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Resumen

En paises tropicales como Colombia y en gran parte del mundo, las corrientes super�ciales
juegan un rol importante como fuente de agua potable para grandes asentamientos huma-
nos, a la vez que receptores de vertimientos domésticos e industriales. El crecimiento de la
población, la migración interna a las ciudades y los efectos del cambio climático, hacen que
la presión sobre los ecosistemas acuáticos se vuelva un tema de interés para la ciencia y
la administración pública. En consecuencia, el entendimiento de los diferentes cuerpos de
agua, las relaciones entre ellos y su modelación integral son un tema de investigación con
gran acogida en las geociencias y la ingeniería. De hecho, desde hace cerca de 30 años, la
academia se ha �jado en las realciones entre las corrientes de agua y los acuíferos debajo de
las mismas para estudiar diferentes fenómenos ocasionados por este tipo de �ujos. De esta
forma nace el estudio del Flujo Hiporreico (HF) y la Zona Hiporreica (HZ).

La Zona Hiporreica (HZ) se de�ne como �la trayectoria de �ujo de agua que ha abandonado
un cuerpo de agua super�cial hace �poco� tiempo, para mezclarse con agua subterránea y
�pronto� volver al mismo cuerpo de agua�. Este lugar tiene gran importancia en procesos
ecológicos, biológicos y químicos como la atenuación de contaminantes, el transporte de
nutrientes, sedimentos y calor para el crecimiento de biota, los procesos de nitri�cación
de los cuerpos de agua y la restauración de cuerpos de agua. Estos fenómenos están ligados
estrechamente con el concepto de calidad y química del agua, y son modelados con ecuaciones
de transporte conservativo o reactivo. No obstante, el transporte de sustancias en este medio
depende del �ujo de agua y los patrones que este sigue.

Al �ujo de agua en la HZ se le denomina Flujo Hiporreico (HF), y su principal característica
es el amplio rango de escalas en el que está presente. De esta forma, dentro de la HZ se
pueden observar �ujo desde la escala de poros, controlado por gradientes de presión, hasta la
escala de �ujos controlados por la morfología de las corrientes de agua. Esta amplia variedad
de escalas, sumada a la heterogeneidad de los medios naturales, hacen que el estudio de
procesos en la HZ se transforme en un reto para la comunidad cientí�ca.

El objetivo del presente trabajo de investigación es el de formular un marco metodológico
para la modelación de la HZ desde la perspectiva de la mecánica del medio continuo. Para
tal �n, este trabajo presenta un estudio del HF, a partir de diferentes modelos numéricos,
proponiendo simpli�caciones que puedan representar el HF. Asimismo, el uso de modelos
numéricos permite descomponer los fenómenos físicos para caracterizar la contribución de
cada uno al HF. Los resultados de los modelos son comparados con resultados experimen-
tales para veri�car su utilidad práctica y proponer su uso en diferentes casos de estudio
relacionados con procesos biológicos, químicos y ecológicos.

Para el cumplimiento del objetivo general se presentan tres aproximaciones de modelación de
Flujo Hiporreico dominado por factores hidrodinámicos, por medio de diferentes herramien-
tas numéricas. Estas aproximaciones se basan en la mecánica del medio continuo, a pesar de
utilizar diferentes esquemas numéricos; presentan diferentes fortalezas y debilidades y, sobre
todo, brindan información sobre el Flujo Hiporreico que, en un futuro, puede ser escalada
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para contribuir con la toma de decisiones en lo referente al recurso hídrico.

El primer modelo numérico propuesto utiliza la ecuación de Burgers (BE) para representar
el HF en un lecho de esferas dispuestas en forma cúbica. El objetivo principal es estudiar el
decaimiento de las velocidades turbulentas dentro de un medio uniforme para caracterizar
el HF mediante una expresión simple como la BE teniendo en cuenta la interacción de
efectos no lineales y disipación de energía, propios de los �ujos multiescala. Para el modelo
computacional se utilizó un método de multidominio espectral (SMPM) para evitar errores
numéricos asociados a los métodos tradicionales como las diferencias, elementos o volúmenes
�nitos. Este modelo se presenta como una primera aproximación hacia el HF a escala de
laboratorio.

En segundo lugar, se propone un modelo basado en las ecuaciones de Navier-Stokes (NSE)
modi�cada para representar la combinación de un �ujo libre y el lecho de un canal. De nue-
vo, el objetivo es determinar un per�l de velocidades promedio que represente la transición
entre el �ujo de un canal y un lecho de forma regular. Para este �n se utilizó el método de
los volúmenes �nitos y un paquete de software de código abierto que fue modi�cado para
incluir viscosidades diferentes y términos de fuente/sumidero que representen el decaimiento
de velocidades. Los resultados de �ujo son comparados con diferentes modelos numéricos y
experimentales. De igual manera, este análisis incluye además una implementación de trans-
porte conservativo de especies que fue también comparado con resultados experimentales.

Como última aproximación, se propone un modelo de rastreo numérico de partículas para
evaluar la in�uencia del HF en la depositación de sedimentos �nos en lechos de ríos. El obje-
tivo principal de este aparte es analizar el proceso de depositación de sedimentos, teniendo
en cuenta diferentes escenarios de �ujo en la HZ. Además del �ujo en el medio poroso, el
modelo implementado utiliza la �ltración de materiales dentro del lecho para retener partí-
culas �nas y mostrar los lugares donde se espera que haya mayor depositación de estas. Los
resultados, una vez más, son validados de forma cualitativa con experimentos de laboratorio
realizados con kaolinita en canales recirculantes experimentales.

En síntesis, los tres modelos presentados en este trabajo ofrecen una visión novedosa sobre
el Flujo Hiporreico en escalas dominadas por efectos hidrodinámicos. Principalmente, el
dominio de las condiciones de �ujo libre presentes sobre el �ujo en el medio poroso y la
presencia de �ujos con altos números de Reynolds dentro del medio poroso dominan la
hidrodinámica y los procesos asociados a la misma, como la despositación de sedimentos
�nos.
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Abstract

In tropical countries, like Colombia and in other parts of the world, free surface streams
play a key role either as freshwater supply for human settlements, or as wastewater receivers
from households and industrial compounds. Population growth, internal migration of people
towards cities and the e�ects of climate change make that pressure on aquatic ecosystems
become a topic of interest for science and public administration. Therefore, understanding
di�erent water bodies, their interaction and their integral modelling process are a research
topic of great interest in earth sciences and engineering. In fact, in the last 30 years, academia
has studied the interaction between free surface streams and aquifers beneath them, focusing
on the e�ects of these type of �ows. This milestone marked the beginning of the studies of
Hyporheic Flow (HF) and Hyporheic Zone (HZ).

Hyporheic Zone (HZ) is de�ned as �a subsurface �owpath along which water 'recently' from
the stream will mix with subsurface water to 'soon' return to the stream�. This place has a
great relevance in ecologic, biologic and chemical processes such as contaminant attenuation,
nutrient, sediment and heat transport for biota growth, nitri�cation processes in water bodies
and river restoration. These phenomena are closely related with chemical water quality and
are modeled usually with conservative and reactive transport equations. Nevertheless, species
transport in HZ depends on water �ow and the patterns it follows.

The �ow within the HZ is known as Hyporheic Flow (HF) and its main feature is the
wide range of scales in which it acts. Hence, within HZ there is �ow from the pore scale
and it is controlled by pressure gradients, to the scale of �ows controlled by the stream
morphology. This wide variety of scales, along with media heterogeneity make the study of
processes within the HZ a challenge for the scienti�c community. Moreover, in countries like
Colombia, streams play a key role in society since they are the main freshwater supply and
also recieve the water disposal.

The main goal of this research project is to formulate a methodological frame for HZ mo-
delling from the continuous media perspective. To that end, this work presents the study
of HF, starting from di�erent numerical models, proposing simpli�cations that can portray
HF. In the same way, the use of numerical models allows the decomposition of the physical
phenomena to characterize their individual contribution to the HF. The models' results are
compared with experimental results to validate their practical usefulness and propose their
use in di�erent case studies related with biological, chemical and ecological processes.

To accomplish the main goal, this document presents three di�erent approaches to HF driven
by hydrodynamics, using di�erent numerical tools. These approaches are based in continuum
media mechanics, despite using di�erent numerical schemes; each one of the presents pros
and cons, but above all, each one of them gives key information about Hyporheic Flow
that, in the near future, can be upscaled and used for decision making regarding hydraulic
resources.

The �rst numerical model proposed uses Burgers' Equation (BE) to represent HF in a bed
with cubical packed spheres. The main goal is to study turbulent velocity decay within uni-
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form media to characterize HF through a simple expression as the BE taking into account
the interaction between non linear e�ects and energy dissipation, characteristic within mul-
tiscale �ows. For the computational model a Spectral Multidomain Penalty method (SMPM)
to avoid numerical errors associated with traditional numerical schemes as �nite di�erences,
elements or volumes. The BE model is presented as a �rst approach of HF in a lab scale.

In second place, the use of the Navier-Stokes Equations (NSE) to represent the combination
of free surface �ow and a sand bed. Again, the main goal is to determine a mean velocity
pro�le representing the transition between free surface �ow in a �ume and a regular bed.
To achieve this goal the Finite Volume Method was used along with an open source code
that was modi�ed to include di�erent viscosity values and source/sink terms that are able
to capture the velocity decay. The results of �ow are compared with di�erent numerical and
experimental models. This analysis includes also a conservative transport model that was
also compared with experimental results.

For the �nal approach, a numerical particle-tracking model is proposed to assess ther in-
�uence of HF in �ne sediment deposition in river beds. The main goal of this part is to
evaluate the process of deposition taking into account di�erent �ow scenarios within the HZ.
Besides �ow in porous media, this model includes particle �ltration within the bed to retain
particles and show places where deposition is more prone to occur. The results, once again,
are compared with �ume experiments of kaolinite deposition in a recirculating �ume.

To wrap up, the three models presented in this work o�er a novel vision on Hyporheic Flow
within scales driven by hydrodynamical e�ects. Mainly, the free �ow conditions driving �ow
in porous media and high Reynolds number �ows presence within porous media determine
hydrodynamics and processes associated with it, such as �ne sediment deposition.
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1 Introduction

Groundwater - Surface Water (GW-SW) interaction is a research topic that has grown subs-
tantially in the latter years. Indeed, the overall quality of river systems is related with the
interaction between streams and their underlying aquifers (Cardenas, 2015). Moreover, the
place where the interaction occurs, the Hyporheic Zone (HZ) is an extensive research topic
by itself (Boano et al., 2014). This topic is not new for science, but it has only been in the
last two decades that di�erent advances in the understanding of this zone has been made
from the scienti�c community. The mentioned advances in knowledge about Hyporheic Zo-
ne (HZ) and Hyporheic Flow (HF) cover topics that encompass river corridor's ecological
state such as water quality, pollutants attenuation, biogeochemistry and river restoration,
among others. For instance, HZ and river beds are places where around 80 % of the river
biota exists because of its high contents of dissolved oxygen and nutrients contributed by
the stream water and the groundwater respectively (Winter et al., 1998). Furthermore, when
talking about water supply, GW-SW interactions are a key aspect to manage e�ciently wa-
ter resources and to minimize the impact of extracting water from ecosystems to supply
di�erent activities. These interactions are triggered by the river morphodynamics, geology
and topographical aspects, showing that a river is not a pipeline and that the water that
�ows through the stream can leave the main channel and �ow through porous media (Vogt
et al., 2010). Thus, water from streams can recharge an aquifer or return to the stream later.
However, this process in�uences water quality and acts as a �lter where suspended and dis-
solved pollutants are trapped, adds or removes di�erent nutrients and ions according to the
geology of the zone, and �nally promotes the existence of ecotones in the river ecosystem.

HF and HE occur from the pore size scale to the whole river corridor, i.e. length, time
and velocity scales span within several orders of magnitude and speci�c physical processes
determine the outcome of the exchange. Thus, understanding these complex interaction lead
to controversial results that are closely related to the scale in which experiments are made
(Boano et al., 2014; Ward and Packman, 2019). Recent hydrodynamics advances focus on
small scales (pore size scale and �ume experiments), and aim to understand the e�ect of
turbulent mixing in the Sediment- Water Interface (SWI), as well as determine stresses �ow
features (Roche et al., 2018; Lian et al., 2019). Nevertheless, these experiments and models
are made under speci�c circumstances and cannot be generalized (Ward and Packman, 2019).

For the case of high mountain rivers, HF estimation and hydrodynamycs of the SWI are
key aspects to understand pollution, nutrient cycles water supply and even risk management
(Bencala, 2000; Cardenas, 2015). While water �ows through porous media, several biogeo-
chemical processes take part and the ecosystem state in�uences water quality (Winter et al.,
1998). For instance, degradation of heavy metals and organic matter happen within the HZ.
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Nonetheless, our ability to determine HF has been a problem and there are no speci�c ex-
pressions to characterize mean �ow, or even extreme �ow conditions like the ones present
in high mountain streams. Only physical experiments made under controlled conditions and
with limited geometries have been performed and their results, to the best of the author's
knowledge are not conclusive yet (i.e. Pokrajac and Manes (2009); White and Nepf (2007);
Pokrajac et al. (2007); Voermans et al. (2017)). In addition, numerical models with high
computational demand have been performed (Lian et al., 2019), but their use in everyday
situations remains a challenge due to intensive computational resources usage.

Traditional approaches to study HF take into account two di�erent �ows, i.e. a free surface
�ow and �ow in porous media. This allows scientists to estimate the exchange between
systems using two well-known governing expressions that are widely used in hydrodynamics
problems: Navier-Stokes Equations for free surface �ow and Darcy's Law for �ow in porous
media (Cardenas and Wilson, 2007a). These two equations are connected by di�erent means
using di�erent boundary conditions and the �ow is solved �rst for the free surface �ow
and later for the porous media. However, this representation of the phenomena does not
take into account that sudden changes in one of the media studies can a�ect the other one
immediately. Also, it does not take into account that the expressions used for describing
the water �ow have limitations and that HF, specially in highly porous media, goes out of
these limitations. For instance, the turbulence e�ects in the free stream are not transferred
to the porous media. Thus, mixing processes within the HZ are not modeled accurately due
to the lack of turbulent mixing, observed in di�erent experiments (Fox et al., 2018; Roche
et al., 2018). Moreover, limitations regarding the size of the computational domain that can
be used for the simulations arise, since only laboratory scales can be handled in this way.
Consequently, di�erent model has to be used when dealing with real scale environmental
cases.

Therefore, HF lacks of a general governing law, instead a set of di�erent physically based
equations are coupled to understand its dynamics. In particular, the superposition of expres-
sions can lead to inconsistencies when talking about conservation of physical quantities like
mass or momentum (Cardenas and Wilson, 2007c). Moreover, the transition between a fully
turbulent �ow in a stream and a complete laminar �ow in porous media is not physically
possible unless there is a transition zone, suggesting the existence of a porous region with
turbulent �ow (Re > O(101), which cannot be modeled using Darcy's Law (Bear, 1975).
In other words, the lack of a governing expression for HF presents a problem to quantify
it and consequently to understand the transport, pollution and nutrient cycle phenomena
present in this zone. The main soft spot is that there is not a truly physically based governing
equation to represent these �ows; most of the approaches aremodelsto represent those HF
processes, which make use of physics based expressions.

Despite the lack of hydrodynamics understanding, the growth of scienti�c knowledge of the
HZ has gathered di�erent areas of knowledge and shifted the traditional physical view to
process based domains where di�erent physical features impact the exchange of matter, mo-
mentum and energy between free surface and porous media �ows, i.e. Hyporheic Exchange
(Montgomery, 1999; Ward and Packman, 2019). Such process based domains are de�ned by
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geological, topographic, biological and chemical features, each one of them having di�erent
e�ects on di�erent scales. This approach fosters understanding of HZ and HE; nevertheless,
the lack of physical understanding of �ow and transport remains a challenge for researchers
nowadays. Moreover, connection between di�erent process domains is also not well unders-
tood, since single point measurements are not clearly related to higher scales as one currently
would expect, e.g. González-Pinzón et al. (2015).

This research aims to explore in detail hydrodynamics of GW-SW undamental processes that
can be applied to high mountain rivers, like the ones found in the Colombian Andean region.
The research question that is appointed in this document can be synthesized as:is there
a governing law to represent Hyporheic Flow from the physical perspective to characterize
and quantify it in a determined portion of a stream in a simpli�ed way?To address this
question, this research proposes as its main goal to test di�erent mathematical models and
assess their suitability to represent Hyporheic Flow via numerical models with di�erent
advanced techniques.

The motivation for this research topic is to improve scienti�c knowledge in the �eld of Hy-
porheic Flow to address di�erent problems of river ecosystems. To be more precise, our
results can be integrated in di�erent strategies of contaminant and nutrient transport or
sediment deposition. Moreover, the applications of these results can aid the construction of
parsimonious mechanistic models to enhance our ability to understand and manage water
resources. To answer the research question, three speci�c objectives are proposed:i ) develop
di�erent conceptual models to represent in a simpli�ed way the Hyporheic Flow process,ii )
implement the aforementioned conceptual models into numerical schemes, andiii ) compare
the numerical model with experimental results to evaluate their performance as a hydrody-
namics process portray.

To tackle the �rst speci�c objective, Chapter 2 presents the theoretical framework and
state of the art in HF and a collection of numerical schemes used for this project. This brief
literature review covers the di�erent approaches to the hydrodynamics of HF, the scale that
this research aims to solve, a conceptual model for HF and the basic physical processes taken
into account. Also,Chapter 2 presents the main features of the numerical tools used during
the current research. This section serves as the main foundation for the discussions of the
following chapters. The following chapters are presented as stand alone documents, each one
with its own introduction, methods results and discussion following a typical academic paper
structure.

Chapter 3 presents our �rst approach to HF by using the Burgers' Equation to model
velocity attenuation in a homogeneous bed composed by spheres packed in a repetition of a
cubical array. Here, a Spectral Multidomain Penalty Method (SMPM) is used as the nume-
rical scheme to model a �ume bed as a continuum to replace the discrete geometry of pores
(second speci�c objective). Two approaches are used in this experiment,i ) an apparent visco-
sity that hinders �ow and ii ) �ow modeling through the imposition of Boundary Conditions
(BC) from a tested LES model (Lian et al., 2019). The main goal of the chapter is to propose
a simpli�ed model to explore and describe �ow through the SWI and turbulence dissipation
in porous media. Our results are later compared with experimental setups recognized in HF
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literature (third speci�c objective).

Chapter 3 results show that non-linear terms and apparent viscosity play an important
role but are not the main �ow driver when compared with �ume experiments. Therefore,
Chapter 4 explores the use of the full Navier-Stokes Equations to take into account pressure
e�ects in the domain. For this experiment �ow equations are modi�ed to take into account
the e�ects of porous media by the use of di�erent viscosity values and drag coe�cients
(Valdés-Parada et al., 2013). The aim of this chapter is to propose the use of commercial
open-source software to represent hyporheic �ow. Once again, the numerical models proposed
were compared with real case scenarios accomplishing speci�c objectivesii ) and iii ).

To expand our knowledge on HF/HE and to contribute with novel knowledge in GW-SW
interactions, Chapter 5 explores the e�ects of deposition and �ltration of colloids in sand
beds under losing and gaining �ow conditions. For this purpose, a numerical Particle-Tracking
model is implemented using the Advective Pumping Model and a �rst order �ltration, to
describe �ne particle deposition in rivers with �ne grain beds. In a nutshell, this experiment
shows that clay deposition in sand beds is controlled mainly by the �ow conditions and
�ltration.

To wrap up, Chapter 6 presents this research main takeaways, its outcome and a brief
discussion of topics for future research. This chapter aims to link the �ndings of all of the
previous sections, discuss them, point their strong and weak points, and discuss future steps
in the groundwater surface-water interaction �eld.
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This chapter presents a the state of the art of HF. Firstly, the physical features and classi-
�cations of groundwater - surface water interactions are presented to state this research's
domain of interest. Following the scale discussion, �uid mechanics expressions are pre-
sented and linked to HF. After presenting the main governing expressions, this chapter
discusses the di�erent HF modeling techniques and their up and downsides. Finally, this
sections presents a brief discussion about the numerical techniques used to model HF and
their utility within the scope of this research project.

Hyporheic Zone was �rst de�ned in 1959 by Orghidan. The term �Hyporheic� comes from the
antique greek, and combines the pre�x�hypos� , which means �under�, and the root �rheos�
that means ��ow�. This term highlighted the presence of an important and rich ecosystem
under the bed of rivers due to the mixing of surface and groundwater. Nowadays, �Biologists
de�ne this zone as the subsurface inhabited by stream macro-invertebrates, hydrologists
de�ne the zone as a �ow-through subsurface region containing �owpaths that originate and
terminate at the stream, and geochemists de�ne it as a mixing zone between surface water
and deep-sourced groundwater� (Goose�, 2010). Bencala de�nes Hyporheic Zone as �part of
a continuum of stream - catchment connections between stream water and soil water, root-
zone water, riparian water, quick-�ow, delayed �ow, macropore �ow, and so on to including
base �ow�. Another useful de�nition of the HZ is the water that is exchanged back and forth
from a surface-water body and the streambed. However, the de�nition of HF is strongly scale
dependent.

Flow along the Hyporheic Zone is the result of di�erent factors that change within a stream,
it de�nes the whole River-Corridor Exchange of matter, momentum and energy between
surface water and groundwater (Ward and Packman, 2019). As a consequence, prediction and
management within the river corridor is extremely hard to quantify for hydrologic science.
This complication arises from identifying that factors such as geomorphology, topography
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and climate are the main drivers of the GW-SW interactions (Goose� et al., 2006). However,
human activities, presence of biological communities, and seasonal weather variations can
also modify this �ows. As a result, scienti�c community has not found common ground in
key topics regarding river corridor exchange at di�erent scales.

For example, water that leaves a stream through its bed travels either short paths in short
times and length scales corresponding to the pore scale; or it travels long paths in long time
scales. Therefore, di�erent physical phenomena are present and drive di�erent processes
along the river corridor, such as bio�lm growth, sediment deposition, river bank �ltration
and nutrient cycling, among many others (Boano et al., 2014; Barthel and Banzhaf, 2015;
Roche et al., 2016; Drummond et al., 2017). Several studies have tackled these di�erent
processes in the last 30 years, but hydrologic science still lacks understanding of general
theories and it is taken merely as a collection of speci�c case studies (Boano et al., 2014;
Cardenas, 2015; Ward and Packman, 2019). Therefore, it is important to acknowledge the
di�erent scales or domains that are used in the River Corridor Exchange processes and what
are the main drivers within each one of them.

2.1. Domains/Scales within River Corridor

The Process Domain Concept hypothesis is based on the assumption that geomorphic va-
riability dictates the disturbances and processes in di�erent temporal patterns within the
riverine ecosystems (Montgomery, 1999). The main idea of the Process Domains is to provide
a representation of spatial di�erences for the disturbance regimes that constitute the river
ecosystem. Therefore, within di�erent domains, di�erent processes are relevant and others are
considered constant or not driving any biogeochemical disturbance. For the case of GW-SW
interactions, several studies have considered di�erent drivers and processes present among
di�erent scales (Boano et al., 2014; Barthel and Banzhaf, 2015), in whlich the HF is stu-
died and to the aim of diverse research �elds the HZ can be de�ned from some centimeters
to hundreds of meters, kilometers or even hundreds of kilometers (Buss et al., 2009). For
instance, when talking about Ecology and riparian organisms, a point-scale is used, when
talking of the scale used to study hydrological features, it may be local, and the scale used
to capture hydrogeological phenomena like interactions between regional groundwater �ows
and surface water bodies is generally regional (Barthel and Banzhaf, 2015). Figure2-1 shows
a schematic view of the three scales that can be used to study the GW-SW interactions that
can be associated with domains where processes are driven by di�erent geomorphic features.

The Process Domain that is studied in this research project corresponds to the scale between
the grain domain and the channel feature domain. Here, the drivers of the processes are the
exchange of mass and momentum through heterogeneous media. This scale is comprised
between the Biogeochemical scale and the Hydrolgic scale and in this work will be called
�hydrodynamical� scale. Our main assumption for working within this scale and processes is
that the phenomena studied can be represented using the classical �uid mechanics expressions
that govern water �ow and transport. Some modi�cations to the classical expressions can
be found in this scale to represent processes that behave far from ideal physics, but the
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Figure 2-1 : Cross section and Plan view of di�erent scales of GW-SW interactions. From:
Barthel and Banzhaf (2015).

continuum approach is always applicable. Thus, the equations that govern these phenomena
are the expressions derived from mass and momentum conservation laws, i.e., Darcy's Law
and Navier-Stokes Equations (NSE).

When studying HF in bigger scales (O(103 m) and higher), the hydrodynamics expressions
become unmanageable and the problem has to be tackled from a di�erent point of view.
Consequently, hydrological expressions and tools are used to account for a mean change in
the whole area studied. However, some changes as depositional patterns of �ne sediments,
produced by HF in di�erent zones become negligible as the time scale grows. This e�ect is
presented in the work of Bernal (2014) when studying the residence time of water between
a lentic surface water body and the aquifer underlying it. The di�erent scales managed and,
their approaches and their association with geomorphic processes are discussed in the three
following section.
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2.1.1. Hydrogeological Scale - Geological and Lithotopo Processes
Domain

The Hydrogeological scale studies the GW-SW interactions in a broad scale and its Processes
Domain Controls are those associated with the geology and geomorphics of the river corridor
that is being studied. In fact, its object of study focuses in regional �ows and the possible
links between basins due to their connection with common aquifers. Moreover, this scale takes
into account complex geology due to the scales used in space (i.e. broader thanO(103 m)),
and its study is subject to di�erent techniques like geochemistry and isotope hydrogeology
(Buss et al., 2009). In this scale, the aforementioned processes dictate the shape of the
basins, landscape evolution and presence of di�erent ecosystems (Ward and Packman, 2019).
In terms of physical quantities, this scale takes into account mass conservation, neglecting
momentum and energy conservation.

Figure 2-2 shows a conceptual example of the areas studied by the Hydrogeological Scale of
HF. However, this scale is not inside the aims of this research because the it is not possible
to cover it with hydrodynamics models like the ones proposed for this research.

2.1.2. Hydrological Scale - Reach Domain

This scale covers River Corridor Exchange from tens of meters to values close to the thou-
sands of meters (i.e. fromO(101 m) to O(103 m)) and it can be used either to study typically
water balances using mass conservation, or momentum conservation in environmental �ows.
However, the length scale covered in the hydrological scale can have two di�erent approaches.
The processes associated with this scale are dominated by the lithotopographical units that
constitute a hydrological basin. More speci�cally, the HF quanti�cation and characterization
can be done with an approach based on hydrodynamics and physically based processes, or
with an hydrological approach that takes into account the storage in di�erent zones of the
area studied in order to build a �Water Budgets� based on mass conservation exclusively.
Figure 2-3 shows the phenomena that the Hydrological scale is able to capture.

Nevertheless, the hydrological scale lacks the ability of capturing phenomena driven by hy-
drodynamics, form features and complex media. This scale does not capture phenomena
under the O(1day) scale and underO(10m) length scale. Therefore, the current research
does not use this scale. Indeed, the scale that is going to be used is called hydrodynamics
scale and it is explained below.

2.1.3. Hydrodynamics or Ecological Scale - Feature and Grain
Processes Domains

This scale is characterized by a small size. Indeed, its order of magnitude goes fromO(10� 3 m)
or less to units of meters (O(100 m)), and its time dependency can go from a fraction of a
second to days (i.e. betweenO(1 s) and O(1 day)). The HF Biogeochemical scale is used
mainly to study changes in water quality due to the presence and transport of nutrients
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Figure 2-2 : Conceptual model of Hydrogeological scale. From: Buss et al. (2009)
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Figure 2-3 : Conceptual model of Hydrological scale. From: Buss et al. (2009)
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Figure 2-4 : Conceptual model of biogeochemical scale. From: Buss et al. (2009)

and either conservative or reactive components. Figure2-4 shows a graphic example of
the processes studied in this scale (Buss et al., 2009). Here, the governing equations from
hydrodynamics and transport can be used to explain di�erent phenomena driven by mass,
momentum and energy exchange between the river and the surrounding porous media.

The topics studied using this approach or scale comprise benthic fauna, �sh population and
spawning, contaminant transport and nutrient cycles inside the HZ. Although in some cases
these topics include �ow study, the biological and chemical reactions are more important for
this scale of study. However, the approach from the hydrodynamic point of view is necessary
to fully understand the transport processes in scales between centimeters and a few meters
(i.e. from O(10� 2 m) to O(101 m)).

This scale relies in the explanation of water movement in order to characterize and describe
�ows. Unlike the hydrological scale, which only accounts for water mass balances, this scale
takes into account water velocity and momentum to understand how the phenomena occurs
(Paiva et al., 2011). In addition, the hydrodynamics scale can be used also to observe changes
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in water quality, which are hard to capture in an hydrological scale, but can be detailed better
if the biogeochemical scale is used.

This scale order of magnitude in space goes fromO(10� 3 m) to O(102 m). Besides, it takes
into account the dynamics of the rivers (research's object of study), which is not taken into
account by the hydrological scale approach. Also, the hydrodynamics scale can represent phe-
nomena with small temporal variation (i.e.O(1 s) to O(1 day)), that is hardly reproducible
with hydrological models, as shown by Bernal (2014).

In brief, the hydrodynamics scale is based in the physical phenomena and the processes
within it are governed by topography, slope and grain size of the river that is being studied.
Here, the lithological composition is important but can be taken as constant along the study
domain. Therefore, this scale uses water mass balances, like the hydrological one, and it
also uses momentum conservation law and �ow equations derived from the conservation
laws discussed in section 2.2. Because of the reasons mentioned above, this scale is the one
selected for the development of this research project.

2.2. Fluid Dynamics and Hyporheic Flow

The understanding of HF from the physical point of view requires as a �rst input the basic
expressions that rule the �ow of water in two di�erent media, i.e. free surface �ow and �ow
in porous media. These governing laws were proposed during the eighteenth and nineteenth
centuries in Europe by scientists and engineers like Euler, Navier, Stokes and Darcy among
others and aimed to explain the conservation of three main physical quantities: mass, mo-
mentum and energy. Since this research looks for a governing expression that characterize
and quantify HF, these expressions are going to be used as inputs for the research deve-
lopment. In 1755 Euler derived the equations that described the �frictionless� motion of
incompressible �uids. Later Navier (1827), Poisson (1831), Saint-Venant (1843) and Stokes
(1845) deduced the �uid dynamics equations that are widely used today in the study of
�uids (Ruban and Gajjar, 2014). These expressions have been used for over two centuries for
explaining the phenomena studied by Environmental Fluid Mechanics (EFM). In the begin-
ning, there was a close bond between experimentation and theoretical reasoning. However,
the current use of computers and complex algorithms have included Computational Fluid
Dynamics (CFD) to the study of water �ow.

The expressions that rule �uid motion are derived form�conservation laws� and provide
a description of the �uid's behavior under certain circumstances (Kuzmin and Hama-
lainen, 2015). Indeed, the general form of the conservation laws state that the rate of
change of a �uid property can be expressed as the sum of the in�ow, out�ow, sources
and sinks inside the control volume selected to do the analysis. This research aims to
use the existent �uid mechanics theory to �nd an expression that can describe HF in
high mountain rivers. In order to accomplish this objective, the mass and momentum con-
servation are going to be used. Table2-1 shows the main equations in their generalized form.
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Fluid Property Equation

Mass @�
@t + r � (� u) = 0

Momentum � @u
@t + � u � r u � � g � r � � = 0

Table 2-1 : Mass and Momentum Conservation Laws in Fluid Dynamics

In Table 2-1, � symbolizes the �uid density, u the �uid velocity �eld, t the time, g the
body forces of the �uid, and � the stress tensor representing the surface forces. Although
the energy conservation law exists, phenomena like heat exchange is not taken into account
in the aims of the research. Based in the expression shown in Table2-1, the Navier-Stokes
equations and the Darcy's Law for �ow in porous media were developed. Table2-2 shows
the expressions of �ow under laminar conditions and not taking into account the e�ects of
turbulence. Both expressions shown in Table2-2 govern incompressible �ow, Navier-Stokes
for free surface �ow, and Darcy law for �ow in porous media.

Flow Equation Equation

Navier-Stokes � @u
@t + � u � r u � � � u + r p = � g

Mass conservation r � u = 0

Darcy Law � K @h
@x = q

Table 2-2 : Basic Flow Equations for the research project

In Table 2-2, h represents the hydraulic head of the �uid in the porous media, andK
represents the Hydraulic Conductivity of the media where the �uid is moving. The other
symbols used in the equations of Table2-2 are the same used for Table2-1.

The expressions for �ow in porous media were later used by Vaux in 1968. He developed a
one dimensional mechanistic model that combined the in�ow and out�ow of water inside a
control volume of porous media (Vaux, 1968). The model proposed suggests that the HF is
driven by spatial changes of energy in the system, shape change of the bedform and changes
in the conductivity of the porous media. The schematic of the proposed model is shown in
Figure 2-5, and the mathematical form is shown in Equation 2-1,where �e� stands for the
total exchange of water in the control volume.

e = � KA
d2h
dl2

� K
dA
dl

dh
dl

� A
dK
dl

dh
dl

(2-1)

Where K stands for the media's Hydraulic Conductivity,h for the total head of the �ow, A
for the area where the �ow is passing andl for the longitudinal direction considered. The
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Figure 2-5 : Conceptual model of Vaux proposition for HF. From: Tonina and Bu�ngton
(2009)

expression shown in Equation 2-1 is quite simple, but it gives a merely physical approach to
the HF phenomena in ideal scenarios. Nevertheless, it can be modi�ed in order to account
for heterogeneity, temporal variation of properties and di�erent �ow regimes. However, Vaux
supposed that HF was laminar, since he used the Darcy Law for �ow in porous media.

Another approach taken by the current HF researchers is its quanti�cation using the the Ad-
vection Di�usion Equation (ADE), presented in equation 2-2. The term �k� in this equation
stands for the di�erent approaches and modi�cations made to the original ADE proposed
for transport in media with no temporal storage or dead zones like rivers. This approach is
widely used by the scienti�c community nowadays. However, in theory the velocity distribu-
tion used for this equation comes from solving the �ow equations. Consequently, it is useful
to know �rst the �ow patterns, directions and magnitudes before applying any transport
model. The ADE in its generalized form is expressed as follows,

@C
@t

+ u � r C = D (� C) + k ; (2-2)

whereC stands for the concentration of a conservative tracer,t for time, u for the velocity
�eld D for the dispersion coe�cient. As it was discussed in section 2.1, the main driver for
large scales is the hydrostatic pressure, and so it is called �Hydrostatic HF�. Meanwhile,
at small scales the HF is driven mainly by Hydrodynamic Pressures, and thus it is called
�Hydrodynamic HF� (Boano et al., 2014). Moreover, the drivers that trigger HF in large
scales are related with climatic and meteorologic in�uences, i.e. they have to be taken into
account with an hydrological approach rather than with a pure physical one.

Our research presents a �gure modi�ed from Boano et al. (2014) (�gure2-6), where di�erent
factors and scales are presented to understand HF in all is extent (Boano et al., 2014). The
left part of the �gure contains the hydrodynamic drivers of HF, while the right part shows
the hydrostatic drivers. An important part of the graphic is the relationship between the HZ
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Figure 2-6 : Spatial and temporal timescales for SW-GW interaction. Adapted from Boano
et al. (2014)

and the channel width, that de�nes the �y� axis of the graph. As it was mentioned before,
as the scale grows up (fromO(102 m)), the HF drivers tend to be in�uenced by climate, so
the hydrological approach becomes relevant in front of the pure physical approach.

2.3. HF Models: State of the Art

Since the proposed research aims to build a modeling framework of HF in high mountain
rivers, it is necessary to review the models used nowadays to explain this phenomena in
di�erent stages. Therefore, this section will explain the conceptual models used, the governing
expressions used and their strengths and weaknesses. The �rst model to be discussed is the
applied mathematical model proposed by Discacciati et al. (2002), in second place the one
proposed by Cardenas and Wilson (2007c), thirdly, the one used by Higashino and Stefan
(2008) and modi�ed by Peñaloza-Giraldo et al. (2015); another model is the one proposed
by Huang et al. (2008) used mainly for oceanography, but with similar behavior in rivers;
and �nally the conceptual models for numerical Particle-Tracking are discussed using the
one proposed by Li et al., and used in this research project in chapter 5.

2.3.1. Coupling of Navier-Stokes and Darcy Law

The models proposed by Discacciati et al. (2002) and Cardenas and Wilson (2007a) have in
common the use of the equations of �ow in free surface and porous media in order to quantify
the �ow in a determined area of interest, i.e. the HZ (table2-2). This model de�nes two
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Figure 2-7 : Conceptual domain adapted from: Discacciati et al. (2002)

domains, each one of them ruled by a di�erent �ow equation. Figure2-7 shows a schematic
of the model used, where
 f represents the river, and
 p represents the porous media.

The proposed model solves the Three Dimensional Navier-Stokes Equations (equation 2-3,
de�ned in table2-2) for the domain 
 f . The boundary conditions applied to this part of the
model are �ow velocities and pressures are imposed in the faces as shown in Figure2-8.
Velocities are designated with� and Pressures with� . However, the particular issue of this
model is how does it propose the velocity continuity in the boundary between the free �ow
and the porous media. In this case, the velocity normal to the bed is equal in both domains
and the tangential velocity can change. Regarding the pressure, it is continuous in the two
domains (Discacciati et al., 2002). Then, Darcy's law (equation 2-4 de�ned in table2-2) is
solved to obtain the total �ow �eld.

�
@u
@t

+ � u � r u � � � u + r p = � g ; (2-3)

� K
@h
@x

= q; (2-4)

Discacciati et al. (2002) model is merely theoretical. Its application was proposed for ideal
conditions and simple geometries. Its applicability under complex geometries like the one
present in mountain rivers is di�cult if the meshes used are �ne, because of the number of
calculations needed. Besides, the continuity conditions of velocity and pressure between the
two domains proposed are di�cult to be complied in real cases. As a consequence, Cardenas
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Figure 2-8 : Discacciati et al. Coupling model. Adapted from: Discacciati et al. (2002)

and Wilson (2007a) proposed a similar model for calculating HF using the same domains,
but di�erent coupling conditions between them.

The �rst di�erence between Cardenas and Wilson (2007a) model and the one presented
by Discacciati et al. (2002) is the number of dimensions represented. Cardenas and Wilson
(2007a) propose two dimensions and the solution showed by Discacciati et al. (2002) is made
in three dimensions. The conceptual model used by Cardenas is shown in Figure2-9.

Both models presented in this section represent the water �ow in two di�erent media and
take into account the behavior of the free surface �ow as an input for the behavior of the �ow
in porous media. However, they take into account that Darcy Law is applicable all over the
porous media, and this assumption has to be revised. As a matter of fact, the use of Darcy
Law for turbulent �ows in porous media is not recommended and di�erent expressions have
to be used in order to estimate water velocity (Bear, 1975).

2.3.2. Velocity Damping Models

The second type of HF models that are going to be discussed rely on the dissipation of
velocity in the porous media. Indeed, these models do not use Darcy's Law for describing
the �ow in the porous media but a modi�cation of the Navier-Stokes equations. This model
was used by Higashino and Stefan (2008) and modi�ed by Peñaloza-Giraldo et al. (2015).
However, in both cases the water velocity was simulated as a perfect one period wave, rather
than a real velocity signal captured in real case scenarios.

Moreover, these models worked in one dimensional cases, thus their extent for quantifying
HF is limited and they should be extended to at least two dimensions. The vertical velocity
pulse used by both models is presented in Figure2-10. In the case of Higashino and Stefan
the mean velocity had a value of1 cm=s, while in the case of Peñaloza-Giraldo et al. (2015)
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Figure 2-9 : Cardenas and Wilson conceptual 2D model. Adapted from: Cardenas and Wil-
son (2007c)

was0 m=s.

In addition, both models use spectral methods in order to solve the turbulent velocity dam-
ping. The Higashino and Stefan (2008) model uses a Fourier Spectral Method (periodic),
while the Peñaloza-Giraldo et al. (2015) uses a Spectral Multi Domain Penalty Method
(SMPM). The main di�erence between these methods is in the boundary conditions. Na-
mely, the Fourier methods rely on periodic boundary conditions, while the Spectral Multi
Domain Method does not have that restriction.

The conceptual model from which the discussed models are based is presented in Figure
2-11. The main assumption of the model are that the �ow that enters the porous media is
turbulent, and that the turbulence is dissipated while water �ows down in the domain until
it arrives to a mean velocity which is equal to the average �ow velocity within the porous
media.

The equation solved by the model is a 1D Burgers Equation type, which is a well known sim-
pli�cation of the 1D Navier-Stokes Equations for the vertical coordinate where the Pressure
is considered hydrostatic. The Burgers Equation is presented in 2-5. Besides, this equation
includes a term called �apparent viscosity�(� a), which recreates the velocity drop due to its
�ow through the porous media.

@w
@t

+ w
@w
@z

= � a
@2z
@z2

; (2-5)
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Figure 2-10 : Velocity pulse modeled by Higashino and Stefan and Peñaloza-Giraldo et al.
Adapted from: Higashino and Stefan (2008)

wherew represents water's vertical velocity,z the vertical space and� a the apparent viscosity
which has to be calculated using the media properties like porosity and grain size of the
riverbed. It is important to take into account that this equation does not include the e�ects
of pressure produced by the free surface �ow, and that precisely is one of the weaknesses that
it shows. However, it is able to recreate the damping of a theoretical function introduced as
a top boundary condition. The apparent viscosity (� a) mentioned in the Burgers Equation
was taken out from the work of Boudreau (1997), and the initial deductions made by Bear
(1975). This simpli�cation allows the construction of the coe�cient that depends on the
grain size of the HZ.

The work done by Peñaloza-Giraldo et al. (2015) was the basis for a real case scenario
presented in the EGU 2016 General Assembly by Preziosi-Ribero et al. (2016) in a PICO
presentation. In this work, the SMPM was used to recreate the velocity damping in the porous
media with real case velocity measurements made in the Gualí River in the Department of
Tolima, in Colombia. The main result of the work presented was that the equation used is
also able to recreate the velocity damping in porous media, even when using a continuous
signal rather than a trigonometrical pulse. However, the only parameter that this equation
has is an apparent viscosity that changes due to the media heterogeneity, and has no physical
meaning other than the introduction of a term that helps to reduce velocity in the media.
Perhaps this equation can be used in rivers with no turbulent �ows, but in high mountain
rivers the pressure is a driver for HF (Tonina and Bu�ngton, 2009).
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Figure 2-11 : Conceptual Model for velocity damping. Adapted from: Peñaloza-Giraldo
et al. (2015)

2.3.3. Oceanography Example

The model proposed by Huang et al. (2008) is similar to the one proposed by Discacciati
et al. (2002) and Cardenas and Wilson (2007a). Indeed, it di�erentiates two media and tries
to couple them with two di�erent expression. Nonetheless, this model uses two versions of
the Navier-Stokes Equations, thus, for the free surface �ow it is the one presented in Section
2.2, and for the porous media it uses a modi�cation of the same Navier-Stokes Equations
for porous media proposed by Huang et al. (2003), which is presented in Equations 2-6, 2-7
and 2-8.

S
@u
@t

+ u
@u
@x

+ v
@u
@y

= �
1
�

@p
@x

+ �
� @2u

@x2
+

@2u
@y2

�

�
�n w

kp
u �

Cf n2
wq

kp

u
p

u2 + v2 ; (2-6)

S
@v
@t

+ u
@v
@x

+ v
@v
@y

= �
1
�

@p
@y

+ �
� @2v

@x2
+

@2v
@y2

�

�
�n w

kp
v �

Cf n2
wq

kp

v
p

u2 + v2 ; (2-7)

@u
@x

+
@v
@y

= 0 ; (2-8)
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Figure 2-12 : Conceptual Model in oceanography. From: Huang et al. (2008)

wherekp is the porous media intrinsic permeability inm2, nW is its porosity (dimensionless),
Cf is a dimensionless coe�cient that represents the turbulence resistance andS is de�ned
in Equation 2-9, whereCm is a coe�cient of added mass.

S = 1 + Cm
(1 � nW )

nW
; (2-9)

The conceptual model solved by Huang et al. (2008) is the one shown in Figure2-12. As
it can be seen, this model represents a perturbation on the surface of the sea and how the
changes in pressure and velocity due to that perturbation a�ect the �ow in the porous media
below. Although this approach uses physical equations, the appearance of the dimensionless
coe�cients Cm andCf represents a challenge for real measurements, and later on a calibration
problem if it is intended to compare its results with a real case scenario.

2.3.4. Numerical Particle-Tracking

The Numerical Particle-Tracking technique is used to study sediment transport and deposi-
tion in rivers using the �ow �elds obtained by some of the methods described above in this
section. The numerical Particle-Tracking is based in the Langevin's equation (Eqn. 2-10) as
a Lagrangian analogue for the ADE equation, applied to numerical particles that follow �ow
paths within a prescribed domain and are subject to advection and dispersion processes that
are governed by di�erent probability distributions to estimate their total movement. The
results are averaged spatially and temporally to obtain continuous �elds of deposition (Li
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Figure 2-13 : Error of collocation method against high order �nite di�erence method. From:
Canuto et al. (2009)

et al., 2017; Preziosi-Ribero et al., 2020).

x(t + � t) = x(t) + ux � t + �
q

2Dx � t ; (2-10)

2.4. Numerical Tools

Regarding the numerical methods, three of them are used for this research. First of all, a
method that o�ers �exible treatment for non linear processes, minimum numerical di�usion
and an element based approach is used in chapter 3. Later, in chapter 4 a traditional Finite
Volume Method (FVM) is used since its precision is lower than the one o�ered by spectral
methods (�gure 2-13) (Canuto et al., 2009). For the �nal approach, a method based on the
numerical particle tracking is implemented in chapter 5.

Nowadays, the most used numerical methods to solve equations in �uid mechanics are the
Finite Volumes Method (FVM), Finite Di�erences Method (FDM) and Finite Elements
Method (FEM). Indeed, most of the software packages used to calculate solutions to di�erent
equations use one of these methods. However, it is out of the scope of this document to explain
the basic functionality of these methods, since the idea of the research is the implementation
of a Spectral Method: �Spectral Multi-domain Penalty Method (SMPM)".

In order to review the capabilities of the methods discussed in this section, Table2-3 shows
each one of them and either if it is possible for the method to recreate complex geometries,
if it has a high order accuracy (i.e. error lower thanO(10� 6)), if it can portray explicitly
the discrete form of �uid dynamics equations, if it can recreate the mass and momentum
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conservation laws and if it is able to solve elliptic problems. The reference used for the
construction of this table is Hesthaven and Warburton (2008).

Table 2-3 : Generic properties of most widely used numerical methods

Method
Used

Complex
Geo-
metry

High Order
Accuracy

Explicit Se-
mi Discrete
Form

Conservation
Laws

Elliptic
Problems

FDM No
Yes with
modi�cations

Yes Yes Yes

FVM Yes No Yes Yes
Yes with
modi�cations

FEM Yes Yes Yes Yes
Yes with
modi�cations

DG and
Spectral
Methods

Yes Yes Yes Yes
Yes with
modi�cations

2.5. Summary

This chapter presented an overview of the state of the art regarding HF, its physical basis, the
governing expressions and conceptual models. Furthermore, di�erent modeling approaches
were discussed, presenting their strengths and weaknesses. Finally, the di�erent numerical
techniques that are going to be used in the following sections are presented. The following
chapters present the three di�erent modeling approaches applied during this research project,
i.e., Burgers Equation with SMPM, NSE with commercial packages and Particle-Tracking
using MATLAB —.



3 A Simple Hydrodynamics Pro�le for
Hyporheic Flow

The �rst approach to simplify Hyporheic Flow is presented in this Chapter by proposing
the Burgers' Equation (BE) as a feasible expression. To accomplish this goal and test the
suitability of the expression, results from a detailed Large Eddy Simulation (LES) model
are plugged into a two dimensional numerical model and the results are compared with
experimental data retrieved from �ume experiments. BE is proposed because of previous uses
in modeling complex phenomena, its ability to represent shock-wave �ows and its simplicity
for having only one parameter to govern it (Reynolds number in its non dimensional form).

3.1. Introduction

Hyporheic Zone and Hyporheic Flow are becoming hot topics for science nowadays (Carde-
nas, 2015). The study of this zone and the exchange that happens here is vital to understand
the faith of nutrients and contaminants in the river corridors (Boano et al., 2014). Besides,
rivers are suppliers of freshwater and discharges' receivers of cities all around the world,
and understanding the dynamics between streams and their surroundings is important for
governments, academia and general public. However, rivers and their surroundings are com-
plex natural systems with heterogeneous scale-dependent and non linear properties, hence
modeling them becomes a great e�ort that has to be tackled from di�erent sciences and
scales as discussed in section 2.1.

Hydrodynamical models developed for HF can be coarsely divided in two groups:(i ) Di-
rect simulation models that detail the porous media and free �ow to solve Navier-Stokes
Equations (NSE) within all of the spaces where water can �ow inside the domain; and(ii )
simulations that take into account continuous domains and use either physically based go-
verning expressions or simpli�cations to model Hyporheic Flow. In general, both of this
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types of models seek to portray �ow and/or transport by solving two di�erent types of �ows
and coupling them via boundary conditions, that transfer information from one domain to
another. Examples of this solutions are found in Hyporheic Flow/Exchange literature using
di�erent models, as mentioned in section 2.3.

This section aims to present a simpli�ed expression to model HF using the Burgers' Equation
to avoid the problem of solving the full NSE and open the door for solving less complex
expressions for HF while retaining to some extent, useful information about the phenomenon
studied. To accomplish this objective, a Spectral Method (SMPM) is going to be used in
order to have a stable, element based numerical scheme with small numerical di�usion and
high order accuracy as shown in section 2.3. Results obtained in this section are going
to be compared with physical experiments carried out in �umes with homogeneous and
heterogeneous media.

Results form this section suggest that the use of simpli�ed expressions to model HF requires
extreme care, since the basics of the processes analyzed can be neglected because of the
simpli�cations used. In addition, the development of models such as the one described in
this section requires the developing of a more complex model or intensive data collection
from �umes or natural streams.

3.2. Conceptual and Mathematical Model

The proposed model aims to simulate turbulent velocity attenuation within a granular bed
comprised by regular spherical beads in cubic packing. This is a common physical model
used in experiments that use Particle Image Velocimetry (PIV) in 2D and 3D (Pokrajac
and Manes, 2009; Voermans et al., 2017; Roche et al., 2018). However, our model's domain
comprises the granular bed and does not take into account the free �ow above it. As a
consequence, the processes associated with the free surface �ow are imposed as boundary
conditions at the top of the computational domain. Speci�cally, it takes as an input the
horizontal and vertical velocities at the top of the SWI of a LES model (Lian et al., 2019),
a no slip condition at the bottom and periodic conditions on the sides (�gure3-1). Hence,
the hydrodynamic conditions of the �ow are fed to the model as velocity signals in di�erent
spots. Therefore, this model's output is the instantaneous velocity in di�erent parts within
the sub surfacial domain using a non linear transport equation assuming hydrostatic pressure
within the whole domain.

3.2.1. Conceptual Model

The primary assumptions within the model are:(i ) the hydrodynamic processes can be
represented with the expressions of the continuum mechanics;(ii ) the velocity at the top
of the domain is enough to represent the interaction between the �ow and the spherical
packed bed;(iii ) the geometry of the bed does not change with time, hence the conditions
that represent the media properties are constant in time;(iv ) the 3D physical process can
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Figure 3-1 : Conceptual model of velocity attenuation within an idealized porous media.
The velocity over a vertical pro�le is expected to decay in magnitude and to
have a decay in RMS. In this �gurex and u stand for streamwise coordinate and
velocity and z and w stand for vertical coordinate and velocity, respectively.
The conceptual model is an adaptation from Lian et al. (2019).

be averaged in space and a two dimensional model can represent the average behavior of
the complex phenomenon;(v) a hydrostatic pressure gradient within the whole domain; and
(vi) steady state was considered in the model when the di�erence between time averaged
velocity signals was less than 5 %. In other words, a three dimensional complex process is
going to be simpli�ed into a two dimensional domain and the velocities within that domain
can be modeled using the BE and the proper boundary conditions. Continuum mechanics are
used constantly to reproduce mean �ow behavior in porous media (Freeze and Cherry, 1979;
Domenico and Schwartz, 1998). This approach is common in physics and aims to simplify
heterogeneity and anisotropy of natural media. Therefore, the full �ow pro�le and description
cannot be recovered, but the approximation that these models yield are enough in most of
the cases to represent physically the phenomenon under di�erent conditions. Moreover, to
ensure that there is no in�uence from the lateral boundaries, our model is periodic in the
x direction (�gure 3-1). The model's periodicity in the streamwise axis ensures that the
phenomenon of �ow over the porous bed is representative at a di�erent range of scales and
also eliminates the e�ects of bounding the �ow in that direction.

For the current problem, the 2D Burgers' equation (2DBE) is proposed, starting from the
incompressible Navier-Stokes momentum Equations (equation 3-1), wherew is the vertical
velocity, P is the pressure� is the kinematic viscosity of water andg is the gravity accele-
ration. When Hydrostatic �ow is assumed the pressure gradient� @P=@zbecomes� �g and
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