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Abstract and Resumen  XI 

 

Abstract 

Analytical solution for the soil-structure 
interaction of a non-uniform section pile on non-
homogeneous soil conditions 

 

Non-prismatic piles are typically used in cases where large lateral loads must be resisted. 

In many applications, these elements are implemented in partially and fully-embedded 

layered soils to improve the load transfer to the soil with a more efficient strength 

distribution due to their larger cross-sectional area at the top of the element. However, they 

require a complex and more comprehensive analysis and design than uniform elements.  

This investigation presents the derivation of the stiffness matrix and load vector of an 

analytical solution for non-uniform section piles fully and partially embedded on non-

homogeneous soils. The methodology presented herein allows to i) perform static and 

stability analyses of non-prismatic circular piles (i.e., tapered piles, stepped-tapered piles, 

etc.), ii) consider soil variation along depth with linear and trapezoidal distribution of the 

modulus of subgrade reaction, iii) evaluate fully and partially-embedded piles in 

multilayered soils by just neglecting the soil contribution in the unembedded section, iv) 

consider partially and fully restricted connections, v)  account for a Pasternak soil 

foundation. 

The Differential Transformation Method (DTM) was used to solve the governing differential 

equation and determine the polynomial terms that satisfy the boundary conditions. Then, 



 

compatibility conditions were applied at the bounds of each pile segment to derive the 

stiffness matrix and load vector. 

Four examples are presented to evaluate the lateral response of tapered, stepped and 

prismatic piles: 1) Fully-embedded tapered and prismatic pile in two homogeneous soil 

layers; 2) Influence a non-homogeneous layer in the lateral deformation on tapered and 

prismatic piles; 3) Deformation, rotation, moment, and shear profile of a tapered pile in a 

four layers soil; 4) Prismatic pile and non-prismatic piles partially embedded in a two-

layered soil. 

 

The reliability of the proposed method is validated using finite element analysis in SAP2000 

for the above-mentioned examples. The results show excellent agreement with the FE 

analyses at a lower computational cost, and it is observed that lateral deformations are 

mainly affected by the taper ratio of the pile and the thickness and stiffness relationship of 

the layers. 

 

 

Keywords: Non-prismatic pile; Multi-layered soil; Non-homogeneous soil; Partially 

embedded pile; Differential Transformation Method. 

  



 

 

 

 

 

 

 

 

 

Resumen 

Solución analítica para la interacción suelo 
estructura de un pilote de sección no uniforme 
en condiciones de suelos no homogéneas 

 

Las pilas no prismáticas suelen ser utilizadas para resistir grandes cargas laterales. En 

muchas de estas aplicaciones dichos elementos se implementan en suelos estratificados 

parcial o totalmente embebidos para mejorar la transferencia de carga al suelo con una 

distribución de la resistencia más eficiente, debido al incremento de la sección transversal 

en la parte superior del elemento. Sin embargo, requieren un análisis y diseño más 

complejo y exhaustivo que los elementos uniformes.  

 

Esta investigación presenta la derivación de la matriz de rigidez y el vector de carga de 

una solución analítica para pilotes de sección no uniforme total y parcialmente embebidos 

en un suelo no homogéneo. La metodología presentada permite, i) realizar análisis 

estáticos y de estabilidad de pilas no prismáticas circulares (i.e., pilas cónicas, pilas 

escalonadas, etc.), ii) considerar la variación del suelo en profundidad con distribuciones 

lineales y trapezoidales del módulo de reacción del suelo, iii) evaluar pilas completa y 

parcialmente embebidas en suelos multi capa, iv) considerar conexiones parcial y 

completamente restringidas, v) tener en cuenta un modelo de fundación Pasternak. 

Se implementa el Differential Transformation Method (DTM) para resolver la ecuación 

diferencial gobernante y determinar los términos del polinomio que satisfacen la ecuación. 



 

Seguidamente, se aplicaron condiciones de compatibilidad en los límites de cada 

segmento del pilote para obtener la matriz de rigidez y el vector de carga. 

Se presentan cuatro ejemplos para evaluar la respuesta lateral de pilotes cónicos, 

escalonados y prismáticos: 1) Pilotes cónicos y prismáticos totalmente embebidos en dos 

capas homogéneas de suelo; 2) Influencia de una capa no homogéneas en la deformación 

lateral de un pilote cónico y prismático; 3) Perfiles de deformación, rotación, momento y 

corte de un pilote cónico en un suelo de cuatro capas; 4) Pilotes prismáticos y no 

prismáticos parcialmente embebidos en un suelo de dos capas. 

La confiabilidad del método propuesto se valida mediante el análisis de elementos finitos 

en SAP2000 para los ejemplos mencionados. Los resultados muestran una excelente 

concordancia con los análisis de elementos finitos a un menor coste computacional, y se 

observa que las deformaciones laterales se ven afectadas principalmente por la relación 

de conicidad del pilote y la relación de espesor y rigidez de las capas. 

 

 

Palabras clave: Pila no prismática, Suelo estratificado, Suelo no homogéneo, Pila 

parcialmente embebida, Differential Transformation Method.   
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1. Introduction 

1.1 Background 

Piles with variable cross-sections are frequently used to support medium to high-rise 

buildings, space and aircraft structures, highway bridges, offshore and harbor structures, 

and machinery. In many of these structural applications, non-prismatic piles are 

implemented to transfer axial and lateral forces, and flexural moments to deeper soil strata 

by taking advantage of the optimization of strength distribution due to the enlargement of 

the top cross-section of the pile [1]. Among them, tapered and stepped piles are commonly 

used and have demonstrated larger axial [2-6] and lateral capacities [7-8], as well as lower 

deflections than prismatic piles [7-9]. Additionally, tapered piles have proven to be easier 

to drive than cylindrical piles [10-12] due to their taper angle. 

 

Soil deposits are known to be highly heterogeneous and variable. In the best case, they 

can be idealized as cross-anisotropy multi-layered materials. Additionally, deep foundations 

are usually embedded in layered soils. Thus, soil foundation should not be simplified by 

assuming that it is an isolated element from the pile [12]. Moreover, the study of a pile under 

lateral loading requires a soil-structure analysis, since soil reaction is dependent on the pile 

movement, and this deformation is dependent on soil response [13]. In that sense, 

preliminary studies have addressed the behavior of tapered section piles via analytic 

methods to determine expressions for the components of the stiffness matrix and 

deflections, rotations, forces, and moments along the member [14-17]. Also, finite element 

analysis (FEM) has been implemented to evaluate tapered piles behavior under axial 

loading [4,18]. Similarly, other authors have focused on evaluating the axial and lateral 

behavior of stepped piles with field testing [8-9]. The researchers implemented 

instrumented piles increased and observed that lateral load capacity and decreased 

deflections at different applied loads for the step tapered piles due to the enlargement or 

strengthening of the upper section of the piles. 
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Different researchers have evaluated soil-pile interaction considering soil variation. Basu et 

al. [20,21] developed an analytical method to analyze laterally loaded rectangular piles 

embedded in a multi-layered system. The foundation soil was considered as a three-

dimensional continuum with n layers, and the governing differential equations for the pile 

deflections were obtained using the principle of minimum potential energy. Other authors 

have implemented analytical solutions to evaluate the response of piles subjected to lateral 

[12, 22-24] and axial forces [25] embedded in a multi-layered soil. More recently, Vega-

Posada et al. [26] deducted a simplified method to perform static and stability analysis of 

circular tapered elements embedded in a non-homogeneous soil. The governing differential 

equation was solved with the Differential Transformation Method (DTM). On top of that, 

partially embedded piles are also found in bridges and temporary bridges, or can also be 

implemented when the upper layers are too soft or loose and provide very little stiffness. 

Buckling and stability analysis has been carried out considering this condition by means of 

analytic methods [27-29]. 

 

This study presents the derivation of the stiffness matrix and load vector of the analytical 

solution introduced first by [26] for non-prismatic piles partially and fully embedded in non-

homogeneous soils. Several examples are analyzed: Fully-embedded tapered and 

prismatic pile in two homogeneous soil layers;(2) Influence of a non-homogeneous layer in 

the lateral deformation of a tapered and prismatic pile;(3) Deformation, rotation, moment, 

and shear profile of a tapered pile in a four layers soil; (4) Prismatic pile and non-prismatic 

piles partially embedded in a two-layered soil. The methodology presented herein is 

validated using finite element analysis in SAP2000 for the four mentioned examples. 

1.2 Objectives of the research 

The objectives of this work are defined as follows: 

- Define a structural model and governing equations that represent the soil-structure 

interaction of a pile with a non-uniform cross-section embedded in non-

homogeneous soil conditions. 

- Implement the differential transformation method on the solution of the governing 

equations. 
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- Derive the stiffness matrix of the proposed element to extend the solution to the 

analysis of partially and fully embedded piles in multi-layered soils. 

 

1.3 Content of thesis 

This research is divided into six chapters as follows:  

Chapter 2 provides a state-of-the-art review trough technical and research background of 

non-prismatic piles and its behavior under static and stability analysis, as well as its 

comparison with prismatic piles. Different approaches and methodologies to consider multi-

layered and non-homogeneous soils and partially and fully-embedded elements are 

presented. This chapter also introduces cases where the DTM has been applied to civil 

engineering problems. 

Chapter 3 presents the analysis procedure which includes the structural model, the 

formulation of the governing equation, assumptions and procedures to solve the deferential 

equations via the DTM. This chapter also describes the procedure to deduce the stiffness 

matrix and load vector from the analytical solution. 

Chapter 4 evaluates and validates the proposed methodology with five examples where the 

influence of soil non-homogeneity and stiffness variation of soil layers in lateral 

deformations of fully and partially embedded prismatic and tapered piles is shown.  

Chapter 5 summarizes this work and presents conclusions and recommendations. 





 

 
 

2. State of the art review 

2.1 General 

Piles with non-prismatic cross-sections are typically implemented with a larger cross-

section at the pile head than at the tip. This optimizes the distribution of weight and strength 

and sometimes satisfies architectural and functional requirements [17].  

On top of that, soil deposits are known to be highly heterogeneous and variable. In the best 

case, they can be idealized as cross-anisotropy multi-layered materials. Then, the design 

and analysis when soil parameters and pile variation are included in the definition and 

development of the problem the solution becomes even more complex. 

This thesis is mainly focused on implementing the analytical solution in the static and 

deformation analysis of prismatic, tapered and stepped piles subjected to lateral loads and 

flexural moments. 

2.2 Non-prismatic piles 

2.2.1 Analytical solutions 

Multiple authors have approached the behavior of variable cross-section elements with 

analytical solutions [5,14,26,30-34]. For instance, Eisenbergb [14] presented a formulation 

to analyze beams with variable cross-section. Considering only one element to derive the 

stiffness matrix and equivalent load, for any polynomial variation o axial, torsional, and 

bending stiffnesses, and load along the beam. Kodikara and Moore [16] developed a 

simplified theoretical model to evaluate axial deformation of tapered piles. The total 

resistance or the circular cross-section pile was subdivided into its side and base resistance 

components. As a result, the model estimated axial deformations of the pile for a specific 

axial load, and the bearing capacity based on the maximum acceptable axial deformation 

established. Ghazavi [35] presented a mathematical approach for the analysis of a 
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harmonically vibrating, linear, elastic, tapered pile considering the effects of inhomogeneity 

of the soil. The resonant amplitude of an end-bearing tapered pile was significantly less 

than an equivalent uniform pile. Then, he inferred that the use of tapered piles subjected to 

axial harmonic vibrations is superior than for cylindrical piles of the same length and 

volume. The structural model and governing equation he proposed can be checked in Table 

2-1. 

On the other hand, Lee et al. [5] presented an analytical model to estimate the buckling 

behavior of tapered friction piles fully embedded in inhomogeneous soil. The model was 

able to determine an optimal taper ratio such that the pile is capable of carrying a maximum 

flexural buckling load when other variables are given. Vega-Posada et al. [26] deducted a 

simplified method to perform a static and stability analysis of circular tapered beam-column 

elements (See Table 2-1). They established a taper ratio to relate the geometric variation 

of the top and the bottom of the pile. The analysis showed that the response of circular 

tapered beam-columns is highly influenced by the taper ratio, soil homogeneity, and end-

boundary conditions. 

More recently, Nassef [36] proposed a new model that can describe the response of non-

prismatic model for laterally loaded piles in cohesionless soil. For the derivation od the 

governing differential equation he considered the ultimate lateral soil reaction and it was 

solved using the differential quadrature method. Vega-Posada [37] presented an analytical 

method to study the static and stability response of circular tapered friction piles in 

homogeneous or non-homogeneous. This formulation can be implemented to study lateral 

load–deformation, (b) elastic stability, and (c) second-order analysis of prismatic and 

tapered friction piles (d) tapered friction piles with various distributions of end-bearing 

resistance and skin friction. 

2.2.2 Finite element analysis approaches 

Refined numerical analysis based on finite element analysis (FEM) have also been used to 

account for the piles cross-section variation. Ghazavi and Lavasan and Ghazavi and 

Tavassoli [38-39] investigated the axial behavior of cylindrical tapered and stepped piles by 

means of FLAC3D. The soil obeyed a Mohr-Coulomb failure criterion. They concluded that 

tapered piles could be idealized as a number of prismatic segments which are connected 

to each other, since results showed good agreement with experimental and analytical 
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approaches. Higgins et al., [40] analyzed laterally loaded piles are analyzed using the 

Fourier FEM. The pile responses were observed to be functions of the relative stiffness of 

pile and soil, and of the pile slenderness ratio. Based on the analysis, equations describing 

pile head deflection, rotation, and maximum bending moment were proposed for flexible 

long piles and stubby rigid piles. Wang et al. [19] carried out an interaction model with 

wedge-shaped of an annular zone below the top larger section for a pile-soil system. They 

studied the dynamic characteristics of a stepped pile subjected to a vertical harmonic 

excitation at the top of the pile by combining the Noval plane strain model and the Rayleigh-

Loce Rod theory. The analytical solutions were inferred using the Laplace transform and 

impedance function transfer method. With the analysis, they observed that as the pile 

bearing capacity increases, the resistance of the pile to vertical dynamic loadings 

decreases. 

Some other authors have been focused on comparing the bearing capacity of tapered and 

stepped piles with uniform section piles [15, 41- 46]. Wan et al. [47] presented a non-

prismatic beam-column to investigate the buckling response of tapered piles. This method 

models tapered piles with the consideration of axial and flexural rigidity of the tapered 

sections and nonlinear soil stiffness properties. Thus, the general observation was that 

taper and stepped piles had a significant advantage for axial load capacity in comparison 

to cylindrical piles, by reducing the stresses at the pile head.  

Besides [48-49] evaluated the lateral capacity indicating that taper angle and relationship 

has significant advantage in comparison to cylindrical piles. Hajisafari and Saboteh [50] 

evaluated the bearing capacity of tapered, semi-tapered and cylindrical piles through a finite 

element analysis in Plaxis 2D. They also studied the influence of the taper angle and 

tapered height. The results show that settlement decreases with increase in taper angle, 

and that tapered and semi-tapered piles have a greater bearing capacity than cylindrical 

piles.  

2.2.3 Field testing 

Some researchers have performed experimental investigations to evaluate the bearing capacity of 

non-prismatic piles. For instance, Rybnikov [51] investigated types of bore-cast-in-place tapered 

piles with different taper angles. The axial loads were produced by a hydraulic jack and were 

between 100 and 800 kN, with pile diameters varying among 400, 500 and 600mm. Bearing capacity 

and settlement were measure by means of strain-gauge instruments along the piles. He observed 
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that piles with greater taper angle exceeded by 20-30 % the bearing capacity of cylindrical piles with 

the same length, which was reflected in a more economic element. Also, Sakr et al. [52] conducted 

lateral load tests on tapered and cylindrical piles. The piles were instrumented with strain gauges to 

measure the bending moment distribution during lateral loading tests. The applied loads were from 

10 to 50kN and pile diameters varied between 150 and 180 mm. Additionally, piles were installed 

using toe driving and conventional head driving and subjected to static lateral load tests. The results 

showed the pile taper increased its lateral capacity and its overall performance. The tapered piles 

had stiffer responses than that of the cylindrical pile as the taper angle increased the lateral 

resistance increased. In that sense, Manandhar et al. [53] evaluated the response of tapered piles 

in cohesionless soil based on model tests. They performed pile penetration tests in a pile load 

apparatus with a chamber equipped with a displacement gauge, loading jack and a loading cell. The 

applied loads were up to 45 kN and pile diameters range was between 25 and 45mm. They observed 

that a slight increase in the tapering angle remarkably affected the skin friction compared to 

conventional straight cylindrical piles, and that for high density soils larger skin friction was developed 

when tapered piles were penetrated. Similarly, other authors reached the same conclusions based 

on field testing [54-59]. 

2.3 Multi-Layered and non-homogeneous soils 

Different researchers have evaluated soil-pile interaction considering soil variation.  Some 

have approached the variation with the Young’s modulus and Poisson ratio of the soil by 

stablishing a relation between the superficial moduli and the ratio or relationship of how it 

increases along depth [60-65]. In that sense, Gupta and Sharma [66] accounted for soil 

non-linearity in terms of the deformation modulus for settlement analysis based on the 

continuum approach. They considered the deformation modulus at any depth based on the 

deformation modulus at ground surface, depth and pile length. Others have focused on soil 

degradation during dynamic loads and considered the shear modulus variation with depth 

[67-70]. For instance, [71] stablished a shear modulus variation depending on the thickness 

of the layer, the relations between the shear moduli at the top and bottom of the layer and 

constants referred to as the distribution patterns of related coefficients to the shear moduli 

of the top and bottom soil layers obtained from laboratory experiments. On the other hand, 

the variation of the coefficient of subgrade reaction has also been studied [5,72-74]. Vega-

Posada et al. [23] described the coefficient of subgrade reaction variation with an equation 

relating the top and bottom coefficient and the slope that described their variation.  



Analysis Procedure 9 

 

Soil non-homogeneity can also be thought in multi-layers continuous [75-82]. Basu and 

Salgado [83] carried out a deformation analysis of a rectangular section pile embedded in 

a multi-layered elastic soil deposit. The pile was considered embedded in n layers, where 

each soil layer extended to infinity in all radial directions, and the bottom (nth layer) was 

infinite in depth (See Table 2-1). Zang et al. [84] studied the load–settlement behavior of 

single piles embedded in multilayered soils. They implemented two models for the soil 

behavior, a hyperbolic relationship to describe the nonlinear response surrounding the pile 

shaft and a bilinear hardening model to simulate the relationship between the pile base 

settlement and the pile end resistance. Gupta and Salgado [85] developed a continuum-

based method for the analysis of laterally loaded piles in multilayered linearly and non-

linearly soil variation. The soil variation within each layer was considered by using the 

principle of minimum potential energy where the foundation parameters are rigorously 

related to the elastic constants of the soil continuum. 

Furthermore, Heelis et al. [27] presented a non-dimensional solution for the stability of a 

pile fully and partially embedded in a Winkler foundation. They segmented the pile into two 

regions (embedded and unembedded) and established an embedment ratio to evaluated 

them, as can be checked in their structural model presented in Table 2-1. Çatal (2006) [86] 

implemented an analytical method to perform a buckling analysis of a pile partially 

embedded in an elastic soil. It was established a region for the pile portion above the soil 

and a second region for the embedded part. The upper end of the pile in the first region 

was supported by linear-elastic rotational springs. More recently, Zhu et al. [87] investigated 

the influence axial force and its distribution along the pile shaft in laterally loaded partially 

embedded piles. The pile was divided into two parts by the ground surface by embedded 

into a multilayered soil deposit with n sublayers and not embedded. The distribution of soil 

along the shaft was considered with a plasticity-elasticity state, and when the external 

forces increase to a higher level, the plastic yielding of soil occurs at the top and bottom of 

the pile due to excessive pile rotation, and the soil elastic zone only exists in the middle 

part of the pile. 
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Table 2-1. Brief summary on analytical models. 

Authors Structural Model Governing Equation 

Ghazavi 

[35] 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

𝑚𝑝𝑗

𝜕2𝑊𝑗(𝑧, 𝑡)

𝜕𝑡2
+ 𝑐𝑝𝑗

𝜕𝑊𝑗(𝑧, 𝑡)

𝜕𝑡

− 𝐸𝑝𝑗𝐴𝑝𝑗
𝜕2𝑊𝑗(𝑧, 𝑡)

𝜕𝑧2

+ 𝐺𝑠𝑗𝑆𝑤𝑗𝑊𝑗(𝑧, 𝑡) = 0 

 

Vega-

Posada et 

al. [26] 

 

𝐸𝐼(𝑥)
𝑑4𝑦

𝑑𝑥4
+ 2𝐸

𝑑𝐼

𝑑𝑥

𝑑3𝑦

𝑑𝑥3

+ [𝐸
𝑑2𝐼

𝑑𝑥2
+ (𝑃 − 𝑘𝑔)]

𝑑2𝑦

𝑑𝑥2

+ (𝐾𝑜 +𝑚ℎ𝑥)𝜙(𝑥)𝑦

= 𝑞(𝑥) 

Basu and 

Salgado 

[83] 

 

 

 
 

 

 
 

 
 

 

 
 

 

 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

𝑑3𝜔̃𝑛
𝑑𝑧̃3

− 2𝑡̃𝑛
𝑑𝜔̃𝑛
𝑑𝑧̃

− √2𝑘̃𝑛 𝑡̃𝑛 + 1𝜔̃𝑛 = 0 

 

 

 

(a) (b) 

Figure 2-1. Idealization of a tapered pile for 
dynamic analysis in vertically inhomogeneous 
media using the segment by segment method. 
(a) actual pile; (b) idealized pile. 

Figure 2-2. (a) Tapered bar; (b) positive sign for 
external loads; (c) modulus of subgrade reaction 
distribution. 

Figure 2-3. Laterally loaded pile in a 
layered elastic medium. 
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Authors Structural Model Governing Equation 

Heelis et al. [27] 

 
 
 

𝑑4𝑦

𝑑𝜉4
+ (𝜇𝛽 − 2𝑊𝜉 − 𝑉𝜉2)

𝑑2𝑦

𝑑𝜉2

+ (2𝑊 + 2𝑉𝜉)
𝑑𝑦

𝑑𝜉
+ (1 + 𝛾𝜉)𝑦 = 0 

NOTE: The structural models and governing equations were taken directly from Ghazavi (2008); Vega-Posada et al. (2021); 
Basu and Salgado (2008); and Heelis et al. (2004). Hence, for a better understanding of the formulations it is recommended 
to consult the original papers. 

Figure 2-4.  Model for 
partially embedded pile. 





 

 
 

 

3.  Analysis Prodecure 

3.1 Model considerations 

The methodology presented herein considers the partially-embedded pile sections shown 

in Figure 3-1 (a). The embedded and not embedded portions are denoted by Le and Lu, 

resulting in a total length of the pile, Lp. The soil is considered as a Pasternak foundation 

with the variation of the first parameter, 𝜅𝑠, for linear or trapezoidal soil variation or keeping 

it constant for homogeneous layers as presented in Figure 3-1. (a)Pile cross-section 

variations; (b)soil variation and degrees of freedom of AB element. (b). These variations 

are considered by means of 𝐾𝑙 = 𝐾𝑜 +𝑚ℎ𝐿 as presented by [26]. The pile material is 

considered to be elastic and isotropic. The problem formulation is based on the following 

assumptions: i) Euler-Bernoulli beam theory is adopted, ii) tapered and stepped piles are 

homogeneous and isotropic with constant Young’s and shear modulus, E and Gp, and 

variable radius, B(x), area, A(x), and second moment of area, I(x), along the member length, 

iii) the elements are subjected to axial, Po, and shear forces, V, and a bending moment, M, 

at the top, as well as a distributed load, q(x), along its span, and iv) springs with rotational 

stiffness, κa and κb, and linear transverse stiffness, Sa and Sb, at the ends A and B [88].  

 

 

 

 

 

 

 

 

 

 

Figure 3-1. (a)Pile cross-section variations; (b)soil variation and degrees of freedom of AB 
element. 
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3.2 Formulation 

The differential equation that governs the behavior of a non-prismatic beam-column element 

presented in Figure 3-2 (a) is obtained by applying transverse and rotational equilibrium to the free-

body diagram shown in Figure 3-2 (b). The equilibrium equations of the differential element of beam-

column (Eqs. (1) and (2)) and the moment curvature relationship of the element’s cross-section (Eq. 

(3)) are: 

𝑀′(𝑥) = 𝑉(𝑥) + 𝑃𝑦′(𝑥) (1) 

𝑉′(𝑥) = 𝑝(𝑥) − 𝑞(𝑥) (2) 

𝑀(𝑥) = −𝐸𝐼(𝑥)𝑦′′(𝑥) (3) 

 

where  𝑞(𝑥) = 𝛾1 + 𝑆1𝑥 + 𝑡1𝑥
2 is the quadratic function that describes the distributed load 

along the member’s span; 𝑝(𝑥) = 𝐾𝑠(𝑥)𝑦 − 𝐾𝑔𝑦′′(𝑥) represents the Pasternak soil 

foundation, being 𝐾𝑠(𝑥) = (𝐾𝑜 +𝑚ℎ𝑥)𝜙(𝑥) the parameter that accounts for soil non-

homogeneity; 𝐾𝑜 is the coefficient of subgrade reaction in units of force/lenght3;  𝑚ℎ =

𝐾𝑜𝑡−𝐾𝑜𝑏

𝐿
 in units of force/lenght4 defines the slope of the soil variation where 𝐾𝑜𝑡 and 𝐾𝑜𝑏 are 

the values at the top and bottom of the pile segment, respectively.  

 

On top of that, the pile geometry is denoted as shown in by the top (𝑟𝑡) and bottom radius 

(𝑟𝑏), and their relationship by the taper ratio 𝑚 =
𝑟𝑏
𝑟𝑡⁄  with 0 ≤ 𝑚 ≤ 1. Then, considering 

Figure 3-2. (a) Structural model of a pile segment, (b)free-body diagram. 
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an equivalent radius at 𝐿 2⁄  as 𝑟𝑒𝑞 =
𝑟𝑡

2
(𝑚 + 1) the variation of the radius, perimeter, 

diameter and moment of inertia can be expressed as follows: 

𝑟𝑥 = 𝑟𝑡 [1 + (𝑚 − 1)
𝑥

𝐿
]      𝑥 = 𝑑𝑒𝑝𝑡ℎ 𝑒𝑣𝑎𝑙𝑢𝑎𝑡𝑒𝑑 (4) 

𝜂(𝑥) = 2𝜋𝑟𝑥 (5) 

𝜙(𝑥) = 𝐵(𝑥) = 2𝑟𝑥 (6) 

𝐼(𝑥) =
𝜋𝑟𝑡

4

4
[1 +

𝑥

𝐿
(𝑚 − 1)]

4

 
(7) 

Following the Euler Bernoulli beam theory, the moment can be expressed as: 

𝑀(𝑥) = −𝐸𝐼(𝑥)𝑦′′(𝑥) 

𝑀′(𝑥) = −[𝐸𝐼′(𝑥)𝑦′′(𝑥) + 𝐸𝐼(𝑥)𝑦′′′(𝑥)] (8) 

𝑀′′(𝑥) = −[𝐸𝐼′′(𝑥)𝑦′′(𝑥) + 2𝐸𝐼′(𝑥)𝑦′′′(𝑥) + 𝐸𝐼𝑦(4)(𝑥)] (9) 

 

and as Eq. (1) and (2) are related they can be expressed as a single equation  

𝑀′′(𝑥) = 𝑉′(𝑥) + 𝑃𝑦′′(𝑥) 

𝑉′(𝑥) = 𝑃𝑦′′(𝑥) − 𝑀′′(𝑥) 

𝑀′′(𝑥) = 𝑝(𝑥) − 𝑞(𝑥) + 𝑃𝑦′′(𝑥) 

 

then, replacing Eq. (9) in the derivative of Eq. (1) and substituting in Eq. (2) it yields: 

 

−[𝐸𝐼′′(𝑥)𝑦′′(𝑥) + 2𝐸𝐼′(𝑥)𝑦′′′(𝑥) + 𝐸𝐼𝑦(4)(𝑥)] − 𝑃𝑦′′(𝑥) = 𝑝(𝑥) − 𝑞(𝑥) (10) 

 

and including the corresponding terms for 𝑞(𝑥) and 𝑝(𝑥) and considering pile geometry 

variation (Eqs. 4-7) in Eq. (9): 

𝐸𝐼′′(𝑥)𝑦′′(𝑥) + 2𝐸𝐼′(𝑥)𝑦′′′(𝑥) + 𝐸𝐼𝑦(4)(𝑥) + 𝑃𝑦′′(𝑥) + (𝐾𝑜 +𝑚ℎ𝑥)𝜙(𝑥)𝑦 − 𝐾𝑔𝑦
′′ = 𝑞(𝑥) 

𝐸𝐼(𝑥)𝑦(4)(𝑥) + 2𝐸𝐼′(𝑥)𝑦′′′(𝑥) + [𝐸𝐼′′(𝑥) + 𝑃(𝑥) − 𝐾𝑔]𝑦
′′(𝑥) + (𝐾𝑜 +𝑚ℎ𝑥)𝜙(𝑥) = 𝑞(𝑥) (11) 

Normalizing Eq. (10) with the terms 𝜉 = 𝑥/𝐿  and 𝑌 = 𝑦/𝐿, it yields: 

𝑑𝑛

𝑑𝑥𝑛
= (

1

𝐿
)
𝑛 𝑑𝑛

𝑑𝜉𝑛
  ;  
𝑑𝑛𝑦

𝑑𝑛
= 𝐿

𝑑𝑛𝑌

𝑑𝑛
 ,  

and the Governing Differential Equation (GDE) becomes: 

𝐼(𝜉)𝑌(4)(𝜉) + 2𝐼′(𝜉)𝑌′′′(𝜉) + 𝑁(𝜉)𝑌′′(𝜉) + Λ(𝜉)𝑌 = 𝑄(𝜉) (12) 

where: 
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𝐼(𝜉) =
𝜋𝑟𝑡

4

4
[1 + 𝜉(𝑚 − 1)]4 

𝐼′(𝜉) = 𝜋𝑟𝑡
4(𝑚 − 1)[1 + 𝜉(𝑚 − 1)]3 

𝑁(𝜉) = {3𝜋𝑟𝑡
4[1 + 𝜉(𝑚 − 1)]2} +

𝐿2

𝐸
(𝑃 − 𝐾𝑔) 

Λ(𝜉) = 2𝑟𝑡𝐿{𝐾𝑜 + [𝐾𝑜(𝑚 − 1) +𝑚ℎ𝐿]}𝜉 +𝑚ℎ𝐿(𝑚 − 1)𝜉2 

𝑄(𝜉) =
𝐿3

𝐸
(𝛾1 + 𝑆1𝐿𝜉 + 𝑡1𝐿

2𝜉2) 

 

Now, the boundary conditions can be determined by applying force and moment equilibrium 

at both ends of the element. 

 

 

 

 

 

 

 

 

 

 

The shear forces acting on the end A (at 𝜉 = 0) can be determined from the schematic 

representation shown in Figure 3-3 (a) as:   

𝑉𝑎 − 𝑆𝑎𝑦 + 𝐾𝑔𝑦
′(𝑥) + 𝑉(𝑥) = 0 (13) 

where 𝑆𝑎𝑦 is the reaction of the linear spring and 𝐾𝑔𝑦
′(𝑥) the second-parameter of the 

elastic the foundation. Then, from Eqs. (1) and (8): 

𝑉(𝑥) = 𝑀′(𝑥) − 𝑃𝑦′(𝑥) 

𝑉(𝑥) = −[𝐸𝐼′(𝑥)𝑦′′(𝑥) + 𝐸𝐼(𝑥)𝑦′′′(𝑥)] − 𝑃𝑦
′(𝑥) 

Substituting in Eq. (13)  

𝑉𝑎 − 𝑆𝑎𝑦 + 𝐾𝑔𝑦
′(𝑥) − [𝐸𝐼𝑎

′(𝑥)𝑦′′(𝑥) + 𝐸𝐼𝑎𝑦′′′(𝑥)𝑃𝑦
′(𝑥)] = 0 

And regrouping terms: 

−𝐸𝐼𝑎(𝑥)𝑦
′′′(𝑥) − 𝐸𝐼𝑎′(𝑥)𝑦

′′(𝑥) − (𝑃 − 𝐾𝑔)𝑦
′(𝑥) − 𝑆𝑎𝑦 + 𝑉𝑎 = 0 (14) 

and taking moment equilibrium (see Figure 3-4). 

 

 

(a) (b) 

Figure 3-3. Shear forces schematic at (a) 𝜉 = 0 and (b) 𝜉 = 1. 

(b) 



Analysis Procedure 17 

 

𝑀𝑎 − 𝜅𝑎𝜃 −𝑀(𝑥) = 0 

𝑀𝑎 − 𝜅𝑎𝑦′(𝑥) − [−𝐸𝐼(𝑥)𝑦′′(𝑥)] = 0 (15) 

where 𝜅𝑎𝜃 is the reaction of the rotational spring. Thus, substituting the dimensionless 

terms 𝜉 and 𝑌 in Eqs. (14) and (15), results: 

−
𝐸𝐼𝑎
𝐿2

𝑌′′′(𝜉) −
𝐸

𝐿2
𝐼𝑎
′ (𝜉)𝑌′′(𝜉) − (𝑃 − 𝐾𝑔)𝑌

′(𝜉) − 𝑆𝑎𝑌𝐿 + 𝑉𝑎 = 0 

−𝑌′′′(𝜉) −
𝐼𝑎
′ (𝜉)

𝐼𝑎
𝑌′′(𝜉) −

(𝑃 − 𝐾𝑔)

𝐸𝐼𝑎/𝐿
2
𝑌′(𝜉) −

𝑆𝑎𝑌

𝐸𝐼𝑎/𝐿
3
+

𝑉𝑎
𝐸𝐼𝑎/𝐿

2
= 0 

(16) 

𝐸𝐼𝑎
𝐿
𝑌′′(𝜉) − 𝜅𝑎𝑌

′(𝜉) + 𝑀𝑎 = 0 
(17) 

Following the same procedure, the boundary conditions at 𝜉 = 1 are determined and 

normalized: 

𝑌′′′(𝜉) −
𝐼𝑏
′ (𝜉)

𝐼𝑏
𝑌′′(𝜉) +

(𝑃 + 𝐾𝑔)

𝐸𝐼𝑏/𝐿
2
𝑌′(𝜉) −

𝑆𝑏𝑌

𝐸𝐼𝑎/𝐿
3
+

𝑉𝑏
𝐸𝐼𝑏/𝐿

2
= 0 

(18) 

−
𝐸𝐼𝑏
𝐿
𝑌′′(𝜉) − 𝜅𝑏𝑌

′(𝜉) + 𝑀𝑏 = 0 
(19) 

where 𝐼𝑎 = (
𝜋𝑟𝑡

4

4
)   and 𝐼′𝑎 = 𝜋𝑟𝑡

4(𝑚 − 1) correspond to the inertia and the fist inertia 

derivative at the top of the element (𝜉 = 0), and 𝐼𝑏 = (
𝜋𝑟𝑡

4

4
)𝑚 4 and  

𝐼′𝑏 = 𝜋𝑟𝑡
4[(𝑚 − 1) + 3(𝑚 − 1)2 + 3(𝑚 − 1)3 + (𝑚 − 1)] the inertia and the first inertia 

derivative at the bottom of the element (𝜉 = 1), respectively. 

3.3 Differential Transformation Method 

The Differential Transformation Method (DTM), first introduced by [89], is a numerical 

method to solve ordinary and partial differential equations. It implements the form of 

polynomials to obtain the analytical solution based on Taylor series expansions. The DTM 

uses an iterative procedure to calculate high-order series by converting the GDE into a 

recursive equation and the B.Cs. into a set of two linear algebraic equations [90]. This 

method presents mathematical operations that are easy to follow and develop, allowing to 

include the effects of other variables (i.e., cross-section variation, non-homogeneous soil, 

partially-embedded piles, static and stability analyses) without adding any difficulties to the 

mathematical derivation [23]. 

The DTM has been successfully used in free and forced vibration problems to solve 

nonlinear differential equations that describe the underdamped and the overdamped motion 

of a system subjected to external excitations [92]; as well as to find the natural frequencies 
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and modal shape of a non-uniform beam subjected to axial tensile and transverse forces 

[93]. Çatal [94] used this method to solve the fourth-order differential equations of a beam 

on elastic soil and to determine the critical buckling load of partially embedded piles 

considering shear effect [28]. More recently, Vega-Posada et al. [37] and [23,24,26,29,95-

96] employed the DTM to solve the GDE that governs the response of beam-column 

elements and to perform static stability analyses including soil non-homogeneity, side 

friction and tapered circular elements.  

In the same way, the DTM will be applied to solve the GDE (Eq. 10). Hence, the lateral 

deformation of the element caused by the applied external forces can be expressed in terms 

of the DTM as follows: 

𝐽(𝜉) = 𝐽(̅0) + 𝐽(̅1)𝜉 + 𝐽(̅2)𝜉2 +⋯+ 𝐽(̅𝑚)𝜉𝑚 

𝐽(𝜉) = ∑𝐽(̅𝑘)𝜉𝑘
∞

𝑘=0

 

(20) 

where the transverse coefficients 𝐽(̅𝑘) are found according to the Taylor series using: 

𝐽(̅𝑘) =
1

𝑘!
[
𝑑𝑘𝑌(𝜉)

𝑑𝜉𝑘
]
𝜉=0

 
(21) 

and transforming each of the terms of the GDE by applying the properties in Table 3-1. 

 

Table 3-1. DTM Properties [97,98] 

Theorem # Original Function Transformed Function 

1 𝑌(𝜉) = 𝑌1(𝜉)  ± 𝑌2(𝜉) 𝐽(̅𝑘) = 𝐽1̅(𝑘)  ± 𝐽2̅(𝑘) 

2 𝑌(𝜉) = 𝑐𝑌1(𝜉) 𝐽(̅𝑘) = 𝑐𝐽1̅(𝑘) 

3 
𝑌(𝜉) =

𝑑𝑛𝑌1(𝜉)

𝑑𝜉𝑛
 𝐽(̅𝑘) =

(𝑘 + 𝑛)!

𝑘!
𝐽1̅(𝑘 + 𝑛) 

4 
𝑌(𝜉) = 𝑌1(𝜉)𝑌2(𝜉) 𝐽(̅𝑘) =∑ 𝐽1̅(𝑟)𝐽2̅(𝑘 − 𝑟)

𝑘

𝑟=0
 

5 
𝑌(𝜉) = 𝜉𝑛 𝐽(̅𝑘) = 𝛿(𝑘 − 𝑛) = {

0   𝑖𝑓 𝑘 ≠ 𝑛
1  𝑖𝑓 𝑘 = 𝑛

 

 

Then, applying theorem #3 and #4 from Table 3-1: 

- Term 𝐼(𝜉)𝑌(4)(𝜉): 
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𝐼(𝜉)   ⟹  𝐼(̅𝑘 − 𝑟) 

𝑌(4)    ⟹   (𝑟 + 1)(𝑟 + 2)(𝑟 + 3)(𝑟 + 4)𝑗(̅𝑟 + 4) 

 𝐼(𝜉)𝑌(4)(𝜉)  ⟹  ∑ 𝐼(̅𝑘 − 𝑟)(𝑟 + 1)(𝑟 + 2)(𝑟 + 3)(𝑟 + 4)𝑗(̅𝑟 + 4)

𝑘

𝑟=0

 

 

- Term  2𝐼′(𝜉)𝑌′′′(𝜉) : 

 

𝐼′( 𝜉)  ⟹  (𝑘 − 𝑟 + 1)𝐼(̅𝑘 − 𝑟 + 1) 

𝑌′′′(𝜉)    ⟹   (𝑟 + 1)(𝑟 + 2)(𝑟 + 3)𝑗(̅𝑟 + 3) 

2𝐼′(𝜉)𝑌′′′(𝜉)  ⟹ 2∑(𝑘 − 𝑟 + 1)𝐼(̅𝑘 − 𝑟 + 1)(𝑟 + 1)(𝑟 + 2)(𝑟 + 3)𝑗(̅𝑟 + 3)

𝑘

𝑟=0

 

 

- Term 𝑁(𝜉)𝑌′′(𝜉): 

𝑁(𝜉) ⟹  𝑁̅(𝑘 − 𝑟) 

𝑌′′(𝜉)  ⟹  (𝑟 + 1)(𝑟 + 2)𝑗(̅𝑟 + 2) 

𝑁(𝜉)𝑌′′(𝜉)  ⟹  ∑ 𝑁̅(𝑘 − 𝑟)(𝑟 + 1)(𝑟 + 2)𝑗(̅𝑟 + 2)

𝑘

𝑟=0

 

 

and using theorems #2 and #4 showed in Table 3-1: 

- Term Λ(𝜉)𝑌  : 

Λ(𝜉)  ⟹  Λ̅(𝑘 − 𝑟) 

𝑌  ⟹  𝑗(̅𝑟) 

Λ(𝜉)𝑌  ⟹  ∑ Λ̅(𝑘 − 𝑟)𝑗(̅𝑟)

𝑘

𝑟=0

 

 

- Term 𝑄(𝜉) = 𝑄̅(𝑘) 

𝑄(𝜉)  ⟹ 𝑄̅(𝑘) 

Subsequently, replacing each term the transformed GDE results in: 

∑𝐼(̅𝑘 − 𝑟)(𝑟 + 1)(𝑟 + 2)(𝑟 + 3)(𝑟 + 4)𝑗(̅𝑟 + 4) +

𝑘

𝑟=0
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2∑(𝑘 − 𝑟 + 1)𝐼(̅𝑘 − 𝑟 + 1)(𝑟 + 1)(𝑟 + 2)(𝑟 + 3)𝑗(̅𝑟 + 3)

𝑘

𝑟=0

 

+∑𝑁̅(𝑘 − 𝑟)(𝑟 + 1)(𝑟 + 2)𝑗(̅𝑟 + 2)

𝑘

𝑟=0

+∑Λ̅(𝑘 − 𝑟)𝑗(̅𝑟)

𝑘

𝑟=0

= 𝑄̅(𝑘) 
(22) 

 

Now, to have a more compact equation the theorem #5 is applied.  

- Term ∑ 𝐼(̅𝑘 − 𝑟)(𝑟 + 1)(𝑟 + 2)(𝑟 + 3)(𝑟 + 4)𝑗(̅𝑟 + 4)𝑘
𝑟=0  and 

 2∑ (𝑘 − 𝑟 + 1)𝐼(̅𝑘 − 𝑟 + 1)(𝑟 + 1)(𝑟 + 2)(𝑟 + 3)𝑗(̅𝑟 + 3)𝑘
𝑟=0  

Considering that 

𝐼(𝜉) =
𝜋𝑟𝑡

4

4
[1 + (𝑚 − 1)]4 

𝐼(𝜉) =
𝜋𝑟𝑡

4

4
[1 + 4𝜉(𝑚 − 1) + 6𝜉2(𝑚 − 1)2 + 4𝜉3(𝑚 − 1)3 + 𝜉4(𝑚 − 1)4] 

Then, 

𝐼(̅𝑘) = 𝐼0𝛿(𝑘) + 𝐼1𝛿(𝑘 − 1) + 𝐼2𝛿(𝑘 − 2) + 𝐼3𝛿(𝑘 − 3) + 𝐼4𝛿(𝑘 − 4) 
 

(23) 

𝐼(̅𝑘 − 𝑟) = 𝐼0𝛿(𝑘 − 𝑟) + 𝐼1𝛿(𝑘 − 𝑟 − 1) + 𝐼2𝛿(𝑘 − 𝑟 − 2) + 𝐼3𝛿(𝑘 − 𝑟 − 3) + 

                     𝐼4𝛿(𝑘 − 𝑟 − 4) 
(24) 

𝐼(̅𝑘 − 𝑟 + 1) = 𝐼0𝛿(𝑘 − 𝑟 + 1) + 𝐼1𝛿(𝑘 − 𝑟) + 𝐼2𝛿(𝑘 − 𝑟 − 1) + 𝐼3𝛿(𝑘 − 𝑟 − 2) + 

                                         𝐼4𝛿(𝑘 − 𝑟 − 3) 
(25) 

 

Substituting with the Kronecker delta property (i.e., 𝛿(𝑘 − 𝑟) = 1 𝑖𝑓 𝑘 = 𝑟 𝑜𝑟  𝛿(𝑘 − 𝑟) =

0 𝑖𝑓 𝑘 ≠ 𝑟), results: 

∑𝐼(̅𝑘 − 𝑟)(𝑟 + 1)(𝑟 + 2)(𝑟 + 3)(𝑟 + 4)𝑗(̅𝑟 + 4)

𝑘

𝑟=0

⟹ 𝐼0(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)(𝑘 + 4)𝑗(̅𝑘 + 4) 

+𝐼1(𝑘)(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)𝑗(̅𝑘 + 3) + 𝐼2(𝑘 − 1)(𝑘)(𝑘 + 1)(𝑘 + 2)𝑗(̅𝑘 + 2) + 

𝐼3(𝑘 − 2)(𝑘 − 1)(𝑘)(𝑘 + 1)𝑗(̅𝑘 + +1) + 𝐼4(𝑘 − 3)(𝑘 − 2)(𝑘 − 1)(𝑘)𝑗(̅𝑘) (26) 

 

2∑(𝑘 − 𝑟 + 1)𝐼(̅𝑘 − 𝑟 + 1)(𝑟 + 1)(𝑟 + 2)(𝑟 + 3)𝑗(̅𝑟 + 3) ⟹

𝑘

𝑟=0

 

0𝐼0(𝑘 + 2)(𝑘 + 3)(𝑘 + 4)𝑗(̅𝑘 + 4) + 𝐼1(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)𝑗(̅𝑘 + 3) + 
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2𝐼2(𝑘)(𝑘 + 1)(𝑘 + 2)𝑗(̅𝑘 + 2) + 3𝐼3(𝑘 − 1)(𝑘)(𝑘 + 1)𝑗(̅𝑘 + 1) + 

4𝐼4(𝑘 − 2)(𝑘 − 1)(𝑘)𝑗(̅𝑘) (27) 

 

where: 

𝐼0 =
𝜋𝑟𝑡

4

4
 ;        𝐼1 =

𝜋𝑟𝑡
4

4
4(𝑚 − 1);      𝐼2 =

𝜋𝑟𝑡
4

4
6(𝑚 − 1)2  ; 

𝐼3 =
𝜋𝑟𝑡

4

4
 4(𝑚 − 1)3;         𝐼4 =

𝜋𝑟𝑡
4

4
 (𝑚 − 1)4 

And simplifying with factorial Eq. (26) 

𝐼0
(𝑘 + 4)!

𝑘!
𝑗(̅𝑘 + 4) + 𝐼1

(𝑘 + 3)!

(𝑘 − 1)!
𝑗(̅𝑘 + 3) + 𝐼2

(𝑘 + 2)!

(𝑘 − 2)!
𝑗(̅𝑘 + 2) + 

𝐼3
(𝑘 + 1)!

(𝑘 − 3)!
𝑗(̅𝑘 + 1) + 𝐼4

𝑘!

(𝑘 − 4)!
𝑗(̅𝑘) 

And Eq. 27 

𝐼1
(𝑘 + 3)!

𝑘!
𝑗(̅𝑘 + 3) + 2𝐼2

(𝑘 + 2)!

(𝑘 − 1)!
𝑗(̅𝑘 + 2) + 3𝐼3

(𝑘 + 1)!

(𝑘 − 2)!
𝑗(̅𝑘 + 1) + 4𝐼3

𝑘!

(𝑘 − 3)!
𝑗(̅𝑘) 

Grouping terms: 

- Term 𝐼1  ⟹   𝐼1(𝑘 + 3)! 𝑗(̅𝑘 + 3) [
1

(𝑘−1)!
+

2

𝑘!
] 

                              ⟹   𝐼1(𝑘 + 1)(𝑘 + 2)
2(𝑘 + 2)𝑗(̅𝑘 + 3) (28) 

- Term 𝐼2  ⟹    𝐼2(𝑘 + 2)! 𝑗(̅𝑘 + 2) [
1

(𝑘−2)!
+

4

(𝑘−1)!
] 

                              ⟹   𝐼2𝑘(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)𝑗(̅𝑘 + 2) (29) 

- Term 𝐼3  ⟹    𝐼3(𝑘 + 1)! 𝑗(̅𝑘 + 1) [
1

(𝑘−3)!
+

6

(𝑘−2)!
] 

                              ⟹   𝐼3(𝑘 − 1)𝑘(𝑘 + 1)(𝑘 + 4)𝑗(̅𝑘 + 1) (30) 

- Term 𝐼4  ⟹    𝐼4(𝑘)! 𝑗(̅𝑘) [
1

(𝑘−4)!
+

8

(𝑘−3)!
] 

                              ⟹   𝐼4(𝑘 − 2)(𝑘 − 1)𝑘(𝑘 + 5)𝑗(̅𝑘) (31) 

Analogous to what was done, theorem #5 is applied to the following terms: 

- Term ∑ 𝑁̅(𝑘 − 𝑟)(𝑟 + 1)(𝑟 + 2)𝑗(̅𝑟 + 2)𝑘
𝑟=0  

𝑁̅(𝑘) = 𝑁0𝛿(𝑘) + 𝑁1𝛿(𝑘 − 1) + 𝑁2𝛿(𝑘 − 2) 

𝑁̅(𝑘 − 𝑟) = 𝑁0𝛿(𝑘 − 𝑟) + 𝑁1𝛿(𝑘 − 𝑟 − 1) + 𝑁2𝛿(𝑘 − 𝑟 − 2) 
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𝑁0(𝑘 + 1)(𝑘 + 2)𝑗(̅𝑘 + 2) + 𝑁1𝑘(𝑘 + 1)𝑗(̅𝑘 + 1) + 𝑁2(𝑘 − 1)𝑘𝑗(̅𝑘) (32) 

 

- Term ∑ Λ̅(𝑘 − 𝑟)𝑗(̅𝑟)𝑘
𝑟=0  

Λ̅(𝑘) = Λ0𝛿(𝑘) + Λ1𝛿(𝑘 − 1) + Λ2𝛿(𝑘 − 2) 

Λ̅(𝑘 − 𝑟) = Λ0𝛿(𝑘 − 𝑟) + Λ1𝛿(𝑘 − 𝑟 − 1) + Λ2𝛿(𝑘 − 𝑟 − 2) 

Λ0𝑗(̅𝑘) + Λ1(𝑘 − 1)𝑗(𝑘 − 1) + Λ2(𝑘 − 2)𝑗(̅𝑘 − 2) (33) 

- Term 𝑄̅ = (𝑘) 

𝑄̅(𝑘) =
𝐿3

𝐸
𝛾1𝛿(𝑘) +

𝐿3

𝐸
𝑆1𝐿𝛿(𝑘 − 1) +

𝐿3

𝐸
𝑡1𝐿

3𝛿(𝑘 − 2) 
(34) 

 

Replacing Eqs. (28-34) into Eq. (22) 

𝐼0(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)(𝑘 + 4)𝑗(̅𝑘 + 4) + 𝐼1(𝑘 + 1)(𝑘 + 2)
2(𝑘 + 3)𝑗(̅𝑘 + 3) + 

𝐼2𝑘(𝑘 + 1)(𝑘 + 2)(𝑘 + 3)𝑗(̅𝑘 + 2) + 𝐼3(𝑘 − 1)𝑘(𝑘 + 1)(𝑘 + 4)𝑗(̅𝑘 + 1) + 

𝐼4(𝑘 − 2)(𝑘 − 1)𝑘(𝑘 + 5)𝑗(̅𝑘) + 𝑁0(𝑘 + 1)(𝑘 + 2)𝑗(̅𝑘 + 3) + 𝑁1𝑘(𝑘 + 1)𝑗(̅𝑘 + 1) + 

𝑁2(𝑘 − 1)𝑘𝑗(̅𝑘) + Λ0𝑗(̅𝑘) + Λ1(𝑘 − 1)𝑗(̅𝑘 − 1) + Λ2(𝑘 − 2)𝑗(̅𝑘 − 2) = 

𝐿3

𝐸
[𝛾1𝛿(𝑘) + 𝑆1𝐿𝛿(𝑘 − 1) + 𝑡1𝐿

3𝛿(𝑘 − 2)] 

 

and clearing the term 𝑗(̅𝑘 + 4), the recursive equation yields: 

𝐽(̅𝑘 + 4) = {(𝐿3/𝐸)[𝛾1𝛿(𝑘) + 𝑆1𝐿𝛿(𝑘 − 1) + 𝑡1𝐿
2𝛿(𝑘 − 2)]

− [Λ2𝐽(̅𝑘 − 2) + Λ1𝐽(̅𝑘 − 1) + Λ0𝐽(̅𝑘)]

− [(𝑘 − 1)𝑘𝑁2𝐽(̅𝑘) + 𝑘(𝑘 + 1)𝑁1𝐽(̅𝑘 + 1)

+ (𝑘 + 1)(𝑘 + 2)𝑁0𝐽(̅𝑘 + 2)]

− [𝐼1(𝑘 + 3)(𝑘 + 2)
2(𝑘 + 1)𝐽(̅𝑘 + 3)

+ 𝐼2(𝑘 + 3)(𝑘 + 2)(𝑘 + 1)𝑘𝐽(̅𝑘 + 2)]

− [𝐼3(𝑘 + 4)(𝑘 + 1)𝑘(𝑘 − 1)𝐽(̅𝑘 + 1)

+ 𝐼4(𝑘 + 5)𝑘(𝑘 − 1)(𝑘 − 2)𝐽(̅𝑘)]}/𝐼0𝑘4 (35) 

being 𝐼0 = 𝜋𝑟𝑡
4/4,  𝐼1 = 4(𝑚 − 1)𝐼0, 𝐼2 = 6(𝑚 − 1)2𝐼0, 𝐼3 = 4(𝑚 − 1)3𝐼0, 𝐼4 = 4(𝑚 − 1)4𝐼0, 

and 𝑘4 = (𝑘 + 4)(𝑘 + 3)(𝑘 + 2)(𝑘 + 1). On the other hand, terms 𝑁0, 𝑁1, 𝑁2, Λ0, Λ1, and Λ2 

are shown in Table 3-2. 
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Table 3-2. Transformed functions of N(ξ), Λ(ξ), and Q(ξ). 

Original/Transformed Function at ξ=0 

𝑁(𝜉) = 𝐼′′(𝜉) + (𝐿2/𝐸)(𝑃𝑜 − 𝑘𝑔) 

𝑁̅(0) = 𝑁0 = [3𝜋𝑟𝑡
4(𝑚 − 1)2 + (𝐿2/𝐸)(𝑃𝑜 − 𝑘𝑔)] 

𝑁̅(1) = 𝑁1 = [6𝜋𝑟𝑡
4(𝑚 − 1)3] 

𝑁̅(2) = 𝑁2 = [3𝜋𝑟𝑡
4(𝑚 − 1)4] 

Λ(𝜉) = (𝐿4/𝐸)(𝐾𝑜 +𝑚ℎ𝜉𝐿)𝐵(𝜉) 

Λ̅(0) = Λ0 = 2𝑟𝑡𝐿
4𝐾0/𝐸 

Λ̅(1) = Λ1 = 2𝑟𝑡𝐿
4[𝐾0(𝑚 − 1) + 𝑚ℎ𝐿]/𝐸 

Λ̅(2) = Λ2 = 2𝑟𝑡𝐿
4[(𝑚 − 1)𝑚ℎ𝐿]/𝐸 

𝑄(𝜉) = (𝐿3/𝐸)[𝛾1 + 𝑆1𝐿𝜉 + 𝑡1𝐿
2𝜉2] 

𝑄(𝜉) = (𝐿3/𝐸)[𝛾1𝛿(𝑘) + 𝑆1𝐿𝛿(𝑘 − 1) + 𝑡1𝐿
2𝛿(𝑘 − 2)] 

 

Therefore, from Eq. (35) the coefficients 𝐽(̅𝑘 + 4) to 𝐽(̅𝑚) are calculated to satisfy the 

polynomial solution of order 𝑚𝑡ℎ, except the first four which are found by means of the 

boundary conditions. For a better visualization, the first four terms of the recursive equation 

that satisfy 𝑘 = 0, 𝑘 = 1, 𝑘 = 2, and 𝑘 = 3 are provided:  

 

For 𝑘 = 0 

𝐽(̅4) =
1

24𝐼0
[
𝐿3𝛾

1

𝐸
− Λ0𝐽(̅0) − 2𝑁0𝐽(̅2) − 12𝐼1𝐽(̅3)] 

 

For 𝑘 = 1 

𝐽(̅5) =
1

120𝐼0
{
𝐿4𝑆1

𝐸
− [Λ1𝐽(̅0) + Λ0𝐽(̅1)] − [2𝑁1𝐽(̅2) + 6𝑁0𝐽(̅3)]

− [72𝐼1𝐽(̅4) + 24𝐼2𝐽(̅3)]} 

For 𝑘 = 2 
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𝐽(̅6) =
1

360𝐼0
{
𝐿5𝑡1

𝐸
− [Λ2𝐽(̅0) + Λ1𝐽(̅1) + Λ0𝐽(̅2)] − [2𝑁2𝐽(̅2) + 6𝑁1𝐽(̅3) + 12𝑁0𝐽(̅4)]

− [240𝐼1𝐽(̅5) + 120𝐼2𝐽(̅4) + 36𝐼3𝐽(̅3)]} 

For 𝑘 = 3 

𝐽(̅7) = −
1

840𝐼0
{[Λ2𝐽(̅1) + Λ1𝐽(̅2) + Λ0𝐽(̅3)] + [6𝑁2𝐽(̅3) + 12𝑁1𝐽(̅4) + 20𝑁0𝐽(̅5)]

+ [600𝐼1𝐽(̅6) + 360𝐼2𝐽(̅5) + 168𝐼3𝐽(̅4) + 48𝐼4𝐽(̅3)]} 

It is worth to mention that for this formulation 𝐽(̅−1) = 0.  

 

Boundary Conditions 

The first four terms of the solution 𝐽(𝜉) are obtained from the transformed boundary 

conditions at 𝜉 = 0. As the boundary conditions were assumed to be kinematic-type and that 

a displacement-based stiffness matrix is determined, the first four terms of the polynomial 

solution represent the lateral displacement (𝐽(̅0), 𝐽(̅2)) and rotation (𝐽(̅1), 𝐽(̅3)) at the top (A) 

and bottom (B) of the analyzed member.  

Moreover, according to Eq.21 the B.Cs. (Eqs. (16) and (17)) at 𝜉 = 0 are transformed as: 

 

2𝐽(̅2) −
𝜅𝑎

𝐸𝐼𝑎/𝐿
𝐽(̅1) +

𝑀𝑎

𝐸𝐼𝑎/𝐿
= 0 

 

(36) 

−6𝐽(̅3) −
2𝐼′𝑎
𝐼𝑎

𝐽(̅2) −
(𝑃𝑜 − 𝑘𝑔)

𝐸𝐼𝑎/𝐿2
𝐽(̅1) −

𝑆𝑎𝐽(̅0)

𝐸𝐼𝑎/𝐿3
+

𝑉𝑎
𝐸𝐼𝑎/𝐿2

= 0 
(37) 

where: 

𝐽(̅2) =
𝐿

2𝐸𝐼𝑎
[𝜅𝑎𝐽(̅1) − 𝑀𝑎] 

𝐽(̅3) = −
𝐼′𝑎
3𝐼𝑎

𝐽(̅2) −
𝐿2

6𝐸𝐼𝑎
[(𝑃𝑜 − 𝑘𝑔)𝐽(̅1) + 𝐿𝑆𝑎𝐽(̅0) − 𝑉𝑎] 

 

and from Eq. (20) the respective derivatives are computed for 𝜉 = 1: 

 

𝐽′(𝜉) = ∑𝑘𝐽(̅𝑘)𝜉𝑘−1
𝑚

𝑘=0

 
(38) 
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𝐽′′(𝜉) = ∑𝑘(𝑘 − 1)𝐽(̅𝑘)𝜉𝑘−2
𝑚

𝑘=0

 

 

(39) 

𝐽′′′(𝜉) = ∑𝑘(𝑘 − 1)(𝑘 − 2)𝐽(̅𝑘)𝜉𝑘−3
𝑚

𝑘=0

 
(40) 

 

Thus, replacing Eqs. [(38)-(40)] into Eqs. (18) and (19) The transformed B.Cs. are 

obtained. 

 

−∑𝑘(𝑘 − 1)𝐽(̅𝑘) −
𝜅𝑏

𝐸𝐼𝑏/𝐿

𝑚

𝑘=0

∑𝑘𝐽(̅𝑘) +
𝑀𝑏

𝐸𝐼𝑏/𝐿
= 0

𝑚

𝑘=0

 

 

(41) 

∑𝑘(𝑘 − 1)(𝑘 − 2)𝐽(̅𝑘) +
𝐼′𝑏
𝐼𝑏
∑𝑘(𝑘 − 1)𝐽(̅𝑘)

𝑚

𝑘=0

+
(𝑃𝑜 + 𝑘𝑔)

𝐸𝐼𝑏/𝐿2

𝑚

𝑘=0

∑𝑘𝐽(̅𝑘)

𝑚

𝑘=0

−
𝑆𝑏

𝐸𝐼𝑏/𝐿3
∑𝐽(̅𝑘) +

𝑉𝑏
𝐸𝐼𝑏/𝐿2

= 0

𝑚

𝑘=0

 

(42) 

The deflection of the element 𝐽 ̅for each 𝜉 can be expressed as a linear combination of 

𝐽(̅1), 𝐽(̅2), 𝐽(̅3), and 𝐽(̅4) as all the other coefficients depend on them. Thus, at 𝜉 =

1 it can be written as: 

𝐽(̅𝜉) = 𝐽(̅0)𝑓0 + 𝐽(̅1)𝑓1 + 𝐽(̅2)𝑓2 + 𝐽(̅3)𝑓3 + 𝑓𝑝 (43) 

where the terms 𝑓0, 𝑓1, 𝑓2, and 𝑓3 are function of the summation in Eqs. (41 and 42) 

and 𝑓𝑝 results from the evaluation of the homogeneous solution when 𝑄̅(𝜉) = 0. 

These terms can be evaluated with Eqs. (20 and 33). 

𝑓0 =∑𝐽(̅𝑘)

𝑚

𝑘=0

 

𝑓1 =∑𝑘𝐽(̅𝑘)

𝑚

𝑘=0

 

𝑓2 =∑𝑘(𝑘 − 1)𝐽(̅𝑘)

𝑚

𝑘=0
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𝑓3 =∑𝑘(𝑘 − 1)(𝑘 − 2)𝐽(̅𝑘)

𝑚

𝑘=0

 

 

Then, each of these terms is obtained by assigning the unity to the term 𝐽 ̅and zero 

for the others. For instance, 𝑓0 is the result of Eq. (38) at 𝜉 = 1 when 𝐽(̅0) = 1 and 

𝐽(̅1) = 𝐽(̅2) = 𝐽(̅3) = 𝑓𝑝 = 0  , so it can be calculated with Eqs. (20) and (35) with 

the previous values.  

 

 



 

 
 

3.4  Stiffness matrix derivation 

As previously expressed in Eq. (36) the polynomial solution can be expressed as a 

homogeneous solution of the first four coefficients [𝐽(̅0), 𝐽(̅1), 𝐽(̅2), 𝐽(̅3)] evaluated when 

𝑄̅(𝜉) = 0 resulting the coefficients 𝑓0, 𝑓1, 𝑓2, 𝑓3, and a particular solution (𝑓𝑝) for the terms 

evaluated on 𝐽(𝜉). 

The internal forces of the element are derived from the transformed B.C.s (Eqs. 32-35) 

𝑉𝑎 = 𝑆𝑎𝐿𝐽(̅0) + (𝑃𝑜 − 𝑘𝑔)𝐽(̅1) +
2𝐸𝐼′𝑎
𝐿2

𝐽(̅2) +
6𝐸𝐼𝑎
𝐿2

𝐽(̅3) 
(37) 

 

𝑀𝑎 = −
𝐸𝐼𝑎
𝐿
2𝐽(̅2) 

(38) 

 

𝑉𝑏 = 𝑆𝑏𝐿𝐽𝜉=1 − (𝑃𝑜 + 𝑘𝑔)𝐽′𝜉=1 +
𝐸𝐼′𝑏
𝐿2

𝐽′′𝜉=1 −
𝐸𝐼𝑏
𝐿2
𝐽′′′𝜉=1 

(39) 

 

𝑀𝑏 =
𝐸𝐼𝑏
𝐿
𝐽′′𝜉=1 

(40) 

and can be expressed in a matrix form as: 

{𝐹} = [𝑆]{𝐽} + {𝐶} (41) 

where: 

{𝐹} = {

𝑉𝑎
𝑀𝑎

𝑉𝑏
𝑀𝑏

}    ;     {𝐽} =

{
 
 

 
 𝐽(̅0)

𝐽(̅1)

𝐽(̅2)

𝐽(̅3)}
 
 

 
 

      

𝐶 =

{
 
 

 
 

0
0

𝑆𝑏𝐿𝑓𝑝 − (𝑃𝑜 + 𝑘𝑔)𝑓′𝑝 +
𝐸𝐼′𝑏
𝐿2

𝑓′′𝑝 −
𝐸𝐼𝑏
𝐿2

𝑓′′′𝑝

𝐸𝐼𝑏
𝐿
𝑓′′𝑝 }
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[𝑆] =

[
 
 
 
 
 𝑆𝑎𝐿 (𝑃𝑜 − 𝑘𝑔)

2𝐸𝐼′𝑎
𝐿2

6𝐸𝐼𝑎
𝐿2

0 0 −
2𝐸𝐼′𝑎
𝐿2

0

𝑆31
𝑆41

𝑆32
𝑆42

𝑆33 𝑆34
𝑆43 𝑆44 ]

 
 
 
 
 

 

 

Being the elements of [𝑆] matrix: 

𝑆31 = 𝑓0𝑆𝑏𝐿 − (𝑃𝑜 + 𝑘𝑔)𝑓
′
0
−
𝐸𝐼′𝑏
𝐿2

𝑓′′
0
−
𝐸𝐼𝑏
𝐿2
𝑓′′′0 

(42) 

𝑆32 = 𝑓1𝑆𝑏𝐿 − (𝑃𝑜 + 𝑘𝑔)𝑓
′
1
−
𝐸𝐼′𝑏
𝐿2

𝑓′′
1
−
𝐸𝐼𝑏
𝐿2
𝑓′′′1 

(43) 

𝑆33 = 𝑓2𝑆𝑏𝐿 − (𝑃𝑜 + 𝑘𝑔)𝑓
′
2
−
𝐸𝐼′𝑏
𝐿2

𝑓′′
2
−
𝐸𝐼𝑏
𝐿2
𝑓′′′2 

(44) 

𝑆34 = 𝑓3𝑆𝑏𝐿 − (𝑃𝑜 + 𝑘𝑔)𝑓
′
3
−
𝐸𝐼′𝑏
𝐿2

𝑓′′
3
−
𝐸𝐼𝑏
𝐿2
𝑓′′′3 

(45) 

𝑆41 =
𝐸𝐼𝑏
𝐿
𝑓′′

0
 (46) 𝑆42 =

𝐸𝐼𝑏
𝐿
𝑓′′

1
 (47) 

𝑆43 =
𝐸𝐼𝑏
𝐿
𝑓′′

2
 (48) 𝑆44 =

𝐸𝐼𝑏
𝐿
𝑓′′

3
 (49) 

 

Subsequently, applying rotational and deformation compatibility at the end of AB element: 

Δ𝑎 = 𝐽𝜉̅=0 = 𝐿𝐽(̅0)      

(50) 

𝜃𝑎 −
𝑀𝑎

𝜅𝑎
= 𝐽′̅𝜉=0 = 𝐽(̅1) 

(51) 

 Δ𝑏 = 𝐽𝜉̅=1 = [𝐽(̅0)𝑓0 𝜉=1 + 𝐽(̅1)𝑓1  𝜉=1 + 𝐽(̅2)𝑓2  𝜉=1 + 𝐽(̅3)𝑓3  𝜉=1 + 𝑓𝑝  𝜉=1]𝐿 (52) 

𝜃𝑏 −
𝑀𝑏

𝜅𝑏
= 𝐽′̅𝜉=1 

= 𝐽(̅0)𝑓′
0  𝜉=1

+ 𝐽(̅1)𝑓′
1  𝜉=1

+ 𝐽(̅2)𝑓′
2  𝜉=1

+ 𝐽(̅3)𝑓′
3  𝜉=1

+ 𝑓′𝑝  𝜉=1 (53) 
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In a similar way, Eqs. (50-53) can be expressed in a matrix form as: 

[𝐻]{𝑈} = [𝑍]{𝐽} + [𝐷]{𝐹} + {𝑁}   (54) 

[𝐻] = [

1 0 0 0
0 𝜅𝑎 0 0
0
0

0
0

1 0
0 𝜅𝑏

]   ;      {𝑈} = {

Δ𝑎
𝜃𝑎
Δ𝑎
𝜃𝑏

} 

[𝐷] = [

0 0 0 0
0 1 0 0
0
0

0
0

0 0
0 1

]   ;      {𝑁} = {

0
0
𝑓𝑝𝐿

𝜅𝑏𝑓′𝑝

} 

[𝑍] = [

𝐿 0 0 0
0 𝜅𝑎 0 0
𝐿𝑓0
𝜅𝑏𝑓′0

𝐿𝑓1
𝜅𝑏𝑓′1

𝐿𝑓2 𝐿𝑓3
𝜅𝑏𝑓′2 𝜅𝑏𝑓′3

] 

Then, substituting Eq. (41) into Eq. (54) in the form {𝐽} = [𝑆]−1({𝐹} − {𝐶}): 

[𝐻]{𝑈} = [𝑍]([𝑆]−1{𝐹} − {𝐶}) + [𝐷]{𝐹} + {𝑁} (55) 

[𝑍]−1[𝐻]{𝑈} = [𝑍]([𝑆]−1{𝐹}− {𝐶}) + [𝑍]−1[𝐷]{𝐹}+ [𝑍]−1{𝑁} 

[𝑆][𝑍]−1[𝐻]{𝑈} = {𝐹} − {𝐶} + [𝑆][𝑍]−1[𝐷]{𝐹} + [𝑆][𝑍]−1{𝑁} 

and grouping terms to isolate the vector {𝐹}[𝑆][𝑍]−1[𝐻]{𝑈} = [[𝐼] +

[𝑆][𝑍]−1[𝐷]]{𝐹} − {𝐶} + [𝑆][𝑍]−1{𝑁} 

[[𝐼] + [𝑆][𝑍]−1[𝐷]]{𝐹} = [𝑆][𝑍]−1[𝐻]{𝑈}+ {𝐶}− [𝑆][𝑍]−1{𝑁} 

{𝐹} = [[𝐼] + [𝑆][𝑍]−1[𝐷]]
−1
[𝑆][𝑍]−1[𝐻]{𝑈} + [[𝐼] + [𝑆][𝑍]−1[𝐷]]

−1
[{𝐶} − [𝑆][𝑍]−1{𝑁}] 

Then, in a more compact way the loading vector ({𝐹}) and stiffness matrix ([𝐾]) are 

obtained: 

{𝐹} = [𝐾]{𝑈} + {𝐹𝐸𝐹} (56) 

 

where: 
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[𝐾] = [𝐼 + 𝑆𝑍−1𝐷]−1[𝑆𝑍−1𝐻] (57) 

{𝐹𝐸𝐹} = [𝐼 + 𝑆𝑍
−1𝐷]−1{𝐽 − 𝑆𝑍−1𝑁} (58) 

Once the stiffness matrix has been computed for a segment of the pile, the following step 

is to assemble the global matrix.  

 

  

 



 

 
 

4. Validation Examples 

In this section, the proposed method is validated with four examples of prismatic, tapered 

and stepped piles under fully and partially embedded conditions. The influence of the inertia 

variation on the lateral deformation of the pile embedded in uniform and variable multi-

layered soils is presented. To perform the analysis with the proposed model, the pile is 

subdivided into elements at each layer or cross-section change of the pile. Equilibrium and 

compatibility conditions are satisfied at the ends of each element. Furthermore, the 

boundary conditions of the piles are Free-Free, meaning there is no rotation or 

displacement restriction at the top. The variation of the radius and the second moment of 

area along the depth are calculated employing Eqs. (3-6). 

The proposed equation and its solution were implemented in a MATLAB environment to 

develop the examples presented herein. Then, for each analysis it was only necessary to 

adapt the matrix formulation to the requirements of the problem and introduce the geometric 

and material properties of the piles. On the other hand, a finite element analysis was carried 

out in the software SAP2000 to compare the obtained results with the analytical solution 

presented herein. This software was used because of the familiarity that many civil 

engineers have with it and that is not as specialized and complex as other FE software can 

be, therefore, it is easy to implement to validate the model. 

In that sense, for the SAP2000 validation a non-prismatic circular frame element was define 

with the corresponding top and bottom diameter and pile length of each example. This type 

of element is used to model beam-column elements. Then, the element was subdivided in 

100 elements in order to capture the geometric variation of the taper section and perform a 

more accurate analysis. For all the cases the shear and torsional stiffness were neglected. 

The bottom of the element was fully restrained while the top was free with two DOF 

(displacement and rotation). Additionally, a model was created for each taper ratio and to 

consider the soil variation was necessary to compute the modulus of subgrade reaction 𝐾𝑠 

for each element and add it to the software prior the analysis.  
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4.1 Fully-embedded tapered and prismatic pile in two 
homogeneous soil layers 

Obtain the lateral deformation of tapered and prismatic circular piles subjected to lateral 

force and bending moment at the top. This evaluation considers four different taper ratios 

𝑚=1 (prismatic element), 𝑚 = 0.8, 𝑚 = 0.6, 𝑚 = 0.5, 𝑚 = 0.4, 𝑎𝑛𝑑 𝑚 = 0.2. Top and 

bottom radius are calculated for each 𝑚 based on an equivalent radius 𝑟𝑒𝑞 = 0.5m at 𝐿𝑝/2. 

It is assumed that the shear modulus, 𝐺p, and pile length, 𝐿p, are constant and equal to 

8GPa and 25m, respectively. The pile under study is fully-embedded in a two-layer 

homogeneous soil which coefficients of subgrade reaction correspond to a medium dense 

sand and are represented by 𝐾o1 and 𝐾o2 = 2x104kN/m3. Different stiffness variations are 

assessed with the upper layer stiffer (𝐾o1∕𝐾o2=4, 𝐾o1∕𝐾o2=2) and softer (𝐾o1∕𝐾o2=0.5, 

𝐾o1∕𝐾o2=0.25). The pile is subjected to a lateral force 𝑉 = 300kN and a bending moment 𝑀 

= 300kN∙m. The thicknesses of the layers are denoted by ℎ and 𝐿𝑝 − ℎ, respectively. 

Moreover, a range of thickness relationships is included in the study from ℎ∕𝐿𝑝 = 0 (𝐾o2 as 

the only layer) to ℎ∕𝐿𝑝 = 1 (𝐾o1 as the only layer). A graphical description of the example is 

shown in  Figure 4-1.  

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-2 shows pile-head the normalized deformation for different modulus of soil reaction 

and relationships of tapered and prismatic circular piles subjected to shear force and 

Figure 4-1. Graphic description of Example 1. 
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bending moment at the top (See Appendix B for the deformation results). The figure 

includes the results of the proposed model and those obtained via the commercial FEM 

software SAP2000. The lateral deformations are presented in the y axis and normalized 

with respect to the modulus of subgrade reaction, the equivalent radius and corresponding 

applied force, while the x axis shows the thickness variations from 0 to 1. It can be observed 

from Figure 4-2 that the analysis performed in SAP2000 shows good agreement with the 

results obtain with the proposed model. For the SAP2000 validation, it was necessary to 

subdivide the pile in 100 elements in order to capture the geometric variation of the taper 

section and perform a more accurate analysis.  

Additionally, a model was created for each taper ratio and to consider the soil variation was 

necessary to compute the modulus of subgrade reaction 𝐾𝑠 for each element and add it to 

the software prior the analysis. All these extra calculations are reflected in more time and 

processes. Note also from Figure 4-2 that for the cases where 𝐾o1 > 𝐾o2, the normalized 

lateral deformations with respect to shear, 𝑌𝑥=0𝐾𝑜2𝑟𝑒𝑞
2/𝑉 [Figure 4-2 (a) and (b)] and 

bending moment, 𝑌𝑥=0𝐾𝑜2𝑟𝑒𝑞
3/𝑀 [Figure 4-2 (c) and (d)] show a significant decrease as the 

top layer thickness increases in ℎ∕𝐿𝑝 = 0.05. This is due to the influence of a more competent 

layer in the upper part of the pile. Additionally, when the first layer reached about 25% of 

the pile length, a constant behavior was observed up to ℎ∕𝐿𝑝 = 1. 

On the other hand, for 𝐾 o1< 𝐾 o2, a different behavior was observed. The normalized lateral 

deformations increase as the thickness of ℎ increases up to ℎ∕𝐿𝑝 = 0.4 where it remains 

constant up to 100%. This indicates that the layer thickness variation does not influence 

the lateral deformation of the pile from these depths onwards. It is worth noting that there 

is a decrease of 33.5% on the lateral displacement when comparing 𝐾o1∕𝐾o2 = 4 and 𝐾o1∕𝐾o2 

= 0.5; meanwhile, there is a reduction of 35.2% for 𝐾o1∕𝐾o2 = 2 versus 𝐾o1∕𝐾o2 = 0.25. 

Comparing the obtained results for different taper ratios, the largest deformations are 

obtained for prismatic piles, as for the non-prismatic, the taper ratio decreases and the 

inertia at the top of the element increases.  
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Figure 4-2: Example1. Pile-head deformation for different modulus of soil reaction relationships 
subjected to shear force (a) 𝐾o1∕𝐾o2 = 4 and 𝐾o1∕𝐾o2 = 2, (b) 𝐾o1∕𝐾o2 = 0.5 and 𝐾o1∕𝐾o2 = 0.25; and 

bending moment (c) 𝐾o1∕𝐾o2 = 4 and 𝐾o1∕𝐾o2 = 2, (d) 𝐾o1∕𝐾o2 = 0.5 and 𝐾o1∕𝐾o2 = 0.25. 
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4.2 Influence of a non-homogeneous layer in prismatic 
and tapered piles 

This example evaluates the effect of non-homogeneous soil layers as illustrated in Figure 

4-3. The same properties and geometric variations used in Example 1 are considered. The 

soil variation evaluated herein considers two layers in which the upper remains 

homogeneous with a coefficient of subgrade reaction of 𝐾o1 = 12000kN/m3 (medium dense 

sand) while the lower follows a trapezoidal variation with 𝐾𝑜2𝑡 = 20000kN/m3 and 

𝐾𝑜2𝑏 =50000kN/m3 (dense sand) at the top and bottom of the layer, respectively. Soil 

variation is described by 𝐾𝑠(𝑥) = (𝐾𝑜 +𝑚ℎ𝑥)𝐵(𝑥). Being (𝑥) the diameter of the pile at the 

evaluated depth, and 𝑚ℎ the slope of soil variation which can indicate a homogeneous (𝑚ℎ 

= 0) or non-homogeneous (𝑚ℎ ≠ 0) layer. In that sense, the values of 𝐾𝑜 where assign to 

each layer and 𝑚ℎ was calculated accordingly. Similarly, to Example 1, the top of the pile is 

subjected to a lateral force, 𝑉 = 300𝑘𝑁, and a bending moment, 𝑀 = 300𝑘𝑁∙m, and a range 

of thickness relationships (0 < ℎ∕𝐿𝑝 < 1) are considered.  

  

The pile-head deformations for tapered and prismatic piles embedded in a non-

homogeneous layered soil, and subjected to shear force and bending moment are 

presented in Figure 4-4 (See Appendix B for the deformation results). Deformation results 

are normalized with the modulus of subgrade reaction of the lower layer, 𝐾𝑜2𝑡, the 

equivalent diameter, 𝐵𝑒𝑞 , and the shear force, V, or bending moment, M, accordingly.  The 

variation of the deformation with the thickness ratio of the layers is also considered and 

represents the x axis in Figure 4-4. All the results were validated with FE analyses carried 

Figure 4-3. Graphic description of Example 2. 
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out in SAP2000. For these analyses, it was also necessary to create one model per taper 

ratio and divide the pile in 100 elements. Additionally, the modulus of subgrade reaction 

was computed for each thickness relation considering the variation of the slope, 𝑚ℎ , as the 

thickness of the upper layer increases. In both cases of the example the results with the 

proposed methodology showed good agreement with the obtained with SAP2000. 

Furthermore, the normalized shear, 𝑌𝑥=0𝐾𝑜2𝑡𝐵𝑒𝑞
2/𝑉 in Figure 4-4 (a) shows a notable 

increase at 5% and up to 20% of the pile length in the deformation values when subjected 

to shear. This behavior is because although the modulus of soil reaction increased in depth 

in the second layer, at the top of the pile it started with lower values, which had lower 

resistance to the lateral displacement. The bending moment deformations [see Figure 

4-4(b)], 𝑌𝑥=0𝐾𝑜2𝑡𝐵𝑒𝑞
3/𝑀 also increased up to 20 % and showed slight variations until 60% 

where they remain constant until the entire pile was embedded in the first layer, meaning it 

has no more influence in the pile behavior. The overall trend on the results demonstrated 

that the use of tapered section piles reduces the lateral deflections of the pile head. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-4: Example2. Pile-head deflection of a prismatic and tapered pile embedded in 

non-homogeneous soil subjected to shear force (a) and bending moment (b). 
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4.3 Influence of a multi-layered soil in tapered and 
prismatic piles 

The following example presents the transverse deflection, rotation, bending moment and 

shear force distribution for uniform and tapered piles embedded into a four-layered soil. 

Figure 4-5 depicts the information of each layer, pile material, and forces applied to the 

pile. Five different taper ratios are evaluated (𝑚 = 1 , 𝑚 = 0.8 , 𝑚 = 0.6, 𝑚 = 0.5, 𝑚 = 0.2). 

Assuming a Poisson ratio, 𝜈𝑠 = 0.3, the elastic modulus, 𝐸𝑠, and modulus of subgrade 

reaction, Ks, of each layer are calculated [99-100] as:  

𝐸𝑠 = 2𝐺𝑠(1 + 𝜈𝑠) (59) 

𝐾𝑠 =
1.3𝐸𝑠
1 − 𝜈𝑠2

(
𝐸𝑠𝐵

4

𝐸𝑝𝐼𝑝
)

1
12⁄

 (60) 

The pile was subdivided into four sections based on the number of layers, resulting in four 

degrees of freedom (translation and rotation) per element. The lowest element is fully-

restricted at the bottom, resulting in an 8 x 8 stiffness matrix. To obtain the Ks of each layer, 

the equivalent diameter, Beq, and inertia, Ieq, of each pile section were used. Moreover, to 

find the above-mentioned profiles it is necessary to calculate the 𝑚th terms of the solution 

presented in Eqn. (31). The first two terms 𝐽(̅0) and 𝐽(̅1) represent the displacement and 

rotation at the top of each element. Then, 𝐽(̅2) and 𝐽(̅3) are determined from Eqs. (34 and 

35, respectively) and the following values are computed from the recursive equation (Eqn. 

31). Subsequently, the transverse deflection, rotation, bending moment and shear force 

profiles are obtained as follows: 

𝐽(𝜉) = 𝐽(̅0) + 𝐽(̅1)𝜉 + 𝐽(̅2)𝜉2 +⋯+ 𝐽(̅𝑚)𝜉𝑚 (61) 

𝜃(𝜉) =
𝑑𝐽

𝑑𝜉
 

(62) 

𝑀(𝜉) = −
𝐸𝐼(𝜉)

𝐿

𝑑2𝐽

𝑑𝜉2
 

(63) 

𝑉(𝜉) =
𝐸

𝐿2
(𝐼(𝜉)

𝑑3𝐽

𝑑𝜉3
+ 𝐼′(𝜉)

𝑑2𝐽

𝑑𝜉2
) − 𝑃𝑜

𝑑𝐽

𝑑𝜉
 

(64) 

 

where 𝐼(𝜉) = 𝜋𝑟𝑡
4/4 [1 + 𝜉(𝑚 − 1)]4 and 𝐼′(𝜉) = 𝜋𝑟𝑡

4 {[1 + 𝜉(𝑚 − 1)]3(𝑚 − 1)}. Deformation, 

rotation, shear and moment values were calculated for 20 points in each pile section 

considering the diameter and inertia variation in each point. Figure 4-6 shows the 
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calculated profiles for a prismatic and a tapered pile with 𝑚 = 0.5. The results for the other 

taper ratios can be found in Appendix A. Larger variations in the pile response are 

observed for the top 10m with low to none differences for the lower 10 m of the pile, 

indicating that for these cases the soil variation affects the first 40% of the pile length. As 

indicated by Eqs. (63-64), the larger bending moments and shear forces are obtained for 

tapered piles at their top half, where I(x) values are larger than for prismatic elements. 

Nevertheless, it can be observed that deformation and rotation values decrease as the 

taper ratio decreases. These behaviors indicate better serviceability in tapered piles. 

Numerical results obtained via the proposed model are in agreement with those from 

SAP2000. Some discrepancies are observed in the moment and roation profiles, with 

values between 5 and 6% lower than those computed with the proposed matrix method. 

Nevertheless, this discrepancy is still considered a good result considering the uncertainties 

associated with the determination of soil parameters for foundations and soils. 

 

 

 

 

 

 

 

 

 

 

 

Figure 4-5. Schematic of Example 3. 
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4.4 Prismatic pile and non-prismatic piles partially 
embedded in a two-layered soil 

The following example shows the capabilities of the proposed model to calculate 

deformation, rotation, shear force and bending moment profiles for a prismatic, tapered and 

one-step piles partially embedded in a nonhomogeneous two-layered soil. The length of 

the unembedded portion of the pile is 𝐿𝑢=3𝑚, and the thickness of the layers are 𝐿1 = 10𝑚 

and 𝐿2 = 10𝑚, representing a total length 𝐿𝑝 = 20𝑚. A trapezoidal distribution describes the 

soil variation in the embedded portion of the pile with 𝐾𝑜𝑡1=1.5x104kN/m3, 𝐾𝑜𝑏1 = 

3x104kN/m3, 𝐾𝑜𝑡2 = 3x104kN/m3, 𝐾𝑜𝑏2 = 6 x104kN/m3, 𝑚ℎ1=1500kN/m4, and 𝑚ℎ2 = 3000kN/m4. 

The prismatic pile radius, 𝑟 is taken as 0.5m while for the tapered pile, 𝑟𝑒𝑞 = 0.5m with a 

taper ratio, 𝑚 = 0.8. For the stepped pile 𝑟1 = 0.6m and 𝑟2 = 0.5m (see Figure 4-7). The 

piles are subjected to a shear force 𝑉 = 500kN and a bending moment 𝑀 = 450 kN∙m at the 

top. 

Figure 4-6. Profiles of prismatic and tapered piles fully-embedded in a four-layered soil. 
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As presented in Figure 4-7, the prismatic and tapered piles were subdivided in three 

elements with every change in soil layers; while the stepped pile was divided in four 

elements, per cross-section and soil change. The procedure to calculate the profiles is 

similar to the one explained in Example 3 with Eqs. [(61)-(64)]. The difference in these 

cases is that for the stepped and prismatic piles the inertia did not vary within the pile 

segments, contrary to the tapered pile that the inertia varies as function of depth (x) in a 

pile segment. Figure 4-8 exhibits the obtained profiles for the prismatic, tapered and 

stepped piles with the proposed methodology and the analysis performed in SAP2000. Note 

also that non-prismatic piles result in lower deformation and rotation values; while little 

variations are observed for bending moment and shear force profiles (See Figure 4-8). This 

behavior may be attributed to a larger inertia and stiffness in the upper part of the element, 

which validates the feasibility on the usage of variable cross-section piles for reducing 

lateral displacements. In all cases the proposed model captures different pile behavior 

under partially-embedded and soil variation conditions. Additionally, the results showed 

good agreement with those obtain with SAP2000. 

Figure 4-7. Piles characteristics and soil information for Example 4. 
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Figure 4-8. Profiles for prismatic, tapered and stepped piles. 



 

 
 

5. Conclusions and recommendations 

5.1 Conclusions 

The derivation of the stiffness matrix and load vector of non-prismatic piles partially and 

fully embedded in non-homogeneous soils subjected to lateral loads was presented. Four 

examples, describing the influence of the embedment length, taper ratio and soil 

inhomogeneity on the pile’s lateral response were presented. The obtained results were 

validated against finite element analyses in SAP2000. From this study, the following 

conclusions can be drawn: 

• In general, available solutions to tackle this problem are based on rigorous and 

complex analytical and numerical methodologies, making it difficult for geotechnical 

practitioners to implement. The proposed methodology, derived using the 

Differential Transformation Method, provided a solution that is accurate, practical 

and easy to code. 

• The proposed matrix formulation required a single element per soil layer or change 

in pile geometry to capture the response of the entire pile. In contrast, in SAP2000, 

each taper ratio required its own model and it was needed to subdivide the pile into 

100 elements to account for the variation in the cross-section of the pile and the 

non-homogeneity of the soil, to perform an accurate analysis. All this represented a 

significantly higher computational cost and processing time. 

• The trend of the results demonstrated that lateral deformations for prismatic and 

tapered piles embedded in a two-layered soil had a constant behavior when the first 

layer reached certain pile length. For layers with homogeneous distribution and an 

upper stiffer layer, deformations decreased up to 25% of the pile length; while for a 

softer top layer, values increased up to 40% and then remained constant.  

• In the case of a trapezoidal variation in the second layer, deformation values 

increased until the top layer reached 25% of the pile length where a constant value 

was reached. Results exhibited smaller deformations were obtained for tapered 
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piles where the taper ratio decreases and the inertia at the top of the element 

increases. This behavior indicated that lateral deformations are mainly affected by 

the taper ratio of the pile as well as the thickness and stiffness relationship of the 

layers.  

• Static analysis results indicated smaller deformation and rotation values for non-

prismatic piles (tapered and stepped piles) with larger variations in the upper 20% 

of the fully-embedded pile length. This behavior proves the feasibility on the usage 

of variable cross-section piles for reducing lateral displacements. 

5.2 Recommendations 

 

In this thesis, the derivation of the stiffness matrix and load vector of an analytical solution 

for non-prismatic piles partially and fully embedded in non-homogeneous soils was 

achieved. However, some of the following issues could to be covered in future works: 

 

• Evaluate the feasibility of the methodology in other sections of non-prismatic piles. 

• Extend the formulation for non-prismatic piles subjected to dynamic load (i.e., wind, 

seismic, machinery, etc.) taking into account soil degradation and performing a pile-

soil dynamic interaction analysis. 

• Consider soil behavior with a more complex formulation as non-linear or elasto-

plastic models. 

• Perform a settlement analysis with step and tapered piles varying the number of 

steps and its length and for different taper ratios validating it with field testing. 





 

 
 

 Appendix 1 

The following tables exhibit the deformation results presented in Figure 4-2 in Example 1. 

Table A-1- 1. Pile-head deformation when subjected to shear force for taper ratio m=1. 

 
Yx=0 (V)  ;   m=1 

 SAP2000 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0 0.00789 0.00789 0.00789 0.00789 

0.05 0.00325 0.00531 0.01059 0.01276 

0.08 0.00294 0.00494 0.01165 0.01537 

0.10 0.00288 0.00483 0.01217 0.01699 

0.15 0.00286 0.00475 0.01292 0.01980 

0.20 0.00285 0.00475 0.01319 0.02134 

0.25 0.00283 0.00474 0.01325 0.02197 

0.50 0.00280 0.00471 0.01331 0.02244 

1.00 0.00280 0.00471 0.01333 0.02244 

 

 Yx=0 (V)  ;   m=1 

 MATLAB 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0.000 0.00790 0.00793 0.00794 0.00794 

0.050 0.00336 0.00542 0.01039 0.01231 

0.083 0.00296 0.00496 0.01161 0.01525 

0.125 0.00287 0.00479 0.01256 0.01826 

0.167 0.00287 0.00476 0.01303 0.02028 

0.208 0.00285 0.00476 0.01321 0.02142 

0.250 0.00284 0.00476 0.01326 0.02195 

0.292 0.00282 0.00474 0.01326 0.02216 

0.333 0.00281 0.00473 0.01326 0.02221 

0.375 0.00281 0.00473 0.01327 0.02221 

0.417 0.00281 0.00472 0.01329 0.02222 

0.458 0.00281 0.00472 0.01330 0.02223 
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 Yx=0 (V)  ;   m=1 

 MATLAB 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0.500 0.00281 0.00472 0.01332 0.02227 

0.542 0.00281 0.00472 0.01333 0.02230 

0.583 0.00281 0.00472 0.01334 0.02234 

0.625 0.00281 0.00472 0.01334 0.02237 

0.667 0.00281 0.00472 0.01334 0.02240 

0.708 0.00281 0.00472 0.01335 0.02242 

0.750 0.00281 0.00472 0.01335 0.02244 

0.792 0.00281 0.00472 0.01335 0.02245 

0.833 0.00281 0.00472 0.01335 0.02245 

0.875 0.00281 0.00472 0.01335 0.02245 

0.917 0.00281 0.00472 0.01335 0.02246 

0.958 0.00281 0.00472 0.01335 0.02246 

1.000 0.00281 0.00472 0.01335 0.02246 

 

Table A-1- 2. Pile-head deformation when subjected to shear force for taper ratio m=0.8. 

 
Yx=0 (V)  ;   m=0.8 

 SAP2000 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0 0.00736 0.00736 0.00736 0.00736 

0.05 0.00308 0.00499 0.00969 0.01154 

0.08 0.00275 0.00462 0.01067 0.01387 

0.10 0.00267 0.00450 0.01117 0.01530 

0.15 0.00263 0.00440 0.01195 0.01811 

0.20 0.00263 0.00439 0.01226 0.01975 

0.25 0.00261 0.00439 0.01235 0.02051 

0.50 0.00257 0.00435 0.01241 0.02088 

1.00 0.00257 0.00435 0.01241 0.02110 

 

 Yx=0 (V)  ;   m=0.8 

 MATLAB 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0.000 0.00741 0.00741 0.00741 0.00741 

0.050 0.00319 0.00511 0.00953 0.01117 

0.083 0.00277 0.00465 0.01066 0.01379 

0.125 0.00265 0.00445 0.01159 0.01660 

0.167 0.00264 0.00441 0.01209 0.01863 
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 Yx=0 (V)  ;   m=0.8 

 MATLAB 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0.208 0.00264 0.00441 0.01231 0.01987 

0.250 0.00262 0.00440 0.01238 0.02052 

0.292 0.00260 0.00440 0.01240 0.02080 

0.333 0.00259 0.00438 0.01240 0.02089 

0.375 0.00259 0.00437 0.01240 0.02090 

0.417 0.00258 0.00437 0.01241 0.02090 

0.458 0.00258 0.00437 0.01243 0.02091 

0.500 0.00258 0.00436 0.01244 0.02093 

0.542 0.00258 0.00436 0.01246 0.02097 

0.583 0.00258 0.00436 0.01246 0.02101 

0.625 0.00258 0.00436 0.01247 0.02104 

0.667 0.00258 0.00436 0.01247 0.02108 

0.708 0.00258 0.00436 0.01247 0.02110 

0.750 0.00258 0.00436 0.01247 0.02112 

0.792 0.00258 0.00436 0.01247 0.02113 

0.833 0.00258 0.00436 0.01247 0.02113 

0.875 0.00258 0.00436 0.01247 0.02113 

0.917 0.00258 0.00436 0.01247 0.02113 

0.958 0.00258 0.00436 0.01247 0.02113 

1.000 0.00258 0.00436 0.01247 0.02112 

 

Table A-1- 3.  Pile-head deformation when subjected to shear force for taper ratio m=0.6. 

 
Yx=0 (V)  ;   m=0.6 

 SAP2000 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0 0.00675 0.00675 0.00675 0.00675 

0.05 0.00290 0.00465 0.00875 0.01028 

0.08 0.00255 0.00428 0.00963 0.01230 

0.10 0.00246 0.00416 0.01010 0.01358 

0.15 0.00240 0.00403 0.01089 0.01623 

0.20 0.00240 0.00401 0.01125 0.01795 

0.25 0.00238 0.00401 0.01138 0.01885 

0.50 0.00234 0.00397 0.01144 0.01938 

1.00 0.00234 0.00397 0.01149 0.01963 
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 Yx=0 (V)  ;   m=0.6 

 MATLAB 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0.000 0.00669 0.00669 0.00681 0.00683 

0.050 0.00302 0.00478 0.00867 0.01004 

0.083 0.00258 0.00434 0.00971 0.01238 

0.125 0.00244 0.00412 0.01063 0.01499 

0.167 0.00242 0.00407 0.01116 0.01701 

0.208 0.00242 0.00406 0.01142 0.01834 

0.250 0.00241 0.00406 0.01152 0.01909 

0.292 0.00239 0.00405 0.01155 0.01945 

0.333 0.00238 0.00404 0.01155 0.01958 

0.375 0.00237 0.00403 0.01154 0.01961 

0.417 0.00236 0.00402 0.01155 0.01960 

0.458 0.00236 0.00401 0.01156 0.01960 

0.500 0.00236 0.00401 0.01157 0.01961 

0.542 0.00236 0.00401 0.01158 0.01964 

0.583 0.00236 0.00400 0.01159 0.01967 

0.625 0.00236 0.00400 0.01159 0.01970 

0.667 0.00236 0.00400 0.01159 0.01973 

0.708 0.00236 0.00400 0.01159 0.01975 

0.750 0.00236 0.00400 0.01158 0.01976 

0.792 0.00235 0.00400 0.01157 0.01976 

0.833 0.00235 0.00399 0.01156 0.01975 

0.875 0.00235 0.00399 0.01156 0.01973 

0.917 0.00235 0.00399 0.01155 0.01972 

0.958 0.00235 0.00399 0.01154 0.01970 

1.000 0.00235 0.00398 0.01153 0.01968 

 

Table A-1- 4. Pile-head deformation when subjected to shear force for taper ratio m=0.5. 

 Yx=0 (V)  ;   m=0.5 

 SAP2000 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0 0.00635 0.00635 0.00635 0.00635 

0.05 0.00283 0.00444 0.00805 0.00928 

0.08 0.00249 0.00410 0.00887 0.01105 

0.10 0.00239 0.00398 0.00934 0.01226 

0.15 0.00232 0.00385 0.01021 0.01479 

0.20 0.00231 0.00383 0.01068 0.01664 

0.25 0.00231 0.00382 0.01087 0.01771 

0.50 0.00227 0.00378 0.01091 0.01853 

1.00 0.00227 0.00387 0.01081 0.01833 



Appendix 49 

 

 Yx=0 (V)  ;   m=0.5 

 MATLAB 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0.000 0.00624 0.00637 0.00647 0.00649 

0.050 0.00312 0.00476 0.00797 0.00898 

0.083 0.00249 0.00418 0.00924 0.01170 

0.125 0.00233 0.00396 0.01015 0.01423 

0.167 0.00231 0.00389 0.01070 0.01623 

0.208 0.00231 0.00388 0.01097 0.01759 

0.250 0.00230 0.00388 0.01109 0.01838 

0.292 0.00228 0.00387 0.01111 0.01877 

0.333 0.00227 0.00386 0.01111 0.01892 

0.375 0.00226 0.00385 0.01111 0.01895 

0.417 0.00225 0.00384 0.01111 0.01893 

0.458 0.00225 0.00383 0.01111 0.01892 

0.500 0.00225 0.00383 0.01112 0.01893 

0.542 0.00225 0.00382 0.01113 0.01895 

0.583 0.00224 0.00382 0.01113 0.01898 

0.625 0.00224 0.00382 0.01113 0.01900 

0.667 0.00224 0.00381 0.01113 0.01902 

0.708 0.00224 0.00381 0.01112 0.01903 

0.750 0.00224 0.00381 0.01110 0.01903 

0.792 0.00223 0.00380 0.01109 0.01901 

0.833 0.00223 0.00380 0.01107 0.01899 

0.875 0.00223 0.00379 0.01105 0.01895 

0.917 0.00223 0.00379 0.01103 0.01892 

0.958 0.00223 0.00378 0.01101 0.01888 

1.000 0.00222 0.00378 0.01099 0.01883 

 
Table A-1- 5. Pile-head deformation when subjected to bending moment for taper ratio 
m=1. 

 
Yx=0 (M)  ;   m=1 

 SAP2000 

 
K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 

K1/K2 

=0.25 

h/L (m) (m) (m) (m) 

0 0.00789 0.00789 0.00789 0.00789 

0.05 0.00325 0.00531 0.01059 0.01276 

0.08 0.00294 0.00494 0.01165 0.01537 

0.10 0.00288 0.00483 0.01217 0.01699 

0.15 0.00286 0.00475 0.01292 0.01980 

0.20 0.00285 0.00475 0.01319 0.02134 

0.25 0.00283 0.00474 0.01325 0.02197 

0.50 0.00280 0.00471 0.01331 0.02244 

1.00 0.00280 0.00471 0.01333 0.02244 

     



50 Analytical solution for the soil-structure interaction of a non-uniform section 

pile on non-homogeneous soil conditions 

 

 Yx=0 (M)  ;   m=1 

 MATLAB 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0.000 0.00790 0.00793 0.00794 0.00794 

0.050 0.00336 0.00542 0.01039 0.01231 

0.083 0.00296 0.00496 0.01161 0.01525 

0.125 0.00287 0.00479 0.01256 0.01826 

0.167 0.00287 0.00476 0.01303 0.02028 

0.208 0.00285 0.00476 0.01321 0.02142 

0.250 0.00284 0.00476 0.01326 0.02195 

0.292 0.00282 0.00474 0.01326 0.02216 

0.333 0.00281 0.00473 0.01326 0.02221 

0.375 0.00281 0.00473 0.01327 0.02221 

0.417 0.00281 0.00472 0.01329 0.02222 

0.458 0.00281 0.00472 0.01330 0.02223 

0.500 0.00281 0.00472 0.01332 0.02227 

0.542 0.00281 0.00472 0.01333 0.02230 

0.583 0.00281 0.00472 0.01334 0.02234 

0.625 0.00281 0.00472 0.01334 0.02237 

0.667 0.00281 0.00472 0.01334 0.02240 

0.708 0.00281 0.00472 0.01335 0.02242 

0.750 0.00281 0.00472 0.01335 0.02244 

0.792 0.00281 0.00472 0.01335 0.02245 

0.833 0.00281 0.00472 0.01335 0.02245 

0.875 0.00281 0.00472 0.01335 0.02245 

0.917 0.00281 0.00472 0.01335 0.02246 

0.958 0.00281 0.00472 0.01335 0.02246 

1.000 0.00281 0.00472 0.01335 0.02246 

 

Table A-1- 6. Pile-head deformation when subjected to bending moment for taper ratio 
m=0.8. 

 
Yx=0 (M)  ;   m=0.8 

 SAP2000 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0 0.00178 0.00178 0.00178 0.00178 

0.05 0.00089 0.00129 0.00226 0.00264 

0.08 0.00088 0.00125 0.00241 0.00302 

0.10 0.00090 0.00125 0.00247 0.00322 

0.15 0.00092 0.00127 0.00253 0.00352 

0.20 0.00091 0.00127 0.00253 0.00361 

0.25 0.00089 0.00127 0.00251 0.00360 

0.50 0.00088 0.00125 0.00253 0.00357 

1.00 0.00088 0.00125 0.00254 0.00363 
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 Yx=0 (M)  ;   m=0.8 

 MATLAB 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0.000 0.00172 0.00176 0.00180 0.00180 

0.050 0.00091 0.00131 0.00224 0.00258 

0.083 0.00089 0.00126 0.00242 0.00302 

0.125 0.00091 0.00126 0.00252 0.00339 

0.167 0.00092 0.00127 0.00255 0.00357 

0.208 0.00091 0.00128 0.00254 0.00363 

0.250 0.00090 0.00127 0.00252 0.00362 

0.292 0.00089 0.00127 0.00252 0.00360 

0.333 0.00088 0.00126 0.00251 0.00357 

0.375 0.00088 0.00126 0.00252 0.00356 

0.417 0.00088 0.00125 0.00253 0.00356 

0.458 0.00088 0.00125 0.00253 0.00357 

0.500 0.00088 0.00125 0.00254 0.00359 

0.542 0.00088 0.00125 0.00254 0.00360 

0.583 0.00088 0.00125 0.00255 0.00362 

0.625 0.00088 0.00125 0.00255 0.00363 

0.667 0.00088 0.00125 0.00255 0.00364 

0.708 0.00088 0.00125 0.00255 0.00364 

0.750 0.00088 0.00125 0.00255 0.00364 

0.792 0.00088 0.00125 0.00255 0.00365 

0.833 0.00088 0.00125 0.00255 0.00365 

0.875 0.00088 0.00125 0.00255 0.00365 

0.917 0.00088 0.00125 0.00255 0.00365 

0.958 0.00088 0.00125 0.00255 0.00365 

1.000 0.00088 0.00125 0.00255 0.00365 

 

Table A-1- 7. Pile-head deformation when subjected to bending moment for taper ratio 
m=0.6. 

 
Yx=0 (M)  ;   m=0.6 

 SAP2000 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0 0.00147 0.00147 0.00147 0.00147 

0.05 0.00074 0.00107 0.00185 0.00215 

0.08 0.00072 0.00103 0.00198 0.00246 

0.10 0.00073 0.00103 0.00204 0.00263 

0.15 0.00075 0.00104 0.00211 0.00292 

0.20 0.00075 0.00105 0.00211 0.00303 

0.25 0.00074 0.00105 0.00210 0.00305 

0.50 0.00072 0.00103 0.00211 0.00301 
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1.00 0.00072 0.00103 0.00212 0.00307 

 Yx=0 (M)  ;   m=0.6 

 MATLAB 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0.000 0.00148 0.00148 0.00148 0.00148 

0.050 0.00076 0.00111 0.00186 0.00213 

0.083 0.00073 0.00105 0.00202 0.00251 

0.125 0.00075 0.00105 0.00213 0.00284 

0.167 0.00076 0.00106 0.00216 0.00304 

0.208 0.00076 0.00107 0.00216 0.00311 

0.250 0.00075 0.00106 0.00215 0.00312 

0.292 0.00074 0.00106 0.00214 0.00310 

0.333 0.00073 0.00105 0.00214 0.00308 

0.375 0.00073 0.00105 0.00214 0.00306 

0.417 0.00073 0.00105 0.00215 0.00306 

0.458 0.00073 0.00104 0.00215 0.00307 

0.500 0.00073 0.00104 0.00216 0.00308 

0.542 0.00073 0.00104 0.00216 0.00310 

0.583 0.00073 0.00104 0.00217 0.00311 

0.625 0.00073 0.00104 0.00217 0.00312 

0.667 0.00073 0.00104 0.00217 0.00313 

0.708 0.00073 0.00104 0.00217 0.00314 

0.750 0.00073 0.00104 0.00217 0.00314 

0.792 0.00073 0.00104 0.00217 0.00314 

0.833 0.00073 0.00104 0.00216 0.00314 

0.875 0.00073 0.00104 0.00216 0.00314 

0.917 0.00073 0.00104 0.00216 0.00314 

0.958 0.00073 0.00104 0.00216 0.00313 

1.000 0.00072 0.00104 0.00216 0.00313 

 

Table A-1- 8. Pile-head deformation when subjected to bending moment for taper ratio 
m=0.5. 

 
Yx=0 (M)  ;   m=0.5 

 SAP2000 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0 0.00132 0.00132 0.00132 0.00132 

0.05 0.00067 0.00097 0.00164 0.00187 

0.08 0.00065 0.00094 0.00176 0.00214 

0.10 0.00065 0.00093 0.00182 0.00230 

0.15 0.00067 0.00093 0.00190 0.00259 

0.20 0.00067 0.00094 0.00192 0.00273 

0.25 0.00067 0.00094 0.00191 0.00276 

0.50 0.00065 0.00092 0.00191 0.00272 
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1.00 0.00065 0.00093 0.00191 0.00276 

 

 Yx=0 (M)  ;   m=0.5 

 MATLAB 

 K1/K2 = 4 K1/K2 =2 K1/K2 = 0.5 K1/K2 =0.25 

h/L (m) (m) (m) (m) 

0.000 0.00132 0.00134 0.00137 0.00137 

0.050 0.00072 0.00104 0.00165 0.00184 

0.083 0.00066 0.00096 0.00184 0.00226 

0.125 0.00068 0.00095 0.00194 0.00258 

0.167 0.00069 0.00096 0.00198 0.00278 

0.208 0.00069 0.00097 0.00198 0.00286 

0.250 0.00068 0.00097 0.00197 0.00288 

0.292 0.00067 0.00096 0.00196 0.00287 

0.333 0.00066 0.00096 0.00196 0.00284 

0.375 0.00066 0.00095 0.00196 0.00283 

0.417 0.00066 0.00095 0.00196 0.00282 

0.458 0.00066 0.00095 0.00197 0.00283 

0.500 0.00066 0.00095 0.00198 0.00284 

0.542 0.00065 0.00094 0.00198 0.00286 

0.583 0.00065 0.00094 0.00198 0.00287 

0.625 0.00065 0.00094 0.00199 0.00288 

0.667 0.00065 0.00094 0.00199 0.00289 

0.708 0.00065 0.00094 0.00198 0.00290 

0.750 0.00065 0.00094 0.00198 0.00290 

0.792 0.00065 0.00094 0.00198 0.00290 

0.833 0.00065 0.00094 0.00198 0.00289 

0.875 0.00065 0.00094 0.00198 0.00289 

0.917 0.00065 0.00094 0.00198 0.00289 

0.958 0.00065 0.00094 0.00197 0.00288 

1.000 0.00065 0.00094 0.00197 0.00288 
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 Appendix 2 

The following tables exhibit the deformation results presented in Figure 4-4 in Example 2. 

Table A-2- 1. Pile-head deflection of Example 2 for taper ratio m=1. 

  

m=1 

SAP2000 

  

MATLAB 

Yx=0 (V) Yx=0 (M) Yx=0 (V) Yx=0 (M) 

h/L (m) (m) h/L (m) (m) 

0.00 0.00758 0.00205 0.000 0.00758 0.00206 

0.05 0.00962 0.00247 0.043 0.00929 0.00244 

0.08 0.01040 0.00260 0.084 0.01048 0.00263 

0.10 0.01077 0.00262 0.126 0.01113 0.00269 

0.15 0.01127 0.00263 0.167 0.01143 0.00270 

0.20 0.01144 0.00262 0.209 0.01153 0.00268 

0.25 0.01147 0.00261 0.251 0.01156 0.00268 

0.30 0.01148 0.00261 0.292 0.01156 0.00268 

0.35 0.01149 0.00262 0.334 0.01157 0.00268 

0.40 0.01150 0.00263 0.375 0.01158 0.00269 

0.45 0.01152 0.00264 0.417 0.01160 0.00270 

0.50 0.01153 0.00264 0.458 0.01161 0.00270 

0.60 0.01155 0.00264 0.500 0.01162 0.00271 

0.70 0.01155 0.00264 0.542 0.01163 0.00271 

0.80 0.01155 0.00264 0.583 0.01164 0.00271 

1.00 0.01155 0.00264 0.625 0.01164 0.00271 

   0.666 0.01164 0.00271 

   0.708 0.01164 0.00271 

   0.750 0.01164 0.00271 

   0.791 0.01164 0.00271 

   0.833 0.01164 0.00271 

   0.874 0.01164 0.00271 

   0.916 0.01164 0.00271 

   0.957 0.01164 0.00271 

   1.000 0.01164 0.00271 
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Table A-2- 2. Pile-head deflection of Example 2 for taper ratio m=0.8. 

  

m= 0.8 

SAP2000 

  

MATLAB 

Yx=0 (V) Yx=0 (M) Yx=0 (V) Yx=0 (M) 

h/L (m) (m) h/L (m) (m) 

0.00 0.00652 0.00165 0.000 0.00654 0.00166 

0.05 0.00839 0.00203 0.043 0.00798 0.00197 

0.08 0.00908 0.00213 0.084 0.00902 0.00213 

0.10 0.00941 0.00217 0.126 0.00963 0.00219 

0.15 0.00989 0.00220 0.167 0.00991 0.00220 

0.20 0.01005 0.00219 0.209 0.01002 0.00219 

0.25 0.01009 0.00218 0.251 0.01005 0.00218 

0.30 0.01010 0.00218 0.292 0.01006 0.00218 

0.35 0.01011 0.00219 0.334 0.01007 0.00219 

0.40 0.01012 0.00219 0.375 0.01008 0.00219 

0.45 0.01014 0.00220 0.417 0.01009 0.00220 

0.50 0.01016 0.00221 0.458 0.01011 0.00220 

0.60 0.01017 0.00221 0.500 0.01012 0.00221 

0.70 0.01018 0.00221 0.542 0.01013 0.00221 

0.80 0.01018 0.00221 0.583 0.01013 0.00221 

1.00 0.01018 0.00221 0.625 0.01014 0.00221 

   0.666 0.01014 0.00221 

   0.708 0.01014 0.00221 

   0.750 0.01014 0.00221 

   0.791 0.01014 0.00221 

   0.833 0.01014 0.00221 

   0.874 0.01014 0.00221 

   0.916 0.01014 0.00221 

   0.957 0.01014 0.00221 

   1.000 0.01014 0.00221 

 
Table A-2- 3. Pile-head deflection of Example 2 for taper ratio m=0.6. 

  

m= 0.6 

SAP2000 

  

MATLAB 

Yx=0 (V) Yx=0 (M) Yx=0 (V) Yx=0 (M) 

h/L (m) (m) h/L (m) (m) 

0.00 0.00550 0.00129 0.000 0.00556 0.00132 

0.05 0.00702 0.00158 0.043 0.00675 0.00155 

0.08 0.00761 0.00166 0.084 0.00765 0.00169 

0.10 0.00791 0.00170 0.126 0.00819 0.00175 

0.15 0.00835 0.00173 0.167 0.00847 0.00176 

0.20 0.00852 0.00172 0.209 0.00858 0.00175 
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m= 0.6 

SAP2000 

  

MATLAB 

Yx=0 (V) Yx=0 (M) Yx=0 (V) Yx=0 (M) 

h/L (m) (m) h/L (m) (m) 

0.25 0.00857 0.00171 0.251 0.00862 0.00174 

0.30 0.00858 0.00171 0.292 0.00863 0.00174 

0.35 0.00859 0.00172 0.334 0.00863 0.00174 

0.40 0.00860 0.00173 0.375 0.00864 0.00175 

0.45 0.00862 0.00173 0.417 0.00866 0.00176 

0.50 0.00863 0.00174 0.458 0.00867 0.00176 

0.60 0.00865 0.00174 0.500 0.00868 0.00177 

0.70 0.00866 0.00174 0.542 0.00869 0.00177 

0.80 0.00866 0.00174 0.583 0.00870 0.00177 

1.00 0.00866 0.00174 0.625 0.00871 0.00177 

   0.666 0.00871 0.00177 

   0.708 0.00871 0.00177 

   0.750 0.00871 0.00177 

   0.791 0.00871 0.00177 

   0.833 0.00871 0.00177 

   0.874 0.00871 0.00177 

   0.916 0.00871 0.00177 

   0.957 0.00871 0.00177 

   1.000 0.00871 0.00177 

 

Table A-2- 4. Pile-head deflection of Example 2 for taper ratio m=0.5. 

  

m= 0.5 

SAP2000 

  

MATLAB 

Yx=0 (V) Yx=0 (M) Yx=0 (V) Yx=0 (M) 

h/L (m) (m) h/L (m) (m) 

0.00 0.00499 0.00112 0.000 0.00509 0.00116 

0.05 0.00636 0.00137 0.043 0.00617 0.00137 

0.08 0.00690 0.00145 0.084 0.00699 0.00149 

0.10 0.00717 0.00148 0.126 0.00751 0.00154 

0.15 0.00760 0.00151 0.167 0.00778 0.00155 

0.20 0.00777 0.00151 0.209 0.00789 0.00155 

0.25 0.00782 0.00150 0.251 0.00793 0.00154 

0.30 0.00783 0.00150 0.292 0.00794 0.00154 

0.35 0.00784 0.00150 0.334 0.00795 0.00154 

0.40 0.00785 0.00151 0.375 0.00795 0.00155 

0.45 0.00787 0.00151 0.417 0.00797 0.00156 

0.50 0.00788 0.00152 0.458 0.00798 0.00156 

0.60 0.00790 0.00153 0.500 0.00800 0.00157 
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m= 0.5 

SAP2000 

  

MATLAB 

Yx=0 (V) Yx=0 (M) Yx=0 (V) Yx=0 (M) 

h/L (m) (m) h/L (m) (m) 

0.70 0.00791 0.00153 0.542 0.00801 0.00157 

0.80 0.00791 0.00153 0.583 0.00801 0.00157 

1.00 0.00791 0.00153 0.625 0.00802 0.00157 

   0.666 0.00802 0.00157 

   0.708 0.00802 0.00157 

   0.750 0.00802 0.00157 

   0.791 0.00802 0.00157 

   0.833 0.00802 0.00157 

   0.874 0.00802 0.00157 

   0.916 0.00802 0.00157 

   0.957 0.00802 0.00157 

   1.000 0.00802 0.00157 
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 Appendix 3 

The following tables correspond to the results for the deformation, rotation, shear and 

moment profiles for taper ratios 𝑚 = 0.8, 𝑚 = 0.6, 𝑚 = 0.4, 𝑚 = 0.2  of Example 3.  

Table A- 1. Deformation and Rotation profile values for taper ratio m=0.8. 

 

m=0.8 

MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

0 4.74876 -0.000810 4.77500 -0.000817 

0.25 4.54157 -0.000846 4.56600 -0.000852 

0.5 4.32665 -0.000872 4.34900 -0.000879 

0.75 4.10616 -0.000890 4.12700 -0.000897 

1 3.88206 -0.000901 3.90100 -0.000907 

1.25 3.65615 -0.000905 3.67400 -0.000911 

1.5 3.43006 -0.000903 3.44600 -0.000909 

1.75 3.20525 -0.000895 3.22000 -0.000900 

2 2.98305 -0.000882 2.99700 -0.000887 

2.25 2.76462 -0.000865 2.77700 -0.000870 

2.5 2.55101 -0.000844 2.56200 -0.000849 

2.75 2.34312 -0.000819 2.35300 -0.000824 

3 2.14176 -0.000791 2.15000 -0.000796 

3.25 1.94761 -0.000761 1.95500 -0.000766 

3.5 1.76124 -0.000729 1.76700 -0.000733 

3.75 1.58314 -0.000695 1.58800 -0.000699 

4 1.41372 -0.000660 1.41800 -0.000664 

4.25 1.25328 -0.000623 1.25700 -0.000627 

4.5 1.10208 -0.000586 1.10500 -0.000589 

4.75 0.96030 -0.000548 0.96200 -0.000551 

5 0.82806 -0.000510 0.82900 -0.000512 

5.25 0.70543 -0.000471 0.70600 -0.000473 

5.5 0.59242 -0.000433 0.59300 -0.000434 

5.75 0.48891 -0.000395 0.48900 -0.000396 

6 0.39474 -0.000358 0.39500 -0.000359 

6.25 0.30965 -0.000323 0.30900 -0.000323 

6.5 0.23333 -0.000288 0.23300 -0.000289 

6.75 0.16542 -0.000255 0.16500 -0.000256 

7 0.10553 -0.000224 0.10500 -0.000224 

7.25 0.05323 -0.000195 0.05200 -0.000195 

7.5 0.00807 -0.000167 0.00713 -0.000167 

7.75 -0.03042 -0.000141 -0.03100 -0.000141 

8 -0.06271 -0.000117 -0.06400 -0.000118 
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m=0.8 

MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

8.25 -0.08928 -0.000095 -0.09000 -0.000096 

8.5 -0.11060 -0.000075 -0.11200 -0.000076 

8.75 -0.12716 -0.000057 -0.12800 -0.000057 

9 -0.13942 -0.000041 -0.14100 -0.000041 

9.25 -0.14785 -0.000027 -0.14900 -0.000027 

9.5 -0.15287 -0.000014 -0.15400 -0.000014 

9.75 -0.15493 -0.000003 -0.15600 -0.000003 

10 -0.15444 0.000007 -0.15600 0.000006 

10.25 -0.15180 0.000014 -0.15300 0.000014 

10.5 -0.14738 0.000021 -0.14900 0.000021 

10.75 -0.14153 0.000026 -0.14300 0.000026 

11 -0.13456 0.000030 -0.13600 0.000030 

11.25 -0.12673 0.000033 -0.12800 0.000032 

11.5 -0.11831 0.000035 -0.12000 0.000034 

11.75 -0.10951 0.000036 -0.11100 0.000036 

12 -0.10051 0.000036 -0.10200 0.000036 

12.25 -0.09147 0.000036 -0.09300 0.000036 

12.5 -0.08254 0.000035 -0.08400 0.000035 

12.75 -0.07383 0.000034 -0.07500 0.000034 

13 -0.06543 0.000033 -0.06700 0.000033 

13.25 -0.05741 0.000031 -0.05900 0.000031 

13.5 -0.04984 0.000029 -0.05100 0.000030 

13.75 -0.04274 0.000027 -0.04400 0.000028 

14 -0.03616 0.000025 -0.03700 0.000026 

14.25 -0.03011 0.000023 -0.03100 0.000023 

14.5 -0.02459 0.000021 -0.02600 0.000021 

14.75 -0.01960 0.000019 -0.02100 0.000019 

15 -0.01514 0.000017 -0.01600 0.000017 

15.25 -0.01117 0.000015 -0.01200 0.000015 

15.5 -0.00769 0.000013 -0.00848 0.000013 

15.75 -0.00467 0.000011 -0.00537 0.000012 

16 -0.00207 0.000010 -0.00270 0.000010 

16.25 0.00012 0.000008 -0.00044 0.000008 

16.5 0.00194 0.000007 0.00146 0.000007 

16.75 0.00343 0.000005 0.00300 0.000006 

17 0.00461 0.000004 0.00424 0.000004 

17.25 0.00552 0.000003 0.00519 0.000003 

17.5 0.00618 0.000002 0.00590 0.000002 

17.75 0.00662 0.000001 0.00638 0.000002 

18 0.00688 0.000001 0.00667 0.000001 

18.25 0.00698 0.000000 0.00679 0.000000 

18.5 0.00694 0.000000 0.00677 0.000000 

18.75 0.00678 -0.000001 0.00662 -0.000001 
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m=0.8 

MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

19 0.00653 -0.000001 0.00639 -0.000001 

19.25 0.00621 -0.000001 0.00607 -0.000001 

19.5 0.00583 -0.000002 0.00570 -0.000002 

19.75 0.00541 -0.000002 0.00528 -0.000002 

20 0.00496 -0.000002 0.00484 -0.000002 

20.25 0.00431 -0.000002 0.00438 -0.000002 

20.5 0.00386 -0.000002 0.00392 -0.000002 

20.75 0.00342 -0.000002 0.00348 -0.000002 

21 0.00300 -0.000002 0.00304 -0.000002 

21.25 0.00260 -0.000002 0.00263 -0.000002 

21.5 0.00223 -0.000001 0.00224 -0.000001 

21.75 0.00189 -0.000001 0.00189 -0.000001 

22 0.00159 -0.000001 0.00156 -0.000001 

22.25 0.00131 -0.000001 0.00127 -0.000001 

22.5 0.00107 -0.000001 0.00102 -0.000001 

22.75 0.00086 -0.000001 0.00079 -0.000001 

23 0.00068 -0.000001 0.00060 -0.000001 

23.25 0.00053 -0.000001 0.00044 -0.000001 

23.5 0.00041 0.000000 0.00031 0.000000 

23.75 0.00030 0.000000 0.00020 0.000000 

24 0.00022 0.000000 0.00012 0.000000 

24.25 0.00015 0.000000 0.00006 0.000000 

24.5 0.00009 0.000000 0.00003 0.000000 

24.75 0.00004 0.000000 0.00001 0.000000 

25 0.00000 0.000000 0.00000 0.000000 
 

Table A- 2. Shear and Moment profile values for taper ratio m=0.8. 

 

m=0.8 

MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

0 300.00 300.00 300.00 300.00 

0.25 272.91 228.41 260.11 227.03 

0.5 247.11 163.44 235.08 162.01 

0.75 222.62 104.75 211.37 103.24 

1 199.47 52.02 189.01 50.40 

1.25 177.67 4.90 167.99 3.14 

1.5 157.21 -36.93 148.31 -38.85 

1.75 138.10 -73.82 129.96 -75.93 

2 120.32 -106.09 112.93 -108.42 

2.25 103.83 -134.08 97.17 -136.65 

2.5 88.62 -158.11 82.66 -160.94 
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m=0.8 

MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

2.75 74.64 -178.49 69.36 -181.61 

3 61.85 -195.53 57.24 -198.95 

3.25 50.22 -209.51 46.23 -213.26 

3.5 39.69 -220.73 36.31 -224.82 

3.75 30.22 -229.45 27.40 -233.89 

4 21.75 -235.92 19.47 -240.74 

4.25 14.23 -240.40 12.46 -245.61 

4.5 7.60 -243.11 6.30 -248.73 

4.75 1.80 -244.27 0.95 -250.30 

5 -6.00 -244.08 -10.06 -250.54 

5.25 -13.47 -241.96 -19.42 -248.03 

5.5 -22.13 -237.48 -27.25 -243.17 

5.75 -29.33 -231.02 -33.70 -236.36 

6 -35.21 -222.92 -38.90 -227.93 

6.25 -39.88 -213.51 -42.96 -218.21 

6.5 -43.47 -203.07 -46.01 -207.47 

6.75 -46.09 -191.86 -48.17 -195.96 

7 -47.87 -180.10 -49.54 -183.92 

7.25 -48.91 -167.99 -50.22 -171.54 

7.5 -49.31 -155.70 -50.31 -158.98 

7.75 -49.15 -143.38 -49.90 -146.40 

8 -48.54 -131.16 -49.08 -133.93 

8.25 -47.54 -119.14 -47.91 -121.66 

8.5 -46.23 -107.41 -46.47 -109.68 

8.75 -44.68 -96.05 -44.82 -98.06 

9 -42.95 -85.09 -43.02 -86.86 

9.25 -41.08 -74.58 -41.11 -76.10 

9.5 -39.14 -64.56 -39.14 -65.83 

9.75 -37.15 -55.02 -37.15 -56.04 

10 -35.15 -45.98 -33.74 -46.75 

10.25 -31.75 -37.62 -30.39 -38.32 

10.5 -28.44 -30.09 -27.14 -30.72 

10.75 -25.26 -23.38 -24.03 -23.94 

11 -22.22 -17.44 -21.07 -17.93 

11.25 -18.82 -12.25 -18.29 -12.66 

11.5 -16.68 -7.74 -15.69 -8.09 

11.75 -14.19 -3.89 -13.30 -4.17 

12 -11.91 -0.63 -11.10 -0.85 

12.25 -9.83 2.09 -9.09 1.93 

12.5 -7.52 4.30 -7.29 4.20 

12.75 -6.26 6.07 -5.68 6.02 

13 -4.76 7.44 -4.25 7.44 

13.25 -3.45 8.46 -2.99 8.51 
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m=0.8 

MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

13.5 -2.30 9.17 -1.90 9.25 

13.75 -1.31 9.61 -0.97 9.73 

14 -0.47 9.82 -0.18 9.97 

14.25 0.23 9.84 0.49 10.02 

14.5 0.81 9.69 1.03 9.89 

14.75 1.28 9.42 1.46 9.64 

15 1.65 9.04 1.80 9.27 

15.25 1.93 8.58 2.05 8.82 

15.5 2.13 8.06 2.23 8.31 

15.75 2.26 7.50 2.34 7.75 

16 2.33 6.92 2.40 7.17 

16.25 2.35 6.32 2.41 6.57 

16.5 2.33 5.73 2.38 5.97 

16.75 2.27 5.14 2.31 5.37 

17 2.19 4.58 2.23 4.79 

17.25 2.09 4.03 2.12 4.24 

17.5 1.97 3.52 2.00 3.71 

17.75 1.84 3.04 1.87 3.21 

18 1.70 2.59 1.73 2.74 

18.25 1.56 2.17 1.59 2.31 

18.5 1.42 1.80 1.46 1.91 

18.75 1.29 1.45 1.32 1.54 

19 1.15 1.15 1.19 1.21 

19.25 1.02 0.87 1.07 0.91 

19.5 0.90 0.63 0.96 0.65 

19.75 0.79 0.42 0.85 0.41 

20 0.69 0.23 0.70 0.19 

20.25 0.60 -0.02 0.57 0.02 

20.5 0.48 -0.16 0.45 -0.12 

20.75 0.37 -0.26 0.34 -0.24 

21 0.27 -0.34 0.25 -0.32 

21.25 0.18 -0.40 0.17 -0.38 

21.5 0.11 -0.43 0.10 -0.43 

21.75 0.04 -0.45 0.05 -0.45 

22 -0.01 -0.46 0.00 -0.46 

22.25 -0.05 -0.45 -0.04 -0.46 

22.5 -0.09 -0.43 -0.07 -0.45 

22.75 -0.12 -0.40 -0.09 -0.44 

23 -0.14 -0.37 -0.11 -0.41 

23.25 -0.16 -0.33 -0.12 -0.39 

23.5 -0.17 -0.29 -0.13 -0.35 

23.75 -0.18 -0.25 -0.14 -0.32 

24 -0.19 -0.20 -0.14 -0.29 
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m=0.8 

MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

24.25 -0.20 -0.15 -0.15 -0.25 

24.5 -0.20 -0.10 -0.15 -0.21 

24.75 -0.20 -0.05 -0.15 -0.18 

25 -0.20 0.00 0.00 0.00 
 

Table A- 3. Deformation and Rotation profile values for taper ratio m=0.6. 

 m=0.6 

 MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

0 4.46511 -0.000742 4.47800 -0.000734 

0.25 4.27674 -0.000764 4.28500 -0.000756 

0.5 4.08351 -0.000781 4.08800 -0.000772 

0.75 3.88676 -0.000792 3.88800 -0.000784 

1 3.68773 -0.000799 3.68700 -0.000790 

1.25 3.48759 -0.000801 3.48500 -0.000792 

1.5 3.28739 -0.000800 3.28300 -0.000790 

1.75 3.08815 -0.000794 3.08200 -0.000785 

2 2.89076 -0.000785 2.88400 -0.000775 

2.25 2.69608 -0.000772 2.68900 -0.000763 

2.5 2.50485 -0.000757 2.49700 -0.000748 

2.75 2.31779 -0.000739 2.31100 -0.000730 

3 2.13550 -0.000719 2.12900 -0.000710 

3.25 1.95857 -0.000696 1.95200 -0.000688 

3.5 1.78748 -0.000672 1.78200 -0.000664 

3.75 1.62269 -0.000646 1.61800 -0.000639 

4 1.46459 -0.000619 1.46100 -0.000612 

4.25 1.31352 -0.000590 1.31100 -0.000583 

4.5 1.16978 -0.000560 1.16800 -0.000554 

4.75 1.03363 -0.000529 1.03300 -0.000524 

5 0.90527 -0.000498 0.90500 -0.000493 

5.25 0.78489 -0.000465 0.78600 -0.000462 

5.5 0.67260 -0.000433 0.67500 -0.000430 

5.75 0.56845 -0.000400 0.57200 -0.000398 

6 0.47241 -0.000368 0.47700 -0.000367 

6.25 0.38439 -0.000336 0.39000 -0.000336 

6.5 0.30423 -0.000305 0.31100 -0.000306 

6.75 0.23175 -0.000275 0.24000 -0.000277 

7 0.16670 -0.000246 0.17500 -0.000248 

7.25 0.10880 -0.000218 0.11800 -0.000221 

7.5 0.05775 -0.000191 0.06800 -0.000195 

7.75 0.01321 -0.000166 0.02300 -0.000171 
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 m=0.6 

 MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

8 -0.02517 -0.000142 -0.01500 -0.000147 

8.25 -0.05775 -0.000119 -0.04800 -0.000126 

8.5 -0.08494 -0.000098 -0.07500 -0.000105 

8.75 -0.10710 -0.000079 -0.09800 -0.000087 

9 -0.12465 -0.000061 -0.11600 -0.000069 

9.25 -0.13799 -0.000045 -0.12900 -0.000054 

9.5 -0.14750 -0.000031 -0.14000 -0.000039 

9.75 -0.15361 -0.000018 -0.14700 -0.000027 

10 -0.15668 -0.000007 -0.15000 -0.000015 

10.25 -0.15714 0.000003 -0.15200 -0.000006 

10.5 -0.15535 0.000011 -0.15100 0.000003 

10.75 -0.15167 0.000018 -0.14800 0.000010 

11 -0.14642 0.000024 -0.14400 0.000016 

11.25 -0.13991 0.000028 -0.13900 0.000021 

11.5 -0.13242 0.000032 -0.13200 0.000025 

11.75 -0.12419 0.000034 -0.12500 0.000028 

12 -0.11545 0.000036 -0.11700 0.000030 

12.25 -0.10639 0.000037 -0.10900 0.000032 

12.5 -0.09720 0.000037 -0.10000 0.000033 

12.75 -0.08803 0.000037 -0.09200 0.000033 

13 -0.07899 0.000036 -0.08300 0.000033 

13.25 -0.07020 0.000035 -0.07500 0.000032 

13.5 -0.06176 0.000033 -0.06700 0.000031 

13.75 -0.05372 0.000031 -0.05900 0.000030 

14 -0.04616 0.000029 -0.05100 0.000028 

14.25 -0.03910 0.000027 -0.04400 0.000027 

14.5 -0.03257 0.000025 -0.03800 0.000025 

14.75 -0.02659 0.000023 -0.03200 0.000023 

15 -0.02117 0.000021 -0.02600 0.000021 

15.25 -0.01630 0.000018 -0.02100 0.000019 

15.5 -0.01197 0.000016 -0.01700 0.000017 

15.75 -0.00817 0.000014 -0.01300 0.000016 

16 -0.00486 0.000012 -0.00911 0.000014 

16.25 -0.00204 0.000010 -0.00596 0.000012 

16.5 0.00035 0.000009 -0.00324 0.000010 

16.75 0.00232 0.000007 -0.00092 0.000009 

17 0.00391 0.000006 0.00102 0.000007 

17.25 0.00515 0.000004 0.00262 0.000006 

17.5 0.00609 0.000003 0.00389 0.000005 

17.75 0.00674 0.000002 0.00488 0.000004 

18 0.00715 0.000001 0.00560 0.000003 

18.25 0.00735 0.000000 0.00610 0.000002 

18.5 0.00737 0.000000 0.00639 0.000001 
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 m=0.6 

 MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

18.75 0.00723 -0.000001 0.00651 0.000000 

19 0.00697 -0.000001 0.00647 0.000000 

19.25 0.00661 -0.000002 0.00631 -0.000001 

19.5 0.00617 -0.000002 0.00604 -0.000001 

19.75 0.00568 -0.000002 0.00570 -0.000001 

20 0.00515 -0.000002 0.00529 -0.000002 

20.25 0.00403 -0.000002 0.00485 -0.000002 

20.5 0.00350 -0.000002 0.00438 -0.000002 

20.75 0.00299 -0.000002 0.00391 -0.000002 

21 0.00252 -0.000002 0.00344 -0.000002 

21.25 0.00208 -0.000002 0.00298 -0.000002 

21.5 0.00168 -0.000001 0.00254 -0.000002 

21.75 0.00133 -0.000001 0.00212 -0.000002 

22 0.00103 -0.000001 0.00173 -0.000002 

22.25 0.00077 -0.000001 0.00137 -0.000001 

22.5 0.00055 -0.000001 0.00104 -0.000001 

22.75 0.00038 -0.000001 0.00073 -0.000001 

23 0.00024 0.000000 0.00045 -0.000001 

23.25 0.00014 0.000000 0.00019 -0.000001 

23.5 0.00007 0.000000 -0.00006 -0.000001 

23.75 0.00002 0.000000 -0.00028 -0.000001 

24 0.00000 0.000000 -0.00050 -0.000001 

24.25 -0.00001 0.000000 -0.00070 -0.000001 

24.5 -0.00001 0.000000 -0.00090 -0.000001 

24.75 0.00000 0.000000 -0.00110 -0.000001 

25     -0.00131 -0.000001 
 
Table A- 4. Shear and Moment profile values for taper ratio m=0.6. 

 m=0.6 

 MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

0 300.00 300.00 300.00 300.00 

0.25 274.00 228.28 261.84 226.95 

0.5 249.24 162.90 237.91 161.49 

0.75 225.73 103.55 215.25 102.01 

1 203.48 49.92 193.85 48.20 

1.25 182.49 1.70 173.70 -0.26 

1.5 162.75 -41.42 154.80 -43.69 

1.75 144.25 -79.77 137.13 -82.39 

2 126.97 -113.65 120.66 -116.67 

2.25 110.89 -143.36 105.37 -146.84 

2.5 95.98 -169.19 91.23 -173.18 
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 m=0.6 

 MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

2.75 82.22 -191.44 78.20 -195.98 

3 69.57 -210.40 66.24 -215.53 

3.25 57.98 -226.32 55.32 -232.09 

3.5 47.43 -239.47 45.40 -245.93 

3.75 37.86 -250.11 36.43 -257.28 

4 29.23 -258.48 28.37 -266.38 

4.25 21.51 -264.80 21.16 -273.47 

4.5 14.63 -269.30 14.77 -278.76 

4.75 8.55 -272.18 9.14 -282.46 

5 0.00 -273.64 -3.17 -284.74 

5.25 -8.34 -272.97 -13.80 -283.95 

5.5 -18.27 -269.61 -22.90 -280.50 

5.75 -26.69 -263.96 -30.57 -274.77 

6 -33.71 -256.38 -36.94 -267.13 

6.25 -39.47 -247.21 -42.13 -257.90 

6.5 -44.08 -236.74 -46.25 -247.36 

6.75 -47.64 -225.25 -49.41 -235.80 

7 -50.28 -213.00 -51.71 -223.45 

7.25 -52.10 -200.18 -53.25 -210.52 

7.5 -53.19 -187.01 -54.13 -197.21 

7.75 -53.64 -173.64 -54.43 -183.67 

8 -53.56 -160.23 -54.24 -170.07 

8.25 -53.02 -146.90 -53.63 -156.51 

8.5 -52.09 -133.76 -52.67 -143.10 

8.75 -50.85 -120.88 -51.43 -129.93 

9 -49.36 -108.35 -49.97 -117.07 

9.25 -47.68 -96.22 -48.34 -104.58 

9.5 -45.87 -84.52 -46.59 -92.49 

9.75 -43.96 -73.29 -44.77 -80.85 

10 -42.01 -62.54 -41.28 -69.65 

10.25 -38.28 -52.50 -37.78 -59.33 

10.5 -34.61 -43.37 -34.31 -49.89 

10.75 -31.03 -35.14 -30.92 -41.31 

11 -27.59 -27.79 -27.65 -33.58 

11.25 -22.77 -21.27 -24.51 -26.67 

11.5 -21.22 -15.56 -21.54 -20.54 

11.75 -18.33 -10.59 -18.74 -15.16 

12 -15.65 -6.33 -16.14 -10.47 

12.25 -13.19 -2.72 -13.73 -6.44 

12.5 -10.97 0.29 -11.52 -3.01 

12.75 -8.91 2.77 -9.51 -0.13 

13 -7.09 4.75 -7.70 2.25 

13.25 -5.48 6.30 -6.07 4.18 
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 m=0.6 

 MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

13.5 -4.06 7.46 -4.63 5.69 

13.75 -2.97 8.28 -3.37 6.85 

14 -1.77 8.82 -2.26 7.69 

14.25 -0.86 9.10 -1.32 8.26 

14.5 -0.11 9.17 -0.51 8.59 

14.75 0.51 9.07 0.16 8.72 

15 1.01 8.82 0.71 8.68 

15.25 1.40 8.46 1.16 8.50 

15.5 1.70 8.02 1.51 8.21 

15.75 1.91 7.52 1.77 7.83 

16 2.06 6.97 1.96 7.39 

16.25 2.13 6.39 2.08 6.90 

16.5 2.16 5.81 2.14 6.38 

16.75 2.14 5.22 2.16 5.85 

17 2.09 4.65 2.14 5.31 

17.25 2.01 4.10 2.09 4.77 

17.5 1.89 3.57 2.01 4.25 

17.75 1.80 3.08 1.92 3.75 

18 1.68 2.61 1.80 3.27 

18.25 1.55 2.19 1.69 2.82 

18.5 1.41 1.79 1.56 2.39 

18.75 1.29 1.44 1.44 2.00 

19 1.16 1.12 1.31 1.65 

19.25 1.04 0.83 1.19 1.32 

19.5 0.93 0.58 1.08 1.02 

19.75 0.82 0.36 0.97 0.75 

20 0.73 0.16 0.80 0.51 

20.25 0.59 -0.01 0.65 0.31 

20.5 0.45 -0.14 0.51 0.15 

20.75 0.33 -0.23 0.39 0.02 

21 0.23 -0.30 0.28 -0.08 

21.25 0.14 -0.35 0.19 -0.15 

21.5 0.07 -0.38 0.11 -0.19 

21.75 0.01 -0.39 0.05 -0.22 

22 -0.03 -0.38 -0.01 -0.23 

22.25 -0.07 -0.37 -0.05 -0.23 

22.5 0.03 -0.35 -0.08 -0.22 

22.75 -0.06 -0.32 -0.10 -0.20 

23 -0.12 -0.29 -0.11 -0.17 

23.25 -0.13 -0.26 -0.12 -0.15 

23.5 -0.14 -0.22 -0.12 -0.12 

23.75 -0.14 -0.19 -0.11 -0.09 

24 -0.15 -0.15 -0.10 -0.06 
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 m=0.6 

 MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

24.25 -0.15 -0.11 -0.08 -0.04 

24.5 -0.15 -0.07 -0.05 -0.02 

24.75 -0.15 -0.04 -0.02 0.00 

25 -0.15 0.00 0.00 0.00 
 
Table A- 5. Deformation and Rotation profile values for taper ratio m=0.4. 

 

m=0.4 

MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

0 4.17158 -0.000668 4.06000 -0.000638 

0.25 4.00296 -0.000681 3.99600 -0.000644 

0.5 3.83147 -0.000691 3.89800 -0.000651 

0.75 3.65789 -0.000698 3.73400 -0.000661 

1 3.48296 -0.000701 3.56800 -0.000668 

1.25 3.30738 -0.000703 3.40100 -0.000671 

1.5 3.13182 -0.000701 3.23300 -0.000672 

1.75 2.95692 -0.000697 3.06500 -0.000671 

2 2.78328 -0.000691 2.89700 -0.000667 

2.25 2.61144 -0.000683 2.73100 -0.000661 

2.5 2.44195 -0.000673 2.56700 -0.000652 

2.75 2.27531 -0.000660 2.40500 -0.000642 

3 2.11197 -0.000646 2.24600 -0.000630 

3.25 1.95237 -0.000630 2.09000 -0.000616 

3.5 1.79693 -0.000613 1.93800 -0.000601 

3.75 1.64601 -0.000594 1.79000 -0.000584 

4 1.49997 -0.000574 1.64600 -0.000566 

4.25 1.35914 -0.000553 1.50700 -0.000547 

4.5 1.22381 -0.000530 1.37300 -0.000526 

4.75 1.09426 -0.000506 1.24400 -0.000505 

5 0.98349 -0.000477 1.12000 -0.000482 

5.25 0.86743 -0.000451 1.00300 -0.000459 

5.5 0.75785 -0.000425 0.89100 -0.000435 

5.75 0.65491 -0.000398 0.78500 -0.000410 

6 0.55868 -0.000371 0.68600 -0.000385 

6.25 0.46921 -0.000344 0.59300 -0.000360 

6.5 0.38649 -0.000317 0.50600 -0.000335 

6.75 0.31045 -0.000291 0.42500 -0.000310 

7 0.24101 -0.000265 0.35100 -0.000286 

7.25 0.17804 -0.000239 0.28200 -0.000262 

7.5 0.12137 -0.000214 0.22000 -0.000238 

7.75 0.07081 -0.000190 0.16300 -0.000215 

8 0.02614 -0.000167 0.11200 -0.000193 
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m=0.4 

MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

8.25 -0.01289 -0.000145 0.06600 -0.000172 

8.5 -0.04653 -0.000124 0.02600 -0.000151 

8.75 -0.07508 -0.000104 -0.00931 -0.000132 

9 -0.09883 -0.000086 -0.04000 -0.000114 

9.25 -0.11810 -0.000069 -0.06600 -0.000096 

9.5 -0.13322 -0.000053 -0.08800 -0.000080 

9.75 -0.14453 -0.000038 -0.10600 -0.000065 

10 -0.15237 -0.000025 -0.12100 -0.000051 

10.25 -0.15712 -0.000013 -0.13200 -0.000039 

10.5 -0.15911 -0.000003 -0.14000 -0.000027 

10.75 -0.15871 0.000006 -0.14600 -0.000017 

11 -0.15623 0.000014 -0.14900 -0.000008 

11.25 -0.15199 0.000020 -0.15000 0.000000 

11.5 -0.14629 0.000025 -0.14900 0.000007 

11.75 -0.13940 0.000030 -0.14600 0.000013 

12 -0.13158 0.000033 -0.14200 0.000018 

12.25 -0.12306 0.000035 -0.13700 0.000023 

12.5 -0.11404 0.000037 -0.13100 0.000026 

12.75 -0.10474 0.000038 -0.12400 0.000029 

13 -0.09530 0.000038 -0.11700 0.000030 

13.25 -0.08589 0.000037 -0.10900 0.000032 

13.5 -0.07663 0.000037 -0.10100 0.000033 

13.75 -0.06763 0.000035 -0.09300 0.000033 

14 -0.05899 0.000034 -0.08400 0.000033 

14.25 -0.05078 0.000032 -0.07600 0.000032 

14.5 -0.04306 0.000030 -0.06800 0.000031 

14.75 -0.03588 0.000028 -0.06100 0.000030 

15 -0.02926 0.000025 -0.05300 0.000029 

15.25 -0.02323 0.000023 -0.04600 0.000027 

15.5 -0.01779 0.000021 -0.04000 0.000026 

15.75 -0.01294 0.000018 -0.03300 0.000024 

16 -0.00867 0.000016 -0.02800 0.000022 

16.25 -0.00496 0.000014 -0.02200 0.000020 

16.5 -0.00179 0.000012 -0.01800 0.000018 

16.75 0.00087 0.000010 -0.01300 0.000016 

17 0.00305 0.000008 -0.00953 0.000014 

17.25 0.00478 0.000006 -0.00616 0.000013 

17.5 0.00611 0.000005 -0.00323 0.000011 

17.75 0.00708 0.000003 -0.00074 0.000009 

18 0.00771 0.000002 0.00135 0.000008 

18.25 0.00806 0.000001 0.00306 0.000006 

18.5 0.00816 0.000000 0.00442 0.000005 

18.75 0.00804 -0.000001 0.00545 0.000004 
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m=0.4 

MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

19 0.00775 -0.000001 0.00619 0.000002 

19.25 0.00731 -0.000002 0.00666 0.000001 

19.5 0.00677 -0.000002 0.00690 0.000001 

19.75 0.00615 -0.000003 0.00693 0.000000 

20 0.00548 -0.000003 0.00679 -0.000001 

20.25 0.00472 -0.000003 0.00651 -0.000001 

20.5 0.00402 -0.000003 0.00612 -0.000002 

20.75 0.00336 -0.000003 0.00565 -0.000002 

21 0.00273 -0.000002 0.00513 -0.000002 

21.25 0.00215 -0.000002 0.00457 -0.000002 

21.5 0.00163 -0.000002 0.00401 -0.000002 

21.75 0.00118 -0.000002 0.00344 -0.000002 

22 0.00079 -0.000001 0.00289 -0.000002 

22.25 0.00047 -0.000001 0.00237 -0.000002 

22.5 0.00021 -0.000001 0.00188 -0.000002 

22.75 0.00001 -0.000001 0.00143 -0.000002 

23 -0.00013 0.000000 0.00102 -0.000002 

23.25 -0.00023 0.000000 0.00065 -0.000001 

23.5 -0.00028 0.000000 0.00032 -0.000001 

23.75 -0.00029 0.000000 0.00002 -0.000001 

24 -0.00027 0.000000 -0.00025 -0.000001 

24.25 -0.00023 0.000000 -0.00049 -0.000001 

24.5 -0.00016 0.000000 -0.00071 -0.000001 

24.75 -0.00008 0.000000 -0.00092 -0.000001 

25 0.00000 0.000000 -0.00112 -0.000001 
 

Table A- 6. Shear and Moment profile values for taper ratio m=0.4. 

 m=0.4 

 MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

0 300.00 300.00 300.00 300.00 

0.25 275.20 228.12 287.96 270.00 

0.5 251.57 162.30 264.61 226.81 

0.75 229.13 102.24 242.39 160.65 

1 207.85 47.64 221.28 100.06 

1.25 187.75 -1.78 201.28 44.74 

1.5 168.80 -46.33 182.39 -5.58 

1.75 151.00 -86.28 164.59 -51.18 

2 134.32 -121.92 147.87 -92.33 

2.25 118.74 -153.53 132.20 -129.30 

2.5 104.24 -181.38 117.57 -162.35 



Appendix 71 

 

 m=0.4 

 MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

2.75 90.79 -205.74 103.95 -191.74 

3 78.36 -226.86 91.31 -217.73 

3.25 66.93 -245.00 79.62 -240.55 

3.5 56.44 -260.40 68.86 -260.46 

3.75 46.88 -273.30 58.98 -277.67 

4 38.20 -283.92 49.95 -292.42 

4.25 30.36 -292.47 41.75 -304.91 

4.5 23.33 -299.17 34.32 -315.34 

4.75 17.06 -304.20 27.64 -323.92 

5 8.00 -308.29 21.66 -330.83 

5.25 -1.66 -309.46 7.67 -336.25 

5.5 -12.99 -307.60 -4.68 -338.16 

5.75 -22.77 -303.10 -15.49 -336.99 

6 -31.11 -296.33 -24.86 -333.12 

6.25 -38.12 -287.65 -32.90 -326.91 

6.5 -43.92 -277.37 -39.72 -318.68 

6.75 -48.61 -265.78 -45.40 -308.75 

7 -52.29 -253.15 -50.06 -297.40 

7.25 -55.06 -239.72 -53.78 -284.89 

7.5 -57.03 -225.69 -56.66 -271.44 

7.75 -58.28 -211.26 -58.78 -257.28 

8 -58.91 -196.60 -60.22 -242.58 

8.25 -58.98 -181.85 -61.08 -227.52 

8.5 -58.60 -167.15 -61.41 -212.26 

8.75 -57.82 -152.59 -61.29 -196.90 

9 -56.72 -138.26 -60.79 -181.58 

9.25 -55.36 -124.25 -59.97 -166.38 

9.5 -53.80 -110.60 -58.88 -151.39 

9.75 -52.08 -97.36 -57.58 -136.67 

10 -50.27 -84.56 -56.11 -122.28 

10.25 -46.16 -72.48 -52.82 -108.25 

10.5 -42.07 -61.38 -49.36 -95.05 

10.75 -38.05 -51.26 -45.78 -82.71 

11 -34.14 -42.11 -42.17 -71.26 

11.25 -30.39 -33.92 -38.56 -60.72 

11.5 -26.83 -26.64 -35.00 -51.08 

11.75 -23.47 -20.24 -31.53 -42.33 

12 -20.33 -14.66 -28.19 -34.45 

12.25 -17.43 -9.86 -24.99 -27.40 

12.5 -14.77 -5.78 -21.96 -21.16 

12.75 -12.35 -2.37 -19.11 -15.67 

13 -10.16 0.45 -16.45 -10.89 

13.25 -8.21 2.73 -14.00 -6.77 
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 m=0.4 

 MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

13.5 -6.48 4.52 -11.74 -3.28 

13.75 -4.96 5.88 -9.69 -0.34 

14 -3.63 6.86 -7.83 2.08 

14.25 -2.50 7.53 -6.17 4.04 

14.5 -1.53 7.91 -4.70 5.58 

14.75 -0.73 8.06 -3.40 6.76 

15 -0.06 8.02 -2.27 7.61 

15.25 0.47 7.83 -1.30 8.18 

15.5 0.89 7.51 -0.48 8.50 

15.75 1.21 7.10 0.21 8.62 

16 1.44 6.62 0.77 8.57 

16.25 1.60 6.10 1.23 8.38 

16.5 1.69 5.55 1.58 8.07 

16.75 1.73 5.00 1.84 7.67 

17 1.73 4.44 2.03 7.21 

17.25 1.69 3.91 2.15 6.71 

17.5 1.63 3.39 2.21 6.17 

17.75 1.54 2.91 2.23 5.61 

18 1.44 2.45 2.20 5.06 

18.25 1.33 2.04 2.14 4.51 

18.5 1.22 1.66 2.06 3.97 

18.75 1.11 1.32 1.96 3.46 

19 1.01 1.01 1.85 2.97 

19.25 0.91 0.74 1.73 2.50 

19.5 0.81 0.51 1.61 2.07 

19.75 0.73 0.30 1.49 1.67 

20 0.65 0.12 1.37 1.29 

20.25 0.51 -0.03 1.15 0.95 

20.5 0.36 -0.14 0.95 0.66 

20.75 0.24 -0.21 0.76 0.42 

21 0.14 -0.26 0.59 0.23 

21.25 0.06 -0.28 0.45 0.09 

21.5 0.00 -0.29 0.32 -0.03 

21.75 -0.05 -0.28 0.21 -0.11 

22 -0.08 -0.27 0.12 -0.16 

22.25 -0.10 -0.24 0.05 -0.19 

22.5 -0.11 -0.22 -0.01 -0.20 

22.75 -0.11 -0.19 -0.05 -0.20 

23 -0.11 -0.16 -0.08 -0.18 

23.25 -0.10 -0.14 -0.10 -0.16 

23.5 -0.10 -0.11 -0.11 -0.14 

23.75 -0.09 -0.09 -0.11 -0.11 

24 -0.08 -0.07 -0.10 -0.08 
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 m=0.4 

 MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

24.25 -0.07 -0.05 -0.09 -0.06 

24.5 -0.07 -0.03 -0.07 -0.03 

24.75 -0.06 -0.02 -0.05 -0.02 

25 -0.06 0.00 -0.02 0.00 
 

Table A- 7. Deformation and Rotation profile values for taper ratio m=0.2. 

 

m=0.2 

MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

0 3.84185 -0.000578 3.61100 -0.000526 

0.25 3.69636 -0.000585 3.55800 -0.000529 

0.5 3.54931 -0.000591 3.47800 -0.000533 

0.75 3.40112 -0.000594 3.34400 -0.000538 

1 3.25220 -0.000597 3.20900 -0.000542 

1.25 3.10294 -0.000597 3.07400 -0.000544 

1.5 2.95373 -0.000596 2.93800 -0.000544 

1.75 2.80494 -0.000594 2.80200 -0.000543 

2 2.65693 -0.000590 2.66600 -0.000541 

2.25 2.51005 -0.000585 2.53100 -0.000537 

2.5 2.36465 -0.000578 2.39800 -0.000532 

2.75 2.22106 -0.000570 2.26500 -0.000526 

3 2.07960 -0.000561 2.13500 -0.000518 

3.25 1.94058 -0.000551 2.00600 -0.000509 

3.5 1.80430 -0.000539 1.88000 -0.000500 

3.75 1.67106 -0.000527 1.75700 -0.000489 

4 1.54114 -0.000513 1.63600 -0.000478 

4.25 1.41482 -0.000498 1.51800 -0.000465 

4.5 1.29236 -0.000482 1.40300 -0.000452 

4.75 1.17403 -0.000465 1.29200 -0.000437 

5 1.06008 -0.000447 1.18500 -0.000422 

5.25 0.95076 -0.000428 1.08100 -0.000406 

5.5 0.84630 -0.000408 0.98200 -0.000390 

5.75 0.74689 -0.000387 0.88600 -0.000373 

6 0.65269 -0.000366 0.79500 -0.000355 

6.25 0.56382 -0.000345 0.70900 -0.000337 

6.5 0.48038 -0.000323 0.62700 -0.000319 

6.75 0.40241 -0.000301 0.54900 -0.000301 

7 0.32996 -0.000279 0.47700 -0.000282 

7.25 0.26300 -0.000257 0.40800 -0.000264 

7.5 0.20153 -0.000235 0.34500 -0.000246 

7.75 0.14547 -0.000214 0.28500 -0.000228 

8 0.09474 -0.000192 0.23100 -0.000210 
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m=0.2 

MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

8.25 0.04923 -0.000172 0.18000 -0.000193 

8.5 0.00880 -0.000152 0.13400 -0.000176 

8.75 -0.02670 -0.000132 0.09200 -0.000159 

9 -0.05745 -0.000114 0.05500 -0.000143 

9.25 -0.08366 -0.000096 0.02100 -0.000128 

9.5 -0.10555 -0.000079 -0.00938 -0.000113 

9.75 -0.12337 -0.000063 -0.03600 -0.000099 

10 -0.13737 -0.000049 -0.05900 -0.000086 

10.25 -0.14787 -0.000035 -0.07900 -0.000073 

10.5 -0.15514 -0.000023 -0.09600 -0.000061 

10.75 -0.15950 -0.000012 -0.10900 -0.000050 

11 -0.16125 -0.000002 -0.12100 -0.000040 

11.25 -0.16067 0.000007 -0.12900 -0.000030 

11.5 -0.15806 0.000014 -0.13600 -0.000022 

11.75 -0.15371 0.000021 -0.14000 -0.000014 

12 -0.14787 0.000026 -0.14300 -0.000007 

12.25 -0.14081 0.000030 -0.14400 0.000000 

12.5 -0.13278 0.000034 -0.14300 0.000005 

12.75 -0.12399 0.000036 -0.14100 0.000010 

13 -0.11466 0.000038 -0.13800 0.000015 

13.25 -0.10499 0.000039 -0.13400 0.000018 

13.5 -0.09515 0.000039 -0.12900 0.000022 

13.75 -0.08530 0.000039 -0.12300 0.000024 

14 -0.07558 0.000038 -0.11700 0.000026 

14.25 -0.06612 0.000037 -0.11000 0.000028 

14.5 -0.05703 0.000036 -0.10300 0.000029 

14.75 -0.04838 0.000034 -0.09500 0.000029 

15 -0.04026 0.000031 -0.08800 0.000030 

15.25 -0.03271 0.000029 -0.08100 0.000030 

15.5 -0.02579 0.000026 -0.07300 0.000029 

15.75 -0.01951 0.000024 -0.06600 0.000029 

16 -0.01390 0.000021 -0.05900 0.000028 

16.25 -0.00896 0.000018 -0.05200 0.000027 

16.5 -0.00467 0.000016 -0.04600 0.000025 

16.75 -0.00102 0.000013 -0.04000 0.000024 

17 0.00201 0.000011 -0.03400 0.000023 

17.25 0.00446 0.000009 -0.02800 0.000021 

17.5 0.00636 0.000007 -0.02300 0.000019 

17.75 0.00776 0.000005 -0.01900 0.000018 

18 0.00870 0.000003 -0.01400 0.000016 

18.25 0.00923 0.000001 -0.01100 0.000014 

18.5 0.00940 0.000000 -0.00727 0.000012 

18.75 0.00925 -0.000001 -0.00436 0.000011 
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m=0.2 

MATLAB SAP2000 

Depth (m) Deformation (mm) Rotation (rad) Deformation (mm) Rotation (rad) 

19 0.00885 -0.000002 -0.00186 0.000009 

19.25 0.00824 -0.000003 0.00024 0.000008 

19.5 0.00746 -0.000003 0.00196 0.000006 

19.75 0.00658 -0.000004 0.00331 0.000005 

20 0.00562 -0.000004 0.00434 0.000003 

20.25 0.00448 -0.000004 0.00506 0.000002 

20.5 0.00353 -0.000004 0.00552 0.000001 

20.75 0.00265 -0.000003 0.00573 0.000000 

21 0.00186 -0.000003 0.00575 0.000000 

21.25 0.00120 -0.000002 0.00559 -0.000001 

21.5 0.00065 -0.000002 0.00530 -0.000001 

21.75 0.00022 -0.000001 0.00491 -0.000002 

22 -0.00009 -0.000001 0.00444 -0.000002 

22.25 -0.00031 -0.000001 0.00391 -0.000002 

22.5 -0.00044 0.000000 0.00336 -0.000002 

22.75 -0.00050 0.000000 0.00280 -0.000002 

23 -0.00050 0.000000 0.00225 -0.000002 

23.25 -0.00047 0.000000 0.00172 -0.000002 

23.5 -0.00041 0.000000 0.00122 -0.000002 

23.75 -0.00034 0.000000 0.00076 -0.000002 

24 -0.00027 0.000000 0.00035 -0.000002 

24.25 -0.00019 0.000000 -0.00002 -0.000001 

24.5 -0.00012 0.000000 -0.00035 -0.000001 

24.75 -0.00006 0.000000 -0.00065 -0.000001 

25 0.00000 0.000000 -0.00092 -0.000001 

 

Table A- 8. Shear and Moment profile values for taper ratio m=0.2. 

 

m=0.2 

MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

0 300.00 300.00 300.00 300.00 

0.25 276.66 227.94 289.05 270.00 

0.5 254.40 161.58 267.81 226.64 

0.75 233.23 100.65 247.55 159.69 

1 213.12 44.88 228.27 97.81 

1.25 194.07 -6.00 209.95 40.74 

1.5 176.07 -52.25 192.59 -11.75 

1.75 159.10 -94.12 176.18 -59.90 

2 143.14 -131.88 160.69 -103.94 

2.25 128.17 -165.77 146.10 -144.11 

2.5 114.17 -196.05 132.41 -180.64 

2.75 101.11 -222.94 119.58 -213.74 
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m=0.2 

MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

3 88.97 -246.68 107.59 -243.63 

3.25 77.72 -267.50 96.43 -270.53 

3.5 67.34 -285.61 86.06 -294.64 

3.75 57.79 -301.24 76.45 -316.15 

4 49.04 -314.57 67.59 -335.27 

4.25 41.07 -325.82 59.44 -352.16 

4.5 33.83 -335.17 51.98 -367.02 

4.75 27.30 -342.79 45.17 -380.02 

5 18.00 -348.87 38.99 -391.31 

5.25 6.92 -352.38 23.45 -401.06 

5.5 -5.93 -352.47 9.48 -406.92 

5.75 -17.21 -349.55 -3.01 -409.29 

6 -27.03 -343.99 -14.12 -408.54 

6.25 -35.47 -336.15 -23.91 -405.01 

6.5 -42.65 -326.36 -32.49 -399.03 

6.75 -48.65 -314.92 -39.94 -390.91 

7 -53.58 -302.12 -46.33 -380.92 

7.25 -57.53 -288.21 -51.75 -369.34 

7.5 -60.59 -273.43 -56.27 -356.41 

7.75 -62.85 -257.98 -59.98 -342.34 

8 -64.40 -242.06 -62.95 -327.34 

8.25 -65.32 -225.84 -65.25 -311.61 

8.5 -65.68 -209.45 -66.94 -295.29 

8.75 -65.56 -193.04 -68.09 -278.56 

9 -65.04 -176.71 -68.76 -261.54 

9.25 -64.17 -160.55 -69.01 -244.35 

9.5 -63.02 -144.65 -68.90 -227.10 

9.75 -61.65 -129.06 -68.47 -209.87 

10 -60.10 -113.84 -67.78 -192.75 

10.25 -55.50 -99.30 -65.62 -175.81 

10.5 -50.87 -85.77 -63.03 -159.40 

10.75 -46.29 -73.29 -60.10 -143.65 

11 -41.81 -61.87 -56.91 -128.62 

11.25 -37.49 -51.52 -53.53 -114.39 

11.5 -33.37 -42.21 -50.02 -101.01 

11.75 -29.47 -33.92 -46.45 -88.51 

12 -25.82 -26.60 -42.86 -76.90 

12.25 -22.43 -20.22 -39.29 -66.18 

12.5 -19.30 -14.70 -35.78 -56.36 

12.75 -16.45 -10.00 -32.37 -47.41 

13 -13.87 -6.04 -29.09 -39.32 

13.25 -11.55 -2.77 -25.94 -32.05 

13.5 -9.48 -0.11 -22.95 -25.56 
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m=0.2 

MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

13.75 -7.65 2.00 -20.14 -19.83 

14 -6.05 3.62 -17.51 -14.79 

14.25 -4.67 4.82 -15.06 -10.42 

14.5 -3.48 5.65 -12.81 -6.65 

14.75 -2.47 6.17 -10.74 -3.45 

15 -1.63 6.42 -8.87 -0.76 

15.25 -0.93 6.47 -7.17 1.45 

15.5 -0.37 6.34 -5.66 3.25 

15.75 0.08 6.08 -4.31 4.66 

16 0.43 5.72 -3.13 5.74 

16.25 0.69 5.29 -2.11 6.52 

16.5 0.87 4.82 -1.22 7.05 

16.75 0.99 4.32 -0.47 7.35 

17 1.06 3.82 0.16 7.47 

17.25 1.09 3.33 0.68 7.43 

17.5 1.08 2.86 1.10 7.26 

17.75 1.05 2.42 1.43 6.98 

18 1.00 2.01 1.68 6.63 

18.25 0.93 1.63 1.86 6.21 

18.5 0.86 1.30 1.98 5.74 

18.75 0.78 1.01 2.05 5.25 

19 0.71 0.75 2.08 4.73 

19.25 0.64 0.53 2.08 4.21 

19.5 0.58 0.34 2.05 3.69 

19.75 0.53 0.18 2.00 3.18 

20 0.75 0.06 1.94 2.68 

20.25 0.33 -0.06 1.74 2.19 

20.5 0.19 -0.13 1.53 1.76 

20.75 0.08 -0.16 1.32 1.38 

21 0.00 -0.17 1.12 1.05 

21.25 -0.05 -0.16 0.92 0.77 

21.5 -0.08 -0.15 0.74 0.54 

21.75 -0.09 -0.12 0.57 0.35 

22 -0.10 -0.10 0.43 0.21 

22.25 -0.09 -0.08 0.31 0.10 

22.5 -0.08 -0.06 0.20 0.02 

22.75 -0.06 -0.04 0.12 -0.03 

23 -0.05 -0.03 0.05 -0.06 

23.25 -0.04 -0.01 0.01 -0.07 

23.5 -0.02 -0.01 -0.03 -0.07 

23.75 -0.01 0.00 -0.05 -0.06 

24 -0.01 0.00 -0.06 -0.05 

24.25 0.00 0.00 -0.06 -0.04 
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m=0.2 

MATLAB SAP2000 

Depth (m) Shear (kN) Moment (kN.m) Shear (kN) Moment (kN.m) 

24.5 0.00 0.00 -0.05 -0.02 

24.75 0.00 0.00 -0.03 -0.01 

25 0.00 0.00 -0.01 0.00 
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