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Resumen

En esta tesis se estudia el comportamiento energético de los osciladores de cáto-

do virtual (Vircators). El objetivo principal es identicar los parámetros de diseño que

permiten maximizar la energı́a radiada en una banda especifica de frecuencia.

El problema es abordado, inicialmente, mediante optimization numérica. En este ca-

so, fue construida una herramienta computacional basada en algoritmos evolutivos

y simulación computacional de partı́culas. Esta solución es funcional y no requiere

de un modelo matemático del problema. Su principal ventaja es la posible inserción

de variables de diseño adicionales y que podrı́a realizar la optimización de cualquier

tipo simulable de Vircator.

En una segunda fase, el problema fue abordado y solucionado bajo un enfoque de

optimization clásico. Para esto, como punto de partida fue necesario determinar un

modelo matemático del problema. La principal ventaja de este enfoque es el bajo

costo computacional.

Los dos enfoques presentados en esta tesis fueron validados mediante simulación

computacional y reportes experimentales presentes en la literatura.

El principal resultado de esta tesis fue la identificación del papel de los parámetros

de diseño en la respuesta energética de los Vircators. Además, se determinaron dos

metodologı́as para optimizar las respuestas de energı́a de los Vircators a una fre-

cuencia determinada.

Palabras clave: Carga espacial, Fuentes de microondas de alta potencia, Microondas

de alta potencia, Oscilladores de cátodo Virtual, Partı́culas, Plasma, Relatividad, Vir-

cator.
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Abstract

This thesis studies the energy behavior of the Virtual Cathode Oscillators (Vircators).

The overall objective focuses on determining geometric and functional parameters to

maximize the energy radiated into a specific band of frequency.

Initially, the problem was addressed through numerical optimization. A computational

tool integrating an evolutionary algorithm with a simulator of particles was developed.

The main advantage of this approach is the fact that Vircator of different typologies

can be optimized.

A second approach focuses on solving the problem through classic optimization tech-

niques. The first step was to determine a mathematical model that relates the Vircator

design parameters with the energy output. Then, the mathematical model was stu-

died and optimized. Principal advantages of this approach are the low computational

complexity and the fact that the model allows studying and understanding Vircators

physics.

The approaches presented in this thesis were validated by computational simulation

and reports of experiments available in the literature.

The main result of this thesis was the identification of the role of the design parame-

ters on the energy response of the Vircators. Additionally, it was found two methodo-

logies to optimize the Vircators’s energy responses at a determined frequency.

Keywords: High-Power Microwave, High-Power Microwave Sources, Particles, Plasma,

Relativistic, Space-charge, Vircator, Virtual Cathode Oscillator.
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1. Introduction

1.1. Thesis framework

This thesis was suggested and has been supported by the Electromagnetic Compa-

tibility Group of the Universidad Nacional de Colombia (EMC-UN) 1 and has enjoyed

the backing of the Universidad de Los Andes (Colombia), the École Polytechnique

Fédéral de Lausanne (EPFL, Switzerland), the Xi’an Jiaotong University (China), and

the Federal Office for Defence Procurement (Switzerland).

The experience of the EMC-UN focuses mostly on High-Power Electromagnetics

(HPE) coupling and antennas design [2, 3, 4, 5, 6], the group has been interested

in the subject of HPM generation and has carried out some initial studies on the

matter [7, 6]. Besides, EMC-UN is interested in beginning an HPM program where

technologies of HPM generation could be studied and developed.

The HPM term refers to the study of electromagnetic radiation with peaks power

exceeding 100MW [8] and dominant radiated frequencies in the range of 1 GHz to

100 GHz [9]. In the case of technologies of HPM generation, these devices typically

are modularly constructed with the following components [8]:

Prime Power is the component that provides the electric power.

Pulsed Power subsystem is a device that stores the energy and produces the

electric pulses.

Source transforms the electric energy into electromagnetic energy.

Mode Converter couples the source with the antenna.

Antenna is the radiation device.

This thesis is limited to the study of the source, furthermore, is explicitly focused on

exploring of the sort called Virtual Cathode Oscillators (Vircators), which is recom-

mended as the starting point of HPM programs [8].

1http://www.emc-un.unal.edu.co/, https://es.wikipedia.org/wiki/EMC-UN
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Figure 1-1.: Scheme of an axially extracted Vircator.

1.2. Background

Vircators are narrow-band sources able to produce microwave radiation in the GW

range during tens of nanoseconds [10]. Vircator microwave generation occurs when

an electron beam, injected into a drift-tube, exceeds the maximum current that can

go through the tube [11].

In a Vircator, two regions could be defined (see Figure 1-1). The first one is the dio-

de and comprises the interelectrodic space (gray region in Figure 1-1). In this area,

electrons detach from the cathode by an emission process called Explosive Electron

Emission (EEE) [12]. In EEE, plasma forms in the vicinity of the cathode and then,

electrons accelerate toward the anode. The second region is the drift-tube (white

region in Figure 1-1). In this zone, the current is limited to a maximum value (Iscl)

because of the forces between the electron beam and the tube walls [8, 13]. When

the current injected into the drift-tube exceeds Iscl, a space region where the charge

is accumulated appears. This area is known as the Virtual Cathode (VC). Vircator

produces HPM because of the VC oscillation and the electron reflexing between the

real cathode and the VC [11].

The first step to understand the Vircator operation could be considered the works ca-

rried out by C. D. Child [14] and I. Langmuir [15, 16]. At the early 20s, they identified

the Space-Charge-Limited current for one-dimensional diodes. The work of Child and

Langmuir is called the Child-Langmuir’s law and defines the maximum current flowing

between the electrodes.

In 1961, W. B. Bridges and C. K. Birdsall [17] identified the occurrence of VCs. They
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determined that when in a drift-tube a current exceeding Iscl was injected, the charge

was stored in a region of the space.

In 1977, R.A. Mahaffey built the first functional Vircator [18]. Mahaffey deduced that

the Vircator dominant frequency varied as

f ∝ V 1/2

dn
, (1-1)

where V is the applied anode-cathode voltage, d is the anode-cathode gap, and n is

a value between 0 and 1.

Three years later, H. Brandt [19] built a Vircator on peaks of power over the gigawatts

in the X-band (7GHz-12.5GHz). Brandt used a Reflex Triode [20] fed with relativistic

voltages.

By the early 80s, an investigation performed by D. J. Sullivan [21, 22] showed that the

Vircator’s dominant output frequency was related to the relativistic plasma angular

frequency (ωp = 2πfp), where ωp is given by the expression:

wp =

√

4πnbe2

γ0m
, (1-2)

where nb is the electron beam density injected into the drift-tube, γ0 is the Lorentz

factor of the electrons injected, e is the electron charge, and m is the electron rest

mass.

Vircator’s research projects and publications have become increasing in the last

twenty years (see Figure 1-22). However, design methods of optimal Vircators are

not well understood. Furthermore, the majority of Vircator optimization efforts have

been focused on maximizing the Vircator’s peak power [23, 24, 25, 26] instead of

the energy. Additionally, most of these works have been addressed to determine the

optimality of only one or two design parameters at the same time [27, 28]. Figure

1-2 compares the total publication VS. the publication related with optimization in the

topic of Vircator according to Scopus2.

During the development of this dissertation, we consider dimensional parameters the

cathode radius (rc), the drift-tube radius (rdt), the cathode-anode gap (d), and opera-

2Source: Scopus. Search Equations: Eqs: 1. ((vircator) OR ( virtual AND cathode AND oscillator ))

2. ((vircator) OR ( virtual AND cathode AND oscillator ) ) AND ( optimization )
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Figure 1-2.: Total publications per year on any Vircators’ subject against the Virca-

tors’ optimization publications (According to Scopus2).

tional parameters the anode transparency grade (Ta) and the feed voltage (V ).

1.3. Research question

Presently, there is not a definitive way to design Vircators with maximum energy ra-

diation criteria at a given dominant frequency. The main reason for this is the lack

of a multiparametric model relating the radiated energy with the design parameters.

Based on this, the questions of this thesis can be formulated as follows:

What is the relationship between the variables defining the geometry of the Vircator

and its radiated energy?

What is the model explaining the relationships between the parameters of the geo-

metry of the Vircator and its radiated energy?

A subsequent question can be stated as follows:

How the parameters of a Vircator can be chose, such as the radiated energy maximi-

zes at a given frequency?

This thesis gives answer to this question.
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1.4. Outline

This dissertation is organized as follows:

Chapter 2 presents the theoretical framework supporting this thesis. The chapter is

divided into two sections. The first part discusses the physics of the diode region. The

second section shows the physics phenomena occurring in the drift-tube region (see

Figure 1-1 as reference).

In Chapter 3, two theoretical contributions obtained during the development of this

thesis are presented. The first one is a new, simplified and exact solution for the

space-charge-limited current for planar geometries in relativistic regime. The second

one is a relativistic solution for the space-charge-limited current for coaxial geome-

tries. Both solutions are expressed as functions of the non-relativistic solution and a

correction factor.

Chapter 4 presents a numerical optimization approach determining the Vircator de-

sign parameters maximizing the produced energy at a given frequency. This solution

is based on a computational simulation. In Section 4.1, a brief introduction to the

numerical optimization techniques is presented. Additionally, the chosen bioinspired

optimizing technique (metaheuristic) is introduced. After that, Section 4.2 describes

the selected simulation software and its configuration in order to reduce the simu-

lation time while maintaining reliability. In Section 4.3, the complete computational

solution is presented. One optimization example is carried out in Section 4.4. Finally,

chapter conclusions are presented in section 4.5.

Chapter 5 presents two original mathematical models. The first one considers the

VC’s frequency, the beam current, the beam radius, the maximum current drifting in

the tube and the feed voltage in order to define an energy model determining the ra-

diation in the dominant frequency. The second one established the energy efficiency

at the dominant frequency as a function of the VC’s frequency, the beam current, the

cathode radius, the maximum current drifting in the tube, the feed voltage and the

anode transparency grade.

In Chapter 6, the energy optimization problem will be addressed. We named two sub-

problems called the Partial and the Generalized solutions. The first one focuses on

finding the optimal parameters for existing Vircators when the drift-tube cannot be

modified, and the anode transparency grade is chosen by a lifetime criterion (Section
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6.2). On the other hand, the Generalized Solution targets the design from scratch of

energy-wise optimal Vircators (Section 6.3). Section 6.4 presents an analytical proof

that the optimality is located at a specific subregion of the variable space, and then,

we show the validation for both solutions in 6.5 and 6.6 respectively. The analysis of

the Vircators’ design will be presented in Section 6.7, and an example will be shown

in Section 6.8, before the chapter conclusions.

Now, moving from energy to energy efficiency optimization, we will address in Chap-

ter 7 the Partial and Generalized solutions. Again, as in (Section 6.2), the Partial

solution focuses on finding the optimal parameters when the drift-tube and the trans-

parency grade cannot be modified in (Section 7.2). The study for the Generalized

solution, facing the design of Vircators from scratch (that is when all the design pa-

rameters can be manipulated) will be shown in Section 7.3. Section 7.4 reviews the

subregion where the variables are placed in order to ensure optimality, and after that,

a validation for both solutions will be shown in Sections 7.5 and 7.6. Finally, chapter

conclusions will be presented in Section 7.7.

Conclusions will be discussed in Chapter 8.

1.5. Contributions

Contributions obtained during the development of this thesis are summarized as fo-

llows:

Two methodologies to determine the optimal Vircator’s design parameters ma-

ximizing the amount of energy (or energy efficiency) at a fixed frequency, were

proposed. The first methodology is based on computational simulation and heu-

ristics techniques. This solution does not depend on mathematical models and

can optimize any simulable Vircator typology. The second methodology focus

on modeling and mathematical optimization. This solution allows studying the

Vircator physics and defining the characteristics, limits, and capabilities. The-

se contributions were already published by the author of this thesis in [29, 30].

Additionally, the author have published others two papers that give support to

these contributions in [31, 32].

New mathematical models for the average power and energy efficiency were

proposed. Models were validated against numerical simulation and experimen-

tal reports. Validation showed that the models are accurate close to the optimal
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parameters. However, models fail when the parameters are far from the optima-

lity. Because of this, energy and energy efficiency maximization conditions can

be identified by the study of these models. The author of this thesis published

two papers where this contributions are presented [30, 33].

This thesis presents two new solutions for the space-charge-limited current in

the relativistic regime. One solution focus on the planar geometry and the other

one in the coaxial geometry. The two solutions are based on correction factors

for the non-relativistic classical solution both in the planar and coaxial geome-

tries. These contribution were published by the author of this thesis on [34, 35].

The characteristics of the diode current increasing the Vircator energy perfor-

mance were established.

Vircators’s energy performance limits and capabilities were determined.

The role of the design parameters on the energy and energy efficiency were

determined.





2. Theoretical framework

This chapter presents the Vircators’s operation theory. The chapter is divided into two

sections that present separately the physics phenomena in the Diode region and the

Drift-tube region (see Figure 1-1).

Section 2.1 focuses on the Diode Region. Topics presented in this Section are the

electron emission mechanism, definition of Space-charge-Limited current and Pin-

ching current, introduction to the energy conservation law, presentation of the La-

minar current criterion, and the gap closure phenomenon. In the case of the Drift-

tube region, Section 2.2 introduces the topics of anode transparency, Space-charge-

Limiting Current, frequency occurring by the virtual cathode oscillation, frequency due

to the electrons reflexing, Larmor’s formula, and Vircators’ power models.

2.1. Diode region

2.1.1. Electron emission mechanism

The cold metal electron emission theory was developed by Schottky [36] defining

that the Fowler-Nordheim’s [36, 37, 38] equation established the current that would

be emitted by a cathode. However, pre-breakdown currents can appear with electric

fields of two or three orders of magnitude below of the established by the Fowler-

Nordheim’s Equation [39, 40]. The reason for that is the presence of microscopic

protrusions over the cathode surface [10]. The Joule effect produced by currents on

the top of the protrusions generates heating. Next, the protrusion can melt turning

into vapor by sublimation. Then, the vapor is ionized creating plasma flares close to

the protrusion. Each flare combines with other flares produced in other places, and

finally, plasma covers the whole cathode. Plasma acts as the electron source [12].

This emission mechanism is called Explosive Electron Emission (EEE). In EEE, elec-

tron emission occurs separately on different sites. These places are called Emission

Centers (EC).
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To begin the emission process, the electric field on the cathode surface must exceed

a threshold (Eth). So, EEE and consequently the Vircator operation is restricted to

~Ec · n̂ > Eth, (2-1)

where ~Ec is the electric field on the cathode surface and n̂ is the unitary vector normal

to the cathode surface.

In the case of the one-dimensional planar diode, this constraint can be approximated

as
V

d
> Eth, (2-2)

where V is the anode-cathode voltage and d is the anode-cathode gap.

2.1.2. Space-Charge-Limited Current

After the emission process, electrons in the plasma accelerate toward the anode be-

cause of the electric field of the diode. Accelerated charge creates an electric field

opposite to the electric field initially applied. When the generated and the applied

electric fields equal at the cathode surface, new particles cannot detach from the

plasma. At this moment, the electron emission stops, and it said that the current is

Space-Charge-Limited (SCL) [41].

SCL current is defined according to the geometry. In the Vircator case, the most

common geometries are planar (Figure 2-1) and coaxial (Figure 2-2), which will be

presented below.

A. Planar geometry

In the early 20th century, the one-dimensional SCL current density for the planar

geometry (see Figure 2-1) was deduced by C. D. Child [14] and I. Langmuir [15] as

~JCL =
4

9
ε0

√

2e

m

V 3/2

d2
, (2-3)

where ε0 is the free space permittivity, e and m are the electron charge and rest mass

respectively, d is the anode-cathode gap, and V is the feed voltage applied between

anode and cathode (see Figure 2-1 as reference).
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Figure 2-1.: Scheme of a parallel plate diode

Equation (2-3) is known as the Child-Langmuir’s law and determines the maximum

current crossing the gap between two infinitely long parallel plates.

Child-Langmuir’s law does not consider relativistic effects. Typically, these effects are

neglected when the velocity reached by the particles is lower than 86.6 % of the speed

of the light (c). That is when the anode-cathode voltage (V ) is lower than 511kV [8]

(relationship between V and the electron speed is presented in Section 2.1.6).

B. Coaxial Geometry

Another typical geometry of the diode frequently used in Vircators is the coaxial (see

Figure 2-2). I. Langmuir [15] and K. Blodgett [16] define the SCL current for this

geometry as

~JLB =
8

9
ε0π

√

2e

m

V 3/2

rβ2
, (2-4)

where ~JBL is the current per axial length unit in the radial direction(Linear current

density), r is the radius at any point into the diode, and β is defined as

β(r > rc) = γ − 2

5
γ2 +

11

120
γ3 − 47

3300
γ4 +

31033

18480000
γ5 − ..., (2-5)

where γ = ln r/rc
1, when the cathode is the inner cylinder.

And

β(r < rc) = γ +
2

5
γ2 +

11

120
γ3 +

47

3300
γ4 +

31033

18480000
γ5 + ..., (2-6)

1γ is the letter used by the authors but is not related with the Lorentz factor.
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Figure 2-2.: Scheme of the coaxial diode.

where γ = ln rc/r, when the cathode is the outer cylinder.

Equations (2-4) to (2-6) are known as the Langmuir-Blodgett’s Law and are one-

dimensional non-relativistic solution.

2.1.3. Relativistic solutions for the Space-Charge-Limited

Current

When the speed of the electrons is higher than the 86.6 % of c (V > 511kV ), relati-

vistic effects must be taken into account, as follows.

A. Planar geometry

The solution for the planar diode in the relativistic regime was deduced first by H.

R. Jory and A.W. Trivelpiece [42]. The solution presented by Jory is a function of a

variable ζ defined as

ζ =

(
~Je

2mec3ε0

)1/2

d, (2-7)

and it reads

ζ =







ω(ω4+1)1/2

ω2+1
+ F (k1,φ)

2
− E(k1, φ)

0 ≤ ω ≤ 1
ω(ω4+1)1/2

ω2+1
− F (k1,φ)

2
+ E(k1, φ) +K(k1)− 2E(k1)

1 ≤ ω ≤ ∞







, (2-8)
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where:

ω4 = U2 + 2U , U = eV/mc2.

F (k1, φ) is the incomplete elliptic integral of first kind.

E(k1, φ) is the incomplete elliptic integral of second kind.

K(k1) is the complete elliptic integral of first kind.

E(k1) is the complete elliptic integral of second kind.

k1 = 1/2 and φ = 2ω/(ω2 + 1).

This solution shows a significant reduction of the current due to the relativistic effects

(see Figure 2-3). e.g., at 511kV the Child-Langmuir’s Law overestimates the SCL

current in 8.8 %.

Because of the complexity of the exact solution presented in Eqs. (2-7) and (2-8),

Jory [42] introduced an approximated equation that fits on the relativistic regime as

~J = 2ε0mc3
(
√
kV + 1− 0.8471)2

ed2
, (2-9)

where k = e/(mc2).
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B. Coaxial Geometry

The relativistic solution for the coaxial geometry still has not been obtained in exact

mode. However, Z. Yang et al. [43] presented an approximated solution as

~J =
2πε0mc3

e

((1 + a ·X0)
2/3 − 1)3/2

a · r · (1− u−1 − u−1 ln u)
, (2-10)

where X0 = k · V , u = r/rc, and a = 0.324 + 0.83 ln (u+ 0.098).

The maximum relative error of Eq. (2-10) reported by the author reaches up 9 % at

the relativistic limit (V = 511kV ).

2.1.4. Two-dimensional solution for the Space-Charge-Limited

Current

Solutions presented in the previous sections are one-dimensional solutions which

mean that the geometries are considered infinitely long. The two-dimensional solu-

tion for the SCL current has not been solved analytically yet. Nevertheless, some

approximated expressions have been derived using varied methodologies.

Most of the solutions [44, 45, 46, 47, 48] have been expressed as functions of the

one-dimensional solution ( ~J1D) and a geometric correction factor (FG)

~J2D = ~J1D · FG. (2-11)

A. Planar Geometry

Diodes of planar geometry are constructed typically with flat metallic cathodes and

anodes of circular shape (see Figure 2-4). For this sort of diodes, Y. Y Lau [47] derived

a first order approximated expression as a function of the cathode radius (rc) and d

as

FG = 1 +
d

4rc
. (2-12)

Additionally, Y. Li [45] empirically derived a more accurate second order expression

states as

FG = 1 + 0.26468
d

rc
+ 0.00585

r2c
d2

. (2-13)
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B. Coaxial Geometry

In the coaxial diode case, the work developed by X. Chen et al. [44] states a two-

dimensional geometrical correction factor as

FG = 1 +
2r2c
W 2

, (2-14)

where W is wide of the cathode .

2.1.5. Pinching Current

The beam current in the diode self induce a magnetic field that compresses and re-

duces the radius of the beam. If the current exceeds a critical magnitude, the electron

beam pinches [49].

For circular solid beams, the pinching current is defined as [8]

Ipinch =
2πε0mc3

e

rc
d
γ0, (2-15)

where γ0 is the Lorentz factor of the electrons at the anode (see Section 2.1.6).

The pinching effect reduces the Vircator power radiated and must be avoided [13, 8].
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2.1.6. Energy conservation law

γ0 relates with V through the energy conservation law as

(γ0 − 1)mc2 = eV. (2-16)

Equation (2-16) will be frequently used in this thesis to transform from V to γ0 and

vice-versa.

Additionally, the speed of the electrons arriving to the anode (v0) can be derived from

the Lorentz factor as

v0 =
c

γ0

√

γ2
0 − 1. (2-17)

2.1.7. Laminar current criterion

To ensure both one-dimensional and laminar electron flow, the diode current must not

exceed a critical magnitude (Ic) [50]. For the planar circular diode geometries, Ic can

be defined as [51]

Ic =
2πε0mc3

e

rc
d

√

γ2
0 − 1. (2-18)

This equation will be fundamental during the development of Chapter 5 due to the

fact that it defines the range of current where the electron beam can be considered

equal to the cathode radius.

2.1.8. Gap closure

Gap closure refers to the phenomenon of plasma expansion, which eventually fills

the whole diode and becomes relevant to determine the Vircator’s operation time. It

happens when the plasma fills the entire diode space. At this time, the Vircator radia-

tion finishes because the diode will be short-circuited [13].

The plasma expansion speed (vp) is in the range of cm/µs [52, 53]. This leading

that with anode-cathode gaps under the centimeter, the Vircator operation time will

be of hundreds of nanoseconds. Higher operation time needs increasing the anode-

cathode gap. Gap closure can be defined as [13]

tmax =
d

2vp
. (2-19)
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2.2. Drift-tube region

2.2.1. Anode

The anode is the common element of the two regions. This element can be construc-

ted with metallic meshes or foils. Usually, anodes are designed to ensure a compro-

mise between efficiency and lifetime. In this thesis, only meshed anodes will be taken

into account.

The transparency factor (Ta) is the most used parameter defining the performance of

the anode in term of efficiency. The reason is that Ta establishes the relation between

the number of electrons arriving (ni) and leaving (no) the anode. That is

Ta =
no

ni

. (2-20)

Ideally, the anode efficiency (ηa) can be considered equal to the transparency. In this

case

ηa =
Eo

Ei

, (2-21)

where Ei = ni(γi − 1)mc2 is the energy of the particles arriving at the anode, and

Eo = no(γo − 1)mc2 the energy leaving. Then

ηa =
no(γ0 − 1)

ni(γi − 1)
, (2-22)

where γ0 is the average Lorentz Factor of the electrons leaving the anode, and γi is

the Lorentz Factor of the particles arriving the anode.

So, Ta = ηa only if γ0 = γi. This condition cannot be ensured for foil anodes.

2.2.2. Drift-tube Space-Charge-Limiting Current

In the Drift-tube region, the beam speed decreases as a consequence of the for-

ces produced between the beam and the walls of the Drift-tube. When the injected

current (Ib) reaches the Space-Charge-Limiting Current (Iscl), the particles stop alto-

gether. Iscl defines the maximum current traveling through the Drift-tube.

Iscl depends on the electron beam and drift-tube geometry. For a solid beam of radius

rb injected into a coaxial drift-tube of radius rdt, Iscl can be stated as [8]
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Iscl =
2πε0mc3

e

(

γ
2/3
0 − 1

)3/2

1 + ln (rdt/rb)
. (2-23)

Ib must exceed Iscl as the primary condition for the VC formation, and so, the radiation

of HPM.

2.2.3. VC oscillation frequency

As it was stated earlier, two mechanisms are responsible for the HPM generation.

The first one is the VC oscillation.

D. Sullivan [22, 21] found that the VC oscillation frequency (fvc) was related to the

relativistic plasma frequency (fp) [54, 55]. Sullivan determined that fvc was into the

range fp ≤ fvc ≤
√
2πfp. Where fp is given by [11]

fp =
ωp

2π
=

1

2π

√

nbe2

ε0mγ0
, (2-24)

where nb is the electron beam density at the anode expressed in [1/m3], and ωp is the

relativistic plasma angular frequency.

A. Kadish [56] suggested an interval more reduced given by 1.9fp ≤ fvc ≤ 2.3fp. This

interval fits fine to the functional Vircators. Additionally, the center of the Kadish range

coincides with the work performed by Alyokhin et al. [57] where was proposed that

fvc ≈ 2.12fp.

For the purpose of this thesis, ωvc will be defined as a1ωp where a1 is a uncertainty

factor in the range 1.9 ≤ a1 ≤ 2.3.

On the other hand, from the continuity condition:

Jb = enbv0, (2-25)

where v0 is the electron speed at the anode (Eq. (2-17)), Eq. (2-24) becomes a fun-

ction of the beam current density:

fp =
ωp

2π
=

1

2π

√

eJb

ε0mc
√

γ2
0 − 1

. (2-26)
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2.2.4. Reflexing Frequency

The second mechanism of HPM generation is the electron reflexing between the VC

and the real cathode. In this case, the frequency is given by [11]

fr =
3

16

√

2eV

md2
, (2-27)

or in practical units [8]:

fr[GHz] = 2.5

√

1− 1/γ2
0

d[cm]
. (2-28)

2.2.5. Larmor’s Formula

Larmor’s formula describes the total power radiated (P ) in all direction by a punctual

charge (Q) when the charge is accelerated as [58]

P̄ =
2Q2a2

3c3
=

Q2a2

6πε0c3
. (2-29)

where a is the instantaneous charge acceleration.

Equation (2-29) is not considering the relativistic effects. The relativistic solution was

derived first by Liénard as [59]:

P =
2Q2a2γ6

3c3
, (2-30)

where γ is the Lorentz factor of the accelerated charge.

2.2.6. Power models

The documentary review established three Vircator power models. The first one was

proposed by B. D. Alyokhin et al. [57] and suggested that the Vircator radiated power

was a function of the beam current (Ib) and the maximum current for the drift-tube

(Iscl) as

P (t) = α

ˆ t

t0

(ib(t)− Iscl) dt, (2-31)

where α is a function of the particles accumulation rate in the VC and the power radia-

ted per an accelerated electron. t0 is the time when the beam reaches Iscl. However,

α is not defined by Alyhokhin.
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The second model was suggested by Biswas [60] and considered the VC formed by

a punctual charge inserted in an oscillating electric field of the form

E(t) = E0 + E1 sin (ωvct). (2-32)

This model is based on the Larmor’s formula (Section 2.2.5, Eq. (2-29)) and is accu-

rate for γ0 < 2.

The last identified model was proposed by J. I. Katz [59] where is defined the radiated

peak power as

Pp =
2e2V 4

3m2c3
. (2-33)

This model leads to efficiencies over 100 % for relativistic voltages.



3. Relativistic solutions for the

space-charge limited current

Child-Langmuir’s Law [15, 16] and Langmuir-Blodgett’s Law [16] (Section 2.1.2) are

non-relativistic solutions. Although some works considering the relativistic effects ha-

ve been published in the open literature (Section 2.1.3), these solutions present some

constraints and limitations.

In the case of the exact solution for planar diodes which was submitted by H. R. Jory

and A. W. Trivelpiece [42] (Section 2.1.3), the high complexity difficulties its use for

mathematical analysis. In the case of the coaxial diode, the exact solution has not

been obtained and the nowadays approximations lead to errors over 8 % [43].

This chapter presents relativistic solutions defining the space-charge-limit current

both for the planar and coaxial diodes. In the case of the planar diode, deduced

equation is an exact expression as Jory’s solution but it is more compact. Whereas

the coaxial case, the suggested equation is an approximation with error down to 2 %

in the verified range from 0V to 846MV and cathode-anode ratios from 0.075 to 0.95.

Both solutions are expressed as a function of the non-relativistic solutions (Child-

Langmuir’s Law and Langmuir-Blodgett’s Law) and a correction factor.

3.1. Planar diodes

The Space-Charge-Limited current problem can be defined as follows (see Figure

3-1):

there exist a unique J such that the electric field normal to the emission surface is

zero. Which can be summarized as
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Figure 3-1.: Scheme of a planar diode

∃J : E(0) · n̂ = 0. (3-1)

Poisson’s equation for the one-dimensional planar diode can be written as

d2φ(x)

dx2
= −ρ(x)

ε0
, (3-2)

where ρ(x) is the charge density and φ(x) is the potential in any place in x.

The boundary conditions for this problem are

φ(0) = 0, (3-3)

φ(d) = V, (3-4)

dφ(0)

dx
= 0. (3-5)

On the other hand, ρ(x) and the velocity of the particles v(x) define the current density

as

J = −ρ(x)v(x). (3-6)

Additionally, v(x) can be expressed as a function of the speed of light (c), and the

relativistic factor (γ) as (Section 2.1.6, Eq. (2-17))

v(x) =
c

γ(x)

√

γ(x)2 − 1. (3-7)
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From the conservation of energy law (Section 2.1.6, Eq. (2-16)), Eq. (3-7) rewrites as

v(x) =
c

kφ(x) + 1

√

(kφ(x) + 1)2 − 1, (3-8)

where k = e/mc2.

Replacing equations (3-8) and (3-6) into Equation (3-2)leads to

d2φ(x)

dx2
=

kφ(x) + 1

cε0
√

(kφ(x) + 1)2 − 1
J. (3-9)

This equation can be solved if is multiplied by dφ(x)/dx, and integrated as

ˆ φ′(x)

φ′(0)

dφ(x)

dx
d

[
dφ(x)

dx

]

=

ˆ φ(x)

φ(0)

kφ(x) + 1

cε0
√

(kφ(x) + 1)2 − 1
Jdφ(x). (3-10)

Solving and replacing the boundary conditions (Eqs. (3-3) to (3-5)) is obtained

1

2

(
dφ(x)

dx

)2

=

√

kφ(x)(kφ(x) + 2)

cε0k
J. (3-11)

This equation can be expressed as

ˆ φ(d)

φ(0)

√
cε0k√

2J 4
√

kφ(x)(kφ(x) + 2)
dφ(x) =

ˆ d

0

dx. (3-12)

Solving the integral with the boundaries conditions defined by Eqs. (3-3) to (3-5) leads

to
2 4
√
2cε0kV

4 4
√
kV + 2

3
√

J
√

kV (kV + 2)
2F1

(
1

4
,
3

4
;
7

4
;−kV

2

)

= d, (3-13)

where 2F1() is the hypergeometric function defined as [61]

2F1 (a, b; c; d) =
∞∑

n=0

(a)n(b)n
(c)n

dn

n!
. (3-14)

Finally, the space-charge-limited current density calculates as

J =
4

9
ε0

√

2e

m

V 3/2

d2
2F1

(
1

4
,
3

4
;
7

4
;−kV

2

)2

. (3-15)

Notice that this solution is a function of the Child-Langmuir’s (Eq. 2-3) and an additio-

nal factor (FR). In fact, the solution can be defined as

J = JCLFR, (3-16)
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Figure 3-2.: Current density in a planar vacuum diode. Comparison between the

Child-Langmuir’s Law (Eq. 2-3), the Jory solution (Eqs. 2-7 and 2-8) and

the new exact solution (Eq. 3-15) as functions of the anode-cathode Vol-

tage when the anode-cathode gap is fixed at 1cm.

where

FR = 2F1

(
1

4
,
3

4
;
7

4
;−kV

2

)2

. (3-17)

This solution produces the same results of the exact solution presented by Jory [42]

(Section 2.1.3, Eqs (2-7) and (2-8)) but is more compact. Figure 3-2 displays the

Child-Langmuir’s Law (Eq. 2-3), Jory solution (Eqs. 2-7 and 2-8) and proposed solu-

tion (Eq. 3-15) for a parametric variation of V while d remains equal to 1cm. Jory and

the proposed solutions are overlapped. Moreover, the proposed solution produces

the same results of the exact solution by Jory and is more compact.

Compact form of the presented solution makes easier the mathematical work that is

carried out in Chapters 5,6 and 7.

3.2. Coaxial diodes

Similar to the planar solution, it would be convenient to define a relativistic solution

for the coaxial diode as a function of the non-relativistic solution and a correction

factor (J = JBLFc), where the non-relativistic solution (JBL) is given by the Langmuir-

Blodgett’s Law (Eqs. (2-4) to (2-6)) and Fc is a correction factor to define. Under this

criterion, this section presents the deduction of an approximated relativistic solution

for the Space-Charge-Limited current in diodes of cylindrical geometries. The used
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Figure 3-3.: Scheme of the coaxial diode. Left-hand: Cathode outer cylinder, and

Right-hand: Cathode inner cylinder

methodology focuses on partial solutions and a fitting procedure.

The solution deduces as follows:

A scheme of the symmetry of the problem is presented in Figure 3-3. Due to the

cylindrical geometry, Poisson’s Equation can be defined as

1

r

d

dr

(

r
dφ(r)

dr

)

= −ρ(r)

ε0
, (3-18)

where ρ(r) is the charge density and φ(r) is the electric potential in the interelectrodic

space.

The charge density (ρ(r)) and the particle velocity (v(r)) define the linear current

density (J) in the radial direction as

J = 2πrρ(r)v(r). (3-19)

Following Eq. (2-17), v(r) can be expressed as function of the speed of the light

(c) and the Lorentz factor (γ(r)). Additionally, γ(r) can be solved from Eq. (2-16) as

γ(r) = eφ(r)/(mc2) + 1 = kφ(r) + 1, obtaining the following equation

v(r) =
c

kφ(r) + 1

√

(kφ(r) + 1)2 − 1. (3-20)

Equations (3-20) and (3-19) can be replaced into (3-18), obtaining the following equa-

tion
1

r

d

dr

(

r
dφ(r)

dr

)

=
J

2πcε0

kφ(r) + 1
√

(kφ(r) + 1)2 − 1
. (3-21)
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With the following boundary conditions

φ(rc) = 0, (3-22)

φ(ra) = V, (3-23)

dφ(0)

dr
= 0. (3-24)

Despite that Eq. (3-21) is cumbersome to solve analytically, some inferences can be

realized.

First, when the anode-cathode gap is small (ra → rc), the geometry can be consi-

dered planar and the solution tends to be the same solution obtained for the planar

diode (Section 3.1)

4

9
ε0

√

2e

m

V 3/2

d2
2F1

(
1

4
,
3

4
;
7

4
;− eV

2mc2

)2

=
1

2πr

8

9
πε0

√

2e

m

V 3/2

rβ2
Fc, (3-25)

where d is the anode-cathode gap and can be defined as d = |ra − rc|.

The factor 1/(2πr) was introduced for dimensional consistence, in order to convert

the current per unit length obtained with the Langmuir-Bloddged’s Law into current

density.

From Eq. (3-25), Fc can be solved as

Fc =
r2β2

d2
2F1

(
1

4
,
3

4
;
7

4
;− eV

2mc2

)2

, (3-26)

and the limit when ra → rc leads to

Fc = 2F1

(
1

4
,
3

4
;
7

4
;− eV

2mc2

)2

. (3-27)

Second inference can be done from the work presented by Yang et al. [43] where the

solution for ultra-relativistic voltage (γ ≫ 1) is presented as

J =
2πε0cV

r(1− u−1 − u−1 ln u)
, (3-28)

where u = r/rc.
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Equaling the Eq. (3-28) with the searched solution (JLB · Fc) gives

8

9
πε0

√

2e

m

V 3/2

rβ2
Fc =

2πε0cV

r(1− u−1 − u−1 ln u)
. (3-29)

Solving Fc

Fc =
9

4

√

mc2

2eV

β2

(1− u−1 − u−1 ln u)
. (3-30)

Equation (3-30) is defined by two terms. The first one is 9/4
√

mc2/(2eV ), which only

depends on V . The second one is β2/(1 − u−1 − u−1 ln u), which depends on r and

rc. when γ ≫ 1, the first term is exactly the half of Eq. (3-27) and

ĺım
rc→ra

β2

(1− u−1 − u−1 ln u)
= 2. (3-31)

Hence, Eqs. (3-27) and (3-30) can be combined in one equation presenting the two

inferences as

Fc = 2F1

(
1

4
,
3

4
;
7

4
;−kV

2

)2

× β2

2(1− u−1 − u−1 ln u)
. (3-32)

Equation (3-32) is the relativistic correction factor when rc → ra and γ ≫ 1. However,

it is possible to anticipate that this expression fails out of this region. To solve this

issue, it is wise to determine the error of Eq. (3-32) in order to define a fitting function.

At this point, it is imperative to solve J numerically from the differential equation de-

fined in the Eqs. (3-21) to (3-24) and determine the error concerning Eq. (3-32). The

main problem to obtain the numerical solution of Eq. (3-21) is the fact that two varia-

bles are unknown (J and the function φ(r)).

Despite this, following algorithm resolves computationally Eq. (3-21):

1. Initially, a random value is given to J .

2. Then, Equation (3-21) is solved numerically using the Wolfram Mathematics

solver (NDSolve). [62] between rc and ra.

3. Next, the boundary condition for φ(ra) compares with V and its error is calcula-

ted.

4. If the voltage at ra exceeds V , J decreases, otherwise increases (J variation is

chosen by the bisection method [63]).
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Figure 3-4.: Flowchart of the algorithm used to solve numerically the Space-Charge-

Limited current in coaxial diodes.

5. Step from (2) to (4) repeat as long as the desired error is not reached.

The algorithm is schematized in Figure 3-4.

Once defined the algorithm to solve the differential equation, the voltage was sampled

at pre-established values of the square of the hypergeometric function 2F1() defined

in Eq. (3-27) from 0.075 to 0.95 with samples every 0.025. Two sets of solutions were

performed. The first one corresponds to the cases ra > rc and the second one to

ra < rc. The values of J obtained numerically (Jref ) were compared with the value

calculated with JBLFc, where Fc is given by the Eq. (3-32). Both cases are presented
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Figure 3-5.: Numerical solutions of the relativistic current density normalized by JLB ·
2F1()

2.

in Figure 3-5 .

Using a fitting procedure applied to the data plotted in Figure 3-5, it was found a co-

rrection for the relativistic coaxial correction factor (Fc) given in the Eq. (3-32) that fits

with the numerical results. This correction writes as

Fc = 2F1

(
1

4
,
3

4
;
7

4
;−kV

2

)2

×
(

β(r > rc)
2

2(1− u−1 − u−1 ln u)

)b

, (3-33)

where β(r > rc) is the series of β defined for the cases where the cathode is the inner

cylinder (Section 2.1.2, Equation (2-5)). The exponent b is

b = 1− 2F1

(
1

4
,
3

4
;
7

4
;− eV

2mc2

)3

. (3-34)

In this case, the mean error calculated between the numerical calculations and the

expression given by Eq. (3-33) is less than 1 %, and the maximum error is less than

2.04 %. Equation (3-33) applies when the cathode is located either at the inner or the

outer cylinder with the series defined in Eq. (2-5). Finally, the expression obtained for

the relativistic SCL current density in the coaxial diode is

J =
8

9
πε0

√

2e

m

V 3/2

rβ2 2F1

(
1

4
,
3

4
;
7

4
;− eV

2mc2

)2(
β2

2(1− u−1 − u−1 ln u)

)1− 2F1( 1
4
, 3
4
; 7
4
;− eV

2mc2
)
3

.

(3-35)
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(a) Cases ra > rc (b) Cases rc > ra

Figure 3-6.: Error of the analytical relativistic solution (Eq. (3-35)) respect to the nu-

merical solution.

Validation for this expression from 0V to 846MV and radius ratios from 0.05 to 0.95

was realized. As results, the maximum error obtained was 2.04%. The maximum

relative error for voltages lower than 2MV was less than 1%.

The deduced equation is the most accurate expression published up to now[64, 43,

34] for the relativistic space-charge-limited current for the coaxial diode in the voltage

range from 0V to 846MV and radius ratio from 0.05 to 0.95. But, we can anticipate

that the accuracy increases for voltages out of the range verified and proportions of

radiuses > 0.95 due to the methodology applied to deduce the expression.

3.3. Conclusions

An analytical expression for the space-charge limited current in planar and coaxial

vacuum diode has been derived.

The expression derived for the planar diode is the exact solution and is equivalent to

the solution presented by Jory but more compact.

The expression derived for the coaxial diode presents a maximum relative error

around 2 % in the voltage range verified. Additionally, maximum relative error for vol-

tages up to 2 MV is less than 1 %.

The approach used to derivate the new expressions allow to state the relativistic so-
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lution as a function of the non-relativistic solution times a correction factor.

Equation deduced for the the coaxial diode is the most accurate expression published

for the relativistic space-charge-limited current for the coaxial diode.





4. Meta-heuristic optimization using

simulated objective functions

This chapter presents a method for the optimization of the energy radiated by a Vir-

ctaor at a given frequency. The method is based on meta-heuristic techniques. Mo-

reover, and due to the lack of deterministic models, evaluations of the objective fun-

ction are performed by computational simulations.

The optimization is addressed as a multi-objective problem whit two objectives de-

fined. The first objective is the maximization of the VircatorâTMs radiated energy. The

second one is the minimization of the deviation of the dominant frequency from the

target frequency.

We used the ”Non-dominated Sorting Genetic Algorithm II (NSGA II)”. Simulations

were carried out on CST-Particle Studio. Finally, the method determined a way to fa-

ce the Vircators’ energy optimization problem.

4.1. Description of the optimization approach

Nowadays, there is not a deterministic model relating the design parameters of a Vir-

cator and its energy performance. In the case of the models presented in Section

2.2.6, variable α for the Alyokhin’s model [57], and E1 and E0 for the Biswas’s mo-

del [60] remain undetermined. Whereas the model presented by Katzv [59] leads to

efficiencies bigger than 100 % in the relativistic regimen. These characteristics make

that the models cannot be used. Because of this, we propose to apply an optimization

approach based on a meta-heuristic using computational simulation during the step

of evaluation. This concept is introduced in section 4.1.1.

Additionally, Section 4.1.2 gives an introduction to the meta-heuristic (”Non-dominated

Sorting Genetic Algorithm II (NSGA-II)”) chosen in order to solve the problem.
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4.1.1. Meta-heuristics

A meta-heuristic technique can be considered a set of ordered steps focused on de-

termining the best solution between a numerous group of possible solutions [65]. The

possible solutions are constrained into a determined range which is called ”search

space”. In a meta-heuristics technique, the best solution cannot be ensured, despite

this, the solution should be a good solution [66, 67].

Meta-heuristics techniques which can be classified in three general families :

Simulated annealing: this algorithm is based on the annealing process where

a metal or alloy is heated above its melting point, and then, it is cooled. Simu-

lated annealing is an iterative algorithm based on the Boltzmann distribution

[68, 69].

Evolutionary algorithms: these sort of meta-heuristics are based on the Dar-

winian evolution. Its primary advantage is the simplicity [70].

Swarm intelligence: these algorithms are based on the nature rules determi-

ning the behavior of simple agents interacting with its environment and other

near agents. The most successful are Ant Colony Optimization (ACO), and Par-

ticle Swarm Optimization (PSO) [71, 72].

To determine a set of optimal solutions, a meta-heuristic evaluates the performan-

ce of some possible solutions called candidate solutions. With this information, each

meta-heuristic established a way to explore the search space in order to determine

the candidate solutions where the best performance is obtained.

Meta-heuristics use models to evaluate the performance of each candidate solution.

As there is not a suitable energy model for the Vircator, we propose to use compu-

tational simulation instead. I.e., when the algorithm needs to evaluate a candidate

solution, instead of solving a mathematical function, it calls a software simulating the

candidate solution and returning the performance of the evaluated solution .

The efficiency of a meta-heuristic is evaluated by metrics based on the performance,

convergence, and diversity of the solutions found [73] when is tested with well-known

optimization problems. Typically, an adequate heuristic to solve a determined opti-

mization problem can be chosen according to the metrics obtained with well-known

problems similar to the optimization problem to solve. However, in the case of this
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thesis, the model is unknown, and there are no clues to choose a suitable heuristic.

Besides that, the optimization problem presented in this thesis can be defined as a

multi-objective problem, where one of the objectives is the energy maximization (or

energy efficiency maximization), and the another is the minimization of the deviation

from the dominant radiated frequency to the frequency to be tune.

During the development of this chapter, a review of the most successful heuristics was

carried out. This revision was based on the study presented by Coello [73]. Finally,

the Non-dominated Sorting Genetic Algorithm II (NSGA-II) [74, 75] was selected, as

this is the most successful and studied heuristic up to day..

4.1.2. Non-dominated Sorting Genetic Algorithm II (NSGA-II)

We introduce here the Non-dominated Sorting Genetic Algorithm II (NSGA-II) which

is classified into the category of Evolutionary Algorithms (EA), and more specifically,

into the subcategory called Genetic Algorithm (GA).

A Genetic Algorithm is an iterative optimization mechanism based on genetics and

natural selection rules. In GA the terminology varies as follows:

The set of candidate solutions per iteration is called the population.

The performance criterion is called fitness.

Population in each iteration is known as a generation.

Each parameter or variables to optimize are defined as a gen, and the set of

genes or parameters optimizing is called chromosome.

An individual is a member of the population.

Selection is the process where the individuals that give genes to the next ge-

neration are chosen.

Crossover is the union of genes from the selected individuals in order to create

a new individual.

Mutation is considered the random variation of a gen into the chromosome.
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Figure 4-1.: Evolutionary algorithms flowchart.

Figure 4-1 shows the basic flowchart of the evolutionary algorithms [76]. First, a ran-

dom population is created into the search space. Then, the population is evaluated.

Next, if the stop criterion is reached the iteration is stopped, otherwise individuals

with the best fitness are chosen. After that, individuals selected are crossed in order

to produce a new generation, and then, the new population is mutated. Finally, this

new population is evaluated, and the cycle is repeated.

In NSGA-II, selection mechanism applies the concept of dominance and optimality

of Pareto (see as reference Section 1.2.2 in [73]). In this kind of selection mecha-

nism, each generation is ranked comform to the following two criteria. The first one is

the number of dominated solutions. The second one is the crowding distance which

defines the number of solutions surrounding the particular one [74, 75]. Figure 4-2

presents the NSGA-II’s flowchart [77].

4.2. Computational simulation method

This Section introduces the topic of plasmas simulations and defines the simulation

principle chosen to aboard this thesis. Additionally, the simulation software is chosen
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Figure 4-2.: Non-dominated Sorting Genetic Algorithm II flowchart.

and fitted in order to obtain a suitable compromise between accuracy and simulation

time.
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Integrate motion equations.

Fi → vi → xi

Weighting.

(x, v)i → (ρ, J)j

Integrate field equations.

(ρ, J)j → (E,B)j

Weighting.

(E,B)j → Fi
∆t

Figure 4-3.: Flowchart of the Particle In Cell (PIC) simulation technique.

4.2.1. Particle in Cell (PIC) simulations

Nowadays, there exist two basic principles to carry out plasma simulations:

Kinetic simulations consider the interaction between the particles through the

electromagnetic field and can be done in two ways: the first one is solving the ki-

netics plasma equations [78] and the second one is solving Maxwell’s equations

together to the Lorentz force.

Fluid simulations solves the magnetohydrodynamic (MHD) equations [79] which

are obtained by taking velocity moments.

Most used principle to carry out Vircator’s simulations is the Kinetic [80, 81, 82, 83].

The general flowchart of a kinetic Particle in cell (PIC) code is presented in Figure

4-3 [84].

The method works as follows: Firstly, the initial conditions, particle positions, and

velocities are read. Next, the charge density is calculated in each meshed point.

Then, the charge density it is obtained by the integration of the field equations. After

that, it is calculated how the field in individual grid point affects each particle. Lastly,

the motion equation is solved and then, the position and velocity of each particle are

updated. This algorithm is repeated each delta time.

There are available a large number of computational solutions to carry out PIC si-
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mulations. Some of these solutions are: ALaDyn1, EPOCH2, FBPIC3, LSP4, MAGIC5,

OSIRIS 6, PICCANTE7, PICLas 8, PIConGPU9, SHARP 10, SMILEI11, The Virtual La-

ser Plasma Library12, VizGrain13, VSim (Vorpal)14, WARP15, CST-Particle studio 16,

PTSG Software17.

From all available software we choose CST- Particle studio (CST-PS) because of the

capabilities of performing full 3D simulations and its easy interaction with Matlab [85].

Additionally, adequate and useful documentation for the implementation of plasma’s

simulations are available18.

4.2.2. Setup of the Vircator simulation on CST- Particles Studio

As it was mentioned, CST-PS has available documentation that help in the simula-

tions set up. But, there is a parameter called Emission Points Number (EPN) which

must be fixed on the electron emission surfaces before starting a simulation. Early si-

mulations have shown that this parameter can considerably alter both the result and

time of the simulation. A reduced number of EPNs can produce wrong results whe-

reas the simulation time decreases. Instead, a significant number of EPNs produce

results in more accuracy but increases the simulation time. Since the proposed op-

timization approach needs to evaluate a substantial amount of candidates solution,

the reduction of the simulation time is essential. This Section focuses on defining a

suitable EPNs in order to reduce the simulation time while the accuracy of the results

1doi:10.5281/zenodo.49553
2doi:10.1088/0741-3335/57/11/113001
3doi:10.1016/j.cpc.2016.02.007
4doi:10.1016/S0168-9002(01)00024-9
5doi:10.1016/0010-4655(95)00010-D
6doi:10.1007/3-540-47789-6 36
7doi:10.5281/zenodo.48703
8doi:10.1016/j.crme.2014.07.005
9doi:10.1145/2503210.2504564

10doi:10.3847/1538-4357/aa6d13
11doi:10.1016/j.cpc.2017.09.024
12doi:10.1017/S0022377899007515
13http://esgeetech.com/products/vizgrain-particle-modeling/
14doi:10.1016/j.jcp.2003.11.004
15doi:10.1063/1.860024
16https://www.cst.com/products/cstps
17https://ptsg.egr.msu.edu/
18https://pdfs.semanticscholar.org/presentation/7519/3865efde788b01cc33eb5b9d43db3ccc2d1b.pdf.
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Table 4-1.: Vircators configurations simulated establishing the suitable EPN

Parameters Description First Vircator Second Vircator

Ta[ %] Anode Transparency 0.84 0.65

d[cm] Anode-cathode gap 0.525 0.5

Lc[cm] Cathode length 5.25 2

Ldt[cm] Drift-tube length 15.75 12

rdt[cm] Drift-tube radius 4.75 4.8

rc[cm] Cathode radius 2.1 2

v(t)[kV ] Anode-cathode Voltage 604(e−0.25t − e−t) 615e−0.25t − e−t)

is maintained.

In order to define an adequate relation between accuracy and simulation time, a

study was performed for determining an adequate relation between EPNs and the

emission area. During the study, we carried out two sets of simulations. In each set

was simulated the same geometry varying the EPN. The study analyzed the varia-

bility of results concerning EPN. Results studied were: peak power (Pp); energy (E);

energy efficiency (e); and dominant frequency (f ). Simulations were performed over

the Vircator axially extracted presented in Figure 1-1.

Two sets of simulations were established according to the Vircator geometries defi-

ned in Table 4-1. For the first Vircator the number of EPN=[513 1081 2068 3805]. For

the second Vircator the number was EPN=[3 513 1081 2068]. Table 4-2presents the

results obtained. Energy and energy efficiency were calculated over the band from

1GHz to 10GHz according to the methodology presented in Appendix B. Additionally,

data shown in Table 4-2 are plotted in Figure 4-4. The expected value for each simu-

lation and response is the value produced by the simulation with the maximum EPN

number.

Following the results, the EPN = 1081 was selected because produces accurate re-

sults with a maximum error around 3 % respecting to the result with the bigger EPN.

Additionally, the simulation time is reduced around 16 times in comparison with the

maximum tested EPN. Hence, simulations were set up to an approximated density of

emission points of 1081/(πr2c ) = 80EPN/cm2 .
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Table 4-2.: Responses obtained establishing the suitable EPN

Response

EPN

First Vircator Second Vircator

513 1081 2068 3805 3 513 1081 2068

Pp[MV ] 144 123 112 112 748 171 129 118

E[J ] 0.45 0.47 0.45 0.44 3.23 0.43 0.39 0.4

e[ %] 0.98 1.04 1.04 1.02 3.6 0.72 0.65 0.66

f [GHz] 7.84 7.58 7.32 7.28 5.7 8.32 8.3 8.34
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Figure 4-4.: Identification of the optimal parameters of simulation. Identification of the

adequate Emission Number Points(EPN).
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Matlab,
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Configuration

Files

CST - PS,

Simulation
Result Files

Figure 4-5.: Simplified flowchart of the proposed computational solution.

4.3. Description of the computational solution

This Section focuses on describing the whole computational solution.

Implementation of the optimization algorithm was carried out in Matlab according to

the NSGA-II flowchart presented in Figure 4-2 and the original papers by K. Deb et al.

[74, 75]. NSGA-II was programmed from scratch in order to make easy the interaction

with the simulator. .

Because of the long simulation time, the initial population was established in 28 indi-

viduals. In order to define the individuals of the next generation, the mating step was

implemented using two procedures: the first one was one-point crossover [86]; the

second procedure was a blending method where it is choosing one random gen of

one parent while the other genes are copied from the other parent. The two methods

were alternated between generations. The mutation was established on 5 % of the

population.

The link between Matlab and CST-PS is based on the recommendation presented by

R. L. Haupt [85]. Figure 4-5 shows the flowchart of the solution performed which can

be interpreted as follows:

1. Matlab runs the NSGA-II.
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2. Each time that NSGA-II needs the evaluation of an individual (or Candidate

Solution), Matlab creates a configuration file that define the chromosome, and

then, launches a CST-PS simulation.

3. The Macro loads the file CST that contains the geometry and assign the values

of the variables defined by Matlab into the configuration file. Then, simulation is

executed.

4. Once the simulation ends, the macro exports a file that contain the result of the

simulation.

5. Finally, Matlab takes the result files and process it in order to calculate the

fitness of the candidate solution simulated (see Appendix B). This flowchart

is repeated each time that evolutionary algorithm needs the evaluation of a

candidate solution.

The complete solution is based on the architecture client/server (see Figure 4-6) and

was executed as follows:

The server runs the NSGA-II algorithm and generates the population to be evalua-

ted. The population is exported to a Task File located into a FTP-server accepting

only one connection at a time (the NSGA-II and the FTP run in the same Machine).

The client are remote machines. Each client has a Matlab script that connects to the

FTP-server and reads the Task File. If there is a new candidate solutions to be eva-

luated, the client takes it, deletes it from the Task File and closes the connection. Now

a new client can connect to the FTP and read the Task File.

The client simulates the candidate solution in CST-PS. Once the simulation is com-

pleted, Matlab determines the fitness and uploads the results obtained to a Fitness

File, located in the Server.

When all the simulations are finished, the server (who is periodically checking the

Fitness File) can evaluate the generation, continuing with the execution of the NSGA-

II algorithm conforms to the flowchart presented in Figure 4-2.

4.4. Example

In this section, the computational approach described in Section 4.3 is tested. Figure

4-7 and 4-8 show the diagram of the Vircator to optimize. Notice that a new variable
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Figure 4-6.: Flowchart of the final computational solution (solution Client/Server).

is introduced in Figure 4-7. This is Lc, the cathode length. The other variables to

optimize are the anode transparency (Ta), cathode radius (rc), anode-cathode gap (d),
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Window
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V

Figure 4-7.: Scheme of the axially extracted Vircator optimized.

← Anode

Drift-tube

← Cathode← Cathode

Figure 4-8.: 3D model of a Vircator (CST-PS view).

the drift-tube radius (rdt), and the anode-cathode voltage (V ) given for the waveform:

v(t) = V (−0.4789e−( t+9.05
14.43 )

2

+ 1.148× 106e−(
t+296.8

82.7 )
2

− 8767e−(
t+67.67
23.75 )

2

). (4-1)

t is in [ns].

The feed voltage follows the behavior of a low energy Marx Generator feeding a Vir-

cator. The voltage wave equation used in the simulations is presented in Eq. (4-1).

This is a similar to the waveform 14 (Gaussian waveform) presented by D.V. Giri [87].

Simulation time was set up on 50ns for all the simulations. In formal terms, the opti-

mization problem is formulated as follows:.
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The optimization problem is formulated as follows:

mı́n
V,rc,rdt,d,T,Lc

f1 = |fmax − 5GHz|
f2 = 1/

´ 5.05GHz

4.95GHz
Re
(‚

A
(Ef ×H∗

f )dA
)
df

subject to:

rdt > rc,

10% < Ta < 90%,

0.3cm < d < 4cm

rdt < 10cm,

100kV < V < 400kV

1cm < rc < 9.5cm

(4-2)

In plain language, the optimization problem can be formulated as follows:

Minimize both the deviation of the dominant frequency to 5GHz and the invert of the

energy (maximization of the energy) subject to: the drift-tube radiuses will be bigger

than the cathode radiuses, the anode transparency grade will be between 0.1 % and

0.9 %, the cathode-anode gap will be between 0.3cm and 4cm, the drift-tube radius

will be smaller than 10cm, the feed voltage will be between 100kV and 400kV and

the cathode radius will be between 1cm and 9.5cm.

Fixed size parameters of simulations are shown in Table 4-3.

The idea of this example is to prove the algorithm convergence which can be proved

by the Pareto’s dominance criterion.

The whole process took 3 months to complete. 4 clients were used. A total of 30

generations, each one having 28 individuals where considered.

In the tenth generation, the fitness of the whole population was compared with the

first generation. A considerable improvement was found. Figure 4-9 presents a com-

parison between the fitness of the first and tenth generations.

In multi-objective optimization, the solution is given in terms of a set of solutions given
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Table 4-3.: Simulation fixed parameters

Parameter Value

Drift tube length (Ldt) 45cm

Drift Tube Material PEC

Insulator width 1cm

Insulator material Teflon (PTFE)

Cathode material PEC

Anode material PEC

Particle Source emission model Explosive

Explosive - Rise time 0.5ns

Explosive -Threshold Field 20kV/m

Number of emission points 80/cm2

Frequency range 0.5GHz-8GHz

Cells per wavelength 10

Cell per max model box edge 20

Cathode shape Circular
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Figure 4-9.: Comparison of the fitness of the members of the generation number 1

and 10.

by the first Pareto front [73]. Once finished the evaluation of the generation number
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Parameter Value

V 288kV

Ta 0.63

d 0.5cm

rdt 5.7cm

rc 2.5cm

Lc 12.9cm

Table 4-4.: Optimal parameters obtained for the computational optimization
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Figure 4-10.: PSD of the best solution found with the computational approach.

30, it was identify just one candidate solution in the first Pareto front. Table 4-4 pre-

sents the optimal parameters of the best solution found.

The results produced by the best solution are: Energy radiated into the band 0.937J

with an input energy of 112.4J. This implies an efficiency of 0.83 %. Power Spectral

Density of the signal is presented in Figure 4-10.
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4.5. Conclusions

This chapter presented a meta-heuristic techniques based methodology for optimi-

zing the energy radiated by a Vircator at a given frequency with computational simu-

lations for evaluating the objective function.

It was validated that the Vircator’s optimization can be performed by the use of the

Non-dominated Sorting Genetic Algorithm II.

Presented optimization methodology allows the inclusion of new design parameters.

Also, it can include elements as reflectors or slow waves structures. Additionally, it

can take into account the characteristics of the materials or the optimization of diffe-

rent Vircator typologies and the feed voltage waveform.

We observed here that 3D full simulation requires high processing time. The total

time to reach 30th generation was around 90 days. Each generation presented a po-

pulation of 28 individuals, and the number of clients was 4. The same optimization

exercise can be carried out with 2D or 2.5D simulator or codes to reduce the compu-

tational time.

Finally, we presented in this chapter a way to do any geometric Vircator optimization.

The presented method allows the optimization of different geometries.





5. Modeling of the Vircator’s energy

and energy efficiency

This dissertation focuses on determining how the Vircator radiated energy and energy

efficiency are affected by its geometrical parameters, and how choosing the right set

of these parameters can maximize the energy and energy efficiency of the device, at

a given frequency (see Section 1.3).

This objective can be reached by constructing a model connecting the geometrical

parameters of the Vircator and the final energy produced by it.

This model can be subject to optimization, in order to derive the geometry improving

the performance of the Vircator [88].

In order to develop this idea, we will introduce the following four concept regarding

optimization [89]:

1. Performance criteria: this concept refers to the evaluation rules that determine

the behavior of a proposed design. Two approaches can be considered to face

the Vircator’s optimization problem. The first is based on multi-objective opti-

mization where the performance criteria are maximizing the radiated energy

(or energy efficiency) and minimizing the dominant frequency deviation at the

desired value (Chapter 4 presents a computational optimization technique ba-

sed on this approach). The second is based on mono-objective optimization,

where the performance criterion is maximizing the radiated energy (or energy

efficiency). In this strategy, the frequency tuning is considered as a constraint.

Optimization presented in chapters 6 and 7 use this approach.

2. Parameters (or variables) are factors that can be controlled in order to change

the system performance. In the case of the Vircators, the parameters depend on

the typology to be optimized. e.g., for the Axially Extracted Vircator presented

in Figure 1-1, variables can be the cathode radius rc, the tube radius (rdt), the
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feed voltage (V ), the anode transparency (Ta) and the anode-cathode gap (d).

Now, for the coaxial typology, the parameters can be cathode radius rc, anode

radius (ra), anode-cathode intersection length (W ), feed voltage (V ), and anode

transparency (Ta), among others.

3. Constraints (or boundary conditions) define the objective functions domain of

the optimization, i.e., specify the minimal and maximum value of the parame-

ters. Generally, boundaries are determined by the designer experience, design

requirements or physics constraints. In the case presented in this thesis, limits

can be easily defined by the designer and the conditions of the design. Cons-

traints of the optimization problem are presented in Section 6.1.2.

4. Models determine the relationship between the performance criteria and the

parameters defining the objective functions of the optimization.

Up to date is not an adequate model relating either the energy or the energy effi-

ciency of the Vircator and the geometrical parameters of the device.

We have introduced in Section 2.2.6 three Vircator’s power models available in the

literature. The main troubles with these models are that some variables remain unde-

termined and the models are not functions of the design parameters.

This chapter focuses on the study and definition of a new model suitable for the Vir-

cator’s optimization problems addressed in this thesis.

5.1. One-dimensional model

As it was defined earlier, Vircator’s radiation is a consequence of two physics phe-

nomena (see Section 1.2): VC oscillation and electrons reflecting (see sections 2.2.3

and 2.2.4). Generally, the power radiated by the VC oscillation is higher than the pro-

duced by the reflected particles [60], hence, we will focus only on the former one.

Section 2.2.6 presents three power models that provide clues about the Vircator’s

energy behavior. Alyokhin et al. [57] suggested the power output (P (t)) to be defi-

ned as a function of the current inserted in the drift-tube region (ib(t)), the maximum

drifting current (Iscl), and a factor α (see Eq. (2-31)). According to this model, the op-

timization problem consists in maximizing ib(t) and minimizing Iscl, however authors

do not present a mathematical expression for the parameter α which is a function of
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the particles accumulation rates. Biswas [60] proposed a model based on Larmor’s

Formula (see Eq. (2-29)), where the optimization problem is reduced to the maximi-

zation of the charge accumulated into the VC (Q) and its acceleration (a), although

the mathematical expressions or models for the variables Q and a(t) are not inclu-

ded. The last model was presented by J. I. Katz [59] and determines the power as

a function only of the anode-cathode voltage (see Eq. (2-33)), supposing that power

maximization is obtained with the feed voltage increment.

The mentioned models describe the energy problem partially. This section presents

the deduction of a suitable model determining the energy radiated by an axially ex-

tracted Vircator which can be used during an optimization process.

The deduction of the model can be carried out as follows:

As a first attempt to understand the VC’s physics, let us consider a one-dimensional

problem where a punctual and time-invariant charge (Q) describes an oscillatory har-

monic simple movement. In this case, the position of Q at any time t can be modeled

by

x(t) = x̄+ xp cos (ωt), (5-1)

where x̄ is the mean position, xp is the maximum deviation to x̄ reached during the

oscillation, and ω is the VC angular frequency.

The acceleration of Q is obtained as the second time derivative of Eq. (5-1):

a(t) =
d2

dt2
x(t) = −xpω

2 cos (ωt). (5-2)

The radiated instantaneous power can be calculated using the Larmor’s Formula1

(Section 2.2.5, Eq. (2-29)) as

P (t) =
Q2x2

pω
4 cos2 (ωt)

6πε0c3
, (5-3)

where ε0 is the free space permittivity and c is the speed of the light.

The energy radiated during one oscillation period (T = 2π/ω) can be obtained as

ET =

ˆ 2π
ω

0

Q2x2
pω

4 cos2 (ωt)

6πε0c3
dt =

Q2x2
pω

3

6ε0c3
, (5-4)

1Larmor’s formula in non-relativistic form is suitable because the VC’s oscillation occurs at low speeds

(see Appendix D).
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or,

ET =
2π

ω
P̄ , (5-5)

where P̄ is the average power radiated and can be defined as [90]

P̄ =
Q2x2

pω
4

12πε0c3
. (5-6)

If the oscillation persists during a determined time (tω), the radiated energy can be

calculated as E = P̄ tω.

Equation (5-6) defines the Vircator’s average power radiated (P̄ ) as a function of ω, xp

and Q. In the case of ω, this variable has been extensively studied and is related with

the relativistic plasma frequency (ωp) [57, 22, 21, 8, 56] (see Section 2.2.3). Whereas

Q and xp has not been defined previously and must be studied.

In order to define a mathematical expression for xp, a Design of Experiment (DoE)

was carried out using Surface Response Methodology with Central Composite De-

sign [91]. See the procedure in Appendix E. As a result was obtained the following

relationship:

xp
∼= π√

Jb
, (5-7)

where Jb is the current density of the electron beam inserted into the drift-tube.

In the case of Q, Appendix F shows that the majority of the energy radiated in the

dominant frequency is a function of the VC’s mean charge that can be expressed as

Q̄ ∼= Ib
ω
e
−2
(

1−4
Iscl
Ib

)2√

γ2
0 − 1, (5-8)

where Ib is the drift-tube injected current, Iscl is the drift-tube Space-Charge-Limiting

Current (see Section 2.2.2) and γ0 is the relativistic factor.

Notice that Eqs. (5-7) and (5-8) are original contributions of this thesis.

If Eqs. (5-7) and (5-8) are solved into Eq. (5-6) and Jb is considered a solid beam

(Jb = Ib/(πr
2
b ), where rb is the beam radius), P̄ radiated in ω can be solved as:

P̄ω =
π2

12c3ε0
ω2r2bIb(γ

2
0 − 1)e

−4
(

1−4
Iscl
Ib

)2

ǫa, (5-9)
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where ǫa is a dispersion factor which is introduced in Appendix E.

Equation (5-9) defines the average power radiated at the dominant frequency.

5.2. Energy model

The energy radiated into a frequency band can be defined as:

EBW =

ˆ fh

fl

ESD(f)df, (5-10)

where fl and fh are the low and high cut frequencies where the radiation should be

tuned, and ESD(f) is the energy spectral density at the extraction window.

If during a time tω = tf − ti, the Vircator radiates only into the band, the energy can

be calculated as

EBW =

ˆ tf

ti

PBW (t)dt, (5-11)

where PBW (t) is the power radiated into the desired band, ti and tf are the initial and

final time of the radiation in the band.

Additionally, the energy radiated in the band can be calculated as

EBW = P̄BW tω, (5-12)

where P̄BW is the average power radiated in the band during the time tω.

Equation (5-9) presents the average power model for the energy radiated in ω. Furt-

hermore

Eω = P̄ωtω, (5-13)

Summarizing, the energy optimization problem can be defined as the maximization

of P̄ω.

5.3. Energy Efficiency model

The energy efficiency can be defined as the relation of the energy radiated in the

interest band and the total input energy:

eω =
Eω

Ein

, (5-14)
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where Ein is the input energy given by

Ein =

ˆ

V (t)Id(t)dt. (5-15)

Although Id(t) and V (t) are time-varying, during a ∆tω, we can consider the average

of Id(t) and V (t) . The efficiency during ∆tω is

eω =
P̄ω

ĪdV̄
. (5-16)

Id can be defined by the Child-Langmuir’s Law (see Section 2.1.2) and the geometry

as

Id = πr2cJCL · FR · FG, (5-17)

where FG is given by Eq. (2-12) or Eq. (2-13), and FR is given by Eq. (3-17).

Replacing P̄ω given by Eq. (5-9), and Id given by Eq. (5-17), where JCL is given by

Eq. (2-3) into Eq. (5-16):

eω =
3a21π

16
√
2ε20c

3

√
m

e

Ibd
2ω2

pr
2
b (γ

2
0 − 1)

V 5/3r2cFRFG

e
−4
(

1−4
Iscl
Ib

)2

ǫa. (5-18)

A simpler equation can be solved if the electrons flow is considered laminar and one-

dimensional (criterion defined in Section 2.1.7) and if V is transformed to γ0 using the

energy conservation law (see Section 2.1.6, Eq. (2-16)). Under this condition, rb = rc
and the beam current (Ib) can be approximated as Id · Ta (where Ta is the anode

transparency):

eω =
π2e

12ε0mc5
(γ0 + 1) r2cTaω

2e
−4
(

1−4
Iscl
Ib

)2

ǫa. (5-19)

Notice that this equation suppose a constant V .

Validation for Equations (5-9), (5-19), and for the optimization process will be shown

in sections 6.5,6.6,7.5 and 7.6.

5.4. Conclusions

A Vircator’s model determining the energy radiated into a specific frequency was

proposed. It was based on Larmor’s Formula and mathematical models of the VC’s

charge and acceleration. According to the model proposed here, radiated energy is
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a function of the frequency, the current inserted into the drift-tube region, the feed

voltage, the beam radius, and the maximum current drifting in the tube.

Proposed energy model suggests that the energy radiated at a specific frequency is

not a function of the anode-transparency and the anode-cathode gap.

It was determined that the majority of the radiated energy in the dominant frequency

is a consequence of the average charge accumulated into the VC.

The main effect of the VC’s non-harmonic movement is the spectral dispersion. Des-

pite this, the dispersion has been taken into account by numerous authors who have

determined ranges of frequency where the radiation is dispersed.

A mathematical model defining the energy efficiency into a frequency band was pro-

posed. The model proposes that the energy efficiency is a function of the dominant

frequency, the current inserted into the drift-tube region, the feed voltage, the beam

radius, the anode transparency and the maximum current drifting in the tube.





6. Energy optimization

In Chapter 4, a Vircators’s optimization approach based on numerical simulation was

presented. However, the main drawback of this solution is the high computational

complexity. In order to solve this issue, in this Chapter, the optimization problem will

be addressed by a semi-analytical approach based on modeling and mathematical

optimization techniques.

This chapter is ordered as follows:

Section 6.1 presents problem formulation. The section is divided in three subsection.

In Subsection 6.1.1, the model presented in Eq. (5-9) is solved as a function of the op-

timization parameters (cathode radius (rc), drift-tube radius (rdt), anode-cathode Vol-

tage (V ), anode-cathode gap (d) and the anode transparency Ta). Subsection 6.1.2

presents the constraints of the optimization problem. Finally, in Subsection 6.1.3, the

optimization problem is formulated.

This chapter shows the maximization of the energy radiated by an axially extracted

Vircator in two scenarios. The first is one is called Partial Scenario (Section 6.2) and

focuses on finding the optimal design parameters for existing Vircators where the

drift-tube cannot be varied and the anode transparency grade has been fixed (for

example taking into account lifetime criterion). This Scenario includes already exis-

ting Vircators that cannot be modified. The second is called Generalized Scenario

(Section 6.3), and deals with finding optimality when all the parameters of the Virca-

tor can be modified at will, for example, when designing a new Vircator from scratch.

We will show in section 6.4 that the optimal Vircator’s energy is located in a specific

region within the search space. We also present analytical proof for this.

The partial and generalized Scenarios are validated against computational simula-

tion in Section 6.5 and 6.6 respectively. This last section also contains a comparison

against experimental results existing in the literature.
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Section 6.7 discusses some findings obtained by analysis of the energy model. One

optimization example is presented in Section 6.8. Finally, the chapter conclusions are

presented in Section 6.9.

6.1. Problem formulation

In this Section, the optimization problem will be presented. Firstly, P̄ω (Eq. 5-9) will be

solved as a function of the optimization parameters. secondly, the constraints will be

presented, and finally, the optimization problem is formulated.

6.1.1. Adaptation of the model to the optimization parameters

Equation (5-9) defines the objective function to maximize. For clarity, Eq. (5-9) is

transcribed here:

P̄ω =
π2

12c3ε0
ω2r2bIb(γ

2
0 − 1)e

−4
(

1−4
Iscl
Ib

)2

ǫa. (6-1)

It is adequate at this point to rewrite the objective function as functions of the para-

meters defining the geometry of the Vircator (rc, rdt, V , d and Ta, see Figure 1-1 as

reference). ). In order to do this, it is necessary to rewrite P̄ω as follows:

1. ω can be defined by ω = a1ωp, where ωp is the plasma frequency [8, 22], and the

coefficient 1 < a1 < 2.5 [22]. Using the definition of ωp given in Section 2.2.3:

ω = a1ωp = a1

√

eJb

ε0mc
√

γ2
0 − 1

. (6-2)

where Jb is the beam density current.

2. γ0 relates to the anode-cathode voltage (V ) through the energy conservation

law as (see Section 2.1.6)

γ0 =
eV

mc2
+ 1 = kV + 1. (6-3)

3. For the axial geometry, Iscl defines as [8] (see Section 2.2.2)

Iscl =
2πε0mc3

e

(γ
2/3
0 − 1)

3/2

1 + ln(rdt/rb)
. (6-4)
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4. The beam current (Ib) relates to the diode current (Id) and the anode transpa-

rency (Ta) as (see Section 2.2.1)

Ib = IdTa. (6-5)

5. If one-dimensional electron flow is considered, the following approximation holds

(see Section 2.1.7):

rb = rc. (6-6)

6. The current Ib is defined as:

Ib = πr2bJb. (6-7)

7. Finally, the diode density current (Jd) can be approximated with the Child-Langmuir’s

Law [14, 15] (see Section 2.1.2) as

Jd =
4

9
ε0

√

2e

m

V 3/2

d2
. (6-8)

Taking into account the listed considerations, the average power can be rewritten as

a function of V , rc, and rdt as follows:

P̄ωp =
π3a21m

12c2e
r4cω

4
p((kV + 1)2 − 1)3/2e

−4

(

1− 8c2((kV +1)2/3−1)3/2

r2cω
2
p(1+ln( rdt

rc ))
√

(kV +1)2−1

)2

ǫa. (6-9)

where k = e/(mc2).

Equation (6-9) has been defined as functions of ωp due to the fact that this is the

parameter that must be tuned.

On the other hand, when the listed considerations are applied, it is possible to solve

ωp as:

ωp =
25/4c

3d

(
kV Ta√
2 + kV

)1/2

. (6-10)

6.1.2. Constraints definition

There is a set of constraints to be considered for this optimization.
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1. The first constraint regards Eq. (6-11). In order to ensure the electrons emission

process, the electric field at the cathode surface must exceed the emission th-

reshold [10]. For planar geometries, the relation V/d approximates the electric

field at any distance from the cathode (see section 2.1.1), therefore:

V/d > Eth. (6-11)

2. To ensure the VC formation, the current injected into the drift-tube (Ib) must

exceed Iscl (see Eq. (2-23)),

Ib > Iscl. (6-12)

3. Id cannot exceed the beam pinching current limit (Id < Ipinch) [8] . Additionally, to

ensure both one-dimensional and laminar electron flow, the diode current must

not exceed a critical current magnitude (Ic) given by [40]:

Id ≤
2πε0mc3

e

rc
d

√

γ2
0 − 1. (6-13)

Laminar criterion avoids the beam pinching (Ic < Ipinch).

4. Anode transparency is a value between 0 and 1 (0 for an anode totally shielded

and 1 for an anode totally transparent,

0 ≤ Ta ≤ 1. (6-14)

5. Finally, the cathode radius must be smaller than the drift-tube radius,

rc < rdt. (6-15)

6.1.3. Formal definition of the optimization problem

Following the previous considerations, the optimization problem formulates as:

máx
V,rc,rdt

π3a21m

12c2e
r4cω

4
p((kV + 1)2 − 1)3/2e

−4

(

1− 8c2((kV +1)2/3−1)3/2

r2cω
2
p(1+ln( rdt

rc ))
√

(kV +1)2−1

)2

ǫa ,

subject to: V/d > Eth,

rdt > rc,

0 < Ta < 1,

Ib > Iscl,

Id ≤ Ic,

rc < rdt,

(6-16)
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Figure 6-1.: Average power as function of V and rc at fixed ωp = 2πfp, fp = 2.83GHz,

rdt = 5cm and Ta = 0.5.

6.2. Partial Scenario

This Section focuses on determining the optimal parameters when the drift-tube can-

not be modified and the anode’s transparency is chosen by lifetime criterion.

Figure 6-1 presents P̄ωp (Eq. (6-9)) for a parametric variation of rc and V while ωp, Ta,

and rdt remain constant, and Figure 6-2 presents the level curves for this function.

Notice that the area plotted in Figure 6-2 corresponds to the whole solution space for

P̄ωp.

P̄ωp maximizes when the diode current equals the one-dimensional and laminar cri-

terion, i.e., Id = Ic. The locus corresponding to this condition is the dashed curve

highlighted in Figure 6-2. Mathematical proof that generalizes this condition is pre-

sented in Section 6.4.

The condition Id = Ic means that (See Section 2.1.7, Eq. (2-18)):

Id = Ic =
2πε0mc3

e

rc
d

√

γ2
0 − 1. (6-17)

Id is defined as

Id = πr2cJd = πr2c
Jb
Ta

, (6-18)
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Figure 6-2.: Average power as function of V and rc at fixed ωp = 2πfp, fp = 2.83GHz,

rdt = 5cm and Ta = 0.5. The dashed line shows the curve Id = Ic which

is the limit given by the constraint number three (Section 6.1.2).

where Jd = Jb/Ta.

Solving Jb from the relativistic plasma frequency (Eq. (2-26)):

Jb =
ε0mc

e
ω2
p

√

γ2
0 − 1. (6-19)

Replacing Eq. (6-19) into Eq. (6-18):

Id =
πε0mc

e

√

γ2
0 − 1

r2cω
2
p

Ta

. (6-20)

Solving Eq. (6-17) and (6-20):

2c2Ta = drcω
2
p. (6-21)

Equation (??) is the necessary and sufficient condition guaranteeing that the Vircator

is operating the curve Ic = Id. This, in turn, means that the optimality point might be

reached.

The curve Id = Ic can be expressed as a function of rc and V as follows:

d can be approximated using the Child-Langmuir law (Eq. (2-3)), the relativistic and

geometric corrections, the energy conservation law (Eq. (2-16), Jd = Jb/Ta and Eq.

(6-19) as

d =
25/4

3

c

ωp

(γ0 − 1)3/4

(γ2
0 − 1)1/4

√

TaFGFR, (6-22)
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where FG is the two-dimensional geometric correction factor (Section 2.1.4) and FR

is the relativistic correction factor (Section 3.1).

Replacing d given by Eq. (6-22) in Eq. (6-21), we have

γ2
0 − (2 + x1)γ0 − x1 + 1 = 0, (6-23)

where x1 = 81c4T 2
a /(2r

4
cω

4
pF

2
GF

2
R), or as a function of V

(kV )2 − x1kV − 2x1 = 0. (6-24)

Equation (6-24) can be further reduced, arriving at the following expression:

rc(V ) =
c · x2

ωp

√

Ta

FGFR

. (6-25)

where x2 = 3(kV + 2)1/4/(21/4
√
kV ).

This expression can be approximated as

rc(V )approx =
cx2

ωp

√

Ta. (6-26)

This approximation does not consider the relativistic effects (FR) and the two-dimensional

correction (FG).

The relativistic and two-dimensional solution can be solved as:

rc(V ) = rc(V )approx

(

− 1

4x2
2

+

√

1

16x4
2

+
1

FR

)

. (6-27)

Equation (6-27) was solved using the first order two-dimensional correction factor by

Y. Y. Lau [47] stated in Eq. (2-12). FR is the relativistic correction factor stated in Eq.

(3-17).

As summary, two mathematical expressions were presented to define the optimal rc.

The first one is one-dimensional non-relativistic solution (Eq. (6-26)). The second one

is a two-dimensional relativistic solution (Eq. (6-27)). Both ensure Id = Ic. The one-

dimensional and non-relativistic solution simplifies the mathematical analysis whe-

reas the two-dimensional and relativistic solution produces more accurate results,

but requires a computational solution.
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Using these, the optimization problem can be, therefore, solved in two steps. First of

all, it is necessary to reduce the problem to the zone of interest, defined by the curve

Id = Ic. This means finding the couple of values (V , rc) satisfying Eq. (6-26) or (6-27).

The second step is maximizing Pωp given in the interest zone.

This second step can be solved as follows. The expression of P̄ωp over the curve

Id = Ic can be analyzed by replacing Eq. (6-26) into the objective function (Eq. (6-9)).

This is

P̄ωp(V ) = c1G1(V )e−4(1−c2G2(V ))2 , (6-28)

where

c1 =
27π3a21mc2

8ek2
T 2
a , (6-29)

c2 =
8
√
2k

9Ta

, (6-30)

G1(V ) =
(2 + kV )

(
(1 + kV )2 − 1

)3/2

V 2
, (6-31)

G2(V ) =
V
(

(kV + 1)2/3 − 1
)3/2

√
kV + 2

√

(kV + 1)2 − 1
(

1 + ln
(

21/4rdtωp

√
kV

3c
√
Ta(kV+2)1/4

)) . (6-32)

For equations (6-28) to (6-32):

c1 and c2 are positive constants depending only on Ta.

G1(V ) is a positive function depending only on V . Deriving G1(V ) and equaling

to zero:
3k(kV + 2)2
√

kV (kV + 2)
− (kV + 2)3 (k2V + k(kV + 2))

2(kV (kV + 2))3/2
= 0. (6-33)

Solving V from Eq. (6-33):

V =
1

2k
= 255kV. (6-34)

V = 255kV is the unique inflection point of G1(V ). Additionally, G1(V ) is a de-

creasing function of V when V < 255kV , otherwise G1(V ) is an increasing

function (See Figure 6-3, dashed line).
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Figure 6-3.: G1(V ) and G2(V ) for a parametric variation of V between 0 and 2MV .

G2(V ) was plotted with rdt/rc = 1.01

G2(V ) is a positive and increasing function of V (See Figure 6-3, solid line). The

reason for this is the fifth constraint presented in section 6.1.2, which defines

that rdt > rc, this is

21/4rdtωp

√
kV

3c
√
Ta(kV + 2)1/4

> 1. (6-35)

Therefore, the logarithm in Eq. (6-32) is always positive and, as a consequence,

the function is positive and increasing.

If Eq. (6-28) is derived and equaled to zero, the inflection points of the function are

found when

8c2G
′
2(V ) (c2G2(V )− 1)

︸ ︷︷ ︸

Left hand term

=
G′

1(V )

G1(V )
︸ ︷︷ ︸

Right hand term

. (6-36)

Right hand term (G′
1(V )/(G1(V ))) is a concave function depending only on V and is

in the range [−∞, 7.47×10−7]. Inflection point locates on V = (1+
√
5)/(2k) = 827kV .

For the left-hand term in Eq. (6-36), due the fact that G2(V ) is an increasing fun-

ction, G′
2(V ) is always positive. Then, (8c2G′

2(V )(c2G2(V )− 1)) is only negative when

c2G2(V ) < 1. Also the zeros of the function are placed at V = 0 and c2G2(V ) = 1, this

leads to a single inflexion point.

The match between these two terms occurs two times hence Eq. (6-28) presents two

inflexion points corresponding to the minimum and the maximum of the function, and
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this means that P̄ωp on the curve Ic = Id is a function with only one maximum.

An analytical solution for V in Eq. (6-36) is cumbersome, however, optimal V can be

found using numerical techniques applied to the Eq. (6-36) or a local optimization

approach (like the gradient method) applied to Eq. (6-28).

In the case of the anode-cathode gap (d), notice that Eq. (6-10) defines ωp as a fun-

ction of V , Ta and d. Hence, once V has been defined, d becomes the frequency

tuning parameter.

Summarizing, for a Vircator with a given drift-tube radius (rdt) and anode transparency

(Ta), the steps for obtaining the optimal parameters maximizing the radiated energy

at a given f can be found as follows:

1. Define the value of ωp as

ωp =
2πf

a1
(6-37)

where a1 is taken as 2.12 [57] and f is the frequency to tune.

2. Determine V from Eq. (6-28) using any local optimization technique as the gra-

dient method, or from Eq. (6-36) using a numerical techniques as the bisection

method.

3. Obtain rc from Eq. (6-26) or (6-27).

4. Solve d from Eq. (6-10).

An expression defining the dispersion factor (ǫa) has not been solved in this disserta-

tion. Because of this, ǫa has been assumed as 1.

6.3. Generalized Scenario

Last section was focused on the process determining the optimal anode-cathode Vol-

tage (V ) and cathode radius (rc) maximizing P̄ωp when the drift-tube (rdt) and the

anode transparency (Ta) are given.

However, in this section, we will design a Vircator from scratch defining the parame-

ters:

cathode radius (rc),
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drift-tube radius (rdt),

anode-cathode Voltage (V ),

anode-cathode gap (d), and

anode transparency Ta.

Following the result obtained in Section 6.2, the Vircator’s energy optimality is reached

when Id = Ic. Because of this, optimal rc is given by Eqs. (6-26) or (6-27).

On the other hand, notice that the objective function (Eq. (6-9)) does not depend on

Ta, but solving optimal rc (Eq. (6-26)) into the objective function we have

P̄ωp =
π3a21m

12e
c2x4

2Ta
2((kV + 1)2 − 1)3/2e

−4



1− 8((kV +1)2/3−1)
3/2

x22Ta

(

1+ln

(

rdtωp
cx2

√
Ta

))√
(kV +1)2−1





2

ǫa. (6-38)

This equation can be simplified as

P̄ωp = c1T
2
a e

−4



1− c2

Ta

(

1+ln

(

c3√
Ta

))





2

, (6-39)

where

c1 =
81π3a21
24k

(kV + 2)((kV + 1)2 − 1)
3/2

(kV )2
ǫa, (6-40)

c2 =
8× 21/2((kV + 1)2/3 − 1)

3/2
kV

9
√

(kV + 2)
(
(kV + 1)2 − 1

)
, (6-41)

and

c3 =
21/4
√
kV rdtωp

3c(kV + 2)1/4
. (6-42)

Deriving Eq. (6-39) respect to Ta, we have

dP̄ωp

dTa
= 2c1

Ta

(

ln
(

c3√
Ta

)

+1
)3 e

−4



1− c2

Ta

(

1+ln

(

c3√
Ta

))





2

× ((4c22 − 6c2Ta + 3T 2
a ) ln

(
c3√
Ta

)

+2c22 + Ta(3Ta − 4c2) ln
2
(

c3√
Ta

)

− 2c2Ta + T 2
a ln

3
(

c3√
Ta

)

+ T 2
a ).

(6-43)
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Notice that the sign of Eq. (6-43) is given by the sing of

(
4c22 − 6c2Ta + 3T 2

a

)
ln

c3√
Ta

+ 2c22 + Ta(3Ta − 4c2) ln
2 c3√

Ta

− 2c2Ta + T 2
a ln

3 c3√
Ta

+ T 2
a ,

(6-44)

where c3/
√
Ta > 1 because of the fifth constraint presented in Section 6.1.2 (rdt > rc),

and c2 > 0.

In order to verify the sign of Eq. (6-44), Figure 6-4 shows the results for a parametric

variation of Ta and c2 for two values of c3.

As a conclusion, Eq. (6-43) is always positive and then, Eq. (6-38) is a increasing

function of Ta. Hence, optimal Ta should be set as high as possible in order to obtain

the maximum energy.

In order to define the optimal rdt, we can derivative Eq. (6-9) with respect to rdt:

∂

∂rdt
P̄ωp =

8c1c2

rdt

(

1 + ln
(

rdt
rc

))2



1− c2

1 + ln
(

rdt
rc

)



 e
−4

(

1− c2

1+ln( rdt
rc )

)2

, (6-45)

where

c1 =
π3a21m

12c2e
r4cω

4
p((kV + 1)2 − 1)3/2ǫa, (6-46)

and

c2 =
8c2
(

(kV + 1)2/3 − 1
)3/2

√

(kV + 1)2 − 1rc2ωp
2
. (6-47)
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Equaling. (6-45) to 0, we have that



1− c2

1 + ln
(

rdt
rc

)



 = 0 (6-48)

Solving rdt from Eq. (6-48)

rdt = ec2−1rc, (6-49)

Finally, the optimal rdt is

rdt = e

8c2((kV +1)2/3−1)
3/2

√
(kV +1)2−1rc2ωp2

−1

rc. (6-50)

Notice that this equation is bound by the fifth constraint presented in Section 6.1.2,

i.e. rc must be smaller than rdt. Furthermore, Eq. (6-50) is valid only when

8c2
(

(kV + 1)2/3 − 1
)3/2

√

(kV + 1)2 − 1rc2ωp
2

> 1. (6-51)

Inequation (6-51) is a function of rc and two solutions have been obtained (Eqs. (6-26)

and (6-27)). Here, Eq. (6-51) will be analyzed for each solution of rc:

1. Case rc defined by Eq. (6-26):

Replacing the optimal rc given by Eq. (6-26) which is the one-dimensional and

non-relativistic approximation, it is possible to show that this condition holds

when V > 1.84MV .

a) If V > 1.84MV , optimal rdt is given by Eq. (6-50) and the maximum P̄ωp

at given V can by obtained replacing Eqs. (6-50), (6-26), and Ta into the

objective function (Eq. (6-9)). If Ta = 1 (the maximum possible),

P̄ωp =
27a21π

3V (2 + kV )4

8(kV (2 + kV ))3/2
. (6-52)

b) If V < 1.84MV , optimal rdt is the radius that maximize the the exponential

term in Eq. (6-9). That is

e
−4

(

1− 8c2((kV +1)2/3−1)3/2

r2cω
2
p(1+ln( rdt

rc ))
√

(kV +1)2−1

)2

. (6-53)

In this case, maximum is obtained for the minimal value of the power, and

this is when rdt → rc.
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Figure 6-5.: Maximum Average Power as a function of V when rdt, rc, Ta are optimal.

Resulting average power is a increasing function of V . The complete solu-

tion is plotted in Figure 6-5, solid black line.

2. Case rc defined by Eq. (6-27):

If rc is defined by Eq. (6-27) which is the relativistic and two-dimensional ap-

proximation, it is possible to demonstrate that Inequation (6-51) is true when

V > 2.2MV .

a) When V > 2.2MV , Optimal rdt is given by Eq. (6-50).

b) If V < 2.2MV , optimal rdt is reached when rdt → rc..

This case is plotted in Figure 6-5, dashed black line.

When the optimal rc, rdt, and Ta are used, P̄ωp becomes independent of ω. Because

of this, a Vircator can produce the same energy performance at any frequency.

The previous analysis for obtaining the maximum energy for the Vircator can be sum-

marised in the following steps:

1. Define ωp as

ωp =
2πf

a1
, (6-54)

where a1 is taken as 2.12 [57] and f is the frequency to tune.

2. Set the anode transparency (Ta) as close to 1 as possible.
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3. Set anode-cathode voltage (V ) as high as possible.

4. Set cathode radius (rc) with

rc =
cx2

ωp

√

Ta, (6-55)

where x2 = 3(kV + 2)1/4/(21/4
√
kV ),

or

rc =
cx2

ωp

√

Ta

(

− 1

4x2
2

+

√

1

16x4
2

+
1

FR

)

, (6-56)

where

FR = 2F1

(
1

4
,
3

4
;
7

4
;−kV

2

)2

. (6-57)

2F1 is the hypergeometric function.

5. Optimal drift-tube radius (rdt) can be calculated as:

If rc was calculated using Eq. (6-55) and V < 1.84MV , then rdt → rc.

Otherwise (V > 1.84MV )

rdt = e

8c2((kV +1)2/3−1)
3/2

√
(kV +1)2−1rc2ωp2

−1

rc. (6-58)

If rc was calculated using Eq. (6-56) and V < 2.2MV , then rdt → rc. Other-

wise (V > 2.2MV ), rdt is given by Eq. (6-58).

6. Anode-cathode gap (d) can be solved from Eq. (6-10) as

d =
25/4c

3ωp

(
kV Ta√
2 + kV

)1/2

. (6-59)

6.4. Proof that the optimality condition is located on

the Curve Id = Ic

Now, it is necessary to proof that the curve Id = Ic always contain the maximum of the

objective function. To make this, it is enough to prove that objective function respect

to rc is an increasing function because the curve Id = Ic defines the upper limit of rc
at given parameters.



74 6 Energy optimization

Equation (6-9) at fixed V , rdt, Ta and ωp can be rewritten as

P̄ωp(rc) = c1r
4
ce

−4

(

1− c2

r2c(1+ln( c3
rc ))

)2

, (6-60)

where c1, c2 and c3 are positive constants.

Deriving Eq. (6-54) respect to rc gives

d

drc
P̄ωp(rc) = 4c1e

−4

(

1− c2

r2c(1+ln( c3
rc ))

)2 (

−2c2 + r2c

(

1 + ln
(

c3
rc

)))2

rc

(

1 + ln
(

c3
rc

))2 . (6-61)

Equation (6-55) is positive. Hence, the average power is an increasing function of rc.

As a result, maximum P̄ at given V locates at a maximum rc which is defined by the

curve Id = Ic.

6.5. Validation of the Partial Scenario

In this Section, the Partial Scenario presented in Section 6.2, will be validated by

computational simulation. To do this, the average power calculated using the model

presented in Eq. 6-9 will be compared to the results of 2.5D PIC simulations carried

out using XOOPIC [92]. An example of the used simulation code is presented in Ap-

pendix C.2.

Additionally, in all the cases, total simulation time was 40ns. The anode-cathode volta-

ge (V ) held constant during the whole simulation. The radiated energy was calculated

according to the methodology presented in Appendix B.

In order to validate the partial solutions, four different optimization problems were tes-

ted. Table 6-1 shows the constant parameters of the problems to optimize. The first

column presents the test enumeration, the second one shows the chosen frequency,

and the third one states the selected drift-tube radius. Finally, the fourth column dis-

plays the anode transparency.

A. Vircator # 1

In the Vircator #1, constant parameters are: f = 6GHz, rdt = 5cm and Ta = 0.5.

Several points were selected throughout the whole variable space V =[400 800 1600
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Vircator

Parameters

f [GHz] rdt[cm] Ta

1 6 5 0.5

2 6.36 5 0.5

3 4 12 0.7

4 8 6 0.9

Table 6-1.: Constant parameters of the Vircators to be optimized

3200 6400]kV and rc =[1 1.5 2 2.5 3 3.5]cm.

Also, some points were selected on the curve Id = Ic (see Table 6-2 for details).

Table 6-2 compares the results of each simulated point with the prediction of the

model (Eq. (6-9)). The point presenting the best performance is highlighted.

Optimal V and rc calculated using the procedure presented in Section 6.2 are 1795kV

and 2.52cm respectively.

Maximum simulated average power was obtained for point number 17 (see Table

6-2). Gray intensity and the area represent P̄ calculated into the band from 5.3GHz

to 7.1GHz (according to Kadish [56], that is 1.9fp to 2.5fp, see Section 2.2.3).

Figure 6-6.b presents the error between the simulations and the analytical model pre-

dictions. The maximum error was located in point number 15. This point is near to the

minimal current ensuring the Vircator’s operation. Points 2, 3, 5, 6, and 7 show errors

over 15dB and together, with point number 15, define a region where the model fails.

These points are located near to the line Ib = Iscl. Points 8, 9, 11, 13, 14, and 19 ex-

hibit errors between 5dB and 15dB and define a region for a moderate error. Finally,

the model was accurate for points 4, 12, 18,17 and 16 which are close to the line

Id = Ic. Model’s precision increases as the diode current tends to the critical value.

Notice that Figure 6-6.a has the same behavior of Figure 6-2. In fact, the two graphics

show the same problem.

As a conclusion, the proposed model was able to predict with a good agreement P̄ωp
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Table 6-2.: Simulation points, results and model predictions for the Vircator #1

Point
rc V d P̄ [dBw] |Error|

[cm] [kV] [cm] PIC simulation Analytical model [dB]

1 1 400 0.62 56.8 49.5 7.3

2 1 800 0.80 59.4 -0.6 60

3 1.5 400 0.62 54.4 70.7 16.3

4 1.5 800 0.80 71.5 70.9 0.6

5 1.5 1600 0.98 73.5 57.2 16.3

6 1.5 3200 1.15 73.8 28.2 45.6

7 1.5 6400 1.29 76.6 -3.6 80.2

8 2 400 0.62 63.9 73.6 9.7

9 2 800 0.80 70.0 81.6 11.6

10 2 1600 0.98 78.6 85.1 6.5

11 2.5 400 0.62 62.3 74.7 12.4

12 2.5 800 0.80 81.4 84.6 3.2

13 3 400 0.62 66.0 75.8 9.8

14 3.5 400 0.62 65.3 76.9 11.6

15 1 1368 0.94 70.5 -81.5 152

16 2 3389 1.17 81.4 82.6 1.2

17 2.5 1712 1.00 93.0 93.2 0.2

18 3 1029 0.87 79.4 89.4 10

19 3.5 690 0.76 71.5 84.6 13.1
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Figure 6-6.: Results Vircator # 1.

close to the optimality point, but it fails far from the maximum. The main reason for

this is that the model for the charge into the VC (see Appendix F) was fitted to predict

the maximum charge.

B. Vircator #2

This example explores the whole space of variables in the same way as the previous

one, but the sampling point were take on the curves determined by nIscl where n =

[1 2 3 4]. Additionally, some samples were taken over the curve Ic = Id. This sam-

pling was defined in order to verify how the energy scales over curves nIscl. In this

example, the constant parameters were: f = 6.34GHz (fp = 3GHz), rdt = 5cm and

Ta = 0.5 (see Table 6-1).

Points 1, 2 and 3 are on the curve 4Iscl. Points 4, 5 and 6 are located on the curve

3Iscl while 7 and 8 are over 2Iscl. Finally, point 9 is on Iscl. Additional points (10-15)

are placed on the critical current Id = Ic.

Table 6-3 presents the sampling points and compares the simulations results with the

prediction calculated with the model (Eqs. (6-9)). The highest energy was radiated in

the point number 12.

According to the methodology presented in Section 6.2, P̄ωp is maximized when

V = 1596kV and rc = 2.58cm. Figure 6-7 shows the sampled points and its corres-
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Table 6-3.: Simulation points, results and model predictions for the Vircator #2

Point
rc V d P̄ [dBw] |Error|

[cm] [kV] [cm] PIC simulation Analytical model [dB]

1 1 224 0.46 44.1 59.4 15.3

2 1.5 470 0.62 65.1 73.1 8

3 2 930 0.58 85.0 84.4 0.6

4 1 291 0.51 47.4 60.2 12.8

5 1.5 725 0.73 68.4 75.0 6.6

6 2 1691 0.94 83.2 88.4 5.2

7 1 505 0.64 48.8 49.3 0.8

8 1.5 1579 0.93 67.7 67.3 0.4

9 1 1783 0.96 71.0 -77.2 148.2

10 1.5 7110 1.24 83.9 22.5 65.4

11 2 2820 1.06 89.3 89.5 0.2

12 2.5 1446 0.9 94.8 92.4 0.4

13 3 884 0.78 87.6 84.3 3.3

14 3.5 597 0.68 81.7 79.6 2.1

15 4 434 0.6 73.1 78.5 5.4
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Figure 6-7.: Average power simulated for each sampled points of the Vircator #2.

ponding average power obtained by simulation. In the Figure, the energy radiated

was calculated in the band from 5.7GHz to 7.3GHz (see Section 2.2.3). In this Fi-

gure, the x-axis is γ0 which is related with the anode-cathode Voltage by the energy

conservation law (see Section 2.1.6).

The maximum error was calculated for point number 9 which is on the curve Iscl. No-

tice that the points closest to this curve present significant errors. The model error

decreases as the distance to the curve increases.

We have defined three ranges of error. The first one defines points presenting an

error over 15dB. In this range (for points 9 and 10), the analytical model fails. The

second interval is between 5dB and 15dB and determines a moderated error (points

2, 4, 5, 6, and 15). The last range is defined for errors down to 5dB (Points in this

range are 3, 6, 7, 8, 11, 12, 13 and 14).

The defined range allows determining the variables space where the model is suita-

ble. Following these results, the analytical model has a good precision for variables

that are close to the optimality. Because of this, the analytical model presented in this

dissertation is suitable to optimize the Vircator’s energy performance.

As in the first example, models proposed were able to predict with a good agreement

the power close to the optimality, but the predicts fail far from the maximum.
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C. Vircator #3

For the examples #3 and #4, the validation will be carried out only on the curve Ic = Id.

Table 6-4 presents the sampled points comparing the simulation results with the pre-

diction calculated with the model. Parameters fixed were f = 4GHz, rdt = 12cm and

Ta = 0.7 according to table 6-2. Maximum is highlighted.

Table 6-4.: Simulation points, results and model predictions for the Vircator #3

Point
rc V d P̄ [dBw] |Error|

[cm] [kV] [cm] PIC simulation Analytical model [dB]

1 2.5 11500 2.47 91.0 62.8 28.2

2 2.75 8159 2.38 88.5 83.4 5.1

3 3 5993 2.28 92.0 93.7 1.7

4 3.25 4552 2.19 95.7 98.2 2.5

5 3.5 3550 2.10 99.7 99.4 0.3

6 3.75 2849 2.01 97.8 98.9 1.1

7 4 2330 1.92 97.7 97.4 0.3

8 4.25 1941 1.84 95.8 95.7 0.1

9 4.5 1641 1.77 93.8 93.8 0

10 4.75 1407 1.70 90.0 91.9 1.9

11 5 1220 1.63 87.4 90.1 2.7

Following the procedure presented in Section 6.2, optimal V is 3457kV , and optimal

rc is 3.53cm. The maximum simulated average power was located in point number

5. Figure 6-8 shows the sampled points and its corresponding P̄ obtained from the

simulation. Energy radiated was calculated for the band from 3.58GHz to 4.73GHz

(1.9fp to 2.5fp where fp = 4GHz/2.12 = 1.89GHz) according to the range given by A.

Kadish [56] (see Section 2.2.3).

Over Id = Ic, the model was able to predict with a good agreement the average power

radiated. Points 1 and 2 are the nearest points to the Iscl and display the highest error.
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Figure 6-8.: Average power simulated for each sampled points of the Vircator #3.

D. Vircator #4

This example was established for a dominant radiation frequency at 8 GHz and anode

transparency of 0.9, and verifies the model’s accuracy when the beam current is over

magnitudes close to 100kA.

Table 6-5 presents the sampling points and compares the simulation results with the

prediction calculated with the model of P̄ωp which is stated in Eq. (6-9). Maximum

average power was obtained in point 3.

The optimality was calculated for V = 4692kV and rc = 1.83. The maximum simulated

average power was for the point number 3, and it is the nearest point to the optimal

predicted by the model.

Figure 6-9 shows the power simulated and calculated with Eq. (6-9).

In summary, the energy model was able to find the optimality for all the tested cases.

6.6. Validation of the Generalized Scenario

This section presents the validation of the Generalized solution (Section 6.3). The

used methodology compares the limits defined by the model against the result of

computational simulations of optimized Vircators (Section 6.6.1) and experimental
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Table 6-5.: Simulation points, results and model predictions for the Vircator #4

Point
rc V d P̄ [dB] |Error|

[cm] [kV] [cm] PIC simulation Analytical model [dB]

1 1.4 12095 2.05 95.9 86.1 9.8

2 1.6 7436 1.79 101.8 100 1.1

3 1.8 4927 1.59 103.3 103.3 0

4 2 3467 1.43 102.3 102.3 0.1

5 2.2 2559 1.30 93.3 99.7 6.4

6 2.4 1963 1.19 92.8 96.6 3.8

7 2.6 1554 1.10 92.1 93.7 1.6

8 2.8 1261 1.02 85.1 91.1 9

9 3 1045 0.95 83.9 88.9 5

10 3.2 881 0.89 83.9 87 3.1

11 3.4 754 0.84 83.9 85.4 1
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Figure 6-9.: Average power simulated for each sampled points of the Vircator #4.

results available in the literature (Section 6.6.2).
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Figure 6-10.: Energy radiated by the simulated Vircators with optimal parameters .

6.6.1. Validation by computational simulation

Four sets of simulations were performed in this Section. Each set is focused on a

specific frequency (see column one in Table 6-6 and 6-7) and is composed of ten

simulations corresponding with a parametric variation of the anode-cathode voltage

from 0.5MV to 5MV (see column two in Table 6-6 and 6-7). Additional parameters of

each simulation (rdt,rc and d) will be fixed at the optimal point according to the proce-

dure presented in Section 6.3 (see column three, four and five in Table 6-6 and 6-7).

Ta always will be fixed at the optimal value of 1 which is a theoretical limit.

Table 6-6 and 6-7 show the design parameters of each simulation (columns 1-5), re-

sults of the simulations (column 6), and the model predictions (column 7). Notice that

the model predictions have good agreement with the simulation results.

Simulation results and model predictions are plotted in Figure 6-10.

6.6.2. Validation by experimental reports

The prediction of the model will be compared with some previous experimental results

from other authors. The main problem with this validation is the fact that most of the

reports have been defined for the peak power and not for the energy. Because of this,

we propose to consider the peak power as two times the average power. In section

5.1, we discussed that the P̄ is typically a smaller fraction than half of the peak power.

Despite this, this supposition allows us defining the minimal approximated curve for
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Table 6-6.: Simulation points, results and model predictions

f V rdt rc d P̄ [dBw] |Error|
[GHz] [kV] [cm] [cm] [cm] PIC simulation Analytical model [dB]

6

0.5 5.65 5.65 0.96 84.7 84.1 0.6

1 4.29 4.29 1.22 89.2 92.7 3.5

1.5 3.7 3.7 1.38 97.4 98.1 0.7

2 3.68 3.35 1.48 97.8 100.1 2.3

2.5 4.52 3.12 1.56 98.2 101.3 3.1

3 5.55 2.94 1.62 101.3 102.4 1.1

3.5 6.78 2.8 1.67 102.3 103.3 1

4 8.23 2.69 1.71 103.1 104.2 1.1

4.5 9.92 2.6 1.74 105.1 104.9 0.2

5 11.89 2.52 1.77 105.9 105.6 0.3

6.36

0.5 5.35 5.35 0.91 80.5 84.1 3.6

1 4.06 4.06 1.16 82.1 92.7 10.6

1.5 3.5 3.5 1.3 97.7 98.1 0.4

2 3.48 3.17 1.4 98.4 100.1 1.7

2.5 4.28 2.95 1.47 102.5 101.3 1.2

3 5.25 2.78 1.53 103.1 102.4 0.7

3.5 6.42 2.65 1.58 103.6 103.3 0.3

4 7.79 2.55 1.62 104.6 104.2 0.4

4.5 9.39 2.46 1.65 105.8 104.9 0.9

5 11.25 2.38 1.68 106.8 105.6 1.2
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Table 6-7.: Simulation points, results and model predictions for the generalized solu-

tion part #1

f V rdt rc d P̄ [dBw] |Error|
[GHz] [kV] [cm] [cm] [cm] PIC simulation Analytical model [dB]

4

0.5 8.47 8.47 1.44 88.4 84.1 0.3

1 6.43 6.43 1.83 86.4 92.7 6.3

1.5 5.55 5.55 2.06 91.4 98.1 6.7

2 5.52 5.03 2.22 92.7 100.1 7.4

2.5 6.78 4.67 2.34 96.4 101.3 4.9

3 8.33 4.41 2.43 101.4 102.4 1

3.5 10.17 4.2 2.5 102.7 103.3 0.5

4 12.34 4.04 2.56 103.2 104.2 1

4.5 14.88 3.9 2.61 103.2 104.9 1.7

5 17.83 3.78 2.66 104.5 105.6 1.1

8

0.5 4.24 4.24 0.72 86.4 84.1 2.3

1 3.22 3.22 0.92 94.9 92.7 2.2

1.5 2.77 2.77 1.03 92.8 98.1 5.3

2 2.76 2.51 1.11 96.9 100.1 3.2

2.5 3.39 2.34 1.17 99.5 101.3 1.8

3 4.16 2.2 1.21 99.6 102.4 2.8

3.5 5.08 2.1 1.25 101.1 103.3 2.2

4 6.17 2.02 1.28 102.2 104.2 2

4.5 7.44 1.95 1.31 101.9 104.9 3

5 8.91 1.89 1.33 103.9 105.6 1.7
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Table 6-8.: Experimental reports

Number Author Pp[GW ] V [kV ]

1 Mahaffey [18] 0.1 350

2 Choi [93] 0.2 600

3 Price [94] 0.5 800

4 Davis [95] 1.6 1300

5 Hwang [96] 1.4 1250

6 Sze [97] 1 850

7 Baryshevsky [98] 0.4 460

8 Jiang [99] 0.4 500

9 Sung [100] 0.244 600

10 Brombrorsky [101] 22 6500

the peak power as a function of the anode-cathode voltage. Notice that the peak

power limit curve can be bigger than the presented in Figure 6-11.

Pp = 2P̄ωp (6-62)

where P̄ωp is stated in Eq. (6-9).

Table 6-8 presents ten reports available in the literature. The columns present the

report number, the author, the reported peak power and the voltage obtaining the

peak power.

Figure 6-11 presents peaks power reported and the peak power limit established by

the model (Eq. (6-62)). Reports were marked with a dot and the number of the report

(see Table 6-8, column one), whereas the peak power limit was plotted with continues

lines where the solid black line corresponds with the one-dimensional non-relativistic

solution and the dotted black line is the two-dimensional relativistic solution.

As a conclusion, the model was able to predict the maximum peak power according

to the experimental reports. Moreover, there are, up to the publication date of this

disssertation, no reports exceeding the maximum peak power established.
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Figure 6-11.: Peak power of experimental reports Vs the limit defined by the model

6.7. Discussion

This Section presents two conclusions obtained by analysis of the model proposed

(Eq. (6-9)). The first refers to the Vircator sizes needed to radiate at a given fre-

quency. The second focuses on studying the effects of the anode transparency over

the radiated energy at a given frequency.

6.7.1. Vircator Power limit

According to W. Jiang [102], Vircators are not limited in terms of the operation power

level. This situation was listed Section 6.3 and can be easily observed when the trend

line in Figure 6-5 is extrapolated. Nonetheless, the extrapolation leads to not realistic

design parameters.

Figure 6-12 presents the optimal rdt as a function of the voltage for a dominant fre-

quency fixed at f = 6GHz. At 100MV , optimal rdt is around 1× 105m. This unrealistic

situation introduces the question: what are the real capabilities of the Vircators?

To answer the question, the anode-cathode feeding voltage can be fixed a maximum

value (Vmax), and then, the energy radiated can be solved for a parametric variation

of rdt. Notice that rdt defines the Vircator’s size.

Figure 6-13 shows the average power for a parametric variation of rdt at different

frequencies. Vmax was prefixed at 5MV . Ta was fixed at 1 which is the maximum

theoretical value. Both rc and d were varied at the optimal parameter for each case.
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Figure 6-12.: Drift-tube radius producing the most of energy.

According to the model, V = 5MV could produce a maximum average power of

105.6dBw (see Tables 6-6 and 6-7).

Optimal rdt is about 35cm at 1GHZ. If the frequency is tuned at 32GHz, the model

predicts that the optimal cathode radius is about 2cm. Notice that Vircators of small

sizes have a good performance at higher frequencies.

The model predicts the same maximum energy at a given V regardless of the fre-

quency, however, at higher frequencies the size of the optimal Vircator decreases,

whereas at low frequencies, optimal sizes increases. Additionally, this suggests that

Vircators can be miniaturized producing a good performance in high frequencies (see

Figure 6-13).

6.7.2. Anode Transparency

It is well known that Vircators are very sensitive to the anode transparency (Ta) varia-

tion. But according to the model presented, the average power is not depending on

Ta. The reason for this is that any variation of Ta modifies the current coming into the

drift-tube, and then, the radiated frequency is changed. To compensate the frequency

variation, the anode-cathode gap d can be adjusted. This compensation leads to the

cancellation of the effects of the change of Ta over P̄ .

Despite this, Ta defines the curve Ic = Id (See Eq. (6-25)). Consequently, the varia-
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Figure 6-13.: Maximum average power radiated for a given drift-tube at given

frequencies.

tion of Ta displaces the curve Ic = Id enabling work points that can generate more

or less energy. Figure 6-14 shows different curves Ic = Id for a parametric variation

of Ta when f = 6GHz and rdt = 5cm. According to this analysis, the effects of the

anode transparency is the curve Id = Ic displacement.

6.8. Optimization example

Section 4.3 presents the optimization of a Axially Extracted Vircator tuned at 5GHz

(see Eq. (4-2)). Although the computational optimization process only reached the

30th generation, it was obtained a unique optimal candidate solution which is pre-

sented in Table 4-4. In this Section, we are going to calculate the optimal design

parameters according to the procedure presented in Section 6.3 for the same pro-

blem defined in Section 4.3.

Following the methodology proposed in Section 6.3:

1. It is calculated the approximated relativistic plasma frequency for the searched

frequency (f = 5GHz):

ωp =
ω

2.12
=

2πf

2.12
= 14.8Grad/s. (6-63)
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Figure 6-14.: Effects of the variation of Ta on the variable space

2. Optimal anode transparency (Ta) is the biggest possible. This is 0.9.

3. Optimal anode-cathode voltage (V ) is the highest possible V = 400kV .

4. rc is calculated using Eq. (6-26) as rc = 7.1cm.

5. rdt must be a value bigger than rc. Although optimality is reached as rdt → rc,

we chose a value of 10cm.

6. Optimal d can be solved from Eq. (6-59)

d = 21/4
2c

3ωp

(
kV Ta√
2 + kV

)1/2

= 1.04cm. (6-64)

Table 6-9 compares the optimal parameters found with the two methodologies.

Now, the geometries (both obtained after applying the methodologies of chapter 4 and

6.3) will be simulated on XOOPIC for a constant V . Figure 6-15 shows the compari-

son of PSD obtained for the two Vircators according to the methodology presented in

appendix B. The radiated energy on the band for the Vircator optimized on chapter

4.3 was 4.43J , whereas the emitted for the optimized with the approach presented on

this Chapter was of 14.25J (50ns of time simulation).

The methodology presented in this chapter leads to the best result. Additionally, this

reduces the design time significantly from months to seconds as we move from nu-
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Table 6-9.: Comparison between the optimal parameters found with the two

methodologies

Parameter Optimal

Chapter 4 Chapter 6

Ta[ %] 0.63 0.9

V [kV] 288 400

rc[cm] 2.5 7.1

rdt[cm] 5.7 10

d[cm] 0.5 1.04

0 2 4 6 8 10

Frequency [GHz]

0

0.5

1

1.5

2

W
/H

z

PSD

Chapter 6

Chapter 4

Figure 6-15.: PSD comparison for the Vircators optimized with the methodology of

Chapter 4 and Chapter 6.
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merical to semi-analytical approach.

The dominant frequency difference for the simulation performed on XOOPIC respect

to the obtained in the CST-PS simulation (see Figure 4-10) is originated by the varia-

tion in the waveform of V between the two simulations.

6.9. Conclusions

A new model for the energy radiated by a Vircator was defined and optimized, by pro-

posing a methodology capable of finding its optimal parameters while the dominant

radiation frequency is set up at a specific value.

The model analysis determined that the optimal feed voltage is always the biggest

possible. Although the average power is not depending on the anode’s transparency,

the optimal transparency is the highest possible because its variation allows displa-

cing the curve Ic = Id where the optimality is localized.

Two equations were proposed for determining the optimal cathode radius as a fun-

ction of the feed voltage, the anode transparency, and the frequency tuned.

Optimal drift-tube radius was solved as a function of the optimal cathode radius, the

anode-cathode voltage and the frequency tuned.

Finally, the optimal cathode-anode gap is given by the value that allows tuning the

radiation at the frequency tuned.



7. Energy efficiency optimization

Vircator’s design parameters maximizing the radiated energy at a given frequency

were studied in Chapter 6. Additionally, we are interested in the investigation of the

Vircator’s energy efficiency case.

This chapter is ordered as follows: Section 7.1 is focused on determining the energy

efficient model (Eq. (5-19)) as a function of the Vircator’s design parameters, de-

fining the problem constraints, and formulating the optimization problem. As in the

energy optimization case, the energy efficiency optimization problem will be addres-

sed by solving two subproblems. The first one is called Partial Scenario and faces the

optimization of Vircators already built. This problem is studied in Sections 7.2. The

second one is presented in Section 7.3 and focuses on optimizing all the Vircator’s

design parameters. This Section is called Generalized Scenario. Section 7.4 proves

analytically that the optimality of the energy efficiency is placed on a region of the

space of variables conditioned by Id = Ic. In Sections 7.5 and 7.6, Partial Scena-

rio and Generalized Scenario will be validated by computational simulation. Finally,

Section 7.7 presents the chapter conclusions.

7.1. Problem formulation

This Section defines the prerequisites of the optimization problem. First, the energy

efficiency given by Eq. (5-19) will be expressed as a function of the design para-

meters (Section 7.1.1). Problem constraints will be defined in Section 7.1.2 and the

optimization problem will be formally formulated in Section 7.1.3.

7.1.1. Adaptation of the model to the optimization parameters

There are at least three different figures of merit determining the Vircators’ efficiency

[23]. The majority of the literature reports have defined the Vircator’s energy perfor-

mance as the ratio of the peak power output and the input power at the same time.

Another typical figure of merit is the ratio of the peak power output and peak power
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input.

In this dissertation, we are interested in determining the Vircator efficiency as the

ratio between the energy radiated in the tuned frequency and the total energy input.

The energy efficiency model defined in Section 5.3 was established as the ratio of

the total energy radiated in ω and the total energy inserted, because of this, model

stated in Eq. (5-19) is suitable.

Equation (5-19) defines the energy efficiency model as a function of the cathode

radius (rc), the drift-tube injected current (Ib), the relativistic factor of the electrons in-

serted in the drift-tube (γ0), the VC’s oscillation angular frequency (ω), the maximum

current drifting in the drift-tube (Iscl), the anode transparency Ta, and the dispersion

factor (ǫa).

This Section focuses on solving the efficiency model as a function of the design pa-

rameters ( rc, rdt, V , Ta, and d).

In order to do that, the following set of equation can be used to transform Eq. (5-19)

as a function of the design parameters:

Iscl =
2πε0mc3

e

(γ
2/3
0 − 1)

3/2

1 + ln(rdt/rb)
, (7-1)

Ib = πrbJb, (7-2)

Jb =
ωp

2ε0mc
√

γ2
0 − 1

e
, (7-3)

ωp = a1ω, (7-4)

γ0 = kV + 1, (7-5)

and,

rb = rc. (7-6)

Previous equations are described and explained in see Section 6.1.1.

Solving Eqs. (7-1) to (7-6) into the Eq. (5-19), we have

eωp =
a21π

2k

12c3ε0
Tar

2
cω

2
p (kV + 2) e

−4

(

1− 8c2((kV +1)2/3−1)3/2

r2cω
2
p(1+ln( rdt

rc ))
√

(kV +1)2−1

)2

ǫa, (7-7)

where k = e/mc2.

Equation (7-7) is the objective function to be optimize.
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7.1.2. Constraints definition

Constraints stated in Section 6.1.2 define the Vircators’ operational conditions. Be-

cause of this, efficiency optimization problem and energy optimization are constrained

by the same equations, that is Eqs. (6-11) to (6-15). For ease of reading purposes,

these equations are rewritten below:

V/d > Eth. (7-8)

Ib > Iscl. (7-9)

Id ≤
2πε0mc3

e

rc
d

√

γ2
0 − 1. (7-10)

0 ≤ Ta ≤ 1. (7-11)

rc < rdt. (7-12)

7.1.3. Optimization problem

Energy efficiency optimization problem can be formulated as

máx
V,rc,rdt

a21π
2k

12c3ε0
Tar

2
cω

2
p (kV + 2) e

−4

(

1− 8c2((kV +1)2/3−1)3/2

r2cω
2
p(1+ln( rdt

rc ))
√

(kV +1)2−1

)2

ǫa,

subject to: V/d > Eth,

rdt > rc,

≤ 0 < Ta ≤ 1,

Ib > Iscl,

Id ≤ Ic,

rc < rdt.

(7-13)

7.2. Partial Scenario

We are interested in determining the optimal conditions for Vircators already cons-

tructed where only minor adjustments can be done. Moreover, we are interested in
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Figure 7-1.: Energy Efficiency as function of V and rc at fixed ωp = 2πfp, fp =

2.83GHz, rdt = 5cm and Ta = 0.5.

defining the anode transparency conform to the lifetime criterion instead of the opti-

mal value. This Section is focused on studying this case.

Figure 7-1 shows eωp for a parametric variation of rc and V , while ωp, Ta, and rdt re-

main constant. This Figure was plotted in order to analyze the function and includes

the non-constrained space. For each point plotted, d was calculated in order to tune

the frequency at ωp = 2.83GHz (see Eq. (6-59)). Notice that the energy efficiency

increases with the increasing of V and rc.

Figure 7-2 presents the level curves for the same parametric variation of Figure 7-1

but the constrained space was considered. Figure 7-2 defines the whole space of the

solution.

Figure 7-2 shows that the optimality is located on the curve Ic = Id. In Section 7.4, the

generalization of this condition for any Vircator is proved analytically. The optimality

for the Vircator’s energy case (Chapter6) locates over the same curve.

In Section 6.2, it was determined an equation for the curve Id = Ic (Eq. (6-24)) and

mathematical expressions for rc ensuring this condition (Eqs. (6-26)) or (6-27)). Curve

Id = Ic is not depending on the optimization problem because of it is determined by

the Vircator’s physics. For this reason, the equation defining the optimal rc is equal to

the obtained one for the energy optimization case. Then, an approximated equation
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Figure 7-2.: Energy Efficiency as function of V and rc at fixed ωp = 2πfp, fp =

2.83GHz, rdt = 5cm and Ta = 0.5. The dashed line shows the curve

Id = Ic which is the limit given by the third constraint.

defining the optimal rc is

rc(V ) =
c · x2

ωp

√

Ta, (7-14)

where x2 = 3(kV + 2)1/4/(21/4
√
kV ).

Equation (7-14) is a one-dimensional and non-relativistic solution. The relativistic and

two-dimensional expression is

rc(V ) = rc(V )approx

(

− 1

4x2
2

+

√

1

16x4
2

+
1

FR

)

. (7-15)

Equation (7-15) is based on the first order two-dimensional correction defined in Eq.

(2-12).

Solving Eq. (7-14) into Eq. (7-7), we have

eωp = c1G1(V )e−4(1−c2G2(V ))2 , (7-16)

where

c1 =
3π2a21T

2
a ǫa

4
√
2cε0

, (7-17)
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c2 =
8
√
2k

9Ta

, (7-18)

G1(V ) =
(2 + kV )3/2

V
, (7-19)

G2(V ) =
V
(

(kV + 1)2/3 − 1
)3/2

√
kV + 2

√

(kV + 1)2 − 1
(

1 + ln
(

21/4rdtωp

√
kV

3c
√
Ta(kV+2)1/4

)) . (7-20)

Equations (7-17) to (7-20) will be analyzed as follows:

c1 and c2 are positive constants depending only on Ta.

G1(V ) is a function depending only on V and is plotted in Figure 7-3 (dashed

black line). Now, deriving G1(V ) and equaling to zero, we have

3k
√
kV + 2

2V
− (kV + 2)3/2

V 2
= 0. (7-21)

Solving V from Eq. (7-21) gives

V =
4

k
= 2044kV. (7-22)

G1(V ) has an unique inflection point which is localized at V = 2044kV . G1(V )

is a decreasing function of V if V < 2044kV , otherwise G1(V ) is an increasing

function. Moreover, G1(V ) is always a positive function (See Figure 7-3, dashed

line).

G2(V ) was already analyzed in section 6.2 where was determined that is a po-

sitive and increasing function of V (See Figure 7-3, solid line).

Now, deriving Eq. (7-16) and equating to zero, the inflection points of the function are

found when

8c2G
′
2(V ) (c2G2(V )− 1)

︸ ︷︷ ︸

Left hand term

=
G′

1(V )

G1(V )
︸ ︷︷ ︸

Right hand term

. (7-23)

The right hand term is a concave function depending only on V and its range is

[−∞, 4.94× 10−8]. The inflection point locates on V = 2(2 +
√
6)/k = 4547kV .
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Figure 7-3.: G1(v) and G2(V ) for a parametric variation of V between 0 and 10MV .

G2(V ) was plotted with rdt/rc = 1.01

The left hand term is positive if c2G2(V ) > 1, and negative otherwise. Zeros locate at

V = 0 and c2G2(V ) = 1. Because of this, two values of V solve Eq. (7-23).

As for the case of the energy optimization, to solve V from Eq. (7-23) is cumbersome.

But, the optimal V can be found using numerical techniques applied to the Eq. (7-23),

or a local optimization method in Eq. (7-16).

Concluding, for a Vircator with a given drift-tube radius (rdt) and anode transparency

(Ta), the optimal parameters maximizing the energy efficiency at a given f can be

found as follows:

1. Define

ωp =
2πf

a1
, (7-24)

where a1 is taken as 2.12 according to Alyokhin [57] and f is the frequency to

tune.

2. Solve V from Eq. (7-16) using an local optimization technique or from Eq. (7-23)

using a numerical technique.

3. Calculate rc from Eq. (7-14) or (7-15).

4. Calculate d from Eq. (6-59).

In the case of the Partial solution, the optimality of energy and energy efficiency are

different. In Section 7.5, the optimization presented will be validated.
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7.3. Generalized Scenario

This Section focuses on identifying all the optimal parameters maximizing the energy

efficiency in an axially extracted Vircator while its dominant radiated frequency tunes

at a given value.

As it was mentioned in Section 7.2, Curve Id = Ic is not depending on the optimi-

zation problem due to the fact that this is defined by the Vircator’s physics. Hence,

optimal rc is the value ensuring the work point on the curve, that is, optimal rc is given

by Eqs. (7-14) or (7-15). An analytical proof of the energy efficiency optimality on the

Curve Id = Ic is presented in Section 7.4.

On the other hand, Equation (7-7) establishes that eωp is linearly depending on the

anode transparency (Ta) and the square of rc. Moreover, optimal rc is linearly depen-

dent of the square root of Ta. Hence, eωp is depending on the square of Ta approxi-

mately.

Solving optimal rc (Eq. (7-14)) into the objective function, we have

eωp =
3π2a21T

2
a

√
kV + 2(kV + 2)

4
√
2cV

e

−4









1−
8
√
2kV ((kV +1)2/3−1)

3/2

9Ta
√
kV +2

√
(kV +1)2−1

(

ln

(

1+
21/4

√
kV ωprdt

3c
√
Ta(kV +2)1/4

))









2

ǫa.

(7-25)

This equation can be simplified as

eωp = c1T
2
a e

−4



1− c2

Ta

(

1+ln

(

c3√
Ta

))





2

, (7-26)

where

c1 =
3π2a21

√
kV + 2(kV + 2)

4
√
2cV

ǫa (7-27)

c2 =
8× 21/2((kV + 1)2/3 − 1)

3/2
kV

9
√

(kV + 2)
(
(kV + 1)2 − 1

)
, (7-28)

and

c3 =
21/4
√
kV rdtωp

3c(kV + 2)1/4
. (7-29)
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Deriving Eq. (7-26) respect to Ta, we have

dP̄ωp

dTa
= 2c1

Ta

(

ln
(

c3√
Ta

)

+1
)3 e

−4



1− c2

Ta

(

1+ln

(

c3√
Ta

))





2

× ((4c22 − 6c2Ta + 3T 2
a ) ln

(
c3√
Ta

)

+2c22 + Ta(3Ta − 4c2) ln
2
(

c3√
Ta

)

− 2c2Ta + T 2
a ln

3
(

c3√
Ta

)

+ T 2
a ),

(7-30)

The sign of Eq. (7-30) is given by the sing of

(
4c22 − 6c2Ta + 3T 2

a

)
ln

c3√
Ta

+ 2c22 + Ta(3Ta − 4c2) ln
2 c3√

Ta

− 2c2Ta + T 2
a ln

3 c3√
Ta

+ T 2
a ,

(7-31)

where c3/
√
Ta > 1 (fifth constraint presented in Section 6.1.2, that is rdt > rc), and

c2 > 0. c2 and c3 are equal to Eqs. (6-42) and (6-43) respectively. Hence, Eq. (7-31)

and (6-44) are equal and Eq. (7-30) is always positive. Then, Eq. (7-25) is a increa-

sing function of Ta. This means that, if maximum energy efficiency is desired, then Ta

should be established at its maximum.

On the other hand, if eωp is derived respect to rdt and equaled to zero, it can be sol-

ved a solution of rdt which is equal to the solution obtained for the energy optimization

(Eq. 6-50), this is

rdt = e

8c2((kV +1)2/3−1)
3/2

√
(kV +1)2−1rc2ωp2

−1

rc. (7-32)

Notice that this solution is equally conditioned as the solution obtained for the energy

optimization case (see Section 6.3). This is:

1. For the case when rc is defined by Eq. (7-14), consider the following:

a) Replacing Eqs. (7-32), (7-14), and Ta = 1 into (7-7). Then, the objective

function becomes

eωp =
3a21π

2(kV + 2)3/2

4
√
2cε0V

. (7-33)

This case applies for V > 1.84MV .

b) When V < 1.84MV , optimal rdt is reached when rdt → rc.

The obtained energy efficiency is a increasing function of V . The complete

solution is plotted in Figure 7-4, solid black line.
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Figure 7-4.: Maximum energy efficiency as a function of V when rdt, rc, Ta are

optimal.

2. In the case of rc defined by Eq. (7-15):

a) When V > 2.2MV , optimal rdt is given by Eq. (7-32).

b) If V < 2.2MV , optimal rdt is reached when rdt → rc.

In this case, the energy efficiency is too a increasing function of V (see Figure

7-4, dashed line).

Figure 7-4 shows the maximum energy efficiency as a function of V . The solid line

represents the maximum energy efficiency when is used the one-dimensional and

non-relativistic solution of rc. The dashed line shows the limit of the energy efficiency

calculated with the relativistic and two-dimensional solution. At optimal parameters,

the energy efficiency is not depending on the frequency.

Notice that the maximization of the energy efficiency is determined by the same opti-

mal parameters of the energy optimization case.

7.4. Proof that the optimality is located on the Curve

Id = Ic

Figure 7-2 proposes that the optimality locates on the curve Id = Ic which is given by

Eq. (7-14) or (7-15). But in this case, the proof that the objective function respect to
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rc is an increasing function at fixed parameters (V , rdt and ωp) is true only when

((r2c − 4c2)
2 − r2c ln(rdt/rc)

2)2 > 8c22, (7-34)

where c2 is

c2 =
8c2
(

(kV + 1)2/3 − 1
)3/2

√

(kV + 1)2 − 1rc2ωp
2
. (7-35)

Despite this, the optimality always drops on the curve Id = Ic. The proof of this can

be realized analytically as follows.

For simplicity, the objective function can be defined as:

eωp = c1 H1(rc)G1(V )
︸ ︷︷ ︸

First term

exp






−4






1− c2

G2(V )

H2(rc)
︸ ︷︷ ︸

Second term







2





, (7-36)

where c1 and c2 are positive constants, and

H1(rc) = r2c , (7-37)

H2(rc) = r2c

(

1 + ln

(
rdt
rc

))

, (7-38)

G1(V ) = kV + 2, (7-39)

G2(V ) =

(
(kV + 1)2/3 − 1

)3/2

√

(kV + 1)2 − 1
. (7-40)

Let us to define an infinitesimal step (dx) from any point (V0, rc0, Ta0, rdt0, d0) to (V1,

rc1, Ta0, rdt0, d0) such that the energy efficiency increases (see Figure 7-5).

The steps can be defined by

drc = dx cos(θ), (7-41)

dV = dx sin(θ), (7-42)

where θ is the direction angle of displacement (see Figure 7-5).

Notice that for any θ in the range 0 < θ < π/2 (rc and V increase):

H1(rc) is a increasing function (see Eq. (7-37)).
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Figure 7-5.: Displacement searching the curve Id = Ic.
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Figure 7-6.: Eq. (7-43) for a parametric variation of rc and rdt from 0m to 1m when

rdt > rc.

H2(rc) is a increasing function due to the fact that deriving H2(rc) respect to rc,

we have
d

drc
H2(rc) = −rc + 2rc

(

1 + ln

(
rdt
rc

))

. (7-43)

Figure 7-6 shows Eq. (7-43) for a parametric variation of rc and rdt from 0m to

1m, when rdt > rc.

Figure 7-6 shows that the derivative of H2(rc) is always positive. Hence, H2(rc)

is a increasing function.

G1(V ) is a increasing function (see Eq. (7-39)).
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G2(V ) is a increasing function. In order to prove this, G2(V ) can be derived as

d

dV
G2(V ) =

k
(
kV 3
√
kV + 1 + 3

√
kV + 1− 1

)√

(kV + 1)2/3 − 1
3
√
kV + 1(kV (kV + 2))3/2

. (7-44)

Due to the fact that kV +1 > 1, Eq. (7-44) is positive and G2(V ) is an increasing

function of V .

Concluding: having a step given by 0 < θ < π/2, the first term in Eq. (7-36) (H1(rc) ·
G1(V )) increases. For the second term, there is at least one θ ensuring that the term

remains constant, that is

G2(V )

H2(rc)
=

G2(V + dV )

H2(rc + drc)
. (7-45)

For this reason, in the range 0 < θ < π/2 exist at least one angle that allows the

energy efficiency increase. The trajectory searching the optimality will be given by

the sum of steps with angles between 0 and π/2. This trajectory is cut by the curve

Id = Ic as is shown in Figure 7-5.

7.5. Validation of the Partial Scenario

In this Section, validation of the Partial Scenario (Section 7.2) will be carried out

by computational simulation. The four cases simulated will be the ones studied in

Section 6.5 and defined in Table 6-1.

A. Vircator # 1

Fixed parameters for this example are: f = 6GHz, rdt = 5cm and Ta = 0.5. Simulated

points were chosen on the whole space of the variables and are presented in table

7-1.

Table 7-1 compares the results of each simulation (column five) with the prediction

of the model (column six). The highlighted row is the point where the efficiency was

maximum. The energy was calculated in the band from 5.3GHz to 7.1GHz (1.9fp to

2.5fp) which is the range defined by Kadish [56].
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Table 7-1.: Simulation points, results and model predictions for the Vircator #1

Point
rc V d eωp

[cm] [kV] [cm] PIC simulation Analytical Model

1 1 400 0.62 0.05 0.01

2 1 800 0.80 0.03 0

3 1.5 400 0.62 0.01 0.48

4 1.5 800 0.80 0.22 0.15

5 1.5 1600 0.98 0.10 0

6 1.5 3200 1.15 0.03 0

7 1.5 6400 1.29 0.01 0

8 2 400 0.62 0.07 0.52

9 2 800 0.80 0.09 1.09

10 2 1600 0.98 0.19 0.67

11 2.5 400 0.62 0.03 0.43

12 2.5 800 0.80 0.79 1.31

13 3 400 0.62 0.05 0.83

14 3.5 400 0.62 0.03 0.36

15 1 1368 0.94 0.15 0

16 2 3389 1.17 0.08 0.01

17 2.5 1712 1.00 2.97 2.49

18 3 1029 0.87 0.21 1.78

19 3.5 690 0.76 0.52 0.87
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Figure 7-7.: Energy efficiency simulated for each sampled points of the Vircator # 1.

Figure 7-7 shows a representation of the energy simulated in the sampled points.

Both the gray intensity and the radius represent the efficiency obtained. The Figure

presents the same shape as Figure 7-2 because the two figures show the same pro-

blem.

Optimal V is 1.53MV and optimal rc is 2.59cm according to the methodology sug-

gested in the Section 7.2. Notice that the optimal parameters are different from the

calculated for energy optimization (see Section 6.5). The nearest point simulated is

point number 17.

In other words, energy efficiency model was able to find the optimality, although the

predictions fail far from the maximum. This circumstance was also observed for the

energy case.

B. Vircator #2

In this example, fixed parameters are: f = 6.34GHz (fp = 6GHz), rdt = 5cm and

Ta = 0.5. Table 7-2 presents the sampling points and compares its simulation results

with the prediction calculated with the energy model. The higher energy efficiency

localizes at point 12.

Energy efficiency was calculated in the band from 5.7GHz to 7.3GHz (1.9fp to 2.5fp
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Table 7-2.: Simulation points, results and model predictions for the Vircator #2

Point
rc V d eωp[ %]

[cm] [kV] [cm] PIC simulation Analytical model

1 1 224 0.46 0 0.2

2 1.5 470 0.62 0.03 0.56

3 2 930 0.58 0.46 1.33

4 1 291 0.51 0 0.14

5 1.5 725 0.73 0.02 0.42

6 2 1691 0.94 0.10 1.17

7 1 505 0.64 0 0

8 1.5 1579 0.93 0 0.2

9 1 1783 0.96 0.02 0

10 1.5 7110 1.24 0.01 0

11 2 2820 1.06 0.17 0.58

12 2.5 1446 0.9 1.34 2.51

13 3 884 0.78 0.37 1.26

14 3.5 597 0.68 0.15 0.62

15 4 434 0.6 0.26 0.39
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Figure 7-8.: Energy efficiency simulated for each sampled points of the Vircator #2

where fp = 6.36GHz/2.12 = 3GHz).

V = 1596kV and rc = 2.58cm are the optimal parameters according to the presented

methodology. Figure 7-8 shows a representation of the energy efficiency simulated.

The plot was normalized for the maximum obtained in order to achieve a better vi-

sualization.

As in the first example, the proposed model was able to predict with a good agree-

ment the power close to the optimality, but the predicts fail far from the maximum.

The two previous examples showed that the optimality is located in the curve Ic = Id.

C. Vircator #3

Validations in the examples #3 and #4 will be carried out only over the curve Ic = Id.

Table 7-3 presents the sampled points and compares the results of the simulations

with the model prediction. Parameters fixed were f = 4GHz, rdt = 12cm and Ta = 0.7.

Optimal Vircator simulated is highlighted.

According to the procedure presented in Section 7.2, there was presented a mista-

ke in the identification of the optimality point. According to Table 7-3, the simulation

localizes the optimality in point number 7, but the energy efficiency model predicts
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Table 7-3.: Simulation points, results and model predictions for the Vircator #3

Point
rc V d eωp

[cm] [kV] [cm] PIC simulation Analytical model

1 2.5 11500 2.47 0.08 0

2 2.75 8159 2.38 0.07 0.02

3 3 5993 2.28 0.25 0.04

4 3.25 4552 2.19 0.82 1.67

5 3.5 3550 2.10 2.87 3.07

6 3.75 2849 2.01 2.46 3.63

7 4 2330 1.92 3.07 3.31

8 4.25 1941 1.84 2.42 2.74

9 4.5 1641 1.77 1.85 2.12

10 4.75 1407 1.70 0.91 1.61

11 5 1220 1.63 0.58 1.24

the optimality in point number 6. Despite this error, the model was able to predict the

shape of the energy efficiency over the curve (see Figure 7-9).

So, over the curve Id = Ic, the model was able to predict with a good agreement the

energy efficiency. Despite the variability of the factor a1 which determines both the

frequency radiated (see Section 2.2.3) and the energy efficiency (see Eq. (7-7)), the

model presented is reliable near to the curve Id = Ic.

D. Vircator #4

Table 7-4 presents the sampling points and compares its simulation results with

the prediction calculated with the energy efficiency model. Optimality is localized in

V = 3614kV and rc = 1.97. Energy efficiency model was able to predict the point with

the most efficiency. Point number 4 obtained the maximum energy efficiency accor-

ding to the simulations and predictions of the model for the points evaluated.

Figure 7-10 shows data simulated and calculated.
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Figure 7-9.: Energy efficiency simulated for each sampled points of the Vircator #3

Table 7-4.: Simulation points, results and model predictions for the Vircator #4

Point
rc V d eωp [ %]

[cm] [kV] [cm] PIC simulation Analytical Model

1 1.4 12095 2.05 0.22 0.02

2 1.6 7436 1.79 1.74 1.02

3 1.8 4927 1.59 4.28 3.84

4 2 3467 1.43 5.38 4.79

5 2.2 2559 1.30 0.99 3.81

6 2.4 1963 1.19 1.51 2.60

7 2.6 1554 1.10 1.28 1.73

8 2.8 1261 1.02 0.33 1.18

9 3 1045 0.95 0.30 0.86

10 3.2 881 0.89 0.35 0.66

11 3.4 754 0.84 0.41 0.53
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Figure 7-10.: Energy efficiency simulated for each sampled points of the problem

Vircator #4.

In ohter words, the model was able to find the optimality in this example.

7.6. Validation of the Generalized Scenario

The generalized scenarios lead to the optimality conditions for the energy and the

energy efficiency match. This section presents the validation of the conclusion pre-

sented in Section 7.3, which defines the optimal parameters maximizing the energy

efficiency in a Vircator.

In this section we will perform a parametric variation of V tuning the radiation at the

frequencies defined in Table 6-1. Figure 7-11 presents the shape of the energy effi-

ciency at optimal parameters (Varying V ). The test carried out in this section consist

in simulating optimal Vircators at given voltages. The anode transparency in all the

simulations was pre-fixed on 1. Table 7-5 and 7-6 show the parameters of each simu-

lation performed, the results of the simulations and the model predictions.

Simulations support the hypothesis that both the energy and energy efficiency in-

crease with the feed voltage increasing. Additionally, results obtained for the average

power is displayed in Figure 7-11. Plot contrasts the power obtained by the simula-
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Table 7-5.: Simulation points, results and model predictions

f V rdt rc d eωp

[GHz] [kV] [cm] [cm] [cm] Pic Simulation Analytical Model

6

0.5 5.65 5.65 0.96 0.73 0.51

1 4.29 4.29 1.22 1.09 1.94

1.5 3.7 3.7 1.38 4.69 4.4

2 3.68 3.35 1.48 3.75 5.12

2.5 4.52 3.12 1.56 3.1 5.15

3 5.55 2.94 1.62 5.1 5.24

3.5 6.78 2.8 1.67 5.29 5.35

4 8.23 2.69 1.71 5.36 5.48

4.5 9.92 2.6 1.74 7.28 5.62

5 11.89 2.52 1.77 7.62 5.76

6.36

0.5 5.35 5.35 0.91 0.27 0.51

1 4.06 4.06 1.16 0.21 1.94

1.5 3.5 3.5 1.3 4.99 4.4

2 3.48 3.17 1.4 4.29 5.12

2.5 4.28 2.95 1.47 8.42 5.15

3 5.25 2.78 1.53 7.73 5.24

3.5 6.42 2.65 1.58 7.14 5.35

4 7.79 2.55 1.62 7.57 5.48

4.5 9.39 2.46 1.65 8.56 5.62

5 11.25 2.38 1.68 9.37 5.76
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Table 7-6.: Simulation points, results and model predictions for the generalized sce-

nario part #1

f V rdt rc d eωp

[GHz] [kV] [cm] [cm] [cm] PIC Simulation Analytical Model

4

0.5 8.47 8.47 1.44 1.69 0.51

1 6.43 6.43 1.83 0.57 1.94

1.5 5.55 5.55 2.06 1.18 4.4

2 5.52 5.03 2.22 1.14 5.12

2.5 6.78 4.67 2.34 2.08 5.15

3 8.33 4.41 2.43 5.22 5.24

3.5 10.17 4.2 2.5 5.8 5.35

4 12.34 4.04 2.56 5.45 5.48

4.5 14.88 3.9 2.61 4.7 5.62

5 17.83 3.78 2.66 5.52 5.76

8

0.5 4.24 4.24 0.72 1.08 0.51

1 3.22 3.22 0.92 4.04 1.94

1.5 2.77 2.77 1.03 1.61 4.4

2 2.76 2.51 1.11 3.01 5.12

2.5 3.39 2.34 1.17 4.22 5.15

3 4.16 2.2 1.21 3.45 5.24

3.5 5.08 2.1 1.25 4.01 5.35

4 6.17 2.02 1.28 4.36 5.48

4.5 7.44 1.95 1.31 3.49 5.62

5 8.91 1.89 1.33 4.81 5.76
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Figure 7-11.: Energy efficiency at optimal design parameters for a parametric varia-

tion of V .

tions with the predicted by the energy model. Despite the data variability, simulations

show the response predicted by the model.

On the other hand, analysis over the data cannot identify a dependency of the energy

efficiency on the frequency at optimal parameters, which has been predicted by the

model.

7.7. Conclusions

A mathematical model for determining the energy efficiency for the axially extracted

Vircator was proposed. The model was studied and optimized proposing a metho-

dology to calculate the optimal design parameters while the dominant radiation fre-

quency is set up at a specific value.

The performed optimization determined that the parameters that maximize the energy

efficiency match with the parameters optimizing the total energy radiated. For this

reason, a Vircator tuned in energy also is optimal in energy efficiency.

The model analysis determined that both the optimal feed voltage and anode trans-

parency should always be set as high as possible.

Two equations were proposed determining the optimal cathode radius as a function
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of the feed voltage, the anode transparency, and the frequency tuned.

Optimal drift-tube radius was determined as a function of the optimal cathode radius,

the anode-cathode voltage and the frequency tuned.

Finally, the optimal cathode-anode gap is given by the value that allows tuning the

radiation at the desired frequency.



8. Conclusions

8.1. Summary of the work

Initially, the Vircators operation was studied, determining that the Vircator physics can

be worked in two regions separately.

After that, the Space-Charge-Limited Current problem was studied obtaining new re-

lativistic expressions for the planar and coaxial diodes. The relativistic solution for the

planar geometry was deduced analytically and is exact. In the case of the coaxial

solution, the deduction was obtained by the combination of analytical and numerical

techniques. The two solutions were solved as functions of the non-relativistic solution

and a relativistic correction factor.

Next, a numerical approach determining the Vircator parameters maximizing the

energy at a given frequency was proposed. This approach is based on the use of

bioinspired optimization using computational simulation during the evaluation step.

The implementation of the solution was carried out with a client/server architecture.

Due to the high complexity of the proposed computational approach, an analytical

approach was addressed. To do that, first, it was obtained mathematical models des-

cribing the Vircator’s radiation energy and energy efficiency. Then, the model was op-

timized, defining the conditions leading to the optimality for both energy and energy

efficiency at a given frequency.

8.2. Main findings

The conclusion of this thesis can be summarized as follows:

The solutions of the generalized scenarios that has been presented in the sections

6.3 and 7.3 showed that the optimality conditions for the energy and the energy effi-

ciency are the same. Models proposed (Eqs. (5-13) and (5-19)) indicate that the best
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Vircator’s energy performance is obtained when the diode current (Id) equals the cu-

rrent defined by the laminar flux criterion (Ic). The validation of this was performed by

computational simulation.

The occurrence of VC’s oscillation at low speeds (below 89 % of the speed of light)

was theoretically proved. Hence, the Vircator’s power can be modeled with the non-

relativistic form of the Larmor’s formula.

The proposed numerical solution of optimization is based on heuristic using numerical

simulations during the step of evaluation. This methodology is functional for optimi-

zation problems where the models are not available. Although this solution is useful,

is quite time consuming. Additionally, this methodology was successful and can be

extended to other engineering problems. The main advantage of this approach is the

possibility of introducing new elements such as reflectors or slow waves structures.

This dissertation also presents two new solutions for the space-charge-limited cu-

rrent in the relativistic regime. The two solutions are based on correction factors for

the non-relativistic classical solution in the planar and coaxial geometries. The met-

hodology used to solve the differential equation in the coaxial case is based on partial

solutions at given conditions.

Even though the Vircator’s energy capabilities are virtually unlimited, the dimensions

and voltages needed to produce that amount of energy are unrealistic. Additionally,

the proposed models lead to Vircators that can be successful at any frequency if the

correct sizes are considered, however, one limitation is the gap closure phenomenon

which reduces the operation time.

The majority of the energy radiated in the dominant frequency is a consequence of

the average charge accumulated into the virtual cathode.

In a Vircator, the anode transparency plays one of the more important roles for the

vircators response. Firstly, the relativistic plasma frequency varies with the square

root of the anode transparency, and the Vircator‘s dominant radiation frequency is li-

nearly depending on the relativistic plasma frequency. Secondly, despite the fact that

the energy is not depending on the anode transparency, the condition ensuring the

optimality (Id = Ic) varies with the square root of the anode transparency. At the same

time, variation of Id = Ic allows increasing the cathode radius while the laminar flow is

maintained. The energy varies as the fourth power of the cathode radius. These two
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situations lead to the conclusion that the energy varies as the square of the anode

transparency, so, the energy efficiency varies linearly with the square of the anode

transparency. In other words, any variation of the anode transparency produces a va-

riation of the square of the energy efficiency.

For both the energy and energy efficiency, the optimal feed voltage is the highest

possible. However, the VC’s dominant frequency decreases as the voltage increases.

In order to fix the radiation at a determined frequency, the anode-cathode gap must

be compensated with a reduction. This leading to operation time reduction due to gap

closure phenomena.

The optimal cathode radius (rc) was defined as a function of the feed voltage, the

anode transparency, the tuned frequency, the relativistic factor, and the two-dimensional

correction factor (see Eq. (6-25)). In general terms, it could be said that the cathode’s

characteristics define the current of the system establishing the work point and the

optimality.

The drift-tube radius is the less significant parameter (from DoE) for the Vircator opti-

mization. Despite that, the drift-tube radius must be enough in order to guarantee the

propagation of the wave. Additionally, it was determined the optimal values to get the

best performance in terms of energy and energy efficiency.

The anode-cathode gap is one of the most significant parameters (From DoE) since

defines the current density of the Vircator. At the same time, the current density de-

termines the VC’s frequency.





A. Appendix: Virtual cathode time

evolution

In this appendix is presented a series of pictures displaying the time evolution of the

particles in the drift-tube for a simulation in XOOPIC. Pictures were taken each 40ps

showing the process of establishing of the VC and succeeding oscillation.
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B. Appendix: Energy obtention

post-processing

During the development of this thesis, CST-PS and XOOPIC were used to carry out

computational simulations. But both software does not present options or modules

to determine the energy radiated into a specific band of frequency. Hence, it is ne-

cessary to calculate in a post-processing step the energy or energy efficiency at the

extraction windows of Vircator. This appendix presents the numerical procedure used

to calculate the energy and energy efficiency into the band of interest.

Majority Vircator’s spectral analyses presented in the literature are based on applying

the Fourier Transform to the electric field sampled only at the center of the extraction

window [103, 93, 104, 105]. This procedure is an approximation because it is not

considered all the propagation modes in the tube.

In order to consider the energy transported by all the propagation modes, during the

development of the simulations of this thesis, it was used the following alternative

approach:

1. The Vircator extraction window was filled with n couples of electric and magnetic

field probes. Each probe record the parameter measured in the time.

2. Both measured electric ( ~Ei) and magnetic fields are exported in text files. Each

probe represents a part of the extraction area (Ai).

3. Matlab imports the text files with the measurement obtained.

4. Fourier transform (F) of ~Ei and ~Hi are calculated using the Fast Fourier Trans-

form (FFT) [106].
~Ei = FFT( ~Ei), (B-1)

~Hi = FFT( ~Hi), (B-2)

5. Poynting vector (~Si) is calculated as [107]

~Si = ~Ei × ~H∗
i (B-3)



126 B Appendix: Energy obtention post-processing

where ∗ denote the conjugate.

6. Average power density leaving the extraction surface at the point i is the real

part of the Poynting Vector in the direction normal to the window surface.

P̄i = Re(~Si · x̂) (B-4)

7. Finally, each point i is assigned a weight according to the area (Ai). Finally, the

average power leaving the extraction surface is calculated as

P̄ =
n∑

i=0

P̄iAi (B-5)



C. Appendix: XOOPIC input

simulation codes

This appendix presents the XOOPIC simulation codes used during the development

of this thesis.

C.1. Drift-tube region simulation

The following XOOPIC’s input code provides a Vircator partial simulation where only
the effects on the drift-tube region are considered.

Vircator_axially

{

}

Variables

{

//Constants definition

pi = 3.14159265358979323846

lightSpeed = 2.99792458e08

electronMass = 9.1093897e-31

unitCharge = electronMass*1.75881962e11

electronCharge = -1*unitCharge

electronMassEV = electronMass*speedOfLight^2/unitCharge

ionCharge = unitCharge

e0 = 8.8542e-12

//Mesh definition

meshinz = //number of meshes in z

meshinr = //number of meshes in r

//Geometry definition in meters

rdt = //drift-tube radius

rc = //cathode radius

ldt = //drift-tube length

sensor = //sensors location
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//Simulation parameters

Vol = //Anode-cathode Voltage

ibb = //Drift-tube injected beam current

//Additional

gamma = 1+((Vol/511)*1.0e-3) //Gamma definition

vz = (lightSpeed/gamma)*sqrt(gamma^2-1) //electron speed at the anode

meshin = meshinz*meshinr //Total meshes number

np = //Numerical weight of the macro-particle

dtt = //Time step

}

Region //Region block

{

Grid //Dimensions of the simulated region

{

Geometry = 0 //Cylindrical (0) or Cartesian (1) geometry

J = meshinz //Number of cells in the z direction

x1s = 0.0 //Lower coordinate in the z direction

x1f = ldt //Upper coordinate in the z direction

n1 = 1.0 //Modulation of mesh spacing in z

K = meshinr //Number of cells in the r direction

x2s = 0.0 //Lower coordinate in the r direction

x2f = rdt //Upper coordinate in the z direction

n2 = 1.0 //Modulation of mesh spacing in z

}

Control

{

dt = dtt //Time step definition

histmax = 50000 //Maximum length of history array

ElectrostaticFlag = 0 //Field Solver (0=electromagnetic)

}

Species //Definition of the species

{

name = electrons //Name of the particles species

m = electronMass //Mass

q = electronCharge //Charge

}

BeamEmitter //Definition of the boundary which emits

{

speciesName = electrons //define the kind of particles emitted

A1 = 0 //Lower endpoint in z

B1 = 0 //Upper endpoint in z

A2 = 0 //Lower endpoint in r
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B2 = rc //Upper endpoint in r

normal = 1 //Emission direction

I = ibb //Emission current

np2c = np //Numerical weight of the macro-particle

v1drift = vz //speed of particles along z dimension

}

Conductor //drift-tube wall definition

{

C = 0 //DC offset

Segment

{

A1 = 0 //Lower endpoint in z

B1 = ldt //Upper endpoint in z

A2 = rdt //Lower endpoint in r

B2 = rdt //Upper endpoint in r

normal = -1 //Direction

}

}

Conductor //Anode definition

{

C = 0 //DC offset

name = collector

A1 = 0 //Lower endpoint in z

B1 = 0 //Upper endpoint in z

A2 = 0 //Lower endpoint in r

B2 = rdt //Upper endpoint in r

normal = 1 //Direction

}

ExitPort //Extraction window definition

{

A1 = ldt //Lower endpoint in z

B1 = ldt //Upper endpoint in z

A2 = 0 //Lower endpoint in r

B2 = rdt //Upper endpoint in r

normal = -1 //Direction

}

Diagnostic

{

A1 = sensor //Lower endpoint in z

B1 = sensor //Upper endpoint in z

A2 = 0 //Lower endpoint in r

B2 = rdt //Upper endpoint in r

VarName = E2 //Electric field in r

fieldName = E //Name

fieldComponentLabel = 2 //

Comb = 1 //Action when exceed HistMax
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title = 1 Er //Title on menu

x1_Label = radio //x label

x2_Label = t //y label

x3_Label = V/m //z label

HistMax=50000 //Maximum length of history array

}

Diagnostic

{

A1 = sensor //Lower endpoint in z

B1 = sensor //Upper endpoint in z

A2 = 0 //Lower endpoint in r

B2 = rdt //Upper endpoint in r

VarName = B3 //Electric field in r

fieldName = B //Name

fieldComponentLabel = 3 //

Comb = 1 //Action when exceed HistMax

title = 2 Bphi //Title on menu

x1_Label = radio //x label

x2_Label = t //y label

x3_Label = A/m //z label

HistMax=50000 //Maximum length of history array

}

Diagnostic

{

A1 = sensor //Lower endpoint in z

B1 = sensor //Upper endpoint in z

A2 = 0 //Lower endpoint in r

B2 = 0 //Upper endpoint in r

VarName = E1 //Electric field in r

fieldName = E //Name

fieldComponentLabel = 1 //

Comb = 1 //Action when exceed HistMax

title = 2 Bphi //Title on menu

x1_Label = t //x label

x2_Label = V/m //y label

HistMax=50000 //Maximum length of history array

}

CylindricalAxis

//This special boundary condition is necessary for an r-z grid.

{

j1 = 0

j2 = meshinz

k1 = 0

k2 = 0

normal = 1

}
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}

C.2. Full Simulation

The code writes below provides a Vircator’s simulation considering the two regions

(Diode and Drift-tube).

Vircator_axially

{

}

Variables

{

//Constants definition

pi = 3.14159265358979323846

lightSpeed = 2.99792458e08

electronMass = 9.1093897e-31

unitCharge = electronMass*1.75881962e11

electronCharge = -1*unitCharge

electronMassEV = electronMass*speedOfLight^2/unitCharge

ionCharge = unitCharge

//mesh definition

meshinz = //number of meshes in z

meshinr = //number of meshes in r

//Geometry definition in m

sensor = //sensors location

d = //anode-cathode gap

rc = //cathode radius

rdt = //drift-tube radius

lc = d*3 //Cathode length

ldt = d*meshinz //drift-tube length

//Simulation parameters

Vol = //Anode-cathode Voltage

Tr = //Anode transparency

//Additional

np = //Numerical weight of the macro-particle

dtt = //Time step

}

Region //Region block

{
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Grid //Dimensions of the simulated region

{

Geometry = 0 //Cylindrical (0) or Cartesian (1) geometry

J = meshinz //Number of cells in the z

x1s = 0.0 //Lower coordinate in the z

x1f = ldt //Upper coordinate in the z direction

n1 = 1.0 //Modulation of mesh spacing in z

K = meshinr //Number of cells in the r direction

x2s = 0.0 //Lower coordinate in the r direction

x2f = rdt //Upper coordinate in the z direction

n2 = 1.0 //Modulation of mesh spacing in z

}

Control

{

dt = dtt //Time step definition

histmax = 50000 //Maximum length of history array

ElectrostaticFlag = 0 //Field Solver (0=electromagnetic)

}

Species //Definition of the species

{

name = electrons //Name of the particles species

m = electronMass //Mass

q = electronCharge //Charge

}

FieldEmitter

{

speciesName = electrons

A1 = lc //Lower endpoint in z

B1 = lc //Upper endpoint in z

A2 = 0 //Lower endpoint in r

B2 = rc //Upper endpoint in r

threshold = 2e5 //emission threshold [V/m]

normal = 1 //Emission direction

np2c = np //Numerical weight of the macro-particle

}

Equipotential //Cathode definition

{

name = collector

C = -Vol //DC offset

Segment

{

A1 = 0

B1 = lc

A2 = rc
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B2 = rc

normal = -1

}

Segment

{

A1 = lc

B1 = lc

A2 = 0

B2 = rc

normal = 1

}

}

Conductor //drift-tube wall definition

{

C=0

name = collector

A1 = 0

B1 = ldt

A2 = rdt

B2 = rdt

normal = -1

}

Equipotential //Anode definition

{

C=0

name = collector

transparency=Tr //Anode transparency

A1 = d+lc

B1 = d+lc

A2 = 0

B2 = rdt

normal = -1

IdiagFlag = 1 // Turn on energy and current diagnostics

nxbins = meshinr * 10

nenergybins = 100 // resolution of the energy diagnostic

energy_min = 1000 // in eV

energy_max = 6e5 // in eV

}

ExitPort

{

A1 = ldt

B1 = ldt

A2 = 0

B2 = rdt

normal = -1

name = windows
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EFFlag=1

}

ExitPort

{

A1 = 0

B1 = 0

A2 = 0

B2 = rdt

normal = 1

name = isolator

EFFlag=1

}

Diagnostic

{

A1 = sensor

B1 = sensor

A2 = 0

B2 = rdt

VarName = E2

fieldName = E

fieldComponentLabel = 2

Comb=1

title = 1 Er

x1_Label = radio

x2_Label = t

x3_Label = V/m

HistMax=50000

}

Diagnostic

{

A1 = sensor

B1 = sensor

A2 = 0

B2 = rdt

VarName = B3

comb =1

fieldName = B

fieldComponentLabel = 3

title = 2 Bphi

x1_Label = radio

x2_Label = t

HistMax=50000

}

Diagnostic

{

A1 = sensor
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B1 = sensor

A2 = 0

B2 = 0

VarName = E1

fieldName = E

fieldComponentLabel = 1

title = 3 E in z center

x1_Label = t

x2_Label = V/m

HistMax=50000

}

Diagnostic

{

A1 = lc+d

B1 = lc+d

A2 = 0

B2 = rc

VarName = I1

fieldName = I

fieldComponentLabel = 1

integral=sum

title = 4 Ia

x1_Label = radio

x2_Label = t

HistMax=50000

}

Diagnostic

{

A1 = lc+d+d

B1 = lc+d+d

A2 = 0

B2 = rc

VarName = I1

fieldName = I

fieldComponentLabel = 1

integral=sum

title = 5 I vc

x1_Label = radio

x2_Label = t

save = 1

HistMax=50000

}

Diagnostic

{

A1 = ldt-d

B1 = ldt-d
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A2 = 0

B2 = rdt

VarName = I1

fieldName = I

fieldComponentLabel = 1

integral=sum

title = 7 I scaping

x1_Label = radio

x2_Label = t

save = 1

HistMax=50000

}

Diagnostic

{

A1 = 0

B1 = ldt

A2 = rdt

B2 = rdt

VarName = I1

fieldName = I

fieldComponentLabel = 1

integral=sum

title = 8 I scaping

x1_Label = radio

x2_Label = t

save = 1

HistMax=50000

}

Diagnostic

{

A1 = lc

B1 = lc

A2 = 0

B2 = rc

VarName = I1

integral=sum

title = 6 Ic

x1_Label = radio

x2_Label = t

save = 1

HistMax=50000

}

CylindricalAxis

{

j1 = 0

j2 = meshinz
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Figure C-1.: PSD of the Vircator presented by Eun-ha Choi et al. [1] simulated on

XOOPIC.

k1 = 0

k2 = 0

normal = 1

}

}

C.3. XOOPIC simulation example

In order to validate the simulation code, we use as benchmark the geometry of a

Vircator presented by Eun-ha Choi et al. [93] (rdt = 4.8cm, d = 0.5cm, rc = 2cm,

Ta = 50%, and V = 290kV ). The authors reported a measured dominant frequency

defined between 6.68GHz and 7.19GHz. The paper also reports results from a simu-

lation performed using the software MAGIC, which predicts a dominant frequency of

6.7GHz.

PSD of the simulation using XOOPIC with the code presente in Appendix C.2 can be

seen in Figure C-1. The dominant frequency is 6.5GHz, which means that there is a

deviation of 0.2GHz or 3 % respect to the benchmark simulation.





D. Appendix: VC speed analysis

This appendix presents a mathematical analysis defining the cases where the VC’s

oscillation reaches the relativistic regimen (γ > 2).

Considering simple harmonic movement, the instantaneous speed (v(t)) of the VC is

v(t) = xp sin(ωt), (D-1)

where xp is the maximum displacement of the VC respect to its mean position and

ω = 2πf is the oscillation angular velocity.

According to D. Sullivan et al. [22] the VC frequency is in the range ωp < ω <
√
2πωp,

where ωp is the relativistic beam plasma frequency that can be expressed by (see

Section 2.2.3)

ωp =

√

eJb

ε0mc
√

γ2
0 − 1

(D-2)

where e and m are the electron charge and rest mass respectively, ε0 is the is the

free space permittivity, c is the speed of the light, Jb is the beam density current and

γ0 is the relativistic factor of the electrons at the anode.

On the other hand, we have found an expression of xp as (see Section ??)

xp
∼= π√

Jb
(D-3)

Maximum speed of the VC reached during one oscillation is xpω, where ω can be

taken as
√
2πωp as the extreme of the range given by Sullivan. So

vmáx = π

√
2πe

ε0mc

1

(γ2
0 − 1)

1/4
= 6.4× 107

1

(γ2
0 − 1)

1/4
[m/s] (D-4)

The relativistic regimen is reached for γ ≥ 2, that is, v ≥ 2.59 × 108m/s. So, the VC

maximum speed reaches the relativistic regimen when

γ0 < 1.004 (D-5)





E. Appendix: Modeling of xp

This appendix focuses on finding a mathematical expression for xp as a function of

the Vircator’s design parameters.

In order to validate the one-dimensional model stated in Eq. (5-1), Figure E-1 shows

a comparison of the VC’s position (x(t)) resulting from a one-dimensional simulation

performed in XPDP1 [108] and its corresponding fit using the simple harmonic model

presented in Eq. (5-1).

Following the one-dimensional simulations, the one-dimensional model is suitable for

determining the time position of the VC.

in order to define a mathematical expression for xp, a Design of Experiment (DoE)

was carried out using Surface Response Methodology with Central Composite De-

sign [91]. Experiments were performed by one-dimensional computational simula-

tions on XPDP1 [92].

Parameters (factors) initially considered (Initial Space) were the anode-cathode gap

(d), cathode radius (rc) and the anode-cathode voltage (V ) (see Table E-1, Columns

2,3, and 4).

DoE allows defining the behavior of xp and identifying an equation, however, when

the Analysis of Variance1 (ANOVA) [109, 110] was performed, the definition of de-

pendency of xp on the chosen factors was not possible.

In order to determine the xp dependency, the initial space (V , d, rc) was transformed

into a new space given by (Ab, ~Jb, ~v0) (see Table E-1, columns 5, 6, and 7), where ~Jb
is the current density of the beam injected into the drift-tube, Ab is the beam area and

~v0 is the velocity of the particle at the anode.

1An ANOVA test is a way to find out if survey or experiment results are significant. In other words, they

help you to figure out if you need to reject the null hypothesis or accept the alternate hypothesis.
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Figure E-1.: VC position for a one-dimensional simulation and its respective fit using

the Eq. (5-1). Anode placed on y = 0

Space transformation was carried out according to the following set of equations: 2

Jb =
4

9
ε0

√

2e

m

V 3/2

d2
, (E-1)

v0 =
c

kV + 1

√

(kV + 1)2 − 1, (E-2)

Ab = πr2c . (E-3)

The ANOVA [109, 110] on the new space established a high significance of ~Jb, a low

significance of ~v0, and null significance of Ab.

Due to the space transformation, the number of experiments was not enough to define

a suitable model. Figure E-2 shows the space transformation. Notice that the space

transformation alters the Central Composite Design, and then, a model cannot be

correctly calculated [111].

In order to define a model for xp, the number of experiments was extended for all the

possible combinations between ~Jb =[0.5 2.4 4.3 6.2 8.1 10] ×107A/m2, and v0 =[2.36

2.48 2.60 2.72 2.84]×108m/s. ’x’ shown in Figure E-3 represent xp as a function of Jb
for all simulations carried out.

2This transformation assumes the anode completely transparent and laminar and one-dimensional

electron flow.
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Table E-1.: DoE Performed to identify the behavior of xp.

Exp
Initial space Final space

V [kV ] d[cm] rc[cm] Jb[MA/m2] Ab[cm
2] β0

1 500 2 0.6 20.93 12.57 0.86

2 250 2 0.6 7.72 12.57 0.74

3 500 2 0.3 83.74 12.57 0.86

4 351 1.41 0.78 7.51 6.21 0.81

5 351 1.41 0.42 25.59 6.21 0.81

6 649 2.59 0.42 61.24 21.15 0.9

7 351 2.59 0.42 25.59 21.15 0.81

8 500 1 0.6 20.93 3.14 0.86

9 500 2 0.9 9.3 12.57 0.86

10 750 2 0.6 37.05 12.57 0.91

11 649 1.41 0.78 17.97 6.21 0.9

12 351 2.59 0.78 7.51 21.15 0.81

13 500 3 0.6 20.93 28.27 0.86

14 649 2.59 0.78 17.97 21.15 0.9

15 649 1.41 0.42 61.24 6.21 0.9

Using the data obtained by simulation, the following equation of xp was fitted:

xp ≈
π√
Jb
. (E-4)

Figure E-3 plots the results of the simulations and its fitting using Eq. (E-4).

Finally, Equation (5-2) can be written as a function of the beam current density as:

a(t) = − π√
Jb
ω2 cos (ωt). (E-5)

On the other hand, the VC’s movement is not perfectly harmonic (as it is shown by

J. Benford et al [8], Figure 10.1). This situation introduces spectral dispersion of the

power radiated on ω. This dispersion can be considered introducing a multiplicative
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using the model stated in Eq. (E-4).
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correction factor F1 = ǫa.

Taking into account the fitted model for xp and the dispersion error because of the

effect of the not harmonic movement, Eq. (5-6) can be stated as:

P̄ =
π

12ε0c3
Q2ω4

Jb
ǫa. (E-6)





F. Appendix: Modeling of Q

In order to have the first contact with the phenomenon of the VC’s charge accumu-

lation, Figure F-1.a shows Q(t) resulting from a one-dimensional simulation. Figures

E-1 and F-1 correspond with the same simulation.

Q(t) can be defined in exact by the Fourier series:

Q(t) =
∞∑

n=0

(an cos (nωt) + bn sin (nωt)), (F-1)

where an and bn are the coefficients of the series, and a0 is the mean charge (Q̄).

Figure F-1.b shows a comparison between the modeled VC’s charge using Eq. (F-1)

and the simulated. The fitting was accomplished using only the first four coefficients.

On the other hand, if P (t) is proportional to (Q(t)a(t))2 (Larmor’s formula, Eq. (2-31)),

a spectral representation can be obtained applying the Fourier transformF to Q(t)a(t).

Figure F-2 presents the spectral response obtained for the simulation and F(Q(t)a(t))

where Q(t) and a(t) were calculated using the fitted models (Eqs. (E-5) and (F-1))1.

Q(t) was calculated with four coefficients2.

Now, if Q(t) is given by Eq. (F-1) and a(t) is given by Eq. (5-2), F(Q(t)a(t)) can be

1An error in the calculation of ω originates the slipping on the resonance frequencies between simu-

lation and model.
2Notice that the Q(t) model defined in Eq. (F-1) allows studying the behavior of the radiated harmo-

nics [112].
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(a) Behavior of the charge accumulated in the VC.
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Figure F-1.: VC Charge as a function of the time.

calculated as:

F(Q(t)a(t))[ωc] =

√
π

2
xpω

2a1δ(ωc)

︸ ︷︷ ︸

DC component

+

√
π

2
xpω

2

(

a0δ(ωc ± ω) +
1

2
(a2δ(ωc ± ω) + ib2δ(ωc ± ω))

)

︸ ︷︷ ︸

First harmonic

+

1

2

√
π

2
xpω

2

∞∑

n=2

(anδ(ωc ± nω) + an+2δ(ωc ± nω) + ibnδ(ωc ± nω) + ibn+2δ(ωc ± nω))

︸ ︷︷ ︸

others harmonics

(F-2)

Equation (F-2) defines the spectral power density radiated in ω (first harmonic) as a

function of the coefficients a0, a2 and b2 as

√

π/2xpω
2|a0 + a2/2 + ib2/2|, (F-3)

We are interested in maximizing the energy radiated at a given frequency. Typically,

Vircator emits the most amount of power in the first harmonic [112] (see Figure F-2).

Additionally, calculating the coefficients a0, a2 and b2 for the simulation carried out in

Appendix E was validated that a0 ≫ a2 > b2, i.e., majority radiated energy in ω is due

to the coefficient a0 (average charge). For this reason, the average power radiated on
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ω can be approximated as

P̄ω =
Q̄2x2

pω
4

12ε0c3
. (F-4)

where Q̄ is the average charge.

Error of magnitude between P̄ calculated using Eq. (F-4) and the simulated was 4.5 %

in ω for the example shown in Figure F-2. Mean error for all the simulation performed

in Appendix E was 3.76 %.

Hence, the Q modeling problem can be reduced to finding and mathematical expres-

sion of Q̄. In order to do that, the VC can be considered a space region where the

charge is accumulated (see Figure F-3). Injected charge into the VC is the beam cu-

rrent (Ib). Escaping flow (is(t)) determines the charge going out. When Ib ≤ Iscl, all

charge escapes [8] and Q̄ = 0. If Ib > Iscl, the time-charge increases in exponen-

tial mode [34]. When the VC charge reaches a saturation value, the charge escapes

quickly. If Ib ≫ Iscl, the maximum value in the VC is fasted reached, and Q̄ decreases.

Based on the previous description, some equations describing the Q̄ behavior were
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tested. Finally, we chose the exponential equation:

Q̄ ∼= Ib
ω
e
−2
(

1−a2
Iscl
Ib

)2√

γ2
0 − 1. (F-5)

This equation predicts the average charge into the VC and is accurate close to the

Vircator’s energy optimality. The expression will be validated together with the optimi-

zation in chapters 6 and 7.

If Jb is considered a solid beam (Jb = Ib/(πr
2
b ), where rb is the beam radius) and xp is

defined by Eq. (E-4), P̄ radiated in ω can be solved from Eqs. (F-4) and (F-5) as:

P̄ω =
π2

12c3ε0
ω2r2bIb(γ

2
0 − 1)e

−4
(

1−4
Iscl
Ib

)2

ǫa. (F-6)

Equation (F-6) determines the average power radiated by the VC in the angular fre-

quency ω.
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