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ABSTRACT

In this doctoral thesis, it is proposed to extend the fractional stable processes, such as the
fractional Brownian motion, making use of the path integral formalism in such a way that
they have an associated truncated Levy distribution, establishing a link between the Hurst
exponent and the temporal Theil scaling exponent and verifying this link in non-stationary
empirical time series. To do this, as a benchmark of the correct construction of a stochastic
path integral, it is rst proposed to explain the existence of the temporal uctuation scaling
and the temporal variation of its exponent by introducing a time-dependent stochastic
contribution in the cumulant generating function of the probability of change between two
times of a stochastic variable described in terms of a Feynman kernel. Thus, the cumulant
generating function is identi ed as the Hamiltonian of the system and the stochastic path
integral is inscribed in the context of the supersymmetric theory of stochastic dynamics.
Based on these results and using the Shannon index, a new time scaling called temporal
Theil scaling is found in time series of diusive trajectories. Indeed, the existence of
temporal Theil scaling is shown in a wide variety of empirical time series using the di usive
path algorithm. Furthermore, the temporal Theil scaling can be described as a phase
transition associated with an energy functional with fractional exponents and with an order
parameter associated with the Shannon index normalized to its maximum value. Then, the
temporal dependence of the generalized Hurst exponent with the temporal Theil scaling
exponent in time series is investigated, establishing a theoretical relationship from the
multifractal partition function approach. Finally, the generalization of the Feynman-Kac
formula is made in fractional stable processes independent of the type of underlying noise
in the system and taking into account the formalism of the stochastic path integral. Thus,
the formalism of the fractional stochastic path integral is de ned in terms of the cumulant
generating function of the noise of the system and it is applied to the particular case of a
truncated Levy distribution.

Keywords: Fractional stochastic path integral formalism, fractional Brownian mo-
tion, econophysics, multifractality, Shannon index, supersymmetric theory of stochastic
dynamics.



RESUMEN

En esta tesis doctoral se propone extender los procesos fraccionales estables, como el
movimiento browniano fraccionario, haciendo uso del formalismo de la integral de camino
de tal manera que tenga asociada una distribucion de Levy truncada, estableciendo un
vinculo entre el exponente de Hurst y el exponente del escalamiento temporal de Theil,
y veri cando este vinculo en series de tiempo no estacionarias empiricas. Para ello, como
punto de referencia de la correcta construccion de una integral de camino estocastica, se
propone primero explicar la existencia del escalamiento de la uctuacion temporal y la
variacion temporal de su exponente introduciendo una contribucion estocéastica dependi-
ente del tiempo en la funcién generadora de cumulantes de la probabilidad de transicién
entre dos tiempos de una variable estocéastica descrita en terminos de un kernel de Feynman.
Asi, la funcién generadora de cumulantes se identi ca como el hamiltoniano del sistema y
la integral de trayectoria estocastica se inscribe en el contexto de la teoria supersimétrica
de la dinamica estocéastica. Con base en estos resultados y utilizando el indice de Shan-
non, se encuentra un nuevo escalamiento temporal denominado escalamiento temporal del
indice de Theil en series de tiempo de trayectorias difusivas. De hecho, la existencia del
escalamiento temporal del Theil se muestra en una amplia variedad de series de tiempo
empiricas que utilizan el algoritmo de trayectoria difusiva. Ademas, el escalamiento tem-
poral del Theil puede describirse como una transicién de fase asociada con un funcional de
energia con exponentes fraccionales y con un pardmetro de orden asociado con el indice
de Shannon normalizado a su valor maximo. Luego, se investiga la dependencia del expo-
nente de Hurst generalizado con el exponente del escalamiento temporal del Theil en series
de tiempo, estableciendo una relacion tedrica desde el enfoque de la funcién de particion
multifractal. Finalmente, la generalizacion de la formula de Feynman-Kac se realiza en
procesos fraccionales estables independiente del tipo de ruido subyacente en el sistema y
teniendo en cuenta el formalismo de la integral de camino estocastica. Asi, el formalismo de
la integral de camino estocastica fraccional se de ne en términos de la funcion generadora
de cumulantes del ruido del sistema y se aplica al caso particular de una distribucion de
Levy truncada.
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Palabras clave: Formalismo de integral de camino estocastica fraccional, movimiento
Browniano fraccional, eocnofisica, multifractalidad, indice de Shannon, teoria supersimétrica
de la dindmica estocastica.



CHAPTERL

INTRODUCTION

Econophysics is a research branch of physics that studies complex systems, especially eco-
nomic systems, making use of methods, concepts and tools from theoretical physics, as well
as concepts and tools from statistics [1, 2]. Historically, the neologism econophysics was
writen by rst time on 1996 in the paper entitted Anomalous uctuations in the dynamics

of complex system: from DNA and physiology to econophysipsiblished by H. E. Stanley

et. al. [3], which focused on describing the long-range correlations of the one-dimensional
sequence of base pairs in DNA, the sequence of ight times of the large seabird Wandering
Albatross, and the annual uctuations in the growth rate of business rms. Thus, in this
work it is concluded that there are analogies in the power laws that describe these systems
and that they have proven to be quite useful in the description of systems composed of a
large number of inanimate objects. On the other hand, from the context of the economy,
the econophysical models proposed in the 1960s refuted the e cient hypothesis of the -
nancial market and the perfect rationality of the agents, since it was shown that there are
distributions of nancial phenomena that did not conform to the Gaussian (nhormal) dis-
tribution but to a new type of probability distributions with fat tails called -stable Lévy

ight distributions [4], probability distributions with semi-fat tails [5, 6], Gamma distri-
butions [7, 8], among others [9]. Also, the deregulation of nancial markets at the end of
the 1980s, led to the exponential growth of the nancial industry and along with it, the
increase in speed and the decrease in computational costs that allowed the appearance of
large databases that stored transaction orders. This availability of data led to new models
being proposed that had a better empirical basis from econophysics [3, 10, 11, 12, 13].

Thence, since the increasing appearance of articles on econophysics in physics journals such
as Physica A, Physical Review E, among others, a large part of the e orts in econophysics
have focused on nancial mathematics and improving various models that from the point

of view of the economy they had di culties [14, 15]. Therefore, nancial mathematics is
one of the major elds of action of probability theory, stochastic processes and statistical
physics models taken to complex systems [16]. Actually, nancial mathematics arises at
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1900 with L. Bachelier's doctoral thesis on the prices of bonds in the French market [17],
and in which the Brownian movement was explained ve years before Albert Einstein did it
[18]. After Bachelier's work, other mathematicians such as It0, Stratonovich, Kolmogorov,
Wiener, devoted themselves to the study of what is known today as the I1td and Stratonovich
calculus, and to the study of di usive processes and random walks [19]. From this, the
stochastic geometric Brownian motion process was arrived at, which became an essential
element of economics and the theory of nancial option pricing as proposed by Osborne
and Samuelson [20, 21]. Even more, stochastic calculus of diusion processes combined
with classical hypotheses in economics led to the development of arbitrage pricing theory
[22]. Thus, nancial mathematics followed the trend of stochastic nance with di usion
processes and the exponential growth of nancial derivatives that have had intertwined
developments. Although, the whole theory was closely related to the classical hypotheses
of economics and was not in accordance with the empirical data of nancial data series as
observed by Mandelbrot in 1960 [23, 24]. In fact, the results found by B. Mandelbrot t
better with the econophysical models proposed and mentioned above [4, 5, 6, 7, 8, 9]. It
is also worth recognizing that economics and nance also advanced in the construction of
some quite important models, such as stochastic volatility [25] and jumping processes [26].
Thus, a new milestone is set in nancial mathematics to model di erent nancial systems
with the so-called fractional Brownian movement [27], but with the di culty that the
theoretical probability distribution of a fractional Brownian movement is a distribution of
-stable Lévy ights which has in nite variance [11]. Nowadays, to try to solve the problem
of Lévy distributions in nance, two related approaches have been taken, on the one hand,
extending the ideas of scale invariance in a system locally, that is, a multifractal approach
[28], and on the other hand, using distributions with semi-fat tails like the tempered
distributions [29]. Nevertheless, these approaches have limitations, for example, the size
of the time series used to calculate the generalized Hurst exponent [30, 31, 32], or the
parameter tting of tempered distributions [33].

Multifractality is a concept that extends the usual ideas of fractality locally in a system
[28]. To do this, one of the proposed approaches consists in de ning a partition function
in terms of a probability measuref - in the system in an analogous way to the usual sets of
statistical mechanics. In addition, to characterize the multifractal behavior of the system,
the generalized fractal dimension or the generalized Hurst exponent is calculated in terms
of said partition function, whereq is the g-th moment of the probability distribution asso-
ciated with the measuref ¢ [34]. Thus, an important point to note is that in practice with
empirical time series data, it is more usual to calculate the generalized Hurst exponent
using di erent methods such as the detrended moving average (DMA) [35], the geometric
method-based procedures (GM algorithms) [30], the absolute value method (AVE) [36],
the fractal dimension algorithms (FD) [37], the Generalized Hurst Exponent (GHE) [31],
triangle total areas (TTA) [38], or the KS method [39]. Also, the valueH®2q H corre-
sponds to the so-called Hurst exponent [40], used to measure the long-range correlation in
a time series such that ifH  1{2, the fractional Brownian motion is an usual Brownian
motion, if H j 1{2, the increments of the process are positively correlated, ancdHf  1{2,



the increments of the process are negatively correlated [27, 41].

On the other hand, as the Hurst exponent became more popular until it became the
generalized Hurst exponent, there was also work focused on describing the connection of
the Hurst exponent with other types of temporal scaling that were observed in di erent
branches such as ecology [42, 43], complex networks [44, 45], physics [46, 47], nancial
markets [48, 49] and urban tra ¢ [50]. In fact, one of the most famous temporal scaling

is the temporal uctuation scaling or Taylor's law, which establishes that the variance
and the mean of a probability distribution associated with a non-stationary time series
follow a power law where the exponent is called the exponent of temporal uctuation
scaling [51, 52, 53, 54], and may vary as time series data accumulates [55]. Therefore, the
temporal uctuation scaling exponent, denoted by pq is strongly in uenced by external
factors [56], and is characterized by an increasing trengd according to the nancial market

rate and assuming a non-universal value [51]. In turn, another approach to characterize
temporal scaling consists of characterizing the invariance of the probability distribution
pattern of a random variable [57]. Speci cally, for stationary time series, the identi cation

of a single exponent denoted by and called the scale exponent of the time series has
been found to be su cient. With the above, since the 1980s several methods have been
proposed for the calculation of this scale exponentin such a way that one of the most
exact and precise methods is the calculation of the Shannon entropy in the generated
sub-series through the di usive trajectory algorithm [58]. Then, the di usive trajectory
algorithm manages to compute the theoretical scale exponent of a Lévy ight [59, 58].
However, there is the di culty that the scale exponent does not always coincide with the
Hurst exponentH [58]. In turn, it goes without saying that the problem of calculating the
Hurst exponent in short time series has been addressed with the use of Shannon entropy
but without the possibility of extending the algorithm to the generalized Hurst exponent
[60]. In that sense, it is worth noting that the Shannon entropy has a simpler version to
calculate called the Shannon index [61]. In turn, the Shannon index is a hormalization in
terms of the logarithm of the number of data points of the Theil index, which is a measure
of inequality in the income distribution of a population [62]. Indeed, it has been shown
that the Theil index is calculated in terms of the variance for the most important and
popular parametric income distributions [63]. Thus, in general, the Theil index is related
to the variance as suggested in [64], and in this form, the Theil index is seen as a measure
of dispersion. Moreover, the Shannon index is related to the mean of a time series as a
power-law when the di usive trajectory algorithm is applied [65]. Thus, the power-law
relation that relates the Shannon index with the mean normalized to its maximum value
will be called in this thesis agemporal Theil scaling[65].

Returning to the point of tempered distributions, it should be mentioned that several of the
works developed in physics focus on estimating the evolution of the probability distribution
associated with a random variable that satis es a Langevin equation [11, 66, 67, 68]. In fact,
several of these works share a point in common and that is the use of the Feynman path
integral formalism [11, 66, 67, 68]. Then, it is worth remembering that the path integral
estimates the probability transition amplitude between two xed points in the con guration



4 1. Introduction

spacex, and X, at times t, and ty,, respectively, summing over all possible trajectories and
weighting the probability of each trajectory through the classical action of the system
[69, 70]. Also, most of the extensions that are made from the path integral to a stochastic
path integral assume the Markovianity of the system, that is, short-range correlations, while
the non-Markovian approximations have the di culty that at some point they return to
assume a Markovian limit to have analytical solutions in the system [71]. Thus, the question
arises whether there exists a more general form of the stochastic path integral that is
independent of the nature of the underlying noise in the system. It should be mentioned
that part of the answer to the previous question has been solved by means of the rst
fractal approach to the path integral arising in the context of fractional quantum mechanics
[72]. Specically, using the path integral formalism of fractional quantum mechanics,
the propagator or Feynman kernel is written for fractional stable processes [68]. In fact,
fractional stable processes model fractional Brownian motion as a particular case of a
Langevin equation with fractional integrals that assumes a xed Hurst exponent over time
and a stochastic contribution in terms of -stable distributions [68, 27]. However, this
approximation is limited by the already mentioned fact that -stable distributions have

in nite variance when 0 2, which is inconsistent with reality for a nite variance

of empirical data and that the Hurst exponent evolves over time in multifractal systems
such as nancial time series [51, 60, 73]. It also goes without saying that a very practical
application of the path integral formalism is found with the Feynman-Kac formula which
presents the equivalence of parabolic partial di erential equation problems and stochastic
processes under the Feynman path integral [74, 75].

Therefore, in this doctoral thesis, it is proposed to extend the fractional stable processes,
such as the fractional Brownian motion, making use of the path integral formalism in such
a way that they have an associated truncated Levy distribution, establishing a link between
the Hurst exponent [28] and the temporal Theil scaling exponent [65] and verifying this
link in non-stationary empirical time series. To achieve this objective, in Chapter 2 the
construction of the stochastic path integral is made from the context of the supersymmetric
theory of stochastic dynamics and this approach is veri ed by applying it to non-stationary
time series that satisfy an empirical fact known as temporal uctuation scaling [76]. In
fact, by introducing a term dependent on time in the cumulant generating function of
the probability distribution associated with the change between two times of a stochastic
variable, in this thesis we explain the existence and origin of the temporal uctuation scaling
in the context of the path integral formalism [55]. Thus, the cumulant generating function is
identi ed as the Hamiltonian of the system in the stochastic path integral. Next, in Chapter

3, taking into account inequality measures of the economic context such as the Theil index
and information measures of the physical context such as entropy, a new temporal scaling
that we call temporal Theil scaling is found in time series of di usive trajectories [65].
Thus, it is worth mentioning that the di usive trajectories correspond to a time series
algorithm to determine the universality class or the type of temporal scaling that a system
can follow [58]. Also, the existence of the temporal Theil scaling is shown in a wide variety
of empirical time series using the di usive trajectory algorithm and the Shannon index.



Furthermore, the temporal Theil scaling is described as a phase transition associated with
an energy functional with fractional exponents and with an order parameter associated with
the Shannon index normalized to its maximum value. Thence, it is important to highlight
that in order to achieve a free energy functional with fractional exponents it is necessary
to make a fractional extension of the Ginzburg-Landau theory that allows describing phase
transitions with di erent critical exponents [77]. Consequently, in Chapter 4, doing a review
of the literature on multifractality, the de nition of the Shannon index is extended with the
generalized entropy index to establish a theoretical relationship between the generalized
Hurst exponent with the temporal Theil scaling exponent [78]. From there, this theoretical
relationship is veri ed in a very particular system known as fractional Brownian motion.
Also, it is worth mentioning that the theoretical relationship found is achieved through
what is called the multifractal exponent of the generalized Shannon index. In addition, the
relationship of the generalized Hurst exponent with the temporal Theil scaling exponent in
nancial time series is presented. Finally, in Chapter 5 the generalization of the Feynman-
Kac formula in fractional stochastic processes is made, regardless of the type of underlying
noise in the system [79]. In fact, to make this generalization, the stochastic path integral is
de ned for a stochastic process in which fractional derivatives appear that capture the long-
range correlations of the system. Also, the application of this new Feynman-Kac formula
is made for tempered probability distributions such as the truncated Levy distribution.
Also, it is worth mentioning that chapters 6 and 7 present the conclusions and the list of
products of this doctoral thesis, respectively.



CHAPTERZ

TEMPORAL FLUCTUATION SCALING

Fluctuation scaling is an emergent property of complex systems that relates the variance
( ) and the mean M,) from an empirical data set in the form M, , where the
dispersion (uctuation) of the data has been described in terms of [51, 52, 53, 54].
Also, uctuation scaling has had two approaches, spatial (ensemble uctuation scaling) and
temporal (temporal uctuation scaling) since its discovery inl938by H. F. Smith [80]. The
aspect to be highlighted is that regardless of its nature (spatial or temporal), the uctuation
scaling is characterized by appearing as an emergent property of multifractal complex
systems that then allows it to be related to the generalized Hurst exponent [23, 24, 46, 44].
Furthermore, uctuation scaling is found in the literature under the name Taylor's law due
to work in classical population studies by L. Taylor in1961[81]. In particular, temporal
uctuation scaling has been observed in cumulative time series in di erent branches such
as ecology [42, 43], complex networks [44, 45], physics [46, 47], nancial markets [48, 49],
and urban tra c [50].

Moreover, in nancial time series, it has been observed that by de ning1; and  with
optimal window size, the trend of the data is characterized by a logarithmic behavior in
time that depends on the size of the window t t, t, chosen for the data [51, 82,
83]. Therefore, the temporal uctuation scaling exponent, denoted by g is strongly
in uenced by external factors [56], and is characterized by an increasing trendaccording
to the nancial market rate and assuming a non-universal value [51]. Additionally, for
correct analysis of temporal uctuation scaling, it is better to bring the moving average to
an optimal window size that also groups the data [49]. Although this approach does not
allow the establishment of a direct connection with the Hurst exponent when establishing
the size of the time window, which does not allow us to apply many of the methods to
calculate this last [84, 30, 60, 36, 85, 38, 73].

From the context of physics, di erent mechanisms have been proposed to explain the way in
which temporal uctuation scaling originates in complex systems [51, 52, 56]. In addition,
the utility of the temporal uctuation scaling has been seen to characterize the market rate



based on its exponent [56], explain the spread of COVID9in Italy [86], make predictions

of COVID-19fatalities with exponential cuto [87], or measure the dispersion of a counting
process [88]. Even so, these explanations were not su cient to explain the generation
mechanism of the temporal uctuation scaling in non-stationary time series. In fact, what
is observed when xing an instant of time is the well-known quadratic relationship between
the mean and the variance of the time series. Here it is worth remembering that in a
stationary time series, the existence of the temporal uctuation scaling is not expected
since, by de nition, stationary time series has a constant mean over time [57]. Another
relevant aspect in the description of the temporal uctuation scaling is the stochastic nature
of the variance in some models such as geometric Brownian motion (GBM), the generalized
auto-regressive conditional heteroscedastic model (GARCH), the Heston model (HM), and
the non-linear Heston model (NHM) [89, 90, 91]. In this type of model, volatility is studied
as a stochastic variable whose underlying dynamics are coupled to that of the nancial asset
through a system of stochastic di erential equations in such a way that the rst hitting
time characterizes the stability of the market or nancial asset [90, 91]. It is important
to mention that the rst hitting time is de ned in a general way for any type of complex
system as the characteristic time interval that a system that starts from a xed initial
condition ; reaches a xed nal value ; [89, 90, 91]. Likewise, it is observed that the
behavior between the variance and the rst hitting time behaves in a non-monotonous
way, reaching a maximum that establishes the most optimal behavior of the system under
study [92, 93, 94, 95]. However, this behavior does not allow us to explain clearly the
origin of the temporal uctuation scaling nor does it contain aspects such as stochastic
drift [25, 96, 26, 21].

On the other hand, the path integral is an alternative way of interpreting quantum me-
chanics and was proposed in 1948 by R. Feynman [69]. In this interpretation of quantum
mechanics, the evolution of the system is determined once the so-called transition proba-
bility amplitude is known from an initial state x, in time t, to a nal state x, at time ty,. In
fact, it is observed that this transition amplitude is understood as the contribution of all
possible trajectories in phase space with xed endpoints but in such a way that they are
weighted by a phase that is proportional to the classical action of the system. Thus, the
most probable trajectory in the classical limit is the one that satis es the Euler-Lagrange
equations while the other trajectories allowed in phase space interfere destructively [70].
Furthermore, another application of the path integral consists in its extension to the case of
stochastic processes with stochastic drift [11, 97]. Speci cally, using an additive stochastic
di erential equation, an expression is deduced for the evolution of the transition probabil-
ity of an instrument, asset, or nancial derivative set at an initial and nal state. However,

in this description of nancial derivatives, it is obtained that the central moments of the
probability distribution scale linearly over time, which implies that non-monotonic trends
are not described in empirical data [5, 98]. In addition, in such a case, the variance depends
on the square of the mean, that is, the temporal uctuation scaling could not be correctly
explained with this type of formalism.

Accordingly, an approach that allows describing non-monotonic trends at the central mo-
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ments of a non-stationary time series of empirical data, and that allows describing the origin
of scaling of time uctuation, must contain terms such as stochastic drift, and be invariant
under scaling and temporal translations. Thus, in Chapter 2, we use the path integral
developed by H. Kleinert [11, 97] extended to the context of the supersymmetric theory of
stochastic dynamics and starting from this extension a non-linear term dependent on time
is also included in the cumulant generating function that allows us to understand the origin
of the temporal uctuation scaling and the evolution of its exponent over time. Speci -
cally, in section 2.3 making use of the supersymmetric theory of stochastic dynamics from
the approach proposed by Parisi [99, 100], the Kleinert path integral is addressed, empha-
sizing the possible extensions that could include chaotic behavior of a nancial derivative
modeled with nonlinear terms in the deterministic part of Eq. (2.31), as well as more
complex behavior in the noise source of the system. Then, in section 2.4, from the analogy
that exists between the Hamiltonian of a physical system with the cumulant generating
function, the time-dependent logarithmic term that explains the origin of the temporal
uctuation scaling and the evolution in time of its exponent is introduced. In fact, the
evolution of this time-dependent logarithmic term is described as if it were the Hamilto-
nian of a physical system. After this, in section 2.5, the evolution of the moments around
the origin and central moments of the probability distribution associated with a nancial
instrument, asset, or derivative is calculated. Finally, in section 2.6, this theoretical model
is used in multiple stock indices and currencies to describe the evolution of the exponent
of the temporal uctuation scaling once the evolution of the mean and the variance are
calculated with optimal window size. It is important to mention that the results presented
here reproduce two research papers carried out during this doctorate. Speci cally, a rst
paper that explains the evolution of the exponent of the temporal uctuation scaling using

a weight function [55], and a second (accepted) paper that is in the process of being pub-
lished that generalizes the results [55] to describe the time evolution of any central moment
of a probability distribution associated with a non-stationary time series [76].

2.1 Cumulant generating function

In general, a time series corresponds to the realization of a discrete stochastic process
tZup- Then, the weak-sense stationarity of a stochastic process is de ned as a process
where the temporal mearE rZ;s and the temporal auto-covariance function

ErpZy, ErZysq@:, ErZ,sqqs Kgzzp;tqg

does not vary concerning time [57], but the variance of the process is nite. Henceforth, a
time series is non-stationary if the above de nition is not satis ed.

Let D g be the probability density function of a random variable . For this arbitrary
probability distribution function, its decomposition in Fourier modes is de ned as [11, 97]
» »
D mzq d—pe‘pzlbppq @e‘pze H ppa. (2.1)
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where Dpg is the characteristic function and corresponds to the Fourier components of
D g Furthermore, Hgpgde nes the cumulant generating function (also called the second
characteristic function) [101]. Consequently, the moments around the origin of distribution

will be given by the characteristic functiond g since for alln PN, it has

»
n
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In the case where the cumulant generating function is an analytical function of the form
8

; i
Hmpg In Do e > n'?cf; (2.3)

n 1

it is found that the moments around the origin ,,, are expressed as [55]

n

n " Bk Pinp idcinp id € e kg (2.4)
k 1
where B, are called Bell's incomplete polynomials [102, 103] ard iI"H™M90q are
the cumulants of the probability density function corresponding to the coe cients of the
cumulant generating function power series. Note thatl f0q ¢ Osince
» »

Dog e "D moz D mdz 1

The inverse relation, that is, the cumulantsc,, in a function of moments around the origin
n, and the expressions in the case of the central moments Erm  ;d'sare

n

G " p A Yk 1dBuk piqupid xinpid Xt a1 (25)
k
.5nl

n 0" Bk Op ity inp id X Yo ko1 (2.6)
k
5nl

G i" p1d Yk 19Bn Op i inpid K. o1 (2.7)
k 1

respectively [55]. It is important to mention that the above expressions are deduced using
the Faa di Bruno formula [104] and are found in Appendix A.

Finally, in order to be able to make a comparison between central moments and cumulants,
the rst four complete exponential Bell polynomials are calculated [102, 103].

Bipuq G (2.8)
Bacy; G20 G G (2.9)
Bafc1; C2; G0 € 336G Cs (2.10)

B4fC1; ;GG € 3G 6CC, 440G G (2.11)
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2.2 Feynman path integral

In order to introduce the Feynman path integral and its extension to stochastic processes
and to fractional quantum mechanics in later chapters, a review of the quantum mechanics
of a non-relativistic particle is made. More precisely, the idea of this revision is to be able
to link the dynamics of a stochastic process with the path integral presented by H. Kleinert
in [11, 105]. Finally, the generalization of this extension of path integrals to a more general
form related to the supersymmetric theory of stochastic dynamics [99, 100, 106] is proposed
in the next section 2.3.

2.2.1 Quantum mechanics of a non-relativistic particle

It is considered a quantum-mechanical system with a degree of freedgmThe dynamics
of the system are generally determined by the position operatd and its canonically
conjugate momentump. These operators satisfy the following eigenvalue equations on the
basis of positiongt| qyy,z and momentst| pyy,.z, given by

qlay dlay; (2.12)
Ploy plpy: (2.13)

These sets of quantum states| ayy, t| pyyes, make up the orthonormal basis of the
Hilbert space, satisfying the following relations of orthogonality and completeness, respec-
tively [107].

»

holgy i dg; lay>aldg % (2.14)

))R

d
Py 2~ Pl oypl o (2.15)

Now, to describe the total dynamics of the quantum system, the Hamiltoniak pg; p; tq

is classically de ned as the Legendre transform of the Lagrangiaopy;@;tg given by

Hpy;p;tg p® Lpg;@tg [108]. Thus, in the quantum context, the Hamiltonian is

promoted to an operator that satis es the Schrodinger equationfor the wave function
po;tg xql| vy, de ned by [109]

. B
i~5 P Amipitg ptg (2.16)
wherep ;tq i~B, pg;tgand the unique solution conditions for the Schrédinger equa-

tion given the initial position ¢ attime t  to, are

Pt ¢, P tg (2.17)
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mita o fRG (2.18)

B
= ;g gag (2.19)
Bq q do

It is also possible to represent the wave function in the base of moments gp;tq xp| vy
using the Fourier transform, the important thing is that when the Hamiltonian does not
depend on time, the evolution of the system is given by the time evolution operattipt; toq
de ned as

mitg Opiteg pitog e “HP 9 oyt (2.20)

Finally, note that the Schrédinger equation in the imaginary time formalismt i
corresponds to a di usion equation given by

~— ;g W opg (2.21)

In fact, for a free particle of masan with Hamiltonian H g % it is known that the
solution to this system under the initial conditions (2.17), (2.18), and (2.19) is propor-
tional to a superposition of Gaussian wave packets [107, 110]. Furthermore, Eqg. (2.21) is
quite essential in the development of later chapters because it allows us to understand the
Feynman path integral in terms of a superposition of trajectories of the Brownian type in

phase space [70].

2.2.2 Functional formalism of the Feynman path integral

In the functional formalism, Feynman's kernel or amplitude of transition probability from
a state at position x, in the time t, to a state at position x; in the time ty, is de ned as
[69]

K BX; to; Xai tag X Xp € “FPe tad x y

» »
Xptpd Xp i
Dx Dpe Lsrx;@ps
Xpﬁaq Xa 2
» »
APod X DP,, i dirppasrta H rptaxptass
Dx —‘e - pass (2.22)
Xnaq Xa 2

whereDx and Dp correspond to functional measures in the space of positions and moments,
respectively [111, 112, 113], an8px; ¥ pg correspond to the classical action of the system
[108]. This transition amplitude is the result of the interference between the possible paths
in the con guration space with xed ends. The contribution of each path is proportional to
the exponential of its classical action and all possible paths will contribute to the integral,
but their contribution will be more signi cant the closer the path is to the classical path
[69, 70].
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In the imaginary time formalism and taking natural units (~ 1), the Feynman kernel is
[70]

» »
3

Ko Xa00 DX oPend P e a Him e cs (2.23)

We observe that Eg. (2.23) has the same structure as an inverse Fourier transform. Fur-
thermore, this Wick rotation allows us to establish the partition functionZ of a system in
terms of path integrals [70].

An important property to highlight of the Feynman kernel is its semigroup property [69, 97];
that is, the transition probability amplitude between timest, t, t.is given by
»

KXc; te; Xa; taq KXc; te; Xp; to0K Xp; th; Xa; taQ dXp,; (2.24)

whereXx,; X, and X, are the positions corresponding to each time. This property indicates
that the amplitude of the transition probability is cumulative, being a sum of all positions
and times between two points in space-time. In fact, the path integral is a natural formalism
for describing processes that are cumulative in time and de nes a Markovian structure on
the path integral [114]. This property is also known as the Chapman-Kolmogorov equation
in probability theory or the Smoluchovsky equation in di usion theory [70].

To obtain the Feynman kernel in the Eq. (2.22) makes use of three crucial steps, namely:

1. Trotter product formula: Given M n.n PCq the space of complex matrices of size
M M, if A, B PM uwm PCq then the following expression is satis ed [115]
N

B lim evexr (2.25)
N N8

Thus, in the case of the time evolution operatoBpy; t.qde ned in (2.20), we have

i . ifpt, tag . ing N .
Opty: t g -Mo bl |im e — - im e ='f lim ONpg'g (2.26
Fo; tad N N8 " N N8 N N8 rg ( )

where" ta N 0if N N8 .

2. Insertion of N 1 identity operators in coordinate space: From EqQ. (2.26),
we have for allg, ¢* PR that
A E B . F
q Op'qq gexp —H g
B " F
¢ —R 0" g
B F

x oty o ':Iq g 0"

x qfay i;xqﬂlqlqy o "2 : (2.27)
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Consequently, using the completeness relation (2.14), we conclude

A E
K pohito; i tad @b Optitoq o
A E C G
. N ' . ' ' '
Jim- G 0"pra g Jm G BEsEEb800METSo0000N
N times
C
Jim - g e sB05b800dMEBbSBo00000N
N times
C » 8 » 8 » 8 G
lm g Jovyo | Op'g el Opa o
|060000000000000003D000000MO0O0CHO000000000000000000N
N times

X Op| Ghydg dogdep  doy 1day

g Mg g A E A E
lim w Opgau 1 @ Op'go
NS 8)) 8)) 8
8 8
X |On Y [chydopdadee  day 1doy
8 8
N 1»8 A E ))8
Jim g 10paq dg 1 xalowyxplgyde
i o0 8 8
»8 N 1»8 A E
lim  xaplony g 1 Opaq dg . ; (228)
N N8 8 i o 8 © q

wherexgplcky P Ghgand Xglony b G

3. Insertion of N 1 identity operators in momentum space: From the com-
pleteness relation (2.15) and Eq. (2.27), we have for @) ' PR that

A E »s A E gp
' Op'aq xqipy p Opqq S—
))8
8 i" lq dp -
dipyplay  —xaipyplitjay — O
g @ ° i dp

D i
8 xipy pta  p-Haq 0"
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» 8 _ . .
] I?H mq@ O " e '_pq£

»% iyt i" [ dp
eipq exp —H ;g e :pqz_

»% o ; ~d
exp Ij M Hpp; g 2—p~: (2.29)

8

It is important to mention that in the expression (2.29) it is assumed that the Hamil-
tonian remains constant in the time interval” such that xp|F|ay  H pp; qopplay.

Therefore, using Eq. (2.28), it results

”8 ”8 ¢ enPN_ 9N ad : d
Kmb;tb;oa;taq N“erg X%lch = - Hponian 29 Z;H\ldq\l
8 8
wo2» > e kP v eq g dp 1
e d
- R R 2 ~ 91
be G GCa
» N1 »
im 9P aqq R
NN8 g 2 ~ 1 R R2 ~
" N D m q q N b
5 h 1
exp — S——-—— Hm;q 1q
It G Ca

» amtbg G » Dp . ))t

| b
Dg ——exp — dtrpggftq H rpptg opgss; (2.30)

gPtaq Ca 2 ta

where the functional measur®xDp{2 in (2.30) has an additional factor of2 with
respect to what is usually found in the literature in order to make the connection of
the expression clearer with the inverse Fourier transform.

2.3 Extension of the path integral for stochastic pro-
cesses

In the section (2.2.2) the formulation of the Feynman path integral was made. Its extension
for stochastic processes is now made through the ideas of the supersymmetric theory of
stochastic dynamics. In particular, this extension is used to describe the evolution of
nancial assets as proposed by the following stochastic di erential equation [11]

grg Grxpg @gs ry  pg (2.31)
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wherery is called stochastic drift and is proportional to the initial value of the average
of the data, that is, Erxp  togs ryx. The term pqcorresponds to a random variable
that is distributed with an arbitrary distribution at each instant of time t. This indicates
the separation of the evolution ofkpqinto a deterministic part associated with stochastic
drift r, and a stochastic part associated with noisepq It is worth noting that generally
Xpq InrSpqgscorresponds to the log return of the stock or nancial asset and corresponds
to one of the time series analyzed in this chapter. Also, the stochastic driff is not always
easily comparable between empirical data and the probability distribution associated with
a data set. An example of the former is the time series log-returns which is distributed as
a series of truncated Levy ights [97], whose parameters are di cult to t due to their fat
tails.

In general, the Eq. (2.31) correspond to a representation of a Langevin stochastic di er-
ential equation in the form¥tq Grxpg pqs[99, 100, 106]. Thus, in the context of STS,

the expression (2.31) de nes a gauge condition such that the transition probability for the
stochastic variablexpqto acquire a valuexy at time ty, given that it had a value x, at time

ta tp IS given by

G
? Xptod X

P pXp; th|Xa; taq J rGrxpg pagss rgtg Grxpg pgsdHPx (2.32)
XpaQ Xa

wherex vy isthe averaging over noisepqg andJ rGrxpqg pgsss the following Jacobian

petq  Grxpg pagsq,

X g '
Now, for the process of averaging over noiseit is assumed that the normalized distribution
of noise patterns denoted by r sis known, which implies that

J rGrxpg pgss det

(2.33)

” Xptyq xp 7
P pXp; tp|Xa; tad D P r pgs) rGrxpg pgss ngrq Grxpg pqsdHx:
X[Iaq Xa
(2.34)
It is important to mention that the measure D Pr & is known as the measure of

the process (2.31). In addition, the functional integral over the stochastic variabbgtqis
called a Iter of the process (2.31) since through the gauge condition it xes only those
trajectories that satisfy the evolution equation. Also, to allow a general treatment of
probability distributions that do not have an analytic representation for their probability
density function and to be able to link this representation with an analog to the Hamiltonian
of a physical system, it is assumed that [11, 97]

))t

b
Pr pgs exp dtM r pgs ; (2.35)

ta

where M r pgsis proportional to the logarithm of the characteristic function®r pgs(cu-
mulant generating function) associated with the noise probability density function, that is



16 2. Temporal uctuation scaling

Hrpgs In Dr pgs: (2.36)
Consequently, in the expression (2.34) we have that

» »
XPpd Xp

3(
P Xy, tp|Xa; taq D e tdthr pasy rGrxptg [gss ngtq Grxpg pgsdx
XPaQq Xa
»xan Xb » 31 » D 3t
Dx D e tg dtfr masy rGs _pei tg pptapeptq Grxptg pigsalt
XpaQ Xa 2
»anq Xb » »

tp

Dx D JrGs ﬂ)egta dtrippgptq ippigGrxpig pigs Mr ptqiil (2.37)
Xpag Xa 2

where the representation of Dirac delta functional is used.

Now, in the particular case where the noise contribution is linear, that is,

Grxpg @gs Frxpggs  fg

as in the expression (2.31), Eqg. (2.37) becomes

» » »
XPpg Xp

P (Xp; to|Xa; tad Dx D JrGs %’g:g dtripptg@ptq ipptoF rxpigs ipptq ptg Mr plass
»XXFan 2y Dp » 3,
Dx _pe:g ipptartq Frxpasst o o oF iPAA pta Hr posit
»a » 2
Xb Dp *tp

3
Dx —Pedipraeia Fixpgssty (2 Hrppasit
2

Xa
» » »

Xb D b :
Dx Z—pexp Appgeaq ippok rxpgs  H rppgsqit ; (2.38)

Xa ta
where the inverse Fourier transform was used fdft r pgsand the Jacobian of this trans-
formation satis es that J rF rxptgs pqgs 1in It calculus. To prove this, a technique

similar to the one shown in [71] is taken to parameterize the prescriptions of the 1t6 and
Stratonovich calculus. Then, we have that the nite di erence version of Eq. (2.31) is

Kk k1 Xk Xe1 " Frxes "ploo oF rxg iS; (2.39)

where ‘é—t ptqis a stochastic variable expressed as the derivative of noisgqg and
P 10; 1srepresents the It6 calculus with 0 and the Stratonovich calculus with {2
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Thus, the Jacobian (2.33) is

J rGs lim det Bj

N N8 Bx
. BF rx;s BF rx; 1S
Nlllgg det iouk BXJ-J ik pL BXJ-J : i 1k
IN
lim 1 BF rx;s
N N8 i1 Bx;
ox = IXAgs, . (2.40)
p . dx : :
Consequently, Eq. (2.38) is
” Xb ” D % B dF rxptgs
P p(b;tblxa;taq Dx Z_F)etgppﬂ@mq ipptoF rxptas Tq Hrpﬂqqut: (241)
Xa
Finally, for F rxptgs ry and using Lemma3:1 in [116], we conclude
»8 dp
P mXb; to|Xa; taq 5 EXpripp,  Xa 1xq plp  tagHppgs (2.42)
8

Therefore, the Eq. (2.42) expresses the transition probability as the sum of the contri-
butions of all the paths that follow the evolution equation of the process described by
Eq. (2.31) and weighted by the probability distribution P r ptqs To conclude, it is worth
mentioning that stochastic drift is not always easy to calculate from empirical data, so it
should be maintained in all calculations of the evolution of the probability distribution.
Additionally, the time interval t t, t, is given by the frequency with which empirical
data can be obtained (usually daily) of a nancial instrument, asset, or derivative.

As a nal comment, note that in obtaining Eq. (2.42) it was assumed thatGrxpg ptgs

F rxpgs g However, it is clear that the expression (2.41) is general enough for any
system where there is a single noise source (or multiple uncorrelated noise sources in the
more dimensions case) where the deterministic behavior of the system is separated from
the stochastic behavior. Even more, the ternf rxpgscan be associated with a chaotic
dynamic in the deterministic part of the process, but for simplicity and as will be seen
later in section 2.6, it is enough thatF rxptgsis constant and equal to the stochastic drift

of the systemr, to model the evolution of the mean and variance in a non-stationary time
series, and therefore, the temporal uctuation scaling.

2.4 Hamiltonian of temporal uctuation scaling

Going back to the expressions (2.3) and (2.36), it is clear that both equations have the same
structure. Even so, Eq. (2.3) de nes the second characteristic function or the cumulant
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generating function while Eqg. (2.36) is related to the average that is made over the noise
that appears in the stochastic di erential equation (2.31). Indeed, Eq. (2.36) is usually
related to either the Lagrangian or the Hamiltonian that appears in the Feynman path
integral [11, 97, 105]. Therefore, it is clear that (2.3) and (2.36) de ne an analogy where
the Hamiltonian of the system can be interpreted as the cumulant generating function
associated with the transition probability (2.42) of the stochastic process (2.31).

Now, to improve the t of the mean and variance over time for non-stationary time series,
an interaction term is de ned in the cumulant generating function denoted by -’F”Fqsm; t; g
Thence,H?’Fqup;t; gwill be called the Hamiltonian of the temporal uctuation scaling of
order n with parameters and mathematically it is expressed as

HfFsmit, 0 p  ipdbresit; g (2.43)

where PR™ is a vector of model parameters, and PZ . For instance, in [55], we choose
H$1§S|qo;t;bqwith bresp;bg  binpl  tgft. Indeed, taking this example and taking a
weight function wpxqg de ned by

wxg 1 Slnpl tg (2.44)

the temporal uctuation scaling in the S&P 500 Nikkei 225 Dow Jones and FTSE 100
stock indices is modeled with a daily frequency [55] (this point is taken up again in section
2.6 of this chapter). However, there are trends that are not captured with this type of
Hamiltonian, which implies being able to extendH T smp;t; gto a more general form.
Additionally, it is worth remembering that the temporal uctuation scaling is a power law
that is established between the meaM ;ptgand the variance ,pqof a non-stationary time
series [51, 52, 53, 54, 55], and whose general form is

g KresptgMopg 77 P9 (2.45)

Consequently, to establish a general treatment o -<p;t; ¢ let us observe other prop-
erties that the example HamiltonianH™9p;t;bq ipbinpl tgft has. Speci cally:

1. brespt; qis continuous almost everywhere on the real line to be integrable, say over
” R'

2. The Hamiltonian of the temporal uctuation scaling should reproduce the temporal
uctuation scaling given by Eq. (2.45).

3. The Hamiltonian of the temporal uctuation scaling HYsp;t; qdoes not depend
on position g, which implies that the Hamiltonian only has terms associated with the
kinetic energy of the system. Furthermore, the classical equations of motion of the
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System are
dg BHY it 9 . . ) .
@t B inp ipd" “brespt; g (2.46)
dp BHYEmit g
= & o (2.47)

Thus, Eq. (2.47) impliesppqis constant and

))t

otg o inp ipd ' bresp; od
to

o inp ipd 'rBrespt; 9 Brespto; dS (2.48)
whereBtrspt; qis the integral of brespt; g Then, in the case oﬂ-l-ﬁlé‘sm;t;bq we
have

. »‘Inpl q
g o b ————d
0
G ibLip tg (2.49)

where Lipqis the polylogarithm function (see Appendix E, Eq. (E.4)).

According to these conditions, in the context of quantum mechanics, we can assume without
loss of generality that the linear momentum in the Hamiltonian of the temporal uctuation
scaling is constant since ip  po then

t

PWd Ty b (@50)

t

"mitg Omtod 1poq ' 1pPogexp

with ' 10g ' Poo; toq is a solution of the Schrodinger equation (2.16) in the momentum
basis since
»

. B P d !
i~5 ATEmit g ' mitg 1% ipod bresp ;o HT % moit; q ' mitq
0
p ipod'bresdt; g H?fsmo:t; q ' peo;tq
o (2.51)

Thus, we have that the Hamiltonian of the temporal uctuation scaling of ordem with
parameters commutes at di erent times and its time evolution operator is

Y

Oftitod exp  ~ Hresp; 5 ¢l (2.52)

to
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Likewise, another proof of this last statement is obtained from Eq. (2.46), Eq. (2.47),
the Heisenberg picture, and remembering that the cumulant generating function de ned
in (2.3) only depends on the linear momenp, since

P Lhmap o (2.53)
dq i i . dApg  dApo
q = Hmaa pisa—g T (2.54)

Then, pptgq  pol with py constant, and the formal solution to Eq. (2.54) is

dH
g Pt (2.55)
dp P Po

Therefore, the Hamiltonian of the temporal uctuation scaling of ordem with parameters
commutes at di erent times with H gpg since

Aoagliismrgt; g Apdagp  ipradbrespt; g

p idbresd; g Hpragp’pq

p idbres; g Hpoodt; phd
0: (2.56)

As a consequence we can take a basis in Hilbert space that diagonalidggq and R F
at the same time. So, Eq. (2.52) is valid. Finally, it is important to note that a signi cant
advantage of the Hamiltonian of the temporal uctuation scaling of orden with parameters

is that for small timest N 0, HY . is nite in the path integral and has a value of constant
linear momentum (see Eq. (2.43) and Eq. (2.54)), which implies that this term enters as
a phase in the system such that the expression (2.42) continues to hold when adding this
term in the cumulant generating functionHppg On the other hand, whent N 8 , we
want HYES tends to zero which allows a smoother scaling in the central moments of the
probability distribution that allows reproducing the temporal uctuation scaling as will be
seen in section 2.5.

2.5 Evolution of the moments of the probability distri-
bution

Going back to the main result of section 2.3, the transition probability from a valug, in a
time t, to a value x,, in a time t, described by an additive stochastic process with constant
stochastic drift is given by the Eq. (2.42). In the structure of Eq. (2.42), it is clear that
the problem of calculating a functional integral is reduced to a simple integral over the
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variable conjugate toxpqdenoted byppqg and that in the case of quantum mechanics, it
corresponds to momentum canonically conjugate to the variable positiatq (see section
2.2.1). However, the di culty in estimating Eq. (2.42) is that not all probability distribu-
tions have a probability density function in terms of the usual functions such as the Lévy

-stable distribution [117, 118], which implies a high di culty in analytically expressing
the result of the integral (2.42) in some cases. On the other hand, in practice with empirical
data, it is not usual to calculate the value of a stochastic variable at each instant of time,
but to calculate the average behavior after performing many simulations [119, 7, 8, 120].
Thus, it is important to know how the moments around the origin and central moments of
a probability distribution change as shown in this section.

For this purpose, we start from equality (2.2) including the Hamiltonian of the temporal
uctuation scaling HY < pp;tq of order n with parameters , and taking x, X, X and
t, ts t. Thus, the evolution of the moments around the origin of the probability
distribution associated with Eq. (2.31) are

»
8
Erx™ptqs XM P px; topdx
»%» »
m : "ama L dp
x™ exp ipx g tH g Hresm: o of o=
»R R ta »
g Prx tHpap ipd'rBres P, d Bres pta; ds Xmeipxdxd_p
R R 2
> dm dp
e Prx Hmap pdBres®i 4 g jo" — mg —
R dpm 2
imﬂe tHppg iprx p ipd"Bres i g : (2.57)
dp’n p 0

whereBrest; 9 BrrsPy;, 9 Brrspa; g Thus, by taking into account the expansion
of the cumulant generating function as an analytic function in the expression (2.3), it is
possible to de ne

Hm;t; g ipry tHpg p ipd'Bresp; ¢

) .
. . i .
ipry t cm'on'?,qn Brespt; ap ipd
m 1 '
8 . .
. > p ipd" p ipd )
IP Beooid8odn S i—" o [&tddodontobbooooooooon
m 2;m n ' )
N Clp ipd’ )
G (2.58)

k 1
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Accordingly, the expression (2.58) has the same form of Eq. (2.3) such that the equations
(2.4) to (2.7) are held valid except with the minimal substitution

Cn PNEy  Cnt Iy m1  man!Bresp; g (2.59)

In particular, by using (2.8) and (2.9), we have that the mean and the variance of the
probability distribution evolve through the following expressions

m

MmBdl, ;1 1™ Bmk P iGEsp idfesnp id" ¢ oy « 1

k1 -
iBip iciq  ip iciq
Gt Iy  1nBrrsp G (2.60)
m
mAdl, » i™ Bmx Op icfe;inp id" X Mom k4
k 1 n 2
i’Bop0;p icfeq  i%p icfr; (2.61)
ct 2 2;nBTFSFI; q (262)

respectively. Therefore, it is concluded that the cumulants evolve over time according to
minimal substitution (2.59), and that the moments of the distribution now have greater
freedom to evolve with the functionBtrspt; g As a summary, Table 2.1 shows the
expressions for the rst4 central moments of the probability distribution (2.42). 1t is
worth noting that taking a smooth enough function such thatBtgspt; g Opt?g with

a P 10;1s a range of continuous powers is obtained such that,ptq Op" 2g Also, a
linear combination of Hamiltonians in the expression (2.43) can be taken as long as the
separation of variables is respected in order to have di erent time scales at each central
moment of the probability distribution. Besides, it is clear that the introduction of the
stochastic drift in the calculations of the evolution of the moments around the origin allows
us to show that this is a measure that denotes the initial value of the mean of the probability
distribution since M 0q r¢ if 1.,BtesfO; g O.

Table 2.1: Relation for the rst 4 central moments ,pqas a function of the initial cumu-
lants c,.

Order nq
1 0
2 Gt 2 nBrrspt; g
3 Gt 6 33Brrspt; Q
4 |cit 24 40Bresp; g 3rct 2 50Bresp; g8
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2.6 Temporal uctuation scaling in empirical nancial
time series

From the process performed so far, it is clear that the Hamiltonian of the temporal uc-
tuation scaling of ordern with parameters captures di erent trends at the n-th moment
of the probability distribution (2.42) by Btrspt; g Although the fact that it can also re-
produce the temporal uctuation scaling is still pending. Hence, as announced, by adding
multiple orders to the Hamiltonian (2.43), the Hamiltonian of the temporal uctuation
scaling eventually takes the following form

Hresioit 1 20 H™. it 10 HP oty 2q

ipBM9 i ;g pBRqt; g (2.63)
where
BP9 i; 1q BP9 ;b;l; g binpt g (2.64)
1
BFYsH: 20 BIFsmibilicung  Sbinpt Vg (2.65)

In the expressions (2.64) and (2.65) is called the amplitude associated with temporal
uctuation scaling, is identi ed as the o set of the temporal uctuation scaling, and !

is the characteristic frequency of the temporal uctuation scaling. Thus, from Eq. (2.60)
and (2.62), we have that the evolution of the mean and the variance is

Mg cit ry binpt g (2.66)
2 Gt binpt oM 1ptq

Gt MipgMipq ¢t rys

Gt MZpg Mipggreit  rys

Gt Mipgnmipg M{pq (2.67)

respectively, with m;ptqthe mean of the non-stationary time series as a function of time
when the amplitude of the temporal uctuation is zero, that is,b 0. Also, in Eq. (2.67)

it is clear that if mypq ! 1, then the dominant is the quadratic term, which implies a
nonlinear behavior between mean and variance. Howeverniftq " 1 it is clear that the
behavior of the variance as a function of the mean is no longer quadratic and begins to
approach the well-known temporal uctuation scaling in empirical time series, as will be
shown in a moment.

Finally, from the expressions (2.66) and (2.67), if we take Eq. (2.45) as an ansatz, it is
shown that the evolution of the temporal uctuation scaling exponent trspqis

In KZsRq 2ftqq
InpM1ptqq
Inrc;t  blnpt gMiptgs InrKtespgs
Inrc;t ry  binpt (v )

TEsHQ

(2.68)
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In the following subsections, it is veri ed that the ansatz proposed in the expression (2.68)
behaves well with respect to empirical data to the point that it models quite well the trend
of the rst two moments of the probability distribution associated with empirical data and
described by the Eq. (2.42). Speci callys stock market indices from di erent regions of
the world and 5 of the most traded currencies in the world are used. To do this, Table
2.2 and Table 2.3 show the time period that was used in each of ti® nancial time
series together with their price tag calledicker. Also, all data is downloaded from Yahoo
Finance [121].

Table 2.2: Stock market indices used to study the temporal uctuation scaling from the
stochastic path integral approach and the time-dependent term in the cumulant generating
function. Dates are placed in the ISO universal date format.

Stock index name Ticker Start date Final date
Dow Jones Industrial Average ADJI 1992-01-03 2023-04-11
Wilshire 5000 AW5000 1989-01-04 2023-04-11

Financial Times Stock Exchange 100 AFTSE  1984-01-04 2023-04-11
National Association of Securities N
Dealers Automated Quotation Composite IXIC 1971-02-08  2023-04-11
Sao Paulo Stock Exchange ABVSP  1993-04-28 2023-04-11

Table 2.3: Currencies used to study the temporal uctuation scaling from the stochastic
path integral approach and the time-dependent term in the cumulant generating function.
Dates are placed in the ISO universal date format.

Currency exchange rate Ticker Start date Final date
U.K. pound sterling to U.S. dollar GBPUSD=X 2003-12-02 2023-04-11
Swiss Franc to U.S. dollar CHFUSD=X 2003-09-18 2023-04-11
Euro to U.S. dollar EURUSD=X 2003-12-02 2023-04-11
U.S. dollar to Singapore dollar SGD=X 2003-12-02 2023-04-11
U.S. dollar to Canadian dollar CAD=X 2003-09-18 2023-04-11

2.6.1 Temporal trends in empirical nancial time series

Now, to start the temporal uctuation scaling analysis on thel0 nancial time series
mentioned above in Table 2.2 and Table 2.3, one begins by de niggime series associated
with the original time series. Indeed, given a time series with positive values,u\ ;, the
time series oflog-returns or logarithmic returns is de ned as

Lt InpS 19 InpSq (2.69)
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forall 1o ta N 1. A rather important stylized fact of logarithmic returns is that the
associated probability distribution depends on the time scale used and that, at least in the
case of a Heston model, it has been shown that it is not always a Gaussian distribution
[122, 9]. Furthermore, given the time series of the logarithmic returnd ¥ ,*, we de ne
the absolute log-returnsA; and the volatilities of the log-returns; at time t as

Ac | L (2.70)

1 Lt ErLtS
; 2.71
maxtA |[1a& o N 1u rLys 2.71)

Vi

respectively. It is important to mention that in Eq. (2.71), rsrepresents the standard
deviation of the random variable. Also, the term inside the square root is usually known
as standard scoreor z-score It should also be added that since it is desired to study
the evolution of thesel0 nancial time series by means of the stochastic path integral
(2.42), the semi-group property of the path integral suggests that one should consider the
statistical moments of the empirical data by accumulating the data by time windows and
not by rolling the window through the time series.

With the above, the process to follow to obtain the temporal evolution of the mean and
the variance of the empirical data is:

1. Take the closing price on each time series de ned on a daily basis.

2. Carry out pro ling of the time series ltering the days in which the empirical data
have a non-zero return.

3. Estimate the logarithmic returns, absolute log-returns, and volatilities of the log-
returns for each time series using equations (2.69), (2.70), and (2.71), respectively.
Thus, the total time series is tripled.

4. Calculate the cumulative mean and the cumulative variance in each of the time series
by adding new data for each day that information is available.

5. Set a window sizel @ ng & N, lter the empirical data where the number of days
elapsed is a multiple oing, and perform regression for the mean and variance with
the expressions (2.66) and (2.67), respectively.

6. Repeat step5 with multiple window sizes setting a minimum number of points to
perform the regression denoted byvs, that is, N NsWs s, Whererg is the
remainder of the previous division or the number of points missing to complete the
original time series. It is important to mention that in all the iterations of this
process, two cost functions are estimated over the mean and the variance given by
the coe cient of determination R?msgand the p-th mean absolute errotMAE ,msq
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de ned by
1 Ws p P .o
W_s k 1|a(| ’ If p O .
ks Yoexp L Y nlef? ;if 0 (2:72)
Pz k alnled ; 1T p

where g are the residuals obtained after adjusting for least squares. Note that the
values ofp PR allow capturing large uctuations whenp j 0, while small uctuations
are better captured whenp 0.

7. Select optimal parameters and optimal window sizeNs as those values that satisfy

; Ns max Rzmsq(; (2.73)

- ;langsa N

where p c;ry;b;!; gfor the mean, and p c;;G;ry;b;!; qfor the variance.

Finally, before going on to the results after having done this process, it is worth mentioning
that since the frequency with which data is available in all the time series is the same (daily
frequency) and that most of the time series have the same end date,!so 1 and 1
were taken to simplify the process and to be able to set the stochastic drnift as the initial
value of the mean (see Eq. (2.66)). In addition, the number of minimum pointss has been
set to 20, MAE y;pnsq  MAE 1mnsq and all the codes made are published in the Github
[123]. At last, to obtain the uncertainty in the parameters estimated by the least squares
regression , the covariance matrixCowp qis calculated with the vector of residuals of the

t < thatis, Cow q9e€. Then, the square root of the respective term on the diagonal
of the covariance matrix is taken as the error in the t parameters, that is,

Figures 2.1 to 2.5 show the temporal evolution of the mean of tlestock market indices
mentioned in Table 2.2. Therefore, it is clear that all the stock indices show a similar trend
except for the stock index ‘BVSP but even so, the Eq. (2.66) proves to be an appropriate
model to describe the trend of the mean of these stock indices. Furthermore, Table B.1
shows that for these stock indices, the tted parameters, namely p ¢;;ry;bg have a
high value of the coe cient of determination R?msgin most cases. Indeed, the smallest
value corresponds tdb889% for the case of the logarithmic returns oDJlI (Dow Jones
Industrial Average in table 2.2). In addition to the above, it is observed that the mean
absolute errorMAE ;mnsqcovers a range aroun® orders of magnitude, which implies that
this measure should be interpreted as precision (dispersion) of the adjustment made, while
the coe cient of determination R?ms(is a measure that allows us to compare the accuracy
of the adjustments in each case.

Figures 2.6 to 2.10 show the temporal evolution of the variance of tHe stock market
indices mentioned in Table 2.2. Therefore, it is clear that all stock market indices show
similar trends and are very similar to those of their means, verifying that the expression
(2.67) is a good approach to studying the evolution of the variance of these stock market
indices. Indeed, the expression (2.67) makes it possible to capture abrupt changes (jJumps)
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Figure 2.1: Evolution of the mean of the time series of the Dow Jones Industrial Average
measured daily from January 3, 1992, to April 11, 2023, taking the average of the total
accumulated data for each optimal window siz&ls. (A) absolute log-returns time series
(Ns 378. (B) log-returns time series g 342. (C) volatilities of the log-returns
time series s 393. In all cases, the shaded region corresponds to a con dence interval
constructed using the uncertainty  of the regression parameters.

Figure 2.2: Evolution of the mean of the time series of the Wilshire 5000 measured daily
from January 4, 1989, to April 11, 2023, taking the average of the total accumulated data
for each optimal window sizeNs. (A) absolute log-returns time seriesNs 382. (B) log-
returns time series Ny 408. (C) volatilities of the log-returns time series Ns  430.

In all cases, the shaded region corresponds to a con dence interval constructed using the
uncertainty  of the regression parameters.
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Figure 2.3: Evolution of the mean of the time series of the Financial Times Stock Exchange
100 measured daily from January 4, 1984, to April 11, 2023, taking the average of the total
accumulated data for each optimal window sizéls. (A) absolute log-returns time series
(Ns  479. (B) log-returns time series s 384). (C) volatilities of the log-returns
time series Ns  479. In all cases, the shaded region corresponds to a con dence interval
constructed using the uncertainty  of the regression parameters.

Figure 2.4: Evolution of the mean of the time series of the National Association of Securities
Dealers Automated Quotation Composite measured daily from February 8, 1971, to April
11, 2023, taking the average of the total accumulated data for each optimal window sitg

(A) absolute log-returns time seriesNs 441). (B) log-returns time series s  635).
(C) volatilities of the log-returns time series Ns  644). In all cases, the shaded region
corresponds to a con dence interval constructed using the uncertainty of the regression
parameters. B
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Figure 2.5: Evolution of the mean of the time series of the Sao Paulo Stock Exchange
measured daily from April 28, 1993, to April 11, 2023, taking the average of the total
accumulated data for each optimal window siz&ls. (A) absolute log-returns time series
(Ns 1). (B) log-returns time seriess 1). (C) volatilities of the log-returns time
series g 3695. In all cases, the shaded region corresponds to a con dence interval
constructed using the uncertainty  of the regression parameters.

in the variance trend as shown for example for the Dow Jones stock index aroub@92
(see Figure 2.6). Similarly, Table B.2 shows the tted parameters for these stock indices,
namely p c;; G;ry;bg In this case, the smallest value of the coe cient of determination
R2msq corresponds to83:83% for the case of the absolute logarithmic returns ofF TSE
100 (Financial Times Stock Exchange 100 in Table 2.2). It is worth emphasizing that
although in this case a very similar trend is observed between the means and variances of
the di erent stock market indices analyzed, this is not always valid, that is, there may be
time series where the mean and the variance evolve with opposite trends.

Now, repeating the same procedure with the time series of exchange rates of some curren-
cies, Tables B.3 and B.4 are obtained to describe the parameters found for the temporal
evolution of the mean and the variance for the log-returns, absolute log-returns, and volatil-
ities of the log-returns of the currencies analyzed, respectively. In this case, Table B.3 shows
that the lowest value found for the coe cient of determination R?pwsqwas 64:86% corre-
sponding to the time series of logarithmic returns oEHF-USD (exchange rate from Swiss
Franc to Euro in Table 2.3). On the contrary, for the variance of the currency exchange
rates in Table B.4, the lowest determination coe cient R?pwsqis 69.:05% for the absolute
logarithmic returns of EUR-USD (exchange rate from Euro to U.S. Dollar in the Table
2.3). Also, Figures 2.11 to 2.15 show the temporal evolution of the mean of the currencies
where it is important to highlight that they all have an increasing trend for logarithmic
returns and the volatilities of logarithmic returns. Actually, this growth is quite fast at the
beginning for all currencies and for this reason, it is observed that the expression (2.66)
does not manage to capture the initial behavior of the currencies but their future value
with a good margin of error.

Figures 2.16 to 2.20 show the temporal evolution of the variance of tfecurrencies ex-
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Figure 2.6: Evolution of the variance of the time series of the Dow Jones Industrial Average
measured daily from January 3, 1992, to April 11, 2023, taking the average of the total
accumulated data for each optimal window siz&ls. (A) absolute log-returns time series
(Ns  389H. (B) log-returns time series s  385. (C) volatilities of the log-returns
time series s 389. In all cases, the shaded region corresponds to a con dence interval
constructed using the uncertainty  of the regression parameters.

Figure 2.7: Evolution of the variance of the time series of the Wilshire 5000 measured daily
from January 4, 1989, to April 11, 2023, taking the average of the total accumulated data
for each optimal window sizeNs. (A) absolute log-returns time seriesNs 417. (B) log-
returns time series Ny 418. (C) volatilities of the log-returns time series Ns  418).

In all cases, the shaded region corresponds to a con dence interval constructed using the
uncertainty  of the regression parameters.
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Figure 2.8: Evolution of the variance of the time series of the Financial Times Stock
Exchange 100 measured daily from January 4, 1984, to April 11, 2023, taking the average
of the total accumulated data for each optimal window siz&ls. (A) absolute log-returns
time series Ns  479. (B) log-returns time seriess 479. (C) volatilities of the log-
returns time series Ns  479. In all cases, the shaded region corresponds to a con dence
interval constructed using the uncertainty  of the regression parameters.

Figure 2.9: Evolution of the variance of the time series of the National Association of
Securities Dealers Automated Quotation Composite measured daily from February 8, 1971,
to April 11, 2023, taking the average of the total accumulated data for each optimal window
size Ns. (A) absolute log-returns time seriesNs  626. (B) log-returns time series
(Ns 626. (C) volatilities of the log-returns time series N  626). In all cases, the
shaded region corresponds to a con dence interval constructed using the uncertainty

of the regression parameters. B
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