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Resumen

Titulo: Descomposicion del Operador Laplace-Beltrami sobre Variedades Rieman-
nianas

En este trabajo estudiamos las condiciones geométricas requeridas sobre una variedad pseudo-
Riemanniana M para garantizar la existencia de soluciones de una ecuacion diferencial parcial de
segundo orden planteada sobre M. Seguimos de cerca las ideas principales expuestas en [3], donde
las consideraciones se llevan a cabo en presencia de una métrica Riemanniana y se usa la descom-
posicién del operador Laplace-Beltrami dada por Helgason en [14]. A pesar de que en el caso
indefinido la geometria de la variedad cambia significativamente y hay varios obstaculos a los que
prestar atencion, las condiciones para los resultados de Helgason se pueden encontrar naturalmente.
En vista de esto, consideramos M como una variedad Lorentziana globalmente hiperbdlica, pues
en este contexto se puede identificar facilmente una subvariedad unidimensional ¥ transveral a las
orbitas de una accion de grupo dada. Esto significa que M estd dotada de una accién polar y asi
la ecuacion se puede reducir sobre ¥ como en el caso Riemanniano. Entonces las soluciones se
obtienen de tal manera que resultan ser constantes a largo de las érbitas de la accion. Por ltimo,
proponemos una extensién de nuestras consideraciones a productos warped Lorentzianos.

Palabras clave: variedades con métricas indefinidas; problemas de existencia para EDPs;

operador de Laplace-Beltrami; acciones polares.

Abstract

Title: Decomposition of the Laplace-Beltrami Operator on Riemannian Manifolds

The goal of this work is to study the geometric conditions required on a pseudo-Riemannian
manifold M to guarantee the existence of solutions of a second-order partial differential equation
posed on M. We closely follow the basic ideas in [3], where the considerations are carried out in
the presence of a Riemannian metric and it is used the decomposition of the Laplace-Beltrami
operator given by Helgason in [14]. In the indefinite case, the geometry of the manifold changes
significantly and there are various pitfalls to watch out for. However, conditions for Helgason’s
results, in a certain sense, can be naturally set. Hence, we consider M as a globally hyperbolic
Lorentzian manifold because a one-dimensional submanifold ¥ transversal to the orbits of a given
group action is easily recognisable. This means M is endowed with a polar action and thus the
equation can be reduced on X as in the Riemannian case. Then the solutions are obtained in such
a way that these are constant along the orbits of the action. Finally, we propose an extension of
our considerations to Lorentzian warped products.

Keywords: manifolds with indefinite metrics; existence problems for PDEs; Laplace-Beltrami

operator; polar actions.
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1 Introduction

Differential operators are widely studied in Mathematics and their generalization to manifolds,
rather than to Euclidean spaces, implies a geometric richness for their study from several points
of view. One of the aforementioned points of view consists of studying them as invariant objects
under an action of a topological group. We then consider differential operators defined on a pseudo-
Riemannian manifold equipped with an action of a isometry group. Hence, such an operator is
assumed to be invariant under isometries. In this specific setup, we focus on a differential operator
defined in terms of the chosen pseudo-Riemannian structure: the Laplace-Beltrami operator. For
instance, the Laplace-Beltrami operator on R is invariant under orthogonal transformations.

In this text, we study the geometric assumptions required to guarantee the existence of solutions
of a second-order semi-linear problem posed on a pseudo-Riemannian manifold M and involving the
Laplace-Beltrami operator. The notion of pseudo-Riemannian manifold extends that of Riemannian
manifold by relaxing the requirement of positive definiteness. Our analysis is inspired by and closely
follows that of Becerra, Galvis, and Martinez in [3]. In the aforementioned reference, M is supposed
to be a Riemannian manifold provided with a polar action of a compact group H of isometries and
it is shown the existence of constant solutions along the orbits of the given group action. The
submanifold ¥ transversal to the action is assumed to be one-dimensional. This allows to reduce
the problem to a one-dimensional problem posed on ¥ using the formula of the radial part of the
Laplace-Beltrami operator given by Helgason in Theorem 3.2 in [14]. Existence and properties of
solutions to the reduced problem are obtained by Theorem 1.1 in [25].

In our work, we follow a similar course. Nevertheless, additional conditions are necessary because
in the indefinite case the geometry of the manifold changes significantly. Despite this, we can weaken
the condition that the acting group of isometries H is compact and suppose more generally that
it is closed. The reason for this chosen assumption is discussed shortly. We also choose to limit
our considerations to a Lorentzian context because adapting the treatment of the problem to this
case turns out to be more natural. Furthermore, Lorentzian Geometry has been as studied as
Riemannian Geometry and this makes it easy to compare and contrast the results and techniques
of the second one to those of the first one. The references which inspired our approach to the
subject were [5, 8, 10, 14, 21]. Lorentzian manifolds are important in applications of General
Relativity because describe mathematically the space-time. They are treated from the viewpoint
of Differential Geometry and their study lies specially in three fundamental topics: geodesic and
metric completeness, the Lorentzian distance function, and Morse index theory. We deal with two
important examples of space-times: Minkowski space-times and Robertson- Walker space-times.

We give now a more precise description of the conditions required by us. Since the (geodesic)
completeness of a Lorentzian manifold does not guarantee the existence of a maximal nonspacelike



geodesic segment between any causally related pair of points, we assume that the manifold M
is globally hyperbolic, see [5]. In fact, C. Bar, N. Ginoux and F. Pfaffle give a very complete
understanding of wave equations on this class of manifolds in [8]. On the other hand, dealing with
the Minkowski space RY, it is not possible to find polar actions of compact groups whose transversal
submanifold is one-dimensional. But some results in [1] assert that the action of any closed group
does imply this.

It was pointed out by Helgason that Theorem 3.2 in [14] remains true on a pseudo-Riemannian
manifold, provided two additional conditions are satisfied: 1) each orbit under the action of H is a
nondegenerate closed submanifold of M and 2) each isotropy subgroup of H is compact. It is well
known that both closedness of the orbits and compactness of isotropy subgroups are a consequence
of the manifold being equipped with a proper action. In [3] this condition is superfluous because of
a compact group always acts properly. However, orbits whose induced metric is degenerated may
occur. On each of them, a tangent vector is orthogonal to itself, then for reasons of dimensionality
a polar action could not be considered.

Lorentzian examples that we use to describe the geometric treatment given to the Equation
(5-1) showed to come from a broader class of pseudo-Riemannian manifolds, including products,
called warped products. In our discussion of warped products we use Lorentzian warped products
whose metric is defined on a product manifold M = I x N, with I being a (possibly infinite)
open interval in R% and N a isotropic Riemannian manifold. Robertson-Walker space-times are
modeled geometrically as those spaces which become of non-constant curvature. These space-times
are foliated by a special set of spacelike hypersurfaces such that each hypersurface corresponds to
an instant of time, see [5, Chapter 5]. A study of the basic geometric properties of M indicated
that generalized polar coordinates parameterize also this space and thus the solution method to
semi-linear problem can be successfully replicated in this context. This suggests that our analysis
is more general than that developed by Helgason on isotropic manifolds and that developed by
Galvis et al. to find solutions to the Equation (5-1).

We organise the different chapters as follows. In Chapter 2, we explore from scratch the collection
of notions and basic results on pseudo-Riemannian Geometry useful for the development of our
work. A remarkable goal of this part is to pay particular attention to the basic differences between
pseudo-Riemannian Geometry and Riemannian Geometry. With a view to setting the properties of
the Lorentzian spaces that concern us, in this chapter we also define global hyperbolicity, Cauchy
surfaces, hyperquadrics, warped product spaces, and isometry groups.

In Chapter 3, we define quickly proper actions, isometric actions, and polar actions. In addition
we explore substantially the integration theory and invariant measures on locally compact groups.
This topic turns out to be purely technical for our purposes. Chapter 4 introduces the Laplace-
Beltrami operator and is a summary of Helgason’s results aimed at describing the radial part of
the Laplace-Beltrami operator. Finally, in Chapter 5 we study with all the previous material the
semi-liner problem on globally hyperbolic Lorentzian manifolds and Lorentzian warped products.



2 Generalities on Pseudo-Riemannian Geometry

The topics dealt below are about differential manifolds endowed with a pseudo-Riemannian metric
structure. This means a smooth assigment of nondegenerated symmetric bilinear forms on tangent
spaces. For the sake of self-completeness of our exposition, we introduce in this chapter definitions
and main results of Riemannian and pseudo-Riemannian Geometry as well as establish our geo-
metric context and notations for later use. A deeper treatment and proofs can be revised in O’neill
[21], do Carmo [11] and Beem and Ehrlich [5], our principal references.

2.1 Smooth Manifolds and Connected Definitions

Let M be a Hausdorff and second countable topological space with the property that each point
p € M has a neighbourhood U homeomorphic to an open subset O C R". Then, owing to the image
by ¢ of each point ¢ € U is a point in R”, we can associate an n—tuple of real numbers to g:

o(q) = (21(q); - - -, 7n(q))-

This n—tuple is called local coordinates at ¢ and ¢ is called a coordinate map. We shall denote
local coordinates on any U C M as (x1,...,x,) or (x;) depending on the context. Also, x1,...,x,
are called coordinate functions defined on U and the pair (U, ¢) is called a local chart. Now, for
two homeomorphisms ¢, ¢ like the ones above, consider the homeomorphism

@:@o¢71:0—>6.

Then @ is a map from R™ to R™ described as ® : (®1,...,®,) by n continuous functions ®;. If
for an arbitrary point p € U N U, we write the local coordinates (z1(q),...,zn(q)) with respect to
(U, ) and (y1(q), - .., yn(q)) with respect (U, $), there is a relation

Yi(p) = Pi(z1(q); - - -, 2n(q))

between them. Thus ® describes what is called a coordinate change. We shall say that M is a
smooth manifold of dimension n or simply a manifold, if additionally the coordinate changes are
all diffeomorphisms of class C*°. Regarding the aim of this work, it is appropriate to present the
following simple example.

Example 2.1. [Polar coordinates] By choosing a smooth local parametrization for an open subset
U of S*~!, we can get polar coordinates for R™. Indeed, if such a parametrization is denoted



2.1 Smooth Manifolds and Connected Definitions

by 121 U > U, where U is an open subset on R""!, and we define ¥Rt xU —» R by
\i/(r, WlyeonyWp1) = m/?(wl, ...,wn—1), it is possible to consider P := U1 as a smooth coordinate
map on the open subset ¥(R* x 7) C R™\ {0} owing to the fact that the differential of ¥ vanishes
nowhere. Two classic examples of this are the ordinary polar coordinates in R? and the spherical
coordinates in R3. These have the special feature that the coordinate function r is defined as the

norm of any z € U(R* x U).

Throughout this work, we shall only be dealing with C'**° functions on manifolds, that means
functions f : M — R such that for any local chart (U, ¢), the function fo¢~!:U — R is a C®
function on the open set U C R. The algebra of real valued indefinitely differentiable functions on
M will be denoted by C*°(M). For f € C°°(M) the set

supp f := {p € M|f(p) # 0},

is called the support of f. We shall denote the set of all C*° functions on M with compact
support by C°(M).

For any p € M the tangent space to M at p, denoted by T,M, can be characterized as the
vector space containing all velocity vectors at the point p of curves in M passing through p. Also,
if we consider local coordinates (x;) on a coordinate neighbourhood of p, these will give a basis for
T,M consisting of the parcial derivates %. When coordinates are clear in the context, we shall

frequently use dx; or J; instead of %.

If M is a smooth manifold, a submanifold (or immersed submanifold) of M is a smooth manifold
N that is a subset of M such that the inclusion ¢ : N < M is an immersion, that is, its differential
is injective at each point of V. We shall consider immersed submanifolds because they include
embedded submanifolds as a special case and thus become the more general of the two types of
submanifolds.

A wvector field X on M is an assignment to each point p € M of a vector tangent X, € T,M. A
vector field X acts on any function f € C*(M) as a directional derivative of f, that is, (X f)(p) =
Xpf for each p € M. We say a vector field X is smooth if and only for every smooth function f on
M, the function X f is smooth on M. We shall denote the set of all smooth vector fields on M by

If X,)Y € X(M) and f € C°°(M), it makes sense to consider the functions X (Y f) and Y (X f)
and define the function [X, Y] from C*(M) to C*°(M) sending each f to X(Y f) — Y (X f). It is
known [X,Y] is a smooth vector field on M called the bracket of X and Y and it defines a map
[,]: X(M)xX(M) — X(M) satisfying the following properties: for alla,b € Rand XY, Z € X(M),

(i) bilinearity

[aX +bY,Z] = a|X,Z] +b]Y, Z

—



2 Generalities on Pseudo-Riemannian Geometry

(ii) anticommutativity
Y, X] = —-[X,Y],
(iii) Jacobi identity
(X, [Y, 2] + [V, [2, X]] + [2,[X, Y]] = 0.

The bracket of vector fields equips the real vector space X(M) with a structure of a real Lie
algebra.

2.2 Pseudo-Riemannian Geometry

Next, we shall introduce a special class of smooth manifolds endowed with a metric structure. To
this end we start by considering some preliminary definitions.

Let V be a finite dimensional real vector space and let g be a bilineal form on V. Then g is called
a scalar product if the following conditions hold:

e g is symmetric; i.e., g(u,v) = g(v,u) for all u,v € V.
e g is non-degenerate; i.e., g(u,v) = 0 for all v implies that u = 0.

A pseudo-Riemannian metric on a smooth manifold M is a correspondence g which smoothly
associates to each point p of M a scalar product g, on the tangent space T, M. In order to give a
coordinate expression of g we take (z1,...,z,), local coordinates on a open subset U of M, then
the corresponding components of g are given by

9ij = 9(0x;,0x;)

and g can be written

g:Zngdmi@dxj,

where ® denotes the tensor product. The notation can be shortened by using the symmetric
product of two 1—forms. If it is denoted by concatenation, the symmetry of g allows us to writte
g as follows:

g= Zgij da'da?. (2-1)

The smoothness of g means each g;; is a smooth function on U. Since g is non-degenerate, at
each point p € U the symmetric matrix (g;;(p)) is invertible and we shall denote its inverse matrix
by (g (p)) (the point will be omitted as long as it is not necessary to specify it). The usual formula
for the inverse of a matrix shows that the functions g% are smooth on U and because of 9ij = Gji
then ¢¥ = ¢* for 1 < i,j < n. Finally the next identity is clear by definition



2.2 Pseudo-Riemannian Geometry

> 995k = 6. (2-2)
j

It is defined the norm |v| of a vector v € T,M to be |g(v,v)|%. A wunit vector u is a vector
of norm 1, that is, g(u,u) = %1. Also, we shall say that vectors v,w € T,M are orthogonal,
provided g(v,w) = 0. Lastly, a set of mutually orthogonal unit vectors is said to be orthonormal
and for n = dim M, any set of n orthonormal vectors in T),M is necessarily a basis for T, M. It is
appropriate to mention now that the matrix of g relative to a orthonormal basis dz1, ..., dx, for
T,M is diagonal; in fact

9(0z;,0x;j) = 6;5¢5, where g5 = g(dxj,0x;) = £1.

There exists a way to distinguish two different pseudo-Riemannian metrics on a manifold M. If
we fix a metric g and a point p € M we can construct an orthonormal basis (e1, ..., ey) for T,M
in such a way that g is of the form

g=—m")? = =)+ T+ (), (2-3)

for some integer 0 < v < n = dim M and where (n',...,7") is the corresponding dual basis,
then this integer v is called index of ¢ and it is equal to the maximum dimension of any subspace
of T, M on which g is negative definite. We shall denote it by ind M.

Definition 2.2. A pseudo-Riemannian manifold is a smooth manifold M furnished with a pseudo-

Riemannian metric of constant index.

We denote a pseudo-Riemannian manifold by (M, g), but we shall use only M if the pseudo-
Riemannian metric is obvious from the context. When v = 0, M is a Riemannian manifold and
g is a positive definitive scalar product, i.e., g,(v,v) > 0 for all v € T,M, v # 0. In the indefinite
case, we highlight when v =1 and n > 2, then M is called a Lorentzian manifold.

Notation 2.3. We shall use (, ) to denote g, then g(v,w) = (v,w) € R for tangent vectors, and
9(X,Y) =(X,Y) € C°(M) for vector fields.

Example 2.4. In the sequel we define the basic examples of pseudo-Riemannian metrics: the
Fuclidean one and the Minkowski one.

i) The Euclidean metric on R™, denoted by ¢, is just the usual inner product on each tangent
space T,R™ under the natural identification

€ T,R", (2-4)

0
(vl,...,vn)ER”%v::Z:viaxip

provided we take on R™ the standard coordinates (z1,...,x,). Then § can be written as:

§=(dz)® + -+ (da")?,
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that applied to vectors v, w € T, R" means

g(v,w) = Zviwi. (2-5)

Note that R™ equipped with this metric is a Riemannian manifold.

ii) Now, let (z1,...,x,) be standard coordinates on R"™. The Minkowski metric on R™, denoted
by m, is defined as follows. Take v, w € T,R" then

n
m(v,w) = —vjw; + (Z ini> 5

=2

by using the identification in (2-4). In coordinates m is written as
m = —(dz')® + - - - + (dz™)?.

Endowed with this metric, R™ is the most important example of a Lorentzian manifold.
Nonetheless, we can define a more general pseudo-Riemannian metric on R™ : for an integer
v with 0 < v < n, changing the first v plus signs in (2-5) to minus gives a scalar product on
each T,R"

v n

(v,w) = — Zviwi + Z vjwy, v,w e T,R".
i=1 j=v+1

This yields a pseudo-Riemannian metric of index v, thus the previous cases correspond to

v = 0 and v = 1 respectively. The resulting manifold endowed with the metric structure

described above will be denoted by R7.

There exists a way to get new pseudo-Riemannian manifolds from old. In the Riemannian case,
immersed manifolds turn out to be a representative example. In fact, if (M, g) is a Riemannian
manifold, the pullback of g by the inclusion ¢ : N — M, i.e., t*g, will be a Riemannian metric on
the submanifold NV of M (see [18]) defined by

(v, w) = (dip(v), dip(w)), v,w € T,N.

For instance, the standard n—sphere of radious r > 0 defined by

S™(r) == {p: |p| =r} C R"*,

becomes a Riemannian submanifold with the metric induced from (R"*!,§). Namely, if Lsn(ry
S™(r) — R™"! is the corresponding inclusion then the Riemannian metric on S"*(r), known as the
round metric, is defined by Lgn(T) g. However, if g is a pseudo-Riemannian metric on M, t*g does
not need to be a metric on N. With this difficulty in sight, the definition of pseudo-Riemannian
submanifold changes a bit.



2.2 Pseudo-Riemannian Geometry

Definition 2.5. Let S be a submanifold of a pseudo-Riemannian manifold (M, ¢g) with inclusion
t: S <= M. If 1*¢g is a metric on S then S, endowed with this metric, is said to be a pseudo-
Riemannian submanifold of (M, g). Moreover, the metric t*g is called the induced metric on S.

As an example of the previous definition we can consider the natural inclusion ¢ : R™ < R™,
with m < n, into the first m coordinates of R™. When we endow the space R™ with the pseudo-
Riemannian metric structure R}, the submanifold R™ becomes a pseudo-Riemannian submanifold
of R}.

Definition 2.6. The submanifold N of (M, g) is said to be nondegenerate if for each p € N and
nonzero v € T, N, there exists some w € T, N with g(v,w) # 0.

For instance, we consider the space R} generated by the canonical basis {e1,...,e,}. We define
the vector subspace V = gen{e; + ez, e3}, so we have that

(e1+e2,e1 +e2) = (e1 +e2,e3) =0,

then V' is a degenerate subspace of RY.

Definition 2.7. Let M and N be pseudo-Riemannian manifolds with metrics gp; and gn. A
diffeomorphism ¢ : M — N is called an isometry if it preserves metrics, that is ¢*(gn) = gas-

The definition explicitly means that (v,w) = (dp¢(v), dpé(w)) for all v,w € T,M, p € M. Note
that the identity map of a pseudo-Riemannian manifold is an isometry. Likewise, a composition of
isometries is an isometry and the inverse map of an isometry is an isometry. In short, the set of all
isometries of a pseudo-Riemannian manifold to itself is a group.

2.2.1 Tools from pseudo-Riemannian Geometry

In the following, we shall introduce briefly a collection of concepts that describe the geometry of the
spaces equipped with a pseudo-Riemannian metric. In general, most of them and the related classic
results are widely known in the Riemannian context and their extension to the pseudo-Riemannian
setup is straightforward.

We shall begin with a way to take directional derivatives of vector fields on pseudo-Riemannian
manifolds. On R?, this can be done naturally. Just consider (z1,...x,) the standard coordinates
on R? and if X, Y € X(R}!), then the natural covariant derivative of W with respect to V' is defined
by

0 0

0z, (2-6)

where W = >~ W;9;. This formula satisfies the properties below.

Definition 2.8. A connection V on a smooth manifold M is a function V : X(M) xX(M) — X(M)
such that
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i) ViviegnoW = fVy, W + gV, W, for f,g € C°(M).
ii) Vv(an + bWz) =aVyWi + bVy W, for a,b € R.
i) Vi (fW) = Yy W + V()W f e O®(M).

Vv W is called the covariant derivative of W in the direction V for the connection V.

As in the Riemannian case, the choice of a pseudo-Riemannian metric on a manifold uniquely
singles out a certain connection. Two additional conditions are enough to do this. If ¢ is a pseudo-
Riemannian metric on a manifold M and V its connection, one such condition is to require that

Vx(V,W) =(VxV,W) 4+ (V,VxW),

for all X, V,W € X(M). In this case V is said to be compatible with g. However the uniqueness
is guaranteed if V is torsion free, that is to say, if it satisfies

ViV — Vv W = [V, W], (2-7)
with VW € X(M). We now enunciate a vital theorem of pseudo-Riemmanian geometry.

Theorem 2.9. [21, Chapter 3, Theorem 11] On a pseudo-Riemannian manifold (M, g) there is a
unique connection V, called the Levi-Civita Connection, that is symmetric and compatible with g.

Given (x1,...,x,) local coordinates on an open subset U of pseudo-Riemannian manifold M,
the expression of the associated Levi-Civita conection V with respect to these coordinates is given
by the Christoffel symbols. These are real-valued functions Ffj defined on U as

Vo,0; = Ffj

O (2-8)

Since [0;, 0j] = 0 and owing to V is free torsion, it follows that Vy,0; = Vy,0; and so Ffj = F;“Z
Using the Kosul formula, it is possible to prove that

1 39 im 8gzm agi j
w2 ;g { ox; + 0z 0xm (2-9)

Example 2.10. The natural connection (2-6) is the Levi-Civita connection of the pseudo-Riemannian

manifold R? for every v = 0,1,...,n. By definition of then metric,
-1, for1<j<v,
9i5 = 51‘]‘6]', where &5 = (2—10)
+1, forv+1<53<n

and by the formula 2-9, Ffj =0 for all 1 < 4,7,k < n because the g;js are constant.
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Two concepts associated with connections are geodesic and parallel transport. To address them,
it is convenient to mention that we shall always consider smooth curves and so simply say curve. A
vector field along a curve o : I — M, with I C R an open interval, is a smooth map V : I — TM
such that V(t) € Tot)yM for every t € I. The space of vector fields along « will be denoted by
X (). The most representative example of a vector field along a curve « is clearly its velocity vector
& € Ty )M for each t. Now we can restrict the notion of covariant derivative of vector fields along
a differentiable curve.

Proposition 2.11. Let o : I — M be a curve in a pseudo-Riemannian manifold M. Then there
DV

exists a unique correspondence V' — = from X(a) to X(a), called the covariant derivative of
V along «, such that
i) D(V+w) =LY+ B
i) %( fv)= Z—J;V +f % where f is a differentiable function on I.
iii) Y = V4Y, where t € I and V(t) = Y (a(t)).

Furthemore,

) L(Vi, Vo) = (B V) + (1, 22).

If (x;) are local coordinates on M we denote 7; by z; o~y, such that v(¢) = (y1(t),. ..,y (t)) and
V(t) = >_1 Vi(t)0i|y (1), the covariant derivative will have the representation

DV Vi -
DV _ ) Ve sk g, 211

With this in mind, geodesics are nothing but curves with zero acceleration both in Riemannian
geometry and pseudo-Riemannian geometry.

Definition 2.12. Let (M, g) be a pseudo-Riemannian manifold, I C R be an open interval and
~v: 1 — M, be a curve. Then ~ is said to be a geodesic if its velocity vector field satisfies

D4
— =0.
dt

In local coordinates, if we write the components of v as above, it will be geodesic if and only if

4D T =0, (2-12)
6

fork=1,...,n.

Observe that (2-12) is a system of second-order ordinary differential equations and it follows
from the existence and uniqueness theorem that, for any given point p € M and any given tangent
vector v € T, M, there exists a unique geodesic v : I — M such that y(0) = p and 4(0) = v.
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Besides, I is maximal in the sense that if a : J — M is a geodesic with &(0) = v then J C I and
a = 7|;. A geodesic with largest possible domain is called mazimal geodesic.

Definition 2.13. Let M be a pseudo-Riemannian manifold and + : I — M be a maximal geodesic
in M. Then M is said to be geodesically complete -or merely complete- if I = R.

Let M be manifold with V its associated connection. A vector field V' along a curve « is said
to be parallel along v (with respect V) if % = 0. By using Christoffel symbols and the previous
local coordinate representation for -y, this means that

Vk(t) = _‘G(t);yi(t)rfj(fy(t))v k=1,...,n.

Note that a geodesic can be characterized as a curve whose velocity vector field is parallel along
the curve. In addition, a distinguished fact about parallel vector fields is that every tangent vector
at any point on a curve can be uniquely extended to a parallel vector field along the entire curve.
Actually, since the equation above is equivalent to a system of linear ordinary differential equations,
the next theorem guarantees the statement.

Theorem 2.14. For a curve v : I — M, let a € I and v € T, (,) M. Then there is a unique parallel
vector field V' on v such that V(a) = v.

According to the theorem above, if b € I then the function

Pb(~y): T,M — T,M
sending each v to V(b) is called parallel translation along v from p = ~(a) to g = ~(b). We
highlight not only this function is an isomorphism but also an isometry (see [21]).

We recall now parallel translation motives the notion of curvature. Because of several of our
future considerations will depend on this, we make a brief introduction of this notion.

Definition 2.15 (curvature). The curvature R of a pseudo-Riemannian manifold M with Levi-
Civita connection V is a correspondence that associates to every pair X,Y € X(M) a mapping
R(X,Y):X(M) — X(M) given by

R(X,Y)Z =VxVyZ -NyVxZ —-Vixy|Z
for all vector fields X,Y and Z.
Example 2.16. By definition, it is clear that if M = R}, with 0 < v < n, then R(X,Y)Z =0 for

all X,Y,Z € X(R}}). Indeed, if the vector field Z = ) Z;0; is given in standard coordinates of R",
we obtain

VyZ=(YZ,...,Yz),



2.2 Pseudo-Riemannian Geometry

hence

VxVyZ=(XYZ,...,XYZ,).
By similar computation for VyVxZ and using the definition of [X, Y], the assertion follows.

Just now, we define the sectional curvature which completely determines R. For ease of notation,
if we consider vectors v, w € T, M then we denote by Q (v, w)

(v, v)(w, w) — (v,w)2.

If II represents a two-dimensional subspace of T, M generated by an orthonormal basis {v,w},
Q(v,w) will be positive if g|r1 is definite, or negative if it is indefinite. In the next definition we
consider R as a function on tangent vectors of the same tangent space.

Definition 2.17. Given a point p € M and a two-dimensional subspace II C T),M, the real number

(R(v, w)v,w)
Qv,w)

where {v, w} is any basis of II, is called the sectional curvature of Il at p.

K(v,w) =

It is a fact that the last definition does not depend on the choice of the basis v, w for II. On
the other hand, also it can be proved the knowledge of sectional curvature for all two-dimensional
subspace of T),M determines the curvature R completely. The reciprocal is always true by definition
(see [11], [21]).

We shall say a pseudo-Riemannian manifold M has constant curvature if its sectional curvature
K is a constant function on the set of all nondegenerate tangent planes to M. These manifolds will
be of utmost importance to us. For the nonce, we claim R} is flat, that means K is identically
zero. It follows from Example 2.16.

Just as it happens in R", setting nice coordinates on a manifold simplifies calculations and ex-
pressions which depends on these. For example, let us think about rectangular and polar ones,
which are mostly used in multivariable calculus. In what follows, we shall mention how the tangent
space, being identified with R™, induces naturally such coordinates on a manifold. First, we give
an essential definition.

Definition 2.18 (Exponential map). Let M be a pseudo-Riemannian manifold, p € M, v € T, M.
The map

exp, :Vp = M
v = Y(1),
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where v, is the geodesic with v, (0) = p, 7,(0) = v and V,, := {v € T, M : v, is defined on [0, 1]} is
called exponential map of M at p.

In general, the exponential map is only locally defined. A point ¢ € M is image of v € T,M by
exp,, if p and ¢ are joined by the geodesic that goes in direction of v for a unit time. On the other
hand, if we fix A € R and define the geodesic t — 7, (At), its initial tangent vector is Av,(0) = Av.
Hence vy, (t) coincides with ~,(At) for all A and ¢ where the both are defined. So that, it is clear
that

expp(tv) = (1) = 70 (1) (2-13)

The reason why it is possible to use the exponential map to define coordinates in M is given by
the following theorem.

Theorem 2.19. The exponential map exp, maps a neighborhood of 0 € T;,M diffeomorphically
onto a neighborhood of p € M.

Proof. By identifying To(T, M) with T, M itself, the goal is to show that the differential map

d expy : To(T,M) ~ T,M — T,M

is the identity map and hence, it is nonsingular. Then the assertion is a consequence of Inverse
Function Theorem. To compute d exp,(0)(v) for an arbitrary vector v € T, M, we take a curve a
in T, M starting at 0 such that &(0) = v. The curve given by a(t) = tv is convenient and this yields

d exp,,(0)(v) = d exp,(0)(&(0)) = (exp, °@)'(0) = 4(0) = v,
by the equality (2-13). O

A consequence of Theorem 2.19 is the possibility of using the exponential map to define coordin-
ate maps for M at least locally. To enter into details we consider an orthonormal basis {eq, ..., e}
of T,M at the fixed basepoint p € M, then if v € T,M, we denote its components with respect to
this basis by (v1,...,v,) and obtain a map

e:T,M — R"

2-14
v=> vie; — (V1,...,0p), ( )

that identifies T, M with R", as well as gives Euclidean coordinates to T,,M. Since there exist
a neighborhood U of p and a neighborhood V of 0 € T),M which are diffeomorphic via exp,), it is
called normal coordinates (x1,...,x,) on U to those defined on M by the chart

(@oexpgl,Z/{). (2-15)
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This means that such coordinates assign to any point ¢ € U the coordinates of exp, 1(q) with
respect to {eq,...,e,}, that is

€] oexpljl(q) = (z1(q), - ,zn(q))-

Usually U is called normal neighbourhood of p and it can be proved that this uniquely determines
the neighbourhood V, (see [21]). Normal coordinates have nice properties. For example, when
considering {f1,..., f*}, the dual base to {e1,...,e,}, we have

T; 0 exp, = fe.

So that if v € T, M, we write v = ) v;e; and since exp,,(tv) = v, (1),

zi((t)) = @i 0 expy(tv) = f'(tv) = tf'(v) = tu;.

As a consequence, the geodesic v, starting at p with initial velocity vector v is represented in
normal coordinates by the radial line segment

Yo(t) = (tvr, ..., toy), (2-16)

provided that =, stays within &/ and so 7, is said to be radial geodesic. Some common calculations
with coordinates and the geodesic equation (2-12) also show that g;;(p) = d;;¢; and ’yfj (p) =0 (see

[21]).

Example 2.1 describes the polar coordinates for R™ and now we denote them by (r,w), where
r € (0,00) and w = 1[)((4)1, ...,Wn_1) parametrizes the unit sphere S*~!. Let (M, g) be a pseudo-
Riemannian manifold, p € M and let U be a normal neighbourhood of p. Given a choice of polar
coordinates for R \ {0}, we can obtain a coordinate map P : T,M — Rt x U via © again, where

U is an open set of R*1:

R\ {0} —£>R* x U

eT )
P=Po©
,M

with P as in the example. Therefore every point w € T,M \ {0} such that |w| # 0, can be written
in polar coordinates as w = 1, - v, where r,, = |w| (with respect to pseudo-Riemannian metric)
and vy, is the unit vector w/|w| of T,M having the coordinates (wi,...,wn—1). The appropriate
composition of P with exp, ! defines the polar normal coordinates on a open set U \ {p} C M. By
definition, for each point ¢ € M close to p and with coordinates (r,w), the radial distance r is the
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geodesic distance from p to ¢ and the polar angle w is the angle at p of the corresponding shortest
geodesic curve connecting p and q.

For p € M, we put

Ve(0) ={v e T,M : 0 < |v| <€},

where the radius € is measured with respect to the norm defined by g,. In what follows we shall
call geodesic ball to the image set exp,(Vc(0)) and geodesic sphere to exp,(9V (0)) as long as € > 0
is such that exp, is a diffeomorphism on an open set of T,M containing V'(0). We shall denote
these sets by Be(p) and S(p) respectively. Note that for all » < ¢, S,.(p) is a submanifold of M.
Theorem 2.20 below is a geometric statement which asserts the transversality between geodesics
spheres and their radius, analogous to the case of the ordinary Euclidean spheres.

Theorem 2.20 (Gauss’ Lemma). Let U be a geodesic ball centered at p € M. Then every geodesic
passing through p intersects the geodesic spheres in U orthogonally, (i.e., the velocity vector of the
geodesic at the point of intersection is orthogonal to the tangent space to the geodesic spheres).

exp,

Figure 2-1: Gauss’ Lemma

Proof. Let ¢ € U and let X € T,M be a vector tangent to the geodesic sphere through ¢q. We
recall that exp,, is a diffeomorphism onto U then there exist a vector v € T}, M such that ¢ = expp(v),
and there exists a vector w € T,,(T,M) ~ T, M such that X = (D, exp,)w. If we define r = |v]g,
note that v € 9B, (0) and w € T;,(0B,(0)). Now, let v : [0,1] — M be the geodesic from p to ¢ with
initial conditions v(0) = p and 4(0) = v, then 7(t) = exp,(tv). Our goal is to prove that X and
4(1), the velocity vector of 7 at ¢, are orthogonal.

Choose a curve o : (—¢,€) = T, M such that 0(0) = v, 6(0) = w and |o(s)| = r for all s € (—¢,¢).
Because exp,, v is defined, we can considerer I' : (—¢,€) x [0,1] — M given by
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['(s,t) = exp,(to(s)).

Observe that I'(0,¢) = () and that (since exp, maps the curve ¢t — to(s) in T,M onto
the geodesic c,(s) in M with initial condition ¢,(,)(0) = o(s)) for each s € (—¢,¢), the curve
[s(t) :=T(s,) is a geodesic in M whose tangent vector at t = 0 is §5(0) = (Do exp,)o(s) = o(s).
Defining

S(s,t) = C;g(s,t) T(s,t) = (Zl;(s,t),

it follows from the definitions that

d
S5(0,0) = T - exp,(0) = 0;
7(0,0) = 4 'o,t) = 4 exp, (tv) = v;
dt |1 dt |1
d d
S(O’ 1) = % F(Sa 1) = % epr(O'(S)) = Xa
s=0 s=0
d d .
T0.)= 4| TO.H= 1| em,t) =),
t=1 t=0

Therefore (S,7) = 0 when (s,t) = (0,0) and (S,7) = (X,5(1)) when (s,t) = (0,1), so if we
show (S,T) is independent of ¢, it turns out

(X,A4(1)) = (5.7)(0,0) = 0.

So, we must verify that %(S, T) = 0. Since each curve I'y is a geodesic,

DT _ D (90
dt  dt\ot) 7

and for all (s,t) € (—e,€) x [0,1],
<T7 T>(87t) = <0’(8),U(5)> — y2

because the length of the tangent vector is constant along any geodesic.

We compute
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0 DS DT

DT
ds’

10

T)+0

¢

A consequence of Gauss’s Lemma is that when M is Riemannian the expression in polar co-
ordinates of the matrix (g;;) of the metric becomes

gi; = | . ,
gww(ra W)

where gy, (r,w) is the (n — 1) X (n — 1) matrix of the components of the metric with respect
variables (w1, ...,w,_1) parametrizing S*~!.

On the other side, when M is a Lorentzian manifold, Gauss’ Lemma implies that the matirx of
the metric described in polar coordinates becomes

-1 0 0

0
gij = . )
Guow (T, W)

where gy, (r,w) is the (n — 1) x (n — 1) matrix of the components of the metric with respect
variables (w1, ...,wp—1) parametrizing the set of points S = {v € R} : |v| = 1}.

At this very instant we introduce a useful notion for purporses of computations. Given a pseudo-
Riemannian manifold M and a geodesic 7 : [a,b] — M, a vector field J along 7 is said to be a
Jacobi field if it safisties the equation

D?J . .
— o+ RO, J0)i() =0, (2-17)
where R is the curvature associated to the Levi-Civita conection of M. This equation can be
written as a system of second-order linear ordinary differential equations, so it has a unique solution

given initial values for J and % at one point [20, Proposition 10.2].
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For metrics with constant sectional curvature there exists an explicit formula for Jacobi fields,
this one expresses a Jacobi field as a sum of scalar multiple of parallel vector fields. To introduce
this result, we make the following definition. Given a curve v : I — M, a normal vector field along
7y is a vector field V' € X(M) such that (V(¢),5(t)) = 0 for each ¢t € I where (t) # 0. We cite [21],
[19] and [17] for the respective proof and treatment.

Proposition 2.21. Let v be a geodesic in a manifold of constant curvature C, and let J be a
normal Jacobi field along ~. Then, the Jacobi equation for J is

D%J
WJFC(% ¥) =0

and if ¢ = |C'(%,4)|"/2, on v there exist V, W, parallel normal vector fields along 7, such that

cos (ct)V(t) + sin (ct)W (1), it C(y,4) > 0,
J(t) =S V() +tW(t), it C(7,%) =0, (2-18)
cosh (ct)V (t) + sinh (ct)W (t), if C{¥,5) <O0.

The next theorem shows how the Jacobi fields are used to compute the derivative of the expo-
nential map.

Theorem 2.22. [26, Proposition 3.4.3] Let v,w € T,M, p € M. Let y be the geodesic exp,(tw).
Then

Dy expy(tw) = J (1),

where J is the Jacobi field along v = 7,(t) such that J(t) = 0 and £.J(0) =

Proof. The derivative of exp, at tv is a map from T}, (T,M) to Texp, (tv)M. Due to Tiy (T,M) =
T,M, it is convenient to consider tw as an element of T},(7,M) for this proof. As it was done in
the proof of Gauss’s Lemma, for (s,t) € (—¢,€) x [0, 1] consider

['(s,t) = exp,(t(v + sw)).

By Chain Rule we obtain

0sI'(5,1) = Dy(yq-sw) exXpp(tw) = Yopsw(t)- (2-19)

Now, define the vector field J(t) = 9,I'(0,¢) and let us see J(t) defined in this way is a Jacobi

field. Firstly note since each curve t — I'(s,t) is geodesic, using the notation in proof of Gauss’

Lemma we have %(s,t) = 0. and taking covariant derivative with respect to s, it is clear that

C?S gtT (s,t) = 0. It follows by [21, Proposition 4.44] and symmetry lemma that:
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DD
££(S,t) =0
D DT
D DT

Evaluating at s = 0, where S(0,t) = J(¢) and T'(0,t) = 4, (t), we get (2-17). Besides J satisfies

the initial condition because of

D D
—J(t) = @Dtv exp,(tw) = Dy, exp, w + t%(Dtv exp,, u)

and thus

D
ﬁJ(O) = Do exp, w = w.

¢

Theorem 2.23. [26, Proposition 3.4.5] Let B,(0) C M be the set B,(0) = {v € T,M|0 < |v| <7}
such that exp,, gives a diffeomorphism of B,.(0) onto its image in M and let ¢ = exp,(tu) € B;(0).

Here u is a vector in T,M and t € (0,r). Let (z1,...,2,) the local normal coordinates of ¢. Then
0 1
= —Ji(t
Oxil, t i),

where J; is the Jacobi field along the curve (t) = exp,(tu) such that J;(0) = 0 and %J 0) =
ei, 1 =1,...,n with {ej,...,e,} an orthonormal basis of T, M.

Proof. Observe that due to Dy, exp,, is invertible, the set

{Dry, expp(el), oy Dy expp(en)} (2-20)

is a basis of T; M. To prove that this is nothing but the local basis {8%1, een %}, we have to
show that, for any smooth function f on B;(0), Dy, exp,(e;) and 6%1_ have the same action on f.

By definition
_ [d
. ds

and according to Theorem 2.22, for the geodesic 7(t) = exp,(tu)

of
8CCZ'

exp,(tu + se;) | f = [Dy exp,(ei)]f,
s=0

Dy exp,(te;) = Ji(t),
where J; is the Jacobi field along v such that J;(0) = 0 and %J(O) =e¢;, fori=1...,n. Hence
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o
* Oxn,

{ailq, q}:{iJl(t),...,ijn(t)}

is the canonical basis of T; M. &

In a pseudo-Riemannian manifold there is a way to define the notion of volume. For this aim,
we recall that for a pseudo-Riemannian manifold (M, g) of dimension n oriented by a collection
{(Uqs ¥a)}aca of local charts, there is a (global) unique up constant nowhere-vanishing n—form
dVy on M called volume element, such that in local coordinates = (x1,...,2,) on any U,, it is
given by

dVylu, = /| det(gf) | dx' A -+ A da™.

Picking a partition of unity {pa}aca subordinate to {Ua}aca, we can define globally dV as
AV =Y pa/g"da’ A+ Nda, (2-21)
acA

where we have used the notation by Helgason in [15]:

o 0 e .
5= (55 ) 7 = |det(g5)]. (222

The volume element allows us to define the integral of a function on the oriented pseudo-
Riemannian manifold M. If f is a smooth, compactly supported function on U, C M then we
set

/ fav, :/ fowaVgTdet ... dx". (2-23)
Ua QP&(UOZ)

Note that the integral above is defined on whole manifold via partition of unity using (2-21).
Besides y = (y1,...,¥yn) are local coordinates on M given by another local chart (Ug, pg) in the
same orientation for M, the change of coordinates F' = gpaocp/gl is a diffeomorphism which preserves
the orientation and represents a change of variables on U, N Ug such that z = F(y). we know that

Oox; O
Z dy; Ox;’

where 0z;/0y; denotes the (4, j)—entry of the matrix JF, the Jacobian matrix of F. Then, due
to linearity of g, the matrix g¥ is related to ¢g® by
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Oz, Oz (m)T <(9x>
.y. = E z —_—, or Yy — €T ,

so that

2
det g¥ = det g* [det <g§>} . (2-24)

Using the change of variables formula for multiple integrals and the equation (2-24), we see that
if f has compact support inside the intersection U, N Ug, we obtain

grdr- N---Ndx" = o, vVgtdr ...dr
VG dat A N dat fowaVadat .. da"
Ua ‘pa(Uﬂt)
:/ fogp[gl\/?\detJF\dyl...dy”
¢ (UanUg)
:/ fows Vady' ... dy"
¢(Up)

= [ fVgvdy' Ao Ady",
Ug

by which the integral (2-23) is invariant under coordinate changes.

In brief, we are able to introduce a functional on C.(M) determined by dV, thanks to relation
(2-24). Previously, we mention that a measure (see [15])on M is a linear mapping A : C.(M) — R
with the property that for each compact subset K C M there is a constant Cx such that

IA(f)| = Ck sup |f ()],
zeM

for all f € C.(M) whose support is contained in K. Saying that A is positive will mean A(f) > 0
whenever f > 0, (in fact, a positive linear map A : C.(M) — R is a measure on M so that in this
context we shall say A is a positive measure.

Proposition 2.24. Let (M, g) be an oriented pseudo-Riemannian manifold and suppose f € C.(M)
satisfying on f > 0. Then [,, fdVy > 0, with equality if and only if f = 0.

The proof basically is to observe that in local coordinates on U, C M, the equation (2-23) always
is nonnegative under the hypothesis f > 0. Therefore the proposition states a volume element (or
any n—form defined on M which does not vanish) give rise to a positive measure as follows. Let us
consider an oriented pseudo-Riemannian manifold (M, ¢) and a local chart (U, ¢) in the orientation
of M as before. Also let us use the notation (2-22) again. Then, for each function f € C.(U,) put

A(f):/(U)(fw—l)(xl,...,xn)\@da:l...dx".
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Because of the integral is now well-defined, A(f) can be extend for all f € C.(M). The resulting
positive measure

A:f—>/Mdeg

is called Riemannian measure on M. In the next theorem we simply identify it with

Vagdzt ... dz".

Theorem 2.25. [15, Chapter I, Lemma 1.2] Let M be a pseudo-Riemannian manifold, oriented
by means of a collection {(Uy, ¥a)}aca of local charts. Let (x1,...x,) be local coordinates on U,
and let g be defined as above. There exists a unique n—form w on M such that

f—>/Mfw

is the Riemannian measure. On U,, w is given by

w=+gdz' A Adz". (2-25)

Recall that if a manifold of dimension n is oriented by a collection of local charts, there exists an
n—tuple of continuous vector fields (V1, ..., V) on all U, such that for each p € Uy, (Vi(p),..., Va(p))
represents an orientation of T, M, (see [18, Proposition 15.6]).

Proof. For any point p € U, we choose any oriented orthonormal basis {X7,..., Xy} of T,M,
that is to say, if

K
a:L’j

= E a;; Xy,
P

then the matrix of change of basis A = (a;;) has positive determinant. Now, we define an
n—form w on M by

wp(X1,. .. Xp) = —. (2-26)

Clearly, w, does not depend on the choice of (X;). So, we compute
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/9 9
gzj_ a$i781:j

> ani X, Z%’Xz>
k

.
> akiar(Xi, X)
z

Il Il
/\ T

=[] =[]

Qi Qg

where the last expression is the (i, j)—entry of the matrix product AT A. Thus

det(g;;) = det(AT A) = det AT det A = (det A)?

and by the positivity, det A = /g. Moreover,

0 0
Wp <8xi,...,a$n> :Zahd "‘amimwp<Xi17~-'aXin)

1 =1 n 0 0
—mdetA—\/g(d:U A+ Ndx )p<8m¢"“’8$n>'

It follows w defined by (2-26) satisfies (2-25). Now, the change variable formula (2-27) below
implies for f € C.(U,)

/fw=/ (foor)(@n, .. an)VGda'---da™,
a SOa(Ua)

so that w gives the Riemannian measure. &

Example 2.26. In the Euclidean space R", standard coordinates for a point x = (1, x2,....2y)
can be expressed in polar coordinates by mean of the formulas

T1 = T COSWo
To = 7 SIN w9 COS W3

T3 = 7 sin w9 Sin w3 COS Wy

Tp_1 =TSinwsy...Sinwy,_1 COSWy,

Ty, =TSsinwy...sinwy,_1 sinw,,
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where r is positive, the angles wy,ws, . . ., w,—1 range over [0, 7| and w,, ranges over [0, 27). Thus,
in polar coordinates (r,wa,ws, ...,wy), the matrix g;; is:
1 0 0 S 0
0 r? 0 e 0
gij = 0 0 r%sin’w; ... 0
0 0 0 .. r2sen?wi---sen?6,_o

It is easy to see that for 2 < 4,5 < n, the resulting submatrix of the one above corresponds
to the round metric of S"~1(r). If we denote by dw, and dw; the volume elements of S*~!(r) and
S™~1(1) respectively given by this metric, then

dw, = " dw.

Now observe that to write the usual volume element on R™ given by du = dx! A --- A dz™, it is
enough to set 0 < r < o0, so

dp =" tdr dw.

Let ® : M — N be a diffeomorphism of manifolds of dimension n and h a pseudo-Riemannian
metric on N. Let dV}, denote the volume element of IN. Then the pullback ®*dV}, defines a volume
element dVg«p, on M and so we can define a Riemannian measure on M by the next change variable
formula

[ fdven= [ (e, secn (2-27)
M N

In fact, for local charts (U, ), (V,9) of M, N respectively and f with support in U, we have
VG =|detd(¢poPoy)oy| Vho® where g = ®*h. Then we apply again the usual change of variable
formula. Note that in particular if ® : M — M is an isometry then g = ®*g. This concludes that
the Riemannian measure is invariant under isometries.

Next, we add that for any compact subset A C (M, g), the integral of constant function 1,

[0
A

is said to be the n—dimensional volume of A and we shall denote it by Vol,(A). We assert
that for a submanifold K of M with k = dim K < n, the n-dimensional volume equals 0. In this
case it is considered the k—dimensional volume Voli(K') of K, which is defined as the measure of
K with respect to the Riemannian measure of the induced Riemannian metric via the embedding
¢ : K — M. Note that Vol (K) is finite if K is compact, (see [22]).
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It is usual take local charts to compute volumes or integrals because the computations reduce
to multiple integrals in R™. For instance, we shall frequently use the local chart defined by the
exponential map. So recall that if M and N are pseudo-Riemannian manifolds with volume elements
dM and dN respectively and if ¢ : M — N is a smooth function then

¢*(dN) = det(TJ (¢)) dM, (2-28)

with J(¢) the Jacobian matrix of ¢. By definition, applying the formula to vectors vy, ..., v, in
T,M gives

dN (dp(v1),...,do(vy)) = det(T(¢))(p)dM (v1, ..., vp).

Provided ¢ is a local diffeomorphism det(7(¢)) is nonvanishing, so that if vy,..., v, is a basis
for T,M, we will get

_ ‘dN(d¢(v1)a s 7d¢(vn))’ )

| det(T(¢))(p)] [dM (vy, ..., vn)|

This expression defines | det(J(¢))(p)| as the ratio of volume elements near p under the function
o.

Now we fix a pseudo-Riemannian manifold (M, g) and a point p € M. Taking ¢ = exp,, restricted
to V;.(0) C T, M such that exp,, gives a diffeomorphism of V;.(0) with its image B,.(0) C M, we can
wonder about the absolute value of the determinant of D, exp, : Ty, (TpyM) ~T,yM — T,M, where
q satisfies ¢ = expp(v). Then it is enough to pick an orthonormal basis in each one of the vector
spaces and the determinant of the matrix representing D, exp, with respect to these bases. The
equation 2-28 says that if dw, and dw, denote the volume elements of B,(0) and V;.(0) respectively
then

exp,(dwy) = det(J) dwy,

where J = J(exp,). We shall use polar coordinates for calculating 7.

Let us fix any vector v € T,M, v # 0 whose representation in polar coordinates is v = r - u,
where u is a unit vector in the direction of v and t € [0,r] with > 0. Let v : [0,7] — M be the
geodesic given by v(t) = exp,(tu). We can complete an orthonormal basis {u,ez,...,e,} to T,M
(related to the pseudo-Riemannian metric) and use parallel transport along 7 to extend it to a
frame {(t), ea(t),...,en(t)} of vector fields. Now we construct Jacobi fields J;(t) for i =2,...,n
along 7 such that J;(0) = 0 and 2%:(0) = e;. It is clear that Dy(expy)(u) = 4(0) = u and also by
Theorem 2.22 we know that

1
Dtu expp(ei) = ;JZ(t)

Then we can write
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det(](expp)( u)) = det[(Dyy expp(u), Dy, Gpr(BQ)), v, Dyy expp(en)]

= det[(3(0), 7 a(1), -, ()]

= Jaet (G, L0, @0, L, L)

t

But note that the expression inside the determinant is equal to

(0, 40) GO, 3 R0) o (), (D)
($2(t),7(t)) <%J2() Fh(t) o (32(8), $Tu (D)

o \

Because the parallel translation with respect to the Levi-Civita connection is an isometry, the
vector 4(t) has the same length at each ¢ € [0,r], which is equal to the length of the vector
4(0) : |5(t)| = |u|. Also, Gauss’s Lemma states that the orthogonality to radial directions, that is

to the direction of u, is preserved. Consequently, we have (§(t), 1J,(t)) = 0 and the matrix in the
right side of the equation above turns to be:

1|0 (), 2(t) - (Sa(t), Jn(t))
21 | : :
0 <Jn(t>7J2(t)> <Jn(t)7jn(t)>

On the other hand, by the Chain Rule §(t) = Dy, exp,(u) and if ¢ = exp,,(tu) is represented in
normal coordinates by (z1,...,x,) then

{ail , } _ {q'/(t), 1J2(t),...,1jn(t)}

will be the canonical basis of T, M using Theorem 2.23. We conclude that under the local polar
normal coordinates (t,u) of g, the volume element at ¢ = exp,(tu) transforms to

9 0
d‘/g:\/det<8x“axj>d:v Aes Ada™ = Jdet(i(t), T;(6) dt A duos

where dw; is the volume element of S*~1(1), regarded as the unit sphere of T,M. Also replacing
in the equation 2.2.1, we get

o
" Oz
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exp,(dwy) = det(J (exp,)) dwy
= et (1), (1) e

_ \/det<JZ-(t), Ji(1)) duw

Example 2.27. For spaces of constant sectional curvature, for instance K = 1,0, —1, it is possible
to compute the ratio of the volume elements of B,.(p) and V;.(0) at ¢ = exp,(tu). By Proposition

2.21, det J(exp,,)(tu) equals (Sitﬁ)nil .1,

(%)nil in the positively curved, flat and negatively curved case respectively ([12]).

2.2.2 Some Geometric Aspects of pseudo-Riemannian Manifolds

The following section is about some geometric differences and facts which arise from consider
specifically a pseudo-Riemannian ambient. The situation changes considerably and there are various
pitfalls to watch out for in this case. For instance, when we pass to Lorentzian metric, ”spheres”
are no longer compact and good analogue for the notion of (geodesic) completeness of Riemannian
manifolds does not exist, even more, the Hopf-Rinow Theorem has no satisfactory generalization.

Recall that a pseudo-Riemannian metric can be described by its index, besides each nonzero
tangent vector can be classified according to the sign of the scalar product. That is, if v € T, M for
(M, g) a pseudo-Riemannian manifold and p € M, v is called timelike, null, spacelike or nonspacelike
whether g,(v,v) < 0,=0,> 0 or <0, respectively. The category into which a given tangent vector
falls is called its causal character. The set C), of all null vectors in T,,M is called the nullcone at p
(Figure 2-2).

A curve a in M is spacelike if all of its velocity vectors &(t) are spacelike; similarly for timelike
and null. An arbitrary curve does not need to have one of these causal characters, but a geodesic
~ always does since * is parallel, and parallel translations preserves causal character of vectors.

Suppose (M, g) a Lorentzian manifold (one whose metric ¢ has index v = 1), thus all of its tangent
spaces are defined to be a Lorentz vector space, that is, a vector space of dimension > 2 furnished
with the Minkowski metric. Each point of a Lorentzian manifold has tangent vectors of any causal
character, so we shall call nonspacelike curve to one whose tangent vectors are all nonspacelike.

Let W be a subspace of a Lorentz vector space V, and let g be the scalar product of V. The
causal character of W is naturally defined. We distinguish three mutually exclusive possibilities for
the restricted product scalar g|y :

1) g|w is positive definite, then W is said to be spacelike.

2) g|w is nondegenerate of index 1, then W is timelike.
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timelike

lightlike

= nullcone

spacelike

Figure 2-2: Location of the causal character in R3.

3) glw is degenerate, then W is lightlike.
In the next proposition, Rv denotes the vector subspace generated by a vector v € V.

Proposition 2.28. If z is a timelike vector in a Lorentz vector space, then the subspace zt =

{v €V :g(z,v) =0} is spacelike and V is the direct sum Rz + 2.

1

The proof given in [21] is simple since Rz is nondegenerate with index 1, hence z— is also

nondegenerate and the direct sum holds. Owing to ind V' = ind Rz + ind 2, we obtain ind 2+ =0

1

and so z— is spacelike.

With this justification at hand, we can generalize the assertion to any vector subspace of a
Lorentz vector space. In fact, W is timelike if and only if W' is spacelike. It analogously occurs
if we reverse the role of the words timelike and spacelike.

A smooth vector field V' on a Lorentzian manifold (M, g) is timelike if g,(V,,V,) < 0 for all
points p € M. If M admits a timelike vector field V' € X(M), then M is said to be temporally
orientable by V. When V is fixed, we shall say that M is temporally oriented by V. In this case,
(M, g) has two distinct time orientations: the one defined by V' and the one defined by —V.

Example 2.29. On the Minkoswki space R, and in general on any Lorentzian manifold, the vector
field which associates either the vector (1,0,...,0) or (—1,0,...,0) at each point is timelike. Then
this defines a time orientation for the manifold.

Let M a Lorentzian manifold temporally oriented by a timelike vector field V. Note that the
timelike vector field V' divides all nonspacelike tangent vectors (and so the interior of each null cone
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C), of M) into two separate classes. A nonspacelike tangent vector v € T,M is said to be future
respectively, past) directed if g,(V,,v) < 0 (respectively, g,(V,,v) > 0). The set
p\Vp p\Vp

D(Vy) = {v € T: (Vp,v) < 0}

is the solid future directed cone containig V),. Then the solid past directed cone contains —V,, and
is defined as

D(~V,) = ~C(V,) = {v € T: (Vp,0) > 0},

From now on M will denote a connected temporally-oriented Lorentzian manifold of dimension
n. At this very instant, we define two causality relations on the points of M. It is standard to write
p K q if there is a future directed timelike curve in M from p to ¢, and p < q if p = ¢ or if there is
a future directed nonspacelike curve in M from p to q. The chronological past and future of p (see
Figure 2-3) are then given respectively by

I"(p) ={q € M:q<p},
It(p)={qe M:p<q}.

I+(0)

nullcone ————=

Figure 2-3: Chronological past and future of 0 € R3.

The causal past and future of p are defined as

J (p) ={qe M:q<p},
Jtp)={qeM:p<gq}.

Prior to one of the main definitions of this section, we mention that a Lorentzian manifold M
is said to satisfy the causality condition if it does not contain any closed nonspacelike curve. Also,
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Figure 2-4: Only the subset As
is a Cauchy hypersurface since,
for instance, the inextendible

timelike curve o does not hit A;
or As (see [7]).

it is said that M satisfies the strong causality condition if for each point p € M and for each open
neighbourhood U of p, there exists an open neighbourhood V' C U of p such that each nonspacelike
curve in M starting and ending in V is entirely contained in U. Obviously, the strong causality
condition implies the causality condition.

Definition 2.30. A connected temporally-oriented Lorentzian manifold M is called globally hyper-
bolic if it satisfies the strong causality condition and if for all p,q € M the intersection J*(p)NJ ™ (q)
is compact.

The globally hyperbolicity has the advantage of being easily identified in many cases. In order
to state a characterization of globally hyperbolic manifolds which we shall significantly use later,
we introduce the following concepts. A curve in a M is called inextendible, if no reparametrization
of the curve can be continuously extended to any of the end points of the parameter interval.
A subset S of M is a Cauchy hypersurface if each inextendible timelike curve in M meets S at
exactly one point (see Figure 2-4). Any two Cauchy hypersurfaces in M are homeomorphic. An
important result of Lorentzian Geometry affirms that a Lorentzian globally hyperbolic manifold is
topologically (although not always metrically) a product R x S, (see [5]). We omit the proof of the
next theorem as it is composed of several parts. In [5], [8] and references therein more details can
be found.

Theorem 2.31. Let M be a connected temporally oriented Lorentzian manifold. Then the fol-
lowing are equivalent:

i) M is globally hyperbolic.
ii) There is a Cauchy hypersurface in M.

iii) M is isometric to R x S with metric —Adt? + g; where 3 : R x S — R is a smooth positive
function, g; is a Riemannian metric on S depending smoothly on ¢ € R and each {t} x Sis a
smooth spacelike Cauchy hypersurface in M.

Example 2.32. In the Minkowski space R?, every spacelike hyperplane {t} x R"~! is a Cauchy
hypersurface. Then we decompose R} = R% x R"! where we consider the metric —dt? + g;, being
g: the Euclidean metric on R"~! which does not depend on t. Hence R7 is globally hyperbolic. In
general, for an open interval I C R and (5, ¢) a Riemannian manifold, a product space I x S with
metric —dt? + g is globally hyperbolic if and only if (S, g) is complete. This applies in particular if
(S, g) is compact. We shall return to this case later.
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It is worthwhile making here a remarkable annotation. According to Hopf-Rinow Theorem
for Riemannian manifolds (see [11, Chapter 7, Theorem 2.8]), any pair of points on a complete
manifold may be joined by a geodesic of minimal length. A Lorentzian analogue arises in the sense
of using the compactness of J*(p) N J~(q) it can be shown that globally hyperbolic manifolds
always contain maximal nonspacelike geodesics joining any two causally related points. This result
and a background related to Lorentzian geometry can be seen in ([5, Chapter 6, Theorem 6.1]) and
[21].

Let M be a pseudo-Riemannian submanifold of a pseudo-Riemannian manifold M. By definition,
each tangent space TpM is a nondegenerated subspace of T, M. Then for each p € M , there is a
well-defined subspace (TPM )t of T,M consisting of all orthogonal vectors to TpM . These vectors
will be call normal to M at p and thus (TPM)J- is the normal space at p. It is clear that the direct
sum

T,M = T,M + (T,M)*

holds and (T, M) is also nondegenerate. A vector field Z € X(M) is normal to M provided
each value Z(p) is normal to M. The set of all vector fields normal to M is often denoted by X(M)*.

A pseudo-Riemannian hypersurface N of M is just a pseudo-Riemannian submanifold of codi-
mension 1. Then the one-dimensional normal subspace (7,N)* has index at most one. Both cases
are summarised as follow.

Definition 2.33. The sign ¢ of a pseudo-Riemannian manifold hypersurface N of M is

e +1 if the index of NpL is 0, that is, (z, z) > 0 for every normal vector z # 0;

e —1 if the index of NpL is 1, that is, (z, z) < 0 for every normal vector z # 0.

Note that in the indefinite case, ind M = ind N if e =1, but ind M =ind N —1if e = —1. It
is now our interest to describe the hyperquadrics of R?+!, the analogous hypersurfaces to standard
spheres of R"*!. As in the Riemannian case, the preimage of a regular value of a smooth real-
valued function is a pseudo-Riemannian hypersurface. Namely, if b is a regular value of a smooth
real-valued function f: M — R, for any a € f~!(b) we have Ker(D,f) = T,(f~'(b)) and owing to
f is submersion dim(T,(f~!(b))) =n — 1. Due to D, f : T,M — TyR = R is a linear functional,
there exists w € T, M such that D, f(v) = (w,v) for all v € T, M. In particular, since (w,v) = 0 for
v e T,(f~1(b)), we have that w € (T,(f~*(b)))*. Also, f is submersion, then D,f is non-zero and
we have that D, f(w) = (w,w) # 0. So w can not belong to T, (f~1(b)). Due to dim(T,(f~1(b))) =
n—1, it span the vector space (T, (f~1(b)))*. We conclude that T, (f~1(b))® (T.(f~1(b)))* = T. M.
It implies that f~!(b) is a pseudo-Riemannian submanifold of M.

Proposition 2.34. Let f be a smooth real-valued function on a pseudo-Riemannian M and let
c be a value of f. Then N = f~!(c) is a pseudo-Riemannian hypersurface of M if and only
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if (grad f,grad f) is > 0 or < 0 on N. In this case the sign of M is the (constant) sign of
(grad f,grad f), and U = grad f/|grad f| is a unit normal vector field on N.

Proof. Since the gradient satisfies

(grad f, X) = df (X) = X(f), (2-29)

it is firstly noted that if (grad f, grad f) = 0 at some point p € N, then grad f(p) = 0 and so dfj, is
not surjective. Conversely, suppose (grad f,grad f) is > 0 or < 0 at each point p € N. If Im(dfy) =
0, (grad f(p),v) = 0 for each v € N, and so grad f(p) = 0 which contradicts the hypothesis.
It follows that df, is surjective and N is a hypersurface by Regular Level Set Theorem (see [18,
Corollary 5.14]). Now, without loss of generality assume N is connected, then the same condition
for grad f ensures that the one-dimensional normal space at each point of N is nondegenerate and
hence T),N is nondegenerate. We conclude N is pseudo-Riemannian. Finally, owing to the fact
that f is constant on M,

(grad f,v) = v(f) = v(flm) =0

for any v € T,,N, so grad f is normal to V. &

For instance the standard n—sphere S"(r) is certainly a hypersurface in R"*!  since for f =
Y(2%)2, we have grad f is zero only at the origin and thus S*(r) = f~1(r?), r > 0. Likewise, there
is an important family of pseudo-Riemannian hypersurfaces in the Minkowski space R?*! that is
defined as it follows. Let g be the smooth function g(v) := (v,v) for each tangent vector v to R?+1,
At each point p € R?T! ¢ gives the bilineal form that defines the scalar product at p. Relative to
standard coordinates,

v n+1
==Y (@) + > ()"
=1 j=v+1

For the vector field P = > z;0; of R}, ¢ = (P, P). Let us take V' € X(R}}), by (2-29) and since
V is compatible with the metric,

(gradq,V) =Vq=V(P,P) =2(VyP,P),

where Vy P =V (see (2-6)). Thus

(gradq,V) = 2(V, P),

and by nondegeneracy of (, ) it follows grad ¢ = 2P. Then we have (grad ¢, grad q) = 4(P, P) = 4q
and by Proposition 2.34, it concludes that for » > 0 and € = +1, Q := ¢ !(er?) is a pseudo-
Riemannian hypersurface of R2*!. The two families ¢ = 1 and ¢ = —1 fill all of R?*! except the
set ¢~1(0), which consists of the nullcone A = ¢~1(0) — {0} and the origin 0. We assert without
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proof that A is diffeormorphic to (R” —0) x S™™* although it is not a pseudo-Riemannian manifold
since there is a vector field of R?*! which is both tangent and normal to A, (see [21, Chapter 4,
Proposition 22]).

Definition 2.35. Let n > 2 and 0 < v < n. Then
(1) The pseudosphere of radius r > 0 in R”*! is the hypersurface
Spr) =q ' (r*) = {p e R} (p,p) =17}
with dimension n and index v.

(2) The pseudohyperbolic space of radius r > 0 in Rﬁii is the hypersurface
Hp(r) = ¢~ (=r?) = {p e R}T] : (p,p) = =%},

with dimension n and index v.

Since on pseudospheres (gradq,gradq) = 472, these have sign +1 and their index in R? is
v. On pseudohyperbolic spaces (grad ¢, gradq) = —4r2, thus these have sign —1 and have index
v — 1 in R}. Of course for v = 0, S{(r) is just the standard sphere S"(r) in Euclidean space
Rg“ = R"!. Then, we claim the only Riemannian manifolds of codimension one, aside from
spheres, in Minkowski space R’f“ are the hypersurfaces Hj'(r). Additionally, it can be shown that
S (r) is diffeomorphic to R x S™™* while H(r) is diffeomorphic to S¥ x R"™". We cite [21] for
this and more facts about hyperquadrics.

In the following example, we shall address our attention to the expression in coordinates of the
metric on the pseudosphere S7(r) induced by the Minkowski metric of the ambient space R}. The
computations for the pseudohyperbolic space Hf(r) are similar, but we shall omit them owing to
in this case the resulting metric is no longer Lorentzian (while the one of the pseudosphere is) and
so it loses interest for our purposes.

Example 2.36. We shall proceed to get a Lorentzian metric on ST as the induced metric via the
inclusion map ¢ : S} — R’f“. Then, we consider a parametrization of S} given by

x1 = rsinh (¢)
x9 = rcosh (t) cos(6;)

x3 = rcosh (t) sin 0 cos (02)

Xpy1 = rcosh (t) cos (01) ...8in6,_1

for suitable choice of the variables ¢t € R, 61, ..., 0,,—1. Thus the metric on ST (r) has the expression:

dh? = —r? dt* 4 r? cosh? (t) ds?, (2-30)

where ds denotes the round metric on the standard sphere S"~1(r). In the literature, it space is
called deSitter spacetime. Note that this pseudo-Riemannian manifold has metric of index —1.
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Warped product spaces are pseudo-Riemannian manifolds arising from interesting topics, mainly
in theoretical physics (see for example [21, Chapter 12]). We shall focus on the case when warped
product metrics are used to construct Lorentzian manifolds.

If (M, g) and (K, h) are pseudo-Riemannian manifolds, there is a natural product metric g on the
product manifold M x K such that (M x K, g) is again a pseudo-Riemannian manifold. By using
any smooth function f : M — (0, 00), which we shall call warping function, we can obtain on M x K
a rich class of metrics, including products. Throught this section, we shall let 7 : M x K — M
and 0 : M x K — K denote the smooth projection maps given by 7(p,q) = p and o(p, q) = ¢ for
(p,q) € M x K.

Definition 2.37. The warped product M x y K is the product manifold M x K furnished with the
metric

g=7"(g) + (fom)®o*(h).

Explicitly, if v, w are tangent vectors to M x K at (p,q), then

g(v,w) = g(dn(v), dn(w)) + f*(p) - h(do(v), do(w)).
If f =1, then M Xy K reduces to a pseudo-Riemannian product manifold. In addition, Lorentzian
warped product spaces can be constructed from products of Lorentzian and Riemannian manifolds.

We only deal with product manifolds such that the first factor is Lorentzian and the second one is
Riemannian.

Example 2.38. i) The metric defined in Example 2.36 allows us to interpreted the pseudo-
sphere ST as a Lorentzian warped product space R x s S"~1, where f(t) = cosh (¢) and the
metric on S”! is the round metric.

ii) In Example 2.32 the Minkowski space was written as R} x R"~! and equipped with the metric
—dt? + g. Clearly it is a Lorentzian warped metric with f(t) = 1.

In order to give some properties of warped products, we define a diffeomorphism ¥ : (M, g;) —
(M, g2) of pseudo-Riemannian manifolds to be a homothety if ¥*(g2) = ¢ g1, for some constant c.
From [5] and [21], we mention that the warped metric is characterized by

(1) For each g € K, the map 7|(M x q) is an isometry onto M.

(2) For each p € M, the map o|(p x K) is a positive homothety onto K, with ¢ = 1/f(p).

(3) For each (p,q) € M x K, the submanifolds 7—!(p) and 0~!(¢) are nondegenerate and ortho-
gonal at (p, q).

(4) If ¢ : K — K is an isometry, then the map ® = 1 x ¢ : M xy K — M x; K given by
®(m, k) = (m, ¢(k)) is an isometry of M x; K.
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(5) If¢p : M — M is an isometry such that foi) = f, thenthemap ¥ = ¢)x1: M x ;K — M x ;K
given by ¥(m, k) = (1»(m), k) is an isometry on M x ¢ K.

Proposition 2.39. The leaves 0~ 1(q) = M x q of a warped product are totally geodesic.

From the geometry of M and K, we can describe that of the pseudo-Riemannian product M x K.
To express this simply we now introduce some terminology. The projections 7w and o allow us “lift”
tangent vector, and so vector fields, from each factor to M x K. For instance, if v € T,M and ¢ € K
then the lift © of v to (p, q) is the unique vector in T(p,q)M such that dm(0) = v. Also, if V € X(M)
the lift of V to M x H is the smooth vector field V' whose value at each (p, q) is the lift of V), to
(p,q). We get the similar definition using the projection o to lift vectors and vector fields on K to
M x K. Despite having different domains, we shall denote tangent vectors, vector fields and their
lifts without tilde.

We can temporally orient a Lorentzian warped product space provided the Lorentzian factor is
temporally oriented. Let (M x; K, g) be as before with the Lorentzian manifolds M oriented by a
timelike vector field V. For p = (m, k) € M x K, consider the isomorphism

Ty(M x5 K) = T,(M x K) = Tp,M x Ty K.

Then, we identify T,,(M x K) with T,, M x T}, K to define the lift of V' to a timelike vector field 1%
on M x K such that ‘7}, = Vjn. Thus we define V at p setting V,, = (V;,, 0;). Note that do(Vp) = 0k
and so, by definition of warped metric, g(‘N/, XN/) =g(V,V) < 0. Thus V temporally orients M x K.
Note that if dim M = 1, namely M is diffeomorphic to R or S!, we have consider ¢ to be negative
definite and take a smooth vector field W on M with g(W, W) = —1. Then the vector field w

defined by W), = (W,,,0;) as above, orients M x y K temporally.

As far as we are concerned, we shall take I x; K to be an n—dimensional Lorentzian manifold
written in the form of a Lorentzian warped product, where I = (a,b) with —oo < a < b < o0 is
given the negative definite metric —dt?, (K, h) a Riemannian manifold of dimension n — 1 (that is,
a spacelike hypersurface) and f : I — (0,00) is a warping function. We shall write its metric as
g = —dt? + (f(t))?h, as usual.

Let U = 0; be the lift to I x ¢ K of the standard vector field d/dt on I. For each p € K, I x {p}
can be parametrised by the curve v(t) = (¢,p). Observe that U gives the velocity of each such .
Holding ¢ constant gives the hypersurface K; = {t} x K. In summary, the geometry here satisfies:
(1) (U,U) = —1 and (i) U is normal to K, for all ¢ € I. We mention now other geometric properties
having to do with future calculations. Their proof and their consequences can be read in [21] and
[10]. We shall denote respectively by V and R the Levi-Civita connection and the curvature of
I x f K.

Proposition 2.40. If V' is the lift of a vector field on K to I xy K, then
i) VyU =0,

f/

i) VgV =VyU = ?V,
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iii) R(V,U)U =

A direct consequence of i) is each 7 is a geodesic. By iii) and Definition 2.17, every plane
containing a vector of U has sectional curvature f”/f.

Warped product spaces M x ; K fail in general to be globally hyperbolic. For instance, regardless
of the chosen Riemannian metric h for K, no warped product S! x ¢ K is globally hyperbolic, (see
[5, Page 104]). Nevertheless, Theorem 2.31 guarantees that in spaces (R x S, —dt? + h), with S a
Cauchy hypersurface in R x S, this property is fullfied. This suggests there must be conditions in
order to the warped product M x; K, where dim M = 1, is globally hyperbolic. Conditions when
dim M > 2 also exist. Both results and the proof are in [5].

Theorem 2.41. Let (K, h) be a Riemannian manifold, and let I = (a,b) with —oco < a < b < o0
be given the negative metric —dt?. Then the Lorentzian warped product (I x ¢ K,g) with g =
—dt? + (f(t))?h is globally hyperbolic if and only if (K, k) is complete.

In particular, consider K either as a compact space or as a closed submanifold of a complete
manifold makes the warped product a globally hyperbolic space.

2.2.3 Isometry Groups

In this section we pick up on definition of isometry focusing on the pseudo-Riemannian context. If
M is an arbitrary pseudo-Riemannian manifold, its pseudo-Riemannian metric makes each of its
tangent spaces a R} of the same dimension and index as M itself in the sense that a scalar product
space of dimension n and index v is isometric, as a pseudo-Riemannian, to R].. Thus an approach
to the isometry group I(R?) is interesting. Let us begin by studying functions that preserve the
scalar product of R}.

Definition 2.42. A linear transformation A : R} — R} is said to be a pseudo-orthogonal
transformation if

(Av, Aw) = (v, w),

for all v,w € R}.

By definition, any pseudo-orthogonal transformation is an isometry. Also, recall that a linear
transformation has a matrix representation, then under such an identification the set of pseudo-
orthogonal transformations is the same as the set of all matrices A € GL(n,R) that preserve the
scalar product of R7. It is called the pseudo-orthogonal group and we shall denote it by O, (n).
When the considered metric on R is the Euclidean one or its negative, the group O, (n) is the well
known orthogonal group Q(n). For n > 2, O1(n) is called the Lorentz group.

Let I, ,,—, denote the diagonal matrix (d;;) with dj; = -1 (1 <i<v),d;; =1 +1<j < n).
Then A with transpose AT belongs to @, (n) if and only if ATI,,,n_VA = I, n—y. It implies det A = +1
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and O, (n) is a closed subgroup of GL(n,R). We shall discuss now some facts about compactness
and connectivity of the groups O, (n), the next example turns out to be illustrative.

Example 2.43. O(2). In R?, each number § € R determines a orthogonal transformation Ry :
R? — R? represented by orthogonal matrix

cosf) —sinf
Ry = .
o (sin 0 cosd )
In essence, Ry is a rotation of R? around de origin through (oriented) angle 6. The function
0 — Ry is a smooth homomorphism from R, under addition, into Q(2). Its kernel is 27Z and

its image is the rotation group O (2), the component of the identity in @(2). Thus the two
components of @(2), O (2) and O~ (2), are diffeomorphic to circles.

01(2). Given ¢ € R, the pseudo-orthogonal matrix

A — cosh¢ sinhe
¥ \sinh¢ coshe

represents a pseudo-orthogonal transformation A, : R? — R2. As above, ¢ — A, is a homo-
morphism, but in this case it is one-to-one. Also, note that A, preserves each of the four
branches of the set of the hyperbolas {p € R?|(p,p) + 1}. However, any A € O(2) must
carry each hyperbola into itself but may reverse the branches of each. These two choices split
01(2) into four disjoint open subsets and the set B containing A, is precisely the component
of the identity in O(2) and it is a subgroup diffeomorphic to R!. Of course this preserves
all branches. The other three sets are cosets of B, hence O;(2) has four components each
diffeomorphic to R!.

Rou

{p eR2: (p,p) =1} {p €RZ: (p,p) ==+1}
Figure 2-5: Orthogonal and pseudo-orthogonal transformations.

We can realise with the example that ©1(2) has four components and is not compact in R*
(since it is unbounded) unlike @(2) that has two components and is compact in R* (see Figure
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2-5). These differences remain in the general case, namely for O, (n) and O(n) with 0 < v < n.
For instance, elements of the form

coshep 0 sinhe
0 1 0 ,
sinhp 0 coshe

where [ is the indentity matrix, constitute an unbounded subset of R,

In order to describe the components of O, (n) for v fixed (0 < v < n), we consider the decom-
position R” = RY x R"™" and use it to write A € O, (n) in block form as

Ar b
c Ag]’

where A7 is a square matrix of order ¥ and Ag is a square matrix of order n — v. Here the
timelike part, A7 : Ry — R}, is A|ry followed by orthogonal projection on R}, and similarly for the
spacelike part, Ag : R"™” — R™ . Since A is invertible and preserve casual character, it follows
that both A and Ag are invertible.

Theorem 2.44. [16, Chapter IV, Lemma 1.4] Let A € O,(n). Then

| det(A7)| > 1, | det(Ag)| > 1.

The components of Q,(n) are obtained by

det Ap > 1, det Ag > 1; (2-31)
detAr > 1, detAg < —1; (2-32)
det Ap < —1, det Ag > 1; (2-33)
det Ap < —1, detAg < —1 (2-34)

Thus O, (n) has four components if n > 1, n — v > 1, two components if n or n — v = 0.

We adopt the notation of [21] for these disjoint sets. Respectively, we have

0 (n), 07 (n), 0,7 (n), O, (n).

All of them are open, hence closed, sets of Q,(n). Moreover, it is possible to show that Q;*(n),
the identity component, is a normal subgroup of Q,(n) and it is connected if 0 < v < n. Lastly, we
mention that the special pseudo-orthogonal group is the subgroup of O, (n) given by

SO,(n) ={A € Oy(n) : det A =1},
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which is nothing but @ *(n) U O, ~(n).

Finally, we describe the group I(R}}). Let a € R} and T;, : R]? — R} be the translation given
by v — v + a. The set of all translations of R} is an abelian subgroup of I(R}). It can be proven
there exists uniquely a € R} and A € O,(n) such that any isometry of R} is written as Ty o A.
On the other hand, the cartesian product R™ x Q,(n) furnished with the multiplication given by
(a,A1)(b,A2) = (Ty4a, (), AM1A2) becomes a group (the semi-direct product) denoted usually by
R™ % O, (n). This group is isomorphic to I(R}).



3 Action Groups and Integration

This chapter gives a brief description of polar actions on manifolds. This notion encloses geometric
properties of a manifold described via its set of transformations. Contents of this chapter about
topological groups and Lie groups were reviewed in Helgason [13] and Lee [18]. We also give an
introduction to integration theory on locally compact groups in order to justify some definitions
and computations in the following chapter. We present the main concepts and descriptions and
detail some of the proofs. Our principal reference sources for the subject are Helgason [15] and
Wijsman [23].

3.1 Polar Actions on Manifolds

We begin by considering the global viewpoint of the smooth actions on manifolds to introduce as
general as we can the considerations and results. At the same time, we set a collection of needed
definitions which will appear throughout the remainder of this work.

A topological group G is a set with the structure of both a group and a topological space such
that the multiplication map m : G x G — G and the inversion map ¢ : G — G given by

m(g, h) = gh, i(g)=9g7" (3-1)

are continuous on G. Usually, the identity element is denoted by e. If g € G is fixed, then each
of the maps L, : ¢ — gz, Ry : © — xg and z — 2! will be homeomorphisms of G.

It is said that G is a Lie group if it is also a smooth manifold in which the group operations
3-1 are smooth. Aditionally, it can be proved that for an element g € G' the maps L, and R, are
diffeomorphisms. It is common for a Lie group to be acting on some other manifold. Then if M is a
manifold, a (left) action of G on M is a smooth map (g,p) — g-pof 0 : G x M — M that satisfies
e-p=pand (g9)-p=g-(G-p) for all g, € G, p € M. The right action M x G — M of G on
M is analogously defined. The smoothness here means that for each g € M the map 6, : M — M
defined by 0,4(g,p) = g - p is smooth. Certainly ¢, has smooth inverse map 6,-1.

Consider a Lie group G acting on a manifold M, then the orbit of p under G is the set G-p = {g-p :
g € G} in M and the isotropy group of p is the subgroup of G defined by G, = {g € G : g-p = p}.
We add that each orbit GG - p is a immersed submanifold of M. In fact it is enough to observe that
the orbit map defined by
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0w .G — M

3-2
g = g9-p, 3-2)

is smooth and has constant rank. Since it is inyective then it also is a immersion, thus its image,
0%)(G) = G - p, is an immersed submanifold of M.

It is said that the action of a Lie group G on a manifold M is free if every isotropy group is
trivial. It is said to be transitive if for all p,q € M there exists ¢ € G such that ¢g - p = ¢. Lastly
the action is proper if the map G x M — M x M defined by (g,p) — (g - p,p) is proper, that is, if
the inverse image of each compact set in M x M is also compact in G x M. If the group acting is
compact, it is known that the action becomes proper. Also it follows directly from the definition
that each isotropy group of a proper action is compact, since the preimage of (p,p) € M x M under
such a map is G x {p}. In addition, properness of an action implies properness of the orbit map
6P for any p € M, and owing to every proper continuous map is closed, its image G - p is closed in
M.

Defining a equivalence relation on M by setting p ~ ¢ if there exists g € M such that g-p = ¢,
we can define the orbit space of the action as the topological quotient space M /G of the equivalence
classes given by the relation. This space might have very unlikely topological properties. However
this becomes a smooth manifold provided G acts smoothly, freely and properly. This is the case
of the manifold G/H, where H is a closed subgroup of G. which acts on the left via the action
H x G — G such that (h,g) — hg.

Now, consider the orbit map (3-2) for a fixed p € M and let g, § € G such that 8®)(g) = 6®)(g).
Then g - p = § - p which implies §~'g - p = p. That means that §~'g € G - p and since g = §(§~'9)
we conclude that the orbit map 6 can be passed throughout the quotient G /Gp as a map © :
G/Gp — G - p. Then we have the following theorem:

Theorem 3.1. Suppose G acts on M smoothly. Then the map © : G/G, = G -p, gG, =g-pis a
diffeomorphism.

Note that if the action of G on M is transitive, for any p € M we have G - p = M. Then the
identification of the points of M with the cosets gG), is done regardless of the choice of p € M
because the isotropy groups are all conjugate to each other, namely G, = gGpg~t. With this in
mind, we define

Definition 3.2. A manifold M is a homogeneous space if a Lie group acts transitively on M.

Example 3.3. e The Riemannian sphere S™(r) is an homogeneous space. By the Graham-
Smith procedure, we can prove there exists a transitive action from the group SO(n + 1) on
S™(r). The stabilizer of any point is equivalent to the group SO(n) regarded as a subgroup
of SO(n +1).

e The action of I(R?) 2 R" x O,(n) on R}, given by I(R!)) x R — R”, ((a,A),p) — A(p) +a,
is isometric and transitive, while @, (n) is the isotropy group of the point 0 € R]'. This realises
R} as a homogeneous space and allows us to write R} = R" x O, (n)/0,(n).
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e Let G be topological group. Let H be a closed subgroup of G. We consider the action defined
by the map H x G — G such that (h,g) — hg. This left action is a free action on the
topological space G, then the orbit space G/H inherits a topological structure from G. If G
is a Lie group, we can prove the space G/H has a natural structure of smooth manifold. In
that case, the smooth manifold G/H is endowed with a transitive action from the Lie group
G, defined by the map G x G/H — G/H, via (g,kH) — gkH.

It is well known that an action of a group G on M is, formally, a group homomorphism from G
into the group Aut(M) of all automorphism of M, namely each g € G determines a transformation
of M which we have already denoted by 6, : M — M and defined to be diffeomorphism. However
in the presence of a pseudo-Riemannian structure on M we wish to find actions which preserve it.

Definition 3.4. Let M be a pseudo-Riemmanian manifold and G be a Lie group acting smoothly
on M. Either an action 6 : G x M — M is an isometric action or the group G acts by isometries
on M, if for each g € M the map 6, : M — M, p— g-p is a bijective isometry from M to itself.

Observe that for pseudo-Riemannian manifolds, the automorphism group is nothing but the
group of isometries which usually is denoted by I(M). We claim I (M), endowed with the compact-
open topology, is a second-countable locally compact group (see definition below). Also it is Haus-
dorff owing to M is. In addition to this, there is a unique way to give to I(M) a differentiable struc-
ture compatible with this topology such that I(M) is a Lie group and the action (M) x M — M
is smooth. According to the definition above, the group G acting can be assumed, without loss
of generality, as a closed subgroup (and so a Lie subgroup) of I(M). When the metric of M is
positive definite, that is if M is a Riemanninan manifold, it is a fact that a subgroup G C I(M)
acts properly on M if and only if G is closed. The proof of this can be found in ([9]).

Remark 3.5. When a Riemannian manifold is a homogeneous space, that is I(M) acts transitively
on M, it can be proven that it is also complete. However this conclusion is false in general for

indefinite homogeneous spaces [5],[21].

Let (M, g) be a Riemannian manifold. Then g defines the Riemannian distance function

d: M x M — [0,00)

as follows. Let ), , denote the set of smooth curves in M from p to ¢g. Given a curve a € €2, 4
with « : [a,b] — M, the Riemannian arc length of o with respect to g is defined as

b
L(a) :/ |&(t)| dt.
The Riemannian distance d(p, q) between p and ¢ is then defined to be

d(p,q) =Inf{L(c) : v € Qp 4} > 0.
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Definition 3.6. A Riemannian manifold M is called two-points homogeneous if for any two point
pairs p1,q1 € M, p2,q2 € M satisfying d(p1,q1) = d(p2,g2) there exists an isometry g of M such
that g-p1 =p2 and g- ¢1 = go.

The particular case p; = ¢; proves M is homogeneous and hence complete. The most represent-
ative examples of two-points homogeneous spaces are the Euclidean space R™, the spheres S"(r)
and the hyperbolic spaces H"(r). A more complete list of examples classified up to isometry can
be viewed in [24, Theorem 8.12.2].

Although for any p € M the set G - p is an immersed submanifold of M, there are examples
where the orbit has no a pseudo-Riemannian structure induced from that of the ambient manifold
even for proper actions. It forces us to impose one such condition on the orbits of an action to give
the next definition.

Definition 3.7. An action by isometries of a group G on a pseudo-Riemaniann manifold M is
called polar if there exists a pseudo-Riemannian submanifold ¥ satisfying the following conditions:
for each s € ¥

YXNG-s={s} TX @ Ts(G-s) =TsM (orthogonal direct sum).

Whenever such a submanifold ¥ exists, it is said to be transversal to the action of G. Note that
the second condition above implies that the vector subspaces 7% and Ts(G - s) are nondegenerate.
Some examples of polar actions are given by isometric actions whose orbits have codimension one.
In Chapter 5 we shall discuss a few important examples for our interests.

Remark 3.8. A polar action with dim > = 1 yields a description by coordinates for M where to
each point on M corresponds a point on ¥ and a point on any orbit. Later, we shall call such a
description generalized polar coordinates.

3.2 Integration on Locally compact groups

When the topology on G is Hausdorff and locally compact, G is called locally compact group. As
before, let C.(G) be the set of real valued continuous functions on G with compact support. Then
we shall understand any measure on G to be in the sense of a linear functional on C.(G) by means
of a ”invariant integral”.

Definition 3.9. A measure p on a locally compact group G is called left-invariant, or a left Haar
measure, if

u(foLg) =pu(f), forall geG, feCe(G) (3-3)

A non identically zero left Haar measure always exists on locally compact groups, besides it can
be shown that it is unique up to multiplication by positive reals. A similar definition for right-
invariant (or right Haar) measure also exists by replacing f o Ly by f o R,. We refer the reader
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to [15], [23] for more details in this topic. At this moment, we shall focus on measures on locally
compact groups which have a structure of differentiable manifold.

In what follows we shall suposse dimG = n. A vector field X on G is called left invariant if
DL, X = X for all g € G. Given a tangent vector V. € TG there exists exactly one left invariant
vector field V on G such that V, = V, and it is defined by \79 = DLy(Ve). If Vo, W, € T.G, then
the vector field [V, W] is left invariant (see [18]) and we shall denote the tangent vector [V, W], by
[V, W]. The analogue case for a right invariant vector field is defined with DL, replaced by DR,.
We denote the vector space T.G together with the bracket operation (V,W) — [V, W] by g and
call it the Lie algebra of G.

In order to define the Haar measure on G, we need to integrate functions on Lie groups, so we
shall begin by defining a volume form as we did in the case of peudo-Riemannian manifolds. Hence,
we require that the manifold to be orientable (although this condition can be weakened) and indeed
any Lie group is since its tangent bundle TG ~ G x g is trivial (see [18, Corollary 8.39]).

We are going to define invariant differential forms on G. We shall write w, for the differential
form w at g € G. A differential form w on G will be called left-invariant if Lyw = w for all g € G
and right-invariant if Ryw = w. Note the condition (Ljw), = w, for all z € G is equivalent to

L; (Wgz) = Wa, (3-4)

so the pullback Ljw is the form on G defined pointwise by (Ljw): = Lj(wgs). Further (3-4)
shows that a left-invariant form is uniquely defined on the whole of G by its value at the identity
due to for any g € G,

Wy = L;_l(we). (3-5)
Let us consider Vi,...,V, a basis of g and its corresponding left-invariant basis denoted by
Vi,...,V,. The equations wZ(V]) = §;; determine uniquely n 1—forms w’ on G which are also

left-invariant since for any x € G

Lg(wga)(Va) = Lszfl(wm)(‘N/m)
=L (W:c)(f/x)

= wm(DzLe(Vm)
= WZL“(‘ZU)’

where the last equality follows from X is a left-invariant field. Thus the wedge product of
two differential forms given by (3-5) is again left-invariant because pullback distributes over wedge
product. This is specially useful for building the left-invariant n—form w = w' A --- A w™. Then
each n—form can be written fw, where f € C°(M).
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Theorem 3.10. Left-invariant volume form exists on any Lie group G and is unique up to a

multiplicative constant.

Proof. Let us take w = w! A--- Aw™ as above. Since the space of n—forms at e has dimension 1,
we is unique except for a multiplicative constant, and the same is then true for a left-invariant n-
form (3-5). Indeed if w’ is another left-invariant volume form on G then there exists some constant
C' # 0 such that w, = Cwe. Thus the uniqueness follows from (3-5):

wy = Lz_l(wé) =L} 1 (Cwe) = CLy 1 (we) = wy,

for all g € G. %

We now look for a coordinate expression for a left-invariant n—form. Let (U, ¢) be a local
chart for G about e and let (z1,...,x,) be the respective local coordinates valid on the open
neighbourhood U of e. On U, w has an expression

wy = F(zy,...,x,)det A--- Ada"

with F' > 0. Further if g € G, the pair (LyU,¢ o L,-1) is a local chart on a neighbourhood of g.

We put (¢o Ly-1)(z) = (y1(z),...,yn(x)) and
wr,u =GW1,- - Yn) dyt A Ady™.

for all x € L,U. Note that the function L4, which maps e to g, has a coordinate expression that
describes each y; to be a smooth function of (x1,...,z,) such that

(Y1, Yn) = (21, .., Tn),

because y;(gx) = x;(z) for z € U N L,U. Besides, since w is left-invariant, that is w, = L} (wgz)
forx € UN LU, we get

G(y1(x),...,yn(x)) (dy1 A ANdy™)e =
G(z1(x),...,z,(x)) (dz' A - Adz™),.

Then F(z1(x),...,zn(z)) = G(z1(2),...,zs(z)) and the expressions for w, are related by means
of

O (@), ul@)

"L‘l ‘/L,Tl _
B (@), am(m)) NN (3-6)

F($1($)a s ,:L'n($)) = F(yl(x)’ cee 7yn(m))

for z € UNLyU and where % is the Jacobian of the coordinate change (¢oL,')og™!.

For a right-invariant n—form the only change in the above is to take the function R, -1.
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Invariant volume forms on Lie groups can be used to obtain Haar measures. It basically consists
of an invariance of integral under a diffeomorphism.

Theorem 3.11. [23, Proposition 7.7.1] If w is a left-invariant volume element on a Lie group G,
then it defines a left Haar measure on G. The same holds with ”left” replaced by ”right.”

Recall if ¢ : M — N is a diffeomorphism of manifolds of dimension n and w is an n—form on
N, the pullback ¢*w defines an n—form on M. Then, for a continuous function f : N — R we have
that

/N fu = /M<fo<z>> bw. (3-7)

Proof. Owing to the left translation L, is a diffeomorphism from G to G, it is enough to take ¢
to be Ly in the formula above. Also, let us suppose w is positive with respect to the orientation of
G. Thus,

Lrw=[(ror)tze, (3-)

where Ljw = w. This being true for every g € G, a left Haar measure 4 on G can be defined in
the sense of Definition 3.9 via

feC(G) — /G fuw. (3-9)

This integral depends on w but since w is defined up to some positive constant, so is the integral.
Also, Equation (3-8) shows that (3-9) is a left-invariant measure on G since

wlf o Ly) = /G(foLg)w - /G(foLg) Liw= /wa = u(f).

The proof for right-invariant w is similar, considering R, instead of L. &

We shall denote w in Theorem 3.11 by dly. Then for a Lie group G we have a family {cpy :
¢ > 0} of left Haar measures. A choice is usually made out if there is a distinguished compact
neighbourhood V' of e and we assume that fv dly = 1.

Definition 3.12. Let G be a compact Lie group. A left Haar measure is said to be normalized if

Vol(G) = / dig =1
G

The volume of a compact Lie group is always finite and since any two volume elements differs by
a multiplicative constant, we can conclude that there exists a unique normalized left Haar measure
on any compact Lie group.
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The foregoing can be considered for a right-invariant volume element d,.g (which is unique except
for a constant positive factor). So, it is defined a right Haar measure p, on G by

i (f) = /G fdvg,

for any f € C.(M).

In general a left Haar measure need not to be a right Haar measure, but we can easily construct

a right Haar measure from a given left Haar measure by means of inversion operation ¢ :  — 1.

Firstly, let us see ¢ interchanges left and right volume elements.

Theorem 3.13. Let G be a Lie group and dl,; a left-invariant volume element on G. Then (*dl, is
a right-invariant volume element on G.

Proof. Using the relation 1o Ry = L, -1 01, we get

Rivdly = (10 Ry) dly = (L1 00)*dly = L dly = *dl,. (3-10)

Then we assert that given djg on G, it is defined a right Haar measure p, on G by

e (f) = /G Fdig,

for f € C.(G) and where djg~! = 1*dg.

Additionally, a left-invariant volume element also behaves suitably under right multiplications.

Theorem 3.14. For any y € G and any left-invariant volume element d;g, R;d;g is also left
invariant. Then there exists a positive constant ¢ such that ¢ Rydig = d;g.

Proof. The key fact is that any left multiplication commutes with any right multiplication. So
that,

Ly(Rydig) = (Ry o Ly)"dig = (Ly o Ry)*dig = Ry Lydig = Rydg.

¢

If denote by p, p1) the left Haar measures given by d;g, R} d;g respectively, it follows that there
exists a positive constant, A, (y), such that

= Ay (y) g,

which can be rewritten as p(f) = Ay (y)(f o Ry) or
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[ g =2 [ ro)dg (3-11)
The function y — A, (y) is called the right modular function of G and it can be proved that this

defines a continuous homomorphism A, : G — R* (see [23]). The same result is true for the left
modular function A; defined by

py = Au(y) por, (3-12)

where pu, is a right Haar measure on G.

Notation 3.15. As a matter of notation we shall use A,(y) (or A;(y)) with volume forms and
measures.

The next proposition establishes a link between a left and right measure.

Proposition 3.16. Let y; be a left Haar measure on a Lie group given by a left-invariant volume
element djg and let A, be the respective right modular function. Then for f € C.(G),

/ﬂg%mlzjf@mwmg (3-13)
G G

Proof. 1t is enough to prove that (:*d;g)(g9) = Ar(g)dig(g). According to Theorem 3.13, we are
going to prove A,(g)d;g(g) is right invariant. Indeed

Ry, (Ar(9)dig(9)) = Ar(gh)(Rp,dig)(g9) = Ar(9)Ar(h)(Rydig)(9) = Ar(9)dig(g),

where we have used Theorem 3.14 in the last equality. Then there exists a positive constant ¢ such
that

Ar(g9)dig(g) = c(dig)(g).-

However,

dig(9) = Ar(g™)(c(Fdig)(9)) = ct*(Ardig)(9) = ¢ (*1*dig)(g) = dig(9)-
Since d;g is positive, we get ¢ = 1. &
Note that if u, is a right Haar measure, the Equation 3-13 can be written as
pr = Ar(9) pus (3-14)

which allows us to know when a left Haar measure on a Lie group is also a right Haar measure.
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Definition 3.17. A Lie group G is called unimodular if A, =1 (or A; =1) on G.

Observe that by definition a Lie group is unimodular if and only if every left Haar measure is
also a right Haar measure. Such is the case of commutative Lie groups and compact Lie groups
(since the image of a compact set under the left or right modular function is a compact subgroup of
the multiplicative group R, indeed the trivial subgroup). Therefore, for such groups we can refer
to the Haar measure, without indicating left o right. In what follows, we shall refer exclusively
to the left Haar measure or the Haar measure and we use the notation dg having clarity in the
context.

Let G be a Lie group and H a closed subgroup that acts on G to the left. Let m be the orbit
projection G — G/H, which is continuous and open with the quotient topology defined on G/H.
The closedness of H ensures that H is locally compact and not only that, but also the orbit space
G/H, which is the space of left cosets, is locally compact and a manifold. Further, there is more
structure here, the one of G as a group acting smoothly and transitively to the left on G/H, turning
G/H into a homogeneous space. We shall denote such action by 7. Observe that each z € G gives
rise to a diffeomorphism 7(x) : gH — xgH of G/H to itself. It is smooth because it is equal to the
composition

{z} xG/H -G xG/HS G/H,

and its smooth inverse is 7(z~!). If h € H, we denote by D7(h) the differential of 7(h) at [e],
the left coset of the identity element of G, which become an endomorphism of the tangent space
Ti)(G/H). In [15] it is proven that

G
det(Dr(h)) = igli’}g

(h e H), (3-15)

where the superscripts indicate the domain of each modular function. In the sequel we briefly
present invariant measures on the manifold G/H. The aim is to start from a given invariant measure
on G and define a measure on G/H. A differential form w on G/H is said to be G-invariant if for
all g € G we have 7(g)*w = w. The next result gives a sufficient and necessary condition for the
existence of a G—invariant volume form on G/H.

Proposition 3.18. [15, Chapter I, Proposition 1.8] Let m = dim(G/H). The following conditions
are equivalent:

(i) G/H has a nonzero G—invariant volume element w;

(i) AG(h) = AH(h) for h € H.
If these conditions are satisfied, the G—invariant volume element w is unique up to a constant

factor. Also, G/H is orientable and each 7(g) is orientation-preserving.

Proof. Firstly we assume (i) Then let w be a G—invariant volume element on G/H, w # 0, and
let ¢ : p — (x1(p),...,zm(p)) be a system of coordinates on an open connected neighbourhood
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U of [e] € G/H. The pair (1(9)U,¢ o 7(g~!)) is a local chart on an connected neighbourhood
of g-le] € G/H. We put (¢ o71(g7))(p) = (y1(p),...,ym(p)) for p € 7(g)U. Then note that
7(g) : U — 7(g)U has expression in coordinates y;(x1,...,Ty) = x; for i = 1,...,m. Consequently
if we take g = h € H, the relation 7(h)*w = w at the point [e] implies det(D7(h)) = 1, so (ii)
holds. On the other hand, let Xi,..., X, be a basis of T} (G/H) and let wl, ..., w" be its dual
basis determined by wi(Xj) = 0;5. Let us denote by wy = wh Ao~ Aw™, the wedge product of the
covectors w' on the tangent space (G//H ). Observe that

W[e](DT(h)Xl, ..., D7T(h)Xy,) = (det D7(h)) Wie) (X1,.., Xm),

however condition (ii) implies that det(D7(h)) = 1. Thus the element wy is invariant under
the endomorphism D7 (h). Because of the value at identity is known, it follows that there exists a
unique G —invariant m—form w on G/ H such that wy = Wl A~ Aw™. If w* is another G—invariant
m—form on G/H, then w* = fw where f € C*°(G/H). Owing to the G—invariance, f is constant.

&

Assuming (i) and notations in the proof above, w has an expression on U

wy = F(x1,...,2m)dzt Ao Adz™, (3-16)

with F' > 0. Likewise on 7(g)U, w has an expression

weig = Gy, ym) dy' A= N dy™

and since the G—invariance condition means pointwise wy = 7(g)*w;(g)q, We have for ¢ € UN7(g)U

9)

wg = G- ym(@) (dy' A~ Ady™),
= G(21(q), -, 2m(q)) (dz* A -+ A dx™),, (3-17)

hence F(x1(q),...,2m(q)) = G(z1(q),...,xm(q)). Recall that the relation between the expres-
sion of wy in both considered systems of coordinates is given by

F(z1(9), - -, 2m(q)) = G(y1(q), - - -, ym(a))
then from (3-17) and the coordinate expression of 7(g~!) we obtain

Iy1(q) - - ym(q))
(9(561((])7 ceey xm(‘]))7

which shows that the Jacobian of the mapping (¢ o 7(g71)) o g~ ! is positive. Consequently, the
collection (7(g)U, po7(971))4ec of local charts turns G/H into an oriented manifold and each 7(g)

F(21(q), -+ 2m(q) = F(y1()s - - -, ym(q))

is orientation-preserving.
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The G—invariant form w now gives rise to an integral | fw and thus to a positive measure 7

feC.(G/H) — fw. (3-18)
G/H
We shall use dgp rather than w in this context. Such a measure is said to be G—invariant in
the sense that

n(for(g)) =n(f) forall geG@.

Any relation between measures on G and measures on G/H is provided by a relation between
functions in C.(G/H) and functions in C,(G). There is an useful linear map from C.(G) to C.(G/H)
which describes it. For f € C.(G), define f# on G by

19 = [ raman for g (3-19)

where dh gives the left Haar measure on H. The right side is well-defined since f(gh) as a
function of h has compact support on H, so it is in C.(H). Also, due to the left invariance of dh, we
have fH(gh) = ff(g), for all g € G and h € H. That is, f is constant on each orbit and defines
therefore a unique function in C.(G/H), which it will be denote by f, such that

F(gH) = 1H(g) = / f(gh)dh, forall geG.
H

Observe that indeed f € C.(G/H) because ff = f o, thus if supp f € K C G, K compact,
then supp f C 7(K), with m(K) compact subset of G/H. Now, the aim is to introduce the measure
n on G/H by requiring

Fott) dgu = [ f(g)do, (3-20)
G/H e

with dg defining a measure p on G. In order for this to make sense, we need to guarantee two
facts: (i) for g € C.(G/H) it has to be shown that there exists f € C.(G) such that f = g, that is
the "bar” map is surjective, and (i7) if fi = fo = g, then u(f1) = u(f2), so that n(g) can be defined
unambiguously. The next theorem and its proof can be seen in [15] and [23].

Theorem 3.19. Let G a Lie group and H a closed subgroup with a positive left Haar measure
given by dh. The mapping f — f is a linear mapping of C.(G) onto C.(G/H).

Concerning (i7), it is enough to show that the integral on the right of (3-20) vanishes whenever
f = 0. Here we highlight some details, in [23] there is a more complete proof. Let us suppose that
f € C.(G) gives rise, by Theorem 3.19, to the function f € C.(G/H). For each element hy € H,
the right translate of f, that is f o Ry, is another function in C.(G), thus if f is replaced by fo Rp,,

the right hand side of (3-19) becomes
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| ftahoydn =l [ sighn (3-21)
H H

owing to (3-11). That is, (f o Ry) = AH(hg')fH#, and therefore

foRy=Al(hg"f,

which is more useful to write as

A (hg)foRy = f. (3-22)

That means all functions of the form

f=A(ho)(foRy) feCG),hoeH (3-23)

belong to the kernel of the bar map. On the other hand

/(fORho)(g) dig = A?(hal)/ flg)dig [ €Ce(G),ho € H. (3-24)
a a

That is, functions of the form

f— A% (ho)(f © Ray) (3-25)

have integral zero over G.

Comparing (3-23) and (3-25), we see that the integral (3-20) cannot vanish on all functions with
f = 0 unless the modular function A is equal to the restriction of the modular function A% to H.

Theorem 3.20. [15, Chapter 1., Theorem 1.9] Let G be a Lie group and H a closed subgroup.
The relation

AG(h) = AH(n) for heH, (3-26)

r

is a neccesary and sufficient condition for the existence of a positive G—invariant measure on
G/H. This measure 7 is unique (up to a constant factor) and

/G f(g)dg = /G y ( /H f(gh) dh) dorr, [ € Cu(G), (3-27)

if the left Haar measures on G and H given by dg and dh respectively, are suitably normalized.
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Remark 3.21. In the particular case of H being compact, Proposition 7.7.6 in [23] give us a relation
between the volume forms dg and dgy which define the measures on G and G/H respectively. Let
us take n = dimG and n — m = dim H for 0 < m < n. Let z1,...,z, be the coordinates of a
local chart at e, of which xzy, ..., z,, are coordinates of a chart on G/H at [e] and zp,41,..., 2, the
coordinates of a chart on H at e. If

dge = dz' A - Ada™ and dhe = dz™ A A da™

are the value at e of dg and dh respectively, the unique G—invariant measure n on G/H given
by (3-18) corresponds to a m—form whose value at [e] is

Vol(H)dz A --- A dz™,

in which Vol(H) = (1) where 3 is the Haar measure on H. Similar to how it was done in the
proof of Proposition 3.18, we can see that this m—form is G—invariant.

Remark 3.22. Assume again H is compact, then condition (3-26) is satisfied since AS(H) and
Aﬁ (H) are compact subgroups of the multiplicative groups of the positive reals and so identically 1.
Hence there exists a G—invariant measure on the space G/H for any choice of (left) Haar measure
won G, (see [23, Corollary 7.4.4 ]). Using the same notation above, take Haar measure 8 on H
normalized by [;; dg = 1. Then the volume element dgp giving 7 has value dzt A--- Adx™ at [e].
We shall refer to a normalization of the measure p in such a way that the Equation 3-27 is fulfilled
and denote it by dg = dh dgpy for simplicity.

This is appropiate point to introduce a function on a pseudo-Riemannian M which yields the
ratio between invariant measures defined on the orbit of an element z € M under the action of a
closed subgroup H of I(M). Recall H -z is an immersed submanifold of M, then we shall asumme
that it inherits a pseudo-Riemannian structure from that of M. We highlight the fact that the
corresponding Riemannian measure

/ u(s) ds, (3-28)
H-x

where ds denotes the volume element of H - z, is H—invariant due to the group H acts by
isometries on M and for all h € H we have that h(H - ) = H - x. On the other hand, we assume
that H is unimodular and fix an invariant Haar measure on it. Considering also H, unimodular
implies, by Theorem 3.20, the quotient H/H, has an invariant measure determined up to a constant
factor. We use the formula (3-27) above with dh giving such a H—invariant measure on H /Hy as
follows

/H u(h) dh = i, < / xu(hk) dk:) dh, ue C.(H). (3-29)
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Since H -z = H/H, (by Theorem 3.1), the respective measures must be, by uniqueness, propor-
tional. Hence, it is defined the density function as the function § on M which relates the measures
as follows

/ u(s)ds = 6(x) / u'(h-x)dh, xe€ M, (3-30)

where v/ : H/H, — R denotes the function obtained by u/(hH,) = u/(h - z) = u(hz). We shall
write this formula as the relation between the volume elements, that is

ds = 6(x) dh.

Example 3.23. Consider the action of H = O(n) on R", whose orbit for each x € R™, = # 0, is
S"=1(r) with r = |z|. Also observe that the isotropy subgroup of each element is diffeomorphic to
O(n—1), thus H/H, = S"~!. Since H is compact, we know that H/H, has a H—invariant measure
given by a nonzero H—invariant volume element dh. Let dw, be the volume element of S™=1(r). By
definition we have dw, = d(x) dh but dw, = 7" dw;. Hence

1 n—1 R
m?" d(/Jl = dh.

If we normalize dh by dh = dw;, we get §(z) = |z|*~ L.
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In this chapter, we summarize the constructions made by Helgason in [16, 14, 12] about differential
operators on a pseudo-Riemannian manifold. In the presence of a metric, a manifold always has one
of particular interest, the so-called Laplace-Beltrami operator. We begin with the usual definition
of this operator and a quick review of its main features. In Section 4.2, we explore its expression in
polar coordinates on isotropic spaces, focusing our attention on spaces of constant curvature in the
Lorentzian case. Finally, we consider in Section 4.3 pseudo-Riemannian manifolds endowed with
a proper and polar isometric action so that it is possible to define a new operator on them: the
radial part of the Laplace-Beltrami operator.

Even though the theory is introduced in a general setup, we are mainly interested in the close
relation between the radial part and the polar actions on Lorentzian manifolds.

4.1 The Laplace-Beltrami Operator

It is well known what we mean by Laplace operator on Euclidean space, that is, on R" equipped
with the Euclidean metric. We shall use the notation by Helgason and write L to denote it. If
f:R™ — R is a smooth function, the Laplacian of f is defined by

Lf= Z; a;; (4-1)

In this section we present the Laplace-Beltrami operator, the generalization of (4-1) to the case
of functions defined on pseudo-Riemannian manifolds. However, in [17] it can be found also its
generalization to differential forms (recall that a smooth function is a differential 0—form). We
begin by defining differential operators on a manifold M of dimension n. The symbol 0; will denote
the partial differentiation 0/dx; for alli =1,...,n and if @ = (a1, ..., ay) is a n—tuple of integers
a; > 0, we shall put D* = 97" ... 9%".

Definition 4.1. A linear transformation D : C°(M) — C°(M) is called a differential operator
on M if the following condition is satisfied: for each p € M and each local chart (U, ¢) around
p there exists a finite set of functions a, € C°°(U) such that for each f € C°(M) with support
contained in U,
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o7

[Df1(q) = aa(@)[D(f oo™ H(¢(q)) if g €U,
[Df](qg) =0 if g U.

It is clear that whenever V' is an open set on M and f € CZ°(M) vanishes on V then D f vanishes
on V. Thus D decreases supports, namely

supp(Df) C supp(f), f el (M). (4-2)

Conversely, a linear map D : C°(M) — C°(M) which decreases supports is a differential
operator, (see [15]). The property (4-2) implies that D can be extended to a linear operator, also
denoted by D, from C*°(M) to C°>°(M) by means of the formula

Df(x) = D¢(x).

Here x € M and f € C°°(M) are arbitrary and ¢ is any function in C2°(M') which coincides with
f in a neighbourhood of z. The value D¢(x) depends only on f but is independent of the choice
of ¢. Additionally observe that although a differential operator acts on globally defined functions,
it is actually a local operator. Indeed, for f € C2°(M) and a point € M, for any function ¢ of
compact support identically 1 on a neighborhood of x

Df(z) = D f)(x).
Indeed f=1¢f+ (1 —)f and D is linear, we have
Df =D@f)+D((1—)f).

Since D decreases supports D((1 —1)f)(xz) = 0, holding the assert . This allows us to consider D f
on open subsets of M without loss of generality.

We now consider a pseudo-Riemannian manifold M with metric g and take a local chart (U, ¢)
on M such that ¢(q) = (z1(q),x2(q),...,xn(q)) are local coordinates for all ¢ € U. As before, the
functions g, g%, g are defined on U by

9i; =9 (a%’ a%) ; > 9795k = grig’" = 0},
g = | det(gij)|-

Each function f € C°°(M) gives rise to a vector field on M, gradient of f, whose expression in
local coordinates on U is given by

9
Vf:= Zgwaifaixja (4-3)
7]
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On the other hand, the divergence of a vector field Z = > | Z;0; is the function on M which
on U is given by

1
7 XZ: (V9Zi) (4-4)
Finally, the Laplace-Beltrami operator L on M given by

Lf =divVf, feC™(M), (4-5)

defines a function L : C*°(M) — C*°(M) whose expression in local coordinates on U is

1 0 ik ~O0f
Lf= \/ﬁzk:al”k <zZ:gk\/§8w@> ) (4-6)

which shows that L is a differential operator on M.

Next we shall mention some properties of L, the details of the respective proofs can be seen in
[15]. The first one is about symmetry with respect to the Riemannian measure in the sense that
on a pseudo-Riemannian manifold M

/ (@) (L) () dz = / (Lu)(@)o(z) dz, u € Co(M), v e CZ(M) (4-7)
M M

if dzx is the volume element on M which determines the measure. Also, for an arbitrary coordinate
system on M, we have an expression for L that will be useful for us

Lf=Y g7(0:0;f = > T50f). (4-8)
ij k

Finally, we consider a diffeomorphism ® of M onto itself. A differential operator D on M is
said to be invariant under ® if
Df = (D(fo®))od!

for all f € C°(M).

Proposition 4.2. [15, Chapter II, Proposition 2.4] Let ® be a diffeomorphism of the pseudo-
Riemannian manifold M. Then & leaves the Laplace-Beltrami operator A invariant if and only if
it is a isometry.

Proof.

=) Suppose the diffeomorphism ® is an isometry. Let p € M and let (V%) a local chart around p.
Then ® defines a local chart around ®(p) given by (®(V),1o®~!). Denote by (z1,...,x,) and
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by (y1,-..,yn) the local coordinates on V and on ®(V') respectively. Then forz € V, y € &(V)
such that y = ®(x), the coordinate expression of ® says that y; = x; (i =1,2,...,n). Thus

0 0
<i<n).
e <5$z> <3%>q>(x) tsism

For each f € C°(M), we apply Equation (4-6)

o o®!
(Lf o ®)(x) = (Lf)(®( Z;(Z ()i 2 (gyé ))) (4-9)
k 1

Vay)

(L(fo®) () = —~—3 2 §jgik<x>¢§<x>a“f "q’)_"“’_l’ . (4-10)
1/g(aj) 8117k ox
k 1

i

Owing to the choice of coordinates we also have for 1 <i,j <n

O(fo(o® ) O((fod)oy™t)

0y; B Ox; ’
P(fo(od™h)) _*((fod)oy™)
8%83/]' N 633183:] ’

and by hypothesis g;j(x) = ¢i;(y) for all 4,j. Then the expressions (4-9) and (4-10) are the
same and (Lf)o ® = L(f o ®).

<) Suppose the expressions (4-9) and (4-10) agree. Under the considerations about the chosen
local coordinates before, g;;(z) = ¢;;(y) for all i, j by equating coeflicients. It shows that ®

is an isometry.

¢

4.2 The Laplace-Beltrami Operator on Isotropic Spaces

We shall now study the expression in coordinates of Lapace-Beltrami operator on isotropic spaces.
The reason for this is that they contain the two-point homogeneous spaces and their Lorentzian
anologs in constant curvature. We refer to [24] for a more detailed description and classification of
these spaces.

Definition 4.3. A pseudo-Riemannian manifold M is called isotropic if given p € M and nonzero
vector v,w € T,M with |v|? = |w|?, there is an isometry ¢ of M with ¢(p) = p and d¢,(v) = w.

A proof of the class of isotropic Riemannian manifolds and the class of two-point homogeneous
are the same can be found in [5] and [24]. In the indefinite case, by contrast, it can be proven an
isotropic pseudo-Riemannian manifold M is necessarily homogeneous under the transitive action
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of the isometry group I(M), (see [16]). In the following, we shall firstly focus on the Riemannian
setup.

There is also an explicit formula in geodesic polar coordinates for the Laplace-Beltrami operator
defined on a two-point homogeneous space M of dimension n. When it is a Euclidean space, such
expression coincides with the usual one for us. For each p € M, recall S,(p) denote the geodesic
sphere in M with center p and radius r. We know that S, (p) is for each r a submanifold of M and
has a Riemannian metric induced by that of M. We have already defined before the Riemannian
measure on S,(p) according to such a metric and we shall denote by A(r) the (n — 1)—dimensional
volume of S, (p).

From now on we distinguish between A(r) and V (r), with V(r) being the n—dimensional volume
of B,(p) in M. Since M is homogeneous, that is, has a transitive action from its group of isometries,
A(r) and V(r) are independent of p. It is consequence of the invariance of Riemannian measure
under isometries and the formula (3-7). The following result can be seen in [13], [12]. In the proof
we shall use the formula (4-6) for the Laplace-Beltrami operator.

Theorem 4.4. In geodesic polar coordinates at p, the Laplace-Beltrami operator A on M has the
form

? 1 dAo

where A’ is the Laplace-Beltrami operator on S, (p).

Proof. Let n = dim M and let {r,0s,...,0,} be a system of geodesic polar coordinates at the
point p € M. Put 6; = r and let

ds® =Y gij(61,...,0,) d6" A6’ (4-12)
i,j=1

denote the Riemannian structure of M expressed in geodesic polar coordinates at p. Due to
Gauss’s Lemma, the geodesics emanating from p intersect S, (p) orthogonally. Hence g11(601,...,60,) =
1 and g1(01,...,0,) =0 for j =2,...n, thus 4-12 reduces to

ds® = dr® + ) gij(r,...,0n) d0" d67. (4-13)
i,j=1

Now, let us consider the identity mapping of S, (p) into M,

I: S.(p) — M

4-14
((92,...,(971)*—) (T,@g,...,en). ( )

Note that I*(dr?) = 0 because S,(p) has constant radius in M, so the Riemannian structure of
Sy(p) is given by
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Z gii (r ) O do7. (4-15)
,j=2

Using (4-13) in the the expression in coordinates (4-6) of Laplace-Beltrami operator we obtain

f@r (izgﬂfae ) kz_:

where in the first term of the sum g¢*'(r,6s,...,60,) = 0 for i = 2,...,n and in the second one
g"*(r,0o,...,0,) =0for k=2,...,n and g*'(r,0s,...,0,) = 1. Hence,

QJ‘QJ

(Z g““\fae ) (4-16)

=1

%\

10, 0. 10 (& 0
A= 2172 L ik /= Y 4-1
T+ S (zg G (w17
#1050 1D [ D
“o g or or g2 o0 ;g ‘/gael) (418)

If A denotes the matrix (gi;)1<i,j<n and B denotes the matrix (g;j)2<; j<n, we have

1 0
0 B

1 0

A=
0 B!

A:

with det A = det B. Consequently, the last term in (4-18) is the Laplace-Beltrami operator A’
on S,(p).

The next step is to calculate A(r). By definition

Alr) = / av,,
r(p)

where d 'V, is the volume element on S, (p) which is locally given by
Vdet Bd#?---do"™ = /g db?*---do".

Due to M is a two-point homogeneous space, if p, g1, g2 € M satisfy d(p, q1) = d(p, g2), there exists
an isometry o of M such that ¢-p =py ¢-q1 = ¢2. That means that under the action of I(M), the
isotropy subgroup I(M), at p acts transitively on the geodesic sphere S,.(p) = exp,,(S,-(0)) centered
at p for a suitable » > 0. Let ¢ € I(M),. Note the differential d,¢ maps T,M onto T,M since
¢(p) = p. Due to (dpp(v),dpp(v)) = (v,v) for any v € T,M, the differential d,¢ acts transitively
on the sphere V,.(0) = {v € T,M : |v| = r, v # 0}. Since exp, maps each v to a geodesic, the group
I(M), acts transitively on the set of the geodesics emanating from p.

Using the expression in coordinates for Laplace-Beltrami operator, we have for the coordinate
function r
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Ar = L_a\/ﬁ’
Vg Or

which is a function of r alone because if we equip 7,M with polar coordinates, the term g
coincides with the term g,, where g, is the metric on the set V,.(0) and does not depend on the
angular coordinates on V,.(0). Hence

111\/5: oz(r) +ﬁ(929n) (4_19)
and
\/5 — ea(r)eﬁ(HQN-en)
for suitable functions o and . Because of a(r) is independent of the choice of {03,--,0,}, we
have

Ay = [ e g g = cen), (4-20)
Sr(p)

with C' = constant and since by (4-19)

we use (4-20) to find

Govg_ 1 da

VG Or  A(r) dr’
This concludes the proof. %

Example 4.5. We present the matrix of Euclidean metric on R" in polar coordinates in Example
2.26. Now we want to compute the Laplace-Beltrami operator. To this end observe that

In/G=In(r"") +In(sin" 26y sin" > 0y - - -sinf,_o),

then we can take a(r) = In (r"~!) and by (4-20) we have

A(r)y =Crt (C = constant),

SO
1 %_n—l

A(r)ydr 7 (4-21)

On the other hand, using (4-18) we obtain the Laplace-Beltrami operator on S,(p)
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A = \}E (;;(WS sin” 2 0, sin® 30y - - - sin Hn_laael)
0 n—3 . n—4 . n—3 . 0
+ 8—02(7" sin”~* 64 sin 02---s1n9n,1a—92)+---+
0 n—3 _:..n—4 . .n—5 .0 : 0
9., (r"7°sin"™ % 01 sin" " 6y - - - sin” 0,,_3 sin Gn_gm) +
1 0?

, (4-22
r2sin? 0 sin® 05 - - - sin? 6,,_5 sin® 0,,_o 020, _1 ( )

and substituting (4-21) and (4-22) into (4-11), we get the expression for L on R". Now we
suppose n = 3, then the Laplace-Beltrami operator on R? is

A:i2+gg+ 1 8<Sin0 8>+ 1 8<18>
or2  ror r2sinf, 06, 1891 r2sin @y 00y \ sin 6, 064
10 (5,0 1 o (. 0 1 0?

" 20r <T 81") T sin ) 901 <Sm01891> * r2sin® 6, 062

In the pseudo-Riemannian setup, isotropic Lorentzian manifolds turn out to be a fairly specific
class of manifolds. In fact, whenever a isotropic manifold is Lorentzian, it has curvature constant
(see [24, Chapter 12]). We shall introduce briefly these spaces with the development done by
Helgason in [16] but describe the context using the notation of [21]. Then, according to Theorem 9
n [12], there are only three cases of index 1, all of them depending on the curvatures 0, 1 and —1.

e Flat Lorentz spaces: Let us consider the Minkowski space R’f“ endowed with the Lorentz
metric

Qv,v) = —vf + v + -+ V2,

where v = (v1,...,v,) is a vector of the tangent space Tp]R;‘+1 ~ R’f“ at some point p € R’f“.
We said before that in ]R?'H there are three distinguished sets depending on the sign of Q.
In the positive and negative cases, we can describe a vector v € T,RT™! as v = |v[s, where
sy is an element such that Q(sy,sy) = 1 or Q(sy,s,) = —1 respectively. Then we define
parametrizations, similar to the polar one, for those vectors via the next formulas:

For Q(v,v) > 0:

v = rsinh(t)
vy = rcosh(t) cos(6r)

v3 = rcosh(t) sin(6;) cos(62) (4-23)

Upt1 = rcosh(t)sin(6y) - - - sin(6,—1).
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For Q(v,v) < 0 there exist two choices for the parametrization:

vy = rcosh(t) for vy >0 (‘or vy = —rcosh(t) for v; <0)
vy = rsinh(t) cos(;)

v3 = rsinh(t) sin(6; ) cos(62) (4-24)

Unt1 = rsinh(t) sin(6y) - - - sin(f,—1).

for a suitable choice of the parameters (r,t¢,01, ...,6,_1). For each case, such parametrizations
give an expression of the induced metric on these sets by the global Lorentz metric. In

summary, we have

—dr? 4 r%(—dt® + cosh?(t)do?)

and
—dr? + r*(dt* + sinh?(t)do?)

respectively, where do? denotes the Riemannian metric induced on the set S C TPR?Jrl

parametrized as

S ={(0,0,cos(01),sin(f) cos(hs), ...,sin(0y) - - - sin(f,—1)) }.

e Let Q_ be the subset of points p = (x1, ..., Zp12) € R?H determined by the equation:
—af s+ ap, =1

By using the Equation 4-24, we can obtain a parametrization of the points of ()_ as:

x1 = sinh(r) cosh(t)
x9 = sinh(r) sinh(¢) cos(61)

x3 = sinh(r) sinh(t) sin(6) cos(02)
(4-25)

Zn41 = sinh(r) sinh(t) sin(6y) - - - sin(6,—1)

Zpyo = cosh(r).

for a suitable choice of the parameters (r,t, 601, ...,0,_1). Consequently, the induced metric on
()_ obtained by means of the parametrization is

—dr? + sinh?(r) (dt? + sinh?(t)do?),

where do denotes the metric induced on a subset S of TPR?Jrl parametrized by

S = {(0,cos(6;),sin(61) cos(#2), ...,sin(f;) - - - sin(f,—1),0) }.
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o Let R§+2 be the space R"2 endowed with the pseudo-Riemannian metric of index v = 2
given by
2, ,2 2 2
Q+(v,v) = —vi +v3 + -+ v — V0,

where v is a vector in the tangent space TPRSJr2 = RS” at some point p € RSH. Let Q4 be
the subset of points p = (x1, ..., Zp42) € Rg“ determined by the equation

2., 2 2 2 _
TP ATy T Ty = — L

Therefore, the set ()4 can be parametrized as follows:

x1 = sin(r) cosh(t)

x9 = sin(r) sinh(¢) cos(61)

x3 = sin(r) sinh(t) sin(6;) cos(2)

x4 = sin(r) sinh(¢) sin(67) sin(f2) cos(03) (4-26)

Zp41 = sin(r) sinh(¢) sin(6y) - - - sin(6,,—1)
Tpyo = cos(r),

for a suitable choice of the parameters (r,t,61,...,60,_1). We use this parametrization to
obtain the induced metric on @4 which turns to be

—dr? + sin®(r)(dt? + sinh?(t)do?)
where, as before, do? denotes the metric induced on the subset of TpR’fJrl given by the
parametrization
S = {(0, cos(61),sin(6;) cos(#2), ...,sin(6y) - - - sin(fp,—1),0) }.

We point out that the expression of the metric in the previous spaces allows us to calculate the
volume element induced by the resulting Lorentz metric. For the space R}, we have

" cosh™ ™ (t) drdtdo  if Q(v,v) > 0,
" sinh™ L (t) drdtdo i Q(v,v) < 0.

For the space (Q_ the volume element turns to be:
sinh™(r) sinh™ ! (¢) drdtde.
Finally, for the space (4 the volume element results:

sin” (1) sinh" "~ (t) drdtdo.

Theorem 1.3, Chapter IV in [16] states the fact that these spaces of index v = 1 are isotropic
and thus homogeneous. In addition, these are connected and an arbitrary isotropic Lorentzian
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manifold is locally isometric to any of them. According to Helgason ([16, Chapter IV, Theorem
1.5]), I(Q-) = O1(n + 2) and I(Q+) = Oz(n + 2) act transivitely on @_ and Q4 respectively,
and the isotropy subgroup at o = (1,0,...,0) is identified with Q1(n + 1) in both cases (recall
that I(R?™) = R % O1(n 4 1)/Qy(n + 1), and here 0 = (0,...,0)). Nevertheless, the identity
components also act transitively resulting connected isotropy subgroups [16, Chapter IV, Lemma
2.3]. Therefore we can write: RIT = R* 1 <O (n+1)/0 (n+1), Q_ = O (n+2)/07 T (n+1)
and Q1 = 03 " (n+2)/0 T (n+1).

Let us consider T,M where M = G/H with H = O T(n + 1) and G is either G* = R"*! x
OfT(n+1),G- =0T (n+2) and G = O *(n + 2). Certainly T,M is isometric to Minkowski
space. Recall in Example 2.29 we said that the vector field V = (—1,0,...,0) is timelike. Let
D, denotes the solid future directed cone which contains the timelike vector V, = (—1,0,...,0).
The component of the set {v € T,M : Q(v,v) < —r?} which lies in D, will be denote S,(0). Note
that the elements in the set D, can be parametrized following the parametrical description as in
Equation (4-24). It implies the metric in this set has the form:

—dr? 4 r2(dt? + sinh?(t)do?).

In the same way as we gave the metric on D,, we have that for a fixed r the metric on the set
Sy (o) is:
r2(dt? + sinh?(t)do?).

It implies the metric on S,(0) is Riemannian and we get the volume element which it defines

dw, = " sinh"1(t) dtdo.
If dw; is the volume element on the set S;(0), by the equation above we conclude:

dw, = 1" dw;.

Now, take g € GG and let ¢ = g - 0 be any point of M. Because of H is connected, we have
h- D, = D,. Hence, it makes sense to define the null cone Cy, Dy, S,(¢) C T,M as

Cy=9-Cy, Dy=g-D,. Sy(q) = g- Sy(0).

If exp denotes the exponential map from T;M into M we set

C, =exp(Cy), D, = exp(D,). S, (q) = exp(Sy(0)).

Next, we address the computation of the Laplace-Beltrami operator inside D, (and in general
on any Dg). In order to do this, we need to find a suitable normalization of the invariant measure
on the orbits under the action of H and thus compute the density function . The claims we shall
use here can be seen in [16]. Firstly, we highlight the unimodular H acts transitively on S, (o) and
the isotropy group K of = € S,(0) is compact. Then S, (0) = H/K. Now fix a Haar measure p, on
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H given by dh. Since K is compact it has a unique Haar measure given by dk and normalized by
[ dk = 1. Tt follows that there is a H—invariant measure on the orbit H -z = H/K defined by
that of H and K. We use the Equation (3-27) in Theorem 3.20 with dh giving this measure and
computate

/Hu(h-:c)dh:/H/K/Ku(hk-x)dkdh:/H/K/Ku(h-x)dk:dh
:/H/Ku(h-az)/K dkdh:/H/Ku(h-x)dh. (4-27)

Here u € C.(M) and the integral on the right side converges as a consequence of compactness
of K. Now take an arbitrary point ¢ € M and an element g € G such that ¢ = ¢g - 0. Since M is
homogeneous, we know the isotropy group of ¢ is conjugate to H, namely it is gHg~'. Then via

1 2z € H, we can carry dh over to gHg~! to obtain a form dhq which will

the conjugation z — gzg~
define a measure 1y on gH g~ '. By the bi-invariance of y,, the measure ftq does not depend on the
choice of ¢ and is also bi-invariant. Then by the compactness of the subset gK¢g~' = K C gHg™!

fixing any point of S,(¢), we obtain an H—invariant measure on gHg~'/K as before.

On the other hand, we assert that S, (o) has a Riemannian structure induced by that of M =
G/H. Let dw, its volume element given by this metric and consider the Riemannian measure which
it defines. It should be noted that this measure is H—invariant since H acts by isometry on M.
Therefore, by definition of the density function we have

. 1
/H e = o /S () (4-28)

Theorem 4.6. On the solid future directed cone D, C M, for M = R?H, Q—, Q4+, the Laplace-
Beltrami operator can be expressed as:

0P L dAD
o or2 A(r) dr Or ’

(4-29)
where A’ denotes the Laplace-Beltrami operator on S,.(q)

Proof. Due to H acts transitively on the space H/K, it is enough to suppose ¢ = o. The
characterization of geodesics in M (see [16, Chapter IV, Proposition 2.1]) implies the fact that
exp : D, = D, is a diffeomorphism and maps S,(0) onto S,(0). As a result we have polar normal
coordinates (r,t,01,...,0,—1) on D,. So the ratio of the volume elements of S,(0) and S, (o) is
given by |det(D,exp)|. That means

dw, = |det(D, exp)|dw;-.

It is handy here the Proposition 2.21. For a geodesic v in M and E(r) any parallel normal
vector field along v, the normal Jacobi fields along v can be considered as



68 4 Decomposition of Differential Operators

sinh(r)E(r), ifM=Q_,
J(r) = rE(r), if M =Ry,
sin(r)E(r), if M =Qq,

Because of det(D, exp) depends on these Jacobi fields (see Example 2.27), we get

(%)n for the space Q_
| det(Dyexp)| =< 1 for the space R} (4-30)
(Myl for the space Q.

r

Now, we denote by dh = §(r) ! dw, dk the result of equating (4-27) and (4-28). But the relation
dw, = r" dwy holds. Thus we can write in the three respective cases

_sinh"7r " sin™(r)
dh = 50 dwy dk, 50 dwy dk, 50

dwy dk.

However, dh can be normalized by dh = dw; dk (see Remark 3.22) and for this choice it follows

sinh™(r) for Q_—
o(r)y=<r for ]R’f*'1

sin”™ () for Q.

In addition, recall that the parametrizations given before resulted in the Lorentzian structure
on D, :

—dr? 4+ r2df* r € R for the space R?H
—dr? + sinh?(r)d6?,r € R for the space Q_, (4-31)
—dr? 4 sin?(r)df*,r € [0, 7] for the space Q.

Here 2 df?, sinh?(r)d6?, sin®(r)df? denote the induced metric S,(0) in the space R?™, Q_, Q4
respectively. The metric df? was explicitly described before. Finally, (4-29) holds by calculations.
¢

We remark that the decomposition of the Laplace-Beltrami operator for isotropic manifolds
introduced in this section is consequence of the homogeneity of these spaces. Nevertheless, there
exists a theorem which gives a natural decomposition of the Laplace-Beltrami operator when the
pseudo-riemannian manifold is endowed with an isometric polar action. We are going to establish
this result in the next section.
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4.3 The Radial Part of the Laplace-Beltrami Operator

Let us consider a pseudo-Riemannian manifold (M, g) and S C M, any pseudo-Riemannian sub-
manifold. For each s € S, the union of all the geodesics in M starting at s which are transversal to S
makes up a submanifold S Sl of M. Indeed, if we have an open ball V' (0) C TsM on which expy is dif-
feomorphism and for T, M its orthogonal decomposition TsM = T, SO N, then Si- = exp,(B(0)NN).
Also we can assume, by fixing so € S, that all of S3 are disjoint taking s in a suitable neighborhood
Sp of sg in S. Then their union

Vo= | S (4-32)

s€Sp

is a neighborhood of s in M. Now given u € C2°(S), we define @ on Vj as constant on each S
and equal to u on Sy. Let D be a differential operator on M. We define D', the projection on S of
D, by

(D'w)(s0) = (D) (s0)- (4-33)

Note that the righ-hand side makes sense because @ is C* and D’u turns out a C°°—function
on S since (4-32) can still be used for slight variations of sp and so (4-33) varies smoothly with s.
Also, D' decreases supports owing to D decreases supports. Thus D’ is differential operator on S.

Example 4.7. In Example 4.5 we gave the Laplace-Beltrami operator on R? expressed on polar
coordinates (r, 6, ¢). This is:

Lps + -+ 5 | 555 Tcotl— +

9% 20 1 [0° o) 1 9
= _ —— a7 |- (4-34)
or?2  ror r?\ 062 00  sin® 6 0o
Let S denote the unit sphere 22 + y? + 23 = 1. Here each St is parameterized by r. Then the
operator in parentheses is the projection L]’RB of Lys on S by construction of 4. Note that L' is the

Laplace-Beltrami operator on S. The next theorem asserts that in general this fact is always true.

Theorem 4.8. [15, Chapter II, Theorem 3.2] Let M be a pseudo-Riemannian manifold of dimension
n, S C M a pseudo-Riemannian submanifold, and Lj; and Lg the corresponding Laplace-Beltrami
operators. Then Lg equals the projection of Ly; on S :

Ly = Ls

Proof. Let sy € S be arbitrary point and choose the local coordinates (z1,...,z,) on a neigh-
borhood of sp in M in accordance with (4-32) as follows:

i) The mapping
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is a local coordinate system near sg on S.

ii) For each s € S sufficiently close to sy and any constants a,41, ..., a,, not all 0, the curve
t (x1(8), ..., 20 (8), ary1t, ..., ant) (4-35)
is a geodesic in M starting at s orthogonal to S.
In order to express (4-33) on this coordinate system, we adopt the next notation of indices:
1<d,5,k<r, r+1<a,8,v7v<n.

Due to (4-35) is a geodesic, it satisfies the second order system

Pai |5~ g dnydn

dt? PO dt dt
1<p,q<n
which at the point s reduces to
> Tisaaas =0. (4-36)
a’/B
Since Fia 5 1s symmetric in « and S,
Iz =0. (4-37)

Since the geodesic is orthogonal S on s, we have

gia(s) =0, g =0. (4-38)

Now, we consider the coordinate representation of Ljs given by the equation (4-8) and w and @
related as above. Then

(Lhru)(s) = (L) Z g’ (8 Oyt — Zrt 8tu> (4-39)

but by definition @ is constant in the n — r last variables, i.e. a(x1(s),. ..,z (8), art1t, ..., ant)
is constant in ¢ so, differentiating with respect to t, we obtain



4.3 The Radial Part of the Laplace-Beltrami Operator

> gY <aiaja -3 rfjaka> (s), (4-40)
2,7 k

where each Christoffel symbol I‘fj is definided on S because by (2-9) and (4-38), these are the
restriction to S of the corresponding symbols for M. Besides & = u on S. We conclude (4-40) equals

(Lsu)(s)- Y

We now consider a pseudo-Riemannian manifold M and a closed subgroup H C I(M) acting polar
and properly on M. Then each orbit under the action is closed and each isotropy subgroup is
compact. A submanifold B C H is called a local cross section over an open set U C H/H, if the
natural map = : H — H/H, gives by restriction a diffeomorphism of B onto U. In this case, note
that for all p € M, dim B - p = dim B = dim H/H, and since H/H,, = H - p, it follows that B - p is
an open set in the orbit H - p.

Lemma 4.9. [14, Lemma 2.1] Suppose W is a pseudo-Riemannian submanifold of M transversal
to the polar action of H, that is, for each w € W

ToM = Ty(H - w) & Ty W. (4-41)

Fix wg € W. Then there exists an open relatively compact neighborhood Wy of wg in W and a
relatively compact submanifold B of H forming a cross-section through e over an open neighborhood
Uy of eHy, in H/H,,, such the mapping

n:(byw)—b-w

is a differmorphism of B x Wj onto a neighborhood of wg in M.

Proof. Let h° denote de Lie algebra of H,,, and n C h any subspace such that h = h? @ n. If ng is
a sufficiently small neighborhood of 0 in n, then exp is a diffeomorphism of ny onto a submanifold
B C H which becomes a local cross section in H over a neighborhood of eH,,, in H/H,, (see [13,
Chapter II, Lemma 4.1]). Therefore, it suffices to prove that the mapping ¢ : (X, w) — exp X - w
of n x W into M is bijective at (0, wy).

First note that in any point (0, w) € n x W, ¢(0,w) = w, so the restriction of ¢ to {0} x W is
the identity map of W, then

(dd)) (O,wo)(ov Wwo) = Ww0' (4'42)

Furthermore if we consider the orbit map 69 : h — h - wg, which maps H onto H - wy,
then its differential at e € H is a bijection of n onto (H - wyp). Indeed d(e)ﬂ(wo) has kernel h° and
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00" (b)

= d) wo) ()0 @ n) = (H - wp)w, because H¥0) has constant rank. Since h° Nn = {0}
and d(e) (o) (n )

(H wo)w,, We have the bijection. Now observe that

(d¢)(0,wo)(nv 0) = d(e)‘g(wo)(n) = (H - o )uw,- (4-43)

By (4-42), (4-43) and by the condition (4-41), (d¢)o,w,) is bijective. Then there exist an open
neighborhood V = 1y x W of (0,wp) such that ¢|y, : V= ¢(V) is a diffecomorphism. Finally, we
choose B such that B is compact and B C expy(ng N n) and Wy such that Wy is compact and
W{) C Wo. &

By the same construction as before, for x+ € M and S = H - x, we have the submanifold S’j
and may assume that it is transversal to the action of H. We apply the previous lemma, taking
wo = x, (and Wy, B as it was done there) to construct the neighbourhood Vh = Uyew,B - w of
x in M. Given a differential operator D on M, we now define a new one which acts transversally
to the orbits. Let u be a C* function on M. We restrict u to Wy C Sy and then we extend this
restriction to a function u, on Vj given by

Uz (b w) = u(w), be B, weW,.

Then Dy, the transversal part of D, is defined by

Dr(u)(z) := D(uz)()

Observe that since u, is smooth near x the definition of Dr makes sense. Also it does not
depend on B because B - w is a open set in the orbit H - w that contains w. Now take an open
set U of M such that u = 0 on U. Since for all z € U, u, = 0 then Dpu = 0. Hence D7 decreases
supports and it is a differential operator. When D is the Laplace-Beltrami operator on M, that is
D = L, its transversal part is involved in a decomposition of variables for L.

In the next theorem we assume any orbit S C M under the action of a Lie group inherits a
pseudo-Riemannian structure from that of the ambient space M. This assumption is in order to be
able to define the Laplace-Beltrami operator on S.

Theorem 4.10. [14, Theorem 2.2] Let M be a pseudo-Riemannian manifold, H a closed Lie group
of I(M) acting polar and properly on M. Let S be any orbit under H and f the restriction to S of
a function f € C°°(M). Then the Laplace-Beltrami operators Lg on S and L = Ly on M satisfy

Lf=Lsf+Lrf (4-44)

Proof. Let sg € S and let Sy, B, Wy and Vj be as in the proof above. Let b~ (y1(b), ..., 4, (b))
be any coordinate system on B such that y(e) = --- = y,(e) = 0, and let w — (zp41(w), ..., zp(w))
be a coordinate system on Wy such that the geodesics forming SSLO correspond to the straight lines
through 0. Then we define a coordinate system (z1,...,zy,) on Vj by
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(x1(b-w), ..., xp(b-w),xr11(b-w), ..., x,(b-w))
= (y1(b),...,yr(b), zr+1(w), ..., zp(w)). (4-45)

Since isometries map geodesics to geodesics, note that from one Sy we can obtain another one
of these that contains any given point in M by using the group action. Thus this coordinate system
has properties i) and i) from the proof of Theorem 4.8 for each s € S. Now, assume ¢ € C*(1})
satisfies the condition

Y(xy, .o xn) =U(0,...,0, 241, ... Ty), (4-46)
or equivalently

Pb-w)=¢w), beB, weW,.

Then, by definition

Vs, =, = constant, (4-47)

SO

(L) (s0) = (Lp)(s0),  Lsib(so) = 0. (4-48)
On the other hand, if ¢ € C*°(V}) satisfies

d(r1y. .., xn) = &(x1,...,2.,0,...,0) (4-49)

or equivalently,

o(b-w)=¢(b-sy), beB, weWy,
and since H permutes the various Si(s € S) we have, in a neighbourhood of s,

(¢)~ = ¢7 ¢so = constant, (4—50)

where ~ is defined in connection with Theorem 4.8. From Theorem 4.8 we therefore deduce

(Ls§)(s0) = (L'9) = (Le)(s0),  (Lr)(s0) = (Ls,) = 0. (4-51)

Recall
L(¢) = ¢Lap +2(V, Vi) + Lo, (4-52)
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then, using the orthogonality (4-38) and by definition of V, we see that for 1 <i,5 <r; r+1 <
a’ ﬁ S n?

. 0 0
— Z] . PR a7ﬁ [
Vo ng Maxﬁgg 00

and likewise for ¢. But 9;¢) = 0 and d,¢ = 0, so the middle term in (4-52) is zero at the point
s0. Moreover, since ¢4, (s0) = ¢(sp) and by (4-50) ¢s, is a constant function, then by (4-47) and by
definition of Ly, we see that the first term on the right in (4-52)

¢(s0) (L) (s0) = L(so¥)(s0) = (L(¢¥))so (s0) = (L (69))(50)-

Similarly, since by (4-47) ¢ is a constant function and using (4-51), in the last term at sy we
have

¥(s0) (L) (s0) = ¥ (s0) (L) (s0) = 1h(s0)(Lsd)(so) = Ls(¥)(s0).

Consequetly,

L(¢p)(s0) = Ls(¢)(s0) + L (o) (s0).

By using the fact that the finite linear combinations of functions ¢, where ¢ and 1) respectively
satisfy (4-49) and (4-46), form a dense subspace of C2°(V}), the expected result is obtained by
continuity and linearity of differential operators in equation above.

¢

Example 4.11. Let us consider the action of H = O(3) by rotations on M = R3 — {0}. The
expression (4-34) of the Laplace-Beltrami on R? corresponds to the decomposition (4-44) for this
case. Indeed,

# 20
or2  ror

is the transversal part of Lps and

(el L2
r2 \ 062 99  sin’0 09

is the Laplacian on the sphere S?(r).
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Now, we want to study the decomposition in Lemma 4.10 by supposing some additional properties
of the action. As in Lemma 4.9, we take W C M is a pseudo-Riemannian submanifold transversal
to the polar action of closed subgroup H C I(M). Let b be the Lie algebra of H. If X € b, the
vector field on M induced by X is defined as

d

(X*h)p) = il flexptX - p),

where f € C®°(M) and p € M. A smooth function f on a open subset of M is said to be locally
invariant if X f = 0 for each X € b.

Theorem 4.12. [14, Lemma 3.1.] Assume the transversality condition

TwM = Tyy(H - w) & Ty W

for each w € W. Let D be a differential operator on M. Then there exists an unique differential
operator A(D) on W such that

(Df)lw = AD)(flw), (4-53)

for each locally invariant function f on an open subset of M.
Definition 4.13. The operator A(D) is called the radial part of D.

We conclude this chapter with the key theorem in the remainder of this work. It gives a general
formula for the radial part of the Laplace-Beltrami operator on pseudo-Riemannian manifolds
endowed with a polar action of a closed subgroup of isometries. We strengthened some hypothesis
so that the proof is the same as that given by Helgason in [15] and [14]. Then in order to obtain
closed orbits and compact isotropy groups under the action, we shall think about proper actions.
So, for instance there will be no problem considering invariant measures. Recall that properness is
not guaranteed in the presence of an acting closed group of isometries in the indefinite case.

Theorem 4.14. [14, Theorem 3.2] Let M be a pseudo-Riemannian manifold, H a closed unim-

odular subgroup of the isometry group I(M). Assume that H acts properly on M and that a
submanifold W C M is transversal to the action of H, that is for each w € W,

(H-w)NW ={w}, TV =Tyw(H -w) & T,W. (4-54)

Then the radial part of Lj; is given by

A(Ly) =62 Ly 0 6Y% — 5712 Ly, (6V/2), (4-55)

where o denotes composition of differential operators and § is the density function.
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Proof. Put V* = H - W and consider the surjective mapping 7 : H x W — V*, (h,w) — h - w.
Fix w € W and observe that the restriction of 7 to H x {w} is a mapping 7#(*) : H — V* which
coincides the orbit map and whose image is H - w, then 7(*) has constant rank and so it is a
submersion. Also, for any w € W and fixing h € H, we have a diffeomorphism from H - w to itself
with inverse h~!. Thus 7 has a differential satisfying

A7 () = A7 () (Hp X {0}) + dmp ) ({0} X Way)
(H - w)haw + (dh)w(Ww) = (dh)w((H - w)w) + (dh)w(Wew)
(dh)w((H - w)y + Wy).

Because of (4-54) this image equals T{,..,y M, which means dr is surjective at each point (h, w).This
implies that 7 is an open mapping and thus V* is open in M.

Let dx and dw be the volume elements defining the Riemannian measures on M and W respect-
ively, we shall prove that there is a function 6 € C°°(W) such that

/ Pla) dz = / 5(w) ( / Fh - w) d’h) dw, Fe (V). (4-56)
* w H-w

In order to give a coordinate expression for dx and dw, take wg € W and select B, Wy, Vj, and
n with the properties of Lemma 4.9. Assuming further that b — (y1(b),--- ,y,(b)) is a coordinate

system on B with yi(e) = -+ = y,(e) =0 and w — (zr41(w), -+, 2p(w)) is a coordinate system on
Wo, we have a coordinate system (z1,---x,) on Vy by putting

(z1(b-w), - @ (b-w),Tpy1 (b ), an(b-w)) = (4-57)
(Y1(0), -+ yr(b), zr1(w), - - - 2n(w)). (4-58)

In the formulas below let 1 < 4,5,k < r, r+ 1 < «,8,7 < n. Then we have the following
coordinate expressions for the Riemannian measures:

dr = \/‘5 dxl - dw”7 dw = ﬁ derrl cee dx", (4'59)

where

g = | det(gpq)1<p.g<nl, ¥ = | det gagl- (4-60)

Due to the orthogonality condition in (4-54) we have

gioé(w) = O) w e WO- (4—61)
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Let b € B and let b: Vyj — b- Vp. Denoting by 7 : Vj — R” the coordinate map, we have by
definition, for 1 < p < n,

0

Oy

0

) = oz, (forfl), veVy, feC®W).

7(v)

Since the mapping w — b - w has coordinate expression

('IT+1"' : ,l’n) — ($T+1a' o 7xn)a
it follows that
0 0
—(L(robor)) r(w)
=\ oz T 7(w

B (agca(fobofl)) (@1(e-w),..arle-w) ara(e - w),.. an(e- w))

= ((f)ia(foTlo (z1(b-w),...2p(b-w),zrp1(b-w), ..., 2n(b-w)),

then

w2\ = 9

0z, O

and so gag(b- w) = gos(w). On the other hand, the submanifold of Vj which we obtain by fixing

the coordinates z,, lies on an orbit of H. Then the differential of b maps (H - w),, onto (H - w)p.y
and it follows that

(4-62)

w bw

0 - 0
db < a:c) = Z a;jdb <8$J) " (4-63)
w j=1 w
where a;; € R. By (4-61) it implies that g;o(b- w) = 0. Consequently
§(b- w) = | det(gis (b~ w))I| det(gas) (b w)| = | det(giy (b w))3(u0). (+-61)

Now, note that the Riemannian volume element do,, on the orbit has coordinate expression

dow, = /| det(gij)(b - w)|da* - da” (b w). (4-65)
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Thus, if F' € C°(Vp), we obtain from Fubini Theorem and (4-64) that

/VF(a:) dx = /VF(a:) \/| det(gi;(b-w))[F(w)da' - - - dz"

= [ 32w ([ P o)) drede )

But do,, is invariant under H, so it must be a scalar multiple of dh. Then the definition (3 — 30)
of 0 proves (4-56) for all F' € C.(Vp). Besides it also holds for F' having support inside h - Vj for
some h. As wp runs through W the sets h -V (h € H) form a covering of V*. Passing to a locally
finite refinement and a corresponding partition of unity, (4-56) follows for all F' € C.(V*).

To make sense of the formula (4-56), we have to prove, for f € C.(V*), the mapping f — fis
surjective, where f € C.(W) is determined by

flw) = f(h - w)dh.
H-w
In fact, let F € C,(W) and let C C W be a compact subset outset of which F vanishes. Let C
be a compact subset of V* such that (H -w) N C = 0 for w ¢ C and such that for each w € C,
(H-w)N C has measure > 0 with respect to the Riemannian measure on the orbit H - w. For
example, take C=Cy- C, where Cp is a compact neighbourhood of e in H. Select f1 € C.(V*)
be such that f; >0 on V* and f; > 0 on C. Then fl > (0 on C and the function

fi)F(w)/fi(w) ifveH w, weC
fv) = . (4-66)
0 otherwise
belongs to C,(V*) and satisfies f = F, proving the surjectivity
Ce(VT) = Ce(W). (4-67)

Now we consider a basis X1,. .., X; of Lie algebra h of H and let ¥; = X (1 < i <) denote the
induced vector fields on V. Since the vector fields dz; (1 < i < r) are tangential to the H—orbits,
we have on V)

0
ox;

l
= b;Y;, bij € C*° (V). (4-68)
7j=1

Using the coordinate expression of Ly (4-8) in Section 4.1 and taking its restriction to W, we
obtain

A(Ly) =) _g*° (aaaﬁ -> rgﬁak> +> g¥ (aiaj — ngak> (4-69)
a,fB k ] k
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by (4 — 61) and if f is a locally invariant function on Vj,

l
;95 (flw) = 0; (Z bijm> (flw) =0,
m=1

Thus,

A(Lpr) = Lw + lower-order terms. (4-70)

On the other hand, we have by the symmetry property (4-7) in Section 4.1

| @uty@ @ = [ p@)(Eu e da, (&71)

for fi, fo € C.(V*). But then this relation holds for all fo € C°°(V*). In particular, let us take
fo invariant under H. Applying (4-56) to the left hand side of (4-71) we obtain

/ S(w) fo(w) ( / (Lasf1)(h - w)d'h> dw. (4-72)
w Hw
We now use the H-invariante measure on the orbit (3-29) to consider the equation

/H(LMfl)(h'w)dh—/H/Hw/w(LMfl)(hk-w)dkd'h.

As the group H,, acts trivially on the element w, we have (Lysf)(hk-w) = (Larf)(h - w) for all
k € H,, then

/H/Hw /I—Iw(LMfl)(hk"LU) dkd'h:/H/Hw/w(LMfl)(h'w)dkdh

_ /H/Hw(LMfl)(h-w) (/wdk> dh.

But for each 2 € M the isotropy subgroup H, is compact and dk is normalized then [ H. dk =1.
This allows to write for the inner integral of (4-72)

/ (L fr)(h - w)dh = (Lo fr)(h - w) dh = / (Lo fr)(h - w) dh. (4-73)
H-w H

H/Hy,

Again by the compactness of H, and the invariance of Ly,

(Lt ( /H Fuh - 2) dh) _ /H (Lot f1)(h - ) dh. (4-74)
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The unimodularity of H implies that the function z — | i Ji(h - x)dh is invariant under H, so
putting z = w in (4-74) we get

/H (Lar fo)(h - w) dh = (A(Lar) fr) (w),

and the left-hand side of (4-71) reduces to

/(A(LM)fl)(w)fz(w)é(w)dw.
w

Once again, formula (4-56), the H—invariance of Ly fo and the definition of A(Lys), the right-
hand side of (4-71) reduces to

/ Fi(w)(A(Ly) fo) (w) dw.
W

But in view of (4-67) the functions f; (and also fo) fill up C.(W), so the equality of the last
expressions means that A(Lyy) is symmetric with respect to Riemannian measure given by d(w) dw.
But since Lyy is symmetric with respect to Riemannian measure given by dw, it can be proven that
the composition 57%LW 0482 is symmetric with respect to Riemannian measure given by §(w) dw
and it agrees with Ly up to lower-order terms. Thus by (4-70) the symmetric operators A(Lyy)
and 5_%LW 083 agree up to an operator of order < 1. But this operator, being symmetric, must

be a function, and now we evaluate on the function 1 to obtain:

A(Lyy) — 6 2Ly 082 = —6 2 Ly (52).

It concludes the proof. &

Example 4.15. Consider the polar action of H = Q(n) on M = R" with W = R™ — {0}. Here the
orbit for each z € R", z # 0, is S"!(r) with r = |z|. Also observe that the isotropy subgroup of
each element is diffeomorphic to O(n — 1), thus O(n)/O(n — 1) = S*~L. Since 6(z) = |z|* ! we get

- n— d2 n— - n— d2 n—
A(Lgn) = =1/ UWOT(WM 1) _ —(1/2)( 1>W<r<1/2>< 1>)
& n-1d
dr? rodr’



5 Solutions to a Semi-linear PDE via Polar
coordinates

The purpose of this section is to study the following equation on a pseudo-Riemannian manifold:

Apu(z) +b(x) f(u(z)) =0, zeM, (5-1)
for smooth functions u,b: M — R, with u being non-negative and the function f: R — R repres-
enting the nonlinearity of (5-1). We shall follow the analysis done in [3] where it was considered
M to be a Riemannian manifold endowed with a polar action of a compact Lie group G C I(M)
whose transversal submanifold ¥ is one-dimensional. There, the hypothesis of Theorem 4.14 are
fullfied since a compact group is unimodular and the isometric action of a compact Lie group on a
Riemannian manifold is always proper.

Additionally, some technical assumptions were considered. On the one side, the solution to the
problem posed by (5-1) is constructed by supposing it is constant on the orbits of the action. Then
Theorem 4.14 works with the goal of reducing the problem to a one-dimensional problem posed on
3. A priori, ¥ depends on the choice of the points where it meets each orbit. It is easy to make
examples where we have infinite number of choices for the transversal manifold ¥ for a fixed polar
action [3, Example 3.1]. For the latter ODE defined on any ¥, initial conditions were set to obtain
a C*°(X) solution uy, which depends on both ¥ and such initial conditions. Note that in this way
¥ gives a boundary condition to (5-1) via translation on the corresponding orbit. Using the polar
action, the function uy, defines a function u on M and the geometrical setting implies that the
solution u becomes continuous.

Nevertheless, the pseudo-Riemannian case has some drawbacks. So we shall proceed analogously
except for some changes in the considerations. For the sake of simplicity, we shall emphasise mostly
in the Lorentzian context. The generalization of Theorem 11 in [3] to Lorentzian manifolds turns
out to be the most natural. We begin by assuming that the group acting polarly is closed and its
action is proper. Properness in [3] is automatic owing to the compactness of G. On the other side,
we realised that the continuity of solutions will depend on the existence of geodesics joining any pair
of points in the manifold M. If M is a complete Riemannian manifold, we can always find such a
geodesic because of the Hopf-Rinow Theorem. Unfortunately, the completeness is no longer enough
on a Lorentzian manifold. To ensure the continuity of the global solution v in the Lorentzian case,
a stronger condition is necessary. It is the global hyperbolicity condition (see Definition 2.30), which
provides the existence of nonspacelike geodesics joining any pair of causally related points of M.

In this chapter, we take advantage of the fact that a globally hyperbolic Lorentzian manifold
M can be parameterized via generalized polar coordinates, in such a way that the solution method
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to (5-1) used in [3] can be replicated on M. Polar actions that induce these coordinates are of
cohomogeneity one and in this chapter are defined. Then we give some examples on the Minkowski
space R} based on some results of the papers [1] and [2]. In Section 5.2 we present the main
theorem of this work which guarantees the existence of solutions on the setup we propose. Section
5.3 is an appropriate extension of our considerations and results to Lorentzian warped products.

5.1 Cohomogeneity one Polar Actions

An action of a Lie group G on a connected manifold M is called of cohomogeneity one if it has at
least one orbit of codimension 1. Assuming M to be a Riemannian manifold and G to be a connected
closed Lie subgroup of I(M) acting by isometries yields nice consequences. Cohomogeneity one
means in this case that the orbit space M/G is one-dimensional (and so up to rescaling, one
of R, [0,+00), S! and [~1,1]). Undoubtedly the action turns out to be proper and if G also acts
polarly, the orthogonal sum in Definition 3.7 says that the dimension of the transversal submanifold
¥ coincides with the cohomogeneity of the action, (see [6]). Then looking for one-dimensional
submanifolds transversal to the action is in general looking for cohomogeneity one polar actions.
A greater depth in aspects about this topic on Riemannian manifolds can be reviewed in [4], [6].

When the metric structure on M is indefinite, that is M is a pseudo-Riemannian manifold,
the same considerations do not allow us to conclude that the action is proper and the polarity of
the action will depend on whether the metric is degenerated or not on the orbits of each point of
M. Then if an arbitrary orbit inherits a degenerate metric structure, then there is no a pseudo-
Riemannian submanifold transversal to the action. We shall focus in this aspect below.

Let M — M /G be the projection map from M onto the orbit space M /G. Given a point p € M,
the orbit G - p is principal (resp. singular) if the corresponding image in the orbit space is an
interior (resp. boundary) point. All principal orbits are diffeomorphic to each other, each singular
orbit is the dimension less than or equal to n — 1. Note that when M/G = R, S! all orbits are
principal, if M/G = [0, +00) there is one singular orbit and in the case M/G = [—1, 1] there are
two singular orbits.

From now on, we shall take the most classic Lorentzian space into account, namely the Minkowski
space RY. The papers [1] and [2] present us interesting results regarding cohomogeneity one actions
on this space in the general case and when n = 4. Also these provide us quite illustrative examples.

Theorem 5.1. [1, Lemma 3.3] Let G C I(R}) be a connected, closed Lie group for 1 <v <n—1.
If the action of G on R is of cohomogeneity one, then G is not compact.

The essential observation for the proof is that in R} there are no compact pseudo-Riemannian
hypersurfaces (see [21]), thus assuming G to be compact is a contradiction. With this result at
hand we follow [2], where the connected Lie groups G C I(R}) = R* x Oy (4) of cohomogeneity one
which acts by isometry on R} are determined up conjugancy. Theorem 3.4 therein exhibits a list
of all possible groups, of which those that act properly are of interest to us.
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Theorem 5.2. [1, Theorem 3.1] Let G be a connected, closed Lie subgroup of I(R}) whose action
on R} is proper and of cohomogeneity one. If there is a spacelike principal orbit, then each orbit
is spacelike and isometric to R”~!. In particular there is no singular orbit.

The proof is a consequence of previous results in [1], including the fact that under the same
hypotheses the orbit space M /G, for M = R}, is homeomorphic to R or [0, +00). The latter will be
noted below. Closed groups whose actions on R} are of cohomogeneity one, proper and isometric
are, up to conjugacy, of five types. We shall introduce three of them in order to illustrate our future
considerations in the remainder of this chapter. The complete classification of cohomogeneity one
actions on R‘ll in both cases, proper and non-proper, can be seen in [2]. We begin by fixing some
notation. Let {e1, €2, e3,e4} be an orthonormal basis of R}. The timelike line £ C R} is defined by
L = R(ey — e1) and the degenerate hyperplane W3 C R by W3 = Re3 @ Rey @ £. Also, we shall
use Op to denote the collection of orbits of the action of H on Rj.

Type I: The Lie group H acts by translations. Then Op is invariant under a three-dimensional
translation group. Here H € {R3, R3, W3}, where R3 = Rea®@Re3DRey, R = Rej @Rea®Res.
Then the orbits in Op are affine hyperplanes in ]R‘l1 that are parallel to R3,R§’ and W3
respectively. In all three cases every orbit is principal and totally geodesic, besides the orbit
space is diffeomorphic to R. By Theorem 5.2, it is clear that there are no singular orbits.

a) Ogs = [,cr(ter +R?). In this case the orbits are hyperplanes in R} parallel to R*. Each
of them is spacelike and picking a point p; in any of them, we can find a submanifod X
transversal to the action defined by ¥ = {(t,p;) € R} x R3 : —0o < ¢t < co}. Note that
we have used the standard decomposition R} = Ri x R3, thus ¥ is parallel at each p;
to Rej and can be parametrised by the curve v(t) = (¢,p;). By causality of the orbits,
Y is timelike and for each p = (¢,p;) € R} the tangent space at p can be decomposed as
T,R} = T, @ T,(te; + R?). Hence the action is polar.

b) Ops = User (tes + RY). Namely the orbtis are hyperplanes in R{ parallel to R}. An
argument analogous to the previus one allows to find at each point p; of each timelike
orbit a submanifold transversal to the action parallel to Res. This submanifold becomes
spacelike. Then H acts polarly.

c) Ows = User(ter +tea + W3). Here we get as orbits parallel hyperplanes parallel to W3.
Owing to each of them is degenerated, an orthogonal direct sum decomposition of 7, pR‘f,
at each point p = (¢, p;) of an orbit, is no possible. Hence H does not act polarlly.

Type Il: H = R? x SO(2). Then Oy is invariant under the two-dimensional translation group R2.
Observe that the action of R? by translations generates orbits pe; +sea+R2, for fixed p, ¢ € R.
On each of these orbits, SO(2) acts and its orbits consist of the single point {pe; + se2} and
pe1 + ez +S'(r), where » € Rt. Thus the set of the orbits given by the action of H consists
of the plane R? and the pseudo-hyperbolic cylinders R? x S(r) C R? x R?, where r € RT :

Orzxso@) = | RE x S'(r)).
r>0
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The orbit of the origin, namely if » = 0, is the unique singular orbit and is timelike. The
latter is also true for the principal orbits, i.e. if » > 0. The orbit space is homeomorphic to
[0,00). We assert that for each point p = te; + sea + p, of a singular orbit, there exists a
spacelike submanifold ¥ passing through p transversaly and which is parallel to either R es
or R*ey. Since these meet S!(r) orthogonally and by geometrical settings, the action is polar.

Type Il H = Rey x SO(3). Then Oy is invariant under the one-dimensional timelike translation
group Rey. Here, the orbits under the action by translation of R? are pe; + R3. The action of
SO(3) leaves these orbits invariant and generates on each one of them the collection of orbits
given by the single point pe; and the spheres centered at that point. This implies that H
generates the singular timelike orbit Re; and the cylinders Re; x S%(r) € R x R3, where
reR;:

OR61XS©(3) = Re; U (Rel X 82(7'>)

reRy

The orbit space is homeomorphic to [0,00). By analogy with the action of a group Type II,
we can find a spacelike submanifold ¥ passing through each point p of each principal orbit.
In fact, ¥ can be choosen parallel to RTey, Rtes, or RTey. As before, the action is polar.

Remark 5.3. Observe that in the cases where the orbit space is [0,00), we have omitted the
singular orbit in order to consider the polar action.

Remark 5.4. It is also clear that for each of these actions it can be found a subgroup of the acting
group which is transitive on any orbit. In general, proper cohomogeneity one actions on R} have
this behavior, see [1] and references therein.

5.2 Existence of Solutions for Cohomogeneity one Polar Actions

Example 5.5 (Preliminary example). Here we present the method to obtain solutions to (5-1) for
the Euclidean space R3. It is well know what we mean by Laplace operator on it using standard
coordinates:

0? 0? 0?
+ o+

bes =52 52 T a2

Step 1: Standard coordinates for a point p = (x,y, z) can be expressed in polar coordinates by
mean of the formulas

r=rcost)y y=rsinficosfy 2z = rsinfbsinbs.

Then, the Laplace operator becomes:

Lo_® 20 1 a9\ 1 o9(1 o
RS = or2 " o r2sin 6, 00, 1891 r2sin@; 00y \ sinf; 00y )
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We search for radial solutions, that is, functions of r = |p|. Suppose then that v = u(r),b =
b(r) are radial on (r,01,62) and thus

2
Lgs = u" (r) + =u'(r).
T
We get an equivalent problem to (5-1):
" 2 /
u'(r) + U (r) 4+ 0(r) f(u(r)) = 0.

Step 2: Under the change of variable s = ["¢t?dt and if z(s) = u(r), we obtain the following
one-dimensional problem

which is posed on R and whose solution can be guaranteed. Here, it is used the fact that

dr dz | 9
i and %fu(r)r.

Henceforth, M will denote a temporally oriented and globally hyperbolic Lorentzian manifold.
Thus there is a maximal nonspacelike geodesic joining any two causally related points of M. Con-
sider the Equation (5-1) on M and assume the existence of a one-dimensional submanifold ¥ of M
transversal to the action of a closed subgroup G C I(M). We remarked before that in the presence
of a indefinite metric a submanifold might not inherit a metric structure from that of the ambient
manifold. Then, we have to suppose that both the submanifold ¥ and the orbits are endowed with
a suitable pseudo-Riemannian metric induced by M. We shall firstly deal with case of ¥ being
timelike and hence each orbit is spacelilke.

A function u satisfying u(z) = u(g - z) for all z € M and g € G is said to be a radial function.
Clearly this function is such that for all s € ¥ and g € G we have u(g-s) = u(s) = u|y. Thus u =@
on M, where @ is defined as at the beginning of Section 4.3, and then we can apply Theorem 4.14
to obtain the explicit formula for the Laplace-Beltrami operator applied on u :

Ly(u) = Ly(a) = A(La)(uls)
1
= WLE(V d(r)uls) —
_ 2(Vs/d(r), Vs(u))
o(r)

(Vo(r))uls

1
— L
Jowr) (5-2)

+ LE(“)?

where we have used the identity L(uv) = u(Lv) + 2(Vu, Vv) + v(Lu), with u,v € C*°(M) and
have considered r as the parameter along ¥. We now take 3 as a one-dimensional submanifold of
M in Equation 5-2, together its character causal to obtain
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(5-3)
Remark 5.6. We point out that in a general case of polar actions where the dimension of ¥ is

greater than 1, the PDE in (5-1) is equivalent to

Asu+ 285V ‘522’)%“)  b(r) f(u) = 0. (5-4)

Here the symbols Ay, and Vy denote respectively the Laplace-Beltrami and gradient operator
on X, defined by reversing the metric that ¥ inherits of that M.

The Equation (5-4) holds for a locally invariant function v and we get

Ayu+ (Vslogd(r), Vsu) — b(r) f(u) =0, (5-5)

after using the formula

2 1
\/gvfcs 5v5 Viné

We have reduced the Equation (5-1) to a simpler equation defined on the submanifold ¥

(O(r)u'(r))" = 6(r)b(r) f (u(r)) =0, (5-6)

assuming u, b to be radial functions. Therefore the semilinear equation becomes an ordinary
differential equation for which we could study several interesting questions related to the existence
of infinitely many polar action invariant solutions. Since the reduced dimensional problem might
be parametrized by some suitable boundary data, we can consider different initial conditions for
the original problem. With this in mind, we shall focus now the attention to study the existence
of solutions to (5-1). In order to do this, we start by stating the theorem.

Theorem 5.7. Suposse M is a temporally oriented and globally hyperbolic Lorentzian manifold
and H a closed unimodular subgroup of I(M) whose action on M is proper, polar and of co-
homogeneity one. Let ¥ be a timelike submanifold of M transversal to the action of H and let
d: 3 — [0,00) be the density map. Furthermore, suposse that

i) for ro € ¥ the function s = J(r) := f; §(t)~1dt maps ¥ to R,

i7) the linear problem
2"(s) = b(r(s))d(r(s))* =0, seR

with b(r(-)) an a-regular negative function, has a unique positive Cy(R) N CEOJCFO‘(R) solution,
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iii) f € C((—o0,0),(0,00)) satisfies lim, - f(g)/q = oo and limy—_s f(q)/q = 0.

Then the problem (5-1) has at least one non-negative solution v € C*°(M).

The hypotheses in the theorem include the geometric setting where we are seeking a solution to
the problem as well as the conditions which guarantee its existence. Our assumptions about the
group acting are by virtue of getting closed orbits and compact isotropy groups under the action of
H and thus Theorem 4.14 is fulfilled. The condition 7) refers to the non-integrability of the function
§(r)~L. Note that when X is parametrized by arch-length r € [0, R], this condition is related to the
points where 0(r) = 0 because these become singularities of the equation posed on ¥. Nevertheless
this case does not concern us mainly because we are not considering fixed points of the action. The
analytical conditions i), i) have to do with the principal result given in [25] and these will be
used as in [3].

Proof. Let u and b be radial functions, namely these only depend on the parameter describing
3} and which is defined by the global polar coordinates defined by the action of G on M. That
means that the functions w, b satisfy that for all ¢ € G and x € M we have u(g - =) = u(z) and
b(g-z) = b(x). By (5-3), the problem (5-1) turns to be

{(5(7’)1/(7“))’ —b(r)é(r) f(u(r)) =0, (5.7)

u(rg) = d.

where d is a real number. Since the function d(r) is positive for r # 0, we define s = J(r) =
f;; §(t)~tdt with 79 > 0 and 2(s) = u(J~*(s)). By the Chain Rule, we get

d(r) _d(J"'(s)) _ 1 _
e e TP
and
dz ,
Z —w(r)3(r),
so that
d?z d(u' (r)o(r))
i 5(T)7d8 .
Hence the problem 5-7 is equivalent to
ey r(s))8(r(s))? =0
S~ b ()A(()* 1 (+(5)) = 0, 57

z(ro) = d, z(r(s)) > 0,

where d is any real number.
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Theorem 1.1 in [25] claims that if ZZ; —b(r(s)6(r(s))? = 0, with b an a-regular positive func-
tion, has a unique positive solution which is also in Co(R) N C7F%(R) then the problem (5.7') has
solution if in addition we suppose that f € C1((—00,0), (0, 00)) satisfies lim, o~ f(g)/q = co and
lim, o f(q)/q = 0.

Note that in this case u(r) = z(J(r)) is a solution to (5-1). &
At this very instant, we proceed to fix a possible gap concerning the continuity of the solution in the
proof of Theorem 5.7. Formally, the solution described above is defined on the transversal pseudo-
Riemannian manifold ¥, but we can extend it to the whole manifold M by setting u(x) = u(s),
where for each s € X, we have x = ¢g - s for some g € G. Namely, the function % is constant on
the orbits of the action of G. It implies that each orbit can be viewed as level sets @~ 1(c) for each
¢ € R. Due to the transversality condition in Definition 3.7, we can suppose that for each z € M
the gradient Vi (z) is timelike because X does. Let « : (a,b) — M be a future directed nonspacelike
curve with nonvanishing tangent vector &(t). Then,

g(V(ua(e(t))), a(t)) = a(t)(a)

must be always positive or always negative. It implies @ must be strictly increasing or strictly
decreasing along ~. In addition to this, for all pair of points p,q € M the collection of open sets
It (p) NI~ (q) define a topology on M called the Alexandrov Topology . In general, it needs not
coincide with the given manifold topology on M but if M is strongly causal, these two are the same
[5, Proposition 3.11].

Lemma 5.8. Let h : M — R a strictly increasing function on all nonspacelike curve and let z € M.
Then h is continuous at x.

Proof. Due to we are assuming that M globally hyperbolic, we have that the basic open sets
are of the form I~ (p) N I*(q) for some pair of points p,q € M. On the other side ( also due to
the global hyperbolicity) for all pair of points p,q € M such that x € I~ (p) NI (q) there exists
a nonspacelike curve « : [—t,t] - M with a(0) = z, a(—t) = ¢, «(t) = p such that h(«) is
continuous at 0. Now let (y;);en C M be a sequence of points such that y; — =. For each i € N
there exists k; € N such that for all 7 > k;

i € I (a(=2) N I (a(3)

Since h is strictly increasing function on all nonspacelike curve this implies that for all j > k;

As h(«) is continuous at 0, we have that h(a(—1)) = h(a(0)) = h(z) and h(a(})) = h(a(0)) =
h(zx). Tt implies h(y;) — h(x), as required. &

Remark 5.9. It has been shown the continuity relative to the Alexandrov topology. However, a
globally hyperbolic manifold is always by definition strongly causal, then we use what was said
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before the theorem. Despite being the most restrictive condition, we deal with global hyperbolicity
because it is easier to verify on our examples.

Example 5.10. Let us use the description done in Section 5.1 of some proper, cohomogeneity one
polar actions on R} to find a solution to (5-1) on said space. In order to verify the assumptions of
Theorem 5.7 and since R‘ll is globally hyperbolic, we write ]R‘ll =Rix R3 and of course, consider the
metric —dt? + g;, being g; the Euclidean metric on R? (see Example 2.32). Then we need to choose
an action whose orbits are isometric to R3. Let us take the closed subgroup H = R? of I(R}). It is
of Type I and acts by translations on R}. Commutativity of H implies that it is unimodular.

Next we calculate the density function §. Let p = (t,p;) € R} x R? be an arbitrary point. Note
that the orbit of p is H -p = te; +R3 and its isotropy subgroup is H, = {e}. It follows from Remark
3.21 that volume elements giving the induced Riemannain measure on H - p and the H—invariant
measure on H/H), coincide. Hence §(p) = 1. It remains to find the solutions. Let tg € ¥ be a fixed
point of a transversal ¥ to the action of H. A solution to the problem (5-1) is given by

u(r) = 2 </; ds.>.

Note that we can proceed similarly to solve (5-1) posed on RY.

Remark 5.11. We now point out the role of the causal character of the submanifold transversal to
the polar action. Observe that the action group of Type I item b), Type II and Type III generate
spacelike transversal submanifolds. This implies that (5-3) becomes

Lys(u) = (In(6))s/ + ",

as concluded in [3]. Then a solution to (5-1) is

u(r):z(/rgé(lt)dt).

Since all the considered actions are proper, we always get compact isotropy subgroup H,, for all
pE ]R‘ll. Hence H/H, has a H—invariant measure. We now describe the computation of § in each
case.

e Action of H = R:{’ by translations: Here the orbit of an arbitrary point p = (t,p) € R‘ll is
H -p = tey + R}, which inherits the Minkowski metric from that of R]. Besides H, = {e}.
By the identification H/H, = H - p and by definition of J, again the Riemannian measure on
H - p and the H—invariante measure on H/H), coincide and thus 6(p) = 1.

e Action of H = R? x SO(2) : For fixed r > 0 and p,s € R, the orbit of a point p # pe1 + e of
R} under the action of H is H - p = R? x St(r). Note that if (¢, z,y, 2) are coordinates for p
then y, z satisfy y?+ 22 = 2. As submanifold, H -p has a pseudo-Riemanian structure induced
by R} which is given by —dt? 4+ dx? + 172 df?, where t, x are coordinates for R? and 6 for S'(r).
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Hence the volume element of each orbit is dw, = rdz A dy A df. Note that dw, = r dw;. On
the other hand, owing to H, = SO(1) we have H/H, = R? x S'. Let dh be the H—invariant
volume element of H/H,. We can normalize dh by dh = dwy, and by definition of § we obtain
é(p) =r.

e Action of H = Rej x SO(3) : Here we proceed analogously to the previous case. Take a
fixed > 0 and ¢t € R. For a point p # pe; of R}, the orbit under the action of H is
H -p = Rey x S(r). Note that if (t,z,y,z) are coordinates for p then z,y, z satisfy 2% +
y? + 22 = r2. Each orbit has a structure pseudo-Riemannian inherited from Rf. It is given
by —dz? + 12 d6? + r? sin? 01d03, where x is the coordinate for R} and 61, 6 for S?(r). Thus
its volume element is dw, = r2sinfy dz A dO' A d6?. Let dih denote the H—invariant volume
clement of H/H,,. Then dh can be normalized by dh = dw; as we did before and thus d(p) = 2.

Due to the pseudo-Riemannian structure of R{ is degenerate on the orbits of the action of
H = W3, Theorem 4.14 by Helgason fails and so it is not possible to find the decomposition of
Laplace-Beltrami operator.

5.3 Polar invariant Solutions on Warped Lorentzian Spaces

Warped product spaces have very favorable properties to define polar actions on them and to use
the powerful machinery provided by Helgason [15] which we presented in Chapter 4. We introduced
them in Section 2.2 with special interest in those which are Lorentzian spaces. We shall only deal
with these cases. At the end of the section, we will have obtained a rich range of examples where
our main theorem works to obtain solutions to the semi-linear problem (5-1).

We begin by showing how Theorem 5.7 can be used to prove the existence of polar invariant
solutions to (5-1) posed on the Lorentzian space S} (r).

Example 5.12. According to Example 2.36, the expression of the metric induced by the inclusion
i: SP(r) < R on the pseudosphere SP(r) is

dh? = —r2dt? + r? cosh?(t)ds?,

with ds being the round metric defined on the Riemannian sphere. This metric allows us to see

the pseudosphere S} (r) as a Lorentzian manifold diffeomorphic to the product space

RXfSn,

for f(t) = cosh(t). Note that according to Example 2.32, S} is globally hyperbolic. Now, we can
consider the action of the group SO(n) on the space R x s S"™ by rotation on the second variable.
The transitivity of the action of the group SO(n) on the spheres S; = {(t,s) € R xf S"|t fixed}
implies S; = SO/ K, for K, the isotropy group of any point p = (¢, s,). By fixing the value of s,
we have that the timelike submanifold
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2, = {(t,s,) € R x;S"|t € R}

is transversal to the action of the compact group SO(n) on S}(r). By cause of the causal
character of ¥, the action is polar.

Figure 5-1: Polar action of SO(2) on §? C R$.

We can now apply Theorem 5.7 to the semi-linear equation

L(u(x)) + b(x) f(u(z)) = 0, =€ S(r), (5-8)

where L stands for the Laplace-Beltrami operator on S} (r). The idea boils down to describing
explicitly the function §(¢) for ¢ € R. Thus by straighforward calculations we get that:

§(t) = (cosh(t))" 1,

and the solution to the semi-linear problem (5-8) takes the form:

ulr) == (/ )

Remark 5.13. Here we are using the important fact that the underlying manifold S; = S™ has a
Riemannian structure. So the compactness of S™ implies that its isometry group I(S™) = SO(n)
is also a compact group.

Remark 5.14. The preceding calculations can also be done on the disconnected pseudohyperbolic
space HZ(r). There, the metric induced by the inclusion i : H(r) < R? ™! is given by

dh? = r?dt? + r? sinh?(t)ds>.
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Since Hj(r) is a Riemannian manifold, we can consider (5-1) posed on it for arbitrary n € N.
However we have skipped the calculations because it is possible to proceed as stated in [3]. In fact,
all our considerations work in Riemannian warped product spaces as well as in the Lorentzian ones.
Just take R x y M furnished with the metric dh? = dt* + f(t)?g, for (R, dt*) being the real line with
the usual metric and (M, g) a Riemannian manifold, and a cohomogeneity one polar action such
that R is the submanifold transversal to the action.

We now want to consider a general warped product. We fix a setup as given in [10] and so the
computations hold. Let (IV, ) be a isotropic Riemannian manifold of dimension n — 1 and suppose
I = (a,b) with —oco < a < b < 0o together with a warping function w : I — (0, 00). We define the
Lorentzian warped product

M:=1x, N

equipped with the warped product metric

g = —dt* + (w(t))*h. (5-9)

In the literature, for instance see [5, Chapter 5], [21, Chapter 12], such a space is called Robertson-
Walker space-time. By virtue of Proposition 2.40, for a chosen function p : R — R at least
continuous, the function w may be found so that w is a C2(I) solution to the ordinary differential
equation

w”(t) + p(t)w(t) =0,

with initial conditions w(tg) = wp and w'(tg) = wy. Thus u may be regarded as describing the
sectional curvature of the warped product I x,, N.

We need to guarantee some assumptions in order to show existence of polar action invariant
solutions to the problem (5-1) on a warped product space (M, g) defined as above. Here we shall
use several of the facts described in Subsection 2.2.2. First note that due to the vector field
U = 0; on M satisfies g(U,U) < —1, then M is temporally oriented by U. We also ensure that, by
Theorem 2.41, M is globally hyperbolic since (N, h) is an isotropic Riemannian manifold and thus
it is complete.

Our task is now to describe a polar action on M. Let I(N) be the group of isometries of N*. Let
G be a unimodular closed subgroup of I(/N) which acts transitively on N. Then G acts properly on
N. Furthermore, G can be identified with a subgroup G of I(M) as follows. Given ¢ € G, define
é € G by é(t,s) = (t,6(s)) for all (t,s) € I x N. With this definition, the action of G on M is
proper, polar and, restricted to each NV, = {t} x N, is transitive. For a fixed s € N, the timelike
submanifold X3 = I x {s} is transversal to the orbits of the action due to each Ny is spacelike. With
this at hand, we are ready to invoke Theorem 5.7 and find solutions to the semi-linear problem

Lyu(z) +b(z) f(u(x)) =0, =€ M. (5-10)

!Note that if N is compact then I(N) is compact as well.
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Observe that our aim reduces to calculate the function §(¢). We know that for all s € N, N =
G/Gs and that by compactness of Gg, this quotient has a G—invariant measure. Then we can
assume without loss of generality that the G—invariant Riemannian measure given by h on N and
the measure on G/Gj are the same. Next, for each ¢t € I, we consider the homothety ¢, : N — N;
defined by ¢.(s) = (t, s) for each s € N. Fixing (¢,s) € M, choose a base {Va,...,V,} of Ts N whose
image under the isomorphism ds¢ : TsN — Ty )Ny is the set {(0,V2),...,(0,V,)}. By definition
of the warped metric on M these elements of T(; ;) N; are spacelike. Let dN be the G-invariant
volume element of N and dN; the Riemannian volume element of the submanifold N, induced by
the warped metric of M. Then

dAN;((0, Va) A (0, V) A ... A (0,V3)) = | det(((0, V), (0, V;)))[/2
= w(t)" | det(h(V;, V)|
=wt)"TAN(Va AVBA .. AV).

Thus we conclude that

dN¢((0,V2) A (0, V2) A ... A (0,V4))

AN(Vo ANVB A AVy) = O

Note that for each ¢ € I the group G induces an action from G on the submanifold NV;. Due to
each NV, is the orbit of the action of G on M, the volume element dN; is invariant by the induced
action of G on N;. We point out that it holds for any basis of the vector space T{; ) N¢. Now, if
dN is normalized by dN = dN; it follows that

Finally we obtain that the solutions to (5-10) are given by

r=+([ i)

We end this section with an interesting comment about Robertson-Walker space-time. It is
known that any three-dimensional isotropic Riemannian manifold (N, h) has constant sectional
curvature N. Then all four-dimensional Robertson-Walker space-times are topologically either
RY R x S, or R x RP3. If N is nonzero, the metric may be rescaled to be of the form § =
—dt? + (w(t))?h on M so that N is either identically 1 or —1, (see [5, Section 5.4]). We have found
polar invariant solutions to (5-1) for choices of N with both flat and positive curvature.
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