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ABSTRACT

In this doctoral thesis, it is proposed to extend the fractional stable processes, such as the
fractional Brownian motion, making use of the path integral formalism in such a way that
they have an associated truncated Levy distribution, establishing a link between the Hurst
exponent and the temporal Theil scaling exponent and verifying this link in non-stationary
empirical time series. To do this, as a benchmark of the correct construction of a stochastic
path integral, it is �rst proposed to explain the existence of the temporal �uctuation scaling
and the temporal variation of its exponent by introducing a time-dependent stochastic
contribution in the cumulant generating function of the probability of change between two
times of a stochastic variable described in terms of a Feynman kernel. Thus, the cumulant
generating function is identi�ed as the Hamiltonian of the system and the stochastic path
integral is inscribed in the context of the supersymmetric theory of stochastic dynamics.
Based on these results and using the Shannon index, a new time scaling called temporal
Theil scaling is found in time series of di�usive trajectories. Indeed, the existence of
temporal Theil scaling is shown in a wide variety of empirical time series using the di�usive
path algorithm. Furthermore, the temporal Theil scaling can be described as a phase
transition associated with an energy functional with fractional exponents and with an order
parameter associated with the Shannon index normalized to its maximum value. Then, the
temporal dependence of the generalized Hurst exponent with the temporal Theil scaling
exponent in time series is investigated, establishing a theoretical relationship from the
multifractal partition function approach. Finally, the generalization of the Feynman-Kac
formula is made in fractional stable processes independent of the type of underlying noise
in the system and taking into account the formalism of the stochastic path integral. Thus,
the formalism of the fractional stochastic path integral is de�ned in terms of the cumulant
generating function of the noise of the system and it is applied to the particular case of a
truncated Levy distribution.

Keywords: Fractional stochastic path integral formalism, fractional Brownian mo-
tion, econophysics, multifractality, Shannon index, supersymmetric theory of stochastic
dynamics.



RESUMEN

En esta tesis doctoral se propone extender los procesos fraccionales estables, como el
movimiento browniano fraccionario, haciendo uso del formalismo de la integral de camino
de tal manera que tenga asociada una distribución de Levy truncada, estableciendo un
vínculo entre el exponente de Hurst y el exponente del escalamiento temporal de Theil,
y veri�cando este vínculo en series de tiempo no estacionarias empíricas. Para ello, como
punto de referencia de la correcta construcción de una integral de camino estocástica, se
propone primero explicar la existencia del escalamiento de la �uctuación temporal y la
variación temporal de su exponente introduciendo una contribución estocástica dependi-
ente del tiempo en la función generadora de cumulantes de la probabilidad de transición
entre dos tiempos de una variable estocástica descrita en términos de un kernel de Feynman.
Así, la función generadora de cumulantes se identi�ca como el hamiltoniano del sistema y
la integral de trayectoria estocástica se inscribe en el contexto de la teoría supersimétrica
de la dinámica estocástica. Con base en estos resultados y utilizando el índice de Shan-
non, se encuentra un nuevo escalamiento temporal denominado escalamiento temporal del
índice de Theil en series de tiempo de trayectorias difusivas. De hecho, la existencia del
escalamiento temporal del Theil se muestra en una amplia variedad de series de tiempo
empíricas que utilizan el algoritmo de trayectoria difusiva. Además, el escalamiento tem-
poral del Theil puede describirse como una transición de fase asociada con un funcional de
energía con exponentes fraccionales y con un parámetro de orden asociado con el índice
de Shannon normalizado a su valor máximo. Luego, se investiga la dependencia del expo-
nente de Hurst generalizado con el exponente del escalamiento temporal del Theil en series
de tiempo, estableciendo una relación teórica desde el enfoque de la función de partición
multifractal. Finalmente, la generalización de la fórmula de Feynman-Kac se realiza en
procesos fraccionales estables independiente del tipo de ruido subyacente en el sistema y
teniendo en cuenta el formalismo de la integral de camino estocástica. Así, el formalismo de
la integral de camino estocástica fraccional se de�ne en términos de la función generadora
de cumulantes del ruido del sistema y se aplica al caso particular de una distribución de
Levy truncada.



xviii Summary

Palabras clave: Formalismo de integral de camino estocástica fraccional, movimiento
Browniano fraccional, eocnofísica, multifractalidad, índice de Shannon, teoría supersimétrica
de la dinámica estocástica.



CHAPTER1

INTRODUCTION

Econophysics is a research branch of physics that studies complex systems, especially eco-
nomic systems, making use of methods, concepts and tools from theoretical physics, as well
as concepts and tools from statistics [1, 2]. Historically, the neologism �econophysics� was
writen by �rst time on 1996 in the paper entitled �Anomalous �uctuations in the dynamics
of complex system: from DNA and physiology to econophysics� published by H. E. Stanley
et. al. [3], which focused on describing the long-range correlations of the one-dimensional
sequence of base pairs in DNA, the sequence of �ight times of the large seabird Wandering
Albatross, and the annual �uctuations in the growth rate of business �rms. Thus, in this
work it is concluded that there are analogies in the power laws that describe these systems
and that they have proven to be quite useful in the description of systems composed of a
large number of inanimate objects. On the other hand, from the context of the economy,
the econophysical models proposed in the 1960s refuted the e�cient hypothesis of the �-
nancial market and the perfect rationality of the agents, since it was shown that there are
distributions of �nancial phenomena that did not conform to the Gaussian (normal) dis-
tribution but to a new type of probability distributions with fat tails called � -stable Lévy
�ight distributions [4], probability distributions with semi-fat tails [5, 6], Gamma distri-
butions [7, 8], among others [9]. Also, the deregulation of �nancial markets at the end of
the 1980s, led to the exponential growth of the �nancial industry and along with it, the
increase in speed and the decrease in computational costs that allowed the appearance of
large databases that stored transaction orders. This availability of data led to new models
being proposed that had a better empirical basis from econophysics [3, 10, 11, 12, 13].

Thence, since the increasing appearance of articles on econophysics in physics journals such
as Physica A, Physical Review E, among others, a large part of the e�orts in econophysics
have focused on �nancial mathematics and improving various models that from the point
of view of the economy they had di�culties [14, 15]. Therefore, �nancial mathematics is
one of the major �elds of action of probability theory, stochastic processes and statistical
physics models taken to complex systems [16]. Actually, �nancial mathematics arises at
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1900 with L. Bachelier's doctoral thesis on the prices of bonds in the French market [17],
and in which the Brownian movement was explained �ve years before Albert Einstein did it
[18]. After Bachelier's work, other mathematicians such as Itô, Stratonovich, Kolmogorov,
Wiener, devoted themselves to the study of what is known today as the Itô and Stratonovich
calculus, and to the study of di�usive processes and random walks [19]. From this, the
stochastic geometric Brownian motion process was arrived at, which became an essential
element of economics and the theory of �nancial option pricing as proposed by Osborne
and Samuelson [20, 21]. Even more, stochastic calculus of di�usion processes combined
with classical hypotheses in economics led to the development of arbitrage pricing theory
[22]. Thus, �nancial mathematics followed the trend of stochastic �nance with di�usion
processes and the exponential growth of �nancial derivatives that have had intertwined
developments. Although, the whole theory was closely related to the classical hypotheses
of economics and was not in accordance with the empirical data of �nancial data series as
observed by Mandelbrot in 1960 [23, 24]. In fact, the results found by B. Mandelbrot �t
better with the econophysical models proposed and mentioned above [4, 5, 6, 7, 8, 9]. It
is also worth recognizing that economics and �nance also advanced in the construction of
some quite important models, such as stochastic volatility [25] and jumping processes [26].
Thus, a new milestone is set in �nancial mathematics to model di�erent �nancial systems
with the so-called fractional Brownian movement [27], but with the di�culty that the
theoretical probability distribution of a fractional Brownian movement is a distribution of
� -stable Lévy �ights which has in�nite variance [11]. Nowadays, to try to solve the problem
of Lévy distributions in �nance, two related approaches have been taken, on the one hand,
extending the ideas of scale invariance in a system locally, that is, a multifractal approach
[28], and on the other hand, using distributions with semi-fat tails like the tempered
distributions [29]. Nevertheless, these approaches have limitations, for example, the size
of the time series used to calculate the generalized Hurst exponent [30, 31, 32], or the
parameter �tting of tempered distributions [33].

Multifractality is a concept that extends the usual ideas of fractality locally in a system
[28]. To do this, one of the proposed approaches consists in de�ning a partition function
in terms of a probability measuref F in the system in an analogous way to the usual sets of
statistical mechanics. In addition, to characterize the multifractal behavior of the system,
the generalized fractal dimension or the generalized Hurst exponent is calculated in terms
of said partition function, whereq is the q-th moment of the probability distribution asso-
ciated with the measuref F [34]. Thus, an important point to note is that in practice with
empirical time series data, it is more usual to calculate the generalized Hurst exponent
using di�erent methods such as the detrended moving average (DMA) [35], the geometric
method-based procedures (GM algorithms) [30], the absolute value method (AVE) [36],
the fractal dimension algorithms (FD) [37], the Generalized Hurst Exponent (GHE) [31],
triangle total areas (TTA) [38], or the KS method [39]. Also, the valueH p2q � H corre-
sponds to the so-called Hurst exponent [40], used to measure the long-range correlation in
a time series such that ifH � 1{2, the fractional Brownian motion is an usual Brownian
motion, if H ¡ 1{2, the increments of the process are positively correlated, and ifH   1{2,
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the increments of the process are negatively correlated [27, 41].

On the other hand, as the Hurst exponent became more popular until it became the
generalized Hurst exponent, there was also work focused on describing the connection of
the Hurst exponent with other types of temporal scaling that were observed in di�erent
branches such as ecology [42, 43], complex networks [44, 45], physics [46, 47], �nancial
markets [48, 49] and urban tra�c [50]. In fact, one of the most famous temporal scaling
is the temporal �uctuation scaling or Taylor's law, which establishes that the variance
and the mean of a probability distribution associated with a non-stationary time series
follow a power law where the exponent is called the exponent of temporal �uctuation
scaling [51, 52, 53, 54], and may vary as time series data accumulates [55]. Therefore, the
temporal �uctuation scaling exponent, denoted by� ptq, is strongly in�uenced by external
factors [56], and is characterized by an increasing trend
 t according to the �nancial market
rate and assuming a non-universal value [51]. In turn, another approach to characterize
temporal scaling consists of characterizing the invariance of the probability distribution
pattern of a random variable [57]. Speci�cally, for stationary time series, the identi�cation
of a single exponent denoted by� and called the scale exponent of the time series has
been found to be su�cient. With the above, since the 1980s several methods have been
proposed for the calculation of this scale exponent� in such a way that one of the most
exact and precise methods is the calculation of the Shannon entropy in the generated
sub-series through the di�usive trajectory algorithm [58]. Then, the di�usive trajectory
algorithm manages to compute the theoretical scale exponent of a Lévy �ight [59, 58].
However, there is the di�culty that the scale exponent� does not always coincide with the
Hurst exponentH [58]. In turn, it goes without saying that the problem of calculating the
Hurst exponent in short time series has been addressed with the use of Shannon entropy
but without the possibility of extending the algorithm to the generalized Hurst exponent
[60]. In that sense, it is worth noting that the Shannon entropy has a simpler version to
calculate called the Shannon index [61]. In turn, the Shannon index is a normalization in
terms of the logarithm of the number of data points of the Theil index, which is a measure
of inequality in the income distribution of a population [62]. Indeed, it has been shown
that the Theil index is calculated in terms of the variance for the most important and
popular parametric income distributions [63]. Thus, in general, the Theil index is related
to the variance as suggested in [64], and in this form, the Theil index is seen as a measure
of dispersion. Moreover, the Shannon index is related to the mean of a time series as a
power-law when the di�usive trajectory algorithm is applied [65]. Thus, the power-law
relation that relates the Shannon index with the mean normalized to its maximum value
will be called in this thesis astemporal Theil scaling[65].

Returning to the point of tempered distributions, it should be mentioned that several of the
works developed in physics focus on estimating the evolution of the probability distribution
associated with a random variable that satis�es a Langevin equation [11, 66, 67, 68]. In fact,
several of these works share a point in common and that is the use of the Feynman path
integral formalism [11, 66, 67, 68]. Then, it is worth remembering that the path integral
estimates the probability transition amplitude between two �xed points in the con�guration
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spacexa and xb at times ta and tb, respectively, summing over all possible trajectories and
weighting the probability of each trajectory through the classical action of the system
[69, 70]. Also, most of the extensions that are made from the path integral to a stochastic
path integral assume the Markovianity of the system, that is, short-range correlations, while
the non-Markovian approximations have the di�culty that at some point they return to
assume a Markovian limit to have analytical solutions in the system [71]. Thus, the question
arises whether there exists a more general form of the stochastic path integral that is
independent of the nature of the underlying noise in the system. It should be mentioned
that part of the answer to the previous question has been solved by means of the �rst
fractal approach to the path integral arising in the context of fractional quantum mechanics
[72]. Speci�cally, using the path integral formalism of fractional quantum mechanics,
the propagator or Feynman kernel is written for fractional stable processes [68]. In fact,
fractional stable processes model fractional Brownian motion as a particular case of a
Langevin equation with fractional integrals that assumes a �xed Hurst exponent over time
and a stochastic contribution in terms of� -stable distributions [68, 27]. However, this
approximation is limited by the already mentioned fact that � -stable distributions have
in�nite variance when 0   �   2, which is inconsistent with reality for a �nite variance
of empirical data and that the Hurst exponent evolves over time in multifractal systems
such as �nancial time series [51, 60, 73]. It also goes without saying that a very practical
application of the path integral formalism is found with the Feynman-Kac formula which
presents the equivalence of parabolic partial di�erential equation problems and stochastic
processes under the Feynman path integral [74, 75].

Therefore, in this doctoral thesis, it is proposed to extend the fractional stable processes,
such as the fractional Brownian motion, making use of the path integral formalism in such
a way that they have an associated truncated Levy distribution, establishing a link between
the Hurst exponent [28] and the temporal Theil scaling exponent [65] and verifying this
link in non-stationary empirical time series. To achieve this objective, in Chapter 2 the
construction of the stochastic path integral is made from the context of the supersymmetric
theory of stochastic dynamics and this approach is veri�ed by applying it to non-stationary
time series that satisfy an empirical fact known as temporal �uctuation scaling [76]. In
fact, by introducing a term dependent on time in the cumulant generating function of
the probability distribution associated with the change between two times of a stochastic
variable, in this thesis we explain the existence and origin of the temporal �uctuation scaling
in the context of the path integral formalism [55]. Thus, the cumulant generating function is
identi�ed as the Hamiltonian of the system in the stochastic path integral. Next, in Chapter
3, taking into account inequality measures of the economic context such as the Theil index
and information measures of the physical context such as entropy, a new temporal scaling
that we call temporal Theil scaling is found in time series of di�usive trajectories [65].
Thus, it is worth mentioning that the di�usive trajectories correspond to a time series
algorithm to determine the universality class or the type of temporal scaling that a system
can follow [58]. Also, the existence of the temporal Theil scaling is shown in a wide variety
of empirical time series using the di�usive trajectory algorithm and the Shannon index.
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Furthermore, the temporal Theil scaling is described as a phase transition associated with
an energy functional with fractional exponents and with an order parameter associated with
the Shannon index normalized to its maximum value. Thence, it is important to highlight
that in order to achieve a free energy functional with fractional exponents it is necessary
to make a fractional extension of the Ginzburg-Landau theory that allows describing phase
transitions with di�erent critical exponents [77]. Consequently, in Chapter 4, doing a review
of the literature on multifractality, the de�nition of the Shannon index is extended with the
generalized entropy index to establish a theoretical relationship between the generalized
Hurst exponent with the temporal Theil scaling exponent [78]. From there, this theoretical
relationship is veri�ed in a very particular system known as fractional Brownian motion.
Also, it is worth mentioning that the theoretical relationship found is achieved through
what is called the multifractal exponent of the generalized Shannon index. In addition, the
relationship of the generalized Hurst exponent with the temporal Theil scaling exponent in
�nancial time series is presented. Finally, in Chapter 5 the generalization of the Feynman-
Kac formula in fractional stochastic processes is made, regardless of the type of underlying
noise in the system [79]. In fact, to make this generalization, the stochastic path integral is
de�ned for a stochastic process in which fractional derivatives appear that capture the long-
range correlations of the system. Also, the application of this new Feynman-Kac formula
is made for tempered probability distributions such as the truncated Levy distribution.
Also, it is worth mentioning that chapters 6 and 7 present the conclusions and the list of
products of this doctoral thesis, respectively.



CHAPTER2

TEMPORAL FLUCTUATION SCALING

Fluctuation scaling is an emergent property of complex systems that relates the variance
(� ) and the mean (M 1) from an empirical data set in the form � � M �

1 , where the
dispersion (�uctuation) of the data has been described in terms of� [51, 52, 53, 54].
Also, �uctuation scaling has had two approaches, spatial (ensemble �uctuation scaling) and
temporal (temporal �uctuation scaling) since its discovery in1938by H. F. Smith [80]. The
aspect to be highlighted is that regardless of its nature (spatial or temporal), the �uctuation
scaling is characterized by appearing as an emergent property of multifractal complex
systems that then allows it to be related to the generalized Hurst exponent [23, 24, 46, 44].
Furthermore, �uctuation scaling is found in the literature under the name Taylor's law due
to work in classical population studies by L. Taylor in1961[81]. In particular, temporal
�uctuation scaling has been observed in cumulative time series in di�erent branches such
as ecology [42, 43], complex networks [44, 45], physics [46, 47], �nancial markets [48, 49],
and urban tra�c [50].

Moreover, in �nancial time series, it has been observed that by de�ningM 1 and � with
optimal window size, the trend of the data is characterized by a logarithmic behavior in
time that depends on the size of the window� t � tb � ta chosen for the data [51, 82,
83]. Therefore, the temporal �uctuation scaling exponent, denoted by� ptq, is strongly
in�uenced by external factors [56], and is characterized by an increasing trend
 t according
to the �nancial market rate and assuming a non-universal value [51]. Additionally, for
correct analysis of temporal �uctuation scaling, it is better to bring the moving average to
an optimal window size that also groups the data [49]. Although this approach does not
allow the establishment of a direct connection with the Hurst exponent when establishing
the size of the time window, which does not allow us to apply many of the methods to
calculate this last [84, 30, 60, 36, 85, 38, 73].

From the context of physics, di�erent mechanisms have been proposed to explain the way in
which temporal �uctuation scaling originates in complex systems [51, 52, 56]. In addition,
the utility of the temporal �uctuation scaling has been seen to characterize the market rate
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based on its exponent� [56], explain the spread of COVID-19in Italy [86], make predictions
of COVID-19 fatalities with exponential cuto� [87], or measure the dispersion of a counting
process [88]. Even so, these explanations were not su�cient to explain the generation
mechanism of the temporal �uctuation scaling in non-stationary time series. In fact, what
is observed when �xing an instant of time is the well-known quadratic relationship between
the mean and the variance of the time series. Here it is worth remembering that in a
stationary time series, the existence of the temporal �uctuation scaling is not expected
since, by de�nition, stationary time series has a constant mean over time [57]. Another
relevant aspect in the description of the temporal �uctuation scaling is the stochastic nature
of the variance in some models such as geometric Brownian motion (GBM), the generalized
auto-regressive conditional heteroscedastic model (GARCH), the Heston model (HM), and
the non-linear Heston model (NHM) [89, 90, 91]. In this type of model, volatility is studied
as a stochastic variable whose underlying dynamics are coupled to that of the �nancial asset
through a system of stochastic di�erential equations in such a way that the �rst hitting
time characterizes the stability of the market or �nancial asset [90, 91]. It is important
to mention that the �rst hitting time is de�ned in a general way for any type of complex
system as the characteristic time interval that a system that starts from a �xed initial
condition � i reaches a �xed �nal value � f [89, 90, 91]. Likewise, it is observed that the
behavior between the variance and the �rst hitting time behaves in a non-monotonous
way, reaching a maximum that establishes the most optimal behavior of the system under
study [92, 93, 94, 95]. However, this behavior does not allow us to explain clearly the
origin of the temporal �uctuation scaling nor does it contain aspects such as stochastic
drift [25, 96, 26, 21].

On the other hand, the path integral is an alternative way of interpreting quantum me-
chanics and was proposed in 1948 by R. Feynman [69]. In this interpretation of quantum
mechanics, the evolution of the system is determined once the so-called transition proba-
bility amplitude is known from an initial state xa in time ta to a �nal state xb at time tb. In
fact, it is observed that this transition amplitude is understood as the contribution of all
possible trajectories in phase space with �xed endpoints but in such a way that they are
weighted by a phase that is proportional to the classical action of the system. Thus, the
most probable trajectory in the classical limit is the one that satis�es the Euler-Lagrange
equations while the other trajectories allowed in phase space interfere destructively [70].
Furthermore, another application of the path integral consists in its extension to the case of
stochastic processes with stochastic drift [11, 97]. Speci�cally, using an additive stochastic
di�erential equation, an expression is deduced for the evolution of the transition probabil-
ity of an instrument, asset, or �nancial derivative set at an initial and �nal state. However,
in this description of �nancial derivatives, it is obtained that the central moments of the
probability distribution scale linearly over time, which implies that non-monotonic trends
are not described in empirical data [5, 98]. In addition, in such a case, the variance depends
on the square of the mean, that is, the temporal �uctuation scaling could not be correctly
explained with this type of formalism.

Accordingly, an approach that allows describing non-monotonic trends at the central mo-
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ments of a non-stationary time series of empirical data, and that allows describing the origin
of scaling of time �uctuation, must contain terms such as stochastic drift, and be invariant
under scaling and temporal translations. Thus, in Chapter 2, we use the path integral
developed by H. Kleinert [11, 97] extended to the context of the supersymmetric theory of
stochastic dynamics and starting from this extension a non-linear term dependent on time
is also included in the cumulant generating function that allows us to understand the origin
of the temporal �uctuation scaling and the evolution of its exponent over time. Speci�-
cally, in section 2.3 making use of the supersymmetric theory of stochastic dynamics from
the approach proposed by Parisi [99, 100], the Kleinert path integral is addressed, empha-
sizing the possible extensions that could include chaotic behavior of a �nancial derivative
modeled with nonlinear terms in the deterministic part of Eq. (2.31), as well as more
complex behavior in the noise source of the system. Then, in section 2.4, from the analogy
that exists between the Hamiltonian of a physical system with the cumulant generating
function, the time-dependent logarithmic term that explains the origin of the temporal
�uctuation scaling and the evolution in time of its exponent is introduced. In fact, the
evolution of this time-dependent logarithmic term is described as if it were the Hamilto-
nian of a physical system. After this, in section 2.5, the evolution of the moments around
the origin and central moments of the probability distribution associated with a �nancial
instrument, asset, or derivative is calculated. Finally, in section 2.6, this theoretical model
is used in multiple stock indices and currencies to describe the evolution of the exponent
of the temporal �uctuation scaling once the evolution of the mean and the variance are
calculated with optimal window size. It is important to mention that the results presented
here reproduce two research papers carried out during this doctorate. Speci�cally, a �rst
paper that explains the evolution of the exponent of the temporal �uctuation scaling using
a weight function [55], and a second (accepted) paper that is in the process of being pub-
lished that generalizes the results [55] to describe the time evolution of any central moment
of a probability distribution associated with a non-stationary time series [76].

2.1 Cumulant generating function

In general, a time series corresponds to the realization of a discrete stochastic process
t Z tutPN. Then, the weak-sense stationarity of a stochastic process is de�ned as a process
where the temporal meanE rZ ts and the temporal auto-covariance function

E rpZ t1 � E rZ t1 sq pZ t2 � E rZ t2 sqqs �K ZZ pt1; t2q;

does not vary concerning time [57], but the variance of the process is �nite. Henceforth, a
time series is non-stationary if the above de�nition is not satis�ed.

Let D � pzq be the probability density function of a random variable� . For this arbitrary
probability distribution function, its decomposition in Fourier modes is de�ned as [11, 97]

D � pzq �
»

R

dp
2�

eipz rDppq �
»

R

dp
2�

eipz e� H ppq; (2.1)
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where rDppq is the characteristic function and corresponds to the Fourier components of
D � pzq. Furthermore, H ppqde�nes the cumulant generating function (also called the second
characteristic function) [101]. Consequently, the moments around the origin of distribution
will be given by the characteristic function rDppq since for alln PN, it has

� n � E rzns �
»

R
zn D � pzqdz � i n dn

dpn
e� H ppq

�
�
�
�
p� 0

: (2.2)

In the case where the cumulant generating function is an analytical function of the form

� H ppq � ln
�

rDppq
�

�
8̧

n� 1

cn
p� ipqn

n!
; (2.3)

it is found that the moments around the origin� n , are expressed as [55]

� n � i n
n¸

k� 1

Bn;k

�
p� iqc1; p� iq2c2; :::; p� iqn� k� 1cn� k� 1

�
; (2.4)

where Bn;k are called Bell's incomplete polynomials [102, 103] andcn � � i nH pnqp0q are
the cumulants of the probability density function corresponding to the coe�cients of the
cumulant generating function power series. Note thatH p0q � � c0 � 0 since

rDp0q �
»

e� i 0zD � pzqdz �
»

D � pzqdz � 1:

The inverse relation, that is, the cumulantscn , in a function of moments around the origin
� n , and the expressions in the case of the central moments� n � Erpz � � 1qns are

cn � i n
n¸

k� 1

p� 1qk� 1pk � 1q!Bn;k

�
p� iq� 1; p� iq2� 2; :::; p� iqn� k� 1� n� k� 1

�
; (2.5)

� n � i n
n¸

k� 1

Bn;k

�
0; p� iq2c2; :::; p� iqn� k� 1cn� k� 1

�
; (2.6)

cn � i n
n¸

k� 1

p� 1qk� 1pk � 1q!Bn;k

�
0; p� iq2� 2; :::; p� iqn� k� 1� n� k� 1

�
; (2.7)

respectively [55]. It is important to mention that the above expressions are deduced using
the Faà di Bruno formula [104] and are found in Appendix A.

Finally, in order to be able to make a comparison between central moments and cumulants,
the �rst four complete exponential Bell polynomials are calculated [102, 103].

B1pc1q � c1; (2.8)

B2pc1; c2q � c2
1 � c2; (2.9)

B3pc1; c2; c3q � c3
1 � 3c1c2 � c3; (2.10)

B4pc1; c2; c3; c4q � c4
1 � 3c2

2 � 6c2
1c2 � 4c1c3 � c4: (2.11)
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2.2 Feynman path integral

In order to introduce the Feynman path integral and its extension to stochastic processes
and to fractional quantum mechanics in later chapters, a review of the quantum mechanics
of a non-relativistic particle is made. More precisely, the idea of this revision is to be able
to link the dynamics of a stochastic process with the path integral presented by H. Kleinert
in [11, 105]. Finally, the generalization of this extension of path integrals to a more general
form related to the supersymmetric theory of stochastic dynamics [99, 100, 106] is proposed
in the next section 2.3.

2.2.1 Quantum mechanics of a non-relativistic particle

It is considered a quantum-mechanical system with a degree of freedomq. The dynamics
of the system are generally determined by the position operator̂q and its canonically
conjugate momentump̂. These operators satisfy the following eigenvalue equations on the
basis of positionst| qyuqPR and momentst| pyupPR, given by

q̂|qy � q|qy; (2.12)

p̂ |py � p|py: (2.13)

These sets of quantum statest| qyuqPR, t| pyupPR, make up the orthonormal basis of the
Hilbert space, satisfying the following relations of orthogonality and completeness, respec-
tively [107].

hq |q1y � � pq � q1q;
»

R
|qy xq| dq � 1̂; (2.14)

hp |p1y � 2� ~� pp � p1q;
»

R
|py xp|

dp
2� ~

� 1̂: (2.15)

Now, to describe the total dynamics of the quantum system, the HamiltonianH pq; p; tq
is classically de�ned as the Legendre transform of the LagrangianLpq; 9q; tq, given by
H pq; p; tq � p9q � Lpq; 9q; tq [108]. Thus, in the quantum context, the Hamiltonian is
promoted to an operator that satis�es the Schrödinger equationfor the wave function
� pq; tq � x q |� y, de�ned by [109]

i~
B
Bt

� pq; tq � Ĥ p̂q;p̂; tq� pq; tq; (2.16)

wherep̂� pq; tq � � i~Bq� pq; tqand the unique solution conditions for the Schrödinger equa-
tion given the initial position q0 at time t � t0, are

� pq; tq|t � t0
� � pq; t0q; (2.17)
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� pq; tq|q� q0
� f ptq; (2.18)

B
Bq

� pq; tq

�
�
�
�
q� q0

� gptq: (2.19)

It is also possible to represent the wave function in the base of moments as� pp; tq � x p |� y
using the Fourier transform, the important thing is that when the Hamiltonian does not
depend on time, the evolution of the system is given by the time evolution operator̂Upt; t 0q
de�ned as

� pq; tq � Ûpt; t 0q� pq; t0q � e� i
~ Ĥ pt � t0q� pq; t0q; (2.20)

Finally, note that the Schrödinger equation in the imaginary time formalismt � � i�
corresponds to a di�usion equation given by

~
B
B�

� pq; � q � � Ĥ � pq; � q: (2.21)

In fact, for a free particle of massm with Hamiltonian H ppq � p2

2m , it is known that the
solution to this system under the initial conditions (2.17), (2.18), and (2.19) is propor-
tional to a superposition of Gaussian wave packets [107, 110]. Furthermore, Eq. (2.21) is
quite essential in the development of later chapters because it allows us to understand the
Feynman path integral in terms of a superposition of trajectories of the Brownian type in
phase space [70].

2.2.2 Functional formalism of the Feynman path integral

In the functional formalism, Feynman's kernel or amplitude of transition probability from
a state at position xa in the time ta to a state at position xb in the time tb, is de�ned as
[69]

K pxb; tb; xa; taq� x xb

�
�
�e� i

~ Ĥ ptb� ta q
�
�
� xay

�
» xptbq� xb

xpta q� xa

Dx
»

Dp
2�

e� i
~ Srx; 9x;ps

�
» xptbq� xb

xpta q� xa

Dx
»

Dp
2�

e� i
~

³ t b
t a dtrpptq9xptq� H rpptq;xptqss; (2.22)

whereDx and Dp correspond to functional measures in the space of positions and moments,
respectively [111, 112, 113], andSpx; 9x; pq correspond to the classical action of the system
[108]. This transition amplitude is the result of the interference between the possible paths
in the con�guration space with �xed ends. The contribution of each path is proportional to
the exponential of its classical action and all possible paths will contribute to the integral,
but their contribution will be more signi�cant the closer the path is to the classical path
[69, 70].
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In the imaginary time formalism and taking natural units (~ � 1), the Feynman kernel is
[70]

K pxb; � ; xa; 0q �
»

Dx
»

Dp
2�

e
³ �
0 d� ripp� q9xp� q� H rpp� q;xp� qss: (2.23)

We observe that Eq. (2.23) has the same structure as an inverse Fourier transform. Fur-
thermore, this Wick rotation allows us to establish the partition functionZ of a system in
terms of path integrals [70].

An important property to highlight of the Feynman kernel is its semigroup property [69, 97];
that is, the transition probability amplitude between times ta   tb   tc is given by

Kpxc; tc; xa; taq �
»

Kpxc; tc; xb; tbqKpxb; tb; xa; taqdxb; (2.24)

wherexa; xb and xc are the positions corresponding to each time. This property indicates
that the amplitude of the transition probability is cumulative, being a sum of all positions
and times between two points in space-time. In fact, the path integral is a natural formalism
for describing processes that are cumulative in time and de�nes a Markovian structure on
the path integral [114]. This property is also known as the Chapman-Kolmogorov equation
in probability theory or the Smoluchovsky equation in di�usion theory [70].

To obtain the Feynman kernel in the Eq. (2.22) makes use of three crucial steps, namely:

1. Trotter product formula: Given M N;N pCq, the space of complex matrices of size
M � M , if A, B PM M;M pCq, then the following expression is satis�ed [115]

eA� B � lim
N Ñ8

�
e

A
N e

B
N

	 N
: (2.25)

Thus, in the case of the time evolution operator̂Uptb; taq de�ned in (2.20), we have

Ûptb; taq � e� i
~ ptb� ta q � lim

N Ñ8

�
e�

i Ĥ pt b� t a q
~N

� N

� lim
N Ñ8

�
e� i

~ " Ĥ
� N

� lim
N Ñ8

ÛN p"q; (2.26)

where" � tb� ta
N Ñ 0 if N Ñ 8 .

2. Insertion of N � 1 identity operators in coordinate space: From Eq. (2.26),
we have for allq, q1 PR that

A
q1

�
�
�Ûp"q

�
�
� q

E
�

B
q1

�
�
�
�exp

�
�

i"
~

Ĥ

 �

�
�
� q

F

�
B

q1

�
�
�
�1̂ �

i"
~

Ĥ � O
�
"2

�
�
�
�
� q

F

� x q1|1̂|qy �
B

q1

�
�
�
�
i"
~

Ĥ

�
�
�
� q

F
� O

�
"2

�

� x q1|qy �
i"
~

xq1|Ĥ |qy � O
�
"2

�
: (2.27)
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Consequently, using the completeness relation (2.14), we conclude

K pqb; tb; qa; taq�
A

qb

�
�
�Ûpt; t 0q

�
�
� qa

E

� lim
N Ñ8

A
qb

�
�
�ÛN p"q

�
�
� qa

E
� lim

N Ñ8

C

qb

�
�
�
�
�
�
Ûp"qÛp"q � � �Ûp"qlooooooooomooooooooon

N times

�
�
�
�
�
�
qa

G

� lim
N Ñ8

C

qb

�
�
�
�
�
�
1̂Ûp" q̂1Ûp"q � � �1̂Ûp"qloooooooooooomoooooooooooon

N times

1̂

�
�
�
�
�
�
qa

G

� lim
N Ñ8

C

qb

�
�
�
�
�
�
�
�
�

» 8

�8
|qN y xqN | Ûp"q � � �

» 8

�8
|q1y xq1| Ûp"q

looooooooooooooooooooooooomooooooooooooooooooooooooon
N times

» 8

�8

�
�
�
�
�
�
�
�
�

q0

G

� x q0 | qaydq0 dq1dq2 � � � dqN � 1dqN

� lim
N Ñ8

» 8

�8

» 8

�8
� � �

» 8

�8

A
qN

�
�
�Ûp"q

�
�
� qN � 1

E
� � �

A
q1

�
�
�Ûp"q

�
�
� q0

E

�
» 8

�8

» 8

�8
xqb |qN y xq0 |qa ydq0dq1dq2 � � � dqN � 1dqN

� lim
N Ñ8

�
N � 1¹

j � 0

» 8

�8

A
qj � 1

�
�
�Ûp"q

�
�
� qj

E
dqj � 1

� » 8

�8
xqb |qN y xq0 |qa ydq0

� lim
N Ñ8

» 8

�8
xqb|qN y

�
N � 1¹

j � 0

» 8

�8

A
qj � 1

�
�
�Ûp"q

�
�
� qj

E
dqj � 1

� �
�
�
�
�
q0 � qa

; (2.28)

wherexq0|qay � � pq0 � qaq and xqb|qN y � � pqb � qN q.

3. Insertion of N � 1 identity operators in momentum space: From the com-
pleteness relation (2.15) and Eq. (2.27), we have for allq, q1 PR that

A
q1

�
�
�Ûp"q

�
�
� q

E
�

» 8

�8
xq1|py

A
p

�
�
�Ûp"q

�
�
� q

E dp
2� ~

�
» 8

�8

�
xq1|pyxp|qy �

i"
~

xq1|pyxp|Ĥ |qy
�

dp
2� ~

� O
�
"2

�

�
» 8

�8
xq1|py

�
@
p

�
�1̂

�
� q

D
�

B
p

�
�
�
�
i"
~

Ĥ

�
�
�
� q

F
� O

�
"2

�
�

dp
2� ~
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�
» 8

�8
e

i
~ pq1

�
1 �

i"
~

H pp; qq � O
�
"2

�



e� i
~ pq dp

2� ~

�
» 8

�8
e

i
~ pq1

exp
�

�
i"
~

H pp; qq



e� i
~ pq dp

2� ~

�
» 8

�8
exp

�
i"
~

�
ppq1 � qq

"
� H pp; qq

�

dp

2� ~
: (2.29)

It is important to mention that in the expression (2.29) it is assumed that the Hamil-
tonian remains constant in the time interval " such that xp|Ĥ |qy � H pp; qqxp|qy.

Therefore, using Eq. (2.28), it results

Kpqb; tb; qa; taq � lim
N Ñ8

» 8

�8
xqb|qN y

» 8

�8
e

i"
~

�
pN pqN � qN � 1q

" � H ppN ;qN � 1q
�

dpN

2� ~
dqN

�

�

�
N � 2¹

j � 0

»

R

»

R
e

i"
~

�
pj � 1pqj � 1 � qj q

" � H ppj � 1 ;qj q

�

dpj � 1

2� ~
dqj � 1

�

�

�
�
�
�
�
�
q0 � qa

� lim
N Ñ8

»

R

dpN

2� ~

N � 1¹

j � 1

»

R
dqj

»

R

dpj

2� ~

� exp

�
i"
~

Ņ

j � 1

�
pj pqj � qj � 1q

"
� H ppj ; qj � 1q


 � �
�
�
�
�

qN � qb

q0 � qa

�
» qptbq� qb

qpta q� qa

Dq
»

Dp
2�

exp
�

i
~

» tb

ta

dt rpptq9qptq � H rpptq; qptqss
�
; (2.30)

where the functional measureDxDp{2� in (2.30) has an additional factor of2� with
respect to what is usually found in the literature in order to make the connection of
the expression clearer with the inverse Fourier transform.

2.3 Extension of the path integral for stochastic pro-
cesses

In the section (2.2.2) the formulation of the Feynman path integral was made. Its extension
for stochastic processes is now made through the ideas of the supersymmetric theory of
stochastic dynamics. In particular, this extension is used to describe the evolution of
�nancial assets as proposed by the following stochastic di�erential equation [11]

9xptq � Grxptq; � ptqs � r x � � ptq; (2.31)
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where r x is called stochastic drift and is proportional to the initial value of the average
of the data, that is, E rx pt � t0qs � r x . The term � ptq corresponds to a random variable
that is distributed with an arbitrary distribution at each instant of time t. This indicates
the separation of the evolution ofxptq into a deterministic part associated with stochastic
drift r x and a stochastic part associated with noise� ptq. It is worth noting that generally
xptq � ln rSptqscorresponds to the log return of the stock or �nancial asset and corresponds
to one of the time series analyzed in this chapter. Also, the stochastic driftr x is not always
easily comparable between empirical data and the probability distribution associated with
a data set. An example of the former is the time series log-returns which is distributed as
a series of truncated Levy �ights [97], whose parameters are di�cult to �t due to their fat
tails.

In general, the Eq. (2.31) correspond to a representation of a Langevin stochastic di�er-
ential equation in the form 9xptq � Grxptq; � ptqs[99, 100, 106]. Thus, in the context of STS,
the expression (2.31) de�nes a gauge condition such that the transition probability for the
stochastic variablexptqto acquire a valuexb at time tb given that it had a value xa at time
ta   tb, is given by

P� pxb; tb|xa; taq �

C » xptbq� xb

xpta q� xa

J rGrxptq; � ptqss� r 9xptq � Grxptq; � ptqssDx

G

�

; (2.32)

wherex� � � y� is the averaging over noise� ptq, and J rGrxptq; � ptqssis the following Jacobian

J rGrxptq; � ptqss � det
�

� p9xptq � Grxptq; � ptqsq
�x pt1q

�
: (2.33)

Now, for the process of averaging over noise� , it is assumed that the normalized distribution
of noise patterns denoted byPr� s is known, which implies that

P� pxb; tb|xa; taq �
» xptbq� xb

xpta q� xa

»
D�P r� ptqsJ rGrxptq; � ptqss� r 9xptq � Grxptq; � ptqssDx:

(2.34)
It is important to mention that the measure D� � Pr� sD� is known as the measure of
the process (2.31). In addition, the functional integral over the stochastic variablexptq is
called a �lter of the process (2.31) since through the gauge condition it �xes only those
trajectories that satisfy the evolution equation. Also, to allow a general treatment of
probability distributions that do not have an analytic representation for their probability
density function and to be able to link this representation with an analog to the Hamiltonian
of a physical system, it is assumed that [11, 97]

P r� ptqs � exp
�

�
» tb

ta

dt rH r� ptqs



; (2.35)

where rH r� ptqsis proportional to the logarithm of the characteristic function rDr� ptqs(cu-
mulant generating function) associated with the noise probability density function, that is
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rH r� ptqs � � ln
�

rD r� ptqs
	

: (2.36)

Consequently, in the expression (2.34) we have that

P� pxb; tb|xa; taq �
» xptbq� xb

xpta q� xa

»
D� e �

³ t b
t a dt rH r� ptqsJ rGrxptq; � ptqss� r 9xptq � Grxptq; � ptqssDx

�
» xptbq� xb

xpta q� xa

Dx
»

D� e �
³ t b
t a dt rH r� ptqsJ rGs

»
Dp
2�

ei
³ t b
t a pptqp9xptq� Grxptq;� ptqsqdt

�
» xptbq� xb

xpta q� xa

Dx
»

D� J rGs
»

Dp
2�

e
³ t b
t a dtripptq9xptq� ipptqGrxptq;� ptqs� rH r� ptqss; (2.37)

where the representation of Dirac delta functional is used.

Now, in the particular case where the noise contribution is linear, that is,

Grxptq; � ptqs � F rxptqs � � ptq;

as in the expression (2.31), Eq. (2.37) becomes

P� pxb; tb|xa; taq �
» xptbq� xb

xpta q� xa

Dx
»

D� J rGs
»

Dp
2�

e
³ t b
t a dtripptq9xptq� ipptqF rxptqs� ipptq� ptq� rH r� ptqss

�
» xb

xa

Dx
»

Dp
2�

e
³ t b
t a ipptqr9xptq� F rxptqssdt

»
D�e

³ t b
t a r� ipptq� ptq� rH r� ptqssdt

�
» xb

xa

Dx
»

Dp
2�

e
³ t b
t a ipptqr9xptq� F rxptqssdte�

³ t b
t a H rpptqsdt

�
» xb

xa

Dx
»

Dp
2�

exp
� » tb

ta

pipptq9xptq � ipptqF rxptqs � H rpptqsqdt
�
; (2.38)

where the inverse Fourier transform was used forrH r� ptqsand the Jacobian of this trans-
formation satis�es that J rF rxptqs � � ptqs � 1 in Itô calculus. To prove this, a technique
similar to the one shown in [71] is taken to parameterize the prescriptions of the Itô and
Stratonovich calculus. Then, we have that the �nite di�erence version of Eq. (2.31) is

� k � � k� 1 � xk � xk� 1 � "
 F rxks � "p1 � 
 qF rxk� 1s; (2.39)

where d�
dt � � ptq is a stochastic variable expressed as the derivative of noise� ptq, and


 P r0; 1srepresents the Itô calculus with
 � 0 and the Stratonovich calculus with
 � 1{2.
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Thus, the Jacobian (2.33) is

J rGs � lim
N Ñ8

det
�

B� j

Bxk

�

� lim
N Ñ8

det
�
� jk � � j � 1;k � "


BF rx j s
Bx j

� j;k � "p1 � 
 q
BF rx j � 1s

Bx j � 1
� j � 1;k

�

� lim
N Ñ8

�
N¹

j � 1

�
1 � "


BF rx j s
Bx j

� �

� exp
�

� 

» tb

ta

dF rxptqs
dx

dt



: (2.40)

Consequently, Eq. (2.38) is

P� pxb; tb|xa; taq �
» xb

xa

Dx
»

Dp
2�

e
³ t b
t a pipptq9xptq� ipptqF rxptqs� 
 dF rx pt qs

dx � H rpptqsqdt : (2.41)

Finally, for F rxptqs � r x and using Lemma3:1 in [116], we conclude

P� pxb; tb|xa; taq �
» 8

�8

dp
2�

exprip pxb � xa � r xq� p tb � taqH ppqs: (2.42)

Therefore, the Eq. (2.42) expresses the transition probability as the sum of the contri-
butions of all the paths that follow the evolution equation of the process described by
Eq. (2.31) and weighted by the probability distribution P r� ptqs. To conclude, it is worth
mentioning that stochastic drift is not always easy to calculate from empirical data, so it
should be maintained in all calculations of the evolution of the probability distribution.
Additionally, the time interval t � tb � ta is given by the frequency with which empirical
data can be obtained (usually daily) of a �nancial instrument, asset, or derivative.

As a �nal comment, note that in obtaining Eq. (2.42) it was assumed thatGrxptq; � ptqs �
F rxptqs � � ptq. However, it is clear that the expression (2.41) is general enough for any
system where there is a single noise source (or multiple uncorrelated noise sources in the
more dimensions case) where the deterministic behavior of the system is separated from
the stochastic behavior. Even more, the termF rxptqscan be associated with a chaotic
dynamic in the deterministic part of the process, but for simplicity and as will be seen
later in section 2.6, it is enough thatF rxptqsis constant and equal to the stochastic drift
of the systemr x to model the evolution of the mean and variance in a non-stationary time
series, and therefore, the temporal �uctuation scaling.

2.4 Hamiltonian of temporal �uctuation scaling

Going back to the expressions (2.3) and (2.36), it is clear that both equations have the same
structure. Even so, Eq. (2.3) de�nes the second characteristic function or the cumulant
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generating function while Eq. (2.36) is related to the average that is made over the noise
� that appears in the stochastic di�erential equation (2.31). Indeed, Eq. (2.36) is usually
related to either the Lagrangian or the Hamiltonian that appears in the Feynman path
integral [11, 97, 105]. Therefore, it is clear that (2.3) and (2.36) de�ne an analogy where
the Hamiltonian of the system can be interpreted as the cumulant generating function
associated with the transition probability (2.42) of the stochastic process (2.31).

Now, to improve the �t of the mean and variance over time for non-stationary time series,
an interaction term is de�ned in the cumulant generating function denoted byH pnq

T F Spp; t; 
 q.
Thence,H pnq

T F Spp; t; 
 q will be called theHamiltonian of the temporal �uctuation scaling of
order n with parameters
 and mathematically it is expressed as

H pnq
T F Spp; t; 
 q � �p� ipqnbT F Spt; 
 q; (2.43)

where
 PRm is a vector of model parameters, andn PZ � . For instance, in [55], we choose
H p1q

T F Spp; t; bq with bT F Spt; bq � bln p1 � tq{t. Indeed, taking this example and taking a
weight function wpxq de�ned by

wpxq � 1 �
b
x

ln p1 � tq; (2.44)

the temporal �uctuation scaling in the S&P 500, Nikkei 225, Dow Jones, and FTSE 100
stock indices is modeled with a daily frequency [55] (this point is taken up again in section
2.6 of this chapter). However, there are trends that are not captured with this type of
Hamiltonian, which implies being able to extendH pnq

T F Spp; t; 
 q to a more general form.
Additionally, it is worth remembering that the temporal �uctuation scaling is a power law
that is established between the meanM 1ptqand the variance� 2ptqof a non-stationary time
series [51, 52, 53, 54, 55], and whose general form is

� 2ptq � K T F Sptq|M 1ptq|� T F S ptq : (2.45)

Consequently, to establish a general treatment ofH pnq
T F Spp; t; 
 q, let us observe other prop-

erties that the example HamiltonianH p1qpp; t; bq � ipbln p1 � tq{t has. Speci�cally:

1. bT F Spt; 
 q is continuous almost everywhere on the real line to be integrable, say over

 „ R.

2. The Hamiltonian of the temporal �uctuation scaling should reproduce the temporal
�uctuation scaling given by Eq. (2.45).

3. The Hamiltonian of the temporal �uctuation scaling H pnq
T F Spp; t; 
 q does not depend

on positionq, which implies that the Hamiltonian only has terms associated with the
kinetic energy of the system. Furthermore, the classical equations of motion of the
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system are

dq
dt

�
BH pnq

T F Spp; t; 
 q
Bp

� in p� ipqn� 1bT F Spt; 
 q; (2.46)

dp
dt

� �
BH pnq

T F Spp; t; 
 q
Bq

� 0: (2.47)

Thus, Eq. (2.47) impliespptq is constant and

qptq � q0 � in p� ipqn� 1
» t

t0

bT F Sp� ; 
 qd�

� q0 � in p� ipqn� 1 rBT F Spt; 
 q � BT F Spt0; 
 qs; (2.48)

whereBT F Spt; 
 q is the integral of bT F Spt; 
 q. Then, in the case ofH p1q
T F Spp; t; bq, we

have

qptq � q0 � ib
» t

0

ln p1 � � q
�

d�

� q0 � ib Li2p� tq; (2.49)

where Li2ptq is the polylogarithm function (see Appendix E, Eq. (E.4)).

According to these conditions, in the context of quantum mechanics, we can assume without
loss of generality that the linear momentum in the Hamiltonian of the temporal �uctuation
scaling is constant since ifp � p0 then

' pp; tq � Ûpt; t 0q' 1pp0q � ' 1pp0qexp
�

ip� ip0qn

~

» t

t0

bT F Sp� ; 
 qd�



; (2.50)

with ' 1pp0q � ' pp0; t0q, is a solution of the Schrödinger equation (2.16) in the momentum
basis since

�
i~

B
Bt

� Ĥ pnq
T F Spp; t; 
 q

�
' pp; tq �

�
i 2p� ip0qn d

dt

» t

t0

bT F Sp� ; 
 qd� � H pnq
T F Spp0; t; 
 q

�
' pp; tq

�
�
�p� ip0qnbT F Spt; 
 q � H pnq

T F Spp0; t; 
 q
�

' pp0; tq

� 0: (2.51)

Thus, we have that the Hamiltonian of the temporal �uctuation scaling of ordern with
parameters
 commutes at di�erent times and its time evolution operator is

Ûpt; t 0q � exp
�

�
i
~

» t

t0

H T F Spp; � ; 
 qd�



: (2.52)
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Likewise, another proof of this last statement is obtained from Eq. (2.46), Eq. (2.47),
the Heisenberg picture, and remembering that the cumulant generating function de�ned
in (2.3) only depends on the linear momentp, since

dp̂
dt

�
i
~

�
Ĥ p̂pq; p̂

�
� 0; (2.53)

dq̂
dt

�
i
~

�
Ĥ p̂pq; q̂

�
�

i
~

p� i~q
dĤ p̂pq

dp
�

dĤ p̂pq
dp̂

: (2.54)

Then, p̂ptq � p01̂ with p0 constant, and the formal solution to Eq. (2.54) is

q̂ptq �
dHppq

dp

�
�
�
�
p� p0

pt � t0q̂1 (2.55)

Therefore, the Hamiltonian of the temporal �uctuation scaling of ordern with parameters

 commutes at di�erent times with H ppq since

�
Ĥ p̂pptqq; Ĥ pnq

T F S p̂pptq; t; 
 q
�

�
�
Ĥ p̂pptqq; �p� i p̂ptqqnbT F Spt; 
 q

�

� �p� iqnbT F Spt; 
 q
�
Ĥ p̂pptqq; p̂nptq

�

� �p� iqnbT F Spt; 
 q
�
H pp0q̂1; pn

0 1̂
�

� 0: (2.56)

As a consequence we can take a basis in Hilbert space that diagonalizesĤ p̂pq and Ĥ pnq
T F S

at the same time. So, Eq. (2.52) is valid. Finally, it is important to note that a signi�cant
advantage of the Hamiltonian of the temporal �uctuation scaling of ordern with parameters

 is that for small timest Ñ 0, H pnq

T F S is �nite in the path integral and has a value of constant
linear momentum (see Eq. (2.43) and Eq. (2.54)), which implies that this term enters as
a phase in the system such that the expression (2.42) continues to hold when adding this
term in the cumulant generating function H ppq. On the other hand, whent Ñ 8 , we
want H pnq

T F S tends to zero which allows a smoother scaling in the central moments of the
probability distribution that allows reproducing the temporal �uctuation scaling as will be
seen in section 2.5.

2.5 Evolution of the moments of the probability distri-
bution

Going back to the main result of section 2.3, the transition probability from a valuexa in a
time ta to a valuexb in a time tb described by an additive stochastic process with constant
stochastic drift is given by the Eq. (2.42). In the structure of Eq. (2.42), it is clear that
the problem of calculating a functional integral is reduced to a simple integral over the
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variable conjugate toxptq denoted bypptq, and that in the case of quantum mechanics, it
corresponds to momentum canonically conjugate to the variable positionqptq (see section
2.2.1). However, the di�culty in estimating Eq. (2.42) is that not all probability distribu-
tions have a probability density function in terms of the usual functions such as the Lévy
� -stable distribution [117, 118], which implies a high di�culty in analytically expressing
the result of the integral (2.42) in some cases. On the other hand, in practice with empirical
data, it is not usual to calculate the value of a stochastic variable at each instant of time,
but to calculate the average behavior after performing many simulations [119, 7, 8, 120].
Thus, it is important to know how the moments around the origin and central moments of
a probability distribution change as shown in this section.

For this purpose, we start from equality (2.2) including the Hamiltonian of the temporal
�uctuation scaling H pnq

T F Spp; tq of order n with parameters 
 , and taking xb � xa � x and
tb � ta � t. Thus, the evolution of the moments around the origin of the probability
distribution associated with Eq. (2.31) are

E rxmptqs �
» 8

�8
xmPpx; tqdx

�
»

R

»

R
xm exp

�
ippx � r xq � tH ppq �

» tb

ta

H pnq
T F Spp; � ; 
 qd�

�
dp
2�

dx

�
»

R
e� ipr x � tH ppq�p� ipqn rB T F S ptb;
 q� B T F S pta ;
 qs

»

R
xmeipx dx

dp
2�

�
»

R
e� ipr x � tH ppq�p� ipqn B T F S pt ;
 q

�
p� iqm dm

dpm
� ppq



dp
2�

� im dm

dpm
e� tH ppq� ipr x �p� ipqn B T F S pt ;
 q

�
�
�
�
p� 0

; (2.57)

whereBT F Spt; 
 q � BT F Sptb; 
 q � BT F Spta; 
 q. Thus, by taking into account the expansion
of the cumulant generating function as an analytic function in the expression (2.3), it is
possible to de�ne

Hpp; t; 
 q � ipr x � tH ppq � p� ipqnBT F Spt; 
 q

� ipr x � t
8̧

m� 1

cm
p� ipqm

m!
� BT F Spt; 
 qp� ipqn

� ip pr x � c1tqloooomoooon
rc1

� t
8̧

m� 2; m� n

cm
p� ipqm

m!
�

p� ipqn

n!
rn! BT F Spt; 
 q � cn tsloooooooooooomoooooooooooon

rcn

� �
8̧

k� 1

rcn
p� ipqn

n!
: (2.58)
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Accordingly, the expression (2.58) has the same form of Eq. (2.3) such that the equations
(2.4) to (2.7) are held valid except with the minimal substitution

cm ÞÑrcm � cm t � r x � m;1 � � m;n n! BT F Spt; 
 q: (2.59)

In particular, by using (2.8) and (2.9), we have that the mean and the variance of the
probability distribution evolve through the following expressions

Mmptq|m� 1 � im
m̧

k� 1

Bm;k

�
p� iqrc1; p� iq2rc2; :::; p� iqm� k� 1rcm� k� 1

�
�
�
�
�
�
m� 1

� iB1p� i rc1q � ip� i rc1q

� c1t � r x � � 1;nBT F Spt; 
 q; (2.60)

� mptq|m� 2 � im
m̧

k� 1

Bm;k

�
0; p� iq2rc2; :::; p� iqm� k� 1rcm� k� 1

�
�
�
�
�
�
m� 2

� i 2B2p0; p� iq2rc2q � i 2p� iq2rc2 (2.61)

� c2t � 2� 2;nBT F Spt; 
 q (2.62)

respectively. Therefore, it is concluded that the cumulants evolve over time according to
minimal substitution (2.59), and that the moments of the distribution now have greater
freedom to evolve with the functionBT F Spt; 
 q. As a summary, Table 2.1 shows the
expressions for the �rst 4 central moments of the probability distribution (2.42). It is
worth noting that taking a smooth enough function such thatBT F Spt; 
 q � Optaq, with
a P r0; 1s, a range of continuous powers is obtained such that� nptq � Optn� aq. Also, a
linear combination of Hamiltonians in the expression (2.43) can be taken as long as the
separation of variables is respected in order to have di�erent time scales at each central
moment of the probability distribution. Besides, it is clear that the introduction of the
stochastic drift in the calculations of the evolution of the moments around the origin allows
us to show that this is a measure that denotes the initial value of the mean of the probability
distribution since M 1p0q � r x if � 1;nBT F Sp0;
 q � 0.

Table 2.1: Relation for the �rst 4 central moments� nptqas a function of the initial cumu-
lants cn .

Order � nptq
1 0
2 c2t � 2� 2;nBT F Spt; 
 q
3 c3t � 6� 3;nBT F Spt; 
 q
4 c4t � 24� 4;nBT F Spt; 
 q � 3rc2t � 2� 2;nBT F Spt; 
 qs2
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2.6 Temporal �uctuation scaling in empirical �nancial
time series

From the process performed so far, it is clear that the Hamiltonian of the temporal �uc-
tuation scaling of ordern with parameters 
 captures di�erent trends at the n-th moment
of the probability distribution (2.42) by BT F Spt; 
 q. Although the fact that it can also re-
produce the temporal �uctuation scaling is still pending. Hence, as announced, by adding
multiple orders to the Hamiltonian (2.43), the Hamiltonian of the temporal �uctuation
scaling eventually takes the following form

H T F Spp; t; 
 1; 
 2q � H p1q
T F Spp; t; 
 1q � H p2q

T F Spp; t; 
 2q

� ipB p1q
T F Spt; 
 1q � p2B p2q

T F Spt; 
 2q; (2.63)

where

B p1q
T F Spt; 
 1q � B p1q

T F Spt; b; !; � q � bln p!t � � q; (2.64)

B p2q
T F Spt; 
 2q � B p1q

T F Spt; b; !; �; c 1; r xq � �
1
2

bln p!t � � qM 1ptq: (2.65)

In the expressions (2.64) and (2.65),b is called the amplitude associated with temporal
�uctuation scaling, � is identi�ed as the o�set of the temporal �uctuation scaling, and !
is the characteristic frequency of the temporal �uctuation scaling. Thus, from Eq. (2.60)
and (2.62), we have that the evolution of the mean and the variance is

M 1ptq � c1t � r x � bln p!t � � q; (2.66)

� 2ptq � c2t � bln p!t � � qM 1ptq

� c2t � M 1ptq rM 1ptq � c1t � r xs

� c2t � M 2
1 ptq � M 1ptqrc1t � r xs

� c2t � M 1ptqm1ptq � M 2
1 ptq; (2.67)

respectively, with m1ptq the mean of the non-stationary time series as a function of time
when the amplitude of the temporal �uctuation is zero, that is,b � 0. Also, in Eq. (2.67)
it is clear that if m1ptq ! 1, then the dominant is the quadratic term, which implies a
nonlinear behavior between mean and variance. However, ifm1ptq " 1 it is clear that the
behavior of the variance as a function of the mean is no longer quadratic and begins to
approach the well-known temporal �uctuation scaling in empirical time series, as will be
shown in a moment.

Finally, from the expressions (2.66) and (2.67), if we take Eq. (2.45) as an ansatz, it is
shown that the evolution of the temporal �uctuation scaling exponent� T F Sptq is

� T F Sptq �
ln pK � 1

T F Sptq� 2ptqq
ln pM 1ptqq

�
ln rc2t � bln p!t � � qM 1ptqs � ln rK T F Sptqs

ln rc1t � r x � bln p!t � � qs
: (2.68)
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In the following subsections, it is veri�ed that the ansatz proposed in the expression (2.68)
behaves well with respect to empirical data to the point that it models quite well the trend
of the �rst two moments of the probability distribution associated with empirical data and
described by the Eq. (2.42). Speci�cally,5 stock market indices from di�erent regions of
the world and 5 of the most traded currencies in the world are used. To do this, Table
2.2 and Table 2.3 show the time period that was used in each of the10 �nancial time
series together with their price tag calledticker. Also, all data is downloaded from Yahoo
Finance [121].

Table 2.2: Stock market indices used to study the temporal �uctuation scaling from the
stochastic path integral approach and the time-dependent term in the cumulant generating
function. Dates are placed in the ISO universal date format.

Stock index name Ticker Start date Final date

Dow Jones Industrial Average ^DJI 1992-01-03 2023-04-11
Wilshire 5000 ^W5000 1989-01-04 2023-04-11

Financial Times Stock Exchange 100 ^FTSE 1984-01-04 2023-04-11
National Association of Securities

Dealers Automated Quotation Composite
^IXIC 1971-02-08 2023-04-11

Sao Paulo Stock Exchange ^BVSP 1993-04-28 2023-04-11

Table 2.3: Currencies used to study the temporal �uctuation scaling from the stochastic
path integral approach and the time-dependent term in the cumulant generating function.
Dates are placed in the ISO universal date format.

Currency exchange rate Ticker Start date Final date

U.K. pound sterling to U.S. dollar GBPUSD=X 2003-12-02 2023-04-11
Swiss Franc to U.S. dollar CHFUSD=X 2003-09-18 2023-04-11

Euro to U.S. dollar EURUSD=X 2003-12-02 2023-04-11
U.S. dollar to Singapore dollar SGD=X 2003-12-02 2023-04-11
U.S. dollar to Canadian dollar CAD=X 2003-09-18 2023-04-11

2.6.1 Temporal trends in empirical �nancial time series

Now, to start the temporal �uctuation scaling analysis on the10 �nancial time series
mentioned above in Table 2.2 and Table 2.3, one begins by de�ning3 time series associated
with the original time series. Indeed, given a time series with positive valuest SnuN

n� 1, the
time series oflog-returns or logarithmic returns is de�ned as

L t � ln pSt � 1q � ln pStq; (2.69)
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for all 1 ¤ t ¤ N � 1. A rather important stylized fact of logarithmic returns is that the
associated probability distribution depends on the time scale used and that, at least in the
case of a Heston model, it has been shown that it is not always a Gaussian distribution
[122, 9]. Furthermore, given the time series of the logarithmic returnst L tuN � 1

t � 1 , we de�ne
the absolute log-returnsA t and the volatilities of the log-returnsVt at time t as

A t � | L t | ; (2.70)

Vt �
1

maxt A � |1 ¤ � ¤ N � 1u

d �
�
�
�
L t � E rL ts

� rL ts

�
�
�
�; (2.71)

respectively. It is important to mention that in Eq. (2.71), � r�s represents the standard
deviation of the random variable. Also, the term inside the square root is usually known
as standard scoreor z-score. It should also be added that since it is desired to study
the evolution of these10 �nancial time series by means of the stochastic path integral
(2.42), the semi-group property of the path integral suggests that one should consider the
statistical moments of the empirical data by accumulating the data by time windows and
not by rolling the window through the time series.

With the above, the process to follow to obtain the temporal evolution of the mean and
the variance of the empirical data is:

1. Take the closing price on each time series de�ned on a daily basis.

2. Carry out pro�ling of the time series �ltering the days in which the empirical data
have a non-zero return.

3. Estimate the logarithmic returns, absolute log-returns, and volatilities of the log-
returns for each time series using equations (2.69), (2.70), and (2.71), respectively.
Thus, the total time series is tripled.

4. Calculate the cumulative mean and the cumulative variance in each of the time series
by adding new data for each day that information is available.

5. Set a window size1 ¤ ns ¤ N , �lter the empirical data where the number of days
elapsed is a multiple ofns, and perform regression for the mean and variance with
the expressions (2.66) and (2.67), respectively.

6. Repeat step5 with multiple window sizes setting a minimum number of points to
perform the regression denoted byws, that is, N � nsws � r s, where r s is the
remainder of the previous division or the number of points missing to complete the
original time series. It is important to mention that in all the iterations of this
process, two cost functions are estimated over the mean and the variance given by
the coe�cient of determination R2pnsq and the p-th mean absolute errorMAE ppnsq
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de�ned by

MAE ppnsq �

$
&

%

�
1

ws

° ws
k� 1 |ek |p

� 1
p

; if p � 0

exp
�

1
2ws

° ws
k� 1 ln |ek |2

	
; if p � 0

; (2.72)

whereek are the residuals obtained after adjusting for least squares. Note that the
values ofp PR allow capturing large �uctuations whenp ¡ 0, while small �uctuations
are better captured whenp   0.

7. Select optimal parameters
 and optimal window sizeNs as those values that satisfy

�

 ; Ns

�
� max


; 1¤ ns ¤ N

 
R2pnsq

(
; (2.73)

where
 � p c1; r x ; b; !; � q for the mean, and
 � p c1; c2; r x ; b; !; � q for the variance.

Finally, before going on to the results after having done this process, it is worth mentioning
that since the frequency with which data is available in all the time series is the same (daily
frequency) and that most of the time series have the same end date, so! � 1 and � � 1
were taken to simplify the process and to be able to set the stochastic driftr x as the initial
value of the mean (see Eq. (2.66)). In addition, the number of minimum pointsws has been
set to 20, MAE ppnsq � MAE 1pnsq, and all the codes made are published in the Github
[123]. At last, to obtain the uncertainty in the parameters estimated by the least squares
regression
 , the covariance matrixCovp
 q is calculated with the vector of residuals of the
�t ~e, that is, Covp
 q9~e~eT . Then, the square root of the respective term on the diagonal
of the covariance matrix is taken as the error in the �t parameters, that is,
 � � 
 .

Figures 2.1 to 2.5 show the temporal evolution of the mean of the5 stock market indices
mentioned in Table 2.2. Therefore, it is clear that all the stock indices show a similar trend
except for the stock index B̂VSP but even so, the Eq. (2.66) proves to be an appropriate
model to describe the trend of the mean of these stock indices. Furthermore, Table B.1
shows that for these stock indices, the �tted parameters, namely
 � p c1; r x ; bq, have a
high value of the coe�cient of determination R2pnsq in most cases. Indeed, the smallest
value corresponds to58:89% for the case of the logarithmic returns ofDJI (Dow Jones
Industrial Average in table 2.2). In addition to the above, it is observed that the mean
absolute errorMAE 1pnsqcovers a range around5 orders of magnitude, which implies that
this measure should be interpreted as precision (dispersion) of the adjustment made, while
the coe�cient of determination R2pnsqis a measure that allows us to compare the accuracy
of the adjustments in each case.
Figures 2.6 to 2.10 show the temporal evolution of the variance of the5 stock market
indices mentioned in Table 2.2. Therefore, it is clear that all stock market indices show
similar trends and are very similar to those of their means, verifying that the expression
(2.67) is a good approach to studying the evolution of the variance of these stock market
indices. Indeed, the expression (2.67) makes it possible to capture abrupt changes (jumps)
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Figure 2.1: Evolution of the mean of the time series of the Dow Jones Industrial Average
measured daily from January 3, 1992, to April 11, 2023, taking the average of the total
accumulated data for each optimal window sizeNs. (A) absolute log-returns time series
(Ns � 378). (B) log-returns time series (Ns � 342). (C) volatilities of the log-returns
time series (Ns � 393). In all cases, the shaded region corresponds to a con�dence interval
constructed using the uncertainty� 
 of the regression parameters.

Figure 2.2: Evolution of the mean of the time series of the Wilshire 5000 measured daily
from January 4, 1989, to April 11, 2023, taking the average of the total accumulated data
for each optimal window sizeNs. (A) absolute log-returns time series (Ns � 382). (B) log-
returns time series (Ns � 408). (C) volatilities of the log-returns time series (Ns � 430).
In all cases, the shaded region corresponds to a con�dence interval constructed using the
uncertainty � 
 of the regression parameters.
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Figure 2.3: Evolution of the mean of the time series of the Financial Times Stock Exchange
100 measured daily from January 4, 1984, to April 11, 2023, taking the average of the total
accumulated data for each optimal window sizeNs. (A) absolute log-returns time series
(Ns � 479). (B) log-returns time series (Ns � 384). (C) volatilities of the log-returns
time series (Ns � 479). In all cases, the shaded region corresponds to a con�dence interval
constructed using the uncertainty� 
 of the regression parameters.

Figure 2.4: Evolution of the mean of the time series of the National Association of Securities
Dealers Automated Quotation Composite measured daily from February 8, 1971, to April
11, 2023, taking the average of the total accumulated data for each optimal window sizeNs.
(A) absolute log-returns time series (Ns � 441). (B) log-returns time series (Ns � 635).
(C) volatilities of the log-returns time series (Ns � 644). In all cases, the shaded region
corresponds to a con�dence interval constructed using the uncertainty� 
 of the regression
parameters.
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Figure 2.5: Evolution of the mean of the time series of the Sao Paulo Stock Exchange
measured daily from April 28, 1993, to April 11, 2023, taking the average of the total
accumulated data for each optimal window sizeNs. (A) absolute log-returns time series
(Ns � 1). (B) log-returns time series (Ns � 1). (C) volatilities of the log-returns time
series (Ns � 365). In all cases, the shaded region corresponds to a con�dence interval
constructed using the uncertainty� 
 of the regression parameters.

in the variance trend as shown for example for the Dow Jones stock index around1992
(see Figure 2.6). Similarly, Table B.2 shows the �tted parameters for these stock indices,
namely 
 � p c1; c2; r x ; bq. In this case, the smallest value of the coe�cient of determination
R2pnsq corresponds to83:83% for the case of the absolute logarithmic returns ofFTSE
100 (Financial Times Stock Exchange 100 in Table 2.2). It is worth emphasizing that
although in this case a very similar trend is observed between the means and variances of
the di�erent stock market indices analyzed, this is not always valid, that is, there may be
time series where the mean and the variance evolve with opposite trends.
Now, repeating the same procedure with the time series of exchange rates of some curren-
cies, Tables B.3 and B.4 are obtained to describe the parameters found for the temporal
evolution of the mean and the variance for the log-returns, absolute log-returns, and volatil-
ities of the log-returns of the currencies analyzed, respectively. In this case, Table B.3 shows
that the lowest value found for the coe�cient of determination R2pwsq was64:86%, corre-
sponding to the time series of logarithmic returns ofCHF-USD (exchange rate from Swiss
Franc to Euro in Table 2.3). On the contrary, for the variance of the currency exchange
rates in Table B.4, the lowest determination coe�cientR2pwsq is 69:05%for the absolute
logarithmic returns of EUR-USD (exchange rate from Euro to U.S. Dollar in the Table
2.3). Also, Figures 2.11 to 2.15 show the temporal evolution of the mean of the currencies
where it is important to highlight that they all have an increasing trend for logarithmic
returns and the volatilities of logarithmic returns. Actually, this growth is quite fast at the
beginning for all currencies and for this reason, it is observed that the expression (2.66)
does not manage to capture the initial behavior of the currencies but their future value
with a good margin of error.

Figures 2.16 to 2.20 show the temporal evolution of the variance of the5 currencies ex-
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Figure 2.6: Evolution of the variance of the time series of the Dow Jones Industrial Average
measured daily from January 3, 1992, to April 11, 2023, taking the average of the total
accumulated data for each optimal window sizeNs. (A) absolute log-returns time series
(Ns � 385). (B) log-returns time series (Ns � 385). (C) volatilities of the log-returns
time series (Ns � 385). In all cases, the shaded region corresponds to a con�dence interval
constructed using the uncertainty� 
 of the regression parameters.

Figure 2.7: Evolution of the variance of the time series of the Wilshire 5000 measured daily
from January 4, 1989, to April 11, 2023, taking the average of the total accumulated data
for each optimal window sizeNs. (A) absolute log-returns time series (Ns � 417). (B) log-
returns time series (Ns � 418). (C) volatilities of the log-returns time series (Ns � 418).
In all cases, the shaded region corresponds to a con�dence interval constructed using the
uncertainty � 
 of the regression parameters.
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Figure 2.8: Evolution of the variance of the time series of the Financial Times Stock
Exchange 100 measured daily from January 4, 1984, to April 11, 2023, taking the average
of the total accumulated data for each optimal window sizeNs. (A) absolute log-returns
time series (Ns � 479). (B) log-returns time series (Ns � 479). (C) volatilities of the log-
returns time series (Ns � 479). In all cases, the shaded region corresponds to a con�dence
interval constructed using the uncertainty� 
 of the regression parameters.

Figure 2.9: Evolution of the variance of the time series of the National Association of
Securities Dealers Automated Quotation Composite measured daily from February 8, 1971,
to April 11, 2023, taking the average of the total accumulated data for each optimal window
size Ns. (A) absolute log-returns time series (Ns � 626). (B) log-returns time series
(Ns � 626). (C) volatilities of the log-returns time series (Ns � 626). In all cases, the
shaded region corresponds to a con�dence interval constructed using the uncertainty� 

of the regression parameters.
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