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RESUMEN

El Toro de Brillouin No-Commutativo, una perspectiva desde la Geometrı́a no
Commutativa

La geometrı́a no conmutativa ha encontrado un campo fértil de ejemplos en la
mecánica cuántica y ha proporcionado herramientas matemáticas rigurosas para
extraer información topológica y geométrica de esos sistemas. Esta tesis es una
incursión en algunas de las herramientas utilizadas por Jean Bellissard y colabo-
radores para el análisis de materiales homogéneos. Con esto en mente, nuestro
primer paso es examinar los objetos utilizados en dicho análisis, que son un par
de álgebras topológicas diseñadas para extender el ámbito del análisis de Fourier
sobre Td al estudio de modelos de enlace fuerte para materiales homogéneos. Estas
álgebras se presentan como una generalización de C(Td) y C∞(Td), y se consid-
eran como una variedad suave no conmutativa en el campo de la Geometrı́a No
Conmutativa, a las que nos referiremos como el Toro de Brillouin No Conmutativo.

Exploramos cómo diversas técnicas del análisis de Fourier sobre Td pueden ser
traducidas al Toro de Brillouin No Conmutativo, por ejemplo, los coeficientes de
Fourier y la suma de Fejér, y cómo estas técnicas nos permiten capturar la estruc-
tura topológica y suave de dicha variedad suave no conmutativa. En este contexto,
la estructura topológica se captura mediante un álgebra C*, mientras que la estruc-
tura suave se captura mediante un tipo particular de álgebra de Fréchet, llamada
subálgebra suave. Estos resultados resultan ser los bloques de construcción para
la construcción de invariantes topológicos de Hamiltonianos a través de la coho-
mologı́a cı́clica continua de la subálgebra suave.

Otra herramienta para estudiar invariantes topológicos de Hamiltonianos es la
teorı́a K de álgebras C* y subálgebras suaves. Las subálgebras suaves y las álgebras
C* comparten un cálculo funcional similar, lo que implica que las subálgebras
suaves contienen suficiente información para estudiar la teorı́a K de sus álgebras
C*. Este hecho juega un papel crucial en la identificación de invariantes topológicos
de Hamiltonianos. Cuando las condiciones son adecuadas (temperatura cercana a 0
y baja densidad de electrones), es una de las causas subyacentes de la cuantización
de la conductividad transversal en materiales homogéneos.

Esta es otra tesis sobre Geometrı́a No Conmutativa y aislantes topológicos, sin
embargo, creemos que será un recurso útil para los recién llegados al campo.

Palabras clave: Toro Non Commutativo de Brillouin, Geoemtrı́a No Commu-
tativa, Análisis Funcional, Análisis de Fourier, álgebra C*, K theorı́a, álgebra de
Fréchet, Sub álgebra suave
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ABSTRACT

The Non-Commutative Brillouin Torus, a Non-Commutative Geometry
perspective

Non-commutative geometry has found a fruitful field of examples in quantum
mechanics and has provided rigorous mathematical tools to extract topological and
geometrical information from those systems. This thesis is an incursion into some
of the tools used by Jean Bellissard and collaborators for the analysis of homoge-
neous materials, having this in mind, our first step is to look into the objects used
in such analysis, those are a pair of topological algebras devised to extend the
realm of Fourier analysis over Td into the study of tight-binding models for homo-
geneous materials. These algebras come as a generalization of C(Td) and C∞(Td),
and are considered as a non-commutative smooth manifold in the field of Non-
Commutative Geometry, we will refer to them as the Non-Commutative Brillouin
Torus.

We explore how various techniques from the Fourier analysis over Td can be
translated into the Non-Commutative Brillouin Torus e.g. Fourier coefficients and
Fejér summation, and those techniques allow us to capture the topological and
smooth structure of such non-commutative smooth manifold. In this context, the
topological structure is captured by a C* algebra while the smooth structure is
captured by a particular type of Fréchet algebra, which is called a smooth sub-
algebra. These results turn out to be the building blocks for the construction of
topological invariants of Hamiltonians through the continuous cyclic cohomology
of the smooth sub-algebra.

Another tool to study topological invariants of Hamiltonians is the K theory of
C* algebras and smooth sub-algebras. Smooth sub-algebras and C* algebras share a
similar functional calculus, which implies that smooth sub-algebras contain enough
information to study the K theory of their C* algebras. This fact plays a crucial role
in the identification of topological invariants of Hamiltonians. When the conditions
are right (temperature close to 0 and low electron density), it is one of the un-
derlying causes of the quantization of the transversal conductivity in homogenous
materials.

This is yet another thesis about Non-Nommutative Geometry and topological
insulators, however, we believe that it will be a useful asset for newcomers to the
field.

Key words: Non Commutative Brillouin Torus, Non Commutative Geome-
try, Functional analysis, Fourier Analysis, C* algebra, K theory, Fréchet algebra,
Smooth sub algebra
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0 INTRODUCT ION

This thesis was conceived as we tried to work our way through the book Bulk and
Boundary Invariants for Complex Topological Insulators ([Prodan and Schulz-Baldes,
2016]), as such, it is the result of our limitations, our curiosity, and our passion
for sharing what we learned through this journey. In the aforementioned book the
authors tackle the issue of defining topological invariants for physical systems with
and without a boundary, in particular, they work with Hamiltonians over infinite
lattices and such Hamiltonians correspond to tight binding models describing the
dynamics of electrons in crystals.

The topological invariants defined in [Prodan and Schulz-Baldes, 2016] are re-
silient against noise and take into account the effect of an external constant mag-
netic field, these are features that lay outside the realm of the Bloch theorem and
require the introduction of new tools ([Prodan and Schulz-Baldes, 2016, Sections
1.5, 1.6, 1.7]). The tools introduced by Prodan et. al. belong to the field of Non-
commutative geometry, and one of its objectives is the generalization of the even
and odd Chern numbers [Prodan and Schulz-Baldes, 2016, Section 2.2.1 and Section
2.3.1]. In this setting, the even and odd Chern numbers are topological invariants
associated with equivalence classes of Hamiltonians, and the equivalence relation
corresponds to homotopic equivalence of Hamiltonians satisfying the bulk gap hy-
pothesis (Definition 3.2.1), the interested reader can refer to Section 3.2 for more
information on this equivalence relation.

The specific physical conditions under which the even and odd Chern numbers
appear are irrelevant to the present document, instead, we are interested in the
particular mathematical form these invariants take. Let H be a self-adjoint bounded
operator over the Hilbert space L2(Zd) ⊗ CN , also, denote by Sy for y ∈ Zd the
bounded linear operator acting as Sy |x⟩ = |x + y⟩ where |x⟩ is the function from
Zd into C that takes the value 1 for x and the value 0 for any other values. The
prototypical Hamiltonian used in physics looks like H = ∑y∈R Sy ⊗Wy with Wy ∈
MN(C), and the Fourier transform over Zd provides a unique continuous function
from Td into MN(C) associated to H, this function takes the form,

k 7→ Hk, Hk = ∑
y∈R

ei⟨y|k⟩Wy, Hk : CN → CN .

The map k 7→ Hk is smooth with respect to the norm topology over the Hilbert
space CN , and the following formulae define topological invariants for Hamilto-
nians that satisfy the Bulk gap hypothesis, see [Prodan and Schulz-Baldes, 2016,
equations 2.3 and 2.36]:

• If d is even, the even Chern numbers take the form,

Chd (PFermi) =
(2πi)

d
2(

d
2

)
!

∑
ρ∈Sd

(−1)ρ
∫

Td

dk
(2π)d tr

(
PFermi(k)

d

∏
j=1

∂PFermi(k)
∂kρ(j)

)
.

1
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• If d is odd, the odd Chern numbers take the form

Chd (UFermi) =
i(πi)

d−1
2

d!! ∑
ρ∈Sd

(−1)ρ
∫

Td

dk
(2π)d tr

(
d

∏
l=1

U∗Fermi(k)
∂UFermi

∂kρ(l)
(k)

)
.

In the previous formulae PFermi and UFermi are a projection and a unitary associated
to the self-adjoint operator H whose existence is guarantied by the presence of gaps
in the spectrum of H, this technical detail is of no relevance to the main corpus
of the document, however, the interested reader can refer to [Prodan and Schulz-
Baldes, 2016, Section 2.4.2], and also in Section 3.2 we give a little more information.
The range of Chd is Z ([Prodan and Schulz-Baldes, 2016, Corollary 5.7.2]), therefore,
these are used to classify the homotopically invariant Hamiltonians satisfying the
Bulk gap hypothesis. In the aforementioned presentation of the even and odd Chern
numbers for Hamiltonians, the topological space Td is called the Brillouin torus.
The Chern numbers are an example of topological invariants.

To generalize the even and odd Chern numbers into topological invariants that
take into account the effect of an external constant magnetic field and are resilient
against noise, Prodan et. al. look at Chd through the lens of continuous multilin-
ear functionals over the Fréchet algebra C∞(Td, MN(C)), and come up with a new
Fréchet algebra B and continuous multilinear functionals over B. The Fréchet al-
gebra B is dense inside a C* algebra B, the C* algebra B is a C* algebra known
as a twisted crossed product (Definition 1.1.6) and is a generalization of the C*
algebra C(Td, MN(C)) (Section 1.1.4), additionally, B is a smooth sub algebra (Def-
inition E.1.1) of B. The elements of B are families of operators over L2(Zd, CN),
such that, the structure of those families encodes the noise of the physical systems
and the presence of a constant external magnetic field. For more information on
how the physical information is encoded in those families of Hamiltonians refer to
Section 3.2. The literature ([Prodan, 2017, Chapter 3])) refers to the pair (B,B) as
the Non Commutative Brillouin Torus (Definition 1.2.3).

The generalization of Chd proposed by Prodan et. al. takes the form of the paring
between the continuous cyclic cohomology of B and the K theory of B, you can refer
to Appendix H for a brief introduction to cyclic cohomology and to Chapter 2 for a
brief introduction to K theory for C* algebras. The pairing between the continuous
cyclic cohomology of B and the K theory of B (Proposition H.3.3, Proposition H.3.7)
provides two abelian group homomorphism,

Ψ0,ξ : K0(B)→ C, Ψ1,ξ ′ : K1(B)→ C

where ξ, ξ ′ are elements of the continuous cyclic cohomology of B. In Chapter 2

we will see that K0(B) has information of the homotopically equivalent projections
on matrix algebras over B and K1(B) has information of homotopically equivalent
unitaries on matrix algebras over B, so, the maps Ψ0,ξ and Ψ1,ξ ′ provide a way of
checking whether two projections or two unitaries are not homotopically equiva-
lent, which in the physics context translates to finding out whether two families of
Hamiltonians belong to different topological phases. In [Prodan and Schulz-Baldes,
2016, Proposition 4.2.4] it is proven that K0(B) ≃ Z2d−1

and K1(B) ≃ Z2d−1
, under

this context, for applications in physics it is relevant to identify those cyclic cocycles
ξ, ξ ′ such that the range of Ψ0,ξ , Ψ1,ξ ′ is a discrete subgroup of C (Section 3.1.1).

Since the pairing between the continuous cyclic cohomology of B and the K the-
ory of B plays such an important role in physics, the purpose of the present doc-
ument is to study a particular technical feature of that pairing, this detail is the
following,
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Thesis objective

We construct an unital C* algebra B and a smooth sub algebra of B denoted
by B, we refer to the pair (B,B) as the Non Commutative Brillouin torus (Defi-
nition 1.2.3). Since the K theory groups are defined primarily for the C* algebra
B, we extend the definition of K0(B) and K1(B) into the smooth sub algebra B
to come up with two groups K0(B) and K1(B), then, we proof that K0(B) is
isomorphic to K0(B) and K1(B) is isomorphic to K1(B) (Remark 2.2.2).

This technical detail is key to the aforementioned pairing because the continuous
cyclic cohomology of the smooth sub algebra B can not be directly related to the
K-theory groups K0(B) and K1(B) of the C* algebra B, instead, it can be related to
the K-theory groups of the smooth sub algebra B, K0(B) (Proposition H.3.2) and
K1(B) (Proposition H.3.6). This happens because the continuous cyclic cohomology
of B is constructed using continuous multilinear functionals over B (Appendix H.1),
and there are continuous multilinear functionals over B which cannot be extended
to continuous multilinear functionals over B, for example, in the case of B = C(Td)
and B = C∞(Td) there are d derivations over B which are continuous maps over B
but cannot be extended to continuous maps over B (Appendix H.2); the continuous
cyclic cohomology of B is tightly related to those d derivations ([Prodan and Schulz-
Baldes, 2016, Remark 5.1.3]).

To tackle the aforementioned technical detail we will take the following path:

1. In Chapter 1 we will define the Non-commutative Brillouin Torus, that is,
we will show how the pair of algebras (B,B) is constructed. The C* algebra
is a twisted crossed product which uses the group Zd and is defined as the
enveloping C* algebra of a Banach *-algebra (Definition 1.1.6), each element
b of B is uniquely determined by a set of elements called its Fourier coeffi-
cients (Definition 1.1.15), and B is a sub *-algebra of B whose elements are
characterised by the decay of their Fourier coefficients (Proposition 1.1.6). The
*-algebra B is a Fréchet algebra with a topology stronger than the topology
of B and invariant under the holomorphic functional calculus of B, thus, it
becomes a smooth sub algebra of B (Corollary 1.1.2).

2. In Chapter 2 we briefly introduce the K-theory groups of B and B, and we
proof the isomorphisms K0(B) ≃ K0(B) and K1(B) ≃ K1(B). The most im-
portant tool for such demonstration are the holomorphic functional calculus
for C* algebras (Theorem B.3.1) and the holomorphic functional calculus for
smooth sub algebras (Theorem E.1.2).

The approach taken in [Prodan and Schulz-Baldes, 2016] is coined as a non-
commutative geometry approach because instead of looking for a smooth manifold
that replaces Td, they look for a Fréchet algebra that replaces C∞(Td), which aligns
with arguably the most important theme in Non-commutative geometry ([Connes,
2014, Introduction])

Replace topological/geometrical objects with algebraic/analytic objects.

Similarly, Prodan et. al. look for a C* algebra that replaces C(Td). This approach
is motivated by various important results from twentieth-century mathematicians,
for example, the Gelfand representation theorem (Theorem D.3.2) motivates the
usage of non-commutative C* algebras as a formal dual of topological spaces in
non-commutative geometry.



4 introduction

In Chapter 3 we describe at a high level how the results exposed in this document
fit within the formulation of topological invariants for effective models describe
the dynamics of electrons on a crystal. Chapter 3 is potentially interesting for a
reader with a physics background and uses various results from the appendices
e.g. continuous cyclic cohomology (Appendix H) and traces over twisted crossed
products (Appendix I.1.4).

0.1 comments on the structure of the document

This document consists of two parts, the main body of the document and the ap-
pendices, the purpose of the appendices is to provide a friendly introduction to
the mathematical background of the main body of the document, in particular,
the appendices are designed to be helpful for newcomers into the field of Non-
Commutative Geometry, so, feel free to skip them and consult them when you
consider it necessary.



1 THE NON COMMUTAT IVE BR I L LOU IN
TORUS

The Non-Commutative Brillouin Torus arises as a generalization of the n dimen-
sional torus, and we will explore how various concepts translate between the n di-
mensional torus and the Non-Commutative Brillouin Torus, concepts like Fourier
coefficients (Definition 1.1.15), derivations (Lemma 1.1.21) and the description as a
universal C* algebra (Lemma 1.1.9), for a comprehensive list of such concepts you
can refer to Appendix I.3. At a high level, the The Non-Commutative Brillouin
Torus consists of two topological algebras, these objects are, a C* algebra with unit
(Definition D.0.3) B and a smooth sub algebra (Definition E.1.1) of B which is de-
noted by B.

In the spirit of Non-Commutative Geometry, the C* algebra B contains the topo-
logical information of The Non-Commutative Brillouin Torus while the topological
algebra B contains the differential geometry information of the The Non-Commutative
Brillouin Torus. The C* algebra B is a generalization of the C* algebras C(Td),
while the topological algebra B is a generalization of the Fréchet m-convex algebra
C∞(Td), in fact, B will turn out to be also a Fréchet m-convex algebra.

To come up with the definition of the The Non-Commutative Brillouin Torus we
will take the following path:

1. In Section 1.1.1 we will start by looking into a particular family of C* alge-
bras called the twisted crossed products, turns out that the C* algebra B is a
twisted crossed product. The twisted crossed products are C* algebras that
are constructed using four ingredients:

• a C* algebra A,

• a locally compact group G,

• an action α of G over A,

• a normalized cocyle ζ over G,

Given these four ingredients is possible to define a C* algebra, and it is de-
noted by A ⋊α,ζ G.

2. In Section 1.1.2 we will look into a couple of results related to how these
crossed products simplify when the group G is an abelian discrete countable
group.

3. In Section 1.1.4 we will use the conceptual framework layout so far to look into
twisted crossed product where G = Zd, and we will provide a description of
A ⋊α,ζ Zd as a universal C* algebra, moreover, this description will come a
generalization of the characterization of the algebra of continuous functions
over the d dimensional torus C(Td) as the C* algebra generated by d commut-
ing unitaries.

5
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4. In Section 1.1.5 we will look at how the concept of Fourier coefficients from
C(Td) generalizes to the elements of the twisted crossed product A ⋊α,ζ Zd.

5. In Section 1.1.6 we will use the concept of Fourier coefficients of element of
A ⋊α,ζ Zd to come up with a dense subalgebra of A ⋊α,ζ Zd, we will refer to
this subalgebra as Aα,ζ . The algebra Aα,ζ will be a smooth sub algebra of
A ⋊α,ζ Zd (Definition E.1.1) and will have among other the following proper-
ties:

• A ⋊α,ζ Zd will be a Fréchet m-convex algebra (Proposition 1.1.7)

• A ⋊α,ζ Zd will have d continuous derivations (Lemma 1.1.23)

• Aα,ζ is invariant under the holomorphic functional calculus over A ⋊α,ζ Zd

(Corollary 1.1.2)

6. In Section 1.2.1 we will look into the case where A = C(Ω) with Ω a compact
space, and the action of G on C(Ω) comes from a continuous action of G on
the compact topological space Ω. These type of twisted crossed products are
called twisted transformation group C* algebras.

7. In Section 1.2.2 we will construct a pair of topological algebras (B,B) used for
the study of disordered crystal under constant magnetic fields, these topolog-
ical algebras are an example of a pair A ⋊α,ζ Zd,Aα,ζ and are referred in the
literature as The Non-Commutative Brillouin Torus.

In the path towards the definition of the The Non-Commutative Brillouin Torus
we will use various results that lay the foundations of Non-Commutative Geometry,
for example, the Gelfand-Naimark theorem (Theorem D.3.4) justifies the study of
C* algebras through the study of operators over Hilbert spaces, and we will define
the Fourier coefficients of an element in A ⋊α,ζ Zd by looking at A ⋊α,ζ Zd as an
algebra of operators over the Hilbert space L2(Zd, H) (Definition 1.1.15). Also, the
representation of the C* algebra A ⋊α,ζ Zd over L2(Zd, H) will be a generalization
of the representation of the C* algebra C(T) as multiplication operators over the
Hilbert space L2(T) (Remark 1.1.3).

Most of the results exposed in the present chapter lay within the filed of Fourier
analysis on C* algebras, this has been a prolific field where various of the methods
from classic harmonic analysis have found a home, like summation techniques and
representation theory [Bédos and Conti, 2016, 2009, 2015]. Twisted crossed products
and harmonic analysis have also found a generalization into smooth sub-algebras
of C* algebras and Von Neumann algebras [Schulz-Baldes and Stoiber, 2022].

1.1 twisted crossed products

We will dive in twisted crossed product because those are key to the definition of
Non-commutative Brillouin torus (Section 1.2.2).
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1.1.1 Introduction to Twisted crossed products

A twisted crossed product is going to be a C* algebra which we will assign to
a separable twisted dynamical system (Definition 1.1.6), and a separable twisted
dynamical system will be defined by four ingredients (Definition 1.1.3)

• A separable C* algebra: A (Definition D.0.4).

• A second countable locally compact abelian group: G.

• An action of G over A: α : G → Aut(A).

• A normalized 2 cocycle over G: ζ : G× G → T.

Our definition of twisted crossed product is going to be a simplification of the
general definition of a separable twisted crossed product which you can find in
[Packer and Raeburn, 1989] and [Busby and Smith, 1970], those references work
with normalized 2 cocycles that take values on M(A) instead of C, where M(A) is
the multiplier C* algebra of A (Remark D.2.1). Before we delve into the definitions,
we would like to make some statements about the groups G and C* algebras A
which we will work with,

Remark 1.1.1 (Simplifying our analysis). We will work with

• G is a second countable locally compact Hausdorff abelian group,

• A is a separable C* algebra,

these two statements have some interesting consequences which are relevant for the upcom-
ing discussions:

• From Theorem D.3.4 we know that A has a faithful representation on a separable
Hilbert space HA.

• If µ is the Haar measure over G (Definition F.1.1), then, Appendix D.8.1 tell us that
µ is both σ-compact and µ-countably generated.

• Given that A is separable, then, the statement in the previous item along with Re-
mark B.2.3 guaranties that the three definitions of measurability for functions f :
G → A taking values in Banach algebras coincide.

• From Proposition B.2.10 we get that Lp(G; A) (Lp(G; HA)) are separable Banach
spaces for any 1 ≤ p < ∞.

In the upcoming discussions we will refer to µ as the Haar measure over G, additionally, if
G is compact we will assume that the Haar measure is normalized, that is, µ(G) = 1, or
equivalently, the Haar measure on Ĝ is the counting measure, where Ĝ is the dual group of
G (Definition F.1.2).

To define the twisted crossed products we need to establish some relations be-
tween G and A, so, let’s introduce some notation. Normalized 2 cocycles are going
to be one of the sources of non-commutativity of the twisted crossed products,
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Definition 1.1.1 (normalized 2 cocycle (Definition 2.1 [Bédos and Conti, 2009])). Let
G be an abelian locally compact group and e the identify of G, then, a (normalized) 2-cocycle
on G with values in T is a map ζ : G× G → T such that

ζ(g, h)ζ(g + h, k) = ζ(h, k)ζ(g, h + k) (g, h, k ∈ G)

ζ(g, e) = ζ(e, g) = 1 (g ∈ G).

The set of all normalized 2-cocycles will be denoted by Z2(G, T).

Definition 1.1.2 (Twisting action (Definition 2.1 [Packer and Raeburn, 1989])). Let A
be a separable C* algebra and G a second countable locally compact Hausdorff abelian group,
a twisted action of G on A is a pair (α, ζ) of maps α : G → Aut(A), ζ : G× G → T

satisfying

• ζ is a normalized 2-cocycle that is measurable.

• For each a ∈ A the map s 7→ α(s)(a) is measurable.

• α(idG) = IdA, with IdA : A→ A, Id(a) = a for all a ∈ A.

• α(s) ◦ α(t) = α(s + t) for s, t ∈ G.

The term Aut(A) denotes the set of all C* automorphisms of the C* algebra A.

Definition 1.1.3 (Separable twisted dynamical system). Let A be a separable C* algebra
and G a second countable locally compact Hausdorff abelian group, let (α, ζ) be a twisted
action of G on A (Definition 1.1.2), then, we shall refer to the quadruple (A, G, α, ζ) as a
separable twisted dynamical system.

From the discussion in Remark 1.1.1 we know that the maps ζ and s 7→ α(s)(a)
are µ-strongly measurable, thus, Definition 1.1.3 coincides with the definition of a
separable twisted dynamical system provided in [Busby and Smith, 1970, Definition
2.1] and we can rely on the results given in [Busby and Smith, 1970] to state the
following key result,

Theorem 1.1.1 (Twisted L1(G; A) (Theorem 2.2 [Busby and Smith, 1970])). Let (A, G, α, ζ)
be a separable twisted dynamical system, then, L1(G; A) provided with the norm f 7→∫

G ∥ f (g)∥dµ(g) becomes a Banach *-algebra under the following operations:

• Addition: ( f + g)(s) := f (s) + g(s) for f , g ∈ L1(G; A), s ∈ G.

• Multiplication: Let f , g ∈ L1(G; A), x ∈ G,

( f · g)(x) :=
∫

G
f (y)α(y)(g(x− y))ζ(y, x− y)dµ(y).

• Involution: Let f ∈ L1(G; A), x ∈ G,

f ∗(x) := (ζ(x,−x))∗[α(x)( f (−x)∗)].

This Banach *-algebra is denoted by L1(G, A; α, ζ).

Definition 1.1.4 (Banach *-algebra L1(G, A; α, ζ)). Let (A, G, α, ζ) be a separable twisted
dynamical system, then, the elements of L1(G; A) provided with the operations described in
Theorem 1.1.1 and the usual norm of L1(G, A) becomes a Banach *-algebra which will be
denoted by L1(G, A; α, ζ).
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Definition 1.1.4 gives us a generalization of the convolution in the Banach algebra
L1(G) which is described in Proposition B.2.7, since we are adding both the action
of G over A and the normalized 2 cocycle ζ into the multiplication, also, it provides
a generalization to the involution given in Example B.2.4.

Lemma 1.1.1 (Properties of L1(G, A; α, ζ)). We have that L1(G, A; α, ζ) is a separable
Banach *-algebra. .

Proof. L1(G, A; α, ζ) has the same norm as L1(G, A), and L1(G, A) is separable by
Remark 1.1.1, therefore, L1(G, A; α, ζ) is a separable Banach *-algebra.

It is possible to establish an equivalence relation between twisted actions, as fol-
lows

Definition 1.1.5 (Equivalence relation of twisted actions (Definition 2.4 [Busby and
Smith, 1970])). Let (α0, ζ0) and (α1, ζ1) be two twisted actions of G on A, then we say
that (α0, ζ0) is equivalent to (α1, ζ1) if there exists a measurable function ρ : G → T such
that

α0 = α1, ζ0(x, y) =
ρ(x)ρ(y)
ρ(x + y)

ζ1(x, y).

Theorem 1.1.2 (cf. Theorem 2.7 [Busby and Smith, 1970] (Equivalence relation be-
tween twisted actions)). Let (α0, ζ0) and (α1, ζ1) be two twisted actions of G on A that are
equivalent (Definition 1.1.5), then, the Banach *-algebras L1(G, A; α0, ζ0) L1(G, A; α1, ζ1)
are isomorphic.

There are many equivalent ways of defining the twisted crossed product asso-
ciated to the twisted dynamical system (A, G, α, ζ), we take arguably the simplest
one and then piggyback on results from [Packer and Raeburn, 1989] to give a bet-
ter characterization of the twisted crossed products. If (A, G, α, ζ) is a separable
twisted dynamical system, then, L1(G, A; α, ζ) is a Banach *-algebra, therefore, any
*-representation of L1(G, A; α, ζ) is norm decreasing (Proposition D.6.1), and this
implies that for any f ∈ L1(G, A; α, ζ) the value

∥ f ∥sup = sup
π
∥π( f )∥

is finite, where π runs over all representations of L1(G, A; α, ζ) over a separable
Hilbert space. The map f 7→ ∥ f ∥sup is a seminorm over L1(G, A; α, ζ), also, the
seminorm ∥ · ∥sup satisfies the C* property, that is, ∥ f f ∗∥ = ∥ f ∥2. Under this
setting, define by Nsup the sub *-algebra of L1(G, A; α, ζ) consisting of elements
where the seminorm ∥ · ∥sup becomes zero, then, L1(G, A; α, ζ)/Nsup becomes a
normed *-algebra where the norm satisfies the C* property, and we refer to norm
over L1(G, A; α, ζ)/Nsup as ∥ · ∥sup also. The completition of L1(G, A; α, ζ)/Nsup
with respect to ∥ · ∥sup is a C* algebra and is called the enveloping C* algebra of
L1(G, A; α, ζ), this C* algebra is denoted by C∗(L1(G, A; α, ζ)).

The C* algebra C∗(L1(G, A; α, ζ)) is an example of an universal C* algebra, an
universal C* algebra is a C* algebra that is defined through a set of elements and
relations between those elements (Appendix D.6). The most common example of
universal C* algebras are the enveloping C* algebras, this term is used when the
set of elements are the elements of a *-algebra, and the relations between those
elements are the definition of addition, multiplication and involution over the afore-
mentioned *-algebra, much like C∗(L1(G, A; α, ζ)) is defined by the elements and
algebraic structure of L1(G, A; α, ζ). If G is discrete and countable we will see
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that C∗(L1(G, A; α, ζ)) is isomorphic to the enveloping C* algebra of L1
c (G, A; α, ζ)

(Lemma 1.1.4), where the elements of L1
c (G, A; α, ζ) are functions with compact sup-

port and the addition, multiplication and involution are the same from L1(G, A; α, ζ)
(Lemma 1.1.3).

The enveloping C* algebras have an universal property (Proposition D.6.2), as
expected from an object called universal, in the case of C∗(L1(G, A; α, ζ)) this prop-
erty states that, given any representation π of L1(G, A; α, ζ), there is a C* homomor-
phism π̃ with domain C∗(L1(G, A; α, ζ)) which coincides with π when restricted to
L1(G, A; α, ζ). According to [Packer and Raeburn, 1989, Remark 2.6], the C* algebra
C∗(L1(G, A; α, ζ)) is the twisted crossed product associated to the separable twisted
dynamical system (A, G, α, ζ), therefore, we introduce the following definition,

Definition 1.1.6 (Twisted crossed product ). Let (A, G, α, ζ) be a separable twisted
dynamical system, the enveloping C* algebra of L1(G, A; α, ζ) is called the twisted crossed
product of (A, G, α, ζ) and is denoted by A ⋊α,ζ G. Using the notation for universal C*
algebras (Appendix D.6), we have that

A ⋊α,ζ G := C∗(L1(G, A; α, ζ)), .

Lemma 1.1.2 (A ⋊α,ζ G is separable). Let (A, G, α, ζ) be a separable twisted dynamical
system and A ⋊α,ζ G its associated twisted crossed product (Definition 1.1.6), then, A ⋊α,ζ
G is a separable C* algebra.

Proof. Let π : L1(G, A; α, ζ) → C∗(L1(G, A; α, ζ)) be the *-homomorphism that
comes from the definition of the enveloping C* algebra (Appendix D.6), since the
representations of a Banach *-algebra are norm decreasing (Proposition D.6.1) we
have that π is norm decreasing, additionally, π(L1(G, A; α, ζ)) is dense in C∗(L1(G, A; α, ζ))
by definition (Definition 1.1.6). Given that under our assumptions L1(G, A; α, ζ) is
separable (Lemma 1.1.1), the previous statements guarantee that A ⋊α,ζ G is also
separable.

1.1.2 Twisted crossed products and discrete groups

In the present section we want to look into the case G discrete and countable, and we
want to describe A⋊α,ζ G as the enveloping C* algebra of the *-algebra L1

c (G, A; α, ζ).
We want to have such description because it is simpler to operate with the elements
of L1

c (G, A; α, ζ) than with the elements of L1(G, A; α, ζ), and this will give us a
simpler definition of A ⋊α,ζ G (Lemma 1.1.6).

Definition 1.1.7. Denote by L1(G, A; α, ζ)c the dense subset of L1(G, A; α, ζ) consisting
of functions in L1(G, A; α, ζ) whose support is essentially contained inside a compact set of
G.

Lemma 1.1.3 (Sub algebra of functions with support inside compact sets). L1(G, A; α, ζ)c
is a dense sub algebra of L1(G, A; α, ζ) closed under involution.

Proof. Take f , g ∈ L1(G, A; α, ζ) such that sup( f ) ⊂ K1, sup(g) ⊂ K2, with Ki
compact sets, let us denote

K1 + K2 = {g ∈ G : ∃g1 ∈ K1, g2 ∈ K2, st g = g1 + g2}

then, if y /∈ K1 then f (y)α(y)(g(x − y))ζ(y, x − y)x = 0. So, suppose that y ∈ K1,
then, if x − y /∈ K2 we also have that f (y)α(y)(g(x − y))ζ(y, x − y)x = 0, thus,
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when x /∈ K2 + K1 we have that f (y)α(y)(g(x − y))ζ(y, x − y)x = 0, meaning that
f · g has support inside K1 + K2. Since K1 + K2 is also compact ([De Chiffre, 2011,
Proposition 4.3]), we have that the support of f · g is also contained in a compact set.
The support of f + g is contained in K1 ∪ K2, which is also compact, and according
to the involution described in Theorem 1.1.1 the support of f ∗ is contained in −K1
which is also compact. The previous statements imply that L1(G, A; α, ζ)c is a sub
algebra of L1(G, A; α, ζ) closed under involution.

Given that the continuous functions with compact support from G into A are
dense in L1(G, A; α, ζ) (Lemma B.2.2), and any continuous function with compact
support is Bochner integrable (Example B.2.1), then L1(G, A; α, ζ)c is dense inside
L1(G, A; α, ζ).

Lemma 1.1.4. Let (G, A, α, ζ) be a separable twisted dynamical system (Definition 1.1.3)
and G a countable and discrete group, then, A ⋊α,ζ G is the C* algebra generated by the set
G = L1(G, A; α, ζ)c subject to the algebraic relations of L1(G, A; α, ζ)c, so

A ⋊α,ζ G ≃ C∗(L1(G, A; α, ζ)c).

Proof. Before diving into the proof we introduce some notation, take f ∈ L1(G, A; α, ζ),
then, we will identify f with the formal sum ∑s∈G f (s)us, such that, if f , g ∈
L1(G, A; α, ζ) then

• f ∗ 7→ ∑s∈G ζ(s,−s)∗α(s)( f (−s)∗)us,

• f g 7→ ∑k∈G (∑m∈G ζ(m, k−m) f (m)α(m)(g(k−m))) uk,

following the operations described in Theorem 1.1.1. This construction translates
into L1(G, A; α, ζ)c, in which case the sum ∑s∈G f (s)us has a finite amount of terms.

Under this setup, the map a 7→ au0 is a *-algebra homomorphism from A into
L1(G, A; α, ζ)c, and for every representation π of L1(G, A; α, ζ)c there is a corre-
sponding representation of A given by a 7→ π(au0). Since C* homomorphisms
are norm decreasing (Proposition D.0.1) we must have that ∥π(au0)∥ ≤ ∥a∥ for all
a ∈ A. Take π a representation of L1(G, A; α, ζ)c, then, from the C* property of the
norm in C* algebras (Definition D.0.3) we get that

∥π(aus)π(aus)
∗∥ = ∥π(aus)∥2,

thus, with the aid of the multiplication and involution on L1(G, A; α, ζ)c we can
check that

(aus)
∗ = ζ(−s, s)∗α(−s)(a∗)u−s, (aus)(aus)

∗ = ζ(−s, s)∗aa∗u0,

and we get
∥π(aus)π(aus)

∗∥ = ∥π(aa∗u0)∥2 ≤ ∥aa∗∥2 = ∥a∥2,

which ultimately implies that ∥aus∥ ≤ ∥a∥ for any s ∈ G.

Given that the norm on L1(G, A; α, ζ)c takes the following form

∥ ∑
s∈G

f (s)us∥1 = ∑
s∈G
∥ f (s)∥,

the bound ∥π(aus)∥ ≤ ∥a∥ tell us that for any representation π of L1(G, A; α, ζ)c
we have ∥π( f )∥ ≤ ∥ f ∥1 i.e. the representations of L1(G, A; α, ζ)c are automatically
continuous with respect to the norm of L1(G, A; α, ζ). Since the norm of all the repre-
sentations of L1(G, A; α, ζ)c is bounded, the enveloping C* algebra of L1(G, A; α, ζ)c
exists.
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Any representation π of L1(G, A; α, ζ) restricts to a representation of L1(G, A; α, ζ)c,
hence, for any f ∈ L1(G, A; α, ζ)c,

sup
π1

∥π( f )∥ ≤ sup
π0

∥π( f )∥,

where π0 runs over all representations of L1(G, A; α, ζ) and π1 runs over all repre-
sentations of L1(G, A; α, ζ)c.

Take π a representation of L1(G, A; α, ζ)c over a separable Hilbert space H, then,
given that ∥π( f )∥ ≤ ∥ f ∥ for any f ∈ L1(G, A; α, ζ)c and L1(G, A; α, ζ)c is dense in
L1(G, A; α, ζ) (Lemma 1.1.3), the following defines a representation of L1(G, A; α, ζ),

π1 : L1(G, A; α, ζ)→ B(H), π1( f ) = lim
n→∞

π( fn)

with { fn}n∈N a sequence of elements of L1(G, A; α, ζ) converging to f . This implies
that, for any f ∈ L1(G, A; α, ζ)c,

sup
π0

∥π( f )∥ ≤ sup
π1

∥π( f )∥,

where π0 runs over all representations of L1(G, A; α, ζ) and π1 runs over all repre-
sentations of L1(G, A; α, ζ)c.

Take f ∈ L1(G, A; α, ζ)c, then, its norm as an element of C∗(L1(G, A; α, ζ)) is

sup
π0

∥π( f )∥, π0 : L1(G, A; α, ζ)→ B(H),

and its norm as an element of C∗(L1(G, A; α, ζ)c) is

sup
π1

∥π( f )∥, π1 : L1(G, A; α, ζ)c → B(H),

therefore, the aforementioned inequalities imply that f has the same norm as an
element of C∗(L1(G, A; α, ζ)c) and C∗(L1(G, A; α, ζ)).

Since L1(G, A; α, ζ)c is dense in L1(G, A; α, ζ) and the representations of L1(G, A; α, ζ)
are norm decreasing, L1(G, A; α, ζ)c is also dense in the C* algebra C∗(L1(G, A; α, ζ)).
Under the current setup, following an argument similar to the one explained in
Lemma D.0.3 is possible to construct two C* homomorphisms

ϕ0 : C∗(L1(G, A; α, ζ))→ C∗(L1(G, A; α, ζ)c)

and
ϕ1 : C∗(L1(G, A; α, ζ)c)→ C∗(L1(G, A; α, ζ)),

which restrict to isometries over L1(G, A; α, ζ)c, therefore, they must be isometries
over C∗(L1(G, A; α, ζ)), moreover, ϕ0 and ϕ1 are isomorphisms of C* algebras due
to the automatic continuity of C* homomorphisms (Proposition D.0.1).

Following the notation in the proof of Lemma 1.1.4, if G is countable and discrete,
denote by aus with the function from G into A that assigns a to s and 0 to the
other elements, using this notation, any member of L1(G, A; α, ζ)c is a finite sum of
objects like aus. Following the definition of multiplication, addition and involution
over L1(G, A; α, ζ)c exposed in Theorem 1.1.1, we have the following,

• addition: a0us + a1us = (a0 + a1)us where a0 + a1 is an element of A.

• multiplication: (a0us)(a1ut) = (ζ(s, t)a0α(s)(a1))us+t where ζ(s, t)a0α(s)(a1)
is an element of A.
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• Involution: (aus)∗ = ζ(−s, s)∗α(−s)(a∗)u−s where ζ(−s, s)∗α(−s)(a∗) is an
element of A.

Henceforth, the *-algebra L1(G, A; α, ζ)c is the universal *-algebra generated by the
set {aus : a ∈ A, s ∈ G} and following the aforementioned relations.

Lemma 1.1.5. Let (G, A, α, ζ) be a separable twisted dynamical system (Definition 1.1.3)
and G a countable and discrete group, then, A ⋊α,ζ G is isomorphic to the C* algebra
generated by the set

R = {aus : a ∈ A, s ∈ G},

subject to the following relations:

• addition: a0us + a1us = (a0 + a1)us where a0 + a1 is an element of A.

• multiplication: (a0us)(a1ut) = (ζ(s, t)a0α(s)(a1))us+t where ζ(s, t)a0α(s)(a1) is
an element of A.

• Involution: (aus)∗ = ζ(−s, s)∗α(−s)(a∗)u−s where ζ(−s, s)∗α(−s)(a∗) is an
element of A.

If G is discrete and countable, the relations between the elements aus established
in Lemma 1.1.5 can be rewritten in a simpler form if look at the elements aus as
a formal multiplication of two elements, the element a and the element us. In this
case, the relations established Lemma 1.1.5 are equivalent to the following relations

usut = ζ(s, t)us+t, α(s)(a)us = usa, u∗s = ζ(−s, s)∗u−s

plus the algebraic relations between the objects of A, therefore, we have an alterna-
tive description of A ⋊α,ζ G

Lemma 1.1.6. Let (G, A, α, ζ) be a separable twisted dynamical system (Definition 1.1.3)
and G a countable and discrete group, then, A ⋊α,ζ G is the C* algebra generated by the set
G = {aus : a ∈ A, s ∈ G} subject to the relations

usut = ζ(s, t)us+t, α(s)(a)us = usa, u∗s = ζ(−s, s)∗u−s

plus the algebraic relations between the objects of A.

1.1.3 Norm of the twisted crossed products

According [Dales et al., 2003, Proposition 11.2.5, item 3] and [Dales et al., 2003,
Definition 9.2.3], a locally compact abelian group G is said to be amenable if the
enveloping C* algebra of L1(G) has a faithful representation over the Hilbert space
L2(G) and that faithful representation takes the following form,

π : C∗(L1(G))→ B(L2(G)), π( f )(h)(s) =
∫

G
f (x)h(s− x)dµ(x),

where f ∈ L1(G) and h ∈ L2(G). Turns out that all locally compact abelian groups
are amenable ([Dales et al., 2003, Proposition 11.1.3]), this is an important fact for
our analysis.

Let π be a faithful representation of A over the Hilbert space H, then, if is G
amenable, according to [Packer and Raeburn, 1989, Theorem 3.11] there is a faithful
representation of A⋊α,ζ G over the Hilbert space L2(G, H), this faithful presentation
is called the regular representation induced by π and corresponds to the integrated
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form of a covariant representation of (G, A, α, ζ) (Definition 1.1.9). In this section,
we will introduce the concepts necessary to understand the faithful representation
of A ⋊α,ζ G when G is discrete, countable, and abelian, this faithful representation
will come in handy to analyze the case G = Zd (Section 1.1.5). The faithful rep-
resentation of the C* algebra A ⋊α,ζ Zd over L2(Zd, H) will allow us to define the
Fourier coefficients of the elements of A ⋊α,ζ Zd (Section 1.1.5).

Definition 1.1.8 (Covariant representation of a twisted dynamical system (Defini-
tion 2.3 [Packer and Raeburn, 1989])). Let (A, G, α, ζ) be a separable twisted dynamical
system, then a pair (π, πU) is a covariant representation if it satisfies the following
conditions,

1. π is a non-degenerate representation of A on a separable Hilbert space H.

2. πU : G → U(H)s is a measurable map.

3. Projective representation of G on H ([Bédos and Conti, 2009, Definition 2.2]):
πU(s)πU(t) = ζ(s, t)πU(s + t) for s, t ∈ G.

4. π(α(s)(a)) = πU(s)π(a)(πU(s))∗ for a ∈ A, s ∈ G.

Under this setup we have that πU(s)∗ = ζ(s,−s)∗πU(−s) for s ∈ G.

The measurability of the map πU is equivalent to saying that the maps s 7→
U(s)(ξ) and s 7→ ⟨U(s)(ξ), η⟩ are measurable by Proposition B.2.11, moreover, since
H is separable then the maps s 7→ U(s)(ξ) and s 7→ ⟨U(s)(ξ), η⟩ are µ-strongly
measurable by the statements in Remark 1.1.1.

According to [Busby and Smith, 1970, Theorem 3.3], given a covariant repre-
sentation (π, πU) of (A, G, α, ζ), is possible to come up with a representation of
L1(G, A; α, ζ), such that, to each element f ∈ L1(G, A; α, ζ) corresponds a bounded
operator over H which is denoted by∫

G
π( f (s))πU(s)dµ(s).

This operator is the unique bounded operator over H such that, for any η, ψ ∈ H
we have that

⟨
∫

G
π( f (s))πU(s)dµ(s)(η), ψ⟩ =

∫
G
⟨π( f (s))πU(s)(η), ψ⟩dµ(s).

In the case of G a discrete, countable and abelian group, the existence of the opera-
tor aforementioned operator is guarantied by Proposition 1.1.2. In the case of G an
abelian locally compact group (not necessarily discrete), the existence of the opera-
tor
∫

G π( f (s))πU(s)dµ(s) is guarantied by Proposition B.2.18, additionally, this op-
erator is defined using the weak topology of H because its existence is guarantied by
the one-to-one correspondence between sesquilinear forms and bounded linear op-
erators over Hilbert spaces (Proposition B.2.12), as explained in the proof of Proposi-
tion B.2.18. In [Busby and Smith, 1970, page 515] the operator

∫
G π( f (s))πU(s)dµ(s)

is defined as the weak limit of sums of the form ∑n
i=1 π( f (xi))πU(xi)µ(Si) where

Si is a measurable set with finite measure, which is equivalent to the definition us-
ing sesquilinear due to the Riesz representation theorem ([Allan and Dales, 2011,
Theorem 2.53]).

The function s 7→ ∥π( f (s))πU(s)∥ is integrable as explained in the proof of Propo-
sition B.2.18, that is,

∫
G ∥π( f (s))πU(s)∥dµ(s) ≤ ∞, therefore, we may ask whether

the operator
∫

G π( f (s))πU(s)dµ(s) can be defined by the integral of the Banach al-
gebra valued function s 7→ π( f (s))πU(s) by using a generalization of the Lebesgue
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integral, this type of integral is called the Bochner integral (Appendix B.2.3). If G
is discrete and countable the operator

∫
G π( f (s))πU(s)dµ(s) takes the form of a

Bochner integral as explained in Proposition 1.1.2, however, if G is not a discrete
and countable group some technicalities details may interfere in the definition of
the integral of the function s 7→ π( f (s))πU(s), you can refer to the introduction of
Appendix B.2.5 for an example of such technical details.

Definition 1.1.9 (cf. Theorem 3.3 [Busby and Smith, 1970] (Integral form of a co-
variant representation)). Let (A, G, α, ζ) be a separable twisted dynamical system, let
(π, πU) be a covariant representation of (A, G, α, ζ) over a separable Hilbert space H, then,
the representation Π of L1(G, A; α, ζ) given by

Π( f ) :=
∫

G
π( f (s))πU(s)dµ(s)

is called the integrated form of (π, πU).

We say that a Banach algebra B has a left-bounded approximate identity if there
is a bounded sequence of elements {ci}i∈N such that, for any b ∈ B we have that
limn→∞ cib = b. B is said to have a right bounded approximate identity if there a
bounded sequence {ci}i∈N such that, for any b ∈ B we have that limn→∞ bci = b.
B is said to have a two-sided approximate identity if there is a bounded sequence
{ci}i∈N that is both a left and right bounded approximate identity. According to
[Busby and Smith, 1970, Theorem 3.3], if (A, G, α, ζ) is a separable twisted dynam-
ical system such that L1(G, A; α, ζ) has a norm bounded left approximate identity,
then, there is a one-to-one correspondence between the covariant representations of
(A, G, α, ζ) and the representations of L1(G, A; α, ζ), additionally, if (π, πU) is covari-
ant representation then its corresponding *-representation is given by the integrated
form of (π, πU). Since [Packer and Raeburn, 1990, Proposition in appendix] states
that L1(G, A; α, ζ) has a two-sided norm bounded approximate identity, we can use
[Busby and Smith, 1970, Theorem 3.3] to provide the following characterization of
the the representations of L1(G, A; α, ζ),

Theorem 1.1.3 (Characterization of twisted crossed products). Let (A, G, α, ζ) be a
separable twisted dynamical system, then,

1. There is a one-to-one correspondence between covariant representations of (A, G, α, ζ)
and *-representations of L1(G, A; α, ζ), such that, if (π, πU) is covariant represen-
tation then its corresponding *-representation is given by the integrated form of
(π, πU).

2. For every covariant representation (π, πU) of L1(G, A; α, ζ) into a separable Hilbert
space H, or equivalently, for every representation Π of L1(G, A; α, ζ) into a separable
Hilbert space H, there is a C* algebra homomorphism

ϕ : A ⋊α,ζ G → B(H),

such that ϕ( f ) = Π( f ) for f ∈ L1(G, A; α, ζ).

Proof. 1. It is a consequence of [Busby and Smith, 1970, Theorem 3.3] as estab-
lished in the preamble of this theorem.

2. This is a consequence of the universal property of enveloping C* algebras
stated in Proposition D.6.2.
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So far we have defined the twisted crossed product, but we have not checked that
is not the trivial C* algebra 0, for that, we need to provide a non-zero representation
of L1(G, A; α, ζ), or equivalently (Theorem 1.1.3) a non zero covariant representation
of (A, G, α, ζ).

Proposition 1.1.1. Let (A, G, α, ζ) be a separable twisted dynamical system and π a faith-
ful representation of the C* algebra A on a separable Hilbert space H, then, the following
pair of maps define a covariant representation of (A, G, α, ζ) over L2(G, H):

π̃ : A→ B(L2(G, H)), (π̃(a)(ξ))(t) = π (α(t)(a)) (ξ(t)),

Rζ : G → U(L2(G, H)),
(

Rζ(s)(ξ)
)
(t) = ζ(t, s)(ξ(t + s)),

with t, s ∈ G, a ∈ A and ξ ∈ L2(G, H).

Proof. We need to check that both π̃(a) and Rζ(s) are bounded linear operators over
L2(G; H). First, lets check first that π̃(a)(ξ), Rζ(s)(ξ) ∈ L2(G; H):

• π̃(a)(ξ) ∈ L2(G; H) : By definition s 7→ α(s)(a) is measurable for any a ∈ A
(Definition 1.1.3), since π is continuous, then s 7→ π(α(s)(a)) is also measur-
able. By Proposition B.2.17 we have that s 7→ π (α(s)(a)) (ξ(s)) is µ-strongly
measurable. α(s) is an *-automorphism and has inverse given by α(−s), since
C* homomorphisms are norm decreasing (Proposition D.0.1) we have that
∥α(s)(a)∥ = ∥a∥. Therefore,

∫
G
∥π (α(s)(a)) (ξ(s))∥2dµ(s) ≤

∫
G
∥a∥2∥ξ(s)∥2dµ(s) ≤ ∥a∥2∥ξ∥2,

consequently π̃(a)(ξ) ∈ L2(G; H).

• Rζ(s)(ξ) ∈ L2(G; H) : By definition (t, s) 7→ ζ(t, s) is measurable, thus t 7→
ζ(t, s) is measurable for any s ∈ G. A similar argument as the one in the previ-
ous item tells us that t 7→ ζ(t, s)(ξ(t + s)) is µ-strongly measurable, moreover,
since the Haar measure is left invariant (Definition F.1.1) we have that∫

G
∥ζ(t, s)(ξ(t + s))∥2dµ(t) =

∫
G
∥ζ(t− s, s)(ξ(t))∥2dµ(t) = ∥ξ∥2,

consequently Rζ(s)(ξ) ∈ L2(G; H). Also,∫
G
⟨Rζ(s)(ξ)(t), Rζ(s)(η)(t)⟩dµ(t) =

∫
G

ζ(t, s)ζ(t, s)∗⟨ξ(t+ s), η(t+ s)⟩dµ(t) = ⟨ξ, η⟩,

thus, Rζ(s) ∈ U(L2(G; H)).

It is easy to check that π̃ is a *-representation of A. Also, Rζ(s) = m(s) ◦ T(−s),
with T the left regular representation and m(s)(ξ)(t) = ζ(t, s)ξ(t), so, we know that
s 7→ T(−s)(ξ) is continuous for any ξ ∈ H, hence, it is a measurable map. Since ζ :
G× G → C is measurable we can check that that m(s) ∈ B(L2(G; H)) and s 7→ m(s)
is a measurable map, thus, by Proposition B.2.17 we have that s 7→ m(s)(T(−s)(ξ))
is a measurable map.

From the properties of the normalized 2 cocycles, we can check that

Rζ(s)Rζ(t)(ξ) = Rζ(s)(l 7→ ζ(l, t)(ξ(l + t))) = (l 7→ ζ(l, s)ζ(l + s, t)(ξ(l + t + s))),

so, using the properties of normalized 2 cocycles (Definition 1.1.1) we get that

Rζ(s)Rζ(t)(ξ) = ζ(s, t)Rζ(s + t)(ξ).
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Notice that, Rζ(s)∗(ξ)(t) = ζ(t− s, s)∗ξ(t− s), therefore,

Rζ(s)π̃(a)Rζ(s)∗(ξ)(t) = π(α(s + t)(a))(ξ)(t),

consequently, π̃(α(s)(a)) = Rζ(s)π̃(a)(Rζ(s))∗ for a ∈ A, s ∈ G. Thus, the pair
(π̃, Rζ) is a convariant representation of the separable twisted dynamical system
(A, G, α, ζ).

The covariant representation presented in Proposition 1.1.1 plays an important
role in this document, therefore we introduce the following definition

Definition 1.1.10 (Right regular representation (Definition 3.10 [Packer and Rae-
burn, 1989])). Let (A, G, α, ζ) be a separable twisted dynamical and π : A → B(H) a
faithful representation with H a separable Hilbert space, then, the covariant representation
(π̃, Rζ) is called the right regular representation of (A, G, α, ζ) associated to π. In the
previous statement the representations (π̃, Rζ) take the following form, ξ ∈ L2(G, H)

π̃ : A→ B(L2(G, H)), (π̃(a)(ξ))(t) = π (α(t)(a)) (ξ(t)),

Rζ : G → U(L2(G, H)),
(

Rζ(s)(ξ)
)
(t) = ζ(t, s)(ξ(t + s)),

with t, s ∈ G, a ∈ A and ξ ∈ L2(G, H). The integrated form of (π̃, Rζ) (Theorem 1.1.3) is
denoted by Π̃, that is,

Π̃( f ) :=
∫

G
π̃( f (s))Rζ(s)dµ(s).

According to [Packer and Raeburn, 1989, Remark 3.12] the norm of the operator∫
G π̃( f (s))Rζ(s)dµ(s) provided in Definition 1.1.10 does not depend on the repre-

sentation π as long as it is a faithful representation, therefore, we have the following
definition,

Definition 1.1.11 (Reduced twisted crossed product). Let (A, G, α, ζ) be a separable
twisted dynamical and π : A → B(H) a faithful representation, denote by A ⋊ζ,α,r G the
smallest sub C* algebra of B(L2(G, H)) that contains Π̃(L1(G, A; α, ζ)). A ⋊ζ,α,r G is
called the reduced twisted crossed product of (A, G, α, ζ).

Lemma 1.1.7. There is a C* homomorphism

ϕ : A ⋊α,ζ G → A ⋊ζ,α,r G,

such that ϕ( f ) =
∫

G π̃( f (s))Rζ(s)dµ(s) for f ∈ L1(G, A; α, ζ).

Proof. Given that A ⋊α,ζ G is the enveloping C* algebra of L1(G, A; α, ζ), the uni-
versal property of enveloping C* algebras (Proposition D.6.2) states that given the
*homomorphism of *-algebras

Π̃ : L1(G, A; α, ζ)→ B(L2(G, H))

there is a C* homomorphism

ϕ : A ⋊α,ζ G → B(L2(G, H))

such that ϕ|L1(G,A;α,ζ) = Π̃. This is the desired homomorphism of C* algebras.

[Packer and Raeburn, 1989, Theorem 3.11] states that, if G is an amenable group
then the C* homomorphism in Lemma 1.1.7 becomes an isomorphism, or equiva-
lently, that the twisted crossed product A ⋊α,ζ G has a faithful representation over
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L2(G, H) and that faithful representation takes the form of Π̃ when is restricted to
L1(G, A; α, ζ). Given that all locally compact abelian groups are amenable ([Dales
et al., 2003, Proposition 11.1.3]) and G is assumed to be abelian in the setup of this
document (Definition 1.1.3), we have the following,

Theorem 1.1.4 (cf. Theorem 3.11 [Packer and Raeburn, 1989] (Norm of twisted
crossed products of separable twisted dynamical systems)). Let (A, G, α, ζ) be a sep-
arable twisted dynamical, assume that π : A → B(H) is a faithful representation of A on
a separable Hilbert space, then, the twisted crossed product A ⋊α,ζ G is isomorphic to the
reduced twisted crossed product A ⋊ζ,α,r G and the isomorphism is the given by the map
described in Lemma 1.1.7.

In Definition 1.1.10 we provided a covariant representation of (A, G, α, ζ), now, we
proceed to provide another covariant representation that arises as a generalization
of the left regular representation of G on L2(G) (Example B.2.7). In Proposition 1.1.1
the map Rζ : G → U(H) has the letter R in its name because it is a generalization
of the right action of G on L2(G), thus, we can look for a generalization of the left
action of G on L2(G) (Example B.2.7).

Definition 1.1.12 (Left regular representation of separable twisted dynamical sys-
tems). Let (A, G, α, ζ) be a separable twisted dynamical system, let π : A → B(H) be a
faithful representation of A in a separable Hilbert space, set

(π(a)(ξ))(t) = π (α(−t)(a)) (ξ(t)),(
Lζ(s)(ξ)

)
(t) = ζ(s, t− s)ξ(t− s),

then (π, Lζ) is a covariant representation of (A, G, α, ζ). The integrated form of (π, Lζ) is
denoted by Π.

To show that (π, Lζ) is a covariant representation of you can follow an argument
similar to the one in Proposition 1.1.1. Some literature refer (π, Lζ) as the regular
covariant representation associated to π ([Bédos and Conti, 2015, equations 3,4]),
and is usually preferred over the right representation (π̃, Rζ) e.g. [Bédos and Conti,
2015], [Bédos and Conti, 2016]. Moreover, in the physics literature the left regular
representation is usually preferred, as exemplified by [Prodan and Schulz-Baldes,
2016, Section 3.1.2].

Remark 1.1.2 (Reduced twisted crossed products and the left regular representa-
tion). In the context of using amenable groups for twisted crossed products as we are cur-
rently doing, some authors ([Bédos and Conti, 2016, 2015; Bedos and Conti, 2011]) use the
sub C* algebra of B(L2(G, H)) where Π(L1(G, A; α, ζ)) is dense as the reduced twisted
crossed product of (A, G, α, ζ) instead of the sub C* algebra where Π̃(L1(G, A; α, ζ)) is
dense (Definition 1.1.11). Moreover, if we denote by CΠ the sub C* algebra of B(L2(G, H))
where Π(L1(G, A; α, ζ)) is dense, the same authors mention that there is an isomorphism
of C* algebras

ϕ : A ⋊α,ζ G → A ⋊α,ζ,r G,

such that ϕ( f ) =
∫

G π( f (s))Lζ(s)dµ(s) for f ∈ L1(G, A; α, ζ), which in the present setup
implies that CΠ is isomorphic to A⋊α,ζ,r G due to Theorem 1.1.4. The isomorphism ϕ plays
an important role in the application of twisted crossed products to the study of physical
systems as exposed in Section 3.2), and we will use it in Section 1.1.5 to show how the
definition of Fourier coefficient of elements of A ⋊α,ζ Zd are a generalization of the Fourier
coefficients of elements of C(Td).

In Lemma 1.1.4 we checked that A ⋊α,ζ G can be expressed in terms of genera-
tors when G is discrete an countable, this is not the only nice thing we get when
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working with discrete and countable groups, in particular, the integrated form of
the left regular representation of L1(G, A; α, ζ) (Definition 1.1.10) takes the form of
a Bochner integral, let us look on why this happens.

Proposition 1.1.2 (Functions with compact supports and representations of L1(G, A; α, ζ)).
Let (G, A, α, ζ) be a separable twisted dynamical system (Definition 1.1.3) and G a count-
able and discrete group, let (π, πU) be a covariant representation of (G, A, α, ζ) over a
separable Hilbert space H, then, for any f ∈ L1(G, A; α, ζ) the series

∑
s∈G

π( f (s))πU(s)

converges in the norm topology over B(H) and is equal to the operator∫
G

π( f (s))πU(s)dµ(s).

Proof. Let f ∈ L1(G, A; α, ζ), given that representations of C* algebras are norm
decreasing (Proposition D.0.1) we have that

∥π( f (s))πU(s)∥ ≤ ∥π( f (s))∥∥πU(s)∥ ≤ ∥ f (s)∥,

therefore,
∥∑

s∈F
π( f (s))πU(s)∥ ≤ ∑

s∈F
∥ f (s)∥

for any F a finite set of G. Given that G has the discrete topology, the function
s 7→ π( f (s))πU(s) can be approximated pointwise by finite sums of indicator func-
tions over sets with finite measure, or equivalently, it is µ-strongly measurable (Def-
inition B.2.7), moreover, the function s 7→ ∥π( f (s))πU(s)∥ belongs to L1(G), so,
according to Proposition B.2.4 the function s 7→ π( f (s))πU(s) is Bochner integrable,
which implies that the series ∑s∈G π( f (s))πU(s) converges in the norm topology of
B(H).

Since the series ∑s∈G π( f (s))πU(s) converges in the norm topology of B(H), if
ψ ∈ H we have that(

∑
s∈G

π( f (s))πU(s)

)
(ψ) = ∑

s∈G
(π( f (s))πU(s)(ψ)) .

Take ψ, η ∈ H, given that the inner product over H is a continuous map of the form
H × H → C, we have that

⟨∑
s∈G

(π( f (s))πU(s)(ψ)) , η⟩ = ∑
s∈G
⟨π( f (s))πU(s)(ψ), η⟩,

therefore, due to the one-to-one correspondence between bounded sesquilinear
forms and bounded linear operators over Hilbert spaces (Proposition B.2.12), the
operator ∑s∈G π( f (s))πU(s) is the only bounded linear operator T over H such
that

⟨T(ψ), η⟩ =
∫

G
⟨π( f (s))πU(s)(ψ), η⟩dµ(s).

An alternative argument for the previous proposition goes along the lines of
Proposition B.2.15, and could be applied for any Bochner intetrable function regard-
less of whether the group G is discrete or not.
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1.1.4 Twisted crossed products with Zd

The C* algebras that represent physical systems will come from twisted crossed
products with G = Zd (Section 3.2), those twisted crossed products use normalized
2 cocycles that look like

σΘ : Zd ×Zd → T, σΘ(x, y) = exp
(
ixtΘy

)
,

where Θ is a lower triangular matrix with zeros in the diagonal and entries on
[0, 2π). These normalized 2 cocycles are quite special, as the following statements
assert,

Definition 1.1.13 (Projectively equivalent normalized 2 cocycles (Section 2 [Back-
house and Bradley, 1970])). Let σ0 and σ1 be two normalized 2 cocycles on Zd, then they
are called projectively equivalent if [Backhouse and Bradley, 1970, equation 2.9] there is a
function ν : Zd → T such that

σ0(x, y) = σ1(x, y)
ν(x + y)
ν(x)ν(y)

.

Notice that the equivalence relation in Definition 1.1.13 is the same equivalence
relation for normalized 2 cocycles that are part of twisted actions (Definition 1.1.5),
hence, two projectively equivalent normalized 2 cocycles produce the same L1 *-
algebra. There is a special way of characterizing the equivalence classes of projec-
tively equivalent normalized 2 cocycles, this can be done through skew-symmetric
matrices or lower triangular matrices with zeros in the diagonal,

Proposition 1.1.3 (Characterization of normalized 2 cocycles over Zd (Theorem 3.2
[Backhouse, 1970])). For every normalized 2 cocycle σ on Zd, there is a normalized 2
cocycle σΘ to which it is projectively equivalent and takes the following form,

σΘ : Zd ×Zd → T, σΘ(x, y) = exp
(
ixtΘy

)
,

where Θ is a lower triangular matrix with zeros in the diagonal and entries on [0, 2π) (skew-
symmetric matrix with entries in [−π, π)). Moreover, if Θ0 ̸= Θ1 then the normalized 2
cocycles σΘ0 and σΘ1 are not equivalent.

Also, if Θ is lower triangular with zeros in the diagonal, and

Θ̂i,j = Θi,j if i ≤ j else Θ̂i,j = −Θj,i,

then, the cocyle generated by Θ is equivalent to the cocyle generated by Θ̂.

The set of inequivalent normalized 2 cocycles described in Proposition 1.1.3 gen-
erate the non-commutative torus [Gracia-Bondı́a et al., 2001, Section 12.2].

From Lemma 1.1.6 we know that A ⋊α,ζ Zd is isomorphic to the C* algebra gen-
erated by the set

R = {aus : a ∈ A, s ∈ Zd},
subject to the following relations

usut = ζ(s, t)us+t, α(s)(a)us = usa, u∗s = ζ(−s, s)∗u−s,

and the algebraic relations of A.

Recall that Zd is a group generated by d generators, each one associated with one
of the dimensions of Zd, that is, Zd = ⟨e1, . . . , ed⟩, with

ej ∈ Zd, ej(l) = 1 iff l = j, and 1 ≤ j ≤ d.
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So, take ζ(x, y) = exp
(
ixtΘy

)
with Θ a lower triangular matrix entries in [0, 2π)

and zeros in the diagonal, as in Proposition 1.1.3, then, ζ(ej, el) = exp
(

iΘj,l

)
, which

implies,

• Given that Θ has zeros in the diagonal, if j = l then ζ(ej, el) = 1, this implies
that uej uej = u2ej , also, uej u−ej = u−ej uej = u0.

• Since Θ has no diagonal entries, we have that u∗ej
= u−ej .

• Since Θ is lower triangular and has zeros in the diagonal, if j ≤ l then uej uel =
uej+el , thus, unej umel = unej+mel for n, m ∈ Z.

• If j > l then uej uel = exp
(

iΘj,l

)
uej+el , thus, unej umel = exp

(
inmΘj,l

)
unej+mel

for n, m ∈ Z.

• If j ≥ l then uej uel = exp
(

iΘj,l

)
uel uej , and if j < l then uej uel = exp

(
−iΘl,j

)
uel uel .

If s > 0 denote us
ej
= uej · . . . · uej (s times), if s = 0 denote us

ej
= u0 and if s < 0

denote us
ej
= u∗ej

· . . . · u∗ej
(s times). For any s = ∑1≤i≤d siei ∈ Zd denote,

us = us1
1 · · · u

sd
d ,

then, after some algebraic manipulations we get the following,

• If s ∈ Zd, then, u∗s = u−sd
d · · · u−s1

1 , moreover, u∗s = exp
(
istΘs

)
u−s.

• If s, l ∈ Zd, then, usul = exp
(
istΘl

)
us+l .

• If s, l ∈ Zd, then, usul = exp
(
istΘ̂l

)
ulus, where

Θ̂i,j = Θi,j if i ≤ j else Θ̂i,j = −Θj,i.

The aforementioned relations motivate the following definition, whose name is
justified by Lemma 1.1.17,

Definition 1.1.14 (Algebra of generalized trigonometric polynomials). Let (Zd, A, α, ζ)
be a separable twisted dynamical system with ζ(x, y) = exp

(
ixtΘy

)
, where Θ is a lower

triangular matrix with zeros in the diagonal and entries in [0, 2π). Let {ej}1≤j≤d be an
ordered basis of Zd, also, let

Θ̂i,j = Θi,j if i ≤ j else Θ̂i,j = −Θj,i,

then, denote by P(Zd, A, α, Θ) the *-algebra generated by the set of elements

{auj | a ∈ A, 1 ≤ j ≤ d},

subject to the following commutation relations,

• α(ej)(a)uj = uja and α(−ej)(a)u∗j = u∗j a.

• ujul = exp
(

iΘ̂j,l

)
uluj.

• u∗j ul = exp
(
−iΘ̂j,l

)
ulu∗j .

• The algebraic relations of elements inside A.

The *algebra P(Zd, A, α, Θ) is called the algebra of generalized trigonometric polyno-
mials.
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The computations previous to Definition 1.1.14 tell us that there us a canonical
isomorphism of *-algebras,

ϕ : P(Zd, A, α, Θ)→ L1(Zd, A; α, ζ)c,

such that, ϕ(auj) is the function from Zd into A that assigns a to ej and 0 elsewhere,
and ϕ(au∗j ) is the function from Zd into A that assigns a to −ej and 0 elsewhere.
This fact is really important because we are pursuing an algebraic characterization
of the C* algebra A ⋊α,Θ Zd with out resorting to the norm of the Banach algebra
L1(Zd, A; α, ζ).

Lemma 1.1.8. Let (Zd, A, α, ζ) be a separable twisted dynamical system with ζ(x, y) =
exp

(
ixtΘy

)
, where Θ is a lower triangular matrix with zeros in the diagonal and entries in

[0, 2π). The *-algebra P(Zd, A, α, Θ) is isomorphic to the *-algebra L1(Zd, A; α, ζ)c, the
isomorphism maps auj into the function that assigns a to ej and 0 else where, ans maps
maps au∗j into the function that assigns a to −ej and 0 else where.

Given the particular form that L1(G, A; α, ζ)c takes when G = Zd, the following
lemma is a restatement of the fact we have already explored in Lemma 1.1.4, and
we provided it for easy reference inside the document,

Lemma 1.1.9 (Twisted crossed products with Zd). Let Θ be a lower triangular matrix
with entries in [0, 2π), then, ζ(x, y) = exp

(
ixtΘy

)
is a normalized 2 cocycle over Zd.

Under this setup, the twisted crossed product A ⋊α,ζ Zd is denoted by A ⋊α,Θ Zd and is
isomorphic to the enveloping C* algebra of the *-algebra P(Zd, A, α, Θ), i.e.

A ⋊α,ζ Zd ≃ C∗(P(Zd, A, α, Θ)).

Proof. Given that the *-algebra P(Zd, A, α, Θ) is isomorphic to L1(Zd, A; α, ζ)c, then,
this lemma is a consequence of Lemma 1.1.4.

The description of A ⋊α,ζ Zd given in Lemma 1.1.9 is frequently used in the liter-
ature, for example, that is the description of the twisted crossed product given by
Prodan et.al. in [Prodan and Schulz-Baldes, 2016, Definition 3.1.1], such that setting
Θ as lower triangular or skew-symmetric corresponds to using the Landau gauge
for the left regular representations of us ([Prodan and Schulz-Baldes, 2016, Section
3.1.2]) while using Θ as a skew-symmetric matrix corresponds to using the symmet-
ric gauge for the left regular representations of us ([Prodan and Schulz-Baldes, 2016,
equation 3.13])

Motivated by Proposition 1.1.3, from now on when we work with G = Zd we will
use the notation A ⋊α,Θ Zd to refer to the twisted crossed product where ζ(x, y) =
exp

(
ixtΘy

)
.

Trivial twisting actions

Lemma 1.1.9 tell us that A ⋊α,Θ Zd is the C* algebra generated by the set

R = {auj : a ∈ A, 1 ≤ j ≤ d},

subject to the following relations
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• α(ej)(a)uj = uja and α(−ej)(a)u∗j = u∗j a.

• ujul = exp
(

iΘ̂j,l

)
uluj.

• u∗j ul = exp
(
−iΘ̂j,l

)
ulu∗j .

• The algebraic relations of elements inside A.

If α : Zd → Aut(A) be the trivial action, that is, α(s)(a) = a for all s ∈ Zd, a ∈ A,
and Θ is the lower triangular matrix that generates the trivial normalized 2 cocycle
over Zd, that is, Θi,j = 0 such that ζ(x, y) = 1 for all x, y ∈ Zd, then, the *-algebra
generated by R under the aforementioned commutation relations is isomorphic to
the *-algebra

A⊙J ,

where, J the *-algebra generated by u1, . . . , ud subject to the commutation relations
uiu∗i = u∗i ui = 1, uiuj = ujui, and A ⊙ J is the algebraic tensor product of the
*-algebras A and J .

In the literature the C* algebra C(Td) is usually presented as the enveloping C*
algebra of J (Appendix D.8.2), also, it is a basic result from the theory of C* algebras
that for any C∗ algebra A we have that C∗(A) ≃ A (Appendix D.6). So, in the
context of a trivial action and a trivial normalized 2 cocycle, we get that A ⋊α,Θ Zd

is the tensor product of the C* algebras C(Td) and A (Lemma D.7.1). Additionally,
given that C(Td)⊗ A ≃ C(Td, A) (Proposition D.7.4) we end up having that

A ⋊α,Θ Zd ≃ C(Td, A),

Under the aforementioned setup, we can see that the twisted crossed products
with Zd are a generalization of the C* algebra C(Td, A), where we impose non-
trivial commutation relations between the generators of C(Td) and the generators
of A.

1.1.5 Fourier analysis

Theorem 1.1.4 states that, if π : A → B(H) is a faithful representation of A on a
separable Hilbert space, then,

Π̃ : L1(G, A; α, Θ)→ B(L2(Zd; H))

extends to a faithful representation of C* algebra A ⋊α,Θ Zd, and we will denote
that faithful representation as Π̃ also, that is,

Π̃ : A ⋊α,Θ Zd → B(L2(Zd; H)).

This faithful representation of A ⋊α,Θ Zd will be the main tool to define the Fourier
coefficients.

Recall that the direct sum of Hilbert spaces ∑s∈Zd H is the Hilbert space whose
elements are maps f : Zd → H such that ∑s∈Zd ∥ f (s)∥2 < ∞, and the inner product
is defined as (Definition C.1.1)

⟨ f , g⟩ = ∑
s∈Zd

⟨ f (s), g(s)⟩, f , g ∈ ∑
s∈Zd

H.

The elements of ∑s∈Zd H are denoted by ∑s∈Zd hs.
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The representation Π̃ allows to look at each element of A ⋊α,Θ Zd as a bounded
linear operator over the Hilbert space L2(Zd; H). The Hilbert space L2(Zd; H) is
isomorphic to the tensor product of Hilbert spaces L2(Zd)⊗ H (Proposition C.3.6),
the Hilbert space L2(Zd) has a canonical orthonormal basis given by {es}s∈Zd where
es is the function from Zd into C that takes the value 1 in s and 0 elsewhere, under
this setup the Hilbert space L2(Zd)⊗ H is isomorphic to the direct sum of Hilbert
spaces ∑Zd H where the isomorphism from L2(Zd, H) to L2(Zd)⊗H maps (hs)s∈Zd

to ∑s∈Zd es ⊗ hs (Proposition C.3.1).

Given a bounded linear map T over the Hilbert space ∑Zd H, it is possible to
think of T as an infinite matrix with entries in B(H) which we denote by [Tij]i,j∈Zd

(Appendix C.3). Assume that Hj := H for all j ∈ Zd, given s ∈ Zd we introduce the
bounded linear operators Us, Vs,

Us : H → ∑
j∈Zd

Hj, Us(x) = ∑
j∈Zd

xj, xj = x if j = s else xj = 0,

and
Vs : ∑

j∈Zd

Hj → H, Vs( ∑
j∈Zd

xj) = xs.

Under this setup, we have that Ti,j = ViTUj, and the operator T is uniquely deter-
mined by the set of elements of the form Ti,j as follows (Appendix C.3),

T(x) = ∑
i∈Zd

yi, with yi = ∑
j∈Zd

Ti,j(xj).

Additionally, according to Proposition C.3.4 we have that ∥T∥ ≥ ∥Ti,j∥ for any
i, j ∈ Zd , and ∥T∥ ≤ ∑s∈Zd ∥Ti,j∥. For an in depth discussion on how to analyze
bounded linear operators over Hilbert spacer as infinite matrices refer to [Kadison
and Ringrose, 1983a, Section 2.6, Matrix representations].

The previous discussion implies that each element p of A ⋊α,Θ Zd is uniquely
determined by a set of bounded operators over H, and the way of computing those
operators is to check how Π̃(p) acts over a vector of the form ei⊗ h, with i ∈ Zd and
h ∈ H, or equivalently, how Π̃(p) acts on a function of the form f : Zd → H such
that f (j) = h if i = j and zero else where. If we look at how Π̃(p) acts on the vector
ei ⊗ h, with i ∈ Zd and h ∈ H we will be able to find the elements of the column j
of the infinite matrix representation of Π̃(p), that is, we will be able to find all Ti,j

for i ∈ Zd. The previous argument is not only valid for Π̃(p), in fact this procedure
can be used for any operator over L2(Zd, H).

Let (Rζ , π̃) be the right regular covariant representation of (Zd, A, α, ζ), take ej⊗ h
with h ∈ H, also, take a ∈ A, then, by Definition 1.1.10 we have that,

Rζ(s)(ej ⊗ h) = ζ(j− s, s)ej−s ⊗ h, π̃(a)(ej ⊗ h) = ej ⊗ π(α(j)(a))(h),

therefore, the infinite matrices of Rζ , π̃ take the form,

Rζ(s)(h) = [ζ(m− s, s)δ(l, m− s)IH ]l,m∈Zd , π̃(a)(h) = [π(α(l)(a))δ(l, m)]l,m∈Zd ,

where IH is the identity operator over H. From the action of Rζ(s), π̃(a) over ej ⊗ h
we get,

π̃(a)Rζ(s)(ej ⊗ h) = ζ(j− s, s)ej−s ⊗ π(α(j− s)(a))(h),

therefore, the infinite matrix of π̃(a)Rζ(s) takes the form,

π̃(a)Rζ(s)(h) = [ζ(m− s, s)δ(l, m− s)π(α(l)(a))]l,m∈Zd .
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Take f ∈ L1(Zd, A, α, ζ), then, from Proposition 1.1.2 we know that the repre-
sentation Π̃ evaluated over f takes the form of the convergent sum of bounded
operators,

Π̃( f ) = ∑
s∈Zd

π̃( f (s))Rζ(s).

We have that

Π̃( f )(ej⊗ h) = ∑
s∈Zd

π̃( f (s))Rζ(s)(ej⊗ h) = ∑
s∈Zd

ζ(j− s, s)ej−s⊗π(α(j− s)( f (s)))(h),

therefore, the infinite matrix associated to Π̃( f ) takes the form,

[ζ(l, m− l)π(α(l)( f (m− l)))]l,m∈Zd .

Lemma 1.1.10. Let (Zd, A, α, ζ) be a separable twisted dynamical system with ζ(x, y) =
exp

(
ixtΘy

)
, take f , g ∈ L1(Zd, A, α, ζ), then,

1. ∥ f ∥ ≥ ∥ f (s)∥ for any s ∈ Zd, where the norm of f is computed as an element of
A ⋊α,Θ Zd and the norm of f (s) is computed as an element of A.

2. ∥ f − g∥ = 0 iff f (s) = g(s), where the norm of f − g is computed as an element of
A ⋊α,Θ Zd.

Proof. 1. Theorem 1.1.4 tells us that there is a faithful representation of A ⋊α,Θ
Zd that takes the form of Π̃ when restricted to L1(Zd, A, α, ζ). By Proposi-
tion C.3.4 we have that ∥ f ∥ ≥ ∥ζ(l, m − l)π(α(l)( f (m − l)))∥ for any l, m ∈
Zd, also, due to the automatic continuity of C* homomorphisms (Proposi-
tion D.0.1) we know that the automorphisms of C* algebras are isometries, so,
since α(l) is an automorphisms of the C* algebra A, we have that

∥ζ(l, m− l)π(α(l)( f (m− l))) = ∥ f (m− l)∥.

The previous statements implies that ∥ f ∥ ≥ ∥ f (m− l)∥ for any l, m ∈ Zd.

2. This is a consequence of the previous item.

Lemma 1.1.11. Let (Zd, A, α, ζ) be a separable twisted dynamical system, then, ∥a∥ =
∥π̃(a)Rζ(s)∥, where the norm of a is its norm as an element of A.

Proof. We have that ∥π̃(a)Rζ(s)∥ ≤ ∥π̃(a)∥∥Rζ(s)∥, since Rζ(s) is an unitary opera-
tor we have that ∥π̃(a)Rζ(s)∥ ≤ ∥π̃(a)∥. Given that C* homomorphisms are norm
decreasing (Proposition D.0.1), we have that ∥π̃(a)∥ ≤ a, therefore, ∥π̃(a)Rζ(s)∥ ≤
∥a∥.

From Proposition C.3.4 we know that, given an operator T over L2(Zd, H) with
an associated infinite matrix [Ti,j]i,j∈Zd , we have that ∥T∥ ≥ ∥Ti,j∥ for any i, j ∈ Zd,
therefore, in the context of T = π̃(a)Rζ(s) the aforementioned statement implies
that ∥π̃(a)Rζ(s)∥ ≥ ∥π(α(l)(a))∥ for any l ∈ Zd. Since α(j) is an automorphism of
the C* algebra A, it must be an isometry, which implies that ∥π̃(a)Rζ(s)∥ ≥ ∥a∥.

Both inequalities ∥π̃(a)Rζ(s)∥ ≥ ∥a∥ and ∥π̃(a)Rζ(s)∥ ≤ ∥a∥ imply the desired
result.

Lemma 1.1.12. Let (Zd, A, α, ζ) be a separable twisted dynamical system with ζ(x, y) =
exp

(
ixtΘy

)
, take {pn}n∈N a Cauchy sequence inside A⋊α,Θ Zd such that pn ∈ P(Zd, A, α, Θ),

then,
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1. Denote by p the limit of {pn}n∈N, let pn = ∑s∈Zd an,sus, then, for any s ∈ Zd the
sequence {an,s}n∈N is a Cauchy sequence inside A.

2. If {qn}n∈N is another Cauchy sequence converging to p, let qn = ∑s∈Zd bn,sus, then,
for any s ∈ Zd, limn→∞ an,s = limn→∞ bn,s.

3. Denote by as the limit of the Cauchy sequence {an,s}n∈N, let Π̃(p) = limn→∞ Π̃(pn),
then, Π̃(p) has an associated infinite matrix given by

[ζ(l, m− l)π(α(l)(am−l))]l,m∈Zd .

Proof. 1. This is a consequence of Lemma 1.1.10 if we identify each element of
P(Zd, A, α, Θ) with its corresponding element in L1(Zd, A, α, ζ)c as in Lemma 1.1.8.

2. Denote by as = limn→∞ an,s and bs = limn→∞ bn,s. We know that pn → p
and qn → p, therefore, pn − qn → 0, since pn − qn = ∑s∈Zd(an,s − bn,s)us using
Lemma 1.1.10 we get that an,s − bn,s → 0, therefore, limn→∞ an,s = limn→∞ bn,s.

3. Let us call by Π̃(p) the element of B(L2(Zd, H)) which is the limit of the
elements {Π̃(pn)}n∈N, the element Π̃(p) is the image of p under the faithful
representation of A ⋊α,Θ Zd mentioned in (Theorem 1.1.4). We have that

Π̃(p)(ej ⊗ h) = lim
n→∞

Π̃(pn)(ej ⊗ h),

therefore,

Π̃(p)(ej ⊗ h) = lim
n→∞ ∑

s∈Zd

ζ(j− s, s)ej−s ⊗ π(α(j− s)(an,s))(h).

Since {ej}j∈Zd is a orthonormal basis of Zd and both π, α(j− s) are continu-
ous maps, we must have that

Π̃(p)(ej ⊗ h) = ∑
s∈Zd

ζ(j− s, s)ej−s ⊗ π(α(j− s)( lim
n→∞

an,s))(h),

consequently,

Π̃(p)(ej ⊗ h) = ∑
s∈Zd

ζ(j− s, s)ej−s ⊗ π(α(j− s)(as))(h).

The previous equation give us the desired information to provide the infinite
matrix form of Π̃(p).

Definition 1.1.15 (Fourier coefficients). Let (Zd, A, α, ζ) be a separable twisted dynam-
ical system with ζ(x, y) = exp

(
ixtΘy

)
, take p ∈ A ⋊α,Θ Zd and {pn}n∈N a sequence of

elements of P(Zd, A, α, Θ) such that pn → p in A ⋊α,Θ Zd, denote pn = ∑s∈Zd an,sus,
then, given s ∈ Zs we call limn→∞ an,s the s Fourier Coefficient of p and we use the
notation Φs(p) to refer to that element.

As a consequence of Lemma 1.1.12 the s Fourier coefficient of p is in fact inde-
pendent of the sequence {pn}n∈N inside P(Zd, A, α, Θ) converging to p. Using
Lemma 1.1.12 we get the following,

Lemma 1.1.13. Let (Zd, A, α, ζ) be a separable twisted dynamical system with ζ(x, y) =
exp

(
ixtΘy

)
, take p ∈ A ⋊α,Θ Zd, then, the infinite matrix of Π̃(p) takes the form,

[ζ(l, m− l)π(α(l)(Φm−l(p)))]l,m∈Zd .
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The previous lemma implies that,

Lemma 1.1.14. Let (Zd, A, α, ζ) be a separable twisted dynamical system with ζ(x, y) =
exp

(
ixtΘy

)
, take p ∈ A ⋊α,Θ Zd, then, for any s ∈ Zd we have that ∥Φs(p)∥ ≤ ∥p∥.

The description of the Fourier coefficients of an element of A ⋊α,Θ Zd provides a
generalization of the Riemann-Lebesgue lemma (Proposition F.1.2)

Lemma 1.1.15. Let (Zd, A, α, ζ) be a separable twisted dynamical system with ζ(x, y) =
exp

(
ixtΘy

)
, take p ∈ A ⋊α,Θ Zd, then lim|s|→∞ Φs(p) = 0, where |s| = min{|si|} with

s = (s1, · · · , sd).

Proof. Let ϵ > 0, then, let q ∈ P(Zd, A, α, Θ) such that ∥p − q∥ ≤ ϵ, then, using
Lemma 1.1.14 we know that ∥Φs(p− q)∥ ≤ ϵ. Let N be a non zero natural number
such that qs = 0 if s /∈ [−N, N]d, then, this implies that if |s| > N then ∥Φs(p)∥ ≤
ϵ.

Remark 1.1.3 (Left regular representation and Fourier coefficients). Let (Zd, A, α, ζ)
be a separable twisted dynamical system with ζ(x, y) = exp

(
ixtΘy

)
, let (π, Lζ) be the left

regular representation of that dynamical system (Definition 1.1.12), then,

Lζ(s)(ej ⊗ h) = ζ(s, j)ej+s ⊗ h, π(a)(h) = ej ⊗ π(α(−j)(a))(h),

that is,

Lζ(s)(h) = [ζ(s, m)δ(l − s, m)IH ]l,m∈Zd , π(a)(h) = [π(α(−l)(a))δ(l, m)]l,m∈Zd ,

therefore, we have that

π(a)Lζ(s) = [ζ(s, m)π(α(−l)(a))δ(l − s, m)]l,m∈Zd .

π(a)Lζ(s) is a diagonal operator that arises as a generalization of the operator π(a)π(es)
that is mentioned in Appendix F.6. The operator Lζ(s) is referred to as the dual magnetic
translations under the Landau gauge ([Prodan and Schulz-Baldes, 2016, equation 2.7]), and
provides the representation of the twisted crossed product A ⋊α,Θ Z on L2(Zd, H) under
the Landau gauge ([Prodan and Schulz-Baldes, 2016, Section 3.1.2]).

Also, the matrix representation of Π(p) under the left regular representations becomes,

Π(p)l,m = ζ(l −m, m)π(α(−l)(Φl−m(p))), l, m ∈ Zd,

since the left regular representation of A ⋊α,Θ Zd is also a faithful representation (Re-
mark 1.1.2), each p an element of A ⋊α,Θ Zd is uniquely determined by the entries of
the infinite matrix form of Π(p).

If d = 1 and α, Θ are trivial, then A ⋊α,ζ Zd falls back to the C* algebra C(T, A) (Sec-
tion 1.1.4), and for any f ∈ C(T, A) the representation Π falls back into the multiplication
operator over L2(T, H) where H is a separable Hilbert space where A has a faithful represen-
tation, this is the case because the infinite matrix representation of f as the multiplication
operator has the following form over L2(Z, H) (Appendix F.6),

[(F ⊗ IdH)( f )(l −m)]l,m∈Z.

Remark 1.1.4 (Canonical inclusion of A into A⋊α,Θ Zd). Let i : A→ A⋊α,Θ Zd given
by i(a) = au0, then from Lemma 1.1.11 we know that ∥i(a)∥ = ∥a∥, and the commutation
relations between u0 and a, that is, u0au0 = au0, tell us that it is a *-homomorphims,
thus, we have that i is an injective C* homomorphism i.e. A is a sub C* algebra of A ⋊α,Θ
Zd. Also, under the left regular representation for every a ∈ A we have that Π(i(a)) =
[δ(l, m)π(α(−l)(a))]l,m∈Zd , which can be seen as an generalization of the operator π(a)⊗
Idl2(Zd) = [δ(l, m)π(a)]l,m∈Zd that is mentioned in Appendix C.3.
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Fourier coefficients as integrals

Given an element of L1(Td), which we call f , the Fourier transform provides a
function F ( f ) over Zd given by (Example F.1.1),

F ( f )(s)) =
∫

Td
f (λ)λ−sdµ(λ),

having said this, our next step is to look on how Φs(p) can be computed as a
Bochner integral We provide a subtle generalization of the computation of Φs(p)
for crossed products presented in [Davidson, 1996, Section VIII.2]. Recall that the
characters of the group Td are given by (Example F.1.1)

γs(λ) =

(
∏

1≤j≤d
λ

sj
j

)
, s := (s1, . . . , sd) ∈ Zd, λ := (λ1, · · · , λd) ∈ Td.

We will now construct an action of Td over A ⋊α,Θ Zd that uses all the characters of
Td, and that will be key to compute the Fourier coefficients of elements of A⋊α,Θ Zd

as integrals. This approach is a generalization of the algebraic approach to Fourier
coefficients of elements of C(T, A) exposed in the literature (Appendix F.6).

Lemma 1.1.16 (Continuous action of Td over A ⋊α,Θ Zd). There is a group homomor-
phism

τ : Td → Aut(A ⋊α,Θ Zd),

such that, if p ∈ A⋊α,Θ Zd, s = ∑1≤j≤d ejsj ∈ Zd and λ = (λ1, · · · , λd) then the Fourier
coefficients (Definition 1.1.15) of τ(λ)(p) are related with the Fourier coefficients of p by
the formula

Φs(τ(λ)(p)) = γs(λ)Φs(p).

Additionally, for any p ∈ A ⋊α,Θ Zd the following map is continuous (strong continuity),

λ 7→ τ(λ)(p).

Proof. Let λ = (λ1, . . . , λd) ∈ Td, then, denote by τ̃λ the *-algebra homormophism
from P(Zd, A, α, Θ) into P(Zd, A, α, Θ) that takes the following form on the gener-
ators of P(Zd, A, α, Θ),

τ̃λ(auj) := λjauj.

Given ∑s∈Zd p(s)us1

1 · . . . · usd

d ∈ P(Z
d, A, α, Θ), then

τ̃λ( ∑
s∈Zd

p(s)us1

1 · . . . · usd

d ) = ∑
s∈Zd

(
∏

1≤j≤d
λ

sj
j

)
p(s)us1

1 · . . . · usd

d ,

moreover, the explicit description of τ̃λ tells us that τλ is bijective. Also,we have that
(τ̂λ0 ◦ τ̂λ1)(q) = (τ̂λ0+λ1)(q) for all q ∈ P(Zd, A, α, Θ).

Since, A ⋊α,Θ Zd is the enveloping C* algebra of P(Zd, A, α, Θ) (Lemma 1.1.9),
then, the universal property of enveloping C* algebras (Proposition D.6.2) implies
that τ̃λ extends to a C* algebra homomorphism

τλ : A ⋊α,Θ Zd → A ⋊α,Θ Zd,

such that,
τλ(auj) = λjauj, τλ(au∗j ) = λ∗j au∗j .

Since τλ(P(Zd, A, α, Θ)) = P(Zd, A, α, Θ) the homomorphism τλ is surjective, more-
over, it is bijection because for any q ∈ P(Zd, A, α, Θ) we have that (τλ ◦ τ−λ)(q) = q.
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Since τλ is an automorphism at the level of P(Zd, A, α, Θ), then, it is also an auto-
morphism at the level of the enveloping C* algebra of P(Zd, A, α, Θ), that is, τλ is
an automorphism of A ⋊α,Θ Zd.

Take, p ∈ A ⋊α,Θ Zd and q ∈ P(Zd, A, α, Θ) such that ∥p− q∥ ≤ ϵ/3, then

∥τλ0(p)− τλ1(p)∥ ≤ ∥τλ0(p)− τλ0(q)∥+ ∥τλ0(q)− τλ1(q)∥+ ∥τλ1(p)− τλ1(q)∥,

since τλ is an isometry we have that

∥τλ0(p)− τλ1(p)∥ ≤ 2ϵ

3
+ ∥τλ0(q)− τλ1(q)∥.

Consequently, in order to show that the map λ 7→ τ(λ)(p) is continuous we just
need to show that it is continuous when p ∈ P(Zd, A, α, Θ), which comes from the
following observation of its value on the generators of P(Zd, A, α, Θ),

∥τλ0(auj)− τλ1(auj)∥ = ∥(λ0 − λ1)auj∥ ≤ |λ0 − λ1|∥a∥.

The previous statements tells us that the strongly continuous group homomorphism
that we look for is τλ, i.e. τ(λ) := τλ.

Now, take p ∈ A ⋊α,Θ Zd and {pn}n∈N ⊂ P(Zd, A, α, Θ) such that pn → p, since
τ(λ) is a C* homomorphism it is continuous, we have that

τ(λ)(pn)→ τ(λ)(p).

Given that the maps an element of A ⋊α,Θ Zd into one of its Fourier coefficient is
continuous (Lemma 1.1.14), we have that,

Φs(τ(λ)(p)) = lim
n→∞

Φs(τ(λ)(pn)) =

(
∏

1≤j≤d
λ

sj
j

)
lim

n→∞
Φs(pn).

Since the definition of Fourier coefficients (Definition 1.1.15) guaranties that

lim
n→∞

Φs(pn) = Φs(p),

we have that,
Φs(τ(λ)(p)) = γs(λ)Φs(p).

At the level of the description of A ⋊α,Θ Zd as an universal C* algebra τ can be
intuitively thought of as replacing the generator uj by λjuj. Now, we look at how
the group homomorphism τ can be used to compute the zero coefficient of elements
from A ⋊α,Θ Zd as an intetral,

Proposition 1.1.4 (Computation of Φ0 using a Bochner integral). The map

p 7→ Φ0(p)

is a Banach space morphism from A ⋊α,Θ Zd into A and satisfies the following relation

Φ0(p)u0 =
∫

Td
τ(λ)(p)dµ(λ).

Proof. Take p ∈ A ⋊α,Θ Zd, since the map λ 7→ τ(λ)(p) is continuous and Td is
compact space, then by Example B.2.1 we know that it is Bochner integrable, thus,
we can define

Ψ(p) :=
∫

Td
τ(λ)(p)dµ(λ) ∈ A ⋊α,Θ Zd.



30 the non commutative brillouin torus

By definition, p 7→ Ψ(p) is a vector space homomorphism, also, since we are work-
ing with normalized Haar measures (Remark 1.1.1), by Proposition B.2.4 we have
that,

∥Ψ(p)∥ ≤
∫

Td
∥τ(λ)(p)∥dµ(λ) ≤ ∥p∥,

thus, Φ is a contraction (continuous map).

In Lemma 1.1.16 we mentioned that τ(λ)(au0) = au0, this means that i(A) is a
fixed point of the map τ(λ), where i is the canonical inclusion of A on A ⋊α,Θ Zd

mentioned in Remark 1.1.4, consequently, Ψ(i(A)) = i(A). Take s = ∑1≤j≤d ejsj ∈
Zd, then

Ψ(aus) =
∫

Td
τ(λ)(aus)dµ(λ) =

∫
Td

(
∏

1≤j≤d
λ

sj
j

)
ausdµ(λ).

Since the map λ 7→ (λs1
1 , . . . , λ

sd
d ) is a character of the group Td (Example F.1.1) we

have that it is continuous (Definition F.1.2), thus, by Remark B.2.5 we have that

Ψ(aus) =

(∫
Td ∏

1≤j≤d
λ

sj
j dµ(λ)

)
aus.

Since the set {λ 7→ ∏1≤j≤d λ
sj
j }s∈Zd is an orthonormal basis of L2(Td) (Appendix F.2),

we have that
∫

Td ∏1≤j≤d λ
sj
j dµ(λ) = δ(s, 0), and

Ψ(aus) = ausδ(s, 0).

Take p ∈ P(Zd, A, α, Θ) given by p = ∑s∈Zd p(s)us (finite sum), then, the previ-
ous discussion tells us that

Ψ(p) = p(0)u0.

Since the computation of the Fourier coefficients is a continuous map (Lemma 1.1.14),
the fact that Ψ is continuous tell us that for any p ∈ A ⋊α,Θ Zd with Fourier coef-
ficients given by {Φs(p)}s∈Zd (Definition 1.1.15), the map Ψ takes the following
form

Ψ(p) = Φ0(p)u0.

Since i(A) is isomorphic to A (Remark 1.1.4), Φ0(p) is the unique element of A such
that Ψ(p) = Φ0(p)u0.

In the following discussion, we will show how the s Fourier coefficient of elements
of A⋊α,ζ Zd can be computed using an integral, and this integral resembles the one
used in Proposition 1.1.4 to compute Φ0. The map λ 7→ γs(λ) is continuous for any
s ∈ Zd because is a character of the group Td, therefore, the map

λ 7→ γ−s(λ)τ(λ)(p), p ∈ A ⋊α,Θ Zd

is Bochner integrable by Example B.2.1.

For any p ∈ A ⋊α,ζ Zd define

Ψs(p) :=
∫

Td
γ−s(λ)τ(λ)(p)dµ(λ),

then
∥Ψs(p)∥ ≤

∫
Td
∥γ−s(λ)τ(λ)(p)∥dµ(λ) ≤ ∥p∥.

The map p 7→ Ψs(p) is a linear map, since the Bochner integral is linear and τ(λ) is
linear for every λ ∈ Td, therefore, the map p 7→ Ψs(p) is a continuous (contraction)
Banach space map.



1.1 twisted crossed products 31

Notice that, if s, s′ ∈ Zd then

Φs′(γ−s(λ)τ(λ)(p)) = γ−s(λ)γs′(λ)Φs′(p) = γ(s′−s)(λ)Φs′(p),

thus, if we take q = ∑s∈Zd q(s)us ∈ P(Zd, A, α, Θ) (finite sum), we can use an
argument similar to Proposition 1.1.4 to proof that

Ψs(q) = q(s)us,

and consequently,
q = ∑

s∈Zd

Ψs(q).

Take {pn}n∈N ⊂ P(Zd, A, α, Θ) such that pn → p, then

Ψs(pn)→ Ψs(p), and Ψs(pn) = pn(s)us,

since pn(s)us → Φs(p)us (Lemma 1.1.12) and Ψs is continuous, we have that

Ψs(p) = Φs(p)us.

The previous discussion give us the following lemma,

Lemma 1.1.17 (Computation of the Fourier coefficients). Given p ∈ A ⋊α,Θ Zd with
Fourier coefficients {Φs(p)}s∈Zd (Definition 1.1.15), then, Φs(p) is the unique element of
A such that ∫

Td
γ−s(λ)τ(λ)(p)dµ(λ) = Φs(p)us.

Therefore, Φs(p) is the unique element of A such that Ψs(p) = Φs(p)us, and for any
p ∈ P(Zd, A, α, Θ) we have that

p = ∑
s∈Zd

Ψs(p) = ∑
s∈Zd

Φs(p)us.

Additionally, for any s ∈ Zd, the maps

Ψs : A ⋊α,Θ Zd → A ⋊α,Θ Zd, Φs : A ⋊α,Θ Zd → A

are continuous (contractions) Banach space maps, that is,

• Linearity: take p, q ∈ A ⋊α,Θ Zd and ν ∈ C, then

– Ψs(νp + q) = νΨs(p) + Ψs(q)

– Φs(νp + q) = νΦs(p) + Φs(q)

• Contraction: take p ∈ A ⋊α,Θ Zd, then, ∥Φs(p)∥ = ∥Ψs(p)∥ (Definition 1.1.15)
and

∥Φs(p)∥ ≤ ∥p∥.

Notice that this form of computing the Fourier coefficients of p ∈ A ⋊α,Θ Zd is
similar in form to the computation of the Fourier coefficients of complex-valued
functions over Td (Definition F.1.3), where we had an integral of a function f (λ)
times a character γ−s(λ). In this case, we are still using characters inside the integral
(γ−s(λ)), but we have replaced the function f by the result of applying the map τ(λ)
to an element of the C* algebra A ⋊α,Θ Zd. If α and Θ are trivial the computation
of the Fourier coefficients given in Lemma 1.1.17 falls back into the computation of
the Fourier coefficients on C(Td, A) (Appendix F.6), since us would correspond to
the function λ 7→ exp(is · λ) with s, λ ∈ Zd (Section 1.1.4).

Now, we can look into a generalization of the Fejér summation of functions
over Td (Appendix F.3), which will give a convergent sequence of elements in
P(Zd, A, α, Θ) approximating elements in A ⋊α,Θ Zd,
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Proposition 1.1.5 (Fejér summation approximation). Let p ∈ A ⋊α,Θ Zd and n ∈ N,
let

Vn = {(s1, . . . , sd) ∈ Zd : |sj| ≤ n}.
Define

p(n) := ∑
s∈Vn

(
∏

1≤j≤d

(
1−

|sj|
n + 1

))
Φs(p)us,

then p(n) → p in A ⋊α,Θ Zd.

Proof. Note that

p(n) = ∑
s∈Vn

(
∏

1≤j≤d

(
1−

|sj|
n + 1

))
Ψs(p)

=
∫

Td ∑
s∈Vn

(
∏

1≤j≤d

(
1−

|sj|
n + 1

))(
∏

1≤j≤d
λ

sj
j

)
τ(λ)(p)dµ(λ).

The map

Kn(λ) := ∑
s∈Vn

(
∏

1≤j≤d

(
1−

|sj|
n + 1

))(
∏

1≤j≤d
λ

sj
j

)
is called the Fejér kernel in d dimensions (Appendix F.3), so, we can express p(n) as,

p(n) =
∫

Td
Kn(−λ)τ(λ)(p)dµ(λ).

Since Kn is a positive normalized kernel then

∥p(n)∥ ≤
∫

Td
∥τ(λ)(p)∥|Kn(−λ)|dµ(λ) = ∥p∥,

thus the map p 7→ p(n) is a continuous (contraction) vector space homomorphism.

For any q ∈ P(Zd, A, α, Θ) we have that

lim
n→∞

q(n) = q,

so, given ϵ > 0, take q ∈ P(Zd, A, α, Θ) such that ∥q− p∥ ≤ ϵ and M such that if
n ≥ M then ∥q(n) − q∥ ≤ ϵ, under this set up

∥p− p(n)∥ ≤ ∥q− p∥+ ∥q− q(n)∥+ ∥(p− q)(n)∥ ≤ 3ϵ,

consequently p(n) → p as desired.

Remark 1.1.5 (Equivalent actions). In Lemma 1.1.16 we have defined a continuous action
of Td over A ⋊α,Θ Zd, and the action was designed to provide a generalization for the
procedure of computing the Fourier coefficients of a continuous function over Td. This is
not the only action that could be defined, for example, some authors prefer to work with
the action that results from setting auj,λ := λ∗j auj, au∗j,λ := λjau∗j ([Prodan and Schulz-
Baldes, 2016, Section 3.3.1]), which generates a continuous action

τ′ : Td → Aut(A ⋊α,Θ Zd),

such that
Φs(τ

′(λ)(p)) = γ−s(λ)Φs(p).

We have chosen to follow the action

Φs(τ
′(λ)(p)) = γs(λ)Φs(p)

because it fits better with the description of Fourier coefficients given in [Davidson, 1996,
Section VIII.2] for crossed products with C* algebras with unit.
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In the following definition, we use the notation from Proposition 1.1.5

Definition 1.1.16 (Generalized Fourier series and generalized Fejér summation).
Given p ∈ A ⋊α,Θ Zd, we refer to the sequence of elements

{p(n)}n∈N, p(n) := ∑
s∈Vn

(
∏

1≤j≤d

(
1−

|sj|
n + 1

))
Φs(p)us,

as Generalized Fejér summation of p. In a similar fashion, we refer to the sequence of
elements

{S(n)(p)}n∈N, S(n)(p) := ∑
s∈Vn

Φs(p)us,

as the Generalized Fourier series of p.

The generalized Fejér summation of an element of A ⋊α,Θ Zd provides a gen-
eralization of computing the convolution of an element in C(Td) with the Fejér
kernel (Proposition 1.1.5). Recall that the convolution of an element f ∈ C(Td)
with the Fejér kernel gives a sequence of trigonometric polynomials that converge
uniformly to f (Appendix F.3). Additionally, the Fejér summation can be used to
define weights, traces and states over the C* algebra A ⋊α,Θ Zd (Appendix I.1.4).

Lemma 1.1.18 (Fourier coefficients, multiplication and involution). Take p, q ∈ A⋊α,Θ
Zd, then,

1. for s, x ∈ Zd denote,

Kx,s =

(
∏

1≤j≤d

(
1−

|xj|
n + 1

)(
1−
|(s− x)j|

n + 1

))
,

then,

Φs(pq) = lim
n→∞

Φs(p(n)q(n)) = lim
n→∞ ∑

s∈Vn

(
∑

x∈Vn

1s−x∈Vn Kx,seixtΘ(s−x)Φx(p)α(x)(Φs−x(q))

)
.

2.
Φs(p∗) = lim

n→∞
Φs((p(n))∗) = eistΘsα(s)(Φ−s(p)∗).

Proof. Take p, q ∈ P(Zd, A, α, Θ) given by the finite sums

p = ∑
s∈Zd

Φs(p)us, q = ∑
s∈Zd

Φs(q)us,

then, from the definition of the involution and multiplication on twisted dynamical
systems (Theorem 1.1.1), we have that

pq = ∑
s∈Zd

(
∑

x∈Zd

eixtΘ(s−x)Φx(p)α(x)(Φs−x(q))

)
us

and
p∗ = ∑

s∈Zd

estΘsα(s)(Φ−s(p)∗)us.

In particular, if we use the facts that

• p(n) → p for any p ∈ A ⋊α,Θ Zd,
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• p(n)q(n) → pq (multiplication is a continuous operation),

• p 7→ p∗ is a continuous map,

• p 7→ Φs(p) is a continuous map for any s ∈ Zd,

we have that, p(n)q(n) → pq, so, denote

Kx,s =

(
∏

1≤j≤d

(
1−

|xj|
n + 1

)(
1−
|(s− x)j|

n + 1

))
,

then,

∑
s∈Vn

(
∑

x∈Vn

1s−x∈Vn Kx,seixtΘ(s−x)Φx(p)α(x)(Φs−x(q))

)
us −−−→

n→∞
pq,

therefore,

Φs(pq) = lim
n→∞

Φs(p(n)q(n)) = lim
n→∞ ∑

s∈Vn

(
∑

x∈Vn

1s−x∈Vn Kx,seixtΘ(s−x)Φx(p)α(x)(Φs−x(q))

)
.

Additionally,

Φs(p∗) = lim
n→∞

Φs((p(n))∗) = eistΘsα(s)(Φ−s(p)∗).

Another way of checking how the Fourier coefficient behaves under involution is
to take the definition of the Fourier coefficients from Lemma 1.1.17 as a Bochner inte-
gral, and use the dominated convergence theorem for the Bochner integral (Proposi-
tion B.2.6) along with the continuity of the involution, to interchange the involution
and the integration, such that

(Φs(p)us)∗ = (
∫

Td
γ−s(λ)τ(λ)(p)dµ(λ))∗ =

∫
Td
(γ−s(λ)τ(λ)(p))∗dµ(λ) = Φ−s(p∗)u−s.

Then, we just need to follow the description of the operations described in Theo-
rem 1.1.1 to get the relation between the Fourier coefficients of p and the Fourier
coefficients of p∗ described in Lemma 1.1.18.

Also, we can look for a generalization of the fact that u0 is the unit of the C*
algebra C(Td).

Lemma 1.1.19 (Multiplicative identity on A ⋊α,Θ Zd). A ⋊α,Θ Zd has a unit iff A has
a unit, and if A has a unit then

1A⋊α,ΘZd = 1Au0 := u0.

Proof. Assume that p ∈ A ⋊α,Θ Zd is a two sided identity for the multiplication on
A ⋊α,Θ Zd, then, for any au0 we must have that

(au0)p = p(au0) = au0.

Following Lemma 1.1.18 let’s check how that looks on the Fourier coefficients,

• Φs((au0)p) = aΦs(p),
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• Φs(p(au0)) = Φs(p)α(s)(a),

thus,
aΦ0(p) = Φ0(p)a

for all a ∈ A. This implies that Φ0(p) is a multiplicative identity on A, so, since the
multiplicative identity of an algebra is unique we must have that A has a unit and
1A = Φ0(p).

If A has a multiplicative identity, we can use the fact that α(s) is a C* homo-
morphism to show that α(s)(1A) = 1A, which implies that 1Au0 is a multiplicative
identity on A ⋊α,Θ Zd, and again, the uniqueness of the multiplicative identity tell
us that

1A⋊α,ΘZd = 1Au0.

The previous lemma is a generalization of the fact that u0 is the unit of the C*
algebra C(Td), that is, the

1.1.6 Derivations and Fréchet algebras

As we claim in the introduction, a key element for the study of the bulk-boundary
correspondence are pairs of topological algebras (M,M), where M is a C* algebra
andM is a dense Fréchet sub *algebra of M (Section 3.2). We will use the action of
Td over the twisted crossed product A⋊α,Θ Zd (Lemma 1.1.16) to provide a Fréchet
sub *-algebra along with derivations, this algebra comes as a generalization on how
C∞(T) arises as a sub *-algebra of C(T) (Appendix F.4).

The torus Td is not only a topological space, but it is also a Lie group, that is, it
has a smooth structure that behaves well with respect to the group operations. We
take advantage of this structure to define a dense sub *-algebra of A ⋊α,Θ Zd that
will turn out to be a Fréchet algebra, and more importantly, it will be a smooth sub
algebra of A ⋊α,Θ Zd (Appendix E.1).

We say that the map λ 7→ τ(λ)(p) is smooth if for any λ ∈ Td there exists a chart
(Uλ, ϕλ) that belongs to a smooth atlas of Td such that,

• Uλ is a open neighbourhood of λ.

• τ(·)(p) ◦ ϕ−1
λ : ϕ−1

λ (Uλ)→ A ⋊α,Θ Zd is smooth.

Given that Td is a Lie group, if U is an open neighborhood of the origin, then,
Ug := {v = g : v ∈ U} is an open neighborhood of g ∈ Td, consequently, we only
need to find a chart for the origin and translate it to find a chart centered in any
other point. We use the canonical chart of the d dimensional torus, which comes
from the d times cartesian product of the canonical atlas of the 1 dimensional torus:

ϕ−1
1T

: (−π, π)→ T, ϕ−1
1T

(θ) = eiθ , U1T
:= ϕ−1

1T
((−π, π))

ϕ−1
−1T

: (0, 2π)→ T, ϕ−1
−1T

(θ) = eiθ , U−1T
:= ϕ−1

−1T
((0, 2π))

Using these charts you can compute the 2d canonical charts of the d dimensional
torus, in particular, if we want them centered at λ = (λ1, · · · , λd) ∈ Td and −λ, the
chart that would be important for us is

ϕ−1
(λ1,··· ,λd)

: (θ1 − π, θ1 + π)× · · · × (θd − π, θd + π)→ Td, with eiθj = λj, and
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ϕ−1
λ (x1, · · · , xd) := (eix1 , · · · , eixd), Uλ := ϕ−1

λ ((θ1−π, θ1 +π)×· · ·× (θd−π, θd +π)).

Therefore, τ(·)(p) ◦ ϕ−1
λ is smooth if the map

(x1, · · · , xd) 7→ τ((eix1 , · · · , eixd))(p), with xj ∈ (θj − π, θj + π)

is smooth, which means that, given an arbitrary ordered k-tuple (xj1 , · · · , xjk ) of
elements from {xl}≤d, the function

(y1, · · · , yd) 7→
∂kτ((eix1 , · · · , eixd))(p)

∂xj1 · · · ∂xjk
(y1, · · · , yd)

exist and is continuous.

Definition 1.1.17 (Smooth sub algebra of A ⋊α,Θ Zd). Let (A, Zd, α, Θ) be a separable
twisted dynamical system and A ⋊α,Θ Zd its associated twisted crossed product C* algebra,
then, denote

Aα,Θ = {p ∈ A ⋊α,Θ Zd|λ 7→ τ(λ)(p) is smooth}.

Remark 1.1.6 (Technicalities on smoothness for C* valued functions). The function
τ(·)(p) ◦ ϕ−1

λ takes values in a C* algebra, instead of the real or complex scalar fields, thus,
you may wonder if the results from traditional differential calculus apply to this setting,in
this case, the definition of partial derivative is the usual one as exposed in Remark B.3.5. In
Definition 1.1.17 we have taken a computational/analytical approach towards smoothness
of functions from Td into A ⋊α,Θ Td instead of a geometrical approach, since we are not
looking into general directional derivatives with respect to the local Rd structure of Td but
rather partial derivatives with respect to the canonical charts of Td.

Let’s look into the particular form of Aα,Θ. Since computing the s Fourier coeffi-
cient is a continuous map (Lemma 1.1.17), that is, p 7→ Ψs(p) is continuous, then

Ψs

(
∂τ((eiy1 , · · · , eiyd))(p)

∂yj
(x1, · · · , xd)

)

= Ψs

(
lim

δx→0

τ((eix1 , · · · , ei(xj+δx), · · · , eixd))(p)− τ((eix1 , · · · , eixj , · · · , eixd))(p)
δx

)

= lim
δx→0

Ψs

(
τ((eix1 , · · · , ei(xj+δx), · · · , eixd))(p)− τ((eix1 , · · · , eixj , · · · , eixd))(p)

δx

)

= lim
δx→0

Ψs(τ((eix1 , · · · , ei(xj+δx), · · · , eixd))(p))−Ψs(τ((eix1 , · · · , eixj , · · · , eixd))(p))
δx

= lim
δx→0

eis1x1 · · · eisi(xj+δx) · · · eisdxd Ψs(p)− eis1x1 · · · eisixj · · · eisdxd Ψs(p)
δx

= lim
δx→0

eisi(xj+δx) − eixj

δx
eis1x1 · · · eisi−1xi−1 eisi+1xi+1 · · · eisdxd Ψs(p)

= isjeis1x1 · · · eisjxj · · · eisdxd Ψs(p)

= isjΨs

(
τ((eix1 , · · · , eixj , · · · , eixd))(p)

)
.

Therefore, computing the j-th partial derivative amounts for multiplying the s
Fourier coefficient by sj, generalizing how differentiation looks over the Fourier
coefficients of elements in C∞(T) (Appendix F.4).
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Remark 1.1.7 (Commutativity of the partial derivatives). Given p ∈ Aα,Θ, from the
previous computation we get that the action of a partial derivation with respect to xj cor-
responds to multiplying the s Fourier coefficients by sj, so, given that multiplication is
commutative over C, we have that

∂2τ((eix1 , · · · , eixd))(p)
∂xj∂xk

(y1, · · · , yd) =
∂2τ((eix1 , · · · , eixd))(p)

∂xk∂xj
(y1, · · · , yd).

In consequence, we do not need to take into account the order of the partial derivatives when
deriving τ, and for simplicity, we will use the notation

∂τ((eix1 , · · · , eixd))(p)
∂l1 x1 · · · ∂ld xd

(y1, · · · , yd) :=
∂kτ((eix1 , · · · , eixd))(p)

∂xj1 · · · ∂xjk
(y1, · · · , yd).

Since any partial derivative of τ(·)(p) ◦ ϕ−1
λ exists for p ∈ Aα,Θ, we have that

Lemma 1.1.20 (Uniform boundedness of Fourier coefficients from elements of Aα,Θ
). Let s = (s1, · · · , sd) ∈ Zd and x = (x1, · · · , xd) ∈Nd, denote

sx := ∏
j≤d

s
xj
j , (is)x := ∏

j≤d
(isj)

xj , |s|x := ∏
j≤d
|sj|xj ,

if p ∈ Aα,Θ then for every x ∈Nd there is Kx,p < ∞ such that

∀s ∈ Zs, |s|x∥Φs(p)∥ ≤ Kx,p.

Proof. In Lemma 1.1.14 we mentioned that ∥Φs(p)∥ ≤ ∥p∥, so, by the previous
discussion on the Fourier coefficients we have that

Ψs

(
∂τ((eiy1 , · · · , eiyd))(p)

∂x1 y1 · · · ∂xd yd
(ω1, · · · , ωd)

)
= (is)xΨs

(
τ((eiω1 , · · · , eiωd))(p)

)
,

consequently,

|s|x∥Φs(p)∥ = ∥Ψs

(
∂τ((eiy1 , · · · , eiyd))(p)

∂x1 y1 · · · ∂xd yd
(ω1, · · · , ωd)

)
∥

≤ ∥∂τ((eiy1 , · · · , eiyd))(p)
∂x1 y1 · · · ∂xd yd

(ω1, · · · , ωd)∥.

Hence,

Kx,p = ∥∂τ((eiy1 , · · · , eiyd))(p)
∂x1 y1 · · · ∂xd yd

(ω1, · · · , ωd)∥.

Due to the previous results, we evaluate the partial derivatives at the identity we
get special transformations that map Aα,Θ into itself,

p 7→ ∂τ((eiy1 , · · · , eiyd))(p)
∂x1 y1 · · · ∂xd yd

(1Td).

Any of those transformations can be obtained as the composition of d of the partial
derivatives with respect to each one of the d canonical coordinates of Rd, and those
transformations are derivations over Aα,Θ. Recall that a derivation over Aα,Θ is a
linear map from Aα,Θ into Aα,Θ that satisfies the Leibniz rule.
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Lemma 1.1.21 (Derivations over Aα,Θ). Let

∂j : Aα,Θ → Aα,Θ, ∂j p :=
∂τ((eiy1 , · · · , eiyd))(p)

∂yj
(1Td),

then ∂j is a derivation, moreover, ∂j∂l = ∂l∂j for any 1 ≤ j, l ≤ d.

Proof. • Given that p 7→ τ(λ)(p) is a linear map and computing the derivative
with respect to yj corresponds to computing a limit, we can use the fact that
the limit of a sum if the sum of a limit to show that ∂j is a linear map.

• ∂j satisfies the Leibniz rule: take p, q ∈ Aα,Θ, since τ(λ) is an algebra homo-
morphism we get that

∂τ((eix1 , · · · , eixd))(pq)
∂xj

(y1, · · · , yd) =

∂τ((eix1 , · · · , eixd))(p)τ((eix1 , · · · , eixd))(q)
∂xj

(y1, · · · , yd)

thus, we can use the proof for the Leibniz rule for differentiable maps into
topological algebras ( Remark B.3.5) to show that,

∂τ((eix1 , · · · , eixd))(pq)
∂xj

(y1, · · · , yd) =(
∂τ((eix1 , · · · , eixd))(p)

∂xj
(y1, · · · , yd)

)
τ((eiy1 , · · · , eiyd))(q)+

τ((eiy1 , · · · , eiyd))(p)

(
∂τ((eix1 , · · · , eixd))(q)

∂xj
(y1, · · · , yd)

)

Which implies that ∂j(pq) =
(
∂j p
)

p + p
(
∂jq
)
.

• ∂j, ∂l commute because every element is uniquely determined by its Fourier
coefficients (Definition 1.1.15) and we know that ∂j∂l produces the same action
over the Fourier coefficients as ∂l∂j (Remark 1.1.7).

Lemma 1.1.22 (Aα,Θ is a sub algebra of A⋊α,Θ Zd). Aα,Θ is a sub algebra of A⋊α,Θ Zd

and
P(Zd, A, α, Θ) ⊂ Aα,Θ,

with P(Zd, A, α, Θ) the *-algebra of generalized trigonometric polynomials (Lemma 1.1.9).

Proof. The proof of the Leibniz rule in Lemma 1.1.21 also shows that if p, q ∈ Aα,Θ
then

(x1, · · · , xd) 7→ τ((eix1 , · · · , eixd))(pq), with xj ∈ (θj − π, θj + π)

is smooth, that is, all the partial derivatives

(y1, · · · , yd) 7→
∂τ((eix1 , · · · , eixd))(pq)

∂l1 x1 · · · ∂ld xd
(y1, · · · , yd)

exists and are continuous. Additionally, since the derivative is a linear map then
αq + p ∈ Aα,Θ for any α ∈ C.
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Also, any element of A ⋊α,Θ Zd that takes the form aus belongs to Aα,Θ, because
the map

(x1, · · · , xd) 7→ τ((eix1 , · · · , eixd))(aus) =

(
∏
j≤d

eisjxj

)
aus

is smooth, thus, any finite polynomial belongs to Aα,Θ, that is,

P(Zd, A, α, Θ) ⊂ Aα,Θ.

Proposition 1.1.6 (Characterization of Aα,Θ). Let p ∈ A ⋊α,Θ Zd, then, the following
statements are equivalent

1. p ∈ Aα,Θ.

2. For every x ∈Nd there is Kx,p < ∞ such that

∀s ∈ Zs, |s|x∥Φs(p)∥ ≤ Kx,p.

3. For every x ∈Nd there is K̃x,p < ∞ such that

∑
s∈Zd

|s|x∥Φs(p)∥ ≤ K̃x,p.

Proof. • 1 =⇒ 2: This was stablished in Lemma 1.1.20

• 3 ⇐⇒ 2: If

∑
s∈Zd

|s|x∥Φs(p)∥ ≤ K̃x,p,

then, all the elements of the series are bounded by K̃x,p since we are adding
positive numbers. Let’s prove the other implication, denote

|s|(x+n) = ∏
j≤d
|sj|xj+n,

then,
|s|n|s|x∥Φs(p)∥ = |s|(x+n)∥Φs(p)∥ ≤ K(x+n),p

therefore,

|s|x∥Φs(p)∥ ≤
K(x+n),p

|s|n .

Since ∑l∈Z 1/l2 ≤ π2

3 ([Lundmark, 2013]), then,

∑
s∈Zd

|s|x∥Φs(p)∥ ≤ K(x+2),p ∑
s∈Zd

1
|s|2 = K(x+2),p ∏

j≤d

(
∑
l∈Z

1
l2

)
≤ K(x+2),p

(
π2

3

)d

.

Hence, for any x ∈ Nd the set of positive numbers {|s|x∥Φs(p)∥}s∈Z is
summable, that is, ∑s∈Zd |s|x∥Φs(p)∥ < ∞ where the order of the sum does
not matter.

• 3 =⇒ 1: Denote yj = (0, · · · , 1, · · · , 0) with 1 in the jth position, then

∑
s∈Zd

ϕs(p)us = lim
n→∞

S(n)(p) = p,
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also, ∑s∈Zd isyj ϕs(p)us converges (absolutely), so, lets call it q := ∑s∈Zd isyj ϕs(p)us,
then,

∑
s∈Zd

isyj ϕs(p)us = lim
n→∞

S(n)(q) = q.

Since τ(λ) is an automorphism we have that ∥a∥ = ∥τ(λ)(a)∥ for any a ∈
A ⋊α,Θ Zd and λ ∈ Td, hence, if we define

fn : Td → A ⋊α,Θ Zd, fn(λ) := τ(λ)(Sn(p)),

gn : Td → A ⋊α,Θ Zd, fn(λ) := τ(λ)(Sn(q)),

we end up with

∥ fn(λ)− τ(λ)(p)∥ = ∥ ∑
s∈Vn

γs(λ)ϕs(p) + ∑
s∈Zd

γs(λ)ϕs(p)∥ ≤ ∑
s/∈Vn

∥ϕs(p)∥,

∥gn(λ)− τ(λ)(q)∥ = ∥ ∑
s∈Vn

γs(λ)ϕs(q) + ∑
s∈Zd

γs(λ)ϕs(q)∥ ≤ ∑
s/∈Vn

∥ϕs(q)∥.

Since both ∑s∈Zd ϕs(p), ∑s∈Zd ϕs(q) converge absolutely, we have that fn →
τ(·)(p) uniformly over Td and gn → τ(·)(q) uniformly over Td.

For the generalized trigonometric polynomials S(n)(p), S(n)(q) we have that

Ψs

(
∂τ((eiy1 , · · · , eiyd))(S(n)(p))

∂yj
(x1, · · · , xd)

)
= isyj Ψs

(
τ((eix1 , · · · , eixd))(S(n)(p))

)
and

isyj Ψs

(
τ((eix1 , · · · , eixd))(S(n)(p))

)
= Ψs

(
τ((eix1 , · · · , eixd))(S(n)(q))

)
,

thus,
∂ fn ◦ ϕ−1

λ (y1, · · · , yd)

∂yj
(x1, · · · , xd) = gn ◦ ϕ−1

λ (x1, · · · , xd).

Under this setting the third item of Lemma B.2.1 implies that (x1, · · · , xd) 7→
fn ◦ ϕ−1

λ (x1, · · · , xd) is differentiable with respect to the jth component, and

∂ f ◦ ϕ−1
λ (y1, · · · , yd)

∂yj
(x1, · · · , xd) = g ◦ ϕ−1

λ (x1, · · · , xd),

with
xk ∈ (θk − π, θk + π), λk = eiθk .

Since ∑s∈Zd isyj+yl ϕs(p)us also converges (absolutely), the previous process
can be iterated to show that

(x1, · · · , xd) 7→
∂τ((eiy1 , · · · , eiyd))(p)

∂m1 y1 · · · ∂md yd
(x1, · · · , xd)

exists and is continuous for any (m1, · · · , md) ∈Nd.

Corollary 1.1.1. Aα,Θ is a dense *-subalgebra of A⋊α,Θ Zd, aditionally, for any p ∈ Aα,Θ
and 1 ≤ j ≤ d we have that,

(∂j p)∗ = ∂j(p∗),



1.1 twisted crossed products 41

Proof. Since P(Zd, A, α, Θ) is a subset of Aα,Θ (Lemma 1.1.22), and P(Zd, A, α, Θ)
is dense in A ⋊α,Θ Zd (Lemma 1.1.9), we have that Aα,Θ is dense inside A ⋊α,Θ Zd.

From Proposition 1.1.6 we know that p ∈ Aα,Θ iff for every x ∈ Nd there is
Kx,p < ∞ such that

∀s ∈ Zs, |s|x∥Φs(p)∥ ≤ Kx,p.

Take p ∈ Aα,Θ, from Lemma 1.1.18 we know that

Φs(p∗) = eistΘsα(s)(Φ−s(p)∗),

therefore, since α is norm decreasing by the virtue of being a C* homomorphism
(Proposition D.0.1), we get that

∀s ∈ Zs, |s|x∥Φs(p∗)∥ ≤ Kx,p,

consequently, if p ∈ Aα,Θ then p∗ ∈ Aα,Θ. In conclusion, p ∈ Aα,Θ is a sub *algebra
of A ⋊α,Θ Zd.

Also,

Φs(∂j(p∗)) = isjeistΘsα(s)(Φ−s(p)∗),

Φs((∂j p)∗) = eistΘsα(s)((−isjΦ−s(p))∗),

since α(s) is a linear map we get that

Φs(∂j(p∗)) = isjeistΘsα(s)(Φ−s(p)∗) = Φs((∂j p)∗).

Given that an element of A ⋊α,Θ Zd is uniquely determined by its Fourier coeffi-
cients (Definition 1.1.15) we have that

∂j(p∗) = (∂j p)∗.

Remark 1.1.8 (Alternative descriptions of Aα,Θ). We have characterized the sub *al-
gebra Aα,Θ in terms of the decay of the Fourier coefficients of its elements, however, this
characterization is not unique. For example, in [Gracia-Bondı́a et al., 2001, Definition 12.7]
Aα,Θ is defined as the set of elements whose Fourier coefficients satisfy

(1 + ∑
j≤d

s2
j )

k∥Φs(p)∥2 ≤ Kk,p, k ∈N, Kk,p < ∞,

which is also used in [Carey et al., 2014, page 106]. This definition is equivalent to the
one we have given in Proposition 1.1.6, and you can check it after doing some algebraic
manipulations.

Recall that non-commutative C* algebras can be intuitively thought as algebras of
continuous functions over ”non-commutative topological spaces” (Appendix D.3.3),
under this setting, Aα,Θ plays the role of algebra of smooth functions over the ”non-
commutative topological space” associated to A ⋊α,Θ Zd. Since A ⋊α,Θ Zd arise as
a generalization of the C* algebra C(T), we have that Aα,Θ comes as generalization
of the *algebra S(Z) , which is isomorphic to the *algebra of smooth functions over
the torus through the Fourier transform (Appendix F.4). Our last step to complete
this analogy is to provide Aα,Θ with the structure of a Fréchet algebra, which we
proceed to do by copying the form of the seminorms over C∞(T) (Appendix F.4).
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Lemma 1.1.23 (Aα,Θ is a Fréchet space). Let x ∈ Nd given by x := (x1, · · · , xd), if
xj ̸= 0 denote,

∂
xj
j (p) := (∂j ◦ · · · ◦ ∂j︸ ︷︷ ︸

xj times

)(p),

else, denote
∂

xj
j (p) := p,

so, for any p ∈ Aα,Θ denote

∂x p := (∂x1
1 ◦ · · · ◦ ∂

xd
d )p.

Under the set of seminorms
∥p∥x := ∥∂x p∥, x ∈Nd

the *-algebra Aα,Θ is complete. Therefore, Aα,Θ is a Fréchet space and for any x ∈ Zs the
map following map is continuous

p 7→ ∂x p.

Proof. First we will prove that ∥p∥x := ∥∂x p∥, x ∈ Nd is a seminorm, then, we
will check that the the *-algebra Aα,Θ provided with the topology generated by the
seminorms ∥ · ∥x is a Fréchet space, finally, we will check that the maps p 7→ ∂x p
are continuous over the Fréchet space Aα,Θ.

• Since each ∂j is linear (Lemma 1.1.21) we have that,

∥∂x(p + q)∥ = ∥∂x p + ∂xq∥ ≤ ∥∂x p∥+ ∥∂xq∥

and
∥∂x(νp)∥ = |ν|∥∂x p∥, ν ∈ C,

additionally, ∥0∥x = 0, therefore, ∥ · ∥x is a seminorm.

• Since the topology ofAα,Θ is generated by a family of seminorms {∥ · ∥x∥}x∈Nd

it becomes a locally convex space (Theorem E.0.1), additionally, since the fam-
ily of seminorms is a countable set then Aα,Θ becomes a metrizable locally
convex space (Lemma E.0.2). Assume that {pn}n∈N is a Cauchy sequence
under the topology induced by the family of seminorms {∥ · ∥x∥}x∈Nd , then,
from the definition of Cauchy sequence in a metrizable locally convex space
(Remark E.0.2) we have that, for any P ⊂ Nd with |P| finite, and ϵ > 0, there
is N > 0 such that if n, m ≥ N, then, for all x ∈ P

∥pn − pm∥x ≤ ϵ.

Given that,

∥|s|xΦs(pn − pm)∥ ≤ ∥∂x(pn − pm)∥ = ∥pn − pm∥x, x ∈Nd,

from the proof of Proposition 1.1.6, we know that

∑
s∈Zd

|s|x∥Φs(pn − pm)∥ ≤ ∥pn − pm∥x+2

(
π2

3

)d

, .

Since {pn}n∈N is a Cauchy sequence, the previous discussion on Cauchy se-
quences on Aα,Θ assert us that, given x ∈ Nd and ϵ > 0, there is N such that
n, m > N then

∥pn − pm∥x+2 < ϵ

(
3

π2

)d
.



1.1 twisted crossed products 43

Hence, knowing that

∥ ∑
s∈Zd

(is)xΦs(pn)us − ∑
s∈Zd

(is)xΦs(pm)us∥ ≤ ∑
s∈Zd

|s|x∥Φs(pn − pm)∥,

we get that, if n, m > N then

∥ ∑
s∈Zd

(is)xΦs(pn)us − ∑
s∈Zd

(is)xΦs(pm)us∥ ≤ ϵ,

which implies that the following sequence is a Cauchy sequence of elements
of L1(Zd, A),

{ ∑
s∈Zd

(is)xΦs(pn)us}n∈N.

Since L1(Zd, A) is complete (Example B.2.4) and the norm of A ⋊α,Θ Zd is
less than or equal to the norm on L1(Zd, A), then, for any x ∈ Nd the se-
quence {∑s∈Zd(is)xΦs(pn)us}n∈N converges in A⋊α,Θ Zd, moreover, the limit
of {∑s∈Zd(is)xΦs(pn)us}n∈N is also an element of L1(Zd, A).

Denote by p the limit of the sequence {∑s∈Zd Φs(pn)us}n∈N, then, for any x ∈
Nd the continuity of the computation of the Fourier coefficients (Lemma 1.1.14)
implies that

lim
n→∞

Φs

(
∑

s∈Zd

(is)xΦs(pn)us

)
= lim

n→∞
(is)xΦs(pn) = (is)xΦs(p),

therefore, for any x ∈Nd, the series

∑
s∈Zd

(is)xΦs(p)us

converges in L1(Zd, A). Using the characterization of the elements of Aα,Θ
provided in Proposition 1.1.6 we get that p ∈ Aα,Θ, as desired.

• Notice that ∥∂x p∥y = ∥∂x+y p∥, so, take pn → p in Aα,Θ, then ∥pn − p∥s → 0
for all s ∈Nd according to the definition of convergence in a metrizable locally
convex space (Proposition E.0.2). Given that

∥(∂x pn)− (∂x p)∥y = ∥pn − p∥x+y

and ∥pn − p∥x+y → 0 by assumption, the characterization of continuity of
maps between metrizable locally convex spaces (Proposition E.0.3) implies
that

∂x : Aα,Θ → Aα,Θ, x ∈Nd

are continuous maps.

The results from [Bhatt et al., 2013] imply that Fréchet D∗∞ subalgebras of A ⋊α,Θ
Zd are smooth sub algebras of A⋊α,Θ Zd, hence, we will proof that Aα,Θ is a Fréchet
D∗∞ subalgebra of A ⋊α,Θ Zd. A *-algebra B is called a Fréchet D∗∞ subalgebra of
A⋊α,Θ Zd if (Definition E.1.10) there is a sequence of seminorms {∥ · ∥i : 0 ≤ i < ∞}
such that ∥ · ∥0 is the norm over A ⋊α,Θ Zd and the following criteria are met:

• B is a Fréchet algebra whose topology is defined by the sequence of semi-
norms {∥ · ∥i : 0 ≤ i < ∞}.

• For all i, 1 ≤ i < ∞, for all x, y in B, we have that ∥xy∥i ≤ ∥x∥i∥y∥i, ∥x∗∥i =
∥x∥i.
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• For each i, 1 ≤ i < ∞, there exists Di > 0 such that ∥xy∥i ≤ Di (∥x∥i∥y∥i−1+
∥x∥i−1∥y∥i) holds for all x, y in B. {∥ · ∥i : 0 ≤ i < ∞}.

So, we will look for an additional set of seminorms that also generate the topology
of Aα,Θ, we take the explicit form of those seminorms from [Bhatt et al., 2013, Ex-
amples 1.6], where they are exposed in the more general setting of an action of a
Lie group G on an unital C* algebra, which in our scenario corresponds to look at
the action of Td over the C* algebra A ⋊α,Θ Zd (Lemma 1.1.16).

Proposition 1.1.7 (Aα,Θ as a Fréchet D∗∞ subalgebra of A ⋊α,Θ Zd). Define ∥p∥0 :=
∥p∥ for p ∈ Aα,Θ. Let

{
∂i1 , ∂i2 , . . . , ∂in

}
be an ordered n-tuple from {∂1, ∂2, . . . , ∂d} and

define

∥p∥n := ∥p∥0 +
n

∑
k=1

1
k!

d

∑
i1,i2,...,ik=1

∥∥∂i1 ∂i2 · · · ∂ik p
∥∥ , n ≥ 1,

for p ∈ Aα,Θ, where the sum

d

∑
i1,i2,...,ik=1

∥∥∂i1 ∂i2 · · · ∂ik p
∥∥

runs over all the ordered k-tuples
{

∂i1 , ∂i2 , . . . , ∂ik
}

. Then,

1. The topology generated by {∥ · ∥n}n∈N is the Fréchet topology of Aα,Θ, that is, the
topology generated by {∥ · ∥n}n∈N is the same topology generated by the family of
seminorms {∥ · ∥α}α∈Nd described in Lemma 1.1.23.

2. Under the set of seminorms {∥ · ∥n}n∈N, Aα,Θ becomes a Fréchet D∗∞ subalgebra of
A ⋊α,Θ Zd.

Proof. 1. Let denote T1 the topology generated by {∥ · ∥n}n∈N and T2 the topol-
ogy generated by {∥ · ∥α}α∈Nd , then, we need to show that given p ∈ Aα,Θ

• If O1 is an open neighborhood of p in the topology T1, then, there is an
element of T2, which we call O2, such that O2 ⊂ O1.

• If O2 is an open neighborhood of p in the topology T2, then, there is an
element of T1, which we call O1, such that O1 ⊂ O2.

Both of these can be easily shown from the description of the seminorms, we
are going to tackle one of them and the reader can perform the computations
for the other. Assume that p ∈ O2 and O2 ∈ T2, then, from the definition of
the topology generated by a family of seminorms (Definition E.0.5), we know
that there is a P ⊂Nd with P finite and ϵ > 0 such that if

∥p− q∥x ≤ ϵ ∀x ∈ P,

then, q ∈ O2. Let x := (x1, · · · , xd) and set

n = max
x∈P
{∑

j≤d
xj},

then, if
∥p− q∥n ≤

ϵ

n!
,

we have that
∥p− q∥x ≤ ϵ,

thus, if
O1 = {q ∈ Aα,Θ : ∥p− q∥n ≤

ϵ

n!
}

then O1 ⊂ O2.
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2. Following Definition E.1.10 we have to show that:

• For all g with 1 ≤ g < ∞, if p, q in Aα,Θ we have that ∥pq∥g ≤ ∥p∥g∥q∥g:
let p, q ∈ Aα,Θ, take the ordered k-tuple

{
∂i1 , ∂i2 , . . . , ∂ik

}
, then, the Leib-

niz rule for the derivations ∂1, ..., ∂d can be used to express the element

∂i1 ∂i2 · · · ∂ik (pq)

as a sum of 2k elements each one taking the form

(∂il1
· · · ∂ilm p)(∂ij1

· · · ∂ijn
q),

where k = m + n, l1 < l2 < · · · < lm, j1 < l2 < · · · < jn and following the
set equality

{l1, · · · , lm} ∪ {j1, · · · , jn} = {1, · · · , k}.

Each one of the elements

(∂il1
· · · ∂ilm p)(∂ij1

· · · ∂ijn
q),

is uniquely determined by the ordered tuples

{∂il1
, · · · , ∂ilm } and {∂ij1

, · · · , ∂ijn
},

and those ordered tuples may be empty. Given the previous discussion,
we use the notation

∂i1 ∂i2 · · · ∂ik (pq) = ∑
m+n=k

(∂il1
· · · ∂ilm p)(∂ij1

· · · ∂ijn
q),

where the last sum goes over all the elements that arise from applying
the Leibniz rule iteratively, and as we mentioned, there are 2k elements
in that sum. Using the triangle inequality and the submultiplicativity of
the C* norm of A ⋊α,Θ Zd we get that

1
k!
∥∂i1 ∂i2 · · · ∂ik (pq)∥ ≤ 1

k! ∑
m+n=k

∥(∂il1
· · · ∂ilm p)∥∥(∂ij1

· · · ∂ijn
q)∥.

After applying the previous reasoning to each one of the dk elements of
the sum

1
k!

d

∑
i1,i2,...,ik=1

∥∥∂i1 ∂i2 · · · ∂ik (pq)
∥∥ ,

we end up with an expression which we call Sk, and that expression is
greater or equal to the sum on the previous statement. Sk consists of the
sum of dk2k elements of the form

1
k!
∥(∂il1

· · · ∂ilm p)∥∥(∂ij1
· · · ∂ijn

q)∥,

additionally, given the ordered tuples

{∂il1
, · · · , ∂ilm } and {∂ij1

, · · · , ∂ijn
},

there are k!
n!m! different ordered tuples

{
∂i1 , ∂i2 , . . . , ∂ik

}
such that the ele-

ment
∥∂il1
· · · ∂ilm p∥∥∂ij1

· · · ∂ijn
q∥

appears in the sum

∂ik (pq)∥ ≤ 1
k! ∑

m+n=k
∥(∂il1

· · · ∂ilm p)∥∥(∂ij1
· · · ∂ijn

q)∥
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associated to
1
k!
∥∂i1 ∂i2 · · · ∂ik (pq)∥,

therefore, the term

1
n!m!

∥∂il1
· · · ∂ilm p∥∥∂ij1

· · · ∂ijn
q∥,

appears in Sk once it is simplified. Since ∥pq∥g ≤ ∑k≤g Sk, we need
to show that each element of ∑k≤g Sk appears once in ∥p∥g∥q∥g, this
is straightforward from the definition of ∥ · ∥g as we proceed to check.
The norm ∥p∥g contains the term 1

m!∥∂il1
· · · ∂ilm p∥ and the norm ∥q∥g

contains the term 1
n!∥∂ij1

· · · ∂ijn
q∥, therefore, the multiplication ∥p∥g∥q∥g

contains the term

1
m!n!

∥∂il1
· · · ∂ilm p∥∥∂ij1

· · · ∂ijn
q∥,

which is the term that appears in Sk. The previous discussion assure us
that ∥pq∥g ≤ ∥p∥g∥q∥g.

• For all i with 1 ≤ i < ∞, we have that ∥p∗∥i = ∥p∥i. Given that,

Φs(∂j(p∗)) = isjestΘsα(s)(Φ−s(p)∗),

Φs((∂j p)∗) = estΘsα(s)(isjΦ−s(p)∗),

and α is a linear transformation, we get that ∂j(p∗) = (∂j p)∗, therefore,

∥p∥n = ∥p∗∥n, ∀n ∈N.

• For each i with 1 ≤ i < ∞, there exists Di > 0 such that ∥pq∥i ≤
Di (∥p∥i∥q∥i−1+ ∥p∥i−1∥q∥i ) holds for all p, q inAα,Θ: In this case Di = 1
and the inequality comes from the Leibniz rule for ∂j.

• Aα,Θ is a Hausdorff Fréchet *-algebra with the topology defined by the
seminorms {∥ · ∥i : 0 ≤ i < ∞}: In Lemma 1.1.23 we showed that Aα,Θ
is a Fréchet space, and in the present proposition we showed that the
seminorms {∥ · ∥n}n∈N are submultiplicative, therefore, Lemma E.0.6 im-
plies that Aα,Θ is a Fréchet algebra, that is, the multiplication over Aα,Θ
is jointly continuous (Definition E.0.16). Additionally, we showed that
∥p∗∥i = ∥p∥i, therefore, it is a Fréchet *-algebra.

In conclussion, Aα,Θ is a Fréchet D∗∞ subalgebra of A ⋊α,Θ Zd.

Let A be a C* algebra and A a Fréchet D∗∞ subalgebra of A, according to Propo-
sition E.1.10 we have that A is invariant with respect to the holomorphic functional
calculus of A, under this setting, Proposition 1.1.7 implies that Aα,Θ is a invari-
ant under the holomorphic functional calculus of A ⋊α,Θ Zd. Given that Aα,Θ is a
dense sub *-algebra of A⋊α,Θ Zd (Corollary 1.1.1) and has a stronger topology than
A ⋊α,Θ Zd, we have that Aα,Θ is a smooth sub algebra of the C* algebra A ⋊α,Θ Zd

(Definition E.1.1).

In the following statement, we say that Aα,Θ is a spectrally invariant with respect
to A⋊α,Θ Zd if for any a ∈ Aα,Θ, the spectrum of a as an element of Aα,Θ is equal to
the spectrum of a as an element of A ⋊α,Θ Zd (Definition E.1.3). Given the previous
discussion, the following result is a consequence of Lemma E.1.4, Proposition E.1.10

and Proposition 1.1.7.
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Corollary 1.1.2 (Aα,Θ is invariant under holomorphic calculus and C∞ calculus). We
have that:

1. Aα,Θ is a smooth sub algebra (Definition E.1.1) of A ⋊α,Θ Zd.

2. Aα,Θ is a spectrally invariant with respect to A ⋊α,Θ Zd.

3. A ⋊α,Θ Zd is the enveloping C* algebra of Aα,Θ, that is,

C∗(Aα,Θ) ≃ A ⋊α,Θ Zd.

4. Aα,Θ is invariant under the C∞ calculus on A ⋊α,Θ Zd for self-adjoint elements, i.e.
for any a ∈ Aα,Θ such that a = a∗ and f ∈ C∞(R), we have that f (a) ∈ Aα,Θ.

Remark 1.1.9 (Projective limits and Aα,Θ). Let A be a C* algebra and A be a Fréchet D∗∞
subalgebra of A whose topology is defined by the family of seminorms {∥ · ∥i}i∈N, in [Bhatt
et al., 2013, Theorem 3.1] those are used to express A as a projective limit of Banach

(
D∗k
)
-

subalgebras of a A. Such projective limit is constructed as follows, take n ∈ N and denote
by An the closure of A with respect to the norm ∥ · ∥n, given that ∥a∥n ≤ ∥a∥n+1 there are
Banach alebra homomorphisms ϕn : An+1 → An : with dense range. The projective limit
of {An}n∈N consist of the elements (an)n∈N of ∏n∈NAn such that

ϕn(an+1) = an,

this set is denoted by lim←−An and its topology is the subspace topology from ∏n∈NAn
([Goldmann, 1990, defintion in Section 3.3.1]). In the setting of Aα,Θ, the Banach alge-
bras An are a generalization of the Banach algebras of k-times continuously differentiable
functions over T ([paul garrett, 2022]). In [Prodan and Schulz-Baldes, 2016, Section 3.3.3]
Aα,Θ is explicitly described as the intersection of those Banach

(
D∗k
)

algebras.

1.1.7 Equivalent descriptions of A ⋊α,Θ Zd

So far we have given four equivalent descriptions of A ⋊α,Θ Zd,

1. A ⋊α,Θ Zd ≃ C∗(L1(Zd, A; Θ, α)), with these we mean that it is a twisted
crossed product in the sense of [Packer and Raeburn, 1989] (Definition 1.1.6).

2. C∗(P(Zd, A, α, Θ)) ≃ A ⋊α,Θ Zd (Lemma 1.1.9)

3. A ⋊α,Θ Zd ≃ C∗(G|R), where the generators G and relations R are described
in (Lemma 1.1.9).

4. C∗(Aα,Θ) ≃ A ⋊α,Θ Zd, that is, we can use the smooth sub algebra to define
A ⋊α,Θ Zd (Corollary 1.1.2).

Our starting point was the first definition, and we piggyback on various results
on twisted crossed products to describe faithful representations of A⋊α,Θ Zd, which
led us to find a description of any element of A ⋊α,Θ Zd as a countable set of ele-
ments of A, such that, the aforementioned description resembles the Fourier coef-
ficients of continuous functions over T. Once we had a set of generalized Fourier
coefficients, we were able to use them to establish that last equivalence.

These results have been known by the community of non-commutative geometry
for more than thirty years, however, it took us a while to understand them and
write them in this thesis. In the literature, the C* algebra A ⋊α,Θ Zd is presented in
all of the previous ways, such that, each author chooses the description that better
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suits its purpose, and is very common to see authors jumping from one description
to another. For example, [Prodan and Schulz-Baldes, 2016, Chapter 3] favors the
description in terms of generators, while [Gracia-Bondı́a et al., 2001, Definition 12.7]
favors the description in terms of smooth sub algebras.

Also, you may have noticed that once we had the results on twisted crossed
products from [Packer and Raeburn, 1989] and [Bédos and Conti, 2015], all we did
was to take ideas from classical Fourier analysis over T and translate them into the
context of A⋊α,Θ Zd. Such translation is easily navigated by experts on the field but
may be challenging for newcomers, and we believe that it may be useful to write
these computations down to improve the reproducibility of the results presented
in [Prodan and Schulz-Baldes, 2016] and many other books that analyze twisted
crossed products.

1.2 twisted transformation group c* algebras

In this section we will look into separable twisted dynamical systems (A, G, α, ζ)
where A is a commutative C* algebra, by the Gelfand representation theorem (The-
orem D.3.2) this means that we will focus on the case A = C0(Ω) with Ω a locally
compact Hausdorff space, and the action of G over A comes from an action of G over
Ω. Additionally, since we want A to be separable we will assume that Ω is a second
countable topological space, which implies that C0(Ω) is a separable C* algebra
(Lemma D.8.3). These types of separable twisted dynamical systems are important
for us because one of two components of the Non-Commutative Brillouin torus is
a twisted crossed product associated to one of those separable twisted dynamical
systems (Section 1.2.2).

1.2.1 Introduction to Twisted transformation group C* algebras

Let Ω be a locally compact Hausdorff space, then, we will denote Hom(Ω) the set
of homeomorphisms of Ω, recall that a function f : Ω → Ω is called a homeomor-
phism if it is a continuous bijection and has a continuous inverse.

Definition 1.2.1 (Twisted transformation group C* algebras , taken from Transfor-
mation group C* algebras: A selective survey [dor, 1994]). Let (A, G, α, ζ) be a separa-
ble twisted dynamical system (Definition 1.1.3), assume that, A = C0(Ω) with Ω a locally
compact and second countable Hausdorff space, additionally, assume that,

• (Ω, G, ϱ) is a topological dynamical system ([Blackadar, 2006, Section II.10]): there
is a continuous action of G over Ω, which means that, there is a map ϱ : G →
Hom(Ω) such that for all g, g′ ∈ G we have that ϱ(g) · ϱ(g′) = ϱ(g + g′), and the
corresponding map from Ω× G to Ω is continuous.

• The action of G over C0(Ω) takes the form,

α : G → Aut(C0(Ω)), α(g)( f )(ω) := ( f ◦ ϱ(−g))(ω), g ∈ G, ω ∈ Ω.

We will refer to the C* algebra
C0(Ω)⋊α,ζ G

as a twisted transformation group C* algebra.
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Remark 1.2.1 (Hilbert spaces where C0(Ω)⋊α,ζ G has a faithful representation). In
Definition 1.2.1 we have taken Ω second countable because that guaranties that C0(Ω) is
separable (Lemma D.8.3). The C* algebra C0(Ω) has a faithful representation on the Hilbert
space ∑ω∈Ω C (direct sum of Hilbert spaces) (Appendix D.7.3) given by multiplication
operators i.e. if h ∈ C0(Ω) and h ∈ ∑ω∈Ω C then f · h(ω) = f (ω)h(ω). Thus, from
Theorem 1.1.4 we know that C0(Ω)⋊α,Θ G has a faithful representation on

L2(G, ∑
ω∈Ω

C) ≃ L2(G)⊗ ( ∑
ω∈Ω

C) ≃ ∑
ω∈Ω

L2(G).

Moreover, from Appendix D.8.1 if Ω has a Radon measure (Definition D.8.1) with full
support (Definition D.8.2) we have that C0(Ω) has a faithful representation on L2(Ω)
given by multiplication operators, hence, Theorem 1.1.4 implies that C0(Ω)⋊α,Θ G has a
faithful representation over

L2(G, L2(Ω)) ≃ L2(G)⊗ L2(Ω) ≃ L2(Ω, L2(G)).

We will focus on twisted transformation group C* algebras with Zd, in this case,
the normalized 2 cocycle ζ takes the form (Proposition 1.1.3)

ζ(x, y) = exp
(
ixtΘy

)
.

Recall that C0(Ω)⋊α,Θ Zd can be characterized as a C* algebra generated by ele-
ments of the form f uj with f ∈ C0(Ω) which follow among others the commutation
relations (Lemma 1.1.9),

• α(ej)(a)uj = uja.

• ujul = exp
(

iΘ̂j,l

)
uluj.

Hence, if we provide a set of bounded linear operators {Ff Uj} f∈C0(Ω),j≤d that sat-
isfy these commutation relations, the universal property of enveloping C* alge-
bras (Proposition D.6.2) imply that there must be a C* homomorphism that maps
C0(Ω)⋊α,Θ Zd into the C* algebra generated by the bounded linear operators

{Ff Uj} f∈C0(Ω),j≤d.

The following lemma is closely related to [Prodan and Schulz-Baldes, 2016, Propo-
sition 3.1.2],

Lemma 1.2.1 (Representation on L2(Zd)). Let C0(Ω) ⋊α,Θ Zd be a twisted transfor-
mation group C* algebra, then, given ω ∈ Ω, there is a unique representation πω of
C0(Ω)⋊α,Θ Zd over L2(Zd) that takes the following form on the generators of C0(Ω)⋊α,Θ
Zd:

πω(uj) |x⟩ := exp
(

iet
jΘx

) ∣∣x + ej
〉

with x ∈ Zd,

πω( f ) := ∑
y∈Zd

α(−y)( f )(ω) |y⟩ ⟨y| i.e. πω( f ) |x⟩ = α(−x)( f )(ω) |x⟩ ,

with x ∈ Zd and f ∈ C0(Ω).

Proof. The representation will take as domain the C* algebra C0(Ω)⋊α,Θ Zd and as
range the sub C* algebra of B(L2(Zd)) generated by the bounded linear operators
πω( f )πω(uj) with f ∈ C0(Ω) and 1 ≤ j ≤ d. For such C* homomorphism to exists
we need to show that the operators πω( f )πω(uj) satisfy the commutation relations
of the generators of C0(Ω)⋊α,Θ Zd (Lemma 1.1.9). First of all, using the description
of πω(uj) and πω( f ) it is easy to check that those are bounded linear operators over
L2(Zd), therefore, we proceed to check that πω( f )πω(uj) satisfy the commutation
relations of the generators of P(Zd, C0(Ω), α, ζ)(Definition 1.1.14):
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• πω(uk)πω(uj) = exp
(

iet
jΘ̂ek

)
πω(uj)πω(uk):

Take x ∈ Zd, then

πω(uj)πω(uk) |x⟩ = πω(uj) exp
(
iet

kΘx
)
|x + ek⟩

= exp
(

i(et
kΘx) + i(et

jΘ(x + ek))
) ∣∣x + ek + ej

〉
and

πω(uk)πω(uj) |x⟩ = πω(uk) exp
(

iet
jΘx

) ∣∣x + ej
〉

= exp
(

i(et
jΘx) + i(et

kΘ(x + ej))
) ∣∣x + ek + ej

〉
,

therefore,

πω(uk)πω(uj) |x⟩ = exp
(

i(et
kΘej)− i(et

jΘek)
)

πω(uj)πω(uk) |x⟩ .

Since Θ is a lower triangular matrix, if k ≥ j then

πω(uk)πω(uj) |x⟩ = exp
(
iet

kΘej
)
πω(uj)πω(uk) |x⟩ ,

if j ≥ k then

πω(uk)πω(uj) |x⟩ = exp
(
−iet

jΘek

)
πω(uj)πω(uk) |x⟩ ,

so, following the notation for the commutation relations for the generators of
C0(Ω)⋊α,Θ Zd (Lemma 1.1.9), we have that

πω(uk)πω(uj) |x⟩ = exp
(

iet
jΘ̂ek

)
πω(uj)πω(uk) |x⟩ ,

with Θ̂ = Θ− Θt. Given that {|x⟩}x∈Zd is an orthonormal basis for L2(Zd),
we have that

πω(uk)πω(uj) = exp
(

iet
jΘ̂ek

)
πω(uj)πω(uk),

additionally, πω(uk) are bounded linear operators with

πω(uk)(πω(uk))
∗ = (πω(uk))

∗πω(uk) = 1L2(Zd).

• πω(uk)πω( f ) = πω(α(ej)( f ))πω(uk):
Let x ∈ Zd, then

πω( f )πω(uk) |x⟩ = πω( f ) exp
(
iet

kΘx
)
|x + ek⟩

exp
(
iet

kΘx
)
α(−x− ek)( f )(ω) |x + ek⟩ ,

and
πω(uk)πω( f ) |x⟩ = πω(uk)α(−x)( f )(ω) |x⟩

exp
(
iet

kΘx
)
α(−x)( f )(ω) |x + ek⟩ ,

therefore,

πω(uk)πω( f ) |x⟩ = exp
(
iet

kΘx
)
α(−x− ej)(α(ej)( f ))(ω) |x + ek⟩

πω(α(ej)( f ))πω(uk) |x⟩ .

Given that {|x⟩}x∈Zd is an orthonormal basis for L2(Zd), we have that

πω(uk)πω( f ) = πω(α(ej)( f ))πω(uk),

additionally, πω( f ) are bounded linear operators with

πω( f + g) = πω( f ) + πω(g), πω( f ∗) = (πω( f ))∗.
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• The relations πω(uk)
∗πω( f ) = πω(α(−ej)( f ))πω(uk)

∗ and πω(uk)
∗πω(uj) =

exp
(
−iet

jΘ̂ek

)
πω(uj)πω(uk)

∗ can be checked using computations similar to
the ones in the previous items.

The previous computations imply that the set

{πω( f )πω(uj)} f∈C0(Ω),j≤d

satisfy the commutation relations of the generators of C0(Ω) ⋊α,Θ Zd, therefore,
there is a C* homomorphism

πω : C0(Ω)⋊α,Θ Zd → Aω

where Aω is the sub C* algebra of B(L2(Zd)) generated by {πω( f )πω(uj)} f∈C0(Ω),j≤d.
In this case, πω is a representation of C0(Ω)⋊α,Θ Zd, and the automatic continuity
of C* homomorphisms tell us that (Proposition D.0.1)

∥πω(p)∥ ≤ ∥p∥, ∀p ∈ C0(Ω)⋊α,Θ Zd.

When Ω is compact, in the following lemma we will use the family of represen-
tations {πω}ω∈Ω to show that any p ∈ C(Ω)⋊α,Θ Zd can be seen as a continuous
function from Ω into B(L2(Zd)). For the following lemma we need to take into
account the following facts,

• If Ω is compact, then Ω is a metric space (Lemma D.8.1), so, we denote by
d : Ω×Ω→ R+ a metric over Ω that generates the topology of Ω.

• We denote by L2(Ω, L2(Zd)) the set of equivalence classes of strongly µ-measurable
functions from Ω into B(L2(Zd)) such that (Definition B.2.10)∫

Ω
∥ f (ω)∥2dµ(ω) < ∞,

additionally, recall a strongly µ-measurable function is a function from Ω into
B(L2(Zd)) such that there exists a sequence { fn}n∈N of µ-simple functions
(Definition B.2.5) converging to f almost everywhere (Definition B.2.7).

Definition 1.2.2 (Isometric action on a Twisted transformation group C* algebras).
Let C(Ω)⋊α,Θ Zd be a twisted transformation group C* algebra such that Ω is compact. If
for any x ∈ Zd, ωi ∈ Ω, i = 1, 2 we have that the action ϱ of Zd over Ω that defines the
transformation group C* algebra satisfies the relation

d(ω1, ω2) = d(ϱ(x)(ω1), ϱ(x)(ω2)),

then, we say that α is an isometric action.

Lemma 1.2.2 (Elements of C(Ω)⋊α,Θ Zd as continuous functions of operators). Let
C(Ω)⋊α,Θ Zd be a twisted transformation group C* algebra such that Ω is compact, assume
that there is a measure µ over Ω and Ω has finite measure i.e. µ(Ω) < ∞. If the α is an
isometric action (Definition 1.2.2), then,

1. Given f ∈ C(Ω), then, the map ω 7→ πω( f ) is continuous with respect to the norm
topology on B(L2(Zd))

2. Let
π1 : C(Ω)→ B(L2(Ω, L2(Zd))),
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by defined by
π1(g)(h)(ω) := πω(g)(h(ω)),

where h ∈ L2(Ω, L2(Zd)) and g ∈ C(Ω). Then, π1 is a faithful representation of
C(Ω), where πω is defined in Lemma 1.2.1.

3. Given p ∈ C(Ω)⋊α,Θ Zd, then, the map

ω 7→ πω(p)

is continuous.

4. Given p ∈ C(Ω)⋊α,Θ Zd, then, the following defines a bounded linear operator over
L2(Ω, L2(Zd)),

π1(p)(h)(ω) := πω(p)(h(ω)), h ∈ L2(Ω, L2(Zd)).

Additionally, π1 is a representation of C(Ω)⋊α,Θ Zd over L2(Ω, L2(Zd)).

Proof. 1. Take f ∈ C(Ω), since f is a continuous function over a compact metric
space, it is uniformly continuous nLab authors [2023b] i.e. given ϵ > 0 there
is δ > 0 such that if d(ω0, ω1) ≤ δ then

| f (ω0)− f (ω1)| ≤ ϵ, when ω0, ω1 ∈ Ω,

additionally, by out assumption this implies/ that,

| f (ϱ(y)(ω0))− f (ϱ(y)(ω1))| ≤ ϵ

for all y ∈ Zd. By the definition of πω we have that

∥πω( f )∥ ≤ sup
s∈Zd
| f (ϱ(s)(ω))|,

therefore,
∥πω( f − g)∥ ≤ sup

s∈Zd
| f (ϱ(s)(ω))− g(ϱ(s)(ω))|,

so, if d(ω0, ω1) ≤ δ, then,
∥πω( f − g)∥ ≤ ϵ,

which in turns imply that the map

ω 7→ πω( f )

is continuous.

2. First we need to show that given h ∈ L2(Ω, L2(Zd)) then the map ω 7→
πω(g)(h(ω)) is an element of L2(Ω, L2(Zd)), for this we need to show that
the aforementioned map satisfies the following two criteria:

• It is µ-strongly measurable.

• We have that
∫

Ω ∥πω(g)(h(ω))∥2dµ ≤ ∞.

Lemma 1.2.1 establishes that πω is a representation of C(Ω), therefore, πω(g)(h(ω))
is an element of L2(Zd), therefore, the map ω 7→ πω(g)(h(ω)) goes from Ω
into L2(Zd). By the previous item we know that the map ω 7→ πω(g) is con-
tinuous, so, it is also a µ-strongly measurable map, that is, there is a sequence
of functions {gi}i∈N converging almost everywhere to the map ω 7→ πω and
each gi is a sequence of µ-simple functions (Example B.2.1). By assumption h
is an element of L2(Ω, L2(Zd)), so, it can be approximated almost everywhere
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by a sequence of µ-simple functions over Ω and taking values over L2(Zd),
call that sequence { fi}i∈N. Given fi and gi denote by gi fi the function that
maps ω into gi(ω)( fi(ω)) for ω ∈ Ω, then, gi fi is also a sum of µ-simple
functions by construction, so, since gi converges to ω 7→ πω(g) almost every-
where and fi converges to h almost everywhere we have that gi fi converges to
πω(g)(h(ω)) almost everywhere, consequently, it is a µ-strongly measurable
map.

From the argument on the previous item we have that ∥πω(g)∥ ≤ supω∈Ω |g(ω)|,
hence, ∫

Ω
∥πω(g)(h(ω))∥2dµ ≤ (sup

ω∈Ω
|g(ω)|)2

∫
Ω
∥h(ω)∥2,

so, given that we assumed that
∫

Ω ∥h(ω)∥2 < ∞ we end up with∫
Ω
∥πω(g)(h(ω))∥2dµ ≤ ∞.

It remains to prove that π1(g) is a bounded linear operator, because π1(g) is
a linear operator by definition. Since Ω is compact, then, for g ∈ C(Ω), |g|
must attain its maximum valued at some ω ∈ Ω, lets us call it ω0 i.e.

∀ω ∈ Ω, |g(ω)| ≤ |g(ω0)|.

By construction we have that ∥πω0(g)∥ ≥ |g(ω0)|, also, since ∥πω0(g)∥ ≥
supω∈Ω |g(ω)|, we have that

∥πω0(g)∥ = |g(ω0)|.

Then,
∥ f ∥ = ∥πω0( f )∥,

which implies that π1 is faithful.

3. Given p ∈ C(Ω)⋊α,Θ Zd take q ∈ P(Zd, C(Ω), α, Θ)(Definition 1.1.14) such
that

∥q− p∥ ≤ ϵ/3,

then, since C* homomorphisms are norm decreasing (Proposition D.0.1), we
have that

∀ω ∈ Ω, ∥πω(q)− πω(p)∥ ≤ ϵ/3.

As an application of the triangle inequality we get

∥πω0(p)− πω1(p)∥ ≤ ∥πω0(p)− πω0(q)∥+

∥πω0(q)− πω1(q)∥+ ∥πω1(q)− πω1(p)∥,
so, the first and third terms are bounded above by ϵ/3, thus, to show that
the map ω 7→ πω(p) is continuous we need to show find δ such that, if
d(ω0, ω1) ≤ δ then

∥πω0(q)− πω1(q)∥.
Since πω(us) does not depend on ω and πω(us) is an unitary operator we
have that,

∥πω( f us)− πω0( f us)∥ = ∥(πω( f )− πω0( f ))πω(us)∥ ≤ ∥πω( f )− πω0( f )∥,

therefore, the map
ω 7→ πω( f us)

is continuous for any s ∈ Zd. Since q is a finite sum of terms of the form f us

with f ∈ C(Ω) (Definition 1.1.14), we have the map

ω 7→ πω(q)

is also continuous, which tells us that the aforementioned δ exists.
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4. Given that the map ω 7→ πω(p) is continuous, an argument similar to the
one in the second item implies that, if h ∈ L2(Ω, L2(Zd)) then the map ω 7→
πω(p)(h(ω)) is strongly µ-measurable. Also, given that for every ω ∈ Ω
the map πω is a representation of C(Ω) ⋊α,Θ Zd (Lemma 1.2.1), then, the
automatic continuity of C* homomorphisms (Proposition D.0.1) implies that
∥πω(p)∥ ≤ ∥p∥, therefore,∫

Ω
∥πω(p)(h(ω))dµ∥2 ≤ ∥p∥2

∫
Ω
∥h(ω)∥2,

hence, the map ω 7→ πω(p)(h(ω)) is an element of L2(Ω, L2(Zd)).

Since πω is a representation of C(Ω) ⋊α,Θ Zd and π1(p) is an element of
B(L2(Ω, L2(Zd))), then the map ω 7→ π1(p) is also a representation of C(Ω)⋊α,Θ
Zd.

If Ω is compact, α is an isometric action (Definition 1.2.2) and there is a measure µ
over Ω such that µ(Ω) < ∞, Lemma 1.2.2 provides a representation of C(Ω)⋊α,Θ Zd

over L2(Ω, L2(Zd)) that is constructed by interpreting any p ∈ C(Ω)⋊α,Θ Zd as a
continuous function from Ω into B(L2(Zd)). The representation of C(Ω)⋊α,Θ Zd

outlined in Lemma 1.2.2 is inspired by the faithful representation of the elements
of C(Ω, B(L2(Zd))) over L2(Ω, L2(Zd)) (Lemma D.8.7), now, we proceed to check
that if µ is a Radon measure (Definition D.8.1) with full support (Definition D.8.2),
then, this representation is the same as left regular representation described in Re-
mark 1.1.2

Lemma 1.2.3. Let C(Ω)⋊α,Θ Zd be a twisted transformation group C* algebra such that
Ω is compact, assume that there is a Radon measure with full support µ over Ω and Ω
has finite measure i.e. µ(Ω) < ∞, additionally, assume that α is an isometric action
(Definition 1.2.2). Denote by

πl : C(Ω)⋊α,Θ Zd → B(L2(Zd, L2(Ω)))

the left regular representation of C(Ω)⋊α,Θ Zd described in (Remark 1.1.2), also, denote by

πm : C(Ω)⋊α,Θ Zd → B(L2(Ω, L2(Zd)))

the representation of C(Ω)⋊α,Θ Zd taking the following form,

πm(p)(h)(ω) := πω(p)(h(ω)),

and described in the fourth item of Lemma 1.2.2, then,

πl = πm.

Proof. Taking into account the following,

• From Lemma C.3.1 we know that

L2(Zd, L2(Ω)) ≃ L2(Zd)⊗ L2(Ω) ≃ L2(Ω, L2(Zd)),

thus, using these canonical isomorphisms we can assume that both represen-
tations act on the same Hilbert space.

• From Definition C.3.1 we know that L2(Zd) ⊙ L2(Ω) is dense in L2(Zd) ⊗
L2(Ω), where L2(Zd)⊙ L2(Ω) denotes the algebraic tensor product of L2(Zd)
and L2(Ω).
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• In Lemma 1.1.9 we mentioned the the algebra of generalized trigonometric
polynomials P(C(Ω), Zd; α, Θ) is dense in C(Ω)⋊α,Θ Zd.

• By Lemma D.8.5 C(Ω) has a faithful representation over L2(Ω) given by the
multiplication operators i.e. if h ∈ C0(Ω) and h ∈ ∑ω∈Ω C then f · h(ω) =
f (ω)h(ω). So, Remark 1.1.2 tell us that C(Ω)⋊α,ζ Zd has a faithful represen-
tation over L2(Zd, L2(Ω)) given by the left regular representation.

If we show that
πl( f us)(h⊗ g) = πm( f us)(h⊗ g)

for any h ∈ L2(Zd), g ∈ L2(Ω), then, we would have that πl( f us) = πm( f us)
inside L2(Zd) ⊙ L2(Ω). Given that L2(Zd) ⊙ L2(Ω) is dense in L2(Zd) ⊗ L2(Ω),
the equality of πm( f us) and πl( f us) over L2(Zd)⊙ L2(Ω) implies that πl( f us) =
πm( f us) in L2(Zd)⊗ L2(Ω).

Since a representation is a linear transformations, and P(Zd, C(Ω), α, Θ) is lin-
early generated by elements of the form f us, if πl( f us)(h⊗ g) = πm( f us)(h⊗ g),
then, πl = πm over P(Zd, C(Ω), α, Θ). Given that C(Ω) ⋊α,Θ Zd is the envelop-
ing C* algebra of P(Zd, C(Ω), α, Θ), then, the universal property of C* algebras
(Proposition D.6.2) tells us that any representation of C(Ω)⋊α,Θ Zd is uniquely de-
termined by its value on P(Zd, C(Ω), α, Θ), so, if πl = πm over P(Zd, C(Ω), α, Θ)
then πl = πm over C(Ω)⋊α,Θ Zd.

Since {|x⟩}x∈Zd is an orthonormal base for L2(Zd), in order to prove that

πl( f us)(h⊗ g) = πm( f us)(h⊗ g)

for any h ∈ L2(Zd), g ∈ L2(Ω), we only need to show that

πl( f us)(h⊗ |x⟩) = πm( f us)(h⊗ |x⟩),

where h ∈ L2(Ω) and h ⊗ |x⟩ is the function in L2(Ω, L2(Zd)) that maps ω into
h(ω) |x⟩ (Definition B.2.2). Under this setting, πm takes the form

πm( f us)(h⊗ |x⟩)(ω) = πω( f us)(h(ω) |x⟩),

which from Lemma 1.2.1 we get that results on

πm( f us)(h⊗ |x⟩)(ω) = exp
(
istΘx

)
α(−x− s)( f )(ω)h(ω) |x + s⟩ .

Under the isomorphism L2(Zd)⊗ L2(Ω) ≃ L2(Ω, L2(Zd)), the map

ω 7→ exp
(
istΘx

)
α(−x− s)( f )(ω)h(ω) |x + s⟩

corresponds to the tensor product

exp
(
istΘx

)
(π(α(−x− s)( f ))(h)⊗ |x + s⟩) ,

which is the result of applying πl( f us) to the vector |x⟩ ⊗ h, thus,

πl( f us)(|x⟩ ⊗ h) = πm( f us)(|x⟩ ⊗ h).

Using the aforementioned equality along with the previous discussion we get
that

πl = πm.
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Remark 1.2.2 (Faithful representation of C(Ω) ⋊α,Θ Zd). Let C(Ω) ⋊α,Θ Zd be a
twisted transformation group C* algebra such that Ω is compact, assume that there is a
measure µ over Ω and Ω has finite measure i.e. µ(Ω) < ∞, additionally, assume that α is
an isometric action (Definition 1.2.2).In Remark 1.1.2 it is mentioned that the left regular
representation of C(Ω)⋊α,Θ Zd is faithful, so, under the previous assumptions Lemma 1.2.3
tells us that C(Ω)⋊α,Θ Zd is a sub C* algebra of C(Ω, B(L2(Zd))).

1.2.2 Topological algebras for disordered crystals

In the present section, we follow [Prodan and Schulz-Baldes, 2016, Section 2.4.1]
for the construction of the C* algebra used for the tight binding models of homoge-
neous materials. The topological space Ω is termed the disorder space (Section 3.2),
and is constructed as a countable product of compact and convex spaces, one for
each position of the lattice Zd. These are the steps needed to construct Ω:

1. Let {(Es, µs)}s∈Zd a set of tuples consisting of, Es, a compact, convex (hence
contractible) and second countable Hausdorff space, and µs: a Radon proba-
bility measure (Definition D.8.1) over Es with full support (Definition D.8.2).

2. Then, the Tychonoff’s theorem ([Allan and Dales, 2011, Theorem 1.29]) tell us
that O = ∏s∈Zd Es is a compact space under the product topology, addition-
ally, O is a Hausdorff space ([Allan and Dales, 2011, Proposition 1.28]). Also,
since each Es is second countable, and a base for the topology of O is the set
of all infinite cartesian products where only a finite amount of them is differ-
ent from the whole space ([Allan and Dales, 2011, Section 1.10]), we have that
O is a second countable Hausdorff space. Additionally, O is convex (hence
contractible) because all of the Es are convex.

3. From [Tao, 2011, Theorem 2.4.4] we know that dµ := ∏s∈Z dµs is a Radon
measure defined in basic open sets by

µ( ∏
s∈Zd

Us) = ∏
s|Us ̸=Es

µs(Us),

where s ∈ Zd such that Us ̸= Es for a finite amount of s. Additionally, given
that a base for the topology of ∏s∈Zd Es are infinite cartesian products with
only a finite amount of them different from Es, we can use the fact that each
measure µs has full support to guarantee that dµ also has full support.

Since each Es is a compact and second countable space, each Es is a metric space
(Lemma D.8.1), so, we denote by

ds : Es × Es → R+

a metric that generates the topology of Es.

Lemma 1.2.4 (c.f. [Fischer, 2015a] Metric over ∏n∈N En). Let {En}n∈N be a sequence
of Hausdorff compact spaces and denote by

dn : En × En → R+

a metric that generates the topology of En, then, the topology over O := ∏n∈N En is the
topology induced by the metric

dO : O×O→ R+, dO(x, y) = ∑
n∈N

2−n dn(x(n), y(n))
1 + dn(x(n), y(n))
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Proof. Given that ∑n 2−n < ∞ and dn(x(n),y(n))
1+dn(x(n),y(n)) < 1, then, d0 is well defined, now,

we check that it is a metric. Notice that the function x 7→ x
1+x is an increasing

function for x ̸= −1, so, since dn(x, z) ≤ d(x, y) + d(y, z), if x, y, z ∈ ∏n∈N En we
must have that

dn(x(n), z(n))
1 + dn(x(n), z(n))

≤ dn(x(n), y(n)) + dn(y(n), z(n))
1 + dn(x(n), y(n)) + dn(y(n), z(n))

≤ dn(x(n), y(n))
1 + dn(x(n), y(n))

+
dn(y(n), z(n))

1 + dn(y(n), z(n))
,

therefore, dO is a metric. If d(xl , y) → 0 as l → ∞, then, for any n ∈ N we must
have that dn((xl(n)), y(n)) → ∞, hence, if ∏n∈N En is endowed with the topology
generated by dO, then, the projections pl : ∏n∈N En → El , p({x(n)}n∈N) = xl are
continuous, meaning that the topology generated by dO is finer than the product
topology over ∏n∈N En ([Allan and Dales, 2011, Product spaces, page 26]) over
∏n∈N En i.e. every open set in the product topology is an open set in the topology
generate by dO.

Now we check that every open set of the topology generated by dO is an open set
of the product topology. Take x ∈ ∏n∈N En and ϵ > 0, let

Bϵ(x) = {y ∈ ∏
n∈N

En|dO(x, y) < ϵ},

then, we need to show that there is a neighbourhood U of x under the product
topology such that U ⊂ Bϵ(x). Take n0 ∈ N such that ∑l≥n0

2−l < ϵ/2, let η = ϵ/4
and set Bdn

η (x(n)) = {h ∈ En|dn(h, x(n)) ≤ η}, then, if we define

U :=
n0

∏
n=0

Bdn
η (x(n))× ∏

n>n0

En,

we have that U is open neighborhood of x in the product topology of ∏n∈N En and
U ⊂ Bϵ(x).

Given {(Es, µs)}s∈Zd denote by O the compact topological space ∏s∈Zd Es. Let
f : N → Zd be a bijective function, that is, f is an enumeration of Zd, then,
Lemma 1.2.4 tell us that the metric

dO : O×O→ R+, dO(x, y) = ∑
l∈N

2−l d f (l)(x( f (l)), y( f (l)))
1 + d f (l)(x( f (l)), y( f (l)))

generates the product topology over O, where, x = (xs)s∈Zd , y = (ys)s∈Zd ∈ O.

In the context of tight-binding models of homogeneous materials (Section 3.2), the
space El parametrizes the disorder assigned to applying the operator (Lemma 1.2.1)

Ul ∈ B(L2(Zd)), Ul := Sl exp
(
iltΘX

)
,

with
Sl |x⟩ = |x + l⟩ , exp

(
iltΘX

)
|x⟩ = exp

(
iltΘx

)
|x⟩ .

In homogeneous materials ([Prodan and Schulz-Baldes, 2016, Chapter 2]), the
disorder associated to applying the operator Ul to the vectors |x⟩ and |y⟩ is the
same for any x, y ∈ Zd, so, to take this into account we use a copy of O for each
one of the positions of the lattice Zd, which will lead us to use ∏s∈Zd O as our
topological space of interest. Using similar arguments as the one exposed for the
construction of O is possible to check that
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• Ω = ∏s∈Zd O is a compact second countable and convex (hence contractible)
Hausdorff space,

• dP = ∏s∈Zd dµ is a Radon measure over Ω with full support.

There is action of ϱ of Zd over Ω that takes the following form,

ϱ(s)(ω)(x) = ω(x + s), ω(x) ∈ O,

in particular, if s := (s1, · · · , sd) and ej := (0, · · · , 1, · · · , 0) with 1 in the jth position,
then

ϱ(s) = ϱ(e1)
◦s1 . . . ϱ(ed)

◦sd ,

and we denote ϱj := ϱ(ej).

Under this setting, using the results from Appendix D.8.1 we know that C(Ω) has
a faithful representation over L2(Ω, dP), also, from Definition 1.2.1, the following
defines an action of Zd over C(Ω)

α(s)( f )(ω) = f (ϱ(−s)(ω)), ω ∈ Ω, s ∈ Zd, f ∈ C(Ω).

Since Ω is a second countable compact Hausdorff space, Lemma D.8.3 tells us that
C(Ω) is a separable C* algebra, also, we know that Zd is a second countable locally
compact abelian group, thus, (C(Ω), Zd, α, ζ) becomes a separable twisted dynami-
cal system (Definition 1.1.3), where ζ(x, y) = exp

(
ixΘyt) and Θ is a lower triangular

matrix with zeros in the diagonal and entries on [0, 2π).

Using the previously described setting we have a twisted crossed product C(Ω)⋊α,Θ
Zd along with a smooth sub algebra of C(Ω)⋊α,Θ Zd which we call C(Ω)α,Θ (Corol-
lary 1.1.2). Additionally, the elements of C(Ω)α,Θ are have the following property,
(Lemma 1.1.23)

p ∈ C(Ω)α,Θ iff ∀n ∈N∃Kn < ∞ s.t. |s|n∥ϕs(p)∥n ≤ Kn,

and it has d continuous maps {∂j}j≤d that commute and are derivations. By Lemma 1.1.19,
given that C(Ω) is a unital C* algebra, we have that C(Ω)⋊α,Θ Zd is a unital C* al-
gebra.

Definition 1.2.3 (Non-commutative Brillouin Torus). Given {(Es, µs)}s∈Zd a set of tu-
ples of the form, ( Es: compact, convex (hence contractible) and second countable Hausdorff
space, µs: a Radon probability measure over Es with full support), denote by O = ∏s∈Zd Es
and set Ω = ∏s∈Zd O. Assume that Θ is a lower triangular matrix with entries in [0, 2π),
and let α be the action of Zd over C(Ω) described in the previous discussion, then, the pair
of topological algebras

(C(Ω)⋊α,Θ Zd, C(Ω)α,Θ)

will be called the Non-commutative Brillouin Torus.

Remark 1.2.3. Since the C* algebra C(Ω) is nuclear (Example D.7.1), by Theorem I.1.1
we get that C(Ω)⋊α,Θ Zd is a nuclear C* algebra.

Remark 1.2.4. Since (C(Ω), Zd, α, ζ) is a separable twisted dynamical system, Lemma 1.1.2
implies that C(Ω)⋊α,Θ Zd is a separable C* algebra.

In [Prodan, 2017, Chapter 9] and [Prodan and Schulz-Baldes, 2016, Chapter 1]
you can find examples of more concrete Non-Commutative Brillouin Torus. If
Es is a point for all s ∈ Zd and Θ is the zero matrix, then the Non-commutative
Brillouin Torus coincides with the d non-commutative torus described in [Prodan
and Schulz-Baldes, 2016, Section 3.1.1] and studied in [Gracia-Bondı́a et al., 2001,
Chapter 12].
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Remark 1.2.5 (Other structures over the Non-Commutative Brillouin torus). In Defi-
nition 1.2.3 we have only taken into account the topological and smooth structure of the non-
commutative smooth manifolds associated to the twisted crossed products C(Ω)⋊α,Θ Zd,
where, the topological information is stored in the C* algebra C(Ω)⋊α,Θ Zd and the smooth
structures is stored in the smooth sub algebra C(Ω)α,Θ). Is important to mention that those
are not the only structures that can be studied over such non-commutative spaces, for exam-
ple, is possible to explore their analytical structure by looking at Sobolev spaces ([Prodan,
2017, Section 3.6]) and pseudo-differential operators ([Jiménez, 2023]). The Sobolev spaces
over the Non-Commutative Brillouin Torus are an important tool for studying topological
invariants under strong disorder ([Prodan and Schulz-Baldes, 2016, Setion 6.5]).





2 K THEORY AND THE NON
COMMUTAT IVE BR I L LOU IN TORUS

Let (C(Ω) ⋊α,Θ Zd, C(Ω)α,Θ) be The Non Commutative Brillouin Torus (Defini-
tion 1.2.3), in the present chapter we look into the steps necessary to prove the
existence of the isomorphisms (Remark 2.2.2)

K0(C(Ω)⋊α,Θ Zd) ≃ K0(C(Ω)α,Θ), K1(C(Ω)⋊α,Θ Zd) ≃ K1(C(Ω)α,Θ).

To prove the existence of the previous isomorphisms we will start from the follow-
ing setup, assuming that A is an unital C* algebra and A is a smooth sub algebra
of A, then, we will prove the following statement,

K0(A) ≃ K0(A), K1(A) ≃ K1(A),

which will be enough for our purposes because C(Ω)α,Θ is a smooth sub algebra of
C(Ω)⋊α,Θ Zd (Corollary 1.1.2).

To devise a proof for the isomorphisms

K0(A) ≃ K0(A), K1(A) ≃ K1(A),

we will take the following path,

1. In Section 2.1 we will define the groups K0(A), K1(A) associated to a C* al-
gebra A, these will be defined using equivalence relations on matrix algebras
over A and will relay on the topology of A. The maps A 7→ K0(A) and
A 7→ K1(A) allow us to define a homology theory over the category of C* al-
gebras ([Wegge-Olsen, 1993, Chapter 11]), we will not dive into these subjects
but rather we will focus on the relation between the topological/analytical
structure of A and the groups K0(A), K1(A).

2. Let A be a unital C* algebra andA be a smooth sub algebra of A, in Section 2.2
we will define the pair of abelian groups K0(A), K1(A).

3. In Theorem 2.2.1 we will proof the isomorphisms

K0(A) ≃ K0(A), K1(A) ≃ K1(A).

The group K0(A) is constructed taking into account homotopies of projections
in matrix algebras of A (Section 2.1.4) while the group K1(A) is constructed taking
into account homotopies of unitaries in matrix algebras of A (Section 2.1.4), and
this construction can be extended into A because A is also a topological * algebra
(Section 2.2). Under this context, the isomorphisms

K0(A) ≃ K0(A), K1(A) ≃ K1(A),

are a direct consequence of two facts:

• There is a one-to-one correspondence between the equivalence classes of ho-
motopic unitaries over A and the equivalence classes of homotopic unitaries
over A (Proposition 2.2.6).

61
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• There is a one-to-one correspondence between the equivalence classes of ho-
motopic projections over A and the equivalence classes of homotopic projec-
tions over A (Proposition 2.2.5).

Our approach towards the isomorphisms of the K groups of A and A takes an
explicit look into the topology of A and A, this is relevant because the topology of
A is stronger than the topology of A, which implies that we cannot use the topology
of A to guaranty that the a smooth path of projections over A is also a smooth path
of projections over A even if the path takes values inside A (Remark 2.2.1). Under
this context, to provide smooth paths of projections and unitaries with respect to
the topology of A (Proposition 2.2.3, Proposition 2.2.4) we use the holomorphic
functional calculus over A (Theorem E.1.2), similarly, to provide smooth paths of
projections and unitaries with respect to the topology of A (Proposition 2.1.7, Propo-
sition 2.1.2) we use the holomorphic functional calculus over A (Theorem B.3.1).
For a brief discussion on alternative approaches towards the isomorphisms of the K
groups of A and A, the reader can refer to Appendix G.1.1.

The path taken in the present chapter can be intuitively thought of as a non-
commutative version of the ”smoothening” of vector bundles over compact smooth
manifolds, that is, the equivalence classes of homotopic vector bundles over a
compact smooth manifold are in one-to-one correspondence with the equivalence
classes of homotopic smooth vector bundles over the same smooth compact man-
ifold, this is mentioned in [Connes, 2014, Introduction to Chapter 3]. We do not
delve into the previous statement, however, it is an interesting insight for our work,
mostly because we are replacing Hausdorff compact spaces by C* algebras with
unit and Hausdorff smooth compact manifolds by Fréchet algebras with unit.

2.1 k theory for c* algebras

2.1.1 Equivalence relations

We will look into equivalence relations between various types of elements in a C*
algebra A, so, lets us introduce some notation. Recall that Mn(A) is a C* algebra
(Proposition D.7.3), so, denote by Qn(A) the set of idempotents of Mn(A) and
by Pn(A) the set of projections of Mn(A). If A has a unit we denote by Gn(A)
the group of invertible elements in Mn(A) and Un(A) for the group of unitary
elements in Mn(A). Following Appendix D.2 we denote by A+ the C* algebra
whose underlying set is {(a, λ) : a ∈ A, λ ∈ C} provided with the following
operations

• (a, λ) + (b, γ) := (a + b, λ + γ),

• (a, λ)∗ := (a∗, λ∗),

• (a, λ)(b, γ) := (ab + γa + λb, λγ).

Definition 2.1.1. Let A be a C* algebra, then, we introduce the following notation

• If p, q ∈ P(A), we say that p ∼h q if there is a norm-continuous path of projections
in A from p to q. (homotopy)

• If p, q ∈ P(A), we say that p ∼u v if there is an unitary u in A+ with upu∗ = q.
(unitary equivalence)
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• If e, f ∈ Q(A), we say that p ∼h q if there is a norm-continuous path of idempotents
in A from e to f . (homotopy)

• If e, f ∈ Q(A), we say that e ∼s f if there is an invertible z in A+ with zez−1 = f .
(similarity)

• If x, y ∈ G(A), we say that x ∼h y if there is a norm-continuous path of invertible
elements of A from x to y. (homotopy)

• If u, v ∈ U(A), we say that u ∼h v if there is a norm-continuous path of unitaries in
A from u to v. (homotopy)

It is easy to check that both ∼s and ∼h are equivalence relations between idempo-
tents of A. It is easy to check that both ∼u and ∼h are equivalence relations between
projection of A.

Lemma 2.1.1. Let A be a unital C* algebra, then,

1. If e, f ∈ Q(A),then, e ∼s f iff there is v ∈ G(A) such that vev−1 = f .

2. If p, q ∈ P(A), then, p ∼u q iff there is u ∈ G(A) such that ueu∗ = q.

Proof. In Appendix D.2 is mentioned that if A is unital, then, A+ it is isomorphic to
the C* algebra A⊕C through the following mapping

(a, α) 7→ a + α f , with (a, α) ∈ A⊕C and f = (−1A, 1).

Given that an element (a, α) of A⊕C is invertible iff both a and α are invertibles, if
(v, ν) is an invertible in A+, then, ν is an invertible in C and v + ν1A is an invertible
in A. Similarly, given that an element (a, α) of A⊕C is unitary iff both a and α are
unitary, if (u, υ) is unitary in A+, then, υ is unitary in C and u + υ1A is an unitary
in A.

1. Since A is a sub C* algebra of A⊕C through the map a 7→ (a, 0), we have that,
if (v, ν) is an invertible in A+ and (v, ν)e(vν)−1 = f , then,

(v + 1Aν)e(v + 1Aν)−1 = f .

Similarly, if v ∈ G(A) and vev−1 = f , then, (v− 1A, 1) is an invertible in A+

and
(v− 1A, 1)(e, 0)(v− 1A, 1)−1 = ( f , 0).

2. Since A is a sub C* algebra of A⊕C through the map a 7→ (a, 0), we have that,
if (u, v) is an unitary in A+ and (u, v)p(uv)∗ = p, then,

(u + 1Av)p(u + 1Av)∗ = p.

Similarly, if u ∈ U(A) and upu∗ = q, then, (u− 1A, 1) is an unitary in A+ and

(u− 1A, 1)(p, 0)(u− 1A, 1)∗ = (p, 0).

The main idea of the following sections is the fact that homotopies of invertibles,
homotopies of unitaries, homotopies of idempotents and homotopies of projections
have an appealing form based on exponentials, and this form comes as a conse-
quence of the properties of the holomorphic functional calculus over C* algebras as
explained in Proposition 2.1.2, Proposition 2.1.4 and Proposition 2.1.7.



64 k theory and the non commutative brillouin torus

2.1.2 Unitaries and invertibles

Let A be a unital C* algebra, from Proposition D.4.4 we know that there is a map
ω : G(A)→ U(A) that takes the following form ω(a) = |a|−1a where |a| = (aa∗)1/2,
this implies that a has a unique decomposition of the form a = bu with u and
unitary in A and b a self adjoint element of A, where b = |a| and u = ω(a). The
expresion a = |a|ω(a) is called the polar decomposition of a and plays an important
role in the following proposition,

Proposition 2.1.1 (U(A) is a retraction of G(A) (Proposition 2.1.8 [Rørdam et al.,
2000])). Let A be a unital C∗-algebra.

1. For every a ∈ G(A) there is a unique decomposition a = |a|ω(a) with |a| ∈ Apos,
|a| ∈ G(A) and ω(a) ∈ U(A)

2. The map ω : G(A) → U (A) is continuous, ω(u) = u for every u in G(A), and
ω(a) ∼h a in G(A) for every a in G(A).

3. If u, v are unitary elements in U(A), and if u ∼h v in G(A), then u ∼h v in U(A).

Proof. 1. This is established by Proposition D.4.4.

2. From Proposition D.4.4 we know that ω(u) = u if u ∈ U(A). Recall that
|a| = (aa∗)1/2 and ω(a) = |a|−1a, so

• the map g : G(A) → Apos ∩ G(A) given by g(a) = aa∗ is continuous
because involution and multiplication are continuous,

• the map (·)1/2 : Apos ∩ G(A) → Apos is continuous, because all the el-
ements in Apos ∩ G(A) have spectrum in (0, ∞) and f (z) =

√
z is an

holomorphic function on D, thus Proposition B.3.1 tell us that a→ (a)1/2

is continuous.

• the map (·)−1 : G(A) ∩ Apos → G(A) ∩ Apos is continuous because the
inversion on G(A) is continuous,

therefore the maps | · | : G(A) → G(A) ∩ Apos and a → |a|−1 are continuous,
and we end up with the map ω : G(A) → U(A) given by ω(a) = |a|−1a is
also continuous.
Take a ∈ G(A) then set γ(t) = ω(a)(t|a| + (1 − t)1A) for t ∈ [0, 1], then
γ(0) = ω(a) and γ(1) = a, also, there is λ > 0 such that |a| ≥ λ1A. Notice that
t|a|+ (1− t)1A ≥ 0 because is the sum of two positive elements, moreover,

t|a|+ (1− t)1A ≥ tλ1A + (1− t)1A = (1− t(1− λ))1A ≥ λ1A

and we end up with t|a|+ (1− t)1A ∈ G(A), which implies that γ(t) ∈ G(A)
for t ∈ [0, 1]. The path γ gives us a homotopy of invertible elements connecting
a with ω(a), thus a ∼h ω(a).

3. Let u, v ∈ U(A) and v ∼h u in G(A) with γ : [0, 1] → G(A), γ(0) = u
and γ(1) = v, then ω ◦ γ : [0, 1] → U(A) is continuous map because if the
composition of two continuous maps.

Given that U(A) is a subset of G(A), Proposition 2.1.1 tells us that the connected
components of G(A) are in one to one correspondence to the connected components
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of U(A), hence, to analyze the connected components of G(A) is equivalent to
analyze the connected components of U(A).

Let R− = {x ∈ R|x ≤ 0} and D = C−R−, for any θ ∈ [0, 2π) denote by Dθ

the set exp(θ)D. In Appendix B.3.3 it is shown how every invertible element with
spectrum in Dθ , θ ∈ C is connected to the identity because it can be expressed as
exp(a), in the next lemma we look into the consequences of this fact when we work
with unitaries instead of invetibles,

Lemma 2.1.2 ( c.f. Lemma 2.1.3 [Rørdam et al., 2000]). Let A be a unital C∗-algebra,
then

1. For each self-adjoint element h in A, exp(ih) belongs to U0(A) with U0(A) the con-
nected component of 1A inside U(A).

2. If u is a unitary element in A with sp(u) ̸= T, then u belongs to U0(A) and
u = exp(ih) with h a self adjoint element of A.

3. If u, v are unitary elements in A with ∥u− v∥ < 2, then u ∼h v and there is a path
connecting u with v taking the following form

η(t) = v exp(tih),

where h is a self adjoint element of A.

Proof. 1. Lemma D.0.2 tells us that exp(ih) is an unitary element of A. Since
the map z 7→ exp(z) is an entire function, Proposition B.3.4 tells us that t →
exp(iht) is a continuous map, in particular, it is a homotopy of unitaries from
1A to exp(ih).

2. Recall that Sp(u) ⊆ T (Lemma D.0.1). Since Sp(u) ̸= T, there is θ ∈ [0, 2π)
such that exp(iθ) /∈ Sp(u), which means that Sp(u) ∈ Dθ for some θ ∈ [0, 2π)
(Remark B.3.3). Since Dθ is a simply connected domain of C there is a function
called log on it (Remark B.3.3) and we have that

exp(log(u)) = u.

The function z 7→ log(z) is continuous over the spectrum of u, thus, given
that continuous functional calculus and the holomorphic functional calculus
coincide inside C* algebras (Lemma D.4.1), the element log(u) can be com-
puted with the continuous functional calculus of normal elements, and we
get that log(u) commutes with log(u)∗ because log(u) belongs to the sub
C* algebra of A generated by 1A and u (Theorem D.4.1). By the spectral
mapping of the holomorphic functional calculus (Theorem B.3.1) we have
that Sp(log(u)) ∈ i[θ, 2π + θ], thus log(u)/i has spectrum in [θ, 2π + θ]. Set
h = log(u)/i, then, exp(ih) = u, additionally, h is normal because log(u) is
normal, and we get that h is self adjoint because a normal element with spec-
trum inside R is a self adjoint element by Lemma D.4.2. The previous item
implies that u ∈ U0(A), where U0(A) is the set of unitaries of A that are
homotopic to the identity.

3. We have that,

∥v∗u− 1A∥ = ∥v∗(u− v)∥ ≤ ∥v∗∥∥u− v∥ ≤ 2,

thus, given that the spectral radius is bounded above by the norm (Remark B.1.2),
we have that Sp(v∗u− 1A) ⊂ B(0, 2). Since v∗u = (v∗u− 1A) + 1A, the spec-
tral mapping of the holomorphic functional calculus (Theorem B.3.1) implies
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that Sp(v∗u) ⊂ B(1, 2). The previous statement implies that −1 /∈ Sp(v∗u),
thus Sp(v∗u) ⊂ D, and we can compute the logarithm of v∗u using the holo-
morphic functional calculus, so set

h = log(v∗u)/i,

as in the previous item h is a self adjoint element by the continuous functional
calculus, and u = v exp{ih}. Since the map z 7→ exp(z) is an entire function,
Proposition B.3.4 tells us that t → exp(iht) is a continuous map, thus, η is a
continuous path from v to u, and we end up with u ∼h v as desire.

From Theorem B.3.2 we know that any two homotopic invertibles u, v of a unital
C* algebra A can be related through an expression like

u = v(exp (a1) exp (a2) · · · exp (ak)),

in the next theorem we show how this translates into an continuous path of unitaries
if both u and v are unitaries,

Theorem 2.1.1 (Description of U(A) (Proposition 2.1.6 [Rørdam et al., 2000])). Let A
be a unital C∗-algebra, denote by Asa the set of self-adjoint elements of A, denote by U0(A)
is the set of unitaries of A that are homotopic to the identity, then,

1. U0(A) is a normal subgroup of U(A).

2. U0(A) is open and closed relative to U(A).

3. An element u in A belongs to U0(A) if and only if

u = exp (ih1) · exp (ih2) · · · exp (ihn)

for some natural number n and h1, h2, . . . , hn ∈ Asa.

4. If A is commutative then U0(A) = exp{iAsa}

Proof. 1. Given that the computing the inverse is a continuous from G(A) into
G(A) and the multiplication is continuous in G(A) (Proposition B.1.1), if we
assume that t → ut, t → vt are continuous paths untiaries from 1A to u and
v respectively, then, t → (ut)−1 and t → vtut(vt)−1 are continuous paths of
unitaries from 1A to u∗ and vuv∗ respectively, which implies that U0(A) is a
normal sub group of A.

2. Let β be an accumulation point of U0(A), then, there is an element u ∈ U0(A)
such that ∥a− β∥ ≤ 2, which implies that u ∼h β by Lemma 2.1.2. If t → at
is an homotopy connecting 1A and u then we can concatenate the homotopy
t → ut with the homotopy from u to β to get an homotopy of unitaries from
1A to β, that is, β ∈ U0(A). Therefore, U0(A) is closed with respect to U(A).
Using Lemma 2.1.2 you can show that if u ∈ U0(A), then, any unitary close
enought to u are homotopic of u, thus U0(A) is open with respect to U(A).

3. Let

E = {exp (ih1) exp (ih2) · · · exp (ihk) : h1, . . . , hk ∈ Asa, k ∈N} ,

then E is a subgroup of U(A) and E ∈ U0(A). Take

u = exp (ih1) exp (ih2) · · · exp (ihk)
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then if ∥v− u∥ ≤ 2 there is x ∈ Asa such that v = u exp{ih}, thus v ∈ E and
E is open. Also, every left coset of E is open with respect to U(A) because
the mapping u → uv is a homeomorphism when u ∈ E, which implies that
G \ E is open with respect to U(A), hence E is closed with respect to U(A).
So, E is a non-empty open and closed subset of U0(A), which leaves no other
alternative that U0(A) = E. We end up having that every coset of U0(A) in
U(A) is a connected open and closed subset of U(A), and are the topological
components of U(A).

4. If A is commutative then

exp (ih1) exp (ih2) · · · exp (ihk) = exp (i(h1 + h2 + · · ·+ hk))

by Proposition B.3.2, therefore U0(A) = exp{iAsa}.

In the following, if A is a C* algebra and we have a function η : [0, 1]→ A, we say
that η is a smooth path if η is infinitely differentiable as a function from [0, 1] into
A, where the derivative of such a function takes the usual definition as exposed in
Remark B.3.5.

Lemma 2.1.3. Let A be a unital C* algebra, then,

1. If a1, · · · , an are elements of A, then, the following is a smooth path of invertible
elements of A

η(t) = exp (ta1) exp (ta2) · · · exp (tan) .

2. If h1, · · · , hn are self adjoint elements of A, then, the following is a smooth path of
unitaries of A

η(t) = exp (tih1) exp (tih2) · · · exp (tihn) .

Proof. 1. From Proposition B.3.2 we know that exp
(
taj
)

is an invertible element
for any t ∈ C. Since the function t 7→ exp(t) is an holomorphpic function,
Proposition B.3.4 tells us that the map t 7→ exp

(
taj
)

is a smooth path of
elements of A, so, given that η is a multiplication of such paths, the Leibniz
rule (Remark B.3.5) implies that η is a smooth path of invertible elements of
A.

2. From Theorem 2.1.1 we know that exp
(
tihj
)

is an unitary for any t ∈ C. Since
the function t 7→ exp(t) is an holomorphpic function, Proposition B.3.4 tells us
that the map t 7→ exp

(
tihj
)

is a smooth path of elements of A, so, given that η
is a multiplication of such paths, the Leibniz rule (Remark B.3.5) implies that
η is a smooth path of unitaries of A.

Proposition 2.1.2. Let A be a unital C* algebra, then,

1. If u, v ∈ G(A) and u ∼h v, then, there is a smooth path of invertible elements η from
u to v taking the following form,

η(t) = u exp (ta1) exp (ta2) · · · exp (tak) , η(0) = u, η(1) = 1,

where a1, · · · , an are elements of A.



68 k theory and the non commutative brillouin torus

2. If u, v ∈ U(A) and u ∼h v, then, there is a smooth path of unitaries η from u to v
taking the following form,

η(t) = v exp (tih1) exp (tih2) · · · exp (tihk) , η(0) = u, η(1) = 1,

where h1, · · · , hn are self-adjoint elements of A.

Proof. This proposition is a consequence of the properties of the holomorphic func-
tional calculus over Banach algebras (Appendix B.3) as we proceed to check,

1. From Theorem B.3.2 we know that the connected components of the group
G(A) look like

u exp (a1) exp (a2) · · · exp (an)

with a1, . . . , an elements of A and u is a representative of a connected compo-
nent of G(A), therefore, if two invertible elements u, v are homotopic we can
construct a canonical path between them as

η(t) = u exp (ta1) exp (ta2) · · · exp (tan)), η(0) = u, γ(1) = v.

From Lemma 2.1.3 we get that η is a smooth path of invertible elements of A.

2. From Theorem 2.1.1 we know that the connected components of the group
U(A) look like

u exp (ih1) exp (ih2) · · · exp (ihn)

with h1, . . . , hn self adjoint elements of A and u is a representative of a con-
nected component of U(A), therefore, if two unitaries u, v are homotopic we
can construct a canonical path between them as

η(t) = u exp (tih1) exp (tih2) · · · exp (tihn)), η(0) = u, γ(1) = v.

From Lemma 2.1.3 we get that η is a smooth path of unitaries inside A.

The specific form of the smooth paths in Proposition 2.1.2 is be very convenient
for the pairing between cyclic cohomology and K theory (Appendix H.3.3), addi-
tionally, this type of smooth paths takes the same form in smooth sub algebras
(Proposition 2.2.4).

2.1.3 Projections and idempotents

Idempotents and projections are the other ingredients of the K theory of C* algebras,
so, in the present section we focus on some properties of those elements,

Proposition 2.1.3 (P(A) is a retraction of Q(A) (Lemma 11.2.7. [Rørdam et al.,
2000])). Let A be a C∗-algebra.

1. For every idempotent element e in A, η(e) = ee∗ (1A+ + (e− e∗) (e∗ − e))−1 defines
a projection in A.

2. The map η : Q(A) → P(A) is continuous, η(p) = p for every projection p in A,
and η(e) ∼h e in Q(A) for every idempotent e in A.

3. If p and q are projections in A with p ∼h q in Q(B), then p ∼h q in P(A).
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Proof. We follow [Rørdam et al., 2000, Lemma 11.2.7.]. We reproduce the proof
because we want to showcase how all the constructions needed in the proof only
need of the holomorphic calculus, which makes them applicable to the context of
smooth sub algebras.

1. Let e ∈ Q(A) and set h = 1A+ + (e− e∗)(e∗ − e), then h is positive because is
the sum of the positive elements 1A+ and (e− e∗)(e∗ − e) (Proposition D.4.3).
Since h is the result of applying the function x 7→ 1 + x, the spectral mapping
of the continuous functional calculus (Theorem D.4.1) tell us that Sp(h) =
1 + Sp((e − e∗)(e∗ − e)), given that (e − e∗)(e∗ − e) is a positive element we
know that Sp((e− e∗)(e∗ − e)) ⊂ R+, therefore,

0 /∈ Sp(1A+ + (e− e∗)(e∗ − e)),

which tell us that h is invertible. Let η(e) = ee∗h−1, then η(e) ∈ A because A is
an ideal of A+. By definition h is self adjoint, therefore h−1 is also self adjoint,
and doing algebraic manipulations ([Rørdam et al., 2000, Lemma 11.2.7.]) is
possible to check that ee∗h = (ee∗)2 = hee∗, η(e)e = e and eη(e) = η(e), which
implies that (ee∗h−1)∗ = h−1ee∗ = ee∗h−1, thus η(e) is self ajdoint. Also
η(e)2 = η(e), thus η(e) ∈ P(A).

2. By definition, if e ∈ P(A) then η(e) = ee∗1B = e, thus P(A) is a fixed point
of η. Recall that multiplication, inversion and addition are continuous on A+,
therefore e → η(e) is continuous. Set γ(t) = 1A+ − t(e− η(e)) for t ∈ [0, 1],
then γ(t) is invertible with inverse (γ(t))−1 = 1 + t(e − η(e)). Therefore
(γ(t))−1eγ(t) ∈ Q(A) and we have that

e = (γ(0))−1eγ(0) ∼h (γ(1))−1eγ(1) = η(e) in Q(A).

3. Suppose that t→ et is an homotopy of elements in Q(A) from e0 = p to e1 = q
with p, q ∈ P(A), then t → η(et) is a composition of two continuous maps,
therefore is a continuous path in P(A) from η(e0) = p to η(e1) = q.

Given that P(A) ⊂ Q(A), the previous result tell us that the connected com-
ponents of Q(A) are in one to one correspondence to the connected components
of P(A), therefore, to analyze the connected components of Q(A) is equivalent to
study the connected components of P(A).

In Proposition 2.1.2 we showed how the holomorphic calculus provided us with
canonical smooth paths between invertibles and unitaries, now we look in how this
can be generalized into idempotents and projections.

Lemma 2.1.4 ((Proposition 4.3.2 [Blackadar, 2012])). Let A be a C* algebra and e, f ∈
Q(A) with ∥e − f ∥ < 1/∥2e − 1A+∥, then e ∼s f i.e. there exists x ∈ G(A) with
x−1ex = f , additionally, x takes the following form x = exp(b) ∈ G0(A). Additionally,
we have that e ∼h f through the following smooth path of idempotents,

γ(t) = exp(−tb)e exp(tb), γ(0) = e, γ(1) = f .

Proof. Set v = (2e− 1A+)((2 f − 1A+)) + 1A+ , then

∥1A+ − v/2∥ ≤ ∥2e− 1A+∥∥e− f ∥ < 1,

therefore v/2 is invertible and can be expressed exp(b) = v/2 with b ∈ A+ (Propo-
sition B.3.3). After algebraic manipulations you can check that ev = v f = 2e f ,
therefore if x = v/2 we end up with

x−1ex = f = exp(−b)e exp(b),
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as desired, moreover, we can create a smooth path of idempotents as follows

γ(t) = exp(−tb)e exp(tb),

with γ(0) = e and γ(1) = f . Lemma 2.1.3 tells us that γ is a smooth path, addition-
ally, lies inside A because e ∈ A and A is an ideal of A+ (Appendix D.2).

Proposition 2.1.4 (Canonical paths between idempotents (Proposition 4.3.2 [Black-
adar, 2012])). Let A be a C* algebra and e, f ∈ Q(A) with e ∼h f , then there is a smooth
path of invertibles

η : [0, 1]→ G0(A+)

such that η(0) = 1A+ , and (η(1))−1eη(1) = f . The path η takes the following form,

η(t) = exp(tb1) . . . exp(tbn−1) exp(tbn), b1, · · · , bn ∈ A+,

hence, we have that e ∼s f . Additionally, e ∼h f through the smooth path of idempotents,

γ(t) = η(t)−1eη(t), γ(0) = e, γ(t) = f .

Proof. Let γ : [0, 1] → Q(A) be a path of idempotents with γ(0) = e and γ(1) = f ,
chose k with ∥2γ(t)− 1A+∥ < k, then, the uniform continuity of the function

t→ γ(t)

assets us that we can find a partition 0 = t0 ≤ t1 ≤ · · · ≤ tn = 1 such that

∥γ(t)− γ(s)∥ < 1/k, t, s ∈ [ti, ti+1].

From Lemma 2.1.4, we know that there is b ∈ A+ such that s→ exp(−sbi)γ(ti−1) exp(sb)
is a smooth path of idempotents from γ(ti−1) to γ(ti).

Since γ(t1) = exp(−b1)e exp(b1) and γ(t2) = exp{−b2}γ(t1) exp{b2} then we
have that

γ(t2) = exp(−b2) exp(−b1)e exp(b1) exp(b2),

this process can be iterated to get

f = exp(−bn) . . . exp(−b1)e exp(b1) . . . exp(bn).

Set a = exp{b1} . . . exp{bn}, then Theorem B.3.2 tell us that a ∈ G0(A+), also,
Lemma 2.1.3 implies that

η : [0, 1]→ Q(A), s→ exp(−tbn) . . . exp(−tb1)e exp(tb1) . . . exp(tbn)

is a smooth path of idempotents. η(t) lies within A because e ∈ A and A is an ideal
of A+ (Appendix D.2).

We have constructed canonical paths between homotopic idempotents, these smooth
paths are useful when in the realm of cyclic cohomology (Appendix H.3). Addition-
ally, if we look into projections, we can construct these paths out of unitaries.

Proposition 2.1.5 (Similar projections are unitary equivalent (Proposition 2.2.5 [Rørdam
et al., 2000])). Let a, b be self-adjoint elements in a unital C∗-algebra A, and suppose that
b = z−1az for some invertible element z in A. Let z = u|z| be the polar decomposition for
z with u in U(A) (Proposition D.4.4), then, b = u∗au.
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Proof. The equation b = z−1az implies that zb = az, additionally, given that a, b are
self adjoint we get bz∗ = z∗a. The previous claims imply that,

|z|2a = (zz∗)a = zbz∗ = azz∗ = a|z|2,

thus, a commutes with zz∗ = |z|2, and with any complex polynomial in the variable
zz∗ = |z|2. Since C∗(1A, zz∗) is the sub C* algebra of A where the polynoimals on
zz∗ are dense, we have that a commutes with any element of C∗(1A, zz∗). Since
z has an inverse, then z∗ is also invertible, thus, zz∗ is an invertible element of A,
which implies that 0 /∈ Sp(zz∗), additionally, zz∗ is a positive element of A (Propo-
sition D.4.3), thus, Sp(zz∗) ⊂ (0, ∞). Given that the function ω → ω−1/2 is holo-
morphic over the spectrum of zz∗, the holomorphic functional calculus tell us that
|z|−1 = (zz∗)−1/2, additionally, |z|−1 can also be computed using the continuous
functional calculus over A (Lemma D.4.1), thus, the argument layout at the begin-
ning of the proof implies that a commutes with |z|−1. From the previous results it
follows that

u∗au = u∗a|z|−1z = u∗|z|−1az = u∗|z|−1zb = u∗ub = b,

as desired.

We can use Proposition 2.1.5 to come up with canonical paths between projections
using unitaries

Proposition 2.1.6 (Close projections are unitary equivalent). If p, q ∈ P(A) and

∥p− q∥ ≤ 1,

then p ∼u q with u∗pu = q and u ∈ U0(A+), also p ∼h q through a smooth path of
projections taking the following form,

η(t) = exp (−ithn) · · · exp (−ith1) p exp (ith1) · · · exp (ithn) , η(0) = 0, η(1) = q,

where h1, · · · , hn are self adjoint elements of A+.

Proof. Notice that 2q− 1A+ ∈ U(A+), thus ∥2q− 1A+∥ = 1 and we can use Lemma 2.1.4
to find b ∈ G0(A+) such that b−1 pb = q. Let b = |b|u the polar decomposition of b,
then Proposition 2.1.5 tell us that u∗pu = q, moreover, since U(A+) is a retraction
of G(A+) (Proposition 2.1.1), we get that u ∼h 1A+ in U(A+).

By the characterization of U(A+) (Theorem 2.1.1), we get that

u = exp (ih1) · · · exp (ihn) ,

where h1, . . . , hn are self adjoint elements of A+, also, Lemma 2.1.3 tells us that the
path

η : [0, 1]→ P(A), η(t) = exp (−ithn) · · · exp (−ith1) p exp (ith1) · · · exp (ithn)

is a smooth path of projections from p = η(0) to q = η(1). We have that η lies
within A because p ∈ A and A is an ideal of A+ (Appendix D.2).

The previous proposition leads to,

Proposition 2.1.7 (Canonical paths between projections). Let A be a C* algebra and
p, q ∈ P(A) with p ∼h q, then there is a smooth path of unitaries

η : [0, 1]→ U0(A+)
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such that η(0) = 1A+ , and (η(1))∗pη(1) = q. The path η takes the following form

η(t) = exp(tih1) . . . exp(tihn−1) exp(tihn)

where h1, · · · , hn as self adjoint elements of A+, hence, p ∼u q. Additionally, p ∼h q
through the smooth path

γ(t) = η(t)∗pη(t), γ(0) = p, γ(1) = q.

Proof. Let γ̃ : [0, 1] → P(A) be a path of projections with γ̃(0) = p and γ̃(1) = q,
then the uniform continuity of the function

t→ γ̃(t)

asset us that we can find a partition 0 = t0 ≤ t1 ≤ · · · ≤ tn = 1 such that

∥γ̃(t)− γ̃(s)∥ < 1, t, s ∈ [ti, ti+1].

From Proposition 2.1.6 we know that there are ui ∈ U0(A+) such that γ̃(ti) =
u∗i γ̃(ti−1)ui, therefore, we have that

q = u∗nu∗n−1 . . . u∗1 pu1 . . . un−1un.

Since U0(A+) is a subgroup of U(A+) we have that v = u1 . . . un−1un belongs to
U0(A+), and by Theorem 2.1.1 we get that

v = exp(ih1) · · · exp(ihn),

where h1, . . . , hn are self adjoint elements of A+. Consequently, we can define that
path of projections

γ : [0, 1]→ P(A), γ(t) = exp(−ithn) · · · exp(−ith1)p exp(ith1) · · · exp(ithn),

and Lemma 2.1.3 tells us that it is a smooth path. We have that γ(t) ∈ A because
p ∈ A and A is an ideal of A+ (Appendix D.2).

Given that matrix algebras with entries in C* algebras are C* algebras, the previ-
ous results also apply to matrix algebras.

2.1.4 Groups K0 and K1

For Mn(A) there are canonical injective *-homomorphisms (Appendix D.7.1)

in,m : Mn(A)→ Mm(A) : T 7→
(

T 0
0 0m−n

)
,

where we denote,

T ⊕ 0m−n :=
(

T 0
0 0m−n

)
,

therefore, we have the following maps

in,m : Qn(A)→ Qm(A), in,m(e) = e⊕ 0m−n,

in,m : Pn(A)→ Pm(A), in,m(p) = p⊕ 0m−n,

because
(e⊕ 0m−n)(e⊕ 0m−n) = e⊕ 0m−n iff e2 = e
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and
(p⊕ 0m−n)

∗ = p⊕ 0m−n iff p∗ = p.

If A has a unit, then for invertible and unitary matrices we have the following
injective *-homomorphisms,

jn,m : Gn(A)→ Gm(A), jn,m(v) = v⊕ 1Mm−n(A), with v⊕ 1Mm−n(A) :=
(

v 0
0 1Mm−n(A)

)
and

jn,m : Un(A)→ Um(A), jn,m(u) = u⊕ 1Mm−n(A), with u⊕ 1Mm−n(A) :=
(

u 0
0 1Mm−n(A)

)
because

v⊕ 1Mm(A) ∈ Gm(A) iff v ∈ Gn(A)

and
u⊕ 1Mm(A) ∈ Um(A) iff u ∈ Un(A).

Let A be a C* algebra, then, the groups K0 and K1 are constructed using matrix
algebras over A with arbitrary dimension, therefore, we introduce the sets,

M∞(A) :=
∞⋃

n=1

Mn(A); U∞(A) :=
∞⋃

n=1

Un(A); G∞(A) :=
∞⋃

n=1

Gn(A);

Q∞(A) :=
∞⋃

n=1

Qn(A); P∞(A) :=
∞⋃

n=1

Pn(A).

On the aforementioned sets we will introduce the following equivalence relations,

• If e, f ∈ M∞(A) and in,m(e) = f , then e and f would represent the same
element inside M∞(A).

• If e, f ∈ Q∞(A) and in,m(e) = f , then e and f would represent the same
element inside Q∞(A).

• If p, q ∈ P∞(A) and in,m(p) = q, then p and q would represent the same
element inside P∞(A).

• If v, w ∈ G∞(A) and jn,m(v) = w, then v and w would represent the same
element inside G∞(A).

• If u, v ∈ U∞(A) and jn,m(u) = v, then u and v would represent the same
element inside U∞(A).

From now on the notation M∞(A), G∞(A), U∞(A), Q∞(A) and P∞(A) will refer
to the sets obtained from identifying the elements using the equivalence relations
coming from the injective *-homomorphisms in,m and jn,m.

Remark 2.1.1. Some authors provide M∞(A) with the structure of an inductive limit of C*
algebras [Blackadar, 2012, Section 3.3], in which case is becomes a dense *-algebra of K⊗ A
as is mentioned in Appendix D.7.2. In this case the groups K0(A) and K1(A) can defined
in terms of Q(K ⊗ A) (P(K ⊗ A)) and G(K ⊗ A) (U(K ⊗ A)), and their definition is
going to be equivalent to the one we give in Section 2.1.4 and Section 2.1.4 ([Blackadar,
2012, Section 8.1], [Wegge-Olsen, 1993, page 116]).
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K0

Let A be a C* algebra, then, on the set P∞(A), we can define the following equiva-
lence relation, take p ∈ Pn(A), q ∈ Pm(A), then,

p ∼h q if ∃k > n, m s.t. p⊕ 0k−n ∼h q⊕ 0k−m over Pk(A).

Denote
V(A) := P∞(A)/ ∼h,

then, V(A) becomes an abelian semigroup under the following addition ([Wegge-
Olsen, 1993, Proposition 6.1.3]),

[p] + [q] = [p⊕ q]

and its neutral element is 0 = [0]. Notice that [Wegge-Olsen, 1993, Proposition
6.1.3] does not use the equivalence relation ∼h to define V(A), however, it is stated
in [Wegge-Olsen, 1993, Remark 6.1.2] that ∼h define the same equivalence classes
as the equivalence relation used in [Wegge-Olsen, 1993, Proposition 6.1.3].

The mapping A 7→ V(A) is a covariant functor from the category of C* algebras
into the category of abelian semigroups ([Wegge-Olsen, 1993, Proposition 6.1.3]),
such that, if α : A→ B is a C* homomorphism, then the induced map α∗ : V(A)→
V(B) given by

α∗
([(

aij
)])

:=
[(

α
(
aij
))]

is a well-defined homomorphism of semigroups.

For the definition of K0(A) the following group is key, denote by GT (V(A)) the
Grothendieck group of V(A) ([Wegge-Olsen, 1993, Appendix G]), which can be
seen as the set of formal differences of elements of V(A), i.e.

GT (V(A)) = {[p]− [q]|[p], [q] ∈ V(A)}.

We would like to emphasize that [p]− [q] is a notation, but it does not refer to the
application of substraction between elements of V(A), in fact, [p] − [q] = [p′] −
[q] imply [p] = [p′] iff V(A) has the cancelation property ([Wegge-Olsen, 1993,
Appendix G, proposition in page 296]). We denote

K00(A) := GT (V(A)),

and we have that K00(C) = Z ([Wegge-Olsen, 1993, Examples 6.1.4]).

Let A be a C* algebra and let

0 −→ A ι−→ A+
π
⇄
λ

C −→ 0

be the exact sequence of the unitization of A (Appendix D.2), then, there is a group
homomorphism ([Wegge-Olsen, 1993, Appendix G, corollary in page 297])

π∗ : K00
(

A+
)
→ K00(C),

Definition 2.1.2 (group K0). Let A be a C* algebra, then, set

K0(A) := Ker
(
π∗ : K00

(
A+
)
→ Z

)
⊂ K00

(
A+
)

.

Theorem 2.1.2 (Properties of K0). Let A be a C* algebra, then:
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• [Wegge-Olsen, 1993, Proposition 6.2.2]:

– if A is unital then K0(A) = K00(A)

– K0(A+) ≃ K0(A)⊕Z

• [Wegge-Olsen, 1993, Proposition 6.2.7]:

– For any C∗-algebra A, K0(A) is an abelian group.

– The elements of K0(A) can be visualized as formal differences

[p]− [q]

where p and q are projections in Mk (A+)for some k ∈N and p− q ∈ Mk(A).
When A is unital, p and q may be chosen in Mk(A) rather than Mk (A+).

• [Wegge-Olsen, 1993, Proposition 6.2.4]: K0 is a covariant functor from the category
of C∗ algebras to the category of abelian groups. Let α : A → B be a homomorphism
of C* algebras, then, there is an induced homomorphism of abelian groups given by,

α∗
([(

xij
)]
−
[(

yij
)])

:=
[(

α+xij
)]
−
[(

α+yij
)]

,

where the matrices
(

xij
)

,
(
yij
)

are projections in M∞ (A+), and α+ : A+ → B+is
the unital morphism defined by α+(a + λ) := α(a) + λ.

In [Wegge-Olsen, 1993, Section 6.5] and [Rørdam et al., 2000, Table of K-groups]
you can find a catalog of the commonly used K0 groups.

K1

Let A be a C* algebra, then, on the set U∞(A+) we can define the following equiva-
lence relation, take u ∈ Un(A+), v ∈ Um(A+), then,

u ∼h v if ∃k > n, m s.t. u⊕ 1k−n ∼h v⊕ 1k−m over Uk(A+).

Under this setting, the Whitehead lemma (Lemma G.1.1) can be used to show that
U∞(A+)/ ∼h becomes an abelian group ([Wegge-Olsen, 1993, Proposition 7.1.2])
under the following addition,

[u] + [v] = [u⊕ v].

Definition 2.1.3 (group K1). Let A be a C* algebra, then, define

K1(A) = U∞(A+)/ ∼h .

When u ∈ Un(A+), then, [u] ∈ K1(A) denotes the connected component containing
u⊕ 1k for all k ∈N.

Theorem 2.1.3 (Properties of K1). Let A be a C* algebra, then

• [Wegge-Olsen, 1993, Proposition 7.1.2]: K1(A) is a commutative group with addition
given by

[u] + [v] := [u⊕ v].

• [Wegge-Olsen, 1993, Remarks 7.1.3]: If A is unital then

K1(A) = U∞(A)/ ∼h .
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• [Wegge-Olsen, 1993, Proposition 7.1.6]: K1 is a covariant, homotopy invariant func-
tor from the category of C∗ algebras to the category of abelian groups.

In [Wegge-Olsen, 1993, Corollary 7.1.12] and [Rørdam et al., 2000, Table of K-
groups] you can find various examples of K1 groups.

Remark 2.1.2 (K1(A) as equivalence of invertibles). From propositon Proposition 2.1.1
we know that the connected components of G(A) are in one to one correspondence to the
connected components of U(A), moreover, since Mn(A) is also a unitary C* algebra we
have that Un(A) is also a deformation retract of Gn(A). Therefore, u ∼h v in Gn(A) iff
u|u|−1 ∼h v|v|−1 in Un(A), which in turn provides us with an isomorphism

G∞(A)/ ∼h ≃ U∞(A)/ ∼h = K1(A).

Remark 2.1.3 (If A is a separable C* algebras then Ki(A) is at most countable). Let
A be a separable C* algebra, then

• K0(A) is at most a countable group ([Argerami, 2022]),

• K1(A) is at most a countable group ([Aweygan, 2020]).

K groups of separable C* algebras are at most countable (Remark 2.1.3), which
makes them a great tool to assign indices to homotopy classes of unitaries and
projections. Countable groups provide an intuitive framework to assign labels, and
they have a natural topology that clearly differentiates points (discrete topology),
whilst uncountable groups have no natural topology per se, and are way harder
to deal with. For example, the C* algebras that contain the tight binding models
for topological insulators are separable (Remark 1.2.4), which implies that their K
groups are countable (Section 3.1.1).

2.2 K0 and K1 for smooth sub algebras

Let A be a unital C* algebra and A a smooth sub-algebra of A (Definition E.1.1),
then we define K0(A) and K1(A) in the same way as for the C* algebra A, that is,
using the homotopy equivalence relations over projections and unitaries on matrix
algebras over A.

2.2.1 Equivalence relations on smooth sub algebras

The characterization of unitaries and invertibles of C* algebras described in Proposi-
tion 2.1.2 has a similar setup in unital smooth sub algebras because as is mentioned
in Appendix E.1, many of the properties of C* algebras are present in smooth sub
algebras, like the fact that the inversion is continuous (Proposition E.1.2) and the
set of invertible elements is open (Lemma E.1.1). Following Definition E.1.2 we de-
note by A+ the Fréchet algebra whose underlying set is {(a, λ) : a ∈ A, λ ∈ C}
provided with the following operations

• (a, λ) + (b, γ) := (a + b, λ + γ),

• (a, λ)∗ := (a∗, λ∗),

• (a, λ)(b, γ) := (ab + γa + λb, λγ).
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Notice that if A is a non unital C* algebra, then, A+ is a smooth sub algebra of
A+(Corollary E.1.1).

Definition 2.2.1. Let A be a unital C* algebra and A a smooth sub algebra of A, then, we
introduce the following notation

• If p, q ∈ P(A), we say that p ∼h q inside P(A) if there is a path of projections from
p to q and that path is continuous with respect the topology of A. (homotopy)

• If e, f ∈ Q(A), we say that p ∼h q inside Q(A) if there path of idempotents from e
to f and that path is continuous with respect the topology of A . (homotopy)

• If x, y ∈ G(A), we say that x ∼h y if there is a path of invertible elements of A from
x to y and that path is continuous with respect the topology of A. (homotopy)

• If u, v ∈ U(A), we say that u ∼h v if there is a path of unitaries in A from u to v
and that path is continuos with respect the topology of A. (homotopy)

Smooth sub-algebras are well-behaved with respect to homotopic equivalence
relations because we will be able to capture the structure of the path connected
components of idempotents, projections, invertibles and unitaries of C* algebras
through the connected components of the corresponding elements in smooth sub
algebras.

Proposition 2.2.1 (Invertibles and unitaries of smooth sub algebras are dense). Let
A be a unital C* algebra and A a smooth sub algebra of A (Appendix E.1), then

1. G(A) is dense in G(A)

2. U(A) is dense in U(A)

Proof. 1. From Proposition B.1.1 we know that G(A) is open in A, thus, every
element of G(A) has a neighborhood Va of invertible elements. Since A is
dense in A (Definition E.1.1) we know that there is an element b of A that
belongs to Va, additionally, from Lemma E.1.1 we know that G(A) = A ∩
G(A), thus, b ∈ G(A) and we get that G(A) is dense in G(A).

2. From Proposition 2.1.1 we know that the map ω : G(A) → U(A) given by
the polar decomposition z = |z|ω(z) (Proposition D.4.4) is continuous and
surjective. Since G(A) is dense inside G(A), for any ϵ > 0 and any u ∈
U(A) ⊂ G(A) we can find x ∈ G(A) such that ∥ω(x) − u∥ ≤ ϵ. From
Proposition E.1.7 we know that ω(x) ∈ U(A), which implies that U(A) is
dense U(A).

The following argument will be useful for the proof of Proposition 2.2.2.

Proposition 2.2.2 (Idempotents and projections of smooth sub algebras are dense).
Let A be a C* algebra and A a smooth sub algebra of A (Appendix E.1), then

1. Q(A) is dense in Q(A)

2. P(A) is dense in P(A)
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Proof. Before we outline the proofs for these statements we will look into a small
result that will be helpful. Let A be a Banach algebra without unit and e ∈ Q(A+)
with e = (a, α), we have that

e2 = (a2 + 2αa, α2) = (a, α).

The only idempotents of C are 0, 1, thus we must have that α = 0 or α = 1. If α = 1
then we get that a2 = −a, thus ia ∈ Q(A), on the other side, if α = 0 then a2 = a,
thus a ∈ Q(A).

Now we proceed to proof for the results,

1. Assume that A has a unit and e ∈ Q(A), in this case Lemma B.3.3 tell us
that for every ϵ > 0 there is a δ > 0 such that, if ∥e − a∥ ≤ a, then, there
exists a function g that is holomorphic on Sp(a) such that g(a) ∈ Q(A) and
∥g(a)− e∥ ≤ ϵ. Since A is dense in A (Definition E.1.1) we can chose a ∈ A,
and the invariance under holomorphic functional calculus of A tell us that
g(a) ∈ A, thus Q(A) is dense in Q(A).

If A has no unit, then we use the previous argument to find an element
b ∈ Q(A+) such that ∥b − e∥A+ ≤ ϵ when e ∈ A, since A+ is invariant
under the holomorphic calculus of A+ by Proposition E.1.1. Given that b is an
idempotent of A+, we could only have that b = (b0, β) with β = 0 of β = 1, if
β = 0 then b ∈ A, also, if ϵ < 1 then β must be 0 because |β− 0| ≤ ∥b− e∥ ≤ ϵ,
so, taking ϵ < 1 guaranties that b ∈ Q(A).

2. From Proposition 2.1.3 we know that the map

e→ ee∗ (1A+ + (e− e∗) (e∗ − e))−1

takes an idempotent and returns a projection, such that η(p) = p is p is a
projection. Also, the map η : Q(A) → P(A) is continuous, thus, if p ∈ P(A)
then there is δ > 0 such that if ∥e− f ∥ ≤ δ then ∥η(e)− η( f )∥ ≤ ϵ. So, we
just need to use the density of Q(A) in Q(A) to find a e ∈ Q(A) such that
∥e− p∥ ≤ δ, which implies that ∥η(e)− p∥ ≤ ϵ. Since A is closed under the
computation of involution (Definition E.1.1) and the computation of inverse
(Lemma E.1.1), if we set e ∈ Q(A) we get that η(e) ∈ P(A), hence, P(A) is
dense in P(A).

From Proposition 2.2.2 and Proposition 2.2.1 we get that smooth sub algebras
allow us to arbitrarily approximate invertibles in their C* algebras with invertibles
in the smooth sub algebra, and similar relations hold for unitaries, idempotents and
projections.

In the following, if A is a C* algebra and A a smooth sub algebra of A, if we have
a function η : [0, 1] → A, we say that η is a smooth path if η is infinitely differen-
tiable as a function from [0, 1] into A, where A is understood as a Fréchet algebra
(Definition E.1.1) and the derivative of η takes the usual definition as exposed in
Remark B.3.5.

Lemma 2.2.1. Let A be a unital C* algebra and A a smooth sub algebra of A, then,

1. If a1, · · · , an are elements of A, then, the following is a smooth path of invertible
elements of A

η(t) = exp (ta1) exp (ta2) · · · exp (tan) .
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2. If h1, · · · , hn are self adjoint elements of A, then, the following is a smooth path of
unitaries of A

η(t) = exp (tih1) exp (tih2) · · · exp (tihn) .

Proof. 1. Given that aj ∈ A, from Proposition B.3.2 we know that exp
(
taj
)

is an
invertible element for any t ∈ C, additionally, since A is closed under the holo-
morphic functional calculus of A (Definition E.1.1), we have that exp

(
taj
)
∈ A.

Since the function t 7→ exp(t) is an holomorphpic function, Proposition E.1.8
tells us that the map t 7→ exp

(
taj
)

is a smooth path of elements of A, so,
given that η is a multiplication of such paths, the Leibniz rule (Remark B.3.5)
implies that η is a smooth path of invertible elements of A.

2. Given that aj ∈ A, from Theorem 2.1.1 we know that exp
(
tihj
)

is an unitary
for any t ∈ C, additionally, sinceA is closed under the holomorphic functional
calculus of A (Definition E.1.1), we have that exp

(
tihj
)
∈ A. Since the function

t 7→ exp(t) is an holomorphpic function, Proposition E.1.8 tells us that the
map t 7→ exp

(
tihj
)

is a smooth path of elements of A, so, given that η is a
multiplication of such paths, the Leibniz rule (Remark B.3.5) implies that η is
a smooth path of unitaries of A.

Remark 2.2.1 (The importance of the holomorphic functional calculus over smooth
sub algebras). Let A be a unital C* algebra and A a smooth sub algebra of A, take
a1, · · · , an as elements of A. Since A is closed under the holomorphic functional calculus
over A (Definition E.1.1), we can use the holomorphic functional calculus over A (Theo-
rem B.3.1) to come up with a path, η : [0, 1]→ G(A) taking the following form

η(t) = exp (ta1) exp (ta2) · · · exp (tan) ,

and Lemma 2.1.3 tell us that is is a smooth path from [0, 1] into A. Since the topology of A
is stronger than the topology of A (Definition E.1.1), we cannot deduce that η is a smooth
path from [0, 1] into A using Lemma 2.1.3, thus, we need to use other tools.

Under this setting, the holomorphic functional calculus overA (Appendix E.1.1) provides
us with the tools to prove that η is a smooth path from [0, 1] into A. Notice that the
holomorphic functional calculus over A takes into account its topology as a Fréchet algebra,
and this is the necessary setting to show that η is a smooth function from [0, 1] into A.

Proposition 2.2.3. (Canonical paths of idempotents and projections in smooth sub algebras)
Let A be C* algebra and A a smooth sub algebra of A, then,

1. Take e, f ∈ Q(A), then e ∼h f in Q(A) iff e ∼h f in Q(A). Additionally, if
e, f ∈ Q(A) and e ∼h f inside Q(A), there is a smooth path η of idempotents inside
A that connects e with f and takes the following form,

η(t) = exp(−tbn) · · · exp(−tb1)e exp(tb1) · · · exp(tbn), η(0) = e, η(1) = f ,

where b1, . . . , bn are elements of A+, and b1, . . . , bn are elements of A is A is a unital
C* algebra.

2. Take p, q ∈ P(A), then p ∼h q in P(A) iff p ∼h q in P(A). Additionally, if
p, q ∈ P(A) and p ∼h q inside P(A), there is a smooth path of projections inside A
that connects p with q and takes the following form,

η(t) = exp(−tihn) · · · exp(−tih1)p exp(tih1) · · · exp(tihn), η(0) = p, η(1) = q,

where h1, . . . , hn are self adjoint elements of A+, and h1, . . . , hn are elements of A is
A is a unital C* algebra.
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Proof. 1. If e ∼h f in Q(A) then the definition of smooth sub algebra guaranties
that e ∼h f in Q(A), because any continuous path of idempotents in A is also
a continuous path on idempotent in A.

The converse implication is the important one, so, assume e ∼h f in Q(A)
with γ : [0, 1] → Q(A) such that γ(0) = e and γ(1) = f , then chose k with
∥2γ(t)− 1A+∥ < k. The uniform continuity of the function

t→ γ(t)

asset us that we can find a partition 0 = t0 ≤ t1 ≤ · · · ≤ tn = 1 such that

∥γ(t)− γ(s)∥ < 1/(2k), t, s ∈ [ti, ti+1].

Use the density of Q(A) on Q(A) (Proposition 2.2.2) to find elements αi ∈
Q(A) such that ∥αi − γ(ti)∥ ≤ 1/(4k) and ∥2αi − 1A+∥ < k for 1 ≤ i ≤ n− 1.
Set α0 = γ(0) and αn = γ(1), then

∥αi+1 − αi∥ ≤ ∥αi+1 − γ(ti+1)∥+ ∥γ(ti+1)− γ(ti)∥+ ∥γ(ti)− αi∥

≤ 2/(4k) + 1/(2k) = 1/k,

and ∥2αi − 1A+∥ ≤ k. Consequently

∥αi+1 − αi∥ ≤ 1/k ≤ 1/∥2αi − 1A+∥,

thus we can define vi = (2αi − 1A+)((2αi+1 − 1A+)) + 1A+ and we end up
with

∥1A+ − vi/2∥ ≤ ∥2αi − 1A+∥∥αi − αi+1∥ ≤ 1,

therefore, vi/2 is invertible and can be expressed exp(bi) = vi/2 with bi ∈ A+

(Proposition B.3.3). Moreover, bi = log(vi/2) using functional calculus on A+,
thus, it belongs to A+ because vi/2 ∈ A+, notice that also exp(bi) ∈ A+.
Doing some algebraic manipulation we can check that αivi/2 = (vi/2)αi+1 =
αiαi+1, hence

exp(−bi)αi exp(bi) = αi+1.

We can compose these expressions for each i to get

αn = exp(−bn) exp(−bn−1) . . . exp(−b1)α0 exp(b1) . . . exp(bn−1) exp(bn),

which tell us that e ∼s f in A+. Lemma 2.2.1 assure us that the map η :
[0, 1]→ Q(A),

η(t) = (exp(−tbn) . . . exp(−tb1)) e (exp(tb1) . . . exp(tbn))

is a smooth homotopy from e to f . As in C* algebras, η takes values in A
instead of A+ because A is an ideal of A+ (Lemma E.1.2) and e ∈ A. Thus,
e ∼h f in Q(A) as desire. If A is a unital C* algebra then A has a unit
(Lemma E.1.1), thus, we can use the holomorphic functional calculus over A
to find b1, . . . , bn and we get that b1, . . . , bn are elemenst of A.

2. You can follow a similar argument as the in the previous item, that is, use
the constructions from Proposition 2.1.6 and Proposition 2.1.7 to show that,
if p ∼h q in P(A), then e ∼u f in A+ and the there is a canonical path
η : [0, 1]→ P(A),

η(t) = (exp(−tihn) · · · exp(−tih1)) p (exp(tih1) . . . exp(tihn))

where h1, . . . , hn self adjoint elements of A+, additionally η is smooth. If A
is a unital C* algebra then A has a unit (Lemma E.1.1), thus, we can use
the holomorphic functional calculus over A to find h1, . . . , hn and we get that
h1, . . . , hn are elemenst of A.



2.2 K0 and K1 for smooth sub algebras 81

Proposition 2.2.4. (Canonical paths of invertibles and unitaries in smooth sub algebras)
Let A be a unital C* algebra and A a smooth sub algebra of A, then,

1. Take x, y ∈ G(A), then x ∼h y in G(A) iff x ∼h y in G(A). Additionally, if
x, y ∈ G(A) and x ∼h y inside G(A), there is a smooth path of invertible elements
of A that connects x to y and takes the following form,

η(t) = x exp(tb1) . . . exp(tbn−1) exp(tbn), η(0) = x, η(1) = y,

where b1, · · · , bn are elements of A.

2. Take u, v ∈ U(A), then u ∼h v in U(A) iff u ∼h v in U(A). Additionally, if
u, v ∈ U(A) and u ∼h v inside U(A), there is a smooth path of unitaries inside A
that connects u and v and takes the following form

η(t) = u exp(tih1) . . . exp(tihn−1) exp(tihn), η(0) = u, η(1) = v,

where h1, · · · , hn are self adjoint operators of A.

Proof. 1. If x ∼h y in G(A) then x ∼h y in G(A) because the inclusion i : A → A
is continuous.

The converse implication is the important one, so, assume x ∼h y in G(A)
with γ : [0, 1] → G(A) such that γ(0) = x and γ(1) = y, then chose k with
∥(γ(t))−1∥ < k. The uniform continuity of the function

t→ γ(t)

asset us that we can find a partition 0 = t0 ≤ t1 ≤ · · · ≤ tn = 1 such that

∥γ(t)− γ(s)∥ < 1/(2k), t, s ∈ [ti, ti+1].

From the proof of Theorem B.3.2 we have that if ∥b− a∥ ≤ ∥a−1∥−1 then log(z)
is an holomorphic function on the spectrum of a−1b, thus b = a exp

(
log
(
a−1b

))
,

so, if a, b ∈ A then log
(
a−1b

)
∈ A.

Use the density of G(A) on G(A) (Proposition 2.2.2) to find elements αi ∈
G(A) such that ∥αi − γ(ti)∥ ≤ 1/(4k) and ∥(αi)

−1∥ < k for 1 ≤ i ≤ n− 1. Set
α0 = γ(0) and αn = γ(1), then

∥αi+1 − αi∥ ≤ ∥αi+1 − γ(ti+1)∥+ ∥γ(ti+1)− γ(ti)∥+ ∥γ(ti)− αi∥

≤ 2/(4k) + 1/(2k) = 1/k,

and ∥(αi)
−1∥ ≤ k. Consequently

∥αi+1 − αi∥ ≤ 1/k ≤ 1/∥(αi)
−1∥,

thus we have that log(z) is holomorphic on α−1
i αi+1, so if bi = log

(
α−1

i αi+1

)
we get that αi+1 = αi exp(bi) with bi, exp(bi) ∈ A because it is invariant under
holomorphic calculus of A.

We can compose these expressions for each i to get

αn = α0 exp(b1) . . . exp(bn), bi ∈ A,

and Lemma 2.2.1 assure us that the map η : [0, 1]→ G(A),

η(t) = x exp(tb1) · · · exp(tbn−1) exp(tbn)

is a smooth homotopy from x to y. Thus, x ∼h y in G(A) as desire.
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2. You can follow a similar argument as the in the previous item, that is, use the
constructions from Lemma 2.1.2 and Theorem 2.1.1 to show that, if u ∼h v in
U(A), then u ∼h v in U(A) through the canonical path η : [0, 1]→ U(A),

η(t) = u exp(tih1) · · · exp(tihn−1) exp(tihn)

where h1, . . . , hn self adjoint elements of A, additionally η is smooth.

2.2.2 K0 and K1

Let A be an unital C* algebra and A a smooth sub algebra of A, from Proposi-
tion E.1.6 we know that for any n ∈ N the algebra Mn(A) is a smooth sub algebra
of Mn(A). We introduce the followint notation,

1. We denote by Qn(A) the set of idempotents of Mn(A).

2. We denote by Pn(A) the set of projections of Mn(A).

3. We denote by Gn(A) the set of invertible elements of of Mn(A).

4. We denote by Un(A) the set of unitaries of Mn(A).

The maps im,n and jm,n will have the same form as in (Section 2.1.4), also, we intro-
duce the sets,

M∞(A) :=
∞⋃

n=1

Mn(A); U∞(A) :=
∞⋃

n=1

Un(A); G∞(A) :=
∞⋃

n=1

Gn(A);

Q∞(A) :=
∞⋃

n=1

Qn(A); P∞(A) :=
∞⋃

n=1

Pn(A).

On the aforementioned sets we will introduce the following equivalence relations,

• If e, f ∈ M∞(A) and in,m(e) = f , then e and f would represent the same
element inside M∞(A).

• If e, f ∈ Q∞(A) and in,m(e) = f , then e and f would represent the same
element inside Q∞(A).

• If p, q ∈ P∞(A) and in,m(p) = q, then p and q would represent the same
element inside P∞(A).

• If v, w ∈ G∞(A) and jn,m(v) = w, then v and w would represent the same
element inside G∞(A).

• If u, v ∈ U∞(AA and jn,m(u) = v, then u and v would represent the same
element inside U∞(A).

From now on the notation M∞(A), G∞(A), U∞(A), Q∞(A) and P∞(A) will refer
to the sets obtained from identifying the elements using the equivalence relations
coming from the injective *-homomorphisms in,m and jn,m.

On the set P∞(A), we can define the following equivalence relation, take p ∈
Pn(A), q ∈ Pm(A), then,

p ∼h q if ∃k > n, m s.t. p⊕ 0k−n ∼h q⊕ 0k−m over Pk(A).
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Denote
V(A) := P∞(A)/ ∼h,

then, given that for any n ∈ N the algebra Mn(A) is a smooth sub algebra of
Mn(A) (Proposition E.1.6), Proposition 2.2.2 tells us that Pn(A) is dense inside P(A),
therefore,Proposition 2.2.3 implies that the elements of V(A) are in one to one
correspondence with the elements of V(A). Since the map

(p, q) 7→ [p⊕ q]

maps elements of P∞(A) into elements of P∞(A), then, the fact that V(A) is an
abelian group (Section 2.1.4) implies that V(A) is also an abelian group under the
addition

[p] + [q] = [p⊕ q].

The previous discussion gives the following result,

Proposition 2.2.5 (Isomorphism of semigroups P∞(A)/ ∼h and P∞(A)/ ∼h). Let
A be a unital C* algebra and A a smooth sub algebra of A , then, we have the following
isomorphism of abelian semi groups

P∞(A)/ ∼h ≃ P∞(A)/ ∼h,

and the isomorphism of abelian groups

V(A) ≃ V(A).

On the set U∞(A) we can define the following equivalence relation, take u ∈
Un(A), v ∈ Um(A), then,

u ∼h v if ∃k > n, m s.t. u⊕ 1k−n ∼h v⊕ 1k−m over Uk(A).

Given that for any n ∈ N the algebra Mn(A) is a smooth sub algebra of Mn(A)
(Proposition E.1.6), Proposition 2.2.1 tells us that Un(A) is dense inside Un(A),
therefore, Proposition 2.2.4 implies that the elements of U∞(A)/ ∼h are in one
to one correspondence with the elements of U∞(A)/ ∼h. Since the map

(u, v) 7→ [u⊕ v]

maps elements of U∞(A) into elements of U∞(A), then, the fact that U∞(A)/ ∼h
is an abelian group (Section 2.1.4) implies that U∞(A)/ ∼h is also an abelian group
under the addition

[u] + [v] = [u⊕ v].

The previous discussion gives the following result,

Proposition 2.2.6 (Isomorphism of groups U∞(A)/ ∼h and U∞(A)/ ∼h). Let A
be a unital C* algebra and A a smooth sub algebra of A , then, we have the following
isomorphism of abelian groups,

U∞(A)/ ∼h ≃ U∞(A)/ ∼h .

Definition 2.2.2 (K groups for smooth sub algebras). Let A be a unital C* algebra and
A a smooth sub algebra of A, then we define,

K0(A) = GT (V(A)),

and
K1(A) = U∞(A)/ ∼h .
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The isomorphisms K0(A) ≃ K0(A) and K1(A) ≃ K1(A) are a direct consequence
of the results on Proposition 2.2.4 and Proposition 2.2.3, as we proceed to check

Theorem 2.2.1 (K0(A) ≃ K0(A) (K1(A) ≃ K1(A))). Let A be a unital C* algebra and
A a smooth sub algebra of A, then,

1. K0(A) = K0(A).

2. K1(A) = K1(A).

Proof. 1. Given that K0(A) = V(A) (Theorem 2.1.2) and K0(A) = V(A) Defini-
tion 2.2.2, this is a diret consequence of Proposition 2.2.5.

2. Given that K1(A) = U∞(A)/ ∼h (Theorem 2.1.3) and K1(A) = U∞(A)/ ∼h
Definition 2.2.2, this is a diret consequence of Proposition 2.2.6.

The isomorphisms K0(A) ≃ K0(A) and K1(A) ≃ K1(A) are well known in the
literature, however, we were not able to find a proof that we could follow, and that
is one of the main motivation behind the setup of this thesis. In Appendix G.1.1 you
can find a brief discussion on the alternative proofs of Theorem 2.2.1 that we were
able to find in the literature. Those isomorphisms come from the special relation
established between the holomorphic functional calculus on both A and A, such
relation is usually taken for granted when dealing with smooth sub algebras but
rarely explicitly stated, which can make the literature hard to follow for newcomers.

With Theorem 2.2.1 we have achieved the main purpose of the present chapter
and we have looked into a key result of non-commutative differential topology
whose applications have been exposed in Section 3.1.

Remark 2.2.2. Let (C(Ω)⋊α,Θ Zd, C(Ω)α,Θ) be The Non-commutative Brillouin Torus
(Definition 1.2.3), since C(Ω)⋊α,Θ Zd is an unital C* algebra and C(Ω)α,Θ is a smooth
sub algebra of C(Ω)⋊α,Θ Zd (Corollary 1.1.2), from Theorem 2.2.1 we have the following
isomorphisms,

K0(C(Ω)⋊α,Θ Zd) ≃ K0(C(Ω)α,Θ), K1(C(Ω)⋊α,Θ Zd) ≃ K1(C(Ω)α,Θ).



3
NON COMMUTAT IVE GEOMETRY AND
TOPOLOG ICAL INVAR IANTS OF
HAM I LTON IANS

In the present chapter we give a high-level description of the conceptual framework
from [Prodan and Schulz-Baldes, 2016] which is designed to study topological in-
variants of effective models for the dynamics of electrons on a crystal subject to
weak disorder, we will focus on how the results of the present document fit within
that framework, especially the results of Chapter 1 and Chapter 2.

Let (C(Ω) ⋊α,Θ Zd, C(Ω)α,Θ) be the Non Commutative Brillouin torus (Defini-
tion 1.2.3), the previously mentioned topological invariants come from the bilinear
pairings (Section 3.1),

⟨·, ·⟩ : K0(C(Ω)⋊α,Θ Zd)× HCev
con(C(Ω)α,Θ)→ C,

⟨·, ·⟩ : K1(C(Ω)⋊α,Θ Zd)× HCodd
con (C(Ω)α,Θ)→ C,

where HCodd
con (C(Ω)α,Θ) and HCev

con(C(Ω)α,Θ) are the components of the continuous
cyclic cohomology of C(Ω)α,Θ (Appendix H.1). The aforementioned bilinear pair-
ings take the following form (Section 3.1.1, Section 3.1.1),

⟨[Ph,g], [ξ I ]⟩ := Λn ∑
ρ∈Sn

(−1)ρ
∫

Ω
tr
(

Φ0

(
Ph,g(∂ρ(1)Ph,g) · · · (∂ρ(n)Ph,g)

)
(ω)

)
dµ(ω),

and

⟨[Uh,0], [ξ I ]⟩ := Λn ∑
ρ∈Sn

(−1)ρ
∫

ω∈Ω
tr

(
Φ0

(
n

∏
l=1

U∗h,0(∂ρ(l)Uh,0)

)
(ω)

)
dµ(ω),

where Uh,0 is a unitary associated to a self-adjoint element of Mn(C(Ω)α,Θ), Ph,g is a
projection associated to a self-adjoint element of Mn(C(Ω)α,Θ), Φ0(p) is the zeroth
Fourier coefficient of p (Definition 1.1.15), I is an ordered tuple of n elements taken
from {1, · · · , d}, Ω is a compact topological space related the Non-Commutative
Brillouin Torus and ξ I is an element of the continuous cyclic cohomology of C(Ω)α,Θ.
These pairings are a generalization of the even and odd Chern numbers.

In the limit of temperature near zero and infinite relaxation time, the pairings
⟨[Ph,g], [ξ I ]⟩ and ⟨[Uh,0], [ξ I ]⟩ describe macroscopic properties of covariant families
of Hamiltonians (Section 3.2, [Prodan and Schulz-Baldes, 2016, Section 7.2]). For
example, if we work with 2 dimensional systems and I = {1, 2}, then, ⟨[PFermi], [ξ I ]⟩
describes the entry (1, 2) of the conductivity tensor, and we have that

⟨[PFermi], [ξ I ]⟩ ⊂ Z,

where PFermi is the Fermi projection of the physical system under study. The previ-
ously mentioned case corresponds to the Integer Quantum Hall Effect (Section 3.2).
The topological invariants studied in [Prodan and Schulz-Baldes, 2016] can be de-
fined for physical systems with unitary symmetry or physical systems with chiral
symmetry.
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3.1 mathematics framework

In this section, we will look at how the mathematical framework of Chapter 1 and
Chapter 2 fits within the analysis of bulk models of homogeneous materials (Sec-
tion 3.2), which is a key part of the study of topological insulators and the bulk-
boundary correspondence (Prodan and Schulz-Baldes [2016]).

Let A be a C* algebra, then, we use the term the K-theory of A to refer to the pair
of groups K0(A) (Definition 2.1.2) and K1(A) (Definition 2.1.3). Let A be a Frechét
algebra, then, we use the term the continuous cyclic cohomology of A to refer to
the modulus HC∗con(A) (Definition H.1.1). Let A be a C* algebra with an unit and
A a smooth sub algebra of A, then, there is bilinear pairing between the K-theory
of A and the continuous Cyclic cohomology of A which is constructed as follows,

1. From Proposition H.3.2 there is a bilinear pairing between K0(A) and HCev
con(A),

⟨·, ·⟩ : K0(A)× HCev
con(A)→ C

and we have that

⟨[p], [ϕ]⟩ ∝ ϕ(p, p, · · · , p), for ϕ = HC2n
con(A), [p] ∈ K0(A).

From Proposition H.3.6 there is a bilinear pairing between K1(A) and HCodd
con (A),

⟨·, ·⟩ : K1(A)× HCodd
con (A)→ C,

and we have that

⟨[u], [ϕ]⟩ ∝ ϕ(u∗ − 1, u− 1, u∗ − 1, · · · , u∗ − 1, u− 1),

for ϕ = HC2n+1(A)con, [u] ∈ K1(A).

2. Theorem 2.2.1 states that there are two isomorphisms K0(A) ≃ K0(A) and
K1(A) ≃ K1(A), therefore, we can provide the bilinear pairings (Proposi-
tion H.3.3, Proposition H.3.7),

⟨·, ·⟩ : K0(A)× HCev
con(A)→ C, ⟨·, ·⟩ : K1(A)× HCodd

con (A)→ C.

Since the K-theory groups Ki(A), i = 0, 1 are constructed using homotopy equiv-
alent classes of projections/unitaries, this pairing becomes a topological invariant
and it is quite a powerful tool because it allows us to provide a test on whether two
projections/unitaries are not homotopically equivalent. Under the Non-Commutative
Geometry dictionary, the C* algebra A represents the topology of a non-commutative
space, whilst the Fréchet algebra A represents the smooth structure of the same
non-commutative space, which in this context, makes it a non-commutative smooth
manifold. Having said this, the pairing between HC∗

con(A) and Kj(A), j = 0, 1 be-
longs to the field of non-commutative differential topology since we are using the
smooth structure of a non-commutative smooth manifold to provide topological
invariants to that non-commutative space.

The bilinear pairing

⟨·, ·⟩ : K0(A)× HCev
con(A)→ C, ⟨·, ·⟩ : K1(A)× HCodd

con (A)→ C,

behaves well with respect to the vector space structure of both Ki(A) and HCm
con(A),

with this we mean that:

• Given that Ki(A), i = 0, 1 are abelian groups, we have that

⟨[p] + [q], ϕ⟩ = ⟨[p], ϕ⟩+ ⟨[q], ϕ⟩, [p], [q] ∈ K0(A), ϕ ∈ HCev
con(A),

⟨[v] + [u], ϕ⟩ = ⟨[v], ϕ⟩+ ⟨[u], ϕ⟩, [v], [u] ∈ K1(A), ϕ ∈ HCodd
con (A).
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• Given that both HCev
con(A), HCodd

con (A) are modules, we have that

⟨[p], ϕ + ψ⟩ = ⟨[p], ϕ⟩+ ⟨[p], ψ⟩, [p] ∈ K0(A), ϕ, ψ ∈ HCev
con(A),

⟨[v], ϕ⟩ = ⟨[v], ϕ⟩+ ⟨[v], ψ⟩, [v] ∈ K1(A), ϕ, ψ ∈ HCodd
con (A).

Remark 3.1.1 (Why to use smooth sub algebras). These are three reasons why smooth
sub algebras are used,

• By necessity: One of the components of the Non-commutative Brillouin Torus is
the C* algebra C(Ω) ⋊α,Θ Zd (Definition 1.2.3), turns out that this C* algebra is
nuclear (Remark 1.2.3), and the continuous cyclic cohomology of nuclear C* algebras
has trivial information (Example D.7.1). Since the continuous cyclic cohomology of
C(Ω)⋊α,Θ Zd has no relevant information, we need to resort to other objects, in this
case we resort to the smooth sub algebra C(Ω)α,Θ) motivated by the fact that C∞(V)
is a smooth sub algebra of C(V) ([Connes, 2014, Chapter 3, section 2]).

• By convenience: Let A be a C* algebra with unit and A be a smooth sub algebra of
A, then, A has all the information needed to compute the K theory of A, that is, the
homotopy classes of projections (unitaries) of A are in one-to-one correspondence with
the homotopy classes of projections (unitaries) of A (Theorem 2.2.1)

• By insight: As exposed in Remark E.1.12, it is sensible to look into non-commutative
Fréchet sub algebras of a given C* algebra for a setup to generalize the algebras of
smooth functions over smooth compact manifolds.

3.1.1 Topological invariants over the Non-commutative Brillouin Torus

Recall that the Non-commutative Brillouin Torus (Definition 1.2.3) is the pair of
topological algebras,

(C(Ω)⋊α,Θ Zd, C(Ω)α,Θ).

Using the description of C(Ω) ⋊α,Θ Zd as an iterated crossed product (Proposi-
tion I.1.2), in [Prodan and Schulz-Baldes, 2016, Proposition 4.2.4] it is proven that
the K theory of C(Ω)⋊α,Θ Zd takes the form

Kj(C(Ω)⋊α,Θ Zd) = Z2d−1
, j = 0, 1.

From the pairing between the K theory of C(Ω) ⋊α,Θ Zd and the cyclic coho-
mology of C(Ω)α,Θ (Proposition H.3.3, Proposition H.3.7), we know that given two
cyclic cocycle ϕ0 ∈ HC2n

con(C(Ω)α,Θ), ϕ1 ∈ HC2n+1
con (C(Ω)α,Θ), there are two group

homomorphisms given by

ηϕ0 : K0(C(Ω)⋊α,Θ Zd)→ C, ηϕ0([p]) = ⟨[p], [ϕ0]⟩, [ϕ0] ∈ HC2n
con(C(Ω)α,Θ)

ηϕ1 : K1(C(Ω)⋊α,Θ Zd)→ C, ηϕ1([u]) = ⟨[u], [ϕ1]⟩, [ϕ1] ∈ HC2n+1
con (C(Ω)α,Θ).

Some cyclic cocycles are of special importance because they come as a generaliza-
tion of the cyclic cocycles over the d non-commutative torus ([Nest, 1998, equation
5.3], [Nest, 1988]), these are defined using the derivations ∂j over C(Ω)α,Θ, recall
that the derivations ∂j are defined in Lemma 1.1.21. To define such cyclic cocycles
we need to have a continuous trace over C(Ω)⋊α,Θ Zd, in this case we can take µ
to be the normalized Radon measure over Ω with full support which is described
in Section 1.2.2, then, the map

f 7→
∫

Ω
f (ω)dµ(ω)
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is a faithful continuous trace over C(Ω) (Appendix D.3.3).

Since µ is invariant under α(s) for any s ∈ Z, we can define the following faithful
continuous trace over C(Ω)⋊α,Θ Zd (Proposition I.2.1),

T : C(Ω)⋊α,Θ Zd → C, T(p) :=
∫

Ω
Φ0(p)(ω)dµ(ω),

where Φ0(p) is the zero Fourier coefficient of p, which is defined in Definition 1.1.15.
Since the inclusion i : C(Ω)α,Θ → C(Ω)⋊α,Θ Zd is continuous, then, the map T ◦ i is
also continuous, thus, the following is also a faithful continuous trace over C(Ω)α,Θ,

T : C(Ω)α,Θ → C, T(p) :=
∫

Ω
Φ0(p)(ω)dµ(ω).

Under the setup of Definition 1.2.3, the continuous cyclic cocycles of interest for
the study of topological invariants over C(Ω)α,Θ take the following form ([Prodan
and Schulz-Baldes, 2016, Section 5.2]), ξ I : C(Ω)α,Θ × · · · × C(Ω)α,Θ → C,

ξ I(p0, · · · , pn) := Λn ∑
ρ∈Sn

(−1)ρT(p0(∂ρ(1)p1) · · · (∂ρ(n)pn)),

and we use the following notation,

• Denote by I an ordered subset of {1, · · · , d} with n elements and an order not
necessarily induced by Z, we refer to I as a multi-index.

• Denote by Sn the symmetric group of degree n, and ρ ∈ Sn is understood as a
bijection between {1, · · · , n} and I with signature (−1)ρ.

• Define the constants

Λn :=
(2iπ)

n
2

n
2 !

for n even, Λn :=
i(iπ)

n−1
2

n!!
for n odd, .

Notice that if I = ∅ we get ξ I = T.

Recall that every normalized 2-cocycle over Zd is equivalent to a normalized 2-
cocycle of the form (Proposition 1.1.3)

ζ(s, l) = exp
{

istΘl
}

,

with Θ a lower triangular matrix with zeros on the diagonal and entries in [0, 2π),
so, denote Θ̃ = Θ − Θt, in which case we have that Θ̃ is an antisymmetric real
matrix.

Theorem 3.1.1 (c.f. Theorem 5.7.1,Corollary 5.7.2 [Prodan and Schulz-Baldes, 2016]).
Using the previously introduced notation, the following maps

ηξ I : K0(C(Ω)⋊α,Θ Zd)→ C, ηξ I ([p]) = ⟨[p], [ξ I ]⟩, [ξ I ] ∈ HC2n
con(C(Ω)α,Θ), |I| = 2m

ηξ I : K1(C(Ω)⋊α,Θ Zd)→ C, ηξ I ([u]) = ⟨[u], [ξ I ]⟩, [ξ I ] ∈ HC2n+1
con (C(Ω)α,Θ), |I| = 2m+ 1

have the range
Ran(ηξ I ) = Z + ∑

I⊂J
(2π)−

1
2 |J\I|Pf(Θ̃J\I)Z,

where we use the following notation,

• Given J a multi-index, if all the elements of I belong to J, denote by J \ I the set of
elements in J that are not in I, notice that J \ I is not an ordered set.
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• Denote by |J \ I| the cardinality of the set J \ I.

• The sum ∑I⊂J goes over all multi indexes J whose order coincides with the order
induced by Z and satisfy that |J \ I| is even.

• Denote by Θ̃J\I the square matrix obtained from Θ̃ by restricting to only the rows and
columns whose indices correspond to the elements of J \ I.

• Denote by Pf(Θ̃J\I) the Pfaffian of the square matrix Θ̃J\I .

Take I such that |I| = 2m, if the range of ηξ I is a discrete sub group of C,
then, for any p ∈ Pm(C(Ω) ⋊α,Θ Zd) there is an ϵ > 0 such that there are no
q ∈ Pm(C(Ω)⋊α,Θ Zd) with

|⟨[p], [ξ I ]⟩ − ⟨[q], [ξ I ]⟩| < ϵ.

In physical terms, the previous statement means that a precise enough measure-
ment of the physical property defined by ηξ I can be used to assess whether p and
q are not homotopically equivalent projections. A similar argument can be layout
for u, v ∈ Un(C(Ω)⋊α,Θ Zd) and ηξ I with |I| = 2m + 1. In Remark 3.1.2 we will list
some cases that are relevant in the analysis of topological phases of Hamiltonians
where the range of ηξ I is discrete in C .

For applications in physics, our starting point will be a self-adjoint element
of Mn(C(Ω)) ⋊α,Θ Zd, then, we will use the continuous functional calculus over
Mn(C(Ω))⋊α,Θ Zd to come up with projections or unitaries depending on whether
we want to use even or odd cyclic cocycles. Since Mn(C(Ω)) ≃ C(Ω) ⊗ Mn(C)
(Proposition D.7.3), according to Proposition I.1.3 we have that

Mn(C(Ω))⋊α,Θ Zd ≃ (C(Ω)⋊α,Θ Zd)⊗Mn(C) ≃ Mn(C(Ω)⋊α,Θ Zd).

From Example I.1.3 we know that Mn(C(Ω)α,Θ) is a smooth subalgebra of

Mn(C(Ω))⋊α,Θ Zd,

and there is a canonical extension of the derivations ∂j into Mn(C(Ω)α,Θ) which
consists of applying the derivations to each one of the entries of the matrix.

Given that C(Ω))⋊α,Θ Zd is a sub C* algebra of C(Ω, B(L2(Zd))) (Remark 1.2.2),
we have that Mn(C(Ω))⋊α,Θ Zd is a sub C* algebra of C(Ω, Mn(B(L2(Zd)))), there-
fore, each element of Mn(C(Ω))⋊α,Θ Zd can be expressed as p = {pω}ω∈Ω, where
the map ω 7→ pω is continuous and pω ∈ Mn(B(L2(Zd))). Given that the map
f 7→

∫
Ω tr( f (ω))dµ is a trace over Mn(C(Ω)), we have that the following functions

defines a trace over Mn(C(Ω))⋊α,Θ Zd,

T(p) =
∫

Ω
tr (Φ0(p)(ω)) dµ(ω).

Take h ∈ Mn(C(Ω))⋊α,Θ Zd p ∈ A ⋊α,Θ Zd a self adjoint elemet i.e. h = h∗, then,
Lemma I.2.2 tells us that the spectrum of h is the union of the spectrums of hω,

Sp(h) =
⋃

ω∈Ω

Sp(hω),

hence, if g ⊂ R is a gap in the spectrum of hω for all ω ∈ Ω (Definition D.5.1), we
have that g is also gap in the spectrum of h. We can use the continuous calculus
over Mn(C(Ω))⋊α,Θ Zd to compute the projection

χ(h ≤ g̃), g̃ ∈ g,
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where we set χ(x ≤ g̃) = 1 if x ≤ g̃, else, χ(x ≤ g̃) = 0, and we get that
(Lemma I.2.3)

χ(h ≤ g̃) = {χ(hω ≤ g̃)}ω∈Ω.

Since the element χ(h ≤ g̃) only depends on the value of the real valued function
x 7→ χ(x ≤ g̃) over the spectrum of h (Theorem D.4.1), we have that χ(h ≤ g̃) =

χ(h ≤ g̃
′
) for any g̃, g̃

′ ∈ g, therefore, we will use the notation χ(h ≤ g) to refer to
χ(h ≤ g̃) for any g̃ ∈ g.

In Lemma I.2.4 it is mentioned that the element χ(h ≤ g) can be computed using
a smooth function over R, therefore, if h ∈ Mn(C(Ω)α,Θ), then,

χ(h ≤ g) ∈ Mn(C(Ω)α,Θ).

We will use the notation Ph,g := χ(h ≤ g) and Ph,g,ω := χ(hω ≤ g), thus, we get
that,

Ph,g = {Ph,g,ω}ω∈Ω.

In the physics context, in the previous arguments, we asked for the self-adjoint
element h to satisfy the Bulk Gap Hypothesis (Definition 3.2.1).

Even cyclic cocycles

Recall that I denotes an ordered subset of {1, . . . , d} with n elements and an order
not necessarily induced by Z, Sn is the symmetric group of order n and ρ ∈ Sn is a
bijection between {1, . . . , n} and I. Take |I| = 2l, then, ηξ I takes the form

ηξ I ([Ph,g]) = Λn ∑
ρ∈Sn

(−1)ρT(Ph,g(∂ρ(1)Ph,g) · · · (∂ρ(n)Ph,g)).

Taking into account that the trace T is constructed using a measure µ over Ω, the
pairing of [Ph,g] with [ξ I ] looks like

⟨[Ph,g], [ξ I ]⟩ = Λn ∑
ρ∈Sn

(−1)ρ
∫

Ω
tr
(

Φ0(Ph,g(∂ρ(1)Ph,g) · · · (∂ρ(n)Ph,g))(ω)
)

dµ(ω),

which comes as a generalization of the even Chern numbers ([Prodan and Schulz-
Baldes, 2016, Section 2.2.1]),

Chd (PFermi) =
(2πi)

d
2(

d
2

)
!

∑
ρ∈Sd

(−1)ρ
∫

Td

dk
(2π)d tr

(
PFermi(k)

d

∏
j=1

∂PFermi(k)
∂kρ(j)

)
,

where
PFermi(k) := χ (Hk ≤ g) ,

{Hk}k∈Td is the decomposable form of a self-adjoint operator H over the Hilbert
space

L2(Td, CN) ≃
∫ ⊕

Td
CN .

Notice that H can be understood as an operator over L2(Zd, C) if we identify L2(Td)
with L2(Z) through the Fourier transform (Theorem F.1.1)

F : L2(Td)→ L2(Zd).

When the ingredients which define the twisted crossed product α, Θ (Defini-
tion 1.1.6) are trivial, and Ω is a point (C(Ω) ≃ C), we have that (C(Ω)⋊α,Θ Zd)⊗
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Mn(C) falls back into Mn(C)⊗ C(Td) (Section 1.1.4), in this case, the Fourier trans-
form over Td tell us that (Example F.1.1)

F ( f )(0) := Φ0( f ) =
∫

Td
f (k)

dk
(2π)k ,

and we can define a faithful trace over Mn(C)⊗ C(Td) as

T( f ) = tr
(∫

Td
f (k)

dk
(2π)k

)
.

Under this setting, the pairing ⟨[Ph,g], [ξ I ]⟩ falls back into the even Chern numbers
Chd (PFermi).

Odd cyclic cocycles

Recall that I denotes an ordered subset of {1, . . . , d} with n elements and an order
not necessarily induced by Z, Sn is the symmetric group of order n and ρ ∈ Sn
is a bijection between {1, . . . , n} and I. As in the previous section, h denotes
a self adjoint element of Mn(C(Ω)α,Θ), since Mn(C(Ω)α,Θ) is a sub algebra of
Mn(C(Ω))⋊α,Θ Zd we can view h as an element of C(Ω, Mn(B(L2(Zd)))), i.e. h :=
{hω}ω∈Ω (Remark 1.2.2), additionally, Ph,0 denotes the element

χ(h ≤ 0),

where we set χ(x ≤ 0) = 1 if x ≤ 0, else, χ(x ≤ 0) = 0. Assume that every hω

satisfies the chiral symmetry for ω ∈ Ω, that is, for every ω

(J ⊗ 1)hω(J ⊗ 1) = −hω, with J =
(

1n 0
0 −1n

)
,

additionally, assume that for every ω ∈ Ω we have that 0 /∈ Sp(hω), then, according
to [Prodan and Schulz-Baldes, 2016, Section 2.3.1] Ph,0 can be computed using the
smooth functional calculus of functions over R, and takes the form

Ph,0 =
1
2

(
0 −U∗h,0

−Uh,0 0

)
with Uh ∈ Mn(C(Ω)α,Θ) an unitary. In this case, when h ∈ M2n(C(Ω)α,Θ) we can
provide an homotopic invariant for Ph,0 using Uh,0 and the continuous cyclic cocycle
ξ I with |I| = 2l + 1, resulting in

⟨[Uh,0], [ξ I ]⟩ = Λn ∑
ρ∈Sn

(−1)ρT((U∗h,0 − 1)(∂ρ(1)Uh,0) · · · (∂ρ(n−1)U
∗
h,0)(∂ρ(n)Uh,0)),

which, according to [Prodan, 2017, Example 3.45] is equivalent to,

⟨[Uh,0], [ξ I ]⟩ = Λn ∑
ρ∈Sn

(−1)ρT(
n

∏
l=1

U∗h,0(∂ρ(l)Uh,0)),

and takes the following form as an integral over Ω

⟨[Uh,0], [ξ I ]⟩ = Λn ∑
ρ∈Sn

(−1)ρ
∫

ω∈Ω
tr

(
Φ0

(
n

∏
l=1

U∗h,0(∂ρ(l)Uh,0)

)
(ω)

)
dµ(ω).

The aforementioned pairing comes as a generalization of the odd Chern numbers
([Prodan and Schulz-Baldes, 2016, Section 2.3.1]),

Chd (UFermi) =
i(πi)

d−1
2

d!! ∑
ρ∈Sd

(−1)ρ
∫

Td

dk
(2π)d tr

(
d

∏
l=1

U∗Fermi(k)
∂UFermi

∂kρ(l)
(k)

)
,
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where,

PFermi(k) = χ (Hk ≤ g) =
1
2

(
0 −UFermi(k)∗

−UFermi(k) 0

)
,

{Hk}k∈Td is the decomposable form of a self-adjoint operator H over the Hilbert
space

L2(Td, CN) ≃
∫ ⊕

Td
CN .

Notice that H can be understood as an operator over L2(Zd, C) if we identify L2(Td)
with L2(Z) through the Fourier transform (Theorem F.1.1)

F : L2(Td)→ L2(Zd).

As in the case of the even cyclic cocycles, ⟨[Uh,0], [ξ I ]⟩ falls back into Chd (UFermi)
then α, Θ are trivial and Ω is a point i.e. C(Ω) ≃ C.

Generalized Chern numbers

Motivated by the fact that the pairing ⟨[Ph,g], [ξ I ]⟩ is a generalization of the even
Chern numbers and the pairing ⟨[Uh,0], [ξ I ]⟩ is a generalization of the odd Chern
numbers, the following notation is used in [Prodan and Schulz-Baldes, 2016, Sec-
tions 5.2 and 5.3],

• Let |I| = 2l, assume Ph,g belongs to Mn(C(Ω)α,Θ), then define ChI(Ph,g) :=
⟨[Ph,g], [ξ I ]⟩ and call ChI the even Non-Commutative Chern number associ-
ated to the multi index I. Under this setting,

ChI(Ph,g) = Λ|I| ∑
ρ∈S|I|

(−1)ρ
∫

Ω
tr
(

Φ0

(
Ph,g(∂ρ(1)Ph,g) · · · (∂ρ(|I|)Ph,g)

)
(ω)

)
dµ(ω),

• Let |I| = 2l + 1, assume Uh,0 belongs to Mn(C(Ω)α,Θ), then, define ChI(Uh,0) :=
⟨[Uh,0], [ξ I ]⟩ and call ChI the odd Non-commutative Chern number associ-
ated to I. Under this setting

ChI(Uh,0) = Λ|I| ∑
ρ∈S|I|

(−1)ρ
∫

Ω
tr

(
Φ0

( |I|
∏
l=1

U∗h,0(∂ρ(l)Uh,0)

)
(ω)

)
dµ(ω),

• If I = {1, · · · , d}, then, use the notation Chd := ChI .

Given the formula for the range of ChI from Theorem 3.1.1, in the following two
cases the range of ChI is discrete,

1. If I = {1, · · · , d} with the order induced by Z, then, Ran(ChI) = Z.

2. If I = {1, · · · , d− 1} with the order induced by Z, then, Ran(ChI) = Z.

The case I = {1, · · · , d} is special because there is a way of expressing both ChI(Ph,g)
and ChI(Uh,0) as the index of a Fredholm operator ([Prodan and Schulz-Baldes,
2016, Corollary 6.5.2]). When I = {1, · · · , d} the topological invariant ChI is called
a strong Chern number, for the other cases we refer to ChI as a weak Chern
number ([Prodan and Schulz-Baldes, 2016, Remark 5.3.5]).

Remark 3.1.2. From the formula for the range of ηξ I a.k.a. ChI (Theorem 3.1.1), we get the
following
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• [Prodan and Schulz-Baldes, 2016, Corollary 7.2.1]: If d = 2, then, Ran(Ch2) = Z.
This result is closely related to the Integer Quantum Hall effect in 2-dimensions.

• [Prodan and Schulz-Baldes, 2016, Corollary 7.2.2]: If d = 3 and |I| = 2, then,
Ran(ChI) = Z. This result is closely related to the Quantum Hall phases in 3-
dimensions.

• [Prodan and Schulz-Baldes, 2016, Corollary 7.3.2]: If d = 1 and I = {1}, then,
Ran(ChI) = Z. This result is closely related to the quantization of the chiral polar-
ization of a 1-dimensional chiral symmetric solid-state system.

• [Prodan and Schulz-Baldes, 2016, Corollary 7.3.3]: If d = 2 and |I| = 1, then,
Ran(ChI) = Z. This result is closely related to the quantization of the chiral polar-
ization of a 2-dimensional chiral symmetric solid-state system.

For more context on the first two items refer to Section 3.2.

3.2 physics framework

In this section, from the point of view of physics we look at how the results exposed
in Section 3.1.1 can be used to study tight-binding models for homogeneous mate-
rials, in particular, we will look into effective models for infinite crystals with no
boundary, also known as bulk models. We will describe the form of the effective
models, starting from perfect crystals, then, adding the effect of a constant magnetic
field over the crystals, and finally dealing with models that include disorder and de-
scribe physical observables invariant under disorder, also known as homogeneous
materials.

Recall that a Hamiltonian over L2(Zd) is a self-adjoint member of the C* algebra
B(L2(Zd)). As a first step, we are interested in effective models over lattices, that is,

• instead of working with Hamiltonians over L2(Rd) we will be working with
Hamiltonians over L2(Zd),

• instead of working with many particle Hamiltonians we will be working with
one particle Hamiltonians.

Even though these may seem to be extreme assumptions that could hardly provide
any useful physical information, under the appropriate settings, like temperatures
close to zero or low electron density, the effective models provide accurate descrip-
tions of the physical systems under study ([Prodan and Schulz-Baldes, 2016, Chap-
ter 2]). So, what exactly are those effective models describing? These effective
models describe the dynamics of electrons on a crystal.

Therefore, in a nutshell, after an elaborate process of approximation that involves
using the maximally localized Wannier basis set ([Marzari et al., 2012]), physicists
come up with a lattice model i.e. a Hamiltonian H over L2(Zd)⊗CN that describes
the behavior of a possibly virtual particle, such that, H contains the relevant infor-
mation about the dynamics of the particle on a crystal. Each element of the lattice
Zd represents a unit cell of the crystal, that is, a set of atoms whose translation
defines the complete crystal, for example, in Fig. 3.1 there are depicted two ways
of defining unit cells in the SSH model. Given this setup, we focus on translation-
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invariant Hamiltonians, that is, models of the form ([Prodan and Schulz-Baldes,
2016, Section 2.2.1])

H ∈ B(CN ⊗ L2(Zd)), H = ∑
y∈Zd

Wy ⊗ Sy,

where Sy is the shift operator by y on L2(Zd) given by Sy |x⟩ = |x + y⟩, and the
N × N matrices Wy, called the hopping matrices, satisfy the constrain

W∗y = W−y.

Figure 3.1: Unit cells for the SSH model: Unit cell given by C-C bond (up) ([Asbóth et al.,
2015, Figure 1.1]), Unit cell given by H-C bond (down) ([Meier et al., 2016, Figure
1])

In this setting, CN represents the different energy levels of the unit cell that the
electron can take, so, for instance, if we work in a one-dimensional system, like
the SSH model, and N = 2, then, W2 ∈ M2(C) and it describes the dynamics of a
particle moving from the site |x⟩ to the site |x + 2⟩, with x ∈ Z. In Fig. 3.2 you can
find a schematic of a 1d lattice with L energy levels per site and a depiction of the
hopping matrices.

For such Hamiltonians we have that SyH(Sy)∗ = H for any y ∈ Zd, this is called
translation invariance, and it allows to use the Fourier transform

F : L2(Td)→ L2(Zd)

in order to express H as a decomposable operator (Definition C.4.2) over the direct
integal

L2(Td, CN) ≃
∫ ⊕

Td
CN ,

in which case

FHF ∗ =
∫ ⊕

Td
dkHk, with Hk ∈ MN(C).

The space Td is called the Brillouin Torus, and we have that for each k ∈ Td

Hk : CN → CN , Hk = ∑
y∈R

ei⟨y|k⟩Wy,

where, for simplicity, we take R ⊂ Zd finite, thus

H = ∑
y∈R

WySy.
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Figure 3.2: Schematics of hopping matrices in a 1d model, on the horizontal axis are depicted
the lattices sites and on the vertical axis are depicted the energy levels per site,
notice that each site has the same energy levels because we are working with
translation invariant systems. We have that Wy ∈ ML(C), such that, we are
depicting the components (l, l − 1), (l, l), (l, l + 1) (from top to bottom) of the
following hopping matrices: in blue we have depicted W0 (inter-cell hopping
terms), in red we have W−1 (nearest neighbor on the left) and in green we have
W1 (nearest neighbor on the right) ([Lambropoulos and Simserides, 2019, Figure
1]).

Under this setting, the map f : Td → Mn(C), f (k) := Hk is continuous and the set
of operators {Hy}y∈R over Mn(C) is called the Fourier coefficients of f , because,
under the Fourier transform we get

Wy =
∫

Td
ei⟨−y|k⟩Hk

dµ(k)
(2π)d .

In this setting Td is called the Brillouin Torus.

The previously described systems have been widely studied, such that, there are
even exact solutions to various of those models ([Prodan and Schulz-Baldes, 2016,
Chapter 2]). Thus, the objective of Prodan et.al. in [Prodan and Schulz-Baldes,
2016] is to present a generalization of the translation invariant models which can
be analyzed using techniques from non-commutative geometry. The path towards
those models consists of two steps ([Prodan and Schulz-Baldes, 2016, Chapter 1]),

1. Add the effect of an external magnetic constant field. The presence of a
uniform magnetic field can be modeled with the Peierls substitution ([Pro-
dan and Schulz-Baldes, 2016, Chapter 2]), which, takes into account the effect
of the magnetic field through a real anti-symmetric matrix B with entries in
[−π, π). Denote by B+ the lower triangular matrix of B, also, set B− := BT

+,
thus, B = B+ − B−, then, in the Peierls substitution we need to replace the
shift operators Sy with the dual magnetic translations Uy, which, under the
Landau Gauge looks like

Sy 7→ Uy, Uy := Syei⟨y|B+ |X⟩, that is, Uy |x⟩ = ei⟨y|B+ |x⟩ |x + y⟩ .
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After replacing Sy with Uy, the Hamiltonian becomes

H = ∑
y∈R

e
i
2 ⟨y|B+|y⟩Wy ⊗ Uy.

This Hamiltonian is no longer invariant under Sy, however, we can construct
a new set of unitary transformations that generalize Sy and preserve H, these
are called the direct magnetic translations,

Vy := ei⟨X|B+ |y⟩Sy, that is, Vy |x⟩ = ei⟨x+y|B+ |y⟩ |x + y⟩ .

Given this setting, we have that

Vy H(V y)∗ = H.

The dual magnetic translations satisfy the commutation relation

UxUy = ei⟨x|B+|y⟩Ux+y.

Let ej = (0, · · · , 1, · · · , 0) where the position j has a 1 and it is zero elsewhere,
then, the operators {Uej}1≤j≤d satisfy the commutation relations of the op-
erators uj used to express twisted crossed products as universal c* algebras
(Lemma 1.1.9).

2. Work with random hopping matrices. Let H be the Hilbert space where the
Hamiltonians we are studying act on,

H = L2(Zd)⊗ CN , N ∈ N.

When we work with random hopping elements the Hamiltonian is no longer
translation invariant, nor invariant under the direct magnetic translations. In
this scenario, we want to study physical properties that are invariant under
the disorder of the physical system e.g. transport coefficients like the conduc-
tivity ([Prodan and Schulz-Baldes, 2016, Proposition 7.1.1]), the chiral polar-
ization ([Prodan and Schulz-Baldes, 2016, Proposition 7.3.1]), so, we take the
following steps,

a) Instead of working with a particular Hamiltonian H, we work with a
family of Hamiltonians {Hω}ω∈Ω ⊂ B(H).

b) We ask for the family of Hamiltonians to have the covariant property,
that is, we have a topological dynamical system ([Blackadar, 2006, Section
II.10]) and the following relation is satisfied,

Uy Hω(Uy)∗ = Hϱ(−y)(ω), ∀y ∈ Zd.

Notice that the covariant property coincides with the fourth property of
covariant representation of twisted dynamical systems (Definition 1.1.8),
if we work with twisted dynamic systems where the C* algebra takes the
form C(Ω) (Definition 1.2.1).

The family of Hamiltonians {Hω}ω∈Ω is called a covariant family of Hamil-
tonians and describes what is known as a homogeneous material ([Prodan,
2017, Section 1.1]), also, the covariant families of Hamiltonians are well suited
to study phenomena resilient to disorder, like the Integer Quantum Hall Effect
([Bellissard et al., 1994]). In this setting, Ω is a parametrization of the space of
disordered configurations, it has a topology that makes the map

ω 7→ Hω

continuous, and is a compact space ([Prodan, 2017, Definition 1.1]).
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Denote H = {Hω}ω∈Ω ⊂ B(H) a covariant family of Hamiltonians, then,
we are particularly interested in those Hamiltonians H that come as a gener-
alization of the Hamiltonian

∑
y∈R

e
i
2 ⟨y|B+|y⟩Wy ⊗ Uy,

one example of such a family is

{ ∑
y∈R

∑
x∈Zd

e
i
2 ⟨y|B+|y⟩Wy(ϱ(−x)(ω))⊗ |x⟩ ⟨x|Uy}ω∈Ω,

where Wy : Ω → Mn(C) are continuous functions, these are the covariant
families of Hamiltonians that we care about. Notice that the operator

∑
x∈Zd

e
i
2 ⟨y|B+ |y⟩Wy(ϱ(−x)(ω))⊗ |x⟩ ⟨x|Uy

corresponds to the operator πω(Wy)πω(uy) comming from the map πω de-
scribed in Lemma 1.2.1.

Let H = {Hω}ω∈Ω be a covariant family of Hamiltonians, then, the space Ω

is called the Hull of H, is homeomorphic to the closure of

{Uy H(Uy)∗|y ∈ Zd}

in the strong topology of B(H) ([Prodan, 2017, Definition 1.1]).

Let A = {Aω}ω∈Ω ⊂ B(H) be a covariant family of bounded linear operators,
then, the set of all such A that take the form

{ ∑
y∈R

∑
x∈Zd

e
i
2 ⟨y|B+|y⟩Wy(ϱ(−x)(ω))⊗ |x⟩ ⟨x|Uy}ω∈Ω,

with Wy : Ω → Mn(C) a continuous function, is a *algebra under point wise mul-
tiplication, addition and involution. We can provide a C* norm to this algebra as
follows

∥A∥ := sup
ω∈Ω

∥Aω∥B(H),

and its completion becomes C* algebra. This C* algebra is isomorphic to the C*
algebra

Mn(C(Ω)⋊α,B+ Zd)),

where α is an action of Zd over C(Ω) given by

α(y)( f )(ω) = f (ϱ(−y)(ω)), y ∈ Zd.

Notice that we have looked at some of the properties of the C* algebra C(Ω)⋊α,B+

Zd in Chapter 1. We also have that

(C(Ω)⋊α,B+ Zd)⊗ Mn(C) ≃ Mn(C(Ω))⋊α,B+ Zd.

The C* algebra Mn(C(Ω))⋊α,B+ Zd contains the covariant families of Hamilto-
nians that describe the dynamics of an electron in a homogeneous material with
no boundaries and n energy levels per unit site in the lattice.

For practical applications we can provide (Ω, ϱ, Zd) with more structure, which
comes motivated from the disordered introduced in a pure crystal due to thermal
fluctuations ([Prodan, 2017, Example 2.4]), and takes the following form ([Prodan,
2017, Section 3.1]),

Ω = ∏
s∈Zd

Ω0, ϱ(y) : Ω → Ω, ϱ(y)
(
(l 7→ ωl)l∈Zd

)
= (l 7→ ωl−y)l∈Zd ,
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with Ω0 a compact, metrizable, and convex space. For example, if we want to
work with Hamiltonians that include at most interactions with the closest neighbors
inside the cube of side 2L, we can take ([Prodan and Schulz-Baldes, 2016, Section
2.4.1])

Ω0 = ∏
y∈VL

Ω
y
0 , VL = {(y1, · · · , yd) ∈ Zd||yi| ≤ L},

with Ω
y
0 a compact, metrizable and convex space for all y ∈ VL. As explained in

Section 1.2.2, with this particular choice for Ω, it becomes a compact, metrizable
and convex space with a bounded Radon measure with full support, additionally,
ϱ(y) becomes homotopically equivalent to the identity map on Ω ([Prodan and
Schulz-Baldes, 2016, Proposition 4.2.1]), and the space Ω

y
0 parametrizes the random-

ness associated to the shift Uy. Notice that Mn(C(Ω)⋊α,B+ Zd) is the C* algebra of
matrices with entries in the Non-Commutative Brillouin Torus (Definition 1.2.3).

Recall that the Fermi level of H is the highest energy level an electron can occupy
at the absolute zero temperature in the crystal described by H. Each covariant fam-
ily of Hamiltonians H = {Hω}ω∈Ω ⊂ B(H) describes the dynamics of electrons
inside a homogeneous material, and, if we impose certain restrictions on the Hamil-
tonians H we can make relevant assessments about those materials. In particular,
we are going to focus on covariant families of Hamiltonians that satisfy the Bulk
Gap Hypothesis ([Prodan and Schulz-Baldes, 2016, Section 2.4.2]), which states that

Definition 3.2.1 (Bulk Gap Hypothesis ). Let H = {Hω}ω∈Ω ⊂ B(H) be a covariant
family of Hamiltonians, then, we say that H satisfy the Bulk Gap Hypothesis if the Fermi
level µ ∈ R lies in a gap of the spectrum of Hω for all ω ∈ Ω.

Recall that Mn(C(Ω)α,B+) is a smooth sub algebra of Mn(C(Ω))⋊α,B+ Zd, thus, if
H ∈ Mn(C(Ω)α,B+), then, by Lemma I.2.4 we have that

χ(H ≤ µ) ∈ Mn(C(Ω)α,B+).

For example, if H is a finite polynomial

{∑
y∈R

∑
x∈Zd

e
i
2 ⟨y|B+ |y⟩Wy(ϱ(−x)(ω))⊗ |x⟩ ⟨x|Uy}ω∈Ω,

where, R ⊂ Zd and |R| ≤ ∞, then, χ(H ≤ µ) ∈ Mn(C(Ω)α,B+).

In real-world applications the finite polynomials are used ([Prodan and Schulz-
Baldes, 2016, Section 2.2.1]), so, let PFermi = χ(H ≤ µ) be the Fermi projection,
then, in the limit of temperature near zero and infinite relaxation time the Fermi
distribution becomes the Fermi projection ([Bellissard et al., 1994, Section 4.2]),

lim
β↑∞

fβ,µ(H) = PFermi, with fβ,µ(H) =
1

1 + exp(β(H − µ))
.

Also, the Kubo formula for the current density provides the following description of
the non-diagonal elements of the conductivity tensor ([Prodan and Schulz-Baldes,
2016, Proposition 7.1.1])

σi,j = ⟨[PFermi], [ξ{i,j}]⟩ = Ch{i,j}(PFermi).

From Section 3.1.1 we know the specific form that takes the range of Ch{i,j} and
how it depends on the dimension of the model under study, so, we can use Re-
mark 3.1.2 to make statements on the physical properties of homogeneous materials
as described in [Prodan and Schulz-Baldes, 2016, Section 7.2],
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• [Prodan and Schulz-Baldes, 2016, Corollary 7.2.1]: If d = 2, then,

σ1,2 = Ch2(PFermi) ⊂ Z and σ2,1 = Ch{2,1}(PFermi) ⊂ Z,

such that, we get a proof for the quantization of the transverse conductivity
in the IQHE (Integer Quantum Hall Effect) in two dimensions and the re-
silience of the quantization under disorder that does not close the spectral
gap around the Fermi level.

• [Prodan and Schulz-Baldes, 2016, Corollary 7.2.2]: If d = 3, then,

σi,j = Ch{i,j}(PFermi) ⊂ Z for any 1 ≤ i ̸= j ≤ 3,

such that, we get a proof for the quantization of the transverse conductivity
in the IQHE (Integer Quantum Hall Effect) in three dimensions and the
resilience of the quantization under disorder that does not close the spectral
gap around the Fermi level.

Both of the aforementioned results hold for any deformation of H that does not
close the gap around the Fermi level µ. When a particular property holds as long
as the spectral gap does not close around the Fermi level we say that it holds in the
regime of weak disorder, that is, when it holds under the Bulk Gap Hypothesis
(Definition 3.2.1).
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Appendices





A COMMENTS ON THE APPEND ICES

There is a rich connection between the appendices and the main body of the doc-
ument, the following is a list of the most important facts stated in the appendices
that are useful for understanding the main body of the document:

• The twisted crossed product A ⋊α,ζ G is a C* algebra whose norm is closely
related to the norm of representations of a L1 Banach algebra, so, in Ap-
pendix B.2.5 we provide a review on the representation of L1 Banach algebras.

• The Fourier coefficients of an element of the twisted crossed product A⋊α,ζ Zd

can be described as an integral of a C* algebra valued function, these type
of integrals are called Bochner integrals and in Appendix B.2 we provide a
review of such integrals.

• The twisted crossed product A ⋊α,ζ Zd can be described as a universal C*
algebra, so, in Appendix D.6 we provide a review on universal C* algebras.

• Let B be a C* algebra and B a smooth sub algebra of B, then, B is a Fréchet
algebra, so, in Appendix E we provide a review on Fréchet algebras and in
Appendix E.1 we provide a review on smooth sub algebras.

• The holomorphic functional calculus and the continuous functional calculus
over a C* algebra B are important for the definition of the groups K0(B) and
K1(B), so, in Appendix D.4 we provide a review of the continuous functional
calculus over C* algebras and in Appendix B.3 we provide a review of the
holomorphic functional calculus over Banach algebras.

• The holomorphic functional calculus over a smooth sub algebra B is impor-
tant for the definition of the groups K0(B) and K1(B), so, in Appendix E.1.1
we provide a review of the holomorphic functional calculus on smooth sub
algebras.

• We will look at the twisted crossed product A ⋊α,ζ Zd as an algebra of op-
erators over a Hilbert space, so, in Appendix C we provide a review on the
relevant results about Hilbert spaces used in this document.

• We will look at how some concepts from the Fourier analysis over Td translate
into the context of the twisted crossed product A ⋊α,ζ Zd, so, in Appendix F
we provide a review on basic results of harmonic analysis over abelian lo-
cally compact Hausdorff groups and how these lead to relevant results on the
Fourier analysis over Td.

• In Appendix H we provide a review on the facts of cyclic cohomology that are
relevant to the formulation of topological invariants for effective models that
describe the dynamics of electrons on a crystal subject to weak disorder.
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B BANACH ALGEBRAS

A Banach algebra is a normed algebra that is complete in its norm, notice that a
Banach algebra is by definition a Banach space. Let us dissect this definition. First,
a normed algebra is an associative algebra over a scalar field K (C or R) such that
there is a mapping a 7→ ∥a∥ of A into R+ with the following properties:

• (A; ∥ · ∥) is a normed space over K.

• ∥ab∥ ≤ ∥a∥∥b∥ (a, b ∈ A) (submultiplicative).

• ∥a + b∥ ≤ ∥a∥+ ∥b∥ (a, b ∈ A) (triangle inequality).

• ∥λa∥ = |λ|∥a∥ (a ∈ A, λ ∈ K) (homogeneity).

Remark B.0.1 (Norm is continuous). In a normed space the norm is a continuous func-
tion, a fact that comes from the triangle inequality ([Nameless, 2012]), so, we have that

a 7→ ∥a∥

is continuous.

A Banach space is a normed vector space that is complete under its norm, that is,
all the previously mentioned properties of the norm hold but not the sub-multiplicativity,
since a Banach space does not require a multiplication operation to exist. Thus, a
Banach algebra is a Banach space with a multiplication operation that is continuous
with respect to the norm. Since the multiplication and the addition are continu-
ous, we have that for any polynomial p(x) the map p : A → A with a 7→ p(a) is
continuous.

Banach algebras are ubiquitous in functional analysis, just to mention some ex-
amples we have:

Example B.0.1 (Example of Banach algebras). • The field of the real numbers with
the norm given by the absolute value is a Banach algebra i.e. (R, ∗,+, ∥∥)

• The space l1 of convergent series a = ∑i∈N ai such that ∑i∈N ∥a∥ < ∞ is Banach
algebra, were the addition is given term by term and the multiplication is given by the
convolution ( f g)(n) = ∑i∈N f (i − n)g(n). In l1 the norm is ∥a∥ = (∑i∈N ∥a∥).
This is a special case of the Banach spaces lp (p ≥ 1) of convergent series a = ∑i∈N ai
such that ∑i∈N ∥a∥p < ∞, were the addition is given term by term, and the norm is
∥a∥p = (∑i∈N ∥a∥p)1/p. Is important to mention that neither lp is a Banach algebra,
for example, l2 is not a Banach algebra since the convolution does not give an element
in l2 [user125932, 2020].

• A generalization of the previous example: let (X,A, µ) be a measure space, then
the space of all equivalence classes of measurable functions from X to the complex
numbers C such that

∫
X ∥ f (x)∥dµ ≤ ∞ is a Banach space (L1(X, µ)). If X is a

locally compact group with µ the left Haar meassure of X ([Vinroot, 2008, Theorem
2.1]), we can turn L1(X, µ) into a Banach algebra by setting the following operations
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– ( f + g)(x) = f (x) + g(x)

– f ∗(x) = f (x−1)∆(x)−1 (
f ∈ L1(X), x ∈ X

)
, with ∆(x) the modular func-

tion of the Haar measure [Vinroot, 2008, page 6].

– ( f ⋆ g)(x) =
∫

G f (y)g
(
y−1x

)
dm(y)

(
f , g ∈ L1(X), y, x ∈ X

)
such that

∥ f ⋆ g∥ ≤ ∥ f ∥∥g∥ ([Deitmar and Echterhoff, 2009, Theorem 1.6.2]), this op-
eration is called the convolution.

this is called the group algebra of X [Dales et al., 2003, Proposition 9.1.4 and Defini-
tion 9.1.5]. L1(X, µ) is very special, because in general we cannot make L2(X, µ) into
a Banach algebra for a general locally compact group, for example, there are functions
in L2(R, µ) such that their convolution is not in L2(R, µ) [robjohn, 2012] with µ the
Lebesgue measure.

• Banach algebras usually arise as operator algebras, for example, let A be a Banach
space, the algebra of continuous linear operators from A to A (L(A)) is also a Banach
algebra with multiplication given by composition and norm given by the operator
norm i.e. for T : A → B we have ∥T∥ = supx∈A, ∥x∥A=1 ∥T(x)∥A. Again, this is a
special case of the Banach spaces L(A, B) of continuous linear maps from the Banach
space A to the Banach space B.

For more examples and results on Banach algebras we highly recommend [Dales et al.,
2003] and [Allan and Dales, 2011].

b.1 spectrum

From now on we will work with Banach algebras over the complex numbers.

When we study operators an important property of them is their spectrum, which
tell us when the operator (T − λI) has an inverse, where I is the identity operator
on the Banach space. Furthermore, for applications in quantum mechanics the
spectrum of a self-adjoint operator has a great importance, the spectrum of a self-
adjoint operator T can be interpreted as the set of values that can be obtained from
a physical measurement of its associated physical observable.

Let A be a unital Banach algebra and a ∈ A, we will denote by G(A) the set of
invertible elements of A, that is:

G(A) = {a ∈ A|∃b ∈ A s.t. ab = ba = 1}.

For a ∈ A, the resolvent set of a is defined as,

RA(a) = {λ ∈ C|(λ1− a) ∈ G(A)},

and the spectrum of a is defined as SpA(a) = C− RA(a). When it is clear to
which algebra we are referring we will drop the subscripts and just write Sp(a) and
R(a). SpA(a) is also referred to as the algebraic spectrum of a with respect to A.
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The spectrum has many interesting properties both at the algebraic and topolog-
ical level, for example, if p is a complex polynomial then ([Allan and Dales, 2011,
Lemma 4.22])

SpA(p(a)) = {p(λ)| λ ∈ SpA(a)}.

b.1.1 Unitization

If A has no unit, we cannot define the spectrum of an element as we did in the
previous paragraph, because the group G(A) is not defined. However, we can
easily construct a unital Banach algebra A+ such that A ⊂ A+ and A is an ideal of
A+, to that algebra we will refer to as the unitization of A [Allan and Dales, 2011,
4.3 page 161]:

A+ = A⊕C

with:

• Addition: (a, λ) + (b, σ) = (a + b, λ + σ) with addition identity (0, 0).

• Multiplication: (a, λ) · (b, σ) = (ab + λb + σa, λ · σ), with multiplication iden-
tity (0, 1).

• Norm: ∥(a, λ)∥ = ∥a∥+ |λ|

Using the submultiplicativity of the norm, it is possible to show that A+ is a
normed algebra, furthermore, is possible to show that A+ is a complete iff A is a
complete. There are many ways to define a norm on A+, the norm we have de-
scribed is termed the l1-norm and is the greatest regular norm that can be assigned
to A+ if the norm on A is regular, that is, if ∥a∥ = sup{∥ax∥, ∥xa∥ : x ∈ A, ∥x∥ = 1}
[Arhippainen and Müller, 2007].

Now, for A a non-unital Banach algebra and a ∈ A, define SpA(a) = SpA+(a)
and RA(a) = RA+(a). Since A is an ideal of A+ and the unit of A+ does not belong
to A we have that 0 ∈ Sp(a) i.e. a is not invertible. Also, there is a canonical Banach
algebra morphism that comes with the unitization,

π : A+ → C, (a, λ)→ λ.

b.1.2 Topology of the spectrum

Take A a Banach algebra and a ∈ A, for every λ ∈ R(a) the resolvent mapping
is defined as r : Ra → A such that Ra(λ) = (λ1− a)−1. Note that the resolvent
mapping is defined for all λ > ∥a∥, since (λ1− a)−1 = λ−1 + ∑∞

k=1 λ−(k+1)ak; this
comes from the fact that for b ∈ A with ∥b∥ < 1 we have that 1− b ∈ G(A) and
(1− b)−1 = 1 + ∑∞

k=1 bk [Allan and Dales, 2011, Lemma 4.10].

Proposition B.1.1. Let A be a unital Banach algebra, then,

1. The set G(A) is open in A ([Allan and Dales, 2011, Corollary 4.11])
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2. G(A) is a topological group, where its topology is inherited from the norm topology
of A , that is,

• The multiplication a× b 7→ ab is a continuous operation inside G(A).

• The inversion a 7→ a−1 is a continuous operation inside G(A) ([Allan and
Dales, 2011, Corollary 4.12])

Remark B.1.1. Since the inversion operation is continuous, for any element a ∈ A the
resolvent mapping Ra → G(A) is a continuous.

After extending the Cauchy integral formula to weakly holomorphic functions
[Allan and Dales, 2011, Theorem 3.11] and extending the Liouville’s theorem to
vector valued functions [Allan and Dales, 2011, Theorem 3.12], it is possible to give
some nice properties of the topology of both the spectrum and the resolvent sets:

Theorem B.1.1 (Theorem 4.17 [Allan and Dales, 2011]). Let A be a Banach algebra,
and let a ∈ A. Then Sp(a) is a nonempty, compact subset of the disc {λ ∈ C : |λ| ≤ ∥a∥}.

The previous theorem also tell us that R(a) is open. Now, since Sp(a) is compact,
we can ask what is the radius of the greatest disk that contains Sp(a), this takes us
to define the spectral radius of a,

ρ(a) := sup
λ∈Sp(a)

{|λ|}.

The spectral radius is related to the algebra norm through the Beurling-Gelfand
spectral radius formula:

Theorem B.1.2 (Theorem 4.23 [Allan and Dales, 2011] Spectral radius formula). Let
A be a Banach algebra, and let a ∈ A. Then

ρA(a) = lim
n→∞

∥an∥1/n = inf
n∈N
∥an∥1/n .

Remark B.1.2. Let A be a Banach algebra and take a ∈ A, then, ∥an∥ ≤ ∥a∥n due
to the submultiplicativity property of Banach algebras, hence, Theorem B.1.2 implies that
ρA(a) ≤ ∥a∥.

As a final remark, for every unital Banach algebras A, we have that G(A) is open
[Allan and Dales, 2011, Corollary 4.11]; this fact is proven by showing that for every
a ∈ G(A) and b such that ∥b− a∥ < 1/∥a−1∥ then b ∈ G(A). Denote by

B(a, r) := {b ∈ A| ∥b− a∥ ≤ r},

then is possible to use the fact that B(a, 1/∥a−1∥) ⊂ G(A) when a ∈ G(A) to show
the following useful results for Ra(λ)

Proposition B.1.2 (Lower bound for Ra(λ)(Corollary 6.9 [Abramovich and Alipran-
tis, 2002])). Let A be a Banach algebra and a ∈ A then:

• If λ ∈ RA(a), then ∥Ra(λ)∥ ≥ 1
d(λ,SpA(a)) , where d(λ, SpA(a)) is the distance from

λ to the spectrum SpA(a).
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• Assume that a sequence {λn} ⊆ RA(a) satisfies λn → λ0 ∈ C. Then λ0 ∈ SpA(a)
if and only if ∥Ra (λn)∥ → ∞.

There are some special elements of Banach algebras that will be useful in our
study of K theory Section 2.1.1, these are the idempotents, so, let A be a Banach
algebra and e ∈ A, e is an idempotent if e2 = e. The sets of idempotents of the
Banach algebra A is denoted by Q(A). The spectrum of an idempotent is fairly
simple: Sp(e) ⊂ {0, 1} [Allan and Dales, 2011, Proposition 4.16], also, the set of
idempotents is close, this comes from the continuity of the multiplication on Banach
algebras because if an → a and a2

n = an then we must have that a2
n → a, which

together with a2
n → a2 gives us that a2 = a. The set of idempotent elements of a

Banach algebra A is denoted by Q(A).

Another type of special elements that are usually studied in Banach algebras are
the nilpotents elements, these are a ∈ A such that there is n ∈ N with an = 0, the
spectrum of these elements is simpler that the spectrum of the idempotents since it
consists of only the eigenvalue 0 [Allan and Dales, 2011, Page 166].

b.1.3 Morphisms

A morphism between two Banach algebras A, B is a morphism of algebras ϕ : A→
B that is continuous with respect to the norm topologies of the algebras. For every
algebraic morphism ϕ : A → B between Banach algebras we have that ϕ(G(A)) ⊆
G(B) which implies that SpB(ϕ(a)) ⊆ SpA(a).

A Banach algebra has two structures, the algebraic structure and the topological
structure, which are bound by the continuity of the algebraic operations, neverthe-
less there is no a priori relation between the algebraic and topological structures of
algebraic homorphisms between Banach algebras. Let

ψ : A→ B

be an algebraic morphism between two algebras, were one or both of them are
Banach algebras A and B, we may ask if ψ is continuous? This question is studied
under the Banach algebra theory as automatic continuity [Dales et al., 2003, Part I
Chapter 5] and there are both positive and negative results for this question.

Automatic continuity is a rather complicated subject were many technicalities
come into play, for example:

• One of the first positive results on automatic continuity says that if B is a
semisimple Banach algebra then ψ is automatically continuous [Dales et al.,
2003, Proposition 5.1.1].

• We also have negative results, like the theorem that tells us that for any infinite
compact group G there is a discontinuous homorphism from L2(G) into a
Banach algebra [Runde, 1996, Theorem 2].

• If we are concerned with A and B both being Banach algebras there are ex-
amples of discontinuous homorphisms were the domain is a Commutative
Banach algebra (C(K) with K compact), and these constructions relay heav-
ily on the Continuous Hypothesis [Dales and Woodin, 1987, Thereom 1.10],
such that the existence of those homomorphisms cannot without the Continu-
ous Hypothesis [bie, 1984, Automatic continuity of homomorphisms from C*
-algebras, section 4], [Dales et al., 2003, Part I Chapter 5 Additional note 4].
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Automatic continuity has a positive answer if A and B are both C* algebras (
Proposition D.0.1), and this is a strong motivation for us to focus into C* algebras.
For more information about automatic continuity of morphisms between Banach
algebras we recommend [Dales et al., 2003, Chapter 5.1] and [Allan and Dales, 2011,
Chapter 5, section Automatic continuity].

b.1.4 Spectrum continuity

In this document we work with functional calculus over our algebras, and the func-
tional calculus depends on the spectrum of our elements, thus we would like to
describe more carefully the spectrum.

Take a ∈ A an element of a Banach algebra, as we have mentioned, its spectrum
Sp(a) is a compact subset of the complex numbers, thus, we can use the Hausdorff
metric to compare the spectrum of two elements of the Banach algebra. Recall
that for any complete metric space (X, d) the set of closed and bounded subsets of
X (K(X)) is a complete metric space under the Hausdorff metric [Barnsley, 1993,
Example 6.15].

The Hausdorff metric has two equivalent definitions [Henrikson, 1999, Proposi-
tion 2.1], on one side, take A, B ∈ K(X), then the Hausdorff metric takes the form,

d(A, B) = max

{
sup
e∈A

d(e, B), sup
e∈B

d(e, A)

}
,

where d(e, B) : X×K(X)→ R is given by

d(e, B) = inf
b∈B

d(e, b)

On the other side, for A in K(X) define its ϵ-expansion as Eϵ(A) =
⋃

x∈A B(x, ϵ),
which corresponds to the union of all ϵ-open balls around points in A. Then d(A, B)
is defined as the ”smallest” ϵ that allows the expansion of A to cover B and vice
versa:

d(A, B) = inf {ϵ > 0 | Eϵ(A) ⊃ B and Eϵ(B) ⊃ A}

Figure B.1: Visual representation of both definitions of the Hausdorff metric. Taken from
[Henrikson, 1999].

Many authors have studied the map Sp : A → K(C), a 7→ Sp(a) when A is
a Banach algebra, if you wish to know more about that subject we recommend
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the article [Burlando, 1994]. Continuity of the spectrum can be tackle for more
general scenarios, for example the continuity of the spectrum of a field of self-
adjoint operators (Hα)α∈τ [Beckus and Bellissard, 2016], which plays an important
role in the study of aperiodic Schrodinger operators [Beckus, 2016]. When fields of
operators are considered is possible to use other topologies than the norm topology,
and unexpected behaviours come into light, for example, there are examples of
fields of self-adjoint operators (Hα)α∈τ that are strongly continuous in α and α 7→
Sp(Hα) is also continuous, but α 7→ ∥Hα∥ is not continuous [Beckus, 2016, Example
2.0.2].

Definition B.1.1. Take a0 ∈ A with A a Banach algebra, the map Sp : A 7→ K(C) is
called upper semi-continuous at a0 ∈ A if for any ϵ > 0 there exists a neighbourhood Ω of
x0 in A such that Sp(a) ⊂ Eϵ(Sp(a0)). The map the map Sp : A 7→ K(C) is called lower
semi-continuous at a0 ∈ A if for any ϵ > 0 there exists a neighbourhood Ω of x0 in A such
that Sp(a0) ⊂ Eϵ(Sp(a)) for any a ∈ Ω.

Proposition B.1.3 (c.f. Theorem 1.1 [Burlando, 1994] and Proposition 4.21 [Allan
and Dales, 2011]). Let A be a Banach algebra and a ∈ A, then, the map a 7→ Sp(a) is
upper semi-continuous.

For particular elements of a Banach algebra A the map Sp is continuous, for
example, if a ∈ A and Sp(a) is a totally disconnected set, then the map Sp is
continuous at a [Burlando, 1994, Theorem 1.6]. However, as we have mentioned,
the map a 7→ Sp(a) is not in general continuous since there are Banach algebras
were the map Sp fails to be lower semi-continuous, for example, there is an example
of nilpotent elements whose limit is an element with spectrum different from {0}
[Rickart, 1974, Page 282].

b.2 bochner integral

In this section we will give a brief account of the results behind the integration
of functions taking values in a Banach space, that is f : S → A with A a Banach
space and (S,A) a measurable space. The integration of vector valued functions
is designed to generalize the integration of complex (or real) valued functions to
functions with values in Banach spaces, and as we would expect, the results exposed
here fall back into the well-known results from complex valued functions. The
integrals that we will define are widely used in Banach spaces theory and provide a
powerful tool to perform computations on Banach spaces. Note that all the results
exposed are valid for Banach algebras.

b.2.1 Measurable functions

Let X be a Banach space, (S,A) a measurable space, and f : S→ X a function, then
we want to study what it means for f to be measurable. We want our results to fall
back into the standard integration theory when X = C. In C we have two widely
used σ-algebras, the Lebesgue σ-algebra and the Borel σ-algebra, with the Lebesgue
σ-algebra being complete.

We may want to generalize the Lebesgue σ-algebra of Euclidean spaces into the
context of Banach spaces, however, there are some undesirable behaviors associated
with Lebesgue measurable functions, for example the composition of Lebesgue mea-
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surable functions is not always Lebesgue measurable ([Mirjam, 2013]). Also, we will
deal with the measurability of functions x∗ ◦ f with x∗ a member of the continuous
dual of X, thus we need to generalize a σ-algebra of C for our analysis.

For simplicity we will use the Borel σ-algebra for X and C, that is, the Borel σ-
algebra B(X) is the σ-algebra generated by the open sets of X. More generally, let
(X, τ) be a topological space, then B(X) = σ(τ), where σ(τ) is the smallest sigma
algebra containing the sets in τ i.e. the open sets of Y ([Schilling, 2005, Theorem
3.4]). The Borel σ-algebra has some nice properties with respect to measures, for
example, if X locally compact metric space then any locally finite measure over the
Borel sets is automatically a regular measure [Knapp, 2005, Remark of Corollary
11.22]. Recall that a topological space X is said to be second countable is there
exists a countable collection of open sets U = {Un}n∈N such that any open set of
X is an union of elements of a sub familiy of U. Notice that if (X, τ) is second
countable, then, there is a countable set of open sets that generate B(X), in this case
we say that B(X) is a countably generated σ-algebra.

Definition B.2.1 (Measurable functions). For functions f : S → X we will concerned
with two ways of defining measurability:

• Measurable function: The function f is called measurable if the pre-images

f−1(B) := { f ∈ B} := {s ∈ S : f (s) ∈ B}

are measurable for B ∈ B(X). Here we are concerned about the Borel σ-algebra of the
Banach algebra X.

• Weakly measurable function: The function f is called measurable if the scalar-
valued function x∗ ◦ f is measurable for every functional x∗ in the dual space X∗.
Here we use both the structure of the continuous dual of X and the Borel σ-algebra of
C.

In general, the set of weakly measurable functions is contained in the set of mea-
surable functions, and there are Banach spaces were this inclusion is strict [Hytönen
et al., 2016, example 1.4.3], however, if X is separable both sets coincide (Theo-
rem B.2.1), recall that a topological space is said to be separable if it has a dense
countable set.

Theorem B.2.1 (Corollary 1.1.2 [Hytönen et al., 2016]). If X is separable, then for a
function f : S→ X the following assertions are equivalent:

• f is measurable;

• x∗ ◦ f is measurable for all x∗ ∈ X∗ (f is weakly measurable).

Thus, separable Banach spaces will play an important role in our constructions.

What functions make sense to integrate?

Indicator functions will play in important role in the integration theory of Banach
space valued functions, as they do in the definition of Lebesgue integral. Therefore,
we are motivated to define a new type of measurability related to finite sum of
indicator functions. So, first, define an indicator function in this context:

Definition B.2.2 (Simple functions Definition 1.1.3 [Hytönen et al., 2016]). A func-
tion f : S → X is called simple if it is of the form f = ∑N

n=1 1An ⊗ xn with An ∈ A and
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xn ∈ X for all 1 ⩽ n ⩽ N. Here 1A denotes the indicator function of the set A and we use
the notation

( f ⊗ x)(s) := f (s)x.

Thus, we are led to the definition of strongly measurable functions:

Definition B.2.3 (Strongly measurable function Definition 1.1.4 [Hytönen et al.,
2016]). A function f : S → X is strongly measurable if there exists a sequence of sim-
ple functions fn : S→ X such that limn→∞ fn = f point wise on S.

Since the point-wise limit of measurable functions is measurable [Schilling, 2005,
Corollary 8.9], any strongly measurable function is measurable, so we may wonder
if there are spaces where these definitions coincide, and as we would have expected,
these coincide when X is separable. Furthermore, if X is not separable there are
examples of measurable functions that are not strongly measurable [Hytönen et al.,
2016, Example 1.1.5].

Since the separability of X is such a key component in our analysis, let us gener-
alize a bit and look into functions f whose range is separable.

Definition B.2.4 (Separably valued function Page 5 [Hytönen et al., 2016]). A func-
tion f : S→ X is called separably valued if there exists a separable closed subspace X0 ⊆ X
such that f (s) ∈ X0 for all s ∈ S.

With this definition we can look at one of the cornerstone theorems of the inte-
gration theory of Banach space valued functions, the Pettis measurability theorem:

Theorem B.2.2 (Theorem 1.1.6 [Hytönen et al., 2016] Pettis measurability theorem,
first version). Let (S,A) be a measurable space and let Y be a weak* dense subspace of X∗.
For a function f : S→ X the following assertions are equivalent:

• f is strongly measurable

• f is separably valued and weakly measurable

• f is separably valued and ⟨ f , x∗⟩ is measurable for all x∗ ∈ Y.

Moreover, if f takes its values in a closed linear subspace X0 of X, then f is the pointwise
limit of a sequence of X0-valued simple functions.

Remark B.2.1. If X is separable all three definitions of measurability coincide, thus we can
use them interchangeably.

Additionally, we have a nice characterization of strongly measurable functions in
terms of measurability and the separability of their range,

Theorem B.2.3 (Corollary 1.1.10. [Hytönen et al., 2016]). For a function f : S → X,
the following assertions are equivalent:

• f is strongly measurable

• f is separably valued and measurable

We can approximate strongly measurable functions as scalar valued measurable
functions,
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Proposition B.2.1 (Approximating strongly measurable functions). For strongly mea-
surable functions we have the following results:

• [Hytönen et al., 2016, Corollary 1.1.7] If f : S → X is strongly measurable, then
there exists a sequence of simple functions ( fn)n⩾1 such that ∥ fn(x)∥ ⩽ ∥ f (x)∥ and
fn(x)→ f (x) for all x ∈ X.

• [Hytönen et al., 2016, Corollary 1.1.9] The pointwise limit f : S → X of a sequence
of strongly measurable functions fn : S→ X is strongly measurable.

• [Hytönen et al., 2016, Corollary 1.1.11] If f : S → X is strongly measurable and
ϕ : X → Y is measurable, where Y is another Banach space, then ϕ ◦ f is strongly
measurable.

b.2.2 Strong measurability with respect to a measure

Now we turn our attention to the measure space (S,A, µ) (Space, σ-algebra, mea-
sure). Since we are looking forward to generalize the Lp(S, µ) spaces, we want our
integrals to have finite values, which motivates the definition of µ-strongly measur-
able functions. First some definitions.

Definition B.2.5 (µ-simple function (Definition 1.1.13 [Hytönen et al., 2016])). A
µ-simple function with values in X is a function of the form f = ∑N

n=1 1An ⊗ xn, where
xn ∈ X and the sets An ∈ A satisfy µ (An) < ∞

Definition B.2.6 (µ-almost everywhere Page 8 [Hytönen et al., 2016]). We say that a
property holds µ-almost everywhere if there exists a µ-null set N ∈ A such that the property
holds on the complement of N.

This leads us to the definition of µ-strongly measurable functions

Definition B.2.7 (Strongly µ-measurable function Definition 1.1.14. [Hytönen et al.,
2016]). A function f : S → X is strongly µ-measurable if there exists a sequence ( fn)n⩾1
of µ-simple functions converging to f µ-almost everywhere.

As you may expect, strongly measurable functions are not always µ-strongly mea-
surable, for example, the constant function 1 is always strongly measurable but is
only µ-strongly measurable iff µ is σ-finite [Hytönen et al., 2016, Example 1.1.17].
So, let us look into what σ-finite means:

Definition B.2.8 (σ-finite measure Page 8 [Hytönen et al., 2016]). A measure µ is said
to be σ-finite if it admits an exhausting sequence, i.e., an increasing sequence S(1) ⊆ S(2) ⊆
. . . of sets in A of finite µ-measure such that

⋃
n⩾1 S(n) = S.

Turns out that µ-strongly measurable functions are µ-essentially supported on
σ-finite measure spaces [Hytönen et al., 2016, Proposition 1.1.15], and µ-strongly
measurable functions are µ-almost everywhere equal to strongly measurable func-
tions if µ is σ-finite,

Proposition B.2.2 (Proposition 1.1.16. [Hytönen et al., 2016]). Consider a function
f : S→ X.
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• If f is strongly µ-measurable, then f is µ-almost everywhere equal to a strongly
measurable function.

• If µ is σ-finite and f is µ-almost everywhere equal to a strongly measurable function,
then f is strongly µ-measurable.

Also, there is a Pettis measurability theorem for µ-strongly measurable functions
which adds µ into the characterizatio given in Theorem B.2.2,

Theorem B.2.4 (Pettis measurability theorem, second version (Theorem 1.1.20 [Hytönen
et al., 2016])). An X-valued function f is said to be µ-essentially separably valued if there
exists a closed separable subspace X0 of X such that f (s) ∈ X0 for µ-almost all s ∈ S, and
weakly µ-measurable if ⟨ f , x∗⟩ is µ-measurable for all x∗ ∈ X∗.

For a function f : S→ X the following assertions are equivalent:

• f is strongly µ-measurable.

• f is µ-essentially separably valued and weakly µ-measurable.

• f is µ-essentially separably valued and there exists a weak* dense subspace Y of X∗

such that ⟨ f , x∗⟩ is µ-measurable for all x∗ ∈ Y.

Moreover, if f takes its values µ-almost everywhere in a closed linear subspace X0 of X, then
f is the µ-almost everywhere pointwise limit of a sequence of X0-valued simple functions.

And is also possible to add the effect of µ into the results on Proposition B.2.1

Proposition B.2.3 (Approximating µ-strongly measurable functions). For µ-strongly
measurable functions we have the following results:

• [Hytönen et al., 2016, Corollary 1.1.21] If f : S→ X is strongly µ-measurable, there
exists a sequence of µ-simple functions ( fn)n⩾1 such that ∥ fn(x)∥ ⩽ ∥ f (x)∥ and
fn(x)→ f (x) for µ-almost all x ∈ X.

• [Hytönen et al., 2016, Corollary 1.1.23] The µ-almost everywhere limit f : S→ X of
a sequence of strongly µ-measurable functions fn : S→ X is strongly µ-measurable.

• [Hytönen et al., 2016, Corollary 1.1.24] If f : S → X is strongly µ-measurable and
ϕ : X → Y is measurable, where Y is another Banach space, then ϕ ◦ f is strongly µ
measurable provided at least one of the following two conditions is satisfied:

– µ is σ-finite

– ϕ(0) = 0.

Remark B.2.2 (Algebra of strongly (µ-)measurable functions). Let X be a Banach
algebra, and denote by SX,µ (SX) the set of µ-strongly measurable (strongly measurable)
functions, so if f ∈ SX,µ ( f ∈ SX) there is a sequence of µ-simple functions (simple
functions) { fn}n∈N such that fn → f almost everywhere.

• Scalar multiplication: Take λ ∈ C and f ∈ SX,µ(SX) with fn → f a.e., set
(λ f )(x) = λ f (x), then λ fn are µ-simple functions (simple functions) such that
λ fn → λ fn a.e., thus λ f ∈ SX,µ(SX).

• Addition: Take f , g ∈ SX,µ(SX) with fn → f , gn → g a.e., set ( f + g)(x) =
f (x) + g(x), then fn + gn are µ-simple functions (simple functions) such that fn +
gn → fg a.e., thus f + g ∈ SX,µ(SX).
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• Multiplication: Take f , g ∈ SX,µ(SX) with fn → f , gn → g a.e., set ( f g)(x) =
f (x)g(x), then fngn are µ-simple functions (simple functions) such that fngn → fg
a.e., thus f g ∈ SX,µ(SX).

The set of µ-strongly measurable (strongly measurable) functions is an algebra under
point-wise multiplication.

Remark B.2.3 ( f : S → X with X separable). Let f : S → X and X separable, then our
most of the definitions of measurability coincide:

• f is measurable iff f is weakly measurable by Theorem B.2.1.

• f is strongly measurable iff f is measurable by Theorem B.2.3.

Now, what can we say about strong µ-measurability? Our best guess is to enforce σ-
finitenes on µ,

• if µ is σ-finite then f is strongly measurable iff f is µ-strongly measurable by Propo-
sition B.2.2,

otherwise a strongly measurable function may fail to be strongly µ-measurable [Hytönen
et al., 2016, Example 1.1.17].

Remark B.2.4 (µ-strongly measurable functions and composition with continuos
functions). Also, if f : S → X is strongly µ-measurable ( fn → f µ-almost every where
and fn are µ-simple functions) and g : X → Y is continuous, then g ◦ fn are µ-simple
functions converging to g ◦ f µ-almost everywhere, therefore g ◦ f is strongly µ-measurable.
Consequently, if f is strongly µ-measurable then s 7→ ∥ f (s)∥ is also strongly µ-measurable,
along with s 7→ ∥ f (s)∥p for any p > 0. Notice that this fact also comes as a consequence of
Proposition B.2.3 because ∥0∥p = 0.

b.2.3 Bochner integral

Now we turn our attention into defining the Bochner integral. Let (S,A, µ) be a
measure space, then for a µ-simple function f = ∑N

n=1 1An ⊗ xn define

∫
S

f dµ :=
N

∑
n=1

µ (An) xn.

For µ-simple functions we have that:

•
∥∥∫

S f dµ
∥∥ ⩽ ∫S ∥ f ∥dµ

•
∫

S f dµ +
∫

S g dµ =
∫

S f + g dµ

Now, let us see what a Bochner integrable function is

Definition B.2.9 (Definition 1.2.1. [Hytönen et al., 2016]). A strongly µ-measurable
function f : S → X is Bochner integrable with respect to µ if there exists a sequence of
µ-simple functions fn : S→ X such that

lim
n→∞

∫
S
∥ f − fn∥dµ = 0.
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For any µ-strongly measurable function f : S → X the function ∥ f ∥ : S → R is
strongly mu-measurable by Remark B.2.4. Also, from∥∥∥∥∫S

fn dµ−
∫

S
fm dµ

∥∥∥∥ ⩽ ∫
S
∥ fn − fm∥dµ ⩽

∫
S
∥ fn − f ∥dµ +

∫
S
∥ f − fm∥dµ

we see that the integrals
∫

S fn dµ form a Cauchy sequence. By completeness, this
sequence converges to an element of X. This limit is called the Bochner integral of
f with respect to µ, notation

∫
S

f dµ := lim
n→∞

∫
S

fn dµ.

According to [Hytönen et al., 2016] this definition does not depends on the choice
of approximation sequence. Notice that for given a function f : S → X that is
Bochner integrable, we have just assigned a new object inside X to the function f ,
this will be a crucial tool in the development of the holomorphic functional calculus
over Banach algebras (Remark B.3.1).

Remark B.2.5 (Bochner integral and multiplication). Let X be a Banach algebra and
f : S→ X a Bochner integral function, also, let Q, P ∈ X, since

∥P f (s)Q− P fn(s)Q∥ ≤ ∥P∥∥ f (s)− fn(s)∥∥Q∥,

we have that limn→∞
∫

S ∥P f (s)Q − P fn(s)Q∥dµ = 0. Since, each P fnQ is a µ-simple
function, and P fnQ → P f Q almost everywhere, then, P f Q is Bochner integrable. Addi-
tionally, since

∫
S f dµ is corresponds to the limit finite sum, the continuity of multiplication

on X tells us that ∫
S

P f (s)Qdµ = P
(∫

S
f dµ

)
Q.

A similar argument show us that if f : S → C is a Bochner integrable function, then for
any P ∈ X we have that ∫

S
P f dµ =

(∫
S

f dµ

)
P.

As expected, a function f is Bochner integrable iff its norm is integrable,

Proposition B.2.4 (Proposition 1.2.2. [Hytönen et al., 2016]). µ-measurable function
f : S→ X is Bochner integrable with respect to µ if and only if∫

S
∥ f ∥dµ < ∞

and in this case, we have ∥∥∥∥∫S
f dµ

∥∥∥∥ ⩽ ∫
S
∥ f ∥dµ

Example B.2.1 (Continuous functions over a compact space). If (S,A, µ) is a compact
measure space with finite measure µ(S) < ∞ such that A ⊆ B(S), and f : S → A is a
continuous function then f is Bochner integrable, let us check why this happens:

• f is strongly µ-measurable: let us create an open cover of S as follows, for s ∈ S let
bx,ϵ be and open neighbourhood of s such that if y ∈ bx,ϵ then ∥ f (y)− f (s)∥ ≤ ϵ,
then ∪s∈Sbs,ϵ = S. Since S is compact we can get a finite open cover ∪i≤nbsi ,ϵ = X,
and based on that open cover we can create a simple function as follows:
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– Set a1 = bs1,ϵ and aj = bsj ,ϵ ∩ (∪i<jai)
c, then aj ∈ A and ∪ai = S.

– fϵ(s) = ∑i≤n 1ai (s) f (si) and µ(ai) ≤ µ(S) < ∞

– Then, ∥ f (s)− fϵ(s)∥ ≤ ϵ for every s ∈ S

Hence, { f1/n}n∈N is a sequence of µ-simple functions that converge to f poin-twise,
which makes f into strongly µ-measurable, moreover, fn approximates f uniformly

• Let ai the closure of ai, then by the continuity of f we know that ∥ f (s)− f (s′)∥ ≤ ϵ
for any s ∈ ai and s′ ∈ ai. Since ai is closed then {∥ f (s)∥}s∈ai has a minimum,
denote it by f̂i and ŝi ∈ ai such that ∥ f (si)∥ = f̂i, then set

f ϵ(s) = ∑
i≤n

1ai (s) f (ŝi),

then { f 1/n}n∈N is a sequence of µ-simple functions that approximate f uniformly
and ∥ f1/n(s)∥ ≤ ∥ f (s)∥ for all s, thus, this is an example of the sequences that
Proposition B.2.3 assure that exists, with the added valued that it approximates f
uniformly.

• f is Bochner integrable: We have that s 7→ ∥ f (s)∥ is continuous, therefore is bounded
because S is compact, which in turns implies that∫

S
∥ f (s)∥dµ ≤ (sup

s∈S
∥ f (s)∥)µ(S) < ∞,

and by Proposition B.2.4 we have that f is Bochner mesurable.

This setup will come up in the formulation of the holomorphic functional calculus and
in the definition of the Fourier Analysis over twisted crossed product C* algebras (Sec-
tion 1.1.5).

Example B.2.2 (C0(S; X) continuous functions decaying at infinity). If (S,A, µ) is a
locally compact Hausdorff space with a measure µ over a σ-algebra A such that A ⊆ B(S),
let X be a Banach space then denote by C0(S; X) the vector space of continuous functions
that decay at infinity, much like in Appendix D.7.3, that is, if f ∈ C0(S; X) then for any
ϵ > 0 there is a K ⊂ S compact such that ∥ fKc(s)∥ ≤ ϵ.

Let f ∈ C0(S; X) and {Kn}n∈N be a sequence of compact subsets of S such that
∥ fKc

n(s)∥ ≤ 1/n, then from [nLab authors, 2023a] we know that Kn are closed, there-
fore Kn ∈ A. Since the topology of Kn is the inherited topology from S as a subspace
then from Example B.2.1 we know that there is µ-simple function fn on Kn such that
∥ fn(s) − f (s)∥ ≤ 1/n and ∥ fn(s)∥ ≤ ∥ f (s)∥ for all s ∈ Kn, thus, extend it to S by
setting fn(s) = 0 if s /∈ Kn, which again gives us a µ-simple function. Then,

∥ fn(s)− f (s)∥ ≤ 1/n, ∥ fn(s)∥ ≤ ∥ f (s)∥ s ∈ S,

thus, f is µ-strongly measurable, and can be approximated uniformly by µ-simple functions.

Notice that C0(S)⊙ X ⊂ C0(S; X) because the finite sum of compact sets is a compact
set.

Example B.2.3 (Continuous functions over a σ-finite space). Let X be a σ-finite space,
that is, X = ∪n∈NKn with Kn ⊆ Kn+1, Kn compact and µ(Kn) < ∞. Take f ∈ C(X; A)
with A a Banach space, then

f = lim
n→∞

1Kn f

pointwise, and 1Kn f is a continuous function in a compact set. Under this setup we can
follow a similar argument as in Example B.2.2 to show that f is the pointwise limit of
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µ-strongly measruable functions, which in turn makes f into a µ-strongly measurable func-
tion.

The Bochner integral has the expected behavior with respect to linear continuous
functionals and linear bounded transformations,

Proposition B.2.5 (Page 15 [Hytönen et al., 2016]). The Bochner integral has the follow-
ing properties:

• It f : S → X is Bochner integrable and T ∈ L(X, Y) then T f : S → Y is Bochner
integrable and

T
∫

S
f dµ =

∫
S

T f dµ.

• For all x∗ ∈ X∗ we have that〈∫
S

f dµ, x∗
〉

=
∫

S
⟨ f , x∗⟩dµ.

Proposition B.2.6 (Properties of the Bochner integral). The results from Lebesgue inte-
gration carry over to the Bochner integral as long as the measures are not signed measures,
to mention a few:

• Dominated convergence: [Hytönen et al., 2016, Proposition 1.2.5] Let the functions
fn : S → X be Bochner integrable. If there exists a function f : S → X and a non-
negative integrable function g : S→ R such that limn→∞ fn = f almost everywhere
and ∥ fn∥ ⩽ g almost everywhere, then f is Bochner integrable and we have

lim
n→∞

∫
S
∥ fn − f ∥dµ = 0

In particular,

lim
n→∞

∫
S

fn dµ =
∫

S
f dµ.

• Substitution theorem: [Hytönen et al., 2016, Proposition 1.2.6] Let (S,A, µ) be a
measure space and let (T,B) be a measurable space. Let ϕ : S → T be measurable
and let f : T → X be strongly measurable. Let ν = µ ◦ ϕ−1 be the image measure
of µ under ϕ. Then f ◦ ϕ is Bochner integrable with respect to µ if and only if f is
Bochner integrable with respect to ν, and in this situation∫

S
f ◦ ϕdµ =

∫
T

f dν

• Fubini theorem: [Hytönen et al., 2016, Proposition 1.2.7] Let (S,A, µ) and (T,B, ν)
be σ-finite measure spaces and let f : S× T → X be Bochner integrable, then

– For almost all s ∈ S the function t 7→ f (s, t) is Bochner integrable.

– For almost all t ∈ T the function s 7→ f (s, t) is Bochner integrable.

– The functions s 7→
∫

T f (s, t)dν(t) and t 7→
∫

S f (s, t)dµ(s) are Bochner inte-
grable and∫

S×T
f (s, t)dµ× ν(s, t) =

∫
T

∫
S

f (s, t)dµ(s)dν(t) =
∫

S

∫
T

f (s, t)dν(t)dµ(s).
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• Fundamental theorem of calculus and more: Various results from integro-differential
calculus can be extended into the context of Bochner integrable functions if the domain
of the function is a subset of Rd, this happens in part because Rd is σ-finite and as we
have seen, σ-finite measures have nice properties with respect to the Bochner integral
e.g. Proposition B.2.3 and Remark B.2.3.

– Simple results: The following are simple results that generalize the well-known
results from basic integro-differential calculus. We say that a function F is a
primitive of a function f , if F′ = f holds at each point, where we use the
notation

F′(x) := lim
δx→0

F(x + δx)− F(x)
δx

.

The proofs from the theorems applying to real-valued functions cannot be trans-
lated into the context of Banach space valued functions, because they relay on the
mean value theorem, which ha no analog for the Banach valued functions, thus,
other results are needed e.g. Heine-Borel covering theorem [Mikusiński, 1978,
Chapter XIII, Section 2].

* [Mikusiński, 1978, Chapter XIII, Corolary 1.1]: If f is a Bochner integrable
function on an interval I ⊂ R1 (closed or open) and x0 ∈ I, then the
indefinite integral F(x) =

∫ x
x0

f is continuous on I.

* [Mikusiński, 1978, Chapter XIII, Theorem 2.1]: If the derivative h′ of a
Banach value function h vanishes everywhere, then h is constant.

* [Mikusiński, 1978, Chapter XIII, Theorem 2.2]: If f is a continuous vector
function in an interval I ⊂ R1, then the indefinite Bochner integral

F(x) =
∫ x

x0

f (x0 ∈ I)

is, in I, a primitive function for f .

* [Mikusiński, 1978, Chapter XIII, Theorem 2.3]: If a function f is contin-
uous in an interval (a, b) and F is continuous on [a, b] and has f for its
derivative in (a, b), then the Bochner integral

∫ b
a f exists and we have

∫ b

a
f = F(b)− F(a)

– Generalization of absolute continuity: The right setting for generalizing
the notion of absolutely continuous functions is the setting of continuous local
primitives of Banach valued functions. If f : R → A with A a Banach space,
we say that f is locally integrable if f is Bochner integrable over any interval
[a, b] ([Mikusiński, 1978, Chapter XI section 1]). If g is locally integrable then
f is called a locally derivative of g if

lim
h→0

∫ b

a

∣∣∣∣1h [ f (x + h)− f (x)]− g(x)
∣∣∣∣ dx = 0

holds for every bounded interval (a, b) ([Mikusiński, 1978, Chapter XI section
3]).

* [Mikusiński, 1978, Chapter XIII theorem 3.3]: So, if f is a locally integrable
function, set

F(x) :=
∫ x

x0

f
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then f is a local derivative of F, such that F is continuous and

lim
h→0

F(x + h)− F(x)
h

= f (x)

holds for almost every x, we denote F′ := f . Similar results can be gen-
eralized into functions from Rd into a Banach algebra ([Mikusiński, 1978,
Chapter XIII section 5]).

* If f , g have local derivatives that are locally integrable e.g. if they are con-
tinuously derivable functions, then we have the Leibniz rule ([Mikusiński,
1978, Chapter XIII theorem 6.1])

( f g)′ = f ′g + f g′,

and we can perform integration by parts ([Mikusiński, 1978, Chapter XIII
theorem 6.1])

f (b)g(b)− f (a)g(a) =
∫ b

a
f ′g +

∫ b

a
f g′.

* [Mikusiński, 1978, Chapter XIII theorem 3.4]: Continuous local primitives
are derivable almost everywhere and their derivatives are equal to their local
derivatives. More exactly, if F is a continuous local primitive of f , then

lim
h→0

F(x + h)− F(x)
h

= f (x)

holds for almost every x.

Corollary B.2.1 (Bochner integral and Riemann sums). Let a, b ∈ R, let f : [a, b]→ A
be a continuous function into a Banach space A. Denote by part the set of numbers a =
x0 ≤ x1 ≤ · · · ≤ xpartn

= b and set δ(part) = min1≤i≤partn
{|xi − xi−1|}, then,

∫ b

a
f (x)dx = lim

δ(part)→0

partn

∑
i=1

f (x̃i)(xi − xi−1),

where x̃i ∈ [xi−1, xi].

Proof. Since f is continuous over a compact set it is uniformly continuous over [a, b]
([nLab authors, 2023b]), thus, the function

fpartn
(x) =

partn

∑
i=1

f (x̃i)1[xi−1,xi)
(x)

converges uniformly to f when δ(part)→ 0, where 1[xi−1,xi)
(x) is the indicator func-

tion for the set [xi−1, xi). Under this setting, the dominated convergence theorem
(Proposition B.2.6) tells us that∫ b

a
f (x)dx = lim

δ(part)→0

∫ b

a
fpartn

(x)dx.

Since fpartn
(x) is a µ-simple function (Definition B.2.5), we have that

∫ b

a
fpartn

(x)dx =
partn

∑
i=1

f (x̃i)1[xi−1,xi)
(x),

thus, we get that
∫ b

a f (x)dx is the limit of the Riemann sums limδ(part)→0 ∑
partn
i=1 f (x̃i)(xi−

xi−1).
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Remark B.2.6 (Approximating Bochner integrable functions by step functions). Let
f be a Bochner integrable function, then, from Proposition B.2.3 we know that there is a
sequence of µ-simple functions { fn}n∈N such that fn → f and ∥ f (s)∥ ≤ ∥ f (s)∥ almost
everywhere. So, from the dominated convergence theorem for Bochner integrable functions
(Proposition B.2.6) we conclude that limn→∞

∫
S fn =

∫
S f and limn→∞

∫
S ∥ fn − f ∥ = 0.

Since the Bochner integral behaves much like the Lebesgue integral when the
measure space is σ-finite (Proposition B.2.6), we can translate various results from
real (or complex) valued calculus into this setting. One example of this is the formu-
lation of the holomorphic functional calculus on Banach algebras (Theorem B.3.1),
now we look into another set of examples:

Lemma B.2.1 (Generalizing some results from calculus). These are some results that
can be generalized into the context of Banach space valued functions, and by no means this
is a comprehensive list of all the results that translate into this context:

1. Suppose that { fn} is a sequence of functions which are continuous on [a, b], and that
{ fn} converges uniformly on [a, b] to f . Then f is also continuous on [a, b].

2. Suppose that { fn} is a sequence of functions which are Bochner integrable on [a, b],
and that { fn} converges uniformly on [a, b] to a function f which is Bochner inte-
grable on [a, b]. Then ∫ b

a
f = lim

n→∞

∫ b

a
fn

3. Suppose that { fn} is a sequence of functions which are differentiable on [a, b], with
Bochner integrable derivatives fn

′, and that { fn} converges (pointwise) to f . Suppose,
moreover, that { fn

′} converges uniformly on [a, b] to some continuous function g.
Then f is differentiable and

f ′(x) = lim
n→∞

f ′n(x).

4. Let ∑∞
n=1 fn converge uniformly to f on [a, b].

a) If each fn is continuous on [a, b], then f is continuous on [a, b].

b) If f and each fn is integrable on [a, b], then

∫ b

a
f =

∞

∑
n=1

∫ b

a
fn.

c) Moreover, if ∑∞
n=1 fn converges (pointwise) to f on [a, b], each fn has an inte-

grable derivative fn
′ and ∑∞

n=1 fn
′ converges uniformly on [a, b] to some contin-

uous function, then f ′(x) = ∑∞
n=1 f ′n(x) for all x in [a, b].

Proof. In this case, the definition of derivative is the usual one as exposed in Re-
mark B.3.5,

1. Follow the proof of [Spivak, 1994, Chapter 24, theorem 2] by replacing the
absolute value by the norm of an element in a Banach space.

2. Following the proof from [Spivak, 1994, Chapter 24, Theorem 1] : Let ε > 0.
There is some N such that for all n > N we have

| f (x)− fn(x)| < ε for all x in [a, b].
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Thus, if n > N we can use Proposition B.2.4 to get,∣∣∣∣∫ b

a
f (x)dx−

∫ b

a
fn(x)dx

∣∣∣∣ = ∣∣∣∣∫ b

a
[ f (x)− fn(x)] dx

∣∣∣∣
≤
∫ b

a
| f (x)− fn(x)| dx

≤
∫ b

a
εdx

= ε(b− a).

Since this is true for any ε > 0, it follows that

∫ b

a
f = lim

n→∞

∫ b

a
fn

3. Following the proof from [Spivak, 1994, Chapter 24, Theorem 3]: Using the
properties of the Bochner integral (Proposition B.2.6) and applying the previ-
ous result to the interval [a, x], we see that for each x we have

∫ x

a
g = lim

n→∞

∫ x

a
fn
′

= lim
n→∞

[ fn(x)− fn(a)]

= f (x)− f (a).

Since g is continuous, it follows that f ′(x) = g(x) = limn→∞ f ′n(x) for all x in
the interval [a, b].

4. Following the proof from [Spivak, 1994, page 498, Corollay]:

a) If each fn is continuous, then so is each f1 + · · ·+ fn, and f is the uniform
limit of the sequence f1, f1 + f2, f1 + f2 + f3, . . ., so f is continuous by the
first result on this lemma.

b) Since f1, f1 + f2, f1 + f2 + f3, . . . converges uniformly to f , it follows from
the second result on this lemma that

∫ b

a
f = lim

n→∞

∫ b

a
( f1 + · · ·+ fn)

= lim
n→∞

(∫ b

a
f1 + · · ·+

∫ b

a
fn

)
=

∞

∑
n=1

∫ b

a
fn.

c) Each function f1 + · · ·+ fn is differentiable, with derivative f1
′+ · · ·+ fn

′,
and f1

′, f1
′ + f2

′, f1
′ + f2

′ + f3
′, . . . converges uniformly to a continuous

function, by hypothesis. It follows from the third results on this lemma
that

f ′(x) = lim
n→∞

[
f1
′(x) + · · ·+ fn

′(x)
]

=
∞

∑
n=1

fn
′(x).
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b.2.4 The Bochner spaces Lp(S; X)

For f , g : S→ X functions that are strongly µ-measurable define the following rela-
tion, f ∼ g is f (s) = g(s) µ-almost everywhere, then ∼ is an equivalence relation.
Take f a strongly µ measurable function from S into X, then, from Remark B.2.4 we
know that for any 1 ≤ p < ∞ the map S 7→ ∥ f (s)∥ is also strongly µ measurable,
therefore, is makes sense ask whether

∫
S ∥ f ∥p dµ < ∞ or not.

Definition B.2.10 (Definition 1.2.15. [Hytönen et al., 2016]). For 1 ⩽ p < ∞ we define
Lp(S; X) as the linear space of all (equivalence classes of) strongly µ-measurable functions
f : S→ X for which ∫

S
∥ f ∥p dµ < ∞,

and endowed with the norms

∥ f ∥Lp(S;X) :=
(∫

S
∥ f ∥p dµ

)1/p
.

If p = ∞ then we define L∞(S; X) as the linear space of all (equivalent classes) of µ-
strongly measurable functions f : S → X for which there exists a real number r ≥ 0 such
that µ{∥ f ∥ > r} = 0. In this case we define

∥ f ∥L∞(S;X) := inf{r ≥ 0 : µ{∥ f ∥ > r} = 0}.

Remark B.2.7 (Approximating Lp functions by step functions). Take f ∈ Lp(S; X)
and p ∈ [0, ∞), thus f and s 7→ ∥ f (s)∥p are µ-strongly measurable, so by Proposi-
tion B.2.3 we know that there is a sequence { fn}n∈N of µ-simple functions such that
∥ fn(s)∥ ≤ ∥ f (s)∥ almost everywhere and fn → f almost everywhere. From Remark B.2.4
we know that ∥ fn∥p → ∥ f ∥p almost everywhere and is a sequence of µ-strongly measurable
functions, thus the dominated convergence theorem Proposition B.2.6 tell us that∫

S
∥ fn(s)∥pdµ(s)→

∫
S
∥ f (s)∥pdµ(s), lim

n→∞

∫
S
|∥ fn(s)∥p − ∥ f (s)∥p|dµ(s) = 0.

Since |a− b|p ≤ |ap − bp| for p ≥ 1 and a, b ∈ R+, then

lim
n→∞

∫
S
∥ fn(s)− f (s)∥pdµ(s) ≤ lim

n→∞

∫
S
|∥ fn(s)∥p − ∥ f (s)∥p|dµ(s) = 0,

thus fn → f in Lp(S; X).

Various of the results of Lp spaces translates into the Bochner Lp spaces because
their statements relay solely on the functions s → ∥ f (s)∥, which are measurable by
definition. The following are relevant to us

Proposition B.2.7 (Useful inequalities on Bochner Lp spaces). Let (S,B(S), µ) be a
measure space and X a Banach space, if r, p, q ∈ [1, ∞) then

• Minkowski inequality: ∥ f + g∥p ≤ ∥ f ∥p + ∥g∥p ([Potter, 2014, Theorem 3.6]).

• Completeness: The proof of completeness of Lp(S, µ) from complex valued functions
[Knapp, 2005, Theorem 9.6] ([Nagy, 2019, Chapter IV, section 3 theorem 7]) can be
translated to show that Lp(S; X) is a Banach space ([Driver, 2020, Theorem 1.23]).
An important step in the proof of the completeness of Lp(S; X) is the fact that given
a a sequence {hi}i∈N such that hi → h in Lp(S; X) then there is a sub-sequence
{hi(j)}j∈N such that hi(j) → h almost everywhere (recall that convergence in Lp does
not imply convergence almost everywhere ([Cook, 2023]) ).
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• Hölder inequality: Assume X is a Banach algebra and f , g : S → X, if f , g are
µ-strongly measurable then Remark B.2.2 tell us that f g is µ-strongly measurable,
thus if we apply the Hölder inequality for C valued functions ([Bahouri et al., 2011,
Proposition 1.1]) we get that

∥ f g∥r ≤ ∥ f ∥p∥g∥q

for 1
r = 1

p + 1
q , r, p, q ∈ [1, ∞] and f ∈ Lp(S; X), f ∈ Lq(S; X) ([Pap, 2002,

Chapter 8, item 36]).

• Young inequality for inverse invariant Haar measures: Assume X is a Banach
algebra, and S is a locally compact topological group with a Haar measure (Defi-
nition F.1.1) such that µ(A−1) = µ(A) for all A ∈ S e.g. unimodular groups
(Proposition F.1.1), take f ∈ Lp(S; X) and g ∈ Lq(S; X), define

( f ∗ g)(x) =
∫

G
f (y)g(y−1x)dµ(y).

Take 1 + 1
r = 1

p + 1
q for r, p, q ∈ [1, ∞], then ( f ∗ g) converges almost everywhere,

f ∗ g is µ-strongly measurable and ∥ f ∥ ∈ Lr(X; A), moreover ∥ f ∗ g∥r ≤ ∥ f ∥p∥g∥q.

Proof. The only statement that requires a proof is the Young inequality. Notice
that y → y−1x is a continuous function, therefore is measurable, thus, by Proposi-
tion B.2.3 we know that y → g(y−1x) is µ-strongly measurable for any x ∈ X. If
r = ∞ then the Young inequality comes from Hölder inequality since

∥( f ∗ g)(x)∥ ≤
∫

G
∥ f (y)g(y−1x)∥dµ(x) ≤ ∥ f ∥p∥g∥q

almost everywhere, thus ( f ∗ g) ∈ L∞(X; A). If p = ∞ then r = ∞ and q = 1 and
we go back to Hölder inequality.

Assume p, q, r ̸= ∞, we have that

∥( f ⋆ g)(x)∥ ≤
∫

G
∥ f (y)∥∥g(y−1x)∥dµ(y),

so, from the Young inequality for scalar valued functions ([Hewitt and Ross, 1963,
Theorem 20.18]) we get that

∫
G ∥ f (y)∥∥g(y−1x)∥dµ(y) converges almost everywhere,

therefore, by Proposition B.2.4 y → f (y−1x)g(y) is Bochner integrable, that is,
( f ∗ g)(x) exists almost everywhere. From Lemma B.2.2 we know that there are
sequences { fn}n∈N, {gn}n∈N of µ-simple functions each one of those with support
inside compact sets and ∥ fn(s)∥ ≤ ∥ f (s)∥, ∥gn(s)∥ ≤ ∥g(s)∥ almost everywhere,
such that fn → f , gn → g almost everywhere. Each fn, gn are Bochner inte-
grable, therefore ( fn ∗ gn)(x) exists for all x, also, y 7→ fn(y)gn(y−1x) converges to
y 7→ f (y)g(y−1x) almost everywhere, therefore, if

∫
G ∥ f (y)∥∥g(y−1x)∥dµ(y) < ∞

then, by the dominated convergence theorem (Proposition B.2.6) we get that

lim
n→∞

∫
G

fn(y)gn(y−1x)dµ(y)→
∫

G
f (y)g(y−1x)dµ(y).

We have that fn = ∑i≤k 1Pi ai, gn = ∑j≤L 1Qi bi and there is K ⊂ G compact such
that Pi, Qi ⊆ K, so∫

G
fn(y)gn(y−1x)dµ(y) = ∑

i≤k
∑
j≤l

aibj

∫
G

1Pi (y)1Qi (y
−1x)dµ(y).

Since indicator functions with finite measure belong to any Lp then by [Hewitt
and Ross, 1963, Theorem 20.16] we get that x 7→

∫
G 1Pi (y)1Qi (y

−1x)dµ(y) belongs to
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C0(G), henceforth, x 7→
∫

G fn(y)gn(y−1x)dµ(y) belongs to C0(G)⊙ A ⊂ C0(G; A),
and from Example B.2.2 we know that all the elements of C0(G; A) are µ-strongly
measurable. Also, we have shown that x 7→

∫
G fn(y)gn(y−1x)dµ(y) converges to

x 7→
∫

G f (y)g(y−1x)dµ(y) for almost all x ∈ G, so, since x 7→
∫

G fn(y)gn(y−1x)dµ(y)
is µ-strongly measurable (Lemma B.2.2) we get that x 7→

∫
G f (y)g(y−1x)dµ(y) is µ-

strongly measurable.

To check that ( f ∗ g) ∈ Lr(G; X) you just need to follow the proof of the young
inequality for scalar valued functions ([Hewitt and Ross, 1963, Theorem 20.18]) to
check that

∥ f ∗ g∥r ≤ ∥ f ∥p∥g∥q.

Lemma B.2.2 (Lp(S; A) for locally compact Hausdorff spaces). Let (S,B(S), µ) with
S a locally compact Hausdorff space and µ a Radon measure (Definition D.8.1) i.e. it is
finite on compact sets as in Appendix D.8.1, also, let A be a Banach space and 1 ≤ p < ∞.
Denote by Cc(S; A) the vector space of continuous functions with compact support, then

• Cc(S; A) ∈ LP(S; A).

• Cc(S; A) is dense in Lp(S; A).

• If f ∈ Lp(S; A) then f can be approximated by µ-simple functions { fn}n∈N that
are supported on compact sets i.e. for each fn there is Kn ⊂ S compact such that
fn(s) = 0 if s /∈ Kn. This sequence can be taken such that ∥ fn(s)∥p ≤ ∥ f (s)∥p
almost everywhere, and ∥ fn − f ∥p ≤ 1/n.

• If f ∈ Lp(S; A) then for any ϵ > 0 there exists K ⊂ S compact such that ∥1Kc f ∥p ≤
ϵ.

• If A is a Banach algebra, if f ∈ Lp(S; A) then for any g ∈ C(S; A) f g is µ-strongly
measurable.

Proof. • Take f ∈ Cc(S; A) and K ⊂ S a compact set such that f (s) = 0 if
s /∈ K, from Appendix D.8.1 we know that any compact set of S is closed,
thus K ∈ B(S). Since the topology of K is the inherited topology from S we
can use Example B.2.1 to show that f is µ-strongly measurable, because f |K
is µ-strongly measurable, moreover, f ∈ L1(S; A). Also, f ∈ Lp(S; A) for any
p ∈ [1, ∞], since ∫

X
∥ f (x)∥p ≤ (sup{∥ f (x)∥})pµ(K) < ∞.

• From Theorem B.2.5 we know that Lp(S)⊙ A is dense in Lp(S; A), also, given
that µ is a regular Borel measure i.e. inner regular and outer regular (Defini-
tion D.8.1), from [Knapp, 2005, Proposition 11.21] we know that Cc(S) is dense
in Lp(S), therefore, Cc(S)⊙ A is dense in Lp(S; A), since Cc(S; A) ⊂ Lp(S; A)
then Cc(S; A) is dense in Lp(S; A).

• Take f ∈ Lp(S; A) and g ∈ Cc(S; A) such that ∥ f − g∥p ≤ ϵ/2 and g(s) = 0
if s /∈ K with K compact, also, take h a µ-simple function such that ∥g −
h∥p ≤ ϵ/2, then ĥ = 1Kh is a µ-simple function and ∥ĥ− g∥p ≤ ϵ/2. Thus,
∥ f − ĥ∥p ≤ ϵ, meaning that any function in Lp(S; A) can be approximated
by µ-simple functions with support inside a compact set. Moreover, from Re-
mark B.2.7 we know that { fn}n∈N can be taken such that ∥ fn(s)∥p ≤ ∥ f (s)∥p
almost everywhere, also, we can chose ϵ − 1/n giving us a sequence of µ-
simple functions with ∥ fn − f ∥p ≤ 1/n.
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• Take f ∈ Lp(S; A) and g a µ-simple function with support inside a compact
set K ⊂ S such that ∥g− f ∥p ≤ ϵ, then

∥1Kc f ∥p = ∥1Kc( f − g)∥p ≤ ∥ f − g∥p ≤ ϵ.

• Let { fn}n∈N be a sequence of µ-simple functions with fn supported inside a
compact Kn, such that ∥ fn − f ∥p ≤ 1/n and ∥ fn(s)∥p ≤ ∥ f (s)∥p for all s ∈ S.
We know that ∥1Kc

n f ∥p ≤ 1/n, also from [nLab authors, 2023a] we know that
Kn are closed, thus Kn ∈ B(S). Since the topology on Kn is the inherited
topology from S then we can use Example B.2.1 to find a µ-simple function gn
such that ∥gn(s)∥ ≤ ∥g(s)∥ and

sup{|gn(s)− g(s)| : s ∈ Kn} ≤ 1/n.

Extend gn to S be setting it to zero outside Kn, thus it is still a µ-simple
function that approximates uniformly g, that is, |gn(s)− g(s)| ≤ 1/n for all
n ∈ N. Then fngn → f g for all s ∈ ∪n∈NKn, so, by the definition of Kn we
must have

∫
S 1(∪n∈NKn)c∥ f (s)∥pdµ(s) = 0, meaning the either (∪n∈NKn)c has

measure zero or f (s) = 0 almost everywhere in ∪n∈NKn, and in both cases
we still have that fngn → f g over ∪n∈NKn, thus, fngn → f g over S and f g is
µ-strongly measurable.

Example B.2.4. (Banach algebras L1(S; X)) If S is a locally compact unidomular group,
that is, µ(A) = µ(A−1) for A ∈ B(G), then L1(S, µ) admits an convolution which can be
translated into a multiplication on L1(S; X), and it makes L1(S; X) into a Banach algebra
when X is a Banach algebra. So, let (G,B(G), µ) be a locally compact topological group with
µ a left-invariant Haar measure such that ∀A ∈ B(G) µ(A−1) = µ(A). From the Young
inequality (Proposition B.2.7) we get that if f , g ∈ L1(G; X), then ∥g ∗ f ∥ ≤ ∥g∥∥ f ∥,
therefore, (g ∗ f )(x) =

∫
G g(y) f (y−1x)dµ(y) ∈ L1(G; x) and L1(G; X) is a Banach

algebra with multiplication given by convolution. An example of this setup is S = Rd with
the Lebesgue measure, were if f , g ∈ L1(Rd, X) then (g ∗ f )(x) =

∫
Rd g(y) f (x− y)dy ∈

L1(Rd, X) by [Hytönen et al., 2016, Lemma 1.2.30] and ∥ f ∗ g∥ ≤ ∥ f ∥∥g∥.

If X is a Banach *-algebra (Definition D.0.2), then we can define an involution on
L1(S; X) as

∗ : L1(S; X)→ L1(S; X), ( f ∗)(s) = f (−s)∗,

under this setup L1(S; X) becomes a Banach *-algebra, because ∥x∗∥ = ∥x∥ for x ∈ X and
µ(A) = µ(A−1).

Example B.2.5 (Lp spaces for the counting measure). Let Λ be a set and τ = P(Λ)
be the discrete topology on Λ, then (Λ,P(Λ), µ) is a measure space with µ the counting
measure ([Mathonline, 2023]), that is, µ(A) = |A| i.e. |A| = ∞ if A is infinite else
|A| = n with n the amount of elements in A. If X is a Banach space then Lp(Λ; X) is a the
Banach space of at most countable sums of elements that are indexed by Λ, or equivalently

Lp(Λ; X) =

{
(xλ)λ∈Λ , xλ ∈ X : ∑

λ

∥xλ∥p < ∞

}
.

Notice that we the sums ∑λ ∥xλ∥p cannot have a uncountable number of terms because that
would imply that it diverges ([rspuzio, 2013]), which is consistent with the properties of the
counting measure over Λ.

Now we will look at some properties of the spaces Lp(S; X).
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Definition B.2.11 (Page 4 [Hytönen et al., 2016]). If F is a vector space of scalar-valued
functions define

F⊙ X :=

{
N

∑
n=1

fn ⊗ xn : fn ∈ F, xn ∈ X, n = 1, . . . , N; N = 1, 2, . . .

}
,

Notice that if F is the vector space of (µ-)simple function f : S → C then F ⊙ X is a
vector space of (µ-)simple functions f : S→ X.

The Lp(S; X) spaces have similar properties to the Lp(S) spaces, for example, the
µ-simple functions are dense in Lp(S; X)

Theorem B.2.5 (Lemma 1.2.19 (Approximation by simple functions) [Hytönen et al.,
2016]). Let 1 ⩽ p < ∞, then

• The µ-simple functions are dense in Lp(S; X), 1 ⩽ p < ∞. In particular, the algebraic
tensor product Lp(S)⊙ X is dense in Lp(S; X), 1 ⩽ p < ∞.

Example B.2.6 (Lp(X; A) for second countable locally compact Hausdorff spaces).
Let X be a second countable locally compact Hausdorff space, and µ a regular Borel measure
in X, then from Appendix D.8.1 we know that Cc(X) is dense in Lp(X, µ). Also, if A is a
Banach algebra, then Lp(X)⊙ A is dense in Lp(X; A) and we can check that ∥ f (x)⊗ a∥ =
∥a∥∥ f ∥p for a ∈ A and f ∈ Lp(X), therefore,

Cc(X)⊙ A

is dense in Lp(X; A). Additionally Cc(X) is separable, so, if A is separable then we have
that Lp(X; A) is also separable. This can also be deduced using Proposition B.2.10 because
µ is countably generated, which we mentioned in Appendix D.8.1.

In the LP(S; X) spaces there is even a continuous version of the Minkowski in-
equality [Hytönen et al., 2016, Proposition 1.2.22], which reduces to the following
isomorphism of Banach spaces:

Proposition B.2.8 (Corollary 1.2.23. [Hytönen et al., 2016]). Let (S,A, µ) and (T,B, ν)
be measure spaces and let X be a Banach space. For all 1 ⩽ p < ∞ the mapping 1A ⊗
(1B ⊗ x) 7→ 1B ⊗ (1A ⊗ x) induces an isometric isomorphism

Lp (S; Lp(T; X)) ≈ Lp (T; Lp(S; X)) .

From Definition B.2.2 recall that 1B ⊗ x is a simple function that gives the value x to any
element t ∈ B and 0 elsewhere.

Note that Proposition B.2.8 can be regarded as a Fubini theorem. Moreover, if µ
and ν is are σ finite then we have a more robust result that uses the product measure
µ× ν that is also σ-finite,

Proposition B.2.9 (Proposition 1.2.24. [Hytönen et al., 2016]). Let (S,A, µ) and
(T,B, ν) be σ-finite measure spaces and let 1 ⩽ p < ∞. The mapping 1A ⊗ (1B ⊗ x) 7→
(1A ⊗ 1B)⊗ x extends uniquely to an isometric isomorphism

ι : Lp (S; Lp(T; X)) ≃ Lp(S× T; X).

If f̃ : S × T → X is a strongly (µ × ν)-measurable function in the equivalence class of
f ∈ Lp(S× T; X), then for almost all s ∈ S the function f̃ (s, ·) belongs to Lp(T; X), the
function F : s 7→ f̃ (s, ·) defines an element of Lp (S; Lp(T; X)), and we have ιF = f
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Now we center in the separability of the Lp(S; X) spaces. First let us establish
some terminology,

Definition B.2.12 (Definition 1.2.27. [Hytönen et al., 2016]). A measure space (S,A, µ)
is called:

• countably generated, if there exists a sequence (Sn)n⩾1 in A which generates A, i.e.
A = σ((Sn)n⩾1).

• µ-countably generated, if there exists a sequence (Sn)n⩾1 in A, consisting of sets of
finite µ-measure, which µ-essentially generates A in the sense that for all A ∈ A we
can find a set A′ in the σ-algebra generated by (Sn)n⩾1 such that µ (A∆A′) = 0.

• purely infinite, if µ(A) ∈ {0, ∞} for all A ∈ A.

Here, A∆A′ = (A\A′)∪ (A′\A) = (A ∪ A′) \ (A ∩ A′) is the symmetric difference of A
and A′.

Given these definitions, we can give a characterization of the separability of
Lp(S; X):

Proposition B.2.10 ((Separability of Bochner spaces) Proposition 1.2.29 [Hytönen
et al., 2016]). Let (S,A, µ) be a measure space, let 1 ⩽ p < ∞, and let X be a Banach
space. If dim Lp(S; X) ⩾ 1 , the following assertions are equivalent:

• Lp(S; X) is separable;

• X is separable and we have a disjoint decomposition S = S0 ∪ S1 in A such that(
S0, A|S0

, µ|S0

)
is purely finite and

(
S1, A|S1

, µ|S1

)
is µ-countably generated.

If these equivalent conditions hold, then
(

S1, A|S1
, µ|S1

)
is σ-finite and we have Lp(S; X) =

Lp (S1; X) isometrically.

For further results on the Bochner integral and Lp(S; X) spaces you can look into
[Hytönen et al., 2016], [Driver, 2020] [Mikusiński, 1978], [Pap, 2002], [Potter, 2014],
[Mikusinski, 2014].

b.2.5 Operator valued functions

From Theorem B.2.4 we know that an important feature of Bochner integrable func-
tions is their separable range, this condition may not be satisfied if we work with
operator valued functions. These types of functions will come up in the study of
twisted crossed products (Section 1.1), and are quite relevant to the study of the
representations of locally compact Hausdorff topological groups ([De Chiffre, 2011,
Chapter 8], [Deitmar and Echterhoff, 2009, Chapter 6]).

Take H a separable Hilbert space, then B(H) is not separable under the norm
topology ([Norbert, 2012]), not even U(H) (the group of bounded unitary operators
on H) is separable in the norm topology when H is separable [Neeb, 1997, page
299], recall that the norm topology on B(H), U(H) is the topology of convergence
in the operator norm i.e. Tk → T if ∥Tk − T∥ → 0. As an example, take H = L2(R)
and T(s) ∈ B(H) for s ∈ R given by

T(s)( f )(t) = f (t− s), f ∈ L2(R), t, s ∈ R,
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each T(s) is an unitary with T∗(s) = T(−s), and, for any s ≤ s′ we have that ∥T(s)−
T(s′)∥B(H) = 2 ([Hytönen et al., 2016, Section 1.1.c]), consequently neither B(H) nor
U(H) are separable in the operator norm topology. Thus, if f ∈ Cc(R) with f ̸= 0
we cannot use the Bochner integral to define an operator like

∫
R

f (x)T(x)dµ(x).

If H is a separable space, then U(H) is a group under the multiplication of op-
erators, and it becomes a topological group under the strong operator topology
([Espinoza and Uribe, 2014, Lemma 1.4]), that is, the topology of pointwise conver-
gence,

Tk → T if for all x ∈ H, Tk(x)→ T(x) in H,

and we denote it by U(H)s. U(H) also becomes a topological group under the weak
operator topology ([Espinoza and Uribe, 2014, Lemma 1.5]), that is, the topology of
convergence in the continuous linear functionals,

Tk → T if for all ŷ ∈ H∗, x ∈ H, ŷ(Tk(x))→ ŷ(T(x)),

and we denote it by U(H)w. From Riesz representation theorem for continuous
functionals on Hilbert spaces ([Allan and Dales, 2011, Theorem 2.53]) we have that
if ŷ ∈ H∗ then there is a unique y ∈ H such that ⟨x, y⟩ = ŷ(x) for all x ∈ H, thus,
the weak convergence in B(H) can also be formulated as, Tk → T if ⟨Tk(x), y⟩ →
⟨T(x), y⟩ for x, y ∈ H.

Theorem B.2.6 (Topology on U(H) for H separable (Theorem 1.2 [Espinoza and
Uribe, 2014])). The topologies of U(H)s, U(H)w agree, moreover, U(H) endowed with any
of those topologies becomes a Polish group i.e. a separable completely metrizable topological
group.

Definition B.2.13 (Strongly continuous function). A function f : G → U(H) is called
strongly continuous if s 7→ f (g)(y) is continuous for any y ∈ H

Lemma B.2.3. Let f be a function f : G → U(H), then, f is strongly continuous iff
g 7→ ⟨ f (g)(x), y⟩, is continuous for any x, y ∈ H.

Proof. Since the topology of U(H)s, U(H)w agree (Theorem B.2.6), then, strong
continuity is equivalent to continuity of linear functionals.

Proposition B.2.11 (Measurability and continuity on U(H)). Let H be a separable
Hilbert space and (G,A) a mesurable space, then, a function f : G → U(H)s is strongly
measurable iff g 7→ f (g)(y), g ∈ G, is measurable for any y ∈ H, with H under the
Borel σ-algebra, equivalently, f is strongly measurable iff f : G → U(H)s is measurable iff
g 7→ ⟨ f (g)(x), y⟩, g ∈ G, is mesurable, with C endowed with the Borel σ-algebra.

Proof. This is a consequence of Theorem B.2.6.

Example B.2.7 (Left regular representation of G). Let G be a locally compact Hausdorff
topological group and µ its Haar measure, then L2(G, µ) is a Hilbert space under the inner
product ⟨ f , h⟩ =

∫
G f (g)h(g)∗dµ(g) for f , h ∈ L2(G, µ) (Proposition C.3.5). The map

π : G → B(L2(G, µ)), π(g)(ξ)(x) = ξ(g−1x), ξ ∈ L2(G, µ), x, g ∈ G,

is called the left regular representation of G on L2(G, µ).

The map π has the following properties ([De Chiffre, 2011, Proposition 8.7]):

• π(g) ∈ U(L2(G, µ)).
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• π is a group homomorphism, that is, π(gj) = π(g)π(j) for g, j ∈ G.

• π is continuous with respect to the strong operator topology, that is, if gk → g then
π(gk)(ξ)→ π(g)(ξ) in L2(G, µ) for any ξ ∈ L2(G, µ) and g ∈ G.

Let H be a Hilbert space, then the left regular representation extends to L2(G; H), which
we know that is isomorphic to the tensor product of Hilbert space L2(G) ⊗ H (Proposi-
tion C.3.5), as follows

(π ⊗ IdH)(g)( f ⊗ h) = π(g)( f )⊗ h, f ∈ L2(G), h ∈ H.

Since L2(G) ⊙ H is dense in L2(G; h) (Theorem B.2.5), if f ∈ L2(G; H) then (π ⊗
IdH)(g)( f )(j) = f (g−1 j) almost everywhere, thus, we can consider (π⊗ IdH)(g)( f )(j) :=
f (g−1 j) for all j, g ∈ G, moreover, (π⊗ IdH)(g) ∈ U(L2(G; H)) becomes it preserves the
inner product on simple tensors, also (π ⊗ IdH)(g)(π ⊗ IdH)(j) = (π ⊗ IdH)(gj).

Take f ∈ L2(G; H) and fn = ∑i≤n fi ⊗ hi ∈ L2(G)⊙ H such that ∥ f − fn∥2 ≤ ϵ/3,
then

∥(π ⊗ Idh)(g)( f )− (π ⊗ Idh)(j)( f )∥2

≤ ∥(π⊗ Idh)(g)( f )− (π⊗ Idh)(g)( fn)∥2 + ∥(π⊗ Idh)(g)( fn)− (π⊗ Idh)(j)( fn)∥2 + . . .

≤ 2ϵ

3
+ ∥(π ⊗ Idh)(g)( fn)− (π ⊗ Idh)(j)( fn)∥2

≤ 2ϵ

3
+ ∑

i≤n
∥(π(g)( fi)− π(j)( fi))⊗ hi∥2

≤ 2ϵ

3
+ ∑

i≤n
∥(π(g)( fi)− π(j)( fi))∥2∥hi∥.

So, take U an open neighbourhood of g such that if j ∈ U then ∑i≤n ∥(π(g)( fi) −
π(j)( fi))∥2∥hi∥ ≤ ϵ/3, which can be done because the left regular representation is
strongly continuous on L2(G, µ), in this case ∥(π⊗ Idh)(g)( f )− (π⊗ Idh)(j)( f )∥2 ≤ ϵ
and we have that π ⊗ IdH is strongly continuous on L2(G; H).

Under the previous example, we have that T(s) = π(s) for G = R and s ∈ R.
One of our objectives is to make sense of the operator

∫
R

f (x)T(x)dµ(x), which
requires to look into a weak version of the Bochner integral, and is defined using
bounded sesquilinear forms.

Definition B.2.14 (Sesquilinear form (Section 2.14 [Allan and Dales, 2011])). A map
ϕ : H × H → C is called a sesquilinear form on H × H if

• ϕ(aξ, bζ) = aϕ(ξ, ζ)b∗ for ξ, ζ ∈ H and a, b ∈ C.

• ϕ(ξ1 + ξ2, ζ) = ϕ(ξ1, ζ) + ϕ(ξ2, ζ) for ξi, ζ ∈ H.

• ϕ(ξ1, ζ1 + ζ2) = ϕ(ξ, ζ1) + ϕ(ξ, ζ2) for ξ, ζi ∈ H.

The form is called bounded if there is M ≥ 0 such that |ϕ(ξ, ζ)| ≤ M∥ξ∥∥ζ∥ for ξ, ζ ∈ H.
If ϕ is bounded then we define

∥ϕ∥ = sup{|ϕ(ξ, ζ)| : ξ, ζ ≤ 1}.

Let T ∈ B(H), then (x, y) 7→ ⟨T(x), y⟩ is a bounded sesquilinear form, which can
be checked from the Cauchy-Schwartz inequality, |⟨T(X), y⟩| ≤ ∥T∥∥x∥∥y∥. Set
ϕT(x, y) = ⟨T(x), y⟩, then ∥ϕT∥ = ∥T∥ ([Allan and Dales, 2011, page 76]), moreover,
every bounded sequilinear form arises this way,



132 banach algebras

Proposition B.2.12 (Correspondence between bounded linear operators and bounded
sesquiliean forms (Theorem 2.55 [Allan and Dales, 2011])). Let ϕ : H × H → C be a
bounded sesquilinear form, then there is a unique T ∈ B(H) such that

ϕ(x, y) = ⟨T(x), y⟩, x, t ∈ H,

moreover, ϕT = ϕ and ∥ϕ∥ = ∥T∥.

Now, we look into an alternative definition of L1(X, B(H)) that will be more
general than the one given in Appendix B.2.4,

Definition B.2.15 (L1 spaces of weakly integrable functions (Definition 8.10 [De Chiffre,
2011])). Let (X,A, µ) be a measure space and let H be a Hilbert space. By L̃1(X,B(H))
we denote the set of functions f : X → B(H) satisfying the following two conditions:

• For all ξ, η ∈ H, the function defined by

x 7→ ⟨ f (x)(ξ), η⟩,

for x ∈ X, is µ-strongly measurable.

• The function defined by x 7→ ∥ f (x)∥, for x ∈ X, belongs to L1(X, µ).

Proposition B.2.13. Strong measurability of ∥ f ∥ on L̃1(X,B(H)) (Lemma 5.7 [Sundar,
2020])] Let (X,A, µ) be a measure space and let H be a separable Hilbert space, assume
that f ∈ L̃1(X,B(H)), then, x 7→ ∥ f (x)∥ is µ-strongly continuous.

Proof. Since H is separable there is a dense countable set E ⊂ B(0, 1)H , thus from
Proposition B.2.12,

∥ f (x)∥ = sup
ξ,η∈E
{|⟨ f (x)(ξ), η⟩}.

Since x 7→ ⟨ f (x)(ξ), η⟩ is µ-strongly measurable and x 7→ |x| is continuous, then
Remark B.2.4 tell us that x 7→ |⟨ f (x)(ξ), η⟩| is µ-strongly measurable. Denote E =
{ξi}i∈N and En = {ξi}i≤n, then

∥ f (x)∥ = lim
n→∞

sup
ξ,η∈En

{|⟨ f (x)(ξ), η⟩}.

Since the supremum of linear combinations of µ-simple functions is still a linear
combination of µ-simple functions, we have that x 7→ supξ,η∈En

{|⟨ f (x)(ξ), η⟩} can
be approximated by µ-simple functions almost everywhere, so, since the almost ev-
erywhere limit of µ-strongly continuous functions is µ-strongly continuous (Propo-
sition B.2.3), then x 7→ ∥ f (x)∥ is µ-strongly continuous.

Given this setup up we can give meaning to the integral
∫

X f (x)dµ(x) for f ∈
L̃1(X, B(H)). Take ξ, η ∈ H, then define

ϕ(ξ, η) =
∫

X
⟨ f (x)(ξ), η⟩dµ(x),

then by the Cauchy-Schwartz inequality on H, ϕ(ξ, η) ≤ ∥ f ∥1∥ξ∥∥η∥. Moreover,
the properties of the inner product on H imply that ϕ is a bounded sesquilinear
form, therefore, Proposition B.2.12 guaranties that there is a unique T ∈ B(H) such
that ⟨T(ξ), η⟩ = ϕ(ξ, η), this operator is denotes by

∫
X f (x)dµ(x). Also, if f ∈

L̃1(X, B(H)) then ( f ∗)(x) := f (x)∗ also belongs to L̃1(X; B(H)) because

x 7→ ⟨ f ∗(x)(ξ), η⟩ = (⟨ f (x)(η), ξ)∗,

thus, since the involution on C is continuous and thus measurable, then x 7→
⟨ f ∗(x)(ξ), η⟩ is µ-strongly measurable (Proposition B.2.3).



b.2 bochner integral 133

Proposition B.2.14 (Integration of elements in L̃1(X, B(H)) ). Let (X,A, µ) be a mea-
sure space and let H be a Hilbert space, if f ∈ L̃1(X, B(H)) then

• [De Chiffre, 2011, Proposition 8.11] There is a unique element
∫

X f (x)dµ(x) ∈ B(H)
such that

⟨(
∫

X
f (x)dµ(x))(ξ), η⟩ =

∫
X
⟨ f (x)(ξ), η⟩dµ(x), ξ, η ∈ H

and
∥
∫

X
f (x)dµ(x))(ξ)∥ ≤ ∥ f ∥1.

• [De Chiffre, 2011, Proposition 8.12] The vector-valued integral is linear in the sense
that if f , g ∈ L1(X,B(H)) and A, B ∈ B(H), then (A f B + g) ∈ L1(X,B(H)) and∫

A f (x)B + g(x)dµ(x) = A
(∫

f (x)dµ(x)
)

B +
∫

g(x)µ(x).

• [Sundar, 2020, Proposition 5.8 item 3]
∫

X f ∗(x)dµ(x) =
(∫

X f (x)dµ(x)
)∗.

• [De Chiffre, 2011, Proposition 8.12] If E ⊆ X is measurable of finite measure, then
1E · IdH ∈ L1(X,B(H)) and∫

1E(x)dµ(x) = µ(E)IdH .

• [De Chiffre, 2011, Proposition 8.12] If f ∈ L1(X,B(H)) and f (x) ≥ 0 for all x ∈ X,
then

∫
f (x)dµ(x) ≥ 0.

Proposition B.2.15 (L̃1(X, B(H)) and Bochner integrable functions). Let (X,A, µ)
be a measure space and let H be a Hilbert space, take f ∈ L1(X, B(H)), then, f ∈
L̃1(X, B(H)) and the Bochner integral

∫
X f is the same operator as the one constructed

in Proposition B.2.14 called
∫

X f (s)dµ(x).

Proof. If f ∈ L1(X, B(H)), then f is µ-strongly measurable and
∫

X ∥ f ∥dµ(x) ≤
∞, thus by Proposition B.2.4 we have that

∫
X f (x)dµ(x) is the Bochner integral of

f . From Proposition B.2.5 we have that if g∗ ∈ B(H)∗ then g∗(
∫

X f (x)dµ(x)) =∫
X g∗( f (x))dµ(x), since, ϕξ,η(T) = ⟨T(ξ), η⟩ is a member of the continuous dual of

B(H), which we denoted by B(H)∗ we have that

⟨(
∫

X
f (x)dµ(x))(ξ), η⟩ =

∫
X
⟨ f (x)(ξ), η⟩dµ(X), ξ, η ∈ H.

By Theorem B.2.4 we know that f is weak µ-measurable, which means that x 7→
⟨ f (x)(ξ), η⟩ is µ-strongly measurable for ξ, η ∈ H, also f ∈ L1(X) by definition, thus
Proposition B.2.14 gives us an alternative definition of the operator

∫
X f (X)dµ(x),

which coincides with the Bochner integral of f because they generate the same
sesquilinear bounded form

ϕ(x, y) =
∫

X
⟨ f (x)(ξ), η⟩dµ(X), ξ, η ∈ H.

An example of operator-valued functions that are integrable are the continuous
functions over a compact topological Hausdorff space (Example B.2.1).
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Remark B.2.8 (Weak convergence of partial sums vs norm convergence convergence
of partial sums). If f ∈ L̃1(G; B(H)), the operator

∫
G f (g)dµ(g) can be understood as

the limit of sums of the form ∑i≤n f (gi)µ(Si) under the weak operator topology [Busby and
Smith, 1970, page 515], which is a parallel setting to the one given by the Bochner integral,
that was understood as the limit of the sums

∫
G e(g) f (g)dµ(g) under the norm opera-

tor topology Appendix B.2.3. Since the norm operator topology is stronger than the weak
operator topology we found that any Bochner integral function can be weakly integrated
Proposition B.2.15, while the converse those not holds, as we saw with the left regular repre-
sentation of the group R at the beginning of this section.

Remark B.2.9 (Unitary representations and *-representations). Take H = L2(G) and
f ∈ L1(G) with G a second countable locally compact group, then µ is the Haar mea-
sure which is a Radon measure (Definition D.8.1), then µ is σ-finite (Appendix D.8.1).
Denote by π : G → B(H) the left regular representation of G (Example B.2.7), then
g 7→ ⟨π(g)(ξ), η⟩ is measurable because it is continuous, moreover, it is µ-strongly mea-
surable due to Remark B.2.3. The function g 7→ f (g)⟨π(g)(ξ), η⟩ is also µ-strongly mea-
surable (Remark B.2.2), therefore, g 7→ f (g)π(g) is an element of L̃1(G; H), which implies
that there is an element

∫
G f (g)π(g)dµ(g) ∈ B(H) that satisfies the properties from Propo-

sition B.2.14. Let Ĥ be a Hilbert space, then a similar argument can be used to construct∫
G f (g)(π ⊗ IdĤ)dµ(g) ∈ B(L2(G; Ĥ)).

Turns out that the mapping f 7→
∫

G f (g)π(g)dµ(g) is a representation of L1(G) on
L2(G) ([Deitmar and Echterhoff, 2009, Proposition 6.2.1]), where L1(G) is provided with
the structure of an algebra through the convolution ( f ∗ e)(j) :=

∫
G f (g)e(g−1 j)dµ(g)

([Deitmar and Echterhoff, 2009, Theorem 1.6.2]). If µ is unimodular then we know that
L1(G) a Banach *-algebra (Example B.2.4), if µ is not unimodular then L1(G) can also
become a Banach *-algebra by modifying the involution ([Deitmar and Echterhoff, 2009,
Lemma 2.6.2]), and in both cases ˆπ( f ) := f 7→

∫
G f (g)π(g)dµ(g) becomes a *-representation,

that is, π̂( f ∗ e) = π̂( f )π̂(e) and π̂( f ∗) = π̂( f )∗ for f , e ∈ L1(G). As a matter of fact,
there is a one-to-one between unitary representations of G and *-representations of L1(G)
([Deitmar and Echterhoff, 2009, Proposition 6.2.1], [Deitmar and Echterhoff, 2009, Proposi-
tion 6.2.3]).

Now that we have been able to define operators
∫

G f (g)(π ⊗ IdH)(g)dµ(x) ∈
B(L2(G; H)) for G a second countable locally compact group and f ∈ L1(g) (Re-
mark B.2.9), we now look into making f (g) an operator valued function instead
of a scalar-valued function. When we make f into an operator valued function
we get the appropriate setting for the representation of twisted crossed products
(Section 1.1).

Take f : S→ X strongly measurable and g : S→ L(X, Y) a function from S to the
Banach space of continuous linear maps from X to Y, this set up allow us to create
a new function g f as follows,

g f (s) := g(s)( f (s)),

so let us look at some sufficient conditions for g f to be strongly measurable.

L(X, Y) is not necessarily separable even if X and Y are separable, for example,
if X is a separable Hilbert space then L(X, X) is not separable [Norbert, 2012],
thus we modify the definition of strongly measurable for functions of the type
g : S→ L(X, Y),

Definition B.2.16 (Definition 1.1.27. [Hytönen et al., 2016]). A function f : S →
L(X, Y) is called strongly measurable (respectively, strongly µ-measurable) if for all x ∈ X
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the Y-valued function f x : s 7→ f (s)x is strongly measurable (respectively, strongly µ
measurable).

Notice that in the previous definition, we are taking into account the strong topol-
ogy of L(X, Y) instead of the norm topology of L(X, Y). As we would expect, the
strongly (µ-) measurable functions g : S → L(X, Y) allow us to create strongly (µ-)
measurable functions g f : S→ Y,

Proposition B.2.16 (Proposition 1.1.28. [Hytönen et al., 2016]). Let (S,A) be a mea-
surable space (respectively, (S,A, µ) a measure space) and let X and Y be Banach spaces.

• [Hytönen et al., 2016, Proposition 1.1.28.] If f : S → X and g : S → L(X, Y) are
strongly ( µ-)measurable, then g f : S→ Y is strongly (µ−) measurable.

• [Hytönen et al., 2016, Corollary 1.1.29.] Let X, Y, Z be Banach spaces. If f : S →
L(X, Y) and g : S → L(Y, Z) are strongly (µ−) measurable, then g ◦ f : S →
L(X, Z) is strongly (µ-)measurable.

If Y is separable the setup is simpler and we have the following result which will
come in handy later:

Proposition B.2.17. Let (S,A) be a measurable space (respectively, (S,A, µ) a measure
space), let X and Y be Banach spaces with Y separable. If f : S→ X is strongly measurable
and g : S → L(X, Y) is measurable with respect to B(L(X, Y)) (Borel σ algebra of the
norm topology), then g f : S→ Y is strongly measurable. Furthermore, if µ is σ-finite then
g f : S→ Y is strongly µ-measurable.

Proof. For every x ∈ X the evaluation map

evx : L(X, Y)→ Y, evx(L) = L(x)

is continuous because ∥evx(L)− evx(T)∥ = ∥T(x)− L(x)∥ ≥ ∥x∥∥T − L∥, which
is equivalent to saying that the inverse image of any open set in Y is an open set
in L(X, Y). Since we are using the σ-algebras B(L(X, Y)) and B(Y), the previous
statement implies that the evaluation map is measurable.

The map gx : s 7→ g(s)(x) is the composition of the evaluation map and the map
g, thus it is measurable because the composition of measurable functions is mea-
surable [Heil, 2011, Lemma 3.31]. Since Y is separable we have that gx is separably
valued, and Theorem B.2.3 tells us that gx is strongly measurable. Now, we can use
Proposition B.2.16 to show that g f is strongly measurable.

Furthermore, if µ is σ-finite we can use Proposition B.2.2 to show that g f is
strongly µ-measurable. If g is µ-almost everywhere equal to a measurable func-
tion, then g f is µ-almost everywhere to a strongly measurable function, which in
turn implies that is µ-strongly measurable because µ is σ-finite and Y is separable
(Remark B.2.3).

Proposition B.2.18 (Functions of L̃1(G; H) from composition). Let G be second count-
able locally compact group with µ its Haar measure and H a separable Hilbert space, assume
that f : G → U(H)s measurable and e ∈ L1(G; B(H)), then, the map s 7→ e(s)( f (s)) is
an element of L̃1(G; H) and has an associated bounded operator

∫
G e(g) f (g)dµ(g) ∈ B(H)

over L2(G, H) satisfying

⟨(
∫

G
e(g) f (g)dµ(g))(ξ), η⟩ =

∫
G
⟨(e(g) f (g))(ξ), η⟩dµ(g), ξ, η ∈ H.
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Proof. From Proposition B.2.11 we know that g 7→ U(g)(ξ) and g 7→ ⟨U(g)(ξ), η⟩
are both measurable, moreover, since µ is σ-finite (Appendix D.8.1) both maps are
µ-strongly measurable (Remark B.2.3).

Take e ∈ L1(G; B(H)) i.e. a Bochner integrable function, then e is equal to a mea-
surable function almost everywhere, under this setup, Proposition B.2.17 tell us that
g 7→ e(g)( f (g)(ξ)) is µ-strongly measurable for any ξ ∈ H. Since the inner product
is a continues map, then, Remark B.2.4 implies that the map g 7→ ⟨e(g)( f (g)(ξ)), η⟩
is µ-strongly measurable for any η ∈ H. Also, from Proposition B.2.13 we know
that g 7→ ∥e(g) f (g)∥ is µ-strongly measurable, additionally, since f (g) is unitary
we have that ∥e(g) f (g)∥ ≤ ∥e(g)∥ which implies that g 7→ ∥e(g) f (g)∥ belongs to
L1(G, µ). The previous statements imply that the map g 7→ e(g) f (g) is an element
of L̃1(G; H) (Definition B.2.15), therefore, by Proposition B.2.14 we know that there
is an element ∫

G
e(g) f (g)dµ(g) ∈ B(H),

such that

⟨(
∫

G
e(g) f (g)dµ(g))(ξ), η⟩ =

∫
G
⟨(e(g) f (g))(ξ), η⟩dµ(g), ξ, η ∈ H.

Example B.2.8 (Functions of L̃1(G; H) from composition). Let G be second countable
locally compact group with µ its Haar measure and H a separable Hilbert space, take f :
G → U(H)s measurable, then from Proposition B.2.11 we know that g 7→ U(g)(ξ) and
g 7→ ⟨U(g)(ξ), η⟩ are both measurable, moreover, since µ is σ-finite (Appendix D.8.1) both
maps are µ-strongly measurable (Remark B.2.3).

Take e ∈ L1(G; B(H)) i.e. a Bochner integrable function, then e is equal to a measur-
able function almost everywhere, under this setup, Proposition B.2.17 tell us that g 7→
e(g)( f (g)(ξ)) is µ-strongly measurable for any ξ ∈ H. Also, from Proposition B.2.13 we
know that g 7→ ∥e(g) f (g)∥ is µ-strongly measurable, since, f (g) is unitary we have that
∥e(g) f (g)∥ ≤ ∥e(g)∥, therefore, by Proposition B.2.14 we know that there is an element∫

G
e(g) f (g)dµ(g) ∈ B(H),

such that

⟨(
∫

G
e(g) f (g)dµ(g))(ξ), η⟩ =

∫
G
⟨(e(g) f (g))(ξ), η⟩dµ(g), ξ, η ∈ H.

b.3 holomorphic functional calculus

The holomorphic functional calculus provides a powerful computational tool for
unital Banach algebras and will be useful on our characterization of unitaries and
projections of C* algebras. In principle, it is defined as a topological algebra homor-
phism, that goes from the algebra of holomorphic functions over an open set and
ends up in an unital Banach algebra, that is, let A be a unital Banach algebra and
a ∈ A, as we have seen sp(a) is compact, thus let Ω be an open neighbourhood of
Sp(a) that is a Cauchy domain [Allan, 1965, Defitinion 5.2] with smooth boundary,
we will have the following homomorphism,

γ : Hol(Ω)→ A, f 7→
∫

η
f (z)(z1− a)−1dz,
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were η : [0, 1]⊕ ...⊕ [0, 1]→ C is a piece-wise C1 curve surrounding sp(a), which
corresponds to the boundary of Ω. The integral is defined as a Bochner integral and
we know that it exists due to Example B.2.1. This homorphism is also a continuous
maps of topological spaces, therefore we will take a brief detour into the topology
of H(Ω) which in turns will help us understand better the homomorphism γ.

b.3.1 Algebra of holomorphic functions

Let Ω be an open set of the complex numbers, let Hol(Ω) by the algebra of holo-
morphic functions on Ω, this algebra becomes a Fréchet m-convex algebra (Exam-
ple E.0.1) under the compact-open topology [Allan and Dales, 2011, Example 4.7].
The compact-open topology is the topology of uniform convergence on compacts
subsets of Ω, and is the topology given to Hol(Ω) because for every sequence { fn}
that converges uniformly in every compact subset of Ω we have that f = limn→∞ fn
is holomorphic in Ω [Gilman et al., 2007, Theorem 7.2].

The compact-open topology is the topology generated by the sub-multiplicative
semi norms

pK( f ) = sup
k∈K
{| f (k)| were K ⊂ Ω and K is compact,}. pK( f g) ≤ pK( f )pK(g),

thus with this topology Hol(Ω) is a complete locally m-convex algebra, that is, a
locally convex vector space with continuous multiplication. To check that Hol(Ω)
is a Fréchet algebra, we need to provide it with an upper directed countable family
of semi norms that provide an equivalent topology (Theorem E.0.2), fortunately we
can do this because C is second countable locally compact topological spaces. We
follow [Gilman et al., 2007, Section 7.2], so, for each rational z ∈ Ω i.e. z = x + ıy
with both x and y ∈ Q, take all the closed balls with rational radii that are contained
in Ω, that is, {y||y − z| ≤ r} ⊂ Ω. There are a countable number of such closed
balls, and they cover Ω. Call that collection of closed balls {Di}i∈N, and set

Kn =
⋃
i≤n

Di,

then, each Kn is compact and ⋃
i∈N

Ki = Ω.

So, if P ⊂ Ω is compact then P ⊂ Kl for some l ∈ N, so, if { fn}n∈N is a sequence
of holomorphic functions, then fn → f uniformly in every compact subset of Ω iff
fn → f uniformly in each Ki.

Definition B.3.1 (Compact exhaustion). Let X be a Hausdorff topological space. Assume
that there is a sequence {Kn}n∈N of compact sets of X such that, Kn ⊆ Kn+1, Kn ⊂ Ko

n+1
and ∪n∈NKn = X, where Ko

n+1 denotes th interior of Kn+1. We call the sequence {Kn}n∈N

a compact exhaustion of X.

Hol(Ω) becomes a Fréchet m-convex algebra under the semi norms

pi( f ) = sup
ω∈Ki

| f (ω)|, i ∈N,

and this topology is equivalent to the topology generated by the translation invari-
ant metric

d( f , g) = ∑
i∈N

2−i pi( f − g)
1 + pi( f − g)

,

by Theorem E.0.2. The previous construction can be performed with any compact
exhaustion {Kn}n∈N of C.
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b.3.2 Definition and properties

The holomorphic functional calculus comes as generalization of the polynomial cal-
culus [Allan and Dales, 2011, Lemma 4.22], which for a given element a of a Banach
algebra A and for every polynomial p in one variable with complex coefficients
assigns an element p(a) ∈ A we have that

Sp(p(a)) = p(Sp(a)).

The holomorphic functional calculus is constructed using line integrals over A,
so, let us define over what type of contours we will perform an integration on.

Definition B.3.2 (Cauchy domain (definition 5.2 [Allan, 1965])). A subset D of C is
called a Cauchy domain if

• D is open

• D has a finite number of components, the closures of which are pairwise disjoint

• The boundary ∂D of D is a subset of C, consisting of a finite positive number of closed
rectifiable Jordan curves, no two of which intersect.

For simplicity, we will work with Cauchy Domains with C1 boundary, that is,

∂D =
⋃
i≤l

γi, γi : [a, b]→ C,
dγi
dt

is continuous,

as exposed in [Allan and Dales, 2011, section 1.11]. For a continuous function
F : ∂D → A with A a Banach algebra, define∫

∂D
F :=

∫
∂D

F(z)dz := ∑
i≤l

∫ bi

ai

F(γi(t′))
dγi
dt

(t′)dt′.

Let K ⊂ C be compact, and D an open neighbourhood of K that is Cauchy domain
with C1 boundary such that ∂D =

⋃
i≤l γi, then for every z ∈ K define

gi(t) :=
1

2π
arg(γi(t)− z)

taking gi(t) ∈ [0, 2π) and varying continuous with respect to t, then we denote
n(γi; z) :=

∫
γi

gi ∈ N and it is called the winding number of the contour
⋃

i≤l γi
([Allan and Dales, 2011, section 1.11]).

We focus on special types of open neighbourhoods,

Definition B.3.3 (Contour). Let K ∈ C be a compact set and denote by ∂D the boundary
of A, then ∂D with ∂D =

⋃
i≤l γi is called a contour of K if

• D is Cauchy domain with C1 boundary and is an open neighbourhood of K.

• For every k ∈ K we have that

n(∂D; k) = ∑
i≤l

n(γi; k) = 1.

For every K ⊂ C compact there is a contour [Allan and Dales, 2011, Proposition
1.31], and contours are special because they surround K.
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Given an U ⊂ C, denote by R(U) the set of rational functions that are holomor-
phic on U, that is,

R(u) = {p(x)/q(x), if q(z) = 0 then z /∈ U}.

Take a ∈ A and Sp(a) ⊂ U open, then you can check that

• Rλ0(a)Rλ1(a) = Rλ1(a)Rλ0(a) for λ0, λ1 ∈ U.

• p(a)Rλ(a) = Rλ(a)p(a) for λ ∈ U and p(x) any polynomial in one variable
with complex coefficients.

So, it can be shown that for a ∈ A and Sp(a) ⊂ U open with ∂U a contour of Sp(a)
there is a continuous homorphism η : R(U) → A such that η(r) = r(a) [Allan and
Dales, 2011, Lemma 4.88]. This homorphism is extended into Hol(U) using the
fact that R(U) is dense in Hol(U) [Allan and Dales, 2011, Corollary 4.86], which
altogether gives the holomorphic functional calculus,

Theorem B.3.1 (Holomorphic functional calculus (Theorem 4.89 [Allan and Dales,
2011])). Let A be an unital Banach algebra, let a ∈ A, and let U be an open neighbor-
hood of Sp(a) in C that is a Cauchy domain. Then there is a unique continuous, unital
homomorphism Θa : Hol(U)→ A such that Θa(Z) = a, and has the following properties:

• For every ∂D ⊂ U a contour of Sp(a) (Definition B.3.3) such that D ⊂ U, and every
f ∈ Hol(U), we have

Θa( f ) =
1

2πi

∫
γ

f (λ)(λ1A − a)−1 dλ

• Θa(r) = r(a)(r ∈ R(U))

• Θa(Hol(D)) belongs to the smallest commutative algebra containing a (Θa(Hol(D)) ⊆
{a}c ∩ {a}cc)

• φ (Θa( f )) = f (φ(a)) ( f ∈ Hol(U), φ : {a}cc → C), where {a}cc is the bi-commutant
of a [Allan and Dales, 2011, page 180].

• Spectral mapping: Sp (Θa( f )) = f (Sp(a))( f ∈ Hol(U))

To easy the notation we denote Θa( f ) by f (a).

Remark B.3.1 (Holomorphic calculus is a Bochner integral). We have defined the holo-
morphic calculus as a map that comes from an integral, and as you may have guessed, this
is a Bochner integral, so, how do we know that f (λ)(λ1− a)−1 is Bochner integrable? This
is a fact easy to check, so, let γ =

⋃
i≤n γi be a contour of Sp(a), then γi : [0, 1]→ C is C1

and the function f̂ ◦ γi : [0, 1]→ A given by

( f̂ ◦ γi)(t) = f (γi(t))(γi(t)1A − a)−1, f̂ (λ) = f (λ)(λ1− a)−1

is continuous because Ra(λ) = (λ1− a)−1 is a continuous when λ ∈ Sp(a). We have
assumed that the function

t′ → dγi
dt

(t′),

is continuous, thus the mapping

f̃ : [0, 1]→ A, f̃ (t′) = f (γi(t′))(γi(t′)1A − a)−1 dγi
dt

(t′)

is continuous on [0, 1] and Example B.2.1 tell us that by being [0, 1] a compact measure space
f̃ is Bochner integrable. Therefore, f (a) exists because it is the sum of Bochner integrable
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functions. Additionally, since f̃ is a continuous function Corollary B.2.1 tell us that the
element

1
2πi

∫
γ

f (λ)(λ1A − a)−1 dλ

is the limit of Riemann sums.

Let {Ki}i∈N be a compact exhaustion of U (Definition B.3.1), then, the continuity
of Θa tell us that if { fn}n∈N is a sequence of holomorphic functions in U such that
fn → f uniformly over all Ki then fn(a)→ f (a) in the norm topology of A.

• The topology of Hol(U) is important to understand the holomorphic calculus
as a topological algebras homomorphism, for example, if we take a ∈ A, every
contour γ ⊂ U of Sp(a) is a compact subset of U, and the convergence of
fn → f in the topology of Hol(U) is the key to guaranty that the Banach
valued integrals ∫

γ
fn(λ)(λ1A − a)−1dλ.

By Proposition B.2.4 we have that

∥
∫

γ
fn(λ)(λ1A − a)−1dλ−

∫
γ

f (λ)(λ1A − a)−1dλ∥

≤
∫

γ
| fn(λ)− f (λ)|∥(λ1A − a)−1∥dλ,

thus, if we can make | fn(λ)− f (λ)| arbitrarily small in any compact subset of
U, we can make it arbitrary small in any contour, and we get the convergence
of fn(a)→ f (a) in the topology of the Banach algebra.

• Hence, if f (z) = ∑k∈N αk(z− ω)k inside Sp(a), then, fn = ∑i≤n αk(z− ω)k is
a sequence of functions that converge to f in the compact-open topology, and
therefore f (a) = limn→∞ fn(a) = ∑k∈N αk(a− ω1A)

k. When U = C we get a
functional calculus for the entire functions, as expected.

The previous discussion provides a proof for the following fact,

Lemma B.3.1. Let A be a unital Banach algebra and a ∈ A, let f be a an entire function
with a series expansion given by f (z) = ∑i∈N αi(z− ω)i, then, Θa( f ) = ∑k∈N αk(a−
ω1A)

k, where the right side is convergent series inside A.

Now, we describe a few properties of the holomorphic functional calculus that
will be useful later:

Proposition B.3.1 (Properties of the holomorphic functional calculus). Denote by Oa
the algebra of functions that are holomorphic on an open neighbourhood U of Sp(a) such
that U is a Cauchy domain, notice that Oa depends on both a and U, we are not taking into
account U in the notation because it will not be explicitly used in the following statements.
The homomorphism Θa defined in Theorem B.3.1 has the following properties:

• It is continuous as an A valued function [Allan and Dales, 2011, Proposition 4.93],
that is, if an → a in A and f ∈ Oa then f (an) → f (a) in A. Since we are dealing
with a normed space then convergence of every sequence is equivalent to convergence
on the normed space i.e. given ϵ > 0 then there is δ > 0 such that if ∥b− a∥ ≤ δ
then ∥ f (a)− f (b)∥ ≤ ϵ.
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• It behaves well with respect to unital Banach homorphisms [Allan and Dales, 2011,
Proposition 4.94], that is, if A, B are Banach algebras and TA → B is a continuous
unital homomorphism, then for f ∈ Oa, we have that

T( f (a)) = f (T(a)).

Notice that f (T(a)) is well defined because Sp(T(a)) ⊂ Sp(a).

• It behaves well with respect to composition of holomorphic functions [Allan and Dales,
2011, Proposition 4.95], that is, if f ∈ Oa and g ∈ Og(a) then

(g ◦ f )(a) = g( f (a)).

Remark B.3.2 (Spectrum upper semi-continuity and function evaluation). Let U be
an open neighbourhood of Sp(a) and f holmorphic on U, notice f (b) may not be defined for
all elements of A, thus, what do we mean by, if b→ a then f (b)→ f (a)? In this claim we
are using the upper semi-continuity of the spectrum on Banach algebras (Proposition B.1.3)
as follows, let γ be contour of Sp(a) then d(γ, Sp(a)) > 0, take 0 < ϵ < d(γ, Sp(a)) then

Eϵ(Sp(a)) ⊂ U,

and γ is also a contour of the clousure of Eϵ(Sp(a)). Then, there is a δ > 0 such that
∥a − b∥ ≤ δ implies that Sp(b) ⊂ Eϵ(Sp(b)), and this in turn implies that f is also
holomorphic on Sp(a), or put in another terms, f (b) exists by the holomorphic functional
calculus. So, for elements close enough to a we can apply f and to those elements we refer
in the claim f (b)→ f (a).

So, we will look into some results that are a consequence of the holomorphic
functional calculus, and that are helpful in our subsequent analysis of K theory.

b.3.3 Consecuences

First, is possible to define a holomorphic functional calculus if A has no unit? It is
possible, by taking advantage of the fact that there is a canonical homorphism from
a Banach into its unitization

i : A→ A+,

so, for a in A and f ∈ Oa, we define f (a) = f (i(a)) = f (a, 0). Also, notice that a ∈ A
iff i(a) = 0. On other side, we can use the other homorphism of Banach algebras
π : A+ → C to check that π( f (â)) = f (π(â))for â ∈ A by Proposition B.3.1,
therefore, if a ∈ A then f (a) = f (i(a)) ∈ A iff π( f (i(a))) = f (π(a)) = f (0) = 0.

Now, we turn into a couple of functions that are special for us, the logarithm and
the n-rooths. Recall that neither the logarithm nor the n-rooths are entire functions,
so, we can only define them when the spectrum of an element lays in the domain
of holomorphicity of those functions. There are many conditions on Sp(a) to be in
the domain of holomorphicity of a branch of the complex logarithm and complex n
roots, the most commonly used is for Sp(a) ⊂ D with D and open simply connected
domain of C [Timoney, 2004, Remark 2.13], which fits good our purposes. So, set
R− = {x ∈ R|x ≤ 0} , D = C−R− and Π = {z = x + iy ∈ C : x > 0}, then D is a
simply connected domain of C.

For any element a ∈ A such that Sp(a) ⊂ D we can use the holomorphic func-
tional calculus to create elements log(a) and a1/n, that satisfy exp(log(a)) = a and
(a1/n)n = a. Also, notice that f (z) = exp(z) and g(z) = exp(−z) are inverse in Oa

for every a, meaning that exp(a)−1 = exp(−a) for every a ∈ A. We list these facts
and a couple more for future reference,
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Lemma B.3.2. Let A be a unital Banach algebra and a ∈ G(A), then, a−1 is the result of
applying the function f (z) = z−1 with the holomorphic functional calculus.

Proof. Since a ∈ G(A) we have that 0 /∈ Sp(a), thus, the function f (z) = 1/z
is holomorphic over the spectrum of a, then, the holomorphic functional calculus
(Theorem B.3.1) tells us that f (a)a = a f (a) = 1A i.e. f (a) = a−1.

Proposition B.3.2 (Logarithms and n-roots). Let A be a unital Banach algebra and
a ∈ A, if Sp(a) ⊂ D, then

• There is b ∈ A such that exp(b) = a, b is the result of applying the holomorphic
functional calculus over a with the function log. [Allan and Dales, 2011, Proposition
4.100].

• There is a unique element b ∈ A such that b2 = a and Sp(b) ∈ Π [Allan and
Dales, 2011, Proposition 4.99]. Moreover, for any n ∈ N there is an element c such
that a = cn, to construct this element take the principal branch of the holomorphic
function f (z) = z1/n over D and apply it to a using the holomorphic calculus, and
Sp(a1/n) ⊂ Π due to the spectral mapping of the holomorphic calculus.

• If ab = ba, then exp(a + b) = exp(a) exp(b) [Allan and Dales, 2011, Proposition
4.98].

• We have that exp(a) ∈ G(A) with exp(a)−1 = exp(−a) [Allan and Dales, 2011,
Proposition 4.98].

Corollary B.3.1. Let A be a unital Banach algebra and a ∈ A, if Sp(a) ⊂ D, then, for any
n ∈ N there is an element b such that b−1 = a1/n, and b is computed using the function
f (z) = n−1/n.

Proof. From Proposition B.3.2 we know that a1/n can be computed using the func-
tion g(z) = z1/n, additionally, 0 /∈ inSp(a1/n), thus, a1/n is an invertible element of
A. Under this setting, Lemma B.3.2 tells us that (a1/n)−1 is the result of applying
the function h(z) = 1/z to the element a1/n, so, Proposition B.3.1 tell us that the
holomorphic functional calculus respects the composition of holomorphic functions
i.e. h ◦ g(a) = f (a) with f (z) = n−1/n.

Proposition B.3.3. Let A be a unital Banach algebra and a ∈ A,

1. If ρ(1A − a) < 1, then,

log(a) = −
∞

∑
n=1

(1− a)n

n
,

and a = exp(log(a)).

2. If if ∥1A − a∥ ≤ 1, then,

log(a) = −
∞

∑
n=1

(1− a)n

n
,

and a = exp(log(a)).

3. The open ball {a ∈ A : ∥1 − a∥ < 1} belongs to exp(A), where, exp(A) =
{exp(a)|a ∈ A} ([Allan and Dales, 2011, Proposition 4.101]).
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Proof. 1. Recall that ρ(1A − a) < 1 is the spectral radius of 1A − a, so, if ρ(1A −
a) < 1, then, Sp(1A − a) ⊂ B(0, 1). Also, we have that a = −(1A − a) +
1A, therefore, the spectral mapping of the holomorphic functional calculus
(Theorem B.3.1) implies that Sp(a) ⊂ −B(0, 1) + 1 = B(1, 1), which means tha
tSp(a) ⊂ D. Proposition B.3.2 tell us that log(a) exists, additionally, given that
the natural logarithm has the series expansion log(z) = −∑∞

n=1
(1−a)n

n for all
z such that |1− z| < 1, we have that

log(a) = −
∞

∑
n=1

(1− a)n

n
.

The fact that a = exp(log(a)) is a consequence of the composition of holomor-
phic functions (Proposition B.3.1).

2. If ∥1A − a∥ ≤ 1, we have that ρ(1A − a) < 1 (Remark B.1.2), therefore, the
previous item implies that

log(a) = −
∞

∑
n=1

(1− a)n

n
.

The fact that a = exp(log(a)) is a consequence of the composition of holomor-
phic functions (Proposition B.3.1).

3. This is a consequence of the previous item.

Remark B.3.3 (Shifting the logarithm and the n-roots). Denote Dθ = D exp(iθ) for
θ ∈ [0, 2π), then Dθ is also a simply connected domain of C, thus for any a ∈ A with
Sp(a) there are elements log(a) and a1/n which are computed with the principal branches
of f (z) = log(z) and g(z) = z1/n on Dθ and the holomorphic functional calculus.

We can use the holomorphic calculus to create smooth paths on A as follows

Proposition B.3.4 (Smooth paths from entire functions). For any a ∈ A and f ∈
Hol(C) the function

γ f ,a : C→ A, z 7→ f (za)

is infinitely continuously differentiable i.e γ f ,a ∈ C∞(C, A).

Proof. The proof of these facts relays on the continuity of the map a → ∥(λ1A −
a)−1∥, λ /∈ Sp(a) on Banach algebras ([Allan and Dales, 2011, Proposition 4.93]).

• Continuity: First, recall f ∈ Oa because is holomorphic over C, also, note that
z → za is a continuous functions for every z ∈ C, thus by Proposition B.3.1
the function z → f (za) is continuous for every z, because is the composition
of two continuous functions

f (za) = ( f ◦ ha)(a), f : A→ A, ha : C→ A s.t. ha(z) = za.

• Differentiable paths: Given that the map a 7→ Sp(a) is upper semi-continuous
(Proposition B.1.3), according to Remark B.3.2 if D is a Cauchy domain of
Sp(za) and γ is the boundary of D, there must be η > 0 such that, if |z− z′| ≤
η then D is a Cauchy domain of Sp(z′a).

Set gz(a) = za, since f (za) = ( f ◦ gz)(a), we have that

( f (za)− f (z′a))
z− z′

=
(( f ◦ gz)(a)− ( f ◦ gz′)(a))

z− z′
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=
1

2πi

(∫
γ
( f ◦ gz)(λ)(λ1− a)−1 dλ−

∫
γ
( f ◦ gz′)(λ)(λ1− a)−1 dλ

)
1

z− z′

=
1

2πi

∫
γ

(
( f ◦ gz)(λ)− ( f ◦ gz′)(λ)

z− z′

)
(λ1− a)−1 dλ,

moreover, if we use the fundamental theorem of calculus for complex integrals
we get,

( f (za)− f (z′a))
z− z′

=
1

2πi

∫
γ

λ

(∫ λz
λz′ f (1)(ω)dω

λz− λz′

)
(λ1− a)−1 dλ,

with f (1)(ω) = d f
dz (ω). Since f (1) is a continuous function over C, the funda-

mental theorem of calculus for complex valued integrals tells us that for any
λ ∈ C, if z′ → z then ∫ λz

λz′ f (1)(ω)dω

λz− λz′
→ f (1)(λz).

Since f is an entire function, we know that f (1) is an holomorphic function
over C, therefore, it is uniformly continuous over compact sets.

Here comes the key part of the demonstration, notice that the function λ 7→
fz,z′(λ) given by

fz,z′(λ) =

(
( f ◦ gz)(λ)− ( f ◦ gz′)(λ)

z− z′

)
= λ

∫ λz
λz′ f (1)(ω)dω

λz− λz′

is an holomorphic function over C when z ̸= z′, so, we will ask for the limit of
fz,z′(·) as elements of the topological algebra Hol(C) when z′ → z, which will
turn out to be the function λ 7→ λ f (1)(λz), in which case the continuity of the
holomorphic functional calculus over A (Theorem B.3.1) would imply that

d f (z′a)
dz′

|z = lim
z′→z

1
2πi

∫
γ

fz,z′(λ)(λ1− a)−1 dλ

=
1

2πi

∫
γ

λ f (1)(λz)(λ1− a)−1 dλ.

Now we will look into how to show that

(λ 7→ fz,z′(λ))→ (λ 7→ λ f (1)(λz))

inside Hol(C). For i ∈ N set Ki = B(0, i), then, {Ki}i∈N is a compact exhaus-
tion of C (Definition B.3.1), then, the topology of Hol(C) is given by the set of
seminorms (Example E.0.1)

pi( f ) = sup
ω∈Ki

| f (ω)|, i ∈N,

thus, by the content of Proposition E.0.2 we need to check that, given n < ∞
and ϵ > 0, we can find δ > 0 such that if |z′ − z| ≤ δ, then

pn

(
(λ 7→ fz,z′(λ))− (λ 7→ λ f (1)(λz))

)
≤ ϵ.

For convenience set |z− z′| ≤ 1, under this setting, we have that, if λ ∈ Kn,
then z′λ ∈ B(0, n(|z|+ 1)). Chose δ′ > 0 such that, if ω, ω′ ∈ B(0, n(|z|+ 1))
and |ω − ω′| ≤ δ′, then | f (1)(ω)− f (1)(ω′)| ≤ ϵ/n, under this setting, if we
set

|z− z′| ≤ δ′

n
,
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we have that
|λz− λz′| ≤ |λ||z− z′| ≤ δ′,

which guaranties that, for all λ ∈ Kn the following holds

| f (1)(zλ)− f (1)(z′λ)| ≤ ϵ.

Given that B(0, n(|z|+ 1)) is a convex set of C, the line connecting λz with λz′

lies inside B(0, n(|z|+ 1)), therefore, if |z − z′| ≤ δ/n′ we have that for any
0 ≤ c ≤ 1 the following holds,

| f (1)(czλ + (1− c)z′λ)− f (1)(zλ)| ≤ ϵ/n.

The fundamental theorem of calculus for complex valued functions tells us
that,

λ f (1)(λz) = λ
∫ λz

λz′

f (1)(λz)
λz− λz′

dω,

therefore,∣∣∣∣∣λ
∫ λz

λz′ f (1)(ω)dω

λz− λz′
− λ f (1)(λz)

∣∣∣∣∣ ≤
(

sup
λ∈Kn

|λ|
) ∫ λz

λz′ | f
(1)(ω)− f (1)(λz)|dω

|λz− λz′| .

Since,

∫ λz

λz′
| f (1)(ω)− f (1)(λz)|dω ≤

(
sup

0≤c≤1
| f (1)(czλ + (1− c)z′λ)− f (1)(zλ)|

)
|λz−λz′|.

if we use the bound on the values of | f (1)(ω)− f (1)(λz)| when ω lies between
λz′ and λz we get that, if λ ∈ Kn, then∣∣∣∣∣λ

∫ λz
λz′ f (1)(ω)dω

λz− λz′
− λ f (1)(λz)

∣∣∣∣∣ ≤
(

sup
λ∈Kn

|λ|
)

ϵ|λz− λz′|
n

1
|λz− λz′| ≤ ϵ.

The previous statement implies that if z′ → z, then fz,z′(λ) → λ f (1)(λz) uni-
formly on Kn, under this setting, Proposition E.0.2 tells us that fz,z′(λ) →
λ f (1)(λz) as elements of Hol(C), hence,

d f (z′a)
dz′

|z =
1

2πi

∫
γ

λ f (1)(λz)(λ1− a)−1 dλ.

We know that f (1) ◦ gz is holomorphic over C, also, the function id(λ) =
λ is holomorphic over C, from Theorem B.3.1 we know that id(a) = a, so,
given that the holomorphic functional calculus over A is an homomorphism
of algebras (Theorem B.3.1), we get that (id f (1) ◦ gz)(a) = a f (1)(a), which
implies that

d f (z′a)
dz′

|z = a f (1)(za).

Notice that the map z 7→ a f (1)(za) is continuous because f (1) is a continuous
function over C. Since the function λ 7→ λ f (1)(λz) is holomorphic on C, we
can iterate the previous argument to show that

d f (z′a)
dz′

|z =
1

2πi

∫
γ

λn f (n)(λz)(λ1− a)−1 dλ = an f (n)(za),

which implies that the function z 7→ f (za) is smooth.
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Remark B.3.4 (Homotopy from exponential function). Using Proposition B.3.4 if we
take f (x) = exp(x) we have smooth homotopies of invertible elements of the form

t→ exp(ta), t ∈ [0, 1], a ∈ A,

henceforth, exp(A) ⊂ G0(A), where G0(A) is the connected component of the identity of
the topological group G(A). If we were to be more careful with the conditions on Proposi-
tion B.3.4 we could deal with homotopies that arise from holomorhic functions in subsets of
C, for example, if we restrict to z ∈ Π we could have come up with a smooth maps

γ f ,a : (0, ∞)→ A, z 7→ f (za), when Sp(a) ⊂ Π.

This map is not relevant for our analysis, however, you may encounter it in the literature,
for example, it is used as a key step in the study of the semi-group of homotopic projections
of a C* algebra in [Gracia-Bondı́a et al., 2001, Lemma 3.43] with f (z) = z1/2 (the principal
branch of the complex square root).

All of this study of the analytical structure of a Banach algebra will provide a nice
description of the topological group G(A) when A has a unit, a description that will
be fundamental for the study of K Theory of C* algebras from a topological point
of view.

Theorem B.3.2 (Description of G(A) (Theorem 4.105 [Allan and Dales, 2011])). Let
A be an unital Banach algebra, then:

• G0(A) is an open-and-closed, normal subgroup of G(A), and the connected compo-
nents of G(A) are precisely the cosets of G0(A) in G(A)

• G0(A) consists of all finite products of exponentials, so that

G0(A) = {exp (a1) exp (a2) · · · exp (ak) : a1, . . . , ak ∈ A, k ∈N} ;

• in the case where A is commutative, G0(A) = exp(A)

Proof. We denote by G0(A) the set of all invertibles of A that are homotopic to 1A
through a path on invertibles, and we set G0 = G0(A), also G = G(A). We are going
to walk you through the proof given in [Allan and Dales, 2011, Theorem 4.105], so
before we start, we must state an important fact about exp(A), for a ∈ G(A) and
b ∈ A such that ∥b− a∥ ≤ ∥a−1∥−1 we have that a−1b ∈ exp(A), because

∥a−1b− 1A∥ = ∥a−1(b− a)∥ ≤ ∥a−1∥∥b− a∥ ≤ 1

and Proposition B.3.3 tell us that a−1b ∈ exp(A). Notice that the previous claim is
a good way of characterizing close enough elements of G(A) as b = a exp(α) for
α ∈ A. Denote G0 = G0(A) and G = G(A), then:

• Take a, b ∈ G0, then b−1 ∈ G0 and ab ∈ G0, thus G0 is a subgruoup of G.
Take c ∈ G, then αc : a → c−1ac is a continuous map and αc(1A) = 1A, which
implies that c−1ac is homotopic to 1A in G, thus, G0 is a normal subgroup of G.

Now, let β be an accumulation point of G0 with respect to G, then for any
a ∈ G0 such that ∥a− β∥ ≤ ∥β−1∥−1 we have that

∥1A − aβ−1∥ ≤ ∥β−1∥∥a− β∥ ≤ 1,

therefore a ∈ D and Proposition B.3.3 tell us that there is b ∈ A such that
aβ−1 = exp(b), thus β = a exp(−b). We now from Remark B.3.4 that exp(−b) ∈
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G0, then we have that β ∈ G0, that is, G0 is closed with respect to G. Us-
ing a similar argument we can show that for any a ∈ G0 and b ∈ G0 with
∥b− a∥ ≤ ∥a−1∥−1 we have that b ∈ G0, meaning that G0 is open with respect
to G.

• Let
E = {exp (a1) exp (a2) · · · exp (ak) : a1, . . . , ak ∈ A, k ∈N} ,

then E is a subgroup of G and E ∈ G0. Take a = exp (a1) exp (a2) · · · exp (ak)
then if ∥b− a∥ ≤ ∥a−1∥−1 there is c ∈ A such that b = a exp(c), thus b ∈ E
and E is open. Also, every left coset of E is open because the mapping a→ ab
is a homeomorphism when b ∈ E, which implies that G \ E is open, hence E is
closed in G. So, E is a non-empty open and closed subset of G0, which leaves
no other alternative that G0 = E.

We end up having that every coset of G0 in G is a connected open and closed
subset of G, and are the topological components of G.

• If A is commutative then

exp (a1) exp (a2) · · · exp (ak) = exp (a1 + a2 + · · ·+ ak)

by Proposition B.3.2, therefore G0 = exp(A).

Remark B.3.5 (Leibniz rule for functions taking values in topological algebras). The
term topological algebra refers to an algebra that is a topological space where the multiplica-
tion and addition are continuous. Assume that f , g : R → A are differentiable functions,
then, the arguments of calculus for R valued functions can be translated into this context to
show that both g, f are continuous functions ([Spivak, 1994, Chapter 9, Theorem 1]). Under
this setting we have that,

d( f g)
dt

(x) = lim
∆x→0

( f g)(x + ∆x)− ( f g)(x)
∆x

= lim
∆x→0

f (x + ∆x)g(x + ∆x)− f (x)g(x)
∆x

= lim
∆x→0

f (x + ∆x)g(x + ∆x)− f (x)g(x + ∆x) + f (x)g(x + ∆x)− f (x)g(x)
∆x

= lim
∆x→0

[ f (x + ∆x)− f (x)] · g(x + ∆x) + f (x) · [g(x + ∆x)− g(x)]
∆x

= lim
∆x→0

f (x + ∆x)− f (x)
∆x

· lim
∆x→0

g(x + ∆x)+

lim
∆x→0

f (x) · lim
∆x→0

g(x + ∆x)− g(x)
∆x

=
d f
dt

(x)g(x) + f (x)
dg
dt

(x),

The previous calculation implies that f g is a differentiable function and the Leibniz rule is
satisfied.

Remark B.3.6 (Canonical homotopies between invertibles in Banach algebras). From
Theorem B.3.2 we know that the connected components of the group G(A) look like

b(exp (a1) exp (a2) · · · exp (ak))
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with a1, . . . , ak ∈ A, k ∈ N where b is a representative of a connected component of G(A),
therefore, if two invertibles x, y ∈ G(A) are homotopic we can construct a canonical path
between them as

γ(t) = x(exp (ta1) exp (ta2) · · · exp (tak)), γ(0) = x, γ(1) = y.

The path γ is a multiplication of continuous paths by Remark B.3.4, therefore is continuous
i.e. a homotopy. Additionally, the Lebniz rule for functions taking values in topological
algebras (Remark B.3.5) implies that γ is a differentiable path since it is the multiplication
of differentiable paths.

The specific form of this smooth paths will be very convenient for the pairing between
cyclic cohomology and K theory, because it will also appear in smooth sub algebras.

We end this section with a clever usage of the holomorphic calculus to come up
with idempotents, and create convergent sequences of idempotents, which will be
important when we want to relate idempotents of smooth sub algebras with the
idempotent of C* algebras in Proposition 2.2.2.

Lemma B.3.3 (Approximating idempotents with idempotents). Let A be a unital Ba-
nach algebra and e an idempotent of A i.e. e ∈ Q(A), then B = B(0, 1/4) ∪ B(1, 1/4) is
an open neighbourhood of Sp(e) (recall Sp(e) ⊂ {0, 1} ), so, let g(z) = 0 if z ∈ B(0, 1/4)
and g(z) = 1 if z ∈ B(1, 1/4), then g is holomorphic on B and

e =
1

2πi

∫
γ

g(λ)(λ1A − e)−1dλ

with γ ⊂ B a contour of Sp(a).

Also, for every ϵ > 0 there is a δ > 0 such that if ∥e− a∥ ≤ δ then

∥g(a)− g(e)∥ ≤ ϵ

and g(a) is an idempotent.

Proof. Let A be a unital Banach algebra and a ∈ A with a2 = a, then Sp(a) ⊂ {0, 1}
and following the calculations on [Argerami, 2014] we know that if λ /∈ Sp(a) then

(λ1A − a)−1 =
1

1− λ
a− 1

λ
(1− a).

Let B = B(0, 1/4) ∪ B(1, 1/4), then B is an open neighbourhood of Sp(a) and γ =
γα,0 ∪ γ1,α is a contour of Sp(a) with

γα,0[t] = α exp(it), γα,1[t] = 1 + α exp(it), t ∈ [0, 2π], 0 < α < 1/4.

Therefore, the function g(z) = 0 if z ∈ B(0, 1/4) and g(z) = 1 if z ∈ B(1, 1/4) is
holomorphic on B and the residue theorem together with Cauchy integral theorem
for complex integrals tell us that

a = a
(

1
2πi

∫
γα,1

(1− λ)−1dλ

)
=

1
2πi

∫
γα,1

g(λ)(λ1A− a)−1 =
1

2πi

∫
γ

g(λ)(λ1A− a)−1dλ

which implies that a = g(a).

Following Remark B.3.2 the upper semi-continuity of the map a 7→ Sp(a) tells
us that there is a δ > 0 such that, if ∥b − a∥ ≤ δ, then Sp(b) ⊂ B, and finally
Proposition B.3.1 tell us that given ϵ > 0 there is 0 < δ1 < δ such that if ∥b− a∥ ≤ δ1
then ∥g(b)− g(a)∥ ≤ ϵ. The holomorphic calculus also tells us that

g(b)g(b) = (g2)(b) = g(b)

therefore g(b) is an idempotent.
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Hilbert spaces are a key tool of non-commutative geometry, in particular of operator
algebras, because more often than none those algebras come as a sub algebra of
B(H), for example, Von Neumman algebras are sub algebras of B(H) that are close
under the weak operator topology, and C* algebras come as sub algebras of B(H)
that are close under the operator norm topology (Theorem D.3.4). The study of
Hilbert spaces is by no means a small task, for example, the study of representation
of Von Neumann algebras on Direct integrals of Hilbert spaces was an essential part
of the Fields medal given to Connes in 1982.

c.1 direct sums of hibert spaces

Now, we will introduce you to arguably the most useful Hilbert space to analyze C*
algebras, it is the direct sum of Hilbert spaces, and is a simpler relative of the direct
integral of Hilbert spaces (Appendix C.4).

Definition C.1.1 (Direct sum of Hilbert spaces (Section 2.6 page 123 [Kadison and
Ringrose, 1983a])). Let Hλ (λ ∈ Λ) be a family of Hilbert spaces, finite or infinite and
assume that µ is the counting measure over Λ, then, define ∑λ∈Λ Hλ :=

∫
Λ Hλdµ(λ).

∑λ∈Λ Hλ, or equivalently

∑
λ∈Λ

Hλ =

{
(xλ) ∈ ∏

λ∈Λ
Hλ : ∑

λ

∥xλ∥2
λ < ∞

}

is a Hilbert space, where the addition and scalar multiplication given coordinate-wise. The
inner product on ∑λ∈Λ Hλ is given by

⟨x, y⟩ = ∑
λ∈Λ
⟨xλ, yλ⟩λ

(
x = ∑

λ∈Λ
xλ, y = ∑

λ∈Λ
yλ

)
.

Notice that even though Λ may have an arbitrary cardinality if (xλ) ∈ ∑λ∈Λ Hλ, then,
the sum ∑λ ∥xλ∥2

λ needs to have at most a countable amount of elements, because if it were
uncountable then the norm of the element would be infinite ([Timoney, 2008, Proposition
4.5]).

Using the Zorn’s lemma is possible to proof that any Hilbert space H has an
orthonormal basis B = {ei}i∈I , also called complete orthonormal systems, whether
it is separable or not [Timoney, 2008, Corollary 4.6], and that basis has the following
properties

Lemma C.1.1 (Properties of orthonormal basis of Hilbert spaces ). Let H be a Hilbert
space and B = {ei}i∈I an orthonormal basis of H, then
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• ⟨x, ei⟩ is nonzero for at most a countable number of ei [Timoney, 2008, Proposition
4.5], as it happened in Example B.2.5.

• Bessel inequality: If S ⊆ I then ∑ϕ∈S |⟨x, ϕ⟩|2 ≤ ∥x∥2 [Timoney, 2008, Proposi-
tion 4.5].

• Generalized Fourier expansion: x = ∑i∈I⟨x, ei⟩ei, [Timoney, 2008, Corollary 4.6].

• Bessel identity: ∑i∈I |⟨x, ei⟩|2 = ∥x∥2 [Timoney, 2008, Corollary 4.8].

• Parseval identity: ⟨x, y⟩ = ∑i∈I⟨x, ei⟩⟨y, ei⟩ [Timoney, 2008, Corollary 4.6].

In the previous statements when infinite sums are presented these are to be understood as
the limit taken over the set of countable elements such that ⟨x, ei⟩ is nonzero, for example,

x = lim
n→∞

n

∑
j=1
⟨x, eij⟩eij ,

and the sum can be provided any ordering [Timoney, 2008, Corollary 4.6].

Using the definition of direct sums of Hilbert spaces and the properties of or-
thonormal basis of Hilbert spaces we get the following result,

Lemma C.1.2 (Hilbert spaces as direct sums (cf. Theorem 4.10 [Timoney, 2008])).
Let H be a Hilbert space and B = {ei}i∈I an orthonormal basis of H, then the Hilbert space
H is isomorphic to ∑i∈I Hi, Hi = C, which is isomorphic to l2(I), and the isomorphism
preservers the inner product.

Consequently, all Hilbert spaces can be studied as direct sums of Hilbert spaces.
You can consult [Kantorovitz, 2003, Section 8.3] for an exposition of the aforemen-
tioned results. Given that a Hilbert space is a topological space, we can translate
concepts from topological spaces into the realm of Hilbert spaces

Definition C.1.2 (Separable Hilbert space). A Hilbert space is separable if it is separable
as a topological space.

Lemma C.1.3 (Separability of Hilbert spaces and orthonormal basis (Theorem 4.9
[Timoney, 2008], [Pawel, 2020])). Hilbert space is separable iff it has a countable orthonor-
mal basis.

The orthonormal basis B = {ei}i∈I is not unique, actually, any linearly indepen-
dent set of H whose finite linear combinations are dense in H generates a complete
orthonormal basis of H through the Gram-Schmidt construction ([Timoney, 2008,
Theorem 4.12]).

c.2 infinite matrices and bounded operators

Let ξ = {ξi}i∈I be a complete orthonormal basis of H, then for S ∈ B(H) each
vector S(ξ j) has a generalized Fourier expansion as

S(ξ j) = ∑
i∈I

si,jξi
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with the generalized Fourier coefficients given by

si,j = ⟨S(ξ j), ξi⟩.

Therefore, to S we associate a complex matrix [si,j]i,j∈I relative to the complete or-
thonormal basis ξ.

Take x = ∑i∈I⟨x, ξi⟩ξi, then

S(x) = ∑
i∈I
⟨x, ξi⟩S(ξi) = ∑

i∈I
⟨x, ξi⟩(∑

k∈I
sk,iξk) = ∑

k∈I
(∑

i∈I
⟨x, ξi⟩sk,i)ξk,

which is the generalized Fourier expansion of S(x), thus we only need to know how
S acts on ξ to compute how it acts in any element of H.

Definition C.2.1 (Infinite matrix form of a Bounded operator). Let H be a Hilbert
space and ξ = {ξi}i∈I be a complete orthonormal basis of H, take S a bounded linear
operator over H, we call the ordered set of values [⟨S(ξ j), ξi⟩]i,j∈I the matrix representation
of S.

Proposition C.2.1 (Properties of bounded operators as infinite matrices). Let H be a
Hilbert space and ξ = {ξi}i∈I be a complete orthonormal basis of H, let S, T ∈ B(H) with
[si,j]i,j∈I the matrix representation of S and [ti,j]i,j∈I the matrix representation of T, then:

1. S(x) = ∑i∈I⟨x, ξi⟩S(ξi) = ∑i∈I⟨x, ξi⟩(∑k∈I sk,iξk) = ∑k∈I(∑i∈I⟨x, ξi⟩sk,i)ξk.

2. ∥S(ξ j)∥2 = ∑i∈I |si,j|2 ≤ ∥S∥, ∥S∗(ξi)∥2 = ∑j∈I |si,j|2 ≤ ∥S∥.

3. S + T = [si,j + ti,j]i,j∈I .

4. If S∗ = [ai,j]i,j∈I then ai,j = s∗j,i.

5. ∑c∈I |si,ctc,j| ≤
(
∑c∈I |si,c|2

)1/2 (
∑c∈I |tc,j|2

)1/2
= ∥(si,c)i∈I∥l2(I)∥(tc,j)j∈I∥l2(I).

6. ST = [∑c∈I si,ctc,j]i,j∈I .

Proof. 1. This is a consequence of the properties of complete orthonormal basis
over Hilbert spaces mentioned in Lemma C.1.1.

2. This is a consequence of the Bessel identity mentioned in Lemma C.1.1.

3. This is a consequence of the linearity of the inner product.

4. This is a consequence of the linearity of involution.

5. This is a consequence of the Holder inequality mentioned in Proposition B.2.7

6. This is a consequence of the Parseval identity mentioned in Lemma C.1.1.

Notice that if U ∈ B(H) is a unitary operator it preserves the inner product,
then U(ξ) = {U(ξ)}i∈I is a complete orthonormal basis of H. Let T ∈ B(H),
then the matrix representation of T under the orthogonal basis U(ξ) is the same as
the matrix representation of the operator U∗TU under the basis ξ, so, it may be a
different matrix but it still represents the same linear transformation over H.

Proposition C.2.2 (cf. Proposition 2.6.13 [Kadison and Ringrose, 1983a]). Let H be a
Hilbert space and ξ = {ξi}i∈I be a complete orthonormal basis of H, then,
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• Let [ai,j]i,j∈I be a mapping from I × I → C, then, [ai,j]i,j∈I is the infinite matrix of a
bounded operator A over H iff

sup{∥A(J)∥ : J ⊆ I, J finite} < ∞

with A(J) the operator given by [ai,k]i,k∈J acting over l2(J) ≃ C|J|

• If A is a bounded operator over H with an infinite matrix representation given by
[ai,j]i,j∈I , then, ∥A(J)∥ ≤ ∥T(L)∥ for J ⊆ L with both J, L finite, where A(J) is
the operator given by [ai,k]i,k∈J acting over l2(J) ≃ C|J|. Also, |ai,j| ≤ ∥A∥ ≤
∑i,j∈I |ai,j|.

c.3 tensor product of hilbert spaces

Definition C.3.1 (Tensor product Hilbert spaces ( Remark 2.6.7 [Kadison and Ringrose,
1983a])). Let H1, H2 be two Hilbert spaces, then H1 ⊗ H2 is the unique Hilbert space ob-
tained as the completion of H1 ⊙ H2 with respect to the unique inner product on H1 ⊙ H2
that satisfies

⟨x1 ⊗ y1, x2 ⊗ y2⟩H1⊗H2 = ⟨x1, x2⟩H1⟨y1, y2⟩H2 , xi ∈ H1, yi ∈ H2.

The tensor product of Hilbert spaces has many interesting properties, to mention
a few

Proposition C.3.1 (Properties of tensor product of Hilbert space). Let H1, H2, H3 be
two Hilbert spaces, then

• Commutativity: H1 ⊗ H2 ≃ H2 ⊗ H1.

• Associativity: (H1⊗H2)⊗H3 ≃ H1⊗ (H2⊗H3) ([Kadison and Ringrose, 1983a,
Proposition 2.6.5]).

• Basis: IF {ξi}i∈I is an ortonormal basis of H1 and {ηj}j∈J is an ortonormal basis of
H2 then

{ξi ⊗ ηj| i ∈ I, j ∈ J}
is an ortonormal basis of H1 ⊗ H2 ([Kadison and Ringrose, 1983a, Theorem 2.6.4]).

• Dimension: dim(H1 ⊗ H2) = dim(H1)dim(H2) ([Kadison and Ringrose, 1983a,
Theorem 2.6.4]).

• Direct sum: Let H1, H2 be Hilbert spaces and {ξi}i∈I be a complete orthonormal
base for H2, then H2 ≃ l2(I) (Lemma C.1.2), set H1,i = H1, then from [Kadison and
Ringrose, 1983a, Remark 2.6.8] we get that H1⊗H2 ≃ ∑i∈I Hi with the isomorphism
given by

ϕ : ∑
i∈I

H1,i → H1 ⊗ l2(I), ϕ(∑
i∈I

hi) = ∑
i∈I

ξi ⊗ hi, hi ∈ H1,i.

• Hilbert-Schmidt functionals: H1⊗ H2 is isomorphic to sub space of the space of all
Hilbert-Schmidt functionals on H1 × H2, where Hi is the conjugate Hilbert space of
Hi ([Kadison and Ringrose, 1983a, Theorem 2.6.4]).

From the previous proposition we get that the tensor product of Hilbert spaces
exists, because it is a sub space of the space of functionals over a Hilbert space.
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Since the elements of a C* algebra can be seen as bounded operators over a Hilbert
space, we now look on some properties of operators over tensor products of Hilbert
spaces

Proposition C.3.2 (Operators on tensor product of Hilbert spaces (Proposition 2.6.12

[Kadison and Ringrose, 1983a])). Let H1, H2, H3 be Hilbert spaces and Ai, Bi ∈ B(Hi),
then

• Existence: There is a unique operator A ∈ B(H1 ⊗ H2) such that

A(x1 ⊗ x2) = (A1(x1))⊗ (A2(x2))

for all xi ∈ Hi, this operator is denoted by A1 ⊗ A2.

• Linearity: (A1 ⊗ A2)(B1 ⊗ B2) = (A1B1)⊗ (A2B2), and

(A1 + A2)⊗ B1 = (A1 ⊗ B1) + (A2 ⊗ B1).

• Involution: (A1 ⊗ A2)
∗ = (A∗1)⊗ (A2)

∗

• Norm: ∥A1 ⊗ A2∥ = ∥A1∥∥A2∥

• Associativity: (A1⊗A2)⊗A3 = A1⊗ (A2⊗A3) as operators over the isomorphic
Hilbert spaces (H1 ⊗ H2)⊗ H3 ≃ H1 ⊗ (H2 ⊗ H3).

• Inclusion: The mapping

i : B(H1)→ B(H1 ⊗ H2), i(A) = A⊗ Id

with Id the identity operator on H2, preserves products, adjoints and norms, thus it is
an injective *-homomorphism of C* algebras. In Appendix C.3 we will mention how
does A⊗ I looks like over a direct sum of Hilbert spaces.

• B(H1)⊙ B(H2) is not dense in B(H1 ⊗ H2) ([Wegge-Olsen, 1993, Remark T4.4])

Tensor product of bounded operators as infinite matrices

The results of this section are taken from [Kadison and Ringrose, 1983a, Section
2.6, Matrix representations]. Following a similar exposition as in Appendix C.2, if
H1, H2 are Hilbert spaces, if {ξi}i∈I is a complete orthonormal basis of H2 then from
Proposition C.3.1 we know that H1 ⊗ H2 ≃ ∑i∈I Hi with the isomorphism given by

ϕ : ∑
i∈I

H1,i → H1 ⊗ H2, ϕ(∑
i∈I

hi) = ∑
i∈I

hi ⊗ ξi, H1,i = H1, hi ∈ H1,i.

For a ∈ I we introduce the bounded linear operators Ua, Va,

Ua : H1 →∑
i∈I

H1,i, Ua(x) = ∑
i∈I

xi, xi = x if i = a else xi = 0,

and
Va : ∑

i∈I
H1,i → H1, Va(∑

i∈I
xi) = xa.

Using Ua, Va, given T ∈ B(∑i∈I H1,i) we create a matrix [Ti,j]i,j∈I with entries Ti,j ∈
B(H1,i) as follows

Ti,j = ViTUj.
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Let x = ∑i∈I xi ∈ ∑i∈I H1,i, then T(x) ∈ ∑i∈I H1,i and

T(x) = ∑
i∈I

yi, with yi = ∑
j∈I

Ti,j(xj)

where the sum giving yi can take any ordering and have at most a countable amount
of terms because ∑i∈I xi has at most a countable amount of terms (Lemma C.1.1).
Notice that TUj is the restriction of T to the sub space of vectors taking the form
ξi ⊗ h with h ∈ H1, and ViTUj fro i ∈ I gives us the description of T(ξi ⊗ h) as an
element of ∑i∈I H1,i.

Definition C.3.2 (Infinite matrix form of bounded operators over tensor products).
Let H2 be a Hilbert space with a complete orthonormal basis {ζi}i∈I and H a Hilbert space,
take T ∈ B(H2 ⊗ H), we call the ordered set [ViTUj]i,j∈I the matrix representation of T.

Proposition C.3.3 (cf. Section 2.6, Matrix representations [Kadison and Ringrose,
1983a]). Let H2 be a Hilbert space with a complete orthonormal basis {ζi}i∈I and H a
Hilbert space, take T, S ∈ B(H2 ⊗ H) with [Ti,j]i,j∈I the matrix representation of T and
[Si,j]i,j∈I the matrix representation of S, then

1. T(x) = ∑i∈I yi, with yi = ∑j∈I Ti,j(xj)

2. (T + S)i,j = Ti,j + Si,j

3. T∗ = [Ai,j]i,j∈I then Ai,j = T∗j,i

4. Ri,j = ∑c∈I Si,cTc,j with the sum converging in the strong operator topology in I is
infinite

In Appendix I.1.4 we look at an example where Ri,j = ∑c∈I Si,cTc,j does not holds
in the operator norm topology but it holds in the strong operator topology i.e. the
sum converges when evaluated in an element of ∑i∈I H1,i.

If A ∈ B(H) then A⊗ IdH2 ∈ H1 ⊗ H2 is the direct sum of operators ∑i∈I A and
has a ”diagonal matrix” given by [δi,j A]i,j∈I . Also, if S ∈ B(H2) with matrix rep-
resentation [si,j]i,j∈I then IdH1 ⊗ S has a matrix representation given by [si,j IH1 ]i,j∈I .
Similarly, A⊗ S has the matrix representation [si,j((1− δi,j)IdH1 + δi,j A)]i,j∈I .

Proposition C.3.4 (cf. Proposition 2.6.13 [Kadison and Ringrose, 1983a]). Let H2 be
a Hilbert space with an orthonormal basis given by {ζi}i∈I , then,

1. Let H be a Hilbert space and [Ti,j]i,j∈I be a mapping from I × I → B(H), then,
[Ti,j]i,j∈I is the infinite matrix of a bounded operator over H2 × H iff

sup{∥T(J)∥ : J ⊆ I, J finite} < ∞

with T(J) the operator given by [Ti,k]i,k∈J acting over ∑i∈J H1.

2. If T is a bounded operator over H2×H and has an infinite matrix representation given
by [Ti,k]i,k∈I , then, ∥T(J)∥ ≤ ∥T(L)∥ if J ⊆ L with J, L finite, where T(J) is the
operator given by [Ti,k]i,k∈J acting over ∑i∈J H1. Also, ∥Ti,j∥ ≤ ∥T∥ ≤ ∑i,j ∥Ti,j∥.

L2 Hilbert spaces

Let H, Ĥ be a Hilbert spaces and (S,A, µ) and (T,B, ν) measure spaces, then from
Proposition B.2.8 and Theorem B.2.5 we have that
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• L2(S; L2(T,H)) ≃ L2(T; L2(S,H))

• L2(S)⊙ L2(T,H) is dense in L2(S; L2(T,H)) and L2(T)⊙ L2(S,H) is dense in
L2(T; L2(S,H))

Now let us dive into the Hilbert space structure of L2(S; L2(T,H))

Proposition C.3.5 (Inner product on L2(S,H)). Let H be a Hilbert space and (S,A, µ)
a measure space, then, L2(S,H) is a Hilbert space under the inner product ⟨ f , g⟩ =∫

S⟨ f (s), g(s)⟩Hdµ(s)

Proof. From the polarization identity we have that

⟨ f (s), g(s)⟩H =
1
4
(∥ f (s) + g(s)∥2 − ∥ f (s)− g(s)∥2

+i(∥ f (s) + ig(s)∥2 − ∥ f (s)− ig(s)∥2)),

since s → ∥ f (s) ± (i)g(s)∥ is strongly µ-measurable by Remark B.2.4 then s →
⟨ f (s), g(s)⟩H is also strongly µ-measurable. Also

|⟨ f (s), g(s)⟩H| ≤ ∥ f (s) + g(s)∥2 + ∥ f (s)− g(s)∥2+

∥ f (s) + ig(s)∥2 + ∥ f (s)− ig(s)∥2,

therefore,
∫

S |⟨ f (s), g(s)⟩H|dµ(s) ≤ ∞ , which implies that∫
S
⟨ f (s), g(s)⟩Hdµ(s) ∈ C,

i.e. the inner product is well defined. Furthermore, ∥ f ∥2 = ⟨ f , f ⟩ ≥ 0 thus ⟨ f , f ⟩ =
0 iff f = 0 µ-almost everywhere.

Proposition C.3.6. Let H be a Hilbert space and (S,A, µ) a measure space, then,

L2(S)⊗H ≃ L2(S;H).

Proof. Take ∑i≤n fi(s)⊗ Xi ∈ L2(S;H) and ∑i≤m gi(s)⊗Yi ∈ L2(S;H), then

⟨∑
i≤n

fi(s)⊗ Xi, ∑
i≤m

gi(s)⊗Yi⟩L2(S;H) =
∫

S
⟨∑

i≤n
fi(s)Xi, ∑

i≤m
gi(s)Yi⟩Hdµ(s)

= ∑
i≤n,j≤m

(
∫

S
fi(s)gj(s)dµ(s))⟨Xi, Yj⟩H

= ∑
i≤n,j≤m

⟨ fi, gj⟩L2(S)⟨Xi, Yj⟩H

Denote by L2(S)⊗H the tensor product of Hilbert spaces following Proposition C.3.1,
then L2(S)⊗H is the completition of L2(S)⊙H with respect to the unique inner
product satisfying

⟨ f1 ⊗ X1, f2 ⊗ X2⟩L2(S)⊗H = ⟨ f1, f2⟩L2(S)⟨X1, X2⟩H.

Since L2(S)⊙H is dense in both L2(S)⊗H and L2(S;H) and has the same norm
on both Hilbert spaces, we can establish the isomorphism of Hilbert spaces

L2(S)⊗H ≃ L2(S;H).
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Lemma C.3.1. Let H, Ĥ be Hilbert spaces, let (S,A, µ) and (T,B, ν) σ-fintie measure
spaces, then,

L2(S)⊗ L2(T, Ĥ) ≃ L2(S; L2(T, Ĥ)) ≃ L2(T × S; Ĥ) ≃ L2(T; L2(S, Ĥ)),

and
L2(S)⊗ L2(T)⊗ Ĥ ≃ L2(S)⊗ L2(T, Ĥ).

Proof. Take if H = L2(T; Ĥ), then, the result is a consequence of Proposition C.3.6
and Proposition B.2.9.

Proposition C.3.7. Let H be a Hilbert space and (S,A, µ) a measure space, then,
∫

S⟨ f (s), g(s)⟩dµ(s)
is absolutely integrable and

|
∫

S
⟨ f (s), g(s)⟩dµ(s)| ≤

(∫
S
∥ f (s)∥2dµ(s)

)1/2 (∫
S
∥g(s)∥2dµ(s)

)1/2

Proof. The Cauchy-Schwartz inequality on H i.e |⟨x, y⟩H| ≤ ∥x∥H∥y∥H and the
Holder inequality on L2(S) (Proposition B.2.7) implies that

|
∫

S
⟨ f (s), g(s)⟩dµ(s)| ≤

∫
S
|⟨ f (s), g(s)⟩|dµ(s)

≤
∫

S
∥ f (s)∥∥g(s)∥dµ(s) ≤

(∫
S
∥ f (s)∥2dµ(s)

)1/2 (∫
S
∥g(s)∥2dµ(s)

)1/2
,

so, not only we have the Cauchy Schwartz inequality on the Hilbert space L2(S; H)
but also

∫
S⟨ f (s), g(s)⟩dµ(s) is absolutely integrable.

Remark C.3.1 (Square integrable functions and direct sum). If µ is the counting mea-
sure over S (Example B.2.5) then L2(S; H) is the Hilbert space of at most countable se-
quences of elements taking values in H and indexed by S, where the addition and scalar
multiplication given coordinatewise, and the inner is given by

⟨x, y⟩ = ∑
λ∈Λ
⟨xλ, yλ⟩λ

(
x = ∑

λ∈Λ
xλ, y = ∑

λ∈Λ
yλ

)
, xλ, yλ ∈ H.

If Hλ = C for all λ ∈ Λ, then we denote l2(Λ) := ∑λ∈Λ Hλ, that is, the Hilbert space
of all square summable sequences over Λ. In this setup, L2(S; H) corresponds to the direct
sum of Hilbert spaces H indexed by S explained in Definition C.1.1.

c.4 direct integral

Most of the content of this section comes from [Kadison and Ringrose, 1983b, Sec-
tion 14.1].

Definition C.4.1 (Direct integral ). Let X be a σ-compact locally compact space and µ the
completion of a measure over B(X) such that µ(K) < ∞ if K is compact, let {Hx}x∈X a
family of separable Hilbert spaces then a Hilbert space H is the direct integral of {Hx}x∈X
over (X, µ) when for each u ∈ H there is a function f : X → ∪x∈X Hx such that f (x) ∈ Hx
and
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• If f , g ∈ H then x 7→ ⟨ f (x), g(x)⟩Hx is Bochner inegrable and

⟨ f , g⟩H =
∫

X
⟨ f (x), g(x)⟩Hx dµ(x).

• If f : X → ∪x∈X Hx such that f (x) ∈ Hx and x 7→ ⟨ f (x), g(x)⟩Hx is Bochner
integrable for each g ∈ H then there is f̂ ∈ H such that f = f̂ almost everywhere.

We say that H =
∫ ⊕

X Hxdµ(x) is the direct integral decomposition of H.

There is an alternative description of a direct integral in terms of coherences
of functions taking values in a Hilbert space ([Nielsen, 2017, Chapter 2 Section
6]), which is equivalent to the description mentioned ([Nielsen, 2017, Lemma 8.2]).
Notice that if X is σ-compact then X = ∪i∈NYi with Xn compact, so, since the finite
union of compact sets is compact we have that Xn := ∪i≤nYi is compact for every n.
Under this setup X = ∪n∈NXn and Xn ⊆ Xn+1, thus µ is σ-finite.

Let H be a separable Hilbert space, X a σ-compact space and µ such that µ(K) <
∞ for K compact, then in Appendix C.3 we have shown that s → ⟨ f (s), g(s)⟩H is
Bochner integrable for f , g ∈ L2(S,H), which is the first condition for L2(S,H) to
be a direct integral.

Since µ is σ-finite then we can write X = ∪i∈NXi with Xi compact with µ(Xi) < ∞
and Xi ⊆ Xi+1. Denote, X̂n = ∪i≤nXi, then X̂n is compact because a finite union of
compact sets is compact, moreover, take u : S→ H, then u is the pointwise limit of
the functions 1X̂n

u. Assume that s 7→ ⟨u(s), g(s)⟩H is Bochner integrable for every
g ∈ L2(S,H), for any y ∈ H the function 1X̂n

y ∈ L2(S,H), thus we have that

ϕy,n(s) = ⟨u(s), 1X̂n
(s)y⟩ = ⟨1X̂n

(s)u(s), y⟩

is Bochner integrable. By the Riesz representation theorem ([Allan and Dales, 2011,
Theorem 2.53]) all the continuous functionals on H come in the form ϕ(x) = ⟨x, y⟩
with y ∈ H, consequently, 1X̂n

u is a µ-weakly measurable function, so, since we
are dealing with functions in a separable space and a σ-finite measure we have that
1X̂n

u is µ-strongly measurable (Remark B.2.3). Since the u = limn→∞ 1X̂n
u, that

is, u is a µ-almost everywhere limit of µ-strongly functions, then u is µ-strongly
continuous (Proposition B.2.3).

Take f ∈ L2(S) and define

f̂ (s) =
f ∗(s)u(s)
∥u(s)∥ if u ̸= 0 else f̂ (s) = 0,

f̂ (s) is µ-strongly continuous because is the multiplication of µ-strongly continuous
functions, also

∫
S ∥ f̂ (s)∥2dµ(s) =

∫
S ∥ f (s)∥2dµ(s) < ∞, thus f̂ ∈ L2(S;H). So, by

hypothesis we must have that

ψ(s) = ⟨u(s), f̂ (s)⟩ = ∥u(s)∥ f (s),

is Bochner integrable, or equivalently, ψ ∈ L1(S). Since f was arbitrary, then s 7→
∥u(s)∥ can be shown to generate a continuous linear functional on L2(S), which in
turn implies that it belongs to L2(S) ([robjohn, 2020]), consequently u ∈ L2(G; H),
that is, we have fulfilled the second condition of the direct integral.

As in Appendix C.3, the Cauchy-Shwartz inquality on Hx plus the Holder in-
equality on L2(S) implies that

|⟨ f , g⟩H | ≤
∫

X
|⟨ f (x), g(x)⟩Hx |dµ(x) ≤

∫
X
∥ f (x)∥Hx∥g(x)∥Hx dµ(x) ≤ ∥ f ∥2

H∥ f ∥2
H ,

therefore,
∫

X⟨ f (x), g(x)⟩Hx dµ(x) is absolutely integrable.
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Definition C.4.2 (Decomposable operator over a direct integral (Definition 14.1.6
[Kadison and Ringrose, 1983b])). Let H be the direct integral of {Hx}x∈X over (X, µ),
then, T ∈ B(H) is said to be decomposable if there is a function x 7→ T(x) on X such that
T(x) ∈ B(Hx) and, for each h ∈ H, T(x)(h(x)) = T(h)(x) for almost every x ∈ X.
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Now we will add a new operation to our Banach algebras, this operation is the invo-
lution. The involution is an idempotent operation and has the following properties,

Definition D.0.1 (Involution Section 6.1[Allan and Dales, 2011]). Let A be an algebra
over C. Then an involution on A is a mapping

∗ : a 7→ a∗, A→ A,

such that:

• a∗∗ = a for all a ∈ A.

• (λa + µb)∗ = λ̄a∗ + µ̄b∗ for all a, b ∈ A and λ, µ ∈ C

• (ab)∗ = b∗a∗ for all a, b ∈ A

An algebra with an involution is a *-algebra.

From the properties of the involution, we get that, 0∗ = 0 and, if A has an
identity 1, then 1∗ = 1. If A has no identity then the involution on A+ is defined
as (a, λ)∗ = (a∗, λ). Also, we will say that a homomorphism θ : A → B between
∗-algebras is a *-homomorphism if (θa)∗ = θ (a∗) (a ∈ A), that is, the homorphism
preserves the involution. If we have a *-homomorphism θ : A → B(H) between a
Banach algebra A and the C* algebra of bounded operators over a Hilbert space H
(B(H)), we use the term *-representation.

The involution is not a priori linked to the topology of the Banach algebra, for
example, there are Banach algebras with discontinuous involutions for which there
is an element such that exp(a∗) ̸= (exp(a))∗ [Allan and Dales, 2011, Notes of section
6.1] [Dales, 2000, Thereom 5.6.83]. This is an undesired behavior, therefore we will
restrict to those Banach algebras where the involution is an isometry,

Definition D.0.2 (Banach ∗-algebra Section 6.1 [Allan and Dales, 2011]). The algebra
(A; ∗) is a Banach ∗-algebra if ∗ is an isometric involution on A, that is,

∥a∗∥ = ∥a∥, ∀a ∈ A.

In Banach *-algebras we get that ∥aa∗∥ ≤ ∥a∥2. Also, we have that Sp(a∗) =
(Sp(a))∗ where

(Sp(a))∗ = {λ∗|λ ∈ Sp(a)},

and a is invertible iff a∗ is invertible, in which case (a∗)−1 = (a−1)∗. Notice that
ρ(a) = ρ(a∗).

Holomorphic functional on Banach *-algebras couples nicely with entire func-
tions,

159
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( f (a))∗ = ( lim
n→∞ ∑

i≤n
fi(a− β1A)

i)∗ = lim
n→∞ ∑

i≤n
( fi(a− β1A)

i)∗ = lim
n→∞ ∑

i≤n
f ∗i (a∗− β∗1A)

i,

since g(z) = limn→∞ ∑i≤n f ∗i (z − β∗1A)
i is an entire function because if has

in infinite radius of converge then ( f (a))∗ = g(a∗), in particular we have that
(exp{a})∗ = exp{a∗}.

To mention a few examples of Banach *-algebras,

Example D.0.1 (Example Banach *-algebras). • C with the involution given by the
adjoint

• Let Γ a commutative locally compact group with a Haar measure µ ([Vinroot, 2008,
Theorem 2.1]) such that µ(A) = µ(A−1) for A ⊂ Γ measurable, the L1(Γ) is a
Banach *-algebra with the involution given by a : Γ → C, a∗(g) = a(g−1). In
Example B.0.1 we explain how to make L1(Γ) into a Banach algebra, thus we only
need to show that ∥a∥ = ∥a∗∥, which can be seen from

∥a∗∥ =
∫

Γ
|a(g−1)|dg =

∫
Γ
|a(g)|dg,

that is a consequence of asking that µ(A) = µ(A−1) for A measurable. If G is an
abelian group then µ(A) = µ(A−1) (Remark F.1.1). We do not necessarily have that
∥aa∗∥ = ∥a∥2, for example, in l1(Z) that equality does not hold, moreover, there is
no complete norm on l1(Z) such that ∥aa∗∥ = ∥a∥2 holds and the topology induced
coincides with its Banach algebra topology [t.b., 2011].

Now let’s look at a special type of Banach *-algebras, those were the equality
∥aa∗∥ = ∥a∥2 holds, those are termed as C* algebras,

Definition D.0.3 (C* algebra (Section 6.4 [Allan and Dales, 2011])). A C* algebra is a
Banach *-algebra whose norm satisfies the C* property:

∥aa∗∥ = ∥a∥2.

Remark D.0.1. The C* property is stronger than the involution being an isometry, because
∥aa∗∥ = ∥a∥2 implies ∥a∥ = ∥a∗∥ [Allan and Dales, 2011, section 6.4], while the converse
statement does not holds, for example, l1(Z) is a commutative Banach *-algebra that fails
to be a C* algebra [t.b., 2011].

Given that a C* algebra is a topological space, is possible to translate concepts
from the real of topological spaces into the realm of C* algebras,

Definition D.0.4 (Separable C* algebra (page 1 of [Rørdam et al., 2000])). Let A be a
C* algebra, then, A is called to be separable if it is separable as a topological space.

Now we will look at some examples of C* algebras,

Example D.0.2 (Examples of C* algebra). • An elementary example of a C* algebra
is the algebra of bounded operators over a Hilbert space H, that is, B(H), were the
involution is given by the adjoint operator [, 6197]. Moreover, any closed *-algebra of
B(H) is a C* algebra.
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• Another example of C* algebra if C0(X) were X is a locally compact Hausdorff space,
notice that this is a commutative C* algebra and has unit when X is compact. Recall
that a locally compact Hausdorff space is a Hausdorff topological space where every
point has a neighborhood with compact closure.

We will see in Appendix D.3 that every C* algebra is isomorphic to a closed *-algebra of
B(H), thus, we will have a nice characterization of all possible C* algebras.

The involution brings new types of elements,

Definition D.0.5 (Types of elements defined through the involution). • if u ∈ A
and u∗u = uu∗ = 1A then u is called an unitary, the set of unitary elementes of a
Banach *-algebra A is denoted by U(A);

• if xx∗ = x∗x then x is called normal

• if x = x∗ then x is called self-adjoint, the set of self-adjoint elementes of a Banach
*-algebra A is denoted by Asa;

• if x2 = x and x∗ = x then x is called a projection i.e. a self-adjoint idempotent, the
set of projections of a Banach *-algebra A is denoted by P(A);

We say that a C* algebra is an unital C* algebra if it has a unit, otherwise, we say
that it is a non-unital C* algebra.

Lemma D.0.1. Let A be a unital C* algebra and u an unitary element of A, then,

1. ∥u∥ = 1

2. If |λ| ̸= 1, then (u− λ1A) ∈ G(A)

3. Sp(u) ⊆ T

Proof. 1. This is a consequence of the C* property, ∥u2∥ = ∥u∗u∥ = ∥1∥ = 1.

2. The proof is in [Parts, 2018].

3. The proof is in [Parts, 2018].

Lemma D.0.2. Let A be a unital C* algebra and let h be a self adjoint element of A, then,

1. (exp{ih})∗ = exp{−ih} = (exp{ih})−1, thus, exp(ih) is a uniraty of A.

2. The spectrum of exp{ih} is contained in T

Proof. 1. Let h be a self adjoint element of A, then, we have that

exp(ih) = ∑
k=0

(ih)k

k!
,

where the right side is a convergent series of elements of A (Lemma B.3.1).
Since the involution is a continuous map in C* algebras (Remark D.0.1), we
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have that (exp(ih))∗ = exp((ih)∗), also, we know that (ih)∗ = −ih, there-
fore, (exp(ih))∗ = exp(−ih), additionally, we know that exp(a)−1 = exp(−a)
(Proposition B.3.2), thus, we get that

(exp(ih))∗ = exp(−ih),

which means that exp(ih) is an unitary

2. This is a consequence of the spectral mapping of the holomorphic functional
calculus (Theorem B.3.1).

Remark D.0.2 (Normal, self-adjoint and unitary operators are closed sets). In a
Banach *-algebra the sets of normal operators, self adjoint and unitary operators operators
are all close, because if an → a and a∗nan = ana∗n (an = a∗n, ana∗n = a∗nan = 1A) then one
must have that aa∗ = a∗a (a = a∗, aa∗ = a∗a = 1A) because both the multiplication and
the involution are continuous operations.

Definition D.0.6 (C* homomorphism). Let A, B be two C* algebras, then a map θ : A→
B is called a C* homomorphism if:

• θ is a *-algebra homomorphism

• θ is a continuous map between Banach algebras

θ is called a C* isomorphism, or isomorphism when there is no ambiguity, if it is a one-to-
one C* homomorphism. If θ is a map from A to A and is an isomorphisms it is called a C*
automorphism.

The C* homomorphisms are the natural maps between C* algebras. Let A be
a C* algebra, then, a representation T of A on a Hilbert space H is a *-algebra
homomorphism from A into the C* algebra of bounded operators over a Hilbert
space H (B(H)), T is said to be faithful if it is injective. Notice that the concept of
representation of a C* algebra coincides with the concept of *-representation of a
Banach *-algebra when we use C* algebras.

If A is a unital C* algebra, the definitions of resolvent, spectrum and spectral
radius are the same as for Banach algebras, and all the results from unital Banach
algebras still holds for A. If A is non-unital then we face with a problem, because
∥a∥+ |λ| is not a C* norm on A+, thus, we will need to look for a C* norm on A+,
a task that is non trivial. Once we have provided a C* norm on A+ such that A+

is complete, we proceed to define the spectrum of a ∈ A as in the case of Banach
algebras, that is Sp(a)A = Sp(a, 0)A+ . For the next result will assume that A+ is
a C* algebra and Sp(a)A = Sp(a, 0)A+ , you can get more information about the C*
structure of A+ on Appendix D.2.

Proposition D.0.1 (Automatic continuity and a couple more of results). Let A, B be
a C* algebras, then

• Let a ∈ A be normal, then ∥a∥ = ρ(a) [Allan and Dales, 2011, Lemma 6.17]

• Automatic continuity Let θ : A → B be a *-homomorphism of *-algebras, then θ is
continuous and ∥θ(a)∥ ≤ ∥a∥, a ∈ A [Allan and Dales, 2011, Corollary 6.19]

• Let B ⊂ A with A a unital C* algebra with 1A ∈ B then SpB(b) = SpA(b) for b ∈ B
[Allan and Dales, 2011, Proposition 6.23]
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Remark D.0.3. Representations of C* algebras are continuous due to Proposition D.0.1.

This proposition is by no means a small result, it is telling us that the analytical
structure of the C* algebras is completely stored in its algebraic structure, but why
is that you may ask, well, notice that (a∗a)∗ = a∗a thus a∗a is self adjoint for every
a ∈ A, then, the C* property tell us that ∥a∗a∥ = ∥a∥2, which ultimately lead us to

∥a∥ =
√
∥a∗a∥ =

√
ρ(a∗a) =

√
sup{|λ| s.t. (λ1− a∗a) /∈ G(A)},

and we can recover the norm of any element from a purely algebraic construction.
Since the norm of a C* algebra end up being uniquely determined by its algebraic
structure, therefore, is unique.

The automatic continuity of *-homomorphisms can be a misleading for newcom-
ers, because you may incorrectly assume that any *-homomorphism densely defined
between C* algebras can be extended to a *-homomorphisms on the whole C* alge-
bras, which is not true,

Lemma D.0.3 (Extending *-homomorphisms into C* algebra homomorphisms). Let
A, B be C* algebra and C ⊂ A a dense *-algebra, suppose that there is a *-algebra homomor-
phism

ϕ : C → B,

then, there is a C*-homomorphism ψ : A→ B such that ψ|C = ϕ iff

∥ϕ(c)∥ ≤ ∥c∥, ∀c ∈ C.

Proof. We just need to ask one question, if cn → c and c /∈ C (c ∈ A) then to
which element of B we map c? the condition on the norm allows us to compute
this element easily. So, assume ∥ϕ(c)∥ ≤ ∥c∥, ∀c ∈ C then if cn → c we have
that {cn}n∈N is Cauchy sequence, and since ϕ is a contraction then {ϕ(cn)}n∈N

must be also a Cauchy sequence, which implies that it converges in B, thus set
ψ(c) = limn→∞ ϕ(cn). Notice that ϕ(C) is a sub *-algebra of B, thus c∗n ∈ C and the
isometric property of the involution tell us that cn → c iff c∗n → c∗ in A, and we
have that ψ(c∗) = limn→∞ ϕ(c∗n) = limn→∞ ϕ(cn)∗ = ψ(c)∗. Using the continuity of
the product and addition on both A and B is possible to show that if an → a, cn → c
with an, cn ∈ C then

• limn→∞ ϕ(ancn) = (limn→∞ ϕ(an))(limn→∞ ϕ(cn))

• limn→∞ ϕ(an + cn) = (limn→∞ ϕ(an)) + (limn→∞ ϕ(cn))

• limn→∞ ϕ(λan) = λ limn→∞ ϕ(an)

therefore, ϕ is a *-homomorphism from A to B and as such is automatically contin-
uous.

The converse implication is easier to check, because if there is c ∈ C such that
∥ϕ(c)∥ > ∥c∥ and there were a *-homomorphism from A to B that extends ϕ that
would contradict Proposition D.0.1, therefore such extension must not exists.

As an interesting side note, there is way of characterizing C* algebras among
*-algebras using solely algebraic constructions and one completeness condition,

Remark D.0.4 (Characterizing C* algebras among *-algebras). We can characterize C*
algebras among all *-algebras using algebraic constructions and one analytical condition.
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We follow [, mathoverflow] and [Bader and Nowak, 2020]. Suppose that A is a unital *-
algebra, if A were non unital you can take its algebraic unitiation A+ since A+ is a C*
algebra iff A is a C* algebra (Appendix D.2). So, define

A+ =

{
n

∑
i=1

x∗i xi | n ∈N, x1, . . . , xn ∈ A

}

which is a convex cone in A [Bader and Nowak, 2020, page 4], and we can define a partial
order on A+ by

x ≤ y ⇐⇒ y− x ∈ A+.

Now we define a pseudo norm for x ∈ A as,

∥x∥0 =
√

inf {α ∈ R+ | x∗x ≤ α} ∈ [0, ∞]

(using the conventions inf ∅ = ∞ and
√

∞ = ∞ ).

The norm ∥ · ∥0 is a C* norm by [Bader and Nowak, 2020, Theorem 2], moreover, as we
will see in Appendix D.4.1 a∗a is positive for every C* algebra and ∥a∥2

0 is the spectral
radius of a∗a, so ∥a∥ = ∥a∥0 if A is a C* algebra. Now, we characterize a C* algebra in
terms of ∥ · ∥0, as follows, a *-algebra A is a C* algebra iff these three conditions are satisfied

• Archimedian property [Bader and Nowak, 2020, Definition 4]:Every element of A
is bounded, that is, ∥a∥0 < ∞ for a ∈ A.

• No non zero infinitesimals [Bader and Nowak, 2020, page 4]: and infinitesimal is
an element such that ∥a∥0 = 0, so we are asking that ∥a∥0 = 0 iff a = 0.

• Completeness: A is a complete algebra under the norm ∥ · ∥0.

Turns out that Proposition D.0.1 gives us two more pieces of information,

• A C* algebra has a unique norm because, to chekc this take ∥ · ∥1, ∥ · ∥2 two
norms over A, then, given that both id : A → A and id−1 = id : A → A must
be norm decreasing we have that ∥a∥1 ≥ ∥id(a)∥2 and ∥a∥2 ≥ ∥id−1(a)∥1,
which altoguehter implies that ∥a∥1 = ∥a∥2.

• Let ϕ : A → B a *-homomorphism between C* algebras, then Ker(ϕ) is a sub
*-algebra of A and is closed because ϕ is continuous, moreover, Ker(ϕ) is a
two sided ideal of A.

The study of ideals in C* algebras brings many useful results,

Proposition D.0.2 (Ideals on C* algebras). Let A be a C* algebra and I ⊂ A a two sided
closed ideal, then

• I is a sub C* algebra of A [Murphy, 1990, Theorem 3.1.3]

• A/I becomes a C* algebra under the quotient norm, that is, the following defines a C*
norm on A/I

∥a + I∥ = inf{∥a + x∥ : x ∈ I},

and A/I is complete under this norm [Murphy, 1990, Theorem 3.1.4]

• The canonical mapping

π : A→ A/I, π(a) = a + I

becomes a C* homomorphism.
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• If ϕ : A → B is a C* momorphism then ψ : A/Ker(ϕ) → B given by ψ(a +
Ker(ϕ)) = ϕ(a) is an injective C* homomorphism, and ϕ(A) = ϕ(A/Ker(ϕ)),
thus as a consequence of the continuous funcitonal calculus on C* algebras (Proposi-
tion D.4.1) you can show that ϕ(A) is a sub C* algebra of B and the mapping ψ is an
isometry.

• Every C* algebra admits an approximate identity [Murphy, 1990, Theorem 3.1.1], and
if A is a separable algebra then it has an approximate identity that is a sequence, that
is, there is {an}n∈N ⊂ A such that limn→∞ ∥b− ban∥ = 0 for all b ∈ A [Murphy,
1990, Remark 3.1.1].

• Let B and I be respectively a C∗-subalgebra and a closed ideal in a C∗-algebra A. Then
B + I is a C∗-subalgebra of A [Murphy, 1990, Theorem 3.1.7].

C* algebras are a special among Banach algebras because their analytical and al-
gebraic structures are tightly bound together, and these will make them the home of
one of the most important results on non commutative geometry and arguably the
one result that brought it to life, the categorical duality between of locally compact
Hausdorff spaces and commutative C* algebras (Appendix D.3.3).

d.1 exact sequences of c* algebras

A finite (or infinite) sequence of C∗-algebras and *-homomorphisms

· · · −→ An
φn−→ An+1

φn+1−→ An+2 −→ · · ·

is said to be exact if Im (φn) = Ker (φn+1) for all n. An exact sequence of the form

0 −→ I
ϕ−→ A

ψ−→ B −→ 0

is called short exact. In a short exact sequence of C* algebras ϕ is injective because
Ker(ϕ) = 0, this implies that ϕ is isometric by Proposition D.4.1, thus ϕ(I) ≃ I.
Also, ψ is surjective, and by Proposition D.0.2 ψ̂ : A/Ker(ψ) → B is an injective *-
homomorphism, therefore B ≃ A/Ker(ψ). So, we get that any short exact sequence
of C* algebras is equivalent to a short exact sequence of the form

0 −→ I i−→ A π−→ A/I −→ 0,

with I a two sided closed ideal of A. Consequently, we can understand A as an
extension of B by I.

d.2 unitization of c* algebras

We can construct new C* algebras from existing ones, for example, one of the sim-
plest way of creating a new C* algebra is through their sum as vector spaces:

Definition D.2.1 (Sum of C* algebras). Let A, B be two C* algebras, then the set A× B
can be provided with a C* norm as follows

∥(a, b)∥ = max{∥a∥A, ∥b∥B},

and becomes a C* algebra under the poin-twise multiplication, addition, and involution.
This C* algebra is called A ⊕ B and is unital iff both A and B are unital [Wegge-Olsen,
1993, Proposition 2.1.5].
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In the context of C* algebras, the pursuit of unitizations gets harder than in the
case of Banach algebras, because the l1-norm that we have previously defined for
a Banach algebra does not define a C* norm in general. When dealing with C*
algebras the proper way of assigning a C* norm to A+ is though the operator norm,
which is motivated by the fact that A acts over itself as multiplication operators
i.e. b 7→ ab with a, b ∈ A. There are many equivalent definitions of the operator
norm, for example, is possible to provide an implicit definition of the operator norm
using a representation of A+ as operators on the Banach algebra B(A) (bounded
operators on A) [Wegge-Olsen, 1993, Proposition 2.1.3], on the other side, is possible
to explicitly provide a formula for the operator norm using the following formula
[COURTNEY and GILLASPY, 2023, page 4]:

∥(a, ω)∥A+ = sup
b∈A,∥b∥≤1

∥ab + ωb∥A.

The norm ∥ · ∥A+ turns A+ into a unital C* algebra [COURTNEY and GILLASPY,
2023, Proposition 1.15], and is unique, because the norm on a C* algebra is unique
(Proposition D.0.1), moreover, we have that ∥(a, ω)∥A+ ≥ sup{∥a∥A, |ω|}. Also, A+

and A are part of a short exact sequence of C* algebras,

0 −→ A ι−→ A+
π
⇄
λ

C −→ 0

were π : A+ → C is the quotient mapping (π(a, ω) = ω), and let λ : C → Ã
is defined by λ(ω) = ω1A+ . Notice that the form of the operator norm tell us
that ∥(a, 0)∥A+ = ∥a∥A since b = a∗/∥a∥A has norm 1, to check this notice that
∥(a, 0)∥A+ ≤ ∥a∥A and the supremum is achieved in b due to the C* property
of ∥ · ∥A. Is also possible to check that ∥(0, ω)∥A+ = |ω|. Additionally, i(A) ≃ A
because i is an injective *-homomorphism (by Proposition D.4.1), and i(A) = Ker(π)
is a closed two sided ideal of A+.

The algebra A+ can also be defined for a unital C* algebra, and it has the property
that A is unital iff A+ ≃ A⊕C. Suppose A is unital, then f = 1A+ − 1A = (−1A, 1)
is a projection in A+ and

A+ = {a + α f : a ∈ A, α ∈ C},

thus the map A⊕C→ A+ given by (a, α) 7→ a + α f is a *-isomorphism of algebras,
and becomes a C* isomorphism because there is only one norm in a C* algebra
(Proposition D.0.1). In case A is not unital then f cannot be defined, and A⊕C has
no unit while A+ has a unit, therefore those algebras are not isomorphic [Rørdam
et al., 2000, Section 1.1.6]. Notice that if A is unital and a + α f is invertible with
inverse b + β f then ab = ba = 1A and αβ = 1, because A+ ≃ A⊕C.

A+ is a functorial construction in the sense that every C* algebra morphism
α : A → B induces a C* algebra morphism α+ : A+ → B+ sending (a, ω) to
(α+(a), ω), and is surjective [injective] iff α is surjective [injective] [Wegge-Olsen,
1993, Proposition 2.1.7].

Remark D.2.1 (Multiplier algebras). Wegge Olsen defines a unitization of a C* algebra
A as finding a unital C* algebras B were A can be embedded as an essential ideal [Wegge-
Olsen, 1993, Definition 2.1.1], thus, there could be more than one unitization of a C* algebra.
Among those unitizations two stand out, the one point unitization A+ and the multiplier
algebraM(A), where A+ is the smallest one andM(A) is the biggest one ([Wegge-Olsen,
1993, Proposition 2.2.14]), that is, A ⊂ A+ ⊂ M(A) ([Wegge-Olsen, 1993, Proposition
2.2.5]).
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In the case of a commutative C* algebra A, A ≃ C0(Ω) for a locally compact Hausdorff
space (Appendix D.3), and we have that,

• A+ ≃ C(Ω+), where Ω+ is the one point compatification of Ω ([Wegge-Olsen, 1993,
Remarks 2.1.8]),

• M(A) ≃ C(βX) where βX is the Stone-Čeck compactificaion of X ([Blackadar, 2012,
Chapter 12]), moreover,M(A) ≃ Cb(Ω),

where Cb(Ω) is the C* algebra of bounded continuous functions over Ω ([Wegge-Olsen,
1993, Examples 2.2.4]). This is part of the dictionary between commutative C* algebras
and locally compact Hausdorff spaces which we mentioned in the introduction and Ap-
pendix D.3.3. Given a faithful representation π : A → B(H), then, M(A) takes the
following form ([Wegge-Olsen, 1993, Definition 2.2.2])

M(A) := {x ∈ B(H)|xπ(A) ⊆ π(A) and π(A)x ⊆ A},

and M(A) is independent of the particular faithful representation chosen ([Wegge-Olsen,
1993, Definition 2.2.11]).

We have mentioned that A+ has C* norm under which it is complete, also, we
know that the norm on a C* algebra is unique (Proposition D.0.1), therefore, we get
that A+ is a sub C* algebra of any unital C* algebra B such that A ⊂ B.

Lemma D.2.1. We have that,

• Let A be a non unital C* algebra and B be a unital C* algebra such that A ⊂ B, then,

A+ ≃ {(a, λ1B)|a ∈ A, λ ∈ C}.

• Let A be a unital C* algebra and B be a unital C* algebra such that A ⊂ B and
1B ̸= 1A, then,

A⊕C ≃ {(a, λ(1B − 1A))|a ∈ A, λ ∈ C}.

Proof. • A+ and {(a, λ1B)|a ∈ A, λ ∈ C} are canonically isomorphic as *alge-
bras, so, since the C* norm is unique on A+, they must be isomorphic as C*
algebras.

• A ⊕ C and {(a, λ(1B − 1A))|a ∈ A, λ ∈ C} are isomorphic as *algebras, so,
since the C* norm is unique on A⊕C, they must be isomorphic as C* algebras.

On Appendix D.6.1 we will elaborate more on how this result is related to uni-
versal C* algebras.

d.3 representations and duality

We have talked about the nice properties about the C* algebras in terms of the
relations between their analytical and algebraic structures, but how much these
properties are intertwined? Actually pretty much, lo let’s see how this develop
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d.3.1 Gelfand transform

One of the first results on automatic continuity of the theory of Banach algebras over
C comes in the form characters. A character on a Banach algebra A is a non-zero
algebra homomorphism ϕ : A→ C, and the set of all characters of A is denoted by
ΦA,

Theorem D.3.1 (Automatic continuity of characters (Theorem 4.43 [Allan and Dales,
2011])). Let A be a Banach algebra, and let φ ∈ ΦA. Then φ is continuous and ∥φ∥ ≤ 1.
Suppose that A is unital. Then ∥φ∥ = 1.

In commutative unital Banach algebras ΦA is non-empty and it is in one-to-one
correspondence to the set of maximal ideals [Allan and Dales, 2011, Theorem 4.46],
also there are nice relations between the spectrum of an element of A, G(A) and
ΦA [Allan and Dales, 2011, Corollary 4.47]. When A = C(K), with K a non-empty
compact Hausdorff space, we end up with a commutative unital Banach algebra A,
such that for every x ∈ K there is the character εx, defined by

εx( f ) = f (x) ( f ∈ C(K))

i.e. εx is ’evaluation at x ’, with corresponding maximal ideal

Mx = { f ∈ C(K) : f (x) = 0}.

Interestingly, εx are the only characters of A and all the maximal ideals of A take
the form Mx [Allan and Dales, 2011, Example 4.48]. So, we can see that characters
are quite special.

We can provide ΦA with a topology that comes directly from the algebraic struc-
ture of A, that is the final topology given by the homomorphisms â : ΦA →
C, â( f ) = f (a) for a ∈ A, which is also known as the weak-* topology on ΦA,
and is denoted as σ(ΦA, A). The topological space (ΦA; σ(ΦA, A)) is called the
character space of A, and also referred to as spectrum of A, for reasons we will see
in upcoming paragraphs.

If A is a commutative unital Banach algebra, then (ΦA; σ(ΦA, A)) is a compact
Hausdorff space [Allan and Dales, 2011, Theorem 4.54], and if A is non unital then
ΦA+ can be identified with the one point compactification of ΦA which implies that
(ΦA; σ(ΦA, A)) is a locally compact space, possibly with ΦA = ∅. If we assume
ΦA ̸= ∅ then for a ∈ A is possible to define the function â : ΦA → C by

â(φ) = φ(a) (φ ∈ ΦA) ,

and the definition of σ(ΦA, A) tell us that â ∈ C0(ΦA). This mapping is called the
Gelfand tansform, and may look innocent but it is a powerful tool,

Theorem D.3.2 (Gelfand representation theorem (Theorem 4.54 [Allan and Dales,
2011])). Let A be a unital Banach algebra. Then the Gelfand transform

G : a 7→ â, A→ C (ΦA)

is a continuous, unital homomorphism. Suppose that A is commutative, and take a ∈ A.
Then a ∈ G(A) if and only if â(φ) ̸= 0 for all φ ∈ ΦA, and

SpA(a) = SpC(ΦA)
(â) = {â(φ) : φ ∈ ΦA} .

Let A be a Banach algebra without an identity, so that ΦA is a locally compact space.
Suppose that ΦA ̸= ∅. Then â ∈ C0 (ΦA), and that the map

G : a 7→ â, (A; ∥ · ∥)→
(
C0 (ΦA) ; | · |ΦA

)
is a continuous homomorphism with ∥G∥ ≤ 1.
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So, the Gelfand transform allows us to recover the spectrum of elements and it is
a contractive (continuous) homomorphism, but is not always injective nor surjective,
so we may wonder if it plays any role beyond another tool on the Banach algebras ar-
senal, well, the answer is positive and it may surprise you: when A = L1(G, µ) with
G a locally compact abelian group and µ its Haar measure, amusingly the Gelfand
transform on L1(G, µ) is the Fourier transform on L1(G) and that the topology of Ĝ
is the Gelfand topology on ΦL1(G) (take a look at Remark F.1.2).

We have gone really deep into the Gelfand transform and we have not talked
about C* algebras, well, this is the time, turns out that if A is a commutative C*
algebra then ΦA ̸= ∅, and

Theorem D.3.3 (Commutative Gelfand-Naimark theorem (Theorem 6.24 [Allan and
Dales, 2011])). Let A be a commutative, unital C∗-algebra. Then the Gelfand representation
of A is an isometric *-isomorphism of A onto C (ΦA).
In the case where A is a commutative, non-unital C∗-algebra then G : A → C0 (ΦA) is an
isometric ∗-isomorphism, i.e. G is a C* isomorphism.

The last piece of the duality between the category of locally compact Hausdorff
spaces and the category of C* algebras, which has as functors C(·) and Φ·, comes
from the fact that if A = C0(Ω) with Ω a locally compact Hausdorff space then
Ψ : Ω→ ΦA, Ψ(ω) = εω is a bijective homemorphism of locally compact Hausdorff
space that preserves the points at infinity ( [Allan and Dales, 2011, Lemma 4.55],
[Blackadar, 2006, Theorem II.2.2.6]). In conclusion, we have look at results that
establish:

• We can capture the whole structure of a commutative C* algebra in a locally
compact Hausdorff space space using the Gelfand transform.

• We can capture the whole structures locally compact Hausdorff space spaces
in C* algebras using the space of characters.

These are deep dualities and we will talk more about them in Appendix D.3.3.

d.3.2 Gelfand-Naimark theorem

Given a C* algebra A the direct sum of Hilbert spaces (Definition C.1.1) is the key in
the construction of H such that A is isomorphic to a close sub algebra of B(H), and
the missing piece in this construction is what family of Hilbert spaces is used. Here
is where another result on automatic continuity comes into play, H is constructed
from positive states on A. We will work only with unital C* algebras, because if A
is not unital then it is a sub C* algebra of A+, and if we have an isomorphic of A+

into B(H) then we can restrict it to get an isomorphism of A into B(H).

Let A be a ∗-algebra, define the set

A+ =

{
n

∑
ȷ=1

a∗ȷ aȷ : a1, . . . , an ∈ A, n ∈N

}
.

A linear functional f on a ∗-algebra A is said to be positive if

f (a∗a) ≥ 0 (a ∈ A),

therefore f (A+) ⊂ R+. If A has a unit, then f is a state if f (1) = 1, and the set of
states is denoted by S(A). The norm of a linear functional f is defined as

∥ f ∥ = sup{| f (a)| : a ∈ A, ∥a∥ ≤ 1}
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which is its operator norm, notice that f is continuous iff ∥ f ∥ ≤ ∞. Having stated
this definitions, we can look at an interesting result on the automatic continuity of
states,

Proposition D.3.1 (Automatic continuity of states). Let A be a unital Banach *-algebra,
and let f be a positive linear functional on A. Then:

• f is continuous, with ∥ f ∥ = f (1), and f (A+) ⊂ R+ [Allan and Dales, 2011,
Proposition 6.8].

Also, by [Allan and Dales, 2011, Corollary 6.9], we can characterize the space of states
S(A) in the following way,

S(A) =
{

f ∈ A∗ : f (A+) ⊆ R+, ∥ f ∥ = f (1) = 1
}

,

with A∗ the Banach dual of A.

We have come to the pinnacle and last step of this section, the GNS construction
[Allan and Dales, 2011, Section 6.3]. If f is a state, then L f = {a ∈ A : f (a∗a) = 0}
is a closed left ideal of A ([Allan and Dales, 2011, page 264]), so, denote by π f the
canonical projection map π f : A→ A/L f , then the following formula

⟨π f (a), π f (b)⟩ f = f (b∗a) a, b ∈ A

defines a inner product on A/L f , and the norm is given by

∥π f (a)∥2
f = f (a∗a) ⊂ R+.

Denote by H f the completion of A/L f with respect to ∥ · ∥ f , then H f is a Hilbert
space. For each a ∈ A there is a mapping Tf ,a : A/L f → A/L f given by

Tf ,a(π f (b)) = π f (ab), b ∈ A

such that the mapping Tf : A→ B(H f ), a→ Tf ,a is a unital *-homomorphism with
∥Tf ,a∥ ≤ ∥a∥ and Ker(Tf ) = L f ([Allan and Dales, 2011, Lemma 6.14]).

Let A be a unital ∗-algebra, let T be a representation of A on a Hilbert space H,
T is said to universal if T is unital and each state on A has the form a 7→ ⟨Ta(x), x⟩
for some x ∈ H, with ∥x∥ = 1.

Theorem D.3.4 (Gelfand-Naimark theorem). Let A be a C* algebra, and set

H = ∑
f∈S(A)

H f ,

then the *-homomorphism
π : A→ B( ∑

f∈S(A)

H f )

given by π(a)(∑ f∈S(A) x f ) = ∑ f∈S(A) Tf ,a(h f ) is a faithfull universal *-representation T
of A on H [Allan and Dales, 2011, Theorem 6.47] , and

S(A) = { f ∈ A∗ : ∥ f ∥ = f (1) = 1}

by [Allan and Dales, 2011, Corollary 6.44].

If A is separable then there is a separable Hilbert space H where A has a faithful represen-
tation [Blackadar, 2006, Corollary II.6.4.10].
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The previous result has a generalization into the realm of Banach *-algebras that
are *-semisimple [Allan and Dales, 2011, Theorem 6.15]. Also, if A is separable then
A has a faithful representation in a Hilbert space with a countable ortonormal basis,
because for Hilbert spaces having a countable ortonormal basis and being separable
are equivalent conditions (Lemma C.1.3).

In Appendix C.2 we discussed on how elements of B(H) can be understood as
”infinite matrices” once a complete orthonormal basis for H is chosen, therefore,
C* algebras can be studied as algebras of infinite matrices if we chose a particular
orthonormal base for the Hilbert space where they have a faithful representation.
If A is a C* algebra that has a faithful representation over H, the elements of a
may have more than one way of seeing them as infinite matrices since there could
be more than one orthonormal basis of H, moreover, if we look into the case of
A not finitely generated there are cases where A can have faithful representations
over Hilbert spaces with different cardinality e.g. countable vs not countable, for
an example of this you can refer to Appendix D.8.1 and Appendix D.8.2. This
representation of elements of C* algebras as infinite matrices will be a recurrent
theme on this document, because most of the C* algebras will be studied through
faithful representations and the action of their elements over a fixed orthonormal
basis.

d.3.3 Non-commutative geometry dictionary

The Gelfand transform gives the backbone duality of non-commutative geometry,
the correspondence of two categories:

Theorem D.3.5 (Duality between locally compact Hausdorff space spaces and com-
mutative C* algebras (Theorem II.2.2.8 [Blackadar, 2006])). The correspondence (X, ∗)↔
Co(X\{∗}) is a contravariant category equivalence between the category of pointed compact
Hausdorff spaces and basepoint-preserving continuous maps and the category of commuta-
tive C∗-algebras and ∗-homomorphisms.

Under this duality of categories non-commutative C* algebras can be intuitively
though as algebras of functions over non-commutative locally compact Hausdorff space
spaces, and we would like that if A is a non commutative C* algebra then ΦA would
be the non-commutative space, however, the range of the characters is a commu-
tative C* algebra (C) which implies that we are potentially loosing information of
the non-commutative structure of A if we restrict to the space of characters, for
example, if A = Mn(C) then ΦA = ∅ [Yuan, 2020]. Therefore, we embrace the du-
ality and proceed to study C* algebras instead of locally compact Hausdorff space
spaces, such that we provide a dictionary that gives algebraic terms that capture the
topological ones as follow
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Figure D.1: List of dualities between topology and algebra for locally compact Hausdorff
spaces and commutative C* algebras [Wegge-Olsen, 1993, page 24].

These are the most common dualities from non-commutative geometry, and by
no means the previous list is exhaustive. Behind each duality there are highly
non trivial results on analysis and algebra, and those are scattered on the vast
bibliography of non-commutative geometry and operator algebras theory, in this
document we will encounter some of those dualities and we will expand a little
on them when those appear, for example, in Remark D.2.1 we mention the relation
between topological compactifications and unitization of C* algebras.

Example D.3.1 (Open/close sets vs ideals (Theorem 1.2.3 [Rørdam et al., 2000])). Let
X be a locally compact Hausdorff space space, then if U ⊆ X is open then U, Uc are locally
compact Hausdorff space spaces [user642796, 2017], also, we have that C0(U) is the algebra
of continuous functions over X that decay at infinity and vanish at Uc, therefore C0(U) is
an ideal of C0(X) (by setting f (x) = 0 for x ∈ Uc and f ∈ C0(U)), moreover, any ideal
of C0(X) comes in that form ([Putnam, 2019, Exercise 1.9.1]). There is *-homomorphism
π : C0(X) → C0 (Uc) given by restriction f 7→ f |Uc which is surjective, such that if
f = g + h with h ∈ C0(U) then ϕ( f ) = ϕ(g) and we end up with a short exact sequence
of C* algebras:

0 −→ C0(U) −→ C0(X) −→ C0 (Uc) −→ 0.

The map C0(U) → C0(X) is given by extending a function f in C0(U) to X by giving it
the value 0 on Uc.

The analysis realm also has its space in the non-commutative geometry, for ex-
ample, integration gets its generalization in the form of linear functionals, which is
motivated by the following results:

• The Riesz representation theorem [Knapp, 2005, Theorem 11.1] gives a one
to one correspondence between positive functionals on C0(Ω) and bounded
Radon measures i.e. bounded regular Borel measures (Definition D.8.1) on
Ω. To avoid confusions, the term Borel measure will mean a measure defined
on the Borel sigma algebra that is locally finite, that is, µ(K) ≤ ∞ for all K
compact.
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• If K is a compact Hausdorff space there is a one to correspondence between
linear functionals on C(K) and the space of regular Borel complex (locally
finite) measures on K [Knapp, 2005, Theorem 11.28]

Therefore, we consider linear functionals on C* algebras as generalizations of in-
tegration of functions against complex measures, and in particular positive linear
functionals are generalization of integration against bounded Radon measures
i.e. bounded regular Borel measures.

Let A = C0(Ω) with Ω a locally compact Hausdorff space, then

Sp(a) = {a(ω) ∈ C : ω ∈ Ω}

and we can check that it fits all the results of C* algebras we have given, for example,
if Ω is compact and 0 /∈ Sp(a) then the fact that a(Ω) ⊂ C is compact guaranties
that a−1 given by a−1(ω = (a(ω))−1 is a bounded continuous function over Ω, thus
a is invertible. We can check that also if Ω is not compact then â ∈ A+ ≃ C0(Ω+)
is such that â(∞) = 0, meaning that â is not invertible in A+. Therefore, in a non-
commutative C* algebra the spectrum of an element plays the role of its range its
range if it is considered as a function over a non-commutative space.

C* algebras and the ring of complex numbers

Depending on the values that takes a function we can perform certain operations
with it, for example, if A = C(Ω) with Ω compact, a ∈ A and Sp(a) ⊂ D (D = C−
R−), then the holomorphic functional calculus (Proposition B.3.2) tell us that there
are elements log(a) and a1/2 in A, and both belong to the smallest commutative
Banach algebra that contains a. We can take this one step further and bring the
involution into play, such that, we look for elements of C* algebras that behave
almost like complex valued functions, since C is commutative we will ask for xx∗ =
x∗x, these are the normal elements as we already mentioned. For normal elements
we will be able to define a functional calculus that comes from continuous functions
on Sp(a) Appendix D.4.

Normal elements are quite special, and among them self adjoint elements stand
out because they are would be our generalization of functions that take real val-
ues. We wonder if we can take this one step further and look for positive valued
functions, and the answer is positive, these elements are termed positive elements,
and have two properties, so a ∈ A is a positive element if

• a∗ = a,

• Sp(a) ⊂ R+ (with the convention that 0 ∈ R+).

The set of positive elements of A is denoted by Apos. Surprisingly a is positive
iff a = b∗b with b ∈ A , and if g, f are positive then g + f is positive with ρ(g +
f ) ≥ max{ρ( f ) + ρ(g)} Proposition D.4.3 so, positive elements behave much like
positive valued functions. Interestingly enough, the set of positive elements Apos
coincides with the set A+ defined for the GNS construction (Proposition D.4.3), and
an element is positive iff it can be written as aa∗ with a ∈ A. Moreover, in unital
C* algebras the set of positive elements together with with the set of unitaries to
provide a unique polar decomposition of invertible elements (Proposition D.4.4),
that resembles the expression of complex numbers as z = |z| exp(i arg(z)) with
|z| > 0 and exp(i arg(z)) ∈ T. Thus, the set of unitaries can be intuitively though
as a generalization of the set of unit length complex numbers.
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In sections Appendix D.4.1 and Section 2.1.2 we look on properties of C* algebras
that makes them similar to the ring C, where the set Apos plays the role of real
positive numbers, the set Asa plays the role of the real numbers and U(A) plays the
role of the unit lenght numbers, and G(A) plays the role of complex numbers that
are non zero, one of these results is the polar decomposition of invertible elements.
These nice properties of C* algebras was one of the motivations for studying Hilbert
C* modules, which are generalization of the concept of Hilbert space where C is
changed by a C* algebra.

A Hilbert C* module is a module over a C* algebra A where there is a inner
product taking values on A such that it is complete as a complex vector space with
respect to the norm induced by the inner product [nLab authors, 2023c]. Hilbert
C* modules are a great tool to study more sophisticated structures that involve C*
algebras, like families of C* algebras, or vector bundles of Hilbert spaces, we won’t
deal with Hilbert C* modules in this document but we believe is good you now of
their existence because sooner than latter you will come across them when study-
ing non-commutative geometry, for example [Gracia-Bondı́a et al., 2001, Chapter 2

(Non commutative topology: vector bundles)].

Measures

Take µ as a bounded Radon measure (Definition D.8.1) with full support (Defini-
tion D.8.2) on a locally compact Hausdorff space space Ω, then,∫

Ω
f ∗ f dµ =

∫
Ω
| f |2dµ > 0 iff f ̸= 0.

The concept of full support measure is generalized in to the concept of faithful
positive linear functional, so, we say that a positive linear functional ϕ : A → C

is faithful if f (a∗a) = 0 iff a = 0. The ”faithfull” property is defined equally for
any functional whose range contains Apos, for example, a faithful state is a state f
such that f (a∗a) = 0 iff a = 0. Notice that if A is a unital C* algebra, then every
positive linear functional can be scaled into a state as follows, if f is a positive linear
functional then f / f (1) is a state, which corresponds to normalizing measures on K
a compact Hausdorff space.

When A = C0(Ω) we can measure the size of elements of A with regular Borel
measures, and we only need to resort to the elements of the form a∗a to give a
sense of the size of the elements of A, so, we can relax the linear functional over
A requirement and focus only on linear functionals that are defined on Apos, these
are referred to as weights and traces. A weight [Blackadar, 2006, Section II.6.7] on
a C∗-algebra A is a function ϕ : Apos → [0, ∞] such that

• ϕ(0) = 0, ϕ(λa) = λϕ(a) for a ∈ Apos and λ > 0,

• ϕ(a + b) = ϕ(a) + ϕ(b) for all a, b ∈ Apos.

The weight ϕ is densely defined if
{

x ∈ Apos : ϕ(x) < ∞} is dense in Apos, and
ϕ is faithful if ϕ(x) = 0 implies x = 0. Any finite valued weight comes from
a positive linear functional, thus, for ϕ to not be continuous there must be an el-
ement a such that ϕ(a) = ∞, which will happen in the commutative case if we
consider unbounded measures ([Blackadar, 2006, Examples II.6.7.2, i]), also, in the
commutative case every lower semicontinuous weight comes from Borel measures
([Blackadar, 2006, Examples II.6.7.2, v]).

In our examples (Appendix D.6.1) a special type of weight will come up, it is
called a trace and is characterized by τ (x∗x) = τ (xx∗) for all x ∈ A, that is,
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τ(a) = τ(a∗) for any a ∈ Apos ([Blackadar, 2006, Definition II.6.8.1]). Also, traces
are unitary equivalent, that is, τ(u∗xu) = τ(x) for any x ∈ Apos and u ∈ Apos. In
the commutative case, all weights are traces, therefore, all traces com from Borel
measures. A tracial state (or normalized trace) is a state which is a trace.

Remark D.3.1 (Weights and continuity). We have mentioned that a weight that is finite
everywhere comes from a positive linear functional, so, for weights to be discontinuous there
must be an element a ∈ Apos such that ϕ(a) = ∞. In this context, there is a special kind
of weights, called lower semicontinuous weights, and has the property that if an → a with
{an}n∈N ⊂ Apos and a ∈ Apos, then

ϕ(a) ≤ lim
n→∞

(
inf

m≥n
ϕ(am)

)
.

In Appendix D.6.1 there is an example of a lower semicontinuous weight, which is actually
a trace.

Take a, b ∈ Apos such that a ≥ b, then b− a ∈ Apos (Remark D.4.1), hence

ϕ(b− a) + ϕ(a) = ϕ(b)⇒ ϕ(a) ≤ ϕ(b),

that is, the weight ϕ is monotonous with respect to the order of Apos. Also, if a, b are
arbitrary positive elements of A we have that a ≤ a + b, b ≤ a + b (Proposition D.4.3),
therefore,

ϕ(a) ≤ ϕ(a + b), ϕ(b) ≤ ϕ(a + b).

So, take {an}n∈N ⊂ Apos with an → a and an ≤ an+1, from Remark D.4.1 we know that
an ≤ a for all n ∈N and a ∈ Apos, therefore,

ϕ(an) ≤ ϕ(al), n ≤ l, and ϕ(an) ≤ ϕ(a).

Since {ϕ(an)}n∈N is a set of increasing positive numbers it can do one of two things:

• {ϕ(an)}n∈N converges to a positive number, which we will call c,

• {ϕ(an)}n∈N diverges, that is, any K > 0 there is an N ∈ N such that, if n ≥ N
then ϕ(an) > K.

Assume that ϕ is a lower semicontinuous weight, then,

• if ϕ(a) < ∞ then ϕ(a) ≤ limn→∞ (infm≥n ϕ(am)), so, since ϕ(a) ≥ c we must have
that {ϕ(an)}n∈N converges and ϕ(a) = c,

• if ϕ(a) = ∞ we get that ϕ(a) ≤ limn→∞ (infm≥n ϕ(am)), thus, we must have that
ϕ(a) ≤ limn→∞ (infm≥n ϕ(am)) = ∞, thus, {ϕ(an)}n∈N diverges.

We have shown how a lower semicontinuous weight generalizes the concept of lower
semicontinuous function, and in this context, taking an increasing sequence of positive
elements amounts to computing the limit of the function from the left.

d.4 continuous functional calculus

Following the exposition on Appendix D.3.3, if A is a C* algebra then the normal
elements of A are a good generalization of complex valued functions, and as such,
we will be able to evaluate continuous functions on them. Notice that if aa∗ = a∗a
then
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• if p(z), q(z) are complex polynomials then p(a)q(a∗) = q(a∗)p(a),

thus it makes sense to define mappings a → p(a, a∗) for p(z, z∗) a polynomial on
z, z∗ when a is normal. Let A be unital, then C = C∗(1A, a) (the sub C* algebra of A
generated by 1A and a) is a commutative C* algebra, where C∗(1A, a) is the closure
in A of the algebra of complex polynomials on z, z∗ evaluated on a. It turns out that
the Gelfand transform (Theorem D.3.3) establishes an isomorphism between C and
C(ΦC) ≃ C(Sp(a)), which gives us the continuous functional calculus

Theorem D.4.1 (Continuous functional calculus (Theorem 6.26 [Allan and Dales,
2011])). Let A be a unital C∗-algebra, and let a be a normal element of A. Then there
is a unique unital *-homomorphism Θa : C(Sp a) → A such that Θa(( f (z) = z, z ∈
Sp(a))) = a. Moreover:

• Θa is isometric

• im Θa = C∗(1A, a)

• aΘa(g) = Θa(g)a and Sp (Θa(g)) = g(Sp a) for every g ∈ C(Sp a)

We denote Θa( f ) = f (a).

Notice that if b ∈ C∗(a, 1A), then bb∗ = b∗b because it is the limit of normal
elements, and the set of normal elements is closed (Remark D.0.2), moreover, if
a = a∗ then b = b∗ because the set of self adjoint elements is closed (Remark D.0.2).

Lemma D.4.1. Let A be a unital C* algebra and let a be a normal element of A. Let f be
an holomorphic function on a neighborhood of the spectrum of a, denote by f̂ (a) the element
of A obtained by applying the continuous functional calculus over A (Theorem D.4.1) and
denote by f̃ (a) the element of A obtained by applying the holomorphic functional calculus
over A (Theorem B.3.1), then

f̃ (a) = f̂ (a).

Proof. Let A be a unital C* algebra and a ∈ A normal, if p(z) = ∑n
i=0 pizi then in

the functional calculus we have that

p(a) =
n

∑
i=0

piai

with a0 = 1A. If p(z) ̸= 0 when z ∈ Sp(a) then p−1(z) =
(
∑n

i=0 pizi)−1 is an
holomorphic function on Sp(a), in particular it is continuous, and we get in the
continuous calculus

(pp−1)(a) = id(a) = 1A = p(a)p−1(a),

which implies that p−1(a) = (p(a))−1 in A. Therefore, if f (z) = p(z)/q(z) is
holomorphic on Sp(a) then the continuous functional calculus gives

f (a) = p(a)(q(a))−1,

and we get that the holomorphic functional calculus and the continuous functional
calculus coincide on the rational functions.

Let U be a open neighbourhood of Sp(a), we mentioned in Appendix B.3.2 that
R(U) is dense in Hol(U) in the compact-open topology i.e. in the topology of
uniform convergence in compact sets. Since Sp(a) ⊂ U is compact then if rn → f
in the compact-open topology then rn → f uniformly in Sp(a), which is equivalent



d.4 continuous functional calculus 177

to saying that rn → f in C(Sp(a)). Denote by f̃ (a) ∈ A the object obtained from
the holomorphic calculus, and f̂ (a) ∈ A the object obtained from the continuous
calculus, then the continuity of both functional calculus assert that

f̃ (a) = lim
n→∞

r̃n(a) = lim
n→∞

r̂n(a) = f̂ (a),

and we get that the continuous and holomorphic functional calculus coincide.

If B, A are unital C* algebras and B ⊆ A with 1A ⊂ B then SpB(b) = SpA(b) for
very b ∈ B [Allan and Dales, 2011, Proposition 6.23], this is an important property
for the formulation of the functional calculus.

Proposition D.4.1 (Properties of the continuous functional calculus). Let A, B be
unital C* algebras, a be normal element of A and ϕ : A → B a unital *-homomorphism,
then

• [Allan and Dales, 2011, Corollary 6.27] If f ∈ C(Sp(a)) and g ∈ C(Sp( f (a))), then
f (a) is normal and (g ◦ f )(a) = g( f (a)).

• [Allan and Dales, 2011, remarks in page 273] If f ∈ C(Sp a) then ∥ f (a)∥ =
sup{|g(α)| : α ∈ Sp(a)}, which we denote by | f |Sp(a)

• [Allan and Dales, 2011, Proposition 6.29]Recall that Sp(ϕ(a)) ⊆ Sp(a), so we have
that f (ϕ(a)) = ϕ( f (a)) ( f ∈ C (SpA(a)))

• [Allan and Dales, 2011, Proposition 6.29] If ϕ is injective, SpB(ϕ(a)) = SpA(a), the
map ϕ is isometric, and ϕ(A) is a C∗-subalgebra of B.

From Appendix D.2 we know that if A, B are C* algebras (unital or not) and there
is a C* algebra homomorphism ϕ : A → B, then there is an associated C* algebra
homomorphism ϕ+ : A+ → B+ that is injective iff ϕ is injective, moreover, let
iA : A → A+ (iB : B → B+) then ∥iA(a)∥ = ∥a∥ (∥iB(b)∥ = ∥b∥). So, if ϕ is injective
then ϕ+ is an isometry, which in turn implies that ϕ is an isometry.

If A is a non-unital C* algebra and a ∈ A, for f ∈ C(Sp(a)) we define f (a) =
f (i(a)) = f (a, 0) as in the holomorphic calculus, then the commutativity of the
continuous calculus with unital algebra *-homomorphism implies that f (a) ∈ A iff
f (0) = 0 and the argument is a copy of the one exposed in Appendix B.3.3.

Proposition D.4.2 (Continuity of function evaluation). Let K be a non-empty compact
subset of C and let f : K → C be a continuous function. Let A be a unital C* algebra and

ΩK = {a ∈ A : a∗a = aa∗, Sp(a) ⊆ K}

then the mapping
f̂ : ΩK → A, f̂ (a) = f (a)

is continuous.

Proof. This is small generalization of [Rørdam et al., 2000, Lemma 1.2.5], so we
follow mostly the same steps.

From the Stone-Weierstrass theorem for complex valued functions on an arbitrary
compact set [Lebl, 2022, Theorem 11.7.16] (or [Allan and Dales, 2011, Corollary
2.35 (ii)]) we know that the complex polynomials in the variables z, z∗ are dense
in C(K, C) when K ⊂ C compact, this means that for each ϵ > 0 and each f ∈
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C(K, C) there is a polynomial pϵ in the variable z, z∗ such that supz∈K(∥pϵ(z, z∗)−
f (z)∥) < ϵ. Also, given a polynomial p in the variables z, z∗ then the mapping
a 7→ p(a, a∗) is well defined for a normal element, and is continuous, because is
obtained by composing continuous maps i.e. involution, multiplication, addition,
scalar multiplication.

Let f : K → C be any continuous function, a be an element in ΩK, and ϵ > 0. Use
the Stone-Weierstrass theorem to find a complex polynomial g such that | f (z) −
g(z)| ⩽ ε/3 for every z in K. Since g is a polynomial, we now that the mapping
a 7→ p(a, a∗) is continuous, thus there is a δ > 0 such that ∥g(a) − g(b)∥ ⩽ ϵ/3
whenever b is an element in A with ∥a− b∥ ⩽ δ. By Proposition D.4.1 we know that

∥ f (c)− g(c)∥ = ∥( f − g)(c)∥ = sup{|( f − g)(z)| : z ∈ Sp(c)} ⩽ ε/3,

for all c in ΩK, it follows that

∥ f (a)− f (b)∥ ≤ ∥ f (a)− g(a)∥+ ∥g(a)− g(b)∥+ ∥ f (b)− g(b)∥ ⩽ ε

for all b in ΩK with ∥a− b∥ ⩽ δ.

Notice that, if we chose K with a non-empty interior and Sp(a) ⊂ Ko, then the
upper semi-continuity of the map a 7→ Sp(a) (Proposition B.1.3) guaranties that
there is δ > 0 such that if ∥b− a∥ ≤ δ then Sp(b) ⊂ Ko, so f (b) exists when b is
close enough to a, and the mapping b 7→ f (b) is continuous (this requires a similar
argument as Remark B.3.2).

d.4.1 Consequences

First we can use the continuous calculus to provide a characterization of normal
elements according to its spectrum

Lemma D.4.2 (Characterization of normal elements with their spectrum). Let A be
a unital C* algebra and a ∈ A with a∗a = aa∗, then

• a ∈ Asa iff its spectrum is real.

• a ∈ U(A) iff its spectrum is contained in the unit circle

• a ∈ P(A) iff its spectrum is contained in {0, 1}

• a ∈ Apos iff its spectrum is contained in R+

Proof. The continuous calculus establishes an isomorphism ϕ : C(Sp(a))→ C∗(1A, a)
such that ϕ(id) = a where id(z) = z, so,

• id is self adjoint iff Sp(a) ⊂ R

• id is unitary iff Sp(a) ⊆ S

• id is self adjoint and idempotent iff Sp(a) ⊆ {0, 1}

• By the first item a is self adjoint, also Sp(a) ⊂ R+ thus a is positive.
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Also, we can compute the norm of the resolvent of a normal element using the
continuous calculus, providing a stronger result than Proposition B.1.2 when we
deal with normal elements

Lemma D.4.3 (Norm of resolvent of normal element). Let A be a unital C* algebra
and a ∈ A a normal element, then for λ ∈ RA(a) we have that

∥Ra(λ)∥ = ∥(λ1− a)−1∥ = sup
x∈sp(a)

{|(λ− x)−1|} = 1
d(λ, Sp(a))

,

where d(λ, Sp(a)) is the Hausdorff distance between λ and Sp(a).

Proof. The function fλ(z) = (λ− z)−1 is continuous on Sp(a), then Proposition D.4.1
tell us that

∥(λ1A − a)−1∥ = sup{|(λ− z)−1| : z ∈ Sp(a)},

also we have

sup{|(λ− z)−1| : z ∈ Sp(a)} = sup{|λ− z|−1 : z ∈ Sp(a)} = 1/ inf{|λ− z| : z ∈ Sp(a)}.

Since inf{|λ− z| : z ∈ Sp(a)} = d(λ, Sp(a)) we get the desire result.

The continuous calculus also gives us a nice characterization of the positive ele-
ments, so, if a ∈ Apos then f (x) =

√
x is continuous on Sp(a) and if b =

√
a then

b∗ = b, b2 = b∗b = a. We have that any positive element comes in the form b∗b, now,
if we use the continuous function g(z) = z∗z we can use the continuous functional
calculus to show that a∗a = g(a) for every a ∈ A normal and more importantly

Sp(a∗a) = g(Sp(a)) ⊂ g(C) = R+,

thus a∗a is a positive element. We look into a generalization of this result and a
couple more of interesting properties of positive elements in C* algebras

Proposition D.4.3 (Characterization of positive elements). Let A be a C* algebra then

• a ∈ Apos iff a = b2 = b∗b for b ∈ Asa [Allan and Dales, 2011, Theorem 6.30]

• An operator T ∈ B(H) is a positive operator iff T ∈ B(H)pos [Allan and Dales, 2011,
Proposition 6.32]

• If a, b ∈ Apos then a + b ∈ Apos [Allan and Dales, 2011, Lemma 6.36]. In the
reference this fact is proven for unital C* algebras, however, is easy to generalize to
any C* algebra is one see A as a sub algebra of A+.

• Let A be a C* algebra, then a∗a ∈ Apos for every a ∈ A [Allan and Dales, 2011,
Theorem 6.38]

• Apos is closed in A and A+ = Apos [Allan and Dales, 2011, Corollary 6.39]

• If a, b ∈ Apos then ρ(a + b) ≥ max{ρ(a), ρ(b)}, or equivalently, ∥a + b∥ ≥
max{∥a∥, ∥b∥}. This implies that if a ≥ b then ∥a∥ ≥ ∥b∥.

Proof. All but the last item are provided a reference that contains their demonstra-
tion, thus we proceed to proof the last item.

From Theorem D.3.4 we know that there is a Hilbert space H and an injec-
tive *-homomorphism ϕ : A → B(H), also, from Proposition D.4.1 we know that
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Sp(ϕ(a)) = Sp(a). Take a ∈ Apos, then ϕ(a) is a positive operator on H, so in
particular ϕ(a) is self adjoint and its norm is given by [Hunter and Nachtergaele,
2005, Lemma 8.26]

∥ϕ(a)∥ = sup{|⟨ϕ(a)(x), x⟩| : x ∈ H, ∥x∥ = 1}.

Take a, b ∈ Apos then

ρ(a+ b) = ∥a+ b∥ = ∥ϕ(a+ b)∥ = sup{|⟨ϕ(a)(x), x⟩+ ⟨ϕ(b)(x), x⟩| : x ∈ H, ∥x∥ = 1},

since both ϕ(a), ϕ(b) are positive then ⟨ϕ(a)(x), x⟩ ≥ 0 and ⟨ϕ(b)(x), x⟩ ≥ 0, there-
fore

∥ϕ(a + b)∥ =≥ sup{⟨ϕ(a)(x), x⟩ : x ∈ H, ∥x∥ = 1} = ∥ϕ(a)∥
and similarly ∥ϕ(a+ b)∥ ≥ ∥ϕ(b)∥. And we conclude that ∥a+ b∥ ≥ max{∥a∥, ∥b∥}.

Remark D.4.1 (Partial ordering in Asa). The set Apos allows to set a partial ordering on
the set Asa, so, we denote a ≥ b if a− b ∈ Apos, and a > b if a− b ∈ Apos and a ̸= b.
Notice that if a ≤ b and b ≤ c we have that a ≤ c because a− c = (a− b) + (b− c) and
the set of positive elements is close under addition, also, a ≥ 0 iff a ∈ Apos thus we use
a ≥ 0 and a ∈ Apos interchangeably. When a ≥ 0 and a ∈ G(A) then there is λ > 0 such
that Sp(a) > λ, thus, the spectral mapping of the continuous functional calculus tell us that
Sp(a−λ1A) ⊂ (0, ∞) ((a−λ1A) ∈ G(A)) and (a−λ1A) ∈ Asa, consequently a ≥ λ1A.
The previous argument tell us that for a ∈ Apos we have, a ∈ G(A) iff there is λ > 0 such
that a ≥ λ1A. Notice that if a ≥ b then for every c ∈ Asa we have a + c ≥ b + c.

Let {an}n∈N ⊂ Asa, such that an ≤ an+1 and an → a in A. From Remark D.0.2
we know that a ∈ Asa, moreover, from Proposition D.4.3 we get that a ∈ Apos. From
Appendix D.5 we know that the map a 7→ sp(a) is continuous in the set of normal elements,
so, if b ∈ Asa we have that

sp(an − b)→ sp(a− b).

In particular, if we take b = aj for j ∈N we get that

sp(an − aj) −−−→n→∞
sp(b− aj),

therefore, sp(b − aj) ⊂ R+ since sp(al − aj) ⊂ R+ when l ≥ j. This is one of many
properties that translate from positive elements in C into the set of positive elements in a C*
algebra.

Additionally, from [Allan and Dales, 2011, Corollary 6.31] we have that, if ϕ : A→ B is
an isomorphism of unital C* algebras, then,

• ϕ(Asa) = Bsa,

• ϕ|Asa : Asa → Bsa is an order preserving, isometric, real-linear isomorphism,

• if A is commutative, ϕ|Asa : Asa → Bsa is a real algebra isomorphisms.

As Apos plays the role of positive valued functions we have that U(A) will plays
the role of functions taking values on S and we will have a polar decomposition of
invertible elements much like every complex number can be expressed as

z = |z| exp{iarg(z)}

with |z| ∈ R+ and exp{iarg(z)} ∈ S.

Proposition D.4.4 (Polar decomposition of invertible elements). Let A be a unital C*
algebra, then
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• If a ≥ 0 with a ∈ G(A), then there exists b ∈ Asa such that exp{b} = a [Allan and
Dales, 2011, Proposition 6.33]

• If a ∈ G(A), then there is a unique decomposition a = bu with b ∈ Apos, and
u ∈ U(A). Moreover, b = (aa∗)1/2. [Allan and Dales, 2011, Corollary 6.40]

• If a ∈ U(A) then b = 1A and u = a, that is, the unitaries are a fixed point of the
map a→ u.

We call b the absolute value of a and we denote by |a|, also, since u is unique we denote it
by ω(a).

Proof. We will use the functional calculus we have looked into so far,

• Since a ∈ G(A) then 0 /∈ Sp(a) thus Sp(a) ⊂ (0, ∞) and we have that Sp(a) ⊂
D with D defined as in Appendix B.3.3. Therefore, log(z) is holomorphic
on Sp(a) and there is an element b = log(a) such that exp{b} = a by the
holomorphic calculus, moreover, Sp(log(a)) ⊂ R and Lemma D.4.2 tell us
that log(a) is a self-adjoint element as desired.

• Notice that a∗ ∈ G(A) which implies that aa∗ ∈ G(A) and aa∗ ∈ Apos by
Proposition D.4.3. Let b = (aa∗)1/2 which from Proposition D.4.3 we know
that is self adjoint (and can be computed using the holomorphic calculus as in
Proposition B.3.2), and the spectral mapping tell us that 0 /∈ Sp(b) (otherwise
0 ∈ Sp(aa∗) because for t ≥ 0

√
t = t iff t = 0), that is, b ∈ G(A). Let u = b−1a

(b−1 can also be computed with the holomophic calculus beacuse z → 1/z is
holomorphic on Sp(b)), then b ∈ G(A) and

uu∗ = b−1aa∗(b−1)∗ = b−1aa∗b−1 = b−1b2b−1 = 1A,

thus u−1 = u∗ and u ∈ U(A). Let a = cv with c ∈ Apos and v ∈ U(A) then
aa∗ = cvv∗c = c2, thus the uniquenes statement on the square root given in
Proposition B.3.2 tell us that c = b and v = b−1a = u.

• If a ∈ U(A) then aa∗ = 1A and we get b = 1A, thus u = a.

Notice that the calculations are computed using the holomorphic calculus, and
the properties of those elements are deduced from the continuous functional calcu-
lus. This procedure will be replicated in smooth sub algebras.

The polar decomposition of invertible elements is the first step to show that U(A)
is a deformation retraction of G(A) (Proposition 2.1.1), which will play an impor-
tant role in the various equivalent descriptions of the K theory of a C* algebra
(Remark 2.1.2).

Given a C* algebra A, if A had no unit then Sp(a) with a ∈ A is computed over
A+, however, there is not a unique unital C* algebra where A is a sub C* algebra,
thus, we may wonder whether the spectrum of an element depends on the ambient
algebra. This is actually the case, nonetheless, the variation of the spectrum is rather
simple, because the continuous functional calculus gives us a nice result on which
C* algebra contains the inverse of an element.

Lemma D.4.4 (Inverse and C∗(a)). Let A be a unital C* algebra and a ∈ G(A), then,

a−1, 1A ∈ C∗(a).

Proof. We follow [Rørdam et al., 2000, Exercise 1.6]. We do this in two steps, first
we prove it for a a normal element, then, we prove it for a arbitrary.
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• Assume a is normal. We follow [van Dobben de Bruyn, 2017]. Let B =
C∗(1A, a), then, the continuous functional calculus tell us that there is a unital
C* isomorphism

ϕ : C(Sp(a))→ C∗(1A, a),

such that ϕ(id) = a with id(z) = z over Sp(a). Since a ∈ G(A) then 0 /∈ Sp(a),
therefore, id : C(Sp(a)) → C is a function that separates points and vanishes
nowhere, so, the Stone-Weierstrass theorem [Lebl, 2022, Theorem 11.7.16] (or
[Allan and Dales, 2011, Corollary 2.35 (ii)]) tell us that

C(Sp(a)) = C∗(id),

with C∗(id) the closure of the *algebra generated by id. Since ϕ is a C* iso-
morphism we also have that

C∗(1A, a) ≃ C(Sp(a)) ≃ C∗(id) ≃ C∗(ϕ(id)) ≃ C∗(a),

therefore, a−1, 1A ∈ C∗(a).

Another way of looking at this from the stand point of view of the Stone-
Weierstrass theorem is to realize that the functions

f (z) = 1/z, g(z) = 1,

are continuous on Sp(a), so, since the *algebra generated by id separates
points and vanishes no where on Sp(a), we have that both f , g can be uni-
formly approximated by polynomials on the variables z, z∗. This tell us that
ϕ( f ) = a−1 and ϕ(g) = 1A belong to C∗(ϕ(id)) = C∗(a).

• Take a an arbitrary element. From [Allan and Dales, 2011, Proposition 6.2] we
have that both aa∗ and a∗a are invertible in A, additionally, a∗ is also invertible
with (a∗)−1 = (a−1)∗. We have that

a−1 = (a∗a)−1a, a−1 = a∗(aa∗)−1,

so, since aa∗ ∈ Asa, by the previous item we have that (aa∗)−1 ∈ C∗(aa∗),
additionally, since C∗(aa∗) ⊆ C∗(a) by definition of those C* algebras, we end
up with

(aa∗)−1a ∈ C∗(a),

thus, a−1, 1A ∈ C∗(a).

Lemma D.4.4 gives us another way of proving [Allan and Dales, 2011, Proposition
6.23], which will be useful for our analysis

Corollary D.4.1 (Spectrum and ambient C* algebra). Let A be a C* algebra and B a
sub C* algebra of A, then

1. If A has a unit 1A and 1A ∈ B, then,

SpA(b) = SpB(b)

for all b ∈ B.

2. If A has a unit and B has no unit, then,

SpA(b) = SpB(b)

for all b ∈ B.
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3. If A has a unit 1A and B has a unit 1B, and 1A ̸= 1B, then

SpA(b) = SpB(b) ∪ {0}

for all b ∈ B.

Proof. 1. From Lemma D.4.4 we know that for b ∈ G(A) and b ∈ B,

b−1 ∈ C∗(b) ⊂ B,

therefore,
(λ1A − b) ∈ G(A) iff (λ1A − b) ∈ G(B).

From the definition of spectrum (Appendix B.1) we get that

SpA(b) = SpB(b)

for all b ∈ B.

2. From Lemma D.2.1 we know that B+ ≃ C∗({1A} ∪ B), and from Lemma D.4.4
we know that for b ∈ G(A) and b ∈ B+,

b−1 ∈ C∗(b) ⊂ B+,

therefore,
(λ1A − b) ∈ G(A) iff (λ1A − b) ∈ G(B+).

From the definition of spectrum (Appendix B.1) we get that

SpA(b) = SpB+(b)

for all b ∈ B. Since SpB(b) := SpB+(b, 0) then B is not unital (Appendix D),
we get that

SpA(b) = SpB(b).

3. We have that B ⊕ C is unital. From Lemma D.2.1 we know that B ⊕ C ≃
C∗({1A} ∪ B), and from Lemma D.4.4 we know that for b ∈ G(A) and b ∈
B⊕C,

b−1 ∈ C∗(b) ⊂ B⊕C,

therefore,
(λ1A − b) ∈ G(A) iff (λ1A − b) ∈ G(B⊕C).

Any element of B⊕C can be written as

(b, z(1A − 1B)), z ∈ C,

therefore, for λ ∈ C then

(b, z(1A,−1B))− λ1A = (b− λ1b, (z− λ)(1A − 1B)),

so,

(b, z(1A,−1B))− λ1A) ∈ G(A) iff b− λ1B ∈ G(B), (z− λ) ̸= 0.

The previous equality tell along with the definition of spectrum (Appendix B.1)
tell us that

SpA(b) = Sp(b) ∪ {0}.
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The continuous calculus allow us to set many more properties of C* algebras and
C* homomorphisms, to mention a few,

• We used the continuous functional calculus to show that the image of C* ho-
momorphisms are C* algebras (Proposition D.0.2), whose proof involved also
using properties of closed two sided ideals in C* algebras.

• The continuous calculus allow us to find suitable liftings of elements under C*
homomorphism, that is, given a surjetive C* homomorphism ϕ : A → B then
given b ∈ B with certain property, can we find an element a such that ϕ(a) = b
and a has the same property? The answer is positive, literally, because if b ≥ 0
then you can find a ≥ 0 and ∥b∥B = ∥a∥A, this can also be made for self
adjoint elements [Rørdam et al., 2000, Section 2.2.10], but not for normal nor
unitary elements. These is a nice property is tighly related to the fact that
ker(ϕ) is a two sided close ideal of A and B ≃ A/ker(ϕ).

That fact can be proven using solely the continuous functional calculus, for an ex-
planation on this you can look at [Argerami, 2017]. Also,

d.5 spectrum continuity

Definition D.5.1 (Spectral gap). Let A be a C* algebra and a a self adjoint element of A,
then, g is called a spectral gap of a if the following conditions are met,

• g is a bounded and convex subset of R i.e. g = (l, u) with l, u ∈ R

• g ∩ Sp(a) = ∅

• there is an element p ∈ Sp(a) such that, for all s ∈ g, s < p

• there is an element p ∈ Sp(a) such that, for all s ∈ g, s > p

When we work with C* algebras the map

Sp : A→ K(C), a 7→ Sp(a)

described in Appendix B.1.4 is continuous on normal elements [Newburgh, 1951].
Notice that in the special case of self-adjoint operators we will be dealing with
subsets of R, thus, the edges of the spectral gaps will also vary continuously with
respect to norm of the self-adjoint operator. In particular, we will have that if an → a
and an are normal elements then we know that a is normal, and we will have that

ρ(an) = ∥an∥ → ρ(a) = ∥a∥, and Sp(an)→ Sp(a)

in the topology K(C), which is described in Appendix B.1.4.

In our constructions we will deal with a continuous field of self-adjoint operators
over the same Hilbert space (Appendix I.2), meaning that the spectrum of opera-
tors varies continuously with respect to the parameter of the field of self-adjoint
operators.

Remark D.5.1 (Spectral gap and continuous field of self-adjoint operators). Let Ω
be a locally compact Hausdorff space and f : Ω → Asa a continuous function, where Ssa is
the set of self-adjoint operators of the C* algebra A, let g ⊂ R with g open such that

g ∩ Sp( f (ω)) = ∅, ∀ω ∈ Ω.
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Then, the continuity of the spectrum for normal elements tell us that

g ∩ (∪ω∈ΩSp( f (ω))) = ∅.

d.6 universal c* algebras

We have seen that *-homomorphisms of C* algebras are automatically continuous,
that is, the algebraic component of *-homomorphisms are tighly linked to their
analytical structure. Now, we dive into the question of whether we can define a C*
algebra giving only algebraic relations, or in more precise terms, do universal C*
algebras exists? The general answer to this question is negative, however, there are
special cases where those universal C* algebras exist, like the torus (Appendix D.6.1)
and the compact operators on separable Hilbert spaces (Appendix D.6.1).

Example D.6.1. The following are examples of ill defined universal C* algebras

• Heisenberg relation: there is no unital C* algebra A with elements a, b that satisfy
ab− ba = 1A ([mathoverflow.net, 2013], [Sundar, 2020]). The relation ab− ba = 1
is a well known relation in physics, because it is the relation between the momentum
and position operators, however, the momentum operator is unbounded, thus it cannot
belong to a C* algebra.

• Algebra of polynomials: Let a be variable and set

B = {
n

∑
i=0

αiai : α ∈ C}

with a0 = 1, then B is a *-algebra with the involution given by (∑i≤n
i=0 αiai)∗ =

∑i≤n
i=0 α∗i ai. The Weierstrass theorem ([Allan and Dales, 2011, Corollary 2.35 (ii)]) tell

us that B is a dense *-algebra of C(K) with K a compatc subset of R, therefore, the
continuous calculus (Theorem D.4.1) tell us that B is a dense *-algebra of C∗(1A, a),
with a being a self adjoint operator of a unital C* algebra A.

Since the norm of ∑i≤n
i=0 αiai on C(K) depends on K, given that K can be any compact

subset of R we have that the norm of ∑i≤n
i=0 αiai can take any value in the range of

|∑i≤n
i=0 αiai| over R, where ∑i≤n

i=0 αiai is considered as a polynomial in one variable
over R, therefore, we can assign many nonequivalent norms to B that make them
into a dense *-algebra of a C* algebra. Consequently, B does not define uniquely a C*
algebra.

Also, this setup gives an example where Lemma D.0.3 cannot be applied, because the
norm of ∑i≤n

i=0 αiai depends on the C* algebra it lies in. So, if K0 ⊂ K1 with both
compact sets then

∥
i≤n

∑
i=0

αiai∥C(K0)
≤ ∥

i≤n

∑
i=0

αiai∥C(K1)
,

and there are elements where the equality does not holds, thus, we can only set a C*
algebra homomorphism ϕ : C(K0)→ C(K1) which corresponds to the identity on the
polynomials if K0 ⊂ K1.

As we have seen from Example D.6.1, there are many nonequivalent C* algebras
with isomorphic dense *-algebras, therefore, we have no trivial way of assigning
a C* norm to a *-algebra given by a set of generators and relations between those
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generators. At first sight this appears to go against what is mentioned in some liter-
ature, specially physics like literature, were authors refer to C* algebras generated
by a given set of generators with some set of relations, so, how de we make sense
to those claims? There are many approaches to defining C* algebras by relations,
one could go full category theory mode and follow the approach of Loring [Lor-
ing, 2010], or we could take a simpler route and follow the approach of Blackadar
[Blackadar, 2006, Section II.8.3] and [Blackadar, 1985]. I this text, we will focus on
the former approach.

The core idea behind Blackadar approach is to explicitly give bounds on the norm
of the elements of the *-algebra, so, we need two ingredients

• G = {xi : i ∈ Ω} a set of generators

• R a set of relations that implicitly or explicitly set a bound on the norm of the
generators, the most common types of relations used are polynomial relations,∥∥∥p

(
xi1 , · · · , xin , x∗i1 , · · · , x∗in

)∥∥∥ ≤ η

where p is a polynomial in 2n noncommuting variables with complex coeffi-
cients and η ≥ 0. Also, the relation must be realizable among bounded opera-
tors on a Hilbert space and place a bound on the norm of each generators as
an operator.

Then, a representation of (G|R) is a set of bounded operators {Ti : i ∈ Ω} on
a Hilbert space satisfying the relations R. Each representation of (G|R) defines a
*-representation of the free algebra A on the set G, thus, we can use them to define
a C* semi norm on A as follows

∥x∥ = sup{∥π(x)∥ : π is a representation of (G|R)}, for x ∈ A.

Since the relations G set a bound on π(x) then ∥x∥ is finite, set

I = {x ∈ A : ∥x∥ = 0},

then I is an ideal on A. The semi-norm descends to a C*-norm on A/I, and the
completion of A/I with respect to this norm is called the universal C* algebra on
(G|R) ([Blackadar, 2006, Section II.8.3]), and is denoted by

C∗(G|R).

Notice that if you add a generator called 1 with relations 1 = 1∗ = 12 and 1x =
x1 for each element of G you get a unital C* algebra. Also, any C* algebra can
be described as a universal C* algebra, with the set of generators given by all its
elements, and the relation given by all the algebraic relations between its elements.

If all the relations in R take the form∥∥∥p
(

xi1 , · · · , xin , x∗i1 , · · · , x∗in
)∥∥∥ = 0,

denote by I = {x ∈ A : x = p
(

xi1 , · · · , xin , x∗i1 , · · · , x∗in

)
, p ∈ R}, then we can use

I = AI + IA+AIA to define a new *-algebra

Â = A/I.

Then, if C∗(G|R) exists we call it the enveloping C* algebra of Â and we denote
it by C∗(Â) [Sundar, 2020, chapter 2]. Notice that the concept of enveloping C*
algebra is a special case of a universal C* algebra, and the automatic continuity of
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C* homomorphism assure us that any C* algebra is isomorphic to its enveloping C*
algebra. A more interesting example of enveloping C* algebras comes in the form
of Banach *-algebras, where we encounter an example of automatic continuity that
ensures the existence of the enveloping C* algebra of a Banach *-algebra,

Proposition D.6.1 (Automatic continuity between Banach *-algebras and C* alge-
bras (Proposition 5.2 [Takesaki and Takesaki, 2003])). If π is a *-homomorphism of a
Banach *-algebra A into a C∗-algebra B, then

∥π(x)∥ ≤ ∥x∥, x ∈ A

This results is fundamental for the representation theory of Banach *-algebras
and the representation theory of locally compact groups.

Let A be a *-algebra and assume that C∗(A) exists, then any representation of A
on a Hilbert space factors through C∗(A),

Proposition D.6.2 (Universal property of universal of universal C* algebras (Propo-
sition 2.2 [Sundar, 2020])). Let A be a *-algebra, assume that C∗(A) exists, let be B a C∗-
algebra and π : A → B be a *-homomorphism. Then, there exists a unique *-homomorphism
π̃ : C∗(A)→ B such that π̃(x) = π(x) for every x ∈ A.

On Chapter 1 we will look into the enveloping C* algebra of a Banach *-algebra,
it is called the twisted crossed product and plays an important role in our analysis.
Enveloping C* algebras is one case where *-homomorphisms defined over a dense
*-algebra can be extended to C* homomorphisms on the whole C* algebra because
by definition we know that all the representations of the dense *-algebra have a
bounded norm. The sub-algebras of C* algebras whose representations are norm
decreasing are called core subalgebras ([Exel et al., 2008, section 4]), and are pretty
interesting because we still have automatic continuity over those algebras. In Ap-
pendix E.1 we will encounter another example of core subalgebras, and they will
be core sub algebra because they are spectrally invariant with respect to their C*
algebras, which implies automatic continuity of *-homomorphisms (Lemma E.1.4).

Remark D.6.1. Let (G,R) be a set of generators an relations among the generators, then
if R set bounds on the norm of each generator then C∗(G|R) exists.

d.6.1 Examples

Universal C* algebras and enveloping C* algebras are commonly used in applica-
tions of non-commutative geometry, in part because their description in terms of
generators is very similar to other algebraic descriptions where there is no topology.
We need to be cautious, because even if in some cases the algebraic description of
the algebras may suggest that any element of the algebra can be described as an
infinite series that is often not the case, as is exemplified by the case of continuous
functions over the torus (Appendix F.3).

From now on every-time we include the identity (1) among the generators of a *-algebra
we assume that commutation relations with all the elements of the *-algebra are taken for
granted unless otherwise stated.

In [Blackadar, 2006, Examples II.8.3.3] you can look at examples of universal C*
algebras, we will study one of those examples, the Non-Commutative Brilluoin
Torus torus (Definition 1.2.3), which we will analyze as the enveloping C* algebra
of a Banach *-algebra in Section 1.1.
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Untization

Let A be a C* algebra without a unit, then, from Lemma D.2.1 we know that A+ is
isomorphic to C∗(A, 1B) for any unital C* algebra B such that A ⊂ B, thus, we must
that A+ is a universal C* algebra

A+ ≃ C∗(G|R), G = A ∪ {1}, R = {1a = a1 = a, 1 = 1∗}.

In a similar way, if A is unital, we have that A⊕C has the following description as
a universal C* algebra

A⊕C ≃ C∗(G|R), G = A ∪ {1̂}, R = {1̂a = a1̂ = 0, 1̂ = 1̂∗}.

There is no universal description for M(A) that we are aware of, nonetheless, it
has a nice description in terms of double centralizers for A. A double centralizer
for A, is a pair (L, R) of functions L, R : A→ A, satisfying

R(x)y = xL(y),

for all x, y ∈ A. Turns out that M(A) is isomorphic to the *algebra of double
centralizers of A ([Wegge-Olsen, 1993, Definition 2.2.11]).

Algebra generated by a self-adjoint element

The following arguments are in [Blackadar, 2006, Examples II.8.3.2]. In Exam-
ple D.6.1 we saw that there is no enveloping C* algebra of the algebra of complex
polynomials in one self-adjoint variable, however, if we set a restriction on the norm
of the self adjoint element we can define a universal C* algebra. Set G = {x, 1} and
R = {x = x∗, 1 = 1∗ = 12, 1x = x1 = x, ∥x∥ ≤ 1}, then the continuous functional
calculus (Theorem D.4.1) tell us that

C∗(1, x) = C(Sp(x)),

also, from Proposition D.0.1 we now that ∥x∥ = ρ(x) and since x is self adjoint we
get that Sp(x) ⊂ R. Therefore, Sp(x) ⊆ [−1, 1], thus

C∗(G|R) ≃ C([−1, 1]),

notice that the continuous functional calculus tell us that C∗(G|R) ⊆ C([−1, 1]), and
the equality is obtained with the self-adjoint element f (x) = x for f ∈ C([−1, 1]),
thus we get the isomorphism.

If we want a C* algebra without a unit, then we need to take the unit out of
C([−1, 1]) and having it contained any polynomial in the variable x. Since the
algebra of polynomials in one variable over [−1, 1] and no constant term is a self-
adjoint sub-algebra of C([−1, 1]) that separates points and vanishes nowhere, by
the Stone-Weierstrass theorem in the locally compact version ([Quigg, 2005, Stone-
Weierstrass notes, Corollary 6]) we know that is is dense in { f ∈ C([−1, 1]) | f (0) =
0} = C0([−1, 0) ∪ (0, 1]), therefore,

C∗(x|x = x∗, ∥x∥ ≤ 1) ≃ C0([−1, 0) ∪ (0, 1]).

If instead we consider a positive element i.e. G = {x, 1} and R = {x = x∗, 1 =
1∗ = 12, 1x = x1 = x, ∥x∥ ≤ 1, Sp(x) ⊂ R+} we get that

C∗(G|R) ≃ C([0, 1]),
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and the C* algebra generated by a positive element with norm less then one and
without a unit is isomorhic to

C0((0, 1]).

If we deal with a normal element with norm less than one we get a unital C* algebra

C0(D),

with D = {c ∈ C : |c| ≤ 1} and a non unital C* algebra

C0(D− {0}).

Universal C* algebra generated by a unitary

The following argument is in [Sundar, 2020, Proposition 2.4]. This is one of the
most important C* algebras of this document, because we will study some of its
non-commutative analogous. If G = {u, 1} and R = {uu∗ = u∗u = 1} then

C∗(G|R) = C(T).

First, recall that ∥u∥ = 1, by Remark D.6.1 C∗(G|R) exists. Recall that the contin-
uous functional calculus (Theorem D.4.1) tells us that there is a *-homomorphism
ϕ : Sp(u)→ C∗(1, u) = C∗(G|R), that sends f (z) = z to u. Since Sp(u) ⊆ T, we can
compose the previous C* homomorphism with the restriction i∗ : C(T)→ C(Sp(u))
obtained from the inclusion of compact Hausdorff spaces i : Sp → T, which gives
us a *-homomorphism

ϕ ◦ i∗ : C(T)→ C∗(G|R),

that maps f (z) = z into u. On the other side, from the Weierstrass theorem ([Allan
and Dales, 2011, Corollary 2.35 (ii)]), we know that C(T) ≃ Au with Au the *-
algebra of polynomials in one unitary variable given by u := f (z) = z for z ∈
T, because Au separates points on T and is close under involution ([Lebl, 2022,
Exercise 11.7.8]). Therefore, maximality of the norm of enveloping C* algebras
(Proposition D.6.2) tell us that there is a *-homomorphism

π : C∗(G|R)→ C(T)

that sends u to f (z) = z. Set η = ϕ ◦ i∗, then (η ◦ π)(u) = u and (π ◦ η)( f (z) =
z) = ( f (z) = z), so, ∥η(p(u, u∗))∥ = ∥p(u, u∗)∥ for any complex polynomial in the
variables u, u∗ because C* homomorphisms are norm decreasing. Since the elements
of the form p(u, u∗) and η(p(u, u∗)) are dense in C∗(G|R) and C(T) respectively
we get that

C∗(G|R) ≃ C(T).

In Appendix D.8.1 we look into an important representation of C(T).

Matrices

The following example shows us how a commonly used C* algebra can be described
using generators. Set G = {eij : 1 ≤ i, j ≤ j} with

R =
{

e∗ij = eji, eijekl = δjkeil : 1 ≤ i, j, k, l ≤ n
}

,

where δjk is the Kronecker symbol. The relations tell us that ejj are projections,
thus have norm equal to one, and also ∥ei,j∥2 = ∥ejiei,j∥ = ∥ejj∥ = 1, thus all
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the generators have bounded norm, consequently C(G|R) exists. Turns our that
C(G|R) ≃ Mn(C) ([Blackadar, 2006, Examples II.8.3.2 item iv]), with Mn(C) the
algebra of matrices of size n× n with complex entries, moreover Mn(C) is simple
[Sundar, 2020, Lemma 1.2]. Recall that a C* algebra is simple if it has no nontrivial
to sided ideals, or equivalently, for every non-zero representation π we have that
∥π(a)∥ = ∥a∥, for any element of the C* algebra ([Sundar, 2020, Lemma 1.3]).

If a ∈ Mn(C), then a = (aij)1≤i,j≤n and aij ∈ C, these are the coefficients of the
elements of G, thus a can be seen as the polynomial

a = ∑
1≤i,j≤n

aijeij.

Also, the following formula
tr(a) ∑

1≤i≤n
aii

defines a tracial continuous functional on Mn(C) i.e. tr(ab) = tr(ba).

The algebra of matrices is special because any finite-dimensional C* algebra is
isomorphic to a direct sum ⊕m

r=1Mnr (C) ([Blackadar, 2006, Examples II.8.3.2 item
iv]).

Algebra of compact operators

Most of the following arguments are in [Sundar, 2020, Chapter 1]. Now we look
into a C* algebra that has a deep connection with the matrix algebras, this is the
C* algebra of compact operators on a separable Hilbert space. Let H be a separable
Hilbert space, then, H has a countable basis ξ = {ξi}i∈N (Lemma C.1.3), and S ∈
B(H) can be seen as an infinite matrix S = [si,j]i,jN (Appendix C.2).

The infinite matrix representation of a bounded operator is intuitive, however,
checking that a given infinite matrix satisfies certain properties is non-trivial, for
instance, there are examples of criteria that generate compact operators e.g. infinte
matrices whose entries come from an absolutely summable sequence ([Cordeiro,
2017]) or matrices whose entries are square summable ([Norbert, 2017]), on the
otherside, there are counter examples of matrices that one could naively consider
as compact operators but actually are not compact operators e.g. matrices whose
associated operator satisfy the relation ([Ruy, 2022])

lim
i→∞
∥T(ξi)∥ = 0.

Let H be a separable Hilbert space, then an operator on H is compact iff it is
the limit of a norm-convergent sequence of finite rank operators [Melrose, 2014,
Chapter 3 Proposition 29]. denote by K(H) the *-algebra of compact operators on
H and F(H) the *-algebra of finite rank operators on H, we have that K(H) is a
normed closed two sided ideal in B(H) that is closed under taking adjoints, thus,
K(H) is a C* algebra and F(H) is a dense *-algebra inside K(H) ([Sundar, 2020,
Chapter 1 introduction]).

Given the ortonormal basis ξ = {ξi}i∈N of the Hilbert space H, let Eij ∈ B(H) be
the operators defined on the basis by by Eij(γ) = ξi⟨γ, ξ j⟩. Observe that

EijEkl = δjkEil

E∗ij = Eji

for i, j, k, l ∈ N, this a generalization of the set of generators of the algebra of
matrices with entries in C in Appendix D.6.1, and by the universality of Mn(C) we
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have a *-homomorphism πn : Mn(C) → An, πn(eij) = Eij with An the linear span
of {Eij : 1 ≤ i, j ≤ n}, moreover, An ⊂ K(H) because each Eij has finite rank.

If L ∈ F(H) there is an ortonormal set {ek}1≤k≤n ⊂ H such that ([Melrose, 2014,
Chapter 3 Lemma 26])

L(h) = ∑
1≤i,j≤n

ci,j⟨h, ej⟩ei.

For any ϵ > 0 there is m ∈ N such that each of the elements of {ek}1≤k≤n can be
approximated by linear combinations of {ξ0, · · · , ξn}with a precision of ϵ, therefore,
we can construct a sequence of operators on ∪n∈N An that are converge in norm to
L. The previous statement tell us that ∪n∈N An is dense in F(H), consequently it is
dense in K(H).

The density of ∪n≥1 An in K(H) along with the isomorphisms πn : Mn(C) →
An, πn(eij) = Eij can be used to show that K(H) is a simple C* algebra ([Sundar,
2020, Theorem 1.1]), meaning that any non-zero *-homomorphism starting from
K(A) is an isometry (injective).

Hence, there is a description of K(H) as a universal C* algebra that resembles the
description of Mn(C):

Proposition D.6.3 (Proposition 1.4 [Sundar, 2020]). Let A be a C∗-algebra. Suppose
there exists a system of matrix units

{
eij : i, j ∈N

}
in A, i.e. the set

{
eij : i, j ∈N

}
satisfies the following relations.

eijekl = δjkeil

e∗ij = eji

for i, j, k, l ∈ N. Then, there exists a unique *-homomorphim π : K(H)→ A such that for
i, j ∈N, π

(
Eij
)
= eij.

For any two separable Hilbert spaces H1, H2 we have K(H1) ≃ K(H2), so, we
denote with K the C* algebra of compact operators on a separable Hilbert space.
From Proposition D.6.3 we can characterize K as the C* algebra generated by the
set G = {eij : i, j ∈N} with

R =
{

e∗ij = eji, eijekl = δjkeil : 1 ≤ i, j, k, l ∈N
}

.

Also, any non-degenerate representation of K(H) is unitarily equivalent to the
identity representation on H ([Sundar, 2020, Theorem 1.6]).

K(H) can be intuitively understood as the C* algebra that lies between the finite
matrices and the rest of bounded linear operators, because we are able to approxi-
mate the operator with finite matrices, instead of just approximating its norm. So,
let a = (ai,j)i,j∈N a compact operator, we know that it is the norm limit of finite
matrices but we should not interpret the notation a = (ai,j)i,j∈N as meaning that in
the operator norm we have a = limn→∞ an with an = (ai,j)i,j≤n. Instead we should
interpret the notation a = (ai,j)i,j∈N as giving us the operator over ∑i∈N Hi, Hi = C

that acts as
a(h) = (ηi)i∈N, ηi = ∑

j∈N

ai,jhj.

Let H be a separable Hilbert space and T ≥ 0 and T ∈ B(H), if {ξi}i∈N an
orthonormal basis for H, then the following defines a trace on B(H)pos ([Blackadar,
2006, Section I.8.5]),

Tr(T) = ∑
i∈N

⟨Tξi, ξi⟩ ∈ [0, ∞].

This trace has the following properties ([Blackadar, 2006, Item I.8.5.1]):
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• Tr(T) is independent of the orthonormal basis

• Tr(T) = Tr(U∗TU) for any unitary U

• Tr(T) ≥ ∥T∥

• If S ≤ S ≤ T then Tr(S) ≤ Tr(T)

• Tr(T) < ∞ iff T is compact and ∑n∈N µn(T) < ∞, in which case Tr(T) =

∑n∈N µn(T). The values {µn(T)}n∈N are the eigenvalues of |T|.

Since we have described K(H) using the projections Eij, we can check that

Tr(a) = ∑
i∈N

⟨aξi, ξi⟩ = ∑
n∈N

ann,

for a ∈ K(H) written as a = (aij)i,j∈N. Tr is not a continuous trace over Kpos
because it is not a bounded trace, that is, the set of compact operators is bigger than
the set of trace class operators [Ullrich, 2016]. However, Tr is lower semi-continuous
([Blackadar, 2006, Item I.8.5.2]). In Example E.1.3, we will look at a *-algebra that is
dense in K(H) and is spectrally invariant and where Tr is continuous with respect
to a stronger topology than the norm topology.

d.6.2 Toeplitz algebra

Most of the following arguments are in [Sundar, 2020, Chapter 3]. Let G = {v, 1}
and R = {v∗v = 1}, then ∥π(v)∥ =

√
∥π(v)∗π(v)∥ = 1, therefore ∥v∥ = 1 and

C(G|H) exists, it is denoted by T . We have assumed that π(v) exists, so, is this
the case? to answer this question positively we need to provide a Hilbert space
H and an element b ∈ B(H) such that b∗b = 1H , in which case we would have a
*-homomorphism

ϕ : T → C∗(b, 1H)

where C∗(b, 1H) denotes the sub C* algebra of H that is generated by b, 1H , i.e. the
closure of the *-algebra of complex polynomials on variables b, b∗, 1H under the
norm of B(H).

Let H = l2(N), {δn}n≥1 be the standard orthonormal basis for l2(N), and S :
l2(N) → ℓ2(N) be the unique operator such that S (δn) = δn−1, that is, the shift
operator. Then S∗ is the left shift in l2(N) ([Garret, 2020, Section 9a example 7.1]) i.e.
S (δn+1) = δn, and S∗S = 1H , thus the universal property of T (Proposition D.6.2)
guaranties that there is a unique *-homomorphism

π : T → C∗(S, 1), π(v) = S.

Turns out that π is an isomorphism, and that result is by no means trivial, it is
called Coburn’s theorem ([Sundar, 2020, Theorem 3.3]) and its proof goes through
establishing the short exact sequence of C* algebras

0 −→ K −→ C∗(S, 1) −→ C(T) −→ 0.

Let us take a close look at this sequence of C* algebras. Let P = 1− ss∗, then P is a
projection, using the notation E0,0 = P and Em,n = SmP(S∗)n you can check that

(Em,n)
∗ = En,m, S∗E0,0 = E0,0S = 0,

which implies that Ej,iEk,l = δjkEi,l1 ≤ i, j, k, l ∈N, therefore there is *-homomorphism
ϕ : K → C∗(S, 1) which is injective because K is simple. Moreover, ϕ(K) is a two
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sided closed ideal of C∗(S, 1), it is closed because the image of a C* homomorphism
is closed (Proposition D.0.2), and the following algebraic relations assure us that it
is a two-sided ideal

SkEm,n(S∗)l = Em+k,n+l , (S∗)kEm,nSl = δ(m ≥ k)δ(n ≥ l)Em−k,n−l ,

with δ(m ≥ k) = 1 if m ≥ k else δ(m ≥ k) = 0. You may wonder how the
aforementioned relations gives us that information, in such argument we used the
universality of both K and C∗(S, 1) as follows, to show that ab ∈ ϕ(K), ba ∈ ϕ(K)
when a ∈ ϕ(K), b ∈ C∗(S, 1) we only need to check it in finite polynomials on
Ei,j (those are dense in ϕ(K)), and finite polynomials on S, S∗ (those are dense in
C∗(S, 1)), because ϕ(K) is closed in C∗(S, 1).

The second part of the exact sequence comes in the form of quotients of two-
sided closed ideals of C* algebras, so, we have shown that ϕ(K) is a two-sided close
ideal of C∗(S, 1), therefore the map ψ : C∗(S, 1) → C∗(S, 1)/ϕ(K) is a surjective
C*-homomorphism by Proposition D.0.2, whose kernel is ϕ(K) ≃ K by definition,
thus we have the following short exact sequence of C* algebras

0 −→ K −→ C∗(S, 1) −→ C∗(S, 1)/ϕ(K) −→ 0.

The final step is to show that C∗(S, 1)/ϕ(K) ≃ C(T), which is equivalent to

C∗(S, 1)/ϕ(K) ≃ C(u, u∗u = uu∗ = 1)

by Appendix D.6.1. Notice that ψ(S∗S) = ψ(S)∗ψ(S) = ψ(1) = 1, also, ψ(SS∗) =
ψ(S)ψ(S)∗ = ψ(1− P), so, since P ∈ ϕ(K) we have that ψ(SS∗) = 1, meaning that
ϕ(S) is a unitary in C∗(S, 1)/ϕ(K). Also, the *-algebra of polynomials in ψ(S), ψ(S)∗

is dense in C∗(S, 1)/ϕ(K) because the polynomials in S, S∗ are dense in C∗(S, 1)
and the C* homomorphisms are continuous (Proposition D.0.1). The desired iso-
morphism comes from [Sundar, 2020, Lemma 3.2] that establishes Sp(ψ(S)) = T,
thus the continuous functional calculus (Theorem D.4.1) says that

C(T) = C(Sp(ψ(S))) ≃ C∗(ψ(S)).

The Toepliltz algebra and its associated short exact sequence has been thoroughly
studied, it is the starting point of the short exact sequence of C* algebras that we will
use to describe topological insulators (Section 3.2), also, the Toeplitz extension and
has a description in terms of the Hardy space ([Arici and Mesland, 2020, Section
2.1]) that is well fitted to generalize it into higher dimensions ([Arici and Mesland,
2020, Section 2.2]). It has also been studied from a more general point of view by
Cuntz [Cuntz et al., 2007, Theorem 4.2].

d.7 tensor products

In Appendix D.6 we have looked at examples where a *-algebra did and did not
uniquely define a C* algebra as its completion, a similar discussion arises when
working with tensor product of C* algebras, because the algebraic tensor product of
two C* algebras may have many equivalent C* norms. However, there are a special
kind of C* algebras where the algebraic tensor product has a unique C* norm, and
as expected it coincides with the norm as operators on the tensor product of very
specific Hilbert spaces. The study of tensor products of C* algebras is a technical
subject and now we give a brief review of the main results that are relevant for us,
we follow mainly the exposition on [Wegge-Olsen, 1993, appendix T].
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Definition D.7.1 (Algebraic tensor product). Let A, B be two *-algebras over C, then
we denote by A⊙ B the set of elements

n

∑
k=1

ak ⊗ bk, ak ∈ A, bk ∈ B

with the operations

• Addition: (a0 ⊗ b0) + (a1 ⊗ b0) = (a0 + a1)⊗ (b0)

• Multiplication: (a0 ⊗ b0)(a1 ⊗ b1) = (a0a1)⊗ (b0b1)

• Involution: (a0 ⊗ b0)
∗ = (a∗1 ⊗ b∗1)

• Scalar multiplication: λ(a0 ⊗ b0) = (λa0(⊗b0 = a0 ⊗ (λb0) for λ ∈ C

and satisfying the relations

(a0 + a1)⊗ b = (a0⊗ b)+ (a1⊗ b), a⊗ (b0 + b1) = (a⊗ b)0 +(a⊗ b1), a, a0, a1 ∈ A, b, b0, b1 ∈ B.

The addition on A⊙ B is distributive with respect to the multiplication. Under this condi-
tions A⊙ B becomes a *-algebra over C.

Now we mention some of the properties of A⊙ B,

Proposition D.7.1 (Properties of algebraic tensor product). • If we consider A, B
as vector spaces, that is, there is no multiplication nor involution, then the vector
space defined in Definition D.7.1 is the unique vector space where bilinear maps on
A× B becomes a linear map on A⊙ B ([Wegge-Olsen, 1993, Proposition T.2.4]).

• The description t = ∑n
i=1 ai ⊗ bi, t ∈ A⊙ B is not unique, however, if {βi}i∈I is a

basis for B then every element of A⊙ B has a unique representation as a finite sum of
the form ∑i∈I ai ⊗ βi ([Wegge-Olsen, 1993, Proposition T.2.8]).

• If ψ : A × B → C is a bilinear, multiplicative and *-preserving map then there is
unique map ϕ : A⊙ B→ C that extends ψ.

• If ϕA : A→ C and ϕB : B→ C are linear maps and C is an algebra then

(ϕA ⊙ ϕB)(a⊗ b) = ϕA(a)ϕB(b)

is a linear map that is multiplicative if ϕA, ϕB commute ([Wegge-Olsen, 1993, Section
T.2.12]).

• The algebraic tensor product is canonically commutative i.e. A⊙ B ≃ B⊙ A.

The algebraic tensor product of *-algebras can be iterated to get three fold, four
fold, etc, algebraic tensor products.

Now we look into the topological side. There are various ways to assign a C*
norm to the tensor product A ⊙ B, with this we mean that there are potentially
many norms α : A⊙ B→ R+ that satisfy the following properties

• Cross property: α(a⊗ b) = ∥a∥A∥b∥B for all a ∈ A, b ∈ B.

• C* property: α(c)2 = α(cc∗) for c ∈ A⊙ B.

Notice that the completion of A⊙ B with respect to α satisfying the above properties
will gives us a C* algebra. In particular, if A, B are C* algebras then, the set of all
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C* norms on A⊙ B has a minimum element and a maximum, those are the spatial
norm denoted by σ and the maximal C* norm denoted by µ. Is important to mention
that A⊙ B in general is not complete with respect to a C* norm, for an example look
at Appendix D.7.3.

Theorem D.7.1 ((Theorem T.6.21 [Wegge-Olsen, 1993])). Every C* norm on A⊙ B has
the cross property, additionally

σ ≤ α ≤ µ

for every C* norm α on A⊙ B.

The C* norm µ is defined to be the maximum norm over all possible C* semi-
norms over A⊙ B ([Wegge-Olsen, 1993, Definition T.6.6]), more precisely,

µ(t) = sup{β(t)|β is a C* seminorm on A⊙ B},

and it has an intuitive description as the supremum of ∥π(t)∥ over all representa-
tions π of A⊙ B that come from commuting representations of A, B over the same
Hilbert space H i.e. πA(a)πB(b) = πB(b)πA(a) as operators on H ([Wegge-Olsen,
1993, Definition T.6.8]).

The spatial tensor product of two C* algebras A, B, which will be a C* algebra
were A⊙ B is dense, has a norm that arises as the norm of operator over a Hilbert
space obtained from the tensor product of two Hilbert spaces (Definition C.3.1),
more precisely,

Theorem D.7.2 (Spatial tensor product (Definition T.5.16 [Wegge-Olsen, 1993])). Let
A1, A2 be two C* algebras, and πi : Ai → B(Hi) a faithful representation of the C* algebras
(we know that it exists by Theorem D.3.4), define

σ(t) = ∥(π1 ⊙ π2)(t)∥, t ∈ A1 ⊙ A2,

with π1 ⊙ π2 the unique injective algebraic representation of A1 ⊙ A2 on B(H1 ⊗ H2)
([Wegge-Olsen, 1993, Proposition T.5.1]) satisfying

(π1 ⊙ π2)(a1 ⊗ a2) = π1(a1)⊗ π2(a2) ∈ B(H1 ⊗ H2).

The definition of σ is a good definition because Theorem D.7.2 it is independent of the
faithful representation of A1, A2 ([Wegge-Olsen, 1993, Proposition T.5.15]), moreover, the
spatial norm on A1⊙ A2 can be expressed using only the set of states of A1 and A2 ([Wegge-
Olsen, 1993, Proposition T.5.14]).

Let α be a C* norm on A⊙ B, then we denote by A⊗α B the completion of A⊙ B
with respect to α, so, A⊗α B is a C* algebra. We have many possible C* norms on
A⊙ B, so, which one to chose? Fortunately there are a type of C* algebras where
this question takes a simple form, and we will use them in our analysis

Definition D.7.2 (c.f. Definition T.6.18 [Wegge-Olsen, 1993] (Nuclear C* algebra)).
A C* algebra A is nuclear when, for every C* algebra B, there is only one C* norm on A⊙ B.
In this case σ = µ and we denote by A⊗ B the unique C* algebra obtained as the completion
of A⊙ B with respect to σ.

For examples of non nuclear C* algebras you can look into [Kadison and Ringrose,
1983b, Example 11.3.14], also in [Dales et al., 2003, Chapter 11] there are interesting
results on non nuclear C* algebras.
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Remark D.7.1 (Nuclear C* algebras and enveloping C* algebras). Notice that if A is
a nuclear C* algebra then we have that

A⊗ B ≃ C∗(A⊙ B)

for any C* algebra B, because there is only one C* norm on A⊙ B.

Remark D.7.2 (Nuclearity of the tensor product and associativity). Let A, B be nu-
clear C* algebras, then

• Tensor product: A ⊗ B is also a nuclear C* algebra ([Pisier, 2021, Remark 4.9]),
thus, for any C* algebra C we have that (A× B)⊗ C ≃ A⊗ (B⊗ C).

• Sum of C* algebras: A⊕ B is also nuclear ([Pisier, 2021, Remark 4.9]) and for any
C* algebra we have that (A⊗ B)⊕ C ≃ (A⊗ C)⊕ (B⊗ C).

• Commutativity: Let A, B be two nuclear C* algebras, then A⊗ B ≃ B⊗ A ([Pisier,
2021, Equation 4.8]).

Lemma D.7.1 (Tensor product and generated C* algebras). Let A be a nuclear C*
algebra and B a C* algebra such that A = C∗(A) and B = C∗(B), then C∗(A⊙B) exits
and

A⊗ B ≃ C∗(A⊙B).

Proof. If A = C∗(A), B = C∗(B) then A⊙ B is a dense *-algebra of A⊗ B. If we
denote

η(t) = sup{∥π(t)∥ : π : A⊙B → B(H) a representation}

then η(t) ≥ ∥t∥A⊗B for t ∈ A ⊙ B, so, if η(t) < ∞ for all t ∈ A ⊙ B then η is the
C* norm of C∗(A ⊙ B) (Appendix D.6). Assume that C∗(A ⊙ B) exists, then by
Lemma D.0.3 there must be a C* algebra homomorphism

ϕ : C∗(A⊙B)→ A⊗ B.

Assume that A,B have units, otherwise add a unit to them as in Appendix D.2 and
call them A+,B+, so, in this case C∗(A)+ = C∗(A+) and C∗(B)+ = C∗(B+) which
implies that C∗(A) is a sub C* algebra of C∗(A+).

If α is a C* semi-norm over A⊙B then

α(a⊙ b) = α((a⊙ 1B)⊙ (1A ⊙ a)) ≤ α(a⊙ 1B)α(1A ⊙ b),

also, αA(a) = α(a ⊙ 1B) is a C* semi-norm over A and αB(b) = α(1A ⊙ b) is a
C* semi-norm over B. Since both C∗(A), C∗(B) exists then αB(b) ≤ ∥b∥C∗(B) and
αA(a) ≤ ∥a∥C∗(A), therefore, η(a⊗ b) ≤ ∥a∥A∥b∥b = ∥a⊙ b∥A⊗B for a ∈ A, b ∈ B,
which in turn implies that η(t) < ∞ for all t ∈ A⊙ B and by Remark D.6.1 we get
that C∗(A⊙B) exists. Also, ∥a⊙ b∥A⊗B ≤ η(a⊙ b) by definition of η, consequently,
∥a∥A∥b∥B = η(a⊙ b) for a ∈ A, b ∈ B, in particular

∥a⊙ 1B∥C∗(A⊙B) = η(a⊙ 1B) = ∥a∥A, a ∈ A

along with
∥1A ⊙ b∥C∗(A⊙B) = η(1A ⊙ b) = ∥b∥B, b ∈ B.

By the universality of C∗(A) (Proposition D.6.2) we get that there is a C* homo-
morphism

ϕA : C∗(A)→ C∗(A⊙B), ϕB : C∗(B)→ C∗(A⊙B)
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which is injective (isometric) due to the previous computation, and takes the follow-
ing form

ϕA(a) = a⊙ 1B , a ∈ C∗(A), ϕB(b) = 1A ⊙ b, b ∈ C∗(B).

If limn→∞ an = a with a ∈ C∗(A) and an ∈ A and limn→∞ bn = b with b ∈ C∗(B)
and bn ∈ B then the equality η(an ⊙ bn) = ∥an∥∥bn∥ implies that limn→∞(an ⊗
1B)(1A ⊗ bn) has a one-to-one correspondence with a⊗ b, thus,

A⊙ B ⊂ C∗(A⊙B).

Since there is only one C* norm on A ⊙ B (Remark D.7.1) and A ⊙ B is dense in
C∗(A⊙B) then C∗(A⊙B) ≃ A⊗ B as desired.

Nuclear C* algebras will be a key tool of our analysis because they not only
have a good behaviour with respect to C* tensor products, they also have a simple
behaviour with respect to bounded derivations as we mention on Appendix H.2.

Example D.7.1 (Examples of nuclear C* algebras). The following C* algebras are nu-
clear

• Commutative C* algebras ([Wegge-Olsen, 1993, Theorem T.6.20]), we will discuss a
little more of these C* algebra on Appendix D.7.3.

• Matrix algebras Mn(C) ([Wegge-Olsen, 1993, Theorem T.5.20]), more generally, all
finite dimensional C* algebras (Appendix D.6.1). We will discuss a little more of these
C* algebra on Appendix D.7.1.

• C* algebra of compact operators on a separable Hilbert space, also known asK ([Wegge-
Olsen, 1993, Exercise T.M]), we will discuss a little more of these C* algebra on Ap-
pendix D.7.2.

C* homomorphisms can be extended into tensor product of C* algebras

Proposition D.7.2 (Extending C* homomorphisms into tensor products). Let Ak, Bk
be C∗-algebras with *-homomorphisms ψk : Ak → Bk, k = 1, 2, with one of Ak nuclear and
one of Bk nuclear, then

• [Wegge-Olsen, 1993, Corollary T.5.19]: ψ1⊙ψ2 extends by continuity to a *-homomorphism
ψ1 ⊗ ψ2 : A1 ⊗ A2 → B1 ⊗ B2. If ψ1 and ψ2 are both injective, so is ψ1 ⊗ ψ2.

• [Wegge-Olsen, 1993, Corollary T.5.15]: If ψ1, ψ2 are isomorphisms then ψ1 ⊙ ψ2 is
an isomorphism at the level of A1 ⊙ A2, thus, it extends to an isomorphism

ψ1 ⊗ ψ2 : A1 ⊗ A2 → B1 ⊗ B2.

• [Wegge-Olsen, 1993, Proposition T.6.23]: If ϕk : Ak → C are commuting *-homomorphisms
then ϕ1 ⊙ ϕ2 : A1 ⊙ A2 → C is continuous with respect to σ and there is a unique
*-homomorphism

ϕ1 ⊗ ϕ2 : A1 ⊗ A2 → C

that extends ϕ1 ⊙ ϕ2. If fk ∈ A∗k , then

|( f1 ⊙ f2) (t)| ≤ ∥ f1∥ ∥ f2∥ σ(t).

In particular the tensor product of states always extends to a state on A1 ⊗ A2.

Also, we can extend short exact sequence using tensor products
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Theorem D.7.3 (Extending short exact sequences with tensor products (Theorem

T.6.26 [Wegge-Olsen, 1993])). Let 0 → A
ϕA−→ B

ϕB−→ C → 0 be an exact sequence of
C∗-algebras and D another C∗-algebra. When D is nuclear, there is an exact sequence

0→ A⊗ D → B⊗ D → C⊗ D → 0.

If C is nuclear, there is an exact sequence

0→ A⊗σ D → B⊗σ D → C⊗ D → 0.

And the extension of a nuclear C* algebra by a nuclear C* algebra is a nuclear C*
algebra

Theorem D.7.4 (Extension nuclear C* algebra (Theorem T.6.27 [Wegge-Olsen, 1993])).
The extension of a nuclear C∗-algebra by a nuclear C∗ algebra is nuclear. To be precise: if
0→ A→ B→ C → 0 is exact and A and C are nuclear, then so is B.

Remark D.7.3 (The Toeplitz algebra is nuclear). From Appendix D.6.2 we have the
following short exact sequence

0 −→ K −→ C∗(S, 1) −→ C(T) −→ 0,

since both C(T) and K are nuclear by Example D.7.1, then Theorem D.7.4 implies that
C∗(S, 1|S∗S = 1) is also a nuclear C* algebra.

The term ”nuclear” has a similar meaning as the notion of nuclear space in
Grothendieck’s theory of tensor product of topological vector spaces, but they do
not coincide in general for C* algebras [Blackadar, 2006, Section II.9.4].

Remark D.7.4 (Tensor product of separable C* algebras). Let A, B be separable nuclear
C* algebras, then A ⊗ B is separable. This is an easy fact to check, let A,B be dense
countable subsets of A, B respectively, then

v = {∑
i≤n

αi ⊗ βi, i ∈N, α ∈ A, β ∈ B}

is a dense subset of A⊙ B under the norm of A⊗ B. Also, A⊙ B is a countable set, thus
A⊗ B is separable.

d.7.1 Matrix algebras (Mn(A))

In Example D.7.1 we mentioned that Mn(C) is a nuclear C* algebra. Let {eij}1≤i,j≤n
the set of generators of Mn(C), since the generators are linearly independent then
by Proposition D.7.1 we have any element of A⊙Mn(C) can be written uniquely as

t = ∑
1≤i,j≤n

ai,j ⊗ ei,j.

The map
ϕ : A⊙Mn(C)→ Mn(A), ϕ(t) = (aij)1≤i,j≤1

is a bijective *-algebra homomorphism. The multiplication, addition and involution
on Mn(A) take the usual entry-wise form from Mn(C), in particular

a11 a12 · · · a1n
a21 a22 · · · a2n
...

...
. . .

...
an1 an2 · · · ann


∗

=


a∗11 a∗21 · · · a∗n1
a∗12 a∗22 · · · a∗n2
...

...
. . .

...
a∗1n a∗2n · · · a∗nn


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Additionally, Mn(A) is complete under any C* norm, thus the spatial norm is the
only C* norm on Mn(A),

Proposition D.7.3 (C* norm on matrix algebras (Proposition T.5.20 [Wegge-Olsen,
1993])). The spatial norm is the only C∗-norm on A⊙Mn(C), and

A⊗Mn(C) ≃Mn(A)

Mn(C)⊗Mm(C) ≃Mnm(C)

From the description of an element of Mn(A) as a sum of elementary tensor
products we have that

∥t∥ = ∥ ∑
1≤i,j≤n

ai,j ⊗ ei,j∥ ≤ ∑
1≤i,j≤n

∥ai,j∥∥ei,j∥ = ∑
1≤i,j≤n

∥ai,j∥.

From the description of the spatial norm be know that Mn(A) has a faithful repre-
sentation on HA ⊗Cn, with πA : A → HA a faithful representation of A. From the
description of a tensor product of Hilbert spaces as a direct sum (Proposition C.3.1)
we know that HA ⊗Cn ≃ ∑1≤i≤n HA, therefore, any element of HA ⊗Cn can be un-

derstood as an n tuple of elements of HA and its norm is given by
√

∑1≤i≤n ∥hi∥2

with hi ∈ HA. So, using Pythegoras theorem on HA ⊗ Cn ([Wegge-Olsen, 1993,
Proposition T.5.20]) is possible to check that

∥ai,j∥ = ∥(πA ⊙ π0)(ai,j ⊗ ei,j)∥ ≤ ∥ ∑
1≤i,j≤n

ai,j ⊗ ei,j∥.

If η ∈ Mn(C) and ϕ : A → B a *-homomorphism between C* algebras, then by
Theorem D.7.3 there is a map ϕ⊗ η : Mn(A)→ Mn(B) that is injetive if both ϕ and
η are injective . If η = idMn(C) then ϕn = ϕ⊗ idMn(C) looks like

ϕn

 a11 · · · a1n
...

. . .
...

an1 · · · ann

 =

 ϕ (a11) · · · ϕ (a1n)
...

. . .
...

ϕ (an1) · · · ϕ (ann)

 .

If α is a continuous linear functional on A then by Theorem D.7.3 α ⊗ tr is a
continuous linear functional on Mn(A) and takes the following form

α⊗ tr : A⊗Mn(C)→ C, (α⊗ tr)( ∑
1≤i,j≤n

ai,j ⊗ ei,j) = ∑
1≤i≤n

tr(ai,i).

Let ∑1≤i,j≤n ai,j⊗ ei,j ∈ Mn(A)pos, then we can show that ai,i are positive elements
of A, first notice that a∗i,i = ai,i (ai,i ∈ Asa), also, if ĥi = (0, . . . , hi, . . . , 0) then

⟨ĥi, (πA ⊗ π0)(ai,i ⊗ ei,i)ĥi⟩ = ⟨hi, πA(ai,i)hi⟩ ≥ 0, ∀hi ∈ HA.

Thus, πA(ai,i) is a positive operator, which is equivalent to πA(ai,i) being a positive
element of the C* algebra B(HA) (Proposition D.4.3), and, since πA is an isomor-
phism then ai,i is a positive operator.

So, if α is a weight on A then α⊗ tr defined by

α⊗ tr : Mn(A)pos → [0, ∞], (α⊗ tr)( ∑
1≤i,j≤n

ai,j ⊗ ei,j) = ∑
1≤i≤n

α(ai,i)

is also a weight on Mn(A).
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d.7.2 Stabilization

In Example D.7.1 we mentioned that K is a nuclear C* algebra. Recall that K ≃
K(l2(N)), let A be an arbitrary C* algebra (nuclear or not) with a faithful represen-
tation πA : A→ HA, then K⊗ A has a faithful representation on HA ⊗ l2(N).

Since l2(N) has an ortonormal basis {ξi}i∈N, then l2(N) ≃ ∑i∈N Hi with Hi =
⟨ξi⟩ i.e the closed sub space generated by ξi, which is isomorphic to C. So, HA ⊗
l2(N) ≃ ∑i∈N HA,i with HA,i = HA (Proposition C.3.1), with the isomorphism
given by

ϕ : ∑
i∈N

HA,i → HA ⊗ l2(N), ϕ( ∑
i∈N

hi) = ∑
i∈N

ξi ⊗ hi

([Kadison and Ringrose, 1983a, Remark 2.6.8]). Thus any T ∈ B(∑i∈N HA,i) can be
seen as an infinite matrix with entries in B(HA), i.e T = [ti,j]i,j∈N with ti,j ∈ B(HA)
([Kadison and Ringrose, 1983a, Page 149]), such that if h = ∑i∈N hi, hi ∈ HA,i
then T(h) = ∑i∈N(∑j∈N ti,j(hj)). The representation of T as an infinite matrix
with entries in B(HA) comes with involution and addition as in the case of infinite
matrices over C from Appendix D.6.1, and the multiplication given by an infinite
sum that converges in the strong operator topology, not necessarily in the norm
topology (in Appendix D.8.2 we would like an example where ths sum does not
converge in the operator norm). Also, the norm of the operator T can be computed
as the supremum of all the norms of finite sub matrices of T ([Kadison and Ringrose,
1983a, Proposition 2.6.13])

Since A⊗ K has a faithful representation on B(∑i∈N HA,i) then any a ∈ A⊗ K
can be seen as an infinite matrix a = [ai,j]i,j∈N with ai,j ∈ A. Moreover, we can use
the generators of K to write that matrix as follows

a = ∑
i,j∈N

ai,j ⊗ Ei,j,

since ai,j ⊗ Ei,j is the operator that contributes with πA(ai,j)(hj) to the ith entry of
π(a)(h) with π : A⊗K → B(∑i∈N HA,i) and h = ∑i∈N hi ∈ ∑i∈N HA,i. Moreover,
by Proposition D.7.2 there is an injective *-homomorphism

id⊗ i : A⊗Mn(C)→ A⊗K, (id⊗ i)( ∑
1≤i,j≤n

aij ⊗ eij) = ∑
1≤i,j≤n

aij ⊗ Eij,

so, A⊗K is the clousure of the *-algebra π(∪∞
i=1Mi(A)) in B(∑i∈N HA,i).

As in the case of infinite matrix algebras over C (Appendix D.6.1), we can impose
restrictions on the coefficients a = [ai,j]i,j∈N with ai,j ∈ A to ensure that a ∈ A⊗K,
for example, if ∑i,j∈N ∥ai,j∥2 < ∞. This is an easy fat to check, take h = ∑i∈N hi, hi ∈
HA with norm one, then

|π(a)(h)−π( ∑
i,j≤n

ai,j⊗Ei,j)(h)|2 = |π( ∑
i,j>n

ai,j⊗Ei,j)(h)|2 = ∑
i,j>n
∥ai,j(hj)∥2 ≤ ∑

i,j>n
∥ai,j∥2.

Since ∥a− ∑i,j≤n ai,j ⊗ Ei,j∥ is the supremum of the previous computation over all
unit vectors, if we chose n large enough such that ∑i,j>n ∥ai,j∥2 ≤ ϵ then ∥a −
∑i,j≤n ai,j ⊗ Ei,j∥ ≤ ϵ, meaning that a ∈ A⊗K.

As in the case of matrix algebras, if a ∈ (A ⊗ K)pos then we must have that
ai,i = Apos for i ∈ N, thus, if α is a weight (trace) on A we can define a weight
(trace)

α⊗ Tr : (A⊗K)pos → [0, ∞], (α⊗ Tr)( ∑
i,j∈N

ai,j ⊗ Ei,j) = ∑
i∈N

α(ai,i).
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Moreover, take {an}n∈N ∈ (A⊗ K)pos such that an → a over (A⊗ K)pos, then,
(an)i,j → (an)i,j for all i, j ∈ N. From Remark D.3.1 we know that a ∈ (A⊗K)pos,
therefore, is α is a lower semicontinuous weight (trace), we have that

α(ai,i) ≤ lim
k→∞

(
inf
l≥k

α((al)i,i)

)
.

Since α takes only positive values, then ∑j∈N α(aj,j) either converges absolutely or
diverges, and in both cases we have that

∑
j∈N

α(aj,j) ≤ ∑
j∈N

(
lim
k→∞

(
inf
l≥k

α((al)j,j)

))
≤ lim

k→∞

(
inf
l≥k

(
∑

j∈N

α((al)j,j)

))
,

therefore, α⊗ Tr is also a lower semicontinuous weight (trace).

d.7.3 Continuous functions with values on C* algebras C0(X, A)

In Example D.7.1 we mentioned that any commutative C* algebra is nuclear, or
equivalently, C0(X) is nuclear for X a locally compact Hausdorff space.

Let X be a locally compact Hausdorff space and A a Banach space, denote by
Cb(X; A) the vector space of bounded continuous functions from X to A, then
Cb(X; A) is a Banach space under the uniform norm ([Fischer, 2015b])

∥ f ∥ = sup
x∈X
∥ f (x)∥,

thus, it becomes a C* algebra under point wise multiplication, addition and involu-
tion. Denote by C0(X; A) the space of functions that decay at infinity, then C0(X; A)
is also closed under the supremum norm ([mathcounterexamples.net, 2015]). More-
over, if A is C* algebra, then C0(X, A) is a C* algebra with the following operations

• ( f + g)(x) = f (x) + g(x)

• ( f · g)(x) = f (x)g(x)

and is a generalization of C0(X). Moreover, it has a simple description in terms of
crossed products of C* algebras, because C0(X) is nuclear. So, taking C0(X) ⊙ A
to be a *-subalgbera of C0(X, A) following Definition B.2.11, we can check that
C0(X)⊙ A is dense in C0(X, A).

Lemma D.7.2. Let X be a locally compact Hausdorff space and A a Banach space, then
C0(X)⊙ A is dense in C0(X; A)

Proof. • Take f ∈ C0(X; A) and K compact with ∥ f (x)∥ ≤ ϵ for x ∈ K.

• Let {bi}i≤n be finite open cover of K such that if x, y ∈ bi then ∥ f (x)− f (y)∥ ≤
ϵ. This cover exists because K is compact.

• Let {gi}i≤n be a partition of unity for K and subordinate to the open cover
{bi}i≤n, that is, gi : X → [0, 1], supp(gi) ⊂ bi, ∑i≤n gi(x) ∈ [0, 1] and ∑i≤n gi(x) =
1 if x ∈ K by [Folland, 1999, Propostion 4.41].

• Then, let xi ∈ bi, and set fϵ(x) = ∑i≤n gi(x) f (xi). The function fϵ is an
approximation of f , to check this note that f (x) = ∑i≤n(gi(x) f (x)) if x ∈ K,
therefore,

∥ f (x)− fϵ(x)∥ ≤ ∑
i≤n
∥ f (x)− f (xi)∥gi(x), x ∈ K.
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The sum on the right has non zero terms when gi(x) ≥ 0, which happens
inside bi, but we have taken bi such that ∥ f (x)− f (xi)∥ ≤ ϵ if gi(x) ≥ 0, hence
we end up having

∥ f (x)− fϵ(x)∥ ≤ ϵ, x ∈ K.

Also, if x /∈ K, fϵ(x) then

∥ f (x)− fϵ(x)∥ ≤ ∥ f (x)(1− ∑
i≤n

gi(x))∥+ ∑
i≤n
∥ f (x)− f (xi)∥gi(x),

which in turn implies that if x /∈ supp(∑i≤n gi then ∥ f (x)− fϵ(x)∥ = ∥ f (x)∥ ≤
ϵ and if x ∈ supp(∑i≤n gi) then ∥ f (x)− fϵ(x)∥ ≤ 2ϵ. Thus, C0(X)⊙ A is dense
in C0(X, A).

If X is a locally compact Hausdorff space then there is a faithful representation
of both C0(X), Cb(X) on the Hilbert space l2(X), which, as mentioned in Defini-
tion C.1.1, is the direct sum of the family of Hilbert spaces {Hx}x∈X with Hx = C

(Definition C.1.1). The representation is given as multiplication operators

(π( f )(g))(x) = f (x)g(x), f ∈ C0(X), g ∈ l2(X),

and is easy to check that ∥π( f )∥ = sup{| f (x)| : x ∈ X}, therefore, it is faithful. The
representation π along with the dense inclusion of C0(X)⊙ A in C0(X, A) are key
to prof the following result,

Proposition D.7.4 (Isomorphism of tensor products of commutative C* algebras
(Proposition T.5.21 [Wegge-Olsen, 1993])). The completion of A⊙ C0(X) with respect
to the spatial norm is isomorphic to the C∗-algebra C0(X → A), moreover :

A⊗σ C0(X) ≃ C0(X; A),

C0(X)⊗σ C0(Y) ≃ C0(X×Y).

Since C0(X) is nuclear, then we can drop the index σ of the tensor product.

Example D.7.2 (Suspension and cone exact sequence). There is a short exact sequence

0 −→ C0((0, 1)) ι−→ C0((0, 1]) π−→ C −→ 0,

where ι is the inclusion mapping and π( f ) = f (1). Since all the terms of the short exact
sequence are nuclear we can use Theorem D.7.3 to get the exact sequence

0 −→ C0((0, 1]; A)
ι−→ C0((0, 1]; A)

π−→ A −→ 0,

for any C* algebra A from [Rørdam et al., 2000, Example 4.1.5]. The C* algebra C0((0, 1]; A)
is named the cone of A and denoted by CA, while the C* algebra C0((0, 1); A) is named the
suspension of A ans denoted by SA. This short exact sequence is a key step in the descrip-
tion of the K theory of a C* algebras in terms of the suspension ([Prodan and Schulz-Baldes,
2016, Section 5.4]).

If there is an exact sequence of C* algebras

0→ A⊗ D → B⊗ D → C⊗ D → 0,

then Theorem D.7.3 gives us a short exact sequence

0→ SA→ SB→ SC → 0,

thus, the functor S : A 7→ SA from the category of C* algebras into the category of C*
algebras is exact.
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d.8 examples

d.8.1 Continuous functions over a locally compact Hausdorff space

The algebras of continuous functions are ubiquitous in the analysis of C* algebras
and give us various results that will help us to guide our study of non-commutative
C* algebras, so, let us study some examples that are commonly used.

Lemma D.8.1 (Second countable Locally compact Hausdorff spaces). If X is a second
countable locally compact Hausdorff space then:

1. Our space X is σ-compact, that means that there is a sequence of compact set {an}n∈N

such that ∪an = X .

2. X has compact exhaustion (Definition B.3.1).

3. X is a metrizable space, i.e., there is a metric d : X× X → R+ that induces the same
topology of X.

Proof. 1. This is proven in [nLab authors, 2023d].

2. Since X is σ-compact, [Knapp, 2005, Proposition 10.25] implies us that X has
compact exhaustion (Definition B.3.1).

3. Given that X is a locally compact Hausdorff space, [Knapp, 2005, Corollary
10.21] tells us that X is a regular topological space, additionally, X is separa-
ble because every second countable spaces is separable; recall that a regular
topological space is one where for every closed set C and a point p not in
C, there are two disjoint open set U0, U1 with U0 a neighborhood of C and
U1 a neighborhood of p. Since X is a separable regular space, [Knapp, 2005,
Theorem 10.45 (Urysohn Metrization Theorem)] tell us that X is a metrizable
space, i.e., there is a metric d : X × X → R+ that induces the same topology
of X.

Definition D.8.1 (c.f. [nLab authors, 2023e] (Radon measure)). Let X be a locally
compact, then, µ is called a Radon measure over X if it satisfies the following conditions:

• µ is a Borel measure i.e. µ is a measure over the Borel σ-algebra of X.

• µ(K) is finite for any K a compact subset of X.

• µ is inner regular: for any element E of the Borel σ-algebra of X we have that

µ(E) = sup
K⊆E,K compact

{µ(K)}.

• µ is outer regular: for any element E of the Borel σ-algebra of X we have that

µ(E) = inf
U⊇E,U open

{µ(U)}.

We say that µ is a bounded Radon measure if µ(X) < ∞, also, we say that µ is a Radon
probability measure if µ(X) = 1.
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Definition D.8.2 (Measure with full support). Let X be a locally compact Hausdorff
space and µ a measure over X, then, we say that µ has full support if µ(G) > 0 for every
open set of X.

For the following discussions, recall that Cc(X) denotes the algebra of functions
with compact support over X..

Proposition D.8.1 (c.f. Theorem 3.18 [Kantorovitz, 2003] and Theorem 11.1 [Knapp,
2005]). Let X is a second countable locally compact Hausdorff space, then, there is a one to
one correspondence between positive linear continuous functionals over Cc(X) and Radon
measures (Definition D.8.1) over X, the correspondence is given as follows

ϕ( f ) =
∫

X
f dµ, f ∈ Cc(X),

µ a Radon measure and A is associated σ-algebra. The measure has the following properties

• B(X) ⊂ A

• µ(K) < ∞ for K ⊂ X compact

• µ is a regular measure:

– µ is inner regular: for any E ∈ A we have that µ(E) = supK⊆E,K compact {µ(K)}

– µ is outer regular: for any E ∈ A we have that µ(E) = infU⊇E,U open {µ(U)}

– Since ϕ is a positive functional then µ is an unsigned measure i.e. µ(A) ≥ 0 for
all A ∈ B(X), where B(X) is the Borel σ-algebra over X.

Lemma D.8.2. Let X is a second countable locally compact Hausdorff space, if µ is a Radon
measure (Definition D.8.1) over X then,

• µ is σ-finite (Definition B.2.8).

• (X,B(X), µ) is µ-countably generated (Definition B.2.12), where B(X) is the Borel
σ-algebra over X.

• If X is second countable then LP(X, µ) for 1 ≤ p < ∞ is separable ([Knapp, 2005,
Corollary 11.22]).

• L2(X, µ) has a countable orthonormal basis.

Proof. • Given that X has a compact exhaustion (Lemma D.8.1), then, X =
∪n∈NKn with Kn compact and µ(Kn) < ∞ with Ki ⊆ Ki+1 as desired.

• We need to check that there is a sequence {sn}n∈N with µ(sn) < ∞ and
B(X) = σ({sn}n∈N). To check this let N = {Nx}x∈X a set of compact neigh-
bourhoods for all the points in X, and let A = {an}n∈N a countable base for
the topology of X, then set S = {a ∈ A|∃n ∈ N s.t. a ⊂ n}. Since S is a subset
of A we have that S is countable,it is also a base for the topology of X and
µ(s) < ∞ for all s ∈ S, so S is our set of sets with finite measure that generate
B(X).

• From Lemma D.8.1 we have that X is a locally compact separable metric space,
additionally, by assumption, µ is a Borel measure (Definition D.8.1), therefore,
this is guaranteed by [Knapp, 2005, Corollary 11.22]. Notice that this fact
also comes from Proposition B.2.10, because µ is σ-finite and C is a separable
Banach space.
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• Given that L2(X, µ) is separable and is a Hilbert space (Proposition C.3.5),
then, this statement is a consequence of Lemma C.1.3.

Remark D.8.1. Let X be a second countable Locally compact Hausdorff space, then, as we
have previously mentioned, X is a locally compact Hausdorff space metric space (Lemma D.8.1),
thus, from [Knapp, 2005, Remark of Corollary 11.22] we know that we only need µ to be a
Borel measure (measure over the Borel sets that is finite on compact sets) in order for µ to
be a regular Borel measure.

One of the algebras we care about is the algebra of continuous functions that
decay to infinity C0(X), this algebra has a nice set or properties:

Lemma D.8.3 (Separability of C0(X)). If X is a second countable locally compact Haus-
dorff space then C0(X) is separable.

Proof. • Denote by Cc(X) the algebra of continuous functions on X with com-
pact support, then Cc(X) is dense in C0(X) [Folland, 1999, Proposition 4.35].

• In a separable locally compact Hausdorff space metric Y space, the algebra
Cc(Y) is separable as a normed space under the supremum norm [Knapp,
2005, Corollary 11.22]. Recall that under our assumptions X is metrizable and
separable, therefore Cc(X) is separable under the supremum norm.

• Since Cc(X) is separable and Cc(X) is dense in C0(X) by [Folland, 1999, Propo-
sition 4.35] we have that C0(X) is also separable.

Lemma D.8.4 (Approximate identity of C0(X)). If X is a second countable locally com-
pact Hausdorff space then C0(X) has an approximate identity

Proof. • If X is compact then C0(X) = C(X) and ti has an identity, thus now we
look into the case of X not compact.

• X is second countable, thus there is a countable set of open sets a = {an}n∈N

that generate the topology of X. Also, X is locally compact, thus for each x ∈ X
there is an compact neighbourhood bx of x. Set â = {α ∈ a|∃bx s.t. α ∈ bx},
then â is still a countable base for the topology of X.

• Denote by a the closure of an open set, then α is compact for every α ∈ â. Now,
define inductively βn as follows:

– β1 = α

– bn = ∪i≤nβi.

– Since bn is compact, by [Knapp, 2005, Corollary 10.23] there is a compact
Kn such that bn ⊂ Ko

n

– Set βn = bn ∪ Kn

– Then βn ⊂ βo
n+1, βi is compact, sup βi = X and for every P compact in X

there β j such that P ⊂ β j.
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• By the Urysohn’s lemma ([Folland, 1999, Proposition 4.32]) there is a continu-
ous function fn : X → [0, 1] such that fn|βn = 1 and support( fn) = βn+1. Let’s
see why { fn} is an approximate identity of C0(X):

– Take g ∈ C0(X), then there is K compact such that g|K < 1/n. Take
βi such that K ⊂ βi, then (g fi)(x) = ( fig)(x) = g(x) for x ∈ K and
∥(g fi)(x)∥ ≤ ∥g(x)∥∥ fi(x)∥ ≤ 1/n for x /∈ K, which implies that

∥(g fi)− g∥K = ∥( fig)− g∥K = 0

and
∥(g fi)− g∥Kc = ∥( fig)− g∥Kc ≤ 1/n.

Also, for each j ≥ i the same inequalities still hold, which implies that

lim
n→∞

fig = lim
n→∞

fig = g.

Lemma D.8.5 (Faithful representation of C0(X)). If X is a locally compact Hausdorff
space and µ is Radon measure (Definition D.8.1) over X with full support (Definition D.8.2),
then, C0(X) has a faithful representation on L2(X, µ) given by the multiplication operator

π : C0(X)→ B(L2(X, µ)), π( f )(h)(x) 7→ f (x)h(x),

where f ∈ C0(X), h ∈ L2(X, µ).

Proof. • Every f ∈ C0(X) is measurable because as we mentioned previously
B(X) ⊂ A and we are working with the Borel σ-algebra on C, moreover, by
Example B.2.2 we know that f is µ-strongly measurable. Since the µ-strongly
measurable functions are an algebra (Remark B.2.2) then for h ∈ L2(X, µ) the
function f h is µ-strongly measurable. The only requirement left to check is
that f h has a finite norm on L2(X, µ) which is done in the next item.

• π( f ) ∈ B(L2(X, µ)) : We have that

∥π( f )(h)∥2 =
∫

X
| f (x)h(x)|2dµ(x) ≤ ∥ f ∥2∥h∥2,

π( f )(λh1 + h2) = λπ( f )(h1) + π( f )(h2), and π( f g) = π( f )π(g).

• π is faithful: for f ∈ C0(X) ( f ∈ Cb(X)) we have that there is x ∈ X such that
| f (x)| = ∥ f ∥, then, take ϵ > 0 and Nx,ϵ an open neighborhood of x with finite
measure, which we know that exists because for every x ∈ X there is an open
neighbourhood with compact closure. Construct the indicator function 1Nx,ϵ ,
then we have that 1Nx,ϵ ∈ L2(X, µ) and,

∥π( f )(h)∥2 =
∫

X
| f (y)1Nx,ϵ(y)|2dµ(y) ≥ (∥ f ∥ − ϵ)2∥h∥2.

Since ϵ is arbitrary we end up having that ∥π( f )∥ = ∥ f ∥. Using a similar
argument is easy to check that if f ̸= g then there is x ∈ L2(X, µ) such that
∥π( f − g)(x)∥ > 0, which implies that π( f ) ̸= π(g).
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Lemma D.8.6 (Faithful representation of Cb(X)). If we take X to be a second countable
then Lemma D.8.2 tell us that µ is σ-finite, therefore, we can use Example B.2.3 to show
that any f ∈ Cb(X) is µ-strongly measurable. Under this circumstances we can replicate
the proof on Lemma D.8.5 to show that Cb(X) has a faithful representation on L2(X, µ)
given by the multiplication operator

π : Cb(X)→ B(L2(X, µ)), π( f )(h)(x) 7→ f (x)h(x),

where f ∈ Cb(X), h ∈ L2(X, µ).

If we take X to be second countable, then, from our previous discussion both
C0(X), Cb(X) have a representation on a separable Hilbert space H = L2(X, µ), also,
since H is separable it has a countable orthonormal basis ξ = {ξi}i∈N (Lemma C.1.3)
and under this basis if f ∈ C0(X) ( f ∈ Cb(X)) we can express π( f ) as an infinite
matrix with a countable set of entries (Appendix C.2). Also, in Appendix D.7.3
we mentioned that both C0(X), Cb(X) have a faithful representation on the Hilbert
space l2(X), which is a Hilbert space with a dimension equal to the cardinality of
X, thus, if X is not countable then we can give two representation of f as infinite
matrices each one with different cardinality but equivalent. In our context we prefer
the representation over the separable Hilbert space, because the countable orthonor-
mal basis will be intrinsically related to the Fourier analysis when X is a second
countable locally compact abelian group, more precisely, X = T (Appendix D.8.2)
or X = Zd when we look into the twisted crossed products with Zd (Section 1.1).

Let A be a C* algebra with a faithful representation πA : A → HA, then from
Appendix D.7.3 we get the isomorphism

C0(X)⊗ A ≃ C0(X, A),

and from Theorem D.7.2 we know that C0(X, A) has a faithful representation on
L2(X, µ)⊗ HA given by

π ⊗ πA : C0(X, A)→ B(L2(X, µ)⊗ HA),

that takes the following form on simple tensor

(π ⊗ πA)( f ⊗ a)(h⊗ ha) = π( f )(h)⊗ πA(a)(ha), h⊗ ha ∈ L2(X, µ)⊗ HA.

From Proposition C.3.6 we know that L2(X, µ)⊗ HA ≃ L2(X, HA; µ), with the iso-
morphism taking the following form on simple tensors

h(x)⊗ ha 7→ (x → hah(x)),

also, from Theorem B.2.5 we know that linear combinations of simple tensors are
dense in L2(X, HA), thus for h ∈ L2(X, HA) there is a sequence

{hi}i∈N = { ∑
1≤l≤ni

hli (x)⊗ hali
}i∈N

that converges to h on L2(X, HA). From Appendix D.7.3 we know that finite sums
of simple tensors f (x)⊗ a are dense in C0(X, A), so, take f ∈ C0(X, A) and

{ fi}i∈N = { ∑
1≤k≤mi

fki
(x)⊗ aki

}i∈N

a sequence of functions converging to f , thus (π ⊗ πA)( fi) → (π ⊗ πA)( f ) in
B(L2(X; HA)), then

lim
i→∞

(π ⊗ πA)( fi)(hi) = (π ⊗ πA)( f )(h),

in L2(X; HA).
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From Proposition B.2.7 we know that given hi → h in L2(X, HA) then there is
a sub-sequence {hi(j)}j∈N such that hi(j) → h almost everywhere, and for this se-
quence we still have

lim
j→∞

(π ⊗ πA)( fi(j))(hi(j)) = (π ⊗ πA)( f )(h),

in L2(X; HA). Denote ζ = (π ⊗ πA)( f )(h) and ζ j = (π ⊗ πA)( fi(j))(hi(j)), then
ζ j → ζ, thus, let {ζ j(k)}k∈N a sub sequence such that ζ j(k) → ζ almost everywhere,
then

lim
k→∞

(π ⊗ πA)( fi(j(k)))(hi(j(k)))(x) = (π ⊗ πA)( f )(h)(x) a.e.,

also,
(π ⊗ πA)( fi(j(k)))(hi(j(k)))(x) =

(π ⊗ πA)

 ∑
1≤p≤mi(j(k))

fpi(j(k))(x)⊗ api(j(k))

 ∑
1≤q≤ni(j(k))

hqi(j(k))(x)⊗ haqi(j(k))


= ∑

1≤p≤mi(j(k))

∑
1≤q≤ni(j(k))

(π ⊗ πA)
(

fpi(j(k))(x)⊗ api(j(k))

) (
hqi(j(k))(x)⊗ haqi(j(k))

)

= ∑
1≤p≤mi(j(k))

∑
1≤q≤ni(j(k))

fpi(j(k))(x)hqi(j(k))(x)πA(api(j(k)))
(

haqi(j(k))

)

= πA

 ∑
1≤p≤mi(j(k))

fpi(j(k))(x)api(j(k))

 ∑
1≤q≤ni(j(k))

hqi(j(k))(x)haqi(j(k))

 .

Take x ∈ X such that hi(j(k))(x) → h(x) and ζ j(k)(x) → ζ(x), then from the
definition of the sub sequences we know that the set where one or both of the
previous convergences does not happen has zero measure. So, take x ∈ X such that
hi(j(k))(x)→ h(x) and ζ j(k)(x)→ ζ(x), then

(π ⊗ πA)( fi(j(k)))(hi(j(k)))(x)→ πA( f (x))(h(x)) a.e.,

and
(π ⊗ πA)( fi(j(k)))(hi(j(k)))(x)→ (π ⊗ πA)( f )(h)(x) a.e.,

therefore
πA( f (x))(h(x)) = (π ⊗ πA)( f )(h) a.e..

So, (π ⊗ πA)( f ) is a generalization of the multiplication as follows

(π ⊗ πA)( f )(h)(x) = πA( f (x))(h(x)), x ∈ X, h ∈ L2(X; HA), f ∈ C0(X, A).

Since π⊗πA ∈ B(L2(X; HA)), the previous statement is telling us that x 7→ πA( f (x))(h(x))
is a µ-strongly measurable function which lies in L2(X; HA). Additionally, if X is
second countable then from Remark D.7.4 if A is separable, then C0(X; A) is sepa-
rable, and as we have seen, it has a faithful representation on the separable Hilbert
space L2(X, HA).

Lemma D.8.7 (Faithful representation of C0(X; A)). Let A be a C* algebra with a
faithful representation πA : A → HA, let X be a locally compact Hausdorff space and
µ a Radon measure (Definition D.8.1) over X with full support (Definition D.8.2), then,
C0(X, A) has a faithful representation over L2(X, HA) given by

(π ⊗ πA)( f )(h)(x) = πA( f (x))(h(x)), x ∈ X, h ∈ L2(X; HA), f ∈ C0(X, A).
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Proof. Appendix D.7.3 tell us that we have the following isomorphism of C* alge-
bras,

C0(X)⊗ A ≃ C0(X, A).

From Lemma D.8.5 we know that C0(X) has a faithful representation over L2(X; µ),
so, using Theorem D.7.2 we know that C0(X, A) has a faithful representation on
L2(X, µ)⊗ HA given by

π ⊗ πA : C0(X, A)→ B(L2(X, µ)⊗ HA),

that takes the following form on simple tensor

(π ⊗ πA)( f ⊗ a)(h⊗ ha) = π( f )(h)⊗ πA(a)(ha), h⊗ ha ∈ L2(X, µ)⊗ HA.

Moreover, since L2(X, µ)⊗ HA ≃ L2(X, HA; µ) (Proposition C.3.6), with the iso-
morphism taking the following form on simple tensors

h(x)⊗ ha 7→ (x → hah(x)),

we have that, given h ∈ L2(X, HA; µ) then

πA( f (x))(h(x)) = (π ⊗ πA)( f )(h) a.e..

So, (π ⊗ πA)( f ) is a generalization of the multiplication as follows

(π ⊗ πA)( f )(h)(x) = πA( f (x))(h(x)), x ∈ X, h ∈ L2(X; HA), f ∈ C0(X, A).

We could argue that
x 7→ πA( f (x))(h(x))

is a sensible generalization for the representation of functions in C0(X) as multi-
plication operators. So, instead of starting with the representation of the tensor
product of C* algebras C0(X)⊗ A, and then proving that it gives us the expected
result when we go from L2(X)⊗HA to L2(X; HA), we could have just prove directly
that

f 7→ (x 7→ πA( f (x))(h(x)))

is a faithful representation of C0(X, A). This second approach is more natural from
the point of view of generalizing the multiplication operator representation, how-
ever, we would have need to assume that A is separable and µ is σ-compact in order
to show that x → πA( f (x))(h(x)) is µ-strongly measurable, and would need to use
the results from Appendix B.2.5. Let’s take this approach for educational purposes.

Lemma D.8.8 (Faithful representation of C0(X, A) with A separable and µ σ-finite).
Let A be a separable C* algebra, let X be a second countable locally compact Hausdorff space,
and µ a σ-compact measure over X. For f ∈ C0(X, A), then, for all h ∈ L2(X, HA) we
have that

π̂A = π ⊗ πA,

where we set π̂A( f )(h)(x) := πA( f (x))(h(x)).

Proof. Given that A is separable, according to Theorem D.3.4 we can choose HA to
be separable. Notice that x 7→ πA( f (x)) is a continuous function, which implies
that it is a measurable function with respect to the Borel σ algebra of the norm
topology on B(HA), additionally, if µ is σ-finite, we can use Proposition B.2.17 to
show that:
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• if x → h(x) is µ-strongly measurable then x → πA( f (x))(h(x)) is µ-strongly
measurable.

This argument assure us that x → πA( f (x))(h(x)) belongs to L2(X, HA) when
h ∈ L2(X, HA).

Since f ∈ C0(X, A) then it is bounded, thus,∫
X
∥πA( f (x))(h(x))∥2dµ(x) ≤ ∥ f ∥2

∫
X
∥h(x)∥2dµ(x),

and we have that (x 7→ πA( f (x))(h(x))) ∈ B(L2(X, HA)). Lets denote

π̂A( f )(h)(x) := πA( f (x))(h(x)),

then, we need to check that π̂A is a faithful representation of C0(X, A). We have
already shown that ∥π̂A( f )∥ ≤ ∥ f ∥, so, we need to show that for any ϵ > 0
∥π̂A( f )∥ ≥ ∥ f ∥ + ϵ, and we are done. Let’s copy the argument from the scalar-
valued case, take x ∈ X such that ∥ f (x)∥ = ∥ f ∥ and let Ux ⊂ X and compact
neighbourhood of x such that

if y ∈ Ux then ∥ f (x)− f (y)∥ ≤ ϵ/2.

Let h ∈ HA be a normalized vector such that

|∥ f (x)∥ − ∥πA( f (x))(h)∥| ≤ ϵ/2,

then, by the triangle inequality, we have that

|∥πA( f (y))(h)∥ − ∥πA( f (x))(h)∥| ≤ ϵ/2,

consequently, for all y ∈ Ux,

∥ f ∥ − ϵ ≤ ∥πA( f (y))(h)∥.

So, if we define g := 1Ux h/µ(Ux) we have that

(∥ f ∥ − ϵ)2 ≤
∫

X
∥1Ux πA( f (y))(h)/µ(Ux)∥2dµ(y),

which implies that ∥π̂A( f )∥ = ∥ f ∥, that is, π̂A is a faithful representation of
C0(X, A). Additionally, is easy to check that

π̂A( f ⊗ a)(x 7→ hah(x)) = π ⊗ πA( f ⊗ a)((x 7→ h(x))⊗ ha),

∀(x 7→ h(x)) ∈ L2(X), ha ∈ HA, f ∈ C0(X), a ∈ A,

therefore, since L2(X)⊙ HA is dense in L2(X)⊗ HA (Definition C.3.1) we have that
π̂A and π ⊗ πA coincide over C0(X) ⊙ A. Since C0(X) ⊙ A is dense in C0(X, A)
(Appendix D.7.3) we end up with the desired equality

π̂A = π ⊗ πA.

Lemma D.8.9 (Faithful representation of Cb(X, A)). The previous argument can be gen-
eralised to the C* algebra Cb(X, A), given that, when µ is σ-finite the elements of Cb(X, A)
are µ-strongly measurable (Example B.2.3), so, given πA : A→ B(HA) a faithful represen-
tation of A, with HA a separable Hilbert space, then,

π̂A : Cb(X, A)→ L2(X, HA), π̂A( f )(h)(x) := πA( f (x))(h(x),

f ∈ Cb(X, A), h ∈ L2(X, HA)

is a faithful representation. Notice that this is giving us a generalization of the representation
of Cb(X) on L2(X).
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Let A be a unital C* algebra, notice that C0(X, A) is a sub C* algebra of Cb(X, A),
and Cb(X, A) comes as a generalization of Cb(X). Take f ∈ C0(X, A), g ∈ Cb(X, A),
then f g ∈ C0(X, A), thus, from the definition of multiplier C* algebra ([Wegge-
Olsen, 1993, Definition 2.2.2]) we have that

Cb(X, A) ⊆M(C0(X, A)),

we do not know if the reverse inclusion holds, but it seems reasonable for that to
happen, since Cb(X) ≃M(C0(X)) (Remark D.2.1).

The C* algebra C0(X, A) is a continuous field of C* algebras ([Blackadar, 2006,
Example IV.1.6.5]), it is called the constant field. The C* algebra Cb(X, A) behaves
very much like a continuous filed of C* algebras, with the caveat that (x 7→ ∥ f (a)∥)
does not necessarily belongs to C0(X) ([Blackadar, 2006, Definition IV.1.6.1]). So, let
πA : A 7→ B(HA) be a faithful representation, then, the following defines a family
of representations of both Cb(X, A), C0(X, A)

πx : Cb(X, A)→ B(HA), πx( f ) := πA( f (x)),

πx : Cb(X, A)→ B(HA), πx( f ) := πA( f (x)).

Since each one of the πx is an algebra homomorphis, from Appendix B.1.3 we know
that

Sp(πx( f )) ⊆ Sp( f ),

therefore, ⋃
x∈X

Sp(πx( f )) ⊆ Sp( f ),

in fact, we have the following

Lemma D.8.10 (Spectrum of elements in Cb(X, A), C0(X, A)). Let f ∈ C0(X, A)
(Cb(X, A)), then

• if X is compact then
Sp( f ) =

⋃
x∈X

Sp(πx( f )),

• if X is not compact then (⋃
x∈X

Sp(πx( f ))

)
⊆ Sp( f ),

and if f is normal then (⋃
x∈X

Sp(πx( f ))

)
= Sp( f ).

Proof. Assume that A is a unital C* algebra, in case it is not unital replace A by A+

and the following arguments would still hold, since the spectrum of an element in
a non unital C* algebra is defined as its spectrum in the unitization of the algebra
(Appendix D.2).

C0(X, A) is a sub C* algebra of Cb(X, A) and has no unit, hence, from Corol-
lary D.4.1 we know that for f ∈ C0(X, A)

SpC0(X,A)( f ) = SpCb(X,A)(a).



212 c* algebras

Since ⋃
x∈X

Sp(πx( f )) ⊆ Sp( f ),

then, if a− λ1 ∈ G(Cb(X, A)) we must have that πx(a)− λ1 ∈ G(B(HA)), thus, as-
sume that πx(a)− λ1 ∈ G(B(HA)) for all x ∈ X. Since the inversion is a continuous
map (Appendix B.1.2), we have that the map

x 7→ (πx(a)− λ1)−1

is also continuous, moreover, since the norm is a continuous map (Remark B.0.1),
then, the map

x 7→ ∥(πx(a)− λ1)−1∥

is also continuous. So, in order for λ ∈ Sp( f ) we must have that

x 7→ ∥(πx(a)− λ1)−1∥

is an unbounded map.

Since any continuous function on a compact space has a maximum, if X is com-
pact then

x 7→ ∥(πx(a)− λ1)−1∥

is bounded, thus
Sp( f ) =

⋃
x∈X

Sp(πx( f )).

Let’s look into the case where X is non compact.

• Assume that λ ∈ (
⋃

x∈X Sp(πx( f ))) and λ /∈ ⋃x∈X Sp(πx( f )), then, for any
ϵ > 0 there is x ∈ X such that d(λ, Sp(πx( f ))) ≤ ϵ, so, from Proposition B.1.2
we have that

∥(πx(a)− λ1)−1∥ ≥ 1
ϵ

,

therefore, λ ∈ Sp( f ).

• If f is normal then we have a tider bound on the norm of th resolvent at λ
given by Lemma D.4.3, which tell us that if d(λ, Sp(πx(a))) = l then

∥(πx(a)− λ1)−1∥ = 1/l,

therefore, x 7→ (πx(a)− λ1)−1∥ is unbounded iff

λ ∈
(⋃

x∈X
Sp(πx( f ))

)
.

d.8.2 Algebra of continuous functions over the torus

Faithful representation of the Torus C* algebra

The torus is a separable compact Hausdorff space, and is homeomorphic to [0, 2π], 0 ∼
2π, thus, we can use Appendix D.8.1 to get useful information:
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• T is locally compact abelian group, thus we will take µ to be the Haar measure
over T. Since the Haar measure is a Radon measure (Definition F.1.1), L2(T)
with the Haar measure is a separable Hilbert space, and has a countable com-
plete orthonormal basis (Lemma C.1.3).

• C(T) is separable and is dense in L2(T)

• C(T) has a faithful representation on L2(T) as a multiplication operator.

As we mentioned in Appendix C the ortonormal basis for H = L2[0, 2π] is not
unique, thus, we will focus on a particular orthonormal basis that comes from the
Fourier analysis (Appendix F.2). First, recall that Fourier analysis tell us that there
is an isomorphism of Hilbert spaces

F : l2(Z)→ L2(T), F ((an)n∈Z)(exp(iα)) = ∑
n∈Z

ai exp(−iαn), α ∈ [0, 2π)

and gives us the complete orthonormal basis {exp(iα) 7→ exp(inα)}n∈Z over L2(T),
we are taking the Haar measure as normalized over T such that the Haar measure
over its dual group Z is the counting measure (Definition F.1.2). Under this basis
any function of L2(T) can be expressed as ∑n∈Z ai exp(iαn) that converges on L2(T),
or in other terms, the Fourier series of f converges to f in the L2 norm, moreover,
if f ∈ C(T) then the Cesaro sum of the Fourier series of f converges to f in the
uniform topology i.e. in the topology of C(T) (Appendix F.3).

Let f in L2(T), then

F−1( f )(n) =
1

2π

∫ 2π

0
f (exp(iα)) exp(−inα)dα,

and from Plancherel theorem (Theorem F.1.1) we know that

F−1( f g) = F−1( f ) ∗ F−1(g).

Let f ∈ C(T), π : C(T)→ B(L2(T)) the faithful representation given by multiplica-
tion operators and g ∈ L2(T). For h ∈ L2(T) denote ĥ := F−1( f ) then

π( f )(g)(exp(iα)) = ∑
n∈Z

f̂ g(n) exp(inα),

with
f̂ g(n) = ( f̂ ∗ ĝ)(n) = ∑

k∈Z

f̂ (n− k)ĝ(k).

Comparing the previous formula with the description of operators on L2(T) as
infinite matrices (Appendix C.2) we conclude that the representation of π( f ) as an
infinite matrix is

π( f ) = [ f̂ (l −m)]l,m∈Z,

which is a matrix with entries constant in the diagonals,

π( f ) =



...
...

...
· · · f̂ (0) f̂ (1) f̂ (2) · · ·
· · · f̂ (−1) f̂ (0) f̂ (1) · · ·
· · · f̂ (−2) f̂ (−1) f̂ (0) · · ·

...
...

...


.

This matrix representation can also be computed with as indicated in Appendix C.2,
this is, if π( f ) = [ fi,j]i,j∈Z then

fl,m = F−1(π( f )(exp(imα)))(l) =
1

2π

∫ 2π

0
(exp(imα) f (exp(iα))) exp(−ilα)
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=
1

2π

∫ 2π

0
f (exp(iα)) exp(−i(l −m)α) = f̂ (l −m).

Denote {Sn( f )}n∈N the Fourier series of f (Appendix F.2), then

π(SN( f )) = [ f̂ (l −m) if |l −m| ≤ N else 0]l,m∈Z,

and π(SN( f )) converges to π( f ) in the strong topology, however, it does not neces-
sarily converges in the supremum topology because there is a continuous function
whose Fourier series diverges at a point (Appendix F.3). However, the Cesaro sum
of the Fourier series, which we denote by {Kn ∗ f }N∈N with {KN}N∈N the Fejér ker-
nel, converge in the supremum norm to f , and has a matrix representation given
by

π(Kn ∗ f ) = [(1− |l −m|
N + 1

) f̂ (l −m) if |l −m| ≤ N else 0]l,m∈Z.

Let f ∈ C(T) with f (z) = z i.e. f (exp(iα)) = exp(iα) for α ∈ [0, 2π], thus, if
S ∈ B(l2(Z)) given by S(ej) = ej−1 (the right shift), then F (S(h)) = π( f )(F (h))
for any h ∈ l2(Z), and this extends to any polynomial on S, S∗ (notice that S∗ is
the left shift over l2( Z) and SS∗ = S∗S = Idl2(Z)). Since the Fourier transform
is an isomorphism of Hilbert spaces, the C* algebra generated by S on B(l2(Z)) is
isomorphic to the C* algebra generated by f on B(L2(T)), which is isomorphic to
C(T) by the Weierstrass theorem (Appendix D.6.1), consequently, Sp(S) = Sp( f ) =
T, which is a fact that can be obtained from a pure analysis of the shift operator
([Garret, 2020, Section 9a example 6.3]).

Under the previous discussion the Toeplitz short exact sequence (Appendix D.6.2)
becomes,

0 −→ K(l2(N)) −→ C∗(Sl2(N)) −→ C∗(Sl2(Z)) −→ 0.

Notice that π( f ) is not a compact operator for any f ∈ C(T), because its ma-
trix representation consists of infinite diagonal blocks, therefore, there is no finite
range approximation of π( f ) under the operator norm. The aforementioned exact
sequence of C* algebras is telling us how the Toeplitz algebra is the extension of an
algebra of non-compact operators by an algebra of compact operators.

Using the matrix representation of π( f ) and the inequalities on the norm of π( f )
from Appendix C.2 we also get that

sup
z∈T

{| f (z)|} = ∥π( f )∥C(T) ≥ | f̂ (n)|

for any n ∈ Z, so, if fl → f in C(T) then f̂l(n)→ f̂ (n) and

| f̂l(n)− f̂ (n)| ≤ ∥ fn − f ∥C(T).

N Torus

Denote A = C∗(G|R) with G = {u1, u2} and R = {uiu∗i = u∗i ui = 1, for i =
1, 2, u1u2 = u2u1}, then ∥ui∥ = 1 because those are unitaries, so by Remark D.6.1
A exists. If we denote u∗i = u−1

i then the *-algebra

A = { ∑
l,m∈P

αl,mul
1um

2 , αl,m ∈ C, P ⊂ Z2 and |P| finite},

then A is dense inside A by definition, and we can check that A is isomorphic to

A1 ⊙A2
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with
Ai = {∑

l∈P
αlul

i , αl ∈ C, P ⊂ Z and |P| finite}.

From Lemma D.7.1 we get that

C∗(A1)⊗ C∗(A2) ≃ C∗(A1 ⊙A2),

so, since Appendix D.6.1 tell us that Ai = C(T), i = 1, 2, then

A ≃ C(T)⊗ C(T).

Additionally, from Appendix D.7.3 we know that

A ≃ C(T×T).

A has a faithful representation over L2(T2), which in turn is isomorphic to l2(Z2)
by the Fourier analysis (Appendix F.2), and L2(T2) has a complete orthonomal basis
given by

{(α1, α2) 7→ exp(iα1n) exp(iα2m) : αi ∈ [0, 2π]}(n,m)∈Z2 .

As in Appendix D.8.2 every f ∈ C(T2) has a representation as an infinite matrix
under the complete orthonormal basis given by the Fourier analysis

π( f ) = [ f̂ (−→n −−→m )]−→n ,−→m∈Z2 ,

which can be deduced from the formula of convolution and multiplication of func-
tions for the Fourier transform. Also, ∥ f ∥ ≥ | f̂ (−→n )| for any −→n ∈ Z2.

This procedure can be iterated to get

C∗(u1, . . . , ud|uiu∗i = u∗i ui = 1, uiuj = ujui) ≃ C(Td),

along with the faithful representation

π( f ) = [ f̂ (−→n −−→m )]−→n ,−→m∈Zd ,

with
f̂ (−→s ) =

∫
Td

exp
(
−i−→s · −→λ

)
dµ(λ).

Since the Fejér kernel can be used to get a sequence of trigonometric polynomials
over Td converging uniformly to f for every f ∈ C(Td) (Appendix F.3), we get that
f is uniquely determined by f̂ . Also, from Proposition D.7.4 we get that

C(Td) ≃ C(T)⊗ · · · ⊗ C(Td),

such that, C(Tl) is a sub C* algebra of C(Td) for every 1 ≤ l ≤ d.

If C is a C* algebra then Remark D.7.1 tell us that

C⊗ C(Td) ≃ C∗(C⊙A1 ⊙ · · · ⊙ Ad︸ ︷︷ ︸
d times

),

therefore, C⊗ C(Td) is the C* algebra generated by the set of elements of the form
cuj with j = 1, · · · , d and

cuj = ujc, uiu∗i = u∗i ui = 1, uiuj = ujui.

Also, if C∗(C) with C a *-algebra then Remark D.7.1 tell us that

C⊗ C(Td) ≃ C∗(C ⊙A1 ⊙ · · · ⊙ Ad︸ ︷︷ ︸
d times

),
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so, we only need to take into account the elements of C to define C⊗ C(Td) as an
enveloping C* algebra.

In Definition F.1.1 is mentioned that the Haar measure µ over the torus is a Radon
measure with full support, thus from Appendix D.3.3 we get that the map

f 7→
∫

Td
f (λ)dµ(λ)

is a continuous trace over C(Td), which happens to be faithful because µ has full
support (Definition D.8.2).

In Chapter 1 and Chapter 2 you can look for other examples of C* algebras.



E FR ÉCHET ALGEBRAS

Fréchet algebras are a common tool for Non-Commutative Geometry and physics,
these usually arise are dense sub-algebra of C* algebras ( [Gramsch, 1984, Intro-
duction], [Fragoulopoulou, 2005, Introduction]) and provide a well behaved setting
for dealing with an algebraic approach to differential geometry over smooth mani-
folds ([Kainz et al., 1987], [Michor and Vanžura, 1994]). Fréchet algebras (or locally
convex algebras in general) often arise as objects that capture unboundedness, for
example, dense Fréchet sub *-algebras of C* algebras often arise as algebras were un-
bounded close derivations are well defined and continuous (Appendix E.1.2). Addi-
tionally, locally convex algebras can arise as algebras of unbounded operators over
a Hilbert space, which provided useful tools in the analysis of systems on quan-
tum mechanics [kik, 2021, Applications of Generalized B*-Algebras to Quantum
Mechanics], among those algebras the GB* algebras stand out as a generalization of
Banach *-algebras [Fragoulopoulou et al., 2022].

In this section, we will focus on Fréchet algebras, since those are the most com-
mon setting for dealing with smooth sub algebras of C* algebras (Appendix E.1).
Additionally, Fréchet algebras provide a useful setting for working with cyclic co-
homology when dealing with nuclear C* algebras (Section 3.1). When dealing with
C* algebras for homogeneous materials a.k.a. the Non Commutative Brilluoin torus
(Definition 1.2.3), Fréchet algebras are the right setting for providing physical in-
terpretations for the topological invariants that come up in the K theory of the
Non-Commutative Brillouin Torus (Section 3.2)

Definition E.0.1 (Topological vector space). A is a Topological Vector Space, so, it has
the following properties ([Narici and Beckenstein, 2011, Definition in page 67]):

• A is a vector space over C (you can use other fields)

• A has a topology where the addition and inverse additive are continuous functions,
that is, the maps + : A× A → A, a + b 7→ a + b and −1 : A → A, a 7→ −a are
continuous

• The scalar multiplication is continuous, that is, the map sm : C×A→ A, sm(λ, a) =
λa is continuous.

Remark E.0.1. Let A be a topological vector space, then, it has a topology that is translation
invariant, which means that if S is a subset of A that contains a, then, S is a neighbourhood
of a iff x + S is a neighbourhood of a + x ([Schaefer and Wolff, 1999, Page 14]).

Definition E.0.2 (Locally convex space (Page 122 [Narici and Beckenstein, 2011])
). A is considered a locally convex space if it is a Topological Vector Space with a locally
convex topology. In the context of topological vector spaces being locally convex is equivalent
to the existence of a neighbourhood base at 0 of convex sets ([Narici and Beckenstein, 2011,
Definition 4.4.5]). A set S is called convex if ta + (1− t)b belongs to S whenever a, b ∈ S
and t ∈ [0, 1]. If A is a locally convex space then we will refer to A as a LCS.

217
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Definition E.0.3 (Absolutely convex set (Theorem 4.2.8 [Narici and Beckenstein,
2011])). Let A be a LCS, then, a subset D ⊂ A is called absolutely convex or disked if
for all scalars a, b such that |a|+ |b| ≤ 1 then aD + bD ⊂ D.

The description given in Definition E.0.2 gives us an overall structure of the topol-
ogy of Locally Convex Space, however, is quite hard to perform computations with
such a definition, fortunately, there is an analytical characterization of locally con-
vex spaces using seminorms. Before we dive into this characterization we introduce
some notation and definitions.

Definition E.0.4 (Seminorm ). Let A be a vector space over C, then a real valued function
p : A→ R+ is called a seminorm if

• Triangle inequality: p(a + b) ≤ p(a) + p(b)

• Absolute homogeneity: p(λa) = |λ|p(a) for λ ∈ C and a ∈ A

One key aspect of LCS are topologies generated by seminorms, there are defined
as follow,

Definition E.0.5 (Topology generated by seminorms ( Example 4.5.4 [Narici and
Beckenstein, 2011])). Let A be a vector space and P a family of seminorms over A, then,
the topology generated by P on A is the weakest topology with respect to which each p ∈ P
is continuous, equivalently, this topology has as a subbasis the following sets

{x, y ∈ A|p(x− y) ≤ ϵ}, ϵ > 0, p ∈ P.

Now we are in position to give the characterization of locally convex spaces in
terms of seminorms,

Theorem E.0.1 (Characterization of locally convex spaces using seminorms (cf. The-
orem 5.5.2 [Narici and Beckenstein, 2011])). A is a LCS iff it is a topological vector space
whose topology is generated by a family of seminorms.

Definition E.0.6 (Equivalent families of seminorms (page 96 [Horváth, 1966])). Let
A be a LCS whose topology is generated by the family of seminorms P, let F by another
family of seminorms over A. We say that P is equivalent to F if P and F generate the same
locally convex topology over A.

Definition E.0.7 (Saturated family of seminorms (c.f. Definition 5.5.5 [Narici and
Beckenstein, 2011], page 96 [Horváth, 1966])). Let A be a LCS whose topology is gen-
erated by the family of seminorms P, we say that P is saturated family of seminorms if for
any I finite subset of P we have that r(x) = maxp∈I p(x) belongs to P. If P is countable
then P is called upper directed if pn ≤ pm when m > n.

It turns out that any family of seminorms is equivalent to a saturated family of
seminorms, moreover, if the family of seminorms is countable then it is equivalent
to an upper-directed family of seminorms,

Lemma E.0.1 (Equivalent saturated family of seminorms (page 96 [Horváth, 1966])).
Let A be an LCS whose topology is generated by the family of seminorms P, then

• P is equivalent to the family of seminorms P̃ whose elements are the seminorms

rI(x) = max
p∈I

p(x),
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where I runs over all finite subsets of P. The family of seminorms P̃ is saturated.

• Let P be a countable family of seminorms, then, P is equivalent to the family of
seminorms P̃ whose elements are

rm(x) = max
n≤m

pn(x), m ∈N.

The family of seminorms P̃ is saturated.

Proof. Let A be an LCS with a topology generated by the family of seminorms P and
P̃ be its saturated family of seminorms described in the statement. Take I a finite
subset of P, then, the definition of the topology generated by a family of seminorms
(Definition E.0.5) tells us that the set

{x, y ∈ A|rI(x− y) ≤ ϵ}

is open in the topology generated by P̃, and corresponds to the intersection of the
sets

{x, y ∈ A|p(x− y) ≤ ϵ}, p ∈ I

which in turn are open sets in the topology generated by P. Given that the sets of
the form

{x, y ∈ A|rI(x− y) ≤ ϵ}

are a subbasis of the topology generated by P̃, we have that the topology generated
by P is stronger than the topology generated by P̃. Also, any set of the form {x, y ∈
A|p(x− y) ≤ ϵ} belongs to the topology generated by P̃ because I = {p} is a finite
subset of P, so, given that the set of the form

{x, y ∈ A|p(x− y) ≤ ϵ}

are a subbasis of the topology generated by P, we have that the topology generated
by P̃ is stronger than the topology generated by P. The previous two statements
imply that the topology generated by P is equal to the topology generated by P̃.

For the purposes of the current document we are interested in LCS that are metriz-
able, this restriction comes to be useful because it narrows down our scope of work
into the realm of countable families of seminorms (Theorem E.0.2).

Definition E.0.8 (Metrizable topological space (page 110 [Horváth, 1966])). If A is a
topological space then A is said to be metrizable if there exists a metric d over A such that
the topology defined by d coincides with the topology of A.

Theorem E.0.2 (Metrizable LCS and upper directed family of seminorms (cf. The-
orem 5.6.1 of [Horváth, 1966] and Chapter 2, Section 6 Proposition 2 of [Horváth,
1966] )). A LCS A is metrizable iff its topology is generated by an upper directed sequence
{pn}n∈N of seminorms. In this case the topology of A is the topology defined by the metric
δ(x, y) = |x− y|, where the map x 7→ |x| from A into R+ is defined by:

|x| =
∞

∑
n=0

1
2n

pn(x)
1 + pn(x)

.

The map x 7→ |x| has the following properties:

• |x| = 0 iff x = 0

• |x| = | − x|
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• |x + y| ≤ |x|+ |y|

• |λ| ≤ 1 implies |λx| ≤ |x|

• λ→ 0 implies |λx| → 0 for every x ∈ A

Lemma E.0.2 (Metrizable LCS and family of seminorms). A LCS A is metrizable iff
its topology is generated by a countable family of seminorms {pn}n∈N.

Proof. If A is a metrizable LCS, then, its topology is generated by a countable fam-
ily of seminorms {pn}n∈N according to Theorem E.0.2. On the other side, if the
topology of A is generate by a countable family of seminorms {pn}n∈N, then, by
Lemma E.0.1 the family of seminorms {rm}m∈N with

rm(x) = max
n≤m

pn(x), m ∈N

defines the same topology over A as the family of seminorms {pn}n∈N, since the
fmaily of seminorms {rm}m∈N is upper directed, by Theorem E.0.2 we get that A is
a metrizable LCS.

Given that a metrizable LCS is a metric space then the continuity of a map be-
comes equivalent to the sequential continuity of a map,

Definition E.0.9 (Sequential continuity of a map). Let A, B be topological spaces, then,
f : A → B is called sequentiallly continuous at a ∈ A is for any sequence {an}n∈N

converging to a we have that f (an) converges to f (a) in B.

Proposition E.0.1 (Continuity equivalent to sequential continuity). Let A, B be metriz-
able LCS, let f : A → B, then f is continuous at x ∈ A iff f is sequentially continuous at
a.

Proof. Since A and B are metric spaces, this proposition is a consequence of [Hobart
and Colleges, 2022, Theorem 3.1].

Lemma E.0.3. Let A be a metric space and B be a metrizable LCS whose topology is
generated by the sequence {pn}n∈N of seminorms, let f : A → B, then, f is continuous
at a ∈ A iff for any sequence {an}n∈N converging to a and any m ∈ N we have that
pm( f (an)− f (a)) converges to 0 as n goes to infinity.

Proof. Continuity of the map f at a is equivalent to sequentially continuity at a
by Proposition E.0.1, then, the desired result comes from [Folland, 1999, item b of
Theorem 5.14] (or [Narici and Beckenstein, 2011, item a of Theorem 5.7.2]) which
asserts that f (an) → f (a) iff for any m ∈ N we have that pm( f (an)− f (a)) → 0 as
n goes to infinity.

Assessing the completeness of an arbitrary LCS requires the usage of Cauchy
nets, however, by Theorem E.0.2 if A is a Metrizable LCS then each point x has a
countable neighborhoob basis given by {{y ∈ A||y − x| ≤ 1/n}}n∈N, so, under
this setting [Folland, 1999, page 167] tells us that A is said to be complete if every
Cauchy sequence converges, so, let us look into what is the meaning of a Cauchy
sequence in a metrizable LCS.
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Definition E.0.10 (Cauchy sequence in a metrizable LCS). Let A be a metrizable LCS
whose topology is given by an upper directed family of seminorms {pm}m∈N, let {xn}n∈N

be a sequence of elements in A, then, {xn}n∈N is said to be Cauchy if for any ϵ > 0 there
is N ∈N such that if j, k > N then |xj − xk| ≤ ϵ with

|x| =
∞

∑
n=0

1
2n

pn(x)
1 + pn(x)

.

Remark E.0.2 (Equivalent definition of Cauchy sequence in metrizable LCS). Let A
be a metrizable LCS whose topology is given by the family of seminorms {pm}m∈N, then,
using [Folland, 1999, Theorem 5.14] the definition of Cauchy sequence in A is equivalent to
the following statement:
{xn}n∈N is a Cauchy sequence of A if for any pm the sequence {xn}n∈N is Cauchy with
respect to pm, or more precisely, given pm then for any ϵ > 0 there is a N ∈N such that if
j, k > N we have that pm(xj − xk) ≤ ϵ.

Definition E.0.11 (Complete metrizable LCS). A metrizable LCS A is complete is every
Cauchy sequence in A converges.

Now we have the necessary ingredients to define a Fréchet space,

Definition E.0.12 (Definition of Fréchet space (Chapter 2, section 9, Definition 4

[Horváth, 1966])). A Fréchet space is locally convex space that is metrizable and complete.

We will proceed to give some definitions and facts over metrizable LCS. Let us
look into the definition of convergence in a metrizable LCS, this definition is closely
related to the definiton of Cauchy sequence (Definition E.0.10) and comes from
[Folland, 1999, Theorem 5.14]

Proposition E.0.2 (Convergence in metrizable LCS). Let A be a metrizable LCS whose
topology is given by the family of seminorms {pm}m∈N, then, xn → x if pm(xn − x)→ 0
for all m ∈N. Equivalently, xn → x if |xn − x| → 0, where

|x| =
∞

∑
n=0

1
2n

p̃n(x)
1 + p̃n(x)

,

and p̃n(x) = maxj≤n pj(x).

Proof. The first part of the proposition is a consequence of Lemma E.0.3. Addition-
ally, since the family of seminorms { p̃n}n∈N is equivalent to the family of semi-
norms {pn}n∈N (Lemma E.0.1), the second part of the proposition is a consequence
of (Definition E.0.10).

We can also provide a characterization of the continuity of maps between two
metrizable LCS,

Proposition E.0.3 (Continuity of maps between metrizable LCS (Proposition 5.15

[Folland, 1999])). Assume that X and Y are vector spaces with topologies defined, re-
spectively, by the families {pα}α∈N and

{
qβ

}
β∈N

of seminorms (not necessarily upper
directed). Let T : X → Y is a linear map, then, T is continuous iff for each β ∈N there ex-
ist α1, . . . , αk ∈ A and C > 0 such that qβ(Tx) ≤ C ∑k

1 pαj(x) . If the family of seminorms
is upper directed then this simplifies into, for each β ∈N there exist α ≥ β and C > 0 such
that qβ(Tx) ≤ Cpα(x).
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In the present document, we would like to work with Fréchet algebras. Before
we dive into Fréchet algebras there are some facts that need to be stated.

Definition E.0.13 (Separately continuous multiplication). Let A be a Fréchet space
with a multiplication defined over it, the multiplication is said to be separately continuous if
for any convergent sequence ak → a and any b ∈ A we have that ak → a then bkak → ba.

Definition E.0.14 (Jointly continuous multiplication). Let A be a Fréchet space with a
multiplication defined over it, the multiplication is said to be jointly continuous if for any
convergent sequences ak → a and bk → b we have that akbk → ab.

Lemma E.0.4 (Joint continuity of multiplication in Fréchet spaces (Chapter VII, Pro-
postion 1 [Waelbroeck, 1971])). Let A be a Fréchet space with a separately continuous
multiplication, then, the multiplication is jointly continuous.

Definition E.0.15 (Locally convex algebra). Let A be an algebra, then, A is a locally
convex algebra if it is a locally convex space where the multiplication is jointly continuous.

Definition E.0.16 (Fréchet algebra (Definition 1.6 [Fragoulopoulou, 2005])). Let A be
an algebra, then, A is a Fréchet algebra if it is a Fréchet space where the multiplication is
jointly continuous.

Lemma E.0.5 (Characterization of continuity of multiplication). Assume that A be a
Fréchet space whose topology is given by the upper directed family of seminorms {pm}m∈N,
assume that A has a multiplication, then, the multiplication over A is jointly continuous if
for any n ∈ N there is a m ≥ n and a Cn > 0 such that pn(ab) ≤ Cn pm(a)pm(b) for all
a, b ∈ A

Proof. For any m ∈N we have that,

∥akbk − ab∥n

= ∥akbk − abk + abk − ab∥n
≤ ∥akbk − abk∥n + ∥abk − ab∥n

≤ Cn (∥ak − a∥m∥bk∥m + ∥a∥m∥bk − b∥m)

≤ Cn (∥ak − a∥m∥b∥m + ∥ak − a∥m∥bk − b∥m + ∥a∥m∥bk − b∥m) .

Since ∥ak − a∥m → 0 and ∥bk − b∥m → 0 as k → ∞, using Lemma E.0.3 we get that
the previous inequality implies that akbk → ab as k → ∞, that is, the multiplication
is jointly continuous.

According to [Fréchet algebra, 2022] the previous statement is a double implica-
tion, however, we only proceed to prove the implication used in the current docu-
ment.

As a direct application of Lemma E.0.5 we get the following lemma

Lemma E.0.6. Let A Fréchet space whose topology is given by the upper directed family of
seminorms {pm}m∈N, if pn(ab) ≤ pn(a)pn(b) for any a, b ∈ A and n ∈ N, then, A is a
Fréchet algebra.

Definition E.0.17 (m-convex Fréchet algebra (Definition 2.1 [Fragoulopoulou, 2005])).
Let A be a Fréchet algebra whose topology is given by the upper directed family of seminorms
{pm}m∈N, then, A is said to be m-convex if If pn(xy) ≤ pn(x)pn(y) for every n ∈N.
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There is one additional definition that will be needed in the present document,

Definition E.0.18 (Bounded sequence in a Fréchet space (Theorem 6.1.5 [Narici and
Beckenstein, 2011]) ). Let A be a Fréchet algebra whose topology is given by the family of
seminorms {pm}m∈N. Let {xn}n∈N a sequence of elements of A, then, {xn}n∈N is said to
be bounded if for every m ∈N there is a Km such that

∀n ∈N, pm(xn) ≤ km.

Remark E.0.3 (Bounded set). Notice that for Fréchet spaces, the notion of a bounded
set on a metric space is not equivalent to the notion of a bounded set of a locally convex
spaces, actually, it is a weaker notion [Narici and Beckenstein, 2011, Example 6.1.3]. In
non normable Fréchet spaces any ball around the origin is not normable, and many of
the examples of Fréchet algebras we have given are non normable Fréchet spaces ([Fischer,
2013]).

It is possible to define various types of tensor products on Fréchet algebras
([Treves, 2006, Part III]), we will focus on the projective tensor product,

Definition E.0.19 (Projective tensor product of Fréchet algebras (Definition 43.2
[Treves, 2006])). Let A, B be to Fréchet algebra whose topology is given by the families
of seminorms {αn}n∈N, {βn}n∈N respectively, then, the projective topology on A⊙ B is
the strongest locally convex topology on this vector space for which the canonical bilinear
mapping (x, y) ∼ x ⊗ y of A× B into A⊗ B is continuous. Provided with it, the space
A⊗ B will be denoted by A⊗π B.

Let’s mention some of the properties of the projective tensor product, which will
be helpful later

Proposition E.0.4 (Properties of the projective tensor product). Let A, B be to Fréchet
algebra whose topology is given by the families of seminorms {αn}n∈N, {βn}n∈N respec-
tively, then,

• The projective topology over A⊙ B is given by the family of seminorms ([Treves, 2006,
Equation 43.1])

αn ⊗ βm(x) = inf{∑ αn(xj,A)β(xj,B)|x = ∑ xj,A ⊗ xj,B, a finite sum },

thus, the seminorms αn ⊗ βm are called the product seminorms. A ⊗π B is a lo-
cally convex space whose topology is generated by the familiy of seminorsm {αn ⊗
βm}n, m ∈N2, additionally, the completition of A⊗π B is a Fréchet space, and we
denote it by A⊗̂π B.

• A ⊗π B is Hausdorff iff both A and B are Hausdorff ([Treves, 2006, Proposition
43.3]).

• The dual of A ⊗π B is canonically isomorphic to B(A, B), the space of continuous
bilinear forms on A× B ([Treves, 2006, corollary of proposition 43.4]).

• The projective tensor product of two Fréchet algebras is a Fréchet algebra, that is, the
multiplication is continuous over A⊗̂π B.

• If η1 : A1 7→ B1 and η2 : A2 7→ B2 are continuous Fréchet algebras homorphisms,
then

η1 ⊗π η2 : A1 ⊗π A2 → B1 ⊗ B2, η1 ⊗π η2(a1 ⊗ a2) = η1(a1)⊗ η2(a2),
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is a continuous algebra homomorphis. Since η1 ⊗π η2 is continuous, it can be ex-
tended into A1⊗̂π A2, we call its extension η1⊗̂πη2. If η1(A1), η2(A2) are dense in
B1 and B2 respectively, then η1⊗̂πη2 is a surjective algebra homomorphism.

• If η1 : A1 7→ C and η2 : A2 7→ C are continuous linear maps, then, η1⊗̂πη2 is
a continuous linear map, where η1⊗̂πη2(x1 ⊗ x2) = η1(x1)η2(x2) ([Treves, 2006,
corollary of proposition 43.6]).

• If x ∈ A⊗̂π B then x has a representation as an absolutelly convergent series ([Schae-
fer and Wolff, 1999, Theorem 6.4])

x =
∞

∑
i=1

λix1 ⊗ yi,

with ∑i∈N |λi| ≤ ∞ and {xi}i∈N, {yi}i∈N are sequence converging to 0.

Proof. We provide references for most of these facts, so, let’s check on those that do
not have references

• We provide references for this fact.

• We provide references for this fact.

• We provide references for this fact.

• Take {αn}n∈N, {βn}n∈N sets of seminorms that generate the topologies of
A, B respectively, moreover, following Lemma E.0.1 taken them upper directed
i.e αn ≤ αm and βn ≤ βm when n ≤ m, given this setup, if n1 ≤ n2 and
m1 ≤ m2 then αn1⊗̂π βm1 ≤ αn2⊗̂π βm2 . Provide the set {αn⊗̂π βm}n,m∈N2 with
an ordering, so, lets call if {pi}i∈N, then, according to [Horváth, 1966, page
96] the set of seminorms {supj≤i pj}i∈N generate the topology of A⊗̂π B and
are a upper directed set of seminorms.

Take i ∈N and denote by N, M the set of indices such that pj = αn⊗̂π βm, n ∈
N, m ∈ M for j ≤ i, then, for each n ∈ N and m ∈ M denote by t(n), t(m) the
index such that αn(xy) ≤ Cnαt(n)(x)αt(n)(y) , βm(xy) ≤ Cmαt(m)(x)αt(m)(y).
Since both A and B are Fréchet algebras, there must be Ci such that αn⊗̂π βm ≤
Ciαt(n)⊗̂π βt(m), thus, take l ∈N such that

{αt(n)⊗̂π βt(m), αn⊗̂π βm}n∈N,m∈M

is a subset of {pk}k≤l , then, we have that pi(xy) ≤ Ci pl(x)pl(y).

• From [Treves, 2006, corollary of proposition 43.6] we know that η1 ⊗π η2 is a
continuous linear map, moreover, since both η1 and η2 are algebra homomor-
phisms, then, η1 ⊗π η2 is also an algebra homomorphism, thus, it is a Fréchet
algebra homomorphism. The extension of η1 ⊗π η2 into A1⊗̂π A2 is called
η1⊗̂πη2 ([Treves, 2006, Definition 42.6]) and, if η1(A1), η2(A2) are dense in
B1 and B2 respectively, then η1⊗̂πη2 is a surjective algebra homomorphism
([Treves, 2006, Definition 43.9]).

• We provide references for this fact.

• We provide references for this fact.
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Examples

Example E.0.1 (Holomorphic functions over an open set). Let Ω be an open set of C

and {Kn}n∈N a compact exhaustion of Ω (Definition B.3.1), we have that the set

Hol(Ω) = { f is holomorphic over Ω}

becomes a Fréchet algebra under the set of seminorms

pn( f ) = sup
x∈Kn

| f (x)|.

This is called the compact-open topology, and we have already encounter with this algebra
in Appendix B.3.1

Example E.0.2 (Schwartz space). The Schwartz space (S) is the space of smooth functions
over Rd which, together with all their derivatives, vanish at infinity faster than any power
of |x|. Thus, let

∥ f ∥(N,α) = sup
x∈Rn

(1 + |x|)N |∂α f (x)|

then
S(Rn) =

{
f ∈ C∞ : ∥ f ∥(N,α) < ∞ for all N, α

}
.

The Schwartz space is a Freceht space [Folland, 1999, Proposition 8.2], and becomes a
Fréchet algebra with the convolution as multiplication [Folland, 1999, Proposition 8.11].

The projective tensor product is a useful tool for studying Fréchet algebras, the
following is a simple example of the application of the projective tensor product

Example E.0.3 (Matrix algebras). Let A be a Fréchet algebra whose topology is given by
the saturated family of seminorms {αn}n∈N, then,

Mn(A) := Mn(C)⊗π A = Mn(C)⊗̂π A.

From Appendix D.6.1 we know that Mn(C) is a Fréchet algebra whose topology is given
by one norm ∥ · ∥, because it is a Banach algebra, therefore, the topology on Mn(C)⊗π A
is given by the family of seminorms {∥ · ∥ ⊗ αn}n∈N. Take (bi,j)i,j≤n ∈ Mn(C), then, from
Appendix D.7.1 we know that

• ∀i, j ≤ n, ∥bi,j∥ ≤ ∥(bi,j)i,j≤n∥, therefore,

∀i, j ≤ n, ∥ · ∥ ⊗ αn((bi,j)i,j≤n ⊗ a) ≥ ∥bi,jαn(a),

• any x ∈ Mn(A) can be written as x = ∑i,j≤n δi,j ⊗ a, thus,

∥ · ∥ ⊗ αn(x) ≤ ∑
i,j≤n
∥δi,j∥αn(a) = ∑

i,j≤n
αn(a).

The previous two statements imply that if {xn}n∈N with xn = (xi,j
n )i,j≤n is a Cauchy se-

quence on Mn(A) we must have that {xi,j
n } is a Cauchy sequence, so, since A is a Fréchet

algebra there must be x ∈ Mn(A) with xn → x and xi,j
n → xi,j for all i, j ≤ n. The afore-

mentioned argument similar to the one shown to prove that Mn(B) is complete when B is a
C* algebra ([Wegge-Olsen, 1993, Proposition T.5.20]). The previous argument implies that
for any m ∈N the map pi,j : Mm(A)→ A, pi,j(∑k,l≤m ak,l ⊗ δk,l) = ai,j is continuous.
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In Fréchet algebras is possible to define various topological tensor products ([Treves,
2006, Theorem 44.1]), which are in general not equivalent, interestingly, the concept
of nuclear C* algebras translates into Fréchet algebras, such that, the nuclear Fréchet
algebras are the Fréchet algebras where all the admisible topological tensor prod-
ucts coincide ([Treves, 2006, Theorem 50.1]). The following Fréchet algebras are
nuclear,

• [Treves, 2006, Theorem 51.1]: Cs with s and arbitrary set.

• [Treves, 2006, Theorem 51.5]: the Fréchet algebra of rapidly decreasing se-
quences S(Zd).

• [Treves, 2006, Corollary of Theorem 51.5]: the Schwartz algebra, the algebra
of holomoprhic function on an open set, and some more.

There are canonical isomorphism of Fréchet algebras S(Rn)⊗̂πS(Rm) ≃ S(Rn+m)
and Hol(Ω1)⊗̂πHol(Ω2) ≃ Hol(Ω1 × Ω2) ([Treves, 2006, Corollary of Theorem
51.6]). Also, if A is a complete locally convex topological vector space and X is an
open set of Rd, then, the algebra Cm(X, E) is isomorphic to the projective tensor
product Cm(X)⊗̂π A ([Treves, 2006, Theorem 44.1]), also, C∞(X) ⊙ A is dense in
Cm(X, A) ([Treves, 2006, Proposition 44.2]).

e.1 smooth sub algebras

Smooth subalgebras come into play to generalize the notion of a smooth manifold,
and we define them as sub *-algebras of C* algebras much like in the spirit of
C∞([a, b]) ⊂ C([a, b]).

Definition E.1.1 (Smooth sub algebra (Definition 4.3.3 [Schulz-Baldes and Stoiber,
2022])). Let A be a C* algebra, we say that A ⊂ A is a smooth sub algebra of A if:

• Dense sub algebra: A is an *-algebra dense in A.

• Fréchet algebra: A is a Fréchet algebra with a topology that is stronger than the
norm topology inherited from ∥ · ∥A, that is, the topology of A as a Fréchet algebra is
stronger than the topology of A as a subspace of A.

• Holomophic calculus invariance: A is invariant under the holomorphic calculus
of A. This means that for a ∈ A and f holomorphic on a neighborhood of sp(a) then
f (a) ∈ A. If A has no unit then f (a) ∈ A when f (0) = 0. The element f (a) is
computed using the holomorphic functional calculus over A (Theorem B.3.1).

Remark E.1.1 (Other terms for smooth sub algebras). Many terms have been used to
refer to smooth sub algebras, the most common term is Pre C* algebras [Gracia-Bondı́a et al.,
2001, Chapter 3 section 8], while some authors prefer to use the term local C* algebras
[Blackadar, 2012, Chapter 3 section 1]. However, there is no common consensus on what
those terms mean, for example, the term local algebra has also been used to refer to smooth
sub algebras with local units [Rennie, 2003, Defintion 3], and plays an important role in the
study non unital spectral triplets. Since our objective is to use results of cyclic cohomology
for unital algebras (Appendix H.3) we can avoid such technicalities.

Lemma E.1.1 (Some properties of smooth sub algebras). 1. We can assume that the
norm of A (∥ · ∥A) is one of the seminorms that define the topology of A
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2. If A is unital then A is also unital.

3. Q property: If A is unital i−1(G(A)) ⊂ G(A) is open in A, also,

i−1(G(A)) = G(A) = A∩ G(A).

4. Spectrally invariant: Take A a unital C* algebra and A a smooth sub algebra of A,
let

sp(a)A = {λ ∈ C|∄b ∈ A s.t. b(λ1A − a) = (λ1A − a)b = 1A},
then, for a ∈ A we have that sp(a)A = sp(a)A.

Proof. 1. Since the inclusion i : A → A is continuous, if {pn}n∈N is an upper
directed family of seminorms defining the topology of A, then, according to
Proposition E.0.3 there are i1, ..., ik and C > 0 such that, ∥a∥ ≤ C ∑j≤k pij(a).
Take ϵ > 0, then, the open set of A given by

∩j≤k{pij(a) ≤ ϵ

kC
}

is a subset of the open ball of A given by {a|∥a∥ ≤ ϵ}, therefore, if we add the
norm ∥ · ∥ as one of the seminorms of A we will end up with the same topol-
ogy over A, that is, the family of seminorms {∥ · ∥} ∪ {pn}n∈N is equivalent
to the family of seminorms {pn}n∈N.

2. This happens because the constant function f (x) = 1 is holomorphic on sp(a)
and f (a) = 1A for every a ∈ A.

3. Take a ∈ A such that a ∈ G(A), since a−1 can be computed using the holo-
morphic functional calculeus over A (Lemma B.3.2), we have that G(A) =
i−1(G(A)). Given that G(A) is open in A (Proposition B.1.1), the fact that the
inclusion is continuous implies that G(A) is open in A.

4. Since 1A ∈ A, we get that any element of the form (λ1A − a) with a ∈ A
is invertible in A iff is invertible in A, therefore, for a ∈ A we have that
sp(a)A = sp(a)A .

Remark E.1.2 (Q property). In Lemma E.1.1 we refer to the Q property as G(A) to be
open, however, some texts refer to the Q property as related to the group of quasi-invertibles
e.g. [Fragoulopoulou, 2005, Definition 6.1].

We saw that when A is unital many good properties of the spectrum and invert-
ibles is recovered in A, so what about the non unital case? in contrast to C* algebras,
A+ can be assigned many topologies that turn it into a Fréchet algebra, and those
may or may not make it into a smooth sub algebra of A+, fortunately, there is a
standard way of generating a Fréchet algebra that is a dense sub *-algebra of A+,

Definition E.1.2 (Unitization of a smooth sub algebra). Let A be a smooth sub algebra
of a non unital C* algebra A, and {pn}n∈N the seminorms giving the topology of A. By
the discussion on Lemma E.1.1 we can assume that p0 = ∥ · ∥A, thus we define A+ as the
set A×C with the following operations,

• Addition: (a, λ) + (b, σ) = (a + b, λ + σ) with addition identity (0, 0).

• Multiplication: (a, λ) · (b, σ) = (ab + λb + σa, λ · σ), with multiplication identity
(0, 1).
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• involution: (a, λ)∗ = (a∗, λ)

and topology given by the family of seminorms

• p̂0(a, λ) = ∥(a, λ)∥A+ (operator norm i.e. norm of (a, λ) on the C* algebra A+)

• p̂n(a, λ) = pn(a) + |λ| for n ≥ 1.

Lemma E.1.2 (Properties of the unitization of a smooth sub algebra). Let A be a non
unital C* algebra and A a smooth sub algebra of A, then,

1. A+ is a Fréchet algebra, such that, the involution is continuous on A+ iff is continu-
ous on A.

2. i : A → A+, i(a) = (a, 0) is an injective homomorphism of Fréchet algebras (con-
tinuous) and i(A) is a closed two sided ideal of A+.

Proof. 1. From Definition E.1.2 we know that A+ is a dense *-algebra of A+ and
has a topology stronger than the topology inhereted from ∥ · ∥A+ . Moreover,
the form of { p̂n}n∈N guaranties that {(an, λn)}n∈N is a Cauchy sequence iff
both {an}n∈N and {λn}n∈N are Cauchy sequences, thus A+ is complete be-
cause both A and C are complete. Using similar arguments you can check
that the multiplication is continuous on A+, which altogether implies that
A+ is a Fréchet algebra, such that, the involution is continuous on A+ iff is
continuous on A.

2. From Definition E.1.2 we know that A is a closed two sided ideal of A+, ad-
ditionally, the form of { p̂n}n∈N guaranties that i : A → A+, i(a) = (a, 0) is
an injective homomorphism of Fréchet algebras i.e. it is a continuous homor-
phisms.

Remark E.1.3 (seminorms of unitization). The objective of A+ is to provide an unital
algebra whose inclusion on A+ is continuous. We chose to set p̂0(a, λ) = ∥(a, λ)∥A+ to
ensure this, however, we may have set another norm that is equivalent to ∥ · ∥A+ . For
example, we could have chosen p̂0(a, λ) = ∥a∥A + |λ| i.e. the l1 norm, because it gen-
erates the same topology as the operator norm, which can be deduced from the inequalities
∥a∥A + |λ| ≤ 6e∥(a, λ)∥A+ [Bhatt et al., 2013, Lemma 2.4] and ∥(a, λ)∥A+ ≤ ∥a∥A + |λ|.
Using a unitization with only l1 norms is standard in the literature ([Fragoulopoulou, 2005,
Section 3.3]), however, we choose to use the operator norm for the zeroth norm in order to
emphasize that we are looking for a smooth sub algebra of A+ and not an arbitrary Fréchet
algebra inside A+.

In Lemma E.1.1 we saw how, for pair (A unital C* algebra, A: smooth sub algebra
of A), invariance under holomorphic functional calculus implies invariance of the
spectrum. The invariance of the spectrum of dense *-algebras is a nice property
that will allow us to establish automatic continuity results (Lemma E.1.4), and is
tightly connected to invariance under holomorphic functional calculus if the dense
algebra is a Fréchet algebra (Proposition E.1.1). We present a definition of spectral
invariance that also takes into account non unital smooth sub algebras,

Definition E.1.3 (Spectrally invariant dense sub *-algebra). LetA a dense sub *-algebra
of a unital C* algebra A, and denote by

SpA(a) = {λ ∈ C|∄b ∈ A s.t. b(λ1A − a) = (λ1A − a)b = 1A},
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then we say that A is spectrally invariant if sp(a)A = spA(a) for all a ∈ A, where spA(a)
is the spectrum of a on the C* algebra A (Appendix B.1).

IfA is non unital then we denote byA+ the setA×C with the same algebraic operations
as in Definition E.1.2, then we say thatA is spectrally invariant if sp(a, 0)A+ = spA+(a, 0)
for all a ∈ A, where spA+(a, 0) is the spectrum of (a, 0) on the C* algebra A+.

Now, we look into some interesting results about spectrally invariance and invari-
ance under holomorphic functional calculus. We have mentioned that unital smooth
sub algebras are spectrally invariant, so what about non unital ones? That will actu-
ally be the case, furthermore, a dense sub *-algebra of a C* algebra that is a Fréchet
algebra and has a topology stronger than the topology of the C* algebra is invariant
under holomorphic functional calculus iff is spectrally invariant. To prove this we
need to use results that are a consequence of the holomorphic functional calculus
on Fréchet algebras e.g. Proposition E.1.5, which we cover in Appendix E.1.1.

Proposition E.1.1. Let A be a dense *-algebra of a C* algebra A, then

1. If A is non unital and invariant under the holomorphic calculus of A, then, A+ is
invariant under the holomorphic calculus on A+.

2. If A is invariant under holomorphic calculus of A, then A is spectrally invariant.

3. If A ⊂ A is a dense *-algebra of A with a topology stronger than A and is a Fréchet
algebra, then, A is spectrally invariant iff is invariant under holmorphic functional
calculus.

Proof. 1. We have that if a ∈ A+ then a = (α, λ) with α ∈ A and λ ∈ C, from
Appendix B.1 this algebraic relation we get that

SpA+(α, λ) = SpA+(α, 0) + λ.

Hence, a function z→ f (z) is holomorphic on a neighbourhood of SpA+(α, λ)
iff the function z→ f (z+λ) is holomorphic on a neighbourhood of SpA+(α, 0).
Set g(z) = f (z + λ), we know that 0 ∈ SpA+(α, 0), thus h(z) = g(z)− f (λ)
is an holomorphic function on a neighbourhood of SpA+(α, 0) with h(0) = 0,
and the definition of invariance under holomorphic functional calculus (Defi-
nition E.1.1) tell us that h(α, 0) ∈ A. Then, the properties of the holomorphic
calculus on A+ (Proposition B.3.1) tell us that

f (α, λ) = ( f ◦ lλ)(α, 0) = g(α, 0)

with lλ(z) = z + λ, so, given that g(z) = h(z)− f (λ), we have that

f (α, λ) = h(α, 0) + 1A+ f (λ).

Since 1A+ ∈ A+ by definition (Definition E.1.2), we have that f (α, λ) ∈ A+, as
desire.

2. If A is unital then this comes from the last item on Lemma E.1.1. If A is
non unital then we can use the previous item to show that A+ is invariant
under holomorphic functional calculus on A+, which in turn implies that A+

is spectrally invariant. Since the spectrum of the elements on A is defined as
their spectrum as elements on A+ (Definition E.1.3) we get the desire result.

3. We have seen that invariance under holomorphic calculus implies spectrally
invariant, now we look in the converse. If A is unital then proposition Propo-
sition E.1.5 tell us spectrally invariance is equivalent to invariance under holo-
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morphic functional calculus on A. Now, if A is non unital then the behaviour
of the spectrum with respect to polynomials (Appendix B.1) tells us that

SpA+(a, λ) = SpA+(a, 0) + λ = SpA+(a, 0) + λ = SpA+(a, λ),

which in turn implies that A+ is invariant under holomorphic calculus on A+.
So, the holomorphic calculus on A+ (Appendix B.3.3) tell us that f (a) ∈ A if
f (0) = 0, therefore, for a ∈ A we have that f (a) ∈ A ⊂ A if f (0) = 0.

Corollary E.1.1. Let A be a non-unital C* algebra and A a smooth sub algebra of A, then,
A+ is a smooth sub algebra of A+.

Proof. From Lemma E.1.2 we know that A+ is a sub *-algebra if A+ and A+ is a
Fréchet algebra with a topology stronger than the topology of A+. Since A is invari-
ant under the holomorphic funtional calculus of A, from Proposition E.1.1 we know
that A+ is invariant under the holomorphic functional calculus of A+. The previous
two statements imply that A+ is a smooth sub algebra of A+ (Definition E.1.1).

From the discussion after Proposition D.0.1 we now that all the analytical infor-
mation of a C* algebra is stored in the spectrum of their elements, because we have
that

∥a∥ =
√

ρ(aa∗) =
√

sup{|λ| : λ ∈ Sp(a)}

for any element of a C* algebra A. Since smooth sub algebras are spectrally invari-
ant, we can recover the norm of an element of a smooth sub algebra solely from
the structure of the smooth sub algebra, which implies that a smooth sub algebra
has a unique C* algebra where it is dense and invariant under the holomorphic
functional calculus. This discussion lets us to

Lemma E.1.3. Let A be a smooth sub algebra of a C* algebra A, then A is unique and

C∗(A) ≃ A.

If ϕ : A → B is a *-homormophism of algebras then we now that Sp(ϕ(a)) ⊆
Sp(a), thus if A and B are C* algebras and C ⊂ A is a sub *-algebra that is spectrally
invariant (SpC(c) = SpA(c)) then for every *-homomorphism ψ : C → B we have
that

∥ϕ(c)∥B =
√

ρ(ϕ(c)ϕ(c∗)) =
√

ρB(ϕ(cc∗)) ≤
√

ρC(cc∗) =
√

ρA(cc∗) = ∥c∥A.

Therefore, any we have automatic continuity of *-homomorphisms that go from
spectrally invariant sub algebras in C* algebras. If C is dense in A then by Lemma D.0.3
we can extend ψ into a C* algebra homomorphism

ψ̂ : A→ B ψ̂|C = ψ.

We condense this discussion on the following lemma

Lemma E.1.4. Let A, B be C* algebras and C ⊂ A a *-algebra that is spectrally invariant
i.e.

SpA(c) = SpC(c), ∀c ∈ C.

Then, any *-homomorphism ϕ : C → B is automatically continuous with respect to the
norms of A and B i.e.

∥ϕ(c)∥B ≤ ∥c∥A.
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If C is dense in A then there is a unique C* homomorphism ϕ̂ : A→ B extending ϕ i.e.

ϕ̂|C = ϕ,

and C becomes a core subalgebra of A ([Exel et al., 2008, section 4]).

We have seen how dense spectrally invariant *-algebras allow us to recover the
norm of their C* algebras and recover C* homomorphisms, these is just the tip of
the iceberg regarding what can be achieved with those algebras, you can actually
recover the results of the K theory of C* algebras using dense spectrally invariant
*-algebras that behaved well with respect to matrix algebras, which referred to as
local C* algebras on [Blackadar, 2012]. Notice that Lemma E.1.4 tell us that dense
spectrally invariant *-algebras are a class of core subalgebras ([Exel et al., 2008,
section 4]), moreover, Lemma E.1.3 tell us that they are *-algebras that admit an
enveloping C* algebra, because, if A is a C* algebra and A ⊂ A a dense *-algebra
spectrally invariant then for every representation of π : A → B(H) we have that
(Appendix B.1.3)

SpB(H)(π(A)) ⊆ SpA(a),

which implies that
∥a∥A = sup{∥π(a)∥}.

These and many more properties of smooth sub algebras will make them a great
tool in non-commutative geometry.

Remark E.1.4 (Enveloping C* algebra of a smooth sub algebra). In Proposition D.6.1
is mentioned that the enveloping C* algebra of a Banach *-algebra capture the representation
theory of the Banach *-algebra, and it was maximal in the sense of having the greatest
norm over all the images of representations of the Banach *-algebra. This concept can be
generalized into the context of certain types of Fréchet algebras, these are called m *-convex
Fréchet algebras and have the following properties,

• A is a Fréchet algebra with the topology given by a family of seminorms {pi}i∈I

• The seminorms are sub multiplicative pi(yx) ≤ pi(x)pi(y)

• The ivolution is an isometry in the seminorms i.e. pi(x) = pi(x∗)

To every Fréchet m*-convex algebra you can assign a special type of Fréchet algebra that
plays the role of the enveloping C* algebra [Fragoulopoulou, 2005, Defintion 18.14], and cap-
tures the representationm theory of the Fréchet m*-convex algebra [Fragoulopoulou, 2005,
Chapter IV], these are called locally C* algebras and have the special property of having
seminorms with the C* property pi(x∗x) = pi(x)2 [Fragoulopoulou, 2005, Defintion 7.5].

It turns out that if a Fréchet m*-convex algebra F has an open set of invertibles (Q prop-
erty) then its enveloping locally C* algebra is isomorphic to a C* algebra F̂ [Fragoulopoulou,
2005, Corollary 18.16], that is, there is only one C* algebra were F is a dense *-algebra,
which fits well the concept of smooth sub algebra, because the set of invertibles of a unital
smooth sub algebra is open.

Fréchet m*-convex Q-algebras appear as a very important type of smooth subalgebras, the
Fréchet D∗∞-subalgebras (Appendix E.1.2).

The following is a key property of smooth sub algebras that will come into play
when working with the holomorphic functional calculus on smooth sub algebras

Proposition E.1.2 (Smooth sub algebras have continuous inversion). Let A be a unital
C* algebra and A a smooth sub algebra of A, then, the map

(·)−1 : G(A)→ G(A), x(x)−1 = (x)−1x = 1A,
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is continuous.

Proof. Given that the inclusion is continuous i : A → A, Lemma E.1.1 tells us that
G(A) = i−1(G(A)) is open. [Waelbroeck, 1971, Corollary page 115] tell us that if
the set of invertibles in a Fréchet algebra is open, then the inversion is continuous,
so, given that A is a Fréchet algebra (Definition E.1.1), we have that the inversion in
A is continuous.

e.1.1 Functional calculus

The functional calculus plays an important role in the K theory of both C* algebras
and smooth sub algebras (Chapter 2). The functional calculus is useful because it
provides a nice characterization of paths of unitaries and projections on unital C*
algebras and unital smooth sub algebras (Section 2.1.1), that is why we shift our
attention towards a formulation of a holomorphic functional calculus on Fréchet
algebras.

The holomorphic functional calculus depends on the spectrum of an element, so.
we look at the spectrum of an element in a Fréchet algebra, which is a generalization
of the algebraic spectrum we have been using for Banach algebras and C* algebras
(Appendix B.1). We refer to the new spectrum as the topological spectrum, since
it will take into account the topology of the algebra (Definition E.1.8), so, turns
out that the algebraic and topological spectrum coincides for smooth sub algebras
(Corollary E.1.3).

Definition E.1.4 (Bounded element (Definition 2.2.1 [Fragoulopoulou et al., 2022])).
Let A be a Fréchet algebra. An element x of A is bounded if and only if, for some non-
zero complex number λ, the set {(λx)n : n = 1, 2, . . .} is a bounded subset of A (Defini-
tion E.0.18). The set of all bounded elements of A will be denoted by A0.

The bounded property can be translated into the concept of operators over locally
convex spaces, where it is referred to as tameness, and is important to provide a
holomorphic functional calculus on those operators ([Arikan et al., 2003]). The
notion of a bounded element seems to be a little unintuitive, however, it has a
simpler interpretation in terms of limits i.e. an element x is bounded iff there is
λ ∈ C such that (λx)n → 0 as n→ ∞ ([Allan, 1965, Proposition 2.14]).

Definition E.1.5 (Convex and bounded sets (Definition 2.2.2 [Fragoulopoulou et al.,
2022])). For a Fréchet algebra A, let B0 denote the collection of all subsets B of A, which
fulfill the following properties:

• B is absolutely convex (Definition E.0.3) and B2 ⊂ B;

• B is bounded and closed.

Denote by A[B] the subalgebra of A generated by B ∈ B0, which, based on the
properties of B, takes the following form

A[B] = {λx : λ ∈ C, x ∈ B},

then, the Minkowski functional

∥x∥B = inf{t > 0 : x ∈ tB}, x ∈ A[B]
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is a norm in A[B] ([Fragoulopoulou et al., 2022, Equation 2.2.2]). The topology
generated on A[B] by the norm ∥ · ∥B is stronger that the inherited topology from
A ([Fragoulopoulou et al., 2022, page 12]). According to [Fragoulopoulou et al.,
2022, Section 2.2], the previous statements hold in the general setting of locally
convex algebras, so, among all the locally convex algebras we are interested in the
following,

Definition E.1.6 (Pseudo-complete locally convex algebra). Let A be a locally convex
algebra, then, A is called pseudo-complete if A[B] is a Banach algebra for any B ∈ B0.

Lemma E.1.5 (Fréchet algebras are pseudo-complete). Let A be a Fréchet algebra, then
A is pseudo-complete.

Proof. By definition A is a complete metrizalbe LCS (Definition E.0.12), so, from
the definition of completeness of a metrizable LCS we get that A is sequentially
complete (Definition E.0.11). Under this setting, the content of [Fragoulopoulou
et al., 2022, Proposition 2.2.5] tells us that A is pseudo-complete.

Pseudo-complete algebras behave well with respect to unitization, because, A is
pseudo-complete iff A+ is pseudo-complete ([Fragoulopoulou et al., 2022, Proposi-
tion 2.2.8]), therefore, if A is non-unital the holomorphic functional calculus will be
defined through its unitization, as in done for Banach algebras (Appendix B.3.3).

Definition E.1.7 (Radius of boundedness). Let A be a Fréchet algebra, then, for x ∈ A
define

β(x) := inf{λ > 0 : {
(

1
λ

x
)n
} is bounded}, inf ∅ = +∞

so, β(x) is called the radius of boundedness of x.

By definition of A0 we have that β(x) iff x ∈ A0 ([Fragoulopoulou et al., 2022,
Proposition 2.2.14]), additionally, if {pn}n∈N is a upper directed family of semi-
norms generating the topology of the Fréchet algebraA, we have that ([Fragoulopoulou
et al., 2022, Proposition 2.2.18]),

β(x) = sup{lim sup
m→∞

|pn(xm)|
1
m : n ∈N}, x ∈ A.

We can use the set A0 to define a topological spectrum for the elements of A,
which we consider to be a subset of the one-point compactification of C. Denote by
C∗ := C∪ {∞} the one-point compactification of C, then

Definition E.1.8 (Topological spectrum of Fréchet algebras (Definition 2.3.1 [Fragoulopoulou
et al., 2022])). Let A be a Fréchet algebra, then, denote

σA(x) := {λ ∈ C : λ1A − x has no inverse in A0} ∪ {∞ iff x /∈ A0}, σA(x) ⊂ C∗.

In case A has no identity then σA(x) := σA+(x, 0).

The topological spectrum may not be bounded, so, if it is not bounded we say
that ∞ ∈ σA(x). If we chose A to be pseudo-complete, the following two statements
are valid

1. σA(x) is a close subset of C∗ ([Fragoulopoulou et al., 2022, Corollary 2.3.8]).



234 fréchet algebras

2. σA(x) is bounded iff x ∈ A0 ([Fragoulopoulou et al., 2022, Corollary 2.3.14]).

Definition E.1.9 (c.f. Definition 2.4.2 [Fragoulopoulou et al., 2022] (Cauchy domain
Fréchet algebra)). A subset D of C∗ is called a Cauchy domain if it fulfills the following
conditions,

1. D is open

2. D has a finite number of components, whose closures are pairwise disjoint

3. the boundary ∂D of A is a subset of C, which consists of a finite number of rectifiable
Jordan curves no two of which intersects

Remark E.1.5. Notice that if A is pseudo-complete and a ∈ A0, then D can be taken to be
a compact subset of C because σA(a) is a bounded subset of C ([Fragoulopoulou et al., 2022,
Corollary 2.3.14]) and it is also a close subset of C∗ ([Fragoulopoulou et al., 2022, Corollary
2.3.8]).

If ∞ ∈ σA(x) we say that a function is holomorphic over σA(x) if f is holomorphic
at any x ̸= ∞, f (1/λ) has a limit at 0 and is holomorphic at λ = 0 ([Fragoulopoulou
et al., 2022, page 21]). According to [Fragoulopoulou et al., 2022, Lemma 2.4.3] for
every x ∈ A and f holomorphic on σA(x), there is a Cauchy Domain D satisfying
the following two conditions,

1. σA(x) ⊂ D

2. f is holomorphic on the closure of D and the integral∫
∂D

f (λ)(λ1A − x)−1dλ

defines an element of A0 independent of the choice of the Cauchy domain
satisfying the previously mentioned conditions.

The element
∫

∂D f (λ)(λ1A − x)−1dλ is constructed as follows. Since ∂D is a
compact subset of D, according to [Fragoulopoulou et al., 2022, Lemma 2.3.10] there
is a B ∈ B0 such that (λ1A − x)−1 ∈ A[B] for all λ ∈ ∂D, thus, as an application of
the holomorphic functional calculus for Banach algebras (Theorem B.3.1) we have
that the Bochner integral ∫

∂D
f (λ)(λ1A − x)−1dλ

exists and belongs to A[B] ⊂ A0 ([Fragoulopoulou et al., 2022, Proposition 2.4.1]).
To prove that

∫
∂D f (λ)(λ1A − x)−1dλ is independent of the choice of D assume

that you have another Cauchy domain D′, then, given that ∂D ∪ ∂D′ is a compact
subset of C, according to [Fragoulopoulou et al., 2022, Lemma 2.3.10] there must
be a B̃ ∈ B0 such that (λ1A − x)−1 ∈ A[B̃] for all λ ∈ ∂D ∪ ∂D′, under this
setting the holomorphic functional calculus over the Banach algebra A[B̃] tells us
that

∫
γ f (λ)(λ1A − x)−1dλ does not depend on whether we used γ = ∂D or γ =

∂D′.

Since Fréchet algebras are pseudo-complete (Lemma E.1.5), [Fragoulopoulou et al.,
2022, Theorem 2.4.4] gives us the following homomorphism of algebras based on
the results explained in the previous paragraphs,

Theorem E.1.1 (c.f. Theorem 2.4.4 [Fragoulopoulou et al., 2022]). Let A be a Fréchet
algebra and x ∈ A, denote by Fx the set of holomorphic functions over σA(x). If A has a
unit set e = 1A, else, set e = 1A+ . Then, there is an algebra homomorphism Θ̂x : Fx → A,
which is given by the following formulae,
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• if x ∈ A0, then

Θ̂x( f ) =
1

2πi

∫
∂D′

f (λ)(λ1A − x)−1dλ,

• if x /∈ A0 and σA(x) ̸= C then

Θ̂x( f ) = f (∞)e +
1

2πi

∫
∂D′

f (λ)(λ1A − x)−1dλ,

• if σA(x) = C then Fx contains only constant functions, so, if f (λ) = c then Θ̂x( f ) =
ce.

Furthermore, for all cases, if C is a maximal commutative subalgebra ofA, which contains
x, then f (x) ∈ A0 ∩ C. Additionally, denote by u0, u1 the complex functions u0(λ) =
1, u1(λ) = λ, then,

• u0 ∈ Fx and Θ̂x(u0) = e

• If x ∈ A0 we have that u1 ∈ Fx and Θ̂x(u1) = x

Corollary E.1.2 (Continuous holomorphic functional calculus). Let A be a Fréchet
algebra and x ∈ A0, assume that D is a Cauchy domain of σA(x) (Definition E.1.9). If
A has a unit set e = 1A, else, set e = 1A+ . Then, for every ∂D′ ⊂ D a contour of
σA(a) (Definition B.3.3) such that D′ ⊂ D, there is a continuous homomorphism of Fréchet
algebras Θ̂x : Hol(D)→ A, which is given by the following formulae,

Θ̂x( f ) =
1

2πi

∫
∂D′

f (λ)(λ1A − x)−1dλ,

where Hol(D) is the Fréchet algebra of holmorphic functions over D (Example E.0.1). Ad-
ditionally, we have that,

1. If C is a maximal commutative subalgebra of A, which contains x, then f (x) ∈
A0 ∩ C.

2. Denote by u0, u1 the complex functions u0(λ) = 1, u1(λ) = λ, then, Θ̂x(u0) = e
and Θ̂x(u1) = x.

Proof. Given that Fréchet algebras are pseudo complete (Lemma E.1.5), Remark E.1.5
tells us that σA(x) is a compact subset of C, which implies that makes sense to talk
about a contour of σA(x) (Definition B.3.3).

Theorem E.1.1 tells us that Θ̂x is an algebra homomorphism, so, we need to show
that it is continuous. Recall that the topology of Hol(D′) is the topology of uniform
convergence in compact subsets of D′ (Example E.0.1), thus, we need to prove that,
if for all K compact subset of D′ we have that fn → f uniformly over K, then
Θ̂x( fn)→ Θ̂x( f ) inside A.

By the definition of a contour (Definition B.3.3) we have that ∂D′ is a compact
subset of D and ∂D ∩ σA(x) = ∅, thus, [Fragoulopoulou et al., 2022, Lemma 2.3.10]
tells us that there is B ∈ B0 such that (λ1A − x)−1 ∈ A[B̃] for all λ ∈ ∂D′. The
holomorphic functional calculus over A[B̃] is a continuous map (Theorem B.3.1),
therefore, we have that

1
2πi

∫
∂D′

fn(λ)(λ1A − x)−1dλ→ 1
2πi

∫
∂D′

f (λ)(λ1A − x)−1dλ

insideA[B̃]. Since the topology ofA[B̃] is stronger than the topology ofA ([Fragoulopoulou
et al., 2022, page 12]), we have that

1
2πi

∫
∂D′

fn(λ)(λ1A − x)−1dλ→ 1
2πi

∫
∂D′

f (λ)(λ1A − x)−1dλ
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inside A, hence, Θ̂x is a continuous map from Hol(D′) into A.

Remark E.1.6 (Holomorphic functional calculus and Riemann sums). Let A be a
Fréchet algebra and x ∈ A0, then, in the proof of Corollary E.1.2 it is mentioned that the
element

1
2πi

∫
∂D′

f (λ)(λ1A − x)−1dλ

can be computed as an element of A[B̃] using the holomorphic functional calculus over
Banach algebras. The holomorphic functional calculus over Banach algebras gives an element

1
2πi

∫
∂D′

f (λ)(λ1A − x)−1dλ

which can be computed as a Bochner integral and also is the limit of Riemann sums (Re-
mark B.3.1), thus, given that the topology of A[B̃] is stronger than the topology of A, the
Riemann sums that converge to the element

1
2πi

∫
∂D′

f (λ)(λ1A − x)−1dλ

inside A[B̃] also converge inside A.

Remark E.1.7 (Rational functions and holomorphic calculus). Let A be a Fréchet
algebra and x ∈ A0, assume that D is a Cauchy domain of σA(x) (Definition E.1.9), denote
by Θ̂x the continuous map from Hol(D) into A described in Corollary E.1.2. Then, for any
polynomial p(λ) = ∑n≤d cnλd we have that Θ̂x(p) = ∑n≤d cnxn, thus, for any rational
function r(λ) = p(λ)/q(λ) holomorphic over σA(x) we have that

Θ̂x(r) = p(x)(q(x))−1.

Since the algebra of rational functions is dense in Hol(D) ([Allan and Dales, 2011, Corollary
4.86]) we have that the holomorphic functional calculus for x is uniquely determined by its
values in rational functions.

There is also a spectral mapping for the holomorphic functional calculus over
Fréchet algebras,

Proposition E.1.3 (Proposition 2.5.7 [Fragoulopoulou et al., 2022]). Let A be a Fréchet
algebra and x ∈ A, then, for any f ∈ Fx,

σA(Θ̂x( f )) = f (σA(x)).

Remark E.1.8 (Other formulations for the holomorphic functional calculus). The
holomorphic functional calculus is a well-known fact in the community, as you can check in
[Schweitzer, 1992, Proof of lemma 1.2], [Gramsch, 1984, Introduction page 3], and [Phillips,
1991, Lemma 1.3] where it is stated, however, most of recent literature does not go into the
details of its formulation and instead it provides references to fairly old and hard to find
papers with those details.

The classical holomorphic calculus on Banach algebras has been generalized to non-normed
algebra by several authors, for more information on that we recommend the introduction to
[Arikan et al., 2003]. Among those non-normed algebras many authors have focused on lo-
cally convex algebras, for example, [Waelbroeck, 1971, Chapter VI] exposes various results
on holomorphic calculus for those algebras. Most of the papers that establish the holomorphic
functional calculus on locally convex algebras use mathematical techniques that I was not
able to follow, also, some of those papers use notation and techniques from fairly old docu-
ments which I was not able to find. Fortunately, the exposition given in [Allan, 1965] was
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simpler and more self contained than the other expositions, this exposition is also presented
in [Fragoulopoulou et al., 2022, Chapter 2].

In Fréchet m-convex algebras it is possible to come up with a formulation of the holo-
morphic functional calculus that relays on the Arens-Michael representation of a m-convex
Fréchet algebra as a projective limit of Banach algebras ([Goldmann, 1990, Theorem 3.3.7]
[Michael, 1952]), and it was used in [Goldmann, 1990, Section 6.1] to provide a holomorphic
functional calculus for commutative m-convex Fréchet algebras.

The approach taken for the holomorphic functional calculus lies within the realm of topo-
logical spaces, nonetheless, this is not the only approach towards functional calculus on
algebras, bornologies are also used to work with functional calculus and have proven to be a
viable and useful alternative ([Cuntz et al., 2007, Chapter 2]). When using bornologies the
projective limits become inductive limits, which makes them easier to handle; a bornology,
compared to topology, cares about bounded sets instead of open sets ([Cuntz et al., 2007,
Definition 2.1]).

Holomorphic functional calculus for smooth sub algebras

If we focus on Fréchet algebras that are smooth sub algebra the holomorphic func-
tional calculus over Fréchet algebras has some nice properties that will be useful to
work with the K theory of smooth sub algebras (Section 2.2) and the cyclic coho-
mology of smooth sub algebras (Appendix H.3).

Lemma E.1.6 (Topological and algebraic spectrum of Fréchet sub algebras). Let A
be a C* algebra and A a sub algebra of A, assume that A has the following properties,

• A is a Fréchet algebra whose topology is stronger than the topology of A,

• A is spectrally invariant with respect to A i.e.

∀x ∈ A, SpA(x) = SpA(x),

where, SpA(x) the algebraic spectrum of x as an element of A i.e.

SpA(a) = {λ ∈ C|∄b ∈ A s.t. b(λ1A − a) = (λ1A − a)b = 1A}.

Then, we have that,
∀x ∈ A, SpA(x) = σA(x),

and A = A0. Additionally,

SpA(x) =
⋂
{SpA[B](x) : B ∈ B0, x ∈ A[B]},

and,
ρA(x) = β(x) = inf{ρA[B](x) : B ∈ B0, x ∈ A[B]},

where ρA(x) be the spectral radius of x i.e. ρA(x) = supz∈SpA(x) |z|.

Proof. We assume that A has a unit, if A has no unit then we use A+ instead since
both the algebraic and the topological spectrums of elements of A are defined as
their spectrums on A+. Since The topology of A is stronger than the topology of
A we get that the map i : A → A, i(x) = x is continuous, therefore, G(A) =
i−1(G(A)) is open since G(A) is open (Lemma E.1.1). Since G(A) is an open set,
we have that the inversion over A is a continuous function by [Waelbroeck, 1971,
Corollary page 115], also, from Lemma E.1.5 we know that A is pseudo-complete,
thus, [Fragoulopoulou et al., 2022, Theorem 2.3.13] tell us that σA(x) = SpA(x).
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Since SpA(x) is close (Appendix B.1.2) and we have assumed that SpA(x) = SpA(x),
then, σA(x) = SpA(x). Additionally, since SpA(x) is bounded (Appendix B.1.2) we
have that σA(x) is also bounded, thus, [Fragoulopoulou et al., 2022, Corollary 2.3.14]
implies that A = A0.

From [Fragoulopoulou et al., 2022, Proposition 2.3.12] we know that

SpA(x) =
⋂
{σA[B](x) : B ∈ B0, x ∈ A[B]},

since A[B] are Banach algebras we have that all the elements are bounded, which
implies that σA[B](x) = SpA[B](x), which gives us the desired result.

Recall that ρA(x) is the spectral radius of SpA(x) (Appendix B.1.2), therefore,
from [Fragoulopoulou et al., 2022, Theorem 2.3.11] we get that β(x) = ρA(x), and
from [Fragoulopoulou et al., 2022, Proposition 2.3.12] we get that

ρA(x) = β(x) = inf{ρA[B](x) : B ∈ B0, x ∈ A[B]}.

Corollary E.1.3 (Topological and algebraic spectrum of smooth sub algebras). Let A
be a C* algebra and A a smooth sub algebra of A, then,

∀x ∈ A, SpA(x) = σA(x),

and A = A0. Moreover,

SpA(x) =
⋂
{SpA[B](x) : B ∈ B0, x ∈ A[B]},

and,
ρA(x) = β(x) = inf{ρA[B](x) : B ∈ B0, x ∈ A[B]}.

Proof. From Lemma E.1.1 we know that smooth sub algebras satisfy the conditions
of Lemma E.1.6, therefore, this is a consequence of Lemma E.1.6.

Proposition E.1.4. Let A be a C* algebra and A a smooth sub algebra of A. Take x ∈ A,
assume that D is a Cauchy domain of σA(x) (Definition E.1.9). If A has a unit set e =
1A, else, set e = 1A+ . Denote by Θ̂x the continuous homomorphism of Fréchet algebras
from Hol(D) into A (Corollary E.1.2), and denote by Θx the continuous homomorphism of
topological algebras from Hol(D) into A (Theorem B.3.1), then, for any f ∈ Hol(D) we
have that

Θ̂x( f ) = Θx( f ).

Proof. We assume that A has a unit, otherwise, work with (A+,A+). By Corol-
lary E.1.3 we know that σA(x) = SpA(x) for all x ∈ A, thus, the domain of the
holomorphic functional calculus over A is the same as the domain of the holomor-
phic functional calculus over A, that is, the algebra of holomorphic functions over
the Cauchy domain D.

By Remark E.1.7 we know that for any rational function r(λ) = p(λ)/q(λ) holo-
morphic on SpA(x) we have that

Θ̂x(r) = p(x)(q(x))−1,

thus, the properties of the holomorphic funcitonal calculus on A (Theorem B.3.1)
tell us that Θ̂x(r) = Θx(r) for any rational function holomorphic on SpA(x). Since,
the rational functions are dense in Hol(D) ([Allan and Dales, 2011, Corollary 4.86])
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and both both maps Θ̂x, Θx are continuous (Corollary E.1.2, Theorem B.3.1), they
coincide, that is, for all f ∈ Hol(D) we have that

Θ̂x( f ) = Θx( f ).

The setup we have given allows us to provide an alternative proof for the charac-
terization of smooth sub algebras provided in [Schweitzer, 1992, Lemma 1.2], notice
that this characterization is key to prove that Mn(A) is a smooth sub algebra of
Mn(A) is A is a smooth sub algebra of A ([Schweitzer, 1992, Corollary 2.3]).

Proposition E.1.5. Let A be a C* algebra andA a sub algebra with the following properties,

• A is close under involution,

• A is a Fréchet algebra with a topology stronger than A,

then, A is invariant under the holomorphic functional calculus of A iff A is spectrally
invariant with respect to A.

Proof. From Lemma E.1.1 we know that, if A is invariant under the holomorphic
functional calculus of A, then A is spectrally invariant with respect to A. So, let’s
look into the converse statement.

Denote by Θ̂x the continuous homomorphism of Fréchet algebras from Hol(D)
into A (Theorem E.1.1), and denote by Θx the continuous homomorphism of topo-
logical algebras from Hol(D) into A (Theorem B.3.1). Take A spectrally invariant
with respect to A, then, from Lemma E.1.6 we know that for all x ∈ A, σA(x) =
SpA(x) = SpA(x), and A = A0, therefore, by Corollary E.1.2 we know that the
map Θ̂x takes the form of an integral. Notice that the domain of Θ̂x and Θx is the
same for all x ∈ A i.e. the functions that are holomorphic over a Cauchy domain of
SpA(x).

Take r(λ) = p(λ)/q(λ) a rational function holomorphic over SpA(x), then, from
Remark E.1.7 we know that

Θ̂x(r) = p(x)(q(x))−1,

and from Theorem B.3.1 we have that

Θx(r) = p(x)(q(x))−1,

therefore, Θ̂x(r) = Θx(r) for all rational functions holomorphic over SpA(x). Since
the rational functions are dense in the algebra of holomorphic functions over SpA(x)
([Allan and Dales, 2011, Corollary 4.86]), we have that Θ̂x( f ) = Θx( f ) for all holo-
morphic functions over SpA(x). Since the range of Θ̂ is a sub algebra of A,for any
x ∈ A and f holomorphic over SpA(x) we get that Θx( f ) ∈ A .

Now we can look into the precise form that the holomorphic functional calculus
(Theorem E.1.1) takes on smooth sub algebras,

Theorem E.1.2 (Holomorphic functional calculus on smooth sub algebras). Let A be
a C* algebra and A a smooth sub algebra of A. Take x ∈ A, assume that D is a Cauchy
domain of σA(x) (Definition E.1.9). If A has a unit set e = 1A, else, set e = 1A+ . Then,
for every ∂D′ ⊂ D a contour of σA(a) (Definition B.3.3) such that D′ ⊂ D, there is a
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continuous homomorphism of Fréchet algebras Θ̂x : Hol(D) → A, which is given by the
following formulae,

Θ̂x( f ) =
1

2πi

∫
∂D′

f (λ)(λ1A − x)−1dλ,

where Hol(D) is the Fréchet algebra of holmorphic functions over D (Example E.0.1). Ad-
ditionally, we have that,

1. If C is a maximal commutative subalgebra of A, which contains x, then f (x) ∈ C.

2. Denote by u0, u1 the complex functions u0(λ) = 1, u1(λ) = λ, then, Θ̂x(u0) = e
and Θ̂x(u1) = x.

3. SpA(Θ̂x( f )) = f (SpA(x)).

4. Denote by Θx the continuous homormorphism from Hol(D) into A described in (The-
orem B.3.1), then, for all f ∈ Hol(D) we have that,

Θ̂x( f ) = Θx( f ).

5. For any f ∈ Hol(D) and g holomorphic over f (SpA(x)), we have that Θ̂ f (x)(g) =
Θ̂x(g ◦ f ).

The element Θ̂x( f ) can be computed as the limit of Riemann sums taking values in A.

Proof. From Corollary E.1.3 we know that all the elements of A are bounded i.e.
A = A0 and SpA(x) = σA(x). Since A is spectrally invariant with respect to
A (Lemma E.1.1), we get that SpA(x) = σA(x). Under this setting, the first two
items are a consequence of Corollary E.1.2 and the third item is a consequence of
Proposition E.1.3, also, the fourth item is a consequence of Proposition E.1.4.

From Proposition B.3.1) we know that,

Θ f (x)(g) = Θx(g ◦ f ),

so, given that Θ̂x( f ) = Θx( f ) (Proposition E.1.4), then, we must have that Θ̂ f (x)(g) =
Θ̂x(g ◦ f ).

From Remark E.1.6 we know that Θ̂x( f ) can be computed as the limit of Riemann
sums taking values in A.

Remark E.1.9. Let A be a C* algebra and A a smooth sub algebra of A, Theorem E.1.2 tells
us that

Θ̂x( f ) = Θx( f ),

therefore, if x ∈ A and f is an holomorphic function on a Cauchy domain of SpA(x), we
use the notation

f (x) := Θ̂x( f ),

as is done in Theorem B.3.1.

The following is a key fact for smooth sub algebras

Proposition E.1.6. If A is a smooth sub algebra of A, then Mn(A) is a smooth sub algebra
of Mn(A) for any n ∈N.
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Proof. From Example E.0.3 we know that Mn(A) is a Fréchet algebra, moreover, it
has a topology stronger that the topology of Mn(A) because convergence in Mn(A)
implies convergence of all the entries of the matrices, which in turn implies the
convergence in Mn(A) (Proposition D.7.3). Therefore, Mn(A) is a sub *-algebra of
Mn(A) with a topology stronger that the topology of Mn(A).

From [Schweitzer, 1992, Corollary 2.3] we get that if the set of invertible elements
of A is open in A, we have that A is spectrally invariant with respect to A iff Mn(A)
is spectrally invariant with respect to Mn(A), therefore, given that G(A) is open in
A (Proposition B.1.1), Proposition E.1.5 tell us that Mn(A) is invariant under the
holomorphic functional calculus of Mn(A). The previous claims imply that Mn(A)
is a smooth sub algebra of Mn(A) (Definition E.1.1).

Since the holomorphic functional calculus on smooth sub algebras coincides with
the holomorphic functional calculus on C* algebras (Theorem E.1.2), many results
from C* algebras can be translated into the realm of smooth sub algebras,

Proposition E.1.7 (Polar decomposition of invertible elements). Let A be a unital C*
algebra and A a smooth sub algebra of A, denote by Asa the set of self adjoint elements of
A, then,

• If a ≥ 0 with a ∈ G(A), then there exists b ∈ Asa such that exp(b) = a.

• If a ∈ G(A), then there is a unique decomposition a = bu with b ∈ Apos, and
u ∈ U(A). Moreover, b = (aa∗)1/2.

• If a ∈ U(A) then b = 1A and u = a, that is, the unitaries are a fixed point of the
map a→ u.

We call b the absolute value of a and we denote by |a|, also, since u is unique we denote it
by ω(a).

Proof. Recall that the smooth sub algebras are closed under involution, so, if a ∈ A
then a∗ ∈ A (Definition E.1.1). Given a ∈ G(A), we have that aa∗ is invertible, also,
aa∗ is a positive element of A we have that Sp(aa∗) ⊂ (0, inf) (Proposition D.4.3).
Since the function z 7→ z−1/2 is holomorphic over the spectrum of aa∗, hence, we can
compute the element |a|−1 = (aa∗)−1/2 using the holomorphic functional calculus
over A (Corollary B.3.1), and we get that |a|−1 ∈ A because A is closed under the
holomorphic functional calculus of A (Definition E.1.1), thus, ω(a) = a|a|−1 is an
element of A. To check that the other claims hold you can follow the arguments in
Proposition D.4.4 and check that all the constructions make use of the holomorphic
funcitonal calculus over A and the continuous functional calculus over A is used
only to deduce properties of the elements e.g. properties of their spectrum.

Since the holomorphic functional calculus on smooth sub algebras is a continuous
homomorphism of Fréchet algebras (Theorem E.1.2) we can use it to define smooth
paths as in Proposition B.3.4,

Proposition E.1.8 (Smooth paths from entire functions in smooth sub algebras ). Let
A be a unital smooth sub algebra of a C* algebra A, then for any a ∈ A and f ∈ Hol(C)
the function

γ f ,a : C→ A, z 7→ f (za)

is infinitely continuously differentiable i.e γ f ,a ∈ C∞(C,A).
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Proof. We will use the holomorphic functional calculus over A (Theorem E.1.2) and
the topology of Hol(C) (Example E.0.1),

• Continuity: We want to proof that for any a ∈ A and f ∈ Hol(C) the function

γ f ,a : C→ A, z 7→ f (za)

is continuous, this means that for any z ∈ C, if z′ → z then f (z′a) → f (za) in
A. Given that the holomorphic functional calculus is a continuous map from
Hol(C) into A (Theorem E.1.2), we will divide this problem into two pieces.
First, we will show that the map z 7→ f ◦ gz with gz(a) = za is a continuous
map from C into Hol(C), then, given that ( f ◦ gz)(a) = f (za) we can use the
continuity of the holomorphic functional calculus over A (Theorem E.1.2) to
show that the map z 7→ f (za) is continuous because is the composition of two
continuous maps.

Let {Ki}i∈N be a compact exhaustion of C (Definition B.3.1), then, the topol-
ogy of Hol(C) is given by the set of seminorms (Example E.0.1)

pi( f ) = sup
ω∈Ki

| f (ω)|, i ∈N,

thus, by the content of Proposition E.0.2 we need to check that, given n < ∞
and ϵ > 0, we can find δ > 0 such that if |z′ − z| ≤ δ, then

pn(( f ◦ gz′)− ( f ◦ gz)) ≤ ϵ.

Since Kn is compact, there is d ≥ 0 such that Kn ⊂ B(0, d), that is, we find a
compact ball that contains Kn. For convenience, we set |z′ − z| ≤ 1, because
we have that |ωz′| ≤ d max{|z|, |z|+ 1} when |z′ − z| ≤ 1.

Set d′ = d max{|z|, |z|+ 1}, then f is uniformly continuous on B(0, d′), mean-
ing that there is a δ′ such that, if |ω − ω′| ≤ δ′ and ω, ω′ ∈ B(0, d′), then,
| f (ω)− f (ω′)| ≤ ϵ. Take ω ∈ Kn, then |ωz− ωz′| = |ω||z− z′|, and we now
that d′ ≥ |ω|, so if we set

δ =
min{δ′, 1}
max{d′, 1}

and we take |z − z′| ≤ δ, then, when ω ∈ B(0, d) we can guaranty that
ωz, ωz′ ∈ B(0, d′) and also that |ωz − ωz′| ≤ δ′, which in turn tell us that
if ω ∈ Kn, then |( f ◦ gz′)(ω)− ( f ◦ gz))(ω)| ≤ ϵ, or equivalently, then ω ∈ Kn
we have that

pi(( f ◦ gz′)− ( f ◦ gz)) ≤ ϵ.

According to Proposition E.0.2, the previous statement implies that z 7→ f ◦ gz
is a continuous function from C into Hol(C), therefore, the continuity of the
holomorphic calculus over A (Theorem E.1.2) tells us that z 7→ f (za) = ( f ◦
gz)(a) is a continuous map from C to A for every a ∈ A and f ∈ Hol(C).

• Differentiable paths: This demonstration is almost the same demonstration
given in (Proposition B.3.4), the only change lies in the fact that here we use
the holomorphic functional calculus over A (Theorem E.1.2) instead of the
holomorphic functional calculus over A (Theorem B.3.1).

Given that the map a 7→ Sp(a) is upper semi-continuous (Proposition B.1.3),
according to Remark B.3.2 if D is a Cauchy domain of Sp(za) and γ is the
boundary of D, there must be η > 0 such that, if |z − z′| ≤ η then D is a
Cauchy domain of Sp(z′a).
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Set gz(a) = za, since f (za) = ( f ◦ gz)(a), we have that

( f (za)− f (z′a))
z− z′

=
(( f ◦ gz)(a)− ( f ◦ gz′)(a))

z− z′

=
1

2πi

(∫
γ
( f ◦ gz)(λ)(λ1− a)−1 dλ−

∫
γ
( f ◦ gz′)(λ)(λ1− a)−1 dλ

)
1

z− z′

=
1

2πi

∫
γ

(
( f ◦ gz)(λ)− ( f ◦ gz′)(λ)

z− z′

)
(λ1− a)−1 dλ,

moreover, if we use the fundamental theorem of calculus for complex integrals
we get,

( f (za)− f (z′a))
z− z′

=
1

2πi

∫
γ

λ

(∫ λz
λz′ f (1)(ω)dω

λz− λz′

)
(λ1− a)−1 dλ,

with f (1)(ω) = d f
dz (ω). Since f (1) is a continuous function over C, the funda-

mental theorem of calculus for complex valued integrals tells us that for any
λ ∈ C, if z′ → z then ∫ λz

λz′ f (1)(ω)dω

λz− λz′
→ f (1)(λz).

Since f is an entire function, we know that f (1) is an holomorphic function
over C, therefore, it is uniformly continuous over compact sets.

Here comes the key part of the demonstration, notice that the function λ 7→
fz,z′(λ) given by

fz,z′(λ) =

(
( f ◦ gz)(λ)− ( f ◦ gz′)(λ)

z− z′

)
= λ

∫ λz
λz′ f (1)(ω)dω

λz− λz′

is an holomorphic function over C when z ̸= z′, so, we will ask for the limit of
fz,z′(·) as elements of the topological algebra Hol(C) when z′ → z, which will
turn out to be the function λ 7→ λ f (1)(λz), in which case the continuity of the
holomorphic functional calculus over A (Theorem E.1.2) would imply that

d f (z′a)
dz′

|z = lim
z′→z

1
2πi

∫
γ

fz,z′(λ)(λ1− a)−1 dλ

=
1

2πi

∫
γ

λ f (1)(λz)(λ1− a)−1 dλ.

Now we will look into how to show that

(λ 7→ fz,z′(λ))→ (λ 7→ λ f (1)(λz))

inside Hol(C). For i ∈ N set Ki = B(0, i), then, {Ki}i∈N is a compact exhaus-
tion of C (Definition B.3.1), then, the topology of Hol(C) is given by the set of
seminorms (Example E.0.1)

pi( f ) = sup
ω∈Ki

| f (ω)|, i ∈N,

thus, by the content of Proposition E.0.2 we need to check that, given n < ∞
and ϵ > 0, we can find δ > 0 such that if |z′ − z| ≤ δ, then

pn

(
(λ 7→ fz,z′(λ))− (λ 7→ λ f (1)(λz))

)
≤ ϵ.
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For convenience set |z− z′| ≤ 1, under this setting, we have that, if λ ∈ Kn,
then z′λ ∈ B(0, n(|z|+ 1)). Chose δ′ > 0 such that, if ω, ω′ ∈ B(0, n(|z|+ 1))
and |ω − ω′| ≤ δ′, then | f (1)(ω)− f (1)(ω′)| ≤ ϵ/n, under this setting, if we
set

|z− z′| ≤ δ′

n
,

we have that
|λz− λz′| ≤ |λ||z− z′| ≤ δ′,

which guaranties that, for all λ ∈ Kn the following holds

| f (1)(zλ)− f (1)(z′λ)| ≤ ϵ.

Given that B(0, n(|z|+ 1)) is a convex set of C, the line connecting λz with λz′

lies inside B(0, n(|z|+ 1)), therefore, if |z − z′| ≤ δ/n′ we have that for any
0 ≤ c ≤ 1 the following holds,

| f (1)(czλ + (1− c)z′λ)− f (1)(zλ)| ≤ ϵ/n.

The fundamental theorem of calculus for complex valued functions tells us
that,

λ f (1)(λz) = λ
∫ λz

λz′

f (1)(λz)
λz− λz′

dω,

therefore,∣∣∣∣∣λ
∫ λz

λz′ f (1)(ω)dω

λz− λz′
− λ f (1)(λz)

∣∣∣∣∣ ≤
(

sup
λ∈Kn

|λ|
) ∫ λz

λz′ | f
(1)(ω)− f (1)(λz)|dω

|λz− λz′| .

Since,∫ λz

λz′
| f (1)(ω)− f (1)(λz)|dω ≤

(
sup

0≤c≤1
| f (1)(czλ + (1− c)z′λ)− f (1)(zλ)|

)
|λz−λz′|.

if we use the bound on the values of | f (1)(ω)− f (1)(λz)| when ω lies between
λz′ and λz we get that, if λ ∈ Kn, then∣∣∣∣∣λ

∫ λz
λz′ f (1)(ω)dω

λz− λz′
− λ f (1)(λz)

∣∣∣∣∣ ≤
(

sup
λ∈Kn

|λ|
)

ϵ|λz− λz′|
n

1
|λz− λz′| ≤ ϵ.

The previous statement implies that if z′ → z, then fz,z′(λ) → λ f (1)(λz) uni-
formly on Kn, under this setting, Proposition E.0.2 tells us that fz,z′(λ) →
λ f (1)(λz) as elements of Hol(C), hence,

d f (z′a)
dz′

|z =
1

2πi

∫
γ

λ f (1)(λz)(λ1− a)−1 dλ.

We know that f (1) ◦ gz is holomorphic over C, also, the function id(λ) =
λ is holomorphic over C, from Theorem E.1.2 we know that id(a) = a, so,
given that the holomorphic functional calculus over A is an homomorphism
of algebras (Theorem E.1.2), we get that (id f (1) ◦ gz)(a) = a f (1)(a), which
implies that

d f (z′a)
dz′

|z = a f (1)(za).

Notice that the map z 7→ a f (1)(za) is continuous because f (1) is a continuous
function over C. Since the function λ 7→ λ f (1)(λz) is holomorphic on C, we
can iterate the previous argument to show that

d f (z′a)
dz′

|z =
1

2πi

∫
γ

λn f (n)(λz)(λ1− a)−1 dλ = an f (n)(za),

which implies that the function z 7→ f (za) is smooth.
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Remark E.1.10 (Homotopy from exponential function over smooth sub algebras).
Let A be a C* algebra with unit and A a smooth sub algebra of A, denote by G0(A) the set
of invertibles in A that are homotopic to 1A inside G(A). Using Proposition E.1.8 if we
take f (x) = exp(x) we have smooth homotopies of invertible elements,

t→ exp(ta), t ∈ [0, 1], a ∈ A,

henceforth, exp{A} ⊂ G0(A), where G0(A) is the connected component of the identity of
the topological group G(A).
As in Remark E.1.10 if we were more carefull with the conditions on Proposition E.1.8 we
could also have smooth maps like

γ f ,a : (0, ∞)→ A, z 7→ f (za), when Sp(a) ⊂ Π.

This map is used as a key step in the study of the semi group of homotopic projections of
a smooth sub algebra in [Gracia-Bondı́a et al., 2001, Lemma 3.43] with f (z) = z1/2 (the
principal branch of the complex square root).

You may guess the next step, since G(A) is open for unital smooth sub algebras
(Lemma E.1.1), we could look into copying the proof from Theorem B.3.2 to provide
a characterization G(A),

Theorem E.1.3 (Description of G(A) ( Proposition 3.4.3 [Blackadar, 2012])). Let A
be a smooth sub algebra of a unital C* algebra A, then:

• G0(A) is an open-and-closed, normal subgroup of G(A), and the components of
G(A) are precisely the cosets of G0(A) in G(A)

• G0(A) consists of all finite products of exponentials, so that

G0(A) = {exp (a1) exp (a2) · · · exp (ak) : a1, . . . , ak ∈ A, k ∈N} ;

• in the case where A is commutative, G0(A) = exp{A}

Proof. We denote by G0(A) the set of all invertibles of A that are homotopic to 1A
through a path on invertibles, and we set G0 = G0(A), also G = G(A). Since
the proof of Theorem B.3.2 only uses the holomorphic calculus to come up with
elements in A, you can translate it into A with the aid of Remark E.1.10. Also,
recall that G(A) is open and is a dense subset of G(A) by Lemma E.1.1.

Remark E.1.11 (Canonical homotopies between invertibles in smooth sub algebras).
Following an argument similar to Remark B.3.6 you can show that if two invertibles x, y ∈
G(A) are homotopic we can construct a canonical path between them as

γ(t) = x(exp (ta1) exp (ta2) · · · exp (tak)), γ(0) = x, γ(1) = y.

The path γ is a multiplication of continuous paths by Remark E.1.10, therefore is continuous
i.e. an homotopy. Moreover, it is the multiplication of smooth paths, thus it is a smooth path.
Notice that the product rule for the derivation still holds in this scenario.

Remark E.1.12 (Smooth algebras as non-commutative smooth manifolds). The con-
tent of [Moerdijk and Reyes, 1991], [Kainz et al., 1987], [Michor and Vanžura, 1994] it is
mentioned that C∞ rings provide a nice setup for an algebraic approach towards differential
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geometry. Recall that C* algebras provide a nice setup for an algebraic approach towards
the topology of locally compact Hausdorff spaces (Appendix D.3.3). The C∞ rings come
up as rings where is possible to define mappings f : An → Am with f a smooth function
f : Rn → Rm ([Moerdijk and Reyes, 1991, Chapter 1, Section 1]), instead of just having
mappings p : An → Am with p = (p1, · · · , pm) and pl a polynomial in n variables.

The most common definition of a C∞ ring comes in the form of a functor A : C∞ → Sets
where, C∞ is the category of all Rn spaces with homomorphisms given by smooth functions,
and Sets is the category of sets with homomorphisms given by functions ([Moerdijk and
Reyes, 1991, Chapter 1, Section 1]), under this setting, the ring is understood as A(R). A
C∞ homomorphism is a natural transformation between the categories, so, for example, if
f , g : R → R are smooth functions, they should generate maps A( f ), A(g) : A(R) →
A(R) such that A( f ) ◦ A(g) = A( f ◦ g).

C∞ rings have a natural locally convex topology given by m-convex seminorms ([Kainz
et al., 1987, Definition 2.3]), such that, C∞ homomorphisms are automatically continuous
([Kainz et al., 1987, Theorem 2.4]), much like C* homomorphisms are automatically contin-
uous (Proposition D.0.1). C∞ rings that correspond to smooth functions over a paracompact
second countable manifold are Fréchet m-convex algebras ([Michor and Vanžura, 1994, The-
orem 2]), thus, it is sensible to look into non-commutative Fréchet algebras for a setup to
generalise the algebras of smooth functions over smooth compact manifolds.

e.1.2 Fréchet D∗∞-subalgebras

The Fréchet D∗∞-subalgebras arise are generalization of the example

C∞([a, b]) ⊂ C([a, b]),

where C∞([a, b]) is a smooth sub algebra over C([a, b]). Fréchet D∗∞-subalgebras
are smooth sub algebras (Proposition E.1.10) and their structure resembles that of
C∞([a, b]) in the sense that it has seminorms that satisfy a Leibniz like law for
the seminorms (Definition E.1.10). In [Bhatt et al., 2013] and [Bhatt, 2016] there
are various examples of Fréchet D∗∞-subalgebras which makes the case for their
usefulness, moreover, the smooth sub algebras of twisted crossed products take the
form of Fréchet D∗∞-subalgebras (Proposition 1.1.7).

Definition E.1.10 (Fréchet (D∗∞)-subalgebra (Definition 1.2 [Bhatt et al., 2013]). Let
(A, ∥ · ∥0) be a C∗-algebra. Let A be a dense ∗-subalgebra of A. Then A is called a Fréchet
(D∗∞)-subalgebra of A if there exists a sequence of seminorms {∥ · ∥i : 0 ≤ i < ∞} such
that the following hold:

• m-convex * algebra: For all i, 1 ≤ i < ∞, for all x, y in B, ∥xy∥i ≤ ∥x∥i∥y∥i, ∥x∗∥i =
∥x∥i.

• Leibniz like law for seminorms: For each i, 1 ≤ i < ∞, there exists Di > 0 such
that ∥xy∥i ≤ Di (∥x∥i∥y∥i−1+ ∥x∥i−1∥y∥i) holds for all x, y in B. {∥ · ∥i : 0 ≤ i < ∞}.

• Fréchet *-algebra: x B is a Hausdorff Fréchet ∗-algebra with the topology τ defined
by the seminorms {∥ · ∥i : 0 ≤ i < ∞}.

As it happens with smooth sub algebras, the matrix algebras of Fréchet D∗∞-
subalgebras are still Fréchet D∗∞-subalgebras,

Proposition E.1.9 (PROPOSITION 2.6 [Bhatt et al., 2013]). Let (A, {∥ · ∥i : 0 ≤ i < ∞})
be a Fréchet (D∗∞)-subalgebra of A. Then Mn(A) is a dense ∗-subalgebra of Mn(A); and
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it is also a Fréchet ∗-algebra with the projective tensorial topology defined by the family
of seminorms ∥ · ∥γ,i, which is the projective cross norm given by ∥ · ∥i on B and the C∗-
norm ∥ · ∥ on Mn(C). Moreover, under this assumptions the algebra Mn(A) is a Fréchet
(D∗∞)-subalgebra of Mn(A).

Fréchet D∗∞-subalgebras are useful because they are closed under the holomor-
phic functional calculus of their ambient C* algebra, and are spectrally invariant,

Proposition E.1.10 (COROLLARY 3.2 [Bhatt et al., 2013]). Let A be a Fréchet (D∗∞)-
subalgebra of a C∗-algebra A

• If A has identity 1 , then 1 ∈ A and (A, ∥ · ∥0) is a Q-normed algebra.

• The algebra A is hermitian, spectrally invariant in A, is closed under the holomor-
phic functional calculus of A and is an algebra with a C∗-enveloping algebra having
C∗(A) = A.

Notice that Proposition E.1.10 implies that Fréchet D∗∞-subalgebras are smooth
sub algebras. As an additional interesting fact, Fréchet D∗∞-subalgebras are also
closed under C∞ calculus for the self-adjoint elements, in this context, C∞ calculus
of self adjoint elements refers to computing the element f (a) for any a self adjoint
and f smooth over R,

Proposition E.1.11 (COROLLARY 3.3 [Bhatt et al., 2013]). Let A be a Fréchet (D∗∞)-
subalgebra of a C∗-algebra A. Then A is closed under the C∞-functional calculus for
self-adjoint elements of A.

e.1.3 Examples

Take A a sub *-algebra of a C* algebra A, then, how do we prove that A is a
smooth sub algebra of A? to answer this question we would need to prove that A
has the properties of a smooth sub algebra (Definition E.1.1), which may prove to be
highly non trivial, thus, we will piggyback on the work of mathematicians who have
already given conditions for A to be a smooth sub algebra of A. Specifically, we will
use both results from Bhatt et.al [Bhatt et al., 2013] and results from Rennie [Rennie,
2003]. Our first example of smooth sub algebra is quite simple, but is the example
that motivated the development of many techniques on smooth sub algebras, like
Banach D∗p-algebras and Fréchet D∗∞-subalgebras (Appendix E.1.2), which will play
an important role in our examples.

Example E.1.1 (Example 1.3 [Rennie, 2003]). Let C[a, b] be the C∗-algebra of continuous
functions on [a, b]. Recall that C∞[a, b] is dense in C[a, b] and is unital because [a, b] is
compact, moreover, C∞[a, b] is a Fréchet algebra whose topology is defined by the sequence

of norms {pk}, where pk( f ) = ∑k
i=0
∥ f (i)∥∞

i! . This is the canonical example of Fréchet
D∗∞-subalgebras, which in fact are invariant under holomorphic functional calculus (Propo-
sition E.1.10).

Also, if A is a Fréchet (D∗∞)-subalgebra of a C∗-algebra A. Then the following algebras
can be given a sequence of norms that turn them into Fréchet (D∗∞)-subalgebra

• C([a, b],A) ≃ C([a, b])⊗̂πA

• C∞([a, b],A) ≃ C∞([a, b])⊗̂πA
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• C∞([a, b], A) ≃ C∞([a, b])⊗̂π A

were ⊗̂π is the projective tensor product (Definition E.0.19).

Example E.1.2 (Functions decaying at infinity). The Schwarts algebra S(Rd) is dense
in the C* algebra of continuous function decaying at infinity C0(R

d) [Folland, 1999, Propo-
sition 8.17]. Moreover, it is generated by the action of Rd as a Lie group over C0(R

d),
where the action is given by the translation, therefore, by [Bhatt et al., 2013, example 1.6]
S(Rd) ⊂ C0(R

d) is a Fréchet D∗∞-subalgebra.

Example E.1.3 (Algebra of infinite matrices with rapid decay (first example page
131 [Rennie, 2003])). Let H be a separable Hilbert space and F the algebra of finite rank
operators onH, then, we call RD(H) the algebra of matrices with rapid decay and is defined
as

RD(H) =

{(
aij
)

i,j∈N : sup
i,j

ik jl
∣∣aij
∣∣ < ∞, ∀k, l

}
∈N.

RD(H) can be provided with a locally convex topology given be the seminorms

qk,l
(
aij
)
= sup

i,j
ik jl ∣∣aij

∣∣ , k, l > 0,

q0,0 =
∥∥(aij

)∥∥ = operator norm,

and becomes a Fréchet *algebra under this topology, moreover, RD(H) is the completion of
F in the topology determined by the seminorms above.

Notice that q0,0 is a C∗-norm, and the completion of F in this norm is simply K (Ap-
pendix D.6.1), the compact operators on H. The explicit decay on the elements of RD(H)
guaranties that Tr((aij)i,j∈N = ∑n∈N ai,j converges for any element of RD(H), moreover,
the explicit form of the topology over RD(H) implies that Tr is continuous linear functional
on RD(H), and also has the tracial property i.e. Tr(ab) = Tr(ba).

Since RD(H) is a smooth sub algebra of K were Tr is a continuous linear functional, we
may be inclined to believe that in any smooth sub algebra Tr becomes a continuous linear
functional. That is far from true, for example, [Bhatt et al., 2013, example 1.7] provides a
smooth sub algebra (Fréchet (D∗∞)-subalgebra) of K that is bigger than that set of trace class
operators, that is, it contains elements whose trace is infinite.

Example E.1.4 (Tensor product of smooth sub algebras (second example page 131

[Rennie, 2003])). Let A be a unital C* algebra and A a smooth sub algebra of A, also,
let B be a local smooth sub algebra of a C* algebra B ([Rennie, 2003, Definition 3]), then,
according to [Rennie, 2003, second example on page 131] the projective tensor product
A⊗̂πB is a smooth sub algebra of A⊗ B.

This example is quite relevant for us because K is a C* algebra with a trace that is not a
continuous (Appendix D.6.1), and RD(H) ⊂ K is a smooth sub algebra with local units
([Rennie, 2003, defintions 2 and 3]), were the trace becomes a continuous linear functional
that is tracial i.e. Tr(ab) = Tr(ba). This allow us to take a tracial state ϕ over A and
define tracial state over A⊗̂π RD(H) as ϕ⊗̂πTr, which is relevant to the definition of cyclic
cocycles on A⊗̂π RD(H) ([Prodan and Schulz-Baldes, 2016, Chapter 5]).

The elements of A⊗̂π RD(H) can be considered as infinite matrices with coefficients
in A much like it happens in A ⊗ K (Appendix D.7.2), also, if {pn}n∈N is the set of
seminorms that provide the topology of A then according to [Prodan and Schulz-Baldes,
2016, Proposition 3.3.3] A⊗̂π RD(H) is characterized by
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A⊗̂π RD(H) =

{(
aij
)

i,j∈N : sup
i,j

ik jl pn(aij) < ∞, aij ∈ A, ∀k, l, n ∈N

}
.

Additionally, if ϕ is a continuous linear functional on A and (ai,j)i,j∈N ∈ A⊗̂π RD(H),
then

(ϕ⊗̂πTr)
(
(ai,j)i,j∈N

)
= ∑

i∈N

ϕ(ai,i).

Disclaimer E.1.1. The realm of smooth sub algebras is highly technical, so, there are some
results that as you may noticed, are presented with little to none details on their proofs, only
references. Among these results we would like to said a few words

• We have not checked that RD(H) is a smooth sub algebra of K, this fact were taken
from [Rennie, 2003, page 131]. The similarity of its semi norms compared to the semi
norms of the smooth sub algebra inside A⋊α,Θ Z (Section 1.1.6) suggest that RD(H)
is also a Fréchet D∗∞-subalgebra, but we have not checked this.

• We have not found a proof for the fact that A⊗̂πB is a smooth sub algebra of A⊗ B
in Example E.1.4, and as we mentioned, is a fact that is mentioned in [Rennie, 2003].
By the properties of the semi norms on a Fréchet D∗∞-subalgebra it looks plausible that
the projective tensor product of two Fréchet D∗∞-subalgebras is again a Fréchet D∗∞-
subalgebra, so if RD(H) were a Fréchet D∗∞-subalgebra then we could try to check
the aforementioned fact about projective tensor products to provide a demonstration
for this fact, but we have not gone through the details of these claims.

• We have not done the complete calculations to verify the characterization ofA⊗̂π RD(H)
as infinite matrices with rapid decay, however it seems to be a established fact in the
literature [Prodan and Schulz-Baldes, 2016, Proposition 3.3.3].

These are some of the black boxes of this chapter, and we had to settle with just providing
references due to time constrains. If you happen to come across proofs for any of those facts
we would love to hear about them, and we apologize for the lack of mathematical strictness
in the presentation of these results.





F REV IEW OF FOUR IER ANALYS IS

In the Chapter 1 we will look into translation of results of Fourier analysis into
generalization of the C* algebras C0(G; A) for G a locally compact abeliean gorups
and A a C* algebra, these results will come as generalizations of Appendix F.5,
Appendix F.4 and Appendix F.6.

f.1 main results

Let G be a locally compact Hausdorff topological group, that is, topological group
with a locally compact topology, recall that a topological group is a group with a
topology under which the multiplication (G × G → G, (a, b) 7→ ab) and inversion
(G → G, a 7→ a−1) are continuous. This types of groups are quite important for
harmonic analysis because we can provide them with the structure of a measure
space, here we will use the Borel σ-algebra (B(G)) and the measure µ will be left
translation invariant i.e µ(A) = µ(xA) for all A ∈ B(G) and x ∈ G. The measure µ
is guaranteed to exists by the Riesz representation theorem for positive continuous
functionals on Cc(G), also known as the Riesz-Markov theorem ([Kantorovitz, 2003,
Theorem 3.18]), because is possible to define a continuous positive functional on
Cc(G) that is left translation invariant and unique up to a multiplicative constant
([Kantorovitz, 2003, Theorems 4.11, 4.12], [De Chiffre, 2011, Chapter 5]).

Definition F.1.1 (Haar measure). Let G be a locally compact Hausdorff topological group,
then there is a left translation invariant measure µ over B(G) with the following properties:

• Radon measure: µ is a regular Borel measure, and finite on compact sets ([Kan-
torovitz, 2003, Definition 4.13], Definition D.8.1)

• Left translation invariant: for any S ∈ B(G) and g ∈ G we have that µ(S) =
µ(gS).

• µ is unique up to a multiplicative constant i.e. if µ0 and µ1 are Haar measures then
there is λ ∈ R+ such that µ0 = λµ1 ([Kantorovitz, 2003, Definition 4.13])

• By [Vinroot, 2008, Proposition 2.1] µ has full support (Definition D.8.2)

• µ(G) < ∞ iff G is compact ([Vinroot, 2008, Proposition 2.1])

• µ̂(A) := µ(A−1) is a right translation invariant measure ([Vinroot, 2008, Proposi-
tion 2.1])

• If ϕ is a continuous automorphism of G with a continuous inverse then (µ ◦ϕ)(A) :=
µ(ϕ(A)) for A ∈ B(G) is a left Haar measure.

For every x ∈ G the map ϕ(x) : g 7→ x−1gx is a continuous automorphism
of G with continuous inverse, then µ ◦ ϕx is a Haar measure of G, which implies
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that there is some positive scalar δG(x) such that (µ ◦ ϕx)(A) = δG(x)µ(A) for all
A ∈ B(G). The mapping δG : G → R+ is called the modular function and is a
continuous homomorphism of groups ([Vinroot, 2008, Proposition 2.2]), such that
the measure obtained from the positive linear functional f →

∫
G f (g)δG(g)dµ(g) is

a right Haar measure on G ([Vinroot, 2008, Proposition 2.3]).

The groups where δG(x) = 1 for all x ∈ G are called unimodular, and are quite
special because on those groups we have that µ(A) = µ(A−1) for all A ∈ B(A), or
in similar terms ([Kantorovitz, 2003, page 120])∫

G
f
(

x−1
)

dµ(x) =
∫

G
f (x)dµ(x) ( f ∈ Cc(G)) .

Proposition F.1.1 (Examples of unimodular groups). Let G be a locally compact Haus-
dorff topological group, then

• If G is compact then G is unimodular ([Vinroot, 2008, Proposition 2.4])

• If G is abelian then G is unimodular ([Vinroot, 2008, page 6])

For any unimodular group we have that µ(A) = µ(A−1) for all A ∈ B(G).

Remark F.1.1 (Convolution and abelian group). From Example B.0.1 we know that
L1(G) becomes a Banach algebra under the convolution, moreover, the convolution is com-
mutative iff G is abelian ([Deitmar and Echterhoff, 2009, Theorem 1.6.4]). Also, from
Example D.0.1 we know that L1(G) becomes a Banach *-algebra if G is unimodular. No-
tice that if A is a Banach *-algebra then Example B.2.4 tell us that L1(G; A) is a Banach
*-algebra.

In Chapter 1 we provide an special attention to the groups Zd and Td because
these are the appropriate framework for the tight binding models (Section 3.2). The
direct generalization of those models would make use of the group Rd, that is,
changing discrete models for continuous ones. Since all the groups we are interested
in are abelian we will focus our attention into abelian locally compact groups, which
we refer to as LCA groups. This groups are very special because we can define
homomorphism into T and those homomorphisms will have a nice relation with
the Gelfand transform.

Definition F.1.2 (Dual group). Let G be a LCA then γ : G → T is called a character if

γ(x + y) = γ(x)γ(y), x, y ∈ G.

The set of all continuous characters of G is denote by Γ and is an abelian group under the
operation

(γ1 + γ2)(x) = γ1(x)γ2(x), x ∈ G, γ1, γ2 ∈ Γ,

moreover, Γ is a LCA under the topology of uniform convergence in compact sets of G
([Rudin, 1967, Section 1.2.6]). Γ has the following properties:

• γ(−x) = (−γ)(x) = (γ(x))−1 = (γ(x))∗

• Pontryagin duality: Denote by Γ̂ the dual group Γ, then every x ∈ G may be
regarded as a continuous character on Γ, there is a natural map α of G into Γ̂, defined
by

α(x)(γ) = γ(x) (x ∈ G, γ ∈ Γ).

The aforementioned map is an isomorphism of topological groups, or in informal terms,
every LCA is the dual of its dual group. ([Rudin, 1967, Theorem 1.7.2]).
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• Every compact LCA is the dual of a discrete LCA and every discrete LCA is the dual
of a compact LCA ([Rudin, 1967, Section 1.7.3])

• If G is compact then µ(G) = 1 iff the Haar measure on Γ is the counting measure
([Folland, 2016, Proposition 4.25]).

• If G is second countable then Ĝ is second countable ([Folland, 2016, Theorem 7.6],
[Watson, 2016]).

From now on if G is a compact abelian group then we set µ(G) = 1 such that
the measure on Γ is the counting measure.

The Fourier transform is defined using the dual group, in that construction the
convolution of functions over L1(G) plays a key role, so, let f , g functions over G
then denote by f ∗ g the convolution of f and g, that is, the function given by

( f ∗ g)(x) =
∫

G
f (x)g(y− x)dy,

when that sum converges. There are some cases where f ∗ g exists, for example,
if g ∈ L∞(G) and f ∈ L1(G) then ( f ∗ g) is bounded and uniformly continuous
([Rudin, 1967, Section 1.1.6]), also, from previous examples we know that ∥ f ∗ g∥ ≤
∥ f ∥∥g∥ if f , g ∈ L1(G).

Definition F.1.3 (Fourier transform). Let G be a LCA and Γ its dual gruop, f ∈ L1(G)
and γ ∈ Γ, then the function defined by

f̂ (γ) =
∫

G
f (x)γ(−x)dx

is called the Fourier transform of f . Denote by

A(Γ) = { f̂ | f ∈ L1(G)}.

Notice that the Fourier transform is well defined because (x 7→ γ(−x)) ∈ L∞(G).

Proposition F.1.2 (Properties of the Fourier transform). The Fourier transform has the
following properties:

• Generalized Riemann-Lebesgue lemma: A(Γ) ⊂ C0(Γ) ([Rudin, 1967, Theorem
1.2.4]).

• A(Γ) is a self-adjoint sub-algebra of C0(Γ) that separates points of Γ and vanishes
nowhere ([Rudin, 1967, Theorem 1.2.4]), therefore the Stone-Weirstrass theorem tell
us that A(Γ) is dense in C0(Γ) ([Quigg, 2005, Stone-Weierstrass notes, Corollary
7]).

• Continuity: The Fourier transform is norm decreasing i.e ∥ f̂ ∥C0(Γ) ≤ ∥ f ∥L1(G)
([Rudin, 1967, Theorem 1.2.4])

• f̂ ∗ g = f̂ ĝ ([Rudin, 1967, Theorem 1.2.4])

• ( f ∗ γ)(x) = γ(x) f̂ (γ) ([Rudin, 1967, Theorem 1.2.4])

• Injectivity: if f ∈ L1(G) and f̂ = 0 then f = 0 ([Rudin, 1967, Theorem 1.2.2])

• Inversion formula: If f ∈ L1(G) and f̂ ∈ L1(Γ) then f (x) = ̂̂f (−x) almost
everywhere, that is,

f (x) =
∫

Γ
γ(x) f̂ (γ)dγ, a.e. x.
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If f is continuous, these relations hold for every x ∈ G ([Folland, 2016, Theorem
4.33]).

• Gelfand transform: every non-zero homomorphism (involution preserving) ϕ : L1(G)→
C is obtained as f → f̂ (γ) for γ ∈ Γ, and we denote it by ϕγ, moreover, if γ1 ̸= γ2
then ϕγ1 ̸= ϕγ2 ([Rudin, 1967, Theorem 1.2.2]).

Remark F.1.2 (Gelfand transform). Since Γ is in one to one correspondence with the set
of non-zero complex homomorphisms (involution preserving) of L1(G) (Proposition F.1.2)
we can provide it with the final topology given by the homomorphisms x : Γ→ C, x(γ) =
x̂(γ) similar to what we did with the set of characters on the Gelfand transform (Ap-
pendix D.3.1). This topology is equivalent to the topology given by uniform convergence of
characters on compact subsets of G ([Rudin, 1967, Section 1.2.6]). Given this, the Fourier
transform on L1(G) coincides with the Gelfand transform on L1(G), thus, you can compare
Theorem D.3.2 and Proposition F.1.2 for the parallel in those results.

In [Allan and Dales, 2011, Theorem 4.69] you can look for an explicit computation check-
ing that the Fourier transform on L1(T) coincides with the Gelfand transform on L1(T),
and in [Allan and Dales, 2011, Theorem 4.75] there is a similar computation for the case of
L1(R).

Example F.1.1 (Examples of Fourier transform). If G1 and G2 are LCA then the Haar
measure on G1 ⊕ G2 (direct sum) is the product measure µ1 × µ2, also, denote by Ĝ1, Ĝ2
the dual groups of G1, G2 respectively, then the dual group of G1 ⊕ G2 is Ĝ1 ⊕ Ĝ2 with the
identification (ξ1, ξ2)(x1, x2) = ξ1(x1)ξ2(x2) for ξi ∈ Ĝi and xi ∈ Gi ([Katznelson, 2004,
Chapter 6], [Folland, 2016, Proposition 4.7]).

The following are the most common examples of Fourier examples:

• Torus: From [Rudin, 1967, Examples 1.2.7] we have that T̂ = Z and the characters
of T take the following form γn(x) = xn for n ∈ Z, so, if f ∈ L1(T) then

f̂ (n) =
∫

T
f (x)x−ndx =

1
2π

∫ 2π

0
f (exp(iα)) exp(−inα)dα,

with α ∈ [0, 2π) and x = exp(iα). Similarly, have that Ẑ = T and γx(n) = xn

for x ∈ T, so, if f ∈ L1(Z) then

f̂ (x) =
∫

Z
f (n)x−ndn =

∞

∑
n=1

f (n) exp(−inα), α ∈ [0, 2π) and x = exp(iα).

Take f ∈ C(T) then f ∈ L1(T), also, if f ∈ A(Z) := { f̂ : f ∈ L1(Z)}, that
is, if f has an absolutely convergent Fourier series then the inversion of the Fourier
transformation (Proposition F.1.2) tell us that f (α) = ∑∞

−∞ eiαn f̂ (n). The algebra
A(Z) is called the Wiener algebra and denoted by W(T) ([Allan and Dales, 2011,
Example 4.62]), and is closed under inversion, that is, if f (z) ̸= 0 for all z ∈ T then
1/ f ∈W(T) ([Allan and Dales, 2011, Theorem 4.63]).

If we are dealing with d dimensional groups we have that T̂d = Zd and Ẑd = Td.
Additionally, we have

f̂ ((n1, . . . , nd)) =
∫

Td
f ((x1, · · · , xd))(x−n1

1 ) · · · (x−nd
d )dx1 · · · dxd

=
1

(2π)d

∫ 2π

0
· · ·

∫ 2π

0
f ((exp(iα1), · · · , exp(iαd))) exp(−in1α1) · · · exp(−indαd)dα1 · · · dαd,

with αi ∈ [0, 2π) and xi = exp(iαi) and ni ∈ Z. Similarly,

f̂ ((x1, · · · , xd)) =
∞

∑
−∞
· · ·

∞

∑
−∞

f ((n1, · · · , nd)) exp(−in1α1) · · · exp(−indαd),
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with αi ∈ [0, 2π) , xi = exp(iαi) and ni ∈ Z. Notice that the characters of Td take
the form

γs(λ) =

(
∏

1≤j≤d
λ

sj
j

)
, s := (s1, . . . , sd) ∈ Zd, λ := (λ1, · · · , λd) ∈ Td.

• Reals: From [Rudin, 1967, Examples 1.2.7] we have that R̂ = R and γy(x) =
exp(iyx) for y ∈ R, therefore,

f̂ (y) =
∫ ∞

−∞
f (x) exp(−iyx)dx, f ∈ L1(R), y ∈ R.

Also for any f ∈ A(R) i.e. f ∈ C0(R) and f̂ ∈ L1(R) we get the Fourier inversion
formula

f (x) =
∫

R
exp(ixy) f̂ (y)dy.

One of the most important results from the Fourier analysis on LCA is the
Plancherel theorem, which gives us an isomorphism of Hilbert spaces and will
be key to our study of twisted crossed products

Theorem F.1.1 (Plancherel theorem (Section 1.6 [Rudin, 1967])). Let G be a LCA and Γ
its dual group, then the Fourier transform, when restricted to L1(G)∩ L2(G) is an isometry
with respect to the L2-norms onto a dense linear sub-space of L2(Γ), hence it can be extended
uniquely to an isometry of L2(G) onto L2(Γ). This unique extension will be denoted by

F : L2(G)→ L2(Γ), F ( f ) = f̂ for f ∈ (L1(G) ∩ L2(G)),

and we will use the notation F (g) := ĝ.

The aforementioned isomorphism is at the level of Hilbert space, thus is also respects the
inner product on L2(G) and L2(Γ), a result known as the Parseval formula,

⟨ f , g⟩L2(G) =
∫

G
f (g)g(x)∗dx =

∫
Γ

f̂ (γ)(ĝ(γ))∗dγ = ⟨ f̂ , ĝ⟩L2(Γ).

Also, there is a formula for convolution in this case, if f , g ∈ L2(G) then f̂ g = f̂ ∗ ĝ
([Folland, 2016, Theorem 4.37]). Notice that f g might not be in L2(G) and f̂ ∗ ĝ might not
be in L2(G), however the previous statement makes sense because f g ∈ L1(G) by Holder’s
inequality, and f̂ ∗ ĝ ∈ L1(G) by Young’s inequality (Proposition B.2.7).

The Parseval theorem can be used to show that A(Γ), which we defined in Defi-
nition F.1.3, consists of all the convolutions f1 ∗ f2 for f1, f2 ∈ L2(Γ) ([Rudin, 1967,
Theorem 1.6.3]).

f.2 fourier analysis and orthonormal basis

Assume that G is discrete, then Ĝ is compact and we have a Hilbert space isomor-
phism (Theorem F.1.1)

F : l2(G)→ L2(Ĝ),

moreover, the Kronecker delta function δg : G → C, δg(x) = δg,x is an ortonormal
basis of l2(G), therefore, {δ̂g}g∈G is an ortonormal basis of L2(Ĝ). Under this basis
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L2(G) can be interpreted as a direct sum of Hilbert spaces by Lemma C.1.2. Also,
if either G of Ĝ are second countable then Appendix D.8.1 tell us that L2(G) and
L2(Ĝ) are separable, so if {ξi}i∈N is a complete orthonormal base of L2(G) then
{ξ̂i}i∈N is a complete ortonormal base of L2(Ĝ).

Since the norm of f ∈ L1(G) is given by ∥ f ∥ = ∑g∈G | f (g)| and the sum of an
uncountable set of positive numbers can have maximum a countable amount of
non-zero terms ([rspuzio, 2013]), we have that finite combinations of δg are dense in
L1(G). From the properties of the Fourier transform on L1(G) (Proposition F.1.2) we
know that A(G) is dense in C0(Ĝ) and the Fourier transform is a norm decreasing
map into C(Ĝ), thus, the set of finite linear combinations of functions δ̂g, g ∈ G are
dense in C(Ĝ).

Let us look at a couple of examples:

• Torus: The Plancherel theorem (Theorem F.1.1) tell us that

{−→α 7→ exp
(
i−→n · −→α

)
}−→n ∈Zd

is a complete ortonormal base of L2(Td), because −→α 7→ exp
(
−i−→n · −→α

)
is the

Fourier transform of δ−→n .

For f a function over Td whose Fourier transform exists, for example, if f ∈
L2(Td) ∪ L1(Td), define

SN( f )(−→α ) = ∑
n∈VN

exp
(
i−→α · −→n

)
f̂ (−→n )

with VN = [−N, . . . , N]d. The sequence {SN( f )}N∈N is often called the
Fourier series of f .

If f ∈ C(Td) then f ∈ L2(Td), thus the Fourier transform gives a function
f̂ ∈ L2(Zd) such that F−1( f̂ ) = f . Also, the isomorphism of Hilbert spaces
from the Plancherel theorem tell us that

f (−→α ) = ∑
−→n ∈Zd

exp
(
i−→α · −→n

)
f̂ (−→n ) = lim

N→∞
SN(
−→α )

as elements in L2(Td), and the ordering of the elements in the sum is non
important (Lemma C.1.1). From the proof of completeness of L2(G) ([Driver,
2020, Theorem 1.23]) we know that is possible to recover f almost everywhere
from a subsequence of {SN}N∈N, thus, we can recover a function in L2(Td)
from its Fourier series. In Appendix F.3 we will look how we can recover
functions from C(Td) using its Fourier coefficients.

Also, from the previous discussion we get that finite linear combinations of
elements of the form exp

(
i−→n · −→α

)
, which are called trigonometric polyno-

mials, are dense in C(Td), this result is known as the Weierstrass theorem
([Zygmund and Fefferman, 2003, Theorem 3.6]) and can also be obtained as
an application of the Stone-Weierstrass theorem ([Allan and Dales, 2011, Corol-
lary 2.36].

Additionally, since the involution commutes with integration for C valued
functions, we have that

f̂ ∗(s) = ( f̂ (−s))∗, f ∈ L1(Td), s ∈ Zd

thus, the convolution formula for the Fourier transform along with the iso-
morphism from the Plancherel theorem (Theorem F.1.1) tell us that

f̂ f ∗(0) = ∑
s∈Zd

f̂ (s)( f̂ (s))∗ = ∥ f ∥L2(Td).
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Notice that f̂ f ∗(0) = 0 iff f = 0, because the integral of positive function (| f |2)
is zero iff it is zero almost everywhere ([Lafon, 2018]), which translates in this
context in f = 0.

• Reals: R is a second countable LCA, therefore H = L2(R) has an ortonormal
basis and is separable. There is not a unique orthonormal basis of H, because
any linearly independent set of H generates an orthonormal basis of H as
explained in Appendix C, however, we are interested in a basis the related
well with the Fourier transform. This basis is the set of Hermite polynomi-

als, which are defined through the formula Fn(x) =
(

x− d
dx

)n
exp

(
−x2/2

)
as Hn = Fn/ ∥Fn∥2, and form an ortonormal set of functions on L2(R) ([Al-
lan and Dales, 2011, Proposition 2.88]), moreover, Hn are eigen-vectors of the
Fourier transform i.e F (Hn) = (−i)n Hn.

Let H = {p(x) exp
(
−x2/2

)
: p a polynomial }, then H is geenrated by the

Hermite polynomials. The set H is called the Hermite functions and is dense
in C0(R) ([Allan and Dales, 2011, Proposition 2.88]) and in Lp(R) for 1 ≤ p <
∞ ([Allan and Dales, 2011, Theorem 2.92]). The Fourier transform over R can
be defined over H and extended to L2(R) by continuity ([Allan and Dales,
2011, Section 2.19]).

f.3 convergence of the fourier series

It is a consequence of Carleson’s theorem that

{ ∑
n∈Vn

exp{iα · n} f̂ (n)}n∈Zd

with Vn = [−n, · · · , n]d converges to f (α) almost everywhere with α ∈ [0, 2π)d and
f ∈ L2(Td) ([Fefferman, 1971a]), however,

{ ∑
|n|≤N,|m|≤M

exp{i(α1n + α2m)} f̂ (n, m)}N,M∈N

does not in general converges to f (α1, α2), actually, there is a function on C(T2) such
that the aforementioned sequence does not converge to f (α1, α2) nowhere ([Feffer-
man, 1971b, Theorem 1]). Notice that in the second sequence the rate of growth
of N and M are not related, while on the first example they are the same, so, this
change caused the sequence to diverge. This is one of many examples of the varied
types of convergence that can be arise with trigonometric polynomials, since we are
interested with C* algebras, that is, generalizations of algebras C0(X) we must look
for a way to recover an element of C(Td) using its Fourier coefficients.

First, we should mention that Carleson’s theorem does not gives us uniform con-
vergence of

{ ∑
n∈Vn

exp
{

i−→α · −→n
}

f̂ (−→n )}n∈Zd

to f , just convergence almost everywhere, actually, there are continuous functions
whose Fourier series diverges at a point ([Katznelson, 2004, Chapter 2, theorem 2.1],
[Garcia F., 2018, chapter 3]). This undesired behaviour of the Fourier series comes
from the properties of the Dirichlet kernel, which in one dimension takes the form

DN(t) =
n

∑
k=−N

exp(ikt) =
sin((N + 1/2)t)

sin(t/2)
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and provide us with the Fourier series of f by means of a convolution ([Allan and
Dales, 2011, Lemma 2.81])

SN( f )(t) =
N

∑
k=−N

f̂ (k) exp(ikt) = (DN ∗ f )(t).

The Dirichlet kernel is a sequence of functions with unbounded L1 norm and
take both positive and negative values ([Allan and Dales, 2011, page 92]), and the
these traits makes them hard to study from a uniform convergence point of view
([Katznelson, 2004, Chapter 2, section 1]). Fortunately, there are many methods
of summation for series, in particular, the Cesàro summation of the Fourier series
gives us a way of approximating continuous functions under the uniform norm,
and it takes the form of a convolution with the Fejér kernel, this is called the Fejér
summation. The Fejér kernel in one dimension takes the form ([Allan and Dales,
2011, Lemma 2.83])

KN(t) =
1

N + 1

N

∑
k=0

Dk(t) =
N

∑
k=−N

(
1− |k|

N + 1

)
exp(ikt),

and the convolution of a function with the Fejér kernel gives us a sequence of
functions that converge uniformly to continuous functions, a result known as the
Fejér theorem ([Allan and Dales, 2011, Theorem 2.84])

lim
n→∞

sup
x∈T

{| f (x)− (Kn ∗ f )(x)|} =, 0

that is,

lim
n→∞

sup
α∈[0,2π]

{| f (exp(iα))−
N

∑
k=−N

(
1− |k|

N + 1

)
f̂ (k) exp(ikα)|} = 0.

The Fejér kernel is special because it is a positive normalized kernel, that is, it has
the following properties (([Katznelson, 2004, page 12])

• Positive: KN(θ) ≥ 0 for all θ ∈ T.

• Normalized:
∫

T
KN(θ)dθ = 1.

• kernel: for all 0 < δ < π,

lim
n→∞

∫ 2π−δ

δ
|Kn(t)|dt = 0

Sequences of functions having those properties are also called summability kernels
and also provide uniform convergence on continuous functions ([Katznelson, 2004,
Chapter 1, theorem 2.11]). Furthermore, the Fejér kernel is useful to study the
convergence of the Fourier series in other settings ([Zygmund and Fefferman, 2003,
Chapter 3, section 3]).

As the Haar measure in the direct sum of groups takes the form of the product
measure, the Dirichlet kernel and the Fourier Kernel in multiple dimensions take
the form of multiplication of the kernels in one dimension ([Travaglini, 1994]),

DN(t1, t2, . . . , td) = DN(t1) · DN(t2) · . . . · DN(td), ti ∈ T, (t1, . . . , td ∈ [0, 2π)),

KN(t1, t2, . . . , td) = KN(t1) · KN(t2) · . . . · KN(td), ti ∈ T, (t1, . . . , td ∈ [0, 2π)),

or explicitly, if VN = {(s1, . . . , sd) ∈ Zd : |sj| ≤ N} then

DN(t1, . . . , td) = ∑
s∈VN

exp

(
i ∑

1≤j≤d
sjtj

)
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KN(t1, . . . , td) = ∑
s∈VN

(
∏

1≤j≤d

(
1−

|sj|
N + 1

))
exp

(
i ∑

1≤j≤d
sjtj

)
.

The Fejér kernel in d dimensions is still a positive normalized kernel, and the convo-
lution (KN ∗ f )(t1, t2, . . . , td) converges uniformly to f for f ∈ C(Td) ([Baiborodov,
1984, Theorem 1]), notice that the convolution (KN ∗ f )(t1, t2, . . . , td) corresponds to
applying the Fejér summation to the function f .

f.4 fourier transform and fréchet algebras

The Fourier transform on Rd becomes a continuous automorphism over the Schwartz-
algebra ([Bahouri et al., 2011, Theorem 1.19]), that is, the algebra of infinitely differ-
entiable functions with decay greater that any polynomial, so, denote by S(Rd) the
Schwartz-algebra, then

S(Rd) = { f ∈ C∞(Rd; C) : sup
|α|≤k
x∈Rd

(1 + |x|)k |∂αu(x)| < ∞ }

with |α| def
= α1 + · · ·+ αd, ∂α f def

= ∂α1
1 · · · ∂

αd
d f and xα def

= xα1 · · · xαd . S(Rd) is a
Fréchet *-algebra under the family of semi-norms

∥u∥k,S
def
= sup
|α|≤k
x∈Rd

(1 + |x|)k |∂αu(x)| < ∞,

moreover, the topology of S(Rd) can be provided by various sets of semi-norms
([Kantorovitz, 2003, Application II, section 3]). In Appendix F.2 we provided an
orthonormal basis for L2(R) that takes the form of the Hermite polynomials, each
member of that basis takes the form p(x) exp

{
−x2/2

}
, since the exponential func-

tion x 7→ exp
(
−x2/2

)
decays faster than any polynomial can grow, the Hermite

functions also belong to S(R). Also, S(Rd) is a sub-algebra of Lp(R) for p ∈ [1, ∞],
and the inclusion is a continuous map ([Hytönen et al., 2016, Section 2.4.c]).

Rd is locally compact, thus the semi-norms of S(Rd) are devised to ensure that
the functions decay fast enough such that any function of S(Rd) also belong to
any Lp(Rd), however, if we deal with Td we do not need to set that requirement
because if f ∈ C(T) then f ∈ Lp(Td) for p ∈ [1, ∞]. Therefore, the equivalent of the
Schwartz algebra over T is the algebra of smooth functions C∞(T) provided with
the set of semi-norms

pk( f ) = sup
x∈T

{| f (k)(x)},

which turns C∞(T) into a Fréchet algebra ([Sugiura, 1990, Section I.5, Definition 2])
with multiplication given by point-wise multiplications. The image of C∞(T) under
the Fourier transform is the algebra of rapidly decreasing sequences over Z, which
is denoted by

S(Z) =
{

φ : Z→ C | ∀k ∈N, ∃K > 0 s.t. |n|k|φ(n)| ≤ K
}

,

and becomes a Fréchet algebra under the set of semi-norms ([Sugiura, 1990, Section
I.5, Definition 3])

qk(φ) = sup
n∈Z

|nk φ(n)|,

and multiplication given by convolution. The Fourier transform becomes an iso-
morphism of Fréchet algebras between C∞(T) and S(Z) ([Sugiura, 1990, Section
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I.5,Theorem 5.3]), and this isomorphism will be the motivation for the definition
of dense Fréchet algebras inside twisted crossed products with Zd in Section 1.1.6.
Notice that C∞(T) is dense inside C(T), because it contains all the trigonometric
polynomials, which we know to be dense in C(T). The algebra C∞(T) is usually
referred to as the Schwartz algebra of T, which is why it is denoted by an S . There
are various equivalent definitions of S(Z), for example, in Proposition 1.1.6 and
Remark 1.1.8 you can look a two of them.

Also, if f ′ ∈ Ck(T), then f̂ (i) ∈ L1(Z) for 0 ≤ i ≤ k− 1 and f̂ (i)(n) = (in)k f̂ (n)
for all n ∈ Z, moreover, SN( f (i)) → f (i) for 0 ≤ i ≤ k− 1 in C(T) ([Sugiura, 1990,
Section I.5, Corollary of Theorem 5.1]), we will come back to this fact in Section 1.1.6.

The aforementioned results can be generalized into any connected compact Lie
group ([Sugiura, 1990, SectionII.8]), via the study of its unitary representations and
its Lie algebra, so, under this setting, we are working with a fairly simple group T

with a Lie algebra R that has a trivial Lie bracket.

The previous results can be generalized into C(Td), such that,

• C∞(Td) is a Fréchet algebra under the set of seminorms

pk( f ) = sup
x∈Td

∣∣∣∣ ∂ f
∂k1 x1, · · · ∂kd xd

∣∣∣∣ , k ∈Nd.

• the Fourier transform gives an isomorphism between the Fréchet algebra
C∞(Td) and the Fréchet algebra S(Zd), where S(Zd) the algebra of rapidly
decreasing sequences over Zd i.e.

S(Zd) = {ϕ : Zd → C|∀k ∈Nd, ∃K > 0 s.t. |n|k|ϕ(k)| ≤ K}, |n|k := |n1|k1 · · · |nd|kd ,

and its topology is given by the set of seminorms

qk(ϕ) = sup
n∈Zd

|n|k|ϕ(n)|, k ∈ Zd, k ∈Nd.

• Over C∞(Td) the maps

∂j : C∞(Td)→ C∞(Td), ∂j( f ) :=
∂ f
∂xj

are continuous, and
∂̂j f (n) = inj f̂ (n).

• The topology of C∞(Td) is generated by the set of seminorms

pn( f ) := sup
x∈Td
| f (x)|+

n

∑
k=1

1
k!

d

∑
i1,i2,...,ik=1

sup
x∈Td
|∂i1 ∂i2 · · · ∂ik f |, n ≥ 1,

where
{

∂i1 , ∂i2 , . . . , ∂in
}

be an ordered n-tuple from {∂1, ∂2, . . . , ∂d} and the
sum

d

∑
i1,i2,...,ik=1

∥∥∂i1 ∂i2 · · · ∂ik f
∥∥

runs over all the ordered k-tuple
{

∂i1 , ∂i2 , . . . , ∂ik
}

. In this case, C∞(Td) is a
smooth sub algebra of C(Td) ([Bhatt et al., 2013, Example 1.6]).

• Notice that α 7→ exp
(
i−→n · −→α

)
belongs to C∞(Td) for any n ∈ Zd, therefore,

the algebra of trigonometric polynomials is a sub algebra of C∞(Td).
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f.5 fourier transform on L2(G ; H ) and L1(G ; A)

Let G be a LCA and H be a Hilbert space, then from Proposition C.3.6 we know that
L2(G)⊗H ≃ L2(G; H), so, since F : L2(G)→ L2(Ĝ) is a Hilbert space isomosphism
(Theorem F.1.1) then from Proposition C.3.2 we can extend it to the following Hilbert
space isomorphism

F ⊗ IdH : L2(G; H)→ L2(Ĝ; H),

which takes the following form on simple tensors

F ⊗ IdH( f ⊗ h) = F ( f )⊗ h.

Notice that F ⊗ IdH preserves the inner product, because F preserves the inner
product, which is the reason for F ⊗ IdH to be an isomorphism.

Let A be a C* algebra with πA : A → B(HA) a faithful representation and G
a second countable LCA, then from Appendix D.8.1 we know that C0(G; A) has a
faithful representation over L2(G; H) given by the multiplication operator i.e.

π : C0(G; A)→ B(L2(G; HA)), π( f )(r)(g) = πA( f (g))(r(g)),

with r ∈ L2(G; H), g ∈ G, f ∈ C0(G; A). We can use the isomorphism F ⊗ IdHA to
interpret C0(G; A) also as an algebra of operators on L2(Ĝ; A) as follows

π̂ : C0(G; A)→ B(L2(Ĝ; HA)), π̂( f ) := ((F ⊗ IdHA) ◦ π( f ) ◦ (F−1 ⊗ IdHA)).

The aforementioned generalization of the Fourier transform is special, that is, we
need H to be a Hilbert space, because is not the case that F ⊗ IdA can be extended
into a bounded operator from L2(G; A) to L2(Ĝ; A) for A an arbitrary Banach space,
for example, F⊗ IL1(T) does not extend to a bounded operator from L2 (T; L1(T)

)
to ℓ2 (Z; L1(T)

)
([Hytönen et al., 2016, Example 2.7.4]), there are similar counter

examples with G = R ([Hytönen et al., 2016, Example 2.1.15]).

Let’s look into an extension of the operator

F ⊗ IdA : L1(G)⊙ A→ C0(Ĝ)⊙ A, (F ⊗ IdA)( f ⊗ a) = F ( f )⊗ a,

when A is a Banach space, and we will later check that it coincides with F ⊗ IdH
when H is a Hilbert space. Take A be a Banach space and γ ∈ Ĝ, we know that γ
is a continuous function over G, thus if f ∈ L1(G; A) then from Lemma B.2.2 we
know that f γ is µ-strongly measurable. Define

f̃ (γ) =
∫

G
f (x)γ(−x)dx,

since
∥ f̃ (γ)∥ ≤

∫
G
∥ f (x)∥|γ(−x)|dx ≤ ∥ f ∥1,

then f̃ (γ) exists and belongs to A (Proposition B.2.4), moreover f̃ : Ĝ → A is
a bounded function. From Theorem B.2.5 we know that L1(G) ⊙ A is dense in
L1(G; A), moreover, Cc(G)⊙ A is dense in Lp(G; A) for 1 ≤ p < ∞ (Lemma B.2.2).
For n ∈ N take fn = ∑i≤m(n) fi,n ⊗ ai,n with fi,n ∈ Cc(G) and ai,n ∈ A such that
∥ fn − f ∥1 ≤ 1/n, then { fn}n∈N is a sequence such that

• f̃n = ∑i≤m(n) F ( fi,n) ⊗ ai,n, thus if A is a Hilbert space then f̃n = (F ⊗
IdA)( fn).

• Since F ( fi,n) ∈ C0(Ĝ) (Proposition F.1.2) then ∑i≤m(n) F fi,n ⊗ ai,n ∈ C0(Ĝ)⊙
A, thus f̃n ∈ C0(Ĝ; A).
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• ∥ f̃n(g)− f̃ (g)∥ ≤ ∥ f̃n − f ∥1 ≤ 1/n, thus f̃n → f̃ under the supremum norm
over the vector space of functions over Ĝ taking values in A.

By the previous computations { f̃n}n∈N is a Cauchy sequence under the supre-
mum norm, and { f̃n}n∈N ⊂ C0(Ĝ)⊙ A, so, since C0(Ĝ)⊙ A is dense in C0(Ĝ; A)
and the second is a Banach space under the supremum norm (Appendix D.7.3), then
limn→∞ f̃n ∈ C0(Ĝ; A), that means f̃ ∈ C0(Ĝ; A). So, f 7→ f̃ is the unique norm de-
creasing extension of F to L1(G; A), thus, we will refer to it as F ⊗ IdA, which by the
way is defined through a Bochner integral. Consequently, (F ⊗ IdA)(L1(G; A)) ⊂
C0(Ĝ; A) and (F ⊗ IdA)(L1(G; A)) is dense in C0(Ĝ; A) as it happened for the
Fourier transform taking values in C (Proposition F.1.2). If G is Rd of Td then
other of results on Fourier analysis can be translated into L1(G; A), like the inver-
sion the Fourier transform and the relation between convolution and the Fourier
transform [Hytönen et al., 2016, Section 2.4].

We have seen how (F ⊗ IdA) looks over L1(G; A), now, for completeness let’s
check that it coincides with (F ⊗ IdH) when H is a Hilbert space. Recall that the
definition of (F ⊗ IdH) when H is a Hilbert space was given as the tensor product
of Hilbert space bounded maps, thus, even though we know that it exists we do
not know what particular forms it takes on arbitrary vectors, instead, we know that
form is takes in simple tensors i.e. g ⊗ h. On the other side, we know what is
the particular form that (F ⊗ IdA) takes over L1(G; A) when A is a Banach space,
which is the form of a Bochner integral, therefore, it is worth checking that both
definitions actually coincide, such that we can use them interchangeably.

Let f ∈ L1(G; H) ∩ L2(G; H), take { fn}n∈N be a sequence of µ-simple functions
converging to f almost everywhere and ∥ fn(g)∥ ≤ ∥ f (s)∥ almost everywhere, as in
Remark B.2.7, then fn → f in both L1(G; H), L2(G; H). For µ-simple functions we
have that f̃n = (F ⊗ IdH), also, by definition of (F ⊗ IdH) we have that

(F ⊗ IdH)( fn)→ (F ⊗ IdH)( f )

in L2(Ĝ; H). Take {(F ⊗ IdH)( fn(j))}j∈N converging to (F ⊗ IdH)( f ) almost every-

where (Proposition B.2.7), then, f̃n(j) → f̃ over C0(Ĝ; H), meaning that (F ⊗ IdH)( f )
is equal to f̃ almost everywhere, consequently, we denote by F ⊗ IdH the unique
extension of F to L1(G; H) ∩ L2(G; H) and we know that it takes the form of a
Bochner integral.

Notice that translating results from scalar valued functions into vector valued
functions is not straight forward, even for the simplest cases, for example, to best
of our knowledge there is not a positive answer on whether the Fourier series con-
verges almost everywhere for f ∈ Lp(T; X) and p > 1 [Hytönen et al., 2016, Open
problem 4 in page 496] (Carleson theorem).

Is also possible to translate resutls on Fréchet algebras into this context, for exam-
ple, [Hytönen et al., 2016, Section 2.4.c] has a great exposition for the case G = Rd.

f.6 fourier transform on C(Td , A)

Now we will look into the case C(Td, A) for A a C* algebra, as an application of
Appendix F.5, for simplicity, we go into the case d = 1. Let h ∈ L2(T)⊗ HA, then
we know that it can be expressed as h = ∑n∈Z en ⊗ hn with hn ∈ HA, under this
representation we have

(F ⊗ IdHA)(h)(k) = hk,
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because F (ek)(l) = δk,l . Therefore,

SN(h) = ∑
|k|≤N

ei ⊗ ((F ⊗ IdHA)(h)(k))→ h

in L2(T, HA), as it happens in the case of scalar valued functions (Appendix D.8.2).

Now that we know how F ⊗ IdH looks like let’s dive into how this generalizes
the results from Appendix D.8.2. Let A be a C* algebra and πA : A → B(HA) a
faithful representation of A, fake f ∈ C(T, A), then from Appendix D.8.1 we know
that there is a

π ⊗ πA : C(T; A)→ B(L2(T)⊗ HA),

such that

(π ⊗ πA)( f ⊗ a)(g⊗ h) = (π( f )(g))⊗ (πA(a)(h)), f ∈ L2(T), h ∈ HA, a ∈ A

and takes the equivalent form

(π ⊗ πA)( f )(h)(x) = πA( f (x))(h(x)), x ∈ T, h ∈ L2(T; HA), f ∈ C(T, A).

From Appendix C.3 we know that (π ⊗ πA)( f ) has a matrix representation over
L2(T)⊗HA given the complete orthonormal basis {α 7→ exp(inα)}n∈Z (Appendix F.2).
Let T be the *-algebra of trigonometric polynomials over T, which we know that are
dense in C(T) from Appendix F.2, thus, from Appendix D.7.3 we can conclude that
T ⊙ A is dense in C(T; A), and Lemma D.7.1 tell us that C∗(T ⊙ A) ≃ C(T)⊗ A.
By the form that takes simple tensors, we know that( ∑

|k|≤n
ck(α 7→ exp(ikα)))⊙ a

 = ∑
|k|≤n

(α 7→ exp(ikα))⊙ (cka),

thus, the *-algebra generated by {(α 7→ exp(inα))⊙ a}a∈A,n∈Z is dense in C(T; A).
Therefore, any element of (π ⊗ πA)(C(T; A)) can be approximated by elements of
the form

(π ⊗ πA)

( ∑
|k|≤n

(α 7→ exp(ikα))⊙ a

 = ∑
|k|≤n

π((α 7→ exp(ikα)))⊗ πA(a).

Denote by ek = (α 7→ exp(ikα)), from Proposition C.3.1 we know that L2(T)⊗
HA ≃ ∑n∈Z HA, also, from Appendix D.8.2 we have that π(ej)(ek) = ek+j, thus

π(ej)⊗ πA(a)(ek ⊗ h) = ek+j ⊗ πA(a)(h), j, k ∈ Z, h ∈ HA,

which implies that,

(π ⊗ πA)(ej ⊗ a) = [πA(a)δl,m+j]l,m∈Z,

a diagonal matrix. Since convergence in the norm operator topology on (π ⊗
πA)(C(T; A)) implies uniform convergence of all the entries of the matrix, we get
that the matrix representation of (π ⊗ πA)( f ) also consists of a matrix that is con-
stant on diagonal i.e

(π ⊗ πA)( f ) = [πA(al−m)]l,m∈Z,

for {ak}k∈Z ⊂ AZ, moreover, the elements ak come from the Fourier transform as
in Appendix D.8.2, which we now check.

Since µ is a left-invariant measure, then∫
T

Kn(y)dµ(y) =
∫

T
Kn(x− y)dµ(y),
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for any x ∈ T, thus

f (x) =
∫

T
f (x)Kn(x− y)dµ(y),

also, ∑
|k|≤n

(
1− |k|

n + 1

)
ek ⊗ ((F ⊗ IdHA)( f )(k)

 (x) = ( f ∗Kn)(x) =
∫

T
f (y)Kn(x− y)dµ(y).

Every continuous function between a compact metric space and a normed space
is uniformly continuous ([nLab authors, 2023b]), therefore, for ϵ > 0 there is δ > 0
such that d(x, y) < δ implies that ∥ f (x)− f (y)∥ ≤ ϵ/3. Take n such that∫ 2π−δ

δ
|Kn(x)|dµ(x) ≤ ϵ

6 max{1, ∥ f ∥C(T;A)}
,

let Iδ := [δ, 2π − δ] and Jδ := T/Iδ, then

f (x)− ( f ∗ Kn)(x) =
∫

T
( f (x)− f (y))Kn(x− y)dµ(y)

therefore,
∥ f (x)− ( f ∗ Kn)(x)∥

≤
(∫

x−Iδ

∥ f (x)− f (y)∥|Kn(x− y)|dµ(y)
)
+ ∥

∫
x−Jδ

( f (x)− f (y))Kn(x− y)dµ(y)∥,

≤ 2∥ f ∥C(T,A)

(∫
x−Iδ

|Kn(x− y)|dµ(y)
)
+
∫

x−Jδ

∥ f (x)− f (y)∥|Kn(x− y)|dµ(y),

≤ ϵ

3
+
∫

x−Jδ

ϵ

3
|Kn(x− y)|dµ(y),

≤ ϵ

3
+

ϵ

3
+
∫ 2π−δ

δ
|Kn(y)|dµ(y) ≤ ϵ.

Since ( f ∗Kn)→ f in C(T; A) then (π⊗πA)( f ∗Kn)→ (π⊗πA)( f ) in B(L2(T)⊗
HA), which tell us that

(π ⊗ πA)( f ) = [(F ⊗ IdH)( f )(l −m)]l,m∈Z.

The previous computations can be translated for d > 1, giving a generalization
of the results exposed in Appendix D.8.2, that is, if {Kn}n∈N is the Fejér kernel in
d dimensions (Appendix F.3), we have that ( f ∗ Kn) → f in C(Td; A) then (π ⊗
πA)( f ∗ Kn)→ (π ⊗ πA)( f ) in B(L2(Td)⊗ HA), which tell us that

(π ⊗ πA)( f ) = [(F ⊗ IdH)( f )(l −m)]l,m∈Zd .

In Section 1.1.5 we will use the Fejér kernel to provide us with a characterization
of the elements of twisted crossed products with Zd, which will involve an argu-
ment similar to the one we have presented. Also, in Section 1.1.6 we will look into
constructions involving Fréchet algebras similar to the ones in Appendix F.4, which
provides an algebraic generalization of the derivations and Fréchet algebra inside
C(T), and allow to define a smooth sub algebra of C(Td, A).



G MORE ON K THEORY

g.1 k theory c* algebras

Definition G.1.1 (c.f. Definition 4.2.1. [Blackadar, 2012] (Equivalente relations on
idempotents)). Let A be a C* algebra and e and f be idempotents in A, then, we introduce
the following notation

• e ∼ f if there are x, y ∈ A with xy = e, yx = f . (algebraic equivalence)

• e ∼s f if there is an invertible z in A+ with zez−1 = f . (similarity)

• e ∼h f if there is a norm-continuous path of idempotents in A from e to f . (homotopy)

In [Blackadar, 2012, Corollary 4.2.3] it is proven that ∼ is an equivalence relation
between idempotents of A.

When we work with C* algebras we can establish the following equivalence rela-
tions,

Definition G.1.2 (c.f. Section 2.2 [Rørdam et al., 2000] (Equivalente relations on
projections)). Let A be a C* algebra and p and q projections in A, then, we introduce the
following notation

• p ∼ q if there are x ∈ A with xx∗ = p, x∗x = p. (Murray-von Neumann
equivalence)

• p ∼u v if there is an unitary u in A+ with upu∗ = q. (unitary equivalence)

• p ∼h q if there is a norm-continuous path of projections in A from p to q. (homotopy)

In the introduction of [Rørdam et al., 2000, Section 2.2] it is proven that ∼ is an
equivalence relation between projections of A. We will use the notation ∼ and ∼h
for both idempotents and projections and their meaning will be described in the
context of their usage.

The following result gives an important relation of invertibles and unitaries when
we work with matrix algebras,

Lemma G.1.1 (Whitehead lemma (Proposition 3.4.1 [Blackadar, 2012], Lemma 2.1.5
[Rørdam et al., 2000])). Let A be a unital Banach algebra, then, for x, y ∈ G(A) we have
that (

xy 0
0 1

)
∼h

(
x 0
0 y

)
∈ G(M2(A))

if A is a unital C* algebra then this result translates into an homotopy inside U(M2(A)) if
x, y ∈ U(A).

265
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According to Lemma G.1.1 if y = x−1 we are guarantying that the diagonal ma-
trix x ⊕ y can be connected to the identity of M2(A), hence, due to Theorem 2.1.1
and Theorem B.3.2 it can be expressed as product of exponentials in M2(A). The
Whitehead lemma plays an important role to establish the equivalence between the
three equivalence relations of idempotents when one uses matrix algebras (Proposi-
tion G.1.1).

Proposition G.1.1 (Equivalence relations on idempotents and projections). Let e, f ∈
Q(A) with A a C* algebra, then:

1. e ∼s f iff e ∼ f and 1A+ − e ∼ 1A+ − f [Blackadar, 2012, Proposition 4.2.5].

2. If e ∼h f in Q(A), then e ∼s f by Proposition 2.1.4.

3. If e ∼ f , then
[

e 0
0 0

]
∼s

[
f 0
0 0

]
in M2(A) [Blackadar, 2012, Proposition

4.3.1].

4. If e ∼u f , then
[

e 0
0 0

]
∼h

[
f 0
0 0

]
in M2(A) [Blackadar, 2012, Proposition

4.4.1].

Let p, q ∈ P(A) with A a C* algebra, then:

1. p ∼u q iff p ∼ q and 1A+ − e ∼ 1A+ − f [Rørdam et al., 2000, Proposition 2.2.2].

2. If p ∼h q, in P(A) then p ∼u q by Proposition 2.1.7.

3. If p ∼ q, then
[

p 0
0 0

]
∼u

[
q 0
0 0

]
in M2(A) [Rørdam et al., 2000, Proposition

2.2.t].

4. If p ∼u q, then
[

p 0
0 0

]
∼h

[
q 0
0 0

]
in M2(A) [Rørdam et al., 2000, Proposition

2.2.t].

From Proposition G.1.1 we know that the equivalence relations on idempotents
(Definition G.1.1) and the equivalence relations on projections (Definition G.1.2)
become equivalent when we move into matrix algebras, that is why the group K0(A)
can be defined using the equivalence relation ∼ ([Wegge-Olsen, 1993, Chapter 6]).

g.1.1 Alternative proofs for the isomorphisms Kj(A) ≃ Kj(A), j = 0, 1

In the following, we present a little discussion on the proofs we found in the litera-
ture for the isomorphisms K0(A) ≃ K0(A), K1(A) ≃ K1(A) (Theorem 2.2.1), where
A is an unital C* algebra and A is a smooth sub algebra of A.

Path proposed by Connes

Most of the literature we reviewed take this result from [Connes, 2014, Appendix
C. Stability under Holomorphic Functional Calculus], more specifically from Propo-
sition 3 of that appendix. Connes states that this is a consequence of the density
theorem, for which he gives two references:
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• The book of K theory by Micheal Atiyah [Atiyah, 2018], where the only refer-
ence to the density theorem we could find is in Lemma A9, which states:

LEMMA A9. Let π : L → M be a continuous linear map of Banach
spaces with π(L) dense in M and let U be an open set in M. Then, for
any compact X [

X, π−1(U)
]
→ [X, U]

is bijective.

So, if A were to be a Banach algebra we could apply this to establish an
isomorphism between then the group of connected components of G(Mn(A))
and the group of connected components of G(Mn(A)), because G(Mn(A)) is
open in Mn(A), and this provides us with the isomorphism K1(A) ≃ K1(A),
unfortunately, A is a Fréchet algebra and not a Banach algebra. The proof of
that Lemma relies on the properties of the Banach spaces LX and MX and the
existence of partitions of unitities subordinate to finite open covers of X, so,
we do not discard that the proof of Lemma A.9 can be generalized into the
case where L is a Fréchet space, but we currently do not know how to tackle
that problem.

Moreover, if [Atiyah, 2018, Lemma A.9] were to hold for A a Fréchet algebra
we could also use it to proof the isomorphism K0(A) ≃ K0(A) as follows: from
[Gracia-Bondı́a et al., 2001, Lemma 3.43] is possible to show that there is an
open set QU(A) (QU(A)) of A (A), with the property QU(A) = i−1(QU(A)),
and also it is a deformation retract of the set of idempotents of A (A). So,
the semigroups Q∞(A) and Q∞(A) would be isomorphic, which leads to
K0(A) ≃ K0(A).

• The second reference provided by Connes comes from the book of K theory by
Max Karoubi [Karoubi, 1978], where the only mention to the density theorem
we could find is in problem 6.15, which states a similar result that [Atiyah,
2018, Lemma A.9] and takes it one step further into inductive limits of Ba-
nach algebras. This results would be helpful if instead of inductive limits of
Banach algebras it was stated for projective limits of Banach algebras, since
any Fréchet m-convex algebra is isomorphic to a projective limit of Banach
algebras (Remark E.1.8), and Fréchet m-convex algebras encompass a lot of
really interesting smooth sub algebras (Appendix E.1.2).

Path proposed by Gracia-Bondia et. al.

The second reference we could find to the isomorphism K0(A) ≃ K0(A) is given
in [Gracia-Bondı́a et al., 2001, Theorem 3.44]. As a preamble to the proof of such
isomorphism, the holomorphic functional calculus of a smooth sub algebra is used
to provide homotopies between elements of A ([Gracia-Bondı́a et al., 2001, Lemma
3.43]), however, as far as we know, no mention of such fact is stated in the book,
neither the fact that the holomorphic calculus on A shares similar properties to the
functional calculus on A. In Appendix E.1.1 there is a discussion on those facts and
we believe them to be a key fact if smooth sub algebras come into play.

On the other side, the proof of [Gracia-Bondı́a et al., 2001, Theorem 3.44] relays
of the homotopy type of open subsets of Fréchet spaces, which are stated to have
the same homotopy type of CW-complexes according to results from [Milnor, 1959].
In our opinion that is a very clever insight, unfortunately, we were not able to
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understand how the results from [Milnor, 1959] give us a characterization of the
homotopy of an open subset of Fréchet spaces, thus, we refrain from continuing
towards that path.

Path proposed by Bhatt et. al.

The third and last reference to those isomorphisms we found it in [BHATT et al.,
2003, Theorem 3.1], which provides a proof for the isomorphisms Kj(A) ≃ Kj(A), j =
0, 1 that takes into account the topology of both A and A quite similarly to the
approach of this document, more specifically, it implicitly uses of the functional
calculus inside A and A as follows, to proof the isomorphism K1(A) ≃ K1(A)
it builds on the isomorphism U(Mn(A))/U0(Mn(A)) ≃ U(Mn(A))/U0(Mn(A)),
which happens to be a consequence of Proposition 2.2.1 and Proposition 2.2.4. To
tackle the isomorphism K0(A) ≃ K0(A) it uses the Bott periodicity at the level of A
and A, which is a great example on how various of the properties of the K theory of
C* algebras translate into the K theory of smooth sub algebras, we didn’t follow this
path because one of our objectives is to explicitly provide the smooth paths between
projections, such that, those can be used in the proof of the pairing between the K
theory of A and the continuous cyclic cohomology of A (Proposition H.3.2).

g.2 k theory for banach algebras and general-
izations

From Remark 2.1.2 we know that, if A is a unital C* algebra then

K1(A) = G∞(A)/ ∼h .

In arbitrary Banach algebras over C there is no involution, but there are invertible
elements, thus K1(A) = G∞(A)/ ∼h is a good assignment for arbitrary Banach
algebras. This is an abelian group and has many of the properties of K1 in C*
algebras [Blackadar, 2012, Chapter 8].

For K0(A) is necessary to turn into the set of idempotent elements, thus, for an
arbitrary Banach algebra we define

K0(A) = Q∞(A)/ ∼h .

This definition coincides with the definition we gave for C* algebras because P0(A)
is a deformation retract of Q0(A) for any C* algebra (Proposition 2.1.3). Moreover,
the definition of K0(A) in term of homotopies of idempotents is equivalent to an
algebraic analog of K0 given in Definition G.3.1, which is non trivial fact that is
explored and generalized in [Cuntz et al., 2007].

Remark G.2.1 (K theory for a bigger class of algebras). In Theorem 2.2.1 we saw that
the groups K0 and K1 of a C* algebra can be recovered from smooth sub algebras, and most of
the work was done by the invariance of smooth sub algebras under holomorphic calculus. So,
we do not need the whole C* algebra to define its K groups, only a well behaved ”skeleton”
of the algebra, this is the main theme of the book [Blackadar, 2012] where these algebras are
referred to as local C* algebras (or pre C* algebras), and all the results on exact sequences
and liftings is generalized into this context.

Following a similar of [Blackadar, 2012] we could ask if the tools of K theory of C* alge-
bras can be translated into other types of algebras with a functional calculus similar to the
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functional calculus over Banach algebras. This question has a positive answer in the form of
local Banach algebras, which are algebras whose topology is defined in terms of bornologies
rather than in terms of topologies [Cuntz et al., 2007, Chapter 2], and have similar proper-
ties to Banach algebras. Many of the results from K theory of C* algebras can be extended to
local Banach algebras over C, for example, Bott periodicity extends into this context [Cuntz
et al., 2007, Chapter 4] along with the six term exact sequence associated to crossed products
[Cuntz et al., 2007, Chapter 5]. Additionally, For a proposal of K theory of Fréchet m-convex
algebras you can take a look at [Phillips, 1991] and [Perrot, 2008].

g.3 notes of algebraic k theory

In the present section, if A is a C* algebra or a smooth sub algebra, we will denote
by Ktop

j (A), j = 0, 1 the groups defined in through homotopy equivalence relations
over A as described in Chapter 2.

Definition G.3.1 (Kalg
0 (A) Definition 3.7 [Gracia-Bondı́a et al., 2001]). Let A be a

unital algebra, we say that two idempotents e, f ∈ Qm(A) are equivalent, e ∼ f , if and
only if they are conjugate via some v ∈ GL∞(A); that is, for some n ∈ N there is a
v ∈ GLm+n(A) such that

v
(

e 0
0 0n

)
v−1 =

(
f 0
0 0n

)
.

The addition on the quotient Q∞(A)/ ∼ is defined by the rule

[e] + [ f ] :=
[(

e 0
0 f

)]
=

[(
f 0
0 e

)]
,

which is well defined since e⊕ f ∼ f ⊕ e. Therefore Valg (A) := Q∞(A)/ ∼ is a commu-
tative semigroup, and we denote by Kalg

0 (A) the Grothendieck group of Valg (A).

If A is not unital then Kalg
0 (A) is defined as Kalg

0 of the algebraic unitization of A.

Remark G.3.1 (Equivalent definitions for C* algebras). Let A be a C* algebra, then,
the group Kalg

0 (A) is usually defined as the Grothendieck group of the semigroup of isomor-
phism classes of finitely generated projective right modules over A. This definition coincides
with the definition in terms of equivalence classes of idempotents, which is by far no trivial
fact, for a discussion on this you can look into [Gracia-Bondı́a et al., 2001, Sections 3.1 and
3.2]. The equivalence of both definitions rests mainly on the results of [Gracia-Bondı́a et al.,
2001, lemma 3.13].

Also, if A is a unital C* algebra, Kalg
0 (A) ≃ Ktop

0 (A) by [Gracia-Bondı́a et al., 2001,
Theorem 3.14], which is why the notation K0(A) is used interchangeably for both definitions
when dealing with C* algebras.

The algebraic definition of K1 takes a different route, first, notice that GL∞(A) is
a group, because, if v, u ∈ GLn(A) then vu ∈ GLn(A), also, if m > n, v ∈ GLn(A),
u ∈ GLm(A) then

uv = u
(

v 0
0 1m−n

)
∈ GLm(A),
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is well defined for all elements of GL∞(A), and

v−1v =

(
v−1 0
0 1m−n

)(
v 0
0 1m−n

)
=

(
1n 0
0 1m−n

)
∈ GLm(A).

Recall that we identify v ∈ GLn(A) with
(

v 0
0 1m−n

)
∈ GLm(A) for any m > n.

So, to get an commutative group out of GL∞(A) we use the commutator of GL∞(A),

[GL∞(A), GL∞(A)] = {[g1, h1] · · · [gn, hn] | [gi, hi] = g−1
i h−1

i gihi, gi, hi ∈ GL∞(A), n ∈N}

which led to the following definition,

Definition G.3.2 (Kalg
1 (A) Page 131 [Gracia-Bondı́a et al., 2001]). For A a unital

algebra, define

Kalg
1 (A) = GL∞(A)ab = GL∞(A)/[GL∞(A), GL∞(A)].

Under this definition, v ∼ u if v = u(Πi≤n[gi, hi]). The subscript ab comes from the fact
that Kalg

1 (A) is the abelienization of GL∞(A).

The relation between Kalg
1 (A) and Ktop

1 (A) for C* algebras is not as simple as in

the case of K0, because there is not always an isomorphism Kalg
1 (A) ≃ Ktop

1 (A), for

example, Kalg
1 (C) = G(C) with G(C) the group of invertible elements in C ([Gracia-

Bondı́a et al., 2001, page 131]), while Ktop
1 (C) = 0 ([Rørdam et al., 2000, example

8.1.8]). Turns out that there is a map

γ : Kalg
1 (A)→ Ktop

1 (A),

which is called the comparison map, and it becomes an isomorphism when A is
a stable C* algebra ([Rosenberg, 1997]). A C* algebra A is said to be stable if A
is isomorphic to A ⊗ K ([Rørdam, 2003]), where K is the C* algebra of compact
operators over a separable Hilbert space.



H CYCL IC COHOMOLOGY

This short appendix pretends to give a rough idea of what is cyclic cohomology in
order to make Chapter 3 more understandable. We focus on stating some results on
cyclic cohomology and we do not delve into the technical details of its construction.
Cyclic cohomology was developed as an approach to extend the notion of de Rham
currents into the non commutative setting ( [Connes, 2014, Chapter 3]), it is deviced
to work well with locally convex topological algebras ([Connes, 2014, Chapter 3,
Appendix B]) and falls back into the de Rham homology when the algebras take
the form of C∞(M) with M a compact manifold ([Connes, 2014, Chapter 3, Section
2, Theorem 2]).

h.1 definition of cyclic cohomology

Let’s look into the definition of cyclic cohomology,

Definition H.1.1 (c.f. Chapter 3 Section 1 [Connes, 2014] (Cyclic cohomology) ). let
A be a possibly non-commutative algebra over C, then, the cyclic cohomology of A which
we denote by HC∗(A) is the cohomology of the complex (Cn

λ, b), where

• Cn
λ is the space of (n + 1)-linear functionals ϕ over A that satisfy the cyclicity condi-

tion,
∀ai ∈ A, ϕ(a1, · · · , an, a0) = (−1)nϕ(a0, a1, · · · , an).

The elements of Cn
λ are called cyclic n-cochains over A.

• bn is the Hochschild coboundary map given by

bn(ϕ)(a0, · · · , an+1) =
n

∑
j=0

(−1)jϕ(a0, · · · , ajaj+1, · · · , an+1)

+(−1)n+1ϕ(an+1a0, · · · , an).

IfA is a topological algebra and we ask for ϕ to a be a continuous linear functional overA,
we use the notation HC∗con(A) and call it the continuous cyclic cohomology of A. Notice
that bn(ϕ) is continuous (n + 1)−linear functional over A because the multiplication is
continuous in a topological algebra.

For the complex

· · · → Ci−1
λ

bi−1→ Ci
λ

bi→ Ci+1
λ → · · ·

we denote Zn
λ(A) := ker(bi) and call it the cyclic n-coccyles over A or cyclic co-

cycles if it is clear by the context which is the value that n takes, also, we denote
Bn

λ(A) := Im(bi−1) and call it the n-coboundaries over A ([Gracia-Bondı́a et al.,
2001, Definition 10.2]). if we are working with continuous linear functionals then
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we will use the notation Zn
λ,con(A) and Bn

λ,con(A). By definition of the cyclic coho-
mology we have that

HCn(A) = Zn
λ(A)/Bn

λ(A)
and

HCn
con(A) = Zn

λ,con(A)/Bn
λ,con(A).

Definition H.1.2 (Cup product (Chapter 3, Section1, Theorem 12 [Connes, 2014])).
There is an homomorphism

HCn(A)⊗ HCn(B)→ HCn+m(A⊗B), ϕ⊗ ψ 7→ ϕ#ψ,

we call ϕ#ψ the cup product of ϕ and ψ.

The cup product turns HC∗(C) into polynomial ring with one generator σ of
degree 2 ([Connes, 2014, Chapter 3, Section1, Corollary 13]), we have that if ϕ ∈
Zn

λ(A) then ([Connes, 2014, Chapter 3, Section1, Corollary 13])

σ#ϕ = ϕ#σ ∈ Zn+2
λ (A).

Denote by S : HCn(A) → HCn+2(A) the map given by S(ϕ) = ϕ#σ, then, HC∗(A)
becomes a HC∗(C)-bimodule. We won’t dive into the technicalities of the cup prod-
uct, you can take a look at [Connes, 2014, Chapter 3, Section1] for more information
on the cup product and the properties of cyclic cohomology. The previous state-
ment also implies that HC∗(A) is divided into two HC∗(C)-bimodules invariant
under multiplication by σ, those are

HCev(A) :=
⊕
k∈N

HC2k(A), HCodd(A) :=
⊕
k∈N

HC2k+1(A),

similarly, we have that

HCev
con(A) :=

⊕
k∈N

HC2k
con(A), HCodd

con (A) :=
⊕
k∈N

HC2k+1
con (A).

The following is an example of the cup product that will be useful for the pairing
between K theory and cyclic cohomology (Appendix H.3.1)

Example H.1.1 (Generalized trace). Let ψ be a trace on B, then, from [Khalkhali, 2013,
Example 3.6.8 ] we have that φ 7→ φ#ψ defines a map

HCm(A)→ HCm(A⊗ B),

which takes the following form on simple tensors

(φ#ψ)
(

a0 ⊗ b0, . . . , am ⊗ bm
)
= φ

(
a0, . . . , am

)
ψ
(

b0b1 . . . bm
)

.

This construction is important for the pairing between cyclic cohomology and K theory
(Appendix H.3.1), so, let ψ = tr : Mn(C)→ C be the standard trace

tr
(
(ai,j)i,j≤n

)
= ∑

i≤n
ai,i,

then, the cup product allows us to define a map

HCm(A)→ HCm (Mk(A))

such that

(φ#tr)
(

a0 ⊗ δi0,j0 , . . . , am ⊗ δim ,jm

)
= φ

(
a0, . . . , am

)
tr
(
δi0,j0 δi1,j1 . . . δim ,jm

)
,

with δik ,jk the matrix with 1 in the entry (ik, jk) and zero elsewhere.
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The cyclic cohomology is a contravariant functor from the category of algebras
into the category of modules ([Connes, 2014, Chapter 3]), which makes it a covariant
functor at the level of topological spaces if we work with algebras of functions over
topological spaces.

Definition H.1.3 (Induced morphism of modules (page 194 [Connes, 2014])). Let
ρ : A → B be an algebra morphism, then, there is a morphism of complexes ρ∗ : Cn

λ(B)→
Cn

λ(A) defined by
ρ∗(ϕ)(a0, · · · , a1) = ϕ(ρ(a0), · · · , ρ(an))

and an induced map
ρ∗ : HC∗(B)→ HC∗(A),

which is a morphism of HC∗(C)-bimodules.

The properties of cyclic cohomology still hold when working the continuous
cyclic cohomology of locally convex algebras ([Connes, 2014, Chapter 3, Appendix
B]), such that, HC∗con(A) is a module over the ring HC∗con(C) and HC∗con(C) =
HC∗(C). Additionally, to compute the continuous cyclic cohomology of a locally
convex algebra there are various technicalities that need to be taken care of, like,
using the description of projective tensor products as the set of continuous linear
functionals on the product space (Proposition E.0.4), and coming up with projective
resolutions for the locally convex algebra at hand ([Connes, 2014, Chapter 3, Ap-
pendix B Definition 1]). If you want to go more into the details of computing the
cyclic cohomology of algebras you can refer to [Connes, 2014, Chapter 3, Appendix
B], [Connes, 1985].

h.2 cohomology interesting and nuclear c* alge-
bras

As an interesting fact on continuous cyclic cohomology, for any nuclear C* algebra
A, the continuous continuous cyclic cohomology of A takes the form ([Khalkhali,
2013, Remark 7 (page 113)]), i.e.

HC2n
con(A) = A∗ and HC2n+1

con (A) = 0,

therefore, the cyclic cohomology of nuclear C* algebras has little to no information.
Notice that the previous result is consistent with the mental image of cyclic co-
homology being defined by derivations on algebras, since, cocycles defined over
smooth sub algebras often to do not extend continuously to their C* algebras
([Gracia-Bondı́a et al., 2001, page 446]), for example, if we take A = C(T), where
the derivation

d : C∞(T)→ C∞(T), d( f ) :=
d f
dλ

is a densely defined unbounded operator over C(X) ⊂ L2(X) and the two cocycle
over X given by

ϕ( f , g) =
∫

T
f d(g),

can not be extended continuously to C(T) because d cannot be extended contin-
uously to C(T); [Spivak, 1994, page 497]) provides an example of a sequence of
functions over R which converge uniformly to the function f (x) = 0 but whose
derivatives are a sequence of functions that do not converge uniformly to a con-
tinuous function over R, thus, the derivative as a map defined over S(R) (Exam-
ple E.0.2) cannot be extended to a continuous map from C0(R) into C0(R).
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Remark H.2.1. Inner derivations are those that take the forms d(a) = ax− xa for some x ∈
A, a Banach A is referred to be amenable if every bounded derivation from A to a Banach-
bimodule is inner, thus, amenable Banach algebras are those where bounded derivations take
the simple form d(a) = ax− xa. The definition of amenability for C* algebras is motivated
by the fact that for a locally compact group G, G is amenable as a group ([Dales et al.,
2003, Proposition 11.2.5]) iff L1(G) is amenable as a Banach algebra ([Blackadar, 2006,
Theorem IV.3.3.1]). Turns out that a C* algebra is amenable iff it is nuclear ([Blackadar,
2006, Corollary IV.3.3.15]), therefore, an amenable C* algebra has the following continuous
cyclic cohomology

HC2n
con(A) = A∗ and HC2n+1

con (A) = 0.

h.3 pairing with k theory

Following the notation introduced in Appendix G.3, if A is a C* algebra or a smooth
sub algebra, we will denote by Ktop

j (A), j = 0, 1 the groups defined in through ho-
motopy equivalence relations over A as described in Chapter 2. If A is an algebra,
we will denote by Kalg

j (A), j = 0, 1 the groups defined through algebraic equiva-
lence relations as described in Appendix G.3.

Given that the C* algebra that is part of the Non-Commutative Brilluoin Torus
is a nuclear C* algebras (Remark 1.2.3), and the continuous cyclic cohomology of
nuclear C* algebras has trivial information (Appendix H.2), we turn our attention
towards smooth sub algebras, motivated by the fact that

Ki(A) ≃ Ki(A), i = 0, 1

when A is a unital C* algebra and A is a smooth sub algebra of A (Theorem 2.2.1).
Notice that we can use the pairing at the level of unital C* algebras to assign a
pairing between HC∗con(A+) and K0,1(A) for each C* algebra A, because K1(A) =
K1(A+) (Definition 2.1.3) and K0(A) ⊂ K0(A+) as a subgroup (Definition 2.1.2).

h.3.1 Cocycles on Mn(A)

Let A be a C* algebra or a smooth sub algebra, since the elements of Ktop
j (A), j =

0, 1 are equivalence classes of elements in M∞(A), we need to find a way to ex-
tend a cyclic cocycle in A into a cyclic cocycle in M∞(A), recall that M∞(A) is
the algebra whose elements are square matrices over A i.e. M∞(A) = ∪n∈∞ Mn(A)
(Section 2.1.4 and Section 2.2.2). Also, for any n ∈N and m > n we use the notation,

in,m : Mn(A)→ Mm(A) : m 7→
(

m 0
0 0m−n

)
,

and in,m is a canonical injective *-homomorphims for both C* algebras and Fréchet
algebras. If we take b ∈ M∞(A), then, there exists n < ∞ and a ∈ Mn(A) such
that b = [a]0,1, hence, for ϕ ∈ Zn

λ(A) we can try look for a way to define ϕm ∈
Zn

λ(Mm(A)) and ϕl ∈ Zn
λ(Ml(A)) such that if a0, · · · , ak ∈ Mm(A) and l > m we

have
ϕm(a0, · · · , ak) = ϕl(im,l(a0), · · · , im,l(ak)).

Recall that Mn(C)⊗A = Mn(A) for both C* algebras and smooth sub algebras
(Appendix D.7.1, Example E.0.3), hence, we are motivated to use the cup product to
define ϕn. In this case, for each ρ ∈ HC0(Mn(C)) and ϕ ∈ HCm(A) we can define
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an element ρ#ϕ ∈ HCm(Mn(A)), which is very fortunate because we can use the
standard trace over Mn(C) as exposed in Example H.1.1,

tr : Mn(C)→ C, (ai,j)i,j≤n → ∑
i≤n

ai,i.

Let ag ∈ Mm(A) for g ≤ n + 1 and ϕ ∈ HCn(A), then trm#ϕ ∈ HCn(Mm(A)),
also, denote by δm,i,j ∈ Mm(A) the matrix such that δm,i,j(l, k) = 1 iff i = l, j = k,
then

ag = ∑
i,j≤m

δm,i,jag(i, j).

So, if m′ > m we have that im,m′(ag) = ∑i,j≤m δm′ ,i,jag(i, j) + ∑i>m or j>m δm′ ,i,j0, and
we end with

trm′#ϕ(im,m′(a1), . . . , im,m′(an+1))

= ∑
i1,j1≤m′

...
in+1,jn+1≤m′

trm′(δm′ ,i1,j1 · . . . · δm′ ,in+1,jn+1
)ϕ(a1(i1, j1), . . . , ag(in+1, jn+1))

= ∑
i1,j1≤m

...
in+1,jn+1≤m

trm(δm,i1,j1 · . . . · δm,in+1,jn+1)ϕ(a1(i1, j1), . . . , ag(in+1, jn+1)),

= trm#ϕ(a1, . . . , an+1)

because ϕ(b1, · · · , bn+1) = 0 if bi = 0 for some i. Therefore, ϕ → trm#ϕ generates
a cocycle on Mm(A) which is consistent with the inclusion of Mm(A) on Mm′(A)
when m′ > m.

Lemma H.3.1 (Generalized trace and continuous cyclic cohomology). LetA be Fréchet
algebra and m ∈N, then,

1. If φ ∈ Cn
λ,con(A), then, φ#tr ∈ Cn

λ,con(Mm(A)).

2. If φ ∈ Bn
λ,con(A), then, φ#tr ∈ Bn

λ,con(Mm(A)).

Proof. 1. From Example H.1.1 we know that

(φ#tr)
(

a0 ⊗ δi0,j0 , . . . , am ⊗ δim ,jm

)
= φ

(
a0, . . . , am

)
tr
(
δi0,j0 δi1,j1 . . . δim ,jm

)
,

with δik ,jk the matrix with 1 in the entry (ik, jk) and zero elsewhere. Since the
projection pi,j : Mm(A) → A, pi,j(∑k,l≤m ak,l ⊗ δk,l) = ai,j is a continuous map
(Example E.0.3), and φ is a continuous multilinear functional over A, we have
that φ#tr is a continuous multilinear functional over A ⊗ Mm(C) = Mn(A).
Additionally, from [Khalkhali, 2013, Example 3.6.8 ] we get that φ#tr is a cyclic
cocycle over Mm(A), therefore, we have that φ#tr ∈ Cn

λ,con(Mm(A)).

2. Given that (a⊗ δi,j)(b⊗ δk,l) = (ab)⊗ (δi,jδk,l), if φ = bϕ then we must that
φ#tr = b(ϕ#tr), which implies that φ#tr ∈ Bn

λ,con(Mm(A)).

h.3.2 Pairing with K0

For a unital algerbas A there is a bilinear pairing between Kalg
0 (A) and HCev(A),

and is constructed with trm#ϕ for ϕ in HC2n(A). The bilinear pairing takes the
following form,
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Proposition H.3.1 (c.f. Chapter 3, Section 3, Proposition 2 [Connes, 2014]). Let A
be an unital algebra, then, the following equality defines a bilinear pairing between Kalg

0 (A)
and HCev(A):

⟨[p], [φ]⟩ := (m!)−1(trk#φ)(p, . . . , p),

with p ∈ Pk(A) and φ ∈ Z2m
λ (A).

The pairing in Proposition H.3.1 can be extended to Ktop
0 (A) and HCev

con(A) for
unital C* algebras and smooth sub algebras of unital C* algebras,

Proposition H.3.2. Let A be a unital C* algebra or a smooth sub algebra of a unital C*
algebra, then, the following defines a bilinear pairing between Ktop

0 (A) and HCev
con(A):

⟨[p], [φ]⟩ := (m!)−1(trk#φ)(p, . . . , p)

with p ∈ Pk(A) and φ ∈ Z2m
λ,con(A).

Proof. There are two ways to prove that exists a pairing between Ktop
0 (A) and

HCev
con(A),

• We can take advantage of the connection between the equivalence relations
for projections on Mn(A) as stated in Proposition 2.2.3 and Proposition 2.1.4,
which tell us that if p ∼h q in Pn(A), then, we can find v ∈ Gn(A) with
q = v−1 pv, when A is either a C* algebra or a smooth sub algebra. From
Lemma H.3.1 we know that φ ∈ Bn

λ,con(A), then, φ#tr ∈ Bn
λ,con(Mm(A)), there-

fore, trk#φ(p, · · · , p) = 0 because trk#φ(p, · · · , p) = −trk#φ(p, · · · , p) by the
properties of cyclic cocycles (Definition H.1.1). From [Connes, 2014, Chapter
3, Section 3, Lemma 1] it is known that

trk#φ(p, · · · , p) = trk#φ(v−1 pv, · · · , v−1 pv),

additionally, by the proof of [Connes, 2014, Chapter 3, Section 3, Proposition
2] we knoe that ⟨[p], [φ]⟩ = ⟨[p], [Sφ]⟩, therefore, ⟨[p], [φ]⟩ is well defined.

• Recall that in unital C* algebras and unital smooth sub algebras if there is a
homotopy of projections p, q then there is also a smooth homotopy between
p and q (Proposition 2.2.3 and Proposition 2.1.4). [Khalkhali, 2013, Lemma
4.1.4] states that if ϕ is a 2m cyclic cocycle then ϕ(pt, . . . , pt) is constant in
t. By the proof of [Connes, 2014, Chapter 3, Section 3, Proposition 2] we
know that ⟨[p], [φ]⟩ = ⟨[p], [Sφ]⟩, therefore, the previous discussion implies
that ⟨[p], [φ]⟩ is well defined.

which implies that ⟨[p], [φ]⟩ is well defined.

Let A be a C* algebra with unit and A a smooth sub algebra of A, then, from
Theorem 2.2.1 we know that Ktop

0 (A) ≃ Ktop
0 (A), thus, if we use the aforemen-

tioned isomorphism along with Proposition H.3.2 we can establish a pairing be-
tween HCev

con(A) and Ktop
0 (A) for any C* algebra,

Proposition H.3.3. Let A be a unital C* algebra and A ⊂ A a smooth sub algebra of A,
then, the following equality defines a bilinear pairing between Ktop

0 (A) and HCev
con(A):

⟨[p], [φ]⟩ = (m!)−1(trk#φ)(ps, . . . , ps)

where ps ∈ Pk(A), [ps] = [p] inside Ktop
0 (A) and φ ∈ Z2m

λ,con(A).
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Proof. From Proposition 2.2.3 we know that for any p ∈ Pk(A) there is a ps ∈
Pk(A) such that [p] = [ps] inside Ktop

0 (A), therefore, we can use the isomorphism
Ktop

0 (A) ≃ Ktop
0 (A) (Theorem 2.2.1) along with Proposition H.3.2 to get the desired

pairing.

h.3.3 Pairing with K1

Let A be a unital algebra, then, there is a bilinear pairing between Kalg
1 (A) and

HCodd(A), and is constructed with trm#ϕ for ϕ in HC2n+1(A). The bilinear pairing
takes the following form,

Proposition H.3.4 (c.f. Chapter 3, Section 3, Proposition 3 [Connes, 2014]). Let A
be an unital algebra, then the following defines a bilinear pairing between Kalg

1 (A) and
HCodd(A):

⟨[u], [φ]⟩ :=
Γ
(

2n+1
2 + 1

)−1

22n+1
√

2i
(trk#φ)(u−1 − 1, u− 1, u−1 − 1, . . . , u− 1)

or u ∈ Uk(A) and φ ∈ Z2n+1
λ (A).

Notice that the cyclic property of the cocycles in Z2n+1
λ (A) implies that

(trk#φ)(u−1 − 1, . . . , u− 1) = −(trk#φ)(u− 1, . . . , u−1 − 1).

An important step in the proof of Proposition H.3.4 is to show that

(trk#φ)((uv)−1 − 1, . . . , (uv)− 1) =

(trk#φ)((u)−1 − 1, . . . , u− 1) + (trk#φ)((v)−1 − 1, . . . , v− 1),

which you can check in [Connes, 2014, Chapter 3, Section 3, Proposition 3]. Since
any element of Kalg

1 (A) is expressed as v = u(Πi≤n[gi, hi]) with [gi, hi] = g−1
i h−1

i gihi,
the aforementioned property of the cocycles gives implies that

(trk#φ)((u(Πi≤n[gi, hi]))
−1− 1, . . . , (u(Πi≤n[gi, hi]))− 1) = (trk#φ)((u)−1− 1, . . . , u− 1).

The aforementioned property of the evaluation

(trk#φ)(u−1 − 1, . . . , u− 1)

will be useful to show that the pairing in Proposition H.3.4 can be extended into the
continuous cyclic cohomology.

Proposition H.3.5 (c.f. Remark 30.c on page 211 [Connes, 2014] (Invariance of the
cyclic cohomology under smooth paths)). Let A be an algebra with unit and B a locally
convex algebra. Take ϕ ∈ Zn

λ,con(B), let ρt, t ∈ [0, 1] a continuous family of homomrphisms
ρt : A → B such that for all a ∈ A the map t 7→ ρt(a) ∈ B is of class C1, then,

ρ∗0 = ρ∗1 : HC∗con(B)→ HC∗(A).

Proposition H.3.6. Let A be an unital C* algebra or a smooth sub algebra of a unital C*
algebra, then, the following defines a bilinear pairing between Ktop

1 (A) and HCodd
con (A):

⟨[u], [φ]⟩ :=
Γ
(

2n+1
2 + 1

)−1

22n+1
√

2i
(trk#φ)(u−1 − 1, u− 1, u−1 − 1, . . . , u− 1)

or u ∈ Uk(A) and φ ∈ Z2n+1
λ,con (A).
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Proof. Recall that both C* algebras and smooth sub algebras are locally convex al-
gebras. From the definition of Ktop

1 (A) (Definition 2.1.3) we know that if [u] = [v]
then there must be n ∈N such that u ∼h v inside Un(A), so, from Proposition 2.2.3
and Proposition 2.1.2 we have that there are hj ∈ Mn(A)sa such that

u = v ∏
j≤k

exp
(
ihj
)
.

Denote ξ(u) = (trk#φ)(u−1 − 1, u − 1, u−1 − 1, . . . , u − 1), then, from the proof
of [Connes, 2014, Chapter 3, Section 3, Proposition 3] we have that for any φ ∈
Z2n+1

λ (A) the following equality holds

ξ(uv) = ξ(u) + ξ(v),

so, if u = v ∏j≤k exp
(
ihj
)
, then

ξ(u) = ξ(u) + ∑
j≤k

ξ(exp
(
ihj
)
).

Given a ∈ A, from the holomorphic functional calculus we have the following
family of algebra homomorphisms (Theorem E.1.2)

ρt : Hol(C)→ Mk(A), ρt( f ) := f (ta),

so, given that the map
t 7→ f (ta), a ∈ Mk(A)sa

is smooth (Proposition E.1.8), we can use Proposition H.3.5 to get that

ρ0 = ρ1 : HC∗con(Mn(A))→ HC∗(Hol(C)).

Hence, ρ0([trk#φ]) = ρ1([trk#φ]), therefore, if we denote by uexp the function x 7→
exp(ix) which belongs to Hol(C) we have that uexp is an unitary in Hol(C) and the

pairing between HCodd(Hol(C)) and Kalg
1 (Hol(C)) tell us that

ρ0([trk#φ])(u−1
exp − 1, · · · , uexp − 1) = ρ1([trk#φ])(u−1

exp − 1, · · · , uexp − 1).

By definition of ρ0([trk#φ]), ρ1([trk#φ]) (Definition H.1.3) we have that

ρ0(trk#φ)(u−1
exp − 1, · · · , uexp − 1) = ξ(exp(ita)|t=0 = 0,

and
ρ1(trk#φ)(u−1

exp − 1, · · · , uexp − 1) = ξ(exp(ita))|t=1 = ξ(exp(ia)),

thus, we must have that ξ(exp(ia)) = 0. The previous discussion implies that

ξ(u) = ξ(v) + ∑
j≤k

ξ(exp
(
ihj
)
) = ξ(v),

so, given that ⟨[p], [φ]⟩ = ⟨[p], [Sφ]⟩ by the proof of [Connes, 2014, pChapter 3,
Section 3, Proposition 3], we have that the bilinear pairing between Ktop

1 (A) and
HCodd

con (A) is well defined.

Let A be a C* algebra with unit and A a smooth sub algebra of A, then, from
Theorem 2.2.1 we know that Ktop

1 (A) ≃ Ktop
1 (A), thus, if we use the aforemen-

tioned isomorphism along with Proposition H.3.6 we can establish a pairing be-
tween HCodd

con (A) and Ktop
1 (A) for any C* algebra,
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Proposition H.3.7. Let A be a unital C* algebra and A ⊂ A a smooth sub algebra of A,
then the following defines a bilinear pairing between Ktop

1 (A) and HCodd
con (A):

⟨[u], [φ]⟩ :=
Γ
(

2n+1
2 + 1

)−1

22n+1
√

2i
(trk#φ)(u−1

s − 1, us − 1, u−1 − 1, . . . , us − 1)

where us ∈ Uk(A), [us] = [u] inside Ktop
1 (A) and φ ∈ Z2n+1

λ,con (A).

Proof. From Proposition 2.2.4 we know that for any u ∈ Uk(A) there is a us ∈
Uk(A) such that [u] = [us] inside Ktop

1 (A), therefore, we can use the isomorphism
Ktop

1 (A) ≃ Ktop
1 (A) (Theorem 2.2.1) along with Proposition H.3.6 to get the desired

pairing.





I MORE ON THE NON-COMMUTAT IVE
BR I L LOU IN TORUS

i.1 twisted crossed products

i.1.1 Group C* algebra and amenable groups

If A = C, and both α, ζ are trivial, then, the twisted crossed product simplifies to
the enveloping C* algebra of L1(G) (Section 1.1.4), in this case, the enveloping C*
algebra of L1(G) is called the group C* algebra of G and is denoted by C∗(G); re-
call that the enveloping C* algebra of L1(G) is the C* algebra generated by L1(G)
(Appendix D.6). In Remark B.2.9 it is mentioned that there is a one-to-one cor-
respondence between unitary representations of G and *-representations of L1(G),
which can be deduced also from the corresponding statement for twisted crossed
products (Theorem 1.1.3) when we take α, ζ to be trivial.

Take G an abelian locally compact group, we know that L1(G) is commutative
(Remark F.1.1), therefore, C∗(G) is commutative. The Gelfand-representation theo-
rem (Theorem D.3.3) tells us that there is a locally compact Hausdorff space Q such
that C∗(G) ≃ C0(Q), with Q = ΦC∗(G) (the space of characters of C∗(G)). Under
this setting, the Fourier transform over G can be used to show that Q = Ĝ, with
Ĝ the dual group of G, the reason behind this result if the following: The Fourier
transform provides *-representations of L1(G) given by the formula f̂ ∗ g = f̂ ĝ, and
f̂ ∈ C0(Ĝ) (Definition F.1.3) (those are *-representations because C0(Ĝ) is a C* al-
gebra), moreover, the *-representations of L1(G) are in one to one correspondence
with the elements of Ĝ (Remark F.1.2), since F (L1(G)) is dense in C0(Ĝ) and the
norm of the image of L1(G) under the *-representations is the supremum norm
C0(G), we have that C∗(G) ≃ C0(Ĝ), that is, ΦC∗(G) = Ĝ ([Sundar, 2020, Theorem
5.18]).

By the previous argument, we can consider the the twisted crossed products to
be the generalization of the group C* algebras, since they fall back to the group
C* algebras when the action and the normalized 2-cocycle are trivial, and they
generalize the notion of being the enveloping C* algebra of a L1 Banach *algebra.
Interestingly, C∗(G) is nuclear iff G is amenable ([Lance, 1973, Theorem 4.2]).

Given that all locally compact abelian groups are amenable ([Dales et al., 2003,
Proposition 11.1.3]) and G is assumed to be abelian (Definition 1.1.3), the content of
[Packer and Raeburn, 1989, Corollary 3.9] provides the following result,

Theorem I.1.1 (c.f. Corollary 3.9 [Packer and Raeburn, 1989] (Twisted crossed prod-
ucts and nuclearity)). Let (A, G, α, ζ) be a separable twisted dynamical, then, if A is
nuclear we have that A ⋊α,ζ G is nuclear.

281
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i.1.2 Discrete groups

There is one additional result gives a more complete description of the algebraic
characterization of twisted crossed products with discrete separable groups,

Lemma I.1.1. Let A be a *-algebra and A = C∗(A) and G be a discrete, countable, and
commutative group, denote by L1(G,A; α, ζ)c the *-algebra of functions from G into A that
satisfy the same algebraic relations of L1(G, A; α, ζ)c (Definition 1.1.14), additionally, let
(G, A, α, ζ) be a separable twisted dynamical system. Then, we have the following isomor-
phism,

A ⋊α,ζ G ≃ C∗(L1(G,A; α, ζ)c),

or equivalently, A ⋊α,ζ G is the C* algebra generated by the set

R = {aus : a ∈ A, s ∈ G},

subject to the following relations

• addition: a0us + a1us = (a0 + a1)us where a0 + a1 is an element of A.

• multiplication: (a0us)(a1ut) = (ζ(s, t)a0α(s)(a1))us+t where ζ(s, t)a0α(s)(a1) is
an element of A.

• Involution: (aus)∗ = ζ(−s, s)∗α(−s)(a∗)u−s where ζ(−s, s)∗α(−s)(a∗) is an
element of A.

Where ai ∈ A and s, t ∈ G.

Proof. First, we need to show that C∗(L1(G,A; α, ζ)c) exists, then, we can proceed
to proof that it is isomorphic to A ⋊α,ζ G. Following an argument similar to the
one in the proof of Lemma 1.1.4 we can check that for any representation π of
L1(G,A; α, ζ) there is a representation of A given by a 7→ π(au0), thus, we must
have that ∥au0∥ ≤ ∥a∥A for all a ∈ A since A = C∗(A); recall that the norm of
a ∈ A as an element of A is the supremum over the norm of all the representations
of A (Appendix D.6). Similarly, is possible to check that ∥aus∥ ≤ ∥a∥A for all a ∈ A,
hence, any representation π of L1(G,A; α, ζ)c is continuous and

∥π(∑
s∈G

f (s)us)∥ ≤ ∑
s∈G
∥ f (s)∥ = ∥ f ∥1.

Given that all the norm of π( f ) is bounded for any π a representation of L1(G,A; α, ζ)c
the C* algebra generated by L1(G,A; α, ζ)c exists.

Since L1(G,A; α, ζ)c is a sub *-algebra of L1(G, A; α, ζ)c, then, it is a sub *-algebra
of A ⋊α,ζ G due to Lemma 1.1.4, then, Proposition D.6.2 tells us that there must be
a C* homomorphism

ϕ : C∗(L1(G,A; α, ζ)c)→ A ⋊α,ζ G

such that ϕ|L1(G,A;α,ζ)c
= i|L1(G,A;α,ζ)c

with i the canonical inclusion of L1(G, A; α, ζ)c

on A ⋊α,ζ G. Additionally, ϕ is surjective because ϕ(L1(G,A; α, ζ)c) is dense in
A ⋊α,ζ G, which comes from the density of L1(G,A; α, ζ)c on L1(G, A; α, ζ)c.

Since A is dense in A, ∥π( f )∥ ≤ ∥ f ∥1 for every f ∈ L1(G,A; α, ζ)c and π a
representation of L1(G,A; α, ζ)c, it is possible to extend π into a representation of
L1(G, A; α, ζ)c, thus, by Proposition D.6.2 there must be a C* homomorphism

ϕ̃ : A ⋊α,ζ G → C∗(L1(G,A; α, ζ)c)
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such that ϕ̃|L1(G,A;α,ζ)c
= ĩ|L1(G,A;α,ζ)c

with ĩ the canonical inclusion of L1(G,A; α, ζ)c

in C∗(L1(G,A; α, ζ)c). Additionally, ϕ̃ is surjective because ϕ̃(L1(G, A; α, ζ)c) is
dense in C∗(L1(G,A; α, ζ)c).

Given that both ϕ and ϕ̃ are surjective and ϕ|L1(G,A;α,ζ)c
= ϕ̃−1|L1(G,A;α,ζ)c

, the
automatic continuity of C* homomorphisms (Proposition D.0.1) tell us that

∀ f ∈ L1(G,A; α, ζ)c, ∥ϕ( f )∥ = ∥i( f )∥.

Since i(L1(G,A; α, ζ)c) is dense in A ⋊α,ζ G we get that ϕ is a C* isomorphism and
ϕ̃ is its inverse.

i.1.3 Twisted crossed products with Zd

The characterization of normalized 2-cocycles on Zd (Proposition 1.1.3) tell us that
there can not be a non-trivial normalized 2-cocycle over Z, thus, we can only de-
fine crossed products with twisting actions of Z over A with trivial normalized
2-cocycles. Recall that the twisted crossed product is a generalization of the crossed
product because the crossed product corresponds to a twisted crossed product with
a trivial normalized 2-cocycle ([Blackadar, 2006, Definition II.10.3.7]).

Let (α, ζ) be a twisting action of Zd on A and ej = (0, · · · , i, · · · , 0) wiht a 1 in
the j position, then, α1 : Z → Aut(A) defined by α1(s) = α(se1) is an action of Z

over A, and to this action there is an associated crossed product A ⋊α1 Z, which by
Lemma 1.1.9 is the enveloping C* algebra of P(Z, A, α1).

Take a ∈ P(Zd, A, α, Θ) given by a = ∑s1∈J1
a(s1)u

s1
1 with J1 a finite set of Z, then

us2
2 . . . usd

d (a) =

(
∑

s1∈J1

α

(
∑

2≤j≤d
sjej

)
(a(s1)) exp

(
i(s1e1)

tΘ( ∑
2≤j≤d

sjej)

)
us1

1

)
us2

2 . . . usd
d .

Under this setup we have an action of Zd−1 = Zd/Z over P(Z, A, α1) that takes
the following form

α̂d−1(s2, . . . , sd)( ∑
s1∈J1

a(s1)u
s1
1 ) = ∑

s1∈J1

α

(
∑

2≤j≤d
sjej

)
(a(s1)) exp

(
i(s1e1)

tΘ( ∑
2≤j≤d

sjej)

)
us1

1 .

By [Packer and Raeburn, 1989, Theorem 4.1] we get α̂d−1 can be extended to an
action over A ⋊α1 Z, such that if we set Θd−1 ∈ Md−1(C) with

Θd−1(i, j) = Θ(i + 1, j + 1),

then, ζd−1(x, y) = exp
(
ixtΘd−1y

)
defines a normalized 2-cocycle over Zd−1 such

that
(A ⋊α1 Z)⋊Θd−1,α̂d−1 Zd−1 ≃ A ⋊α,Θ Zd,

with the isomorphism taking the expected form on finite polynomials,

( ∑
s1∈J1

a(s1)u
s1
1 )us2

2 . . . usd
d 7→ ∑

s1∈J1

a(s1)u
s1
1 us2

2 . . . usd
d .

Given that P(Z, A, α1) is dense in A ⋊α1 Z, then the algebra generated by ele-
ments of the form

auj with a ∈ P(Z, A, α1), 2 ≤ j ≤ d,

is a dense *-algebra of A ⋊α,Θ Zd, moreover, algebraic manipulations show us that
it is isomorphic to P(Zd, A, α, Θ) under the aforementioned map. The following
proposition is a consequence of the previous discussion,
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Proposition I.1.1. Let (Zd, A, α, ζ) be a separable twisted dynamical system with ζ(x, y) =
exp

(
ixtΘy

)
, where Θ is a lower triangular matrix with zeros in the diagonal and entries in

[0, 2π), then,

1. Let ej = (0, · · · , 1, · · · , 0) with a 1 in the j position, set, α1 : Z → Aut(A) defined
by α1(s) = α(se1) be an action of Z over A, and denote by A⋊α1 Z the enveloping C*
algebra of P(Z, A, α1). Then, there is an action of Zd−1 = Zd/Z over P(Z, A, α1)
that takes the following form

α̂d−1(s2, . . . , sd)( ∑
s1∈J1

a(s1)u
s1
1 ) = ∑

s1∈J1

α

(
∑

2≤j≤d
sjej

)
(a(s1)) exp

(
i(s1e1)

tΘ( ∑
2≤j≤d

sjej)

)
us1

1 ,

where ∑s1∈J1
a(s1)u

s1
1 ∈ P(Z, A, α1), and α̂d−1 can be extended to an action of Zd−1

over A ⋊α1 Z.

2. Denote Θd−1 ∈ Md−1(C) with

Θd−1(i, j) = Θ(i + 1, j + 1),

then, and there is a C* algebra isomorphism

(A ⋊α1 Z)⋊Θd−1,α̂d−1 Zd−1 ≃ A ⋊α,Θ Zd,

with the isomorphism taking the following form on finite polynomials,

( ∑
s1∈J1

a(s1)u
s1
1 )us2

2 . . . usd
d 7→ ∑

s1∈J1

a(s1)u
s1
1 us2

2 . . . usd
d .

Since Θd−1 is a lower triangular matrix with zeros in the diagonal, we can iterate
the definition of the aforementioned isomorphism to get a description of A⋊α,Θ Zd

as an iterated crossed product

A ⋊α1 Z ⋊α2 Z . . . ⋊αd Z,

with αk : Z→ Aut(A ⋊α1 Z ⋊α2 Z . . . ⋊αk−1 Z) given by

αk(sk)

 ∑
(s1,...,sk−1)∈Jk−1

a(s1, . . . , sk−1)u
s1
1 . . . usk−1

k−1

 =

∑
(s1,...,sk−1)∈Jk−1

α (sded) (a(s1, . . . , sk−1)) exp

i

(
∑

1≤j≤k−1
sjej

)t

Θ(skek)

 usk
k ,

and Jk−1 a finite subset subset of Zk−1. Notice that we have given an isomorphism
αk(sk) on the dense sub algebra P(Zk−1, A, α, Θ) and [Packer and Raeburn, 1989,
Theorem 4.1] assure us that is can be extended to the whole C* algebra A⋊α1 Z⋊α2

Z . . . ⋊αd−1 Z.

Additionally, since A is a sub C* algebra of A ⋊α,Θ Zd (Remark 1.1.4), we have
that A ⋊α1 Z ⋊α2 Z . . . ⋊αk−1 Z is a sub C* algebra of A ⋊α,Θ Zd for very k < d.

Proposition I.1.2. Let (Zd, A, α, ζ) be a separable twisted dynamical system with ζ(x, y) =
exp

(
ixtΘy

)
, where Θ is a lower triangular matrix with zeros in the diagonal and entries in

[0, 2π), let ej = (0, · · · , 1, · · · , 0) with a 1 in the j position, then, A⋊α,Θ Zd is isomorphic
to the iterated crossed product,

A ⋊α1 Z ⋊α2 Z . . . ⋊αd Z,
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where, αk : Z→ Aut(A ⋊α1 Z ⋊α2 Z . . . ⋊αk−1 Z) given by

αk(sk)

 ∑
(s1,...,sk−1)∈Jk−1

a(s1, . . . , sk−1)u
s1
1 . . . usk−1

k−1

 =

∑
(s1,...,sk−1)∈Jk−1

α (sded) (a(s1, . . . , sk−1)) exp

i

(
∑

1≤j≤k−1
sjej

)t

Θ(skek)

 usk
k ,

and Jk−1 a finite subset subset of Zk−1.

i.1.4 Fourier analysis

In this section, we will expand on the properties of the Fourier coefficients. By defi-
nition of the twisted crossed product we know that L1(Zd, A; α, Θ) is a sub *-algebra
of A ⋊α,Θ Zd (Definition 1.1.6), which lead us to point out how the twisted crossed
products are a generalization of the group C* algebras in Appendix I.1.1. Under
this setting, the Banach *-algebra L1(Zd, A; α, Θ) is a generalization of the Wiener
algebra, which is mentioned in Example F.1.1, and the elements of L1(Zd, A; α, Θ)
take the form of an infinite series, with this we mean that

∑
s∈Zd

Φs(p)us

converges inside A ⋊α,Θ Zd. Not all the elements of A ⋊α,Θ Zd can be described as
an infinite series of its Fourier coefficients, as we discuss in Appendix I.1.4.

Weights, traces and states

In our efforts to generalize the C* algebra C(Td), we have provided non-trivial
commutation relations for the generators {auj}a∈A,1≤j≤d, and we got in return the
C* algebra A ⋊α,Θ Zd, which has a faithful representation that resembles the one of
C(Td), and its elements have Fourier coefficients that resembles those of elements of
C(Td). Along this path, we have replaced C with a C* algebra A, now, we will look
at how we can use the zeroth Fourier coefficient (Φ0(p)) to provide a generalization
of the L2 norm of an element of C(Td), using the fact that the set of positive elements
of a C* algebra (Apos) share various properties with the set of positive elements of
C (Proposition D.4.3).

Lemma I.1.2 (Generalized norm of an element in A ⋊α,Θ Zd). The zeroth Fourier
coefficient

Φ0 : A ⋊α,Θ Zd → A,

has the following properties,

• Φ0((A ⋊α,Θ Zd)pos) = Apos.

• If p ∈ (A ⋊α,Θ Zd)pos then Φ0(p) = 0 iff p = 0.

Proof. The following assertions come from the characterization of positive elements
of a C* algebra given in Proposition D.4.3. Since, any positive element of A ⋊α,Θ Zd

looks like pp∗, the computations done in Lemma 1.1.18 tell us that
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• Given the sequence of generalized trigonometric polynomials {p(n)}n∈N that
corresponds to the generalized Fejér summation of p (Definition 1.1.16), we
have that

Φ0(pp∗) = Φ0

(
lim

n→∞
p(n)(p(n))∗

)
= lim

n→∞
Φ0

(
p(n)(p(n))∗

)
= lim

n→∞ ∑
x∈Vn

d

∏
j=1

(
1−

∣∣xj
∣∣

n + 1

)2

Φx(p)Φx(p)∗,

additionally, Φx(p)Φx(p)∗ ∈ Apos. Since the set of positive elements of A is
closed and the sum of positive elements is positive we have that Φ0(pp∗) ∈
Apos. The mapping is surjective because Φ0(

√
au0) = a for any a ∈ Apos.

• Since the norm of a sum of positive elements is greater or equal to the norm
of each of the positive elements being added, we have that

∥ ∑
x∈Vn

d

∏
j=1

(
1−

∣∣xj
∣∣

n + 1

)2

Φx(p)Φx(p)∗∥ ≥ ∥
d

∏
j=1

(
1−

∣∣xj
∣∣

n + 1

)2

Φx(p)Φx(p)∗∥.

Also, from the continuity of the map Φ0 we get that

Φ0(pp∗) = lim
n→∞

Φ0

(
p(n)(p(n))∗

)
,

therefore,

∥Φ0(pp∗)∥ ≥ ∥
d

∏
j=1

(
1−

∣∣xj
∣∣

n + 1

)2

Φx(p)Φx(p)∗∥ ∀x ∈ Zd and n ∈N,

and we end up with ∥Φ0(pp∗)∥ ≥ ∥Φx(p)∥2. Consequently, ∥Φ0(pp∗)∥ = 0
iff ∥Φx(p)∥ = 0 for all x ∈ Zd, or equivalently, if p = 0.

The map p 7→ Φ0(pp∗) falls back to

f 7→ ∑
s∈Zd

|F ( f )(s)|2

when we work with the algebra C(Td), and the isomorphism given by the Fourier
transform (Theorem F.1.1) allow us to say that the aforementioned map takes the
form

f 7→ ∥ f ∥2.

When we move into the realm of C valued functions, we have that |F ( f )(s)|2 ∈ R+,
and we can get rid of the weights associated to the Fejér sum because the series has
only positive numbers. Interestingly enough, the set of positive elements in a C*
algebras behave much like positive real numbers, such that

Φ0(pp∗) = ∑
s∈Zd

Φs(p)Φs(p)∗,

makes sense because the sum can take any ordering, so, let’s check why this hap-
pens.

Recall that {p(n)}n∈N is the generalized Fejér summation of p and {S(n)(p)}n∈N

is the generalized Fourier series of p Definition 1.1.16). First, {Φ0(p(n)(p(n))∗)}n∈N

is a converging sequence of positive elements, and

Φ0(p(n)(p(n))∗) ≤ Φ0(p(m)(p(m))∗)
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for n ≤ m, since

d

∏
j=1

(
1−

∣∣xj
∣∣

n + 1

)2

Φx(p)Φx(p)∗ ≤
d

∏
j=1

(
1−

∣∣xj
∣∣

m + 1

)2

Φx(p)Φx(p)∗

when n ≤ m and x ∈ Vn. This implies that the aforementioned sequence is a Cauchy
sequence, thus, for every ϵ > 0 there is N > 0 such that if n, m ≥ N we have that

∥Φ0(p(m)(p(m))∗)−Φ0(p(n)(p(n))∗)∥ =

∥ ∑
x∈Vm

d

∏
j=1

(
1−

∣∣xj
∣∣

m + 1

)2

Φx(p)Φx(p)∗ − ∑
x∈Vn

d

∏
j=1

(
1−

∣∣xj
∣∣

n + 1

)2

Φx(p)Φx(p)∗∥ ≤ ϵ,

so, assume that m ≥ n, then, Φ0(p(m)(p(m))∗) − Φ0(p(n)(p(n))∗) consists of the
sum of two positive elements, each one of norm less than or equal to ϵ due to
Proposition D.4.3,

Φ0(p(m)(p(m))∗)−Φ0(p(n)(p(n))∗) =

∑
x∈Vn

 d

∏
j=1

(
1−

∣∣xj
∣∣

m + 1

)2

−
d

∏
j=1

(
1−

∣∣xj
∣∣

n + 1

)2
Φx(p)Φx(p)∗+

∑
x∈Vm
x/∈Vn

d

∏
j=1

(
1−

∣∣xj
∣∣

m + 1

)2

Φx(p)Φx(p)∗.

Notice that
Φ0(S(n)(p)(S(n)(p))∗) = ∑

x∈Vn

Φx(p)Φx(p)∗,

so,
∥Φ0(pp∗)−Φ0(S(n)(p)(S(n)(p))∗)∥ ≤

∥Φ0(pp∗)−Φ0(p(m)(p(m))∗)∥+ ∥Φ0(p(m)(p(m))∗)−Φ0(S(n)(p)(S(n)(p))∗)∥,

the first term can be made as small as desired because the sequence converges,
hence, let’s focus on the second one. Assume that m ≥ n, then

Φ0(p(m)(p(m))∗)−Φ0(S(n)(p)(S(n)(p))∗) =

∑
x∈Vm
x/∈Vn

d

∏
j=1

(
1−

∣∣xj
∣∣

m + 1

)2

Φx(p)Φx(p)∗−

 ∑
x∈Vn

1−
d

∏
j=1

(
1−

∣∣xj
∣∣

m + 1

)2
Φx(p)Φx(p)∗

 ,

we have mentioned that the first term can be small as desired as a consequence of
the properties of positive elements in a C* algebra, also, if n is fixed and m can be
taken arbitrarily large the second term can be made arbitrarily small. Consequently,
if N ∈N such that

• ∥Φ0(pp∗)−Φ0(p(m)(p(m))∗)∥ ≤ ϵ/3 when n ≥ N,

• ∥Φ0(p(m)(p(m))∗)−Φ0(p(n)(p(n))∗)∥ ≤ ϵ/3 when n, m ≥ N,

we have that,

• for any l ≥ N there is Ml ≥ N, l such that, when k ≥ Ml

∥ ∑
x∈Vl

1−
d

∏
j=1

(
1−

∣∣xj
∣∣

k + 1

)2
Φx(p)Φx(p)∗∥ ≤ ϵ/3
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and
∥Φ0(pp∗)− ∑

x∈Vl

Φx(p)Φx(p)∗∥ ≤

∥Φ0(pp∗)−Φ0(p(k)(p(k))∗)∥+ ∥ ∑
x∈Vk
x/∈Vl

d

∏
j=1

(
1−

∣∣xj
∣∣

m + 1

)2

Φx(p)Φx(p)∗∥

+∥

 ∑
x∈Vl

1−
d

∏
j=1

(
1−

∣∣xj
∣∣

k + 1

)2
Φx(p)Φx(p)∗

 ∥
≤ ϵ.

The previous calculations tell us that

∑
x∈Vl

Φx(p)Φx(p)∗ −−→
l→∞

Φ(pp∗)0,

additionally, if P ⊂ Zd and Vl ⊂ P then

∥Φ(pp∗)− ∑
x∈P

Φx(p)Φx(p)∗∥ ≤ ∥Φ(pp∗)− ∑
x∈Vl

Φx(p)Φx(p)∗∥

+∥ ∑
x∈P

Φx(p)Φx(p)∗ − ∑
x∈Vl

Φx(p)Φx(p)∗∥.

Since ∑x∈P Φx(p)Φx(p)∗ ≥ ∑x∈Vl
Φx(p)Φx(p)∗ and Φ(pp∗) ≥ ∑x∈P Φx(p)Φx(p)∗

we have that

Φ(pp∗)− ∑
x∈Vl

Φx(p)Φx(p)∗ ≥ ∑
x∈P

Φx(p)Φx(p)∗ − ∑
x∈Vl

Φx(p)Φx(p)∗,

thus, for ∑x∈P Φx(p)Φx(p)∗ to be close to Φ(pp∗) we only require P to contain the
appropriate Vl , ie,

∥Φ(pp∗)− ∑
x∈Vl

Φx(p)Φx(p)∗∥ ≤ ϵ/2.

We can condensate the previous discussion on the following lemma,

Lemma I.1.3 (Absolute convergence of Φ0(pp∗)). Let p ∈ A ⋊α,Θ Zd, then,

Φ0(pp∗) = ∑
s∈Zd

Φs(p)Φs(p)∗,

where the order in the sum does not matter.

Corollary I.1.1. Using the identities for the involution on A ⋊α,Θ Zd (Lemma 1.1.18), we
get that, if p ∈ A ⋊α,Θ Zd, then,

Φ0(p∗p) = ∑
s∈Zd

α(s) (Φ−s(p)∗Φ−s(p)) ,

where the order in the sum does not matter.

The map p 7→ Φ0(p) is a generalization of a faithful continuous weight over
A ⋊α,Θ Zd (Remark D.3.1), since it is a continuous linear map over (A ⋊α,Θ Zd)pos

taking values over A and for p ∈ (A ⋊α,Θ Zd)pos we have that Φ0(p) = 0 iff p = 0
(Lemma I.1.2). The continuous linear map Φ0 allows us to promote continuous
linear functionals over A into continuous linear functionals over A ⋊α,Θ Zd, such
that, those functionals become traces if they are traces over A and are invariant
under the maps α(x),
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Remark I.1.1 (Continuous linear functionals on A ⋊α,Θ Zd). Let η be a continuous
linear functional on A, then, we can create a continuous linear functional on A ⋊α,Θ Zd by
setting

η̂ : A ⋊α,Θ Zd → C, η̂(p) := η(Φ0(p)).

Now let’s look at what happens if η is tracial and η is invariant under α(x), in this case, the
zeroth Fourier coefficient of the Fejér summation of p takes the following form,

η̂(p(n)(p(n))∗) = ∑
x∈Vn

∏
j≤d

(
1−

|xj|
n + 1

)2

η(Φx(p)Φx(p)∗)

η̂((p(n))∗p(n)) = ∑
x∈Vn

∏
j≤d

(
1−

|xj|
n + 1

)2

η(α(x)(Φ−x(p)∗)α(x)(Φ−x(p)))

Recall that α(x) is a C* homomorphism for any x ∈ Zd, thus,

α(x)(Φ−x(p)∗)α(x)(Φ−x(p)) = α(x)(Φ−x(p)∗Φ−x(p)),

so, if η is α invariant, that is, if η ◦ α(x)(a) = η(a) for all a ∈ A, x ∈ Zd, we get that

η̂((p(n))∗p(n)) = ∑
x∈Vn

∏
j≤d

(
1−

|xj|
n + 1

)2

η(Φ−x(p)∗Φ−x(p)).

Since η is tracial we have that η(Φ−x(p)∗Φ−x(p)) = η(Φ−x(p)Φ−x(p)∗), which implies
that

η̂((p(n))∗p(n)) = η̂(p(n)(p(n))∗).

Finally, we get η̂(pp∗) = η̂(p∗p) from the fact that

η̂(p(n)(p(n))∗)→ η̂(pp∗),

η̂((p(n))∗p(n))→ η̂(p∗p),

as n→ ∞. Additionally, from Lemma I.1.2 we know that for p ∈ (A⋊α,Θ Zd)pos, Φ0(p) =
0 iff p = 0, thus, if η is faithful then η̂ is also faithful.

Remark I.1.2 (Weight and traces on A ⋊α,Θ Zd). In a similar fashion, if η is a weight
over A, then, we can define a weight over A ⋊α,ΘZd by setting

η̂ : A ⋊α,Θ Zd → C, η̂(p) := η(Φ0(p)).

We have that
Φ0(p(n)(p(n))∗) ≤ Φ0(p(m)(p(m))∗)

when n ≤ m. Under this setting Remark D.3.1 tell us that if ϕ is a lower semicontinuous
weight we have that

lim
n→∞

η
(

Φ0(p(n)(p(n))∗)
)
= η(Φ0(pp∗))

over the extended positive reals, that is, over [0, ∞]. Therefore, is possible to approximate
the value of η̂ using the Fejér sums.

Following a similar argument as in Remark I.1.1, if η is a trace and is α invariant (η =
η ◦ α(x), x ∈ Zd) then,

η̂(p(n)(p(n))∗)→ η̂(pp∗),

η̂((p(n))∗p(n))→ η̂(p∗p),

and
η̂((p(n))∗p(n)) = η̂(p(n)(p(n))∗),

which implies η̂(pp∗) = η̂(p∗p), that is, η̂ is a trace. Additionally, if η is faithful then η̂ is
also faithful.
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Convergence of the Fourier series

We have shown that p(n) → p in the topology given by the C* norm on A ⋊α,Θ Zd,
so, we can ask if

∑
x∈Zd

Φx(p)ux → p,

that is, if the generalized Fourier series converges in A ⋊α,Θ Zd. As you may guess,
this is not the case in general, for example, if A = C, and both α, Θ are trivial, then

A ⋊α,Θ Zd ≃ C∗(u1, ..., ud, uiuj = ujui, uiu∗i = u∗i ui = 1) ≃ C(Td),

and is known that there are continuous functions over T whose Fourier series di-
verges in a point (Appendix F.3) i.e. the Fourier series does not converge to the
function in the supremum norm (norm of C(T) ≃ C∗(u, uu∗ = u∗u = 1)). On the
other hand, the Fejér summation of f provides a sequence of trigonometric polyno-
mials that converge uniformly to f if f ∈ C(Td) (Appendix F.3), which is why we
used the generalized Fejér summation to provide a sequence of non-commutative
polynomials convergent to a for every a ∈ A ⋊α,Θ Zd.

Also, in the context of A ⋊α,Θ Zd we have replaced the converge of

∑
x∈Zd

|F ( f )(x)|2 = ∑
x∈Zd

|Φx( f )|2 ∈ R+

for f ∈ C(Td) by the fact (Lemma I.1.3)

Φ0(pp∗) = ∑
x∈Zd

Φx(p)Φx(p)∗ ∈ Apos

for every p ∈ A ⋊α,Θ Zd. Following this reasoning, we can use Φ0 to provide
A ⋊α,Θ Zd with a positive definite inner product over A, let

⟨p, q⟩ = (Φ0(pq∗))∗ , p, q ∈ A ⋊α,Θ Zd,

then from Lemma I.1.2 we know that ⟨p, p⟩ ≥ 0 and ⟨p, p⟩ = 0 iff p = 0, also,
using the relation between involution and Fourier coefficients (Lemma 1.1.18) we
get that (⟨a, b⟩)∗ = ⟨b, a⟩. Following Lemma 1.1.19, set the scalar multiplication on
A ⋊α,Θ Zd as

rm : (A ⋊α,Θ Zd)× A→ A ⋊α,Θ Zd, rm (p, a) = p(au0),

then ⟨p, qa⟩ = ⟨p, q⟩a for p, q ∈ A ⋊α,Θ Zd and a ∈ A. If A is a unital C* algebra
then we also have that ⟨ux, uy⟩ = 1Aδx,y for x, y ∈ Zd, in the same way as z →

1
(2π)n/2 exp{i⟨z, x⟩} are an ortonormal functions over [0, 2π]d. This description of

A ⋊α,Θ Zd coincides with the first condition of a Hilbert C* module ([nLab authors,
2023c]) that we discussed on Appendix D.3.3, however, at the moment we do not
know if A ⋊α,Θ Zd is complete with respect to the norm ∥p∥ =

√
∥⟨p, p⟩∥, which is

the second condition for A⋊α,Θ Zd to be a Hilbert C* module. Our best guess would
be that it is not the case, instead, A⋊α,Θ Zd should be a pre-Hilbert module ([Wegge-
Olsen, 1993, Definition 15.1.1]), because we are dealing with a generalization of the
C* algebra C(Td) which is not complete with respect to the L2 norm on L2(Td).

Summation techniques for the Fourier series can be generalized into the context
of twisted crossed products, such that one can ask for conditions on the convergence
of

∑
x∈Zd

Λ(x)Φx(p)ux,

where Λ : Zd → C. For example, we have already looked into a summation tech-
nique that allowed us to approximate any element of A⋊α,Θ Zd, which we called the
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generalized Fejér summation. For a review on summation techniques over twisted
crossed products, you can take a look at [Bédos and Conti, 2016, section 3].

In most references an arbitrary element of A⋊α,Θ Zd is represented as ∑x∈Zd Φx(p)ux,
for example [Carey et al., 2014, section 5] or [Prodan and Schulz-Baldes, 2016, chap-
ter 3]. The notation ∑x∈Zd Φx(p)ux can be misleading because it seems to suggest
that the series ∑x∈Zd Φx(p)ux converges in the norm topology inside A⋊α,Θ Zd, but
that is not the case in general as we said before. This notation must be taken with a
grain of salt, cause it refers to the facts that

• The non-commutative polynomial are dense in A ⋊α,Θ Zd,

• An element of A ⋊α,Θ Zd is uniquely determined by its Fourier coefficients,

but it does not refer to norm convergence on A ⋊α,Θ Zd unless otherwise stated.

i.1.5 Fourier analysis on tensor products

The Commutative Gelfand-Naimark theorem (Theorem D.3.3) tells us that any com-
mutative C* algebra takes the form C0(Ω) with Ω a locally compact Hausdorff
space, under this setting, given an arbitrary C* algebra A, we can uniquely define
a C* algebra C0(Ω) ⊗ A where the algebraic tensor product C0(Ω) ⊙ A is dense,
this happens because C0(Ω) is a nuclear C* algebra (Example D.7.1). From Ap-
pendix D.7.3 we know that

C0(Ω)⊗ A ≃ C0(Ω, A),

thus, taking tensor products in this case amounts to work with continuous functions
over Ω decaying at infinity and taking values in A.

This setting is important to us because it is also related to A⋊α,Θ Zd, in the sense
that A ⋊α,Θ Zd arises as a generalization of the C* algebra C(Td, A) (Section 1.1.4).
So, in the case of a trivial twisted crossed product we have that A ⋊α,Θ Zd ≃
C(Td, A), and, if A is a nuclear C* algebra we have that C(Td, A) is also a nuclear
C* algebra (Remark D.7.2), which implies that

C(Td, A)⊗ B ≃ (C(T)⊗ A)⊗ B ≃ C(T)⊗ (A⊗ B) ≃ C(Td, A⊗ B).

This result can be generalized into the context of A ⋊α,Θ Zd, and is important for
the study of topological insulators in [Prodan and Schulz-Baldes, 2016] because:

• [Prodan and Schulz-Baldes, 2016, Chapter 5]: Tensor products with the C*
algebra of matrices Mn(C) are used to deal with elements in matrix algebras
over A ⋊α,Θ Zd (Section 3.1.1). These are used to establish a pairing between
the K theory of A⋊α,Θ Zd and the cyclic cohomology of Aα,Θ (Appendix H.3),
and to define the groups Kj, j = 0, 1 of the C* algebra A ⋊α,Θ Zd (Section 2.1).

• [Prodan and Schulz-Baldes, 2016, Proposition 3.2.4]: Tensor products with
the C* algebra of compact operators (Appendix D.7.2) are used to deal with
boundary Hamiltonians on homogeneous materials (Appendix I.4.1). The C*
algebra (A ⋊α,Θ Zd)⊗K is part of a three-term exact sequence that also con-
tains the C* algebras A ⋊α,Θ Zd, and the Toeplitz extension of A ⋊α,Θ Zd (Ap-
pendix I.4).

Suppose that we have an amenable discrete group G, a nuclear C* algebra A and
an action of G on A i.e.

α : G → Aut(A),
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then, we can define an action of G on A⊗ B for any nuclear C* algebra B by setting

α̂ : G → Aut(A⊗ B), α̂(i) = α(i)⊗ idB.

The action of G on A ⊗ B defines a new twisted crossed product (A ⊗ B)⋊α̂,ζ G
which will turn out to be isomorphic to (A⋊α,ζ G)⊗ B when A and B are separable,
and one of them is nuclear. This implies that we can carry a Fourier analysis over
(A⋊α,Θ Zd)⊗ B. Since A and B are separable, by Remark D.7.4 we have that A⊗ B is
separable, thus by Theorem I.1.1 there is a faithful representation of (A⊗ B)⋊α̂,ζ G
on L2(G, HA ⊗ HB).

Proposition I.1.3. Let G be countable, discrete and commutative group, let A, B separable
C* algebras and B a nuclear C* algebra, then

(A⊗ B)⋊α̂,ζ G ≃ (A ⋊α,ζ G)⊗ B,

and the isomorphism is the extension of the map given by

(a⊗ b)us 7→ (aus)⊗ b.

Proof. This comes as an application of the algebraic characterization of twisted
crossed products when G is a countable, discrete and commutative group, which is
exposed in Lemma I.1.1, Lemma 1.1.4.

From Lemma 1.1.4 we know that A⋊α,ζ G is the enveloping C* algebra of L1(G, A; α, ζ)c,
therefore Lemma D.7.1 tell us that (A ⋊α,ζ G)⊗ B is the enveloping C* algebra of

L1(G, A; α, ζ)c ⊙ B.

On the other side, given that B is a nuclear C* algebra, from Remark D.7.1 we know
that A ⊗ B is the enveloping C* algebra of A ⊙ B, and Lemma I.1.1 tell us that
(A⊗ B)⋊α̂,ζ G is the enveloping C* algebra of

L1(G, A⊙ B; α̂, ζ).

The *-algebras L1(G, A ⊙ B; α̂, ζ) and L1(G, A; α, ζ)c ⊙ B are canonically isomor-
phic by the map

(a⊗ b)us 7→ (aus)⊗ b,

therefore their enveloping C* algebras must also be isomorphic since they corre-
spond to the enveloping C* algebra of the same *-algebra. Consequently, we have
the isomorphism

(A⊗ B)⋊α̂,ζ G ≃ (A ⋊α,ζ G)⊗ B,

and the isomorphism is the extension of the map given by

(a⊗ b)us 7→ (aus)⊗ b.

Remark I.1.3 (Tensor product and twisted crossed products with Zd). If G = Zd

then the isomorphism between (A ⋊α,Θ Zd)⊗ B ≃ (A⊗ B)⋊α̂,Θ Zd is the extension of
the map

ϕ((aux)⊗ b) = (a⊗ b)ux, a ∈ A, b ∈ B, x ∈ Zd.
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Traces

If the algebra B has no identity, then (A⋊α,Θ G)⊗ B has no identity (Lemma 1.1.19).
Also, if τA is a tracial state on A and τB is a tracial state over B then we can extend
it to a state on A⊗ B by Proposition D.7.2, which additionally is a trace (as it can be
seen by checking its behavior over finite sums of simple tensors on A⊗ B). In this
case, we can define a tracial state over (A⊗ B)⋊α̂,Θ G ≃ (A ⋊α,Θ G)⊗ B by

τ̂(a) = (τA ⊗ τB)(Φ0(a)),

with Φ0 the generalized zeroth Fourier coefficient (Lemma 1.1.17), moreover, τ̂ is
faithful if τA ⊗ τB is faithful (Remark I.1.1).

Example I.1.1 (Tensor product with Mn(C)). Let A be a C* algebra with a faithful
tracial state η which commutes with α, then A ⋊α,Θ Zd has faithful tracial state, which is
also continuous and is defined as η̂(a) = η(Φ0(a)) (Remark I.1.1). From the discussion on
Appendix D.7.1 we know that we can define a tracial state on (A ⋊α,Θ Zd)⊗ Mn(C) as
follows

(α⊗ tr) : (A ⋊α,Θ Zd)⊗Mn(C)→ C, (α⊗ tr)

(
∑

1≤i,j≤n
ai,j ⊗ ei,j

)
= ∑

1≤i≤n
α̂(ai,i)

with ai,j ∈ A ⋊α,Θ Zd, moreover, since α̂(a) = Φ0(a) then

(α⊗ tr)

(
∑

1≤i,j≤n
ai,j ⊗ ei,j

)
= ∑

1≤i≤n
α(Φ0(ai,i)).

By Remark I.1.3 an alternative way of defining the same tracial state is through Mn(A)⋊α̂,Θ
Zd as follows

α̂ : Mn(A)⋊α̂,Θ Zd → C, α̂(a) = (α⊗ tr)(Φ0(a)) = ∑
1≤i≤n

α ((Φ0(a))i,i) ,

with a ∈ Mn(A)⋊α̂,Θ Zd.

Example I.1.2 (Tensor product with K). From Appendix D.6.1 we know that K has a
lower semicontinuous trace, which is given by Tr(a) = ∑i∈N ai,i. So, if A is a C* algebra
with a lower semicontinuous weight (trace) η, then η⊗Tr is a lower semicontinuous weight
(trace) (Appendix D.7.2), therfore, p 7→ η(Φ0(p)) defines a lower semicontinuous weight
(trace) over (A ⋊α,Θ Zd) ⊗ K ≃ (A ⊗ K) ⋊τ,σ Zd. The trace cannot be made into a
continuous one because is unbounded. Also, any element of (A ⋊α,Θ Zd)⊗K can be seen
as an infinite algebra b = {bi,j}i,j∈N, bi,j ∈ A ⋊α,Θ Zd with bi,j → 0 as i + j → ∞
(Appendix D.7.2).

Derivations and smooth algebras

Derivations for twisted crossed products can be defined using the action of Td over
(A ⋊α,Θ Zd)⊗ B, and take the familiar form over non-commutative polynomials,

∂j p = ∑
s∈Zd

isjΦs(p)us, p ∈ (A⊗B)α,Θ, Φs(p) ∈ A⊗ B,

where (A⊗B)α,Θ is the sub *algebra of (A ⊗ B) ⋊Θ,α̂ Zd consisting of elements
whose Fourier coefficients decay faster than any polynomial, as described in Propo-
sition 1.1.6. Recall that (A⊗B)α,Θ is a Fréchet D∗∞-subalgebra of (A ⋊α,Θ Zd)⊗ B
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(Proposition 1.1.7). Also, if ηa, ηb are continuous traces over A, B respectively, then,
ηa ⊗ ηb is a continuous trace over A ⊗ B and p 7→ ηa ⊗ ηb(Φ0(p)) is continuous
linear functional over (A⊗B)α,Θ (Remark I.1.4).

Example I.1.3 (Matrix algebras and twisted crossed products). From Proposition D.7.3
we know that Mn(A ⋊α,Θ Zd) is isomorphic to (A ⋊α,Θ Zd) ⊗ Mn(C), and Proposi-
tion I.1.3 tell us that (A⋊α,Θ Zd)⊗Mn(C) is isomorphic to Mn(A)⋊α,Θ Zd, hence, each
element of p ∈ Mn(A ⋊α,Θ Zd) is uniquely determined by the set {Φs(p)}s∈Zd , where
Φs(p) is a matrix over A. Given that the norm of a matrix with entries in a C* algebra is
bigger or equal to the norm of each one of its elements (Appendix D.7.1), for any i, j ≤ n the
set {Φs(p)i,j}s∈Zd correspond to the Fourier coefficients of an element of A⋊α,Θ Zd, where
Φs(p)i,j denotes the element (i, j) of the n× n matrix Φs(p).

Since the norm of a matrix with entries in a C* algebra is lower than the sum of the
norm of all the entries (Appendix D.7.1), any set of n2 elements from Aα,Θ define an el-
ement of Mn(A ⋊α,Θ Zd) whose Fourier coefficients decay faster than any power, thus,
it is a part of the smooth sub algebra of Mn(A ⋊α,Θ Zd) (Proposition 1.1.6). Hence, the
smooth sub algebra of Mn(A⋊α,Θ Zd) corresponds to the Fréchet algebra Mn(Aα,Θ), which
coincides with the properties of smooth sub algebras (Proposition E.1.6), additionally, if
{(Φs(p)i,j)i,j≤n}s∈Zd are the Fourier coefficients of an element of Mn(Aα,Θ), we have that
Φs(∂l(p))i,j = ∂l(Φs(p)i,j).

Example I.1.4 (Smooth sub algebras of (A ⋊α,Θ Zd)⊗K). Let A be a C* algebra with
a faithful continuous trace η, then, from the previous discussion we know that we can define
a smooth sub algebra A⊗Kα,Θ of (A ⋊α,Θ Zd)⊗K, whose the Fréchet topology is given
by

∥x∥n := ∥x∥0 +
n

∑
k=1

1
k!

d

∑
i1,i2,...,ik=1

∥∥∂i1 ∂i2 · · · ∂ik x
∥∥ ,

where
{

∂i1 , ∂i2 , . . . , ∂ik
}

is an ordered k-tuple from {∂1, ∂2, . . . , ∂d}, and {∂1, ∂2, . . . , ∂d}
are the commutative derivations densely defined over (A⊗K)⋊Θ,α̂ Zd. Under this setting,
A⊗Kα,Θ becomes a Fréchet D∗∞-subalgebra of (A ⋊α,Θ Zd) ⊗ K, with a faithful lower
semicontinuous trace given by η ⊗ Tr, nonetheless, η ⊗ Tr is not continuous, because there
are elements of A with infinite trace. For example, take a ∈ Apos and t ∈ Kpos with
Tr(k) = ∞, η(a) ̸= 0, then,

η ⊗ Tr(au0 ⊗ k) = ∞.

To obtain a smooth sub algebra of (A ⋊α,Θ Zd) ⊗ K with a continuous linear trace is
necessary to resort to the projective tensor product of Fréchet algebras, in particular, let
RD(l2(N)) be the algebra of infinite matrices with rapid decay (Example E.1.3), then,
from [Rennie, 2003, second example page 131] we know that Aα,Θ ⊗π RD(l2(N)) is a
smooth sub algebra of (A ⋊α,Θ Zd) ⊗ K. In Aα,Θ ⊗π RD(l2(N)) we can define both
the derivations and traces as follows, let tr be a continuous trace over A ⋊α,Θ Zd, then,
define ∂̂j = ∂i ⊗π id and t̂r = tr ⊗π Tr, under this setting those are well defined and
continuous over the whole algebra A ⊗π RD(l2(N)) because tr is continuous on Aα,Θ
and Tr is continuous on RD(l2(N)) (Proposition E.0.4). You can refer to [Prodan and
Schulz-Baldes, 2016, Proposition 3.3.3] for a description of a countable family of seminorms
that define the topology of Aα,Θ ⊗π RD(l2(N)), notice that the set of seminorms provided
in [Prodan and Schulz-Baldes, 2016, Proposition 3.3.3] comes as a generalization of the
seminorms that define the topology of RD(l2(N)) (Example E.1.3).

Remark I.1.4 (Properties of the derivations). Expanding on the non-commutative geom-
etry dictionary (Appendix D.3.3), given a continuous linear functional over A, which we re-
fer to as η, is possible to define a continuous linear functional over A⋊α,Θ Zd (Remark I.1.1),
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which we called η̂. The continuous linear functional η̂ behaves like a generalization of the
integration of a function over the closed manifold Td, because

η̂(∂j p) = η̂(0) = 0, η̂((∂j p)q) = −η̂(p(∂jq)),

for p, q ∈ Aα,Θ and 1 ≤ j ≤ d.

We can take this analogy one step further and assume that η is a lower semicontinu-
ous trace (weight) over A, in which case we have that η̂ becomes a trace (weight) over
A⋊α,Θ Zd (Remark I.1.2). In this setting, η̂ is a generalization of integration functions over
C(T) with respect to a unbounded measure over T i.e. a measure µ such that µ(T) = ∞
(Remark D.3.1).

i.2 twisted transformation group c* algebras

Lemma I.2.1. Let C(Ω)⋊α,Θ Zd be a twisted transformation group C* algebra such that Ω
is compact, assume that there is a measure µ over Ω and Ω has finite measure i.e. µ(Ω) <
∞, additionally, assume that α is an isometric action (Definition 1.2.2). Let D be a separable
and nuclear C* algebra with a faithful representation πD : C → B(HD), then, C(Ω) ⊗
D)⋊α,Θ Zd is a sub C* algebra of C(Ω, B(L2(Zd))⊗ D) and each element q of C(Ω)⊗
D)⋊α,Θ Zd takes the form

ω 7→ πω ⊗ πD(q).

Proof. First, we need to check that the the map ω 7→ πω ⊗ πD(q) is continuous, if
this is the case, then it will be an element of the C* algebra C(Ω, B(L2(Zd))⊗ D).
Recall that πω⊗πD is a representation of (C(Ω)⋊α,Θ Zd)⊗D over the Hilbert space
L2(Zd)⊗ HD, and takes the following form on simple tensors (Proposition C.3.2)

πω ⊗ πD(p⊗ d) = πω(p)⊗ πD(d).

Since (C(Ω)⋊α,Θ Zd)⊗D is the closure of (C(Ω)⋊α,Θ Zd)⊙D (Definition D.7.2),
for every q ∈ (C(Ω)⋊α,Θ Zd)⊙ D and any ϵ > 0, there is an element of the form
∑i≤m pi⊗ di with ∥q−∑i≤m pi⊗ di∥ ≤ ϵ/3. Since the C* homomorphisms are norm
decreasing (Proposition D.0.1), we have that

∀ω ∈ Ω, ∥πω ⊗ πD(∑
i≤m

pi ⊗ di)− πω ⊗ πD(q)∥ ≤ ϵ/3.

As an application of the triangle inequality we get

∥πω0 ⊗ πD(q)− πω1 ⊗ πD(q)∥ ≤ ∥πω0 ⊗ πD(q)− πω0 ⊗ πD(∑
i≤m

pi ⊗ di)∥+

∥πω0 ⊗πD(∑
i≤m

pi⊗ di)−πω1 ⊗πD(∑
i≤m

pi⊗ di)∥+ ∥πω1 ⊗πD(∑
i≤m

pi⊗ di)−πω1 ⊗πD(q)∥,

so, the first and third terms are bounded above by ϵ/3, thus, to show that the map
ω 7→ πω ⊗ πD(q) is continuous we need to show find δ such that, if d(ω0, ω1) ≤ δ
then

∥πω0 ⊗ πD(∑
i≤m

pi ⊗ di)− πω1 ⊗ πD(∑
i≤m

pi ⊗ di)∥.

Since πω0 ⊗ πD(∑i≤m pi ⊗ di) = ∑i≤m πω0(pi)⊗ πD(di), we have that,

∥πω0 ⊗ πD(∑
i≤m

pi ⊗ di)− πω1 ⊗ πD(∑
i≤m

pi ⊗ di)∥ ≤
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∑
i≤m
∥(πω0(pi)− πω1(pi))⊗ πD(di)∥.

From Proposition C.3.2 we get the following relation,

∥(πω0(pi)− πω1(pi))⊗ πD(di)∥ = ∥(πω0(pi)− πω1(pi))∥∥πD(di)∥,

thus, we can use the fact that the map ω 7→ πω(p) is continuous to show that
the map ω 7→ πω ⊗ πD(pi ⊗ di) is also continuous, which in turn implies that the
map ω 7→ πω ⊗ πD(∑i≤m pi ⊗ di) is also continuous. Given that the map ω 7→
πω ⊗ πD(∑i≤m pi ⊗ di) is continuous, the inequalities previously displayed implies
that the map ω 7→ πω ⊗ πD(q) is continuous for any q ∈ (C(Ω)⋊α,Θ Zd)⊗ D.

We know that C(Ω)⋊α,Θ Zd is a sub C* algebra of C(Ω, B(L2(Zd))), thus, a faith-
ful representation π f of C(Ω, B(L2(Zd))) falls back into a faithful representation of
C(Ω)⋊α,Θ Zd. Given that D is a nuclear C* algebra (Definition D.7.2), the C* algebra
C(Ω, B(L2(Zd)))⊗D is the closure of C(Ω, B(L2(Zd)))⊙D under the norm coming
from the representation π f ⊗ πD, similarly, the C* algebra (C(Ω)⋊α,Θ Zd)⊗ D is
the closure of ((C(Ω)⋊α,Θ Zd)⊙D under the norm coming from the representation
π f ⊗ πD, hence, ((C(Ω)⋊α,Θ Zd)⊗ D is a sub C* algebra of C(Ω, B(L2(Zd)))⊙ D.
There is an inclusion map i : C(Ω)⋊α,Θ Zd → C(Ω, B(L2(Zd))) which takes the
following form (Remark 1.2.2),

i(p) 7→ (ω 7→ πω(p)),

and this inclusion map extends into an inclusion i⊗ idD : (C(Ω)⋊α,Θ Zd)⊗ D →
C(Ω, B(L2(Zd)))⊗D, which takes the form ω 7→ πω⊗πD(q) for any q ∈ (C(Ω)⋊α,Θ
Zd)⊙ D. Since the map ω 7→ πω ⊗ πD(q) is continuous for any q ∈ (C(Ω)⋊α,Θ
Zd) ⊙ D, and (C(Ω)⋊α,Θ Zd) ⊙ D is dense inside (C(Ω)⋊α,Θ Zd) ⊗ D, the map
i⊗ idD takes the form

i⊗ idD(q) = (ω 7→ πω ⊗ πD(q)).

Remark I.2.1 (C(Ω)⋊α,Θ Zd as a continuous field of C* algebras ). Let C(Ω)⋊α,Θ Zd

be a twisted transformation group C* algebra such that Ω is compact, assume that there is a
measure µ over Ω and Ω has finite measure i.e. µ(Ω) < ∞, additionally, assume that α is
an isometric action (Definition 1.2.2), then, Remark 1.2.2 tells us that for p ∈ C(Ω)⋊α,ζ Zd

∥p∥C(Ω)⋊α,ΘZd = ∥p∥C(Ω,B(L2(Zd))) = sup
ω∈Ω
∥πω(p)∥,

therefore, C(Ω)⋊α,Θ Zd becomes a continuous field of C* algebras ( see [Blackadar, 2006,
Section IV.1.6]), with,

C(Ω)⋊α,Θ Zd ≃ (Γ, ⨿
ω∈Ω

Aω),

where,
Aω = πω(C(Ω)⋊α,Θ Zd),

Γ = { f : Ω→ ⨿
ω∈Ω

Aω | f (ω) = πω(p), p ∈ C(Ω)⋊α,Θ Zd}.

Remark I.2.2 ((C(Ω)⋊α,Θ Zd)⊗D as a continuous field of C* algebras). Let C(Ω)⋊α,Θ
Zd be a twisted transformation group C* algebra such that Ω is compact, assume that there
is a measure µ over Ω and Ω has finite measure i.e. µ(Ω) < ∞, additionally, assume that
α is an isometric action (Definition 1.2.2). Let D be a separable and nuclear C* algebra with
a faithful representation πD : C → B(HD), then, from Proposition I.1.3 we know that

(C(Ω)⊗ D)⋊α,Θ Zd ≃ (C(Ω)⋊α,Θ Zd)⊗ D.
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From Lemma I.2.1 we know that (C(Ω)⊗D)⋊α,Θ Zd ⊂ C(Ω, B(L2(Zd)))⊗D, hence,
(C(Ω)⊗ D)⋊α,Θ Zd is also a continuous field of C* algebra with

Dω = πω ⊗ πD((C(Ω)⊗ D)⋊α,Θ Zd),

Γ = { f : Ω→ ⨿
ω∈Ω

Dω | f (ω) = πω ⊗ πD(p), p ∈ (C(Ω)⊗ D)⋊α,Θ Zd}.

We can use the structure of C(Ω)⋊α,Θ Zd as a sub C* algebra of C(Ω, B(L2(Zd)))
to describe the spectrum of the elements in C(Ω)⋊α,Θ Zd

Lemma I.2.2 (Spectrum of elements in C(Ω)⋊α,Θ Zd). Following the notation in Re-
mark I.2.2, let D be a separable and nuclear C* algebra with a unit and having a faithful
representation πD : D → HD, if p ∈ (C(Ω)⊗ D)⋊α,Θ Zd, then,

Sp(p) =
⋃

ω∈Ω

Sp(πω ⊗ πD(p)).

Proof. Given that both C(Ω) and D have a unit, then, C(Ω)×D has a unit, so, from
Lemma 1.1.19 we know that the identity of (C(Ω)⊗D)⋊α,Θ Zd is 1C(Ω)⊗ 1Du0 with
1C(Ω) the function over Ω taking the constant value 1. Since (C(Ω)⊗ D)⋊α,Θ Zd is
a sub C* algebra of C(Ω, B(L2(Zd))⊗D) (Lemma I.2.1), we can use Lemma 1.2.1 to
get,

πω ⊗ πD(1C(Ω) ⊗ 1Du0) = 1B(L2(Zd)⊗HD),

hence, the identity of C(Ω, B(L2(Zd)))⊗ D is the function

ω → πω ⊗ πD(1C(Ω) ⊗ 1Du0),

that is, the identity of C(Ω, B(L2(Zd)))⊗ D belongs to (C(Ω)⊗ D)⋊α,Θ Zd. Given
the present setting, the content of Corollary D.4.1 implies that for p ∈ (C(Ω) ⊗
D)⋊α,Θ Zd

Sp(C(Ω)⊗D)⋊α,ΘZd(p) = SpC(Ω,B(L2(Zd))⊗D)(p).

Since p ∈ (C(Ω) ⊗ D) ⋊α,Θ Zd takes the form of the map ω 7→ πω ⊗ πD(p)
when viewed as an element of C(Ω, B(L2(Zd)) ⊗ D) (Lemma I.2.1), the content
of Lemma D.8.10 implies that

Sp(p) =
⋃

ω∈Ω

Sp(πω ⊗ πD(p)).

We can use the structure of C(Ω)⋊α,Θ Zd as a sub-algebra of C(Ω, B(L2(Zd))) to
provide a description of the continuous functional calculus over C(Ω)⋊α,Θ Zd,

Lemma I.2.3 (Continuous calculus and self adjoint elements). Let p be a self adjoint el-
ement of C(Ω)⋊α,Θ Zd, set p = {pω}ω∈Ω with pω := πω(p), then, for any f continuous
in the spectrum of p we have that

f ({pω}ω∈Ω) = { f (pω)}ω∈Ω.

Proof. The content of Remark 1.2.2 implies that any p ∈ C0(Ω)⋊α,Θ Zd is uniquely
determined by the values it takes under the family of representations {πω}ω, we
have that f (p) is uniquely determined by the values {πω( f (p))}ω∈Ω. The map

πω : C(Ω)⋊α,Θ Zd → B(L2(Zd)), pω := πω(p)
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is a C* algebra homomorphism (Lemma 1.2.1) for any ω ∈ Ω, also, from Propo-
sition D.4.1 we know that the continuous functional calculus commutes with C*
algebra homomorphisms, thus

f ◦ πω = πω ◦ f ,

therefore,
f ({pω}ω∈Ω) = { f (pω)}ω∈Ω.

The following is a weaker version of the estimate on the decay of Fourier coeffi-
cients of projections computed with continuous calculus, an estimate that is done
by Prodan et.al. using the Combes-Thomas estimate ([Prodan and Schulz-Baldes,
2016, Proposition 2.4.2]) and provides a stronger bound on the decay of the Fourier
coefficients, nonetheless, for the ultimate goal using continuous cyclic cocycles our
approach is enough, as exposed in Section 3.1.1.

Lemma I.2.4 (Decay on the Fourier coefficients on projections from gaped self-ad-
joint elements). Let C(Ω)Θ,α be the smooth sub algebra of C(Ω)⋊α,Θ Zd defined using
the action of Td on C(Ω)⋊α,Θ Zd (Definition 1.1.17), and take p ∈ C(Ω)Θ,α a self adjoint
element, then

• Assume that g is a gap in the spectrum of πω(p) for every ω ∈ Ω (Definition D.5.1).
Let, χg : R → R be any decreasing function such that χg(x) = 1 if x ≤ g and
χg(x) = 0 if x ≥ g, then, χg(p) is a projection and

χg(p) ∈ C(Ω)Θ,α, with χg(p) = {χg(pω)}ω∈Ω.

Also, for every x ∈N there is Kx < ∞ such that

|s|x sup
ω∈Ω
|Φs(χg(p))(ω)| ≤ Kx.

• If µ /∈ Sp(πω(p)) for all ω ∈ Ω, then µ /∈ Sp(p) and

χ(p ≤ µ) ∈ C(Ω)Θ,α, with χµ(p) = {χµ(pω)}ω∈Ω.

Also, for every x ∈N there is Kx < ∞ such that

|s|x sup
ω∈Ω
|Φs(χµ(p))(ω)| ≤ Kx.

Proof. • From Lemma I.2.2 we have that

Sp(p) =
⋃

ω∈Ω

Sp(πω(p)),

thus,
g ∩ Sp(p) = ∅.

The C∞ Urysohn lemma ([Folland, 1999, Lemma 8.18]) tells us that, given
S ⊂ R with S compact such that,

S ∩ Sp(p) = {λ ∈ Sp(p)|λ ≤ g},

if U is open and S ⊂ U, then, there is f ∈ C∞(R) such that f |S = 1 and
supp( f ) ⊂ U. Under this setting, since g /∈ Sp(p), we can take U such that

U ∩ {λ ∈ Sp(p)|λ > g} = ∅,
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therefore, f |Sp(p) = χg|Sp(p). From the continuous functional calculus (Theo-
rem D.4.1) we have that

f (p) = χg(p)

and f (p) is a projection. From the invariance of C(Ω)Θ,α under C∞ calculus
(Corollary 1.1.2), we get that

χg(p) = f (g) ∈ C(Ω)Θ,α.

From the characterization of C(Ω)Θ,α using the decay of Fourier coefficients,
we get that for every x ∈N there is Kx < ∞ such that

|s|x sup
ω∈Ω
|Φs(p)(ω)| ≤ Kx.

Additionally, form Lemma I.2.3 we know that

χg(p) = {χg(πω(p))}ω∈Ω.

• From Lemma I.2.2 we have that

Sp(p) =
⋃

ω∈Ω

Sp(πω(p)),

hence, µ /∈ Sp(p), thus, there must be g ⊂ R open and convex such that µ ∈ g
and g ∩ Sp(p) = ∅, then, the previous item gives us the desired properties.

Proposition I.2.1. Let C(Ω) ⋊α,Θ Zd be the C* algebra part of the Non-Commutative
Brillouin Torus (Definition 1.2.3), denote by µ the normalized Radon measure over Ω with
full support which is described in Section 1.2.2, then, the following is a trace over C(Ω)⋊α,Θ
Zd

T : C(Ω)α,Θ → C, T(p) :=
∫

Ω
Φ0(p)(ω)dµ(ω).

Proof. Also, given that µ is a Radon measure (Definition D.8.1) with full support
(Definition D.8.2) over Ω, from (Appendix D.3.3) we know that the following defines
a faithful continuous trace over C(Ω),

η : C(Ω)→ C, η( f ) :=
∫

Ω
f (ω)dP(ω).

Additionally, since Ω is defined as the product of Zd identical spaces, if, U ∈ Ω is
open, then

µ(U) = µ(ϱ(s)(U)), s ∈ Zd,

therefore,

η(α(s)( f )) =
∫

Ω
α(s)( f )(ω)dµ(ω) =

∫
Ω

f (ω)dµ(ω) = η( f ), s ∈ Zd.

Given the present setting, the C* algebra

C(Ω)⋊α,Θ Zd

has a faithful continuous trace given by (Remark I.1.1)

T : C(Ω)⋊α,Θ Zd → C, T(p) := η(Φ0(p)),

that is,
T : C(Ω)α,Θ → C, T(p) :=

∫
Ω

Φ0(p)(ω)dµ(ω).
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i.3 translating concepts from Tn into the non-
commutative brillouin torus

In this section we present analogies between A ⋊α,ζ Zd and C(Td) that have been
explored in Chapter 1 and Appendix I, those analogies come as an algebraic and
analytic generalization of the techniques used in the Fourier analysis for Td. In
the following A will denote a second countable C* algebra, and we will follow the
notations used for the definition of the Twisted crossed product (Definition 1.1.6),

Remark I.3.1. Twisted crossed products as generated C* algebras,

• Commutative (Appendix D.8.2): C(Td) is the C* algebra generated by elements of
the form uj with 1 ≤ j ≤ d which follow the commutation relations

ujui = uiuj.

• Non-Commutative (Lemma 1.1.9): A⋊α,ζ Zd is the C* algebra generated by elements
of the form auj with a ∈ A, 1 ≤ j ≤ d which follow the commutation relations

a0uia1uj = a0α(ei)(a1)uiuj

a0α(ei)(a1)uiuj = ζ(i, j)a0α(ei)(a1)ujui.

Remark I.3.2. Twisted crossed products as enveloping C* algebras,

• Commutative (Appendix I.1.1): For every representation of L1(Zd)

π : L1(Zd)→ B(H)

there is a unique representation

π̃ : C(Td)→ B(H).

Moreover, C(Td) is the enveloping C* algebra of L1(Zd).

• Non-Commutative (Theorem 1.1.3): There is a Banach *-algebra L1(Zd, A; α, ζ) such
that, any representation

π : L1(Zd, A; α, ζ)→ B(H)

extends uniquely to a representation

π̃ : A ⋊α,ζ Zd → B(H).

Moreover, A ⋊α,ζ Zd is the enveloping C* algebra of L1(Zd, A; α, ζ).

Remark I.3.3. Twisted crossed product and nuclear C* algebras,

• Commutative (Example D.7.1): The C* algebra C(Td) is nuclear.

• Non-Commutative (Theorem I.1.1): If A is a nuclear C* algebra then A ⋊α,ζ Zd is a
nuclear C* algebra.

Remark I.3.4. Twisted crossed products and fourier coefficients,
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• Commutative (Appendix D.8.2): Every f ∈ C(Td) is uniquely determined by a set

{F ( f )(s)}s∈Zd , F ( f )(s) ∈ C,

where
F ( f )(s) =

∫
Td

γ−s(λ) f (λ)dµ(λ).

In this expression, γ−s(λ) is the character over Td given by λ−s.

• Non-Commutative (Lemma 1.1.17): Every p ∈ A ⋊α,ζ Zd is uniquely determined by
a set

{Φs(p)}s∈Zd , Φs(p) ∈ A,

where
Φs(p)us =

∫
Td

γ−s(λ)τ(λ)(p)dµ(λ).

In this expression, τ is a strongly continuous action of Zd over A⋊α,ζ Zd and γ−s(λ)

is the character over Td given by λ−s.

Remark I.3.5. Twisted crossed products and faithful representations,

• Commutative (Appendix D.8.2): C(Td) has a faithful representation over

∑
Zd

C ≃ L2(Zd)

given by infinite matrices π( f ) ∈ B(∑Zd C), whose (l, m) component is

F ( f )(l −m).

• Non-Commutative (Lemma 1.1.13): Let π : A → B(H) be a faithful representation,
then, A ⋊α,ζ Zd has a faithful representation over

∑
Zd

H ≃ L2(Zd, H)

given by infinite matrices Π̃(p) ∈ B(∑Zd H), whose (l, m) component is

[ζ(l, m− l)π(α(l)(Φm−l(p)))]l,m∈Zd .

Remark I.3.6. Twisted crossed product and the L2 norm,

• Commutative (Appendix F.2): For every f ∈ C(Td),

F ( f f ∗)(0) = ∑
z∈Zd

|F ( f )(s)|2

such that
F ( f f ∗)(0) = 0

iff f = 0.

• Non-Commutative (Lemma I.1.3): For every p ∈ A ⋊α,ζ Zd,

Φ0(pp∗) = ∑
z∈Zd

Φs(a)Φs(a)∗

such that
Φ0(pp∗) = 0

iff p = 0.
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Remark I.3.7. Twisted crossed products and tensor products,

• Commutative (Proposition D.7.4): Let B be any C* algebra, then

C(Td)⊗ B ≃ C(Td, B).

• Non-Commutative (Proposition I.1.3): Let B be any C* algebra, then

(A ⋊α,ζ Zd)⊗ B ≃ (A⊗ B)⋊α̂,ζ Zd,

with
α̂(s)(a⊗ b) = α(s)(a)⊗ b.

Remark I.3.8. Twisted crossed products and iterated tensor products,

• Commutative (Appendix D.8.2): We have that

C(Td) ≃ C(T)⊗ · · · ⊗ C(T)︸ ︷︷ ︸
d times

,

and for any 1 ≤ j ≤ d− 1, C(Tj) is a sub C* algebra of C(Td).

• Non-Commutative (Proposition I.1.2): A⋊α,ζ Zd can be written as an iterated crossed
product with Z, that is, there are d canonical C* algebras {Ai}0≤i≤d−1 and group
actions αi : Z→ Aut(Ai−1) such that Ai+1 ≃ Ai ⋊αi Z and

A ⋊α,ζ Zd ≃ Ad−1 ⋊αd Z,

with A0 = A. For 1 ≤ i ≤ d− 1, Ai is the C* algebra generated by elements of the
form

auj, 1 ≤ j ≤ i, a ∈ A

following the commutation relations

a0uka1ul = a0α(ek)(a1)ukul

a0α(ek)(a1)ukul = ζ(k, l)a0α(ek)(a1)uluk.

Additionally, for 0 ≤ j ≤ d− 1, Aj is a sub C* algebra of Ad−1 ⋊αd Z.

Remark I.3.9. Twisted crossed products and smooth sub algebras,

• Commutative (Appendix F.4): C∞(Td) is Fréchet m-convex algebra with

C∞(Td) ⊂ C(Td),

such that, f ∈ C∞(Td) iff for every n ∈Nd there is Kn < ∞ with

|s|n|F ( f )(s)| < Kn.

Additionally, C∞(Td) is invariant under the holomorphic functional calculus of C(Td),
and the set of self adjoint elements of C∞(Td) is invariant under the smooth functional
calculus on R defined over C(Td).

• Non-Commutative (Corollary 1.1.2): There is Fréchet m-convex algebra Aα,ζ with

Aα,ζ ⊂ A ⋊α,ζ Zd,

such that, p ∈ Aα,ζ iff for every n ∈Nd there is Kn < ∞ with

|s|n∥Φs(p)∥ < Kn.

Additionally, Aα,ζ is invariant under the holomorphic functional calculus of A ⋊α,ζ

Zd, and the set of self adjoint elements of Aα,ζ is invariant under the smooth func-
tional calculus on R defined over A ⋊α,ζ Zd.
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Remark I.3.10. Twisted crossed products and trigonometric polynomials,

• Commutative (Appendix F.4): Define

fR : Td → C, fs(λ) = ∑
s∈R, R⊂Zd

exp(iλ · s),

let
Tri(Td) = { fR| |R| < ∞},

then Tri(Td) is the set of trigonometric polynomials over Td and

Tri(Td) ⊂ C∞(Td).

• Non-Commutative (Lemma 1.1.22): Let

P(A, Zd, α, ζ) = { ∑
s∈R, R⊂Zd

asus| |R| < ∞},

then, P(A, Zd, α, ζ) is called the set of non-commutative trigonometric polynomials
and

P(A, Zd, α, ζ) ⊂ Aα,ζ .

Remark I.3.11. Twisted crossed products and derivations,

• Commutative (Appendix F.4): The derivations

∂j : C∞(Td)→ C∞(Td),

given by,

∂j f :=
∂ f
∂λj

,

are continuous and commute.

• Non-Commutative (Lemma 1.1.23): The maps given by

∂j : Aα,ζ → Aα,ζ ,

with,
Φs(∂ja) = isjΦs(a),

are continuous commuting derivations over Aα,ζ .

Remark I.3.12. Twisted crossed products and traces,

• Commutative (Appendix D.8.2): The map f 7→ F ( f )(0) with

F ( f )(0) =
∫

Td
f (λ)

dµ(λ)

(2π)d

is a faithful continuous trace over C(Td).

• Non-Commutative (Appendix I.1.4): We have that

Φ0((A ⋊α,ζ Zd)pos) = Apos,

also, if γ is a trace over A such that

γ ◦ α(s) = γ

for all s ∈ Zd, then
γ ◦Φ0

is a trace over A ⋊α,ζ Zd, which is continuous if γ is continuous and is faithful if γ
is faithful.
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Remark I.3.13 (Continuous field of C* algebras). Twisted crossed products ans contin-
uous fields of C* algebras,

• Commutative (Appendix D.7.3): We have that

C(Td)⊗ C0(Ω) ≃ C0(Ω, C(Td)),

and
C0(Ω, C(Td)) ⊆ Cb(Ω, C(Td)),

such that, for f ∈ C0(Ω, Td),

∥ f ∥ = sup
ω∈Ω
∥ f (ω)∥

• Non-Commutative (Remark 1.2.2): Let C(Ω)⋊α,Θ Zd be a twisted transformation
group C* algebra such that Ω is compact, assume that there is a Radon measure with
full support µ over Ω and Ω has finite measure i.e. µ(Ω) < ∞, additionally, assume
that α is an isometric action (Definition 1.2.2). Then,

C(Ω)⋊α,ζ Zd ⊆ C(Ω, B(L2(Zd)))

and p ∈ C(Ω)⋊α,ζ Zd can be seen as p = {pω}ω∈Ω ⊂ C(Ω, B(L2(Zd))), with

∥p∥C(Ω)⋊α,ζ Zd = sup
ω∈Ω
∥pω∥B(L2(Zd))

i.4 a sneak and peak into the toeplitz extension

Let A be any C* algebra, then, A ⋊α,ζ Zd is part of a three-term exact sequence,
which, following the notation on Remark I.3.8 looks like

0 −→ Ad−1 ⊗K
ψ

−→ T (Ad−1 ⋊αd Z)
π−→ Ad−1 ⋊αd Z −→ 0,

where ([Pimsner and Voiculescu, 1980, Section 2]):

• Ad−1 ⋊αd Z ≃ A ⋊α,ζ Zd.

• T (Ad−1 ⋊αd Z) is the sub C* algebra of (Ad−1 ⋊αd Z)⊗ T generated by ele-
ments of the form ud ⊗ v and ã ⊗ 1, with

– ã ∈ Ad−1,

– T is the Toeplitz C* algebra (Appendix D.6.2), that is, the C* algebra
generated by a partial isometry v,

v∗v = 1, 1− vv∗ = P, P = P∗, P2 = P.

The C* algebra T (Ad−1) is called the Toeplitz extension of the crossed prod-
uct Ad−1 ⋊αd Z.

Set Ω and α as in the Non-Commutative Brillouin Torus (Definition 1.2.3), de-
note A = C(Ω), then, according to [Prodan and Schulz-Baldes, 2016, Proposition
4.2.1] αj(s) is homotopic to the identity map over Aj−1 for any 1 ≤ j ≤ d, s ∈ Z,
this is a key fact to compute the K groups of the C* algebras in the short exact
sequence ([Prodan and Schulz-Baldes, 2016, Proposition 4.2.4]). The K groups of
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the C* algebras in the short exact sequence take the following form ([Prodan and
Schulz-Baldes, 2016, Proposition 4.2.4])

Kj(Al−1 ⋊αl Z) = Z2l−1
, j = 0, 1, 1 ≤ l ≤ d

Kj(Al−1 ⊗K) = Kj(T (Al−1 ⋊αl Z)) = Z2l−2
, j = 0, 1, 1 ≤ l ≤ d.

i.4.1 Applications into solid state systems

If we set A = Mn(C(Ω)), then, according to [Prodan and Schulz-Baldes, 2016, Sec-
tion 3.2] the short exact sequence

0 −→ Ad−1 ⊗K
ψ

−→ T (Ad−1 ⋊αd Z)
π−→ Ad−1 ⋊αd Z −→ 0,

describes the relation between the following two objects,

• A homogeneous system in d dimensions with no boundary, in which case its
Hamiltonian belongs to Ad−1 ⋊αd Z ≃ Mn(C(Ω))⋊B+ ,α Zd.

• A homogeneous system in d dimensions with a boundary in the d dimension,
in which case its hamiltonian belongs to T

(
Ad−1 ⋊αd Z

)
.

Under this setting the C* algebra Ad−1 ⊗K contains the Hamiltonians whose ac-
tion can be approximated arbitrarily by operators in a finite neighborhood of the
boundary, therefore, it is referred to as the algebra of boundary observables. Simi-
larly, A⋊α,B+ Zd is referred to as the algebra of bulk observables, and T

(
Ad−1 ⋊αd Z

)
is referred to as the algebra of half space obsevables.

Using the smooth sub algebra of Ad−1 and the smooth sub algebra of K given
by the infinite matrices with rapid decay (Example E.1.3), it is possible to define
a smooth sub algebra of Ad−1 ⊗ K, which we call Ed ([Prodan and Schulz-Baldes,
2016, Proposition 3.3.3]). Since the canonical trace over K becomes a continuous
linear functional over the algebra of infinite matrices with rapid decay, it is possible
to use the canonical trace over K along with the derivations densely defined in
Ad−1 to provide continuous cyclic cocycles over Ed ([Prodan and Schulz-Baldes,
2016, Section 5.3]). Interestingly enough, these cocycles along with the maps Ind
and Exp associated with the aforementioned short exact sequence provide the right
tool to prove that

• if d = 2, 3 and the Bulk Gap Hypothesis holds, then, the current along the j
direction of the boundary, with 1 ≤ j ≤ d, is proportional to the entry (j, d) of
the conductivity tensor, therefore, it is quantized ([Prodan and Schulz-Baldes,
2016, Corollaries 7.2.1 and 7.2.2]),

• if d = 1, 2, the Bulk Gap Hypothesis holds and the Hamiltonian has chiral
symmetry, then, the chiral polarization on the boundary can be computed by
an odd Chern number and is quantized ([Prodan and Schulz-Baldes, 2016,
Corollaries 7.3.2 and 7.3.3]).

The previously mentioned properties of homogeneous materials are known as the
bulk boundary correspondence for homogeneous materials because the previous
statements set a relation between physical observables on the boundary of homoge-
neous materials and the value of physical observables on the bulk of homogeneous
materials (infinite model with no boundaries).

From the results mentioned above, if {Hω}ω∈Ω is a covariant family of Hamilto-
nians in dimension 2 or 3 with Fermi projection given by PF and Ch{j,d}(PF) ̸= 0,
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then, the current on the j direction of the boundary is not zero and is equal to
the transverse conductivity of the bulk model. Additionally, since Ch{j,d}(PF) is
invariant under deformations of H inside the weak disorder regime, the current on
the boundary is also resilient under such deformations, so, given that such models
require a boundary to become conductive and their conductivity is resilient under
small deformations they are called topological insulators.

We refrain from diving into the bulk boundary correspondence for homoge-
neous materials due to time constraints, nonetheless, we would like to emphasize
both the importance of such results in the study of topological insulators and its
importance in the study of continuous cyclic cocycles over C(Ω, Mn(C))⋊α,B+ Zd,
since it is key to the computation of the range of ChI ([Prodan and Schulz-Baldes,
2016, Theorem 5.7.1]).



J PERSONAL COMMENTS

j.1 personal motivation

Our main reference is Prodan and Baldes book about topological insulators and
K theory [Prodan and Schulz-Baldes, 2016]. This document is devised as a guide
for newcomers mathematicians and physicists that would like to understand some
of Prodan and Baldes’s developments in [Prodan and Schulz-Baldes, 2016] while
keeping a good grasp of the mathematical tools behind those constructions. You
may wonder why we are taking such an endeavor when there are tons of books
about K theory, non commutative geometry and topological insulators, well, that
is a fair question, and to be honest the answer lays in the challenges I faced while
trying to follow the book of Prodan and Baldes. This document is the result of my
personal journey through that book and many other references about non commu-
tative geometry, and I would like to give a version of the story that is really helpful
for students like myself. So, I devised this document as a guide for newcomers, like
a document that my past version would have valued a lot, and I hope that it is also
of some utility to you.

j.1.1 Disclaimer

The literature on non-commutative geometry is bast and in practice never ending,
many new papers are appearing every day and the learning curve is really step,
such that it takes many hours of work just to get grasp of some concepts. Therefore,
the concepts presented in this document are far from novel, even more, I would call
them standard in the community. Most of the results used in this document are not
given a proof inside this document, for example, the chapter on cyclic cohomology
is a recount on results and explanations of concepts, whilst only a few actual com-
putations are done. That is common theme through the document, and is both a
statement of practicality and a reflection of my limitations as a mathematician. I
have tried my best to provide a clear path through my reasoning while not spend-
ing an absurd amount of time going through the details of all the tools necessary
to traverse that path, therefore, I have focused on the details I though were missing
the in literature that I followed and I do my best to provide good reference for the
other results.

Non-commutative geometry is a highly interdisciplinary field and there are many
perspectives to tackle the same problem. The approach in this document is highly
biased by my background and my objective, which is to analyse topological insu-
lators, that is why this document has a strong focus on the topological side of the
algebras along with the analytical tools inside those algebras. We pay little attention
to other faces of non commutative geometry, for example, we do not go into the de-
tails of the algebraic structure of neither the algebras we use, nor we dive into the
geometry of the spaces under studied. Non-commutative geometry also has a rich
category description and most of its constructions have a categorical stand point of
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view that is intellectually attractive, however we do not dive into that analysis. If
you were hooping to get an algebraic, geometric or categorical analysis out of this
document that is not the case, nonetheless, is highly probable that some of the tools
that are presented in this document will be useful in your future incursions into
non-commutative geometry, so it may not be such a waste of time to join me in my
journey.

If you are looking for another points of view on non-commutative geometry you
will find them in the bibliography, however, as the bibliography is by no means
a small, I recommend you to star with the classics [Connes, 2014], [Gracia-Bondı́a
et al., 2001], [Khalkhali, 2013]. Representation theory is another subject that shines
up due to its absence, if you want to dive into the representation theory of C*
algebras and Von Neumann algebras we recommend [Kadison and Ringrose, 1983a]
and [Kadison and Ringrose, 1983b]. For the representation theory of groups and
harmonic analysis we recommend the book [Dales et al., 2003].

If you happen to have questions or comments about this document you can con-
tact me through email jsflorez@gmail.com, in StackExchange as trucupey and in
Mathoverflow as trucupey.

mailto:jsflorez@gmail.com
https://math.stackexchange.com/users/1143665/trucupey
https://mathoverflow.net/users/507127/trucupey
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Fréchet algebra), 232

Chd, 90, 92

B(G), 251

B(X), 112

S(Z), 259

µ-simple function, 114

µ-almost everywhere, 114

µ-countably generated, 129

ϕ#ψ (cup product of cyclic
cohomology), 272

ρ(a) (spectral radius), 108

σ-finite measure, 114

309



310 ALPHABETICAL INDEX

σ-compact space, 203

∼ (Murray-von Neumann
equivalence), 265

∼ (algebraic equivalence), 265

∼h (homotopy), 62, 77

∼s (similarity), 63

∼u (unitary equivalence), 62

Aut(A), 8

ChI , 92

Hol(Ω), 137, 225

Hol(C), 143, 241

SpA(a), 106, 237

Tr(·), 191

L̃1(X, B(H)), 133

p(n) (Generalized Fejér summation of
p), 33

* algebra, 159

*-algebra of finite rank operators, 190

*-homomorphism, 159

*-representation, 159

abelian locally compact groups, 252

action of a group, 28, 48

Algebra of generalized trigonometric
polynomials, 21

algebra of polynomials, 185

algebraic spectrum, 106, 237

algebraic tensor product, 194

amenable group, 13

approximate identity, 165

automatic continuity, 109, 162, 168,
170, 187

Banach * algebra, 159

Banach algebra, 105

amenable, 274

holomorphic functional calculus,
139

Banach space, 105

Bessel identity, 150

Bessel inequality, 150

bilinear pairing, 86, 275, 277

Bochner integrable, 116

Bochner integral, 29, 117

Borel σ-algebra, 112

Borel measure, 203

Brillouin Torus, 94

Bulk Gap Hypothesis, 98

bulk models, 93

C* algebra, 160

continuous functional calculus,
176

exact sequence, 165

faithful representation, 162

lower semicontinuous weight,
175

non-unital, 161

nuclear, 195, 273

of compact operators, 191

positive element, 179

representation, 162, 163

separable, 160

stabilization, 200

state, 169

sum, 165

tensor product, 193

trace, 174

tracial state, 175

unital, 161

unitization, 166

weight, 174

C* automorphism, 162

C* homomorphism, 162

C* isomorphism, 162

C* property, 160

Carleson’s theorem, 257

Cauchy domain, 138, 234
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