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Abstract

In the present work, we study the uniqueness of entropy solutions for the Riemann and
Cauchy problems associated to the Suliciu relaxation system where the initial data satisfies
the conditions H1 and H2. Moreover, the solution is in L* space. Also, we show the explixit
solutions for the Cauchy problem and generalized Riemann problem.

When the condition H1 is not satisfied delta shock solutions are obtained for the Riemann
problem associated to the Suliciu relaxation system. To guarantee uniqueness of delta shock
solutions, we employ a generalization of the Rankine-Hugoniot condition together with a
suitable entropy condition.

Keywords: Uniqueness, Suliciu relaxation system, Cauchy and Riemann problems,

global weak solutions, delta shock solutions.
Resumen

En el presente trabajo se estudia la unicidad de soluciones entropicas para los problemas
de Riemann y Cauchy asociados al sistema de relajaciéon de Suliciu donde el dato inicial
satisface las condiciones H1 y H2. Ademas, la solucién se encuentran en el espacio L°°.
También, se muestra las soluciones explicitas para el problema de Cauchy y el problema
generalizado de Riemann.

Cuando la condicién H1 no se satisface, soluciones delta choques solution son obtenidas
para el problema de Riemann asociado al sistema de relajacién de Suliciu. Para garanti-
zar unicidad de soluciones delta choques, se emplea una generalizacién de la condicion de
Rankine-Hugoniot junto con una condicién de entropia adecuada.

Palabras clave: Unicidad, sistema de relajacion de Suliciu, problemas de Cauchy y

Riemann, soluciones débiles globales, soluciones delta choques.
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is the space of continuous functions on (2.
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Introduction

Hyperbolic system models have many applications in physical systems that include effects of
fluid viscosity and viscoelasticity, motion of gases among other phenomena. Many practical
problems in science and engineering involve mathematical models based on this type of
system.

In one space dimensions, a first-order quasi-linear system of conservation laws is a system
of partial differential equations of the form

U+ f(U),=0, t>0,z€R, (A)

where U(t, x) is a state vector with n values, U(t,z) € R", and f = (f1,..., fn) is a smooth
map from R” into itself. Sometimes, U is called conserved quantity while f is the fluz [16,
29, 54, 77]. The case special when n = 1, we say that (A) is a scalar equation of conservation
law; we denote U(t, z) by u(t,z) and equation (A) by

u+ f(u), =0, t>0,zeR (B)

One of the main aims in the theory of quasi-linear system of conservation laws is show
well-posedness of the Cauchy problem for nonlinear hyperbolic system of first-order partial
differential equations. In general, it is a open problem.

After 1950, research on the qualitative theory of the Cauchy problem for hyperbolic con-
servation laws began. Since classical solutions to the Cauchy problem generally break down
in finite time, one may establish the existence of global weak solutions [29]. In this sense,
the first result was found by Hopf in his classic paper ”The partial differential equation
Uy + Uty = pug,” [43] which works the Cauchy problem associated to the Burgers equation

1
Ut + <§U2)x = 0,

In 1957, Oleinik proved the existence and uniqueness of bounded weak solutions of the
Cauchy problem associated with the scalar equation of conservation law (B) which satisfy
the E'—condition,
u(t,z+ a) —u(t,x) < E
a T ct
In her work, Oleinik proved the existence of weak solutions for general flux function by

perturbation parabolic, i.e., she found weak solutions to the following equation

w+ f(u)y = gy,
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and showed that when p tends to zero, the solutions u*(t,x) converge to solutions u(t, x) of
the equation scalar (B). Moreover, Oleinik found that the suitable functions space for such
solutions is BV-space.

Kruzhkov in 1970, following previous works of Conway and Smoller [26] and Vol'pert [90],
proved the existence and uniqueness of bounded weak solutions of a scalar conservation law
when initial data ug € L. Kruzhkov considers the family of convex entropy-entropy flux
pairs (1, ¢x) with k € R and where n;, and ¢y, is given by

me(u) = |u—k| and  qy(u) = sgn(u —k)(f(u) = f(F)).

1
loc

{Ut + f(u)w = 07

u(0, ) = ug(x),

Kruzhkov says that a function u € L; (RT x R) is a weak solution of the Cauchy problem

if the following conditions are satisfied:

/0 N / T (ot ult, ) — K
Fou(ts ) sgnult,z) — k)| F(u(t, 2) — FR)|} dadt > 0,

for every k € R and every non-negative function ¢ € C3(RT x R) with ¢(0,z) = 0, and

R
lim lu(t,x) — uo(z)|de =0, for every R € R,t € [0,7]\ Q2
—“YJ-R
for T > 0 and for a set £ of measure zero so that u(t, x) is well defined almost everywhere as
a function of x for any fixed ¢ € [0, T\ (see [50, 16, 1]). Kruzhkov’s weak solution coincides
with the Lax-Oleinik entropy solution provided that the flux is smooth and strictly convex.

The concept of hyperbolic systems was introduced by different works of subjects in natural
philosophy of L. Euler, specially in the work “Principes généraux du mouvement des fluides”
published in “Mémoires de I’Academie des Sciences de Berlin” in 1757. This concept has be-
come the natural framework for the study of gas dynamics and, more generally, of continuum
physics [15, 29]. The systems of conservation laws are generally used in models which involve
conservation principles (physical laws), such as conservation of mass, conservation of mo-
mentum, and conservation of energy. Important examples of such systems are found in fluid
mechanics. Sir Isaac Newton, based on the observation, define: “a fluid is any body whose
parts yield to any force impressed on it, by yielding, are easily moved among themselves”.
Actually, a fluid can be defined as a substance that continually deforms under the action
of shear stress [25, 41]. The reaction to shear stress is the difference between a fluid from a
solid, i.e., a fluid is continuously and permanently deformed under shear stress while a solid
exhibits a finite deformation maintaining its shape thereafter. Moreover, the fluid commonly
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are divided into liquids and gases. A difference between the liquids and gases state is that gas
will occupy the whole volume while liquids has an almost fix volume. An important system
of conservation laws in fluid mechanics is the system of gas dynamics whose origins was the
result of several decades of intense work involving works of great figures as Isaac Newton,
Alexis Clairaut, Johann and Daniel Bernoulli, Leonhard Euler, Jean le Rond d’Alembert ,
Sir George G. Stokes, Bernhard Riemann, William John Macquorn Rankine, Pierre-Henri
Hugoniot, Ernst Mach, Ludwig Prandtl, Jacques Hadamard and many others.

During the Second World War was necessary invent airplanes capable of exceeding the speed
of sound. This need led to increase investment in projects with which the scientists were
able to understand the properties of the equations of gas dynamics, improve the theoretical
understanding of the shock phenomena and take up again studies carried out years ago,
based on theory of fluids and gases, such as the problem of turbulence studied by Burgers
in [17]. A study detailed of gas dynamics can be found in the classical book of Courant and
Friedrichs [27]. The equations of gas dynamics for an inviscid, non-heat conducting gas is
given by

pr + (pu), =0, conservation of mass,
(pu)¢ + (pu* +p). = 0, conservation of momentum,

[p (%UQ + 5)L + [(p (%u2 + 5) —i—p) u}w =0, conservation of energy,

where p is the density, v = % is the specific volume, u is the velocity, € the internal energy,

E = %uz + ¢ is the specific energy and p = p(F,v) is the pressure. The relation p = p(E,v)
is called the equation of state. The equation of state for a ideal gas is p = pRT where R is
the gas constant and T is the temperature. For a perfect gas, an equation of state for the

speed of sound a is given by

where v is the ratio of specific heats.
The conservation of energy was formulated by the first law of thermodynamics, but what we
have not considered yet is the second law, and its assertion about the behavior of the state

variable
__entropy

mass
In addition to conservation laws, any physical system must also satisfy the second law of

thermodynamics, which is stated in terms of entropy S or the specific entropy s [51]. The
analysis which led to the concept of entropy began with the work of Lazare Carnot in 1803.
The concept and name of entropy originated in the early 1850’s in the work of Rudolf Julius
Emanuel Clausius “Heat cannot pass by itself from a cold to a hot body”, developed the
thermodynamic definition of entropy and the basic ideas of the second law of thermodyna-
mics. The loss of uniqueness of solutions in the gas dynamics system caused by adopting the
concept of weak solutions leads to the need to formulate a criterion by which the physically
relevant weak solution can be selected from the set of all of the weak solutions.
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For the gas dynamics system, the second law of thermodynamics asserts that
TdS = de + pdv,
where T is the temperature and S the entropy. This implies the following conservation law
st + (us), >0

in the sense of distributions and where s is the specific entropy. This is an entropy condition
for the gas dynamics system.

For a general system of conservation laws (A), Lax formulated that a weak solution is entropic
solution of this system if there are a real-valued and strictly convex function n = n(U) and
real-valued function ¢ = ¢(U) such that

m(U) +¢U) <0

holds in the sense of distributions, this being a criterion of admissibility of solutions. This
formulation of Lax’s entropic solution is a generalization of the entropy condition formulated
for the gas dynamics system, and has been helpful in the theory of uniqueness of solutions
to systems of conservation laws. We can mention other admissibility criteria of solutions as
the Lax shock inequality [52, Definition 7.1] and the extended entropy condition (E) of T.-P.
Liu [63]

It is well known that in general the problem of uniqueness of solutions for a system conser-
vation laws is very difficult. The pioneering works are due to Oleinik, Volpert, Kruzkov, Lax,
Liu, Dafermos and many others, weak or distributional solutions are not unique unless some
entropy condition is imposed. It is important to appoint the work of J. Glimm existence of
solutions of general systems of hyperbolic conservation laws. Glimm was able to prove the
global existence of general systems in one space dimension, with small BV data.

Some results for uniqueness of entropy solutions are found in the works of T-P. Liu for
Riemann problem and Cauchy problem for general systems 2 x 2 of conservation laws [60,
61, 64], and the work of B. Keyfitz and H. Kranzer [47]. For general systems of conservation
laws strictly hyperbolic of the Temple class with all fields are genuine nonlinear, A. Heibig
[42] showed the uniqueness of entropy solutions generalized previous work of Dafermos and
Geng [30]. However, the work of Heibig does not apply to strictly hyperbolic systems of the
Temple class with at least one linearly degenerate field [45, 11].

One of the most important results for the uniqueness of entropy solutions with bounded
variation to general systems of hyperbolic conservation laws was established in 1997 by
Bressan and LeFloch [14] which required a Tame Variation Condition. Uniqueness under
the Tame Oscillation Condition was established by Bressan and Goatin [12]. They built a
standard Riemann semi-group as the limit of approximate solutions given by the Glimm
scheme or front tracking. Other results of uniqueness are also discussed by LeFloch and Xin
[56], Chen and Frid [22], Chen, Frid and Li [23], and Neves and Serre [70].
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Generally, these results do not apply to all kinds of problems of Riemann and Cauchy
associated to the hyperbolic system of conservation laws and particularly those that relate
to problems with vacuum regions. Research on uniqueness of solutions including the vacuum,
we emphasize the works of Liu and Smoller [65], Liu and Yang [67], Liu, Xin and Yang [66],
Young [95, 94], Chen and Young [21] and, Jang and Masmoudi [44].

For pressureless gases system, the most natural entropy Lax condition is not sufficient for the
uniqueness (see for example the works of Brenier and Grenier [9] and E, Rykov, Sinai [35]).
With respect to this system, Huang and Wang showed the uniqueness of entropy solutions
including the vacuum. They conclude that to obtain a unique entropy solution, the solution
must satisfy the Oleinik entropy condition together with an energy condition. Moreover, they
show that the energy condition is necessary for the uniqueness of the entropy solution and
without the energy condition can be built at least two weak solutions satisfying the Oleinik
entropy condition with the same initial data.

In the present work, we study the uniqueness of entropy solutions for the Riemann and
Cauchy problems associated to the Suliciu relaxation system (1). The Suliciu relaxation sys-
tem (1) is of Temple class and therefore, it is also it is of Rich type but it is not diagonal, so
its analysis is not standard. We also note that, there are numerous studies on existence and
uniqueness for general Rich type and Temple class system [2, 3, 4, 16, 13, 42, 72, 75]. Howe-
ver, some of these results do not apply to (1) since it has all fields being linearly degenerate
and the initial data may have oscillations. Specifically, the Suliciu relaxation system has been
extensively studied, for instance in [5, 18, 19]. We also mention that, when dealing with the
system (1), one of the main difficulties is to obtain existence and uniqueness of solutions of
the Cauchy problem in presence of vacuum regions (regions where the layer deep p = 0).
The existence of global weak solutions including vacuum regions, was obtained in [68] using
the vanishing viscosity method in conjunction with a compensated compactness argument.
We think that there are other cases to research. In this work we obtain explicit solutions
for a Cauchy problem associated to the Suliciu relaxation system (1) with po(z) > p > 0
a.e. with a possibly oscillating initial data and motivated in the paper of E and Kohn [34],
we give a proof of uniqueness of entropic solutions. Concerning the uniqueness of entropic
solutions including vacuum, we show two entropy admissible solutions for the same initial
data, i.e., when considering the vacuum the classical entropy conditions are insufficient to
ensure uniqueness. Also, we construct the Riemann solution for the system focussing our
attention on delta shock waves of certain type. Now, we propose delta wave solutions type
for the Suliciu relaxation system. The existence and uniqueness of solutions involving delta
shock waves can be obtained by solving the generalized Rankine-Hugoniot relation under a
entropy condition [32, 58].
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1 Preliminaries

In this chapter, we describe the some properties of hyperbolic conservation laws and we
give some assumptions for the Suliciu relaxation system. There are many texts that give a
detailed treatment on the theory of hyperbolic conservation laws, by example can consult to
LeFloch [54], Serre [77, 78], Bressan [16], Dafermos [29] among many others.

1.1. Hyperbolic conservation laws

A system of conservation laws is a first order system of n equations in one-space dimension
in the form

U+ flU), =0, Ult,r)eU, ze€R,t>0, (1-1)

where U is an open and convex subset of R" and f : U4/ — R™ is a smooth mapping called
the fluz-function associated with (1-1). In the applications z and ¢ correspond to space and
time coordinates, respectively. The dependent variable U is called the conservative variable.
To formulate the Cauchy problem for (1-1) one prescribes an initial condition at ¢ = 0,

U(0,x) =Up(x), z€R, (1-2)

where the function Uy : R — U is given.
When initial data U, consists of two constant states, i.e.,

U, ifw<o0,
Up(x) = 1-3
o {UT, if 2 > 0, 1-5)

where U; and U, are constants, the Cauchy problem is called Riemann problem.
For n = 1, we say that (1-1) is a scalar equation of conservation law and we denote U (t, )
by u(t, ), the equation (1-1) by

u+ f(u), =0, wu(t,z)eU, zeR;t>0. (1-4)
If U € C' | the system (1-1) can be equivalently written as

U, + Df(U)U, = 0. (1.1)
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Definition 1.1.1 (Hyperbolic system). We say that (1-1) is a hyperbolic system of partial
differential equations if the Jacobian matrix A(U) := D f(U) admits n real eigenvalues

together with a basis of right-eigenvectors {r;(U)}}_;.
The system is said to be strictly hyperbolic if its eigenvalues are distinct

MU) < XU) <---<X\(U0), Uel, (1-6)
Example 1. We give now some examples of hyperbolic conservation laws:
1. For a € R, a linear scalar conservation law is the advection equation,
U + at, = 0,

whose unique solution is u(t, ) = ug(z — at) for the initial data
u(0, ) = ug(x).

2. A common example of a nonlinear scalar conservation law is Burgers equation,

u2

3. Let A be a diagonalizable matrix with real eigenvalues. When the flux in (1-1) is given
by f(U) = AU, we say that (1-1) is a linear system.
Theorem 1.1.1. For a linear system of the first order with constant coefficients, the

Cauchy problem is well-posed in L* if and only if this system is hyperbolic.

The proof this fact can be found in [77].
4. The wave equation in divergence form is the linear system of conservation laws

u CU
+ =0
v Ccu
t x

where ¢ is a positive constant.
5. The isentropic gas dynamics system

{pt + (pu). = 0,

(pu)¢ + (pu® + P), = 0, (1-7)

where p is the density, u is the velocity and P = P(p) is the pressure. By physical
conditions, the pressure generally satisfies

P(0) = P'(0)=0, and P' > 0,P" > 0in p > 0.

A common choice is the polytropic pressure P(p) = kp? with k > 0 and v > 1.
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6. Another interesting example is Chaplygin gas system, that is the system (1-7) with
pressure given by P = Py — % where P, and a are two positive constants.

7. We consider the shallow water system

{M+Uw%=&

(hu); + (hu? + %zg)x =0, (1-8)

where h denotes the height of the liquid surface, u is the velocity and ¢ is the accele-

ration of gravity.

Definition 1.1.2. For each j = 1,...,n we say that the j—characteristic field of (1-1) is
genuinely nonlinear when

VAU r(U) £0, Ueld, (1-9)
and linearly degenerate when

V)\j(U) . Tj(U) = 0, Uel. (1—10)
A scalar conservation law is genuinely nonlinear if f”(u) # 0 for all u € U, and is linearly

degenerate iff f is affine. All wave families of linear systems are linearly degenerate.

1.1.1. Simple waves

Consider  open and convex subset of Rt x R and A(U) := Df(U) where f is the flux of
system (1-1).

Definition 1.1.3. A simple wave in 2 is a solution U of the system (1-1) of the form

where w : I — R" is a C! curve defined on some real interval I, and ¢ : Q — I is a smooth
function.

Since both w and ¢ are C*,
Ui+ AUz = [ + A(U)pa]ir(p)
For U to be a solution of the system, we obtain
w(§) =rj(w(§)), ¢+ Aj(w(e))p. =0

these relations are called j—simple wave.
For a genuinely nonlinear family there are two types of waves: rarefaction waves and shock
waves.
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The rarefaction waves are continuous waves of the form U(t, z) = w(x/t) satisfying

w(a/t) =rj(w(z/t),  A(w(z/t) =/t

where ); is increasing along the wave.
Given a fixed state Uy, the j-rarefaction wave curve R;(o)(Uy) is defined to be the trajectory
in R” of the solution of

{%wm) = r;(w(a)),

’UJ(O(()) = Uf.

Thus, R;(0)(Uy) is an integral curve of r;(U) through a given state Uy.
If the j-characteristic field A;(U) is genuinely nonlinear, A\;(U) is strictly monotone along
the curve R;(o)(Uy). In this way, we may divide R;(0)(Uy) as R;(0)(Uy) = R (0)(Uy) U
R; (0)(Uy) where

Rf(0)(Uy) ={U € R;(0)(Uy) = A;(U) >
Ry (0)(Uy) ={U € R;(0)(Uy) : Ai(U) <

j(Uf)}> and

The shock waves are solutions
U, ifx<oit,
Ult,z) =4 7
U., ifz>ojt,

satisfying the Rankine-Hugoniot jump condition

where [U] = U, = U,, [f(U)] = f(U;) — f(U,) and o; is the shock speed.

Definition 1.1.4 (Lax shock condition). A solution U(t,z) of system (1-1) is admissible if
the left and right states Uy, U, and the speed o = o,(U,, U,) of jump satisty

AiU) 20 =2 X(U),  Ajma(Un) <o < A (Uy), (1-12)
for some index j, 1 < j < n.

The inequalities (1-12), persist under small perturbations, i.e., |U; — U,| < 1, can be written
in the form

)\j—l(Ul) <o < >\j(Ul), )\j(Ur) <o < >\j+1(Ur),
for j, 1 < j <mn (see [52, Definition 7.1]).
Given a fixed point Uy, the Hugoniot curves J#(Uy) is defined as
H(Uy) ={U e R" : f(Uy) = f(U) =o(Us = U)}

for some 0 = 0(Uy, U) € R. The Rankine-Hugoniot condition implies that U, € 2 (U;) and
o; =0(U,U,).
€ (Uy) consists of the union of n smooth curves J;(Uf), 1 < j < n, with the properties:
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a) The curve J;(Uy) passes through Uy with tangent r;(Uy).

b) The Hugoniot curve J;(U;) and the rarefaction curve R;(o)(Uy) have second order
contact at U = Uy.

c¢) The shock speed o(Uy, U) tends to the characteristic speed A;(Uy) as U — Uy.
The proof of these properties may be found, for example, in [29, 77, 80].
;(Uy) can be partitioned as 74 (Uy) = ;7 (Uy) U ;" (Uy) where
H;H(Up) ={U € #Uyp) = \(U) 2 XU} and
H;(Up) ={U € H#Uy) = 3(U) < X(Up) -

Definition 1.1.5 (Weak solution). Given some initial data Uy € L>®(R,U) we shall say that
U e LR x R,U) is a weak solution to the Cauchy problem (1-1) and (1-2) if

/000 /R(Ugbt + f(U)¢,) dxdt + /R Upp(0, x) dedt = 0 (1-13)

for every ¢ € Cj(RT x R).
The interest of this definition is that it allows U to be a discontinuous.
Lemma 1.1.1. The function U defined by
U, ifx <At
Ut,x) = b e
U., ifx> M,
where U; and U, are constants, is a solution of system (1-1) iff
AU =U;) = f(Ui) = f(Uy).
We now consider a more general solution U(t, ) of system (1-1).

Theorem 1.1.2 (Rankine-Hugoniot jump condition [54]). Consider a piecewise smooth
function U : RT x R — U of the form

Ut o) — Ult,z), ifx<d9(t),
’ U (t,z), if x> 9(t),

where, setting 4 = {(t,x) : = < I(t)} and Q, = {(t,x) : = > I(t)}, the functions
U : Y —=U U, :Q — U and ¥ : Rt = R are continuously differentiable. Then, U is a
weak solution of (1-1) if and only if it is a solution in the usual sense in both regions where
it 1s smooth and, furthermore, the following Rankine-Hugoniot relation holds

=" ()(Ui(t) = U, (#)) + (f(Ui(E) — f(U:(1)) = 0
along the curve v for

Ult) = lim Ui(t,0(t) =€) and Up(t) = lim Up(t, () +€).

e—0+
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Definition 1.1.6. A j-Riemann invariant is a C* real function Z on U such that
r;(U)-VZ({U)=0.

A system of conservation laws is of Temple class if there exists a system of coordinates
w = (wy,...,w,) consisting of Riemann invariants, and such that the level sets {U € U :
w;(U) = constant} are hyperplanes [87]. For a Temple class system, Hugoniot curves and
rarefaction curves coincide [78].

For example, the Chromatography system [16, 76]

u

+ 14+u+v =0
v

" 14+u+v

u

v

for u,v > 0 is a Temple class system.

For a linearly degenerate family there is only one type of waves called contact discontinui-
ties. When the j-characteristic field is linearly degenerate, j-shocks are j-contact discon-
tinuities satisfying the Lax shock condition (1-12). In this case, 5 (U;) = R;(0)(U;) and
o=0(U,U,) = X;(U) = X;(U;). We denote by J; the j-contact discontinuity.

If the system (1-1) is strictly hyperbolic and the j-characteristic field is genuinely nonlinear,
then in a small neighborhood of a given state U; , the curve U, € R} (¢0)(U) is a rarefaction
wave, while U, € 7 (U;) is a j-shock satisfying the Lax shock condition (1-12).
Parametrization of wave curves

For strictly hyperbolic system, one can find bases of right and left eigenvectors {ry(U)},
{lx(U)}, 1 < k <n, depending smoothly on U, normalized by

1, ifi=j
Iri] =1, li-rj=
0, ifi#j,

for all U € U. We denote by U, = W;(U,) the j-simple wave passing from U, to U,. Now, we
parameterize the wave curve W;(U,), by U, = V;(0)(U,) where o := X\;(Uy) — A;(U,). Thus,

[Ri(0)(U), o >0,
i) ) = {ffj(Ua), if o <0,

For linearly degenerate fields, the orientation of the vector field r; can be selected arbitrarily.
For U, €e U and € = (&4, ...,&,) in a neighborhood of the origin in R", define the map

O(e)(U,) :=Vy(en) 00 Wy(e)(Uy).
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A solution of the Riemann problem (1-1)-(1-3) satisfies
@(e)(Uh) = U (1-14)
Conversely, if € is a solution of (1-14) and if we define inductively
Vo =0, Vi = Wi(er) (Vi)
then ®(e)(U;) = V,, = U,.

Definition 1.1.7 (Mathematical entropies). A smooth function (n,q) : U — R? is called
an entropy pair if any continuously differentiable solution of (1-1) satisfies the additional
conservation law

m(U) + 2(U) = 0. (1-15)

The functions 1 and q are called entropy and entropy-fluz, respectively.

Definition 1.1.8. Let 1 be a convex entropy for the system (1-1), with entropy flux ¢. A
weak solution U is entropy admissible if

m(U) +¢(U) <0 (1-16)

in distribution sense.

1.2. The Suliciu relaxation system

The modeling of viscoelastic materials and fluids is important for many applications. In
particular, a viscoelastic fluid is a material that exhibits both viscous and elastic characte-
ristics upon deformation. Examples of viscoelastic fluids that are important for applications
are: latex paint, gelatin, unset cement, liquid acrylic, asphalt and biological fluids such as
synovial fluids, among others. In [6] the authors introduced a new system of conservation
laws that models shallow viscoelastic fluids. This new system is motivated by Bouchut and
Boyaval in [6, eq(5.6)] and is written as

)
Pt + (pu)l‘ = 07
(puw)e + (pu? + 1), = 0,
(p%)e + (pulz +u)e =0,

S; +us, =0,

[t + uc, = 0,

where p denotes the layer depth of fluid, u is the horizontal velocity, s is related to the stress
tensor and it is a conserved quantity, 7 is the relaxed pressure and ¢ > 0 is introduced in
order to parametrize the speeds. This system describes a simple model for a thin layer of



14 1 Preliminaries

non-Newtonian viscoelastic fluid over a given topography at the bottom when the movement
is driven by gravitational forces such as geophysical flows (mud flows, landslides, debris
avalanches).

In [68], since s is a conserved quantity, the authors consider the case s = const. > 0.
Additionally, we observe that the field ¢ does not appear in the first four equations and, in
order to simplify even further, introduce the new variable v = %. After this observations,
the following simplified viscoelastic shallow fluid model is obtained,

Pt + (pu)x =0,
(pu): + (pu® + 5%v), =0, (1)
(pv): + (puv + u), = 0.

We refer to the system above as the Suliciu relazation system [85, 5, 18]. This system can
be considered as a relaxation for the isentropic Chaplygin gas dynamics system

{pt + (pu)e = 0,
(pu); + (pu® + P), = 0,

where p and wu, respectively, stand for the density and the velocity of the gas, while the
pressure P is given by the state equation P(p) = —% with s = constant > 0.

We note that the Suliciu relaxation system (1) is of Temple class and therefore, it is also of
Rich type but it is not diagonal, so its analysis is not standard. We also mention that, when
dealing with the system (1), one of the main difficulties is to obtain the existence and uni-
queness of solutions of Cauchy problems in the presence of vacuum regions, that is, regions
where the layer deep p = 0. The existence of global weak solutions including vacuum regions,
was obtained in [68] using the vanishing viscosity method in conjunction with a compensated
compactness argument. We also note that, there are numerous studies on existence and uni-
queness for general Rich type and Temple class system [2, 3, 4, 16, 13, 42, 72, 75]. However,
some of these results do not apply to (1) since it has all fields being linearly degenerate and
the initial data may have oscillations.

1.2.1. Properties of the Suliciu relaxation system and some
assumptions

The eigenvalues associated to the system (1) are given by,
M=u—2 d=u and N—u+-> (1-17)
p p

where the corresponding Riemann invariants are

1
R, = s*v — su, Ry=v+- and Ry=s*v+ su. (1-18)
P
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From the expressions for the eigenvalues and the Riemann invariants we obtain

1 R
)\1 = — — SRQ, )\2 = 2_8(R3 — Rl) and )\3 = SRQ — ?1

From here we can see that system (1) is linearly degenerate. On the other hand, we have
that for each i, 7, k € {1,2,3} with j # i, k # 4, it holds

o (&N o [ & (1-19)
OR; \ M —Xi ]  ORe \Nj— X\ )

This means that system (1) is of Rich type. We recall that this classification is due to Serre
[76].

In this manuscript we focus on the study of the Suliciu relaxation system of conservation
laws (1) with bounded initial data

(p(O,z),u(O,x),v(O,x)) = (P0($)>U0(93)>U0(93))> r € R,

(1-20)
po(r) > p = const. > 0,
subject to the following conditions:
H1: The functions pg, ug and vy satisfy

1 <up(zr) — svg(x) < oy 3 < up(x) 4 svg(x) < ¢y,
4 wole) + 1 (1-21)

and vg(x > Cs,

po()
where ¢;, 1 = 1,...,5, are suitable constants satisfying

- A% 1, (1-22)

2s
H2: The total variations of ug(x) — svo(z) and ug(x) + svg(x) are bounded.

The conditions H1 and H2 are somehow natural to impose since they ensure that p is positive
giving a physical meaning to the Suliciu relaxation system (1).

Lemma 1.2.1. Suppose that the initial data (po,ug, vo) satisfies the condition H1, then

g (0~ ) < 2 (00 555)- e

Proof. Suppose that (pg, ug, vg) satisfies the condition H1. Then,

sup (x) — <c¢g—scs  and  scs+ ¢ < inf () +
u Uu C 1 Uu .
0 0( ) >~ 4 5 5 1 = 0 0( )

As s >0 and ¢5 — “* > 0, then

SCs + SC5 > ¢4 — Cq or c4 — 8Cy < 8¢5 + (1.
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1.2.2. Existence of solutions

Recently, in [68] the authors show the existence of solutions for the Cauchy problem (1)-
(1-20), for the case po(z) > 0, using the vanishing viscosity method and a compensated
compactness argument. The principal existence result is the next and your proof can be
found in [68].

Theorem 1.2.1. Suppose

(I) ¢1 < up(x) — svp(x) < e, 3 < up(x) + svp() < ey, m + vo(x) > c5 where € is a
small positive constant and ¢;, i = 1,2,...,5 are suitable constants satisfying

C4 —C

@ 2s

> 0;

(II) the total variations of ug(z) — svo(x) and ug(z) 4+ sve(z) are bounded,

then the Cauchy problem (1)-(1-20) has a bounded measurable solution (p,u,v), p > 0 sa-
tisfying system (1) in the sense of distributions.

In [68] it is also shown that all entropies associated to (1) are of the form,
n(p, u,v) :p(F(u+sv)+G(u—sv)+H(v+%)) , (1-24)
where F, G, H are arbitrary functions having entropy flux
q(p,u,v) = (pu+ $)F(u+ sv) + (pu — s)G(u — sv) + puH (v + %) (1-25)

Moreover, if the functions F,G y H are convex, then, the entropy is also convex (see [68,
Theorem 2]). Thus, from each convex pair (7, q) we have the following condition

nt(pv U, U) + Q$(p7 u, U) =0 (1_26)

in the sense of distributions.



2 Riemann problem for the Suliciu
relaxation system

For a system of conservation laws, the Riemann problem is a initial value problem in which
the initial condition consists of two constant states separated by a discontinuity at some
position xq [88]. The pioneering work for this problem was obtained in 1860 and is due to
B. Riemann for isentropic Euler equations in gas dynamics. The Riemann’s work provides
the motivation for many of the ideas in the study of first order quasi-linear system of con-
servation laws, such as consider discontinuous solutions and impose conditions of entropy. A
detailed discussion on the Riemann problem for isentropic Euler equations in gas dynamics
can be found in the classical book of Courant and Friedrichs [27].

In 1957, Lax published the theory of small solutions to the Riemann problem for general
strictly hyperbolic system of conservation laws [52]. His work generalized many of the con-
cepts from fluid dynamics to general systems of hyperbolic conservation laws and established
concepts as genuine nonlinearity, linear degenerate, mathematical entropy condition, etc. Ot-
her works of great importance to the Riemann problem for hyperbolic conservation laws are
due to Oleinik [71], Lax [53], Smoller [83, 82|, Wendroff [92], Tai-Ping Liu [60, 62] among
others.

The solution of the Riemann problem has many uses. One of the uses is in understanding the
wave structure of hyperbolic systems of conservation laws which is important for numerical
algorithms for solving or approximate the solutions of these type of equations. For example,
we cited the methods such as the of Godunov [38], the random choice [37] and the front
tracking [10, 73].

An other important use of the Riemann problem is to solve the Cauchy problem. One can use
the Riemann problem locally and reducing the Cauchy problem to a sequence of solutions of
local Riemann problems. In the random choice method and the special case the front trac-
king method [16, 74], the Riemann problem is used to develop a existence and uniqueness
theory for nonlinear system of conservation laws.

In this chapter, we study the solution for the Riemann problem associated with the Suli-
ciu relaxation system, in which the left and right constant states (p;, u;, v;) and (p, u,, v;.),
respectively, satisfy the conditions H1 and H2.
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2.1. Riemann problem

Consider the Riemann problem of the system (1) with initial data

(P, up,vp), if 2 >0,
(pyu,0)(0,7) = . (2-1)
(pr,ug,vp), ifx <0,

where (p;, u;, v;) and (p,, u,., v,) are left and right constant states, respectively, and (pg, ug, vo)(z) =
(p,u,v)(0, x) satisfies the conditions H1 and H2.
First, observe that system (1) is equivalent to

Pt + my = 07
me+ (2 + 5%2), =0, (2-2)

ng+ (4 ) =0,

with s = const. > 0, where m = pu, n = pv, and the initial data (2-1) is given by

(prymy,m,.), if x>0,
(p7m7n)(07'r) = . (2_3)
(pr,my,my), ifx <O,
with m,. = p,u,, n, = p,v,., my = pyu; and n; = puy.
The eigenvalues of the system (1), in the variables p, m,n, are given by
)\lzm_sa )\ZZTy )\3:m+87 (2_4)
p p p
the right eigenvectors become
,m—s,n+1
1 (p7 m, n) (p ) (2_5)

N/ G sy e

ro(p,m,n) = lp,m, 1) and (2-6)
/p2 _I_mZ —|—7’L2
B (p,m+s,n+1)
VPP mt s+ (n+1)7

(2-7)

Tg(p, m, n)

From (2-5) we get that the 1-rarefaction curve can be found as,

o _ P p(0) = po

dt  \/p*+ (m—s)2+ (n+1)2 ’

dm m—s

i , m(0) = mg and
dt \/p2+ (m—s)2+ (n+1)?2 © ’

dn n+1

n(0) = no.

dt VE A (m—s)2 4 (n+1)?
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That is,

VP T =52 (0T 12 = \J0d + (mo — )2 + (mg + 1) = 1.

Therefore, the integral curves of the vector field r; are given by straight lines in the direction
of the vector ri(pg, mo, no) and goes trough the point (0, s, —1), that is,

— Po t
pP=rot \/P3+(mo—s)2+(no+1)2

= mo—s t _
m mo + \/Pg+(mo—s)2+(no+1)2 ) t I~ R (2 8)
m=mg + no+1 7

\/P3+(mo—s)2+(no+1)2

Analogously, from (2-6) we can analyze the 2-rarefaction curve. In this case the integral
curves corresponding to the vector field ro are given by straight lines going through the
origin in the direction of the vector ro(pg, mg, ng). Also, from (2-7) we can see that for the
3-rarefaction curve, the integral curves of the vector field r3, are give by straight lines trough
(0, —s, —1) that are parallel to r3(po, mo, no).

Thus, the i-rarefaction curve R;(c)(p, m,n) satisfies

RZ(U)<p7 m, n) = (pv m, n) + O-Ti(pv m, n) for i = 17 27 3. (2_9)
This also may be deduced from self-similar solution

(b, 0)(t,2) = (pu0)(©), € =7, (2-10)

for which system (1) becomes

—¢(pu)e + (pu? + s7v)e = 0, (2-11)
—¢(pv)e + (puv + u)e = 0,

and initial data (2-1) changes to the boundary condition
(pa u, U)(_OO) = (ph ur, Ul) and (/)7 u, U)<+OO) = (pTv Uy, U?‘)- (2_12)

This is a two-point boundary value problem of first-order ordinary differential equations with
the boundary values in the infinity.
For smooth solution, (2-11) is reduced to

u—¢& p 0
0  plu—=¢) 0 ul =0. (2-13)
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It provides either the general solutions (constant states)
(p,u,v) = constant (p>0), (2-14)

or singular solutions

1
5:)\1:U—E7 d(u—ﬁ):(]andd(v_i__):o’
p P p

E=X=u, du=0anddv=0, (2-15)
1
E=dg=u+t>, d(u+f) :0andd(v+—) ~0.
p p p
Integrating (2-15) from (p;, w, v;) to (p,u,v), one can get that
1
£:A1:u—f, u—fzul—i and v + — = v + —,
p p Pl p Pl
E=X=u, u=uwu and v =1, (2-16)

1 1
§:A3:u+f, u+£:ul+iandv+—:vl+—.
P P Pi P P

Oberve that (2-16), in the variables p, m,n, its equivalent to (2-9).
For a bounded discontinuity at £ = w, the Rankine-Hugoniot conditions hold. That is,

—wlp] + [pu] =0,
—w[pu] + [pu® + s*v] = 0, (2-17)
—w(pv] + [puv + u] = 0,

where [q] = ¢, — ¢ is the jump of ¢ across the discontinuous line and w is the velocity of the
discontinuity. From (2-17), we have

s s s 1
w=u——, u——=uy——andv+—-=v+ —,
p p Pl p Pl

w=u, u=uy andv =1y, (2-18)

S s 5 1 1
w=u+—-, ut—-—=uy+—andv+—-=u+ —.

p P Pl P Pl
From (2-16) and (2-18), we conclude that the rarefaction waves and the shock waves are coin-
cident, which correspond to contact discontinuities. Namely, for a given left state (p;, uy, v;),
the contact discontinuity curves, which are the sets of states that can be connected on the
right by a 1-contact discontinuity .J;, a 2-contact discontinuity .J5 or a 3-contact discontinuity
Js, are as follows:

Ji:(p,u,v) = (pyw —s/pi+s/p,o+1/p—1/p),
J2 : (p,u,v) = (pv ul7vl>7 (2_19)
Js 2 (pyuw,v) o= (pyw+s/p—s/p,o+1/p—1/p), p>0.
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In the space (p > 0,u € R, u € R), through the point (p;, u;, v;), we draw curves (2-19) which
are denoted by J;, Jo and J3 respectively. So, J; has asymptotes p = 0 and (p, u; — s/p;, v+

1/p) for p > 0, and J3 has asymptotes p = 0 and (p,u; + s/p;, vi + 1/p;).

In order to solve the Riemann problem (1)—(2-1), we consider left and right constant states
U = (pi,u, v) and U, = (p,, u,, v,), respectively, such that the conditions H1-H2 are satis-

fied. Then there exists intermediate states, U, = (p, Us, Vs) and Use = (Pss, Uss, Usx) SUCh

that

U* = Jl(O'l)(Ul), U** = JQ(O'Q)(U*) and Ur = Jg(O’g)(U**),

for some oy, 09 y 03.
Furthermore, from (2-9), the states U* y U** should satisfy

Upr = (ur—i—i) _ 8 and
Pr Prx

()3
Ve = | Up + — | — .
Pr Prex

From equations (2-20d), (2-20b) and (2-20f) we have

1 1 1 1
——=\|lt+—)—|u+—).
Pxx Px Pr /%)

On the other hand, from (2-20c), (2-20a) and (2-20e), we have

1 1 1 S S
+—==Su+— ) —(uwu——)¢.
p** /)* S pT pl

From (2-21) y (2-22) we conclude that

11 1
. =5 As(U,) — M (Uy)) — 5 (R2(Ur) — Ro(Uh))
1 1

= 55 (el — M) + 5 (Ra(U) — Ba(U).

Thus, (2-20), (2-23) and (2-24) gives
1
Uy = 5{(% + 501) 4 (U — 8U,) } = Uss,

Uy = 2—8{(ul + sv) — (Up — SU) } = Vs

(2-20a)

(2-20b)

(2-20c)
(2-20d)

(2-20¢)

(2-20f)

(2-21)

(2-22)

(2-23)

(2-24)

(2-25)

(2-26)
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Observe that by conditions H1 and H2 on U; and U,., we have that U, and U,, also satisfies
H1 and H2. This guarantees that p, and p,, are positive.
Thus, by conditions Hland H2, the solution of the Riemann problem is given by

P1, Ug, VL), if £ <A\ (Uh),

P Use, Vs ), if \i(U)) <2 < X(Us),
Doy Usews Vs ), 1 Ap(Uin) < 7 < A3(U,),
Pry Upy Uy ) if &> A3(Us).

(p,u,v)(t, ) = (2-27)

o~ o~ o~~~

Additionally, as usual, since the system is linearly degenerate, \;(U;) = A\ (U.), A2(Uy) =
)\Q(U**) and )\3(U**) = )\3(Ur)

Lemma 2.1.1. Given left and right constant states (p,u;,v;) and (p,, u,,v,), respectively,
such that they satisfy condition H1. Then,

w— 2 <+ 2 (2-28)
Pl Pr
Proof. 1t is a consequence of Lemma 1.2.1. O

In this way, the solution (p,u,v)(¢,x) given by (2-27) is admissible in the sense of the Lax
shock condition (Definition 1.1.4), i.e.,

A1 (pr, ity vr) = M (s U, 04,
2(Pry Uy Vi) = A2(Prs U Vi),
(
(

> >

3 P**,U**,’U**) = )\3(p7’au7’>2}7’)?

A (s, Uy V) < T = Uy = U < A3( Py Uiy Vs ).

Now, the inequality (1-23) is an extension of (2-28), and we can see the expression (1-23)
as an admissibility criterion of solutions for the Cauchy problem associated to the Suliciu
relaxation system which will be studied in the next chapter.

Lemma 2.1.2. Given left and right constant states (p;, u;,v;) and (p,, u.,v,.), respectively,
such that they satisfy conditions H1 and H2. Then, the following relation is satisfied

1
‘R2(p7‘7 U‘T7U7‘) - RQ(plu U/l,’Ul)‘ < g(>\3(p7“7 U‘T7U7‘) - >\1(pl7 ulvvl))' (2_29)

Proof. This result is a consequence of the positiveness of p, and p.., and the equalities (2-23)
and (2-24). O

Remark 1. Observe that if A\ (U;) = A3(U,.), then

g — P pPr (2-30)
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If we assume that p, = p; and n, = ny, then, (2-30) reduces to s = ™5™ In this case
the Riemann problem does not have a solution since the lines R;(c)(U;) and R3(0)(U..) are
parallel.

The results of this section can be summarized in the following Theorem.

Theorem 2.1.1. Given left and right constant states (p;, u;, v;) and (py, u,, v.), respectively,
such that they satisfy conditions HI1 and H2. Then, there is a unique global solution to the
Riemann problem (1)—(2-1). Moreover, this solution is given by

(pu ug, vr), if © < M(pr, wi, wi)t,
k9 k9 * /9 ] )\ b) ) t< < )\ kX9 k%9 k% t7
(p**)u**yv**)y Zf )\2(p**)u**7,u**)t < z < )\3(p7”7u7“? UT)t7
(pra Uy, Ur)u fo > )\3(%7 Uy, Ur>t7
where
1 1 1 1
— =y — ) — 5 (v, — ) + —, 2-32
= gl w) = 5w+ (2-32)
1 1 1 1
~ L - S0 — ) + —, 2-33
= gl ) g v £ (2:83)
1
Uy = 5{(ul + sup) + (up — sv,) } = Uw and (2-34)
1
Uy = 2—{(ul + svp) — (Up — SU) } = Vs (2-35)
S

2.2. Numerical test

In this section, we show numerical result using the Lax-Friedrichs method to verify as is the
form of the exact solution and obtain numerical evidence of the solution for the Riemann
problem of the Suliciu relaxation system. The Lax-Friedrichs method is based on subdividing
the spatial domain into intervals and keeping track of an approximation to the integral of
(p,u,v) over each of these volumes [57].

Consider the Riemann problem for the Suliciu relaxation system (2-2)—(2-3). We denote the
jthinterval by v; = (2j_12, Zj41/2), V = (p,m,n) and F(V) = (m,m?/p+s*v,mn/p+m/p).

Let VJ’»€ the average value over the jth interval at time t,

1 Tjt1/2
VE

j =~ E V(LU, tk) d.flf, (2—36)

Tj-1/2
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T =ty
122
ty
123

0=t

T i) Tji—1 Tj Tj41 N

Figure 2-1: Discrete mesh points for the computational domain.

where Az = x;41/5 — xj_1/2 is the length of the interval ;.
Moreover, the approximation Ff_l /2 tO the average flux along x = x;_1/5 is given by

tet1

1
iy / P(V(wj_1/2.1)) dt. (2:37)

tg

where At = t;, — ty_1 is the length of time step.
The integral form of the conservation law (2-2) gives

d Tjt1/2
% V(I, t) dxr = F(V(l’j_l/g, t)) - F(V(Ij+1/2, t)), (2—38)
Tj—1/2
or
Tjr1/2 Tjy1/2
/ V(z,tgs1) doe — / V(z, ty) de =
Tj—1/2 Tj—1/2 (2_39)

tht1 tet+1
/ F(V(l’j_l/g,t))dt— / F(V(l’j+1/2,t))dt.
tr tg

Thus, we can approximate the exact solution of the Riemann problem of the Suliciu relaxa-

tion system by
At

Vf“ = Vf - E(Fﬁrl/z - F]k—l/z)- (2-40)
When the numerical flux FF | /2, 18 given by
1 k k Az k k
SEWVii) + FOV)] = o (F0V5) = F(ViL)) (2-41)
the approximation (2-40) is reduced to
At .

1
Vf“ - §(Vf+1 + F<Vf—1)) T oA
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which is called the Lax-Friedrichs method.

The Lax-Friedrichs method (LxF) can convergent to the solution if the following condition

At
A—xmax|dF| <1 (CFL)

is satisfied and where dF' denote the Jacobian matrix of the flux F'. This condition is called
the CFL condition [28, 57, 69].

In the numerical test, with s = 1, we consider the initial data given by

(2-42)

(5,1,3), ifz>0,

2.5.4), ifx<0,
(00, 0, 0) () = {ﬂ o
2

and the spatial discretization parameter for N = 5800 points and a constant CFL =
0,33333495. The numerical results at final time ¢ = 0,2 are presented in Figures 2-2, 2-
3 and 2-4, respectively. The exact solution at time t is

(2,%,4), if x < 2t,
9 17 : 9
( u ’U)(t g’;) _ (4, 1 T)’ lf 2t <z < Zt’ (2_43)
Pt R (2 9710y if 9t < 1 < 3t
3747 47 4 )
(3,1,3), ifz> 3t
2.5
4 L
2 35
3 L
1.5
251
1 2r
1.5¢
05 r T 1t
0 ‘ ‘ ‘ ‘ ‘ ‘ 0.5 ‘ ‘ ‘ ‘ ‘ ‘
-0.4 -0.2 0 0.2 0.4 0.6 0.8 1 -0.4 -0.2 0 0.2 0.4 0.6 0.8 1

(a) (b)

Figure 2-2: Numerical solution of p. (a) The initial data po(z) = p(0,z). (b) Numerical
solution of p at time t = 0,2.
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3 ‘ 3
25— : : - 25}
|
2 ol
15} : - 15}
1 1t e
OL%A —012 6 012 014 oie 018 1 OL%A —012 6 012 014 016 018 1

(a) (h

Figure 2-3: Numerical solution of u. (a) The initial data ug(z) = w(0,z). (b) Numerical
solution of u at time ¢t = 0,2.

4.5 T T T T T T 4.5

3.5} 1 35}
3 3t T

25 : : : : : : 2.5 : : : : : :

04 -02 0 02 04 06 08 1 04 -02 0 02 04 06 08 1

@ (b)

Figure 2-4: Numerical solution of v. (a) The initial data vo(x) = v(0,x). (b) Numerical
solution of v at time t = 0,2.

2.3. Observations for the vacuum state

A problem of great interest is the study of the Riemann problem with vacuum regions. In
that sense, we want to highlight the works of Liu and Smoller [65] for the isentropic gas
dynamics, and Young [94] for the p—system.

In [65] the authors consider the Riemann problem of the isentropic gas dynamics system
(1-7) with initial data given by

(o), ifx <0, _
(pos uo)(x) = {(o,ur), £2>0, (2-44)
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and satisfying the following condition
Po 1
/ —+/P'(§)d§ < o0, (2-45)
o §
for any po > 0.
The eigenvalues associated to the system (1-7) are given by,
p=u—~/Plp) and pp=u+P(p)
with corresponding right eigenvectors
(Lu—=+P(p)) and (1, u++/P(p)). (2-46)
Given a fixed state (pq,us), the rarefaction wave curves are given by
r1
Ri={(p)  u == [ /P puzp20) (2-47)
Pa
and o1
Ro={(p.w) s u=ust | ¢V/PEdE p2 pu20) (2-48)
Pa
while the shock waves by
— Fa P - P a
SI:{W):F%_\/@ PO =Pl S o)
PPa
and
— Fa P - P a
Se = {(p,u) : u:ua—\/(p pall p(,f) o )),pa2p>0}. (2-50)

Figure 2-5: Rarefaction and shock waves for the isentropic gas dynamics system.
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Observe that the condition (2-45) ensures that the rarefaction wave curves meet the line
p = 0. Thereby, the vacuum can be connected to a rarefaction wave of either family, provided

that (2-45) holds.
Moreover, the vacuum cannot be adjacent to a shock wave. By the Rankine-Hugoniot con-
ditions for (1-7),
{U*(pa — p) = Palla — PU,
0 (patla — pu) = pauz — pu® + P(pa) — P(p),
where ¢* is the shock speed. Assume that p, # 0 and p = 0, then, if |u| < oo, the Rankine-
Hugoniot conditions become

{U*pa = Pala,
0*(patia) = pauz + P(pa),
and since p, # 0, P(p,) = 0 or that p, = 0 by (1-7). So, |u| = oo, i.e., the shock curve can

never meet the line p = 0.

Liu and Smoller, to solve the problem (1-7)—(2-44), construct the R; curve through (p;, u;)
and denote by (0, %) the point where this curve meets p = 0. Now, they consider the Riemann
problem for the isentropic gas dynamics (1-7) with initial data

{(pl,ul), if z <0,

| (2-51)
(e,u.), ifz>0.
where £ > 0 near to zero, u. near to u, and they analyzed the following cases:

Case 1 (@ > u,): In this case the problem is solved by an R; rarefaction wave followed by an
Sy shock. In this case, they have (g, u.) — (0,u,) and (p«, usx) — (0,7).

(o1, ur)

Figure 2-6: Rarefaction R; and shock S5.

Case 2 (7 < u,): In the region @ < z/t < u,, they define u(t, z) = x/t. In this case, the solution
consists of an R rarefaction wave connecting the state p;, u; to the state (0,a).
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(p1,ur)

Figure 2-7: Rarefaction R; and rarefaction R,.

Unfortunately, for the Suliciu relaxation system, we do not have a condition to ensure that
contact discontinuity J; or J3 meets the plane p = 0, since the contact discontinuity J; and
Js are asymptotic to the vacuum region.

Thereby, the analysis due to Liu and Smoller is not easy to use in the Suliciu relaxation
system. To see this, we consider the following initial data

(5 06)(0) = {Ep“u)) e 252
For every € > 0, the solution is
£, U, vy), if © < (uw — s/e)t,
u*,v*) if (u; — s/e)t < x < u,, (2.53)

u*,v*), if ust <z < (u,+s/p)t,

(
(o)) = | T
(1+pr vr—v
[

p?“7u7“av7“) it v > 0,

with u, = ${(u + sv) + (u, — sv,)} = wp and v, = {(w + sv) — (u, — sv,)} = vy Now,
observe that when ¢ — 0, the solutions (p, u®,v°)(¢,z) does not converge to a solution of
the Riemann problem associated to the system (1) with initial data

0,unv), iftz<o0,
{( » Ul Ul) nxr (2_54)

(pryur,v), if x> 0.

According to the above analysis, the problem of Riemann for Suliciu relaxation system which
includes vacuum states can not be resolved. In [5], the author studies the Suliciu relaxation
system adapted to vacuum. Bouchut consider the case when s is nonconstant in (1) and
choose to solve

st +us, = 0.
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In this case the Suliciu relaxation adapted to vacuum consists of studying the following

system
pr + (pu)e =0,
(pu)s + (pu* + 7). = 0, (2.55)
(p3): + (pu +u), = 0,
(ps)e + (psu)e =0,
with initial data
(pr,u, vy, 81),  ifz <0,
(po, U0, Vo, S0) () = {(pr,ur,vr, o). ife>0, (2-56)

and s; # s,.. For the study of vacuum states, the initial data must satisfy special conditions

such as 7t = 2= = a > 0. In general, the Riemann problem (2-55)-(2-56) with vacuum states

does not always have solution.



3 A Cauchy problem for the Suliciu
relaxation system

In this chapter we obtain explicit solutions for the Cauchy problem associated to Suliciu
relation system with initial data (1-20) subject to the conditions H1 and H2. For this purpose,
we used the results given by Wagner [91], E and Kohn [34], Li, Peng and Ruiz [59] and Peng
[72]. In this section we obtain results of uniqueness in L* for problem (1)—(1-20).

3.1. Uniqueness and explicit solutions

The following theorem is proved using the idea due to E and Kohn [34, Lemma 1].

Theorem 3.1.1. Let (p1, u1,v1), (pa, uz, v2) € L¥°(RT X R) be two weak solutions of Suliciu
relaxation system(1). Let po(z), uo(z), vo(x) € L>(R) be such that po(x) > p > 0, and the
conditions H1 and H2 are satisfied. Suppose that for any C' function ¢(x) with compact

support,
tin [ it )00 do = [ pia)ota) d,
tim [ oty 2o dr = [ plaula)of) do

tl—lg}i- R pz(t> l’)l}i(t, a?)gb(x) dx

[ mana)ste) do. fori=1,2
R
Then p1 = p2, U1 = ug and vy = vy almost everywhere.

Proof. Consider y; (¢, z) a solution of

oy Iy _
I = p(t, ), = p1(t, x)uy(t, x). (3-1)

A solution for (3-1) exists because the consistency condition is the first equation of (1). Let
n(0.0) = [ i) e (32)
0

then y; is unique and by the conditions H1 and H2, the map (t,xz) — (¢, y1(t,x)) is a
bi-Lipschitz homeomorphism of RT x R onto itself. Observe that

Vl(t7y1) :Ul(t,ﬂf), Kl(tyl) :Ul<t7x)7

1
w (T, = ,
( yl) pl(twr)
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is a weak solution of
1 1_
wp + K, =0,

vt + 5%k, =0, (3-3)
ki + 1/;1 =0.

Let 1(y) be a continuous function with compact support. Then

0
/@D tydy—/wyltx (t,yl(t,x))%dz

~ [ttt ds

thereby
tgr&/w tydy—/wylox)d
Similarly,
Jim [ v ) dy = [ 00,2 peun(e) de
tgr&/w Yty dy—/w y1(0,2))po(z)vo(z) d.

Now, we can do a transformation for (pe, us, v9). If yo(t, x) solve

) 0 :
W pta) 2 plthutn), w00 = [ s

and choosing

W (t,y) = VAt ) = ua(t, 1), K7(ty2) = va(t, ).

p2(t7 I) 7
Also (w?, %, k%) is a weak solution of
w? + Kk =0,

vt + 5%k, =0, (3-4)
K2 + 1/52 =0,

with

lim/¢ tydy—/¢y20x)d

t—0+

i [ Gt dy= [ 00.2)m(z)uo) do

t—0+

;%/@ ty@—/wmowm<m<Mx
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Since (p1,u1,v1) and (p2, us, v2) have the same initial data, y;(0,2) = y2(0,2) and from
the dummy variables y; and 3, (w', v, k') and (w?, 1%, k?) solve the same linear hyperbolic
equation with the same initial condition. Therefore w!(t,y) = w?(t,y), v'(t,y) = v*(t,y) and
k1(t,y) = K2(t,y) for all (t,y) € RT x R.

To conclude that p; = p2, u; = uy and vy, = vy we must show that y; (¢, z) = yo(t, x).

The Jacobian of the map (¢,y1) — (¢, x) is the inverse of that of the map (¢,z) — (£,v1), so

Or
oy

ox

= wl(t>yl)a E = Vl(t>y1)a I(O>y1) = [yl(O, x)]_l )

A similar relation holds for y. Since w! = w?, v! = 1% and k! = K%, we see that x(t,y)

x(t,y2), and it follows that y, = ys. O

Remark 2. We note that (3-1) and (3-2) is equivalent to the Euler-Lagrange (E-L) transfor-
mation used by Peng in [72] to find explicit solutions for Rich type n-dimensional systems.
The Euler-Lagrange (E-L) transformation (¢,z) — (t,y) = (¢, Y (t,x)) defined by

dy = pdx — pudt and Y(0,2) = Yo(z) & / po(€) de.
0
In Lagrangian coordinates, the system (1) becomes
wy — vy =0,

v + 8%k, = 0, (3-5)

Ht—FVy:O,

1

where w denotes the quantity % in Lagrangian coordinates, that is, w(t,y) = ) and we

also have v(t,y) = u(t,z) and s(t,y) = v(t, x). "
The eigenvalues associated to (3-5) are given by
N=-5 X=0 X=s, (3-6)
and the the corresponding Riemann invariants are given by
Ry =sk—sv, Ry=v+w, and R3=s’k—sv. (3-7)
In Lagrangian coordinates the entropy condition (1-26) transforms into
m(w, v, k) + @z(w, v, k) =0, (3-8)

for each 1 with

Nw,v,k) = F(v+sk) + Gv —sk) + H(w+ k),
q(w,v, k) = sF(v + sk) — sG(v — sk),
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where F, G, H are (arbitrary) convex functions.

The initial conditions (1-20) becomes

{<w<o Y), v(0,9), £(0,9)) = (wo(y), (), ko(y)), v € R,

(;2g>0 (39)

Due to the fact that system (3-5) is linear, the explicit solution of the corresponding Cauchy
problem (3-5)—(3-9) is
w(tv y) = WO(y) + HO(:U) - H(tv y)v

) = S0l + t) + 1oy — 1) —

V)

(Ko(y + st) — Koly — st)), (3-10)

N |
—_

oy + st) + oly — 51)) = 5= (voly + 1) — ol — 1)

Moreover, by condition H1 we obtain that

Kt y) =

1 <t — sK(t < ey, c3<uv(t + sk(t < ¢y
(7y) (7y) ) 3 (7y) (7y) )
W(t,y)+/€(t,y) > Cs,

and since po(r) > p = const. > 0 by (1-20), we have that w(t,y) > w > 0, ensuring that
the function y — X (¢,y) is invertible and bi-Lipschitzian from R to R for all ¢ > 0, and by
[91, 72], we also have uniqueness of the entropy solution of (1)-(1-20) if and only if we have
uniqueness of the entropy solution of (3-5)—(3-9).

Therefore, we consider Xy, = Y, '. Then, the unique function x = X(¢,%) that satisfies
X(0,y) = Xo(y) is given by

Xt = [ @) i [ (w0e)+ ) de-

- %/ " o(Xo(€)) dt / w(Xo(€)) de.

From the above, we obtain the following Theorem.

(3-11)

Theorem 3.1.2. Assume that po, ug, vo € L>(R) with po(r) > p > 0 a.e., the conditions H1
and H2 hold. Then, the Cauchy problem (1)—(1-20) has an unique global entropy admissible
solution (p,u,v) € L®(R* x R) that satisfy the entropy condition (1-26) for all pair (n,q)
defined in (1-24)—(1-25). Moreover, this solution is given by

ot ) = po(Xo(Y (¢, 7)))
L+ po(Xo(Y (¢, 2))) [vo(Xo(Y (£, 7)) — v(t, )]’
u(t, x) =Ty (t,x) — sT', (t,x) and

1
o(t,x) =Ty (t,z) — ;Fuo(t,x),
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where
T (2) = 5 loo(Xo(Y (1,2) + ) & gu(Xo(¥ (¢, ) — st))].

Now we apply our result to a particular example, which behaves as the advection equation.

Example 2. We consider the initial data ug(x) = @ and vo(z) = T as being constant
functions, and py(z) > 0 a.e. as a bounded function.
By the E-L transformation,

Yo(z) = / po(€) dé  and consider Xy = Yy '
0
Then
X(t,y) = Xo(y) +ut and Y(t,z)=Yy(zr —ut).
In this way the solution of the Cauchy problem is given by
p(t,x) = po(x —ut), wu(t,z)=7u, v(t,z)="0.

Remark 3. The condition py(z) > 0 a.e. is of great importance for the result of uniqueness.
For example, consider p(t,xz) = 0, then p(0,2) = po(x) = 0. In this case, u(t,z) = ¢(t)
and v(t,z) = ¢(t) and the Cauchy problem associated to the system (1) with initial data
uo(x) = ¢(0),v9(z) = ¢(0) does not have a unique solution.

Example 3 (Non uniqueness of solutions). In this example, we consider the Cauchy problem
associated to the system (1) with s = 1 and initial data

0, ifzx<—1,
po(z) =41, if —1<z<1,
0, ifa>1, (3-12)
Uo(l’> = 1,
vo(z) = 2.
The solution of the problem is given by
pl(t,l’> = p(](.ilf — t), ul(t,x) = 1, Ul(t,l’> = 2. (3—13)
Another solution is expressed by
0, ife<t—1,
1, ift—-1l<x<t+1,
p2(t7x) = 1 .
3, ift+1<z<2t+1,
(3-14)
0, ifx>2t+1,
l@(t,l’) = 1,
ve(t, ) = 2.

Furthermore, the solutions (3-13) and (3-14) are entropy admissibles.
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Remark 4. Consider the Riemann problem for the Suliciu relaxation system in Lagrangian
coordinates (3-5) with initial data

Y Y Y .f < 07
(v R)(0y) = T (315)
(wr, vy, k), ify >0,
where (w, v, k)(0,y) satisfies the following conditions:
H1’) The functions w(0,y), v(0,y) and (0, y) satisfy
1 S V<Ovy) - SH(Ovy) S Co, C3 S V(Ou y) + S’%(O? y) S Cyq, (3 16)
and  k(0,y) +w(0,y) > c5
where ¢; , i = 1,...,5, are suitable constants satisfying
Cy — e > 0.
s
H2’) The total variations of v(0,y) — sx(0,y) and v(0,y) + sx(0,y) are bounded.
In this case, the solution is given by
(wi, vy, Ky), if y < —st,
k9 Mk * )y .f - t < < O’
(worm)(ty) = 4 oo sty (317)
(Waker Viewy B ), 1f 0 < y < st
(Wrs Uy, By, if y > st,
with
= (=) — 5y — i)
Wy = 2s Uy Y 9 Ry Ry wr,
1 1

Wiese (Vr _Vl)_l_g('%r_'%l)_‘_wra

T2
1

=g {(vi + ski) + (v, — sky)} = Vae  and
1

o = 5 {(vy + sk1) — (Vr — SKp)} = K

Now, for the interaction elementary waves we consider the Suliciu relaxation system in
Lagrangian coordinates (3-5) with initial data

(wi, v, Ky), if y < a,
(w, v, 8)(0,Y) = ¢ (Wn, Um, k), if a <y <D, (3-18)
(Wry Vps Kr), if y >0,

with a < b and (w, v, k)(0, y) satisfying the conditions H1” and H2’.
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Figure 3-1: Interaction of elementary waves for the Suliciu relaxation system in Lagrangian

coordinates.

In the Figure 3-1, the intermediate states are denoted by @, Hi, ®, and X,. Here, the
subscripts represent the k—interaction, @ or ® the first intermediate state while H or X for
the second intermediate state in each Riemann problem. For example, for 0 < t < t; the

1—interaction of elementary waves is given by

wy, v, k) = 1], if y < ﬁ(t%

w**,lj**,li**) :EEb 1fa<y<§2><t)7

(
(Wa, Vi, Ki) = P14 if E(t) <y<a,
(
(

Wny Vs i) = [m], i y > 33 (1),

(3-19)
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and
(W Vins i) = [m],  if y < P (t)
Vi, Ky) = ®1, if Yo(t) <y < b,
@rF) =@, 0 <y 20,
(Wions Viss R ) = Ky, if b <y < 91 (t),
(

Wr, Up, i) = [1], if y > yi(t),

where 1 (t) = —st +a, J2(t) = —st + b, yi(t) = st + b and y3(t) = st 4+ a. Moreover, for

k=1,2,...,
b—a
tr = k
k (28 )7

Tt =—st+2—k)a+ (k—1)b and
e(t) = st+ (k—1Da+ (2 —k)b.

(3-21)

Let (¢,7) be a point in Rt x R. Consider the Riemann problem for the Suliciu relaxation
system (3-5) with initial data

7 Vo= — Y=y = if y < Y,
(w1, ) (Ey) = { oy veyic), iy <y (3-22)
Vi=(wg, vy, ky), ify>7.
For ¢t > ¢, the solution for the Riemann problem (3-5)—(3-22) is given by
Vo= (w—al/—ﬂ{'—)a 1fy< _S(t_%)+y>
V;I %y Vs, R )y f— t—f +_< <_,
)ty = { ek ST ETSUSE g gy
Vﬁ:(u)ﬁ,l/ﬁ,ﬁlﬁ), lfy<y<8(t—t)+y,

Vi = (wy,vi,64), ify>s(t—1)+7.

To solve the Riemann problem (3-5)—(3-18), we consider two problems. In the first problem,
we choose V_ = (w, v, K1), Vi = (Wi, Vm, £m) and using (3-23) is obtained the first solution.

In the second, we choose V_ = (W, Vi, km), V4 = (W, vy, K,) and once again by (3-23)
is obtained the other solution. Observe that the states of the first Riemann problem are
separated by the lines ?71 = —st+a, y = a and y_% = st + a, while the states of second

problem by ?f —st+b,y =0band y_f = st +b. But the lines y_g and ?fg intersect at t; = 1’2_—8“
and Y = a+b

Appears here a new Riemann problem with a second intermediate state of first Riemann
problem and a first intermediate state of the second Riemann problem. Now, we choose
V_ =H, Vi = ®; and once again by (3-23) is obtained the solution for ¢ > t;.

In general, for t; =i (b “) 1=1,2,..., we have the following situations:

1. The Riemann problem with initial data V_ =Hy;,_; and V, = ®9; 1,1 =1,2,....
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In this case, for ty; 1 < t < ty; the solution is given by

Boio1, ify < —s(t—tyu 1)+ %2,

Bai if _S(t—t%—l)-l-%rb <y< aTJFb,
Mo, i 52 <y < s(t—tor) + 4B,
®oi—1, ify>s(t—ty_1)+ aTer’

(wv v, ’%) (ta y) = (3—24)

2. a) The Riemann problem with initial data V_ = @9; 1 and V. = @9, i = 1,2, .. ..
For t9; <t < t9;11 the solution is given by

Doi_1, ify< —s(t—ty)+a,
Boir1, if —s(t—ty)+a<y<a,
Boir1, ifa<y<s(t—ty)+a,
Dai, if y > s(t — to;) + a,

(w’ v, l{) (ta y) = (3-25)

b) The Riemann problem with initial data V_ = Ky, and V, =Xy, 1,1 =1,2,....
For t5; <t < tg;11 the solution is given by

Xo;, if y < —s(t —to) + b,
®oir1, if —s(t—ty) +b<y <,
Moip1, if b <y < s(t—ty)+0,
Xy, 1, ify > s(t—ty)+0.

(wv v, ’%) (ta y) = (3—26)

Now, this analysis allows us to formulate the following front tracking scheme for the Suliciu
relaxation system (1) in Eulerian coordinates.

Front Tracking scheme

We now describe the front tracking scheme for Suliciu relaxation system (1) with initial
condition in L' N L* | sufficiently small total variation, and p > 0. We denote by % (¢, x) the
vector (p(t, z),u(t,z),v(t,z)), the notation %(x) for the initial data (p(0, x),u(0,x),v(0,x))
and denote (p4,uy,vy)and (p_,u_,v_) by Uy and U_ , respectively. Let € be a small positive
number. The e—approximate front tracking solution % ¢(t, x) is constructed following Bressan
[16]:

(1) Approximate the initial data by a step function % (z) so that

Tot.Var{%} < Tot.Var{} < 0y and %y — %l < e.
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(2) Let z; < --- < xy be the points of discontinuity of % (x). For each j =1,...,N , we
solve the Riemann problem with U, = %(0,2;—), Ugp = % (0, z;+) and approximate
the solution with piecewise constant function. The approximate solution % ¢ can then
be prolonged until a time t; . We can repeat the construction as long as the number
of jump discontinuities does not diverge within a finite time.

(3) For a point (¢,7) we consider the Riemann problem for (1) with initial data

U, ifzx<7,
(3-27)
U+, if x> 7.

Given state W € R3, we consider the curve J(o)(WW) which is a contact discontinuity.
For Riemann solver, we consider the states Wy, Wy, Wy, W3 and parameter values oy,
09, 03 such that

WQZ U_, W3:U+, VVZ:JZ(O'Z)(VVZ_l) fori:1,2,3.
Define
zi(t) = N(Wieg, Wi)(t — 1) + 7, i =1,2,3,
where \;(W;_1,W;) is the Rankine-Hugoniot speed of a jump connecting W;_; with
W;. We can define an approximate solution to this Riemann problem by
U_, ifz<x(t),
Wl, 1f$1(t> <x <I2(t>,
Wg, if [L’g(t) <z < [L’g(t),
u,, if x > l’g(t)

(3-28)

The method is used at time ¢t = 0 and at every interaction between two contact
discontinuities.

Also, we make a comment on the Chaplygin gas system.
Remark 5. Consider the Suliciu relaxation system (1) and initial data (1-20) with
1
po(z)
and satisfying the conditions H1 and H2. The Theorem 3.1.2 implies an unique global ad-

vo(x) =

missible solution and that

1
v(t,r) = — . 3-29
b8 == (329
In this sense, the Suliciu relaxation system (1) is reduced to
+ » =0,
Pt (pu) ) , (3_30)
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which is called the Chaplygin gas system. This system was introduced by Chaplygin [20]
as a suitable mathematical approximation for calculating the lifting force on a wing of an
airplane in aerodynamics. The same model was rediscovered later by Tsien [89] and von
Karman [46]. The negative pressure following from the equation of state could also be used
for the description of certain effects in deformable solids [84]. The Chaplygin gas occurs in
certain theories of cosmology and has been advertised as a possible model for dark energy
(39, 79].

Consider the initial data

(p> u)(O,x) = (po,’do)(l'), r € R,

3-31
po(x) > p = const. >0 a.e., ( )

satisfying the following conditions

(A) c1 S uop(x) — o < ¢ and ¢ < ug(x) + > < cq where ¢;, @ € {1,2,3,4}, are suitable
constants satisfying <=2 > 0;

(B) The total variations of ug(z) — = and ug(x) + = are bounded.

Again by Theorem 3.1.2, we have the following result.

Theorem 3.1.3. Assume that po,ug € L°(R) with pg > p = const. > 0 a.e. satisfying the
conditions A and B. Then, the Cauchy problem for the Chaplygin gas system (3-30)—(3-31)
has an unique global entropy admissible solution (p,u) € L= (R* x R).

Moreover, this solution is given by

S

Lot x) + s, (t,2)

p(t,z) =

and u(t,z) =T (t,z) + Iy, (8, 2)
where Ffo (t, ) = 3[ho(Xo(Y (t, ) + st)) £ ho(Xo(Y (¢, 2) — st))],

X (x) = /0 " olE)de

and Y (t, x) is the inverse map of

_ L, L _de e
X(t,y) = 9 /y_st o(Xo(&))d§ + 2/0 0(Xo(6)) +/0 po(Xo(€))

This theorem also includes the Riemann problem. Consider the Chaplygin gas system (3-30)
with initial data

Jup), if x <0,
(o, uo)(z) = 4 P (3-32)
(pryuy), ifxz>0,
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where (pg, ug)(z) satisfies the conditions A and B. Then the solution is given by

(pr,w), ifx< (ul — %) t,
(po,uo)(x) = ¢ (ps, uy), if <ul — %) t<z< <ur + %) t, (3-33)

(pryuy), ifz> (ur + p—i) t,

with
2s

Pr = ; ; and
(ur—ul)+s<p—T+E)

(o) ()

3.2. Generalized Riemann problem for the Suliciu

relaxation system

The solutions for the Suliciu relaxation system (1)—(1-20), although in the Theorem 3.1.2
we have explicit solutions, generally they are difficult to construct. In this section, we show
explicitly the solution of the generalized Riemann problem to better understand the explicit
solutions. First, we consider the generalized Riemann problem for the Suliciu relaxation sys-
tem in Lagrangian coordinates and we calculate the first-order expansion given by LeFloch
and Raviart [55, 7] to verify our results. After, we show the explicit solution for the generali-
zed Riemann problem in Eulerian coordinates and since the solution has a similar structure
as the classical Riemann problem, we give an example for the interaction of elementary
waves.

3.2.1. Generalized Riemann problem in Lagrangian coordinates

Consider the Suliciu relaxation system in Lagrangian coordinates (3-5) with initial data

(w,v,8)(0,y) = {(wL’ ver)w), iy <0, (3-34)

(WR7VR7HR)<y)7 lfy > 07

where w;(y), vi(y), ki(y), for ¢ = L, R, are piecewise smooth functions but discontinuous at
y = 0. Moreover, we consider that the initial data (w, v, )(0,y) satisfy conditions H1’ and
H2'. Let (w?, 1, k?) = (w;, v, k;)(0) for i = L, R. Then, by the results of the Chapter 2, the

(2RA A1

classical Riemann problem for (3-5) with initial data

o ,0 .0 if <0
(UJ,V, K)(O,y): {(WIMVLW%L)’ Iy 9 (3_35)

(wh, V5, 6%), ify >0,
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has an entropy weak solution (w°, 19, x%)(¢, y) which is self-similar and consists of four cons-
tant states separated by contact discontinuities,

(W?,02 k%),  ify < —st,
07 ) f - t < < O,
W2, 2 k) (t,y) = (W2, 02, 12), ' Y (3-36)
(Wi v kY,), O <y <st,
(W%, %, k%), ify > st
On the other hand, the solution of generalized Riemann problem is
vayLv’%L)(t y)7 lfy < —st,
s Kox , if —st<y<0,
)t g) = 4GP b sty (3-37)

(
(
(Wis Viros B ) (8, 1), 10 <y < st,
(wr,vr, kR)(L,Y), ify > st,
where for ¢ = L or R,
wi(t,y) = wi(y) + ri(y) — kit y),
vi(t,y) = (v(y + st) + vi(y — st)) /2 — s(ki(y + st) — ki(y — st))/2,
ki(t,y) = (ki(y + st) + ki(y — st)) /2 — (vi(y + st) — v (y — st))/2s,

and
wi(t,y) = (vr(t,y) —vi(t,y))/2s — (kr(t,y) — kr(t,y))/2 + wi(t, ),
wi(t,y) = (Vr(t,y) —ve(t,y))/2s + (kr(t y) — KLt ) /2 + wr(t, y),
vi(t,y) = (vr(t,y) + vt y))/2 — s(kr(t.y) — ko(t,y))/2 = vt y),
re(t,y) = (kr(ty) + K0(t,y)) /2 — (vr(t,y) — vi(t,y))/2s = Kt y)

Asymptotic expansion of LeFloch-Raviart

For smooth solutions of the generalized Riemann problem, we consider the Taylor expansions
wi(y) = w? +2 Wiyl vily) = 0 +2 0 vyl and ki(y) = KO +2 0 kly/, i =L or R.
Then, by the asymptotic expansion of LeFloch-Raviart, for the first-order, we obtain that
wit,y) ~ wp + (ywi + ),
vi(t,y) = v + (yv}! — s%tk)), (3-38)
ki(t,y) ~ K+ (yki —tv}), fori=L or R,

wilt,y) = w) +ylwp + K1) — (L y) /s, (3-39)
war(t,y) = W), +y(wp + kp) — (L y) /s, (3-40)
vo(t,y) = v (t,y) = 10 + @1 (L, 1), (3-41)
u(t,y) = Kuw(t,y) = K2+ (1, y) /s, (3-42)
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where

*(t,y) = [(y — st)(vy, + skp) £ (y + st)(vg — skp)] /2.
Note that for smooth solutions, the first-order of exact solution evaluated in y = 0, (w, v, k)(t, 0),
coincides with the expansion of Lefloch-Raviart.

Example 4. For s > 1, consider the generalized Riemann problem for (3-5) with initial data

2,0,1), if y <0,
(., 5)(0,y) = 4 20D nY (3-43)
(1, cos(y), sin(y)), ify >0,
By LeFloch-Raviart expansion, for first order we obtain
wr(ty) =1, welty)=1=st  kr(ty) =y, (3-44)
wL(t7y) = 27 VL<t7y) = 07 HL(tvy) = 17
wi(t,y) = (5s +1)/2s — (y + st) /2,
wie(t,y) = (s +1)/2 4 (y — st)/2,
vultyy) = vault ) & (s +1)/2 = s(y + s1)/2, (3-45)
s—1) 4 s(y+ st
"{*(tay) :K’**(tay) ~ ( ) 28( )
The exact solution of generalized Riemann problem satisfies
(UL(t, O) = 2, I/L(t, 0) = O, IiL(t, 0) = 1,&)3@, 0) = 1, HR(t, 0) = 0,
vr(t,0) = cos(st) — ssin(st) = 1 — s*t + O((st)?),
_os+1 s 9 s+l s 9 (3-46)
wi(t,0) = 5 215 + O(st?), Wi (t,0) = 5 2t + O(st?),
s+1 ¢ 9 _s—1 s 9
vi(t,0) = 5~ §t+(’)((st) ) ki (t,0) = 5 T 5t+(9(st ).

3.2.2. Generalized Riemann problem in Eulerian coordinates

Now, we consider the Suliciu relaxation system in Eulerian coordinates (1) with initial data

(o, w ) (@), if 2 <0,
7u7U 07:(: = 3_47
(v )(0.2) {(pr,ur,vr)(x), if x >0, (3-47)

with p;(x), u;(x), vi(z), for ¢ = [,r, are piecewise smooth functions but discontinuities at
x = 0. We suppose that initial data (3-47) satisfies the conditions H1 and H2.
The solution of generalized Riemann problem is of the form

o1, uy, v) (t, ), if © < xy(t),

(o0, 0)(t.2) = Py Us, Us) (T, ), if z1(t) < x < z9(t), (3.48)

Prsy U, V) (£, ), 1 o (t) < & < w3(t),

o~ o~ o~

Pry U, U ) (E, ), if © > x3(t).
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where each component is given by
1
pi(ta ZL’) = )
pi(Xo(il/(t,m))) + v (Xo(Y (¢, 7)) — u(t, z)
wi(t,x) = T (t,x) — sT (¢, ), (3-49)
1
Ui(tv .CL’) = F:—(t,ﬂ?) - _F;(tv IL’),
1 S 1
Xo, Yy, Xand Y defined in the equation (3-11), and the intermediate states are
1 . 1 + ur(tux) _ul(t7$) U?‘(t7x) _Ul(t7x>
pe(t,z)  pilt, ) 2s 2 ’
1 o 1 + ur(tax) _ul(tax) + 'UT’(tVI) _Ul(tax)
pes(t, ) pp(t, ) 2s 2 ’
wn(t ) = ur(t, @) + wit,x) Svr(t, z) —ut, ) (3-50)
2 2
1
= 5 [(UT(tv .CL’) - SUT(t7$)) + (ul(t7x) + Svl(tu l’))] = U**(t,ﬂj‘),
T t7 t7 T t, - t,
ot x) ot ) +ult, ) et @) —w(t, o) u(ta),
2 2s
Moreover, the k-th contact discontinuity = = x(t), k = 1,2, 3, satisfies
O =ty 1 (1) — sy = w11 (1) =
1’1(0) = Oa (3_51)
LIZ',1<O) = Ul(0,0) - m,
dra(t) _
o = ux(t, 22(1)) = wa(t, 22(1)),
2,(0) = 0, (3-52)
Ié(o) = u*(O’ O)>
dax: s s
3= w(t2s(0) + oty = e w0) + ey
25(0) = 0, (3-53)
25(0) = u,(0,0) + 55

3.2.3. Example of a interaction of waves

Now, we are interested in the interaction of elementary waves for the generalized Riemann

problem associated to the Suliciu relaxation system (1). In this sense, we consider (1) with

initial data
(o1, w, vr), if x <0,

(po, uo, v0) () = € (Pm(T), U, V), if 0 <2 <D,
(pTu Up, Ur)u if z > b,

(3-54)



46 3 A Cauchy problem for the Suliciu relaxation system

t (1)
(P Usn, Vo ) (£, )
w1(t) (P, Us, V3 ) (E, ) 5(t)
(pr,ur,vp)(t, x) (pry wry vy) (E, )
Zz

Figure 3-2: The solution for the generalized Riemann problem.

where py, pr, u;, v, © = I, m or r, are constants and p,,(z) = €”.

Moreover, we assume that the initial data satisfies the conditions H1 and H2.

Thereby, the solution on the left, right and middle states is given by

pu(t,z) = pi, u(t, ) = w, ul(t,z) = v,
pm(t,x) = eyt @) = U, it 1) = v,
pr(t>z) = Pr, ur(ta ZL’) = Urp, U’“(t’ ZL’) = Ur,

and intermediate states by

( 1

p*(t7x> = L+“m7“l_“m7”l - p*,
Pl 2s 2
— 1
p**(t7 x) - ez?zmt_i_ung?ul_i_um;vl 9
U*(t,l') — um;‘ul _ S’Um2—vl et u**(t,l') and
\u*(t,x) = UmTJrUl_% = 1, (1, 7).
(5 1
p*(t7 [L’) = _ 1u t+urgum_y,r72vm 3
et—Ym s
ﬁ**(t,x) = L-i-urgiu;-i-w — ﬁ**7
Pr s
a*(t, :I:) — UT‘EUM _ s’l)r-—2'l)m et a**(t’ x) and
(U(t,x) = utim o veum g (),

Also, the curves x; = z;(t), T; = ;(t) for i = 1,2, 3, are

S
z1(t) = (u—— | ¢,
) (l pz)
l’g(t) = <um;—,m —Svm;vl) t,

x3(t) = umt + In(st + 1),

(3-55)

(3-56)

(3-57)
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and
T1(t) = upmt + In(e’ — st),

@@y:<w+“m_s“;“m)p+a

@@)z(wﬂni>t+b

Pr

x3(t)

Figure 3-3: The curves x; = x;(t) in the plane ¢t — x.

t
n1(t) (1)
T3(t)
x

Figure 3-4: The curves z; = 7;(t) in the plane ¢ — z.

Now, we observe that the curves x3 = z3(t) and T; = 71(¢) intersect at point (t1,x;) defined
by

b
__e’—1
tl_ 25

T = umebz—;l +In <6b7+1> = Upto + In (GZ)T+1> )

Following the way of getting the interaction of elementary waves, we propose to solve the

(3-58)

following Riemann problem associated to the Suliciu relaxation system (1) with initial data

(3-59)

(p**7u**7v**)(t17x>7 if v < Iy,
(Piy Uy, 0s) (t1, ), if x> x4,
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T T .

Figure 3-5: Point of intersection (¢1,z) of the curves x3(t) and 7 (t).

where t; and z; is given by (3-58).
For time t > t;, we must find the solution in four new regions until some time ¢y as shown
in Figure 3-6.

13 71 (1) 21 (t)
----------- R X9 (t)
Ll e i D s g 73(t)
B c To (t)
T R it tY S = (1)
o o

Figure 3-6: Regions A, B, C and D.

In the region A,
A= {(t,l’) Th<t< tg,l’g(t) <z < /l’\l(t) and ZL’Q(tQ) = i'\l(tg)},

we obtain that

1 1
p**(t,l’) B ex_u'ﬂtl_u*(t_tl) + Cl’
U (T, ) = tm ; U g Um 2_ v Use = Uy (3-60)
VU + U1 Uy — Uy
ok t7 = - = Uy = Uxx.
Vs (t, T) 5 P Ve =0

Moreover, the curve 7 = 7 (t) is

eC1s(t—t1) (O emlfumﬁ_l) .
Uty + s (t — 1 +1n(1+01 (& ) if ) #£0,
LL’l(t) _ 1 ( 1) Ch 1 7& (3—61)
Umts + us(t — t1) + In (e™7umh — s(t — 1)), if C; =0,
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where " " y y
m — U] m — Ul

p— . - 2

C 5 + 5 (3-62)

In the region D,
D= {(t,.ﬁl]) T <t < t3,§3(t) <z < fg(t) and gg(tg) = fl?g(tg)},

we obtain that

1 1
ﬁ* (t’ ZE') - e:c—umtl—ﬂ*(t_tl) + 027
Lt x) = +2 B = T, (3-63)
~ (%3 _'_ Um Uy — Um ~ ~
* t, - - = Ux = Uex
U4 (t, ) 5 P Uy =0

and the curve T3 = T3(t) is

umtl n ﬁ*(t _ tl) I n (eczs(tftl)(CQeJCl*umtl—l—l)—l) ’ if 02 7& 0

(t) = e (3-64)
Uty + Ui (t — t1) + In (s(t — t1) + ™27 vmi) | if Cy =0,
with S o
Cy=—7-" T 3-65
? 2s 2 (3-65)
In the region B and C, we obtain that
1 1 ﬂ* — Ux 5>»< — Uy
= c - ,
Pi(t,x)  ermumbi—us(t=t) LR 2
1 B 1 +C+ﬁ*—u*+5*—v*
Pun(t,z) e umbi—in(i—t1) 1 9 9 (3-66)
Bult ) = 0 =P = (),
~ fﬁ* _'_ Vx a* — Uy o~
* t, - - — Usxx t, .
D(ta) = P B 20 (1)
and where the curve Ty = Z(t) is
~ ﬂ* + U fﬁ* — Uk
To(t) =21 + ( 5 TS5 5 ) (t —t1). (3-67)

Observe that, at time to the curves x5(t) and 7 (¢) intersect and should be considered a new
Riemann problem for the Suliciu relaxation system with inicial data

{(p*,u*,v*)(tg,z), if © < o,

SR (3-68)
(s Ui, Vi) (t2, ), if > zo.

In each new intersection, we obtain a Riemann problem which can be solve of natural form.
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Finally, note that the Figures 3-3 — 3-6, of previous example, correspond to the initial data

(1,3,1), ifz<0,
(po, w0, vo)(x) = q (e”,3,4), if 0 <z <In(4),
(3,1,3), ifz>In(4).



4 Delta shock solution for the Suliciu
relaxation system

There are nonclassical situations where the Cauchy problem (or Riemann problem) for a
system of conservation laws either does not possess a weak solution in L>. In order to solve
the Cauchy problem in these nonclassical situations, it is necessary to seek solutions in other
sense.

In 1977, Korchinski [49] in his PhD thesis considered the Riemann problem for system

{ut + (3u?)_ =0, (41)

Vg + (%uv)x = 0.

Motivated by his numerical results, he constructed the unique Riemann solution using gene-
ralized delta functions to prove singular shocks satisfying (4-1) in the sense of distributions.
In 1994, Tan, Zhang and Zheng in [86] established the existence, uniqueness and stability of
delta shock waves to some viscous perturbations in the reduced one-dimensional system

u; + (u?), =0,
{vt + (wv), = 0. (+2)

and referred to such solutions as delta shock waves. A delta-shock wave is a generalization of
an ordinary shock wave. From the physical point of view, a delta shock waves are interpreted
as the process of formation of the galaxies in the universe, or the process of concentration
of particles (mass) [93]. Other works in this sense are due to Ercole [36] who obtained a
delta shock solution as a limit of smooth solutions by the vanishing viscosity method. Sheng
and Zhang [81] discussed the Riemann problem for the pressureless gases system. In 2005,
Brenier [8] considered the Riemann problem for the Chaplygin gas system. Other works for
the Chaplygin gas system can be found in [40, 24, 48].

Finally, recent work on delta shocks for general hyperbolic conservation laws are due to Dani-
lov and Mitrovic 31, 32] where they described delta shock wave generation from continuous
initial data by using smooth approximations in the weak sense. An interesting work on new
developments of delta shock waves, its applications and historical notes is [93].

In this chapter, we show existence and uniqueness of delta shock wave for the Suliciu relaxa-
tion system which is an example of delta shock for a 3 x 3 hyperbolic system of conservation
laws.
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4.1. Delta shock solution

Recently, Lu et al. [68] showed existence of solutions for the Cauchy problem associated to
the Suliciu relaxation system (1) with initial data (1-20) satisfying the conditions H1 and H2.
Now, we show the existence and uniqueness of solutions for the Riemann problem associated
with the Suliciu relaxation system, in which the left and right constant states (p;,u;,v;)
and (p, u,, v,) satisfies condition H2, but unlike chapter 2, the states satisfy \i(p;, ug, v;) >
As(pr, ur, vy, 1.€., they do not satisfy condition H1 globally. In this way, we have the following
situations:

1. (p1,u,vy) and (py, u,, v,) satisfy locally the condition H1, i.e.,
n (1, ug, vp) satisfy
a1 < up— svp < o, as<u—svyy <oy and v+ — > as
Pl

where «;, 1 = 1,...,5, are suitable constants satisfying
5 — % > O,

= (pr, U, v,) satisfy

1
B < up — sv, < B, B3 <u,—sv, <Py and v, +—>f;
T
where [3;, 1 = 1,...,5, are suitable constants satisfying
B5 _ 642—851 > O
s Let ¢; = min{ay, 51} and ¢4 = max{ay, f1}. Then there are ¢;, t = 1,...,4 such
that
U — SU; Uu; + sy
o < <c and c3< < ¢y,
Uy — SV, Uy + SV,

but is not possible to find a constant cs such that c; — “= > 0.

2. Only (p,, u,,v,) satisfy locally the condition H1, i.e., (p;, u, v;) satisfy
1

B < up — sup < By, B3 <u —svy < By and vl+p—>55
I

where (;, 7 =1,...,5, are suitable constants satisfying 55 — % <0.

3. Only (p;, u;, v;) satisfy locally the condition H1, i.e., (p,, u,,v,) satisfy

1
Blgur_svrgﬁ% ﬁ3§ur_svr§54 and Ur+_>55

T

where (;, 7 =1,...,5, are suitable constants satisfying 55 — % <0.



4.1 Delta shock solution 53

4. Neither (p;, u;, v;) nor (p,, u,,v,) satisfy the local condition.

De la cruz et al. [33] studied the first case. The idea used by the authors in [33] can be
extended for the other cases.

Denote by BM (R) the space of bounded Borel measures on R, and then the definition of a
measure solution of Suliciu relaxation system in BM (R) can be given as follows.

Definition 4.1.1. A triple (p,u,v) constitutes a measure solution to the Suliciu relaxation
system, if it holds that

a) pe L=((0,00), BM(R)) N C((0,00), H™*(R)),
b) we L=((0,00), L%(R)) N C((0,00), H*(R)),
¢) v e Lig((0,00), Lig.(R)) N C((0, 00), H*(R)), s >0,

d) w and v are measurable with respect to p at almost for all ¢ € (0, c0),

= Jo. Ja(or + ug.) dpdt = 0,
fo Jo u(@ + ug,) dpdt + fo Jg s*v¢, dzdt = 0, (4-3)
I3 = fo fR (¢ + ugy) dpdt + fo fR ug, drdt = 0,

for all test function ¢ € C5°(R* x R).

Definition 4.1.2. A two-dimensional weighted delta function w(s)d, supported on a smooth
curve L parameterized as t = t(s), z = x(s) (¢ < s < d) is defined by

(w(5)55, B(t, 2)) = / w(s)d(t(s), 2(s)) ds (4-4)
for all ¢ € C°(R?).

Definition 4.1.3. A triple distribution (p, u, v) is called a delta shock wave if it is represented
in the form

(plaulvvl)(tvx)v T < x(t)v
(o, u,0)(t, ) = § (w(t)d(x — x(t)), us(t), 9(t)), = =a(t), (4-5)
(prs ur, 0r) (L, ), x> x(t),

and satisfies Definition 4.1.1, where (p;, u;, v;)(t, ) and (p,, u,., v, )(t, ) are piecewise smooth
bounded solutions of the Suliciu relaxation system (1).
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We set Z—f = ug(t) since the concentration in p need to travel at the speed of discontinuity.
Hence, we say that a delta shock wave (4-5) is a measure solution to the Suliciu relaxation
system (1) if and only if the following relation holds,

i = us(t),

) = —[plus(t) + [pul, (4-6)
G = —[ouus(t) + [pu? + 570,

GO = —[poJus(t) + [puv + )

In fact, for any test function ¢ € Cg°(R™ x R), from (4-3), we obtain

= [ [t v dpie = Oo{—u(s(t)[p]ﬂpu] aut) >}¢dt
:/ / (¢ + udy) dpdt+/ /S v, drdt

= [T {0l b+ ) - 2RO oy ang

/ / (¢ + ug,) dpdt + / / u, dodt

_/0{ S(B)]pv] + [puv + u] — %}édt.

Relations (4-6) are called the generalized Rankine-Hugoniot condition. It reflects the exact
relationship among the limit states on two sides of the discontinuity, the weight, propagation
speed and the location of the discontinuity. In addition, to guarantee uniqueness, the delta
shock wave should satisfy the admissibility (entropy) condition

)\3(p7“7u7“7 U?“) S U5(t) S )\l(ph Ul,’Ul). (4_7)

Now, the generalized Rankine-Hugoniot condition is applied to the Riemann problem (1)-
(2-1) with left and right constant states U_ = (p_,u_,v_) and U, = (p4,us,vy), respecti-
vely, satisfying the condition H2, the fact A3(ps, us,vy) < A(p_,u_,v_) and

1
sM(U-) = A3(Uy))? >
2 2 (4-8)
mi{ = (U2~ Ra(U)), 2 (RalU) ~ RaU) |
P+ p—
Thereby, the Riemann problem is reduced to solving (4-6) with initial data
t=0, z(0)=0,w(0)=0,¢g(0)=0, (4-9)
under entropy condition .
uy + — <wus(t) <u_ — — (4-10)
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From (4-6) and (4-9), it follows that
w(t) = —[pla(t) + [pult,
w(t)us(t) = —[pu)z(t) + [pu® + s*v]t, and (4-11)
w(t)g(t) = —[pv]x(t) +

Multiplying the first equation in (4-11) by us(t) and then subtracting it from the second one,
we obtain that

[puv + ult.

[pla(t)us(t) — [pulus(t)t — [pulz(t) + [pu® + s°v]t = 0, (4-12)
that is, , ,
% (%gﬂ(t) _ [pulz(t)t + Mﬁ) 0, (4-13)

which is equivalent to
[pl2?(t) — 2]pu]x(t)t + [pu® + s*v]t* = 0. (4-14)

From (4-14), one can find us(t) := us is a constant and x(t) = wust. Then, (4-14) can be
rewritten
[plug — 2[pulus + [pu® + s*0] = 0. (4-15)

When [p] = p— —p; = 0, the situation is very simple and one can easily calculate the solution

wlt) = p(u_ —u, ), (10

_ lpuvtul—us
L) =

which obviously satisfies the entropy condition (4-10). From condition (4-8),

2 < J(U0) — MU < Ll (U2) - Ml0)

and
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because

— < OO0 = () < Sl () = ()
When [p] = p_ — py # 0, the discriminant of the quadratic equation (4-15) is
A = 4[pul® — 4[pl[pu® + s*v] = p_p[u]® — *[p][v] > O (4-17)

and then we can find

(. lpul—/Ipu2=[p]lpu?+s20]
o = B :
_ lpul=+/[pul?=p][pu?+s5%0]
2(t) = g b (4-18)
w(t) = V/lpu? = [pllpu? + s2]t,
\g(t) _ —[pu][pv]+[pv] [puP_[P][Pu2+520]+[p][puv+u}t’

[P/ [pul2—[p] [pu?+520]

or,
(u — [pul A/ [pul—[pl [pu2+s20]
0= ] ’
U u]2— u2+s520
x(t) _ leut/lp }M[p][p + }t,
(4-19)

w(t) = —/Tpul? = [pllpu® + s*ult,
\g(t) _ —leullpv]—[pv] [PUP—[p][pu2+szv]+[p][puv+u}t.

[/ [pu]2—[p] [pu+52v]

Next, with the help of the entropy condition (4-10), we will choose the admissible solution

from (4-18) and (4-19). Observe that by the entropy condition and since the system is strictly
hyperbolic, we have that
s s s s
Uy — — < Uy <Uy +— < U — — <u_ <u_ +—.
P+ P+ p— p—

Observe that,

(Wl us o) + o] = oy ((u - p—) - (u - p—)) -0,
[Pt v2) + o] = ((u ¥ i_) - (u ¥ p—)) -0,
[l (M (o s v2))? = 2[pul M (p—, u—yv-) + [pu?] + s*[v] =

_py (u_ gy — pi_)2+;—i+82[v] <0,



4.1 Delta shock solution 57

then, for the solution given in (4-18), we have

us—M(p_,u_,v_) =
[p]()‘l(p—7u—7v—>>2 — 2[pu])‘1(p—7 u_,v_) + [pu2] + 82[U] <0
(=[oIA (o= ues v-) + [pul) + /[pul? — [pllpu® + s70]

and

Us—A3(p+, Us, V4) =
(0] As(ps, uss v1))* = 2[pul As(p, g, vy ) + [pu] + 5°[0] >0
(=[olAs(pss ws, v4) + [pu]) + V/lpul? = [pllpu? + s20]

which imply that the entropy condition (4-10) is valid. When Ay (p—, u_,v_) = A\3(p4, us,v4),

we have trivially that A\ (p_,u_,v_) = us = A3(py, uy,vy).
Now, for the solution (4-19), when p_ < p, we have

—[plAs(U) + [pu] + /[pu]? — [pllpu? + s2v]
[p]

_ p-Qa(U2) = Xa(U) + VIpuP —Tpllp? + 5% _
] |

Us — A3(pgs Ug, v4) =

and when p_ > p,, that

—[pI\(U-) + [pu] + /[pu]? — [l[pu? + 5]
]

_ p(M(U-) = M(UL)) + VIpul? — [pllpu? + 5]

(/]

Us — Al(p_,u_,v_) =

> 0.

showing that the solution (4-19) does not satisfy the entropy condition (4-10).
Thus we have proved the following result.

Theorem 4.1.1. Given left and right constant states (p;, u, v;) and (py, u,, v.), respectively,
such that satisfy the condition H2, A\i(py, u,v1) > A3(pr, ur,v,.) and (4-8), that is,

1 ) ) s s
SO0 (0) = () = mie { = (Ra(U1) — RaU). - (Ralth) — Fa01) }.

Then, the Riemann problem (1)—(2-1) admits a unique entropy solution in the sense of
measures. This solution is of the form

(pl7ul7vl>7 fo < U(;t,
(p,u,v)(t, ) = § (wt)d(x — ust), us, g(t)), if v = ust, (4-20)
(praura Ur)a fo > u(;t,

where ug, w(t) and g(t) are show in (4-16) for [p] =0 or (4-18) for [p] # 0.
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Finally, if in (2-23) we suppose that p, tends to infinity, then

=~ Oa(U) = M (0) = (Ra(0y) = Ra(U)) = 0. (1-21)
Simlarly, if p.. tends to infinity, then

= OslU) = M (T) + (Ra(U3) — Ro(7)) = 0. (4-22)

Thereby, if the initial data satisfies (4-21) or (4-22), then the Riemann problem (1)—(2-1)
admits a delta shock solution.

We began by analyzing the case in (4-21). Assume left and right constant states (p;, u, v;)
and (p;, u,, v,), respectively, such that satisfy the condition H2, Ai(p;, u;, v;) > As(pr, wr, v;)
and (4-21).

It is easy to see that if \j(p;, u;,v;) = A3(pr, up,v,), then, the inequality (4-8) is trivially
satisfied. Suppose that Ai(p;, ui, v;) > As(pr, ur, v,-). Then, As(pr, ur, v,) < A3(py, ug, vy) , and
SO

2s
As(Prs Ur, 0r) — M (pr, w, ) < o

meaning that (4-8) is satisfied. The analysis is similar for (4-22).

4.2. Numerical test

In this section, we show numerical evidence of delta shock solution for the Suliciu relaxation
system using, once again, the Lax-Friedrichs method.
In the numerical test, with s = 1, we consider the initial data given by

(9,5,14/5), ifz <0,

4-23
(1,3,2), if 2 > 0. (4-23)

(o, o, vo)(x) = {

and the spatial discretization parameter for N = 1780 points and a constant CFL =
0,1969889. The numerical results at final time ¢ = 0,1 are presented in Figures 4-1, 4-2
and 4-3. The exact solution at time t is

(9,5,14/5), if v < ust,
(p,u,v)(t,x) = { (Atd(x — ust), us, Bt), if x = ust, (4-24)
(1,3,2), if x > wust,

: _ 21537 _ 237 _ /542937
Wlthug— 5 ,A— \/gandB—W
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Figure 4-1: Numerical solution of p. (a) The initial data po(z) = p(0, x).

solution of p at time t = 0,1.
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Figure 4-2: Numerical solution of u. (a) The initial data ug(z) = (0, z).

solution of u at time ¢ = 0,1
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Figure 4-3: Numerical solution of v. (a) The initial data vy(z) = v(0, ).

solution of v at time t = 0,1
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5 Conclusion

In this work, we showed uniqueness of solutions for the Riemann problem associated to the
Suliciu relaxation system (1). We think it was very important the study of the Riemann pro-
blem because we obtained more information of the solution. We note that when the initial
data satisfies the conditions H1 and H2 the solution is in L* space, whereas when the con-
dition H1 is not satisfied delta shock solution is obtained. To guarantee uniqueness of delta
shock solutions, we employ a generalization of the Rankine-Hugoniot condition together with
a suitable entropy condition.

Also, we showed the uniqueness of solutions for the Cauchy problem of the Suliciu relaxation
system (1)—(1-20) and we gave the explicit solutions. Even with the explicit solutions, it is
generally difficult to construct a solution for a particular initial data. For additional infor-
mation about the behavior of the solution, we solve the generalized Riemann problem and
and show a small example of the interaction of the elementary waves.
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