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Title in English
Non-commutative differential calculus of some algebras of polynomial type having PBW
bases

Título en español
Cálculo differencial no conmmutativo de algunas álgebras de tipo polinomial con bases
PBW

Abstract: In this work, we study the notion of differential calculus associated to an as-
sociative algebra, from its origin in manifolds geometry, to some generalizations in non
commutative differential geometry. In particular, we inquire the notion of differentially
smoothness of an algebra, which treats about the existence of differential calculus struc-
tures that satisfies conditions relative to the Gelfand-Kirillov dimension of the base algebra,
a condition of connectedness over the differential, and the existence of a volume form that
allow to construct isomorphisms between the homogeneous sets of forms and the dual of
these sets, such as in manifolds theory. We also study the Brzezinski’s differential calcu-
lus, which is a differential calculus constructed from a finite set of skew derivations, and
the Brzezinski’s integral calculus, that is a pair of a cokernel and a hom-connection that
induces a complex of integral forms over the Brzezinski’s differential calculus. Finally,
we study automorphisms and skew derivations of some 3-dimensional diffusion algebras,
generalized Weyl algebras and skew polynomial algebras, which are objects having PBW
bases.

Resumen: En este trabajo, estudiamos la noción de cálculo diferencial asociado a un
álgebra asociativa, desde su origen en la geometría de variedades, hasta algunas genera-
lizaciones en la geometría diferencial no conmutativa. En particular, investigamos la no-
ción de álgebra diferencialmente suave, que consiste en la existencia de estructuras de
cálculo diferencial que satisfacen condiciones relativas a la dimensión de Gelfand-Kirillov
del álgebra base, una condición de conexidad sobre la diferencial, y la existencia de una
forma de volumen que permite construir isomorfismos entre los conjuntos homogéneos de
formas y el dual de estos conjuntos, tal cual como en la teoría de variedades. También
estudiamos el cálculo diferencial de Brezezinski, el cual es un cálculo diferencial construido
a partir de un conjunto finito de derivaciones torcidas, y el cálculo integral de Brzezinski,
que consta de una pareja de un conúcleo y una conexión-hom que permite inducir un
complejo de formas integrales sobre el cálculo differencial de Brzezinski. Finalmente, es-
tudiamos automorfismos y derivaciones torcidas de algunas álgebras de difusión, álgebras
de Weyl generalizadas y álgebras polinomiales torcidas que son 3-dimensionales, las cuales
son objetos que poseen bases PBW.

Keywords: Noncommutative geometry, differentially smooth, integral calculus, Brzezin-
ski’s calculus, diffusion algebra, skew derivation.
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Dedicatory

To my parents, Rosalba Santiago Ladino and Enrique Sarmiento Pineda



Acknowledgments

First, I thank to my parents, Rosalba and Enrique, for enter where I was sit and kiss my
poor hair, for resist my bad humor and seriousness, for hold me and give me up always, I
can not believe that you are so comprehensive, and off course, for the sun moments.

I want to thank to my mentor, Armando Reyes, for his good guide and let me some
freedom, for his patience, perseverance and interest in this work, but also, for his con-
fidence, affect and emotional support in times where I did not understand the world. I
would not to change our talks with coffee and arepa for anything.

For distract me and put a smile on my face in the normal and the good moments, and
for always stay with me and talk in the dark times, I want to thank to Alice. I do not
want thank for the wings, burgers, pizzas, sushi, empanadas, etc, because the Gym videos
that this implies now. But for the movies, the songs, the gradients, the pendulums, the
1000 episodes, and the spoons, thank you my Allicia.

I want to thanks to my partner in this odyssey, Sebitas, because that coffee still is
waiting for us, and the longer nights will stop. Interestellar, and to the river.

To all my friends for the laughs and the experiences, that are now in my heart.

To Universidad Nacional de Colombia, for give my education and let me know the
wonderful world of mathematics, with excellent teachers and colleges. I am grateful with
the Facultad de Ciencias, for its financial support, and for allow me known by first time
the teaching labor.

Last, but not least, to the people that in this pandemic hard time, fight for give up
and help others. To those golden people, thank you.



Contents

Contents I

Introduction III

1. Algebraic calculus 1

1.1 Differential calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Commutative case . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.2 Differential geometric-algebraic dictionary . . . . . . . . . . . . . . . . . . . 7

1.1.3 Universal differential calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.1.4 Chevalley-Eilenberg differential calculus . . . . . . . . . . . . . . . . . . . . . 10

1.1.5 Differential calculi associated to Ω(A) . . . . . . . . . . . . . . . . . . . . . . 13

1.1.6 Skew derivations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.2 Integral calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 17

1.2.1 Hom-connections . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18

1.2.2 Brzezinski’s calculus . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

1.3 Smoothness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 27

1.3.1 Gelfand-Kirillov dimension . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28

1.3.2 Differentially smoothness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

1.4 Cycles . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 49

2. Noncommutative algebras and their calculus 56

2.1 Generalized Weyl algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

2.1.1 Hyperbolic rings . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 59

2.1.2 A degree one generalized Weyl algebra . . . . . . . . . . . . . . . . . . . . . . 60

2.1.3 Skew derivations of the quantum plane . . . . . . . . . . . . . . . . . . . . . 61

I



CONTENTS II

2.2 Diffusion algebras calculi . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.2.1 Origin of diffusion algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 68

2.2.2 Diffusion algebras definition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

2.2.3 Derivations in case n = 2 of type 1 . . . . . . . . . . . . . . . . . . . . . . . . 85

2.2.4 Universal differential calculus of a diffusion algebra . . . . . . . . . . . . . 87

2.2.5 Automorphisms and skew derivations in case n = 2 of type 2 . . . . . . 89

2.3 Skew polynomial algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 96

2.3.1 Extended automorphisms of skew polynomial algebras . . . . . . . . . . 99

2.3.2 Smoothness of 3-dimensional skew polynomial algebras . . . . . . . . . . 116

2.3.3 Smoothness of some n-dimensional skew polynomial algebras . . . . . . 118

2.4 Review of Artamonov’s paper . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 123

Conclusions 128

Future work 129



Introduction

It is possible to give an interpretation of a phenomenon with the following two objects:
space and change notions; the first one, to fix the place where the objects live, and the
second one, to understand the interaction between the objects in the space. In the mani-
folds geometry, these roles are played by the Euclidean locality of charts, that fix the local
coordinates systems, and the differentiability that allows the existence of vector fields,
and therefore, the notion of movement. Frequently, in the study of this theory, we observe
that these treatments are governed by purely algebraic objects, which let an issue in the
air: how many can we “algebraize” this theory? In the literature, we found many different
options to solve this question, being this one of the bigger problems of the noncommuta-
tive geometry, the non-unanimity. For instance, we found different treatments in Connes
[Con85], Dubois et al. [DV88], [DVKM90] and Schelter [Sch86], in the 80’s, or in Brzez-
iński [Brz14], [Brz16b], [Brz16a], [BL18], [AB18] or Dubois et al., in [DVKMM01], in the
latest decades, among many others. In these algebraic descriptions, we have graded alge-
bras such that the homogeneous components modules form a complex of modules which
boundary operator satisfies a graded Leibniz’s rule, that generalizes the set of differential
forms of a smooth manifold. This structure plays the key role of the change notion. In this
work, we are interested in algebras having PBW bases, a set of generators that play the
role of a coordinate system in the noncommutative context, covering the notion of space.
Then, with the aim of studying differential calculus structures related to algebras with
PBW bases, first, we review some constructions of differential calculus over general non-
commutative algebras, and later, we study objects involved in differential calculus such as
automorphisms or skew derivations of noncommutative algebras having PBW bases. We
do this by studying some ideas that we found in literature, and developing original results
that we found in the realization of this work. It is important to say that all these results
have been submitted for publication.

We constructed an extended bibliography in the process of clarify most of the concepts
treated in this document, and we consider that the main texts that we study in the
realization of this work are [DVKM90], [Brz14], [Brz16b], [BL18], [AB18], [IPR01] and
[Art15].

Next, we present the structure of the thesis:

In the first chapter, we study algebraic generalizations of differential geometry objects
that we can obtain for any K-algebra, like differential operator modules, the Lie algebra
of derivations, the jet modules, the universal and the Chevalley-Eilenberg differential cal-

III



INTRODUCTION IV

culus, among others. All of these objects appear in the pursuit of differential calculus
structures over an algebra that work as well known objects in differential geometry (see
Section 1.1). In order, to describe a complete generalization of the manifolds calculus
situation, we present the Brzeziński’s calculus in Section 1.2, which posses a differential
and an integral part that are constructed from the skew derivations of the algebra. This
Brzeziński’s calculus is a structure that allows us to define the smoothness of an affine
algebra in Section 1.3. As it was mentioned in the Connes’s non commutative differential
geometry [Con85], we close the chapter showing a result that presents an explicit con-
nection between the differential structure of an algebra and trace operators in Section
1.4.

In the second chapter, we study the principal tool of Brzeziński’s calculus, the skew deriva-
tions, over three types of noncommutative algebras. In Section 2.1, generalized Weyl
algebras, where we present an example of Brzeziński’s calculus construction and a charac-
terization of σ-skew derivations over some extended automorphisms of generalized Weyl
algebras; in Section 2.2, diffusion algebras, where we track their origins from an specific
experiment of stochastic flow of particles. We separate these algebras in two types and we
obtain, necessary conditions of derivations and graded automorphisms of these algebras.
Skew polynomial algebras in Section 2.3, where we present a classification theorem that
splits their in either Ore extensions or generalized Weyl algebras; we characterize some
extended automorphisms of the Ore extensions cases. Finally, in Section 2.4, we study the
skew derivations, objects that we have considered in the previous sections, but in a more
general algebras that involve the diffusion algebras, generalized Weyl algebras and skew
polynomial algebras. We present a counter argument and we discuss about one proposition
established in [Art15].

Our original results are the following: in Section 2.2.2, we describe the inner derivations
of the generators of diffusion algebras in both types, in terms of its PBW bases in Remark
2.2.13 and, to do that, we obtained the Lemma 2.2.9, Proposition 2.2.10 and Proposi-
tion 2.2.12; in Section 2.2.5, in Propositions 2.2.23, 2.2.24, 2.2.25, 2.2.26 and 2.2.27, and
Corollary 2.2.28, we developed conditions of derivations and skew derivations of diffusion
algebras of type 2 of two generators, with aim to obtain conditions to discard skew deriva-
tions, in order to guarantee orthogonal systems of skew derivations when the automor-
phisms are linear; in all the results of Section 2.3.1, we describe extended endomorphisms
and automorphisms of 3-dimensional skew polynomial algebras that are Ore extensions,
and summarized in Remark 2.3.25; also, we point out the differentially smoothness of the
most of 3-dimensional skew algebras in Section 2.3.2, as we do in Examples 1.3.35, 1.3.40,
1.3.43 and 1.3.46, and we close the Section 2.3.3 with a generalization of these ideas in our
Theorem 2.3.39. In Section 2.4, in Proposition 2.4.7, we correct a mistake that we found
in [Art15].

Throughout this document, we use the following notation:

• K denotes a field of characteristic zero.

• R denotes de the set of real numbers.

• A denotes a K-algebra.

• D denotes a diffusion algebra.



INTRODUCTION V

• M represents a compact smooth manifold.

• σ denotes an algebra automorphism.

• P is used to denote an auxiliary number in a brief argument.

• Mn(C) denotes the algebra of matrix of size n×n with entries in the set of complex
numbers C.

• tr(A) denotes the trace of a square matrix A.

• sl(n,C) denotes the set of square matrix of size n×n with complex entries and trace
zero.

• HomA(B,C) denotes the set of A-linear maps with domain B and codomain C.

• EndK(A) denotes the K-linear endomorphism of A.

• δa denotes the inner skew derivation of an element a.

• ∇ denotes a connection of an algebra.

• Ω(A) denotes a differential calculus over an algebra A.

• Ωj(A) denotes the homogeneous components of graded j of a differential calculus
over A.

• d denotes the differential of a differential calculus.

• R[w;σ, δ] denotes an Ore extension of R.



CHAPTER 1

Algebraic calculus

1.1 Differential calculus

In this section, we consider different algebraic treatments of differential calculus over com-
mutative and non-commutative K-algebras. First in the commutative case, we give the
geometrical inspiration of these objects from the study of differential operators. In the
non-commutative case, we present different options of differential calculus such as the uni-
versal differential calculus, the Chevalley-Eilenberg differential calculus (also known as the
cochain complex of a Lie algebra) and the Brzezinski’s differential calculus, among others.
The most of this section was revised from [GMS05] and the geometrical interpretation for
commutative structures was consulted in [Nes03]. We start presenting a key notion into
all this document.

Definition 1.1.1. ([Brz16b], p. 7) Let A be a K-algebra, Ω an A-bimodule and d : A → Ω
a K-linear map. We say that (Ω, d) is a first-order differential calculus on A, if:

1. For all a, b ∈ A, d(ab) = ad(b) + d(a)b.

2. Ω satisfies the density condition denoted by Ω = Ad(A): For all ω ∈ Ω, there exist
finite ai, bi ∈ A such that ω =

∑
i bid(ai).

1.1.1 Commutative case

In this subsection, we show how the concept of derivation appears from the study of
differential operators over a commutative K-algebra, and how the A-module of derivations
can decompose the first order differential operators. We finish with the definition of the
universal differential calculus over a commutative algebra.

Let A be a commutative K−algebra (in [GMS05] the treatment is realized assuming K
a ring) and let P and Q be two A-modules. The K−module of K-module homomorphisms
HomK(P,Q) can be endowed with two A−modules structures in the following way:

(aφ)(p) := aφ(p), (φ ·a)(p) := φ(ap), φ ∈ HomK(P,Q), a ∈ A, p ∈ P (1.1.1)

1



CHAPTER 1. ALGEBRAIC CALCULUS 2

With this, we define for each a ∈ A,

δaφ := aφ− φ · a : P → Q.

We have that aφ− φ · a ∈ HomK(P,Q) because aφ is a K-map, and for all p1, p2 ∈ P and
all α ∈ K we have that,

(φ · a)(p1 + αp2) = φ(a(p1 + αp2)) = φ(a(p1)) + φ(αp2))
= φ(a(p1)) + φ(aαp2)) = (φ · a)(p1) + α(φ · a)(p2),

which means that φ · a ∈ HomK(P,Q), and as HomK(P,Q) is a K-module, we get that
aφ− φ · a ∈ HomK(P,Q).

Definition 1.1.2 ([GMS05], p. 24). An element ∆ ∈ HomK(P,Q) is called a Q−valued
differential operator of order s on P , if δa0 ◦ · · · ◦ δas∆ = 0, for any tuple of s + 1 ele-
ments a0, ..., as of A. The set of Q−valued differential operators of order s on P is noted
Diffs(P,Q).

Example 1.1.3. If K = R, A = R[x], P = R[x] and Q = R[x, y], a R[x, y]−valued
differential operator of order 0 on R[x] is a ∆ ∈ HomR(R[x],R[x, y]) such that for all
f ∈ R[x] = A, and for all g ∈ R[x] = P , it satisfies δf (∆)(g) = f∆(g) −∆(fg) = 0, i.e.,
∆(fg) = f∆(g), i.e., ∆ is an R[x]-linear map. Now, if ∆ is a differential operator of order
2, then, for all f, g, p ∈ R[x], we obtain that,

0 = δf ◦ δg ◦ δp(∆)
= δf ◦ δg(p∆−∆ · p)
= δf (g(p∆−∆ · p)− (p∆−∆ · p) · g)
= δf (gp∆− g(∆ · p)− (p∆) · g + ∆ · (pg))
= f(gp∆− g(∆ · p)− (p∆) · g + ∆ · (pg))
− (gp∆− g(∆ · p)− (p∆) · g + ∆ · (pg)) · f
= fgp∆− fg(∆ · p)− f(p∆) · g + f∆ · (pg)
− (gp∆) · f + (g(∆ · p)) · f + ((p∆) · g) · f −∆ · (pgf).

Then, for all q ∈ R[x], we get,

0 = [fgp∆− fg(∆ · p)− f(p∆) · g + f∆ · (pg)
− (gp∆) · f + (g(∆ · p)) · f + ((p∆) · g) · f −∆ · (pgf)](q)
= fgp∆(q)− fg∆(pq)− fp∆(gq) + f∆(pgq)
− gp∆(fq) + g∆(pfq) + p∆(gfq)−∆(pgfq). (1.1.2)

Reorganizing expression (1.1.2), we note that

0 = fgp∆(q)− [fg∆(pq) + fp∆(gq) + gp∆(fq)]
+ [f∆(pgq) + g∆(pfq) + p∆(gfq)]−∆(pgfq)

Remark 1.1.4. In general, the zero order differential operators satisfies,

δa(∆)(p) = a∆(p)−∆(ap) = 0, a ∈ A.
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This means that ∆ is an A−module homomorphism, i.e., Diff0(A, Q) = HomA(A, Q).
Then, if P = A, we can describe completely each ∆ ∈ Diff0(A, Q) with ∆(1) and obtain
an A−module isomorphism between Q and Diff0(A, Q) such that we identify q ∈ Q with
∆ ∈ Diff0(A, Q) that ∆(1) = q. Then, we can say that Q =Diff0(A, Q).

As for any a, b ∈ A, p ∈ P and ∆ ∈ HomK(P,Q),

δb ◦ δa(∆)(p) = δb(a∆−∆ · a)(p)
= [b(a∆−∆ · a)− (a∆−∆ · a) · b](p)
= ba∆(p)− b(∆ · a)(p)− [(a∆) · b](p) + [(∆ · a) · b](p)
= ba∆(p)− b∆(ap)− a∆(bp) + ∆(abp),

(1.1.3)

we have that a first order differential operator ∆ ∈ Diff1(P,Q) satisfies the following
condition for all a, b ∈ A and for all p ∈ P :

ba∆(p)− b∆(ap)− a∆(bp) + ∆(abp) = 0,

and, if P = A with p = 1, we obtain:

δb ◦ δa(∆)(1) = ba∆(1)− b∆(a)− a∆(b) + ∆(ab) = 0, a, b ∈ A.

In this way, we have
∆(ab) = b∆(a) + a∆(b)− ba∆(1).

Remark 1.1.5. We note in this work that, if in expression (1.1.2), we get that for all
∆ ∈ Diff2(A, Q), with Q be an A-module, such that ∆(1) = 0, taking q = 1, then, for all
f, g, p ∈ A,

∆(pgf) = f(∆(pg)− g∆(p)− p∆(g))
− g(p∆(f)−∆(pf)) + p∆(gf)
= fδp ◦ δg(∆)(1)− gδp(∆)(f) + p∆(gf).

Definition 1.1.6 ([GMS05], p. 25). A Q−valued differential operator ∆ of order 1 on A
is called a Q−valued derivation of A, if ∆(1) = 0, i.e., if ∆(ab) = b∆(a) + a∆(b), for all
a, b ∈ A. The set of Q−valued derivations of A is denoted by d(A, Q), and if Q = A, then
d(A).

Example 1.1.7 ([Fre06], p. 77). If A = K[x1, ..., xn], then d(A) = spanA{∂1, ..., ∂n}
where ∂i = ∂

∂xi
is the usual partial polynomial derivation by xi.

Remark 1.1.8. If A is commutative, in the Definition 1.1.1 d is an Ω-valued derivation
of A.

The Proposition 1.1.10 is mentioned without proof in [GMS05]. In this work, we
present its proof and the Proposition 1.1.9 for completeness of the document.

Proposition 1.1.9. If ∆ ∈ Diff1(A, Q), then the assignment β(p) := ∆(p) − p∆(1) ∈ Q
defines a map β : A → Q such that β ∈ d(A, Q).
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Proof. We first check that β ∈ Diff1(A, Q). β is K-linear because ∆ and α are K-linear
maps. Also, for a, b ∈ A we have that

δa ◦ δb(β) = δa((bβ)− (β · b)) = a((bβ)− (β · b))− [((bβ)− (β · b)) · a].

Then, for any p ∈ A, we obtain

δa ◦ δb(β)(p) = a((bβ)− (β · b))(p)− [((bβ)− (β · b)) · a](p)
= a((bβ)(p)− (β · b)(p))− (bβ)(ap) + (β · b)(ap)
= abβ(p)− aβ(bp)− bβ(ap) + β(bap)
= ab[∆(p)− p∆(1)]− a[∆(bp)− bp∆(1)]
− b[∆(ap)− ap∆(1)] + [∆(bap)− bap∆(1)]
= ab∆(p)− abp∆(1)− a∆(bp) + abp∆(1)
− b∆(ap) + bap∆(1) + ∆(bap)− bap∆(1)
= δa ◦ δb(∆)(p)
= 0,

where the eighth equation is given by the commutativity of A, and the last equation is
due to ∆ is a Q-valued first order differential operator. Then β ∈ Diff1(A, Q), and as
β(1) = ∆(1)− 1∆(1) = 0, we have that β ∈ d(A, Q).

Proposition 1.1.10. ([GMS05], p. 25) For any A-module Q, it satisfies that Diff1(A, Q) =
Diff0(A, Q)⊕ d(A, Q) = Q⊕ d(A, Q).

Proof. If ∆ ∈ Diff1(A, Q), for all a ∈ A, we have that ∆(a) = a∆(1) + [∆(a) − a∆(1)],
and then we can say, by the Proposition 1.1.9, that ∆ = α + β, where α ∈ Diff0(A, Q)
and β ∈ d(A, Q) such that for all a ∈ A, α(a) = a∆(1) and β(a) = ∆(a) − a∆(1),
then Diff1(A, Q) ⊂ Diff0(A, Q) + d(A, Q). Also, if α ∈ Diff0(A, Q) = HomA(A, Q) and
β ∈ d(A, Q) such that α + β = 0, since β(1) = 0, we have that α(1) = 0 and then α = 0.
Therefore β = 0. This proves that Diff0(A, Q) + d(A, Q) is a direct sum. By the last,
if α ∈ Diff0(A, Q) = HomA(A, Q) and β ∈ d(A, Q), i.e., for all a, b ∈ A, δb(α) = 0 and
δa ◦ δb(β) = 0. Then, we obtain that

δa ◦ δb(α+ β) = δa ◦ δb(α) + δa ◦ δb(β) = 0.

Hence α+ β ∈ Diff1(A, Q), which proves that Diff1(A, Q) ⊃ Diff0(A, Q)⊕ d(A, Q).

Remark 1.1.11. If Q = A, we obtain that d(A) has a Lie algebra structure with the
commutator (Lie bracket) [∆,∆′] = ∆ ◦∆′ −∆′ ◦∆, for all ∆,∆′ ∈ d(A). Also, by the
Proposition 1.1.10, Diff1(A, Q) = Q⊕ d(A, Q), we have that Diff1(A) = A⊕ d(A).

Now, we discuss a way to represent any differential operator on a module P of order s
with a differential operator of order 0 on the module of s-order jets of P (see Definition
1.1.12 below).

If P is an A-module, we can consider A and P as K-modules, and therefore to construct
A ⊗K P . We define for each b ∈ A the A−module homomorphisms δb ∈ EndA(A ⊗K P )
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on the simple tensors as δb(a⊗ p) = (ba)⊗ p− a⊗ bp, and for a fix k ∈ N, we consider the
A−submodule of A⊗KP generated by the elements δb0◦· · ·◦δbk(a⊗p), for all b0, ..., bk ∈ A,
all p ∈ P and for all a ∈ A; this submodule is denoted by µk+1.

Definition 1.1.12 ([GMS05], p. 26). The A−module J k(P ) = (A⊗K P )/µk+1 is called
the k-jet module of P . The elements of J k(P ) are denoted a⊗k p.

For instance, by the computation

δa ◦ δb(1⊗ p) = δa(b⊗ p− 1⊗ bp)
= (ab)⊗ p− b⊗ ap− a⊗ bp+ 1⊗ (abp)

(1.1.4)

in J 1(P ), then
(ab)⊗1 p+ 1⊗1 (abp) = b⊗1 (ap) + a⊗1 (bp).

If we consider theA−module structure • on J k(P ) such that for b ∈ A, b•(a⊗kp) = a⊗kbp,
we obtain the A−module morphism:

Jk : P → J k(P ) : p 7→ 1⊗k p,

and by this, when we consider the natural A−module structure of J k(P ), b(a ⊗ p) =
(ba) ⊗ p, we obtain that Jkp, with p ∈ P , generate J k(P ) (if we consider the normal
A-module structure on J 1(P ), then Jk is not an A-module map).

Now, we introduce the concept of connection on modules and rings. If P = A, we denote
by J s the s−order jet module J s(A). If s = 1, we can consider the morphisms (which in
real are monomorphisms, c.f. [GMS05], p. 27):

i : A → J 1 : a 7→ a⊗1 1, J1 : A → J 1 : a 7→ 1⊗1 a.

In this work, we present a proof of Proposition 1.1.13, which is only mentioned in [GMS05].

Proposition 1.1.13 ([GMS05], p. 27). J 1 = i(A)⊕O1 where O1 ⊂ J 1 is the A−module
generated by the elements of form 1⊗1 b− b⊗1 1, i.e., O1 = spanA((J1 − i)(A)) .

Proof. To prove the direct sum, first, we see that a ⊗1 b = a ⊗1 b − ab ⊗1 1 + ab ⊗1 1 =
a[1⊗1 b− b⊗ 1] + ab⊗ 1 = J1(ab) + i(a), for all simple tensor of a⊗1 b ∈ J 1, proving that
J 1 = i(A) +O1. Now, we have the following exact sequence,

0→ O1 ↪→ J 1 f−→ i(A)→ 0,

where the value of f on a simple tensor is f(a⊗1 b) := ab⊗1 1. This map is well defined
because

ab⊗1 1 = ab⊗1 1− ba⊗1 a+ ab⊗1 1
f(a⊗1 b) = f(ab⊗1 1)− f(b⊗1 a) + f(1⊗1 ab)
f(a⊗1 b) = f(ab⊗1 1− b⊗1 a+ 1⊗1 ab).

Also, f is an A-linear map because the tensor product is linear in the first argument,
cf(a ⊗1 b) = c(ab ⊗1 1) = cab ⊗1 1 = f(ac ⊗1 b), for all c ∈ A, and we extend from
the simple tensor the definition of f to all J 1. We have that this exact sequence splits
because if i′ : i(A) ↪→ A1 is the inclusion map, then f ◦ i′ = idi(A), whence we obtain that
J 1 ∼= i(A)⊕O1, and since J 1 = i(A) +O1, it follows J 1 = i(A)⊕O1.
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The following argument and the Proposition 1.1.14 are presented in this work to fulling
the details of the proof of Corollary 1.1.15 presented in [GMS05].

If b ∈ A, the assignment δb(a⊗p), for all a⊗p ∈ A⊗P , defines anA-module homomorphism
δb ∈ EndA(A ⊗ P ). Also, with the A-module map J : P → A ⊗ P : p 7→ 1 ⊗ p, if
f ∈ HomA(A⊗ P,Q), it satisfies

δb(f ◦ J)(p) = b(f ◦ J)(p)− (f ◦ J)(bp)
= bf(1⊗ p)− f(1⊗ bp)
= f(b⊗ p− 1⊗ bp)
= f(δb(1⊗ p))
= f ◦ δb ◦ J(p),

and since f ◦ δb is again an A-module map, applying iteratively this argument we obtain,
for each f ∈ HomA(A⊗ P,Q), for all a0, ..., ak ∈ A and for every p ∈ P , that

δa0 ◦ · · · ◦ δak(f ◦ J)(p) = f ◦ δak ◦ · · · ◦ δa0 ◦ J(p). (1.1.5)

Proposition 1.1.14. Jk : P → J k(P ) : p 7→ 1⊗1p is a J k(P ) valued differential operator
on P of order k. Moreover, If f ∈ HomA(J 1, Q), then f ◦ Jk ∈ Diffk(P,Q).

Proof. As Jk = π ◦ J , where π : A ⊗ P → J k(P ) is the canonical A-module map, by
(1.1.5) we have that

δa0 ◦ · · · ◦ δak(f ◦ Jk)(p) = δa0 ◦ · · · ◦ δak(f ◦ π ◦ J)(p)
= f ◦ pi ◦ δak ◦ · · · ◦ δa0 ◦ J(p) = 0,

since δak ◦ · · · ◦ δa0 ◦ J(p) = δak ◦ · · · ◦ δa0(1⊗ p) ∈ µk+1 = Ker(π).

Corollary 1.1.15 ([GMS05], p. 27). If ∆ ∈ Diffk(P,Q) then there exists a unique A-
module map f∆ : J k(P )→ Q such that f∆ ◦ Jk = ∆.

Proof. We define f∆ : J 1(P ) → Q where a ⊗1 p 7→ a∆(p), and we extend linearly to
all element of J 1. This is an A-module map, and by Proposition 1.1.14, we obtain that
∆ = f∆ ◦ Jk ∈ Diffk(P,Q). If there is another g ∈ HomA(J k, q) such that ∆ = g ◦ Jk,
we obtain that for all p ∈ P , f(1⊗1 p) = g(1⊗1 p), and since Jk(P ) is an A generator of
J k(P ), we obtain that f = g.

Remark 1.1.16. We have that the injective assignment ∆ 7→ f∆ is an identification that
allows us to think that Diffk(P,Q) ↪→ Hom(J k(P ), Q). Actually, we have the following
proposition that we present without proof.

Proposition 1.1.17. ([KVL86], p. 13) We have the A-module isomorphism Diffk(P,Q) ∼=
Hom(J k, Q).

Now, we can construct a differential on O1 as follows: the map h1 : J → O1 : 1 ⊗1 b 7→
1 ⊗1 b − b ⊗1 1 is an A−module morphism, and considering the A−module morphism
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d1 = h1 ◦ J1 : A → O1 : b 7→ 1⊗1 b− b⊗1 1, we obtain that for all a, b ∈ A, we have the
following:

d1(ab) = 1⊗1 ab− ab⊗1 1
= 1⊗1 ab− ab⊗1 1 + a⊗1 b− a⊗1 b

= (a⊗1 b− ab⊗1 1) + (1⊗1 ab− a⊗1 b)
= a(1⊗1 b− b⊗1 1) + (1⊗1 a− a⊗1 1)b
= ad1(b) + d1(a)b.

(1.1.6)

With this Leibniz’s rule and with the fact that the elements of the form d1a, where a ∈ A,
are generators of the A−module O1, these play the role of the one-forms of the ring A.
The k−forms set is the exterior product of the A−module O1 k times, Ok =

∧k
i=1O1 and

there exists for each k ∈ N, an A−module morphism hk : J 1(Ok−1)→ Ok such that when
we define dk = hk ◦ J1 : Ok−1 → Ok, it satisfies that dk ◦ dk−1 = 0, for all k ∈ N. The pair
(
∧
O,d) is a kind of a De Rham calculus1 over the ring A, where

∧
O =

⊕
k∈NOk and

d =
⊕

k∈N d
k (c.f. [GMS05] p. 28).

The construction of O is very close to the construction of a relevant structure associated
to any algebra, called the universal differential calculus.

1.1.2 Differential geometric-algebraic dictionary

We summary the algebraic objects mentioned before with their respective geometrical
object. All of them were consulted in [Nes03], Chapter 9, from the theory of smooth
manifolds (see Table 1.1), and the undefined objects are clarified below of the table.

Algebraic object Geometric object
Commutative ring K R

Commutative K-algebra A C∞(M)
|A| = {h : A → K : h(1) = 1} M

hz ∈ |A| z ∈M
ThA TzM

µh = Ker(h) µz = {f ∈ C∞(M) : f(z) = 0}
T ∗hA = µh/µ

2
h T ∗zM

∼= µz/µ
2
z

vh : T ∗∗h A → ThA surjective vz : T ∗∗z M → TzM isomorphism
If F : B → A, then |F | : |A| → |B| : h 7→ h ◦ F f : M → N smooth map

dh|F | : ThA → Th◦FB : ε 7→ ε ◦ F dzf : TzM → Tf(z)N

J 1
h (A) = K⊕ T ∗hA J 1

z (M) = R⊕ µz/µ2
z
∼= R⊕ T ∗hM

d(A) X(M)
∇ : d(A)→ HomK(d(A), d(A)) ∇ : X(M)× X(M)→ X(M)

Table 1.1: Dictionary 1.

In the Algebraic objects, we clarify that:
1A de Rham Calculus is a cochain complex of modules such that the coboundary map satisfies a Leibniz’s

rule.
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1. |A| ⊂ HomK(A,K) called the K-spectrum (see [Nes03], p. 110). The reason to define
|A| such as the space of measures is because a state of a classic physical system is
determined by measurements ([Nes03], p. 22).

2. ThA := {ε : A → K : ∀f, g ∈ A, ε(fg) = h(f)ε(g) + ε(f)h(g)}, for h ∈ |A| (see
[Nes03], p. 110). The reason to define

3. F : B → A is a K-homomorphism (see [Nes03], p. 112).

In [Nes03], p. 110, it was established that the module of first order jets of a manifold M
is J 1M =

⋃
z∈ JzM . We deduce that in the algebraic approach we obtain the first order

jet module.

J 1A =
⋃
h∈|A|

J 1
hA =

⋃
h∈|A|

K⊕ T ∗hA

On the other hand, in Section 1.1.1, we found the notion of jet module and J 1 = i(A)⊕O1

(see Proposition 1.1.13). Since i is a monomorphism, we say that J 1 = A⊕O1.

Remark 1.1.18. We warn that in this remark, we are going to let free the creativity, and
give not rigorous innocent ideas. If we identify the two interpretations of the first order
jet modules, and let a distribution of the union with the sum, we get

A⊕ T ∗A =
( ⋃
h∈|A|

K
)
⊕
( ⋃
h∈|A|

T ∗hA
)

=
⋃
h∈|A|

K⊕ T ∗hA = A⊕O1

One of the many problems of this idea is that in the case of A = C∞(M), in the identifica-
tion C∞(M) =

⋃
z∈M R, it has been forgotten the continuity of the elements of C∞(M),

but we want to recall the beauty of this idea, because again with a little bit of inno-
cence, we could identify T ∗A with the module O1. This is (maybe) an example of the
incompatibility between different algebraic generalizations of the well known manifolds
geometry.

Remark 1.1.19. We point out that in the previous idea of Remark 1.1.18 the continuity
or smoothness of the elements of A = C∞(M) (really, only in the treatment of [GMS05],
see [Nes03], Chapter 4), and this could be a main problem in the splice of the proposals.
The smoothness of M in yields the continuity or differentiability of the elements A and it
is well known that the smoothness of M can be recovered from the algebra C∞(M), such
as is treated in [Nes03], Chapther 7. This justify our interest in the different notions of
smoothness of more generic algebras. In Section 1.3, we list some different definitions of
smoothness of algebras and in particular, in Section 1.3.2, we study the Brzezinski’s notion
of differentially smoothness which is based on the ideas of Connes [Con85] and Dubois et
al [DVKM90].

1.1.3 Universal differential calculus

Consider Ker(µ), where µ : A⊗K A → A is the multiplication K-map, µ(a⊗ b) = ab, and
let d : A → Ker(µ), the K-map defined by d(b) = 1⊗ b− b⊗ 1, for all b ∈ A.
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Remark 1.1.20. If we consider the right and left actions of A over A⊗K A given by

x(a⊗ b)y = (xa)⊗ (by), for all a, b, x, y ∈ A,

we obtain that,

1. µ is an A-bimodule homomorphism.

2. For all a, b ∈ A, d(ab) = ad(b) + d(a)b.

3. I is is left-generated by d(A), i.e., Ker(µ) = Ad(A).

With this, we can define the following.

Definition 1.1.21 ([Bou89], p. 567). The first differential calculus on A, (Ω1(A), d),
where Ω1(A) = Ker(µ) and d(b) = 1 ⊗ b − b ⊗ 1, for all b ∈ A, it is called the universal
differential calculus of A.

For a non-commutative K-algebra A, the universal differential algebra (Ω1(A), d) is
defined such as in the commutative case of Definition 1.1.24. Since d(ab) = ad(b) + (da)b,
for all a, b ∈ A, with a = b = 1, we obtain d(1) = 0.

Proposition 1.1.22. ([Lan97], p. 106; [DV88], p. 405) Let P be an A-bimodule. Any
P -valued derivation ∆ of A can be expressed as ∆ = f∆ ◦ d where f∆ : Ω1(A)→ P is an
A-bimodule homomorphism.

Remark 1.1.23. This structure is very useful to characterize the derivations of a non
commutative algebra A, but this cannot be consider as the generalization of the universal
forms of the commutative case because for a, b ∈ A, we have dadb = 1⊗ ab− a⊗ b− b⊗
a+ ab⊗ 1 and dbda = 1⊗ ba− b⊗ a− a⊗ b+ ba⊗ 1. Therefore dadb 6= −dbda, which it
is true in the commutative case.

Definition 1.1.24 ([GMS05], p. 56). A graded algebra Ω∗ =
⊕

k Ωk, where Ω0 ∼= A, it
is said to be a differential calculus over A, if it is a cochain complex of K−modules

0→ K→ A δ−→ Ω1 δ−→ · · ·Ωk δ−→ · · ·

for a co-boundary operator δ such that for all α, β ∈ Ω, it satisfies that δ(αβ) = δ(α)β +
(−1)deg(α)αδ(β) (Leibniz’s rule). It is also known as the de Rham complex of the differ-
ential graded algebra (Ω∗, δ).

Following [Kar87], Sections 1.3 and 1.24, we construct the extension Ω∗(A) of Ω1(A)
considering the direct sum of A-tensor products of Ω1(A), i.e., Ω∗(A) =

⊕
k∈N Ωk(A),

where,

Ωk(A) = Ω1(A)⊗A Ω1(A)⊗A · · · ⊗A Ω1(A) =
k⊗
i=1

Ω1(A),

for k > 0 and Ω0(A) = A. For an element of Ω∗(A), we omit the symbol ⊗ and we say
that Ω∗(A) consists of the elements of the form

a0da1 · · · dak, ai ∈ A, k ∈ N.
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As we have for all a1, b0 ∈ A that (da1)b0 = d(a1b0) − a1db0, then we obtain that for all
a0, a1, b0, b1 ∈ A, it satisfies that (a0da1)(b0db1) = a0d(a1b0)db1 − a0a1db0db1. Also, we
can extend d for all Ω∗(A) defining

d(a0da1 · · · dak) = da0da1 · · · dak.

The pair (Ω∗(A), d) (which can be seen also as a complex Ωk(A) d−→ Ωk+1(A) because
with the extended structure and d(1) = 0, we obtain that d2 = 0) is called the universal
differential graded calculus of A, and this structure has also a universal property as follows.

Proposition 1.1.25 ([DV88], p. 405). Let ϕ0 : A → Ω′0 be an algebra homomorphism,
where Ω′ =

⊕
Ω′n is a differential graduate algebra. Then, there exists a unique homo-

morphism of differential graduate algebras ϕ : Ω(A)→ Ω′ such that ϕ|A = ϕ0.

Remark 1.1.26 ([DV88], p. 405). We can construct a notion of Lie derivative over
the universal calculus as follows. If δ ∈ dA, the unique homomorphism of bimodules
iδ : Ω1(A) → A = Ω0(A), such that δ = iδ ◦ d (see Proposition 1.1.22), it is extended
to an antiderivative of Ω(A)2, iδ : Ω∗(A) → Ω∗−1(A), i.e., iδ : Ωk+1(A) → Ωk(A). The
Lie derivative for each δ ∈ dA is defined as Lδ = iδ ◦ d + d ◦ iδ. We obtain that, for any
δ1, δ2 ∈ dA, the following relations:

iδ1 ◦ iδ2 + iδ2 ◦ iδ1 = 0, Lδ1 ◦ iδ2 − iδ2 ◦ Lδ1 = i[δ1,δ2], Lδ1 ◦ Lδ2 − Lδ1 ◦ Lδ2 = L[δ1,δ2].

These relations coincide with the behavior of interior product between a form and a vector
space ([Mor98], p.72), and the Cartan formula for the Lie derivative in manifolds theory
([Mor98], p. 74 and 75).

Universal property of Proposition 1.1.25 is also useful to construct ΩD(A) in Section
1.1.5, which in the case of A = Mn(C), it is an example of a differential calculus that is
integrable in Section 1.3.2.

1.1.4 Chevalley-Eilenberg differential calculus

In this subsection, we present the Chevalley-Eilenberg differential calculus and show how
it comes from the manifolds geometry. We finish with the definition of the action of the
modules of derivations over the Chevalley-Eilenberg differential calculus.

There is a canonical way to construct a differential calculus over an algebra, which
comes to manifolds geometry as follows (c.f. [GMS05] p. 55). Let g be a Lie algebra over
K such that a K−module P is a g−module, i.e., g acts on P on the left by endomorphism
g×P → P : (ε, p) 7→ εp, where for ε, ε′ ∈ g, we denote [ε, ε′]p = (ε◦ε′−ε′◦ε)p. With this, we
can form the g−modules of P−valued k-cochains on the Lie algebra g denoted by Ck[g;P ],
which is the set of K-k-multilinear skew-symmetric maps ck : (g × · · · × g) → P . If we
define C0[g;P ] = P , we obtain the cochain complex Chevalley-Eilenberg with coefficients
in P :

0→ P
δ0
−→ C1[g;P ] δ1

−→ · · ·Ck[g;P ] δk−→ · · ·
2A K-linear map such that d(ab) = d(a)b + (−1)deg(a)ad(b), for all a, b ∈ B is called an antiderivative

of a graded algebra B (see [Bou89], p. 552).
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We define the Chevalley-Eilenberg co-boundary operators for each k ∈ N, δk : Ck[g;P ]→
Ck+1[g;P ] as follows:

δkck(ε0, ..., εk) =
k∑
i=0

(−1)iεick(ε0, ..., ε̂i, ..., εk) +
∑
i<j≤k

(−1)i+jck([εi, εj ], ε0, ..., ε̂i, ..., ε̂j ..., εk).

With this definition, we can show that a K−algebra A has associated a differential
calculus. As we mentioned before, the A−module dA is a Lie K-algebra, and therefore we
obtain the Chevalley-Eilenberg complex over A:

0 −→ K ↪→ A δ−→ C∗[dA;A],

where the injection of K in A is given by the assignment k 7→ k·1. The Chevalley-Eilenberg
co-boundary dk : Ck[dA,A]→ Ck+1[dA,A], in this case, works as follows:

• If a ∈ A and u ∈ dA, then da(u) =
∑0

i=0(−1)iui(a) = u(a).

• If φ ∈ C1[dA,A] and u0, u1 ∈ dA, we obtain that

dφ(u0, u1) = (−1)0u0(φ(u1) + (−1)1u1(φ(u0) + (−1)0+1φ([u0, u1])
= u0(φ(u1))− u1(φ(u0))− φ([u0, u1]),

and so C0[dA,A] = A and C1[dA,A] = HomA(dA,A). As we can show that d(1) = 0
(because if u ∈ dA we have that u(1) = u(1 · 1) = u(1) + u(1), therefore u(1) = 0 and
d(1)(u) = u(1) = 0), then d is a C1[dA,A]−derivation of A.

We can consider C∗[dA,A] with a structure of a graded A−algebra with the following
product: If φ ∈ Cr[d(A),A] and φ′ ∈ Cs[d(A),A], we define

φ ∧ φ′(u1, ..., ur+s) =
∑

i1<···<ir;j1<···<js

sgni1···irj1···js1···r+s φ(ui1 , ..., uir)φ′(uj1 , ..., ujs),

where sgn is the sign of the permutation. With this product we obtain that,

• d(φ ∧ φ′) = d(φ) ∧ φ′ + (−1)deg(φ)φ ∧ d(φ′). This relation makes the structure
(C∗[dA,A], d) a differential graded K-algebra.

• φ∧φ′ = (−1)deg(φ)deg(φ′)φ′ ∧φ. This relation makes (C∗[dA,A], d) a graded commu-
tative algebra.

Definition 1.1.27 ([GMS05], p. 58). The structure (C∗[dA,A], d) is called the Chevalley-
Eilenberg differential calculus over a K-algebra A.

The minimal Chevalley-Eilenberg differential calculus over a A is the subcomplex O∗A of
A−submodules generated by the monomials a0da1 ∧ · · · ∧ dak with ai ∈ A.

0→ K→ A d−→ O∗A.
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Example 1.1.28 ([Mor98], p. 71). Let M be a C∞ manifold and let A = C∞(M) be
the algebra of continuous functions f : M → K. Then, the Chevalley-Eilenberg complex
of A and d(A) = X(M) is the de Rham complex of M , where δ = (k + 1)d is the exterior
differentiation defined, as follows:

dω(X0, ..., Xk) =
k∑
i=0

(−1)iXi(ω(X0, ..., X̂i, ..., Xk))

+
∑
i<j≤k

(−1)i+jφk([Xi, Xj ], X0, ..., X̂i, ..., X̂j ..., Xk),

where ω ∈ Ck[dA,A] = Ωk(M) is a k-form on M and X0, ..., Xk ∈ dA.

If A is a graded commutative K-algebra ([GMS05], p. 352), we obtain that dA is a Lie
superalgebra with a superbracket operation; the jet modules are defined in a similar way
as we show before, but using the graded of the elements to define the δ′as operators, and
the inclusion O∗[dA] ⊂ C∗[dA,A] is a bigraded differential algebra, where the coboundary
operator is defined as follows:

dφ(u, u′) = −u′(u(φ)) + (−1)[u][u′]u(u′(φ)) + [u′, u](φ).

In Definition 1.1.35, if we choose Q = A, we can, as in the commutative case, build the
Chevelley-Eilenberg complex O∗[dA,A], where the co-boundary operator d and the wedge
product ∧ are defined in the same way. Also, we obtain thatO1[dA,A] = HomZ(A)(dA,A).

Remark 1.1.29. In this case, we obtain that this algebra is not commutative graded:
if u ∈ dA and a, b ∈ A, we have that (a ∧ db)(u) = adb(u) = au(b) and [(db) ∧ a](u) =
(db)(u)a = u(b)a; as A is non-commutative we do not have that au(b) = u(b)a. Therefore,
we cannot ensure that a ∧ db = (−1)0·1[(db) ∧ a] in general (but if a ∈ Z(A), we obtain
that adb = (db)a).

Remark 1.1.30. For the Chevalley-Eilenberg differential calculus, we can define an anal-
ogous of a Lie derivative as follows. For δ, u1, ..., uk−1 ∈ dA and φ ∈ Ck[dA,A],

iδ(φ)(u1, ..., uk−1) = φ(u, u1, ..., uk−1).

The function iδ : Ck[dA,A] → Ck−1[dA,A] is denoted in the literature by (δc), and for
φ ∈ Ck[dA], iδ(φ) is called the interior product of φ by δ ([Mor98], p. 73). Then the Lie
derivative is expressed as,

Lu(φ) = d(ucφ) + ucd(φ).

Remark 1.1.31. We note that, apparently, this construction of L works only if A is a
graded algebra (c.f. [GMS05], p. 357).

With this notion of Chevalley-Eilenberg differential calculus, we can obtain some in-
teresting differential calculus structures, as we will see in the next section.
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1.1.5 Differential calculi associated to Ω(A)

We present some differential calculus structures that arise when we compare the universal
calculus and the Chevalley-Eilenberg calculus over an algebra A. This is found in [DV88],
p. 406.

Considering the universal calculus over A, Ω(A), we define the following objects that
are graded subalgebras of Ω(A) (see Remark 1.1.26 to the definition of iδ and L).

1. ΩH(A) = {x ∈ Ω(A) : iδ(x) = 0, for all δ ∈ dA} is the set of horizontal elements of
Ω(A). This is a submodule of Ω(A), because Ω0

H(A) = A.

2. ΩI(A) = {x ∈ Ω(A) : Lδ(x) = 0, for all δ ∈ dA} is the set of invariant elements of
Ω(A). This is a graded differential subalgebra of Ω(A).

3. ΩB(A) = ΩH(A) ∩ ΩI(A) is the set of basic elements of Ω(A). This is a graded
differential subalgebra of ΩI(A), and therefore of Ω(A).

By the universal property of Ω(A) (see Proposition 1.1.25), since both complex sat-
isfy Ω0(A) = A = C0[dA,A], the identity map is extended to a unique homomorphism
of graded differential algebras ϕ : Ω(A) → C∗[dA,A]. In general, this map is not ei-
ther injective or surjective. Imϕ := ΩD is the smallest graded differential subalgebra
of C∗[dA,A] which contains A; Ωn

D(A) is A-generated by the elements a0dDa1 · · · dDan,
where dD denotes the boundary operator of C∗[dA,A].

Remark 1.1.32. In terms of the previous section, ΩD(A) is the same minimal Chevalley-
Eilenberg differential calculus O∗A, and if A = C∞(M) is the algebra of continuous
functions of a smooth manifold M , this complex is the classical de Rham differential
calculus of M (see Example 1.1.28).

It is satisfied that for any δ ∈ dA, we have that iδ ◦ ϕ = ϕ ◦ iδ, where iδ is defined in
Remark 1.1.30 and iδ is as in Remark 1.1.26. In this way, we obtain that ΩD(A) is stable
under all iδ. Also, we get that if iδ(α) = 0, for all δ ∈ dA, then α = 0.

Example 1.1.33 ([DV88], p. 406). If A = Mn(C), since dA = sl(n,C)3 (in this work,
we give a explanation of this fact in Example 1.1.37 and Remark 1.1.38), we obtain that
ϕ1 : Ω(A)→ C1[sl(n,C),Mn(C)] is injective, and since

dimC(Ω1(Mn(C))) = n2(n2 − 1) = dimC(C1[sl(n,C),Mn(C)]), (1.1.7)

then Ω(A) = C1[sl(n,C),Mn(C)]. Therefore, the minimal Chevalley-Eilenberg differential
calculus ΩD(A) and the Chevalley-Eilenberg differential calculus C∗[sl(n,C),Mn(C)] are
the same.

Remark 1.1.34. In [DVKM90], it was presented a deep development of the noncommu-
tative differential geometry of the algebra Mn(C) using as a principal tool the differential
calculus ΩD(Mn(C)). It was established a set of generators of ΩD(Mn(C)) that are ele-
ments of Ω1

D(Mn(C)). In particular, these elements are identified with the basis {θk} of
3sl(n,C) = {C ∈Mn(C) : tr(C) = 0}.
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dA∗ = sl(n,C)∗ (which is identified with 1⊗ sl(n,C)∗ in Ω1
D(A)) of dual elements of the

basis {ad(iEk)} of dA = sl(n,C) (see Example 1.1.37 below), where we consider the her-
mitian traceless basis (this means that it is a basis of sl(n,C) over C, and over R generate
all the hermitian traceless matrices, i.e., the elements A ∈Mn(C) At = A and tr(A) = 0))
of sl(n,C) {Ek : k = 1, ..., n2 − 1}, where Ek is an element of

{Erj + Ejr : r 6= j} ∪ {iErj − iEjr : r 6= j} ∪ {Err − Enn : r = 1, ..., n− 1},

where the set {Eij} is te canonical basis of Mn(C). With this basis, we have that for all
1 ≤ k, t,m ≤ n2 − 1, there exists smkt, Cmkt ∈ C such that smkt = smtk and Cmkt = −Cmtk , and,

EkEt = gklid+ (smkt − Cmkt)Em, where, gkt = gik = 1
n

tr(EkEt). (1.1.8)

Using the inverse of the matrix ĝ = (gkl), it was constructed a star isomorphism ∗ :
ΩD(Mn(C)) → ΩD(Mn(C)), that allows us to define a structure of graded finite dimen-
sional complex Hilbert space, a dual operator of d denoted δ, and therefore a Laplacian
operator as in the manifolds theory, that is, ∆ = dδ+δd (but in this case ∗(∗α) = (−1)n2pα,
if α ∈ Ωp

D(Mn(C))4). With this, it was constructed a Hodge theory of Mn(C) (see
[DVKM90], p. 319).

Considering the space of harmonic elements Ker∆ (see [Mor98], p. 155), we have that the
map

η : Ker∆→ HD(Mn(C)) : α 7→ [α],

is an isomorphism of graded vector spaces, where HD(Mn(C)) is the cohomology5 complex
of ΩD(A). Ker∆ is also the set of elements invariant of the subalgebra 1 ⊗ ∧sl(n,C)∗,
which as we say before, it is the wedge generation of the dual basis of dA (see [DVKM90],
p. 319).

Also, it is characterized some connections (see [Con85], p. 326), i.e., ∇ :M→M⊗Mn(C)
Ω1
D(Mn(C)), is a linear map, whereM is a right Mn(C)-module, and ∇(φA) = (∇φ)A+

φ⊗dA, for all φ ∈M and all A ∈Mn(C). This characterization is do it when there exists
a Hermitian form h :M×M→ Mn(C) such that (M, h) is a Hermitian structure with
M being a free Hermitian module of rank one generated by a gauge element, and with
this, it is described the behavior of any gauge invariant connection ∇, from the shape of a
particular Hermitian connection ∇0. As in [Con85], p. 327 it is extended connections to
all the structureM⊗Mn(C) ΩD(Mn(C)), and with this the notion of curvature is discused,
showing that a Hermitian connection ∇ over the simplest Hermitian module M with
vanishing curvature ∇2 = 0, must be a gauge connection or must be ∇ = ∇0.

1.1.6 Skew derivations

In this section, we present the general notion of skew derivation and a universal property
of the universal differential calculus over these skew derivations.

4In Hodge theory over a manifold M , if ω ∈ Ωp(M), then ∗(∗ω) = (−1)(n−p)pω (see [Mor98], p. 151).
5Hk

D(Mn(C)) = Kerdk+1/Imdk.
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Definition 1.1.35 ([GMS05], p. 493). Given Q an A-bimodule, the set d(A, Q) of Q-
valued derivations of A, is the set of K-module homomorphisms ∆ ∈ HomK(A, Q) such
that

∆(ab) = ∆(a)b+ a∆(b), a, b ∈ A.

If ∆ ∈ d(A, Q) and c ∈ Z(A) = {a ∈ A : ab = ba for all b ∈ A}, then we have that
c∆ ∈ d(A, Q), and therefore, d(A, Q) has a Z(A)-bimodule structure.

Definition 1.1.36. If δ : A → A is an A-valued derivation of A or simply, a derivation
of A, we say that δ is a inner derivation of A, if there exists a ∈ A such that for all b ∈ A,
δ(b) = δa(b) := ab− ba.

The following example was mentioned in [DV88], p. 406, without proof and in this
work we present a detailed treatment of it.

Example 1.1.37. If we consider C and A = Q = Mn(C), we get that any derivation of
A is an inner derivation.

If δ is a derivation of A, since Mn(C) = CI ⊕ sl(n,C), where sl(n,C) = {A ∈ Mn(C) :
tr(A) = 0}, and δ(I) = δ(II) = δ(I)I + iδ(I) = 2δ(I), we get that δ(I) = 0. Therefore, δ
is completely determined by the restriction δ|sl(n,C) := δ′.

We also have that δ′ is an endomorphism of sl(n,C): for any pair A,B ∈Mn(C),

tr(δ′([A,B])) = tr(δ′(AB −BA)) = tr(δ′(A)B +Aδ′(B)− δ′(B)A−Bδ′(A)) = 0,

where the last equation is due to tr(CD) = tr(DC), for any C,D ∈ Mn(C). Now,
considering the canonical basis {Eij ∈ Mn(C) : 1 ≤ i, j ≤ n}, we have that the set
B = {Eij}1≤i 6=j≤n ∪ {E11 − Eii}2≤i≤n is a basis of sl(n,C). Since for any Epm and Ers,
EpmErs = 0 if m 6= r, and EpmErs = Eps if m = r, we get that

[Epm, Ers] =


Epp − Err if m = r and s = p
−Erm if m 6= r and s = p
Eps if m = r and s 6= p
0 if m 6= r and s 6= p.

Therefore, any element of B is a bracket, and then tr(δ′(B)) = {0}, which implies that
δ′(sl(n,C)) ⊆ sl(n,C).

From the Lie algebras theory, we have that all the derivations of a semisimple6 Lie algebra
are inner (see [Jam72], p 23), and since sl(n,C) is a semisimple Lie algebra, we get that
δ′ is inner. In consequence, δ is inner too, as we desired.

Remark 1.1.38. In Lie algebras theory, the inner derivation δa for a an element of a Lie
algebra A is called the adjoint of a, and it is denoted by ada : A → A : b 7→ [a, b], where
[·, ·] denotes the bracket of A. In fact, if dimK(A) = n, the map ad : A → Der(A) ⊂Mn(K)
is called the adjoint representation which is a main object of the study of Lie algebras. In
this case, the set of inner derivations is Im(ad), and if A is a semisimple Lie algebra, we
get that not only ad is onto Der(A) but it is an isomorphism of lie algebras (c.f. [Jam72]).

6A Lie algebra is called semisimple, if the radical of the algebra, i.e. the maximal soluble ideal, it is the
zero ideal (see [Jam72], p.11).
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In the case of P = A, we can define a more general object than the Q-valued derivations
of A as follows.

Definition 1.1.39 ([Brz16b], p. 4). Let σ : A → A be a ring automorphism, P an
A-bimodule and ∆ ∈ HomK(A, P ). We say that ∆ is a right σ-skew derivation, if for all
a, b ∈ A, ∆(ab) = ∆(a)σ(b) + a∆(b).

Example 1.1.40 ([Art15], p.2). Let σ be a ring automorphism of A and a ∈ A. The
assignment adσ(a)(r) := ax − σ(x)a defines a right σ-skew derivation adσ(a) : A → A.
Let r, s ∈ A, then

[(adσa)(r)]s+ σ(r)(adσa)(s) = [ar − σ(r)a]s+ σ(r)(as− σ(s)a)
= ars− σ(r)as+ σ(r)as− σ(r)σ(s)a)
= ars− σ(r)σ(s)a
= (adσa)(rs).

As adσa is linear and satisfies the σ-Leibniz’s rule, adσa is a left σ-skew derivation of A.

Remark 1.1.41. The right σ-skew derivations adσ(a)A → A are called inner skew deriva-
tions (see [AB18], p. 4).

The following two examples are mentioned in [AB18]. Nevertheless, in this work we
present their proof for completeness of the document.

Example 1.1.42. Let A = K[h] and let q ∈ K such that q is not a n-root of unity, for
a fixed n ∈ N. We define the Jackson’s derivative or the q-derivative Jqn of a polynomial
f(h) ∈ A as

Jqn(f(h)) = f ′qn(h) = f(qnh)− f(h)
(qn − 1)h ,

if n ≥ 1, and as the usual polynomial derivation, if n = 0. If we consider the automorphism
ϕn : K[h] → K[h] : g(h) 7→ g(qnh), we obtain that the Jackson’s derivative is a right ϕ-
skew derivation. The proof of the K-linearity is short. If f(h), g(h) ∈ K[h], we obtain
that

f ′qn(h)g(qnh) + f(h)g′qn(h) = f(qnh)− f(h)
(qn − 1)h g(qnh) + f(h)g(qnh)− g(h)

(qn − 1)h

= f(qnh)g(qnh)− f(h)g(h)
(qn − 1)h

= (f(h)g(h))′qn(h).

Example 1.1.43. If ∂ : K[h]→ K[h] is a right ϕn-skew derivation of K[h] (ϕn defined as
in Example 1.1.42), then we obtain that ∂ = a(h)Jqn : We prove this fact for the K[h]-basis
{hk : k ∈ N}, and then the assumption will be hold for all f(h) ∈ K[h] by the K-linearity
of Jqn . We claim that for all positive k ∈ N,

∂(hk) =
[k−1∑
i=0

(qn)i
]
hk−1∂(h).
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By induction, since the case k = 1 is immediate, we suppose the assumption holds for k.
Then

∂(hk+1) = ∂(hk)ϕn(h) + hk∂(h)

=
[k−1∑
i=0

(qn)i
]
hk−1∂(h)qnh+ hk∂(h)

=
[k−1∑
i=0

(qn)i+1
]
hk∂(h) + hk∂(h)

=
[ k∑
i=0

(qn)i
]
hk∂(h),

which proves the assumption. Since[ k∑
i=0

(qn)i
]
hk = (qn)k+1 − 1

qn − 1 hk = (qnh)k+1 − hk+1

(qn − 1)h = Jqn(hk),

it follows that ∂(hk) = Jqn(hk)a(h), with a(h) = ∂(h).

In the realization of this work, we tried to generalize Proposition 1.1.22 (following
faithfully the proof of this in [Lan97]) to the right σ-skew derivations. With this in mind,
we consider the following: as P is an A-bimodule and σ : A → A is a ring homomorphism
(isomorphism), we can consider P with the left-A structure ∗ defined as p ∗ f = pσ(f),
for all p ∈ P and f ∈ A. We denote P σ∗ the A-bimodule constructed from take P with its
original right-A operation and the left-A ∗. We obtain the following result.

Proposition 1.1.44. Let P be an A-bimodule. Every right σ-skew derivation ∆ : A → P
can be decomposed as ∆ = ρ∆ ◦d, where ρ∆ : Ω1(A)→ P is an A-module homomorphism.

Proof. We have that the map idP : P → P σ∗ : p 7→ p is a right A-module isomorphism.
Then, if ∆ : A → P is a right σ-skew derivation we have that ∆ = idP ◦∆ : A → P σ∗ is a
P σ∗ -valued derivation of A:

∆(ab) = idP (∆(ab)) = idP (∆(a)σ(b) + a∆(b))
= ∆(a) ∗ b+ a∆(b).

Therefore, by Proposition 1.1.22, there exists an A-bimodule homomorphism ρ∆ : Ω(A)→
P σ∗ such that ∆ = ρ∆ ◦ d, and then ∆ = (idσP ∗)−1 ◦ ρ∆ ◦ d, where idαQ : Q → Qα∗ : q 7→
q is a right A isomorphism, and ρ∆ = (idσP ∗)−1 ◦ ρ∆ : Ω(A) → P is an A-bimodule
homomorphism.

1.2 Integral calculus

In this section, we study the Brzezinski’s construction of a differential and integral calculus
over a K- algebra A from a hom-connection, which is an algebraic connection constructed
with twisted multi-derivations of a A.



CHAPTER 1. ALGEBRAIC CALCULUS 18

1.2.1 Hom-connections

In [Brz08] the hom-connection is motivated as a second part, through the functor Hom
(which is right-adjoint of the tensor product), of a connection (see [Con85], p. 326), which
is a linear map such that ∇ : M → M ⊗ Ω1(A), where Ω(A) is a differential calculus,
M is an left A-module and ∇ satisfy the condition ∇(am) = da ⊗A m + a∇(m), for all
a ∈ A and all m ∈ M . This non-commutative algebraic definition of connection is a
replace of definitions of of commutative connections that appears in differential geometry
in terms of global sections of vector bundles over a smooth manifold. In [Brz08] the
pairing between connections and hom-connections was established in some cases when M
is a (A,A′)-bimodule or a comodule.

Our interest in hom-connections is due to a definition of first order integral calculus
introduced in [Brz16b], where the cokernel of the hom-connection is the space of integrals
of A. These are algebraic objects defined in [Brz16b] as a dual algebraic notion of right
connections on supermanifolds.

Definition 1.2.1 ([BKL10], p. 284). Let M be a right A-module and (Ω(A), d) a differ-
ential N−graded algebra with Ω0(A) = A.

1. We say that (M,∇) is a right hom-connection, if ∇ : HomA(Ω1(A),M) → M is a
K-linear map such that, for all f ∈ HomA(Ω1(A),M) and a ∈ A,

∇(fa) = ∇(f)a+ f(da).

2. We define for n > 0, ∇n : HomA(Ωn+1(A),M) → HomA(Ωn(A),M) : f 7→ ∇n(f)
such that, for all ω ∈ Ωn(A), ∇n(f)(ω) = ∇(fω) + (−1)n+1f(dω). Considering
n = 1, we define the curvature of (M,∇) as the map ∇ ◦∇1 and say that (M,∇) is
a flat hom-connection, if ∇ ◦∇1 = 0.

3. If (M,∇) is a flat connection, we define the complex (
⊕

n≥0 HomA(Ωn(A),M),∇).
The homology of this complex when M = A is called a complex of integral forms on
A, denoted H∗(A,A,∇), and the canonical map Λ : A → coker(∇) = H0(A,A,∇)
is called a ∇-integral on A. Calling IkA := HomA(ΩkA,A), we denote this complex
of integral forms as (IA,∇).

We say some words about the previous definition.

• The right A-module structure of HomA(Ω1(A),M) is given by (fa)(ω) := f(aω), for
each map f ∈ HomA(Ω1(A),M) and a ∈ A.

• The right Ω(A)-module structure of
⊕

n≥0 HomA(Ωn(A),M), with the action

fω(ω′) := f(ωω′),

for ω ∈ Ωn(A), f ∈ HomA(Ωn+m(A),M) and ω′ ∈ Ωm(A).

• The following detail was completed in this work. If we want to see that the chain
of homomorphisms is a complex, we have to verify that ∇n ◦ ∇n+1 = 0. Let us see.
∇n : HomA(Ωn+1(A),M) → HomA(Ωn(A),M) and ∇n+1 : HomA(Ωn+2(A),M) →
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HomA(Ωn+1(A),M).

If g ∈ HomA(Ωn+2(A),M), then ∇n+1(g) ∈ HomA(Ωn+1(A),M) and therefore

∇n(∇n+1(g)) ∈ HomA(Ωn(A),M).

Let ω ∈ Ωn(A). Then ∇n+1(g)ω ∈ HomA(Ω1(A),M) and dω ∈ Ωn+2(A), whence,

∇n(∇n+1(g))(ω) = ∇(∇n+1(g)ω) + (−1)n+1∇n+1(g)(dω)
= ∇(∇n+1(g)ω) + (−1)n+1(∇(gdω) + (−1)ng(ddω))
= ∇(∇n+1(g)ω) + (−1)n+1∇(gdω)
= ∇(∇n+1(g)ω + (−1)n+1g(dω)).

Hence, ∇n+1(g)ω + (−1)n+1g(dω) ∈ HomA(Ω1(A),M). If α ∈ Ω1(A), we obtain
that,

[∇n+1(g)ω + (−1)n+1g(dω)](α)
= [∇n+1(g)ω](α) + [(−1)n+1g(dω)](α)
= ∇n+1(g)(ωα) + (−1)n+1g((dω)α)
= ∇(gωα) + (−1)ng(d(ωα)) + (−1)n+1g((dω)α)
= ∇(gωα) + (−1)ng(d(ω)α+ (−1)nωdα) + (−1)n+1g((dω)α)
= ∇(gωα) + (−1)ng(d(ω)α) + g(ωdα) + (−1)n+1g((dω)α)
= ∇(gωα) + g(ωdα)
= ∇1(gω)(α),

and so [∇n+1(g)ω + (−1)n+1g(dω)] = ∇1(gω). In this way,

∇n(∇n+1(g))(ω) = ∇(∇n+1(g)ω + (−1)n+1g(dω)) = ∇(∇1(gω)) = (∇ ◦∇1)(gω).

If (M,∇) is a flat connection, then ∇n ◦ ∇n+1 = 0, for all n ≥ 0, (where ∇0 = ∇)
and we obtain the complex :

· · · // HomA(Ω3(A),M)
∇2
// HomA(Ω2(A),M)

∇1
// HomA(Ω1(A),M)

∇
//M

Remark 1.2.2. In the literature, we found the following important facts.

• In [BKL10], Theorem 2.2, a right A-module M has a right hom-connection with
respect to the universal differential graded algebra if and only if M is A-injective.

• In [BKL10], Corollary 2.3, it was shown that for an injective and finitely cogenerated
A-module M , there exists a right hom-connection (this for any differential graded
algebra).

• In [BKL10], Proposition 2.4, it was proved that a direct sum of A-modules, such
that each adding up has a right hom-connection, both respect to the same arbitrary
differential graded algebra, has a right hom-connection.



CHAPTER 1. ALGEBRAIC CALCULUS 20

Remark 1.2.3. We formulate the following questions about hom-connections.

1. In the proof of Theorem 2.2 of [BKL10], it was used the following fact that is not
clear for us: if M is a right A-injective module then HomK(A,M) is injective.

2. Is there some relation between the different hom-connections that we can associate
to an A-module M?

Now, with this notion of hom-connection, we can define a notion of integral calculus
as follows.

Definition 1.2.4 ([Brz16b], p. 9). Let (Ω, d) be a first order differential calculus. The
pair (∇,Λ) is called a first-order integral calculus on A, where:

1. ∇ : HomA(Ω,A)→ A is a hom-connection.

2. Λ : A → coker(∇) : a 7→ a, where coker(∇) = A/Img(∇).

In the next section, we present a way of constructing a hom-connection over an affine
algebra using a matrix notion of a skew derivation.

1.2.2 Brzezinski’s calculus

In [BKL10], we found a way to obtain a first order differential and integral calculus of an
algebra A as follows.

Definition 1.2.5 ([BKL10], p. 287). If σ : A →Mn(A) is an algebra homomorphism and
∂ : A → An is a K-linear map, we say that the pair (∂, σ) is a right twisted multi-derivation,
if for all a, b ∈ A,

∂(ab) = ∂(a)σ(b) + a∂(b). (1.2.1)

If we denote ∂(a) = (∂1(a), ..., ∂n(a)) and σ(b) = (σij(b))i,j≤n, where σij ∈ EndK(A) we
write

(∂1(ab), ..., ∂n(ab)) = (∂1(a), ..., ∂n(a))

 σ11(b) · · · σ1n(b)
... . . . ...

σn1(b) · · · σnn(b)

+ a(∂1(b), ..., ∂n(b))

Then, we have that the expression (1.2.1) is equivalent to say that, for all 1 ≤ i ≤ n, we
have:

∂i(ab) =
[ n∑
r=1

∂r(a)σri(b)
]

+ a∂i(b). (1.2.2)

If we begin with (∂, σ) a right-multi derivation on A, and show that there exists σ ∈
Mn(End(A)) such that the matrix product between σ and σ satisfies σσ = σσ = I (where
σ is also seen as an element ofMn(End(A)), having that the composition is the product in
End(A) and I = (δij) is the identity inMn(End(A))), from Lemma 3.2 it follows that from
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a freely left A-module Aω1 ⊕ · · · ⊕ Aωl, we have that for the canonical σ right structure,
the same left base {ω1, ..., ωl} is a right base with the right action defined by

ωia =
n∑
j=1

σij(a)ωj . (1.2.3)

Remark 1.2.6. By [BKL10], Proposition 3.3, the existence of σ can be ensured when
σ ∈Mn(A) is an upper-triangular matrix with non zero diagonal components, if we show
that the diagonal entries σii are invertible, for all 1 ≤ i ≤ n.

σ =


σ11 σ12 · · · σ1n
0 σ22 · · · σ2n
... 0 . . . ...
0 · · · 0 σnn

 .

If ω1 = (1, 0, 0, ..., 0), ω2 = (0, 1, 0, ..., 0), and so on, we can define ωi, for i ≤ n. The
A-bimodule An = Aω1 ⊕ · · · ⊕ Aωl will be our first order differential calculus Ω1(A),
defining

d : A → Ω1(A) : a 7→ d(a) =
n∑
i=1

∂i(a)ωi. (1.2.4)

Since all of these ideas were developed in Brzezinski’s works, in this work we called with
his surname the differential calculus constructed before.
Definition 1.2.7. When the structure (An, d) constructed above is a first order differential
calculus (An, d), i.e., when it satisfies the density condition of Definition 1.1.1, it is called
the Brzezinski’s differential calculus of (∂, σ).

The following proposition is very important to our work, because this provides a way to
construct, from a Brzezinski’s differential calculus, an integral calculus on a noncommu-
tative algebra A.
Proposition 1.2.8. ([BKL10], p. 290) Let (∂, σ) be a right multiderivation on A such that
there exist σ, σ̂ : A →Mn(A) which satisfies σσT = I, σTσ = I, σ̂σT = I and σT σ̂ = I. If
(Ω(A), d) is the Brzezinski’s differential calculus of (∂, σ) and εi : Ω(A)→ A are the right
A-module maps defined by εi(ωj) = δij, for i, j = 1, 2, ..., n, then there exists a unique
hom-connection ∇ : HomA(Ω1(A),A)→ A such that ∇(εi) = 0, for all i = 1, ..., n.

Before presenting the proof of the Proposition 1.2.8, in this work we found relevant fulling
some details that we present in the following two lemmas under the same assumptions.
Lemma 1.2.9. ([BKL10], p. 288) For each a ∈ A and all i = 1, 2, ..., n, then aωi =∑

l ωlσli(a).

Proof. By (1.2.3), we know that ωlσli(a) =
∑

k σlk(σli(a))ωk. As by assumption σTσ = I,
we have that

∑
l σlk ◦ σli = δki, for all k, i = 1, ..., n. Therefore,∑

l

ωlσli(a) =
∑
l,k

σlk(σli(a))ωk =
∑
k

[∑
l

σlk(σli(a))
]
ωk =

∑
k

δki(a)ωk = aωi. (1.2.5)
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Lemma 1.2.10. ([BKL10], p. 291) For all f ∈ HomA(Ω1(A),A),

f =
∑
i,k

εiσ̂ik(f(ωk)). (1.2.6)

Proof. We show that the equality holds when we evaluate on the basic elements ωj . We
know from Lemma 1.2.9 that σ̂ik(f(ωk))ωj =

∑
l ωlσlj(σ̂ik(f(ωk))), for all i, k = 1, ..., n,

whence

εi(σ̂ik(f(ωk))ωj) = εi(
∑
l

ωlσlj(σ̂ik(f(ωk)))) =
∑
l

εi(ωl)σlj(σ̂ik(f(ωk))) = σij(σ̂ik(f(ωk))),

where the second equation is due the fact that εi is a right A-modules map, for all i =
1, ..., n, and the last equation follows from the definition of εi. Also, as σT σ̂ = I, we have
that

∑
i σij ◦ σ̂ik = δjk. Hence,[∑

i,k

εiσ̂ik(f(ωk))
]
(ωj) =

∑
i,k

εi(σ̂ik(f(ωk))ωj)

=
∑
i,k

σij(σ̂ik(f(ωk)))

=
∑
k

δjk(f(ωk))

= f(ωj).

By the right A-linearity of the two maps in mention, this equation holds for all ω ∈ Ω1(A).
Therefore, we conclude the proof.

Now, we proceed to prove Proposition 1.2.8.

Proof. For each i = 1, ..., n, we write ∂σi =
∑

j,k σkj ◦ ∂j ◦ σ̂ki, and define ∇(f) =
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i ∂

σ
i (f(ωi)). For a ∈ A and f ∈ HomA(Ω1(A),A) we have:

∇(fa) =
∑
i

∂σi (fa(ωi))

=
∑
i

∂σi (f(aωi))

=
∑
i,j,k

σkj ◦ ∂j ◦ σ̂ki(f(aωi))

=
∑
i,j,k,l

σkj ◦ ∂j ◦ σ̂ki(f(ωl)σli(a))

=
∑
j,k,l

σkj ◦ ∂j(σ̂kl(f(ωl))a)

=
∑
j,k,l,r

σkj(∂r(σ̂kl(f(ωl)))σrj(a)) +
∑
j,k,l

σkj(σ̂kl(f(ωl))∂j(a))

=
∑
k,l,r

σkr(∂r(σ̂kl(f(ωl))))a+
∑
j,l

f(ωl)σlj(∂j(a))

=
∑
l

∂σl (f(ωl))a+
∑
j,l

f(ωlσlj(∂j(a)))

= ∇(f)a+
∑
j

f(∂j(a)ωl)

= ∇(f)a+ f(da),

(1.2.7)

where the equalities hold by the following reasons:

1. Definition of ∇.

2. The right A-module structure of HomA(Ω1(A),A).

3. Definition of ∂σi .

4. First, apply Lemma 1.2.9 and then the equality is obtained by the A-linearity of f
and the linearity of both σkj , ∂j and σ̂ki.

5.
∑

i σ̂ki(f(ωl)σli(a)) = σ̂kl(f(ωl))a: As σ̂ is multiplicative, we have that

σ̂(f(ωl)σli(a)) = σ̂(f(ωl))σ̂(σli(a)).

If we denote σ̂(f(ωl)σli(a)) = (σ̂pq(f(ωl)σli(a))) and σ̂(f(ωl))σ̂(σli(a)) = (Cpq),
where Cpq =

∑
s σ̂ps(f(ωl))σ̂sq(σli(a)), for all p, q = 1, ..., n, then

σki(f(ωl)σli(a)) =
∑
s

σ̂ks(f(ωl))σ̂si(σli(a)),

for all i = 1, ..., n. As σ̂σT = I, we have that
∑

i σ̂si ◦ σli = δsl, for all s, l = 1, ..., n,
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and therefore, summing on i,∑
i

σki(f(ωl)σli(a)) =
∑
i,s

σ̂ks(f(ωl))σ̂si(σli(a))

=
∑
s

σ̂ks(f(ωl))[
∑
i

σ̂si(σli(a))]

=
∑
s

σ̂ks(f(ωl))δsl(a)

= σ̂kl(f(ωl))a.

6. This equation is obtained by the rule (1.2.2) and the linearity of σkj and ∂j .

7. First, we have that
∑

j σkj(∂r(σ̂kl(f(ωl)))σrj(a)) = σkr(∂r(σ̂kl(f(ωl))))a: As by as-
sumption σσT = I, it follows

∑
j σsj ◦ σrt = δsr. On the other hand, as σ is

multiplicative, we have that

σkj(∂r(σ̂kl(f(ωl)))σrj(a)) =
∑
s

σks(∂r(σ̂kl(f(ωl)))σsj(σrj(a))

and therefore, when we sum over j,∑
j

σkj(∂r(σ̂kl(f(ωl)))σrj(a)) =
∑
s,j

σks(∂r(σ̂kl(f(ωl)))σsj(σrj(a))

=
∑
s,j

σks(∂r(σ̂kl(f(ωl)))σsj(σrj(a))

=
∑
s

σks(∂r(σ̂kl(f(ωl)))[
∑
j

σsj(σrj(a))]

=
∑
s

σks(∂r(σ̂kl(f(ωl)))δsr(a)

= σkr(∂r(σ̂kl(f(ωl)))a.

For the second term, by assumption σT σ̂ = I, so
∑

k σksσ̂kl = δsl, for all s, l = 1, ..., n.
Also, as σ is multiplicative, we have that

σkj(σ̂kl(f(ωl))∂j(a)) =
∑
s

σks(σ̂kl(f(ωl)))σsj(∂j(a)).

Therefore, summing on k,∑
k

σkj(σ̂kl(f(ωl))∂j(a)) =
∑
k

∑
s

σks(σ̂kl(f(ωl)))σsj(∂j(a))

=
∑
s

[
∑
k

σks(σ̂kl(f(ωl)))]σsj(∂j(a))

=
∑
s

δsl(f(ωl))σsj(∂j(a))

= f(ωl)σlj(∂j(a)).

8. This is by definition of ∂σl and the A-linearity of f .
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9. The first term is due to the definition of ∇(f) and the second term is obtained by
(1.2.9).

10. This equality follows from the linearity of f and the definition of d in the Brzezinski
calculus.

This shows that ∇ is a hom-connection. On the other hand, as ∂j(1) = 0, for each
j = 1, ..., n, we have

∇(εj) =
∑
i

∂σi (εj(ωi))

= ∂σj (1)

=
∑
p,k

σkp ◦ ∂p ◦ σ̂kj(1) = 0.

Then ∇(εj) = 0, for all j = 1, ..., n. Now, if ∇ is a hom connection such that ∇(εi) = 0,
for all i = 1, ..., n, then

∇(f) =
∑
i,k

∇(εiσ̂ik(f(ωk)))

=
∑
i,k

∇(εi)σ̂ik(f(ωk)) +
∑
i,k

εi(dσ̂ik(f(ωk)))

= 0 +
∑
i,j,k

εi(∂j(σ̂ik(f(ωk)))ωj)

=
∑
i,j,k,l

εi(ωlσlj(∂j(σ̂ik(f(ωk)))))

=
∑
i,j,k,l

εi(ωl)σlj(∂j(σ̂ik(f(ωk))))

=
∑
i,j,k

σij(∂j(σ̂ik(f(ωk))))

= ∇(f),

where each equality follows by the following reasons:

1. Lemma 1.2.10 and linearity of ∇.

2. Definition of hom-connection.

3. By assumption over ∇ for the first term and due to definition of d in the second
term.

4. Lemma 1.2.9 and linearity of εi.

5. By the right A-linearity of εi.

6. Due to εi(ωl) = δil.

7. Definition of ∇.
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Then ∇ = ∇, which concludes the proof of the uniqueness of ∇.

Definition 1.2.11. Let A be a K-algebra and (∂, σ) a free multiderivation on A. The first
order integral calculi (see Definition 1.2.4) in Proposition 1.2.8 is called the Brzezinski’s
integral calculus of (∂, σ) on A.

Remark 1.2.12. If we found a set {σ1, ..., σn} of automorphism of algebras of A, and
a set {∂1, ..., ∂n} of K-linear maps such that ∂i is a σi-right skew derivation of A, for
each i = 1, ..., n, we construct a diagonal matrix σ such that the diagonal elements are
automorphisms of A. In this way,

σ = σ̂ =


σ11 0 · · · 0
0 σ22 · · · 0
... 0 . . . ...
0 · · · 0 σnn

 , σ =


σ−1

11 0 · · · 0
0 σ−1

22 · · · 0
... 0 . . . ...
0 · · · 0 σ−1

nn

 ,

and hence, we obtain a multiderivation (∂, σ) on A. Just like in [BKL10], the hom-
connection of Proposition 1.2.8 in this case is defined by

∇(f) =
n∑
i=1

σ−1
i ◦ ∂i ◦ σi(f(ωi)). (1.2.8)

Remark 1.2.13. In the strategy of Remark 1.2.12, if we want to show that the Brzezinski
differential calculus of (∂, σ) effectively satisfies the density condition, then we have to
prove that there exist two finite subsets {ait}, {bit} ⊂ A such that

n∑
t=1

ait∂k(bit) = δik, for all i, k = 1, ..., n (1.2.9)

In [AB18], p. 6, we found that this is equivalent to guarantee that there exist sets
{ait}, {bit}, {cit} ⊂ A such that∑

i

ait∂k(bit)σk(σ−1
i (cit)) = δik, for all i, k = 1, ..., n. (1.2.10)

As we can see, it is clear that (1.2.9) imply (1.2.10), taking cit = 1, for all pair i and t.
On the other hand, if (1.2.10) holds, then by the twisted Leibniz’s rules,∑

t

ait∂k(bitσ−1
i (cit))−

∑
t

aitbit∂k(σ−1
i (cit)) =

∑
i

ait∂k(bit)σk(σ−1
i (cit)) = δik,

and we obtain that {ait−aitbit}, {bitσ−1
i (cit), σ−1

i (cit)} are the required two sets. A twisted
multiderivation (∂i, σi) as in Remark 1.2.12 is called an orthogonal system of skew deriva-
tions (see [AB18], p. 5).

The following theorem gives us sufficienty conditions to guarantee the existence of an
ortogonal system of skew derivations.
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Proposition 1.2.14 ([AB18], p. 18). Let (∂i, σi)ni=1 be a family of skew derivations on a
ring A. If there exists {b1, ..., bn} ⊂ A such that,

A{∂i(bi) : i = 1, ..., n}A = A, ∂k(bi) = 0, for all i 6= k,

then (∂i, σi)ni=1 is an orthogonal system of skew derivations.

Proof. The fact that the bilateral ideal generated by {∂i(bi) : i = 1, ..., n} is equal to A is
equivalent to the existence of finite subsets {ait}, {cit} ⊂ A such that

1 =
∑
t

ait∂i(bi)cit

=
∑
t

ait∂i(bi)cit +
[∑

t

aitbi∂i(σ−1
i (cit))−

∑
t

aitbi∂i(σ−1
i (cit))

]
=
[∑

t

ait∂i(bi)σi(σ−1
i (cit)) +

∑
t

aitbi∂i(σ−1
i (cit))

]
−
∑
t

aitbi∂i(σ−1
i (cit))

=
∑
t

ait∂i(biσ−1
i (cit))−

∑
t

aitbi∂i(σ−1
i (cit)).

This gives us the condition (1.2.9) with i = k, considering the subsets {ait} ∪ {aitbi} and
{biσ−1

i (cit)} ∪ {σ−1
i (cit)}. With these sets, we check the case when i 6= k:∑

t

ait∂k(biσ−1
i (cit))−

∑
t

aitbi∂k(σ−1
i (cit))

=
[∑

t

ait∂k(bi)σk(σ−1
i (cit)) +

∑
t

aitbi∂k(σ−1
i (cit))

]
−
∑
t

aitbi∂k(σ−1
i (cit))

=
∑
t

ait 0 σk(σ−1
i (cit)) +

[∑
t

aitbi∂k(σ−1
i (cit))−

∑
t

aitbi∂k(σ−1
i (cit))

]
=
∑
t

aitbi∂k(σ−1
i (cit))−

∑
t

aitbi∂k(σ−1
i (cit)) = 0,

which completes the proof.

The idea of Remark 1.2.12 will be our principal tool in the next chapter to verify the
smoothness of some PBW algebras, as it was observed in [Brz16b] (see Example 2.1.16).

1.3 Smoothness

There exist multiples notions of smoothness of an algebra A; for instance, in Remark
1.3.1, we list some of them. In this section, we study the notion of differentially smooth-
ness, an algebraic structure that, without topological tools, guarantees the existence of an
analogous of the star Hodge isomorphism (see [Brz14], p. 2).

Remark 1.3.1. The following are some notions of smoothness of an algebra that we can
found in literature.
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• A K-algebra A is said to be smooth (see [Sch86], p. 678), if for all nilpotent ideal N
of A, and for all C of the same nature of A7, such that for all φ : C → A that allows
construct exact sequences (see [Bou89], 197)

0→ N → C φ−→ A → 0,

then, we obtain that these exact sequences splits, i.e., exist φ′ : A → C, such that
φ′ ◦ φ = idA (see [Bou89], p. 211). We want to remark that in [Sch86], p. 678, it
was established that the smoothness of A is equivalent to that Ω(A) (see Definition
1.1.21) it is a projective module as an Ae := A⊗K Aop-module.

• If K is algebraically closed, a K-algebra A is said homologically smooth, if as a
A-bimodule, there exists a finite length projective resolution of finitely generated
A-modules (c.f. [B+14]).

• In [DVKMM01], p. 3, there is an approach to the notion of smooth ∗-algebras: a
C∗-algebra A is called smooth-∗, if there exists a set of functionals S with some norm
conditions that is Hausdorff under a special topology, also a special condition over
a subset of derivations P of A and a completeness of a topology on A constructed
from the pair (S,P) with the A.

In this section, we present a notion of smoothness of an algebra, called the differen-
tially smooth, which treats about the existence of a particular differential graded structure
associated to an affine algebra A that satisfies integral and connectivity conditions. This
differential graded structure, as in manifolds theory8, must satisfy that there exists some
minimal non negative integer such that the elements of higher degree vanish. In this al-
gebraic approach, that minimal integer is obtained using the Gelfand-Kirillov dimension
of the algebra.

1.3.1 Gelfand-Kirillov dimension

Let V be generating subspace of a finite generated or affine algebra A, i.e., V ⊂ A, is a
K-subspace such that

∞⋃
i=0

An = A, where An = K +
n∑
i=1

V n,

where V n denotes the K-subspace of A spanned by all words in generators of A of length
at most n.

Definition 1.3.2 ([KL00], p. 5). For any pair of functions f, g : N → R such that there
exist n′,m′ ∈ N for which f |N≥n′ and g|N≥m′ are monotone and positive valued functions,
where N≥n′ = {n ∈ N : n ≥ n′}, we say that f and g have the same growth, if there exist
c, c,m,m′ ∈ R+ such that f(n) ≤ cg(mn) and g(n) ≤ c′f(m′n), for almost all n ∈ N. If
we have that f(n) ≤ cg(mn) for almost n ∈ N where c, n ∈ R+ fixed, we say that f has
minor growth than g and we denote it by f ≤∗ g.

7In [Sch86], A and C must satisfy the same operations properties of Mn(K).
8For a n-dimensional manifold, we have that for all n′ > n, any n′-differential form is vanish (see

[Mor98], p. 64)
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Example 1.3.3 ([KL00], p. 6). If f, g : N → R are polynomial functions such as in the
Definition 1.3.2, f and g have the same growth if and only if deg(f) = deg(g).

For a K-algebra A and V a generating subspace, we define the map dimV : N → R with
dimv(n) := dimK(An). The algebra A is said to have polynomial growth, if dimV and nν
have the same growth for a fixed ν ∈ N, i.e., if there exist c ∈ R and ν ∈ N such that
dimK(An) ≤ cnν for all sufficiently large n.

Definition 1.3.4 ([KL00], p. 14). The Gelfand-Kirillov dimension of an algebra A is the
real number defined as

GKdim(A) = lim logn(dimv(n)),

where lim the upper limit of a sequence9, or equivalently

GKdim(A) : = inf{ν ∈ R : dimK(An) ≤ nν , n >> 0}
= inf{ν ∈ R : dimV (n) ≤∗ nν}.

In the case of commutative affine algebras with polynomial growth, the Gelfand-Kirillov
dimension coincides with the dimension of the underlying affine space (the Krull dimension
of its coordinate algebra).

Example 1.3.5. For K[x1, ..., xn], GKdim(K[x1, ..., xn]) = n.

Example 1.3.6. In the case ofMn(K), we have GKdim(Mn(K)) = 0, because V = Mn(C),
a generating finite dimensional vector space, satisfies V k = V , for all k ∈ N, due to
1 ∈Mn(K). Therefore, lim logk(dimv(k)) = lim logk(n) = 0.

The following result is very useful to compute the Gelfand-Kirillov dimension.

Proposition 1.3.7 ([KL00], p. 13). If f, g are as in Definition 1.3.2, then f and g have
the same growth if and only if lim logn(f(n)) = lim logn(g(n)) = lim logn(g(n)).

1.3.2 Differentially smoothness

We proceed to give preliminaries to the differentially smoothness. First, given a left A-
module X with action a · x, for all a ∈ A, x ∈ X, and an algebra automorphism ν of A,
the notation νX stands for X with the A-module structure twisted by ν, i.e., with the
action a⊗ x 7→ ν(a) · x.

Definition 1.3.8 ([BS17], p. 416). We say that a differential calculus (ΩA, d), where
ΩA =

⊕
i∈N ΩiA, with ΩiA =

∧i
j=1 Ω1A and Ω0A = A, it is of dimension n, if ΩnA 6= 0,

and Ωm = 0, for all n < m.

Definition 1.3.9 ([BL18], p 2). We say that ΩnA admits a volume form, if ΩnA is
isomorphic to A as a right and left module (not necessary as a bimodule). If this is the
case, and ω is a right generator of ΩnA, we say that ω ∈ ΩnA is a volume form.

We call a first order differential calculus (Ω, d) connected, if Ker(d|Ω0) = C.
9For a sequence (xn)n∈N, the upper limit is defined as lim xn = limn→∞ supk≥nxn.
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Remark 1.3.10. For a differential calculus that admits a volume form, we define for each
right generator ω ∈ ΩnA, the algebra automorphism νω : A → A such that for each a ∈ A,
aω = ωνω(a).
Definition 1.3.11 ([BS17], p 417). An n-dimensional differential calculus ΩA is said to
be integrable, if ΩA admits a complex of integral forms (IA,∇) (see Definition 1.2.1) for
which there exist an algebra automorphism ν of A and A-bimodule isomorphism Θk :
ΩkA →ν In−kA, k = 0, ..., n, rendering commutative the following diagram, for each
k = 0, ..., n− 1:

ΩkA Ωk+1A

In−kA In−(k+1)A

d

Θk Θk+1

∇k

The n-form ω := Θ−1
n (1) ∈ ΩnA is called an integrating volume form.

Remark 1.3.12. In [BS17] there are some examples of integral differential calculus con-
sidering Mn(C) (see Remark 1.1.34).

We present the following theorem of equivalence with the proof for just one direction, only
with the aim of understanding a construction of it.
Theorem 1.3.13 ([BS17], p 417). ΩA is an n-dimensional integrable differentiable cal-
culus over A if and only if ΩA has a volume form ω such that all left multiplication maps
lkπω : ΩkA→ In−kA : ω′ 7→ πω · ω′, for k = 1, ..., n− 1, are bijective, where πω is the right
A-module isomorphism ΩnA→ A corresponding to the volume form ω with πω(ωa) = a.

Proof. (⇐) : This proof has four steps:

1. For each k = 0, ..., n, we define Θk from lkπω and show that are bijective:
We define for each k = 0, ..., n the map Θk = (−1)(n−1)klkπω : ΩkA → In−kA. Since
lkπω is bijective for k = 1, ..., n−1, then Θk is a bijective map for k = 1, ..., n−1. Also,
since n(n− 1) ∈ 2Z, for all n ∈ N, we have that Θn(ω′) = lnπω(ω′) = πω ·ω′ = πω(ω′),
i.e., Θn = πω, then Θn is bijective too. Rest to verify the bijectivity of Θ0. We
Define Θ−1

0 : InA → A : φ 7→ ν−1
ω (φ(ω)), where νω is the automorphism of Remark

1.3.10. By definition, for any a ∈ A we get

Θ0(a)(ω) = (−1)(n−1)0l0πω(a)(ω) = (πω · a)(ω) = πω(aω).

Then, for any a ∈ A, we have

Θ−1
0 (Θ0(a)) = ν−1

ω (Θ0(a)(ω)) = ν−1
ω (πω(aω)) = ν−1

ω (πω(ων(a))) = ν−1
ω (νω(a)) = a,

which implies that Θ−1
0 ◦Θ0 = id. On the other hand, for all φ ∈ InA and a ∈ A,

Θ0(Θ−1
0 (φ))(ωa) = l0φω(Θ−1

0 (φ))(ωa) = [πω · (Θ−1
0 (φ))](ωa)

= [πω · (ν−1
ω (φ(ω)))](ωa) = πω(ν−1

ω (φ(ω))(ωa))
= πω(ωφ(ω)a) = φ(ω)a = φ(ωa).

Since ω is a right generator of ΩnA, then Θ0(Θ−1
0 (φ)) = φ, for all φ ∈ InA and

therefore, Θ0 ◦Θ−1
0 = id. Thus, we get that Θ0 is a bijection.
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2. To show that Θk+m(ω′∧ω′′) = (−1)(n−1)m Θk(ω′) ·ω′′, for all ω′ ∈ ΩkA, ω′′ ∈ ΩmA:

Θk+m(ω′ ∧ ω′′) = (−1)(n−1)(k+m) lk+m
πω (ω′ ∧ ω′′) = (−1)(n−1)(k+m) πω · (ω′ ∧ ω′′)

= (−1)(n−1)(k+m) (πω · ω′) · ω′′ = (−1)(n−1)(k+m) lkπω(ω′)) · ω′′

= (−1)(n−1)m Θk(ω′) · ω′′.

3. To show that Θk are right A-maps and left A-maps by an automorphism ν : A → A:
By the previous step, if m = 0, i.e., for all ω′′ = a ∈ A, and all ω′ ∈ ΩkA, we get
Θk(ω′a) = Θk(ω′) · a. Therefore, Θk is an A-module map, for all k = 0, ..., n. In
other words, since πω is a right A-map and for all ω′′ = ωb ∈ ΩnA, we get that

πω(aω′′) = πω(aωb) = πω(ωνω(a)b) = νω(a)b = νω(a)πω(ω′′).

With this, we obtain that for all a ∈ A, ω′ ∈ ΩkA and ω′′ ∈ Ωn−kA,

Θk(aω′)(ω′′) = (−1)(n−1)k lkπω(aω′)(ω′′) = (−1)(n−1)k (πω · aω′)(ω′′)
= (−1)(n−1)k πω(aω′ ∧ ω′′) = (−1)(n−1)kνω(a)πω(ω′ ∧ ω′′)
= νω(a)(−1)(n−1)klkπω(ω)(ω′′) = νω(a)Θk(ω)(ω′′),

i.e., Θk(aω′) = νω(a)Θk(ω′), we have that Θk : ΩkA →ν In−kA are isomorphisms of
bimodules, with ν = νω.

4. Define ∇k, for each k = 0, ..., n, and show that ∇k is a extension of ∇0 which is a
hom-connection:
We define for each k = 0, ..., n, the map ∇k = Θn−k ◦ d ◦ Θ−1

n−k−1 : Ik+1A → IkA.
In this way, by definition, we have that ∇k ◦Θn−k−1 = Θn−k ◦ d, for all k = 0, ..., n.
Since d ◦ d = 0, we get that for all k = 1, ..., n,

∇k−1 ◦ ∇k = (Θn−k+1 ◦ d ◦Θ−1
n−k) ◦ (Θn−k ◦ d ◦Θ−1

n−k−1)
= Θn−k+1 ◦ (d ◦ d) ◦Θ−1

n−k−1 = 0.

First, we prove that ∇ := ∇0 : I1A → A is a divergence (or a hom-connection). For
all a ∈ A and φ ∈ I1A, we have that

∇(φ · a) = Θn ◦ d ◦Θ−1
n−1(φ · a)

= Θn(d(Θ−1
n−1(φ · a)))

= Θn(d(Θ−1
n−1(φ) · a))

= Θn(d(Θ−1
n−1(φ)) ∧ a+ (−1)n−1Θ−1

n−1(φ) ∧ da)
= Θn(d(Θ−1

n−1(φ)) ∧ a) + (−1)n−1Θn(Θ−1
n−1(φ) ∧ da)

= Θn(d(Θ−1
n−1(φ))a) + (−1)n−1Θn(Θ−1

n−1(φ) ∧ da)
= Θn(d(Θ−1

n−1(φ)))a+ (−1)2(n−1)φ · da
= ∇(φ)a+ φ · da,
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where the sixth equality is by the second step, because we have that

Θn(Θ−1
n−1(φ) ∧ da) = Θ(n−1)+1(Θ−1

n−1(φ) ∧ da)
= (−1)(n−1)1Θ(n−1)(Θ−1

n−1(φ) · da
= (−1)(n−1)φ · da.

This proves that ∇(φ · a) = ∇(φ)a + φ · da, i.e., that ∇ is a hom-connection. Now,
we are going to prove that ∇m is a extension of ∇ in the way that for all φ ∈ Im+1A
and ω′′ ∈ ΩmA, ∇m(φ)(ω′′) = ∇(φ · ω′′) + (−1)m+1φ(dω). To do it, we first note
that since Θk+m(ω′ ∧ ω′′) = (−1)(n−1)mΘk(ω′) · ω′′, fixing ω′ = Θ−1

k (φ), and using
that Θk+m is an isomorphism, we get

Θ−1
k+m(φ · ω′′) = (−1)(n−1)mΘ−1

k (φ) ∧ ω′′.

Then, we can show that for all φ ∈ Im+1A and ω′′ ∈ ΩmA,

∇(φ · ω′′) = Θn ◦ d ◦Θ−1
n−1(φ · ω′′)

= (Θn ◦ d)(Θ−1
(n−1−m)+m(φ · ω′′))

= (Θn ◦ d)((−1)(n−1)mΘ−1
(n−1−m)(φ) ∧ ω′′)

= (−1)(n−1)mΘn(d(Θ−1
(n−1−m)(φ) ∧ ω′′))

= (−1)(n−1)mΘn(d(Θ−1
(n−1−m)(φ)) ∧ ω′′ + (−1)n−1−mΘ−1

(n−1−m)(φ) ∧ dω′′)

= (−1)(n−1)mΘn(d(Θ−1
(n−1−m)(φ)) ∧ ω′′)

+ (−1)(n−1)m+n−1−mΘn(Θ−1
(n−1−m)(φ) ∧ dω′′)

= (−1)2(n−1)mΘn−m(d(Θ−1
(n−1−m)(φ))) · ω′′

+ (−1)(m+1)n−1(−1)(n−1)(m+1)Θn−m−1(Θ−1
(n−1−m)(φ)) · dω′′

= ∇m(φ) · ω′′ + (−1)mφ · dω′′

= ∇m(φ)(ω′′) + (−1)mφ · dω′′,

as we desired.

With this in mind, we can present the notion of smoothness of an algebra as follows.

Definition 1.3.14 ([BS17], p. 421). An affine algebra R of integer Gelfand-Kirillov di-
mensionm, it is said to be differentially smooth, if there exists a connected,m-dimensional,
integrable differential calculus on R.

The following example is obtained in [BL18]. In this work, we make explicit its differ-
entially smooth structure, because this is useful in the next chapter.

Example 1.3.15 ([BL18], p. 6). The algebra C[x] is differentially smooth. Since we
have that GKdim(C[x]) = 1 (see Example 1.3.5), considering the Remark 1.2.12, we need
one skew derivation ∂ such that there exists b(x) ∈ C[x] which satisfies C[x]b(x) = C[x].
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If we choose σ : C[x] → C[x] : f(x) 7→ f(q−1), with C \ {0}, by the Example 1.1.43
we have that ∂ = a(x)Jq−1 where Jq−1 is the Jackson’s derivative (see Example 1.1.42).
To guarantee that the Brzezinski’s differential calculus satisfies the density condition,
we need that a(x) = a ∈ C, and in that case, if b(x) is a linear polynomial, we get
that the left ideal generated by ∂(b(x)) is all C[x]. Then, we define the Brzezinski’s
differential calculus (Ω1(C[x]), d) Ω1(C[x]) = C[x]ω, where the right action is defined by
ωf(x) = σ(f(x))ω = f(q−1x)ω, as in equation (1.2.3), and with

d : C[x]→ Ω1(C[x]) : f(x) 7→ ∂(f(x))ω,

like in (1.2.4). We verify the Leibniz’s rule:

d(f(x)g(x)) = ∂(f(x)g(x))ω = [∂(f(x))σ(g(x)) + f(x)∂(g(x))]ω
= ∂(f(x))[σ(g(x))ω] + f(x)∂(g(x))ω
= [∂(f(x))ω]g(x) + f(x)[∂(g(x))ω]
= d(f(x))g(x) + f(x)d(g(x)).

Now, in order to prove the differentially smoothness, we check that the differential calculus
Ω(C[x]) = C[x]⊕ Ω1(C[x]) satisfies the following conditions:

1. 1-dimensional: Since Ω1(C[x]) is a bimodule generated by ω, it is finitely generated,
and so the exterior product Ωk(C[x]) =

∧k Ω1(C[x]) = 0, for all k ≥ 1 (see [Bou89],
p. 511).

2. Integrablility: Since σ is an automorphism, Ω1(C[x]) is a C[x]-free bimodule of
dimension 1. Then, we have that ω is a volume form of Ω1(C[x]). In language of
Theorem 1.3.13, we have that νω = σ−1 : C[x] → C[x] : f(x) 7→ f(qx). Note that
the map lkπΩ are bijective, for k = 0, 1, because l1πω(f(x))(ωg(x)) = f(qx)g(x) =
l0πω(f(x)ω)(g(x)), but this is not necessary to apply Theorem 1.3.13 because n = 1,
and the Theorem requires the revision of bijectivity of lkπω , for k = 1..., n− 1; since
Ω1(C[x]) admits a volume form, we get that this is an integrable differential calculus.

3. Connecteness: If f(x) ∈ C[x] such that d(f(x)) = ∂(f(x))ω = 0, we get that
aJq−1(f(x)) = 0. Thus f(x) = f ∈ C, which means that Ω1(C[x]) is connect.

Example 1.3.16 ([BS17], p. 16). The noncommutative pillow algebra O(Pθ) is differen-
tially smooth, which is a subalgebra of the coordinate algebra of the noncommutative torus
O(T2

θ). The algebra O(T2
θ) is a complex C∗-algebra10 generated by unitaries elements U

and V (i.e., |U | = |V | = 1) such that UV = λV U , with λ = e2πiθ, where θ is an irrational
number. The operator ∗ is an isomorphism and O(Pθ) is the set of fixing points of ∗, that
are generated by U + U∗ and V + V ∗.
Example 1.3.17 ([BS17], p. 22). For a positive N ∈ N, the coordinate algebra of the
quantum cone O(CNq,k) is a complex ∗-algebra generated by a, b and b∗, such that a∗ = a,
which satisfies the relations,

ab = qNba+ k[N ]qb, bb∗ =
N−1∏
l=0

(q−la+ k[−l]q), b∗b =
N∏
l=1

(qla+ k[l]q),

10A complex algebra A is called C∗, if there exists a norm || · || that makes A a Banach algebra and a
map ∗ : A → A such that (x + y)∗ = x∗ + y∗, (λx)∗ = λx∗, (xy)∗ = y∗x∗, (x∗)∗ = x and ||x∗x|| = ||x||2,
for all x, y ∈ A.
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where, q > 0, k ∈ R, are parameters and, for all n ∈ Z, [n]q = (1− qn)/(1− q). If k 6= 0,
the quantum cone algebra O(CNq,k) is differentially smooth.
Remark 1.3.18. The differentially smoothness of quantum cones was established in
[AB18], p. 21, proving the integrable condition of a differential calculus which was used
in a previous document to prove that these algebras are also homologically smooth (see
Remark 1.3.1). This with the aim to saying that the notions of smoothness of algebras
are not necessarily exclusive.
Example 1.3.19 ([BS17], p. 8). The algebra A = C[x, y]/〈xy〉 is not a differentially
smooth algebra. Since in this case V = Cx + Cy is a generator subspace, we get that
dimC(V n) = dimC(Cxn + Cyn) = 2, and therefore, dimV (n) = dimC(An) = 2n − 1.
Since the functions f(n) = 2n − 1 and g(n) = n have the same growth, we obtain that
GKdim(A) = lim logn(n) = 1. If we suppose that A is differentially smooth, then there
exists a one dimensional integrable, connected differential calculus on A. By the integral
condition we can assert features over the maps Θ1 and ν, but these implies also the non
connected of the differential calculus.
Remark 1.3.20. We want to remark that although in [BS17], the algebra Mn(C) is used
as an example for the integrability definition, for the differentially smooth is not a good
example because GKdim(Mn(C)) = 0 (see Example 1.3.6).

We found in [BL18] a way to obtain information about the differentially smoothness
of a tensor product R⊗ S, if R and S are differentially smooth algebras and satisfy some
additional conditions as follows.
Remark 1.3.21. In [BL18], p. 4, we found that if R and S have n and m-dimensional
differential calculi (ΩR, dR) and (ΩS, dS) with ΩR =

∑n
k=0 ΩkR and ΩS =

∑m
k=0 ΩkS,

respectively, then we can define

Ω(R⊗ S) := ΩR⊗ ΩS =
n+m⊕
k=0

Ωk(R⊗ S), Ωk(R⊗ S) :=
k∑
i=0

ΩiR⊗ Ωk−iS.

By Definition 1.3.8, if i > n or k − i > m, we have that ΩiR⊗ Ωk−iS = 0. Ω(R⊗ S) is a
graded differential algebra with graded multiplication defined over homogeneous elements
ω, ω′ ∈ ΩR and ν, ν ′ ∈ ΩS,

(ω ⊗ ν)(ω′ ⊗ ν ′) = (−1)|ν||ω′|ωω′ ⊗ νν ′. (1.3.1)

We can extended the derivations to a derivation d of Ω(R⊗ S) defining, for ω ∈ ΩiR and
ν ∈ ΩjS,

d(ω ⊗ ν) = ω ⊗ dS(ν) + (−1)idR(ω)⊗ ν. (1.3.2)

The density conditions of (ΩR, dR) and (ΩS, dS) are guarantee if,

ω =
∑
t

rt0dR(rt1) · · · dR(rti), ν =
∑
u

su0dS(su1) · · · dS(suj ). (1.3.3)

Then, by (1.3.1) and (1.3.2) we get

ω ⊗ ν =
∑
t,u

(rt0 ⊗ su0)d(rt1 ⊗ 1) · · · d(rti ⊗ 1)d(1⊗ su1) · · · d(1⊗ suj ).

Thus, we obtain that (ΩR⊗ ΩS, d) is a differential calculus for R⊗ S.
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With this structure in our hands, we obtain the following useful result that we present
without proof.
Theorem 1.3.22 ([BL18], 4). Let R and S be algebras with integrable differential calculi
(ΩR, dR) and (ΩS, dS). Suppose that ΩR is a finitely generated projective right R-module
and that ΩS is a finitely generated projective right S-module. Then (ΩR ⊗ ΩS, d) is an
integrable differential calculus for R⊗ S.
Corollary 1.3.23 ([BL18], p. 5). If R and S are differentially smooth algebras with
respect to calculi which are finitely generated projective as right modules and

GKdim(R⊗ S) = GKdim(R) + GKdim(S),

then the tensor product algebra R⊗ S is differentially smooth.

The differentially smoothness of the polynomial ring C[x1, ..., xn] is mentioned in
[BS17], p. 8, and concluded in [BL18], p. 6. In this work, we want to get the explicit
differential calculus following Remark 1.3.21, Theorem 1.3.22 and Corollary 1.3.23.
Example 1.3.24. By Example 1.3.15, we have that C[x] and C[y] are differentially
smooth, with 1-dimensional integrable connect differential calculus Ω(C[z]) = C[z] ⊕
Ω1(C[z]) free C[z]-right modules, for z = x, y. Since these differential calculus are right-
free, then these are right-projective too. We have that the canonical map

ϕ : C[x]⊗C C[y]→ C[x, y] : xk ⊗ yj 7→ xkyj ,

is an isomorphism of C-algebras (see [Bou89], p. 469). Therefore

GKdim(C[x]⊗ C[y]) = GKdim(C[x, y]) = 2 = 1 + 1 = GKdim(C[x]) + GKdim(C[y]).

By Corollary 1.3.23, we get that C[x, y] is differentially smooth, and the differential calculus
is, following Remark 1.3.21, given by

Ω(C[x, y]) = Ω0(C[x, y])⊕ Ω1(C[x, y])⊕ Ω2(C[x, y])

=
(

Ω0(C[x])⊗ Ω0(C[y])
)
⊕
(

[Ω0(C[x])⊗ Ω1(C[y])] + [Ω1(C[x])⊗ Ω0(C[y])]
)

⊕
(

[Ω0(C[x])⊗ Ω2(C[y])] + [Ω1(C[x])⊗ Ω1(C[y])] + [Ω2(C[x])⊗ Ω0(C[y])]
)

=
(
C[x]⊗ C[y]

)
⊕
(

[C[x]⊗ Ω1(C[y])] + [Ω1(C[x])⊗ C[y]]
)

⊕
(

[C[x]⊗ 0] + [Ω1(C[x])⊗ Ω1(C[y])] + [0⊗ C[y]]
)
.

In a more explicit way, we have

Ω(C[x, y]) =
(
C[x]⊗ C[y]

)
⊕
(
C[x]⊗ ωyC[y] + ωxC[x]⊗ C[y]

)
⊕
(
ωxC[x]⊗ ωyC[y]

)
,

where all tensors are over C, and the derivative d : C[x, y]→ Ω1(C[x, y]) = C[x]⊗ωyC[y]+
ωxC[x]⊗ C[y], it is described in simple tensors as

d(xkyj) = d(xk ⊗ yj) = xk ⊗ ∂y(yj)ωy + ∂y(xk)ωx ⊗ yj ,
d(f(x)⊗ g(y)ωy) = f(x)⊗ d(g(y)ωy) + ∂x(f(x))ωx ⊗ g(y)ωy = ∂x(f(x))ωx ⊗ g(y)ωy,
d(f(x)ωx ⊗ g(y)) = f(x)ωx ⊗ ∂y(g(y))ωy − d(f(x)ωx)⊗ g(y) = f(x)ωx ⊗ ∂y(g(y))ωy.
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Now, we present the definition of an Ore extension (also known as skew polynomial
rings), which was introduced in [Ore33], and it is used in the next chapter.

Definition 1.3.25 ([GWJ04], p. 34). If R is a ring, σ : R→ R a ring endomorphism and
δ : R→ R a left σ-skew derivation, we define R[x, σ, δ], as the quotient algebra of the free
algebra R{x} subject to the product xr = σ(r)x+ δ(r), such that {xj : l ∈ N} forms a left
R-basis of R[x, σ, δ]. The R-algebra R[x;σ, δ] is called an Ore extension of R or a skew
polynomial ring.

Remark 1.3.26. In [GWJ04], we found that for any ring endomorphism σ of R and δ
a left σ-skew derivation, there exists an Ore extension R[x;σ, δ] in Proposition 2.3, and
by Proposition 2.4 is established that if we consider A the quotient algebra of the free
algebra R〈x〉 such that xr − σ(r)x = δ(r), then there exists an unique ring isomorphism
φ : R[x;σ, δ] → A such that φ|R = id. Therefore A is an Ore extension (cf. [GWJ04] ,
Corollary 2.5).

Now, we present without proof some results that guarantee the differential smoothness
of particular Ore extensions.

Theorem 1.3.27 ([BL18], p. 6). Let R be an algebra with an integrable differential
calculus (ΩR, d) such that ΩR is a finitely generated right R-module. For any automor-
phism σ of R that extends to a degree-preserving automorphism of ΩR, which commutes
with d, there exists an integrable differential calculus (ΩA, d) on the skew-polynomial ring
A = R[z;σ]. If R is differentially smooth with respect to (ΩR, d) and GKdim(A) =
GKdim(R) + 1, then A is also differentially smooth.

For an illustration of this theorem, see Example 1.3.38.

Theorem 1.3.28 ([BL18], p. 13). Let R be an algebra with an integral differential calculus
(ΩR, d) such that ΩR is a finitely generated right R-module. Let σ be an automorphism
of R that extends to a degree-preserving automorphism of ΩR, which commutes with d. If
R is differentially smooth with respect to (ΩR, d) and GKdim(R[z;σ]) = GKdim(R) + 1,
then R[z;σ][t;σq] is also differentially smooth, where

σq : R[z;σ]→ R[z;σ], wf(z) 7→ σ(w)f(qz), for all w ∈ R, f(z) ∈ K[z].

Example 1.3.29. The C-algebra generated by x1, ..., xn such that, for all pair 1 ≤ i <
j ≤ n, there exist qij ∈ C \ {0}, it is differentially smooth (see [BL18], p. 13).

Remark 1.3.30. Let us show the differential calculus used in the proofs of Theorems
1.3.27 and 1.3.28. If (ΩR, d) is the GKdim(R)-dimensional, integral, connect differential
calculus of R, for R[z;σ] we build the structure Ω(R[z;σ]) = (ΩR[z; σ̂]) ⊕ (ΩR[z; σ̂])σ in
the following way:

1. σ̂ : ΩR → ΩR must be a degree-preserving automorphism that commutes with d
and such that σ̂|R = σ.

2. Construct the Ore extension (ΩR)[z; σ̂], and define the automorphism

σ : (ΩR)[z; σ̂]→ (ΩR)[z; σ̂] : ωzn 7→ σ(ωzn) = (−1)|ω|σ̂(ω)zn, for all ω ∈ ΩjR.
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3. Consider ((ΩR)[z; σ̂])σ the (ΩR)[z; σ̂]-bimodule (ΩR)[z; σ̂] with the actions ωω′ω′′ :=
ωω′σ(ω′′), for all ω, ω′, ω′′ ∈ (ΩR)[z; σ̂].

4. Construct the trivial extension (see [BL18], p. 6) ((ΩR)[z; σ̂])⊕ ((ΩR)[z; σ̂])σ, which
is that direct sum of bimodules with the product,

(ωzn, νzm)(ω′zn′ , ν ′zm′) := (ωznω′zn′ , ωznν ′zm′ + νzmσ(ω′zn′)).

we can check ((ΩR)[z; σ̂]) ⊕ ((ΩR)[z; σ̂])σ is a grading algebra, with the grading is
given by

|(ωzn, 0)| = |ω|, |(0, νzm)| = |ν|+ 1,

for all homogeneous ω, ν ∈ ΩR.

5. The differential d : ((ΩR)[z; σ̂]) ⊕ ((ΩR)[z; σ̂])σ → ((ΩR)[z; σ̂]) ⊕ ((ΩR)[z; σ̂])σ, is
defined, for all homogeneous ω, ν ∈ ΩR, by

d(ωzn, νzm) = (d(ω)zn, (−1)|ω|ω∂z(zn) + d(ν)zm)

Now, we present a treatment of differentially smoothness of Ore extensions R[x;σ, δ]
where R = C[x] and δ 6= 0. First, we present the Lemma 1.3.31 without proof, and later
we consider Theorem 1.3.32 following the proof given in [Brz14], filling the details that
are omitted in that document.

Lemma 1.3.31 ([AB18], p. 9). Let Ω(A) be an n-dimensional calculus over A admitting
a volume form ω. Assume that, for all k = 1, ..., n − 1, there exists a finite number of
forms ωki , ωki ∈ Ωk(A) such that, for all ω′ ∈ Ωk(A),

ω′ =
∑
i

ωki πω(ωn−ki ∧ ω′) =
∑
i

ν−1
ω (πω(ω′ ∧ ωn−ki ))ωki , (1.3.4)

then, ω is an integrating form and all the Ωk(A) are finitely generated and projective as
left and right A-modules.

Theorem 1.3.32 ([Brz14], p. 4). If A = C[x][y;σ, δ] is an Ore extension satisfying one
of the next conditions

1. σ = id and p(x) ∈ C[x].

2. σ(x) = x+ r, and δ(x) = p(x) = c, with r, c ∈ C and r 6= 0.

3. σ(x) = qx+ r, and δ(x) = p(x) = c(x+ (r/(q − 1))), with q, r, c ∈ C and q 6= 1,

then A is differentially smooth.

Proof. We work with the general description σ(x) = qx+ r for a, r ∈ C. Since in this case
GKdim(A) = 2, we have to construct a 2-dimensional differential calculus. We do that in
the following steps:
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1. The following assignments define two automorphisms of A,

νx(x) = x, νx(x) = qy + p′(x) and νy(x) = σ−1(x), νy(y) = y,

where p′(x) is the usual derivative of p(x), and [νx, νy] = 0, if q = 1 (see [Brz14], p.
3).

2. Construct the homogeneous component of degree 1 as the free right A-module with
generators d(x) and d(y), i.e., Ω1(A) = d(x)A+d(y)A. Following the action defined
in expression (1.2.3), define the left A-module structure by

ad(x) = d(x)νx(a), ad(y) = d(y)νy(a), for all a ∈ A, (1.3.5)

which, by definition of automorphisms νx and νy, it turns to

xd(x) = d(x)νx(x) = d(x)x,
xd(y) = d(y)νy(x) = d(y)σ−1(x) = d(y)q−1x− d(y)q−1r,

yd(x) = d(x)νx(y) = d(x)qy + d(x)p′(x),
yd(y) = d(y)νy(y) = d(y)y. (1.3.6)

3. Define the differential map d : A → Ω1(A) such that x 7→ d(x) and y 7→ d(y). By
relations (1.3.6) and the Leibniz’s rule of d, we have that d respects yx = (qx+r)y+
p(x), as follows

d(yx) = d((qx+ r)y + p(x))
d(y)x+ yd(x) = qd(x)y + qxd(y) + rd(y) + d(p(x))

d(y)x+ d(x)qy + d(x)p′(x) = qd(x)y + d(y)x+ (−d(y)r + rd(y)) + d(x)p′(x)
d(y)x+ d(x)qy + d(x)p′(x) = qd(x)y + d(y)x+ d(x)p′(x)

0 = 0

where, since xd(x) = d(x)x, by an application of Leibniz’s rule, we have that for
any h(x) ∈ C[x], d(h(x)) = h′(x)d(x) = d(x)h′(x), in particular d(p(x)) = d(x)p′(x).
Then (Ω1(A), d) is a first order differential calculus of A.

4. Define linear maps ∂x, ∂y : A → A, such that

d(a) = d(x)∂x(a) + d(y)∂y(a), for all a ∈ A.

Since A is right free with generators d(x) and d(y), the maps ∂x and ∂y are well
defined.

5. (Ω1(A), d) satisfies Ker(d) = C: since Ω1(A) is right free with generators d(x) and
d(y), then, d(a) = 0 if and only if ∂x(a) = ∂y(a) = 0. Using relations (1.3.6) and the
definition of νx and νy, since d(xkyl) = d(x)∂x(xkyl) + d(y)∂y(xkyl), and

d(xkyl) = d(xk)yl + xkd(yl)
= d(x)kxk−1yl + xkd(y)lyl−1

= d(x)kxk−1yl + d(y)σ−1(xk)lyl−1

= d(x)kxk−1yl + d(y)σ−1(xk)lyl−1

= d(x)kxk−1yl + d(y)(q−1x− q−1r)klyl−1,
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we obtain, ∂x(xkyl) = kxk−1yl and ∂y(xkyl) = l(q−1x − q−1r)kyl−1. In particular,
∂x(
∑

k,l ck,lx
kyl) =

∑
k,l ck,lkx

k−1yl = 0 if and only if ck,l = 0, whenever k 6= 0, and
for yl ∈ A, we have that ∂y(yl) = σ−1(1)lyl−1 = 0 if and only if l 6= 0. Therefore,
d(a) = 0 if and only if a ∈ C.

6. Considering the universal extension of d to higher forms compatible with relations
(1.3.6), we obtain the following rules for Ω2(A) = Ω1(A) ∧ Ω1(A), where d(a ∧ b) =
d(a) ∧ b+ (−1)deg(a)a ∧ d(b),

d(wd(w)) = d(d(w)w)
d(w) ∧ d(w) + w ∧ d2(w) = d2(w) ∧ w − d(w) ∧ d(w)

d(w) ∧ d(w) = −d(w) ∧ d(w).

Therefore, d(w) ∧ d(w) = 0, for w ∈ {x, y}, since d2 = 0. Also, due to that xd(y) =
d(y)q−1x− d(y)q−1r, we have that

d(xd(y)) = d(d(y)q−1x− d(y)q−1r)
d(x) ∧ d(y) + x ∧ d2(y) = q−1d2(y) ∧ x− q−1d(y) ∧ d(x)− q−1rd2(y)

d(x) ∧ d(y) = −q−1d(y) ∧ d(x)
d(y) ∧ d(x) = −qd(x) ∧ d(y). (1.3.7)

7. Note that the last of the necessary equations (1.3.7), does not induce any additional
constraints, since [νx, νy] = 0, for all a ∈ A,

a(d(y) ∧ d(x) + qd(x) ∧ d(y)) = ad(y) ∧ d(x) + qad(x) ∧ d(y)
= d(y)νy(a) ∧ d(x) + qd(x)νx(a) ∧ d(y)
= d(y) ∧ νy(a)d(x) + qd(x) ∧ νx(a)d(y)
= d(y) ∧ d(x)[νx ◦ νy(a)− νy ◦ νx(a)]
= d(y) ∧ d(x)[νx, νy](a) = 0.

8. We have that ω := d(x) ∧ d(y) freely generates Ω2(A) as a right A-module (see
[Bou89], p. 511), and also,

aω = ω(νx ◦ νy)(a), for all a ∈ A,

and since both νx and νy are automorphisms, ω is a volume form with νω = νy ◦ νx.

9. As a matter of fact, since Ω2(A) = ωA, and d(d(x) ∧ d(y)) = d2(x) ∧ d(y)− d(x) ∧
d2(y) = 0, we have been obtained that (Ω(A), d) is a 2-dimensional connect differ-
ential calculus with volume form ω = d(x) ∧ d(y).

10. In order to apply the Lemma 1.3.31 with the aim of obtaining the integrable condi-
tion, we define,

ω1 = d(x), ω1 = −q−1d(y), and ω2 = d(y), ω2 = d(x).
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Then, for all ω′ = d(x)a+ d(y)b,

ω1πω(ω1 ∧ ω′) + ω2πω(ω2 ∧ ω′)
= d(x)πω(−q−1d(y) ∧ (d(x)a+ d(y)b)) + d(y)πω(d(x) ∧ (d(x)a+ d(y)b))
= d(x)πω(−q−1d(y) ∧ d(x)a) + d(y)πω(d(x) ∧ d(y)b)
= d(x)πω(d(x) ∧ d(x)a) + d(y)πω(d(x) ∧ d(y)b)
= d(x)a+ d(y)b = ω′.

Furthermore, using relations (1.3.5), we compute
ν−1
ω (πω(ω′ ∧ ω1))ω1 + ν−1

ω (πω(ω′ ∧ ω2))ω2

= ν−1
ω (πω((d(x)a+ d(y)b) ∧ d(x)))(−q−1d(y)) + ν−1

ω (πω((d(x)a+ d(y)b) ∧ d(y)))d(x)
= ν−1

ω (πω(d(y)b ∧ d(x)))(−q−1d(y)) + ν−1
ω (πω(d(x)a ∧ d(y)))d(x)

= ν−1
ω (πω(d(x) ∧ d(y)νx(b)))d(y) + ν−1

ω (πω(d(x) ∧ d(y)νy(a)))d(x)
= ν−1

ω (νx(b))d(y) + ν−1
ω (νy(a))d(x)

= ν−1
y (b)d(y) + ν−1

x (a)d(x)
= d(y)b+ d(x)a = ω′.

By Lemma 1.3.31, we obtain that ω is an integrating form, i.e., that (Ω(A), d) is
integral.

Then, since (Ω(A), d) is 2-dimensional, integral, connect differential calculus for A, then
A is differentially smooth, which concludes the proof.

Remark 1.3.33. About the proof of Theorem 1.3.32, we want to say some things.

1. The reason that these algebras have Gelfand-Kirillov dimension 2 is because these
algebras are isomorphic to Hopf algebras that have this Gelfand-Kirillov dimension
(see [Brz14], p. 1).

2. By the Lemma 1.3.31, we obtain that each homogeneous A-module Ωk(A) is right
and left projective. Therefore, since Ω(A) is a direct sum of projective modules, we
obtain Ω(A) is a right and left A-projective finitely generated module.

3. We note that the maps ∂x and ∂y are left νx and νy-skew derivations, respectively,
this because, for all pair a, b ∈ A,

d(x)∂x(ab) + d(y)∂y(ab) = d(ab)
= d(a)b+ ad(b)
= (d(x)∂x(a) + d(y)∂y(a))b+ a(d(x)∂x(b) + d(y)∂y(b))
= d(x)∂x(a)b+ d(y)∂y(a)b+ ad(x)∂x(b) + ad(y)∂y(b)
= d(x)∂x(a)b+ d(y)∂y(a)b+ d(x)νx(a)∂x(b) + d(y)νy(a)∂y(b)
= d(x)[∂x(a)b+ νx(a)∂x(b)] + d(y)[∂y(a)b+ νy(a)∂y(b)].

Since d(x) and d(y) form a right A-base for Ω1(A), we obtain the assertion.

4. Since for all left ϕ-skew derivation ∂, if ϕ is an algebra automorphism, we get that
ϕ−1 ◦ ∂ is a right ϕ−1-skew derivation, this because for all pair a, b ∈ Dom(∂),

ϕ−1 ◦ ∂(ab) = ϕ−1(∂(a)b+ ϕ(a)∂(b))
= ϕ−1(∂(a))ϕ−1(b) + aϕ−1(∂(b)),
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we conclude that ν−1
x ◦ ∂x and ν−1

y ◦ ∂y are right ν−1
x and ν−1

y -skew derivations,
respectively. If we consider the set of right skew derivations {ν−1

x ◦ ∂x, ν−1
y ◦ ∂y} in

Remark 1.2.12, we note that the Brzezinski’s differential calculus constructed from
{ν−1
x ◦ ∂x, ν−1

y ◦ ∂y} is precisely the calculus constructed in the proof of Theorem
1.3.32, as it was mentioned in [Brz14], p. 6.

We want to pointing out the following about the hom-connection intrinsic used in the
proof of Theorem 1.3.32, and its Brzezinski’s integral calculus.

Remark 1.3.34. In Lemma 1.3.31, it was established the hom-connection (see [BS17], p.
10) as

∇ : I1A → A : f 7→ (−1)n−1
∑
i

πω(d(ν−1
ω (f(ω1

i )))ωn−1
i ),

which, in this case ∇(ξx) = ∇(ξy) = 0, where, ξx and ξy are the dual basis of d(x) and
d(y), i.e., for all d(x)a+ d(x)b ∈ Ω1(A),

ξx(d(x)a+ d(x)b) = a, ξy(d(x)a+ d(x)b) = b,

then, {ξx, ξy} is an A-right basis of I1A = HomA(Ω1(A),A). Therefore, by linearity and
the definition of a hom-connection (see Definiton 1.2.1), for all ξx · a+ ξy · b ∈ I1A,

∇(ξx · a+ ξy · b) = ∇(ξx · a) +∇(ξy · b)
= ∇(ξx)a+ ξx(da) +∇(ξy)b+ ξy(db)
= ξx(da) + ξy(db)
= ∂x(a) + ∂y(a),

where ∂x and ∂y are the skew derivations defined in point 6 of proof of Theorem 1.3.32,
and treated in point 3 of Remark 1.3.33. We have that ∇ is surjective: because ∂x it
is surjective (see point 5 of Theorem 1.3.32), then, if a, c ∈ A such that ∂x(a) = c,
∇(ξx · a) = ∂x(a) = c ∈ Im(∇). This implies that coker(∇) = 0. Hence, the Brzezinski’s
integral calculus (see Definition 1.2.11) in this case is zero, as it was observed in [Brz14],
p. 6.

The following examples correspond to algebras that will be used in the next chapter.

Example 1.3.35. Consider the Ore extension C[x][z;σ1, δ1] such that σ1(x) = βx and
δ1(x) = 0, with β ∈ C \ {0}. Then, by Theorem 1.3.32, we get that C[x][z;σ1, δ1] is
differentially smooth.

Example 1.3.36. Considering the Ore extension C[x][y;σ1, δ1] such that σ1(x) = α−1x
and δ1(x) = −α−1(a3x+ b3), where α ∈ C \ {0} and a3, b3 ∈ C, then, by Theorem 1.3.32,
we get that C[x][y;σ1, δ1] is differentially smooth.

Example 1.3.37. The Ore extension C[z][y;σ1, δ1] such that σ1(z) = z and δ1(z) = z. By
Theorem 1.3.32, C[z][y;σ1, δ1] is differentially smooth. As we see in the proof of Theorem
1.3.32,

Ω(C[z][y;σ1, δ1]) = A
⊕(

d(z)A⊕ d(y)A
)⊕

(d(z) ∧ d(y))A,
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where the two automorphisms are defined by

νz(z) = z, νz(y) = y + 1, νy(z) = z, νy(y) = y,

and the left module structure is defined by ad(w) := d(w)νw(a), for all a ∈ A, for w ∈
{z, y}, where,

zd(z) = d(z)z, yd(z) = d(z)(y + 1), zd(y) = d(y)z, yd(y) = d(y)y.

For a ∈ A, d(a) = d(z)∂z(a)+d(y)∂y(a), where in this case, ∂w represents the usual partial
derivative respect to w, for w ∈ {z, y}. In degree 2, we have that d(z)∧d(y) = −d(y)∧d(z).
Therefore, for a, b ∈ A,

d(d(z)a+ d(y)b) = d(d(z)a) + d(d(y)b)
= d(z) ∧ d(a) + d(y) ∧ d(b)
= d(z) ∧ (d(z)∂z(a) + d(y)∂y(a)) + d(y) ∧ (d(z)∂z(b) + d(y)∂y(b))
= d(z) ∧ d(y)∂y(a) + d(y) ∧ d(z)∂z(b)
= d(z) ∧ d(y)[∂y(a)− ∂z(b)]. (1.3.8)

Also, since ω = d(z) ∧ d(y) is the integrating volume form, d(Ω2(A)) = 0.

The following example is due to a direct application of Theorem 1.3.27 to the Exam-
ple 1.3.36, and it is obtained in this work. The Gelfand-Kirillov dimension condition of
Theorem 1.3.27 is from [Rey13], Theorem 14.

Example 1.3.38. The iterated Ore extension C[z][y;σ1, δ1][x;σ2, δ2] such that σ1(z) = z,
δ1(z) = z, σ2(y) = y, δ2(y) = 0, σ2(z) = β−1z and δ2(z) = 0, for β ∈ C. Since, by Example
1.3.37, the first iteration C[z][y;σ1, δ1] is differentially smooth, and since by Remark 1.3.33,
Ω(C[z][y;σ1, δ1]) it is finitely generated as right C[z][y;σ1, δ1]-module, we can apply the
Theorem 1.3.27. We only we have to check that there exists an automorphism σ of
C[z][y;σ1, δ1] such that it can be extended to an automorphism of Ω(C[z][y;σ1, δ1]), σ̂,
that [σ̂, d] = 0. We show that for the identity map of C[z][y;σ1, δ1] there exists only one
extension of this type. We call B = C[z][y;σ1, δ1]. For σ = idB,

σ̂ ◦ d(a) = d(idB(a)) = d(a), for all a ∈ B,

hence, σ̂(d(z)a + d(y)b) = σ̂(d(z))σ(a) + σ̂(d(y))σ(b) = d(z)a + d(y)b, which means,
σ̂|Ω1(B) = idΩ1(B). Now, for d(z)a+ d(y)b ∈ Ω1(B),

σ̂(d(d(z)a+ d(y)b)) = d(σ̂(d(z)a+ d(y)b)) = d(d(z)a+ d(y)b).

Since d(d(z)a + d(y)b) = d(z) ∧ d(y)[∂y(a) − ∂z(b)] (see expression (1.3.8)), with a = z
and b = 0, we obtain that σ̂(d(z) ∧ d(y)) = d(z) ∧ d(y), which implies that σ̂|Ω2(B) =
idΩ2(B). Therefore, the unique extension of the identity map of C[z][y;σ1, δ1] to a graded
automorphism of Ω(C[z][y;σ1, δ1]), such that it commutes with d, is the identity map of
Ω(C[z][y;σ1, δ1]). Therefore, as such automorphism exists, by Theorem 1.3.27, the iterated
Ore extension C[z][y;σ1, δ1][x;σ2, δ2] is differentially smooth.

Remark 1.3.39. We want to clarify that not always it is possible to extend an au-
tomorphism such that commutes with the differential, even when we try to extend the
automorphism that defines the Ore extension (see Remark 2.3.29).
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The next example is an original product of this work, following the ideas of the proof
of Theorem 1.3.32.

Example 1.3.40. Consider the Ore extension, A = C[y, z][x;σ, δ], such that σ(y) = y,
δ(y) = 0 σ(z) = β−1z and with β, δ(z) ∈ C. From [Rey13], p. 101, we have that has
GKdim(A) = 3. Hence, following the ideas developed in the proof of Theorem 1.3.32,

1. We set the right free A-module Ω1(A) = d(y)A
⊕
d(z)A

⊕
d(x)A.

2. We establish the C-algebra automorphisms νx, νy, νz : A → A, defined by,

νx(x) = β−1x, νx(y) = y, νx(z) = βz,

νy(x) = x, νy(y) = y, νy(z) = z,

νz(x) = β−1x, νz(y) = y, νz(z) = βz.

We want to note that νx = νz, νy = idA and [νx, νy] = [νx, νz] = [νy, νz] = 0.

3. We define the left A-action over Ω1(A), ad(w) = d(w)νw(a), for all a ∈ A and
w ∈ {x, y, z}. Since the νw’s are automorphisms, then Ω1(A) is also left free, with
the explicit relations

xd(x) = d(x)β−1x, yd(x) = d(x)y, zd(x) = d(x)βz,
xd(y) = d(y)x, yd(y) = d(y)y, zd(y) = d(y)z, (1.3.9)
xd(z) = d(z)β−1x, yd(z) = d(z)y, zd(z) = d(z)βz.

4. With these objects, we can extend to a derivation d : A → Ω1(A) that satisfies
yz = zy, xy = yx and xz = β−1zx+ δ(z),

d(yz − zy) = d(y)z + yd(z)− d(z)y − zd(y) = d(y)z + d(z)νz(y)− d(z)y − d(y)νy(z)
= d(y)z + d(z)νz(y)− d(z)y − d(y)νy(z)
= d(y)[z − νy(z)] + d(z)[νz(y)− y] = 0,

and in the same form, d(xy − yx) = 0. Also,

d(xz) = d(β−1zx+ δ(z))
d(x)z + xd(z) = β−1d(z)x+ β−1zd(x)

d(x)z + d(z)νz(x) = β−1d(z)x+ β−1d(x)νx(z)
0 = 0.

With this, we have that (Ω1(A), d) is a first order differential calculus.

5. For w ∈ {x, y, z}, we have that νw(w) = θww, with θw ∈ C. In this way, for all
i ∈ N \ {0},

d(wi) = d(w)(θiw − 1)
(θw − 1)w

i−1,
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and with this, we define maps ∂x, ∂x, ∂x : A → A, such that d(a) = d(x)∂x(a) +
d(y)∂y(a) + d(z)∂z(a), for all a ∈ A where, for all yizjxk ∈ A,

∂x(yizjxk) = βj
(β−k − 1)
(β−1 − 1)y

izjxk−1, ∂z(yizjxk) = (βj − 1)
(β − 1) y

izj−1xk,

∂y(yizjxk) = iyi−1zjxk.

These maps satisfy that d(a) = 0 if and only if ∂x(a) = ∂y(a) = ∂z(a) = 0, and this
is equivalent in this case to Kerd = C.

6. With this, we extend the structure of (Ω1(A), d) to the 2-degree homogeneous cal-
culus applying the operator d to elements of Ω1(A), following the rules d2 = 0 and
d(ab) = d(a) ∧ b + (−1)deg(a)a ∧ d(b), for all a, b ∈ Ω1(A). Then, applying d to the
relations 1.3.9, for β 6= −1, d(w) ∧ d(w) = 0 for w ∈ {x, y, z}, and

d(x) ∧ d(y) = −d(y) ∧ d(x), d(x) ∧ d(z) = −β−1d(z) ∧ d(x), d(z) ∧ d(y) = −d(y) ∧ d(z),

as in the proof of Theorem 1.3.32, these relations do not impose conditions over the
algebra due to the fact that [νw, νw′ ] = 0, for all pair w,w′ ∈ {x, y, z}. Then it was
established that Ω2(A) = d(y) ∧ d(z)A

⊕
d(y) ∧ d(x)A

⊕
d(z) ∧ d(x)A.

7. Now, we consider Ω3(A) = d(y)∧d(z)∧d(x)A, where by the relations in the previous
item,

d(x) ∧ d(y) ∧ d(z) = β−1d(y) ∧ d(z) ∧ d(x)
d(y) ∧ d(x) ∧ d(z) = −β−1d(y) ∧ d(z) ∧ d(x)
d(z) ∧ d(y) ∧ d(x) = −d(y) ∧ d(z) ∧ d(x)
d(z) ∧ d(x) ∧ d(y) = d(y) ∧ d(z) ∧ d(x)
d(x) ∧ d(z) ∧ d(y) = −β−1d(y) ∧ d(z) ∧ d(x),

we have that ω := d(y)∧ d(z)∧ d(x) is a volume form of Ω(A) =
⊕3

i=0 Ωi(A), with
νω = νx ◦ νz ◦ νy.

8. With the aim of applying Lemma 1.3.31, we set the elements,

ω2
1 = d(y) ∧ d(z), ω2

2 = d(z) ∧ d(x), ω2
3 = −βd(y) ∧ d(x)

ω2
1, = βd(y) ∧ d(z), ω2

2 = d(z) ∧ d(x), ω2
3 = −d(y) ∧ d(x),

ω1
1 = ω1

1 = d(x), ω1
2 = ω1

2 = d(y), ω1
3 = ω1

3 = d(z).
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In k = 1, for ω′ = d(y)a+ d(z)b+ d(x)c ∈ Ω1(A),

ω1
1πω(ω2

1 ∧ ω′) + ω1
2πω(ω2

2 ∧ ω′) + ω1
3πω(ω2

3 ∧ ω′)
= d(x)πω(d(y) ∧ d(z) ∧ (d(y)a+ d(z)b+ d(x)c))
+ d(y)πω(d(z) ∧ d(x) ∧ (d(y)a+ d(z)b+ d(x)c))
+ d(z)πω((−βd(y) ∧ d(x)) ∧ (d(y)a+ d(z)b+ d(x)c))
= d(x)πω(d(y) ∧ d(z) ∧ d(x)c)
+ d(y)πω(d(z) ∧ d(x) ∧ d(y)a)
+ d(z)πω((−βd(y) ∧ d(x)) ∧ d(z)b)
= d(x)πω(d(y) ∧ d(z) ∧ d(x)c)
+ d(y)πω(d(y) ∧ d(z) ∧ d(x)a)
+ d(z)πω(d(y) ∧ d(z) ∧ d(x)b)
= d(x)c+ d(y)a+ d(z)b = ω′.

ν−1
ω (πω(ω′ ∧ ω2

1))ω1
1 + ν−1

ω (πω(ω′ ∧ ω2
2))ω1

2 + ν−1
ω (πω(ω′ ∧ ω2

3))ω1
3

= ν−1
ω (πω((d(y)a+ d(z)b+ d(x)c) ∧ βd(y) ∧ d(z)))d(x)

+ ν−1
ω (πω((d(y)a+ d(z)b+ d(x)c) ∧ d(z) ∧ d(x)))d(y)

+ ν−1
ω (πω((d(y)a+ d(z)b+ d(x)c) ∧ −d(y) ∧ d(x)))d(z)

= ν−1
ω (πω(d(x)c ∧ βd(y) ∧ d(z)))d(x)

+ ν−1
ω (πω(d(y)a ∧ d(z) ∧ d(x)))d(y)

+ ν−1
ω (πω(d(z)b ∧ −d(y) ∧ d(x)))d(z)

= ν−1
ω (πω(d(y) ∧ d(z) ∧ d(x)(νz ◦ νy)(c)))d(x)

+ ν−1
ω (πω(d(y) ∧ d(z) ∧ d(x)(νx ◦ νz)(a)))d(y)

+ ν−1
ω (πω(d(y) ∧ d(z) ∧ d(x)(νx ◦ νy)(b)))d(z)

= ν−1
ω ((νz ◦ νy)(c)))d(x) + ν−1

ω ((νx ◦ νz)(a)))d(y) + ν−1
ω ((νx ◦ νy)(b)))d(z)

= ν−1
x (c)d(x) + ν−1

y (a)d(y) + ν−1
z (b)d(z) = d(x)c+ d(y)a+ d(z)b = ω′.

If k = 2, for ω′ = d(y) ∧ d(z)a+ d(y) ∧ d(x)b+ d(z) ∧ d(x)c ∈ Ω2(A),

ω2
1πω(ω1

1 ∧ ω′) + ω2
2πω(ω1

2 ∧ ω′) + ω2
3πω(ω1

3 ∧ ω′)
= βd(y) ∧ d(z)πω(d(x) ∧ (d(y) ∧ d(z)a+ d(y) ∧ d(x)b+ d(z) ∧ d(x)c))
+ d(z) ∧ d(x)πω(d(y) ∧ (d(y) ∧ d(z)a+ d(y) ∧ d(x)b+ d(z) ∧ d(x)c))
− d(y) ∧ d(x)πω(d(z) ∧ (d(y) ∧ d(z)a+ d(y) ∧ d(x)b+ d(z) ∧ d(x)c)
= βd(y) ∧ d(z)πω(d(x) ∧ d(y) ∧ d(z)a)
+ d(z) ∧ d(x)πω(d(y) ∧ d(z) ∧ d(x)c)
− d(y) ∧ d(x)πω(d(z) ∧ d(y) ∧ d(x)b)
= d(y) ∧ d(z)πω(d(y) ∧ d(z) ∧ d(x)a)
+ d(z) ∧ d(x)πω(d(y) ∧ d(z) ∧ d(x)c)
+ d(y) ∧ d(x)πω(d(y) ∧ d(z) ∧ d(x)b)
= d(y) ∧ d(z)a+ d(z) ∧ d(x)c+ d(y) ∧ d(x)b = ω′.
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ν−1
ω (πω(ω′ ∧ ω1

1))ω2
1 + ν−1

ω (πω(ω′ ∧ ω1
2))ω2

2 + ν−1
ω (πω(ω′ ∧ ω1

3))ω2
3

= ν−1
ω (πω((d(y) ∧ d(z)a+ d(y) ∧ d(x)b+ d(z) ∧ d(x)c) ∧ d(x)))d(y) ∧ d(z)

+ ν−1
ω (πω((d(y) ∧ d(z)a+ d(y) ∧ d(x)b+ d(z) ∧ d(x)c) ∧ d(y)))d(z) ∧ d(x)

− βν−1
ω (πω((d(y) ∧ d(z)a+ d(y) ∧ d(x)b+ d(z) ∧ d(x)c) ∧ d(z)))d(y) ∧ d(x)

= ν−1
ω (πω(d(y) ∧ d(z)a ∧ d(x)))d(y) ∧ d(z)

+ ν−1
ω (πω(d(z) ∧ d(x)c ∧ d(y)))d(z) ∧ d(x)

− βν−1
ω (πω(d(y) ∧ d(x)b ∧ d(z)))d(y) ∧ d(x)

= ν−1
ω (πω(d(y) ∧ d(z) ∧ d(x)νx(a)))d(y) ∧ d(z)

+ ν−1
ω (πω(d(y) ∧ d(z) ∧ d(x)νy(c)))d(z) ∧ d(x)

+ ν−1
ω (πω(d(y) ∧ d(z) ∧ d(x)νz(b)))d(y) ∧ d(x)

= ν−1
ω (νx(a))d(y) ∧ d(z)

+ ν−1
ω (νy(c))d(z) ∧ d(x)

+ ν−1
ω (νz(b))d(y) ∧ d(x)

= d(y) ∧ d(z)a+ d(z) ∧ d(x)c+ d(y) ∧ d(x)b = ω′.

Hence, by Lemma 1.3.31, we obtain that the differential calculus Ω(A) is integrable.

Then, since GKdim(A) = 3 and Ω(A) is a 3-dimensional integrable and connect differential
calculus, we get that A is a differentially smooth algebra.

Example 1.3.41. The Ore extension A = C[y, z][x;σ, δ], such that σ(y) = y, δ(y) = 0
σ(z) = β−1z and 0 6= δ(z) ∈ Cy, with β ∈ C, it is not differentially smooth. The problem is
that, since xz = β−1zx− cy, with c ∈ C\{0}, if we define a differential calculus (Ω(A), d),
we need that,

d(xz) = β−1d(zx)− cd(y)
d(x)z + xd(z) = β−1d(z)x+ β−1zd(x)− cd(y).

Hence, since cd(y) = β−1d(z)x + β−1zd(x) − (d(x)z + xd(z)), by the density condition
of Ω1(A), we have that d(x) and d(z) form a set of generators of Ω1(A), and therefore,
Ω3(A) = 0. This means that, there is no exist a GKdim(A) = 3-dimensional calculus, and
therefore the differentially smoothness of A is impossible.

If C[x, y][z;σ, δ] is an Ore extension of derivation type, i.e., σ = idC[x,y], in this work
we obtained the following result.

Theorem 1.3.42. If A = C[x, y][z; idC[x,y], δ] is an Ore extension, δ = f(x)∂x + g(y)∂y,
where f(x) ∈ C[x] ⊂ C[x, y], g(y) ∈ C[y] ⊂ C[x, y], and ∂x and ∂y are the usual partial
derivations, then A is differentially smooth.

Proof. Following the ideas in the proof of Theorem 1.3.32 and Example 1.3.40 in the case
of R = C[x, y], we have the following:
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1. The following assignments determine C-algebra automorphisms νx, νy and νz of A,

νx(x) = x, νx(y) = y, νx(z) = z + ∂x(f(x)),
νy(x) = x, νy(y) = y, νy(z) = z + ∂y(g(y)),
νz(x) = x, νz(y) = y, νz(z) = z.

These automorphisms satisfy [νx, νy] = [νx, νz] = [νy, νz] = 0.

2. We define the free right A-module Ω1(A) = d(x)A
⊕
d(y)A

⊕
d(z)A, and also we

define the left structure in the generators as ad(w) = d(w)νw(a), for all a ∈ A and
w ∈ {x, y, z}.
If we extend the assignments w 7→ d(w), for w ∈ {x, y, z}, to a C-derivative over the
algebra A, d : A → Ω1(A), since νw(w) = w, we have d(wk) = d(w)kwk−1, for all
k ∈ N and w ∈ {x, y, z}. By Leibniz’s rules,

d(xiyjzk) = d(x)ixi−1yjzk + xid(y)jyj−1zk + xiyjd(z)kzk−1

= d(x)ixi−1yjzk + d(y)jxiyj−1zk + d(z)kxiyjzk−1, (1.3.10)

where the last equation is due to the fact that νy(x) = x, νz(x) = x and νz(y) = y.
Therefore, if we define the maps ∂x, ∂y, ∂z : A → A, such that

d(a) = d(x)∂x(a) + d(y)∂y(a) + d(z)∂z(a), for all a ∈ A,

then, by the right free structure of Ω1(A), d(a) = 0 if and only if ∂x(a) = ∂y(a) =
∂z(a) = 0. By relations (1.3.10), we have that ∂w is a left νw-skew derivation, for
w ∈ {x, y, z}, and that over the PBW basis {xiyjzk : i, j, k ∈ N}, the map ∂w acts
as the usual partial derivation respect w. With this, we conclude that for a ∈ A,
∂x(a) = ∂y(a) = ∂z(a) = 0 if and only if a ∈ C, which means that Ker(d) = C.

3. Extending the differential graded structure to Ω2(A) = d(y) ∧ d(z)A
⊕
d(x) ∧

d(z)A
⊕
d(x) ∧ d(y)A, we have that d(w) ∧ d(w′) = −d(w′) ∧ d(w), for w,w′ ∈

{x, y, z}. Since the automorphisms νw commute between them, the relations d(w)∧
d(w′) = −d(w′)∧d(w) do not disturb the structure of free right A-module of Ω2(A).

4. For Ω3(A) = d(x)∧d(y)∧d(z)A, we define νω = νx◦νy◦νz where ω := d(x)∧d(y)∧d(z)
is the volume form. If we define the assignments,

ω1
1 = ω1

1 = d(x), ω1
2 = ω1

2 = d(y), ω1
3 = ω1

3 = d(z)
ω2

1 = ω2
1 = d(y) ∧ d(z), ω2

2 = ω2
2 = −d(x) ∧ d(z), ω2

3 = ω2
3 = d(x) ∧ d(y),

by Lemma 1.3.31, we have that (Ω(A), d) is integrable.

We have shown that (Ω(A), d) is a 3-dimensional, connect and integrable differential cal-
culus of A, and since GKdim(A) = 3, from [Rey13], Theorem 14, then A is differentially
smooth.

The following algebras will be useful in Section 2.3.2.

Example 1.3.43. By Theorem 1.3.42, the algebra C[y, z][x, σ, δ], where σ(y) = y, σ(z) =
z, δ(y) = b and δ(z) = 0 is differentially smooth.
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Example 1.3.44. The algebra C[x, y][z, σ, δ], where σ(x) = x, σ(y) = y − a, δ(x) = x
and δ(y) = 0.

We close this section with the following examples for which the differentially smooth-
ness was obtained in the realization of this work.

Example 1.3.45. Let A be the C-algebra generated by x, y and z, with relations

zy − yz = ay, yx− βxy = 0, xz − zx = x, with a ∈ C.

For this algebra, we can conclude that A is differentially smooth as in proof of Theorem
1.3.42 with the following tools:

1. Consider the automorphisms νx, νy, νz : A → A, that commuting each other and
these are defined by,

νx(x) = x, νx(y) = βy, νx(z) = z − 1,
νy(x) = β−1x, νy(y) = y, νy(z) = z + a,

νz(x) = x, νz(y) = y, νz(z) = z.

2. We define Ω1(A) = d(x)A
⊕
d(y)A

⊕
d(z)A, where ad(w) := d(w)νw(a), for all

a ∈ A and w ∈ {x, y, z}. Since νw(w) = w, we have that d(wi) = d(w)iwi−1, for
w ∈ {x, y, z} and i ∈ N. Also, we define d : A → Ω1(A), and since νy(x) = β−1x,
νz(x) = x and νz(y) = y, we define the maps ∂x, ∂y, ∂z : A → A as the right
proyections of d over the right basis d(x), d(y), d(z), where

d(xiyjzk) = d(x)∂x(xiyjzk) + d(y)∂y(xiyjzk) + d(z)∂z(xiyjzk)
= d(x)[ixi−1yjzk] + d(y)[β−ijxiyj−1zk] + d(z)[kxiyjzk−1].

Since Ker(d) = C, the 3-dimensional differential calculus (Ω(A), d) is connect.

3. We obtain that the volume form ω := d(x) ∧ d(y) ∧ d(z) ∈ Ω3(A) = ωA, with
vω = νz ◦ νy ◦ νx, is an integral form by Lemma 1.3.31 applied to the choices,

ω1
1 = ω1

1 = d(x), ω1
2 = ω1

2 = d(y), ω1
3 = ω1

3 = d(z)
ω2

1 = d(y) ∧ d(z), ω2
2 = −βd(x) ∧ d(z), ω2

3 = d(x) ∧ d(y),
ω2

1 = βd(y) ∧ d(z), ω2
2 = −d(x) ∧ d(z), ω2

3 = d(x) ∧ d(y).

Then, (Ω(A), d) is integrable, which completes the proof of the differentially smooth-
ness of A.

Example 1.3.46. Consider the C-algebra A generated by x, y and z under the relations,

yz − αzy = Az, zx− βxz = b, xy − αyx = Cx,

in the following two particular cases: (a) when α = A = C = 1; (b) when α ∈ C \ {0} is
of free choice and A = C = 0. Following the technique of Theorem 1.3.42 and Example
1.3.35, if we consider in each case the following objects we guarantee the differentially
smoothness of A.
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(a) 1. The automorphisms νx, νy and νz defined by the assignments

νx(x) = β−1x, νx(y) = y − 1, νx(z) = βz,

νy(x) = x, νy(y) = y, νy(z) = z,

νz(x) = β−1x, νz(y) = y + 1, νz(z) = βz.

2. To guarantee the integrableness of the differential calculus with volume form
d(x) ∧ d(y) ∧ d(z):

ω1
1 = ω1

1 = d(x), ω1
2 = ω1

2 = d(y), ω1
3 = ω1

3 = d(z)
ω2

1 = d(y) ∧ d(z), ω2
2 = −d(x) ∧ d(z), ω2

3 = β−1d(x) ∧ d(y),
ω2

1 = β−1d(y) ∧ d(z), ω2
2 = −d(x) ∧ d(z), ω2

3 = d(x) ∧ d(y).

(b) 1. The automorphisms νx, νy and νz defined by the assignments

νx(x) = β−1x, νx(y) = α−1y, νx(z) = βz,

νy(x) = αx, νy(y) = y, νy(z) = α−1z,

νz(x) = β−1x, νz(y) = αy, νz(z) = βz.

2. To guarantee the integrableness of the differential calculus with volume form
ω := d(x) ∧ d(y) ∧ d(z):

ω1
1 = ω1

1 = d(x), ω1
2 = ω1

2 = d(y), ω1
3 = ω1

3 = d(z)
ω2

1 = d(y) ∧ d(z), ω2
2 = −αd(x) ∧ d(z), ω2

3 = αβ−1d(x) ∧ d(y),
ω2

1 = αβ−1d(y) ∧ d(z), ω2
2 = −αd(x) ∧ d(z), ω2

3 = d(x) ∧ d(y).

1.4 Cycles

In this section, we present a transcription of some pages of [Con85], fulling details that
are omitted in the original manuscript and we point out some understood facts. In this
treatment, we found another construction of a differential-integral calculus called cycle,
which is key on noncommutative differential geometry. In Proposition 1.4.7, we find a
strong relation between cycles and traces operators.

Definition 1.4.1 ([Con85], p. 97). A cycle of dimension n is a triple (Ω, d,
∫

), where Ω
is a graded C-algebra, d is a graded derivation of degree 111 with d2 = 0, i.e., (Ω, d) is a
differential calculus and

∫
: Ωn → C is a closed12 graded trace.

Remark 1.4.2. This triple fulfill characteristics of a graded differential calculi is as fol-
lows:

11d is a graded derivation, if d =
∑
di, where di is a homogeneous linear map of grade |di| such that for

all a ∈ Dom(di) homogeneous and any b ∈ Dom(di), we have that d(ab) = d(a)b+ (−1)|a||di|ad(b). If d is
of degree 1, which means that dΩi ⊂ Ωi+1, we have that d(ab) = d(a)b+ (−1)|a|ad(b).

12Closed means that
∫
◦d = 0, and graded trace means that

∫
vanish on supercommutators, see [Pit09],

p. 233.
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1. (Ωi)(Ωj) ⊂ Ωi+j , for all i, j ∈ {0, ..., n}, i + j ≤ n. This by definition of graded
algebra and Ω being a graded algebra.

2. dΩi ⊂ Ωi+1 , d(ωω′) = d(ω)ω′+ (−1)degωωd(ω′), because d is a graded linear map of
degree 1, and d2 = 0 by hypothesis.

3.
∫
dω = 0, for all ω ∈ Ωn−1, by definition of closed, and

∫
ω′ω = (−1)degωdegω′ ∫ ωω′,

by definition of graded trace.

From two cycles, we can form new cycles with the direct sum and the tensor product.

1. If Ω,Ω′ are two cycles of dimension n, their sum Ω⊕Ω′ is defined by the homogeneous
component (Ω′′)i = Ωi⊕Ω′i, the component product (ω1, ω

′
1)(ω2, ω

′
2) = (ω1ω2, ω

′
1ω
′
2).

If (ω1, ω
′
1) ∈ (Ω′′)i and (ω2, ω

′
2) ∈ (Ω′′)j as ωkωk+1 ∈ Ωi+j , we have that Ω′′ is a

graded algebra. If we define d(ω, ω′) = (dω, dω′) and
∫

(ω, ω′) =
∫
ω +

∫
ω′, we

obtain a graded derivation of degree 1 and a closed graded trace. Then (Ω⊕Ω′, d,
∫

)
is a cycle of dimension n.

2. If Ω,Ω′ are two cycles of dimension n and n′, respectively, their tensor product
Ω′′ = Ω⊗ Ω′ is the cycle of dimension n+ n′ which as a differential graded algebra,
it is the tensor product of (Ω, d) by (Ω′, d′) and

∫
(ω⊗ω′) = (−1)nn′

∫
ω
∫ ′
ω′, for all

ω ∈ Ωn and ω′ ∈ Ω′n′ . In this way, we have (Ω′′)i =
⊕

k+j=i(Ωk ⊗ Ω′j), d′′ = d⊗ d′
(see Remark 1.3.21).

For the next example, we need the following definition.

Definition 1.4.3 ([dR84], p. 34 and 79). A closed current of degree p and of dimension
dim(V )−p on a smooth manifold V is a linear continuous13 map T : Ωdim(V )−p → C, such
that bT = 014. If α is a form in Ωdim(V )−p, the value of T at α is denoted T (α) or 〈T, α〉.

Example 1.4.4. Let V be a smooth closed15 manifold, let C be a closed current of
dimension q ≤ dimV on V , and let Ωi, i ∈ {0, ..., q} be the space C∞(V,ΛiT ∗V ) of
smooth differential forms of degree i. With the usual product structure and differentiation,
Ω =

⊕q
i=0 Ωi is a differential algebra, on which the equality

∫
ω = 〈C,ω〉, for ω ∈ Ωq,

defines a closed graded trace.

Remark 1.4.5. In Example 1.4.4, the fact that
∫

is graded, i.e., 〈C, dω〉 = 0, for all
differential form ω, it is a consequence of the Stokes theorem (see [Mor98], p. 109).

Before to state the key proposition of this section, we recall the construction of the
universal algebra Ω(A) (see [Pit09], p. 216). Even if A is unital, let Ã = A⊕ C with the
usual sum and the following product: if (a, λ), (b, µ) ∈ Ã then (a, λ)(b, µ) = (λb + µa +
ab, λµ). With this structure, Ã is an associative unital algebra16 with unit (0, 1). The
elements (a, λ) ∈ Ã will be denoted a+λ. With this notation, the product (a+λ)(b+µ) =

13This continuity is given in terms of local uniformly convergence of forms, see [dR84], p. 34 for details.
14bT is the boundary of a current, such that, for all ω ∈ DomT , bT (ω) = T (dω) (see [dR84], p. 45).
15 A smooth manifold is closed if it is compact and without boundary.
16Ã is a C−algebra, but also Ã has structure of A−algebra saying that (a+λ)b = ab+λb = (a+λ)(b+0),

for all a+ λ ∈ Ã and b ∈ A, i.e., we make the identification b = b+ 0 ∈ Ã.
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ab+ aλ+ bµ+ λµ coincides with a distribution law. For each n ∈ N, n ≥ 1, let Ωn(A) be
the linear space Ωn(A) = Ã⊗

⊗n
1 A. The differential d : Ωn → Ωn+1 is given by

d((a0 + λ0)⊗ a1 ⊗ · · · ⊗ an) = 1⊗ a0 ⊗ · · · ⊗ an ∈ Ωn+1. (1.4.1)

By construction, d2 = 0. Let us now define the product Ωi×Ωj → Ωi+j . One first defines
a right A-module structure on Ωn by the equality

(ã0 ⊗ · · · ⊗ an)a =
n∑
j=0

(−1)n−j(ã0 ⊗ · · · ⊗ ajaj+1 ⊗ · · · ⊗ a). (1.4.2)

This right action of A on Ωn extends to a unital action of Ã saying that ω(a+λ) = ωa+ωλ:
we know that (ωa)b = ω(ab), if ω ∈ Ωn and a, b ∈ A. Now, we have to prove that
(ω(a+ λ))(b+ µ) = ω((a+ λ)(b+ µ)).

• We have

(ω(a+ λ))(b+ µ) = (ωa+ ωλ)(b+ µ)
= (ωa+ ωλ)b+ (ωa+ ωλ)µ
= (ωa)b+ (ωa)µ+ (ωλ)b+ (ωλ)µ.

(1.4.3)

• On the other hand,

ω((a+ λ)(b+ µ)) = ω(ab+ aµ+ bλ+ λµ)
= ω(ab) + ω(aµ) + ω(bλ) + ω(λµ)

(1.4.4)

Then, we have that both expressions are equal because Ωn is an A-module and A and Ωn

are C−algebras.

We define the product: Ωi × Ωj → Ωi+j by considering

ω(b̃0 ⊗ b1 ⊗ · · · ⊗ bj) = (ωb̃0)⊗ b1 ⊗ · · · ⊗ bj , ∀ω ∈ Ωi. (1.4.5)

More explicitly, using the notation ã0da1 · · · dan = ã0 ⊗ a1 ⊗ · · · ⊗ an, we have

(a0da1 · · · dan)(an+1dan+2 · · · dam) =
n∑
j=1

(−1)n−ja0da1 · · · d(ajaj+1) · · · dandan+1 · · · dam

+(−1)na0a1da2 · · · dam.
(1.4.6)

It is immediate that the product is associative. With ω = ã0 ⊗ a1 ⊗ · · · ⊗ an ∈ Ωn, for
a ∈ A,

d(ωa) =
n∑
j=0

(−1)n−j1⊗ a0 ⊗ · · · ⊗ ajaj+1 ⊗ · · · ⊗ a, (1.4.7)
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(dω)a =
n+1∑
j=0

(−1)n+1−j1⊗ a0 ⊗ · · · ⊗ aj−1aj ⊗ · · · ⊗ a

= (−1)n−1ωda+ d(ωa).

(1.4.8)

If Ω(A) =
⊕

n∈N Ωn(A), we obtain that (Ω(A), d) is a differential graded algebra.

Remark 1.4.6. The previous construction of the universal differential calculus Ω(A) is
quite different from that one we present in Section 1.1.3, but, by the universal property,
both are isomorphic graded algebras.

Proposition 1.4.7 ([Con85], p. 98). Let τ be an (n + 1)−linear functional on A. Then
the following conditions are equivalent:

1. There exists an n-dimensional cycle (Ω, d,
∫
) and a homomorphism ρ : A→ Ω0 such

that:
τ(a0, ..., an) =

∫
ρ(a0)d(ρ(a1)) · · · d(ρ(an)) ∀a0, ..., an ∈ A. (1.4.9)

2. There exists a closed graded trace T of dimension n on Ω(A) such that

τ(a0, ..., an) = T (a0da1 · · · dan) ∀a0, ..., an ∈ A. (1.4.10)

3. One has τ(a1, ..., an, a0) = (−1)nτ(a0, ..., an), for a0, ..., an ∈ A, and for a0, ..., an+1,

n∑
i=0

(−1)iτ(a0, ..., aiai+1, ..., an+1) + (−1)n+1τ(an+1a0, ..., an) = 0. (1.4.11)

Proof. The equality ã0da1 · · · dan = ã0 ⊗ a1 ⊗ · · · ⊗ an shows that (Ω(A), d) is generated
by A. One checks that any homomorphism A→ Ω′0 of A in a differential graded algebra
(Ω′, d′), d′2 = 0, extends to a homomorphism ρ̄ : (Ω(A), d)→ (Ω′, d′) with

ρ̄(ã0 da1 · · · dan) = ρ(a0) d′(ρ(a1)) d′(ρ(a2)) · · · d′(ρ(an)) + λ0 d
′(ρ(a1)) · · · d′(ρ(an)),

(1.4.12)
for ai ∈ A, ã0 ∈ Ã, ã0 = (a0, λ0) = a0 + λ0. Then, we have that 1 implies 2 saying that
T =

∫
◦ρ̄ and 2 implies 1 taking (Ω, d) = (Ω(A)),

∫
= T and ρ : A→ Ã : a 7→ a+ 0, where

Ã = Ω0. We have now that 1 and 2 are equivalent. Let us show that 3 implies 2. Given
any (n+ 1)-linear functional ϕ on A, we define ϕ̂ as a linear functional on Ωn(A) by

ϕ̂((a0 + λ)⊗ · · · ⊗ an) = ϕ(ao, a1..., an). (1.4.13)

By construction, one has ϕ̂(dω) = 0, for all ω ∈ Ωn−1(A) because, if ω = (a + λ) ⊗ θ we
have

ϕ̂(dω) = ϕ̂(d((a+ λ)⊗ θ)) = ϕ̂((0 + 1)⊗ a⊗ θ) = ϕ(0, a, a1..., an−1) = 0. (1.4.14)

Now, with τ satisfying 3, let us show that τ̂ is a graded trace, i.e., that τ̂ vanish in
commutators. We have to show that

τ̂((a0da1 · · · dak)(ak+1dak+2 · · · dan+1)) = (−1)k(n−k)τ̂((ak+1dak+2 · · · dan+1)(a0da1 · · · dak)). (1.4.15)
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Using the product in Ω(A), we found that

(a0da1 · · · dak)(ak+1dak+2 · · · dan+1) = ((a0da1 · · · dak)ak+1)dak+2 · · · dan+1) (1.4.16)

=
k∑
j=0

(−1)k−j(a0 · · · aj−1d(ajaj+1)aj+2 · · · dakdak+1 · · · dan+1).

(1.4.17)

Then,

τ̂((a0da1 · · · dak)(ak+1dak+2 · · · dan+1)) =
k∑
j=0

(−1)k−jτ(a0, ..., (ajaj+1), ..., ak, ak+1, ..., an+1). (1.4.18)

Also,
(ak+1dak+2 · · · dan+1)(a0da1 · · · dak) = ((ak+1dak+2 · · · dan+1)a0)da1 · · · dak

=
n−k∑
j=0

(−1)n−k−j(ak+1 · · · d(ajaj+1) · · · dan+1da0 · · · dak).
(1.4.19)

Therefore,

(−1)k(n−k)τ̂((ak+1dak+2 · · · dan+1)(a0da1 · · · dak))

= (−1)k(n−k)
n−k∑
j=0

(−1)n−k−jτ(ak+1, ..., (ajaj+1), ..., an+1, a0, ..., ak)

=
n−k∑
j=0

(−1)k(n−k)+n−k−jτ(ak+1, ..., (ajaj+1), ..., an+1, a0, ..., ak).

(1.4.20)

Now, we use the permutation λ such that λ(i) = k+1+ i. This permutation has signature
ε(λ) = (−1)n(k+1), and since by hypothesis 3 we have that

τ(ak+1, ..., aj−1, (ajaj+1), aj+2, ..., an+1, a0, ..., ak)
= (−1)nτ(ak, ak+1, ..., aj−1, (ajaj+1), aj+2, ..., an+1, a0, ..., ak−1), (1.4.21)

then, we have that τλ = ε(λ)τ . We also have

k(n− k) + n− k − λ(j) = k(n− k) + n− k − (k + 1 + j)
= k(n− k) + n− k − (k + 1 + j) = kn− k2 + n− 2k − 1− j.

(1.4.22)

We obtain that (1.4.20) turns to

n+1∑
j=k+1

(−1)kn−k2+n−2k−1−j+n(k+1)τ(a0, ..., ak, ak+1, ..., (ajaj+1), ..., an+1). (1.4.23)

Like kn−k2+n−2k−1−j+n(k+1) ≡ k−j−1(mod2), then (−1)kn−k2+n−2k−1−j+n(k+1) =
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(−1)k−j−1. Therefore,

(−1)k(n−k)τ̂((ak+1dak+2 · · · dan+1)(a0da1 · · · dak))

=
n+1∑
j=k+1

(−1)k−j−1τ(a0, ..., ak, ak+1, ..., (ajaj+1), ..., an+1)

= −
n∑

j=k+1
(−1)k−jτ(a0, ..., ak, ak+1, ..., (ajaj+1), ..., an+1)

+ (−1)k−nτ(an+1a0, ..., an).

(1.4.24)

By hypothesis 3, we have that
n∑
j=0

(−1)jτ(a0, ..., ajaj+1, ..., an+1) + (−1)n+1τ(an+1a0, ..., an) = 0. (1.4.25)

Multiplying by (−1)k and clearing the last right side of (1.4.24), we obtain
k∑
j=0

(−1)k−jτ(a0, ..., (ajaj+1), ..., ak, ak+1, ..., an+1), (1.4.26)

and hence we have proved that
τ̂((a0da1 · · · dak)(ak+1dak+2 · · · dan+1)) = (−1)k(n−k)τ̂((ak+1dak+2 · · · dan+1)(a0da1 · · · dak)), (1.4.27)

which conclude this part of the proof.

Let us show now that 1 implies 3. We can asume that A = Ω0 (and ρ = idA). By
hypothesis, we have τ(a0, ..., an) =

∫
ρ(a0)d(ρ(a1)) ... d(ρ(an)) =

∫
a0 da1 ... dan. Then

τ(a0, ..., an) =
∫

(a0 da1) da2... dan

= (−1)n−1
∫
da2... dan (a0 da1)

= (−1)n
∫

(da2... dan da0) a1

= (−1)nτ(a1, ..., an, a0).

(1.4.28)

The first equality is due to the associativity of the product in A. The second and fourth
equalities are by definition of graded trace, i.e., by the rule

∫
ωω′ = (−1)degωdegω′ ∫ ω′ω.

With the aim of showing the third one, since
∫
d = 0 we have that17

A =:
∫
da2 · · · dan (a0 da1)

=
∫ n∑

j=2
(−1)n−2−(j−1)da2 · · · d(ajaj+1)danda0da1 +

∫
(−1)n−1a2da3 · · · danda0da1

= (−1)n−1
∫
a2da3 · · · danda0da1

(1.4.29)
17Note that da2 · · · d(ajaj+1)danda0da1 = d((a2 + 1)da3 · · · d(ajaj+1)danda0da1).
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By the same way, we can also see that

B =:
∫

(da2 · · · dan da0) a1 = (−1)n
∫
a2da3 · · · danda0da1. (1.4.30)

Therefore, we have (−1)n−1A = (−1)nB, which proves the third equation. If we want to
show the second property, we shall only use the equality∫

aω = (−1)deg(a)deg(ω)
∫
ωa =

∫
ωa for ω ∈ Ωn, a ∈ A, (1.4.31)

because deg(a) = 0. In particular,∫
an+1(a0da1 · · · dan) =

∫
(a0da1 · · · dan)an+1. (1.4.32)

Hence, we have to prove that
n∑
i=0

(−1)i
∫
a0da1...d(aiai+1)...dan+1 + (−1)n+1

∫
(an+1a0)da1...dan = 0, (1.4.33)

and this is by the last affirmation and by the definition of the product on Ω as follows:

(−1)n+1
∫

(an+1a0)da1...dan = (−1)n+1
∫

(a0da1...dan)an+1

= (−1)n+1
∫ n∑

j=0
(−1)n+ia0da1...d(ajaj+1)...dan+1

= (−1)
n∑
j=0

(−1)i
∫
a0da1...d(ajaj+1)...dan+1.

(1.4.34)

We consider that Proposition 1.4.7 shows that the trace operators posses very impor-
tant information about the (noncommutative) geometrical structure of general algebras
A.



CHAPTER 2

Noncommutative algebras and their calculus

As we noted in the first chapter, such like in didderential geometry, we know that the skew
derivations of an algebra play a key role in the description of their geometry, in particular,
they are the main tool for the Brzezinski’s calculus. Therefore, we are interested in looking
for descriptions and features of the skew derivations for noncommutative algebras. In this
chapter, we consider three classes of noncommutative algebras and study objects associ-
ated to them with the aim of obtaining differential calculus structures. We present in the
first section, the generalized Weyl algebras, and include some examples of them just as the
hyperbolic algebras. We also study some skew derivations of the quantum plane, a partic-
ular example of these algebras. In the second section, we consider the diffusion algebras.
First, we study how these algebras appear from the study on stationary states of proba-
bility in a stochastic flow of particles problem. Later, we present two types of diffusion
algebras, some properties about them such as a description of their commutation laws in
the 3-dimensional case, which allows us to describe, in terms of the PBW basis, the inner
id-derivations of each generator; we finish with a study of their automorphisms and skew
derivations. The third section is dedicate to study the 3-dimensional skew polynomial al-
gebras, their classification, their structures either of Ore extensions or hyperbolic algebras.
In this work, in Section 2.3.1 we establish some extended automorphisms in the Ore ex-
tensions, this with aim to investigate the skew derivations related to these automorphisms
in a future work. All of these algebras are particular cases of a class of noncommutative
algebras called skew PBW extensions. For these objects, several properties have been
studied (Noetherianity, K-theory, ACCP-condition, McCoy’s condition, Kothë’s conjec-
ture, among other properties), by some people in [LR14], [RS16],[RS17b],[RS18],[RR19]
and [RS19a]. In the fourth section, we close the chapter with a brief revision of [Art15],
where the author partially characterizes derivations for skew PBW extensions. We re-
mark some mistakes and questions of the treatment presented in that article and propose
answers to some of that questions.

2.1 Generalized Weyl algebras

We are going to recall the generalized Weyl algebras, which were defined by Bavula [Bav92].

56



CHAPTER 2. NONCOMMUTATIVE ALGEBRAS AND THEIR CALCULUS 57

Definition 2.1.1. ([Mei16], p. 123.) Generalized Weyl algebra. Let K be an alge-
braically closed field of characteristic zero. Fix a unital associative K−algebra R that is a
Noetherian domain. Given n nonzero elements t = (t1, . . . , tn) in R and n pairwise com-
muting algebra automorphisms σ = (σ1, . . . , σn) ∈ Aut(R) such that σi(tj) = tj , for all
i 6= j, define the corresponding generalized Weyl algebra A = R(σ, t) of rank n as follows:
it is the K−algebra generated over R by 2n generators xi−, xi+, 1 ≤ i ≤ n, with relations
given by the following:

• xi−xi+ = ti.

• xi+xi− = σi(ti).

• xi±r = σ±1
i (r)xi±, for all r ∈ R.

• [xi−, x
j
−] = [xi+, x

j
+] = [xi−, x

j
+] = 0, for all i 6= j.

Next, we present some remarkable examples of generalized Weyl algebras.

Example 2.1.2 ([Ros95], p. 46). Quantum plane. If we consider n = 1, R = K[h],
σ(h) = qh with q 6= 0 and t = h, we obtain the generalized Weyl algebra R(σ, t) =
K[h](qh, h), which is isomorphic to the quantum plane K〈x, y | xy = qyx〉.

Example 2.1.3 ([Cou95], p. 8). Weyl algebra An(K). If we consider R = K[h1, . . . , hn],
σi(hj) = hj−δij , where δij is the Kronecker’s delta, and ti = hi, for all i, j ∈ {1, . . . , n}, we
obtain that K[h1, . . . , hn](σ, t) is isomorphic to the nth-Weyl algebra K〈x, ∂ | x∂−∂x = 1〉.

Example 2.1.4 ([Bav93], p. 88). Factor Algebras of Usl(2). Let U = Usl(2) be the
universal enveloping algebra of the Lie algebra sl(2) over a field K of characteristic zero
generated by x, y and h, with the relations:

[h, x] = x, [h, y] = −y, [x, y] = 2h.

If C = h(h+1)+yx (the Cashimir element), we have that the universal enveloping algebra
of sl(2), Usl(2), it is isomorphic to the generalized Weyl algebra K[h, c](σ, t = c−h(h+1))
where σ : h 7→ h − 1, c 7→ c. Moreover, for any λ ∈ K, the factor algebra U(λ) =
U(sl(2))/U(sl(2))(C − λ) is also a generalized Weyl algebra with U(λ) ∼= K[h](σ, a =
λ− h(h+ 1)).

Remark 2.1.5. The usual relations of sl(2,C), and therefore, of U(sl(2,C)), are given by

[h′, x] = 2x, [h′, y] = −2y, [x, y] = h′,

which are the same relations of the Example 2.1.4, with the identification h = 2h′. Also,
it is well known that over C, the Lie algebra sl(2,C) is isomorphic to so(3,C), that is, a
Lie algebra C-generated by B12, B13 and B23 with the relations

[B12, B13] = −B23, [B12, B23] = B13, [B13, B23] = −B12,

by using the identification

B12 7→
i

2h, B13 7→
1
2(x− y) B23 7→

−i
2 (x+ y).
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If we consider another identification, defined by By = −B12, Bz = −B23 and Bx = B13,
the bracket in so(3,C) turns to

[Bx, By] = Bz, [By, Bz] = Bx, [Bz, Bx] = By.

These last relations result in commutation laws of some basis for U(sl(2,C)), and all of
them are useful in Section 2.3.

Example 2.1.6 ([Bav96a], p. 1985). Woronowicz deformation. V is generated by
V0, V+ and V− subject to the following relations:

s2V0V+ − s−2V+V0 = V+, s2V−V0 − s−2V0V− = V−, s−1V+V− − sV−V+ = V0.

The algebra V is isomorphic to the generalized Weyl algebra K[u, v](σ, t = v) where
V± ↔ x±, V0 ↔ u and V−V+ ↔ v, and where σ : u 7→ s2(s2u − 1), v 7→ s2v + su is the
automorphism of the polynomial ring K[u, v].

Remark 2.1.7. In [Ros95], p. 100, we found an algebra called the Woronowicz defor-
mation of Usl(2), which is the K-algebra generated by x, y, z such that

xz − ν4zx = (1 + ν2)x, xy − ν2yx = νz, zy − ν4yz = (1 + ν2)x,

where ν ∈ K \ {0} is not a root of unity. We note the similarity of both Woronowicz
deformation of Example 2.1.6, however we do not found yet an isomorphism between
them.

About generalized Weyl algebras, we found in literature the following facts:

1. Generalized Weyl algebras have a PBW basis ([Bav92], p. 76).

2. The weak dimension is known for some generalized Weyl algebras that have enough
flat extensions with a well behavior of their weak dimensions ([Bav96b], Theorem
1.2).

3. The global dimension1 of generalized Weyl algebras of degree 1 is computed, obtain-
ing that this belongs to {1, 2,∞} ([Bav96b], Theorem 1.6).

4. For some particular generalized Weyl algebras of degree one is established the groups
of Hochschild homology and cohomology ([SSAV13], Theorem 1.1, Theorem 1.2).

5. A criterion of simplicity of generalized Weyl algebras with base ring without zero
divisors is constructed ([Bav96a], Theorem 4.5).

6. If A is a simple generalized Weyl algebra of degree n, then GKdim(A) = 2n
([Bav96a], Corollary 4.8).

7. The group of automorphism is computed for some generalized Weyl algebras of
degree one ([SAV15]).

1 The global dimension of A is the supremum of the minimal lengths of projective resolutions of all
A-modules.
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Remark 2.1.8. In this work, we note that the Woronowicz deformations of Example 2.1.6
and Remark 2.1.7, both denoted by A, cannot be differentially smooth, because, such as
we see in Example 1.3.41, since one of the defining commutation rules in their definition
relations need three generators, where one of the generators appears only in one lineal
term, if (Ω(A), d) is a differential calculus, we conclude that Ω1(A) is generated by two
elements as an A-bimodule, and therefore Ω3(A) = Ω1(A) ∧ Ω1(A) ∧ Ω1(A) = 0. Hence,
(Ω(A), d) cannot be 3-dimensional, where GKdim(A) = 3 by [Rey13], Theorem 14. This
implies that A is not differentially smooth.
Remark 2.1.9. In 1995, it was defined by Rosenberg the notion of hyperbolic ring, which
is the generalized Weyl algebra of rank n = 1 (c.f. [Ros95], p. 61). In [Ros95], it was
studied the left spectrum2 of hyperbolic rings and exhibited for particular cases such as the
quantum plane, the quantum torus, the first Weyl algebra and the q-differential operators,
among others (c.f. [Ros95], p. 64). Rosenberg denotes an hyperbolic ring R{θ, ξ}, which
in the sense of Definition 2.1.1, means the algebra R(σ, t), where σ = θ, t = ξ, x = x+
and y = x−.

2.1.1 Hyperbolic rings

In [Ros95], p. 63, we can find a way to construct an hyperbolic ring (a generalized Weyl
algebra) from another algebra, denoted by A〈ϑ, ρ, u〉. Let us see the details.
Definition 2.1.10 ([Ros95], p.63). The algebra A〈ϑ, ρ, u〉, where ϑ is an automorphism
of the ring A, ρ is an invertible of A an u ∈ A, it is the algebra generated by the elements
x and y satisfying the relations,

xa = ϑ(a)x, ya = ϑ−1(a)y, for any a ∈ A
xy − ρyx = u.

Remark 2.1.11. From an algebra A〈ϑ, ρ, u〉, we can construct a hyperbolic ring as follows:

1. Fixing t = xy, we obtain that t is a central element of A.

2. The algebra generated by A and t is isomorphic to A[t].

3. Defining θ(t) = ϑ(ρ)t+ϑ(u) we obtain an endomorphism θ : A[t]→ A[t] which is an
extension of the automorphism ϑ. This endomorphism θ is an automorphism with
inverse given by

θ′(t) = ρ−1(t− u), θ′(a) = ϑ−1(a), for all a ∈ A.

4. A[t]{θ, t} is a hyperbolic ring.
Remark 2.1.12. In fact, we can construct an algebra A〈ϑ, ρ, u〉 from a hyperbolic ring
R{θ, t}, and we obtain a one to one correspondence between some of these two types of
algebras (cf. [Ros95], 64).

The Remark 2.1.11 will be useful in the classification of 3-dimensional skew polynomial
algebras (see Section 2.3). Now, we study a specific class of hyperbolic algebras that
appears in a few documents about differential calculus.

2The left spectrum in this case is the set of left ideals p ⊂ A such that ((p : x) : w) ⊆ p, for some
x ∈ A− p and some finitely generated Z-submodule w ⊂ A (see [Ros95], p. 5).
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2.1.2 A degree one generalized Weyl algebra

We are going to present a particular class of generalized Weyl algebras that are basic
objects in the next sections.

Definition 2.1.13 ([Brz16b], p. 2). Let K be a field of characteristic 0, p ∈ K[z] and
q ∈ K \ {0}. Define the following algebras:

• B(p, q) as the affine algebra over K generated by x, y, z, where

xz = q2zx, yz = q−2zy, xy = q2zp(q2z), yx = zp(z).

• A(p, q) as the affine algebra over K generated by x+, x−, z+, z− satisfying the rela-
tions

z+z− = z−z+, x+z± = q−1z±x+, x−z± = qz±x−,
x+x− = p(z+z−), x−x+ = p(q2z−z+).

• We say that any of these algebras is regular, if p(z) and zJq2(p(z)) (see Example
1.1.42) are coprime3 in K[z].

Considering R = K[z], x− = y, x+ = x, t = zp(z) and σ(z) = q2z, we obtain the
generalized Weyl algebra structure of B(p, q), and with R = K[z−, z+], x− = x−, x+ = x+,
t = p(q2z−z+) and σ(z±) = q−1z±, the generalized Weyl algebra structure of B(p, q) is
found.

Example 2.1.14 ([Brz16b], p. 3). If we consider K = C, q ∈ [−1, 1] and p(z) = 1− q−2z,
we obtain that A(p, q) is the coordinate algebra of the quantum SUq(2).

Remark 2.1.15. From [Maj95] and [Brz16a], we have that A(p, q) is a strongly Z-graded
algebra with coacting Hopf algebra the group algebra of Z, that is K[t, t−1] ∼= K[z+, z−] (it
is the coordinate algebra that describes the circle) when deg(z±) = ±1 and deg(x±) = ±1,
and the degree-zero component is equal to B(p, q). Then we can consider to A(p, q) as a
circle principal bundle.

In the following example, we present a differential and integral calculus computed for
the algebra A that appears in [Brz16b].

Example 2.1.16. For a regular A = A(p, q), in [Brz16b], p. 7, it was constructed a
left A-module with basis ω1, ω2 and ω3, using the ideas presented in Section 1.2, (see
Remark 1.2.12). To do this, since A is a graded algebra, we consider the automorphism
σ1(a) = σ3(a) = q|a|a and σ2(a) = q2|a|a, for all a ∈ A. Now, consider the maps defined
by

∂2(x+) = α2x+, ∂2(x−) = −q−2α2x−, ∂2(z+) = α2z+, ∂2(z+) = −q−2α2z−,

∂1(x+) = ∂1(z+) = 0, ∂1(x−) = α1c(z)z+, ∂1(z+) = α1x+,

3In a DIP R, two elements a, b ∈ R are coprime, if gcd(a, b) = 1.



CHAPTER 2. NONCOMMUTATIVE ALGEBRAS AND THEIR CALCULUS 61

∂3(x−) = ∂3(z−) = 0, ∂3(x+) = α3c(z)z−, ∂3(z+) = α3x−,

where αi ∈ K \ {0} and c(z) := q[p(q2z+z−) − p(z+z−)]/(q2 − 1)z+z−. The map ∂i is an
σi-skew derivation of A. Define

wia := σi(a)wi, for i = 1, 2, 3,.

If q2 6= 1 or deg(p(z)) ≤ 1, we obtain that (Ω, d) is a first order differential calculus
on A (the Brzezinski’s differential calculus of (∂i, σi), see Definition 1.2.7), where Ω =
Aw1 ⊕Aw2 ⊕Aw3 and

d : A → Ω : a 7→
3∑
i=1

∂i(a)wi.

The density condition of (Ω, d) is guaranteed by the Bézout identity4 applied to p(z) and
z in K[z].

A hom-connection ∇ : HomA(Ω,A)→ A is defined by the assignment

ξ 7→ q−2∂1(ξ(w1)) + ∂2(ξ(w2)) + q2∂3(ξ(w3)),

for all ξ ∈ HomA(Ω,A). In this case, the cokernel A/Im(∇) is n = deg(p)-dimensional
with basis vi := Λ(zi), for i = 0, ..., n− 1, where Λ : A → A/Im(∇) is the canonical map
(see Definition 1.2.11). We have that Λ is zero in all the elements of A \ K, and that for
all k ∈ N,

Λ(zn+k) =
n−1∑
i=0

[i+ 1]
[n+ k + 1]β

k
i vi, where [l] := 1− (q2)l

1− (q2) = 1 + q2 + · · ·+ q2l−2.

Also, it is known how to find the values of βki as follows. Let p(z) = lc(p)−1p(z) be the
monic polynomial associated to p(z). Then, we can write

p(z) = zn −
n−1∑
i=0

µiz
i.

In this way,

βki =
n∑
j=1

µn−1β
k−j
i + µi−k,

where, if l < 0, µl = βli = 0.

2.1.3 Skew derivations of the quantum plane

Now, we present a description found in [AB18] of some skew right derivations related to
an automorphism of a generalized Weyl algebra of degree one, which is a natural extension
of his base subalgebra.

4If R is a DIP, the Bézout identity says that for all a, b ∈ R, if d = gcd(a, b), then there exist x, y ∈ R
such that ax+ by = d.
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Given R(a, ϕ) a generalized Weyl algebra of dimension 1, let σ be a ring automorphism
of R such that σ ◦ ϕ = ϕ ◦ σ, and σ(a) = a. Then, for any central unit µ in R, the map σ
extends to the automorphism σµ of R(a, ϕ) by σµ(x) = µ−1x and σµ(y) = yµ = ϕ−1(µ)y.

Theorem 2.1.17 ([AB18], p. 7). Let R(a, ϕ) be a generalized Weyl algebra and let σ
be an automorphism of R commuting with ϕ and fixing a. Let σµ be the degree-counting
extension of σ of coarseness µ, and consider the following data:

1. skew derivations on R(αi, ϕi ◦ σ)i∈Z, such that, for all i ∈ Z, αi ◦ ϕ = ϕi(µ)ϕ ◦ αi,
and there exists c ∈ RRσ such that α0(a) = aϕ−1(c);

2. elements ci ∈ RRϕi◦σ = {c ∈ R : ∀p ∈ R, pc = c(ϕi ◦σ)(p)} and bi ∈ (R \RR
ϕi◦σ)∪{0},

i ∈ Z;

3. a set I of positive integers such that, for all r ∈ R, the sets {i ∈ I : α±(r) 6= 0} are
finite and the sequences (ci)±i∈I , (bi)±i∈I are finitely supported.

Given above data, we define,

∂(r) =
∑

m∈I∪{0}

(αm(r) + bmϕ
m ◦ σ(r)− rbm)xm

+
∑
n∈I

(α−n(r) + b−nϕ
−n ◦ σ(r)− rb−n)yn,

∂(x) =
∑

m∈I∪{0}

(cm − ϕ(bm) + ϕm(µ−1)bm)xm+1

+
∑
n∈I

ϕ(α−n(a) + ϕ−n−1(µ−1)(ϕ−1(b−n)ϕ−n(a)− ac−n)− b−na)yn−1

∂(y) =
∑
n∈I

(c−n + ϕ−n+1(µ)b−n − ϕ−1(b−n))yn+1 + (ϕ−1(µc− b0) + ϕ−1(µ)b0 + Co)y

+
∑
m∈I

ϕm−1(µ)(αm(a)− ϕ−1(cm + ϕm(µ−1)bm)a+ bmϕ
m(a))xm−1,

where C0 ∈ RRσ is a solution to the equation (C0 + ϕ−1(µc0))a = 0. Then ∂ extends to a
skew derivation (∂, σµ) on R(a, ϕ).

Definition 2.1.18 ([AB18], p. 12). The assignments ∂(x), ∂(y) and ∂(r) in Theorem
2.1.17 are split in the following way:

1. The zero component:

∂0(r) = α0(r) + b0σ(r)− rb0
∂0(x) = (c0 − ϕ(b0) + µ−1b0)x
∂0(y) = (ϕ−1(µc− b0) + ϕ−1(µ)b0 + Co)y.

2. The positive degree case (m > 0):

∂m(r) = (αm(r) + bmϕ
m ◦ σ(r)− rbm)xm

∂m(x) = (cm − ϕ(bm) + ϕm(µ−1)bm)xm+1

∂m(y) = ϕm−1(µ)(αm(a)− ϕ−1(cm + ϕm(µ−1)bm)a+ bmϕ
m(a))xm−1.
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3. The negative degree case (n > 0):

∂−n(r) = (α−n(r) + b−nϕ
−n ◦ σ(r)− rb−n)yn

∂−n(x) = ϕ(α−n(a) + ϕ−n−1(µ−1)(ϕ−1(b−n)ϕ−n(a)− ac−n)− b−na)yn−1

∂−n(y) = (c−n + ϕ−n+1(µ)b−n − ϕ−1(b−n))yn+1.

Each ∂i splits in three components ∂i = ∂αi + ∂bi + ∂ci , where:

• ∂αi , (called α− type) is obtained from ∂i with bi = ci = 0.

• ∂bi (called inner − type) is obtained from ∂i with αi = ci = 0.

• ∂ci (called c− type) is obtained from ∂i with αi = bi = 0.

In this section, we reproduce the first part of the proof of Theorem 2.1.21 presented
in [AB18], fulling the details, and whose content is a direct application of Theorem 2.1.17
to obtain a complete description of the σµ-twisted skew derivations of the quantum plane;
we review the description of the classification, omitting the verification that all these skew
derivations follows that forms.

First, we present the following two necessary lemmas.
Lemma 2.1.19. ([AB18], p. 9) An additive map ∂αm : R(a, ϕ) → R(a, ϕ) is a σµ-twisted
skew derivation of positive standard degree m and such that ∂αm(x) = 0 if and only if there
exists a skew derivation (αm, ϕm ◦ σ) of R such that αm ◦ ϕ = ϕm(µ)ϕ ◦ αm, and, for all
r ∈ R,

∂αm(r) = αm(r)xm, ∂αm(y) = ϕm−1(µ)αm(a)xm−1 = µαm(a)xm−1. (2.1.1)

An additive map ∂α0 : R(a, ϕ)→ R(a, ϕ) is a σµ-twisted skew derivation of standard degree
0 and such that ∂α0 (x) = 0 if and only if there exists a skew derivation (α0, σ) of R and
c ∈ RRσ such that α0 ◦ ϕ = µϕ ◦ α0, and α0(a) = aϕ−1(c) and, for all r ∈ R,

∂α0 (r) = α0(r), ∂α0 (y) = ϕm−1(µc)y. (2.1.2)

An additive map ∂α−n : R(a, ϕ) → R(a, ϕ) is a σµ-twisted skew derivation of negative
standard degree −n and such that ∂α−n(y) = 0 if and only if there exists a skew derivation
(α−n, ϕ−n ◦ σ) of R such that α−n ◦ ϕ = ϕ−n(µ)ϕ ◦ α−n, and, for all r ∈ R,

∂α−n(r) = α−n(r)ym, ∂α−n(x) = ϕ(α−n(a))yn−1. (2.1.3)

Lemma 2.1.20. ([AB18], p. 11) An additive map ∂ci : R(a, ϕ)→ R(a, ϕ) is a σµ-twisted
skew derivation of standard degree i and such that ∂ci (R) = 0 if and only if there exists
ci ∈ RRϕi◦σ such that,

∂ci (x) = cix
i+1, ∂ci (y) = −ϕm−1(µ)ϕ−1(ci)axi−1,

if i is positive, or

∂ci (x) = −ϕi(µ)ϕ−1(aci)x−i−1, ∂ci (y) = ciy
−i+1,

if i is negative, or

∂c0(x) = c0x, ∂c0(y) = Cy,

where C ∈ RRσ is a solution to the equation (C + ϕ−1(µc0))a = 0.
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Now, we present a classification of skew derivations for the quantum plane in the
following theorem that is a consequence of Theorem 2.1.17.

Theorem 2.1.21 ([AB18], p. 24). Assume that a non-zero q ∈ K is not a root of unity,
and let A be the quantum plane Kq[x, y] := K〈x, y〉/〈xy − qyx〉. Set h = yx, and let µ be
a non-zero element of K.

1. for all f(h) ∈ K[h], the map ∂ on generators of A given by

∂(x) = f(h)x, ∂(y) = −µf(q−1h)y, (2.1.4)

extends to a skew derivation (∂, σµ) of A. These are the only σmu-derivations such
that ∂(h) = 0. They are inner if and only if there is no d ∈ {0, ..., deg(f)} such that
µ = q−d, and the coefficient fd in f(h) =

∑
k fkh

k is not zero.

2. If there exists d ∈ N such that ν = q−d+1, then:

(a) for all a(x) ∈ K[x] and b(y) ∈ K[y], the map given by ∂(x) = hda(x) and
∂(y) = hdb(y), extends to a skew derivation (∂, σµ) of A. All these derivations
are inner if d 6= 0, and they are not inner if d = 0.

(b) If d ≥ 1, then for all λ ∈ K∗, the map given by ∂(x) = 0, ∂(y) = λhd−1y,
extends to a non-inner skew derivation on Kq[x, y].

3. The (combinations of the) above maps together with the inner-type derivations ex-
haust all σµ-skew derivations on A contained in Theorem 2.1.17. Every σµ-skew
derivation on A is of this type.

Proof. First, we study all possible σµ-skew derivations on A that satisfy the assumptions
of Theorem 2.1.17. Since in our case σ = id, we first determine ϕn-skew derivations of
the polynomial algebra K[h]. The action of ϕn on any element of K[h] results in rescaling
the h by qn (h 7→ qnh). Thus, any ϕn-skew derivation ∂n of K[h] takes the form of a
multiple of an appropriate Jackson’s derivative (see Example 1.1.42 and Example 1.1.43)
(understood as the ordinary derivative in case n = 0),

∂n(f(h)) = an(h)f ′qn(h) = an(h)f(qnh)− f(h)
(qn − 1)h .

As ϕn(µ) = µ, for all n ∈ Z, because µ ∈ K, requesting that ∂n ◦ ϕ = µϕ ◦ ∂n (i.e.
∂n ◦ ϕ = ϕn(µ)ϕ ◦ ∂n), and evaluating it at h, yields the constraint qan(h) = µan(qh),
which has the following solutions: either

1. an(h) = 0 and there are no restrictions on µ, or else,

2. there exists d ∈ N such that µ = q−d+1. In this case qan(h) = q−d+1an(qh), i.e.,
qdan(h) = an(qh) which implies that there is no zero degree term in an(h) and that all
terms of an(h) are divisible by hd. Then an(h) = p(h)hd, and since qdan(h) = an(qh),
this implies that qdp(h)hd = p(qh)(qh)d = qdp(qh)hd, whence p(h) = p(qh), which is
equivalent to assert p(h) is constant. Therefore an(h) is a scalar multiple of hd.
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Actually, we obtain that ∂n ◦ϕ(f(h)) = µϕ ◦∂n(f(h)), for all f(h) ∈ K[h]: note that
for all j ≥ 1,

∂n ◦ ϕ(hj) = ∂n(qjhj) = qj∂n(hj) = qjphd+j−1 = q−d+1pqd+j−1hd+j−1

= q−d+1ϕ(phd+j−1) = q−d+1ϕ(∂n(hj)).

Therefore, we obtain by K-linearity, that ∂n ◦ ϕ(f(h)) = µϕ ◦ ∂n(f(h)), for all
f(h) ∈ K[h], and ∂n ◦ ϕ = µϕ ◦ ∂n, as we desired.

These skew derivations provide us with only choices of maps αi in Theorem 2.1.17. In the
case an(h) = 0, all elementary α-type derivations ∂αi , i ∈ Z\{0} are trivial, and we are thus
left with ∂0. To do this, first, we declare the values of b0, c0 ∈ K[h]. We are free to select any
c0 = f(h) ∈ K[h] = K[h]K[h]

ϕ0◦id and b0 ∈ {0} = K[h]\(K[h]K[h]
ϕ0◦id)∪{0}. Since a = h, we have

that α0(a) = 0 = aϕ−1(c) then c = 0, and as (C0 +ϕ−1(µc0))h = (C0 +µϕ−1(f(h)))h = 0
we have that C0 = −µϕ−1(f(h)). Therefore,

∂0(r) = α0(r) + b0σ(r)− rb0 = α0(r)
∂0(x) = (c0 − ϕ(b0) + µ−1b0)x = f(h)x
∂0(y) = (ϕ−1(µc− b0) + ϕ−1(µ)b0 + Co)y = −µϕ−1(f(h))y = −µf(q−1h)y.

Then, by the Theorem 2.1.17, we obtain the skew derivation of the first part of the
statement 1.

In the case of an(h) = phd with p ∈ K and d ∈ N, we have that c ∈ K[h] such that
α0(h) = phd = hϕ−1(c). Then, if d ≥ 1, we have that c = pϕ(hd−1) = pqd−1hd−1,
and if d = 0, then c = p = 0. Since for all i 6= 0, K[h]K[h]

ϕi
= {0} because K[h] is

Abelian, we have that ci = 0, for all i ∈ Z \ {0} and in the case i = 0, we obtain that
b0 = 0 ∈ {0} = K[h] \ (K[h]K[h]

ϕi
) ∪ {0}. Then,

∂αm(r) = αm(r)xm = p r′qm(h)h
dxm,

∂αm(x) = 0,
∂αm(y) = ϕm−1(µ)(αm(a))xm−1 = µphdxm−1,

∂α−n(r) = (α−n(r))yn = p r′q−n(h)hdyn,

∂α−n(x) = ϕ(α−n(a))yn−1 = ϕ(phd)yn−1 = pq−dhdyn−1,

∂α−n(y) = 0.

Hence, by Lemma 2.1.19, we obtain that in this case ∂αi is an α-type elementary σµ-
twisted skew derivation, for all i ∈ Z \ {0}. Considering the σµ-twisted skew derivation
∂ = ∂αm + ∂α−n, for any pair m,−n > 0, we obtain the first part of the statement 2.(a). If
d ≥ 1, then the monomial phd contains factor h, and so gives rise to the α-type weight
zero elementary derivation on A,

∂α0 (r) = α0(r)
∂α0 (x) = 0
∂α0 (y) = (ϕ−1(µc) + Co)y = (µϕ−1(c) + 0)y = phd−1y,
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because C0 = −ϕ−1(µc0) = 0. By Lemma 2.1.19, we obtain that ∂ = ∂α0 and λ = p
establish the first part of statement 2 (b).

Since in this case ci = 0, for all i ∈ Z \ {0}, then there are no non-trivial elementary
c-derivations of non-zero weight; in the weight zero case, since b0 = 0, taking c0 = f(h)
and as 0 = aϕ−1(c), we obtain

∂c0(r) = 0
∂c0(x) = (c0)x
∂c0(y) = (ϕ−1(µc− b0) + Co)y = (0− µf(q−1h))y = −µf(q−1h)y,

because C0 = −ϕ−1(µc0) = −µf(q−1h) and c = 0. These derivations are the only deriva-
tions which vanish on K[h] by 2.1.20 (it is sufficient that vanish on h). This proves the
second part of statement 1. Skew derivations (2.1.4) are inner, provided there exists
j(h) ∈ K[h] such that f(h) = µ−1j(h)− j(qh); this, because in that case,

∂(x) = f(h)x = µ−1j(h)x− j(qh)x = j(h)µ−1x− ϕ(j(h))x
= j(h)σµ(x)− xj(h) = ∂j(h)(x)

∂(y) = −µf(q−1h)y = −µ[µ−1j(q−1h)− j(h)]y = µj(h)y − j(q−1h)y
= j(h)σµ(y)− ϕ−1(j(h))y = j(h)σµ(y)− yj(h) = ∂j(h)(y),

and then ∂ = ∂j(h), but we need to satisfy the next conditions. In order to guarantee
the existence of j(h), since f(h) = µ−1j(h) − j(qh), if f(h) =

∑deg(f)
k=0 fkh

k and j(h) =∑deg(f)
k=0 jkh

k we have
deg(f)∑
k=0

fkh
k =

deg(f)∑
k=0

(µ−1 − qk)jkhk.

Therefore, if fk 6=0, we need that µ−1 6= qk, and we obtain that jk = fk/(µ−1 − qk). This
proves the third part of statement 1. For the derivations defined in 2. (a) since the
polynomials b and a are mutually independent, we can treat the cases a = 0 and b = 0
separately. In the case a = 0, we define

j(y) = q−d+1
deg(b)∑
n=0

bn
q−n−1 − 1y

n+1,

where b(y) =
∑

n bny
n. If d > 0, then

qd−1hd−1j(y)x− xhd−1j(y)

= qd−1hd−1
[
q−d+1

deg(b)∑
n=0

bn
q−n−1 − 1y

n+1
]
x− xhd−1

[
q−d+1

deg(b)∑
n=0

bn
q−n−1 − 1y

n+1
]

= hd−1
[deg(b)∑
n=0

bn
q−n−1 − 1q

−n−1xyn+1
]
− qd−1hd−1x

[
q−d+1

deg(b)∑
n=0

bn
q−n−1 − 1y

n+1
]

= hd
[deg(b)∑
n=0

bn
q−n−1 − 1q

−n−1yn
]
− hd

[deg(b)∑
n=0

bn
q−n−1 − 1y

n

]
= hd

deg(b)∑
k=0

bny
n
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q−d+1hd−1j(y)y − yhd−1j(y)

= q−d+1hd−1
[
q−d+1

deg(b)∑
n=0

bn
q−n−1 − 1y

n+1
]
y − yhd−1

[
q−d+1

deg(b)∑
n=0

bn
q−n−1 − 1y

n+1
]

= q−2d+2hd−1
[deg(b)∑
n=0

bn
q−n−1 − 1y

n+1
]
y − q1−dhd−1y

[
q−d+1

deg(b)∑
n=0

bn
q−n−1 − 1y

n+1
]

=
[deg(b)∑
n=0

q−2d+2hd−1bn
q−n−1 − 1 yn+2

]
−
[deg(b)∑
n=0

q2−2dhd−1bn
q−n−1 − 1 yn+2

]
= 0.

Thus, as ∂hd−1j(h)(x) = qd−1hd−1j(y)x − xhd−1j(y) = hdb(y) = ∂(x) and ∂hd−1j(h)(y) =
q−d+1hd−1j(y)y− yhd−1j(y) = 0 = ∂(y), we obtain that ∂ is the inner derivation ∂hd−1j(h)
in case d ≤ 1. If d = 0, i.e., ∂(x) = b(y), then all combinations of x with polynomials in
y produce a polynomial in h of degree at least one, hence they cannot be equal to b(y).
The other case, b(y) = 0, it is dealt in a similar way. This proves the second statement in
2. (a).

Finally, we look at derivations 2. (b). Since ∂(x) = 0, if j(h) ∈ K[h] such that ∂ = ∂j(h),
we obtain that 0 = ∂(x) = ∂j(h)(x) = j(h)σµ(x) − xj(h) = j(h)µ−1x − ϕ(j(h))x =
[j(h)µ−1 − j(qh)]x, whence j(h)µ−1 − j(qh) = 0, which is equivalent to qd−1j(h) = j(qh),
and this implies that j(h) = jd−1h

d−1 with jd−1 ∈ K. In this case, however, we would
have,

∂(y) = j(h)σµ(y)− yj(h)
= j(h)ϕ−1(µ)y − ϕ−1(j(h))y
= jd−1h

d−1µy − ϕ−1(jd−1h
d−1)y

= jd−1h
d−1µy − µjd−1h

d−1y = 0.

Therefore λhd−1y = ∂(y) = 0, which is an absurd. In this way, ∂(x) = 0 and ∂(y) = λhd−1y
with d ≤ 1 and λ ∈ K∗ defines a σµ-twisted skew derivation which is non-inner. This
completes the proof of statement 2. (b).

Now, we present, without proof the following proposition that allows us determine
orthogonal pairs of skew derivations (see Remark 1.2.13) of generalized Weyl algebras of
degree one.

Proposition 2.1.22 ([AB18], p. 19). Let R(a, ϕ) be a generalized Weyl algebra and let
σ, σ be automorphisms of R commuting with ϕ and fixing a. Let σµ, σµ be their degree-
counting extensions with respective coarseness µ, µ. Choose a positive integer N such that
a is coprime with ϕi(a), for all i ∈ {1, 2, ..., 2N − 1}, fix m,n ∈ {0, 1, ..., N} and consider
the following data:

1. A σ ◦ ϕm+1-skew derivation α of R such that

(a) α(a) is a central element of R,
(b) α(a) is coprime with ϕj(a), where j ∈ {−m−1,−m, ..., 0,m+1,m+2, ..., 2m},

and with ϕ−m(α(a)),
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(c) α ◦ ϕ = ϕm+1(µ)ϕ ◦ α.

2. A σ ◦ ϕ−n−1-skew derivation α of R such that

(a) α is in the centre of R,
(b) ϕn+1(α) is coprime with ϕj(a), where j ∈ {−n−1,−n, ..., 0, n+ 1, n+ 2, ..., 2n}

and with ϕ(α(a)),
(c) α ◦ ϕ = ϕ−n−1(µ)ϕ ◦ α.

Then the elementary α-type skew derivations (see Definition 2.1.18) ∂ of σµ and ∂ of σµ
of R(a, ϕ) associated to α and α, form an orthogonal pair.

Remark 2.1.23. In [AB18], p. 29, we can find that Proposition 2.1.22 is applied to obtain
pairs of orthogonal skew derivation on the quantum plane. The only skew derivations that
allow the application of Proposition 2.1.22 are the skew derivations 2 (a) of Theorem
2.1.21, and then, with ϕi(a) = qih, the only skew derivations that we obtain in this case
are such that ∂(x) = 0, ∂(y) = c, ∂(x) = c, ∂(y) = 0.

2.2 Diffusion algebras calculi

In this section, we study the diffusion algebras and present some results about them. First
we track step by step the origin of the definition of these algebras in the study of stationary
states of probability in stochastic flow of particles, and we present their deduction using
probability and matricial language. Next, we give the two types of diffusion algebras, we
list some facts we can found in literature about them and present a classification in the
3-dimensional case of diffusion algebras of type 1. Also, we describe the commutation
laws in each class of this classification in terms of the PBW basis, and we describe the
inner derivations of the generators. We finish this section by studying conditions of their
derivatives and graded preserving automorphisms.

2.2.1 Origin of diffusion algebras

In [DDM92], it was studied the stochastic flow of particles5 (of the same type/species)
through a discrete linear lattice6. The different cases between a cell i and the next cell
i+ 1, this in a time t to the time t+ 1, are expressed by the following tables:

τi τi+1
t 0 0

t+ 1 0 0

τi τi+1
t 1 0

t+ 1 0 1

τi τi+1
t 0 1

t+ 1 0 1

τi τi+1
t 1 1

t+ 1 1 1
(2.2.1)

Here, τi(t) = 1, if in the cell i there is a particle at the time t and τi(t) = 0, if it is empty.
The tables information can be summarized with the equations τi(t+ 1) = τi(t)τi+1(t) and

5The particle’s motion is not described by a evolution expression but using a probability map on the
possibles configurations on the space.

6This is the space where the particle’s motion happens, a totally ordered set that has a discrete topology.
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τi+1(t+1) = τi+1(t)+(1−τi+1(t))τi(t); this corresponds to a Markov process7 with the only
not quiet transition is from (1, 0) to (0, 1). This case corresponds to a current toward right.

If the lattice length is N (N cells) and in the time t it has the occupations (τ1(t),...,τN (t)),
we have that the probability PN (τ1, ..., τN ) is a function of t. If the first cell is empty, a
particle can enter to the lattice on this cell with a probability α, and if there is a particle
at the last cell, it can leave the lattice with a probability β. The interest of this treatment
is to find a probability function PN such that d

dtPN (τ1, τ2, ..., τN ) = 0; this is called the
stationary state of probability. In [DDM92], it is affirmed that for the stationary state we
have the following:

PN (τ1, τ2, ..., τN )

= 1− α
N + 1PN (τ1, τ2, ..., τN ) + α

N + 1τ1[PN (0, τ2, ..., τN ) + PN (1, τ2, ..., τN )]

+ 1
N + 1[PN (τ1, τ2, ..., τN ) + (τ2 − τ1)PN (1, 0, τ3, ..., τN )]

+ · · ·+ 1
N + 1[PN (τ1, τ2, ..., τN ) + (τN − τN−1)PN (τ1, τ2, ..., τN−2, 1, 0)]

+ 1− β
N + 1PN (τ1, τ2, ..., τN ) + β

N + 1(1− τN )[PN (τ1, τ2, ..., τN−1, 0) + PN (τ1, τ2, ..., τN−1, 1)].
(2.2.2)

In this work, we illustrate this with the following brief example.
Example 2.2.1. If N = 2, we have that (2.2.2) turns to

(α+ β)P2(τ1, τ2) = ατ1[P2(0, τ2) + P2(1, τ2)] + (τ2 − τ1)P2(1, 0) + β(1− τ2)[P2(τ1, 0) + P2(τ1, 1)].

Therefore, for each element of {0, 1} × {0, 1}, we obtain that,

(0, 0) : αP2(0, 0) = βP2(0, 1),
(1, 0) : P2(1, 0) = αP2(0, 0) + βP2(1, 1),
(0, 1) : (α+ β)P2(0, 1) = P2(1, 0),
(1, 1) : βP2(1, 1) = αP2(0, 1),

which is a homogeneous linear system of equations, with solution set

〈(β2/α2, (β2/α) + β, β/α, 1)〉 = 〈(β2, β2α+ βα2, βα, α2)〉,

obtaining that P2(0, 0) = β2, P2(1, 0) = β2α+βα2, P2(0, 1) = βα and P2(0, 0) = α2 define
the stationary state of probability.

Also, in [DDM92] there is an inductive construction of PN 8 as follows:
We can define f1(1) = α and f1(0) = β, and for N ≥ 2:

fN (τ1, τ2, ..., τN ) = ατNfN−1(τ1, τ2..., τN−1)
+ αβ(1− τN )τN−1[fN−1(τ1, τ2..., τN−2, 1) + fN−1(τ1, τ2..., τN−2, 0)]
+ · · ·
+ αβ(1− τN )(1− τN−1) · · · (1− τ2)τ1[fN−1(1, τ2..., τN−1) + fN−1(0, τ2..., τN−1)]
+ β(1− τN )(1− τN−1) · · · (1− τ1)fN−1(τ1, τ2..., τN−1)

7A Markov process is a stochastic process such that the behavior of the immediate future only depends
on the actual situation and not on the past.

8In the paper [DDM92], the authors consider fN = PN/ZN but we are going to explain using only PN .
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Later, they defined ZN =
∑

(τi)i≤N∈{0,1}N fN (τ1, ..., τN ) and finally,

PN (τ1, ..., τN ) = fN (τ1, ..., τN )/ZN .

Following the inductive formula of fN in the case of N = 3, we obtain

(τi)i≤3 f3(τ1, τ2, τ3)
(0, 0, 0) β3

(1, 0, 0) α2β2(α+ β) + αβ3

(0, 1, 0) α2β2 + αβ3

(0, 0, 1) αβ2

(1, 1, 0) α3β + α2β2(α+ β)
(1, 0, 1) α2β(α+ β)
(0, 1, 1) α2β

(1, 1, 1) α3

In [DEHP93], the authors gave a matrix formulation of the problem. First, they
summarized the base information in the following three intensity matrices:

h1 =
(
−α 0
α 0

)
, hN =

(
0 β
0 −β

)
,

h =


0 0 0 0
0 0 1 0
0 0 -1 0
0 0 0 0

 .

Note that h = (ha,b;c,d) such that (a, b), (c, d) ∈ {0, 1} × {0, 1}, and if (a, b) 6= (c, d),
ha,b;c,d is the probability that being in the state (a, b) in the positions i and i+1 at the time
t, we obtain for the same cells (c, d) in t + 1, following (2.2.1). They gave an equivalent
formula to (2.2.2) as follows:

d

dt
PN (τ1, τ2, ..., τN ) =

∑
σi

(h1)τ1,σ1PN (σ1, τ2, ..., τN )

+
N−1∑
i=1

∑
σi,σi+1

(h)τi,τi+1;σi,σi+1PN (τ1, ..., σi, σi+1, ..., τN )

+
∑
σN

(hN )τN ;σNPN (τ1, τ2, ..., σN ).

(2.2.3)

Later, they gave an infinite-dimensional solution (in [DEHP93] the authors talk about the
finite dimensional case) for this equation defining:

fN (τ1, ..., τN ) = 〈W |
N∏
i=1

τiD + (1− τi)E|V 〉, (2.2.4)
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representing with D that there is a particle in the ith position and with E that this position
is empty, where

D =


1/β 1/β 1/β 1/β · · ·

0 1 1 1 · · ·
0 0 1 1 · · ·
0 0 0 1 · · ·
...

...
...

... . . .

 , E =


0 0 0 0 · · ·
1 0 0 0 · · ·
0 1 0 0 · · ·
0 0 1 0 · · ·
...

...
...

... . . .

 , (2.2.5)

〈W | = (1, 1/α, (1/α)2, (1/α)3, (1/α)4, ...), |V 〉 =


1
0
0
...

 . (2.2.6)

For instance, if N = 3 we have for (1, 1, 0)

f3(1, 1, 0) = 〈W |DDE|V 〉 = 〈W |(DD)(E|V 〉),

and therefore,

f3(1, 1, 0) = (1, 1/α, (1/α)2, ...)


1/β2 1/β2 + 1/β 1/β2 + 2/β · · ·

0 1 2 · · ·
0 0 1 · · ·
0 0 0 · · ·
...

...
... . . .




0
1
0
...


= 1/β2 + 1/β + 1/α.

In the same way, we obtain

(τi)i≤2 f2(τ1, τ2)
(0, 0) 1/α2

(1, 0) 1/α+ 1/β
(0, 1) 1/αβ
(1, 1) 1/β2

(τi)i≤3 f3(τ1, τ2, τ3)
(0, 0, 0) (1/α)3

(1, 0, 0) 1/β + 1/α+ 1/α2

(0, 1, 0) 1/(αβ) + 1/α2

(0, 0, 1) 1/α2β

(1, 1, 0) 1/β2 + 1/β + 1/α
(1, 0, 1) 1/β2 + 1/(βα)
(0, 1, 1) 1/(β2α)
(1, 1, 1) 1/β3
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We confirm that, for example for (1, 1, 0), the non zero terms of (2.2.3) give

(h1)1;0f3(0, 1, 0) + (h)1,0;1,0f3(1, 1, 0) + (hN )0;1f3(1, 1, 1)
= α(1/(αβ) + 1/α2) + (−1)(1/β2 + 1/β + 1/α) + β(1/β3)
= 1/β + 1/α− 1/β2 − 1/β − 1/α+ 1/β2

= 0.

With the aim of obtaining d
dtPN (τ1, ..., τN ) = 0, in [DEHP93] it was shown that there exist

elements xτi ∈ R for 1 ≤ i ≤ N , such that∑
σ1

(h1)τ1;σ1PN (σ1, τ2, ..., τN ) = xτ1PN−1(τ2, ..., τN )∑
σi,σi+1

(h)τi,τi+1;σi,σi+1PN (τ1, ..., σi, σi+1, ..., τN ) = −xτiPN−1(τ1, ..., τi−1, τi+1, ..., τN )

+ xτi+1PN−1(τ1, ..., τi, τi+2, ..., τN )∑
σN

(hN )τN ;σNPN (τ1, ..., τN−1, σN ) = −xτNPN−1(τ1, ..., τN−1).

For instance, in the case of (τi≤3) = (1, 1, 0) we have

1/α+ 1/β =
∑
σ1

(h1)1;σ1f3(σ1, 1, 0) = xτ1f2(1, 0) = xτ1(1/α+ 1/β) (2.2.7)

i = 1 : 0 =
∑
σ1,σ2

(h)1,1;σ1,σ2f3(σ1, σ2, 0) = −xτ1f2(τ2, τ3) + xτ2f2(τ1, τ3)

= −xτ1f2(1, 0) + xτ2f2(1, 0) (2.2.8)
= −xτ1(1/α+ 1/β) + xτ2(1/α+ 1/β)

i = 2 : −(1/β2 + 1/β + 1/α) =
∑
σ2,σ3

(h)1,0;σ2,σ3f3(1, σ2, σ3)

= −xτ2f2(τ2, τ3) + xτ3f2(τ1, τ2) (2.2.9)
= −xτ2f2(1, 0) + xτ3f2(1, 1)
= −xτ2(1/α+ 1/β) + xτ3(1/β2)

1/β2 = β(1/β3) =
∑
σ3

(h3)0;σN f3(1, 1, σN )

= −xτ3f2(1, 1) (2.2.10)
= −xτ31/β2.

By (2.2.7) and (2.2.10), xτ1 = −xτ3 = 1 and therefore by (2.2.8) and (2.2.9), we have that
xτ2 = 1.

If we consider N = 2 and we establish the previous conditions for (τ1, τ2) = (1, 0) with the
matrix formulation, we obtain that the above three equations are given by

α〈W |EE|V 〉 = xτ1〈W |E|V 〉
−〈W |DE|V 〉 = −xτ1〈W |E|V 〉+ xτ2〈W |D|V 〉
β〈W |DD|V 〉 = −xτ2〈W |D|V 〉
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We note that sufficient conditions for these last three equations are the following:

α〈W |E = xτ1〈W |
DE = xτ1E − xτ2D

βD|V 〉 = −xτ2 |V 〉.

These conditions are not only sufficient but required. By a redefinition of D and E with
a scalar product, we obtain that these matrices satisfy the equation:

DE = E −D.

In [DEHP93], there is board the partial asymmetric exclusion process, which let to the
particles on the 2 ≤ i ≤ N − 1 position jump to the left site with a probability q, jump
to the right site with a probability p, and now a particle can leave the system in the first
cell with a probability γ and enter in the last cell with a probability δ. They summarized
this information in the intensity matrices

h1 =
(
−α γ
α −γ

)
, hN =

(
−δ β
δ −β

)
,

h =


0 0 0 0
0 −q p 0
0 q −p 0
0 0 0 0

 .

Using the same matrix formulation for fN from the equation (2.2.4), we obtain the fol-
lowing conditions over the matrices D and E:

pDE − qED = D + E,

(βD − δE)|V 〉 = |V 〉,
〈W |(αE − γD) = 〈W |.

The authors discuted a condition for the finite dimentional case and gave a proposal to
D, E |V 〉 and 〈W | when γ = δ = 0 (see [DEHP93], p. 1510).

In [DJLS93] we found, such it was promised in [DEHP93], that this problem can be
expanded to the study of a stochastic flow on a linear lattice of two different types of
particles, and in this case we have that τi can take the values 0 (if the position i is empty),
1 (if in the position i there is a first-type of particles) or 2 (if in the position i there is a
first-type of particles). In this situation, we can also obtain a matrix formulation to obtain
the probability stationary state using matrix D and E and boundary states 〈W | and |V 〉.
Considering A = DE − ED, we define

fN (τ1, ..., τN ) = 〈W |
N∏
i=1

Xi|V 〉, (2.2.11)

where Xi = E if τi = 0, Xi = D if τi = 1 and Xi = A if τi = 2. With this for-
mulation, we obtain that DE = D + E, A2 = A, DA = A, AE = A and about fN ,
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fN (τ1, ..., τN ) = tr(
∏N
i=1Xi) when tr(A) <∞.

Using an auxiliary vector space VM = ⊕j≤mVj (where Vj is an infinite dimensional vector
space that is spanned by analogous of all different configurations (τ1, ..., τj) with τk ∈
{1, ...,m}) there is found in [KS97] a way to obtain the stationary state of probability
for the one dimensional stochastic model that is totally asymmetric and generalizing the
situation to a set of particles of m different types. The initial information is as before
in three intensity matrices Γ, L and R (this notation for this matrix is the notation of
[ADR98]), where Γ is the matrix of rates in the positions 2 ≤ i ≤ m − 1, and L, R are
the boundary rates matrix. In [KS97] it was obtained the stationary state of probability
using 2m operators of the space VM , Dα and Xα with α ∈ {1, ...,m}, such that

ΓαβγδDαDβ = DγXδ −XγDδ, for all γ, δ = 0, 1, ..., N − 1. (2.2.12)

For an example of how the ideas of [KS97] can be applied, see [HSP96]. In equation
(2.2.12), if we consider γ and δ as α and β we obtain

ΓαβαβDαDβ = DαXβ −XαDβ, ΓβαβαDβDα = DβXα −XβDα

Therefore, we have

ΓαβαβDαDβ − ΓβαβαDβDα = {Xβ, Dα} − {Xα, Dβ}, (2.2.13)

where {Xα, Dβ} = XαDβ + DβXα is the anti commutator. In [IPR01], the diffusion
algebras were defined, which are algebras generated by m elements D′αs having a PBW -
basis and satisfies (2.2.13), under the feature that for all α, Xα = xα ∗ U , where xα is a
number and U is an object which behave like an identity for the D′αs, i. e., DαU = UDα =
Dα (in this way we say that Xα is a c−number). Therefore, we obtain that (2.2.13) turns
to

ΓαβαβDαDβ − ΓβαβαDβDα = 2xβDα − 2xαDβ (2.2.14)

It is important to recall that by the assumption of Xα as c−numbers and the PBW condi-
tion, the interpretation of Γαβαβ as probability information possible would be meaningless.
Though these algebras were formally called in [IPR01], there have previous works on it
(see [ADR98]).

2.2.2 Diffusion algebras definition

Definition 2.2.2 ([IPR01], p. 5817). The diffusion algebras type 1 are affine algebras9

that are generated by n variables {D1, ..., Dn} over a field K and admit a linear PBW basis
of ordered monomials of the form Dk1

α1D
k2
α2 · · ·D

kn
αn with kj ∈ N and α1 > α2 > · · · > αn,

and there exist x1, ..., xn ∈ K such that, for all 1 ≤ i < j ≤ n, there exist λij ∈ K∗ such
that

λijDiDj − λjiDjDi = xjDi − xiDj (2.2.15)
9Algebras that are rings of polynomials but with rules of commutations of products.
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The diffusion algebras type 1 of n generators are constructed from the splice of diffusion
algebras type 1 of 3 generators which are classified on 4 families and 9 classes (not isomor-
phism classes) of algebras that are obtained when we try to guarantee the PBW basis of
the algebra using the diamond lemma (see in [IPR01] and [PT02]), as the following results
shows.

Theorem 2.2.3 ([PT02], p. 3270). Consider D a diffusion algebra type 1 of 3 generators
D1, D2 and D3 with 1 < 2 < 3. Then D belongs to some of the following classes of
diffusion algebras type 1:

1. Class AI : λ12 = λ21 = λ13 = λ31 = λ23 = λ32 6= 0, x1, x2, x3 ∈ K \ {0}.

2. Class AII : λαβ = gα − gβ for all α, β ∈ {1, 2, 3} with α < β, where g1 = λ12 +
λ23 − λ13, g2 = λ23 − λ13 and g3 = −λ13; λαβ 6= 0 if α < β and λαβ = 0 if α > β;
x1, x2, x3 ∈ K \ {0}.

3. Class BI : λ12 = λ23 6= 0, λ21 = λ32, λαβ − λβα = Λ for all α, β ∈ {1, 2, 3} with
α < β and for a fix Λ ∈ K, x1, x3 ∈ K \ {0}, x2 = 0.

4. Class BII : λ32 = λ21 = 0, λ12, λ13, λ23 ∈ K \ {0}, x2 = 0.

5. Class BIII : λ31 = λ32 = 0, λ12 6= 0, λ12 − λ21 = λ13 − λ23, λ13 6∈ {0, λ12 − λ21},
x3 = 0.

6. Class BIV : λ21 = λ31 = 0, x1 = 0, λ13 − λ12 = λ23 − λ32, λ13 6∈ {0, λ13 − λ12}.

7. Class CI : λ12 − λ21 = λ13 − λ31, λ12, λ13, λ23 ∈ K \ {0} x2 = x3 = 0.

8. Class CII : x2 = x3 = 0, λ32 = 0, λ12, λ23, λ13 ∈ K \ {0}.

9. Class D: x1 = x2 = x3 = 0, λαβ 6= 0, for all α, β ∈ {1, 2, 3} with α < β.

The following results are established in [Hin05].

1. A diffusion algebra on n ≥ 2 is left Noetherian if and only if we have λji 6= 0, for all
i < j (see [Hin05], Proposition 2.5.5).

2. A diffusion algebra is left Noetherian if and only if it is a domain (see [Hin05], Lemma
2.1.5).

3. Noetherian diffusion algebras have a PBW basis of standard monomials in whatever
order of the indeterminates (see [Hin05], Lemma 2.1.7).

4. n-generator diffusion algebra is a skew polynomial ring of over its (n− 1)-generator
diffusion subalgebra generated by x2, ..., xn (see [Hin05], Remark 2.2.2).

A diffusion algebra D of type 1 has the following properties:

1. Since C is simple, it is a Noetherian ring and therefore D is a Noetherian ring when
λji 6= 0 for all i < j. In this case, since C is regular, then D is left regular (see
[LR14], Corollary 2.6).
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2. Since C is a domain, then D is a domain (see [LR14], Proposition 4.1).

3. Since C is a Noetherian regular ring, when D is such that λij 6= 0, for all pair i− j,
the Quillen’s K-theory of D is the same of C (see [LR14], Theorem 5.1).

4. The cyclic homology (also known as homology of Connes) HCi(D) ∼= HCi(C), for
all i ≥ dim(G(D)), where dim(G(D)) is the Hochschild dimension of the canonical
graduation (see [RS16], Proposition 12).

5. Since C is a commutative domain, D is an ACCPL-domain (an algebra satisfying
the ascending chain condition of principal left ideals) (see [RS18], Theorem 1).

6. Since the elements of C commutes with the D’s variables, C is Σ-rigid, therefore C
is (Σ,∆)-compatible and D is reduced10 (see [RS19b], Proposition 5).

7. Since C is commutative, it is reversible11. Also, since C is (Σ,∆)-compatible, we
obtain that C is (Σ,∆)-skew McCoy (see [RR19], Theorem 3.9).

8. Since C is of endomorphism type and C is (Σ,∆)-skew McCoy, then it is corroborated
that C is Dedekind finite12 (see [RR19], Theorem 3.14).

9. Since C is (Σ,∆)-compatible and Σ-skew Armendariz (because C is Σ-rigid), we get
that D satisfies the Kothë’s conjecture13 (see [RS19a], Proposition 3.19).

10. If D satisfies that λij 6= 0, for all pair i, j, then GKdim(D) = n (see [Rey13], Theorem
14).

Remark 2.2.4. We present this observation to prevent possible mistakes when we try to
find automorphisms in diffusion algebras. From the diffusion algebras type 1 of class D, in
the following theorem (that we present without proof) we find examples of automorphisms
of diffusion algebras that cannot be graded automorphisms.

Theorem 2.2.5 ([VR15], p. 1879). If D is a diffusion algebra of type 1 and class D with
three generators such that λij = 1 and λji = q, for all i, j ∈ {1, 2, 3} and i < j, with
q not a root of the unity and if σ : D → D is an automorphism then σ(D1) = α1D1,
σ(D2) = α2D2 + βD1D3 and σ(D3) = α3D3 with αi, β ∈ C.

In order to obtain a graded structure that remains the commutative law form of the
previous diffusion algebras, it was defined a second class of diffusion algebras as follows.

Definition 2.2.6 ([LFG+20], p. 28). The diffusion algebras type 2 are affine alge-
bras that are generated by 2n variables {D1, ..., Dn, x1, ..., xn} over a field K that ad-
mits a linear PBW basis of ordered monomials of the form Bk1

α1B
k2
α2 · · ·B

kn
αn with Bαi ∈

{D1, ..., Dn, x1, ..., xn}, for all i ≤ 2n, kj ∈ N and α1 > α2 > · · · > αn, such that, for all
1 ≤ i < j ≤ n, there exist λij ∈ K∗ such that

λijDiDj − λjiDjDi = xjDi − xiDj (2.2.16)
10An algebra with no non-zero nilpotent elements is called reduced.
11R is reversible, if for any pair a, b ∈ R, ab = 0 imply ba = 0.
12R is Dedekind finite, if for any pair a, b ∈ R, ab = 1, imply ba = 1.
13The Kothë’s conjecture say that if a ring B has no nonzero nil two sided ideals, then B has no nonzero

nil one-sided ideals.
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If we consider deg(Di) = deg(xi) = 1, for all 1 ≤ i ≤ n, we obtain that D is a Z-graded
algebra. Also, we note that due to the fact of xi is a central element of D for all i ≤ n,
we just need that the monomials Dk1

α1D
k2
α2 · · ·D

kn
αn with kj ∈ N and α1 > α2 > · · · > αn be

a linear PBW basis where the coefficients come from the ring K[x1, ..., xn].

A diffusion algebra D of type 2 has the following properties:

1. Since C[x1, ..., xn] is a Noetherian ring (by the Hilbert’s basis theorem) then, D is a
Noetherian ring. Hence, using that C[x1, ..., xn] is regular (by the Hilbert’s Syzygy
theorem), then D is left regular (see [LR14], Corollary 2.6).

2. Since C[x1, ..., xn] is a domain, then D is a domain ([LR14], Proposition 4.1).

3. Since C[x1, ..., xn] is a Noetherian regular ring, the Quillen’s K-theory of D is the
same of C[x1, ..., xn] (see [LR14], Theorem 5.1).

4. The cyclic homology (also known in literature as homology of Connes) HCi(D) ∼=
HCi(C[x1, ..., xn]), for all i ≥ dim(G(D)), where dim(G(D)) is the Hochschild di-
mension of the canonical graduation of D (see [RS16], Proposition 12).

5. Since C[x1, ..., xn] is a commutative domain, D is an ACCPL-domain (satisfying the
ascending chain condition of principal left ideals) (see [RS18], Theorem 1).

6. Since the elements of C[x1, ..., xn] commute with the D’s variables, C[x1, ..., xn] is
Σ-rigid. Therefore C[x1, ..., xn] is (Σ,∆)-compatible and D is reduced (see [RS19b],
Proposition 5).

7. Since C[x1, ..., xn] is commutative, it is reversible. Also, since C[x1, ..., xn] is (Σ,∆)-
compatible, we obtain that C[x1, ..., xn] is (Σ,∆)-skew McCoy (see [RR19], Theorem
3.9).

8. Since D is a skew PBW extension of C of endomorphism type and C[x1, ..., xn] is
(Σ,∆)-skew McCoy, then C[x1, ..., xn] is Dedekind finite (see [RR19], Theorem 3.14).

9. Since C[x1, ..., xn] is (Σ,∆)-compatible and Σ-skew Armendariz (because C is Σ-
rigid), we get that D satisfies the Kothë’s conjecture (see [RS19a], Proposition 3.19).

10. If D satisfies that λij 6= 0, for all pair i, j, then [Rey13], Theorem 14 guarantees that

GKdim(D) = σ(C)(D1, ..., Dn) = GKdim(C[x1, ..., xn]) + n = 2n.

We obtain in this work how we can commute a power of a generator with another generator
(see, Proposition 2.2.10). This is with the purpose to rewrite any element of a diffusion
algebra in terms of his PBW basis {Dαn

n · · ·D
α1
1 }. In the following, we consider i < j.

First, we present a definition and a lemma.

Definition 2.2.7. If Di and Dj are generators of a diffusion algebra D (as in Definition
2.2.2 or Definition 2.2.6), for all pair k, n ∈ N such that k < n, we define the numbers
Pnk , Q

n
k ∈ C,

Pnk =
k∑
t=1

(
n− k + t− 1

n− k

)
λt−1
ji λk−tij , Qnk =

(
n

k − 1

)
λk−1
ji .
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Remark 2.2.8. It is relevant for us highlight the appearance of the Pascal’s triangle.
This because the numbers (

n− k + t− 1
n− k

)
∈ Q,

are the entries of the k-diagonal of the triangle formed with the first n + 1 floors of the
Pascal’s triangle.

Lemma 2.2.9. For all k, n ∈ N such that k ≤ n, then:

1. Pn+1
k = Pnk−1λij +Qnk and Pn+1

n+1 = Pnn λij + λnji.

2. Qn+1
k = Qnk−1λji +Qnk and Qn+1

n+1 = Qnnλji + λnji.

3. Pn1 = Qn1 = 1.

Proof. 1. As it is known, for all a, b ∈ N,
(
a+b
a

)
=
(
a+b
b

)
, whence

Pnk−1λij +Qnk =
k−1∑
t=1

(
n− k + 1 + t− 1

n− k + 1

)
λt−1
ji λk−1−t+1

ij +
(

n

k − 1

)
λk−1
ji

=
k−1∑
t=1

(
n+ 1− k + t− 1

n+ 1− k

)
λt−1
ji λk−tij +

(
n+ 1− k + k − 1

k − 1

)
λk−1
ji

=
k∑
t=1

(
n+ 1− k + t− 1

n+ 1− k

)
λt−1
ji λk−tij = Pn+1

k ,

and

Pnn λij + λnji =
n∑
t=1

λt−1
ji λn−t+1

ij + λnji = Pn+1
n+1 .

2. Since
(
n
k−2
)

+
(
n
k−1
)

=
(
n+1
k−1
)
, for all n, k ∈ N, then

Qnk−1λji +Qnk =
(

n

k − 2

)
λk−2
ji λji +

(
n

k − 1

)
λk−1
ji

=
((

n

k − 2

)
+
(

n

k − 1

))
λk−1
ji =

(
n+ 1
k − 1

)
λk−1
ji = Qn+1

k ,

and also we have that

Qnnλji + λnji =
((

n

n− 1

)
+
(
n

n

))
λnji =

(
n+ 1
n

)
λnji = Qn+1

n+1.

3. Follows by a short computation.



CHAPTER 2. NONCOMMUTATIVE ALGEBRAS AND THEIR CALCULUS 79

Proposition 2.2.10. Let Di and Dj be generators of the diffusion algebra D. Then, for
all natural number n ≥ 1, we have

λnijD
n
i Dj = λnjiDjD

n
i +

n∑
k=1

(−1)k+n Pnk xn−ki xj D
k
i + (−1)n+k−1 Qnk x

n−k+1
i DjD

k−1
i ,

(2.2.17)

where the numbers Pnk and Qnk were established in Definition 2.2.7.

Proof. We prove this by induction. For n = 1, we see that equation (2.2.17) is

λijDiDj = λjiDjDi + xjDi − xiDj ,

which follows from equation (2.2.15). Now we suppose the assertion holds for a fix n ∈ N.
Then,

λn+1
ij Dn+1

i Dj = λijDi

(
λnjiDjD

n
i +

n∑
k=1

(−1)k+n Pnk xn−ki xj D
k
i + (−1)n+k−1 Qnk x

n−k+1
i DjD

k−1
i

)

= λnji(λjiDjDi + xjDi − xiDj)Dn
i +

n∑
k=1

[
(−1)k+n Pnk xn−ki xj λijD

k+1
i

+ (−1)n+k−1 Qnk x
n−k+1
i (λjiDjDi + xjDi − xiDj)Dk−1

i

]
= λn+1

ji DjD
n+1
i + λnjixjD

n+1
i − λnjixiDjDn

i

+
n∑
k=1

[
(−1)k+n Pnk xn−ki xj λijD

k+1
i + (−1)n+k−1 Qnk x

n−k+1
i λjiDjD

k
i

+ (−1)n+k−1 Qnk x
n−k+1
i xjD

k
i + (−1)n+k Qnk x

n−k+2
i DjD

k−1
i

]

Now, by associative law of the sum and separating the term k = n of the first sum and
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the term k = 1 of the second, we obtain

λn+1
ij Dn+1

i Dj = λn+1
ji DjD

n+1
i + λnjixjD

n+1
i − λnjixiDjD

n
i

+ Pnn xj λijD
n+1
i − Qnn xi λjiDjD

n
i

+
n−1∑
k=1

[
(−1)k+n Pnk xn−ki xj λijD

k+1
i + (−1)n+k−1 Qnk x

n−k+1
i λjiDjD

k
i

]

+
n∑
k=2

[
(−1)n+k−1 Qnk x

n−k+1
i xjD

k
i + (−1)n+k Qnk x

n−k+2
i DjD

k−1
i

]
+ (−1)n Qn1 xni xjDi + (−1)n+1 Qn1 xn+1

i Dj

= λn+1
ji DjD

n+1
i + (λnji + Pnn λij)xjDn+1

i − (λnji + λjiQ
n
n)xiDjD

n
i

+
n∑
k=2

[
(−1)k−1+n Pnk−1 x

n−k+1
i xj λijD

k
i + (−1)n+k−2 Qnk−1 x

n−k
i λjiDjD

k−1
i

]

+
n∑
k=2

[
(−1)n+k−1 Qnk x

n−k+1
i xjD

k
i + (−1)n+k Qnk x

n−k+2
i DjD

k−1
i

]
+ (−1)n Pn+1

1 xni xjDi + (−1)n+1 Qn+1
1 xn+1

i Dj

= λn+1
ji DjD

n+1
i + Pn+1

n+1 xjD
n+1
i −Qn+1

n+1xiDjD
n
i

+
n∑
k=2

[
(−1)k−1+n (Pnk−1λij +Qnk ) xn−k+1

i xj D
k
i

+ (−1)n+k (Qnk−1λji +Qnk ) xn−ki DjD
k−1
i

]
+ (−1)n Pn+1

1 xni xjDi + (−1)n+1 Qn+1
1 xn+1

i Dj

= λn+1
ji DjD

n+1
i + Pn+1

n+1 xjD
n+1
i −Qn+1

n+1xiDjD
n
i

+
n∑
k=2

[
(−1)k−1+n Pn+1

k xn−k+1
i xj D

k
i + (−1)n+k Qnk x

n−k
i DjD

k−1
i

]
+ (−1)n Pn+1

1 xni xjDi + (−1)n+1 Qn+1
1 xn+1

i Dj ,

where the second equality is due to a substitution on the index of the first sum and
Lemma 2.2.9 in the last term, and both last equations are due to the distributivity and
parts 1-2 of Lemma 2.2.9. This proves that the assumption is true for n+ 1.

Remark 2.2.11. As in diffusion algebras of type 2 the generators xi’s are central elements,
in these algebras the Proposition 2.2.10 still holds.

Proposition 2.2.12. Let Di and Dj be generators of the diffusion algebra D. Then, for
all natural number n ≥ 1, we have

λnijDiD
n
j = λnjiD

n
jDi +

n∑
k=1

Qnk x
n−k+1
j DjD

k−1
i − Pnk xn−kj xi D

k
i ,

where the numbers Pnk and Qnk were established in Definition 2.2.7.

Proof. This proof is analogous to the proof of Proposition 2.2.10.
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Remark 2.2.13. For the inner derivations of diffusion algebras with two generators,
∂1, ∂2 : D → D defined by ∂k(a) = Dka− aDk with k = 1, 2n, we have

λn12∂2(Dn
1 ) = λn12D

n
1D2 − λn12D2D

n
1

= (λn21 − λn12)Dn
2D1 +

n∑
k=1

(−1)k+n Pnk xn−k1 x2 D
k
1 + (−1)n+k−1 Qnk x

n−k+1
1 D2D

k−1
1 .

Therefore, in the basic element Dm
2 D

n
1 , we have

λn12∂2(Dm
2 D

n
1 ) = Dm

2 λ
n
1j∂2(Dn

1 )
= Dm

2 [(λn21 − λn12)Dn
2D1

+
n∑
k=1

(−1)k+n Pnk xn−k1 x2 D
k
1 + (−1)n+k−1 Qnk x

n−k+1
1 D2D

k−1
1 ]

= (λn21 − λn12)Dm+n
2 D1

+
n∑
k=1

(−1)k+n Pnk xn−k1 x2 D
m
2 D

k
1 + (−1)n+k−1 Qnk x

n−k+1
1 Dm+1

2 Dk−1
1 .

On the other hand,

λm12∂1(Dm
2 ) = λm12D

m
2 D1 − λm12D1D

m
2

= (λm12 − λm21)Dm
2 D1 −

m∑
k=1

[
Qmk xm−k+1

2 D2D
k−1
1 − Pmk xm−k2 x1 D

k
1

]
,

whence, we have that in the basis element Dm
j D

n
i ,

λm12∂1(Dm
2 D

n
1 ) = λm12∂1(Dm

2 )Dn
1

= (λm12 − λm21)Dm
2 D

n+1
1 −

m∑
k=1

[
Qmk xm−k+1

2 D2D
n+k−1
1 − Pmk xm−k2 x1 D

k+n
1

]
.

With all facts above in mind, we can now construct a Brzezinski’s calculus (see Defi-
nition 1.2.7) over a 2-dimensional diffusion algebra of type 1.

If D is generated by D1 and D2, first, we consider the automorphism σ ∈ M2(End(D)),
given by the identity matrix with diagonal entries idD, and the multiderivation (∂, σ),
where ∂ = (∂1, ∂2). Later, we consider Ω1(D) the D-module generated by ω1 and ω2. We
have that right D action is given by

ω1a = aω1, ω2a = aω2

Then, we define ∇ : HomD(Ω1(D),D) → D as ∇(f) = ∂1(f(ω1)) + ∂2(f(ω2)). If f(ω1) =
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Dm1
2 Dn1

1 and f(ω2) = Dm2
2 Dn2

1 , then

λm1+n2
12 ∇(f) = λm1+n2

12 ∂1(Dm1
2 Dn1

1 ) + λm1+n2
12 ∂2(Dm2

2 Dn2
1 )

= λn2
12

[
(λm1

12 − λ
m1
21 )Dm1

2 Dn1+1
1 −

m1∑
k=1

[
Qm1
k xm1−k+1

2 D2D
n1+k−1
1

− Pm1
k xm1−k

2 x1 D
k+n1
1

]]
+ λm1

12

[
(λn2

21 − λ
n2
12 )Dm2+n2

2 D1

+
n2∑
k=1

(−1)k+n2 Pn2
k xn2−k

1 x2 D
m2
2 Dk

1 + (−1)n2+k−1 Qn2
k xn2−k+1

1 Dm2+1
2 Dk−1

1

]
.

Example 2.2.14. If D is a quantum plane, i.e., if x1 = 0 and x2 = 0, then

λm1+n2
12 ∇(f) = λm1+n2

12 ∂1(Dm1
2 Dn1

1 ) + λm1+n2
12 ∂2(Dm2

2 Dn2
1 )

= λn2
12 (λm1

12 − λ
m1
21 )Dm1

2 Dn1+1
1 + λm1

12 (λn2
21 − λ

n2
12 )Dm2+n2

2 D1.

Now, in each class of 3-generators diffusion algebra of type 1 (see Theorem 2.2.3), we
establish the commutation law of Proposition 2.2.10 as follows.

1. Class AI : In this class, we obtain that for all n, k ∈ N such that k ≤ n,

Pnk =
k∑
t=1

(
n− k + t− 1

n− k

)
λk−1, Qnk =

(
n

k − 1

)
λk−1.

We have the following property.

Proposition 2.2.15. For all pair n, k ∈ N such that k ≤ n,

k∑
t=1

(
n− k + t− 1

n− k

)
=
(

n

k − 1

)
.

Proof. We prove this by induction on n. The case n = 1 follows by a short verifica-
tion. If we suppose that is true for n and all k ≤ n, then we have(

n+ 1
k

)
=
(
n

k

)
+
(

n

k − 1

)
=

k+1∑
t=1

(
n− (k + 1) + t− 1

n− (k + 1)

)
+

k∑
t=1

(
n− k + t− 1

n− k

)

=
k+1∑
t=1

(
n− k − 1 + t− 1

n− k − 1

)
+

k∑
t=1

(
n− k + t− 1

n− k

)
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=
k∑
t=0

(
n− k + t− 1
n− k − 1

)
+

k∑
t=1

(
n− k + t− 1

n− k

)

= 1 +
k∑
t=1

(
n− k + t− 1
n− k − 1

)
+
(
n− k + t− 1

n− k

)

=
k∑
t=0

(
n− k + t

n− k

)
=

k+1∑
t=1

(
(n+ 1)− (k + 1) + t− 1

(n+ 1)− (k + 1)

)
,

which proves that the assumption is true for n + 1, and then it is true for all pair
n, k ∈ N such that k ≤ n.

Remark 2.2.16. By the Proposition 2.2.15, we conclude that if λij = λji then
Pnk = Qnk for all n, k ∈ N. Therefore, Propositions 2.2.10 and 2.2.12 for diffusion
algebras of class AI are given by

λnDn
i Dj = λnDjD

n
i +

n∑
k=1

(
n

k − 1

)
λk−1

[
(−1)k+n xn−ki xj D

k
i + (−1)n+k−1 xn−k+1

i DjD
k−1
i

]
,

λnDiD
n
j = λnDn

j Di +
n∑
k=1

(
n

k − 1

)
λk−1

[
xn−k+1
j DjD

k−1
i − xn−kj xi D

k
i

]
,

respectively.

2. Class AII : Since λβα = 0 for α < β, we obtain that in each pair of generators Dα

and Dβ, Qnk = 0 and Pnk = λk−1
αβ , for all k 6= 1. Therefore, Propositions 2.2.10 and

2.2.12 for diffusion algebras of class AII are given by

λnαβD
n
αDβ = λnβαDβD

n
α +

n∑
k=2

[
(−1)k+n λk−1

αβ xn−kα xβ D
k
α

]
+ (−1)n+1 xn−1

α xβ Dα + (−1)n xnα Dβ,

λnαβDαD
n
β = λnβαD

n
βDα + xnβ Dβ −

n∑
k=1

λk−1
αβ xn−kβ xα D

k
α,

respectively.

3. Class BI : Since x2 = 0, then

λn12D
n
1D2 = λn21D2D

n
1 +

n∑
k=1

(−1)n+k−1 Qnk x
n−k+1
1 D2D

k−1
1 ,

λn12D1D
n
2 = λn21D

n
2D1 − Pnn x1 D

n
1 ,

λn23D
n
2D3 = λn32D3D

n
2 +

n∑
k=1

(−1)k+n Pnk xn−k2 x3 D
k
2 ,

λn23D2D
n
3 = λn32D

n
3D2 +

n∑
k=1

Qnk x
n−k+1
3 D3D

k−1
j ,

where λβα = λαβ − Λ for α, β ∈ {1, 2, 3} and α < β with a fix Λ ∈ K \ {0}. In the
case of D1 and D3, both Propositions 2.2.10 and 2.2.12 have no a shorter form.
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4. Class BII : In these algebras, for the pairs D1, D2 and D2, D3, we have that the
numbers are Pnk = λk−1

ij or Pnk = λk−1
jm , for all n, k ∈ N and Qnk = 0 for all k > 1;

this because λ21 = λ32 = 0. Then, as x2 = 0 too,

λn12D
n
1D2 = (−1)nxn1 D2,

λn12D1D
n
2 = −λn−1

12 x1 D
n
1 ,

λn23D
n
2D3 = λn−1

23 x3 D
n
2 ,

λn23D2D
n
3 = xn3 D3.

5. Class BIII : Since λ32 = λ31 = x3 = 0, we obtain that

λn13D
n
1D3 = (−1)nxn1 D3,

λn13D1D
n
3 = −x1 D

n
1 ,

λn23D
n
2D3 = (−1)n xn2 D3,

λn23D2D
n
3 = −λn−1

23 x2 D
n
2 .

6. Class BIV : λ21 = λ31 = 0, x1 = 0, λ13 − λ12 = λ23 − λ32, λ13 6∈ {0, λ13 − λ12}.

7. Class CI : Since x2 = x3 = 0,

λn12D
n
1D2 = λn21D2D

n
1 +

n∑
k=1

(−1)n+k−1 Qnk x
n−k+1
1 D2D

k−1
1 ,

λn12D1D
n
2 = λn21D

n
2D1 − Pnn x1 D

n
1 ,

λn13D
n
1D3 = λn31D3D

n
1 +

n∑
k=1

(−1)n+k−1 Qnk x
n−k+1
1 D3D

k−1
1 ,

λn13D1D
n
3 = λn31D

n
3D1 − Pnn x1 D

n
1 ,

λn23D
n
2D3 = λn32D3D

n
2 ,

λn32D2D
n
3 = λn32D

n
3D2.

8. Class CII : x2 = x3 = 0, λ32 = 0, λ12, λ23, λ13 ∈ K \ {0}. Since λ32 = 0, we have that
for the pair D2 and D3, Qnk = 0, for all k > 1, and for all k ≤ n, we have Pnk = λk−1

23 .
Then

λn12D
n
1D2 = λn21D2D

n
1 +

n∑
k=1

(−1)n+k−1 Qnk x
n−k+1
1 D2D

k−1
1 ,

λn12D1D
n
2 = λn21D

n
2D1 − Pnn x1 D

n
1 ,

λn13D
n
1D3 = λn31D3D

n
1 +

n∑
k=1

(−1)n+k−1 Qnk x
n−k+1
1 D3D

k−1
1 ,

λn13D1D
n
3 = λn31D

n
3D1 − Pnn x1 D

n
1 ,

λn23D
n
2D3 = λn32D3D

n
2 = 0,

λn23D2D
n
3 = λn32D

n
3D2 = 0.
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9. Class D: x1 = x2 = x3 = 0, λαβ 6= 0, for all α, β ∈ {i, j, k} with α < β,

λn12D
n
1D2 = λn21D2D

n
1 ,

λn12D1D
n
2 = λn21D

n
2D1,

λn13D
n
1D3 = λn31D3D

n
1 ,

λn13D1D
n
3 = λn31D

n
3D1,

λn23D
n
2D3 = λn32D3D

n
2 ,

λn23D2D
n
3 = λn32D

n
3D2,

λn
2+m

12 Dm
1 D

n
2 =

n∑
p=1

λ
(p−1)n
21 λn

2−pn+m
12

n∑
k=1

Qnkx
n−k+1
2 Dm−p

1 D2D
k+p−2
1 − Pnk xn−k2 x1D

m+k−1
1

=
n∑
p=1

n∑
k=1

λ
(p−1)n+m−p
21 λn

2−pn+p
12 Qnkx

n−k+1
2 D2D

m+k−2
1

+
n∑
p=1

n∑
k=1

m−p∑
s=1

λ
(p−1)n
21 λn

2−pn+p
12 Qnkx

n−k+1
2 (−1)s+m−pPm−ps xm−p−s1 x2D

s+k+p−2
1

+
n∑
p=1

n∑
k=1

m−p∑
s=1

λ
(p−1)n
21 λn

2−pn+p
12 Qnkx

n−k+1
2 (−1)m−p+s−1D2D

s+k+m−3
1

−
n∑
p=1

n∑
k=1

λ
(p−1)n
21 λn

2−pn
12 Pnk x

n−k
2 x1D

m+k−1
1 .

Remark 2.2.17. We want to highlight that the diffusion algebraD generated byD1, ..., Dn

is an Ore extension of the subalgebra R generated by D2, ..., Dn (see [Hin05], p. 26) with
the endomorphism σ and the σ-skew derivation δ are defined by:

σ(Dj) = λj1λ
−1
1j Dj − λ−1

1j xj , δ(Dj) = −λ−1
1j x1Dj , for all j ≥ 2

σ(r) = r, δ(r) = 0, for all r ∈ R.

Next, we are going to show particular behaviors of automorphisms and skew derivations
of diffusion algebras.

2.2.3 Derivations in case n = 2 of type 1

In this work, we found necessary conditions needed to get a derivation in some examples
of diffusion algebras. Let D be a diffusion algebra of type 1 generated by D1 and D2.
If ∂ : D → D is a derivation, we know that {Di

2D
j
1 : i, j ∈ N} is a C-basis of D. If we

consider in the deg-lex monomial order (α2, α1) ∈ N2 as the maximum of the monomials
that appears in ∂(D1) and ∂(D2), let A = (aij), B = (bij) ∈ Mα2×α1(C) matrices such
that

∂(D1) =
α2∑
i=1

α1∑
j=1

AijD
i
2D

j
1, ∂(D2) =

α2∑
i=1

α1∑
j=1

BijD
i
2D

j
1. (2.2.18)
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Then, ∂ evaluated on the equation λ12D1D2 − λ21D2D1 − x2D1 + x1D2 = 0, in terms of
the PBW basis, it is given by

α2+1∑
i=2

α1∑
k=1

(−1)kA(i−1)kλ
1−k
12 Qk1x

k
1D

i
2 +

α1∑
k=2

(−1)k+1Aα2kλ
1−k
12 Qk2x

k−1
1 Dα2+1

2 D1

+
α2∑
i=2

[ α1∑
k=1

(−1)k+1Aikλ
1−k
12 P k1 x

k−1
1 x2 +

α1∑
k=2

(−1)k+1A(i−1)kλ
1−k
12 Qk2x

k−1
1 + (x1Bi1 − x2Ai1)

]
Di

2D1

+
α1∑
j=1

[
x1B1j − x2A1j +

α1∑
k=j

(−1)k+jA1kλ
1−k
12 P kj x

k−j
1 x2 +

∑
i+p≥j+1
i≤α2, p≤α1

Bipλ
1−i
12 Qij+1−px

i+p−j
2

]
D2D

j
1

+
α1+α2−1∑
j=α1+1

∑
i+p≥j+1
i≤α2, p≤α1

Bipλ
1−i
12 Qij+1−px

i+p−j
2 D2D

j
1

+
α2−1∑
i=2

(λ12(λ21

λ12
)i − λ21)Biα1D

i
2D

α1+1
1

+
α2∑
i=2

α1−1∑
j=2

[
(λ12(λ21

λ12
)j − λ21)A(i−1)j + (λ12(λ21

λ12
)i − λ21)Bi(j−1) + (x1Bij − x2Aij)

+
( α1∑
k=j

(−1)k+jAikλ
1−k
12 P kj x

k−j
1 x2

)
+
( α1∑
k=j+1

(−1)k+jA(i−1)kλ
1−k
12 Qkj+1x

k−j
1

)]
Di

2D
j
1

+
α2∑
i=2

[
(λ12(λ21

λ12
)α1 − λ21)A(i−1)α1 + (λ12(λ21

λ12
)i − λ21)Bi(α1−1)

+ x1Biα1 +Aiα1x2(λ1−α1
12 Pα1

α1
− 1)

]
Di

2D
α1
1

+
α1−1∑
j=2

[
(λ12(λ21

λ12
)j − λ21)Aα2j +

α1∑
k=j+1

(−1)j+kAα2kλ
1−k
12 Qkj+1x

k−j
i

]
Dα2+1

2 Dj
1

+ (λ12(λ21

λ12
)α1 − λ21)Aα2α1D

α2+1
2 Dα1

1 = 0.

Remark 2.2.18. We note that if Aα2α2 6= 0 then, since the coefficient of Dα2+1
2 Dα1

1 must
be vanish, we obtain that λ21 = 0 or λ21

λ12
is an (α1 − 1)-root of the unity.

Now, following the ideas of proof of Theorem 1.3.32, as in Example 1.3.40, in this work
we obtain for the case of diffusion algebras of type 1 with two generators, that these have
a restricted scope, as follows.

Remark 2.2.19. Since DiDj − aijDjDi = xjDi − xiDj , where aij = λij/λji 6= 0, then if
we try to define d : D → Ω1(D), in the sense and with notation of Section 1.3,

d(DiDj)− aijd(DjDi) = d(xjDi)− d(xiDj)
d(Di)Dj +Did(Dj)− aijd(Dj)Di − aijDjd(Di) = xjd(Di)− xid(Dj)

d(Di)Dj + d(Dj)νDj (Di)− d(Dj)aijDi − d(Di)νDi(aijDj) = xjd(Di)− xid(Dj)
d(Di)[Dj − νDi(aijDj)− xj ] + d(Dj)[νDj (Di)− aijDi + xi] = 0.
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Therefore, νDi(Dj) = a−1
ij (Dj − xj) and νDj (Di) = aijDi − xi. Now to define an auto-

morphism νDi , we need that it respects the equation DiDj − aijDjDi = xjDi − xiDj .
Then

νDi(Di)νDi(Dj)− aijνDi(Dj)νDi(Di) = xjνDi(Di)− xiνDi(Dj)
νDi(Di)a−1

ij (Dj − xj)− aija−1
ij (Dj − xj)νDi(Di) = xjνDi(Di)− xia−1

ij (Dj − xj).

By inspection, the only way that we found to solve it, was νDi(Di) = a−1
ij (Di − xi), and

with this,

(aij − 1)(xjDi − xiDj) = (aij − 1)(Dixj +Djxi) + (1− aij)xixj
−2(aij − 1)xiDj = (1− aij)xixj

2(aij − 1)xiDj = (aij − 1)xixj ,

then, aij = 1. With aij = 1, we get

νDi(Dj) = νDj (Dj) = Dj − xj , νDi(Di) = νDj (Di) = Di − xi.

The definition of the differential calculus does not have problem, neither its dimensionality.
But, since Dαd(Dα) = d(Dα)(Dα − xα), the general value of d(Dk

α) as a right multiple of
d(Dα) will have a expression similar to the form of Proposition 2.2.10. With this behavior,
we could confront problems on the connectivity of the differential calculus, issue that we
will consider in the future.

2.2.4 Universal differential calculus of a diffusion algebra

Now, we proceed to construct the universal differential graded algebra of a diffusion algebra
of type and degree 2. We consider the K-map µ : D ⊗K D → D : a ⊗ b 7→ ab and
define ΩD = Ker(µ). As it was mentioned in [BM93], p. 595, we have that all the first
order differential graded calculus are obtained as a quotient of ΩD; so, we are going to
study this algebra. We have that spanD−D({1 ⊗ a − a ⊗ 1 : a ∈ D}) ⊂ ΩA because
µ(1⊗ a− a⊗ 1) = a− a = 0 and e⊗ f − f ⊗ e ∈ Ω if e ∈ {x1, x2} and f ∈ {D1, D2}. In
fact, in this case we have that e⊗ f − f ⊗ e ∈ spanD−D({1⊗a−a⊗ 1 : a ∈ D}) as follows:

d(D1x1)−D1d(x1)− d(x1)D1 = (1⊗D1x1 −D1x1 ⊗ 1)−D1(1⊗ x1 − x1 ⊗ 1)− (1⊗ x1 − x1 ⊗ 1)D1

= 1⊗D1x1 −D1x1 ⊗ 1−D1 ⊗ x1 +D1x1 ⊗ 1− 1⊗ x1D1 + x1 ⊗D1

= x1 ⊗D1 −D1 ⊗ x1,

where in the last equation we have used the relation xiDi = Dixi. In the same way, we
have

x2 ⊗D2 −D2 ⊗ x2 = d(D2x2)−D2d(x2)− d(x2)D2,

x1 ⊗D2 −D2 ⊗ x1 = d(D2x1)−D2d(x1)− d(x1)D2,

x2 ⊗D1 −D1 ⊗ x2 = d(D1x2)−D1d(x2)− d(x2)D1.
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Also, if we say that B := λ12D1 ⊗D2 − λ21D2 ⊗D1 − x2 ⊗D1 + x1 ⊗D2, then

d(D2)λ21D1 + x1d(D2)− [d(D1)λ12D2 + x2d(D1)]
= (1⊗D2 −D2 ⊗ 1)λ21D1 + x1(1⊗D2 −D2 ⊗ 1)
− [(1⊗D1 −D1 ⊗ 1)λ12D2 + x2(1⊗D1 −D1 ⊗ 1)]
= 1⊗ λ21D2D1 −D2 ⊗ λ21D1 + x1 ⊗D2 − x1D2 ⊗ 1
− 1⊗ λ12D1D2 +D1 ⊗ λ12D2 − x2 ⊗D1 + x2D1 ⊗ 1]
= D1 ⊗ λ12D2 −D2 ⊗ λ21D1 − x2 ⊗D1 + x1 ⊗D2

+ 1⊗ λ21D2D1 − 1⊗ λ12D1D2 + x2D1 ⊗ 1− x1D2 ⊗ 1
= B + 1⊗ (λ21D2D1 − λ12D1D2) + (x2D1 − x1D2)⊗ 1
= B − 1⊗ (x2D1 − x1D2) + (x2D1 − x1D2)⊗ 1
= B − d(x2D1 − x1D2),

where the fifth equality is due by the relation (2.2.16) in D. Hence, since we already
proved that

B = d(x2D1 − x1D2) + d(D2)λ21D1 + x1d(D2)− d(D1)λ12D2 − x2d(D1),

then B ∈ spanD−D({1⊗ a− a⊗ 1 : a ∈ D}). Also, we have the following proposition.

Proposition 2.2.20. {1 ⊗ a − a ⊗ 1 : a ∈ D} ⊆ spanD−D({1 ⊗ a − a ⊗ 1 : a ∈
{D1, D2, x1, x2}}) i.e., we have that spanD−D({1 ⊗ a − a ⊗ 1 : a ∈ D}) = spanD−D({1 ⊗
a− a⊗ 1 : a ∈ {D1, D2, x1, x2}}).

Proof. We proceed by induction on k, the length of the monomial terms.

• k = 2: Let y1 · y2 ∈ D where y1, y2 ∈ {Di, Dj , xi, xj}. By the Leibniz’s rule,

1⊗ y1y2 − y1y2 ⊗ 1 = (1⊗ y1 − y1 ⊗ 1)y2 + y1(1⊗ y2 − y2 ⊗ 1).

• Suppose that for every x ∈ D monomial of lenght k − 1, d(x) is an element of
spanD−D({1 ⊗ a − a ⊗ 1 : a ∈ {Di, Dj , xi, xj}}). Let be y1y2 · · · yk ∈ D where
yαii ∈ {Di, Dj , xi, xj}, for all 1 ≤ i ≤ k. Then

1⊗ (y1y2 · · · yk)− (y1y2 · · · yk)⊗ 1 = (1⊗ y1y2 · · · yk−1 − y1y2 · · · yk−1 ⊗ 1)yk
+ y1y2 · · · yk−1(1⊗ yk − yk ⊗ 1)
= d(y1y2 · · · yk−1)y1 + y1y2 · · · yk−1d(yk).

Since y1y2 · · · yk−1 has length k−1, we have that d(y1y2 · · · yk−1) ∈ spanD−D({1⊗a−
a⊗1 : a ∈ {Di, Dj , xi, xj}}), and then we obtain that 1⊗(y1y2 · · · yk)−(y1y2 · · · yk)⊗
1 ∈ spanD−D({1⊗ a− a⊗ 1 : a ∈ {Di, Dj , xi, xj}}).

Since every monomial of D is an element of spanD−D({1⊗a−a⊗1 : a ∈ {Di, Dj , xi, xj}}),
by the K-linearity of d we have that {1⊗ a− a⊗ 1 : a ∈ D} ⊆ spanD−D({1⊗ a− a⊗ 1 :
a ∈ {Di, Dj , xi, xj}}).
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Then, we consider the first order differential calculus over A, (Ω1(D), d), where d : D →
Ω1(D) : a 7→ 1⊗ a− a⊗ 1 with Ω(D) = spanD−D({1⊗ a− a⊗ 1 : a ∈ {Di, Dj , xi, xj}}) ⊆
D ⊗K D. This is a D-bimodule finitely generated by the set {d(Di), d(Dj), d(xi), d(xj)}.

Finally, we want to remark some words about the differentially smoothness (see Section
1.3.2) of this class of algebras.

Remark 2.2.21. In this work, we note that the diffusion algebras D of type 2 with
{Di, Dj , xi, xj} as generators cannot be differentially smooth. This because if we define
(Ω(D), d), a first order differential calculus on D, since d must respect the relations of D,
then by Leibniz’s rule

λijd(Di)Dj + λijDid(Dj)− λjid(Dj)Di − λjiDjd(Di) = d(xj)Di + xjd(Di)− d(xi)Dj − xid(Dj),

whence, by the density condition, Ω1(D) is generated as a D-bimodule by {d(xi), d(Di),
d(Dj)}, and hence Ω4(D) = 0. This denies the existence of a differential calculus 4-
dimensional, where GKdim(D) = 4 by [Rey13], Theorem 14, and therefore, it shows that
it is no possible the differentially smoothness of D.

2.2.5 Automorphisms and skew derivations in case n = 2 of type 2

In this work, this section is dedicated to search automorphisms and skew derivations, by
using a computational way, over diffusion algebra of type 2 in case n = 2, that is, a diffusion
algebra of four generators {D1, D2, x1, x2}. All results of this section were obtained in the
realization of this work and they have been submitted for publication.

First, to obtain an automorphism σ : D → D, we define on the generators in a way
that the equality (2.2.19) holds (with σ(1) = 1):

λ12σ(D1)σ(D2)− λ21σ(D2)σ(D1) = σ(x2)σ(D1)− σ(x1)σ(D2). (2.2.19)

Later, we find right σ-skew derivations. With this in mind, we only have to fix ∂ on
the generators and verify that if we apply linear and Leibniz’s properties to (2.2.16), the
equality still holds. We obtain:

∂(λ12D1D2 − λ21D2D1) = ∂(x2D1 − x1D2)
λ12∂(D1D2)− λ21∂(D2D1) = ∂(x2D1)− ∂(x1D2)

λ12∂(D1)σ(D2) + λ12D1∂(D2)− λ21∂(D2)σ(D1)− λ21D2∂(D1) (2.2.20)
= ∂(x2)σ(D1) + x2∂(D1)− ∂(x1)σ(D2)− x1∂(D2).

Remark 2.2.22. We note that in (2.2.20) there is no interest in the values σ(xi), σ(xj) ∈
D.

If we consider σ1 = idD (which satisfies (2.2.19) clearly) in (2.2.20), we obtain:

λ12∂(D1)D2+λ12D1∂(D2)−λ21∂(D2)D1−λ21D2∂(D1) = ∂(x2)D1+x2∂(D1)−∂(x1)D2−x1∂(D2).

This is equivalent to say that

[λ12∂(D1)+∂(x1)]D2 +[λ12D1 +x1]∂(D2)− [λ21∂(D2)+∂(x2)]D1− [λ21D2 +x2]∂(D1) = 0.
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We also have to guarantee for a ∈ {D1, D2, x1, x2} and b ∈ {x1, x2} that

∂(ab) = ∂(ba).

We found the following solutions (but we do not denied the existence other different
solutions) of these last equations:

• ∂(D1) = D1, ∂(D2) = −D2, ∂(x1) = x1 and ∂(x2) = −x2.

• ∂(D1) = x1, ∂(D2) = x2, ∂(x1) = (λ21 − λ12)x1 and ∂(x2) = (λ12 − λ21)x2.

With these skew derivations, we have that σ−1 ◦ ∂ ◦ σ = ∂. For the next proposition,
we recall that D = ⊕n∈NDn is an N-graded algebra with the natural degree deg(D1) =
deg(D2) = deg(x1) = deg(x2) = 1. The following proposition was obtained in this work.

Proposition 2.2.23. If ∂ : D → D is a idD-derivation, then the elements ∂(D1), ∂(D2),
∂(x1) and ∂(x2) have no zero degree terms.

Proof. If there exist a, b, c, d ∈ C such that these are the zero degree terms of ∂(D1), ∂(D2),
∂(x1) and ∂(x2), respectively, due to the N-graded structure of D, in the zero terms of
(2.2.20) we must have that

λ12aD2 + λ12D1b− λ21bD1 − λ21D2a = dD1 + x2a− cD2 − x1b,

which is equivalent to

[(λ12 − λ21)b− d]D1 + [(λ12 − λ21)a+ c]D2 − ax2 + bx1 = 0.

where, from the independence of the generators in the one degree C-subspace, we obtain
that a = b = c = d = 0.

The following proposition is a corollary of the previous proposition, and it was obtained
in this work.

Proposition 2.2.24. If ∂ : D → D is a idD-derivation, then ∂(D) ∩ C = ∅.

Now, we consider the general case. Let AutL(D) be the set of C-algebras automorphisms
σ such that σ({D1, D2, x1, x2}) ⊆ D1. Let σ ∈ AutL(D) and Aα, Bα, Sα, Hα ∈ C for
α ∈ {Di,Dj, x1, x2, k} be the coeficients of σ(D1), σ(D2), σ(x1) and σ(x2). Then:

σ(D1) = AD1D1 +AD2D2 +Ax1x1 +Ax2x2 +Ak, (2.2.21)
σ(D2) = BD1D1 +BD2D2 +Bx1x1 +Bx2x2 +Bk,

σ(x1) = SD1D1 + SD2D2 + Sx1x1 + Sx2x2 + Sk,

σ(x2) = HD1D1 +HD2D2 +Hx1x1 +Hx2x2 +Hk.

Hence, in this work we got the following important fact:
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Proposition 2.2.25. If σ : D → D is an automorphism defined as in (2.2.21), then we
have that det(A) 6= 0, where:

A =


AD1 BD1 SD1 HD1
AD2 BD2 SD2 HD2
Ax1 Bx1 Sx1 Hx1
Ax2 Bx2 Sx2 Hx2

 . (2.2.22)

Proof. Suppose that det(A) = 0. Then the set {v1, v2, v3, v4} of columns of A14 is linear
dependent, i.e., there exist αi ∈ C with i ∈ {1, 2, 3, 4} such that vβ(1) = α2vβ(2) +α3vβ(3) +
α4vβ(4), where β is a permutation of {1, 2, 3, 4}. Then,

σ(vβ(1) + ε) = α2σ(vβ(2)) + α3σ(vβ(3)) + α4σ(vβ(4)),

where ε = α2kβ(2) +α3kβ(3) +α4kβ(4)−kβ(1), with k1 = Ak, k2 = Bk, k3 = Sk and k4 = Hk.
Since vβ(1) + ε 6= α2vβ(2) + α3vβ(3) + α4vβ(4), we obtain that σ is not injective, which it is
not the case.

With (2.2.21) we have the following terms:

λ12σ(D1)σ(D2)
= λ12(AD1D1 + AD2D2 + Ax1x1 + Ax2x2 + Ak)(BD1D1 + BD2D2 + Bx1x1 + Bx2x2 + Bk)

= λ12AD1BD1D
2
1 + AD1BD2(λ21D2D1 + x2D1 − x1D2) + λ12AD1Bx1D1x1 + λ12AD1Bx2D1x2 + λ12AD1BkD1

+ λ12AD2BD1D2D1 + λ12AD2BD2D
2
2 + λ12AD2Bx1D2x1 + λ12AD2Bx2D2x2 + λ12AD2BkD2

+ λ12Ax1BD1x1D1 + λ12Ax1BD2x1D2 + λ12Ax1Bx1x
2
1 + λ12Ax1Bx2x1x2 + λ12Ax1Bkx1

+ λ12Ax2BD1x2D1 + λ12Ax2BD2x2D2 + λ12Ax2Bx1x2x1 + λ12Ax2Bx2x
2
2 + λ12Ax2Bkx2

+ λ12AkBD1D1 + λ12AkBD2D2 + λ12AkBx1x1 + λ12AkBx2x2 + λ12AkBk,

λ21σ(D2)σ(D1)
= λ12(BD1D1 + BD2D2 + Bx1x1 + Bx2x2 + Bk)(AD1D1 + AD2D2 + Ax1x1 + Ax2x2 + Ak)

= λ21BD1AD1D
2
1 + λ21BD1AD2λ

−1
12 (λ21D2D1 + x2D1 − x1D2) + λ21BD1Ax1D1x1 + λ21BD1Ax2D1x2 + λ21BD1AkD1

+ λ21BD2AD1D2D1 + λ21BD2AD2D
2
2 + λ21BD2Ax1D2x1 + λ21BD2Ax2D2x2 + λ21BD2AkD2

+ λ21Bx1AD1x1D1 + λ21Bx1AD2x1D2 + λ21Bx1Ax1x
2
1 + λ21Bx1Ax2x1x2 + λ21Bx1Akx1

+ λ21Bx2AD1x2D1 + λ21Bx2AD2x2D2 + λ21Bx2Ax1x2x1 + λ21Bx2Ax2x
2
2 + λ21Bx2Akx2

+ λ21BkAD1D1 + λ21BkAD2D2 + λ21BkAx1x1 + λ21BkAx2x2 + λ21BkAk,

σ(x2)σ(D1)
= (HD1D1 +HD2D2 +Hx1x1 +Hx2x2 +Hk)(AD1D1 + AD2D2 + Ax1x1 + Ax2x2 + Ak)

= HD1AD1D
2
1 +HD1AD2λ

−1
12 (λ21D2D1 + x2D1 − x1D2) +HD1Ax1D1x1 +HD1Ax2D1x2 +HD1AkD1

+HD2AD1D2D1 +HD2AD2D
2
2 +HD2Ax1D2x1 +HD2Ax2D2x2 +HD2AkD2

+Hx1AD1x1D1 +Hx1AD2x1D2 +Hx1Ax1x
2
1 +Hx1Ax2x1x2 +Hx1Akx1

+Hx2AD1x2D1 +Hx2AD2x2D2 +Hx2Ax1x2x1 +Hx2Ax2x
2
2 +Hx2Akx2

+HkAD1D1 +HkAD2D2 +HkAx1x1 +HkAx2x2 +HkAk,

σ(x1)σ(D2)
= (SD1D1 + SD2D2 + Sx1x1 + Sx2x2 + Sk)(BD1D1 + BD2D2 + Bx1x1 + Bx2x2 + Bk)

= SD1BD1D
2
1 + SD1BD2λ

−1
12 (λ21D2D1 + x2D1 − x1D2) + SD1Bx1D1x1 + SD1Bx2D1x2 + SD1BkD1

+ SD2BD1D2D1 + SD2BD2D
2
2 + SD2Bx1D2x1 + SD2Bx2D2x2 + SD2BkD2

+ Sx1BD1x1D1 + Sx1BD2x1D2 + Sx1Bx1x
2
1 + Sx1Bx2x1x2 + Sx1Bkx1

+ Sx2BD1x2D1 + Sx2BD2x2D2 + Sx2Bx1x2x1 + Sx2Bx2x
2
2 + Sx2Bkx2

+ SkBD1D1 + SkBD2D2 + SkBx1x1 + SkBx2x2 + SkBk.

14If we say that D1 is the first generator a1, D2 is a2, x1 is a3 and x2 is a4, we mean that Ai is the
vector of one degree coefficients of σ(ai).
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With these terms and the equation (2.2.19), in this work we obtain the following propo-
sition.

Proposition 2.2.26. If σ : D → D is an automorphism defined as in (2.2.21), such that
det(Zσ) = 0 then Ak = Bk = Sk = Hk = 0, where

Zσ =
(

λ12AD1 + SD1 AD2
λ21BD1 +HD1 BD2

)
.

Proof. As we must guarantee that (2.2.19) is satisfied, we need that:

λ12σ(D1)σ(D2)− λ21σ(D2)σ(D1)− σ(x2)σ(D1) + σ(x1)σ(D2) = 0. (2.2.23)

Therefore, we ought to have that the coefficients of the one degree terms D1, D2.x1 and x2
must be zero (this due to 4 D is a quadratic algebra). With this, we vanish the coefficients
of D1, D2, x1 and x2 in (2.2.23), i.e., we obtain the following equations:
D1 : AD1BD2x2 − λ21BD1AD2λ

−1
12 x2 −HD1AD2λ

−1
12 x2 + SD1BD2λ

−1
12 x2

+ λ12AD1Bk + λ12AkBD1 − λ21BD1Ak − λ21BkAD1 −HD1Ak −HkAD1 + SD1Bk + SkBD1 = 0
D2 : −AD1BD2x1 + λ21BD1AD2λ

−1
12 x1 +HD1AD2λ

−1
12 x1 − SD1BD2λ

−1
12 x1

λ12AD2Bk + λ12AkBD2 − λ21BD2Ak − λ21BkAD2 −HD2Ak −HkAD2 + SD2Bk + SkBD2 = 0
x1 : λ12Ax1Bk + λ12AkBx1 − λ21Bx1Ak − λ21BkAx1 −Hx1Ak −HkAx1 + Sx1Bk + SkBx1 = 0
x2 : λ12Ax2Bk + λ12AkBx2 − λ21Bx2Ak − λ21BkAx2 −Hx2Ak −HkAx2 + Sx2Bk + SkBx2 = 0
k : λ12AkBk − λ21BkAk −HkAk + SkBk = 0.

By the algebraic properties in C and the fact that det(Zσ) = 0, we obtain the equations:

D1 : [(λ12 − λ21)BD1 −HD1]Ak + [(λ12 − λ21)AD1 + SD1]Bk +BD1Sk −AD1Hk = 0,
D2 : [(λ12 − λ21)BD2 −HD2]Ak + [(λ12 − λ21)AD2 + SD2]Bk +BD2Sk −AD2Hk = 0,
x1 : [(λ12 − λ21)Bx1 −Hx1]Ak + [(λ12 − λ21)Ax1 + Sx1]Bk +Bx1Sk −Ax1Hk = 0,
x2 : [(λ12 − λ21)Bx2 −Hx2]Ak + [(λ12 − λ21)Ax2 + Sx2]Bk +Bx2Sk −Ax2Hk = 0,
k : (λ12 − λ21)AkBk + SkBk −HkAk = 0,

where, the equations obtained in D1, D2 x1 and x2 are the linear system Γx = 0 with

Γ =


[(λ12 − λ21)BD1 −HD1] [(λ12 − λ21)AD1 + SD1] BD1 −AD1
[(λ12 − λ21)BD2 −HD2] [(λ12 − λ21)AD2 + SD2] BD2 −AD2
[(λ12 − λ21)Bx1 −Hx1] [(λ12 − λ21)Ax1 + Sx1] Bx1 −Ax1
[(λ12 − λ21)Bx2 −Hx2] [(λ12 − λ21)Ax2 + Sx2] Bx2 −Ax2

 , x =


Ak
Bk
Sk
Hk

 .

As the first column of Γ is a linear combination of the third column, the column of
B’s, and a column of H’s, like the second column is a combination of the column of A’s
and a vector of S’s we obtain that det(Γ) = det(A) (see (2.2.22)). In this way, by the
Proposition 2.2.25, det(A) 6= 0, therefore we obtain that the system Γx = 0 has a unique
solution x = 0.

Now, for a σ : D → D defined by (2.2.21), and for a ∂ : D → D a σ-derivation defined on
its basic elements as follows,

∂(D1) = AD1D1 +AD2D2 +Ax1x1 +Ax2x2 + ak, (2.2.24)
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∂(D2) = BD1D1 +BD2D2 +Bx1x1 +Bx2x2 + bk,

∂(x1) = cDiD1 + cDjD2 + cxix1 + cxjx2 + ck,

∂(x2) = dDiD1 + dDjD2 + dxix1 + dxjx2 + dk.

We can check that

λ12∂(D1)σ(D2)
= λ12(AD1D1 +AD2D2 +Ax1x1 +Ax2x2 + ak)(BD1D1 +BD2D2 +Bx1x1 +Bx2x2 +Bk)

= λ12AD1BD1D
2
1 +AD1BD2(λ21D2D1 + x2D1 − x1D2) + λ12AD1Bx1D1x1 + λ12AD1Bx2D1x2 + λ12AD1BkD1

+ λ12AD2BD1D2D1 + λ12AD2BD2D
2
2 + λ12AD2Bx1D2x1 + λ12AD2Bx2D2x2 + λ12AD2BkD2

+ λ12Ax1BD1x1D1 + λ12Ax1BD2x1D2 + λ12Ax1Bx1x
2
1 + λ12Ax1Bx2x1x2 + λ12Ax1Bkx1

+ λ12Ax2BD1x2D1 + λ12Ax2BD2x2D2 + λ12Ax2Bx1x2x1 + λ12Ax2Bx2x
2
2 + λ12Ax2Bkx2

+ λ12akBD1D1 + λ12akBD2D2 + λ12akBx1x1 + λ12akBx2x2 + λ12akBk,

λ12D1∂(D2)
= λ12D1(BD1D1 +BD2D2 +Bx1x1 +Bx2x2 + bk)

= λ12BD1D
2
1 +BD2(λ21D2D1 + x2D1 − x1D2) + λ12Bx1D1x1 + λ12Bx2D1x2 + λ12bkD1,

λ21∂(D2)σ(D1)
= λ21(BD1D1 +BD2D2 +Bx1x1 +Bx2x2 + bk)(AD1D1 +AD2D2 +Ax1x1 +Ax2x2 +Ak)

= λ21BD1AD1D
2
1 + λ21BD1AD2λ

−1
12 (λ21D2D1 + x2D1 − x1D2) + λ21BD1Ax1D1x1 + λ21BD1Ax2D1x2 + λ21BD1AkD1

+ λ21BD2AD1D2D1 + λ21BD2AD2D
2
2 + λ21BD2Ax1D2x1 + λ21BD2Ax2D2x2 + λ21BD2AkD2

+ λ21Bx1AD1x1D1 + λ21Bx1AD2x1D2 + λ21Bx1Ax1x
2
1 + λ21Bx1Ax2x1x2 + λ21Bx1Akx1

+ λ21Bx2AD1x2D1 + λ21Bx2AD2x2D2 + λ21Bx2Ax1x2x1 + λ21Bx2Ax2x
2
2 + λ21Bx2Akx2

+ λ21bkAD1D1 + λ21bkAD2D2 + λ21bkAx1x1 + λ21bkAx2x2 + λ21bkAk,

λ21D2∂(D1)
= λ21D2(AD1D1 +AD2D2 +Ax1x1 +Ax2x2 + ak)

= λ21AD1D2D1 + λ21AD2D
2
2 + λ21Ax1D2x1 + λ21Ax2D2x2 + λ21akD2,

∂(x2)σ(D1)
= (dDiD1 + dDjD2 + dxix1 + dxjx2 + dk)(AD1D1 +AD2D2 +Ax1x1 +Ax2x2 +Ak)

= dDiAD1D
2
1 + dDiAD2λ

−1
12 (λ21D2D1 + x2D1 − x1D2) + dDiAx1D1x1 + dDiAx2D1x2 + dDiAkD1

+ dDjAD1D2D1 + dDjAD2D
2
2 + dDjAx1D2x1 + dDjAx2D2x2 + dDjAkD2

+ dxiAD1x1D1 + dxiAD2x1D2 + dxiAx1x
2
1 + dxiAx2x1x2 + dxiAkx1

+Bx2AD1x2D1 + dxjAD2x2D2 + dxjAx1x2x1 + dxjAx2x
2
2 + dxjAkx2

+ dkAD1D1 + dkAD2D2 + dkAx1x1 + dkAx2x2 + dkAk,

x2∂(D1)
= x2(AD1D1 +AD2D2 +Ax1x1 +Ax2x2 + ak)

= AD1x2D1 +AD2x2D2 +Ax1x2x1 +Ax2x
2
2 + akx2,
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∂(x1)σ(D2)
= (cDiD1 + cDjD2 + cxix1 + cxjx2 + ck)(BD1D1 +BD2D2 +Bx1x1 +Bx2x2 +Bk)

= cDiBD1D
2
1 + cDiBD2(λ21D2D1 + x2D1 − x1D2) + cDiBx1D1x1 + cDiBx2D1x2 + cDiBkD1

+ cDjBD1D2D1 + cDjBD2D
2
2 + cDjBx1D2x1 + cDjBx2D2x2 + cDjBkD2

+ cxiBD1x1D1 + cxiBD2x1D2 + cxiBx1x
2
1 + cxiBx2x1x2 + cxiBkx1

+ cxjBD1x2D1 + cxjBD2x2D2 + cxjBx1x2x1 + cxjBx2x
2
2 + cxjBkx2

+ ckBD1D1 + ckBD2D2 + ckBx1x1 + ckBx2x2 + ckBk,

x1∂(D2)
= x1(BD1D1 +BD2D2 +Bx1x1 +Bx2x2 + bk)

= BD1x1D1 +BD2x1D2 +Bx1x
2
1 +Bx2x1x2 + bkx1.

With these previous terms, we obtain the following proposition.

Proposition 2.2.27. If σ : D → D is an automorphism as defined in (2.2.21) such that
spanC(S,H) = spanC(L1, L2) and ∂ : D → D is a σ-derivation such that det(Zσ) = 0
and det(Zσ,∂) = λ12BD2, then the elements ∂(D1), ∂(D2), ∂(x1) and ∂(x2) have no zero
degree terms, where,

Zσ,∂ =
(
AD2 λ12AD1 + λ12cDi
BD2 λ21BD1 + dDi

)
, L =


0 λ12 −AD1 BD1
−λ21 0 −AD2 BD2

0 1 −Ax1 Bx1
1 0 −Ax2 Bx2

 ,

L1 =


0
−λ21

0
1

 , L2 =


λ12
0
1
0

 , S =


SD1
SD2
Sx1
Sx2

 , H =


HD1
HD2
Hx1
Hx2

 .

Proof. From the one degree terms of (2.2.20), we obtain the equations:

D1 : AD1BD2x2 +BD2x2 − λ21BD1AD2λ
−1
12 x2 − dDiAD2λ

−1
12 x2 + cDiBD2x2

λ12AD1Bk + λ12akBD1 + λ12bk − λ21BD2Ak − λ21bkAD1 − dDiAk − dkAD1 + cDiBk + ckBD1 = 0
D2 : −AD1BD2x1 −BD2x1 + λ21BD1AD2λ

−1
12 x1 + dDiAD2λ

−1
12 x1 − cDiBD2x1

λ12AD2Bk + λ12akBD2 − λ21bkAD2 − λ21BD2Ak − λ21ak − dDjAk − dkAD2 + cDjBk + ckBD2 = 0
x1 : λ12Ax1Bk + λ12akBx1 − λ21bkAx1 − λ21Bx1Ak − dxiAk − dkAx1 + cxiBk + ckBx1 + bk = 0
x2 : λ12Ax2Bk + λ12akBx2 − λ21bkAx2 − λ21Bx2Ak − dxjAk − dkAx2 + cxjBk + ckBx2 + ak = 0

Now, since det(Zσ,∂) = λ12BD1 and det(A) 6= 0, then by Proposition 2.2.26, we have that
Ak = Bk = 0. Therefore, the previous equations turns to

D1 : λ12akBD1 − λ21bkAD1 − dkAD1 + ckBD1 = −λ12bk,

D2 : λ12akBD2 − λ21bkAD2 − dkAD2 + ckBD2 = λ21ak,

x1 : λ12akBx1 − λ21bkAx1 − dkAx1 + ckBx1 = −bk,
x2 : λ12akBx2 − λ21bkAx2 − dkAx2 + ckBx2 = −ak,
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which is a linear system of equations on the variables ak, bk, ck and dk, i.e., it is a system
Θy = 0, where

Θ =


λ12BD1 λ12 − λ21AD1 −AD1 BD1

λ12BD2 − λ21 −λ21AD2 −AD2 BD2
λ12Bx1 1− λ21Ax1 −Ax1 Bx1

λ12Bx2 + 1 −λ21Ax2 −Ax2 Bx2

 , y =


ak
bk
dk
ck

 .

In other words,

det(Θ) = det


λ12BD1 λ12 − λ21AD1 −AD1 BD1
λ12BD2 −λ21AD2 −AD2 BD2
λ12Bx1 1− λ21Ax1 −Ax1 Bx1
λ12Bx2 −λ21Ax2 −Ax2 Bx2



+ det


0 λ12 − λ21AD1 −AD1 BD1
−λ21 −λ21AD2 −AD2 BD2

0 1− λ21Ax1 −Ax1 Bx1
1 −λ21Ax2 −Ax2 Bx2



= det


0 λ12 − λ21AD1 −AD1 BD1
−λ21 −λ21AD2 −AD2 BD2

0 1− λ21Ax1 −Ax1 Bx1
1 −λ21Ax2 −Ax2 Bx2



= det


0 −λ21AD1 −AD1 BD1
−λ21 −λ21AD2 −AD2 BD2

0 −λ21Ax1 −Ax1 Bx1
1 −λ21Ax2 −Ax2 Bx2



+ det


0 λ12 −AD1 BD1
−λ21 0 −AD2 BD2

0 1 −Ax1 Bx1
1 0 −Ax2 Bx2



= det


0 λ12 −AD1 BD1
−λ21 0 −AD2 BD2

0 1 −Ax1 Bx1
1 0 −Ax2 Bx2

 = det(L)

Due to the fact that spanC(S,H) = spanC(L1, L2), we have that the matrices AT and
LT are row equivalent, and therefore det(L) 6= 0, because det(A) 6= 0. Since det(A) =
det(L), det(Θ) 6= 0 which implies that the unique solution to the homogeneous linear
system Θy = 0 is the trivial solution y = 0, i.e., ak = bk = ck = dk = 0.

Corollary 2.2.28. If σ : D → D is an automorphism defined as in (2.2.21) such that
the linear components satisfies spanC(S,H) = spanC(L1, L2) as in Proposition 2.2.27 and
if ∂ : D → D is a σ-derivation such that det(Zσ) = 0 and det(Zσ,∂) = λ12BD1, then
∂(D) ∩ C = ∅.

Remark 2.2.29. As a future task, we can search skew derivations for these graded au-
tomorphism, in order to construct differential calculi following Remark 1.2.12, but by the
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Corollary 2.2.28, we can not guarantee the density conditions (see Remark 1.2.13). There-
fore, when we work in diffusion algebras of type 2 with 2 generators, we prefer to choose
skew derivations of graded automorphism such that spanC(S,H) 6= spanC(L1, L2).

In this section, we applied linear algebra to obtain all results that we found, but we
do not used the PBW basis of diffusion algebras. In the next section, we will see how we
can use the PBW basis to describe automorphisms in other algebras.

2.3 Skew polynomial algebras

In this section, we study the 3-dimensional skew-polynomial algebras and show that there
exists a classification of them as generalized Weyl algebras or skew polynomial rings.
Further, from a theorem of classification, we mention in each case if it is or not a 3-
dimensional diffusion algebra type 1 or a generalized Weyl algebra.

Definition 2.3.1 ([Ros95], Definition C4.3). A 3-dimensional algebra A is defined by the
relations:

yz − αzy = λ, zx− βxz = µ, xy − γyx = ν, (2.3.1)

where λ, µ, ν ∈ Kx + Ky + Kz + K, and α, β, γ ∈ K∗. A is called a 3-dimensional skew
polynomial K-algebra, if the set {xiyjzk : i, j, k ≥ 0} forms a basis of the algebra (i.e., the
PBW condition).

In the literature, we found the following facts about 3-dimensional skew polynomial
algebras A.

1. Relations that guarantee the PBW basis of an algebra satisfying equations (2.3.1)
were established in ([RS17b], Section 5).

2. Since C is Noetherian, then A is left Noetherian ([LR14], Theorem 2.2).

3. By the left Noetherianity of C, A is left regular ([LR14], Corollary 2.6).

4. Since C is Noetherian, regular and PSF15, then A is PSF ([LR14], Corollary 2.8).

5. A is a domain ([LR14], Proposition 4.1).

6. The Quillen’s K-theory of A and C is the same ([LR14], Theorem 5.1).

7. Since C is ACCPL-domain, A is an ACCPL-domain ([RS18], Theorem 1).

8. By the commutativity of C, A is an ACCPR-domain ([RS18], Corollary 1).

9. A has no non-zero nilpotent elements ([RS19b], Proposition 5).

10. Since C is right zip, then A is right zip ([RR19], Corollary 4.3).

11. A satisfies the Kothë’s conjecture ([RS19a], Proposition 3.19).
15B is a PSF ring, if every finitely generated projective B-module is stably free.
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The following theorem gives a full classification of 3-dimensional skew polynomial
algebras.

Theorem 2.3.2 ([Ros95], Theorem C4.3.1). Up to isomorphism, a 3-dimensional skew
polynomial K-algebra A is given by the following relations:

1. If |{α, β, γ}| = 3, then A is defined by

yz − αzy = 0, zx− βxz = 0, xy − γyx = 0.

2. If |{α, β, γ}| = 2 and if β 6= α = γ = 1, A is defined by one of the following rules:

(a)
yz − zy = z

zx− βxz = y

xy − yx = x

(b)
yz − zy = z

zx− βxz = b

xy − yx = x

(c)
yz − zy = 0

zx− βxz = y

xy − yx = 0

(d)
yz − zy = 0

zx− βxz = b

xy − yx = 0

(e)

yz − zy = az

zx− βxz = 0

xy − yx = x

(f)
yz − zy = z

zx− βxz = 0

xy − yx = 0

Here a, b ∈ K are arbitrary; all nonzero values of b yield isomorphic algebras.

3. If α = β = γ 6= 1, and if β 6= α = γ 6= 1, then

(a)
yz − αzy = 0

zx− βxz = y + b

xy − αyx = 0

(b)
yz − αzy = 0

zx− βxz = b

xy − αyx = 0

Here a, b ∈ K is arbitrary; all nonzero values of b yield isomorphic algebras.

4. If α = β = γ 6= 1, then A is isomorphic to one of the following:

yz − αzy = a1x+ b1

zx− αxz = a2y + b2

xy − αyx = a3z + b3

If ai = 0, then all nonzero values of bi yield isomorphic algebras.

5. if α = β = γ = 1, then A is isomorphic to one of the following algebras:
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(a)
yz − zy = x

zx− xz = y

xy − yx = z

(b)
yz − zy = 0

zx− xz = 0

xy − yx = z

(c)
yz − zy = 0

zx− xz = 0

xy − yx = b

(d)
yz − zy = −y

zx− xz = x+ y

xy − yx = 0

(e)
yz − zy = az

zx− xz = x

xy − yx = 0

Here a, b ∈ K are arbitrary; all nonzero values of b yield isomorphic algebras.

The following examples are not diffusion algebras of type 1:

2. (a) & (c): Due to zx− βxz = y, and as y 6= r1x+ r2z for all r1, r2 ∈ K, this algebra
is not a diffusion algebra of type 1 because (2.2.15), for Di = z and Dj = x.

2. (b) & (d): Due to zx− βxz = b, and as b 6= r1x+ r2z for all r1, r2 ∈ K, this algebra
is not a diffusion algebra of type 1 because (2.2.15), for Di = z and Dj = x.
(f): There is no possible that only one of the right terms of the equations be different
of zero.

3. Due to zx − βxz = φy + b with φ ∈ {0, 1} and as φy + b 6= r1x + r2z, for all
r1, r2 ∈ K, this algebra is not a diffusion algebra of type 1 because (2.2.15) for
Di = z and Dj = x.

4. The only way for these algebras are diffusion algebras is when if ai = bi = 0, for all
i = 1, 2, 3.

5. (a) & (b) Due to xy − βyx = z, and as z 6= r1y + r2x for all r1, r2 ∈ K, this algebra
is not a diffusion algebra of type 1 because (2.2.15), for Di = x and Dj = y.
(d) Due to zx− xz = x+ y and as x+ y 6= r1z + r2x for all r1, r2 ∈ K, this algebra
is not a diffusion algebra of type 1 because (2.2.15), for Di = z and Dj = x.
(e) If Di = z, Dj = x, Dk = y, by zx − xz = x we have that xi must be equal to
−1, but in yz − zy = az we can deduce that xi = 0. Therefore, this algebra is not
a diffusion algebra of type 1. (c) If b 6= 0, due to xy − yx = b this is not a diffusion
algebra of type 1, by the fact that b 6= r1x+ r2y, for all r1, r2 ∈ K.

Now, we have that the following algebras of the list are diffusion algebras of type 1:

1. This is a diffusion algebra type 1 of class D where Di = y, Dj = z, Dk = x,
λij = λjk = λik = 1, λji = α, λkj = β, λki = γ, xi = xj = xk = 0.

2. (e) This is a diffusion algebra of type 1 of class CI under the condition a = 1,
where Di = y, Dj = z, Dk = x, xi = −a, xi = −1, Λ = 0, λjk = 1, λkj = β,
λik = λki = xi = −1, λij = λji = 1, xi = a. If a 6= 1, this algebra is not a diffusion
algebra of type 1.
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Remark 2.3.3. We want to highlight the fact that by Definition 2.3.1, we conclude that
the diffusion algebras of type 1 of 3 generators (see Definition 2.2.2) such that all λji 6= 0,
with i < j, are skew polynomial algebras. Therefore the different classes listed in Theorem
2.2.3, must be also distributed in the classification of skew polynomial algebras of Theorem
2.3.2: in the cases of diffusion algebras of class CI and D are skew polynomial algebras of
type 2(e) and 1, respectively. But the cases of diffusion algebras of classes AI and BI , not
belong to any of the list of Theorem 2.3.2 in a first time. This mean that for view classes
AI and BI as skew polynomial algebras, we need first make an identification (establish an
automorphism of algebras) with, apparently, 2(a), 2(b), 2(e) 5(a), 5(d) or 5(e). The rest
of 3-degree diffusion algebras of type 1 are not skew polynomial algebras because these
need some λ equals zero.

Also, the following algebras are hyperbolics, i.e., generalized Weyl algebras of dimension
3 (see Remark 2.1.9 and Remark 2.1.11): 2. (a), (b) 3. (a), (b) 5. (a). and their structure
is given by:

2.(a) A = K[y], ϑ(f(y)) = f(y − 1), then A = 〈ϑ, β, y〉; the corresponding hyperbolic ring
is R{θ, ξ} with R = K[y, ξ], θ(f(y, ξ)) = f(y − 1, βξ + y − 1) ([Ros95], p. 102).

2.(b) A = K[y], ϑ(f(y)) = f(y − 1), then A = 〈ϑ, β, b〉; the corresponding hyperbolic ring
is R{θ, ξ} with R = K[y, ξ], θ(f(y, ξ)) = f(y − 1, βξ + b) ([Ros95], p. 104).

3.(a) A = K[y], ϑ(f(y)) = f(αy), u = y + b, then A = A〈ϑ, β, u〉. The corresponding
hyperbolic ring is R{θ, ξ}, where R = K[y, ξ], θ(f(y, ξ)) = f(α−1y, βξ + α−1y + b).
([Ros95], p. 105).

3.(b) A = A〈ϑ, β, b〉, where A = K[y], ϑ(f(y)) = f(αy); the corresponding hyperbolic ring
is R{θ, ξ}, where R = K[y, ξ] and θ(f(y, ξ)) = f(α−1y, βξ + b) ([Ros95], p. 108).

5.(a) This is the algebra U(sl(2)), under the identification of Remark 2.1.5 ([Ros95], p.
108).

Another 3-dimensional skew polynomial algebras are classified as Ore extensions in the
next subsection. Nevertheless, Dispin algebra (in Theorem 2.3.2, the algebra of type 2(a)
with β = −1, see [Ros95], p. 99) is 3-dimensional but not an Ore extension.

2.3.1 Extended automorphisms of skew polynomial algebras

In this section, we study by a computational way, conditions over a special case of auto-
morphisms in some of the 3-dimensional skew polynomial algebras appearing in Theorem
2.3.2.

We found in this work that the following commutation works.

Proposition 2.3.4. If R[x;σ, δ] is an Ore extension and σ ◦ δ = δ ◦ σ, then for all n ∈ N
and all r ∈ R,

xnr =
n∑
i=0

(
n

i

)
σi ◦ δn−i(r) xi.
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Proof. The case n = 1 is the definition of R[x;σ, δ]. If we suppose it holds for n ∈ N, then

xn+1r = x

( n∑
i=0

(
n

i

)
σi ◦ δn−i(r) xi

)

=
n∑
i=0

(
n

i

)
(σ ◦ σi ◦ δn−i(r)x+ δ ◦ σi ◦ δn−i(r)) xi

=
n∑
i=0

(
n

i

)
σi+1 ◦ δn−i(r)xi+1 +

n∑
i=0

(
n

i

)
σi ◦ δn+1−i(r) xi

=
n+1∑
i=1

(
n

i− 1

)
σi ◦ δn+1−i(r)xi +

n∑
i=0

(
n

i

)
σi ◦ δn+1−i(r) xi

=
n+1∑
i=0

(
n+ 1
i

)
σi ◦ δn+1−i(r)xi,

where the third equal is due to σ ◦ δ = δ ◦ σ.

Remark 2.3.5. Now, if we want to extend the automorphism σ : R → R to R[x;σ, δ],
with [σ, δ] = 0, then we need to define σ(x) =

∑m
i=0wix

i, with m ∈ N and wi ∈ R, for all
i ≤ m. Then σ(xr − σ(r)x− δ(r)) = 0, and so

0 =
m∑
i=0

wix
iσ(r)− σ2(r)

( m∑
i=0

wix
i

)
− σ(δ(r))

=
[ m∑
i=0

i∑
j=0

(
i

j

)
wiσ

j ◦ δi−j(σ(r)) xj
]
− σ2(r)

( m∑
i=0

wix
i

)
− σ(δ(r))

=
[ m∑
j=0

m∑
i=j

(
i

j

)
wiσ

j ◦ δi−j(σ(r)) xj
]
− σ2(r)

( m∑
j=0

wjx
j

)
− σ(δ(r))

=
m∑
j=0

[ m∑
i=j

(
i

j

)
wiσ

j ◦ δi−j(σ(r))− σ2(r)wj
]
xj − σ(δ(r)).

Therefore, the equations that define an extended automorphism σ : R→ R to R[x;σ, δ]
are given by [ m∑

i=j

(
i

j

)
wiσ

j ◦ δi−j(σ(r))− σ2(r)wj
]

= 0, ∀j ≥ 1,

[ m∑
i=0

wiδ
i(σ(r))− σ2(r)w0

]
− σ(δ(r)) = 0.

Remark 2.3.6. In Theorem 2.3.2 we have that the following 3-dimensional skew poly-
nomial algebras are Ore extensions (see Definition 1.3.25), where their respective Ore
structures are given in the following way:
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1. R = C[x], R[z;σ1, δ1][y;σ2, δ2], σ1(x) = βx, δ1(x) = 0, σ2(z) = αz, σ2(x) = γ−1x,
δ2(x) = δ2(z) = 0.

2. (c) R = C[y, z], R[x;σ1, δ1], σ1(y) = y, δ1(y) = 0, σ1(z) = β−1z, δ1(z) = −β−1y.

2. (d) R = C[y, z], R[x;σ1, δ1], σ1(y) = y, δ1(y) = 0, σ1(z) = β−1z, δ1(z) = −β−1b.

2. (e) R = C[x], R[z;σ1, δ1][y;σ2, δ2], σ1(x) = βx, δ1(x) = 0, σ2(z) = z, δ2(z) = az,
σ2(x) = x, δ2(x) = −x.

2. (f) R = C[z], R[y;σ1, δ1][x;σ2, δ2], σ1(z) = z, δ1(z) = z, σ2(y) = y, δ2(y) = 0,
σ2(z) = β−1z, δ2(z) = 0.

4. R = C[x], R[y;σ1, δ1][z;σ2, δ2], σ1(x) = α−1x, δ1(x) = −α−1(a3x + b3), σ2(y) =
α−1y, δ2(y) = −α−1(a1x1 + b1), σ2(x) = αx, δ2(x) = a2x+ b2.

5. (b) R = C[y, z], R[x;σ1, δ1], σ1(z) = z, δ1(z) = 0, σ1(y) = y, δ1(y) = z.

5. (c) R = C[y, z], R[x;σ1, δ1], σ1(y) = y, δ1(y) = b, σ1(z) = z, δ1(z) = 0.

5. (d) R = C[x, y], R[z;σ1, δ1], σ1(x) = x, δ1(x) = x+ y, σ1(y) = y, δ1(y) = y.

5. (e) R = C[x], R[z;σ1, δ1][y;σ2, δ2], σ1(x) = x, δ1(x) = x, σ2(z) = z, δ2(z) = az,
σ2(x) = x, δ2(x) = 0.

Remark 2.3.7. From these Ore extensions, there are some of these which satisfies σ ◦δ =
δ ◦ σ: 1., 2.(e), 2.(f), 5.(b), 5.(c), 5.(d) and 5.(e). Therefore, if we want an automor-
phism of these structures such that the restriction of it to R, in each case it is also an
automorphism of R, then by the Remark 2.3.5, we obtain that[ m∑

i=j+1

(
i

j

)
wiσ

j ◦ δi−j(σ(r))
]

+ wjσ
j+1(r)− σ2(r)wj = 0, ∀j ≥ 1,

[ m∑
i=0

wiδ
i(σ(r))

]
− σ2(r)w0 − σ(δ(r)) = 0. (2.3.2)

For the algebras mentioned in Theorem 2.3.7, we show the explicit conditions to get the
extended automorphism.

Case 1. In this case, as R = C[x][z;σ1, δ1], we get in R[y;σ2, δ2] with σ2(y) =
∑m

i=0wiy
i

with wi ∈ R, then since δ2 = 0, we obtain that

w0σ2(r)− σ2
2(r)w0 = 0 and wjσ

j
2(r)− σ2

2(r)wj = 0, m ≥ j > 0.

Let us consider for k, j ∈ N and θ ∈ C the polynomial P θkj(x) = xk − θj−1. We note that
if η ∈ C is a root of P θkj(x), then for all n ∈ N, η is also a root of P θ(nk)(n(j−1)+1)(x). In
this way, we have the following result obtained in the realization of this work.

Proposition 2.3.8. If σ is an algebra endomorphism of a 3-dimensional skew polynomial
algebra of type 1 such that σ|R[z;σ1,δ1] = σ2, then

1. If P γk(j+1)(β) 6= 0, for all k ∈ N, then wj = 0.
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2. If P γkj(β) = 0, for some k ∈ N, and β is not a root of unity (neither γ) then
wj = g(x)zk. In this case, for all n ∈ N, wn(j−1)+1 = f(x)znk.

(a) If Pαij(β) 6= 0, for all i ∈ N, then g(x) = 0 and therefore wj = 0.
(b) If there exists, e ∈ N such that Pαej(β) = 0 then g(x) = gxe with g ∈ C and

αj−1 = βe, and w0 = 0.

Proof. For r = x, if wj =
∑p

k=0 gk(x)zk with gk(x) ∈ C[x], we get for j > 0,

0 = wjσ
j+1
2 (x)− σ2

2(x)wj =
( p∑
k=0

gk(x)zk
)
γ−(j+1)x− γ−2x

( p∑
k=0

gk(x)zk
)

=
( p∑
k=0

gk(x)γ−(j+1)βkxzk − gk(x)γ−2xzk
)

=
p∑

k=0
gk(x)[γ−(j+1)βk − γ−2]xzk.

If γ−(j+1)βk−γ−2 6= 0, for all k ∈ {0, ..., p}, then wj = 0. If γ−(j+1)βk−γ−2 = 0, for some
k ∈ {0, ..., p}, called kj , and if γ is not a root of unity (and therefore neither β), then wj =
gkj (x)zkj . In this case, since βkj = γj−1, then for all n ∈ N, then βnkj = γ(n(j−1)+1)−1. If
wj = g(x)zkj , then if g(x) =

∑
i=0 aix

i with ai ∈ C, we get for r = z,

0 = wjσ
j+1
2 (z)− σ2

2(z)wj = g(x)zkjαj+1z − α2zg(x)zkj

= [g(x)αj+1 − α2g(βx)]zkj+1,

then g(x)αj−1 = g(βx), thus g(x) = gxe with g ∈ C and αj−1 = βe. Now, for j = 0, since
w0σ2(r)− σ2

2(r)w0 = 0, with r = x, we get

0 = w0(x, z)γ−1x− γ−2xw0(x, z)
= γ−1xw0(x, βz)− γ−2xw0(x, z),

which implies that γw0(x, βz) = w0(x, z), then w0(x, z) = g0x
e0zk0 , with k0 ∈ N. Since

γw0(x, βz) = w0(x, z), if g0 6= 0 we obtain that β−k0 = γ, and since βkj = γj−1 and γ is
not a root of unity, we get −k0(j − 1) = kj ≥ 0, which means that 0 < j ≤ 1, but j 6= 1,
because in that case βk = 1. Therefore, we have that g0 = 0 and w0 = 0.

Corollary 2.3.9. If σ is an endomorphism such as it is described in Proposition 2.3.8,
such that it is an automorphisnm, then σ(y) = gy, with g ∈ C.

Proof. If σ′ is the inverse of an extended automorphism as in Proposition 2.3.8, then
σ′|R = σ−1

2 . If σ′(y) =
∑p′

j=0w
′
jy
j . Then as σ′ has to respect σ′(xr − σ(r)x − δ(r)) = 0,

for all r ∈ R, which means,

0 = σ′(yr − σ2(r)y − δ2(r)) =
( p′∑
j=0

w′jy
j

)
σ−1

2 (r)− r
( p′∑
j=0

w′jy
j

)
.
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If r = x, we get,

0 =
( p′∑
j=0

w′jy
j

)
σ−1

2 (x)− x
( p′∑
j=0

w′jy
j

)
=
( p′∑
j=0

γw′jy
jx

)
− x
( p′∑
j=0

w′jy
j

)
=

p′∑
j=0

(γ1−jw′jx− xw′j)yj .

Then (γ1−jw′jx−xw′j) = 0, for all 0 ≤ j ≤ p′, w′j 6= 0, then w′j = g′jx
e′jzk

′
j and γ1−jβk

′
j = 1

whence γj−1 = βk
′
j . Since γ is not a root of unity, k′j = kj . Therefore, σ′(y) = g′jx

e′jzkjyj .
Hence

σ(σ′(y)) = σ(g′jx
e′jzkjyj) = σ(gjxe

′
jzkj )(gxezkjyj)j ,

then, if we want σ(σ′(y)) = y, then we must have that j = 1, and therefore kj = 0. With
this, since αj−1 = βe, we must have e = 0.

Case 2.(e): In this case, we have that σ2 = id, for all r(x, z) =
∑p

s=0
∑q

t=0 cstx
szt ∈

R[z;σ1, δ1], so

δ2(r(x, z)) =
p∑
s=0

q∑
t=0

cst(ta− s)xszt,

and the equations (2.3.2) turns to[ m∑
i=j

(
i

j

)
wiδ

i−j(σ(r))
]
− rwj = 0, ∀j ≥ 1,

[ m∑
i=0

wiδ
i(r)− rw0

]
− δ(r) = 0 j = 0.

In this work we obtain the next result.

Proposition 2.3.10. If σ : R[z;σ1, δ1][y;σ1, δ1]→ R[z;σ1, δ1][y;σ1, δ1] is an algebra endo-
morphism of a 3-dimensional skew polynomial algebra of type 2(e) such that σ|R[z,σ1,δ1] =
σ2 = id, then σ(y) = y + c, with c ∈ C.

Proof. For j = m, if wm =
∑p

k=0 gk(x)zk with gk(x) ∈ C[x] we obtain that

0 = wmr − rwm =
p∑

k=0
gk(x)zkx− xgk(x)zk =

p∑
k=0

xgk(x)(βk − 1)zk.

Since β is not a root of unity, gk(x) = 0, for all k ≥ 1, which means that wm ∈ C. If we
suppose, that wt = 0, for all n+ 1 < t ≤ m with n ≥ 1, and wn+1 ∈ C, then, for j = n, we
get that nwn+1δ2(r) + wnr − rwn = 0, for all r ∈ R[z, σ1, δ1]. If we choose r = x, saying
that wn =

∑p
k=0 fk(x)zk with fk(x) ∈ C[x], we obtain

0 = nwn+1δ2(x) + wnx− xwn = nwn+1(−x) +
p∑

k=0
xfk(x)(βk − 1)zk,

then, fk(x) = 0, for all k ≥ 1, and nwn+1(−x) = 0 which implies that wn+1 = 0. With this,
we obtain that wn ∈ C. Therefore, w2 = · · · = wm = 0 and w1 ∈ C. Thus, in j = 0, we
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obtain that w1δ2(r) +w0r− rw0− δ2(r) = 0, for all r ∈ R[z;σ1, δ1]. If w0 =
∑p

k=0 hk(x)zk
with hk(x) ∈ C[x] then, for r = x, we get

0 = w1δ2(x) + w0x− xw0 − δ2(x) = (1− w1)x+
p∑

k=0
xhk(x)(βk − 1)zk,

which implies that w1 = 1 and hk(x) = 0, for all k ≥ 1, i.e., w0 ∈ C.

Case 2.(f) : Since δ2 = 0 and σ2(r(y, z)) = r(y, β−1z), for all r(y, z) ∈ R[y;σ1, δ1], in this
work we obtain the following in this case.
Proposition 2.3.11. There is no exist σ : R[y;σ1, δ1][x;σ2, δ2] → R[y;σ1, δ1][x;σ2, δ2] a
non trivial ring endomorphism of a skew polynomial algebra of type of type 2(f), where β
is not a root of unity, such that σ|R[y;σ1,δ1] = σ2.

Proof. In expression (2.3.2), for all r(y, z) ∈ R[y;σ1, δ1],

wjr(y, β−(j+1)z)− r(y, β−2z)wj = 0, for 0 < j ≤ m.

From definition of Ore extension, we have that, for all g(z) ∈ R, yg(z) = g(z)y+ δ1(g(z)).
Then, if wj =

∑p
i=0wji(z)yi and we choose r(y, z) = y, we obtain that

wjy − ywj =
( p∑
i=0

wji(z)yi
)
y − y

( p∑
i=0

wji(z)yi
)

=
p∑
i=0

wji(z)yi+1 − (wji(z)y + δ1(wji(z)))yi

= −
p∑
i=0

δ1(wji(z))yi = 0,

then we get that δ1(wji(z)) = 0, and so, wji(z) = wji ∈ C. Now, again by Proposition
2.3.2 we have

yiz =
i∑

k=0

(
i

k

)
zyk.

Then, since wjr(y, β−(j+1)z)−r(y, β−2z)wj = 0, for all 0 ≤ j ≤ m, if we choose r(x, z) = z,
we get

0 = wjβ
−(j+1)z − β−2zwj =

( p∑
i=0

wjiβ
−(j+1)yiz

)
−
( p∑
i=0

β−2zwjiy
i

)

=
p∑
i=0

wjiβ
−(j+1)

( i∑
k=0

(
i

k

)
zyk
)
−

p∑
i=0

β−2zwjiy
i

=
p∑

k=0

[ p∑
i=k

wjiβ
−(j+1)

(
i

k

)
zyk)

]
−

p∑
i=0

β−2zwjiy
i

=
p∑

k=0

[( p∑
i=k

wjiβ
−(j+1)

(
i

k

)
z

)
− β−2zwjk

]
yk,
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and then, we obtain that, for all 0 ≤ k ≤ p,( p∑
i=k

wjiβ
−(j+1)

(
i

k

)
z

)
− β−2zwjk = 0.

In particular, for k = p, we obtain that wjp(β−(j+1) − β−2) = 0, and then wjp = 0. With
this, if we suppose that wjk = 0, for all n < k ≤ p, then for k = n, we obtain that i = n
and wjn(β−(j+1) − β−2) = 0, which implies that wjn = 0. Therefore wj = 0.

Case 5.(b) : Since σ1 = idC[y,z] and R = C[y, z] is a domain, we have the following
proposition obtaining during the realization of this work.

Proposition 2.3.12. If σ : R[x, σ1, δ1] → R[x, σ1, δ1] is an algebra endomorphism of a
3-dimensional skew polynomial algebra of type 5(b) such that σ|R = σ1 = idC[y,z] then
σ(x) = x+ g(z, y) with g(z, y) ∈ C[z, y].

Proof. Since the equations (2.3.2) in this case are given by[ m∑
i=j

(
i

j

)
wiδ

i−j(r)
]
− rwj = 0, ∀j ≥ 1,

[ m∑
i=0

wiδ
i(r)
]
− rw0 − δ(r) = 0 j = 0,

with j = m − 1, and using that R is commutative, we obtain that mwmδ1(r) = 0, for
all r ∈ R, and by the fact that R is a domain, wm = 0. If we suppose that wk = 0, for
all n < k ≤ m, with n ≥ 2, then nwmδ1(r) = 0, for all r ∈ R, so wn = 0. This fact
implies that w2 = · · · = wm = 0. For j = 0, by the commutativity of R, we get that
w1δ1(r) = δ1(r), for all r ∈ R, whence w1 = 1 and w0 ∈ R is free.

Case 5.(c) : We have that R = C[y, z]. Since for all r =
∑q

t=0 ft(z)yt ∈ R we have
δ1(
∑q

t=0 ft(z)yt) =
∑q

t=1 ft(z)tbyt−1, then

δs1

( q∑
t=0

ft(z)yt
)

=
q∑
t=s

ft(z)P tsbsyt−s,

where P ts =
∏t
k=t−s k. Just like the case of 5.(b), since R is a domain and σ1 = idR, we

have the following proposition; its proof it is similar to the proof of Proposition 2.3.12.

Proposition 2.3.13. If σ : R[x;σ1, δ1] → R[x;σ1, δ1] is a ring endomorphism of an
algebra of type 5(c), such that σ|R = σ1, then σ(x) = x+ r(y, z), where r(y, z) ∈ C[y, z].

Case 5(d): Since in this case, R is a domain, σ1 = idC[x,y] and δ 6= 0, in the realization of
this document, we obtain an analogous to Proposition 2.3.12 as follows.

Proposition 2.3.14. If σ : R[z;σ1, δ1]→ R[z;σ1, δ1] is a ring endomorphism of an algebra
of type 5(d), such that σ|R = σ1, then σ(z) = z + r(x, y), where r(x, y) ∈ C[x, y].
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We have also that in this case, for all r(x, y) =
∑p

i=0
∑q

j=0 cijx
iyj ∈ C[x, y], the derivation

δ1 takes the value

δ1(r) =
p∑
i=0

q∑
j=0

cij(i+ j)xiyj + cijix
i−1yj+1.

Case 5(e): Since σ2 = idR[z,σ1,δ1], we obtain the following from equations (2.3.2):[ m∑
i=j

(
i

j

)
wiδ

i−j(r)− rwj
]

= 0, ∀j ≥ 1,

[ m∑
i=0

wiδ
i(r)− rw0

]
− δ(r) = 0,

and with this, we obtain the following proposition.

Proposition 2.3.15. If σ : R[z;σ1, δ1][y;σ2, δ2] → R[z;σ1, δ1][y;σ2, δ2] is an algebra en-
domorphism of a skew polynomial algebra of type 5(e) such that σ|R[z;σ1,δ1] = σ2 = id, then
σ(y) = y + c with c ∈ C.

Proof. In the case j = m − 1, we obtain that mwmδ2(r) + wm−1r − rwm−1 = 0, for all
r ∈ R[z;σ1, δ1]. If we choose r = x, since δ2(x) = 0 and saying that wm−1 =

∑q
k=0 bk(x)zk,

we obtain that

wm−1x− xwm−1 =
( q∑
k=0

bk(x)zkx
)
−
( q∑
k=0

xbk(x)zk
)

=
( q∑
k=0

k∑
i=0

(
k

i

)
bk(x)xzi

)
−
( q∑
k=0

xbk(x)zk
)

=
( q∑
i=0

q∑
k=i

(
k

i

)
bk(x)xzi

)
−
( q∑
i=0

xbi(x)zi
)
,

where the second equation is due to Proposition 2.3.4. Then, for each i ∈ {0, ..., q − 1},
we get

q∑
k=i+1

(
k

i

)
bk(x) = 0.

Then, with i = q − 1, we obtain that bq(x) = 0; with i = q − 2, we get bq−1(x) = 0, and
following in that way we obtain that b1 = · · · = bm = 0 and wm−1 = b0(x) ∈ C[x]. Then,
we have that mwmδ2(r) + bo(x)r − rb0(x) = 0, for all r ∈ R[z;σ1, δ1]. If r = z we get

mwmδ2(z) + b0(x)z − zb0(x) = mwmaz + bo(x)z − (b0(x)z + δ1(b0(x))
= mwmaz − δ1(b0(x)) = 0,

and so mwmaz = δ1(b0(x)) ∈ R, which implies that wm = 0. With this δ1(b0(x)) = 0, and
hence wm−1 = b0(x) ∈ C.
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If we suppose that wk = 0, for all n+ 1 < k ≤ m with n ≥ 1 and wn+1 ∈ C, we obtain in
j = n that,

(n+ 1)wn+1δ2(r) + wnr − rwn = 0.

With r = x we obtain wnx − xwn = 0, and so, like in a previous argument, that wn =
b(x) ∈ C[x]. Since (n+ 1)wn+1δ2(r) + b(x)r − rb(x) = 0, for all r ∈ R[z;σ1, δ1], for r = z,
we obtain (n+ 1)wn+1δ2(r) = δ1(b(x)), which implies that wn+1 = 0 and wn = b(x) ∈ C.
Then w2 = · · · = wm = 0 and w1 ∈ C. This shows that with j = 0,

w1δ2(r) + w0r − rw0 − δ2(r) = 0.

If r = x, we obtain that w0r − rw0 = 0 and therefore w0 = w0(x) ∈ C[x]. In the case
r = z,

w1δ2(r) + w0r − rw0 − δ2(r) = (w1 − 1)az + w0(x)z − zw0(x)
= (w1 − 1)az − δ1(w0(x)),

and this let us conclude that w1 = 1 and w0 ∈ C.

Now, the equations to find the possible values of the extended σ, in the case of Ore
extensions such that the automorphism and the skew derivation are not commutative, we
mean the algebras of type 2(c), 2(d) and 4 are

0 =
m∑
i=0

wix
iσ(r)− σ2(r)

( m∑
i=0

wix
i

)
− σ(δ(r)). (2.3.3)

In this way, in each case, we get the following.

Case 2(c): Since R = C[y, z], xy = yx and xz = β−1zx − β−1y, then, in this work, we
obtain the following two propositions.

Proposition 2.3.16. In the 3-dimensional skew polynomial algebra of type 2.(c), it is
satisfied that

xiz = β−izxi − θiyxi−1, where θi = β−(i+1) − β−1

β−1 − 1 .

Proof. We proceed by induction. The definition of the algebras shows that the proposition
holds for n = 1. If we suppose true for i, we get

xi+1z = x(β−izxi − θiyxi−1)
= β−i(β−1zx− β−1y)xi − θiyxi

= β−(i+1)zxi+1 − (β−(i+1) + θi)yxi

= β−(i+1)zxi+1 − θi+1yx
i,

which shows it is true for i+ 1 too, concluding the proof.
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Proposition 2.3.17. If σ : R[x;σ1, δ1] → R[x;σ1, δ1] is an algebra endomorphism of a
3-dimensional skew polynomial algebra of type 2.(c), with not a root of unity, such that
σ|R = σ1, then there exists q(y, z) ∈ R such that

σ(x) = yq(y, z) + [(β − 1)zq(y, z)− β]x.

Proof. In equations 2.3.3, with r = z, we get that

0 =
m∑
i=0

wix
iσ(z)− σ2(z)(

m∑
i=0

wix
i)− σ(δ(z)) =

m∑
i=0

wix
iβ−1z − β−2z(

m∑
i=0

wix
i) + β−1σ(y)

=
m∑
i=0

wiβ
−1(β−izxi − θiyxi−1)− (

m∑
i=0

β−2zwix
i) + β−1y

=
m∑
i=0

wi(β−(i+1) − β−2)zxi −
m∑
i=0

wiβ
−1θiyx

i−1 + β−1y

=
m∑
i=0

wi(β−(i+1) − β−2)zxi −
m−1∑
i=0

wi+1β
−1θi+1yx

i + β−1y

= wm(β−(m+1) − β−2)zxm +
m−1∑
i=0

[wi(β−(i+1) − β−2)z − wi+1β
−1θi+1y]xi + β−1y

= wm(β−(m+1) − β−2)zxm + w0(β−1 − β−2)z − w1β
−1θ1y + β−1y

− w2β
−1θ2yx+

m−1∑
i=2

[wi(β−(i+1) − β−2)z − wi+1β
−1θi+1y]xi.

Since {xl : l ∈ N} is an R-base, we get, by the fact β is not a root of unity, that wm = 0.
Then wm−1(β−m − β−2)z = 0, and so wm−1 = 0, again because β is not a root of unity.
In the same way, we obtain that w2 = w3 = · · · = wm = 0. Also, we have

0 = w0(β−1 − β−2)z − (w1θ1 + 1)β−1y.

Then, since w0(1 − β−1)z = (w1θ1 + 1)y, if w0 =
∑p

i=0 fk(z)yk and w1 =
∑p′

i=0 gk(z)yk
then

p∑
i=0

(1− β−1)zfk(z)yk =
p′∑
i=0

θ1gk(z)yk+1 + y =
[ p′+1∑
i=2

θ1gk−1(z)yk
]
+(θ1g0(z) + 1)y.

From this we get that f0(z) = 0, (1 − β−1)zf1(z) = θ1g0(z) + 1 which is equivalent to
(β − 1)zf1(Z) − β = g0(z), also we deduce p = p′ + 1 and (β − 1)zfk+1(Z) = gk(z), for
k = 1, ..., p− 1. With this,

w0 =
p∑
i=1

fk(z)yk, w0 =
p−1∑
i=0

(β − 1)zfk+1(z)yk − β.
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With these descriptions of the coefficients wi’s, we get that the automorphism satisfies

σ(x) =
p∑
i=1

fk(z)yk+
[ p−1∑
i=0

(β − 1)zfk+1(z)yk − β
]
x

=
[ p−1∑
i=0

fk+1(z)yk
]
y+
[
(β − 1)z

p−1∑
i=0

fk+1(z)yk − β
]
x.

Taking q(y, z) =
∑p−1

i=0 fk+1(z)yk ∈ C[y, z], we conclude the proof.

Corollary 2.3.18. There exists an unique automorphism of R[x;σ1, δ1] such that σ|R =
σ1, and it is the automorphism defined by σ(x) = −βx.

Case 2(d): Since R = C[y, z], xy = yx and xz = β−1zx−β−1b, then we have the following
result obtained during the realization of this work.

Proposition 2.3.19. In the 3-dimensional skew polynomial algebra of type 2.(c), it is
satisfied that

xiz = β−izxi − θibxi−1, where θi = β−(i+1) − β−1

β−1 − 1 .

Proof. It is analogous to the proof of Proposition 2.3.16.

Proposition 2.3.20. If σ : R[x;σ1, δ1] → R[x;σ1, δ1] is an algebra endomorphism of a
3-dimensional skew polynomial algebra of type 2.(d), with not a root of unity, such that
σ|R = σ1, then

1. if b 6= 0, then there exists q(y, z) ∈ R such that

σ(x) = q(y, z) + [(β − 1)zb−1q(y, z)− β]x.

2. if b = 0, then there exists q(y, z) ∈ R such that, σ(x) = q(y, z)x.

Proof. Such as in the proof of Proposition 2.3.17, we get that w2 = w3 = · · · = wm = 0,
and in this case we obtain that w0(1 − β−1)z = (w1θ1 + 1)b, which is equivalent, when
b 6= 0, to w0(β − 1)zb−1 − β = w1

Corollary 2.3.21. If b 6= 0, then there exists an unique automorphism of R[x;σ1, δ1] such
that σ|R = σ1, and it is the automorphism defined by σ(x) = −βx.

Case 4 : Since R = C[x], R[y;σ1, δ1][z;σ2, δ2], σ1(x) = α−1x, δ1(x) = −α−1(a3x + b3),
σ2(y) = α−1y, δ2(y) = −α−1(a1x1 + b1), σ2(x) = αx, δ2(x) = a2x + b2. In this work we
obtain the following result.
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Proposition 2.3.22. In this skew polynomial algebra of type 4, we obtain the commutation
rule

zn+1x = αn+1xzn+1 +
n∑
i=0

[(
n+ 1
i

)
αian+1−i

2 x+ b2P
n
i a

n−i
2

]
zi

= x

[n+1∑
i=0

(
n+ 1
i

)
(αz)ian+1−i

2

]
+ b2

[ n∑
i=0

Pni a
n−i
2 zi

]
, (2.3.4)

αn+1yn+1x = xyn+1 +
n∑
i=0

[(
n+ 1
i

)
an+1−i

3 x+ Tni a
n−i
3 b3

]
(−1)n+1−kyi, (2.3.5)

where Pni , Tni ∈ C are defined as

Pni =
i∑

k=0

(
n+ k − i
n− i

)
αk, Tni =

i∑
k=0

(
n+ k − i
n− i

)
αi−k.

Proof. In case of equation (2.3.4), we obtain by a short computation that

(αz + a2)
( n∑
i=0

(
n

i

)
(αz)ian−i2

)
=

n+1∑
i=0

(
n+ 1
i

)
(αz)ian+1−i

2 , (2.3.6)

( n∑
i=0

(
n

i

)
(αz)ian−i2

)
+ z

(n−1∑
i=0

an−1−i
2 Pn−1

i zi
)

=
n∑
i=0

Pni a
n−i
2 zi. (2.3.7)

Then, we proceed by induction. For n = 0, it is due to the definition of the algebra. If we
suppose that is true for n− 1,

zn+1x = zx

( n∑
i=0

(
n

i

)
(αz)ian−i2

)
+ zb2

(n−1∑
i=0

Pn−1
i an−1−i

2 zi
)

= (αxz + a2x)
( n∑
i=0

(
n

i

)
(αz)ian−i2

)
+ b2

( n∑
i=0

(
n

i

)
(αz)ian−i2

)
+ zb2

(n−1∑
i=0

Pn−1
i an−1−i

2 zi
)

= x

[n+1∑
i=0

(
n+ 1
i

)
(αz)ian+1−i

2

]
+ b2

[ n∑
i=0

Pni a
n−i
2 zi

]
,

where, the last equation is due to equations (2.3.6) and (2.3.7), finishing the proof of
expression (2.3.4). Now, in case of equation (2.3.5), for n = 0, we get αyx = xy−a3x− b3
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which is true by definition of the algebra. If we suppose for n− 1, then

(αyx)n+1 = αy(xyn +
n−1∑
i=0

[(
n

i

)
an−i3 x+ Tn−1

i an−1−i
3 b3

]
(−1)n−iyi)

= (xy − a3x− b3)yn +
n−1∑
i=0

[(
n

i

)
an−i3 (xy − a3x− b3) + αTn−1

i an−1−i
3 b3y

]
(−1)n−iyi)

= xyn+1 − a3xy
n − b3y

n +
n−1∑
i=0

(−1)n−i
(
n

i

)
an−i3 xyi+1 +

n−1∑
i=0

(−1)n+1−i
(
n

i

)
an−i3 a3xy

i

+
n−1∑
i=0

(−1)n+1−i
(
n

i

)
an−i3 b3y

i +
n−1∑
i=0

(−1)n−iαTn−1
i an−1−i

3 b3y
i+1

= xyn+1 − a3(n+ 1)xyn + (−1)n+1an+1
3 x+ (−1)n+1an3 b3 − (1 + αTn−1

n−1 )b3y
n

+
n−2∑
i=0

(−1)n−i
(
n

i

)
an−i3 xyi+1 +

n−1∑
i=1

(−1)n+1−i
(
n

i

)
an+1−i

3 xyi

+
n−1∑
i=1

(−1)n+1−i
(
n

i

)
an−i3 b3y

i +
n−2∑
i=0

(−1)n−iαTn−1
i an−1−i

3 b3y
i+1

= xyn+1 − a3(n+ 1)xyn + (−1)n+1an+1
3 x+ (−1)n+1an3 b3 − (1 + αTn−1

n−1 )b3y
n

+
n−1∑
i=1

(−1)n+1−i
[(

n

i− 1

)
+
(
n

i

)]
an+1−i

3 xyi +
n−1∑
i=1

(−1)n+1−i
[(
n

i

)
+ αTn−1

i

]
an−i3 b3y

i

= xyn+1 +
n∑
i=0

(−1)n+1−i
(
n+ 1
i

)
an+1−i

3 xyi +
n∑
i=0

(−1)n+1−iTni a
n−i
3 b3y

i,

where
(
n
i

)
+ αTn−1

i−1 = Tni , for all i ≤ n.

Remark 2.3.23. In this work, we found complications to solve by inspection the question
of this section in these algebras of type 4, but we want to show the following advance in
the description of the endomorphisms of these algebras of type 4.
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With r = x in equation (2.3.3), we obtain,

0 =
m∑
i=0

wiz
iαx− α2x(

m∑
i=0

wiz
i)− σ(a2x+ b2)

=
m−1∑
i=0

[wi+1αz
i+1x− α2xwi+1z

i+1] + w0αx− α2xw0 − αa2x− b2

=
m−1∑
i=0

[wi+1α

(
αi+1xzi+1 +

i∑
t=0

[(
i+ 1
t

)
αtai+1−t

2 x+ b2P
i
t a
i−t
2

]
zt
)
− α2xwi+1z

i+1]

+ w0αx− α2xw0 − αa2x− b2

=
m−1∑
t=0

wt+1α
t+2xzt+1 +

m−1∑
t=0

m−1∑
i=t

(
wi+1α

[(
i+ 1
t

)
αtai+1−t

2 x+ b2P
i
t a
i−t
2

]
zt
)
−
m−1∑
t=0

α2xwt+1z
t+1

+ w0αx− α2xw0 − αa2x− b2

=
m−1∑
t=0

(wt+1α
t+2x− α2xwt+1)zt+1 +

m−1∑
t=0

m−1∑
i=t

(
wi+1α

[(
i+ 1
t

)
αtai+1−t

2 x+ b2P
i
t a
i−t
2

]
zt
)

+ w0αx− α2xw0 − αa2x− b2

=
m−1∑
t=1

(wtαt+1x− α2xwt)zt +
m−1∑
t=0

m−1∑
i=t

(
wi+1α

[(
i+ 1
t

)
αtai+1−t

2 x+ b2P
i
t a
i−t
2

]
zt
)

+ (wmαm+1x− α2xwm)zm + w0αx− α2xw0 − αa2x− b2

=
m−1∑
t=1

(
(wtαt+1x− α2xwt) +

m−1∑
i=t

wi+1α

[(
i+ 1
t

)
αtai+1−t

2 x+ b2P
i
t a
i−t
2

])
zt

+ (wmαm+1x− α2xwm)zm + w0αx− α2xw0 − αa2x− b2

Then,

(wmαm+1x− α2xwm) = 0,

(wtαtx− αxwt) +
m−1∑
i=t

wi+1

[(
i+ 1
t

)
αtai+1−t

2 x+ b2P
i
t a
i−t
2

]
= 0, for all 1 ≤ t ≤ m− 1,

(2.3.8)

w0αx− α2xw0 − αa2x− b2 = 0.
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If wm =
∑p

n=0 fn(x)yn,

0 = (wmαm+1x− α2xwm)

= αm+1f0(x)x+
(p−1∑
n=0

αm+1fn+1(x)yn+1x

)
−
( p∑
n=0

α2xfn(x)yn
)

=
(p−1∑
n=0

αm+1−(n+1)fn+1(x)
(
xyn+1 +

n∑
i=0

[(
n+ 1
i

)
an+1−i

3 x+ Tni a
n−i
3 b3

]
(−1)n+1−kyi

))

+ αm+1f0(x)x−
( p∑
n=0

α2xfn(x)yn
)

=
(p−1∑
i=0

αm−ifi+1(x)xyi+1 +
p−1∑
i=0

p−1∑
n=i

αm−nfn+1(x)
[(

n+ 1
i

)
an+1−i

3 x+ Tni a
n−i
3 b3

]
(−1)n+1−kyi

))

+ αm+1f0(x)x−
( p∑
i=0

α2xfi(x)yi
)

=
p−1∑
i=1

(
αm+1−ifi(x)x− α2xfi(x) +

p−1∑
n=i

αm−nfn+1(x)
[(

n+ 1
i

)
an+1−i

3 x+ Tni a
n−i
3 b3

]
(−1)n+1−i

)
yi

+ αm+1−pfp(x)xyp + αm+1f0(x)x− α2xfp(x)yp − α2xf0(x)

+
p−1∑
n=0

αm−nfn+1(x)
[
an+1

3 x+ Tn0 a
n
3 b3

]
(−1)n+1.

Since {yk : k ∈ N} is a left-basis of R[y;σ1, δ1], we get, for all 1 ≤ i ≤ p− 1, that

αm+1−ifi(x)x− α2xfi(x) +
p−1∑
n=i

αm−nfn+1(x)
[(
n+ 1
i

)
an+1−i

3 x+ Tni a
n−i
3 b3

]
(−1)n+1−i = 0,

(αm+1 − α2)xf0(x) +
p−1∑
n=0

αm−nfn+1(x)
[
an+1

3 x+ Tn0 a
n
3 b3

]
(−1)n+1 = 0,

(αm+1−p − α2)xfp(x)yp = 0.

Then, we have the following cases:

1. If m > p+ 1, since α is not a root of unity, we obtain fp(x) = 0, and if i = p− 1, we
get

0 = αm+2−pfp−1(x)x− α2xfp−1(x) + αm−(p−1)fp(x)
[(

p

p− 1

)
a3x+ T p−1

p−1 b3

]
(−1)p

= (αm+2−p − α2)xfp−1(x).

Again, since α is not a root of unity, and m 6= p, fp−1(x) = 0. If m = p, then

0 = (α2 − α2)xfp−1(x) = −αfp(x)
[
pa3x+ T p−1

p−1 b3

]
(−1)p,

which implies that fp(x) = 0. Following in this way, we get that fi(x) = 0, for all
i = 1, ..., p. Therefore, for i = 0, we conclude, (αm+1 − α2)xf0(x) = 0, which means
that f0(x) = 0. We conclude that wm = 0. Then, in expression (2.3.8), for t = m−1,

(wm−1α
m−1x− αxwm−1) = (wm−1α

m−1x− αxwm−1) + wm

[(
m

m− 1

)
αm−1a2x+ b2P

m−1
m−1

]
= 0,
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We note that this is equivalent to condition on wm, whence wm−1 = 0. In the
same way, we conclude, by expression (2.3.8), that w2 = · · · = wm−1 = 0, and, for
t = 1, by expression 2.3.8, w1x = xw1, and, for t = 0, w0 is such that w0x−αxw0 =
a2x+ α−1b2.

2. If m = p+1, since (αm+1−p−α2)xfp(x)yp = 0xfp(x)yp = 0, we get that fp(x) ∈ C[x]
can be chosen freely. Hence, for i = p− 1, we get

0 = αm+2−pfp−1(x)x− α2xfp−1(x) + αm−(p−1)fp(x)
[(

p

p− 1

)
a3x+ T p−1

p−1 b3

]
(−1)p,

which is equivalent to

(1− α)xfp−1(x) = fp(x)
[
pa3x+ T p−1

p−1 b3

]
(−1)p.

.

For i = p− 2, we get,

0 = (αm+1−(p−2) − α2)xfp−2(x)− αm−(p−2)fp−1(x)
[(
p− 1
p− 2

)
a3x+ T p−1

p−2 b3

]
+ αm−p−1fp(x)

[(
p

p− 2

)
a
p−(p−2)
3 x+ T p−1

p−2 a3b3

]
(−1)2

= (α2 − 1)xfp−2(x)− αfp−1(x)
[
(p− 1)a3x+ T p−1

p−2 b3

]
+ fp(x)

[
p(p− 2)2−1a2

3x+ T p−1
p−2 a3b3

]
.

Then,

(1− α2)xfp−2(x) = −αfp−1(x)
[
(p− 1)a3x+ T p−1

p−2 b3

]
+ fp(x)

[
p(p− 2)2−1a2

3x+ T p−1
p−2 a3b3

]
.

Multiplying by (1− α)x,

(1− α)(1− α2)x2fp−2(x) = −α(1− α)fp−1(x)
[
(p− 1)a3x+ T p−1

p−2 b3

]
+ (1− α)xfp(x)

[
p(p− 2)2−1a2

3x+ T p−1
p−2 a3b3

]
= −αfp(x)

[
pa3x+ T p−1

p−1 b3

]
(−1)p

[
(p− 1)a3x+ T p−1

p−2 b3

]
+ (1− α)xfp(x)

[
p(p− 2)2−1a2

3x+ T p−1
p−2 a3b3

]
,

which means that

(1− α)(1− α2)x2fp−2(x) = fp(x)
(
−α
[
pa3x+ T p−1

p−1 b3

]
(−1)p

[
(p− 1)a3x+ T p−1

p−2 b3

]
+ (1− α)x

[
p(p− 2)2−1a2

3x+ T p−1
p−2 a3b3

])
.
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In this way,(
(−1)p+1α

[
pa3x+ T p−1

p−1 b3

][
(p− 1)a3x+ T p−1

p−2 b3

]
+ (1− α)x

[
p(p− 2)2−1a2

3x+ T p−1
p−2 a3b3

])
= (−1)p+1α

([
pa3x(p− 1)a3x+ T p−1

p−1 b3(p− 1)a3x

]
+
[
pa3xT

p−1
p−2 b3 + T p−1

p−1 b3T
p−1
p−2 b3

])
+
[
(1− α)xp(p− 2)2−1a2

3x+ (1− α)xT p−1
p−2 a3b3

]
= (−1)p+1α

([
p(p− 1)a2

3x
2 + (p− 1)T p−1

p−1 b3a3x

]
+
[
pT p−1

p−2 b3a3x+ T p−1
p−1 T

p−1
p−2 b

2
3

])
+
[
(1− α)p(p− 2)2−1a2

3x
2 + (1− α)T p−1

p−2 a3b3x

]
= (−1)p+1αp(p− 1)a2

3x
2 + (−1)p+1α

[
(p− 1)T p−1

p−1 + pT p−1
p−2

]
b3a3x+ (−1)p+1αT p−1

p−1 T
p−1
p−2 b

2
3

+ (1− α)p(p− 2)2−1a2
3x

2 + (1− α)T p−1
p−2 a3b3x

=
[
(−1)p+1α(p− 1) + (1− α)(p− 2)2−1

]
pa2

3x
2

+
[
(−1)p+1α

[
(p− 1)T p−1

p−1 + pT p−1
p−2

]
+ (1− α)T p−1

p−2

]
b3a3x+ (−1)p+1αT p−1

p−1 T
p−1
p−2 b

2
3

Now, we determine which of these extended endomorphisms are, in fact, automor-
phisms. The following observation is useful in this way.

Remark 2.3.24. If σ : R[t, σ1, δ1][s, σ2, δ2]→ R[t, σ1, δ1][s, σ2, δ2] is an extended endomor-
phism of σ2, such that σ(s) = s+g with g ∈ R[t, σ1, δ1], then the extended endomorphism
of σ2, defined by σ′(s) = s− g, is the inverse of σ. Therefore σ is an automorphism.

Remark 2.3.25. From the several descriptions, that we have obtained in this work, we
obtain the following facts:

1. The only extended automorphism is σ(x) = gx, with g ∈ C, by the Corollary 2.3.9.

2.(c) The only extended automorphism is σ(x) = −βx by the Corollary 2.3.18.

2.(d) The only extended automorphism is σ(x) = −βx by the Corollary 2.3.21.

2.(e) All extended endomorphisms are automorphisms with σ(y) = y+c by Remark 2.3.24.

2.(f) There is no exists extended automorphism in this case.

5.(b) All extended endomorphisms are automorphisms with σ(x) = x+g(z, y) by Remark
2.3.24.

5.(c) All extended endomorphisms are automorphisms with σ(x) = x+g(z, y) by Remark
2.3.24.

5.(d) All extended endomorphisms are automorphisms with σ(x) = x+g(z, y) by Remark
2.3.24.

5.(e) All extended endomorphisms are automorphisms with σ(y) = y+c by Remark 2.3.24.
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Since we have now descriptions of extended automorphisms, we can search skew deriva-
tions of these automorphisms with the aim of constructing Brzezinski’s differential calculi,
in each case. Let us clarify that in iterated Ore extensions cases, we could also extended
in two steps the automorphisms σ1, in the same way as we did it with σ2.

2.3.2 Smoothness of 3-dimensional skew polynomial algebras

In this section, we establish some comments about the verification techniques of smooth-
ness that we studied in the first chapter applied to Ore extensions and other algebras. All
of them are related with 3-dimensional skew polynomial algebras.

Remark 2.3.26. The 3-dimensional skew polynomial algebra of type 1 is differentially
smooth (see Example 1.3.29). This is obtained using the commutative differential calculus
that we obtain in the Brzezinski’s calculus of Remark 1.2.12, when we define in the base
ring C[x], d : C[x] → Ω1(C[x]), d(a) = d(x)∂(a) using a derivation ∂ = a∂x, where ∂x is
the usual partial derivation by x, and a ∈ C.

Remark 2.3.27. For iterated algebras of type 2(e), 2(f) and 4, the respective subalgebras
obtained in the first iterations are subalgebras differentially smooth (see Examples 1.3.35,
1.3.37 and 1.3.36).

Remark 2.3.28. In this work, we showed that the 3-dimensional skew polynomial alge-
bras of type 2(f) are differentially smooth algebras (see Example 1.3.38).

Now, we mention the following observation obtained in this work.

Remark 2.3.29. In order to apply the Theorem 1.3.27 to deduce the differentially smooth-
ness of the subalgebra R[w;σ1, δ1] in the algebras of type 1 and 2(e), where R = C[x], the
Brzezinski’s calculus constructed for R in Example 1.3.15 cannot be used, this because
it satisfies the conditions needed only in the case that ∂ = aJq−1 with q = 1, i.e., when
Ω1C[x] = 0, which contradicts the dimensional condition of Definition 1.3.14: the hypoth-
esis of Theorem 1.3.27 ask for an extended degree-preserving automorphism σ of ΩR such
that σ|R = σ1, such that σ ◦ d = d ◦ σ. For x ∈ C[x], we have

d ◦ σ(x) = d(βx) = β∂(x)ω = βaJq−1(x)ω = βaω.

Since, σ ◦ d(x) = σ(∂(x)ω) = σ(aω) = σ(a)σ(ω) = aσ(ω), we need that σ(ω) = βω. With
this we observe,

d ◦ σ(x2) = β2[d(x)σ′(x) + xd(x)] = β2[aJq−1(x)ωσ′(x) + xaJq−1(x)ω]
= β2[axω + xaω]
= β22axω,

and σ ◦d(x2) = σ(aJq−1(x2)ω) = σ(aJq−1(x2))σ(ω) = a(q−1 +1)β2xω. Then, we also need
that q−1 + 1 = 2, that is equivalent to q = 1.

Therefore, to apply the Theorem 1.3.27 in this case using the strategy of Remark 1.2.12,
we need to find a ϕ-skew derivation of C[x], with ϕ being an automorphism that does not
send x to a multiple of it.
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We finish highlight the restricted scope of Theorems 1.3.27 and 1.3.28, because these
theorems need that Ore extensions satisfy that their derivations being zero. For establish
the differential smoothness of the Ore algebras treated in this section, we need a way to
heritage the smoothness of the base ring R, to the Ore extension R[w;σ, δ], even when
δ 6= 0. With this in mind, in chapter 1 we obtain the following examples.

Remark 2.3.30. In the case of the algebra of type 2(d), we obtain in this work that it is
differentially smooth (see Example 1.3.40).

Remark 2.3.31. Although the algebras of types 2(c) and 2(d) looks similar, we cannot
deduce the differentially smoothness of 2(c) as we obtained for 2(d). Actually, algebras of
type 2(c) are no differentially smooth (see Example 1.3.41).

Remark 2.3.32. We want to say that, following the ideas of Example 1.3.41, Remarks
2.1.8 and 2.2.21, we can discard the differentially smoothness of 3-dimensional skew poly-
nomial algebras of type 2(a), 2(c), 3(a), 4, 5(a), 5(b) and 5(d).

Remark 2.3.33. In this work, we obtained the differentially smoothness of the algebras
of type 5(c) (see Example 1.3.43).

Remark 2.3.34. In this work, we have established the differentially smoothness of alge-
bras of type 2(e) (see Example 1.3.45).

Remark 2.3.35. During the realization of this work, we guarantee the differential smooth-
ness of the generalized Weyl algebras of type 2(b) and 3(b) (see Example 1.3.46).

Remark 2.3.36. However for the algebra 5(e), we cannot conclude his differentially
smoothness by this way, because applying d to zx− x(z + 1) = 0,

d(z)x+ zd(x)− d(x)(z + 1)− xd(z) = 0
d(z)x+ d(x)νx(z)− d(x)(z + 1)− d(z)νz(x) = 0

d(z)[x− νz(x)] + d(x)[νx(z)− (z + 1)] = 0

By the right free structure of Ω1, we must have that νz(x) = x and νx(z) = z + 1. In
the same way, with xy − yx = 0 we need νx(y) = y and νy(x) = x. Hence, νx respect
zy − (y + a)z = 0 if and only if a = 0, i.e., if a 6= 0, we cannot define a left structure on
Ω1(A) such that allows exist a well defined derivation d : A → Ω1(A), which is our main
trouble about the differentially smoothness of 5(e).

We close the section summarizing some of the previous facts about 3-dimensional skew
polynomial algebras in Table 2.1.
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S-P-A DF-A-Type 1 GWA Ore Diff. Smooth
1.

√
×

√ √

2.(a). ×
√

× ×
2.(b). ×

√
×

√

2.(c). × ×
√

×
2.(d). × ×

√ √

2.(e).
√

×
√ √

2.(f). × ×
√ √

3.(a). ×
√

× ×
3.(b). ×

√
×

√

4. × ×
√

×
5.(a). ×

√
× ×

5.(b). × ×
√

×
5.(c). × ×

√ √

5.(d). × ×
√

×
5.(e). × ×

√
−−

Table 2.1: 3-dimensional skew polynomial algebras.

2.3.3 Smoothness of some n-dimensional skew polynomial algebras

From the Examples 1.3.35, 1.3.40, 1.3.43 and 1.3.46, we note that the needed objects are
automorphisms νxi of A for each generator xi, such that

1. these automorphisms must be allows define a differential d : A → Ω1(A) such that
under the left action ad(xi) = d(xi)νxi(a), for a ∈ A and 1 ≤ i ≤ n.

2. for any pair of generators xi and xj , we need that [νxi , νxj ] = 0.

In a general way, if A is an algebra generated by a set {x1, ..., xn}, under the conditions
that, for all 1 ≤ i < j ≤ n

xixj − aijxjxi = bijxi + cijxj + eij , for all aij , bij , cij , eij ∈ C, aij 6= 0, (2.3.9)

in the way of defining d we need the conditions, for i < j, that νxi(xj) = a−1
ij xj − a

−1
ij bij ,

νxj (xi) = aijxi − cij . Then, for any xk, if j > k, we have that νxj (xk) = akjxk − ckj , and
if j < k, νxj (xk) = a−1

jk xk − a
−1
jk bjk. In order to establish if ν’s automorphisms are well

defined, we do the following.

1. If j < k, we have νxk(xj) = ajkxj − cjk, since xjxk − ajkxkxj = bjkxj + cjkxk + ejk,
when we apply νxk we get,

(ajkxj − cjk)νxk(xk)− ajkνxk(xk)(ajkxj − cjk)
= bjk(ajkxj − cjk) + cjkνxk(xk) + ejk.

If νxk(xk) = akkxk − bkk, we get the expresion,

(2ajkakkcjk − 2cjkakk)xk
+ (ajkbkk(ajk − 1) + ajkbjk(akk − 1))xj
= (ejk − bjkcjk − 2cjkbkk)− (ajkakkejk − ajkbkkcjk).
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Hence,

ajkcjk − cjk = (ajk − 1)cjk = 0,
bkk(ajk − 1) + bjk(akk − 1) = 0, (2.3.10)

(ejk − bjkcjk − 2cjkbkk)− (ajkakkejk − ajkbkkcjk) = 0.

By the first equation or ajk = 1 or cjk = 0.

(a) If ajk = 1, then in the second equation bjk = 0 or akk = 1.
i. If bjk = 0, then the third equation turns to (1− akk)ejk − cjkbkk = 0.
ii. If akk = 1, then the third equation turns to cjk(bjk + bkk) = 0.

(b) If ajk 6= 1, then cjk = 0, therefore the third equation turns to ejk−ajkakkejk =
ejk(1− ajkakk) = 0. Hence, if ejk 6= 0, then akk = a−1

jk .

2. Now, if k < j, we have νxk(xj) = a−1
kj xj − a

−1
kj bkj , since xkxj − akjxjxk = bkjxk +

ckjxj + ekj , when we apply νxk we get,

νxk(xk)(a−1
kj xj − a

−1
kj bkj)− akj(a

−1
kj xj − a

−1
kj bkj)νxk(xk)

= bkjνxk(xk) + ckj(a−1
kj xj − a

−1
kj bkj) + ekj .

If νxk(xk) = akkxk + bkk,

(akka−1
kj ckj + bkka

−1
kj − akja

−1
kj bkk − ckja

−1
kj )xj

+ (akka−1
kj bkj + akja

−1
kj bkjakk − akka

−1
kj bkj − bkjakk)xk

= −ckja−1
kj bkj + ekj + bkjbkk − akja−1

kj bkjbkk − akka
−1
kj ekj + bkka

−1
kj bkj ,

which is equivalent to the equations

(akk − 1)ckj + bkk(1− akj) = 0, (2.3.11)
ekj(akj − akk) + (bkk − ckj)bkj = 0.

Now, if we apply νxk to a relation that do not involve xk, we mean to the relation between
xj and xt, without lost of generality, with i < t, i.e., xjxt − ajtxtxj = bjtxj + cjtxt + ejt,
if we apply νxk , we get the following cases.

1. If j < t < k, we have that νxk(xj) = ajkxj − cjk and νxk(xt) = atkxt − ctk, we get

(ajtatkcjk − cjkatk − cjtatk + ajkatkcjt)xt
+ (ajtctkajk − ajkctk − bjtajk + ajkatkbjt)xj
= ejt − bjtcjk − cjtctk − cjkctk + ajtctkcjk − ajkatkejt,

which is equivalent to,

(ajt − 1)cjk + (ajk − 1)cjt = 0,
(ajt − 1)ctk + (atk − 1)bjt = 0, (2.3.12)

ejt − bjtcjk − cjtctk − cjkctk + ajtctkcjk − ajkatkejt = 0.
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2. If j < k < t, we have that νxk(xj) = ajkxj − cjk and νxk(xt) = a−1
kt xt − a

−1
kt bkt, then

(ajta−1
kt cjk − cjka

−1
kt − cjta

−1
kt + ajka

−1
kt cjt)xt

+ (ajta−1
kt bktajk − bjtajk − ajka

−1
kt bkt + ajka

−1
kt bjt)xj

= ejt − bjtcjk − cjta−1
kt bkt − cjka

−1
kt bkt + ajta

−1
kt bktcjk − ajka

−1
kt ejt,

which is equivalent to the equations,

(ajt − 1)cjk + (ajk − 1)cjt = 0,
(ajt − 1)bkt + bjt(1− akt) = 0, (2.3.13)

aktejt − aktbjtcjk − cjtbkt − cjkbkt + ajtbktcjk − ajkejt = 0.

3. If k < j < t, we have that νxk(xj) = a−1
kj xj − a

−1
kj bkj and νxk(xt) = a−1

kt xt − a
−1
kt bkt

(ajta−1
kt bkta

−1
kj − a

−1
kj a

−1
kt bkt − bjta

−1
kj + a−1

kj a
−1
kt bjt)xj

+ (ajta−1
kt a

−1
kj bkj − a

−1
kj bkja

−1
kt − cjta

−1
kt + a−1

kj a
−1
kt cjt)xt

= ejt − bjta−1
kj bkj − cjta

−1
kt bkt − a

−1
kj bkja

−1
kt bkt + ajta

−1
kt bkta

−1
kj bkj − a

−1
kj a

−1
kt ejt,

which is equivalent to the equations,

(ajt − 1)bkt + (1− akt)bjt = 0,
bkj(ajt − 1) + (1− akj)cjt = 0, (2.3.14)

(akjakt − 1)ejt − bjtbkjakt − akjcjtbkt + (ajt − 1)bktbkj = 0.

Additionally, if we want that ν’s automorphisms commutes, since for any xk, if j > k,
we have that νxj (xk) = akjxk − ckj , if j < k, νxj (xk) = a−1

jk xk − a
−1
jk bjk, and νxk(xk) =

akkxk + bkk, we need the commutativity equations:

1. If j, t > k, that ckj(akt − 1) = ckt(akj − 1).

2. If j > k > t that ckj(a−1
tk − 1) = a−1

tk btk(akj − 1).

3. If j, t < k, that a−1
jk bjk(a

−1
tk − 1) = a−1

tk btk(a
−1
jk − 1).

4. If k < j, that −ckj(akk − 1) = bkk(akj − 1).

5. If j < k, that bkk(a−1
jk − 1) = −a−1

jk bjk(akk − 1).

Remark 2.3.37. Now, we have to guarantee that the differential calculus (Ω(A), d), where
Ω1(A) =

⊕n
j=i d(xj)A and Ωi(A) =

∧i
j=1 Ω1(A), is a differential connected calculus. Since

νxk(xk) = akkxk + bkk we have that

d(xik) =
i∑

j=1
xj−1
k d(xk)xi−jk =

i∑
j=1

d(xk)νxk(xj−1
k )xi−jk

= d(xk)
( i∑
j=1

(akkxk + bkk)j−1xi−jk

)

= d(xk)
( i∑
j=1

j−1∑
t=0

(
j − 1
t

)
atkkx

i+t−j
k bj−1−t

kk

)
.
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With this we have that d(a) =
∑n

i=1 d(xi)∂i(a), where

∂i(xl11 · · ·xlnn ) = νxi(x
l1
1 ) · · · νxi(x

li−1
i−1 )

( li∑
j=1

j−1∑
t=0

(
j − 1
t

)
atkkx

li+t−j
k bj−1−t

kk

)
x
li+1
i+1 · · ·x

ln
n .

Then, for i = 1, we have that for
∑

r∈Γr αrx
l1r
1 · · ·xlnrn ∈ A,

∂1(
∑
r

αrx
l1r
1 · · ·xlnr

n ) =
∑
r

αr

( l1r∑
j=1

j−1∑
t=0

(
j − 1
t

)
at11x

l1r+t−j
1 bj−1−t

11

)
xl2r

2 · · ·xlnr
n = 0,

if and only if
∑

r′∈Γr αr

(∑l1r
j=1
∑j−1

t=0
(
j−1
t

)
at11x

l1r+t−j
1 bj−1−t

11

)
= 0, where r′ ∈ Γr if and

only if xl2r2 · · ·xlnrn = x
l2r′
2 · · ·xlnr′n , i.e., we can re write this as ∂1(

∑
r αrx

l1r
1 · · ·xlnrn ) = 0

if and only if ∂1(pr(x1)xl2r2 · · ·xlnrn ) = 0, for all r. If pr(x1) =
∑l1r

m=0 qmx
m
1 , with qm ∈ C,

then

0 = ∂1(pr(x)xl2r2 · · ·x
lnr
n )

=
l1r∑
m=0

qm

( m∑
j=1

(a1x1 + b11)j−1xm−j1

)
xl2r2 · · ·x

lnr
n

=
l1r∑
m=0

qm

( m∑
j=1

j−1∑
t=0

(
j − 1
t

)
at11b

j−1−t
11 xm+t−j

1

)
xl2r2 · · ·x

lnr
n

Since in the last expression, m = l1r, j = 1 and t = 0 is the unique way to obtain
the highest exponent of x1, we have that ql1r

(1−1
0
)
at11b

1−1−0
11 = ql1r = 0, therefore pr

does not have no constant term, i.e., pr(x1) ∈ C, for all r. In other words we have
that a ∈ Ker(∂1) = genC{x2, ..., xn}. Following in this fashion, for each 1 ≤ k ≤ n,
Ker(∂1)∩· · ·∩Ker(∂k) = genC{xk+1, ..., xn}, therefore Ker(d) = Ker(∂1)∩· · ·∩Ker(∂n) =
C.

Remark 2.3.38. In order to apply the Lemma 1.3.31 to obtain that this is an integrable
differential calculus with volume form ω = d(x1) ∧ · · · ∧ d(xn) and automorphism νω =
νx1 ◦· · ·◦νxn , we define for 1 ≤ k ≤ n, and for each injective crescent maps ϕi : {1, ..., k} →
{1, ..., n} and ϕi : {1, ..., (n − k)} → {1, ..., n} \ Im(ϕi), that determine a n-permutations
ϕi_ϕi such that ϕi_ϕi(p) = ϕi(p) if p ≤ k, and ϕi_ϕi(p) = ϕi(p − k) if k < p ≤ n, and
analogously, ϕi_ϕi, the elements ωki , ωki ∈ Ωk(A) as,

ωki = Aikd(xϕi(1)) ∧ · · · ∧ d(xϕi(k)),
ωn−ki = Ai(n−k)d(xϕi(1)) ∧ · · · ∧ d(xϕi(n−k)),

where Aik, Aik ∈ C are defined, in aim to obtain ωn−ki ∧ ωki = ω, as follows: if i < j,
we have that xjd(xi) = −d(xi)νxi(xj) = −d(xi)(a−1

ij xj − a
−1
ij bij), therefore, applying d,

d(xi) ∧ d(xj) = −aijd(xj) ∧ d(xi). Hence,

1. If ϕi(1) = 1, then

Aik =
n−k∏
s=1

ϕi(s)−1∏
t=1

(−1)atϕi(s), Ai(n−k) =
n−k−1∏
s=1

n−k∏
t=s+1

(−1)a−1
ϕi(s)ϕi(t)

.
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2. If ϕi(1) = 1, then

Aik =
k−1∏
s=1

k∏
t=s+1

(−1)a−1
ϕi(s)ϕi(t), Ai(n−k) =

k∏
s=1

ϕi(n−k)∏
t=ϕi(s)+1

(−1)aϕi(s)t.

Noting, ϕi(p) := ip, for 1 ≤ p ≤ k, since the set {d(xi1)∧· · ·∧d(xik)| 1 ≤ i1 < · · · < ik ≤ n}
forms a right (and left) base of Ωk(A), for an arbitrary ω′ =

∑
1≤i1<···<ik≤n d(xi1) ∧ · · · ∧

d(xik)ai1···ik ∈ Ωk(A), where ai1···ik ∈ A, we have

ωki πω(ωn−ki ∧ ω′) = ωki πω(ωn−ki ∧ [d(xi1) ∧ · · · ∧ d(xik)ai1···ik ])
= d(xi1) ∧ · · · ∧ d(xik)πω(ωn−ki ∧ ωki ai1···ik)
= d(xi1) ∧ · · · ∧ d(xik)ai1···ik ,

ν−1
ω (πω(ω′ ∧ ωn−ki ))ωki = ν−1

ω (πω(d(xi1) ∧ · · · ∧ d(xik)ai1···ik ∧ ω
n−k
i ))ωki

= ν−1
ω (πω(ωki ∧ ωn−ki bi1···ik))d(xi1) ∧ · · · ∧ d(xik)

= ν−1
xϕi(1)

◦ · · · ◦ ν−1
xϕi(k)

(ai1···ik)d(xi1) ∧ · · · ∧ d(xik),

where bi1···ik := νxϕi(1) ◦· · ·◦νxϕi(n−k)(ai1···ik). With this we get that equations (1.3.4) hold,
and then, by Lemma 1.3.31, Ω(A) is an integrable differential calculus.

Since the algebra A defined by relations (2.3.9) is a bijective skew PBW algebra, we
have, from [Rey13], Theorem 14, that GKdim(A) = n, which completes the proof of the
following theorem, which is obtained in the realization of this work.

Theorem 2.3.39. If A is a PBW algebra generated by x1, ..., xn under the relations, for
all 1 ≤ i < j ≤ n

xixj − aijxjxi = bijxi + cijxj + eij , where aij , bij , cij , eij ∈ C, aij 6= 0,

such that (2.3.10), (2.3.11), (2.3.12), (2.3.13), (2.3.14) and commutativity equations hold,
then A is differentially smooth.

We close this section highlighting that by Theorem 2.3.39, obtained in this work, we
have guaranteed the differential smoothness of a huge amount of algebras, within which
we can mention:

1. The algebra of linear partial differential operators (see [LR14], p. 1212).

2. The algebra of linear partial q-dilation operators (see [LR14], p. 1213).

3. The additive analogue of Weyl algebra (see [LR14], p. 1214).

4. The multiplicative analogue of the Weyl algebra (see [LR14], p. 1214).
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2.4 Review of Artamonov’s paper

As we can see in the previous sections, the search of explicit skew derivations, or even
before, the quest of automorphisms in an explicit form could be a longer and tedious work.
The task is more extensive if we do the job for each algebra, playing with their specific
features. Therefore, working with algebras that generalize our study objects, and to try
to resolve the problem in a general situation, it is an useful and interesting work. Because
of that, we are interested in Artamonov’s paper [Art15], titled Derivations of skew PBW
extensions, where these skew PBW extensions (see Definition 2.4.5 above) are algebras
that generalize some of the generalized Weyl algebras (Section 2.1), diffusion algebras
(Section 2.2) and skew polynomial algebras (Section 2.3). Then, any treatment about
derivations (id-skew derivations) of skew PBW extensions it is of very interest for us in
order to obtain (commutative) differential calculus, in particular Brzezinski’s calculus (see
Section 1.2) and with this determine differentially smoothness of skew PBW extensions
(see Section 1.3.2).

In this short section, we review the first pages of the article [Art15], where there is treat-
ment about a classification of derivations of skew PBW extensions (which includes the
diffusion algebras and the skew polynomial algebras), and where we found a mistake in a
crucial result for the theory. We close the section with a list of doubts and answers about
the content of this treatment.

For any automorphism γ of an associative ring A and an element a ∈ A, we can define
an inner γ-derivation adγa as (adγa)x = ax−γ(x)a; it is satisfied that adγa is a left γ-skew
derivation (see Example 1.1.40). In particular, if γ = ε is an identical automorphism, then
we write adε =ad.

Let R be a subring of A containing unit element, and x1, ..., xn ∈ A such that some
endomorphisms σ1, ..., σn of R the skew derivations adσixi map R into itself. Denote by
∂i = adσixi|R the induced σi-derivation of R.

Proposition 2.4.1 ([Art15], p.2). Suppose that ∂ is a derivation of A mapping R into
itself and commuting with each σi. Then (adσi∂(xi))r = [∂, ∂i](r) ∈ R for any r ∈ R.

Proof. By assumptions, we have

∂∂i(r) = ∂(xir − σi(r)xi) = ∂(xi)r + xi∂(r)− (∂σi(r))xi − σi(r)∂(xi)
= [∂(xi)r − σi(r)∂(xi)] + [xi∂(r)− (∂σi(r))xi]
= (adσi∂(xi))r + (adσixi)(∂r)
= (adσi∂(xi))r + ∂i(∂r) ∈ R,

where the third equation is due to the fact that ∂σi = σi∂, for all i = 1, ..., n, and the
last equation follows from ∂r ∈ R, and so (adσixi)(∂r) = (adσixi)|R(∂r) = ∂i(∂r). Hence
(adσi∂(xi))r = −∂i∂(r) + ∂∂i(r) = [∂, ∂i](r) ∈ R.

Theorem 2.4.2. Let R,A, x1, ..., xn, σi, ∂i be as above. Then, for any r ∈ R, we have

(x1 · · ·xn)r =
∑
t≥0

∑
1≤i1<···<it≤n

(σ1 · · ·σi1−1 · ∂i1 · σi1+1 · · ·

· · ·σit−1 · ∂it · σit+1 · · ·σn(r))x1 · · · x̂i1 · · · x̂it · · ·xn
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Here, x̂ij means that the factor xij is omitted.

Proof. We shall proceed by induction on n. The case n = 1 follows from the defi-
nition of ∂1 = (adσ1x1)|R: we have that ∂1(r) = x1r − σ1(r)x1, which means that
x1r = ∂1(r) + σ1(r)x1. Note that for t = 0 we obtain σ1(r)x1, and for t = 1 the cor-
respondent term is ∂1(r) which omits the factor x1.

Now, suppose that theorem is proved for n − 1. As xnr = σn(r)xn + ∂n(r) by defini-
tion of ∂n, we have that

x1 · · ·xnr = x1 · · ·xn−1 · (xnr)
= x1 · · ·xn−1 · σn(r)xn + x1 · · ·xn−1 · ∂n(r)

=
[∑
t≥0

∑
1≤i1<···<it≤n−1

(σ1 · · ·σi1−1 · ∂i1 · σi1+1 · · ·

· · ·σit−1 · ∂it · σit+1 · · ·σn−1(r))x1 · · · x̂i1 · · · x̂it · · ·xn−1

]
xn

+
[∑
t≥0

∑
1≤i1<···<it≤n−1

(σ1 · · ·σi1−1 · ∂i1 · σi1+1 · · ·

· · ·σit−1 · ∂it · σit+1 · · ·σn−1(∂nr))x1 · · · x̂i1 · · · x̂it · · ·xn−1

]
=
∑
t≥0

∑
1≤i1<···<it≤n

(σ1 · · ·σi1−1 · ∂i1 · σi1+1 · · ·

· · ·σit−1 · ∂it · σit+1 · · ·σn(r))x1 · · · x̂i1 · · · x̂it · · ·xn.
This because for t = n, we have that all terms that omit the factor xn are exactly[∑
t≥0

∑
1≤i1<···<it≤n−1

(σ1 · · ·σi1−1·∂i1 ·σi1+1 · · ·σit−1·∂it ·σit+1 · · ·σn−1(∂nr))x1 · · · x̂i1 · · · x̂it · · ·xn−1

]

In this work we indude the proof of the following corollary, which is presented in [Art15]
without proof.
Corollary 2.4.3. Under assumptions of Theorem 2.4.2, we have

adσ1···σn(x1 · · ·xn)r =
∑
t≥1

∑
1≤i1<···<it≤n

(σ1 · · ·σi1−1 · ∂i1 · σi1+1 · · ·

· · ·σit−1 · ∂it · σit+1 · · ·σn(r))x1 · · · x̂i1 · · · x̂it · · ·xn

Proof. We have that
adσ1···σn

(x1 · · ·xn)r = (x1 · · ·xn)r − σ1 · · ·σn(r)(x1 · · ·xn)

=
∑
t≥0

∑
1≤i1<···<it≤n

(σ1 · · ·σi1−1 · ∂i1 · σi1+1 · · ·

· · ·σit−1 · ∂it · σit+1 · · ·σn(r))x1 · · · x̂i1 · · · x̂it · · ·xn − (σ1 · · ·σn)(r)(x1 · · ·xn)

=
∑
t≥1

∑
1≤i1<···<it≤n

(σ1 · · ·σi1−1 · ∂i1 · σi1+1 · · ·

· · ·σit−1 · ∂it · σit+1 · · ·σn(r))x1 · · · x̂i1 · · · x̂it · · ·xn,
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where the first equal is due to the definition of ad, the second is by the Theorem 2.4.2,
and the last is because with t = 0, the correspond term in Theorem 2.4.2 is precisely
(σ1 · · ·σn)(r)(x1 · · ·xn).

Remark 2.4.4. Theorem 2.4.2 and Corollary 2.4.3 hold for (xl11 · · ·xlnn )r and also for
ad

σ
l1
1 ···σ

ln
n

(xl11 · · ·xlnn )r, respectively.

Definition 2.4.5 ([Art15], p. 3). An associative unital ring A is a skew PBW-extension
of its subring R, if the following conditions are satisfied:

1. there exist a finite set of elements x1, ..., xn ∈ A such that A is a left R-free module
with the basis Mon(A) = {xα = xα1

1 · · ·xαnn : α = (α1, ..., αn) ∈ (N ∪ {0})n}.

2. there exist endomorphisms σ1, ..., σn of R such that (adσixi)r = ∂i(r) ∈ R for each
r ∈ R and 1 ≤ i ≤ n. Note that this is the same that say xir = σi(r)xi + ∂i(r), for
∂i a σi-derivation of R.

3. for any indices 1 ≤ i, j ≤ n, there exist elements cij , rij , rtji ∈ R such that cijcji = 1
and xixj − cijxjxi =

∑
t r
t
ijxt + rij .

In this work we want to remark that there exist results about skew derivations over
skew PBW extensions, as the following theorem shows.

Theorem 2.4.6 ([RS17a], p. 20). If the endomorphisms and skew derivations of Defini-
tion 2.4.5 satisfy [σi, ∂j ] = [∂i, ∂j ] = 0, and ∂k(cij) = ∂k(rtij) = 0, for all 1 ≤ 1, j, k, t ≤ n,
then the assignments

f = a0 + a1X1 + · · ·+ amXm 7→ σk(f) = σk(a0) + σk(a1)X1 + · · ·+ σk(am)Xm,

f = a0 + a1X1 + · · ·+ amXm 7→ δk(f) = δk(a0) + δk(a1)X1 + · · ·+ δk(am)Xm,

define an injective endomorphism of A, σk, and a σk-skew derivation of A, δk, for all
k = 1, ..., n.

By Theorem 2.4.6, for diffusion algebras, generalized Weyl algebras and skew poly-
nomial algebras of degree n, we can guarantee n skew derivations, which in case of
GKdim(A) = n, it is a sufficient quantity of skew derivations to construct a Brzezinski’s
calculus (see Remark 1.2.12).

Now, we continue with the content of [Art15]. Let us consider the degree-lexicographic
order on monomials of A, which is denoted by >d−l.

In this work, we found a counterexample to the Lemma 3.1 of [Art15], which is established
in the following proposition.

Proposition 2.4.7. The following lemma is false: “Let m1, ...,mn be non-negative in-
tegers such that (l1, ..., ln) >d−l (m1, ...,mn) >d−l (l1, ..., ln−1, ln − 1), then m1 = l1 ,...,
mn−1 = ln−1,mn < ln.”

Proof. Consider n = 3, (l1, l2, l3) = (1, 4, 1) and (m1,m2,m3) = (1, 2, 3). Then (l1, l2, l3 −
1) = (1, 4, 0), therefore (1, 4, 1) >d−l (1, 2, 3) >d−l (1, 4, 0) but 3 6< 1.
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Proposition 2.4.8 ([Art15], p. 4). Let ∂ be a derivation of A commuting with each ∂i
such that R is stable under ∂. Suppose that αxl11 · · ·x

ln−1
n−1x

ln
n , with α ∈ R \ {0} is the

leading term of ∂xm such that l1 + · · ·+ ln > 1. Suppose that σ1, ..., σn are automorphisms
of R. If lj > 0, then ∑

s1+s2=lj−1
s1,s2≤0

σs1n ∂jσ
sj
n = 0. (2.4.1)

If R is torsion-free Z-module, then ∂j = 0.

Proof. Without loss of generality, we can assume that j = n. By using Proposition 2.4.7,
we consider the coefficient in xl11 · · ·x

ln−1
n−1x

ln−1
n in ∂xm. By Corollary 2.4.3 and Proposition

2.4.7, it has the form ∑
s1+s2=ln−1
s1,s2≥0

ασl11 · · ·σ
ln−1
n−1 σ

s1
n ∂nσ

sj
n . (2.4.2)

By the Proposition 2.4.1, for any r ∈ R, we have ∂(xm)r− σi(r)∂(xm) = adσm∂(xm)(r) ∈
R. If (l1, ..., ln−1, ln − 1 6= (0, ..., 0)), then the expression (2.4.2) is equal to zero. In this
case, we obtain (2.4.1), since each σi is bijective.

If σn commutes with ∂n, then (2.4.1) can be written as lnσln−1
n ∂n = 0. By assumption,

we obtain ∂n = 0.

Questions:

1. For r ∈ R, ad
σ
l1
1 ···σ

ln
n

(xl11 · · ·xlnn )(r) ∈ R? Apparently, this is used to say that the
terms not belonging to R (using the left basis) are zero, and therefore (2.4.1) holds.

2. Is adσm(∂(xm)) related with (2.4.1)?

3. We know that ∂ commutes with the derivations ∂i. Does ∂ commutes with the
automorphism σi?
Since ∂∂i = ∂i∂, then ∂∂i(r) = ∂i∂(r), for all r ∈ R. Thus, ∂(adσi(xi)(r)) =
(adσi(xi))(∂(r)),

∂(xir − σi(r)xi) = xi∂(r)− σi(∂(r))xi.

Therefore,

∂(xi)r + xi∂(r)− ∂(σi(r))xi − σi(r)∂(xi) = xi∂(r)− σi(∂(r))xi,

and then,

adσi(∂(xi))(r) = ∂(xi)r−σi(r)∂(xi) = ∂(σi(r))xi−σi(∂(r))xi = [∂(σi(r))−σi(∂(r))]xi.

Finally, we have that if ∂ commutes with ∂i, then adσi(∂(xi))(r) = [∂, σi](r)xi, where
this is the expression of adσi(∂(xi))(r) in the monomial bases xα as left R-module.

But, from [∂, ∂i] = 0, we can not conclude [∂, σi] = 0. A well argument to ob-
tain [∂, σi] = 0 could be adσi(∂(xi)(r) ∈ R, which by Proposition 2.4.1, is related to
[∂, σi] = 0.
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4. Does ad
σ
l1
1 ···σ

ln
n

(xl11 · · ·xlnn ) commutes with ∂?

5. When ∂n commutes with σn?

Since ∂nσn = σn∂n, then ∂nσn(r) = σn∂n(r), for all r ∈ R. Therefore, in terms
of the adjoint, (adσn(xn))(σn(r)) = σn(adσn(xn)(r)). We get that

xnσn(r)− σ2(r)xn = σn(xn)σn(r)− σ2
n(r)σn(xn).

With this, we obtain [xn − σn(xn)]σn(r) = σ2
n(r)[xn − σn(xn)].

6. If R is torsion free, does σi commute with ∂n?

More questions and some answers are the following:

1. It is necessary that ∂ commutes with the automorphisms σi. With this, Proposition
2.4.1 holds (as is mentioned in the proof), and so [∂, ∂i](r) = adσi(∂(xi))(r) ∈ R.
Hence, we focus on the coefficient of xl11 · · ·x

ln−1
1 in the expression of adσi(∂(xi))(r) =

∂(xm)r − σm∂(xm), where, if ∂(xm) =
∑
aβx

β + αxl11 · · ·xlnn , then,

∂(xm)r =
∑

aβx
βr + αxl11 · · ·x

ln
n r,

where the second term, by Proposition 2.4.2, has coefficient of xl11 · · ·x
ln−1
1 in the sum

2.4.1; we are forgetting the coefficient of xl11 · · ·x
ln−1
1 in −σm(r)∂(xm). Considering

everything, we obtain that the coefficient of xl11 · · ·x
ln−1
1 in adσi(∂(xi))(r) is given

by [ ∑
s1+s2=ln−1;s1,s2≤0

ασl11 · · ·σ
ln−1
n−1 σ

s1
n ∂nσ

sj
n (r)

]
− σm(r)a(l1,...,ln−1).

We have to say that we are omitting the possibility that there exist more multiples
of xl11 · · ·x

ln−1
1 in

∑
aβx

βr (we really think that these terms do not appear).

2. We have that [∂i, σi](r) ∈ R because, by definition, ∂i : R → R, (we still have the
doubt that if R is Z-free, then we can conclude that the commutator is zero).

3. adα(x)(r) is a skew derivation in the argument r, but in the argument x is only
Z-linear. If we want the scalar product, R is necessarily commutative.

4. The Lemma 3.1 of [Art15] stated in Proposition 2.4.7 is true with the following
conclusion:
Let m1, ...,mn be non-negative integers such that

(l1, ..., ln) >d−l (m1, ...,mn) >d−l (l1, ..., ln−1, ln − 1).

Then, (m1, ...,mn) satisfies some of the following conditions:

(a) m1 + · · ·+mn = l1 + · · ·+ ln and there exists 1 ≤ k ≤ n such that mi = li, for
all i < k and mk < lk.

(b) m1 + · · ·+mn = l1 + · · ·+ ln − 1 and there exists 1 ≤ k ≤ n such that mi = li,
for all i < k and mk ≥ lk.



Conclusions

The generalizations of the differential geometry to the non commutative context are strong
lines of study and there exists a lot of literature about them. In the theory that we call
Brzezinski’s calculus, we found a good treatment of differential structures that we can
relate to any affine algebra and that posses a constructive formality that results interesting
for us. The raw material of this theory is the set of skew derivations of the algebra. All the
objects and properties of them in Brzezinski’s calculus constructions, are features about
the automorphisms and skew derivations over these rings.

We observe that for non-commutative algebras, the search of automorphisms could be
result counter intuitive, because there exist automorphisms of affine algebras that do not
respect the usual notion of graduation. We mean that could not let stable some generating
subspace of the algebra, like the Theorem 2.2.5 shows us.

In the Brzezinski’s works, one of the immediately problem that arises is to guarantee that
the density condition of this calculus is satisfied, as the Remark 1.2.13 points out. In the
Example 2.1.16, the density condition was a consequence of the choice of the polynomial
p(z) and the Bézout theorem of K[z], but in the search of these structures for diffusion
algebras, for instance, we found this difficulty. Then, we must set criteria to density
condition for the Brzezinski’s differential calculus of Definition 1.2.7, before to continue
the construction of the Brzezinski’s calculus of a particular algebra A.

In the work of establishing the commutation laws (and describe the inner derivations
of the generators), in terms of the PBW basis, for powers of variables in diffusion algebras
and in some 3-dimensional skew polynomial algebras, we found that the combinatorial
techniques, in particular the knowing of the Pascal triangle, is very important and sur-
prising, as we pointed in Remark 2.2.15.

The task of determine skew derivations for a class of algebras simultaneously could bring
problems as a hard language or possible mistakes as we observe in Section 2.4, or poor
impact as we get in Proposition 1.1.44. We also note that the technique of work with par-
ticular algebras (with few generators) are the study objects of effective works, as [Brz16b]
and [AB18], which we studied in Sections 2.1.1 and 2.1.3 respectively, where the principal
work tool was the direct compute in terms of generators and relations.

For the 3-dimensional skew polynomial algebras that are Ore extensions R[x, σ, δ], where
[σ, δ] = 0, we conclude in Section 2.3.1 that the automorphism σ′ such that σ′|R = σ, in
general, leaves subspace Rx + R invariant, and that in one of these algebras, σ′ can not
be defined.
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Future work

In the case of skew polynomial algebras of dimension 3, its smoothness study could be
completed with the smoothness of iterated Ore extensions and generalized Weyl alge-
bras. Since the diffusion algebras of both types are affine algebras constructed from C
or C[x1, ..., xn], by the fact that these commutative algebras are differentialy smooth, we
wish to know if there is a way to inherit the smoothness of diffusion algebras of type 1.
In a wider way, we know that these algebras are iterated Ore extensions of C or C[x] with
the skew derivation δ 6= 0. By this way, we wish to explore how the smoothness of the ring
base R is related with the smoothness of an Ore extension R[w;σ, δ] in the general case
that R 6= C[x] and δ 6= 0. Also, in [Brz16b] we found an example of first order differen-
tial calculus over a particular class of generalized Weyl algebras A(p, q) studied in Section
2.1.2. Until this moment, there is no exist sufficient or necessary conditions that guarantee
the integrability and the differentially smoothness of these algebras. These works can give
us a guide to establish the smoothness of generalized Weyl algebras in general using the
Brzeziński’s calculus.

With this in mind, we consider, as a future work, to search good objects that let the inherit
of smoothness of bases subalgebras. To do this, we will start researching compatibility
properties in automorphisms of algebras, not only of extended type as in Section 2.3.1,
but in a general way, and to optimize features of the skew derivations that guarantee the
density condition of the Brzeziński’s differential calculus (Ω, d), the connectivity of d, the
flat behavior of the hom-connection ∇ and the integrability of the complex of integral
forms (IA,∇).

In the general frame work of skew PBW extensions, we want investigate conditions
for the skew derivations established in Theorem 2.4.6, so we can deduce the differentially
smoothness using the construction of the Brzeziński’s calculus. Second, we want to start
the search of general characterizations of skew derivations of skew PBW extensions with
the aim of establishing its Brzeziński’s calculus. In order to do that, we have to understand
and to correct the propositions and proofs presented in [Art15].
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