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Abstract 

In this thesis, the calcination of CaCO3 under oxy-fuel combustion atmosphere is modeled. 

At first, a reaction model that simultaneously takes into account the non-uniformity in the 

solid microstructure and the sintering phenomenon is developed. It predicts the evolution 

of grain size distribution by using population balances and represents the sintering as a 

phenomenon of grain combination. This model is validated with experimental data on the 

redox reactions of copper-based oxygen carriers, in which the sintering phenomenon has a 

remarkable importance. In addition, it was proposed a mathematical expression for the 

aggregation frequency that depends on physical meaningful variables and can be used to 

identify the operating mechanism in sintering.  

 

Afterwards, another model for the sintering of the CaO under N2 atmosphere is proposed. 

This one considers the non-uniformity of the pore size distribution and is used to determine 

the controlling mechanism in the CaO sintering. Furthermore, it can simulate the sintering 

of materials with bimodal pore size distributions, commonly found in the study of ceramics. 

Finally, the sintering model is modified in order to consider the catalytic effect of CO2 on 

the CaO sintering and then coupled to a reaction model with the aim of simulating the 

calcination of CaCO3 under CO2 atmosphere. 

 

Key words: Limestone, Modeling, Sintering, Lime, Population balance, Calcination 



Mathematical Model for the Calcination of CaCO3 under Oxy-Fuel Combustion Atmosphere 

 
7 

 

 

 

Table of Content 

Pag. 

Abstract ................................................................................................................................ 6 

Introduction ....................................................................................................................... 12 

1. CHAPTER ONE ............................................................................................................ 20 

1.1 Introduction ................................................................................................................................. 21 

1.2 The model ..................................................................................................................................... 23 

1.2.1 Model assumptions ..................................................................................................... 26 

1.2.2 Model development ................................................................................................... 26 

1.2.3 Population balance ...................................................................................................... 29 

1.2.4 Deduction of the initial grain size distribution ................................................. 32 

1.3 Solution strategy ........................................................................................................................ 33 

1.3.1 Non Simplified Solution (NSS) ................................................................................ 34 

1.3.2 Simplified solution ....................................................................................................... 37 

1.4 Results and discussion ............................................................................................................. 40 

1.4.1 Sulfation of lime ........................................................................................................... 40 

1.4.2 Reaction between zinc oxide and hydrogen sulfide ....................................... 44 

1.4.3 Redox reactions of the copper-based oxygen carrier .................................... 48 

1.5 Concluding remarks .................................................................................................................. 54 

1.6 Nomenclature ............................................................................................................................. 56 

References .................................................................................................................................................. 59 

2. CHAPTER TWO ........................................................................................................... 63 

2.1 Introduction ................................................................................................................................. 64 

2.2 The model ..................................................................................................................................... 67 

2.2.1 Balance of matter ......................................................................................................... 69 

2.2.2 Population balance ...................................................................................................... 72 

2.2.3 Aggregation frequency .............................................................................................. 74 

2.3 Experimental ................................................................................................................................ 77 

2.3.1 Synthesis and characterization ............................................................................... 77 

2.3.2 Kinetic parameters determination ......................................................................... 79 

2.3.3 Redox cycles ................................................................................................................... 80 

2.3.4 Fitting of aggregation frequency and initial pore size distribution .......... 81 

2.4 Results and discussion ............................................................................................................. 82 

2.5 Concluding remarks .................................................................................................................. 92 

References .................................................................................................................................................. 94 



8 Mathematical Model for the Calcination of CaCO3 under Oxy-Fuel Combustion Atmosphere 

 

 

 

 

3. CHAPTER THREE......................................................................................................... 98 

3.1 Introduction ................................................................................................................................. 99 

3.2 The model .................................................................................................................................. 102 

3.2.1 Pore shrinkage rates ................................................................................................. 105 

3.2.2 Pore coordination number..................................................................................... 105 

3.2.3 Single pore shrinkage rate at intermediate stage ......................................... 106 

3.2.4 Single pore shrinkage rate at final stage .......................................................... 107 

3.2.5 Pore coarsening at intermediate stage ............................................................. 108 

3.2.6 Connection term ........................................................................................................ 108 

3.2.7 Total pore radius rate of change ......................................................................... 111 

3.2.8 Numerical method .................................................................................................... 111 

3.3 Experimental ............................................................................................................................. 113 

3.4 Results ......................................................................................................................................... 116 

3.4.1 Determination of mechanism ............................................................................... 116 

3.4.2 Porosity and surface area development ........................................................... 121 

3.5 Concluding remarks ............................................................................................................... 128 

References ...................................................................................................................................... 129 

4. CHAPTER FOUR ........................................................................................................ 133 

4.1 Introduction ............................................................................................................................... 134 

4.1.1 Modelling of CO2-catalyzed sintering of CaO ................................................ 135 

4.1.2 Distributed models in sintering ............................................................................ 136 

4.2 Experimental ............................................................................................................................. 138 

4.2.1 Preparation of CaO samples.................................................................................. 138 

4.2.2 Sintering ........................................................................................................................ 140 

4.2.3 CO2 chemisorption and dissolution.................................................................... 142 

4.2.4 Chemical reactivity tests ......................................................................................... 143 

4.3 Sintering model ....................................................................................................................... 144 

4.3.1 Rate of pore radius change due to lattice diffusion ..................................... 145 

4.3.2 Rate of pore radius change due to grain boundary diffusion .................. 146 

4.3.3 Pore coordination number..................................................................................... 148 

4.3.4 Coarsening by surface diffusion .......................................................................... 148 

4.3.5 Surface area and porosity ...................................................................................... 149 

4.3.6 Total rate of pore radius change ......................................................................... 150 

4.4 Calcination model ................................................................................................................... 151 

4.5 Analysis and results ................................................................................................................ 154 

4.5.1 CO2 chemisorption and dissolution equilibrium ........................................... 154 

4.5.2 CO2 chemisorption and dissolution kinetics ................................................... 157 

4.5.3 Sintering of the CaO ................................................................................................. 159 

4.5.4 Calcination of CaCO3 ................................................................................................ 165 

4.6 Concluding remarks ............................................................................................................... 168 



Mathematical Model for the Calcination of CaCO3 under Oxy-Fuel Combustion Atmosphere 

 
9 

 

 

 

References ............................................................................................................................................... 170 

Recommendations for Further Research ...................................................................... 176 

 

 

List of figures 

Figure 1-1. Scheme of changing grain size model. ............................................................................ 24 

Figure 1-2. Scheme of CGSDM. .................................................................................................................. 25 

Figure 1-3. Flowchart of NSS algorithm. ................................................................................................. 37 

Figure 1-4. Grain size distributions for different limes. ..................................................................... 41 

Figure 1-5. Conversion vs time for the sulfation of different limes. a = 0. ................................ 42 

Figure 1-6. Effect of grain size distribution on lime sulfation. a = 0. ........................................... 43 

Figure 1-7. Evolution of porosity over time at particle periphery. ................................................ 44 

Figure 1-8. Sintering of ZnO at 600 C°. a=7.64*10-27 m3/s. ............................................................. 46 

Figure 1-9. Comparison between grain models for the reaction between zinc oxide and 

hydrogen sulfide. ............................................................................................................................................. 47 

Figure 1-10. Scheme of CLC process. ....................................................................................................... 48 

Figure 1-11. Micrographs of the copper based oxygen carrier. .................................................... 50 

Figure 1-12. Comparison of grain models for the reduction of the oxygen carrier. a = 0. . 52 

Figure 1-13. Comparison of grain models for the oxidation of the oxygen carrier. a=7.2*10-

22 m3/s. ................................................................................................................................................................. 53 

Figure 2-1. Scheme of the model for the OC oxidation reaction. ................................................. 68 

Figure 2-2. Comparison between grain models for the oxidation reaction at 800 °C. ......... 83 

Figure 2-3. Comparison between grain models for the reduction reaction at 800 °C. ......... 84 

Figure 2-4. Effect of sintering on oxidation conversion for cycle 1 (above) and for cycle 13 

(below) for the OCs synthesized by excess wet impregnation (T=800 °C). ............................... 85 

Figure 2-5. Effect of sintering on oxidation conversion for cycle 1 (above) and for cycle 13 

(below) for the OCs synthesized by incipient impregnation (T=800 °C). ................................... 86 

Figure 2-6. SEM images (BES detectors) of W20 (left) and I20 (right) before redox cycles. 87 

Figure 2-7. SEM images (BES detectors) of W20 (left) and I20 (right) just after redox cycle 

10. .......................................................................................................................................................................... 87 

Figure 2-8. Effect of the aggregation frequency on the model predictions for I20 oxidation 

at 800 °C. ............................................................................................................................................................. 88 

Figure 2-9. Effect of temperature on oxidation conversion of W20 at cycle 13. ..................... 90 



10 Mathematical Model for the Calcination of CaCO3 under Oxy-Fuel Combustion Atmosphere 

 

 

 

 

Figure 3-1. Model scheme. ........................................................................................................................ 103 

Figure 3-2. Scheme of connection between the two zones. ........................................................ 109 

Figure 3-3. Initial pore size distribution (Mesoporous range measured by BJH porosimetry 

and Macroporous range measured by Mercury porosimetry). ................................................... 115 

Figure 3-4. Evolution of Pore size distribution over time at 1200 K (Simulation for surface 

diffusion mechanism). ................................................................................................................................. 118 

Figure 3-5. Evolution of Pore size distribution over time at 1200 K (Simulation for grain 

boundary mechanism). ............................................................................................................................... 119 

Figure 3-6. Evolution of Pore size distribution over time at 1200 K (Simulation for lattice 

diffusion mechanism). ................................................................................................................................. 120 

Figure 3-7. Porosity and mean inter-aggregate pore radius development over time at 1200 

K. .......................................................................................................................................................................... 122 

Figure 3-8. Surface area development over time. ............................................................................ 124 

Figure 3-9. Porosity development over time at different temperatures. ................................. 126 

Figure 3-10. Temperature dependence of the CaO sintering kinetic constant 𝑘𝑙. ............... 127 

Figure 4-1. Initial pore size distribution. ............................................................................................... 141 

Figure 4-2. CO2 adsorption isotherms for (a) CC, and (b) LC. ...................................................... 155 

Figure 4-3. CO2 dissolution isotherms at equilibrium for (a) CC and (b) LC. .......................... 156 

Figure 4-4. Kinetics of CO2 uptake for CC (𝑃𝐶𝑂2=4 kPa). ................................................................ 158 

Figure 4-5. Evolution of pore size distribution function at 1173 K for (a) CC and (b) LC (N2 

atmosphere). ................................................................................................................................................... 160 

Figure 4-6. Normalized surface area evolution of different CaO samples at 1173 K (N2 

atmosphere). ................................................................................................................................................... 161 

Figure 4-7. Evolution of pore size distribution function at 1000 K for (a) CC and (b) LC 

(𝑃𝐶𝑂2=1 kPa). ................................................................................................................................................... 162 

Figure 4-8. Evolution of pore size distribution at 1150 K for (a) CC, and (b) LC (𝑃𝐶𝑂2=30 kPa).

.............................................................................................................................................................................. 163 

Figure 4-9. Effect of temperature on the porosity development for CC. ................................. 164 

Figure 4-10. Effect of temperature on conversion for the calcination of a) pure CaCO3 and 

b) limestone .................................................................................................................................................... 166 

Figure 4-11. Effect of 𝑃𝐶𝑂2 on conversion for the calcination of (a) pure CaCO3 and (b) 

limestone.. ........................................................................................................................................................ 167 

 

 



Mathematical Model for the Calcination of CaCO3 under Oxy-Fuel Combustion Atmosphere 

 
11 

 

 

 

List of tables 

Table 2-1. Properties of the oxygen carriers. ........................................................................................ 78 

Table 2-2. Kinetic parameters for the oxidation and reduction reactions. ................................ 80 

Table 3-1. Values of constants used in the simulations shown in Figures 3-4, 3-5 and 3-6.

 .............................................................................................................................................................................. 117 

 

 

 

 

 

 

 

 

  



12 Mathematical Model for the Calcination of CaCO3 under Oxy-Fuel Combustion Atmosphere 

 

 

 

 

Introduction 

Fossil fuel combustion is one of the main forms of energy generation; however, this 

technology releases large amounts of CO2 into the atmosphere as waste gas. Currently, 

advanced combustion technologies that capture and subsequently store CO2 are the main 

method for mitigating the environmental impact produced by these CO2 emissions.  One 

of these technologies is the Oxy-fuel combustion, in which pure oxygen diluted with 

recirculated flue gases is burned instead of ambient air. To obtain pure oxygen, the nitrogen 

is removed from the air by means of a separating unit, which facilitates the oxygen-rich 

stream to be fed to the combustion device. The result of Oxy-fuel combustion is an exhaust 

gas with CO2 concentrations higher than 80%, compared to combustion of ambient air, 

which reaches concentrations of about 14%-33% [1]. 

 

Over the last years, the calcination of CaCO3  under oxy-fuel combustion atmosphere has 

been studied for its application in the cement industry [2]–[5] and in gas desulfurization 

processes [6], [7].  However, the effects of the high CO2 concentrations on the CaCO3 

reactivity and on sintering of the product CaO have not been fully understood so far [8].  

 

Although several authors have found that CO2 reduces the calcination rate [9]–[11], there is 

no agreement on the mathematical dependence of this effect. This pitfall is mainly due to 

the fact that the reaction rate does not depend on the bulk pressure but on the CO2 pressure  

at the reaction surface, which is very difficult to measure [8]. In order to calculate the CO2 

pressure in the reaction surface it is necessary to use mathematical models that predict the 

phenomena occurring in the CaO product layer while CO2 diffuses through it, thereby the 

precision of model is a fundamental issue to understand how CO2 affects the calcination of 

CaCO3. Within the CaO product layer takes place the sintering phenomenon, stronger in the 

presence of CO2. The latter is because of CO2 is chemisorbed at the CaO surface and 
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subsequently diluted within the sample, catalyzing mass transport mechanisms that 

accelerate the CaO sintering rate [12].  

 

Sintering affects the porosity [13], pore radius [14],  and therefore the effective diffusivity of 

CO2 passing through the CaO product layer; however, models used to represent the 

calcination of CaCO3 do not rigorously consider the effects of sintering on the 

microstructure, frequently assumed as uniform. On the one hand, the commonly used 

reaction models such as the Shrinking Core Model (SCM) [15] and the Changing Grain Size 

Model (CGSM) [16] consider neither the microstructure non-uniformity nor the sintering 

phenomenon. On the other hand, most of the CaO sintering models (e.g. German-Munir 

model [17], the modified German-Munir model [18], and Coble’s model [19]) are derived 

from uniform geometries and take into consideration the CO2 catalytic effect on the CaO 

sintering in an empirical way.  

 

As seen above, in order to better understand the effect of CO2 on the calcination of CaCO3, 

it is required to develop detailed models that consider both the non-uniformity of 

microstructure and its changes during the reaction. Hence, the general objective of this PhD 

thesis is to develop a mathematical model for the calcination of CaCO3 under oxy-fuel 

combustion atmosphere that considers the CO2 effect on the microstructures of the 

reactant CaCO3 and the product CaO. In this work, the mathematical modeling is used to 

elucidate the phenomena of interest. Moreover, all the proposed models are supported by 

experimental data. 
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Methodology  

To achieve the general objective of this thesis were developed four papers making up the 

four chapters of this thesis. In the first chapter, in order to overcome the above-mentioned 

flaws of conventional models, a reaction model that takes into account the non-uniformity 

in the microstructure of solid and the sintering simultaneously was proposed. It predicts the 

development over time of grain size distribution by using population balances and 

represents the sintering as a phenomenon of grain coalescence. In the second chapter, the 

model proposed in the first one is validated by using experimental data on the redox 

reactions of copper-based oxygen carriers, in which the sintering shows a significant 

importance. Furthermore, it was proposed an expression for the aggregation frequency that 

depends on physical meaningful variables and can be used to identify the operating 

mechanism in sintering. In the third chapter, a model for the sintering of the CaO under N2 

atmosphere is presented. This model considers the non-uniformity of the pore size 

distribution and is used to determine the controlling mechanism in the CaO sintering. 

Moreover, it can predict the sintering of materials with bimodal pore size distributions, 

frequently found in the study of ceramics. In chapter four, the model proposed in the third 

chapter is modified to take into account the catalytic effect of CO2 in the CaO sintering. 

Additionally, this modified sintering model is coupled to a reaction model in order to 

simulate the calcination of CaCO3 under CO2-rich atmosphere. Last of all, in order to extend 

the applicability of the models herein developed, several recommendations for future work 

are made. 
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Scientific contributions 

The main scientific achievements of this thesis were: 

 

1. It was demonstrated the importance of the non-uniformity of microstructure in solid-

gas reactions. 

2. It was demonstrated that solid-gas reactions can be strongly affected by sintering, since 

this phenomenon increases the mass transfer resistance in the product layer and even 

stop the conversion increase. 

3. For the first time it was possible to develop a theoretical model for solid-gas reactions 

that simultaneously considers the non-uniformity in the microstructure of solid and the 

sintering process. 

4. By means of the model developed in the second chapter, it was possible to take into 

consideration complex phenomena such as the type of synthesis method and the 

sintering operating mechanisms. 

5.  A new method to determining sintering mechanisms from the analysis of the pore size 

distribution was developed. Through this method it was determined that the 

controlling mechanism in the CaO sintering under N2 atmosphere in the temperature 

range 1200 K-1300 K is the lattice diffusion. 

6.  It was found that the rate of sintering by lattice diffusion of limestone strongly depends 

on the class of impurities present in the solid. 

7. It was possible to explain the so called "initial induction period in sintering”, which is 

due to a decrease in intra-aggregate porosity offset by an increase inter-aggregate 

porosity. 

8. It is established that low temperatures and CO2 partial pressures promote the 

coarsening by surface diffusion, whereas high temperatures and CO2 partial pressures 

favor densification. 
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9. It was found that the CO2 effect on the overall CaCO3 calcination rate is especially 

important at both high temperatures and CO2 partial pressures, since under these 

conditions densification considerably reduces the effective diffusivity. 

10. For the first time it was possible to couple detailed models of sintering, which had been 

used almost exclusively by material scientists, with detailed chemical reaction models, 

mainly used in the field of chemical engineering. 
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1. CHAPTER ONE 

NOVEL MODEL FOR NON CATALYTIC SOLID-

GAS REACTIONS WITH STRUCTURAL 

CHANGES BY CHEMICAL REACTION AND 

SINTERING 

 

 

Abstract- A new grain model for non-catalytic gas-solid reactions was proposed. It takes into 

account the grain size distribution and sintering simultaneously, which had not been achieved 

so far. The model considers the variation in grain size distribution due to the difference in 

density between solid product and solid reactant, and the effect of sintering. Two methods to 

deduce the initial grains size distribution were proposed. In the first method, grain size 

distribution was derived from porosimetry data; and in the second one, the grain size 

distribution was fitted to a simple distribution shape. In addition, a simplified solution for the 

model was deduced, which reduces strongly the computational cost and can be implemented 

in reactor models. Model predictions were validated with experimental data of the lime-

sulfation reaction, the reaction between zinc oxide and hydrogen sulphide and the redox 

reactions of a copper-based oxygen carrier synthesized by wet impregnation. 

 

Keywords: Modeling, Population balance, Solid-gas reaction, Grain size distribution 
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1.1 Introduction 

Non-catalytic gas-solid reactions have been widely studied for their industrial applications. 

Some of these reactions are the sulfation of lime and the reaction between zinc oxide and 

hydrogen sulfide, which have been widely used for waste gas desulfurization. Other 

reactions that have gained importance are the redox reactions of oxygen carriers in the 

Chemical looping combustion process (CLC). Some of the most investigated oxygen 

carriers are the copper-based oxygen carriers, which have advantages over conventional 

materials such as high reactivity and exothermicity in both reduction and oxidation [1]. 

However, copper-based oxygen carriers are strongly affected by sintering at typical 

operating conditions of the CLC process, which reduces the reactivity of the material  [2]. 

 

In solid-gas reactions, kinetics and diffusivity depend strongly on the microstructure of 

solid, which may change because of the chemical reaction (difference in density between 

solid reactant and solid product) and the sintering phenomenon. Thus, to take into account 

of such microstructure variations have been proposed the so-called grain models. Classical 

grain models consider that particle is made up of non-porous grains with uniform initial 

grain size, among which are the pores. In 1979, Georgakis et al. proposed the so called 

Changing Grain Size Model (CGSM) [3], in which grains react according to a shrinking core 

mechanism and change volume because of the difference in molar volume between solid  

reactive and solid product. CGSM has been the most widely used grain model to simulate 

solid-gas reactions [4]–[6]. Nonetheless, other models derived from the CGSM have been 

proposed. Dam-Johansen et al. [7] developed a model of grains and micrograins; which 

considers that particle is formed by grains, between which are the macropores, and these 

grains are formed of smaller micrograins, between which are the micropores. Niksiar and 

Rahimi [8] evaluated thermal effects in the CGSM, and in recent years Rahimi and Niksiar 

[9] proposed a grain model with multiple reactions both in series and parallel, by 

introducing a parameter of fractional contribution of reaction. 
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Regarding to models that consider the grain size distribution, Szekely and Propster [10] 

studied the effect of grain size distribution with a great computational effort. They 

concluded that grain size distribution strongly affects conversion, indicating that ignore 

such distribution leads to significant prediction errors. Bhattacharya and Purohit [11] 

presented a model of distributed grains using a population balance, but neglecting the 

sintering phenomenon. Liu et al. [12] proposed a model of random overlapped grains for 

discrete grain size distributions, which was applied to the reaction of carbonation of CaO 

[13]; and recently Maya and Chejne [14] used an initial grain size distribution to modify 

CGSM considering heat transfer effects.  

 

Due many solid-gas reactions occur at high temperatures, sintering phenomenon affects 

the structural properties at the same time the reaction. Amongst the approaches that 

consider  sintering is the work of Ranade and Harrison [15], in which sintering was 

represented as a phenomenon of aggregation between grains. This in order to simulate 

the increasing in mass transfer resistance in the solid product layer due to sintering. In more 

recent studies, empirical relationships to sintering modeling have been preferred. Manovic  

et al. [16] employed an empirical equation to simulate the increase in grain size owing to 

sintering and Monazam et al. [17] used an Arrhenius-type equation, which required the 

adjustment of several parameters, to model the sintering in the reaction between zinc oxide 

and hydrogen sulfide. Must be mentioned that in latter models with sintering, a uniform 

initial grain size distribution was assumed. 

Another weakness of classic grain models is that they are unable to predict the 

phenomenon known as "die off". This phenomenon occurs when the solid reactant density 

is much higher than the one of solid product and grains located at the particle periphery 

grow more than grains near the center. Then, at the outside of the particle, intra-grain mass 

transfer resistance increases and local porosity decreases until it becomes zero. At this point 

reaction ends, because of reactant gas cannot diffuse into the particle. The “die off” 
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phenomenon can also occur because of the mass transfer resistance in the solid product 

layer, which increases as reaction proceeds and makes the reaction to stop without 

necessarily zero porosity. 

 

As can be seen above, studies that have been made so far take into account either grain 

size distribution or sintering, but not both effects simultaneously. This makes that classic 

grain models do not predict correctly the solid microstructure or phenomena like the so-

called "die off", which is most marked with sintering. Therefore, in this paper a generalized 

model for non-catalytic gas-solid reactions that takes into account the variation of grain 

size distribution by chemical reaction and sintering was proposed. The model can predict 

conversion, porosity, and specific surface without the need of using additional empirical 

relations, and considering the phenomenon of sintering. 

 

1.2 The model 

Amongst grain models the most widely used is that of Georgakis et al. [3]. This model, 

called "the changing grain size model" (CGSM) considers that particle is formed of a great 

number of nonporous grains with initial radius 𝑟𝑜 among which are the pores. As chemical 

reaction proceeds, grain radius 𝑟𝑝 increases or decreases depending on the solid product 

molar volume, while the unreacted grain core radius 𝑟𝑐  decreases (See Figure 1-1). In this 

paper, a model based on the CGSM is proposed, but taking into account the grain size 

distribution and the sintering effect. 
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Figure 1-1. Scheme of changing grain size model. 

 

The scheme of the model developed in this paper, called "the Changing grain size 

distribution model" (CGSDM) is illustrated in Figure 1-2. Initially, particle is composed of a 

large number of grains of different radius 𝑟𝑜 (see Figure 1-2a). Then, when reaction begins 

the grains change their size due to chemical reaction (see Figure 1-2b) and sintering (see 

Figure 1-2c), simultaneously. When two grains of radii 𝑟𝑝´ and 𝑟𝑝´´ coalesce (see Figure 1-2c) 

a new grain of larger radius 𝑟𝑝 is formed preserving volume (Figure 1-2d). Similarly, 

unreacted grain cores of radii 𝑟𝑐´ and  𝑟𝑐´´ coalesce to form a new unreacted grain core of 

radius 𝑟𝑐  preserving volume. The new grain will have a grain radius 𝑟𝑝, an unreacted grain 

core radius 𝑟𝑐 and a hypotetical initial grain radius 𝑟𝑜, since the new grain did not exist at 

the beginning of reaction. At the end of reaction, number of grains will be lower than at 
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the beginning of this, owing to sintering effect (see Figure 1-2e). The modeling of sintering 

as a phenomenon of grains coalescence allows to represent the two main macroscopic 

effects of sintering: the decrease in specific surface area and grain growth [15]. That is why 

this approach has also been adopted by other authors  [15], [17], [18], since it allows to 

simplify the modeling and requires a minimal amount of parameters to fit. This approach 

is consistent with the widely used two spheres model for the initial stage of sintering [19]. 

Therefore, it must be said that the model of this paper fails in the description of the 

densification process, which is important at intermediate and final stages of sintering. 

Nevertheless, in many solid-gas reactions, the complete conversion time is much lower 

than the onset time of intermediate stage of sintering. Proof of the latter is the insignificant 

shrinkage that pellets usually suffer during the course the reaction despite the sintering 

effect [6]. 

 

 

Figure 1-2. Scheme of CGSDM. 
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1.2.1 Model assumptions  

To develop this model the following considerations were supposed: 

 

 Particle is spherical and formed of nonporous spherical grains. 

 Particle retains its spherical shape and its diameter during the reaction course. 

 Three resistances in the reaction are considered: Internal diffusion between grains, 

diffusion through the product layer, and surface chemical reaction. 

 Reaction is considered first order with respect to the gas concentration. 

 At the beginning of reaction, grain sizes are distributed non-uniformly. 

 Process is isothermal. 

 Non steady state is considered. 

 The reaction to study is: 

𝐵(𝑠𝑜𝑙𝑖𝑑) + 𝛼𝐴(𝑔𝑎𝑠) → 𝑐𝐶(𝑠𝑜𝑙𝑖𝑑) + 𝑑𝐷(𝑔𝑎𝑠) 

 There is sintering, which is represented as a phenomenon of grains coalescence. 

 

1.2.2 Model development 

The intrinsic reaction rate in 𝑟𝑐  a point of curvature can be expressed as follows: 

 

𝑑𝑟𝑐

𝑑𝑡
= −

𝑟̇𝑠

𝜌𝑚,𝐵
  

 

                                                             (1-1) 

At pseudo-stationary state, the diffusion equation in the product layer is given by: 

 

𝜕

𝜕𝑟
(𝑠𝑑(𝑟)

𝜕𝐶𝐴

𝜕𝑟
) = 0  (1-2) 
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where 𝑠𝑑(𝑟) is the diffusion surface at a radius 𝑟 in the product layer. Equation (1-2) is 

subject to the following boundary conditions: 

 

𝐶𝐴 = 𝐶             at     𝑟 = 𝑟𝑝 (1-3) 

 

𝐷𝑠
𝜕𝐶𝐴

𝜕𝑟
= 𝛼𝑟̇𝑠     at     𝑟 = 𝑟𝑐 (1-4) 

 

For a first order kinetic, solving equation (1-2) and replacing in (1-1), we get: 

 

𝑑𝑟𝑐

𝑑𝑡
= −

𝑘𝐶

𝜌
𝑚,𝐵[1+

𝛼𝑘
𝐷𝑠
𝑠𝑐 ∫

𝑑𝑟
𝑠𝑑

𝑟𝑝
𝑟𝑐

 ]

  

 

(1-5) 

For a distribution of spherical grains, the surface area of grains in the range [𝑟𝑝, 𝑟𝑝 + 𝑑𝑟𝑝] is 

given by the expression: 

 

𝑠𝑝 = 𝑠𝑑(𝑟𝑝) = 4𝜋𝑟𝑝
2𝑓𝑝 𝑑𝑟𝑝   (1-6) 

 

where 𝑓𝑝 is the density distribution function referred to radius 𝑟𝑝. Similarly, the surface area 

of unreacted grain cores in the range [𝑟𝑐 , 𝑟𝑐 + 𝑑𝑟𝑐] is expressed as: 

 

𝑠𝑐 = 𝑠𝑑(𝑟𝑐) = 4𝜋𝑟𝑐
2𝑓𝑐  𝑑𝑟𝑐     (1-7) 

  

where 𝑓𝑐 is the density distribution function referred to unreacted core radius 𝑟𝑐. Thus, 

replacing equations (1-6) and (1-7) in equation (1-5) we get the following expression, which 

is similar to the Changing grain size model [3]. 
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𝑑𝑟𝑐

𝑑𝑡
= −

𝑘𝐶

𝜌𝑚,𝐵[1+
𝛼𝑘

𝐷𝑠
𝑟𝑐(1−

𝑟𝑐
𝑟𝑝
)]

  

 

(1-8) 

Now, considering the existence of concentration gradients in the particle, mass balance for 

the gas is expressed as: 

 

𝜀
𝜕𝐶

𝜕𝑡
=

1

𝑅2
𝜕

𝜕𝑅
(𝐷𝑒𝑅

2 𝜕𝐶

𝜕𝑅
) − 𝛼𝑟̇  (1-9) 

 

where 𝑟̇ is the volumetric reaction rate, which can be calculated as an average value by the 

following form:   

 

𝑟̇ = 𝜌𝑚,𝐵 ∫ −
𝑑𝑟𝑐

𝑑𝑡
4𝜋𝑟𝑐

2∞

0
𝑓𝑐𝑑𝑟𝑐  

 

(1-10) 

Equation (1-9) is subject to the boundary conditions: 

 

𝜕𝐶

𝜕𝑅
= 0        R=0 

𝐶 = 𝐶𝑏        R=Rp 

 

Because of structural changes of solid, the gas diffusion inside the particle changes during 

the reaction. Thus, effective diffusivity can be expressed as a function of porosity as follows 

[20]: 

 

𝐷𝑒 = 𝐷𝑔𝜀
2  (1-11) 

 

where 𝐷𝑔 is the gas diffusivity, which is function of the molecular diffusivity and the 

Knudsen diffusivity. 
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𝐷𝑔 = (
1

𝐷𝐾
+

1

𝐷𝑀
)
−1

  (1-12) 

1.2.3 Population balance 

Since grains have different initial radii, the evolution over time of grain-size distribution 

function can be computed from a population balance, which must take into account the 

change in grain radius owing to chemical reaction and grains coalescence due to sintering. 

Thus, the change of the density distribution function of 𝑟𝑗 is expressed as: 

 

𝜕𝑓𝑗

𝜕𝑡
+

𝜕

𝜕𝑟𝑗
[(
𝜕𝑟𝑗

𝜕𝑡
) 𝑓𝑗] − 𝐵 + 𝐷 = 0  (1-13) 

  

where B is the rate of appearance of grains because of the coalescence of two smaller 

grains, while D is the rate of grains disappearance due to combination with other grains. B 

and D are known as the birth and death terms, respectively. Population balance equation 

can be transformed into moments equations that are easier to solve. Multiplying equation 

(1-13) by 𝑟𝑗
𝑛 and integrating from 0 to ∞, the following expression is obtained:  

 

𝑑𝑀𝑗,𝑛

𝑑𝑡
− 𝑛∫ 𝑟𝑗

𝑛−1 (
𝑑𝑟𝑗

𝑑𝑡
) 𝑓𝑗𝑑𝑟𝑗

∞

0
+ ∫ 𝑟𝑗

𝑛(𝐷 − 𝐵)𝑑𝑟𝑗 = 0
∞

0
  (1-14) 

 

where 𝑀𝑗,𝑛 = ∫ 𝑟𝑗
𝑛𝑓𝑗𝑑𝑟𝑗

∞

0
 is the moment n=0, 1, 2, 3…, for the distribution of radius: j=o, c, 

p. It is assumed combination rate of grains of volume 𝑣𝑗
´ with grains of volume 𝑣𝑗

´´ is equal 

to à𝑓𝑗̀(𝑣𝑗´)𝑓𝑗̀(𝑣𝑗´´), where à is known as the aggregation frequency. Therefore, formation 

rate of grains of volume 𝑣𝑗 by sintering of other two grains is [21]: 

 

𝐵̀ =
1

2
∫ à(𝑣𝑗 − 𝑣𝑗′, 𝑣𝑗′)𝑓̀𝑗(𝑣𝑗 − 𝑣𝑗′)𝑓𝑗̀(𝑣𝑗′)𝑑𝑣𝑗′
𝑣

0
  (1-15) 
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For the death term, the disappearance of grains of volume 𝑣𝑗 is the combination rate of 

grains of volume 𝑣𝑗 with grains of all other volumes, that is: 

𝐷̀ = 𝑓𝑗̀(𝑣𝑗) ∫ à(𝑣𝑗, 𝑣𝑗′)𝑓̀𝑗(𝑣𝑗′)𝑑𝑣𝑗′
∞

0
  (1-16) 

 

The aggregation frequency describes the rate at which grains of volume 𝑣𝑗´combine with 

grains of volume 𝑣𝑗´´, i.e., the sintering rate. Therefore, aggregation frequency is expected 

to depend at least on grain size, temperature and the operating sintering mechanisms [22]. 

In order to get the birth and death terms as function of radius, it is necessary to consider 

the following relations between grain volume distribution and grain radius distribution: 

 

𝑓𝑗̀(𝑣𝑗)𝑑𝑣𝑗 = 𝑓𝑗̀(𝑟𝑗
3)3𝑟𝑗

2𝑑𝑟𝑗 = 𝑓𝑗(𝑟𝑗)𝑑𝑟𝑗  

 

(1-17) 

Thus, replacing equation (1-17) in equations (1-15) and (1-16), we get:  

 

𝐵 =
𝑟𝑗
2

2
∫

a((𝑟𝑗
3−𝑟𝑗′

3)
1
3⁄ ,𝑟𝑗′)𝑓𝑗((𝑟𝑗

3−𝑟𝑗′
3)
1
3⁄ )𝑓𝑗(𝑟𝑗′)𝑑𝑟𝑗

(𝑟𝑗
3−𝑟𝑗′

3)
2
3⁄

𝑟

0
  

(1-18) 

 

𝐷 = 𝑓𝑗(𝑟𝑗) ∫ a(𝑟𝑗, 𝑟𝑗′)𝑓𝑗(𝑟𝑗′)𝑑𝑟𝑗′
∞

0
  

  

(1-19) 

Substituting equations (1-18) and (1-19) in (1-14), with 𝑟𝑗´´
3 = 𝑟𝑗

3 − 𝑟𝑗´
3 and changing 

integration order in the born term, we obtain  

 

  
𝑑𝑀𝑗,𝑛

𝑑𝑡
− 𝑛 〈𝑟𝑗

𝑛−1 𝑑𝑟𝑗

𝑑𝑡
〉 + ∫ 𝑟𝑗

𝑛𝑓𝑗(𝑟𝑗) ∫ a
∞

0
(𝑟𝑗, 𝑟𝑗´)𝑓𝑗(𝑟𝑗´)𝑑𝑟𝑗´𝑑𝑟𝑗

∞

0
−

1

2
∫ 𝑓𝑗
∞

0
(𝑟𝑗´) ∫ a

∞

0
(𝑟𝑗´´, 𝑟𝑗´)(𝑟𝑗´´

3 + 𝑟𝑗´
3)
𝑛
3⁄ 𝑓𝑗(𝑟𝑗´´)𝑑𝑟𝑗´´𝑑𝑟𝑗´ = 0 

 

(1-20) 
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In equation (1-20), when 𝑗 = 𝑜, the term 
𝑑𝑟𝑜

𝑑𝑡
 is equals zero. To calculate 

𝑑𝑟𝑝

𝑑𝑡
 the following 

relation between 𝑟𝑝, 𝑟𝑜 and 𝑟𝑐 must be considered. 

 

𝑟𝑝 = [𝑍𝑟𝑜
3 + (1 − 𝑍)𝑟𝑐

3]
1
3⁄   (1-21) 

 

where Z is:        

𝑍 =
𝑐𝜌𝑚,𝐵

𝜌𝑚,𝐶
  (1-22) 

Thus, deriving equation (1-21) respect time, we obtain 

𝑑𝑟𝑝

𝑑𝑡
= (1 − 𝑍) (

𝑟𝑐
2

𝑟𝑝
2) (

𝑑𝑟𝑐

𝑑𝑡
)   (1-23) 

The main advantage of using moments equations is that moments are related with various 

physical variables. If solid is formed of an inert phase and reactive phase, third moment 

𝑀𝑝,3 is related with porosity by 

1 − 𝜀 =
4

3
𝜋(𝑀𝑝,3 +𝑀3,𝑖𝑛𝑒𝑟𝑡)   (1-24) 

where 𝑀3,𝑖𝑛𝑒𝑟𝑡 is the third moment of the inert solid. It is also possible to derive an equation 

for specific surface area from the second moment 

𝑆𝑝 = 4𝜋(𝑀𝑝,2 +𝑀2,𝑖𝑛𝑒𝑟𝑡)  (1-25) 

 

where 𝑀2,𝑖𝑛𝑒𝑟𝑡 is the third moment of the inert solid phase. The local conversion is 

calculated from: 

 

𝑋(𝑅, 𝑡) = 1 −
𝑀𝑐,3(𝑅,𝑡)

𝑀𝑜,3
  (1-26) 
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Finally, from local conversion, it is possible to calculate the average particle conversion as: 

 

𝑋̅ = 3
∫ 𝑅2𝑋𝑑𝑅
𝑅𝑃
0

𝑅𝑃
3   

(1-27) 

  

1.2.4 Deduction of the initial grain size distribution 

Pore to sphere factor 

To solve the differential equations for the moments it is necessary to know the initial grain 

distribution. Heesink et al. [23] determined that there is a proportional relationship between 

the size of grains and the surrounding pores, known as the "pore to sphere" factor F. If pore 

size distribution of the solid reactant is divided in 𝑖 classes of pore, pore to sphere factor 

can be expressed as follows  

 

𝐹 =
𝑟𝑜,𝑖

𝑟𝑝𝑜𝑟𝑒,𝑖
 =

3(1−𝜀0)

𝑆0∗𝑉𝑝𝑜𝑟𝑒,𝑡𝑜𝑡𝑎𝑙
∑

𝑉𝑝𝑜𝑟𝑒,𝑖

𝑟𝑝𝑜𝑟𝑒,𝑖
𝑖  (1-28) 

 

where 𝑟𝑜,𝑖 is the initial grain radius of class 𝑖, 𝑟𝑝𝑜𝑟𝑒,𝑖 is the pore radius of class 𝑖, 𝑉𝑝𝑜𝑟𝑒,𝑖 is the 

pore volume of class 𝑖 and 𝑉𝑝𝑜𝑟𝑒,𝑡𝑜𝑡𝑎𝑙 is the total pore volume of solid reactant. Therefore, 

using equation (1-28) initial grain size distribution can be determined from pore size 

distribution of the solid reactant.  

 

Moments fitting 

Since pore size distribution of solid reactant is not always known, a second method to fit 

the initial grain size distribution is proposed. The most common shapes of distribution (e.g. 

Normal, log-normal, gamma etc.) can be completely defined knowing their characteristic 

parameters such as the mean and standard deviation. John et al. [24] showed that such 

parameters are related to the low-order moments of distribution, and proposed equations 
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to reconstruct distributions with a priori defined shape, by knowing two or three low-order 

moments. Therefore, in this paper the methodology of John et al. [24] was used to fit initial 

grain size distribution from two low-order moments and the mean, which are calculated 

from initial properties of solid reactant. The second moment can be calculated from specific 

surface area (equation (1-25)), the third moment can be calculated from porosity (equation 

(1-23)) and the mean initial grain radius can be computed from BET surface area 

measurements [25] X-ray diffraction [26] or SEM micrographs analysis [13]. 

 

1.3 Solution strategy 

The Software used to make the simulations was Matlab 7.10.0.499 (R2010a), and the set of 

ordinary differential equations was solved using the solver ode15s, which allows to solve 

stiff problems. Equations system of the model includes integro-differential equations of 

moments. Amongst the solution methods to this type of equations, Quadrature Method of 

Moments (QMOM) is the most used. [21], [27], in which the integrals in moments equations 

are calculated using Gaussian quadrature approximations. Recently, it has been presented 

the so-called “Extended Method of Moments” (EMOM) [28], in which the distribution 

function is reconstructed at each instant of time and integrals in moments equations are 

solved by a numerical integration method. In this paper, a variation of EMOM was used 

since it involves similar computational times to those of QMOM, is easier to implement and 

permits to reconstruct the distribution function at each time step. 

 

Solution by EMOM is computationally expensive, which makes difficult to couple the 

particle model of this paper to a reactor model of a larger scale.  Therefore, a simplified 

solution that leads to transforming integro-differential equations of moments into ordinary 

differential equations was presented. 
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1.3.1 Non Simplified Solution (NSS) 

As it was mentioned above, to solve the moments equations a variation of EMOM was used. 

If the domain of 𝑓𝑗 is divided in N intervals, moments can be calculated by a second order 

approximation 

 

𝑀𝑗,𝑛 = ∑
𝑓𝑗,𝑘 𝑟𝑗,𝑘

𝑛+𝑓𝑗,𝑘+1𝑟𝑗,𝑘+1
𝑛

2
∆𝑟𝑗,𝑘

𝑁
𝑘=1        (1-29) 

 

𝑛 = 0,1,2…𝑁 − 1  

 

where 𝑓𝑗,𝑘 is the density distribution function at the midpoint 𝑟𝑗,𝑘 in the interval of size  ∆𝑟𝑗,𝑘 

. Hence, by knowing the first N moments it is possible to calculate the values of 𝑓𝑗,𝑘 by 

solving the following Ax=b system 

 

[
 
 
 
 
 
 
 
 𝑟𝑗,1

0
∆𝑟𝑗,1

2
𝑟𝑗,2

0∆𝑟𝑗,2 ⋯ 𝑟𝑗,𝑁−1
0∆𝑟𝑗,𝑁−1 𝑟𝑗,𝑁

0
∆𝑟𝑗,𝑁

2

𝑟𝑗,1
1
∆𝑟𝑗,1

2
⋮

𝑟𝑗,1
𝑁−2

∆𝑟𝑗,1

2

⋱ ⋮

𝑟𝑗,1
𝑁−1

∆𝑟𝑗,1

2
⋯ 𝑟𝑗,𝑁

𝑁−1
∆𝑟𝑗,𝑁

2 ]
 
 
 
 
 
 
 
 

× 

[
 
 
 
 
𝑓𝑗,1
𝑓𝑗,2
⋮

𝑓𝑗,𝑁−1
𝑓𝑗,𝑁 ]

 
 
 
 

=  

[
 
 
 
 
𝑀𝑗,0
𝑀𝑗,1
⋮

𝑀𝑗,𝑁−2
𝑀𝑗,𝑁−1]

 
 
 
 

  

 

(1-30) 

The resulting Ax=b system is ill conditioned, which is one of the main flaws of the original 

version of EMOM. In this work, such problem was treated by regularization using the 

pseudoinverse routine in Matlab, which makes zero all the singular values that are smaller 

than a defined tolerance. After know the values of 𝑓𝑗,𝑘, integro-differential moments 

equations were approximated by an integration algorithm. In the original version of EMOM, 

Trapezoidal rule was used. Nevertheless, we used the Simpson’s rule due it provided faster 

convergence than trapezoidal rule for all the study cases. The latter was expected due 
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Simpson’s rule commonly converges faster for non-periodical functions than trapezoidal 

rule. Thus, integrals in equation (1-20) were approximated as: 

∫ 𝑛
∞

0

𝑟𝑗
𝑛−1

𝑑𝑟𝑗

𝑑𝑡
𝑓𝑗𝑑𝑟𝑗

≈
𝑛∆𝑟𝑗

3
[𝑟𝑗,1

𝑛−1
𝑑𝑟𝑗,1

𝑑𝑡
𝑓𝑗,1 + 2 ∑ 𝑟𝑗,2𝑘

𝑛−1
𝑑𝑟𝑗,2𝑘

𝑑𝑡

𝑁
2⁄ −1

𝑘=2

𝑓𝑗,2𝑘

+ 4∑𝑟𝑗,2𝑘−1
𝑛−1

𝑑𝑟𝑗,2𝑘−1

𝑑𝑡

𝑁
2⁄

𝑘=2

𝑓𝑗,2𝑘−1 + 𝑟𝑗,𝑁
𝑛−1

𝑑𝑟𝑗,𝑁

𝑑𝑡
𝑓𝑗,𝑁] 

(1-31) 

For the birth term 

1

2
∫ 𝑓𝑗(𝑟𝑗

′)
∞

0

∫ a(𝑟𝑗
′′, 𝑟𝑗

′)(𝑟𝑗
′′3 + 𝑟𝑗

′3)
𝑛
3⁄

∞

0

𝑓𝑗(𝑟𝑗
′′)𝑑𝑟𝑗

′′ 𝑑𝑟𝑗
′

≈
∆𝑟𝑗

6
[𝑓𝑗,1𝐵𝑗,1

(𝑛) + 2 ∑ 𝑓𝑗,2𝑘𝐵𝑗,2𝑘
(𝑛)

𝑁
2⁄ −1

𝑘=2

+ 4∑𝑓𝑗,2𝑘−1𝐵𝑗,2𝑘−1
(𝑛)

𝑁
2⁄

𝑘=2

+ 𝑓𝑗,𝑁𝐵𝑗,𝑁
(𝑛)] 

(1-32) 

 

where 

𝐵𝑗,𝑘
(𝑛) = ∫ a(𝑟𝑗 , 𝑟𝑗,𝑘)(𝑟𝑗

3 + 𝑟𝑗,𝑘
3)
𝑛
3⁄

∞

0

𝑓𝑗(𝑟𝑗)𝑑𝑟𝑗

≈
∆𝑟𝑗

3
[a(𝑟𝑗,1, 𝑟𝑗,𝑘)(𝑟𝑗,1

3 + 𝑟𝑗,𝑘
3)
𝑛
3⁄ 𝑓𝑗,1 + 2 ∑ a(𝑟𝑗,2𝑙 , 𝑟𝑗,𝑘)(𝑟𝑗,2𝑙

3 + 𝑟𝑗,𝑘
3)
𝑛
3⁄ 𝑓𝑗,2𝑙

𝑁
2⁄ −1

𝑙=2

+ 4∑a(𝑟𝑗,2𝑙−1, 𝑟𝑘,𝑗)(𝑟𝑗,2𝑙−1
3 + 𝑟𝑗,𝑘

3)
𝑛
3⁄ 𝑓𝑗,2𝑙−1

𝑁
2⁄

𝑙=2

+ a(𝑟𝑗,𝑁 , 𝑟𝑗,𝑘)(𝑟𝑗,𝑁
3 + 𝑟𝑗,𝑘

3)
𝑛
3⁄ 𝑓𝑗,𝑁] 

(1-33) 
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For the death term: 

 

∫ 𝑟𝑗
𝑛𝑓𝑗(𝑟𝑗)∫ a(𝑟𝑗 , 𝑟𝑗

′)
∞

0

∞

0

𝑓𝑗(𝑟𝑗
′)𝑑𝑟𝑗

′𝑑𝑟𝑗

≈
∆𝑟𝑗

3
[𝑟𝑗,1

𝑛𝑓𝑗,1𝐷𝑗,1
(𝑛) + 2 ∑ 𝑟𝑗,2𝑘

𝑛𝑓𝑗,2𝑘𝐷𝑗,2𝑘
(𝑛)

𝑁
2⁄ −1

𝑘=2

+ 4∑𝑟𝑗,2𝑘−1
𝑛𝑓𝑗,2𝑘−1𝐷𝑗,2𝑘−1

(𝑛)

𝑁
2⁄

𝑘=2

+ 𝑟𝑗,𝑁
𝑛𝑓𝑗,𝑁𝐷𝑗,𝑁

(𝑛)] 

 

(1-34) 

where 

 

𝐷𝑗,𝑘
(𝑛) = ∫ a(𝑟𝑗 , 𝑟𝑗

′)𝑓(𝑟𝑗
′)𝑑𝑟𝑗

′
∞

0

≈
∆𝑟𝑗

3
[a(𝑟𝑗,𝑘 , 𝑟𝑗,1)𝑓𝑗,1 + 2 ∑ a(𝑟𝑗,𝑘, 𝑟𝑗,2𝑙)

𝑁
2⁄ −1

𝑙=2

𝑓𝑗,2𝑙 + 4∑ a(𝑟𝑗,𝑘 , 𝑟𝑗,2𝑙−1)

𝑁
2⁄

𝑙=2

𝑓𝑗,2𝑙−1

+ a(𝑟𝑗,𝑘, 𝑟𝑗,𝑁)𝑓𝑗,𝑁] 

(1-35) 

 

After solving equations above, the set of moments for the next time step is obtained. It 

must be said that to use Simpson’s rule, it is necessary to know an even number of 

moments. Additionally, in order to better illustrate the process performed in the non-

simplified solution, in Figure 1-3 the algorithm flowchart is shown. 
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Figure 1-3. Flowchart of NSS algorithm. 

 

1.3.2 Simplified solution 

The first simplification step consists of defining two variables of uniform growth (or shrink), 

as follows:  

 

𝑟𝑝 = 𝑟𝑜 + 𝑔𝑝(𝑡)  (1-36) 
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𝑟𝑐 = 𝑟𝑜 + 𝑔𝑐(𝑡)  (1-37) 

 

This approach is equivalent to saying that all the unreacted cores and grains change their 

sizes at an average speed. Thus, by integrating equations  (1-6) and (1-7) from 0 to ∞, 

solving equation (1-2) with equations (1-3) and (1-4) as boundary conditions, and replacing 

in equation (1-1), we obtain 

 

𝑑𝑔𝑐

𝑑𝑡
= −

𝑘𝐶

𝜌
𝑚,𝐵[1+

𝛼𝑘
𝐷𝑠
4𝜋𝑀𝑐,2 ∫

𝑑𝑔
𝑆𝑑(𝑔)

𝑔𝑝
𝑔𝑐

 ]

  (1-38) 

 

where 𝑠𝑑(𝑔) at the limits of the integral term is given by: 

 

𝑠𝑑(𝑔𝑝) = 4𝜋𝑀𝑝,2   (1-39) 

  

𝑠𝑑(𝑔𝑐) = 4𝜋𝑀𝑐,2  (1-40) 

 

From equation (1-22) it is possible to obtain an expression for the variation of 𝑔𝑝 

 

𝑑𝑔𝑝

𝑑𝑡
= (1 − 𝑍) (

𝑀𝑐,2

𝑀𝑝,2
) (

𝑑𝑔𝑐

𝑑𝑡
)  (1-41) 

 

Initial conditions for equations (1-38) and (1-41) are: 

 

𝑔𝑝(0) = 𝑔𝑐(0) = 0  

The second simplification step is to linearize the fourth term of LHS of equation (1-20). 

When two grains of radii 𝑟𝑗´y 𝑟𝑗´´coalesce, they form a new grain of radius 𝑟𝑗 preserving the 

volume. 
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𝑟𝑗 = (𝑟𝑗
′3 + 𝑟𝑗

′′3)
1
3⁄
 

(1-42) 

When 𝑟𝑗´ ≈ 𝑟𝑗´´, then 𝑟𝑗 ≈
√2
3

2
(𝑟𝑗´ + 𝑟𝑗´´). If 𝑟𝑗´ ≫ 𝑟𝑗´´, then 𝑟𝑗 ≈ 𝑟𝑗´ + 𝑟𝑗´´. So equation (1-42) 

can be linearized as follows: 

𝑟𝑗 = 𝛿(𝑟𝑗´ + 𝑟𝑗´´)  (1-43) 

 where 
√2
3

2
< 𝛿 < 1. Finally, assuming aggregation frequency independent of grain radii, and 

replacing (1-38), (1-40) and (1-43) in (1-20), we obtain 

𝑑𝑀𝑗,𝑛

𝑑𝑡
− 𝑛

𝑑𝑔𝑗

𝑑𝑡
𝑀𝑗,𝑛−1 −

1

2
a𝛿𝑛∑ (𝑛

𝑖
)𝑀𝑗,𝑛−𝑖

𝑛
𝑖=0 𝑀𝑗,𝑖 + a𝑀𝑗,0𝑀𝑗,𝑛 = 0  (1-44) 

where 𝑔𝑗 is the mean growth variable referred to grains of radius j=o,c,p. Obviously, 

term 
𝑑𝑔𝑜

𝑑𝑡
 is equal to zero. Parameter 𝛿 can be fitted from the property of volume 

conservation during sintering, which is expressed in terms of moments as 

 

1

2
a𝛿3∑ (3

𝑖
)𝑀𝑗,3−𝑖𝑀𝑗,𝑖

3
𝑖=0 − a𝑀𝑗,0𝑀𝑗,3 = 0  (1-45) 

All previous simplifications had the aim of turning the integral-differential equations of 

moments into ordinary differential equations, which involve solutions of low computational 

cost. Equation (1-44) was used for all the simulations presented in next chapter, unless it is 

specified that Non-Simplified Solution (NSS) was used. In addition, for simplicity, constant 

aggregation frequencies were used for all the model runs.  
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1.4 Results and discussion 

1.4.1 Sulfation of lime 

Sulfation of lime was the first reaction used to validate the model, which has attracted the 

attention of researchers because of its application in treatment of waste gases. This reaction 

is of particular interest due to the "die off" phenomenon is presented because of the large 

difference in molar volumes between solid reactant and solid product (Molar volume 

CaO=16.9 cm3/g-mole, molar volume CaSO4=52.2 cm3/g-mole) .The reaction equation is: 

𝐶𝑎𝑂(𝑠𝑜𝑙) + 𝑆𝑂2(𝑔𝑎𝑠) +
1
2⁄ 𝑂2(𝑔𝑎𝑠) → 𝐶𝑎𝑆𝑂4(𝑆)  (1-46) 

In order to validate the model, conversion data from the model was compared with 

experimental data from Doǧu (1981) [29], who found the overall conversion of  the lime 

sulfation reaction for limes with different pore and grain size distributions, as a result of 

limestone calcination at different temperatures. The pore to sphere factor was used to 

derive the initial grain size distributions from the pore size distributions found by Doǧu 

(1981). Moments Fitting method was also used assuming a log-normal distribution. 

Normalized grain size distributions (Probability density function) found by both methods, 

are shown in Figure 1-4. 
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Figure 1-4. Grain size distributions for different limes. 

In Figure 1-4 it can be seen that both methods to calculate initial grains size distribution 

give similar results. In this case a log-normal distribution was assumed because the shape 

of pore size distribution was known; however, this is not always possible and not all 

distributions have a simple shape. Therefore, it is suggested to use the moments fitting 

method only if the reactive solid porosigram is unknown. 

 

Gas diffusivity, particle size, bulk gas concentration, initial porosity and reaction rate 

constant were taken directly from [29]. Since the authors reported no significant effects of 

sintering in this reaction, aggregation frequency was made zero. Intra-grain diffusivity was 

adjusted because it is very difficult to measure and initial grains size distribution was 

calculated by using the pore to sphere factor.  
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Figure 1-5. Conversion vs time for the sulfation of different limes. a = 0. 

In Figure 1-5, the evolution of overall conversion against time for limes with different grain 

distributions is shown. It can be seen that CGSDM has good agreement with experimental 

data and predicts the "die off". Furthermore, to illustrate the importance of taking into 

account grain size distribution, CGSDM was run several times by gradually decreasing of 

the standard deviation from the calculated with the pore to sphere factor for the lime 

produced by calcination at 950 °C (σ0 = 0.34 µm). Clearly, for zero standard deviation 

model becomes the CGSM. 
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 As is shown in Figure 1-6, CGSM underpredicts conversion at the beginning of reaction 

and overpredicts at end stages. As the effect of grain size distribution is considered by the 

model, fit improves significantly. In Figure 1-6, non simplified solution (NSS) results are 

shown too. Although NSS predicts slightly better the experimental data at the reaction end, 

both solutions predict almost equally the experimental data at the reaction end, as is shown 

in the inset in Figure 1-6. 

 

 

Figure 1-6. Effect of grain size distribution on lime sulfation. a = 0. 

With the purpose of improving the understanding of the "die off" phenomenon, predictions 

of porosity over time on the periphery of the particle (R=Rp) are presented in Figure 1-7. It 

can be observed that porosity at R=Rp decreases as time increases because of the larger 

molar volume of solid product. When porosity becomes almost zero, gases cannot diffuse 

to the interior of the particle and then the "die off" occurs. It can be seen too that CGSM 
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predicts a higher porosity than CGSDM during all the reaction, which explains why CGSM 

overpredicts conversion at which the "die off" happens. 

 

Figure 1-7. Evolution of porosity over time at particle periphery. 

 

1.4.2  Reaction between zinc oxide and hydrogen sulfide 

Another reaction that has been of remarkable interest is the reaction between zinc oxide 

and hydrogen sulfide, which is of special interest because chemical reaction is affected by 

sintering. The reaction equation is: 
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𝑍𝑛𝑂(𝑠𝑜𝑙) + 𝐻2𝑆(𝑔𝑎𝑠) → 𝑍𝑛𝑆(𝑠𝑜𝑙) + 𝐻2𝑂(𝑔𝑎𝑠)  (1-47) 

 

Parameters of model and experimental data of conversion were taken from Ranade and 

Harrison [30]. Initial average grain radius was deduced from the initial specific surface area 

as was made by Ramos et al  [25], and initial grain size distribution was adjusted by both 

using Moments fitting and assuming a log-normal distribution, since no porosimetry data 

were reported in their study. To calculate the aggregation frequency a, the model was 

compared with experimental data of change of ZnO surface area owing to sintering [30], by 

making zero the second term of LHS in equation (1-20). In Figure 1-8 simplified and non-

simplified (NSS) solutions are both shown. Although non-simplified solution has a slightly 

better agreement with experimental data for an equal value of the parameter a, predictions 

of the two solutions are in good agreement with experimental data. In order to compare 

the predictions of surface area of the model presented in this paper with other previously 

published models, in Figure 1-8 it was also plotted the predictions of the widely used 

Nicholson’s Model [31]. It can be seen that CGSDM (NSS) has a similar agreement with 

experimental data than the Nicholson’s Model in the first hours of sintering, but CGSDM 

(NSS) has a better fit at the end of sintering. On the other hand, although the Nicholson’s 

Model has a slightly better fit than CGSDM, it should be emphasized that the model 

proposed in this paper requires the setting of a single parameter (aggregation frequency), 

while the Nicholson’s Model requires several parameters, among which is the "equilibrium 

surface area". This parameter must be determined experimentally and varies depending on 

the composition and microstructure of the material, which hinders the applicability of 

model.  The previous shortcoming of the Nicholson’s Model has been also observed by 

other authors [32]. 
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Figure 1-8. Sintering of ZnO at 600 C°. a=7.64*10-27 m3/s. 

For the reactive system, three simulations were run. The first one, by using the CGSM; the 

second one, with the CGSDM taking into account the grain size distribution but no sintering 

(a=0), and the third one, with the CGSDM taking into account grain size distribution and 

sintering. In Figure 1-9 the overall conversion versus time for the reaction between zinc 

oxide and hydrogen at 600 °C, is observed. It can be seen that CGSDM that takes into 

account grain size distribution but no sintering, has a better agreement with experimental 

data than the CGSM. Nevertheless, CGSDM with no sintering overpredicts conversion in 

advanced stages of the reaction. Ranade and Harrison [30] reported that in this reaction, 

sintering increases grain size and therefore the mass transfer resistance in the product layer 

increases too. This resistance is particularly high at the reaction end, right when the product 
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layer is larger. That explains why the model with sintering has a better agreement with 

experimental data at the final stages of reaction. 

 

 

Figure 1-9. Comparison between grain models for the reaction between zinc oxide and 

hydrogen sulfide.  

 

In Figure 1-9, simplified solution and non-simplified solution predictions are shown. It can 

be seen that the two solutions can be clearly differentiated in the prediction of surface area 

(See Figure 1-8). However, conversion predictions of both solutions are almost equal, and 

can only be differentiated at the end of reaction, as is shown in the inset of Figure 1-9. It is 

interesting to note that simplified solution simulates the effect of grain size distribution and 

the sintering with a computational effort similar to the CGSM. 
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1.4.3 Redox reactions of the copper-based oxygen carrier 

CGSDM was also validated with the redox reactions of a copper-based oxygen carrier used 

in CLC. The Chemical looping combustion process is a combustion technology that allows 

the inherent separation of CO2. This is achieved by employing two interconnected fluidized 

bed reactors, which are known as the air reactor and fuel reactor. The most common design 

of a CLC plant includes a high-speed riser for air reactor and a low speed fluidized bed 

reactor for the fuel reactor, among which the oxygen carrier circulates (see Figure 1-10). 

Oxygen carrier is commonly made of a metal oxide (which in this study was CuO) supported 

on an inert material. In the fuel reactor, the first stage is carried out. There, the fuel is 

oxidized to CO2 and H2O by a metal oxide such as CuO, which is reduced to Cu. The gas 

produced in this step consists primarily of CO2 and H2O, which can be easily separated by 

means of water condensation. At the second stage, taking place in the air reactor, Cu is 

reoxidized with air producing a concentrate stream of nitrogen and the cycle is completed. 

 

 

Figure 1-10. Scheme of CLC process.  
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In order to obtain the model input parameters for the redox reactions, a copper-based 

oxygen carrier was synthesized. It was characterized by SEM microscopy, BET surface area 

and BJH porosimetry. Kinetic parameters and experimental curves of conversion versus 

time for the redox reactions were determined by thermogravimetric techniques. 

Synthesis and characterization of the copper-based oxygen carrier 

A copper based oxygen carrier with Al2O3 as support for the active phase CuO was 

synthesized by Excess Wet Impregnation, which is considered the optimal method of 

synthesis of copper-based oxygen carriers [2]. The synthesis steps are shown below: 

 

 Commercial alumina powder Puralox NWa-155 was immersed in a Cu(NO3)2.3H2O  4.8 

M solution during 24 hours with stirring at room temperature. 

 The resulting solution was filtered under vacuum. 

 The obtained solid was dried at 60 °C during 24 hours in an oven. 

 The resulting material was calcined in air during 10 h at 600 C ° to decompose the 

Cu(NO3)2 to CuO. 

 

An oxygen carrier with CuO 19.62%w was obtained. A SEM JEOL JSM 5910 LV equipment 

with BES and SEI detectors was used for image generation. In Figure 1-11 the micrographs 

of oxygen carrier can be seen and a grain structure can be clearly observed. This indicates 

that grain model is applicable. It is also observed that the grain size is non-uniform, so it is 

necessary to consider the grain size distribution. 
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Figure 1-11. Micrographs of the copper based oxygen carrier.  

specific surface area and porosimetry of the oxygen carrier were determined with the ASAP 

2020 (Accelerated Surface Area and Porosimetry System) equipment, by adsorption and 

desorption of nitrogen. A specific surface of 89 m2/g and an initial porosity of 0.47 were 

found. 

Kinetic parameters 

Kinetic constants for oxidation and reduction reactions of the oxygen carrier were 

determined using a Thermogravimetric balance LINSEIS STA and PT1600 with hydrogen 

and air as oxidizing and reducing atmospheres respectively. The considered reactions are 

shown below: 

Reduction:         

 

𝐻2 + 𝐶𝑢𝑂 → 𝐻2𝑂 + 𝐶𝑢  (1-48) 

 

Oxidation: 

 

1
2⁄ 𝑂2 + 𝐶𝑢 → 𝐶𝑢𝑂  (1-49) 
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To calculate kinetic parameters, the changing grain size model at kinetic control was used 

for both reduction and oxidation as it was made by Maya and Chejne [14]. To ensure kinetic 

control, it is necessary to avoid diffusional problems, which was achieved using a very small 

amount of sample (9.3 mg), gas velocity enough to remove the external mass transfer 

resistance (200 cm3 STP / min), and a small particle size to eliminate the intra-particle mass 

transfer resistance (200-300 μm). H2 was allowed to flow during 5 minutes, then purged 

with helium during 30 seconds to prevent combustion and then allowed the O2 flow 5 

minutes to complete the cycle. Each experiment was repeated 3 times and an average of 

each measured data was taken. Arrhenius dependence for the kinetic constant was 

assumed. Values to the pre-exponential factor of 0.00051 m s-1 and 0.0035 m s-1 for 

oxidation and reduction respectively, were found. Activation energies of 12006 J/mol and 

37083 J/mol for oxidation and reduction respectively, were calculated. 

 

Simulations 

Initial grain size distribution was determined by porosimetry data using the pore-sphere 

factor. The initial calculated grain size distribution fitted almost perfectly to a Normal 

distribution with an active phase mean grain radius of 0.3 μm.  

 

One advantage of CGSDM is the capability to predict the specific surface area taking into 

account the effect of sintering. This is especially important in CLC, a process in which the 

oxygen carrier undergoes many redox cycles. To illustrate the latter, the model was run 

during several cycles of oxidation-reduction, so that the specific surface area at the end of 

a reaction was the initial specific surface area at the beginning of next one. These runs were 

carried out at a temperature of 800 ºC, which was the temperature in that sintering 

phenomenon more strongly affected conversion. It was considered that there is no 

sintering during reduction and the periods without reaction, as it has been reported in the 

literature. [33], [34]. Results of the simulations were compared with experimental data of 
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conversion found by thermogravimetry. Low concentrations of gas were used so that the 

chemical reaction occurs simultaneously with sintering as long as possible. Hence, H2 (4%) 

and O2 (6%) were used in the reduction and oxidation, respectively. The H2 was allowed to 

flow during 15 minutes, then purged with helium during 30 seconds to prevent combustion 

and then allowed O2 flow 15 minutes to complete the cycle. A particle size of (400-500 μm) 

was used in the experiments, and 450 μm was chosen for the simulations. 

In Figure 1-12 CGSM and CGSDM predictions for reduction at cycles 1, 10 and 17, are 

shown. In Figure 1-12 it is observed that CGSDM has better agreement to the experimental 

data than CGSM, especially for advanced cycles, when reactivity diminishes due the 

sintering effect that has been accumulated over the course of redox cycles. Due CGSM 

ignores the sintering effect, its predictions for conversion will be the same for all the cycles, 

which makes the model proposed in this paper (CGSDM) more suitable for this kind of 

cyclic processes. 

 

Figure 1-12. Comparison of grain models for the reduction of the oxygen carrier. a = 0. 
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In Figure 1-13 CGSM and CGSDM predictions for oxidation at cycles 1, 10 and 17, are 

shown. At cycle 17, the “die off” phenomenon occurs. In this case, it is unlikely that there is 

pore blockage in the particle, because the minimum theoretical porosity that can be 

reached at the end of oxidation is 0.47. Thus, in this case the “die off” is attributed to the 

high intra-grain mass transfer resistance, which has been increasing during the cycles 

because of sintering. This is another advantage of CGSDM that has the ability to predict 

the "die off" phenomenon without mandatory zero local porosity. 

 

 Figure 1-13. Comparison of grain models for the oxidation of the oxygen carrier. a=7.2*10-

22 m3/s.  

 

Finally, it can be seen in Figure 1-13 that the fit of model predictions with the experimental 

data for the oxidation reaction at cycle 17 is not as good as it was for previous cycles. This 

can be explained by the fact that aggregation frequency was set as constant for all the 

oxidation simulations. This implies a considerable simplification. As mentioned above, 

aggregation frequency is expected to depend on several variables like grain size, which 

changes during oxidation because of sintering. Therefore, it is also expected that 

aggregation frequency progressively changes over the course of redox cycles. 
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1.5 Concluding remarks 

 In this work, a model for solid-gas reactions derived from the changing grain model 

(CGSM) was presented. This model, so called "the changing grain size distribution 

model"(CGSDM), considers the grain size distribution and the sintering phenomenon 

simultaneously, which is the main contribution of this paper.  

 

 The initial grain size distribution was deduced from porosimetry data. In addition, a 

new method for the calculation of initial grain size distribution was proposed. In this 

method, grain size distribution was fitted to a simple distribution shape by using 

experimental data of porosity, surface area and mean grain radius.  

 

 A simplified solution to the model equations was presented. In this solution, the 

integro-differential equations of moments were transformed into ordinary differential 

equations. This solution showed a very good fit to the experimental data with a 

computational cost similar to the one of CGSM. 

 

 The model was validated with the reaction of CaO sulfation, showing a very good 

agreement with experimental data and it was also able to predict the "die off" 

phenomenon. The model was compared with the CGSM, and the importance of the 

grain size distribution was demonstrated. The model was also validated with 

experimental data for the reaction between zinc oxide and hydrogen sulfide, and it was 

found that for this reaction to sintering effect increases the intra-grain mass transfer 

resistance, and such effect is especially strong by the end of the reaction. 

 

 The model was also validated with experimental data for the redox reactions of a 

copper-based oxygen carrier prepared by wet impregnation. The model showed a 

good agreement with experimental data and it was able to predict the decrease in 
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reactivity due the sintering and the “die off” phenomenon produced by increasing of 

mass transfer resistance in the product layer. 

 

 It was possible to derive expressions for specific surface area and porosity from the 

moments of grain size distribution, without having any a priori dependence. In 

addition, the model was capable of predicting the “die off” phenomenon when local 

porosity was equal to zero and also when mass transfer resistance in the solid product 

layer is so high that it stopped the reaction. 
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1.6 Nomenclature 

symbol Term SI Units 

a Radius based aggregation frequency m3.s-1 

à Volume based aggregation frequency m3.s-1 

𝐵 Radius based Birth rate m-4.s-1 

𝐵̀ Volume based Birth rate m-6.s-1 

c Stoichiometric coefficient of solid product  

C Concentration of gas A in the pore mol.m-3 

𝐶𝐴 Concentration of gas A mol.m-3 

𝐶𝑏 Concentration of gas A in the bulk mol.m-3 

𝐷 Radius based Death rate m-4.s-1 

𝐷̀ Volume based Death rate m-6.s-1 

𝐷𝑒 Effective diffusion coefficient of gas A m2.s-1 

𝐷𝑔 Diffusion coefficient of gas A m2.s-1 

𝐷𝐾 Knudsen Diffusion coefficient m2.s-1 

𝐷𝑀 Molecular Diffusion coefficient m2.s-1 

𝐷𝑠 Diffusion coefficient in the product layer m2.s-1 

𝐹 Pore to sphere factor  

𝑓𝑗 
Radius density distribution function 

referred to grains of radius 𝑟𝑗, j=o,c,p 

m-4 

𝑓𝑗̀ 
Volume density distribution function 

referred to grains of volume 𝑣𝑗, j=o,c,p 

m-4 
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𝑔𝑗 

 

Mean growth variable referred to grains of 

radius j=o,c,p 

m 

𝑘 Reaction rate constant m.s-1 

𝑀𝑗,𝑛 Moment n referred to 𝑓𝑗, j=o,c,p mn.m-3 

𝑅 Radial position within the particle m 

RP Particle radius m 

𝑟̇ Volumetric reaction rate 
mol.m-3s-1 

𝑟̇𝑠 Surface reaction rate mol.m-2s-1 

𝑟𝑝𝑜𝑟𝑒 Pore radius m 

𝑟𝑜 Initial grain radius m 

𝑟𝑝 Grain radius m 

𝑟𝑐 Unreacted grain core radius m 

𝑠𝑐 Reaction surface m2.m-3 

𝑠𝑑 Diffusion surface m2.m-3 

𝑠𝑝 Pore surface m2.m-3 

𝑆0 Initial total specific surface area of solid   m2.m-3 

𝑆𝑝 Total specific surface area of solid m2.m-3 

t Time s 

X Conversion  

𝑋̅ Overall conversion  

Z 
Ratio between reactant and product molar 

density 
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Greek letters symbols 

Symbol Term SI Units 

𝛼 Stoichiometric coefficient of gas A  

𝛿 Parameter defined in equation (1-43)  

𝜀 Porosity  

𝜀0 Initial porosity  

𝜌𝑚 Molar density mol.m-3 

𝜎 Standard deviation m 
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2. CHAPTER TWO 

EFFECT OF SINTERING ON THE REACTIVITY OF 

COPPER-BASED OXYGEN CARRIERS 

SYNTHESIZED BY IMPREGNATION  

 

 

Abstract- A grain model based on population balances for redox reactions of copper-based 

oxygen carriers is developed. It considers the effects of grain size distribution and sintering, 

and a new expression for the aggregation frequency, which takes into account the sintering 

mechanisms and synthesis method, is deduced. In order to validate the model, six copper-

based oxygen carriers were synthesized by excess wet impregnation and by incipient 

impregnation. They were characterized by BET surface area, BJH porosimetry, and SEM 

microscopy. Model results were compared with experimental data acquired by 

thermogravimetry during several redox cycles and the model was able to predict the 

conversion drop over the course of redox cycles due to sintering. It was found that copper-

based oxygen carriers synthesized by incipient impregnation are more strongly affected by 

sintering than those prepared via excess wet impregnation, and finally it is shown that metallic 

copper sinters during oxidation, resolving a controversy in this regard that has existed in the 

literature. 

 

Keywords: Sintering; Modeling; Population balance; Chemical looping combustion; Copper-

based oxygen carrier; Impregnation 
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2.1 Introduction 

Fossil fuel combustion is one of the main forms of energy generation; however, this 

technology releases large amounts of CO2 into the atmosphere as waste gas. Currently, 

advanced combustion technologies that capture and subsequently store CO2 are the main 

method for mitigating the environmental impact produced by these CO2 emissions. Existing 

advanced combustion technologies include post-combustion, pre-combustion, and oxy-

fuel combustion; however, all of these technologies require additional energy and therefore 

reduce the overall efficiency of the process. Amongst CO2 capture technologies, a new 

process known as Chemical Looping Combustion (CLC) is receiving increasing attention. 

CLC allows for the separation of CO2 with low energy penalization, by using Oxygen Carriers 

(OCs) that are generally composed of a metallic oxide supported on an inert matrix. These 

OCs undergo redox reactions that allow for the inherent separation of CO2 in a cyclical 

process that takes place in two interconnected fluidized bed reactors. 

 

Some of the most studied OCs are the copper-based OCs, which have high oxygen transport 

capacity, high reactivity, exothermicity in both oxidation and reduction, and a low cost. 

Despite copper-based oxygen carriers had been discarded because of their tendency to 

sintering and agglomerating over the course of redox cycles, the have regained interest due 

to the recent improvement of the synthesis methods. De Diego et al [1] obtained 

agglomeration-resistant copper-based OCs by impregnating the active phase on Al2O3, and 

Gayán et al [2] found that copper-based OCs prepared by impregnation never agglomerate 

if these contain less than 20%w CuO. Maya and Chejne [3] determined that OCs  prepared 

by incipient impregnation require less precursor solution to obtain the same concentration 

of CuO in the Al2O3 support than those prepared by excess wet impregnation but they did 

not analyze the effect of sintering. As can be seen above, one of most important physical 

phenomena relating to copper-based OCs is the sintering, and therefore it must be 

thoroughly studied. 
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Regarding sintering in copper-based OCs, there is still no conclusion. De Diego et al. [1] 

studied the agglomeration of copper-based OC particles in a fluidized bed using CH4 as 

fuel. They suggested that carbon deposition followed by its combustion during oxidation 

produces the melting/sintering of metallic copper. However, this theory was discarded 

because agglomeration also occurred when using H2 as fuel. It was also believed that 

metallic copper sintered during oxidation because of the temperature increase within the 

OC particle during the oxidation reaction. Nevertheless, García-Labiano [4] and Maya & 

Chjene [3] modeled the redox reactions of OCs particles and they calculated temperature 

increases within the OC particle to be less than 10 K during oxidation. Hence, De Diego et 

al. [1] ruled out the possibility of copper sintering due to OC particle temperature increase, 

although at the bulk temperature at which these authors performed their experiments 

(T=800 °C), metallic copper has a significant sintering rate [5].   

 

Another factor that hinders the understanding of sintering in copper-based OCs is that 

existing mathematical models to study redox reactions are usually very simplified, 

neglecting the effects of sintering and OC microstructure. Amongst the most widely used 

models to simulate the redox reactions of CLC are the so-called empirical models [6], which 

have good agreement with experimental data at low computational cost, but they require 

the fitting of parameters that have no physical meaning. Another widely used model in CLC 

is the Shrinking Core Model (SCM) [7], in which it is assumed that the particle is spherical 

and reacts at a reaction front, so the solid reactant core shrinks as the reaction proceeds 

and gases diffuse through the solid product layer. SCM can be correctly fitted to 

experimental data [8], [9]; however, it does not provide information regarding the 

development of OC microstructure during the redox reactions. To take into account 

microstructural changes of the solid, the so-called grain models are frequently used in CLC 

[4], [10]–[12]. In these models it is assumed that a particle is made up of many non-porous 
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grains with uniform initial size that react following a shrinking core mechanism. Pores are 

located at the interstices between grains, so that gases can access the inner surface of 

particle. However, grain models have several flaws, as they assume that all OC grains have 

initial uniform size, which rarely occurs. In addition, grain models neglect the sintering 

phenomenon that is particularly important at typical CLC temperatures, which can result in 

a decrease of surface area accompanied by grain growth.  

 

In order to overcome the aforementioned shortcomings of grain models, improved models 

have been proposed in the literature. Ranade et al [13] and Manovic et al [14] used an 

enhanced  grain model wherein sintering was modeled as a phenomenon of grain 

combination, although the grain size distribution effect was omitted. Concerning grain 

models that consider the grain size distribution, Maya and Chejne [3] proposed a grain 

model with an initial grain radius distribution, and Bhattacharya et al [15] used a population 

balance for predicting the variation of grain size distribution over time, but neglected 

sintering. Recently, the “Changing Grain Size Distribution Model” (CGSDM) [16] has been 

proposed, which takes into consideration grain size distribution and sintering phenomenon 

simultaneously, by defining a parameter known as aggregation frequency. This parameter 

indicates the rate of sintering; however, the authors took this parameter as constant, which 

is a significant simplification since the sintering rate strongly depends on grain size [17].  

 

As can be seen above, a better understanding of the sintering in copper-based OCs is 

necessary from both a theoretical and experimental point of view. In this way, the aim of 

this paper is to study the effect of sintering in copper-based oxygen carriers synthesized by 

impregnation over the course of redox cycles. For this purpose, a mathematical model 

based on CGSDM that takes into account sintering and grain size distribution was 

developed. In addition, an expression for the aggregation frequency that allows for the 

consideration of grain size and the methods of synthesis was derived. The model was 
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experimentally validated with data taken by thermogravimetry for the redox reactions of six 

copper-based OCs prepared by incipient and excess wet impregnation. 

2.2 The model 

The mathematical model developed in this paper to simulate the redox reactions is based 

on the so called Changing Grain Size Distribution Model (CGSDM) [16], but also considers 

the aggregation frequency variation over time. Figure 2-1 shows the scheme of the model 

for the oxidation reaction of a copper-based OC; however, this model applies equally for 

the reduction reaction. CGSDM supposes that an OC particle is formed by non-porous 

grains with non-uniform radius supported on an inert material also made of non-porous 

grains. Nonetheless, though the grains that make up the OC particle are considered non-

porous, interstices between them constitute the OC particle pores, through which gas 

diffuses (See Figure 2-1a). Each grain in the OC particle reacts following a Shrinking Core 

Model Mechanism as is shown in Figure 2-1b. As reaction proceeds, grains of initial radii 𝑟𝑜′ 

and 𝑟𝑜′’ reduce their unreacted core radii 𝑟𝑟′ and 𝑟𝑟′′,  and increase their grain radii 𝑟𝑔′ and 

𝑟𝑔′′ because the molar volume of the CuO solid product is larger than that of the Cu reactant.  

At the same time as reaction occurs, grains can sinter with other adjacent grains by neck 

growth according to the widely known two-spheres model [17], as illustrated in Figure 2-1c. 

Thus, a grain of characteristic radii 𝑟0′, 𝑟𝑟′ and 𝑟𝑔′ combines with another grain of 

characteristic radii 𝑟0′′, 𝑟𝑟′’ and 𝑟𝑔
′′ to form a new grain of characteristic radii 𝑟0, 𝑟𝑟 and 𝑟𝑔 

preserving the volume (See Figure 2-1d). It should be noticed that sintering can occur 

simultaneously with the chemical reaction, so that 0 < 𝑡1 ≤ 𝑡2 < 𝑡3. 
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Figure 2-1. Scheme of the model for the OC oxidation reaction. 

  

 The model assumptions are shown below: 

 

 In SEM images , it has been observed that many OCs have a granular structure [3], [8], 

[18]. Hence, it is reasonable to suppose that the OC particle is spherical and made of 

nonporous spherical grains.  

 Since the inert support is not significantly affected by sintering, which may produce 

densification [17], it is assumed that the OC particle retains its spherical shape and 

diameter during the reaction. 

 Four resistances for the reaction are considered: external diffusion, internal diffusion 

between pores, diffusion through solid product layer, and surface chemical reaction. 
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 From observations of SEM micrographs and porosimetry measurements, it has been 

determined that grains of copper-based OCs have non-uniform sizes [3], [16]. 

Therefore, it is assumed that, at the beginning of the reaction, grain sizes are distributed 

non-uniformly. 

 It has been found that the transient temperature change inside the copper-based OCs 

particles during the redox reactions of CLC is very small (<10 K) [4]. Thus, for the sake 

of simplicity, it is supposed that the process occurs under isothermal conditions.  

 The reaction to study is: 

𝑆(𝑠𝑜𝑙𝑖𝑑) + 𝐴(𝑔𝑎𝑠) → 𝐶(𝑠𝑜𝑙𝑖𝑑) + 𝐷(𝑔𝑎𝑠) 

 Sintering is modeled as a phenomenon of grain coalescence, since this approximation 

allows the representation of the main effects of the sintering (surface area reduction 

and grain growth [19]) with a minimum number of parameters to adjust. 

 Since sintering rate depends on the grain size [20], which changes over time, the 

aggregation frequency is also considered as a time dependent function.  

 

2.2.1 Balance of matter  

The mass balance for the OC particle taking into consideration the mass transfer by diffusion 

and the chemical reaction is given by: 

 

𝜀
𝜕𝐶𝐴

𝜕𝑡
=

1

𝑅2
𝜕

𝜕𝑅
(𝐷𝑒,𝐴𝑅

2 𝜕𝐶𝐴

𝜕𝑅
) − 𝑟̇𝐴  (2-1) 

 

Subject to 

𝜕𝐶𝐴

𝜕𝑅
= 0     at   R=0 

−𝐷𝑒,𝐴
𝜕𝐶𝐴

𝜕𝑅
= 𝑘𝑔(𝐶𝐴,𝑠 − 𝐶𝐴,𝑏)    at    R=Rp 
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where 𝜀 is the porosity, 𝐶𝐴 is the concentration of gas A in the pore, 𝐶𝐴,𝑠 is the concentration 

of gas A at the particle periphery, 𝐶𝐴,𝑏 is the concentration of gas A in the bulk phase,  𝐷𝑒,𝐴 

is the effective diffusion coefficient of gas A, 𝑟̇𝐴 is the volumetric reaction rate, and 𝑅 is the 

radial coordinate within the OC. The external mass transfer coefficient 𝑘𝑔 can be calculated 

from the Sherwood number as follows:  

 

𝑆ℎ =
𝑘𝑔𝑑𝑝

𝐷𝑚,𝐴
= 2 + 0.6𝑅𝑒𝑝

1
2⁄ 𝑆𝑐

1
3⁄   (2-2) 

 

where 𝑑𝑝 is the particle diameter, 𝐷𝑚,𝐴 is the gas molecular diffusivity, 𝑅𝑒𝑝 is the particle 

Reynolds number and 𝑆𝑐 is the Schmidt number. 

 

The volumetric reaction rate is expressed as an average over the domain of 𝑓𝑟 : 

 

𝑟̇𝐴 = −𝜌𝑚,𝑆 ∫
𝑑𝑟𝑟

𝑑𝑡
4𝜋𝑟𝑟

2∞

0
𝑓𝑟𝑑𝑟𝑟  (2-3) 

  

where 𝑓𝑟 is the density distribution function referred to the radius 𝑟𝑟 and 𝜌𝑚,𝑆 is the molar 

density of solid reactant. The shrinkage rate of the unreacted cores is given by the following 

equation [21]: 

 

𝑑𝑟𝑟

𝑑𝑡
= −

𝑘𝐶𝐴

𝜌𝑚,𝑆[1+
𝑘

𝐷𝑠
𝑟𝑟(1−

𝑟𝑟
𝑟𝑔
)]

  (2-4) 

 

where 𝐷𝑠 is the gas diffusivity in the solid product layer and 𝑘 is the reaction rate constant. 

The radii 𝑟0, 𝑟𝑟 and 𝑟𝑔  are related by the following equation: 

 

𝑟𝑔
3 = 𝑍𝑟0

3 + (1 − 𝑍)𝑟𝑟
3  (2-5) 
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where 𝑍 is the ratio of the molar density of the solid reactant to that of the solid product, 

i.e. 𝑍 =
𝜌𝑚,𝑆

𝜌𝑚,𝐶
. Thus, by differentiating equation (2-5) with respect to time it is possible to 

obtain an expression for the change in grain radius  

 

𝑑𝑟𝑔

𝑑𝑡
= (1 − 𝑍) (

𝑟𝑟
2

𝑟𝑔
2) (

𝑑𝑟𝑟

𝑑𝑡
)  (2-6) 

 

The effective diffusivity depends on the porosity and the gas diffusivity 

 

𝐷𝑒,𝐴 = 𝐷𝑔,𝐴𝜀
2  (2-7) 

 

where the gas diffusivity 𝐷𝑔,𝐴 is given as a function of the Knudsen diffusivity 𝐷𝐾,𝐴 and the 

molecular diffusion coefficient 𝐷𝑀,𝐴 as follows: 

 

1

𝐷𝑔,𝐴
=

1

𝐷𝐾,𝐴(𝑟𝑝̅)
+

1

𝐷𝑀,𝐴
 

(2-8) 

 

The Knudsen diffusion coefficient is computed from  

 

𝐷𝐾,𝐴 = 97𝑟𝑝̅√
𝑇

𝑀𝐴
       (m2/s) 

(2-9) 

 

where 𝑀𝐴 is the molecular weight of A, 𝑇(K) is the temperature and 𝑟𝑝̅ (m) is the mean pore 

radius given by 

 

𝑟𝑝̅ = 2
𝜀

𝑆
  (2-10) 



72 Mathematical Model for the Calcination of CaCO3 under Oxy-Fuel Combustion Atmosphere 

 

 

 

 

 

The molecular diffusion coefficient is calculated from the widely known Chapman-

Enskog equation [22]. 

2.2.2 Population balance 

Since grain radii are non-uniformly distributed at the beginning of the reaction, the 

evolution of the grain size distribution function must be computed using the following 

population balance 

 

𝜕𝑓𝑗

𝜕𝑡
+

𝜕

𝜕𝑟𝑗
[(
𝜕𝑟𝑗

𝜕𝑡
) 𝑓𝑗] − 𝐵 + 𝐷 = 0  (2-11) 

 

where 𝑓𝑗 is the grain radius density distribution function referred to grains of radius 𝑗 =

𝑜, 𝑟, 𝑔. The second term of LHS represents the rate of change of grain radius distribution 

function due to chemical reaction and the terms of birth and death, 𝐵 and 𝐷 respectively, 

represents the sintering phenomenon, i.e. when two grains are combined because of 

sintering, those grains are lost and a new larger grain is born, preserving the volume. The 

mathematical forms of the birth and death terms as explained in detail by Maya and Chejne 

[16] are shown below: 

 

𝐵 =
𝑟𝑗
2

2
∫

β((𝑟𝑗
3−𝑟𝑗′

3)
1
3⁄ ,𝑟𝑗′)𝑓𝑗((𝑟𝑗

3−𝑟𝑗′
3)
1
3⁄ )𝑓𝑗(𝑟𝑗′)𝑑𝑟𝑗

(𝑟𝑗
3−𝑟𝑗′

3)
2
3⁄

𝑟𝑗
0

  
(2-12) 

 

𝐷 = 𝑓𝑗(𝑟𝑗) ∫ β(𝑟𝑗, 𝑟𝑗′)𝑓𝑗(𝑟𝑗′)𝑑𝑟𝑗′
∞

0
  

  

(2-13) 

where β is the aggregation frequency, which is a “measure” of the rate at which grains are 

combined. In this paper, the population balance equation was transformed into moments 

https://en.wikipedia.org/wiki/Chapman%E2%80%93Enskog_theory
https://en.wikipedia.org/wiki/Chapman%E2%80%93Enskog_theory
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equations that are easier to solve. Thereby, multiplying equation (2-11) by 𝑟𝑗
𝑛, integrating 

from 0 to ∞ and reversing the integration order we obtain 

 

  
𝑑𝜇𝑗,𝑛

𝑑𝑡
− 𝑛 〈𝑟𝑗

𝑛−1 𝑑𝑟𝑗

𝑑𝑡
〉 + ∫ 𝑟𝑗

𝑛𝑓𝑗(𝑟𝑗) ∫ β
∞

0
(𝑟𝑗, 𝑟𝑗´)𝑓𝑗(𝑟𝑗´)𝑑𝑟𝑗´𝑑𝑟𝑗

∞

0
−

1

2
∫ 𝑓𝑗
∞

0
(𝑟𝑗´) ∫ β

∞

0
(𝑟𝑗´´, 𝑟𝑗´)(𝑟𝑗´´

3 + 𝑟𝑗´
3)
𝑛
3⁄ 𝑓𝑗(𝑟𝑗´´)𝑑𝑟𝑗´´𝑑𝑟𝑗´ = 0 

 

(2-14) 

where 𝜇𝑗,𝑛 = ∫ 𝑟𝑗
𝑛𝑓𝑗𝑑𝑟𝑗

∞

0
. Moments are related with properties of the particles system that 

are easily measurable. For example, for a system of spherical grains the specific surface area 

is related with the second moment as is shown below 

 

𝑆(𝑅, 𝑡) = 4𝜋(𝜇𝑔,2(𝑅, 𝑡) + 𝜇2,𝑖𝑛𝑒𝑟𝑡)  (2-15) 

  

where 𝜇2,𝑖𝑛𝑒𝑟𝑡 is the second moment of the inert support, which is assumed as a constant. 

The third moment is related to porosity by 

 

1 − 𝜀(𝑅, 𝑡) =
4

3
𝜋(𝜇𝑔,3(𝑅, 𝑡) + 𝜇3,𝑖𝑛𝑒𝑟𝑡)   (2-16) 

 

where 𝜇3,𝑖𝑛𝑒𝑟𝑡 is the third moment of the inert support that is assumed constant during the 

reaction. The mean grain radius is function of the first and zero moments by the following 

equation: 

 

𝑟𝑔̅ =
𝜇𝑔,1

𝜇𝑔,0
  (2-17) 

 

Finally, the local conversion is expressed as a function of third moments as follows  

 

𝑋(𝑅, 𝑡) = 1 −
𝜇𝑟,3(𝑅,𝑡)

𝜇𝑜,3
  (2-18) 
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Nevertheless, local conversion is a variable that is difficult to measure experimentally.  

Therefore, the average conversion, which is easier to measure, is calculated by integrating 

local conversion over the entire particle radius 

 

𝑋̅ = 3
∫ 𝑅2𝑋𝑑𝑅
𝑅𝑃
0

𝑅𝑃
3   

(2-19) 

 

2.2.3 Aggregation frequency  

In the original version of CGSDM [16], it was assumed β as constant, which rarely occurs, 

since this variable commonly depends on temperature, grain radius and the intrinsic 

properties of the studied phenomenon. Hence, this paper proposes a new mathematical 

expression for the aggregation frequency that considers the effects of grain size, 

temperature, sintering mechanisms and structural characteristics of the OC. For deducing 

the mathematical form of the aggregation frequency, a similar procedure to that made by 

Schmid [23] in the simulation of aerosol coagulation was followed. Assuming that the OC 

inert support is covered by interconnected grains (i.e. neck growth between adjacent grains 

occurs), and by solving the zero moment equation for a very small time step so that 

aggregation frequency can be assumed as constant, we obtain 

 

𝜇𝑗,0(𝑡 + ∆𝑡) =
𝜇𝑗, 0(𝑡)

1+𝛽̂
1

2
𝜇𝑔,0(𝑡)∆𝑡

=
𝜇𝑗,0(𝑡)

1+
∆𝑡

𝜏

  (2-20) 

 

where 𝛽̂ is the aggregation frequency if grains are in contact with their adjacent grains, so 

that neck growth is possible. The variable 𝜏 = (𝛽̂
1

2
𝜇𝑔,0(𝑡))

−1

 is the frequently called 

Smoluchowski time, which represents the time in which the initial number of particles is 

halved. The physical meaning of this variable depends on the process that is being modeled 
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(e.g. in bubbling processes 𝜏 is the average required time for two bubbles to coalesce [24], 

and in coagulation processes 𝜏 represents the average time in which a particle experiences 

a collision [25]). For the phenomenon studied in this paper, 𝜏 represents the average time 

in which two grains coalesce completely by cause of sintering, and since the approach 

adopted in this paper is consistent with the widely used two spheres model for the initial 

stage of sintering, 𝜏 can be reasonably approximated to the characteristic sintering time 𝜏𝑠 

[26]–[29]. The mathematical form of 𝜏𝑠 for grains connected by a neck  is shown below [26] 

 

𝜏𝑠 =
𝑟𝑔̅̅ ̅
𝑚(𝑡)

𝐻(𝑇)
  (2-21) 

where 𝑟𝑔̅ is the mean grain radius, 𝐻 is temperature dependent function commonly 

expressed by an Arrhenius-type equation, and 𝑚 is a mechanism dependent exponent 

known as the Herring scaling law exponent. Thus, replacing equation (2-21) in equation 

(2-20) we get the following expression for 𝛽̂ 

 

𝛽̂ =
𝐻(𝑇)

𝑟𝑔̅̅ ̅
𝑚(𝑡)

1

2
𝜇𝑔,0(𝑡)

  (2-22) 

It must be noted that in the expression for 𝛽̂ derived here an average characteristic sintering 

time was used, with which a very good fit to experimental data was obtained. However, 𝜏𝑠 

may depend on the sizes of the grains connected by necks, so that a future improvement 

in the mathematical form of 𝛽̂ may include the 𝜏𝑠 dependence on grain radii. On the other 

hand, 𝛽̂ should be corrected because its deduction was made from the assumption of 

interconnected grains; however, this not always the case in a disperse matrix. Hence, in this 

paper we propose the following expression for the "true" aggregation frequency 𝛽 

𝛽 = 𝜑𝛽̂  (2-23) 
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where 𝜑 is the probability of contact between grains, which is a measure of the possibility 

that adjacent grains can form necks i.e. 𝜑 indicates how close the grains are on the inert 

support. In this work, it was reasonably assumed that 𝜑 is proportional to the number of 

grains per surface area unit of the inert support, as is shown below 

 

𝜑 = 𝛼
𝜇0,𝑔(𝑡)

𝜇𝑖𝑛𝑒𝑟𝑡,2
  (2-24) 

 

where 𝛼 is a proportionality constant. Finally, replacing equations (2-22) and (2-24) in 

equation (2-23), the true aggregation frequency yields 

𝛽 =
Ƙ(𝑇)

𝑟𝑔̅̅ ̅
𝑚(𝑡)𝜇𝑖𝑛𝑒𝑟𝑡,2

  (2-25) 

 

where Ƙ(𝑇) = 𝛼
𝐻

1 2⁄
  and therefore is an Arrhenius-type function as 𝐻. It should be noted 

that the aggregation frequency proposed in this work takes into account the structural 

characteristics of the OC, as are the number of grains per surface area unit of the inert 

support, the mean grain radius and, moreover, it also considers the effect of temperature 

and type of mechanism involved in sintering. On the other hand, it is interesting to note 

that the mathematical form for the aggregation frequency proposed here (𝛽 = 𝜑𝛽)̂ is 

analogous to expressions used in other widely studied phenomena [30]–[32], where 𝛽 is 

usually expressed as the product of the collision frequency and the collision efficiency. The 

collision frequency represents the probability of collision between two particles, and the 

collision efficiency describes what happens when these particles collide. In the phenomenon 

studied in this paper, 𝜑 is a measure of the probability that two grains are in contact in the 

inert support, and 𝛽̂ represents what happens when those grains are connected by a neck. 
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2.3 Experimental 

2.3.1 Synthesis and characterization 

Impregnation on alumina has been recognized as one of the best copper-based OCs 

synthesis technique. Hence, in this work two of the most commonly used impregnation 

techniques are compared in order to determine which one is the most appropriate for CLC. 

Thereby, six copper-based OCs were synthetized, three of them by excess wet impregnation 

and the other three OCs by incipient impregnation. The steps of the synthesis of each 

technique are shown below. 

 

Excess Wet Impregnation: (1) commercial alumina powder Puralox NWa-155 was 

immersed in a Cu(NO3)2.3H2O solution for 12 hours with stirring at room temperature; (2) 

the resulting solution was filtered under vacuum; (3) the obtained material was dried at 60 

°C for 24 hours; (4) the sample was calcined in air for 10 h at 600 °C. 

 

Incipient Impregnation: (1) the alumina was maintained under vacuum at 65 °C for 2 h; (2) 

a solution of Cu(NO3)2.3H2O was added until saturation and left for 30 min; (3) the sample 

was dried at 100 °C for 3 h to evaporate the solvent; (4) the obtained solid was calcined in 

air for 10 h at 600 °C. 

 

The OCs were characterized with scanning electron microscopy (SEM) by using a SEM JEOL 

JSM 5910 LV apparatus with BES and SEI detectors for images generation. Additionally, 

surface area determination and porosimetry were performed by adsorption and desorption 

of nitrogen with a Micrometrics ASAP 2020 (Accelerated Surface Area and porosimetry 

System) adsorption analyzer. The properties of the OCs and details of the synthesis are 

shown in Table 2-1. 
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Table 2-1. Properties of the oxygen carriers. 

Oxygen 

Carrier 

%w 

CuO 

Concentration 

Cu(NO3)2 (M) 

Number of 

impregnations 

Porosity Specific 

Surface 

area 

(m2/g) 

Mean CuO 

Grain 

radius 

(nm) 

W16 16.2 1.5 2 0.51 102 175 

W20 20.1 1.5 3 0.47 98 181 

W23 22.9 2.0 3 0.44 92 185 

I17 17.1 0.5 1 0.44 49 194 

I20 20.2 1.0 1 0.41 47 199 

 

I24 23.8 0.5 2 0.38 44 205 

 

For simplicity, the following nomenclature was used to denominate each OC. The first letter 

indicates the type of impregnation (W=excess wet impregnation, I=incipient impregnation) 

and the number specifies the CuO content.  It can be seen in Table 2-1 that the incipient 

impregnation requires less concentrations of precursor solution and a fewer number of 

impregnations to obtain similar amounts of CuO on the OCs than excess wet impregnation. 

Nevertheless, the surface area of OCs prepared by incipient impregnation is almost half of 

those synthesized by excess wet impregnation, which is due to pore blockage that occurs 

during incipient impregnation [3]. 
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2.3.2 Kinetic parameters determination 

In order to validate the model developed in this paper, tests were performed in a 

thermogravimetric balance LINSEIS STA PT1600, with weight and temperature resolutions 

of 0.5 μg and 1/20 K respectively. The reactions that were carried out in the 

thermogravimetric balance are: 

 

Reduction: 

 

𝐻2 + 𝐶𝑢𝑂 → 𝐻2𝑂 + 𝐶𝑢  (2-26) 

 

Oxidation: 

 

1
2⁄ 𝑂2 + 𝐶𝑢 → 𝐶𝑢𝑂  (2-27) 

 

For determining kinetic parameters, the model was fitted to experimental data of 

conversion over time under conditions of surface reaction control [16]. These conditions in 

the thermogravimetric balance were achieved by using a particle size of ≈ 150 𝜇𝑚 to avoid 

intra-particle diffusional problems and a sample amount of 12.1 mg to remove the inter-

particle mass transfer resistance. The H2 flowed during 10 min, which was followed by He 

purge for 1 min and subsequently O2 was allowed to flow for 10 min. For the purpose of 

minimizing the external mass transfer resistance; the maximum allowable gas flow of 200 

cm3 STP/min was used. Kinetic parameters were fitted by linear regression (Arrhenius plot). 

The calculated values with their respective statistical indicators (error bars, 95% confidence 

intervals (CI) and coefficients of determination R2) are reported in Table 2-2. 
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Table 2-2. Kinetic parameters for the oxidation and reduction reactions. 

Parameter Value Error bar 95% CI R2 

Reduction 

Activation energy (kJ/mol) 37 1 35-38 0.9995 

Pre-exponential factor (m/s) 3.6 x 10-3 6 x 10-4 3.0 x 10-3-4.2 x 10-3 

Oxidation 

Activation energy (kJ/mol) 12 2 10-14 0.9895 

Pre-exponential factor (m/s) 4.9 x 10-4 1.3 x 10-4 3.6 x 10-4-6.2 x 10-4 

 

2.3.3 Redox cycles  

Thus, since the aim of this paper is to analyze the effect of the sintering of copper-based 

oxygen carriers synthesized by impregnation over the course of CLC cycles, several redox 

cycles in thermogravimetric balance with H2 (2%) and O2 (4%) for reduction and oxidation 

respectively, were performed. H2 was allowed to flow for 15 minutes, then purged with He 

for 1 min and afterwards O2 flowed for 15 minutes, completing the redox cycle. A particle 

size of ≈ 450 𝜇𝑚 was used. The very low gas concentrations are used so that sintering 

occurs simultaneously with chemical reaction for as long as possible. Each experiment was 

performed three times and an average of the measured data was taken. 

 

Although oxidation and reduction commonly occur at different temperatures, validation 

over several redox cycles by using themogravimetric measurements is very difficult if 

considerably different temperatures are used in the two reactions. Therefore, equal 

temperatures for both reactions were used in the experiments of this work. Most of the 

tests were carried out at a temperature of 800 °C, and some other tests were performed in 
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the temperature range 700 °C-900 °C. The selection of these temperatures for the 

experimental measurements is based on the following reasons: (1) in the scientific literature, 

numerous studies in which Cu-based OCs are tested at 800 °C [1], [2], [10], [33] can be 

found, so it is important for the reader to be provided with data taken at this temperature; 

(2) several commercial CLC systems operate at higher temperatures; however, under these 

conditions the formation of compounds [1] that may affect the measurements is possible; 

(3) in the temperature range 700 °C-900 °C, it is possible to clearly observe the effect of 

sintering on the conversion, which is the main objective of this paper; (4) to experimentally 

validate the model it is necessary that sintering takes place simultaneously with the chemical 

reaction for as long as possible. In this way, it is necessary to avoid very high temperatures, 

since under these conditions the chemical reaction is much faster than sintering. 

 

2.3.4 Fitting of aggregation frequency and initial pore size 

distribution  

Aggregation frequency β depends on two parameters: a sintering kinetic constant Ƙ(𝑇) and 

the Herring scaling law exponent. This is the minimum amount of parameters necessary to 

describe the sintering kinetics at the initial stage [17], [34]. The parameter Ƙ(𝑇) and the 

exponent 𝑚 were fitted from experimental data of conversion vs time at different 

temperatures by using the Matlab Optimization Toolbox™. The initial grain size distribution 

function was derived from the initial pore size distribution by using the so-called pore-to-

sphere factor as explained in detail in previous works [3], [16]. Approximately Gaussian grain 

size distributions were calculated for all of the OCs.    
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2.4 Results and discussion 

For validating the model, experimental data measured by the thermogravimetric balance 

over the course of redox cycles were compared with the model predictions. However, since 

Thermogravimetric balance measures the weight changes, the following equations were 

used to convert weight measurements into average conversion. 

 

𝑋𝑟𝑒𝑑 =
𝑚𝑜𝑥−𝑚

𝑚𝑜𝑥−𝑚𝑟𝑒𝑑
  (2-28) 

 

𝑋𝑜𝑥 = 1 − 𝑋𝑟𝑒𝑑  (2-29) 

 

where 𝑚 is the instantaneous mass of the OC, 𝑚𝑜𝑥 is the mass of the completely oxidized 

OC and 𝑚𝑟𝑒𝑑 is the mass of the completely reduced OC. 

Since several redox cycles were carried out in the experiments, data calculated by the model 

at the end of a reaction were considered the input data for the subsequent reaction 

simulation. 

 

Figure 2-2 depicts the predictions of the current model for the oxidation of I20 and W20 in 

the first cycle, showing remarkable fit to the experimental data. Predictions of the widely 

used Changing Grain Size Model (CGSM), which does not consider the effects of grain size 

distribution and sintering, are also shown in Figure 2-2.  It is observed that CGSM over-

predicts conversion at the end of the reaction, whereas the model developed here has a 

good agreement with the experimental data for the whole reaction. Furthermore, one can 

see that although two OCs have the same amount of CuO, W20 reacts completely in 

approximately 6.1 min, while I20 completely reacts in 6.8 min. The latter is because of W20 

has a larger porosity than I20, so there are less diffusive restrictions during W20 oxidation. 
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Figure 2-2. Comparison between grain models for the oxidation reaction at 800 °C. 

 

Figure 2-3 shows the predictions of model of this paper for the reduction of W20 and I20 

for the initial cycle. The model developed here has good agreement with experimental data, 

and again CGSM shows weak fit with the thermogravimetric measurements. In all the 

reduction simulations, aggregation frequency was set equal to zero since it was not 

observed to be an important effect of the sintering on conversion for the reduction over 

the course of redox cycles, which agrees with observations of other authors [1]. On the other 

hand, the sintering effect on conversion was very remarkable for the oxidation reaction. 

Thus, hereinafter only the oxidation will be studied. 
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Figure 2-3. Comparison between grain models for the reduction reaction at 800 °C. 

 

The development of conversion for the oxidation reaction of all the OCs prepared by excess 

wet impregnation at cycles 1 and 13 is shown in Figure 2-4. Predictions of the model 

developed in this paper fit the experimental data remarkably well for both cycles, and it was 

also possible to predict the drop in conversion over the course of redox cycles due to 

sintering. In Figure 2-4, it can be observed that OCs with less than 20%w of CuO do not 

suffer a significant decrease in conversion over the course of redox cycles, in agreement 

with the experimental observations of De Diego et al [1]. 
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Figure 2-4. Effect of sintering on oxidation conversion for cycle 1 (above) and for cycle 13 

(below) for the OCs synthesized by excess wet impregnation (T=800 °C). 

 

Figure 2-5 shows the conversion evolution for the oxidation reaction of all the OCs 

synthesized by incipient impregnation at cycles 1 and 13. In this case, the sintering effect 

on conversion is stronger in comparison to the OCs prepared by excess wet impregnation. 

This effect is particularly significant for the oxidation of I24, in which the so-called "die off" 

phenomenon occurs at cycle 13. This happens because sintering causes the intra-grain mass 

transfer resistance to become so high that gas can-not continue its diffusion through the 

product layer and the reaction is stopped. In this case, the model slightly over-predicts 

conversion because of a small reduction of the OC porosity that increases the intra-particle 

mass transfer resistance. This decrease in porosity has also been reported by other authors 

[2], [12], and it is probably due to the sintering [12], that has a stronger effect on the OCs 
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with higher CuO content. The measured I24 porosities before cycle 1 and after cycle 13 were 

0.38 and 0.36 respectively.  

 

Figure 2-5. Effect of sintering on oxidation conversion for cycle 1 (above) and for cycle 13 

(below) for the OCs synthesized by incipient impregnation (T=800 °C). 

 

Figures 2-6 and 2-7 illustrate the effect of the number of grains per surface unit of the inert 

support on the sintering rate along the redox cycles. In Figure 2-6, which shows the particle 

outer surface of W20 and I20 at initial conditions, it can be observed that I20 grains are 

much closer than W20 grains. Hence, I20 has a smaller number of grains per surface area 

unit of the inert support at the outer surface than W20, so I20 is much more prone to be 

sintered by forming necks between adjacent grains than W20. The latter is confirmed in 

Figure 2-7, which shows the outer surface of I20 and W20 after cycle 10. In this figure, one 

can observe that W20 only has some grain clusters whereas I20 shows large grain 

agglomerates.  
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Figure 2-6. SEM images (BES detectors) of W20 (left) and I20 (right) before redox cycles. 

 

 

Figure 2-7. SEM images (BES detectors) of W20 (left) and I20 (right) just after redox cycle 

10. 

 

Moreover, as mentioned above it has been found that copper-based OCs synthesized with 

CuO concentrations under 20%w do not sinter. This is because OCs with low CuO content 

have a greater number of grains per surface area unit of the inert support and therefore is 

unlikely that grains form necks with its adjacent grains.  
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The model presented in this paper is able to predict the redox reactions of copper-based 

OCs synthesized by different methods, because of the use of a variable aggregation 

frequency. It considers the structural characteristics that each OC develops depending on 

the synthesis method, such as the support available surface area, the number of grains on 

the support and the grain size. Furthermore, as it was mentioned above, the aggregation 

frequency proposed here takes into consideration the effect of temperature and the 

operating solid-state diffusion mechanism in sintering. Hence, the main advantage of the 

model developed in this paper, which is a significant improvement compared to the original 

CGSDM [16], is the use of a variable aggregation frequency that also has a physical meaning. 

This can be better explained with Figure 2-8, where the effect of the kind of aggregation 

frequency on the model predictions for the I20 oxidation at cycles 5 and 13 is shown.  

 

Figure 2-8. Effect of the aggregation frequency on the model predictions for I20 oxidation 

at 800 °C. 



Mathematical Model for the Calcination of CaCO3 under Oxy-Fuel Combustion Atmosphere 

 
89 

 

 

 

In Figure 2-8, it can be seen that the variable aggregation frequency proposed here fits 

fairly well the experimental data for both cycles; however, when a constant aggregation 

frequency of 2.2*10-22 m3/s is used in order to get good agreement with experimental data 

for cycle 4, the model under-predicts conversion at cycle 13. In contrast, when a smaller 

constant aggregation frequency of 1.2*10-22 m3/s is used to obtain an appropriate fit with 

experimental data for cycle 13, the model over-predicts conversion for cycle 4. The 

foregoing is because the sintering rate, at constant temperature, decreases with time until 

it becomes zero when thermodynamic equilibrium is reached [35]. Hence, the sintering 

effect on conversion reduces with the course of the redox cycles, and consequently 𝛽 must 

be a decreasing function over time. This is consistent with the expression derived in this 

paper (Equation (2-25)), which decreases along the redox cycles since the mean grain size 

increases over time owing to sintering. 

 

Figure 2-9 depicts the temperature effect on conversion for the W20 oxidation for cycle 13, 

and again the model developed here has notably good agreement with experimental data. 

Due to thermodynamic factors [36], the oxidation reaction at 900 °C is expected to be slower 

than at lower temperatures. However, the overall oxidation rate is also expected to be larger 

at 800 °C than at 700 °C [12], [33],which is not observed in Figure 2-9. The latter is due to 

the fact that, under experimental conditions far from the thermodynamic equilibrium (700 

°C and 800 °C), the chemical reaction and sintering are competitive phenomena. Under 

these conditions, as temperature increases, the sintering rate, grain size and the intra-grain 

mass transfer resistance also grow. The increase in grain size, which strongly depends on 

temperature, continues over the course of the redox cycles progressively reducing the 

overall reaction rate. Thus, for the cycle 13, we computed mean grain radii of 141 nm and 

167 nm for 700 ºC and 800 ºC respectively. 
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From the measurements at different temperatures shown in Figure 2-9, an activation energy 

value of 199 ±15 kJ/mol for Ƙ(𝑇) was calculated, which belongs to the range of activation 

energies for lattice diffusion of metallic copper found by other authors (180  to 222 kJ/mol 

[5]). Furthermore, the best fit with the experimental data was obtained with 𝑚 = 3.3, which 

is very close to what has been reported in the literature for the lattice diffusion mechanism 

(𝑚 =3 [20]). 

 

Figure 2-9. Effect of temperature on oxidation conversion of W20 at cycle 13. 

 

It can be seen that the model slightly over-predicts conversion at 900 °C because there is a 

small densification of the OC particle which, as mentioned above, is due to the sintering 

phenomenon that is stronger at higher temperatures. This decrease in the OC porosity (the 
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measured W20 porosities before cycle 1 and after cycle 13 were 0.47 and 0.44 respectively) 

indicates that the operating sintering mechanism produces shrinkage, which commonly 

occurs when sintering is controlled by lattice diffusion or grain boundary diffusion. 

 

The above is proof that sintering of metallic copper is a phenomenon involved in the 

oxidation reaction of copper-based OCs. Additionally, the sintering of metallic copper is 

very feasible during oxidation since the CuO layer that forms over the Cu because of 

chemical reaction is partially soluble and promotes sintering of the metallic copper [37], 

[38]. 
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2.5 Concluding remarks 

 Six Copper-based OCs were synthesized by incipient impregnation and excess wet 

impregnation. OCs were characterized with BET surface area, SEM microscopy and BJH 

porosimetry. From experimental data taken by thermogravimetry over the course of 

several redox cycles, it was found that copper-based OCs synthesized by incipient 

impregnation are more strongly  affected by sintering over the course of redox cycles 

than OCs prepared by excess wet impregnation. This is due to the fact that OCs 

synthesized by incipient impregnation have a significantly lower number of grains per 

unit surface area of the inert support than OCs prepared by excess wet impregnation. 

Hence, it is concluded that one of the most important factors in the synthesis of copper-

based OCs is the available surface area of the support, which defines how close the 

grains are, and consequently the probability of forming necks between them. 

 

 A mathematical model for the redox reactions of copper-based OCs based on the 

CGSDM was developed. The model showed excellent agreement with experimental 

data taken by thermogravimetry and it was possible to predict the drop in conversion 

that happens over the course of redox cycles. The main improvement of the model 

developed in this paper in comparison with the recently published CGSDM is the use 

of a variable aggregation frequency. This was deduced by using reasonable 

assumptions, and takes into account the operating sintering mechanisms and the 

microstructure of the OCs synthesized by different methods. This expression involves 

physical meaningful variables, and showed better agreement with experimental data 

than constant aggregation frequencies used in the original version of CGSDM. 

 It was found that the activation energy for the aggregation frequency is close to the 

activation energy for the lattice diffusion of metallic copper calculated by others, and 

the calculated value of the exponent 𝑚 indicated that sintering in copper-based OCs is 

governed by the lattice diffusion mechanism. Additionally, it is known that during 
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oxidation Cu sintering is activated by the CuO layer forming around Cu, which leads to 

the conclusion that metallic copper sinters during the oxidation reaction, and this is 

probably what causes the particle agglomeration inside the fluidized bed. 
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3. CHAPTER THREE 

NOVEL MODEL FOR THE SINTERING OF 

CERAMICS WITH BIMODAL PORE SIZE 

DISTRIBUTIONS: APPLICATION TO THE 

SINTERING OF LIME 

 

Abstract- A mathematical model for the sintering of ceramics with bimodal pore size 

distributions at intermediate and final stages is developed. It considers the simultaneous 

effects of coarsening by surface diffusion, and densification by grain boundary diffusion and 

lattice diffusion. This model involves population balances for the pores in different zones 

determined by each porosimetry peak, and is able to predict the evolution of pore size 

distribution function, surface area, and porosity over time. The model is experimentally 

validated for the sintering of lime and it is reliable in predicting the so called "initial induction 

period" in sintering, which is due to a decrease in intra-aggregate porosity offset by an 

increase inter-aggregate porosity. In addition, a novel methodology for determination of 

mechanisms based on the analysis of the pore size distribution function is proposed, and with 

this, it was demonstrated that lattice diffusion is the controlling mechanism in the CaO 

sintering. 

 

Keywords: Lime, Mathematical modeling, Sintering, Population balance 
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3.1  Introduction 

In the study of ceramics, it is common to find materials with bimodal pore size distributions 

such as CaO [1], [2], TiO2 [3], Al2O3 [4] and MgO [5]. These kinds of materials can be 

represented by a structure composed of aggregates with small pores inside and larger pores 

around the individual particles. It has been experimentally determined that densification of 

these materials is quite different to that of ceramics with unimodal pore size distributions. 

At initial stages of densification (early intermediate stage of sintering), these ceramics have 

preferential sintering within aggregates, so the smaller pores disappear causing aggregates 

to shrink, which produces a transient increase in the average pore radius of the sample [6]. 

The initial behavior of these bimodal pore structures was called by Borgwardt [1] as “the 

induction period” in the case of CaO sintering. This period is also marked because the total 

porosity of sample does not decrease significantly within this time period. Intermediate and 

final stages of sintering are characterized by at least two phenomena, pore shrinkage, and 

grain growth. Nonetheless, it is known that at the early intermediate stage of sintering an 

increase in average pore radius can occur owing to pore coarsening by surface diffusion [7]. 

This phenomenon can be represented as a pure Ostwald ripening process, since surface 

diffusion is not a densifying mechanism, and therefore the total pore volume is a 

conservative property. 

 

In the study of sintering of ceramic materials, mathematical modelling has remarkable 

importance since it allows to study the effect of the different variables and mechanisms 

involved in the process. The most used models are analytical, among which the most widely 

known are those deduced from the geometry of bcc-packed tetrakaidecahedral grains with 

cylindrical pores at intermediate stage and spherical pores at final stage. Based on the 

aforementioned geometry, mathematical models for densification have been proposed. 

Coble [8] derived expressions for the variation of porosity over time at intermediate and 

final stages of sintering by assuming a diffusion mechanism of concentric spherical shells. 
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However, Coble’s model does not consider the grain boundary as atom source for 

densification in the final stage. Thus, Kang and Jung [9] derived analytical models for 

densification rates at the final stages by using Herring's scaling laws. Nevertheless, the 

above-mentioned analytical models assume a uniform structure in the whole sample, which 

is rarely the case. Another weakness of these models is that grain growth, which modifies 

the densification rate and affects the interaction between pores and grain boundaries, is 

not taken into account. The latter occurs owing to the decrease of the pore coordination 

number, which is the number of grains in contact with a pore, by reason of normal grain 

growth. [10].  

 

With the purpose of considering the effect of the pore size distribution, other models such 

as the so called  statistical theory of sintering [11], [12] have been proposed. In this theory, 

densification at intermediate and final stages is modeled as a non-conservative Ostwald 

ripening process assuming a quasi-stationary pore size distribution. Then, by making several 

averages, expressions for the porosity with various morphological parameters are derived. 

This theory has been subsequently improved by considering the effect of the fraction of 

pores that are not located at the grain boundaries [13], [14], and therefore do not contribute 

to densification. The statistical theory of sintering considers the effect of grain growth by 

using the widely known Zener’s relation.  However, a weakness of statistical theory of 

sintering is the assumption of quasi-stationary pore size distribution, which it is not 

consistent with experimental evidence and makes the theory inadequate for the sintering 

of bimodal pore size distribution materials. Further, the morphological parameters in the 

statistical theory of sintering can change over time, and no models to predict such variation 

are known.  

 

In more recent approaches, models based on population balances have been proposed 

[15]–[17]. These models allow to predict the change in pore size distribution over time, even 
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for non-quasi-stationary distributions, which constitutes a significant advance over the 

statistical theory of sintering. In these models, it is supposed that the sample is composed 

of a population of pores with non-uniform initial size that obey a shrinkage rate expressed 

as a power law with adjustable exponent. Nevertheless, these models have some 

shortcomings that are shown below:  

 

 The effect of grain growth on densification is not considered.  

 Since the shrinkage rate obeys an empirical power law, densification mechanisms 

cannot be distinguished. 

 The models cannot be applied to bimodal porous structures as those described above. 

 Pore coarsening by surface diffusion that occurs at early intermediate stages is not 

considered. 

 

As can be seen above, although several models to take into account pore size distribution 

in the sintering have been proposed, they have some drawbacks and cannot be used with 

bimodal pore size distributions, which often occur in ceramic materials. Therefore, in this 

paper a mathematical model to simulate the sintering/densification of ceramics with 

bimodal pore size distributions at intermediate and final stages is proposed. The model 

takes into account densification by grain boundary diffusion and lattice diffusion, pore 

coarsening by surface diffusion at early intermediate stage and grain growth. In addition, 

since contributions of each mechanism to the rate of change of pore size are distinguished 

in the model, it is also useful for determining the operative mechanisms in sintering by 

analyzing the pore size distribution function over time. Finally, the model is validated with 

experimental data from the sintering of CaO, and is able to predict and explain the so-called 

“induction period”. 
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3.2 The model 

The initial stage of sintering is characterized by the formation of necks between particles of 

the green compact with limited densification. At the intermediate stage, particles lose their 

individual identity and the sample can be described as a network of interconnected 

cylindrical pores [18] that reduce their sizes to become isolated pores. At this point starts 

the final stage of sintering characterized by the presence of approximately spherical pores 

and by significant grain growth. Hence, a mathematical model for intermediate and final 

stages of sintering of ceramics with bimodal pore size distribution is presented in this paper. 

The model scheme is based on the description of several authors about such materials [1], 

[4], [6] and is shown in Figure 3-1. It is supposed that the sample consists of porous 

aggregates, in which are small pores, the so-called "intra-aggregate pores", and between 

aggregates there are larger pores called "inter-aggregate pores”. 

 

In the model development, the following assumptions are taken into account: 

 

 It is assumed that pores of both zones (intra-aggregate and inter-aggregate) have a 

non-uniform size distribution. 

 Cylindrical pores for the intermediate stage and spherical pores for the final stage are 

assumed.  

 Shrinkage of intra-aggregate pores does not affect the sample shrinkage. This 

assumption is based on experimental observations, in which it is found that intra-

aggregate pores densify the aggregates but do not produce change in the dimensions 

of the compact. 

 There are no thermodynamic restrictions for pore shrinkage. 

 The process is isothermal. 

 



Mathematical Model for the Calcination of CaCO3 under Oxy-Fuel Combustion Atmosphere 

 
103 

 

 

 

 

Figure 3-1. Model scheme. 

The strategy proposed in this paper is to analyze each area separately. Thus, the population 

balance equation for the two zones has the same form as the one proposed by Kuczynski 

[11], [12] in the statistical theory of sintering: 

 

𝜕𝑓𝑖

𝜕𝑡
+

𝜕

𝜕𝑟𝑖
[(
𝑑𝑟𝑖

𝑑𝑡
) 𝑓𝑖] = 0   (3-1) 

 

where 𝑟𝑖 is the pore radius, 𝑡  is the time, and 𝑓𝑖 is the pore radius density distribution 

[number of pores]. The subscript 𝑖 = 𝑎, 𝐴 refers to intra-aggregate and inter-aggregate 

respectively. The term  
𝑑𝑟𝑖

𝑑𝑡
  is the pore radius rate of change due to densification and 
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coarsening. Such rate can be expressed as the sum of pore shrinking rate by lattice and 

grain boundary diffusion, and the pore radius rate of change due to coarsening by surface 

diffusion. The population balance equation can be transformed into moments equations 

that are easier in solving. Multiplying equation (3-1) by 𝑟𝑖
𝑛 and integrating from 0 to ∞, we 

get: 

 

𝑑𝑀𝑖,𝑛

𝑑𝑡
+ 𝑟𝑖

𝑛 (
𝑑𝑟𝑖

𝑑𝑡
) 𝑓𝑎]

∞
0
− 𝑛 ∫ 𝑟𝑖

𝑛−1 (
𝑑𝑟𝑖

𝑑𝑡
) 𝑓𝑖𝑑𝑟𝑖

∞

0
= 0  (3-2) 

 

where 𝑀𝑖,𝑛 = ∫ 𝑟𝑖
𝑛𝑓𝑖𝑑𝑟𝑖

∞

0
 is the moment n for the distribution of radius 𝑖 = 𝑎, 𝐴. The 

advantage of transforming the population balance equation in moments equations is that 

moments are related to properties that can be measured experimentally. One of these 

properties is the specific surface area on volume basis, which in the intermediate stage is 

related to the first time as follows: 

 

𝑆𝑖 =
2𝜋𝑀𝑖,1𝑙𝑖̅

𝑉𝑇
  

 

(3-3) 

where 𝑉𝑇 is the total volume of the sample and 𝑙𝑖̅ is the mean pore length. At final stage, 

the specific surface area on volume basis can be expressed in terms of the second moment 

as: 

 

𝑆𝑖 =
4𝜋𝑀𝑖,2

𝑉𝑇
  (3-4) 

 

Another property related with moments is the porosity, which for the intermediate stage is 

given by: 
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𝜀𝑖 =
𝜋𝑀𝑖,2𝑙𝑖̅

𝑉𝑇
  

 

(3-5) 

for the final stage of sintering, porosity is expressed as a function of the third moment as 

follows: 

 

𝜀𝑖 =
4𝜋

3

𝑀𝑖,3

𝑉𝑇
  

 

(3-6) 

3.2.1  Pore shrinkage rates  

Pores of the sample can reduce their radii due to lattice diffusion and grain boundary 

diffusion mechanism. Then, the shrinkage rate can be expressed as follows:  

  

𝑑𝑟𝑖

𝑑𝑡
= 𝑛 (

𝑑𝑟𝑖

𝑑𝑡
)
′
  (3-7) 

 

where 𝑛 is the pore coordination number, i.e. the number of grain boundaries in contact 

with a pore, and (
𝑑𝑟𝑖

𝑑𝑡
)
′
is the radius rate of change of a single pore. 

 

3.2.2 Pore coordination number 

The pore coordination number, which is the number or grains (or grain boundaries) in 

contact with a pore, can be reasonably expressed as the ratio between mean pore surface 

area and mean grain surface area. Then, for intermediate stage: 

 

𝑛 = 𝛼1
∫ 𝑟𝑖𝑓𝑖𝑑𝑟𝑖𝑙𝑖̅
∞

0 ∫ 𝑓𝑖𝑑𝑟𝑖
∞

0
⁄

𝐺̅2
  

(3-8) 
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for final stage, we obtain 

 

𝑛 = 𝛼2
∫ 𝑟𝑖

2𝑓𝑖𝑑𝑟𝑖
∞

0 ∫ 𝑓𝑖𝑑𝑟𝑖
∞

0
⁄

𝐺̅2
  

(3-9) 

 

where 𝐺̅ is the grain size, and 𝛼1,𝛼2 are geometrical constants. Finally, the change in grain 

size is given by the well-known Zener’s relation as follows: 

 

𝐺̅ = Ƙ̂
𝑟̅𝑎

𝜀𝑎
𝑠   (3-10) 

   

where Ƙ̂ is a constant, 𝑟̅𝑎 is the mean intra-aggregate pore radius,  and the value of 𝑠 = 1/2 

for intermediate stage and 𝑠 = 1 for final stage [13].  

 

3.2.3 Single pore shrinkage rate at intermediate stage 

The single pore shrinkage rate at intermediate stage were taken from the widely known 

Coble's model [8] of bcc-packed tetrakaidecahedral grains with cylindrical pores at the 

edges. For lattice diffusion governed shrinkage, we have: 

 

(
𝑑𝑟𝑖

𝑑𝑡
)
′
= −𝜃𝑙

𝐷𝑙𝛾Ω

𝑘𝐵𝑇𝐺̅𝑟𝑖
  (3-11) 

 

where 𝑟𝑖 is the pore radius, 𝐷𝑙 is the lattice diffusion coefficient, 𝑘𝐵 is the Boltzmann 

constant, 𝑇 is the temperature, 𝛾 is the specific surface energy, Ω is the atomic volume and 

𝜃𝑙 is a geometric constant. For grain boundary diffusion control the pore shrinkage rate is 

expressed as follows:  
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(
𝑑𝑟𝑖

𝑑𝑡
)
′
= −𝜃𝑔

𝐷𝑔𝛾Ω𝛿𝑔

𝜀𝑖
1 2⁄ 𝑘𝐵𝑇𝐺̅

2𝑟𝑖
  

 

(3-12) 

where 𝐷𝑔 is the grain boundary diffusion coefficient, 𝛿𝑔 is the grain boundary width and 𝜃𝑔 

is a geometric constant. 

 

3.2.4 Single pore shrinkage rate at final stage 

Coble also developed models for the final stage of sintering by assuming a concentric 

spheres diffusion mechanism. However, Coble’s model for the final stage of sintering does 

not take into account the grain boundaries as atoms source in densification. Hence, Kang 

and Jung [9] improved Cobles’s model for the final stage and derived densification rate 

expressions based on Herring’s scaling laws. For densification by lattice diffusion at final 

stage Kang and Jung [9] obtained the following expression: 

 

(
𝑑𝑟𝑖

𝑑𝑡
)
′
= −𝛽𝑙

𝐷𝑙𝛾Ω𝜀𝑖
1 3⁄

𝑘𝐵𝑇𝑟𝑖
2   (3-13) 

 

and for grain boundary diffusion they found: 

 

(
𝑑𝑟𝑖

𝑑𝑡
)
′
= −𝛽𝑔

𝐷𝑔𝛾Ω𝛿𝑔

𝑘𝐵𝑇𝐺̅𝑟𝑖
2  

 

(3-14) 

where 𝛽𝑙 and 𝛽𝑔 are geometric constants.  

 



108 Mathematical Model for the Calcination of CaCO3 under Oxy-Fuel Combustion Atmosphere 

 

 

 

 

3.2.5  Pore coarsening at intermediate stage 

The main mechanism of pore coarsening is surface diffusion. This mechanism produces an 

increase in the mean pore radius that can be expressed as follows [19]: 

 

𝑑𝑟𝑖̅

𝑑𝑡
= 𝜃𝑠

𝐷𝑠𝛾Ω𝛿𝑠

𝑘𝐵𝑇𝑟𝑖̅
3   (3-15) 

 

where 𝜃𝑠 is a geometrical constant, 𝐷𝑠 is the surface diffusion coefficient and 𝛿𝑠 is the 

thickness of the surface diffusion. Using equation (3-15), and since surface diffusion is a 

non-densifying mechanism, the mean field approach can be used as follows: 

 

𝑑𝑟𝑖

𝑑𝑡
= 𝜃𝑠

𝐷𝑠𝛾Ω𝛿𝑠

𝑘𝐵𝑇𝑟𝑖
3 (1 −

𝑟∗

𝑟𝑖
)  (3-16) 

 

Thus, all pores smaller than 𝑟∗ shrink and all pores larger than 𝑟∗grow. The value of 𝑟∗ can 

be calculated from the condition of non-densifying mechanism for surface diffusion (i.e.  

𝑑𝜀𝑖

𝑑𝑡
= 0) as follows: 

 

𝑟∗ =
∫ 𝑟𝑖

−2∞

0
𝑓𝑖𝑑𝑟𝑖

∫ 𝑟𝑖
−3∞

0
𝑓𝑖𝑑𝑟𝑖

  
(3-17) 

 

3.2.6 Connection term 

As was noted by Zheng and Reed [6], intra-aggregate pores do not produce shrinkage of 

the sample. Since intra-aggregate pores are much smaller than inter-aggregate pores, intra-

aggregate pores shrink faster than inter-aggregate pores. Hence, connection between the 

two zones is made because the pore volume lost by the intra-aggregate zone due 

densification must be gained by the inter-aggregate zone (See Figure 3-2). 
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Figure 3-2. Scheme of connection between the two zones. 

 

Then, so that 𝑟𝐴(𝜀𝑎 , 𝑡) is function of time and intra-aggregate porosity, we get: 

 

𝑑𝑟𝐴

𝑑𝑡
=
𝜕𝑟𝐴

𝜕𝑡
+
𝜕𝑟𝐴

𝜕𝜀𝑎

𝑑𝜀𝑎

𝑑𝑡
  (3-18) 

 

where 
𝜕𝑟𝐴

𝜕𝜀𝑎

𝑑𝜀𝑎

𝑑𝑡
 is the connection term between the two zones. This term depends on two 

factors, where 
𝑑𝜀𝑎

𝑑𝑡
 is only a function of time, since according to the experimental 

observations of other authors [5], [6], [20], the sintering of aggregates is independent from 

the macropores surrounding them. Values of 
𝑑𝜀𝑎

𝑑𝑡
 can be computed from the moments 

equations of intra-aggregate zone, while the mathematical dependence of the other factor 
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𝜕𝑟𝐴

𝜕𝜀𝑎
 in the connection term is unknown. Nevertheless, it is reasonable to assume that the 

intra-aggregate porosity decrease at a fixed time causes a uniform growth of the inter-

aggregate pores (i.e. 
𝜕𝑟𝐴

𝜕𝜀𝑎
 is independent from 𝑟𝐴). This latter assumption has been commonly 

used in models for solids with non-uniform microstructures (distributed) [21]–[23] and is 

equivalent to say that at constant total porosity inter-aggregate pores vary in size at an 

average rate that only depends on time (i.e. 
𝜕𝑟𝐴

𝜕𝜀𝑎

𝑑𝜀𝑎

𝑑𝑡
 is only a function of time).  

 

For intermediate stage, introducing equation (3-18) in the second moment equation 

(volume equation), we obtain 

 

𝑑𝑀𝐴,2

𝑑𝑡
= 2∫ 𝑟𝐴

∂𝑟𝐴

𝜕𝑡
𝑓𝐴𝑑𝑟𝐴

∞

0
+ 2∫ 𝑟𝐴 (

𝜕𝑟𝐴

𝜕𝜀𝑎

𝑑𝜀𝑎

𝑑𝑡
) 𝑓𝐴𝑑𝑟𝐴

∞

0⏟              

=−
𝑑𝑀𝑎,2
𝑑𝑡

  (3-19) 

 

The equality in the second term of RHS of equation (3-19) means that pore volume lost by 

the intra-aggregate zone must be the same volume gained by inter-aggregate zone. Then, 

in order to satisfy the equality of the second term in RHS, we obtain the following expression 

for the connection term:  

 

𝜕𝑟𝐴

𝜕𝜀𝑎

𝑑𝜀𝑎

𝑑𝑡
= −

∫ 𝑟𝑎(
𝑑𝑟𝑎
𝑑𝑡
)𝑓𝑎𝑑𝑟𝑎

∞

0

𝑀𝐴,1
= −

1

2

𝑑𝑀𝑎,2

𝑑𝑡

1

𝑀𝐴,1
  

(3-20) 

 

Similarly at the later stage, introducing equation (3-18) in the third moment equation 

(volume equation for final stage) we obtain 

 

𝜕𝑟𝐴

𝜕𝜀𝑎

𝑑𝜀𝑎

𝑑𝑡
= −

∫ 𝑟𝑎
2(
𝑑𝑟𝑎
𝑑𝑡
)𝑓𝑎𝑑𝑟𝑎

∞

0

𝑀𝐴,2
= −

1

3

𝑑𝑀𝑎,3

𝑑𝑡

1

𝑀𝐴,2
   

(3-21) 
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3.2.7 Total pore radius rate of change  

Many terms in equations (3-11), (3-12), (3-13), (3-14) and (3-16) can be considered 

constants, which allows to simplify the model and reduce the number of parameters to fit. 

Hence, pore radius rate of change due to the contributions of all mechanisms at 

intermediate stage can be expressed in terms of constants depending only on temperature 

as follows: 

 

𝑑𝑟𝑖

𝑑𝑡
= − 𝑛

𝑘𝑙(𝑇)

𝐺̅𝑟𝑖
 − 𝑛

𝑘𝑔(𝑇)

𝜀𝑖
1 2⁄ 𝐺̅2𝑟𝑖

 + 
𝑘𝑠(𝑇)

𝑟𝑖
3 (1 −

𝑟∗

𝑟𝑖
)   

 

(3-22) 

where 𝑘𝑙(𝑇) = 𝜃𝑙
𝐷𝑙𝛾Ω

𝑘𝐵𝑇
, 𝑘𝑔(𝑇) = 𝜃𝑔

𝐷𝑔𝛾Ω𝛿𝑔

𝑘𝐵𝑇
 and 𝑘𝑠(𝑇) = 𝜃𝑠

𝐷𝑠𝛾Ω𝛿𝑠

𝑘𝐵𝑇
. Similarly, for final stage we 

get: 

 

𝑑𝑟𝑖

𝑑𝑡
= − 𝑛

𝑘𝐿(𝑇)𝜀𝑖
1 3⁄

𝑟𝑖
2  − 𝑛

𝑘𝐺(𝑇)

𝐺̅𝑟𝑖
2  

 

(3-23) 

where 𝑘𝐿(𝑇) = 𝛽𝑙
𝐷𝑙𝛾Ω

𝑘𝐵𝑇
 and 𝑘𝐺(𝑇) = 𝛽𝑔

𝐷𝑔𝛾Ω𝛿

𝑘𝐵𝑇
 

 

3.2.8  Numerical method 

The model presented in this work includes integro-differential equations of moments. One 

of the most suitable algorithms for solving these equations is the so-called “Extended 

Method of Moments” (EMOM) [24], as it is particularly effective to resolve moments 

equations with size dependent growth rates [24]. However, this method presents instability 

problems due to the existence of ill-conditioned matrices, thus Maya and Chejne [23] 

recently proposed an improved version of EMOM that includes a regularization process and 

the usage of the Simpson’s rule. In addition, this improved EMOM was validated with several 
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experimental data for processes involving aggregation and size dependent growth rates  

[23]. Therefore, in this paper the algorithm of Maya and Chejne [23] was used to solve the 

moments equations and the simulations were performed using Matlab 7.10.0.499 (R2010a) 

software. 

 

Moments can be computed using a second order approximation as follows: 

 

𝑀𝑖,𝑛 = ∑
𝑓𝑖,𝑘 𝑟𝑖,𝑘

𝑛
+𝑓𝑖,𝑘+1𝑟𝑖,𝑘+1

𝑛

2
∆𝑟𝑖,𝑘

𝑁
𝑘=1   

(3-24) 

 

𝑛 = 1,2,3…𝑁  

 

Where 𝑓𝑖,𝑘 is the density distribution function at the midpoint 𝑟𝑖,𝑘 of the interval with size  

∆𝑟𝑖,𝑘 .Therefore, if the first N moments are known, it is possible to calculate the values of 

𝑓𝑗,𝑘 by solving the system of equations  

 

[
 
 
 
 
 
 
 
 𝑟𝑖,1

1
∆𝑟𝑖,1
2

𝑟𝑖,2
1∆𝑟𝑖,2 ⋯ 𝑟𝑖,𝑁−1

1∆𝑟𝑖,𝑁−1 𝑟𝑖,𝑁
1
∆𝑟𝑖,𝑁
2

𝑟𝑖,1
2
∆𝑟𝑖,1
2

⋮

𝑟𝑖,1
𝑁−1

∆𝑟𝑖,1
2

⋱ ⋮

𝑟𝑖,1
𝑁
∆𝑟𝑖,1
2

⋯ 𝑟𝑖,𝑁
𝑁
∆𝑟𝑖,𝑁
2 ]
 
 
 
 
 
 
 
 

×  

[
 
 
 
 
𝑓𝑖,1
𝑓𝑖,2
⋮

𝑓𝑖,𝑁−1
𝑓𝑖,𝑁 ]

 
 
 
 

=  

[
 
 
 
 
𝑀𝑖,1
𝑀𝑖,2
⋮

𝑀𝑖,𝑁−1
𝑀𝑖,𝑁 ]

 
 
 
 

  

 

(3-25) 

 

When such a linear system is highly ill conditioned a regularization process is commonly 

used. In this paper, such process was carried out by using the Matlab pseudoinverse routine, 

which makes zero all the singular values smaller than a given tolerance. After solving the 

system (3-25), all values of 𝑓𝑖,𝑘 are known and the distribution function can be reconstructed. 
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Now, it is possible to compute moments by using a numerical integration method as the 

Simpson’s rule. Therefore, the integral term in equation (1-14) was approximated as: 

 

∫ 𝑛
∞

0

𝑟𝑖
𝑛−1

𝑑𝑟𝑖
𝑑𝑡
𝑓𝑖𝑑𝑟𝑖

≈
𝑛∆𝑟𝑖
3
[𝑟𝑖,1

𝑛−1
𝑑𝑟𝑖,1
𝑑𝑡

𝑓𝑖,1 + 2 ∑ 𝑟𝑖,2𝑘
𝑛−1

𝑑𝑟𝑖,2𝑘
𝑑𝑡

𝑓𝑖,2𝑘

𝑁
2⁄ −1

𝑘=2

+ 4∑𝑟𝑖,2𝑘−1
𝑛−1

𝑑𝑟𝑖,2𝑘−1
𝑑𝑡

𝑓𝑖,2𝑘−1

𝑁
2⁄

𝑘=2

+ 𝑟𝑖,𝑁
𝑛−1

𝑑𝑟𝑖,𝑁
𝑑𝑡

𝑓𝑖,𝑁] 

 

(3-26) 

 

After solving equation (3-26), the set of moments of the next time is known and the process 

begins again by solving equation (3-25). Although it is possible to obtain a good agreement 

with the experimental data by using few moments (around 6 moments for each peak of the 

pore size distribution), 150 moments were used for simulations only with the aim of 

smoothening the curves predicted by the model. 

 

3.3 Experimental 

Lime sintering is a phenomenon of remarkable industrial interest, since CaO is widely used 

for cleaning waste gases [25]–[27]. Thus, in order to validate the model proposed in this 

paper, experimental data of lime sintering are compared with model predictions. Lime was 

obtained from the calcination of limestone. (97.2% CaCO3, porosity=0.07). Since CO2 

catalyzes sintering [28], a particle size of 5 µm  was used to reduce diffusive and heat transfer 

limitations during calcination. The limestone sample was calcined at a temperature of 973 
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K and in a N2 atmosphere in order to minimize the CaO sintering rate. Calcination was 

carried out into a heating muffle at the aforementioned conditions over 2 minutes, and then 

the obtained lime was rapidly transferred to another heating muffle at the sintering 

temperature. Lime samples were withdrawn from the sintering heating muffle at different 

times, immediately cooled using nitrogen flow and were then carried for porosimetry and 

surface area measurements. 

 

Specific surface area and porosimetry of the sample were found with the ASAP 2020 

(Accelerated Surface Area and Porosimetry System) equipment, by adsorption and 

desorption of nitrogen. BJH analysis was used to determine the mesopore size distributions 

at different times. However, since the BJH technique is particularly suited for mesoporous 

materials, mercury intrusion porosimetry was used for determining the pore size 

distribution in the macroporous range. The latter was performed by using a mercury 

intrusion porosimeter (Poresizer 9320) from Micrometrics. It must be said that for the model 

of this paper is necessary to know the initial pore size distributions of both zones (intra-

aggregate and inter-aggregate) in order to calculate the initial conditions (initial moments) 

for equation (3-2). Pores belonging to each zone were selected on the basis of the two 

peaks of the initial pore size distribution (See Figure 3-3), as has been done by other authors 

[29], [30]. Hence, in this paper it is assumed that mesopores make up the intra-aggregate 

zone and macropores constitute the inter-aggregate zone. In addition, the latter 

assumption is supported by experimental observations of various authors [1], [2], [20], which 

show that CaO is composed of mesoporous aggregates surrounded by macropores. 
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Figure 3-3. Initial pore size distribution (Mesoporous range measured by BJH porosimetry 

and Macroporous range measured by Mercury porosimetry).  

 

Initial mean grain size was calculated from X-ray diffraction measurements, following  

 

𝐺̅0 =
𝐾𝜆

𝛽𝑐𝑜𝑠𝜃
  (3-27) 

 

where 𝐺̅0 is the initial mean grain size, 𝐾 is a dimensionless shape factor, 𝜆 is the X-ray 

wavelength, 𝜃 is the Bragg angle and 𝛽 is the line broadening at the half maximum intensity 

(FWHM). The equipment used for the XRD analysis was an X-ray diffractometer X’Pert PRO 
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Brand Panalytical reference MPD with Cu anode and Ni filter. The calculated initial mean 

grain size was 40.6 nm. 

 

3.4 Results 

3.4.1 Determination of mechanism 

One of the advantages of the model proposed in this paper is that it allows studying 

mechanisms operating in sintering from the analysis of the temporal evolution of pore size 

distribution function. For this, model predictions of pore size distribution were compared 

with experimental measures at different times. 

 

The criterion to determine the beginning of each stage of sintering is not the same for all 

materials; however, Rahaman [18] established approximate porosity ranges for each stage 

of sintering. The porosity range for initial stage is from 0.35 to 1, for intermediate stage is 

from 0.1 to 0.35, and for final stage it is from 0 to 0.1. Since intra-aggregate and inter-

aggregate porosities of the lime studied in this work are 0.28 and 0.16 respectively, it can 

be said that both zones are in the intermediate stage. The latter is because CO2 catalyzes 

sintering during calcination and causes lime to pass quickly through the first stage of 

sintering [28]. Thus, cylindrical pores for both zones were initially assumed and it was 

considered that the cylindrical pores became isolated spherical pores at a porosity of 0.08.  

This is based on the well-known stability criterion for cylindrical pores used in the statistical 

theory of sintering [11], [12]. In addition, the assumption of cylindrical pores is also based 

on studies of other authors [31]–[33] who made this same consideration for reactions 

involving CaO. 

The method of mechanism determination proposed in this paper consists of fitting the 

constants in the equations (3-22) and (3-23) (𝑘𝑙 , 𝑘𝑔, 𝑘𝑠 for the intermediate stage and 𝑘𝐿 , 𝑘𝐺 
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for the final stage) in order to obtain the best agreement between the model predictions 

and the pore size distribution functions measured experimentally. For this purpose, the pore 

size distribution function of the intra-aggregate zone was studied. In this region, the 

variation of pore size distribution function over time is much more noticeable than in inter-

aggregate zone, since smaller pores change their size faster than larger pores. Clearly, 

operative mechanisms in both zones must be the same as the solid material for both zones 

is the same. In addition, it is assumed that the CaO samples are spatially homogeneous and 

that heat transfer resistance is negligible. This assumption is reasonable given the small size 

of the analyzed particles [1]. Nevertheless, for particles with a significant heat transfer 

resistance, it would be necessary to couple the heat transport equation with the model 

presented here. 

 

For the purpose of both determining the operating solid-state diffusion mechanisms in the 

CaO sintering and also illustrate the effect of each transport mechanism in the pore size 

distribution, three simulations considering an operating mechanism at a time were run (i.e. 

taking into account only a term of equation (3-22) in each run). Therefore, the constants 𝑘𝑠, 

𝑘𝑔 and 𝑘𝑙 were fitted for the simulations of CaO sintering by surface diffusion, grain 

boundary diffusion, and lattice diffusion respectively. The values of these constants are 

shown in Table 3-1. 

Table 3-1. Values of constants used in the simulations shown in Figures 3-4, 3-5 and 3-6.  

Mechanism Constant Value Units 

Surface diffusion 𝑘𝑠 4033 𝑛𝑚4

𝑠⁄  

Grain boundary diffusion 𝑘𝑔 2919 𝑛𝑚4

𝑠⁄  

Lattice diffusion 𝑘𝑙 31.7 𝑛𝑚3

𝑠⁄  
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At first, the model was run taking into account only the term of pore size change due to 

coarsening by surface diffusion (i.e. terms 1 and 2 of RHS of equation (3-22) are equal to 

zero), and predictions of this were compared with experimental data (T=1200 K) at three 

different times (See Figure 3-4). It can be observed in Figure 3-4 that experimental data 

show a decrease in mean pore size and intra-aggregate porosity; however, simulations show 

that coarsening by surface diffusion produces an increase in average pore size at constant 

intra-aggregate porosity because it is a non-densifying mechanism. Therefore, it can be said 

that surface diffusion is not the controlling mechanism in the sintering of lime. 

 

 

Figure 3-4. Evolution of Pore size distribution over time at 1200 K (Simulation for surface 

diffusion mechanism). 
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Another simulation taking into account only the effect of densification by grain boundary 

diffusion (i.e. terms 1 and 3 of RHS of equation (3-22) are equal to zero) was run. In this 

case, as can be seen in Figure 3-5, although model predicts a decrease in intra-aggregate 

porosity and mean pore radius, it does not fit properly with experimental data at large times 

when intra-aggregate porosity is becoming smaller. 

 

Figure 3-5. Evolution of Pore size distribution over time at 1200 K (Simulation for grain 

boundary mechanism). 

 

Finally, model predictions taking into account only the effect of the lattice diffusion 

mechanism (i.e. terms 2 and 3 of RHS of equation (3-22) are equal to zero) are shown in 

Figure 3-6. In this case, the model had a remarkable fit with the experimental data for all 
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the times, which allows to conclude that the controlling mechanism in lime sintering is 

lattice diffusion. The latter is consistent with observations of other authors [1], [2], [34]. It 

can be seen that although the behavior of pore size distribution function over time is similar 

for the mechanisms of lattice diffusion and grain boundary diffusion, densification by grain 

boundary diffusion is more strongly limited by grain growth than lattice diffusion. This 

explains why the simulation taking into account only grain boundary diffusion (See Figure 

3-5) does not fit correctly at advanced times (low porosity), when grain growth is more 

important. It must be mentioned that model does not fit well to micro-porosity data since 

the BJH technique is appropriate for mesoporous materials and tends to overpredict 

micropore volume. 

 

 

Figure 3-6. Evolution of Pore size distribution over time at 1200 K (Simulation for lattice 

diffusion mechanism).  
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Amongst the methods of mechanisms determination in the intermediate and final stages 

of sintering, the most used are the ones based on the comparison of experimental data with 

predictions of the aforementioned models derived from the structure of tetrakaidecahedral 

bcc-packed grains [18]. Nevertheless, all these methods consider a homogeneous pore 

structure in the entire compact and only take into account one operating mechanism at a 

time. Thus, the method of mechanisms determination developed here has the advantage 

that it can differentiate the contributions of each mechanism and takes into account the 

pore size distribution, which allows to more accurately understand the operative 

mechanisms in the sintering in comparison to conventional methods. 

 

3.4.2 Porosity and surface area development 

As mentioned above, at early-intermediate stage bidisperse ceramic materials show a drop 

in surface area and a transient increase in mean pore size, without appreciable change of 

porosity. This particular behavior was called “induction period of sintering” by Borgwardt 

[1]. In Figure 3-7, model predictions for porosity and inter-aggregate mean pore radius over 

time at a temperature of 1200 K are shown. It can be seen that model has remarkable 

agreement with the experimental data and helps to understand the induction period as will 

be explained. Initially, intra-aggregate porosity decreases while inter-aggregate porosity 

increases causing total porosity (intra-aggregate porosity plus inter-aggregate porosity) to 

remain nearly constant with time. This is because, as mentioned above, the pore volume 

lost by intra-aggregate zone must be gained by inter-aggregate zone. Later, when intra-

aggregate porosity is very small and aggregates cannot shrink more; inter-aggregate pores 

begin to shrink due to sintering. As can be observed in Figure 3-7, around minute 13 the 

inter-aggregate porosity and mean inter-aggregate pore radius have an inflexion point. 

Thus, it is reasonable to affirm that at this moment in time, the process of inter-aggregate 

pore shrinking begins. It can be also seen in Figure 3-7 that there is a transient increase in 
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mean pore radius of inter-aggregate zone, which also limits the shrinkage rate of inter-

aggregate pores during the induction period. 

 

 

Figure 3-7. Porosity and mean inter-aggregate pore radius development over time at 1200 

K.  

On the other hand, in order to compare the model presented in this paper with other 

commonly used sintering models, predictions of total porosity of the widely used Coble’s 

model  [35] are also shown in Figure 3-7. This model is expressed as follows:  

 

𝜀0 − 𝜀 = 𝑘𝑝 𝑙𝑛 (
𝑡

𝑡0
)   (3-28) 
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where 𝑡0 and 𝜀0 are the time and porosity when the sample begins to shrink, and 𝑘𝑝  is a 

temperature dependent constant. Equation (3-28) was derived by assuming that lattice 

diffusion is the only operating mechanism and that the sample has a uniform 

microstructure. In the simulation shown in Figure 3-7, the values of 𝑡0, 𝜀0, and 𝑘𝑝 calculated  

by linear regression were 6.4 min, 0.41, and 0.1 respectively. It can be observed that total 

porosity predictions of Coble’s model and of the model presented in this work are similar 

after minute 6.4; however, Coble's model predicts unrealistic values before this instant. The 

latter fact occurs because this model assumes a uniform microstructure for the solid, and 

therefore the intra-aggregate porosity reduction effect on the inter-aggregate porosity is 

not considered. In addition, Coble’s model has other disadvantages respect to the model 

presented here:  

 

 In equation (3-28), three parameters for a single operating mechanism must be fitted, 

while the model of this paper requires the fitting of just one constant. 

 Coble’s model is only applicable for lattice diffusion sintering, while the model 

presented in this paper considers different transport mechanisms simultaneously.  

 Porosity predictions from equation (3-28) are always decreasing over time; hence, 

Coble’s model cannot be used in cases where there is a transient increase in porosity 

(e.g., the inter-aggregate zone). 

 

Figure 3-8 shows Model Predictions for surface area (intra-aggregate surface area plus 

inter-aggregate Surface area) at a temperature of 1200 K, and again good agreement 

between model and experimental data is observed. It can be seen that initially an increase 

of inter-aggregate zone surface area occurs due to the transient growth of inter-aggregate 

pores during the induction time. However, such increase is very small compared with the 

decrease in intra-aggregate surface area, so that the total surface area also decreases. This 
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is the explanation of why the decrease in total surface area is very fast although total 

porosity remains almost constant during the induction time (See Figure 3-7). 

  

  

Figure 3-8. Surface area development over time. 

 

In addition, total surface area predictions of the well-known German-Munir model [36] are 

shown in Figure 3-8. This model is expressed by the following equation 

 

(
𝑆0−𝑆𝑔

𝑆0
)
𝛤
= 𝐾𝑇𝑡      

(3-29) 
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where 𝑆0 and 𝑆𝑔 are the initial and instantaneous specific surface area on mass basis, 

respectively. The parameter 𝛤 is a mechanism-dependent exponent (𝛤 = 1.1 for plastic flow, 

𝛤 = 2.7 for lattice diffusion, 𝛤 = 3.3 for grain boundary diffusion, and 𝛤 = 3.5 for surface 

diffusion) and 𝐾𝑇 is a function of temperature. Equation (3-29) was derived from the well-

known geometry of two identical spheres connected by a neck by supposing that sintering 

is driven by the curvature gradient in the neck. For the experimental data of total surface 

area shown in Figure 3-8, the best fit of the German-Munir model was achieved by using 

values of 2.1 and 0.037 min-1 for the parameters 𝛤 and 𝐾𝑇 respectively. However, the model 

proposed here shows a better fit to the experimental data of total surface area presented 

in Figure 3-8 (the calculated correlation coefficients were 0.980 for the German-Munir 

model and 0.993 for the model of this paper). Furthermore, it must be said that German-

Munir model has several drawbacks in comparison with the model of this paper. Some of 

these shortcomings are shown below 

 

 The German-Munir model can only predict the evolution of the specific surface area, 

while the model of this paper predicts the development of specific surface area, pore 

size distribution function, and porosity simultaneously.  

 In porous structures where there is a transient increase in surface area, as occurs in the 

inter-aggregate zone, the German-Munir model cannot be applied because it always 

predicts a decreasing surface area over time. 

 The German-Munir model is inappropriate for advanced stages of sintering, when the 

surface free energy is the main sintering driving force instead the curvature gradient in 

the neck. 

 Frequently, the parameter 𝛤 has no physical meaning (as occurs in the case showed in 

Figure 3-8) because of non-uniform structures or the existence of several mechanisms 

operating simultaneously.  
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Figure 3-9 depicts the effect of temperature in the evolution of total porosity over time. It 

can be seen that model allows a good fit with experimental data and predicts the induction 

period for all the temperatures. It is interesting to note that induction time decreases as the 

temperature increases. This is because as temperature increases densification of aggregates 

is faster and therefore the shrinking of inter-aggregate pores begins earlier until a 

temperature of 1300 K, in which the densification of the aggregates is so fast that induction 

time is negligible.  

 

 

Figure 3-9. Porosity development over time at different temperatures. 
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Finally, if an Arrhenius-type dependence for 𝑘𝑙 is assumed, the activation energy of the CaO 

sintering can be calculated from the values of 𝑘𝑙 used in simulations at different 

temperatures (see Figure 3-9). Thus, from the slope of the Arrhenius plot shown in Figure 

3-10, an activation energy of 389 ±24 kJ/mol for 𝑘𝑙 was calculated.  This value belongs to 

the range of CaO self-diffusion activation energy found by other authors (356 to 394 kJ/mol 

[2]), which confirms the validity of the model proposed in this paper. 

 

 

Figure 3-10. Temperature dependence of the CaO sintering kinetic constant 𝑘𝑙. 
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3.5 Concluding remarks 

 In this paper, a new mathematical model for the sintering of ceramic materials with 

bimodal pore size distributions at intermediate and final stages of sintering is 

developed. It considers the change of pore size distribution function due to the 

simultaneous effects of densification, pore coarsening and grain growth. In addition, 

the model takes into account the effect of intra-aggregate pores shrinkage on inter-

aggregate pores, which is the main contribution of this work. 

 

 The model is validated for the sintering of lime, showing good agreement with 

experimental data. It is possible to predict the so called "induction period" in the lime 

sintering, which is due to a decrease in the intra-aggregate porosity offset by an 

increase in inter-aggregate porosity. 

 

 A novel method for determination of mechanism from the analysis of the pore size 

distribution is proposed. This takes into account the non-uniformity of porous 

structure and allows to differentiate the contributions of each mechanism to sintering. 

By this method, it was found that the controlling mechanism in the lime sintering for 

the range of experimental conditions herein studied is the lattice diffusion.  

 

 The model proposed in this paper showed better agreement with the experimental 

data than the German-Munir model and that Coble’s model. In addition, in comparison 

with the model presented here, the following disadvantages of Coble’s and German-

Munir models were found: (i) these two models consider the operation of only one 

sintering mechanism at a time; (ii) they assume a uniform microstructure in the whole 

sample; and (iii) they predict the monotonically decreasing of surface area and 

porosity, which is not always the case.  
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4. CHAPTER FOUR 

ON THE MODELING OF THE CO2-CATALYZED 

SINTERING OF CALCIUM OXIDE 

 

Abstract- A comprehensive mathematical model for the CO2-Catalyzed sintering of CaO is 

proposed. It takes into account the mechanisms of surface diffusion and grain boundary 

diffusion, catalyzed by CO2 chemisorption and dissolution respectively. In addition, the model 

proposed here considers the change in pore size distribution during sintering, grain growth, 

and the densification by lattice diffusion, which is the intrinsic sintering mechanism of the 

CaO. In addition, the sintering model was coupled with a reaction model in order to simulate 

the calcination of CaCO3 under CO2 atmosphere. Model predictions are validated using 

experimental data on the sintering of two CaO samples, one of them derived from pure CaCO3 

and the other from limestone. It is found that impurities in limestone-derived CaO do not 

significantly affect the CO2 dissolution or chemisorption processes; however, they strongly 

increase the rate of sintering by lattice diffusion. It is also established that low temperatures 

and CO2 partial pressures promote the coarsening by surface diffusion, whereas high 

temperatures and CO2 partial pressures favor densification. Finally, it was found that CO2 

strongly affects the overall CaCO3 calcination rate at high temperatures and CO2 partial 

pressures, since under these conditions densification considerably reduces the CO2 effective 

diffusivity. 

 

Keywords-Mathematical modeling, Sintering, Calcium oxide, Carbon dioxide 
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4.1 Introduction 

In recent times, the calcination of CaCO3  under CO2-rich atmosphere had been thoroughly 

studied because of its application in in gas desulfurization processes [1], [2] and the cement 

industry [3]–[6].  Nevertheless, the effects of the high CO2 concentrations on the CaCO3 

reactivity and on sintering of the product CaO had not been entirely understood until now 

[7].  Whereas several authors had found that CO2 reduces the calcination rate [8]–[10], no 

agreement has been reached on the mathematical dependence of this effect. This is due to 

the fact that the reaction rate does not depend on the bulk pressure but on the CO2 pressure 

at the reaction surface, that is very difficult to measure [7]. With the purpose of calculating 

the CO2 pressure at the reaction surface it is necessary to use mathematical models that 

predict the phenomena occurring within the CaO product layer while CO2 diffuses through 

it. Therefore, the precision of model is a fundamental issue to understand how CO2 affects 

the calcination of CaCO3. Inside the CaO product layer occurs the sintering phenomenon, 

affecting the porosity [11], pore radius [12],  and therefore the effective CO2 diffusivity. This 

phenomenon is stronger in the presence of CO2 because of this gas catalyzes mass transport 

mechanisms that accelerate the CaO sintering rate [13].  

 

The catalytic effect of CO2 on CaO sintering has been largely investigated using an 

experimental approach. One of the most recognized studies on CO2-catalyzed sintering of 

CaO is the work of Beruto et al. [14], who described, for the very first time, the mechanisms 

involved in the catalytic process. Beruto et al. proposed that the first step in the catalytic 

phenomenon is the chemisorption of CO2 that reacts with the surface O2- anions to produce 

CO3
2-. Subsequently, adsorbed CO3

2- diffuses on the surface causing a fast coarsening 

process without significant change in porosity. Finally, a slower dissolution process within 

the sample (at grain boundaries or into the bulk) begins, which enhances the densification 

process. This catalytic mechanism has been accepted over the years by several authors [15]–

[18], and has been experimentally confirmed in a more recent study [13]. These studies 
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indicate that both CO2 chemisorption and its subsequent dissolution are the required steps 

to achieve an effective catalytic effect on the CaO sintering.  

 

4.1.1 Modelling of CO2-catalyzed sintering of CaO  

Regarding CO2-catalyzed sintering of CaO, the modelling approach has been semi-

empirical. One the most popular models is the classical German-Munir model [19], which 

predicts the drop in surface area at both initial and early-intermediate stages of sintering 

as follows  

 

(
𝑆0−𝑆

𝑆0
)
𝛾
= 𝐾𝑐𝑡       

(4-1) 

where 𝑆0 is the initial specific surface area, 𝑆 is the instantaneous specific surface area, 𝛾 is 

a mechanism-dependent exponent that varies between 1.1 and 3.5, 𝐾𝑐 is a temperature-

dependent function, and 𝑡 is the time. Since in the original development of equation (4-1) 

the catalytic effect of CO2 was not considered, Borgwardt [18] empirically adjusted the 

values of 𝐾𝑠 and 𝛾 to take into account such effect, and later on Stanmore and Gilot (2005) 

[7] improved the fitting of these values. This modified German-Munir model has been used 

by several authors [20], [21]; however, it presents significant shortcomings:   

 

 The values of  𝛾 fitted by Borgwardt have no physical meaning, since the original model 

[19] was developed considering only one operating mechanism at a time. In addition, 

equation (4-1) was deduced from the widely known geometry of two equally sized 

spheres connected by a neck, assuming that sintering is driven by the gradient of 

curvature radius in the neck zone. However, this does not occur at the intermediate 

stage when surface free energy is the main sintering driving force.  
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 Another flaw of the German-Munir model as modified by Borgwardt (1989) is that it 

only gives correct predictions in certain ranges of temperature and CO2 concentration, 

due to its semi-empirical nature [22]. 

 

Another approach is the one adopted by Silcox et al. [23], which considers that the driving 

force of sintering is the interfacial energy gradient. This model obeys a thermodynamic 

principle ignoring geometric factors, and is expressed as  

 

𝑑𝑆

𝑑𝑡
= −𝑘𝑐(𝑆 − 𝑆𝑎𝑠)

2  (4-2) 

 

where 𝑆𝑎𝑠 is the equilibrium specific surface area; and 𝑘𝑐 is a kinetic constant that depends 

on temperature and CO2 partial pressure, which was empirically adjusted by Silcox. Equation 

(4-2) has some weaknesses, among which is that value of 𝑆𝑎𝑠 must be experimentally 

determined after a long time of sintering. Furthermore, this model does not consider the 

CaO microstructure and also takes into account the CO2 catalytic effect in a completely 

empirical manner similar to that of Borgwardt [18].  More recently, other authors [22], 

[24][22], [24] have used a model known as the empirical general power law expression 

(GPLE). It follows the spirit of the Silcox model [23], incorporating both a mechanism 

dependent exponent and the initial specific surface area effect on the sintering kinetics. 

Nevertheless, despite the improvements in the GPLE, it suffers from the above drawbacks 

of equation (4-2). 

 

4.1.2 Distributed models in sintering 

Sintering is essentially characterized by two phenomena, densification and coarsening [25]. 

These two processes depend not only on surface area, but also on several structural 
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variables as pore size distribution, grain size, porosity, and pore coordination number. 

Incorporation of these structural variables has permitted the development of models that 

take into consideration the non-uniformity of the solid microstructure. One of the first 

approaches of this type was the so called statistical theory of sintering [26], which was later 

enhanced [27], [28] by considering the effect of pores trapped within the grains. In the 

statistical theory of sintering, the solid sample is modeled as a non-uniform sized 

population of pores or grains changing their sizes due to sintering, while obeying a 

population balance equation. However, in the original development of the model [26], the 

main simplification was the assumption of a quasi-stationary distribution with no 

experimental support. However, models for predicting the evolution of pore/grain size 

distribution have regained relevance [29]–[36], largely due to the progress in numerical 

simulation in the last decades. These latest models make no a priori assumption about the 

behavior of the distribution function, and instead numerically calculate its time evolution. 

Nevertheless, some of these models [30]–[32] fall short in the distinction of the operative 

sintering  mechanisms. On the other hand, Maya and Chejne [36] and Fierro et al. [37] 

modeled the sintering as a phenomenon of coalescence of grains and pores, respectively. 

In these two last works, the pore shrinkage effect was not taken into account, so that such 

models [36], [37] should be used only at early stages of sintering when densification is not 

yet significant. . Li et al. [38] modelled the CaO sintering by using a discrete form of the 

population balance equation, and Maya et al. [35] presented a distributed model for the 

same phenomenon that takes into account densification and allows to know which  mass 

transport mechanisms are operating during sintering. However, in these last two models 

the catalytic effect of CO2 on the CaO sintering was not considered.   

 

In summary, the commonly used models for the CO2-catalyzed sintering of CaO only predict 

the change in surface area and empirically consider the CO2 catalytic effect. Those models 

have shown quite reasonable agreement with experimental data despite their simplicity. 
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However, they do not allow elucidating the phenomena involved in the CO2-catalyzed 

sintering of CaO. On the other hand, the distributed sintering models have greater merit 

since they consider the non-uniformity of the solid microstructure. Nevertheless, 

phenomena such as the CO2-catalyzed sintering of CaO or any gas-catalyzed sintering 

process (e.g. H2O-catalyzed sintering of MgO, H2O-catalyzed sintering of CaO) have not 

been considered in these models. As can be seen above, although the CO2-catalyzed 

sintering has been extensively studied from an experimental approach, the mathematical 

models related to this phenomenon have several weaknesses. Taking all the above into 

consideration, the goal of this work is to develop a detailed mathematical model 

considering the non-uniformity of the CaO sample, the steps of the CO2 catalytic process 

(reversible chemisorption and dissolution within the CaO sample), and all the involved solid-

state diffusion mechanisms. For this purpose, a population balance-based model that 

predicts the temporal-evolution of the pore size distribution, mean grain size, porosity, and 

surface area is developed.  It is based on the distributed model of Maya et al. [35], but taking 

into account the catalytic effect of CO2 in the atmosphere. The model is validated using 

experimental data of pore size distribution taken by gas adsorption porosimetry, and CO2 

chemisorption and dissolution measurements acquired through thermogravimetry. Finally, 

the sintering model is coupled to a reaction model in order to evaluate the effect of CO2-

catalyzed sintering on the CaCO3 overall calcination rate. 

 

4.2 Experimental 

4.2.1 Preparation of CaO samples 

CaO samples were prepared by the calcination of two precursors:  limestone (97.3%w 

CaCO3, 0.3%w MgCO3 2.3%w SiO2, 0.1%w others; initial porosity=0.03) and high purity 

CaCO3 (99.9% CaCO3, initial porosity=0.02). In order to obtain CaO samples with high 
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surface area, the effect of sintering during calcination was minimized. To this end, 

calcination was carried out at a low temperature of 950 K in N2 atmosphere, and under 

chemical control conditions to minimize the CO2 catalytic effect on the CaO sintering. 

 

Chemical control conditions were found by using a thermogravimetric balance LINSEIS STA 

PT1600. Experiments (each test was performed 3 times and an average was taken) with 

different gas flows, particle sizes, and sample amounts were carried out to determine the 

conditions in which the mass transfer resistances (external, intra-particle and inter-particle) 

are removed. Thus, it was observed that inter-particle mass transfer resistance is minimized 

by using amounts of sample smaller than 30.2 mg, the intra-particle diffusion step 

disappears with particles <3 μm in size, and the external mass transfer resistance is 

negligible at the above-mentioned operating conditions (950 K and N2 atmosphere). 

Complete conversion times for calcination of the limestone and pure CaCO3 under chemical 

control conditions were 1.5 min and 2 min respectively. These times differ because, under 

chemical control conditions, conversion depends only on the surface reaction rate that is 

proportional to the specific surface area of reactant solid (specific surface area=1.6 ± 0.2 

m2/g for limestone and 1.1 ± 0.1 m2/g for pure CaCO3).  Thereby, and since the kind of 

impurities present in this specific limestone (MgCO3, SiO2) do not significantly affect 

calcination rate [7], it is expected that limestone reacts more slowly than the pure CaCO3 

due to the smaller  specific surface area of limestone. 

 

The thermogravimetric balance does not allow the withdrawal of the samples right after the 

reaction, affecting the surface area of the product CaO due to sintering. Therefore, CaO 

samples used in the sintering experiments were prepared by calcination of the precursors 

(limestone and pure CaCO3) in a heating muffle. Particles of the CaO precursors (mean 

particle size=2 μm) were spread in ceramic plates to minimize the inter-particle mass 

transfer resistance, and then plates were put inside the heating muffle at the calcination 
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conditions (950 K and N2 atmosphere). In order to ensure that precursors were completely 

calcined with minimal sintering effect, the samples of limestone-derived CaO (LC) were 

withdrawn from the heating muffle in 1.7 min and the CaCO3-derived CaO (CC) samples 

were removed in 2.1 min. The times in which the samples were withdrawn from the heating 

muffle were determined from the complete conversion times under chemical control 

conditions found in the thermogravimetric balance. 

 

4.2.2 Sintering 

After withdrawal from the heating muffle the CaO samples were immediately moved to a 

sintering muffle at constant temperature and fixed CO2 partial pressure. The CaO samples 

were periodically removed from the sintering muffle, rapidly cooled and measurements of 

specific surface area and porosimetry conducted. This procedure was performed at different 

temperatures (1000 K-1200 K) and CO2 partial pressures (0 kPa-70 kPa). The specific surface 

area and micro/mesoporosity measurements were performed with a surface and porosity 

analyzer TriStar II Plus from Micrometrics, by means of gas physisorption. Pore size 

distribution of pores with sizes below 1 nm was calculated from CO2 adsorption 

measurements, whereas N2 measures were used for calculating the pore size distribution 

function of pores larger than 1 nm in size. Pores in the macropore range were studied by 

using a mercury intrusion porosimeter (Poresizer 9320) from Micrometrics. 
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Figure 4-1. Initial pore size distribution. 

 

The calculated initial BET surface areas for LC and CC were of 102.5 ± 4.9 m2/g and 103.6 ± 

4.1 m2/g respectively. Figure 4-1 shows the initial pore size distributions of the two CaO 

samples. It can be seen that most of the pores belong to the mesoporous range with mean 

pore radii of 2.7 nm and 2.9 nm for LC and CC respectively, and porosities of 0.52 and 0.53 

for LC and CC respectively. These values of BET surface area, porosity and mean pore size 

are close to those found by other authors for nascent CaO [11], [14]. On the other hand, the 

two initial samples showed a type H1 hysteresis loop in the N2 adsorption/desorption tests. 
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This kind of hysteresis is associated with cylinder-like pores [39], which is consistent with 

observations of other authors regarding the initial geometry of CaO pores [14]. In the 

macroporous range, pores larger than 0.6 μm in size were found. However, these 

macropores most likely correspond to the intra-particle voids, which are not of interest in 

this study. 

 

From X-ray diffraction measurements determined using an X-ray diffractometer X’Pert PRO 

Brand Panalytical reference MPD, it was possible to calculate the mean grain size: 

 

𝐺 =
𝐶𝜆

𝐵𝑐𝑜𝑠𝛼
   (4-3) 

 

where 𝐶 is a dimensionless numerical constant, 𝜆 is the wavelength of the X-rays, 𝛼 is the 

Bragg angle, 𝐵 is the line broadening at the half maximum intensity (FWHM) and 𝐺 is the 

mean grain size. The initial mean grain sizes were 17 nm and 18 nm for CC and LC 

respectively.  

 

4.2.3 CO2 chemisorption and dissolution 

Chemisorption and dissolution measurements must be carried out at constant surface and 

grain size; however, these two variables are strongly affected by both the sintering at the 

temperatures and CO2 partial pressures studied in this work. Therefore, the CaO samples 

were initially sintered during 60 h at 1000 K and a CO2 pressure of 3 kPa, and then pumped 

under vacuum for 9 hours. At the end of this long-time sintering process, samples reached 

stable specific surface areas of 8.6 ± 0.7 m2/g and 10.9 ± 0.9 m2/g for LC and CC 

respectively, and almost constant grain sizes of 199 nm and 159 nm for LC and CC 

respectively. Then, the measurements of CO2 adsorption and dissolution were undertaken 
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in the above-described thermogravimetric balance. The highly sintered CaO samples were 

heated into the thermobalance (under N2 atmosphere) until the desired temperature was 

reached. At this time, the required CO2 was allowed to flow and the data of mass change 

over time were collected. A first equilibrium point was reached few seconds after CO2 was 

admitted; however, the amount of CO2 taken up by the sample continued to grow slowly 

until a second equilibrium point was reached several hours later. Therefore, it was assumed 

that the first fast process corresponds to the CO2 chemisorption on the CaO surface and 

that the second slower step is associated with the CO3
2- dissolution process, since it is known 

that chemisorption step occurs at a much faster rate than dissolution. The above procedure 

was carried out at several temperatures (1000 K-1150 K) and pressures (0.5 kPa-70 kPa) 

using new samples in every experiment (three times at each experimental condition).   

 

4.2.4 Chemical reactivity tests 

The experimental calcination tests were performed in the above-described 

thermogravimetric balance. The CaO precursor particles (pure CaCO3 or limestone) were 

initially introduced into the thermobalance at room temperature and 100% CO2 partial 

pressure. The latter was made to prevent the sample to begin reacting before reaching the 

required experimental conditions. Then, the sample was heated up to the desired 

temperature. At this time, N2 was allowed to flow until the required CO2 partial pressure was 

reached, and the data of mass change over time began to be taken. 
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4.3 Sintering model 

As mentioned above, the model of this paper is based in the distributed model of Maya et 

al. [35], but considering the catalytic effect of CO2 on the CaO sintering. Thus, the 

assumptions adopted in the model of presented here are the following: 

 

 The CaO is represented as a population of pores of different initial radius that grow or 

shrink because of sintering.  

 As mentioned above, the initial CaO samples showed a type H1 hysteresis loop, 

whereby it is assumed that pores are initially cylindrical. As sintering proceeds and the 

porosity reaches a value of about 0.08 [40], [26], the cylindrical pores become isolated 

pores that are represented by spheres;  

 It is supposed that CO2 chemisorption catalyzes the sintering by surface diffusion and 

CO2 dissolution within CaO catalyzes densification.  Because the highly defective nature 

of grain boundaries, it is reasonably assumed that CO2 dissolves within CaO through a 

grain boundary path. Therefore, it is also supposed that the catalyzed densification 

process occurs by grain boundary diffusion. 

 There are no thermodynamic constraints for shrinkage and the sintering process is 

isothermal.  

 

The temporal variation of the pore size distribution function follows: 

 

𝜕𝐹

𝜕𝑡
= −

𝜕

𝜕𝑟𝑝
(𝑣 𝐹)   (4-4) 

 

where 𝐹 is the pore radius distribution function, 𝑟𝑝 is the pore radius, and 𝑣 =
𝑑𝑟𝑝

𝑑𝑡
  is the 

total rate of pore radius change. It is commonly assumed that sintering mechanisms operate 

independently [39]–[41]. Therefore, 𝑣 can be expressed as the sum of the rates of pore 
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radius change related to all the operative mechanisms in the CO2-Catalyzed Sintering of 

CaO:  

 

𝑣 = 𝑣𝑙 + 𝑣𝑔 + 𝑣𝑠  (4-5) 

 

where 𝑣𝑙 is the rate of shrinkage of pores due to mass transport by lattice diffusion, which 

is the intrinsic mechanism in the CaO sintering under inert atmospheres. The term 𝑣𝑔 

represents the pore shrinkage rate owing to the grain boundary diffusion catalyzed by the 

CO2 dissolution at grain boundaries. Finally, 𝑣𝑠 is the rate of pore radius change because of 

the surface diffusion mechanism catalyzed by the CO2 chemisorbed on the CaO surface. 

 

4.3.1 Rate of pore radius change due to lattice diffusion 

From studies of various authors [11], [35], it has been determined that the intrinsic mass 

transport mechanism in the CaO sintering is lattice diffusion, which operates in any kind of 

atmosphere. In the literature, several sintering models for pore shrinkage can be found [25], 

[41], [42]; however, in the derivation of these expressions, it is assumed that pores are 

attached to a fixed number of grain boundaries. The latter assumption is inaccurate, since 

in real powders the number of grain boundaries in contact with a pore changes over time 

because of grain growth. Hence, in this work the equation for 𝑣𝑙 proposed by Fang and 

Palmour [27] is used. This expression takes into account the change in the number of grain 

boundaries attached to the pores and may be as   

 

𝑣𝑙  = 𝑁 × 𝑣𝑙0  (4-6) 
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where 𝑣𝑙0 is the rate of change of pore radius due to lattice diffusion assuming that the pore 

is in contact with just one grain boundary, and 𝑁 is the pore coordination number 

representing the number of grains around the pore (i.e. the actual number of grain 

boundaries attached to the pore). Expressions for 𝑣𝑙0 can be taken from the well-known 

sintering models for uniform structures at intermediate and final stages of sintering. Thus, 

for cylindrical pores, 𝑣𝑙0 is given by the classical Coble model [41] for lattice diffusion 

sintering at intermediate stage:  

 

𝑣𝑙0 = −𝛼𝑙
𝐷𝑙𝛾𝑠𝑉𝑚

𝑅𝑔𝑇𝐺𝑟𝑝
  (4-7) 

 

where 𝐷𝑙 is the lattice diffusion coefficient, 𝛾𝑠 is the specific surface energy, 𝑅𝑔 is the ideal 

gas constant, 𝑉𝑚 is the molar volume, 𝑇 is the temperature,  and 𝛼𝑙 is a dimensionless 

geometric constant. If pores are spherical, the model of Kang and Jung for lattice diffusion 

controlled sintering at final stage [42] can be written as:  

 

𝑣𝑙0 = −𝜑𝑙
𝐷𝑙𝛾𝑠𝑉𝑚𝜀

1 3⁄

𝑅𝑔𝑇𝑟𝑝
2   (4-8) 

 

where 𝜀 is the porosity and 𝜑𝑙 is a dimensionless geometric constant. 

 

4.3.2 Rate of pore radius change due to grain boundary diffusion 

As has been mentioned above, grain boundary diffusion is catalyzed by the CO2 that 

dissolves at grain boundaries as CO3
2-, improving the mobility of Ca2+ and O2-  [13]. 

Therefore, it can be reasonably assumed that the rate of pore radius change due to grain 

boundary diffusion is proportional to the amount of CO2 dissolved at grain boundaries. 

Thus, 𝑣𝑔 may be expressed as   
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𝑣𝑔  = 𝜎𝑔 × 𝑞𝑔 × 𝑁 × 𝑣𝑔0  (4-9) 

 

where 𝜎𝑔 is a dimensionless proportionality constant, 𝑞𝑔 is the moles of CO3
2- taken up by 

grain boundaries per mass unit of sample, and 𝑣𝑔0 is the rate of shrinkage of a pore in 

contact only with one grain boundary for a non-catalytic system when the operating 

mechanism is grain boundary diffusion. 

 

The variable 𝑞𝑔 is calculated using an appropriate model for CO3
2- dissolution at grain 

boundaries, and 𝑣𝑔0 may be expressed from the usual sintering models for simplified 

geometries. In the case of cylindrical pores, 𝑣𝑔0 is derived from Coble’s model [41] for 

densification by grain boundary diffusion at intermediate stage: 

 

𝑣𝑔0 = −𝛼𝑔
𝐷𝑔𝛾𝑠𝑉𝑚𝛿𝑔

𝜀1 2⁄ 𝑅𝑔𝑇𝐺
2𝑟𝑝

   (4-10) 

 

Where 𝐷𝑔 is the grain boundary diffusivity, 𝛼𝑔 is a dimensionless geometric constant, and 

𝛿𝑔 is the grain boundary width. For isolated spherical pores, the equation for 𝑣𝑔0 is obtained 

from the model of Kang and Jung for grain boundary diffusion sintering at final stage [42]:  

 

𝑣𝑔0 = −𝜑𝑔
𝐷𝑔𝛾𝑠𝑉𝑚𝛿𝑔

𝑅𝑔𝑇𝐺𝑟𝑝
2   

 

(4-11) 

where 𝜑𝑔 is a dimensionless geometric constant. 
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4.3.3 Pore coordination number 

It is very difficult to experimentally determine the pore coordination number of each pore 

within the sample; however, it is possible to get an approximate average value by assuming 

that 𝑁 is proportional to the ratio between the mean pore surface area and the projected 

area of the grain. Hence, for cylindrical pore we have 

 

𝑁 = 𝛽1
𝜇1𝑙 𝜇0⁄

𝐺2
  (4-12) 

 

where 𝜇𝑛 = ∫ 𝑟𝑝
𝑛𝐹𝑑𝑟𝑝

∞

0
 is the moment 𝑛 of the pore radius distribution function. For 

spherical pores, the pore coordination number is given by 

 

𝑁 = 𝛽2
𝜇2 𝜇0⁄

𝐺2
  (4-13) 

 

where 𝛽1 and 𝛽2 are geometric constants. 

 

4.3.4 Coarsening by surface diffusion 

It has been experimentally found that, at the initial stage of the CaO sintering in CO2 

atmosphere, a large drop in surface area without considerable mesoporosity decrease 

occurs [14]. This phenomenon has been associated with the CO2 that chemisorbs on the 

CaO surface and catalyzes the sintering by surface diffusion; hence, it is reasonable to 

assume that the rate of sintering by this mechanism is proportional to the surface 

concentration of chemisorbed CO2. Thus, the rate of change of pore radius due to the 

catalyzed effect of surface diffusion mechanism may be expressed as 

 

𝑣𝑠 = 𝜎𝑠 × 𝑋𝑠 × 𝑣𝑠0  (4-14) 
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where 𝜎𝑠 is a proportionality constant, 𝑋𝑠 is the surface concentration of chemisorbed CO2, 

and 𝑣𝑠0 is the pore radius rate of change due to the surface diffusion mechanism for a non-

catalytic system. Since sintering by surface diffusion is characterized by increase in the mean 

pore size at constant porosity, this phenomenon may be modelled as an Ostwald ripening 

process. Thus, by using the mean field approach, we employed the following expression for 

cylindrical pores [35] 

 

𝑣𝑠0 = 𝛼𝑠
𝐷𝑠𝛾𝑉𝑚𝛿𝑠

𝑅𝑔𝑇𝑟𝑝
4 (𝑟𝑝 − 𝑟

∗)  (4-15) 

 

where 𝐷𝑠 is the surface diffusion coefficient, 𝛼𝑠 is a geometric constant, and 𝑟∗ is the critical 

pore radius given by  

 

𝑟∗ =
𝜇−2

𝜇−3
  (4-16) 

  

4.3.5 Surface area and porosity 

The surface area and porosity are related to the moments of the pore radius distribution. 

These moments can be calculated by transforming equation (4-4) into moment equations. 

Thus, multiplying equation (4-4) by 𝑟𝑝
𝑛 and integrating from 0 to ∞ yields 

 

𝑑𝜇𝑛

𝑑𝑡
+ 𝑟𝑝

𝑛 (
𝑑𝑟𝑝

𝑑𝑡
)𝐹]

∞
0
− 𝑛 ∫ 𝑟𝑝

𝑛−1 (
𝑑𝑟𝑝

𝑑𝑡
)𝐹𝑑𝑟𝑝

∞

0
= 0  (4-17) 

 

For cylindrical pores, the porosity may be expressed as function of the second moment: 
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𝜀 =
𝜋𝜇2𝑙

𝑉
  (4-18) 

 

where 𝑉 is the apparent volume of solid and 𝑙 is the mean pore length. For spherical pores, 

porosity is related to the third moment, following 

 

𝜀 =
4𝜋𝜇3

3𝑉
  

 

(4-19) 

For pores of cylindrical geometry, the specific surface area in mass basis is a function of the 

first moment of pore radius distribution function: 

 

𝑆 =
2𝜋𝜇1𝑙

𝑚
  (4-20) 

 

where 𝑚 is the solid mass. Finally, for spherical isolated pores, the specific surface area on 

a mass basis can be expressed as function of the second moment as shown bellow  

 

𝑆 =
4𝜋𝜇2

𝑚
  (4-21) 

 

4.3.6 Total rate of pore radius change 

Equations (4-7), (4-8), (4-10), (4-11), and (4-15) depend on several terms that can be 

considered as constants, so equation (4-5) can be rewritten as follows 

 

𝑣 = −𝑁
𝑘̅𝑙(𝑇)

𝑇𝐺𝑟𝑝⏟    
𝐿𝑎𝑡𝑡𝑖𝑐𝑒 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛

−𝑁
𝑘̅𝑔(𝑇)

𝑇𝜀1 2⁄ 𝐺2𝑟𝑝
𝑞𝑔 +

𝑘̅𝑠(𝑇)

𝑇𝑟𝑝
4 (𝑟𝑝 − 𝑟

∗)𝑋𝑠⏟                    
𝐶𝑂2 𝑒𝑓𝑓𝑒𝑐𝑡

   

 

(4-22) 
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for cylindrical pores, where 𝑘̅𝑙(𝑇) = 𝛼𝑙
𝐷𝑙𝛾𝑠𝑉𝑚

𝑅𝑔
, 𝑘̅𝑔(𝑇)=𝜎𝑔𝛼𝑔

𝐷𝑔𝛾𝑠𝑉𝑚𝛿𝑔

𝑅𝑔
 and 𝑘̅𝑠(𝑇)=𝜎𝑠𝛼𝑠

𝐷𝑠𝛾𝑉𝑚𝛿𝑠

𝑅𝑔
. 

For isolated spherical pores, the total rate of pore radius change may be written as  

 

𝑣 = −𝑁
𝑘̅𝐿(𝑇)𝜀

1 3⁄

𝑇𝑟𝑝
2⏟        

𝐿𝑎𝑡𝑡𝑖𝑐𝑒 𝑑𝑖𝑓𝑓𝑢𝑠𝑖𝑜𝑛

−𝑁
𝑘̅𝐺(𝑇)

𝑇𝐺𝑟𝑝
2 𝑞𝑔⏟      

𝐶𝑂2 𝑒𝑓𝑓𝑒 𝑐𝑡

   (4-23) 

 

where 𝑘̅𝐿 = 𝜑𝑙
𝐷𝑙𝛾𝑠𝑉𝑚

𝑅𝑔
 , 𝑘̅𝐺=𝜎𝑔𝜑𝑔

𝐷𝑔𝛾𝑠𝑉𝑚𝛿𝑔

𝑅𝑔
. The constants 𝑘̅𝑙, 𝑘̅𝑔, 𝑘̅𝑠, 𝑘̅𝐿 and 𝑘̅𝐺 depend only on 

temperature, and are expressed by the following Arrhenius-type equation:  

 

𝑘̅𝑖 = 𝑘̅0𝑖 𝑒𝑥𝑝 (
𝐸𝐴𝑖

𝑅𝑔𝑇
)   (4-24) 

 

where 𝑘̅0𝑖 is a pre-exponential factor and 𝐸𝐴𝑖 is the activation energy associated with the 

mechanism 𝑖 (𝑖 / 𝑙, 𝑔, 𝑠, 𝐿 , 𝐺). Regarding the solution of the model, an improved version of 

the extended method of moments (EMOM), which was described in detail in a previous 

paper [36], was used. All the simulations were carried out using Matlab 7.10.0.499 (R2010a) 

software. 

 

4.4 Calcination model 

Since the porosity of CaO precursors studied in this paper is very low, the particle is 

expected to react following a shrinking core mechanism. Thus, the change over time of the 

unreacted core radius is given by 

 

𝑑𝑅𝑐

𝑑𝑡
= −

𝑘𝑓̂(𝑃𝐶𝑂2) 

𝜌𝑚,𝐶𝑎𝐶𝑂3
  (4-25) 
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with 𝑅𝑐 = 𝑅0 at 𝑡 = 0 

 

where 𝑅𝑐 is the radius of the unreacted core, 𝑅0 is the initial particle radius, 𝑘 is the 

calcination kinetic constant, 𝜌𝑚,𝐶𝑎𝐶𝑂3 is the CaCO3 molar density, and 𝑓(𝑃𝐶𝑂2) is a function 

depending on the CO2 partial pressure. The diffusion equation in the product layer is 

expressed as 

𝜕𝑃𝐶𝑂2
𝜕𝑡

=
1

𝑅2
𝜕

𝜕𝑅
(𝐷𝑒,𝐶𝑂2𝑅

2 𝜕𝑃𝐶𝑂2
𝜕𝑅

) − 𝑄̇𝐶𝑂2   

(4-26) 

 

where 𝐷𝑒,𝐶𝑂2 is the CO2-effective diffusion coefficient, 𝑄̇𝐶𝑂2 is the CO2 uptake rate (Pa/s) due 

to chemisorption and dissolution, and 𝑅 is the radial position within the particle. Equation 

(4-26) is subject to the following boundary conditions: 

 

−
𝐷𝑒,𝐶𝑂2
𝑅𝑔𝑇

𝜕𝑃𝐶𝑂2
𝜕𝑅

= 𝑘𝑓(𝑃𝐶𝑂2)    at 𝑅 = 𝑅𝑐 (4-27) 

 

−𝐷𝑒,𝐶𝑂2
𝜕𝑃𝐶𝑂2
𝜕𝑅

= 𝑘𝑚(𝑃𝐶𝑂2 − 𝑃𝐶𝑂2,𝑏)    at 𝑅 = 𝑅𝑝 (4-28) 

 

where 𝑘𝑚 the external mass transfer coefficient, 𝑅𝑝 is the particle radius, and 𝑃𝐶𝑂2,𝑏 is the 

CO2 partial pressure in the bulk. The particle radius can change due the difference in molar 

volume between solid product and solid reactant, and due to the densification 

phenomenon. Thus, 𝑅𝑝 is computed from 

 

𝑅𝑝
3 = 𝑍𝑅0

3 + (1 − 𝑍)𝑅𝑐
3   (4-29) 
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where 𝑍 is given by 

 

𝑍 =
𝑉𝑚,𝐶𝑎𝑂

𝑉𝑚,𝐶𝑎𝐶𝑂3

(1−𝜀𝐶𝑎𝐶𝑂3)

(1−𝜀𝐶𝑎𝑂)
   (4-30) 

 

where 𝑉𝑚,𝐶𝑎𝑂 is the molar volume of CaO, 𝑉𝑚,𝐶𝑎𝐶𝑂3 is the molar volume of the CaO precursor 

, 𝜀𝐶𝑎𝑂 is the porosity of the CaO product layer, and 𝜀𝐶𝑎𝐶𝑂3 is the porosity of the unreacted 

core. The coefficient 𝑘𝑚 can be calculated from the Sherwood number 𝑆ℎ as shown below 

 

𝑆ℎ =
𝑘𝑚𝑑𝑝

𝐷𝑚,𝐶𝑂2
= 2 + 0.6𝑅𝑒𝑝

1
2⁄ 𝑆𝑐

1
3⁄   (4-31) 

 

where 𝑑𝑝 is the particle diameter, 𝐷𝑚,𝐶𝑂2 is the CO2 molecular diffusivity, 𝑅𝑒𝑝 is the particle 

Reynolds number and 𝑆𝑐 is the Schmidt number. The 𝐶𝑂2 effective diffusivity is expressed 

by [43]: 

 

𝐷𝑒,𝐶𝑂2 = 𝐷𝑔,𝐶𝑂2𝜀
2  (4-32) 

 

where 𝐷𝑔,𝐶𝑂2 is the 𝐶𝑂2 diffusion coefficient. As can be observed in the above equation, the 

CO2 transport through product layer depends on the porosity, which may be strongly 

affected by the sintering phenomenon. Therefore, equation (4-32) allows to connect the 

reaction model of this section with the CO2-catalyzed sintering model developed in section 

4.3. The 𝐶𝑂2 diffusion coefficient 𝐷𝑔,𝐶𝑂2 is a function of the CO2 Knudsen diffusivity 𝐷𝐾,𝐶𝑂2 

and the CO2 molecular diffusivity 𝐷𝑚,𝐶𝑂2: 

 

1

𝐷𝑔,𝐶𝑂2
=

1

𝐷𝐾,𝐶𝑂2
+

1

𝐷𝑚,𝐶𝑂2
   (4-33) 
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Molecular diffusivity is computed from the widely used Chapman-Enskog equation [44], 

whereas Knudsen diffusion coefficient is calculated from  

 

𝐷𝐾,𝐶𝑂2 = 97𝑟𝑝̅√
𝑇

𝑀𝐶𝑂2
       (m2/s) (4-34) 

 

where 𝑀𝐶𝑂2 is the molecular weight of 𝐶𝑂2 and 𝑟𝑝̅ (m) is the average pore radius. This latter 

variable is affected by both densification and coarsening, hence equation (4-34) is the 

second connection between the sintering and reaction models. The model for CO2-

catalyzed sintering of CaO allows to compute the average pore radius, which depends on 

the first two moments of the CaO pore size distribution as follows 

 

𝑟𝑝̅ =
𝜇1

𝜇0
  (4-35) 

Finally, conversion is expressed as function of the unreacted core radius and the initial 

particle radius as follows 

 

𝑋 = 1 − (
𝑅𝑐

𝑅0
)
3
   (4-36) 

 

4.5 Analysis and results 

4.5.1 CO2 chemisorption and dissolution equilibrium 

Figures 4-2a and 4-2b show the adsorption isotherms experimentally measured for CC and 

LC respectively. For both samples a good fit with the experimental data was achieved by 

using the well-known Langmuir adsorption isotherm (solid lines in Figures 4-2a and 4-2b), 

which is expressed by 
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𝑞𝑠,𝑒 = 𝑞𝑠,𝑚𝑎𝑥
 𝐾𝑠 𝑃𝐶𝑂2
1+𝐾𝑠 𝑃𝐶𝑂2

  

(4-37) 

 

where 𝑞𝑠,𝑒 is the amount of surface sites occupied by CO2 at equilibrium, 𝐾𝑠 is the adsorption 

equilibrium constant, 𝑃𝐶𝑂2 is the CO2 partial pressure and 𝑞𝑠,𝑚𝑎𝑥 is the total number of 

surface active sites, which is assumed proportional to the specific surface area. The good fit 

of the Langmuir model is expected since CO2 is chemisorbed on the CaO surface to form a 

CO3
2- monolayer. As can be seen in Figures 4-2a and 4-2b, equilibrium isotherms for CC and 

LC are very similar, and yielded adsorption enthalpies of -202±6 kJ/mol and -200±8 kJ/mol 

for CC and LC respectively. This suggests that LC impurities do not significantly affect the 

CO2 chemisorption equilibrium. It must be said that 𝑞𝑠,𝑒 measured values for LC are slightly 

smaller than those of CC; however, this is not due to differences in the adsorption 

equilibrium constant, but the slightly lower relative number of active sites of LC (
𝑞𝑠,𝑚𝑎𝑥

𝑆
=

0.53 for CC and 0.51 for LC). The latter is probably due to unknown details of the LC surface 

or the occupation of some active sites by LC impurities. 

 

 

Figure 4-2. CO2 adsorption isotherms for (a) CC, and (b) LC. 
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Since the amounts of CO2 dissolved in the sample during all the experiments were very 

small (<2% mol), the well-known Henry's law is expected to show good agreement with the 

experimental data. Nonetheless, since it is assumed that CO2 dissolves at grain boundaries, 

the number of available active sites for the CO2 dissolution must depend on grain size [45]. 

Hence, assuming a constant grain boundary width, the following modified Henry's law is 

used to model the CO2 dissolution equilibrium 

 

𝑞𝑔,𝑒𝑞 =
𝐾𝑔𝑃𝐶𝑂2
𝐺

  

 

(4-38) 

where 𝑞𝑔,𝑒𝑞 is the number of grain boundary sites occupied by the CO2 at equilibrium and 

𝐾𝑔 is a dissolution equilibrium constant. Good agreement of equation (4-38) is observed in 

Figures 4-3a and 4-3b, which show the CO2 amount dissolved at equilibrium within the 

samples CC and LC respectively. In these figures can also be seen that the amounts of CO2 

dissolved within sample at equilibrium for CC are larger than those for LC, which is because 

CC has more sites at grain boundaries (smaller mean grain size) than LC. 

 

 

Figure 4-3. CO2 dissolution isotherms at equilibrium for (a) CC and (b) LC. 
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The calculated dissolution equilibrium constants for the two samples were very similar, 

implying that LC impurities do not significantly affect the CO2 dissolution equilibrium in the 

range of experimental conditions studied in this work. The calculated dissolution enthalpies 

(200±10 kJ/mol for CC and 197±8 kJ/mol for LC) were very close to the adsorption 

enthalpies, suggesting that strength of repulsive interactions between CO3
2- ions 

chemisorbed on the surface is similar to that of ions dissolved within the sample.  

 

Finally, it must be said that the good agreement of equation (4-38) with the experimental 

data confirms that CO2 dissolution occurs at the grain boundaries and not into the bulk, 

which was not clear until now. In addition, the fact that CO2 dissolves through grain 

boundaries supports the assumption that CO2 dissolution catalyzes the sintering by grain 

boundary diffusion. 

 

4.5.2 CO2 chemisorption and dissolution kinetics 

Assuming that adsorption rate is proportional to the CO2 partial pressure, the net rate of 

CO2 chemisorption is given by 

 

𝑑𝑞𝑠

𝑑𝑡
= 𝑘𝑎𝑃𝐶𝑂2(𝑞𝑠,𝑚𝑎𝑥−𝑞𝑠) − 𝑘𝑑𝑞𝑠  (4-39) 

 

where 𝑞𝑠 is the amount of surface sites occupied by the chemisorbed CO2, 𝑘𝑎 is the 

adsorption kinetic constant and 𝑘𝑑 is the desorption kinetic constant. Since 𝐾𝑠 =
𝑘𝑎

𝑘𝑑
, 

equation (4-39) may be rewritten as 

 

𝑑𝑞𝑠

𝑑𝑡
= 𝑘𝑎 [𝑃𝐶𝑂2(𝑞𝑚𝑎𝑥−𝑞𝑠) −

𝑞𝑠

𝐾𝑠
]  (4-40) 
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For the dissolution process, the following pseudo-first-order rate equation is used: 

 

𝑑𝑞𝑔

𝑑𝑡
= 𝑘𝑔(𝑞𝑔 − 𝑞𝑔,𝑒𝑞)          

 

(4-41) 

where 𝑘𝑔 is the pseudo-first-order rate constant that depends on temperature, and 𝑞𝑔 is 

the number of grain boundary sites occupied by the CO2. Thus, the total CO2 uptake 𝑞𝑇  is 

given by  

 

𝑞𝑇 = 𝑞𝑠 + 𝑞𝑔         (4-42) 

                                                                    

Figure 4-4 shows the CO2 taken up by the CC sample at different temperatures and 𝑃𝐶𝑂2=4 

kPa once CO2 is admitted. Within the first 5 seconds (see inset in Figure 4-4) the CO2 uptake 

is primarily due to the chemisorption, whereas after the second 5 is mainly because of the 

CO2 dissolution phenomenon. It is observed that the kinetic model used has remarkable fit 

with the experimental data for both regimes, although it slightly overpredicts the CO2 

uptake during the first seconds of process. The latter is probably because a few seconds are 

required for the desired CO2 partial pressure to be reached, right after CO2 is admitted. 

                                                                     

Figure 4-4. Kinetics of CO2 uptake for CC (𝑃𝐶𝑂2=4 kPa).  
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The CO2 uptake rates of the two samples are very much alike for the whole range of 

experimental conditions studied in this work. The calculated activation energies for the 

constant 𝑘𝑎 are 44±6 kJ/mol and 42±6 kJ/mol for CC and LC respectively, whereas activation 

energies for 𝑘𝑔 are 157±11 kJ/mol and 161±11 kJ/mol for CC and LC respectively. 

 

As can be seen above, the adsorption and dissolution processes studied in this work are not 

influenced by the CaO precursor type. Therefore, it can be said that impurities as MgCO3, 

SiO2, or possible products formed from these compounds during calcination (at 950 K) do 

not significantly affect the CO2 chemisorption or dissolution. 

4.5.3 Sintering of the CaO 

The model presented here requires the fitting of three parameters (𝑘̅𝑙, 𝑘̅𝑔 and 𝑘̅𝑠) in case of 

cylindrical pores or two (𝑘̅𝐿 and 𝑘̅𝐺) for pores of spherical geometry. Nonetheless, these 

constants cannot be fitted from data taken at any experimental condition. This occurs 

because CO2 may catalyze several mechanisms simultaneously and the effect of each of 

them cannot be easily differentiated. Therefore, in this work the above-mentioned constants 

were fitted by comparing the model with experimental data taken under conditions in which 

the operating mechanisms can be differentiated. 

 

First, the model predictions were compared with experimental data of the evolution of pore 

size distribution measured at different temperatures (1000 K-1200 K) under N2 atmosphere. 

Thus, the only constant to fit is 𝑘̅𝑙, since the only operating mechanism should be the lattice 

diffusion [11], [35], and furthermore, the pores of the sample are cylindrical. Figure 4-5a and 

4-5b show the model predictions for the pore size distribution function development (1173 

K, N2 atmosphere) for CC and LC respectively. Remarkable agreement of model with the 

experimental data for the two samples is seen, supporting the assumption that the 

controlling mechanism in N2 atmosphere is lattice diffusion.  
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Figure 4-5. Evolution of pore size distribution function at 1173 K for (a) CC and (b) LC (N2 

atmosphere). 

 

It was found that the sintering rate of LC is greater than that of CC over the whole 

temperature range studied here, and that the activation energy for lattice diffusion of LC is 

smaller than that of CC (385±14 kJ/mol for CC and 281±10 kJ/mol for LC). This behavior 

was previously observed by Borgwardt [11], who concluded that the sintering rate of 

limestone-derived CaO is larger than that of the CaCO3-derived CaO because of limestone 

impurities accelerating the lattice diffusion mechanism. In the work of Borgwardt, the 

decrease of the surface area due to sintering of different types of CaO was studied. In Figure 

4-6, the experimental data of Borgwardt and those of this work for the CaO sintering at 

1173 K in N2 atmosphere are shown. In this figure, it can be seen that CC and the carbonate-

derived CaO of Borgwardt have similar sintering rates, whereas our limestone-derived 

sample (LC) has a different rate from that of Borgwardt. This suggests that the sintering rate 

is highly sensitive to the amount of impurities, since the sintering rates of the pure calcium 

oxides are more than five times larger than those of the carbonate-derived CaO samples, 

although the limestone used by Borgwardt and the one used this work have only about 2-

3%w of impurities,. Moreover, one can also infer that the sintering rate is not only affected 

by the amount of impurities, but also by the kind of impurities. Thus, although the limestone 
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of Borgwardt (≈2%w impurities, mainly SiO2, Al2O3, and Fe2O3 [46]) and that of this work 

(2.7%w impurities, mainly SiO2 and MgCO3) have similar amounts of impurities, sintering 

rates of limestone-derived CaO samples are very different each other. However, it must be 

said that in this work and in that of Borgwardt, CaO samples derived from limestone with 

low impurities concentration were studied. Therefore, the conclusions of this paper should 

not be extended to highly impure CaO samples. 

 

 

Figure 4-6. Normalized surface area evolution of different CaO samples at 1173 K (N2 

atmosphere). 

The parameter 𝑘̅𝑠 was calculated by fitting the model predictions with experimental data 

taken under conditions in which the only operative mechanisms are lattice diffusion and 

surface diffusion. Under these experimental conditions, the only constant to be fitted in 

equation (4-22) is 𝑘̅𝑠, because constant 𝑘̅𝑙 was previously calculated. To ensure that the only 

operative mechanisms in the CaO sintering are lattice diffusion and surface diffusion it is 
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necessary to avoid the effect of grain boundary diffusion by minimizing the CO2 penetration 

within the sample. This is accomplished by using low temperatures (950 K-1050 K) and low 

CO2 pressures (𝑃𝐶𝑂2<4 kPa) in the experiments, so that the CO2 dissolution rate is minimized. 

Figures 4-7a and 4-7b show the model predictions of the evolution of pore size distribution 

function (1000 K and 𝑃𝐶𝑂2=1 kPa) for LC and CC respectively. It can be seen that for both 

samples the mean pore size increases at constant porosity, indicating that coarsening is the 

dominant phenomenon at low temperature and CO2 partial pressure. It is expected that this 

coarsening process is due to the surface diffusion, since this mechanism is particularly 

strong at low temperatures [45].  The model exhibits remarkable agreement with 

experimental data, although it slightly overpredicts porosity and mean pore radius at 20 

minutes. This is because at this time densification by grain boundary diffusion becomes 

significant, which produces a decrease in porosity and mean pore radius. In addition, the 

calculated activation energies for 𝑘̅𝑠 (55±4 kJ/mol and 58±7 kJ/mol for LC and CC 

respectively) are smaller than activation energies for 𝑘̅𝑙, which is consistent with a surface 

diffusion mechanism. On the other hand, it was found that sintering rates of LC and CC were 

quite similar, implying that LC impurities do not affect the process of coarsening by surface 

diffusion. 

 

 Figure 4-7. Evolution of pore size distribution function at 1000 K for (a) CC and (b) LC 

(𝑃𝐶𝑂2=1 kPa). 
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Constant 𝑘̅𝑔 can be calculated in any experimental condition, because 𝑘̅𝑙 and 𝑘̅𝑠 are known. 

The calculated activation energies for 𝑘̅𝑔 (249±11 kJ/mol for LC, and 245±15 kJ/mol for CC) 

were larger than those of 𝑘̅𝑙 but lower than those of 𝑘̅𝑠, which is consistent with the grain 

boundary diffusion mechanism [45]. Moreover, the quite similar activation energies of LC 

and CC signal that impurities in LC do not influence the grain boundary diffusion 

mechanism.  

 

Model predictions at 1150 K and 𝑃𝐶𝑂2=30 kPa for LC and CC are shown in Figures 4-8a and 

4-8b respectively. It can be seen that model has good fit with the experimental data and 

that densification is the dominant phenomenon at these conditions. On the other hand, in 

the insets of Figures 4-8a and 4-8b is observed that for pores with radii smaller than about 

1.1 nm, in case of CC, and 0.9 nm, in case of LC, the model overpredicts porosity. However, 

this is probably not due to a model failure but to the change in pore geometry (i.e. when 

cylindrical pores are very small in size they become isolated pores, which cannot be 

detected by adsorption techniques). 

 

Figure 4-8. Evolution of pore size distribution at 1150 K for (a) CC, and (b) LC (𝑃𝐶𝑂2=30 

kPa). 
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As was mentioned above, in the experiments shown in Figures 4-7a and 4-7b coarsening is 

the dominant phenomenon, whereas in Figures 4-8a and 4-8b the sintering is controlled by 

the densification phenomenon. Hence, it can be deduced that the CO2-catalyzed sintering 

of CaO is controlled by different phenomena depending on experimental conditions. The 

latter may be better understood by analyzing Figure 4-9, in which the evolution of LC 

porosity at different temperatures and 𝑃𝐶𝑂2=1 kPa is shown. It can be seen that at 

temperatures between 1000 K and 1100 K porosity remains almost constant during the first 

minutes, implying that at low temperatures coarsening controls the early stage of sintering. 

As temperature increases, the coarsening phenomenon diminishes its duration until a 

temperature of 1150 K, when sintering is controlled by densification from the beginning. 

This behavior is explained by the fact that coarsening is caused by the surface diffusion 

mechanism, which is particularly strong at low temperatures and during early stages of 

sintering.  

 

Figure 4-9. Effect of temperature on the porosity development for CC. 
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Figure 4-9 also shows the porosity evolution at 1050 K and 𝑃𝐶𝑂2=10 kPa, in which the 

coarsening phenomenon is not observed at any time, indicating that densification is favored 

by the high partial pressures of CO2. This is because as CO2 partial pressure increases, the 

CO2 dissolution rate also increases and promotes the densification by grain boundary 

diffusion. Finally, it is important to note that the good agreement of model presented here 

with all the experimental data demonstrates that the assumed catalytic mechanism is 

correct. 

4.5.4 Calcination of CaCO3 

The calcination model developed in this paper requires the adjustment of the calcination 

kinetic constant. This parameter was calculated by fitting the reaction model predictions to 

experimental data taken under kinetic control conditions. Activation energies of 191±15 

kJ/mol and 184±17 kJ/mol were calculated for pure CaCO3 and limestone respectively, with 

pre-exponential factors of 2.01x107 mol m-2 s-1 for pure CaCO3 and 1.2x107 mol m-2 s-1 for 

the limestone. Regarding to 𝑓(𝑃𝐶𝑂2), a proper agreement with the experimental data taken 

under kinetic control conditions was obtained by means of equation (4-43), which has also 

been used by other authors [37], [39], [47] 

 

𝑓(𝑃𝐶𝑂2) =
𝑃𝑒−𝑃𝐶𝑂2

𝑃𝑒
  (4-43) 

 

where 𝑃𝑒 is the CO2 equilibrium pressure for calcination, given by [9] 

 

𝑃𝑒 = 4.137 × 10
12𝑒𝑥𝑝 (

−20474

𝑇
)   (4-44) 
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Figures 4-10a and 4-10b show the effect of temperature on the evolution of conversion for 

the calcination reaction of pure CaCO3 and limestone at 𝑃𝐶𝑂2=1 kPa. It can be seen that the 

fitting of model with the experimental data is satisfactory for all the studied temperatures. 

In addition, in Figures 4-10a and 4-10b, the predictions of model without taking into 

account the sintering effect are shown (i.e., constant effective diffusivity). It is observed that 

the model with constant effective diffusivity does not fit the experimental results especially 

at high temperatures. This is due to the fact that, as mentioned above, high temperatures 

favor densification. This phenomenon produces a decrease on both porosity and pore size, 

and therefore on the CO2 effective diffusivity. 

 

Figure 4-10. Effect of temperature on conversion for the calcination of a) pure CaCO3 and 

b) limestone (E)=experimental, continuum line=model with variable diffusivity, dotted 

line=model with constant diffusivity. Initial particle size=1.5 mm. 

 

Figures 4-11a and 4-11b depict the effect of CO2 partial pressure on the evolution of 

conversion for the calcination reaction of pure CaCO3 and limestone at 1050 K respectively. 

The model herein proposed shows anew a good agreement with the experimental data. It 

is observed that the model not taking into account the sintering phenomenon shows worse 
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adjustment with the experimental data as the CO2 pressure gets larger. This obeys to the 

fact that, as the CO2 pressure increases, the densification gains importance; and therefore 

effective diffusivity is reduced. 

 

Figure 4-11. Effect of 𝑃𝐶𝑂2 on conversion for the calcination of (a) pure CaCO3 and (b) 

limestone. (E)=experimental, continuum line=model with variable diffusivity, dotted 

line=model with constant diffusivity. Initial particle size=0.5 mm. 
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4.6 Concluding remarks  

 In this work, a comprehensive mathematical model for the CO2-catalyzed sintering of 

calcium oxide has been presented. It considers the simultaneous effects of lattice 

diffusion, grain boundary diffusion and surface diffusion on the development of pore 

size distribution of the calcium oxide. The model takes into account the effects of the 

CO2 chemisorption and dissolution in the CaO sintering under CO2 atmosphere, which 

had not been achieved so far. 

 

 The model predictions have been compared with experimental data for the evolution 

of pore size distribution function of two different CaO samples. Remarkable agreement 

with the experimental data is observed, confirming the two main hypotheses of model: 

CO2 chemisorption catalyzes the surface diffusion and CO2 dissolution within CaO 

catalyzes the grain boundary diffusion mechanism. 

 

 At low concentrations, impurities such as MgCO3 and SiO2 or possible compounds 

formed from these during calcination did not considerably affect the CO2 

chemisorption and dissolution on the calcium oxide; however, they strongly affect the 

CaO sintering process. Thus, the existence of impurities in the CaO increases the 

sintering rate due to the acceleration of lattice diffusion mechanism, whereas the type 

of impurities determines the magnitude of such increase. 

 

 The sintering of calcium oxide under CO2 atmosphere is dominated by coarsening or 

densification depending on the temperature and partial pressure of CO2. On one hand, 

reduction of temperature favors coarsening because this phenomenon is caused by 

surface diffusion mechanism, which is especially strong at low temperatures. On the 

other hand, densification is favored by increase of CO2 partial pressure, because the 
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CO2 dissolution rate also increases and promotes the densification by grain boundary 

diffusion. 

 

 The effect of CO2 on the CaCO3 calcination is particularly significant at both high CO2 

partial pressures and temperatures. Under these conditions, the densification 

phenomenon controls the sintering of the CaO product layer, resulting in the reduction 

of the CO2 effective diffusivity and therefore of the overall calcination rate. 
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Recommendations for Further Research 

From the results and conclusions of this Ph.D. thesis, the following recommendations for 

future work are made: 

 Since many of the chemical industry processes involve multiple solid-gas chemical 

reactions taking place simultaneously, it is recommended to adapt the model 

developed in chapters One and Two in order to take into account the occurrence of 

simultaneous solid-gas reactions both in parallel and in series. 

 

 Considering that many reactant solids have microstructures that can be better 

described by a population of cylindrical pores instead of grains, it is recommended 

to use the grain model presented in chapters One and Two as basis for developing 

a new distributed-size pore model with simultaneous sintering. 

 

 The sintering model presented in Chapter Four does not consider the possible pore 

overlapping; however, a remarkable agreement between model predictions and 

experimental data was obtained. This good fit is due to the fact that porosity tends 

to decrease during sintering, which makes the pore overlapping effect less 

important as sintering time advances. On the other hand, for highly porous materials 

the pore overlapping effect does strongly affect the structural variables of solid 

(specific surface area, porosity, pore size distribution). Hence, it is suggested to 

modify the sintering model of Chapter Four to take into account the pore 

overlapping effect and thus be able to use the model to predict the sintering of 

highly porous materials. 

 

 In the reaction models developed in this Ph.D. thesis, temperature gradients within 

particle are not considered because of, at the studied experimental conditions, the 
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relative importance of the heat transfer step is negligible. Nevertheless, it is 

recommended for future work that energy transport equation is included in the 

models herein developed, since there are many cases in which the heat transfer can 

be a rate-limiting step in the reaction.  

 

 It is suggested to couple the particle models proposed in this thesis to reactor-scale 

models. This could significantly improve the predictions of such reactor-scale 

models and provide an industrial-level impact to this thesis. 

 

 The method for determination of operating sintering mechanisms proposed in 

Chapter Three should be tested for the sintering of other materials besides CaO, 

particularly for those in which several mass transport mechanisms may operate 

simultaneously. 

 

 Considering that several gas-catalyzed sintering processes (e.g. the catalyzed 

sintering of MgO by H2O, MgO by CO2, and CaO by H2O) follow catalytic 

mechanisms analogous to that of the CO2-catalyzed sintering of CaO, researchers 

are encouraged to develop new models for other gas-catalyzed sintering processes 

based on the model presented in Chapter Four of this thesis. In this way, it would 

be possible to better understand the numerous experimental observations 

regarding the gas-catalyzed sintering of ceramics and elucidate the multiple 

physical phenomena involved in it. 

 

 

 


