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Abstract

This article pretends to show some results from the study of The Relativistic Wave Equation in
order to describe a massive system of boson and fermion. We defined the scattering matrix Vfi on
the electromagnetic case and concurrently we extended it to the strong and weak interactions of the
vector meson with the fermions. We also studied some applications to hadronic physics ,Quantum
Hadrondynamics (QHD-I) and neutrino physics.

1 Introduction

In the years of 1926 and 1927 Klein and Gordon proposed a relativistic wave equation for particles with
spin 0, which originally is Schrodinger Relativistic Equation [1][2]. Duffin - Kemmer - Petiau developed a
relativistic theory that described the dynamics of a system of particles of spin 0 and 1 [3][4][5][6]. Proca
stated a relativistic wave equation for massive particles with spin 1 [7]. Dirac in 1938 proposed a wave
equation that unifies the special relativity with the spin of particles, particulary the electron [8]. Fierz -
Pauli proposed a relativistic wave equation for the arbitrary spin particles [10]. Rarita - Schwinger stated
a relativistic wave equation which describes the dynamics of the particles with spin 3/2 [11]. Bhabha
described at the beginning of his theory the dynamics of protons through a relativistic wave equation as
an exact copy of Dirac,s equation [12]. Concurrently in the 40th many theories were developed in which
are described the interactions of elementary particles with the gauge bosons which are the cause of the
interaction, and these theories are known as Quantum Field Theories. In the outset it was developed the
Quantum Electrodynamics (QED) which describes the interaction of the fermions with the electromagnetic
field as the first approach to the lowest perturbative order. In the case of the strong interaction, it was stated
a field theory as a copy of quantum electrodynamics which corresponds to Quantum Chromodynamics (QCD)
that describes the interaction of nucleons with the gluons. Thung defined relativistic wave equation and the
field theories with arbitrary spin [13]. An extension of quantum chromodynamics is the one presented by
Quantum Hadrondynamics (QHD-I) which describes the dynamics of the scalar and vector mesons with
the baryons [14]. Niederle defines a wave equation for the massive particles with an arbitrary rational spin
number [15]. Silenko verifies the accuracy of the wave equations for particles with spin 1 [30]. Tutik and
Kulikov describe the dynamics of fermions with massive bosons with integer spin through a relativistic wave
equation [23]. This article contains the relativistic wave equation for massive bosons and fermions on the
basis to the works referred above. For the electromagnetic case we defined the electromagnetic tensor which
describes the fields produced by this system of particles. Furthermore some applications are mentioned.
The relevance of this equation to hadronic physics is the deduction of the wave function of the hadrons as a
product of the baryonic function with the meson function in terms of the quarks in a full manner. Another
definition of the electromagnetic tensor considering the case the coupling given by the vectorial meson and
the electromagnetic field on the basis of the work of Walecka [18]. The scattering matrix element Vfi is
defined on the basis of Bjorken - Drell text about the propagator theory [19] and we propose an extension of
the strong, weak and electromagnetic interaction of the vector meson with the fermions and an applications
to neutrino physics.
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2 Relativistic Wave equation for the fermion - boson with spin 1
system

The starting point in order to deduct the relativistic wave equation for this system is writing the Dirac and
Proca equations:

(iγµ∂µ −m)ψ = 0 (1)

∂λψ
λν −m2

0ψ
ν = jν (2)

multiplying the eq.(1) on the right by ψλν and the eq. (2) on the left by iγλψ and adding, taking into
account that iγµ∂µ = iγλ∂λ = iγ0 ∂

∂t − iγ · ∇, we obtain

(iγµ∂µ −m)Ψλν − im2
0γ
λψνψ = iγλjνψ (3)

and we can write γλψν = 1
2 (γλψν−γνψλ)+ 1

2 (γλψν+γνψλ) and γλjν = 1
2 (γλjν−γνjλ)+ 1

2 (γλjν+γνjλ)
1, finally:

(iγµ∂µ −m)Ψλν − i q0

2
m2

0ε
λνσγλψνψ =

i

2
ελνσγλjνψ (4)

This is a relativistic wave equation for a the massive boson and fermion system, where q0 is a constant
2, m is a fermion mass, m0 is a massive boson mass and Ψλν = ψλνψ is the function as a product of the
wave function of the fermions and the wave function for the bosons in agreement with Pitaevskii - Liftshitz
- Beretetskii text which is a similar tensor to the electromagnetic tensor [38].To obtain the wave function for
this system we multiply the matrix form of the bosonic field ψλν (take λ, ν = 0, 1, 2, 3 , analogue to matrix
form of the electromagnetic field) with the Dirac spinor ψ we obtain

Ψλν = ψλνψ =


0 ψ01 ψ02 ψ03

ψ10 0 ψ12 ψ13

ψ20 ψ21 0 ψ23

ψ30 ψ31 ψ32 0



ψ1

ψ2

ψ3

ψ4

 =


ψ01ψ2 + ψ02ψ3 + ψ03ψ4

ψ10ψ1 + ψ12ψ3 + ψ13ψ4

ψ20ψ1 + ψ21ψ2 + ψ23ψ4

ψ30ψ1 + ψ31ψ2 + ψ32ψ3

 (5)

If Kemmer - Duffin- Petiau spin 1 matrices were considered, then we could obtain a coupled relativistic
wave equation for Dirac fermions and Kemmers bosons as observed in Krolikowski article [20]. In the
electromagnetic case we have considered this system in presence of an external electromagnetic field. Similary
as in Klein - Gordon equation we have applied the same minimal substitution p −→ p−eA and E −→ E−eφ
into (3) and (4) obtaining:

γ0

(
i
∂

∂t
− eφ

)
Ψλν = (γ · (p− eA)−m)Ψλν + i

q0

2
m2

0ε
λνσγλψνψ +

i

2
ελνσγλjνψ (6)

or in the covariant form

(iγµDµ −m)Ψλν − i q0

2
m2

0ε
λνσγλψνψ − i

2
ελνσγλjνψ = 0 (7)

where Dµ = ∂µ − ieAµ.

3 A scattering matrix element in the electromagnetic case

In the case of this system in presence of an external electromagnetic field we have considered the indices
λ = λ, ν = 0 in eq. (7) obtaining the following equations system (See Appendix B):

[iγµDµ −m]ψ = f(q2)ψ (8)

γµDµψ
λ0 − q0m

2
0

2
ελ0σγλψ0 = 0 (9)

1Since ψλν is already antisymmetric we can skip symmetrical terms demanding that symmetrical terms sum up to zero
2This constant has been introduce due to dimensional reasons

2



where f(q2, ψλ) = 2γµεµ0σψ
λ0F (q2). If we use the same procedure such as Bjorken and Drell [19] in

order to give a solution to Dirac equation in terms of propagators, then we obtain the matrix element Vfi
at first perturbative order:

Vfi = δif − ieεf
∫
d4xψ̄f (x)Aµ(x)γµψi(x) + εf

∫
d4xψ̄f (x)f(q2)ψi(x) (10)

being ψ̄f the free wave function associated to the fermions with quantum numbers f of the Dirac equation
with εf = +1 for solutions with positive frequency for the future and εf = −1 with solutions of negative
frequency for the past, ψi is the free wave function for incident fermions and ψλ0 is the associated tensor for
the wave function with spin 1 [38] [19], and f(q2) are the form factor of fermion and massive boson.

4 Extension to the strong and weak interactions

Walecka develops a detailed application of scalar and vector bosons and vector mesons [18]. According
to the Walecka works we obtain a generalization of the matrix element (10) for vectorial mesons that
interacting electromagnetically, strongly, and weakly with fermions to first perturbative order taking the
minimal coupling Dµ = ∂µ − ieAµ − ig~τL

2
~Wµ − igsGaµTa 3 in the equation (8):

Vfi = δif + ieεf

∫
d4xψ̄f (x)γµAµ(x)ψi(x) + ieεf

∫
d4xψ̄f (x)f(q2)ψi(x)

+ i
Gf εf√

2

∫
d4xψ̄f (x)γµ(1− γ5)Wµ(x)ψi(x)

+ iεf
GF√

2

∫
d4xψ̄f (x)f2(q2)ψi(x)+

igsεf

∫
d4xψ̄f (x)γµGµ(x)ψi(x) + igsεf

∫
d4xψ̄f (x)f3(q2)ψi(x) (11)

and second perturbative order:

Vfi = ie2

∫
d4x

∫
d4y[ψ̄f (y)γµψi(y)]DF (x− y)[ψ̄f (x)γµψi(x)]

+ ie4

∫
d4x

∫
d4y[ψ̄f (y)γµψi(y)]2

∣∣f1(q2)
∣∣2 [ψ̄f (x)γµψi(x)]2

+ ig2
s

∫
d4x

∫
d4y[ψ̄f (y)γµψi(y)]Dgluon

F (x− y)[ψ̄f (x)γµψi(x)]

+ ig4
s

∫
d4x

∫
d4y[ψ̄f (y)γµψi(y)]2

∣∣f2(q2)
∣∣2 [ψ̄f (x)γµψi(x)]2

+ i
G2
F

4

∫
d4x

∫
d4y[ψ̄f (y)γµ(1− γ5)ψi(y)]WF (x− y)[ψ̄f (x)γµ(1− γ5)ψi(x)]

+ i
G4
F

4

∫
d4x

∫
d4y[ψ̄f (y)γµ(1− γ5)ψi(y)]2

∣∣f3(q2)
∣∣2 [ψ̄f (x)γµ(1− γ5)ψi(x)]2 (12)

where GF is the Fermi constant, gs the coupling constant of the strong interaction and f1, f2, f3 are
functions that depend on the form factor of fermion and vectorial meson and the density charge.

5 Applications

The first application is the definition of the baryons and mesons wave functions in terms of the quarks as
defined in Nambu [21], Henley and Garcia [25], [26] and Close [27]. According to the works of the Nambu ,
Henley and Garcia and Close , from (4) we defined the baryonic and mesonic wave function in terms of quarks

3The index a to indicate the eight color gluon charge
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multiplied by the color, spin and isospin wave functions given by the Quark Model. The wave functions in
terms of the quarks its defined in Henley and Garćıa text [25] , and Nambu text [24]. In the hadronic case the

wave function for the baryon - meson system in terms of the quarks is given by qαβδhadron = qbaryonα ⊗ qmesonβδ .
The baryon wave function as defined at Richard [28] and similarly we have defined the wave function for
mesons. In the quarks model the wave function for mesons and baryons were defined as follows:

qbaryonα = Nb
∑
ijk

qiqjqk(x, y, z, t)(q↑i q
↑
j q
↑
k)spin(q↑i q

↑
j q
↑
k)isospin

∑
abc

εabcqaqbqc

' Nb
∑
ijk

qi0qj0qk0(q↑i q
↑
j q
↑
k)spin(q↑i q

↑
j q
↑
k)isospin

∑
abc

εabcqaqbqc exp(iq · x) (13)

qmesonβδ = Nm
∑
ij

qiq̄j(x, t)(q
↑
i q̄
↑
j )spin

∑
ab

δabqaq̄b ' Nm
∑
ij

(qi0q̄j0)βδ(q↑i q̄
↑
j )spin

∑
ab

δabqaq̄b exp(ip · x) (14)

Where p and q are the four momentum associated to the mesons and the baryons, with i, j, k = 1, 2, 3 and
a, b, c as an color indices. We have considered as well the baryon - meson system in terms of quarks , so we
could obtain the relativistic wave equations though (8) and (9), but in absence of an external electromagnetic
field:

(γµqµ −m)(qiqjqk) = f(q2)(qiqjqk) (15)

γµqµ[(qi0q̄j0)µ] +
q0

2
m2

0ε
λ0σγλ(qi0q̄j0)0 = 0 (16)

where qµ is the four momentum associate to quarks 4, m0 is the meson mass, m the baryon mass. The
second application has been developed based on works about relativistic mean field theory stated by Walecka
[18] and Quantum Hadrondynamics (QHD-I) also stated by Walecka and Serot [14],[18].

(iγµDµ −m∗baryon)ψ = f(q2)ψ (17)

γµDµV
µ0 +

q0

2
m2

0ε
λ0σγλV 0 = 0 (18)

Dµ = ∂µ − igV Vµ (19)

In the neutrino physics, from the eq. (4) we defined the relativistic wave equations for the massless left
and right handed fermions and massive bosons system multiplying on the left by γ5 and on the right by γ0

to obtain the equations system in terms of Σ matrices as defined in Giunti and Kim [29] :

[
−γ5p0 −Σ · p

]
(ψµνψL)− i q0m

2
0

2
(Σ×ψ)ψL = iΣ× JψL (20)[

γ5p0 −Σ · p
]

(ψµνψR)− i q0m
2
0

2
(Σ×ψ)ψR =

i

2
Σ× JψR (21)

From the eqs. (22) and (23) we can defined the relativistic wave equations in terms of the helicity ĥ also
stated in Giunti and Kim [29]

[
−γ5p0 − |p| ĥ

]
p(ψµνψL)− i q0m

2
0

2
|p|2 (û ·ψ)ψL =

i

2
|p|2 û · JψL (22)[

γ5p0 − |p| ĥ
]
p(ψµνψR)− i q0m

2
0

2
|p|2 (û ·ψ)ψR =

i

2
|p|2 û · JψR (23)

According with this equations we introduced a new operator û that releate the momentum p with the Σ
(See Appendix C) matrices defined as:

û =
Σ× p

|p|
(24)

4In this context qµ is not a momentum transfer

4



6 Summary and Discusion

In section (2), the equations (4) and (5) describe a composite system of fermions with massive bosons with
spin 1. Here we have not taken into account the Foldy - Wouthyusen transformation for the bosonic symmetry
of Dirac equation as observed in the works of Silenko [30] and Simulik and Krivsky [31], furthermore, neither
we take into account the Pauli matrices for particles with integer spin defined by Curtright, Fairlie and
Zachos, C [32]. If we considered a potential V in the equation (4) then we can see that is an interacting
potential between massive bosons and the fermions, analytically it might be attractive potential Coulomb
or Yukawa type considering the case of nucleons. In the section (3), we consider the electromagnetic case.
The equation (8) is interpreted as electromagnetic field produced by a massive boson with a fermion on their
covariant form, without taking into account the charge conjugation operator that relates the Dirac spinor
with the electromagnetic field as established by Simulik and Krisvky [33] 5. In section (4), the matrix element
(11) describes how is the interaction of the system 6 at the lowest perturbative order with the electromagnetic
field. There are many works about coupling baryons and mesons as the case of Wu, Shang and Yao [34], they
show a particular case about baryons coupling with ω-mesons through a lagrangian, and how the baryonic
current preserves and the propagator formulation without the electromagnetic field coupling. In section
(5), the matrix element Vfi (12) and (13) are interpreted as a weak, strong and electromagnetic interaction
between vector meson 7 and a fermion at first and second perturbative order. From an experimental point
of view we have not observed a process 8 which could show all the interactions at the same time. Regarding
the experimental results on interactions of fermions with vector bosons, we just consider the relevant terms.
In the section (6), the equations (16) and (17) describes the baryon - meson system in absence of an external
electromagnetic field in terms of quarks. If we consider a quark - antiquark system in the rest frame with
p 6= 0, q0 ≈ 1, then we obtain from the eq.(17) the charged Klein - Gordon equations for the mesons in terms
of quarks:

(q2 +m2
0)(qi0q̄j0)0 = −g0νρ (25)

(q2 +m2
0)(qi0q̄j0)i = −giνJi (26)

Where q2 is the Lorentz invariant for 4 - momentum associated to the quarks 9, i = 1, 2, 3, m0 the meson
mass and ρ, Ji are the charge and current density produced by the massive bosons (in this case the mesons).
The estimate solution to eq. (16) is the matrix element defined in eq. (11), for the case interaction or a
process among quarks as the case of creation to quarks pairs in t = 0, Fuda [10] describes in his works.
Respect to the second application, Djukanovic, Lee and Yang and Velo developed works about the coupling
of the electromagnetic field with the vector meson field [36] [37] [22]. From the eq. (21) we can consider
the problem raised by Walecka as an application to the mean field theory of a hadron confined to a volume
V which baryonic charge density is ρB , using the electromagnetic operator defined in Walecka [18]; and the
third application on eqs. (22), (23), we consider the massless fermions as Weyl neutrinos and we propose
a new operator stated in the eq. (26) of the which the interpretation is unknown and a constant q0 that
appear in eqs. (22), (23), (24) and (25) and the value of which, at this time is also unknown. However, take
into account the eq. (27) and (28), the value of constant q0 is less or equal than 1. We need to consider an
interaction of fermions with vectorial bosons, experimentally established, in order to determine the defined
matrix elements in eq. (18) and (19) and then calculate the effective cross section. As for now it is not
know a decay that involves vector mesons which could interact weakly, electromagnetically and strongly
simultaneously with fermions. If we have four or more particles it is important verify which interactions are
presented. Moreover which therms consider relevant within eq.(19) and therefore an approach. Finally, we
can deduce that functions f1, f2, f3 can vary on the basis of the type of the process studied. So it is possible
to determinate these functions and their interpretations. It is necessary to investigate more about new
operator u and its implications to the neutrino physics. In the application to hadronic physics, Pitaevskii
and Liftshitz worked on hadrons electrodynamics [38]. Based on these works is possible to determinate the
electromagnetic fields in terms of form factors, electric and magnetic.

5there is a unitary relationship between quantum electrodynamics and relativistic quantum mechanics without taking into
account the covariant formulation concerned in classical electrodynamics

6In this context refers to fermion boson with spin 1
7Bosons with odd parity JP = 1− can see Particle Data Booklet (2012) [26]
8Refers a decays, particle production i.e. pairs creation electron - positron from two photons
9The Lorentz Invariant for the 4 - momentum its defined as qµqµ = q2 = (E2 − q2)
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Appendix

7 A. Derivation of the electromagnetic tensor coupling with the
massive boson and fermion system

From the eq. (7) we can write:

iγµ∂µΨλν −mΨλν − q0

2
im2

0ε
λνσγλψνψ − 1

2
iελνσγλjνψ = eγµAµΨλν (27)

multiplying by Ψλνγµ:

i(γ2
0 − γ2)Ψλν∂µΨλν

−mΨλνγµΨλν − q0

2
im2

0Ψλνγµε
λνσγλψνψ − i1

2
Ψλνγµε

λνσγλjνψ = e(γ2
0 − γ2)Aµ

∣∣Ψλν
∣∣2 (28)

we can rewrite the eq.(30) as:

(γ2
0 − γ2)ΨλνpµΨλν

−mΨλνγµΨλν − q0

2
im2

0Ψλνγµε
λνσγλψνψ − i1

2
Ψλνγµε

λνσγλjνψ = e(γ2
0 − γ2)Aµ

∣∣Ψλν
∣∣2 (29)

applying the four - derivative ∂ν and multiplying by -1:

− (γ2
0 − γ2)∂ν(ΨλνpµΨλν)

+m∂ν(ΨλνγµΨλν)

+
q0

2
im2

0∂ν(Ψλνγµε
λνσγλψνψ) +

i∂ν
2

(Ψλνγµε
λνσγλjνψ) = −e(γ2

0 − γ2)∂νAµ
∣∣Ψλν

∣∣2 (30)

And interchanging ν by µ into the eq. (32)

− (γ2
0 − γ2)∂µ(ΨλµpνΨλµ)

+m∂µ(ΨλµγνΨλµ)

+
q0

2
im2

0∂µ(Ψλµγνε
λµσγλψµψ) +

i∂ν
2

(Ψλµγνε
λµσγλjµψ) = −e(γ2

0 − γ2)∂µAν
∣∣Ψλµ

∣∣2 (31)

subtracting (32) with (33) and take account that |Ψλν |2 = |Ψλµ|2 = |Ψ|2 then we obatin:

F bfµν

= k
{

(γ2
0 − γ2)(∂µ(ψλµpνψ

λµ)− ∂ν(ψλνpµψ
λν))

}
− k

{
q0m

2
0

2

[
pµ(ψλµγνε

λµσγλψµψ)− pν(ψλνγµε
λνσγλψνψ)

]}
− k

{
m
[
∂µ(ψλµγµψ

λν)− ∂ν(ψλνγµψ
λν)
]

+
pµ
2

(ψλµγνε
λµσγλjµψ)− pν

2
(ψλνγµε

λνσγλjνψ)
}

(32)

where k = 1
e(γ2

0−γ2)|Ψ|2 .
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8 B. Derivation of the matrix element Vfi

As starting point we take the eq. (7) for λ = λ, ν = 0.

(iγµDµ −m)Ψλ0 − iq0

2
m2

0ε
λ0νγλψ0ψ − i

2
ελ0σγλρψ = 0 (33)

(iγµDµψ
λ0)ψ + ψλ0(iγµDµψ)−mψλ0ψ − iq0

2
m2

0ε
λ0νγλψ0ψ − i

2
ελ0σγλρψ = 0 (34)

Separating the fermionic and bosonic cases:

ψλ0(iγµDµψ −m)ψ =
i

2
ελ0σγλρψ = 0 (35)

γµDµψ
λ0 − iq0

2
m2

0ε
λ0νγλψ0 = 0 (36)

In the fermionic case:

ψλ0(iγµDµψ −mψ) =
iελ0σγλρψ

2
(37)

to solve this equation we need to define a new function in terms of the momentum transfer 10 related by
the form factor F (q2), and ψλ0

f(q2, ψλ) = −2ieεµ0σγµψ
0λF (q2) (38)

inserting this equation into eq. (39) on the left hand:

ψλ0(iγµDµψ −mψ) = f(q2, ψλ)
iελ0σγλρψ

2

ψλ0(iγµDµ −m)ψ = εµ0σγµψ
0λF (q2)ελ0σγλρψ

ψλ0(iγµDµ −m)ψ = εµ0σγµε
λ0σγλF (q2)ψ0λψρ

ψλ0(iγµDµ −m)ψ = εµ0σε
λ0σγµγ

λF (q2)ψ0λψρ

using the Levi Civita property εµ0σε
λ0σ = δµλ we have:

ψλ0(iγµDµ −m)ψ = δλµγµγ
λF (q2)ψλ0ψρ

ψλ0(iγµDµ −m)ψ = (γ2
0 − γ2)F (q2)ψ0λψρ

ψλ0
[
(iγµDµ −m)ψ − (γ2

0 − γ2)F (q2)ψρ
]

= 0

we can define f(q2) = (γ2
0 − γ2)F (q2)ρ and we obtain

ψλ0
[
(iγµDµ −m)ψ − f(q2)ψ

]
= 0 (39)

Now we will take the term:

(iγµDµ −m)ψ − f(q2)ψ = 0 (40)

and we applying the same procedure as shown in the reference [19] pp. 83 and 96 to order to obtain:

ψ(x) = ψ0(x) + e

∫
d4yDF (x− y)γµAµ(y)ψ(x) +

∫
d4yDF (x− y)f(q2) (41)

According to the Feynman conditions this solution contain only positive frequency in the future and
negative frequency in the past:

10In this case fermion boson interaction
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a In the future

ψ(x)− ψ0(x) '
∫
d3p

2∑
r=1

ψrp(x)

[
−ie

∫
d4yψ̄rp(y)γµAµ(y)ψ(x)− ie

∫
d4yψ̄rp(y)f(q2)ψ(x)

]
(42)

b In the past

ψ(x)− ψ0(x) '
∫
d3p

4∑
r=3

ψrp(x)

[
ie

∫
d4yψ̄rp(y)γµAµ(y)ψ(x) + ie

∫
d4yψ̄rp(y)f(q2)ψ(x)

]
(43)

For the eq.s (54) and (55) we can identify the matrix element Vfi as coefficients of the free-wave solutions
ψr(x):

Vfi ' δfi − ieεf
∫
d4yψ̄f (y)γµAµ(y)ψi(y)− ieεf

∫
d4yψ̄f (y)f(q2)ψi(y) (44)

Similary we obtain the matrix element to perturbative second order taking account the same procedure
as shown in the eq (6.57) of the reference [19] and we can stated the matrix element to perturbative first
and second order inserting the minimal coupling for the weak, strong and electromagnetic interaction Dµ =

∂µ − ieAµ − ig~τL
2

~Wµ − igsGaµTa into eq.(42).

9 C. Derivation of the Relativistic Wave Equations in terms of
the helicity and the vector û

Consider the massless fermion left- handed, right - handed and massive boson system. In this case the eq.(4)
can be rewrite as

(γ0p0 − γ · p)ψλνL −
iq0m

2
0

2
ελνσγλψνψL =

i

2
ελνσγλjνψL (45)

multiplying on the right by γ0 and on the right by γ5 and according to the definition of the Σ matrix
and the chirality on the reference [29] (pag.16, eq. (2.79), pag. 18, eqs. (291), (292)) we get:

[−γ5p0 −Σ · p]ψλνL −
iq0m

2
0

2
ελνσΣλψνψL =

i

2
ελνσΣλψνψL (46)

and multiplying by 1/ |p| we obtain the relativistic wave equation in term of the helicity operator:

[−γ5p0 − ĥ|p|]ψλνL −
iq0m

2
0

2
|p|ελνσΣλψνψL =

i

2
|p|ελνσΣλjνψL (47)

Considering the spatial coordinates of the bosonic current J:

[−γ5p0 − ĥ|p|]ψλνL −
iq0m

2
0

2
|p|(Σ×ψ)ψL =

i

2
|p|(Σ× J)ψL (48)

Applying the momentum operator p over ψλνL and the property of the scalar triple product:

[−γ5p0 − ĥ|p|]pψλνL −
iq0m

2
0

2
|p|[(Σ× p ·ψ)]ψL =

i

2
|p|p · (Σ× J)ψL (49)

[−γ5p0 − ĥ|p|]pψλνL −
iq0m

2
0

2
|p|[(Σ× p) ·ψ]ψL =

i

2
|p|(Σ× p) · JψL (50)

we substituting Σ× p by |p|û finally we get[
−γ5p0 − |p| ĥ

]
p(ψµνψL)− i q0m

2
0

2
|p|2 (û ·ψ)ψL =

i

2
|p|2 û · JψL (51)

This result can be extend similary with the right-handed fermion obtaining:[
γ5p0 − |p| ĥ

]
p(ψµνψR)− i q0m

2
0

2
|p|2 (û ·ψ)ψR =

i

2
|p̂|2 û · JψR (52)
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