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Abstract

A study of two different simulation methods for reliability analysis, Monte Carlo and Subset Sim-
ulation, is summarized. Monte Carlo simulation (MCS) is a traditional simulation algorithm to
compute failure probabilities in structural systems, which in spite of being robust to the type
and dimension of the problem, it becomes computationally expensive when small failure prob-
abilities must be calculated (P < 1073), since it requires a large number of evaluations of the
system to achieve a suitable accuracy. To overcome these disadvantages has emerged Subset
Simulation (Subsim), which is a stochastic simulation algorithm to compute efficiently these
probabilities related to rare events of failure. In order to implement this algorithm, the Markov
Chain Monte Carlo methods (MCMC) must be considered, which are used to generate samples
from multi-dimensional probability distributions; as a result, a set of examples have been devel-
oped to show the advantages, disadvantages and implementation of this type of algorithms. Fi-
nally, a comparison of two simulation methods is done, which are employed for the estimation
of failure probabilities for a linear single degree of freedom system subjected to white noise ex-
citation, and for an eight-story nonlinear hysteretic (Bouc-Wen type) shear building subjected
to seismic excitation generated by the Clough-Penzien linear filter.
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Resumen

Se presenta un estudio de dos diferentes métodos de simulacién para el andlisis de confiabi-
lidad, a saber, el método de simulacién de Monte Carlo y el método Subset Simulation. La si-
mulaciéon de Monte Carlo (MCS) es un conocido algoritmo de simulacién para calcular pro-
babilidades de falla de sistemas estructurales, el cual a pesar de ser robusto respecto a la di-
mensién y tipo de problema, se vuelve computacionalmente costoso cuando se deben estimar
probabilidades de falla pequenias (P < 1073), debido a que requiere gran nimero de anlisis
del sistema para lograr una precisién adecuada. Para superar estos inconvenientes ha surgido
Subset Simulation (SubSim), el cual es un algoritmo de simulacién estocéstico para calcular de
manera eficiente dichas probabilidades, las cuales corresponden a raros eventos de falla. Para
implementar este algoritmo, es necesario considerar los métodos Markov chain Monte Carlo
(MCMQ), los cuales son utilizados para generar muestras de distribuciones de probabilidad ar-
bitrarias en varias dimensiones, por lo cual se han desarrollado una serie de ejemplos con el fin
de mostrar las ventajas, desventajas e implementacién de este tipo de algoritmos. Finalmente,
se realiza una comparaciéon de ambos métodos de simulacion, a través de la estimacion de pro-
babilidades de falla para un sistema lineal de un grado de libertad sujeto a una excitacién ruido
blanco, y para un edificio de cortante de ocho pisos con comportamiento no lineal histeréti-
co del tipo Bouc-Wen, sujeto a una excitacién sismica generada por medio del filtro lineal de
Clough-Penzien.

PALABRAS CLAVE

Confiabilidad estrutural, Dindmica estructural, Markov chain Monte Carlo, Simulacién de Monte
Carlo, Subset Simulation.






Résumé

Une étude de deux méthodes de simulation différents pour I'analyse de fiabilité est résumée.
Simulation de Monte Carlo (MCS) est un algorithme de simulation classique pour calculer les
probabilités de défaillance des systémes structurels, qui en dépit d’étre robuste aux type et di-
mension du probléme, il devient cotiteux en calcul quand I'estimation des faibles probabilités
de défaillance doivent étre calculées (P < 1073), parce qu'il requiert grand nombre d’analyse
du systéme pour atteindre une précision convenable. Pour surmonter ces inconvénients Subset
Simulation (SubSim) ont émergé, il est un algorithme de simulation stochastique pour calculer
efficacement ces probabilités, relatives a des rares événements de défaillance. Afin d’appliquer
cet algorithme, les méthodes de Markov chain Monte Carlo (MCMC) doivent étre considérés,
ils sont utilisés pour générer des échantillons provenant de distributions de probabilité multi-
dimensionnelles arbitraires; comme conséquence, une série d’exemples ont été développés
pour montrer les avantages, les inconvénients et 'application de cette type d’algorithmes. Fina-
lement, une comparaison des deux méthodes de simulation est réalisée a travers de I’estimation
des probabilités de défaillance d'un systéme linéaire a un degré de liberté soumis a une exci-
tation bruit blanc, et d'un batiment de cisaillement de huit étages avec comportement hysté-
rétique non linéaire (Bouc-Wen type), soumis a une excitation sismique générée par le filtre de
Clough-Penzien.

MOTS-CLES

Fiabilité des structures, Dynamique des structures, Markov chain Monte Carlo, Méthode de
Monte-Carlo, Subset Simulation.
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CHAPTER

Introduction

In recent decades, sustainable development, safety and welfare of people, have been subjected
to increasing concern in society. At the same time, optimal allocations of available financial
and natural resources are considered very important [16]. Therefore methods of risk and re-
liability analysis are becoming more important as decision support tools in civil engineering
applications, mainly in the structural dynamics field. The reaction of society on experienced
occurrences of failure will in principle reveal whether or not the engineering studies have been
too simplified in comparison with the safety margin levels considered necessary [17]. Design
codes provide these levels of demand (e.g. maximum allowable interstory drift), which become
more rigorous in areas with high seismicity, thus it is necessary to perform a specific assessment
of the behavior of buildings subjected to seismic loads.

The evaluation of the performance of engineering structures, includes models of behavior of
materials and systems, structural elements, loading conditions, etc. In assessment studies,
there are several classes of uncertainty, related to the lack of information on loading conditions
and material behavior over time, which may be identified and reduced by means of quality con-
trol or system monitoring and identification. In any case, it is not always possible to obtain all
the necessary information to remove uncertainties, therefore, a rational and scientific approach
based on probabilistic techniques for quantifying uncertainties is necessary [4]. To carry out this
task, probabilistic studies can be performed using models that reflect each one of the uncertain-
ties involved in the analysis [4]. Thus, the probability that a structure will not reach a specified
state of failure along their service life can be estimated, and this measure called the probability
of failure (Py) is the main objective of the structural reliability theory.

Commonly, this probability of occurrence due to various hazards will be small, i.e. Py < 1073,
which constitutes a particular challenge in civil engineering applications, however for its es-
timation, there are several analytical and simulation procedures. Simulation methods offer a
feasible way to compute Py. Monte Carlo simulation [39] (MCS) is robust to the type and di-
mension of the problem, however it is not suitable for finding small probabilities, because the
number of samples, and hence the number of system analyzes required to achieve a given ac-
curacy is proportional to 1/ Py [30]. A more advanced method is Subset Simulation [5] (SubSim)
which compensate this drawback. In this procedure, the failure probability is expressed as a

1



2 CHAPTER 1. INTRODUCTION

product of conditional probabilities of some chosen intermediate failure events. For the estima-
tion of these probabilities, this method makes use of a Modified Metropolis-Hastings algorithm
(MMH), based on the original Markov chain Monte Carlo (MCMC) procedure, this algorithm
was developed specifically to improve the sampling efficiency when the problem involves high
dimensions, in addition, this algorithm does not suffer from “burn-in”, main disadvantage of
MCMC methods [3].

1.1 MOTIVATION

This final bachelor project has been done with the main interest of providing a conceptual and
computational basis for future work that is to be carried out in the master’s studies.

Moreover, I have found in the structural reliability a really exciting field, therefore I hope to con-
tinue working on these issues, and of course helping in developing this branch of civil engineer-
ing. On the other hand, this field is really important, since it plays a key role in the assurance of
safe and serviceable building performance, and in management and risk reduction.

1.2 OBJECTIVE

The main idea of this document is to provide a review of basic simulation methods applied to
structural reliability, clarifying key concepts in Markov chain Monte Carlo methods, and prob-
ability, reliability and structural dynamics theory.

Consequently, the general objective is programming the basic simulation methods for relia-
bility analysis in MATLAB®, developing clear examples of application in civil engineering with
emphasis on structural engineering. This raises several specific objectives which include:

* Learning key aspects in probability theory, reliability analysis and structural dynamics, in
order to develop the algorithms.

* Programming the basic Markov chain Monte Carlo methods.
e Implementing and analyzing the prevalent techniques to generate better Markov chains.

¢ Compare the subset simulation algorithm with others simulation methods used to calcu-
late the probabilities of failure, such as the Monte Carlo simulation method.

1.3 OUTLINE
The goals of these work are developed in the following way:

1. Chapter 2 aims to provide fundamental concepts of probability theory, to achieve a better
understanding of simulation methods that are developed as objective. Special attention
needs to be done on concepts of autocorrelation and Markov chains.

2. Chapter 3 aims to provide fundamental concepts of structural reliability theory, listing the
different approaches that we can take in this type of analysis and the various sources of
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uncertainty, mentioning the advantages of probabilistic methods for predicting the be-
havior of structures, describing the basic problem in reliability analysis, and providing a
brief description of the first excursion probability problem.

3. Chapter 4 aims to provide fundamental concepts of structural dynamics theory, making a
small introduction to one and multi degrees of freedom systems, comparing the main ap-
proaches used to calculate the dynamic response of structures, describing some aspects
of nonlinear behavior of structures from the viewpoint of the Bouc-Wen hysteretic model,
and presenting a brief introduction to the synthetic generation of earthquakes.

4. Chapter 5 develops some of the objectives proposed in this work. A special emphasis on
Markov chain Monte Carlo methods is done, showing several examples which illustrate
the behavior of Markov chains and the great advantage of these methods in the sampling
of complex functions.

5. Chapter 6 develops the main objectives of this work. First, a brief introduction about the
meaning of simulation and its importance for the representation of real problems in en-
gineering is done, stating the main concepts of the Monte Carlo method using examples
of application. Finally, the subset simulation concept is exposed, through examples of
application based primarily on a review of those outlined in the original paper and other
references.

After these five main parts, I conclude my work and give pointers to future work in Chapter 7.
Additionally two special Appendices have been made, one to list some of the most recent im-
provements or modifications of the subset simulation algorithm, and the other to highlight the
computational tools that have been used to carry out this work.

A Some of the programming codes that were made to solve the problems that are used through-
out this document, have been uploaded to MATLAB® Central website, www.mathworks.com/
matlabcentral/fileexchange/authors/169177. The complete list is found on the CD accompa-
nying this document, which can be found in the university library.

A The ornament symbol $§ marks the end of an Example, and ¢’ marks the end of a Chapter.
Despite the conventional use of text indentation, this is not used throughout the document,
except at the beginning of the solution of an example.


www.mathworks.com/matlabcentral/fileexchange/authors/169177
www.mathworks.com/matlabcentral/fileexchange/authors/169177

CHAPTER

Some concepts of probability theory

The concepts mentioned in this Chapter are needed for a better understanding of the simula-
tion methods described in Chapter 6. We will deal here with concepts such as random variables,
independence, density functions, conditional probability, autocorrelation and Markov chains.

In a search of natural laws that govern a phenomenon, science often faces “events” that may
or may not occur. In any experiment, and event that may or may not occur is called random,
is the occurrence of the event is inevitable, it is called certain, and if it can never occur, it is
called impossible. The probability theory as a branch of mathematics concerned with analysis
of random phenomena, has emerged from attempts to deal with this problem, hence it helps to
predict and describe as quantitative measures of the chance of occurrence of events. The most
part of this Chapter is based on References [3], [21] and [38].

2.1 AXIOMS

The probability theory, as a mathematical discipline is developed from axioms, which were de-
fined by Andrey Nikolaevich Kolmogorov'. Before defining the fundamental axioms of the prob-
ability theory, the following definitions should be considered,

Definition 2.1.1. A system of sets is called a field (%), if the sum, product, and difference of two
sets of the system, also belong to the same system. Every non-empty field contains the null set
?.

Definition 2.1.2. Two sets «f and £ are called mutually exclusive, if the joint occurrence of both
is impossible (i.e. of N A = @).

Let .# be a collection of elements ¢,7,( ..., called elementary events, and & a set of subsets of
&. The elements of the set & will be called random events.

'Russian mathematician (1903-1987), who contributed to various scientific fields, among
them probability theory, topology, constructive logic, turbulence, classical mechanics and com-
putational complexity. In particular, he developed in 1933, an axiomatic basis which is the foun-
dation of the theory of probability, based on the set and measure theories.

4



2.2. DEFINITIONS 5

Axiom 2.1.3: % is a field of sets.
Axiom 2.1.4: & contains the set .#.

Axiom 2.1.5: To each set &/ in & is assigned a non-negative real number P (<), called probabil-
ity of the event </ (i.e. P(<f) = 0).

Axiom 2.1.6: P(&) = 1.

Axiom 2.1.7: If o and 98 are mutually exclusive sets, then

P(Ud-):zp(,szf,-). 2.1)
i=1 i=1

A system of sets, &, with an assignment of numbers P(«¢), satisfying Axioms 2.1.3-2.1.7, is called
a field of probability.

2.2 DEFINITIONS

For a better understanding of the probabilistic model developed in this work, it is necessary to
establish some basic concepts and theorems.

Definition 2.2.1. Two sets «f and 28 are called independent, if P(<f N 98) = P(<f ) P(98).

Definition 2.2.2. If P(98) > 0, the conditional probability of <« given 98, denoted by P(s/ | %),
is:
P( NAB)
P(A | B)= ————. 2.2
(of | B) P 2.2)

The notion of conditional probability does not necessarily imply a reason-consequence rela-
tionship for the events. The next definition is very useful in the context of conditional probabil-
ity.

Definition 2.2.3. (Total probability theorem). Let 9;,%,,... be a finite or countably infinite
family of mutually exclusive events. If o is any event, then

P(ef) =) P(sf N%B;)

2.3
=) P(B)P(A | B)). =

Definition 2.2.4. (Bayes theorem for discrete events). If P(98) > 0, using the last definitions, the
Bayes theorem can be obtained as,

P(f)P(B | of
P(dlga):%ql). 2.4)

If the event «f is partitioned into N mutually exclusive events </}, o/, ... :

P(oti)P(B | ;)

P(ot; | B) = .
(i) Y. i P(t))P(AB | ;)

(2.5)

Definition 2.2.5. Let.% be the sample space of an experiment. A real-value functionX:.¥ — R
is called a random variable (RV) of the experiment.
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Definition 2.2.6. A random variable X is called discrete random variable, if X maps the out-
comes to values of a countable set (e.g. the integers).

Definition 2.2.7. A random variable X is called continuous random variable, if X maps the out-
comes to values of an uncountable set (e.g. the real numbers).

Definition 2.2.8. A random variable X is called mixed random variable, if X has part of its prob-
ability spread out over an interval, like a typical continuous variable, and part of it concentrated
on particular values, like a discrete variable.

2.3 PROBABILITY DENSITY FUNCTION

The probability density function can be set for each type of random variable, either discrete or
continuous. In the first case, to each discrete random variable, a real-valued function p: R —
R defined by p(x) = P(X= x) is assigned, this function is called probability mass function (PMF)
of X, whose set of possible values is {x1, x2,...}.

PX=x)=) px(x). (2.6)

There are many probability mass functions that we can use in probability applications, and they
depend on the type of the experiment that is carrying out. The reader is refered to [3] and [21]
for the definition and characteristics of these functions. However, some popular PMFs are listed
in table 2.1 and they are plot in figure 2.1.

In the second case, to each continuous random variable, exists a nonnegative real-valued func-
tion f: R — [0,00), that describes the relative likelihood for this random variable to take on
a given value. The probability for the random variable to fall within a particular region (<) is
given by the integral of this function over the required region, that is,

P(XE&%)Z[ fx(x)dx. (2.7)
o

This function is called probability density function (PDF) of the random variable X. As the same
way, the reader is refered to [3] and [21] for the definition and characteristics of these functions.
However, some popular PMFs are listed in table 2.2 and they are plot in figure 2.2.

MARGINAL PROBABILITY DENSITY

Let Xand Y, with a joint probability density function f(x, y), then the marginal probability den-
sity functions are given by,

filx) = f fx,ydy (2.8)

Hy = f flx,y) dx (2.9)
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Figure 2.1: Various probability mass functions (discrete RV).
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Figure 2.2: Various probability density functions (continuous RV).
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CONDITIONAL PROBABILITY DENSITY

The concept of conditional probability can be extended to the case of random variables. For
discrete random variables, the conditional probability mass function of Y given the value x of X
can be written, using the definition of conditional probability, Eq. (2.2). For continuous random
variables, the conditional probability density function of Y given (the occurrence of) the value x
of X, can be written as,

flxly = fx, y)’ provided that f(y) #0, (2.10)
f»
Fiy1n =28 rovided that £(x) %0, (2.11)
f(x)
Table 2.1: Different types of PME
Distribution Probability mass function
Bernoulli pr(1-p)'* forx=0,1.
Geometric pd—p)*! forx=1,2,3,...
Poisson (A*exp(-A)) /x! forx=0,1,...
Binomial ( Z )px(l—p)”‘x forx=0,1,..,n
H

. X n—x

Hypergeometric N forx=1,2,3,...
)
Negative Binomial ( )::i )pr(l—p)x_r forx=rr+1,r+2,..
Table 2.2: Different types of PDE
Distribution Probability density function
: TRV
Gaussian or Normal | ——exp|-3 (5") for —co < x < o0
Uniform ﬁ forasx<b
Exponential Aexp(—Ax) forx=0
Gamma pr X" exp(=x/b) for x>0
1 _ 1 (In®)—pingm 2

Log-Normal oo v SXP |3 (7%00 ) for0=sx<oo
Weibull ba PxPTexp(—(x/a)?) for x >0

2.4 PROBABILITY DISTRIBUTION FUNCTION

The cumulative distribution function (CDF) describes the probability that a real-valued random
variable Xwith a given PDE will be found at a value less than or equal to x. It can be set for each
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random variable, either discrete or continuous, and it is defined on (—oo, +00) by:
Fi(x) =P(X=x). (2.12)

The relationship between the CDF an the PDF becomes,

Fy(x) =f fx(2) dz. (2.13)

And therefore,

A0 _ ey, 2.14)
dx

2.5 SOME IMPORTANT PROPERTIES
The PMF has the following properties:

1. px(x)=0; x¢{x1,x2,...}.

2. px(xp)=0; i=1,2,...

3. X2 px(xi)=1.

4. PlasX=b) =Y" px(x).

The PDF has the following properties:

1. fx(x)= dzx)(f) ,  Fx(x) is the cumulative distribution function of X.
2. fulx)=0.
3. [o, k(x)dx=1.

4. Pla<X<h) = [’ fix)dx.

[$)]

. Fx(a)= f_aoofx (x)dx.

The properties of the CDF are:

—

. Fy(x) = %0, x(x)dx, fx(x) is the probability density function.
2. limy_ oo Fx(x)=1 & limy__o Fx(x)=0.

3. 0< F(x) < 1.

4. limy_o Fx(xp) = Fx(x), i.e.Fxisright continuous.

5. Fx(x) < Fx(xp) if x;<xp, i.eFxisanondecreasingfunction.
6. PX=x) =1-F(x).

7. P(x1 < X< xp) = Fx(x2) — Fx(x7).
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2.6 EXPECTATION AND MOMENTS

The expectation is one of the most useful concepts in probability analysis, because in many
cases is convenient characterize RV in terms of expected values instead of probability density
functions. The expectation is the weighted average of all possible values that X can take on, is
also called the mean, the expected value or the first moment, and it is denoted by E(X) or pux.

Definition 2.6.1. If X is a discrete random variable having probability mass function px(x), then

EX) =) xpx(x). (2.15)
X
If X is a continuous random variable having probability density function fi(x), then
o0
EX) :f xXfx(x)dx. (2.16)
—00

The expected value of two RV is given by:
EX+Y)=EX +E(Y). (2.17)

Since the expectation is a weighted average of all possible values of a RV, this operation esti-
mates the true expected value in an unbiased manner. This property is often exploited in var-
ious applications, including general problems of statistical estimation and machine learning,
estimating probabilistic quantities via Monte Carlo methods, etc.

MOMENTS OF A SINGLE RANDOM VARIABLE

When the expectation E(X") (n = 1,2,...) exists, it is called the n-th moment of the random vari-
able X It is denoted by a, and is given by:

a,=EX" = Z x? px(x;), when Xis a discrete random variable. (2.18)
i
o0
a,=EX" = f x" fx(x)dx, when Xis a continuous random variable. (2.19)
—00

CENTRAL MOMENTS, VARIANCE AND STANDARD DEVIATION

The central moments of random variable X are the moments of X with respect to its mean.
Hence, the nth central moment of X, u, is defined as:

pn=E[X-pux"] =) (xi —ux" px(x;), Xis discrete. (2.20)

o0
(x—pux" fx(x)dx, Xiscontinuous. (2.21)
o0

fn = E[(X— px)"] =f

Besides the mean, other important and useful concept in probability is the variance or second
central moment, it gives an information about the variation of a random variable X, and it is
used as a measure of how far a set of numbers are spread out from each other, therefore, as the
size of the sample gets larger, the variance of this estimate gets smaller.
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Definition 2.6.2. If X is a random variable with expectation px, then the variance of X denoted
Var(X) or 0%, is defined by:

Var(X) = E[(X— px)®] = E[X*] - k. (2.22)

And the positive square root of the variance,

ox=Var(X''? = (Bl(X- ux?)'"?, (2.23)

is called the standard deviation of X. An advantage of using ox rather than Var(X) as a measure

of dispersion is that it has the same units as the mean. Thus, it can be compared with the mean
on the same scale to gain some measure of the degree of spread of the distribution.

MOMENTS OR MORE RANDOM VARIABLES

Let g(X, Y) be a real-valued function of two random variables X and Y. Its expectation is defined
by:

ElgX V=YY glxi,y)pxy(xi,y;), X & Ydiscrete. (2.24)
i

ElgX V] = foo foo g(x, ) fxy(x,y)dxdy, X & Ycontinuous. (2.25)
—00J-00
Analogously, the joint moments ay;, of X and Y are given by:
Apnm = EIX"Y™]. (2.26)
Similarly, the joint central moments of X and Y, are given by:
tnm = E[(X—=ux)" (Y- pup™]. (2.27)

The covariance of two random variables X and Y, denoted Cov(X, Y), is the first and simplest
joint moment of X and Y that gives some measure of their interdependence, and is defined by:

Cov(X Y) = E[(X— pux) (Y- uy)] = E[XY] - E[X|E[Y]. (2.28)
If X and Y are independent random variables then,
Cov(X,Y) =0.

Additionally, we define the correlation coefficient (-1 < p(X¥Y) <1) of X and Y as

Cov(X, Y)
OxOy ’

PXY) = (2.29)

when the correlation coefficient of two random variables vanishes, implies that they are uncor-
related. It should be carefully pointed out that independence implies zero correlation, but the
converse is not true.
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2.7 AUTOCORRELATION

In statistics, the autocorrelation of a random process describes the correlation between values
of the process at different points in time, as a function of the time difference or lag. Informally,
itis the similarity between observations as a function of the time separation between them. The
Autocorrelation is a mathematical tool for finding repeating patterns, such as the presence of a
periodic signal which has been buried under noise [49].

Let Xbe some repeatable process, and i be some point in time after the start of that process (i
may be an integer for a discrete-time process or a real number for a continuous-time process).
Then X; is the value produced by a given run of the process at time i. Suppose that the process
is further known to have defined values for mean p; and variance 0? for all times i. Then the
definition of the autocorrelation, with time difference £k, is:

E[(X; — 1) (X1 — W]
o2 ’

R(k)= (2.30)
a positive autocorrelation might be considered a specific tendency for a system to remain in
the same state from one observation to the next. The interpretation of the autocorrelation as a
correlation provides a scale-free measure of the strength of statistical dependence. Figure 2.3
shows a Gaussian white noise sequence 2, the autocorrelation plot called correlogram, shows
the high randomness of this process in which any value is correlated only with itself, note also
that the correlogram generated is symmetrical, in this case the order of the autocorrelations has
its origin in the middle of the x-axis.

-800 - -400 -200 0 200 400 600 800

Figure 2.3: Gaussian noise correlogram. Top: Gaussian white noise. Botton: autocorrelation.

ZWhite noise is a random signal or process with a flat or constant power spectral density, its
autocorrelation function is obtained by Fourier transformation, Ry (7) = 27186 (1), where 6 (-) is
the delta Dirac function. If the time series is normally distributed with mean zero and standard
deviation o, the series is called a Gaussian white noise.
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2.8 MARKOV CHAINS

A Markov chain, is a mathematical system that undergoes transitions from one state to another
(from a finite or countable number of possible states) in a chainlike manner. It is a stochastic
process (Markov process) with the first order Markov property: “the next state (s;+1) depends
only on the current state (s;) and not on the past”; a simplified manner, the prediction of the
future knowing the present, is not made more precise by additional information about the past.

The Markov processes are named after their discoverer, Andrei Markov®, his contribution have
many applications, as statistical models of real-world processes [50].

PXp1=s1 |1 Xo=50,X1=51,, X1 =85 1,X; =8) =P (Xyy1 = St41 | Xy = 81). (2.31)

A chain is defined by its transition probabilities, denoted P(i, j), P(i — j) or P;j, which is the
probability of moving to state j at ¢ + 1, given that we are in state i at ¢.

P;ij=P(X;1=5j | X; = si). (2.32)

The transition probabilities may be arranged in the form of a stochastic matrix called transition
matrix (P), therefore the elements are nonnegative and the row sums }_ jPijarel forall i. The
set of all states and transition probabilities completely characterizes a Markov chain. Beginning
with the analysis of Markov chains, let

7j(t) =P (X; =sj) (2.33)

denote the probability that the chain is in state j at time ¢, and let 7t (¢) denote the row vector of
the state probabilities at step t. The chain begins specifying a starting vector 7 (0), its elements
are zero except for a single element of 1, corresponding to the process starting in that particular
state.

The probability that the chain has state value s; at time ¢+ 1 can be obtained applying the dis-
crete Chapman-Kolmogorov equation (Pji(n+m) = Zf P;;(n)P;;(m)), or simply using the total
probability theorem (Eq. (2.3)) as follows:

7i(t+1) =P X1 =5i)

=Y PX;=sp)PXpp1 =i 1 Xp =
; X¢ = sk) P (Xp1 = $i | X¢ = ) (2.5

=) k(1) Py;.
k
With the transition matrix P, we can obtain a more compactly expression: transition matrix
x(t+1)=m(r)P. (2.35)
As the same way, using the last result:

a(t)=a(t-1)P= (m(t-2)P)P=a(t-2)P°. (2.36)

3Russian mathematician (1856-1922). He is best known for his work on theory of stochastic
processes. He published the first results on Markov chains in 1906.
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This fashion shows that:
x(t) =mx(0)P. (2.37)

Additionally, a Markov chain can reach a stationary distribution *, where the probabilities of
being in any particular state are independent of the initial condition, this distribution satisfies
that &7* = * P, here &* is the left eigenvector associated to eigenvalue 1 of P. To clarify the
above notations, the following properties should be mentioned:

Definition 2.8.1. A Markov chain is stationary, when the random nature of the stochastic pro-
cess (Markov process) does not change with the time; this means that all its moments are also
independent of time. The chain has reached the stationary distribution when the probability
values are independent of the actual starting value.

Definition 2.8.2. A Markov chain is ergodic, if the number of iterations on the chain (chain
length) approach to infinity. An ergodic Markov chain can have only one stationary distribution,
additionally, all ergodic process is stationary.

Definition 2.8.3. A Markov chain is homogeneous, if the transition probabilities do not change
in the progression of state transitions, i.e. Pis constant in time.

Definition 2.8.4. A Markov chain is irreducible, if for each pair of states i and j exists a positive
probability, starting in state i, such that the process will never enter in the state j, therefore, all
states of the chain communicate with each other.

Definition 2.8.5. A Markov chain is aperiodic, when the number of steps required to move be-
tween two states, is not necessary to be multiple of some integer, i.e. the chain is not forced into
some cycle.

Definition 2.8.6. A Markov chain is reversible, if satisfies the detailed balance equation or re-
versibility condition,

ijn;f =ij7't;;. (2.38)
Reversible Markov chains have the property that when the direction of time is reversed, the
behavior of the process remains the same; i.e. the resulting chain will be statistically indistin-
guishable from the original chain [50]. These type of chains are common in Markov chain Monte
Carlo approaches because the detailed balance equation for a desired distribution 7 * necessar-
ily implies that the Markov chain has been constructed so that ;r* is the stationary distribution.

Complete examples can be found in references [3], [11] and [44], in which are shown applica-
tions of Markov chains. Finally, below is shown a simple Markov chain example, in which is
illustrated some of the concepts outlined above.

Example 2.8.1: ‘ Markov chains ‘ (Adapted from [11]).

The probabilities of weather conditions (modeled as either sunny, cloudy or rainy), given the
weather on the preceding day, can be represented by a transition matrix [47]. Consider the fol-
lowing transition matrix of an homogeneous Markov chain, that represents the weather condi-
tions, in which the first row corresponds to the initial probabilities of the 3 states,

06 0.2 02
pP=) 02 06 0.2
0 0 1
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i). If the process starts in state 1 (sunny) at time 0, which is the probability that at time 2 it will
be in state 3 (rainy).

ii). For along time, which is the probability that the process will be in state 1 (sunny), 2 (cloudy)
and 3 (rainy).

Solving the first part of this problem, we need found the probability of the state 3 (probabil-
ity of rain) in two steps (two days),
(1) = (0)P'
x(2)=x(0)P*  but,
7(0)={1 0 0} the process starts in state 1 (sunny) at time 0,

calculating the above procedure,

06 02 021°

7(2)={1 00} 02 06 0.2
0 0 1

7(2) ={0.4 0.24 0.36}.

Therefore, the probability that the process will be in state 3 at time 2, or in other words, the
probability of rain in two days given that today is sunny is, P13(2) = 0.36.

Solving the second part, we need found the probability of the 3 states for many steps, initially
t=101is used,
7£(10) =7 (0)P"°
7(10) ={0.05374 0.053635 0.89263}.
Now, t = 30,
7(30) =7 (0) P*°
(30) ={0.00062 0.00062 0.99876}

As we can see, for a long time the probability values of the state 1 and 2 (sunny and cloudy) will
be 0, by contrast, the probability value in state 3 (rainy) will be 1. It should be note that for a
sufficient amount of time, the expected probability is independent of the starting value; con-
sequently, the chain has reached its stationary distribution, where the probability values are
independent of the initial state.

Additionally, we can check the stationary distribution of the chain, for this, we need found the
eigenvalues of the transition matrix, which are,
1={0.8 0.4 1},

as mentioned above, the stationary distribution of the chain is the left eigenvector associated to
the eigenvalue equal to 1, in this case,

¥ =1{0.57735 0.57735 0.57735}.

')



CHAPTER

Some concepts of structural
reliability

The creation of best practices in structural engineering requires special attention to all compo-
nents involved in the evaluation of structural safety, such as, theoretical concepts, analysis of
experimental data and mathematical development [16].

The primary task of planning and design is ensuring satisfactory performance, but this cannot
be absolutely guaranteed due to the uncertainties involved in the problem. Thus, safety can
only be given in terms of the probability of success in satisfying some performance criterion,
and this measure is referred as reliability. Therefore, reliability can be defined as the probabil-
ity that a system will perform a required function under specified service conditions, during a
given period of time [29]. Considering the problem from other viewpoint, we have to measure
the probability of failure which satisfies some performance criterion, in this case the measure is
called the risk defined as the expected consequences associated with a given activity that affects
the system [31].

A special challenge in decisions that involve risk in the build environment is that the probabili-
ties of occurrence of damages due to various hazards will be small. This means that such events
will be in the field of probabilities that are usually dismissed, making the quantitative compar-
isons more difficult. Therefore, accurate assessments of the occurrence of rare events is likely
to vary significantly with the rarity of the event.

Alfred Freudenthal at the middle of the last century, one of the first researchers who applied
probabilistic concepts in structural safety [4], claimed that the computed probabilities of struc-
tural reliability are notional, and they should be used in a relative sense to compare alternative
designs. This property of the reliability model is due to the fact that lack of information often
can imply larger uncertainty about the properties of the structure, and thus about its reliability.

Consequently, the splitting into randomness and uncertainty is really important to appreciate
the possible effects on the reliability measure of a structure [17]. Uncertainties are inherent in
engineering problems and the scatter of structural parameters from their nominal ideal val-
ues is unavoidable. The response of structural systems can sometimes be very sensitive to un-
certainties encountered in the material properties, manufacturing and external loading condi-

16
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tions, and analytical or numerical modelling, at the same way, the reliability problem contains
several indeterminacies of uncertainty type that can be reduced by extended efforts of collect-
ing information, as a result, the level of reliability can vary among different fields of engineering.
Figure 3.1 shows the relationship between the order of magnitude of the failure probability, and
the duration in years of certain systems in various engineering branches.

1072 1

" } } } > Years

10 20 30 40

Figure 3.1: Cumulative lifespan Vs. Probability of failure in different engineering branches.
(Adapted from [29])

3.1 UNCERTAINTIES IN RELIABILITY ASSESSMENT

As mentioned above, the structural reliability analysis is concerned with the rational treatment
of uncertainties in structural engineering. For purposes of structural reliability is necessary to
distinguish between the six basic types of uncertainty:

1. Physical uncertainty: the failure or safety of a structural element depends on the current
values of material properties that govern their behavior. This uncertainty can be reduced
with greater availability of data, however, in most cases can not be removed due to evident
random nature of the physical variables treated. It is usually estimated from observations
or is taken subjectively [29].

2. Statistical uncertainty: we deal with statistical estimators that are determined from the
available data, and then they are used to suggest an appropriate probability density func-
tion. Unlike physical uncertainty, this arises only as a result of lack of information. This
uncertainty can be incorporated into the analysis, by letting the statistical parameters
themselves be random variables [31].
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3. Decision uncertainty: this uncertainty is related to the decision of whether a particular
phenomenon has occurred, for example, the decision that we made about the violation
of a limit state [31].

4. Model uncertainty: the structural design and the mathematical models (generally deter-
ministic although they may be probabilistic) use various simplified relationships between
the basic variables to represent the real problem of interest [31].

5. Prediction uncertainty: include the problems that involve the prediction of some future
state, in this case the reliability prediction of some structure at some time in the future.

6. Human factors uncertainty: resulting from human involvement in the design, documen-
tation, construction and use of the structure. It can be reduced including in the analysis
arandom variable (PDF) that represents the human error [31].

In conclusion, the study of structural reliability or risk assessment of engineering systems is
concerned with the rational treatment of uncertainties in structural engineering and the calcu-
lation of the probability of limit state violations at any stage during a system’s life. In this order of
ideas, there are several perspectives from which we can evaluate the structural safety. Figure 3.2
summarizes the basic approaches to reliability assessment in civil engineering and shows a set
of general strategies to solve the basic reliability problem, all these issues are described in fol-
lowing sections.

BASED APPROACH STRATEGIES

Allowable stress design
Safety factors —e DETERMINISTIC —I

Ultimate strength design

Load Resistance Factor Design

SEMI-PROBABILISTIC ‘[
Return period
Limit states Analytical methods t FORM
SORM
PROBABILISTIC
Substitution -I::Statistical Learning
Simulation -+ Monte Carlo Others

DirecttStatistical description

. . Variance reduction
Subset Simulation

Figure 3.2: Structural Reliability approaches. (Adapted from [25] and [30])

3.2 DETERMINISTIC APPROACH

In the last years the dominant trend in the structural analysis was deterministic, which is char-
acterized for the use of specific values regarding the properties of materials and intensity loads,
leading to estimates of stresses and resistances with deterministic inheritance [31]. The lack of
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information about the behavior of the structures (e.g. deflections are rarely monitored), com-
bined with the use of design codes based on safety factors, have established the direction in
which safety has been implemented in this field.

The strength of an element is determined so that the load exceeds a certain margin. The min-
imun ratio between the strength and the load is denoted the safety factor, which is traditionally
determined on the basis of experience and engineering judgment.

For problems in which randomness is relatively small, a deterministic model is usually used
rather than a stochastic model, but in some cases, complex systems are still designed with sim-
plified rules. These traditional design processes do not consider directly, the random nature
of most input parameters. The allowable stress and the ultimate strength methods based on
the safety factor or load factor (usually associated with elastic stress analysis), are deterministic
measures since the variables describing the structure are assumed known values, on which it is
assumed that there is no uncertainty, and therefore the probability of failure is never addressed
directly [30].

3.3 SEMI-PROBABILISTIC APPROACH

In most practical applications an event constitutes the exceedance of a certain threshold as-
sociated with loading. Such event may be used to define a design load, but the design of the
structure itself is then usually considered deterministically. Hence, this approach is only a par-
tially probabilistic method, because the probability of failure is only associated with a reliability
index, and neither the probability of failure nor the value of the index is applied in the assess-
ment process [31].

For example, the return period defined as the expected time between two successive statistically
independent events, considers only the probability that aloading exceeds a limit state assuming
that such excesses are randomly distributed in time, but ignores the fact that, even at a given
point in time the actual loading is uncertain [31]. In the load resistance factor design (LRFD)
case, the magnitude of each load and capacity reduction factors depends on the variance of the
loads and the resistances respectively, therefore in design codes are formulated the values of
these factors based on a statistical record and experience.

3.4 PROBABILISTIC APPROACH

The probabilistic approach provides a number of advantages to engineers, because the statis-
tical results can ensure a more complete description of a given structural system. In this case
the deterministic quantities can be interpreted as random variables and it is necessary the for-
mulation of a mathematical model guided by the wish of getting a realistic description of the
structure. Like the previous approach, probabilistic methods are based on limit states, and
hence this concept is described below.

LIMIT STATE

The limit state is the state of the structure including its loads at which the structure is just on
the point of not satisfying the design requirements, it correspond to the maximum load capac-
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ity related to the formation of a mechanism in the structure, excessive plasticity, rupture due
to fatigue and instability, etc. A given limit state requirement divides the domain of the model
in two sets, the safe set and the failure set, in which the requirement is satisfied and not satis-
fied, respectively. Limit states can be divided into two main categories, the collapse limit states
(ultimate limit states) and serviceability limit states. A collapse limit state usually represents a
situation where the structure is just at the point of losing its integrity, that is, to pass into an ir-
reversible state that may have a catastrophic nature and from which the structure only recovers
by repair or reconstruction. A serviceability limit state corresponds to the limit between an ac-
ceptable and a not acceptable state under normal use associated with service and habitability
conditions provided by the structure.

The probabilistic approach has two main categories (figure 3.2), one strategy is the use of an-
alytical methods for calculating the probability of failure in these mainly include the classic
FORM and SORM, which are based on Taylor series expansion. In this case, a brief description
of these methods is done, since this work focuses only on simulation algorithms. The reader is
refered to [13], [29], and [31] for detailed description of these algorithms.

The First and Second Order Reliability Method (Hasofer and Lind 1974) are based on a descrip-
tion of the reliability problem in standard Gaussian space. Consist in finding the desing point u*
in this space and substituting the actual performance function by its first or second order Taylor
expansion around that point. Hence, transformations from correlated non Gaussian variables
X to uncorrelated Gaussian variables U with zero mean and unit variance are required. This
step can be developed through various methods of transformation, e.g. Normal translation or
Rosenblatt and Nataf transformations. The expansion point u* is chosen such as to maximize
the PDF within the failure domain. Geometrically this coincides with the point in the failure
domain, having the minimum distance  from the origin. From a safety engineering viewpoint,
the sample x* corresponding to u* is called design point [13]. In terms of accuracy, both meth-
ods are mainly applicable for low dimensional problems.

The other strategy mentioned, is based on simulation methods such as Monte Carlo simulation
and subset simulation, which are better described in the next Chapter.
In Monte Carlo methods we can distinguish two variants:

» The first is the direct simulation strategy, in which methods can be applied to the numer-
ical solver of the structural model to obtain samples of structural responses. They are
based on i) statistical description, which is a primary analysis of the uncertainty of the
structure response due to the randomness of the model parameters, making a complete
statistical relationship between the input and output variables of the structural model,
e.g. latin hypercube or descriptive sampling [26]. And ii) variance reduction techniques,
which can be viewed as a means of utilizing known information about the model in order
to obtain more accurate estimators, since the result of the simulation study is an unbi-
ased estimate of the response and the mean square error is proportional to its variance,
e.g. importance sampling and directional sampling [25].

* The second is the substitution strategy, in which a simple function that yields estimates
of the structural response of interest in the reliability analysis is calculated. If the solver
is substituted by an approximating function (solver-surrogate), the additional runs re-
quired to reduce the confidence interval of the estimates can be performed. The con-
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struction of a surrogate has been attempted by means of i) statistical learning techniques
such as neural networks or support vector machines, with the advantage of the possibility
of approaching the reliability problem either with regression or classification tools; or by
means of ii) others approaches such as the response surface method [25].

3.5 THE RELIABILITY PROBLEM

The basic concept of structural reliability in probabilistic terms is the determination of the like-
lihood that a given structure will perform in safe conditions, hence the study of this topic is
concerned with the calculation and prediction of the probability of limit state violations, at any
stage during a structure’s life. In the basic consideration of the reliability analysis (called R — L
case), the probability of failure is treated as the convolution of the PDF of the demand applied
to the structure (loads, L), with the CDF of the capacity of the structure (resistances, R), see [31]
for more details.

Py= f fLFr(x) dx, 3.1

where f;(x) and Fr(x) are to be interpreted as multi dimensional distributions, and x is the vec-
tor of parameters of both loads and resistances. In addition, L and R should be interpreted as
stochastic random variables, since the capacity of the structure, and even the loads, can be al-
tered by the particular time history of all events up to the present instant evaluation.

The last formulation is not always appropriate since it may not possible to reduce the structural
reliability problem to a simple L vs R case. A more general analysis of this study should consider
the basic variables that define and characterize the target problem defining their corresponding
distribution functions, therefore the probability of failure is calculated by replacing the simple
L - R form by a general joint probability distribution function fx(x),

Py =P(g(x1,X2,...,xp) <0) :f~--ffx(x) dx. (3.2)
g(x)=<0

This equation is the fundamental expression in structural reliability analysis. The computa-
tional challenge in determining the integral of Eq. (3.2) lies in evaluating the limit state function
gx). In this context, it is essential to realize that the limit state function g(x) serves the sole
purpose of defining the bounds of integration in Eq. (3.2) [13].

3.6 FIRST EXCURSION PROBABILITY

In a probabilistic assessment of the performance of structures subjected to uncertain environ-
mental loads such as earthquakes, an important problem is to determine the probability that
the structural response exceeds some specified limits within a given duration of interest [0, ¢].
This problem is known as the first excursion problem; it has been a challenging problem in the
theory of stochastic dynamics and reliability analysis [4].

For time-dependent reliability the interest lies primarily in the time that is expected to elapse
before the first occurrence of an excursion of a random vector of realizations X(#) (e.g. response
of a stochastic dynamical system) on the safe domain (2;) defined by g(x) > 0. The general
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definition of the first excursion problem can be described as,
F,=PX(t) e Ds, te(0,T]). (3.3)

This means that the response will never exceed the boundary of the safe domain during the
time duration (0, T], to ensure that the system does not fails. Moreover, the probability of the
first occurrence of such excursion may be considered to be equivalent to the probability P of
structural failure during a given period [0, ] [31].

P¢(t) =1-P(N(r) =0]X(0) € Z5) P(X(0) € Ds), (3.4)

where X(0) € ; signifies that the process X(¢) starts in the safe domain at zero time, and N(¢) is
the number of outcrossings in the time intervals [0, #] [31].

A general solution of this problem is rather difficult to obtain owing to the need to account
for the complete history of the process X(#) in all the interval (nature of the process). Series
of estimations have been suggested, for example a conservative approach such as the Poisson
approximation, and yet another strong as the pseudo-Gaussian excursion. Despite the enor-
mous amount of attention the problem has received, there is no procedure available for its ex-
act mathematical solution, especially for engineering problems where the complexity of the
system is large and the failure probability is small [4]. One way to address this problem is using
simulation methods, in which the greatest challenge comes from the large number of uncertain
parameters, but Au in [4], has developed two efficient simulation methods to estimate the first
excursion problem (importance sampling using elementary events and subset simulation).



CHAPTER

Some concepts of structural
dynamics

Structural dynamics is a branch of structural analysis which covers the behavior of structures
subjected to dynamic loading, which include people, wind, waves, traffic, earthquakes, and
blasts. The main objective of this Chapter is to provide a description of forced response of sin-
gle and multi degree of freedom systems, establishing the equations of motion, making some
comments on methods for resolving these equations, and providing an introduction on the hys-
teretic behavior of structures and artificial ground motion generation. As a result of this consid-
eration, the topics covered in the Section 6.2 become more comprehensible.

4.1 SINGLE DEGREE OF FREEDOM SYSTEMS

Any possible independent movement of the nodes of the structural elements in an unrestricted
direction corresponds to a degree of freedom (DOF) for dynamic analysis. Consequently, a sin-
gle degree of freedom system (simplest vibratory system) is a spring-mass-damper system (fig-
ure 4.1) in which the spring has no damping or mass, the mass has no stiffness or damping, the
damper has no stiffness or mass. Furthermore, the mass is allowed to move in only one direc-
tion. One of the greatest disadvantages of the SDOF approximation is the difficulty in assessing
the reliability of the results obtained, therefore, the dynamic response of a complex structure
cannot be described adequately by a SDOF model.

The horizontal vibrations of a one-story building can be conveniently modeled as a SDOF (fig-
ure 4.1), because each structural member contributes to the inertial (mass), elastic (stiffness
or flexibility) and energy dissipation (damping) properties of the structure [15]. In the analysis,
two types of dynamic excitation can be considered: i). Time-varying forcing function p(t) and
ii). Earthquake induced ground motion Jg(z).

The general mathematical representation of a single degree of freedom system is expressed us-
ing Newton’s second law of motion. The forces acting on the mass at some time instant include
the external force (p(t)), the elastic (f; = kx) or inelastic (f; = f(x, X)) resisting force, where k is
the lateral stiffness of the system (force/length units), and the damping resisting force (f; = cx),
where c is the viscous damping coefficient (force-time/length units) [15].

23



24 CHAPTER 4. SOME CONCEPTS OF STRUCTURAL DYNAMICS

p(1)

viscous damper

(a) (b)

Figure 4.1: Single-degree-of-freedom systems subjected to external force: (a) one-story struc-
ture idealization; (b) spring-mass-damper system.

The external force, the displacement x, the velocity X and the acceleration X are taken to be
positive in the direction of the x-axis, therefore the resultant force along the x-axis is p() — fs —
fa, and applying the Newton’s second law (F = ma),

p() = fs(t) = fa(®) = ma(t) or mi(t)+ fa(2) + f5(8) = p(1), (4.1)
substituting the respective values of the resisting forces,
mi(t) + cx(t) + kx(t) = p(¥). (4.2)

The Eq. (4.2) of motion governing the displacement x(t) of the idealized structure, assumed to
be linearly elastic, subjected to an external dynamic force. The solution this equation is the sum
of a homogeneous part (free response) and a particular part (forced response).

For seismic analysis, the SDOF is subject to an earthquake induced ground motion, in this case
the dynamic load is represented by,

p(t) = —mig(1), (4.3)

where ¥g(1) is the ground acceleration applied to the base of the SDOF system, and thus Eq. (4.2)
becomes
mi(t) + cx(t) + kx(t) = —mig(1), 4.4)

dividing by the mass,
k
H(0)+ —2(1) + —x(1) = ~ Eg(0), 4.5)
m m

but, the damping ratio ({) and the circular frequency or oscillating pulsation of the structure,
given in units of radians per second (w) are equal to,

c c k
( = —= w = -, (4.6)
Cor  2Mw m

therefore, in alternate form the Eq. (4.2) may be written

%(0) + 20w (1) + w?x(1) = —Xg(1). 4.7
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In earthquake analysis, parameters of interest are relative displacement and velocity, and total
acceleration, which is simply the sum of relative plus ground accelerations [18],

Xr(t) = Xg(£) + X (7). (4.8)

4.2 THE HYSTERETIC BOUC-WEN MODEL

Structural systems often show nonlinear behavior under severe excitations generated by natu-
ral hazards. In that condition, hysteresis appears as a natural mechanism of materials to supply
restoring forces against movements and dissipate energy, in these systems, hysteresis refers to
the memory nature of inelastic behavior where the restoring force depends not only on the
instantaneous deformation, but also on the history of the deformation. Accordingly, many hys-
teretic restoring force models have been developed to include the time dependent nature using
a set of differential equations [27]. As a result, one of the most important developed methods is
the Bouc-Wen model, which in the last few years has witnessed an increasing research interest,
due to its versatility by producing a variety of hysteretic patterns. The literature encompasses
a wide range of issues ranging from identification to modeling; analysis of structures built of
reinforced concrete, steel, masonry and timber; structural control, in particular the modeling
of base isolation devices for buildings; etc [46].

The Bouc-Wen model is used extensively in modeling the hysteresis phenomenon in dynami-
cally excited nonlinear systems. It was introduced by R. Bouc in [12] and extended by Y.K. Wen
in [45]. This model is able to capture in analytical form, a range of shapes of hysteretic cycles
which match the behavior of a wide class of hysteretical systems; therefore, given its versatil-
ity and mathematical tractability, the Bouc-Wen model has quickly gained popularity and has
been extended and applied to a wide variety of engineering problems, including multi degree of
freedom (MDOF) systems, buildings, frames, bidirectional and torsional response of hysteretic
systems, soil liquefaction, base isolation systems, among others [46].

The model essentially consists in a first-order nonlinear differential equation that relates the
input displacement to the output restoring force in a hysteretic way. By choosing a set of pa-
rameters appropriately, it is possible to accommodate the response of the model to the real
hysteresis loops. This is why the main efforts reported in the literature have been devoted to the
tuning of the parameters for specific applications. Consider the equation of motion of a single
degree of freedom system with hysteretic behavior:

mi(t) + cx(t) + Frlx(1), z(1)] = p(1), 4.9

where Fr[x(t),z(t)] is the nondamping restoring force, consisting of the linear restoring force
akx(t) and the hysteretic restoring force (1 — a) kz(?).

mi(t) + cx(t) + akx(t) + (1 —a)kz(t) = —mig(1). (4.10)
Dividing Eq. (4.9) by m, the following expression analogous to (4.7) is obtained,
20 + 20w () + aw®x (1) + (1 - Q)w? 2(1) = —Zg(1D). (4.11)

where « is the stiffness ratio (ratio between the final tangent stiffness and the initial stiffness,
0 < a < 1), and z(?) is the hysteretic displacement, which is a function of the time history of x()
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and can be obtained through the following first order nonlinear differential equation:

z=Ax(0) - [(B1xDOz" T 2(0) + (yx() 12(D1")], (4.12)

where A define the amplitude of hysteresis loops (usually set to unity), and B, y and n are the
hysteresis shape parameters.

The parameters a, A, B, ¥ and n play the role of controlling the scale and general shape of the
hysteresis loop. Due to the lack of an analytical expression of the hysteresis loop, most works
addressing this issue have used numerical simulation to understand the influence of these pa-
rameters. The way these simulations have been done is by fixing four parameters and varying
one [27].

The Bouc-Wen model has been modified and improved to simulate a variety of hysteretic struc-
tural elements behaviors. An important modification to the original Bouc-Wen model is the
Bouc-Wen-Baber-Noori model, which was suggested by T.T. Baber and Y.K. Wen in [10] and by
T.T. Baber and M.N. Noori in [9]. This modification included strength, stiffness and pinching
degradation effects, by means of suitable functions [46].

413
7n(€) (.13

; v n-1 ; n
s hea) { Ax(8) =v(@© [(B1ED12(01"! 2(0) + (y£(1) |2(0)|")] }
where v(€) and 7(e) are the strength and stiffness degradation parameters respectively, they are
defined as linearly increasing functions of the absorbed hysteretic energy €; and h(z) is the so-
called pinching function. From these functions are generated a large number of parameters
involved in the complete model analysis. References [19] and [27], provide a complete descrip-
tion of this model.

4.3 MULTI DEGREE OF FREEDOM SYSTEMS

In general, using models with multiple degrees of freedom for the estimation of dynamic be-
havior of structures is more convenient; for this there are two main types of discretizations, the
finite element and the lumped mass idealizations. In this work, the second type of idealiza-
tion is used, in which the shear building model is widely applied. The shear building model,
is a lumped mass idealization system in which the beams are considered infinitely rigid, hence
the twist in the nodes is constrained; the axial deformation of the beams and columns, and the
effect of axial force on the stiffness of the columns are neglected; and the drift at each floor is
equal to the shear force divided by the stiffness, which explains its name. This type of models
allow improvements that make them more preferable than SDOF models.

For the derivation of the equations of motion two different formulations are analyzed, the first,
based on the relative displacement of each mass in the structure is the most frequently used;
and the second, based on the story drift, used in cases where it is necessary to analyze the
relative displacement between floors of the structure. Both formulations use the equation of
motion with nonlinear Bouc-Wen model behavior.
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Figure 4.2: Multi-degree-of-freedom idealization: (a) shear building model; (b) forces acting on
ith mass.

DISPLACEMENT-BASED FORMULATION

Considering the shear building model in figure 4.2, the relative displacement of the ith mass
with respect to the ground displacement is indicated with x;. The absolute acceleration is de-
noted Xf(t) = X;(t) + Xg(1). The total restoring force of the ith mass, is denoted Q; and is given
as follows:

Qi =¢i (% (1) = Xi—1(0) + @ ki (x; (1) — x;—1 (1) + (1 — @) k; 2 (1). (4.14)

By summation of forces on the ith mass,
m;(X; + Xg) +Q; - Qi+ =0. (4.15)

Expanding the above expression (in the following derivation, it has avoided the use of (?), for a
more understandable expression), substituting the total restoring force values,

miXi+ciXi—ciXi1 + kX —aikixi—1 + (1 - a;)kizi = Cip1Xin1

+Civ1Xi — Qi1 ki1 Xie1 + @1 K1 X — (L= a1 kiv12i41 = —mjXg, (4.16)

grouping common terms, an expression to calculate the dynamic response of each story can be
obtained,

m;Xi—ciXi—1+ (i +Ciy1)Xi — CirXiz1 —aikixi—1 +(@iki + @ir1kiv1)x;
—@jp1kinixXip+ (A —a)kizi— (1 —a;j1)kiv1zi41 = —miiyg, (4.17)



28 CHAPTER 4. SOME CONCEPTS OF STRUCTURAL DYNAMICS

for example the equations for first and last stories are,
my Xy +(c1 + c2) i — caXp + (@1 k1 + a2 ko) X1 — azkoxz + (1 —ar) k121 — (1 — a2) ka2 22 = —my Xy,
MpXp — CpXn-1+ Cnin— ApknXn-1+ anknxy + (1 —ap)knzy = —myig.

Finally, the set of equations that correspond to all floors can be expressed in matrix form. The
equation of motion for the case of several degrees of freedom, including the hysteretic behavior
and exposed in terms of relative displacement with respect to the ground displacement, is then,

M (£) + Cx(f) + aKx(f) — (1 - @)Gz(1) = —MJxq, (4.18)
where,
+ —
mo0 0 A 0 o !
0 m 0 G R 1
M= c. 0 C = —Cp-1 0 I =
’ 0 0 —Cp_1 Cp_1+Cn —Cn
1
o 0 0 my 0 0 0 —cn  Cn | nx1
[ itk ke 0 0 o=k 0 0 0
-k  ky+k 0 0 0 ke —ks 0 0
2 2T 0 0 ks 0 0
K= : . _ G= . .
0 0 -k, k kn+_ }c —(l)c : o 0
0 0 (;"1 ”‘_1k n v n 0 0 0 0 kyy -ky
" " 0 0 0 o0 0 kn

DRIFT-BASED FORMULATION

Considering the shear building model in figure 4.2, the interstory drift or the relative displace-
ment between floors, is denoted by u;(#) = x;(t) — x;_1(¢). The total restoring force of the ith
mass (Eq. 4.14) in terms of u;(¢), is given as follows:

Qi=cit (D) +a;kiu; (1) + (1 —a)k;z;i(1). (4.19)

To obtain u; directly, the equation of motion is formulated in terms of u;, therefore, in this case
x;“ =X +ig= Z;:l iij + Xg. By summation of forces in the ith mass,

mz(Z ilj+55g)+Qi—Qi+1 =0 (4.20)
j=1

Expanding the above expression (in the following derivation, it has avoided the use of (#), for a
more understandable expression), substituting the total restoring force values, an expression to
calculate the dynamic response of each story can be obtained,
i
m; Y i+ ity + ki + (- @) kizi — Ci1ttiv — @i ki1 — (1 - @) kig12ie1 = —m g,
j=1
for example the equations for first and last stories are,

myiiy +cii — Collp + a1k1u1 —wkoup+(1—a))k1z1—(1—an)kezy = —mljég,
n
My Y ilj+ Cplltn — Ankntin + (1 — ap)knzy = —mpig.
j=1
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Finally, the set of equations that correspond to all floors can be expressed in matrix form. The
equation of motion for the case of several degrees of freedom, including the hysteretic behavior
and exposed in terms of story drift, is then,

Mii(8) + Cqu(t) + aKgu(s) — (1 - @)Kyz(t) = ~-MJxg, 4.21)
where,
[ nmy 0 ce 0 [ nmy 0 0
my my een 0 0 my - 0
Mg=| . .. M= J=
. . . 0 0
| My mp my my | 0 0 0 my, 1 nx1
| C1 —0C 0 0 0 kl —kz 0 0 0 ]
0 Co —C3 0 0 0 kz —ks 0 0
0 0 c3 0 0 0 0 ks 0 0
C;= . Kg= .
0 0 0 0
0 0 0 0 cp-1 —Cp 0 0 0 0 kp1 —ky
0 0 0 0 0 ¢ 0 0 0 0 0 @k

4.4 GENERATION OF ARTIFICIAL GROUND MOTION

The generation of synthetic or artificial earthquakes has been a study of great importance in the
evolution of the earthquake engineering field, since in some areas we can not find an adequate
record of seismic accelerations for seismic desing purposes. These artificial ground motions
can be generated based on the statictical characteristics of the recorded earthquake, such as,
response spectra, power spectral density, etc. The seismic action can be modeled stochastically
as a nonstationary random process, either as a process modulated in time and frequency using
deterministic functions, whose parameters are estimated based on actual records; or as a pro-
cess with evolutionary power spectral density [24]. For this there are several spectral methods
and models to reproduce a seismic motion.

An artificial seismic excitation is generated to calculate the response of the idealized structure
presented in the example 6.2.4; to carry out this task, the Clough-Penzien linear filter is used,
whose entries correspond to a Gaussian white noise modulated by an envelope function.

The Clough-Penzien linear filter is a method to generate synthetic earthquake excitations (an-
other traditional method used for generation of ground motions is the Kanai-Tajimi filter), in
this case the input of the filter is a stationary white noise, which gives a stationary ground mo-
tion with a particular spectral shape. The white noise concept is very important in mechanics,
because many random loads can be modeled either as white noise, or as the response of linear
or nonlinear filters to white excitation. As is well known, the Clough-Penzien model is defined
by four parameters, of which the first two correspond to the dominant frequency and damping
respectively (ws1, (1), and rest define the low-cut filter (wg», 2). The random excitation p(t)
generated by Clough-Penzien filter is,

p(t) = w2, v1(8) + 20 51w U2 (£) — w02, U3(8) — 20 o 52 V4 (1), (4.22)
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where,
0, (1) 0 1 0 0 V() 0
; 2
1‘/2(l‘) _| ~wq 2a0a 0 va(t) || e(W(r) 4.23)
v3(1) 0 0 0 1 v3 (1) 0
4(1) Wi 22awg -0, -2pws vy(1) 0

In [4], the equations are expressed in other form and notation; operating the last expressions
and replacing a; = vy, ) = vy, dy = Uy, a=vs,
a = vy, and d = 14, we have that,

a1 (1) + 20 w1y (1) + w5 ay (1) = e()W (1) (4.24)

a(t) + 2 pwgalt) + wia(t) = 2{ sws a () + 0 a1 (1), (4.25)

Finally, the corresponding values of frequency and damping used in example 6.2.4 are wg =
15.7 rad/s, {53 = 0.6 and ws» = 1.57 rad/s, {» =0.8.

In Eq. (4.24) the input of the filter is a Gaussian white noise process, which is generated at dis-
crete time instants f; = (k — 1)At, where At = 0.02 s and the duration of the excitation is T = 30
s, therefore the number of time instants is n = T/At +1 = 1501. The Gaussian white noise is
computed using, W (t;) = 0xv2nS/At: k = 1,2, ..., n, with spectral intensity S = 1; and the un-
certain state vector 8 consist of the sequence of i.i.d (identically and independently distributed)
standard Gaussian variables (A[0, 1]).

After generating the Gaussian white noise, it is necessary to use a modulating or envelope func-
tion to attenuate this filter input, because the earthquakes records are highly nonstationary, due
to differences between the time of arrival and frequency of component waves [24]. Usually the
models with uniform modulation based on different types of deterministic functions (e(t)) are
used, those functions define the amplitude variation over time, giving to the seismic intensity a
nonstationarity character. Some of the most traditional functions used are,

* Amin-Ang (1966), simulate the respective phases of ground motion (initial, strong and
fading). With parameter y, and #; corresponds approximately to the arrival time of shear
waves, the difference #, — 11, is associated with the duration of strong motion phase [1].

0 <0
t/t)? 0o<t<t

e(ry = 4 M) ! (4.26)
1 H=st<b

exp[—y(t— t)] t=t

» Shinozuka-Sato (1967), corresponding to earthquakes with low and high effective dura-
tions. With parameters, a, b, ¢ [41].

e(t) = c(exp(—at) —exp(—bt)). (4.27)

The parameters are chosen such that 0 < a < b, and

b (a)ﬁ

c= -
b—a

b (4.28)
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¢ Yeh-Wen (1990), the nonstationarity evolution is introduced by means of amplitude and
frequency modulating functions. With parameters, a, b, ¢, d, e [51].
9 at~Pexp(-ct)

)= (4.29)
The proposed example, basically uses the Amin-Ang model, with a modification in the term cor-
responding to the interval ¢ > £, as follows, exp[—y(t — £,)?]. The model parameters are y = 0.5,
t) =4 s, tp = 24 s with a total duration of 30 s. Finally, combining this envelope function with
the Gaussian white noise, the input signal in Clough-Penzien filter can be generated. There-
fore, solving the equations proposed in the Clough-Penzien linear filter, the base excitation to
be used in the structure of the example 6.2.4 can be obtained. Figure 4.3, shows the effect of
the envelope function on the Gaussian white noise input in Eq. (4.24), and figure 4.4, shows a

random base excitation generated by the Clough-Penzien filter.

= ; 1 1 L &
1A

0 5 10 20 25 30

Time [s]

Figure 4.3: Modulated Gaussian White noise.

4.5 METHODS USED TO CALCULATE TIME DOMAIN RESPONSES

The report described in [18] summarizes the results of an assessment of the accuracy of six
numerical procedures used in computational structural dynamics to compute the response of
structures subjected to time dependent loading history. These algorithms can be classified
in two main groups: i). Exact methods, such as Duhamel’s integral' and the Piecewise Exact

'Duhamel’s integral is a way of calculating the response of linear systems and structures to
arbitrary time-varying external excitations, by the sum of the contributions of each pulse p(7),

t
(1) = f PO Gint(r—1) dr (4.30)
0o mw
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Figure 4.4: Generated artificial ground motion using the Clough-Penzien filter.

Explicit Integration Methods Implicit Integration Methods

Use the equation of motion at time ¢ | Use the equation of motion at time ¢+ At
requiring initial conditions does not require initial conditions

Very efficient for wave propagation | Are most effective for structural
problems dynamic problems

Involves a lower computational cost | Involve considerable computational
effort at each time-step

e.g. central difference method and e.g. Newmark  method (linear

4™ order Runge-Kutta method accel method) and Wilson 6 method

Table 4.1: Difference between implicit and explicit numerical methods.

Method. ii). Numerical methods, such as Newmark f method, Wilson 6 method, central differ-
ence method and fourth-order Runge-Kutta method.

Within the numerical methods we find the direct integration methods, in which there is no
transformation of the equations into a different form, as when is done in a frequency domain
analysis. The integration methods are discrete because the response values are solved for reg-
ular increments in time during ground motion, which are separated by a time increment A¢
[18]. Consequently, it is important to mention another type of classification presented in the di-
rect integration methods, i). explicit integration method, which solves for the unknown values
of Xr1ar, Xr4at Xr+ap, at each new time ¢ + At using the equation of motion at time ¢, with the
unknown values x;, X, ¥; as the initial conditions. And ii). implicit integration method, which
solves for the unknown values of X1 a¢, Xr+as, X144, at each new time ¢ + At using the equation
of motion at time ¢ + At. The table 4.1 compares these two procedures.
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Figure 4.5: SDOF linear oscillator random response using the explicit 4™ order Runge-Kutta
procedure.
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Figure 4.6: SDOF linear oscillator random response using the implicit linear acceleration pro-
cedure.
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Figure 4.7: SDOF linear oscillator random response using the 1sim function.

Completing this introductory description of dynamic analysis methods, in the following Sub-
sections are developped two examples concerning to the dynamic aspects used in example 6.2.3
for SDOF systems and example 6.2.4 for MDOF systems.

SDOF SYSTEMS

The SDOF system in example 6.2.3 is analyzed; with natural frequency w = 7.85 rad/s, and
damping ratio { = 0.02 subjected to the same white noise excitation W (#;) defined in Section
4.4, therefore, as discussed in previous sections, this system is characterized by the following
equation of motion,

(1) + 20 wi (1) + 0*x(1) = W(1).

Figure 4.5 shows a random response (relative displacement, velocity, and acceleration) of the
SDOF linear oscillator using the explicit 4™ order Runge-Kutta procedure with initial condi-
tions xy = 0, X9 = 0; and figure 4.6 shows the same random response, but in this case using the
implicit Linear Acceleration method, which belongs to the Newmark $ methods family.

The MATLAB® function 1sim is another way to compute the response, this function simulates
the time response of continuous or discrete linear systems subjeted to arbitrary inputs. The
continuous time systems are discretized with the “foh” instruction for smooth input signals, or
with the “zoh” instruction for discontinuous signals. In order to implement this function is nec-
essary to specify the state space model of the equation of motion (4.7), in this representation the
system is described by a set of variables called states, these states contains all the information
relating to the system at each time instant, allowing inferences about the past behavior of the
system, in order to predict their future behavior. To use this formulation in the linear dynamic
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system that is being analyzed, the MATLAB® function ss is used, which represents a continuous
time state space model,

x =Ax+Bu
y=Cx+Du

where x is the state vector, u and y are the input and output vectors, A is the state matrix, B is the
input or control matrix, C is the output or observation matrix, and D is the direct transmission
matrix. The reader is refered to the MATLAB® documentation for more information about these
functions.

Figure 4.7 shows the response of the SDOF system using the 1sim function. The basic imple-
mentation of these functions is presented below,

%% SDOF linear oscillator

omega = 7.85; % natural frequency, rad/s

zeta = 0.02; % damping ratio

A = [0 1; —omeganr2 —2:zetaxomegal;

B = [0; 1];

C =1[1 0];

D = 0;

x0 = [0; O]; % initial system conditions

sys = ss(A,B,C,D); % system in state space formulation
S = 1; % white noise spectral intensity

T = 30; % duration of the excitation, s

dt = 0.02; % time increment, s

t = (0:dt:T)’; % discrete time instants

n = length(t); % n points ~ number of random variables
theta = randn(n,1); % i.i.d standard Gaussian variables
Wt = sqrt(2=pixS/dt)=theta; % white noise input

displ = Isim(sys, Wt, t, x0, ’'zoh’); % system response displacement
figure;

plot (t,displ,’b-"); axis tight; grid on;

title ('SDOF response’); xlabel(’Time [s]’); ylabel(’Displacement’);

In general, the state space representation is based on a change of variables, defining the state

vector X = [x; x»]” as a combination of structural displacement x(#), and velocities x(),

X1= X
X2 = fCl = X
Xp= X1= X

By inspection of the equation of motion and the change of variables shown above, the equa-
tion (4.7) can be rewritten as follows:

X1 (1) X2 (1)
_ 4.31
{ X (1) } { Xg (1) — 20 wX, (1) — WX, (1) } @31
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MDOF SYSTEMS

The dynamic response of a eight-story shear building with hysteretic behavior in example 6.2.4
is calculated. The floor masses are 140 x 10 kg for all stories. The linear interstory stiffness for
the first to eight stories are, [3.40 3.26 2.85 2.69 2.43 2.07 1.69 1.37]x108 N/m, respectively. The
viscous interstory damping coefficient for the first to eight stories are, [4.90 4.67 4.10 3.86 3.48
2.98 2.43 1.96] x 10° N s/m, respectively.

Each story, of height i = 3.3 m, is modeled by a Bouc-Wen hysteretic element, with parameters
A=1,a=0.6, =7 =0.5 n=3 (see Section 4.2). The response of the system is computed at
the discrete time instants, t; = (k—1)At, where At =0.02 s and the duration of the excitation is
T =30 s. The structure is subjected to base excitation ¢(t) modeled by Clough-Penzien filtered
white noise W (#) modulated by an envelope function e(#). The Clough-Penzien filter parame-
ters and the envelope function are given in Section 4.4.

In this case for the state-space model, the change of variables is represented by the state vector
X = [x; X2 x3]7 as a combination of structural displacement x(t), velocities x(¢), and hysteretic
displacements z(t), as follows:

X1= X
Y= A= X (4.32)
i= E = i :
X3= &<

By inspection of the equation of motion and the change of variables shown above, the equation
(4.21) can be rewritten as,

x1 (%) X5 (1)
Xp(f) p=1{ —M}' (MJkg(£) + Caxz(t) + aKyx (1) — (1 - @)Kgxs3(1)) (4.33)
x3(1) A%y (1) — [(BIx2(0)| x5 ()" x3(8)) + (yx2(2) [x3(2)|™) ]

Finally, applying this formulation the Runge-Kutta procedure can be used to solve the equation
for each time instant, and in this manner compute the dynamic response of each floor. Fig-
ure 4.8 shows the ground motion generated using the Clough-Penzien filter; the absolute dis-
placement of each floor of the structure; and the relative displacement between floors or story
drift of the eight-story shear building. Figure 4.9 shows independently, a random response of
each floor in the eight-story shear building in terms of story drift.
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Figure 4.8: Random base excitation d(t), Absolute displacement of each floor, and Story drifts
of the eight-story shear building in example 6.2.4.
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CHAPTER

Markov chain Monte Carlo methods

The objective of Markov chain Monte Carlo (MCMC) is generating samples from an arbitrary
distribution. The samples are statistically consistent from the target function without the help
of another distribution for the rejection of certain samples, hence this approach is useful for
evaluating integrals and visualize the uncertainties in a model and its variation. Moreover, the
main disadvantage of these methods is the possibility of slow convergence, especially in prob-
lems involving high dimensions.

MCMC s essentially Monte Carlo integration using Markov chains; the Monte Carlo integration
draws samples for the required distribution, and then forms sample averages to approximate
expectations, while Markov chain Monte Carlo draws these samples by running a Markov chain
for a long time, that has the target distribution as its stationary distribution [22]. Despite the
great potential of this method, it took nearly 40 years to enter deeply into statistical practice,
and now, it is considered one of the most important algorithms that have had the greatest influ-
ence on the development and practice of science and engineering in the last century [2].

There are numerous techniques to produce samples from a required distribution, such as trans-
formation methods, acceptance-rejection method, ziggurat method, importance sampling, etc.
Markov chain Monte Carlo is another collection of powerful sampling methods, some of which
are described below.

5.1 METROPOLIS ALGORITHM

The Metropolis method was the first MCMC, this algorithm constructs an ergodic Markov chain
that satisfies the detailed balance property (Def. 2.8.6) respect to the target function, produc-
ing the appropriate samples (the stationary distribution coincides with the target distribution).
The algorithm was named after Nicholas Metropolis, who was an author along with Arianna W.
Rosenbluth, Marshall N. Rosenbluth, Augusta H. Teller, and Edward Teller [33], who proposed
the algorithm for the specific case of the Boltzmann distribution [48].

A common problem that results from applying Monte Carlo simulation, is to obtain samples
from some complex probability distribution function, for example in Bayesian applications, the
38
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goal is to draw samples from some distribution p(0) = f(6)/K, where the normalization factor
K may not be known and very difficult to compute. The power of the Metropolis algorithm lies
in its ability to obtain samples of distributions, without knowing or calculating the normalizing
constant, it is only necessary to know the shape of the distribution (a function proportional to
the density), in this case f(@).

For the Metropolis algorithm, at each time ¢, the next state 6, is chosen sampling a candidate
point 0* from a symmetric proposal distribution q(- | 8;). The candidate point 6* is accepted
when a random number from the uniform PDF (% (0, 1)) is less than or equal to,

" . (fO7) )
al6;,0 :mm( 1, (6.1
(6.67) f©)
otherwise the candidate point is rejected. If the candidate point is accepted this jump increases
the density, and the next state becomes 6., = 8*. If the candidate is rejected, the chain does
not move and 6,,; = 0;. Applying this procedure, the entire collection of points generated
@ =0,,0,,...,0,) form a Markov chain, which represents a set of samples of the target func-
tion p(0).

The problem of this method lies in the strong dependence of the samples generated, to avoid
this, the Markov chain is started from an arbitrary initial state running the algorithm for many
iterations until this initial value is “forgotten”. These samples, which are discarded are known as
burn-in, and represents a considerable disadvantage because it requires certain computational
load to generate samples that finally will not be used, but instead of the benefit provided by this
algorithm this is only a trifle. Additionally, as mentioned at the beginning of the Chapter, this
algorithm is not recommended for problems involving high dimensions, due to the slow con-
vergence of the chain, since the acceptance probability (a) at each step becomes very small as
the dimension increases, generating a large number of repeated samples. Due to this drawback,
Au and Beck [5] have developed a modified algorithm to improve the efficiency of sampling in
high dimensions; this modified Metropolis algorithm will be described in the next Chapter for
order purposes. For the moment, the following example illustrates the applicability of the orig-
inal method.

Example 5.1.1: | Simple Metropolis algorithm ‘ (Adapted from [44]).

Simulate draws from the next distribution,
Flgv)=Cx 2 lem 2, (5.2)

where f(x;v) is the scaled inverse-chi-square distribution, with scaling constant C = 1 and
v=>5.

To solve this problem, the uniform PDF % (0, 3) is taken as proposal distribution, the initial
state is defined as 6, = 0.3 and a total number of n = 1000 samples were obtained. The results
are shown in figure 5.1, in this case the chain has long flat periods (poorly mixing), additionally
we can observe that the samples are not properly adjusted to the target distribution, because
the burning period is not implemented and the number of iterations to achieve stationarity is
not sufficient, therefore, a possible solution is increasing the number of points » in the Markov
chain, accompanied by an elimination of the initial samples (burn-in). It should be noted that
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the number of samples to remove, can be estimated through the evaluation of the chain auto-
correlation, as will be discussed later.
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Figure 5.1: Samples generated by Metropolis algorithm. Top: normalized histogram and target
distribution f(x;v). Bottom: generated Markov chain.

5.2 METROPOLIS-HASTINGS ALGORITHM

This method is an extension of the previous algorithm, made by W. Keith Hastings in 1970 [23].

For the Metropolis-Hastings algorithm, at each time ¢, the next state 6., is chosen by first sam-
pling a candidate point 8* from an arbitrary transition probability function or proposal distri-
bution, g0, |0¢+1) = P(6; — 0:+1). The candidate point 8* is accepted when a random number
from the uniform PDF (% (0, 1)) is less than or equal to,

f©0%)q,10™)
f(et)CI(e* 10;) )

and rejected otherwise. Assuming that the proposal distribution is symmetric g(6; | 6*) = g(0™ |
0;), recovers the original Metropolis algorithm. This algorithm has an advantage over the origi-
nal Metropolis algorithm, since we can use different proposal distribution functions which are
not necessarily symmetrical, therefore exist a larger number of proposal distribution options,

a(6;,0%) =min (5.3)
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in order to generate better and faster sampling of the target function. Algorithm 1 shows the
steps to generate samples using the Metropolis and Metropolis-Hastings methods, the only dif-
ference lies in the calculation of a.

Algorithm 1 Metropolis and Metropolis-Hastings algorithm
1: Initialize 6,
2: fori=1to Ndo
3:  Sample u ~%/0,1)

4:  Sample 8" ~ q(-16;)
5. ifu<a@:0%) then
6: accept the sample, 0;,1 =0"
7. else
8 reject the sample, ;.1 =0;
9: endif

10: end for

11: return 0

In most MCMC algorithms, at the beginning of the simulation the samples generated are highly
dependent, leading to a poor sampling of the target function. For this reason many techniques
and recommendations have been developed, some of which are described below.

LENGTH OF THE CHAIN

Recommendations in the literature have been contradictory, ranging from many shorts Markov
chains, to several long ones, to one very long one [22]. In general, one or several very long runs
have the best chance to sample the space, for this has been noticed that the chain length mainly
depends on the stage of burning (see below), the number of samples that we want to obtain, and
the dimension of the target function.

STARTING VALUES

If the chain is irreducible (Def. 2.8.4), the choice of starting value 8, will not affect the station-
arity. Aditionally, a Markov chain with a good initial distribution in the sampling function (well
mixing), will quickly find its shape regardless the extreme starting values used. If the chain is
not well mixed, the starting values need to be chosen more carefully, to avoid a lengthy burn-in.
Gelman and Rubin suggest using dispersed starting values in several chains, to assist in assess-
ing convergence [22]. One suggestion for the starting value is to start the chain as close to the
center of the distribution as possible, for example the distribution’s mode [44].

CHOICE OF PROPOSAL DISTRIBUTION

The rate of convergence of the chain to its stationary distribution depends on the relationship
between the proposal g(0; | 0;+1) and the stationary distributions 7* [22]. The proposal distri-
bution can be adjusted by means of its parameters, in order to improve the sampling of the tar-
get function. These parameters can be obtained by establishing a relationship between the ac-
ceptance probability and the k-order autocorrelations (R(k)) of the samples. In this way we can
obtain graphs showing the variation of the autocorrelation for different values of acceptance



42 CHAPTER 5. MARKOV CHAIN MONTE CARLO METHODS

probability, and since this probability depends on the parameters of the proposal distribution,
we can find the optimal parameters such that the autocorrelation of the samples decreases.

Figure 5.2 shows the relationship between the proposal distribution parameters (represented by
the acceptance rate) and the autocorrelations of the samples generated in example 5.2.1, as a
result from several simulations; it is worth noting that the referred example uses a Normal PDF
as proposal distribution. From this graph, it can be seen that in order to obtain low autocorre-
lations among the samples, is convenient to use in the Normal PDF standard deviations, o = 12
and o = 1.5, equivalent to acceptance rates of 20%-30% and 65%-75%, respectively. This type of
graphs help to make a better decision on the adjustment of the proposal distribution, although
this result should be treated carefully, as these are not necessarily the optimum values for sam-
pling, because it only guarantees a decrease of the autocorrelation but not a fast convergence
of the chain, therefore it is always necessary to use other techniques to improve sampling.
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Figure 5.2: Relationship between the acceptance rate and the first 3 autocorrelation, for the first
100 samples (without burn-in and thinning) generated in the example 5.2.1, using the Normal
PDF as proposal distribution.

BURN-IN PERIOD

A key issue in the successful implementation of Metropolis-Hastings is the number of simula-
tions until the chain approaches stationarity (the burn-in period length). It depends on starting
value 61, on the rate of convergence to stationary distribution, on the level of similarity required
between the generated chain and the stationary distribution [22], and on the proposal distribu-
tion; all these factors can greatly increase the required burn-in time.

Visual inspection of the chain graph is the most commonly used method for determining the
burn-in, in this graph we see the number of samples until the chain begins to be stationary, and
is this number the length of the burn-in period. Other alternative, which is successfully applied
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in this work, is based on the calculation of the autocorrelation of the initial samples, showing
adequate results in the analysis of the dependence of the chain (see examples below), in this
method we observe the number of samples until the autocorrelation starts to decrease, and
this number is the one that sets the burn-in length. As an additional comment, Geyer (1992)
suggests that calculation of the length of burn-in is unnecessary, as it is likely to be less 1% and
2% of the total length of a chain sufficiently long [22], typically the first 1000 to 5000 elements
are thrown out (only for long chains), and then one of the various convergence tests is used to
assess whether stationarity has indeed been reached.

THINNING OR LAG PERIOD

In some situations a proposal distribution that has a very low acceptance rate is used, which
produces an awkward Markov chain that gets stuck in one location for long periods of time
(corresponding to all 8* values rejected). To prevent this, one strategy for reducing the autocor-
relation is thinning the output, in this procedure, after the burn-in period, multiple iterations
of the algorithm must be executed between successive samples to store each lag-th position. It
should be noted that thinning the chain sequence saves computer memory [44].

TEST FOR CONVERGENCE

The convergence diagnostics are more formal tools for determining the burn-in time, these test
use a variety of theoretical methods and approximations. This is still an active area of research,
and much remains to learn about the behavior of existing methods in real applications, partic-
ularly in high dimensions when the convergence is slow [22]. In this work, the Geweke test is
cosidered, this method splits the chain (after burn-in period) into two parts, the first 10% and
the last 50%, if the chain is at stationarity, the means of these two parts should be approximately
equal [44].

A set of examples have been developed below, where all the items mentioned above are applied.

Example 5.2.1: | Techniques for better Markov chains | (Based on [2]).

Obtain samples from the next probability distribution,

0 3e—0.2x2 +0 7e—0.2(x—10)2

f) == .
J 0.3e70-2x* 1 0.7¢-02x-10)% x

—00
As mentioned above, the Metropolis-Hastings algorithm allows sampling a function without
calculating the integral that represents the scaling factor, hence we just need to know the shape
of the function, that in this case is proportional to,

F(30) x 0.3¢702% 4 (7070207107

In the first case, the Normal PDF .A(-,0) (centered in the current sample u = 0;) is taken as pro-
posal distribution, and the initial state is defined as 6; = 5. To show the effect of the proposal
distribution, simulations for different values of the standard deviation, 0 = 0.1, 0 =1 and 0 = 50
are performed.
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Figure 5.3, shows that the proposal distribution with o = 0.1 is too narrow and therefore fails to
perform the sample of the entire function, because it only focuses on a region, also we can see
the effect of starting value at the beginning of the chain. In this sampling the Geweke test fails
because the first mean is equal to 0.8239 and the second is —0.5041. Figure 5.4, shows that the
proposal distribution with ¢ = 1 is not wide enough to sample the entire function, therefore the
chain generated is not uniform, which means that has not yet reached its stationary distribu-
tion. In this sampling the Geweke test fails, the first mean is equal to 0.3145 and the second is
9.8905. Figure 5.5, shows that the proposal distribution with o = 50 is too wide, therefore the
chain gets stuck in one spot for long periods of time, so the distribution of samples becomes
highly irregular. In this sampling the Geweke test fails, the first mean is equal to 7.2808 and the
second is 6.3129.
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Figure 5.3: Samples generated by Metropolis-Hastings algorithm, proposal distribution with
o = 0.1. Top: normalized histogram and target distribution f(x). Bottom: generated Markov
chain.

In the second case, some techniques to improve the performance of Markov chains are used.
The proposal distribution is the Normal PDF .4(,, 11), with a lag period of 10, a burn-in period
of 2000, and the sample size has been increased to 10000.

Figure 5.6, shows that the samples generated are adjusted appropriately to the target distribu-
tion, additionally the chain has no sudden jumps and covers the entire sample space. In this
sampling the Geweke test is approved because the first mean is 7.262 and the second 6.949
(= 3% error). Figure 5.7, shows the correlograms of the first and last 100 samples, in this case
the initial samples are rather independent due to the burning stage which eliminates the first
samples that have not yet reached the stationary distribution, similarly the final samples are in-
dependent which tells us that the chain length is adequate and has reached stationarity, in both
graphs acts the lag period which greatly improves the sampling.
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Figure 5.4: Samples generated by Metropolis-Hastings algorithm, proposal distribution with
o = 1. Top: normalized histogram and target distribution f(x). Bottom: generated Markov

chain.
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Figure 5.5: Samples generated by Metropolis-Hastings algorithm, proposal distribution with
o = 50. Top: normalized histogram and target distribution f(x). Bottom: generated Markov
chain.
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Figure 5.6: Samples generated by Metropolis-Hastings algorithm using techniques for better
Markov chains. Top: normalized histogram and target distribution f(x). Bottom left: Initial 100
samples. Bottom right: Final 100 samples.

AC (first 100 samples)

AC (last 100 samples)

Figure 5.7: Correlograms of the samples generated in figure 5.6. Top: Autocorrelation between
the first 100 samples. Bottom: Autocorrelation between the last 100 samples.
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Example 5.2.2: | Metropolis-Hasting algorithm: 1D sampling

Simulate draws from the next distribution, for all x = 2,
fA) =2Ae™M, (5.4)
where f(x; 1) is the exponential distribution, with rate parameter A = 1.

In this example, the Normal PDF .A7(,,1) (centered in the current sample y =68; and 0 = 1)
is taken as proposal distribution, and the initial state is defined as 6; = 3.

The first results (without burn-in and lag period) are shown in figure 5.8, in this case we can see
a rapidly mixing chain, similarly, the 1000 samples generated are not properly adjusted to the
target distribution, since there has been no burn-in and thinning stages and possibly the simu-
lation requires a greater number of samples, in addition the Geweke test fails. The correlograms
of this sampling are shown in figure 5.9, here, the first samples still show high dependence, while
the latter begins to become less dependent, since the autocorrelations are declining. From this
graph we can deduce that it is appropriate to implement the stages of burning and lag, and also
extend the sample size.

On the other hand, using a burn-in of 5000, a lag period of 20 and increasing the size of the
sample to 50000, we see a considerable improvement in the sample of the target function. Fig-
ure 5.10 shows the distribution of the samples generated, in which the adjustment of the sam-
ples is quite satisfactory. Figure 5.11, shows the correlograms of these new samples, the autocor-
relations at the beginning and at the end of the chain show the independence of the generated
samples. The Geweke test is approved with first mean 2.9886 and second 3.0015 (< 3% error).

bYd
X

Example 5.2.3: | Metropolis-Hasting algorithm:2D sampling ‘

Simulate draws from a Gaussian mixture defined by the sum of two bivariate Normal PDE

1 (x—,ux)z ((x—,ux)(y—,uy)) (y—uy)z )
~2p.y + :
O x a-xo-y a-y

1
210,01\ /1 - p%y 2(1-p3y)
(5.5)

The proposal distribution is the bivariate Normal PDF A (-,-,0x,0, pxy) (centered in the
current samples p, = 0y;, uy = 6;). The parameters of the PDFs are shown in the table below:

| | e [y [ox [ oy [ pay ]
PDF1 1 1 1 2 0.6
PDF 2 3 115(07|03]|-05
Proposal | - . 1 1 | -05

The initial states are 65, = 3 and 6,7 = 1.5. A burn-in of 3000, a lag period of 20, and a sample
size of 30000 have been used.
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Figure 5.8: Samples generated by Metropolis-Hastings algorithm. Top: normalized histogram
and target distribution f(x;A). Bottom: generated Markov chain.
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Figure 5.12, shows the target distribution which is a Gaussian mixture defined by the sum of two
bivariate Normal PDFs (see the MATLAB® function mvnpdf). Figure 5.13, shows the generated
samples which are adjusted appropriately to the target distribution, because each normalized
histogram coincides with the respective marginal PDE The marginals were calculated by inte-
gration of the joint probability function (Eqs. 2.8 and 2.9) with the MATLAB® function quad.
In addition the Markov chains points (samples) are adjusted to the contours of the joint PDE
Figure 5.14, shows the correlograms of the two random variables that are desired to sample,
evaluating the first and last 1000 samples; in this case the initial samples are rather indepen-
dent due to the burning stage which eliminates the first samples that have not yet reached the
stationary distribution, similarly the final samples are independent which tells us that the chain
length is adequate and has reached stationarity, in both graphs acts the lag period which greatly
improves the sampling. It is worth noting that the lag period is the best way to improve the
generation of Markov chain samples, because their independence is reached faster.

Figure 5.12: Joint PDF (Gaussian mixture). PDF 1 is represented by the low density and PDF 2
by the high density.



5.2. METROPOLIS-HASTINGS ALGORITHM 51

Figure 5.13: Samples generated by Metropolis-Hastings algorithm. Marginals PDFs and Joint
PDF contours.
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Figure 5.14: Correlograms. Top: Autocorrelation between the first 1000 samples. Bottom: Auto-
correlation between the last 1000 samples.
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5.3 SIMULATED ANNEALING ALGORITHM

This method was developed initially for optimization of complex functions such as those that
have lots of local minima or with a large search space, and thus the classical gradient-based
algorithms can be ineffective in this task. The name come from annealing in metallurgy, a tech-
nique involving heating and controlled cooling of a material to increase the size of its crystals
and reduce their defects [2]. The method was independently described by Scott Kirkpatrick,
Daniel Gelatt and Mario Vecchi [28], and by Vlado Cerny [42].

This technique involves the simulation of a non homogeneous Markov chain, the idea is that
when we begin to sample the space, we will accept a reasonable probability of a descent and in
this way we can explore the entire space. Therefore, as the algorithm proceeds, we reduce the
probability of descent [44]. Some potential problems with this algorithm include that for a large
number of simulations, the transitions between states of the chains can be extremely difficult,
besides the chain can become trapped in a local minimum.

Simulated annealing is very closely related to Metropolis-Hastings algorithm, the only differ-
ence lies in the calculation of the probability of a move because in this case,

(5.6)

0*))7 (6, 16*
a(@t,H*):min((f( DRRICA )1),

(£0)77 q6* 16,)

where T'(t) is a decreasing cooling schedule, and the particular value of T at any point in the
chain is called temperature. To obtain efficient annealed algorithms, it is important to choose
suitable proposal distribution and an appropriate cooling schedule. In practice the ideal cool-
ing rate cannot be determined beforehand, and should be empirically adjusted for each prob-
lem, usually a function with geometric decline is used, for example to start out at Ty and cool
down to a final temperature of Ty over n steps [44],

T tin
! ) , 5.7)

T =T, (T
0

if we wish to cool off to Ty by time n, and then keep the temperature constant at T for the rest

of the run [44],
T tin
T(t):max(To(—f) ,1). (5.8)
To

Another choice for optimal cooling scheme is to set,

T(1) (5.9)

“logl-0)
Another choice is to set a sequence [2],
T(t) = (Cln(t+ Tp)) "}, (5.10)

where C and Ty are problem-dependent constants. Finally, the algorithm 1 can be used to im-
plement this algorithm, only it is necessary to add a line in the for loop, for the calculation of
the cooling schedule every step.
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Example 5.3.1: | Simulated Annealing algorithm: 1D sampling

Use the simulated annealing algorithm to draw samples from the exponential distribution in
example 5.2.2.

Like the example 5.2.2, have been defined as proposal distribution the Normal PDF A(.,1)
(centered in the current sample u = 6; and o = 1) and as initial state 8; = 3. In this case has
been used as cooling schedule the Eq. (5.8), with Ty = Ty = 1 and the total number of samples is
n =10000.

The samples have been obtained without burn-in and lag period. The results are shown in
figure 5.15, we can observe that the samples generated are adjusted appropriately to the target
distribution, in the same way, the chain has no sudden jumps and covers the entire sample
space. In this sampling the Geweke test is approved because the first mean is 3.014 and the
second 2.989 (< 3% error). Figure 5.16, shows the correlograms of the first and last 100 samples,
the first case shows that the samples have a certain dependence, which is not high as in the
case of the Metropolis-Hastings algorithm, similarly the final samples are almost independent
which tells us that we need a greater extension of the chain, or that the burn-in and lag periods
must be implemented. In general, this algorithm performs a good sampling of the function,
taking into account that although the techniques to improve Markov chains are not used, the
approximation of the samples to the function and the test, have been satisfactory.

N7
N

5.4 GIBBS SAMPLER

The Gibbs sampler uses a different methodology to the Metropolis-Hastings algorithm and is
particularly useful for generating n-dimensional random vectors and to generate a sequence of
samples from the joint probability distribution of two or more random variables. The key to the
Gibbs sampler is that it only considers univariate conditional distributions and the generated
random value 8* is always accepted [44] (i.e. there is no a stage of decision). The distinguishing
feature of the Gibbs sampler is that the Markov chain is constructed from a sequence of condi-
tional distributions [39], therefore the Gibbs sampling is advantageous if it is easier to sample
from the conditional distributions than from the joint distribution. The algorithm is named
after the physicist J. W. Gibbs, in reference to an analogy between the sampling algorithm and
statistical physics. The algorithm was described by the brothers Stuart and Donald Geman [20],
some eight decades after the passing of Gibbs.

To illustrate the algorithm, consider a joint density f(x, y) and suppose that we are interested in
obtaining the mean or variance of the marginal density f(x). Rather than estimate f(x) directly,
the Gibbs sampler generates a sample 61,0,,...,0, ~ f(x) without requiring f(x). Starting with a
pair of random variables, the Gibbs sampler generates a sample from f(x) by sampling instead
from the conditional distributions f(x | y) and f(y | x), that are often known in statistical mod-
els (Egs. 2.10 and 2.11) [14].

The sampler starts with some initial value y; for y and the rest of samples are obtained itera-
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Figure 5.15: Samples generated by Simulated Annealing algorithm. Top: normalized histogram
and target distribution f(x; 1). Bottom left: Initial 100 samples. Bottom right: Final 100 samples.
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Figure 5.16: Correlograms. Top: Autocorrelation between the first 100 samples. Bottom: Auto-
correlation between the last 100 samples.
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tively by alternately generating values from (algorithm 2),

xi ~ fixly=y)
Vier ~ [f(ylx=x). (5.11)

Algorithm 2 Basic Gibbs sampler algorithm
1: Initialize y;
2: fori=1to Ndo
3:  Samplex; ~ f(x|y=yi)
4:  Sample yiy1 ~ f(y 1 x=x;)
5
6

- end for
: return X,y

Repeating this process n times, generates a Gibbs sequence of random variables, where a sub-
set of points (x;, y;) are taken as our simulated draws from the full joint distribution. When
more than two variables are involved, the sampler is extended in obvious fashion, as shows the
algorithm 3.

Algorithm 3 General Gibbs sampler algorithm

1: Define the number of samples N

2: Define the number of random variables n

3: Define the initial states of the last n — 1 random variables

4: fori=1to Ndo

5. Sample x; (i +1) ~ f(x1 | X2(i), x3(0), ..., X (1))

6:  Sample x2(i +1) ~ f(x2 | x1(i + 1), x3(), ..., X, (i)

7. Sample xj(i+1)~ f(xj [x1(+ 1), Xj—1 (4 1), Xj 41 (D)., X, (7))
8  Sample x,(i+1) ~ f(x, | X1+ 1), x2(i +1),..., xp—1 (i + 1))

9: end for

10: return Xxip, xo,...,Xp

Example 5.4.1: | Gibbs sampler algorithm:2D sampling | (Based on [14]).

Draw samples from the following joint distribution of x, y, with x =0, 1,..., n (discrete) and 0 <
y =1 (continuous),

fx,y) o ( Z )y"*“‘l(l—y)”‘“ﬁ‘l. (5.12)

While the joint distribution is complex, the conditional densities are simple distributions (where
B(a, B) is the Beta function),
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fx1y) ~B(n,y) - ﬁ y¥(1-3)"F  Binomial PMF

f(ylx)~Beta(x+a,n—x+ )= x*1(1-x)P! BetaPDF

B(a, p)

Computing a sequence of these univariate conditional random variables, any characteristic
of the joint distribution can be estimated. In this case, the probability distribution parameters
are n =16, @ = 2, f = 4 and the start point of the chain y; = 0.25.

The 5000 samples have been obtained without burn-in and lag period. The results are shown
in figure 5.17, the samples generated are adjusted appropriately to the target distribution, be-
cause each normalized histogram coincides with the respective conditional PDE also note that
the distribution of the samples corresponds to the distribution of the histograms. Figure 5.18,
shows the correlograms of the first and last 100 samples, the first case shows that the sam-
ples have a considerable dependence (initial starting value), this dependence decays as the
sequence length increases. The final samples are almost independent, but possibly a greater
extension of the chain or implement the burn-in and lag periods must be required. In general,
this algorithm performs a good sampling of the function, considering that the joint probability
distribution was not used, and the calculation of the marginal distributions was not necessary,
in addition although the techniques to improve Markov chains are not used, the approximation
of the samples to the function has been satisfactory.
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Figure 5.17: Samples generated by Gibbs sampler algorithm. Conditional PDFs and Samples
distributed in the Joint PDE
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Figure 5.18: Correlograms. Top: Autocorrelation between the first 100 samples. Bottom: Auto-
correlation between the last 100 samples.



CHAPTER

Simulation methods

This Chapter discuss certain simulation methods in structural reliability and carries out the
main objectives of this work. According to [35], “simulation is a numerical technique for con-
ducting experiments on a digital computer, which involves certain types of mathematical and
logical models that describe the behavior of a system over extended periods of real time”. The
simulation can be an appropriate tool to study real problems in several cases, for example, when
the system is quite complex and the solution cannot be obtained by analytical methods (like
real time dynamical systems). Some disadvantages of simulation deal with the results of the
model, since in most cases statistical estimates are obtained rather than exact characteristics
of the model, additionally the modeling is typically time-consuming and expensive in terms of
analysis and computational time [39].

In structural safety, simulation methods are applied to reliability assessments, which are quan-
tified in terms of failure probabilities that are usually computed with the aid of Monte Carlo
simulations. However, for the determination of small failure probabilities especially in the case
of complex nonlinear structures, the Monte Carlo simulation meets its limits. Hence, better
methods for calculating probabilities of failure have been developed [40], such as importance
sampling, adaptive importance sampling, directional sampling, controlled MCS, and more ad-
vanced methods such as, Subset Simulation and its variations (splitting, hybrid, parallel) which
compensate this drawback.

6.1 MONTE CARLO SIMULATION

The Monte Carlo method was officially applied and developed in the 1940’s by John Von Neu-
mann, Stanislaw Ulam and Nicholas Metropolis [32], while they were working on nuclear weapon
projects in the Los Alamos National Laboratory. The name was suggested after the gambling
casinos at the city of Monte Carlo [39]. The Monte Carlo simulation (MCS) solves a problem by
simulating directly the physical process, and it is not necessary to write down the differential
equations that describe the behavior of the system, it is very general and valid for various areas
of knowledge like physics, chemistry, applied mathematics, etc.

58
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In structural engineering, if at least one of the input variables is random a stochastic system is
obtained, in which all the responses will be also random. For this type of systems, the calcu-
lation of the exact probabilistic solution by analytical methods can only be achieved in most
simple situations, therefore, MCS play a significant role in the evaluation of data available from
experiments, and it is a powerful tool for the analysis of load effects combinations, for evalu-
ating the probability of failure, for assessing serviceability criteria and for calculating statistical
measures of the response random variables of a system. In contrast, the method supposes a
considerable computational labor, however the fast development of high speed computers oc-
curring continuously nowadays makes easier the application of the method to assess the ran-
dom response of stochastic systems [26].

In reliability analysis, MCS is excessively costly despite being robust to the type and dimension
of the problem, because in order to produce one sample in the failure domain it is necessary to
obtain a large number of them lying in the safe one. Moreover, MCS is not efficient for estima-
tion of rare events (small probabilities, Py < 1073), since it requires a large number of samples
and evaluations of the system to achieve a suitable accuracy.

MCS estimates the failure probability by simple statistical averaging of the indicator function
I(-), which sets whether the failure is reached or not. This strategy is called crude MCS, which is
based on random number generation (really pseudo-random number [0,1]) to obtain samples
0 from some required distribution; there are different methods to generate random numbers,
such as, linear congruential generator, Mersenne twister, Ranlux, etc. However, the random pa-
rameters of the problem are distributed with certain PDE being necessary to generate random
numbers from these probability distributions in order to perform an adequate sampling, meth-
ods such as, inverse transform, acceptance-rejection, latin hypercube sampling, box-muller,
polar and ziggurat, can be applied to generate random variables. These methods are not dis-
cussed in this work, the reader is refered to [38] and [39] for a better detail of them. Additionally,
another important objective is the estimation of the number of samples that must be generated
to obtain satisfactory results. For this, a minimun sample size of 25 to 100 times the reciprocal
of Py must be required, i.e. N = (25 to 100) x 1/ P¢, in order to achieve reasonable confidence on
the probability estimate [30].

Finally, the failure probability estimate by crude MCS is computed as,
. 1 X
Py=P(F)==) 10€eb), (6.1)
NS

where 0 : 1,2,..., N are i.i.d samples drawn from the PDF of the random variable of analysis,
which are used to evaluate the limit-state function g(8y). A system analysis is required for each
sample @ to check whether it corresponds to failure or not, using the following criteria,

Failure region: I(@yeF)=1 implies that g(@;) <0
Safe region: I(@r€ F)=0 implies that g(@x) >0

Inspecting the conditions that define the Eq. (6.1), the probability of failure can be calculated

as!
Pf — N y 6.2
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where, Ny is the number of samples in failure region. In Eq. (6.2) when N (total number of
samples) tends to infinity the failure probability estimator is close to the true failure probability
value.

Algorithm 4 Crude Monte Carlo simulation algorithm
1: Define number of simulations (NSIM), number of samples in each simulation (N), and num-
ber of random variables (NRV).
Define the limit state (or performance) function, G.
Define the PDFs of the random variables and its parameters, PDF.
for i =1 to NSIM do
for j =1to NRVdo
for k=1toNdo
Sample x(j, k) ~ PDF;
end for
end for
g =I(Gx)=<0)
fail(i) =sum(g)/N
: end for
: Pp= sum(fail) /NSIM
return Pp

e e e
Lo B

The accuracy of Eq. (6.2), can be evaluated in terms of its variance. For small failure probabilities
and/or small number of simulation cycles, the variance of P ¢ can be large, thus it would take a
large number of simulation cycles to achieve the desired accuracy. The variance can be calcu-
lated assuming that each simulation cycle is a Bernoulli trial with probability P¢. Therefore, the
number of failures in N tests can be considered to follow a binomial distribution, which leads
to the variance of the Monte Carlo method,

Ny

N 1 NPf(1—-Pf) Pr(1-Pyp)
Var(Pf)ZVar(W)Z(W)Var(Nf): = .

NZ N (6.3)

But since the exact value of Py is not known, the value of the estimator 15f is used as approxi-
mation, because its expected value is equal to Py, that is,

N N 1 NP
and finally,
. _Pra-Pp)
var(Pp=L—— 6.5

Additionally, as is well-known the MCS estimator in Eq. (6.1) computed using the i.i.d. samples
0;:1,2,..., N, is unbiased'. Therefore, another measure of the estimator’s accuracy is given by

IThe bias of an estimator represents the difference between the estimator’s expected value
and the true value of the parameter being estimated. An estimator with zero bias is called unbi-
ased.
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the coefficient of variation of P '+ (c.o.vor §), defined as the ratio of the standard deviation to the

mean of P r, given by,
JVarPp) | 1-P
o= = ! = = / (6.6)
Pr P¢N

Finally, the Monte Carlo method applied to probabilistic structural analysis can be summarized
in the following 3 steps: i) digital generation of random variables and limit-state functions, i)
statistical analysis of trial outputs and iii) variance reduction techniques [26]. The following
examples show the applicability of the method in reliability analysis, in two kinds of problems,
the first analyzes a simply supported beam, and the second a square shallow foundation. Both
examples are based on the crude Monte Carlo simulation algorithm described in algorithm 4.

Example 6.1.1:| Simply supported beam

Compute the failure probability of a simply supported beam subjected to single load. The beam
has length L =5.50m, width b = 0.25m and height /& = 0.40m.

P

L

b

L

Eq. 6.7 defines the failure of the beam by excessive deflection, where L/360 is the maximum
deflection allowed by the design code, and PL3/(48E]I) is the deflection of the beam subjected
to aload applied in the middle of its length. The fail occurs when g(B E) < 0.

L PI®

PE)= —————.
ghE) 360 48EI

(6.7)

The statistical data of load and modulus of elasticity have been assumed and they are shown in
the following table:

Load, P Modulus of
(kN) elasticity, E (GPa)

Mean 100 21.324
Standard deviation 15 2.386
Distribution Normal Log Normal

Before calculating the value of the probability of failure for this problem, figure 6.1 shows
the variation of failure probability with respect to the amount of random numbers for 20 differ-
ent simulations. It can be seen that to obtain a stable approximate of Py, we must work at least
with 10° random numbers.
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Based on the value obtained from the above figure, the probability of failure can be calculated
using MCS. Figure 6.2, shows the distribution of samples used in the analysis and the limit state
function. The points in red correspond to the failure state, while those that appear in black cor-
respond to the safe state. Finally, from this distribution of samples, the probability of failure
can be calculated using Eq. (6.2), therefore the estimated failure probability for this problem is
Py =0.0457 with a standard deviation of 6.604 x 107°.

0.055

0.045[

0.04

Failure probability estimate

0.035;

0.03 3 . 4 . 5 . 6
10 10 10 10 10
Amount of random numbers

Figure 6.1: Amount of random numbers vs Py, for 20 different simulations.

Limit state value
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x 10

80 60 40' 2133 Modulus of elasticity (KPa)

Load (kN)

Figure 6.2: Limit state function and sampling points. Red: points in failure region, Black: points
in safe region.
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Other important graph that can be obtained is the variation of the failure probability respect to
the length of the beam. Figure 6.3 shows the variation of the failure probability increasing the
length of the beam. Hence, with the described conditions and properties of the beam, a length
greater than 5.5 m may involve a significant risk.

10 'k

[any
© !
)

[any
°© |
w

I

Failure probability
=
o

=
O|
o
T

10

107k

4.5 5 55 6 6.5 7 7.5
Length of the beam, m

Figure 6.3: Variation of the probability of failure increasing the length of the beam.

brd
A

Example 6.1.2: | Square shallow foundation

Compute the failure probability of a square shallow foundation resting on cohesive soil of stiff
consistency. The maximum settlement allowed is Spax = 0.30 m, the load applied to the foun-
dation is P = 1000 kN, the depth of the soil layer is H = 3 m, the coefficient of volume compress-
ibility assumed is m, = 0.000125 m?/kN, the depth of the footing is D ¢ =2 m, the width of the
footing is variable B = [1.5,4.5] m.

The first performance function is Eq. (6.8) which defines the failure of the footing by bearing ca-

pacity. In this case, the Terzaghi’s theory (1943) has been used to calculate the bearing capacity
(the equations were taken from [43, pag. 643-645]).

g1(p,y,0) = q.— PIB?, 6.8)

where,

qc=13cNc+yDfNy+0.4yBNy, forsquare footings, (6.9)
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p

Df

here c is the cohesion of the soil, y is the specific weight of the soil, N, N; Ny are the Terzaghi’s
bearing capacity factors, defined by:

(exp ((37/4 - p/2) tan ¢))

Nq = 2 y
2co0s-(45+¢/2)

N. = cot(¢)(Ng-1),

N, - tan¢ tan2(45+gb/2)_1

2 cos?(¢)

The second performance function is Eq. (6.10) which defines the failure by excessive settlement.
In this case, the equation for total settlement ([43, pag. 462]) is used.

82(¢,y,€) = Smax— myo . H, (6.10)

where, 0, is given by the Boussinesq equation?, derived by Newmark (1935) for uniform load
on square area, with m = B/ H ([43, pag. 432]),

qc{(Zmz 2m2+1)(2m2+2) _1(2m2 2m2+1)}
o,= < tan” [ ————— "~ (6.11)

Can |\ mA+2m?+1 J\2m2 +1 —mA+2m? +1

Finally, the statistical data of the soil parameters were taken from [37, Table 5(b)], and are shown
below:

Friction Specific Cohesion
angle, ¢ weight, y | consolidated, ¢
(rad) (kN/m?) (kN/m?)
Mean 0.30456 18 10
Standard deviation 0.07976 1 4.5
Distribution Log Normal | Normal Normal

2It should be noted that the atan2 function must be used for the solution of this equation.



6.2. SUBSET SIMULATION METHOD 65

For calculations of the failure probability 10® random numbers are used. Proceeding simi-
larly to the previous example, the probability of failure for both limit states when B = 2.5 m can
be calculated. Therefore, the value obtained for the first limit state function (load) is P¢ = 0.0188
with a standard deviation of 1.3585 x 10™%, and for the second limit state function (settlement)
is Py =0.01371 with a standard deviation of 1.1629 x 107%.
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Figure 6.4: Variation of the probability of failure increasing the footing width.

Like the beam example, an important graph that can be obtained is the variation of the failure
probability respect to the width of the footing. Figure 6.4 shows this variation for both perfor-
mance functions. In g; and g, curves, it can be seen that increasing the width of the footing, the
structure moves away from the failure region, because the structure does not present excessive
settlements, since the stresses in the soil layer are reduced due to the increased width. In this
type of problems a more detailed analysis of the variables is required to give a valid estimate,
considering other possible cases of failure and establishing a general failure probability based
on them; however in this case the objective is only to exemplify the method, therefore, analyz-
ing the two failure criteria considered, footing widths greater than 2.7 m ensure the stability of
the foundation.
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6.2 SUBSET SIMULATION METHOD

The subset simulation method (SubSim or SS), is an adaptive stochastic simulation procedure
for efficiently computing small failure probabilities in engineering systems [7]. In this approach,
the failure probability is expressed as a product of large values of conditional probabilities by
introducing several intermediate failure events, this provides the possibility of converting a
problem involving rare event simulation into a sequence of problems involving more frequent
events. During the simulation, conditional samples are generated from specially designed Markov
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chains, which are estimated efficiently using a Modified Metropolis-Hastings algorithm (MMH),
so that they gradually populate each intermediate failure region until they cover the complete
failure domain [34].
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Figure 6.5: Evolution of Subset Simulation method literature.

The starting point of the subset simulation method is presented in [4] and [5]. Making a rough
overview of the literature related to this model, based on the citation of the first article [5], pro-
vided by SciVerse Scopus (the world’s largest abstract and citation database of peer-reviewed
literature and quality web sources), it can be seen in figure 6.5 that this method has generated
an increasing research interest in the last years. After this brief description of the method, it
proceeds as follows.

As discussed in Chapter 3, the probability of failure is defined by,

Pr=P{g@)<0}=P@O€F) =f f(@) do =f I@eF)fO) do. (6.12)
F R

where, 0 = [01,0,,...,0,] € ® c R" represents an uncertain state of the system with PDF f(-); F
denote the target failure region in the space of variables ©; and I(:) is the indicator function, that
is equal to 1 when its argument is true and is equal to zero otherwise. It should be noted that,
by generation of random variables, it is assumed that the components of 8 are independent, i.e.
f@ = H:’: 1 [i(0;), where for each i, f;(-) is a one dimensional PDF of 6;.

Now, let F = F), o F, o --- D Fy;, be a chosen decreasing sequence of m nested failure regions,
so that Fy = ﬂle F;, k=1,2,..,m, as shown the figure 6.6. The probability of failure can be
represented as the probability of falling in the final subset F;, given that, on the previous step,
the event belonged to subset F;,_;. According to the probability multiplication theorem and
the definition of conditional probability,

IDE

Pf=P(Fy)=FinFn--nFy=P|()F;|, using222, (6.13)

i=1
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m—1 m-1
Pf=P( F; P(Fm| () Fi|=PFu-1)PFnl|Fn-1), (6.14)
i=1 i=1
Pp=P(Fp-1)P(Fpn|Fp1)=--=PF)[[PF|Fi-1). (6.15)

i=2

For example if m = 3, the expression is,

P;=P(F)P(F3|F) butF=FnF
Py=P(Fi1nF) P (Fs| F2)
Pr=P(F))P(F2| F1)P(F3| F2).

Eq. (6.15) indicates that instead of calculating a small P directly, the probabilities P (Fy), P (F; | Fi-1), i =
2,3,...,m, can be calculated initially, and then take their product [5].

X2

Fmn g(0) = by, =0 or max demand

g0)=b

g0)=b

Figure 6.6: Set of failure regions in subset simulation.

Since the expression of the failure probability is defined in Eq. (6.15), it is necessary to establish
the two main aspects of algorithm, concerning to the choice of the intermediate failure events
and the modified Metropolis algorithm, these procedures are described in the following sub-
sections.

CHOICE OF INTERMEDIATE FAILURE REGIONS

The choice of intermediate failure region is addressed by specifying a general parametric form
to define the failure region [7]. Therefore, in subset simulation is assumed that the failure do-
main of a system can be represented as the exceedance of a critical response or demand B,
above some specified threshold level or capacity b, i.e. F = (B > b), then the intermediate fail-
ure regions can be represented as,

F; ={B > b;}, (6.16)

where 0 < by < by < -+ < by, = b form an increasing sequence of intermediate threshold values,
which play a key role in the SubSim procedure, since they affect the estimation of the condi-
tional probabilities. These values are chosen so that the conditional probabilities are not small,
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because if b;_; << b;, would involve again the rare event simulation problem [7]. In contrast,
if they are very close b;_; = b;, it will require a greater number of levels m (large computa-
tional effort), to explore the failure region of interest. Therefore, it is difficult to know a priori
what optimum intermediate threshold values to choose in order to get a reasonable estimates of
the conditional probabilities, hence they are chosen adaptively, so that the conditional failure
probability in each level corresponds to a common specified value py; experience shows that
po € [0.1,0.2] is a prudent choice [7].

For a specified value of py, the intermediate threshold value b; defining F; by Eq. (6.16), can be
simply obtained as the [(1 — Pp) N]-th largest value among {B;_; ;. : k =1,2,..., N}, so that the
conditional probability estimate becomes P(F; | F;_1) = P(B > b; | B> b;_1). It should be noted
that pp and N are chosen so that poN is an integer.

This choice of the intermediate threshold values implies that they are dependent on the con-
ditional samples and will vary in different simulations runs [5]. Additionally, P(F; | F;_1) is not
currently equal to py, since it is an estimate of the conditional probability, therefore N must
be chosen large enough so that the variability of b;, and thus the error in P(F; | Fi_1) = po is
kept small [7]. It is important to note that considering P = P(B > b) for different values of b,
the exceedance probability curve can be obtained as a function of the threshold values b, this
procedure is equivalent to compute the complementary cumulative distribution function of the
response quantity B, CDF=1-CDE

It has been discussed that the choice of the intermediate threshold values affects the values of
the conditional failure probabilities and hence the efficiency of the SubSim procedure. If the
threshold values sequence increases slowly, the conditional probabilities will be large, and thus
their estimation requires less samples N, however, it requires more simulation levels m to reach
the target failure event [5], then the total number of samples N = 37", N; is large in the whole
procedure. Conversely, if the sequence increases rapidly, the conditional probabilities become
rare, and it will require more samples N to obtain an accurate estimate in each simulation level,
which also increases the total number of samples. Consequently, it can be seen that the choice
of the intermediate threshold levels is a compromise between the number of samples required
in each simulation level N;, the number of simulation levels m, and the prescribed conditional
probability value py.

MODIFIED METROPOLIS-HASTINGS ALGORITHM

This algorithm is a modified version of the original Metropolis-Hastings procedure, since it has
been found that the latter has difficulties when simulating random variables with many inde-
pendent components, becoming very inefficient in high dimensional problems [6]. In Metropolis-
Hastings the acceptance probability in the accept/reject step becomes very small as the dimen-
sion increases, thus large number of repeated samples are obtained, decreasing the exploration
of the important regions of the intermediate failure domains [8].

The modified Metropolis-Hastings (MMH) overcomes this deficiency using a sequence of one-
dimensional proposals distributions to generate the candidate vector, one component at time,
instead of using a high dimensional proposal distribution to obtain the candidate samples [3].
An important property of this algorithm is that it does not suffer of burn-in, the main disad-
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vantage of MCMC methods. The reason is that for an intermediate failure level, the modified
Metropolis-Hastings algorithm is seeded with conditional samples selected from the previous
failure level that lie in the current failure region, therefore the samples that seed the Markov
chains in a given level are always distributed according to their target distribution, being the
original probability distribution of the input variables, conditional on the intermediate failure
event. This means that all the Markov chains generated reach the stationary distribution from
the beginning of the simulation [8].

The MMH algorithm proceeds as follows. For every j = 1,2,...,n (n equal to the number of
uncertain parameters), let the proposal PDF ¢;(¢ | 6), be a one-dimensional PDF of ¢ centered
atd,

* Generate a candidate state 8, _ ;. For each component j = 1,..., n, simulate a precandidate
$k+1(j) ~ q;j(-10(j)) and compute the acceptance ratio,
FiCkr1(Naqj@r(j) | &1 ()
[iO0k(Nqj & (N 10k())

Finally, set @7, | (j) = &+ (j) with probability min(1, a1 (j)), and set ., , (j) = 0 (j) with
probability 1 —min(1, a1 (j)).

Ar1(j) = (6.17)

* Accept/reject @, . If0,, € F; acceptit as the next sample (641 = 0}, ), otherwise reject
it and take the current sample as the next one (@1 =0y).

The first step compute a random walk in the neighborhood of the current state, while the second
step ensures that the sample always lie in F;. Note that if the proposal PDFs have the symmetry
property, 4;(§ 1 6) = g;(0 | ¢), recovers the original modified Metropolis algorithm described in
[5].

The acceptance rate for the MMH should be considerably higher because the candidate state
0, is simulated close to the current state 0. if the proposal PDFs are sufficiently local, then 8.
should have a high probability of lying in F; [5]. The proposal PDFs affect the deviation of the
candidate state from the current state, and control the efficiency of the Markov chain samples in
populating the failure region; in addition, the spread of the proposal PDFs affects the size of the
region covered by the Markov chain samples. Small spread tends to increase the dependence
between successive samples, slowing down convergence of the estimator and it may also cause
ergodicity problems due to the existence of disconnected failure regions that are separated by
safe regions whose size is large compared to the spread of the proposals [5], but by construc-
tion of the MMH method, this problem is solved using Markov chain samples generated from
multiple chains. Finally, the uniform PDF centered at the current sample with width 2 is a good
candidate for g;, and the spread of the proposal distribution should be equal to the standard
deviation of the input variables [5]. Algorithm 5 summarizes the MMH method.

After exposing the two most important issues of the method, the general SubSim algorithm pro-
cedure is described in the following paragraphs. In order to compute Py based on Eq. (6.15), the
probabilities P (F;) and P (F; | F;—,) must be estimated. Initially, the unconditional probability
P (Fy) for the first subset can be computed by Monte Carlo simulation,

. 1 X
P(F)) =P =—) I@r€F), (6.18)
Nk:l
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Algorithm 5 Modified Metropolis-Hastings algorithm
1: Define n, number of uncertain parameters involved in the problem
2: Initialize O
3: for j=1tondo
4:  Sample u ~%/0,1)

51 Sample &i.q(f) ~ q; (1 0k(}))
6: Compute ay,1(j) = f}](‘(fek;t%))izbjh(éek’:f{;l)fek;l(%)))
7. if u=min(1, ag,(j)) then

8: SetB,*CH =& (j)

9: else

10: SetBZH:Bk(j)

11:  endif

12: end for

13: if @, € F then

14: Set 041 :0;;+1

15: else

16: Set@j.1 =0

17: end if

18: return ;.

where 0y : k=1,2,.., N arei.i.d samples according to the PDF of the parameters, f(-) [6]. From
these MCS samples, some samples distributed as f(- | F1) are obtained. These samples provide
seeds for simulate the Markov chain samples using the modified Metropolis-Hastings method,
also distributed as f (- | F1). These new samples can be used to estimate P(F, | F). Observe that
the samples that lie in F, are distributed as f (- | F») and thus they provide seeds for simulating
more samples according to f(- | F») to estimate f(F3 | F») [5]. Repeating this process until the

failure event of interest F = F,,, the conditional failure probabilities can be calculated,
1 N
NS

P(F; | Fi-)) = P; = 1@, € Fy). (6.19)

Combining Egs. (6.18),(6.19) and (6.15) the failure probability estimator can be expressed by,

p;. (6.20)

—z

Py=
1

~
Il

Finally, it should be noted that the computational efficiency in subset simulation relative to the
standard MCS increases with decreasing failure probability, because the computational effort
depends roughly on the logarithm of P(F) [6]. Consequently, SubSim becomes more efficient
compared with MCS as the target failure probability gets smaller [5].

Procedure 6, summarizes the SubSim algorithm and figure 6.7 shows the SubSim method evo-
lution, in which each one of the steps performed to reach the target failure region are illustrated.

Finally, the explanation of the subset simulation algorithm is complemented with four exam-
ples, where the probability of failure is evaluated by means of MCS and SubSim methods, in
order to compare the efficiency of both algorithms in terms of computational cost.
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Procedure 6 Subset Simulation algorithm

1:

Define n, number of uncertain parameters involved in the problem. N, total number of
samples in each level. py, prescribed conditional probability value

2: Generate N samples 8, ;: k=1,2,..., N of the PDF f(-) by direct MCS
3: Compute the corresponding response values g(0; )

Choose the first threshold value b; as the pyN-th position in the descending list of the re-
sponse values

Define the first intermediate failure level as F; = {8 : g(8) < b;}. The failure probability P; =
P(Fy) can be estimated by P, = Po

From these initial pgN samples that lie in F;, use MMH algorithm to generate [N(1 — pg)]
additional conditional samples so that there are a total of N samples in the i-th level

7: Compute the corresponding response values g(8; )

10:

11:
12:

Choose the i-th threshold value b; as the poN-th position in the descending list of the re-
sponse values

Define the i-th intermediate failure level as F; = {8 : g(0) < b;}. The conditional failure
probability P; = P(F; | F;_1) can be estimated by b, = Po

Repeat for higher conditional levels until the samples are at conditional level m. The con-
ditional failure probability P,, = P(F,, | F;;—1) can be estimated by P,=N /N, where Ny is
the number of samples that lie in the target failure event F,,

The target failure probability can be estimated by Py = pJ"~1 (N¢/N)

return Pp

a. Initial MCS samples b. Adaptive selection of first intermediate threshold Ivl
: : : 10 : : : : :

6 7 8 9 10 1 12 13 14 6 7 8 9 10 11 12 13 14

d. Adaptive selection of second intermediate threshold Ivl
10 T T T T T
: . .\"\f\/

6 7 8 9 10 1n 12 13 14

ins f. Adaptive selection of third intermediate threshold lvl

Figure 6.7: SubSim procedure evolution. Red line represents the target failure region.
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Example 6.2.1:| Subset Simulation - Linear performance function ‘ (Based on [36]).

Compute the failure probability of a system with a linear performance function:
gR,S)=R-S. (6.21)

The resistance R follows a normal distribution A4'[7,1] (1 =7, o = 1), and the external force S a
normal distribution A3, 1].

The system fails when g(R,S) < 0. Both, subset simulation and Monte Carlo simulation,
have been applied to solve this problem. In SubSim procedure, the intermediate thresholds (b;)
are chosen adaptively, thus, the estimates of the conditional probabilities are equal to py = 0.1.
The proposal PDFs are uniform PDFs with width 2 centered at 6. Here, the number of uncertain
parameters is n = 2 (resistance and external force).

In SubSim procedure, the total number of samples in each level is N = 5000; for the calculation
of the probability of failure, two subsets were formed before reaching the target failure level, the
corresponding values are b; = 2.2132, b, = 0.744996. Therefore, the failure probability by Sub-
Sim is equal to Py = 0.00236, and the elapsed time of the simulation is 3.220 seconds. Figure 6.8
shows the SubSim method evolution for this example.

In MCS procedure, the total number of samples is N = 10°. The failure probability by MCS is
Py =0.002334, and the elapsed time of the simulation is 98.347 seconds. Figure 6.9 shows the
evolution of the performance function g(R,S) respect to the failure probability, by MCS and
SubSim.

First MCS sampleg
#  Seeds from MCS
G(X) =b1
MCMC samples
G(X) =hb2

External force

.6 10 12
Resistance

Figure 6.8: Failure regions in example 6.2.1.
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Figure 6.9: Failure probability estimate in example 6.2.1.

Example 6.2.2: | Subset Simulation - Parabolic performance function ‘ (Based on [36]).

Compute the failure probability of a system with a parabolic performance function:
gR,S) = (R-11)2—(S-6). (6.22)

The resistance R follows a normal distribution .4'[8.5,0.707], and the external force S a normal
distribution A'[5,0.707].

The system fails when g(R,S) < 0. Both, subset simulation and Monte Carlo simulation,
have been applied to solve this problem. In SubSim procedure, the intermediate thresholds (b;)
are chosen adaptively, thus, the estimates of the conditional probabilities are equal to py = 0.1.
The proposal PDFs are uniform PDFs with width 2 centered at 8. Here, the number of uncertain
parameters is n = 2 (resistance and external force).

In SubSim procedure, the total number of samples in each level is N = 5000; for the calculation
of the probability of failure, three subsets were formed before reaching the target failure level,
and the corresponding values are by = 3.47504, by = 1.48214 and b3 = 0.392464. Therefore, the
failure probability by SubSim is equal to Py = 0.000306, and the elapsed time of the simulation
is 4.947 seconds. Figure 6.10 shows the SubSim method evolution for this problem.

In MCS procedure, the total number of samples is N = 10°. The failure probability by MCS is
Py =0.000312, and the elapsed time of the simulation is 105.279 seconds. Figure 6.11 shows
the evolution of the performance function g(R, S) respect to the failure probability, by MCS and
SubSim.

bYd
X
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Figure 6.10: Failure regions in example 6.2.2.
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Figure 6.11: Failure probability estimate in example 6.2.2.
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In the following examples, the reader is refered to Section 4 to review the details relating to the
calculation of the dynamic response of each one of the systems that are exposed. In both ex-
amples, the response of the system is computed at discrete time instants, ;. = (k—1)Af, where
At =0.02 s and the total duration of the excitation is T = 30 s, therefore, the number of time
instantsis n = T/At+1 = 1501; both systems start from the rest (i.e. x(0) =0, x(0) = 0).

The input W (#) is a Gaussian white noise process with spectral intensity S. The uncertain state
vector @ consist of the sequence of i.i.d standard Gaussian variables (.4[0,1]) which generates
the white noise input at the discrete time instants, W(t) = 0V21S/At : k = 1,2,...,n; here
n =1501 is the number of uncertain parameters involved in each the problem.

Additionally, the intermediate thresholds (b;) are chosen adaptively, thus, the estimates of the
conditional probabilities are equal to py = 0.1. The proposal PDFs are chosen to be uniform
PDFs with width 2 centered at 9, (0 — 1,0 + 1).

Example 6.2.3: | Subset Simulation - SDOF Linear Oscillator‘ (Based on [5]).

Consider a SDOF oscillator with natural frequency w = 7.85 rad/s, and damping ratio { = 0.02
subjected to white noise excitation, with spectral intensity S = 1 (see Subsection 4.5).

(1) +20wx(t) + w?x() = W(2). (6.23)

Both, subset simulation and Monte Carlo simulation, have been applied to solve this prob-
lem. The system failure is defined as the displacement response (X (f;)) exceding a threshold
level B within the first 30 s,

F=UJUX 1> B}= max |X(t)|>B. (6.24)
k=1 =1,...,n

The intermediate threshold values can be chosen similarly, taking into account that b; < b, <
e & bm = B,
F;= max | X(fg)|> b;. (6.25)
k=1,...,n

.....

In SubSim procedure, the displacement response exceding a threshold level, or maximum de-
mand is equal to B = 2.5. The total number of samples in each level is N = 1000; for the calcula-
tion of the probability of failure, six subsets were formed before reaching the target failure level
(B = 2.5). The elapsed time of the simulation for the calculation of the probability excursion
case is 0.3101 hours, and for the limit state function case is 0.3108 hours. Figure 6.12 shows one
calculation of the reliability analysis by MCS and SubSim.

In MCS procedure, the total number of samples is N = 10”. The elapsed time of the simulation
for the calculation of the probability excursion case is 19.092 hours, and for the limit state func-
tion variation case is 19.196 hours. Figure 6.13 shows the evolution of the performance function
g(0) respect to the failure probability, by MCS and SubSim.

bYd
X
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Figure 6.12: Failure probability estimate in example 6.2.3. Probability excursion.
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Figure 6.13: Failure probability estimate in example 6.2.3. Limit state function variation.
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Example 6.2.4: | Subset Simulation - Eight-story nonlinear hysteretic shear building
(Adapted from [5]).

Consider a eight-story shear building with hysteretic behavior under earthquake motion mod-
eled by a nonstationary stochastic process. The floor masses are 140 x 103 kg for all stories. The
linear interstory stiffness for the first to eight stories are, [3.40 3.26 2.85 2.69 2.43 2.07 1.69 1.37]
10® N/m, respectively. The viscous interstory damping coefficient for the first to eight stories
are, [4.90 4.67 4.10 3.86 3.48 2.98 2.43 1.96] x 10° N s/m, respectively.

Each story of height i = 3.3 m, is modeled by a Bouc-Wen hysteretic element, with parame-
ters A=1, a =0.6, B =7 =0.5 n =3 (see Section 4.2). The response of the system is com-
puted at discrete time instants, fx = (k—1)At, where At =0.02 s and the duration of the excita-
tion is T = 30 s. The structure is subjected to base excitation d(f) modeled by Clough-Penzien
filtered white noise W(t) modulated by an envelope function e(f) (see Subsection 4.4). The
Clough-Penzien filter parameters are wg; = 15.7 rad/s and wg, = 1.57 rad/s, the dominant and
lower-cutoff frequency of the spectrum; {s; = 0.6 and (s> = 0.8, the damping parameters asso-
ciated with the dominant and lower-cutoff frequency. Finally, the envelope function is given by
Eq. (4.26), which is rewritten here for convenience,

(t14)? for t<4
e(t) =11 for 4<t<24 (6.26)
exp[—0.5(t—24)%] for 24<t

Both, subset simulation and Monte Carlo simulation, have been applied to solve this prob-
lem. The system failure is defined as the exceedance of the interstory drift response of any one
of the stories (X;(#;)) above a threshold level B within the first 30 s,

8 n
F=J Ul X 1> B} = max max | X(5;) > B. 6.27)
j=1k=1 j=1,..,8k=1,..,n

The intermediate failure events can be chosen similarly,

F; = max max | X(f) > b;. (6.28)

j=1..,8k=1,..,n

In SubSim procedure, the interstory drift response exceding a threshold level, or maximum de-
mand is equal to B = 0.01/ = 0.033 m. The total number of samples in each level is N = 1000;
for the calculation of the probability of failure, three subsets were formed before reaching the
target failure level (B = 0.033). The elapsed time of the simulation for the calculation of the
probability excursion case is 2.743 hours, and for the limit state function case is 2.736 hours.
Figure 6.14 shows a calculation of the reliability analysis by MCS and SubSim.

In MCS procedure, the total number of samples is N = 10°. The elapsed time of the simula-
tion for the calculation of the probability excursion case is 37.631 hours, and for the limit state
function case is 36.635 hours. Figure 6.15 shows the evolution of the performance function g(6)
respect to the failure probability, by MCS and SubSim.
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Figure 6.14: Failure probability estimate in example 6.2.4. Probability excursion.
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CHAPTER

Results, discussion and future work

Along the present study, the Monte Carlo and subset simulation methods were analyzed for the
assessment of structural systems safety by means of failure probability estimation.

For the implementation of subset simulation algorithm, it was necessary to study the Markov
chain Monte Carlo methods to generate random samples from multi-dimensional probability
distributions that cannot be sampled directly. Therefore, three of the main MCMC methods
were implemented.

e The first is the Metropolis-Hastings algorithm which has been widely applied in scien-
tific calculations; this approach allows the sampling of probability distributions when the
shape of that function is known, i.e. a function proportional to its probability density.

¢ The second is the Simulated Annealing algorithm, which is quite similar to the previous
procedure, but in this case it uses a cooling schedule function which depends exclusively
on the problem addressed. In the developed example, since the distribution of the sam-
ples was good, it was found that the sampling of the function is enhanced by the use of the
cooling function, although it does not make use of techniques to improve the sampling,
e.g. the burn-in period.

¢ The third is the Gibbs Sampler algorithm which uses a different methodology to the pre-
vious methods, it only considers univariate conditional distributions and there is no a
stage of accept/reject. The Gibbs sampler has the advantage that it samples from the
conditional distributions for each unknown parameter, therefore these conditional dis-
tributions need to be found, analytically or estimated by means of differents techniques,
such as Bayesian inference.

In general, MCMC algorithms are useful for sampling complex functions, however they have
certain disadvantages, which are mainly related to the burn-in period, the length of Markov
chains, the choice of initial states, and the selection of proposal distribution. To overcome these
drawbacks there are several techniques to identify when the samples are distributed accordingly
respect to the target function. One of the main techniques that have been implemented is the
calculation of the autocorrelation of the samples, whose correlograms show the dependence
of the samples; this also helps to define the burn-in period, since the length of the chain from
79
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which the samples become less dependent can be estimated. In addition, computation of the
acceptance rate of the samples and generation of plots with the autocorrelation of these, helps
to make a better choice of proposal distributions and their parameters. Hence, acceptance rates
and autocorrelations of the samples provide an excellent measure for evaluating the effective-
ness of the chosen proposal distribution.

Other techniques are the convergence tests which evaluate the set of samples to determine if
the Markov chain reached stationarity; most of these tests are recommendations and serve to
give an idea about the quality of the generated samples. The basic Geweke test has been im-
plemented, it was used to estimate the length of the chain and the burn-in period because it
establishes a relationship between the first and final samples. Additionally, one strategy for re-
ducing the autocorrelation of the samples (and also save computer memory) is thinning the
output, in this procedure multiple iterations of the algorithm between successive samples must
be performed in order to store each /ag-th position.

Regarding the main objectives, this final project applied two well-known simulation algorithms
for the estimation of the failure probability of civil structures, subjected to dynamic excitations
caused by seismic incidents. Hence, single and multi degree of freedom systems with linear and
nonlinear Bouc-Wen hysteretic behavior were used in the idealization of the structural models
that were analyzed in the final examples, in this aspect it is important to highlight the use of the
drift-based formulation of the equation of motion, because the most design codes set failure cri-
teria associated with this measure. Additionally, various methods for calculating the response
of the structures were studied, and the 4 order Runge-Kutta method has been implemented to
accomplish this task since it involves a lower computational cost.

The first simulation approach is Monte Carlo simulation (MCS), which despite being robust to
the type and dimension of the problem, it is excessively computationally expensive and it is
not efficient for estimation of rare events (small probabilities) because it requires a large num-
ber of samples and system analysis to achieve a given accuracy. The second approach is Subset
Simulation (SubSim), an adaptive stochastic simulation procedure for efficiently computing
small failure probabilities, which overcome the drawbacks that characterize the MCS. In this
method, conditional samples are generated from specially designed Markov chains, which are
estimated efficiently using a modified Metropolis-Hastings algorithm, so that they gradually
populate each intermediate failure region until they cover the complete failure domain. As is
traditional in MCMC methods, the choice of the proposal distributions is crucial in the success
of this method, however it should be noted that this algorithm does not suffer from burn-in,
because the seeds are conditional samples selected from the previous failure level that lie in the
current failure region, thus the samples that seed the Markov chains in a given level are always
distributed according to their target distribution, i.e. all the Markov chains generated reach the
stationary distribution from the beginning of the simulation.

In final examples, the failure probabilities are estimated comparing both methods. In order to
accomplish this task, two ways to display the probability variation have been used, i) first, a
relation between the displacement thresholds and the probability of failure is shown, this is the
most used approach because it allows to appreciate the probability of failure for a certain level
of structural displacement, which marks an evolution of structural behavior in time (first ex-
cursion problem); ii) second, a relation between the limit state function and the probability of
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Table 7.1: Simulation results.

Problem MCS SubSim

Py N  Elapsed time | Py N Elapsed time
Example 6.2.1 | 0.002334 1e6 98.347s 0.002360 5000 3.220s
Example 6.2.2 | 0.000312 1e6 105.279s 0.000306 5000 4.947s
Example 6.2.3 | 2e—7 le7 19.092h 1.2e—-7 1000 0.310h
Example 6.2.4 | 0.00056 le5 37.631h 0.00076 1000 2.743h

failure is shown, this approach allows to appreciate the performance function variation until it
is less than or equal to zero (failure), this procedure is less general, since it is limited to a single
level of displacement, thus it can be used for certain demands or thresholds previously estab-
lished. In the graphs of both SubSim final examples, it can be seen that the SubSim and MCS
estimations agree well, considering that these results correspond to only one simulation, except
in the low probability region where the error in the MCS estimates is significant. Table 7.1 sum-
marizes the results for the two simulation methods employed (N in SubSim corresponds to the
samples in each level). As can be appreciated, the simulation times are significantly higher in
MCS than in SubSim, which verifies the high computational cost generated by MCS. Addition-
ally, the values of the probabilities do not agree well, because as stated previously, the region of
low probability in MCS has a considerable error, since it requires a larger number of samples for
a better estimation of the final failure region.

Finally, several lines of research and additional work can be targeted as future work.

e First, implement a complete SubSim algorithm in C/C++ to obtain the benefits involved
in this programming language (parallel programming, free distribution, speed of calcula-
tion, commonly used by the academic community, etc.), adding the computation step of
the coefficient of variation 6 in order to examine the bias of the estimate, and taking into
account the new considerations presented in [52].

¢ Second, consider the variations and modifications of the original algorithm, such as split-
ting, hybrid, parallel, two-stage, etc.

¢ Third, the analytical methods for the calculation of probability of failure must be taken
into account in order to make a general comparison of all methods used in reliability
analysis.

¢ Fourth, research in top journals of probability about new methods to improve the perfor-
mance of MCMC methods and its adaptation to the Subsim method.
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Alist of scientific articles related to improvements of subset simulation algorithm is presented.

1.

Kostantin M. Zuev et al. “Bayesian post-processor and other enhancements of Subset
Simulation for estimating failure probabilities in high dimensions”. In Computers & Struc-
tures 92-93.0 (2012), pp 283-293.

X. Gong and G. Zhang. “Reliability analysis based on efficient simulation”. In Applied
Mechanics and Materials 141.1 (2012), pp. 594-600.

S.K. Au et al.“Discussion of paper by E Miao and M. Ghosn -Modified subset simulation
method for reliability analysis of structural systems-, Structural Safety, 33:251-260, 2011”".
In Structural Safety 34.1 (2012), pp. 379-380.

M. Munoz Zuniga et al. “Adaptive directional stratification for controlled estimation of
the probability of a rare event”. In Reliability Engineering and System Safety 96.12 (2011),
pp. 1691-1712.

P Liu and Q.-E Yao. “Modified response conditioning method for structural dynamic
reliability estimations”. In Gongcheng Lixue/Engineering Mechanics 28.11 (2011), pp. 7-
11+22.

J.-M. Bourinet, E Deheeger and M. Lemaire. “Assessing small failure probabilities by com-
bined subset simulation and Support Vector Machines”. In Structural Safety 33.6 (2011),
pp. 343-353.

Z. Song, Z. Lu and C. Zhou. “A novel and efficient Subset Simulation (SubSim) method
for obtaining cumulative distribution function (CDF) of structural response and its appli-
cation”. In Xibei Gongye Daxue Xuebao/Journal of Northwestern Polytechnical University
29.4 (2011), pp. 542-547.

K.M. Zuev and L.S. Katafygiotis. “Modified Metropolis-Hastings algorithm with delayed
rejection”. In Probabilistic Engineering Mechanics 26.3 (2011), pp. 405-412.

E Miao and M. Ghosn. “Modified subset simulation method for reliability analysis of
structural systems”. In Structural Safety 33.4-5 (2011), pp. 251-260.
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Metropolis”. In Harbin Gongye Daxue Xuebao/Journal of Harbin Institute of Technology
43.SUPPL.1 (2011), pp. 120-125.

X.-K. Yuan, Z.-Z. Lu and X. Xu. “Support vector machine reliability analysis method based
on Markov chain simulation”. In Gongcheng Lixue/Engineering Mechanics 28.2 (2011), pp.
36-43.

W.-C. Hsu and J. Ching. “Evaluating small failure probabilities of multiple limit states by
parallel subset simulation”. In Probabilistic Engineering Mechanics 25.3 (2011), pp. 291-
304.

L. Katafygiotis, S.H. Cheung and K.-V. Yuen. “Spherical subset simulation (S3) for solv-
ing non-linear dynamical reliability problems”. In International Journal of Reliability and
Safety 4.2-3 (2010), pp. 122-138.

S.K. Ay, J. Ching and J.L. Beck. “Application of subset simulation methods to reliability
benchmark problems”. In Structural Safety 29.3 (2007), pp. 183-193.

J. Ching, J.L. Beck and S.K. Au. “Hybrid Subset Simulation method for reliability estima-
tion of dynamical systems subject to stochastic excitation”. In Probabilistic Engineering
Mechanics 20.3 (2005), pp. 199-214.

L. Katafygiotis and S.H. Cheung. “A two-stage Subset Simulation-based approach for cal-
culating the reliability of inelastic structural systems subjected to Gaussian random exci-
tations”. In Computer Methods in Applied Mechanics and Engineering 194.12-16 (2005),
pp. 1581-1595.



Appendix 2

Finally, the computational tools used to carry out this work are highlighted.

PC: Dell Inspiron 1525, Intel Core2 Duo, RAM 3Gb, SWAP 4GB.
Operating System: Mepis Linux 2.6.27 64b.

The data plots were generated using the software package MATLAB® R2011a glnxa64 and the
matplotlib python library; the other illustrations were made in Inkscape 0.46 (version that al-
lows the use of the psfrag package). Computational calculations were performed on a special
university computer using ssh network protocol for remote connection, and GNU screen that
allows to start applications from other computer.

This monograph was typeset using the IKIEX 2¢ typesetting system (originally developed by Leslie
Lamport based on TgX created by Donald Knuth), with Memoir class and Fourier letter font. The
editing was done using Kile 2.0.
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