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Resumen
Titulo en espanol: El Rol de las Coherencias en la Termodinamica Cuantica

En esta tesis presento una formulacién de integrales de camino del esquema de medicién
Margenau-Hill, el cual permite definir un funcional de trabajo mas alla del esquema de dos
medidas (TPM), sirviendo como un punto de partida para el estudio del rol de las coheren-
cias en la termodindmica cuantica lo cual ha demostrado ser un asunto apremiante en este
campo. El camino hacia este resultado estd enmarcado por recientes desarrollos de la fisica
estadistica fuera del equilibrio fundamentados en la conexion entre la dinamica estocastica
y la termodinamica clasica por medio de la formulaciéon de la estocastica energética y su
contraparte cuantica. Resultados claves de esta drea suelen expresarse como teoremas de
fluctuacion, versiones refinadas de la segunda ley de la termodinamica que a su vez permiten
realizar predicciones experimentales. Como una contribucion original en esta direccién, pre-
sento un teorema de fluctuacién para el calor que en la transiciéon entre dos estados de
equilibrio, a saber, un estado microcanoénico inicial que se termaliza tras entrar en contacto
con un bano térmico candnico. Volviendo al d&mbito cuantico, esta tesis proporciona una
descripcion detallada del esquema TPM, resaltando sus virtudes y limitaciones, y aclara
posibles rutas para superarlas.

Palabras clave: termodinamica cuantica, trabajo, coherencia, teoremas de fluctuacién,

quasi-probabilidad, integral de camino, observables incompatibles.



Abstract

Titulo en inglés: The Role of Coherences in Quantum Thermodynamics

In this Thesis I present a path integral formulation of the Margenau-Hill scheme that allows
for a definition of a work functional beyond the two point measurement (TPM) scheme, serv-
ing as a starting point to assess the role coherences play in quantum thermodynamics, which
has proven to be a pressing matter in in this field. The road toward this result is framed by
recent developments in statistical physics out of equilibrium, that have been fuelled by the
connection achieved between stochastic dynamics and classical thermodynamics under the
formulation of stochastic energetics and its quantum counterpart. Key results in this area
usually come in the form of fluctuation theorems, i.e. refined versions of the Second Law of
Thermodynamics allowing experimental predictions to be made. As a contribution in this
direction I present the derivation a novel heat fluctuation theorem describing the transition
between two equilibrium states, namely an initial microcanonical state that thermalizes af-
ter entering in contact with a canonical thermal bath. Turning to the quantum realm, the
Thesis provides a detailed description and analysis of the TPM scheme with its virtues and
limitations, and clearly elucidates routes to overcome them.

Keywords: quantum thermodynamics, work, coherence, fluctuation theorems, quasi-

probability, path integral, incompatible observables
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1. Introduction

Quantum thermodynamics is an emergent field concerned with the construction of a consis-
tent thermodynamic framework in the quantum regime that allows the extension of key
concepts of statistical physics to study open quantum systems. This includes research
on quantum thermal machines [1, 2, 3, 4], emergent irreversibility in the quantum regime
[5, 6, 7, 8, 9], equilibration and thermalization [10, 11, 12], strongly coupled open systems
(13, 14, 15, 16], the role of quantum information in open dynamics [17, 18], among others

17, 19].

As quantum theory has advanced to describe open quantum systems, the formalism of
Langevin equations and the subsequent development of stochastic energetics [20] has served
as a benchmark to which the quantum counterparts of different quantities must converge in
the classical limit to ensure the theory’s consistency [19]. Stochastic energetics is the frame-
work that connects stochastic dynamics and classical thermodynamics [20]. This is done
by considering the energetic exchanges that occur along single realizations of an stochastic
process.

In this context, fluctuation theorems are statistical relations describing the behaviour of the
probability distribution function (PDF) of a fluctuating quantity in regards to the relative
occurrence of opposite entropy production processes [21, 22]. This relations allow for a de-
tailed description of the statistics of the energetic exchanges occurring out of equilibrium
beyond the macroscopic regime of the second law of thermodynamics, thus enabling finer
versions of this law capable of describing fluctuations at the mesoscopic scale.

Fluctuation theorems have been shown to describe the transition between different thermal
equilibrium states [14, 23]. Moreover, although the Jarzynski equality and other fluctuation
theorems have been extended for the microcanonical ensemble [24, 25] and heat fluctuations
had also been studied for canonical initial states driven out of equilibrium by the effect of
external non-conservative forces [26] as well as for heat exchange between bodies at different
initial temperatures [27, 28], a description of heat fluctuations in the transition between the
microcanonical and the canonical ensembles is still missing. In section 2.4 I present the
derivation of a novel heat fluctuation theorem for a ensemble of independent particles start-
ing at a initial microcanonical state that thermalizes in the stationary limit with a canonical
environment at fixed temperature, as well as a simple entropic analysis of the situation.



Given the fact that energy measurements in quantum setups can affect the subsequent mea-
surement of incompatible observables [29, 30], ambiguity in the characterization of quantum
stochastic energetic features emerges due to the possibility to implement different schemes
to measure or estimate energetic exchanges at the ensemble level or for single realizations
of a experiment [31, 32, 33], which pose challenges when trying to generalize concepts from
classical stochastic thermodynamics to the quantum regime.

The two-point measurement (TPM) scheme, where work is estimated as the difference be-
tween two projective energy measurements performed at the beginning and end of an evo-
lution protocol, has been extensively used to explore work statistics in the quantum regime
under external driving [14, 34, 35] . This scheme is thoughtfully explored in chapter 3 along
with the quantum foundations necessary to develop the formalism of quantum stochastic
thermodynamics. A path integral formulation of the TPM scheme is also presented, where a
work functional whose first order approximation corresponds to the classical power definition
of work in the semiclassical limit is obtained [13].

Although the TPM scheme is appealing due to the possibility to derive quantum analogues
of classical fluctuation relations and results from stochastic thermodynamics [14, 36], a clear
limitation subsides in the fact that the first projective measurement inevitably diagonalizes
the initial state in the energy basis. This limitation can be subdued by considering alterna-
tive schemes relying on weaker notions of measurement (see [37] for a quick summary).

In virtue of a no-go theorem for work, elucidated by Perarnau-Llobet et. al. in [32], different
work measurement schemes can be classified depending on whether they reduce to the TPM
scheme for incoherent states, i.e. diagonal states in the energy basis, or recovers the energy
average change at the ensemble level. It was later shown by Matteo Lostaglio that, in or-
der for a particular scheme to fulfil both conditions simultaneously, work quasiprobabilities
(possibly non-positive distributions) or lack of convexity need to be considered [9].

The aforementioned ideas are presented in detail in chapter 4. Furthermore, a particu-
lar scheme, namely the Margenau-Hill scheme [38, 39, 40], described by the Margenau-Hill
quasiprobability distribution function (QPDF) [41, 42], relying on the estimation of the ini-
tial Hamiltonian from a single projective energy measurement at the final time, is described
in detail. Moreover, a path integral formulation of this scheme is developed based on the
ideas presented in [13, 16], yielding the derivation of a novel representation of the CF in this
scheme allowing the distinction between contributions from the populations and coherences
of the initial state of the system as well as contributing to the possibility to find a coherent
work functional for this particular scheme.



4 1 Introduction

This document serves as an introductory guide to stochastic quantum energetics and con-
tributes to further the understanding of the role that coherences in the initial state play in
quantum thermodynamic setups where work definitions consistent with classical stochastic
thermodynamics can be considered from the operational perspective of positive-operator val-
ued measures (POVMs) or from equivalent path integral approaches. Furthermore, the fun-
damental importance of QPDFs to describe quantum fluctuations showcasing strong forms
of non-classicality in quantum thermodynamics is highlighted [9].



2. Classical stochastic thermodynamics

In this chapter I explore the classical limit of the quantum thermodynamic framework pre-
sented in chapters 3 and 4, serving as a compelling introduction to the conceptual and
theoretical tools needed to discuss key concepts such as heat, work and entropy, in both
the classical and the quantum domains, addressing their phenomenological motivations as
well as their microscopic formal descriptions in the context of stochastic calculus. Here,
such quantities are understood as inherently fluctuating ones, which enables the possibility
to describe their properties by comparing opposite entropy production processes, yielding
the derivation of fluctuation theorems that provide a more detailed statistical description
of thermodynamic processes than the one provided by the phenomenological second law of
thermodynamics, allowing as well the description of out-of-equilibrium processes. Moreover,
I present the derivation of a novel fluctuation theorem for heat for a ensemble of independent
harmonic oscillators transitioning from an initial microcanonical state to thermal equilibrium
with a canonical environment, first found computationally by L. Ardila and J.D. Munoz in
2018 by means of molecular dynamics simulations [43].

The chapter is divided as follows. In section 2.1 several thermodynamic concepts are intro-
duced by means of a modern description of phenomenological thermodynamics. In section 2.2
the stochastic formalism describing classical Brownian motion is introduced from a Hamil-
tonian perspective and a generalized non-Markovian Langevin equation is derived; Wiener
processes and the Markov approximation are also discussed. In section 2.3 I explore the
stochastic descriptions of important fluctuating quantities and arrive from this perspective
to the proper classical functional of work that will be shown later on to correspond to a
classical limit for work in the quantum regime. In section 2.4 I show the derivation of some
heat fluctuation relations describing transition of a microcanonical ensemble of independent
particles to equilibrium with a canonical thermal bath.

2.1. Phenomelogical thermodynamics

Back in the XIX century, in the advent of the industrial revolution, physicists and engi-
neers were primarily interested on the optimization of energetic exchanges undergone by
macroscopic systems in contact with one or several environments, such as steam engines
[17, 44, 45, 46]. The study of such systems led to the discovery of a set of laws describing
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thermal equilibrium as well as transformations between equilibrium states very accurately,
regardless of the permanent state of agitation at the microscopic level [45,; 47].

Modern formulations of phenomenological thermodynamics describe equilibrium states by
means of the equation of state f(X) = 0, which displays the relation between the macro-
scopic variables X! and defines a surface, known as the thermodynamic manifold, where
all equilibrium states live [17]. In this context, work and heat are fundamental concepts
describing the amount of energy that can be converted into movement and the amount of
energy that is exchanged with the environment respectively, leading to the thermodynamic
formulation of conservation of energy, namely the First Law of Thermodynamics, which
takes the infinitesimal form

AU =dQ +dw, (2-1)

where d() and dWW are the infinitesimal heat and work respectively and dU represents the
internal change of energy. Here the convention that heat and work are positive whenever
the internal energy of the system increases is adopted unless otherwise specified. The bar
crossing the differentials of heat and work stands for the fact that these quantities are not
exact differentials in the sense that they depend on the path taken by the system during its
evolution, meaning that there do not exist unique state functions representing these quanti-
ties for a given change of the internal energy [45]. In other words, the internal energy only
depends on the state of the system X, meanwhile heat and work depend on the specific
process done to produce such energy change.

To better illustrate the above point, consider a system described by L generalized coordinates
q = (q1,...,qz) subject to the corresponding generalized forces F = (Fy,...F). The work
exerted on the system over a path C' is

W:LE@:LM@ (2-2)

where the infinitesimal work is identified as dWW = F -dq. The force F is said to be conserva-
tive only if the work done over a closed path vanishes, i.e. § F - dq = 0; otherwise the force
is non-conservative and work depends on the particular path taken by the system during the
process.

In 1854, Rudolf Clausius found an equivalent formulation of heat in the form of the inequality

45, 46]
dQ
%? <0. (2-3)

Here, T represents the temperature of the environment and acts as the unique integrating

n the case of an ideal gas X = (P,V,T) and the equation of state is simply PV — NkgT = 0.
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factor allowing the definition of an exact differential for reversible processes [48],

_1Q

ds :
S T

(2-4)
where S is known as the thermodynamic entropy. The equality in eq. (2-3) holds only when
the path taken lies entirely on the surface of the thermodynamic manifold. It is worth noting
that, up to this point, temperature is understood as a parameter characterizing equilibrium
between systems (allowing for the definition of thermometers in virtue of the zeroth law) and
it is not only after the development of statistical mechanics that its relation with average
kinetic energy is elucidated.

The Second Law of Thermodynamics, established on the basis of empirical observations by
the founders of phenomenological thermodynamics, states that the entropy production of
the universe? ¥ := AS,,, is always a non-decreasing quantity. Given the extensive nature of
thermodynamic entropy, this can be stated as [49]

Y = ASg+ ASp > 0, (2-5)

where ASg corresponds to the entropy of the system and ASg to that of the bath. Since the
state of the environment can safely be assumed to be in an equilibrium state at temperature
T, its entropy change can be identified as — [dQ /T, yielding to

ASg > / dg, (2-6)

which is yet another form of the Clausius inequality, showing that the second law is an un-
derlying assumption for the derivation of (2-3).

Although the importance of this phenomenological description of thermodynamics, a micro-
scopic description of mechanical systems coupled to thermal environments is still missing. In
the following sections an stochastic approach is developed, enabling the study of thermody-
namic processes far from equilibrium and elucidating the fluctuating nature of key quantities
such as work, heat and entropy that behaves on average as described in this section.

2.2. Brownian motion

At the beginning of the XIX century the Scottish botanist Robert Brown discovered a droplet
of water suspended in a piece of quartz. He realized, observing it under the microscope, that

2In this context the universe is understood as any system sufficiently isolated from its surroundings, which
is assumed in this case for the composite system formed by the thermal environment and the working
media.
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little particles suspended in the droplet followed irregular trajectories. This resulted famil-
iar thanks to previous observations of a similar phenomena for pollen particles suspended
in water. Up to this point his hypothesis was that the movement of the pollen was caused
by an inherited vitality from the plant the pollen came from. Under the light of the new
observations in the piece of quartz, Brown correctly concluded that his initial hypothesis was
incorrect, meaning that this movement was in fact physical in nature, rather than biological
[50]. Ever since, this phenomena is commonly known as Brownian motion. By the end of the
century, atomic notions of matter were beeing considered and the kinetic theory of gases had
already been developed by Clausius, Maxwell and Boltzmann, although by the time atoms
were understood more as a convenient mathematical tool rather than real physical objects
[51].

It was not until 1905 that Einstein realized that atoms in a fluid would reveal their existence
in their effect on suspended larger particles, such as Brown had observed a century ago.
Based on the kinetic theory of gases, Einstein found out that the suspended particles suf-
fered measurable changes on their trajectories due to their interaction with the fluid [52, 53].
Later on, in 1910, this was experimentally verified by J. Perrin, who indirectly measured
the Avogadro number in agreement to what Boltzmann’s kinetic theory had predicted [54].
Thus, the theory of Brownian motion served to demonstrate the discrete nature of mat-
ter. Nowadays the theory of Brownian motion can be formulated in as a particular case of
stochastic processes described by Langevin equations [55] and still plays fundamental role in
our understanding of matter at the microscopic level.

As quantum theory has advanced to describe open quantum systems, the formalism of
Langevin equations and the subsequent development of stochastic energetics [20] has served
as a benchmark to which the quantum counterparts of different quantities must converge in
the classical limit to ensure the theory’s consistency [19]. Here I present the main results of
the Langevin equations formalism describing classical Brownian motion in a way intended
to facilitate comparison with the quantum case and to give a robust stochastic background
for the derivation of the heat fluctuation theorem presented in sec. 2.4.

For this, consider a particle of mass M immersed in a thermal environment at inverse temper-
ature 8 = 1/kgT, represented by N microscopic oscillating particles of mass m 3. Consider
as well that the Brownian particle is under the effect of an external force described by a
potential V' (A(t),q) completely parametrized by the time-dependent parameter \ := A(t).
As usual, p is the conjugate momentum to the particle coordinate ¢. Let the position and
momentum of the n—th bath oscillator be ¢, and p, respectively and w, be its frequency,

3Where kp ~ 1.381JK™! is the Boltzmann constant and N is of the order of the order of the Avogadro
number N4 = 6.023 x 1023.



2.2 Brownian motion 9

such that the Hamiltonian of the composite system is given by

H = Hs+ Hg + Hgp, (2—7)
with
p2
Hs = B + V(A ), (2-8)
N

2 2 2
D mw:q;
H _—§ Inog Tnin 2.
b - (2m 2 >’ ( 9>

Y Vng?
Hsp = Z’Yn ( — CInCI> ; (2-10)

where Hg is the Hamiltonian of the Brownian particle, Hz is the Hamiltonian of the bath
and Hgsp is the interaction Hamiltonian.

Formal integration of the associated Hamilton equations along with the assumption that
the initial positions and momenta of the microscopic particles conforming the bath follows
a canonical distribution,

P({gn(0),p.(0)}) ~ exp(—BHp(0)),

yields to the following stochastic integro-differential equation for the position of the Brownian
particle [20, 56]

AV (A, ! .
M= =2 [ syige)ds + 6. 1)
where N
¢(t) = i22czos(wnt), (2-12)
= mw;,

is a friction like coefficient acting as a memory correlating the state of the Brownian particle
at time ¢ with its state at previous times, and & can be regarded as a random force of zero
mean and correlation function

E[&&] = ksT((t - s), (2-13)

where E[-] stands for the ensemble average over several realizations of the process. For a full
derivation of equation (2-11) refer to appendix A. Equation (2-11) is also known as a gen-
eralized Langevin equation [57, 58, 59] and it can be extended for multidimensional systems
(60, 61, 62]. A common approximation used to avoid the memory effects of the environment
is the Markov approximation which, in the context of molecular dynamics, relies on the as-
sumption that the interactions between the particles occur almost instantaneously, meaning
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that ((t) decays rapidly in time in comparison with the evolution time-scale of the Brownian
particle such that it can be approximated by ((t) o §(¢); the validity of this approximation
depends on the relation between the relaxation times of the environment and the Brownian

particle, where ¢ and p are expected to vary much slower than the microscopic degrees of
freedom of the bath [20].

Although several systems can be described by the Markov approximation [63, 64], whenever
the environment has slow-varying degrees of freedom the dynamics of the Brownian parti-
cle will be described by a non-Markovian Langevin equation. The simplest example of a
non-Markovian process is the Ornstein-Uhlenbeck process, characterized by a exponentially
decaying correlation function [65, 66]

0 =Zew (1) Blgs] = 2o (Z) (214)

TC c C TC

where v is the damping coefficient, 7. is the noise correlation time and D := ~vkgT, yielding
to the following familiar Langevin equation [66]*

. OV (A, .
Mj= _%_7(]'}‘&' (2-15)

Although equation (2-15) is non-Markovian in general, by means of a suitable change of
variables it is possible to recast it as a system of equations with two additional equations
for the noise and an additional stochastic variable describing the correlation term, were all
stochastic variables are described by Markovian processes [67, 68]; this can be computation-
ally studied by means of molecular dynamic simulations as shown in [69].

A way to determine whether a stochastic process is Markovian is to compare the time
increments |t — s| with the Markov-Einstein time scale ¢,;, that determines the threshold for
the time increments above which the Markov approximation is valid. Different methods to
estimate this time-scale are presented in chapter 16 of [61]. Under these criteria, for small
enough values of 7. in comparison with the typical time scale of the system 7, the Ornstein-
Uhlenbeck process tends to be Gaussian, with the correlation function fulfilling the Markov
approximation [66, 67]

E [Stgs] = 2’7]{BT5(t - 3)7 (2_16)

which is justified whenever t — s >> m/~v [20]. Moreover, this kind of process can be
identified as Wiener processes described by the following stochastic differential equations in

4 Although this equation may seem like Markovian at first glance, it is non-Markovian due to the dependency
of the expectation E [¢:¢;] given by (2-14) depends on both s and ¢, meaning that when sampling &; at
any time, the value of the noise at previous times affects its value.
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the Stratonovich prescription®

A
dp = — wmﬁ - W%dt +\/2vkgTdB;, (2-17)
q
p
= 2-1
dq Mdt, (2-18)
where dB; represents a white noise with zero mean E[dB,] = 0 satisfying
E[dBidB;| =0, fort#s, (2-19)
dt* =0, dBydt =0, (dB,)* = dt. (2-20)

Here the random force &; is related to the normalized stochastic increment dg; through the
integral relation j;Hdt &ds = \/2vkpTdB; [20].

2.3. Stochastic energetics

Stochastic energetics is the framework that connects stochastic dynamics and classical ther-
modynamics [20]. This is done by considering the energetic exchanges that occur along
single realizations of an stochastic process. Consider for instance a system described by
Langevin equation in the Markov approximation (see equations (2-17) and (2-18)), written
for convenience as

dp _ OV(Ng 7
R AA L . 221
dt dq APt (2-21)
Note that the total energy of the Brownian particle § is simply given by

2
p
U=-—+V(A 2-22
such that its exact differential in the Stratonovich prescription can be directly computed by
means of the chain rule [20]. The exact differential of the kinetic term yields to

2
p>\_dpp , dp
d(2M) ==

meanwhile the potential term gives
Vhg ,  OV(Aqg)
= d
o 1T o)

Putting this together, the infinitesimal change of the internal energy of the system S reads
(70, 71]

dA.

dV (A, q)

_(dp  OV()q) oV (A, q)

dU = ( . dg + —= == d) (2-23)
(" V(A q)
- ( —Mp+§t> dq + =, (2-24)

5Note that both dp and dq represent stochastic quantities even though it is not explicitly noted for conve-
nience. A more adequate notation for these quantities would be dp; and dg;.
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where equation (2-21) was used. Identifying heat and work as:

_(_ N
1Q = (—:p+&) da (2-25)
V(A q)
AW = —————=dA\ 2-26
Y (2:20)
yields to a stochastic statement for the first Law of thermodynamics:
dU =dQ +dw. (2-27)

Taking a closer look into equations (2-25) and (2-26) it becomes clear that the distinction
between work and heat refers to the degrees of freedom that produce the changes of internal
energy. Work corresponds to the changes of the parameter A, which controls the external
force acting on the system & exerted by an external system W through the interaction
potential V' (A, ¢). On the other hand, heat corresponds to the changes in the spatial coordi-
nate of the Brownian particle, which is stochastic in nature. Figure 2-1 shows a schematic
representation of the situation.

aQ
3 W vow.a)
w

u

Figure 2-1.: Schematic representation of a Brownian particle S immersed in a thermal envi-
ronment B and coupled to an external work reservoir WV through the potential
V(A Q).

Finally, integrating over time the classical functional of work representing the total amount
of work performed along a single trajectory gives [13, 20, 70]

Walq] = /0 ' dtxw. (2-28)

This equation corresponds to the classical work functional that different quantum work mea-
surement schemes need to recover for classical states for their thermodynamic descriptions
to be consistent with the results of stochastic thermodynamics (see 4.2), such as Crooks’
fluctuation theorem [23] and other fluctuation relations [96].
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2.4. Heat fluctuations in the transition between the
microcanonical and the canonical ensembles

Fluctuation theorems are statistical relations describing the behaviour of the probability
distribution function (PDF) of a fluctuating quantity in regards to the relative occurrence of
opposite entropy production processes [21, 22]. They allow for a detailed description of the
statistics of the energetic exchanges occurring out of equilibrium beyond the macroscopic
regime of the phenomenological second law of thermodynamics. Some common known ex-
amples are the Jarzyinski equality [72], the Crooks’ fluctuation relation [23] and the detailed
fluctuation theorem [73], among others [74, 75]. Most fluctuation relations rely on two as-
sumptions: the microreversibility principle, and initial equilibrium with an environment [14].

Here I present the derivation of a Heat fluctuation theorem for a ensemble of independent
particles starting in a microcanonical state that thermalizes in the stationary limit with a
canonical environment at fixed temperature. Clearly the initial state is far from equilibrium
and the microreversibility principle is not explicitely used, although it is implied by the un-
derlying Langevin dynamics.

Consider a microcanonical ensemble formed by N independent particles with energies be-
tween Fy and Ey + dE, with Ey >> dE. At time t = 0 the interaction with a Markovian
thermal environment at temperature 71" is activated. In the microscopical sense, this inter-
action can be modelled by means of harmonic coupling, just as explained in sec. 2.2, such
that the stochastic evolution is described by equations (2-17)-(2-20).

After a long time, each particle is expected to thermalize with the environment, reaching a
stationary state in such a way that the ensemble describing the final state is canonical. Here
the heat fluctuations in this transition between ensembles is investigated and only energy
transferences between the heat bath and the particle are considered.

Under the aforementioned conditions, the heat exchanged along a single stochastic trajectory
q; is given by

AQlg)| = AU = E; — E,, (2-29)

where F; and E} are the initial and final energy of a particle following the stochastic tra-
jectory. Since work is not being exerted on the system, heat is simply the total energy
transferred by the heat bath to the particle. The PDF of heat can thus be built up as
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follows
P(Q): = /dzidsz(zi,zf)é(Q — (Ey — E3)),
= /dzidsz(zi)P(zﬂzi)cg(Q — (Ef — Ey)), (2-30)
where z = (g,p) corresponds to the phase space position of the Brownian particle and

P(z;, z¢) gives the joint distribution for the initial and final states. As done in the second
line of equation (2-30), it is convenient to factorize the joint probability distribution as the
product between the initial condition of the ensemble P(z;) = Q7 '§(Hs(z;) — Ep) and the
conditional probability P(zs|z;) by means of the Bayes theorem. Besides, once the state has
reach thermal equilibrium with the environment, achieving a final energy E, the conditional
term in the stationary limit in equation (2-30) corresponds to the canonical distribution
P(z¢]%) = Zg" exp (—BE}), which is independent of the initial condition of the system S.
Replacing this in eq. (2-30) yields to

PQ) = - [ dzrexp (~BE)8(@ ~ (B — Ev)
= 5o (B(Q + ), 231

where 2 = 1, because the initial position and momentum can be measured with certainty
on each run, and Zz = B! is obtained normalizing the canonical distribution. Note that
the minimal heat transfer possible occurs whenever the system reaches a stationary state
with null final energy, meaning that @,,;, = —FEy and it remains negative in the interval
0 < By < Ejy, meanwhile whenever F; > FEj the system absorbs energy from the environ-

ment and the heat transfer is non-negative.

Besides, proportion of events where the system absorbs energy (@ > 0) against the events
where the system gives up energy to the environment () < 0) can be computed by direct
integration of eq. (2-31):

P(@>0) _ Jy PQ)dQ
PQ<0) [, P@)dQ
_ 1 —exp(=BEy)
exp (—fEy)
=exp (BEy) — 1. (2-32)

This proportion depends on the relation between the energy of the initial microcanonical
ensemble and the energy scale of the heat bath kgT. Whenever Ey > kg7 In(2) for most of
the repetitions of the experiment the system will absorb energy from the environment and
vice-versa. In a similar fashion the probabilities for opposing heat transfer events to occur
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can be compared

PQ)
P(-Q)

This fluctuation relation is valid in the range —Fy < Q < 2E; and shows that there is a
privileged direction for heat transfer which is exponentially more likely than the other.

= exp (—26Q) . (2-33)

Moreover, the average entropy production can be computed noting that the initial entropy
is zero, given that ideally there is not uncertainty about the initial state, and computing the
final entropy from the canonical free energy F' = 571 1n(3):

AS = kpIn(Q) — (_g_z;)

= kpT (In(kpT) +1). (2-34)

These results give insight on the probabilistic behaviour of a system undergoing thermal-
ization; furthermore, they glimpse the possibility to study systems transitioning between
different statistical ensembles from the perspective of fluctuation theorems and characterize
the entropy production of the thermalization process.



3. Introduction to quantum
thermodynamics

This chapter serves as an introduction to the study of microscopic energetics in the quantum
regime and its interplay with quantum information theory in the form of quantum resource
theories (QRTs), taking as a starting point the well known quantum measurement theory
[76, 77] and building up the necessary concepts to assess the role of initial coherence in
thermodynamic processes.

An important task in quantum thermodynamics consists on the characterization of work and
heat in the quantum domain. A common approach to this problem, known as the two-point
measurement, (TPM) scheme, consists on performing two projective measurements of energy
at the beginning and at the end of a given evolution protocol [34, 49]. The TPM protocol
is typically used as a benchmark to describe the work statistics for incoherent initial states,
given that it allows for the derivation of fluctuation theorems equivalent to those of classical
stochastic thermodynamics[14].

This is chapter is divided as follows: In sec. 3.1 an introduction to quantum measurement
theory in terms of positive operator-valued measures (POVMs) is presented. In sec. 3.2
I review aspects of the resource theory of coherence, including the definition of incoherent
sates and transformations, as well as coherence quantifiers in terms of Krauss operators. In
sec. 3.3 the TPM scheme along with its corresponding work statistics is presented; moreover
an introduction to the path integral approach to the TPM scheme by Funo et. al. [13, 16]
is studied in detail, arriving to the work functional correspondence with eq. (2-28) in the
classical limit.

3.1. Quantum measurement theory

The contemporary canonical description of quantum measurements is built upon the con-
cepts of operations and effects [49, 77, 78]. In 1961 E. C. G. Sudarshan et. al. [79] described
quantum dynamical maps as a general form of stochastic transformations for the density
matrix for open systems. The notion of operations in the context of the algebraic formula-
tion of quantum mechanics [80] was introduced by Rudolf Haag and Daniel Kastler in 1963
[81], where operations are understood as the action of a physical apparatus over a system
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during a finite time, resulting in the transformation of a state into another. In 1968, K.-E.
Hellwig and K. Kraus [82] furthered this ideas, resulting in the formulation of operations
in terms of a set of Hermitian operators that eventually came to be known as Kraus oper-
ators. In 1970 E.B. Davies and J.T. Lewis [83] reached similar conclusions abandoning von
Neumann’s repeatability hypothesis introducing the concept of instruments and relying on
a Hilbert space structure for the state space. Nowadays quantum operations and effects are
usually used as key components of the measurement postulate of quantum theory as means
to describe the effect of general measurements performed over a quantum system [77].

3.1.1. Quantum operations
Here I start by introducing the measurement postulate in terms of measurement operators

relying on the unitary dynamics of closed quantum systems as is canonically presented in [77].

Let {M,})=' be a set of measurement operators such that Y M{M, =1 and [¢)) € H be
a pure state. Then the probability to obtain outcome n when a measurement is performed
is given by!

P(n) = My |[)]” = (| MIM, [¢). (3-1)

Given result n as the result of a measurement, the state of the system collapses to

A 4o
)~ uf) = (32

The measurement is said to be projective if MM, = M, [84]. Equation (3-2) describes
the post-measurement state when the system is described by a pure state, meaning that
there is not classical uncertainty about the state of the system previous to the measurement.
Whenever this is not the case, the state of the system is described by a mixed state, i.e.
a classical ensemble of pure states {P(7), |t;)}, such that the state of the system can be
represented by

p= D Pl i) (i (53

where P(i) are the ensemble probabilities of the mixture fulfilling >, P(i) = 1. Note that
given a measurement result n each member of the classical ensemble collapses to

Pnli) (3-4)

pi = i) (W] — p; =

'Here I differentiated probabilities of quantum origin by P from from inherently classical probabilities,
denoted by P.
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with conditional probability P(n|i) = Tr [MJM,p;], which represents the probability to
obtain a measurement result n given that the state p; is chosen from the ensemble. According
to the rule of total probability [85], the probability to obtain outcome n for mixed states is

P(n) = ZP(Z')P("!Z')

=Tr

MM, S Pl
= Tr [M} M, p] Z. (3-5)

From equations (3-2) and (3-5) we can write the density matrix representations of the a

posteriori state as

M, MJL
ply = (3-6)
Tr [M,tpMn}

As is to be expected, the state of the system after the measurement is still mixed. Further-
more, the new classical ensemble can be found explicitly by means of equation (3-4)

1
I~ . . T
P Pin) EZ P(i) M, p; M}

T
_; P(n) ( P(nm) ( P(n!z’)) ’ (3-7)

meaning that the new state of the system is given by the ensemble

P@)P(nfi) M, [)
{ P(n) P(nm} (38)

It is clear from equations (3-6)-(3-8) that the new mixed state of the system is conditioned
to the result of the measurement. This is because from the very beginning the choice to
record the result of the measurement was done implicitly. This kind of measurements are
known as selective or stochastic operations [86]. On the other hand, if the process associated
to a measurement operator occurred but the result of the measurement was not recorded,
either by choice or practical limitations, then the representation of the state would be

p=2_ Pn)p, =) MM}, (3-9)

which is known as a non-selective operation and corresponds to a completely positive and
trace-preserving map (CPTP)[86]. Note that the maps C, = M, pM, take operators into
operators; these are known as super-operators [78]. The set of operators {M,,} is known as
a positive operator-valued measure (POVM) and it fixes the statistics of measurements for
both selective and non-selective operations.
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3.2. The resource theory of coherence

3.2.1. Introduction to quantum resource theories

A resource theory is specified by setting constrains over the allowed transformations, also
called free transformations, that a system can undergo. These constrains may be funda-
mental, like the speed of light or the first and second laws of thermodynamics, or practical,
like limited access to the fuel needed to move a machine or even limited access to financial
resources in an economical context [87]. In particular, quantum resource theories (QRTS)
deal with free operations defined by imposed restrictions over the set of all possible quantum
operations that may act on a system.

To illustrate this, let H be the Hilbert space associated to a possibly multipartite system
described by the global Hamiltonian H and let I' = H ® H' be the set of all possible density
states of the system, where H' is the dual space of H, and let A be the set of allowed (free)
operations. All states 0 € F C I' that can be prepared by means of free operations alone
are called free states, meanwhile the remaining states in R = I\ F are called resources [88].

Let p,o € T" be density matrices and define the relation > 4 as [87]
p-a0 iff €€ A: E(p) =o0. (3-10)

The relation >4 induces a partial ordering in I' in the sense that it can be used to distin-
guished what states can be converted into others by means of free operations. This way, the
free states are defined as those states that can be prepared by means of a free operation re-
gardless of the initial state. Moreover, the existence of this relation enables the construction
of monotones, i.e. real valued functions that preserves the partial order induced by > 4. For
a particular monotone M : I' — R the following implication holds [88]

if pa0— M(p) > M(o). (3-11)

This allows to quantify aspects of the underlying resource at play by means of the monotone
M.

The QRT of entanglement was the first to be developed [89, 90], for which the set of free
operations are restricted to be the class of local operations and classical operations (LOCC)
[87, 91]. Ever since, other QRT's have been developed to tackle several features of quantum
systems such as coherence [86, 92, 93| and thermalization [6, 88], among many others [87].

3.2.2. Coherence as superposition

According to the superposition principle of quantum mechanics, the state of a quantum
system can in general be represented as a proper superposition between other possible states.
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Take for instance a two level system, i.e. a qubit, whose first two energy levels are represented
by |0) and |1). Then, any other pure state can be written as

V) = ao|0) + ax [1), (3-12)
where o; € C and |ag|*+|aq|*> = 1. Writing the complex amplitudes in polar form a; = €% ||
yields

() = ™ (Jao] [0) + @~ |an|[1))
= |a| 10) + €2 |an [ [1), (3-13)
where I defined Ay := 0, — 0y and set 6, = 0 without lose of generality?. Thus, the
state of the two level system is completely parametrized by the real numbers |agl, |a1| and
Ag € [0,27]. Eq. (3-13) is what is known as a coherent superposition in the computational

basis {|0), |1)} [77] and we refer as coherence to the underlying quantum feature character-
izing such interference phenomena.

The density matrix representation of v can be written as

2 1A19
;w=WMw=( 20 laollenle ),

3-14
o | (3-14)
where the phase differences A;; := 6; — 0; were defined. This can easily be extended to

K-level systems. by considering an arbitrary pure state in the computational basis {]k)}szo:

K-1 K-1
W) = Y7 ] [k) = % D ey k). (3-15)
k=0 k=0

where k' € [0, K — 1]. Representing the state as a density matrix gives
pu =) (U] = Jaganle’® e 20 (k) (1]

¥
= Z Ape™ ) (1] (3-16)
ki

where Ay = |ag||ay| is defined and I used the relation A;; = —Aj;. Note that the density ma-
trix py is independent of the global phase e+ factorized initially. Explicitly distinguishing
between the diagonal and the off-diagonal contributions to py,

pu = W) (U] = Jaxl® k) (k| + Y Awe™ k) (], (3-17)
k kil

it becomes clear that the off-diagonal elements of pg are essential for the description of

coherence since they encapsulate the relative phase between the basis elements and the

interplay between their amplitudes, meanwhile the diagonals, commonly refer to as the pop-

ulations, coincide with the probabilities to obtain the respective outcomes under projective

measurements.

Note that the states [¢)) = |ao||0) + e'®12|ay|[1) and [¢') = €' (|ag| |0) + €"212|ay||1)) share the same
density matrix representation, i.e. |¢) (¢| = [¢") (¢/|
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3.2.3. Incoherent states and operations

So far in this section I have only been concerned with pure states. However, whenever there
is uncertainty about the state of the system, this is represented by a mixed state, i.e. a
classical ensemble of pure states {P(i), |¢;)}, where P(i) represents the probability for the
state to be prepared at |¢;). Mixed states can be represented as convex sums in the density
matrix representation:

PLPG) i)} = Z P (i) |4hi) (il - (3-18)

Note that if each |¢;) (;] = |i) (i| were to be projectors in a computational basis, the state
would be diagonal in the sub-space of T spanned by the set {|¢;)}, meaning that it would
lack coherence in this particular (possibly incomplete) basis in the sense discussed before.
This fact is exploited to define incoherent states, i.e. the free states of the QRT of coherence,
also known as incoherent states.

|0) 10

0.0

Figure 3-1.: Bloch sphere representation of incoherent states for a two level system. Here,
the colorbar represents the value of the probability p € [0, 1] to sample the state
at |0), such that the state can be represented as p = p|0) (0] + (1 — p) |1) (1]
For this, consider a quantum system with an N-dimensional Hilbert space H and let {|n>}i\[;01
be our preferred basis for H. Then, the set of all incoherent states with respect to this basis
is defined as [86]

N—-1
I{‘m} = {5EF:H®H/Z 0= Z§n|n> <n|} (3—19)
n=0

where H' represents the dual of H as before and ) 4§, = 1. For the particular case of a
two level system, the incoherent states can be identified as those in the vertical axis in the
Bloch sphere representation (see fig. 3-1).
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Given the definition of free states for the QRT of coherence, the free operations can be
identified as those that take incoherent states into incoherent states. Consider an operation
{M;} in the sense of sec. 3.1.1; this operation is said to be incoherent if [86]

M;éM! €T Y5 eT. (3-20)

Two examples of these are the dephasing channel, specified by:

Je

Ko(e) = V1 —€l, Ki(e) = 7(02 +1), Ks(e) = %(02 —1); (3-21)

and the damping channel:

V=7
2

Koln) = 30w+ 1)+ Y0 —0), Ka(n) = (o +i0,), (322)

where ¢, € [0,1] and o; are the Pauli matrices. For a detailed prove that these channels
correspond to incoherent operations refer to [94].

3.2.4. Coherence quantifiers

The idea behind the definition of coherence quantifiers is based on the existence of the
monotones described in sec. 3.2.1. Let C': I' — R be a monotone of the QRT of coherence.
Some properties that C' should have in order to be consider a proper coherence measure have
been proposed in the literature [86, 92, 93]. The most common are:

i) Non-negative for all density operators and null only for incoherent states:

C(p) >0 VpeTl and C(o)=0 iff o0 €. (3-23)

ii) Monotonicity under non-selective incoherent CPTP maps (see. sec 3.1.1):
Let {M;} be a CPTP operation such that MJI]\/[]T C Z. Then

C(p) > C(>_M;pM]), VpeT. (3-24)

J

iii) Non-increasing under mixing (convexity):
Let p be a mixed state specified by the ensemble {P(7), p;}. Then

> P)C(e:) = O3 Pli)p) (3-25)

An important coherence measure that sufies all practical purposes of this work is the one
induced by the /;-norm, denoted as Cj,, which is simply defined as follows [86]

Ciu(p) =Y |pisl, (3-26)

i#j
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which simply corresponds to summing over the norm of all off-diagonal elements of the
density matrix p. The value of Cj, over different sections of the Bloch sphere for a two level
system can be seen in fig 3-2.

00 00 00

(a) (b) (c)

Figure 3-2.: Value of the coherence quantifier Cj, for a two level system over (a) the surface,
(b) the x — y plane and, (c) the vertical plane perpendicular to the y axis of
the Bloch sphere.

3.3. The two-point measurement scheme

Consider an isolated driven quantum system S subject to the effect of an external driving
described by the potential V' (A, X), where X represents a position-like operator and \ := A(t)
specifies the time dependency of the external driving. The Hamiltonian of this system is

1
Hs(\) = —P*+V(\, X 3-27
S( ) IM + ( ) )7 ( )
where M is the mass of the system and P is the conjugated momentum of X?3. This system
can be coupled to a thermal environment B by means of an interaction Hamiltonian Hgsg.
The total Hamiltonian now reads

H = Hs(\) + Hg + Hsg, (3-28)

where Hg represents the Hamiltonian of the bath.

It is to be expected, in contrast to the classical case, that the driving protocol A(t) injects or
extracts work into or out of the system according to energy balance. Moreover, it is expected
for work in the quantum regime to be a path dependent process given that it is not a state
function in the thermodynamical sense, such that it should not be represented by a Hermitian

3Note that here I am denoting operators by capital letters and eigenvalues by lowercase unless otherwise
stated, meaning that P|p) = p|p) and X |z) = x |z) represent the eigenvalue equations for momentum
and position respectively.
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operator whose eigenvalues can be determined by a single projective energy measurement
[34]. This rules out the possibility to define a meaningful operator of work by means of the
total change of the Hamiltonian along the process, as was suggested in [31, 95], if one wants
to describe work for single realizations of an experiment. Furthermore, the work operator
approach fails to fulfill the Jarzynski equality unless the Hamiltonian commutes with itself
at different times ([H(A(t)), H(A(7)))] = 0) [14, 31]. This is further discussed in sec. 4.1.

A first attempt to overcome this limitations is the TPM scheme [34, 35, 36|, according to
which work is defined as the difference between two projective energy measurements over
the system at different times. Here it is worth noting a subtle point regarding to what is
understood as the internal energy of the system. The definition of work can vary depending
on whether the internal energy of the system is measured as the eigenstates of the unper-
turbed Hamiltonian of the system alone (exclusive work) or taking into account the effect of
the external driving as part of the internal energy of the system (inclusive work) [96]. For
the remaining of this document the inclusive definition of work is adopted.

The eigenvalue equation for the Hamiltonian of the system for an outcome k at time ¢ reads
Hs |k, \(t)) = EfL |k, A(t)). Suppose that an initial projective measurement of energy at time
t = 0 gives the outcome EY. After a time t = T a second projective measurement of energy is
performed with a result E7 . The inclusive work over a single realization of this experiment
can thus be identified as

wlPM . — pr ED. (3-29)

The PDF of this fluctuating quantity is given by the joint probability to perform the corre-
sponding consecutive projective measurements of the energy. This PDF can be built up by
summing the probabilities to obtain all possible combinations of n and m giving as a result
that a certain amount of work W was performed over the system [13, 14]

PIPM () = 27’(% m)d(w — wp,, ™)

nm

=Y Plm|n)P(n)d(w — wi;™), (3-30)

where P(m|n) corresponds to the conditional probability of measuring E7 given that the
initial measurement gave E° as a result, i.e. the transition probability between the two
energy states

P(mln) = |(E7,|Us | ED)|. (3-31)

and the probability to measure EY is given by P(n) = Tr [z ps(0)], where Ilgo = |n, A(0)) (n, A(0)],
ps is the initial state of the system and Ug is the time ordered unitary evolution operator
[13]

Us = Texp (—%/ dtHg()\(t))) : (3-32)

0
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where T stands for the time-ordering operator. According to equation (3-2), the post mea-
surement state just after the first projective measurement is

T (3-33)

which is diagonal in the energy basis, meaning that any subsequent process the system may
undergo after this measurement will not account for the initial coherence of the system.

Another interesting aspect of the TPM scheme lies in the possibility to write equation (3-30)
in terms of POVMs [97]

PN (w) = Tr [ps M (w)], (3-34)

where M (w) := 3, P(m|n)d(w —wlE)IIge. This ensures the existence of an instrument
that produces an output w with probability P77 (w) that can be constructed by virtue of
the unitary dilation theorem unitarily coupling the system to a proper ancilla and perform-
ing projective measurements on it [49]%.

3.3.1. Path integral approach to the TPM scheme

In 2018 Funo & Quan formulated a path integral approach to the TPM scheme for both
isolated and open quantum systems. In their approach, the work [13] and heat [16] charac-
teristic functions (CFs) are expressed as path integrals. This allows the identification of the
functional of quantum work for this particular scheme, which resembles a power integral.
Moreover, the right classical limit of the work functional (eq. (2-28)) can be shown to co-
incide with the first term of the semiclassical expansion of the quantum work functional for
the TPM scheme and further terms of the expansion correspond to quantum corrections that
can be calculated to any order in the conjugated time (defined below) for single realizations
[13]. Here I present this formalism in detail aiming to develop the tools needed to find the
path integral representation for the alternative scheme presented in 4, where the projective
measurements of the TPM scheme are replaced by a single measurement at the end of the
protocol and the initial energy is estimated from it, which turns out to be equivalent to
weakly measure the initial energy.

4Here an instrument is understood as a set of completely positive, trace non-increasing and convex linear
super-operators acting on the Hilbert space of the system. The unitary dilation theorem states that if
an operation can be written as a sum representation of the members of an instrument (see eq. (3-9) for
instance), then there exist a extension of the Hilbert space of the system Hga := Hgs ® Ha, where the
operation can be written in terms of only unitary transformations in the joint Hilbert space Hga and
projections in the ancilla space H 4. See sec. 1.5 of [49] for a more detailed discussion.
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The CF of work in an arbitrary scheme can be calculated as the Fourier transform of the
corresponding PDF

(V) = / duwP(w) exp (%Vw) | (3-35)

Not only the PDF of work is fully characterized by means of the inverse Fourier transform of
the CF; all moments of work can also be computed by derivation of equation (3-35) [13, 98]

Blut] = i | )] (3:36)

The PDF is determined by the particular measurement scheme being consider. For the TPM
scheme, the CF is computed by replacing (3-30) into (3-35) (setting & = 1) (3-35)

VoM () = 37 Plmln)P(n) exp (ivwlE™)
= S B | Us |ES) (B US |E7,) (ES) ps(0) | ES) exp (ivelE)

nm

T —ivED wET T
=Y (EL|Use ™" |ED) (B ps(0) | Ey) (Ep| Uke™ i |E7,)

=Tr

Use—il/Hs (A(0)) <Z HE% pS(O)HE2> Ug@iVHS(A(T))

— Ty [efiVHs(A(O))D[pS(())]eiuHS(/\(T)):| (3-37)

where Hg = U gHSUS is the Heisenberg representation of the Hamiltonian and D[A] :=
>, Hi Al represents the dephasing operator, that reflects the effect of the protocol on the
initial coherences of the system and v is set to have units of time, thus called the conjugate
time.

The path integral representation of equation (3-37) reads (see Appendix B for a detailed
derivation)

LM () ::/d:pidyidxfdyfé(xf—yf)/D;p/Dy*

ia, i v v v
g exw (3 (851l = S ) exp (i WE7M0]) (338)
where the path integral is defined as
K+L+2
Dx = 1i d d d dxy -« - dr M ) (3-39)
R e B B L At e e ’ )

and pd (x;,1:) == (x:| D[ps(0)] |ys). The action S¥[z] is defined as

Ty
Sy[z] == S[x] +/ dt' LIN(7), z(t")] (3-40)
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with Slz] := [] dt/LIA(t), z(t')] being the action along a single path x(t) := z, and the
Langraglan of the system is simply £ [A(t),z] = & (‘jif) — VI[A(t), z]. More importantly, the
quantum work functional for the TPM scheme reads:

WIPMy] . /0 "2 / ' %()V[A() 2 + 1)) (3-41)

v
corresponding to equation (B-26) of Appendix B. This definition is such that the work
functional resembles the form of the classical functional of work given by equation (2-28)
and it depends only of the potential V[A(¢), z(t)] and the driving protocol A(t). Moreover,
by expanding the inner integral in equation (3-41) with respect to the conjugate time v, it
can be shown that in the classical limit the WI#M[z] reduces to the classical functional of
work. Calculating said expansion explicitly:

o0

/ dt%‘/[)\() (t’+t)]:;;—7; (;:n /Oydt’%a)‘/[k(t),x(t%—t’)])

v=0

040 ((57) Vst )|+

=V

v=0

0 © n o5 [ on
aA(t)VW)’x(t)] + ; mEND) (aynV[A(t),a:(t + y)]>

where the derivative of the integral was computed by means of the Leibniz rule (see eq.
(B-23) in Appendix B)

WTPM (1)) :/T dt@ { %@VP\() x(t)] +%§ (%V[A(t)af(“r”)]) T
3 32 0
3102 (ax( #lt ) ) ]
=Wala(t)] + ZWHT P (t);v]. (3-42)

Here, W [z(t)] corresponds to the classical work functional derived in sec. 2.3 (see equation
(2-28)) and the quantum corrections are given by

an+1

WIFMg(t),v] .= (nyTnl)' /OT dtA(t) (8/\( o VIA(t), z(t + y)])

By means of equation (3-43) the first quantum correction to the TPM work functional can

(3-43)

v=0
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be computed:

W (), v] =

T 9 [Oxlt+v) 0
/Odtm t)( o ax(tw)vw’f)’x(twﬂ)

(
/0 ' dtx(t)f(t)#;x(t)vw), 28], (3-44)

v=0

NI N

which can be calculated explicitly when both the external potential V[A(¢),z(t)] and the
path z(t) are specified.



4. Beyond the TPM scheme and the
role of initial coherence

Although the TPM scheme has proven to be of useful to understand the statistical properties
of work and heat in the quantum regime, due to the projective nature of the initial measure-
ment it is not a proper definition of work to address the role that coherences in the initial
state of the system may have on its microscopic energetics. Circumventing this fundamental
limitation is of utmost importance to address the role that this quantum correlation plays
in quantum thermodynamic processes [37].

Since energy measurements can perturb the subsequent evolution of a quantum system, it is
to be expected for ambiguity to emerge when considering alternative ways to measure energy
instead of projective measurements. Different protocols to measure quantum work can be
classified thanks to a no-go theorem by Perarnau-Llobet et. al. [32] according to which a
consistent protocol based on PDFs either i) gives the difference of average internal energy
for closed quantum systems or ii) reduces to the TPM scheme for incoherent initial states.
Protocols fulfilling condition ii) are referred to as fluctuation theorem protocols (FTPs) [9]
given that the TPM scheme has been shown to be successful in describing fluctuation theo-

rems for diagonal states in the energy basis and recovering their corresponding classical limit
(14, 37].

However, there are alternative definitions of work able to fulfil conditions i) and ii) simul-
taneously at the expense of positivity in the distribution of work[9], meaning that for these
approaches the statistics of work is described by quasi-probability distribution functions
(QPDFs), i.e. probability distributions that can take negative values. Moreover, it has
been shown that allowing for negativities in the work statistics enables stronger forms of
non-classicality due to restrictions arising from the incompatibility of the Hamiltonian at
different times when only work distributions are considered [9]. Some examples of QPDFs
in quantum mechanics are the Wigner function [99, 100], the Keldish QPDF [101], the
Kirkwood-Dirac QPDF [102], and the Margenau-Hill distribution [38, 41, 42], which corre-
sponds to the real part of the Kirkwood-Dirac QPDF[102].

This chapter is divided as follows: In sec. 4.1 I compare the TPM scheme with an earlier
attempt to define work in the quantum regime, namely the work observable approach [31,
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95, 103], under the light of a quantum fluctuation theorem for the CF of work in the TPM
scheme and briefly review some important alternative definitions of work that had been
developed in recent years. In sec. 4.2 the no-go theorem by Perarnau-Llobet et. al. [32]
and a particular reformulation by Matteo Lostaglio [9] are discussed in order to understand
how QPDF's describing the work statistics inevitably emerge in this context when considering
FTPs for which the average change of energy coincides with work for closed systems. Finally,
in sections 4.3.1 and 4.3.2 the work statistics in the Margenau-Hill scheme, a particular FTP,
is explored as well as its corresponding path integral formulation.

4.1. The TPM scheme vs the work observable approach

A reason why the TPM scheme is an appealing approach to define work in the quantum
regime is due to its statistical resemblance with classical stochastic thermodynamics, repre-
sented by the emergence of equivalent fluctuation theorems. To illustrate this point, consider
a quantum system described by the time dependent Hamiltonian H (A(t)) that is in contact
with a thermal bath at inverse temperature 3, meaning that the initial state of the system
is
1
A= Z00)

where Z(A(t)) = Tr [e #H1)] is the partition function. At time ¢ = 0, the coupling be-
tween the system and the environment is shut down, such that the system evolves unitarily

e~ PH(A0)) (4-1)

Y

until t = 7, when a second projective measurement of energy is performed and the interac-
tion with the bath is activated, yielding to a final equilibrium state characterized by Z(A(t)).

From equation (3-37), is easy to show that the characteristic function in this case is

o
Z(M0))

X M(v; \) = Tr [U(O,T; )\)e_i(”ﬁ)H(’\(O))UT(O,T; )\)ei”H(’\(T))} , (4-2)
where T adopt the notation U(0,7) := U(0, 7; \) to specify that the unitary evolution oper-
ator is evaluated along the forward protocol A(t). The objective now is to characterize the
irreversible nature of this kind of process. For this, it is necessary to properly describe the
time inverted evolution for quantum systems. This can be done by means of the anti-unitary
time reversal operator (TRO) © and the quantum microreversibility principle (MRP), given
by [104, 14]

U, ;N =U(r,0;)) = 0'U(0,7;1)0, (4-3)

corresponding to equation (C-12) of Appendix C evaluated at time ¢ = 0. The effect of the
TRO is to properly invert the direction of momentum-like degrees of freedom of the system
and the quantum MRP describes how to correctly invert the time dependency of a system
in order to describe backward trajectories, i.e. trajectories starting from the final state of
the system following the backward evolution protocol A(t) = A(7 — t). For a more detailed
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descriptions of these concepts refer to Appendix C.

Replacing (4-3) in the CF (4-2) and remembering that ©0T = 1

XEPM (s ) =

Tr |©TU(0,7; A)©e™ Tt yt(0, 7 5\)@e_i”H(’\(O))e_BH(’\(O))@T@} :

(4-4)
Since i = —i0, then ©AOT = AT for an arbitrary operator A, equation (4-4) can be written
as

Z(X0))

ZNONXE (v52) = T [O1U(0, 75 e OO0, 7 X) e HOO) P00 |

= Tr | "HAHOONY (0, 73 X)e AU (0, 7 5\)}

=Tr _e—i(v+iﬂ)H(A(0))U(07 T 5\>6—z’(—u+iﬁ)H(A(r))e_ﬁH(A(T))UT(07 T; :\)]
_ (45)

Finally, comparing equations (4-2) and (4-5), the well known Tasaki-Crooks relation for the
characteristic function of work in the TPM scheme is obtained [14]

ZAO)™M (v A) = ZAO)x™M (—v +iB; ). (4-6)

By means of the Fourier transform it is easy to prove the Tasaki-Crooks quantum fluctuation

theorem: -
P <w7)‘~) _ eﬁ(w—AF)’ (4_7)
PTPM(—qp; \)

where the free energy is defined as AF = 37! In (Z(\(7))/Z(A(0))).

Although its relevance for the development of the field, the TPM protocol presents some
fundamental limitations due to the projective nature of the measurements involved. In par-
ticular, the first projective measurement diagonalize the state in the energy basis, eliminating
all coherences from the start, such that their effect on the subsequent energetic evolution of
the system is suppressed from the very beginning of the protocol [105, 106].

Earlier attempts to describe work in the quantum regime relied on the notion of an operator
of work [31, 95, 103], also known as work observable, denoted here by W. This operator
can be straightforwardly identified considering the average energy change between times
t =0 and t = 7, denoted by AU = W, for a closed system described by a time dependent
Hamiltonian H (¢)

(w) =T [p(r) H (7) = p(0) H(0)] = Tr | p(0) 1|, (4-8)

where (w) is the average work and the work observable W := UYH(7)U — H(0) is defined.
An appealing consideration of this approach is the fact that a power like expression for W
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can be obtained under the effect of a particular evolution protocol A(t) [31, 95]

. T ONOH

Moreover, the work operator approach is consistent with phenomenological thermodynamics

in the sense that for closed systems it is to be expected that any energy change should come
in the form of work [32, 45].

Here, a discrepancy between these two approaches can already be elucidated. Meanwhile
the TPM scheme yields to a characteristic function specified by a time ordered correlation
function (see eq. (3-37))

XL ) = Tr [ IOOD[p(O)] RO (4-10)

which can be measured for single realizations of the experiment[34], the work observable
approach defines the average work as the expectation value of an operator, which can be
experimentally accessed by measuring the ensemble average of energy at the beginning and
end of the evolution protocol[31], meaning that this definition of work does not depend on
the particular path followed by the system along the evolution.

This discrepancy between the TPM scheme and demanding that average work coincides with
the average change of energy for closed systems clearly shows the difficulty to design uni-
versal work measurements [37]. In fact, as a consequence of the no-go theorem presented in
[32], FTPs can overcome this limitation only if the distribution describing the work statistics
is allowed to present negative values or lacks convexity [9, 37]; this will be explored in detail
in the following section.

4.2. No-go theorem for quantum work

Due to operational advantages and to the fact that fluctuation theorems are recovered by
the TPM scheme, this approach has been extensively used as a first attempt to describe
stochastic energetics in the quantum regime [14]. However, it comes in short when attempt-
ing to describe fluctuations of work for coherent quantum systems, which has motivated
the exploration of a broad spectrum of work definitions that allow for initial superposition
states to be considered without the need to project the state to an energy eigenstate at the
beginning of the evolution protocol[39, 105, 107, 108, 109], thus allowing to assess the role
of initial coherence on the statistics of work.

The discrepancy between the definition of work provided by TPM scheme and the one based
on a work observable presented in 4.1 has been extensively discussed along the development
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of quantum thermodynamics [31, 32, 34]. In 2017 Perarnau-Llobet et. al. proved a no-
go theorem addressing this issue [32]. This result states that any given definition of work
that can be characterized by a PDF P(w) cannot simultaneously fulfill the following two
conditions:

i) The average of work for closed quantum systems corresponds to the average change of
energy for all initial states p(0), i.e.

> wP(w) = Tr[p(r)H(r) — p(0)H(0)], (4-11)

meaning that a work operator can be defined (see eq. (4-9)).

ii) For incoherent states in the energy basis p € Z, the statistics of work along individual
trajectories should reduce to that of the TPM scheme, meaning that the results from
classical stochastic thermodynamics are recovered (see for instance the Tasaki Crooks
fluctuation theorem derived in sec. 4.1).

Each one of these conditions are meant to impose over quantum work to be reasonably
in agreement with the classical limit. Condition i) requires that the energy measurements
performed to compute the average work do not perturb the system enough to affect the
subsequent statistics, thus agreeing with the phenomenological behavior of work for closed
systems; meanwhile condition ii) requires that the results from stochastic thermodynamics
for work fluctuations are recovered for classical (incoherent) states. The fact that any defi-
nition of work whose statistics is described by a positive distribution cannot simultaneously
fulfill both conditions seems to be a fundamental restriction impose by quantum mechanics
[32]. This is to say that either we renounce to a microscopic description of work consistent
with classical stochastic thermodynamics or we must accept that energy measurements per-
turb the system so much that the first law of phenomenological thermodynamics is violated
for closed systems.

It is worth noting that the no-go theorem as presented in [32] strongly relies on the as-
sumption that the distribution describing work statistics is always positive. However, some
approaches to define work were already found to be described by QPDFs [39, 40, 105],
although an interpretation for negativities present in the quasi-distributions lacked interpre-
tation. This possibility can be accounted for by considering an additional third condition
for the no-go theorem [9, 37]:

iii) Let PP(w|p}) > 0 be the probability to measure work under a given protocol P!
conditioned to the initial state p;(0). Then P? should be convex under mixtures of

'Here the protocol P can correspond to a label for any specific measurement protocol, e.g. P = TPM would
correspond to the TPM scheme, P = MH to the Margenau-Hill scheme, etc. A extensive list of possible
protocols can be found at the end of this section.
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differing initial preparations, e.g. for an arbitrary mixture of p;(0) and p2(0), given by
p(0) = pp1(0) + (1 — p)p2(0), with p € [0, 1], the following should hold

P(w|p(0)) = pP(w|p1(0)) + (1 — p)P(w]p2(0)). (4-12)

This condition is violated whenever the distribution P lacks convexity or corresponds
to a QPDF.

Taking into consideration condition iii) the no-go theorem can be stated as [37]

Theorem 1: There exist no protocol P to measure quantum work that simultaneously satis-
fies conditions i), ii) and iii) for all p(0) and H(A(t)).

Under the light of theorem 1, it has been shown that any FTP satisfying condition iii) can
be explained by classical non-contextual model?[9], which represents a restriction to study
strong forms of non-classicality in the quantum regime [29, 110]. This motivates the use and
exploration of FTPs described by QPDF's for which a clear statistical interpretation of its
negative values is still lacking, although they had been shown to be witnesses of contextuality
[9] and to be related with the violation of Leggett-Garg iequalities [101, 111].

For the sake of completeness, some alternative definitions of work developed in recent years
are listed below:

e Margenau-Hill scheme: This scheme is based on the idea of replacing the first projective
measurement of the TPM scheme by an estimation of the initial Hamiltonian from a
single projective measurement at the end of the evolution protocol [39]. In this case
the statistics of work is described by the Margenau-Hill QPDF [38, 40], which can
be described in terms of pseudo-projectors (PP) [30, 112]. The work statistics of this

It is worth clarifying what is meant by non-contextuality at least at a superficial level. Similarly as
for the case of locality, contextuality is a concept closely related to the notion of ontological models -
also refer to as hidden-variable models - i.e. a model relying on the assumption that physical systems
specified by a set of (possibly unknown) parameters, known as the ontic state, exist and that these are
subject to experimentation regardless of our knowledge about them [29]. Now, considering an operational
interpretation of quantum mechanics where the instructions to be implemented in a laboratory can be
decomposed into preparation procedures, transformation procedures and measurement procedures|29],
non-contextuality refers to situations where all similar instructions, i.e. instructions that are distributed
the same for every ontic state, are indistinguishable operationally[37]. This means that, in non-contextual
models, the underlying (ontic) state of the system is not affected by the way we decide to prepare it or
measure a certain property of it (transformations are usually incorporated as part of preparation and
measurement procedures). A more detailed discussion about contextuality and its relation to strong
forms of non-classicality is out of the scope of this document, although I encourage the reader to check
references [29, 110, 37, 9] for an introduction to the subject. In particular, the first Appendix of [9]
discusses the relation between contextuality and FTPs to measure work.
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scheme is presented in sec. 4.3.1 and its path integral formulation is explored in sec.
4.3.

o Full counting statistics (FCS) scheme: The FCS scheme considers the behavior of a
time dependent operator whose eigenstates are used to described the transition proba-
bilities to go from the initial to the final state [105]. By constraining a given functional
associated to the paths, the evolution of the whole system is described by a effective
Hamiltonian similar to the linear coupling used to describe weak measurements [39, 84].
In [113], the work statistics in the FCS scheme is investigated and the effects of initial
coherences are addressed. This scheme is described by a QPDF [114].

e Continuous monitoring along quantum trajectories: For quantum systems described
by the Lindblad master equation (i.e. Markovian dynamics and rotating wave ap-
proximation), an stochastic Schrodinger equation can be used to unravel the dynamics
for individual trajectories [49, 78]. Identifying work as the unitary contribution to
the stochastic master equation and heat as its non-unitary contribution, a infinitesi-
mal first law of quantum stochastic thermodynamics can be formulated [107, 115] for
which feedback loops can be experimentally implemented [107, 116]. Here, the total en-
ergy change along single trajectories can be compared to the TPM result in the unitary
case [116] and negative probabilities can appear for both work and heat contributions
in the corresponding transition probabilities for initial superposition states[107].

e Bayesian networks approach[108]: In this case, heat exchange in a bipartite correlated
system is explored by means of dynamic Bayesian networks built upon the conditional
probability of the local energy eigenstates of each party given the state of the global
system. Although this scheme does not rely on the use of QPDF for the statistic of
work, it does lack additivity over mixtures of different preparations of the initial state
[33].

e End point measurement (EPM) protocol: Similarly to the Margenau-Hill scheme, the
EPM protocol defines work based only on a single projective measurement of energy
at the final time [109]. However, in this case the initial energy is not estimated, but
rather the initial state is prepared in a known (possibly mixed) state, meaning that the
PDF of the initial energy can be known; in fact, for this scheme to be implemented, the
initial energy should be measured for some repetitions of the experiment to make sure
that the initial energy is distributed as expected. A nice feature of this scheme is that
it resembles the way quantum computers work and experimental verification for its
predictions have been obtained using the IBMQ platform [109]. It is worth noting that
this approach fails to recover the TPM statistics for incoherent states but reproduces
the average energy change for closed systems, in accordance with the no-go theorem
for work.
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4.3. The Margenau-Hill scheme

In this section I explore the Margenau-Hill scheme, an alternative to the TPM scheme con-
sisting of replacing the first projective measurement by an estimation of the initial Hamil-
tonian based on a single projective measurement at the end of the evolution protocol. Since
the Hamiltonian at different times may not commute, this cannot be done with certainty:.
However, following the ideas in [39, 117], the best possible estimate of the initial Hamilto-
nian that can be obtained from this projective measurement can be computed minimizing a
suitable mean square difference. Moreover, the value of the estimate corresponds to a weak
value of the initial energy [39]. This is known as the Margenau-Hill scheme, given that the
work statistics in this case is given by the Margenau-Hill QPDF. This scheme has extensively
been studied in recent years [33, 38, 40].

4.3.1. Work statistics under the Margenau-Hill scheme

Consider the same situation as at the beginning of section 3.3. In order to prescind from
the first projective energy measurement of the TPM scheme, consider only that the second
measurement takes place. Rather than projectively measure the energy at time t = 0,
we want to infer the statistics of the initial energy based on the results obtained from
measuring the energy at time ¢t = 7. Let Hs = >, E7 Us(7)'Ilg; Us(7) be the Heisenberg
representation of the final Hamiltonian and ps(0) be an initial arbitrary state of the system.
Then, the best representation of the initial Hamiltonian H; = Y, Eollgo in terms of the
projectors II g7, can be constructed minimizing the following mean square difference [39, 117]

Tr [Ps(0> (f(ﬁF> - HI)2)] ) (4‘13)

where f(Hp) = >, fmIlg:, with Ilg: being the Heisenberg representation of the energy
m-th eigen-projector at time ¢. It has been shown elsewhere [117] that the minimum possible
statistical deviation is achieved when f,, correspond to generalized weak values [118]

_Re {Tr [Ty ps(0)Hy] }

Jm = [Mg; ps(0)]
— Z EOPMH (n|m), (4-14)
where —
PMH (n|m) = Re {Tr [y Ty s 0)] ) (4-15)

Tr [Tz ps(0)]
Note that the denominator in eq. (4-15) corresponds to the probability to measure E7
meaning that the numerator can be identified as a joint QPDF in virtue of the Bayes rule
of probability

PMH(n,m) := Re {Tr [IIg; o ps(0)] }, (4-16)
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which recovers the right marginal distributions:

> PMI(n,m) = Tr [ps(0)g; |, Y PM(n,m) = Tr [ps(0)g] . (4-17)

n m

Furthermore, since Re{A} = (A + AT), is easy to show that equation (4-16) yields
1 _ _
PMH(n m) = 5T [ps(0) (Hgy Mo + Mgl )] - (4-18)

PMH (p, m) is known as the Margenau-Hill distribution [42], who realized how negative joint
probabilities emerge when considering the correlations between the results of consecutive
measurements of non-commuting observables back in 1961. However, some years before this,
in 1957, A.O. Barut had come to similar results when trying to construct an operator rep-
resenting the right joint density distribution of incompatible observables [41, 119].

In close analogy to (3-30), the QPDF of work can be built [40]

PHI(w) =3 P (0, m)o(w — (B = E},)). (+19)

nm

To illustrate that PM(n, m) actually corresponds to a QPDF, lets find a set of lower an
upper bounds for equation (4-18).

Denoting for convenience the initial and final Hamiltonians as A := Hg(A(0)) and B :=
ULHs(\(7))Us = Hs(A(7)), such that their spectral decompositions are

A= a0, B=>Y byll,; (4-20)
and defining
1 _ _
g, = 3 (Lo, 11, + 1Ly, 11, (4-21)
the QPDF of work in the Margenau-Hill scheme, given by eq. (4-18), can be recast as
PMH (n,m) = Tr I, 0] - (4-22)

The object I1,, 5, is often refer to as a pseudo-projector (PP) [112] or as the Hermitian prod-
uct between II,, and II, [120]. Two important properties of these objects are worth noting:
(a) for two incompatible observables, PPs possess at least one negative eigenvalue (see eq.
(39) of [39] for an example); and (b) the PPs corresponding to all possible joint outcomes
form an over-complete set as a consequence of the completeness of the set of projectors of
each observable [121].
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Note that, since Hgn = II,, and f[gm = II,, , their eigenvalues are either 0 or 1. Thus, the
following inequalities hold

0<I <1, 0<I} <1 (4-23)

where 1 is the identity operator. Moreover,

_ 1 \?
0< (Han + 11, — 5]1)
_ _ 1
=11, 1, + 10, 1, — 1
1

=20, + 71, (4-24)

which gives a lower bound for eq. (4-22). To find an upper bound, consider the following

0< (M, +10,,)" =12 + 102 —20,,,

<21 - 20, (4-25)

'm *

Given that Tr[ps(0)] = 1, inequalities (4-24) and (4-25) bound the joint QPDF to obtain
outcomes n and m under the Margenau-Hill scheme according to

L eput <1 (w20

For a more general version of this proof, see theorem 7.5 of [122].

4.3.2. Path integral approach to the Margenau-Hill scheme

Now that we have described the work QPDF for the Margenau-Hill scheme, the correspond-
ing CF can be computed. Replacing equations (4-18) and (4-19) into (3-35) gives the CF of
work under the Margenau-Hill scheme

W) i= [ dwPM ) exp (i)
= / dwP" (n,m)é(w — (E, — E},))

1 . _ (BT
=5 > " (Tr Mgy e ps(0)] + Tr [ Mgy ps(0)]) e Fn =50, (4-27)

where I set h = 1. Each term in eq. (4-27) corresponds to a two-times correlation function,
similar to the CF for the TPM scheme (see eq. (3-37)). Take for instance the term to the
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right in eq. (4-27)

S T [y i ps(0)] €020 = 37 S (B9 | BQ) (EY) Ube™ P | E7,) (EL,| Usps(0)e ™ | E2)

nm nm n’/

=3 (B ke

_ Z Tr [UgeiuHs(/\(fr)) |ETY (ET | Ugps(0)e~HsNO)

ErY (EL | Usps(0)e™™En | E0)

—Ty [eiVHS(A(T))pS(O)e—iVHS(A(O))] _ (4-28)

Following a similar procedure for the term to the left of eq. (4-27), is easy to show that the
CF in this case gives [123]

1 = .
W) = 5 {00 e 0O g (0)] (4-29)

where {A, B} = AB + BA represents the anti-commutation operation. Up to this point, it
is possible to illustrate how this CF differs from that of the TPM scheme by noting that the
initial state does not appear diagonalized as in equation (3-37). Moreover, the effect of this
can be elucidated by considering an arbitrary initial state of the form of equation (3-16) and
replacing it in (4-29):

= Z Ape™ k) (1], (4-30)
ki

1 _ . o
Xo (V) = 5 Z (Tr [Ty Mo p(0)] + Tr [T Ty p(0)]) e Fm—r)

_ Z € e Bt EO |HET |E2> + C.C) eil/(Efn—E%)

mnn’

=> "> Re{Apye (B Tlpy |EY) } e Fn=Fn), (4-31)

m  nn’

Considering the diagonal and off-diagonal elements of the inner sum separately the TPM
constribution can be distinguished from the coherences contribution:

X?UJH( ) TPM _'_ Z Z ew (ET —E9) Re {Ann/eZA o/ E0/| ﬁE; ’E2>}, (4_32>

m  n#n’

showcasing how the MH scheme recovers the TPM scheme for incoherent states.

The objective now is to build the path integral representation of eq. (4-29). For this, note
that eq. (4-28) strongly resembles the CF for the TPM scheme (see eq. (4-10)) except for the
application of the dephasing operator on the initial density matrix ps(0) in the case of the
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TPM scheme. This reflects the fact that the Margenau-Hill scheme allows for the survival
of initial coherences beyond the initial time. Moreover, defining

J(v) i= T | s O ivtts O o ()] (4-33)
it is easy to show the following symmetry relation
F-v)=Tr [efiuHs(A(O))eiuﬁs()\(q—))ps(0)] _ (4-34)

Thus, the path integral representation of eq. (4-29) can be constructed in close analogy to
eq. (3-38) (setting h=1)

WM () =f(v) + f*(—v)
:/d;pidyidxfdyﬁ(xf —yr)pol(Ti, ys)

|:/D:L,/Dy* i S [z]—SY [y) zl/WTPM[Z]+ /DI /Dye i( Sy ¥ [x]— [y]) wWTfM[x]:|

_/dxidyidxfd@/f5($f - ?Jf)Po(iUz'ayi)

[ / Dz / Dy*e!(S51e1=S510]) i W "M e 4 / Dz* / Dyei(sf"[y]—sf”[w])e—ivVVTfM[y]} 7

(4-35)

where po(zi,y;) := (x5 ps(0) |y;) was defined. Remember that Sy[x] and WM |[z] are given
by equations (3-40) and (3-41) respectively. From the second to the third equality I used

o~ i(82[2)=55 4] v WIPM[a] _ i8Sy )=y Vlal) ,—iv WP M [y] (4-36)

Y

that follows from eq. (B-27). By explicitly writing the actions,
SR R O B ORI (4-37)
S¥la] = /0 "IN, 2(0)] + /O "L, 2t + 7], (4-38)
and the work functionals,
WIPM) /0 T% /O thfx(t)a%@vp(t),x(tw)] (4-39)
wrrty = 158 [ s gV 1) (440)

the symmetry between the two terms of eq. (4-35) becomes clearer. Note that the first set
of path integrals in eq. (4-35) corresponds to the contribution to work due to the forward
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trajectories with an action given by the difference between similar contributions S¥[z] and
S¥[y] of both the forward and the backward trajectories respectively; on the other hand, the
second set of path integrals accounts for the contributions to work due to the back action
of the reversed backward trajectories, characterized by the difference S;"[y] — S;”[x] instead.

From eq. (4-29) it is clear that the contributions of the coherences in the initial state can
be distinguished simply by writing

ps(0) =D [ps(0)] + C[ps(0)], (4-41)

where C[A] := A — D[A] corresponds to the off-diagonal of A. In fact, in 2020 M. Garcia
et. al., compared the first two moments of work between the TPM and the Margenau-
Hill schemes by means of the Cj, norm (see sec. 3.2.4), finding that, for a closed system
undergoing a cyclic process and starting at ps(0), the following inequality holds [38]

|EMH [w] o ETPM [wH S

Ciy (ps(0) Y 1B, (4-42)

N —

where the moments E” [w*] are determined by the corresponding CF for the protocol P by
means of eq. (3-35).

A similar analysis of the role of initial coherences in the path integral formulation of the
Margenau-Hill scheme (or others) may be achievable by identifying the off-diagonal contri-
butions to pg(x;, y;), which can be done by noting that

po(Ti, vi) = pgmg@i’ i) + pi"

where p§'*(z;,;) = (2:] D [ps(0)] |y} and pi" (x4, ) = (| C [ps(0)] |yi)-

(4, Y1), (4-43)

In contrast to the approach of [38], the path integral formulation of the Margenau-Hill scheme
shows the potential to provide further conceptual insight on the role of coherence due to the
possibility to not only distinguish between the contributions quantified by Cj,, but also to
explicitly identify and distinguish the back action of trajectories propagating forward and
backwards in time, as illustrated by eq. (4-35).



5. Conclusions

The generalization of concepts from phenomenological thermodynamics and quantum stochas-
tic thermodynamics to the quantum regime is not a straightforward task due to the back
action that energy measurements have over quantum systems. However, these theories serve
as important benchmarks to which quantum thermodynamics should converge in the clas-
sical limit (although this only holds for FTPs, according to the no-go theorem presented
in sec. 4.2). Chapter 2 provides a compelling introduction to these subjects, building up
the conceptual framework needed to tackle the description of thermodynamic processes in
quantum setups. The development of the stochastic energetic framework [20] is of particular
importance due to the derivation of the classical work definition along single trajectories,
given by eq. (2-28), which appears as the first order approximation of the work functional
under the path integral approach to the TPM scheme [13] (see eq. (3-42)).

In classical stochastic thermodynamics, fluctuation theorems serve to describe the underly-
ing statistics of important thermodynamic quantities such as work and heat at a microscopic
level, showing that there are privileged events that are exponentially more likely than oth-
ers, which defines what is commonly called the arrow of time. The fluctuation theorem for
heat transfer in the transition from an initial microcanonical state to thermalization with
a thermal environment presented in sec. 2.4 provides new insights on the the statistics of
processes with contrary heat flows in systems undergoing thermalization.

Moving forward to the quantum regime, a heuristic exploration of coherence is presented in
sec. 3.2.2, showing a way in which it can be understood as a quantum feature fully character-
ized by the off-diagonal elements of the density matrix only relying on the phase differences
between elements of a fixed basis of the Hilbert space for single particle systems with an
arbitrary number of energy levels, which starkly contrasts with the QRT of coherence pre-
sented along the remaining of sec. (3.2) and the definition of the Cj, coherence quantifier
given by eq. (3-26) [86].

Although the clear limitations of the TPM approach to work in regards to the assessment of
the impact that coherences in the initial state may have on thermodynamic processes, this
approach has proven to be of fundamental importance to describe the energetics of closed
quantum systems under external driving due to the possibility to recover well known results
from classical stochastic thermodynamics, like the Tasaki-Crooks quantum fluctuation the-
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orem derived in sec. 4.1 by means of the microreversibility principle for a system starting at
thermal equilibrium with a canonical environment [14].

Moreover, the TPM scheme serves to define classification criteria for the possible definitions
that work may have in the quantum regime in virtue of the no-go theorem developed by
Perarnau-Llobet et. al. in [32] and refined by Matteo Lostaglio in [9], where it is shown
the intrinsic relation between the appearance of negative probabilities in the distribution of
work and strong forms of nonclassicality related to contextuality in operational descriptions
of quantum mechanics [29, 110].

The Margenau-Hill scheme described in sec. 4.3 avoids an initial projective measurement of
energy by considering a special estimation of the initial Hamiltonian built upon the results
of a projective energy measurement at the end of the protocol, enabling the assessment of
initial coherent states at the cost of the introduction of negativities in the work distribution
[38, 42], which seems to emerge due to the incompatibility between the initial and final
Hamiltonian [30]. These estimation procedure seems to be equivalent to performing gener-
alized weak measurements of the initial energy [39, 84].

As is to be expected, the CF of work in the Margenau-Hill scheme reflects the possibility to
consider initial coherent states [123] (see eq. (4-29)). Based on the approach to the TPM
scheme developed by Ken Funo and H.T. Quan in [13], the path integral formulation of the
Margenau-Hill scheme can be built (see sec. 4.3.2). There, a symmetric interplay between the
contributions corresponding to forward and backward propagating paths can be identified,
contributing to the understanding of the effect of successive measurements of incompatible
observables from this perspective and is a step forward towards the definition of a work
functional beyond the TPM scheme. Furthermore, these results enable the possibility to
study heat in the Margenau-Hill scheme by means of the Feynman-Vernon formalism [124],
as has already been done for the TPM scheme [16].



A. Appendix: The non-Markovian
Langevin equation for a harmonic
bath

Here I show a full derivation for the non-Markovian Langevin equation, corresponding to
equation (2-11) in the main text, following references [20, 56].

Consider a particle of mass M immersed in a thermal environment at inverse temperature
B = 1/kgT represented by N microscopic oscillating particles of mass m. The Brownian
particle is under the effect of an external force described by a potential V (A, ) completely
parametrized by A;, where p is the conjugate momentum to the particle coordinate ¢. Let
the position and momentum of the nth bath oscillator be g, and p,, respectively, and w,, be
its frequency. The Hamiltonian of the composite system is thus given by:

p2 N p2 N mw2 ~ 2
H=—+V(\ — 2 gy — — , A-1
51r T (t,q)+n12m+; 5 (q mw%q) (A-1)
where 7, represents the strength of the coupling between the Brownian particle and the nth
oscillator [20]. Expanding the last term of (A-1) the identification shown in (2-7) is easily
obtained. Remember that the goal is to find the equation of motion for the position of the
Brownian particle eliminating its dependency of the environmental degrees of freedom. For
this end we can calculate the Hamilton equations of motion from equation (A-1) for both
the Brownian particle

. p
S A-2
Q=37 (A-2)
V() ~— g
. ty n
=7 o , A-3
p 94 + 7?1 ot (q me? ) (A-3)
and the environment »
= —, A-4
=" (A-4)
P = Tnd — MWirn. (A-5)

Deriving equation (A-4) once with respect to time and using (A-5) results in the inhomoge-
neous harmonic equation

q.n + w?an = ﬁq' (A_6>
m
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The general solution to the homogeneous problem is simply given by
c1 cos(wpt) + ¢ sin(wpt). (A-7)

A particular solution to this equation can be found by means of the variation of parameters
technique. Assuming
Gn(t) = ¢1(t) cos(wpt) + Co(t) sin(wpt), (A-8)

where

mwy,

ci(t) = — 7 /Oq(s)sin(wbs)ds, Ga(t) = 7 /Oq(s)cos(wbs)ds.

Using basic trigonometric identities, equation (A-8) simplifies to

i v o[ .
Gn(t) = " /0 q(s) sin(wy, (t — s))ds. (A-9)
From a mechanical viewpoint we know that the effect of each particle in the bath is to either
push the particle in a certain direction or to slow it down a little bit. The latter can be
identified macroscopically as a friction like effect, which is dependent on the velocity of the
Brownian particle rather than its position. For this reason, it is convenient to write equation
(A-9) in terms of ¢ instead of ¢q. This can be achieved integrating by parts [56]

Gn(t) = —— (q(t) — (0) cos(wnt)) — — / d(s) cos(wa(t — 5))ds. (A-10)

- 2 2
mw;, mw;,

Summing up equations (A-7) and (A-10) and noting that ¢; = ¢,(0) and ¢ = ¢,(0)/w, we
can build the solution for the position of the n-th particle of the bath

galt) = q(t) — / i(s) cos(wn(t — 5))ds

- 2 o 2
mws; mws

+ <qn(0) — TJ;%Q(OO cos(wyt) + q"(f) sin(wpt) (A-11)
Note that this expression only depends on the initial conditions for the environmental parti-
cle, its frequency w, and on the position of the Brownian particle as a function of time ¢(t).
Replacing (A-11) into (A-3) yields to the second order integro-differential given by equation
(2-11), where &(t) is given in terms of the initial positions and momenta of the microscopic
particles:

mw? W,

E(t) = Z {% (qn(O) — q(O)) cos(wpt) + Mntn(0) sin(wpt) | . (A-12)

Given the large size of the environment, £(t) can be regarded as random force depending
on the initial conditions of the microscopic particles conforming the environment, which can
be sampled from a canonical distribution P({¢,(0),p,(0)}) o exp(—FHg(0)). Since the
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Hamiltonian Hp is the sum of the initial energies of the microscopic particles, their position
and momentum can be sampled as independent variables following the canonical distribution

with energies
_(0) | mewnga(0)°
2m 2 ’
where the initial position of the Brownian particle was chosen as the origin of the reference
frame ¢(0) = 0 so that the average of the initial positions and momenta are zero, and their

£,(0)

(@02 = 2L ((p,(0))2) = mhsT.

2 Y
mw;,

Since the noise £(t), given by equation (A-12), is a linear combination of Gaussian variables,
it also follows a normal distribution with zero mean and correlation function

(E@t)) = kgTC(t —1"). (A-13)



B. Appendix: The characteristic
function of work in the TPM scheme

Following the procedure of [13] a path integral formula for the CF of work in the TPM
scheme can be obtained. Representing eq. (3-37) in the positivion representation, the CF
can be expressed in terms of contributions from all possible initial and final positions

XgPM(V) — Ty [Use—ivHS(A(O))D[pS(())]UgeiVHs()\(T))]
— [ daydugstas - yy) | Use =00 Dlpg(0)ULe "5 yy)

= /dxfdyf(s(xf - ?Jf) /dyidxi <If| USG_WHS()‘(O)) |$z> Pgmg(%, yi) <%| Uéei”HS‘” |yf> )
(B-1)

where p® (z;, ;) == (2:| D[ps(0)] ), and the time evolution operator of the system is eval-

uated as Us := Us(0, 7). Note that the introduction of [ dxdysd(x; — ys) accounts for the
trace in the first line and Us := Ug(0,7) stands for the time evolution operator between
times ¢ = 0 and t = 7. The above expression clearly indicates that the CF can be built
from contributions of pairs of paths, with one of the paths evolving forward and the other
backwards in time.

Consider first the path evolving forward in time corresponding to the first matrix element of
(B-1). Introducing an intermediate time v € [0, 7], and a probing position z, corresponding
to this time

(07| Us(0,7)e O ) = / dz, (25| Us(0,7) |2,) (2, ] eSO |z (B-2)

Note that the corresponding time interval of the time evolution operator in the left fac-
tor overlaps with the time interval corresponding to the exponentiated Hamiltonian in the
second. A more convenient representation can be achieved with the change of variables
t=t —u:

Us(0,7) =T exp (—z / ' dtHg()\(t)))

0

T (<1 [ aHs O -0 ) =5 U a7 ), (B-3)
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where the shifted time evolution operator U™ is defined. Note that the introduced shift not
only affects the integration limits, but also the control parameter A. Rewriting eq. (B-2)
yields

(xf| Us(0, T)e_i”HS()‘(O)) |z;) = /dxl, (x| US (v, 7 +v)|20) (2 e~ WHs(A0)) |z;) . (B-4)

The two matrix elements appearing in equation (B-4) now correspond to the time intervals
[v, 7 4+ v| and [0, v] respectively. Applying the multiplicative property of the time evolution
operator, i.e.

U(tl,tg) = U(tg,tg)U(tl, tg); 11 <ty <3,

the aforementioned time intervals can be divided in as many smaller intervals as needed,
inducing also a partition in the space representation defined by the positions [125]. This
way, the shifted time evolution operator in the first matrix element of eq. (B-4) can split
into K + 1 intervals

U;(V,T + V) = U;(tK,T + I/)U;(tK_ljtK) cee U;(tk_l,tk) tee U;(tl,tg)U;(l/, tl) (B-E))

Similarly, the exponentiated Hamiltonian in the second matrix element of (B-4) can be split
into L + 1 intervals

o~ HsO)) _ =ilv—t}) Hs(A\(0) ilth, —t,_)Hs(MO)) . g=ilti—t_ ) Hs(N0)) . . | p—ilth—t}) Hs(A(0)) it} Hs (A(0))

(B-6)
Inserting the identities [ dxy |zy) (zx| and [ da; |z;) ()] corresponding to the K and L in-

- e

(&

termediary times introduced before respectively, equation (B-4) can be casted as:
(7| Us (0, m)e s ) =
/dxy/dxl codrg (x| US (b, T+ v) |2r) - {@e| US (B, ) |2r—1) -+ - {21 | Ud (v, 81) |2,)
[ et ] OO g7 g OO g (O
(B-7)

In the limit K, L — oo, the Hamiltonian on each infinitesimal time interval can be regarded
as constant [125].

Ud(tr—1,tx) = T exp (—z‘/tk dtHs(A(t — y)))

tk—1

— exp (—iHs(A(T — v))AY), (B-8)

where t, = (t, — tx_1)/2 and At = t;, — ty_;. Evaluating the Hamiltonian at a single
time serves to remove the time ordering operator in each interval. Replacing the matrix
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elements in the first set of integrals of equation (B-7), replacing the Hamiltonian explicitly
and recovering the h dependency:

]

(o U (01010 1) = (ol exp s\ = 1)) ) o)

= (zx| exp (—% (% + V(A — V),X)) At) |zk_1)

~ (23] exp (J%tT) l25_1) exp (—%V(A(z‘k - V),xk)) . (B9)

where T = % represents the kinetic energy of the system. The approximation from the
second to the third line is valid up to order O <;‘é—22> with o = (7 —1,) (since here At = 72)

and the first correction term is proportional to the commutator 1[V,T] [126]. This term
vanishes in the limit At — 0 (K — oo) [125]. The integral in the kinetic term can be
written as a familiar Gaussian integral inserting an identity in the momentum basis,

iAt iAt P?
(oo (=31 ) o) = [ vl lesw (=537 ) boncs)

1 1 1At
=57 /dp exp (ﬁp(xk — 33k1)) exp (—?T)
[ M iM ,
~ V 2rnine (QhAt (2 = 2-1) ) ’ (B-10)

where the identity (z|p) = \/217716%1”” was used and the integral was solved using

0 ) T b2
/ exp(—ay” + by)dy = —exp | o),

with @ = 28 and b = £(z), — z_1). Replacing eq. (B-10) into (B-9) yields:

2Mh
M At (M _
(x| Ug (tho1, th) |op—1) = 4/ 5miAg &P ( - (2At2 (wp — 2p_1)® = VAE - 1), l‘k))> :
(B-11)

Similarly, for the matrix elements in the second set of integrals in equation (B-7)

_iad M iAt (M
fle 3000 g =\t (58 (aatel — ah )= VOO ) ).
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Replacing equations (B-11) and (B-12) into (B-7):

K+ L+42
2

K,L—00 2mihdt

exp (% Z (2%2 (zp — 21)? — V(NE — V),l‘k)> At) X

exp (% S (QﬁQ (2] — 7l ) — V(A(O),x;)) At’) (B-13)

Note that the summations in both exponentials correspond to Riemann summations when

. M

the limit is evaluated [125], e.g.

K
) M N T+v
1;1_120 2 <2At2 (p — 2p_1)® — VAE — 1), xk)) At — /V dtLIN(t —v), 2 (B-14)
where = := z(t) represents the path over which the integration is performed and the Lan-

gragian of the system is identified as

dz

LIND), 2] = % (%) VM), 2], (B-15)

Baring this in mind, equation (B-13) can be cast as a path integral [124, 13]

(27| UE(0,7)e  WHsOO) 3.y — / Dz exp (% / ™ dtLINt — y),a:(t)]) exp (% /0 ’ dtﬁ[A(O),x(t)])

(B-16)
where the path integration is performed as
K+L+2
: / / M ?
Dz = K,lll,riloo dz, [ dxy---drg [ dxy---dx) P (B-17)

A similar procedure can be followed for the path evolving backwards in time in the integral
of equation (B-1),

(il USe™ 5D Jyp) = ((yyl e OUs Jys))”

- [ e (4 [Catenwruen)ew (-5 [ acne.uw)

In this case, the time shift is done over the exponentiated Hamiltonian term rather than on
the evolution operator.
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Defining the following actions:

St = [ decipo.u(o)L (B-18)
SVa] = / LN v), 2 ()] + /0 " aLIN0), 2(1)], (B-19)
Ssl = sl + [ deen).pio) (B-20)

the CF of work for the TPM scheme can be written as [13]

XEEM(y) = / dridy;dx pdy6(xp — yy) / Dz / Dy*
po Y (i, yi) exp (% (S7[z] - SS[y])) (B-21)

Remember that the classical functional of work is given by (2-28).

Computing the partial derivative of the action given by equation (B-20) with respect 7 yields
to a similar expression in the quantum regime:

T+v
5 Silel = g Slal 4 5 [ de LR alt)

= L 2]+ LN, 2l 4] = £+ [t L), o)
= £p.atr 4] - 5 [ deViE. e ) (B-22)

where the Leibniz rule to derive under the integration sign was used,

o [ 0 o M@ 9
— t)dt = b(z))=—b(x) — — dt— t B-23
b [ H 0= S b)) — F ) o)+ [ g, (329
and the change ¢ — t' + 7 was performed in the third line. Note that since the integra-
tion limit do not depend on 7 anymore, the partial derivation and the integration sign are
interchangeable. Applying the fundamental theorem of calculus and the chain rule to the
potential inside the integral in equation (B-22)

VIA(), 2(t' + 7)) = /0 dt%V[A(t),:c(t’ 1)
_ /0 ' dt)\(t)%(t)vp\(t), ot +1)). (B-24)
Replacing this into (B-22) leads to
9 Gua] = LINT), (7 + 1)] — v-2 WPV, (B-25)

or or
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where the work functional for the TPM scheme is defined as [13]
WM / Cdt / " A0 =2 VAW, 2t + ). (B-26)
Noting that 25Y[z] = L[A(7), (7 + )] and using equation (B-25), the following identity

can be proven [13],
S¥[e) — SEla] = yWIPM[g) (B-27)

Thus, equation (B-21) can be rewritten in terms of the quantum work function as

X?M(y) ::/dmfdyfé(a:f—yf)/Da:/Dy*

gt exp (5 (85l = S50 e (WD) B2y



C. Appendix: Quantum
microreversibility principle

As in classical mechanics, the laws of motion in quantum systems are invariant under time-
reversal transformations. Take for instance the Schrodinger equation (taking h = 1)

1
2m

i0(r,t) = { V2 + V(r)} P(r,t). (C-1)

Consider the change t — —t and take the complex conjugate of both sides
1
00070, = |59+ VD) o) ()
m

By comparing (C-1) and (C-2) one notes that t,.,(r,t) = ¥*(r,—t) is a solution of the
Schrodinger equation as well, meaning that it is invariant under time reversal transforma-
tions just as Newton’s laws of movement.

Just as in the classical case, time-reversion in quantum mechanics implies a change in the
sign of momentum; this property leads to the commutation relations that defines the time-
reversal operator (TRO). Consider for instance a spinless particle and define the TRO © as
an operator that transforms the position operator r into r and the momentum operator p
into —p, such that

Oref =r, Opo’ = —p. (C-3)

Since p is a pure imaginary operator, the TRO must satisfy that ©: = —i©. Therefore,
it must be an anti-unitary operator. In the simple case of a spinless particle, the TRO
corresponds to the complex conjugate operator K = KT [104]. From the definition of angular
momentum it is easily shown that

OLO' = —L, (C-4)

which means that © anti-commutes with angular momentum operators and in consequence
commutes with rotation operators [104]. Since the spin is a particular angular momentum,
it must transform anti-unitarily under time reversal transformations.

If we consider now a particle with spin s, the TRO must satisfy

OsO' = —s, (C-5)
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such that (C-4) holds for the total angular momentum J. Remembering that the spin
components in a basis {|s,,1),|s., )} are given by the Pauli matrices and that the only
imaginary matrix is o,, it can be shown that the spin components s; with ¢ = z,y, 2 satisfy

Ks, K =s,, Ks,K=—s,, Ks,K=s,. (C-6)

Note that, up to this point, the complex conjugate operator does not anti-commute with
every component of the spin s. Therefore, it cannot be the TRO for spin particles. This
problem can be addressed by finding an operator 7" such that © = T K (remember that ©
must satisfy (C-3) and (C-4) for any angular momentum).Then 7' = OK and 77 = KOT.
Multiplying the relations in (C-6) by © from the left and by ©T from the right and using
equation (C-4), it is easily shown that

Ts,T' = —s,, Ts,T'=s,, Ts, TN =—s., (C-7)
and for the configuration coordinates
TrT' =r, TpT' = —p. (C-8)

Equations (C-7) and (C-8) correspond to the transformation of variables r, p and s given by
a rotation of the spin alone through an angle m about the y axis Y = e7™®. Summarizing,
the complete TRO for a particle with spin s is specified by[104]

0 = Y.K, (C-9)
that for the case of a 1/2 spin particle reduces to
0 = —io, K. (C-10)

Using the above description of the TRO, the problem of of quantum microreversibility can be
addressed. Consider a closed quantum system described by the time dependent Hamiltonian
H(A(t)), where A(t) is a time evolution protocol driving the system. The objective is to find
a way to relate the quantum trajectories given by the forward evolution protocol A(¢) and
the initial thermal state in terms of the backward protocol A(t) = A(7 —t) and the final state
of the system. This can be done by discretizing time in the interval [0, 7] and writing the
time evolution operator U(0, t; :\) as a time ordered product for the backward protocol [14]

U, 7—t; 5\) — lim e tHAE-Nee e_iH(:\(O))E, (C-11)

N—o00
where € = t/N denotes the time step. Multiplying by ©T from the left and by © from the
right, using the fact that © must be an anti-unitary operator (i.e. i = —i© and OO = 1)

and assuming that the Hamiltonian commutes with © at all times ([H, ©] = 0)

@TU(O, T—t: 5\)@ — lim Ofe AWt~ tHANete))e .. 9@t~ tHAT—))eg@Te—i(A(T))eg
N—oo

— lim HOWe)e iHA(Nete)) | JiH(A(T))e
N—oo
= lim [e_iH(/\(T))E e e_iH()‘(NE'i‘E))e—iH()\(NE))e}T

N—oo

=U(t, ;N =U(r,t; \). (C-12)
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Rewriting the evolution operator on the right hand side as
U(r,t;\) = U(0,; \)U(7,0; ) = U(0,£; MU (0, 75 M), (C-13)
equation (C-12) can be casted as
U(0,t;\) = U0, 7 —; \)OU (0, 7; ). (C-14)

Equation (C-14) corresponds to the quantum version of the MRP in terms of the time
evolution operator. This can be seen by applying this evolution operator to an initial pure
state |7) and multiplying by © from the left

OU(0,t; ) |iy =U (0,7 —t; \)OU (0,75 N\) |7) (C-15)
which can be written in terms of the final state, as |f) = U(0,7;\) ),

where I defined [¢);) = U(0,; A) |i). Note that equation (C-16) describes the inverted evolu-
tion of the state [i;) starting from the final state | f) rather than from the initial state |i) and
properly inverting momentum due to the action of the TRO, thus describing the backward
evolution of the system.
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