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Abstract
We carry out a search for possible mechanisms that explain the smallness of neutrino masses
in the context of an anomaly-free Little Higgs model with electroweak gauge symmetry
SU(4)L ⊗ U(1)X . By the introduction of one neutral right-handed neutrino per generation,
it is shown that the leading order contribution to the lightest neutrino masses comes at
the one loop level. The model also leads to small corrections on the Higgs mass, that are
negligible in comparison with the one-loop log-divergent contribution coming from the gauge
bosons. Our model leads to unsuppressed Yukawa couplings in the neutral leptonic sector,
providing an answer for the observable neutrino masses without fine-tuning of Yukawa cou-
plings. The Majorana mass for the new neutral lepton is suppressed by the energy scale
∼ 10 TeV which represents the UV cut-off.
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Resumen
Llevamos a cabo una búsqueda de posibles mecanismos para explicar la pequeñez de la
masa de neutrinos en el contexto de un modelo Little Higgs libre de anomaĺıas con simetŕıa
gauge electrodébil SU(4)L ⊗ U(1)X . Introduciendo un neutrino derecho por generación, se
muestra que la contribución dominante a la masa de neutrinos livianos es dada a orden de un
loop. El modelo da lugar a pequeñas correciones a la masa del Higgs, las cuales son despre-
ciables en comparación con las contribuciones logaritmicamente divergentes provenientes de
los bosones gauge. Adicionalmente no existe supresión sobre los acoples de Yukawa del sector
leptónico neutro, proporcionando una respuesta a las masas observadas para los neutrinos
sin hacer ajustes sobre los acoples de Yukawa. Las masas de Majorana para el neutrino de
quiralidad derecha es suprimida por el cut-off de la teoŕıa.
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Introduction

The understanding of the physics behind neutrinos masses and mixing has been, and still
remains, one of the major focus of research in particle physics. In the Standard Model
(SM) neutrinos are massless for two independent reasons: first, the absence of right-handed
neutrinos avoids to build a Dirac mass term for neutrinos, and second, as Lepton Number is
exactly conserved then a Majorana mass term is forbidden. Despite the SM has been very
successful in describing most of elementary particle phenomenology up to energies that has
been probed so far, there are both theoretical and experimental reasons that suggest it is not
the ultimate theory of Nature. In addition to the neutrino problem, shortcomings such as the
replications of fermions in Nature and the fact that quadratically divergent corrections to the
Higgs boson mass m2

H destabilize the electroweak scale, remain as puzzles to be solved. Even
after considering the Planck scale as the natural cut-off of the SM, the current experimental
data suggest that the SM remains valid up to ∼ 5 TeV [1], however, in order to avoid large
radiative corrections to the Higgs mass, new physics is expected at or below ∼ 1 TeV. This
latter issue is known as the little hierarchy problem. Such an inconvenience has been one of
the motivations to look for new physics beyond the SM.
Supersymmetric extensions of the SM [2] arise as theories in which the dangerous radiative
contributions to the Higgs mass are cancelled between the SM particles and their super-
partners. Additionally, lead to gauge coupling unification and also account for a dark matter
candidate in the Universe when R-parity conservation is imposed. Despite of the theoretical
success of Supersymmetry (SUSY), nothing new has been found in the Large Hadron Collider
(LHC) until now and, with the current lower limit1 on the sparticles masses [3], if SUSY is a
fundamental symmetry of Nature, fine-tuning is required to stabilize the electroweak scale.

A theory that provides an answer for both the little hierarchy problem and the replication of
fermions in Nature is the Simplest Little Higgs Model (SLHM)2 based on the approximate
global [SU(4)/SU(3)]4 symmetry [6]. In such a model, the Higgs arises as a Pseudo-Nambu-
Goldstone Boson(PNGB) after the spontaneous breaking of the global [SU(4)] symmetry.
In order to trigger the Electroweak Symmetry Breaking (EWSB), a special breaking pattern

1Many of the supersymmetry searches rely on the missing energy signature as an indication of new physics.
The analysis of the data accumulated until now is still ongoing.

2Little Higgs models have also a high degree of fine-tuning, what leaves SUSY and this new approach on
the same ground. An analysis of fine-tuning in LH models has been carried out [4], and a strong critique
against LH models was done by H. Georgi [5].
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2 Introduction

called collective symmetry breaking is implemented [7]. The one-loop quadratic divergences
to the squared Higgs mass m2

H are cancelled between particles of the same spin, and the
two-loop divergences are negligible. In this SLHM the SU(2)L ⊗ U(1)Y electroweak gauge
symmetry is extended to SU(4)L ⊗ U(1)X [6]. This electroweak extension can provide an
explanation for the replication of fermions in Nature when the cancellation of anomalies takes
place between families [8] (this is achieved by embedding the two first generations of quarks
into the anti-fundamental representation of SU(4)L while the third generation of quarks and
all the three generations of leptons are embedded into the fundamental representation).
Neutrino physics is one of the most rapidly developing areas of particle physics. Solar [9–12],
atmospheric[13, 14] and reactor experiments [15–18] have shown compelling evidences that
support the idea of neutrino oscillations (neutrinos transform one into another). If such a
phenomenon happens the neutrinos must be massive particles, and models to explain their
masses and mixing are required. As a first attempt, in 1979 Steven Weinberg built up, in
the context of the SM, the unique non-renormalizable dimension five effective operator [19]
which potentially could explain the tiny value of neutrino masses assuming, first, that lepton
number is not conserved and, second, that neutrino masses appear as low energy effects of a
high energy scale associated to one (or several) unknown field(s)3. The tree-level realization
of the Weinberg operator yields to the well-known seesaw mechanisms. The Type I [20],
Type II [21], and Type III [22] seesaw mechanisms corresponds to the inclusion of a right-
handed neutrino, a scalar triplet and a fermion triplet, respectively. Even thought the Type
I seesaw mechanism gives an explanation for the masses of neutrinos, such a theory predicts
the existence of new particles far beyond the electroweak scale with energies ∼ 1015 GeV, too
heavy to be observed experimentally with any (current and future) accelerators. There are
also different scenarios where the neutrinos acquire their mass radiatively: loop suppression
factors and a natural Yukawa coupling allow to explain the smallness of neutrino masses
in comparison with the charged leptons and, in addition, new heavy fields with energies at
the TeV scale are predicted, what makes this kind of scenarios testable in the forthcoming
experiments [See for instance Refs [23–27]].
With the recent measurement of θ13 at more than 5 σ C.L. by DAYA-BAY [28] and RENO [29]
collaborations, a new window for a better understanding of neutrino mixing is open, as well
as the possibility of testing CP violation in the lepton sector.
Taking into consideration the success of the approximate global [SU(4)/SU(3)]4 non-linear
sigma model both in describing physics at low-energies and in providing a solution to the
two theoretical difficulties of the SM mentioned above, the exploration of neutrino masses
and mixing is the next step.
This thesis is organized as follows. In Chapter I, some of the best known mechanisms
studied in literature for neutrino mass generation are reviewed. A general introduction of
the Simplest Little Higgs Models based on the global [SU(4)/SU(3)]4 symmetry is given in
Chapter II. In Chapter III, the mechanism for neutrino mass generation in the context of this
SLH Model is studied. Finally, the conclusions are outlined in Chapter IV. Two appendices

3Depending whether this new interaction has a tree- or loop-level realization
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are also included; the first one contains the mathematical details of the loop calculations
associated to the analysis in Chapter III, while in the second one a study of the issue of gauge
coupling unification in the SU(3)c ⊗ SU(4)L ⊗ U(1)X and the SU(4)c ⊗ SU(2)L ⊗ U(1)X
extensions of the SM is presented. This last study was done in parallel to the main goal of
this thesis.



Chapter 1

Models for Neutrino Masses

Solar, atmospheric and reactor neutrino experiments have indicated that neutrinos do have
masses. Since the birth of the Standard Model (SM) the quest for the understanding the
neutrino began and by now it is well known from the current experimental data that only
the left-handed (LH) neutrinos νL (as well as right-handed (RH) antineutrinos νL) are pro-
duced in weak interaction processes. In the SM neutrinos are massless due to the absence
of RH neutrinos νR. However, if RH neutrinos (as well as LH antineutrinos νR) exist in
Nature, their interaction with matter should be much weaker than the weak interaction of
left-handed neutrinos. As a consequence, RH neutrinos would not feel weak interactions
and also do not possess color charge, then they must transform as a singlet under the SM
GSM = SU(3)C ⊗ SU(2)L ⊗ U(1)Y gauge group. In other words, it means that they have
not gauge interaction1. If in addition to the SM particle content it is assumed the existence
of hypothetical new fields (right-handed neutrinos, a 4th generation of fermions, new scalars
etc.), these could play a crucial role in the neutrino mass generation (all models that include
massive neutrinos, are of this type).

For any Dirac particle ψ, a mass term is given by [30]:

− LDMass = mψψ

= m(ψLψR + ψRψL), (1.1)

where the relation ψ = ψL +ψR, has been used. However such a term is not invariant under
GSM , and therefore forbidden. The way to explain the mass generation in the SM relies in
the Higgs Mechanism [31–33], where a single Higgs doublet H = (H+

1 , H
0
1 )T is responsible

for generating all fermion masses through Yukawa couplings. All known fermions (except
neutrinos) acquire masses after the electroweak spontaneous symmetry breaking (EWSB)
takes place:

1They would not couple to the weak W±, Z0, gluons and photon bosons.
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5

SU(3)C ⊗ SU(2)L ⊗ U(1)Y
v ∼ 256 GeV−→ SU(3)C ⊗ U(1)Q. (1.2)

The interaction between fermions and the fundamental scalar, known as the Yukawa inter-
action has the form:

− LY uk = λψRH
†ψL + h.c, (1.3)

being λ the Yukawa coupling that measures the strength of the interaction between the scalar
and the fermion. When the Higgs acquire a vacuum expectation value, 〈H〉 = v/

√
2, the

previous equation becomes

− LY uk = λ
v√
2
ψRψL + h.c, (1.4)

Comparing Eq. (1.1) with Eq. (1.4), we find that after the EWSB, the fermion ψ acquire
a mass: mD = (λv)/

√
2. However this mass term require the existence both of the right-

handed and the left-handed components of the fermion field ψ. This mass term is called
a Dirac mass term. This mechanism generates a mass term for each fermion in the SM,
except for the neutrino because there are not right-handed neutrinos in the SM. Do RH
neutrinos exist in Nature?; many extensions of the SM provides an answer to the neutrino
puzzle as well as many other shortcomings (electroweak hierarchy problem, dark matter,
gauge couplings unification, etc.) just by extending either the fermion or the scalar particle
content. Since a Majorana, ψ, particle can be its own antiparticle, it must have zero electric
charge [34]. This implies that ψc = ψ (here, c stands for the charge conjugation operator),
where the phase term has been neglected. We can write again Eq. (1.1) for a Majorana field,
in the next form

− LMMass =
1

2
mψcψ + h.c., (1.5)

this is called a Majorana mass term.
At this stage, neutrinos can be either Dirac or Majorana particles. However in the Standard
Model [34].

• Dirac mass terms are forbidden due to the absence of right-handed neutrinos.

• If lepton number conservation is imposed, then Majorana mass term is also forbidden.

The field content of the SM consists of three types of particles: fermions (spin-1/2 fields),
gauge bosons (spin-1 fields), and scalars (spin-0 fields). The particle content is summarized



6 CHAPTER 1. MODELS FOR NEUTRINO MASSES

(SU(3)C , SU(2)L, U(1)Y ) U(1)Q

Quarks
Qα
L =

(
uα

dα

)

L

uαR
dαR

(3,2, 1/3)

(3̄,1, 4/3)
(3̄,1, 2/3)

(
2/3
−1/3

)

2/3
−1/3

Leptons
LαL =

(
να

lα

)

L

lαR

(1,2,−1)

(1,1,−2)

(
0
−1

)

−1

Higgs H =

(
H+

1

H0
1

)
(1,2, 1)

(
1
0

)

Gauge
bosons

Gα
µ

W i
µ

Bµ

(8,1, 0)
(1,3, 0)
(1,1, 0)

0
(0,±1)

0

Table 1.1: The particle content of the SM. α corresponds to a generation index and each
up-type quark uα and down-type one dα, carries also color charge.

in Table 1.1. Fermions come in three generations and are naturally massless due to a chiral
symmetry.

All charged fermions (matter fields) acquire masses after a complex scalar field (The Higgs
boson) develops a non zero vacuum expectation value (VEV).
In order to explain neutrino masses, it is necessary go beyond the SM. In the next sections
we review several mechanisms widely studied, which allow neutrinos to be massive particles.

1.1 Seesaw mechanism

The first attempt to explain the smallness of the neutrino mass relies in the idea of extend
either the fermion or the scalar content of the Standard Model. First of all, let us add a RH
neutrino NR per generation [20].
The Yukawa Lagrangian involving the usual LH doublet LL = (νL, lL)T , the scalar field
H = (H+

1 , H
0
1 )T and the new RH neutrino looks like

− LY uk = λLLH̃NR + h.c, (1.6)

where H̃ = iτ2H
∗ (being τ2 the second Pauli matrix). After the EWSB, Eq. (1.6) leads to a

Dirac mass term

− LDMass = νLmDNR + h.c. (1.7)
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being mD = λv/
√

2. Now, as pointed out before, we can also add a Majorana mass term for
NR,

− LMMass =
1

2
N c
RmRNR + h.c.. (1.8)

Denoting nL = (νL, N
c
R)T , the full Lagrangian is written as

LMass = LMMass + LDMass

=
1

2
ncLMnL, (1.9)

where

M =

(
0 mD

mT
D mR

)
. (1.10)

After diagonalization we find

m2,1 =
1

2

(
mR ±

√
m2
R + 4m2

D

)
. (1.11)

If we demand that m1 is comparable to the charged leptons masses then, in order to explain
the low experimental upper limit on the neutrino mass, m2 must be close to the GUT scale.
This means m2 ∼ 1015 GeV. With this mechanism, the smallness of neutrino masses is a
consequence of the heaviness of the right-handed neutrinos. Such a mechanism is called the
type I seesaw mechanism.
There exist three realizations of the seesaw mechanism at tree-level [23] which are shown in
Fig 1.1. These are based on the fact that two SU(2) doublets can be decomposed into a
singlet and a triplet (2⊗ 2 = 3⊕ 1).
In 1979 Weinberg proved that the symmetries of the SM allow only one (unique) dimension-
five effective operator [19]:

LΛ =
1

2
fαβ

(
LcLαH̃

∗
)(
H̃†LLβ

)
+ h.c., (1.12)

where fαβ is a coefficient suppressed by an energy scale Λ (associated to the existence of
new heavy fields) and its calculation depends of the degree of realization of the operator
(depending whether the realization is either at tree-level or at loop-level).
The seesaw mechanisms (type I [20], type II [21] and type III [22]) are the three realizations
of the dimension-five effective operator at tree-level. This effective theory has an analogy
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N N

L

H

L

H

λTνN λνN ∆

L L

H H

λ∆

µ∆

Σ Σ

L

H

L

H

λTνΣ
λνΣ

Figure 1.1: The three realizations of the seesaw mechanism: Type I (left), Type II (in the
middle) and Type III (right). The massive particle exchanged corresponds to a fermion
singlet NR ∼ (1,1, 0), a scalar triplet ∆ ∼ (1,3,−2) and a fermion triplet Σ ∼ (1,3, 0),
respectively.

with the four-fermion point interaction proposed by Fermi in the early 30’s to explain the
β-decay. This proposal describes, at low energies, the weak interaction without W± or Z
bosons. In Fig. 1.2 we show both cases: on the left the Fermi’s four-point interaction, and
on the right the Feynman diagram associated to the effective operator given in Eq. (1.12).
To date we know that the intermediate particles responsible for the weak interaction (and,
as a consequence, for the β-decay) are the W± or Z bosons; however is still experimentally
unknown if there exist a heavy field that mediates the interaction drawn on the right of
Fig. 1.2. If we assume that the realization of the Weinberg operator is at tree-level, then
there exist only three different types of fields that could mediate the interaction, these are
shown in the Feynman diagram in Fig. 1.1.

In what follows, we discuss briefly each one of the tree-level realizations of the Weinberg
effective Lagrangian.

n

p+

e−

νe

L

H

L

H

Figure 1.2: Effective four-point theories: Fermi’s four-point diagram (left), Weinberg’s four-
point diagram (right)
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1.1.1 Type I/III Seesaw

We can compute the “effective mass”2 directly from the Feynman diagram or by using the
effective Lagrangian.

LΛ =
1

2
fαβ

(
LcLαH̃

∗
)(
H̃†LLβ

)
+ h.c.. (1.13)

After the EWSB, the Higgs field acquires a non-zero VEV: 〈H〉 = v/
√

2, the previous
equation becomes:

LΛ =
1

2
(Mν)αβνcLνL, (1.14)

with

(Mν)αβ = fαβv
2, (1.15)

that is, a Majorana mass. A simple evaluation shows that, in order to obtain mν < 1 eV,
then (fαβ)−1 > 1015 GeV. However, what is fαβ?; with the aim of giving an answer, let us
considerer the most general Yukawa Lagrangian already written in Eq. (1.9) for the type I
seesaw.

− Lyuk = λLLH̃NR +
1

2
N c
RmRNR + h.c. (1.16)

After the EWSB, and in matrix form:

− Lyuk =
1

2

(
νL N c

R

)( 0 mD

mT
D mR

)(
νcL
NR

)
+ h.c. (1.17)

Now if mD << mR, by block diagonalization we obtain:

MνL ' −mDm
−1
R mT

D,

MNR ' mR. (1.18)

From Eq. (1.15) and Eq. (1.18), we find that fαβ has the form:

fαβ = −1

2

λλT

mR

, (1.19)

2I give it this name because it comes from an effective Lagrangian.
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is found that in order to obtain MνL ∼ 1 eV, mR ∼ 1015 for Yukawa couplings O(λ) ∼ 1.
The same procedure should be done for the type III seesaw. By introducing a fermion triplet
ΣR ∼ (1,3, 0) to the SM, the most general Yukawa Lagrangian involving this new field and
the neutrino has the form

− Lyuk = LLλΣ

(−→
Σ .−→τ

)
H̃ +

1

2

−→
ΣcmΣ

−→
Σ + h.c. (1.20)

After the EWSB and in matrix form the previous equation yields:

− Lyuk =
1

2

(
νL Σc

3

)( 0 mD

mT
D mΣ3

)(
νcL
Σ3

)
+ h.c., (1.21)

with
−→
Σ = (Σ1,Σ2,Σ3). This mechanism leads to the same result of type I seesaw after

we block diagonalize the mass matrix. Besides, adding a fermion triplet instead a fermion
singlet, yields additional phenomenology. For instance, this model predicts the existence of
two charged fermions Σ+ ≡ (Σ1−iΣ2)/

√
2 and Σ− ≡ (Σ1 +iΣ2)/

√
2 with masses M(Σ+,Σ−) >

100.8 GeV [3] (lower experimental bound on its mass). The fact that they have interaction
with the gauge bosons, can lead to new processes like Σ± → l±ν.

1.1.2 Type II Seesaw

Including the scalar triplet ∆ ∼ (1,3, 2):

∆ =

(
∆+/
√

2 ∆++

∆0 −∆+/
√

2

)
, (1.22)

the relevant Lagrangian is written as:

− L∆ =
(
L̃Lλ∆∆LL + h.c.

)
+ V (H,∆), (1.23)

with

V (H,∆) = m2
∆tr{∆∆†}+ (µ∆H̃

†∆†H + h.c.). (1.24)

In order to guarantee Lepton Number (LN) conservation in Eq. (1.23), we assign LN = −2
to ∆, but this implies the LN is violated explicitly by the µ-term in Eq. (1.24).
After the EWSB, and allowing to the scalar triplet to develop a non-vanishing VEV in the
neutral direction 〈∆〉 = v∆, the term relevant for neutrino masses given in Eq. (1.23) acquires
the form:
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− LMass = λ∆v∆νcLνL, (1.25)

then

Mν = 2λ∆v∆. (1.26)

From Eq. (1.24), after the two scalars acquire a non-zero VEV and ensuring a minimum
value for V (H,∆), we find

v∆ = −µ∆v
2

4m2
∆

, for m∆ >> mH . (1.27)

Taking into account the two previous equations, the expression for the neutrino mass looks
like

Mν = −λ∆µ∆v
2

2m2
∆

, (1.28)

Doing a comparison between this result and the outcome from the effective dimension-five
operator in Eq. (1.12), we find:

fαβ = −λ∆µ∆

m2
∆

. (1.29)

As it happens in the type III seesaw, the type II seesaw has a very rich phenomenology.
First of all, the existence of the new field ∆, still undiscovered, modifies the ρ parameter of
the SM putting a strong constraint on the VEV of this new scalar: v∆ ≤ 3 GeV [3]. An
interesting feature of this seesaw is that leads to lepton number violating processes in the
charged sector such as µ→ eγ , τ → µγ etc. Additionally, the existence of a new field ∆++

with exotic electric charge3 has very low theoretical motivation because until now all known
elementary particles in Nature have ordinary electric charges.
In the next section we are going to review briefly the most famous radiative models that
account for neutrino masses.

3By exotic I means the fact that all other charges for the elementary particles are either 0 or ±|Qe| for
leptons, scalars and vectors fields, and (1/3)|Qe|, (2/3)|Qe| for up-type and down-type quarks, respectively.



12 CHAPTER 1. MODELS FOR NEUTRINO MASSES

1.2 Radiative Models

One of the greatest mysteries yet to be unravelled in the SM is associated to the hierar-
chy between the masses of all known fermions. All charged fermions acquire mass through
Yukawa couplings with the Higgs boson after the EWSB takes place, however the neutrino
remains massless in the SM. The type I seesaw mechanisms discussed previously lead nat-
urally to a massive neutrino by the introduction of heavy fields (at the GUT scale) with
masses around 1015 GeV, making these theories very difficult (with rare decays under special
conditions) to be tested in colliders. Neutrino masses, however, could be originated from a
radiative mechanism. This kind of scenario are very attractive due, first, to the ability of
this type of model to explain the smallness of the neutrino mass as a consequence of loop
factors suppression in the Yukawa couplings and, second, to the prediction of the existence
of new particles that can be found at the Large Hadron Collider (LHC) in the coming years.

In what follows we review the most famous radiative neutrino mass models in the literature.

1.2.1 The Zee’s Model

ν ν

χ−

LL LcL

H+
1

〈φ〉

〈H〉
Figure 1.3: One-loop diagram in the Zee model

An interesting mechanism to generate masses for neutrinos is given by the Zee model [26] in
which the masses are generated at one-loop order. In this model the scalar sector of the SM
is extend. In addition to the Higgs doublet H = (H+

1 , H
0
1 )T , it is included another doublet

scalar field φ ∼ (1,2, 1) and an SU(2)L singlet(scalar) χ(+) ∼ (1,1, 2). [The numbers in the
parentheses stand for the quantum numbers (SU(3)C , SU(2)L, U(1)Y )]

The relevant Lagrangian of the Zee model is:
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LZee = L̃LαhαβLLβχ
(+) + µχ(+)H†φ̃+ h.c., (1.30)

where only the SM doublet H couples to leptons and the SU(2)L singlet χ(+) carries lepton
number −2 in order to ensure lepton number conservation in the Yukawa sector. Fermi-
Dirac statistic makes the coupling hαβ an antisymmetry matrix, which implies a neutrino
mass matrix with zeros in its diagonal. The Zee model allows to generate Majorana mass
for the neutrino at one-loop order. The relevant Feynman diagram is shown in Fig. 1.3. In
this model the neutrino mass matrix has the form:

Mν ∼




0 hµe(m
2
µ −m2

e) hτe(m
2
τ −m2

e)
hµe(m

2
µ −m2

e) 0 hτµ(m2
τ −m2

µ)
hτe(m

2
τ −m2

e) hτµ(m2
τ −m2

µ) 0


 . (1.31)

This model has a rich phenomenology: processes that lead to LFV such as µ → eγ, τ →
eµ, etc, are allowed and the existence of the new scalar field φ can be looked for at the
LHC. However, the original version of Zee model does not match with the experimental
data: predicts a maximum value for the solar neutrino mixing angle θ�(θ12), and does not
reproduce the spectrum of neutrino masses. For these reasons the simplest version of Zee
model has been rule out [35]. However, a general version of Zee model [36], in where, both
scalar doublets couple to leptons is still a viable model for neutrino masses and mixing.

1.2.2 The Babu model

In this model [27] the scalar sector of the SM is extend with a single charged field h(+) ∼
(1,1, 2) and a double charged field k(++) ∼ (1,1, 4). The renormalizable Lagrangian (Yukawa
sector and scalar sector) associated with these new fields read:

LBabu =
(
LcLαfαβLLβh

(+) + LcRαyαβLRβk
(++) + h.c.

)
− V (H, h+, k++), (1.32)

ν

h+h+

LcL LL

k++

νc

Figure 1.4: Two-loop neutrino mass generation in the Babu model
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with the potential term given by:

V (H, h+, k++) = µh−h−k++ + h.c. (1.33)

Fermi statistic implies antisymmetry of fαβ and symmetry of yαβ. The new trilinear inter-
action shown in Eq. (1.33) violates lepton number by two units. Small Majorana neutrino
masses contributions appear at two-loop level as it is shown in Fig. 1.4.
The neutrino masses are calculated from the Feynman diagram, and the mass matrix has
the form:

Mαβ = 8µfαγy
′
γδmγmδIγδ(y†)γβ, (1.34)

with y
′
αβ = ζy

′
αβ where ζ = 1 for α = β and ζ = 2 for α 6= β, being m(γ,δ) the charged lepton

masses.
The term Iγβ is a two-loop integral

Iγδ =

∫
d4p

(2π)4

∫
d4q

(2π)4

1

(p2 −m2
h)

1

(p2 −m2
γ)

1

(q2 −m2
h)

1

(q2 −m2
δ)

1

(p− q)2 −m2
k)
. (1.35)

This integral has been evaluated in Ref. [37].
Because det(Mν) = 0, the model matches with the current experimental data [3], and
predicts one of the neutrinos to be massless. The Babu model also leads to decay processes
that violate lepton number such as µ → eee, τ → µµµ which occurs at tree-level via k(++)

exchange.

1.2.3 The Radiative Seesaw Model

An interesting model that can account for neutrino masses and also provides a dark matter
candidate in the Universe is the so-called Radiative Seesaw [38]. This model is based on
the two-Higgs Doublet (2HDM) model [39] where, in addition to the Standard Model gauge
group GSM is assumed an exact discrete Z2 symmetry, and a minimal particle extension: a
hypothetical new scalar doublet and three right-handed neutrinos. Under SU(3)C⊗SU(2)L⊗
U(1)Y ⊗ Z2, the new particle content transforms as:

η = (η+, η0)T ∼ (1,2, 1,−), NRα ∼ (1,1, 0,−), (1.36)

The new particles, i.e. NRα and the scalar doublet (η+, η0)T are odd under Z2. The remaining
particles of the SM are even under Z2.
The relevant Lagrangian reads:
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να νβNγ

η0η0

〈H〉 〈H〉

Figure 1.5: One-loop neutrino mass generation in the Ma model

LMa = hαβ(ναη
0 − lβη+)NRβ +

1

2
N c
RαMRαβNRβ +

1

2
λ5(H†η)2 + h.c. (1.37)

In order to ensure that Z2 is exact, η can not develop a VEV. Also, as a consequence of the
exact Z2 symmetry, this model has a neutral lightest stable particle (LSP).

Neutrino mass is generated at one-loop level as it is shown in Fig. 1.5. The mass matrix
takes the form:

(Mν)αβ =
∑

γ

hαγhβγMγ

16π2

[
m2
R

m2
R −M2

γ

ln

(
m2
R

M2
γ

)
− m2

I

m2
I −M2

γ

ln

(
m2
I

M2
γ

)]
, (1.38)

being mR and mI the masses of
√

2Re(η0) and
√

2Im(η0), respectively.

An important feature of this model is that can be verifiable at the LHC: in order to generate
neutrino masses mν ∼ 1 eV and assuming λ5 ∼ 10−4 is found that Mγ ∼ 1 TeV. On the
other hand, there will be observable dacays4 such as η(±) → l(±)N1,2,3.

1.2.4 Neutrinos in the Simplest Little Higgs

In the Simplest Little Higgs model [40], the SM electroweak gauge group is enlarged to
SU(3)L ⊗ U(1)X . Each SM generation is embedded into SU(3)C ⊗ SU(3)L ⊗ U(1)X as
follows:

4Assuming that the mass of the scalar fields are greater than Mγ .
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QαL = (uα, dα, Uα)TL ∼ (3, 3, 1/3),

dcα ∼ (3∗, 1, 1/3), ucα ∼ (3∗, 1,−2/3), U c
α ∼ (3∗, 1,−2/3),

ψαL = (−iνα,−ilα, Nα)TL ∼ (1, 3,−1/3), (1.39)

lcα ∼ (1, 1, 1), ncα ∼ (1, 1, 0),

where α corresponds to a generation index. The symmetry breaking is triggered by the
VEVs of two triplets φ1,2 (of a global [SU(3)]2 symmetry) which transform as (3,−1/3)
under SU(3)L ⊗ U(1)X :

φ1 → eiθ cotβ/f




0
0
f1


 ,

φ2 → e−iθ tanβ/f




0
0
f2


 , (1.40)

where tan β = f1/f2, f =
√
f 2

1 + f 2
2 , and θ has the matrix form

θ =
η√
2

+




0 0 H0
1

0 0 H+
1

H0
1 H−1 0


 . (1.41)

For the sake of simplicity identical VEVs for both triplets are assumed (f1 = f2 ∼ f).
Masses for the neutral leptons arise from the interactions of the form (considering just one
generation):

− Lyuk = λνφ
†
1ψLn

c + h.c. (1.42)

This Lagrangian respects the global [SU(3)]2 symmetry and does not generate radiative
contribution to the Higgs mass m2

h. In the basis (ν,N, nc), the mass matrix takes the form:

M =




0 0 −λνv
0 0 λνf
λνv λνf 0


 , (1.43)

where v is the VEV of the SU(2) Higgs doublet H, and f is the scale at which the two
condensate sigma fields develop VEV. At this stage the lightest neutrino remains massless,
however it can acquire mass when one-loop level contribution are taken into account.
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Allowing a Majorana mass term for nc of the form (1/2)Mncnc, at lowest order the neutrino
mass matrix would read

M =




0 0 −λνv
0 0 λνf
λνv λνf M


 . (1.44)

ψL ψL

φ1

nc nc

φ1

φ2φ2

Figure 1.6: One-loop contribution to (φ†2ψL)(φ†2ψL)

In this model neutrinos acquire mass from the unique non-renormalizable dimension-five
effective Lagrangian [41]5

Leff =
1

2Λν

(φ†2ψL)(φ†2ψL) + h.c. (1.45)

The effective operator (φ†2ψL)(φ†2ψL) has the one-loop realization shown in Fig. 1.6. Taking
into consideration this new contribution, the complete neutrino mass matrix reads:

M =



v2/Λν vf/Λν −λνv
vf/Λν f 2/Λν λνf
λνv λνf M


 . (1.46)

The term (1/Λν) is directly calculable from the Feynman diagram. Assuming M < f and
m2
h < (λνf)2 we have [41]:

1

Λν

=
λM

16π2

[
x− 1− lnx

(x− 1)2

]
, (1.47)

5The vertex involving the scalar self-interaction(λ) breaks the global [SU(3)]2 symmetry, however the
correction to m2

h is logarithmically dependent and no fine-tuning is required.
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with x = m2
h/(λνf)2 and λ the Higgs quartic coupling.

After diagonalizing Eq. (1.44), the lightest neutrino acquire mass which is given by

mν ' v2 λM

4π2f 2
ln

(
(λνf)2

m2
h

)
. (1.48)

A interesting feature of this model is that neutrino mass depends only logarithmically on the
Yukawa coupling constant, and predicts the existence of a yet to be observed right-handed
neutrino with Majorana mass at the KeV scale6.

6Demanding mν ∼ 1 eV.



Chapter 2

Little Higgs Model

Even with the remarkable success of the Standard Model (SM), there are theoretical reasons
for believing that it is not the ultimate theory. One of the greatest mysteries still to be
solved concerns the fact that the mass-squared parameter for the Higgs m2

H gets large one-
loop quadratic corrections. By assuming a light Higgs mass (mH ∼ 125 GeV) as the recent
discovery at ATLAS and CMS [42, 43] suggest1, then new physics is required at the TeV scale
or below in order to cancel the quadratically divergent contributions. The most dangerous
of these contributions to m2

H come from loops of the top quark, the W-boson and the Higgs
itself (Figure 2.1). From the Feynman diagrams displayed in Fig. 2.1 the total correction
∆m2

H to the Higgs mass is given by [44]:

∆m2
H =

1

16π2

(
λ+

3

2
g2 − 6λ2

t

)
Λ2
UV , (2.1)

being λ the self-interacting Higgs coupling, λt the top quark Yukawa coupling, g the SU(2)L
gauge coupling and ΛUV an ultraviolet momentum cutoff.

HH

H H

f

f

H Htop

H H

W

Figure 2.1: One-loop radiative corrections to the Higgs mass m2
H . From left to right, contri-

butions from the Higgs, the top quark and the W-boson.

1Until now, the data suggest that the new boson match with the SM Higgs boson

19
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Assuming that the SM is valid up to MPlanck ∼ 2× 1018 GeV, a scale at which gravitational
effects spoil the renormalizability of the theory, then what protects the Higgs mass from
radiative corrections?. These corrections push up the Higgs mass to energies far beyond
its bare mass destabilizing the electroweak symmetry breaking scale. This shortcoming is
known as the hierarchy problem. From an experimental point of view, the current data
suggest that SM, including radiative corrections, is a successful theory up to 5 TeV, scale at
which, is expected that a fundamental theory should manifest in Nature (The UV comple-
tion of the SM) [47]. This scale is still too high, and radiative corrections to the Higgs mass
would require fine-tuning. On the other hand, from a theoretical point of view, in order to
stabilizes the electroweak scale, then new physics (elusive particles that are expected to be
found in the current- and forthcoming experiments) is required at ∼ 1 TeV. This issue is
known as the little hierarchy problem [1, 47].
Several solutions [2, 7, 49, 50] have been intensively studied in the last decade, one is
Supersymmetry (SUSY) in which the quadratic divergences to the Higgs mass coming
from particles and sparticles cancel between each other. Also are the Little Higgs Mod-
els(LHMs) [7, 45, 46, 48, 51] in which the Higgs is thought as a Pseudo-Nambu Goldstone
Boson (PNGB), massless at tree-level, which is allowed to acquire small mass radiatively. In
this latter framework the radiative contributions to the Higgs mass are cancelled between
particles of the same spin.

The trick behind Little Higgs models, the so-called (collective symmetry breaking), lies in fact
that no single coupling explicitly breaks the global symmetry. The Higgs mass is protected
by a global symmetry which is spontaneously broken. After the breaking the Higgs arises as
a massless PNGB, and acquires mass logarithmically at one-loop order or quadratically at
two-loop order (this latter contribution is negligible).

The Little Higgs model based on the approximate [SU(4)/SU(3)]4 global symmetry has a
strong theoretical motivation because of its ability to reproduce the low-energy phenomenol-
ogy with a set of minimal parameters and to generate the Higgs quartic self-coupling without
fine-tuning (unlike the model based on the approximate [SU(3)/SU(2)]2 in which fine-tuning
is required). Recently a study was carried out in order to determinate whether the Higgs-like
particle discovered at CERN is the pseudo-Goldstone Boson of the Little Higgs Models or
not [52]. By now the Simplest Little Higgs model [53] matchs with the current experimental
data. In what follows we described briefly the Simplest Little Higgs (SLH) Model based on
the approximate [SU(4)/SU(3)]4 global symmetry.

2.1 The model

In the SLH Model based on the SU(4) global symmetry, the electroweak SU(2)L⊗U(1)Y SM
gauge group is enlarged to SU(4)L⊗U(1)X [6, 53]. This symmetry group has been proposed
as an electroweak extension of the SM [54] and, among its features, the most remarkable
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Table 2.1: Anomaly-free fermion content.

QiL =




di
ui
Ui
Di



L

dciL uciL U c
iL Dc

iL

[3, 4∗, 1
6
] [3∗, 1, 1

3
] [3∗, 1,−2

3
] [3∗, 1,−2

3
] [3∗, 1, 1

3
]

Q3L =




u3

d3

D3

U3



L

uc3L dc3L Dc
3L U c

3L

[3, 4, 1
6
] [3∗, 1,−2

3
] [3∗, 1, 1

3
] [3∗, 1, 1

3
] [3∗, 1,−2

3
]

LαL =




ν0
eα

e−α
E−α
n0
α



L

e+
αL E+

αL

[1, 4,−1
2
] [1, 1, 1] [1, 1, 1]

one is that if the cancellation of anomalies takes place between families2 and not family by
family as in the SM, then this model can account for the number of generations of fermions in
Nature. Models with anomaly-free embedding are more attractive than the anomalous ones
in the sense that do not leave the cancellation of anomalies to new physics at the UV scale
and, as a consequence, offer an easier way to build up the UV completion theory (an example
of such a situation can be found in [55]). Two independent anomaly free embeddings3 can
be built up in the SU(4)L ⊗ U(1)X extension. Here we considerer the model E [56], with
the fermion content displayed in Table 2.1, where the numbers in parentheses stand for the
quantum numbers (SU(3)C , SU(4)L, U(1)X).

In the following we review briefly some important aspects of the model (for a complete
review see [6] and references therein). The symmetry breaking is triggered by the Vacuum
Expectation Values (VEVs) of four quadruplets Φi,Ψi, i = 1, 2.

Φ1 = e
iHd f2f1




0
0
f1

0


 , Φ2 = e

−iHd f1f2




0
0
f2

0


 ,

2Under SU(4)L the third generation of quarks transforms as the fundamental 4 while the other two
transforms as 4∗ or vice versa.

3that lead to the fermion content of the so-called three-family models [54].
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Ψ1 = e
iHu f4f3




0
0
0
f3


 , Ψ2 = e

−iHu f3f4




0
0
0
f4


 . (2.2)

These sigma model fields transform under SU(4)L ⊗ U(1)X as Φ1 ∼ (4, 1/2),
Φ2 ∼ (4, 1/2), Ψ1 ∼ (4,−1/2), Ψ2 ∼ (4,−1/2);
with

Hd =
1

f12




0 0
0 0

hd
0
0

h†d 0 0
0 0 0 0


 , Hu =

1

f34




0 0
0 0

0
0

hu

0 0 0 0
h†u 0 0


 , (2.3)

being f 2
ij = f 2

i + f 2
j . Additionally, hd and hu are SU(2) doublets with hypercharges 1/2 and

−1/2, respectively, and acquire VEVs:

〈hd〉 =
1√
2

(
0
vd

)
and 〈hu〉 =

1√
2

(
vu
0

)
. (2.4)

At low-energies this model reproduce one Two-Higgs-Doublet Model (2HDM). One of the
main features of this model (unlike the one based on global SU(3) symmetry) is that it allows
to generate automatically (at tree-level) a self-interacting quartic coupling for the scalar field
which stabilizes the Higgs VEV.

Ψ1

Ψ2 Ψ2

Ψ1

Φi(Ψi) Φi(Ψi)

Φ1

Φ2 Φ2

Φ1

Figure 2.2: Gauge boson contribution to the Higgs potential
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Contributions to the scalar potential arise at one-loop level from the realization of the oper-
ators |Φ†iΦi|, |Ψ†iΨi|, |Φ†1Φ2|2 and |Ψ†1Ψ2|2 (Figure 2.2). The first and last Feynman diagrams
in Fig. 2.2 explicitly violate [SU(4)]4 and do contribute to the PNGBs masses:

∆Lup ∼
g4

16π2
|Ψ†2Ψ1|2 ln

(
Λ2

f 2
34

)
∼ − f 2

34

16π2
h†uhu,

∆Ldown ∼
g4

16π2
|Φ†2Φ1|2 ln

(
Λ2

f 2
12

)
∼ − f 2

12

16π2
h†dhd, (2.5)

where g is the gauge coupling associated to SU(4)L. The diagram in the middle of Fig. 2.2 is
quadratically divergent but preserves the global [SU(4)]4 symmetry and, as consequence, do
not contribute to the PNGBs masses. Diagrams involving more than two Φi(Ψi) insertions
will be finite (and also contribute to the Higgs mass). In what follows we concentrate our
discussion in the top quark contribution to the Higgs mass.

2.1.1 Top Yukawa Coupling

The one-loop quadratic divergences to the Higgs mass cancel between particles of the same
spin. As an example we verify it in the Yukawa Lagrangian associated to the Top quark4.

− LQY3
=

(
λu3

1 iu
1c
3LΨ†1 + λu3

2 iu
2c
3LΨ†2 + λd3

1 id
1c
3LΦ†1 + λd3

2 id
2c
3LΦ†2

)
Q3L, (2.6)

where u
(1c,2c)
3L (d

(1c,2c)
3L ) are linear combinations of up-type (down-type) conjugate quarks uc3L(dc3L)

and U c
3L(Dc

3L). Expanding the scalar fields in Eq. (2.2) to second order, the Top Yukawa
Lagrangian becomes:

− LQY3
=

[
λu3

1

(
f4

f34

)
〈hu〉u1c

3Lu3L − λu3
2

(
f3

f34

)
〈hu〉u2c

3Lu3L + λu3
1 if3u

1c
3LU3L

+ λu3
2 if4u

2c
3LU3L − λu3

1 i

(
f 2

4

f3f 2
34

)
〈hu〉2u1c

3LU3L − λu3
2 i

(
f 2

3

f4f 2
34

)
〈hu〉2u2c

3LU3L

+ λd3
1

(
f2

f12

)
〈hd〉d1c

3Ld3L − λd3
2

(
f1

f12

)
〈hd〉d2c

3Ld3L + λd3
1 if1d

1c
3LD3L

+ λd3
2 if2d

2c
3LD3L − λd3

1 i

(
f 2

2

f1f 2
12

)
〈hd〉2d1c

3LD3L − λd3
2 i

(
f 2

1

f2f 2
12

)
〈hd〉2d2c

3LD3L

]
.(2.7)

4As pointed out above, here is assumed that the third generation of quarks transforms differently from
the other two.
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hu(hd)

u3L(d3L)

U c
3L(U c

3L)

hu(hd)

hu(hd)

U3L(D3L)

hu(hd)

U3L(D3L)

hu(hd)

u3L(d3L)

uc3L(dc3L)

hu(hd)

Figure 2.3: Top(Bottom) contribution to the Higgs mass.

In the mass eigenstates basis the previous equation acquires the form

− LQY3
= λu3〈hu〉uc3Lu3L + λU3u3〈hu〉U c

3Lu3L +
λU3

2MU3

〈hu〉2U c
3Lu3L

+ λd3〈hd〉dc3Ld3L + λD3d3〈hd〉Dc
3Ld3L +

λD3

2MD3

〈hd〉2Dc
3Ld3L, (2.8)

where

λu3 =
λu3

1 λ
u3
2 f34√

2MU3

, λU3u3 =

[
(λu3

1 )2 − (λu3
2 )2
]
f3f4

√
2f34MU3

, λU3 =
(λu3

1 f4)2 + (λu3
2 f3)2

2f 2
34

λd3 =
λd3

1 λ
d3
2 f12√

2MD3

, λD3d3 =

[
(λd3

1 )2 − (λd3
2 )2
]
f1f2

√
2f12MD3

, λD3 =
(λd3

1 f2)2 + (λd3
2 f1)2

2f 2
12

,(2.9)

MU =
√

(λu3
1 f3)2 + (λu3

2 f4)2 and MD =
√

(λd3
1 f1)2 + (λd3

2 f2)2.

The couplings between the up-type (down-type) Higgs and the top (bottom) quarks in
Eq. (2.8) do not contribute to the Higgs mass due to a miraculous cancellation of the
quadratic divergences. In Fig. 2.3 we display the one loop diagrams involving these in-
teractions. The quadratic divergences coming from the first and last diagrams are cancelled
by the contribution from the diagram in the middle. Contributions at two-loop level (from
the top quark and gauge bosons) to the Higgs mass are also present, but are negligible.5

5Under the assumption that the ultraviolet cutoff is ∼ 10 TeV.
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2.1.2 Yukawa Lagrangian for the Neutral Leptons

With the particle content of the model under consideration it is not possible to generate
masses for neutral leptons unless we introduce right-handed neutrinos NR ∼ (1,1, 0) in the
model. The most general gauge invariant Yukawa Lagrangian looks like:

− LneutroY = λ1NαRΨ†1LβL + λ2NαRΨ†2LβL + h.c,

where α and β are generation indexes. This Lagrangian does not respect the global [SU(4)]4

symmetry and, as a consequence, also gives contribution to the PNGBs masses. Two solu-
tions to this problem have been proposed: the first one is to assume only a Yukawa coupling:
forbidding, for example, λ2 and leaving the interaction that involves λ1

6; the second one is
assuming that the global [SU(4)]4 symmetry is approximate [57]. In this case there exist a
strong suppression on the coupling λ2 << 1 while λ1 remains unsuppressed. In this way
the contribution to the PNGBs coming from the leptonic sector remains negligible due to
the smallness of λ2. In this scenario the collective symmetry breaking is achieved only when
λ2 → 0. This latter alternative is the option that is explored in this thesis. Further details
concerning the generation of neutrino masses will be considered in Chapter 3.

6This idea is applied by Lee [58] and F. del Águila et al. [41] to generate masses in the Kaplan-Schmaltz
model [53]



Chapter 3

Radiative Neutrino Mass Generation

3.1 Model

As pointed out in Chapter 2, the Simplest Little Higgs model based on the approximate
[SU(4)/SU(3)]4 global symmetry “solve” the electroweak hierarchy problem (little hierarchy
problem) of the SM. The key of these theories is the implementation of the so-called collective
symmetry breaking, which avoids large radiative corrections at one loop level to the Higgs
mass. The Schmaltz’s model [40] has been extended to the approximate [SU(4)/SU(3)]4 non-
liner sigma model [6], with the new top quark partners cancelling the divergences coming
from the ordinary quark top. The quadratic divergences at one loop order to the Higgs mass
are suppressed, and at two loops are negligible. In this work, we are going to considerer
a more generic version of the Simplest Little Higgs model, known as the minimal little
higgs model already studied in [57] for the [SU(3)/SU(2)]2 non-liner sigma model. Here, it
is assumed that the global SU(4) symmetry which protects the Higgs mass is approximate.
Then the Higgs mass receives quadratic divergences at one loop, but these new contributions
are negligible mainly by the suppression imposed by the global symmetry on the new Yukawa
interactions. Assuming an anomaly free embedding in the SU(4)L⊗U(1)X gauge symmetry,
we have the following lepton content1

LαL =
(
− iν0

eα,−ie−α , E−α , n0
α

)T
L
∼ (1,4,−1/2), e+

αL ∼ (1,1, 1), E+
αL ∼ (1,1, 1), (3.1)

with α being a generation index and the numbers inside the parentheses correspond to the
way the lepton field transform under SU(3)C ⊗ SU(4)L ⊗ U(1)X (3-4-1 symmetry).

1Exactly the same lepton content displayed in Table 2.1, where a −i phase is included in the SM lepton
doublet.

26
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The scalar sector in the model is given by,

Φ1 = e
iHd f2f1




0
0
f1

0


 , Φ2 = e

−iHd f1f2




0
0
f2

0


 , (3.2)

Ψ1 = e
iHu f4f3




0
0
0
f3


 , Ψ2 = e

−iHu f3f4




0
0
0
f4


 . (3.3)

These sigma model fields transform under the SU(4)L ⊗ U(1)Y symmetry as Φ1 ∼ (4, 1/2),
Φ2 ∼ (4, 1/2), Ψ1 ∼ (4,−1/2), Ψ2 ∼ (4,−1/2).
The model studied in [6] does not provide a mechanism for neutrino mass generation. As a
first step, following the idea behind the seesaw mechanisms we extend the particle content
of the model but keeping in mind that it is forbidden to break the anomaly-free structure
of the model. The most simple choice is to add a right-handed neutrino N0

iR ∼ (1,1, 0) per
generation. Since neutrinos do not possess electric charge, they can be Majorana particles.

3.2 One generation case

The Yukawa Lagrangian for neutral leptons is given by:

− Lyuk = λnNRΨ†1LL + λmNRΨ†2LL + h.c. (3.4)

Assuming that LL ∼ (4, 1, 1, 1), Ψ1 ∼ (4, 1, 1, 1) and Ψ2 ∼ (1, 4, 1, 1) under
SU(4)1⊗SU(4)2⊗SU(4)3⊗SU(4)4([SU(4)]4), we note that the coupling λn is unsuppressed,
but λm is suppressed by the global symmetry, therefore, we impose the hierarchy condition
λn >> λm.
After the Spontaneous Symmetry Breaking (SSB) takes place, the scalar fields develop a
VEV, which is expressed by:

〈Ψ1〉 = eiβ1A




0
0
0
f3


 , 〈Ψ2〉 = e−iβ2A




0
0
0
f4


 , (3.5)

with
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β1 =
f4

f3

vµ

f34

√
2

, β2 =
f3

f4

vµ

f34

√
2

and A =




0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0


 . (3.6)

From here on we are going to do some mathematical procedure that will allow us to write
down the Yukawa Lagrangian in terms of the neutrino mixing angle.
Expanding the exponential function

eiβ1A = 1 + iβ1A+
1

2!
(iβ1)2A2 +

1

3!
(iβ1)3A3 + ... (3.7)

Is easy to show that:

Am =

{
C, m odd
A, m even.

(3.8)

where

C =




1 0 0 0
0 0 0 0
0 0 0 0
0 0 0 1


 . (3.9)

From Eq. (3.7), and using the results from Eq. (3.8)

eiβ1A = 1 + iA
[
β1 −

1

3!
β3

1 +
1

5!
β5

1 −
1

7!
β7

1 ± ...
]

+ C
[
− 1

2!
β2

1 +
1

4!
β4

1 −
1

6!
β6

1 ∓ ...
]

= 1− C + iA sin β1 + C cos β1

=




cos β1 0 0 i sin β1

0 1 0 0
0 0 1 0

i sin β1 0 0 cos β1


 . (3.10)

In order to calculate the masses of the neutrinos at tree-level, going from weak eigenstates to
mass eigenstates, we need to compute the VEV of the scalar fields, which can be evaluated
directly using the calculation of eiβ1A. After such a calcutation is obtained:

〈Ψ1〉† = e−iβ1A
(
0 0 0 f3

)
=
(
−if3 sin β1 0 0 f3 cos β1

)
, (3.11)
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〈Ψ2〉† = eiβ2A
(
0 0 0 f4

)
=
(
if4 sin β2 0 0 f4 cos β2

)
. (3.12)

Where, the Eq. (3.12) is easily obtained from Eq. (3.11) by making the changes β1 → β2,
f3 → f4 and i→ −i.
Taking into account the previous relations, the Yukawa Lagrangian in Eq. (3.4) is expressed
by:

− Lyuk = λnNR

(
f3 sin β1ν

0
eL + f3 cos β1n

0
L

)
+ λmNR

(
− f4 sin β2ν

0
eL + f4 cos β1n

0
L

)
+ h.c.

Now, assuming that fi ∼ 1 TeV; with fi being the energy scale at which the global SU(4)
symmetry is spontaneously broken, and taking into consideration that β1 = f4

f3

νµ
f34

√
2
∼ 1

fi

and β2 = f3

f4

νµ
f34

√
2
∼ 1

fi
, it follows:

sin βi ' βi and cos βi ' 1, for i = 1, 2. (3.13)

After that, and parametrizing tanα = f3

f4
, we reach the following Yukawa Lagrangian for

neutral leptons

− Lyuk = f
34
NR

([
λm sinα− λn cosα

] vµ

f34

√
2
ν0
e +

[
λn sinα + λm cosα

]
n0
L

)
+ h.c. (3.14)

Now, rotating from the weak eigenstates (n0
L, ν

0
e ) to mass eigenstates (n̂0

L, ν̂
0
e ), we have

(
n̂0
L

ν̂0
e

)
=

(
cos θ sin θ
− sin θ cos θ

)(
n0
L

ν0
e

)
, (3.15)

where θ is the mixing angle.
From Eqs. (3.14) and (3.15) is straightforward to obtain the Lagrangian in the mass eigen-
state basis

− Ltree−levelyuk = f34

(√
(
λn sinα + λm cosα

)2
+
(
λn cosα− λm sinα

)2 v2
µ

2f 2
34

)
NRn̂

0
L + h.c.

With the mixing angle determined by:

sin θ =

(
λm sinα− λn cosα

) vµ√
2f34√(

λn sinα + λm cosα
)2

+
(
λm sinα− λn cosα

)2 v2
µ

2f2
34

,

cos θ =

(
λn sinα + λm cosα

)
√(

λn sinα + λm cosα
)2

+
(
λm sinα− λn cosα

)2 v2
µ

2f2
34

, (3.16)
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and the mass-term from the Yukawa Lagrangian in Eq. (3.16) is:

mN = f34

(√
(
λn sinα + λm cosα

)2
+
(
λn cosα− λm sinα

)2 v2
µ

2f 2
34

)
. (3.17)

In order to compare the latter expression with the neutrino mass reported in [58], we must to
expand and suppress completely either λn or λm. For instance, making λm = 0 and λn 6= 0
is reproduced the results in Ref. [58].

At this stage, two heavy neutrinos acquire masses of the order of the mass term given in
Eq. (3.17), but the SM neutrino (the lightest neutrino) remains massless (this results holds
even if we considerer the three generations of fermions).
From now on, we will concentrate in the study of another mechanism to generate neutrino
masses. As a first attempt we explore the so-called radiative seesaw mechanism.

From Eq. (3.14), we can write down the Lagrangian in matrix form (where the super-index
in the neutral leptons had been suppressed):

− LTree−levelyuk =
1

2

(
νceL ncL NR

)
M



νeL
nL
N c
R


+ h.c., (3.18)

with M, the tree-level mass matrix which is given by:

M =




0
0[

λm sinα− λn cosα
]
vµ√
2

0
0

f
34

[
λn sinα+ λm cosα

]

[
(λm)† sinα− (λn)† cosα

]
vµ√
2

f34

[
(λn)† sinα+ (λm)† cosα

]

0


 (3.19)

.

If we introduce a Majorana mass term for the right-handed neutrino NR, then we must to
add to the tree-level Lagrangian the term 1

2
MNRN

c
R+h.c , being M the mass of the particle.

At the lowest order the neutrino mass has the structure

M =




0
0[

λm sinα− λn cosα
]
vµ√
2

0
0

f34

[
λn sinα+ λm cosα

]

[
(λm)† sinα− (λn)† cosα

]
vµ√
2

f
34

[
(λn)† sinα+ (λm)† cosα

]

M


 (3.20)

Diagonalizing this last matrix it is found that the SM neutrino remains massless. In order to
give it a non-zero mass, we are going to introduce a dimension-five effective operator, which
are a generalization of the Weinberg operator in the SM [19].
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3.3 Radiative Seesaw Mechanism

In order to explain the smallness of neutrino mass in nature, we can introduce higher di-
mensional operators which will automatically generate tiny neutrino masses. The Minimal
Little Higgs Model based on an electroweak symmetry SU(4)L ⊗ U(1)X can be thought as
an effective theory that is valid up to an energy scale Λ.
The Lagrangian is written as:

Lyuk = Ltree−levelyuk + Lloop−levelyuk (3.21)

.
After expanding Lloop−level, it follows:

Lyuk = Ltree−levelyuk + L5 + L6 + . . . (3.22)

In the SM the Weinberg’s dimension-five effective operator [19] provides an answer for neu-
trino masses puzzle (this operator violate lepton number, and, neutrinos are Majorana par-
ticles).

L5 =
1

Λ
O5 with O5 ∼ LLHH

Here,we are going to build up all the possible effective operators of dimension d = 5 in our
model:

O5 ⊃
{

(LcLΨ∗1)(Ψ†1LL), (LcLΨ∗2)(Ψ†2LL), (LcLΨ∗1)(Ψ†2LL), (LcLΨ∗2)(Ψ†1LL)

}
(3.23)

All of these terms generate one-loop contributions2 (see Fig. 3.1).
From the dimension-five effective operator we have that the effective Lagrangian is giving
by:

L5 =
2∑

i,j

1

2Λij

(
LcLΨ∗i

)(
Ψ†jLL

)

=
1

2Λ11

(
LcLΨ∗1

)(
Ψ†1LL

)
+

1

2Λ22

(
LcLΨ∗2

)(
Ψ†2LL

)
+

1

2Λ12

(
LcLΨ∗1

)(
Ψ†2LL

)
+

1

2Λ21

(
LcLΨ∗2

)(
Ψ†1LL

)
,

2These effective operator differ slightly from studied in [41], where is not clear the Lorentz invariance of
the effective operator.
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LcL

Ψj(Ψi)

ncR

Ψi(Ψj)

nR
LL

Ψ†i (Ψ
†
j)

Ψ†j(Ψ
†
i )

Figure 3.1: One loop contribution to
(
LcLΨ∗i

)(
Ψ†jLL

)

where the relation Λ12 = Λ21 is used3.
Let us label Λ11 = Λmm, Λ22 = Λnn and Λ12 = Λmn, where we have implicitly taken into
account the dependence of Λij on the Yukawa couplings λn and λm (see, for instance, the
Feynman diagram in Appendix A).

Let us compute the contribution to the mass matrix from each effective Lagrangian.
After the SSB, Eq. (3.24) becomes:

L5 =
1

2Λ11

LcL〈Ψ∗1〉〈Ψ1〉†LL +
1

2Λ22

LcL〈Ψ∗2〉〈Ψ2〉†LL

+
1

2Λ12

LcL〈Ψ∗1〉〈Ψ2〉†LL +
1

2Λ21

LcL〈Ψ∗2〉〈Ψ1〉†LL.

Using the results obtained in Eqs. (3.11) and (3.12), we get

1

2Λnn

LcL〈Ψ∗2〉〈Ψ2〉†LL =
1

2Λnn

(
f 2

4β
2
2ν

c
eLνeL + f 2

4β2νceLneL + f 2
4β2nceLνeL + f 2

4n
c
eLneL

)
,

1

2Λmm

LcL〈Ψ∗1〉〈Ψ1〉†LL =
1

2Λmm

(
f 2

3β
2
1ν

c
eLνeL − f 2

3β1νceLneL − f 2
3β1nceLνeL + f 2

3n
c
eLneL

)
,

1

2Λnm

LcL〈Ψ∗1〉〈Ψ2〉†LL =
1

2Λnm

(
− f3f4β1β2νceLνeL − f3f4β1νceLneL + f3f4β2nceLνeL + f3f4nceLneL

)
,

1

2Λnm

LcL〈Ψ∗2〉〈Ψ1〉†LL =
1

2Λnm

(
− f3f4β1β2νceLνeL − f3f4β1νceLneL + f3f4β2nceLνeL + f3f4nceLneL

)
.

3Is straightforward proof that Λ12 = Λ21, from the symmetry properties of the Feynman diagram displayed
in Fig. 3.1.
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In the basis (νeL, neL,N c
R), the effective Lagrangian reads:

− Lone−loop5 =
1

2

(
νceL nceL NR

)
Mone−loop



νeL
neL
N c
R


+ h.c., (3.24)

where Mone−loop has the form:

Mone−loop =




[
f24β

2
2

Λnn
+
f23β

2
1

Λmm
− 2

(
f3f4β1β2

)

Λnm

] [
f24β2
Λnn

− f23β1
Λmm

+

(
f3f4β2 − f3f4β1

)

Λnm

]
0

[
f24β2
Λnn

− f23β1
Λmm

+

(
f3f4β2 − f3f4β1

)

Λnm

] [
f24

Λnn
+

f23
Λmm

+
2
(
f3f4

)

Λnm

]
0

0 0 0




(3.25)

Now, the full mass matrix is giving by M =Mtree−level +Mone−loop.
From the one-loop and tree-level contributions to the mass matrix, we build up the full mass
matrix as follows:

M =



A B† C†

B D E†

C E F


 , (3.26)

where:

A =

[
f 2

4β
2
2

Λnn

+
f 2

3β
2
1

Λmm

− 2
(
f3f4β1β2

)

Λnm

]
,

B =

[
f 2

4β2

Λnn

− f 2
3β1

Λmm

+

(
f3f4β2 − f3f4β1

)

Λnm

]
,

C =
[
λm sinα− λn cosα

] vµ√
2
, (3.27)

D =

[
f 2

4

Λnn

+
f 2

3

Λmm

+
2
(
f3f4

)

Λnm

]
,

E = f34

[
λn sinα + λm cosα

]
,

F = M.

.
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In order to deal more easily with the mass matrix and since, as we have argued before, the
global symmetry impose the hierarchy λn >> λm, let us introduce the ρ parameter defined
as: λn = ρλm, where ρ >> 1.

Now, as it is shown in Appendix A,

1

Λnn

= (λn)2 λM

16π2

[−(mc
n)2 +m2

ψ − (mc
n)2 ln

(
m2
ψ

(mc
n)2

)

[
(mc

n)2 −m2
ψ

]2

]
,

1

Λmm

= (λm)2 λM

16π2

[−(mc
n)2 +m2

ψ − (mc
n)2 ln

(
m2
ψ

(mc
n)2

)

[
(mc

n)2 −m2
ψ

]2

]
, (3.28)

1

Λnm

= λnλm
λM

16π2

[−(mc
n)2 +m2

ψ − (mc
n)2 ln

(
m2
ψ

(mc
n)2

)

[
(mc

n)2 −m2
ψ

]2

]
.

From the last expressions, the following relations are obtained:

1

Λmm

=
1

ρ2

1

Λnn

and
1

Λnm

=
1

ρ

1

Λnn

. (3.29)

Also, taking into account that tanα =
f3

f4

, β1 =
f4

f3

vµ

f34

√
2

and β2 =
f3

f4

vµ

f34

√
2
,

the matrix elements in Eq. (3.27) are re-written as:
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A =
1

Λnn

[
sin2 α− 2 sinα cosα

ρ
+

cos2 α

ρ2

]
v2
µ

2
,

B =
1

Λnn

[
sinα +

sinα(tanα− cotα)

ρ
− cosα

ρ2

]
f4vµ√

2
,

C =
[sinα

ρ
− cosα

]λnvµ√
2
, (3.30)

D =
1

Λnn

[
1 +

2 tanα

ρ
+

tan2 α

ρ2

]
f 2

4 ,

E =
[

tanα +
1

ρ

]
λnf4,

F = M.

From here on, with the aim of diagonalizing the mass matrix and get a mass term for the
SM neutrinos, let us express all matrix elements in terms of physical parameters (couplings,
energy scales, scalar field mass, and Majorana mass terms). To this purpose, we are going
to deal first with the term Λnn.

From Eq. (3.28)

1

Λnn

= (λn)2 λM

16π2

[−(mc
n)2 +m2

ψ − (mc
n)2 ln

(
m2
ψ

(mc
n)2

)

[
(mc

n)2 −m2
ψ

]2

]

= (λn)2 λM

16π2

(mc
n)2

(mc
n)4

[−1 +
(
mψ
mcn

)2

− ln

((mψ
mcn

)2
)

[
1−

(
mψ
mcn

)2
]2

]
(3.31)

= (λn)2 λM

16π2

1

(mc
n)2

[
x− 1− ln(x)

(x− 1)2

]
,

where x =
mψ

mc
n

and mc
n is the mass of the heavy neutrino. We can give an approximate value

of mc
n from the diagonalization of the matrix in Eq. (3.19).
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(mc
n)2 =

(2f 2
4 + cos2 αv2

µ)λ2
n(ρ− tanα)2

2ρ2

=

(
2 +

(vµ
f4

)2
cos2 α

)(
1− tanα

ρ

)2

2
(f4λ

n)2. (3.32)

Now, in the limit ρ→∞ and f4 >> vµ, we have (mc
n)2 = (f4λ

n)2.

For simplicity, let us label:

Q−1 =

(
2 +

(vµ
f4

)2
cos2 α

)(
1− tanα

ρ

)2

2
,

L =
λ

16π2

[
x− 1− ln(x)

(x− 1)2

]
,

w11 =

[
sin2 α− 2 sinα cosα

ρ
+

cos2 α

ρ2

]
,

w12 =

[
sinα +

sinα(tanα− cotα)

ρ
− cosα

ρ2

]
, (3.33)

w13 =
[sinα

ρ
− cosα

]
,

w22 =

[
1 +

2 tanα

ρ
+

tan2 α

ρ2

]
,

w23 =
[

tanα +
1

ρ

]
.

Considering the definitions in Eqs. (3.31) and (3.33), the matrix entries in Eq. (3.30) acquire
the form:
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A =
1

2
LQw11M

(
vµ
f4

)2

,

B =
1√
2
LQw12M

(
vµ
f4

)
,

C =
1√
2
w13

(
λnvµ

)
, (3.34)

D = LQw22M,

E = w23

(
λnf4

)
,

F = M.

and the mass matrix is given by:

M =




1

2
LQw11M

(
vµ
f4

)2
1√
2
LQw12M

(
vµ
f4

)
1√
2
w13

(
λnvµ

)

1√
2
LQw12M

(
vµ
f4

)
LQw22M w23

(
λnf4

)

1√
2
w13

(
λnvµ

)
w23

(
λnf4

)
M



. (3.35)

Extracting f4 and introducing the parameters a = vν
f4

and b = M
f4

, where the hierarchy
imposes that a << 1 , b << 1, we have:

M = f4




1

2
LQw11a

2b
1√
2
LQw12ab

1√
2
w13aλ

n

1√
2
LQw12ab LQw22b w23λ

n

1√
2
w13aλ

n w23λ
n b



, (3.36)

where wij ∼ Q ' 1 for {i, j} = 1, 2. We perform the calculations of M eigenvalues to third
order in perturbation theory. The mass for the lightest neutrino reads:

mνe = LQ
(1

2
w11 −

w12w13

w23

+
1

2

w2
13w22

w2
23

)
a2bf4. (3.37)

Expanding Eq. (3.37) and keeping only terms O(1/ρ), we reach:
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mνe = La2bf4

(
2 +

cos2 αv2
µ

f 2
4

)−1[
2 cos2 α + cos2 α cot2 α + sin2 α + ...

+
1

ρ

(
2 sin2 α tanα + 2 cosα sinα− 2 cos2 α cot2 α− 2 cos2 α cotα

)]
, (3.38)

expression that can be re-written as

mνe = La2bf4

(
2 +

cos2 αv2
µ

f 2
4

)−1

γ, (3.39)

with

γ =

[
2 cos2 α + cos2 α cot2 α + sin2 α + ...

+
1

ρ

(
2 sin2 α tanα + 2 cosα sinα− 2 cos2 α cot2 α− 2 cos2 α cotα

)]
. (3.40)

recalling that a = vµ/f4 and b = M/f4 we have:

mνe = L
v2
µ

f 2
4

M

(
2 +

cos2 αv2
µ

f 2
4

)−1

γ, (3.41)

Since v2
µ/f

2
4 << 1 a binomial expansion produces

mνe =
1

2
LM

v2
µ

f 2
4

γ, (3.42)

Now, from Eq. (3.33)

L =
λ

16π2

[
x− 1− ln(x)

(x− 1)2

]

' λ

16π2

(
− ln

(
x
))
, (3.43)

where x = mψ/m
c
n and where is assumed x << 1, so that
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mνe =
λM

32π2
ln

(
mc
n

mψ

)
γ
v2
µ

f 2
4

, (3.44)

Taking back the γ definition given in Eq. (3.40), we finally get

mνe =
λM

32π2
ln

(
mc
n

mψ

)[
2 cos2 α + cos2 α cot2 α + sin2 α + ...

+
1

ρ

(
2 sin2 α tanα + 2 cosα sinα− 2 cos2 α cot2 α− 2 cos2 α cotα

)]v2
µ

f 2
4

(3.45)

Let us compare our results with the ones in [41]. Before going on, three remarks must be
done:

• In [41], the VEV of the Higgs-like field is written as 〈h0〉 = (0, v)T , which differs from

our notation where 〈hµ〉 =
1√
2

(vµ, 0)T .

• Also in [41], the tree-level Lagrangian contains a VEV for the scalar field that is written
as 〈φ†1〉 = (−〈h†〉, f), being f the scale at which the global symmetry breaks down,
while in our case 〈ψ†1〉 = (±〈h†〉, 0, β(1,2)f).

• The coupling λm is absent in [41], which means ρ→∞.

Then, with the goal of doing a direct comparison4, vµ =
√

2vDµ and f sin βi ∼ 1 for i = 1, 2,
which in our notation means f3/f4 = f3/f34 = f4/f34 ∼ 1. This implies sinα = cosα =
tanα = 1.
With the clarifications above, the neutrino mass is given by:

mνe =
λM

32π2
ln

(
mc
n

mψ

)[
1 + 2 + 1

](√
2vDµ

)2

f 2
4

=
λM

4π2
ln

(
mc
n

mψ

)
vDµ

2

f 2
4

, (3.46)

that exactly coincides with the result in [41].

4With vDµ we refers to the value vµ used in [41]
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Now, setting f3 = f4 in Eq. (3.40) (where tanα = f3/f4), we obtain:

mνe =
λM

32π2
ln

(
mc
n

mψ

)[
1 + 1 + 1 +

1

ρ

(
1 + 1− 1− 1

)]v2
µ

f 2
4

=
λM

32π2
ln

(
mc
n

mψ

)[
3

]
v2
µ

f 2
4

(3.47)

A very interesting consequence of this result is that with f3 = f4, the diagram (see Fig. A.3
in Appendix A) involving the couplings λm and λn do not contributes to the neutrino mass.
Such a situation occurs independently of the suppression imposed by the global symmetry
on λm. As we can see from Eq. (3.46), when f3 6= f4 contribution from this new diagram
takes place and give small corrections. Notice that imposing a Z2 symmetry that completely
forbids the digram associated to the unsuppressed Yukawa coupling while allows the new
diagram to survive, would allow us in turn to explain in a natural way the smallness of the
neutrino mass. This idea, however, does not work because a Z2 discrete symmetry destroys
the collectively symmetry breaking which is a keystone in the Little Higgs model.

3.4 The three generation case

The generalization to three generations is straightforward from the analysis already done for
one family. From Eq. (3.4), with α and β as flavour indexes, we have:

− Lyuk = λnαβNRαΨ†1LLα + λmαβNRαΨ†2LLβ + h.c., (3.48)

which can be transformed, analogously to Eq. (3.14), as:

− Lyuk = f
34
NRα

([
λmαβ sinα− λnαβ cosα

] vµ

f34

√
2
ν0
eβ +

[
λnαβ sinα + λmαβ cosα

]
n0
Lβ

)
+ h.c.

This expression can be easily reduced to a better form

− Lyuk = (Vc
L,Nc

L,NR)M



VL

NL

NR


+ h.c., (3.49)

where VL = (ν0
eL, ν

0
µL, ν

0
τL)T , NL = (n0

eL, n
0
µL, n

0
τL)T , NR = (N0

eR, N
0
µR, N

0
τR)T , and:

M =




[0]
[0](

[λm] sinα− [λn] cosα
)
vµ√
2

[0]
[0]

f34

(
[λn] sinα+ [λm] cosα

)

(
[λm]† sinα− [λn]† cosα

)
vµ√
2

f
34

(
[λn]† sinα+ [λm]† cosα

)

[0]


 .(3.50)
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Here [λm] and [λn] are 3 × 3 matrices (where the family indexes have been omitted5), and
[0] are also 3 × 3 matrices with all the entries equal to zero.
Now, in the study of the one-generation case the parameter ρ = λn/λm � 1 makes explicit
the suppression on λm due to the global symmetry. Since in the present case we are dealing
with matrices, we are going to assume that [λm]αβ = [ε]αγ[λ

m]γβ being εαβ << 1. Let us also
assume that [ε] is diagonal with all the non-zero entries equal, then [ε] = ρ[1], with [1] the
identity matrix.
After some simplifications the mass matrix take the form:

M =




[0]
[0](

[ε sinα− cosα
)
vµ√

2
[λn]

[0]
[0](

tanα + ε
)
f4[λn]

(
ε sinα− cosα

)
vµ√

2
[λn]†(

tanα + ε
)
f4[λm]†

[0]


 .(3.51)

Let us now call U the unitary matrix that diagonalizes M

MDiag = U†MU, (3.52)

where

U =




cos θ[1] sin θ[1] [0]
− sin θ[1] cos θ[1] [0]

[0] [0] [1]






[1] [0] [0]
[0] VL [0]
[0] [0] VR






[1] [0] [0]
[0] −1√

2
[1] 1√

2
[1]

[0] 1√
2
[1] 1√

2
[1]


 . (3.53)

The mixing angles are given by Eq. (3.16), and can be re-written in terms of the trigonometric
expressions wij in Eq. (3.33) where we have defined ρ = ε−1

sin θ =
a√
2

w13√
w2

23 + (w2
13)a

2

2

, cos θ =
w23√

w2
23 + (w2

13)a
2

2

.

The matrices VL and VR allow to diagonalize [λn].

V†R[λn]VL =



λn1 0 0
0 λn2 0
0 0 λn3


 . (3.54)

Assuming that the eigenvalues of [λn] are real, Eq. (3.54) yields:

5That is, the matrix entries of [λm] are [λm]αβ
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V†L[λn]†VR =



λn1 0 0
0 λn2 0
0 0 λn3


 .

After some calculations, the diagonal mass matrix in Eq. (3.52) take the form

MDiag =




[0] [0] [0]
[0] δ1 [0]
[0] [0] δ2


 , (3.55)

where

δ1 = −
(

(ε sinα− cosα)
vµ√

2
sin θ + (tanα + ε)f4 cos θ

)
diag(λn1 , λ

n
2 , λ

n
3 ).

δ2 =

(
(ε sinα− cosα)

vµ√
2

sin θ + (tanα + ε)f4 cos θ

)
diag(λn1 , λ

n
2 , λ

n
3 ). (3.56)

Finally we have

MDiag =




diag(0, 0, 0)
−diag(MN1,MN2,MN3)

diag(MN1,MN2,MN3)


 , (3.57)

with

MNi =

√
w2

23 + w2
13

a2

2
(f4λ

n
i ). (3.58)

At tree-level the UPMNS mixing matrix6 is given by Eq. (3.53). We can also write down the

mass eigenstates (V̂L, N̂L, N̂C
R)T as a linear combination of weak eigenstates (VL,NL,NC

R)T :



VL

NL

NC
R


 =




cos θ[1] sin θ[1] [0]
− sin θ[1] cos θ[1] [0]

[0] [0] [1]






[1] [0] [0]
[0] VL [0]
[0] [0] VR






[1] [0] [0]
[0] −1√

2
[1] 1√

2
[1]

[0] 1√
2
[1] 1√

2
[1]






V̂L

N̂L

N̂C
R




=




cos θ[1] −VL√
2

sin θ VL√
2

sin θ

− sin θ[1] −VL√
2

cos θ VL√
2

cos θ

[0] 1√
2
VR

1√
2
VR






V̂L

N̂L

N̂C
R


 (3.59)

6Pontecorvo-Maki-Nakagawa-Sakata mixing matrix of the nine neutral leptons



3.4. THE THREE GENERATION CASE 43

This mixing matrix is incomplete in the sense that the lightest neutrino does not mixes with
the right-handed ones. This feature will change after introducing a Majorana mass term for
the three right-handed neutrinos. The radiative corrections will appear as a consequence of
the one-loop level contribution to the mass matrix. Under these conditions the full mass
matrix acquires the form:

M =Mtree +Mloop, (3.60)

where Mtree is the tree-level mass matrix which contains both Dirac and Majorana mass
terms, and Mloop are the terms that arise at loop level.
Analogously to the one-generation case in Eq. (3.35), the Majorana mass term and the
radiative correction to the mass matrix entries, are given by:

MM =




1

2
LQw11[M ]

(
vµ
f4

)2
1√
2
LQw12[M ]

(
vµ
f4

)
0)

1√
2
LQw12[M ]

(
vµ
f4

)
LQw22[M ] 0

0 0 [M ]



. (3.61)

where the wij are re-defined in terms of ε by making the change ε → 1/ρ, and [M ] =
diag(M1,M2,M3) is the Majorana mass term for the three right handed neutrinos in a basis
in which is already diagonal.
From Eq. (3.59) the tree-level PNMS mixing matrix is given by:

UPNMS =




cos θ[1] −VL√
2

sin θ VL√
2

sin θ

− sin θ[1] −VL√
2

cos θ VL√
2

cos θ

[0] 1√
2
VR

1√
2
VR


 . (3.62)

From Eq. (3.59) we can build up an operator P that projects only into the three lights
neutrino states of the nine neutral leptons states. Easily is obtained:

P =




cos2 θ[1] − cos θ sin θ[1] [0]
− cos θ sin θ[1] sin2 θ[1] [0]

[0] [0] [0]


 . (3.63)

The mass eigenstates of the SM neutrinos arise from the solution of:

det[PMMP− ΩI] = 0, (3.64)

being Ω the mass eigenvalues that, at first order in perturbation theory, are:
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Ωk = LQ
(1

2
w11 −

w12w13

w23

+
1

2

w2
13w22

w2
23

)
a2Mk. (3.65)

This latter expression is exactly the same that was previously found for the one-generation
case.



Conclusions

In this work we have explored a mechanism for neutrino mass generation in a slight variation
of the Simplest Little Higgs Model based on the approximate [SU(4)/SU(3)]4 global sym-
metry. Since the highest scale of the theory is of the order of 10 TeV, and as the type I-like
seesaw mechanism is not enough for neutrino mass generation, it was explore an alternative
that allows the right-handed neutrino mass be at or below the TeV scale and account for
neutrino masses. In this Little Higgs Model we have shown that one loop diagrams involving
two scalar 4-plets naturally lead to small Majorana masses for the neutral leptons, included
the SM neutrinos. We have found that the masses for the lightest neutrinos depend log-
arithmically on the Yukawa couplings, leading to unsuppressed Yukawa couplings with a
theoretical cut-off of up to 10 TeV. The latter result is similar to the obtained by [41], but
is also different in the sense that applies for a SLHM based on a different electroweak gauge
symmetry, and is also more generic for two independent reasons: first, the global symmetry
that protects the Higgs mass is assumed to be approximate in the neutral lepton sector, then
an small (negligible) quadratic divergent contribution to the Higgs mass arises at one loop
and, second, as the scalar fields VEV’s are different, the neutrino masses also receive con-
tributions from the operator (LcLΨ∗i )(Ψ

†
jLL). The analysis done in this thesis yields masses

for the heavy Majorana neutrinos of the order of KeV; the light neutrino mass hierarchy
(normal or inverted) is exactly the same for the heavy neutral leptons.
An analysis for the three generation case was also done. The results differ slightly from
the ones in the one-generation case. Further exploration on the neutral lepton mixing are
required in order to restrict the heavy leptons masses by using the currently known data
on neutrino oscillations. On the other hand, the study of various decay modes of the heavy
neutral leptons could lead to restrictions on the mixing between the heavy and light neutrinos.
The origin of the Majorana mass for the right-handed neutrinos could be justified after to
build up the UV completion of the model.
High precision experiments as WMAP soon will provide an answer for the number of neutri-
nos (active plus sterile) in Nature. Also, with the future International Linear Collider (ILC),
the mass hierarchy of the heavy neutral leptons can be revealed. We expect that in the next
coming years the experiments give us better insights of the nature of neutral leptons.
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Appendix A

Neutrino Loop Calculation

LcL

Ψ2

ncR

Ψ1

nR
LL

Ψ†1

Ψ†2

Figure A.1: One loop-contribution to
(
LcLΨ∗2

)(
Ψ†2LL

)
.

From this diagram

i

Λnn

= (−iλ)(iλn)2(−iM)

∫
d4k

(2π)4

i

(p− k)2 −m2

i

(p− k)2 −m2

i

(/k)−mnc

i

(−/k)−mnc
.(A.1)

The result must be independent of the momentum of the incoming lepton (LL), so we can
set this momentum to zero without loss of generality1. The propagator for the Majorana
neutrino in momentum space is given by:

Sf =
i

/k −mnc

=
i(/k +mnc)

k2 −m2
nc
, (A.2)

1A non-zero momentum only shifts /p but not the neutrino mass
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where we have used the field equation in momentum space (/k −mnc)ψ = 02.
Making p = 0, Eq. (A.1) becomes:

i

Λnn

= −λ(λn)2M

∫
d4k

(2π)4

1

[k2 −m2]2
1

k2 −m2
nc
. (A.3)

In order to solve the integral we introduce the Feynman parameters [30]

1

a2
1a2...an

= n!

∫ 1

0

x1dx1dx2...dxn
a1x1 + a2x2...anxn

δ
(

1−
n∑

i=1

xi

)
, (A.4)

Using this identity the loop integral (A.3) becomes

i

Λnn

= −λ(λn)2M

∫
d4k

(2π)4
2

∫ 1

0

xdxdy
[
(k2 −m2)x+ (k2 −m2

nc)y
]3 δ(1− (x+ y)). (A.5)

After using the δ function we have

i

Λnn

= −2λ(λn)2M

∫
d4k

(2π)4

∫ 1

0

xdx
[
(k2 −m2)x+ (k2 −m2

nc)(1− x)
]3

= −2λ(λn)2M

∫
d4k

(2π)4

∫ 1

0

xdx
[
(k2 −m2)x+ k2 −m2

nc − x(k2 −m2
nc)
]3

= −2λ(λn)2M

∫
d4k

(2π)4

∫ 1

0

xdx
[
k2 − x(m2 −m2

nc)−m2
nc

]3 .

Performing now the Wick rotation k0 → ik0
e we can transform the integration over a 4D-

Euclidean space3. So, k2 = kµkµ = k02 − −→k 2 = −k0
e

2 − −→k 2 = −k2
e . Changing dk0 → idk0

e

and k2 → −k2
e the loop integral acquires the form

i

Λnn

= −2iλ(λn)2M

∫
d4ke
(2π)4

∫ 1

0

xdx
[
− k2

e − x(m2 −m2
nc)−m2

nc

]3

= 2iλ(λn)2M

∫
d4ke
(2π)4

∫ 1

0

xdx
[
k2
e − x(m2 −m2

nc)−m2
nc

]3 . (A.6)

2Here ψ is a Dirac field
3A integral defined in a 4D hypersphere



49

Let us now consider the integral:

∫
d4k

(2π)4

1

(k2 + c2)3
. (A.7)

In general, the volume of a sphere of radius k in D-dimensional Euclidean space is given by

Vd(k) = Cdk
d, where Cd = π

d
2

Γ( d
2

+1)
, being Γ the gamma function which is defined by

Γz =

∫ ∞

0

e−ttz−1dt. (A.8)

For a 4-dimensional Euclidean space we have:

V =
π2k4

2
,

dV = 2π2k3dk, (A.9)

dk4 = 2π2k3dk,

Using the previous result, Eq. A.7 yields

∫
d4k

(2π)4

1

(k2 + c2)3
=

∫ ∞

0

2π2k3dk

(2π)4

1

(k2 + c2)3

=

∫ ∞

0

2dkk3

16π2(k2 + a2)3

=

∫ ∞

0

(2kdk)k2

16π2(k2 + a2)3
(A.10)

=

∫ ∞

0

(dk2)k2

16π2(k2 + a2)3
.

Using the fact that

∫ ∞

0

tm−1dt

(t+ c2)n
=

1

(c2)(n−m)

Γ(m)Γ(n−m)

Γ(n)
, (A.11)

and setting m = 2 and n = 3, Eq. (A.10) becomes equal to Eq. (A.11). It is now straight-
forward the calculation of the 4-dimensional integral

∫
d4k

(2π)4

1

(k2 + c2)3
=

1

32π2c2
. (A.12)
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With this result we can solve the 4-dimensional integral over ke in Eq. (A.6). We get

i

Λnn

=
iλ(λn)2M

16π2

∫ 1

0

xdx[
x(m2 −m2

nc) +m2
nc

] , (A.13)

Let us, for simplicity, label a = m2−m2
nc and b = m2

nc , and to make the change of variables,
u = ax+ b. After some direct calculations we obtain

i

Λnn

=
iλ(λn)2M

16π2a2

[
a− bln

(a
b

+ 1
)]
. (A.14)

Finally the loop calculation yields the expression

i

Λnn

=
iλ(λn)2M

16π2

[m2 −m2
nc −m2

nc ln

(
m2

m2
nc

)

(m2 −m2
nc)

2

]
. (A.15)

For the other one-loop diagrams the calculation is similar. The first one is

LcL

Ψ1

ncR

Ψ2

nR
LL

Ψ†2

Ψ†1

Figure A.2: One loop-contribution to
(
LcLΨ∗1

)(
Ψ†1LL

)
.

In this case the loop contribution is given by

i

Λmm

=
iλ(λm)2M

16π2

[m2 −m2
nc −m2

nc ln

(
m2

m2
nc

)

(m2 −m2
nc)

2

]
. (A.16)
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LcL

Ψ1

ncR

Ψ1

nR
LL

Ψ†2

Ψ†2

Figure A.3: One loop-contribution to
(
LcLΨ∗1

)(
Ψ†2LL

)
.

such a contribution is very small due to the suppression on the coupling λm imposed by the
global SU(4) symmetry and can be considered negligible.
Finally there are another diagram (see Fig. A.3), this diagram gives the contribution:

i

Λnm

=
iλ(λmλn)M

16π2

[m2 −m2
nc −m2

nc ln

(
m2

m2
nc

)

(m2 −m2
nc)

2

]
. (A.17)

This contribution is also small as a consequence of the suppression on the coupling λm and
is considered in this work as a contribution to the mass matrix.



Appendix B

Preprint: Unification of gauge
coupling constants

In this appendix is included a work that is still under construction associated to the unifi-
cation of gauge coupling in two gauge extensions of the Standard Model.
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1. Introduction

The Standard Model (SM) of elementary particles physics remains as the best theory

which, at present, explain almost all physical processes in Nature. Is based on gauge

group GSM = SU(3)C ⊗ SU(2)L ⊗ U(1)Y which breaks down to SU(3)C ⊗ U(1)Q
after the Spontaneous Symmetry Breaking(SSB) take place. Recently, the CMS and

ATLAS collaboration at CERN announced the discovery of a scalar particle1,2 that

seems to be the Higgs boson of the SM with a mass around 126 GeV; addition-

ally new measurements in the ratio of the branching fractions R(D(∗)) = Br(B →
D(∗)τ−ντ )/Br(B → D(∗)l−νl)(where l is either e or µ) reported by BaBar collab-

oration3 are in not accordance with SM predictions; giving us a strong clue of new

physics beyond the electroweak scale. From a theoretical point of view there are

also reasons to believe that the SM is not the final theory. Lots of question remains

unanswered such as the electroweak hierarchy problem, neutrino masses, electric

charge quantization, the unification of gauge couplings. Among all the theories that

go beyond the SM one of the best perspectives is the unification idea, where in

principle all the fundamental forces between elementary particles (strong, weak and

electromagnetic) are different manifestations of the same fundamental interaction

involving a single coupling strength4. This idea makes sense when all the gauge

1



May 5, 2013 17:16 WSPC/INSTRUCTION FILE paper

2 Guillermo Palacio and Luis A. Sánchez.

couplings constants meet in a single point at some energy scale.

Since the birth of the SM, SU(5) was proposed as the first attempt to unify all the

fundamental interactions in Nature4. When the SM gauge group GSM is embedded

into SU(5) new interesting phenomenology appear, and the model itself is able to

go further and explain charge quantization, introduces a new symmetry in Nature

at high energies which consist in B-L5 conservation, add news intermediate vector

bosons called lepto-quarks which allow for a quark transforms into a lepton and,

as as a consequence, lead to the proton decay. However SU(5) is rule out because

their theoretical prediction are in not agreements with the experimental data, in

particular the place where all the couplings constants meet is an entire region, and

not a single point. As a requirement for embed the GSM into an Unification Group

GGUT we must guarantee that all the low-energy generators be normalized in the

same way, leading to a well-normalized structure to the hypercharge operator, and

such normalization will depends completely of choice of the GUT groupa.

With the aim of solve the SM puzzles, it has to be extended in different ways,

specifically the quest for unification require the inclusion of additional particle con-

tent that modifies the Callan-Symanzik β-functions leading to the unification of

gauge couplings. Several attempts have been done, such as; a polychromatic exten-

sion 6, the inclusion of vector-like particles7,8 with masses between 1 − 100 TeV ,

and the inclusion of a color sextet scalar at the TeV scale and a lepton triplet9 .

Other theories beyond the SM include the possibility of extending either the elec-

troweak or color sector. Electroweak extensions has been widely study and the

most famous are the models with gauge group SU(3)C ⊗ SU(3)L ⊗ U(1)X
10 and

SU(3)C ⊗ SU(4)L ⊗ U(1)X
11 known as the 331 and 341 extension, respectively.

The other scenario concerns to the possibility of extend the color group, where

SU(3)C is considered as a low-energy remnant symmetry of a larger group GC . In

Ref. 12 it was shown that in order to reproduce the low-energy phenomenology and

assuming that GC is a simple group which breaks down to SU(3)C by introducing

only one colored Higgs multiple, then the only possible choices are GC = SU(k)

for k = 4, 5. An analysis of the Renormalization Group Equations (RGEs) for the

331 extension was done13 and was shown in which cases there are unification of

gauge coupling constants. Here, by analysing the RGEs, we carry out a study of

the running of gauge coupling constants in: The 341 extension, such extension can

account for the number of generations of fermions when cancellation of anomalies

take places between families and not family by family as in the SM, and to the

SU(4)⊗ SU(2)L ⊗ U(1)X color extension. In this paper we do not pretend to em-

bed the extensions into a GUT group; then for a sake of simplicity, we introduce a

free parameter to define the well-normalize hypercharge generator at the different

scales of energy and explore the possibility of unification at some energy scale.

This letter is organized as follows. In section 2 we review how evolves the couplings

constants at one loop order. In section 3 we introduce the 341 extension, establish

aFor instance, you can review the SU(5) gauge theory in Ref. 5
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the matching condition and evaluate the unification of gauge couplings for two dif-

ferent models. In section 4 we review the 421 color extension, evaluate the matching

condition and carry out an analysis on the running of couplings constants, finally

our conclusion is outline in section 5.

2. Evolutions of Couplings Constants

The evolution of the running couplings constants at one-loop order is given by the

Renormalization Group Equations (RGEs), and can be written as

1

αi(µ2)
=

1

αi(µ1)
− bi

2π
ln

(
µ2

µ1

)
, (1)

with αi ≡ g2i
4π and bi the coefficients which depend on the particle content of the

model under consideration. They are the coefficient of the β-function in the Callan-

Symanzik equation14, and are given by15

bi =
2

3

∑

f

TRi(f) +
1

3

∑

s

TRi(s)−
11

3
C2i(G). (2)

Here the summations over TRi(f), TRi(s) and C2i(G) are the contribution to the

bi coming from Weyl fermions, scalars and gauge bosons respectively. TRi are the

Dynking indexb and C2(G) is the quadratic Casimir for the adjoint representation.

For fundamental representations of SU(N) we have: TR = 1
2 and C2(G) = d(R) =

N , being d(R) the dimension of the representation. For the abelian group U(1) is

clear that: C2(G) = 0 and TR =
∑
Y 2, with Y , the hypercharge generator. Given

the situation of have particle content in the 2nd rank antisymmetry irreducible

representation of SU(N), then TR = (N − 2)/2 and to the 2nd rank symmetry

irreducible representation, TR = (N + 2)/2.

3. SU(3)C ⊗ SU(4)L ⊗ U(1)X extension

The gauge theory based on SU(3)C ⊗ SU(4)L ⊗ U(1)X( hereafter 341) is an elec-

troweak extension which arises as an alternative in the quest for new physics beyond

the SM. This extension has a stronger theoretical motivation based on its ability to

explain the replication of fermions in the Nature when anomaly cancellation take

place between families. Also increase the amount of known fermions, what bring a

new phenomenology still under exploration. By Demanding particle content with-

out exotic electric charge 20, there are in principle few realistic models, the so called

one-family models(three-family model) where the cancellation of anomalies take

place family by family(between families) which are the phenomenological accepted

bThese coefficients are group theory factors, and do not dependent on the spin of particles
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models.

In the 341 extension, the electroweak sector of the SM SU(2)L ⊗ U(1)Y is en-

larged to SU(4)L ⊗ U(1)X
17,18, and the following symmetry breaking pattern is

assumed:

3− 4− 1
V ′
−→ 3− 3− 1

V−→ 3− 2− 1
v+v′−→ 3− 1, (3)

where 3-1 refers to the SU(3)C ⊗ U(1)Q symmetry.

The scalar sector responsible for the patter breaking given in Eq. (3) is expressed

by:

〈
φT1
〉

=
〈(
φ01, φ

+
1 , φ

′+
1 , φ

′0
1

)〉
= (v, 0, 0, 0) ∼ [1, 4∗, 1/2] ,

〈
φT2
〉

=
〈(
φ−2 , φ

0
2, φ
′0
2 , φ

′−
2

)〉
= (0, v′, 0, 0) ∼ [1, 4∗,−1/2] ,

〈
φT3
〉

=
〈(
φ−3 , φ

0
3, φ
′0
3 , φ

′−
3

)〉
= (0, 0, V, 0) ∼ [1, 4∗,−1/2] ,

〈
φT4
〉

=
〈(
φ04, φ

+
4 , φ

′+
4 , φ

′0
4

)〉
= (0, 0, 0, V ′) ∼ [1, 4∗, 1/2] . (4)

Where we impose the hierarchy condition V ∼ V ′ >> v ∼ v′ ' 174 GeV.

3.1. Matching conditions

The charge generator in the 341 extension is written as a linear combination of the

diagonal generators17.

Q = T3L +
1√
3
bT8L +

1√
6
cT15L +X

341
I4, (5)

where TiL = λiL/2, being the λiL the Gell-Mann matrices for SU(4)L normalized

as Tr(λiλj) = 2δij , I4 = Dg(1, 1, 1, 1) is the diagonal 4 × 4 matrix, and b and c are

free parameter to be chosen according to the model under consideration11. Using

the Gell-Mann Nishijima formula Q = T3L+Y , the SM hypercharge can be written

as

Y =
1√
3
bT8L +

1√
6
cT15L +X341I4. (6)

In order to achieve unification the hypercharges must be well-normalized. Let us

assume that Y = aỸ and X
341

= dX̃
341

, here a and d ensures the well-normalization

of the hypercharges. Finally the hypercharge is written as

aỸ =
1√
3
bT8L +

1√
6
cT15L + dX̃341 , (7)

assuming that all the generator are normalized in the same way, it follows

a2 =
b2

3
+
c2

6
+ d2. (8)
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At the energy scale MX , where the 331 symmetry breaks down to the 321 gauge

symmetry of the SM, the condition α−1X331
= α−1Y must be satisfied(the first match-

ing condition). From Eq. (5) is possible to establish a relationship between the

hypercharges of the 331 extension and the SM, so

Y =
1√
3
bT8L +X331 . (9)

The well-normalized operator associated to the 3-3-1 hypercharge is given by:

X
331

= fX̃
331

, which leads to:

aỸ =
1√
3
bT8L + fX̃

331
, (10)

a2α̃−1Y =
b2

3
α−13L + f2α̃−1X331

, (11)

thus we get

α̃−1X
331

=
1

a2 − b2

3

(
α−1Y −

b2

3
α−13L

)
. (12)

Then, at MX where SU(3)C ⊗ SU(3)L ⊗ U(1)X breaks down to GSM we have

α−1X331
(MX) = α−1Y (MX)− b2

3
α−13L (MX). (13)

The second matching condition arise at MX′ where 341 breaks to the 331 gauge

symmetry. In this case the hypercharges relation is given by:

X
331

=
1√
6
cT15L +X

341
, (14)

and taking into account the well-normalized structure of the hypercharge generator,

Eq. (14) becomes

fX̃
331

=
1√
6
cT15L + dX̃

341
. (15)

With those conditions, the behaviour of the hypercharge generators at different

energy scales is determinate.

3.2. Couplings Constants

Using the two matching conditions and Eq. (1) we find that the coupling constants
at one loop order are expressed by

α̃−1
X341

=

(
1

a2 − b2

3
− c2

6

)[
α−1
Y (MZ) −

( b2
3

+
c2

6

)
α−1
2L (MZ) −

(bY − ( b
2

3
+ c2

6
)b2L)

2π
ln

(
MX

MZ

)

−
(b

331

X − c2

6
b3L)

2π
ln

(
M ′X
MX

)
− b

341

X

2π
ln

(
MU

M ′X

)]
(16)

α−1
4L = α−1

2L (MZ) − b2L

2π
ln

(
MX

MZ

)
− b3L

2π
ln

(
M ′X
MX

)
− b4L

2π
ln

(
MU

M ′X

)
(17)

α−1
3C = α−1

S (MZ) − bS

2π
ln

(
MX

MZ

)
− b

331

3C

2π
ln

(
M ′X
MX

)
− b

341

3C

2π
ln

(
MU

M ′X

)
. (18)
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Where bS , b2L and bY are the bi coefficients of SU(3)C , SU(2)L and U(1)Y respec-

tively, and are calculate for energies at the range MZ ≤ µ ≤ MX . The coefficients

b
331

3C , b3L and b
331

X are related with SU(3)C , SU(3)L and U(1)X , and they are calcu-

lated for energies at the range MX ≤ µ ≤ MX′ . The coefficients b
341

3C , b4L and b
341

X

are related with SU(3)C , SU(4)L and U(1)X , and they are calculated for energies

at the range MX′ ≤ µ ≤MU .

The input parameters at the electroweak scale are 19

α−1Y (MZ) = 127.934± 0.027, (19)

α−12L (MZ) = 29.56938± 0.00068,

αs(MZ) = 0.1172± 0.00068,

sin2 θw(MZ) = 0.23113± 0.00015.

From the equations for α−13C and α−14L we find that the unification mass MU is given
by:

MU = M ′X

(
MX

MZ

)− b2L − bS

b4L − b
341

3C

(
M ′X
MX

)− b3L − b
331

3C

b4L − b
341

3C exp

(
2π
α−1
2L (MZ) − α−1

S (MZ)

b4L − b
341

3C

)
(20)

The hierarchy condition MX′ ≤MU ≤MPlanck, must be satisfied. We impose the

stronger condition MU ≤ 1018GeV in order to avoid gravitational effects at that

scale of energy. The hierarchy condition becomes

MX′ ≤MU ≤ 1018GeV. (21)

From α−14L and α̃−1X341
at the unification scale and using the previous result, we

express the parameter a2 as a function of Mx and Mx′

(
1

a2 − b2

3 − c2

6

)
α−1X341

= α−14L , (22)

a2 =
b2

3
+
c2

6
+

{
α−1
Y (MZ) −

( b2
3

+
c2

6

)
α−1
2L (MZ) −

(bY − ( b
2

3
+ c2

6
)b2L)

2π
ln

(
MX

MZ

)

−
b
331

X − c2

6
b3L

2π
ln

(
M ′X
MX

)
− b

341

X

2π

[
−
(
b2L − bS

b4L − b
341

3C

)
ln

(
MX

MZ

)
(23)

−
(
b3L − b

331

3C

b4L − b
341

3C

)
ln

(
MX′

MX

)
+ 2π

(
α−1
2L (MZ) − α−1

S (MZ)

b4L − b
341

3C

)]}

×
{
α−1
2L (MZ) − b2L

2π
ln

(
MX

MZ

)
− b3L

2π
ln

(
M ′X
MX

)
− b4L

2π

[
−
(
b2L − bS

b4L − b
341

3C

)
ln

(
MX

MZ

)

−
(
b3L − b

331

3C

b4L − b
341

3C

)
ln

(
MX′

MX

)
+ 2π

(
α−1
2L (MZ) − α−1

S (MZ)

b4L − b
341

3C

)]}−1

what follows now is to considerer different models of the 341 extension of the SM.
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3.3. Application I: One-Family model

Here we considerer the Model D11 in which the cancellation of chiral anomalies take

place family by family. By demanding models without exotic electric charge there

are few possibilities of values that can be taken by b and c in the electric charge

operator given in Eq. (5). In particular by fixing b = 1 and c = 1 a set of models is

reach, among them, the so-called model D.

Its fermion content is

ψ1L = (e−, ν0e , N
0, N ′0)TL ∼ (1, 4∗,−1/4),

ψ2L = (E−0 , N
0
1 , N

0
2 , N

0
3 )TL ∼ (1, 4∗,−1/4),

ψ3L = (N0
4 , E

+
1 , e

+, E+
2 )TL ∼ (1, 4∗, 3/4),

QL = (u, d,D,D′)TL ∼ (3, 4,−1/12),

ucL ∼ (3∗, 1,−2/3), dcL ∼ (3∗, 1, 1/3), Dc
L ∼ (3∗, 1, 1/3),

D′cL ∼ (3∗, 1, 1/3), E−2L ∼ (1, 1,−1)

(24)

there are other two generations which are copies of the first one.

Due to the patter breaking, before obtain the particle content of the SM, first we

must considerer as intermediate step the 331 extension. From Eq. (14) is possible

by making a hypercharge analysis, identify which model is reach in the SU(3)C ⊗
SU(3)L⊗U(1)X extension when the Model D of SU(3)C ⊗SU(4)L⊗U(1)X breaks

down to it. Such model called as Model A21 and is also an one-family model, with

the next fermion content.

ψ1L = (e−, ν0e , N
0)TL ∼ (1, 3∗,−1/3),

ψ2L = (E−0 , N
0
1 , N

0
2 )TL ∼ (1, 3∗,−1/3),

ψ3L = (N0
4 , E

+
1 , e

+)TL ∼ (1, 3∗, 2/3),

QL = (u, d,D)TL ∼ (3, 3, 0),

ucL ∼ (3∗, 1,−2/3), dcL ∼ (3∗, 1, 1/3), Dc
L ∼ (3∗, 1, 1/3)

(25)

By using the expression to calculate the coefficients bi giving in Eq. (2) , and taking

into consideration the quantum number assigned for each representation in this

model, at energies below of MX the coefficients take the next form:

bY =
20

9
Ng +

1

6
NH ,

b2L =
4

3
Ng +

1

6
NH −

22

3
, (26)

bS =
4

3
Ng − 11,

where Ng is the number of families, NH the number of scalar doublets in SU(2)L.

Here at low energies, the 341 extension leads to a two Higgs double model, then
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NH = 2.

For energies in the range MX ≤ µ ≤MX′ the bi’s coefficient are giving by:

b
331

X =
8

3
Ng +

2

3
,

b3L = 2Ng +
1

2
− 11, (27)

b
331

3C = 2Ng − 11.

And finally for energies above the MX′ ,the bi’s are expressed by:

b
341

X =
62

18
Ng +

4

3
,

b4L = 2Ng −
42

3
, (28)

b
341

3C =
8

3
Ng − 11.

Then for the spectrum showed in Eq. (24) we obtain for energies above MX′

(
b
341

X , b4L, b
341

3C

)
=
(70

6
,−8,−4

)
(29)

Here b4L < b
341

3C and as a consequence, α4L and α3C diverges leading a scenario where

unification of gauge couplings in not accomplish. To solve this threat, we extend the

scalar extension of the model, in an analogous way to the procedure carried out in

Ref. 22, where, by the introduction of an additional scalar field transforming as a 2nd

symmetry representation of SU(4), can explain the smallness of neutrino particle.

Here we considerer a set of m decuplets ∆ ∼ (1, 10, z), being z its hypercharge.

By choosing z = 0, then this new scalar couples only to right-handed neutrinos

NR ∼ (1, 1, 0), which can be added into the model without loss of generality c. The

scalar ∆ modifies the b4L coefficient:

δb4L = 1. (30)

In order to make b4L a little bigger than b
341

3C we considerer a set of m = 5. that is, 5

scalar ∆ ∼ (1, 10, 0) are include into the model. The new values of the bi coefficients

are:
(
b
341

X , b4L, b
341

3C

)
=
(70

6
,−3,−4

)
. (31)

For energies in the range MX ≤ µ ≤MX′ where the particle content is the spectrum

showed in Eq. (25) we have:

(
b
331

X , b3L, b
331

3C

)
=
(26

3
,−9

2
,−5

)
(32)

and
(
bY , b2L, bS

)
=
(22

3
,−3,−7

)
. (33)
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Fig. 1. Unification mass as a function of M
X

′ .

for energies below MX .

Using the hierarchy condition we plot the allowed interval for MX′ . In Fig. 1,

the solid line represent MU as a function of MX′ and the dashed line represents

the functions MU = MX′ . From this plot we fixed MX′ = 2× 1017 GeV, which is a

value that match with the hierarchy.

For sake of simplicity, we fixed the scale MX = 1.5×1016, and obtain an Unification

mass MU ∼ 2.7× 1017 GeV, at that energy scale the couplings are going to met, as

we are going to show below. The normalization parameter satisfies a2 ≥ 0.5, leading

the next restriction MX′ ≥ 1.1×1012 GeV and as a consequence the previous choice

for MX′ match perfectly. We found that a2 = 1.83135.

After fixing the free parameter, we evaluate the running couplings constants in

Fig. 2, and as is pointed out above, the unification scale appears at MU ∼ 2.7×1017

GeV.

cThe right-handed neutrinos do not affect the bi coefficients
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Fig. 2. Runnnig of gauge couplings constants .

3.4. Application II: Three-Family model

Let us now considerer a model in which the cancellation of anomalies take place

between families. In Ref. 11, by choosing b = 1 and c = 1 we find two three-family

structures, among them the so called model A with the next spectrum

QiL = (u, d,D,D′)TL ∼ (3, 4,−1/12), uciL ∼ (3∗, 1,−2/3),

dciL ∼ (3∗, 1, 1/3), Dc
iL ∼ (3∗, 1, 1/3), D′ciL ∼ (3∗, 1, 1/3),

Q3L = (d, u, U, U ′)TL ∼ (3, 4∗, 5/12), uc3L ∼ (3∗, 1,−2/3),

dc3L ∼ (3∗, 1, 1/3), U c3L ∼ (3∗, 1,−2/3), U ′c3L ∼ (3∗, 1,−2/3),

ψαL = (e−, ν0e , N
0, N ′0)TL ∼ (1, 4∗,−1/4), e+αL ∼ (1, 1, 1).

(34)

In an analogous way to the previous application, in the 331 extension by making a

hypercharge analysis, we identify that model A (in 341 extension) breaks down to

model A in the 331 extension10. Such model is also a three-family model, with the

next fermion content.
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QiL = (u, d,D)TL ∼ (3, 3, 0), uciL ∼ (3∗, 1,−2/3),

dciL ∼ (3∗, 1, 1/3), Dc
iL ∼ (3∗, 1, 1/3),

Q3L = (d, u, U)TL ∼ (3, 3∗, 1/3), uc3L ∼ (3∗, 1,−2/3),

dc3L ∼ (3∗, 1, 1/3), U c3L ∼ (3∗, 1,−2/3),

ψαL = (e−, ν0e , N
0)TL ∼ (1, 3∗,−1/3), e+αL ∼ (1, 1, 1).

(35)

The bi coefficients are calculate by using the expression in Eq. (2) , and taking into

consideration the quantum number assigned for each representation in this model.

At energies below of MX the coefficients take the next form:

bY =
20

9
Ng +

1

6
NH ,

b2L =
4

3
Ng +

1

6
NH −

22

3
, (36)

bS =
4

3
Ng − 11,

where Ng is the number of families, NH the number of scalar doublets in SU(2)L.

Here at low energies, the 341 extension leads to a two Higgs double model, then

NH = 2.

For energies in the range MX ≤ µ ≤ MX′ the bi’s coefficient are (b
331

X , b3L, b
331

3C ) =

( 26
3 ,−45/6,−5), Finally for energies above the MX′ ,the bi’s are (b

341

X , b4L, b
341

3C ) =

( 34
3 ,−2,−3) where we also extended the scalar sector of the 341, by adding a set of

8 decuplets ∆ ∼ (1, 10, 0) previously introduced to the one-family case.

4. SU(4) ⊗ SU(2)L ⊗ U(1)X Extension

It is not clear what lies beyond the SM, many models beyond it had been studied

and among them polychromatic extension. In Ref. 12 was considered the possibility

that the SU(3)c color group is a remnant symmetry of SU(4). Here we assume

that the quarks transform under the fundamental representation of SU(4), and the

anomalies cancel in each family as in the SM.

It was realize in Ref. 23 that a Higgs field transforming under the irrep(irreducible

representation) [N(N + 1)/2]S of SU(N) can break SU(N) down to SU(N − 1),

while the antisymmetry irrep [N(N−1)/2]A can breaks SU(N) down to SU(N−2)⊗
SU(2). In order to obtain a phenomenologically consistent extension, and assuming

that GC is a simple group; then the simplest realizations are SU(4) and SU(5). For

sake of simplicity here we are considering the extension where GC = SU(4).
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The breaking of the gauge group goes in two stages:

SU(4)⊗ SU(2)L ⊗ U(1)Y ′
χ−→ SU(3)C ⊗ SU(2)L ⊗ U(1)Y
φ−→ SU(3)C ⊗ U(1)Q (37)

Being χ and φ a Higgs multiplet and the Higgs doublet of the SM transforming as

(10, 1, 1/2) and (1, 2, 1/2) respectively.

4.1. Matching Condition

The electric charge generator is defined as:

Q = T3L +
1√
6
aT15C +

Y
′

2
I4, (38)

with Tiα = λi/2 (where α stands for L and C), being the λi the generalized Gell-

mann matrices normalized as Tr(λiλj) = 2δij , I4 = Dg(1, 1, 1, 1) and a a free

parameter to be chosen.

Let us label for simplicity X = Y
′
/2, where X is the hypercharge operator. The

SM hypercharge has the form:

Y =
1√
6
aT15C +X, (39)

assuming the well-normalized hypercharge operator Y = bŶ and X = fX̂, the

previous equation becomes

bŶ =
1√
6
aT15C + fX̂, (40)

now, considering that the all generators are normalized in the same way, then is

straightforward obtain the next relations:

b2 = f2 +
a2

6
, (41)

b2α̃−1Y = f2α̃−1X +
a2

6
α̃−14C . (42)

From Eq. (42) and taking into account Eq. (41) we find out the form of the well-

normalized hypercharge coupling, which takes the form:

α̃−1X =
1

b2 − a2

6

(
b2α̃−1Y −

a2

6
α−14C

)
. (43)

The matching condition arises at MX , when SU(4) breaks down to SU(3)C we must

warranty

α−1X (MX) = α−1Y (MX)− a2

6
α−14C(MX), (44)
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by using Eq. (1), we propose an expansion for α−1X

α−1X = α−1X (MZ)− bY ′

2π
ln

(
MX

MZ

)
− bX

2π
ln

(
MU

MX

)
. (45)

Now, evaluating µ = MX in Eq. (44) and comparing this result with the condition

in Eq. (45), it follows

α−1X (MZ) = α−1Y (MZ)− a2

6
α−14C(MZ). (46)

bY ′ = bY −
a2

6
b3C .

4.2. Couplings Constants

With those conditions and taking into account Eq. (1), the evaluation of the running

couplings at one loop order are giveng by

α̃−1X =

(
1

b2 − a2

6

)[
α−1Y (MZ)−

(a2
6

)
α−13C(MZ)

− (bY − a2

6 b3C)

2π
ln

(
MX

MZ

)
− bX

2π
ln

(
MU

MX

)]
(47)

α−12L = α−12L (MZ)− b2L
2π

ln

(
MX

MZ

)
− b2L

′

2π
ln

(
MU

MX

)
(48)

α−14C = α−1S (MZ)− bS
2π
ln

(
MX

MZ

)
− b4C

2π
ln

(
MU

MX

)
. (49)

Where bS , b2L and bY are the bi coefficients of SU(3)C , SU(2)L and U(1)Y respec-

tively, and are calculate for energies at the range MZ ≤ µ ≤ MX . The coefficients

b4C , b
′
2L and bX are related with SU(4), SU(2)L and U(1)X , and they are calculated

for energies at the range MX ≤ µ ≤MU .

From Eq. (48) and Eq. (49) we calculate the unification mass

MU = MX

(
MX

MZ

)− b2L − bS
b
′
2L − b4C exp

(
2π
α−12L (MZ)− α−1S (MZ)

b
′
2L − b4C

)
(50)
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Is possible also to calculate the free parameter b2, by using the previous result and

Eqs (47, 48).

b2 =
a2

6
+

{
α−1Y (MZ)− a2

6
α−13C(MZ)− (bY − a2

6 bS)

2π
ln

(
MX

MZ

)

− bX
2π

[
−
(
b2L − bS
b
′
2L − b4C

)
ln

(
MX

MZ

)
+ 2π

(
α−12L (MZ)− α−1S (MZ)

b
′
2L − b4C

)]}

×
{
α−12L (MZ)− b2L

2π
ln

(
MX

MZ

)
− b

′
2L

2π

[
−
(
b2L − bS
b
′
2L − b4C

)
ln

(
MX

MZ

)

+ 2π

(
α−12L (MZ)− α−1S (MZ)

b
′
2L − b4C

)]}−1

4.3. Application III

Making a = 1/2 in the electric charge operator, the fermion content of the 421

extension is

fL = (νe, e
−)L ∼ (1, 2,−1), eR ∼ (1, 1,−2), (51)

QL = (u, d)L ∼ (4, 2, 1/2), uR,∼ (4, 1, 5/4), dR ∼ (4, 1,−3/4).

By using Eq. (2) the bi coefficients are calculate to the different scales of energy as

follows: For energies in the range MX < µ < MU

b4C =
4

3
Ng −

41

3
,

b2L =
10

6
Ng −

43

6
, (52)

bX =
10

4
Ng +

3

8
.

Considering that the number of generations Ng = 3 we find the next values for the bi
coefficients (b4C , b

′
2L, bX) = (−29/3,−13/6, 63/8). On the other hand, for energies in

the range MZ < µ < MX the particle content correspond to the SM, but the scalar

sector is compose only per one doublet Higgs model, and not per two like in the 341

extension. The values of the bi coefficients are (bS , b2L, bY ) = (−7,−19/6, 41/6).

Using the hierarchy condition we plot the allowed interval for MX . In Fig. 3,

the solid line represent MU as a function of MX and the dashed line represents the
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Fig. 3. Unification mass as a function of MX .

functions MU = MX . From this plot we fixed MX = 6.9 × 1013 GeV, which is a

value that match with the hierarchy.

We obtain an unification mass MU ∼ 2.7 × 1015 GeV, at that energy scale the

couplings are going to met, as we are going to show below. The normalization pa-

rameter satisfies b2 ≥ 1/24, putting the next restriction MX ≤ 7.0× 1013 GeV and

as a consequence the the previous choice for MX match perfectly. We found that

b2 = 2.1106.

After fixing the free parameter, we evaluate the running couplings constants in

Fig. 4, and as was point out below, the unification scale appears at MU ∼ 2.7×1015

GeV.

5. Conclusions

In the present paper, we show that unification of gauge couplings constants is achieve

two extensions of the SM. In spite...
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