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Abstract

Quantum measurement learning for medical image

classification

Deep neural networks are the state-of-the-art for medical image classification. However,

these models require large data sets to be trained, and they lack some interpretability on

their predictions. In recent years, there has been a growing interests of using the sta-

tistical machinery of quantum mechanics to built novel machine learning models, which

may run on classical or quantum computers. One of such models is the recently pro-

posed method quantum measurement classification (QMC) [1]. In this thesis, we present

various classical-quantum machine learning strategies that combine convolutional neural

networks (CNNs) with methods based on QMC [2] to the task of learning medical images

in a supervised manner. We first approach the problem with a deep probabilistic regres-

sion model, showing that is competitive, and more interpretable compared to conventional

deep learning architectures. We then present a representation learning technique based

on CNNs which maps medical images to pure and mixed quantum states, and show that

its competitive with other representation learning strategies. In addition, we propose a

quantum implementation of two QMC-based models on a high-dimensional quantum com-

puter, we demonstrate that it is possible to perform classification and density estimation

in a quantum computer.

Keywords: quantum measurement classification, prostate cancer, deep learning, quan-

tum machine learning.





Resumen

Aprendizaje con medición cuántica para la clasificación de

imágenes médicas

Las redes neuronales profundas están a la vanguardia para la clasificación de imágenes

médicas. Sin embargo, estos modelos requieren para su entrenamiento conjuntos de datos

muy grandes, y a sus predicciones les falta interpretabilidad. Recientemente, se han prop-

uesto varios métodos de inteligencia artificial basados en la mecánica cuántica, los cuales

pueden ser implementados en computadores clásicos o cuánticos. Uno de estos métodos

es el recientemente propuesto Quantum Measurement Classification (QMC) [1]. En este

trabajo de tesis, presentamos diferentes estrategias clásicas y cuánticas de aprendizaje

automático, las cuales combinan las redes neuronales convolucionales (CNNs) y algunos

métodos basados en QMC [2] para la tarea de aprendizaje supervisado de imagenes med-

icas. En primer lugar, planteamos el problema de clasificación con un modelo de re-

gresión profundo y probabiĺıstico, mostrando que es competitivo y más interpretable en

comparación a arquitecturas convencionales de aprendizaje profundo. En segundo lugar,

presentamos un método de aprendizaje de la representación basado en CNNs del cual se

obtienen caracteŕısticas de las imágenes médicas en forma de estados cuánticos puros y

mezclados, y mostramos que los resultados del método son competitivos con otras estrate-

gias de representación. Adicionalmente, proponemos una implementación cuántica de dos

métodos de aprendizaje automático basados en QMC en un computador cuántico de altas

dimensiones, mostrando que es posible el aprendizaje supervisado y la estimación de la

densidad en un computador cuántico.

Palabras claves: clasificación con medición cuántica, cáncer de próstata, aprendizaje

profundo, aprendizaje automático cuántico.
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Chapter 1

Introduction

Deep learning [3, 4, 5] is the state-of-the-art on medical image classification [6, 7, 8]. Some

disadvantages of current deep learning methods are the gigantic amount of data required

to train the models, and a lack of interpretability of the predictions, in the sense that

the models do not offer the degree of uncertainty of the predictions. This uncertainty

level is crucial to develop machine learning methods for medical image classification, since

doctors are more equipped to make a medical decision by knowing the probabilities and

uncertainties of the medical predictions of the models.

In this thesis, we present various hybrid classical-quantum algorithms to classify medical

images. The main reference of this work is the article Learning with Density Matrices and

Random Features by González et al. [2]. That article introduces three machine learning

methods which combine density matrices and random Fourier features (RFF) [9]: the

density matrix kernel density estimation (DMKDE), the density matrix kernel density

classification (DMKDC), and the quantum measurement regressor (QMR). The DMKDE

method is a non-parametric method for density estimation, the DMKDC is a supervised

classification method based on kernel density estimation with density matrices, and the

QMR is a regression method, based on the quantum measurement classification method

(QMC) [1].

This manuscript builds on top of the aforementioned algorithms, to develop classical-

quantum machine learning models to classify medical images. In addition, we propose

a quantum protocol that implements the DMKDE and DMKDC algorithms in a high-

dimensional quantum computer. This work is mostly constructed as a compilation of

13



CHAPTER 1. INTRODUCTION 14

articles which addresses the following main question:

• How well would a hybrid machine learning algorithm perform in terms of level of

prediction and computational complexity for the task of classifying medical images

in comparison with classical machine learning models?

The specific questions intended to answer at this thesis are:

• How to apply a proper representation learning algorithm for feature extraction of

medical images?

• How to apply the quantum measurement learning algorithm to medical images?

• Is it possible to improve the performance to learn medical images with quantum

measurement learning in comparison with classical machine learning models?

• How to implement the quantum measurement classification algorithm on a high-

dimensional quantum computer?

1.1 Objectives

Based on the aforementioned motivation and research questions, the general and specific

objectives of this thesis document are presented below.

1.1.1 General objective

To build a hybrid supervised machine learning model, which combines deep learning meth-

ods and a quantum-inspired algorithm called quantum measurement learning, for the task

of medical image classification.

1.1.2 Specific objectives

1. To propose or adapt a strategy for representation learning on medical images based

on deep learning methods.

2. To develop a method to classify medical images which combines deep learning and

quantum measurement learning.

3. To evaluate the method over one or more medical image benchmark data sets.
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1.2 Main contributions

In this work, we propose various hybrid classical-quantum machine learning models that

combine deep learning architectures with machine learning methods based on quantum

measurement classification [1], and apply these methods to classify various data sets of

medical images. The main contributions of this work are listed below.

1. We develop a machine learning architecture which combines deep learning with the

quantum measurement regression method to classify prostate cancer images, obtain-

ing comparable results with the state-of-the-art, see Chapter 2.

2. We develop various representation learning techniques based on deep learning and

combine them with methods based on QMC to classify colon histopathology images,

achieving state-of-the-art results, see Chapter. 3.

3. We propose a classical-quantum program for supervised classification and density es-

timation which implements the DMKDE and DMKDC in a high-dimensional quan-

tum computer, see Chapter 4.

This research work resulted in the following preprint and journal article:

• S. Toledo-Cortés, D. H. Useche, and F. A. González, “Prostate Tissue Grading with

Deep Quantum Measurement Ordinal Regression,” 3 2021. (to be submitted)

• D. H. Useche, A. Giraldo-Carvajal, H. M. Zuluaga-Bucheli, J. A. Jaramillo-Villegas,

and F. A. González, “Quantum measurement classification with qudits,” Quantum

Information Processing 2021 21:1, vol. 21, pp. 1–12, 12 2021.

1.3 Thesis outline

The document is composed of five chapters including the introduction. The chapters are

described below.

In Chapter 2, we propose a supervised learning model that combines the QMR algorithm

with deep learning architectures for medical image classification, the article’s name is

Prostate Tissue Grading with Deep Quantum Measurement Ordinal Regression [10]. In

Sect. 2.3.2.2 we summarize the QMR algorithm. In Sect. 2.3, we present the proposed

method which combines the QMR with deep learning. In Sect. 2.4.3, we present the

results of the method in a data set of prostate histophatology images.
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In Chapter 3, we present a method for representation learning based on convolutional

neural networks (CNNs) and QMC. In Sect 3.2, we show how to represent medical images

as quantum states and density matrices with two classical-quantum deep learning archi-

tectures. In Sect. 3.3, we present the results of the method and we compare them with

conventional neural networks.

In Chapter 4, we present the article Quantum measurement classification with qudits [11].

That article proposes quantum circuits of the DMKDE and DMKDC for qudit-based

quantum computers. In Sects. 4.2.1, 4.2.2 we present the theoretical background of the

DMKDE and DMKDC methods. In Sect. 4.3 we show our proposed quantum algorithms

in high-dimensional quantum computers, and in Sect. 4.3 we present the results of density

estimation and supervised classification on various data sets, and we conclude in Sect.

4.5.

Finally, in Chapter 5, we present the conclusions of the thesis and some ideas for future

work.



Chapter 2

Prostate Tissue Grading with

Deep Quantum Measurement

Ordinal Regression

Prostate cancer (PCa) is one of the most common and aggressive cancers worldwide. The

Gleason score (GS) system is the standard way of classifying prostate cancer and the most

reliable method to determine the severity and treatment to follow. The pathologist looks

at the arrangement of cancer cells in the prostate and assigns a score on a scale that

ranges from 6 to 10. Automatic analysis of prostate whole-slide images (WSIs) is usually

addressed as a binary classification problem, which misses the finer distinction between

stages given by the GS. This chapter presents a probabilistic deep learning ordinal classifi-

cation method that can estimate the GS from a prostate WSI. Approaching the problem as

an ordinal regression task using a differentiable probabilistic model not only improves the

interpretability of the results, but also improves the accuracy of the model when compared

to conventional deep classification and regression architectures. This chapter corresponds

to the article Prostate Tissue Grading with Deep Quantum Measurement Ordinal Regres-

sion [10]. This work dated Feb. 2022 is in the peer review process in a journal and it is

accessible through Arxiv. The reference of the article is presented below.

S. Toledo-Cortés, D. H. Useche, and F. A. González, “Prostate Tissue Grading with Deep

Quantum Measurement Ordinal Regression,” 3 2021. https://arxiv.org/abs/2103.03188v1

17



CHAPTER 2. PROSTATE TISSUE GRADING WITH DQMOR 18

2.1 Introduction

Prostate cancer (PCa) is currently the second most common cancer among men in Amer-

ica. Early detection allows for greater treatment options and a greater chance of treatment

success, but while there are several methods of initial screening, a concrete diagnosis of

PCa can only be made with a prostate biopsy [12]. Tissue samples are currently recorded

in high-resolution images, called whole-slide images (WSIs). In these images the pathol-

ogists analyze the alterations in the stroma and glandular units and, using the Gleason

score (GS) system, classify prostate cancer into five progressive levels from 6 to 10 [13].

The higher the grade, the more advanced the cancer. The analysis is mostly a manual task

and requires specialized urological pathologists. This specialized staff is not always avail-

able, especially in developing countries, and the process is subject to great inter-observer

variability [14]. Therefore, several efforts have been made to develop computer assisted

diagnosis systems which may facilitate the work of specialists [15].

Deep convolutional neural networks (CNN) represent the state of the art in the analysis of

visual information, and their implementation in automatic classification models for med-

ical images has been widely studied. However, there is still much research to be done in

relation to the diagnostic process in histopathology [14]. One of the main problems facing

the application of deep learning into medical problems is the limited availability of large

databases, given the standard required for the successful training of deep learning models.

For histopathology, the previous performed studies have been limited to very small data

sets or subsets of Gleason patterns [14]. In addition, deep learning models approach the

prostate tissue grading task as a multi-class or even a binary classification of low risk (6-7

GS) vs high risk (8-10 GS) cases [16]. This has two drawbacks: first, the ordinal informa-

tion of the grades is not taken into account. Second, the model predictions, usually subject

to a softmax activation function, cannot be interpreted as a probability distribution [17],

and therefore do not give information about the uncertainty of the predictions which, in

safety-critical applications, provides the method with a first level of interpretability.

In this chapter we approach the prostate tissue grading as an ordinal regression task. We

present the deep quantum measurement ordinal regression (DQMOR), a deep probabilis-

tic model that combines a CNN with a differentiable probabilistic regression model, the

quantum measurement regression (QMR) [2]. This approach allows us to:

1. Predict posterior probability distributions over the grades range. Unlike other prob-
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abilistic methods as Gaussian processes, these are explicit discrete distributions.

2. Integrate patch-level posterior distributions into a single whole-slide image distribu-

tion in a simple, yet powerful probability-based manner.

3. Quantify the uncertainty of the predictions. This enrich the model as a diagnostic

support tool, by providing it with a first level of interaction and interpretability of

the results.

In order to validate our approach, we compare our performance with state of the art deep

learning-based methods [16], and with close related classification and regression methods

as the density matrix kernel density classification (DMKDC) [2] and Gaussian processes

[18] [19].

The chapter is organized as follows: Section 2.2 presents a brief overview of the related

work. Section 2.3 presents the theoretical framework of the DQMOR, and Section 2.4

presents the experimental set up and results. Finally in Section 2.5 we present the con-

clusions of this work.

2.2 Related work

Classification of prostate cancer images by GS is considered a difficult task even among

pathologist, who do not usually agree on their judgment. In recent years, there has been a

great research effort to automatically classify PCa. However, most of the previous works

focus on classifying prostate WSIs between low and high GS, ignoring the inherent ordinal

characteristics of the grading system.

To train a CNN with WSIs, it is required to divide each image into multiple patches, and

then, to summarize the information of the patches by different methods, hence, obtaining

a prediction of the WSI. In [20], the authors classify patches between low, and high GS,

utilizing various CNN architectures and summarizing the patches to a WSI by a GS

majority vote. Another approach by Tolkach et al. [21] uses a NASNetLarge CNN, and

summarizes the GS of the patches by counting the probabilities per class. In Karimi et al.

[22] they proposed training three CNNs for patches of different sizes, and summarizing the

probabilities by a logistic regression. In [23], the authors use Gaussian processes based on

granulometry descriptors extracted with a CNN for the binary classification task. Some

other CNN architectures for GS grading include a combination of an atrous spatial pyramid
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Figure 2.3.1: Overview of the proposed DQMOR method for prostate tissue grading. A
Xception network is used as feature extractor for the image patches. Those features are
the input for the QMR regressor model, which yields a posterior probability distribution
by patch over the Gleason score grades. Then, those distributions are summarized into a
single discrete probability distribution for the WSI.

pooling and a regular CNN as in [13], an Inception-v3 CNN with a support vector machine

(SVM) as in [24], and a DeepLabV3+ with a MobileNet as the backbone [25].

2.3 Deep quantum measurement ordinal regression

The overall architecture of the proposed deep quantum measurement ordinal regression

(DQMOR) is described in Figure 2.3.1. We use a Xception CNN [26] as a patch-level

feature extractor. The extracted features are then used as inputs for the QMR method

[2]. QMR requires an additional feature mapping from the inputs to get a quantum state-

like representation. This is made by means of a random Fourier features approach [9].

The regressor yields a discrete posterior probability distribution at patch level. Then,

to predict the GS of a single WSI, we summarize the results of the patches into a single

posterior distribution from which we get the final grade and an uncertainty measure.

2.3.1 Feature extraction

We choose as feature extractor the model presented in [16], which is publicly available, and

consists of an Xception network trained on ImageNet and fine-tuned on prostate tissue

image patches. This network was originally used for an automatic information fusion

model for the automatic binary (low-high) classification of WSIs. Taking the output of
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the last average pooling layer of the model we got a 2048-dimensional vector representing

each image patch.

2.3.2 Quantum measurement regression

QMR addresses the question on how to use density matrices for regression problems, using

random features to encode the inputs in a quantum state-like representation. The model

works as a non-parametric density estimator [2].

2.3.2.1 Random Fourier features

The RFF method [9] creates a feature map of the data z(x) : Rn → RD in which the dot

product of the samples in the RD space approximates a shift invariant kernel k(x−y). The

method works by sampling i.i.d. w1, · · · , wD ∈ Rn from a probability distribution p(w)

given by the Fourier transform of k(x − y), and sampling i.i.d. b1, · · · , bD ∈ R from an

uniform distribution in [0, 2π]. In our context, the shift invariant kernel is the radial basis

function (RBF) given by, kRBF(x − y) = e−γ‖x−y‖
2
, where gamma γ and the number D

of RFF components are hyper-parameters of the models. In our model the RFF works as

an embedding layer that maps the features from the Xception module to a representation

space that is suitable for the quantum measurement regresion layer.

2.3.2.2 Quantum measurement regression

QMR [2] is a differentiable probabilistic regression model that uses a density matrix, ρtrain,

to represent the joint probability distribution of inputs and labels. A QMR layer receives a

RFF encoded input sample |ψx〉, and then builds a prediction operator π = |ψx〉 〈ψx|⊗IdHY

where IdHY is the identity operator inHY , the representation space of the labels. Inference

is made by performing a measurement on the training density matrix ρtrain:

ρ =
πρtrainπ

Tr[πρtrainπ]
. (2.1)

Then a partial trace ρY = TrX [ρ] is calculated, which encodes in ρYrr, with r ∈ {0, . . . , N−
1}, the posterior probability over the labels. The expected value represents the final

prediction ŷ =
∑N−1

r=0 rρYrr.

A gradient-based optimization is allowed by a spectral decomposition of the density matrix,



CHAPTER 2. PROSTATE TISSUE GRADING WITH DQMOR 22

ρtrain = V †ΛV , in which the number of eigen-components of the factorization is a hyper-

parameter of the model. The model is trained by minimizing a mean-squared-error loss

function with a variance term whose relative importance is controlled by hyper-parameter

α:

L =
∑

(y − ŷ)2 + α
∑
r

ρYrr(ŷ − r)2. (2.2)

2.3.3 WSIs predictions

Since the training of the model is performed at patch level, the evaluation can be done at

such level and at the level of the WSI. To get a prediction for a whole image, we explored

two approaches: a majority vote procedure (MV), and a probability vote procedure (PV).

In the majority vote, the prediction for an image is decided according to the grade with

the highest number of predictions among the patches of the image. And in the probability

vote, since each patch can be associated with a probability distribution, the normalized

summation yields a distribution for the whole image. More formally, thanks to the law of

total probability, given an image I, composed by n patches, each patch denoted by pi, the

posterior probability of the grade r is,

P (r|I) =
P (r, I)

P (I)
=

∑n
i=1 P (r|pi, I)P (pi|I)P (I)

P (I)
=

1

n

n∑
i=1

P (r|pi). (2.3)

The final prediction value thus corresponds to the grade with highest probability. In the

DQMOR method, one can predicts the expected value of the distribution, but instead,

the predictions at patch level were deduced from the probability of each grade per patch

P (r|pi), and at WSI level by MV and PV.

2.4 Experimental evaluation

2.4.1 Dataset

We use images from the TCGA-PRAD data set, which contains samples of prostate tissue

with GS from 6 to 10. This data set is publicly available via The Cancer Genome Atlas

(TCGA) [20]. In order to directly compare our results with our baseline [16] we use the
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same subset and partition consisting of 141 cases for training, 48 for validation and 46 for

testing.

2.4.2 Experimental set up

The feature extraction model is publicly available and the augmentation procedure and

training details are described in [16]. For the QMR, hyper-parameter tuning of the model

was performed by generating 25 different random configurations. As result, we created an

embedding with 1024 RFF components, 32 eigenvalues and γ was set to 2−13. For the loss

function (See eq. (2.2)), α was set at 0.4, and we set a learning rate of 6× 10−5.

Two extensions of the feature extractor model were set up as baseline for this work. The

first dense layer classifier (DLC-1) consisted on 1024 neurons with ReLU as the activation

function and a dropout of 0.2, followed by 5 neurons with a soft-max activation function

for the output, and the learning rate was set to 10−7, as in the baseline [16]. The second

classifier (DLC-2) had two dense layers of 100 and 50 neurons with ReLU activation

functions and dropouts of 0.2, connected to 5 neurons with a softmax activation function,

and the learning rate was set to 10−3.

We also explored two closely related methods to QMR: density matrix kernel density clas-

sification (DMKDC) [2] and Gaussian processes. DMKDC is a differentiable classification

method, which applies a RFF feature map to the input sample, and then computes the

expected value of the input with a density matrix of each class, returning a posterior prob-

ability distribution, which can be optimized with a categorical cross entropy loss function.

As with QMR, a hyper-parameter random search was performed. We created an embed-

ding with 1024 RFF components, and 32 eigenvalues. γ was set up at 2−13, and we set a

learning rate of 5 × 10−3. All the previous experiments were performed in Python using

the publicly available Keras-based implementation presented in [2].

On the other hand, Gaussian processes (GP) [19] are another powerful Bayesian approach

to regression problems. By means of a kernel covariance matrix, the GP calculates and

updates iteratively the probability distribution of all the functions that fit the data, opti-

mizing in the process the kernel parameters. In our case we set the kernel as the RBF. The

prediction process consist in marginalizing the learned Gaussian distribution, whose mean

would be the actual prediction value, and its standard deviation an uncertainty indicator.

We performed experiments with GP using the Scikit-Learn implementation in Python.

We also explored deep Gaussian processes (DGP), using the implementation proposed in
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Table 2.4.1: Patch-level results of the two dense layers classifiers models DCL-1, DCL-2,
Gaussian processes GP, DGP, and density matrix-based models DMKDC, DQMOR. Mean
and standard deviation of accuracy, macro f1 score and mean absolute error (MAE) are
reported over 10 trials.

Method Accuracy Macro F1 MAE

DLC-1 [16] 0.530± 0.001 0.314±0.001 0.786± 0.002
DLC-2 [16] 0.542± 0.005 0.296± 0.007 0.780± 0.009

GP [19] 0.399± 0.000 0.255± 0.000 0.777± 0.000
DGP [18] 0.265± 0.001 0.169± 0.000 1.013± 0.000

DMKDC [2] 0.546 ±0.002 0.305± 0.006 0.775± 0.007

DQMOR 0.477± 0.006 0.293± 0.003 0.732±0.005

[18], which also uses RFF to approximate the covariance function. For those experiments,

another hyper-parameter random search was made, finally setting the number of RFF at

1024 and the learning rate at 2× 10−12 in a single layer schema.

2.4.3 Results and discussion

2.4.3.1 Ordinal regression

To measure the performance of an ordinal regression method implies to take into account

the severity of the misclassified samples. Therefore, in addition to accuracy (ACC) and

macro f1 score, we also measured mean absolute error (MAE) on the test partition, at

patch level and WSI level. WSI scores were summarized by a MV and PV. The predic-

tion methods at WSI-level were also applied to the baseline models. In the dense layers

classifiers from the softmax output, as in [21]. In the DMKDC, the prediction methods

were easily applied because the model outputs a probability distribution. For GP and

DGP only MV was calculated, since we have no access to an explicit discrete posterior

distribution. The results are reported in Table 2.4.1 and Table 2.4.2.

In terms of accuracy at patch level, the DMKDC model obtained the highest results.

The best accuracy at WSI level was reached with the DQMOR model with probability

vote. The DQMOR also obtained the least mean absolute errors at patch and WSI levels,

showing that the model take advantage of the probability distributions and the inherent

ordinality of the GS grades.
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Table 2.4.2: WSI-level results. For each model, two summarization procedures are applied,
majority vote (MV) and probability vote (PV). Mean and standard deviation of accuracy,
macro f1 score and mean absolute error (MAE) are reported over 10 trials.

Method Accuracy Macro F1 MAE

DLC-1 MV [16] 0.543± 0.000 0.292± 0.000 0.826± 0.000
DLC-2 MV [16] 0.548±0.009 0.300± 0.016 0.822± 0.009

GP MV [19] 0.391± 0.000 0.233± 0.000 0.739± 0.000
DGP MV [18] 0.174± 0.000 0.059± 0.000 0.935± 0.000

DMKDC MV [2] 0.546± 0.002 0.296± 0.012 0.824± 0.006

DQMOR MV 0.513± 0.014 0.306±0.010 0.713±0.027

DLC-1 PV [16] 0.543± 0.000 0.292± 0.000 0.826± 0.000
DLC-2 PV [16] 0.550± 0.005 0.304± 0.018 0.820± 0.010
DMKDC PV [2] 0.546± 0.002 0.296± 0.012 0.824± 0.006

DQMOR PV 0.567±0.021 0.345±0.014 0.730±0.024

Figure 2.4.1: Boxplot of the predicted variance on test samples at WSI-level, grouped by
absolute classification error |ytrue − ypred|.
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2.4.3.2 Uncertainty quantification

Beyond the classification and regression performance of the methods, DQMOR allows

an uncertainty quantification based on the variance of the predicted distribution. We

analyzed the statistical behaviour of the predicted variance on the test set at WSI-level,

grouping the samples according to the absolute error |ytrue−ypred|. As expected, DQMOR

predicts low uncertainty levels on well classified samples when compared with the miss-

classified samples (see Figure 2.4.1). In fact, the greater the absolute error, the greater

the uncertainty. This attribute provides the method with an interpretable mean for the

specialist, who may decide whether to trust or not in the model prediction.

2.5 Conclusions

In this work we approached the prostate tissue grading as an ordinal regression task. We

combined the representational power of deep learning with the Quantum Measurement

Regression method, which uses density matrices and random features to build a non-

parametric density estimator.

The results on classification and regression metrics show that at WSI-level, DQMOR

outperforms similar probabilistic classification and regression methods, as well as extension

of the deep base model used for feature extraction. Regarding the analysis of the predicted

uncertainty, we showed that DQMOR allows the identification of misclassified examples,

and that the higher the misclassification error, the higher the uncertainty. This is a highly

valued ability in medical applications, where the aim is to prevent false positives and

especially false negatives in a diagnostic processes.

Overall we demonstrate that unlike single deep learning architectures and standard clas-

sification models, the combination of CNNs and QMR allows us to use the ordinal infor-

mation of the disease grades, and provides a better theoretical framework to combine the

patch-level inference into a single WSI prediction.



Chapter 3

Combining ConvNets and

Quantum Measurement for

Medical Image Classification

In this chapter, we present two novel classical-quantum deep learning architectures for rep-

resentation learning of medical images which fuse convolutional neural networks (CNNs)

with methods based on quantum measurement classification (QMC). We demonstrate that

we can use CNNs to extract features in the form of pure quantum states and mixed den-

sity matrices, and classify those features with QMC-based methods. Results show that

the proposed models are competitive with conventional deep neural networks.

27
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3.1 Introduction

Learning the optimal features to represent visual data is an active area of research in

machine learning and computer vision. This area is called representation learning, and as

many other areas of machine learning it can be divided into four main learning paradigms:

Supervised, unsupervised, semi-supervised and self-supervised learning. In supervised

learning, labels are available for training, in contrast to unsupervised learning with no

access to labels. Semi-supervised and self-supervised learning are intermediate learning

techniques between the last two. In semi-supervised learning, a subset of labels are avail-

able, and in self-supervised learning the models learn from a subset of pseudo labels

obtained from some additional metadata.

One of the main applications of representation learning is classification and segmentation

of medical images. In [27], they use convolutional neural networks (CNNs) to extract

features of mammography images, and classify them in a supervised learning manner

with support vector machines (SVMs). Likewise, in [28] they use transfer learning with

CNNs from ImageNet to classify otitis media images with SVMs. Autoencoders and SVMs

have also been combined for feature extraction and classification of X-Ray images [29].

In the unsupervised scenario, CNNs have been used for clustering and segmentation of

3D medical images [30]. For semi-supervised and self-supervised learning, autoencoders

have been applied for medical image segmentation [31], and for classification of sequential

medical images [32]. CNNs have also been employed for self-supervised transfer learning

for body part recognition [33]. Besides deep learning, other methods for representation

learning of visual content include Graph Neural Networks [34, 35], Harr wavelet [36], and

Histograms of Oriented Gradients (HOG) [37].

In addition to the precedent methods for representation learning, Gonzalez et al. [1] pro-

posed a normalized feature representation based on random Fourier features (RFF) to

feed a machine learning model based on quantum measurements. The quantum measure-

ment classification proposal was further explored to develop a method called the density

matrix kernel density classification (DMKDC) which combines RFF with density matrices

for supervised classification [2] and a regression method called the quantum measurement

regressor (QMR), they show that a LeNet CNN can be combined with RFF and DMKDC

for representation learning. In [10], they applied a deep learning architecture and the

quantum feature based on RFF with QMR to prostate histopathology images.
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In this thesis chapter, we present new techniques to combine the DMKDC and a new

method called the QMSDecomp with convolutional neural networks. In particular, we

show that we can extract quantum feature maps (normalized vectors) out of ConvNets, for

representation learning without using RFF, and that we can use deep learning architectures

to represent medical images in the form of density matrices. We apply this framework to

the colorectal cancer data set PathMNIST [38].

The chapter is organized as follows: In Sect 3.2, we present the method for representation

learning based on CNNs and algorithms based on QMC, in Sect 3.2.3, we describe the

data set of medical images, and finally we present the results and conclusions in Sects. 3.3

and 3.4 respectively.

3.2 Method: convolutional neural networks with QMC

In this section, we present two new methods that combine convolutional neural networks

with the density matrix kernel density classification and a new machine learning method

called the quantum measurement Schmidth decomposition (QMSDecomp). In particular,

we show that we can combine classical deep learning methods with methods based on

quantum measurement classification without random Fourier features for representation

learning. Furthermore, we show that ConvNets can be used as a feature embedding from

images to density matrices.

3.2.1 DMKDC with ConvNets

In [10], they combined deep convolutional neural networks with the quantum measurement

regressor method [2], by applying an intermediate layer of random Fourier features, used

as a quantum feature map. In contrast, we propose the DMKDC with ConvNets method

which removes the RFF embedding, extracts quantum feature maps (or probability dis-

tributions) out of the convolutional layers, and uses these features to perform supervised

classication with the DMKDC model.

The structure of the DMKDC with ConvNets is shown in the figure 3.2.1. We augmented

the images sizes from (28, 28, 3) to (56, 56, 3), used transfer learning from a ResNet50 and

a MobileNetV2 pretrained with ImageNet, removed the dense layers, and substituted the

ReLu activation with a softmax activation. Since the softmax activation is a probability

distribution, we performed a 2D average pooling, and computed the square root of the
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Figure 3.2.1: Method to combine CNNs with DMKDC. The images are representated as
pure states to feed the DMKDC Classification layer

sigmoid to output a quantum feature map (normalized vector). The dimension of the pure

state quantum feature map was 1280 for the MobileNetV2 and 2048 for the ResNet50, this

dimension corresponded to the number of filters of the last layer of the CNNs. Finally

this quantum feature map was the input of the DMKDC layer.

3.2.2 QMSDecomp with ConvNets

We now present another model which combines deep learning with the quantum mea-

surement framework. In contrast to the DMKDC and QMR, which receive a pure state

(normalized vector), the quantum measurement Schmidth mecomposition method (QMS-

Decomp) receives a density matrix as the input of the model. Hence, from the output of

the convolutional layers, we represented each medical image as a density matrix to feed

the QMSDecomp model.

The deep learning architecture is presented in Fig. 3.2.2. As in the previous model, we

increased the image size and used the pretrained ImageNet weights from the ResNet50 and

the MobileNetV2, we removed the dense layers, and used a softmax activation function

in the last convolutional layer. In contrast to the ConvNets with DMKDC model, we did

not performed a 2D average pooling of the output of the softmax layer, in this model we

took the filters of the last layer of the CNNs of size image n×n and computed the square

root, the output are n×n normalized vectors which can be considered as the eigenvectors

of a density matrix with n × n eigenvalues of magnitude 1/n2. As with the DMKDC

with ConvNets model, the size of the eigenvectors of the density matrix was 1280 and

2048 for the MobileNetV2 and ResNet50 CNNs respectively. Finally, this density matrix

representation was used to feed the QMSDecomp layer to perform the classification of the
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Figure 3.2.2: Method to combine CNNs with QMSDecomp. The images are represented
as density matrices to feed the QMSDecomp model.

medical images.

3.2.3 PathMNIST data set

In this chapter, we worked with the PathMNIST medical data set [38]. This data set

belongs to a compilation of compressed medical images which resemble the dimension and

size of the MNIST data set. The PathMNIST data set is a colorectal cancer data set

for classification, developed from [39]. It has 89,996 samples for training, 10,004 samples

for validation, and 7,180 samples for testing, with 9 classes. The images dimensions are

28× 28 with three color channels.

3.3 Results

In Table 3.3.1, we show the results of the DMKDC with ConvNets, and QMSDecomp with

ConvNets models, applied to the PathMNIST data set. The baseline models are a classical

convolutional neural network and a ConvNet with Random features and DMKDC as in

[10]. We performed in total 10 experiments per model. In general terms, we notice that the

models which combine ConvNets with QMC outperform conventional deep neural models

on the PathMNIST data set. However, comparing the (ConvNet + RFF + DMKDC)

model and the (ConvNet + DMKDC) we do not observe an appreciable advantage of not

using RFF as part of the models, besides reducing the depth of the model. Furthermore,

from the results of the (ConvNet + QMSDecomp) we also do not notice an advantage of

extracting density matrices out of the convolutional layers to feed the QMSDecomp model.

Given the relatively small size of the PathMNIST images (28x28x3), the density matrices
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Method Accuracy

ResNet-50 (56) 0.8918± 0.0070
ResNet-50 (56) + RFF () + DMKDC 0.9015± 0.0054

ResNet-50 (56) + DMKDC 0.9000± 0.0092
ResNet-50 (56) + QMSDecomp 0.9039± 0.0070

MobileNetV2 (56) 0.9044± 0.0022
MobileNetV2 (56) + RFF () + DMKDC 0.9162± 0.0028

MobileNetV2 (56) + DMKDC 0.9145± 0.0025
MobileNetV2 (56) + QMSDecomp 0.9118± 0.0034

Table 3.3.1: Results of the accuracy of the proposed models ConvNets with QMC and
ConvNets with QMSDecomp, we took as a baseline a conventional DNNs and a Deep
QMC model with RFF. We report average and standard deviation of ten experiments per
model.

constructed from the CNNs had only 4 eigenvectors. It is observed that these CNNs

models output filters of greater dimension for input images of bigger size, therefore, the

density matrix representation could be more suitable for images of larger dimension.

3.4 Conclusions

In this thesis chapter, we presented two machine learning models for representation learn-

ing that merge classical convolutional neural networks and methods based on quantum

measurement classification [1, 2]. The first model extracts probability distributions and

hence quantum features maps out of the CNNs to perform supervised classification with

the quantum-inspired algorithm the density matrix kernel density classification. In the

second proposed model, we demonstrated that we can use CNNs to represent medical im-

ages as density matrices, and that we can apply this representation for classification with

the QMSDecomp machine learning model. We found superior performance of these models

compared to classical deep neural network architectures with the PathMNIST data set.

However, we did not find conclusive evidence that using density matrices for feature rep-

resentation of medical images is advantageous compared to classical and random Fourier

features vector representations. Future perspectives include applying this framework to

images of bigger dimensions, and using Transformers [40] as features extractors.



Chapter 4

Quantum Measurement

Classification with Qudits

This chapter presents a hybrid classical-quantum program for density estimation and su-

pervised classification. The program is implemented as a quantum circuit in a high-

dimensional quantum computer simulator. We show that the proposed quantum protocols

allow to estimate probability density functions and to make predictions in a supervised

learning manner. This model can be generalized to find expected values of density matrices

in high-dimensional quantum computers. Experiments on various data sets are presented.

Results show that the proposed method is a viable strategy to implement supervised clas-

sification and density estimation in a high-dimensional quantum computer. This chapter

corresponds to the article Quantum measurement classification with qudits [11] published

in 2021 in the journal Quantum Information Processing. The complete reference of the

article is presented below.

D. H. Useche, A. Giraldo-Carvajal, H. M. Zuluaga-Bucheli, J. A. Jaramillo-Villegas,and F.

A. González, “Quantum measurement classification with qudits,” Quantum Information

Processing 2021 21:1, vol. 21, pp. 1–12, 12 2021.

https://link.springer.com/article/10.1007/s11128-021-03363-y
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4.1 Introduction

Quantum computing has gained a lot of attention in recent years due to its potential to

solve complex problems which would take exponential time in classical computers. Most of

the research efforts have been focused on constructing quantum computers based on qubits

[41]. However, there has been a growing interest in building quantum computers based

on qudits, i.e. machines that simulate and operate d-dimensional quantum states, with

d > 2. Various physical implementations of high-dimensional quantum states have been

proposed, such as photonic states integrated in chips [42, 43], photonic modes encoded

in the orbital angular momentum (OAM) [44], ion traps [45], ququarts implemented on

a quadrupolar nuclear magnetic resonance (NMR) [46], and molecular quantum magnets

[47]. Two of the main advantages of high-dimensional quantum computers compared to

their qubit-based counterparts are their larger information storage [48], and their higher

resilience to noise [49].

One closely related field of quantum computing is quantum machine learning (QML). This

field aims to develop novel quantum-inspired machine learning (ML) methods that may

run on classical or quantum computers and to implement the existing ML algorithms on

quantum computers. For instance, some classical machine learning algorithms like support

vector machines and restricted Boltzmann machines can be implemented on qubit-based

quantum computers [50, 51], and many of the ML methods have been reformulated in the

language of quantum physics like quantum decision trees [52], quantum neural networks

[53, 54], and quantum generative adversarial networks [55]. In contrast with QML methods

built on qubits, less research has been done on QML based on qudits, i.e. algorithms that

run in high-dimensional quantum computers. Some of these methods include protocols

with qudits for reinforcement learning [56], and for training quantum neural networks

[57, 58, 59].

In addition to the aforementioned methods, Gonzalez et al. [2], proposed two quantum-

inspired machine learning methods, the density matrix kernel density estimation (DMKDE),

which is a non-parametric density estimation method, and the density matrix kernel den-

sity classification (DMKDC), a supervised machine learning algorithm based on density

matrices and kernel density estimation. In this article, we propose two quantum protocols

to implement the prediction phase of the DMKDE and the DMKDC in a high-dimensional

quantum computer, the simulations were performed using the high-dimensional quantum

simulator QuantumSkynet [60].
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This chapter is organized as follows: In Section 4.2, we present the background with the

descriptions of the DMKDE, the DMKDC, and the quantum simulator QuantumSkynet

with some of its quantum gates, in Section 4.3, we describe the proposed high-dimensional

quantum circuits, in Section 4.4, we show some results of the method on some toy data

sets, and finally, we present the conclusions of the work in Section 4.5.

4.2 Background

In this section, we present a review of the density matrix kernel density estimation

(DMKDE), and the density matrix kernel density classification (DMKDC) methods pro-

posed by Gonzalez et al. [2], which are the basis of this article. In addition, we describe the

high-dimensional quantum computer simulator, QuantumSkynet, with some qudit-based

quantum gates which were applied in this work.

4.2.1 Density matrix kernel density estimation

The density matrix kernel density estimation [2] method starts by computing a quantum

feature map xi → |ψi〉 based on random Fourier features (RFF) [9], over a training data

set X = {xi}i=1,··· ,N , where |ψi〉 is a normalized vector. Then a training density matrix ρ

is constructed as a maximally mixed state of all the N training samples,

ρ =
1

N

N∑
i=1

|ψi〉 〈ψi| . (4.1)

To predict the density of a testing sample x→ |ψ〉, the expected value of the sample with

the training density matrix is computed,

〈ψ| ρ |ψ〉 . (4.2)

The DMKDE in conjunction with RFF works as a non-parametric density estimator, which

can approximate probability density functions.
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4.2.2 Density matrix kernel density classification

The DMKDE can be used for classification as in the density matrix kernel density clas-

sification method (DMKDC) [2]. This algorithm creates a quantum feature map of the

training and testing samples xi → |ψi〉, some possible quantum feature maps are based on

RFF, and soft-max encoding, as presented in [1]. Then for each class j ∈ {0, · · · , D − 1},
it computes a training density matrix ρj . The relative frequency, also called prior, of the

training samples per class is computed, πj = Nj/N , with N the total number of training

data points, and Nj the number of training samples of class j. The probability Pj of a

testing sample x→ |ψ〉 to belong to class j, would be given by,

Pj =
πj 〈ψ| ρj |ψ〉∑D−1
k=0 πk 〈ψ| ρk |ψ〉

. (4.3)

These density matrices ρj can be trained as an average mixed state of the training samples

of each class (see equation 4.1), or by stochastic gradient descent, which looks for the

optimal parameters of the spectral decomposition of the density matrices, ρj = UjΛjU
†
j

with the training data points, using a categorical cross-entropy loss function, see more

details in [2].

4.2.3 QuantumSkynet and high-dimensional quantum gates

QuantumSkynet [60] is a high dimensional quantum computing simulator, that allows

to implement high-dimensional quantum algorithms in a cloud-based environment. To

simulate the quantum circuits related to this project, the following gates were simulated

using QuantumSkynet:

1. The single-qudit gate Xm (see Fig. 4.2.1a), which is a generalized version of the qubit-

based X gate for d dimensions and raised to any m exponent. A particular case of this

gate X is when the exponent m is equal to −1 (see Fig. 4.2.1b).

(a) (b)

Figure 4.2.1: (a) High-dimensional gate Xm. (b) High-dimensional gate X−1.
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In Fig. 4.2.1, ⊕ and 	 stand for summation and subtraction modulo d, respectively.

The result of applying the Xm to the canonical basis is Xm |i〉 = |i+m〉. In particular,

X−1 |i〉 = |i− 1〉.

2. The control gate CU (See Fig. 4.2.2). This control gate applies an arbitrary unitary

matrix U only when the control qudit takes the value |1〉.

Figure 4.2.2: High-dimensional control gate CU .

Here, Pk is considered as the projection operator equals to |k〉 〈k|. For an arbitrary state

which results from the tensor product of two qudits, the CU gate does the following

transformation,

CU
( d−1∑
i=0

ai |i〉 ⊗
d−1∑
j=0

bj |j〉
)

=
∑
{i:i 6=1}

ai |i〉 ⊗
d−1∑
j=0

bj |j〉+ a1 |1〉 ⊗ U(
d−1∑
j=0

bj |j〉),

with the first qudit as the control and the second qudit as the target.

3. The generalized controlled gate CUk (See Fig. 4.2.3). This gate applies the gate Uk

to the target qudit, when the control qudit is in state |k〉, for each possible state of the

canonical basis.

Figure 4.2.3: High-dimensional generalized control gate CUk.

One case of interest is when U is equal to X−1. In this case, the gate C(X−1)k does the

following transformation to an arbitrary two qudit state,
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C(X−1)k
(∑
(i,j)

aij |ij〉
)

=
∑
(i,j)

aij |i(j − i)〉 , (4.4)

where the control is the first qudit and the target is the second qudit.

The CUk gate can be obtained by a series of CU and Xm gates, by the same way as the

multiplexer gate [61].

4.3 Quantum measurement classification with qudits

The implementation of the algorithms DMKDE and DMKDC requires three phases: (i)

quantum state preparation, (ii) training phase, and (iii) prediction phase. The first two

steps were computed in a classical computer, with the Tensorflow implementations of the

algorithms [2], while the prediction phase was simulated in the high dimensional quantum

computer simulator QuantumSkynet [60].

The steps of the DMKDE and DMKDC implementations are:

1. Quantum state preparation: Apply a suitable quantum feature map to the train and

test data sets.

2. Training phase: Construct the matrices ρj , one for each class, as a mixed state of

the training quantum states, see equation 4.1, compute the priors πj of each class,

and, calculate the spectral decomposition of these density matrices ρj = UjΛjU
†
j (in

the DMKDE method there is only one class).

3. Prediction phase: Apply the proposed quantum circuit to make the prediction on

each quantum state of the test data set, see equations 4.2, 4.3.
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Figure 4.3.1: Qudit-based implementation of DMKDE and DMKDC methods. The quan-
tum feature map and the training were performed in a classical computer, while the
prediction was done in a high-dimensional quantum computer simulator.

The main contribution of this chapter is to show a concrete implementation of the pre-

diction phase of DMKDE and DMKDC as quantum circuits that can be run in a high-

dimensional quantum computer. Next, we will present the details of these quantum pro-

tocols.

4.3.1 Initial comments of the DMKDE and DMKDC quantum circuits

To implement the prediction phase of DMKDE in a quantum computer with qudits, we

should notice that it is equivalent to finding the expected value of a quantum state |ψ〉 ∈ Cd

with a training hermitian matrix ρ, see equation 4.2, therefore, we can apply a spectral

decomposition of ρ,

〈ψ| ρ |ψ〉 = 〈ψ|UΛU † |ψ〉 , (4.5)

with Λ a diagonal matrix with Tr(Λ) = 1, and U a unitary matrix. But, Λ =
∑d−1

i=0 λi |i〉 〈i|,
then,

〈ψ| ρ |ψ〉 = 〈ψ|U
( d−1∑
i=0

λi |i〉 〈i|
)
U † |ψ〉 =

d−1∑
i=0

λi

∥∥∥〈i|U † |ψ〉∥∥∥2. (4.6)

This form of the DMKDE can be implemented in a high-dimensional quantum com-

puter.

In addition, it is worth mentioning that the DMKDE quantum circuit starts by a assuming
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we have a suitable quantum feature map of the testing sample x → |ψ〉. The quantum

feature map might be based on random Fourier features or soft-max encoding, as presented

in [1]. Also, we should have a training density matrix ρ and the resulting matrices of its

spectral decomposition U and Λ. In addition, based on the matrix of eigenvalues Λ, we

require the unitary transformation Uλ, which satisfies that Uλ |0〉 = |λ〉, where,

|λ〉 =
d−1∑
i=0

√
λi |i〉 . (4.7)

That is the state |λ〉 is a quantum state which encodes the eigenvalues of the spectral

decomposition of ρ.

The same previous arguments can be extended to the DMKDC method, but instead of

having only one training density matrix ρ, in the DMKDC we should have a density matrix

ρj for each class of the data set.

These previous steps, i.e., the quantum feature map, the calculation of the training density

matrices ρj , and their spectral decompositions, were done in a classical computer, following

the tensorflow implementation of the method [2].

4.3.2 The DMKDE quantum circuit

The diagram of the DMKDE quantum circuit is presented in figure 4.3.2. It requires

two qudits each of dimension d. From the classical computer, we obtain the quantum

feature map of the input sample |ψ〉 ∈ Cd, the matrix U of eigenvectors of the spectral

decomposition of ρ, and the unitary matrix Uλ, which satisfies that, Uλ |0〉 = |λ〉, see

equation 4.7.

Figure 4.3.2: DMKDE high-dimensional quantum circuit.

The circuit is initialized with |ψ〉 in the first qudit, and |0〉, in the second qudit,

|ψ〉 ⊗ |0〉 , (4.8)
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being the first qudit the leftmost in the equation 4.8.

Then, we apply the unitary transformation U † to the first qudit and Uλ to the second

qudit,

U † |ψ〉 ⊗ Uλ |0〉 = U † |ψ〉 ⊗
d−1∑
j=0

√
λj |j〉 . (4.9)

We can write U † |ψ〉 =
∑d−1

i=0 ai |i〉, where ‖ai‖2 =
∥∥〈i|U † |ψ〉∥∥2. Hence, the coeffi-

cients ‖ai‖2 are the probabilities to measure U † |ψ〉 in the canonical basis. Then we

can write,

U † |ψ〉 ⊗ Uλ |0〉 =
d−1∑
i=0

ai |i〉 ⊗
d−1∑
j=0

√
λj |j〉

=

d−1∑
i=0

ai
√
λi |ii〉+

∑
{(i,j):i 6=j}

ai
√
λj |ij〉 .

We can then apply the generalized control gate C(X−1)k with control the second qudit

and target the first qudit. Which based on equation 4.4 results in,

C(X−1)k(U † |ψ〉 ⊗ Uλ |0〉) =

d−1∑
i=0

ai
√
λi |0i〉+

∑
{(i,j):i 6=j}

ai
√
λj |(i− j)j〉 . (4.10)

Finally, by measuring the first qudit the probability of the state |0〉 is,

P0 =
d−1∑
i=0

‖ai‖2λi =
d−1∑
i=0

λi

∥∥∥〈i|U † |ψ〉∥∥∥2 = 〈ψ| ρ |ψ〉 , (4.11)

see equation 4.6.
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4.3.3 The DMKDC quantum circuit

The proposed high-dimensional quantum circuit of the DMKDC is presented in figure

4.3.3. As mentioned in section 4.2.2, the DMKDC algorithm requires D density matrices

ρj , one for each class, whose spectral decompositions are given by ρj = UjΛjU
†
j . These

training density matrices are computed by equation 4.1 in a classical computer.

Figure 4.3.3: DMKDC high-dimensional quantum circuit.

The method requires three qudits in Cd, assuming d ≥ D. The first qudit encodes each

of the D classification classes, and the relative frequencies of the training data per class

πj (priors). The second qudit serves for two purposes, the input sample to be classified

x → |ψ〉 in Cd, at which a suitable quantum feature map has been applied in advance,

and for the matrices of eigenvectors Uj , each class has a unitary matrix of eigenvectors. In

addition, the third qudit is responsible for the eigenvalues of each of the trained density

matrices, this can be achieved by the rotation matrices Uλj , which have the property

that Uλj |0〉 = |λj〉 =
∑d−1

i=0

√
λij |i〉, where λij is the ith eigenvalue of the density matrix

ρj .

The circuit is initialized by |π〉 =
∑D−1

j=0
√
πj |j〉 in the first qudit, by |ψ〉 in the second

qudit, and by |0〉 in the third qudit,

|π〉 ⊗ |ψ〉 ⊗ |0〉 =
(D−1∑
j=0

√
πj |j〉

)
⊗ |ψ〉 ⊗ |0〉 , (4.12)

Since the first qudit encodes the classes of the algorithm, the circuit works by changing

the control class of the D classes with Xn gates and applying control CU gates for the

eigenvalues and eigenvectors of each of the classes. Hence, we first apply a X gate to the

first qudit, to change the control class from class 1 to class 0, the result is,
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X(|π〉)⊗ |ψ〉 ⊗ |0〉 =
(D−1∑
j=0

√
πj |j + 1〉

)
⊗ |ψ〉 ⊗ |0〉 . (4.13)

We then apply the CU †0 gate with control qudit the first qudit and target the second

qudit, and the CUλ0 with control qudit the first qudit and target the third qudit, see

figure 4.3.3,

√
π0 |1〉 ⊗ U †0 |ψ〉 ⊗ |λ0〉+

(D−1∑
j=1

√
πj |j + 1〉

)
⊗ |ψ〉 ⊗ |0〉 . (4.14)

To replicate the process for class 1, we change the control class from class 0 to class 1, by

applying the gate X−1 to the first qudit, the result is,

√
π0 |0〉 ⊗ U †0 |ψ〉 ⊗ |λ0〉+

(D−1∑
j=1

√
πj |j〉

)
⊗ |ψ〉 ⊗ |0〉 . (4.15)

We apply the CU †1 gate with control qudit the first qudit and target the second qudit, and

the CUλ1 with control qudit the first qudit and target the third qudit,

√
π0 |0〉 ⊗ U †0 |ψ〉 ⊗ |λ0〉+

√
π1 |1〉 ⊗ U †1 |ψ〉 ⊗ |λ1〉+

(D−1∑
j=2

√
πj |j〉

)
⊗ |ψ〉 ⊗ |0〉 . (4.16)

We then extend the same block of the class 1 to the restating D − 2 classes, leaving the

class D − 1 as the control class at the end. Hence, we would have that,

D−1∑
j=0

(√
πj |j − (D − 2)〉 ⊗ U †j |ψ〉 ⊗ |λj〉

)
. (4.17)

To restore the class j to the corresponding |j〉, we apply the gate XD−2 to the first

qudit,
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D−1∑
j=0

(√
πj |j〉 ⊗ U †j |ψ〉 ⊗ |λj〉

)
. (4.18)

As with the DMKDE, we can write,

U †j |ψ〉 ⊗ |λj〉 =

d−1∑
l=0

alj |l〉 ⊗
d−1∑
m=0

√
λmj |m〉

=
d−1∑
l=0

alj
√
λlj |ll〉+

∑
{(l,m):l 6=m}

alj
√
λmj |lm〉 , (4.19)

where ‖alj‖2 =
∥∥∥〈l|U †j |ψ〉∥∥∥2.

Finally, by the same argument of the DMKDE, we would have that by applying the

generalized C(X−1)k with control qudit the third qudit and target the second qudit, the

circuit leads,

D−1∑
j=0

(√
πj |j〉 ⊗

( d−1∑
l=0

alj
√
λlj |0l〉+

∑
{(l,m):l 6=m}

alj
√
λmj |(l −m)m〉

))
. (4.20)

The desired result is achieved by measuring the amplitudes of the first two qudits. We

would have that,

Pj0 = πj

d−1∑
l=0

λlj

∥∥∥〈l|U †j |ψ〉∥∥∥2 = πj 〈ψ| ρj |ψ〉 , (4.21)

see equation 4.6. The sample |ψ〉 will be classified based on,

max
j

(πj 〈ψ| ρj |ψ〉). (4.22)
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4.4 Results

We applied the DMKDE and DMKDC circuits to two data sets. We found that the results

of the quantum circuits simulated in the high-dimensional quantum simulator Quantum-

Skynet mimic the results obtained in the Tensorflow implementation of the DMKDE and

DMKDC by Gonzalez et. al. [2].

For the DMKDE method, we used a 1-D synthetic data set, The training data set corre-

sponded to 1000 points sampled from the linear combination of two Gaussian functions,

and there were 1000 equally spaced data points for testing as in [2]. In that article, they

show that DMKDE in combination with random Fourier features (RFF) can approximate

any probability density function (pdf).

Figure 4.4.1: Predictions of the DMKDE quantum circuit with 18-dits of RFF. The
DMKDE can approximate probability density functions with high enough RFF.

For the implementation of the DMKDE in the high-dimensional quantum computer sim-

ulator, we applied a quantum feature map based on RFF to the raw data with 18 compo-

nents. Figure 4.4.1 shows the results of the predictions of the DMKDE quantum circuit.

Even though more RFF components would create a better approximation of the pdf, we

were restricted by the maximum number of qudit components allowed by the quantum

computer simulator.

Furthermore, we classified two two-dimensional binary data sets of moons and circles to

test the DMKDC quantum circuit, see Figure 4.4.2. There were 1340 samples for training

and 660 for testing in each data set. A quantum feature map based on the softmax
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(a) Moons (b) Circles

Figure 4.4.2: Binary predictions of the DMKDC circuit with 9-dits on moons and circles.

encoding [1] was applied to each data set, resulting in quantum features of 9 dimensions.

Therefore, the quantum circuit was constructed with qudits of 9 components. In Figure

4.4.2, we show the classification boundaries, and the regions with higher probabilities to

be classified as either class. We obtained an accuracy of 86.66% on the test data set of

moons, and of 83.63% on the test data set of circles. The results of the predictions with

the high-dimensional quantum circuit are consistent with the Tensorflow implementation

of the DMKDC.

Higher accuracies in the DMKDC quantum circuit would have been obtained, if we had

used a quantum feature map based on RFF with a higher number of components, and

if we had implemented a quantum circuit learning, in which the weights of the trained

density matrices are learned by methods like back-propagation.

4.5 Conclusions

In the present chapter, we showed how to implement in a high-dimensional quantum com-

puter the prediction phase of the quantum-inspired machine learning methods density

matrix kernel density estimation (DMKDE), and density matrix kernel density classifica-

tion (DMKDC) proposed by Gonzalez et. al. [2]. The DMKDE and DMKDC quantum

circuits were simulated in the qudit-based quantum computer simulator QuantumSkynet

[60]. The DMKDE quantum protocol can be extended to compute the expected value of

a density matrix with qudits.
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Much work is to be done on reducing the complexity of the quantum computer simulator

to apply the DMKDC method to more realistic machine learning problems like MNIST,

and to improve the capability of the DMKDE to approximate probability density functions

by increasing the number of random Fourier features. Furthermore, this framework opens

up the possibility to implement the DMKDE and DMKDC algorithms with stochastic-

gradient descent in which the weights of the trained density matrices are learned by some

optimization procedure, improving the performance of the density estimation and classi-

fication.





Chapter 5

Conclusions and future work

In this thesis, we proposed various classical-quantum models which combine convolutional

neural networks with methods based on quantum measurement classification (QMC) [1,

2] and applied them to the task of classifying medical images [10], see Chapters 2 and

3. Furthermore, we showed that it is possible to implement the QMC-based machine

learning models density matrix kernel density estimation (DMKDE) and density matrix

kernel density classification (DMKDC) in a high-dimensional quantum computer [11], see

Chapter 4.

We first proposed the deep quantum measurement ordinal regression (DQMOR) model

[10], this algorithm combines convolutional neural networks with random Fourier features

(RFF) and the quantum measurement regressor (QMR) method [2]. We applied the

model to the prostate histopathology TCGA-PRAD data set. We showed that we can

approach the prediction of patches and Whole-Slide-Images (WSI) as a regression task,

obtaining results comparable with the state-of-the-art. In contrast to classical deep learn-

ing architectures, the output of the classification of this model can be interpreted more

straightforwardly as a probability measure, and hence one can extract the uncertainty of

the predictions. These features might be useful for pathologists to make medical decisions,

for example, the specialist may not trust a prediction with an associated high error.

Furthermore, in Chapter 3 we presented various strategies for representation learning of

the cancer colorectal images (PathMNIST [38]). We showed that we can extract quantum

feature maps, i.e. probability distributions, out of convolutional neural networks and use

the DMKDC to classify such representations. In addition, we proposed another technique

49
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for feature representation, which maps images to density matrices, and used the QMSDe-

comp model, see Sect. 3.2.2, to classify the features. We found that these models were

superior to conventional deep learning architectures in the PathMNIST data set in terms

of accuracy. Nonetheless, we did not find an advantage of not using RFF in the mod-

els, or the density matrix representation, in comparison with a model with RFF and the

DMKDC.

In this work, we also proposed two quantum protocols that implement the prediction

phase of the DMKDE and DMKDC algorithms in a qudit-based quantum computer [11],

see Chapter 4. We showed that it is possible to perform supervised classification and

density estimation with mixed states in quantum computers. The DMKDE quantum

protocol is equivalent to estimating the expected value of a mixed state density matrix in

a high-dimensional quantum computer, which might translate to some other applications

in quantum machine learning.

For future work, we aim to develop multimodal machine learning methods which incorpo-

rate texts of the doctors’ diagnosis to the task of medical image classification. In addition,

we will further explore the representation learning techniques based on quantum pure

states and mixed density matrices with CNNs, and use other machine learning techniques

for features’ extraction like transformers [40]. In terms of the developed DMKDE and

DMKDC quantum protocols, we would like to apply these quantum protocols to larger

data sets like MNIST, and look for other potential applications of the proposals to physics

and quantum machine learning.
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