
subset S of V' such that D — S is acyclic, that is, the minimum number of vertices
we need to remove from D to make it acyclic.

Sometimes, like in the following definition, it is convenient to suppose that for a
given digraph D, V(D) = [n] where n is the number of vertices of D.

Definition 1.3.12 (Adjacent Matrix). Let D = ([n], E) be a digraph. The
adjacent matrix Ap of D is defined to be the n x n matrix whose ij-entry is 1 if
(1,7) € E, and 0 otherwise.

Notice that since the adjacent matrix’s entries are Os or 1s, then we can see it
as a matrix over any field. If we are working with a fixed field F, then it will
be understood that Ap € M, (F). For the rest of this section we assume that
V(D) = [n], for some n € Z*.

Definition 1.3.13. Let D be a digraph with n vertices and adjacent matrix Ap,
and let F be a finite field. We say that A € M, (F) fits D, if A; = 1 for all
1 <i<nand A;; =0 whenever (Ap);; =0 for i # j.

Definition 1.3.14. Let D be a digraph with adjacent matrix Ap, and let F, be
a finite field. We define

minrank(D, q) := ArgtinD rank A.

In the linear case, the minrank plays a central role connecting Index Coding and
Guessing Games.
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Lemma 1.3.15. Let D be a digraph with adjacent matriz Ap, and let F, be a
finite field. Then

minrank(D, ¢) = min rank(A + /) = min rank(A — I).
A<Ap A<Ap

Proof. The first equality follows directly from definitions 1.1.2 and 1.3.13. Since
A< Apiff —A < Ap, and rank B = rank(—B), it follows that

min rank(A + I) = min rank(—A + I) = min rank(A — I).
A<Ap A<Ap A<Ap

]

Definition 1.3.16. Let D = (V,E) be a digraph. We define the digraph
DT = (V,ET), which has same vertices of D and set of edges
ET := {(w,v) € V xV : (v,w) € E}. That is, DT is obtained from D by
reversing the direction of each edge of D.

Lemma 1.3.17. minrank(D, ¢) = minrank(D” q).

Proof. Clearly, A fits D iff AT fits DT; hence

minrank(D, ¢) = min rank A
A fits D
= min rankA
AT fits DT

= min rank AT
AT fits DT

= min rank A
A fits DT

= minrank(D7, q).
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Chapter

Network Coding

2.1 Introduction

Suppose you have a network (digraph). In this network there are some nodes
(vertices) called sources and some called receivers. FEach receiver demands a
message generated by one of the sources. We codify the messages using the
elements of an alphabet A. Sometimes, it is convenient that the alphabet is an
algebraic structure, for example a finite field. Information must travel from the
sources to the receivers trough the channels (edges) of the network in order to
satisfy the receivers’ demands. But just only one element from A can travel
through each channel.

Suppose that each node is just only able to replicate the data it generates or
receives from the incoming channels, and send these replications through the
outgoing channels. This scenario may cause some bottlenecks, and some
receivers may not receive their messages. As an example, consider the network
in Figure 2 called the Butterfly Network, which is the standard example to
introduce Network Coding.

Here, the receivers r; and r, demand the messages generated by the sources s;
and s,, respectively. That is, if s; generates X € A and s, generates Y € A,
then r; and ry need to receive X and Y, respectively (for all X|Y € A). Notice
that a bottleneck occurs on edge es, and therefore just only one receiver is able
to obtain its message (depending whether you send X or Y through channel ej).
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Figure 2: Butterfly Network

But Network Coding, which was introduced in [1], is a recently new paradigm
that solves the above difficulty. The key of Network Coding is that you can
operate data and not just only replicate it. To exemplify this, consider that A is
Z,. We send X through edges e; and ey, and Y through e; and es. Node a
receives X and Y, and sends X + Y through e5. See Figure 3. Since receiver rq
receives Y and X + Y, r; can recover X = (X +Y) — Y. Also, r, can recover
Y=(X+Y)-X.

The purpose of Network Coding is to determine how the nodes of the network
need to operate the data so that the receivers’ demands can be satisfied.

Figure 3
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2.2 Networks, Network Codes and Solutions

Since we want to study Network Coding from a mathematical perspective, we have
to give rigorous definitions of networks, sources, receivers, and network codes.
Readers should be aware that different papers on Network Coding define these
concepts in slightly different ways. The definitions presented here are the most
suitable for the purpose of this monograph.

Definition 2.2.1. Let D be a digraph. A vertex s of D is called a source if
N(s) = 0. On the other hand, a vertex r of D is called a receiver if N, (r) = 0.

Lemma 2.2.2. An acyclic digraph always has at least one source and one receiver.

Proof. Let D be an acyclic digraph. We will prove that D has at least one
source (the proof that D has at least one receiver is similar).

Let vy be any vertex of D. If vy is a source, we are done; otherwise, there is
v; € V(D) such that v; € N(vg) and vy ¢ {wg} since D is acyclic. If v; is a
source, we are done; otherwise, there is vo € V(D) such that vy € N(v;) and
vg & {vo,v1} since D is acyclic. This process ends since V(D) is finite; therefore,
we can always find a source. O

Definition 2.2.3 (Network). Let D be an acyclic digraph, and let 7: R — S
be a surjective function from the set of receivers R onto the set of sources S. The
pair N = (D, 1) is called a network.

A vertex of D is also called a vertex of N; likewise, an edge of D is also called
an edge of . Finally, the set of sources and the set of receivers of D will be
denoted by S(N) and R(N), respectively; by lemma 2.2.2 we know that both
S(N) and R(N') are nonempty.

According to the problem presented in the introductory section, 7(r) = s means
that the receiver r required the message generated by the source s.

Before giving a rigorous definition of a network code, we notice that Network
Coding is only necessary on edges where a bottleneck occurs. This motivates the
following definition.

Definition 2.2.4. Let A/ be a network. The set C'(N) is defined as the set of all
edges e of N such that | In(e)| > 2.

Definition 2.2.5 (Network Code). Let N be a network. A network code F over
the alphabet A is a collection of functions

fo: AP 5 g,
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one for each edge e in C(N), and functions
frr AN — A
one for each receiver r.

We will use the notation F = (fe, fr)ecow),rerovy) to denote a network code.

Definition 2.2.6 (Message assignment). Let N be a network with set of sources
S, and let A be an alphabet. A function w : S — A is called a message
assignment for the network A over the alphabet A.

A message assignment is a way of codifying the messages generated by the sources,
more precisely, the message generated by source s is represented by the element
w(s) € A. The receivers need to recover the messages they required regardless
the codification used, that is, regardless the message assignment. Obviously the
information that travels trough each edge depends on the message assignment and
the network code used. This motivates the following definitions.

Definition 2.2.7. Let N be an network, and let F = (fe, f;)eccv)rerwy) be a
network code over the alphabet A. For each edge e and each message assignment
w for the network N over the alphabet A, we define é(w) recursively as follows.

If |In(e)| = 0, that is, e = (s, v) for some source s, then é(w) := w(s).
If |In(e)| = 1, that is, In(e) = {e'} for some edge ¢/, then e(w) := ¢/(w).
If [In(e)| > 2, that is, e € C'(N), then e(w) := fe((€/(w))ecm(e))-

Finally, for each receiver r and each message assignment w for the network N
over the alphabet A, we define 7(w) := f,.((¢/(w))erctn(r))-

We notice that é(w) and 7(w) are well defined since we are working with acyclic
digraphs.

Definition 2.2.8 (Solution). Let A be a network. A network code F over an
alphabet A is a solution of N over the alphabet A, if #(w) = w(7(r)), for every
message assignment w € A W) and every receiver r.

If a solution of N over the alphabet A exists, we say that A is solvable over A.

Sometimes, it is convenient to suppose that the edges of N’ = (D, 1) are ordered,
that is, E(D) = {e1,...,en}. This order induces an order in each of the sets
In(e) and In(r). In this way, we can work with the sets A/™@Il and Al™)
instead of A™ and A™" . This changes the domains of the functions f. and f,
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of a network code. Moreover, if S(N) = {s1,82,...,s,} is ordered, we can
suppose that message assignments are elements of AF instead of AN,

Finally, if the alphabet is a finite field and the edges and sources are ordered,
then a network code F = (fe, fr)ecow)rervy is said to be linear if all the
functions f. and f,. are linear. If a linear solution of N over the finite field F
exists, we say that A is linearly solvable over F.

2.3 Multiple-Unicast Networks

Definition 2.3.1 (Multiple-Unicast Network). A network N' = (D, ) is called a
multiple-unicast network if T is bijective.

We now present a result from [4]. This result shows us how to reduce the study
of general networks to the study of multiple-unicast networks.

Theorem 2.3.2. For every network N, there is a multiple-unicast network N’
such that:

(a) If A is an alphabet, then N is solvable over A iff N' is solvable over A.

(b) IfF is finite field, then N is linearly solvable over F iff N" is linearly solvable
over .

Proof. There is nothing to prove if N is already a multiple-unicast network. If
N = (D, 7) is not a multiple-unicast network is because there are two receivers
ry and ry such that 7(r;) = 7(ry) = s; for some source s;. Consider now the
network N7 = (Dy,71) that is obtained from N by adding the gadget depicted in
Figure 4.

From now on, we will use the notation in Figure 4. Notice that this new network
has a new source sy and two new receivers r and 7o (r; and re are no longer
receivers). The message generated by sy and s; are demanded by rq and r,
respectively; that is, 71(rg) = sg and 71(r) = s;. If F is a solution to N, figure 5
depicts an extension of F that solves Nj. It is clear that if F is linear, the
extension is also linear.
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Figure 4

Figure 5

On the other hand, let F’ be a solution of AV;. We need to construct a solution
F = (fe, fo)eco\)wervy of N. We take f, := f, for each e € C'(N), where f! is
the function of F' associated to the edge e. We also take f, := f,, for each
v € RIN) — {r1,r2}, where f! is the function of F’ associated to the receiver v.
According to this, we only need to construct the decoding functions for the
receivers r; and 7.
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Let f, g, and h be the functions of F’ associated to the edge ey, the receiver r,
and the receiver rq, respectively. Let S(N;) = {so,s1,...,8k}. Since F' is

solution of N}, then for every message assignment w = (mg, my, ..., my;) € A*!
we have:

éx(w) = f(mo, e3(w)), (1
my = g(mo, éx(w)), (2
mo = h(éy(w), e7(w)) (3

From (1) and (2),
my = g(mo, f(mo, e3(w))). (4)

From (2) and (3),
my = g(h(€s(w), €7(w)), ea(w)). (5)
Observe that €3(w) and é7(w) depend only on my, ..., my and not on my. If d' is

the function of F’ associated to e3 (d’ is the identity in case that e; ¢ C(N;)),
we can see from (4) that, for a fixed mg € A, dy := g(mo, f(mo,d')) works as
decoding function for the sink r; of the network N (In the linear case, take
mo = 0, so d; is linear).

Let v = (my,...,my) € A*. For every m € A, we define

Y = (m,my, ..., my) € AF
and e} (m) := é4(Vm)-
If eZ(m) = eZ(m’), that iS, 6_4(%71) = 6_4(7171’)7 then

h(€x(ym), €7(vm)) = h(€a(ymr), €7 (),

since €7(Ym) = €7(Vm') (€7 depends only on ). By (3), m =m/. Soej : A — A
is a one-to-one function and therefore bijective (since A is finite) for every
v e AF.
We fix o € A If v = (my,...,my) € A*, there is my € A, such that
€4(Vmo) = €4(mg) = a.. From (5), it follows that m; = g(h(a, &7 (Vm,)), ). If d”
is the function of F’ associated to e; (remember that €; does not depend on

my), then dy := g(h(a,d”), a) works as decoding function for the sink 7o of the
network A (In the linear case, take o = 0, so dy is linear).

We continue adding gadgets until each receiver demands a different message. [
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Index Coding

3.1 Introduction

Index Coding, which was introduced in [3], is a relatively new area that has an
impact on how information is transmitted. In general terms, there is a group of
n clients each one demanding specific information, which is different for each
client. A broadcast source in order to satisfy the clients’ demands needs to do n
transmissions, one for each client. Broadcast means that each transmission
reaches to every client, so each client receive unnecessary information. But if
each client already knows information required by the other clients, Index
Coding tries to take advantage of this in order to reduce the number of
transmissions necessary to satisfy the clients’ demands.

We now explain how the above problem can be reduced to the study of an
appropriate digraph D. The digraph is obtained as follows. We identify the
clients with the vertices of D, where there is an edge from v to w if and only if
the client w already knows the information required by the client v.

As an example consider a group of three clients. Let x; be the information
required by the ith-client. Suppose that each x; belongs to Z,, that is, the
information required has been codified using Z,. Also, each client knows the
information of the other two clients, that is, the first client knows x5 and x3, the
second client knows z; and x3, and the third client knows z; and x,. According
to these conditions, it is clear that the associated digraph is Kj.

With three transmissions each client is able to obtain his or her information
(send z; in the ith-transmission). Nevertheless, we can do better. We can use
only one transmission. The broadcast source only needs to send x; + x9 + 3.
Since the first client knows x1 + x5 + x3, o, and x3, this client is able to recover

17
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xr1 = (21 + x9 + x3) — ¥ — x3. Similarly, the second and third client can recover
2o and x3, respectively.

It is not difficult to see that in the generalization of the above case where there

are m clients, and each client knows the information of the other clients, we still
need only one transmission.

3.2 Index Codes

In this chapter, definitions are based on paper [2]. We formalize the above problem
with the following definition.

Definition 3.2.1 (Index Code). Let D = (V, E) be a digraph, and let A be an
alphabet. An indez code C of D over A is formed by:

i) an encoding function f : AV — A for some positive integer c.

ii) a decoding function d, : A° x AN® — A, for each vertex v of D, which
satisfies d,(f(2), Zn(w)) = @, for every x € AV.

The parameter c¢ is called the length of C and denoted length(C).

An element x = (2,),e € A" can be interpreted in the following way: the element
x, is the information required by client v. The number ¢ plays the role of the
number of transmissions. Finally, the condition d,(f(z), xn@)) = @, tell us that
client v can recover x, using the information f(x) transmitted by the broadcast
channel and the information xy(, he or she already knows. Our purpose is to
minimize the number of transmissions necessary to satisfy the clients’” demands,
that is, to find the minimum ¢ such that an index code of length ¢ exists.

Definition 3.2.2 (Optimal Index Code). Let D be a digraph, and let A be and
alphabet of size s. We define

[(D,s) := min{length(C) : C is an index code of D over A}.
An index code C of D over A is optimal if length(C) = (D, s).
Since length(C) > 1, for any index code C of D over A, we have

I(D,s) > 1.
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3.3 Linear Index Codes

In the linear case, it is convenient to assume that V(D) = [n], for some n € Z*.
We maintain this assumption for the rest of this section. In this case, we
redefine the definition of an index code when the alphabet is a finite field IF.

An index code is composed then by an encoding function f : F" — F¢ where
c € 7Z*, and a decoding function d; : F¢ x FINOI — T for each i € [n], such that
di(f(z), @) = x4, Vo € F™.

Definition 3.3.1 (Linearly-encodable index codes). Let D be a digraph with n
vertices, and let F be a finite field. An index code C is called linearly-encodable

if the encoding function f is linear, that is, there is a matrix A € Miengtn(c)xn(IF)
such that f(z) = Az for all z € F™.

Definition 3.3.2 (Linearly-decodable index codes). Let D be a digraph with n
vertices, and let [F be a finite field. An index code C is called linearly-decodable if

the decoding functions f; are linear for all i € [n]. That is, for each vertex ¢ € [n],
there is a; € F'*ne®™h(©) x FINOI such that d;(x) = xea; for all x € Flensth(C) x FING)I,

Definition 3.3.3 (Linear index codes). Let D be a digraph, and let F be a finite
field. An index code C is called linear if it is linearly-encodable and linearly-
decodable.

Definition 3.3.4. Let D be a digraph, and let I, be a finite field. We define
linear (D, ¢) := min{length(C) : C is a linear index code of D over F,}.
It is clear, then, that 1 < (D, q) < linear(D, q).

We end this section with a result from [2].
Theorem 3.3.5. Let D be a digraph, and let F, be a finite field. Then
hinear (D, ¢) = minrank(D, q).
Proof. i) In the first place, we will prove that there is a linear index code of

length minrank(D, q) (therefore, lipear (D, ¢) < minrank(D, q)).

Let A be a matrix that fits D and satisfies minrank(D,q) = rank A. If
k :=rank A, let ay,...ax be k linearly independent rows of A.

We define the linear encoding function
fi

f=1:

Ji
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as follows. We set (for all j = k) fi(z) == aj e x, for all z € Fy, or
equivalently,

aj
fla):=1| : [«
ag

We know that each row A; (the ith-row of A) can be expressed as
A = 2;21 a;;a; (a;; € Fy). Therefore,

Ai0$:Zaij(ajox) :Zaijfj(x). (1)

We now define the linear decoding function for the vertex i as

di(fl(x)w"7fk(x)axv17"'>$vr . Z&Z]f] ZAszxvja
where N (i) = {vq,...,v.}.

Finally, we prove that indeed we have and index code. For this, we need to
show that d;(fi(x),..., fu(2), Ty, ..., 20,) = 23, for all i € [n] and = € F}.
Taking into consideration that A, = 0 (¢t # i), if t ¢ N (i) (since A fits D),
we have, for z € Fy,

(A —e;) oz = Z AyiTy;. (2)
j=1

From (1) and (2), it follows that

dl(fl(l’), ,fk(il')),l'vl,...,l'UT Z&ijj ZAUJ’L:U’UJ

:Aiox—(Ai—ei)oac
=e, 01

= T;.

We will proceed to prove that the length of any linear index code of D over
F, is great or equal to minrank(D, q) (therefore,
minrank(D, Q) S llinear(Dv Q))

Consider the linear index code C of length ¢ with encoding function
fi

2



3.3. LINEAR INDEX CODES 21

and decoding functions di, ..., d,.

Since f is linear, for each k € [c], there is a vector a; € F; such that
fe(x) = ap e x for all z € T} We fix ¢ € [n] and set
W :=span({aq,...,a.} U{e;: j € N(i)}).

Suppose that e; ¢ W. Since (W+)+ = W, we have e; ¢ (W+)*. So there is
y € W+ such that e; @ y # 0 and therefore

yi # 0. (3)
Since y € W+, it follows that
frly) = ar oy =0, for all k € []. (4)
Also, it follows that y e e; = 0, for all j € N (), that is,
y; =0, for all j € N(7). (5)

Since C is an index code, d;(f(z), zn@)) = i, for all € Fy. In particular,
for y and the zero vector 0 in Fy, we have di(f(y),ynw) = wi and
d;i(f(0),0n@)) = 0; = 0. But actually, from (4) and (5),

0
fy)=1:1]=r0)
0
and
0
yni = | | = Ongys
0

therefore, y; = 0, contradicting (3).

We have proved that e; € W; therefore,

(&
€, = E QA + g Bikex
k=1 kEN (i)
for some «;;’s and B;’s in ;. The vector

C
A = g QiR = €; — E Biker
1

kEN (i)
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belongs to the span of {aj,...,a.}; hence, the matrix A with rows
Ay, As, ... A, satisfies
rank A < c.

Also, A; has value 0 in components outside N(i) U {i} and 1 in the ith-
component; therefore, A fits D. Thus,

minrank(D, q) < rank A.

Combining the last two inequalities, we obtain minrank(D, q) < c.

[]

Actually, part i) of the above proof shows us how to construct a linear index
code of minimum length if we know a matrix A that fits D and such that
minrank(D, ¢) = rank A. In the case of K,

1
A=]1
1

—_ = =
—_ = =

According to part i), f(z) :=[1,1,1]T2x = 21 + x5 + x3; also,

di(f(x), z9,73) == f(x) — 12 — T3,
da(f(2), 01, 73) = f(2) — 21 — 23,
ds(f(x),z1,29) := f(x) — 21 — 2.

We also see that 1 < Z(K?MQ) < llinear(K?MQ) = minrank(Kg,q) = 1’ hence,
Z(K3>Q) = llinear(K?),Q) =1.
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Guessing Games

4.1 Introduction

Consider the following puzzle from [5]: In a group of n players, each player has a
number from {0,1,...,s — 1} (s > 2) on his forehead, selected uniformly at
random. Each player is able to see the numbers of the others but not his or her
own number. Now, each player has to guess simultanecously his or her own
number. All players win if all of them guess correctly, otherwise they lose. Is
there any strategy (no communication allow, that is, each player’s guess is a
function of the information the player already knows, in this case, the numbers
of the other players) that guarantees success with a probability higher than
(1/s)"? Find a strategy with the highest probability of winning.

Before giving a solution, we consider now a more general type of game called
guessing game, which was introduced in [5]: Let D be a digraph, and let A be
an alphabet of size s. Each vertex represents a player, and we assign to each
them a number, selected uniformly at random, from A. For each v € V(D), the
player v can only see those numbers assigned to the elements of N(v). Again, all
players win if all of them guess correctly, and we are interested in finding a
strategy with the highest probability of winning.

Notice that the puzzle corresponds to the guessing game played over the
complete graph K, with an alphabet of s elements. We present now the solution
from [5] of the above puzzle.

Since every player does not know his or her own number, then the probability of
a player to guess correctly his or her own number is 1/s. Let
z; € {0,1,...,s — 1} be the number assigned to the i-th player. Let

Yyii=—(r1+ 22+ i F i+ T 1)

23
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(where the sum is over Zj), if the i-th player guesses that z; = y; for all i € [n],
we claim that this is the best strategy players can use.

If x1 = y1, then oy + x93 + - - - + 2, = 0; therefore,
$i:—(fEl+£E2+"'+.’EZ;1+$i+1+"'+l’n71+l’n),

for all i € [n]. The above affirmation says that all players guess correctly with
this strategy if the first player guesses correctly. Moreover, it is clear that the the
first player guesses correctly with this strategy if all player guess correctly. We
conclude, then, that the probability of the first player to guess correctly is equal
to the probability of all players to guess correctly. Since the probability of the first
player to guess correctly is 1/s, the probability of all players to guess correctly is
also 1/s.

4.2 Strategies and the Guessing Number

In this and the next section, we present some definitions from [7] of concepts
related to guessing games.

Definition 4.2.1 (Configuration). Let D be a digraph, and let A be an alphabet.
A configuration is a function from V(D) to A. The set of all configuration will
be denoted by Q(D, A).

Definition 4.2.2 (Strategy). Let D be a digraph, and let A be an alphabet. A
strategy F is a collection of functions f, : AN — A, one for each vertex v of
D. The set of strategies will be denoted by S(D, A).

Configurations and strategies depend on D and A. Sometimes, the context
makes clear the digraph and the alphabet we are working with, in that case, we
use  and S, instead of Q(D,A) and S(D,.A). Also, we use the notation
F = (fv)vev(p) to express that the strategy F is formed by the functions f,,
ve V(D).

We use the following convention: if v € V(D) with N(v) = (), then f, has to be
necessarily a constant function.

Definition 4.2.3. Let D = (V, E) be a digraph, and let A be an alphabet of size
s. If F = (f,)vev is a strategy and € is the set of configurations, we define the
set of configurations fized by F as

Fix(F) :=={z € Q: f,(xn@)) = x, for all v € V'},
and the probability of success of F as

p(F) = FXT)] leéf)‘.
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Definition 4.2.4 (Guessing Number). Let D be a digraph, and let A be an
alphabet of size s. If F is a strategy, we define g(D, s, F) as the unique number

such that )

-~ glVI=9(Ds,F)?

P(F)

or equivalently
9(D, s, F) :=log, | Fix(F)|.

The number
g(D,s) := m}@xg(D, s, F) = max log, | Fix(F)],

where F runs over all strategies, is called the guessing number.

Example 4.2.5. Let D = (V, E) be a digraph, and let A be an alphabet of size
s. We define the strategy F, = (f,)vev, where o € Q, as the strategy such that
each f, is constant and takes the value o,. It is clear that Fix(F,) = {c} and,
therefore, g(D, s, F,) = 0. These strategies are called constant strategies.

Definition 4.2.6 (Optimal Strategy). Let D be a digraph, and let A be an
alphabet of size s. A strategy F is said to be optimal if g(D, s) = g(D, s, F).

4.3 Linear Strategies and the Linear Guessing
Number

Definition 4.3.1 (Linear Strategy). Let D = (V, E) be a digraph, and let F be
a finite field. A strategy F = (fy,)veyv is called a linear strategy if f, is linear for
all v € V, that is, for each v € V, there are oy, oy, ..., a;, € F, such that

fol@nw) = Qi @y, + QiyTy,) + 0o+ @ T,
for all z € Q, where N(v) = {vi,, iy, ..., 0}

Definition 4.3.2 (Linear Guessing Number). Let D be a digraph, and let F, be
a finite field. The linear guessing number is defined as

Ginear(D, q) == max g¢(D,q,F)= max logq|Fix(]:)|,

F is linear F is linear

where F runs over all linear strategies.

We have the obvious relation ginear(D, ¢) < g(D,q), when ¢ = p™ for some prime
p and positive integer m.

The following theorem is from [7]; its relation with theorem 3.3.5 is evident.
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Theorem 4.3.3. Let D = (V, E) be a digraph, and let F, be a finite field. Then
glinear(Da Q) = |V‘ - minrank(D, C])

Proof. Without loss of generality, suppose that V = [n]. In this way, the set of
configuration {2 may be treated as ;. Then, a linear solution F is a collection of
functions f;, j € [n], such that for all (x1,...,z,) € F}

n
fi(@e, .o m,) = Z%‘sz‘
i=1

with a;; = 0 whenever ¢ ¢ N(j) (remember that f; depends only on the elements
of N(j)). The matrix A = [ay;] represents the linear solution F and satisfies
A < Ap (Ap is the adjacent matrix of D). Moreover, a matrix A such that
A < Ap defines a linear strategy. Therefore,

r € Fix(F) <= Az = Iz
— A-DNzx=0
<= 1z € Kernel(A —I).
By lemma 1.1.1, we conclude that
dim Kernel(A — I) = log, | Kernel(A — I)| = log, | Fix(F)];
hence,

Giinear (D, q) = max log, | Fix(F)|

F is linear

= max dim Kernel(A — I)
A<Ap

= ﬂi}é{n —rank(A —I)}

=n — min rank(A — 1)
A<Ap
= |V| — minrank(D, q),
where the last equality follows from lemma 1.3.15. m
Corollary 4.3.4. Let D = (V, E) be a digraph, and let F, be a finite field. Then

llinear(Dv Q) + glinear(Dv Q) = |V|

4.4 Basic Results

In this section, we present some basic results about guessing games. These results
are from [7].
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Proposition 4.4.1. For any digraph D = (V, E),
0<g(D,s)<|V|-1
Proof. 1f C is a constant strategy (example 4.2.5), then

0=g(D,s,C) <g(D,s).

Let F = (f,)vev be an optimal strategy, and let w € V be a fixed vertex. If
z € Fix(F), we define T, := {2’ € Q : 2/, =z, if v # w, and 2!, # x,}; it is clear
that [T;,[ = s — 1. If 2’ € Fix(F) NT;, then f,(2ly,)) = i, (since 2’ € Fix(F))
and Ty(w) = Ty, (since 2 € T;); but since x € Fix(F), we conclude that
Tw = fu(Tnw) = fulTly,) = 2, a contradiction. So, T, C 2 — Fix(F) for all
z € Fix(F), and therefore

U 7. c-Fix(F).

z€Fix(F)

Now, for z,y € Fix(F), we prove that T,NT, = () whenever = # y. Let z € T,NT,,.
We have
Zy = Xy = Y,y if v F# w. (1)

Hence, 2y (w) = Yn(w)- Since z,y € Fix(F), then
Ty = fw(l‘N(w)) = fw(?/N(w)) = Yuw- (2)

From (1) and (2), it follows that z = y.

Hence,
(s — 1) Fix(F)| < | — Fix(F)|
s| Fix(F)| < |Q — Fix(F)| + | Fix(F)|
s| Fix(F)| < 9]
s| Fix(F)| < sV
| Fix(F)| < sIVI7L.
We conclude that g(D, s) = log, | Fix(F)| < |V]| — 1. O

Corollary 4.4.2. Let D = (V, E) be a digraph. If ¢ = p™ for some prime p and
positive integer m, then

0 < glinear(D7Q) < g(D7q> < ‘Vl - L
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Proof. 1f C is a constant strategy (and therefore linear), then

0= g(D7 q, C) S glinear(D7 Q>
The rest is obvious. L]

We want to find a relation between the guessing numbers (over an alphabet of s
elements) of H and D if H is a subdigraph of D. Without loss of generality,
suppose that the alphabet is Zs. For that purpose, we want to extend a strategy
F = (fo)vevi) € S(H,Zs,) to a strategy F € S(D,Z). Let v € Q(D,Zs). We
define 7 = (fo)uevp) by folnpw) = fol@ngw) if v € V(H), and
Jo(@np)) = 0ifv & V(H).

Also, if x € Q(H,Zs), we can extend it to =z € Q(D,Z), where z, = x, if
veV(H),and 7, :=0if v ¢ V(H).

Lemma 4.4.3. If H is a subdigraph of D, then g(H,s) < g(D, s).

Proof. Let F € S(H,Zs) be an optimal strategy. If z € Fix(F), then z € Fix(F).
Let x,y € Fix(F), since x # y implies that T # , we have

| Fix(F)| < | Fix(F)|.
Therefore,

g(H,s) = g(H,s,F) = log, | Fix(F)| < log, |Fix(F)| = g(D,s, F) < g(D,s).

[
Lemma 4.4.4. If C is a directed cycle, then g(C,s) > 1.
Proof. Take the strategy F = (id)ycv(c). It is clear that
Fix(F) = {z € Q: 3¢ € A such that z, = ¢,Vv € V(C)};
therefore, | Fix(F)| = s. So, 1 = log, | Fix(F)| = g(C, s, F) < g(C, s). O

We prove later that g(C,s) = 1if C is a directed cycle.
Lemma 4.4.5. Let D be a digraph, then g(D,s) = 0 iff D is acyclic.

Proof. =) If D is cyclic, there is a subdigraph C such that C' is a directed cycle.
Using the last two lemmas, 1 < g(C, s) < g(D, s) and therefore g(D, s) # 0.

<) If D is acyclic, without loss of generality, we can suppose that
V(D) ={1,2,...,n}; and if (i,j) € E(D), then i < j.
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Let F = (fi)icn) be a strategy and suppose that x = (;);cn) € Fix(F). Since D
is acyclic, fi = ¢ is constant (N(1) = () and therefore x; is uniquely determined
(x1 = ¢). Now, N(2) = () (f2 is constant) or N(2) = {1} (z2 = f2(z1)); in both

cases, To is uniquely determined since x; is uniquely determined. In general, we

can determine x;, uniquely after determining xq,...,z,_1. So, if Fix(F) # 0,
then |Fix(F)] = 1. Thus, g(D,s) < 0. By proposition 4.4.1, we have
g(D,s) =0. O

If F = (fo)vevp), F' = (f))vevpy € S(D, Zs), we define

F 4+ F = (fo+ [})vevp) € S(D, Zs)
by (fo + fo)(@Nn@) = fo(TN@) + for(Tn@w)), where the last sum is over Zj.
Lemma 4.4.6. For two vertex-disjoint digraphs Hi and Hs, we have

g(H1 U Ha, s) = g(Hu,s) + g(Hz, s).

Proof. Without loss of generality, we suppose that the alphabet is Z,. Since H;
and Hy are subdigraphs of the disjoint union D = H; U Hy, we can use the
notation introduced before lemma 4.4.3.

If 71 € S(Hy,Z) and F, € S(Hy, Zy), then F := F, + F, € S(H, U Hy,Z,). On
the other hand, if F € S(H; U Hs,Zs), then there are unique F; € S(Hy,Zs) and
Fy € S(Hs,Z) such that F = F, + F,. The same argument can be used for
configurations.

Let F = F, +F, and © = &) + Zo. It is clear that z € Fix(F) iff z; € Fix(F;) for
¢ = 1,2, and therefore

| Fix(F)| = | Fix(F)|| Fix(F2)]-
So,

g(Hy U Hy, s, F) = log, | Fix(F)|
= log, | Fix(F1)| + log, | Fix(F2)|
= g(HhSa'Fl) +g(H2737‘F2)'

If F = F, + F, € S(H, U Hy,7Z,) is an optimal strategy, then

g(Hl U HQ,S) = Q(Hl U H2»87]:)
= g(Hy, 8, F1) + g(Hy, 5, F3)
Sg(H175)+g(H275)'
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On the other hand, if 7, € S(Hy,Z,) and Fp € S(Ha, Z) are optimal strategies,
then for F = F; + F», we have

Q(Hhs) + 9(H275> = Q(Hb 37-F1> + Q(HQ, 37]:2)
=g(H,UH,,s,F)
S g(HIUH27S)‘

In conclusion, g(Hy U Hay, s) = g(Hy, s) + g(Ha, s). O

Lemma 4.4.7. Let Hy and Hs be two vertex-disjoint digraphs. If ¢ = p™ for
some prime p and positive integer m, then

Gtinear (H1 U Ha, q) = Glincar(H1, @) + Glincar(Ha2, q).
Proof. Similar to the proof of the above lemma. O
Lemma 4.4.8. Let D be a digraph. If H is an induced subdigraph of D, then
9(D,s) < g(H,s) + V(D) = V(H)].
Proof. 1) If V(D) —V(H)| =0, then D = H and ¢g(D, s) = g(H, s).
i) If V(D) = V(H)| = 1, let F = (fo)oevip)y € S(D,A), where A is an

alphabet with s elements, and let w be the only vertex that belongs to
V(D) - V(H).

For a € A, we define the strategy F* = (fJ)vevm) € S(H, A) as follows: for
all v € V(H) such that w ¢ Np(v), f* := f,; otherwise, for every
configuration € Q(H, A), fHxn,w) = fo(Znpw)), Where & € Q(D, A) is
the configuration defined by #,, := a and Zy (g := .

We define Fix,(F) := {z € Fix(F) : 2, = a}, so Fix(F) = [U,c4 Fixa(F),
where the union it is actually a disjoint union. Clearly, z,y € Fix,(F) with
x # y implies xy, yy € Fix(F*) with 2y # yg. We conclude that

|Fix(F)| = Y | Fixa(F)| < > [Fix(F*)].
acA acA
If FeS(D,A) and F' € S(H, A) are optimal strategies, then

g(D,S) :g<D757]:)
= log, | Fix(F)|
< log, () | Fix(F*)|)

acA
< log(s| Fix(F))
=1+ log, | Fix(F")|
=1+g(H,s).
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iii) For the general case, V(D) — V(H) = {vi,...,v,}, we define
Vi =V(H)U{vy,...,v;}. Let H; be the subdigraph of D induced by
Vi. Applying ii) consecutively, we have

g(Hy1,8)+1<g(Hpo,8)+2< ...
g(H) +n =1 < g(H) + V(D) = V(H)|.

Proposition 4.4.9. For any digraph D, v(D) < g(D,s) < 7(D).
Proof. 1f v(D) = n, then there are n disjoint cycles of D, C1,...,C,. We have
V(D) S g(Cl7s)++g(Cnas) :g(ClLJUanS) S g(Da‘S)

= m, then there is a subset S of V(D), of size m, such that
D [V(D) — 5] is acyclic. So,

g(D)<g(D—-S,s)+|V(D)=V(D—-=95)|=0+m=m.
[

Corollary 4.4.10. Let D be a digraph. If ¢ = p™ for some prime p and positive
mteger m, then I/(D) S glinear<D7 q) S g(D7 Q> S T<D>

Corollary 4.4.11. If C is a directed cycle, then g(C,s) = 1.

Proof.
1=v(C)<g(Cs)<7(C)=1.

]

4.5 The Relation between Network Coding and
Guessing Games

In [5], guessing games are introduced and also a connection between guessing
games and network coding is presented. We end this monograph presenting this
connection. General speaking, the idea is to associate a digraph Dy, to each
multiple-unicast network N such that the problem of finding optimal strategies
of Dy over the alphabet A is equivalent to the problem of finding solutions of N/
over A. This connection, together with the ones in Theorem 2.3.2, Theorem
3.3.5, and Theorem 4.3.3, give us a good appreciation on how Network Coding,
Index Coding, and Guessing Games are connected.
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The results presented in this section are from [5]. We follow the general idea in
[5], but we introduce some additional notation we think makes the construction
of Dy and the proofs easier to understand.

Let s € S(N) and r € R(N), we use the notation s — r if there are edges
1, em € EWN) — C(N) such that s = tail(e;), head(e;) = tail(es),. ..,
head(e,,—1) = tail(e,, ), head(e,) = 7.

Let s € S(N) and e € C(N), we use the notation s — e if there are edges
e1,...,em € EWN) — C(N) such that s = tail(e;), head(e;) = tail(es),. ..,
head(e,,_1) = tail(e,,), head(e,,) = tail(e).

Let e,e’ € C(N), e # ¢/, we use the notation e — €’ if head(e) = tail(¢’) or there
are edges e,...,e,, € EWN) — C(N) such that head(e) = tail(ey),
head(e;) = tail(ez),. . ., head(e,,—1) = tail(e,,), head(e,,) = tail(e’).

Finally, let e € C(N) and r € R(N), we use the notation e — r if head(e) = r or
there are edges eq,...,e, € E(N) — C(N) such that head(e) = tail(ey),
head(e;) = tail(es),. . ., head(e,,—1) = tail(e,, ), head(e,,) = 7.

Roughly speaking, if a — b, the information in a is the same as the information
in b, since the information travels from a to b trough edges of E(N) — C(N),
that is, edges where codification is not required.

Notice that this notation can be used in any network, not necessarily a
multiple-unicast network. We can put the additional condition in definition
2.2.3, that we never have 7(r) — r for some receiver r. The reason is that if
7(r) — r, there are ej,...,e,, € EW) — C(N) such that
7(r) = tail(e;), head(e;) = tail(eq), ..., head(e,,_1) = tail(e,, ), head(e,,) = r. We
can send the message generated by 7(r) through these edges, and the receiver r
will always be able to receive the message it needs.

From now on, we suppose that every network N satisfies the above condition.
This condition is required in order to guarantee that Djs has no loops (edges
whose tail and head are the same).

We are now in position to construct Dy. Let N be a multiple-unicast network,
where S(N) = {s1,...,8.}, RIN) = {r1,...,m.}, and 7(r;) = s, for all i € [n].
The digraph Dy is defined by V(Dy) := C(N) U R(N), and the edges of Dy
are constructed as follows:

* If S; — T4, S S S(N), ] S R(N), then (’f’i,Tj) S E(DN)
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x If s; > e, s, € S(N), e € C(N), then (r;,e) € E(Dy).
x Ife—eé e e e€CN) e+#é, then (e,e) € E(Dy).
x Ife > r;, e€ C(N), r, € RIN), then (e,r;) € E(Dy).

As an example, consider the butterfly network (Figure 6). Here, 7(r;) = s; and
7(ry) = $o.

Figure 6

We see that s1 — 1o, 87 — e€,59 — e,59 — 11,6 — 1ro,e — 7r1. Then,

V(Dy) = {e,r1,m2} and E(Dy) = {(r1,72), (11,€), (12, €), (r2,71), (€,72), (e,71) }.
Figure 7 depicts Dy, which may be treated as Kj.

r ()

Figure 7
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Lemma 4.5.1. Let N = (D, 1) be a multiple-unicast network. Then
g(DAICN)), ) = 0.
Proof. We know that (e, €') is and edge of Dy [C(N)] iff e — €.

Suppose that Dy [C(N)] is not acyclic, that is, there are ey, ..., ex € C(N) such
that (e1,e2), (e2,€3),...,(ex,e1) are edges of Dy[C(N)]. Therefore,
e; — €g,ey — e3,...,e, — e1. This implies that D is not acyclic. This is a
contradiction since D is acyclic by the same definition of a network; therefore,
Dy [C(N)] is acyclic. Using lemma 4.4.5, we have g(Dyx[C(N)],s) = 0. O

Lemma 4.5.2. Let N be a multiple-unicast network with n receivers. Then,
9(Dn,s) <n
Proof. Using lemma 4.4.8 and the above lemma,
9(Dx, s) < [g(Dy[CN)], ) + [V(Dy) = CN)[ =0+n=n.
O

The idea is to associate strategies in Dy to network codes in N such that
optimal strategies correspond to solutions. We notice that in both cases
(strategies in Dy and network codes in N) we assign a function f, to each
element in C'(N) U R(N). The difference is the domain where this function is
defined. In the first case, the domain is AV®. In the latter case, the domain is
A With this in mind, the first thing we need to do is to find a bijection
from N(v) onto In(v).

Let N' = (D, 1) be a multiple-unicast network. Since we are working with two
digraphs at the same time, Dy and D, it is important to distinguish which
digraph we are talking about when we use notation like N(v) or In(v), where
v € C(N)UR(N). When we use the notation N(v), we are referring to Dy. On
the other hand, when we use the notation In(v), we are referring to D.

Let e € C(N). We define a bijection g, : N(e) —» In(e) in the following way:

xIf ¢ € N(e,e € C(N), then head(¢/) = tail(e) or there are
€1y em € BE(N)UC(N) such that head(e’) = tail(e ) head(em) = tail(e).
In the first case, g.(€') := €’. In the latter case, g.(€') :=

*If r € N(e),r € R(WN), then 7(r) — e, that is, there are
€1, ....em € E(N) — C’(N) such that 7(r) = tail(e1), ..., head(e,,) = tail(e).
In this case, g.(r) :=
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Let r € R(N). We define a bijection g, : N(r) — In(r) in the following way:

x Ife € N(r),e € C(N), then head(e) = r or there are ey, ..., e, € E(N)—C(N)
such that head(e) = tail(ey), ..., head(e,,) = r. In the first case, g.(e) :=e. In
the latter case, g,(€) := e,.

x=If v € N(r),»” € R(WN), then 7(r') — r, that is, there are
€1, em € BE(N)—C(N) such that 7(r') = tail(ey) ..., head(e,,) = r. In this

case, g.(r') == epn.

Using the above functions, we can now find a bijection h,, : A™") — AN for
each v € C(N) U R(N). The function h, is defined, for each z € A™®) by

ho(z) : N(v) — A
w — (gu(w)).

According to this, there is a correspondence between the strategy (f,)vecw)urw)
and the network code (f,0hy)vec(nvyury)- Equivalently, there is a correspondence
between the network code (f,)vecvyurwy) and the strategy (f, 0 hyt)pecvivrv)-

Theorem 4.5.3. Let N = (D, 1) be a multiple-unicast network with n receivers,
and let A be an alphabet with s elements.

The strategy (fo)vecvyurvy of D over A is optimal iff the network code
(fo © he)vecnyurW) of N over A is a solution. FEquivalently, the network code

(fo)veciviurwy of N over A is a solution iff the strategy (f, o hgl)ueC(N)uR(N)
of Dxr over A is optimal.

Moreover, N is solvable over A iff g(Dyr,s) = n.

Proof. Let F = (fy)vecvyury) be a network code of N over A, and consider its
associated strategy H = (f, © hyH)vecvyurv) of Dy over A.

Let w € ASWV) be a message assignment. The configuration & € ACWIVEN) g

defined by @, := w;y if r € R(N), and @, := é(w) if e € C(N).

We have the following equivalences:

F is a solution of N <= € Fix(H), Vw € AN)
<—s" < |Fix(H)|
<=n < g(Dp,s,H) < g(Dy, $)
<—=n=g(Dy,s,H)=g(Dy,s) (lemma 4.5.2)
<= is a optimal strategy of Dy over A
and g(Dy, s) = n.
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From the preceding implications, the only non-trivial is
s" < | Fix(H)| = @ € Fix(H),Vw € AN

We now prove it. Let w € AW). We define the strategy H* := (f€)ecc(ary of

€

Dy [C(N)] over A as follows: If z € A°WN) then f“(x) := (f. o h;')(&) where
Towy =« and &, := w,(, for all r € R(N).

It is clear that the configuration z = (2z¢)eccvy € AW, where z, = é(w),
e € C(N), belongs to Fix(H*). Therefore, 1 < |Fix(H“)|. On the other hand,
| Fix(H“)| < 1 since g(Dy[C(N)],s) =0 (lemma 4.5.1). Thus, | Fix(H¥)| = {z}.

If there exists y € Fix(H) such that y, = w;(, for all € R(N), then it is clear
that yov) € Fix(H®); hence, yowvy = z, that is, y. = é(w), for all e € C(N). In
conclusion, y = w.

Since [S(N)| = |RN)| = n (N is a multiple-unicast network), there is a
bijection between ASWV) and AFN). This implies that for each y € Fix(H),
there is a unique w € A° ) such that Yr = Wr(r), for all 7 € R(N), and therefore
y = &. We have proved that Fix(H) C {&: w € AN},

It is clear that each w € ASW) determines a unique &. Hence,
s" < |Fix(H)| < {@:w e AN = |ASNM)| = 5m,
Therefore, Fix(H) = {& : w € ASMN)}. This completes the proof. O

Corollary 4.5.4. Let N be a multiple-unicast network with n receiers, and let
F, be a finite field. The following statements are equivalent:

i) N is linearly solvable over F,.
i) Ginear (D, q) = 1.
iit) linear(Dar, q) = [C(N)].
iv) minrank(Dys, q) = |C(N)].

Proof. We noted earlier that there is a correspondence between network codes and
strategies. If H is the strategy associated to the network code F, it is clear that F
is linear iff H is linear. From this observation and the last theorem, equivalence
i)<ii) follows. The other equivalences are consequences of Theorem 3.3.5 and
Theorem 4.3.3. [



Conclusions

In this monograph, we have explored some interesting relations among Network
Coding, Index Coding, and Guessing games, but we have focused on the linear
case. This is just an invitation to explore the relations in the general case. Even
in the linear case, there are more things to say, for example, what happens if the
alphabet is a finite ring instead of a finite field?

Apart from the adjacent matrix, other matrices are associated to digraphs and
graphs; since linear algebra was used extensively in this monograph, this raises
the question of how much information can we get from these matrices that helps
us to calculate parameters like the guessing number g(D,s), and the minimum
length of an index code I(D, s).

Further studies may include the analysis of particular classes of digraphs and
graphs, and the presentation of more examples with explicit calculations of
g(D,s) and I(D,s). This may include examples of digraphs such that g(D,s)
and [(D,s) change when s changes. The design of algorithms and the use of
Information Theory to calculate these parameters are also of special interest.

Also, there are many other well-studied digraph parameters, especially for
graphs, that may tell us something about the topics treated here.
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