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Abstract

Density estimation methods can be used to solve a variety of statistical and machine learning
challenges. They can be used to tackle a variety of problems, including anomaly detection,
generative models, semi-supervised learning, compression, and text-to-speech. A popular
technique to nd density estimates for new samples in a non parametric set up is Kernel
Density Estimation, a method which su ers from costly evaluations especially for large data
sets and higher dimensions. In this thesis we want to compare the performance of the novel
method Kernel Density Estimation using Density Matrices introduced by Gonzalez et al. [9]
against other state-of-the-art fast procedures for estimating the probability density function
in di erent sets of complex synthetic scenarios. Our experimental results show that this
novel method is a competitive strategy to calculate density estimates among its competitors
and also show advantages when performing on large data sets and high dimensions. The
software used for testing the proposed method is available online.

Keywords: Density matrix, Kernel Density Estimation, Random Fourier Features, Quantum
System.



Resumen

Los metodos de estimacion de densidad se pueden aplicar a diferentes problemas en es-
tad stica y aprendizaje automatico. Se pueden utilizar para resolver tareas como deteccion
de anomal as, modelos generativos, aprendizaje semi-supervisado, compresion, conversion de
texto a voz, entre otras. Una tecnica popular para encontrar estimaciones de densidad de
nuevas muestras en una con guracion no parametrica se realiza a traves de Estimacion Kernel
de Densidad, un metodo que adolece de evaluaciones costosas, especialmente para conjuntos
de datos grandes y dimensiones altas. En esta tesis queremos comparar el rendimiento del
metodo novedoso Estimacion Kernel de Densidad usando Matrices de Densidad introducido
por Gonzalez et al. [9] con otros procedimientos rapidos estado-del-arte para estimar la
funcion de densidad de probabilidad en diferentes conjuntos de escenarios sinteticos comple-
jos. Nuestros resultados experimentales muestran que este novedoso metodo es una estrategia
competitiva de calcular estimaciones de densidad entre sus competidores y tambien muestra
ventajas cuando se trabaja con grandes conjuntos de datos y altas dimensiones. El software
utilizado para probar el metodo propuesto esta disponible en | nea.

Keywords: Matriz de Densidad, Estimacion Kernel de Densidad, Caracter sticas Aleatorias
de Fourier, Sistema Cuantico.
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1 Introduction and Justi cation

One of the principal methodologies for analyzing data is assuming its random nature and
modelling its probability behaviour. In many applications we have a nite set of data and
we would like to know what probability distribution generated the data. From statistical
inference this problem has played a central role in research and has inspired many methods
which rely on the use of the density function such as non parametric regression when non
linear patterns are observed. Also in machine learning many approaches to anomaly detection
make use of the probability density function [17] and there is a recent need to get more exible
models in terms of di erentiability, so it is possible to integrate them with other di erentiable
components such as deep learning architectures for applications which may include anomaly
detection for new discoveries in particle physics [20].

each x; is sampled independently from a random vector X  f(x; ) and the theory is
developed around building an estimator " with good statistical propertie and nally the
density of a new sample x is given by:

f(x) = f(x; ") (1-1)

Another approach to get density estimations in new samples in a non parametric fashion is
called Kernel Density Estimation (KDE) [29, 23] and it can be understood as a weighted
sum of density contributions that are centered at each data point. In this method you have
to choose a function called kernel and a smoothing parameter that controls the spread of
the estimate. Formally, given a univariate random sample Xj;:::;; XNy from an unknown
distribution with density f, the KDE estimator of the density at a query point X 2 R is
given by

(1-2)

where h is called the bandwidth and K : R ¥ R g is a positive de nite function and its
called the kernel function. If we de ne the rescaled kernel Ky (u) = %K(u:h) we may write

1Unbiasdness, consistency, efficiency and sufficiency.



1-2 as
XN

(x) = Kn(x Xi); (1-3)

1
N i=1
and note that a naive direct evaluation of KDE atm query points forN data points requires
O(mN) kernel evaluations andO(mN ) additions and multiplications. Also if we restrict to
N query points then we get a computational complexity oO(N ?), making it a very expen-
sive trade-o , especially for large data sets and higher dimensions|[10].

According to Siminelakis et al. [[36], one technique to resolve the problem of scalability of
the nawve evaluation of KDE in the literature is on discovering fast approximate evaluation

of the kernel, and there are two primary lines of e ort: space partitioning methods and
Monte Carlo random sampling. There are other mixed approaches such as Hashing Based
Estimators(HBE) which combines the two approaches as it uses randomized (Monte Carlo)
space partitions (Locality Sensitive Hashing) to construct unbiased estimates of the density
and gets provably accurate estimates by averaging many such samples. We will evaluate the
rst two approaches.

The usage of geometric data structures to partition the space achieves acceleration by bound-
ing the contribution of data points to kernel density via partitions. Space partitioning ap-
proaches do not perform well in high dimensions. Random sampling focuses on randomly
selecting samples from the kernel density and produces good results in high dimensions.

The purpose of this thesis is to demonstrate the bene ts of employing the Kernel Density Es-
timator using Density Matrices estimator both practically and theoretically to approximate
probability density functions against other state of the art fast procedures. We will illustrate
the approximation of our method as well as its evaluation advantages over its competitors.

One essential result reveals that the Kernel Density Estimator using Density Matrices esti-
mator uniformly converges to the classical Kernel Density Estimator and has a signi cant
computational complexity advantage over the latter. We will check that time to estimate
the density based on the density matrix is constant on the size of the training data set.

The thesis is organized as follows: Chaptéi 2 covers the theoretical background on random
vectors, density estimation, kernels, kernel density estimation, Random Fourier Features,
density matrices and background information for the other fast methods; Chaptéf 3 states
the research problem of this thesis and introduces some questions to be addressed; Chapter
4 presents the main and specic objectives;Chaptér| 5 provides a description of the data
sets,methods experimental setup and performance metrics; Chapter 6 presents the results
and a discussion and nally, Section 7 discusses the conclusions of the work and further line
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of research.



2 Theoretical Background

2.1 Random vectors

We will establish several concepts that will serve as the foundation for future de nitions in
section 5 as we work with random observations of multivariate data and approximate their
probability density functions. Further explanation can be consulted in [2].

De nition 2.1.1  (d-dimensional Random Vector) Let X ;:::; X4 bed real random variables
de ned over the same probability spade ;F;P). The function X : ! RY de ned by
X(1) = (Xt )05 Xa(1)) (2-1)

is called and-dimensional random vector. We denote an observation of the random vector
X asX.

De nition 2.1.2  (Distribution of a Random Vector). Let X be d-dimensional random vec-
tor. The probability measure de ned by

Px (B):= P(fX 2Bg); B 2By (2-2)

is called the distribution of the random vectoX . By denotes the Borel -algebra overR®
andfX 2Bg:=f! 2 : X(!)2Bag.

F(Xp::iXgq) = P(X1  Xqp:i:0;Xg Xq) (2-3)

vector X .

An important result from probability theory establishes that the distribution of a random
vector is completely determined by its distribution function [6]. It is also important to
note that every random vector has a distribution function, and in the study of practical
applications we focus on the ones who have a density function. In the univariate case we
talk about the random variables which are absolutely continuous but let's de ne the concept
for random vectors.

Lt is also called the joint cumulative distribution function of the random variables Xi;:::;Xg.
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De nition 2.1.4  (Jointly Continuous Random Variables) Let X;:::; X4 bed real random
variables de ned over the same probability space. It is said that the random variables are
jointly continuous, if there is an integrable functionf : R ! [0;+1 ) such that for every
Borel setC 2 R¢:

Z
P((XyXz:::;Xgq)2C) = f(Xq;X2; 1005 Xq) dX10X5 ::: dXg: (2-4)

It's worth noting that several conclusions for random vectors are analogous to those for
probability density functions in the one-dimensional case such as

Z
f (X1;Xo; i Xq) dXdXp i ridxg = 1; (2-5)

Rd

, and

P(X1 X305 Xg  Xg) = f(tta; Stg)dtudt;  dtg: (2-6)
1 1 1

Equation 2-6 shows that the probability density function of a random vector can be used to
characterize its distribution function (given jointly continuous random variables).

Let us now describe the key concept of random vector independence.

De nition 2.1.5 (Independence of Random Vectors)N d-dimensional random vectors

the thesis, we will simply refer to it asrandom sample
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2.2 Density estimation

Because we don't know the underlying distribution that generated the random vector ob-
servations in practice, we can now use non paramettistatistical inference techniques to
estimate its probability density function.

The Glivenko-Cantelli theorem [39] is the rst theoretical approach to mention which focuses
on giving a non parametric estimation of the whole distribution for a given random sample.

common distribution function F and de ning the empirical cumulative distribution function
on n samples,Fy (a), as

X
Fn@= N1 1 g(x);

i=1

then, according to the Glivenko-Cantelli theorem,

mngr—AN (@ F@j! asO

so the empirical cumulative distribution function uniformly converges to the true cumula-
tive distribution function. This result was mentioned by Pitman [26] as the "Fundamental
Theorem of Statistics" since we may acquire good distribution approximations simply by
collecting enough data. Shorack and Wellner [35] provides additional information on the
multivariate case.

The problem with Glivenko-Cantelli theorem in real applications rises from the fact that if
we want to estimate the density function at observations inside regions with no samples we
would get clearly a zero and this is not an expected behaviour of real world scenarios where
new observations at those points could be feasible.

Calculating the histogram of an observed random sample is a straightforward and practical
way to derive density estimates. Formally, the sample space is divided into disjoint categories
called bins, and the density is approximated by counting how many observed points of the
random sample fall into each bin. LeD, be thel-th bin and h be the width of the bins (all
the bins have equal widths) and let # X; 2 D g denote the total number of observations

of width h. Then, the probability density function estimator® at a query point X is

2Non parametric estimation of density functions is also calledcurve estimation or smoothing

statistic whose values are used to estimate a parameter is de ned to be aestimator of the parameter.
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# in 2 D|g

f\(x) = Nh

(2-8)

for everyx 2 D,.

Some serious problems a ect the estimator de ned by equation 2-8 since we have to choose
an initial point to calculate the rst bin a ecting the nal shape of the density estimate

and also the choice of the bin widthh which controls the spread density of the bins. An
extension of the classical histogram is calleflveraged Shifted Histogran{ASH) introduced

in [33]. ASH is a non parametric density estimator that averages several classical histograms
with di erent origins and avoids the choice of the initial point.

Let us now provide a more general understanding of non parametric density estimation [10].
f. The goal here is to nd an estimatorf'(x) of f (x) at a query point x 2 R¢.

Let R RYsuchthatx 2 R. R will be considered to be a hypercube with sida and
volumeV = h?. Then the probability that x 2 R is
Z
p= f (x)dx
R

We can also say that the distribution of the random variable&K that counts the number of
the N points which falls inR is given by the binomial distribution

PNip)= | P P &
We can also deduce from the properties of the binomial distribution that

Ko _ K _pl p
EN TPV YN TN

So, the variance tends to zero ad grows and the mean of the fraction of points which falls
inside R is a good estimate of the probabilityp, that is p  k=N.

Also if consider a regiorR to have a small volume such that the density inside does not vary
too much we can say that

: (2-9)

Z
p= f(x)dx f(x)V; (2-10)

R
and nally establish the relation that

k
f(x — 2-11
) Ny (2-11)
Note that from equation 2-11 we nd that the estimator f’\(x) = % IS more accurate with
more samples and a smaller volum&. But as it is stated in [10], size of data is usually



2.3 Kernels 9

xed and we should decreas¥® taking into account that a small regionR could possibly not
enclose any points.

Equation 2-11 can be regarded as a starting point for every non parametric density estimation
analysis as stated in [10] and it is called theaive density estimation

From the above discussion in [10] two main approaches are distinguished to study density
estimators:

1. Parzen Windows[23] xing volume V and calculating k from the observed random
sample,

2. k-nearest neighbors[8] xing k and calculating theV directly from from the observed
random sample.

Due to performance issues witlk-nearest neighbors approaches, the Parzen Windows ap-
proach is chosen in practice. In this thesis, we will choose to base our ideas on Parzen
Windows using Kernel Density Estimation. Bellow we discuss important theorems on ker-
nels.

2.3 Kernels

Let X be a nonempty subset. A functiork : X X ! R is positive semide nite if for all

Kii = k(xi;X;) (2-12)

is positive semide nite*.
And we de ne akernel to be a functionk : X X I R which is:

1. Symmetric: k(x;y) = k(y;x) for all fx;yg X .
2. Positive semide nite.
The following theorems will provide the basis for discussion on Random Fourier Features.

Theorem 2.3.1. If k: X X! R is a kernel, then there exists an inner product spaé¢e
and a feature map : X !F such that

kK(u;v) = h( u); (V)i (2-13)

4A positive semide nite matrix is a Hermitian matrix all of whose eigenvalues are nonnegative.
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For a gener@Fi)dea of the ngoof of thegrem 2.3.1 we considerx) := k(;x), F :=spanf ( x) :
X 2 Xg and P (wi); P (vj) = o K (Ui;vj). We can include inF the limit
points with respect to the metric de ned bykf gk= K g;f gi. Including the limit
points in F makes it acomplete space.

De nition 2.3.1  (Hilbert Space). A Hilbert Space is a vector space equipped with an inner
product that is a complete metric space with respect to the norm induced by the inner product.

De nition 2.3.2  (Reproducing Kernel Hilbert Space) A Reproducing Kernel Hilbert Space
is a Hilbert SpaceH of functionsf : X ! R, with a reproducing kernelk : X X ! R,
that is, the span off k( ;x) : x 2 Xg is dense inH, and k(x; ) 2 H is the point evaluation
function for H : f (x) = hk(x; );fi

Now if we x a symmetric function k : X X ! R on acompactsetX RY and consider
the integral operator Ty : Lo(X) ! L,(X) de ned as
Z

T ()= k(;x)f (x)dx

X

We say Ty is positive semide nite if bf; Ty(fi, ., 0forallf 2 Ly(X). Thatis,
z
k(u; v)f (u)f (v)dudv O

X X

Theorem 2.3.2 (Mercer's Theorem: In nite case) If k is continuous andTy is positive
semide nite, then Ty has eigenfunctions ; 2 L»(X)(say k ik , =1 with eigenvalues i
0 and for all fu;vg X , we can write

b3
k(u;v) = ii(u) i(v) (2-14)
i=1
Furthermore, this series converges uniformly.

For a nite dimensional analog we rst write the Gram Matrix Ki; = k(Xi;X;). Here we

xXo
(Tef) () = K(;xi)fi

i=1

so for everyf 2 R",

fTKf 0
So,K is positive semide nite and we can write
X
K = iViViT

i=1

SWe say that a metric spaceF is completeif every Cauchy sequence converges to an elemeht2 F .
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with ;  0: Then we have
K(Xi; %) = Kjj
= VvV VT ;
xn
= tVii Vij
t=1
= vt (X)) c(X)

t=1

where : X! Risgiven by (X)) = V.
Mercer's theorem gives another representation & as an inner product, this time with a
feature map 0

1
1(X)
(=@ :
N (X)
The problem now rises from the fact that these Hilbert Spaces are normally high or even
in nite dimensional spaces so feature maps are not analytically tracktable for computations.

That's why we need another approach to calculate kernels. One important result comes from
the Bochner's Theorem stated bellow in theorem 2.3.3.

Theorem 2.3.3 (Bochner's Theorem) A continuous kernelk : RY RY! R that satis es

k(x;y) = k(x y) is positive de nite if and only if is the Fourier transform of a non-negative
measurep. That is,

Z
k(x y)= p()expil T(x vy)d (2-15)

2.4 Kernel density estimation

There is an straightforward generalization given in equation 1-2 of 1-dimensional KDE for-
mulation to a d-dimensional case. The multivariate kernel density estimator at a query point

by

X
fx)=N* jHj ¥k H ¥2(x X)) (2-16)
i=1
whereH is the d d bandwidth matrix, which is positive de nite and symmetric and
k:RY! R qis the kernel function. De ning ky (u) = jHj ¥k H ¥u we can write
equation 2-16 as
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X
fx)=N* kg (x X;) (2-17)

i=1

Trough this work we will work with the rescaled multivariate KDE version written in the
equation 2-17. Also we will assume thaH = 2I4 where 2 represents the bandwidth in
each dimension,l4 is the d d identity matrix, and the kernel will be Gaussian which is
expressed by

Ku)=(@2 ) “2exp %uTu ; (2-18)

All of these assumptions result in the functional form of the equation,

f“(x):N— exp kx Xk ; (2-19)

(= )%

of the KDE estimator for a query pointx 2 RY where we de ne = zi

2.5 Random Fourier features

The use of Random Fourier Features (RFF) was explicitly introduced by Rahimi and Recht
in [27]. In this methodology authors approximate a shift invariant kernel by an inner product
in an explicit Hilbert space. Formally, given a shift-invarianf kernelk : R RY! R they
buildamap , :RY! RP such that

k(y) o ()T ¢ (y) (2-20)

for all fx;yg RY. The main theoretical result that supports 2-20 comes from an instance
of Bochner's theorem [30] previously stated in theorem 2.3.3. Let's build such map which
satis es equation 2-20.

Let! 4;:::;! p be arandom sample from a-dimensional random vectott N (0;14), then

6A kernel k :RY RY! R g is shift-invariant if k(x;y) = k(x y)forall fx;yg RC.
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k(x;y) = E(X y) (2-21)
= p(')exp i! 7(x y) d (2-22)
=E expil 7(x vy) (2-23)

1 X
5 exp ity oy) (2-24)
2 3.2 3
pl-exp il 7 pexp i!7y
pLexp il 5x plexp il
- g p 2 g g D p y % (2_25)
pﬁexp |!5x p%exp il 2y
(2-26)

where equation 2-21 follows sinck is shift-invariant. Result in equation 2-22 follows from
theorem 2.3.3 and 2-23 follows from the de nition of the expected value for. In 2-24 we
use a Monte Carlo approximation of the expected value that can be revised in [39]. And
the nal equation 2-25 is simply the vector form of the previous approximation. Important

to note that the last vector dot product in 2-25 is almost the product between the mapped
features that we are seeking except that it contains complex values which are unnecessary
sincek and! are real valued.

The rst step is to use Euler's formula to notice that

Reexpi!”(x y) =cos!”(x vy): (2-27)
Now we introduceb Uniform(0;2 ) and we extract a random samplédy;:::;kp then
hp p_ i
E, 2cos!”x+b 2cos!>y+b (2-28)
=E cos! (x+y)+2b +E cos! (x vy) (2-29)
=E cos!”(x vy) (2-30)

Equation 2-29 follows from the trigonometry property cosx + y)+cos (X Yy) = 2cos (X) cos (y)
and the equation 2-30 from the following assertion given by the total law of the expected
value

E, cos!”(x+y)+2b E. Ep cos! (x+y)+2b j!
2
cos([+2b)olb
0 2

=0:
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And we are ready to de ne our random map , :RY! RP as

2 p_ 3
p%p 2cos ! Ix+ by
pL" 2cos! ;x+ by
r (X) = ° : (2-31)
P 2cos! gx+ by
and nally we can prove equation 2-20 showing that
> 1 )@ > >
e (X) r(y)ZB 2cos! x+h cos!y+h (2-32)
j=1
—_ 1 | >
=5 cos!/(x ) (2-33)
j=1
E, cos!”(x ) (2-34)
= k(x;y); (2-395)

using the previous trigopnometric results and Monte Carlo approximation.

At the end we are able to compute approximations of shift-invariant kernels such as Gaussian
kernel after sampling! and b and then computing , (x)>  (Y).

Rahimi and Recht [27] prove in general that the expected value of (x)”  (y) uniformly
converges tok(x;y) which is stated in the following theorem.

Theorem 2.5.1 (Rahimi and Recht [27]) Let M be a compact subset @&° with a diameter
diam(M). Then for the mapping , de ned above, we have

diam(M ) 2 D 2
T . g _pUIAMM )
Posup 100 () k() 2 P Zdv2)

(2-36)
2 is the second momentum of the Fourier transform df. In particular, for the

where, ¢
Gaussian kernel § =2d , where is the spread parameter (see Eq. 2-19).

Di erent strategies for kernel approximation using random features have been proposed:
Monte Carlo sampling ([16, 42]), quasi-Monte-Carlo sampling ([41, 34]), and quadrature
rules ([5]).

This approach, which is dependent on the random sample siBg will be one of the major
factors for speeding up the Gaussian kernel evaluation in Kernel Density Estimation using
Density Matrices in Ch. 5.
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2.6 Density matrices

The density matrix is one of the most important building blocks in quantum physics for cap-
turing classical and quantum probability in a physical system. Von Neumann [38] proposed
this formalism as the cornerstone of quantum statistical mechanics. The density matrix de-
scribes the quantum system's states and explains the connection between the system's pure
and mixed states.

The state of a quantum system is represented by a vectbor2 H, whereH is the Hilbert
space of the possible states of the system.

Consider the instance of a system that has two states, such as an electron's spin. The state
of this system is, in general, represented by a vector=( ; )T, with j j2+j j>=1. This
state represents a system that is in a superposition of two basis statess " + #. The
outcome of a measurement of this system, along tlzeaxis, is determined by the Born rule:
the spin is up with probability j j?2 and down with probability j j2. Notice that and

could be negative or complex numbers, and the Born rule, on the other hand, ensures that
we acquire valid probability.

The probabilities arising from the superposition of states in the previous example are an
expression of the inherent uncertainty in quantum physical systems. This type of uncertainty
is referred to asquantum uncertainty Another type of uncertainty arises from aws in
measurement or state-preparation processes; we refer to thisaassical uncertainty The
density matrix representing the state' is:

= = i (2-37)
j 2

where' is the conjugate transpose of and is the conjugate of . Notice that the

probabilities for each state are in the diagonal of the density matrix. A state without

classical uncertainty is called gure state A mixed state which is represented by a density

matrix of the type, is the polar opposite of a pure state and its written as:

= ORI (2-38)

wherep; > 02 R; P iNzl pi =1, and f' ;g are the states of a an ensemble of quantum systems,
where each system has an associated probabily

Therefore, pure state enables the density matrix to record a particle's quantum probability.

Mixed states, on the other hand, are necessary to supply the classical probability in the
density matrix when the system's preparation is unknown. When the particle system is
entangled, mixed states are used to produce the quantum probability in the density matrix

[37]. A density matrix will be employed as part of a new quantum-inspired density estima-
tion technique in this thesis.
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Machine learning algorithms can be built using density matrices as a building piece. Wolf
[40] demonstrated the rst attempt to use a density matrix to tackle several machine learn-
ing tasks, such as clustering, feature selection, set similarity, and classi cation, according to
our research. The Gaussian mixture model and density matrices were proposed by Chatzis
et al. [4]. They demonstrated that a diagonal density matrix can be used to express a linear
combination of the simple Gaussian mixture model. Sato et al. [31] study proposed a vari-
ational Bayes inference based on simulated annealing and the density matrix. Using Born's
rule, Jankovic and Sugiyama [15], Jankovic [13, 14] suggested a robust and non-robust prob-
abilistic PCA. They demonstrated that the method can be solved in two ways: oine as

a sequential optimization problem and online as an online optimization problem with two
alternative time scales. Jankovic [14] also developed a new quantum-inspired machine learn-
ing algorithm based on quantum Tsallis entropy, the closest neighbor approach, and support
vector machines termed quantum low entropy-based associative reasoning.

2.7 Kernel density estimation using density matrices

In this section we expose a non-parametric method for density estimation introduced by [9].
We start with an observation of a random sample drawn from a particular distribution in
RY. Each sample will be embedded int&RP using the map de ned in Eq. 2-20. Then each
embedded vector will be assimilated as the state of a quantum system. A density matrix
representing a mixture of all the training samples is calculated by averaging the density
matrix representing each sample. This matrix encodes the probability distribution of the
samples and is used for calculating the density of new samples. The overall process is de ned
next:

 from the random Fourier features method described in Section 2.5 to approximate
a Gaussian kernel with parameters and D.

Apply  to each elementi;:
zi= (Xi) (2-39)

Density matrix estimation:

ziz! (2-40)
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The density estimation of a query pointx is calculated using Born's rule

fog= L8 0T _ W (2-41)

where the normalizing constant is given by:

N

Z= 5 (2-42)

We call f* the DMKDE estimator. The following proposition shows thatf", as de ned in
equation 2-41, uniformly converges to the Gaussian kernel Parzen's estimaffer (eq. 2-19).

Proposition 2.7.1. Let M be a compact subset dRY with a diameter diam(M ) and

(eq. (2-19)) satisfy:

P . 2
2d diam(M ) D ?
3 -
P sup fr(x) f>((x) 3z 2 XP 2Gi D) (2-43)
Proof. By de nition and the Born's rule we can rewrite f° (x) as follows:
f0= 2T ), (0 (2-44)
1
=T 0 , (2-45)
— 1 T 1X\I T. |
= ZTr e (X) N Zz; r (X) (2-46)
i=1
1 X\I T T
= o T (X)) X)) (X)) (¥ (2-47)
ZN i=1
= T 0T ) (2-48)
ZN - r r 1
Because of Theorem 2.5.1 we know that
h i
P SUByow . (X) ¢ (y) e & B (2-49)
where,
P2d diamm ) 2 D 2
B =28 exp (2-50)

4(d+2)
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By construction T (x) , (y)+ e & ¥¢ 3 then

(c ()¢ () e2R % = Ty, (y) e % T, (y+e ¥

3, () (y) e ¥

So we can write that
P sup (,(x) ()’ e?™ ¥ 3 B (2-51)

X;y 2M

Combining Equations 2-48 and 2-51 we get:
Pr sup ' (x) Gx(X) 3Z B
x2M

]

Notice that the vectorsz; in equation 2-39 are in general non-normal. We normalize these
vectors which ensures that

zZlzi=1= e '@ z¥ (2-52)

and also ensures that in equation 2-40 is a well de ned density matrix. Empirically, we
observed that this change did not a ect the performance of the method and, in some cases,
improved the results.

2.7.1 Computational advantages

The Parzen's estimator is an unbiased estimator of the true density function from which
the observation of the random sample was generated and Proposition 2.7.1 shows that
can approximate this estimator. The DMKDE estimator has an important advantage over
the Parzen's estimator, its computational complexity. The time to calculate the Parzen's
estimator in equation 2-19 isO(dN) while the time to estimate the density based on the
density matrix given in equation 2-41 i€D(D?), which is constant on the size of the sample
dataset.

2.8 Kernel density estimation using density matrices and
matrix factorization

This section describes a method derived from DMKDE which makes evaluation faster using
eigenvalues since we can factorize the density matrixused in equation 2-41. Let's formalize
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this in detail.

Calculation of density estimation of a new sample in equation 2-41 can be simpli ed by
factorizing as
=V V

whereV 2 R" P; 2 R" ' is a diagonal matrix andr < D is the reduced rank of the
factorization. This is done by performing a spectral decomposition due to the fact thatis
a Hermitian matrix.

Finally, the estimator in equation 2-41 using matrix factorization for its evaluation will be
called EIGDMKDE and is expressed as:

f0=5 Ve (2-53)

The time it takes to determine the density of a new sample is reduced @(Dr) thanks to
the additional factorization step used to de ne the above estimator.

2.9 Fast kernel evaluation methods

Kernel density estimation is a memory-based approach that saves each data point through-
out the training phase and uses it to compute an average kernel distance. The memory space
and time footprint of this procedure are disadvantages; as a result, new methods are o ered
in the literature to tackle this problem.

The rst method for e ciently solving the KDE is based on physics. Treecodes and the mul-
tipole method [11, 12] are two important techniques to solving the complexity problem that
were developed in the last century. Their main challenge to solve is tidearest Neighbor
problem de ned as follows: Given a seP of n points in a metric space de ned over a set
X with distance function D, preprocess to e ciently answer queries for nding the point

in P closest to a query pointg 2 X . The approach solution includes a set of deterministic
and randomized data structures that make nding the closest points easier. The problem
with both approaches is that they scale exponentially according to the number of dimensions.

New approaches for pruning distant points and estimating near elds have recently been
proposed by March et al. [19]. The authors tackle th&ernel summationproblem: Given

a set of N data points x; 2 RY, a real-valued functionK () of pairs of data points, and a
charge vectorw 2 RN, we compute theN potentials:

X
ui) =" K (X)) ws (2-54)
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To e ciently address this problem, authors introduce ASKIT as an example of a method
which e ectively approximates kernel summations withO(NlogN) work and the general
idea is to decompose the kernel summation in equation 2-54 into the near eld|interactions
which are computed directly|and the far eld|interactions which can be approximated for
each target:
X X
u = K (Xi;Xj) W + K (Xis Xj) W, (2-55)
j2Near(i) j2Far(i)
Hashing-based estimators for kernel density estimation are the most promising tool among
state-of-the-art approaches, where a hash structure is utilized to build near distance boxes
that allow the prediction step to compute a small number of distances [3, 36], however, these
methods will not be investigated in this work.
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Given an observation of a random sample it is possible to consistently estimate a cumulative
distribution function F without making any assumptions about= using the empirical cumu-
lative distribution with the Glivenko-Cantelli result. But if we want to estimate the proba-
bility density function f the situation is di erent because we need to make some smoothness
assumptions and some approaches are inspired around calculating a weighted sum of density
contributions that are centered at each data point(see discussion in Section (2.2)).

Kernel Density Estimation (see details in section 2.4) is the most well-known solution in
nonparametric statistics for solving this problem. The complexity of the algorithm used to
compute density estimates at new observed samples is the issue with this method. Speci -
cally, in chapter 1 we showed that the algorithm complexity is quadratic in time making it
expensive especially for large data sets and higher dimensions.

One way to address the problem of scalability of the naive evaluation of KDE in the liter-
ature focuses in nding fast approximate evaluation of the kernel and according to [36] we
can identify two main lines of work: space partitioning methods and Monte Carlo random
sampling. There are other mixed approaches such as Hashing Based Estimators(HBE) which
combines the two approaches as it uses randomized (Monte Carlo) space partitions (Locality
Sensitive Hashing) to construct unbiased estimates of the density and gets provably accurate
estimates by averaging many such samples.

Space partitioning methods do not perform well in high dimensions[36] and random sampling
focuses on taking random samples from the kernel density having an inherent sampling error.

Algorithms capable of producing an approximation to the underlying distribution function
are applied to a variety of problems in machine learning and research in the literature points
to the need for new algorithms that give e cient density estimates. Therefore, some open
guestions need to be addressed:

" How to design a non parametric density estimation method that is both time and space
e cient?

" Is the approximation given by DMKDE better in terms of e ciency and e cacy than
the state-of-the-art approximation methods for kernel density estimation?
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" How can a new method for non parametric density estimation be designed that can be

integrated with existing deep learning methods?



4 Objectives

4.1 Main goal

To asses the performance of the method Kernel Density Estimation using Density Matrices
with other state-of-the-art fast procedures in terms of time and error for calculating density
estimations in a variety of synthetic data sets and di erent dimensionality.

4.2 Specic objectives

” To design and to perform an experiment to measure the time of query evaluation for
a xed test size observed samples and varying the size of training samples.

" To design and to perform an experiment to measure the error of query evaluation in
terms of mean average error for a xed test size observed sample and varying the size
of training samples.

" To evaluate the performance of Kernel Density Estimation using Density Matrices in
terms of time and number of random Fourier features for xed test and train size.
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5.1 Data sets

We used seven data sets for evaluation. The data sets are described below:

" ARC data set corresponds to a 2-dimensional random sample generated from a random
vector X = ( X1; X,) with probability density function given by

f(x1;%2) = N (X2j0;4)N  x; 0:25x3; 1 (5-1)

whereN (uj ; 2) denotes the density function of a normal distribution with mean
and variance 2. [22] contains associated information for this data set.

Potential 1 data set corresponds to a 2-dimensional random sample generated from a
random vector X = ( X; X,) with probability density function given by

, ( ) ( !
f(xl'x2)=} kxk 2 In exp 1x 2 +exp 1 x+2
’ 2 0:4 2 06 2 06
(5-2)
with normalizing constant of approximately 652 calculated using Monte Carlo inte-
gration.

Potential 2 data set corresponds to a 2-dimensional random sample generated from a
random vector X = ( X; X,) with probability density function given by

2
X2 wi(x) “.

f(X1;X2) = % 04 ; (5-3)

where wi(x) = sin 221 with normalizing constant of approximately 8 calculated
using Monte Carlo integration.

Potential 3 data set corresponds to a 2-dimensional random sample generated from a
random vector X = ( X; X;) with probability density function given by
. (x) / ( (x) + Wa(x) )
X2 Wi(X Xo  Wp(X) + Wy(X
f(x1;x2)= | - 22 TR :
(aixz) = Inexp 5 —hag 0:35 ’
(5-4)

1
texp 3
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h i

2
wherew;(x) = sin 2;‘1 TWa(X) = 3exp % % with normalizing constant of

approximately 139 calculated using Monte Carlo integration.

Potential 4 data set corresponds to a 2-dimensional random sample generated from a
random vector X = ( X ;X ;) with probability density function given by
|

1 X, wi(x) 2 1 X, wi(x)+ ws(x) 2
. - - + — .
(5-5)
where wy(x) = sin 221 ;wa(x) =3 %1 and (x) = —(1+é 5y Wwith normalizing

constant of approximately 139 calculated using Monte Carlo integration.

2D Mixture data set corresponds to a 2-dimensional random sample generated from
the random vectorX = ( X ; X,) with probability density function given by

(0= SNGI 1 D+ NG 21 o) (5-6)

with means and covariance matrices

_ 1 _ 10, i
1 1’ 1_02, (57)
_ 2 _ 20, i
27 g v 27 0 1 (5-8)

The four Potential functions were used by Rezende and Mohamed [28] to provide insight into
the representative power of density approximations based on normalizing ows. Th&RC
data set was used within autoregressive models [22] and their drawback of being sensitive to
the order of the variables.

Table 5-1 : Data sets description

DATA SET NUMBER OF NUMBER OF

FEATURES SAMPLES

ARC 2 1 108
2D MIXTURE 2 1 108
10D MIXTURE 10 1 108
POTENTIAL 1 2 1 108
POTENTIAL 2 2 1 1 10°
POTENTIAL 3 2 1 5 10°

POTENTIAL 4 2 1 4 10°
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Figure 5-1 : True densities of bivariate data to be learnt. See number of samples in Table
5-1.

5.2 Methods

Fast density estimation methods are used across many applications discussed in chapter 1 and
have concrete implementations that are used in industry [24]. Five baseline algorithms for
density estimation were selected, Several are state-of-the-art whose principles are referenced
in section 2.9:

" Raw Kernel Density EstimationRAWKDE ) This is the classical method which is im-
plemented from scratch and calculates the exact value of Kernel Density Estimation
used in equation 2-19.

Naive Kernel Denstiy Estimation (NAIVEKDE ) Using equation 2-19, this method is
an optimal implementation of KDE.

Tree Kernel Denstiy Estimation (TREEKDE ) This method computes a kernel density
estimate using a tree-based approach. It operates by recursively segmenting the space
into smaller sections. This makes obtaining a kernel density estimate at a given place
easier since the tree structure may be queried for adjacent points rather than having

to evaluate the kernel function on all data points. The algorithm used is described by
Maneewongvatana and Mount [18]. The general idea is that this tree is a binary tree,
each of whose nodes represents an axis-aligned hyperrectangle. Each node designates
an axis and divides the collection of points into two groups based on whether their
coordinate along that axis is greater than or less than a certain value.

Kernel Density Estimation using k-dimensional Tree KDEKDT ) This method solves
the Nearest Neighbor problem using another kd-tree structure which generalizes two-
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dimensional Quad-trees and 3-dimensional Oct-trees to an arbitrary number of di-
mensions [1]. This kd-tree is a binary tree structure which recursively partitions the
parameter space along the data axes, dividing it into nested orthotropic regions into
which data points are led.

Kernel Density using Ball TreeKDEBT ) This method uses another data structure
called Ball Tree and it is used to address the ine ciencies of KD Trees in higher
dimensions where KD trees partition data along Cartesian axes, ball trees partition
data in a series of nesting hyper-spheres [21].

5.3 Experimental setup

The purpose of these tests is to see how e ective and e cient Kernel Density Estimation
using Density Matrices is at approximating a probability density function. We compare it
against other fast procedures to compute density estimates using Kernel Density Estimation
as their main principle. We also include naive evaluation &DE . We want to make it clear
that we use the Gaussian kernel in all of our algorithms.

We used the seven data sets described in Section 5.1. We performed two types of experiments
over these data sets. In the rst, we wanted to evaluate the accuracy @fMKDE . In the
second, we evaluated the time to predict the density on the test set. The trials were carried
out with sizes of training sets, 1 10 with i 2 1;2;3;4;5g, and a xed test size of 1 10*
observed samples.

In the rst experiment, DMKDE and EIGDMKDE were run with di erent number of random
Fourier features to see how the dimension of these features representation a ected the accu-
racy of the estimation. For the 2-dimensional data sets both thBMKDE prediction and the
other procedures were compared against the true probability density function using mean
average error. In the case of the 10-dimensional data set, and because of the small values
for the density, we calculated the mean average error between the log density predicted by
each method and the true log probability density.

For each data set and each training size, we made a hyper parameter search using 5-Fold

for DMKDE . The number of random Fourier features was set to 50, 100, 500 and 1000 in each
experiment. After nding the best hyper-parameter con guration using cross validation, the
two di erent experiments were performed with di erent random initialization.
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5.4 Performance measures

To measure e cacy of DMKDE we chosd.; error also known as Mean Average Error taking
into account that this distance has some advantages exposed by Devroye [7] and its de ned
for N samples by the next equation:

1 X
MAE = ifx) £ (5-9)
i=1
Devroye [7] shows that ; Iosstf’\ f j is invariant under monotone transformations of the
coordinate axes and points out that it is related to the maximal error commited if were to
estimate probabilities of all the Borel sets of* and f respectively. Formally, we have the
next theorem.

Theorem 5.4.1 (Schee [32]). For all densitiesf and g on RY,
4 Z Z
if g =2sup f g: (5-10)
B2B g B B
Further discussion in [7] tell us thatL, distances withp 2 lead to non universal com-
parisons since we have to measure in another scale, so we chhags#éistance as our desired
measure of error.

To measure the e ciency of DMKDE when evaluating on unseen samples we use CPU time in
milliseconds (ms) which is de ned as the amount of time for which a central processing unit
(CPU) is used for processing instructions given by the evaluation query. We also use CPU
time to measure time of evaluation of the rest of algorithms. See more about the built-in

magic command

%time

for IPython [25].
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For each data set, the means and standard deviations of the e ciency in CPU time (ms)
for the experiments performed on the seven data sets with train size 110° are reported
in Table 6-1, together with the results of previous state-of-the-art works on density estima-
tion(see Sec. (2.9)EIGDMKDE has a very competitive overall performance. It outperforms
the baseline strategies in all data sets.

Table 6-2 reports the means and standard deviations of the test MAE for the experiments
performed on the seven data sets with train size 11°. Here EIGDMKDE just outperforms
only in Potential 2  data set.

Fig. 6-1 shows the general approximations of the densities for each plot in each of the bivari-
ate data sets. It can be seen thaElGDMKDE , using RFF= 500, has a similar behaviour
than the other methods. It is worth nothing the best ndings come from thePOTENTIAL

2 data set.

Fig. 6-2 shows the e ciency results for the experiment on the distinct data sets using train
size of 1 1CP. In general, as we use logarithmic scale for both axis, we see that the other
methods perform in linear time as and the proposed method in a constant time as expected.
In some cases we found up to x12 times faster times for greater training sizes.

Fig. 6-6 displays the best outcome of the study, demonstrating that the suggested technique
has the best CPU times and mean squared errors in high dimensions when compared to the
other methods.

Given that none of the algorithms is the best with every data set in CPU time in tablé-1,

it is necessary to do a non parametric Friedman's test to verify if a signi cant di erence
exists among algorithms. The null hypothesis of the Friedman's test is that all algorithms
are equivalent in CPU time. As a result we obtained an statisti¢ = 14:038 with a p-value

of 0.015 which tell us to reject the null hypothesis that all algorithms are equivalent in CPU
time.

In light of the foregoing, we used a pairwise Nemenyi post hoc test to see if there is a
statistical di erence between each pair of algorithms, and we found a statistical di erence
with EIGDMKDE of the algorithms NAIVEKDE and KDEBT , with p-values of 0001 and
0:002918, respectively.
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Fig. 6-3 shows the MAE in test results for the experiment on the distinct data sets using
train size of 1 10°. We check that the error for the proposed method only outperforms in
one of the seven data sets. Further adjustments for exploring better results are out of the
scope of this work.

Fig. 6-4 presents the distribution of the algorithms in a quadrant that attempt to classify
its behaviour in terms of e ciency and e cacy. An algorithm with ideal performance would
be plotted near the origin.

Finally, Fig. 6-5 presentes the behaviour of the EIGDMKDE method in terms of its perfor-
mance in time and error when varying the number of random Fourier features.

DATA SET RAW NAIVE TREE KDBTREE  KDKDTREE  EIGDMKDE

ARC 52400 50 103000 447 24700 1711 49200 70 56000 141 4330 145
2D MIXTURE 42400 282 68000 707 35900 282 54800 505 62000 577 3500 190
10D MIXTURE 88000 1154 123000 1527 583000 435 190000 4358 193000 577 504 11
POTENTIAL 1 46100 378 76000 547 22100 141 39900 212 52400 141 3640 311
POTENTIAL 2 28800 212 70000 0.00 4920 21 29400 302 36700 70 3630 106
POTENTIAL 3 30200 0.00 72000 0.00 19900 4101 41100 52 48900 0.00 3280 176
POTENTIAL 4 30700 0.00 68000 707 54700 424 54800 0.00 64000 3700 158

Table 6-1 : E ciency test results in millisecond (ms) for training size 1 1

DATA SET RAW NAIVE TREE KDBTREE KDKDTREE EIGDMKDE

ARC 0.0012 0.0000 0.0012  0.0000 0.0012 0.0000 0.0012 0.0000 0.0012 0.0000 0.0080 0.0000
2D MIXTURE 0.0010 0.0000 0.0010 0.0000 0.0010 0.0000 0.0010 0.0000 0.0010 0.0000 0.0016  0.0000
10D MIXTURE 2.5282 0.0000 2.5282  0.0000 583000 0.0000 2.6216 0.0000 2.5282 0.0000 1.7420  0.0000
POTENTIAL 1 0.0046 0.0000 0.0046 0.0000 0.0046 0.0000 0.0046 0.0000 0.0046 0.0000 0.0334 0.0000
POTENTIAL 2 0.0456 0.0000 0.0456 0.0000 0.0456 0.0000 0.0456  0.0000 0.0456 0.0000 0.0332  0.0000
POTENTIAL 3 0.0182 0.0000 0.0182 0.0000 0.0182 0.0000 0.0182 0.0000 0.0182 0.0000 0.0299  0.0000
POTENTIAL 4 0.0190 0.0000 0.0190 0.0000 0.0190 0.0000 0.0190 0.0000 0.0190 0.0000 0.0235 0.0000

Table 6-2 : E cacy test results measured in MAE for training size 1 1¢°
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