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Introduction

The Noncommutative differential geometry of our interest in this thesis corresponds to the
smooth geometry defined by Brzezinski and Sitarz [BS17]. Briefly, they defined one notion
of smoothness of algebras, termed differential smoothness due to the use of differential
graded algebras of a specified dimension that admits a noncommutative version of the
Hodge star isomorphism, which considers the existence of a top form in a differential
calculus over an algebra together with a string version of the Poincaré duality realized as
an isomorphism between complexes of differential and integral forms. This new notion of
smoothness is different and more constructive than others homological smoothness defined
previously in the literature [Gro64, Sch86, CQ95, SZ94, VdB10]. “The idea behind the
differential smoothness of algebras is rooted in the observation that a classical smooth
orientable manifold, in addition to de Rham complex of differential forms, admits also the
complex of integral forms isomorphic to the de Rham complex [Man97, Section 4.5]. The
de Rham differential can be understood as a special left connection, while the boundary
operator in the complex of integral forms is an example of a right connection” [BS17, p.
413].

Several authors (e.g. [Brzl5, Brz16, BEKL10, BL18, BS17, DV88, DVKM90, Karl5,
KL14, RS22]) have characterized the differential smoothness of algebras such as the quantum
two - and three - spheres, disc, plane, the noncommutative torus, the coordinate algebras of
the quantum group SU4(2), the noncommutative pillow algebra, the quantum cone algebras,
the quantum polynomial algebras, Hopf algebra domains of Gelfand-Kirillov dimension
two that are not PI, families of Ore extensions, some 3-dimensional skew polynomial
algebras, diffusion algebras in three generators, and noncommutative coordinate algebras
of deformations of several examples of classical orbifolds such as the pillow orbifold,
singular cones and lens spaces. An interesting fact is that some of these algebras are also
homologically smooth in the Van den Bergh’s sense.

With respect to our objects of interest, the semi-graded Artin-Schelter reqular algebras
were defined by Lezama [Lez21] as a generalization of the Artin-Schelter reqular algebras
introduced by Artin and Schelter [AS87]. The latter have been considered in the literature
as noncommutative analogues of commutative polynomial rings due to its important role in
noncommutative algebraic geometry (see the excellent treatments carried out by Bellami
et al. [BRS'16] and Rogalski [Rog24] for more details). The key difference between
semi-graded Artin-Schelter reqular algebras and Artin-Schelter reqular algebras is that the
former are defined on semi-graded rings (these also were defined by Lezama [LL17]) which
are precisely an extension of the classical Z-graded rings.

11



INTRODUCTION IV

Having in mind the facts above, our purpose in this thesis is to investigate the smooth
geometry of the semi-graded Artin-Schelter regular algebras. In this way, we contribute to
the research on the noncommutative (algebraic and differential) geometry of these algebras
that has been realized by some researchers [Art15, AT24, Cha22, CRR24, CR24a, CR24b,
FGL"20, Gall5, GL10, GL17, GS20, HHR20a, HKA17, Lez20, Lez21, LG19, LWZ19, LR20,
NR24, Rey19, RS16, Rub20, SRS23, TRS20]. Due to the Gorenstein condition in the defi-
nitions of Artin-Schelter regular algebras and semi-graded Artin-Schelter regular algebras,
we establish some related ideas with the aim of extending the Serre duality theorem for
noncommutative projective schemes on graded algebras to the setting of semi-graded
algebras.

On the structure of the thesis, this is not a classical monograph, but rather it is
based on a collection of papers. Chapter 1 presents definitions and preliminaries of Artin-
Schelter regular algebras, semi-graded rings, semi-graded Artin-Schelter regular algebras
and noncommutative differential geometry of algebras in order to set up notation and
terminology for the entire document. With the aim of showing their generality in areas
such as ring theory and noncommutative geometry, we include a non-exhaustive list of
noncommutative algebras that are particular examples of semi-graded rings or semi-graded
Artin-Schelter regular algebras. Chapters 2, 3, 4 and 5 contain the original results of
the thesis. There, we investigate the smooth geometry in the sense of Brzezinski of
bi-quadratic algebras on three generators having PBW basis, double extension regular
algebras of type (14641), diffusion algebras and skew Poincaré-Birkhoff-Witt extensions,
respectively. Finally, in Chapter 6 we present some ideas concerning the Serre duality for
noncommutative projective schemes in the setting of semi-graded rings.



INTRODUCTION A\

Notation
Symbol Meaning
N The set of natural numbers including zero
Z The ring of integer numbers
Q The field of rational numbers
R The field of real numbers
C The field of complex numbers
R Associative (not necessarily commutative) ring with
identity
R* The set of non-zero elements of the ring R
K Commutative ring with identity
k Field
Z(R) The center of R
Aut(R) The set of automorphisms of R
A™(R) n-Affine space over R
P™(R) n-Projective space over R
dimy (V) Dimension of V as a k-vectorial space
M;«c(R) Algebra of r x ¢ matrices with entries in R
L.(R) The set of lower triangular half-matrices of size
n X n with entries from R
(M)y; Entry of a matrix M in the position 1, j
R{x1,...,%xn} | Free algebra in the indeterminates x1,...,x, on R
Rlx1,y...,%n] | Commutative ring of polynomials in the indetermi-
nates X1,...,Xn on R

The word ring means an associative ring with identity not necessarily commutative.
All vector spaces and algebras (always associative and with unit) are over a fixed field k.
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CHAPTER 1

Definitions and preliminaries

In this chapter we present the algebraic structures of interest in this thesis: the semi-graded
Artin-Schelter reqular algebras.

With this aim, in Section 1.1 we start by recalling definitions and preliminaries on
Artin-Schelter reqular algebras introduced by Artin and Schelter [AS87]. Next, Section
1.2 contains definitions and some key properties of semi-graded rings, finitely semi-graded
rings, finitely semi-graded algebras and modules over these rings. We also present a non-
exhaustive list of examples of semi-graded rings with the aim of illustrating its generality.
In Section 1.3 we consider the notion of semi-graded Artin-Schelter reqular algebra, and
present some examples that illustrate the differences between Artin-Schelter reqular algebras
and semi-graded Artin-Schelter reqular algebra.

1.1 Artin-Schelter regular algebras

In the setting of noncommutative algebras appearing in noncommutative geometry, Artin-
Schelter regular algebras introduced by Artin and F. Schelter [AS87] as a class of three-
dimensional graded algebras may be regarded as noncommutative versions of the polynomial
ring in three indeterminates. These algebras have been extensively studied (for more details,
see the excellent surveys carried out by Bellamy et al. [BRST16] and Rogalski [Rog24]).

Definition 1.1. A k-algebra A is said finitely graded if the following conditions hold:
(i) A is N-graded, i.e., A =D, 5 An.
(ii) A is connected, that is, Ay = k.

(iii) A is finitely generated as k-algebra.

By definition, A>q = @n21 An.

Let A be a finitely graded k-algebra and M = @,,c; Mn be a Z-graded A-module
which is finitely generated. Then:
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(i) For every n € Z, we have that dimyM, < co.

(ii) The Hilbert series of A is defined by

ha(t) == Z (dimAy) t™.

n=0

Similarly, the Hilbert series of M is the formal Laurent series

A (t) =) (dimgMy) ™.
nez

(iii) The Gelfand-Kirillov dimension of A is defined by

GKdim(A) = supy 1i_>m log,, dim; V", (1.1.1)
n—oo
where V ranges over all frames of A and V" := g(vi---vy | v; € V) (recall that a

frame of A is a finite-dimensional k-subspace of A such that 1 € V; since A is a
k-algebra, then k — A, and so k is a frame of A of dimension one).

If M = @, cz Mn is an N-graded A-module and i € Z, then the graded module M(i)
defined by M(i)n := Miin is called a shift of M, i.e.

M(i) = P M(i)n = P Misn.

nez nez

Definition 1.2. An Artin-Schelter (AS, for short) reqular algebra is an N-graded algebra

A = @ A, over k which is connected (that is, Ag = k) and satisfies the following three
n>0

conditions:

(i) A has finite global dimension d, that is, gld(A) = d < 0.
(ii) A has polynomial growth, i.e., GKdim(A) < oo.

(iii) (Gorenstein condition) A is Gorenstein in the sense that

. 0 if i£d
Exty(ak, aA) =40 TP
k(Da, ifi=d,
for some shift 1 € Z. Equivalently,
. 0 if 1£d
Exth (kA =40 TP
Ak(l), ifi=4d,

for some shift 1 € Z [Rog24].

The following algebras show the importance of conditions in Definition 1.2.
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Example 1.1 ([Rog24, Examples 1.6 and 1.7]). o Let A =k{x,y}/(xy). Then A has
a k-basis consisting of words {xiyj [1,j > O}, as occurs for a polynomial ring in
two indeterminates k([x,y]. Notice that A has polynomial growth and the global
dimension of the algebra is two. However, A is not a domain, non-Noetherian, and A
is not Gorenstein, so condition (iii) above fails.

o Let A =k{x,y,z}/(x* +y? +z%). Then A is a graded domain with global dimension
two satisfying the Gorenstein property, having exponential growth, but A is non-
Noetherian.

Regular algebras of global dimension at most 2 are easy to classify and they share
properties similar to those of commutative polynomial rings. More exactly:

Proposition 1.1 ([Rog24, Examples 1.8 and 1.9]). (1) If A is a k-algebra which is reg-
ular of global dimension one, then A is the commutative polynomial ring in one
indeterminate, i.e. A = Kk[x].

(2) Let A be a regular algebra of global dimension two. Then either A = O4(k) =
k{x,y}/{yx — qxy), for some q € k* (Manin’s plane, also known as the Quantum
plane) or A = J (k) = k{x,y}/(yx — xy —y?) (Jordan’s plane [Jor01]). Recall that
these both algebras are not isomorphic [Shi05, Theorem 1.4].

Artin and Schelter’s work with the subsequent work of Artin, Tate, and Van den Bergh
[AS87, ATdB07, ATVdAB9I1, Ste96] allowed a complete classification of AS regular algebras
of global dimension 3 since these algebras have geometric interpretations related to point
schemes in projective space. Proposition 1.2 recalls this classification.

Proposition 1.2 ([BRST16, Lemma 2.3.1]). Let A be an AS regular algebra of global
dimension 3 which is generated in degree 1. Then exactly one of the following holds:

(1) A = k{ty, t2, t3}/(f1, 2, f3), where the f; have degree 2 for i = 1,2,3, and ha(t) =
1

(1-t)3~

(2) A =k{ty,t2}/(f1,f2), where the f; have degree 3 for i =1,2, and ha(t) = U—t);w

Notice that there are 13 types of non-isomorphic algebras for Proposition 1.2 (seven for
the first case and six for the second one). Based on the degree in which the relations occur,
we say that A is a quadratic regular algebra in the first case of Proposition 1.2, and that A
is cubic in the second case.

Remark 1. (i) From their definition, AS regular algebras are N-graded connected al-
gebras. In his PhD thesis, Gaddis [Gad13] extended the ideas developed for Artin-
Schelter regular algebra to algebras that are not necessarily graded. Briefly, given
an algebra A which is presented by generators and (not-necessarily homogeneous)
relations, Gaddis [Gad13] homogenized the relations to produce a new, graded al-
gebra, H(A), called the homogenization of A. In case H(A) is regular, Gaddis said
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that A is essentially regular [Gadl3, Definition 2.3.1]. In other words, an algebra
is essentially regular of dimension d if its homogenization is reqular of dimension
d+ 1. These algebras are also referred to as central extensions of a reqular algebra in
[CS07, BSAB96]. This is due to the fact that H(A) is regular if and only if G(A) is
regular [Gad13, Proposition 2.3.7]. Therefore, the study of regular homogenizations
is equivalent to the study of PBW deformations of regular algebras. Examples of this
kind of algebras include the quantum Weyl algebras and the enveloping algebra of
the two-dimensional nonabelian Lie algebra. Notice that if A is Noetherian, then it
has finite global and GK dimension [Gad16, Corollary 2.11] resembling AS regularity
properties.

The following classification of two-generated algebras gives us a full classification of
PBW deformations of AS regular algebras in global dimension two.

Proposition 1.3 ([Gadl3, Theorem 4.0.7]; [Gadl5, Theorem 1.1]). Suppose A =
k{x,y}/(f) where f is a polynomial of degree two. Then A is isomorphic to one of
the following algebras:

e Oq(k), f=xy—qux (q €k*);
e Al(k), f=xy—qux—1(q € k*) (Quantum Weyl algebra);
e Jlk), f=yx—xy—y%
e J1(k), f=yx—xy+y>+1 (Deformed Jordan plane);
e U(k), f =yx—xy+y (Universal enveloping algebra of a 2-d solvable Lie algebra);
e kx|, f =x*+y;
e Ra(k), f=x%
Ro 1(k), f=x>—1;
e Ryx(k), f =yx;
e Sk), f=yx—1.

Furthermore, the above algebras are pairwise nonisomorphic, except

1

Oq(k) = O 1(k) and Af(k) = A (k).

q-!

If A is a PBW deformation of an AS regular algebra of dimension two, then A is
isomorphic to one of the following: Oq(k), A? (k), 7 (k), 71 (k), U(k) [Gadl6, Corollary
2.13]. Notice that the list in Proposition 1.3 slightly contradicts that given by Smith
[Smi92] since S(k) and J7(k) both have GK-dimension two.

(ii) With the purpose of giving new examples of AS regular algebras, Lu et al. [LZ14,
LSZ15] defined the Zs-graded AS regular algebras and some results for the classifica-
tion of AS regular algebras of dimension five with two generators were proven.

The classification of AS regular algebras in higher global dimensions is an open and active
problem in the field. For instance, there has been an extensive research about AS regular
algebras of dimension four. Some examples of AS regular algebras of dimension four include
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graded regular Clifford and skew-Clifford algebras [CV10]; homogenization of the universal
enveloping algebra of s1(2), U(sl(2)) [LBS93]; deformations of the Sklyanin algebra [Sta94];
skew polynomial Tings in four variables, the quantum 2 x 2 matriz algebra [Van94], AS
reqular algebras with finitely many points, and AS regular algebras containing a commutative
quadric [Rub20, SV99, SV06, VVR97, VRV00, VRVW98]. Chapter 3 is dedicated to one
of the most important family of Artin-Schelter regular algebras of dimension four: double
Ore extensions, and in particular, double extension regular algebras of type (14641).

1.2 Semi-graded rings

Lezama and Latorre [LL17] introduced the semi-graded rings as a generalization of N-graded
rings and several families of noncommutative rings of polynomial type non-N-graded (not
in a trivial way). These rings extend several kinds of noncommutative rings of polynomial
type such as

o Ore extensions [Ore31, Ore33],

o ambiskew polynomial rings [Jor00],

o 3-dimensional skew polynomial rings [BS90, RS22, Ros95],

o bi-quadratic algebras on 3 generators with PBW bases [Bav23] (Chapter 2),
o double Ore extensions [ZZ08, ZZ09] (Chapter 3), and

o algebras appearing in mathematical physics, the diffusion algebras [IPR01, RS22]
(Chapter 4),

o families of differential operators generalizing Weyl algebras and universal enveloping
algebras of finite dimensional Lie algebras, the PBW extensions [BG88] (Chapter 5),

o skew PBW extensions [GL10, LR14] (Chapter 5), and

o other algebras having PBW bases [GM98, GM05, NR24].

A detailed list of examples of semi-graded rings and its relationships with other algebras
can be found in Fajardo et al. [FGL™20].

Definition 1.3 ([LL17, Definition 2.1]). Let R be a ring. R is said to be semi-graded (SG)
if there exists a collection {Rn}nez of subgroups of the additive group R* such that the
following conditions hold:

(i) R= @ Ry.
nez

(ii) For every m,n € Z we have that RmRn, € € Ry.
k<m+n

(iii) 1€ Ro.
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The collection {RyJnez is called a semi-graduation of R and the elements of R, are said
to be homogeneous of degree n. We say that R is positively semi-graded if R, = 0 for every
n < 0. If R and S are semi-graded rings and f: R — S is a ring homomorphism then f is
called homogeneous if f(R,,) C S, for every n € Z.

Definitions 1.4 and 1.5 present the notion of finitely semi-graded ring and finitely
semi-graded algebra, respectively.

Definition 1.4 ([LL17, Definition 2.4]). A ring R is called finitely semi-graded (FSG) if it
satisfies the following conditions:

(i) Ris SG.
(ii) There exist finitely many elements x1,...,x, € R such that the subring generated by
Rp and x1,...,Xn coincides with R.

(iii) For every n > 0, we have that R, is a free Ro-module of finite dimension.

Definition 1.5 ([LG19, Definition 10]). A k-algebra R is said to be finitely semi-graded
(FSG) if the following conditions hold:

(i) Ris an FSG ring with semi-graduation given by R= € Ry, .
n>0

(ii) For every m,n > 1, we have that RyR, € €& Ry.
k<m+n

(iii) R is connected, i.e. Ry =k.

(iv) R is generated in degree 1.

From Definition 1.5 it follows that if R is a FSG k-algebra, then R>q := €@ Ry is a
n>1
maximal ideal of R.

It is clear that Z-graded rings are SG, while finitely graded k-algebras, diffusion algebras
[IPRO1] (Chapter 4), PBW extensions [BG88] and skew PBW extensions [GL10] (Chapter
5), 3-dimensional skew polynomial rings [BS90], down-up algebras [Ben99, BR9S8| are
examples of FSG rings.

Now, we present some results on modules over semi-graded rings.

Definition 1.6 ([LL17, Definition 2.1]). Let R be an SG ring and let M be an R-module.
We say that M is semi-graded (SG) if there exists a collection {My ez of subgroups My,
of the additive group M™ such that the following conditions hold:

(i) M= @ M,.
nez
(ii) For every myn € Z we have that RnMy, C @ My.

k<m+4n

The collection {MnInez is called a semi-graduation of M and we say that the elements
of My, are homogeneous of degree n.
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M is said to be positively semi-graded if My = 0 for every n < 0. Let f: M — N be a
homomorphism of R-modules where M and N are semi-graded R-modules. We say that f
is homogeneous if f(My) C N, for every n € Z.

Definition 1.7 ([LL17, Definition 2.3]). Let R be an SG ring, M an SG R-module, and N

a submodule of M. We say that N is a semi-graded (SG) submodule of M if N = @ Ny
nez
where N, = M, N N. In this case, N is an SG R-module.

Proposition 1.4 ([LL17, Proposition 2.6]). If R is an SG ring, M is an SG R-module, and
N is a submodule of M, then the following conditions are equivalent:

(1) N is a semi-graded submodule of M.
(2) For every z € N the homogeneous components of z belong to N.

(3) M/N is an SG R-module with semi-graduation given by

(M/N)p = (My + N)/N, n € Z.

Remark 2. Let R be an SG ring and M be an SG R-module. Then:

(i) If N is an SG submodule of M then the canonical map M — M/N is a homogeneous
homomorphism.

(ii) If {Mi}ieq is a family of SG submodules of M, then (] M; and }_ M; are SG submodules

iel i€l
of M.

Let N be a subset of M. We define the SG submodule generated by N as the intersection
of all SG submodules of M containing N and we denote it as (N)3¢. If N = {ny,...,n;} then
we write (N)5¢ = (ny,...,1n)%¢. We say that M is a finitely generated SG R-module if there
exist finitely elements my, ..., m; such that M = (my,..., m{)C. If M is simultaneously
a module over different kinds of rings and there is risk of confusion, we write <—>5RG to
indicate the ring R we are considering. If N is an SG submodule of M, the notion of finitely
generated SG submodule is defined in the natural way.

Example 1.2. Consider the first Weyl algebra A;(k) = k{x,y}/(yx —xy — 1) over k. By
using that yx = xy + 1, the graded condition for multiplication does not hold since we do
not obtain a product of pure degree one, so Aj(k) is not an N-graded ring. On the other
hand, the canonical semi-graduation of Aj(k) [Lez21, Example 4.5] is given by

A](k) =k® k<X7y>@ k<xzyxy)xz>@"' (1'2'1)
Then:

(i) Aj(k)y is an SG submodule of A;(k), whence (y)5¢ = A;(k)y.

(ii) 1 ¢ Aq(k)x, but due to the relation yx = xy + 1 it follows that 1 € (x)5€.
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Different properties of modules over families of semi-graded rings have been investigated
in [FGL"20, GL17, HR23, HR24, Lez20, LG19, Lez21, LR20, NRR20, NR24, Rey19].

Next, we present a non exhaustive list of noncommutative rings that are examples of
SG rings.

1.2.1 Skew polynomial rings

Ore [Ore31, Ore33] introduced a kind of noncommutative polynomial rings (related with
that, Noether and Schmeidler [NS20] were interested in some kind of differential operator
rings) which has become one of most basic and useful constructions in ring theory and
noncommutative algebra. For o an endomorphism of a ring R, a left o-derivation on R
is any additive map & : R — R such that 8(rs) = o(r)d(s) + 8(r)s, for all r;s € R (a right
o-derivation is any additive map & : R — R satisfying the rule 8(rs) = &(r)o(s) + rd(s)). If
0 is the identity map on R, then o-derivations are just ordinary derivations. Notice that

§(1)=68(1-1) = o(1)8(1) + 8(1)1 =25(1) whence (1) = 0.

The pair (0,98) is called a quasi-derivation on R [BGTV03, Definition 3.1].

For any pair of maps 0,6 : R — R, the following assertions are equivalent [BGTVO03,
Proposition 3.2]:

(1) (o,0) is a quasi-derivation;
(2) the map

¢ : R — Mzx2(R)

. [Gg*) S(Tr)]

is a ring homomorphism.

Definition 1.8 (|GJ04, p. 34]). Let R be a ring, ¢ a ring endomorphism of R and 3 a
o-derivation on R. We will write R[x; o, 6] provided

(i) R[x;0,d] is a ring, containing R as a subring;

Rlx; 0, 8] is a free left R-module with basis {1,x,x?,...};

)
(ii) x is an element of R[x; o, d];
(iii)

)

(iv) xr =o(r)x + 8(r) for all r € R.

Such a ring R[x; 0, 8] is called a skew polynomial ring over R or an Ore extension of R of
mixed type. If o is an injective map of R then we call it an Ore extension of injective type,
while if o is the identity of R then we write R[x; 8] and call it an Ore extension of derivation
type. On the other hand, if d is the zero map then we write R[x; o] which is known as an
Ore extension of endomorphism type. The construction of Ore extensions can be iterated.
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Indeed, if we consider S; = R[xy; 07, 81] for a quasi-derivation (07,87) on R, and we assume
that (03, 62) is a quasi-derivation on S;, then one may associate to it the Ore extension

S2 = Silxz; 02, 82] = R[x1; 071, 81][x2; 02, 82].

Repeating this procedure, one obtains the so-called iterated Ore extensions.

As one can appreciate in the literature, a lot of papers and books have been published
concerning ring-theoretical, homological, geometrical properties and applications of these
extensions (e.g. [BG02, BGTV03, FGL20, FLP"24, Goo94, GJ04, MRSO01, Li02, Ros95,
Seil0] and references therein).

Ore extensions are one of the most important techniques to define noncommutative
algebras. Let us see some examples:

(i) The Jordan plane J (k) = k{x,y}/(yx — xy — y?) can be expressed as kly][x; 5] with
2

52(y) =—y~.
(ii) Diaz and Pariguan [DP09] defined the q-meromorphic Weyl algebra (also known as
the g-skew Jordan’s plane) Jq4(k) as the unital associative algebra with generators
x,y and defining relation qyx —xy —y? = 0 for an element q € k*. This algebra
can be written as the Ore extension k[y][x; 02, 8] with 02(y) = qy and 8, (y) = —y?°.
Lopes noted that using the generator x’ := x 4+ (q — 1)y instead of x we find that

the g-skew Jordan’s plane is the quantum plane in disguise [Lop24, Example 3.1].

(iii) About the family of Weyl algebras A, (k) in the literature it is common to find
characterizations of these algebras as rings of differential operators. Following
Coutinho [Cou95], the nth Weyl algebra Ay (k) over k is the k-algebra generated by
the 2n indeterminates x1,...,Xn,Y1,...,Yyn where

XjXi = XiXjy,  YjYi = YiYj, 1<i<j<n,
YiXi = xiyj + 8ij, Oy is the Kronecker’s delta, 1<1i,j <m.

From the relations defining Weyl algebras it follows that these cannot be expressed
as skew polynomial rings of automorphism type (since the algebra is simple) but
skew polynomial rings with non-trivial derivations.

(iv) Based on Wess and Zumino’s paper [WZ91], for an element q € k \ {0}, Giaquinto
and Zhang [GZ95] defined the k-algebra A{(k) generated by two indeterminates
x and y subject to the relation xy — qyx = 1, which is known as a quantized
Weyl algebra over k. Note that A?(]k) = Aj(k) = klyllx;d/dyl, when q = 1. If
q # 1, then A?(k) = klyllx; 0, 8], where o is the k-algebra automorphism given by
o(f(y)) = f(qy), and & is the g-difference operator (also known as Fulerian derivative)

5(f(y)) = flay) —fly) _ «(f) —f)

qy—y x(y) —y

as it can be seen in [GJ04, Exercise 2N].
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(v)

(vii)

(viii)

(ix)

A generalization of AJ(k) is given by the Additive analogue of the Weyl algebra
An(q1y...,qn). This algebra was introduced in Quantum Physics by Kuryshkin
[Kur80] and studied by Jannussis et al. [JBS81] (see [Li02] for more details). For
non-zero elements qi,...,qn € k, this algebra is generated by the indeterminates
X1y...yXn and yi,...,Yn satisfying the relations

XjXi = X{Xj, YjYi =Yiyj, forevery 1 <1i,j<n, and
iy = x5Yy, foralli#j, and yixi=qixyi+1, for 1<i<n.

The Multiplicative analogue of the Weyl algebra (see Jategaonkar [Jat84] and Mc-
Connell and Pettit [MP88] for more details) is the algebra On(Aij) generated over a
field k by the indeterminates x1,..., X, subject to the relations

XjXi = }\inin, for 1 <i< ] <n and )\ij c k*.
As it can be seen, O (Ayj) is isomorphic to the iterated skew polynomial ring

klx1][x2; 02 - - - [xn;on]  where xjx; = 0j(xi)%; = Ayxixj for 1 <i<j <n.

If n = 2, then O;(A12) is the quantum plane in the sense of Manin [Manl18|. If
Ay = q% # 0 for some q € k* and all 1 < i < j < n, then Ox,; becomes the
well-known coordinate ring of the so called quantum affine n-space [Smi92].

Another deformation of Weyl algebras was introduced by Giaquinto and Zhang
[GZ95] with the aim of studying the Jordan Hecke symmetry as a quantization of the
usual second Weyl algebra. By definition, the quantum Weyl algebra Az(Jap) is the
k-algebra generated by the indeterminates x1,x2, 01, 02, with relations (depending on
parameters a, b € k)

X1X2 = X2X7 + ax%, 0,07 =010, + ba%
01x1 = 1+ %101 + ax; 0y, 01x2 = —ax107 — abx10; + x207 + bx,0;
07X7 = X107, 0ox2 = 1 —bx10; + x203.

Note that if a =b =0, then A;(Jop) is precisely the second Weyl algebra A;(k).

By definition, the q-Heisenberg algebra Hy (q) is the k-algebra generated over k by
the indeterminates xi,yi, zi, for 1 <1i < n, subject to the relations

XiXj = XjXi,  YiYj = YjYi, ZjZi = Zizj, IT<i<j<nm,
Xz — qziXi = Zii — qUizi = XiYi — 4 Yixi + 2 =0, 1<i<n,
XiYj = YjXi, XiZj = ZjXi, VYiZj = ZjYi, i#].

It can be seen that Hy (q) can be expressed as an iterated skew polynomial ring.

The single parameter quantum matriz algebra Op(My(k)) for p € k* has generating
set {xij | 1 <1,j <n}, subject to the relations given by

PXimXijy i> l)j =m,

) pxaamxij, i=Lj>m,
XijXlm = . .

XimXijy i>1j<m,

XtmXij + (P — P ximXyy, 1>1,j>m.
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It is straightforward to show that
Op(Ma(k)) = klxq1]x12; 0121 [x21; 0211[X22; 022, 822]
with the maps given by

o12(x11) = px11,4 021(x11) = px11,4
022(x21) = px21, 022(x12) = px12,

§2(x11) = (p —p xa1x12.

Otherwise, the value of oy is the identity map, and for 1 <1i,j < 2, the maps d; are
zero [GJ04, Exercise 2V]

Jordan [Jor95] introduced a certain class of iterated Ore extensions called ambiskew
polynomial rings. These structures have been studied by Jordan et al. [Jor00, JW96]
at various levels of generality that contain different examples of noncommutative
algebras. Next, we recall briefly its definition.

Consider a commutative k-algebra B, a k-automorphism of B, and elements ¢ € B and
p € k*. Let S be the Ore extension B[x;0~'] and extend o to S by setting o(x) = px.
By [Coh85, p. 41], there is a o-derivation § of S such that §(B) = 0 and &(x) = c.
The ambiskew polynomial ring R = R(B, 0, ¢, p) is the Ore extension S[y; o, 8], whence
the following relations hold:

yx—pxy =c¢, and, forallbe B, xb= o '(b)x and yb=o(b)y. (1.2.2)

Equivalently, R can be presented as R = Bly; o][x; 07, 8] with o(y) =p~ 'y, 8'(B) =0,
and §’(y) = —p~'c, so that xy — p~'yx = —p~'c. If we consider the relation
xb = 0 '(b)x as bx = xo(b), then we can see that the definition involves twists from
both sides using o; this is the reason for the name of the objects.

1.2.2 3-dimensional skew polynomial algebras

Another kind of noncommutative rings which includes the universal enveloping algebra
U(sly(k)) of the Lie algebra sly(k), the Dispin algebra U(osp(1,2)) and the Woronow-
icz’s algebra W, (sly(k)) [Wor87], is the family of 3-dimensional skew polynomial alge-

bras.

These algebras were introduced by Bell and Smith [BS90] and are very important

in noncommutative algebraic geometry and noncommutative differential geometry (e.g.,
[Red96a, Red99, RS22, RS17a, Ros95] and references therein).

Definition 1.9 ([Ros95, Definition C4.3]). A 3-dimensional skew polynomial algebra A
is a k-algebra generated by the indeterminates x,y, z restricted to relations yz — azy =
A, zx — Pxz = u, and xy — yyx = v, such that

(i) Ay, vek+kx+ky+kz and o B,y € k \ {0}

(ii) standard monomials {x'y/z! | 1,j,1 > 0} are a k-basis of the algebra.
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Proposition 1.5 ([Ros95, Theorem C.4.3.1]). If A is a 3-dimensional skew polynomial
algebra, then A is one of the following algebras:

(1)

(2)

if Ko, By vl = 3, then A is given by the relations yz — azy = 0, zx — Bxz =
0, xy —yyx =0.

if Ho,ByYH =2 and B # a=v =1, then A is one of the following algebras:

(i) yz—zy=2z, zx—Pxz=y, XYy—yx=x;
(i) yz—zy =2z, zx—Pxz=D>b, xYy—yx=x;
(iii) yz—zy =0, zx—Pxz=vy, xy—yx=_0;
(iv) yz—zy =0, zx—Pxz=>b, xy—yx=0;
(V) yz—zy =az, zx—pxz=0, XxXy—yx=x;
)

(vi) yz—zy=12, zx—Ppxz=0, xy—yx=0,
where a,b are any elements of k. All non-zero values of b give isomorphic algebras.

If {o, By v =2 and B # =7y #1, then A is one of the following algebras:

(i) yz—azy =0, zx—Pxz=y+b, xy—ayx=0;
(ii) yz—azy =0, zx—pPxz=>b, xy—ayx=0.

In this case, b is an arbitrary element of k. Again, any non-zero values of b give
isomorphic algebras.

If « = 3 =v # 1, then A is the algebra defined by the relations yz — azy =
aix+ by, zx —axz = ay+ by, xy—ayx =azz+bz. Ifa; =0 (i=1,2,3), then
all non-zero values of by give isomorphic algebras.

If x =p =v =1, then A is isomorphic to one of the following algebras:

(i) yz—zy =%, zx—xz=1Y, XYy—yx=z;

(ii) yz—zy =0, zx—xz=0, Xxy—yx=z;

)

)
(iii) yz—zy =0, zx—xz=0, xy—yx=>;
(iv) yz—zy=—y, zx—xz=x-+Y, xy—yx=0_0;
)

(V) yz—zy =az, zx—xz=2z, xy—yx=_0;

Parameters a,b € k are arbitrary, and all non-zero values of b generate isomorphic
algebras.

1.2.3 Generalized Weyl algebras and down-up algebras

Other algebraic structures that illustrate the results obtained in this thesis are the gener-
alized Weyl algebras and down-up algebras. We briefly present the definitions and some
relations between these algebras (see [Jor95, Jor00, JW96] for a detailed description).

Given an automorphism o and a central element a of a ring R, Bavula [Bav92] defined the
generalized Weyl algebra R(0, a) as the ring extension of R generated by the indeterminates
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X~ and X' subject to the relations XXt = a, X*X~ = o(a), and, for all b € R,
X*b = o(b)X", X 0(b) = bX~. This family of algebras includes the classical Weyl
algebras, primitive quotients of U(sl;), and ambiskew polynomial rings. Generalized
Weyl algebras have been extensively studied in the literature by various authors (see
[Bav92, Bav23, Jor00], and references therein).

On the other hand, the down-up algebras A(«, B,7v), where «, 3,y € C, were defined
by Benkart and Roby [Ben99, BR8] as generalizations of algebras generated by a pair
of operators, precisely, the “down” and “up” operators, acting on the vector space CP
for certain partially ordered set P. More exactly, consider a partially ordered set (P, <)
and let CP be the complex vector space with basis P. If for an element p of P, the sets
{x € P|x > p}and {x € P|x < p} are finite, then we can define the “down” operator d
and the “up” operator u in End¢c CP as u(p) = Zxﬂ) x and d(p) = Zxﬂ) X, respectively
(for partially ordered sets in general, one needs to complete CP to define d and u). For
any «, 3,y € C, the down-up algebra is the C-algebra generated by d and u subject to the
relations d?u = adud + fud? + yd and du? = audu + pu?d + yu. A partially ordered
set P is called (q,r)-differential if there exist q,r € C such that the down and up operators
for P satisfy both relations, and « = q(q+ 1), = —q3, and vy = r. From [BR98], we know
that for 0 ZA € C, A(, B,v) = A(x, B,Ay). This means that when y # 0, no problem if
we assume y = 1. For more details about the combinatorial origins of down-up algebras,
see [Ben99, Section 1].

Remarkable examples of down-up algebras include the universal enveloping algebra
U(sl;(C)) of the Lie algebra sl;(C) and some of its deformations introduced by Witten
[Wit90] and Woronowicz [Wor87|. Related to the theoretical properties of these algebras,
Kirkman et al. [KMP99] proved that a down-up algebra A(«, 3,7v) is Noetherian if and
only if  is non-zero. As a matter of fact, they showed that A(«, 3,7v) is a generalized
Weyl algebra and that A(x, 3,v) has a filtration for which the associated graded ring is an
iterated Ore extension over C.

Following [Ben99, p. 32], if g is a 3-dimensional Lie algebra over C with basis x,y, [x,y]
such that [x,[x,yl] = yx and [[x,yl,y] = yy, then in the universal enveloping algebra
U(g) of g these relations are given by x?y — 2xyx + yx? = yx and xy? — 2yxy + y?x = yy.
Notice that U(g) is a homomorphic algebra of the down-up algebra A(2,—1,7v) via the
mapping ¢ : A(2,—1,v) — U(g), d — x,u — y, and the mapping P : g — A(2,—1,7v),
x — d,y = u, [x,y]l — du—ud, extends by the universal property of U(g) to an algebra
homomorphism { : U(g) — A(2,—1,7v) which is the inverse of \p. Hence, U(g) is isomorphic
to A(2,—1,v).

It is straightforward to see that U(sl(C)) = A(2,—1,—2). Also, for the Heisenberg Lie
algebra h with basis x,y,z where [x,y] =z and [z,x] = [z,y] =0, U(h) = A(2,—1,0).

Now, with the aim of providing an explanation of the existence of quantum groups,
Witten [Wit90, Wit91] introduced a 7-parameter deformation of the universal enveloping
algebra U(sly(k)). By definition, Witten’s deformation is a unital associative algebra over
a field k (which is algebraically closed of characteristic zero) that depends on a 7-tuple
& = (&1,...,&7) of elements of k. This algebra, denoted by W(E), is generated by the
indeterminates x,y, z subject to the defining relations xz—&1zx = &%, zy — &3yz = &4, and
yx — &sxy = &z + &7z, From [Ben99, Section 2], we know that a Witten’s deformation
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algebra W(&) with

&6=0, && #0, & =&, and & =&, (1.2.3)

is isomorphic to one down-up algebra. Notice that any down-up algebra A(«, 3,y) with
not both « and  equal to 0 is isomorphic to a Witten deformation algebra W(§) whose
parameters satisfy (1.2.3).

Since algebras W(&) are filtered, Le Bruyn [LB94, LB95] studied the algebras W(§)
whose associated graded algebras are Auslander regular. He determined a 3-parameter
family of deformation algebras which are said to be conformal sl; algebras that are
generated by the indeterminates x,y,z over a field k subject to the relations given by
ZX — axz = x, zy — ayz =y, and yx — cxy = bz? +z. In the case ¢ # 0 and b = 0, the
conformal sl algebra with these three defining relations is isomorphic to the down-up
algebra A(«, B,v) with x = c™'(1+ac),p = —ac " andy = —c~'. Notice thatifc =b =0
and a # 0, then the conformal sl; algebra is isomorphic to the down-up algebra A(«x, 3,v)
with x =a™', =0, and y = —a™'. As one can check, conformal sl, algebras are not Ore
extensions.

Kulkarni [Kul99] showed that under certain assumptions on the parameters, a Witten
deformation algebra is isomorphic to a conformal sl,(k) algebra or to an iterated Ore
extension. More exactly, following [Kul99, Theorem 3.0.3] if &1&3E58 # 0 or £1838584 # 0,
then W(&) is isomorphic to one of the following algebras: (i) a conformal sl, algebra
with generators x,y,z and relations given above or (ii) an iterated Ore extension whose
generators satisfy

e Xz—2zx=X,zy —yz = _{y, yx —mxy =0, or

e XxW = Bwx, wy = kyw, yx = Axy, for parameters (,n, 0, K, A € k.

Notice that iterated Ore extensions above are defined in the following way: (i) the Witten
deformation algebra is isomorphic to k[z][y; o1]x; 02] where o7 is the automorphism of k[z]
defined as 01(z) = z— ¢, with zy —yz = (y; 0 is the automorphism of k[z][y, 07] defined as
02(y) =n~'y, 02(z) = z+ 1, which satisfies xz—zx = x and yx —mxy = 0. (ii) The Witten
deformation algebra is isomorphic to k[w][y; o1][x; 02] where o7 is the automorphism of
k(w] defined as o7(w) = k~'w with wy = kyw, and 0, is the automorphism of k[w][y; o]
defined as 02(W) = 8w, 02(y) = A~y such that wy = kyw and yx = Axy.

Notice that universal enveloping algebras above are PBW extensions over K in the
sense of Bell and Goodearl [BG88| (note that these authors presented another examples of
enveloping rings related to enveloping universal algebras).

1.2.4 Other families of quantum algebras

We recall the definitions of some examples of noncommutative rings known in the literature
as quantum algebras or quantized algebras.

(i) Let g be a finite dimensional Lie algebra over k with basis x1,...,xn and U(g) its
enveloping algebra. The homogenized enveloping algebra of g is A(g) := T(g®kz)/ (R),
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(iii)

where T(g@kz) denotes the tensor algebra, z is a new indeterminate, and R is spanned
by the union of sets {z@x —x®z|x € gland {x@y—yx—Ix,yl®z | x,y € g}

From [GJ04, p. 41], for q an element of k with q # 1, the quantized enveloping
algebra of sl (k) corresponding to the choice of q is the k-algebra Ug (sl (k)) presented

by the generators E,F, K, K™ and the relations KK~ = K~'K =1, EF — FE = o q:: ,

KE = q?EK, and KF = q 2FK. From [GJ04, Exercise 2T], we know that Uq(sl,(k))
can be expressed as an iterated skew polynomial ring of the form k[E] (KT 1] [F; 07, 67]
[GJ04, Exercise 2T], so that this algebra is not of automorphism type.

The Lie-deformed Heisenberg is the free C-algebra defined by the commutation
relations

q; (1 + i) p — pr(1 — A g5 = 1hdjx,
[qj)qk] = [pj)pk] = O) jvk = ]>2»3»

where ¢j, pj are the position and momentum operators, and Aje = Axdjk, with Ay
real parameters. If Ajx = 0, then one recovers the usual Heisenberg algebra.

With the aim of obtaining bosonic representations of the Drinfield-Jimbo quantum
algebras, Hayashi [Hay90] considered the Ay algebra by using the free algebra

U. Following Berger [Ber92, Example 2.7.7], this k-algebra U is generated by the
indeterminates wi, ..., Wn,P1,...,Pn, and P7,...,;, subject to the relations

Yibi —biy = Yidi — i) = wjwi — wiw; =Pjhi —hipy =0,  T<i<j<n,
wid; — q PV hiw; = Yiwi — q T wip] =0, 1<i,j<n,
Vi — g b = — qwi, T<i<n
The Non-Hermitian realization of a Lie deformed defined by Jannussis et al. [JLM95]
is an important example of a non-canonical Heisenberg algebra considering the case
of non-Hermitian (i.e., & = 1) operators Aj, By, where the following relations are
satisfied:
AJU + U\jk)Bk — Bk(] — i}\]’k) i = iéjk,
[Aj,Bx] =0 (j #Kk),
[A])Ak] - [B]) Bk] - 0)

and,

AJ+(1 +i7\jk)B—k~_ - BIU l)\]k)AJ
(A, Bl =0 (j # k),
(A AL = [Bf,B{] =0, (1.2.4)

16]k)

with Aj # A].Jr Bx # By (j,k = 1,2,3). If the operators Aj, By are in the form
A; = fj(Nj + 1)aj, By = a; Ffi (N + 1), where aj, a).+ are leader operators of the

usual Heisenberg-Weyl algebra, with N; the corresponding number operator (N; =
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(vi)

(vii)

(viii)

a)faj, (Nj | ny) = (njIny)), and the structure functions fj(Nj 4+ 1) complex, then it is

showed that A; and By are given by

Y R R VAR Y e R R
i = 1+mj< (0 —1n)/(0 +1Ay) —1 Nj+1> G>

- P (0 =/ O+ =T z
TV TF AN =/ FiM) =T Neg+1)
Following Havli¢ek et al. [HKPO0O, p. 79], the C-algebra U(/] (s03) is generated by the
indeterminates Iy, I, and I3, subject to the relations given by

1 _ 1 1
Ll —qhl = —q21;, Ll —q 'Lil3=q 2L, I3 —qlLl;=—qz2ly,

where q is a non-zero element of C. It is straightforward to show that U"] (s03) cannot
be expressed as an iterated Ore extension.

Zhedanov [Zhe91, Section 1] introduced the Askey- Wilson algebra AW(3) as the
algebra generated by three operators Koy, Ky, and Ky, that satisfy the commutation
relations

[Ko, Kilw = Ka, [K2, Kolwy = BKg + C1K; + Dy, and [Ky, K;le = BKy + CoKp + Dy,

where B, Cp, C1, Dy, and Dy are the structure constants of the algebra, which Zhedanov
assumes are real, and the g-commutator [—,—]y is given by [0, Al = e“OA —
e YA, where w € R. Notice that in the limit w — 0, the algebra AW(3) becomes
an ordinary Lie algebra with three generators (Dy and D; are included among
the structure constants of the algebra in order to take into account algebras of
Heisenberg-Weyl type). The relations defining the algebra can be written as

eVKoKj — e KKy = Ky,
eVKyKp — e YKoKy = BKg + C1K; + Dy,
e’KiK; — e YKyKy = BK; + CoKp + Dy.

According to these relations that define the algebra, it follows that AW(3) cannot be
expressed as an iterated Ore extension.

With the purpose of introducing generalizations of the classical bosonic and fermionic
algebras of quantum mechanics concerning several versions of the Bose-Einstein and
Fermi-Dirac statistics, Green [Gre53] and Greenberg and Messiah [GM65] introduced
by means of generators and relations the parafermionic and parabosonic algebras.
For the completeness of the thesis, briefly we recall the definition of each one of
these structures following the treatment developed by Kanakoglou and Daskaloyannis
[KD09]. Let [O,A] :=0OA — AO and {J, A} :=OA + ACL

Consider the k-vector space Vi freely generated by the elements fi*, f;, with 1,j =
1,...,n. If T(Vg) is the tensor algebra of V¢ and If is the two-sided ideal If generated
by the elements [[f5, 7], il — %(s —T])Z(Sjkff + %(E — E,)zf)ikf?, for all values of &,n, e =

i
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(n)

+1, and i,j,k = 1,...,n, then the parafermionic algebra in 2n generators Pp~ (n
parafermions) is the quotient algebra of T(Vf) with the ideal If, that is,
pn) _ T(VF)

i)

<[[f€' fn])fli] - %(5 _n)zé)'kfia + %(E - E‘)Zéikf? l&mye=+1,1,j,k= 1,...,TL>

It is well-known (e.g., [KD09, Section 18.2]) that a parafermionic algebra Pén) in 2n
generators is isomorphic to the universal enveloping algebra of the simple complex
Lie algebra so(2n+ 1), i.e., Pén) =U(so(2n+1)).

Similarly, if Vg denotes the k-vector space freely generated by the elements b, b;,
1,5 =1,...,n, T(V) is the tensor algebra of Vg, and I is the two-sided ideal of
T(Vg) generated by the elements [{bf, b?}, byl — (e — n)éjkbf — (e — &)dycbY, for all
values of £;1,e = +1, and i,j = 1,...,n, then the parabosonic algebra Plgn) in 2n
generators (n parabosons) is defined as the quotient algebra P](Sn) /1Ig, that is,

P(n) T(VB)

(065,67, b] — (e — m)dyibs — (€ — E)8ub] | gyn,e = £1,4, =1,...,m)

It is known that the parabosonic algebra P](gn) in 2n generators is isomorphic to the
universal enveloping algebra of the classical simple complex Lie superalgebra B(0,n),

that is, Pgl) = U(B(0,n)). For more details about parafermionic and parabosonic
algebras, see [KD09, Proposition 18.2], and references therein.

In the next chapters we present other families of algebras that are semi-graded rings.

1.3 Semi-graded Artin-Schelter regular algebras

Definition 1.10 ([Lez21, Definition 4.3]). Let A be a k-algebra. A is said to be a left
semi-graded Artin-Schelter (SAS for short) regular algebra if the following conditions hold:

(i) A is an FSG ring with semi-graduation A = @@ A,.

p>0
(ii) A is connected, i.e., Ag = k.
(iii) A has left finite global dimension d.
0, if i #d,

iv) Exth(a(A/A A) =

(iv) Exti(a(A/Az1), AA) {(A/A>I)A> Fiod
Remark 3. Note that if k N A>7 # 0, then A/A>1 =0. In the case kN A>7 =0, we get
that A/A>1 = k. This isomorphism of k-algebras is induced by the canonical projection
€:A — k (A>y is semi-graded). As a matter of fact, A(A/A>1) =a k and (A/A>1)a = ka.

Definition 1.10 extends (except for the GKdim) the classical notion of Artin-Schelter
regular algebra since in such case A/A>; =k, Igld(A) = pd(ak) = pd(ka) = rgld(A) =
gld(A), that is, we guarantee the equality of projective dimensions and left (right) global
dimensions. This means that every Artin-Schelter regular algebra is an SAS regular algebra
[Lez21, Remark 4.4]. From now on we just say SAS regular algebra.
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1.3.1 Examples

Let us see some illustrative examples of SAS regular algebras in comparison with AS regular
algebras.

(i)

(i)

(iii)

[Lez21, Example 4.5] The first Weyl algebra A;(k) is not AS but it is an SAS regular
algebra. Since that the canonical semi-graduation of A;(k) is given by (1.2.1),
gld(Ay(k)) < 2 [LR14, Theorem 4.2] and A;(k)>1 = Aj(k), the condition (iv) in
Definition 1.10 holds. A similar argument can be used to show that the nth Weyl
algebra Ay (k) Weyl is also an SAS regular algebra.

[Lez21, Example 4.6] The quantum deformation AJ(Kk) of the first Weyl algebra is not
AS but it is an SAS regular algebra. Recall that A{(k) = k{x,y}/(yx—qxy—1, q € k*),
which is precisely the Additive analogue of the Weyl algebra in two indeterminates
or the linear algebra of q-differential operators in two indeterminates. Since the
semi-graduation of A{ (k) is the same for A;(k), gld(A{(k)) < 2 [LR14, Theorem 4.2],
and A?(k)y = A?(k), the condition (iv) in Definition 1.10 is satisfied. Therefore,
A?(k) is an SAS regular algebra.

[Lez21, Example 4.7] Consider the algebra J; := k{x,y}/(yx —xy +y% + 1). In his
PhD Thesis, Gaddis proved that gld(7;) = 2 [Gad13, Corollary 2.3.14], and since the
semi-graduation of 77 is the same as in (1.2.1), it follows that (J1)>1 = J1. Thus,
Jq is an SAS regular algebra but not AS.

[Lez21, Example 4.8] Consider the Dispin algebra U(osp(1,2)). Recall that this
k-algebra is generated by the indeterminates x1,x2 and x3 subject to the relations

X1X2 —X2X1 = 1, X3X1 + X1X3 = X2 and X2X3 — X3X2 = X3.

Since U(osp(1,2)) is not finitely graded, then U(osp(1,2)) is not an AS regular algebra.
Let us see that U(osp(1,2)) is an SAS regular algebra. Note that gld(U(osp(1,2)) =3
[LR14, Theorem 4.2], and

U(U5P(]»2)) =k® k<x1)XZ)X3> @ k<X%)X1X2)X1X3)X%)XZX3)X§> D

U(osp(1,2))>1 = @121 U(osp(1,2)), coincides with the two-sided ideal of U(osp(1,2))
generated by x1,x2,Xx3, and

Uosp(1,2)) (U(osp(1,2))/U(0sp(1,2))>1) Zu(osp(1,2)) k,

where the structure of left U(osp(1,2))-ideal module for k is given by the canonical
projection € : U(osp(1,2)) — k. The same is true for

(U(osp(1,2))/U(0sp(1,2))>1)ucosp(1,2)) = Ku(osp(1,2))-
It can be found a free resolution of y(sep(1,2))k (let A := U(osp(1,2)) given by

X1
d1=| X3 —1 X1 X2

0 X 1T—x X
, A3 ’ A LA S Koo

T+x —x 0
bo=
3

¢2:[—X3 X2 x]]
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If we apply Homa (—,ao A) then we obtain the complex of right A-modules given by
0 — Homa (k, A) <5 Homa (A, A) 225 Homa (A% A) 25 Homa (A%, A) 425 Homa (A, A) — 0.

After some computations [Lez21, p. 367], this complex is reduced to

X1 T+x —x 0
d*=[X2 7= X3 —1 X1
X3 0 x3 1—x P3=|—X3 X2 X1
0 A3 AP 2 | | A =0,

Thus, Extd (k, A) = Homa (k,A) = 0, Exth (k, A) = 0 = Ext3 (k, A), and Ext3 (k, A) =
A/Im(d3) = A/A>1 =ka. Therefore, U(osp(1,2)) is an SAS regular algebra.

Example 1.3 ([Lez21, Example 4.9]). The following algebras are SAS regular algebras
with global dimension three.

(i) Let U(sl(2,k)) be the universal enveloping algebra of sl(2,k). By definition, this
k-algebra is generated by the indeterminates x,y, z subject to the relations

Xy—yx =z, xz—zx=-—2x and yz—zy=~2y.

(ii) Let U(so(3,k)) be the universal enveloping algebra of so(3,k), that is, it is the
k-algebra generated by the indeterminates x,y, z subject to the relations

Xy—yx =2z, xz—zx=-—y and yYyz—zy=x.

(iii) The quantum universal enveloping algebra U’(s0(3,k)), with q € k*, is defined as
the k-algebra generated by x,y,z and relations

yx—qu:—quz, zx—q“xz:q_”zy and zy—qyz:—qux.

(iv) The Woronowicz algebra W, (sl(2,k)), where v € k — {0} is not a root of unity, is the
k-algebra generated by the indeterminates x,y, z and relations given by

xz—vizx = (1+v*)x, xy—viyx=vz and zy—viyz=(1++v)y.

(v) The three 3-dimensional skew polynomial algebras (Section 1.2.2) given by

yz —zy =0, zx — Bxz =y, xy —yx =0,
Yz —zy = z, zx — Bxz =0, Xy —yx=x, and
yz —zy =0, zx —xz =0, XYy —yYx = z.

Remark 4. Of course, there algebras that are not SAS. The following three 3-dimensional
skew polynomial algebras illustrate this situation.

(i) yz—2zy =z, zx — fxz = 0 and xy —yx = 0;

(ii) yz—zy = —y, zx —xz =x+ Yy, and xy —yx = 0; and
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(iii) yz—zy =z, zx —xz =z, and xy —yx = 0.

Remark 5. (i) [Lez21, Example 4.11] The k-algebra k{x,y}/(yx —xy + x) is essentially
regular of global dimension two [Gad13, Corollary 2.3.14]. Nevertheless, as it is clear,
this algebra is not AS, and in fact, it is not SAS.

(ii) For the k-algebra B given by k{x,y}/(xy—1) [Gadl3, Theorem 4.0.7], we know that it
has a semi-graduation as in Example 1.3.1 (i), B/B>1 = 0, and its global dimension is
one [Gadl3, Proposition 4.1.1]. However, G(B) = Ryx = k{x,y}/(yx), and by [Gad13,
Corollary 2.3.14], B is not essentially regular.

(ili) The k-algebra Ryx = k{x,y}/(yx) is neither SAS nor essentially regular.

1.4 Noncommutative differential geometry of algebras

The first examples of noncommutative differential geometry are quantum planes. For this
case, Wess and Zumino in [WZ91] used matrix calculations to show differentiability and
integrability in the general case of quantum planes. In this section, we review the key
ingredients of the noncommutative differential algebra in the Brzezinski and Sitarz’s sense.

1.4.1 Hom-connections (Divergences) and differential calculi

The theory of connections in noncommutative geometry is well-known (for more details, see
the beautiful treatments presented by Connes [Con94] or Giachetta et al. [GMS05]). Briefly,
one considers a differential graded algebra QA = @ Q™A over a k-algebra A = Q°A

n=0
with k a field, and then defines a connection in a left A-module M as a linear map

VO: M — Q'A @4 M that satisfies the Leibniz’s rule V°(am) = da ® m + aV°(m) for
all m € M and a € A. As it can be seen, this is a noncommutative definition obtained by
a replacement of commutative algebras of functions on a manifold X, and their modules
of sections of a vector bundle over X (in the classical definition of a connection), by
noncommutative algebras and their general one-sided modules. Just as Brzezinski said,
“this captures very well the classical context in which connections appear and brings it
successfully to the realm of noncommutative geometry” [Brz08, p. 557].

Brzeziniski in his paper noted that, on the algebraic side, this definition of connection
seems to be only a half of a more general picture. In the first place, a noncommutative
connection is defined by using the tensor functor, and as is well-known, this functor has a
right adjoint, the hom-functor, so it is natural to ask whether it is possible to introduce
connection-like objects defined with the use of the hom-functor. In the second place, the
vector space dual to M is a right A-module and a left connection in the above sense
does not induce a right connection on the dual of M, so having in mind the adjointness
properties between tensor and hom functors, the induced map necessarily involves the
hom-functor.

Motivated by all these facts, Brzezinski [Brz08| showed that there is a natural and
potentially rich theory of connnection-like objects defined as maps on the spaces of
morphisms of modules. Due to the role of spaces of homomorphisms, these objects are
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termed hom-connections (also are called divergences due to that if A is an algebra of
functions on the Euclidean space R™ and Q'(A) is the standard module of one-form, then
we obtain the classical divergence of the elementary vector calculus [Brzll, p. 892]). As a
matter of fact, he proved that hom-connections arise naturally from (strong) connections
in noncommutative principal bundles, and that every left connection on a bimodule (in the
sense of Cuntz and Quillen [CQ95]) gives rise to a hom-connection. Brzeziiiski also studied
the induction procedure of hom-connections via differentiable bimodules (and hence, via
maps of differential graded algebras), and proved that any hom-connection can be extended
to higher forms. He introduced the notion of curvature and showed that a consecutive
application of hom-connections can be expressed in terms of the curvature, which leads
to a chain complex associated to a flat (i.e. curvature-zero) hom-connection (this chain
complex and its homology can be considered as dual complements of the cochain complex
associated to a connection and the twisted cohomology, which is crucial in the theory of
noncommutative differential fibrations [BB05]).

Two years later, Brzezinski et al. [BEKL10] presented a construction of differential
calculi which admits hom-connections. This construction is based on the use of twisted
multi-derivations, where the constructed first-order calculus Q'(A) is free as a left and
right A-module; Q'(A) should be understood as a module of sections on the cotangent
bundle over a manifold represented by A, and hence their construction corresponds to
parallelizable manifolds or to an algebra of functions on a local chart. One year later,
Brzeziniski asserted that “one should expect Q'(A) to be a finitely generated and projective
module over A (thus corresponding to sections of a non-trivial vector bundle by the Serre-
Swan theorem)” [Brzll, p. 885]. In his paper, he extended the construction in [BEKL10]
to finitely generated and projective modules.

1.4.2 Differential smoothness of algebras

Related to differential calculi, we have the smoothness of algebras. Briefly, and just as
Brzeziniski and Lomp said [BL18, Section 1], “the study of this smoothness goes back at least
to Grothendieck’s EGA [Gro64]. The concept of a formally smooth commutative (topological)
algebra introduced by him was extended to the noncommutative setting by Schelter [Sch86].
An algebra is formally smooth if and only if the kernel of the multiplication map is projective
as a bimodule. As argued by Schelter himself, this notion arose as a replacement of a far
too general definition based on the finiteness of the global dimension; Cuntz and Quillen
[CQI5] called these algebras quasi-free”. Precisely, the notion of smoothness based on the
finiteness of this dimension was refined by Stafford and Zhang [SZ94], where a Noetherian
algebra is said to be smooth provided that it has a finite global dimension equal to the
homological dimension of all its simple modules. In the homological setting, Van den Bergh
[VAB10] called an algebra homologically smooth if it admits a finite resolution by finitely
generated projective bimodules. The characterization of this kind of smoothness for the
noncommutative pillow, the quantum teardrops, and quantum homogeneous spaces was
made by Brzeziniski [Brz08, Brz14] and Krahmer [Kral2], respectively.

Brzezinski and Sitarz [BS17] defined other notion of smoothness of algebras, termed
differential smoothness due to the use of differential graded algebras of a specified dimension
that admits a noncommutative version of the Hodge star isomorphism, which considers
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the existence of a top form in a differential calculus over an algebra together with a string
version of the Poincaré duality realized as an isomorphism between complexes of differential
and integral forms. This new notion of smoothness is different and more constructive than
the homological smoothness mentioned above. “The idea behind the differential smoothness
of algebras is rooted in the observation that a classical smooth orientable manifold, in
addition to de Rham complex of differential forms, admits also the complex of integral
forms isomorphic to the de Rham complex [Man97, Section 4.5]. The de Rham differential
can be understood as a special left connection, while the boundary operator in the complex
of integral forms is an example of a right connection” [BS17, p. 413].

Several authors (e.g. [Brzlh, Brz16, BEKL10, BL18, BS17, DV88, DVKM90, Karl5,
KL14, RS22]) have characterized the differential smoothness of algebras such as the quantum
two - and three - spheres, disc, plane, the noncommutative torus, the coordinate algebras of
the quantum group SU4(2), the noncommutative pillow algebra, the quantum cone algebras,
the quantum polynomial algebras, Hopf algebra domains of Gelfand-Kirillov dimension
two that are not PI, families of Ore extensions, some 3-dimensional skew polynomial
algebras, diffusion algebras in three generators, and noncommutative coordinate algebras
of deformations of several examples of classical orbifolds such as the pillow orbifold,
singular cones and lens spaces. An interesting fact is that some of these algebras are also
homologically smooth in the Van den Bergh’s sense.

Next, we recall the preliminaries on differential smoothness of algebras and bi-quadratic
algebras with PBW basis that are necessary for the rest of the thesis. We follow Brzezinski

and Sitarz’s presentation on differential smoothness carried out in [BS17, Section 2] (c.f.
[Brz08, Brz14]).

Definition 1.11 ([BS17, Section 2.1]). (i) By a differential graded algebra we mean a
non-negatively graded algebra O with the product denoted by A together with a
degree-one linear map d : Q® — Q°*! that satisfies the graded Leibniz’s rule and is
such that dod =0.

(ii) A differential graded algebra (Q, d) is a calculus over an algebra A if Q°A = A and
Q"A =A dAANdAA---/ANdA (dA appears n-times) for all n € N (this last is called
the density condition). We write (QA, d) with

QA = @ Q"A.
neN

By using the Leibniz’s rule, it follows that O"A = dA AdA A --- AdA A. A
differential calculus QA is said to be connected if ker(d |qop) = k.

(iii) A calculus (QA,d) is said to have dimension n if Q™A # 0 and Q™A = 0 for all
m > n. An n-dimensional calculus QA admits a volume form if Q™A is isomorphic
to A as a left and right A-module.

The existence of a right A-module isomorphism means that there is a free generator,
say w, of Q™A (as a right A-module), i.e. w € Q™A such that all elements of Q™A can
be uniquely expressed as wa with a € A. If w is also a free generator of Q"A as a left
A-module, this is said to be a volume form on QA.
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The right A-module isomorphism Q™A — A corresponding to a volume form w is
denoted by 7, i.e.
my(wa) =a, forall a € A. (1.4.1)

By using that Q™A is also isomorphic to A as a left A-module, any free generator w
induces an algebra endomorphism v, of A by the formula

aw = wvy(a). (1.4.2)

Note that if w is a volume form, then v, is an algebra automorphism.

Now, we proceed to recall the key ingredients of the integral calculus on A as dual to
its differential calculus. For more details, see Brzezinski et al. [Brz08, BEKL10].

Let (QA, d) be a differential calculus on A. The space of n-forms Q™A is an A-bimodule.
Consider Z,A the right dual of Q™A, the space of all right A-linear maps Q"A — A,
that is, Zn A := Homa (Q™(A), A). Notice that each of the Z, A is an A-bimodule with the
actions

(a-¢-b)(w)=ad(bw), forall peZ,A, we Q"A and a,b e A.
The direct sum of all the Z, A, that is, ZA = @ Z, A, is a right QA-module with action
n
given by
(- w)(w)=d(wAw’), foralld € ZymA, we Q"A and w’ € Q™A.  (1.4.3)

Definition 1.12 ([Brz08, Definition 2.1]). A divergence (also called hom-connection) on A
is a linear map V : Z7A — A such that

V(p-a)=V(p)a+ d(da), forall p € Z7A and a € A. (1.4.4)

Note that a divergence can be extended to the whole of ZA,
Vn :IhnA = ThA,
by considering
Vald)(w) =V(d - w)+ (=) 'd(dw), forall ¢ € Znyi(A) and w € Q™A.  (1.4.5)
By putting together (1.4.4) and (1.4.5), we get the Leibniz’s rule
Vol w) = Viin(d) - w + (=)™ - dw, (1.4.6)
for all elements ¢ € Zyyin 1A and w € Q™A [Brz08, Lemma 3.2]. In the case n =0,

if Homa (A, M) is canonically identified with M, then V reduces to the classical Leibniz’s
rule.
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Definition 1.13 ([Brz08, Definition 3.4]). The right A-module map

F = Vo0V :Homp(Q?’A,M) - M

is called a curvature of a hom-connection (M, Vy). (M, Vy) is said to be flat if its
curvature is the zero map, that is, if VoV = 0. This condition implies that V,,oV,,11 =0
for alln € N.

TA together with the V; form a chain complex called the complex of integral forms
over A. The cokernel map of V, that is, A : A — CokerV = A/ImV is said to be the
integral on A associated to TA.

Given a left A-module X with action a - x, for all a € A, x € X, and an algebra
automorphism v of A, the notation ¥X stands for X with the A-module structure twisted
by v, i.e. with the A-action a ® x — v(a) - x.

The following definition of an integrable differential calculus seeks to portray a version
of Hodge star isomorphisms between the complex of differential forms of a differentiable
manifold and a complex of dual modules of it [Brz15, p. 112].

Definition 1.14 ([BS17, Definition 2.1]). An n-dimensional differential calculus (QA, d)
is said to be integrable if (QA,d) admits a complex of integral forms (ZA, V) for which
there exist an algebra automorphism v of A and A-bimodule isomorphisms

Or: QA 5V T (A, k=0,...,n

rendering commmutative the following diagram:

A—% oA 4 024 4 ... 4o 4, OnA

l@o l@] l@z l(anfl l n
v v v vV v
ThA *m Ihn 1A an,z n2A v T LA — A

The n-form w = 0,'(1) € Q"A is called an integrating volume form.

The algebra of complex matrices M;,(C) with the n-dimensional calculus generated
by derivations presented by Dubois-Violette et al. [DV88, DVKM90], the quantum group
SUq(2) with the three-dimensional left covariant calculus developed by Woronowicz [Wor87]
and the quantum standard sphere with the restriction of the above calculus, are examples
of algebras admitting integrable calculi. For more details on the subject, see Brzezinski et
al. [BEKL10].

The following proposition shows that the integrability of a differential calculus can
be defined without explicit reference to integral forms. This allows us to guarantee the
integrability by considering the existence of finitely generator elements that allow to
determine left and right components of any homogeneous element of Q(A).

Proposition 1.6 ([BS17, Theorem 2.2]). Let (QA,d) be an n-dimensional differential
calculus over an algebra A. The following assertions are equivalent:
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(1) (QA,d) is an integrable differential calculus.
(2) There exists an algebra automorphism v of A and A-bimodule isomorphisms

Or: QA = YT, A, k=0,...,n
such that, for all ' € QFA and w” € Q™A,

Ocim(w’ Aw") = (1) (w') - .

(3) There exists an algebra automorphism v of A and an A-bimodule map 9 : Q"A — YA
such that all left multiplication maps
05 QXA — T, (A,

w =d-w, k=0,1,...,m,
where the actions - are defined by (1.4.3), are bijective.
(4) (QA,d) has a volume form w such that all left multiplication maps

5 T OFA 5 Ty A,

w e ry-w, k=0,1,...,n—1,

where T, is defined by (1.4.1), are bijective.

A volume form w € Q™A is an integrating form if and only if it satisfies condition (4)
of Proposition 1.6 [BS17, Remark 2.3].

The most interesting cases of differential calculi are those where QXA are finitely
generated and projective right or left (or both) A-modules [Brzl1].

Proposition 1.7. (1) [BS17, Lemma 2.6] Let (QA, d) be an integrable and n-dimensional
calculus over A with integrating form w. Then QXA is a finitely generated projective
right A-module if there exist a finite number of forms w; € QXA and w; € Q™ FA
such that, for all w’ € QFA, we have that

w' = Z Wi (W; A w’).

1

(2) [BS17, Lemma 2.7] Let (QA,d) be an n-dimensional calculus over A admitting a
volume form w. Assume that for allk =1,...,n— 1, there exists a finite number of
forms w}‘,@‘f € QX(A) such that for all w’ € Q*A, we have that

1)

w’ = Z Wi (@A ') = Zvj (Tt (' A W} ¥))wk
i i

where 1y and vy are defined by (1.4.1) and (1.4.2), respectively. Then w is an
integral form and all the QXA are finitely generated and projective as left and right
A-modules.
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Brzezinski and Sitarz [BS17, p. 421] asserted that to connect the integrability of
the differential graded algebra (QA, d) with the algebra A, it is necessary to relate the
dimension of the differential calculus QA with that of A, and since we are dealing with
algebras that are deformations of coordinate algebras of affine varieties, the Gelfand-Kirillov
dimension introduced by Gelfand and Kirillov [GK66a, GK66b] seems to be the best suited.
Briefly, given an affine k-algebra A, the Gelfand-Kirillov dimension of A, denoted by
GKdim(A), is given by

1 i m
GKdim(A) := lim supiog(dlm V)
n—oo log n

where V is a finite-dimensional subspace of A that generates A as an algebra. This
definition is independent of choice of V. If A is not affine, then its Gelfand-Kirillov
dimension is defined to be the supremum of the Gelfand-Kirillov dimensions of all affine
subalgebras of A. An affine domain of Gelfand-Kirillov dimension zero is precisely a
division ring that is finite-dimensional over its center. In the case of an affine domain
of Gelfand-Kirillov dimension one over k, this is precisely a finite module over its center,
and thus polynomial identity. In some sense, this dimensions measures the deviation of
the algebra A from finite dimensionality. For more details about this dimension, see the
excellent treatment developed by Krause and Lenagan [KLO0O].

After preliminaries above, we arrive to the key notion of this section.

Definition 1.15 ([BS17, Definition 2.4]). An affine algebra A with integer Gelfand-Kirillov
dimension n is said to be differentially smooth if it admits an n-dimensional connected
integrable differential calculus (QA, d).

From Definition 1.15 it follows that a differentially smooth algebra comes equipped
with a well-behaved differential structure and with the precise concept of integration [BL18,
p. 2414).

Example 1.4. As we said in the Introduction, several examples of noncommutative algebras
have been proved to be differentially smooth (e.g. [Brz15, BEKL10, BL18, BS17, Karl5,
KL14, RS22)).

Let us briefly see at some of these that are related to Ore extensions.

(i) The polynomial algebra k[xj,...,xn] has Gelfand-Kirillov dimension n and the
usual exterior algebra is an n-dimensional integrable calculus, which guarantees that
klx1,...,xn] is differentially smooth.

(ii) Brzezinski et al. [BEKL10] proved that the coordinate algebras of the quantum group
SUq4(2) and the standard quantum Podle$ are differentially smooth.

Example 1.5. Brzezinski [Brz15] characterized the differential smoothness of skew poly-
nomial rings of the form k[t][x; o, 8,1)] Where 04.(t) = qt + 7, with q,7 € k, q # 0, and
the o4 —derivation () is defined as

S 110) = T2 =),

for an element p(t) € k[t].
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Note that for any elements f(t), g(t) € k[t], we have that

(fg)(og,r(t)) — (fg)(t)

o, (f(t)g(t)) = t
p(F(D)g(1) R TN
and
_ g (op(t)) —glt) f(op(t)) —f(t)
0q,r(f(£))8p(g(t)) + 8(f(t))g(t) = oq,r(f(t)) o (1)t plt) + T p(tig(t)
_ (0q,r(f(t))glog,r(t)) — 0q,r (f(t))g(t) + flog,r(t))g(t) — f(t)g(t)
= p(t).
og,r(t)—t
n . n
Hence, if f(t) = }_kit', then 04,(f(t)) = > ki(oq,(t))™ = f(0q,+(t)), and so
i=0 i0
g, (F015p(g(8) + 8(1(0)gft) = ((F1er( 80l = Howr (POl Ao, I ) yyy
q,r -
_ (flog,r(t))glog,(t)) — f(t)g(t)
- ( og,r(t) —t )p(t)
_ (fg)ogq,r(t)) — (fg)(t)
= Car(t) —t p(t)
= 5p(f(t)g(t)),

which shows that the map 0, is a 04 ,-derivation on k[t]. 8,)(f(t)) is a suitable limit
when q = 1 and r = 0, that is, when og, is the identity map of k[t]. In this way, the
defining relation of the Ore extension k[t][x; oy, 5,()] is given by

xt = qtx +rx +p(t).

For the maps

vi(t) =1, vi(x)=qx+p'(t) and vi(t) = G;]T(t), Ve (x) = %, (1.4.7)

where p’(t) is the classical t-derivative of p(t), Brzeziniski [Brz15, Lemma 3.1] showed
that all of them simultaneously extend to algebra automorphisms v and vy of k[t][x; 0,y 8p ()]
only in the following three cases:

(a) ¢ =1, =0 with no restriction on p(t);
(b) g=1,r#0and p(t) =c, c €k;

(c) q#1,p(t)=c <t + q%]>, ¢ € k with no restriction on .

In any of the cases (a) - (c¢) we have that vy o v{ = v{ o vy. If the Ore extension
k[t][x; 0., Opy)] satisfies one of these three conditions, then it is differentially smooth
[Brz15, Proposition 3.3].

Due to Brzezinski’s result on k[t][x; 0., 6p(t)], we get that the algebras

e The polynomial commutative ring k(xq,x2];
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o The Weyl algebra Aq(k) = k{x1,x2}/(x1x2 — x2x1 — 1);

o The universal enveloping algebra of the Lie algebra ny = (x1,%2 | [x2,%1] = x1), that
is, U(nz) = ki{x1,x2}/(xax1 —x1x2 — x1), and

o Manin’s plane Oq(k) = k{x1,%2}/(xox1 — qx1x2), where q € k \ {0, 1}, and

e Jordan’s plane J (k) with the relation given by xt = tx + t?,

are all differentially smooth.

Example 1.6. Related to Ore extensions, and under some mild and geometrically natural
assumptions, Brzezinski and Lomp proved that if R and S are algebras with integrable
calculi (QR, dg) and (QS,ds), OR is a finitely generated projective right R-module and
Q is a finitely generated projective right S-module, then (QR ® QS, d) is an integrable
differential calculus for R® S [BL18, Proposition 3.1]. With this, if R and S are differentially
smooth algebras with respect to calculi which are finitely generated projective as right
modules GKdim(R ® S) = GKdim(R) + GKdim(S), then the tensor product algebra R ® S
is differentially smooth [BL18, Corollary 3.2].

They also proved that if R is an algebra with an integrable differential calculus (QR, d)
such that QR is a finitely generated right R-module, for any automorphism o of R that
extends to a degree-preserving automorphism of QR, which commutes with d, there exists
an integrable differential calculus (QA, d) on the skew polynomial ring R[x; o] and the
Laurent skew polynomial ring R[x*'; o]. If R is differentially smooth with respect to (QR, d)
and GKdim(A) = GKdim(R) 41, then A is also differentially smooth [BL18, Theorem 4.1].
The following examples illustrates this situation.

For any non-zero q € k*, let A4 be the algebra generated by the indeterminates x,y,z
and relations xy = yx, xz = qzy, yz = zx, and let Bg be the algebra generated by x,y and
invertible z subject to the same relations. Since Agq = k[x,yl[z;0] and B = k[x,y][zi];o]
with o(x) =y and o(y) = qx, then A4 and Bq are differentially smooth [BL18, Example
4.6]. Let us see the details.

Note that the polynomial algebra klx,y] is differentially smooth with the usual commu-
tative differential calculus Q(k[x,yl), i.e.,

xdx = dxx, xdy = dyx, ydx = dxy,
ydy = dyy, dxdy = — dydx, (dx)? = (dy)? = 0.
The automorphism o extends to an automorphism of Q(k[x,y]) by requesting it
commute with d, that is, o(dx) = dy and o(dy) = qdx.
Note that Q(k[x,y]) is finitely generated as a right k[x, yl-module and
GKdim(A4) = GKdim(B4) = 3 = GKdim(k[x,y]) + 1,

whence Ay and By are differentially smooth.

By using a similar reasoning [BL18, Corollary 4.9], it can be seen that the coordinate ring
of the so called quantum affine n-space, that is, the algebra generated by the indeterminates
X1, ..., Xn subject to the relations xjx; = qijxix;j for all 1 < j with qy; € k¥, is differentially
smooth (c.f. [KL14, Corollary 6 and Theorem 9]).
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Example 1.7. Reyes and Sarmiento [RS22] showed that some 3-dimensional skew polyno-
mial algebras (Section 1.2.2) are differentially smooth.

Let A be the k-algebra generated by the indeterminates x,y and z subject to the
relations given by

yz—z(ay+a)=0, zx—pPxz=>b, xy—(yy+d)x=0,

where o, 3,y € k\ {0}, b € k, such that (i) d = a =0or (ii) « =y = 1. If
GKdim(A) = 3, then A is differentially smooth [RS22, Theorem 2.7].

Suppose that for some generators xi,x; and xy of an algebra A generated by the
indeterminates x1, ..., Xy one has the relationships given by xix; —ax;jx; = bxj+cx;+fxy+e.
If we have a first order differential calculus (Q',d) and d is a well defined derivation
d: A— Q' we get that

d(xi)x; +xid(x5) — ad(xj)x; — axjd(x) = bd(xi) + cd(x;) + fd(xx) + e,

whence d(xy) is generated in the A-bimodule by the elements d(x;) and d(x;). Since
Q' is generated as A-bimodule by d(.A), then Q' is generated by n—1 elements, and hence
ar = AL, Q' = 0. Besides, if GKdim(A) = n, we get that A cannot be differentially
smooth because there is no a differential graded calculus of dimension n [RS22, Remark
2.8].

By using the first result, the following 3-dimensional skew polynomial k-algebras are

differentially smooth: (1), (2)(b), (2)(d), (2)(e), (2)(f), (3)(b) and (5)(c). On the other
hand, due to the second result the algebras (2)(a), (2)(c), (3)(a), (4) with |ai|+|az|+|az] > 0,
(5)(a), (5)(b) and (5)(d), are no differentially smooth.

Example 1.8 ([BS17, Example 2.5]). As expected, there are examples of algebras that are
not differentially smooth. Consider the commutative algebra A = C[x,yl/(xy). A proof by
contradiction shows that for this algebra there are no one-dimensional connected integrable
calculi over A, so it cannot be differentially smooth. Let us see the details.

Following [BS17, Example 2.5], since xy = yx = 0, the algebra A has the basis
the elements 1,x™,y™, n =1,2,... which shows that GKdim(A) = 1. By contradiction,
suppose there is one-dimensional connected integrable calculus QA and let @7 : Q'A — YA,
where v is an algebra automorphism on A, be the required bimodule isomorphism. The
Leibniz rule together with the equalities xy = yx = 0 imply that

xdy=—dxy, and ydx=-—dyx.
If we apply ©; to these identities, then we obtain that

v(x)0y = —0yy, and v(y)0, = —0yx, (1.4.8)

where 0y := ©7(dx) and 0y := ©;(dy).
The algebra A admits two types of automorphisms vi: A =5 A, i=1,2,

vi(x) = ax, vi(y) =by, and v;y(x)=ay, v2(y) =bx, a,bek".
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For v = vy, expression (1.4.8) implies that

axBy = —0yy, byby = —0yx,

where the only solutions are 6y = yp(y) and 0, = xq(x), with p(x) and q(x) polynomials
of k[x]. In this way, the image under ©7 of any one-form must be a polynomial without
a scalar term, so 1 cannot lie in ©;(Q'A), and hence ©; is not surjective. On the other
hand, in the case of the automorphism vy, by using (1.4.8) we get that

ayfy = —0yxy, bxOx = —0yx.

By using the commutativity of the algebra, we can assert that

y(aby + 0x) =0 =x(bby + 0y),

so we proceed to solve it. Note that if ab # 1 then both 0 and 0y are polynomials
without any scalar terms, and by using the same reasoning above, @7 is not surjective
which contradicts the assumption that ©; is an isomorphism of bimodules. In the case that
ab =1, it follows that the only solution is 0y = ¢ and 05 = —ac, for some c € k. Hence,
d(ay + x) =0, but this is a contradiction since we supposed that the differential calculus
is connected.

We conclude that there are no one-dimensional connected integrable calculi over A,
that is, A is not differentially smooth.

Remark 6. The algebra A = k{x,y}/(xy) is neither SAS regular algebra (Section 1.3.1)
nor differentially smooth.



CHAPTER 2

Smooth geometry of bi-quadratic algebras on three
generators having PBW basis

In this chapter we characterize the differential smoothness for the bi-quadratic algebras on
three generators with PBW basis defined recently by Bavula [Bav23, BK23].

The chapter is organized as follows. In Section 2.1 we consider the necessary prelimi-
naries on bi-quadratic algebras with PBW basis. Section 2.2 contains the original results
of the chapter. We extend Brzezinski’s ideas developed for skew polynomial rings of the
commutative polynomial ring k[t] [Brz15] (see Section 2.2.1; Proposition 2.3 shows that
the quantized Weyl algebra A?(k) is differentially smooth) to the setting of bi-quadratic
algebras on three generators with PBW basis. More exactly, in Theorem 2.4 and Propo-
sition 2.6 we formulate sufficient conditions to guarantee that a bi-quadratic algebra on
three generators with PBW basis is differentially smooth, while Theorem 2.5 presents
sufficient conditions on the impossibility of this fact. Following Bavula’s classification of
these algebras presented in his paper [Bav23], we organize our results using different tables
to improve its presentation. In Section 2.3 we say a few words about possible future work
related to the topic.

2.1 Bi-quadratic algebras with PBW basis

For a natural number n > 2, a family M = (mjj)i>j of elements my belonging to R
(1 <j <i<m)is called a lower triangular half-matriz with coefficients in R. The set of all
such matrices is denoted by L;,(R).

Definition 2.1 ([Bav23, Section 1]). If 0 = (07,...,0y) is an n-tuple of commuting
endomorphisms of R, & = (81,...,0n) is an n-tuple of o-endomorphisms of R (that is, &; is
a oi-derivation of R for i =1,...,n), Q = (qi) € Lp.(Z(R)), A := (ajx) where ajjx € R,
IT<j<i<mnand k=1,...,n, and B := (by) € Ly(R), the skew bi-quadratic algebra
(SBQA) A = RIx1,...,xn;0,0,Q,A,B] is a ring generated by the ring R and elements

31
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X1y...,Xn subject to the defining relations
xir = oi(r)x; + 6i(r), fori=1,...,n, and every r € R, (2.1.1)
n
XiXj — gijXjXy = Z aij Xk + bi]', for all j < 1. (2.1.2)
k=1

If 0y =idg and 6; = 0 for i = 1,...,n, the ring A is called the bi-quadratic algebra
(BQA) and is denoted by A = R[x1,...,%Xn; Q,A,B]. A has PBW basis if A = @ Rx“

xeN™
Xn
e

where x* = x{" -+ x
Remark 7. As we can see from its definition, many of these are generalized Weyl algebras
and diskew polynomial rings (see Bavula [Bav20] for more details). Bi-quadratic algebras
with PBW basis are related to noncommutative algebras of polynomial type defined
and investigated previously by different authors (e.g. Apel [Ape88], Bell et al. [BGS8S,
BS90], Bueso et al. [BGTV03], Hinchcliffe [Hin05], Levandovskyy [Lev05], Lezama et al.
[FGL™20, GL10, LR14, RS17b], Li [Li02], McConnell and Robson [MRS01], Pyatov et al.

[IPRO1, PT02], Redman [Red96b, Red99], Rosenberg [Ros95] and Seiler [Seil0]).

On the set Wy, of all words in the alphabet {x1,...,xn}, Bavula considered the degree-

by-lexicographic ordering where x1 < --- < xn. More exactly, xi, - - - xi, < Xj, - - Xj, if either
s<tors=t, i1 =j1,...,ik = jkx and gy < jx+1 for some k such that 1 < k < s.
Hence, if A = R[x1,...,xn; Q, A, B] is a quadratic algebra where n > 3, then for each triple
1,j,k € {1,...,n} such that i < j < k, there are exactly two different ways to simplify the

product xyxjx; with respect to this order given by

0.4
XkXjXi = qkjqkidjiXiXjXk + Z Ck,j,i,aX s
lo <2

/ o4
XkXjXi = qijqidjiXiXjXx + Z CrjiaX

o <2

where in the first (resp. second) equality we start to simplify the product with the
relation XiXj = qijXjXi+- -+ (resp. XjXi = gjixiXj+---) [Bav23, p. 696]. Thus, the defining
relations (2.1.2) are consistent (i.e. A #0) and A = € Rx® if and only if for all triples

axeNm
i,j,k € {1,...,n} such that i <j < k, we have that cy; i« = c{gj)i’(x. If this is the case, then
for all o € Sy (Sn, denotes the symmetric group of order n) we have that A = € Rx%
xeNn
where x§ = x71,) -+ xgt ) and oo = (0, ..., o) [Bav23, Theorem 1.1].

Proposition 2.1 ([Bav23, Theorem 2.1]). The classification of bi-quadratic algebras on
two generators over a field k is as follows: if q € k* and a,b,c € k, then the algebra

A =kix1,x2; 4, a, b, c] := k{x1,x2}/(xax1 — qx1%2 — ax; — bx; —¢)

is a bi-quadratic algebra on two generators [Bav23, p. 704]. The algebra A =
kix1][x2; 0, 8] is a skew polynomial ring of k[x;] where o(x1) = qx1+b and 6(x1) = axq +c.
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In this way, the algebra A is a Noetherian domain with PBW basis, A = @ ]kxi]sz and
i,jEN
the scalars a,b,c are arbitrary.

Up to isomorphism, there are only five bi-quadratic algebras of k on two generators:

(1) The polynomial algebra k[x1,x;];
(2) The Weyl algebra Aj(k) = k{x1,x2}/(x1x2 — x2x1 — 1);

(3) The universal enveloping algebra of the Lie algebra ny; = (x1,%2 | [x2,x1] = x1), that
is, U(ny) = kix1,x2}/(xax1 —x1%2 — x1);

(4) The quantum plane (Manin’s plane) Oq(k) = k{x1,x2}/(xax1 — qx1%2), where q €
k\ {0,1};
(5) The quantum Weyl algebra A?(k) = k{x1,x2}/(xax1 —qx1x2—1), where q € k \ {0, 1}.

Proposition 2.2 gives necessary and sufficient conditions for the bi-quadratic algebras
on three-generators have a PBW basis. As we will see in Section 2.2.2, this is key to
characterize the differential smoothness of these algebras.

Proposition 2.2 ([Bav23, Theorem 1.3]). If A = k[x1,x2,x3;Q, A, B] is a bi-quadratic
algebra where Q = (q1, 42, q3) € k*3,

by
and B= |by
b3

A=

> R 0
=< 0o

b
P
o

The algebra A is generated over k by the elements x1,%2 and x3 subject to the defining
relations

X2X1 — q1X1X2 = axq + bxy + ¢cx3 + by, (2.1.3)
X3X1 — q2X1X3 = X1 + X2 +yx3 + by, (2.1.4)
X3X2 — 3X2X3 = AX] + uxy + vx3 + bs. (2.1.5)

The relations (2.1.3), (2.1.4) and (2.1.5) are consistent and A = @ kx* where
aEN3
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x1,,%2

x* =x{"x32x3° if and only if the following conditions hold:

(T—qs)ee=(1—q2)u, (2.1.6)
(T—a)a=[T—-aq)v, (2.1.7)
(T—aq2)b=00—-aq)y, (2.1.8)
(T—dq192)A =0, (2.1.9)
(g1 —q3)B =0, (2.1.10)
(T—q293)c =0, (2.1.11)
(1 —g3)x—wa+ (b+qry)A —vee+ (qiq2 — 1)b3 =0, (2.1.12)
(@a=Vv)B+qryn—qgsab + (q1 — q3)b2 =0, (2.1.13)
(a+(q1 —1)v)y +bv—(n+ gsa)c + (1 — q2q3)by =0, and (2.1.14)
— (n+q3a)br + (@ —v)ba + (b + q1v)b3 = 0. (2.1.15)

Furthermore, if A = @ kx® where x* =x{"x32x3° then A = @ kx& for all o € S3

o L&
where xg =X

xeN3 xEN3
1,02 &3

(M Xe(2)%0(3)"

Example 2.1. Let us see some examples of bi-quadratic algebras on three generators.

(a)
(b)
()

The universal enveloping algebra of any 3-dimensional Lie algebra.

The 3-dimensional quantum space A?h,qz,qs = klx1,%x2,%x3;Q,A =0,B = 0].

Following Havlicek et al. [HKP00, p. 79], the k-algebra Ll"] (s03) is generated by the
indeterminates I, I;, and I3 subject to the relations given by

1
LIy —qhil; = —q21;3,
LI —q '3 =q 2L, and
LL — qhly = —q21;, for q € k \ {0, 1}.

Zhedanov [Zhe91, Section 1] introduced the Askey- Wilson algebra AW(3) as the
R-algebra generated by three operators Ko, K1, and K, that satisfy the commutation
relations

[K0>K1]w = KZ)
[K2,Kolw = BKy + C1Ky + Dy, and
(K1, Kzl = BKy + CoKp + Do,

where B, Co, Cy, Dy, and Dy are elements of R that represent the structure constants
of the algebra, and the gq-commutator [—, —], is given by [[J, Al := e“*OA—e Y AL,
where w € R. Notice that in the limit w — 0, the algebra AW(3) becomes an ordinary
Lie algebra with three generators (Dy and D; are included among the structure
constants of the algebra in order to take into account algebras of Heisenberg-Weyl
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type). The relations defining the algebra can be written as

eYKoKy — e YK1Kq = K3,
eVKyKp — e YKoKy = BKg + C1K; + Dy, and
e’KiK; — e YKyK; = BK; + CoKp + Dy.

With the aim of classifying bi-quadratic algebras on three generators, Bavula [Bav23,
BK23] considered Q = (q1, q2,q3) € k*3 in Proposition 2.2 into the following four cases:

e g1 =q2 =q3 =1 (Lie type);

i #l, qa=q3=1;
G1#1, q2#1, g3=1, and
G AT, q2#1, g3 # 1.

We will also consider these cases in the characterization of the differential smoothness
of these algebras presented in the next section. As it can be seen from Bavula’s papers,
there are exactly 44 types (up to isomorphism and considering vk Ck and vk C k) of
non-isomorphic algebras of bi-quadratic algebras on three generators (see Tables 2.1, 2.2,
2.3,24, 2.5, 2.6, 2.7 and 2.8 for the details of each algebra).

2.2 Differential and integral calculus

In this section we investigate the differential smoothness of bi-quadratic algebras on three
generators. Before, we say a few words about the smoothness of the bi-quadratic algebras
on two generators.

2.2.1 Bi-quadratic algebras on two generators

Brzezinski [Brz15] characterized the differential smoothness of skew polynomial rings of the

form k[tl[x; 0., Op()] where 0q:(t) = qt+ 1, with q,r € k, q # 0, and the 04 —derivation

dp(t) is defined as

(o (1)) — (1)
oqr(t) —t

Spp) (F(1)) = p(t), (2.2.1)

for an element p(t) € klt]. d,()(f(t)) is a suitable limit when q =1 and r = 0, that is,
when g, is the identity map of k[t].

For the maps

vit) =t, vi(x) =qx+p'(t) and vy(t) =0 1(t), Vi(x)=x, (2.2.2)

where p’(t) is the classical t-derivative of p(t), Brzeziniski [Brz15, Lemma 3.1] showed

that all of them simultaneously extend to algebra automorphisms vy and vy of the skew
polynomial ring k[tl[x; 0q,r, 8p(t)] only in the following three cases:
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(a) @ =1, =0 with no restriction on p(t);
(b) g=1,r#0and p(t) =c, c €k;

(c) g #1,p(t)=c (t + qrj), ¢ € k with no restriction on .

In any of the cases (a) - (¢) we have that vy o vi = v{ o vy. If the Ore extension
k[t][x; 0., Opy)] satisfies one of these three conditions, then it is differentially smooth
[Brz15, Proposition 3.3].

As we saw in Proposition 2.1, up to isomorphism, there are only five bi-quadratic
algebras on two generators over k, so that having in mind Brzezinski’s result on the
differential smoothness of k[t][x; ogr, 6p(t)], we get that the algebras k[x7,x2], Aj(k) and
U(ny) belong to the case (a), while O4(k) belongs to the case (c), whence these four
algebras are differentially smooth.

Remark 8. Aj(k) is an SAS regular algebra (not an AS regular algebra, Section 1.3.1)
that is differentially smooth.

With respect to the quantum Weyl algebra A? (k), this cannot be expressed by using this
kind of skew polynomial rings so that its differential smoothness should be investigated by
considering other and alternative approach. This is the content of the following proposition.

Proposition 2.3. The quantum Weyl algebra A?(]k) is differentially smooth.

Proof. We know that GKdim(A](k)) = 2 [GZ95, p. 867]. Consider the maps vy, and vy,
given by

Vi (x1) = q 7 'x, vy, (x2) = qxz, and (2.2.3)

Vi (1) = 47 'x1, Vx, (X2) = gx,. (2.2.4)

The map vy, can be extended to an algebra homomorphism of A?(k) if and only if the
definitions of vy, (x1) and vy, (x2) respect relation x;x1 = qx1x2 + 1, i.e.

VX1 (XZJ‘VX] (X1) = qu1 (X1 )VX] (XZ) + VX] (] )

In this way, qxi1xp + qqfl = qx1x2 + 1, which always holds. The case vy, is similar:

VXz(XZ)VXZ (x1) = qVvx, (x1 )sz (x2) + sz“ )>

whence qx1x2 +qq~' = qx1x2 + 1. Now, since we need to guarantee that

Vy; O Vyy, = Vx, © Vi (2.2.5)

then we impose that

Vi, 0 Vi, (X1) = vy, (97 1%1) = g 2,
Vx, 0 Vx, (X1) = Vx, (g7 '%1) = g s,
Vi, © Vi, (X2) = Vx, (4%2) = q*x2,  and
Vy, 0 Vx, (X2) = Vy, (g%2) = q*xa.
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As it is clear, composition v, o0 vy, = Vx, 0V, holds.

Consider Q! (A?(k)) a free right Af(k)—module of rank two with generators dx; and
dx;. For all a € A?(k) define a left A?(k)—module structure by

adx; = dx1vy, (a) and adx; = dxpvy,(a). (2.2.6)

The relations in Q' (A?(k)) are given by

x1dx; = q71dX1X],
x1dxy = qf]dqu, (2.2.7)
deX] = qu1X2, and

x2dx; = qdxyx).

Since we want to extend the correspondences

X1 — dX] and X2 — dXz

to a map d : A?(k) — Q1(A$(k)) satisfying the Leibniz’s rule, from the relation
x2x1 = qx1x2 + 1 we get that dxyx; + x2dx; = qdx1x2 + qxdx;.

Define k-linear maps
Ox;y Ox, 1 AT(k) = AJ(K)

such that
d(a) = dx10x, (a) + dx204,(a) forall a € A?(k).

Having in mind that dx; and dx; are free generators of the right A?(k)—module
Q! (A?(]k)), these maps are well-defined. Then d(a) = 0 if and only if 0y, (a) = 04, (a) =0.
By using the two relations in (2.2.6) and the definitions of the maps vy, and vy,, it follows
that

Oy (X35) = XIS and Oy, (x4x§) = sqxdxg .

Thus, d(a) = 0 if and only if a is a scalar multiple of the identity. Hence, (Q(A‘]q (k)), d)
is connected where Q(A?(k)) = QO(A?(]]«)) ® Q! (A?(]k)).

Since QZ(A?(]]&)) = wA?(k) = A?(k) as a right and left A?(k)—module, with w =
dxj A dxz, where v, = vy, 0 Vx,, we have that w is a volume form of A?(k). From
Proposition 1.7 (2) we get that w is an integral form by setting

w} = dxq, w} = dxy, (I)} =—q 'dx;, and LD; = dx;.

By Proposition 1.7 (2), we consider the expression w’:= dxjo+ dx;f with «, f € k,
to obtain that

2
Z wgﬁw((bg Aw') = dxmw(—ocq_] dx; A\ dxq) + dxome (Bdxy A dx))
i=1
= dyxo+ dxf3

=w’.
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As we saw above, all elements of Q! (AlJI (k)) can be generated by wg and LD! fori=1,2,
so Proposition 1.7 (2) guarantees that w is an integral form. Proposition 1.6 shows that
(Q(A;1 (k)), d) is an integrable differential calculus of degree 2, whence A? (k) is differentially
smooth. O

Remark 9. Aj(k) is an SAS regular algebra (not an AS regular algebra, Section 1.3.1)
that is differentially smooth.

2.2.2 Bi-quadratic algebras on three generators

Throughout this section, A denotes a bi-quadratic algebra on three generators x1, x; and
x3 subject to the relations (2.1.3), (2.1.4) and (2.1.5) in Proposition 2.2. Since these are a
subclass of the skew PBW extensions introduced by Gallego and Lezama [GL10], it follows
from [Rey13, Theorems 14 and 18] that its Gelfand-Kirillov dimension is three. This fact
is key in Theorems 2.4 and 2.5.

The following theorem is the first important result of the chapter. We extend Brzezinski’s
ideas [Brz15] mentioned in Section 2.2.1.

Theorem 2.4. If the conditions

c=p=A=0, (2.2.8)

bi(qr —1) —ab =0, (2.2.9)
ba(gq2—1) —ay =0, (2.2.10)
b3(qz3—1)—uv=0, and (2.2.11)
pa =0 (2.2.12)

hold, then A 1is differentially smooth.

Proof. Consider the following automorphisms:

Vy, (X1) = %1, Vi, (x2) = qix2 + q, Vi (X3) = qax3 +«,  (2.2.13)
Vi, (1) = g7 —bay!, v (x2) = %2, Ve, (X3) = q3x3 + 1, (2.2.14)
Vi, (1) = 43 X1 — Y43y Ve (x2) = g3 xa — Va3, v (%3) = xs. (2.2.15)

The map vy, can be extended to an algebra homomorphism of A if and only if the
definitions of vy, (x1), Vx, (x2) and vy, (x3) respect relations (2.1.3), (2.1.4) and (2.1.5), i.e.

Vo (X2)Vx; (X1) = q1Vx, (X1)Vy; (X2) = avy, (x1) 4+ by, (x2) + by,
VX1 (X3)VX] (X1) - qZVX] (X1 )VX1 (X3)

Vx; (X3)Vx1 (x2) — q3Vx, (XZ)VX1 (x3)

x1
vy, (X1) +YVy, (x3) + b2, and
}‘LVX] (XZ) + VVX] (X3) + b3'
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In this way, we obtain the equations

bi(g1 —1)—ab =0,
ba(q2—1) —ay =0,
u(gqz —1) = alqs — 1),
v(gi —1)=alqs—1), and
b3(qiq2 — 1) = «(a(qz — 1) +v).

By putting together these five relations with those appearing in Proposition 2.2 we get
three new and additional relations given by

bi(qgr—1)—ab=0, ba(qz—1)—ay=0 and pa=0. (2.2.16)

Similarly, the map vy, can be extended to an algebra homomorphism of A if and only
if the equalities

bi(qi —1) —ab =0,
iz —1) = alqs — 1),
b(qz —1) =v(q1 - 1),
ba(g1 —q3) + qryn+blp—qop—a) =0, and
bi(qz —1)—vp=0

are satisfied. These relations together with Proposition 2.2 and equations (2.2.16)

generate the new relation
bg(q3—])—\/p,:0. (2.2.17)

By considering the extension of the map vy, to an algebra homomorphism of A, we get
the equations

b3(qz —1) —pv =0,
vigi —1) = alqsz — 1),
b(qz—1) =v(q1 - 1),
b1(1 —q293) + vie(1 — q1) + qzay + q2bv =0, and
ba(gz — 1) —ocy = 0.

These relations with all obtained above do not generate a new relation, so we can
extend the maps vy,, vy, and vy, to an algebra homomorphism if and only if

bi(q1—1)—ab=0, (2.2.18)
by(q2 — 1) — oy =0, (2.2.19)
b3(qz3—1)—pv=0, and (2.2.20)

ua = 0. (2.2.21)



2.2. DIFFERENTIAL AND INTEGRAL CALCULUS 40

Since we need to guarantee that

Vxp ©Vxp = Vxp © Vi, (2.2.22)
Vx; O Vx; = Vx5 0 Vyx,, and (2.2.23)
VXS o VXZ = VXz o VX3) (2224)

it is enough to satisfy these equalities for the generators x;, x; and x3, i.e.

Yy, 0 vy, (X1) = q; 'x1 — bqy !, (2.2.25)
Vi, © Vi (x1) = q; %1 — bay, (2.2.26)
Vx; © Vx, (%2) = qixz + aq, (2.2.27)
Vx, 0 Vx (X2) = qixz + q, (2.2.28)
Vi © Vx, (X3) = q203%3 + q3x + 1, and (2.2.29)
Vxy © Vx; (X3) = q2q3%3 + qapt + . (2.2.30)

As we can see, composition vy, 0 Vy, = Vy, 0 Vy, is always satisfied, so we only consider
the relations (5.3.53) and (3.2.8) which hold when «(q3z — 1) = p(qz — 1); this is precisely
the relation (2.1.6) in Proposition 2.2.

Next,
Vi 0 Vi (1) = 43 %1 —vd; (2.2.31)
Vig © Vy, (X1) = g3 qu"> (2.2.32)
Vy, 0 Vxs (X2) = 143 ' X2 + q3 a—\/q3 , (2.2.33)
Vi 0 Va (X2) = 143 ' x2 — vaiq3 ' +a, (2.2.34)
Vxy © V3 (X3) = q2x3 + o, and (2.2.35)
Vxs © Vy; (X3) = qax3 + . (2.2.36)

Again, the compositions shown in (5.3.20) and (5.3.21), and compositions (3.2.13) and
(5.3.23) are the same. Relations (3.2.11) and (5.3.22) coincide when a(q3 —1) =v(q; — 1)
which occurs is satisfied due to Proposition 2.2.

Finally,
Vi 0 Vi (x1) = q7 g3 ><1—q1 'q;'y — by, (2.2.37)
Vi, 0 Vi (x1) = 4745 'x1 —q1 'q;'b —vq3 ', (2.2.38)
Vis 0 Vi (X2) = 43 ' x2 — a3, (2.2.39)
Vy, 0 Viy (X2) = q3 %2 — V3, (2.2.40)
Vxs © Vi, (X3) = q3x3 + 1, and (2.2.41)
Vxp © Vi3 (X3) = q3x3 + 1 (2.2.42)

Relations (3.2.17) and (5.3.27) are equal, and (3.2.19) and (5.3.29) coincide. Note that
relations (3.2.15) and (5.3.25) are the same if y(q; — 1) = b(qz — 1), which is the case by
(2.1.8) in Proposition 2.2.
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Consider Q'A a free right A-module of rank three with generators dx;, dx; and dx;.
For all p € A define a left A-module structure by

pdx; = dx1vy, (p),
pdxy = dxy vy, (p), and
pdxz = dx3 vy, (p). (2.2.43)

The relations in Q'A are given by

X1 dX] = dX]X],

x1dxy; = q?]dqu —qu]de

x1dxz = 3" dxax; — ;' dxs, (2.2.44)
x2dx1 = qi1dx1x2 + adxy,

deXz = dXzXz,

x2dx3 = q;] dx3xy — \/q? dxs, (2.2.45)
x3dx1 = qadx1x3 + adxq,

x3dxy = qzdxyx3 + pdxy, and

x3dx3 = dxzxs. (2.2.46)

We want to extend the correspondences

X1 = dx;, xp—dxy and x3— dxs

to a map d: A — Q'A satisfying the Leibniz’s rule. This is possible if it is compatible
with the nontrivial relations (2.1.3), (2.1.4) and (2.1.5), i.e. if the equalities
dxyx1 +x2dx7 = q1dx1x2 + q1x71dx2 + adx; 4+ bdx,,
dxzx1 +x3dx; = q2dx1x3 + q2x1dx3 + adx; + ydx3, and
dx3x; +x3dx; = q3dxpx3 + gq3x2dx3 + pdx; + vdxs

hold. Note that d(b;) =0 fori=1,2,3.

Define k-linear maps
Ox;y 0xyy Ox3 t A — A

such that

d(a) = dx10x, (a) + dx0y,(a) + dx30x,(a), forall a € A.

Since dx;, dx, and dxs are free generators of the right A-module Q'A, these maps are
well-defined. Note that d(a) = 0 if and only if 0y, (a) = 04, (a) = 0x,(a) = 0. By using the
three relations in (5.3.30) and the definitions of the maps vy,, Vx, and vy,, we get that

)
ey (K5x5x3) = T T,
Ox, (xl]<
0, (x}

l.s
2X3
x5x§) = quk(m - b)kx?]xg, and
x5 (X x5x§) = squ_kqg_l(vq —v)*(x2 —v)lx§_1. (2.2.47)
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Thus d(a) = 0 if and only if a is a scalar multiple of the identity. This shows that
(QA, d) is connected where QA = Q°A ¢ Q'A & Q?A.

The universal extension of d to higher forms compatible with (5.3.31), (5.3.32) and
(5.3.33) gives the following rules for Q?A:

dxy Adxy = — qrdx; A dxy, (2.2.48)
dx3 Adx; = — qadx; A dxs, and (2.2.49)
dx3 A dx; = — qzdxy /A dxs. (2.2.50)

Since the automorphisms vy,, vy, and vy, commute with each other, there are no
additional relationships to the previous ones, so we get the expression

QA = dxg A doA @ dxg A dxsA @ dxg A dxsA.

Since Q3A = WA = A as a right and left A-module, with w = dx; A dx, A dx3, where
Vo = Vx; © Vx, O Vx,, we have that w is a volume form of A. From Proposition 1.7 (2) we
get that w is an integral form by setting

w) = wy = dxy,
w; = Wy = dxy,

(l)3 = (I)3 = dX3,

(I)% = q?] q2’1 dx; A dxs,
@3 = —q3'dt Adxy, and

(I)% = dxq A dxs.

By Proposition 1.7 (2), we consider the expression w’ := dxja + dx;b + dxzc with
a,b,c € k, to obtain the equality

3
Z Wiy (@A w') = dmy(qy ' q; adx A dxz A dxq)
i=1
+ dxznw(—q3_1bdx1 A dxs /A dxy)
+ dx37, (cdxy A dxy A dxs)
= dX] a-+ dXzb + ngC

=w’.

On the other hand, if w” := dx; A dxaa + dx; A dxzb + dx, /A dxzc where a, b, c € k,
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we get that

3
Z Wity (@) A @) = dxa A dxamy (cdxg A dxy A dxs)
i=1
— gy dxq A dxamg (bdxa A dxg A dxs)
+ qZ] q;l dxq A dxpmg (adxs A dxqg A dxg)
= dx; A dxoa + dx; /A dxzb + dxy A dxs

"
=w .

As we have seen above, all elements of different degrees can be generated by wi and
(I)ffj for j = 1,2 and i = 1,2,3, so Proposition 1.7 (2) guarantees that w is an integral
form. Proposition 1.6 shows that (QA, d) is an integrable differential calculus of degree n,
and since GKdim(A) is also n, it follows that A is differentially smooth. O

Following Bavula’s classification presented in [Bav23], Theorem 2.4 shows that there
are twenty two bi-quadratic algebras on three generators that are differentially smooth.
On the other hand, Theorem 2.5 shows that twenty one bi-quadratic algebras cannot be
differentially smooth. This is the second important result of the chapter.

Theorem 2.5. If one of the conditions ¢ # 0, B # 0 or A # 0 holds, then A is not
differentially smooth.

Proof. By contradiction. Suppose that A has a first order differential calculus (QA, d).
Without loss of generality, we consider the case ¢ # 0. Since d must be compatible with
the relation (2.1.3), then we get that

dxox1 + x2dxy = qi1dx1x2 + qix7dx2 + adx; + bdx; + cdxa,

whence dx3 is generated by dx; and dx,. This means that Q'A is generated by two
elements and Q3A = QTAANQ'AAQ'A =0, i.e. there is no third-order calculus. Since
GKdim(A) = 3, we conclude that A cannot be differentially smooth. O

Tables 2.1, 2.2, 2.3, 2.4, 2.5, 2.6, 2.7 and 2.8 contain the explicit relations of bi-quadratic
algebras on three-generators. There, by Theorems 2.4 and 2.5, the symbols v' and * denote
a positive and a negative answer, respectively, on its differential smoothness.

In the case of algebra Dy (Table 2.2), Theorems 2.4 and 2.5 cannot be applied. We
consider other approach to investigate its differential smoothness as the following proposition
shows.

Proposition 2.6. The algebra D1 is differentially smooth.
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Proof. Let
vy, (X1) = q7 %1, vy, (X2) = qi%2, Vi, (x3) = x3 + 1, (2.2.51)
v, (x1) = g7 "%, Vy, (X2) = qix2, Vi, (X3) = x3 — 1, (2.2.52)
Vs (X1) = x1, Vs (X2) = %2, Vi, (X3) = x3. (2.2.53)

It is straightforward to show that the maps vy, , Vs, and vy, can be extended to algebra
homomorphisms of Dy; these maps respect the relations (2.1.3), (2.1.4) and (2.1.5) for Dj.
Furthermore, these maps commute with each other.

Consider Q'(D1) a free right Dj-module of rank three with generators dx;, dx, and
dxs. For all p € Dy define a left Di-module structure by

pdxy = dx1vy, (p),
pdx; = dxyvy, (p), and
pdxs = dx3 vy, (p). (2.2.54)

The relations in Q'(Dy) are given by

x1dx; = q7 ' dxixa,

x1dxy = qfdqu,

x1dx3 = dx3xq, (2.2.55)
x2dx1 = q1dx1x%2,

x2dxy = qr1dxzx2,

xodx3 = dx3xy, (2.2.56)
x3dx; = dx;(x3 + 1),

x3dxy = dxa(x3 — 1), and

x3dx3 = dxzx3. (2.2.57)

We want to extend the correspondences

X1 — dX], X2 — dXz and X3 — dX3

toamap d: A — Q'(Dy) satisfying the Leibniz’s rule. This is possible if it is compatible
with the nontrivial relations (2.1.3), (2.1.4) and (2.1.5), i.e. if the equalities

dxox1 +x2dx1 = q1dx1x2 + q1x1dx2 + adxy + bdx,,
dx3xy +x3dx; = q2dx1x3 + q2x1dx3 + dx; + ydxs3, and
dx3x; +x3dx; = q3dxpx3 + q3x2dx3 + pdx; + vdxs

hold. Note that d(b;) =0 fori=1,2,3.

Define k-linear maps
Ox;y 0x,, Ox; 1 D1 — Dy
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such that

d(a) = dx10x, (a) + dx0x,(a) + dx30x,(a), forall a € A.

Since dxp, dx, and dx3 are free generators of the right Dj-module Q'(D;), these maps
are well-defined. Note that d(a) = 0 if and only if 0, (a) = 9, (a) = 0x,(a) = 0. By using
the three relations in (2.2.54) and the definitions of the maps vy,, vy, and vy,, we get that

ko l,s k=1, 1l,s
Ox, (X7x3%3) = kx7™ %33,
d, (XEx5x3) = lg7xix xS, and
s (XFx5x5) = sxfxing . (2.2.58)

Thus d(a) = 0 if and only if a is a scalar multiple of the identity. This shows that
(QDy, d) is connected where Q(D;) = Q%(D;) @ Q'(Dy) @ Q?(Dy).

The universal extension of d to higher forms compatible with (2.2.55), (2.2.56) and
(2.2.57) gives the following rules for Q?(Dj):

dXz A\ dX] = — (1 dX] AN dXz, (2.2.59)
dX3 AN dX] = — dX] AN ng, and (2.2.60)
dxs A dx; = — dxy /\ dxs. (2.2.61)

By using that the automorphisms vy, , vy, and vy, commute with each other, there are
no additional relationships to the previous ones, so we get the expression

Q%(D1) = dx; A dxa(Dq) & dx; A dxz (D) & dxa A dxz (D).

Since Q3(D1) = wDj = Dj as a right and left A-module with w = dx; A dxs A dxa,
where v, = vy, 0 Vy, 0 Vy;, we have that w is a volume form of D;. From Proposition 1.7
(2) we get that w is an integral form by setting

w} = (I)} = dx;,

w} = d)} = dxy,
w3
w% = dxy /A dxs,
— q(1 dxy /\ dxs,
dxq A dxs,

2

2

2

3

2=gq7ldxy; A d
1=4; adx2 X3,
2

2

2

3

a); = ng,

w
w

i
Il

i

- dX] A\ dXz, and
dX] AN dXz.

gl

By Proposition 1.7 (2), we consider the expression w’ := dxja + dx;b + dxzc with
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a, b, c € k and obtain the equality

3
Z wlmg(@? A w') = dxmw(qf] adx; A dxz A dxq)
i=1
+ dxy7y (—bdx; A dxz A dx,)
+ dx37y (cdxq A dxy A dxs)
= dxja+ dx,b + dxszc

=w’.

On the other hand, if w” := dx; A dxza + dx; A dx3b + dx, /A dxzc where a, b, c € k,
we get that

3
Z Wity (@) A W) = dxa A dxamy (cdxg A dxy A dxs)
i=1
— g7 dxg A dxam (bdxg A dxq A dxs)
+ dx1 A\ dxpmg (adxs A dxy A dx;)
= dx; AN dxya + dx; /A dxsb + dxy A dxs

— (.U//.

As we have seen above, all elements of different degrees can be generated by w{ and
d)ig_j for j = 1,2 and 1 = 1,2,3, so Proposition 1.7 (2) guarantees that w is an integral
form. Proposition 1.6 shows that (Q(D7),d) is an integrable differential calculus of degree
n, and since GKdim(D7) = n, it follows that A is differentially smooth. O

Remark 10. It is important to note that if one algebra is not differential smooth, this does
not mean that the algebra does not possess a differential calculus. The universal enveloping
algebra U(sl(k)) is an illustration of this fact as it was shown by Beggs and Majid [BM20].
By using Hopf algebras, they proved the existence of a first-order differential calculus and
other properties of Riemannian quantum geometry that are different from the differential
smoothness shown in this thesis.

2.3 Future work

As expected, a natural task is to investigate the differential smoothness of bi-quadratic
algebras on n generators. Precisely, Bavula [Bav23, p. 699] asserted that a construction of
bi-quadratic algebras on four generators was introduced by Zhang and Zhang [ZZ08, ZZ09]
with their class of double Ore extensions. As one can appreciate in the literature, these
extensions are of great importance in the noncommutative algebraic geometry, and more
exactly, in the classification of Artin-Schelter regular algebras introduced by Artin and
Schelter [AS87] (see the excellent surveys on these algebras carried out by Bellamy et al.
[BRST16] and Rogalski [Rog24]). The characterization of the differential smoothness of
double Ore extensions is one of our immediate objectives.
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On the other hand, since bi-quadratic algebras are related to other families of noncom-
mutative rings of polynomial type such as those mentioned in the Introduction, a second
natural task is to investigate the extension of the theory developed here to these families

of algebras with the aim of studying its differential smoothness.

Table 2.1: Bi-quadratic algebras on three generators of Lie type [Bav23, Theorem 1.4]

Conditions Bi-quadratic algebra Matrix form (Proposition 2.2) | Differential smoothness
klx1, %2, x3] A = 0343, B = 0353 v
o 0 -1
U(ﬁ[g(k)) A= |2 0 0 ,B:O3X] *
0 =2 0]
00 —1
U(H3) A=10 0 0|,B=03.q *
0 0 0]
00 —1 0
h=a=0;=1 UN)/(c—1) A=[00 o, B=]0 x
10 0 0] |11
0 -1 0
k(x1,x2,x3l[x1,x2l =x2) | A=10 0 0], B =03 v
0 0 0]
0 -1 0 0
UM)/(c—1) A=10 0 0|,B=|-1 v
10 0 0] | 0 |
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Table 2.2: Bi-quadratic algebras on three generators [Bav23, Theorem 1.5]

Conditions Bi-quadratic algebra Matrix form (Proposition 2.2) Differential smoothness
[0 0 0]
A4 A=1|1 0 0|,u#—-1,B=030 v
0w 0]
000
Az A=10 0 0|,B =031 v
0 1 0]
By A =033, B = 0351 v
1
B, A =03x3,B= [0 v
0
0 01
B3 A=10 0 0|,B =03 *
qr#land g =q3 =1 -g g (])- 1
By A=1{0 0 0,B= |0 *
10 0 0] 10]
0 0 0
G A=11 0 0[,B=03q v
0 -1 0
0 0 1 1
C A=1|1 0 0[,B=|0 *
10 -1 0] 10]
0 0 0 1
Dy A=11 0 0f,B= |0 v
10 =1 0] 10]
0 0 1 by
D, A=11 0 0[,B=|0[,b#1 *
0 -1 0 0

Table 2.3: Bi-quadratic algebras on three generators [Bav23, Theorem 1.6]

Conditions Bi-quadratic algebra Matrix form (Proposition 2.2) Differential smoothness
Al o A = 03x3, B =031, qﬂh%! v
g A =03x3, B=03x1, 2= ¢ v
0
E A =033, B= (0], q2=q;’ v
1
q#1,q#1 and g3 =1 000
E; A=0 0 Of,B =057, q=q;’ *
100
000 0
| A=10 0 0f,B= O,qZ:q]’] *
100
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Table 2.4: Quantum bi-quadratic algebras on three generators [Bav23, Theorem 1.7]

Conditions Bi-quadratic algebra Matrix form (Proposition 2.2) Differential smoothness
[0 0 1] [b1]
F A=10 1 0|,B=|by|, b1,bybsek *
100 b3
001 by
F, A=10 1 0|,B=|b|,b,b2ek *
000 0
00 1 by
F3 A=10 1 0|,B=|by|,by,brek *
10 0 0] 11]
00 1 by
F4 A=10 0 0|,B=[0],bjek *
10 0 0] 10|
0 0 1 by
Fs A=10 0 0|,B=[1],bjek *
000 0
q1—q3=0 and 1—q1q2 =0 00 1] Tor]
Fe A=10 0 Of,B=|1]|,bjek *
000 1
F7 A =03x3, B =03 v
1
Fs A=0343,B= 1|0 v
0
1
Fo A=03,3,B=|1 v
0
1
Fio A =033, B=|1 v
1

Table 2.5: Bi-quadratic algebras on three generators [Bav23, Theorem 1.§]

Conditions Bi-quadratic algebra | Matrix form (Proposition 2.2) | Differential smoothness
Gy A = 03x3, B =03x1 v
0
G2 A=0343,B= {1 v
q17q3:0and]7q1q2750 00 0 'O'
G3 A=10 1 0 N B= 03><1 *
10 0 0]
000 0
Gy A=10 1 0|,B=|1 *
000 0

Table 2.6: Bi-quadratic algebras on three generators [Bav23, Theorem 1.9]

Conditions Bi-quadratic algebra | Matrix form (Proposition 2.2) | Differential smoothness
Hy A = 03x3, B =031 v
0
H, A =033 B= |0 v
1
@ —q3#0, 1—qiq2=0and 1 —q2q3 #0 500
Hs A=10 0 0f,B =034 *
11 0 0]
000 0
Ha A=]0 0 of,B= |0 *
100 1
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Table 2.7: Bi-quadratic algebras on three generators [Bav23, Theorem 1.10]

Conditions Bi-quadratic algebra | Matrix form (Proposition 2.2) | Differential smoothness
)] A = 03x3, B =031 v
1
I A=03:3,B= |0 v
0
G —q37#0, T—qiq2 #0and 1—q2q3 =0 ] L=
I3 A=10 0 0f,B =034 *
10 0 0]
001 1
Iy A=10 0 0f,B= |0 *
10 0 0] 10]

Table 2.8: Bi-quadratic algebras on three generators [Bav23, Theorem 1.11]

Conditions Bi-quadratic algebra | Matrix form (Proposition 2.2) | Differential smoothness

qr—q3#0, 1—qiq2 #0 and 1 —q2q3 #0 A} A =03x3, B =035 v




CHAPTER 3

Smooth geometry of double extension regular
algebras of type (14641)

At the end of Chapter 2, we said that a natural task is to investigate the differential
smoothness of bi-quadratic algebras on n generators. Since Bavula [Bav23, p. 699] asserted
that a construction of bi-quadratic algebras on four generators was introduced by Zhang
and Zhang [ZZ08, ZZ09] with their class of double Ore extensions, and having in mind the
interest on the differential smoothness of Ore extensions and Zhang and Zhang’s assertion
about the few properties known to be preserved under double extensions, it is the purpose
of this chapter to investigate the differential smoothness of the double extension regular
algebras of type (14641).

The chapter is organized as follows. In Section 3.1 we review the key facts on double
Ore extensions and and extension regular algebras of type (14641) in order to set up
notation and render this chapter self-contained. The corresponding list of these algebras is
given in Tables 3.1, 3.2, 3.3 and 3.4. In Section 3.2 we prove our main result, Theorem 3.7,
which says that none double extension of type (14641) is differentially smooth. Examples
3.2, 3.3 and 3.4 show interesting facts on the differential smoothness of double extensions
of differentially smooth algebras; these allow us to answer Question 1. In Section 3.3 we
say some words about a future research.

3.1 Double Ore extensions and extension regular algebras
of type (14641)

The classification of noncommutative projective 3-spaces or quantum P3s corresponds
to the classification of Artin-Schelter regular algebras of global dimension four. With
the aim of presenting new examples of Artin-Schelter regular algebras generated by four
elements of degree one (Artin-Schelter regular algebras of dimension one and two that
are generated by elements of degree one are well-known [Rog24, Examples 1.8 and 1.9],
while of dimension three have been classified by Artin, Schelter, Tate and Van den Bergh
[AS87, ATdB07, ATVdBI1, Ste96]), Zhang and Zhang [ZZ08, ZZ09] introduced algebra

extensions which they called double Ore extensions (or double extensions for short) as

o1
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a natural generalization of the Ore extensions. In fact, from the definition of double
extensions it is possible to appreciate some similarities to that of a two-step iterated
Ore extensions. Nevertheless, there are no inclusions between the classes of all double
extensions of an algebra and of all length two iterated Ore extensions of the same algebra
[2708, Example 4.2 and Proposition 0.5(c)]; Carvalho et al. [CLM11, Theorems 2.2 and
2.4] formulated necessary and sufficient conditions for a double extension to be presented
as two-step iterated Ore extensions.

As Zhang and Zhang asserted, rather than Ore extensions very few properties are known
to be preserved under double extensions since some techniques used for Ore extensions
are invalid for double extensions [ZZ08, Section 4]: “double extensions seem much more
difficult to study than Ore extensions [...] Many new and complicated constraints have
to be posted in constructing a double extension. General ring-theoretic properties of
double extensions are not known” [ZZ08, Section 0]. Some authors have contributed to the
research on double extensions and its relations with algebraic structures such as Poisson,
Hopf, Koszul and Calabi-Yau algebras (e.g. [GS20, Li22, LOW20, LOWY18, JLZ15, RR24,
LRS17, ZvOZ17]).

As we said in the Introduction, in their paper [ZZ09] Zhang and Zhang considered
regular algebras B of dimension four that are generated in degree one. By Lu et al.
[LPWZ07], it is known that B is generated by either two, or three, or four elements and
the projective resolution of the trivial module kg is given in [LPWZ07, Proposition 1.4]
(k is an algebraically closed field). In the case that B is generated by four elements, the
projective resolution of the trivial module kg is of the form

0 — B(—4) — B(—3)® = B(—2)®® - B(—1)® = B — kg — 0. (3.1.1)

Due to the form of this resolution, Zhang and Zhang said that such an algebra is of type
(14641). They classified all double extensions Rp[y7,yz;0] (with =0 and T = (0,0,0))
of type (14641). Having in mind that Ore extensions and normal extensions of regular
algebras of dimension three were studied by Le Bruyn et al. [BSdB96], they omitted
some of these from their classification, and hence their “partial” classification consists of
26 families of regular algebras of type (14641) which are labeled by A;B,...,Z. LIST
denotes the class of all algebras in the families from A to Z. In this class many of the
double extensions Rplyy,yz; 0] are still Ore extensions; however, there might be non-zero &
and T such that Rp[yy,yz; 0] (with the same (P, o)) is not an Ore extension. Zhang and
Zhang’s classification is basically the classification of (P, o) so that Rplyr,ysz; 0,8, T] is not
an Ore extension for possible (8, 1) [ZZ09, p. 374]. All details about this terminology and
notions are given below.

We recall the definition of a double extension introduced by Zhang and Zhang [ZZ08].
Since some typos ocurred in their papers [ZZ08, p. 2674] and [ZZ09, p. 379] concerning

the relations that the data of a double extension must satisfy, we follow the corrections
presented by Carvalho et al. [CLM11].

Definition 3.1 ([ZZ08, Definition 1.3]; [CLM11, Definition 1.1]). Let R be a subalgebra of
a k-algebra B.

(a) B is called a right double extension of R if the following conditions hold:
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(i) B is generated by R and two new indeterminates y; and yj;

(ii) y7 and y; satisfy the relation

Yaui :P1ZUIUZ+PHU%+T1U1 + T2y2 + To, (3.1.2)
for some p12,p11 € k and 1,712,790 € R;
(iii) B is a free left R-module with basis {y%yjz 11, > o};
(iv) y1IR+y2R+R C Ry; +Ryz +R.
(b) A right double extension B of R is called a double extension of R if

(1) p12 # 0;
(ii) B is a free right R-module with basis {yizy% 1,5 > O};
(iii) y1R+y2R+ R =Ryj + Ry +R.

Remark 11. It is well-known that two-step iterated Ore extensions R[ys; o7, 81][y2; 02, 2]
are free left R-modules with a basis {y}” y5? }m >0 [ZZ08, Lemma 1.5]. It can be seen that
in general these extensions are not a (right) double extension in the sense of Definition 3.1
(a) because this kind of extensions might not have a relation of the form (3.1.2). However,
if 07 is chosen properly so that (3.1.2) holds for these extensions, then all of them become a
(right) double extension [ZZ08, p. 2671]. In this way, many double extensions are iterated
Ore extensions and the condition in Definition 3.1(a)(iii) is reasonable. As Zhang and
Zhang [Z708, p. 2671] said, “Our definition of a double extension is neither most general
nor ideal, but it works very well in [ZZ09]".

Condition (a)(iv) from Definition 3.1 is equivalent to the existence of two maps

o= [G” ‘“2] ‘R = Myo(R) and &= [51] ‘R — Mayi(R),
021 02 )
such that
Y| _ Y1
[ } r=o0o(r) { ] +6(r) forall reR. (3.1.3)
Y2 Y2

If B is a right double extension of R, we write B = Rp[y1,y2; 0,0, Tl], where P = (p12,p11)
with elements belonging to k, T = {19, 71, T2} C R, and 0,0 are as above. P is called a
parameter and T a tail, while the set {P, 0,8, 7} is said to be the DFE-data. One of the
particular cases of the double extensions is presented by Zhang and Zhang [ZZ08, Convention
1.6.(c)] as a trimmed double extension, for which & is the zero map and T = {0,0,0}. We use
the short notation Ry[yr,y2; 0] to denote this subclass of extensions. This kind of double
extensions will be important later.

For a right double extension Ry[y1,y2; 0,0, 1], all maps oy and &; are endomorphisms of
the k-vector space R. From [ZZ08, Lemma 1.7] we know that o must be a homomorphism
of algebras, and § is a o-derivation in the sense that & is k-linear and satisfes d(rr’) =
o(r)8(r") +8(r)r! for all r,v’ € R. It is straightforward to see that if the matrix [G” 012]

021 022
is triangular, then both o7; and 07, are algebra homomorphisms.
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In the case that T C k, the subalgebra of Rply1,yz; 0,8, T] generated by y; and y; is
the double extension kplyi,yz;07/,8’, 1], where o’ = ol is the canonical embedding of k
in Mjy2(k) and &’ = §|x = 0 is the zero map. Carvalho et al. [CLM11, Proposition 1.2]
proved that the latter is always an iterated Ore extension.

The next result characterizes double extensions.

Proposition 3.1 ([ZZ08, Lemma 1.10 and Proposition 1.11]; [CLM11, Proposition 1.5]).
Given a k-algebra R, let 0 be a homomorphism from R to Mayx2(R), & a o-derivation
from R to Ma«1(R), P = (p12,p11) @ set of elements of k, and T = {70, 71,72} a set of
elements of R. Then, the associative k-algebra B generated by R,y; and y, subject to the
relations (3.1.2) and (3.1.3), is a right double extension if and only if the maps oy and py,
1e{1,2},j,k €{0,1,2}, satisfy the six relations (3.1.4) - (3.1.9) below, where o9 = d; and
Pk is a right multiplication by T:

2 2
021011 +P11022011 = P11077 +P71012011 + P12011021 + P11P12012021, (3.1.4)

021012 + P12022071 = P11011012 + P1P120120711 + P12011022 + PT,012021, (3.1.5)
022012 = P1107, + P12012022, (3.1.6)
020011 + 0210710 + P1022011 = P11(010071 + 0110710 + P107120711)
+P12(010021 + 011020 + P1012021) + T107171 + T2021,
(3.1.7)
020012 + 022010 + 2022011 = P11(010012 + 012010 + P20120711)
+P12(010022 + 012020 + p2012021) + T1012 + T2022,
(3.1.8)
020010 + P0922011 = P11(070 + PoT12011) + P12(G10020 + PoT12021)
+ T10710 + T2070 + Toidg. (3.1.9)

Remark 12. (i) [CLM11, Remark 1.6] Proposition 3.1 implies the uniqueness, up to
isomorphism, of a right double extension of R, with given o, 0, P and T, provided such
an extension exists. Indeed, assume B = Rp[ys,Y2; 0, 8,7 is a right double extension
of R. Then, by [ZZ08, Lemmas 1.7 and 1.10(b)], the data o,d,P and T satisfy the
conditions of Proposition 3.1. Let B be as in this proposition. Then, there is an
algebra homomorphism from B to B which restricts to the identity on R and maps
Yi € B to the corresponding element y; € B, i = 1,2. Since B is a free left R-module
with basis {y%yjz [1,j > 0} and the same holds for B, this map is an isomorphism,

thus proving uniqueness.

(ii) [CLM11, p. 2842] Let B = Rply1,Y2; 0, 8,7l be a right double extension and suppose
that p12 # 1. Then, from the ideas above, by choosing adequate generators y;
and (possibly) modifying the data o,8,T one can assume that pj; = 0. If B =
Rp[U;,Y,; T, 0,7 is a right double extension with pj; = 0, then B has a natural
filtration, given by setting deg R =0 and deg y; = deg y, = 1. It can be seen that
in view of relations (3.1.2) and (3.1.3), that the associated graded algebra G(B) is
isomorphic to Rp[y;,Y;; 7,{0,0,0}].
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Next, we recall the key results formulated by Carvalho et al. [CLM11] about relations
between double extensions and two-step iterated Ore extensions (c.f. Zhang and Zhang
[ZZ09, Proposition 3.6]).

Proposition 3.2. (1) [CLM11, Theorem 2.2] Let R,B be k-algebras such that B is an
extension of R. Assume P = {p12,p11} C k, T = {10, 71,72} C R, 0 is an algebra
homomorphism from R to M3(R) and b is a o-derivation from R to May1(R).

(a) The following conditions are equivalent:
— B =Rply1,yz; 0,8, 7T] is a right double extension of R which can be presented
as an iterated Ore extension Rlyr; o1, dillyz; 02, da].
— B =Rply1,yz; 0,8, T] is right double extension of R with 012 = 0.
— Rly; 01, dillyz; 02, d2] is and iterated Ore extensions such that

02(R) € (R), o2(y1) =pu2y1 + 12
d2(R) CRy1 +R,  da(y1) = puyi + Tiy1 + 1o,
for some pi; € k and Ty € R. The maps 0,0,0; and &, i = 1,2, are related
by

_|on 0 _ di(a)
G—[o-ﬂ (72|]J) d(a) = [dz(r)—cm(a)y] , forall a eR.

(b) If one of the equivalent statements from (1) holds, then B is a double extension
of R if and only if o1 = 011 and o3|gr = 022 are automorphisms of R and p12 # 0.

(2) [CLM11, Theorem 2.4] Let B = Rply1,Yyz; 0,8, be a right double extension of the
k-algebra R, where P = {p12,pn1} € k, T = {12, 71,70} C R, 0 : R = M3(R) is an
algebra homomorphism and & : R — Mj«1(R) is a o-derivation. Then, B can be
presented as an iterated Ore extension Rlyy; 03, djlyr; o1, dj] if and only if 01 =0,
P12 # 0 and p11 = 0. In this case, B is a double extension if and only if 0'£ = 0
and 61’|R = 017 are automorphisms of R.

Example 3.1 ([ZZ08, Example 4.1]). Let R = k[x]. As expected, there are so many
different right double extensions of R and if we assume that deg x =deg y; =degyr =1,
then all connected graded double extensions k[x]p[y1,y2; 0,0, 7] are regular algebras of
global dimension three investigated by Artin and Schelter [AS87]. Let us see some particular
situations to illustrate that the DE-data can be of different kinds.

From relations (3.1.2) and (3.1.3) we have that
Y2yt = Prayiyz + Pryi + axyy + bxy; + ox?,
yYyix = dxyj + exyz + fxz, and
Yax = gxy + hxys + ix?.
The six relations appearing in Proposition 3.1 are equivalent to the fact that the overlap

between the above three relations can be resolved. By using that p1; # 0, we may choose P
to be (p,0) or (1,1), while the invertibility of o is equivalent to the condition dh — ge # 0.

Next, we present the list of defining relations of different possibilities for the algebra B.
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(i) Algebra B' :=B'(p,a,b,c), where a,b,c,p € k and p #0, b #0,1.

bc
Yoy = Pyiy2 + 7 (Pb — Thxyr + ax?, (3.1.10)
yix = bxy;, and (3.1.11)
y2x = b Ixyy 4 oxl. (3.1.12)
. . . bx O .
The homomorphism o is determined by o(x) = 0 b'x|° In this case 012 = 01 =

0 and o717 and 0y, are algebra automorphisms. The derivation is determined by
d(x) = [O cxz]. The parameter P is (p,0) and the tail is T is {]bfcb(pb —1)x,0, axz}.
By using the linear transformation y, — y; + b%x we get that ¢ = 0. Thus,
B]“)p)a)bvc) = B1(1)p)avb)0)-
(ii) Algebra B?:=B?(a,b,c), where a,b,c € k and b # 0.
Yoy = —yiy2 + @,
yix = b_]xyz +cx?, and

y2x = bxy; + (—be)x%

-1
The homomorphism ¢ is determined by o(x) = [box b 0 X]. It can be seen that
0 b 'x" x" 0
ny _— : ny _— 3
o(x") = [bx“ 0 } when n is odd and o(x") = 0 xn] when n is even. Note

that in this case o771 and 03, are not algebra homomorphisms of A. The derivation is
determined by d(x) = [cxz —bcxz]. The parameter P is (—1,0) and the tail is T is
{0,0,ax?}. Hence, B*(a,b,c) = B*(ab~ ', 1,c¢).

Note that for most (a,b,c) (for example, (a,b,c) = (1,1,0)), the algebra B*(a, b, c)
is not an Ore extension of any regular algebra of global dimension two, so B?(a, b, c)
is not an iterated Ore extension of k[x] with char(k) = 0. Carvalho et al. [CLM11,
Proposition 2.7] showed that this is not so in case the characteristic of the base field
is two.

(iii) Algebra B3 := B3(a), where a € k*.

YY1 = Yrya,
yYyix = axyj +xyz, and
Y2x = axyz.
The homomorphism ¢ is determined by o(x) = [%X (;J and the derivation is zero.

The parameter P is (1,0) and the tail T is {0, 0, 0}.
(iii) Algebra B*:=B*(a,b,c), where a,b,c € k and b # —1.

XYz + CXZ,

_ 2
Yay1 = Y1y2 +yy + axyy + T+ b

y1x = xy; + bx?, and
Yox = (2+2b_])xy1 + xy;.
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X

The homomorphism ¢ is determined by o(x) = [(2+ b1

0 . The deriva-
X x

bx?

tion is determined by 6(x) = [ 0

} The parameter P is (1,1) and the tail T is
{ax, 125, ex?}.

If we denote by B any of the algebras B!, then it can be seen that the element x is
normalizing in B and B/(x) is a regular algebra of global dimension two. For this reason,
these algebras are called normal extensions. Except for B2, these algebras are also iterated
Ore extensions of k[x]. A detailed classification and general properties of these algebras
can be found in [AS87, ATdB07, ATVdB9I1].

As we said in the Introduction, Zhang and Zhang [ZZ09] were interested only in regular
algebras B of dimension four that are generated in degree one, and in the case that B is
generated by four elements, the projective resolution of the trivial module kg is of the form
(3.1.1), that is, algebras of type (14641). The next proposition shows explicitly the relation
of these algebras with Ore extensions.

Proposition 3.3 ([Z2Z09, Theorem 0.1]). Let B be a connected graded algebra generated
by four elements of degree one. If B is a double extension Rplyi,yz; 0, Tl where R is an
Artin-Schelter regular algebra of dimension two, then the following assertions hold:

(1) B is a strongly Noetherian, Auslander regular and Cohen-Macaulay domain.
(2) B is of type (14641). As a consequence, B is Koszul.

(3) If B is not isomorphic to an Ore extension of an Artin-Schelter regular algebra of
dimension three, then the trimmed double extension Rplyi,yz; 0l is isomorphic to one
of 26 families.

In Tables 3.1, 3.2, 3.3 and 3.4 we present the detailed list of the 26 families following
the labels A, B,...,Z used in [ZZ09].

3.1.1 Double extensions of kq[x1,x;]

Since the base field k is algebraically closed, R is isomorphic to kq[x1,x2] = O4(k) with the
relation xpx7 = qx1x2 (note that Q = (q,0), the Manin’s plane), or kj[x1, %] = J (k) with
the relation x;x7 = x1x2 + X12 (here, Q =] = (1,1), the Jordan’s plane) [Shi05, Theorem
1.4] or [Z709, Lemma 2.4]. Manin’s plane and Jordan’s plane are the only regular algebras
of global dimension two [Rog24, Examples 1.8 and 1.9].

In general, we will write kq[x7,x2], with Q = (q12, q11), and

kqlx1,%2] = k{x1,%2}/(xax1 — q11x] — qi2x1%2),

and for the computation we set Q to be either (1,1) or (q,0). Zhang and Zhang
[ZZ09, Section 3] classified regular domains of dimension four of the form Rp[y1,yz; 0] up
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to isomorphism (equivalently, to classify (P,0)) up to some equivalence relation. They
were interested in double extensions that are not iterated Ore extensions. Throughout this
section we consider R as just said.

Let 0: R — M3(R) be a graded algebra homomorphism. Let

2
oij(xs) = Z QijstXt, for all i,j,s = 1,2 and a5 € k. (3.1.13)
t=1

Using (3.1.13), the relation (3.1.3) of the algebra Rplyi,yz; 0] can be expressed as
follows (note that in this case 6 = 0). If r = x; and x; in (3.1.3), we get the following
relations:

y1x1 = o11(x1)yr + o12(x1)y2

= annxiyr + anzxeyr + annxiyz + aizxaya, (3.1.14)
yixz = o11(x2)yr + o12(x2)y2

= an21x1y1 + an2Xxay1 + a1221x1yY2 + azazx2yz, (3.1.15)
Yax1 = 021(x1)y1 + 022(x1)y2

= axnx1y1 + az2x2yn + annxiyz + aznixeyz, and (3.1.16)
Yaxz = 021(x2)y1 + 022(x2)y2

= a121}1Y1 + a2122X2Y1 + Q2221X1Y2 + a2222X2Y2- (3.1.17)

These four relations are called mizing relations between x; and y;. The double extension
Rply1,yz; ol also has two non-mixing relations given by
X2x1 = qizx1xz + quxj, and (3.1.18)

Y2y1 = p1ay1y2 + puyi. (3.1.19)

If we consider the matrices

ann o @z Qi
Qi Qi )X > a a a a
Sy 9 G2l g e (B T2 G Gz G G g o
Qij21  Qij2 In In axin o aznz a1 a2
a1 a2 A1 a2

since it is assumed that o is a graded algebra homomorphism, then o is uniquely
determined by X. Another matrix related to X is given in the following way. Let

g a12ij My My,
My = ) ) and M := ) 3.1.21
Y [GZH)’ azzu] [Mm Mzz} ( )

As we can see, the matrix M is obtained by re-arranging the entries of ¥ and X is
invertible if and only if M is invertible.
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Remark 13 ([ZZ09, p. 388-390]). Using that o is an algebra homomorphism, for elements
i,3,f, g we have that

2
0ij(xXfXg) = Z Oip (X£) 0pj(Xg)
p=1

2
= Z al‘pfSX'S apjgtxt)

P,s,t=1
2
= Z (aipfsapjgt)xsxt
P,S,t:1
2 2
— 2
= Qipf1 Apjgl X7 + Qipf1Qpjg2 | X1X2
p=1 p=1
2 2
2
Zai‘pfzapjg] X2X2 + Zaipfzap]'QZ X3.

Since xpx1 = qnx% + g12x1%2 in R, we obtain that
_ 2
0ij(xixq) = [(airrarjgr + aizr, 2jg1) + q11 (Qirr2a1jg1 + Qi2r2a2i¢1)] X3
+ [(anf1arjg2 + aizr1azjg2) + qi2 (@irpaijgr + aizr2azigr) x1xq

+ (@i @jg2 + Gi21202ig2) X3- (3.1.22)

Using the same relation and that each oy is a k-linear map, it follows that
oij(x2x1) = qnoy(x1x1) + q12035(x1x2)  forall i,j =1,2. (3.1.23)
By (3.1.22) the left-hand and the right-hand sides of (3.1.23) can be expressed as
polynomials of x; and x;. If we compare the coefficients of x%nq X, and x%, respectively,

then we obtain the following identities: the coefficients of x3 of (3.1.23) give rise to a
constraint between coefficients

(ain21arjn + a21aziin) + qun (ap2zain + aizzzazyn)
= qu1 llapnan + anazin) + qn (azagn + azizazj)]
+ qiz2 [(apmarjzr + anazizr) + qir (aunzarz + aizizazi)] . (3.1.24)

With respect to the coefficients of x1x; of (3.1.23), we get that

(anz1arjiz + aiz21azi12) + qiz2 (@22 aijn + aizz2azjin)
= qn [(annaiz + apnaziz) + gz (auzan + aizizazji)]
+ gz (@@t + ai211azi22) + qiz (ain2ajar + agizazi)] . (3.1.25)

The coefficients of X% of (3.1.23) satisfy the equality

(ai2z2arji2 + aizzzazjiz)
= q1 (ap2a1j12 + aizi2azjiz) + qiz (au2aj22 + aizizazjz) - (3.1.26)
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Applying relations (3.1.2), (3.1.3) and all of them appearing in Proposition 3.1 to
the elements v = x; and xz, we obtain more relations between the elements aijx. For
i,f,g,s,t: 1>27

2

2
O-fg(Gst(Xi)) = O1g (Z astiwxw> = Z astiwgfg(xw)
w=]

w=1
2

2 2
E Qstiw E QfgwiXj = Z (asti1Qrglj + Asti2Afg2j) Xj
W =1 =1

= (astirQrg11 + Astiz@rg21) X1 + (Qsti1 Qrg12 + AstizArg22) X2 (3.1.27)

(Since P = (p12,pP11), Zhang and Zhang will consider P = (1,1) or (p,0) in some
computations). By (3.1.27), the expressions (3.1.2), (3.1.3) and all of them appearing in
Proposition 3.1, when applied to x; are equivalent to the following constraints:

(anuazi + anizaziz;) +pn (anizag;)
=pn (anaam; + anany) +ph (@ a; + anpain;)
+ P12 (azriramy + azrizanz;) + prpiz (@ziir@izry + aziia@122;) (3.1.28)
(@rzi1a2115 + a2i2a2125) + P2 (@rrir a2z + anizazj)
=pn (@ira1j + a2i2a1125) + pripiz (anuaizy + anizaizj)

2
+ 12 (aziraimj + azizaiizy) + pi;2 (aziiiany + aziai;) , (3.1.29)
(@12i1@221) + Q1212222)
P (@iziraizij + anzizaizzg) + piz (azir a2y + azi2ai2zj) - (3.1.30)

As we can see, there is a symmetry between the first three C-constraints ((3.1.24),
(3.1.25), (3.1.26)) and the last three C-constraints ((3.1.28), (3.1.29), (3.1.30)). The
reasoning above is the content of the following proposition.

Proposition 3.4 ([ZZ09, Proposition 3.1]). (1) Let Rply1,yz; 0] be a right double exten-
sion and suppose the data {Z, P, Q} are defined as above corresponding to the k-linear
basis {x1,%2,Y1,Y2}. Then the siz equations (3.1.24), (3.1.25), (3.1.26), (3.1.28),
(3.1.29) and (3.1.30) are satisfied. Further, det £ # 0 if and only if Rply1,yz2;0] is a
double extension.

(2) Suppose a matriz L as in and parameter sets P = (p12,p11) and Q = (q12, q11) with
P12q12 # 0 are given. If the siz equations hold and det X # 0, then the six relations
define a double extension Rplyr,ya;ol.

The System C'is the system of the six equations (3.1.24), (3.1.25), (3.1.26), (3.1.28),
(3.1.29) and (3.1.30) together with det £ # 0. A solution to System Cor a C-solution is a
matrix X with entries ajjs satisfying System C.

Proposition 3.5. Let ¥ be a C-solution and let B = (kQ[x1,xz])P [y1,Y2; 0] where o is
determined by X. Let 0 #h € k.
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(1) B is a Z?-graded algebra. Lety : x; — Xi, Yi — hyi. Theny extends to a graded
automorphism of B.

(2) hXZ is a C-solution. Let o' be the algebra automorphism determined by hX. Then
B = (kqlx1,%2])p [Y1,Y2;0'] is a graded twist of B by y in the sense of Zhang [Zha96].

In general, the algebra B and its twist BY are not isomorphic as algebras. Nevertheless,
both algebras have common properties since the category of graded B-mpdules is equivalent
to the category of graded BY-modules [Zha96, Theorem 1.1].

Definition 3.2 ([ZZ09, Definition 3.4]). (i) X and L’ are twist equivalent if we have that
Y/ = hX for some 0 # h € k. In this case, ¥’ is called a twist of £. £ can be replace
by its twists (without changing Q and P) to obtain another double extension [ZZ09,
Lemma 3.3(b)].

(i) (£,Q,P) and (X/,Q’,P’) are linearly equivalent if there is a graded algebra isomor-
phism from (kqlx1,%21)p [Y1,Y2; 0] to (kq/[x{,x3])ply1,y3; 0’1 mapping kx; + kx; —
kx{ 4+ kx; and ky; + ky, — kyj +ky,. Using this isomorphism we can pull back x/
and y{ to the algebra (kqlx1,%2])p [Y1,Yy2; 0l; then we can assume that {x],x}} (resp.
{y7,y3)) is another basis of {x1,%2} (resp. {y1,Y2}). In case Q = Q' and P = P’, then
we just say that £ and L’ are linearly equivalent.

(iii) (£,Q,P) and (X', Q’,P’) are equivalent if (£,Q,P) and (hZ’,Q’,P’) are linearly
equivalent for some 0 # h € k.

It is easy to show that twist equivalence and linear equivalence are equivalence relations.
Also, the equivalence between (X, Q,P) and (X’,Q’,P’) is an equivalence relation.

Zhang and Zhang [ZZ09] classified Rp[y1,y2; o] up to isomorphism (or even up to twist)
by classifying £ up to (linear) equivalence.

Proposition 3.6. (1) [Z2Z09, Proposition 3.6] Let B be a double extension given by
(ko x1,x2])ply1,Y2; 0, 7, 8]
(a) If £12 =0, then B is an iterated Ore extension.
(b) If 31 =0 and p11 =0, then B is an iterated Ore extension.

(2) [2709, Proposition 3.7] Let B = (kg [x1,x2])P [Y1,y2; 0] be a trimmed double extension
where o is determined by the matriz .

(a) Considering R’ : kply1,yzl as the subring and {x1,x2} as the set of generators
over R’, B is a double extension (kp[y1,y2])Q [x1,%2; &l where « is determined

by the matric M.
(b) If My =0, then B is an iterated Ore extension of kplyr,yal.
(c) If My1 =0 and q11 =0, then B is an iterated Ore extension of kplyi,yazl.

Remark 14. In the classification of double extensions, there are some of them that satisfy
some condition of Proposition 3.6. In fact, Zhang and Zhang comment that the algebra
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A satisfies M, = 0, and therefore it is an iterated Ore extension. However, under the
choice of T and §, the extension is not an iterated Ore extension for any regular algebra of
dimension 2 [ZZ09, p. 395].

By Proposition 3.6, we can see at the Tables 3.1, 3.2, 3.3 and 3.4 that:
o All algebras A, B, ..., Z satisfy condition (2) (a).

o Algebra N satisfies condition (1)(a) when f = 0.

o Condition (2)(b) is satisfied by algebras D, G, H, K, I, Q, X and Y.
e Algebra M satisfies condition (2)(c) when f = 0.

o Algebra V also satisfies (2)(c).

o The other algebras do not satisfy any of the assumptions (except (2)(a)) of Proposition
3.6.

3.2 Differential smoothness

This section contains the important result of the chapter.

Following an argument similar to the one presented by Brzezinki and Sitarz [BS17,
Example 2.5], we obtain the following.

Theorem 3.7. Double extension regular algebras of type (14641) are not differentially
smooth.

Proof. Consider a double extension B generated by the set of indeterminates B :=
{z4,2z_,2,z" }. The proof is by contradiction. We divide it into two parts.

(1) Suppose that for the elements z/ and z; the commutation rule

zhzy =ozizl + Bz 2z +yziz! +06zz", where o, B,7v,8 € k¥, (3.2.1)

is satisfied. Suppose that B has a first order differential calculus QA with d: A —
Q'A a derivation. By applying d to (3.2.1) we get that

0=d(z\zy) — dlaz+z, + Pz_z} +vz 2! +8z.2").
Since d is k-linear, using the Leibniz’s rule it follows that

0=dzlzy +2z,dzy — adziz!, — az, dz/, — pdz_z!

— Bz_dz, —ydziz! —vyz dz! —8dz_z! — 6z dz’.
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Using Property 1.4.2, the action of the module is written using automorphisms v,
‘szr and V1
0=dzlzy +dzyv,, (2}) — adzyz) — adzl v, (z1) — Bdz-z),

—Bdzlv, (z-) —vdziz! —ydzl v, (z¢) — 8dz-z] —8dzl v,/ (z-)
The terms that multiply the different differentials are put together to obtain

0 = dz}(z4 — v (z4) — Bvay (2)) + dzo (v, (2}) — oz} —v2!)

—dz_(Bz! + 8z ) — dz! (yv, (z4) + 8V, (z2)).

Since the differentials are generating elements for Q'A and all of them are equal to
zero, the elements that multiply them are also zero. We obtain that
szr(o‘ZJr + BZ,) = Zy,
Vo, (z}) = ozl +vz2',
Pz 48z’ =0, and
V! (yz4+ +8z-) =0,

which are satisfied only when 3 =y = 8 = 0. This contradicts our initial assumption.

Suppose that in the algebra B is satisfied the quadratic relation

Z ciwtw =0, where ¢y €k, (3.2.2)
t,weB

Without loss of generality, notice that if the indeterminate z, appears only once in
the list of pairs (t,w), call (t,w), then there is no first order calculus. More exactly,
consider the set B’ = B2\ {(t,w)}. By applying the differential d to the expression
(3.2.2) we get that

0=d ( > ct,ktk> :

t,weB

Since d is k-linear, using the Leibniz’s rule and emphasizing leaving aside the terms
tw, it follows that

0= > cywd(tw) +cird(tw)
(tyw)eB’
= Z Cew(dtw + tdw) + c{’v—v(d{v_v + tdw)

(tyw)eB’

Again, using Property 1.4.2, the action of the module is written using automorphisms
Vw, and vy,

0= Z Cew(dtw + dwv,, (1)) | + dfc{‘v—vv_v + dv_vc{‘v—vvw(f).
(t,w)eB’
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The generator z, does not appear as any component of the pairs (t,w) € B’. In the
case that t = z,, we obtain that cgwwW = 0, whence w = 0, which cannot be happen.
Now, if w =z, then ¢y, wVw(t) = O and therefore vy (t) = 0, which contradicts that

V2, is an automorphism.

From Remark 14 and Theorem 3.7 we obtain the following facts:

o Double extensions satisfying relation (3.2.1) are C, F, I, S, T, U (see Tables 3.1, 3.2,
3.3 and 3.4).

o Double extensions that satisfy the commutation rule (3.2.2) are A, B, D, E, G, H, J,
K,L, M, N O, P,Q, R, V, W, XY and Z (see Tables 3.1, 3.2, 3.3 and 3.4).

Let us see three illustrative examples on the differential smoothness of double extensions
of differentially smooth algebras. These allow us to give an answer to the following question:

Question 1. Let B be a double extension of R. If R is differentially smooth, then is B
differentially smooth?

Example 3.2 ([Z2Z09, Subcase 4.1.1]). Let B = (kq[x1,%2])r[y1,Y2; 0,8, 7] be the right
double extension generated by x1,%3,Y1,Y2 subject to the relations

XaX1 = X1X2 + X7, Y2y1 = Y1y2 + i,
yix1 = fxiys, y1x2 = gx1y1 + fxays,
yYox1 = hxyt + fxyz, Yox2 = mx1y1 + hxayr + gx1y2 + fxoyz,

where f,g,h, m € k and f # 0. Note that in the relations

yix1 = o1 (x1)yr + o2(x1)y2  and  yixa = on1(x2)yr + o12(x2)y2,

we have that o1 = 0. In this case B = Rply1,yz; 0,6, 1] is a right double extension of
R = kq[x1,%2]. By Proposition 3.2 (1), B can be presented as the two-step iterated Ore
extension ko [x1,%2]ly1; 071, d1]ly2; 02, da]. If we take the relation yx1 = hxjys + fx1ys, we
can see that it satisfies the condition (3.2.2), and thus B is not differentially smooth.

Example 3.3 ([Z2Z08, Example 4.2]). Consider h € k*. Let B(h) denote the graded algebra
generated by x1,%x2,y71 and y; subject to the conditions

X2X1 = —X1X2,
Y2y1 = —Yirya,
yix1 = h(xy1 +x2y1 +x1y2),
yix2 = h(x1y2),

(
yYo2x1 = h(xpy1), and
Y2x2 = h(—xy1 —x1y2 + x2Y2).
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Following the notation in [ZZ09], the set of the last four relations is associated to the
matrix

M
|
=

1 1 0
0 1 0
1 0 0

1

S O O —=

-1 -1

B(h) is a quadratic connected graded algebra where deg x; = deg x; = deg y; =
deg y, = 1. In fact, from [ZZ08, Lemma 4.5] we know that by considering P = (—1,0),6 =
0,7 =(0,0,0) and the algebra homomorphism

0:A— Mz(A)
X1 +X%X2 Xq
X]i—)h|: X O:|,
Xth|:O 1 :|,
—X2 —X1+X2

then the data {P, 0,9, T} satisfy the relations (3.1.4) - (3.1.9) for the generating set
{x1,%x2}, and hence B(h) is a graded double extension of the Manin’s plane O_;(k) = A =

011 012
}, then

k_10x1,x2] = k{x1,x2}/(x1x2 + x2%1). Note that if we write o = [
021 022

[U1I(X1) Cﬁz(M)] _h [X1 +x2 X]}  and

o21(x1)  022(x1) X2 0

[0-11(7(%) Glz(X%)] 12 [(Xl +x)2+x1x2 (x1 +X2)X1]
021(x%)  022(x3) x2(x1 +x%2) X2X1

which shows that oj; (x%) # 035(x1 )% for each pair 0ij, and so each one of them is not an
algebra homomorphism.

B(h) is a remarkable algebra because it is neither an Ore extension nor a normal
extension of an Artin-Schelter regular algebra (generated by three elements in degree one)
of global dimension three.

Theorem 3.7 shows that B(h) is not differentially smooth: in the relation yjx; —

h(x1y1 + x2y1 + x1y2) = 0 the indeterminate x; only appears once, and so B(h) satisfies
(3.2.2).

Example 3.4. Consider Example 3.1. Although Theorem 3.7 is formulated for polynomial
extensions on four indeterminates, since the relations

yix = b_lxyz + ox?,

Yyix = axyj +xyz, and

yox = (2+2b7 " )xy; +xy,

define the algebras B2, B3 and B*, respectively, and all of them satisfy the condition
(3.2.2), it follows that these three double extensions of k[t] are not differentially smooth.
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The case of algebra B! is different and interesting: this algebra is differentially smooth!
Let us see the details.

We know that by using the linear transformation y, — y; + bbf"]x we get that ¢ =0,
whence B'(1,p,a,b,¢c) = B'(1,p,a,b,0). Let p :=b~2.

Consider the maps of B! given by

Vi (x) = X, vx(y1) = by, vi(y2) = by,
vy, (x) = b 'x, vy, (Y1) =y, vy, (Y2) = b2y,
vy, (x) = bx, vy, (Y1) = b2y, vy, (Y2) = 2.

The map vy can be extended to an algebra homomorphism of B! if and only if the
definitions of vy (x), vx(y1) and vy (yz) respect relations (3.1.10), (3.1.11) and (3.1.12), i.e.

bc
1—b
Vx(yl )VX(X) - bvx(x)vx(yﬂ = O) and

(pb — Nvx(x)vx(yr) + avx(x?),

VX(UZ)VX(U1) - PVX(U] )VX(UZ) =

Vi (Y2) Ve (x) = b Ve (x) Vi (y2) = evx(x?).
We obtain the equation

bc
—1,,_ 9C . 1) =
a b1_b(pb Nb-1)=0,

which due to the conditions on the constants defining the algebra only holds when
c=0.

Similarly, the map vy, can be extended to an algebra homomorphism of B! if and only
if the equality p — b2 = 0 is satisfied.

By considering the extension of the map vy, to an algebra homomorphism of B!, we
obtain again the condition p — b2 = 0.

Since we need to guarantee that
Vx ©Vy; = Vy; 0 Vx,

Vx O Vy, = Vy, 0V, and

Vy,; O Vy; = Vy; © Vyy,

it is enough to satisfy these equalities for the generators x, y; and y;, that is,

Vy 0 Vy, (X) = b 'x, (3.2.3)
vy, 0 Vx(x) = b7 %, (3.2.4)
Vx © Vy, (Y1) = by, (3.2.5)
vy, © Vx(y1) = by, (3.2.6)
Vx 0y, (Y2) = b*3y2, and (3.2.7)
vy, 0 Vx(y2) = qb "y, (3.2.8)
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As it is clear, composition vy o vy, = vy, 0 vy is always satisfied. Now,

Vx 0 Vy, (x) = bx, (3.2.9)
Vy, © Vx(x) = bx, (3.2.10)
Vi o vy, (Y1) = by, (3.2.11)
vy, © Vx(y1) = bys, (3.2.12)
Viovy,(y2) = b7y, and (3.2.13)
vy, © Vx(Y2) = b Yo (3.2.14)

Again, we can see that composition vy o vy, = vy, o vy is always satisfied.

Finally,
Vy, © vy, (X) = %, (3.2.15)
Vy; © Vy, (X) = %, (3.2.16)
vy, 0 vy, (Y1) = by, (3.2.17)
Vy; 0 vy, (Y1) = by, (3.2.18)
Vy, 0 vy, (y2) = b %Yz, and (3.2.19)
Vy; 0 Vy, (Y2) = by, (3.2.20)

Hence the composition vy, o vy, = vy, 0 vy, holds.

Consider Q'B' a free right B'-module of rank three with generators dx, dy; and dy;.
For all q € B! define a left B'-module structure by

qdx = dxvx(q),
qdy1 = dyi1vy,(q), and
qdyz = dyzvy,(q). (3.2.21)

The relations in Q'B! are given by

xdx = dxx,

xdy; = b*]dypc,

xdy; = bdyyx, (3.2.22)
yrdx = bdxys,

yidyr = dyiys,

yidy; = b*dy,ys, (3.2.23)

y2dx = b dxyy,
y2dy; = b ?dyjyy, and
yYpdy; = dyrya. (3.2.24)
We want to extend the correspondences

x—dx, yy—dy; and vy~ dy;
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to a map d: B! — QB! satisfying the Leibniz’s rule. This is possible if it is compatible
with the nontrivial relations (3.1.10), (3.1.11) and (3.1.12), i.e. if the equalities

dyoy1 +y2dy; = pdyjyz + pyirdy;z + adxx + axdx,
dyix +yidx = bdxy; + bxdy;, and
dysx +yodx = b_]dxyz + b_]xdyz.

hold.

Define k-linear maps
Jxy Oy, Oy, : B! — B!

such that

d(q) = dxdx(q) + dy1dy, (q) + dy2dy,(q), for all q € B'.

Since dx, dy; and dy; are free generators of the right B'-module Q'B', these maps
are well-defined. Note that d(q) = 0 if and only if 0x(q) = 9y, (q) = 9y,(q) = 0. By using
the three relations in (5.3.30) and the definitions of the maps vy, vy, and vy,, we get that

A (X yhys) = kx*Tylys,
dy, (X*ytys) = W *xFyi s,  and
Ay, (Xyfy3) = st xrytys. (3.2.25)

Thus d(q) = 0 if and only if q is a scalar multiple of the identity. This shows that
(QB', d) is connected where QB! = Q°B' & Q'B' @ Q?B'.

The universal extension of d to higher forms compatible with (5.3.31), (5.3.32) and
(5.3.33) gives the following rules for Q?B':

dy; Adx = —bdx A dyy, (3.2.26)
dy, Ndx= —b 'dx Ady;, and (3.2.27)
dy, Ady; = —b2dy; A dy,. (3.2.28)

Since the automorphisms vy, vy, and vy, commute with each other, there are no
additional relationships to the previous ones, so we get the expression

Q?B' = dx A dy;B' @ dx A dy,B' @ dy; A dy,B'.

Since QO3B! = wB! = B! as a right and left B'-module, with w = dx A dy; A dy,
where vy, = vy 0 vy, 0 vy,, we have that w is a volume form of B'. From Proposition 1.7
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(2) we get that w is an integral form by setting

w} = (I)} = dx,

w} = (I)} = dy,

w; = d)% = dya,

w% = dy; A dya,

w3 = b3 dx A dy;,

w3 = —b dx A dya,

®F = dyr A dyy,

@3 = —b 'dxAdy,, and
@3 = dx A dy;

By Proposition 1.7 (2), we consider the expression w’ := dxa + dy;f + dyyy with
«, B,y € k, to obtain the equality
3
Z wgnw(a)% A w’) = dxme(xdyr A dyz A dx) + dymw(—[szdt A dyz /A dyr)
i=1

+ Ay (ydx A dyr A dyy) = dxac+ dyi B + dyay = w'.

On the other hand, if w” := dx A dyjec + dx A dy,p + dy; A dyzy where «, B,y € k,
we get that

3
Z W, (@] A w”) = dy; A dysme, (Ydx A dyp A dy;)

i=1
+bdx A dyi7y, (xdyz A\ dx A dyy)
— b dx A dy,me, (Bdyr A dx A dy;)
=dxAdyjoc+ dx A dyzp + dy; A dyyy

— w//.

As we have seen above, all elements of different degrees can be generated by w% and
(foj for j = 1,2 and i = 1,2,3, so Proposition 1.7 (2) guarantees that w is an integral
form. Proposition 1.6 shows that (QB',d) is an integrable differential calculus of degree 3,
and since GKdim(B'") = 3, it follows that B! is differentially smooth.

Answer to the Question 1. False. Consider the Manin’s plane Oq4(k). As we know
from Example 1.6, this algebra is differentially smooth, and since that GKdim(Oq4(k)) =
2. However, in Example 3.3 we saw that B(h) is a double extension of Og4(k) with
GKdim(B(h)) =4, and B(h) is not differentially smooth.

3.3 Future work

In Examples 3.2, 3.3 and 3.4 we saw some interesting facts on the differential smoothness
of double extensions of differentially smooth algebras. As we said in the Introduction,
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Ore extensions and normal extensions of regular algebras of dimension three were studied
by Le Bruyn et al. [BSdB96], and all of them were not considered by Zhang and Zhang
[Z2Z09] in their classification of 26 families of regular algebras of type (14641). We think
that a natural task is to investigate the differential smoothnes of the algebras appearing in
[BSdABY6].

Since k[x], Oq4(k) and J (k) are differentially smooth (Example 1.5), and that Artin-
Schelter regular algebras of dimension three generated by elements of degree one have
been classified by Artin, Schelter, Tate and Van den Bergh [AS87, ATdB07, ATVdB91]),
and that the characterization of these algebras requires greater mathematical techniques
that have not been considered at the time when this chapter was written, the study of the
differential smoothness of these algebras will be one of our immediate tasks.



Table 3.1: Double extensions

Relations defining the double extension ; My Data (£,M,P, Q)
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Table 3.2: Double extensions
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MYOM HYNLNA

Double extension Relations defi the double extension Iy My Data {£,M,P,Q}
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Table 3.3: Double extensions

Double extension Relations defining the double extension 5 My Data (L, M,P.Q) Conditions
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Table 3.4: Double extensions

Double extension Relations defining the double extension Iy My Data {£,M,P,Q) Conditions
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11 11 11 11 1T -1 11 11 -1 1 1 1T -1 1 1 1 -1

(IR

Yax1 = X1+ Xn — X2 + X2, Y% = Xay1 — Xoy1 + X1Y2 + X

[ —
o110 0110
R Tp— ZH*|:0 '}, Zv:*|:] O}, zw[' '], 2117|:a a} Mn—{o ]} Mu—{' 0], Mn—[" O}. Mu—{1 "} R I T I P B R B
01 00 00 01 10 10 00 01 1100 0010
0001 0 001
Yaxi = —Xiy1 +Xoyn, Yaxa = Xayz
o L
w 0 f 10 01 f 0
Y= By X, Y = Xy - o, z,w[“ r} Zv:’|:] C}. 21\’|:] C}. er{“ '} MH’|:G '} M11’|:r "} Mw{' °}, Mr[" "] E T R VI L R R R L) =
10 0 -1 0 -1 10 10 0 f 01 -1 0 1T 0 0 f 10 0 -1
0o -1 1 0 01 -1 0
Y =+ o U = —Xu 31y

XX\ =X, B2y = Yy,

x 0010 0100
ISR i = R R ZH:{" ﬂ. zu:[' "} 21\:{’ "} h:{“ °} Mu:{“ '} Mu:{" "} Mzw:|:l '], Mu:{‘) ‘} =00 M=t 000 p= 0, @=010)
00 11 11 00 10 00 10 10 1000 1101
1 0. 1010
Y2 =Xy, Yaxe = Xy Xy
XN, U=
10 00 100 0
Yy =xyn, Uik =y — Xy 4y, :,,:[1 U}. :,1:[0 0} zu:{o 0}, 211:{' 0} M,,:{1 0}, M,;:{U U}, Mu:[( ’}. M;,,:[" 0] F e O T L IR R SR fis general
f -1 10 10 f -1 01 00 11 (U 00 10 f1-10
10 f 1 1f 0 -1
Yaxi = X1y, Yo = xiy + s — oy
X2X1 = —XiX2, Y2y = Yiya,
z 100 1 1o o1
YIS i = = [‘ “}. 5 {" ’} b {0 f], b {' ﬂ My {‘ 0} Mz {" ‘} My {0 '], Mz {‘ "] e N L o N B S N B RN R
01 10 fo 0 1 0 -1 f 0 fo 0 -1 0 f ~1 0 o1 10
f0 0 1 f 0 0 -1

yoxi = oy —xava, ypo = fayi —xw

Remark 15. Zhang and Zhang [ZZ09, Subcase 4.4.4] formulated the relations of the algebra Z. However, these contain one typo since
the coefficients of the relations do not match the entries of the matrix X. Our version of these relations is presented in Table 3.4. They
wrote the relations yix; = x1y2 + x2yz and yoxo = fx1y2 — x2y3z, and the typo concerns that they considered the first factor x1y; when
it should be x1y; according to matrix X.
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CHAPTER 4

Smooth geometry of diffusion algebras

In this chapter we investigate the differential smoothness of diffusion algebras introduced by
Isaev et al. [IPRO1] in the context of one-dimensional stochastic processes with exclusion
in statistical mechanics.

The chapter is organized as follows. Section 4.1 contains the key facts on diffusion
algebras in order to set up notation and render this chapter self-contained. We adopt
the terminology and notation presented by Pyatov and Twarock [PT02] who presented
a construction formalism for these algebras from the mathematical point of view, and
proved the results formulated in [[PRO1]. Sections 4.1.1 and 4.1.2 recall the classification
of diffusion algebras with three and n generators, respectively. In Section 4.2 we present
the original results of the chapter. Tables 4.1 and 4.2 present the diffusion algebras on four
generators while Tables 4.3, 4.4, 4.5, 4.6, 4.7, 4.8, 4.9, 4.10, 4.11 and 4.12 contain diffusion
algebras on five generators. Our key results are Theorems 4.3 and 4.4 since these describe
explicitly those diffusion algebras that are differentially smooth, and also those families
of algebras which are not, respectively. This chapter continues with the research on the
differential smoothness of diffusion algebras on four and more generators started by Reyes
and Sarmiento [RS22] with diffusion algebras on three generators.

4.1 Diffusion algebras

Just as Pyatov and Twarock [PT02] said, “Diffusion algebras play a key role in the
understanding of one-dimensional stochastic processes. In the case of N species of particles
with only nearest-neighbor interactions with exclusion on a one-dimensional lattice, diffusion
algebras are useful tools in finding expressions for the probability distribution of the
stationary state of these processes. Following the idea of matrix product states, the latter
are given in terms of monomials built from the generators of a quadratic algebra” [PT02,
p. 3268].

Hinchcliffe in his PhD Thesis [Hin05] and different researchers have investigated several
ring, theoretical and homological properties of diffusion algebras [FGL*20, HHR20b, Lev05,
RR21, Twa02].

75
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Let us recall the details of Pyatov and Twarock’s treatment [PT02].

Let o, f be two elements belonging to the set Iy :={1,..., N} with o < . Consider
quadratic relations of the form

gaﬁD“DB—gﬁ(fogD(X:XﬁD(x—X(XDB, (4.1.1)

with gep € R\ {0}, gpa € R, and x4, xp € C.

Definition 4.1 ([PT02, Definition 1.1]). An algebra with set of generators given by
{D« | o € IN} and relations of type (5.1.1) is called diffusion algebra, if it admits a linear
PBW-basis of ordered monomials of the form

Dy D2 DN, with k€N and o >0 >+ > an. (4.1.2)

Due to physical reasons only relations with positive coefficients gop € R>o and ggu €
R>o (x < ) are relevant because they are interpreted as hopping rates in stochastic models
[PT02, p. 3268].

Note that the requirement of having a PBW basis (5.1.2) implies conditions on the
coefficients g4 and x4 in (5.1.1) according the the Diamond Lemma in ring theory
formulated by Bergman [Ber78]. This means that we have a criterion to verify under which
conditions the relations in (5.1.1) are of PBW type: this is the case precisely if each subset
of three generators {Dy, Dg, D} with ordering o < 3 < vy is reduction unique with respect
to the ordering, that is if the two ways of reducing the monomial DDgD, to the monomial
D,DgDy lead to the same result when expressed in the PBW basis (5.1.2).

Just as Pyatov and Twarock [PT02, p. 3269] asserted, the task of deriving all diffusion
algebras with N generators reduces to the following two steps:

(1) Find all diffusion algebras with three generators.

(2) Find all algebras with N generators such that each subset of three generators coincides
with one of the cases listed before.

As it can be seen, the step (1) is equivalent to find those coefficients g4 and x, in
(5.1.1) for which a set {Dy, Dg, Dg} of three generators is reduction unique in the above
sense. The list of diffusion algebras of three generators is given in Section 4.1.1. The second
step is a combinatorial problem: it requires one to combine in a consistent way the three
generators algebras listed before to algebras with N generators for general N > 3.

Pyatov and Twarock considered a constructive method to approach the second step,
the so-called blending procedure (Section 4.1.2) which is an inductive procedure for the
construction of diffusion algebras: “It uses the three generators cases and augments them
to larger units by attaching further generators in accordance with the requirements of the
diamond lemma, then giving a prescription of how theser larger building blocks may be
glued together in order to obtain a general diffusion algebra of N generators” [PT02, p.
3269].
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4.1.1 Diffusion algebras on three generators

Consider a set {Dy, Dg, Dy} of three generators with an ordering induced by the ordering
of the index set @ < <y and relations as in (5.1.1). Since g4p # 0 for all &, € I3 =
{o, Byv, } with & < B by assumption, we get the relations of the algebra given by
DoDg = qpaDpDa + X Do — x5 Dy,
DuoDy = qyaDyDo +%x3YDo — x5 Dy, and (4.1.3)
DDy = qysDyDg + XE,YDﬁ —XEYD%
(4.1.4)

where qy; ;= g—z, X/? = ;—Zj for 1,j,k € {«, B,y} with 1 < j. Using (4.1.3), any monomial

can be expressed in terms of the PBW basis (5.1.2), and this is well defined if we apply
(4.1.3) in different orders and obtain the same result, that is, if the reductions

D«DgDy — DgD«Dy, — DgDyDy — DyDgDy (4.1.5)
and

DoDgDy — DoDyDy — DyDyDs — D, DDy (4.1.6)

using (4.1.3) coincide when expressed in the PBW basis. These equalities lead to
restrictions on the coefficients gqp and x in (5.1.1) given by a set of six equations and
their solutions determine all diffusion algebras of three generators.

Next, we recall the list of six equations. We assume o« < 3 < y and xg # 0 for
j €{o, By}

(1) The case of Ar:
QDch[s — QDBDoc = XBD“ —Xo(Dﬁ,
gD«Dy —gDyDy = xyDy —x4Dy, and
gDpDy —gDyDp = xyDp —xpDy,
where g # 0.
(2) The case of A1r:

g“ﬁD(xDﬁ = X[SDcx —Xo(Dﬁ,
goayDaDy = xyDy —x4Dy, and
9pyDpDy = xyDp —xpDy,

where gij := g; — g; with g; # g; for all 1,j € {«, 3,7y} with i <j.
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(3) The case of BU):

gpDaDp — (9(5 - /\)DBDcx = —xqaDg,
gD«Dy — (g —A)DyDy = xyDy —xs«Dy, and
9sDpDy — (gp —A)DyDp = x, D,
where g, gg # 0.
(4) The case of B?):

g“ﬁD‘XDB = _X(xDﬁa
JoyDaDy — gyaDyDy = Xy Dy — x4Dy, and
9pyDpDy = %y Ds,
where gup, Gays 9py 7# O-
(5) The case of BB):

gD«Dp — (g —A)DgDy = xpD — x4 Dg,
gyDaDy = —x4Dy, and
(9y —A)DgDy = —xpDy,
where g # 0 and g, # 0, A.
(6) The case of BW:

(gcx - /\)DocD[S = XBDoo
guD«Dy = xyDy, and
gDpDy — (g — A)DyDp = xyDp —xpDy,
where g # 0 and gy # 0, A.
(7) The case of CV:

9pDaDp —(g9p — A)DpDo = —xaDs,
gyD«Dy — (gy —A)DyDy = —x4Dy, and
9pyDpDy — gypDyDp = 0,
where 96> 9v> 9B,y # 0.
(8) The case of C?:

gapDoDp — gpaDpDa = —x4Dg,
JoayDaDy — gyaDyDy = —x4Dy, and
DDy = 0,

where gug, gay 7 0.
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(9) The case of D: With qj; := 3—2, where 1,j € {«, B,v} (recall that gi # 0, for i <j),
we have that

D“D[g — qB“Df’D‘X = O,
DuoDy — gyaDyDy = 0, and
DpDy — gypDyDp = 0.

The division into algebras A,B,C and D reflects the number of coefficients x;,j €
{a, B, v} being zero in the expression (5.1.1). As it was shown above, for these algebras,
none, one, two, or all three of the coefficients x; vanish, respectively.

4.1.2 Diffusion algebras on N generators
Consider the following decomposition of the index set Iy ={1,..., N}
IN=TUR, with I:={xe€lIn|xq #0} and R:={x € In | xo = 0}. (4.1.7)

Definition 4.2. 1. [PT02, Definition 3.1] Normal orderings of two generators Dy and
Dg is defined as

DD if o<
(DaDy) i= 4 DeDpr <P (4.1.8)
DﬁD(x, if B <«
2. [PT02, Definition 3.2] For o < 3, consider the following notation:
[D“?DB]fox = DaDﬁ—qB“DﬁDm (4.1.9)

where the index at the commutator is referring to the coefficients qgy in terms of
which the commutator is defined.

Considering notation in Definition 4.2, the set R is subdivided into nonintersecting and
nonempty subsets
R:=RiURU---URMm, (4.1.10)

according to the following requirements:

o Relations between generators from the sets Rq and Ry, for a # b are given by

(Dy,Dy,) =0, forall 11 € Rq and 17 € Ry. (4.1.11)

o Relations within a set Ry such that [Rq| > 2 are given by

[D+,, Dy, ] =0, forall 1,12 € Rq with 11 < 13, (4.1.12)

qrpry

where the coefficients in (4.1.12) are subject to the condition opposite to (4.1.11),
that is: for any subdivision Rq = R’ U R” into two nonintersecting and nonempty
parts R’ and R”,

there exists 71 € R” and 1, € R” such that gyr,gryr, # 0. (4.1.13)
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This means that for any pair of indices 1,s € Ry there exists a finite sequence
{rk € Rg |k =1,...,N} such that 71 = r,ry = s and

z

—1

gT’ka+1 9Tk+]‘r‘k # O- (4114)
1

~
Il

Relations (4.1.13) and (4.1.14) may be represented graphically via a connectivity
condition on an ordered graph the vertices of which are labeled by the indices r € Ry
and the edges connect only those vertices r1 < 1, for which the condition qr,r, 7# 0 is
satisfied.

Furthermore, for |I| > 2 the set R is split into two sets S and T as follows:

For any Ry C R, let

R, — {Sa, if there exist r € Rq and 1 € I with gi; gy # 0, (4.1.15)

T, otherwise.

Suppose that the My sets Rq in (4.1.10) split into Mg sets S, and My sets T,. Then
Mg = Mg + Mt. Number these sets as Sq for a=1,..., Mg, and Ty for a =1,..., M,

and introduce
Myt

Mg
Si=|JSa and T:=|]JT. (4.1.16)
a=1

a=1

The decomposition of the set S into subsets Sy has been used in the definition of the
set S, and this will not be consider. However, the structure of the set T is crucial and
needs further refinement.

For every T, C T, let

T, if 3i,j € I withi<jsuch that Ty  {i+1,i+2,...,j— 1} and
Ty = Iﬂ{i+1,i+2,..-,j—1}:®,

T;, otherwise.
(4.1.17)

In this way, we write

T={Tola=1,.... M3 J{T5 la=1,...,M3} with My = M} + M¢.

List of diffusion algebras on N generators

From now on, the expression “generators of a set I, S, T, or R” means the generators indexed
by elements from the corresponding set.

Definition 4.3 ([PT02, Definition 3.3]). A set of three generators {Dy, Dy, D.} with
x € X,y € Yand z € Z, where X,Y and Z are any of the sets [, R,;S and T or any set in
their decomposition will be called a triplet (of type) {X,Y, Z}.
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As it can be seen, any triplet of type {I, I, I} in a diffusion algebra of N > 3 generators
gives rise to a diffusion algebra of type A1 or Ay, any triple of type {I, I, R} to a diffusion
algebra of type B(M, B, BB) or B any triplet of type {I, R, R} to a diffusion algebra of
type CV or C¥), and any triplet of type {R, R, R} to a diffusion algebra of type D.

Proposition 4.1 ([PT02, Lemma 4.3]). For any diffusion algebra (1) with N > 3 generators,
the following statements hold:

(1) If |I| > 3, then all subalgebras corresponding to triplets of type {I,1,1} are of the
same type, which is either Ay (that is, gy = g for all i,j € 1) or Ay (that is,

9ji:O) 91;':91—9;', 917&9]' foralli<j).

(2) If 11| > 3 and all subalgebras corresponding to triplets {1, 1,1} are of type A1, then for
any s € S and for all i € I, we have that

Jis = gsi = Js- (4.1.18)

(3) If 11| > 3 and all subalgebras corresponding to triplets {1, 1,1} are of type Ay, then
S=40.

(4) Let|I] > 2. For any i € I and every t,t" € Tq (Tq means both TS and T) with t <1
and t' > 1, the coefficients gy and gy depend only on the index a of the set T, and
not on the individual indices t or t'. If t,t' € TS one furthermore has gt = —giy.

For any i <j and every t,t' € Tq: t<1iand t’' >j,

gti + Aij = Oy and git’ = Gjt/ + /\ij) where /\ij = gij — Yji- (4.1.19)

(5) Let |1 =1. Denote the only index in 1 as i in order to stress that it is not a running
index. For all v inRy one has
Gir — 9ri = Aq. (4.1.20)

Note that both the left- and the right-hand sides of Relation (4.1.20) depend only on
the index a of the set Ry and not on the individual index r.

Diffusion algebras with N generators are listed as five families of algebras: A, Ay, B, C
and D. As in the case of N = 3 the number of nonzero coefficients x4, or equivalently, the
cardinality of the set I is used as a criterion for separating diffusion algebras into families
of the types A(|I| > 3), B(|I] > 2), C(|I] = 1) or D(|I| = 0). Type A algebras are separated
further into two families A; and Ay; depending on the number of nonzero coefficients gj;
with indices 1,j in the set L.

Next, we will see that different algebras in the families are obtained in dependence
on the choice of the decomposition of the set In = {1,2,...,N} into ordered subsets
LS, Ts (a=1,...,M3), Ty (b=1,...,M3) (or R, a=1,...,Mg for N; = 1) as well as
on the choice of coefficients in their defining relations. Next, we consider a notation for
diffusion algebras where the corresponding decomposition of the set Iy is given explicitly as
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argument to the family symbol. The subscript indices a and b in our notation are treated
as running ones so that, e.g.

AI(I,S TO Tl;) EAI(I)S)TS)"‘)TISAS?)TI;)"')TI:A%)a

Yy Ta)

where IN =TUS U (Uz/lj] Tg) U (UC/L:T] Tg), and I, S, Tg and T$ are mutually noninter-
secting ordered subsets in In. Notice that the values of the coefficients gqp are not shown
explicitly in these notations, so that this notation displays connective components in a
variety of diffusion algebras rather than the particular algebras.

Next, relations in (4.1.21) - (4.1.25) below are to be complemented by relations (4.1.11),
(4.1.12) for the elements of the subset R together with the conditions (4.1.13) or (4.1.14)
on the coefficients involved.

Proposition 4.2 ([PT02, Theorem 3.5]). The following list contains all possible diffusion
algebras with N generators:

(1) Diffusion algebras of type Ai(1,S,Tg, T3) with |1 > 3:

s Tas
gDiD; — gD;D; = x;D; —x;{Dj,  for all 1,j € I,
gsDsDiy — gsDiDs = x;Dg, forall s e S,iel,
go:DiDy == —xiDy, forall a,teT;, i€l (4.1.21)
gyDiDy = —x;Dy, for all b,t € T3, and every i < t,
g, DiDi = xiD¢, for all b,t € T§, and every i > t,

where g, gs, g2, gff #0.
(2) Diffusion algebras of type An(I, T, T3), 1| > 3:
(gi — gj)DiDj = xD; —x{Dj, for all i < j,
(gi +go) : DiDy :== —xiDy, forall a,t € T, i< t,
(gi+g5)DiDy = —x;Dy, forallb,te Ty, i<t, (4.1.22)
(g, — gi) : DtDi:=x{Dy, forall bt €T3, i>t,

where gi # g for 1 #j and gi & {93, g3 ).

(3) Diffusion algebras of type B(I = {i,j}, S, Tg, Ty): We use the notation i and j with
i < j for the two elements of the set 1 to emphasize that they are not running indices.
Note that i <t <] for all t € Ty in this case.

gD;D; — (g — A)D;D; = x;D; — x;D;,
gsDiDs — (gs — A)DsDj = —x;Dg, for all s € S,
gsDsD;j — (gs — A)DjDs = x;Ds, for all s € S,
go :DiDy:= —x;Dy, forall t e Tg, (4.1.23)
(ga —A) :DjDy = —x3Dy, forall t € Tg,
gy DiDy = —x;Dy, forall t € Tg,
g, DiDj = x;Dy, for all t € Ty,



4.1. DIFFUSION ALGEBRAS 83

(4)

()

where g # 0, gs # 0 for all s and gs # A for s such that either s < 1i ors > j,
95 & {0, A} and gy #0.

Diffusion algebras of type C(I ={i},Ry): The only element of 1 is denoted by i, and
hence
¢:DiD; — (gr — Ag)DyD; = —x;Ds, for all T € R, (4.1.24)

where gy # 0 for v <1i, and g, # Aq for v >1i.
Diffusion algebras of type D(R):

D,D; — qsxDsDy =0, for all 1,s € R with 1 < s. (4.1.25)

Remark 16. (i) Hinchcliffe in his PhD thesis [Hin05, Definition 2.1.1] considered the

following notation for diffusion algebras. Let R be the algebra generated by n
indeterminates x1,X%2, ..., Xn over C subject to relations

Clij Xin — bij X]' Xi = T‘j Xi— Tin

whenever i < j, for some parameters ai € C \ {0}, for all i < j and by, i € C, for all

i <j. He defined the standard monomials to be those of the form xirx™7 - -xizzx%‘ .
R is called a diffusion algebra if it admits a PBW basis of these standard monomials.
In other words, R is a diffusion algebra if these standard monomials are a C-vector
space basis for R. If all the elements qjj := a%’S are non-zero, then the diffusion

algebras have a PBW basis in any order of the indeterminates [Hin05, Remark 2.1.6].
From his definition, a diffusion algebra generated by n indeterminates has Gelfand-
Kirillov dimension n since because of the PBW basis, the vector subspace consisting of
elements of total degree at most 1 is isomorphic to that of a commutative polynomial
ring in n indeterminates. Notice that a diffusion algebra in one indeterminate is
precisely a commutative polynomial ring in one indeterminate. A diffusion algebra
with x¢ =0, for all t =1,...,n, is a multiparameter quantum affine n—space.

Fajardo et al. [FGL"20, Section 2.4] studied ring-theoretical properties of a graded
version of these algebras. The diffusion algebras type 2 are affine algebras D generated
by 2n variables {D1,...,Dn,X1,...,%Xn} over k that admit a linear PBW basis of
ordered monomials of the form Blﬂ Blgfz . ~B§‘; with By, € {D1,...,DnyX1y...yXn},
for all i <2n, k; € N, and o7 > &g > -+ > oy, such that for all 1 <1 <j <mn, there
exist elements Ay € k* satisfying the relations

)\ijDiDj - )\]1D]D1 = XjDi - XiDj. (4126)

Following Krebs and Sandow [KS97], the relations (4.1.26) are consequence of sub-
tracting (quadratic) operator relations of the type

MPDoDp = DyXs — XyDs, forall v,6 =0,1,...,n—1,

where F;:‘éﬁ € k, and Dy’s and X;j’s are operators of a particular vector space such that
not necessarily [Dji, X;] = 0 holds [KS97, p. 3168].
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4.2 Differential smoothness of diffusion algebras

Throughout this section, D denotes a diffusion algebra on N > 3 generators.

4.2.1 Diffusion algebras on four generators

For the four-generator construction, the explicit algebras are given in Tables 4.1 and 4.2.
It is worth noting that several of these algebras appear to be isomorphic upon some index
change. However, isomorphism would have to be shown explicitly, and what is desired here
is to obtain all possible combinations of algebras, even if some are isomorphic.

4.2.2 Diffusion algebras on five generators

As in Subsection 4.2.1, all possible diffusion algebras on five generators are shown. These
can be found in Tables 4.3, 4.4, 4.5, 4.6, 4.7, 4.8, 4.9, 4.10, 4.11 and 4.12.

4.2.3 Differential smoothness of diffusion algebras with N generators

If D is a diffusion algebra on N generators, then GKdim(D) = N [Rey13, Theorems 4.14
and 4.18]. Our aim in this section is to find an integral calculus of degree N that guarantees
the differentiable smoothness of D.

Theorem 4.3. Let D be a diffusion algebra on N > 3 generators. If D satisfies any one
of the following properties:

(i) [I=L and |S|=N —L, for 3 <L <N;

(ii) [I|=1,[S|=N—=1and gs =G € {0, Aq} for all s € S;

(iii) I/ =2, [S|=N—2 and gs =G ¢ {0, A} for all s € S; or
) I

(iii

then D is diferentially smooth.

Proof. From Section 1.4.2 we know that we must to consider Q'(D), a free right D-module
of rank N with generators dD;, 1 <1 < N. Define a left D-module structure by

pdDq = dDgvp,(p), foraelUS, pe D, (4.2.1)

where vp,_ are algebra automorphisms of D.
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(i) Consider the following maps:

vp, (Dj) = Dj — g 'x;, for i,j €1, (4.2.2)
vp,(Ds) = Ds, foriel, seS§ (4.2.3)
vp,(Di) = Di —g;'xi, foriel, s€S, and (4.2.4)
vp,(D1) = Dy, for s,1€8S. (4.2.5)

It can be seen that the maps vp, and vp, for each i € I and s € S can be extended to
algebra homomorphisms of D. As a matter of fact, these maps respect the relations
(4.1.21) for D and commute with each other.

Consider Q'(D) a free right P-module of rank N with generators dD;, dDj for all
ieland s € S. For every element p € D define a left D-module structure by

pdDy =dDqvp,(p), withaelUS. (4.2.6)

The relations in Q'(D) are given by
D:dD; = dDj(D; — g 'xi), 1,j €],
DidDs = dD¢(D; — g5 'x4), ielseSs,
DdD; = dD;D;, icI,seS, and (4.2.7)
D.dD, = dD\Ds, s,l€S.

We want to extend the correspondences

Dy +— dDg, forevery aelUS,

to a map d : D — Q'(D) satisfying the Leibniz’s rule. This is possible if it is
compatible with the nontrivial relations (4.1.21), i.e. if the following two equalities

ngiDj + gDidDj — ngjDi — gD]' dDi =X%j dDi — XidD]’, for i,j S I, and
gsdD;D; + gsDsdD; — g;dD;D — g;D;dD =x;dD;, foriel, seS,
hold.

Define k-linear maps

Oop,:D — D, foreveryaeclUS,

such that

d(p)= ) dDadp,(p), forallpe D.

aelusS

Since dD, with a € TU S are free generators of the right D-module Q'(D), these
maps are well-defined. Note that d(p) = 0 if and only if op_(p) = O for each a € TUS.
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By using the relations in (4.2.7) and the definitions of the maps vp, with a € TU S,
we get that

0D, (DY - DY) = k(D1 — gg'%1)"" - (D1 — gg 'Xq—1) "Dk - DY,

where g;' = g 'ifa eI, and g;' = g;'if r=s €S. Thus, d(p) = 0 if and only
if p is a scalar multiple of the identity. This shows that (QQD, d) is connected with
Q(D) = B, Q4(D).

The universal extension of d to higher forms compatible with (4.2.6) gives the following
rules for Q*(D) 2 <k < N-—1):

k k
A dDgiry = (=1)F A\ dDypr), (4.2.8)
r=1 r=1

where q : {1,...,k} — {1,...,N} is an injective map, p : {1,...,k} — Im(q) is an
increasing injective map and f is the number of 2-permutation needed to transform q
into p.

By using that the automorphisms vp, and vp,, for every i € I and s € S, commute
with each other, there are no additional relationships to the previous ones. In this
way,

QN(D) = [dD; AdDy A--- AdDn_y @ dD; AdD3 A--- A dDy
®---® dDy A--- AdDN]D

Since QN(D) = wD = D as a right and left D-module with

w=dDiA---ANdDy and v, =7vVp,0---0Vpy

we have that w is a volume form of D. From Proposition 1.7 (2) we obtain that w is
an integral form by setting

j
. ) N
w) = N\ dDy ), forl<ic <j>, and
k=1

n
5 N
wp = (=R N\ dDp ), for1<i< <)
k=j+1 ]

where pyj : {1,...,j} —{1,..., N} is an increasing injective map, py; : {j+1,..., N} —
(Im(py,;))€ is also an increasing injective map and f;; is the number of 2-permutation
needed to transform {pi;(j +1),...,Pi;j(N),pi;(1),...,pi;(§)} into {1,..., N}

Let w’ € QJ(D). Then:

(‘?) j
N\ dDp @i,  with a; € k.
i=1 k=1
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This implies that we have the equalities given by
(3) (3)

j N j
Zw Tw(@N T A w’) Z /\ 4Dy, 0 (ai(n’“»i A\ dDs oA N dei,i(k)>

k= k=j+1 k=1

—_

By Proposition 1.7 (2) it follows that D is differentially smooth.

(ii) Consider the maps given by

VDi(Dl) = Dl)
vp,(Ds) = G(G — Aa) ' Dy, (4.2.9)
VDS(DI) = gi]((g _/\-Q)Dl X’l))

VDS(Dl) = Dl, for S,l € S. (4.2.10)

It is straightforward to show that the maps vp, and vp, for each s € S can be
extended to algebra homomorphisms of D and respect the relations (4.1.24) for D.
Again, these maps commute with each other.

Consider Q' (D) a free right D-module of rank N with generators dD; for every dDs
and s € S. For all p € D define a left D-module structure by

pdDgy = dDqvp, (p), for every a € {i}US. (4.2.11)

The relations in Q'(D) are given by

D;dDs = dDsG ' ((G — Aa)D; —x3), s €S,
D,dD; = dD;G(G — Aq)'Ds, s €S, and
D,dD; = dD\D,, s,l€S. (4.2.12)

We want to extend the correspondences

Do dDg, with a e {i}US

to a map d: D — Q'(D) satisfying the Leibniz’s rule. By using the relations (4.1.24)
the equality

GdD;Ds + GD;dDs — (G — Aq)dDsD; — (G — Aq)DgdD;j = —x;dDg, for all s € S,
must be satisfied.
Define k-linear maps

Op,:D — D, foreach aec{itUs,
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such that

d(p)= ) dDadp,(p), forallpeD.
ae{ijus

Since dDg, a € {i}U S, are free generators of the right D-module Q' (D), these maps
are well-defined, and d(p) = 0 if and only if dp_(p) =0, a € {i}jU S. By using the
relations in (4.2.12) and the definitions of the maps vp,, a € {i}U S, we get that

i—1
Op,(DY"...D} ... DY) = Hgki (G —Aa) “1GDY ... DS DR,
j=1
dp, (D} ---Df .- DY) = kD' ---D¥s 1. DRN, for s <,
dp, (D} - D - DN) = kG MDY - (G — Aa)Di — %) - D DY, for s >,

Thus d(p) = 0 if and only if p is a scalar multiple of the identity, whence shows
(QD, d) is connected where Q(D) = 2;3 Qk(D).

From this treatment, the rest of the proof is completely analogous to case (i). Thus,
D is differentially smooth.

(iii) For all elements s,1 € S, consider the following maps

vp, (D) = g '((g — A)D; — x3),

vp, (D) = (g — A) ' (gDj —x5),
vp,(Ds) = (G — A)'GDy,

vp,(Ds) = g ' ((g— A)D; — x1),
vp,(Dj) = g '((g — A)D; — %),
vp,(Ds) = (G —A)'GD,

vp, (Di) = G ((G — A)D; — x3),
vp,(Dj) = (G —A)7'(GD; —x;), and

vp,(Dy1) =Dy

Notice that these morphisms are similar to those corresponding in case (ii), so by using
a similar reasoning we can prove that all of them guarantee that D is differentially
smooth.

(iv) In this case, the algebra D is precisely the quantum affine N-space, whence its
differential smoothness follows from [KL14, Corollary 6 and Theorem 9] or [BL18S,
Corollary 4.9].

O]

Following an argument similar to the one presented by Brzezinki and Sitarz [BS17,
Example 2.5], we obtain the following.

Theorem 4.4. If |T| # 0, then D is not differentially smooth.
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Proof. (i) Suppose that [T°| > 1. We can write the relations relevant to T° in the unique

form given by

G :DiDy:=—xiDy, i€l teTy, (4.2.13)

where G € {gg, gi + g3, g2 — A} depending on the case of Proposition (4.2).
By applying the differential d to the expression (4.2.13) we get that

Gd(: DiD¢:) = d(—xiDy), i€l teTy.

If : DiDy := D;Dy, by using that d is k-linear the Leibniz’s rule yields that

GdDiD{ + GD;idD +x;dD¢ =0, ielteTy.

By (1.4.2) the action of the module is written using automorphism vp,

GdD;D; + GdDyvp, (Di) + xdDy =0, i€l teTe.

In this case, we have that

GDy=0, teT,,

which occurs only if G = 0. This fact contradicts any of the cases in Proposition
(4.2).

On the other hand, if : D;Dy := DDy, using an argument similar to the previous one,
we obtain that
Gvp,(Dy) =0, i1elteT,.

If G = 0, once more again this contradicts any of the cases of the Proposition (4.2). On
the other hand, if vp, (D¢) = 0, this contradicts the fact that vp, is an automorphism.

Suppose that |T®| > 1. We can write the relations relevant to T® in the following
unique form

G :DiDy i=sgn(i—t)xDy, i€l teTy, (4.2.14)

where G € {g{, 9y, 9i + 9%, 9, — gi}, depending on the case of Proposition (4.2). Here,
the proof is exactly the same as in the expression (4.2.13): we only need to change
the sign of 1 —t.

O
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Table 4.1: Diffusion algebras with four generators

Diffusion algebra Relations Conditions Restrictions
gD2Dy —gD1D; = %Dy —x1D3,  gD3Dy — gD1D3 = x3D1 —x1D3,
gD3D; — gD3D3 = x3D; — x;D3,  gaDyDy — g4D1Dy = x; Dy, 1={1,2,3}, S=1{4} 9,94 #0
94D4D3 — g4D2D4 = x3D4,  94D4D3 — g4D3D4 = x1Dy
9D3D; — gD D3 =x3D1 —x1D3,  gD4Dy — gD1Dy = x4D1 —x1 Dy,
gD4D; — gD3Ds = x4D3 —x3D4,  g2D2D1 — g2D1D; = x1Dy, 1={1,3,4},s={2) 99270
Ar 92D3D2 — g2D2D3 =x3D2,  g2D4D; — g2D,2D4 = x4D;
gD2Dy — gDiD2 = x2D1 —x1Dz,  gD4Dy — gD1Dg = x4Dy — x1 D4,
gD4D; — gD3Dg = x4D3 — x3Dy,  g3D3D; — g3D1D3 = x;D3, 1={1,2,4}, s={3} 9,93 #0
93D3D; — 930203 = xD3,  93D3D4 — g3D4D3 = x4D3
9D3D; — gD2D3 = x3D2 —x2D3,  gD4D2 — gD2D4 = x4D2 —x2D4,
gD4D;3 — gD3D4 = x4D3 —x3D4, 102D — gD1D; = XDy, 1=12,3,4}, s={1} 9,91 70
91D3D1 — g1D1D3 =x3D1,  g1D4Dy — g1D1D4 = x4D;4
(91— 92)D1D2 =xD1 —x1D2, (g1 —93)D1D3 =x3D1 —x1D3,
(91— 94)D1Ds =x4Dy —=x1D4, (92— 93)D2D3 = x3D2 — x2D3, 1=01,2,34 giFgforijelisj
(92 — 94)D2Ds =x4Dy —x2D4, (93 — g4)D3D4 = x4D3 —x3Dy
(91— 92)D1D2 =%D1 —x1D2, (g1 —93)D1D3 =x3D1 —x1D3,
(92— 93)D3D2 = x3D2 — x2D3, (g1 + ¢§)D1Dy = —x; Da, 1=1{1,2,3}, 10 ={4) 9i 7 gj for i,j € Li#j, gi # gj
An (92 +97)D2Ds = —x;D4, (g3 + g7)D3Dg = —x3D4
(92— 93)D2D3 = x3D2 —x2D3, (g2 — g4)D2Ds = x4D2 — x2D4,
(93— 94)D4D3 = x4D3 —x3D4, (g2 + g§)D1D;z = —x2D1, 1={2,3,4}, Tg ={1} gi# gy fori,j e Li#], gi # g}
(g3 +97)D1D3 = —x3D1, (94 + g7)D1D4 = —x4D;
(g1 —g3)D1D3 =x3D1 —x1D3, (g1 — g4)D1D4 = x4D1 — x1Da,
(93— 94)DaD3 = x4aD3 —x3D4, (g1 + ¢{)D1D2 = —x1Dy, 1={1,3,4} Ty ={2} gi# g for i,j € L i #j, gi # Fgi
(97 —93)D2D3 =x3D3, (g7 —94)D2Ds =x4D>
(91— 92)D1D2 =xD1 —x1D2, (g1 — 94)D1D4 = x4D1 —x1D4,
(92— 94)D2Dg = 4Dy — x2D4, (g1 + gf)D1D3 = —x1 D3, [={1,2,4, T5 =03} | gi#gforijeli#j g #Fg;
(92+97)D2D3 = —x2D3, (g; — g4)D3Dy = x4D3
gDiD; — (g — A)D;Dy =x2Dy —x1Dy,  g3D1D3 — (g3 — A)D3Dy = —xD3,
94D1Dy — (g4 — A)D4Dy = —x1Dy,  g3D2D3 — (g3 — A)D3D; = —xaDs, 1={1,2}, s ={3,4} g#0,9; {0,A},s€S
94D2Dy — (g4 — AJD4D; = —x;D4
gD1D3 — (g —A)D3Dq =x3D1 —x1D3,  92D1D2 — (92 — A)D2Dy = —x1 D2,
g4D1Ds — (gs —A)D4Dy = —x1D4,  2D3D;2 — (92 — A)D2D3 = —x3D3, 1={1,3),5={2,4) g#0,9:#0, g4 {0,A)
94D3D4 — (g4 — A)D4D3 = —x3Dy
gD1D4 — (g — A)D4Dy =x4D1 —x1Ds,  g3D1D3 — (g3 — A)D3Dy = —x1D3,
901Dz~ (92 = AJD2D1 = —x1Dy,  g3DaDs — (g3 — A)D3Dy = —xaDs, [=0,45=02,3} 970,06, #0,5€8
92D4D; — (g2 — A)D;Dy = —x4D)
9D2D3 — (9 = A)D3D2 = x3D2 —x2D3,  g1D2D1 — (91 — A)D1D2 = —x;Dy,
94D2Dy — (g4 — A)D4D; = —x2D4,  g1D3Dy — (g1 — A)D1D3 = —x3Dy, I={2,3}, s ={1,4} 9#0,9;¢{0,A},s€S
94D3D; — (g1 — A)D4D3 = —x3D4
gD2D4 — (g — A)D4D2 = x4D2 —x2D4,  g1D2D1 — (g1 — A)D1D; = —x2D;,
93D2D3 — (93 — A)D3D; = —x;D3, ¢1D4Dy — (g1 — A)D1Dy = —x4 Dy, I1={2,4}, s ={1,3} 9#0,95#0, g1 Z{0,A}
93D4D3 — (g3 — A)D3D4 = —x4D3
gD3D4 — (g — A)D4D3 = x4D3 —x3D4,  ¢1D3Dy — (91 — A)D1D3 = —x3Ds,
92D3D; — (g2 — A)D;D3 = —x3D3,  g1D4Dy — (g1 — A)D1Dy = —x4Dy, [=(3,4},5=0,2) 9#0,9s¢{0,A},s€8
92D4D; — (g2 — A)DyDy = —x4D;
B gD1D; — (g — A)D2Dy = x;D1 —x1D2,  g3D1D3 — (g5 — A)D3Dy = —x1 D3,
g3D2D; — (g3 — A)D3D; = —x3D3,  ¢3DDy = —x1 D, I1={1,2}, S =3}, Tg = {4} 9#0, 93,95 Z{0,A}
(ga —A)DyD4 = —xD4,
9D1D; — (g — A)D2D; =x;:D1 —x1D3,  g4D1D4 — (g4 — A)D4Dy = —x1Ds,

94D2D4 — (g4 —

A)D4D; = —x;Da,

9aD1D; = —x1 D3,

(gg —A)D2D3 = —x,D3,

9#0, 94,95 {0,A}

gD1D3 — (g — A)D3Dy = x3D; —x1 D3,
92D3D2 — (92—

A)D;D; = —x3D3,

920102 — (92—
gaD1Dy = —x1 Dy,

(g5 —A)D3D4 = —x3Da,

A)D;D; = —x1D3,

9#0,92#0,90 £ {0,A}

9D2D; — (g — A)D3D2 = x3D2 — x2D3,
91030 — (g1 — A)D;D3 = —

91D2D1 — (g1 —

x3D1,  gaD2Dg = —x3Ds,

(g5 —A)D3Dy = —x3D4,

A)DD; = —x;Dy,

9#0, 91,95 ¢ {0,A}

9D2D; — (g — A)D3Dz = x3D2 — x2D3,

94D3D4 — (g4 — A)D4D3 =

94D2D4 — (g4 —

x3D4,  ggD1D2 = —x2Dy,

(9g —A)DiD3 = —x3D1,

A)D4D; = —x;Dy,

=123}, 5={4, T3 ={1}

9#0, 94,95 {0,A}

gD2D4 — (g — A)D4D; = x4Dz — x;D4,

93D4D3 — (g3 — A)D3D4 =

93D2D3 — (g3 —

%Dz, ggDiD2 = —x2D1,

(g5 —A)D1Dy = —x4Dy,

A)D3;D; = —x;D3,

1=12,4}, 5 =03} T3 ={1}

g#0,93#0,9; {0,A}

gD3D4 — (g — A)D4D3 = x4D3 —x3D4,  ¢1D3D1 — (91 — A)D1D3 = —x3Ds,
g1D4D; — (g1 — A)D1Dy = —x4Dy,  ¢oD;D3 = —x3D3, =034}, =01}, Tg ={2) 9#0, 91,95 ¢{0,A}
(g6 —A)D2D4 = —x4Dy,
gD3D4 — (g — A)D4D3 = x4D3 —x3D4,  g2D3D; — (g2 — A)D2D3 = —x3D3,
92D4D; — (g3 — A)DyDy = —x4D3,  ¢3D1D3 = —x3Dy, I={3,4},s={2}, g ={1} 9#0, 92,95 {0,A}
(95 —A)D1Dy = —x4Dy,

gD1D;3 — (g — A)D3D; = x3Dy —x1D3,
94D3Ds — (ga —

A)D4Dj3 = —x3Ds,

9aD1Dg — (g4 —
gy DiD; = —x1Dy,

g, D2D3 =x,D3,

A)D4D; = —xDy,

I1={1,3}, S={4}, T ={2}

970,91 Z{0,A), gy #0
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Table 4.2: Diffusion algebras with four generators

Diffusion algebra

Relations

Conditions

Restrictions

gD1D4 — (g —A)D4Dy =x4Dy —x1 Dy,
92D4D2 — (g2 — A)D2Dy = —x4Dy,
gy D3D4 = x4D3,

g{D1D3 = —xiD3,

g2D1D; — (g2 — A)D2Dy = —x1 Dy,

I1={1,4}, S ={2}, Ty = {3}

g#0,9:#0, g #0

gD1Ds — (g — A)D4Dy = x4Dy —x1 Dy,
93D4D3 — (93 —A)D3Ds = —x4D3, gy D1D2 = —x1Dy,

g, D2D4 = x4D2,

93D1D3 — (g3 — A)D3Dy = —x1D3,

1={1,4}, S = (3}, Ts = {2}

9#0,93#0, gy #0

gD2D4 — (g — A)D4D; = x4Dy — x2Ds4,
g1D4Dy — (g1 — A)D1Dy = —x4Dy,
gy D3D4 = x4D3,

g{D2D; = —x;D;,

g1D2D; — (g1 — A)D1D; = —x;Dy,

=1{2,4}, S ={1}, Ty = {3}

9#0,91 ¢{0,A} gy #0

gD1D2 — (9= A)D2Dy = x1Dz = x2Dy,  g3D1D3 = —x1D3,
9aD1Ds = —x1Da,  (gg —A)D2D3 = —x2D3,
(93 — A)D2D4 = —x2D4,

1={1,2}, Tg = {3,4}

970,95 {0,A}

gD1D3 — (g —A)D3D; = x1D3 —x3Ds, g3D1Ds = —x1Dy,

B (g5 — A)D3Dy = —x3D4,  g{D1D; = —x;Dy, I={1,3, Tg =2, Tg={4} | g#0,95¢{0,A), gz #0
gy D2D3 = x3D2,
gD1Dy — (g — A)D4Dy =x1Ds —x4D1,  g{DiD2 = —x1Dy,
gyD2Ds =Dy, gfDiD3 = —xiDs, 1={1,4}, Ts ={2,3} g#0, g5 #0
9y D3D4 =x4D3,
gD;D3 — (g —A)D3Dy =x2D3 —x3D3,  g3D1D2 =—x1D,
¢5D1D;3 = —xiD3, (g5 — A)D1D3 = —x3Dy, 1={2,3}, 1 ={1,4 970,93 Z{0,A}
(92 —A)D3D4 = —x3Dy4,
gD2D4 — (g — A)D4Dz = x2Dg — x4D2,  g3D1D2 = —x2Dy,
(g5 — A)DiDs = —x4D1, g7 DsD3 = —x;D3, 1=1{2,4}, T¢ ={1}, T ={3} | g#0, g3 ¢{0,A}, gi #0
9y D3D4 =x4D3,
gD3D4 — (g —A)D4D3 = x3Ds —x4D3,  g3D1D3 = —x3Dy,
g2D,D; = —x3Dy, (g5 — A)D Dy = —xuDy, 1=(3,4}, Tg ={1,2} 9#0, 95 #{0,A}
(93 —A)D2Dy = —x4Dy,
92D1D; — (92 = Aa)D2Dy = —x;D2,  g3D1D3 — (g3 — Aa)D3Dy = —x; D3,
94D1D4 — (g4 — Aa)D4D1 = —x1 Dy, =1}, Ra ={2,3,4) 92,9394 # Aa
91D2D;1 — (g1 — Aa)D1D2 = —x;D1, g3D2D3 — (g3 — Aa)D3Da = —x2D3,
c 94D2D4 — (g4 — Aa)DaD2 = —x2Da, =2 Ra={1,3,4} 917095917 Aa
91D3D; — (g1 — Aa)D1D3 = —x3D1,  g2D3D; — (92 — Aa)D2D3 = —x3D2,
94D3D4 — (g4 — Aa)DaD3 = —x3Da, =B8R ={1,24 9,9:70. 917 Ma
91D4D1 — (g1 — Aa)D1Ds = —x4Dy,  g2D4D; — (92 — Aa)D2Dy = —x4Dy,
93D4D;3 — (g3 — Aa)D3Dy = —x4D3, =4), Ra={1,2,3} 91,92,93 # 0
DiD2 — q2D;Dy =0, DiD;—q3D3D1 =0,
D R={1,2,3,4} 215 G431, Qa1, 432, Ga2, qa3 # 0

DiD4 — qu1D4Dy =0,
D;D4 — q42D4D3 =0,

D2D3 — g3,D3D2 =0,
D3D4 —qq3D4D3 =0
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Table 4.3: Diffusion algebras with five generators

Diffusion algebra Relations Conditions Restrictions
gD2Dy — gD1D; =x1D2 —x2D1,  gD3Dy — gD1D3 = x1D3 — x3Dy,
gD4D1 —gD1Ds = x1Ds —x4Ds,  g5D5Dq — gsD1Ds = x1Ds,
gD3D; — gD;D; = xoD3 — 3Dy, gD4D; — gD;Dy = x;D4 — 4Dy, 1={1,2,3,4), S = {5} 9,95 #0
95D5D2 — g5D2Ds5 = x2D5,  gD4D3 — gD3D4 = x3D4 — x4 D3,
g5D5D3 — gsD3Ds = x3Ds5,  g5D5D4 — gsD4Ds = x4Ds
9D2D1 — gD1D; = x1D2 —x2D1, gD3Dy — gD1D3 = ;D3 —x3D1,
gD5Dy — gD1D5 = x1D5 —x5D7,  g4D4Dy — g4D1Dy = x1 Dy,
gD3D; — gD;D3 = x;D3 —x3D3,  gDsD; — gD;2D5 = x2D5 — x5D2, 1={1,2,3,5}, s = {4} 9,94 #0
94D4D; — g4D2Dg = x3D4,  gD5D3 — gD3Ds5 = x3D5 — xs5D3,
94D4D3 — g4D3D4 = x3D4,  94D4D5 — g4DsDg = x5D4
gDy2Dy —gD1Dy =D —x2D4,  gD4Dy — gD1Dy = x1D4 — x4Dy,
gDsDy — gD1Ds = x1Ds —x5D1,  g3D3Dy — g3D1D3 =x1D3,
9D4D; — gD2D4 = x2D4 — x4D2,  gDsD; — gD,Ds = xDs5 — x5Da, [={1,2,4,5), 5 = {3} 993 #0
93D3D2 — g3D2D3 = x2D3,  gD5D4 — gD4Ds = x4Ds5 — x5Da,
93D3D4 — g3D4D3 = x4D3, g3D3Ds5 — g3DsD3 = x5D;3
gD3D; — gD D3 =x1D3 —x3Dy, gD4D; —gD1Dy = x1D4 —x4Dy,
gD5D1 — gD1Ds = x1D5 —xsD1,  g2D2D1 — g2D1D2 = x1 D3,
gD4D3 — gD3Dg = x3Dg —x4D3, gDsD3 — gD3D5 = x3D5 — x5D3, 1={1,3,4,5}, S = {2} 99270
92D:D3 — 203D, = x3D3,  gDs5D4 — gD4Ds = x4D5 — x5Da,
92D2D4 — g2D4D3 = x4D3,  g2D;D5 — g2D5D; = x5D,
gD3D; — gD;D3 =x;D3 —x3D2,  gD4D; — gD2D4 = xD4 —x4D2,
gDsD; — gD;Ds = ;D5 —x5D2,  g1D1D; — g1D2Dy = x,Dy,
gD4D3 — gD3D4 = x3D4 —x4D3, gDsD3 — gD3Ds = x3D5 —x5D3, [=1{2,3,4,5, S ={1} 9,91 70
91D1D3 — g1D3Dy = x3D1,  gDs5D4 — gD4Ds = x4Ds5 — x5Da,
91D1D4 — g1D4Dy =x4Dy,  ¢1D1D5 — g1DsDy = x5D;
gD2D1 — gD1D; =x1D; —x;D1,  gD3D;1 — gD1D3 = x;D3 —x3Ds,
gD3D; — gD,D3 = x;D3 —x3D2,  g4D4Dy — g4D1D4 = x1 Dy,
Al 94D4D; — g4D2D4 = 2Dy, g4D4D3 — g4D3D4 = x3D4, 1={1,2,3}, S={4}, T3 ={5} | 9,94,90 #0
goDs5Dy = —x1Ds5, ggDsD; = —x,Ds5,
9aDsD3 = —x3Ds
gD;D1 —gD1D2 =x1D2 —x;Dq, gD3Dy —gD1D3 = x1D3 — x3Dy,
gD3D; — gD;D3 = x;,D3 —x3D3,  g5DsDy — gsD1Ds = x1Ds,
g5DsD; — gsD2Ds = x2Ds,  gsDsD3 — gsD3Ds = x3Ds, 1={1,2,3}, S={5}, Tg ={4} | 9,095,903 #0
goD4D1 = —x1D4, gqD4D32 = —x3Dy,
gaD4D3 = —x3D4
gD2Dy —gD1D2 =x1D2 —x2D5,  gD3Dy — gD1D3 = x1D3 —x3Dy,
gD3D; — gD;D3 = x;D3 —x3D3, g5DsDy — gsD1Ds = x1Ds,
95D5D2 — gsD,Ds = xDs5,  g5Ds5D3 — gsD3Ds = x3Ds, [={1,2,3}, s ={4,5} 994,95 #0
94D4Dy — g4D1Dg =x1D4,  gaDsD2 — gaD;D4 = x;D4,
g4D4D3 — g4D3D4 = x3D4
gD;D1 —gD1D2 = x1D2 —x;Dq, gD4Dy —gD1Dy = x1Ds — x4Dy,
gD4D; — gD;Dy =x;D4 —x4D3,  g3D3Dy — g3D1D3 =x1D3,
g3D3D; — g3D2D3 = x2D3,  g3D3D4 — g3D4D3 = x4D3, 1={1,2,4}, S ={3}, T¢ ={5} | 9,935,952 #0
goDsD1 = —x1Ds, ggDsD2 = —x2Ds,
gaDsDy = —x4Ds
gD;D1 —gD1D2 =x1D2 —x2Dy,  gD4Dy —gD1Ds = x1Ds — x4Dy,
gD4D; — gD;Dy = x;D4 —x4D3,  g5DsDy — gsD1Ds = x1Ds,
95D5D2 — gsD;Ds = xDs5,  gsDsD4 — gsD4Ds = x4 Ds, 1={1,2,4}, S ={5} Ty ={3} | 9,95,95 #0
g£D|D3:7X1D3, g;DZD3:—x2D3,
9y D3D4 = x4D3
gD12Dy —gD1D2 =x1D2 —x2D1,  gD4Dy — gD 1Dy = x1Ds —x4D1,
gD4D; — gD;Dy4 = x;D4 —x4D3, g5D5D1 — gsD1Ds5 = x1Ds,
g5D5D2 — gsD3Ds = x2D5,  g5D5D4 — g5D4Ds = x4Ds, 1={1,2,4}, S ={3,5} 9,93,95 # 0

93D3Dy — g3D1D3 = x: D3,

93D3D2 — ¢3D2D3 = x;D3,

g3D3D4 — g3D4D3 = x4D3
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Table 4.4: Diffusion algebras with five generators

Diffusion algebra Relations Conditions Restrictions
gD;Dy —gD1Dy =xDy —x2Dy,  gDsDy — gD1D5 = x1D5 — x5D1,
gDsD; — gD;Ds = x,D5 —x5D3,  g3D3Dy — g3D1D3 = x1 D3,
93D3D; — g3D2D3 = x;D3,  g3D3Ds — g3DsD3 = x5D3, 1={1,2,5, S={3}, Ty =4} | 9,935,095 #0
g¢D1Dg = —x1D4, g{D2D4 = —x2D4,
gy DaDs = x5D4
gD2D1 — gD1D; = x1D; —x;D1,  gDsDy — gD1Ds = x;Ds — xsDy,
gDsD; — gD;Ds = x;D5 —x5D2,  gaD4Dy — gaD1Ds = x1 Dy,
g4D4D; — g4DDy = x;D4,  g4D4Ds — g4Ds5Dy = x5Ds, 1={1,2,5), S={4), Ts ={3} | 9,04, 05 #0
g¢D1D3 = —x1D3, ¢{D2D3 = —x;D3,
9y, D3D5 = x5D3
gD;Dy —gD1Dy =xDy —x2Dy, gDsDy —gD1D5 = x1D5 — x5D1,
gDsD; — gD2Ds = x;D5 —x5D2,  g4D4Dy — g4D1Dg = x1 Dy,
94D4D; — g4D2Dy = x2D4,  gaD4Ds — g4DsDy = xsDy, [={1,2,5}, S ={3,4} 9,93,94 #0
93D3D1 — g3D1D3 =x1D3,  g3D3D2 — g3D,D3 = x,D3,
93D3Ds5 — g3D5D3 = x5D3
gD3Dy —gD1D3 =x1D3 —x3D5, gD4D; —gDy1Dy =x1D4 —x4D1,
gD4D3 — gD3Dy = x3Dy —x4D3, g2D2D7 — g2D1D2 =x1D3,
92D2D3 — g2D3D7 = x3D2, g2D;D4 — g2D4D; = x4D3, ={1,3,4},S={2}, Tg ={5} | 9,92,95 #0
gaDsDy = —x1Ds,  ggDsD3 = —x3Ds,
9aDsD4 = —x4Ds
9D3D1 — gD1D3 = x1D3 —x3D1,  gD4D1 — gD1D4 = x1Dy —x4D1,
gD4D3 — gD3Ds = x3D4 —x4D3,  g5DsDy — gsD1Ds = x1Ds,
gsDsD3 — gsD3Ds = x3Ds,  gsDsDy — gsD4Ds = x4Ds, 1={1,3,4}, S={5, T ={2} | 9,05,93 #0
g¢DiDy = —x1D3, gy D2D3 =x3Dy,
gy, D2D4 = x4D3
gD3Dy — gD1D3 =x1D3 —x3D1,  gD4D; — gD1D4 = x1Dg —x4D1,
gD4D3 — gD3D4 = x3Ds —x4D3,  g5D5Dq1 — gsD1Ds = x1Ds,
g5DsD3 — gsD3Ds = x3D5,  gsDsDy — gsD4Ds = x4Ds, I1={1,3,4}, S ={2,5} 9,92,95 # 0
920201 — g2D1D2 =x1D2,  g2D2D3 — g2D3D;2 = x3D3,
A 92D2D4 — g2D4D2 = x4D2
9D3D1 — gD1D3 = x1D3 —x3D1,  gDsDy — gD1Ds = x;Ds —xsDy,
gDsD3 — gD3D5 = x3D5 —x5D3,  g2D2D1 — g2D1D2 = x1 D3,
920203 — g2D3D; = x3D2,  g2D1Ds — g2DsD; = x5Ds, 1={1,3,5, S={2}, g ={4} | 9,02,97 #0
g¢D1Ds = —x1D4, g D3Ds = —x3D4,
gy D4Ds = x5D4
9D3D1 — gD1D3 = x1D3 —x3D1,  gDsDy — gD1Ds = x1Ds — xsDy,
gDsD3 — gD3Ds = x3D5 —x5D3,  g4D4Dy — g4D1Dg = x1 Dy,
94D4D3 — gaD3Dg = x3D4, g4D4Ds — gaDsDg = x5Da, 1={1,3,5,, S =4}, s ={2} | 9, 94,05 #0
g¢Di1D2 = —x1Dy, g, D2D3 =x3Dy,
gy D2Ds5 = x5D,
gD3D1 — gD1D3 = x1D3 —x3D1,  gDsD; — gD1Ds = x;Ds —xsDy,
gDsD3 — gD3D5 = x3Ds5 —x5D3, g4D4Dy — g4D 1Dy = x1Dy,
g4D4D3 — g4D3Dy = x3D4,  g4D4Ds5 — g4Ds5Dy = x5Ds, I={1,3,5}, $ =1{2,4} 9,92,94 # 0
920,01 — g2D1D2 =x1D2, 920,03 — g2D3D2 = x3D3,
92D,D5 — g,D5D5 = x5D>
gD4Dy —gD1Dy = %Dy —x4Dy, gDsDy —gD1D5 = x1D5 — x5D1,
gD5D4 — gD4D5 = x4D5 —x5D4,  g2D2D1 — g2D1D2 = %Dy,
92D2D4 — g2D4D; = x4D2,  g2D2Ds — g2D5D; = x5D3, ={1,4,5}, S={2}, T4 =3} | 9,92, 9 #0
g¢D1D3 = —x1D3, g, D3Dy =x4D3,
9, D3Ds5 = x5D3
gD4Dy — gD1Dy =x1D4 —x4Dy,  gDsDy — gD1Ds = x1D5 — x5D1,
gD5D4 — gD4D5 = x4D5 —x5D4,  g3D3Dy — g3D1D3 = x1D3,
9sD3D4 — gsD4D3 = x4D3,  gsD3Ds — gsDsDs = xsDs, ={1,4,5), S =03}, Ts = (2} | 9,93, 95 #0
g¢DiD; = —x1D2, gy D2D4 =x4D3,
gy D2D5 = x5D,
9D4D1 — gD1Dy = x1D4 —x4D1,  gDsDy — gD1Ds = ;D5 —xsDy,
gDs5Dy — gD4D5 = x4Ds5 —x5D4, g3D3Dy — g3D1D3 =x1D3,
93D3D4 — g3D4D3 = x4D3, g3D3Ds5 — g3D5D;3 = x5D3, 1={1,4,5}, $ ={2,3} 9,92,93 # 0

920,01 — 2D1D2 = x1 Dy,

92D2D4 — g2D4D3 = x4 D3,

92D:D5 — g,D5D5 = x5D>
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Table 4.5: Diffusion algebras with five generators

Diffusion algebra Relations Conditions Restrictions
gD;D4 — gD4Dy = x4D3 —x2Dy4, gD3D4 — gD4D3 = x4D3 — x3D4,
gD3D; — gD;D3 = x;D3 —x3Dz,  ¢1D1D4 — g1D4Dy = x4Dy,
¢1D1D; — ¢1D;D1 = %01, g1D1D3 — g1D3D; = x3D1, 1=12,3,4}, S ={1}, . ={5} | 9,91,9a #0
9aDaDs = —x4Ds,  ggD2Ds = —x2Ds,
gaD3Ds5 = —x3D5
gD2D4 — gD4D2 = x4D2 —x;D4,  gD3D4 — gD4D3 = x4D3 — x3D4,
gD3D; — gD2D3 = x;D3 —x3D2,  g5D5D4 — gsD4Ds = x4Ds,
g5D5D; — gsD2Ds = x;Ds5,  gsDsD3 — gsD3D5 = x3Ds, 1={2,3,4}, S={5}, T3 ={1} | 9,95,9a #0
gaD1Ds = —x4D1,  ggD1D2 = —x2Dy,
gaD1D;3 = —x3D
gD2D4 — gD4Dy = x4D3 —x2D4,  gD3D4 — gD4D3 = x4D3 — x3D4,
gD3D2 — gD2D3 = x2D3 —x3D2,  g5D5D4 — gsD4Ds = x4Ds,
95Ds5D; — gsD2D5 = x2D5,  g5DsD3 — gsD3Ds = x3Ds, 1={2,3,4}, 5 ={1,5} 9,91,95 # 0
g1D1Ds — g1D4Dy =x4Dy, g1D1D2 — g1D2Dy = x2Dy,
91D1D3 — g1D3D; = x3Dy
gD1D5 — gDsD; = x5D; —x;D5,  gD3Ds — gDsD3 = x5D3 —x3Ds,
gD3D; — gD,D3 = x;D3 —x3D2,  91D1D5 — g1DsDy = xsDy,
91D1D2 — g1D2Dy = x32Ds,  ¢1D1D3 — g1D3Dy = x3Ds, =1{2,3,5, s={1}, Ty = {4} 9»91,93#0
gy D2Ds = —x2D4, g D3Ds = —x3D4,
gy D4Ds = x5Dy4
9D2D5 — gDsD; = xsD2 —x2D5,  gD3Ds — gDsD3 = x5D3 — x3Ds,
gD3D; — gD;D3 =x;D3 —x3D2, g4D3D5 — g4D5D4 = x5Dy4,
94DyD; — g4DyDy = x,D4,  g4D4D3 — g4D3D4 = x3Ds, 1=1{2,3,5), S = {4}, To = {1} | 9,94,95 #0
9aD1Ds = —xsD1,  ggD1D2 = —x2D1,
gaD1D3 = —x3D;
gD3D5 — gD5D; = x5D; —x2D5,  gD3Ds — gDsD3 = x5D3 —x3Ds,
gD3D; — gD;D3 = x;D3 —x3D3,  g4D4Ds — gaDsDy = x5Dy,
94D4Dy — g4D2Ds = x2Ds,  g4DaD3 — g4D3D4 = x3D4, [={2,3,5,5={1,4 9,91,95 # 0
91D1Ds5 — g1D5Dy = x5D1,  g1D1D2 — ¢1D2Dy = x2Dy,
Al 91D1D3 — g1D3Dy = x3Dy
gD;D5 — gDsDz = xsD2 —x;Ds5,  gD4Ds5 — gD5D4 = x5D4 — x4Ds,
gD4D; — gD2Dy = x2Dy —x4D3, g1D1Ds5 — g1D5Dy = x5Dy,
giD1D2 — iD2D; = x3D1,  giDyDy — g1D4D; = x4y, 1={2,4,5),S={1}, T$ ={3} | 9,91,97 #0
gy D2D3 = —x;D3, gy D3Da =x4D3,
9, D3D5 = x5D3
gD;D5 — gDs5D; = x5D3 —x2Ds5, gD4Ds — gD5D4 = x5D4 — x4 D5,
gD4D; — gD;Dy = x;D4 —x4D3,  g3D3Ds — g3DsD3 = xsD3,
93D3D; — g3D2D3 = x2D3,  g3D3D4 — g3DsD3 = x4D3, [=1{2,4,5,, S ={3}, Ta ={1} | 9,95,9a#0
gaD1D5 = —xsDy,  ggD1D2 = —x2Dy,
gaD1Dy = —x4Dy
gD2Ds — gDsDz = x5D2 —x2D5,  gD4D5 — gD5D4 = x5D4 —x4Ds,
gD4D; — gD;Dy4 = x;D4 —x4D2, g3D3D5 — g3DsD3 = x5D3,
g3D3D; — g3DD3 = x;D3,  g3D3D4 — g3D4D3 = x4 D3, 1=1{2,4,5}, $=1{1,3} 9,91,95 # 0
91D1D5 — g1DsDy =xsDsy,  g1D1D2 — g1D2D1 = x;Dy,
91D1D4 — g1D4D; = x4Dy
gD5D4 — gD4Ds5 = x4D5 —x5D4, gD3D4 — gD4D3 = x4D3 — x3D4,
gD3D5 — gDsD3 = x5sD3 —x3D5, g1D1Ds — g1D4Dy = x4Dy,
91D1D5 — giDsDy =xsD1,  g1D1D3 — g1D3D; = x3D1, ={3,4,5}, S={1}, Tg ={2} | 9,91,95 #0
gaD2Dy = —x4D2,  ggD2Ds = —xsDa,
9aD2D3 = —x3D;
gD5D4 — gD4Ds = x4Ds —xsD4,  gD3D4 — gD4D3 = x4D3 — x3D4,
gD3D5 — gDsD3 = xsD3 —x3Ds5,  g2D2D4 — g2D4D3 = x4D3,
92D2D5 — g2Ds5D; = x5D2,  g2D2D3 — g2D3D2 = x3D3, ={3,4,5}, S ={2}, Tg ={1} | 9,92,95 #0
gaD1Ds = —x4Dy,  ggD1Ds = —xsDy,
9aD1D3 = —x3D4
gD5D4 — gD4Ds5 = x4D5 —x5D4, gD3D4 — gD4D3 = x4D3 — x3D4,
gD3D5 — gD5D3 = x5D3 —x3D5,  92D2D4 — g2D4D2 = x4D2,
92D;2D5 — g;Ds5D; = x5D;,  g2D2D3 — g2D3D; = x3D3, 1={3,4,5}, s ={1,2} 9,91,92 #0

91D1D4 — ¢1D4Dy = x4Dy,

91D1Ds5 — g1DsDy = x5Dy,

91D1D3 — g1D3D; =x3D;
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Table 4.6: Diffusion algebras with five generators

(91— g5)D1Ds = x5D1 —xDs,
(92 = 95)D2Ds = x5D2 — x2Ds,

92— 93)D2D3 = x3D2 —x2D3,
93 — 95)D3Ds = x5D3 — x3Ds,

1={1,2,3,5} Ty = {4}

9 # 95, i £, 9 & (Fgi) fori,jel

Diffusion algebra Relations Conditions Restrictions
(91— g2)D1D2 =x;D1 —x1D2, (91— ¢3)D1D3 = x3D1 —x1 D3,
(91— 94)D1Ds =x4D1 —x1D4, (g1 — g5)D1Ds = x5D1 —x1 D5,
(92— 93)D2D3 = x3D; —x2D3, (92 — 94)D2D4 = x4D2 —x2D4, 1={1,2,3,4,5} gi#gforijeli#]j
(92— 95)D2D5 = x5D2 —x2Ds, (g3 — g4)D3D4 = x4D3 — x3D4,
(95— 95)D3D5 = x5D3 —x3Ds5, (g4 — g5)D4Ds = xsDg — x4Ds
(91— g2)D1D2 =x2D1 —x1D2, (91— 93)D1D3 =x3D1 —x1 D3,
(91— 94)D1Ds = x4D7 —x1D4, (92 — 93)D2D3 = x3D2 —x2D3,
(92— 94)D2Ds = x4D2 — 2D, (g3 — 94)D3Ds = x4 D3 — x3Ds, 1={1,2,3,4), ¢ = {5} 9179, 17, 91 7 9g, for ,j €1
(91 +9a)D1Ds = —x1Ds,  (92+ ga)D2Ds = —x2Ds,
(93 +93)D3Ds = —x3D5,  (ga + ga)DaDs = —x4Ds
(91— 92)D1D2 = x2D1 —x1D2, (g1 — g3)D1D3 = x3D1 —x1D3,
(
(
(

(g1 + gy )D1D4 = —x1 D4,
(95 + 9iy)D3Da = —x3D4,

92+ 9y)D2Ds = —x2Da,
(9y = 95)DaDs = x5D4

(g1 —92)D1D2 = x2D1 —x1D2, (g1 — g4)D1D4g = x4D7 — x1 D4,
(g1 —g5)D1D5 = x5D1 —x1Ds, (g2 — g4)D2D4 = x4D2 — x2D4,
(92 — g5)D2D5 = xsD2 —x2D5,  (ga — g5)DaDs = xsDs — x4Ds, 1={1,2,4,5}, g = {3} 9 #9147 g ¢ {Fgih forijel
(g1+9¢)D1D3 = —x1D3, (g2 + g)D2D3 = —x2D3,
(9, —94)D3Ds = x4D3, (g, — 95)D3D5 = x5D3
(91 —g3)D1D3 = x3D1 —xyD3, (g1 — g4)D1Ds = x4Dy — x1Da,
(g1 —g5)D1D5 = xsD1 —x1Ds, (g3 — ga)D3D4 = x4D3 — x3D4,
(95— 95)D3D5 = xsD3 —x3Ds, (g4 — g5)DaDs = x5D4 — x4Ds, 1=1{1,3,4,5), Ty = {2} 9 # 95, i #), 90 € (Foy ) for i,j el

(g1 +¢{)D1D2 = —x; Dy,
(9, —94)D2D4 =x4D»,

(9, —93)D2D3 =x3D2,
9y — 95)D2Ds = x50z

(92— 93)D2D3 = x3D2 —x2D3,
(92 = g5)D2Ds = x5D2 — x2Ds,
(93 — 95)D3Ds = x5D3 — x3Ds,
(92+93)D1D2 = —x2Dy,
(94 +93)D1Dg = —x4Dy,

92— g4)D2Ds = x4D3 — x,D4,
93 — g4)D3D4 = x4D3 — x3D4,
93+ ga)D1D3 = —x3Dy,
g5 + ga)D1Ds = —xsDy

1={2,3,4,5}, Tg ={1}

97 9j L#J, i # gg, for L,j € 1

(91 = 92)D1D2 = x2D1 —x1D2,
(92— 93)D2D3 = x3D2 — x2D3,
(92 + 93)D2D4 = —x2Da,
(g1 +93)D1Ds =
(93 + 93)D3D

—x1Ds,

(

(

( )

(94 — 95)D4Ds = x5D4 — x4Ds,
( )

(

(

g1 —93)D1D3 =x3D1 —x1D3,

(91+93)D1D4
(g3 + 93)D3Ds = —x3Da,
(92 + g3)D2Ds = —x2Ds,

=—x1Da,

5 = —x3Ds

1={1,2,3}, Tg = {4,5}

9i# 9, 1#), g #gq forhjel

(g4 — 92)DaD2 = x;D4 — x4D3,
(92 — 93)D2D3 = x3D2 — x2D3,
(92 + g3)D1D2 = —xDy,
(94 + 93)D4Ds =
(93 + 93)D3D:

x4Ds,

(94 — 93)D4D3 = x3D4 — x4 D3,
(g4 +9a)D1Ds = —x4Dy,

(g3 +95)D1D3 = —x3Dy,

(92 + 93)D2Ds =

5 =—x3Ds5

x2Ds,

1=1{2,3,4}, Tg ={1,5}

9 # Gi L £ gi # g5, for L,j €1

(94 — 95)DaD5 = x5D4 — x4Ds,
(g5 — 93)DsD3 = x3D5 — x5D3,
(g5 + ga)D1Ds = —xsDy,
(g4 +93)D2Dy = —x4 D2,

(93 + g3)D2D.

(g4 — 93)DaD3 = x3Dg — x4 D3,
(g4 +92)D1Ds = —x4D1,

(g3 + ga)D1D3 = —x3Dy,

(g5 + ga)D2Dg = —x5D2,

3 =-x3D

1=13,4,5) T ={1,2}

9i# 9, 1#]). g #gg. forijel

(91— g2)D1D2 = x2D1 —x1 D2,
(92— 94)D2Ds =
(92 + gy )D2D; =

(91 + ga)D1Ds = —x1Ds,
(g4 + 93)D4D

x4D2 —x2D4,

—x2D3,

(91— 94)D1D4 = x4D1 —x1 D4,

(g1 +g{)D1D3 =
(g, — 94)D3Ds = x4D3,
(92 + 95)D2Ds = —x2Ds,

—x1D3,

5 = —x4Ds5

I={1,2,4}, T = {3} Tg = {5}

9i # 95, L £ 91 € {98, Ty ), for L,j € 1

(91— 93)D1D3 = x3D1 —x1D3,
(93— 94)D3D4 =
(g, — 93)D2D3 = x3D2,

(91 +93)D1Ds =

(94 +92)D4D

x4D3 —x3D4,

—x1Ds,

(g1 — g4)D1Dg = x4D1 — x1 D4,
(g1 +gy)D1D2 = —x1 D2,

(g, — 94)D2Ds = 4D,

(93 + 93)D3Ds = —x3Ds,

5 = —x4Ds5

1={1,2,4}, T3 = {3} Tg = {5}

9 # 9, 1 £, 91 €193, Fop ), for ,j €1

(92 — 93)D2D3 = x3D2 — x2D3,
(93 — 95)D3D5 = x5D3 —x3Ds,
(95 + 9§ )D3D4 = —x3D4,
(92+93)D1D2 =
(95 + 93)D1D;

x2D1,

(92 = 95)D2Ds = x5D3 — X2 Ds,
(g2 + g§)D2Dg = —x2Ds,

(g — 95)DaDs = x5Da,

(g3 +93)D1Ds =

5 =—x1Ds

x3D1,

1=1{2,3,5,, Tg = {4} Tg = {1}

9 # 95, 1 #3 91 € {95, Fp ), for ,j € 1

(92 — 94)D2D4 = x4D; — x2Da,
(94 — 95)D4D5 = x5Dg — x4 D5,
(g — 94)D3D4 =x4D3,
(92 + g3)D1D; = —x;Dy,
(g5 + g3)D1 D

(92— 95)D2Ds5 = x5D2 — x2Ds,
(92 +9y)D2D; =

(g, —95)D3D5 = x5D3,

(94 +95)D1Ds = —x4Dy,

—x2D3,

5 =-—x1Ds

1=12,4,5} Tg = {3} Tg = {1}

9i 7 95, 1 £ 91 € {98, F9i ), for ,j € 1
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Table 4.7: Diffusion algebras with five generators

Diffusion algebra

Relations

Conditions

Restrictions

(92— 94)D2D4 = x4Dz — x;D4,
(94— 95)D4Ds = x5D3 —x4Ds,

(92— 95)D2D5 = x5D2 — x2Ds,
(92 + g, )D2D3 = —x;D3,

(gy — 95)D3D5 = x5D3,

(g4 +g3)D1Ds = —x4D1.

(g, — 94)D3D4 = x4D3,
(92 +gg)DiDy = —x2Dy,
(g5 +93)D1Ds = —x; D5

1=1{2,4,5, Ty = {3} Tg = {1}

9i# 95, 1 £, 9 £ 98, Fop ) for 1,j € 1

(91— 2)D1D2 =x;D1 —x1D, (g1 —g5)D1Ds =x5D1 —x1Ds,
(92— 95)D2D5 = xsD2 —x2D5, (g1 + g )D1D3 = —xq D3,
(92 + gy )D2D3 = —x2D3,

(g1 + g{)D1D4 = —x; Dy,

(g, — 95)D3Ds5 = xsD3,
(g2 + g )D2Dg = —x;D4,
(9 — 95)D4D5 = x5Dy

1={1,2,5), Ty = 13,4}

9 # 95, 1) i € {Fgp) fori,jel

e (91— 93)D1D3 =x3Dy —x;D3, (g1 — g5)D1Ds5 = xsDy —x1Ds,
(93— 95)D3D5 = xsD3 —x3D5, (g1 + gy )D1D2 = —x;D2,
(9, —93)D2D3 =x2D3,  (g; — 95)D2D5 = x5D3, 1={1,3,5), Ty = (2,4} 9 # 05 1#) 9 € (Fop) forij el
(91+g¢)D1Ds = —x1D4, (g3 + ¢§)D3Ds = —x3Da,
(gy — g5)D4D5 = x5D4
(91— g4)D1Ds =x4D1 —x1Dy, (g1 — g5)D1D5 = x5D1 — x1Ds,
(94 — 95)DaDs = xsD4 —x4Ds, (g1 + g )D1D2 = —x1D2,
(9y —94)D2Ds = —x4D2, (g, — g5)D2Ds = xsD2, 1={1,4,5), T§ ={2,3} 9 # 95, 1) i € {Fgp) fori,jel
(91+94)D1D3 =—xD3, (g, —94)D3Ds =x4D3,
(9 — 95)D3D5 = x5D3
gD1D; — (9 — A)D;Dy =Dy —x1Dy,  ¢3D1D3 — (g3 — A)D3Dy = —x; D3,
93D3D2 — (g3 — A)D2D3 = x2D3,  g4D1Ds — (g4 — A)DsDy = —x1Da, [= (1,2, 5 = (3,4,5) 07065 O ALs €S
94D4D; — (g4 — A)D2Ds = x2D4,  gsD1Ds — (g5 — A)DsDy = —xiDs,
95D5D2 — (g5 — A)D2D5 = x,D5,
gDD; — (g — A)D,Dy =x;Dy —x1Dz,  g3D1D3 — (g3 — A)D3D; = —xi D3,
93D3D2 — (g3 — A)D2D3 = xD3,  gaD1D4 — (ga — A)D4D1 = —x1 D4, L= (1,2, S = (3,4 Te = {5) 940, oo ¢ (0, 5 €S
94DaD; — (g4 — A)D2Ds = x2D4,  g3D1D5 = —x1Ds,
(9a — A)D2Ds = —x;Ds,
gD1D; — (g — A)D2D; = x;D1 —x1Dy,  g3D1D3 — (g3 — A)D3Dy = —x D,
93D3D;2 — (93 —A)D2D3 = x2D3,  g5D1Ds5 — (g5 — A)DsDy = —x1 Ds, [=(1,2), S = (3,5), T¢ = (4) 970,995 € (0,A)sES
95D5D2 — (g5 — A)D2Ds5 =x2Ds5,  g3D1D4 = —x1 Dy,
(93 —A)D2Dy = —x3D4,
gD1D; — (g —A)D2Dy = x;D1 —x1Dz2,  g4D1D4 — (ga — A)D4Dy = —x1 Dy,
94D4D; — (g4 — A)D2Ds = x2D4,  g5D1D5 — (g5 — A)DsDy = —x; Ds, 1= (1,2, 5 = 4,5), T = 3) 040,906, 2 OAL s €S
95D5D; — (g5 — A)D2Ds5 = x,D5,  ggD1D3 = —x1D3,
(9g —A)D2D3 = —x3D3,
gD1D2 — (g = A)D2Dy =x;D1 —x1Dz,  g3D1D3 — (g3 — A)D3Dy = —x D3,
93D3D2 — (g3 = A)D2D3 =x2D3,  g3D1D4 = —x1 Dy, 1= (1,2, S = @), T2 = (4,5) 040, 9365 ¢ (0,A)
(95 = A)D2Ds = —x2D4,  ggD1Ds = —x1Ds,
(9 — A)D2Ds = —xzDs,
gD1D2 — (g —A)D2D1 =x2D1 —x1D2,  gaD1D4 — (gs — A)D4Dy = —x1 Dy,
94DaD2 — (g4 — A)D2Dy = x2D4,  g3D1D3 = —x D3, T= (1,2, S = @), T2 = 3,5) 040, 9165 ¢ 0,A)
(ga —A)D2D3 = —x,D3,  ggD1Ds = —x1Ds,
(95 — A)D2Ds5 = —x;Ds,
gD1Dy — (9 — A)D2Dy =x;D1 —x1Dy,  g5sD1Ds — (g5 — A)DsDy = —xiDs,
B g5DsD2 — (g5 — A)D2Ds = x;Ds,  ggD1D3 = —x1D3, [=(1,2), S = (5), Te = (3,4) 940, 95,2 2 10,A)

(9a —A)D2D3 = —x;D3,  ggD1Ds = —x1Da,
(93 — A)D2Dy = —x2Ds,
gD1D; — (g — A)D2Dy = %Dy —x1Da,  ggDiD3 = —x1D3,
(95 = A)D2D; = —x2D3,  gzD1Ds = —x1Dy,

(g3 —A)D2Ds = —xD4,  ggD1D5 = —x1Ds,
(93 — A)D2Ds = —xzDs,

1={1,2}, Tg = {3,4,5}

9#0.93 ¢{0,A}

gD1D3 — (g — A)D3Dy = x3D1 —x1D3,
A)JD3D;2 = x3Dy,
A)D3Dy = x3D4,

920102 — (g2 —
g4D1D4 — (ga — A)D4D; = —x1 D4,
A)DsDy = —x1Ds,

920203 — (g2 —
9aDaD3 — (g4 — gsD1Ds — (g5 —

95D5D3 — (g5 — A)D3Ds = x3Ds,

A)D;Dy = —x1D2,

1=01,3}, s ={2,4,5)

9,92 #0, 94,95 {0, A}

gD1D; — (g — A)D3D; =x3D1 —x1D3,
920203 — (92 — A)D3D; = x3D2,
94D4D3 — (g4

92D1D2 = (g2 — A

94D1D4 — (g4 — A)D4Dy = —x1 Dy,

A)D3Ds =x3D4,  gaD1Ds =
(ga — A)D3Ds = —x3Ds,

x1Ds,

)D;Dy = —x1D2,

1={1,3}, S ={2,4), To = (5}

9,92 #0, ga, 95 € {0,A}

gD1D3 — (g — A)D3Dy =x3D1 —x1D3,  g2D1D2 — (g2 — A
20203 — (92 = A)D3D2 = x3Dz,  g5D1Ds — (g5 — A)DsDy = —xiDs,
95D5D3 — (g5 — A)D3Ds = x3Ds,  gaD1D4 = —x1Ds,
(92 —A)D3Dy = —x3Ds,

)D2D; = —x1Dy,

1={1,3}, S ={2,5), To = {4)

9,92 #0, g5, 93 & {0, A}

gD1D;3 — (g — A)D3Dy =x3D1 —x1D3,  gaD1Ds — (g —
94DaD3 — (g4 — A)D3Ds = x3Ds,  gsD1Ds — (g5 — A)DsDy = —x1 Ds,
g5D5D3 — (g5 — A)D3Ds = x3D5, gy D1D2 = =Dy,
9, D2D3 = x3D;,

A)D4D; = —x1 Dy,

1=1{1,3}, S ={4,5), Tg = {2}

9,9, #0, 95 Z{0,A}, s€S

gDID; — (g — A)D3D; = x3D; — x1Ds,
920203 — (g2 = A)D3Dz =x3Dz,  g3D1Ds = —x1 Dy,
(93 —A)D3Ds = —x3D4,  ggD1D5 = —x1Ds,

(98 — A)D3Ds = —x3Ds,

92D1D2 — (g2 — A)D;D1 = —x1 D3,

1={1,3}, S={2}, Tg = {4,5}

9,92 #0, g5 #{0,A}
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Table 4.8: Diffusion algebras with five generators

Diffusion algebra

Relations

Conditions

Restrictions

gD1D3 — (g —A)D3Dy =x3D1 —x1D3,  94D1Ds — (g4 — A)D4Dy = —x1 Dy,
9aD4D3 — (94 — A)D3Ds = x3D4, gy D1D2 = —x1D,
9, D2D3 =x3D3,  ggD1Ds = —x;Ds,
(93 —A)D3Ds = —x3Ds,

1={1,3}, S ={4}, Ty = {2}, T; = {5}

9,9 #0, 94,93 & (0, A}

gD1D3 — (g = A)D3Dy =x3D1 —x1D3,  gsD1Ds5 — (g5 — A)DsDy = —xiDs,
g5D5D3 — (g5 — A)D3Ds = x3D5, g{D1Dy = —x1Dy,
9y D203 =x3Ds,  gaD1Ds = —x1 Dy,
(95 —A)D3D4 = —x3Dy,

1={1,3},S={5}, Ty = {2}, T, = {4}

9,9y #0, 95,95 # (O,A}

gD1D3 — (g —A)D3Dy =x3D1 —x1D3,  ggD1Ds = —x1Ds,
(95 —A)D3Ds = —x3Ds,  g{Di1D2 = —xiDy,
gy D2D3 = x3D3, ggD1Ds = —x1Dy,
(95 —A)D3Dy = —x3D4,

1={1,3}, Ty = {2}, Tg = 4,5}

9,9y #0, 95 Z{0,A)

9gD1Ds — (g — A)D4Dy =x4D1 —x1Ds,  92D1D2 — (g2 — A)D2Dy = —x1D,
920204 — (92 = A)D4Dy = x4D3,  g3D1D3 — (g3 — A)D3Dy = —x1 D3,
93D3D4 — (g3 — A)D4D3 = x4D3,  gsD1Ds — (g5 — A)DsD; = —x1 Ds,
95D5D4 — (g5 — A)D4Ds = x4Ds,

I1={1,4},5=1{2,3,5)

9,92,93 #0, g5 ¢ {0, A}

9D1D4 — (g — A)DsDy =x4D1 —x1Ds, 920102 — (92 — A)D2Dy = —x1 D3,
920204 — (g2 — A)D4Dy = 4D, g3D1Ds — (g5 — A)D3Dy = —xiDs,
93D3Ds — (g3 — A)D4D3 = x4D3,  g3D1Ds5 = —x1Ds,
(g5 — A)D4Ds = —x4Ds,

1={1,4},$=1{2,3}, Ty = {5}

9,9s #0, 95 {0,A},s €S

9gD1Ds — (g — A)D4Dy =x4D1 —x1Ds,  92D1D2 — (g2 — A)D2Dy = —x1D,
92D2D4 — (g2 = A)D4Dz = x4D3,  gsD1Ds — (g5 — A)DsDy = —x1 Ds,
95D5D4 — (g5 — A)D4Ds = x4Ds, g}_‘,DyD; =—x1D3,
9, D3Ds = x4D3,

1={1,4}, $=1{2,5}, Ty = {3}

9,92 #0, 95,95 £ {0, A}

9D1Ds — (g = A)D4Dy = x4Dy —x1Dy,  g3D1D3 — (g3 — A)D3Dy = —xi D3,
930304 — (93 = A)D4D3 = x4D3,  gsD1Ds — (g5 — A)DsDy = —xi Ds,
g5D5D4 — (g5 — A)D4Ds = x4Ds, g/ D1D2 = —x1Dy,
gy D2Ds = x4Dy,

1={1,4}, $=1{3,5}, Ty = {2}

9,93,95 9 #0

9D1Ds — (g — A)DsDy =x4Dy —x1Ds, 920102 — (92 — A)D2Dy = —x1 D3,
920204 — (92 = A)D4Dy = x4D2,  gyDiD3 = —x1D;,
gy D3Ds =x4D3, gD1Ds = —xyDs,
(g5 — A)D4Ds = —x4Ds,

I={1,4), 8 =12}, T} ={3), T = {5}

992,98 #0, g3 & (0, A}

9D1Dy — (g — A)D4Dy =x4D1 —x1Ds,  g3D1D3 — (93 — A)D3Dy = —x1 D3,
93D3D4 — (95 — A)D4D3 = x4D3, gyDiD2 = —x1D,
gyDaDs = x4Dz,  g3D1Ds = —xiDs,
(gg —A)DsD5 = —x4Ds,

I={1,4), 8 =3}, Ty ={2), Tg = {5}

9,93,9¢ #0, 93 & {0, A}

9D1D4 — (g — A)DsDy =x4D1 —x1Ds,  g5D1D5 — (g5 — A)DsDy = —x1Ds,
g5D5Ds — (g5 — A)DaDs = x4Ds,  gyDiD2 = —x1D,
9,D2D4 =xiD2, ¢y DiD3 = —xiDs,
9,D3Ds = x:D3,

9,9, #0, 95 (0, A}

gD1Ds — (g — A)D4Dy = x4Dy —x1Dg,  g5D1Ds = —x1Ds,
(ge = A)D4Ds = —x4D5, g{D1Dy = —x1D3,
9y D2Ds = x4Dy, gy D1D3 = —x1D;3,
9y D3Dy = x4D3,

9,9y #0, 95 Z{0,A)

gD1D5 — (g = A)DsDy = xsD1 —x1Ds,  g2D1D2 — (g2 — A)D2Dy = —x1 Dy,
20205 — (92 = A)DsD2 = xsDz,  g3D1D3 — (g3 — A)D3Dy = —x1 D3,
93D3D5 — (93 — A)DsD3 = x5D3,  g4D1D4 — (g4 — A)D4Dy = —x1 D,
94D4Ds — (g4 — A)DsDy = x5Dy,

1={1,5}, S =1{2,3,4)

9,95 #0,s€S

gD1D5 — (g = A)DsDy = xsDy —x1D5,  g2D1D2 — (g2 = A)D2Dy = —x1Dy,
2D2D5 — (92 — A)DsDz = xsDz,  g3D1D3 — (g3 — A)D3D; = —x1D3,
93D3D5 — (93 — A)D5D3 = x5D3, gy D1Ds = —x1Dy,
gy, D4Ds5 = x5D4,

I={1,5}, $ =1{2,3}, Ty = {4}

9,9s #0, g3 #{0,A},s€$

gD1D5 — (g = A)DsDy = xsDy —x1D5,  g2D1D2 — (g2 — A)D2Dy = —x1 Dy,
92D2D5 — (g2 — A)DsDz = xsD2,  gaD1Ds — (g4 — A)D4Dy = —x1 Dy,
94D4Ds5 — (g4 — A)D5Dy = x5D4, g D1D3 = —x1 D3,
9, D3Ds = x5D3,

[={1,5}, S ={2,4), Ts = (3)

9,95 #0, gg €{0,A}, s €8

gD1D5 — (g = A)DsDy = xsDy —x1D5,  g3D1D3 — (g3 — A)D3Dy = —xi D3,
93D3D5 — (g3 — A)DsD3 = x5D3,  g4D1D4 — (g4 — A)D4Dy = —x; D,
94D4Ds5 — (g4 — A)D5Dy = x5D4, g D1D2 = —x1D,
9, D205 =x5D»,

1={1,5}, S = (3,4}, Ts = (2}

9,9s#0. g, #0,5€$

gD1D5 — (g — A)D5D; = x5D7 —x1Ds,  g2D1D2 — (g2 — A)D;D; = —x1 Dy,
2D2D5 — (g2 = A)DsDz = xsDz,  g{D1D3 = —x1D3,

gy D2Ds5 =x5Dy, g{DiDsy = —xDy,

9, D4Ds = xsDs.

1={1,5), S = {2}, T = 3,4} 992,95 #0
g, D3Ds5 =xs5D3, g{DiDsy = —x1Dy,
9y DaDs = 5Dy,
9D1D5 — (g — A)D5Dy =x5D1 —x1D5,  g3D1D3 — (93 — A)D3Dy = —x1 D3,
5 — — sD3 = + —
95DsDs = (9 = AJDsDs =5, gyD1D2 = —aDyy =0, 5=0), T =12,4) 0,03,0¢ 0
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Table 4.9: Diffusion algebras with five generators

Diffusion algebra

Relations

Conditions

Restrictions

gD1D5 — (g — A)DsD; = xsDy —x1Ds,  g4D1D4 — (g3 — A)D4Dy = —x1Dy,
94D4D5 — (g4 — A)DsDy =xs5D4,  g{D1D2 = —x1Dy,

gyD2Ds = xsDy,  gi DD = —x;Ds,
9¢D3Ds = xsDs,

[=(1,5, S ={4). s =2,3) 9,909y #0
g, D2D5 =xsDy, g{DiD3 = —x1D3,
9, D3Ds = x5D3,
9gD1D5 — (g — A)DsDy = x5D1 —x1D5, g/ DDy = —x1 Dy,
yDaDs = xsD4, g/ DDy = —x1D3, .
Go PaTe = e Gy P = [={1,5, 5 = (2,3,4) 9,95 #0

gD3D2 — (g —A)D2D3 =xD3 —x3D2,  ¢1D3D1 — (g1 — A)D1D3 = —x3Dy,
91D1D2 — (91 —A)D2Dy =x;D1,  94D3D4 — (94 — A)D4D3 = —x3D4,
94D4D; — (g4 = A)D2Dyg = x;D4,  g5D3Ds — (g5 — A)DsD3 = —x3Ds,
95D5D; — (g5 — A)D2Ds = x5Ds,

1=1{2,3}, S ={1,4,5}

g#0,9sZ{0,Als€S

9D3D; — (g — A)D2D3 = x;D3 —x3D2,  g1D3D1 — (g1 — A)D1D3 = —x3Dy,
91D1D2 — (91 —A)D2Dy =x;D1,  94D3D4 — (94 — A)D4D3 = —x3Dy,
94D4D2 — (g4 — A)D2D4 = xD4,  g3D3Ds5 = —x3Ds,
(g5 —A)D2Ds = —xDs,

1=1{2,3},S={1,4, T =5}

9#0, 90593 {0,Als€S

9D3D; — (g — A)D2D3 = x;D3 —x3D2,  g1D3D1 — (g1 — A)D1D3 = —x3Dy,
91D1D; — (g1 = A)D2Dy = D1, g5D3Ds — (g5 — A)DsD3 = —x3Ds,
95D5D2 — (g5 — A)D2D5 = x;Ds,  gqD3Dy = —x3Ds,
(93 —A)D2D4 = —x;D4,

1=1{2,3},8S={1,5, T = (4

970,993 10,A}s€S

gD3D; — (g — A)D2D3 = x2D3 —x3D2, 94D3D4 — (g4 — A)D4D3 = —x3Dg,
94D4D2 — (95 — A)D2Ds = x;D4,  g5D3D5 — (g5 — A)DsD3 = —x3Ds,
g5D5D2 — (g5 — A)D2Ds = x,D5,  gaD1D3 = —x3Dy,
(g3 —A)D1D; = —x;Ds,

1=1{2,3},S={4,5, T = (1}

970,993 10,A}s€S

gD3D2 — (g — A)D2D; = x2D3 —x3D2,  ¢1D3D1 — (g1 — A)D1D3 = —x3Dy,
91D1D2 — (g1 —A)D2Dy =x2D5,  ggD3Ds = —x3Ds,
(95 = A)D2Dy = —x;D4,  ggD3Ds5 = —x3Ds,
(93 —A)D2Ds = —x;Ds,

1=12,3}, S={1}, T = {4,5}

970, 91,95 € {0,A}

gD3D2 — (g — A)D2D3 = x2D3 —x3D2,  94D3D4 — (g4 — A)D4D3 = —x3Dy4,
94D4D2 — (g4 — A)D2D4 = x;D4,  g3D1D3 = —x3Dy,
(93 —A)D1D2 = —xDy,  ggD3Ds = —x3Ds,
(g5 —A)D2Ds = —xDs,

1=12,3}, S={4), T; ={1,5}

9#0, 94,95 € {0,A}

9D3D; — (g — A)D;D3 = x;D3 —x3D2,  gsD3Ds — (g5 — A)DsD3 = —x3Ds,
95D5D; — (g5 — A)D2Ds = x;Ds,  ggD1D3 = —x3Ds,
(g5 —A)D1D; = —xaDy,  ggD3Ds = —x3Dy,
(g5 — A)DaDs = —x;D4,

1=12,3}, S=1{5), Tg ={1,4}

9#0, 95,95 € {0,A}

gD3D; — (g —A)D2D3 = x,D3 —x3D2,  ggD1D3 = —x3D1,
(g; = A)D1Dy = —x,D1,  gaD3Ds = —x3Dq,

95D5D4 — (g5 — A)D4Ds = x4Ds,  ggD1D2 = —xzDs,
(g5~ A)DiDs = —xiDs,

1=1{2,3}, T ={1,4,5} 970, 9z ¢{0A}
(g3 = A)D2Dg = —xD4,  g3D3Ds = —x3Ds,
(g5 — A)DDs = —x;Ds,
gD2D4 — (g — A)D4D; = x4D2 —x2D4,  g1D2D1 — (g1 — A)D1D2 = —x2Dy,
91D1D4s — (g1 = A)DaDy = x4D1, - g3D2D3 — (g3 — A)D3D2 = —x2Ds, 1=(2,4), s ={1,3,5) 9,95 40, g1, 95 # (0, A}
93D3D4 — (93 — A)D4D3 = x4D3,  g5D2D5 — (g5 — A)DsD2 = —xzDs.
95D5D4 — (g5 — A)D4Ds = x4Ds,
9D2D4 — (g —A)D4Dy =x4Dy — D4, 91D2Dy — (91 — A)D1D2 = —x2Dy,
910104 — (g1 = A)D4Dy = x4D1,  g3DaD3 — (g3 — A)D3D; = —x;D3, 1={2,4}, S ={1,3), T¢ = 5} 9,95 40, g1, 9% 7 (0, A}
93D3D4 — (g5 = A)D4D3 = x4D3,  ggD2Ds = —xzDs,
(g5~ A)DsDs = —xuDs,
9D2D4 — (g — A)D3Dy =x4Dy — D4, 91D2Dy — (91 — A)D1D2 = —x2Dy,
91D1D4 — (g1 — A)D4Dy = x4D1,  gsD2D5 — (g5 — A)DsDy = —x;Ds, [=2,4), S={1,5, T = 3} 00E#£0, g £10,A) s €S
g5D5Ds — (g5 — A)DaDs = x4Ds, gy D2D3 = —x2D;,
9, D3Ds = x4D3,
9D2D4 — (g — A)D4Dy = 4Dy —x;Ds,  93D2D3 — (93 — A)D3D2 = —x2D3,
93D3D4 — (93 — A)DsD3 = x4D3,  g5D2D5 — (g5 — A)DsD; = —x3Ds, 1={2,4}, S =(3,5), T = 1} 9,95 40, 95,92 # (0, A)

9gD2D4 — (g —A)D4D2 = x4Dy —x;Ds,  g1D2D1 — (91 —A)D1Dy = —x;Dy,
g1D1Ds — (91 = A)D4Dj = x4D1, gy D2D3 = —x2D;,
9y, D304 =x4D3,  g5D2Ds = —x;Ds,
(g5 — A)D4Ds = —xsDs,

1={2,4), 8 ={1}, T; ={3), Tg = {5}

9,9y #0, 91,95 # (0O,A)

9D2D4 — (g — A)DsD2 = x4D2 —xDs,  93D2D3 — (93 — A)D3D2 = —x2D3,
93D3Ds — (g3 — A)D4D3 = x4D3,  g3D1D2 = —x2D1,
(92 —A)D1Ds = —x4D1,  ggD2Ds = —x2Ds,
(g5 — A)D4Ds = —xsDs,

1=12,4), 5 =3}, g =

{1,5}

9,93 #0, g5 {0, A}

9D2D4 — (g — A)D4Dy = 4Dy —x;Ds,  g5D2D5 — (g5 — A)DsD2 = —x2Ds,
g5D5D4 — (g5 — A)DaDs = x4Ds, g D2D3 = —x2D3,
gy D304 =x4D3,  goD1Dy = —x;Dy,

(g3 —A)D1Ds = —x4Ds,

1={2,4), 8 =15}, | =(3), T = {1}

9,95 #0, 95,93 & (0, A}

gDy — (g — A)D4Dy = x4D; — x2Ds,  g3D2Ds = —x2Ds,
(ge — A)D4Ds = —x4Ds, g D2D3 = —x2D3,
9y D304 = x4D3,  ggD2Ds = —x;Ds,

(g3 — A)DsDs = —xuDs,

1=1{2,4}, Ty =3}, Tg ={1,5}

9,9y #0, 95 Z{0,A)
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Table 4.10: Diffusion algebras with five generators

Diffusion algebra Relations Conditions Restrictions
9D2D5 — (g —A)D5D2 =x35D, —x;D5,  91D2D1 — (91 — A)D1D2 = —x,Dy,
91D1D5 — (g1 = A)DsDy = xsD1,  g3DaD3 — (g3 — A)D3D; = —x;D3, 1= (2,5} S =(1,3,4) 9,93, 01 £0, g1 ¢ 0, A}
93D3Ds — (g3 — A)DsD3 = xsD3,  gaD2Ds — (g4 — A)DsD; = —xD4,
94D4Ds5 — (g4 — A)D5Dy = x5Dy,
9D2D5 — (g — A)DsD2 = xsD2 —x2Ds5,  g1D2D1 — (g1 — A)D1D = —x2Dy,
91D1D5 — (g1 = A)DsDy =xsD1,  g3DaD3 — (g3 — A)D3D; = —x;D3,

1=1{2,5},S={1,3, T =4

9,93,95 #0, 91 ¢ {0,A}

9y, D3Ds = x5D3,

i D2Ds = —x;Dy,
g D4D5 = x5D4,

1=12,5}, S={1}, T ={3,4}

93D3D5 — (g3 — A)DsD3 = xsD3, g/ D2D4 = —x2Da,
g, D4Ds5 = x5Da,
9D2D5 — (g — A)D5D2 =x35D2 —x;D5,  91D2Dy — (g1 — A)D1D2 = —x2Dy,
91D1D5 — (g1 —A)DsDy = x5D1,  g4D2Da — (gs — A)DaD2 = —xaDs, [=(2,5, 5 =014, T = (3} 9,00 0E £0, g1 7 (0, A}
g4D4aDs — (g1 — A)DsDy = xsDa, g D2D3 = —x2D3,
9, D3Ds5 = x5D3,
9D2D5 — (g —A)D5D2 =x5D, —x;D5,  93D2D3 — (93 — A)D3D2 = —x2D3,
93D3D5 — (g3 = A)DsD3 = x5D3,  94D2Dy — (g4 — A)DaD; = —x;D4, 1=12,5), S = (3,4}, T2 = {1} 9,05 20, g2 £ 10, Al s €S
94D4Ds5 — (g4 — A)DsDy = x5Dy,  goD1D; = —x;Dy,
(ga©—A)D1D5 = —x5D1,
9D2D5 — (g — A)DsD2 = xsD2 —x2D5,  g1D2D1 — (g1 — A)D1Dy = —x2Dy,
g1D1Ds5 — (g1 — A)DsD; = xsDy,  g{D;D3 = —x;D3,

9,9, #0, 61 £ {0,A}

9D2D5 — (g — A)D5D2 = xsD2 —x2Ds,
93D3D5 — (g3 —
(ga = A)D1D5 = —xsD1,

930203 — (g3 —
A)DsD3 = x5D3,

A)D3D; = —x;D3,
¢3D1D; = —x;Dy,
g/ D2Dys = —x;Dy,

g D4Ds5 = x5D4,

1={2,5), 8 =3}, g ={1). Ty = {4}

9,93,9¢ #0, g3 & {0, A}

92D2D4 — (g2 — A)DsD; = x4D3,

95D3D5 — (g5 — A)DsD3 = —x3Ds,

1={3,4},$={1,2,5)

9D2D5 — (g — A)D5D2 =x5D; —x;D5,  94D2D4 — (94 — A)DsDy = —x,Ds,
94D4Ds — (ga — A)DsDy = xsDg,  g3D1D2 = —x2D1, [=(2,5, S =@ To={1L T3 =0) | 9,900 #0. g3 ¢ (0, A}
(g5 —A)D1Ds = —xsD1,  g{D2D3 = —x;D3,
9, D3D5 = x5D3,
gD2Ds5 — (g — A)DsDz = xsD2 —x2D5, g D2D4 = —x2Da,
6DaDs =D, - g D2D; = =Dy, 1=(2,5, T = 03,4, o =01} 9,0¢ £0, 63 0,0
9y, D3Ds =x5D3,  ggD1D2 = —x;Dy,
(95 = A)D1Ds = —xsD1,
9D3Ds — (g — A)D4D3 =x4D3 —x3D4,  91D3D1 — (91 — A)D1D3 = —x3Dy,
91D1D4 — (g1 — A)DaDy = x4D1, 920302 — (92 — A)D2D3 = —x3D3,

g#0,gs#{0,A}s€S

(9a—

A)DsD; = —x4Ds,

95D5D4 — (g5 — A)D4Ds = x4Ds,
9D3D4 — (g — A)D4D3 =x4D3 —x3D4,  91D3D1 — (91 — A)D1D3 = —x3Dy,
91D1D4 — (g1 = A)D4Dy =x4Ds,  g2D3D; — (g2 — A)D2D3 = —x3D3, [=3,4), 5 ={1,2), T2 = (5) 940,965 20 A) s€S
92D2D4 — (92— A)DaD2 = x4D2,  ¢3D3Ds5 = —x3Ds,
(9g —A)DsD5 = —x4Ds,
9D3D4 — (g — A)DsD3 = x4D3 —x3Ds,  ¢1D3D1 — (91 — A)D1D3 = —x3Dy,
910104 — (g1 = A)D4Dy = x4D1,  gsD3Ds — (g5 — A)DsD3 = —x3Ds, 13,4, S={1,5, T = (2} 9£0, 9,652 10A)s€S
g5D5D4 — (95 — A)D4Ds = x4D5,  gaD3D2 = —x3D2,

gD3D4 — (g — A)DsDj = x4D3 — x3Ds,

903D, — (92 = A)D;D3 = —x3D;,

(gq — A)D4Ds = —x4Ds,

2D:D4 — (g2 — A)DaD2 = 4Dz, g5D3D5 — (g5 — A)DsD3 = —x3Ds, [= 3,4}, S =(2,5), T2 = (1) 9£0, 9,65 210} s€S
95D5D4 — (g5 — A)D4Ds = x4Ds,  gqD1D3 = —x3D1,
(g5 = AJDiDy = —x4Dy,
gD3D4 — (g — A)D4D3 = x4D3 —x3Ds,  g1D3D1 — (g1 — A)D1D3 = —x3D1,
¢1D1Ds — (g1 = A)D4Dy = x4D1,  gqD3D2 = —x3D2, 1= (3,4} S =(1). T2 =(2,5) 90, g1,92 & [0, A)
(95 —A)D4D2 = —x4D2, g3D3Ds = —x3Ds,
(g5 — A)D4Ds = —xDs,
gD3Ds — (g — A)D4D3 = x4D3 —x3D4,  92D3D2 — (g2 — A)D2D3 = —x3Dy,
920204 — (g2 = A)D4D2 = x4D2,  ggD1D3 = —x3D1, 1={(3,4}, S ={2), 7o = (1,5} 9#0, 92,05 & {0,A}
(g5 —A)D1Dg = —x4Dy,  g5D3Ds5 = —x3Ds,

gD3D4 — (g — A)D4D3 = x4D3 — x3D4,
g5D5D4 — (g5 —
(g5 —A)D1D4y = —x4Dy,

(9a—

95D3D5 — (g5 —
A)D4Ds = x4Ds,

A)D5D3 = —x3Ds,
9aD1D3 = —x3Dy,
9aD3D2 = —x3D,

A)D4D; = —x4Dy,

1={3,4), S ={5), 0 =1{1,2}

9#0, 95,95 ¢{0,A}

gD3Ds — (g —
(ga = A)D1Dy = —x4Dy,

A)D4Dj3 = x4D3 — x3Ds,

9aD1D3 = —x3Ds.
9aD3D2 = —x3D2,

[=03,4}, T2 =101,2,5}

97#0,95¢{0,A}

(g3 —A)DsD2 = —x4D2,  g3D3Ds = —x3Ds,
(ga —A)D4Ds = —x4Ds,
9DsD3 — (g — A)D3D5 =x3D5 —x5D3,  92D5D2 — (92 — A)D2Ds = —xsD,
920203 — (92 = A)D3D2 = x3D2,  94DsDy — (94 — A)D4Ds = —x5Ds,
94D4D3 — (ga — A)D3D4 = x3D4,  g1Ds5D1 — (g1 — A)D1D5 = —x5D1,

91D1D3 — (91 — A)D3D; = x3Dy,

[=1{3,5}, S ={1,2,4}

9,94 #0, 91,92 ¢ {0, A}
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Table 4.11: Diffusion algebras with five generators

Diffusion algebra

Conditions

Restrictions

Relations
gD5D3 — (g — A)D3D5 = x3D5 —x5D3,  92D5D2 — (g2 — A)D2Ds5 = —xsD,
920203 — (g2 = A)D3D2 = x3D2,  g1DsDy — (g1 — A)D1D5 = —xsD,

1={3,5,S={1,2, Tg = (4

g#0, 95,93 #{0,A}, s€S

giD1D; — (g1 — A)D3D; = x3D1, g/ D3Ds = —x3Da,
g, D4Ds5 = x5Da,
gD5D3 — (g — A)D3Ds = x3D5 —x5D3,  g4D5D4 — (g4 — A)D4Ds = —x5Dy,
94D4D3 — (g4 — A)D3Dy = x3D4y g1Ds5Dy — (g1 — A)D1D5 = —xsDy,

GiDiDs — (g1 — A

)D3D; = x3D1,

9aD2Ds5 = —x5D2,

(g5 —A)D2D; = —x3Dy,

1=13,5}, s =1{1,4}, T = {2}

9,94 #0. 91,93 £ {0, A}

9gDsD3 — (g — A)D3D5 = x3D5 —x5D3,  94D5D4 — (94 — A)D4Ds = —x5Ds,
94DaD3 — (94 — A)D3Ds = x3Da, - 92D5D2 — (g2 — A)D2Ds5 = —x5D2, 1=(3,5), S = (2,4), T = {1} 9,95 40, 02,2 # 10, A)
920203 — (92 — A)D3D; = x3D3,  ggD1Ds = —xsDy,
(g2 —A)D1D3 = —x3Ds,
gD5D3 — (g — A)D3Ds = x3D5 —x5D3,  g1DsD1 — (g1 — A)D1Ds = —xsDs,
91D1D;3 — (g1 —A)D3Dy = 3Dy,  ggD2Ds3 = —x3D2,

(ga = A)D2D5 = —x5D3,

¢ D3Ds = —x3Dy,

g D4D5 = x5D4,

={3,5), S={1}, Tg = {4}, T = {2}

9,0y #0, 91,95 # (O,A)

gDsD3 — (g — A)D3Ds = x3D5 — x5D3,
920203 — (g2 = A
(ga = A)D1D5 = —xsD1,

9:Ds5D2 — (g2 —
)D3D; = x3D3,
g/ D3Dys = —x3Dy,

A)D;Ds = —xsD;,
93D1D3 = —x3Ds.

g D4Ds5 = x5D4,

={3,5,, S={2, Ty ={4}, Tg = {1}

9,9y #0, 92,95 # (0O,A)

9DsD3 — (g — A)D3D5 = x3D5 —x5D3,  94D5D4 — (94 — A)D4Ds = —x5Ds,
94D4D3 — (g4 — A)D3Ds =x3D4,  ggD1D3 = —x3D1, [=3,5), S = (), To = (1,2} 9,91 %0, g2 & [0, A)
(g3 = A)D1D5 = —xsD1,  ggD2D3 = —x3Da,
(93 —A)D2Ds = —x5Dy,
gDsD3 — (g — A)D3Ds = x3D5 —x5D3, gy D3Ds = —x3Da,
9yDaDs =xsDs, giD1Ds = —xsDy, 1=(3,5), =) T =01,2) 0,05 20,6 ¢ (0,A)
(92 —A)D1Ds = —xsDs,  ggD2D3 = —x3Dy,
(9a = A)D2Ds5 = —xsD3,
9D5Ds — (g — A)D4D5 = x4D5 —x5D4,  91D5D1 — (g1 — A)D1Ds = —xsDy,
91DiDy — (g1 — A)D4Dy =x;Dy, 920Dz — (g2 — A)D2Ds = —xsDz. =45 5=11,2,3) 070, g £ AL s €S
920204 — (92 = A)DaDz = x4D3,  g3DsD3 — (g5 — A)D3Ds = —xsDs,
93D3D4 — (g3 — A)D4D;3 = x4D3,
9Ds5Ds — (g — A)D4D5 = x4D5 —x5D4,  91D5D1 — (91 — A)D1Ds = —xsDy,
91D1Ds — (g1 = A)D4Dy = x4Dy,  g2D5Dz — (g2 — A)D;Ds5 = —x5D3, I= (4,5} S = (1,2, To = (3) 970, g0 g2 £10,AL s €S
92D2D4 — (92— A)DaD2 = 4Dz,  ¢DsD3 = —xsD3,
(9q —A)DsD3 = —x4D3,
9D5D4 — (g — A)D4Ds = x4D5 —x5D4,  g1DsD1 — (g1 — A)D1Ds = —xsDy,
910104 — (g1 = A)D4Dy = x4D1,  g3Ds5D3 — (g3 — A)D3Ds = —xsD3, [={4,5, S ={1,3), To = (2} 9£0, 9,652 10A)s€S
93D3D4 — (93 = A)D4D3 = x4D3, g5DsDz = —x5D2,
(ga —A)DsDy = —x4Dy,
9D5Ds — (g = A)D4Ds = x4D5 —x5D4,  g2DsD2 — (g2 — A)D2Ds = —xsDy,
20204 — (92 = A)DaD2 = x4Dz,  g3Ds5D3 — (g3 — A)D3Ds = —xsDs, [={4,5), 5 = (2,3}, To = (1) 9£0, 9,65 210} s€S
93D3D4 — (g3 — A)D4D3 = x4D3, ggD1Ds = —xsDy,
(92— AJDiDy = =Dy,
9DsDs — (g — A)D4D5 = x4D5 —x5D4,  g1D5D1 — (g1 — A)D1Ds = —xsDy,
¢1D1Ds — (g1 = A)D4Dy = x4D1,  ggDsDz = —xsD2, 1= (4,5), S = {1}, o = 2,3} 970, 1,05 ¢ [0, A)
(g2 —A)DsD2 = —x4D2, g3DsD3 = —xsDs,
(g5~ A)DsDs = —xyDy,
9DsDs — (g — A)D4D5 = x4D5 —x5Ds,  92D5D2 — (g2 — A)D2Ds5 = —xsD,
92D2D4 — (g2 — A)D4Dz = x4D3,  g3D1Ds5 = —x5D1, I= (4,5, S =(2). T2 =(1,3) 940,192 ¢ 0,A)
(g2 —A)D1Ds = —x4D1,  gqDsD3 = —xsD3,

(gq —A)D4D3 = —x4 D3,

9DsDs — (g —
93D3Ds — (g3 —
)D1Dg = —x4D1,

A)D4Ds = x4Ds — x5,

(ga—A
(9a—

93DsD3 — (g3 —
A)D4D3 = x4Ds,

A)D3Ds5 = —x5Dj3,
9aD1Ds = —xsDy,
9aDsD2 = —xsDg,

A)D4D; = —x4Dy,

1={4,5), S ={3), O =1{1,2}

9#0, 93,9, ¢{0,A}

gDsDy — (g —
(ga = A)D1Dy = —x4Dy,

(g5 —A)DsDy = —x4Dy,

(93—

A)D4Ds = x4D5 — x5D4,

9aD1D5 = —xsDs.
9aDsD2 = —xsD2,
9aDsD3 = —xsD3,

A)D4D3 = —x4D3,

[={45}, T =101,2,3}

97#0,95¢{0,A}
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Table 4.12: Diffusion algebras with five generators

Diffusion algebra Relations Conditions Restrictions
92D1D2 — (g2 — Aq)D2Dy = —x1D2,  g3D1D3 — (g3 — Aa)D3D1 = —x1D3
94D1D4 — (g4 — Ad)D4D; = —x1D4,  g5D1Ds — (g5 — Ag)DsDy = —x;Ds, | I=111 Ra=1{2,3,4,5} | 92,93,94,95 # Ao
91D2D1 — (g1 —Aq)D1D2 = —x2D1,  93D2D3 — (93 — Aa)D3D2 = —x2D3,
94D2Dy — (g4 — Aa)DaDy = —xaD4,  gsDaDs — (g5 — Ag)DsDy = —xaDs, | 1=1{2) Ra=1{1,3,4,5} | 91 #0, 93,94, 95 # Aa
C 91D3D1 — (91 — Aq)D1D3 = —x3D1,  92D3D2 — (g2 — Aa)D2D3 = —x3D3,
94D3Ds — (g1 — Aa)D4D3 = —x3D4,  g5D3Ds — (g5 — Aa)DsD3 = —x3Ds, | 1 =3} Ra=1{1,2,4,5} | 91,92 #0, 94,95 # Aa
91D4Dy — (g1 — u)D1D47*X4D1, 92D4D2 — (g2 — Aa)D2Ds = —x4D;
93D4D3 — (g3 — A)D3Ds = —x4D3,  g5D4Ds — (g5 — Aa)DsDy = —x4Ds, | I =1L Ra={1,2,3,5} | 91,92,93 #0, g5 # A
91D5D1 — (g1 — Aq)D1Ds = —xs5D1,  g2D5D; — (g2 — Aa)D2Ds = —x5Da,
93D5D; — (g3 — Aa)D3Ds = —x5D3,  g4DsDy — (g4 — Ag)D4Ds = —xsDy, | I =15} Ra={1,2,3,4} 91,92,93,94 #0
DiD; — q21D2Dy =0, D1D3 —q3D3Dy =0,
D1Ds — quD4Dy =0, D1Ds—q51Ds5D1 =0,
D D,D; — q3,D3D; =0, D,D4 — q4yD4D; =0, R={1,2,3,4,5) s 70,1 <1 <s<5

D;Ds5 — q52D5D;2 =0,
953DsD3 =0,

D;Ds —

D3D4 — qs3D4D3 = 0
D4D5 — qs4DsDg =0




CHAPTER 5

Smooth geometry of skew Poincaré-Birkhoff-Witt
extensions

Bell and Goodear]l [BG88]| defined the Poincaré-Birkhoff-Witt (PBW for short) extensions
with the aim of cover several families of generalized operator rings as the enveloping algebra
of a finite-dimensional Lie algebra, Weyl algebras, differential operators over Lie algebras,
the twisted or smash product differential operator rings and universal enveloping rings
[BG88, Section 5]. Different properties of PBW extensions have been studied by some
researchers [AM16, MWGZ02, GLZ14, Goo90, MZ96, Mat98, Seil0, TRS20].

With the aim of generalizing Ore extensions of injective type and PBW extensions,
Gallego and Lezama [GL10] introduced the notion of skew PBW (SPBW) extension. Over
the years several authors have shown that SPBW extensions also generalize families of
noncommutative algebras such as 3-dimensional skew polynomial algebras introduced by
Bell and Smith [BS90], diffusion algebras defined by Isaev et al. [IPRO1, PT02], ambiskew
polynomial rings introduced by Jordan [Jor00, JW96], solvable polynomial rings introduced
by Kandri-Rody and Weispfenning [KRW90], almost normalizing extensions defined by
McConnell and Robson [MRS01], and skew bi-quadratic algebras with PBW basis introduced
by Bavula [Bav23|. As expected, there are different relations between SPBW extensions
and other noncommutative algebras having PBW bases defined in the literature (e.g.
[Ape88, Bav20, BGTV03, GT14, Lev05, Li02, MRS01, Ros95, Seil0]).

Having in mind that ring-theoretical and geometrical properties of SPBW extensions
(and hence of PBW extensions) have been investigated by different authors [AT24, Art15,
GT14, FGL™20, HHR20a, HKA17, LG19, NRR20, RR21, RS20, SRS23, TRS20], our
purpose in this chapter is to investigate this smoothness for the SPBW extensions over the
commutative polynomial rings k[t] and k[t;, t;] (in a sequel paper we study the differential
smoothness in the case of commutative polynomial rings generated on three and more
indeterminates). In this way, we contribute to the study of the noncommutative geometry
(algebraic and differential) of SPBW extensions that has been carried out by Lezama
[Lez20, Lez21, LG19, LL17] and other people [CR24a, NR24, SRS23|.

The chapter is organized as follows. In Section 5.1 we recall the definitions and
preliminaries on SPBW extensions in order to set up notation and render this chapter

102
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self-contained. Section 5.2.1 contains preliminary facts on the extension of automorphisms
and derivations of a ring R to a SPBW extension over R. Next, we present the first original
results of the chapter: we characterize the differential smoothness of this kind of SPBW
extensions (Theorem 5.8). Next, in Section 5.3 we extend Brzezinski’s ideas developed for
skew polynomial rings of the commutative polynomial ring k[t] [Brz15] (Section 2.2.1) to
the setting of SPBW extensions over k[t]. Due to the length of the non-trivial computations,
first we take as toy models the SPBW extensions generated by two and three indeterminates
(Sections 5.3.1 and 5.3.2, respectively), while the general case is presented in Section 5.3.3.
Theorems 5.11, 5.13 and 5.15 are the key results that establish sufficient conditions to
assert that a SPBW extension over k[t] is differentially smooth. In Section 5.4, we study
the differential smoothness of SPBW extensions over k[ty,t;]. As it can be seen, the
computations are highly non-trivial. Just as we did in Section 5.3, we divide our treatment
in the case of two, three and n indeterminates (Sections 5.4.1, 5.4.2, and 5.4.3, respectively).
The important results in this section are Theorems 5.17, 5.19 and 5.21. In Section 5.5 we
say a few words about a future work related to the sequel paper.

5.1 SPBW extensions

Let us start with the Poincaré-Birkhoff- Witt extensions defined by Bell and Goodearl
[BGS8S].

Definition 5.1 ([BGS88, p. 27]). A ring A is a Poincaré-Birkhoff-Witt (PBW) extension
of R if the following conditions hold:

(i) A contains R as a proper subring.

(ii) There exist finitely many elements x1,...,xn € A such that A is a free left R-module
with basis Mon(A) := {x]"---x% | &= (011, ..., 00n) € N'}.

(iii) For each r € R and every 1 <1i < n, we have that x;7 —rx; € R.

(iv) For every 1 <1i,j <mn, we have that x;xj —xjx; € R+ Rxy + -+ 4+ Rxy.

We write A = R(x1,...,Xn), and R is called the ring of coefficients of the extension A.

We present some examples of PBW extensions. Some of these cannot be expressed as
iterated skew polynomial rings. These examples are adapted from [BG88, McC74, Pas87,
Rin63].

Example 5.1. (i) If R is a k-algebra containing k, then R ®y U(g) and the crossed
product R« U(g) of R by U(g) are PBW extensions of R.

(ii) If L is a Lie algebra and also a free R-module equipped with a Lie algebra map to
derivations on R, then the differential operator ring V(R, L) satisfies the property
PBW [Rin63, Theorem 3.1], and hence V(R,L) is a PBW extension of R.

(iii) If g acts on R by derivations and o is Lie 2-cocycle, then the twisted product differential
operator ring R#sU(g) satisfies the property PBW by [McC74, Theorem 2.8], and
thus R#;U(g) is a PBW extension of R.
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(iv) If R is a k-algebra and V is a k-vector space which is also a Lie ring containing R and
k as Lie ideals, then the universal enveloping ring U(V, R,k) satisfies the property
PBW [Pas87, Theorem 1.3], and hence it is a PBW extension of R.

Definition 5.2 ([GL10, Definition 1]). Let R and A be rings. We say that A is a SPBW
extension over R if the following conditions hold:

(i) R is a subring of A sharing the same identity element.

(ii) There exist elements xi,...,xn € A \ R such that A is a left free R-module with
basis given by the set Mon(A) :={x* =x{" -+ x&" | & = (ot,...,00n) € N'}.

(iii) For each T <i <mn and any r € R \ {0}, there exists an element c;, € R \ {0} such
that xir —ci;x; € R.

(iv) For T <1i,j <, there exists an element d;;j € R \ {0} such that
XjXi — dijxixj € R+ Rxqy + -+ + Rxp,

i.e., there exist elements r(()i’j),rgi’j), .. .,rﬁf’” € R with

XjXi — di,inXj =1, + Zk:] T Xk

We use freely the notation A = o(R)(x1,...,xn) to denote a SPBW extension A over a

ring R in the indeterminates x1,...,xn. R is called the ring of coefficients of the extension
A.

Since Mon(A) is a left R-basis of A, the elements c¢i, and di; in Definition 5.2 are
unique. Every element f € A \ {0} has a unique representation as f = Z;L:o T Xi, with
i € R\ {0} and X; € Mon(A) for 0 < i <t with Xo = 1. When necessary, we use the
notation f = ZLO 1iYi. For X = x* € Mon(A), exp(X) := « and deg(X) := |«]. Let
deg(f) := méx{deg(Xi)}}_; [GL10, Remark 2 and Definition 6].

If A = o(R)(x1,...,xn) is a SPBW extension over R, then for each 1 < i < n,
there exist an injective endomorphism o; : R — R and a oj-derivation 6; : R — R such
that xir = oy(r)xq + 8;(r), for each r € R [GL10, Proposition 3]. We use the notation
L .= {oy,...,0n} and A := {81,...,0n}, and say that the pair (L,A) is a system of
endomorphisms and X-derivations of R with respect to A. For o« = (&7,...,0) € N,
0% :=0]"0---00%, §%:=5]" 0. 08%, where o denotes the classical composition of
functions.

Definition 5.3 ([GL10, Definition 4], [LAR15, Definition 2.3 (ii)]). Consider a SPBW
extension A = o(R)(x1,...,Xn) over R.

(i) A is called quasi-commutative if the conditions (iii) - (iv) in Definition (5.2) are
replaced by the following;:

— For every 1 < i < n and r € R\ {0} there exists cir € R \ {0} such that
XiT = C{rXi.

— For every 1 <1,j <n, there exists dij € R \ {0} such that xjx; = dyjx;x;.
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(i)

(iii)

(iv)

A is bijective if oy is bijective, for every 1 <1 < n, and d; is invertible, for any
1<i<j<n.

If o3 is the identity map of R for each i = 1,...,n, then we say that A is of derivation
type. Similarly, if ; is zero, for every 1i, then A is called of endomorphism type.

A is said to be semi-commutative if it is quasi-commutative and x;r = x4, for each i
and every 1 € R.

Next, we consider some interesting families examples of SPBW extensions.

Example 5.2. (i) SPBW extensions of endomorphism type over a ring are more general

(i)

(iii)

than iterated Ore extensions of endomorphism type of the same ring. Let us illustrate
the situation with two and three indeterminates.

For the iterated Ore extension of endomorphism type R[x;oy][y; oy], if r € R then
we have the following relations: xr = ox(7)x, yr = oy(r)y, and yx = oy(x)y. Now,
if we have o(R)(x,y) a SPBW extension of endomorphism type over R, then for
any v € R, Definition 5.2 establishes that xr = oy(r)x, yr = o02(r)y, and yx =
dq2xy + 19 + 11% + 12y, for some elements d; 7,19, T and 12 belong to R.

If we have the iterated Ore extension R[x;oy][y;oyllz;0.], then for any v € R,
xr = ox(T)x, yr = oy(r)y, zr = 0.(1)z, yx = oy(x)y, zx = 0;(x)z, zy = 0;(y)z.
For the SPBW extension of endomorphism type o(R)(x,y,z), xr = o1(r)x, yr =
02(r)y, zr = 03(r)z, yx = dioxy + 1o + Tix + 12y + 132, 2x = di3xz + v{ +
X + 13y + 13z, and zy = dy3yz + rv{ + r{x + vy + iz, for some elements
dy 2, di3,d23, 10, T4, T T, T, 1Y T2, 15, Y 13, 15,14 of R As the number of inde-
terminates increases, the differences between both algebraic structures are more
remarkable.

From Definition 5.2 (iv), it is clear that SPBW extensions are more general than
iterated skew polynomial rings. For example, universal enveloping algebras of finite
dimensional Lie algebras and some 3-dimensional skew polynomial algebras in the
sense of Bell and Smith [BS90] cannot be expressed as iterated skew polynomial rings
but are SPBW extensions. Quasi-commutative SPBW extensions are isomorphic to
iterated Ore extensions of endomorphism type [LR14, Theorem 2.3].

PBW extensions introduced by Bell and Goodearl [BG88] are particular examples of
SPBW extensions. More exactly, the first objects satisfy the relation x;m = rx; + (1)
for every i = 1,...,n and each v € R, and the elements dj in Definition 5.2 (iv)
are equal to the identity of R. As examples of PBW extensions, we mention the
following: the enveloping algebra of a finite-dimensional Lie algebra; any differential
operator ring R[07,...,07;01,..., 0] formed from commuting derivations 81,...,n;
differential operators introduced by Rinehart; twisted or smash product differential
operator rings, and others [BG88, p. 27].

3-dimensional skew polynomial algebras considered in Section 1.2.2.

Diffusion algebras were introduced from the physicist point of view by Isaev et al.
[IPRO1] as quadratic algebras that appear as algebras of operators that model the
stochastic flow of motion of particles in a one dimensional discrete lattice, while
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Pyatov and Twarock [PT02] presented a construction formalism for these algebras
and to use the latter to prove the results in [[PRO1]: “Diffusion algebras play a key
role in the understanding of one-dimensional stochastic processes. In the case of
N species of particles with only nearest-neighbor interactions with exclusion on a
one-dimensional lattice, diffusion algebras are useful tools in finding expressions for
the probability distribution of the stationary state of these processes. Following the
idea of matrix product states, the latter are given in terms of monomials built from
the generators of a quadratic algebra” [PT02, p. 3268].

Following Pyatov and Twarock’s notation and let «, 3 be two elements belonging to
the set In :={1,..., N} with o < 3. Consider quadratic relations of the form

QOCBDO‘DB _gﬁocDBDoc:XBDcx—chDB) (5.1.1)

with goup €R \ {0}, Jpx € R, and Xoy Xp € C.

From [PT02, Definition 1.1], an algebra with set of generators given by {Dy | & € In}
and relations of type (5.1.1) is called diffusion algebra, if it admits a linear PBW-basis
of ordered monomials of the form

DY D2 DN, with 5 €N and o >ap > > an. (5.1.2)

Due to physical reasons only relations with positive coefficients gop € R.o and
gpx € R>o (x < B) are relevant because they are interpreted as hopping rates in
stochastic models [PT02, p. 3268].

(vi) The skew bi-quadratic algebra (SBQA) A = R[x1,...,xn;0,0,Q,A;B] ... It is clear
from the definition that bi-quadratic algebras having PBW basis are particular
examples of SPBW extensions.

The following proposition establishes an interesting relationship between SPBW exten-
sions and SAS regular algebras.

Proposition 5.1 ([Lez21, Theorem 4.14]). Let A = o(R)(x1,...,Xn) be a bijective skew
PBW extension over R that satisfies the following conditions:

(i) R and A are k-algebras.
(ii) Igld(R) < oo.

(iii) R is an FSG ring with semi-graduation R = 630 Rp.
p>

(iv) R is connected, i.e. Ry =k.

(v) For1<i<mn, o; and &; in Definition 5.2 are homogeneous, and there exist i,j such
that the parameter dy satisfies dy; € k \ {0}.

Then, A is SAS.
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5.2 Differential smoothness of SPBW extensions

One of the topics of research on Ore extensions has been carried out by several authors
concerning to the ring-theoretical notions of Baer, quasi-Baer, p.p., p.q., Armendariz
and reduced rings (e.g. [BKP01, HMJ03, HM05, HKK00, HKK03, HLS02, Kap68, Kre96,
LWO03, Mat04] and references therein; for a detailed description of each one of these notions,
see the excellent treatment developed by Birkenmeier et al. [BPR13]). All these properties
are formulated to the ring of coefficients R of the Ore extension R[x; o, 8] under certain
adequate conditions on the maps o and 0. The extension of these theoretical notions from
R to R[x; 0, 8] was considered by Nasr-Isfahani and Moussavi [NIMOS]. In their paper, for
a ring R with an automorphism o and o-derivation § where ad = d«, they considered the
o-derivation & on the Ore extension R[x; o, 8] which, precisely, extends 5. More exactly, for
an element f(x) =19+ 11x + -+ - + rx™ € R[x; 0, 8] they defined the automorphism G and
the o-derivation & on R[x; 0, 8] as

o(ro) +o(ri)x+ -+ o(rp)x", and
(f(x)) = 8(ro) +d(r1)x + -+ + 8(rn)x™,

respectively. Such an automorphism & and derivation & of R[x; 0, 8] are called extended
automorphism and derivation of 6.

Related to the study of transfer of ring-theoretical properties from coefficient rings to
noncommutative polynomial extensions over these rings, Kwak et al. [KYL14] extended
the reflexive property to the skewed reflexive property by ring endomorphisms. An
endomorphism o of a ring R is called right (resp., left) skew reflexive if for a,b € R,
aRb = 0 implies bRo(a) = 0 (resp., o(b)Ra = 0), and R is called right (resp., left) o-skew
reflexive if there exists a right (resp., left) skew reflexive endomorphism o of R. R is said to
be o-skew reflexive if it is both right and left o-skew reflexive. It is clear that o-rigid rings
are right o-skew reflexive. More precisely, a ring R is reduced and right o-skew reflexive for
a monomorphism o of R if and only if R is o-rigid [KYL14, Theorem 2.6]. Bhattacharjee
[Bha20] extend the notion of RNP rings (Kheradmand et al. [KKKL17], where RNP means
reflezive-nilpotents-property) to ring endomorphisms o and introduced the notion of o-skew
RNP rings as a generalization of o-skew reflexive rings. An endomorphism o of a ring R
is called right (resp., left) skew RNP if for a,b € N(R) (the set of nilpotent elements of
R), aRb = 0 implies bRo(a) =0 (resp., o(b)Ra =0). A ring R is called right (resp., left)
o-skew RNP if there exists a right (resp., left) skew RNP endomorphism o of R. R is said
to be o-skew RNP if it is both right and left o-skew RNP. From [Bha20, Remark 1.2], we
know that reduced rings are o-skew RNP for any endomorphism o, and every right (resp.,
left) o-skew reflexive ring is right (resp., left) o-skew RNP. By [Bha20, Example 1.3], we
have that the notion of o-skew RNP ring is not left-right symmetric. However, if R is an
RNP ring with an endomorphism o, then R is right o-skew RNP if and only if R is left
o-skew RNP.

Due to the relation between Ore extensions and SPBW extensions in terms of en-
domorphisms and derivations (Definition 5.2), Reyes and Suarez [RS17b] carried out a
similar work to the presented by by Nasr-Isfahani and Moussavi [NIMO08] but now in the
more general setting of SPBW extensions (see Section 5.1 for all details), while Suérez et
al. [SHR24] studied the reflexive-nilpotents-property for skew PBW extensions. There,
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they introduced the X-skew CN and X-skew reflexzive (RNP) rings and under conditions of
compatibility, they investigated the transfer of the reflexive-nilpotents-property from a ring
of coefficients to a skew PBW extension over it. Their results extend those corresponding
presented by Bhattacharjee [Bha20] for Ore extensions.

With all above facts in mind, our purpose in this paper is to investigate the differential
smoothness of skew PBW extensions considering extended automorphisms and derivations,
from the ring of coefficients, to the skew PBW over this ring. In this way, we contribute
to the the study of algebraic and geometric properties of the Ore extensions considered
by Nasr-Isfahani and Moussavi [NIM0§| and Bhattacharjee [Bha20], and hence continue
the research on the differential smoothness of noncommutative algebras related to SPBW
extensions.

5.2.1 Extension of automorphisms and derivations

With the aim of setting up notation and render this paper self-contained, next we present
the details of extended derivations over SPBW extensions on one (this is the case of the
classical Ore extensions), two and n generators (Propositions 5.3, 5.7 and 5.7, respectively).

We start with the following well-known result (e.g. Lam et al. [LLM97, p. 2468]).
Lemma 5.2. Let A = o(R)(x) be a SPBW extension over R, that is, A = R[x;0,0]. For

any n € N, we have that
n
x"r = Z Z fi(r)x™ K,
k=0 f.€Cn 1

where Cn_y x is the set of all possible compositions between n —k o’s and k 8’s. In
addition, if 00 d = 6o o, we get that

Proof. We proceed by induction on n. For n = 1, we know that Cy = {0} and C; = {5},
whence

xr = o(r)x + 5(r)
1

=) ) e

k=0 kaCn,k,k
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Suppose the relation holds for n. Then

X"l =x i Z i (r)x™k

k=0 f.€Cn 1k

:Z Z xfk(r)x“’kzz Z (o(fi(T))x + 8(fic(r)))x"*

k=0 fr€Cn_x k k=0 fr€Cn_x k

If o and & commute, it follows that Cy = {o™ ¥ 0 6} and the number of times that the
element is repeated is (L‘), which implies that

n n n

x"r = Z Z f(r)x" k= 2 (k) o™ F o 88 (r)x" Tk,

k=0 fkecn—k,k k=0

O]

The importance of extending endomorphisms and derivations of the ring R to the
extension A over R can be appreciated in works such as [NIM08, RS17b] for the study of

ring-theoretical properties. In particular, the following result appears without proof in
[NIMOS, p. 514].

Proposition 5.3. Let A = o(R)(x) be a SPBW extension over R of automorphism type.
Consider the automorphism ¢ : A — A given by o(x) = x and o(r) = o(r) for each r € R.
If 006 = d o0, then the mapg : A — A with g(f(x)) = g(a0+a1x—i—-~~+ anx™) =
d(ag) +8(aj)x+ -+ 8(an)x™ for all a; € R, 0 < i< n is a 0-derivation of A.

n .
Proof. Let p(x) =) rix* € A. Then
i=0

olpx))=0 (i rixi> = 3 G(rixt) = i G(ry)xt = i o(ry)xh

i=0

It is clear that the bijectivity of o is inherited by o.

k

Now, for p(x) = rx*, we have that

5(p(x)) = 8(1x*) = T(r)5(x*¥) + x5(r)xk = o(r)5(x*) + 5(r)x*.

Let r(x) = rx! and s(x) = s for some i,j € N. The idea is to satisfy the relation given
by

3(r(x)s(x)) = T(r(x))8(s(x)) + 8(r(x))s(x).



5.2. DIFFERENTIAL SMOOTHNESS OF SPBW EXTENSIONS 110

With this aim, note that

f
+ (o(r)8(fils)) + 5(T)fk(5))xi_k+j) : (5.2.1)

F(r(x))8(s(x)) + d(r(x))s(x) = F(rx})3(s%) + d(rx1)sx

= o(1)x (o(s)3(x) + 5(s)xi) (5.2.2)
)3 (xH + 5(r)xi) sx)
= o(r)x'o(s)5(x¥) + o(r)x'6(s)¥ (5.2.3)

+ o(1)5(x})sx¥) + 8(1)xtsx]

= o(r) > filo(s)x T | 8() (5.2.4)
k=0 fy

+ (o

+ o(T)5(xH)sx + 8(1) (Z Z fk(s)xik) X,

k=0 fkeci—k,k
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that is,
F(r(x))8(s(x)) + 8(r(x))s(x) = Z <0(T)fk(0(5)) RS () + o(r) fic(8(s))xt
k=0 f€Ci_,k
(5.2.5
+ 5(r)fk(s)xifkﬂ') +o(r)d(x})sx. (5.2.6)

If we compare (5.2.1) and (5.2.6), we get that

> X ((G(fk(s)) — fi(0(5)))x K () + (8(fi(s)) — Fie(8(s)))x 7V

k=0 f.€Ci 1.k

n o(fk(s))S(xi—k)xi) —3(xh)sd =o.

n
Let 6 Z axt, 6 X)) Z bix! and 6( k) = 5 ¢ixt. Then,
1=0 1=0 1=0

i

Z Z ((O'(fk(s)) —fk l kZle _|_ _fk(é( )))Xifkﬂ'

k=0 fkecifk,k

n n
+ o(fk(s)) Z clxlxj> — Z axtsx) = 0.

1=0

n 1
— Z qp (Z Z gk(s)xlk) X =0.

k=0 gx€Crk x

i n i—k
> > (( o(fils) —filo(s)) D > > hy(bx P (5.2.7)

k=0 fkeci,k* 1=0 p= thEC —k—p,p

+ (8(fi(s)) — fi(8(s)))x* Y + o(fi(s ZCLX )

n 1
— ZZ Z arg(s)xt % =o.

1=0 k=0 greCr_x,k
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When k = 0, we put attention on the monomial Zfoeci’o(é(fo(s)) — fo(5(s)))xH.
This is the monomial of the highest degree and since it is equal to zero, it follows that
ZfoeClo fo(s)) — fo(6(s))) = 0. Since the power i is arbitrary, it can be seen that
d(o(s)) = 0(6( )). In the same way, the value of s is arbitrary, which means that 60 = 9.

Now, expression (5.2.7) can be written as

i n n l
>y ¥ <o(fk(s))zclt‘+i)—zz Y ags T =0,
0

k=0 kaCi,kyk 1=0 1=0 k= gkeCl,k’k

or equivalently,

n i 1
D> 2 olfsed =) Y agsk¥) =o.

1=0 k=0 kaCi,k’k k=0 gkecl,k’k

Since this equality holds for all s € R, any automorphism o and every o-derivation
& of R, necessarily a; = ¢; = 0 for all 0 < 1 < n. By changing the values of 1 with j we
obtain that by = 0. Then 8(x) = 0. This means that 5(f(x)) = 8(ag + a1x + - - - + anx") =
8(ag) +0(ay)x+ -+ d(an)x™ O

Lemma 5.4. Let A = o(R)(x1,x2) be a SPBW extension over R such that o; commutes
with &; fori=1,2. Then for any m € N we have that

m
x?r:Z@)o;“ ko sk(rxm ¥, fori=1,2.

Proof. This result can be proven in a completely analogous way to the Lemma 5.2; it is
enough to apply induction on x; and then on x;. It must also be taken into account that
0; commutes with &; for i =1, 2. O

Proposition 5.5. Let A = o(R)(x1,%2) be a skew PBW extension over R of automorphism
type. Consider the endomorphisms 0y : A — A and d; : A — A defined as

GL(E Tx oczk> z 0 (1 XSk
(Zrkxmk oczk> ZS )X (Xlk Oézk

for i = 1,2, and such that oy and & commute, 6; 0 8 = ;0 6, d; 0 05 = 050 8; and
di(dij) = 6k(r{1’])) =0 fori,j,k,1 =1,2. Then ¢ is an automorphism of A and Sisa
oi-derivation of A.

Proof. Let f = Z Xy x5, where 1 € R and o, % € N, for 1 < k < m. Then
k=0
m

m
-5 < 3 o ) 3G (o) = 3 G () xR
k=0

k=0
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The bijectivity of o; is inherited by o for i =1, 2.
Now, for p = rx]'x52, we have that

8i(p) = 8u(rx§1x5?) = Gi(r)8i(x]"x5?) +
= oi(r) <5~1(X§x] X572 + %7 &(xgz)> + i (T)x]"x5?

= 8(T)x]" %52,

Consider p = m"x52 and s = sxP'x52 for some o, az, B1, B2 € N. Then,

di(ps) = d(rx 1 x32 sxb1xb2)

o
~ o _ _
=0 (rxﬁx‘ E <k2>og‘z k2 6 552 (5)x52 kzxf‘xgz)
2

k=0
x2 o
< 2 —k k —k
=& Z <k2>rx$1 0%2 k2 o k2 (g)x %2 ZX?]XEZ
k,=0
o x o x
T 2 1 —k k —x k —k —k
=8 Z <k2>r Z <k]>o.;x1 105]1 (0‘;‘2 2 0622(5)) X;Xl 1X;<z ZX?'X[ZSZ
k,=0 k=0
o < [« o
= Z Z <k:> <kj> i (rO‘;x‘fk’ 08X (0‘3‘27kz 0512(2(5)))X;’”*klx;‘z*kzX?]sz' (5.2.8)
k1=0%k,=0

On the other hand,

Gi(p)di(s) + 8i(p)s = T (rx x532) 81 (sxP 1 x52) 4+ 55 (rxSTx52)sx b 1 x5

= o ()X X328 (s)xPTxE2 4 5 (xS T xS sx b T x 52

xX1 x2
=) > S I IO (‘7;27“0512(2(51(8))) xR
k1 k2
xX1 x2
X1 x2 o —k k oy —k k oy —ky xy—k B
355 () () o s g 20

kq=0ky=0

We focus on the monomial ng_kzx$ '. With the aim of comparing the terms, necessarily

the commutation rule of the ring must be applied: there, the elements d; , rg ’2), 0<k <2,

appear. As expected, these must be eliminated except T‘é] 2 For this reason, we assume

that o (di;) = 6k(r{i’j)) =0 for i,j,k,1 = 1,2. If we compare (5.2.8) with (5.2.9), then we
get that

oi(1)8; (6?" S 6']q (O‘?Zikz o 6]2‘2(3))) + di(r)oy’ S 6]1“ (G(szikz o 612‘2(3)>

= 0y(1)od1 M o 5 (cg‘z—kz o 5‘;2(&(3))) +8y(r)os K o 5k (ogz—kz o 552(5))

oi(7) (51 (Gf‘] BT (G;‘Zikz o 6152(3))) — oM o 5l (O‘;‘zikz o 6]29(51(3))»
=0.
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Since §; commute with o5 and §;, for j = 1,2, this last equality holds, whence gi isa
0;-derivation. O

Lemma 5.6. Let A = o(R)(x1,...,xn) be a skew PBW extension over R such that o
commutes with &, 1 <i<n for alli. Then, for any m € N we have that

m
x{“r:Z<T{1)G{“ koZSk( X" kK forall 1<i<n.
k=0

Proof. The proof of this lemma, similar to the previous Lemmas 5.2 and 5.4, is done by
induction on each x;, 1 <i<n. O

Proposition 5.7. Let A = o(R)(x1,...,Xn) be a skew PBW extension over R of au-
tomorphism type. Consider the endomorphisms o; : A — A and &; : A — A defined
as

G: (Zrkx?l‘k . fxnk) Zo-l T )X (Xlk ..
51 (ZTkX(]X]’k . To{“k) Zé T'k

for 1 <1< n, and such that oy and &; commute, d; o §; = &j 0 8, 8; 0 05 = 0j 0 &; and
o (dyij) = Sk(r{l’”) =0, for 1 <i,j,k,1 <n. Then ¢ is an automorphism of A and 5isa
oi-derivation of A.

Proof. Let f = Z Ckxy - xpmE ) where oy . Gk € N, for 1 <k < m. Then
k=0

m
Gila) =G (Z o - )
k=0

5, (CkX;X]'k .. 'Xf{n,k)

M-

m
= Z &i (Ck) X;x]‘k ce Xf{“’k.

With the above, the bijectivity of o is inherited by oy, for T <1i < mn.

For p = rxﬁx‘ - x%nwe have that

(T)( C XY Sy ()X xS
:crl(r)(( )x2 --xf{“—i—-~+x?”---&(xf{“))—i—éi(r)x;"‘-~-xf’{“



5.2. DIFFERENTIAL SMOOTHNESS OF SPBW EXTENSIONS 115

Let p = %7 -..x% and s = sx 1---xﬁ“ for some «,...,n € N and elements
1 n 1 ) )

B1,...,PBn belonging to N. Then

gi(ps) = g(rx‘f“ ~-~x§'§“sx?‘ cooxBn

_ o otn n L
5 Z Z H(kl) ‘I‘O'éx]ik] Oé;’”*k] (...O-%Ln*kn 06]:1“(5)"‘)7(?1 k1
)

k1=0  kn=0 \j=1

lni—Kn—1 an—knyB1 B
. X-n_ 1 X n nx _.,Xnn

= Z] Zn ﬁ(t) i (01“1 BT Suine (...ggn*knoaﬁn(s)...))x$1 ki
)

ki=0  kn=0 \j=1

lho1—kn—1,0n—kn,B1 B
X LSS L S

On the other hand,

Gi(p)dils) + 8i(p)s = Gy (rx]" - --xf{“)&(sx?‘ . -xﬁ“) +g-(rx°“ coex ¥ )sx§51 cooxPn

= oy (1) Xy (s)xPT - xBr ()X X sxPT L xBn
n
- Z Z I ( ) ai(r)of T o871 (- o 8 (81(s)) -+ )
o1 —Kkq ln—1—Kn—1_on—kn, B1 )
X] e Xn"_] n Xnn “X] . Xnn
) X1 —k] (048] —k] ocn—kn kn
+ di(1)oy 0 8] e Op o O (s)---
o k1 1 71*k -1 —kn, B B
X1 ...XTIL_1 n Xn“ nx] ...Xn“

For the same reason as in Proposition 5.5, when the elements d;;, rk , 1 <i<j<n,

0 < k < n, appear, these must cancel out when the terms are equahzed, except ré ),

1 <i<j < n. For this reason, we assume that dy(d;) = ék(r{i‘j)) =0 for 0 <1i,j,k, 1 <n.
In this way,

0i(r)8; ((T;X]_k] 0§81 ( cogdnThn o gkn(g) .. ))
+ 8 (r) o1 6 5% ( L gOnkn 6 gkn(g) .. )
- cn(r)cri“‘k‘ 081 (ot o Bl (8i(s)) )
+ 8oy 08T (ot o gk (s) - )
= i(1) (5 (cr?‘ st (o o gke(s) )
—of Moo (1ot 0 Sl (8i(5)) -+ ) )
=0,

By using that 6; commute with oj and 6;, for 1 <j <n, the previous equation holds.
Therefore, §; is a 0;-derivation. O
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Remark 17. The commutativity of the maps o’s and &’s, that is, of the system of
endomorphisms X and X-derivations A of R, as in Proposition 5.7, was considered by
Lezama et al. [LAR15] to characterize prime ideals of SPBW extensions.

Since we are considering SPBW extensions over any associative and unital ring R, we
need some natural conditions to compute the Gelfand-Kirillov dimension of a skew PBW
extension A over R. Having in mind that Lezama and Venegas [LV20] generalized the
classical notion of Gelfand-Kirillov dimension [GK66a, GK66b] considered by Brzezinski in
his definition of differential smoothness (Section 1.4.2), throughout this section we follow
this more general setting: we assume that R is an S-algebra (S a commutative domain)
with a generator frame V and the rank of R is understood as rank(R) = dimg(Q ® R) < oo
where Q is the field of fractions of S (see [LV20, Theorem 2.1] for more details).

The following theorem is the most important result of the paper.

Theorem 5.8. Let A = 0(R)(x1,...,Xn) be a bijective skew PBW extension such that o;
and &; are S-linear, oy(V) CV for all 1 <i<n, and dij =1, rl(j’j) =0 for1 <k<n,
1 <1i,j, < n (Definition 5.2 (iv)). Consider 6; and 5 as in Proposition 5.7 for 1 <i<mn.
If oy00j = 0500 for all 1 <i<j<mn, then A is differentially smooth.

Proof. From [LV20, Theorem 2.1], we get that GKdim(o(R)(x1,...,%n)) = n. Hence, we
proceeed to construct an n-dimensional integrable calculus.

Consider Q'(o(R)(x1,...,xn)) a free right o(R)(x1,...,Xn)-module of rank n with

generators dxi, ..., dxy. Define a left o(R)(x1,...,xn)-module structure by
fdx; = dx;oi(f), forall1<i<mn, fe oR)(x1,...,xn). (5.2.10)
Notice that the relations in Q'(o(R)(x1,...,%Xn)) are given by
Xide = deXi, forall 1 <i< ] <n. (5.2.11)

We want to extend the assignments x; — dx; and 1 < i <n to a map

d:o(R)(x1,...,xn) = QN G(R)(X1y. ..y xn))

satisfying the Leibniz’s rule. As expected, this is possible if we guarantee its compati-
bility with the non-trivial relations (5.2), i.e. if

n
deXi + %5 dx; = di,j dXin + di)inde + Z T](g'])dxk, for i < j.
k=1
Define S-linear maps

Ox;

1

2o (R)(X1y v o yXn) = O(R)(X1,...,Xn)
such that

n
d(f) = ) dxidy(f), for all f € o(R)(x1,...,Xn).
i=1
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These maps are well-defined since the elements dx; for 1 <i < n are free generators of
the right o(R)(x1,...,xn)-module Q' (c(R)(x1,...,xn)). In this way, d(f) = 0 if and only
if 0x,(f) = 0 for 1 <1i < m. Using relations (5.3.78) and definitions of the maps o; for
1 <1< n, we find that

1 L
Oy (X771 -+ xf™) = Lix{! L S

i i+1

Xn

-.Xn .

Then d(f) = 0 if and only if f is a scalar multiple of the identity. This shows that
(Q(o(R)(x1y...,xn)),d) is connected, where

n

Q(G(R)<X1>"')Xn>) = @Ql (G(R)<X1)"-)Xn>) .

The universal extension of d to higher forms compatible with (5.2.11) gives the following
rules for Q'(o(R){x1,...,xn)) for 2<1<n—1,

1 1
/\ dxqu) = (—1)* /\ dXp(k)s (5.2.12)
k=1 k=1

where q : {1,...,1} — {1,...,n} is an injective map, p : {I,...,1} — Im(q) is an
increasing injective map and § is the number of 2-permutation needed to transform q into
p.

By assumption the automorphisms 0;’s commute with each other, which implies that
there are no additional relations to the previous ones. Then

Q“_](G(R)(x1,...,xn>) = [dx; Adxy A Adxn_1 ®dxy Adxz /A --- Adx,
@@ dxpg A Adxn] 0(R)(X1y ...y Xn)-

Since
Qn(G(R)<X1> co )Xﬂ.)) = wO—(R)<X1) tee )Xn> = O—(R)<X1) i ')Xn>

as a right and left o(R)(x1,...,xn)-module, with w = dx; A\ --- /A dxy, where 6, =
07 0---0 0y, it follows that w is a volume form of the SPBW extension o(R)(x1,...,Xn).
From Proposition 1.7 (2), we get that w is an integral form by setting

j
. . n
w! = /\dxp.l)j(k), for 1 <1< <j>’ and
k=1

n
d)?_j = (=1)k /\ dxp, k), for 1<i< <T;>,

k=j+1

where pyij :{1,...,j} = {1,...,n} is an increasing injective map, py; : {j +1,...,n} =
(Im(py;))¢ is also an increasing injective map and f;; is the number of 2-permutation
needed to transform {pi;(j + 1),...,Pij(n),pij(1),...,pi;(G)} into {T,...,n}
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Let w’ € QI (o(R)(x1y...,%n)). Then:

)
w' = /\ prij(k) aij, with a; € R.
i=1 k=1

This implies that we have the equalities given by

( j n j
Y wlme (@] Aw’) 21 N\ dxpnom (ai(—m"” N\ @00 AA dxpi,ﬂk))

k=j+1

and finally, by Proposition 1.7 (2), we conclude that o(R)(x1,...,%y) is differentially
smooth. O

Example 5.3. Consider the skew polynomial ring R[x; 0, 8] studied by Nasr-Isfahani and
Moussavi [NIMO08]. As we saw in the Introduction, ¢ is an automorphism of R, § is a
o-derivation such that ad = d«, and the extended automorphism & and the G-derivation &
on R[x; 0, 8] are given by

o(ro) +o(ri)x+ -+ o(rp)x™, and
(f(x)) = 8(ro) + 8(r1)x + -+ + 8(rn)x",

respectively. As it is clear, these assumptions satisfy those corresponding in Proposition
5.7, and hence Theorem 5.8 shows that R[x; 0, 8] is differentially smooth when GKdim(R) =
0.

By using a similar reasoning, and under the natural assumptions, iterated Ore extensions
Rlx1; 01, 01][x2; 02, 82] . . . R[x1; 0, On] are also differentially smooth.

Example 5.4. Artamonov et al. [VAF16] studied extended modules, Vaserstein’s, Quillen’s
patching, Horrock’s, and Quillen-Suslin’s theorems for a special class of Ore extensions.
They assumed that for a ring R, A denotes the Ore extension A := R[xq,...,xn;0] for
which o is an automorphism of R, xixj; = xjx; and xit = 0y(7)x;, for every T <i,k <n. As
it is clear, this kind of Ore extensions satisfies the assumptions in Theorem 5.8.

The results appearing in Example 1.6 motivate us to formulate the following question
for the near future:

Question 2. Let A be a skew PBW extension over a differential smooth algebra R. Under
which conditions does the differential smooth property pass from R to A?

5.3 Differential smoothness of SPBW extensions over k[t]

In this section, we investigate the differential smoothness of bijective SPBW extensions
over the commutative polynomial ring k[t].



5.3. DIFFERENTIAL SMOOTHNESS OF SPBW EXTENSIONS OVER Kk(T] 119

5.3.1 SPBW extensions in two indeterminates

Consider a SPBW extension of the form o(k[t])(x1,x2). From Definition 5.2, we get the
relations

xit(t) = or(r(t))x1 + 01(r(t)), x2r(t) = o2(r(t))x2 + 82(r(t)), and
a1 = era(thaxa + () + qih(tx + ai (b,
where 1(t), ¢12(t), qg?z)(t), qgg(t), qg%z)(t) belong to k[t] with c;;(t) non-zero.

Let 01(t) = a;t + by and 0(t) = axt + by be automorphisms of k[t] (this is precisely
the form of the elements of Aut(k[x]) [SU03, DE00O]) with the corresponding oj-derivations
(i=1,2) expressed as in (2.2.1), that is,
foi(t)) —f(t)

o1(t)—t

f(02(t)) —f(t)

61(f(t)) = ot —

pi(t), and & (f(t)) = p2(t),

where p1(t), p2(t) are fixed elements of k[t]. Thus, the relations between the indetermi-
nates t,x; and x, can be expressed as

x1t = artx; + bixy +pq (1), x2t=axtxy+byxy+ pz(t), and (5.3.1)
1 2
xax1 = era(thaxa + g (t) + gt (x + g\ (bxa. (5.3.2)

Proposition 5.9. From Equation (5.3.1), we obtain the commutation relations

—_

n—

xit" = (a1t +b1)™"%; +pi(t) Z(CH'H‘ b)Y and

T
o

=

xat"™ = (apt+b2)"xz +p2(t) ) (azt+by)t" N

T
o

Proof. We proceed by induction on n. For n = 1, the assertion is clear. Suppose that the
relation holds for n = k. Since

K1
Xt = ()t = ((Cht + 1) +pi(t) Z(alt + by )1tk]1) t
=0

=~

1
= (art+b)*xst+pr(t) Y (art+ by)tekH=1
1

Il
o
~

-1
= (@it + b)) (@t +b1)xs +p1(t) +p1(t) Y (art+ by)tekrD=11
1

i
S

k—1
= (a1t +b1) ' + ((aﬂ +b1) pi(t) +pi(t) ) (art+by )1t“<+”—‘—1>
1=0
k
= (art+ b))% + > (art 4 byt
1=0
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the assertion follows. The proof of the second relation is similar. O

Proposition 5.10. Let

vi(t) = t, vi(x1) = axq +pi(t), vi(x2) = axxa +pa(t),  (5.3.3)
1
v, (1) = 07 (1), vy, (x1) = xa, Vi, (X2) = c1%2 + qﬁ,%, (5.3.4)
_ _ 2
Vi, () = 031 (1),  v,(a) = e —oid,  vel) =%, (5.3.5)

where pi(t) and pj(t) are the t-derivatives of pi(t) and pa(t), respectively, and
C1,2y qg?%, qglz), q% € k, with ¢y, non-zero. Then:

(1) Leibniz’s rule holds in the cases listed in Table 5.1. The maps defined by (5.3.3),
(5.3.4) and (5.3.5) simultaneously extend to algebra automorphisms Vi, Vx,,Vx, of

o{k[t])(x1, x2) only in cases (a), (b), (), (d), (€), (g) and (i)
(2) In cases (a), (b), (c), (d), (e), (g) and (i), we get that

VO Vyx, =Vx; OViy,  VEOVy, =7Vx, 0Vy, Vy, OVy, = Vy, O Vy,. (5.3.6)

Table 5.1: Leibniz’s rule

Case | Possibilities for aj, by, az, by Polynomials pi(t) and p,(t) Restrictions
T R S ol -0 e e
pi(t),pa(t) € klt] ah=d=0cia=1, quek
) | ar=1,61=0 a—1,by£0 pi(t) =p1, p2(t) =p2, pryp2 €k cp=14q0=q2=0 ¢
pi(t) =pa(t) =0 A =an =2 =0cpek
© lar=1,b1£0 a=1,by=0 Pi(t) =p1, pa(t) = pa, p1, P2 €k cz=1,q)=d}=0q €k
pi(t) =pa(t) =0 9 =aqh=d5=0caek
(@) | ar=1,b1£0, az=1, by 0 p1(t) =p1, pa(t) =2, PthElk c2=1q0=q2=0qck
Pt =pa(t) = A =a)=a) =0 cpek’
Pi(t) =0, pa(t) z(t 021) paek ca=1,q%=a) =q3 =0
(e) |ar=1,b1=0,a,#1,byek pilt) = p1pz(t)70p1ek q;oz):qglz) quz):O 1,2:‘12
(J palt) = an=ah=a=0cip¢{la")
() a;=1,b1 #0, ay #1 pi(t) (t + 55 ]) ,P1,P2 € k | There is not solution for all relations
Pt ( 1), pat) =0, py € =1 4q)=q)=a=0
(@) a#la=1,b=0 e )70p2(t) prpr €k 49 =q")=q3=0cia=q;'
pi(t) =pa(t) =0 ag=a)=a=0cip¢{l,a"}

(h) [ar#1,b1ek,aa=1,b2#0 | pi(t)=p (t + u:’l]), p2(t) = p2,P1,p2 € k | There is not solution for all relations

(i) | ar#1,a#1,bj=0by=0 pi(t) =pit, pa(t) = pat, p1,p2 €k cp=1a0=q)=q3=0

Proof. For the first assertion, the map v can be extended to an algebra homomorphism if
and only if the definitions of v¢(t), v¢(x1) and v¢(x;2) respect relations (5.3.1), and (5.3.2),
i.e.

Vi(x1)ve(t) — vilart +br)ve(xg) = vi(pi(t)),
Vi(x2)ve(t) — vi(aat + ba)vi(x2) = vi(p2(t)), and
Vi) ve(x1) — erave(x)vi(xa) = g1y + qihvelxr) + qihvi(xa)
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In this way, we obtain the equations

(a1 =Dt +bi)pi(t) = (a1 — Dpi(t),
((az = Nt +Db2)py(t) = (a2 — p2(t), (5.3.7)

and

(araz — 1)C| O + (a2 1)a1q§fz’m + a1 (pz(t)x1 — c1ox1ps (1) + (a1 — 1)azq§f§><z

+ a20x2pi (1) — e12p} (tx2) + (1 — 1,2 (E)p4(t) — g1 Jpi(t) — q\gps(t) = 0. (5.3.8)

Note that the map vy, can be extended to an algebra automorphism if and only if the
definitions of vy, (t), vy, (x1) and vy, (x2) respect relations (5.3.1), and (5.3.2), that is,

Vg (X1) Vi (1) = Vi (@1t + 1) vy, (x1) = vy, (pr(t),
Vy; (X2)Vx; () — vy (@2t + b2) vy, (x2) = vy, (p2(t)), and
Vo (X2)Vy (X1) = €12V, (X7) vy, (X2) = q%"% + q%fz)vm (x1) + qu’vm (x2)
Therefore,
a;'pi(t) = pilay (t—Dy)), (5.3.9)
c12(a; " (aaby + b2 —by) —ba)xa + a; ' (c12p2(t) — (14 az)q?,z)t)

+ qih(a;"br(az — 1) = b) = palay ' (t—by)), and (5.3.10)
(c12 = Dy — dypdig = 0. (5.3.11)

)

The map vy, can be extended to an algebra automorphism if and only if the definitions
of vy, (t), vx, (x1) and vy, (x2) respect relations (5.3.1), and (5.3.2), i.e

Vx, (X] )VXZ (t) — Vx, (a1t + b] )VXZ (X1 ) = Vx, (p1 (t)))

VXZ (XZ)VXZ (t) - VXZ (azt + bZ)VXZ (XZ) = VXZ (pZ(t))) and
1)
2

Yoy (X2) Vi, (X1) — €12Vx, (X1)Vx, (X2) = q% Vy, (X1) + q] 2sz(Xz)
In other words,

(o= z(az (b1 +aiby —b2) —by)x; + Cf;az_l (pr(t) — (1 + 01)le2)’£)

+ qiacra(ay (1 + ar) +b1) = pilay ' (t— by)), (5.3.12)
a Pz( ) =pa(a;'(t—1by)), and (5.3.13)
(e, ]2 )q1 21T zq1 zq 2% 0. (5.3.14)

)

Notice that expressions (5.3.7) are the same as in [Brz15, Lemma 3.1|, and that these
equations are independent of each other, so we have nine possible combinations for the
values of aj, by, az and by. For each of these combinations, equations (5.3.11) and (5.3.14)

will be used to determine the possible values for ¢, p1(t), p2(t) qgt)z, 1=0,1,2. Let us

see.
n

n
Consider p(t Z it and py(t Z
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(a) Equation (5.3.8) leads to the equalities

[jkjtj_]m — C]yz)(]]'kjtj_1 + ijmjtj_] — C1,2]'mjtj_]X2

hE

1
n

+ ) (1—cra)iksmet™ 2 — g jmt ! — g Bkt =0,

s=1

—.

I\/]:

ikt %1 — c125K; (tHX] +0— 1)P1(t)tn_]>
1
+mu@4m+u—UWHWFQ—mﬂmm4m
n
+ Z(] — (:1)z)jkjsnnstsﬂ_2 — qﬂz)jmj’cj_1 — q%jkjtj_]] =0,

s=1

—.

and

n
th_] lk;(1T —cr2)x1 +imy(T —ci2)x
=1

n
iG=1 Z C1’2kjmi) g
i=0
i 1 2
+ ) (T—cip)jkjsmet®! — j(q%,z)mj + qg,z)ki)] =0.
s=1

If we focus on the coefficients of x; and x;, these must be zero, that is, kj(1—cy2) =0
and m(1 —cj2) = 0. This implies that m; = k; = 0, for T < j < n and so the
polynomials p1(t) and py(t) are constants or c;p = 1. From relations (5.3.10),
(5.3.11), (5.3.12) and (5.3.14), we get that

(12— Dpalt) —2q1ht = 0,
(C& Dpi(t) — qu%t =0,
(c12— 1)(15?% q1 zq1 2> and
(¢, ; 1)q ((2 = _01,2q1,2q1,2-
If pi1(t) = p1,p2(t) = p2 € k, then qgfz) = qu) = 0 and we obtain the following
options:
e Cip=1, qg?% has no restrictions.

e P2 =0, qg?z) = 0 and py = 0, with no restriction over cy ;.
If c1, =1 it is necessary that qg]gmj + quz)kj =0 for all 1 <1 < n. One possibility
is precisely when m; = kj = 0, which means that p;(t) and p,(t) are constants (as in
the previous case). The other option is that qg]% = quz) = 0, with no restrictions on
the polynomials p;(t) and p,(t). We have considered all possible options.
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(b) Equation (5.3.8) leads to the following way of relating the coefficients
n ) j—2
> [jmj ((t +12) g —crpt I+ ) palt+ bz)ltj2l> - qﬁ‘y%jmjtj‘] =0.

j=1 1=0

The coefficient of x, must be zero, that is, jmj((t+b2)j_] —chztj_]) = 0. This implies
that mj =0 for 1 <1 <n whence the polynomial p;(t) is constant. From relations
(5.3.10), (5.3.11), (5.3.12) and (5.3.14), it follows that
1 1
(12 —1p2— bzqﬁ,z) - qu,%t =0,
(c13 = 1)P1 + 2bac; jayTy — 261 jargt = O,
0 @2
(cl,z—nqﬁﬁzqﬁjqﬁ,%, and
_ 1 2
(C1,2 - ”ql 2= 01,1zqg,%qg,%>

and thus q1 2 = q1 2 = 0. If ¢y = 1, then there are no restrictions over q1 2 If

cip # 1, then py =py = qg?z = 0. Again, all possible options are covered.

(c) Note that in this case the conditions are the same as in (b) by considering x, instead
of x7.

(d) It is clear that (5.3.8) holds. By using the relations (5.3.10), (5.3.11), (5.3.12) and
(5.3.14) we obtain that

1 1 _ _ 2 _ 2
(12— Dp2 = baqi) — 2q1)t = (c7} — 1)py + (2ba + by)erdaiy — 2c7 315t = 0,
(12— 1)q\) = qu)qu) and
1 (0) -1 (1) (2)
(2= Nd12 = — ¢4,

These equah‘mes are satisfied when q] 2 = 2] 0. If 1 = 1 then there are no

restrictions on q1 2, in other case, then p; =p; = qgoz) =0.

(e) From expression (5.3.8) we have that

(a2 — 1)) + (1 —c12)p2)xt + (a2 — i) — g

)

n 2
Z az]m] <(a2t + bz) Xz —Cq ztl 1x2 + pa(t) Z(alt + bz)lt]—2—1>
=1 1=0

—dyjmit ] =o0.

Again, necessarily the coefficient of x; is zero, that is, jmy ((azt+by)~! —chztj*]) =0,
and hence necessarily m; = 0, for 1 <1 < n, which shows that the polynomial p;(t)
is constant.

With respect to the coeflicient of x; and the constant term, both must be zero, and

i (0) (2)
1 12— 0,

(02*1)qg1,2)+ (T—ci2)p2=0 and (az—1)qy; —p2qy;
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(2)

(h)
(i)

or equivalently,

(0) qu,i m_ C12—

Expressions (5.3.10), (5.3.11), (5.3.12) and (5.3.14) imply that

b
((cu—npz—(az+1)q§‘,;)t+(cm—naz_] ~baqi) =0,
IR G) o g 2
—2c1y12a21q2,%t+ (C&az] —1)p +2C1,1zaz1b2qg,; =0,
0 N @
(c12—1)q\) = qiha}’), and
-1 (0) —1 (1) (2)
(2= Ddi2 = — 507,47
In this way,
(1) _cra—1
Qo = a1 P2,
(c12—1)p2 =0,
(cilzazl—])p] =0, and
2
qu) :0)

so we get the restrictions qg?z) = qgg = q% = 0. Note that if ¢;; = 1, then p; € k and
p1=0;0rcip= a;l with p1 € k and p, = 0; or in other value of ¢1,, py =p2 =0.

Equation (5.3.8) becomes

(a2 — 1)(15?2) + (a2 — 1)q§3><1 +Pp2x1 — €1, 0P2x1 — qggpz =0, and
] 0 2
((az — 1)q§,§ +p2—ciap2)xr + (a2 — 1)q§,z) - qg‘%pz =0,

whence
1 ci2— (0) qug
LE R L L A L

From expression (5.3.10) we have that cj,bi(a2 — 1)x; = 0, where the only options
are 12 =0, by =0 or a = 1. However, as it is clear none of these are possible.

The conditions corresponding to this case are the same as (e) since the hypotheses
are completely analogous but replacing the indeterminate x; with x;.

This case is the same as (f) by replacing the indeterminate x; with x;.
Equation (5.3.8) leads to the following way of relating the coefficients:

0 1 2
(aray — 1)q§,§ + (a — 1)a1q§,%><1 + ai(p2x1 —cix1p2) + (a1 — 1)azq§,gxz

+ az(xap1 — c12p1x2) + (1 —c12)pip2 — qﬁ‘,z)m - qgapz =0.
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After some computations, we get that c1, = 1, qgo% = qgg = quz) = 0. Thus,
expression (5.3.10) becomes

(a7 (a2 = Dby + (a7 = 1b2)xt + a7 (1= o7 p2 = (1 + @)yt

1 - _ _ b,
+ q%yz)(ch "ora; — a; by —b2) + a; 'bips — - p2=0.

1

By replacing the values found previously, we obtain that b; = b, = 0. Note that
relations (5.3.11), (5.3.12) and (5.3.14) are trivially satisfied.

For the second assertion, it is enough to prove it for the generators t, x; and x;:

(Ve o va, ) (1) = vi(o7! (1)) = a7 (t —by), (5.3.15)
(v, 0 V) (1) = vy, (1) = @7 (t = by), (5.3.16)
(Vi o vy, ) (x1) = vi(x1) = arxg +pi(t), (5.3.17)
(Ve 0 Vi) (x1) = a1x1 +py(ay’ (t—b1)), (5.3.18)
(Vi o vy )(x2) = c1pa2%2 + ¢ zpz( ) + qﬁ‘}, and (5.3.19)
(vay 0 Vi) (x2) = @ae1 %2 + azq)’ 2 )+ pala; (t—Dr)). (5.3.20)

In any case, the two compositions shown in (5.3.15) and (5.3.16) are the same. Relation
(5.3.18) was used to find the conditions of the polynomial p;(t) to be equal to the expression
(5.3.17). Thus, all of them are satisfied in every possible case. As it is clear, relation
(5.3.20) holds in all cases to be equal to (5.3.19). So, V{0 Vx, = Vx, © Vy.

Next,
Vi o vy, (1) = vi(0; ' (1)) = a; ' (t — b3)
Vi 0 Vi(t) = Vi, (t )_az—‘ (t—bs), (5.3.21)
Vi 0 vy, (x1) = eydar + ey hpl(t) — ¢rhaly,
Yy, 0 Vi(x1) = @iy hxt — areradrs +pilag (t — ba)), (5.3.22)
Vi o Vy, (x2) = axxy +p5(t), and
Vi, 0 Ve(x2) = axxa +pjlay (t—b2)). (5.3.23)

In any case, the two compositions shown in (5.3.21) are the same. Relation (5.3.23)
was similarly used to find the conditions of the polynomial pi(t), whence they are satisfied
in all cases. Note that relation (5.3.22) works in all cases but case (g) only works when
c12 = 1. In this way, vi o vy, = vy, 0 V¢.
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Note that
Vi 0V, (t) = a; ' (a7 (t—b1)) — a; by, (5.3.24)
Vx, 0 Vy, (1) = a7 ' (a; " (t —b2)) — a; by, (5.3.25)
Yy, 0 Yy, (x1) = ¢ hx1 — e adth, (5.3.26)
L0V, (1) = €7 3% — c?}q?%, (5.3.27)
Vx; © Vx, (X2) = €12%2 + q1 2, and (5.3.28)
L0 Vx, (x2) = c1px2 + qf 2 (5.3.29)

In any case, relations (5.3.26), (5.3.27), (5.3.28) and (5.3.29) hold. Expressions (5.3.24)

and (5.3.25) coincide when by = gf:}by O

Next, we formulate the first important result of the chapter.

Theorem 5.11. If a SPBW extension o(kl[t])(x1,x2) satisfies one of the conditions (a)-(i),
except (f) and (h), in Proposition 5.10, then it is differentially smooth.

Proof. We know that SPBW extensions of the form o(k[t])(x1,x2) have Gelfand-Kirillov di-
mension three [Rey13, Theorems 14 and 18], so we are able to formulate a three-dimensional
integrable calculus. With this aim, consider Q' (o (k[t])(x1,%2)) a free right o(k[t])(x1,x2)-
module of rank three with generators dt, dx; and dx;. Define a left o(k[t])(x1,x;)-module
structure by

fdt = dtve(f), fdx; =dxivy, (f) and fdxz = dxpvy, (f), (5.3.30)

for all f € o(k[t])(x1,x2), where v¢, vy, and vy, are the algebra automorphisms

established in Proposition 5.10. Notice that the relations in Q'(o(k[t])(x7,x2)) are given
by

tdt = dtt, tdx; = a; "dxit—a; 'brdxy,  tdxa = a; ' dxat — ay ' badxz, (5.3.31)
x1dt = ardtx; + dtp;(t), xi1dx; = dxix, x1dx; = dxzcilpq — dxch]zqu), (5.3.32)
x2dt = axdtxs + dtpy(t), x2dx1 = dxicioxz + dxg qﬁ{;, x2dx2 = dxaxa. (5.3.33)

We want to extend t — dt, x; — dx; and x; — dx; to a map d : o(k[t])(x1,x2) —
Q' (o(k[t])(x1,x2)) satisfying Leibniz’s rule. As expected, this is possible if Leibniz’s rule
is compatible with the non-trivial relations (5.3.1) and (5.3.2), i.e. if the equalities

dxit +x1dt = a1dtxg + artdx; + bydx; + dp;(t),
dxot +xpdt = axdtx; + aytdxy + badxy + dpa(t), and

dxox1 +x2dx; = ¢y 2dxix + ¢c12x1dx; + qggdm + q%%z)dxz,

hold. In view of tdt = dtt which defines the usual commutative calculus on the
polynomial ring k[t], it follows that dp;(t) = dtpj(t) and dpa(t) = dtp;(t).
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Now, we define k-linear maps

at) a)q ) axz . U(k[t])<x1>xz> — G(k[t])<xhxz>

such that

d(f) = dto¢(f) + dxq0x, (f) + dx204, (f), for all f € o(k[t])(x1,x2).

Since dt, dxj and dx; are free generators of the right o(k[t])(x7, x)-module Q' (o(k[t]) (x7,x2)),
these maps are well-defined. Then d(a) = 0 if and only if 0¢(a) = 94, (a) = 0x,(a) = 0.
Using relations (5.3.30) and the definitions of the maps vy, vy, and vy,, we get that

de(txxs) = Kt Txdxs,
Ox, (t*xixg) = lafk(t - b1)kx%_]x§, and
0, (t4x1x3) = a7y hs(t — b2)¥(x1 — a1 )'xs .

Thus d(f) = 0 if and only if f is a scalar multiple of the identity. This shows that
3.
(Q(o(k[t])(x1,%x2)),d) is connected with Q(o(k[t])(x1,x2)) = P Q' (o(k[t]){x1,x2)).
i=0

The universal extension of d to higher forms compatible with (5.3.31), (5.3.32) and
(5.3.33) gives the following rules for Q?(o(k[t])(x1,x2)):

dx; Adt = — a;dt A dxy,
dx; ANdt= —adt Adxy, and
dXz A\ dX] = — C1’2dX1 A\ dXz. (5.3.34)

Since the automorphisms v, v, and vy, commute with each other, there are no
additional relationships to the previous ones, so we can write

Q(o(k[t]) (x1,%2)) = dt A dxqo(k[t]) (x1,x2)
@ dt A dxpo(k[t])(x1,x2) @ dxg A dxao(k[t])(x1,x2).
Note that

Q3 (a(klt]) (x1,%2)) = wo(klt]) (x1,%x2) = o(k[t])(x1,%x2)

as a right and left o(k[t])(x1,x2)-module, with w = dt A dx; A dx;, where v, =
Vi 0 Vy, 0 Vy,. This means that w is a volume form of o(k[t])(x1,x2). From Proposition
1.7 (2), w is an integral form by setting

w} = dt, w} = dxq, w; = dxa,

w% = dx; /\ dxy, w% = dt A dxy, w% = dt A dxy,

(I)} = dt, (I)} = — aﬂdxh (D; = aglc?édxz,
y

(I)% = aﬂa;1 dxy A dxy, (IJ% = — c?}dt/\ dx;, (I)% = dt A dx;.
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Indeed, let w’ = dta + dx;b + dx,c with a,b,c € k. Then

3
Z Wy (W A w') = dtTtw(a]_1 az_1 adx; A dx; A dt)
i=1
+ dxmw(—cf’]zbdt A dxa A dxy) + dxomg (cdt A dxg A dxs)
= dta + dx;b + dxoc = W',

and let w” = dt /A dxja+ dt A dx;b + dxg /A dx;c, with a,b, ¢ € k. We obtain that

3
Z Wty (0 A w”) = dxg A dxpm (cdt A dxg A dxa)

i=1
+ dt A dxamg (—aj Tbdxy A dt A dxg)
+ dt A dxg nw(ag1ci1zadxz A dt /A dxq)
=dt Adxja+ dt Adxb+dx; Adx; =w”.
Therefore, we have proved that o(k[t])(x7,x,) is differentially smooth. O

5.3.2 SPBW extensions in three indeterminates

In this section we develop a similar treatment to the presented in Section 5.3.1 but now we
consider a SPBW extension of the form o(k[t])(x7,x2,x3) satisfying the defining relations

x17(t) = oy (r(t))x) + d1(r(t)),
x21(t) = o2(7(t))x2 + 82(7(t)),
x37(t) = o3(r(t))x2 + 83(r(t)),
_ (0) (1) (2) (3)
xox1 = c1p(t)xixg + q1,2(t) + qu(t))q + q1’2(t)xz + q],z(t)x3>
x3x1 = c13(t)x1x3 + qﬁ?g’(t) + qﬁfg)(t)m + q%(t)xz + q%)(t)x;,, and
x3x2 = 23(1)x2% + g3 (1) + a5 3 ()x1 + qha(t)xa + q5a(t)xs,

where the elements 7(t), c(t)’s and q(t)’s belong to k[t] with c1,(t),c13(t) and cz3(t)
non-zero. Consider the automorphisms of k[t] given by oi(t) = ait + b;, for ai, by, € k,
with a; # 0, 1 = 1,2, 3, with the corresponding oj-derivations expressed as in (2.2.1), that
is,
f(oi(t)) —f(t) .
61(1:) = Wpl(t)) for 1= ],2, 3, (5335)
where pi(t) is a fixed element of k[t] for each 1. The relations between t,xj,x2,x3 can
be expressed as

xit = aitxi + bixiy + pi(t), for every i, and (5.3.36)
0 1 2 3 .
XjXi = Cij(t)xixj + qij) + qg’j)m + qij)xz + q{j)x& for i <. (5.3.37)

The following result is the natural extension of Proposition 5.10.
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Proposition 5.12. Let

vi(t) = t, vi(xi) = apxq +pi(t), 1=1,2,3, (5.3.38)
Vi (t) = 0—;] (t)) Vi (xi) = xi, 1=1,2,3, (5339)
Vi, (Xj) = CijXj + qu), Vx; (x) = C;JXi - C;J q](33, 1<, (5.3.40)

where p!(t) are the t-derivatives of pi(t) fori=1,2,3, and cij, qg;) ek, cij #0, for
all1<1i,j <3 and 0 <k <3.

(1) Leibniz’s rule holds in the cases listed in Table 5.2. The maps defined by (5.3.38),
(5.3.39) and (5.3.40) simultaneously extend to algebra automorphisms Vi, Vy,, 1 =
1,2,3, of o(k[t])(x1,x2,x3) in cases (a) - (d).

(2) Precisely, in cases (a) - (d), we have that

VEOo Vy, =Vx 0Ve and Vi 0Vy =Vx 0Vy, fori=1,2,3. (5.3.41)

Table 5.2: Leibniz’s rule

Cas

@ qiy =0.c ,j=1,23k>0
Pilt) e kit ai; " all i,j=1,2,3,k>0

= c c ) _ ) et T N

() | ai=1,foralli=1,2,3 by #0, for some 1 =1,2,3 pilt) =pi pi € k. f cy 0,q €k forall i,j=1,23k>0
pilt) =0, foralli=1,2,3 0, ¢y ek, forall ij=1,2,3,k>0

() |ar#1 a5=1,b;=0 forre$¢{1,2,3} and s € $¢ | ps(t) =0, py(t) = pr (‘ + ‘%.) forreSC (1,23 ands € S, prek qf =0, ¢ =1, forall i,j=1,2,3,k>0

(@ ai£1,b=0, forall i=1,23 pilt) = pit, pi €k, forall i=1,23 0oy o1, forall L= 125, k20

Proof. For the first assertion, the map v; can be extended to an algebra homomorphism
if and only if the definitions of v{(t) and v¢(x;), i =1, 2,3 respect relations (5.3.36), and
(5.3.37), i.e.
vi(xi)vi(t) — vi(ait + bi)ve(xi) = vie(pi(t)),
0 1 2 3
Vilg)ve(xi) — eive(xi)vil) = qi + qL velx) + ai3 ve(x2) + ap) valx3),
for 1 < j. This yields the equalities
((ap =Dt +by)p{(t) = (@i = Dpi(t), 1=1,2,3, (5.3.42)
and

(aia; — 1)a;) + ai(p](tx: — cuxap] (1) + a5 (x;p{ (1) — c1,pi(t)x;) + (ajai — 1)ai

3
+ ai(aigy — ar)xe + (1= o )pl(UP] (1) — qi)pi () — qiF p3(t) — qi¥p5 (1) = 0. (5.3.43)
r=1
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The map vy, can be extended to an algebra homomorphism if and only if the definitions
of vy, (t) and vy, (x;), for each i, respect relations (5.3.36), and (5.3.37), i.e

Vxi (X' )VX‘ (t) — Vx; (ait + b' )Vxl (Xi) = Vx; (Pl(t))
Vi (%) Vi (1) = v (@5t 4+ by) v (%) = ‘Vxl (p](t)) and

Voo (%), (%) = €1,3Vx, (x0) Vi, (45) = 15 + 0t va (1) + 415 Ve, (x2) + 013 v, (33),

for 1 <j. In this way,

a; 'pi(t) = pilay! (t—by)), (5.3.44)
cij(ai (ajbi + by — bi) — by)x; + ap ' (eypi(t) — (1+ @) qi1),

+ qij( a;'bila;— 1) —bj) = pj(a; ' (t—by)), and (5.3.45)
(c1p— )q1 2+ q1 z(C1 2—C13)X3 — q%ﬂq?i - q@q%g =0,
(13— 1)q1‘3 + q1,3(01,3 C12)x2 — qﬁ%qﬁ‘% - qug)CI?Z) =0,
(ca3 = 1)a53 + aY3(cas — eyl — q53a53 + ¢ 3airay) =0, (5.3.46)

Then, the map vy; can be extended to an algebra homomorphism if and only if the
definitions of vy, (t) and vy, (xi), 1 = 1,2, 3 respect relations (5.3.36), and (5.3.37), and so

Vx; (Xi)\’xj (t) — Vx; (ait+ by )Vx, (xi) = Vg (pi(t),

Vx; (%) vx; (t) Vx; (a)t +bj)vyx (X)) = Vx) ('P; (t)), and
ooy (%), (%0) = €15V, (x)Vx, (%) = @15 + a4 5 Ve, (31) + 413 v, (x2) + 417 v, (x3),
for i < j. We obtain the expressions given by

¢ (a5 (bi + aiby —bj) — bi)xi + i} o (pi(t) — (1 + a)g)t)

i
+ ql) i,j ( b (1+ai) +bi) = pi(aj (t _b])) (5347)
a; "p;(t) = P;( "t —1by)) (5.3.48)
0) 3), _ 1.0 3) (2
(c12— )q§,2+qﬁz)(cl,}—c2,§)x3+c1“2q§)2)q§)2)—qﬁ)gqg);:o,
0 2, _ _ 1 1.2 .3
(‘31,3 1)q§3)+qg’3)(c1,;—cz)13)xz+c1;qg%qg%JrCzéqg’%qgﬁ) =0,
©) oMo _ o1 3) 42 4 143,10 _ g 5 3.40
(C23 )q2’3+q2)3(cz’3 ¢ 3)x JrC23qz,3,q 31t¢139139;3 = 0. (5.3.49)

Expressions (5.3.42) are the same as in [Brzl5, Lemma 3.1]. It should be noted
that these equations are independent of each other, which means that there are different
combinations considering the values of ai, b; for i =1,2 3. Let us see.

We consider the expression p;(t Z mllt for every i =1, 2, 3.
j=

(a) Equation (5.3.43) leads to the coefficients that accompany xi, so these must be
zero, my;(1 —ciy) = 0. This implies that mi; = 0, for T < j < n, and so the
polynomials pi(t) are constants or ¢y =1, for i =1,2,3 and i < k. From relations
(5.3.45), (5.3.46), (5.3.47) and (5.3.49), we get that if p;(t) = p; € k then qi5 =0
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with k > 0, whence ci; = 1 and qg(;) has no restrictions. Also, it is necessary that

aymi; + qime; = 0 for all 1 < i < 3, which shows that g = 0 with k > 0 and
there is not restrictions over polynomials p;(t).

In this way, we have considered all possibilities.
(b) Equation (5.3.43) leads that the coefficient that accompany x; must be zero, that is
jmii((t+b) ' — etV =0.

This implies that all the coefficients m;; are zero, whence the polynomial pi(t) is
constant.

From relations (5.3.45), (5.3.46), (5.3.47) and (5.3.49), we obtain that qg;) = 0 with
k >0, cij = 1 and there are no restrictions on qgg).

Again, all options are covered.

(c¢) Equation (5.3.8) implies that the coefficient of x, is zero,

jmij((art + b)) —ci 071 = 0.

Thus, my; = 0 for T <1 < 3, whence the polynomial pi(t) is constant. Also, if we
focus on the coefficient that accompany xs and the constant element, both must be

zero,
o ap () Cip—1
i s i,r
Gor = gqpoqPr and A= P

By using expressions (5.3.45), (5.3.46), (5.3.47) and (5.3.49) we obtain the restrictions
qg;) =0for 1 <1,j <3 and k > 0. Also, note that c¢s; =1 and ps =0, for s € S.

(d) Equation (5.3.43) shows that ¢;j =1, q{5 =0 for 1 <1,j < 3 and k > 0. If we
consider the expression (5.3.45) then we get the condition b; = 0 for each i. It is
clear that relations (5.3.46), (5.3.47) and (5.3.49) hold.

For the second assertion, it is enough to prove it for the generators t, x; and x;. Note
that

Vi 0 Vi, (1) = ve(o7 (1) = a; ' (t — by), (5.3.50)
Vi 0 Vi(t) = vy (1) = i ' (t = by), (5.3.51)
Vi 0 Vi, (1) = Ve (xi) = aixi + pi(t), (5.3.52)
Vi, 0 Vi(xi) = aixi +pi(a;’ (t — bs)), (5.3.53)
Vi 0V, (%) = cijaxj + cllp]( ) + q?}, (5.3.54)
Vo 0 Vi(¥) = cwx] + a)q” —l—p]( Tt—1y), i< i (5.3.55)
Vi 0 Vi (X)) = el @i+ ¢ pr(t) — ck’iqk’i, and (5.3.56)
VY © Vi(Xi) = arciixi — akck’iqk’i—i—pli(a;] (t—1by), i>k. (5.3.57)
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In any case, the two compositions shown in (5.3.51) are the same. Relation (5.3.53)
was similarly used to find the conditions of the polynomial p;i(t). Thus, they hold in all
cases, and relations (5.3.55) and (5.3.57) are correct. Then, Vi o vy, = Vy, © V4.

We have that

Vi 0 Vg (1) = a7 (0 (£ = by)) — aj 'y, (5.3.58)
Vg 0 Vi (1) = a7 (a7 (= by)) — a7 by, (5.3.59)
Yy, 0 vy (%) = ¢ % — e ap) (5.3.60)
Vy; 0V (Xi) = c;fxl — ci_,)J qgj), (5.3.61)
Vx; © Vi (X)) = cixg + qu), and (5.3.62)
Vy; 0 Vi (X)) = i + gL (5.3.63)

In any case, relations (5.3.61) and (5.3.63) hold. Relation (5.3.59) works in all cases.
Then, vy, © Vy; = Vx; © Vy;- ]

Theorem 5.13. If a SPBW extension o(k[t])(x1,%2,%3) satisfies one of the conditions
(a)-(d) in Proposition 5.12, then it is differentially smooth.

Proof. Since the SPBW extension o(kl[t])(x1,x2,x3) has Gelfand-Kirillov dimension 4, a
4-dimensional integrable calculus can be constructed. We know that we have to consider
Q' (o(k[t]) (x1,x2,x3)), a free right o(k[t])(x1, %2, x3)-module of rank 4 with generators dt,
dx1, dxz, dx3. Define a left o(k[t])(x1,x2,X3)-module structure by

adt = dtv(a), adxi =dxivy(a), forall 1 <i<3 ae o(klt])(x,x2,%x3), (5.3.64)

where vi, vy, 1 <1< 3 are the algebra automorphisms established in Proposition 5.12.
Notice that the relations in Q'(o(k[t])(x1,%2,x3)) are given by

tdt = dtt tdx; = dxia;'(t—by), forall 1 <i<3, (5.3.65)

xidx; = dxixy, xidt = dt(aix; + pi(t)), forall1<i<3, (5.3.66)
and

xidx; = dxj(ci_y]-]xi — c;j]qgfj)), for 1 < j, (5.3.67)

xidx; = dxj(ej + q))), for > 5. (5.3.68)

We want to extend t — dt, x; — dxq, 1 <1 <3 to amap d: o(k[t])(x,x2,x3) —
Q' (o(k[t])(x1,x2,x3)) satisfying the Leibniz’s rule. This is possible if the Leibniz’s rule is
compatible with the non-trivial relations (5.3.36) and (5.3.37), i.e.

dxit + xidt = a;dtx; + aitdxq + bidx; + dpi(t), for 1 <i<3

3
deXi + X;j dx; = Cijj dXiX]' + Ci,jxide + Z qﬂ? dxy, for i< ]
k=1
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Due to that tdt = dtt, which defines the usual commutative calculus on the polynomial
ring k[t], dpi(t) = dtp{(t), 1 <i< 3.

Define k-linear maps

at) aXi : O'(k[t])<X],X2,X3> — G(k[t])(X])XZ,X3>
such that

d(a) = dtdi(a) + Z dx;0y, (a), for all a € o(k[t])(x1,%x2,X3).

These maps are well-defined since dt, dx;, 1 < i < 3 are free generators of the
right o(k[t])(x1,%2,%x3)-module Q' (o (k[t])(x1,%2,x3)). With that, d(a) = 0 if and only if
0t(a) =0y, (a) =0, 1 <1i < 3. Using relations (5.3.64) and definitions of the maps v, vy,
1 <1i < 3, we obtain that

at(th§1 x52x3 ) =kt~ ]xl‘ xézx?, (5.3.69)
Ox, (th%‘ x?x?) = lia; ¥ (t — by)*x %‘ 1x§2x3 ,

aXZ(thﬁ‘ xézx?) = La (t— by)* c, 2 (x1 — q%) 52 ]x?, and

Oy (TN XPX5) = T30 (t — b3)er ( — g3 ey (x2 — qha)2xy

Then, d(a) = 0 if and only if a is a scalar multiple of the identity. This shows that
Q(o(klt])(x1,x2,%3),d) is connected, where

4

Q(o(k[t])(x1,x2,%3)) = @ Qi(o(k[t])(xl X2, X3)).
i=0

The universal extension of d to higher forms compatible with (5.3.65), (5.3.66) and
(5.3.68) gives the following rules for Q(o(k[t])(x1,%2,x3)) (1 = 2,3):
dxi ANdt= —aidt Adxy, for1<i<3
dxj Adxy = —cyjdxg Adx;,  for 1 <i<j <3,
dxy Adxy Adt = —cipajaxdt A dxg A dxy, (5.3.70)
dx3 Adxy Adt = —c3a2a3dt A\ dxy A dxs,
dx3 Adxy; Adxy = —cypc13¢23dx1 Adxy Adxz, and
dx3 Adx; Adt = —ajazerzdt A dxy A dxs.

Since the automorphisms v¢, vy, 1 <1i < 3 commute with each other, there are no
additional relationships to the previous ones, so

Q3 (o(k[t])(x1,x2,%3)) = [dt A dx; Adxy @ dt A dxy A dxz @ dt A dxy A dxz
@ dx; A dxy A dxslo(klt]) (x1,x2,X3).

Now,

Q* (o (klt]) (x1,%2,%3)) = wolklt]) (x1,%2,%3) = o(kt]) (x1,%x2,X3)
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as a right and left o(k[t])(x1, X2, x3)-module, with w = dt A dx; A dx; /A dx3, where
V@ = Vi 0 Vx, O Vy, O Vy,, this means that w is a volume form of o(k[t])(x1,%2,x3). From
Proposition 1.7 (2), it follows that w is an integral form by setting
w} = dt, wj1 = dxj_1, for 2 <j <4,
wi=dtAdx;, wi=dtAdx, wi=dtAdx;, ©]=dx;Adxy,

w% = dx; A dxs, wé = dxy A dxs,

w? =dt A dx; A dxy, w% = dt A dxy; A dxs, wg = dx; A dxy A dxs,

wf{ = dt A\ dxy A dxs,

1 1

1 =1 -1 1 -1 _ 1 -1 _ -1 1 -1

Wy = —az ¢3¢,3dx3, @y =—a; dx;, @3=dt, @;=cyya, dx;

2 1 -1 1 1

Wi = a,; a3 ¢3¢y ,dxa A dxs,

@5 = —a;'ay e tdxg A dx @3 =a;'ayTdxg A dx @3 =cylesldt A dx
2= 1 93 E30%0 3y 374 4 1 25 4 —=4%3423 3y

Wi = —c?)]zdt/\ dx;, @% = dt A dx;,

-3 -1 _-1_—1 -3 -1 -1

w7 =—a; a; az dx; Adxz A dxs, wzzc]’g)c])zdt/\dxz/\dx&

@3 = —cp3dt A dx Adxg,  @F = dtAdxg A dxy.

Let w’ = dta + dx1b + dxzc + dxzd, a,b,c,d € k. Then

4
Z wlmy (@3 A w') = dtnw(—aa]_1 a2_1 a3_] dx1 A dxy A dxs A\ dt)

i=1
+ dxi7 (bey jep hdt A dxg A dxg A dxi)
+ dxznw(—ccz”; dt A dxq Adxz /A dxy)
+ dxz7,, (ddt A dxy A dxy A dxs)
= dta + dx1b + dxyc + dxzd
=w'.
On the other hand, if
w” =dt Adxja+ dt Adxob + dt A dxze + dxg A dxad + dxg A dxze + dxy A dxsf

with a,b,c,d, e, f € k, it yields that

6
Z Wi, (07 A w”) = dt A dxmw(aaz_] ag]ci;ci]zdxz Adxz A dt A dxg)

i=1
+ dt N dxznw(—baf] a?ciédm A dxz A dt A dxy)
+ dt A\ d7<37rw(caf1 a;l dxy A\ dxy /A dt A dxs)
+ dx; A dxznw(dci;cigdt A dxsz A dx; A dxy)
+dx; A dxytw(—eci]zdt A dxa A dxy A dx3)
+ dxy N dxzmrg (fdt A dxg A dxy A dxs)

=dtAdxja+ dt Adx;b + dt Adxse

+ dx; A dxod + dxg /A dxze + dxy /\ dxsf

— wl/.
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Let
w” = dt A dx; Adxaa+ dt A dxy A dxsb 4+ dx; A dxa A dxze + dt A dxg A dxsd,

with a,b,c,d € k. Since that

3
Z Wity (@] A ™) = dt Adxg A dxznw(—aag]c]_‘;cz_édm Adt A dxq; A dxy)
i=1
+ dt A dxg A dxaTie(—bay Tdxg A dt A dxa A dxs)
+ dx1 A dxy A dxszmrg (cdt A dxg A dxo A dxs)
+ dt A dxg A dxamg (dephay Tdxg A dt A dxg A dxg)
= dt A dx; Adxya+ dt /A dxy Adxsb + dxg A dxy A dxse
+dt Adx; Adxzd = w”,

we conclude that o(k[t])(x,%2,x3) is differentially smooth. O

5.3.3 SPBW extensions in n indeterminates

The noncommutative differential geometry of SPBW extensions of the form o(k[t])(x1,...,Xn)
satisfying the defining relations

xir(t) = oi(r(t))xi 4+ 8i(r(t)), and
(k)

n
0
xixi = cij(thax + qip (1) + Y ai (U,
k=1

In this case, we consider oi(t) = a;t + by, for ai, by, € k, and a; #0, 1 <1< n, and
the derivations 8; are motivated by (2.2.1), that is,

f(oy(t)) —f(t)

where p;i(t) € k[t], 1 <1 < n. The relations between t,x1,...,xn can be expressed as
xit = aitx; + bix; + pi(t), and (5.3.72)

n
XjXi = CijXiXj + qES) + Z qg;)xk, for 1< 1, <n. (5.3.73)

k=1

Lemma 5.14. Let
vi(t) =t, vi(x) =apxq+pi(t), for1<i<n (5.3.74)

V(1) = G;] (1), vx(xi)=%, for1<i<n (5.3.75)

Vi (%)) = 5% + q&), fori<j and vy (x5) = c;i]xj — c;ﬂ q](:l), for i >j, (5.3.76)
where p{(t) are the t-derivatives of pi(t) for 1 <i<mn, and cij, qg;) €k, ci; #0, for

all 1 <1i,j,k <n.
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Table 5.3: Leibniz’s rule

Case Possibilities for aj, by, i=1,2,3 Polynomials pi(t), i = 1,2,

(a) @ =1,b;=0, forall 1<i<n pilt)=0forallT<i<n
pi(t) € klt], for al

®) | a=1forall1<i<n, b #£0, forsomel<l<n Pl =pupick

Pi) =0, forall 1
(€ |ar#l.ag=1,b,=0forreSC(l,...,n}and s €S | py(t) =0 Pr[&):pr(l+%>,ﬁ)l‘r&'S;{!,...,n)umlses‘.p,Ek
() a #£1,b=0, forall 1<i<n pilt) =pit, p ek, forall 1<i<n

(1) Leibniz’s rule holds in the cases listed in Table 5.3.
The symbols defined by (5.5.74), (5.53.75) and (5.3.76) simultaneously extend to algebra
automorphisms Vi, vy, 1 <1< n of o(k[t])(x1,...,xn) in cases (a) - (d).

(2) In cases (a) - (d), we have that

VEO Ve, =Vx 0 Ve and Vg 0 Vy =Vx 0Vy, forl<ij<mn. (5.3.77)

Theorem 5.15. If a SPBW extension o(k[t])(x1,...,xn) satisfies one of the conditions
(a)-(d) in Lemma 5.1/, then it is differentially smooth.

Proof. Since o(k[t])(x1,...,xn) has Gelfand-Kirillov dimension n + 1, we can construct an
n-+1-dimensional integrable. Consider Q' (o(k[t])(x1,...,%n)) a free right o(k[t])(x1,...,Xn)-
module of rank n + 1 with generators dt, dxp,...,dx,. Define a left o(k[t])(x1,...,xn)-
module structure by

adt =dtve(a) and adx; = dxivy(a), forall 1 <i<n, aeo(klt])(x,...,Xn),
(5.3.78)

where v and vy, withi = 1,...,n are the algebra automorphisms established in Lemma
5.14. The relations in Q'(o(k[t])(x1,...,Xn)) are given by

tdt = dtt, tdx; = dxia; ' (t—by), forall 1 <i<mn, (5.3.79)

xidx; = dxixy, xidt = dt(aix; + pi(t)), forall1<i<mn, (5.3.80)
and

xidy; = dxj(cixi —cifql)), fori<j, and (5.3.81)

Xidxj = de(Cj,iXi + q](fl)), for i > j. (5.3.82)

We want to extend the assignments t — dt, x; — dxq, 1 <1< n toa map
d:o(k[t)(x1y...,xn) — Q1(cr(]]<§[t])<x1,...,xn>)
satisfying the Leibniz’s rule, so we need to impose the compatibility between this rule
and the non-trivial relations (5.3.72) and (5.3.73). In this way, we have that
dxit + x4dt = aidtx; + ajtdx; + bidx; + dpi(t), for T <i<n, and

n
deXi + X dx; = Cijj dXin + Ci,jxide + Z C[S;) dxy, fori<j.
k=1
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Note that in view of the equality tdt = dtt, which defines the usual commutative
calculus on the polynomial ring k(t], we get that dp;(t) = dtp/(t) for 1 <i < mn.

Define k-linear maps

Ot, Oy, : O(k[t]) (x1,...,xn) = o(k[t]) (X1,...yXn), 1=T,...,1m,
such that
d(f) = dtd(f) + Z dx;0, (f), for all f € o(k[t])(x1,...,Xn).
These maps are well-defined since dt and dx; (1 < i < n) are free generators of the
right o(k[t])(x1,...,Xn)-module Q'(o(k[t])(x1,...,%n)). Thus, d(a) = 0 if and only if

0t(a) = 0y, (a) =0 for T <1 < mn. Using relations appearing in (5.3.78) and the definitions
of the maps v¢ and vy, (1 <1< n), we obtain that

Qe (Exh - xlm) = ket T }3, and (5.3.83)
1 ny — k —-1_L4L In
Oy (T - xi) = Lia Hc qSl i XX

Hence, d(a) = 0 if and only if a is a scalar multiple of the identity. This fact shows
that (Q(o(k[t])(x1,...,%Xn),d)) is connected, where

n+1

Q(o(k[t)(x1,...,%n)) = D QYo (k[t) (x1, .., %n)).

The universal extension of d to higher forms compatible with (5.3.79), (5.3.80) and
(5.3.82) gives the following rules for Q'(o(k[t])(x1,...,xn)) (2 <1< n):

dxge) A A dxgs) A dEA dxgsn A Adxg = Ha dt A /\ dxy
k#s1
(5.3.84)
t 1
N dxquo = (D] ] erf A dxpugs  (5.3.85)
k=1 T,5€P k=1

where where s1 € {1,...,1} do not appear in Relation (5.3.84), q : {1,...,1} = {1,...,n}
is an injective map, p : {1,...,1} = Im(q) is an increasing injective map and § is the number
of 2-permutations needed to transform q into p, and P :={(s,t) € {1,...,1} x{1,...,1}|
q(s) > q(t)k

Since the automorphisms v, vy, 1 <1 < n commute with each other, there are no
additional relations to the previous ones, so we get that
n—1
Q™(o(k[t)(x1,...,xn)) = [P At Adxg A+ dxe 1 Adxeyg A+ A dxn
r=2
AdtAdxy A Adxn @ dt Adxy A Adxng

@dxy A« A dxn] o(k[t]) (X1, ...y Xn)-
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Now, since

Qn+] (G(k[ﬂNX]w .o aXn>) = wc(k[t])<x1, R )Xn> = G(k[t])<xh R aXn>

as a right and left o(k[t])(x1,...,Xn)-module, with
w=dtAdx;A---Adxqn and Ve =VL0Vy, 00V,
it follows that w is a volume form of o(k[t])(x1,...,Xn). In order to make the calcula-
tions easier, we consider the following notation t = xg, co; = a; for 1 <1 < n.
From Proposition 1.7 (2) we get that w is an integral form by setting

j—1
j . n+1
w{: /\ dxp,m,(k), for 1 <1< < ] >,
k=0

@M1 = (—1)ku H Cre /n\dxf,i’j(k), for 1 <i< <“TL]>,
rsePi; k= )
for 1 <j <n+1 and where
Pij i10y...,j =1} = {0,...,n}, and
Pij ..y} = (Im(pi;))©

(the symbol (¢ denotes the complement of the set [J), are increasing injective maps,
and fi; is the number of 2-permutation needed to transform

PiiG)y -y Pij(n)ypij(0)y...ypij(G — 1)}  into the set {0,...,n},

and
Pij i={(s,t) €{0,...,j =1} x {j,...,n} [ pi(s) < py;(t)}

Consider w’ € QI (o(k[t])(x1,...,%n)), that is,

(™) 5
w' = Z /\ dxpw(k)bi, with b; € k.
i=1 k=0
Then
™ . _ (™) i
> wimp(@ T Aw) = Y [/\ dxmm] T [ AW
i=1 i=1 k=0
(™) 5
= Z /\ pri‘j(k)bi = (U/,
i=1 k=0
where

n
0= T et A a0
k=j

T,SGPi‘)’

By Proposition 1.7 (2), it follows that o(k[t])(x1,...,xn) is differentially smooth. [
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Remark 18. Note that there is no unique way to define w% and (I)?_j. Our way of defining
them is because it is the simplest.

5.4 Differential smoothness of SPBW extensions over k[t;, t]

Finally, we investigate the differential smoothness of bijective SPBW extensions over the
commutative polynomial ring k(t;, ta].

Aut(k[ty, t;]) are compositions of automorphisms of two types (see McKay and Wang
[MW8S], Shestakov and Umirbaev [SU03] or Van den Essen [DE00] for more details):

o First type:

tiy— anti +anpty+ a3 and  ty — anty + axnty + azs, (5.4.1)

where ai; € k and ajjaz — ajpan 75 0.

e Second type:
t1—t1, t2r—t2 +hity), (5.4.2)

where h(tq) € k[t;].

With these facts in our hands, we proceed to study the differential smoothness of SPBW
extension on two generators.

5.4.1 SPBW extensions in two indeterminates

Let o(k[ty, t2])(x1,%x2). From Definition 5.2 we know that
x17(t1) = o1 (r(t1))x1 +61(r(t1)), x2r(ty) = o2(r(t1))x2 + 82(7(t1)),
x17(t2) = o7 (r(t2))x1 + 01(r(t2)), xov(t2) = o2(r(t2))x2 + 82(7(t2)), and

0 1 2
x2x1 = c12(tr, t2)x1x2 + qg,%(thtz) + qg,%(thtz)m + qg,g(thtz)xz»

(0)
1

. 1 2
where the polynomials r(t1, t2), ¢12(t1, t2), a1 3 (t1, t2), 4}’ (11, t2), g1 (11, t2) belong to

klty, t2], and c12(t1,t2) is a non-zero element.

Considering the notation above, we write o7, 03 € Aut(k[ty, t2]) as follows:

o1(t1) = amty + anztz + by
o1(t2) = ainty + a2tz + by,
02(t1) = aanty + aziaty +byy,  and
02(t2) = aanty + azats + boa.
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As in Section 5.3.1, the polynomials pi(ty,t2), p2(ti,t2) € klty, t2] are considered in
such a way that the following identities

x1ty = amtixg + anztoxy + bixg +pi(ty, t2),

)
xot1 = axnitixg + aziptaxy + barxo + pa(ty, ta),
)y (5.4.3)

(

(
x1t2 = antixg + aiptaxy +bixxy +pi(ty, t2
x2t2 = axitixg + axtaxz + baoxa +pa(ty, tz),  and

0 1 2
x2x1 = c12(t1, t2)x1%2 + qg,%(thtz) + q%,é(tntz)x] + q%,z](thtz)xb

hold. Since the map d : o(k[ty, t2])(x1,%2) — Q'(o(klty,t2]))(x1,%2) must satisfy
Leibniz’s rule, it is straightforward to see that we need to guarantee the conditions

* C12 qﬁ?}, qﬁ‘}, qg%z) € k, with ¢y, non-zero.
o pi(ty,t2) = p1 and pa(t1,t2) = p2, where p1,p2 € k.
e a1 = a2 =ap2=ay =0.

Indeed, the first four relations in (5.4.3) can be written as

xitj = agrtix; + ayatoxi + byxg +pilts, t2), for i,j € {1,2}. (5.4.4)
By applying d to (5.4.4) we get that
0 = —d(xitj) + d(ayitixg + agatoxi + byxi + piltr, t2)).

Since d is k-linear, the Leibniz’s rule implies that

0= — dXit]‘ — Xidtj + aiji dtix; + Clmt] dx; + aijzdtzxi + aijztzdxi
+ bydx; + d(pilty, t2)).

By (1.4.2), the action of the module is written using the automorphisms vy, , V¢,, Vy,
and vy,, that is,

0= — dxity — dtj\/tj (x4) + aij1dtixg + aijrdxivy, (t1) + aijdtoxg + aijpdxivy (t2)
opi opy
bydxi + dtj— + dtr,—.

If we put together the terms that multiply the different differentials, then

a .
0 = dxi(—tj + aiji vy, (t1) + aija vy (t2) + byy) + dty (amxi + 6?)

0
dt, (Clijzxi P ) — dtjvtj (xi).

i
+ oty
For j =1, we obtain the term

apl_o
— Y

Ai19Xs + —
112X1 a‘tz
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whence aj;; = 0 and %% =0 forie{1,2}

Next, when j = 2,

op; —0.

12184 at]

i =0 for i €{1,2}.

Once more again, it follows that aj;; = 0 and
Since the partial derivatives of p; are zero, we conclude that p; is a constant element

for i € {1,2}.
By applying d to the last equation in (5.4.3) we get that
d(x2x1) = d(c1a(ty, t2)xix2 + Clg?z)(thtz) + qgg(thtz)?ﬂ + qg?%(tbtz)xz)
= d(cr2(tr, t2))xix2 + c12(tr, t2)d(x1x2) + d(qﬁ?}(tutz))
+ d(qﬁ@(thtz))x] + q$12)(t1>tz)dx1 + d(qug(thtz))xz + quz)(thtz)dxz

2x1%2 4 ¢ 2(t1, t2)dxixg + cq2(tr, t2)x1dx;

ocy
— dt
! at atz

aq12 aqm aq12 aq12
+dtj—= 6t1 +dty—= o +dty o — X1 +dt; atzx —i—q]z(t],tz)dxl

q1z q1z 2)
dt dty—>= t1, ) dxy.
+ dty o1, —=% + ot X2+q12( 1, t2)dx;

The expression (1.4.2) implies that the action of the module is written using the

automorphisms vy,, Vi,, Vx, and vy, as follows:

ocy ocy
0 = —dxox1 — dx1vy, (x2) + dty 2x1x2 + dx) vy, (¢ 2(t,t2))x2
at] atz
+ dxy vy, (€12(t1,12)) v, (x7) + dtg —>= Chz + dty—>= q]Z + dty q]z)q -I-dtzﬁm
22TheTh 2 oty oty oty oty

0 0
+dX1VX1(qgjz)(t1,t2))+dt1 aqt]zx + dt; ;IEZXz—i-dXzVXZ(q]Z(t],tz))

In this way,

(0) (1) (2)
aci2 0d;, , 995, 09,
0=dt : + = 2 + :

! < ot 12 oty oty e oty 2

(0) (
oci 0q ) aq] 2. di2
dt > » .
T ah ( oty XXt atz + oty Xt oty X2

From the reasoning above, it can be seen that all partial derivatives must be equal to
zero. Equivalently, ¢ 7, qgoi, qs]z), quz) € k, with ¢y, a non-zero element of the field k.
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The five relations in (5.4.3) are reduced to

x1tr = ammtixg + buxg + p1, (5.4.5)
xotr = azntixz + baixz + pa, (5.4.6)
xity = aiptyxy + biaxs +p1, (5.4.7)
X2ty = axotyxs + byxs +p2, and (5.4.8)
0 1 2
X2X1 = C12X1X2 + qu) + q%y%m + qg’z)xZ. (5.4.9)
All these facts allow us to formulate the following proposition.
Proposition 5.16. Let
vy, (t) = t, v, (t2) = ta, Vi, (x1) = anixy, (5.4.10)
v, (%2) = aanixg, vi, (1) = ti, vi, (t2) = ta, (5.4.11)
Vi, (x1) = aizzx1, Vi, (x2) = axoxy, Vx, (t7) = am (t1 — byy), (5.4.12)
1
Vx; (t2) = ]zz(tZ —b12), Vx; (x1) = x1, Vx; (x2) = C12X2 + qg’%, (5.4.13)
Vi (t1) = gt (1 = ba1), Vi (t2) = agph(ta —baa), Vi, (x1) = €7 x1 — €74y 5,
(5.4.14)
Vx, (x2) = x2. (5.4.15)
Then:

(1) Leibniz’s rule holds in the cases listed in Table 5.4. The maps defined by (5.4.10),
(5.4.11), (5.4.12), (5.4.13), (5.4.14) and (5.4.15) simultaneously extend to algebra
automorphisms Vi, , Vi, Vx;y Vx, 0f 0(klt1, t2])(x1,%2) in cases (a) - (p).

(2) In cases (a) - (p), we have that

Vt' o th = Vt]' o ‘Vti) Vt' o VX]' = VXj o ‘Vti) VX'

1 1 1

O Vy; = Vy; 0 Vy;, forij=T1,2.
(5.4.16)

Proof. For the first assertion, the map v¢, can be extended to an algebra homomorphism if
and only if the definitions of vy, (t1), vy, (t2), Vi, (x1) and vy, (x2) respect relations (5.4.5),
(5.4.6), (5.4.7), (5.4.8) and (5.4.9), i.e

Vi, (X1) Ve (t1) — Vi, (arity +bir)ve, (x1) = vy, (p1),
Vi, (x2) v (t1) — vy (aants + bar) vy (x2) = vy, (p2),
Vi, (X1) vy (t2) — vy (@122t + bi2) vy (x1) = vy, (p1),
Vi, (x2) vy (t2) — vy (@222tz + baz) vy (x2) = vi; (p2),  and
Vi, (x2)ve, (x1) = €12ve, (1) v, (x2) = a1 + aive, () + giv, (xa).
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Table 5.4: Leibniz’s rule
Case | Possibilitics for amy, arzz, azn, azz | Polynomials py and py Restrictio
@ |an=Taz=lar=Tan=1
) | am £1 a =1, am =1, e =1 \1rlxb,70\mlq‘,” I or g)') =0 and by € k
mAELaz=1an=1az=
0.1z =anr b, b buqih ek
0 0
11,12 € k with by =0 and q}') €k o q, =0and by €k
(@ |am=Taz#lan=1an=1 >
) =0, 1= @i, biy, bz, baryal})
@ |am=1 am=1, am# 1, a1 with byz = 0 and g1} € k o q(’ 0and by €k
2= az, bizybay,
© | am =1 am=1, am =1, am £1 I with by = 0 and g} q“ 0and by €k
=am, bu
) |am#lLan#lan=1an=1 =bn =04 =a} =0 cipa)
by =bp =0, q“ a3 =0.am am. a3} bu, b
(&) jam#Lam=Tan#l, an=1 2binbiybn ek
am = a3 alh=q) md e1p e kor g ekand 10 =0
) |am#1 am=1 a PL=p2=0
() |an=1an#l a p1=p2=0
() |am=1ax#1, a Pr=p2=0
gl
am = ah i) = a3 2=0
; —p=0
® [am=T am=1 an#1 an#l Bop:
Piekp=0
O Jam=1lam#l an#l an#l
(m) [am#L am=1an#l, an#l pr=p2=0
() Jam#T, am#1, a cam A1
(0 |am#1 am#1 Lam=1
a
® |am#Lan#lan#l, an#l pr=p2=0 al=q 0. @ = aiy 2 bay = —ay b, e12,bir b €k
a4y = a3 =0 @ = g am apybir, b = L byy, by €k with ¢jp = 1and g €koor q)) =0 and cpp €k

We obtain the equations given by

pilan —1
p2laz —1

)

b

q12(a2nam —1

q1 2((1211 —1

-

)

0
0
0
0
0

)
)
)
)
)

qu(am —1

(5.4.17)

and (5.4.18)

Again, the map v, can be extended to an algebra homomorphism if and only if the

definitions of v, (t1), Vi, (t2), Vi, (x1) and vy, (x2) res
(5.4.8) and (5.4.9), that is,

ainty + by

pect relations (5.4.5), (5.4.6), (5.4.7),

Vi, (X1) Ve, (t1) — Vi, ( )i, (1) = Vi, (p1),
Vi, (x2) Vi, (t1) — Vi, (@21t + ba1)ve, (x2) = Vi, (p2),
Vi, (X1) v, (t2) — Vi, (a122t2 + b12)ve, (x1) = Vi, (1),
Vi, (X2) Vi, (t2) — Vi, (a222t2 + b22)vi, (x2) = Vi, (p2), and
Vi, (x2) v, (1) — €127, (x1)ve, (2) = 41 + 41 ve, (1) + g1y v, (x2)
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Then

pilain —1
p2laxpy —1

)

b

0
0
0,
0
0

q1z(azzz 1 ,

)=
)
q(o)(azzzam —1)
)
)

qg%(a1zz—1

)

(5.4.19)

and

The map vy, can be extended to an algebra homomorphism if and only if the definitions
of vy, (t1), Vi, (t2), Vx, (x1) and vy, (x2) respect relations (5.4.5), (5.4.6), (5.4.7), (5.4.8) and

(5.4.9). This yields that

Ve (X1)Vx, (£1) = Vg (@111t 4+ b11) vy, (X1) = vy, (P1),
Yy, (X2) Vi, (11) = vy, (@211t 4+ b21) vy, (%2) = vy, (P2),
Vo; (X1) Vi, (12) — Vi (@122t2 + b12) vy, (X1) = Vi, (P1),
Vo (X2) Vi, (12) — Vi (@222t2 + b22) vy, (X2) = Vi, (P2), and
0 1 2
Vi (X2) Vi (31) = €12V (1), (%2) = Q13 + @1 v (31) + @15 v, (x2).
Thus, we get that
p](a]_]]] - ]) = 0>
pl(al_zlz_ ]) = 0)
Clﬁh (bz] — b+ (1211b11) — by = 0, (5.4.20)

—1
p2(ajierz —

ajp (b2 — b2 + azmbia) — by =0,

—1
Pz(amC],z -

_ 1
)= a1z12b22qg,z)>

N 1
1) = an11b21q§’%,

and

0) M _(2)
qralc12—1) = g3 ,47 5

As above, the map vy, can be extended to an algebra homomorphism if and only if the
definitions of vy, (t1), Vx, (t2), v, (x1) and vy, (x2) respect relations (5.4.5), (5.4.6), (5.4.7),

(5.4.8) and (5.4.9). Then:

Vo (X1) Vi, (11) = Vi, (@111t 4+ b11) Vi, (X1) = Yy,
Vi, (X2) Vi, (1) — Vxy (@211t + 21)Vx, (X2) = Vi,
Vi, (X1) Vi, (t2) — Vi, (@122t2 + D12) vy, (X1) = Vi,
Vx, (X2) Vi, (2) — Vi, (@222t2 + 022) vy, (X2) =

Vi, (X2)Vx, (X1) — €12V, (X1) Vi, (X2) = q§°§

+q!

and
1

)

2
Mo (1) + AV, (x2).



5.4. DIFFERENTIAL SMOOTHNESS OF SPBW EXTENSIONS OVER k[T, T] 145

Equivalently,
pa(ayy —1) =0,
pa(azy —1) =0,
azy(b11 — b + anbay) — by =0, (5.4.21)
pilazieid— 1) = —cidazbnaly,
a5 (b2 — by + ainby) — b1y =0,
P1 (01212C1; = - Cf;alezb12qg%2)» and
q1z( —1)= CT;qSBq%

These equations are satisfied by the conditions formulated in the Table 5.4.

For the second assertion, it is enough to prove it for the generators t;, tz, x1 and x;:

(vi; o vi,) (1) = vy, (1) = ty,

(v, o vy ) (1) = vy, (1) = ty,

(v, 0 v, ) (t2) = vy, (t2) =12,

(v, 0 v, )(t2) = vi, (t2) =12,

(Vi 0 vy, ) (x1) = vy, (@i2x1) = amarxs, (5.4.22)
(v, o vy ) (x1) = Vi, (anix1) = anraizax,

(v, 0 Vi, ) (x2) = v, (az22%2) = azzaz211%2, and

(Vi, 0 v ) (x2) = i, (az211x2) = axaziixa.

In each case, the conditions shown in (5.4.22) hold, and so Vi, © V¢, = Vi, © V¢, .

Next,
(Vi 0 vy, ) (t1) = vy, (a7 (1 — b11)) = ap7h (81 — b)),
(Vey © Vi, ) (11) = vy, (1) = ayy (11 — b)),
(Vi, © vy, ) (t2) = Vi, (@ (t2 — b12)) = ajp(t2 — b)),
(Vey 0 Ve, )(£2) = Vy, (t2) = @y (t2 — bra),
(v, 0 v, J(X1) = v, (1) = arnix, (5.4.23)
(Vig 0 vy ) (x1) = vy (a1mix1) = ainxa,
(Vi 0V, ) (x2) = vy, (c12%2 + qg]z)) = az1C12%2 + qgg, and
(Vay © Vi, )(x2) = Vay (@211%2) = aomi (c12%2 + 2)

Note that the only conditions that appear to be different in (5.4.23) are (v, o vy, )(X2)

and (vx, o Vi, )(x2); these are satisfied when qg]‘z) = anm qgg As we can see, every case in
Table 5.4 satisfies these conditions.
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Now,
(Ve, © vy, ) (1) = v, (a3 (t1 — ba1)) = a3 (t1 — bar),
(Vag 0 Vi, ) (1) = v, (t1) = a3, (1 — b21),
(Vi; 0V, ) (t2) = Vi, (a305(t2 — b22)) = Az, (t2 — baa),
(sz 0 Vi, (t2) = Vx, t) = az_z]z(tz —b2),

1

—_
—_— — Y e
—+

( ( i —aiy)) = sz(amm — ),
(Vxy 0 vy ) (x1) = vy, (@111x1) = @iy 2(X1 q1 z)

(Vi; 0 Vx, J(Xx2) = Vi, (x2) = aziixz, and

(Vxy 0 Viy ) (x2) = vy, (@211%2) = az11%2.

(5.4.24)

Once more again, note that the only conditions that appear to be different are (v, o

Vx, )(x1) and (v, o V¢, )(x1); these are satisfied if qgg = amq%, and all cases in Table 5.4

satisfy both conditions.

Consider
(Vi, © vy, ) (t1) = Vi, (a77) (1 — bi1)) = ajfy (1 — by),
(Vx; 0V, ) (1) = vy, (t1) = 01_111 (t; — b11),
(Vi, 0 Vi ) (82) = Vi, (@735 (t2 — b12)) = apys (ta — bia),
(Vey 0 Vi, ) (12) = Vy, (t2) = @y (t2 — bra),
(Viy 0 vy ) (x1) = Vi, (x1) = a122x1,
(Vi © Vi, ) (x1) = Vi, (@122%1) = aizax1,
(Viy 0 vy ) (x2) = v, (e10%2 + q%‘}) = c12a220%2 + qgg, and
(vxy 0 Ve, ) (X2) = vy (@222%2) = azaa(€1 0%z + q%g)-

(5.4.25)

By using a similar reasoning, it can be seen that all cases in Table 5.4 satisfy these

conditions.

We continue with the following compositions:

(Vi, © Vi, ) (t1) = Vi, (a3 (t1 — b21)) = a3 (1 — bay),
(Vx, 0 Vi, ) (t1) = Vx, (t1) = a5, (t1 — ba1),

(Vi, 0 Vi) (t2) = Vi, (a3 (t2 — b22)) = apps (t2 — b22),
(Vx, 0V, ) (12) = Vx, (t2) = aypy(t2 — b22),

(Y, 0¥y, ) (1) = Vi, (73 (01 — 1) = c;;(amm — a3,
(Vi © Vi, ) (x1) = Vi, (122x1) = @inacy ) (31 — q) 2)

(Vi, 0 Vx, ) (X2) = Vi, (x2) = axp2x2, and

(Vxy 0 Vi, ) (x2) = v, (@222%2) = @z222%2

All cases in Table 5.4 satisfy conditions in (5.4.26).

(5.4.26)
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Finally,
(Vx1 S sz)(tl) Vi ((121]1 (t1 —b21)) = a1 (a1_1]1 (t1 —b11) —b21),
(Va © Vg )(11) = iy (@77 (21 — b11)) = @77 (ayth (t1 — bar) — b)),
(Vx, ©Vx,y)(t2) = Vi, (@555 (t2 — b22)) = a535(ap5y(t2 — b12) — baa),
(Vx ©Vy )(t2) = iy (@795 (t2 — b12)) = ajps (appy (t2 — baa) — bia),
2 _ 2
(Vi 0 Vi) (x1) = ¥y, (€401 — 41) = €13 (x1 — q13),
2
(Vs 0 Vi) (%1) = Vi, (x1) = €13 (x1 — q13),
(1
(Vi 0 Vi) (x2) = ¥y, (x2) = 1%z + 4}, and
(Vi © Vi J(X2) = Vi, (C12%2 + q1 2) =C12%X2 + q1 2

(5.4.27)

At first glance, it seems that compositions (vy, o vy, )(t1) and (vx, o v, )(t1) are
different. However, due to the expression (5.4.21), they coincide. Similarly, it occurs with

the compositions (v, © Vx,)(t2) and (v, o vy, )(t2). All are satisfied.

We arrive to the important result of this section.

O]

Theorem 5.17. If a SPBW extension o(klty, tz2])(x1,%2) satisfies one of the conditions

(a)-(p) in Proposition 5.16, then it is differentially smooth.

Proof. As GKdim(o(klty, t2])(x1,%2)) =4, we proceed to construct a 4-dimensional inte-
grable calculus. Consider Q'(o(klty, t2])(x1,%2)), a free right o(k[t, t2])(x1,x2)-module of
rank 4 with generators dty, dt,, dx;, dx;. Define a left o(k[t;, t2])(x1,x2)-module structure

by

adt; = dtyvy, (a), adxy =dxgvy (a), forallie{1,2},a € o(klty,ta])(x1,x2),

(5.4.28)

where vy, vy, 1 € {1,2} are the algebra automorphisms established in Proposition 5.16.

Notice that the relations in Q'(o(k[t, t2])(x1,x2)) are given by
tidt]' = dtjti tide = dX]' Cl]_u] (t; — bij), for all 1,j € {1, 2},

xidxy = dxixi, Xidtj = dtj QijjXi, for all i,j € {],2},

and

—1 -1 .(2)
X1 dXz = dXz(C],2X1 — C1,2q1,2)’

1
x2dx1 = dxq(ci2%2 + qﬁj)-

We extend the maps t; — dti, x; — dx; for 1 € {1,2} to a map

d: G(k[t1,tz])(X1,X2> — .Q] (U(k[t1,t2])<X1,X2>)

(5.4.29)
(5.4.30)

(5.4.31)
(5.4.32)



5.4. DIFFERENTIAL SMOOTHNESS OF SPBW EXTENSIONS OVER k(T;, T>] 148

satisfying the Leibniz’s rule. From relations (5.4.5), (5.4.6), (5.4.7), (5.4.8) and (5.4.9)
we get that

dXitj + Xidtj = Qyjj dthi + aijity dx; + bi]' dxi, fori,je {1,2}, and

dxoxy +x2dx; = ¢cy2dxix + ¢r2x1dx; + qggdm + qu)dxz.

Define k-linear maps

Ot,, Ox; : o(klty, t2]) (x1,%2) — o(klty, ta])(x1,%2)

such that

d(a) = dt; 9y, (a) + dt20¢,(a) + Z dx;dy. (a), for all a € o(klty, ta])(x1,x2).

These maps are well-defined since dt; and dx; for i € {1, 2} are free generators of the
right o(k[t, t2])(x1,x2)-module Q'(o(klty,t2])(x1,%2)). Hence, d(a) = 0 if and only if
0, (a) = 0y, (a) =0 for 1 € {1,2}. Using relations (5.4.28) and the definitions of the maps
Vi, Vx;, 1 € {1,2}, we obtain that

04, (tktix?xéz) = ktl~ ]tix%‘ XEZ, (5.4.33)
atz(tktEX%T xéz) = stkt§ ]x%‘ XEZ,

o (85X x2) = 1“111‘1122(t1 b11)*(t2 — b)) "%y, and
axz(tkti)‘%1 Xéz) = b, 2 aznazzz( bZl) (t2 —b22)*(x1 — qu) 52 ]

Then, d(a) = 0 if and only if a is a scalar multiple of the identity. This shows that
Q(o(klty, t2])(x1,%2),d) is connected, where

4

Q(o(klty, t2])(x1,%2)) = @Qi(cr(k[thtz])(x],xﬁ).
=0

The universal extension of d to higher forms compatible with (5.4.29), (5.4.30) and
(5.4.32) gives the following rules for Q'(o(k[tq, t2])(x1,%2)) with 1 = 2, 3:
dt, Adty = — dty A dty, (5.4.34)
dxi Adtj = — ay;dt; Adxg,  for i,j € {1,2},
dxp Adxy = —cyjdxg A dxy,
dx; Adty Adty = — ajppapdty Adty A dxg, (5.4.35)
dxy; A dty A dty = — azrpazpdty Adty A dxg,
dxo Adxy Adty = —cipamaznidty Adxy Adxy, and
dx; Adxy Adty = —cipaipazdt; Adxy A dx,.

Since the automorphisms v, and vy, for i € {1,2} commute with each other, there are
no additional relationships to the previous ones, so we write

Qg(O'(ﬂ([t1,t2])<X1,X2>) = [dt; A dxy Adxy @ dty; A dxy Adxy @ dtg A dt; A dx;
@ dty Adta A dX]]U(k[t1,tz])<X1,Xz>.
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Now, due to that

Q*(o(kltr, t2]) (x1,%2)) = wolklty, ta]) (x1,%2) = o(klty, ta]) (x1,x2),

as a right and left o(k[ty, t2])(x1,x2)-module, with w = dt; A dt, /\ dx; /\ dx,, where
V@ = Vi; O Vi, 0 Vy, 0Vy,, then w is a volume form of o(k[ty, t2])(x1,%2). From Proposition
1.7 (2), it follows that w is an integral form by setting

w} = dty, w} = dt;, w; = dx;, w}l = dx;,

w% = dt; A dty, (,U% = dty A dxq, w% = dty A dxy, wi = dt; A dx,
w% = dt; /A dxy, wé = dxq A dxy,

w? = dt; A dty; A dxg, w% = dt; /A dt; A dxy, wg = dt; /A dx; A dx;,
wi = dty; A dx; A dxy,

(I)} = —a;ﬁ agzlzciédxz, d)} = aﬁ]zam dxq, (I); = —dt;, (I)J‘ = dty,

@OF = ay)y a3 @ az,dx A dxg,

W3 = —a2_111 ci]zdtz ANdxy, @3 = a1_111 dty Adxy, @ = Clz_z]zC]_,]zdtl A dxz,
(D% = —a1_212dt1 A dxq, (Dé = dt; A dty,

(I)? = —(1#1 0511] dty; A dx;p /\ dxy, (I)% = afz]zaggzdt1 A dxqy A dxy,

@3 = —cydty Adtp Adxg,  @F = dty Adta A dxg

Let w’ = dtja + dt;b + dx;c + dxod, a,b,c,d € k. Then

4
Z wlme (@3 A w') =dty nw(—aaﬂ‘] agﬁ dt, Adxy Adxy Adty)
i=1
+ dtame (bajy, apndty A dxg A dxg A dtp)
+ dxmw(—cc]_‘]zdtl A dty A dxy A dxq)
+ dxyme (ddty A dty A dxqg A dx))
= dtja + dt,b + dxjc + dx,d

=w'.

On the other hand, if

w” = dt; Adtya+ dty Adxib + dty Adxye + dty Adxgd + dty A dxze + dxg /A dxof
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with a,b,c,d, e, f € k, it yields that

6
Z Wity (07 A w”) = dt; A dtznw(aaz_]1] aﬁ]] a]_gzaz_zlzdm Adxy; A dty A dty)

i=1
+dt) A dame(—bayiephdts A dx A dt A dxi)
+ dty A dxpm(cajihdta A dxg A dty A dxg)
+dty A dxi e (dag)yepydt A dxg A dtg A dxg)
+ dty A dxame (—eay,dty A dxg A dty A dxg)
+ dxq A dxomg (fdty A dty A dxy A dxs)

= dt; Adtya + dt; Adxib + dty A dxoc

+ dty; A dxjd + dty A dxze + dxg /A dxof

=w”.
Let
w” = dt; Adt; Adxja+ dty A dty A dxpbdty A dxg
A dxpc + dty Adxy Adxpd, with a,b,c,d € k.
Since

3
Z Wit (@] A w™) = dty Adt; A dx17tw(—aa2_1]1 az_zlzci}dxz Adty A dty A dxg)

i=1
+dt A dty A dxame (baghaghdxg A dty A dty A dxa)
+ dt; A\ dxy A dxomg (—edty A dty A dxg A dxg)
+ dt; A\ dxg A dxomg (ddty A dty A dxg A dxs)
= dt; Adty; Adxja+ dty A dty; Adxpbdty A dxy A dxgce
+dt, Adx; Adxad = w”,

we conclude that o(k[ty, to])(x1,x,) is differentially smooth. d

Remark 19. Only automorphisms of the form t; — ajity + apty + aiz, t2 — anty +
axty + a3, where aij € k and ajya; — ajpan; # 0 are taken. This holds for the following
reason. Without loss of generality, suppose that we have a relation with an automorphism
of the form t; — t1, t; — t2 + h(t;), where h(t;) € k[t;] as follows

xitr = tixg +pltr, t2),
x1ty = toxg +h(ty)x +pi(ty, t2).

When we want to take the automorphisms that can work to build the differential calculus,
we obtain the following:

d(x1tz2) = d(tax1) + d(h(t1)x1) + d(p1(ts, t2)),
dxity +x1dty = dtoyxg + todxg + d(h(ty))x1 + h(t;)dx) + d(p1(t1, t2)).
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Consider h(t;) = Y ast], dtyh/(ty) is the usual derivative with respect to t; and
dty 5; ap1 is the usual partial derivative with respect to t;. Then

dxity + dtz\/tz (x1) = dtoxy + dxq Vx; (ta) + dt1h/(t1 )X

op1

+ dxq Z as [vy, (t)° 4+ dty — T

and
dxq (tl_vx1 t2) Zas Vx, (t1)] ) + dta(ve, (x1) —x1)

0
+ dt; (h (t1)x1 + ?) =0.
t

Since that dty, dt,, dx; and dx, are generators for Q' (k[t;, t2]), the elements that
multiply them must be zero. In particular,

d
h(t)x1 + 2L =0, (5.4.36)
oty

Now,

= Z Sast?71X1 = Z sSag (X]‘t?i] —(s— ])t?iz]h (t1,t2))

=x1h'(t7) ZsaS (s =1ty p1(t1,t2)

Therefore, expression (5.4.36) can be written as

0
x1h' (t7) Zsas s—])tS 2p1(t1,tz) a: =0.

In this way, it is necessary that h/(t;) = 0, i.e. h(t;) = h € k, whence the automorphism
has the form t; — t, t; — ty + h, where h € k. Note that this automorphism coincides
with the first type above when a17 =1, a2 =0, a;3=0, a1 =0, ap =1 and a3 =h.

Sections 5.4.2 and 5.4.3 contain sufficient conditions to guarantee the differential
smoothness of SPBW extensions over o(k[ty, t2]) on three and n generators. However, as
we saw in the previous sections, the number of cases in which the Leibniz’s rule holds
increases considerably as we consider more indeterminates on the SPBW extension. Due to
this reason, in the next two sections we will not include any table but will simply formulate
the adequate conditions to the extension of this rule.
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5.4.2 SPBW extensions in three indeterminates

Let o(k[ty, t2])(x1,x2,%3). Consider the family of automorphisms as in the previous section.
Since the conditions in (5.4.3) also hold in this case, it yields that

xity = aijityxi + bini + pi, fori=1,2,3and j=1,2, (5437)
3

% = copax + A + Y qi i, for i,j,k €{1,2,3}, and i <3, (5.4.38)
k=1

where ¢;j € k*, .5, ¥ € k, for 1,j,k € {1,2,3} with i < j, and ay; € k*, by, p; €k
for i €{1,2,3}and j € {1,2}.

Proposition 5.18. Let

ki Xk (5.4.39)
X (5.4.40)

vy, () = tj, Vi, (%)

Vi (1) = ik (ti — big), Vi (Xi)

Vi (%)) = ci5x; + qgjj), for 1 < j, Vi (%5) = cj_)i]xj — c;l] q]{l.l), fori>j, (5.4.41)

Then:

(1) Leibniz’s rule holds if the following relationships hold:

bs(ain —1) = bulaqu —1), (5.4.42)
qi(au—1) =0, (5.4.43)
pilCsi — asu) = bqufi), (5.4.44)
q{sj)(cs,jcs,i— 1) =0, (5.4.45)
qu(cij—1) = agjleey— 1), (5.4.46)
qlleij—1) = a))(cei—1), (5.4.47)
qﬂ;)(cs,jcs’i —cy) =0, 1<k<3, and (5.4.48)

s—1 n
— k k 0
D Ctdiy ai — D A a T aglag (1 ey) + (egjesi — g =0, (5.4.49)
k=1 k=s+1

for 1 < i)j,s <m, i <j, 1e{l,2}, where cry := c;l, qg)t) = —ct_,lqg), for all
I1<ntp<n,t<r, andc,r =1 and qf«?r) =0 foralll<r,p<n.

The maps defined by (5.4.39), (5.4.40) and (5.4.41) simultaneously extend to alge-
bra automorphisms Vi,, Vi, Vxiy Vxay Vxz Of 0(klt1, t2])(x1,%2,%x3) when the previous
relations are satisfied.

(2) If the mentioned conditions in (1) hold, then we have that

Vi, O Vi, = Vi O Vi, Vi O Vi = Vg O Viyy Vi © Vi = Vi O Vg, (5.4.50)

fori,j=1,2 and 1 <k, 1 < 3.
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Proof. For the first assertion, the map v, l = 1,2 can be extended to an algebra homo-
morphism if and only if the definitions of vy, (t;), and v, (x;) respect relations (5.4.38):

Vi (i) Ve () — v (agty + by ) vy (xi) = vy (pi), for i e{1,2,3}, j,1€{1,2},
and

0 k
Vi, (%) Ve, (%) — eV, (x0)ve (%) = 415 + ) aisve, (xa),
k=1

for i,j €{1,2,3}, 1 € {1,2} with i < j. Then
pilam—1) =0, forie{1,2,3}, Le{1,2},
) (quain—1) =0, and (5.4.51)
0, forijke{1,2,3}, Le{l,2.

U
q; (qjuai — aw) =

It is necessary that vy, for s = 1,2,3 can be extended to o(klty, t2])(x1,%x2,x3), that is,

Vxs (Xi)vxs (t]) — Vx, (aijjtj + bij )sz (Xi) = Vx, (Pi)» forie {] ) 2) 3}) j) le {1 ) 2}) (5452)

and

3
Yy, (35) V5, (%1) = € v, (x0)Vx, (35) = 018 + Y g v, (0. (5.4.53)
k=1

From Equation (5.4.52) we get the following three cases to be considered:
o s< i
Voo (X)) Vg () — Vg (@ijjty 4 bij) v (Xi) = Vi, (P1)
Csi(xq + qsyi) i () —bg) — ay; Cl;-; (tj — bsj)esilxi + qifi))
— byjesi(xi + qisl) =Ppi
In this way,
bsj(ai —1) = byjlag; — 1),
ql(ay—1) =0, and
pilcsi — agjj) = buqfi)-

e s =1: It is straightforward that no new conditions are obtained.

o S>1:
Vi (X)) Vx () — Vo (@ijjty + bij) v, (Xi) = Vi, (P1)
¢t (i — qPD)agl (4 — by) — agjag] (4 — by)er! (x — qi)
bl]cl_s] ( X{ — qiss)) = Pi-
Then,

q)(ag—1) =0 and pilcisag; — 1) = agibyqy.
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Due to expression (5.4.53) we have to consider the following cases:

e s< i ,
0 k
Vi (%) ¥y, (%5) — €V, (%) ¥, (%) = 418 + Y ap v, (300
k=1

From this equation, we obtain the following new conditions

qg;)(cs,jcs,l —1) =0,
qifj)(cia —1) =g

, 1<k<s—1,

, s+1<k<3k#1,j, and

s—1 3

-1 (k (k) _(s) (s) _(s) (0)
Z Ck,]sqg,j)ql(:l - Z dy; qks,s + qsfiqs?j (T —cij) + (esjesi — gy =0.
k=1

k=s+1
e i<s<«<:
. 3
k
Vg (%) v (X1) = v (1) v () = qg,j) ) qE,j)sz (x1c).
k=1
Hence,
qE»S]) (CS»J Ci’s) = O)
qgfj)(cid -1) = q&)(cs,j —1),
ey —1) = q(cis— 1),
k . - .
qij)(cs,jci); Ck,]s) :0, 1 Skg 3_1,k§é1,
k T .
qij)(cs,jci’; - Cs,k) = O, S + 1 S k S n, k 7& Iy and
s—1 3
-1 (k) _(s) (k) _(s) —1 (s) (s) » 0
Z Ckasqi,]' qks,s - Z qi,j qs?k + Ci,S qsyj qi)s (Ci,j — 1) + (CS»jCi,s — ])qi,j =0.
k=1 k=s+1
e S>3t

3
0 k
Vi, (35) ¥, (%) — i (%) Ve, (35) = @) + Y aiEva, (0.
k=1
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Then,

qu]) (Cj,sci,s —1

—1 71 —1
ql,] ( j,8 1s _Ck,s

—1 —1
ql,] ( ],s Cis — Csk

)
=
v
[
s
<
|
-
.oz =
Il

, s+1<k<n, and

s—1
—1 (k) _(s) -1 -1 (0)
Z Ck,sqi,j qks Z ql,) qs k +c ] s 1 s q], qlS (1— Cl»]) + (Cj,s Ci,s - ])qi,j =0.

k=1 k=s+1

If we put together all the conditions for s € {1, 2,3}, then we obtain the restrictions for
the extension of the automorphisms.

For the second assertion, it is enough to prove it for the generators tj, x;, 1 <1 <3
and j € {1,2}. Since

Vi, © Vi, () = Vi (8) = tj, (5.4.54)
Vi, © Vi () = Vi, () =t (5.4.55)
Vi, © Vi, (X1) = Vi (QimmXi) = QimmGikkXi, and (5.4.56)
Vi © Vi (%) = Vi, (QiiXi) = Gimm QikkXi (5.4.57)

for all T < 1 < 3 and k,m,j € {1,2}, then all relations are satisfied, and hence
Vi, O Vi, = Vi, © Vi, for k,m e {1,2}.

Now,
Vi, © Vi (1) = Vi, (@ 1 (4 — b)) = @ s (6 — bry), (5.4.58)
Vi © Vi () = vy, () = m]](t] bmj), (5.4.59)
Vi © Vxy (Xi) = Vi (Cmjixi + qm’i)) = Cm,iQikkXi + qE]Ti), and (5.4.60)
Vi © Vi (Xi) = Vo (QikieXi) = Qi (Cmyixi + qiﬂ?), (5.4.61)

for all T < i,m < 3 and k,j € {1,2}. As it is clear, expressions (5.4.58) and (5.4.59)
hold, while relations (5.4.60) and (5.4.61) are also satisfied due to expression (5.4.45). In
this way, Vi, 0 Vx,, = Vx,, © Vi, for 1 <m < 3 and k € {1,2}.

Finally,
Vi © Vi (1) = Vi (a5 (6 = b)) = i) (4 — big) — A bjm, (5.4.62)
Vi © Vg (1) = Voo (@35 (1 — b)) = @i @ s (65 — bmy) — ar by (5.4.63)
Vi © Vo (Xi) = Vo (CmyiXi + q:&)) Cm,ilCkixi + qkl) + qu» and (5.4.64)
Vi © Vi (Xi) = Vi (Cxixi + qk,i) = CkilCm,ixi + qm,i) + qk,i, (5.4.65)

for all 1 <1i,m,k <3 and j € {1,2}. Then relations (5.4.62) and (5.4.63) hold because
relation (5.4.42) is satisfied. With respect to relations (5.4.62) and (5.4.63), both are
satisfied due to the expressions (5.4.46) and (5.4.47). This yields that vy, 0 Vx,, = Vx,, 0 Vxy,
for 1 <k,m < 3. ]
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We formulate the important result of this section.

Theorem 5.19. If a SPBW eatension o(klty,t2])(x1,%x2,%x3) satisfies the conditions in
Proposition 5.18, then it is differentially smooth.

Proof. We know that GKdim(o(k[ty,t2])(x1,%2,%3)) = 5 and that we have to consider
Q' (o(klty, ta])(x1,%2,%3)), a free right o(kt7, t2])(x1,%2, x3)-module of rank 5 with genera-
tors dt;, dty, dxq, dx;, dx;.

Define a left o(k[ty, t2])(x1, X2, x3)-module structure by
fdt; = dtivti(f)) dej = deVXj (f), (5.4.66)

for all i € {1,2}, j € {1,2,3}, f € o(klts, t2])(x1,%2,x3), where vy, vy, are the algebra
automorphisms for i € {1,2}, j € {1, 2,3} established in Proposition 5.18.

The relations in Q'(o(klty, ta])(x1,x2,%3)) are given by

tidt; = dtjt tidxj = dx; ;n‘(tl by), forallie{1,2},j€{1,2,3}, (5.4.67)

xidxi = dxixy, Xidtj = dt]' QijjXi, for all 1 € {1,2}, je {1, 2,3}, (5.4.68)
and
xidx; = dx](c X — c” q”) fori<j, and (5.4.69)
Xide = dX]'(Cj’iXi + qj,i)’ for i > j. (5.4.70)

We extend t; — dt; and x; — dx; for i € {1,2} and j € {1,2,3} to a map

d: O'(k[t1,t2])<X],Xz,X3> — Q] (G(k[t1,tz])<X1,X2,X3>)

satisfying the Leibniz’s rule. This must satisfy the relations given by

dxitj + Xidtj = Qyjj dthi + aiity dx; + bij dxi, forie{1,2}, je{1,2,3}

3
dxjxi +x5dx; = cijdxixj + cjxjdxy + Z qg;) dxy, fori,j,ke{1,2,3} i<j.
k=1

Define k-linear maps

Ot,, Ox, : o(kltr, t2])(x1,%x2,x3) — o(klty, t2]) (x1,%2,X3)

such that

d(a) = dt10¢, (a) + dt0¢,(a) + Z dxi0x, (a), for all a € o(klty, t2])(x1,%x2,%3).

These maps are well-defined since dt;, dx;, i € {1,2},j € {1, 2,3} are free generators of
the right o(k[t, t2])(x1, %2, x3)-module Q' (o (k[t7, t2])(x1,%2,x3)). With that, d(a) = 0 if
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and only if 9, (a) = 0x;(a) =0, 1 € {1,2} and j € {1,2,3}. Using relations (5.4.66) and
definitions of the maps vi,, vy;, 1 € {1,2} and j € {1, 2,3}, we obtain that

O, (t]ftix%‘ xézx?) = ktlf_]t;)(%] x?x?, (5.4.71)
00, (EHx Xy ) = sty X xpxy,
Ox, (t]ftjx%‘ xézx}f) =1 aﬂ]ﬁ a5 (tr —bn Mt — bu)sx%‘ 71x52x§3,
Oy, (EFE5x] X2 %) = 126{51 515 @y (1 — ba1) (t2 — b22)S(x1 — q%)“ X7 'xy, and
O (LX) X2XP) = 13CZ§2 Cf? a3 aaa (1 — b31) (t2 — b32) (%1 — q%)h

(x2 = q53) x5

Then, d(a) = 0 if and only if a is a scalar multiple of the identity. This shows that
Q(o(klty, ta])(x1,%2,x3), d) is connected, where

4

Q(o(klty, t2])(x1,%2,%3)) = @ Q' (o(klty, ta]) (x1,%2,%3)).
=0

The universal extension of d to higher forms compatible with (5.4.67), (5.4.68) and
(5.4.70) gives the following rules for Q'(o(klt, ta])(x1,x2,%3)) with 1 = 2,3,4:

dt; Adty = — dty Adta, (5.4.72)
dxi A dty = — ayg;dt; Adxi,  for i €{1,2},j €{1,2,3},
dxx Adxy = —cjdxy Adxy,  forj,ke{1,2,3}j <k

dxy Adty Adty = — ajiiaj22dty A dtz Adxy, for j €{1,2,3),

dxx Adxy Adty = — ¢y kajiiaiidts A dxy A dxx, for 1€ {1,2},j,k €{1,2,3},j <k,

dxz Adxz Adx; = —c23c1,2¢1,3dx1 Adxa Adxs, and

dxie A\ dxy A dta A dtr = ¢jcarjj @ik azijazcedts A dtz A dx; A dxy, for j, k € {1,2,3},j <Xk,
dxz /A dxa Adxy Adty = C]’ZC‘IY3C2‘3(1‘|iia2ﬁ_a3i_idti A dxy Adxa A dxs, forie {],2},

Since the automorphisms vy, v;, 1 € {1,2},j € {1, 2,3} commute with each other, there
are no additional relationships to the previous ones, so we write

_Q4(O'(k[t1,tﬂ)(X1,Xz,X3>) = [dt; A dty Adxy; Adxy @ dty /A dty A dxy /A dxs
@ dty Adty; Adxy A dxs @ dty Adxy A dxy A dxs
@ dty A dxg A dxo A dxslo(k[ty, tz])<X1 y X2, X3>.

Now,

Q(o(klty, ta]) (x1,%2,x3)) = wo(klty, ta]) (x1,x2,x3) = o(kltq, ta]) (x1, %2, X3)

as a right and left o(k[ty, t2])(x1, X2, x3)-module, with

w = dt; Adty Adxg Adxy Ax3, where vy, = Vi; 0 Vi, 0 Vi, 0 Vy, O V.
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Then w is a volume form of o(k[ty, ta])(x1,%2,%3). From Proposition 1.7 (2), it follows
that w is an integral form by setting

w} = dty, w} = dt,, w; = dx;, wl = dxy, w% = dxz

w!=dty Adty, wi=dy Adx;, wi=dtAdxy wj=dt;Adxs,
w% = dty A dxq, wé = dty; A dxy, w% = dty; A dxs, wé = dx; A dxy,
wd =dxy Adxz, wiy = dxy A dxs,

w? =dty Adty Adxy, w3 =dt; Adt; Adxy, wi=dt; Adty A dxs,
wi = dty A dxg A dxy, wg = dt; /A dxq; /A dxs, wé = dt; Adxy A dxs,
wd =dty Adx Adxy, wi=dt Adxg Adxs, ws = dt; Adxy A dxs,
w?o = dx; /A dxy A\ dxs,

w] = dty Adty Adxg Adxy,  wj = dty Adip Adxg A dxs,

wi = dty Adty Adxy Adxs,  wj = dt; Adxg Adxa A dxs,

wg = dty A dxg Adxy A dxs,

W] = a5 agney ey 3dxs, Wy = —Cpyapayidxy, @3 = appapydx,

(I)l = —dty, (I); = dt;

®F = c730730511 a5 aphahda A dxs,  F = —¢3ap ag) appyazydx A dxs,
®3 = ayy gy Ay dxy Adxy,  ©F = ¢3¢y 3a5 dtr A i,

@5 = —chay dta Adxy, @ = —ajidta Adxy,  @F = —¢;3¢53a5,,dt A dxs,
(Dé = C]_’]zaz_gzdh A\ dx;y, (I)é = —a1_212dt1 A dxq, (I)%O = dt; A dty,

@7 = —aphaghaz) a;n a5 asndxa A dxa A dxs,

(I)% = —ci;cf’; a;ﬁ a;ﬂ dty A dxp A dxs, d)g = Ciéa?ﬁ aﬁ11 dt; A dxqg A dxs,

@F = —ayhapida Adx Adxy,  @F = cpycriannazndt Adxg A dxs,

@ = —Cz_é%_z]z%_z]zdt] Adxi Adxs, @3 = ajhay,dt; Adxg A dxg,

w5 = czfécf)]sdt] Adty Adxs, @ = —ijzdh Adtp Adxy, @3 = dty Adty A dx,
(I)?' = ag]]] a;ﬂ aﬂl] dt; A dxy A dxy A dxs,

@) = =3 a0 dt Adxg A dxa A dxs,

@} = cyjeridt Adty Adxg Adxs,  @f = —cpldty Adty Adxg A dxs,

@r = dt; A dty A dxg A dx,.

It can be seen that any element w’ € Ql(o(klty,t2])(x1,%2,%3)), 1 € {1,2,3,4} can
be generated by w!, 6)15_1, 1 <i< (?) Hence, o(kl[ty, t2])(x1,x2,%3) is differentially
smooth. n
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5.4.3 SPBW extensions in n indeterminates

Let o(k[ty,t2])(x1,...,xn). Consider once more again the family of automorphisms of the
previous section. We get that

xity = ayityxg + bini + pi, forT<i<nandj=1,2,

n
X = cixig 4l + Y qix,  for 1<4j,k<n, i<, (5.4.73)
k=1

where ¢i; € k¥, qég),qg;) €k, for T <1i,j,k <n,1i<jand ay; € k¥, byj,pi € k where
I<i<nandje{l2}

Proposition 5.20. Let

Vi, (1) = 1, Vi (Xk) = QkiiXi, (5.4.74)
Vi (1) = ak (ti — bia), Vi (XK) = Xis (5.4.75)

-l
ji

Vi, () = i+ aiy, fori<iy,  vk(g) =iy —clay, fori>j,  (5.4.76)

Then:

(1) Leibniz’s rule holds if the following relationships are satisfied:

bs(aiw —1) = bulasu —1), (5.4.77)
qii)(am— 1) =0, (5.4.78)
pilcsi —asu) = buqifi), (5.4.79)

45 (eqjesi—1) =0, (5.4.80)
qﬁf]—](ci,) -1 = qi(u,ij)(cs,]' 1), (5.4.81)

qiff (cij—1) = q&? (csi— 1), (5.4.82)
qi(?(cs,jcs,l Cy) =0, T<k<m, (5.4.83)

s—1 n
1k k 0
DG G — D Goy e+ aatayy (1= )+ (esjess — Nag) =0, (5.4.84)
k=1 k=s+1

for 1 < ijj,s <m, i<j,1e{1,2}, having the convention of ¢,y := C,;l, qggt) =
—c;’lq,([f’r), forallT<r t,)p<n,t<randc.r=1 and qp}] =0 forall1 <7,p<n.
The maps defined by (5.4.74), (5.4.75) and (5.4.76) simultaneously extend to algebra
automorphisms Vi, Vi,, Vxiy, 1 <1< m, of o(klty, t2])(x1,...,xn) when the previous
relations are satisfied.

(2) If the relations in (1) hold, then

Vi,

1

O Vi = Vi O Vi, Vi © Vy = Vxp OV, Vixp O Vi = Vi © Vg, (5.4.85)

fori,j=1,2 and 1 <k,1 < n.
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Proof. For the first assertion, the map v, l = 1,2 can be extended to an algebra homo-
morphism if and only if the definitions of vy (tj), and vy, (x;i) respect relations (5.4.73),
i.e.

Vi, (%) v (1) — Ve (aijjty + big)ve (X)) = v (pi), for 1 <i<n, j,1€{1,2},
and

3
0 k
Vi, (%) Ve, (%) = eugve, () Ve (%) = a1 + Y v, (xa),

k=1
for 1 <1i,j<n,le{l,2}, and i <j. Then
pilau—1)=0, forT<i<n, le{l,2}
i} (quaiw—1) =0, and (5.4.86)
qﬁ)(ajuam —au) =0, for1<i,j,k<mn, le{l,2}

Now, it is necessary that vy, 1 < s < n, can also be extended to the entire SPBW
extension o(k[ty, t2])(x1,...,xn). Thus,

Vs (Xi)vxs (tj) —Vxs (aijjtj +bij)vxs (Xi) = Vx, (pi)) forie {]) KRS TL}, j)l € {1 ) 2}) (5487)

and N
0
Yy (%) Vi, (%) — €t (%0) Ve, (35) = A1) + ) 15 v, (30), (5.4.88)
k=1
For Equation (5.4.87), the following three cases are considered:

e s < 1i. We obtain

Vo (X1) Ve (1)) — Vg (@ijity + bij) v, (X1) = Vi, (Pi)

—1 -1
sjj sjj
From this equation, we obtain the following conditions

Cs,i(xi + qiff)a (tj — bsj) — ayjjag; (tj — bgj)esi(xi + qiff) — byjesi(xi + qsi)) =pi
bsj(aiy —1) = byjlag; — 1),
qifg(aijj —1) =0,
pilesi — agj) = biqui)-
e s =1. In this case, when the calculations are made, no new conditions are obtained.
e s> 1. We obtain
Vo (X1) Ve (1)) — Vg (@ijity + bij) v, (X1) = v, (Pi)
4 (5 = bg) — ayjag (t — bg)er ! (xi — qiss)) — byjcy (xi — q{?) =Pi

From this equation, we obtain the following new conditions

cf; (% — qg)a

qi (ay; — 1) =0,
pi(ci,sasjj - 1) = bl]qiss)
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By Equation (5.4.88), we have the following three cases:

e s <1i. We obtain
0 n
k
Vi (%) ¥y, (%5) = Cu Ve, (%) ¥, (%) = 418+ Y qiE v, (i)
k=1

From this equation, we obtain the following new conditions

qifj) (csjcsi—1) =0
0 (ciy—1) =g
qifi)(ci,j —1) =q
qg;)(cs)jcs,i —c ) =0
) =0

k . .
qij)(cs,jcs,i —Csk , s+1<k<nk#1i,j,

s—1 n

-1 (k ) (k) _(s) (s) (s) (0)
Z Ck,lqg,j]ql(:,s - Z dy; qks,s + qsfiqsfj (T —cig) + (esjesi — T)qy; =0.
k=1 k=s+1

e 1< s <j. We obtain

n
0 k
Yy (35) Vi, (%) — €1V (%) Ve, (35) = @) + Y ai¥v, ()
k=1

From this equation, we obtain the following new conditions

qu) (Cs,) Cis) = O)
qi‘?))( L 1) = 1(:]) (CS,j 1 ))
)

L , 1<k<s—1k#i

(k) — 1
di; (Cs,ici,s — Cis
! , s+1<k<nk#j,

)

) =q

qi (e — 1) = a (e — 1),
) =0

qg})(cs,jcgs —csx) =0

s—1 n
1 (k K _ _ 0
Z Ck,]sqg,j)ql(:,i - Z qg,j)qifll + Ci,;qifj)qg,ss)(ci»]' —1)+ (Cs,ici,s] - ”qg,j) =0.
k=1 k=s 11

e s >j. We obtain

n
0 k
Vi (%) ¥, (%5) = €V, (%) ¥, (%) = 418+ 3 aiE v, (1)
k=1
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From this equation, we obtain the following new conditions

ql) (C] sCi,s — 1) =
q] s (C'L,] ]) (C],S - ]))

q
ql»](]»s 1S_Ck,) =0, T<k<s—1k#1i,j
) =0,

1

ql,](],s 1S_Csk S+1<k<n)

—1 —1 1 —1
chsql,) qks Z qt)qsk +C]s 1sq)sqls(1_clv])+(c]s i,s )ql,) =0.
k=s+1

Putting together all the conditions for s, we obtain the restrictions for the extension of the
automorphisms.

For the second assertion, it is enough to prove it for the generators tj, x;, 1 <i<n
and j € {1,2}. Note that

Vi, © Vi, () = v () = t, (5.4.89)
Vi © Vi (1) = i, (1) = tj, (5.4.90)
Vi, © Vi, (Xi) = Vi (QimmXi) = Qimm QikkXi, (5.4.91)
Vi © Vi (Xi) = Vi, (QikkXi) = QimmQikeXi (5.4.92)

for all 1 < i < n and k,m,j € {1,2}, so all relations are satisfied. It yields that
Vi © Vi, = Vi, © Vi for k, m e {],2}

Now,
Vi, © Vo (1) = Vi (@558 — b)) = s (6 — bmy), (5.4.93)
Vim © Vi () = Vi, (1) = a5 (4 — ), (5.4.94)
Vi © Vi (X1) = Vi, (Cmyixi + qff:-f) = Cim,i GikkXi + q:&), (5.4.95)
Vim © Vi (Xi) = Vi (QiiXi) = Qi (Cm,ixi + qL‘I}f), (5.4.96)

for all 1 <i,m <n and k,j € {1,2}. In this way, expressions (5.4.93) and (5.4.94) hold.
With respect to the relations (5.4.95) and (5.4.96), both also hold since (5.4.80) is satisfied.
SO Vi, © Vx,, = Vx,n © Vi, for T <m <nand k € {1,2}.

Finally,
Vi © Vo () = ka(a;&j(tj —bmj)) = m1)) ak))( —byy) — ;gjb)'m> (5.4.97)
Vim © Vi (1) = me(a{j} (tj —by)) = ag]]] a;]]] (tj — bmy) — agj}bkj, (5.4.98)
Vi © Vxm (Xi) - ka(cm,ixi + qE:?I)) Cm, 1(Ck1X1 + qkl) + qmp 5 4. 99)
Vim © Vg (Xi) = Vi (CijiXi + qk‘i) = CiilCm,ixi + qm,i) + qk,p (5.4.100)

for all T < i,m,k < n andj € {1,2}. Relations (5.4.97) and (5.4.98) hold due to
expression (5.4.77). Relations (5.4.97) and (5.4.98) work, since we have the expressions
(5.4.81) and (5.4.82). S0 Vx, © Vx,, = Vx,, © Vx,, for 1 <k,m <n. O
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Theorem 5.21. If a SPBW extension o(klty, t2])(x1,...,xn) satisfies the conditions in
Proposition 5.20, then it is differentially smooth.

Proof. 1t is clear that GKdim(o(k[ty,t2])(x1,...,xn)) = N+ 2. We know that we have
to consider Q' (o(klty, t2])(x1,...,%n)), a free right o(k[ty, t2])(x1,...,Xn)-module of rank
n + 2 with generators dty, dt, dx;, 1 <j < n. Define a left o(k[ty, t2])(x1,...,Xn)-module
structure by

adt; = dtivy, (a), adxj = dxjvy,(a), (5.4.101)

forallie{1,2}, j €{l,...,n},a € o(klts, t2])(x1,...,xn), where vy, vy, 1 € {1,2},j €
{1,...,n} are the algebra automorphisms established in Proposition 5.20. Notice that the
relations in Q'(o(k[t1,t2])(x1,...,%n)) are given by

tidt; = dtjti tide = de(l;ﬁ] (ty — bij)a forallie{1,2}, j €{1,...,n}, (5.4.102)

xidxi; = dxixi, Xidt]' = dtj QijjXd,y for all i € {1,2}, j€e {1,...,n} (5.4.103)
and
xidxj = dxj(c:j]xi — ci_’j]qgj)), for T<i<j<mn, and (5.4.104)
xidy = dxj(ea +q))), for1<i<j<n. (5.4.105)

We extend t; — dti, x5 — dxj, 1 €{1,2},j €{1,...,n} to a map

d: o(klty, to])(x1y ...y xn) —= QT (o(klty, t2]) (X1, ...y Xn))

satisfying the Leibniz’s rule. This is possible if we guarantee its compatibility with the
non-trivial relations (5.4.73), i.e.

dXit)‘ + Xidt)‘ = Qyjj dthi + aijjtjdxi + bijdxi, for i € {1, 2}, je{l,... , N}

n
deXi + deX] = Cij dXin + Ci’ijdX] + Z qﬂ;) dxy, for i,j,k e{1,...,n}, 1 <j.
k=1

Define k-linear maps

ati, axj : O'(k[t],tz])<X1, .. .,Xn> — O'(k[t1,t2])<X1, .. ,Xn>
such that

n
d(a) = dt;dy, (@) + dtzdy, (@) + Y dxidy(a), for all a € ofklty, tal){(x1, ..., %n).
i=1

These maps are well-defined since dti, dx;, i € {1,2},j € {1,...,n} are free generators
of the right o(k[ty,t2])(x1,...,xn)-module Q' (o(kt;, t2])(x1,...,%n)). Then d(a) = 0 if
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and only if Oy, (a) = 0x,(a) = 0 for i € {1,2},j € {1,...,n}. Using relations (5.4.101) and
definitions of the maps vi,, vy, 1 € {1,2},j € {1,...,n}, we obtain that

Oy, (EFEXT - xbr) = ket tgx}‘ ---x}l“, (5.4.106)

B0 (el ) = sthtg Tl ok,

O, (EFE5x] - - xbn) = ljaj”ajzz(h —bj1) (ty — bj)° (5.4.107)
Hc qs,] : ]x]lj_:f cextn 1<) <n.

Since d(a) = 0 if and only if a is a scalar multiple of the identity, it follows that
Q(o(klty, t2])(x1y...,%n), d) is connected, where

n+1
Q(o(klty, ta]) (x1, . .., @IP K[ty t2]) (X1, ..oy Xn)).
The universal extension of d to higher forms Compatlble with (5.4. ) (5.4.103) and
(5.4.105) gives the following rules for Q(o(klty, t2])(X1y...,xn)) (1 = 2 L+ 1):
dxq) A A dxgre A dta A dty A dxgein) A -+ A dxgq (5.4.108)
= (=)t H Ayt Qg dt A dt A /\ dxq ) (5.4.109)
r=1, k=T,
51,52 k51,82
dxq(ny A\ AN dxgs) A\ dty Adty A dxgser) A A dxgg (5.4.110)
= H Gy Qg (mazdtt A dt2 A /\ dxq0 (5.4.111)
r=1, k=1,
51,52 k#51,52
dxgry A\ -+ dxge) A dti A dxgseny A Adxgqy (5.4.112)
H Ay dti A /\ dxq () (5.4.113)
T‘#S] k#S]
l 1
N dxqpg =TT et A\ dxm (5.4.114)
k=1 T,s€P k=1

where s1,s; € {1,...,1} do not appear in expression (5.4.109), (5.4.111) or (5.4.113).
Besides,
q:{1,...,4—={1,...,n}

is an injective map, and

p:{1,...,1} = Im(q)

is an increasing injective map, f is the number of 2-permutations needed to transform
g into p, and P:={(s,t) € {1,...,U x{1,...,1 ] q(s) > q(t)}.
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Since the automorphisms vy, vx;, 1 € {1,2},j € {I,...,n} commute with each other,
there are no additional relationships to the previous ones, so

n—1
Q™ (o(kltr, t2]) (x1, ..y xn)) = [EP dti Adta Adxg Ao dxe—y Adxpsr A Adxy
r=2
@ dty Adxg A Adxn
@dty; Adxy A A dxa] O'(k[t1,tz])<X1,...,Xn>.

Now,

Qn+2(0(k[t1,tz])<x1,...,xn>) = wo(klty, t2]) (x1y ...y xn) = o(klty, t2]) (X1, ..y Xn)

as a right and left o(k[ty, to])(x1,...,%n)-module, with w = dt; Adt; Adxg A--- A

Xn, where vy, = Vi, 0 Vi, 0 Vy, 0 --- 0V, this means that w is a volume form of
o(kltr, t2])(x1,...,%n). In order to make the calculations easier, we consider the following
notation:

ty =x_1, t2 =%0, c_10=—1, c_1i = ajn, Coi =i, forl<i<n.

From Proposition 1.7 (2) we get that w is an integral form by setting

j—2
. . n+2
wj = /\ dxp, i)y for T<i< ( j )’ and
k=—1

n
_ _ P - [ n+2
w{Hz I 2 (—1)h 1’[ Cr,; /\ dxp, (), for 1 <i< < . >,
7,8€P; k=j—1 |

for 1 <j <n+ 2, where

pi’j 2{—1,...,j—2}—> {—1,...,TL}, and
Pij:i—1,...,n} = (Im(py;))

C

(the symbol (¢ denotes the complement of the set [J), are increasing injective maps,
and fi; is the number of 2-permutation needed to transform

{f)l,]b - ])) AR )ﬁi,j(n)api,j(_])) .. -»Pi,j(j _2)} into the set {_]) .. .,Tl},
and
Pi,j = {(S,t) € {—],.. . — 2} x {] — ],...,Tl} | pi,j(s) < ﬁi,j(t)}-

Consider w’ € QI (o(klty, t2])(x1,...,%xn)), that is,

(") 5

j—2
w' = Z /\ prij(k] oy, with o € k.
i=1 k=-1



5.5. FUTURE WORK 166

Then
() | () e
I a [ B
i=1 i=1 [k=—1
("7*) j-2
= Z /\ dei,j(k)(xi:w/’
i=1 k=—1
where
n
0= T et A a0
T,SGPi‘)’ k:]
Therefore, o(k[ty, ta])(x1,...,xn) is differentially smooth. O

5.5 Future work

As expected, a natural task is to investigate the differential smoothness of SPBW extensions
over commutative polynomial rings on three and more indeterminates. With this aim, we
recall briefly some interesting facts on automorphisms of these polynomial rings. We follow
Shestakov and Umirbaev’s presentation [SU03, p. 197].

For k[X] = Kk[x1,...,Xn]), an automorphism T € Aut(k[X]) is called elementary if it has
a form
T(X],. .. ’Xifhxi)XiJr])Xn) — (X1) ceey Xi—1y, AX4 + f)XiJr]) oo )xn))

where 0 # a € k,f € k[x1,...,X{_1,Xit1,-..Xn)- The subgroup of Aut(k[X]) generated
by all the elementary automorphisms is called tame subgroup, and the elements from this
subgroup are called tame automorphisms of k[X]. Non-tame automorphisms of k[X] are
called wild.

In the literature it has been shown that the automorphisms of polynomial rings and free
associative algebras in two indeterminates are tame (e.g. [MW88, DE00]). Nevertheless,
in the case of three or more indeterminates the similar question was open and known as
“The generation gap problem” [DE00] or “Tame generators problem” [DE00]. The general
belief was that the answer is negative, and the best known counterexample is the following
automorphism o € Aut(k[x,y, zl), constructed by Nagata [Nag72]:

o(x) = x+ (x> —yz)z,

X
o(y) =y +2(x* —yz)x + (x* —yz)’z, and
z.

2
X
I

Note that Nagata automorphism is stably tame; that is, it becomes tame after adding
new variables. Shestakov and Umirbaev [SU03| gave a negative answer to the above
question; in particular, the Nagata automorphism o is wild.
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In a sequel paper we study of the differential smoothness of SPBW extensions over
k[X] by considering automorphisms following the ideas above.

On the other hand, since Artamonov [Art15] and Venegas [Venl5| presented some
results concerning automorphisms and derivations of SPBW extensions, it is natural to
study relationships between this kind of morphisms and those adequate to characterize the
smoothness of these extensions. This will also be our topic of interest in the immediate
future.

Of course, the Question 2 formulated at the end of Section 5.2.1 is of great importance
for us.



CHAPTER 0O

Serre duality for noncommutative projective
schemes

Our purpose in this chapter is to present some bridging ideas with the aim of extending
the Serre duality theorem for noncommutative projective schemes on N-graded algebras to
the setting of semi-graded algebras.

With this aim, in Section 6.1 we present a sketch of the key facts considered in the
formulation of the Serre duality theorem for noncommutative projective schemes on N-
graded algebras following Yekutieli and Zhang’s ideas [YZ97]. Next, Section 6.2 contains
some facts of the research about noncommutative projective schemes on semi-graded rings:
we recall briefly key results on the Serre-Artin-Zhang-Verevkin theorem [LL17, Lez21,
Cha22, CR24a] and mention schematic semi-graded rings [Cha22, CR24b, CR24a]. Finally,
we formulate some possible ideas that will allow us to have a version of the Serre duality
theorem for semi-graded algebras.

6.1 Serre duality theorem for N-graded algebras

Throughout this section, we follow the presentation (and the notation) on the topic carried
out by Artin and Zhang [AZ94] and Yekutieli and Zhang [YZ97].

As is well-known, Serre [Ser55] proved a theorem that describes the coherent sheaves on
a projective scheme in terms of graded modules. Briefly, a commutative graded k-algebra is
associated to a projective scheme Proj A, and the geometry of this scheme can be described
in terms of the quotient category qgr A = gr A/tors A, where gr A denotes the category of
graded modules and tors A denotes its subcategory of torsion modules. For A a finitely
generated commutative graded k-algebra and X its associated projective scheme, if coh X
denotes the category of coherent sheaves on X and Ox(n) is the nth power of the twisting
sheaf on X [Har77, p. 117], then we have a functor T : coh X — qgr A given by

L(F) = @ H(X,F®0x(d).

d=—o00

168
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Serre’s theorem [Serb5, Section 59, Proposition. 7.8, p. 252], [GD61, 3.3.5] and [Har77,
Proposition. II. 5.15], asserts that if A is generated over k by elements of degree one, then
I, defines an equivalence of categories coh X — qgr A.

Artin and Zhang [AZ94] extended Serre’s theorem to the noncommutative setting as
follows. Let A be an N-graded algebra over a commutative Noetherian ring. Briefly, they
defined the associated projective scheme to be the pair Proj A = (qgr A, A), where qgr A is
the quotient category above, A is the image of A in qgr A and plays the role of the structure
sheaf of Proj A, and s, called the polarization defined by the projective embedding (this
definition is the same as is given by Verevkin [Ver92a, Ver92b]), is given by the shifting
of the degrees in gr A. Since Serre’s theorem does not hold for all commutative graded
algebras, i.e., the functor defined by Iy need not be an equivalence, Artin and Zhang’s
definition of Proj A is compatible with the classical definition for commutative graded rings
only under some additional hypotheses, such as that A is generated in degree one and the
following condition xi:

If A is left Noetherian, for i > 0 it is said that A satisfied the X; condition if for every
finitely generated graded A-module M, we have that dimyExt), (k, M) < oo for any j <1,
where Ext is the graded Ext. The algebra A satisfied the x condition if it satisfies the x;
condition for all i > 0. Note that since k is finitely generated as A-module, then

dimy (Ext) (I, M)) = dimy (Ext) (I, M)).

In the literature, the noncommutative version of Serre’s theorem is known as Serre-
Artin-Zhang- Verevkin theorem [AZ94, Ver92a, Ver92b].

Three years later, Yekutieli and Zhang [YZ97] proved the Serre duality theorem for
the noncommutative projective scheme proj A when A is a graded Noetherian PI ring or a
graded Noetherian AS-Gorenstein ring. Let us see the details.

Let k be a field and let A = @ A; be an N-graded right Noetherian k-algebra. A
i>0

is called locally finite if each A; is finite dimensional over k, and if Ay = k then A is

called connected graded. Let Gr A be the category of graded right A-modules and gr A

be the subcategory consisting of Noetherian right A-modules. The augmentation ideal m

of Ais Asq = @ Ai. Let M = @ M, be a graded right A-module and x a homogenous
i>1 i

element of M. We say that x is m-torsion if xm™ = 0 for some n. All m-torsion elements

form a submodule of M, which is denoted by T(M). M is said to be m-torsion (resp.

m-torsion-free) if T(M) = M (resp. T(M) = {0}).

Let Tor A denote the subcategory of Gr A of all m-torsion modules and tor A denote
the intersection of Tor A and gr A. The (degree) shift of M, denoted by s(M), is defined by
s(M); = My, 1, and we use M(n) for the n-th power of a shift s"(M). Given an N-graded
right Noetherian ring A, the noncommutative projective scheme of A is defined as

Proj A := (QGr A, A, s),

where QGr A is the quotient category Gr A/Tor A, A is the image of Aa in QGr A and
s is the degree shift. If we work on Noetherian objects, the triple

proj A := (qgr A, A,s)
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is also called the projective scheme of A, where qgr A = gr A/tor A (for more details
on the subject, see [AZ94]). The canonical functor from Gr A to QGr A (and from gr A to
qgr A) is denoted by 7. If M € Gr A, the symbol 9t denotes t(M).

Let X = proj A. The global section is H*(X, A') = Homqg, A (A, N) and the cohomology
is HY (X, V) = E><;tQGr A(A,N) for all i > 0. Recall that in the commutative case, the Serre
duality theorem [Har77, II1.7.6] says there is an object w® in qgr A such that

0° = Homgg, A (M, @°) — HY(X, M)* (6.1.1)

is a natural isomorphism for all M € qgr A. The symbol * means the vector space
dual and d is the cohomological dimension of X defined by

cd(X) = max {i | H'(X, M) # 0 for some M € QGr A} .

It can be seen that such w® is unique, and it is called a dualizing sheaf on X = proj A.

Yekutieli and Zhang [YZ97] studied HY(X, —)* as a functor from qgr A to Mod k. In
general, Mod A is the category of (ungraded) right A-modules. Using a graded version of
Watt’s theorem they showed (6.1.1) for noncommutative rings under some hypothesis. In
fact, these hypotheses can be checked for a class of rings including Noetherian PI rings.
Second, they used the balanced dualizing complex which was introduced and studied by
Yekutieli [Yek92]. Note that the existence of balanced dualizing complex implies (6.1.1)
holds for some w® constructed from the dualizing complex (we should not expect a dualizing
sheaf w? to exist in qgr A, the question if (6.1.1) holds for some w® in QGr A was answered
affirmatively by Jgrgensen), and since Noetherian AS-Gorenstein rings admits balanced
dualizing complexes, (6.1.1) holds for this kind of rings.

6.2 Noncommutative projective schemes on semi-graded
rings

Lezama and Latorre [LL17, Theorem 6.12] investigated the Serre-Artin-Zhang-Verevkin
theorem following the ideas presented in the graded case. They assumed that the semi-
graded left Noetherian ring is a domain. Nevertheless, as is well-known, the theorem
for finitely graded algebras does not include this restriction. Precisely, this assumption
was eliminated by Lezama [Lez21, Section 1.4] (see also [FGL"20, Section 18.4, Theorem
18.5.13]).

More exactly, he proved the theorem for an SG ring R = @ Ry, satisfying the following
n>0
conditions:

C1) R is left Noetherian;

C3

(C1)

(C2) Ry is left Noetherian;

(C3) for every m, Ry is a finitely generated left Ro-module;
(C4)

C4 RoCZ
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(C5) Condition x; above.

Notice that condition (C4) implies that Ry is a commutative Noetherian ring.

Universal enveloping algebras of finite-dimensional Lie algebras, some quantum algebras
with three generators, and some examples of 3-dimensional skew polynomial algebras
[BS90, Red99, RS22] illustrate the Serre-Artin-Zhang—Verevkin theorem [Lez21, Example
1.26] and [FGL*20, Example 18.5.15].

On the other hand, having in mind that Manin [Man91] commented the failure of
attempts to obtain a noncommutative scheme theory a la Grothendieck for quantized
algebras, Van Oystaeyen and Willaert [vOW95] studied this Proj by developing a kind
of scheme theory similar to the commutative theory. They noticed that this theory is
possible only if the connected and N-graded algebra considered contains “enough” Ore sets.
Algebras satisfying this condition are called schematic. They constructed a generalized
Grothendieck topology for the free monoid on all Ore sets of a schematic algebra R, and
defined a noncommutative site (c.f. [vOW96b]) as a category with coverings on which
sheaves can be defined, and formulated the Serre’s theorem. As a consequence of their
treatment, an equivalence between the category of all coherent sheaves and the category
Proj R was obtained in the sense of Artin [Art92]. Some years later, Van Oystaeyen and
Willaert [vOW96b, vOW96a, vOWI7] presented a sequel of [vOW95] in which they studied
the cohomology of these algebras and proved a lifting property for Ore sets. This allowed to
present many examples of schematic algebras like homogenizations of almost commutative
algebras, Rees rings of universal enveloping algebras of Lie algebras, and three-dimensional
Sklyanin algebras. A detailed treatment about schematic algebras can be found in Van
Oystaeyen’s book [vOO00].

Recently, Chacén and Reyes [Cha22, CR24a] presented a noncommutative scheme
theory for the semi-graded rings generated in degree one defined by Lezama and Latorre
[LL17] following the ideas about schematicness introduced by Van Oystaeyen and Willaert
[vOW95] for N-graded algebras. With this theory, they proved the Serre-Artin-Zhang-
Verevkin theorem for several families of non-N-graded algebras and finitely non-N-graded
algebras which are not necessarily connected. Their treatment contributed to the research
on this theorem presented by Lezama [Lez21, LL17] from a different point of view.

Let us some technical details. For a positively SG ring R, if Ry := @ Ry, then we say

K>1
that a left Ore set S is non-trivial if SN Ry # ().

Definition 6.1 ([CR24b, Definition 4.1]). Let R be a positively SG left Noetherian ring. R
is called (left) schematic if there is a finite set I of non-trivial good left Ore sets of R such
that for each (xs)ser € [[ S, there exist t,m € N such that (R>¢)™ C ) Rxs.

Sel Sel

If R is schematic by considering the good left Ore sets Si, and defining for each 1,
Ks,(M) ={m e M| ds € Si,sm =0},

n
then () ks, (M) = T(M) for every SG R-module M.
i=1
Some authors have investigated geometrical properties of schematic semi-graded rings
[CRR24, CR24b, Ni3, NRR24, NR24, Ram23].
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The following examples illustrate Serre-Artin-Zhang-Verevkin theorem in the case of
non-N-graded rings where [vOW95, Theorem 3] cannot be applied.

Example 6.1 ([CR24a, Example 5.25]). (i) Consider the first Weyl algebra A;(k) =
k{x,y}/{yx —xy — 1) over a field k of char(k) =p > 0. It is well-known that A;(k)
is a non-N-graded ring, the set {x"y™ | n, m € N} is k-basis of A;(k), and that A (k)
is a Noetherian ring. Since xP,yP € Z(A;(k)) it is clear that {xP* | k € N} and
{yP* | k € N} are good left Ore sets. Besides, if k1, k2 € N then A7 (k)xP*" + A (k)yP*2
is a two-sided ideal of Aj(k) which is a left SG submodule, whence A (k)>pk,+pk, €
Aq(k)xP*1 + Aq(k)yP*2. Therefore Aj(k) is a schematic algebra and satisfies the
theorem.

(ii) In a similar way, it can be shown that the n-th Weyl algebra A, (k) is schematicness
when char(k) =p > 0.

(iii) The well-known Jordan plane k{x, y}/(yx—xy—y?) is schematic when char(k) =p > 0
since the sets {xP* | k € N} and {yP* | k € N} are good left Ore sets.

Examples 6.2 and 6.3 show that the theory presented by Lezama [Lez21, LL17] about
Serre-Artin-Zhang-Verevkin theorem and the one developed in this chapter are independent.

Example 6.2 ([CR24a, Example 5.27]). If R is a left Noetherian noncommutative ring,
then A = R[x] is schematic, whence A satisfies the Serre-Artin-Zhang-Verevkin theorem.
Notice that this result cannot be obtained from the the theory developed by Lezama
[Lez21, LL17] because does not satisfy Lezama’s assumption (C4) that says that Ag =R
is a commutative ring. Notice that in the particular case of the k-algebra R = My (k),
since R is not connected it does not satisfy the definition of schematicness given by Van
Oystaeyen and Willaert, and it is not a finitely semi-graded algebra in the sense of Lezama
1.5. However, from Chacén and Reyes’s point point of view, the algebra is schematic and
satisfies the Serre-Artin-Zhang-Verevkin theorem.

Example 6.3. Consider A as the 3-dimensional skew polynomial algebra subject to the
relations
yz=1zy, xz=2x, and Yyx=xy-—z.

This algebra satisfies the Serre-Artin-Zhang-Verevkin theorem [FGL'20, Example
18.5.15 (v)] following the ideas presented by Lezama [Lez21, LL17]. However, A is not
schematic.

Finally, we want to say that Willaert [Wil97] presented new results on cohomological
properties of Auslander-Gorenstein algebras that might be useful in the research on
schematic algebras. He considered necessary and sufficient conditions to relate the property
of being schematic with the Gorenstein property: “At this moment, we do not know
the strongness of the hypothesis that a certain algebra is schematic. For instance, is a
schematic algebra with finite global dimension automatically Gorenstein? [...] It would also
be interesting to know that the cohomological dimension of a schematic algebra” [Wil97, p.
155].

At the end of his paper, he mentioned Yekutieli and Zhang’s paper [YZ97]: “if the
connected Noetherian k-algebra A is Gorenstein, then Serre-duality holds for A” [Wil97, p.
155 and Theorem 2.
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As we can see from the definitions of Artin-Schelter regular algebra and semi-graded
Artin-Schelter regular algebra, the Gorenstein condition is fundamental, so we think that a
natural task is to investigate possible relationships between this condition and the schematic
property in the setting of semi-graded rings following the approach carried out by Willaert
[Wil97].

Related with this, we also consider important to investigate if the category SGR —
R of semi-graded modules over a ring R whose morphisms are the homogeneous R—
homomorphisms, or an appropriate subcategory of this, has modules of quotients. Thinking
about it, a possible way to solve this problem is due to Gabriel [Gab62], which consists
to prove that SGR — R has enough injectives (in fact, this would allow to formulate of
notion of cohomology in the semi-graded setting following Villaert’s ideas). Precisely, it
is important to note that until now we do not know if SGR — R is Grothendieck; we only
know that SGR — R is Ab5 [Cha22, Section 1.5]. Of course, if we found a positive answer
then automatically we guarantee the existence of enough injectives in SGR — R. This will
be our line of research in the near future (c.f. [CRR24]).

P.S. At the time when this thesis was written, the following preprint appeared in
arXiv:

Serre duality for dg-algebras (https://arxiv.org/abs/2410.07204).

There, Brown and Sridhar generalized Yekutieli-Zhang’s noncommutative Serre duality
theorem to the setting of noncommutative spaces associated to dg-algebras. This fact
motivates us considerably to advance our research in the setting of semi-graded rings.


https://arxiv.org/abs/2410.07204
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