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TITLE
ASSOCIATED PRIME IDEALS OF NONCOMMUTATIVE RINGS OF POLYNOMIAL TYPE

TITULO

IDEALES PRIMOS ASOCIADOS DE ANILLOS NO CONMUTATIVOS DE TIPO POLINOMIAL

ABSTRACT: In this work we study the associated prime ideals of some noncommutative rings of
polynomial type. In the literature we find that these ideals were characterized in a first work by
Brewer and Heinzer [BH74], where they shown that the associated prime ideals of a polynomial
ring over a ring R can be extended from the associated prime ideals of R. From that, different
authors have extended this result to other structures as Annin did in [Ann04] developing his
work over Ore extensions. Another work that we highlight be the one carried out by Bhat in
[BhalOa] where he characterized the associated prime ideals over weak o-rigid rings. From the
results found in the literature, in this work we extend these works for the skew PBW extensions
introduced by Gallego and Lezama [GL11]. We develop our work in two parts: first, we extend
the results of [Ann04] for skew PBW extensions. With this objective in mind, we present some
properties of this structure under the condition of (X, A)-compatibility (defined in [HKA17] and
[RS18a]), and we define the notion of annihilator-compliant (notion defined by Annin in [Ann04]
for Ore extensions) for the context of skew PBW extensions. As a second part, we extend the
results of [Bhal0a] for the skew PBW extensions over weak X-rigid rings introduced in [RS18b].

RESUMEN: En el presente trabajo estudiamos los ideales primos asociados de algunos anillos
no conmutativos de tipo polinomial. En la literatura encontramos que estos ideales fueron
caracterizados en un primer trabajo por Brewer y Heinzer [BH74], donde ellos muestran que los
ideales primos asociados de un anillo de polinomios sobre un anillo R pueden ser extendidos a
partir de los ideales primos asociados de R. A partir de esto, diferentes autores han extendido
este resultado para otras estructuras como lo hizo Annin en [Ann04] desarrollando su trabajo
sobre las extensiones de Ore. Otro trabajo que resaltamos es el realizado por Bhat en [Bhal0Oa] en
donde él caracteriz6 los ideales primos asociados sobre anillos o-rigidos débiles. A partir de los
resultados encontrados en la literatura, en este trabajo extendemos estos trabajos para las exten-
siones PBW torcidas introducidas por Gallego y Lezama [GL11]. Nosotros desarrollamos nuestro
trabajo en dos partes: primero, extendemos los resultados de [Ann04] para las extensiones PBW
torcidas. Con este objetivo en mente, presentamos algunas propiedades de esta estructura bajo
la condicién de (%, A)-compatibilidad (definida en [HKA17] y [RS18a]) y definimos la nocién de
anulador complaciente (nocién definida por Annin en [Ann04] para extensiones de Ore) sobre
las extensiones PBW torcidas. Como una segunda parte, extendemos los resultados de [Bhal0a],
para las extensiones PBW torcidas sobre anillos Z-rigidos débiles introducidos en [RS18b].

KEYWORDS: Associated prime ideal; noncommutative ring; skew PBW extension; compatible
ring; weak Z-rigid ring.

PALABRAS CLAVE: Ideal primo asociado; anillo no conmutativo; extension PBW torcida; anillo
compatible; anillo Z-rigido débil.



DEDICATORY

To my parents.



ACKNOWLEDGMENTS

My greatest thanks goes to the director of my thesis, Professor Armando Reyes, for his valuable
time, for his theoretical contributions in every challenge he posed, for his patience and especially
for trusting my skills.

I thank my parents for their support and love. This achievement is for they. I also thank
Arturo Nifo for his fellowship and the joint construction of some of the results of this work.
Finally, I thank the Universidad Nacional de Colombia, sede Bogot4, for its financial support.



CONTENTS

CONTENTS
INTRODUCTION

1. ASSOCIATED PRIME IDEALS
1.1 Basic properties of associated prime ideals
1.2 Associated prime ideals: commutative algebra
1.3 Associated prime ideals: noncommutative algebra
1.3.1 Ore extensions
1.3.2 Associated prime ideals over Ore extensions
1.3.3 o-rigid and weak o-rigid rings

1.3.4 Associated prime ideals of weak o-rigid rings

2. ASSOCIATED PRIME IDEALS OVER SPBW AND SPBW OVER WEAK X-RIGID RINGS
2.1 Associated prime ideals over skew PBW extensions
2.1.1 Skew Poincaré-Birkhoff-Witt extensions
2.1.2 (Z,A)-compatibility over skew PBW extensions
2.1.3 Annihilator-compliant over skew PBW extensions
2.1.4 Main result
2.1.5 Examples
2.2 Associated prime ideals of skew PBW extensions over weak X-rigid rings
2.2.1 Z-rigid rings and weak X-rigid rings

2.2.2 Main result

CONCLUSIONS AND FUTURE WORK

I11

S s W

13
15

21
21
21
26
29
33
35
36
36
38

41



CONTENTS

II

BIBLIOGRAPHY

42



INTRODUCTION

The importance of associated prime ideals can be appreciated in works such as [BH74], [Fai00],
[Ann02a], [Ann02b], [Ann04], [BhalOa] and [Nor12]. The associated prime ideals in commuta-
tive algebra are the center in the theory of primary decomposition [AM69]. In addition, the
associated prime ideals facilitate the study of uniform modules over Noetherian rings [GW04].

Given the importance of these ideals, some results have developed not only focusing on
commutative algebra: Brewer and Heinzer [BH74] and Faith [Fai00] shown that if R is a commu-
tative ring, then the associated prime ideals of the commutative polynomial ring R[x] (viewed
as module over itself) are the ideals of the form P[x], where P is an associated prime ideal of R.
Annin in his PhD thesis [Ann02a], extended the result presented by them. Annin focus his work
on three types of ring extensions: general polynomial modules, noncommutative rings, and to
Ore polynomial extensions [Ore33]. He generalized the results obtained by Brewer, Heinzer and
Faith proving that the result still holds in the more general setting of a polynomial module M|x]
over a skew polynomial ring R[x; 0, 6], with possibly noncommutative base ring R. For this, he
defined two concepts over the right module Mp: the o-compatibility and annihilator-compliant.
On the other hand, Bhat [Bha08] investigated associated prime ideals of Ore extensions over a
Noetherian ring R and an automorphism o of R. Next, Bhat [Bhal0a] studied associated prime
ideals of weak o-rigid rings and their extensions.

Our object of study in this work are the skew PBW extensions. These extensions were
introduced by Gallego and Lezama [GL11] and are more general than Ore extensions of injective
type [Ore33] and PBW extensions defined by Bell and Goodearl [BG88]. We want to continue
to the study of ideals about these extensions as in [LAR15], [RS18c], [NR20] and [RS19a]. Our
aim in this work is to characterize the associated prime ideals of these noncommutative rings
extending the results obtained by Annin [Ann04] and Bhat [Bhal0a], to the context of the skew
PBW extensions and skew PBW extension over weak Z-rigid rings, respectively. The notion
of weak Z-rigid ring was defined and studied by Reyes and Sudrez [RS18b], generalizing some
properties of the weak o-rigid rings in [Ouy08].

We establish the structure of our work. In Chapter 1, Section 1.1, we recall some definitions
about associated prime ideals. In Section 1.2 we present the results obtained in commutative
algebra, and in Section 1.3 we consider the results presented by Annin and Bhat about the
associated prime ideals in the noncommutative structures in which they developed their results.
In Chapter 2 we present the main results of this work. First in Section 2.1, we focus on skew
PBW extensions. We also present two definitions: the (X, A)-compatibility studied previously by

III
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Hashemi et al. [HKA17] and Reyes and Sudrez in [RS18a], and we define annihilator-compliant
over skew PBW extensions; this is introduced with the objetive of extending the definition
presented by Annin [Ann04]. These definitions are very important for the construction of the
proof of the main result (Theorem 2.17) that is an extension of main theorem of Annin, which
characterizes the associated prime ideals over skew PBW extensions. In Section 2.2 we present
the notions of Z-rigid ring and weak Z-rigid ring; these notions have been studied by Reyes in
[Rey15] and [RS18b]; over this structure we extend the main result of Bhat [BhalOa]. We present
the characterization of the associated prime ideals of skew PBW extension over weak X-rigid
rings (see the Theorems 2.23 and 2.24). Finally, we present some conclusions and a possible
work of research.



CHAPTER 1

ASSOCIATED PRIME IDEALS

In this chapter we propose to address some basic terms related to the associated prime ideals
and their most recent results presented by different authors. For this, in Section 1.1 we talk about
some properties basic of these ideals in the context of commutative and noncommutative alge-
bra. In Section 1.2 we describe the associated prime ideals with results found in the literature in
commutative algebra; these correspond to those shown by Brewer and Heinzer [BH74] and Faith
[Fai00]. Next, in Section 1.3 we describe the structures on which Annin en [Ann04] developed
his work, followed by Annin’s characterization of these ideals, describing the structure of his
work and highlighting the most important proofs. In the same way, we show the result of Bhat in
[BhalOa] obtained for the o-rigid rings and the weak o-rigid rings.

1.1 BASIC PROPERTIES OF ASSOCIATED PRIME IDEALS

We start by presenting the definition of associated prime ideal introduced in the literature.

DEFINITION 1.1 ([GP08], DEFINITION 1.3.10). Let R be a commutative ring and I < R be an
ideal.

1. Iisa primeideal,if I # R and if foreach a,be R,abe = aclorbel.

2. The set of prime ideals is denoted by Spec(R).

DEFINITION 1.2 ([GWO04], PAGE 39 AND 53). A minimal prime ideal in a ring R is any prime
ideal on R that does not properly contain any other prime ideal. The prime radical of R is the
intersection of all prime ideals of R.

DEFINITION 1.3 ([BOU72], PAGE 261 AND DEFINITION IV.1, [LAM98], LEMMA 3.56). Let R be
a commutative ring and let My be a right R-module. For each x € My, we define the set Ann(x)
as the elements a € R such that ax = 0. Each element of Ann(x) is said to be an annihilator of x.
A prime ideal P is said to be associated with Mg, if there exists x € Mg such that P is equal to be
the annihilator of x. The set of associated prime ideals with M is denoted by Ass(Mg). Thus,

Ass(Mpg) :={P e Spec(R) | there exists xe€ M such that P =Ann(x)}.
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It should be noted that since the annihilator of 0 is R, an element x € Mg whose annihilator
is a prime ideal is necessarily nonzero. If an R-module Mg, is the union of a family (M;), (j € )),
of submodules, then

Ass(Mpg) = [ JAss(M;).
jeJ

If we want to formulate a generalization of the set of associated prime ideals, then we
suppose R a noncommutative ring and let Mg be a right R-module; for any element m € M,
Ann(m) refers to the right annihilator of m in R, and it is only right ideal in general. Thus, Ann(m)
is not necessarily a two-sided ideal and for that the commutative definition of associated prime
is untenable in the noncommutative theater. That is the reason to formulate the Definition (1.5)
that extends the associated prime ideals from the commutative case to the noncommutative
case, by replacing elements of the module by submodules.

DEFINITION 1.4 ([LAM98], PAGE 85). We say that an R-module Ny is prime, if Ng # 0 and
Ann(Ng) = Ann(NI’q), for every nonzero submodule N}, € Np.

DEFINITION 1.5 ([LAM98], PAGE 86). Let My be an R-module. A prime ideal P of R is called an
associated prime of M, if there exists a prime submodule Ny € My such that P = Ann(Ng). The
set of associated primes of Mg is denoted by Ass(MRp).

Note that if N is a prime module, then Ass(N) = {Ann(N)}. For this, let us see the following
Remark.

REMARK 1 ([LAM98], EXAMPLE 3.55). Let P be an ideal in aring R. Then N = (R/P)g is a prime
module if, and only if, P is a prime ideal, in which case we have Ass(IN) = {P}. In fact, if Nisa
prime module, then, as we have observed, Ann(/N) = P is a prime ideal. Conversely, assume P is
a prime ideal and consider any nonzero submodule N’ = Q/P < R/ P, where P c Q is aright ideal.
We have for any r € R, N'-r =0, thus Q- r < P and we have Q- (rR) < P, whence we conclude
that r € P. Hence, Ann(N') = P = Ann(N), so N is a prime module, with Ass(N) = {P}.

Next, we show that Definition 1.5 is compatible with the definition over commutative algebra.
We consider the proof presented by Lam [Lam98]. Let R be a commutative ring and let P €
Ass(Mpg) (with Mg be an R-module). Then P = Ann(N) where N € M is a prime module by
Definition 1.5. If we choose any element 0 # m € N arbitrary but fixed, we have that P =
Ann(mR) = Ann(m) by commutativity of R as in the definition in commutative case. Adding, if
we consider P a prime ideal of R such that P = Ann(m) with m € Mg, then mR = R/P is a prime
module by Remark 1, thus P € Ass(Mp). Therefore Definition 1.3 is compatible with Definition
1.5. Next, we define one special case for associated prime ideals.

DEFINITION 1.6 ([GWO04], PAGE 95). Let R be aring and Mg be an R-module. We say that My
is an uniform module, if Mg is a nonzero module such that the intersection of any two nonzero
submodules of Mp is nonzero.

PROPOSITION 1.1 ([GW04], LEMMA 5.26). Let My be a uniform right module over a right Noe-
hterian ring R. Then there is a unique prime ideal P in R such that P equals the annihilator of
some nonzero submodule of Mg and P contains the annihilators of all nonzero submodules of
Mpg. Moreover, P is the unique associated prime of Mp.

DEFINITION 1.7 ([GWO04], PAGE 102). Let R be a right Noetherian ring. If M is an uniform right



CHAPTER 1. ASSOCIATED PRIME IDEALS 3

module over R, the unique associated prime of M is called the assassinator of M. We consider
the set set
A(Mp) :={Assas(J) | J is a uniform right R-submodule of Mj}.

1.2 ASSOCIATED PRIME IDEALS: COMMUTATIVE ALGEBRA

The associated prime ideals have a first development in commutative algebra with Brewer and
Heinzer in [BH74]. The main results of their paper show that for a commutative ring R, every
P € Ass(R[x]) (with R[x] the commutative polynomial ring) is extended to P = Py[x], where
Py=PnNReAss(R). Brewer and Heinzer’s proof uses localization theory and their proof is based
on the following definition:

DEFINITION 1.8 ([LAZ69], DEFINITION 1.1, PAGE 92). Let R be aring, M an R-module and P a
prime ideal. We say that P is associated with M, if there exists x € M such that P is a minimal
prime ideal containing the annihilator of x. We call assasin of M, and we denote Assg(M) or
Ass(M), the set of ideals associated with M.

In their paper, they also prove that associated primes of regular elements, that is, nonzero
divisors, behave well and that the associated primes of regular elements of R[X] (with X be a
collection of indeterminates) are related with associated primes of regular elements of R. More
exactly

PROPOSITION 1.2 ([BH74], COROLLARY 8). Suppose that P is an associated prime of a regular
element of R[X] and let Q = PN R. If Q contains a regular element, then P = Q[X] and Q is an
associated prime of a regular element. Thus, if R = D is an integral domain and P is an associated
prime of a nonzero polynomial in D[X], then PN D = (0) or P = (PN D)[X] and PN D is an
associated prime of a principal ideal.

In addition to these results, they presented the following propositions related to the finitude
of the associated prime ideals.

PROPOSITION 1.3. 1. [[BH74], Corollary 9] Let D be an integral domain and let X be a col-
lection of indeterminates over D. If principal ideals of D have only finitely many associated
primes, the same is true of D[ X].

2. [[BH74], Propositions 10] Let D be an integral domain having the property that principal
ideals in D have only finitely many associated primes. If R is locally a polynomial ring over
D and it is contained in a finitey generated ring extension of D, then R is a finitely generated
ring extension of D.

Brewer and Heinzer [BH74], p. 6, presented an example of a unique factorization domain D
(that is, a domain in which principal ideals have only a finite number of associated primes) and
a finite integral extension R of D such that some principal ideal of R has an infinite number of
associated primes.

Followed by this, Faith in [Fai00] proved the same bijection between Ass(R[X]) and Ass(R)
from another way. He comment the following in his paper:
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The aim of this paper is to give a new and direct proof of the theorem:

PROPOSITION 1.4 (BREWER-HEINZER [BH74]). If R is a commutative ring, then the restriction
map
@ :Ass(R[x]) — Ass(R)

is a bijection. Thus, every P € Ass(R[x]) is extended, that is, P = Py[x], where Py = PN R € Ass(R).

Faith’s proof uses Definition 1.5 and results about uniform dimension, comparing the cardi-
nality of the set Ass(R) and the uniform dimension of R. Furthermore, he needs two lemmas
and a proposition from Shock [Sch72]:

PROPOSITION 1.5. 1. [[Sch72], First Lemmal] If R is a ring (not necessarily commutative),
and ay,...ay, € R, then either:

* Ann(a;) = Ann(a;), for everyi, j < n;
or

* Thereexists b€ R and j < n such that a;b # 0 and Ann(a;b) = Ann(ayb) whenever
akb #0.

2. [Sch72] Let R be a ring (not necessarily commutative). For a nonzero polynomial f(X) €
R[X], there exists b € R so that f(X)b # 0 and the coefficients of f(X)b have equal right
annihilator.

REMARK 2 ([FA100]). The referee of this paper add that: “if P € AssR[x] and Q=PnR, then P =
Qlx]. Since, annihilators of finitely generated ideals behave well with respect to localization, e.g.
by localizing at R\Q one sees this. Furthermore, since Q is the intersection of the coefficient of
the polynomial f € R[x] such that P = Ann(f(x)), and since Q is prime, then Q is the annihilator
of one of the coefficients.”

1.3 ASSOCIATED PRIME IDEALS: NONCOMMUTATIVE ALGEBRA

In this section we mention some results found in the literature for associated prime ideals of
diferents authors in the context of noncommutative algebra. We emphasize that these results
are very important in the study of ideals and all of them are a reference for research in this area.
We start with one of the algebraic structures where the characterization of these ideals has been
developed.

1.3.1 ORE EXTENSIONS

These extensions were introduced by [Ore33] and cover a large class of noncommutative poly-
nomials extensions. Ore extensions arise in several branches of mathematics, such as Lie theory,
mathematical physics, as well important applications within noncommutative ring theory, (see
[Ore33] or [Ros95] for more details).

DEFINITION 1.9 ([MRO1], PROPOSITION 1.2.1). Let R be an associative ring with identity and
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0 : R — R an endomorphism. An additive map 6 : R — R is called a o -derivation of R, if

O(rs)=o(m)d(s)+6(n)s, forall r,se€R.

Notice that, in particular, 6(1) =6(1-1) =0 (1)6(1) + (1)1 =26 (1), whence §(1) = 0.

DEFINITION 1.10 ([MRO1], PROPOSITION 1.2.3). Let R be an associative ring with identity,
0 : R — R an endomorphism and ¢ : R — R a o-derivation of R. A ring S with the following
properties

(01) S contains R as a proper subring,
(02) There is an element x € S such that S is a left free R-module with basis {1, x, x2, x3,...},

(03) xr=0(r)x+6(r), forall r e R,

itis called an Ore extension or skew polynomial ring over R. In this case, we write S := R[x;0,6].
Adding, the expression R[x; 0] denotes the Ore extension when 6 := 0 and the expression R[x; 0]
denotes the Ore extension when o is the identity on R.

DEFINITION 1.11 ([GWO04], PAGE 36). Let R[x; 0,d] be an Ore extension. Any nonzero element
p € R[x;0,0] can be uniquely expressed in the form p = r,, x" + rro1 X" 4o 4 1 x + 1, for some
nonnegative integer n and some elements r; € R with r,, # 0. The integer 7 is called the degree of
p, abbreviated deg(p), and the element r, is called the leading coefficient of p. The zero element
of R[x;0,6] is defined to have degree —oco and leading coefficient 0.

Next, we show some examples of Ore extensions.

EXAMPLE 1.1. Any polynomial ring R[x;,..., x,] over aring R. In this case, o is the application
identity in R and the o-derivation is defined as 6 := 0.

We can iterate the construction of the Ore extensions and get the iterated skew polynomial
ring R[x;01,61] -+ [Xn;05,,0,], with 0;, §; defined on the ring R[x;01,61] - [Xj_1;0i-1,0i-1],
that is to say,

0i,0;:R[x;01,01] -+ [xi-1;0i-1,0i-1] = R[x;01,61] -+ [xj-1;0-1,0;-1].

EXAMPLE 1.2 (ALGEBRA OF ORE,[LEZ19], EXAMPLE 1.3.3). An algebra of Ore is an extension of
Ore in which the coefficient ring is A:= R[#,..., t;z], m = 0, with R a commutative ring and for
1<i<n,o1,0;are R-linear. This means that o;(r) = r and §;(r) =0, for each r € R. Thus, an
algebra of Ore is an Ore extension R|[fy,..., t;,][x1;01,01] -+ [Xp;0,,0,], m=0.

EXAMPLE 1.3 (WEYL ALGEBRA, [LR14], SECTION 3.1). The first Weyl algebra A, (k) over k (with
k a field) is defined to be the k-algebra generated by the indeterminates x, y subject to the
relation yx = xy + 1. The nth Weyl algebra A, (k) over k is the k-algebra generated by the 2n
indeterminates x,..., Xy, ¥1,--., ¥n, Where

XjXi=XiXj, YVjYi=VYiVj l1=<i,j=mn,

VjXi=x;yj+06;j, 0;jistheKroneckertsdelta, 1<1i,j=<n.
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In the literature, the Weyl algebra is known as the first quantum algebra, and we can check that
An(K) = Alx1;011 -+ [xn;6pl.

EXAMPLE 1.4 (THE ALGEBRA OF ¢-DIFFERENTIAL OPERATORS, [LR14], SECTION 3.2, (A)). Let
g, h € k (with k a field), g # 0; consider k[y]l[x;0,6], 0(y) := gy and 6(y) := h. By definition of
Ore extension, we have xy =o(y)x+6(y) = qyx+ h, and hence xy — qyx = h.

1.3.2 ASSOCIATED PRIME IDEALS OVER ORE EXTENSIONS

Annin, in his PhD thesis [Ann02a], asked the following question: “given any result on associated
primes in the commutative setting, can the result of Faith be extended to noncommutative rings?”
He was interested in solving this question for some ring extensions, therefore, he generalized
the results obtained by Faith [Fai00] in three different directions: general polynomial modules,
noncommutative rings, and Ore polynomial extensions. Throughout the section the letter S
denotes S:= R[x;0,0].

In this subsection, we show Annin’s result that generalized Faith’s result for Ore polynomial
rings. Following Proposition 1.4, we have that P[x] need not even be an ideal in S := R[x;0,6],
as for Pideal of R, if r e P < P[x] € S, xr = o(r)x+ 6(r) need not lie in P[x], since there is
no reason why o(r) or §(r) need lie in P. Thus, we require restrictions to be imposed on
the endomorphism o and the o-derivation §. The following diagram explains the sequence
of the elements that Annin used to prove his main result: the elements of Ass(M|[x]s) are in
correspondence with the associated prime ideals of Ass(Mg). It should be emphasized that
Annin introduced two definitions required for the proof of the main theorem; the definition
of o-compatibility (Definition 1.12) and that of polynomial annihilator-compliant (Definition
1.13).
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Main result: Ass(M|[x]g) =
{plx] : p € Ass(MR)}.

L Definition of (o, )-compatibility. }

For m(x) € M[x] and r € R, we

have m(x)r = 0 < mjr =0,
with m i the coefficients of m(x).

. J

|

(0,6)-compatibility property on
a module Mp, is inherited by
the polynomial module M[x]g.

I" “\
I" “\
» N
Definition of polynomial
ann(mr) = ann(mo(r)) < ann(mé(r)). . .
annihilator-compliant
(" There exists r € R such that for a poly-
{ Rnann(Q - Sg) = ann(Qpg). } nomial annihilator-compliant its prod-
uct is also an annihilator-compliant.
e . .
Al 1 Itiple of pol 1
Pg is prime and Pp is (o,0)- ny s.ca. ar muitip'e .0 po yI.IOII?Ia
. . . annihilator-compliant which is
compatible = Pp is prime. . s .
nonzero is still annihilator-compliant.
-
Let 2 := ann(myRg).
Then ann(m(x)Ss) = ABlx].
=

A polynomial of polynomial module
with degree k is annihilator-compliant
if, and only if, the cyclic submodule
of polynomial module contains no
nonzero elements of degree less than k.
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Next, we present the results that Annin used to carry out the characterization described in
diagram above.

REMARK 3 ([ANN04], NOTATION 1.1). Given 0 and 6 where o : R —R is an endomorphism and
6 : R — Risao-derivation, and integers j = i = 0, let us write fl.] for the sum of all words in o

and ¢ in which there are i factors of ¢ and j — i factors of §. For intance, fl.] =g/, f()] =6/, and

fjj_1 =0/716+0/7260 +---+80/ 1. Using recursive formulas for the f;’s and induction, as done
in [LamO01], one can show that

) Jjo. )
xla= Zfl.j(a)x’. (1.1
i=0

This formula determines uniquely a general product of (left) polynomials in S and it will be used
in what follows.

REMARK 4 (POLYNOMIAL WITH COEFFICIENTS IN A MODULE, [LMO04], PAGE 2745). Consider R
an associative ring with identity and let Mg be aright R-module. Now we can define a polynomial
module M[x] over S:= R[x;0,0] as follows. Since S is a free left R-module, the elements from
M{[x]s can be seen as polynomials in x with coefficients in My with natural additive and right
S-module structure. Thus, the elements of M|[x]g are of the form Z;’ZO m;x’, where n € N and
m; € M. In this polynomial module the addition of two elements in M[x]s is given by

n . q . 14 ,
domix'+) mix' =) (mj+m)x) with p=max{n,q}.
s i=0 j=0

The notion of degree of polynomials from M[x]g is defined similarly as in the case of polynomials
in S.

DEFINITION 1.12 ([ANNO4], DEFINITION 2.1). Let R be aring and given an R-module Mg, an
endomorphism o : R — R, and a g-derivation 6 : R — R, we say that M is 0-compatible, if for
each me M, r € R, we have mr = 0 < mo(r) = 0. Moreover, we say that Mg is 6-compatible,
if for each m € M, r € R, we have mr = 0 = md(r) = 0. If My is both o-compatible and
0-compatible, we say that M, is (o, §)-compatible.

The condition of (g, )-compatibility is necessary to establish the results that are required
for the proof of the main theorem. From this definition, we present the following properties for
the module My and the polynomial module M[X].

REMARK 5 ([ANN02A], REMARK 46). We must emphasize the difference that there exists with
the definition of o-compatibility and §-compatibility, since the first requires an if, and only if,
while the other requires only one implication. The main reason is that in o we need to consider
the leading coefficient of an expression m(x)r, where m(x) € M[x] and r € R. Observe that in
the case where 6 := 0, one never has the reverse implication to the §-compatibility condition for
anonzero module Mg; since, if md(r) = 0 not necessarily mr = 0, so we certainly do not expect
a two-sided implication for the condition on 6.

PROPOSITION 1.6 ([ANNO4], REMARKS 2.1). Given a module Mg, an endomorphismo : R — R,
and a o-derivation6 : R — R,
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(a) If My is o -compatible (resp. & -compatible), then so is any submodule of Mg;
(b) If My is o -compatible (resp. 8 -compatible), then My is o -compatible (resp. 5! -compatible),
foralli=0.
The following results were presented by Annin for the first part of his proof of Proposition

1.12.

PROPOSITION 1.7. 1. ([Ann04], Lemma 2.1). Assume that My, is (g, 6)-compatible. If m(x) =
m0+m1x+m+mkxk € M[x] andr € R, we have m(x)r =0 <= mjr =0, foreach0 < j < k.

2. ([Ann04], Lemma 2.2). If My, is (0,0)-compatible, then M|x]g is (o,6)-compatible.

3. ([Ann04], Lemma 2.3). If My, is (0,0)-compatible, then for allme M, r € R, we have

Ann(mr) = Ann(mo(r)) € Ann(mé(r)).

4. ([Ann04], Lemma 2.4). Let Pg be a right S-module. If Qg is a R-submodule of Ps and Pg is
(0,0)-compatible, then
RnNAnn(Q-Ss) =Ann(Qg).

5. ([Ann04], Lemma 2.5). If Ps is prime and Py, is (0, )-compatible, then Py is prime.
Proof. The following proofs are a sketch of the results presented by Annin.

1. Using Remark 3, we have that

k k ) ]
m)r=y Y m;f!(rx'. (1.2)

i=0j=i

Assume that m(x)r = 0. We deduce from (1.2), that for each fixed i < k, we have
k .
Y. mif] () =o. (1.3)
j=i

We take i = k, from the equation (1.3) we have to mkak(r) = 0, so o-compatibility of
MR yields myr = 0. Now we assume inductively that m;r = 0, for each j > i. By (g,6)-
compatibility of Mg, for j > i we get mjfl.j(r) = 0. Using (1.3) again, we deduce that
m;o'(r) =0, so m;r =0 as needed. _

Conversely, note that the (o, 6)-compatibility of Mg implies that m; fl.] =0, forall i and j.
Thus, (1.2) shows that m(x)r = 0.

2. Letre Rand m(x) = mg+mjx+---+ mkxk € M[x]r. We must prove that M[x] is o-
compatible. For this, we assume that m(x)r = 0. Thus, from part (1), m;r = 0 for each
0 < j < k. Fron (o, 0)-compatibility of My we have that mjfl.j (o(r) = mjfl.j @) =0, for
every i and j with i < j. So that, the equation (1.2) with the scalar o (r) or §(r) instead of
r shows that m(x)o (r) = m(x)6(r) = 0. So, we have m(x)r = 0 implies that m(x)o(r) =0,
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and the converse follows using the same reasoning. Thus, M|[x]g is (g,5)-compatible.

3. Let a€ Ann(mo(r)). Then mo(r)a = 0. Thus, from o-compatibility of Mp we have that for
allaeR,
mo(r)a=0<— mo((r)o(a)=0<—= mo(ra) =0 mra=0.

We just need to show that Ann(mr) € Ann(md(r)). For this, let a € Ann(mr), thus mra =0,
using §-compatibility, we get mé(ra) = 0, whence 0 = m(o(r)6(a) + 6(r)a). Since, we have
that mo (r)a =0, then from §-compatibility of Mg implies that mo(r)6(a) = 0, and hence
méd(r)a =0, as needed.

4. We first prove that RN Ann(Q - Ss) € Ann(Qg). Let r € R, g € Q and m € Sg, such that
gmr = 0. Since we have gm € Q, then r € Ann(Qpg). Conversely, we assume that Qr = 0 and
letge Qand g(x) = ag+a; x+---+a;x' € S. We must show that gg(x)r = 0. Using the com-
mutation law, we compute that gg(x)r = ngzo Z;zi ajfl.] (r)x'. By (o, 8)-compatibility of

Qgr, we have that qajfl.j(r) =0foreveryi < j, soindeed, gg(x)r =0.

5. Let Qg # 0 and Qg < Pr. We assume that Qr =0 for some r € R. By part (4), Q-Sr=0,s0r
annihilates a nonzero S-submodule of Pg, so Pr =0 since Ps is prime.

O

The following definition was presented by Annin as a necessary condition to prove the other
implication of its main theorem (Proposition 1.12). From this definition, it is possible to present
some additional results for modules.

DEFINITION 1.13 ([ANNO4], DEFINITION 3.1). We shall call a nonzero polynomial mi(x) = mg +
mpx—+-- -+mkxk € M[x] (with my # 0) annihilator-compliant, if for each i < k, we have Ann(my) <
Ann(m;).

PRrOPOSITION 1.8 ([ANNO4], LEMMA 3.1). If m(x) = mo+ mix+---+ mkxk € M[x] is nonzero,
then there exists r € R such that m(x)r is annihilator-compliant.

Proof. We follow the proof presented by Annin [Ann04]. We assume the result is false, and let
m(x)=mo+mpx+---+ mkxk € M[x] be a counterexample of minimal degree k = 1. We have that
m(x) is not annihilator-compliant. Therefore there exists 0 < i < k such that Ann(m) SZ Ann(m;).
Thus, we can find b € R with m;.b = 0 but m; b # 0. We see that the degree k, coefficient of m(x)b,
is mkak(b) =0, by o-compatibility of M. Hence, m(x)b has degree at most k — 1. Moreover,
since m;b # 0, that Proposition 1.7 part (1), implies that m(x)b # 0. But, due to the minimality of
k, we know that there exists ¢ € R with m(x) bc annihilator-compliant. This is a contradiction. [

The next proposition tells us that any scalar multiple of annihilator-compliant of it that is
nonzero is still annihilator-compliant.
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PROPOSITION 1.9 ([ANNO2A], LEMMA 3.2). Let m(x) € M[x] be annihilator-compliant. For all
r€R, ifm(x)r #0, then it is still annihilator-compliant.

Proof. Following Annin [Ann04], let m(x) = mg+ myx+---+ mkx’C € M[x] and assume that
m(x)r # 0. By the equation (1.2), we have that the degree k, coefficient of m(x)r, is mo*(r) #0.
So myo*(r) is the leading coefficient of m(x)r. Now, we suppose that myo*(r)a = 0. The degree
i, coefficient of m(x)r, is Z;?:l. m; fl.] (r). We note that a kills this, since by o-compatibility,
myra = 0. Thus, forall j < k, mjra=0. By the same iterative argument of Proposition 1.7 part
(3), we find mjfl.j(r)a =0, forall i < j, as desired. O

LEMMA 1.10 ([ANNO4], LEMMA 3.3). Let m(x) € M[x] be an annihilator-compliant polynomial.
Write m(x) = Zf:o m;xt with my # 0 and let 8 := Ann(mRg). We have

Ann(m(x)Ss) = PBx].

Proof. First, we prove that Ann(m(x)Ss) 2 98(x]. For this, let g(x) =ap+ a1 x+--- + alxl € Blx]
with a; # 0. Since % := Ann(mRg), then miRa; = 0, for every 0 < j < [, and as m(x) is
annihilator-compliant, we have that m;Ra; = 0, forall i and j. Suppose an element m(x)h(x) # 0
with m(x)h(x) € m(x)Ss. For the product of m(x)h(x)g(x), we get the terms all consist of an
element of m; Ry times some f;(a;). So, the terms must be zero since a; kills m; Rg. Thus,
g(x) e Ann(m(x)Ss).

Now, consider that Ann(m(x)Ss) ¢_ 9B|x]. Thus, there exists g(x) € Ann(m(x)Ss)\%B[x], and
choose g(x) so thatitis minimal grade [. Let g(x) = ap+ay x+---+ alxl. For any h(x) € S we have
0 = m(x)h(x)g(x). From this it follows by considering the highest-degree term of m(x) h(x)g(x)
that myra; =0, for all r € R. Thus, m;ra; = 0 by annihilator-compliance, for each r € R and
each i. Thus, by compatibility and Proposition 1.7 part (4), m(x)h(x)a; = 0. It follows that
m(x)S(ap+a x+---+ al_lxl_l) =0. Hence, ag+ a1 x+---+ al_lxl_l € Ann(m(x)Ss). But since
meRa; =0, a; € B. Thus, ag+ a; x+ -+ + a;_; x' -1 ¢ R[], which contradicts the minimality of
l. O

COROLLARY 1.11 ([ANNO4], COROLLARY 3.1). A polynomial m(x) € M|[x] of degree k = 0 is
annihilator-compliant if and only if the cyclic submodule m(x)Ss of M[x]s contains no nonzero
elements of degree less than k.

Proof. By contradiction, we assume that m(x) is not annihilator-compliant. Thus, there exists
r € Rsuch that myr =0and m;r # 0for 1 < i < k. Now, from Proposition 1.7 part (1), we have that
m(x)r # 0, thus m(x)r has degree less than k. The converse follows from the Proposition 1.10,
since if m(x)r # 0 for r € R, then m(x)r has degree k. Therefore, if g(x) € S and m(x)g(x) #0,
then the degree of m(x)g(x) = k + i, where i is the largest number of the coefficient of m(x)g(x)
that is nonzero. O

These results give tools to prove Annin’s main result.
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PROPOSITION 1.12 ([ANNO4], THEOREM 2.1, EXTENSION OF ASSOCIATED PRIMES). Let My be
a module over any ring R, let o : R — R be an endomorphism, and let§ : R — R be a o -derivation.
If My, is (0,6)-compatible, then

Ass(M|[x]s) = {P[x]: P e Ass(Mpg)}.

In fact, every Q € Ass(M|x]s) is extended; that is Q = P[x], where P = QN R € Ass(MR).

Proof. We show a sketch of the proof presented by Annin. He begins by proving that for p €
Ass(Mpg) and Np € Mg prime module with p = Ann(NR), we have that

plx] = Ann(N|[x]s), (1.4)

and
Nlx]g is prime. (1.5)

We begin by cheking (1.4). Let n(x) = ng+nyx+-- -+nkxk € N(x]and g(x) = ap+a; x+-- -+a1xl €S.
We assume that g(x) € p[x], so that nja; =0, for all j and d. Thus, by Proposition 1.7 part (1),
n(x)ag =0, for each 0 = d < [, so n(x)g(x) = 0. On the other hand, if some a; ¢ p, then there
exists n € N with nay # 0. Thus, ng(x) # 0, so g(x) ¢ Ann(N[x]s). With the aim of proving
(1.5), he shows that for every nonzero element n(x) € N[x]s, we have that Ann(n(x)Ss) = plx].
The proof of Ann(n(x)Ss) 2 plx] is obtained from (1.4) and to show the opposite implication
he supposes an element g(x) ¢ p[x] such that n(x)Ssg(x) = 0, and choosing g(x) of smallest
possible degree. Under these conditions a contradiction is reached, since if g(x) ¢ p[x] then
n(x)Ssg(x) # 0, concluding this part of the proof.

Next, Annin prove the other implication. He considers an ideal I € Ann(M[x]s) and a prime
module Ps € M[x]s such that I = Ann(Ps). We can pick any m(x) # 0 in P, and by Proposition
1.8, we may assume that m(x) is annihilator-compliant with m; # 0 be leading coefficient of
m(x). Now, let Qg := m(x)R and since Q- Ss < Pgs, so we get Ann(Q- Ss) = I and by Proposition
1.7 parts (2) and (5), we have that Qg is prime. By Proposition 1.7 part (4) we conclude that
Ann(Qg) = I n R. Therefore, he ends the proof by showing that I = (I n R)[x]. O

Next, we show some examples that illustrate Proposition 1.12.

EXAMPLE 1.5. 1. ([Ann04], Example 4.1). Let R := Ry[t] with Ry any domain of characteristic
zero. Take M := Ry, with the action of t on M given by M - ¢ := 0. Now, we consider the
endomorphism o : R — R as o(r) = r, for every r € R, and a o-derivation § : R — R
as the usual differentiation. The 6-compability fails since for all m € M, mt = 0 but
md (t) = m. Note that Ass(Mg) = {(#)}. We must show that (#)[x] € Ass(M[x]s). For this, we
assume that there exists a prime submodule Qs € M|[x]s with (#)[x] = Ann(Qs). Let m(x) =
Mo+mix+---+mpxk#0¢€ Qs, thus m(x)tx = 0. However, m(x)tx = Z?:o m; (j+1)xf, and
it would follows from this that each m; = 0, which is a contradiction by the assumption on
Ry.

2. ([Ann04], Example 4.3). Let Ry be a domain and R := Ry[s, t], and a o-derivation : R — R
the usual differentiation. Now set Mg := Ry[s] with M -t:=0. For me M and f € R, if
mf =0, then f = tg, for some g € R. Thus, mé(f) = mé(tg) = m(tgs+ tsg) = 0. Thus,
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Mp, is 6-compatible. Note that Ass(Mg) = {(¢)} and by Proposition 1.12 we have that
Ass(M[x]s) = {(#) [x]}.

3. ([Anno02a], Example 64). Let (R,m) be a commutative local ring, and o : R — R any
automorphism. Set M := R/m. We verify that Mp is o-compatible. Let s be any nonzero
element of My, where s € R. Necessarily, s ¢ m. Now for any r € R, we have sr = 0=
Srem < r em < 0(r) € m (since nonunits are invariant under an automorphism of a
local ring) <= so(r) € m < 3o (r) = 0. Hence, Mp, is o-compatible. Since Mg is simple,
itis prime, so Ass(Mg) = Ann(Mpg) = {m}. By Proposition 1.12, Ass((R/m)|[x]s) = {m[x]}.

4. ([Ann02a], Example 67). Let Ry be any ring and set R := Ry[#]. Leto () =0and o |g,= I4
on R and define § : R — R by 6(f (1)) := f'(t)h(t). Consider h(r) be any element in the
center of R, and let ¢ € Ry be a root of the polynomial h(?), e.g., h(t) = t*, for some
k € N and ¢ = 0. Now, let M = Ry, which becomes a right R-module with the R-action
as for m € M and f(¢) € R, we have m- f(¢) := mf(c). Hence, we have that My, is (o, 6)-
compatible and therefore, Proposition 1.12 applies.

1.3.3 O-RIGID AND WEAK 0 -RIGID RINGS

Now, we focus on the following algebraic structure in which Bhat in [Bhal0Oa] developed his
work.

For a ring R and an endomorphism o : R — R, Krempa in [Kre96] defined o to be a rigid
endomorphism, if ac(a) = 0 implies a = 0, for a € R. Aring R is said to be o-rigid, if there exists a
rigid endomorphism o of R. We have that any rigid endomorphism of a ring is a monomorphism.
Also, we have that R is reduced, if r> = 0 implies r = 0, for any r € R.

EXAMPLE 1.6 ([BHA10B], PAGE 697).Let R = C, and o : C — C be the aplication defined by
o(a+ib)=a—ib,with a,beR. Then, we have that o is a rigid endomorphism of R.

We recall that an element r € R (with R be a ring) is nilpotent, if r"* = 0, for some n > 0. The
set of nilpotent elements of R is denoted by N(R). Next, we show some properties of rigid rings.

REMARK 6 ([HKKO00], PAGE 218). Note that o-rigid rings are reduced rings. In fact, if Ris a
o-rigid ring and a? = 0 for a € R, then ac(a)o (ao(a)) = ac(a?)o?(a) = 0. Thus, ac(a) = 0 and so
a =0. Therefore, R is reduced.

It is important to highlight that there exists an endomorphism of a reduced ring which is not
arigid endomorphism, (see [HKKO00], Example 9).

PRroPOSITION 1.13 ([HKKO00], LEMMA 4). Let R be a o -rigid ring and a, b € R. Then we have the
following:

(i) Ifab =0 then ac™(b) = 0" (a)b = 0, for any positive integer n.
(ii) Ifab =0 then ad"(b) = 6™ (a)b =0, for any positive integer m.

(iii) Ifac®(b) = 0= o*(a)b, for some positive integer k, then ab=0.
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PROPOSITION 1.14 ([HKKO00], PROPOSITION 5). A ring R is o -rigid if, and only if, the Ore exten-
sion R[x;a,6] is a reduced ring and o is a monomorphism of R. In this case, o(e) = e, 5(e) = 0, for
everye= e’ € R.

PROPOSITION 1.15 ([MRO1], COROLLARY 2.7). The following conditions on a ring R are equiva-
lent: (i) R has no nonzero nilpotent right ideal; (ii) R has no nonzero nilpotent ideal; (iii) N(R) = 0.
These properties characterize semiprime rings.

Recall that a ring R is 2-primal, if the set of nilpotent elements of R equals the prime radical
of R and R is completely semiprime if a’eR implies that a € R (see [BHL93]). In this work,
the notions of semiprime and 2-primal ring are very important. Marks in [Mar97] established
necessary and sufficient conditions for a ring to be 2-primal.

REMARK 7 ([MAR97], PAGE 243). Let R be aring. R is 2-primal and semiprime if and only if R is
reduced.

EXAMPLE 1.7. 1. ([Kre96], Theorem 3.1). Let R be areduced ring and let 0 be a derivation of
R. Then the skew polynomial ring R[x; 6] is reduced.

2. ([HKKO03], Example 2). Let R = Z» & Z, where Zj is the ring of integers modulo 2. Then R
is a commutative reduced ring. Let o : R — R be an endomorphism defined by o((a, b)) =
(b, @). Then for p = (1,0)+(1,0)x, g = (0,1)+(1,0)xin R[x; 0], pg = 0but (1,0) = ¢((0,1)) #0.
Thus R[x; 0] is not reduced by Proposition 1.14.

Next, we present a more general case than o-rigid rings.
DEFINITION 1.14 ([OUY08]). Let R be aring and o be an endomorphism of R. R is said to be a

weak o -rigid ring, if ao(a) € N(R) ifand only if a € N(R), for a€ R.

The previous definition is an extension of the o-rigid rings since every o-rigid ring is also
a weak o-rigid ring, but every weak o-rigid ring is not always a o-rigid ring. The next example
illustrates this situation.

EXAMPLE 1.8 ([OuY08], EXAMPLE 2.1). Let 0 be an endomorphism of a ring R which is a o-rigid
ring. Consider the ring

a b c¢
R3:= 0 a d|labceR
0 0 a

If we extend the endomorphism o of R to the endomorphism ¢ : R3 — R3 defined by ¢(a;;) =
(0(ajj)), then R3 is a weak o-rigid ring but R3 is not o-rigid. In fact,

* Rjis weak o-rigid. Let A € R3 with Ao (A) € Nil(R3), we must see that A € Nil(R3). Since
Ao (A) € Nil(R3), then there exists n € N such that (Ao (A))" =0, thus

a b c ola) o) o(c)
(Ao(A)" = 0 a d og0) ola) o(d) =0
0 0 a o0 o) ol(a)
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which implies that
ao(a)" a B (ao(a)" a p
0 ao(a)” Y = 0 (ac(a)™ Y =0
0 0 ao(a)” 0 0 (ac(a)"

where «, f and y are products of powers between the elements of the A matrix and the
0 (A) matrix. Then, (ac(a))” = 0, but this implies that ao (a) = 0 because R is also reduced,

0 b c
thus @ =0. Thiswaywe getthat A:z=[ 0 0 d |.Hence, A>=0andso Ae Nil(R3).
0 0 O
0 0 ¢
* Rjis not o-rigid. For this, consider the matrix A:=| 0 0 d |, with ¢,d # 0, hence
0 0 O

A # 0, but we have that

0 ¢ 0 0 o(o)
0 d 0 0 o(d
0 0 0 0 0

g0 o) o(o) 0
g0 o0 od |=]0
o) a0 o(0) 0

Ao (A)

c oo o o

S O O o o o
S O O ©o© © o

Therefore, Ag(A) =0 but A #0.

1.3.4 ASSOCIATED PRIME IDEALS OF WEAK 0 -RIGID RINGS

Bhat [Bha08] considered associated prime ideals of skew polynomial rings over a Noetherian
ring R and an automorphism o of R. Also, Bhat [Bhal0a] studied the associated prime ideals of
weak o-rigid rings and their extensions.

Following Bhat, we denote the Ore extension R[x;0,6] by O(R), R[x;0] by S(R), R[x;6] by
D(R) and we denote

n .
o) := {m(x) € O(R) | m(x) = Z uix'; uje U forevery 0<i < n},
i=0

where U € R. Similary, we denote S(U) and D(U), for U < R.

Bhat presented the next theorems that characterize the associated prime ideals over weak
o-rigid rings.
PROPOSITION 1.16 ([BHA10A], THEOREM 2.6). Let R be a semiprime right Noetherian ring,
which is also an algebra over Q. Let o be an automorphism of R such that R is a weak o -rigid ring
and 6 be a o-derivation of R. Then P € Ass(O(R) o(r)) if and only if there exist U € Ass(Rg) such
thatPNR=U and O(PNR) =P.
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PROPOSITION 1.17 ([BHA10A], THEOREM 2.10). Let R be a right Noetherian ring which is also
an algebra over QQ, 0 be an automorphism of R and é a o-derivation of R such that o(6(a)) =
0(o(a), forallae R ando(U) = U, forallU € A(RR). Then P € Ass(O(R) o(r)) if and only if there
exists U € Ass(RR) such that PN R=U and O(PNR) = P.

With the aim of proving these theorems, Bhat established the following propositions that
are necessary for the main proof. Recall that the set of minimal prime ideals of R is denoted by
MinSpec(R) and for any right R-module J, the assassinator of J is denoted by Assas(J).

PROPOSITION 1.18 ([BHAO7], LEMMAS 2.1 AND 2.2). Let R be aring. Let o be an automorphism
of R and b be a derivation of R. Then:

1. IfP is a prime ideal of S(R) such that x ¢ P, then PN R is a prime ideal of R and o(PNR) =
PNR.

2. If Q is a prime ideal of R such that 0(Q) = Q, then S(Q) is a prime ideal of S(R) and
S(QNR=Q.

3. IfP is a prime ideal of D(R), then PN R is a prime ideal of R and (PN R) S PN R.

4. If U is a prime ideal of R such that 6 (U) < U, then D(U) is a prime ideal of D(R) and
DWU)NR=U.

PROPOSITION 1.19 ([BHA10A], THEOREM 2.1). Let R be a Noetherian ring. Let 0 be a automor-
phism of R. Then R is a weak o -rigid ring if and only if N(R) is completely semiprime.

Proof. We follow the proof presented by Bhat [Bhal0a]. First of all, he shows that o(N(R)) =
N(R). For this, we have g(IN(R)) € N(R) as o(N(R)) is a nilpotent ideal of R. Now for any n €
N(R), there exists a € R such that n = o(a). So I = 0~ (N(R)) = {a € R such that o(a) = n € N(R)}
is an ideal of R. Since [ is nilpotent, I < N(R), which implies that N(R) < c(N(R)). Hence
o(N(R)) = N(R). Now let R be a weak o-rigid ring. We show that N(R) is completely semiprime.
Let a € R be such that a? € N(R). Then ao(a)o(ac(a)) = ac(a)o(a)o?(a) € c(N(R)) = N(R).
Therefore ac(a) € N(R) and hence a € N(R), so N(R) is completely semiprime.

Conversely, let N(R) be completely semiprime. We show that R is a weak o-rigid ring. Let
a € R be such that ac (a) € N(R). Now ac (a)o 1 (ac(a)) € N(R) implies that a® e N(R), and so
a € N(R). Hence R is a weak o -rigid ring. O

PROPOSITION 1.20 ([BHA10A], PROPOSITION 2.2). Let R be a 2-primal right Noetherian ring
which is also an algebra over Q. Let o be an automorphism of R such that R is a weak o -rigid ring
and § a o -derivation of R. Then o (U) = U and 6 (U) < U for all U € MinSpec(R).

Proof. Following the proof that Bhat does in his paper, he firts shows that P(R) is completely
semiprime. For this, he uses the fact that o(P(R)) = P(R), and concludes that if ao(a) € P(R),
then a € P(R). Next, he shows that o(U) = U, for all U € MinSpec(R) by contradiction. He
suppose that there exist other minimal primes Uy, ..., U, of R asuming that U = U;. He, using
that P(R) is completely semiprime, concludes that U; < Uy, for some i # n, which is impossible.
Next, he shows that 6 (U) < U, for U € MinSpec(R). For this, let V := {a € U | such that 6%(a) e
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U for all integers k = 1}. First, he proof that V' is a §-invariant ideal of R, V € Spec(R) and V € U,
so V=U. Hence 6(U) c U. O

PROPOSITION 1.21 ([BHA10A], LEMMA 2.4). Let R be a right Noetherian ring which is also an
algebra over Q. Let o be an automorphism of R such that R is a weak o -rigid ring and 6 a
o-derivation of R. Then

1. If U is a minimal prime ideal of R, then O(U) is a minimal prime ideal of O(R) and
OWU)NnR=U.

2. If P is a minimal prime ideal of O(R), then P N R is a minimal prime ideal of R.
Proof. We follow the proofs presented by Bhat [Bhal0Oa].

1. Let U be a minimal prime ideal of R. Then by Proposition 1.20, 0(U) = U and 6 (U) < U.
Now, using [GW04], Theorem 2.22, we have O(U) € Spec(O(R)). Suppose L c O(U) be
a minimal prime ideal of O(R). Then LN R c U is a prime ideal of R, a contradiction.
Therefore O(U) € MinSpec(O(R)). Now, we see that O(U)NnR = U.

2. We note that x ¢ P for any prime ideal P of O(R) as it is not a zero divisor. Now the proof
follows of Gooderl and Warfierld [GW04], Theorem 2.22 and using Propositions 1.18 and
1.20 he concludes the proof.

O

REMARK 8. In the reconstruction of the proofs of the Proposition 1.21 we have found that
Theorem 2.22 of Gooderl and Warfierld does not exist in the reference [GW04]. However, below
we present an alternate proof that to solve this problem. For this we need the next results:

PROPOSITION 1.22 ([GW04], EXERCISE 2ZA). Let S = R[x;0,6] be a skew polynomial ring and 1
an ideal of R such thato(I) < I and 6(I) < 1. Let & and b denote the ring endomorphism and skew
derivation on R/ I induced by o and 6. Show that IS is two-sided ideal of S such that ISNR =1,
and that IS = SI in case o is an automorphism and 8(I) = I. Then show that S/1S = (R/I)[%;6,6].

PROPOSITION 1.23 ([GWO04], EXERCISE 20). Let R[x;0,0] be a skew polynomial ring. Show that
ifreRandneN, then x"r = o™ (r)x" + ap_1x" ' +---+ a;x + 6"(r), for some a,_,...,a; € R.
Hence, ifr # 0 and o is injective, x" r has degree n and leading coefficient o™ (r). Now show that
if R is a domain and o is injective, then deg(pq) = deg(p) +deg(q) for all p,q € R[x;0,0], and
consequently R[x;0,6] is a domain.

Now, we present the proof of the Proposition 1.21.

Proof. 1. Let U be a minimal prime ideal of R. Then by Proposition 1.20, o(U) = U and
6(U) € U. We have that U is a (0,6)-ideal of R, thus let u € U, whence xu = o (u)x + 6 (u),
since o(u) € U and 6 (u) € U, then we have that xu € O(U). Thus O(U) is an ideal of O(R).
Now, we must see that O(U) is a prime ideal of O(R), for this from Proposition 1.22 we
have that O(R)/O(U) = (R/U)|&; 6,1, where 6 and § denote the ring endomorphism and
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skew derivation on R/ induced by o and 6. Since R/U is a domain, then O(R)/O(U) is
a domain by Proposition 1.23 and hence O(U) is a prime ideal of O(R). Thus, we have
O(U) € Spec(O(R)). Suppose L c O(U) be a minimal prime ideal of O(R). Then LnRc U
is a prime ideal of R, a contradiction. Therefore O(U) € MinSpec(O(R)). Now, we see that
O(U)NnR=U.

2. We note that x ¢ P for any prime ideal P of O(R) as it is not a zero divisor. Since P is a
prime ideal of O(R) then P n R is a prime ideal of R by Proposition 1.18 part (1) and (3).
Now, since P is a minimal prime ideal, we have there is no other ideal of O(R) such that P
is contained. Thus, because P N R is prime ideal of R, then there can not be an ideal of R
that contains this ideal, so PN R is a minimal prime ideal of R.

O

Bhat [BhalOa] presents the following examples that, he asserts, illustrates the Proposition
1.16.

EXAMPLE 1.9 ([BHA10A], EXAMPLE 2.7). Let T be the application that sends an element in C to
its conjugate. Thus, 7 is a rigid endomorphism of C from Example 1.6. Now, consider the ring

(2 iwrec]

If we extend the endomorphism 7 to the endomorphism o : R — R defined by o ((a;})) = (t(a;})),
then R is a weak o-rigid ring. In fact, let A € R with Ao (A) € Nil(R), we must see that A € Nil(R).
Since Ao (A) € Nil(R), then there exists n € N such that (Ac(A)) =0, thus

n
n_ [l a bl @ (b B

which implies that

(Aa(A))”:=( attta® b ):( (ar@)" P )

0 a*t(a)" 0 (at(a)"

where S is products of powers between the element of the A matrix and the o (A) matrix. Then,
(at(a)) = 0, but this implies that ar(a) = 0 because C is also reduced, thus a = 0. This way we get

that
0 b
0 0]/

Hence, A2 =0 and so A € Nil(R). Now for any D€ R, definedp: R— Rbydp(A) = AD— Do (A),

A=




CHAPTER 1. ASSOCIATED PRIME IDEALS 19

for A€ R. Then 0 p is a o-derivation of R. Since, let A, B € R then,

O0p(A+B)=(A+B)D—Do(A+B)
=AD+BD-D(0(A) +0(B))
=AD+BD—-Do(A)—Do(B)
=AD-Do(A)+BD - Do (B)
=6p(A)+6p(B).

Also, we must see that dp(AB) = 0(A)6(B) + 6 (A) B. Note that for any elements A, B € R we
have that AB = BA. Using this fact, we have

0(A)0p(B)+0p(A)B=0(A)[BD—-Do(B)]+[AD - Do (A)]B
=0(A)BD-0(A)Do(B)+ ADB—-Do(A)B
=-0(A)Do(B)+ ADB
=ABD-0(A)o(B)D
=ABD-0(AB)D
=06p(AB).

Let

a b
U;:{( 0 0 )|a,b,€C}€Ass(RR),

and let I be a uniform R-module defined as,

{8 0 Jreec}

In fact, U = Ann(I) and Ann(I) = Assas(I), because I is uniform.

Now, Bhat [Bhal0a] says that 6 p(I) < I, but this is not true. Since, the o-derivation is defined
as 6p(A) = AD — Do (A), for any element A € I, suppose that

0 0
A:=
(0 a+bi )

0 0
0 a-bi |

and we have that

o(A):=




CHAPTER 1. ASSOCIATED PRIME IDEALS 20

Therefore, for any D € R and calculated 6 p(A) we get a matrix of the form

0 c+di e+fi | [c+di e+fi 0 0
a+bi 0 c+di 0 c+di 0 a-bi
0 B 0 ae+bf+(af-Dbe)i

ac—bd+ (ad+bc)i 0 ac+bd+(ad-Dbo)i

—ae—bf+(be—af)i
—2bd +2bci

Op(A)

I
oo oo oo

thus 6 p(I) € 1. For this reason, we consider that the Proposition 1.16 can not be applied as
the author affirms, since it fails in one of the hypotheses.

EXAMPLE 1.10 ([BHA10A], EXAMPLE 2.11). Let

and let

b
U::{( g . )la,beR}eAss(RR).

Afs 2

where [ is aright ideal of R. Also, we have that U = Ann(J) = Assas(I).

Leta:R—»Rbedeﬁnedbya((a b —(g 0

Now, we consider

o o ll= . Then o is an endomorphism of R

and o(U) € U. For any s € R, define 65: R — R by 6s(a) = as—so(a), for ae R. Then 6 isa
o-derivation of R, as we show in the previous example.

Now, we have that 0(6(u)) = 6s(o(w)) forall u € R. Since, letu:( g Z )ands:( ’(; Z )

Then

o(0s(w) =( 0 0o

0 0
)=5s(0(u)).

Now, we note thato(I) =1, §s(I) € I and 6 ;(U) < U. Also O(U) € Ass(O(R)o(r))- In fact, O(U) =
Ann(O(I)) = Assas(O(I)).



CHAPTER 2

ASSOCIATED PRIME IDEALS OVER SPBW AND SPBW OVER
WEAK X -RIGID RINGS

In this chapter we establish the main results of this work. We characterize the associated prime
ideals in two specific structures, which extend the results that we shown in Chapter 1. In Section
2.1 we focus on skew PBW extensions and we show some properties as the (X, A)-compatibility
and the notion of annihilator-compliant over these extensions. On this structure we develop
the first result of this work, Theorem 2.1.4. This consists in to characterize the associated prime
ideals over skew PBW extensions and it is important to remark that this characterization is an
extension of the work done by Annin [Ann04]. In Section 2.2, we study the skew PBW extensions
over weak X-rigid rings. First we show its definition and some properties together the second
result of our work, Theorem 2.2.2; this extends the characterization presented by Bhat [Bhal0Oa].
Finally, it is important to mention that the results presented in Section 2.1 and Section 2.2 have
been submitted for publication.

2.1 ASSOCIATED PRIME IDEALS OVER SKEW PBW EXTENSIONS

The skew Poincaré-Birkhoff-Witt extensions (SPBW) are a generalization of Poincaré-Birkhoff-
Witt extensions (PBW) defined by Bell and Goodearl in [BG88]. These extensions were introduced
by Gallego and Lezama in [GL11] and include some important classes of rings as commutative
polynomials rings, Weyl algebras, enveloping algebras of Lie algebras, g-Heisenberg algebras,
3-dimensional skew polynomial algebras, the algebra for multidimensional descrete linear
systems, among others, see [LR14], [LAR15], [RS17b] and [RS17c] for a detailed list of algebras.

2.1.1 SKEW POINCARE-BIRKHOFF-WITT EXTENSIONS
We present the definition of skew PBW extension and establish some useful properties about

these objects. For more information of these structures and to know some ring-theorical and
homological properties of them, see [SLR15], [LG16], [LV17], [SLR17], [LL17] and [RS19a].

21
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DEFINITION 2.1 ([GL11], DEFINITION 1). Let R be an associative ring and A be a ring. We say
that A is a skew PBW extension (also known as o-PBW extension) of R, which is denoted by
A:=0o(R){x1,...,Xy), if the following conditions hold:

(i) Risasubring of A sharing the same identity element;

(i) there exist elements x,..., X, € A such that A is a left free R-module, with basis Mon(A) :=
{x®=x{"-xp"la = (ai,...,ap) €N}, and x(l)---x(,)l =1 € Mon(A).

(iii) Foreach 1 =i < n and any r € R\{0}, there exists an element c; , € R\{0} such that x;r —
CirXi€ R.

(iv) Forany elements 1 < i, j < n, there exists ¢; ; € R\{0} such that x;x; — ¢; jx;x; € R+ Rx; +
.o+ Rxy.

REMARK 9 ([GL11], THEOREM 7). (i) Since Mon(A) is a left R-basis of A, the elements c; ;
and ¢; j in Definition 2.1 are unique.

(i) If r = 0, it follows that ¢; o = 0. In fact, from 0 = x;0 = ¢; ox; + s;, with s; € R, we obtain
cio=0=sj,forall j.

(iii) In Definition 2.1 (iv), ¢;; = 1. This follows from xlg - ci_ixl? = S§9+ S1X1 + - + SpXp,, with
s; € R, which implies 1 —¢;; =0 = s;.

(iv) Let i < j. By (i), there exist elements c;,;,¢; j € R such that x;x; — ¢j;xjx; € R+ Rx; +
-+++Rxy and x;x; — ¢; jX;Xj € R+ Rx; +--- + Rxy, and hence 1 = cj ;c; j, that is, for each
1 <i<j<nhasaleftinverse and c;; has a right inverse.

(v) Eachelement f € A\{0} has a unique representation as f = ¢; Xj +---+ ¢ X, with ¢; € R\{0}
and X; e Mon(A)forl<i<t.

PROPOSITION 2.1 ([GL11], PROPOSITION 3). Let A be a skew PBW extension of R. For each
1 <i < n, there exist an injective endomorphismo;: R — R and a o ;-derivationd; : R — R such
that x;r =0;(r)x; +0;(r), foreachr € R. We writeX:={01,...,0,} and A :={61,...,0}.

Proof. For each 1 =i < n and every r € R, we have elements c; ,,7; € R with x;7 = ¢; r x; + 1.
Since Mon(A) is a left R-basis of A we have that ¢; , and r; are unique for r. Hence, we define
0i,6;:R— R,byo;(r):=c;,and d;(r) := r;, so we can see that o; is an endomorphism ans ¢, is
a o;-derivation of R, thisis §;(r +r')=6;(r)+6;(rYand 6;(rr) =0;(r)6;(r") + 6,;(r)r’, for each
elements r, 1’ € R. By Definition 2.1 part (iii), ¢; , # 0 for r # 0, which shows that ¢; is inyective
foralll<i<n. O

DEFINITION 2.2 ([GL11], DEFINITION 4; [LAR15], DEFINITION 2.3 (11)). Let A be a skew PBW
extension of a ring R.

(a) Ais quasi-commutative, if the conditions (iii) — (iv) in Definition (2.1) are replaced by:

(iii") Forevery 1<i<nand r € R\{0}, there exists ¢; ; € R\{0} such that x;r = ¢; ; x;.

(iv') Forevery1<i,j<n,there exists ¢; j € R\{0} such that x;x; = ¢; j x; x;.
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(b) Ais bijective, if 0; is bijective, for every 1 < i < n, and ¢;,; is invertible, forany 1< i< j < n.

(c) Ais called of endomorphism type, if §; = 0, for every i. In addition, if every o; is bijective,
A is a skew PBW extension of automorphism type.

PROPOSITION 2.2 ([GL11], THEOREM 7). If A is a polynomial ring with coefficients in R with
respect to the set of indeterminates {x1, ..., xn}, then A is a skew PBW extension of R if and only if
the following conditions hold:

(i) foreach x® € Mon(A) and every0 # r € R, there exist unique elements ry := 0% (r) € R\{0},
Pa,r € A, such that x*r = ro X% + pg,r, Where pg,r =0, deg(pa,r) < lal if pa,r #0. If 1 is left
invertible, sois ry.

(ii) For each x%,xP € Mon(A), there exist unique elements Ca,p € R and pq g € A such that
x%xP = ca,ﬁx’”ﬁ + Pa,p, Where cqp is left invertible, pg, = 0, or deg(pq,p) < la + | if
pa’,ﬁ #0.

PROPOSITION 2.3 ([REY15], PROPOSITION 2.9). Ifa := (ay,...,a,) EN" and r € R, then
n j—1
=Xt xg e x xy r = e x (Z Xy s, (0 “rxd )
j=1

+x;11___ (Z xa’nl ]611 1(0_ (O_zn(’.)))x{;;l)xgn

An-2
a 05 a a a a
+x11 . n- 3(2 x n- 2 ]6;1_2((7 (0_ n- l(ann(r))))xn 2)x nllxn

a: . . .
a a—j j-1, as, a a J=1| as_a @
+...+x11 (Z xz 62 (0.2 (0.33(0.44(...(0-nn(r)))))) x2 )x33x44 . xnnllxn
j=1

+0 7 (02 (- (" A -y, oi=idg, for 1<j<n.

PROPOSITION 2.4 ([REY15], REMARK 2.10, (1v)). Using Proposition 2.3, it follows that for the
product a; X;b;Y;, if X; := x;"" -+ xp,™ and Y; := xf” ---xﬁj”, then when we compute every sum-
mand of a; X;b;Y; we obtain products of the coefficient a; with several evaluations of bj in c’s
and §’s depending of the coordinates of a;. This assertion follows from the expression:

Xi2 |

. Qin
02 (o i (b)) X2

aiXib;Yj = a;o® (bj)x" xPi + aip,,, - xyin P

43 QAin .
T AX Py 082 o b RCRRRE

X2

L(n 2)
+- Jrczlx1 ' X,

..x a x ’”xﬁ]
pal(n 1 i

)0

il R Bi
+alx1 xl(n 1)p06m,b X,

where the polynomials pg, 54 .5 (1) Pay,0% (05 1)) Pas,o (-3 )y -+ Pay,o ) @A
Pa,,r» involve elements of R obtained evaluating o ; and 6 j in the elementr of R.

Next, we have a description of polynomial modules over skew PBW extensions.
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REMARK 10 ([REY19], PAGE 7). If A is a skew PBW extension of a ring R, then A is a left free
R- module. We can consider the polynomial module M(X) 4 over A. More precisely, as a set,
the elements of M(X) 4 are of the form mgy+ m; X7 +---+ m;X;, m; € Mg and X; € Mon(A), for
every i. If a := (a1,...,a,) € N" and r € R, the action of A on these elements follows the rule
established in Proposition 2.4. This fact is precisely because it suffices to define the action of
monomials of A on monomial in M(X) 4. In other words, if m;x;™ --- x;™ and b; xlﬁj1 .
elements of M(X) 4 and A, respectively, then we multiply these both elements following the rule

--xﬁ"’ are

Qi1 ,Qiny,, ﬁjl.__ Bin _ 0 iy \ @ B . ) ) @iz Qin B
my x, Xn'"bjx; X, =mio” (bj)x™ x +m,pail,g?z,z(,,,(glftén(b)))xz x,"x

a0 ) ) iz Qin B
FIMX Py 0B 0 ) Xg X X

12,0 ;4
Qi1 Qi ) . ®ig . . Qin ﬁj
+mix;"x, Py (0 i (b)) 4 X, x 2.1)
@il @iz Xi(n-2) ) in .fj
ot T X0y Py, o tin )y Xn X
Qi Qi Qi) Bj
TMiXy X, Xin-1)Painb; X"’ -

This guarantees that M(X) 4 is an A-module. In this way, when we compute every summand
of mle‘“ X b i x{j e ~xgj ", we obtain products of the coefficient m; with several evaluation

of bj in 0's and §'s depending of the coordinates of a;.

2.1.1.1 MONOMIAL ORDERS IN SKEW PBW EXTENSIONS

In this section we present some results about monomial orders in skew PBW extensions. These
results concern properties that characterize monomial orders for noncommutative rings. In the
literature we can find several works concerning above these orders. Some of them were realized
by Becker and V. Weispfenning [BW93] and Bueso, G6mez-Torrecillas and Verschoren [BGTV03].

Next, we formulate some results presented in [GL11], where we mention some properties
over monomial orders in skew PBW extensions.

DEFINITION 2.3 ([GL11], DEFINITION 6). Let A be a skew PBW extension of R with endomor-

phisms o;, 1 <i < n. Then:

@ fora=(ay,...,a,) eN", 0?" :=0;(0;(0;---(0;(r))) composition a;-times of 0; and r € R,

U“::U(flmag”, lal:=a1+--+a,. f=(B1,...,0n) eN"* thena+f:= (a1 +fB1,..., ¥+

Bn).
(i) For X = x* € Mon(A), exp(X) := @ and deg(X) := |a|.

(iii) Let0# f € A. t(f) is the finite set of terms that conform f, i.e., if f = c1 Xj +--- + ¢ X, with
X; € Mon(A) and c; € R\{0}, then £(f) :={c1 Xy,..., c: Xy}

(iv) Let f be asin (iii). Then deg(f) := max{deg(X,-)}le.

(v) Each element f € A can be represented in a unique way as f = ¢; X1 + - + ¢ X, with
ci € R\{0}, 1 =i =<t and X; > --- > X; are the monomials of f, we define Im(f) := X; is the
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leading monomial of f. lc(f) := ¢, is the leading coefficient of f and lt(f) := ¢, X; is the
leading term of f. If f =0, we define Im(0) := 0, 1c(0) := 0, 1t(0) := 0 and we set X > 0 for
any X € Mon(A). Thus, we extend > to Mon(A) U {0}.

DEFINITION 2.4 ([GL11], DEFINITION 11). Let > be a total order on Mon(A). We say that > isa
monomial order on Mon(A), if the following conditions hold:

(i) forevery xP,x%, x7, x* € Mon(A), x# > x® = Im(x? xP x*) = Im(x" x*x1);
(ii) x% =1, for every x% € Mon(A);
(iii) = is degree compatible, i.e, || = |a| = xP = x%.

Monomial orders are also called admissible orders. The condition (iii) of the previous defini-
tion is needed in the proof of Proposition 2.5.

PROPOSITION 2.5 ([GL11], PROPOSITION 12). Every monomial order on Mon(A) is a well order.
Thus, there are not infinite decreasing chains in Mon(A).

Proof. We follow the proof presented by Gallego and Lezama [GL11]. Suppose we have a mono-
mial order > on Mon(A) that is not a well order. This means that we have an infinite sequence of
monomials

X1 >Xo>X3 >+

and since > is degree compatible, then we have an infinite subsequence
deg(X;,) > deg(X;,) > deg(X;,) >---,

but this is impossible since deg(X;,) is finite. O

The following are examples of total orders which are compatible. These were adapted from
[BGTVO03], Examples 2.1.16 and 2.1.17.

EXAMPLE 2.1. 1. The degree lexicographical order > ,g;.x 0n Mon(A) is defined by letting

x%=xP or

x% # xP but la| > |Bl,or

x®#xP,lal =B but 3i with a; =pi,...,
ai-1=Pi-1,a; > Pi.

a _
X" Zdeglex xP =

For example. If a = (2,4,5,0,...,0) and = (4,3,0,0,...,0) then, x* Zdeglex %P,
since |a| =1(2,4,5,0,...,0)| =11 >8] =(4,3,0,0,...,0)| = 6.

2. The degree reverse lexicographical order = jegrepiex 0N Mon(A) is defined by letting

x%=xP or

x* # xP but la| > |Bl,or

x®#xP,lal=1p] but 3i with a; =pi,...,
ai-1=Pi-1,a; <.

a —
X Zdegrevlex XU =
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For example. If & = (2,6,3,0,...,0) and = (5,2,4,0,...,0) then, x¥ =gegreviex %P,
since |a| =1(2,6,3,0,...,0)| =11 =[] =1(5,2,4,0,...,0)| =11, but a; =2 < ; =5.

REMARK 11. We must note that the proof of Proposition 2.5 could be unfold with more elaborated
argument, based upon Dickson’s Lemma.

2.1.2 (Z,A)-COMPATIBILITY OVER SKEW PBW EXTENSIONS

The notion of compatibility for skew PBW extensions was introduced independently by
Hashemi et al. [HKA17] and Reyes and Sudrez in [RS18a]. This extends the Definition 1.12
introduced by Annin for modules.

DEFINITION 2.5 ([HKA17], DEFINITION 3.1; [RS18A], DEFINITION 3.2). Consider a ring R
with a finite family of endomorphisms X and a finite family of 2-derivations A. Following the
notation established in Definition 2.3 part (i), we have that R is said to be X-compatible, if for
each a,b € R, ac®(b) = 0 if and only if ab = 0, for every a € N”; R is said to be A-compatible,
if for each a,b € R, ab = 0 implies ad?(b) = 0, for every g € N”. If R is both Z-compatible
and A-compatible, R is called (£, A)-compatible. From now on, we consider finite families of
endomorphisms and derivations, so we say family to mean finite family.

PROPOSITION 2.6 ([HKA17], LEMMA 3.3; [RS18A], PROPOSITION 3.8). Let R bea (X, A)-com-
patible ring. For every a,b € R, we have:

(1) Ifab=0, then ad?(b)=d? (@b = 0, for each 6 e N"*.
) IfoP(a)b=0 for some peN", then ab = 0.
3) Ifab =0, then o%(a)6P (b) = 6P (a)a® (b) = 0, for everyd, B e N".

REMARK 12. The notion of compatibility over skew PBW extensions has been very useful in the
characterization of several ring and homological properties of these extensions (e.g., [HKA17],
[JR18], [Rey19], [RR19], [RS16], [RS18a], [RS19b] and [RS19a]).

In this section, we extend the results presented by Annin in [Ann04] for Ore extensions to
the context of skew PBW extensions.

DEFINITION 2.6 ([REY19], PROPOSITION 3.6). Consider a ring R with a family of endomor-
phisms X and a family of X-derivations A and Mg be a right R-module. We have that My, is
said to be X-compatible, if for each m € Mg and r € R, ma®(r) = 0 if and only if mr = 0, for
every a € N". Additionally, My, is said to be A-compatible, if for each m e Mg and r € R, mr =0
implies m&# (r) = 0, for every B € N". If My is both =-compatible and A-compatible, M, is called
(£, A)-compatible.

PRrROPOSITION 2.7 ([REY19], P. 8). Consider a ring R with a family of endomorphisms X~ and a
family of Z-derivations A. If My is a (X, A)-compatible module, m € M and a, b € R, then we have
the following assertions:

(1) ifma=0, then mo?@=0= mée(a),for any element 8 e N";
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(2) If mab=0, then mo (6% (@)8;(b) = moP8;(a)6% (b), and so, masd? (b) =0 = m&® (a)b, for
any elements 3,0 eN", andi=1,...,n.

(3) Anng({ma}) = Anng({mo;(a)}) = Anng({md;(a)}), foreveryi=1,...,n.

The following result is the analogue to the established in [Ann04], Lemma 2.1.

PROPOSITION 2.8 ([REY19], PROPOSITION 3.7). Let A= o (R){x1,...,X,) and Mg a (X, ) -com-
patible right R-module. If m = my+ my Xy + - - - + mp Xy is an element of M{(X) o and r € R, then
mr =0 if, and only if, m;r =0, forevery0<i < k.

Proof. Suppose that m;r =0, for every 0 < i < k. Since

mr=my+mX;+-:--+ kak)r
=mor+m Xqr+---+ mpXgr 2.2)
=mor +my (0" (N X1+ Pay,r) + -+ M@ (1) Xk + Pay,r) '

=mor + Mo (1) Xy + mypa,,r+ -+ Mo (1) Xy + Mg Pay,rs

where a; = exp(X;), pa,r =0, or, deg(pq,,r) <la;| if pq,r # 0, for every i. Using the equality
m;r = 0 with the expression

mlxixil o g in bjxfjl N xfj” = m;o% (b]‘)xaixﬁj + ;711.190”1’0?2l-2 (~--(a?,f"(bj)))xgi2 ow g Fin xPi
" mixix“ paiz,a?f(n-(afr’;”(bj)))xgﬁ ... x,‘;”"xﬁj
+mix; Xy Pasy,0% (- (0" (bj)))xff“ o x%in P (2.3)
RS ml,xixil xgiZ ... x;x(lr(ln—_;; pai(n*l)yﬁ?é” (bj)xgin xﬁj
+mix] Xy x?(lri”_’ln) Painb; xPi,

and the (£, A)-compatibility of My (Proposition ?2), we conclude that mr = 0.

Now, suppose that mr = 0. From expression (2.2) we can see that Ic(mr) = mio®(r), so, by
the Z-compatibility of Mg, we obtain mr = 0. Hence, expression (2.3) and (£, A)-compatibility
of My imply that p,, » =0, so mr reduces to

mr=mor +m o Xy + mypa,r+-+ Mg_10% Xj_y + Mp—1 Pay_y,r-

Again, since Ic(mr) = my_10%-1(r) = 0, from Z-compatibility of My we can assert that my_,r =
0. In this way, expression (2.3) and (Z, A)-compatibility of Mg imply that p,, , =0, so mr takes
the form

mr =mor +m o (NX1+mipa,r+-+Mp_20" 2 Xp_o + Mx_2Par_y,r-

Continuing in this way we can show that myr = my_,r =--- = myr = myr = 0, which concludes
the proof. O
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Next proposition extends [Ann04], Lemma 2.2.

PROPOSITION 2.9. Let A= 0(R){xXy,...,Xn) be a skew PBW extension. If Mg is a (X, A)-compatible
right R-module, then M(X)p is (X, A)-compatible.

Proof. Consider the elements r € R and m = mg + m; X1 + -+ mi Xy € M(X) 4. We have

mr = (mo+m Xy +---+mXr

=mor+m Xqr+---+mpXir 2.4)
=mor+my (@ (X1 + pa,,r) +- -+ Mm@ (1) X + Pay.r) '

=mor + mo® (r) Xy + mypa,,r+ -+ Mo (1) Xy + Mg Pag,rs

where a; = exp(X;), pa,,r =0, o1, deg(pq,,r) <la;lif po, r # 0, for every i. First we assume
that mr = 0. Proposition 2.8 guarantees that for every 0 < i < k, m;r = 0. Using that My is
(Z,A)-compatible, we obtain that m;0% (r) = 0 and pg,,, = 0, for every 0 < i < k. Therefore,
using a similar reasoning as above with the scalar a?(r) or 69 (r) instead of r shows that we can
see ma? (r) = mé?(r) = 0, for every 6 e N".

Now, we prove that if mo?(r) = 0, then mr = 0, for € N”. For this, we assume that mao? (r) =
0. Proposition 2.8 implies that mjae(r) =0, for each 0 < j < k. So, by Z-compatibility of Mg,
we obtain m;r = 0. Again, using a similar reasoning, we have mr = 0. Thus we conclude that
M(X) 4 is (£, A)-compatible. O

The next proposition extends [Ann04], Lemma 2.3, making use of the (X, A)-compatibility.

PROPOSITION 2.10. Consider a ring R with a family of endomorphisms X and a family of Z-
derivations A. If My is a (£, A)-compatible right R-module, then for allme M,r € R, and 0 e N",
we have

Ann(mr) = Anng(ma® (r)) € Anng(md® (r)).

Proof. Let a € R such that mo?(r)a = 0 with 8 € N". By Z-compatibility of Mz we have
ma? (r)aP(a) =0, for every f € N”. In particular, if we take 6 = §, then ma®(na?(a) = mo®(ra) =
0, and hence mra = 0 because My is X-compatible. Conversely, if a € Ann(mr), then mra =0,
and since My is Z-compatible, ma? (ra) = 0 for every 6 € N”, and so, ma? (r)a? (a) = 0, whence
ma®(ra=0, by the X-compatibility of Mp.

With the aim of showing Ann(mr) < AnnR(még(r)), we take a € Ann(mr). Then mra =0,
and using the Proposition 22 (2) we have that md?(r)a = 0, for 6 € N”. Thus a € Anng(mé? (r)).
O

Propositions 2.11 and 2.12 extend [Ann04], Lemma 2.4 and 2.5, respectively.

PROPOSITION 2.11. Let A= 0 (R){xy,...,Xn) and P4 an A-module. If My is a R-submodule of P4



CHAPTER 2. ASSOCIATED PRIME IDEALS OVER SPBW AND SPBW OVER WEAK Z-RIGID RINGS 29

and Pg is a (£, A)-compatible R-module, then

RNAnn(Mp - Ax) = Ann(Mg).

Proof. First we prove that RN Ann(Mpg - A4) 2 Ann(Mp). For this, suppose r € R such that
Mgr =0, g€ Mg and m=bx;"---xp" = bx® € Aa, with @ = (y,..., @,). With the aim of proving
that gmr =0, due to Proposition (2.3) we have

gmr = q(bx®r)
Ay , . .
)3 xﬁ"‘fan(af[l(r))x{[l)

— a e Ap-1
=qblxy” - x, ") (
Jj=1

Ap-1 . . .
a Ap—2 ap-1—j j-1, «a j-1]  «a
Xy x, (21 x," TOn-1(0y,_ (05" (1) Xp, )xn”
j:

n n-2 n-1 n-2

Ap—2 . . .

a ap- Ap—2—] J-1, _a,- a Jj-1) au .«

+x; X 233( Y xS 8 na(a) (0 @y (1) x )xnﬁllxn”
j=1

a2 . . .
a ar— -1, «a a a -1 a3 .« Apoq A
+~-+x11(2x22 18, (0 @5 0 (- (@ () 2] )x33x44---xnifxn"
j=1

0

+07' (037 (- (o Xy - xp"), 0

:=idg, for 1=j=n.

Since Mg is a submodule Pg, by the (X, A)-compatibility of Pgr, we have that Mg is (X, A)-
compatible. Thus, go?(r) = 0 and ¢&%(r) = 0, with 6 € N. So we have gmr =0.

Conversely, RNAnn(Mpg - A4) € Ann(Mpg). For this, let r € R, g € Mg and m € A4, such that
gmr =0. Since we have gm € Mp, then r € Ann(Mp), so the proof concludes. O

PROPOSITION 2.12. Let A = 0 (R){x1,...,Xp) and P, an A-module. If P, is an A-module prime
and Pg is X-compatible, then Py is prime.

Proof. Let Mg be a submodule of P with My # 0. The idea is to prove that Ann(Mg) = Ann(Pg).
We assume that Mgr = 0, for some r € R. By the previous proposition (Mg-As)r =0, so r
annihilates a nonzero A-submodule of P4. Since P4 is prime we have P,r = 0 and given
that Pgr < P4, we obtain Prr = 0. Conversely, we have Mr < Pr which implies Ann(Pg) <
Ann(Mpg). O

2.1.3 ANNIHILATOR-COMPLIANT OVER SKEW PBW EXTENSIONS

Our purpose below is to study the notion of annihilator-compliant over skew PBW extensions,
under the hypothesis that Mp is (£, A)-compatible. Therefore, we extend this notion introduced
by Annin [Ann04] for Ore extensions. The total order introduced in Remark 2.3 is used in what
follows.

DEFINITION 2.7. Let A =0 (R){xy,...,X,) and Mg a (£, A)-compatible right R-module. If we let
m = my X] +---+ my Xy an element of M(X) 4 of leading monomial X = x%¢, with X; > Xj_; >



CHAPTER 2. ASSOCIATED PRIME IDEALS OVER SPBW AND SPBW OVER WEAK Z-RIGID RINGS 30

---> Xj and leading coefficient my # 0, then m is called annihilator-compliant, if for each i < k,
we have Ann(m;) € Ann(m;).

Next, we extend Lemmas 3.1, 3.2 and 3.3 presented by Annin [Ann04] to the context of mod-
ules over skew PBW extensions. Suppose that the elements ¢; ; in Definition 2.1 are invertible.

PROPOSITION 2.13. Let A = o (R){x1,...,Xn) and Mg a Z-compatible right R-module. If m =
m Xy +--+mp X € M(X)4 with m # 0 then, there exists r € R such that mr is annihilator-
compliant.

Proof. Let us assume that the result is false. Let m = m; Xy + -+ + m; Xy € M(X) 4 of leading
monomial X = x%, with Xy > Xj;_; > --- > X]. Given that every monomial orden on Mon(A) is
a well order by Proposition 2.5, consider m as a counterexample the statement with minimal
leading monomial Xj. Since 1 € R then m1 = m is not annihilator-compliant. Hence, there exists
1 < i < k such that Ann(my) ;{ Ann(m;). Thus, there is r € R such that m;r = 0 but m;r # 0.
Since,

mr=(mX; +--+ kak)r
=mXqr+---+mpXgr
=m0 (NX1+ Pay,r) + -+ M@ (N Xi + Pay,r)

=m o (NX1+mipa,r+-+mpo® (N Xg + Mg Pay,rs

we have It(mr) = mo % (r) Xi. Given that mr = 0, due to the Z-compatibility of My, it follows
that mo % (r) = 0. Therefore, Im(mr) = 0, thus Im(mr) < X; with mr € M(X) 4. On the other
hand, since m;c% (r) # 0, by the Z-compatibility of Mg, we obtain m;r # 0, whence mr # 0.
Since, we assume that m is a polynomial with minimal leading monomial and mr has leading
monomial smaller than m, then there exists a € R such that mra is annihilator-compliant,
whence ra € R, but this is a contradiction, since we consider m was a counterexample. O

Next proposition shows us that any scalar multiple of the annihilator-compliant is also a
annihilator-compliant.

PROPOSITION 2.14. Let A = 0(R){x1,...,Xpn) and Mg a (£,A)-compatible right R-module. Let
m=my Xy +---+ mp Xy € M(X) o annihilator-compliant. If mr # 0, then for all r € R, it is still
annihilator-compliant.

Proof. Let m=m; X1 +---+ mi Xy € M(X) 4 with leading monomial Xj = x** such that X;. >
Xj—1 > -+--> X7 and assume that for r € R, mr # 0. We have that

mr=mXy+---+mpXp)r
=m Xqir+---+mpXgr
a P (2.5)
=mi (@™ (N X1+ pay,r) + -+ mp(0™ (N Xk + Pay.,r)

=mo® (NXy+ mypa,,r+--+ Mo (1) Xg + MgPa,,r»

where a; = exp(X;), pa,,r =0, or, deg(pq,,r) <la;lif pq, r # 0, for every i. We have lt(mr) =
myo % (r) Xy and lc(mr) = mpo® (r) which must be nonzero. Since mo%(r) = 0, by the X-
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compatibility of M we have m;r = 0, and since that m is annihilator-compliant, we obtain
m;r =0, for all i, and the Proposition 2.8 implies that mr = 0. So Ic(mr) = mpa®(r).

From expression (2.5) we know that for each 1 < i < k, the coefficients of mr are composed
for m;o® (r) and m; pg,,,. The idea is to show that for a € R with mo % (r)a = 0 then a kills these
coefficients. Let us assume that mo % (r)a = 0. By the Z-compatibility of Mr and Proposition
2.11, we can assert that myra = 0. Using that m is annihilator-compliant for 1 < i < k, we have
m;ra = 0 and by the Z-compatibility of My and Proposition 2.11, m;c% (r)a = 0. In this way,
from the expresion (2.5), by (£, A)-compatibility of Mz and Proposition 2.11, m;pg, » = 0. Again,
the Proposition 2.11, for each i, concludes the proof. O

PROPOSITION 2.15. Let A = 0 (R){x1,...,X,) and Mg a Z-compatible right R-module. Let m =
mo +my Xy + -+ m Xy € M(X) 4 be an annihilator-compliant polynomial andlc(m) = my # 0.
Consider the set 98 := Ann(myRg). We have

Ann(mA,) = B(X) a.

Proof. First, we prove that 8(X) < Ann(mA,). For this, let g€ #B(X) with g=ap+ a1 7 +
o+ arYy, Yy > Y > o> Y and lc(g) #0. Then myRaj = 0 for all 1 < j < ¢, and by Z-
compatibility of Mg, we have mpa®(Ra i) = 0. Hence, m is a annihilator-compliant polynomial,
mio% (Ra;) =0, forall 1< j<rand1<i<k, and therefore m;Ra; =0, for every i, j. Now, let
h=ho+h; Xj+---+h; X; € Ag, with h # 0 such that mh € mA4. We consider a term of mhg like
(m; X;)(hqXg)(a;Y;). With this aim, consider the product

(m; X)) (hgXa)(a;Yj) = mio“ (hg) (U“f(a"d(aj))Xi + pak,a"d(aj)) XaY;
+ miaak(hd)Xl' pad,aj Y] + mipai,hdaad (a])Xd Y]

+MiPa;,hyPaga;Yj-

The terms that arise consist of products of the m; Rg with several evaluarion of a; in ¢’s and 6’s
depending of the coordinates of «;. Then, these terms must be zero since a; kills m; Rg. Thus,
geAnn(mAy).

Conversely, Ann(mA,4) € 9B(X), suppose that the inclusion fails. Let g € Ann(mA4)\%B(X)
writing as before, whence mAg = 0. Following Definition 2.3, we can fix a monomial order
on Mon(A), with X; > X;_; > --- > X) and given that every monomial orden on Mon(A4) is a
well order, suppose that g is an element of Ann(mA,4) of minimal leading monomial Y, = x%:.
Consider the product

(mog+m Xy +---+ kak)A(ao+a1 Yi+---+a/Y)=0,

in particular, if we only take coefficients in R, we have consider the product (m +m; X; +--- +
miXg)R(ap+ a1 Y1 +---+ a; Yy) = 0. Since for any r € R using the Proposition 2.2, then
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O=(moy+m Xs+---+m Xp)r(ap+a Y1 +---+a;Yy)
=morag+mora Y1 +---+mora; Y +mXqrag+mXira Y1 +---+m Xyras Y
-t mp Xgrag+ mpXgrar Yy + -+ mp Xgray Yy
=morag+moray Yy +---+ mora; Yy + myo® (rag) Xy + mi pa,,ra, + 1o (ra)) X; 1
+Mipayra Y1+ +mo® (ra)XaYe+- -+ mipa, ra, Yo+ - + mpo® (rag) X
+ My Payra, + Mk (ra) X Y1+ mepagra, Y1+ + Mo (rag) Xi Ye + MePagra, Ve
=morag+mora1 Yy +---+mora; Y + mo® (rag) X; + miPa,,ra

+mpo® (ral)cm,ﬁlx"‘ﬁﬁ1

o
+nmyo 1(T6l1)l9a1,ﬁ1 +mipPa,,ra, Y1
+otmo® (ragdy, g, x5+ mo® (ray) +ooet Y,
1 t al,ﬁl 10- rat pal,ﬁl mlpa’l,r(l, t
+
4ot ka'ak(rao)Xk + My Pay,ra, + mkaak(ral)dak,ﬁl x%k pr + mkUak(ral)Pock,ﬁ]

+
+MgPag,ra Y1+ + mpo ™ (rap)dy, g, x* Pe mo*(rap) pa, g, + MiPay,ra, Yr-

We can see that the leading coefficient of this product is mo®* (ra;)d,, g, = 0, whence
we obtain myo% (ra;) =0, and so myra; =0, for all r € R, because My, is Z-compatible. Now,
since m is annihilator-compliant, whence m;ra; =0, for all r € R and each 1 < i < k. Again,
using Proposition 2.11 we have to mAa; = 0. In addition, consider f = a; Y1 +--- + a;—1 Y;—; with
Im(f) < Yy, then

(mop+m Xy +---+ kak)A(dl Yi+-+ar1Y-1) = mAf =0,

so that, f € Ann(mAj,). But since myra; =0 for all r € R, a; € 2. Thus, f ¢ %(X), whichis a
contradiction since g has a leading minimial monomial. O

The following result presents a characterization of the annihilator-compliant that extends
Corollary 3.1 presented by Annin in [Ann04].

COROLLARY 2.16. Let A = g (R){(xy,...,Xn) and Mg a Z-compatible right R-module. Let m =
my Xy + -+ mp Xy € M(X) 4 with Xy > Xp—1 > --- > X1 and leading monomial X;. = x*. Then
m is annihilator-compliant polynomial if, and only if, for all f € mA, < M(X) 4, we have that
lm(f) > Xk.

Proof. First assume that m is annihilator-compliant. Due to Proposition 2.14, for all r € R, mr is
annihilator-compliant with Im(mr) = Xi. Letg=r Y1 +---+r,Y, € Apwith Y, <Y, 1 <--- <1
and mg # 0. Then

mg = (mX;p+---+ kak)(rlYl +---+ erp),

which implies that 1t(mg) = m X r,Y,, whence using Proposition 2.2 we have,
It(mg) = Mo (rp) Xk Yp = mia ™ (rp)da,, p, X7 + pa g,

thus, Im(mg) < Xj.
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For the converse, consider m a polinomial in M (X) 4 that is not annihilator-compliant. Then,
Ann(my) gZ Ann(m;), i.e., there exists r € R such that m;.r = 0 # m;r. From this, we have mr #0
with It(mr) < Xj. O

2.1.4 MAIN RESULT

At this point, we establish the main result of this section making use of the previous results. This
result generalizes [Ann04], Theorem 2.1.

THEOREM 2.17. Let A be a skew PBW extension of R and Mg a right R-module. Let 2 be a family
of endomorphisms and A a family of Z-derivations. If Mg is (Z, A)-compatible, then

ASS(M(X) 4) = {P{(X) : P € Ass(MR)}

Proof. With the aim of establishing the desired equality, we proof the two implications.

* We first prove the opposite implication, that is, Ass(M(X) 4) 2 {P(X) : P € Ass(Mp)}. For
this, suppose that P € Ass(Mg), and find a prime submodule N € Mg with P = Ann(Ng).
We must proof that for a submodule prime N(X) 4 € M(X) 4, then

P(X) =Ann(N(X) 4). (2.6)
We start proving (2.6).
Consider the elements m=m; X1 +---+ m; X, € N(X)pand g=b, Y, +---+ b;Y; € A. First
assume that g € P(X), so that m;b; = 0, for all j,i. Thus, by Proposition 2.8, mb; = 0
for every 1 < i < I, whence we have mg = 0, and thus g € Ann(IN(X) 4). On the other

hand, assume that g ¢ P(X), so, for some 1 < j <[, we have b; ¢ P. Then there exists
u=aXy+---+a;X; € Ngpwith ubj # 0. Given that,

ug = (a1X1+~--+atXt)(b1Y1+---+blYl)

t+1
= Z( 2. aiXibjY;

k=1\i+j=k

where each

a; a; B a; a; i
a; X; b] Y] =a;o t(b])x zxﬁ] +a; pail'g?zig (._.(U?’in b)) Xy 2, .xnm xﬁ]
i . . @iz, 4 Fin B

T aAiXy Pgy ol olinnXs X X

. Ol @iz in-2) . Qin ﬁj
+ +6l,x1 x2 xi(n_z)paim_n’a.;’:nxn X
it Bt Bj
+ a,xl xi(n_l) pam,bjx .

We have that ug # 0, so g ¢ Ann(N(X) 4), as desired. Therefore, P(X) = Ann(N(X) 4).
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Now we have to prove that N(X) 4 is prime. From definition of module prime, if N(X) 4
is prime then Ann(N(X) 4) is constant across all nonzero submodule of N(X) 4. We must
see that Ann(m - Aa) = Ann(IN(X) 4) = P(X).

The inclusion opposite follows because P(X) = Ann(N(X) 4) and m- A, is a submodule of
N{(X) 4, whence Ann(IN(X) 4) = P(X) S Ann(m- A4).

Thinking in the opposite inclusion, suppose this fails. Thus, there exists f € Ann(m- A,)
with 0 # f = a1 X1 + - + am X, such that f ¢ P(X). Since f € Ann(m - A4) we have that
mAaf =0. Following Remark 2.3 part (ii), we have fixing a monomial order on Mon(A),
with X, > X;,—1 > --- > X and given that every monomial orden on Mon(A) is a well order,
suppose that f is an element of Ann(m- A4) of minimal leading monomial X, = x%m

Now, suppose that a,, € P. Thus, given that f' = ap+ a; X1 + - + am-1 Xm-1 ¢ P(X), and
since a;;, X, € P(X) SAnn(m- Ax), we have mA 4 f' = 0. We get Im(f’) < X,,, but this is a
contradiction since f has aleading minimal monomial.

Continuing with the same argument and given this contradiction, one must assume then
am ¢ P. Following Remark 2.3, let lc(m) = m; with m; # 0. Since, by hypothesis N is
module prime, then Ann(m;Rg) = P. Hence, there exists r € R such that m;ra,, # 0. By
the X-compatibility of My and since Ngr € Mg, then mtae(ram) # 0, for 6 € N". From
Proposition 2.2 we have

mr=mor +mXqir+---+my (o (r)x* + pa,r),

where pg, r =0 ordeg(pg,,r) <la:lif pqa,,r #0. So that,

mrf=(mor+mXir+---+mc® () x% + pqg, )@+ ar Xy +-+ amXm)

=morag+---+mXirar Xy +---+ ma® (ram) X, Xm + MPa, ra,»

where m;pq,,ra,, =0 0rdeg(pq, ) <la;+anlif m;pq, rq, #0, which implies that
m;o % (ram) X Xm # 0, and hence we have lt(mr f) # 0, which contradicts the statement
that mA f = 0. This completes the proof.

Let us see the other inclusion. Let I € Ass(M(X) 4), then for a A-module prime P4 € M(X) 4
we have I = Ann(P,). Now, we choose m’ € P, with m’ # 0. By Lemma 2.13, we have that
m'r for r € R is annihilator-compliant. Consider the element m'r = m = m; Xy +--- +
m; X; € P4. By Definition 2.3, let Ic(m) = m; with m; # 0.

Let Qg := mRg and we have that QA4 € P,4. Since, P4 is submodule prime then I =
Ann(P,) = Ann(QAj,). Now, since My is X-compatible then M(X)y is Z-compatible (for
Proposition 2.9), thus Pg and Qg they are also Z-compatible since they are submodules of
M({X)g. By Proposition 2.12, we have that Pr and Qg are primes.

From Proposition 2.11, we have that RN Ann(QgrA4) = Ann(Qg), and since I = Ann(QA,)
then RN I =Ann(Qg). Now, we have that I = Ann(QA,4) = Ann((mRg)Aa) = Ann(mAy),
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by Proposition 2.15 Ann(mA,4) = B(X) 4 = Ann(m;Rr)(X) a.

Since that I € Ass(M(X) 4), we need to see that I = (I n R){(X). For this, we know that
I = Ann(mA,) = Ann(miRg){X) 4, and we must see that Ann(m;Rr) = Ann(mAs) NR.
This has been given that for r € (Ann(mA4) N R). Thus by Proposition 2.11, in particular
r € Ann(m), i.e., mr = 0 by Z-compatibility of M and Proposition 2.8 then m;r =0, for
all 1 =i <k, and so r € Ann(myRg). Now, given that m is annihilator-compliant then
Ann(my) € Ann(m;), thus for r € Ann(myRg) then r € Ann(m;Rr) which implies that
re€ Ann(mA,) NR.

With the aim of finishing the proof, given that Rn I = Ann(Qg) implies that RN I = Ass(Qg)
(whence, Qp is prime), consider the product mr for r € R, we can defined an embedding
Qr — Mg with mr — myr. We deduce that I N R € Ass(Qr) < Ass(Mg) and since I =
(InR)(X), we get the desired result.

2.1.5 EXAMPLES

We present remarkable examples of skew PBW extensions over (£, A)-compatible rings that
illustrate the Theorem 2.17. A detailed description of each one of these rings as a skew PBW
extension, can be found in [LR14], [RS17a] and [RS17c]. Throughout this part, the letter k
denotes a field.

1. Weyl algebra. The first Weyl algebra A; (k) over k is defined to be the k-algebra generated
by the indeterminates x, y subject to the relation yx = xy + 1. The nth Weyl algebra A, (k)
over k is the k-algebra generated by the 2n indeterminates x1,...,x,, y1,..., yn» where

Xjxi=XiXj, YjYi=YiVj 1<i,j=n,
VjXi=x;yj+06;j, 0;jistheKroneckerdelta, 1<i,j=<n.

This algebra is also known as the first quantum algebra. We can identify that
R:=klxy,...,xpl; X:={y1,...,¥nb

2:={0;:R—R|o;(xj):=xj,and 1 =i < n},
and
A:={0;:R—R| 1<i<n}

such that
1, if i=j
5l(xf)'_{ 0, if i#]

Firts, we have that A, (k) = o(klxy,...,xs]){}1,..., yn) (see [LR14], Section 3.1). Also, we
take Mp := R, thus, M is (£, A)-compatible because for m, g € Mg we have that mo(q) =
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mq=0<= mq=0and if mg=0then md(q)=0.

Now, using the Proposition 1.4 for Mr we have that Ass(Mp) = {0} and therefore applying
Theorem 2.17 we conclude that Ass(M{(X) 4) = {0}.

2. [Gall5], Example 6.5.4 Let A be a skew PBW extension with A = o (Q)(x, y), where yx =
xy+ x. Gallego in her work obtained a module over A for calculation with Grobner basis.
She defined s; := (0,—y+1,x,0), 52 := (-x),1,0, y—1) and s3 := (xy*> +2xy,-y—1,0,1—?).
Thus, she obtained the following module A*/(s1, 52, s3). For our case, we consider

R:=Q; X:={x1:=X,X2:=y}; Mp:=A*/(s1,52,53);

Y:={0;:R—R|oij(q):==q; ge Rand1<i<2land A:={§;:R— R|J;(q):=0; g€
Rand 1 =i <2}. Thus, Mg is (X,A)-compatible because o is the identity application and
6 is the zero application. Therefore, Proposition 2.17 applies.

3. Dispin algebra %/ (osp(1,2)). This k-algebra is generated by the variables x, y, z subjected
to therelations yz—zy = z, zx+xz =y, xy—yx = x. Itis a 3-dimensional skew polynomial
algebra (see [RS17c], Example 5.1). This example cannot be applied to Annin’s main result,
as it is not an Ore extension. The aforementioned algebra is a skew PBW extension over
the field k generated by three indeterminates x, y and z. If we consider R :=k; X :=
{x,y,2; Mp:=R;Z:={0j:R—R|0j:=i,1<j<3} and A:={6;:R—R|6;:=0,1=
j <3}, then My is (£, A)-compatible. Therefore, Proposition 2.17 implies that the set of
associated prime ideals consists of the zero prime ideal.

2.2 ASSOCIATED PRIME IDEALS OF SKEW PBW EXTENSIONS OVER WEAK
2 -RIGID RINGS

In Section 1.3.3 we consider some properties of weak o -rigid rings. Now we present an extension
of these rings which have been characterized by several works (c.f. [RS16], [RS19b], [NR17] and
[RS17b]).

2.2.1 Z-RIGID RINGS AND WEAK Z-RIGID RINGS

We start by presenting the definition of an extension of o-rigid and weak o -rigid rings.

DEFINITION 2.8 ([REY15], DEFINITION 3.2). Let B be aring and X a finite family of endomor-
phisms of B. X is called a rigid endomorphisms family, if ra*(r) = 0 implies r =0, where r € B
and a¢ € N". Aring B is said to be X-rigid, if there exists a rigid endomorphisms finite family ~ of
B.

It should be noted that if Z is a finite family of endomorphisms rigid, then every element
o; € ¥ is a monomorphism. In fact, Z-rigid rings are reduced rings: if B is a X-rigid ring and
r2 =0 for r € B, then 0 = ra®(r?)o% (0% (r)) = ra®(r)o®(r)o® (0% (r)) = ro®(r)o®(ro®(r)), i.e.,
ro%(r)=0andso r =0, that s, B is reduced.
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From [RS18a], Proposition 3.4 and Example 3.6, we can see that X-rigid rings are strictly
contained in (£, A)-compatible rings. Nevertheless, the next proposition shows the importance
of reduced rings in the equivalence of both families of rings.

PROPOSITION 2.18 ([HKA17], LEMMA 3.5; [RS18A], THEOREM 3.9). If A= 0(R){x1,..., Xp) IS
a skew PBW extension, then the following statements are equivalent: (1) R is reduced and (Z,A) -
compatible. (2) R is X-rigid. (3) A is reduced.

Now, we present the following definition which extends X-rigid rings.

DEFINITION 2.9 ([RS18A], DEFINITION 3.2). Let X = {0y,...,0,} and A = {dy,...,0,,} be a family
of endomorphisms and X-derivations of a ring R, respectively. R is called a weak Z-rigid ring, if
ao?(a) € N(R) & a € N(R), for each element a € R and every 6 € N”.

REMARK 13. 2-rigid ring and weak Z-rigid rings have been studied in several works by obtaining
important results in algebra research. We can found these results in [RS19a], [RS16], [RS17b],
[RS18c], [RR19] and [NR17].

In Krempa [Kre96], Theorem 3.3, Krempa proved that if ¢ is a monomorphism of B, then
the Ore extension B[x;o,6] is reduced if and only if B is reduced and o-rigid. Even more, Reyes
[Reyl15], proved the following generalization of this fact which be useful in this work.

PROPOSITION 2.19 ([REY15], PROPOSITION 3.5). Let A be a bijective skew PBW extension over
aring R. Then R is Z-rigid ring if, and only if, A is a reduced ring. In this case, ex® = x%e, for every
aeNande=e’€R.

The next theorem gives conditions for an equivalence between the notions of 2-rigid rings
and weak Z-rigid rings.

PROPOSITION 2.20 ([RS18B], THEOREM 3.4). LetX ={0},...,0,} and A = {61,...,0,} be a fam-
ily of endomorphisms and X -derivations of R, respectively. R is X-rigid if and only if R is weak
X -rigid and reduced.

Proof. We follow the proof presented by Reyes and Suarez [RS18b]. Suppose that R is Z-rigid.
As we saw above, R is reduced. Let us see that R is weak Z-rigid. If a € Nil(R), then a = 0, since
R is reduced, whence ac? (@) =0 ¢ Nil(R), for all @ e N” and 1 < i < n. Now, if ad?(a) e Nil(R),
for a € R and every 6 € N, then ao?(a) = 0, for all § € N”, since R is reduced, and hence a =0
because R is Z-rigid. Then R is weak Z-rigid and reduced. Conversely, suppose that R is weak
2-rigid and reduced, and let ac?(a) =0, for ae R and 6 € N". Then a € Nil(R), since R is weak
2-rigid, and so a = 0 because R is reduced. Therefore R is Z-rigid. O

With the example taken from Ouyang [Ouy08], Example 1.8, we can see that every weak
X-rigid ring is not always a Z-rigid ring. The following rings are examples of X-rigid rings:

ExXAMPLE 2.2. 1. Every PBW extension A of a ring R such that the coefficients commute with
the variables.

2. The algebra of partial differential operators and the algebra of linear differential operators
(see [LR14]).
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3. Multiplicative analogue of Weyl algebra: Let k be a field. It is the algebra over k, denoted
0n(A;j;) which is generated by x,..., x, with the relations x;x; = Aj;x;xj,1<i<j<n,
with A’jl' € k\{0}.

4. The Woronowicz algebra #/,(s(3(C)); the q-Heisenberg algebra H,,(g); the Hayashi algebra
Wy (J) (see [LR14]).

5. Lie-deformed Heisenberg: This C-algebra is defined by the commutation relation

qi(L+idj)pe—pr(1—idjr)q; = ihd ji
[q]r Qk] = [P]; pk] = O) j,k: 1’2)37

where ¢, p; are the position and momentum operators, and A ji = A6 jk, with Ay real
parameters. If A jk = 0 one recovers the usual Heisenberg algebra (see [RS17a]).

2.2.2 MAIN RESULT

In this section we generalize the results presented by Bhat ([Bha09] and [Bhal0a]), from Ore
extensions R[x;0,d] with o be an endomorphism to skew PBW extensions. The results below
were made out together with Arturo Nifio, D.Sc. student. He contributed to the development of
the proofs that characterize the associated prime ideals.

Throughout this section the notation presented in the Section 1.3.4 is employed. We use the
same line of reasoning that the one used in Theorem 2.1 of Bhat in [Bhal0a] to formulate the
following proposition, which gives neccesary conditions for a Noetherian ring R to be a weak
2-rigid ring.

REMARK 14. In the following propositions is necessary that R be an algebra over Q, because the
results previous to the main theorem require the construction of an automorphism as a power
series, see [Bha09], Lemma 2.1.

PROPOSITION 2.21. Let R be a 2-primal right Noetherian ring which is also an algebra over Q.
IfZ ={01,092,...,0,} is a family of automorphisms of R such that R is a weak Z-rigid ring and
A =1{61,...,0,} is a family of -derivations of R, then *(U) = U and 6*(U) c U, for all @ e N"
and U € MinSpec(R).

Proof. This assertion is a direct consequence of Proposition 1.20. By hypothesis, R is weak
2-rigid, but this implies that R is weak o;-rigid, for each 1 < i < n. By Bhat [Bhal0a], Proposition
22,0;(U)=Uandé;(U)cUforalll <i<nand U e MinSpec(R). An iterative argument gives
us that 0% (U) = U and 6*(U) c U, for all @ € N" and U € MinSpec(R). O

The next proposition is a consequence of Bhat in [Bha09], Lemma 2.6.

PROPOSITION 2.22. Let R be a Noetherian ring which is also an algebra over Q, £ = {071,...,0,}
be a family of automorphisms of R and A = {61, ...,6,} be a family of -derivations of R such that
0','(6]'(61)) =6j(oi(a), forallae Rand1 < i, j < n. If U € MinSpec(R) with o%U) =U, forall
aeN", then6*(U) c U.
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Proof. Leta = (ay,...,a,) €N. Since 0 (U) = U, for all 6 € N and U € MinSpec(R), we have that
o;(U) =U forall 1 <i < n. Using Lemma 2.6 of Bhat [Bha09], we have that 6;(U) c U for all
1 < i < n. Again, using an iterative argument we can conclude that 6% (U) c U foreach 1 < i < n,
even more, the same iterative argument proves that 6% (U) < U, which is what we wanted to
prove. O

In what follows, we denote
n
UA:=3Y u;iXilu;eU forevery0<i<npg,
i=0
where A is a skew PBW extension of aring R and U € R.

Now, we present some results which extend the theorems formulated in [BhalOa]. The total
order introduced in Definition 2.4 is used in what follows.

We start with the following theorem which generalizes [BhalOa], Theorem 2.6.

THEOREM 2.23. Let R be a reduced right Noetherian ring which is also an algebra over Q. If
2 ={01,...,0,} is a family of automorphisms such that R is a weak %-rigid ring and A =
o (R){x1,...,Xn) is a bijective skew PBW extension over R, then P € Ass(A,) if and only if there
exists U € Ass(Rg) such that ( PNR)A=PandPNnR=U.

Proof. From [LR14], Corollary 2.4, we know that A is right Noetherian. Let P € Ass(A,). If Ais a
right module over a right Noetherian ring, then Ass(A 4) equals the set of assassinators of uniform
submodules of A ([GW04],(5Y)), i.e., Ass(A4) = A(A4). In this way, there exists an ideal I of A4
such that [ is uniform as a right A-module and P = Ann(I) = Assas([/). Fixing a monomial order
on Mon(A), consider 0 # f = m; X1 +---+ m:X; an element of I of minimal leading monomial
X = x%, with X; > Xy > --- > X; and lc(f) = m;. Let U = Ann(m;R) = Assas(m;R). Since
R is right Noetherian, we have Ass(Rg) = A(Rg). Since R is a semiprime ring, we know that
U € MinSpec(R) ([MRO1], Proposition (2.2.14)). In consequence, Proposition 2.21 guarantees
that 0%(U) = U and §%(U) c U, for all @ € N"*, whence we conclude that UA is an ideal of A. The
idea is to show that fU = 0. For this, let r € U. By Proposition 2.3 we have

fr=mor+mXqr+---+my@* ()X + pa,,r),

where pg,r = 0 or deg(pq,,r) <la;lif pq,r #0. Since 0% (r) € U, we have m;c% (r) = 0, thus
Im(fr) < X;, but this implies that fr =0 given that fr € I and f has minimal leading monomial.
Therefore (fA)U < (fU)A=0, so U < Ann(fU) = Assas(l) = Ass(I) = P, whereby U < PN R. On
the other hand, it is clear that Pn R < U. Therefore U = PN R.

Conversely, let us take U = Ann(cR) = Assas(cR) with ¢ € R. Again, Ass(Rgr) = A(RRg) given
that R is Noetherian and semiprime, we have that U € MinSpec(R). Proposition 2.21 implies that
0%(U) =U and 6%(U) < U since R is a weak X-rigid ring, so U A is an ideal of A. Our purpose is
to prove that UA = Ann(ch A) = Assas(chA) for all h € A, this would imply that UA = Assas(cA),
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i.e.,, UAis an associated ideal of A. For this, we are going to verify that if f € UA, then fc=0,
which implies that f(chA) = (fc)(hA)=0forall he A. Let f =ap+ a1 X; +---+ a; X; € UA, then

fe=(ap+a X1 +---+a;Xs)c
=apc+mXic+---+asX.c

=apc+ (a0 ()X + pa,c) + -+ (a0 () X" + pa,,c)

Since 0% (U) = U, for all 1 < i < t, there exists u; € U such that 0% (u;) = a;, forall1<i<t,so
a;g%(c)=c% (u;)a% (c) =% (u;c) =0,forall 1 <i < t given that U = Ann(cR). Analogously, the
same argument can be used to conclude that p,, =0, forall1 <i < ¢, since 6*(U) < U = o*(U),
for all @« € N". Then, fc =0 and therefore UA < Assas(cA). Now, since R is a reduced weak
2-rigid ring, then R is a Z-rigid ring (Proposition 2.20), but A is a bijective skew PBW extension
of R, Proposition 2.19 allows us to say that A is a reduced ring, thus A is a semiprime ring
and by [MRO01], Proposition (2.2.14), Ann(cA) is a minimal prime ideal. This last fact implies
that Assas(cA) = Ann(cA) € UA. Therefore we conclude that UA = Assas(cA), i.e., UA is an
associated prime ideal of A. O

The following theorem generalizes [Bhal0Oa], Theorem 2.10.

THEOREM 2.24. Let R be a right Noetherian ring which is also an algebra over Q, Z = {0,...,0}
be a set of automorphisms and A = {61,...,6,} be a set of Z-derivations such that o;(6 j(a)) =
bjloi(a), forallae Rand1<i,j<nando;(U)=U, forallU € A(Rg) and every1 < i < n. Then
P e Ass(A,) if and only if there exists U € Ass(Rg) such thatP =UAand PNnR=1U.

Proof. We know that A is a right Noetherian ring by [LR14], Corollary 2.4. Let J € Ass(A ), if
A is a right module over a right Noetherian ring, then Ass(A4) equals the set of assassinators
of uniform submodules of A ([GW04],(5Y)), i.e., Ass(A4) = A(A4). Let P = Ann(I) = Assas(I)
for some ideal I of A such that I is uniform as a right A-module. Again, we can choose f € I
an element of minimal leading monomial. Following the same line of reasoning used in the
proof of the Theorem 2, let us take U = Ann(a, R) = Assas(a, R). By hipothesis, ¢%(U) = U, so by
Proposition 2.3, §%(U) < U, which implies that UA is an ideal of U. Again, it can be seen that
fAU =0 and therefore PNnR=U.

Conversely let U = Ann(cR) = Assas(cR), ¢ € R. Again, since R is a Noetherian ring, we know
that Ass(Rr) = A(Rg). Our hypothesis is that o;(U) = U, for all 1 < i < n, so by Proposition 2.3
we have that §%(U) c U, for each a € N”. It can be seen that UA = Ann(ch A), for all h € A. Thus
UA = Assas(cA), i.e., UA is an associated ideal of A. O

REMARK 15. Theorem 2.24 can be llustrated with remarkable examples of PBW extensions
defined by Bell and Goodearl which satisfy the conditions of this theorem.



CONCLUSIONS AND FUTURE WORK

In carrying out this work, we have found that the results in commutative algebra on the associ-
ated prime ideals have no examples in the literature. We did a search for this and, surprisingly,
neither in the main works as those of [BH74] and [Fai00] nor in the works that use their results
do we find illustrative examples of this theory. It is a pending task to find examples in the
commutative and noncommutative case that illustrate the results obtained in this work since
the characterization of the associated prime ideals of the polynomial module is not a simple
task.

Now, as a possible future work concerning associated primes over skew PBW extensions, we
have in mind the work developed by Nordstrom in [Nor05] and [Nor12] where he characterized
the associated primes ideals over skew Laurent polynomial extension R[x; x~'; o] and the family
of noncommutative rings of generalized Weyl algebras. Also, having in mind the work realized
by Leroy and Matczuk in [LM04] where they consider the Goldie dimension of Ore extensions
with the aim of studying associated primes over these extensions, and since in [Rey14] Reyes
computed this dimension for skew PBW extensions, we think that a natural task is to generalize
the results established in [LM04], [Nor05] and [Nor12] to the context of skew PBW extensions.

Last, but not least, the weak compatible rings studied recently in [RS20] as a direct gen-
eralization the of compatible rings, are an object of interest in the study of different ring and
homological properties of noncommutative rings of polynomial type.
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