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Abstract

In the mid-20th century, number theory experienced a significant evolution through the development of
Iwasawa theory, initiated by Kenkichi Iwasawa. His pioneering approach provided new tools to study the
growth of the p-part of the ideal class group in cyclotomic Z,-extensions of number fields. Central to this
theory is the concept of Iwasawa modules and their relationship to p-adic L-functions, culminating in the
Main Conjecture of Iwasawa theory. This abstract framework has profoundly influenced our understanding
of arithmetic in infinite towers of number fields.

Parallel to this development, the study of Dedekind zeta functions and arithmetic equivalence—principally
advanced by Ronald Perlis—introduced a framework for comparing number fields based on their zeta
functions. Fields with identical Dedekind zeta functions, though not necessarily isomorphic, exhibit
identical prime ideal behavior, a phenomenon explained through Gassmann equivalence of subgroups in
the Galois group of a common Galois closure.

This thesis explores the deep and subtle connections between Iwasawa theory and arithmetic equivalence.
Specifically, it investigates how Iwasawa modules can inform the structure of Dedekind zeta functions for
totally real number fields and analyzes the relationships among Iwasawa modules associated with arith-
metically equivalent fields. The exposition begins with the historical development of Iwasawa theory and
the role of p-adic methods in class field theory, continues through the foundational theorems and ana-
lytic tools involving L-functions, and culminates in a synthesis that connects these algebraic and analytic
structures within a unified framework.

Keywords: Iwasawa theory, arithmetic equivalence, Dedekind zeta function, Iwasawa module, L-functions,
cyclotomic extensions, class groups, Gassmann equivalence, algebraic number theory.
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Resumen

A mediados del siglo XX, la teoria de numeros experimenté una evolucién significativa con el desarrollo de
la teoria de Iwasawa, iniciada por Kenkichi Iwasawa. Su enfoque pionero proporciond nuevas herramientas
para estudiar el crecimiento de la parte p-ddica del grupo de clases ideales en extensiones ciclotémicas Z,
de cuerpos numéricos. En el centro de esta teoria se encuentran los modulos de Iwasawa y su relacién
con las L-funciones p-adicas, culminando en la Conjetura Principal de la teoria de Iwasawa. Este marco
abstracto ha influido profundamente en nuestra comprension de la aritmética en torres infinitas de cuerpos
numéricos.

En paralelo, el estudio de las funciones zeta de Dedekind y la equivalencia aritmética —desarrollado
principalmente por Ronald Perlis— introdujo un enfoque para comparar cuerpos numéricos a partir de
sus funciones zeta. Los cuerpos con funciones zeta de Dedekind idénticas, aunque no necesariamente
isomorfos, exhiben un comportamiento idéntico respecto a la factorizacién de ideales primos, fenémeno
explicado mediante la equivalencia de Gassmann entre subgrupos del grupo de Galois de una clausura de
Galois comun.

Esta tesis explora las conexiones profundas y sutiles entre la teoria de Iwasawa y la equivalencia ar-
itmética. En particular, se investiga como los médulos de Iwasawa pueden informar sobre la estructura de
las funciones zeta de Dedekind en cuerpos totalmente reales, y se analizan las relaciones entre los médulos
de Iwasawa asociados a cuerpos numéricos aritméticamente equivalentes. La exposiciéon comienza con el
desarrollo histérico de la teoria de Iwasawa y el papel de los métodos p-adicos en la teoria de cuerpos de
clases, continia con los teoremas fundamentales y las herramientas analiticas asociadas a las funciones
L, y culmina en una sintesis que conecta estas estructuras algebraicas y analiticas dentro de un marco
unificado.

Palabras clave: Teoria de Iwasawa, equivalencia aritmética, funcién zeta de Dedekind, médulo de Iwa-
sawa, L-funciones, extensiones ciclotémicas, grupos de clases, equivalencia de Gassmann, teoria algebraica
de nimeros.
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Introduction

In the 1950s and 1960s, number theory was deeply focused on class field theory, which describes abelian
extensions of number fields. Number theorists were particularly interested in understanding the ideal class
groups of number fields, especially in towers of fields where each field is an extension of the previous one,
such as Q((pn), where (p» is a primitive p"-th root of unity. This type of tower is called a cyclotomic Z,-
extension because it is constructed by adjoining roots of unity, and it has a Galois group isomorphic to Z;,
the group of units of the p-adic integers. The Japanese Kenkichi Iwasawa introduced an entirely new way
to study the behavior of class groups in these towers of number fields. He was interested in understanding
how the p-part of the class group grows in a cyclotomic Zy-extension. His idea was to create a system-
atic approach using p-adic methods and group theory to study the growth of the class numbers in these
extensions. Specifically, he showed that the structure of the ideal class group in these extensions could
be described in terms of an algebraic object called an Iwasawa module. Iwasawa’s theorem eventually led
to the formulation of the Iwasawa Main Conjecture, which relates the characteristic power series of the
Iwasawa module (essentially, the structure of the p-adic class group) to the p-adic L-function of a number
field. This conjecture was famously proved for cyclotomic fields by Barry Mazur and Andrew Wiles in the
1980s, providing a landmark result that connected Iwasawa theory with the behavior of p-adic L-functions.

On the other hand, the Dedekind zeta function (x (s) of a number field is a fundamental object in algebraic
number theory that generalizes the Riemann zeta function to arbitrary number fields. It encodes deep
arithmetic information about these fields, including the distribution of prime ideals, the class number, and
other important invariants. The concept of arithmetic equivalence in number theory, primarily developed
by Ronald Perlis in the 1970s, deals with the question of when two number fields have the same Dedekind
zeta function. This equivalence has deep implications for understanding the structure of number fields
and their invariants. More explicitly, two number fields K and K’ are said to be arithmetically equivalent
if they have the same Dedekind zeta function, i.e.,

Cr(s) = Crr(s).

This implies that K and K’ have the same prime ideal factorization structure in terms of norms, de-
composition types, and inertial degrees, although the fields themselves might not be isomorphic. Perlis
showed that for two fields to be arithmetically equivalent, their Galois closures must have subgroups of
the Galois group that are Gassmann equivalent. Gassmann equivalence, a concept introduced by Fritz
Gassmann in the 1920s, refers to two subgroups of a Galois group that induce the same permutation
character on the group, meaning they have the same fixed field behavior for prime ideals. Perlis’s work
established that Gassmann-equivalent subgroups in the Galois group of a common Galois closure can
produce non-isomorphic fields that are arithmetically equivalent. Therefore, the Dedekind zeta function,
while a powerful invariant, is not a complete invariant for determining the isomorphism class of a number
field. This has implications for class field theory and the study of zeta functions in general.

The works of Perlis, Keiichi Komatsu, Jangheon Oh, and others have developed connections between
Iwasawa Theory and Arithmetic Equivalence, which constitute the main focus of this thesis.
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Specifically, this thesis is an exposition of certain connections that exist between these two theories, such
as how knowing certain Iwasawa modules can help determine the Dedekind zeta function for totally real
number fields, and what can be said about the relationships between certain Iwasawa modules of arith-
metically equivalent number fields. Chapter 2 provides historical motivation, exploring the origins of the
study of the p-part of the ideal class group, an area that enabled Ernst Kummer to solve a specific case
of Fermat’s Last Theorem through novel techniques in number theory.

Chapter 3 focuses on presenting a proof of the foundational theorem that inaugurated Iwasawa theory.
As mentioned earlier, this theorem examines the growth of the p-part of the ideal class group in certain
infinite extensions of fields, particularly Z,-extensions.

Chapter 4 is dedicated to reviewing L-functions, which play a crucial role throughout this work. We
discuss how specific critical values of these functions interpolate to their analogous p-adic L-functions,
creating a framework for the analytical connections developed in the final chapter.

In Chapter 5, we delve into various forms of arithmetic equivalence, with a special focus on quasi-
conjugates, particularly Gassmann equivalence. Additionally, we explicitly examine the types of data
that can be derived from a field via its Dedekind zeta function, shedding light on the structure and prop-
erties encoded within.

Chapter 6 revisits p-adic L-functions, the p-adic analogs of classical L-functions, and explores how these
functions interpolate at certain values. This chapter also examines the profound connection between arith-
metic objects, such as Iwasawa modules, and analytic objects, specifically p-adic L-functions. Known as
the Main Conjecture of Iwasawa theory, this relationship forms a bridge between Iwasawa theory and
arithmetic equivalence, providing new insights into their interdependence.
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Chapter 1

Preliminaries

In this thesis, for simplicity, we adopt the following convention.

Convention. Let p be a prime number. Unless otherwise stated, p is always assumed to be odd.

1 Basic Algebraic Number Theory

In this section, we present a review of the basic notions and results of algebraic number theory. For basic
notation, definitions, and proofs of the statements, the reader is referred to [12].

Let K be a number field, i.e., a finite extension of Q. The ring of integers of K, denoted by Ok,
is defined as:
Ok ={a € K| f(a) =0 for some monic f(z) € Z[z]}.

We have that K is the field of fractions of Og. The ring of integers generalizes the notion of integers to
more general number fields, with the following properties:

o Ok is a Dedekind domain, meaning it is Noetherian, integrally closed, and every nonzero prime
ideal is a maximal ideal.

e Ok is a free Z-module of rank [K : Q].

If {aq,,...,a,} is an integral basis of the ring of integers Ok of K (i.e., each element of Ok can be
expressed uniquely as a Z-linear combination of these «;), the discriminant of K is defined as:

drg = det (TrK/Q(aiaj))lgi,jgn ’

Here, Trg /Q(a) denotes the trace map, which is the trace of the linear operator multiplication by «. Since
Try/9(Ok) C Z, then Trg g(ai) € Z, ensuring that di € Z. Moreover, d is independent of the choice
of integral basis.

Let L/K be a finite extension of number fields, and let p be a prime ideal of Q. Then, p factors
into prime ideals of Of, as:

g
pOr, = H‘ﬁfi,
=1

where:

e ‘B, are prime ideals of Oy, lying above p, meaning p = B; N O for every i.



e ¢ is the number of distinct prime ideals in the factorization.
e ¢; is the ramification index of P; over p.

Each prime ideal 3; corresponds to an extension of the residue field:

fi =[0L/%Bi: Ok /p],

where f; is the inertia degree measuring the degree of the extension of residue fields. The degree of the
field extension [L : K] is related to the ramification indices and inertia degrees through the fundamental

equality:
g

=1

Special cases:
e Ramified Prime: If there is a prime B; over p with e; > 1, the extension is ramified at p.
o Unramified Prime: If all e; = 1, the extension is unramified at p.
e Totally Ramified Prime: If g = 1, the prime ideal p stays as a single prime ideal P; with e; = [L : K].
e Split Prime: If all e; = 1 and f; = 1, the prime p splits completely into [L : K| distinct prime ideals.
e Inert Prime: If g = e =1, the prime p remains a prime ideal in the extension.

There are only finitely many prime ideals of K which are ramified in L. In Particular, if p is a rational
integer then p ramifies in K if and only if p divides dg.

Suppose that K is a number field of degree n = [K : Q]. An embedding of a number field K into
the complex numbers C is an injective field homomorphism v : K — C. If the image of the embedding
lies entirely within the real numbers R C C, the embedding is called a real embedding. If the image is not
entirely contained in R, it is called a compler embedding. Each complex embedding comes in conjugate
pairs: if ¢ : K < C is a complex embedding, then its complex conjugate v is another distinct embedding.
Let r1 and r9 be the number of real embeddings of K and the number of pairs of complex embeddings of
K, respectively. Then, the degree n satisfies:

n=r1ry+ 2ro.

The embeddings of a number field are also referred to as in finite primes. If a real embedding v : K <— R
extends to ¢ : L < C, the prime is said to be ramified at infinity. In that case, we will say that 1) is
lying above . Conversely, if this embedding remains real in the extension field L, the prime is said to
be unramified at infinity. The usual prime ideals are known as finite primes.

Dirichlet’s Unit Theorem states that the group of units Oy (the invertible elements) of the ring of
integers Ok is isomorphic to:
i = (K x Zntre

where p(K) is the finite cyclic group of roots of unity contained in K and Z™+72~! represents the free
abelian part. In other words, there exist units €1, ..., 4,41 called fundamental units, such that any
€€ Oﬁ can be written uniquely as a product

_ k1 krytrg—1
6_4.61 ri+reo—1



with ¢ a root of unity and integers k;. We define W (K) := |u(K)].

Now, we generalize the notion of an ideal in the ring of integers to include fractional ideals, which
are nonzero finitely generated Ox—submodule of K. The fractional ideals form an abelian group, the
ideal group Jg of K. The identity element is (1) = O, and the inverse of a fractional ideal a is
al={re K‘ZCCI C Ok}. The fractional principal ideals (a) = aOk, a € K*, form a subgroup of Jg,
which will be denoted by Px. The quotient group

Cl(K) = Jk/Px
is called the ideal class group, or class group for short, of K.

The class group is a measure of the extent to which unique factorization fails in the ring of integers of K.
The order of the group, which is finite, is called the class number of K, denoted by

hx = |CI(K)]|.
We will make considerable use of the following result from class field theory.

Theorem 1.1 (Hilbert Class Field). Let K be a number field. There exists a mazimal extension H/K
with respect to the following properties:

e H/K is an abelian extension.
e H/K is unramified.
Moreover, H/K is a finite extension with
Gal(H/K) = CI(K),
This extension is called the mazximal abelian unramified extension of K or the Hilbert class field of K.

Next, we examine the theory of ramification for the case when L/K is a Galois extension. The prime
ideals are then subject to the action of the group G = Gal(L/K), as follows. Let

Zp = {gpl? P 7(,39}
be the set of prime ideals of Oy, lying above the prime p, then
o(Pi) € ¥y for each o € G.

Therefore G acts on X,. In fact, G acts transitively on 3.

The decomposition group of P; is the stabilizer subgroup of G with respect to J;:

D(Bi|p) ={o e G|o(Pi) =Pi}.

The decomposition group encodes in group-theoretic language the number of different prime ideals into
which a prime ideal p decomposes in Or, more precisely, the index (G : D(3; | p)) is equal to g. Moreover,

D(B; | p) =1 < pis totally split.
D(B; | p) = G <= p is nonsplit.



Let 0 € G. Let x +93; be an element of the residue field O /B;. We define ¢ as: 6(x +B;) = o(x) +Bs.
The homomorphism described below is surjective.

m: D(Pi | p) = Gal ((OL/%Bi)/(Ok /)

o — mw(o)=0

The inertia group I(B; | p) is the kernel of . Therefore, it consists of all elements of the decomposition
group that act trivially on the residue field O, /B;:

I(B; | p)={c€DERi|p)|o(x) =2 (mod*P,) for all z € Or}.
Therefore D(B; | p)/I(B: | p) = Gal (O /B:)/(Ok /p)) .

The inertia group measures the part of the Galois action that only affects higher powers of 3; with-
out changing the residue field, more precisely, [I(B; | p)| = e;. Thus, |D(B; | p)| = eifi. We note that if
the inertia group is trivial, I(*B | p;) = 1, then the extension L/K is unramified at p.

In the Galois case, the inertia degrees are equal, namely, f; = --- = f; = f. The same applies to the
ramification indices: e; = --- = ¢4 = e. By fundamental equality we have
[L:K]=efg.

Let K1 C Ko C K3 be number fields with Ky/K; and K3/K; being Galois, and let p; C pa C p3 be
primes of K, Ks, and K3, respectively. Consider the restriction homomorphism

res : Gal(Kg/Kl) — Gal(Kg/Kl)
Then:
® 168 | p(py o) D(P3 | p1) — D(p2 | p1) is surjective.

® 168 [7(pylpr): L(P3 | p1) — I(p2 | 1) is surjective.

Now, we extend the previous notions to the concept of infinite primes. Let L/K be a Galois extension of
number fields and let ¥ be an infinite prime of L lying above the infinite prime 1) of K. The decomposition
and inertia subgroups for the pair ¥ | ¢ are equal and are defined by:

D(U | 4) =T(¥ | ) = {0 € Gal(L/K) : T oo = ).

2 Basic results on cyclotomic fields

In this section, we review the basic notions and results of cyclotomic fields, one of the main objects of
interest in this thesis. The reader is referred to Chapters 1 and 2 of [1§], for basic notation, definitions,
and proofs of the statements.

For n > 1, let ¢, = e*™/™ € C; this is a primitive nth root of unity. Then the nth cyclotomic field is the
extension Q(¢,) of Q generated by (,. The conjugates of (,, in C are, therefore, the other primitive nth
roots of unity: ¢¥ for 1 < k < n with (k,n) = 1. The degree of Q((,) is therefore [Q((,) : Q] = #(n),
where ¢ is Euler’s totient function. The roots of 2™ — 1 are the powers of (,, so Q((,) is the splitting field
of 2™ — 1 over Q. Therefore Q((,) is a Galois extension of Q.



Theorem 1.2. Gal(Q((,)/Q) = (Z/nZ)*.

The isomorphism sends each o € Gal(Q((,)/Q) to a mod n, where a is an integer such that o((,) = (¥
and (a,n) = 1.

Theorem 1.3. The ring of integers of Q((n) is Z[(,].
Proposition 1.1. For n > 2, the discriminant of the extension Q(¢,)/Q is

()

_1)em/2
A TN

In particular, the discriminant of Q((pn) is

) {—1 ifp"=4or ifp=3 (mod 4),
1 otherwise.
Proposition 1.2. Let K be a number field with ro pairs of complex embeddings. Then di has sign (—1)™.
Corollary 1.3.1. p ramifies in Q((,) < p divides n.
Proposition 1.3. If n is a power of a prime p, then Q((,)/Q is totally ramified above p.

Take any embedding of Q((,) into the complex numbers. Complex conjugation acts as an automorphism
sending ¢, to ;. The fixed field is Q((, + ¢, ") = Q(cos(27/p)) and is called the maximal real subfield
of Q(¢p), denoted by Q(¢,) ™.

Q(¢p)

(p—1) Q¢ + Cp_l)

Proposition 1.4. If n = p" then Q((,)/Q(Cy)™T is ramified at the prime above p and at the infinite
primes, and unramified at the other primes.

Proposition 1.5. The ring of integers of Q((n + 1Y) is Z[Cn + ¢ 1.
Proposition 1.6. The only roots of unity in Q((,) are of the form +(".

Proposition 1.7. Let u be a unit of Z[(p]. Then there exist uy € Q((p + Cp_l) and r € Z such that
u = Cpuq.

In the next chapter, we will motivate the study of the p-part of the class group and its historical relevance
in solving a particular case of Fermat’s Last Theorem.



Chapter 2

Fermat’s Last Theorem for Regular
primes

One of the most famous problems in mathematics states that

Theorem 2.1 (Fermat’s Last Theorem). Let n > 2 be an integer number. Then
" +y" = 2", with xyz # 0,
has no integer solutions.

Pierre de Fermat proved it for the case n = 4, therefore, it suffices to consider the case where n = p is an
odd prime number. The case where p does not divide z,y, and z is called the first case of Fermat’s Last
Theorem, the second case, where p divides one of x,y,z.

In this chapter, we first discuss Fermat’s Last Theorem for the first two odd primes, which will allow
us to see how the need for Kummer’s Lemma arises. Finally, we discuss a sufficient condition for Fermat’s
Last Theorem to be true.

1 Fermat’s Last Theorem for the cases p=3 and p =5

Let us consider the case p = 3 of Fermat’s last theorem, namely

Theorem 2.2. The equation
a3 4 yd =23 with xyz # 0,

has no integer solutions.

Proof. For the sake of contradiction, let us assume there is a nontrivial solution (z,, z) of 2% + 3> = 23.

We may assume that x,y and z are pairwise coprime in Z, since otherwise, if, for example (z,y) = d # 1,
then each factor prime of d divides z. Therefore d divides z and then we cancel out d from the equation.
We proceed similarly in other cases.

Also we may assume that 3|zyz since otherwise if 3 { x then 2% = 41 (mod 9) and similarly for y and 2.
Therefore 22 + % = —2,0, or +2 (mod 9) but 23 = +1 (mod 9), therefore 2% + 33 # 23. Since we assume
that x,y and z are pairwise relatively prime then 3 divides only one of them. Without loss of generality,
we may assume that 3|z because if for example 3|y we may rewrite the equation (as 2 + (—2)® = (—y)?),
similarly in the case where 3|z. Hence, from now on, we will assume that 3|z but 3t z,y.



Let (3 be a primitive 3th root of unity, (3 satisfies the equation (3 + (3 + 1 = 0. In the ring Z[(3]
the above equation is factored as follows

(z +y)(x + () (@ + Gy) = 2%,

Z[(3] is known as the ring of Eisenstein integers, which forms a Euclidean domain whose norm N is given
by the square modulus:
N(a +b¢3) = a® — ab + b*.

b\ 3p2
2 2
@ (a 2) 4"’

we can find out that the units group of Z[(3] is Z[(3]* = {£1, £(3, £(3}. We define

Using that

n=x+y,
w=z + 3y,
X:$+C3y7
T=1-¢3

Since (—¢2)(1—¢3)? = 3 then 7|z and therefore 7|npux. Due to the fact that 7 is a prime number in Z[(3),
7 divides one of 7, i, x. Because the equalities

n—up=y(l—_) and
p—x = yG(1—¢),

we obtain that 7 divides 7, u and x, therefore they are not pairwise relatively prime in Z[(s], in that case,
note that the equation

Gz +Gy) — Gl +Gy) =z +y

implies that any common divisor of two among 7, u, and x in Z[(3] also divides the third. Let ©’ € Z[(s]
be a prime common divisor of 7, u and Y, let us see that 7’ and 7 are associate elements in Z[(3]. If 7’|y
and 7’|z in Z[(3] so N(7')|y? and N(n')|z? in Z which is not possible since = and y are relatively prime
in Z and N(7’) # +1, therefore without loss of generality assume that 7 t y, since 7’'|(z + y) then also
7' ¥ x. Since 7'|n and 7’| so 7’|n — p namely 7'|ym and since 7’ { y so 7|7, but 7 is a prime number in
Z[(3], then 7’ = um where u is a unit of Z[(3].

Since 72 and 3 are associates, 72|z and therefore there exist m € Z>9 such that z = 72" and 7 { 2/,
where 2’ € Z[(3]. Let o/, i/, X' € Z[(3] such that n = 7/, u = 7p' and x = 7/, then

~Ga(mp') = G(mx') = mf,
)
~ ) -G =1 (2.1)
Let us see that 7" and y are relatively prime in Z[(3], then by equation (2.1)) it follows that o, " and x/
are pairwise relatively prime in Z[(3]. Since (1) — (7p/) = my and (7p’) — (3(7n') = 7w then
==y
p— G =x
thus, if there were a prime element § € Z[(3] such that &|n/, i’ so 6|y, z and therefore N(6)|y?, 22 in Z

which is impossible since z and y are relatively prime and N(0) # £1. Now note that as n € Z and 7|n
then N (7)|n? namely 3|n, then 72|n and therefore 7|n’. Since 7/, i/ and \’ are pairwise relatively prime,



(52 ) () = 79N or some o € Z(Gy

SO
"o

0wy = ()3

Moreover 1, 1/ and x' are pairwise relatively prime and Z[(3] is a unique factorization domain, then

" 3
N =uitg
/ 3
H= U0
/ 3
X = uzag

such that oy, a9, a3 € Z[(3] and uq,ug, us € Z[(3]*. Therefore

n=x+y =1""uad
p=1x+ Gy = mugass
X =+ Gy = nuzal,
hence
—G(mu2a3) — G (ruzad) = 7" 2uiaf,
thus,
o 4 ugold = P Vysad, (2.2)

where 1y and us are units. let us recall that m > 2 and 3|72, then

a3 4+ ugals = 0 (mod 3Z[(3))
since 7 and «ag are relatively prime in Z[(3], there exist 6, 8 € Z[(3] such that 30 + a3 = 1, therefore

0435 =1 (Inod 3Z[<3])
thus,
ug = usajf? = (—az)* 8% (mod 3Z[¢G)),
if —asf = ¢+ d(s, then
(—)?8% = (¢ — 3cd® + d®) + (3(3¢%d — 3cd?),
then
ug = ¢ + d* (mod 3Z[¢3))

now comes an important step that will eventually generalize to some special primes, if u € Z[(3]* and
u = a (mod 3Z[(3]) for some rational integer a, then u = v® for some v € Z[(3]*, this result can be easily
verified because there are few units. Therefore the equation (2.2]) becomes

3(m—1),, 3

a3+ (o) =7 sy .

Thus, the equation
X4+ v?=n*Uz?
with U € Z[(3]%, (X,Y) = (X,Z) = (Y, Z) = 1,71 X,Y,Z and k € Z*, has solution in Z[(3].

Let us see that it suffices to consider the case k = 1. Suppose that k > 2 is a positive integer for which
the equation is satisfied. Again, the above equation is factored as follows

(X +Y)(X +GY)(X +QY)=r*Uz?



since 7 divides one of n = X + Y, u = X + (3Y,x = X + (3Y; 7 divides all of them since 7|(u — x) and
m|(n — ). Let o', p/,x" € Z[(3] such that n = 7/, u = wp' and x = 7x/. Similarly to the above facts,
we can prove that n/, p/, and x’ are pairwise relatively prime. Furthermore, without loss of generality,
we may assume 1 = woF 2" for some " € Z[(3], since if for example 7|y’ then we make the change to
the associated element Y* = (3Y and so g = (X + Y*) = 73*=24" similarly in the case 7|y. Proceeding
similarly to the previous arguments, we can find an equation of the form

(X/)S + (YI)S — 71,?)(k*l)[]/(Z/)?)
so we can iteratively decrease to k = 2 and find a solution to the equation
(X +Y)(X +GY)(X+GY)=7rUZ°

such that U € Z[(3]*,(X,Y) = (X,Z) = (Y,Z) =1 and 71 X,Y, Z. We claim that this cannot happen.
Proceeding similarly to the previous arguments (X +Y), (X + (3Y) and (X + ¢3Y") are multiples of 7, in
fact, 7 divides each of them exactly once. Since (a+b(3)(1—(3) = (a+b)(1—(3)—b(1—(3)%, a+b=0,1,
or 2 (mod 3) and 3 and 72 are associates, there are 2 distinct nonzero multiples of 7 module 72, so we
must have

X+Y=X+@GY (mod 7?), X+Y=X+¢GY (mod 7?), or X +GY =X +¢Y (mod 72)
therefore
(1-¢G)Y =0 (mod 72), (=¢3)(1—-G)Y =0 (mod 72), or (G)(1—¢)Y =0 (mod 72)
this congruences forces m to divide Y, contradiction. The theorem is proved. O
Now, let us consider the case p = 5 of Fermat’s last theorem,

Theorem 2.3. The equation
0 4 y° = 25, with xzyz #0,

has no integer solutions.

Proof. For the sake of contradiction, let us assume there is a nontrivial solution (z,y, z) of 2° + > = 2°.
Again, we may assume z,y, and z are relatively prime. Similarly, we may assume that 5|xyz since
otherwise if 5 { x then 2% = 41,47 (mod 25) and similarly for y and z. Consequently z° + 3% =
2,0,—2,14,—14,6,—6,8 or —8 (mod 25) but z° = 41, £7 (mod 25), therefore 2° + y° # 2°. However, we
must stop at p = 7 since 17 + 307 = 317 (mod 49), then this method cannot be generalized.

Similarly, as in the case n = 3 without loss of generality we may assume 5|z, therefore, from now on
we will assume that 5|z but 51 x,y.

Let (5 be a primitive 5th root of unity, (5 satisfies the equation Cé + C53 + C52 4+ (5 +1 = 0. Let us try
something more general, namely, the equation

X5 4+V% =x%Uzs, UcZ), n=1-C(, ntZ and keZ"

has no solutions in the ring Z[(s].

Let us see that it suffices to consider the case k¥ = 1. Assume a solution such that k& > 2. Similarly
to the case p = 3, in the ring Z[(5] the above equation is factored as follows

(X +Y)(X +GY)(X +EYV)(X +EY)(X + YY) =r*Uzs. (2.3)



Let o = a + b(s + c(2 + d(3 be a general element of Z[(5] and o; : (5 — ¢ € Gal(Q(¢5)/Q), the norm
N(a) =T\, oi(a) is equal to the expression

1
1 “(ad—i—ca—i—db) + (ab+ cb + de) — 2(a® + 1 + ¢ + d®)]* — 5 [(ad + ca + db) — (ab+cb+dc)]2]

Z|¢5] is a Euclidean Domain with the norm N (see page 15 in [I]). Therefore, as in the case p = 3, Z[(5]
is endowed with a very important quality, that of being a unique factorization domain.

Ifa=b=0and ¢c =d = —1 in the above expression then N(a) = 1, by choosing (5 = @ +1 5+T‘/5

we have Y
14++v5
e=—G-G=—5

is a unity such that € # £(f. Q((5) is a totally imaginary number field with r; = 0 real embedding and
ro = 2 pairs of complex embeddings, since Z[(5] is the ring of integers of Q({5) then by Dirichlet’s unit
theorem there is exactly 1 = r1 + ro — 1 fundamental unity, therefore

mgrz{ig<lgﬂj WJGZ}

We may assume that X,Y and Z are pairwise relatively prime in Z[(5]. Since N(1 — (5) = 5 then 7 is a
prime in Z[(5]. Suppose that the equation (2.3) has solution for some k > 2, then, of course, = divides
oneof g =X+Y,00 =X +(Y,0b=X+EY,03=X+GY,0, =X+ Y. Ifi > j then

0;—0i=G(1-¢G )Y
G0 — G0 = (1 - )X
since w and 1 — Céij are associates then 7 divides 0y, 01,602,053 and 04. Let 6,07, 05, 05,0, € Z[(3] such
that 0y = 76}, 01 = 70,02 = 704,05 = 705 and 04 = wb). Because
(0~ )m = (1-¢ )Y
(G36; — Gs)m = 41— ¢ )X

the elements 6y, 6,05, 05 and ) are pairwise relatively prime, since otherwise X and Y are not relatively
prime, which contradicts the choice of X and Y. Similarly to the case p = 3, without loss of generality,
we may assume 0y = ¢ ~40] for some 6 € Z[(5]; since

0060705050, = UZ°

then
0y = uro
0] = usaj
0} = uza3

such that ay, a9, a3 € Z[(5] and uy,ug, us € Z[(5]*. Since 61 + (504 = (1 + (5)00, then
(ugadm) + C5(u3ag7r) =1+ C5)7T5k*4u1a?

)
since 1 + (5 = 1_22 is a unit, then

o 4 ugal = wF Vsl (2.4)
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where 14 and us are units. Since 7 and 5 are associates and k > 2, then
a5 + uga = 0 (mod 5Z[C5)),

since 7 and ag are relatively prime in Z[(5], since 5 = en?, for some unit € € Z[(5]), then 5 and a3 are
relatively prime, thus, there do exist v, 8 € Z[(5] such that 5y + asf = 1, therefore

azf =1 (mod 5Z[C]),

thus,
Uy = u4agﬁ5 = (—a2)5ﬁ5 (mod 5Z[C5)),

if —a9f = c+ d(s, then
(—042)565 =+ d° (mod 5Z[(5)),

then ug = a (mod 5Z[(5]) for some rational integer a. Again, now comes the big step, let us see that if
u € Z[(5]* and u = a (mod 5Z[(5]) for some rational integer a then u = v° for some v € Z[(5]*. We know
that if u € Z[(5]* then u = £(L " for some r,t € Z and ¢ = 1+‘[ ,then u-u—! = (2", if u = a (mod 5Z|[(5))
for some rational integer a then w = a (mod 5Z[(5]) and Consequently u = u (mod 5Z[(5]), hence
l=wu-u! = (2 (mod 5Z[¢5]), namely 1 — (2" = 0 (mod 5Z[(5]), if 7 = 1,2,3,4 (mod 5) then 1 — (3" and
T are associates, therefore 1 — (2" = 0 (mod 5Z[(5]) if and only if » = 0 (mod 5), so u = £, namely u is
a real unit. The number ¢ is known as the golden ratio and satisfies p? = ¢ + 1, note that

¢’ =p(p+1)=20+1,
0t =020 +1)=3p+2,
©° = p(3p+2) =5y +3,
¢° = p(5p+3) = 8p +5,

inductively, it can be shown that if ¢ > 1 then ¢' = Fyp + F;_1 where {F,}» is the Fibonacci Sequence,

note that
4 1-5

= 5 :—C5—€§:O'3(_C§_<53):O-3(S0)7

t t
therefore if (1+2\/5) = A (mod 5Z[(5]) for some rational integer A, then (1_2\/5) = A (mod 5Z[(5)),

hence
V5F; = <1 ha \/5> - (1 — \/5> = 0 (mod 5Z[()),

2 2

and then v/5 = —142¢p divides Fj, then N(\/g) = 52 divides Ft4, so 5 divides F} in Z. Using the recurrence
relation for the Fibonacci numbers, it can be shown that Fii5 = 5F;1 + 3F;, then Fyi5 = 3F; (mod 5)
and therefore Fogy; = 3Fi54; = 32Fioy; = 33F51j = 31F; = Fj (mod 5), if F; =0 (mod 5) for 0 < j < 19
then j = 0,5, 10, 15. Therefore if F; = 0 (mod 5) then ¢ = 0 (mod 5), thus, u = +¢' = (£¢')° for some
non-negative integer [. For the case of a negative power of ¢, we note that if t > 1

(1 *2“5) — (-1,

then if ¢! is congruent to a rational integer module 5, again, we can conclude that ¢t = 0 (mod 5).

Therefore, continuing backwards through the above, the Equation ([2.4) becomes

a3 4 (af)® = 7k Dyga?,

11



Again, we can iteratively decrease to kK = 2 and find a solution to the equation
X +V)(X +GY)(X +EV)(X +EYVX +EY) =rUZ°

such that U € Z[(5]*, (X,Y) = (X,Z2) = (Y,Z) =1 and 7 1 X, Y, Z. We claim that this cannot happen.
Proceeding similarly to the previous arguments, we find that (X +Y), (X + Y), (X + GBY), (X + YY)
and (X + (3Y) are multiples of 7 exactly once. Since

a+bCs+c+dE =a+b+ct+d+[-b—c(1+¢G)—dl+G+ )01 -G)

then (a+ b5 + ¢ +dZ)(1—¢5) = (a+b+c+d)(1 —¢5) (mod (1 —(5)?), sincea+b+c+d=0,1,2,3
or 4 (mod 5), then, there are 4 distinct nonzero multiples of 7 module 72, so we must have

X +¢Y =X +¢Y (mod 72)

for some 0 < i < 4’ < 4. Therefore (1 — éfil)Y =0 (mod 72). Since 1 — Céfi/ is a unit multiple of 7, this
congruence forces w to divide Y, this is a contradiction. The theorem is proved. ]

These two proofs of Fermat’s theorem for the primes 3 and 5 lead us to ask two important questions

I. Is Z[¢p)] always a unique factorization domain?

II. If u € Z[(p]* is such that u = a (mod p) for some integer a, is u always a pth power?

Kummer answered these questions quite nicely. He proved that Z[(23] is not a unique factorization
domain, in fact, Montgomery and Uchida proved (independently) that Z[(,] is a unique factorization
domain exactly when p < 19, (see [11]). The purpose of the next section is to show that II is true for a
special kind of prime number, which is due to Kummer.

2 Kummer’s Lemma

Ernst Eduard Kummer made several contributions to mathematics in different areas, particularly his
pioneering work on Fermat’s Last Theorem. Specifically, Kummer developed in the 1840s a powerful
theory of ideal factorization and used to prove Fermat’s Last Theorem for the following special kind of
prime number.

Definition 2.1 (Regular Prime). For a prime number p, we call p regular when the class number

hy = h(Q((p)) is not divisible by p.

A prime p is called irregular if p divides h,. We define the Bernoulli number B,, by the formula

o)

Lot
et—l_z "l

n=0

In chapter [6] we shall prove Kummer’s criterion, which states that p is irregular if and only if p divides the
numerator of some By, k = 2,4,6, ..., p—3. The first few irregular primes are 37,59,67,101,103,131,149 and
157. Tt is known there are infinitely many irregular primes (see [I8]), however, is still an open problem to
show there are infinitely many regular primes. The purpose of this section is to present a proof by class
field theory of the following property of the units of Q((,) when p is regular.

Theorem 2.4 (Kummer’s Lemma). Let p be a regular prime and u € Z[(p]* with u = a (mod p) for
some rational intenger a. Then uw = vP for some v € Z[(,]*.
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Proof. Since uP - (uP~!)™! = u then u is a pth power if and only if uP~! a pth power, note that
uP~! = aP~! =1 (mod p), therefore we may assume without loss of generality that u = 1 (mod p).

Let K = Q(({p) and let L = K(¥/u). Suppose [L : K] > 1. The polynomial f(z) = 2P —u € K[z] is

factored as follows
p—1

f@) =1 - ¢,
i=0
therefore L is the splitting field of f(x) over K, also L/K is an abelian extension of degree p. Let us
see that L/K is unramified. Since K is a totally imaginary number field then L/K is unramified at all
infinite primes. Let i < j, since the factors of discriminant of f(x) are

uG, = V¢ = uG (1= G,
so the only prime which can possibly be ramified is (1—(,), let us see that (1—(,) is not ramified. We have

that u = 1 + pB for some 8 € Z[(p], remember that (1 — (,)P~* = pZ[(,] and [Z[¢p)/(1 — ) : Z/pZ] = 1,
hence =k + (1 — ()7 for some integer k, for some ~ € Z[(,], therefore

u =1+ pk (mod p(1 —¢p)),

S0
+1 = Ngjou) =(1 +pk)P =1+ <pI 1>pk =1 —pk (mod p(1 — ¢p)).

Note that if Ng g(u) = —1 then 1 — ¢, divides —2, which is a contradiction, consequently Ng/q(u) = 1,
then 1 — (, divides k, hence
u=1 (mod p(1 —¢p))
therefore (1 — ()P divides u — 1, note that
p—1

u—1=][(Vu-¢)
i=0
then (1 — (,)POy, divides the product of ideals f:_()l({’/ﬁ — ¢}). Suppose that (1 — () is ramified in L,
since L/K is Galois and [L : K| = p then (1 — (,) must be totally ramified. Let P be the prime of L lying
above (1 — (p), then Pr* divides Hf:_(} (Yu— (), by a combinatorial argument PP = (1 — (,)Or divides
(Yu— CI’;O) for some 0 < ig < p—1, since if i # j

(Yu—C)— (Yu—C)=-d1-¢)

then (1 — ¢,)Op divides ({/u — ¢!) for all i, therefore o = 1;{;/;? € Or, note that L = K(«) and « is a
root of

(I-Glz—1)P +u

(1 - Cp)p
1-G/u _ 1—g;;+c._1—</a
1—-¢p 1-¢ P 1-¢
Let 0 < n < p—1, since (1— ()P divides (?)(1—¢,)P~" and u—1 in Z[(p], it is clear that L is the splitting
field of F'(x) over K, note that if 7 < j then

F(x) =

its other roots are

e Oy,

L-G¥u 1-Gu _ e 1-G 7
T

so (1 — (p) is not ramified in L, contradiction. Therefore L/K is unramified. Then L C H where H is
the Hilbert class field of K. By Theorem [1.1} h, = #Gal(H/K) = [H : K| = [H : L|[L : K] = [H : L] - p,
since p is regular, we have a contradiction. Therefore [L : K] = 1. The theorem is proved. O
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3 First Case of Fermat’s Last Theorem for regular primes

As mentioned in the previous section, Fermat’s Last Theorem is true for regular primes. Let us recall
that the case where p does not divide x,y, and z is called the first case of Fermat’s Last Theorem, the
second case, where p divides one of z,y,z. The greatest difference between the proofs of the first case and
the second case for regular primes is the use of Kummer’s Lemma in the second case.

We note the importance of a prime p being regular. Let a be an ideal of Z[(,], if a” is principal, since p
does not divide h,, then the class group of Q({,) has no nontrivial elements of order p, this means a is
trivial in the class group, so a is a principal ideal.

The purpose of this section is to prove the following fact.
Theorem 2.5. Let p a regular prime. The equation

P +yP = 2P, (zyz,p) =1
has no integer solutions.

Proof. Let us assume that there is a nontrivial solution (z,y, z) of 2P + yP = 2P, with (xyz,p) = 1. The

case p = 3 we have already verified, then we may assume that p > 5. Suppose x = y = —z (mod p), then
P = (—2z)P (mod p)
y" = (—2)" (mod p)

s0 32P = 2P 4+ yP + 22P = 0 (mod p), which is a contradiction, hence z # —z (mod p) or y # —z (mod p).
Therefore we may rewrite the equation if necessary (as 2P + (—z)? = (—y)P) to obtain x # y (mod p).
We shall need this assumption later on. Also, we may assume x,y, and z are relatively prime, otherwise
divide by the greatest common divisor.

In the ring Z[(,], the left-hand side of the above equation is factored as Hf:ol (x + Cz’;y), considered the

equation
p—1

[[@+¢y =27

i=0
as equality of ideals in Z[(p).

Lemma 2.1. The ideals (z + C;y), 1=0,1,...,p— 1, are pairwise relatively prime.

Proof. Suppose p is a prime ideal with p|(z + C;;y) and p|(z + ng), where i # j. Then p|y§1§(1 - gfi).

Therefore p = (1 —(p) or ply, Similarly, p divides {g(x + C;y) — C;(x + ({,y) = xCIJ;(l — (;fj), sop=(1-¢)
or plz. If p # (1 — () then p|z and p|y, therefore x,y € p N Z, which is impossible since (z,y) = 1.
Therefore p = (1 — (p). In that case, (1 — () is a factor of (z), so z € (1 — (p) N Z = pZ, this leads to a
contradiction, since we are assuming that (p, z) = 1. The result follows. ]

Lemma implies that (x + C;,y) must be the pth power of an ideal:
(x + Gpy) = a7, 0<i<p-—1.

Since p is regular and af is principal then a; is principal. Particularly, a; = («) for some a € Z[(,),
so * + (py = uaP for some unit u. Proposition says that uw = (juy for some r € Z and where u;
is a real unit, so uy = wuj. It is easy to see that o = a (mod p) for some rational integer a, therefore
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T+ Gy = Guia? = (uia (mod p). Taking complex conjugates we find that z + C}jly = (, "ura (mod p),
hence

G "+ Gy) = ura = (p(x + Cp_ly) (mod p)
thus
x4 Gy — Cgrx — (I%T_ly =0 (mod p). (2.5)

Now, we need the following lemma

Lemma 2.2. Suppose 8 = ag + a1y + -+ -+ ap,le,’*l with a; € Z and at least one a; = 0. If n € Z and
n divides 3 then n divides each a;.

Proof. Let aj, € {a1,...,ap—1} such that aj, = 0, then B = {1,(, ..., DI\ {0} is a basis for Z[(p) as a
Z—module, so the other a}s give the coeflicients with respect to B. 0

Since p > 5, if 1,(p, 2r 3“1 are distinct, then by Lemma p divides x and y, which is contrary to

D
our original assumptions. Therefore, they are not distinct. Since (, # 1 and Cgr £ ¢?~1 we have the

P
following cases:

. ((37" = 1). We have from (2.5) that

Gy =ty = Gy — ¢, 'y = 0 (mod p),
by Lemma [2.2] p divides y, contradiction.
e (' =1or 2" = (). We have from (2.5) that

(*—y)+ Gy —2) =2+ Gy — (r —y =0 (mod p),

by Lemma p divides x — ¢, which contradicts the choice of  and y made at the beginning of the
proof.

e ("1 =¢p). We have from (2.5) that
$—<5x:x_ 5Ta:50(m0dp)a

again, by Lemma p divides z, contradiction. The theorem is proved.

4 Second Case of Fermat’s Last Theorem for regular primes

Assume that the equation P 4+ yP = 2P has a solution in nonzero integers x, y, z with at least one number
divisible by p. Again, we may assume that (x,y) = (z,2) = (y,2) = 1. Therefore we may rewrite the
equation if necessary to obtain p|z and p{ x,y. Writing z = p"zg, with (z,z,) =1 and n > 1, we have

2P 4+ P = u(l — Cp)(p—l)pnzg

for some u € Z[(p]* and p not dividing xyz,. Therefore (1 — () does not divides zyz,. As the proof of
Fermat’s Last Theorem for the cases p = 3 and p = 5 suggests, it is more convenient to prove a stronger
result.
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Theorem 2.6. Let p be a reqular prime. There do not exist o, B, € Z[(p), all nonzero, such that
oF + B = u(l = ¢
for some u € Z[(p]*, n € Zt, (1 —(p) does not divide affy, and (), (B3), (v) pairwise comazimal ideals.

Proof. Let us see that it suffices to consider the case k = 1. Assume a solution such that k > 2. Consider

the ideal equation
p—1

[[a+¢p) =1 —¢)Pmr

i=0
Let 0, = a + C};B, m =1—(p. Since k € Z" then () divides at least one of the factors (;). Let i # 7,

since 7 divides 6; — 0; = (a+ (/) — (o + Cf)ﬂ) then () divides (6;), 0 < i < p — 1. Therefore 0; = ¢}x for
some 0. € Z[(,]. Since

(05 = 0w = /(1= ¢;77)B = (unit)m3
(G0; — GO =G~ )a

(unit) T

the ideals (6f), ..., (6,1
ideals. Changing 8 to C;;O B does not affect Fermat’s equation, then without loss of generality, we may

assume (0p) = (m)PF=P=1) (94 for some 0} € Z[(,], then

[(m)PE= =D (65)][(m) (61)] - - [(m) (8, -1)] = (m)P*(7)"

) are pairwise comaximal, since otherwise () and («) are not pairwise comaximal

(6)(01) -+ (0p-1) = (7)"

the ideals (67), (6), ..., (},_) are pairwise comaximal, hence each one must be the pth power of an ideal:

1/ D /I P / _ b
0 br=ay, ..., 0, 1 =a,,

since p is regular, the ideal a; must be principal, in particular, ag, a1, a,—1 are principal, therefore

/!
0 = w7
/

0, = u20?

9;_1 = U3BZZ
such that 7., o, By € Z[(5] and ui, u2, us € Z[(,]*, note that
(@+GB) + Gla+E718) = 1+ G)(a+ )

1-¢2
1—Cp

where 1+ ¢, = is a unity, then

(u20®7) + GpusfPm) = wPF=(P=Dy/ AP

SO
aP + uy 8P = 7P DoygP (2.6)

where w4 and us are units. Since 77! and p are associates and k > 2, then

a? + ugfP =0 (mod p).
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As (7) and (B,) are comaximal ideals, then the ideals (p) = (7)P~! and (3.) are comaximal, thus, there
do exist w € (p) and B\ € (B«) such that w + B\ = 1, therefore

Bs«A =1 (mod p)

thus,
ug = ugBPN = (—a, )PAP (mod 5)

since (—a,A)P = a (mod 5) for some rational integer a then us = a (mod 5), by Kummer’s Lemma uy = v
for some unit v, therefore, the Equation (2.6 becomes

of + (B)" = 7P Vuza?.
Again, we can iteratively decrease to kK = 2 and find a solution to the equation
p—1
[[(e+GB) =a” + 57 = urPy?
i=0

such that u € Z[(p]*, ™ does not divide afy, and (a), (f), () pairwise comaximal ideals. Let us see that
cannot happen.

Proceeding similarly to the previous arguments, we find that the ideals (a + C;;B), 0<i<p-1are
multiples of (7), however, in this case, are in fact multiples of (7) exactly once. Let

¢ =ao+arlp+ - +ap_a(l?

be a general element of Z[(p], note that

a

E=aotar+ay+ - tap1—a1(1—G) —ax(l—¢) —- - —apa(l—¢F72).

Let 1 <i < p—1, remember that 1 — (; is a unit multiple of 1 — (,, then
¢ém = ar (mod 7°)

Since |Z[(p]/(1 — ¢p)| = p, there are p — 1 distinct nonzero residues module , therefore there are p — 1
distinct nonzero multiples of 7 module 72, so we must have

a+ C;B =a+ CZB (mod 7?)

for some 0 < i < j < p — 1. Therefore (1 — ¢/=%)3 = 0 (mod 7?), namely () divides (3), contradiction.
The theorem follows. 0

Kummer revived Lamé’s original approach to attempt solving Fermat’s Last Theorem, proving it in the
case when p is a regular prime by considering the p-part of the ideal class group. This p-part of the ideal
class group lies at the heart of Iwasawa’s theory, which we will explore in the next chapter.
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Chapter 3

Iwasawa’s Theory of Z,-extensions

Generalizing Kummer’s ideas, the Japanese mathematician Kenkichi Iwasawa decided to study, instead
of only the p-part of the class group of a number field K, the p-part of certain infinite tower extensions
of it. Let us look at a prototype example of this, given by Iwasawa.

The fields Q((pn ), for every n > 1, form the following tower of number fields:

QC Q&) CQ(Ge) C--- C Q) €

The field Q((p) = U,,>; Q({pn) is an example of an infinite extension of Q, but it is not the "cer-
tain infinite tower extensions” we referred to previously. It is an infinite tower of extensions of certain
subfields of Q((pe), specifically, let Q1 be the subfield of Q((,2) fixed by the unique normal subgroup
H C Gal(Q({,2)/Q) = Z/(p — 1)pZ such that |H| = p — 1, i.e., Q1 = Q((,2)". Therefore, Q1/Q is an

abelian extension of degree p.
/(p— X
\ %

Now, let us generalize this construction as follows. Given that Gal(Q({,n+1)/Q) = Z/(p—1)p"Z, we define
Qy, as the unique subfield of Q({,n+1) fixed by the unique normal subgroup of Gal(Q((,n+1)/Q) of order
p — 1. Therefore, Q,,/Q is such that Gal(Q,,/Q) = Z/p"Z and

Q

QEUEQE Q& ¢ [ C Q)

n>1

The extension Qg := Unzl Qy, of Q is an example of what we will refer to as a Zy-extension. One of the
main purpose of this chapter is to prove a generalization of the following result.

Theorem 3.1 (Iwasawa, 1956). Let p be the exact power of p dividing the class number of Q,. Then
there exist non-negative integers A\, i and v, all independent of n, and an integer ng such that

en =M+ up" +v foralln > ng.

The Iwasawa theory has had a profound impact on our understanding of the arithmetic of number fields.
This chapter is a brief review of this theory.



1 Infinite Galois Theory and Ramification Theory

It is well known that there are infinite Galois extensions in which some subgroups of the Galois group
do not correspond to any intermediate subfield. To formulate a version of the fundamental theorem of
Galois theory for the infinite case, it is necessary to equip the Galois group with an appropriate topology.

Let L/K be an algebraic extension of fields that is not necessarily finite, and assume it is also Galois
(normal and generated by roots of separable polynomials). As usual, G = Gal(L/K) is the group of
automorphisms of L which fix K pointwise. Suppose K C F' C L with F'/K finite. Then Gr = Gal(L/F)
is of finite index in G. The topology on G is defined by letting such G form a basis for the neighborhoods
of the identity in G. Then G is profinite, and

G 2 lim G/Gr = lim Gal(F/K),

where F' runs through the normal finite subextensions F//K, or through any subsequence of such F' such
that | J F' = L. The ordering on the indices F' is via inclusion (F} C Fy), and the maps used to obtain the
inverse limit are the natural maps Gal(F»/K) — Gal(F1/K). The fundamental theorem of Galois theory
now reads as follows:

There is a one-to-one correspondence between closed subgroups H of G and fields M with K C M C L:

Gal(L/M) < M
H + fixed field of H.

Open subgroups correspond to finite extensions, normal subgroups correspond to normal extensions, etc.

Example 3.1. Consider Q((p~)/Q. An element o € Gal(Q((p~)/Q) is determined by its action on (yn
for all n > 1. For each n, we have o(yn = (o7t for some a,, € (Z/p"Z)*, and clearly a,, = a,—1 mod p L

So, we obtain an element of

Zy = lim(Z/p"Z)* = lim Gal(Q(¢pr) /Q).-

Conversely, if a € Z,;, then o¢ ,, = (jn defines an automorphism. The closed (and open) subgroup 1+p"Z,
corresponds to its fixed field Q((pn ).

Now, suppose that K is an algebraic extension of Q, not necessarily of finite degree. Let O be the ring
of all algebraic integers in K, and let p be a nonzero prime ideal of Ok. Then p NZ = pZ for some prime
number p. Therefore,

Z/pZ. = (Z+p)/p € Ox/p.

It can be shown that O /p is a field and is an algebraic extension of Z/pZ (since Ok is integral over Z).
In fact, Gal((Ok/p)/(Z/pZ)) is abelian since any finite extension of a finite field is cyclic, and an inverse
limit of abelian groups is clearly abelian.

Let L/K be an algebraic extension, again not necessarily finite. Let ¥ be a nonzero prime ideal of Oy,
and let p =P N Ok, which is a prime ideal of Ok. Then O /B is an extension of O /p; in fact, it is an
abelian extension since Op, /9B is abelian over Z/pZ. Conversely, suppose we are given a prime ideal p of
Ok. As in the finite case, there exists B in Of, lying above p; that is, p =B N Ok.

Proposition 3.1. Suppose L/K is a Galois extension. Let B and B’ be primes of L lying above p. Then
there exists 0 € Gal(L/K) such that o3 = P.
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We now want to discuss the ramification. However, O and Oj, are not necessarily Dedekind domains,
as they may fail to be Noetherian. This means that we cannot define ramification via factorization of
primes. Instead, we use inertia groups. Let L/K be a Galois extension, as above, and let B lie above p.
Define the decomposition group by

Z=ZB|p)={o€GalL/K) | 0B =P}
We have that Z is a closed subgroup. Now define the inertia group by
T=T®|p)={c€Z|o(a)=a mod P for all « € Ox}.
We have that T is a closed subgroup. As with the case of finite extensions, we have an exact sequence
1T —7Z— Gal((Og/P)/(Ok/p)) — 1.

The surjectivity may be proved by using the fact that we have surjectivity for finite extensions.

Suppose now that L /K is an algebraic extension but not necessarily Galois. Let Q be the algebraic closure
of Q. Then Q/L and Q/K are Galois extensions. Let 8 be a prime of L lying over the prime p of K.
Choose a prime ideal © of O@ lying above . We have

T(D |p) C Gal(K/K),
T(D | F) C Gal(Q/L) C Gal(Q/K),

T(®|B) =T((® |p)NGal(Q/K).

Define the ramification index by

(B lp)=[T®[p):T® [P,

which is possibly infinite. If D’ is another prime lying above 93, then ®' = ¢® for some o € Gal(Q/L),
and

T® |p)=0T(® |p)o !,

T(D'|9P) = oT(D | P)o.
Therefore the index e( | p) does not depend on the choice of ©. If L/K is Galois then there is the

natural restriction map

Gal(Q/K) — Gal(L/K),

with kernel Gal(Q/L). The induced map T'(® | p) — T(B | p) is surjective, with kernel equal to T'(D | ).
Therefore

T®@[p)/T®[B)=TEF ),

and

e(Blp)=ITCR )l

So the ramification index equals the order of the inertia group, for Galois extensions. It follows that the
definition agrees with the usual one for finite extensions.

To consider infinite primes, we proceed slightly differently. Remember that an infinite prime of K is

either an embedding ¢ : K — R or a pair of complex-conjugate embeddings (1,1), with 1) # 1 and
¥ : K — C. Since C is algebraically closed, any embedding ¢ or 1) may be extended to an embedding
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Q — C (use Zorn’s lemma). In particular, we can extend to L. If L/K is Galois and ¢; and ¢o are
two extensions of ¢, then ¢;'p; € Gal(L/K). Hence ¢1 = poo for some o. If (¢1,11) and (19, o)
extend ¢, we have ¢; = 0, hence (1, 91) = (¥2,12)0, for some o. A similar result holds for extensions
of complex infinite primes, so the Galois group acts transitively on the extensions of a given infinite prime.

If L/K is Galois, w is an infinite prime of L, and v is an infinite prime of K below w, then we define
T(w|v)=Z(w|v)={o € Gal(L/K) | wo = w}.

It is easy to see that T is nontrivial only when v is real, w = (1, %) is complex, and o # 1 is the ”complex

conjugation” 1~ 1¢(= ¢—14)), which permutes 1 and ) and has order 2. Therefore
|T(w/v)| =1 or 2.

2 Group Rings, Powers Series and the Structure of A—modules

The main goal of the next section is to prove Iwasawa’s Theorem. Let A = Zy[[T]]. We first state some
results about the structure of A and A-modules that are needed to prove the theorem. For the proof of
these results, see sections 7.1 and 13.2, [I§].

It is known that the ring of integers of Q,, is Z,. Let O be the ring of integers of a finite extension of Q.
Then O is a local ring. Let p be the maximal ideal of O and let m be a generator of p, so (7) = p. The
ring O[[T]] can be endowed with the (7, T)-adic topology.

Let I' be a multiplicative topological group isomorphic to the additive group Z,. Let v be a fixed
topological generator of I', i.e., the cyclic subgroup generated by - is dense in I'. Since the closed sub-
groups of Zj, are of the form p"Z,, the closed subgroups of I' are of the form IP". Let ', =T/T?" so I,
is cyclic of order p”, generated by the coset of ~.

Consider the group ring O[I',]. If m > n > 0 there is a natural map ¢y, ,, : O['y,] — O[I';] induced by
the map I';,, — I';,. Then
O[ln] = O[T/ (1 + TP — 1),

where the isomorphism is defined by
v mod I — 1+T mod ((1+T)" —1).

Since (1+T)P" —1 divides (1+T)?" —1 when m > n > 0, there is a natural map in the polynomial rings
corresponding to ¢, ,. If we take the inverse limit of the group rings O[I'),] with respect to the maps
Gm.n, we get O[[I']], the so-called profinite group ring of I'. The ring O[[I']] is the compactification of the
profinite topological ring O[] and contains certain ”infinite sums” of elements of I'. We have

O[T = lim OT]/ (1 + T)"" —1).
Theorem 3.2. O[[I']] = O][T]] as topological rings, with the isomorphism induced by v+ 1+ T.

The case where O = Z,, is of interest to us, and in this case, we have Z,[[I']] = A.

Proposition 3.2 (Division Algorithm). Let f,g € O[[T]] and assume f = ag+a1T + -+, with a; € p for
0<i<n-—1, but a, € O*. Then we may uniquely write

g=qf +r,

where g € O[[T]] and where r € O[T] is a polynomial of degree at most n — 1.
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Definition 3.1. P(T) € O[T] is called distinguished if

P(T)=T"+a, 1 T" ' +---4ap

with a; € p for 0 < i < n — 1. (Note that P(T) is almost an Eisenstein polynomial. But we allow 72 | ao,

so we do not necessarily have irreducibility).

Theorem 3.3 (p-adic Weierstrass Preparation Theorem). Let
o .
F(T) =) aT €O[T],
i=0

and assume for some n we have a; € p, 0 <i<n—1, but a, ¢ p (so a, € OF). Then f may be uniquely

written in the form
A(T) =PMU(T),

where U(T) € O[[T]] is a unit and P(T) is a distinguished polynomial of degree n.
More generally, if f(T) € O[[T]] is nonzero, then we may uniquely write

f(T) = =" P(T)U(T)
with P and U as above and p a non-negative integer.
Now, the following results tell us about the structure of the group ring A.
Lemma 3.1. A is a UFD whose irreducible elements are p and the irreducible distinguished polynomials.
Lemma 3.2. Suppose f,g € A are relatively prime. Then the ideal (f,g) is of finite index in A.

Lemma 3.3. The prime ideals of A are 0, (p,T'), (p) and the ideals (P(T)) where P(T) is an irreducible
distinguished polynomial. The ideal (p,T) is the unique mazimal ideal.

Lemma 3.4. Let f € A with f ¢ A*. Then A/(f) is infinite.

Definition 3.2. Two A-modules M and M’ are said to be pseudo-isomorphic, written
M ~ M,

if there is a homomorphism M — M’ with finite kernel and co-kernel. In other words, there is an exact
sequence of A-modules
0-A—-M-—-M —B—0

with A and B finite A-modules.

M ~ M’ does not imply M’ ~ M. For example, (p,T) ~ A, obviously. But suppose A — (p,T). Let
f(T) be the image of 1 € A. Then the image of A is (f) C (p,T). But A/(f) is infinite, so (p,T)/(f) is
infinite. Hence, the cokernel is infinite. However, it can be shown that for finitely generated A-torsion
A-modules, M ~ M' < M' ~ M.

We shall need to know the structure of finitely generated A-modules. The following theorem was first

proved by Iwasawa in terms of the group ring Z,[[I']]. Serre was the one who noticed that the group ring
is isomorphic to A.
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Theorem 3.4 (Structure Theorem for A-modules). Let M be a finitely generated A-module. Then

M~ AT (@ A/(p"w) & | P a/sT™)
i=1 j=1

where r,5,t,n;,mj € Z and f; is irreducible distinguished.
We define the Twasawa tnvariants of the module M as
e (M) =ranky (M) = r, this is the A-rank of M.
o u(M) = > n;, this is the Twasawa p-invariant.
o A\(M) =) mjdeg(f;), this is the Jwasawa A-invariant.

Proposition 3.3. The Iwasawa invariants are well-defined.

The ideal char(M) := (] fjm’)(l_[ p™)A is known as the characteristic ideal of M.

3 Iwasawa’s Theorem

A Z,-extension of a number field K is an extension K /K with
Gal(K/K) = Zp.

Let K /K be a Zy-extension. The intermediate fields correspond to the closed subgroups of Z,. Since
the only non-trivial closed subgroups of Z, are of the form p"Z,. Then, for each n > 0, there is a unique
field K,, of degree p™ over K, and these K,,, plus K, are the only fields between K and K,. Therefore,
it is also possible to regard a Z,-extension as a sequence of fields

K=KiCK C--CEyw=|]JKn
n>0
with
Gal(K,,/K) = Z/p"Z.

We have the following results about the ramification in Z,-extensions.

Lemma 3.5. Let Ko /K be a Z,-extension and let I be a prime (possibly infinite) of K which does not
lie above p. Then K /K is unramified at . In other words, Zy-extensions are "unramified outside p.”

Lemma 3.6. Let Ko/K be a Z,—extension. At least one prime ramifies in this extension, and there
exist n > 0 such that every prime which ramifies in Ko /K, is totally ramified.

Now we are ready to prove the following result.

Theorem 3.5 (Iwasawa, 1956). Let Koo /K be a Zy—extension. Let p°» be the exact power of p dividing
the class number of K,. Then there exist non-negative integers A\, u and v, all independent of n, and an
integer ng such that

en=An~+pup" +v foralln > ny.

Proof. Let H, be the Hilbert class field of K,,, so Gal(H,/K,) = CI(K,). By group theory, we have
Cl(K,) = A, ® G,, where A, is the unique p-Sylow subgroup of CI(K,,) and G, is a subgroup of Cl(K,).
Let L, = HS”, so L,/ K, is an unramified abelian extension of degree the exact power of p dividing the
class number of K.
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Definition 3.3 (p-extension). We say that a Galois extension L/K is a p-extension if Gal(L/K) is a
p-group, i.e., |Gal(L/K)| = p™ for some natural n.

Lemma 3.7. L, is the mazximal unramified abelian p-extension of K.

Proof. Let L' be an unramified abelian p-extension K. Let us see that L' C L,,. We have L' C H,, and
|Gal(L'/K)| = p" for some N. Let 0 € Gy, for every | € L’ we have that o?" (I) = (o L,)”N(l) =1. Let a
be the order of o, since (|G|, p) = 1 then there exists an integer b such that p’Vb = 1 mod a. Therefore,

1= (c?")o(l) = o(l), so | € HG" = L,,. 0

Lemma 3.8. L, C L, 1 for every n > 0.

Proof. Since L, /K, is Galois, so K, 1L, /K41 is also Galois. Since the homomorphism

¢ Gal(Kps1Ln/Kni1) — Gal(Ly/Ky)

o = o,
has a trivial kernel then K, 1L, /K,+1 is an abelian p—extension. Let us now see that K, 1L, /K41 is
unramified. Let 8 be a finite prime of K, 1L, and p = PN K,,11. It is easy to see that if o € I(*B|p) then
U}Ln € I(BN Ly|p N Kypy1). Since @ is injective and Ly, /K, is unramified then I(*B|p) is trivial, therefore
Ky +1Ly,/Kp41 is unramified at the finite primes. Now, let us see that K, +1Ly,/Ky+1 is unramified at the
infinite primes. Suppose that ¢ : Kj 41 < R is a real embedding such that ¢ ramifies in Ky, 1Ly, namely,
we can extend ¢ to ¢ : Kyy1L, — C. Thus, QS} is a real embedding, while ¢‘ is a complex embedding,
this is a contradiction because L, /K, is unramified. By Lemma we have KnHL C Ly+1, therefore
Ly, C Lpys.

O

Let I' = Gal(Ko /K) = Zp. Let vy be a topological generator of I'. Let X,, = Gal(L,/K,) = A,. Let
L =U,>0Lnand X = Gal(L/K). Each L, is Galois over K, so L/K is also Galois. Let G = Gal(L/K).
We have the following diagram:

L

K G
G/X =T

K

The idea will be to make X into a ['-module, hence a A-module. It will be shown to be finitely generated
and A-torsion, hence pseudo-isomorphic to a direct sum of modules of the form A/(p*) and A/(P(T)*).
We then transfer the result back to X to obtain the Iwasawa’s theorem.

Remark. By Lemma there exists an integer e such that all primes that ramify in K., /K, are totally
ramified. The fact that all ramified primes in K, /K, are totally ramified proves to be quite convenient.
Since Gal(Ky/K,) = T'?" 2 p°7Z,, and p°Z, = 7, as additive groups, then K, /K, is a Z,—extension, we
can momentarily work with the extension K /K, and prove some results that apply to it.
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Lemma 3.9. Assume that all ramified primes in Ko /K are totally ramified. Then X is a T'-module.

Proof. By our assumption,

Kn+1 an = fNon,

SO

Gal(Ln/Kn) = Gal(LnKn+1/Kn+1),

which is a quotient of X, ;1. We have a map
Xng1 = Xn.
This corresponds to the norm map A, +1 — A, on ideal class groups. Observe that
Xp =2 Gal(Ly K /Koo),

SO
lim X, & lim Gal (U LnKOO/KOO) = Gal(L/Kx) = X.

Let v € I',, = ['/TP". Extend 7 to ¥ € Gal(L,/K). Let z € X,,. Then ~ acts on = by

Since Gal(L,/K,,) is abelian, x7 is well-defined. (This action corresponds to the action on A,,.) Therefore
X, becomes a Z,[I'y]-module. Representing an element of X = lim, _ X,, as a vector (xg,x1,...), and
letting Z,[I',] act on the n-th component, we easily find that X becomes a module over A = lim, _ Z,[I',,].
(The only thing to be checked is that 27 € X, and this is easy to do.) The polynomial 1 + 7T € A acts as
Y0 € I'. We have

2’ =327, foryel,zeX,

where v is an extension of v to G.
O

Lemma 3.10. Assume that all ramified primes in K /K are totally ramified. Let G’ be the closure of
the commutator subgroup of G. Then
G'=X""1=TX.

Proof. Let p1,...,ps be the primes which ramify in K, /K, and fix a prime B; of L lying above p;. Let
I; C G be the inertia group. Since L/K is unramified,

LNX =1

Since K /K is totally ramified at p;,
I; — G/X =T

is surjective, hence bijective. So
G:I,LX:XI,L, izl,...,S.

Let o; € I; map to vy. Then o; must be a topological generator of I;. Since
Ii g XIla

we have
0; = a;01
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for some a; € X. Note that a; = 1. Since I' 2 [; C G maps onto I' = G/ X, we may lift v € T' to the
corresponding element in /7 in order to define the action of I' on X. For simplicity, we identify I and Iy,
so 27 = ~vzy~ L. Let

a=ar, b=py, witha,fel, z,ye X,

be arbitrary elements of G =I'X. Then

aba b7t = axByrtaly1p7!
— 2%afByz oyl
= 2% (ya~ ) (aB)a y 1B
= xa(yx_l)aﬁ(y_l)ﬁ (since T is abelian)
= @)

Let 83 =1, a =y. We find that y7°~! € G, so
Xt c @,

For 3 arbitrary, there exists ¢ € Z, with 3 = ~, so

n

o
1—,8=1—fy§:1—(1+T)cz1—Z<C>T”eTA.
n=0
Since vo — 1 = T, (x*)'=# € X0~ Similarly, (y?)'=® € X~1, Since X"~ = T'X is closed (it is the
image of the compact set X), G’ C X7°~1. This proves the lemma. O

Lemma 3.11. Assume that all ramified primes in Ko /K are totally ramified. Let Yy be the Z,-submodule
of X generated by {a; |2 <i < s} and by X071 =TX. Let Y,, = v,Yy, where

n_ 1+ 7)Y —1

Then
X, = X/Y, forn>0.

Proof. First, consider n = 0. We have K C Ly C L. Since Lg is the maximal abelian unramified p-
extension of K, and since L/K is a p-extension, Lo/K is the maximal unramified abelian subextension of
L/K. Therefore Gal(L/Ly) must be the closed subgroup of G generated by G’ and all the inertia groups
I;,1 < i < s. Therefore Gal(L/Ly) is the closure of the group generated by X~ I, and as,...,as, so

Xo = Gal(Lo/K) = G/Gal(L/Lo) = XI1/Gal(L/Lo) = X/(X 01 a3, ..., as) = X/ Y.

Now, suppose n > 1. Replace K by K,, and ~ by vgn. Then o; becomes ¥ ". Observe that

okt —

k
p 1) +1

= aialaiaf102aiaf2 - Ufaiafka]frl

(ajo
l4o1+-+ok
=a; ' 10”f+1.

Therefore

afn = (Vnai)a’fn,
so a; is replaced by vpa;. Finally, X1 is replaced by ('ygn — 1)X = v, XL, Therefore Yy becomes
vn Yo, which yields the desired result. This completes the proof.

O
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The above result is a very crucial step since it allows us to retrieve information about X, from information
about X.

Lemma 3.12 (Nakayama’s Lemma). Let X be a compact A-module. Then
X is finitely generated over A < X/(p,T)X is finite.
If z1,...,x, generate X/(p, T)X over Z, then they also generate X as a A-module. A special case:
X/(p,T)X =0 <= X =0.

Proof. Consider a small neighborhood U of 0 in X. Since (p,T)" — 0 in A, each z € X has a neighbor-
hood U, such that (p, T)"U, C U for large n. Since X is compact, finitely many U, cover X. Therefore
(p, T)"X C U for large n, so (((p,7)"X) = 0 for any compact A-module X.

Now assume x,...,z, generate X/(p,T)X. Let Y = Azy +--- 4+ Az, C X. Then Y is compact (image
of A™), hence closed, so X/Y is a compact A-module. By assumption, Y + (p,T)X = X. Therefore

(p, T)(X/Y)=(Y +(»T)X)/Y = X/Y,
hence
(p, T)"(X)Y)=X/Y foralln>0.

It follows from the above that X/Y =0, so X =Y and {z;} generates X (this could also be proved more
explicitly by successively considering z € X mod (p,T), then mod (p,T)?, etc.). The other parts of the
lemma follow easily.

O]

Lemma 3.13. Assume that all ramified primes in Ko /K are totally ramified. X = Gal(L/Kx) is a
finitely generated A-module.

Proof. Clearly v1 € (p,T), so Yo/(p,T)Ys is a quotient of Yy /11 Yy = Yy/Y1 C X/Y1 = X3, which is finite.
Therefore, Yy is finitely generated. Since X/Yp = Xj is finite, X must also be finitely generated. This
proves the lemma. O

Arbitrary K. We now remove the assumption. The Lemmas and apply to K /K. In
particular, X, which is the same for K. and K, is a finitely generated A-module. For n > e,

e e n__ e V. def
Lo 4"+t T =t S e

e

This replaces v, for K /K., since 75’6 generates Gal(K/K.). Let Y be “Yj for K..” Then
Y, =vcYe, and X, =X/Y,, forn>e.
We have proved the following.

Lemma 3.14. Let Ko/ K be a Zy-extension. Then X is a finitely generated A-module, and there exists
e > 0 such that
Xn >~ X/vpeYe, foralln>e.

We can now apply the structure theorem of A—modules to X. We can also apply it to Y, with the same
answer, since X /Y, is finite. So we have

Yon X~ e (DA/6M) & (DA/(RT)™).

We shall calculate V /v, .V for each of the summands V' on the right side.
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1. V.= A. By Lemma A/(vn,e) is infinite. Since Ye /vy, (Y, is finite, it follows easily that A does
not occur as a summand.

2. V.= A/(p"). In this case,
V/vp eV o~ A/(pk, Un.e)-

It is easy to show that if the quotient of two distinguished polynomials is a polynomial, then it is
distinguished (or constant). Therefore

v ((L+T)" —1)/T

T T (AT = )/T

is distinguished. By the division algorithm, every element of A/(p, Un,e) is represented uniquely by
a polynomial mod p”* of degree less than deg Un,e = p" — p°. Therefore

\V /v V| = pFe"—p%) = phr"+e,
for some constant c.
3. V=A/(f(T)™). Let g(T) = f(T)™. Then g is also distinguished, say of degree d. Hence
T =pQ(T) mod g
for some polynomial Q(7'), so
T* = (p)(polynomial) mod g for k > d.

If p™ > d, then
(1+T)" =1+ (p)(poly.) + T =1+ (p)(poly.) mod g.
Therefore, )
(1+ T)pn+ =1+ p*(poly.) mod g.
It follows that

n+1

o (LT (L + TP
+ oo+ L+ (p°) (poly.)) (Pasa(T))
= p(1 + (p)(poly.)) Pr+1(T) mod g.

_1)

Since 1 + (p)(poly.) € A,

Pn+2

acts as (p)(unit) on V = A/(g),
PnJrl

for p™ > d. Assume ng > e,pg > d, and n > ng. Then

Un+t2e  VUn+t2 Pn+2

)
VUn+le Vn+1 Pn+1

and P
2
Vn+2,ev = L—F(Vn+1,ev) = pl/n+1,eV

Pn+1
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Therefore
V/vnto, V] = [V/pV|[pV/pVns1,e V],

for n > ng. Since (g, p) = 1, multiplication by p is injective, so
|pV/an+1,eV| = |V/Vn+1,ev|-
Since

V/pV ~A/(p,g) = A/ (p, T?),

we have

V/pV| = p.

By induction,
V/vneV| = p™ "DV v 41,6V

for n > ng + 1. If V/vy, V is finite for all n, then

V/vp V] = pd"+c, n>ng+ 1.

for some constant c. If V/v, V is infinite, then V' cannot occur in our case. This happens only when

(Vnse, f) # 1.
Putting everything together, we obtain the following.

Proposition 3.4. Suppose

E=A® (EBM(JD’“)) o | EPAr/(gD)],
i=1 j=1

where each g;(T') is distinguished (not necessarily irreducible). Let m = Y k; and | = ) degg;. If
E/vpeE is finite for all n, then r = 0 and there exist ng and ¢ such that

|E/vn E| = pm™P" e for all n > ny.

We have an exact sequence
0—-A—>Y.—FE—B—0,

where A and B are finite. We know the order of E /v, E for all n > ng. It remains to obtain similar
information about Y.. At the moment, all we can conclude is that e, = mp™ + In + ¢,, where ¢, is
bounded. The following lemma solves our problem.

Lemma 3.15. Suppose Y and E are A-modules with Y ~ E such that Y/vy, Y is finite for all n > e.
Then, for some constant ¢ and some ng,

Y/vn Y| = p°|E/vneE|  for all n > ng.

Proof. We hace the following commutative diagram

0 —— Y Y Y/vpeY —— 0
% p ¢;:l
0 —— UpoE y B EfvnE — 0

There are the following inequalities.



(i
(i

(iii

[Ker | < | Ker g
|Coker ¢/,| < |Coker ¢|
|Coker ¢!| < |Coker ¢|

)
)
)
(iv) | ker ¢l | < |ker ¢| - |Coker ¢

Inequality (i) is obvious. (iii) holds because representatives of Coker ¢ give representatives for Coker ¢/ .
For (ii), multiply the representatives of Coker ¢ by vy, c.

By the Snake Lemma, there is a long exact sequence
0 — ker ¢/, — ker ¢ — ker ¢, — Coker ¢, — Coker ¢ — Coker ¢, — 0.

Everything is straightforward except the map ker ¢!/ — Coker ¢/,. Let x € ker ¢//. There exists y € Y
which maps to z. Since ¢(y) maps to 0 in E/v, .E by the commutativity of the diagram, we must have
#(y) € vpeE. One checks that ¢(y) mod ¢, (vnY) depends only on z. The map x +— ¢(y) is the desired
one. It remains to check exactness. It follows that

| ker ¢!'| < | ker ¢||Coker ¢/,| < |ker ¢||Coker ¢|,

by (ii). This proves (iv).
Now suppose m > n > 0. We have the following inequalities.

(a) [ker¢y| > [ker ¢y,

(b) |Coker | > |Coker ¢,

(c) |Coker ¢!| < |Coker ¢! |.
For (a), observe that vp, e = (Vm,e/Vn,e)Vne. Therefore vy, Y C v, Y, so ker ¢, C ker¢/,. For (b), let
Um,elY € Vmel. Let z € v, o E be a representative for v,y in Coker @!. Then

UneYy — 2 = ¢(vpex) for some z €Y.

Multiply by v, e/vne to obtain

Um,elY — <W> = ¢(Vm,ex) = ¢Im(ym,€x)'

Une
SO (Vm,e/Vn,e) times representatives for Coker ¢ gives representatives for Coker ¢/ . This proves (b).
Since vp E C vy E, inequality (c) follows easily.
By (i), (i), (iii), (a), (b), (c), the orders of ker ¢/,, Coker ¢/, and Coker ¢! are constant for n > ny, for

some ng. It remains to treat ker ¢//. By the Snake Lemma,
| ker ¢, || ker ¢! ||Coker ¢| = | ker ¢||Coker ¢,,||Coker ¢ |.

(In any exact sequence, the alternating product of the orders is 1; proof: replace 0 - A — B — ---
by 0 = B/A — --- and use induction on the length of the sequence.) It follows that | ker ¢!"| must be
constant for n > nyg. O

We therefore have F, integers A > 0, p > 0, and v, and an integer ng such that

pen = ‘Xn| = ‘X/}/G‘D/é/’/n,eye‘
= (const.)|E /vy E|

An—+pup™—+v
)

=p for all n > ny.

This completes the proof of the Iwasawa’s Theorem. O
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Chapter 4

Dedekind zeta function and L—functions

In 1837, Peter Gustav Lejeune Dirichlet proved the following result:
Theorem 4.1. Let (a,n) = 1. Then there are infinitely many primes p = a (mod n).

This theorem marked a significant milestone in number theory and is considered one of the first major
results in analytic number theory. Dirichlet used analytic methods, including what are now called Dirich-
let L-functions, to prove it.

In the present chapter, we shall introduce one of the most interesting algebraic invariants attached to a
number field: the Dedekind zeta function, which encodes arithmetic data of the associated number field
and plays a fundamental role in this thesis. Finally, we briefly review the L-functions, mainly because
we will need to construct their p-adic analogues later on, and discuss how the p-adic L-functions are
interpolated with the usual L-functions.

1 Class Number Formulas

Let K be an algebraic number field. The Dedekind zeta function (x(s) is defined for complex numbers s
with Re(s) > 1 by the series:
1
Ck(s) = Z Wa

ICOK

where I ranges through the non-zero ideals of the ring of integers O . Like the L-functions, the Dedekind
zeta function converges absolutely for all complex numbers s with real part Re(s) > 1. In a manner
similar to the proof that L-functions have an Euler product, as we shall see in one can prove that the
Dedekind zeta function has one, given by the following

()= T (@—1lell™)~".

peMax(Ok)

Also, the Dedekind zeta function satisfies the functional equation

1—s

w7 (3) " et = 4 (10) - et -

where A = 27727~ N/2, /|dk|, N = [K : Q], r; is the number of real embeddings and 75 is the number of
pairs of complex embeddings.

Now, we present one of the most important results in number theory, which connects analytical aspects
of the zeta function with some of the key invariants of the number field K.
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Theorem 4.2 (Class Number Formula). Let (x(s) be the Dedekind zeta function for the number field K,

then . .
lim (s — 1)Cx(s) = 2" (27) Reg(K)hK.

st W (K)/Jdx]

Theorem 4.3 (Class Number Formula II). The function (x(s) has a zero of order r = ri + 19 — 1 at
s =0 and

Reg(K)h
s (s) =~ evgv((K))K

2 Dirichlet L-series

2.1 Dirichlet Characters and Gauss sums

A Dirichlet character is a multiplicative homomorphism
x:(Z/nZ)* — C*.

Note that if n|m then y induces a homomorphism (Z/mZ)* — C* by composition with the natural map
(Z/mZ)* — (Z/nZ)™ . Thus, we can regard  as being defined mod m or mod n. It is convenient to choose
the minimal n for which x can be defined and call it the conductor of x, denoted f,. If the modulus and
conductor are equal the character is primitive, otherwise imprimitive. The simplest possible character,
xo = 1, called the trivial character, exists for all modulus n. Since this behavior is independent of the
modulus n, the trivial character can be regarded as defined with conductor 1.

We shall always regard x as being a primitive character unless otherwise stated. Additionally, we regard
X as a map Z — C by defining

o if (a, f,) # 1
x(@) {X(a mod f,) if (a, fy) = 1.

Therefore, x : Z — C is periodic of period f,. Let x and v be Dirichlet characters of conductors f, and
[ We define the multiplication x as follows. Consider the homomorphism

v (Z)lem(fy, fy)2)" — C*
a — x(a)y(a).
Then y1 is defined as the primitive character associated to . Let x be any character and let ¢ = x
(complex conjugate). It is to see that if (a, f\,) = 1 then x(a) is a ¢(f,)—th root of unity. Therefore,
Y(a) = x(a)~Lif (a, fy) = 1. It follows that xy is the trivial character. Then it makes sense to consider
groups of Dirichlet characters with a fixed modulus.

It is convenient to classify characters into two types: if x(—1) = 1 then y is called even; if x(—1) = —1
then y is called odd. We have the following properties of Dirichlet characters.

o If (fy, fy) =1 then fyy = fyfo-

e If y is a nontrivial character, then

Ix
Z x(a) = 0.
a=1
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Since Gal(Q(¢,)/Q) = (Z/nZ)™ , it is natural to ask whether a Dirichlet character provides arithmetic
information about subfields of Q(({,). Let us explore some results regarding the relationship between

Dirichlet characters and the arithmetic of number fields. For the proof of these results, see Chapter 3,
[18].

Let x be a character mod n. Let K be the fixed field of the kernel of x. Then K C Q((,), and if n
is minimal then n = f,. The field K depends only on x and is called the field belonging to x. More
generally, let X be a finite group of Dirichlet characters. Let n be the least common multiple of the
conductors of the characters in X, so X is a subgroup of the characters of Gal(Q(¢,)/Q). Let H be the
intersection of the kernels of these characters and let K be the fixed field of H. Then X is precisely the
set of homomorphisms Gal(K/Q) — C*. The field K is called the field belonging to X, and we have
[K : Q] = |X|[; in fact, X = Gal(K/Q). If X is cyclic, generated by x, then K is precisely the same as
the field belonging to x mentioned above.

We have the following statements: Let X; correspond to K;. Then
1. X1 C Xy «— K; CKos.
2. The group generated by X; and X corresponds to the compositum K7 K.

Let n = [[p®. Corresponding to the decomposition

z/nz)* = [[(z/r"z)*

we may write any character y defined mod n as

x=[]x

where X, is a character defined mod p®. If X is a group of Dirichlet characters, then we let

Xp={xp | x€X}

Theorem 4.4. Let X be a group of Dirichlet characters and K the associated field. Let p be a prime
number with ramification index e in K. Then e = #(X,).

Corollary 4.4.1. Let x be a Dirichlet character and K the associated field. Then p ramifies in K <=

X(p) =0 (equivalently p | fy ).
More generally, let L be the field associated with a group X of Dirichlet characters. Then p is unramified

in L/Q <= x(p) #0 forall x € X.
Theorem 4.5. Let X be a group of Dirichlet characters, K the associated field. Let
V={xeX|x(p)#0}, Z={xeX|xp) =1}

Then
e=[X:Y], f=[Y:Z], and g=[Z:{1}]

are the ramification index for p in K, the residue class degree, and the number of primes lying above p,
respectively. In fact,

X/Y 2 the inertia group, X/Z = the decomposition group, Y/Z is cyclic of order f.

Proposition 4.1. Let G be any finite abelian group. Then there exist fields L and K such that
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(a) Gal(L/K) = G, and

(b) L/K is unramified at all primes (including the Archimedean primes).
We may also make L/Q abelian and K/Q cyclic.
The following corollary uses the existence of the Hilbert class field.

Corollary 4.5.1. Given any finite abelian group G, there exists a cyclic extension K of Q such that the
ideal class group of K contains a subgroup isomorphic to G.

Let us recall that if K is a number field with 75 pairs of complex embeddings, then di = discriminant of K
has sign (—1)"2.

Theorem 4.6 (Conductor—Discriminant Formula). Let K be the number field associated with the group
X of Dirichlet characters. Then the discriminant of K is given by

dg = (=1 [] £«

xXEX

Now, we define the Gauss sum of a Dirichlet character x as

I
T(x) =Y x(a)e™/x,
a=1

Gauss sums are crucial in understanding character sums and for proving the quadratic reciprocity law.
The following are key properties of Gauss sums

e For every integer b,

Ix
S x(@)eX b i = (b)7().
a=1

In particular,
T(x) = x(=1)7(x%)-
o 700l =V /fx-
2.2 Dirichlet L—Series
Let x be a Dirichlet character of conductor f,. The L—series attached to x is defined by

L(s,x) = Z X(”)

nS

n=1

For x = 1, this is the usual Riemann zeta function. We shall prove that this function is analytic for
Re(s) > 1. Let ¢ > 1. Note that when Re(s) > ¢

= <

1
ne’

nS
since the series 7, # converges, so L(s, x) converges uniformly and absolutely in the domain Re(s) > c.
Recall that a uniform limit of analytic functions is analytic, and therefore L(s, x) defines an analytic func-
tion for Re(s) > c¢. This is true for every ¢ > 1, hence L(s, x) is analytic for Re(s) > 1.
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Let I'(s) be the gamma function, W, = %, and 6 = 0if x(—1) =1, 6 = 1 if x(—1) = —1. Dirichlet
L—series satisfies the following functional equation

5/2 5 (1=9)/2 /1 _s456
(£ (5o (2) (5o

The functional equation may be rewritten as

I(s) cos (”(32‘5)> Lis) = Y @Z)sL(l —5,%).

Therefore, Dirichlet L—series admits an analytic continuation to the whole complex plane, except for a

simple pole at s =1 when xy = 1.

Like the Riemann zeta function, Dirichlet L—series has an Euler’s product.

Proposition 4.2. For Re(s) > 1 one has a product representation

1
L(s,x) = 1;[ W?

where p runs through the prime numbers.

Proof. In order to prove the above identity, we remind ourselves that an infinite product [[p=; 2 of com-
plex numbers zj is said to converge if the sequence of partial products P, = z1 - - - z; has a nonzero limit.
This is the case if and only if the series Y7~ log(z;) converges, where log denotes the principal branch
of the logarithm. The product is called absolutely convergent if the series converges absolutely. In this
case, the product converges to the same limit even after a reordering of its terms zj.

Let 1
E(s) = H

1= x()p

If we formally take the logarithm, we obtain the series

since

hence

Let ¢ > 1. If Re(s) > ¢ then

therefore

o | (x(p))* =1\ 1 1

k=1



This implies the absolute convergence of the product

0 k
E(s) = exp <ZZ (ﬁ(pi)k) ) .

p k=1

In this product, we now expand the product of the factors

1 x| ) ()’
1—><(p)p‘5_1Jr pr B e

Let N > 0 be a natural number, for all prime numbers p1, ps, ..., pr < N, since y is completely multiplica-

tive we have -
11 1 _ x(py' ) 3 x(n)
1—x ns

s UL o Ur\S
p<N (p)p V1,yeen,pr=0 (pl pr ) n: Ifp|n=p<N

where the right-hand side is a sum over all natural numbers which are divisible only by primes numbers
p < N. For all natural number n such that p|n and p > N we have that n > N, therefore

1
< _
> ne

n>N

x(n)

1 x(n)
L(s,x) — — | < < E
( ) pI;][V 1- X(p)p_s n>N n n>N
- pifn pifn

where the right-hand side goes to zero as N — oo because it is the remainder of a convergent series. This
proves the proposition.
O

In view of the proposition proved above, it follows that L(s,y) # 0 for Re(s) > 1. It is also true that
L(1,x) # 0, but this is a deeper fact which will be proved later.

It is in our interest to give the number L(1 — n, x) explicitly. For this, we need the generalized Bernoulli
numbers. The ordinary Bernoulli numbers B,, are defined by

t =
et —1 ZBTLE
n=0

The generalized Bernoulli numbers B,, , are defined by

x(a)te® > t"
<eht—1 ZBH’XH

n=0

Ix

a=

Note that when y = 1 we have

00 1
t" a)te™ te! t
ZBr“Xi:ZX(t) = n = L +1
n! et —1 et—1 e -1
n=0 a=1
so By, 1 = By, except for n = 1, when we have By = %, B, = —%. Since the power series expansion of
. fxeft_ n has constant term equal to 1, then

Ix
BO,X = Z X(a)'
a=1
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Observe that if x # 1 then By, = 0.

We define Bernoulli polynomials B,,(X) by

teXt 0 "

Since

[e.9]

Z(_l)an(X)%n! - ZBn(X)(n!) T et—1 et_— 16 T et : 1 ZBn(l B X)%n'

n=1 n=1 n=1

we obtain that B, (1 — X) = (—1)"B,(X).

Since -t =3 B,L; and Xt = 3" X"L; we have

- zn: <7Z“> B;X" .

=0

Proposition 4.3. Let F' be any multiple of f,. Then

By = F7! ix(a)Bn (%) .
a=1

Proof. To begin, we observe that

iF”lix(a)Bn( > Zxa
n=0 a=1

Let g = F/f, and a = b+ cfy. Then we have

te(a/F)Ft

fx g-1 (b+cfy)
te X
> ) pry Zx e Zan
b=1 c=0
This proves the proposition. ]

In particular, if n = 1 and F = f,; B1(X) = X — 5 and therefore

x
Zx f—fo Zx(a)a, X # L.
Xa:l

0

It is easy to see that the defining relation for the B, , is an even function of ¢ when x is even and odd
when y is odd. Therefore

Bp, =0 if n#J (mod 2),

with the usual exception By = % (or By = —%) We define the Hurwitz zeta function
(o]
b) = >1, 0<b< 1.
=3 e o1 0
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note that

ey SR S S ()
x(a)fy S, — | .
a=1m=0 a+fm a=1m=0 fX (ﬁ+m) a=1 fX

We are now able to prove the following result.

Theorem 4.7. L(1 —n,x) = —Bpy/n, n > 1. More generally, (1 —n,b) = —B,(b)/n, 0 <b < 1.
Proof. Let

te(l*b)t > tn
F) =" =Y B0
n=0

Define
H(s):/ F(2)2* % dz,

where 7. = (00,¢] + C: + [e,00) and C. = {z : |z] = €} is oriented in the positive direction:

Here, the integrals over (co,e| and [g,00) do not cancel each other because we must regard z° =
exp(slog(z)) as a multivalued function. The integration takes place on the universal covering of C*,

X ={(2,0) e C* xR :arg(z) = 6 mod 27}.

Then we can take log as In|z| on (oo, e] and In |z| 4+ 273 on [g,00). H(s) is defined and analytic for all s.
We may write

H(s) = (e*™ — 1) /oo F(t)t*~ 2 dt —i—/c F(2)z* %dz.

We want to find a functional equation for H(s), so we first assume that Re(s) > 1. Then, if Re(s) > 1, it
is easy to see that

/ F(2)2°2dz —0 as € = 0,
Ce

since H(s) is holomorphic on X, it is independent of e, and therefore

) 00
H(s) = (2™ — 1) / P2 dt
0
_ (627”'5 . 1)/ 51 Z e—(b+m)t dt
e2mis _ 2/ 5 le— (b+m)t dt

e}

_
0(m~|—b)

(= D))

— (62m‘s _ 1)

sT(s)
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By the Fubini—Tonelli theorem, the interchange of summation and integration is justified because

o0 0o
Z/ ’tsflef(ber)t’dt < 00
m=0"0

Therefore
H(s)

(7~ 1)T(s)
which by analytic continuation holds for all s # 1. Incidentally, this gives the analytic continuation of
((s,b). Therefore, if s =1 — n, where n > 1, then 2™ = 1, so

= C(*S?b)

Bn(l — b)

H(l1—n)= / F(2)z " Ydz = (2mi) py

€

Also, note that
lim (e*™ — 1)I(s) =

s—1—n

Thus,

(A =n,b)=(-1)"" = -
Consequently

Ix
H0-n0 = Tor b (1on ) 3 Sveon o (1) -2
a=1

This completes the proof.

Below, we illustrate a connection between the L-functions and the Dedekind zeta function.

Theorem 4.8. Let X be a group of Dirichlet characters, K the associated field, and (i (s) the Dedekind
zeta function of K. Then
= 11 G0

xEX

Proof. 1t suffices to consider the Euler factors corresponding to each prime p. Suppose

(p) = (Pr---By)°
is the prime factorization of p in K, and each 9 has residue class degree f, |B| = p’. Then (x(s)

contains the factor )
[La—1RI) " =a—pF)
Blp

The L-series gives us er v (1 X(p)p_s)_l. Those x with x(p) = 0 do not contribute, so we ignore
them. Since Y/Z is cyclic of order f, where Y is the group of those xy € X with x(p) # 0, and Z consists
of those with x(p) = 1. As x runs through a set of coset representatives for Y/Z, x(p) runs through all
fth roots of unity. Each coset has g elements. Since

f—1

[Ta-¢p)=a-p7),

a=0

the result follows. O
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Corollary 4.4. L(1,x) # 0.

Proof. Let K be the field belonging to x. It is well known that the zeta function of K has a (simple) pole
at s = 1. Let b be the order of x. Then

b—1 b—1
Ciels) = [T Lesx®) = ¢(s) - T Lisox®)-
a=0 a=1

Since ((s) has only a simple pole at s = 1, none of the factors L(s, x*) can vanish at s = 1. This completes
the proof. ]

3 Hecke L-series

Let K be a number field and let m be a modulus of K, which is a formal product of prime ideals of O
and infinite real prime of K. Let I1,(K) denote the group of fractional ideals of K that are coprime to m.
Let P/ (K) denote the group of principal ideals generated by elements of K* that are:

e Congruent to 1 mod m at the prime ideals dividing m,
e Positive at all infinite real primes of K.

The narrow ray class group modulo m is the quotient:

_ In(K)
Cli(K) = P (K)’

A Hecke Character x modulo m (also called a Grdssencharakter) of the narrow ray class group is a

homomorphism:
X : Im(K) = C*

satisfying the following conditions:
1. Multiplicativity: For any two fractional ideals a,b € Iz (K),
x(a-b) = x(a) - x(b).

2. Compatibility with Principal Ideals: If o € K* generates a principal ideal (), and « =1 mod m
and « is positive at all real places of K, then

x((a)) = L.

This ensures that the Hecke character factors through the narrow ray class group CLf (K).

A Hecke character can also be extended to an infinite part to deal with the real and complex infinite
primes of K. For an element o € K*, this archimedean component often takes the form:

x((@) =[] o()™,

where o runs over the real embeddings and complex embeddings of K, and s, is a complex parameter asso-
ciated with each embedding. This part captures the behavior of « at the real and complex infinite primes.

A Hecke character can typically be factored into two components:

40



e A finite part, which is defined in terms of the narrow ray class group and only depends on the prime
ideals of O,

e An infinite part, which deals with the behavior at real and complex infinte primes of K as described
above.

Let x be a Hecke character of the narrow ray class group Clf (K) for some modulus m of K. The complex
Hecke L-function attached to x is given by

x(a)
— [|af|®

Li(s,x) = Re(s) > 1.

where a varies over the integral ideals of K and we put x(a) = 0 whenever (a,m) # 1.

Proposition 4.4. The L-series L (s,x) converges absolutely and uniformly in the domain Re(s) > 1,

and one has 1

L) =1 i

where p varies over the prime ideals of K.

The Hecke L-function satisfies a functional equation that relates the values of Ly (s, x) at s and 1 — s,
much like the classical functional equation for the Riemann zeta function or Dirichlet L-functions. For
our purposes, it is not necessary to present it here.

4 Artin L-Series

Given a Galois extension of number fields L/K with Galois group G = Gal(L/K), and a finite-dimensional
complex representation p : G — GL(V) of G on a vector space V, the Artin L-series L(s, p) associated
with the representation p is defined as an Euler product:

—s -1
L(s, p) = [ [ det (1 — p(Froby)|lp||~* | V)™,
p

where the product runs over all prime ideals p of K, and:

e Frob, is a Frobenius element associated with p in G, defined up to conjugacy (recall that it exists
if p is unramified in L).

e I, is the inertia group of p, and VI is the subspace of V fixed by the inertia group I.

The link between Artin and Hecke L-series is provided by class field theory. Let L/K be an abelian
extension, and let f be the conductor of L/K, i.e., the smallest modulus

f=][e

ploc

The Artin symbol (L/TK> then gives us a surjective homomorphism

J/Pl — G(L/K), a mod Pl +—s <L{1K)
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from the ray class group J'/PT. Here JI is the group of fractional ideals prime to f, and P' is the group
of principal ideals (a) such that a =1 mod f and a is positive in K, = R if p is real.

Now let x be an irreducible character of the abelian group G(L/K), i.e., a homomorphism
x:G(L/K)— C*.

. . . L/K N .
Composing with the Artin symbol (T)? this gives a character of the ray class group J'/Pf. It induces
a character on J', which we denote by

x:J = Cr

this character on ideals is a Grossencharakter mod f, and we have the

Theorem 4.9. Let L/ K be an abelian extension, let f be the conductor of L/ K, let x # 1 be an irreducible
character of G(L/K), and X the associated Grossencharakter mod §. Then, the Artin L-series for the
character x and the Hecke L-series for the Grissencharakter x satisfy the identity

1
L(L/K,x,s) = L(x,s),
(B = T om0

where S = {p | §: x(Ip) =1}.
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Chapter 5

Arithmetic Equivalence

In the previous chapter, we saw that (x(s) governs the arithmetic of an algebraic number field K. We
now study when two number fields K and K’ have identical zeta functions

Cr(s) = Crr(s). (1)

In 1925, Fritz Gassmann proved the existence of two number fields K and K’ such that (x(s) = (x/(s)
but K 22 K’. Also, it is known that if N is a Galois extension over Q, then N is isomorphic to any field
L that has the same zeta function. The purpose of the present chapter is to study equivalent conditions
for the Equation (1)) and some of its consequences.

1 Perlis’ Theorem

The exposition given in this section is mainly based on the paper by Robert Perlis [14].

Throughout this section, L/Q will denote a finite normal extension containing K and K’. Let pOg =
pS' -+ - pg’ be the prime decomposition of a rational prime p and let f; = [Ok /p; : Z/pZ] be the inertia
degree of p;, numbered so that f; < fiy1. Then the tuple A = (fi, ..., fy) is called the splitting type of p
in K. Every tuple is associated with the set

Pr(A) = {p € Z : p has splitting type A in K}
Since fi + - -+ fy < [K : Q], Px(A) is empty except for finitely many A. The notation
Py (A) = Pgi(A)

will be used to indicate that these two sets differ by, at most, a finite number of elements. This is
convenient for excluding the ramified primes from consideration. Remember that K is not necessarily
a Galois extension over Q. Therefore, the decomposition group is not necessarily defined. The key to
solving this is to consider the subgroup H = Gal(L/K) of G = Gal(L/Q). Let p € Z be a prime number
unramified in L. Let p be a prime of K lying above p, and let 8 be a prime of L lying above p. We know
that G- P = {o(P) : 0 € G} is set of primes of L lying above p, so if o() is a prime lying above p then
the set of primes of L lying above p is {h(c(P)) : h € H}. Therefore, if 7 € G is such that 7(*B) is a prime
lying above p then 7(B) = h(c(*R)) for some h € H, that is, 77! -h-0 € C = D(B | p), namely, 7 = h-c-¢
for some ¢ € C. Thus, the prime p is uniquely represented by the set HoC', which is the equivalence class
of o under the following equivalence relation in G

o~ if and only if 7 =h -0 -c for some h € H; for some c € C.

43



The above equivalence relation is known in group theory as double coset, where the (H,C)-double coset
of o is the set HoC, and the set of all (H, C')-double cosets is denoted by H\G/C. Note that if (f1, ..., fg)
is the splitting type of p in K, then |H\G/C| = g. Moreover, we can consider the double coset HoC' as
the right action of C' on Ho. Suppose that p; is represented by the double coset Ho;C, for 1 < i < g.
Note that
Stab(Ho;) ={c€ C:Ho;-c=Ho;}={c€C:Hoj-c-0;' =H}y={ceC:0;-c-0;' € H}
={ceC:ce€o;'Ho;} =Cno;'Ho;.

In view of the following one-to-one correspondence

D(e(B) |p) = CN ai_lHai

h —>Ul-_l'h'0'i

we obtain |C'N O'z-_lHO'Z'| =[O /Bi : Ok /pi]. Therefore

C
HoCl= Y Hoed= Y |H|=|Hl O = |H|- Ok /p:: Z/pZ] = |H]-fi
: : |CNo;  Hojl
c representative c representative 1
OfC/CﬂO’;lHO'i ofC’/C’ﬂaleUi

Therefore, if C' is the decomposition group of p in G and H = Gal(L/K), then the splitting type (f1, ..., fg)
is simultaneously the coset type of G modulo (H,C) : If G = |J!_, Ho;C is disjoint, then n = g and
|Ho;C| = |H| - f;, the cosets having been numbered in increasing order. Thus, p has the same splitting
type in both K and K’ if and only if

coset type [G mod (H,C)] = coset type [G mod (H',C)] (2)

where H' = Gal(L/K’).

Since p is unramified then C is a cyclic group; by the Frobenius density theorem, every cyclic sub-
group of G is a decomposition group for infinitely many primes numbers p € Z. Thus Px(A) = Pg:(A)
for all tuple A is equivalent to (2) for all cyclic subgroup C' of G.

Now, let us see an equivalent condition to criterion (2). Two subgroups H and H’ of a finite group G are
said to be Gassman Equivalent in G when

c“NH|=|c“NH|
for every conjugacy class ¢ = {g-c-¢g~'} in G.

Lemma 5.1 (Gassman). Two subgroups H and H' of a finite group G are Gassmann equivalent if and
only if the coset types of G mod (H,C) and G mod (H',C) coincide for every cyclic subgroup C of G.

Proof. First, let us see that either condition implies that |H| = |H'|.

(Gassman equivalent = |H| = |H'| ). If two conjugacy classes, say ¢ and d“, overlap, then there are
0,7 € G such that oco™" = 7dr7 !, s0 ¢ = o~ 'rd(o7 7)1, giving ¢& C d¥, hence these conjugacy classes
are equal. For an arbitrary h € H, we have hld = h, so the conjugacy classes cover H. Hence

H= || (“nH),

ceG, repr.
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i.e., H is a disjoint union of representatives of conjugacy classes intersected with the subgroup H. Thus,

we have
Hl= Y [|“nHI= > [“nH|=|H|
ceG, repr. ceG, repr.

(Equal coset types = |H| = |H'|). We have f; = f/ for all i € {1,...,h} where the f; and f! are given by
|HT,C| = |H|- f; and |H'7;C|=|H'| fi.

Because G = I, HT;C = ", H'7/C we can deduce

h h
Gl =[H]-> fi=|H|Y_f,
i=1 i=1

hence |H| = |H'|.

By defining numbers [;, which depend on the coset type, we can make numbers k;, which depend on
the Gassmann equivalence class. Let C be an arbitrary cyclic subgroup of G, and let ¢ be its generator.
Define the number ;:

li=+#{9€G:[HgC|=|H|-1}
= # {cosets of HgC : order is |H| -i} - |H| -4

The last equation holds because each coset of order |H| -4 has exactly |H|-i elements. Define the number

k;
ki=#) ld

dli
=#{g€ G:|HgC| divides |H| - i}

B o9 L
=# gEG.7|Hng’ divides 14

:#{gEG:Hﬁ<cg) D (cig)}
:#{QEG:gcigfl EH}
= |(¢"YY N H| - stabilizer of ¢'.

(1) Because |HgC|= |HgCg~| = |HCg~ | =|H|-|CY]/|H N CI|.

(2) The order divides 7, so for an arbitrary a € C9 we have a’ ~ 1in CY/(HNCY), and thus a* € (HNCY).
Actually, we have (c')9 C H N (c9).

(3) Since g{c')g~t C (c9), we can simplify (c')9 C (H N (7)) to g(c')g~! C H. Because H is a group, it
is enough to only require this for the generator.

Now Mébius inversion gives us l; = >, kap(i/d), where 1 is the classical Mobius function. Analogously,
we get I} and k] for the group H'. We have defined /; and [ in such a way that we have that if for all
cyclic groups C the coset types are equal if and only if [; = I/ for all i (by |H| = |H'|). By the last part
of the proof, we have I; = I/ for all 7 if and only if k; = k] for all <. The number k; respectively k. is equal
to the number of elements of the conjugates of ¢! which are in H respectively H' times the number of
elements which stabilize ¢!. Because the last part of this definition is equal for k; and k., we get that we
have k; = k! for all i if and only if (¢))¢ N H = (¢"Y¢ N H’ for all i, and this defines Gassmann equivalence
for H and H'.

[
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Lemma 5.2. Let 7i(s) = [[i_1(1 — ¢;*) and 72(s) = [[[L,(1 — d;*) with real ¢j,d; > 1. Let f(s) be
a meromorphic function whose zeroes and poles do not lie among the zeros of either 11(s) and 72(s). If
7(s) = 11(s)/12(s) satisfies

r(s) = f(s) - (1 = 5)

then 11(s) = m»(s) and f(s) = 1.

Proof. Suppose that after all common factors have been canceled from 7i(s) and 72(s) we obtain that
T1(8) # 72(s). Note that

1-¢°=0 < =1 eloelei)s =1 «= log(c;) - s = 2mik for some k € Z,

therefore, the set of zeros of 71(s) is

{2mik/log(¢j)} k. jyezx[1.n]

analogously, the set of zeros of 7(s) is

{2mik/log(d;)} (k,j)ezx[1..m]-

Let ay = 2mi/log(c1), then

(] 7‘1(0&1) =0
e 71(1 —ay) # 0 (because the zeros of 71 are purely imaginary)
e f(ay) # 0 (by hypothesis)

so T2(aq) = 0. Thus 2mi/log(c1) = 2mi - r1/log(d;,) for some 71 € Z and some dj,. By setting ¢j, = ¢1 we
have that
dj, = C;i
Since ¢j, and d;, are greater than 1, the integer 71 must be positive. Similarly, selecting ap = 27i/log(d;,)
produces the relation
¢, =d}, 11 >0,

Thus ¢j, = cgllll. Since there are at most n distinct ¢;’s, repeating this procedure n times yields a relation

kb Tndkgn
Cir = Cjp

from which it follows that ry = Iy = --- = 1. But then dj, = ¢;* = ¢;, so 71(s) and 72(s) have a common
factor, which is a contradiction. O

Let 71 (K) and r1(K’) denote the number of real embeddings of the number fields K and K’, respectively.
Let 79(K) and r9(K’) denote the number of complex embeddings of K and K’, respectively.

Theorem 5.1 (Perlis’ theorem). Let K and K' be two number fields and L be a Galois extension of Q
containing K and K'. The following are equivalent:

(a) Ck(s) = Cxr(s)
(b) Px(A) = Pgi(A) for every tuple A.
(¢) Pg(A) = Pg:/(A) for every tuple A.
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(d) H= Gal(L/K) and H' = Gal(L/K') are Gassmann equivalent in G = Gal(L/Q).

If one of these statements is true then we say that K and K' are arithmetically equivalent, and all
of the following hold:

(1) [K:Q = [K": Q).

(2) The discriminants of K and K' are equal.
(3) m(K) =r1(K'") and ro( K) = ro( K').

(4) K and K' have the same normal closure.
(5) K and K' have the same normal core.

(6) The unit groups Ugx and Uk are isomorphic.

Proof. “(a) = (b)”: Define
A(n) ={I C Ok : ||I|| =n}

Al(n) ={I C O+ |[T| = n}.

Now Cie(8) = Snen 2 and Crer(s) = S en o) for Re(s) > 1. Thus
A1) = lim Cx(s) = lim (o (s) = A'(1).

Let us suppose A(i) = A'(i) for all i = 1,...,1 — 1. Now cancel the terms A(i) respectively A’(7) in the
zeta functions and multiply this with [°. The limit for s going to infinity gives the following equality

— 1 A(n) S _ 1 A/(Tl,) S __ !/
AW = Jim > =50 = i ) S B = A Ve,

so this is true for all [ € N. In Og and Ok every nonzero prime ideal is maximal. To consider only the
prime ideals, we have to subtract all the non-maximal ideals. Let B(pf) be the number of prime ideals of
norm p/, hence

By =AW - D A@™)...Ap™).

a1+-+ar=f
a; EN,t>2

Now B(pf) determines the splitting type of p in K. We can define B(p/) analogously and B(pf) = B'(p/).
It follows that Py (A) = Pk(A).

“(b) = (c)”: This is trivial.

“(c) & (d)”: By Lemma we have for every tuple A that Px(A) = Pg/(A) if and only if the coset
types of (G, H,C) is equal to the coset type of (G, H’,C) for all cyclic subgroups C of G. Secondly, let
us recall that we have equal coset types if and only if H and H’ are Gassmann equivalent.

“(d) = (a)”: In this case, C' is the decomposition group of the real infinite divisor of Q, i.e., either C
consists only of the identity or C' also has complex conjugation, so this group C' is cyclic. Now

r(K)={Ht;,C : |[Ht;,C| = |H|} = r(K"),
because by (d) and the fact that |H| = |H'|. Similarly, we have

TQ(K) == {thC : ‘HtZC| == 2|H|} == T‘Q(K/).
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Define s
Gi(s) = 7~/ (5) . Ga(s) == (2m) T (s)
Zk(s) = G1(s)" ) Go(s)2 ) ¢ e (5).

The completed zeta function Zx is analytic outside 0 and 1 and Zx (s) = |dg |V =5 Zk (1 — s), where dg
and dg- are the corresponding discriminants.
Since the real and complex valuations are equal for K and K’, it follows that:

Ci () _ Zc(s) _ ‘ dic |1/2=s ‘ Cre(1—s)
Cki(s)  Zk(s) Crr(1—s)
Let us recall that the zeta function has an Euler product. Since we have (c) if and only if we have (d), we

know that there are only finitely many primes which have a different splitting type. Hence the quotient
of the zeta functions of K and K’ is a finite product:

Cr(s) T —d*)™
Crr(s) - Tlim (=)
By the analytic continuation, this is true for all complex s. We get by Lemma Cr(s) = Cxr(s).

dx

Let us now prove the properties of arithmetically equivalent number fields K and K.
“(1)7: This is obvious as |H| = |H'| and

|H|-[K:Q]=[N:K|[K:Q=[N:K'|[K':Q]=|H| -[K':Q),
hence [K : Q] = [K': Q).

d
are equal, the discriminants are also equal.

“(2)”: Since %‘ =1 and hence dg = (—1)"5)|dg|. Because of the complex embbedings of K and K’

“(3)”: This follows from the proof of (d) implies (a).

“(4)”: The normal closure of K/Q is equal to the fixed field of

ﬂH":{gEG\V(JEG:J_lgUEH},
oeG

which indeed contains K. Take h € () o H°. For all 0 € G, cho~! € H, so by (d) |h¢| = [hY N H| =
|hG N H'|. Thus h € ,eq H° . Likewise (,cq H” € Nyeg H, 50 Nyee HT = Nyec H” .

“(5)”: The normal core of K is the fixed field of (H° | ¢ € G). For all h € H, h'd € H, so
WG N H'| = |hE N H| # 0. It follows that there exists a ¢ € G such that h® € H’. This is true for
each h, and the analogue is true for all B’ € H’. Thus we have an inclusion of the generators. Hence
(H° |c € G) = (H"” |0 € G).

“(6)”: By Dirichlet’s unit theorem the unit group is a direct product of a free group and a finite cyclic
group generated by the largest root of unity of K resp. K'. This free group has rank r1(K) 4+ ro(K) — 1
resp. r1(K’) +ro(K’) — 1, which are equal because the valuations are equal. Adjoining a generating root
of unity ¢ of K to Q(¢) is a normal extension which lies in K’ by (5). Likewise, the roots of unity of K’
lie in K, so K and K’ have the same roots of unity. Hence, the unit groups are isomorphic.

O
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Chapter 6

p-adic L-functions

In the present chapter, we describe two different methods of constructing p—adic L—functions, one given
by Kubota-Leopoldt and another given by Iwasawa. Finally, we discuss a deep relationship between
p—adic L—functions and A—modules. The exposition given in this chapter is mainly based on the book
by Lawrence C. Washington [I8].

1 Kubota-Leopoldt’s construction

In this section, we shall construct p—adic analogues of Dirichlet L—functions. First, we need some basic
results on p—adic analysis. For the proof of these results, see section 5.1, [18].

Let @, be the algebraic closure of Qp. The absolute value on Q) extends uniquely to Qp; we let ord,
denote the usual valuation on Q,, normalized by ord,(p) = 1, and let |z|, = pordp(x)

Proposition 6.1. (Q,, ]| |,) is not complete.

It is more convenient to do analysis in a complete field, therefore, we let C,, be the completion of Q,. The
p—adic absolute value naturally extends to C, and Q, is dense in C,,.

Proposition 6.2. C, is algebraically closed.

C, may be regarded as the p—adic analogue of the complex numbers. In fact, C, and C are algebraically,
but not topologically, isomorphic. Sometimes, for technical reasons, it is convenient to embed C,, in C, or
vice versa.

From now on, unless otherwise stated, we shall be working in C,,.

Definition 6.1. (p—adic exponential function). The p—adic exponential is defined by

[e.9]

XTL
n=0

1
Proposition 6.3. The p—adic exponential exp(X) has a radius of convergence p~ »=1.

We now define the p—adic logarithmic function:

o0

-1 n+1Xn

log,(1+ X) = Z (>n
n=1
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Let W denote the group of all roots of unity of order prime to p in C;. Then
C, = ¢ x W x Uy

where
Uy={zeC,| |z —1] <1}

Proposition 6.4. There exists a unique extension of log, to all of C; such that
log,(p) =0 and log,(zy) =log,r +log,y forallz,y € C;.

Lemma 6.1. If 2|, < p~Y/®=Y then |log,(1+z)|, = |z|, and if |z|, < p~/ @Y then |log,(1+x)|, < |zl,.

The following result provides a way to lift a root of a polynomial modulo p to a root in Zj,, under suitable
conditions. It is a key tool in p-adic number theory.

Theorem 6.1 (Hensel’s Lemma). Let f(X) = X"+ a,—1 X" 1+ -+ ag be a polynomial in Z,[X] with
formal derivative f'(X) =nX""1+...+ay. Let ¢y be a p—adic integer such that f(co) =0 (mod p) and
f'(co) # 0 (mod p). Then there exists a unique p—adic integer such that f(c) =0 and ¢y = ¢ (mod p).

We note an important consequence of Hensel’s lemma. Letting f(X) = XP — X, we have f/(X) =
—1 (mod p) and f(a) =0 (mod p), a =0,1,...,p—1; we find that Z, contains the (p — 1)th roots of unity.

Definition 6.2 (Teichmiiller Character). The Teichmiiller character is a homomorphism of multiplicative
groups :
L TX X
w:F) —7Z,

such that w(a) is the unique (p — 1)th root of unity in Z, such that w(a) = a (mod p). Also, w(a) is
called the Teichmiiller lift of a.

Let (a) denote w(a)a, so (a) =1 (mod p). Since |(a) — 1|, < 1 then by lemma log,(a) = log,((a)).
Proposition 6.5. If |z| < p~Y/®=1) then

log, exp(r) = x

and
explog,(1+x) =1+

Finally, let a € Zy,, pt a. We may define
(a)" = exp(zlog,(a)) = exp(xlog, a).

Since |log,(a)| < |q| = 1/g, this converges if |z| < qp~/®=1) > 1. If £ = 1 then (a)! = (a) by Proposition
Similarly, if n € Z then (a)™ agrees with the usual definition. In particular, if n = 0 (mod p — 1), or
0 (mod 2) if p = 2, then (a)" = a”".

Let

<X> X(X—1) (X —n+1)

n n!

Then (if) is a polynomial of degree n in X and if X is an integer we obtain a binomial coefficient. If

X € Zy then X is close to a rational integer, so ()n() is close to an integer. It follows that ()n() € Zy if
X € Zy.
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We are now ready to present p-adic L-functions. Let x be a Dirichlet character. If we fix, once and for
all, an embedding of Q into C,, we may regard the values of x as lying in C,. Also, observe that w(a) is
a p-adic Dirichlet character of conductor p and order ¢(q) = p—1 . It may be regarded as coming from a
complex character if desired, but the choice is noncanonical and depends on an embedding of Q((,—1) into
Qp. It is better to regard w as a p-adic object. Note that it generates the group of Dirichlet characters
defined mod p.

Theorem 6.2. Let x be a Dirichlet character of conductor f and let F' be any multiple of p and f. Then
there exists a p-adic meromorphic (analytic if x # 1) function Ly(s,x) on {s € C, | |s| < p-p~/P~1}

such that B
Lyl —n,x) = —(1 - xw ™(p)p" H)—2 " > 1
n

If x =1, then Ly(s,1) is analytic except for a pole at s = 1 with residue (1 —1/p). In fact, we have the

formula '
Ly(s,x) = %S i - ZF:X(Q)<G>1—S i (1 - s> (3 <Z‘)J.

a=1 7=0 J

2 Iwasawa’s construction

In this section, we give an alternative method to construct the p—adic L—functions. This construction
was given by Iwasawa in 1969.

Let p be an odd prime number. Remember that Q((pn)/Q = (Z/p"Z)*. Let us see that

Cal(Q(Gye)/Q) & m(Z /D) = T
Let a = Y 2 a;p’ € Z), note that

[e.9]

oa(Gr) = [[(Gm) 7",

=0

which is a finite product since (Cpn)pi =1 for ¢ > n. Clearly o, € Gal(Q((p~)/Q).
Let o € Gal(Q(¢p~)/Q), we know what happens at each finite level,
o (Gr) = (Gn)™ 7,
for some S, 1 =ag +aip+- -+ an_1p" ' € (Z/p"7Z)* . Therefore, if
a=ag+ap+agp®+- -,
then o = g,.

It is well known that the functions exp : pZ, — 1+ pZ, and log, : 1 + pZ, — pZ, are inverses, so
log,, is an isomorphism from the multiplicative group 1 + pZ, to the addictive group pZ,. Note that

o
log,(1+p) = Z k+1p = p - (unit).
k=1

Now,
LY = (Z/pL)* x (1 + pLy) = (Z/pL)* x Ly,
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where the isomorphism is given by
a — (w(a) mod p, (a)) — (w(a) mod p,

Also, using properties of exp, and log, we see that 1 + p is a topological generator for 1 + pZ,; i.e.,
(1+p)t» =1+ pZ,.

Let m be an integer such that (m,p) = 1. Now, a Dirichlet character x is called a character of the
first kind if its conductor f, = m or f, = mp and it is called a character of the second kind if f, =1 or
fx =p", n > 1. Consider the natural isomorphism

™ (Z)p" L) — (Z/pL)*.

Note that Ker(m) = {1 +pk : 0 < k < p"1}. Since if a € (Z/pZ)* then a - Z/p"*Z = Z/p"'Z,
therefore (Z/p"Z)* = (Z/pZ)* x Ker(m). Since |Ker(w)| < [(Z/p"Z)*| then Ker(m) is a cyclic group, so
Ker(r) = Z/p"~'7Z, therefore
(Z/p"2)* = (Z/pZ)* x (Z/p"~'Z).
On the other hand, we have
@4 )" = (Z/dT)* x @fPT)*,  (dp)=1.

We see that any Dirichlet character x can be uniquely decomposed into a product of a character of the
first kind, say, #, and a character of the second kind, say, 1 :

X = 0.

Let d be a positive integer with (p,d) = 1. We assume d # 2 (mod 4). Let g, = p"*td, n > 0; K,, = Q({,,),
and Koo = J,>0Q(Cg, ). Then K, = Ko((pn+1) and Koo = Ko((p). Let 0 € Gal(Kw/Q). Then 0|k, =

da, € A = Gal(Ko/Q) such that dq,(Cpq) = (Gpa)? for some a, € (Z/pdZ)*. Define 0} € Gal(K/Q)
such that 8% ({g,) = (¢g,)* for any n > 0. Clearly (0% )"' oo € I' = Gal(K/Ky), therefore, it follows
easily that

Gal(K»/Q) =2 A xT.

More explicitly, I' = 1 + qoZ, = (1 + qo)%», where (1 + qo)%» = {(1+ qo)* : © € Z,}. Then 1 + qo gives a
topological generator. The elements of I' which fix K,, are

1+ qnZy = (1 + qo)"" % =T"".
Since dZ, = Z, then
T, = Gal(K,/Ko) = T/T"" = (14 pZ) /(1 +p" "' Zy) = 7, /0" T,y = L/p" 7,

Therefore
Gal(K,/Q)=AxT,

Corresponding to this decomposition, we write
0q = 0(a)yn(a), withd(a) € A,yn(a) € Ty.

Let x be a character of Gal(K,/Q) whose conductor is of the form dp’ for some j > 0. We see that y
can be uniquely decomposed as y = 0, where 6 has conductor d or dp, so 6 is of the first kind, while 1)
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is a character of I'y,, so % is a character of the second kind. Suppose that 6 is an even character, and let
0* = wh™1, 50 0 is odd. Let Ky = Q,(6(1),0(2),...), so Og = Z[0(1),0(2), ...]. Let {z} denote the fractional
part of the real number x; so z —{z} € Z and 0 < {z} < 1. We define the Stickelberger element

o= ¥ {20 e

0<a<qn n
(a,qo)zl

since 04(1449) = 6(a(1 + qo))vn(a(l + qo)) = d(a)¥n(a)yn (1l + go) then

§n = — Z a(l_’_qO)} 5(@)71’}%(@)71’}%(1 + qo)il'

0<a<qgn In
(a,q0)=1

Let
= (1= (1+ g (L + d0) ")
= — Z ({a(l—i—qo)} _ (1 +q0);> 5(a)71’yn(a)71’yn(1 _’_qo)fl

0<a<qgn in
(a,q0)=1

note that n, € Z,[A x I';]. Let

X =

5eA
be the idempotent for 8*. Then £¢+&, = £n(¢9)59* and eg+ny, = 1, (0)ep+, where

:——Zaﬁw Yn(a) ™t € Ky[T),

and

M (0) = (1= (1 + q0) (1 + g0) )& (0)

=3 (v () - (™)) <o @mmtarni ) < orl

an
The elements 7,,(6) and &,(0), as defined above, satisfy the following properties:

Proposition 6.6. (a) 31,(0) € Og[I',);
(b) if 0 # 1, then %gn(9> € Og[I'y];
(c) if m >n >0, then n,(0) — n,(0) and £, (0) — £,(0) under the natural map from Ky[I'y,] to Kg[l'y].

Since Oy[[I']] = Oy[[T]] and the above proposition, we find that there are power series f,g,h € Op[[T]]
such that

limé&,(0) < f(T,0) (if6#1)
lim 7, (0) < g(T,0)
lm 1 — (1+go)ym(l+q0)~" ¢ h(T,0).

It is easy to see that

. 1+ qo
nT,0) =1 T
Also,
_ 9(T.,0)

If = 1, we take this as the definition of f(T,6).
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Theorem 6.3. Let x = 0y be an even Dirichlet character (0 = first kind, ¢ = second kind), and let
Cp=v(1+4q) ' =x(1+4q)! (aroot of unity of p-power order). Then

Ly(s,x) = f(Cp(1 4+ q0)" = 1,6).

3 The Main Conjecture

As before, let Qo /Q be the unique cyclotomic Zy-extension of Q and let L, be the maximal unram-
ified abelian p-extension of Q, and A, be the p-Sylow subgroup of the ideal class group of Q,. Set
X, = Gal(L,/Qp) =2 Ap, L = 50 Ln and X = Gal(L/Q«). 'y = Gal(Q,/Q) acts on A,, and makes
it into a Z,[I';,]-module. The norm map N, from A, to A,_; commutes with the action of the group
ring. Using A = Z,[[I']], A becomes a A-module by defining the action componentwise. We also have
X = @Xn = @An.

Now let G be a finite abelian group and G its character group. For y € G, define

= g7 L Xe)o ! € UG

oeG

where Q is the algebraic closure of Q. The following properties of €, ’s can be easily verified:
1. 53( = €y,
2. eyey =01if x # 9,
3. eré ey =1, and

ex0 = X(0)ey.

-

The €,’s are called the orthogonal idempotents of the group ring Q[G]. Let M be a module over Q[G]

and M, = e, M. For m € M, property 3 implies eré gym = m and eré exep = 0= ey&y = 0 using

property 1 and 2. Therefore M = EBX M,. Each 0 € G acts on M and thus M, is the eigenspace with
eigenvalue x(o) by property 4.

In particular, let G = Gal(Q((,)/Q) = (Z/pZ)*. Then G = {w'|0 < i < p — 2} where w is the p-adic
Dirichlet character. The idempotent elements in this case are:

Since G x I';, acts on A, in the same way as the action of I';, on A,, = X, was defined, G acts on A,, and
thus A,, can be considered as a Z,[G]-module. So we can decompose A,, according to the idempotents.
Each €;A,, is now a Zy[I',]-module, hence lime; A,, = ¢, X is a A-module. The following amazing result
relates these A-modules (algebraic objects) to p-adic L-functions (analytic objects):

Theorem 6.4. Assume p{h(Q((,)). Let Po(T) = (1+ T)?" — 1. Then fori=3,5,...,p—2,
eiX = A/ (Po(T), f(T,w' ™))

and

eiX 2 A/(f(T.w! ™),
where f(T,1 —1) is the power series satisfying f(1 + T)P" —1 = L,(s,w'™?).
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We factor f(T,w' ™) = ptig;(T)U;(T) with g; distinguished and U; € A*. Therefore, e;X = A/(p"ig;(T)) =
A/(p") @ A/(g;) which is of the form of decomposition of £;X as a A-module. It is known that p; = 0 for
cyclotomic Z,-extensions. Therefore

eilX = A/(f(T,w'™") = A (gi(T)).

So in this case the distinguished polynomial in the decomposition of £; X is essentially the p-adic L-
function. Iwasawa conjectured that this is true in more general situations.

Let A C (Z/pZ)*. Let x € A be odd. Then

exX = PA/G) & P A/ (gH(T))
i J

with finite cokernel. Let p, = > kY and let g, (T) = px [] j g;-c (T) (where gy is called the characteristic
polynomial associated with €, X). Let vy be the generator of Gal(Qo/Q) corresponding to 1+ T'. Define

ko € 1+ pZy by 70(p = (,° for all n > 1. It has been shown that there exists a power series f, € A such

that Ly(s,wX™1) = f\(k§ — 1), x # w. We now state the Main Conjecture:
Theorem 6.5 (The Main Conjecture). f,(z) = g, (T)Uy(T) with Uy (T) € A*.

In other words, the Main Conjecture says that the power series attached to the p-adic L-function is equal
to the characteristic polynomial up to some unit.

We now state a slightly different form. Consider C,-vector space V =Y ®z, C,. Since
Y =P A" e P A/(g(T)),
( J

we have

V= DG/ e DT/ (9(T)),
i J

as tensoring with C,, kills the finite kernel, cokernel and the A/(p*)’s in the decomposition of Y. V is
a finite dimensional vector space and T+ 1 = ~p acts on V by multiplication. Thus, I' acts on V. Let
g(T) = [1g;(T) be the characteristic polynomial of vy — 1 acting on V. The vector space V is clearly a
Qp[A]-module, so we can decompose
V=> &V
X

Then
9(T) = [ 9x(T)
X

where ¢gX(T') is the characteristic polynomial of yp—1 acting on £, V. By the p-adic Weierstrass Preparation
Theorem, we can write f,(1T') = p*x f(T')Uy(T'). With the above notation, we have

Theorem 6.6 (The Main Conjecture (second form)). f,(T) = g, (T).
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Chapter 7

On Zeta Functions And Iwasawa
Modules

The exposition in this chapter is based on the works of Jangheon Oh [13] and Keiichi Komatsu [7].

1 In The Totally Real Number Field Case

1.1 The Main Conjecture for totally real fields.

In this subsection, we present the Main Conjecture for totally real number fields in the context of more
general L-functions, specifically Hecke L-functions, as we will make significant use of this fact in the next
subsection.

Let K be a totally real number field. Fix a rational odd prime p, let A = Gal(K((p)/K). Note that

Al = [K(G) : K(G+ ¢ DK (G + ¢ 1)« K]
Recall that (, is a root of X2 — ({, + C;l)X + 1, since K is a totally real number field then

[K () + K(Gp + Cp_l)] =2,

therefore |A| is an even integer.

For every integer n > 0, let K, = K((yn+1), so Koo = |JK,, is the cyclotomic Z,—extension of K,
then I' = Gal(K/Ko) = Zyp and Gal(Kw/K) = A x I'. Let X¢(¢,) denote the Iwasawa module. Write ¢
for the character with values in Z,', giving the action of A on (. Let x be the character giving the action
of T on the group of p—powers roots of unity and let u = (7).

Recall that, from Chapter |4, we may regard 0 as a Hecke character. By the work of Deligne-Ribet [0],
Cassou-Nogues [4], and Barsky [2], there exists a continuous p-adic L-function L ,(s,x), defined on
Zp \ {1} and taking values in C,,.

For all integers s < 0 with s =1 (mod |A|), we have
Licp(5,60°) = Lic(s,0) [T (1 = 0'p)Ip1*)
plp

where Ly (s,0") is the Hecke L-series of §?. Moreover, for all integers 4 and n > 1, the value Ly (1 —n, 6?)
is nonzero if and only if ¢ and n have the same parity.
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For any integer i = 0,1, ..., |A| — 1, define #’—idempotent
1 .
€=y > 61(6)s
Al 52

We define the minus part of Xy () by

|A|

Xk = Z iXK(Cy)
i=1 odd

There is a fraction of power series G(T,6") in the field of fractions of A satisfying
G(u® —1,0") = L (5,007

where Lk ,(s,0'") is the p—adic L—function of 617"

1.2 The XI_((CP) module and zeta function

The purpose of this section is to prove the following theorem.

Theorem 7.1 (Jangheon Oh, 1998). Let S be a finite set of primes. Let K be a totally real number

field. Suppose we know X;((Cp) as a A[A]l—module up to pseudo-isomorphism for all p ¢ S; then we can

determine the zeta function (x of K.

Proposition 7.1. The Iwasawa modules X;((C ) for all primes not in S, determine the absolute value of
P
Ck at negative integers, up to primes in S.

Proof. If n is an negative even integer, then (x(n) = 0. Fix a negative odd integer n. Let p be a prime
number not in S. Then n = i, (mod |A|), for some odd integer iy, 0 < i, < |A| — 1. Since |A| divides
n — i,, we know the value

ordy(G(u" = 1,0™)) = ordy, | Lic(n, 07 ) JT(1 = 07" (p)lIp) ™)
plp

= ordy(Lk(n,1)) + ord, H(l —pl™™)
plp

= ord,(Cx(n)) +0

Therefore the absolute value of (x(n) is determined up to primes is S.
O

Lemma 7.1. Let {z,} be a sequence in C,, which converges to x # 0. Then ordy(z,) = ord(x) for n
sufficiently large.

Proof. Since z,, approaches x, |x,, — x|y is strictly less than |z|, for n sufficiently large. Therefore |z, |, =
maz{|z, — z|p, |z|p} = |z|, for n sufficiently large. O

Proposition 7.2. Let S = {p1,...,pr} be any finite set of primes. Then there is a sequence {a,} of odd
integers such that ord,(Ck(an)) is constant for n sufficiently large for all primes p in S.
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Proof. Let 6; = |Gal(K((p,)/K)| and o; = p; — 1 for an odd prime p;, and o; = 2 if p; = 2. Then ¢; divides
o;. We define

a’n:1_20-].."O-T_2O-1..‘O-Tp',11‘..p?7
then
Ly, (an, 1) = [ TTA = lIpl~) | ¢k (an)
plp;
SO

|Lp,(1 =201+ 07,1) = Cie(an)l, < [Ly, (1 =201+ 07, 1) = Ly, (an, DI+ T = 017 = 1) ¢k (@n)l,,

plpi p

therefore (i (an) approaches Ly, (1 — 20y - - - 0y, 1) p;j—adically with n. Since L, (1 — 207 - - - 04, 1) # 0,
therefore there exists a positive integer N such that ord,, ((x(an)) = ord,,((x (1 — 201 - - - 0,)) for every
integer n > N and ¢ = 1, ..., 7. This completes the proof. O

Since K is a totally real number field, we have the following functional equation.
AT (s/2)N ¢k (s) = AT ((1 — 5) /2)N k(1 — s),
1
where A = df(w_%, N = [K : Q]. Hence we have

(1 —s) = A% T(s/2)NT((1 - 5)/2) "Nk (s)
= A% NI (s/2)/T((1 - 5)/2))V e (s) (1)
= A% YD (s)2' "1 cos((s7/2)))V (ke (5)

thus, if £ is any positive even integer, we have
k(1= O] = A7 TON @OV 7T Gk (). (2)

Let us see that we can determine N. Let z > 0 be a real number. Then from the equation (2), we have
the following equation;

el = 0)]/T(0)" = (A2~ V)T (ON 2N 7= % A (ke (0)] (3)

By Stirling’s formula,

C°/T(s) =0 as s = o0
for any real C' > 0. Since (x(¢) — 1 as £ — oo, therefore if N > z the right-hand side of the equation
(13) goes to 0o if £ — oo. If N < z then the right-hand side of the Equation approaches 0 as ¢ — oo.
Choose a sequence {a,} as in Proposition , and let a,, = 1 — £,,. By Propositions and we know
the value of |(x (1 — ¢,)| up to an (unknown) constant independent of n, as long as n is sufficiently large.
Therefore we can find out IV using

G (1 = £n)|/T(€n)"

by testing values of x and taking the limit as n goes to co.

Now we are ready to prove theorem Let g be a rational number, and S be a finite set of primes.
We define

(Q)S—part = Hpordp(q), and (Q)non—S—part = Q/<q)S—part-
peS
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First, let us see that we can determine A. By equation (2) with ¢ = ¢,,, we have

1 In KK(l - gn)|S—pa7"t’CK(1 - gn)‘non—s—part
2 =1 D (6N (21 ) V7™ % e (L) |

A = lim exp

n—o0
by Proposition |Ck (1 = €)|s—part is eventually constant, therefore by properties of limits

A = lim exp L In [Cre (1 — gn)|n0n—]§—part 7
no0 2 = 1A D(l)N (210 ) NV E [ ()

by Propositionwe know |k (1—45)|non—S—part- Then we can read off A. Hence we know the discriminant
dg. Here ¢, = 1 — a,, is a multiple of 4 since o; is even. Since the value cos(4dmm/2) for integer m and the
values of zeta function at positive integers not equal to 1 are positive, we know, by Equation , that
values (i (a,) are positive. By proposition we know the non-S-part of the values of the zeta function
at ay, and by Proposition the S—part is constant for n sufficiently large. Hence, with the functional
equation, we can determine the S—part of the values of the zeta function at the sequence a,, for a large
n, i.e, we have:

m)

m)nonfsfpart

CK(l - en)S—part - rr}gnoo EI;E

A2 =T (£,) 21 bm =12 cos((U) /2)]N Cxe (b))
m—00 CK(l - gm)non—S—pa'rt
2 —1 1l —1/21N
L AT D(6,)2

m=—00 CK(l - gm)non—S—part

1-/
1-7/

for n sufficiently large. Therefore, by Propositionwe know the values (i (1—¢,,) for n sufficiently large.

To finish, let

Cre(s) = %
Then we have .
> % = A20ETID((1 = £,)/2)NT((€n)/2) N (1 = L),
m=1

We know the values of the right-hand side of the above equation for n sufficiently large, which will be
denoted by c,. We know b; = 1, and
by = lim (¢, —1)2%

n—oo

Continuing the above process, we can determine all the coefficients ], s, so we can determine the zeta
function (x(s). This completes the proof of Theorem

Let K, K’ be totally real number fields, and let S be a finite set of primes containing all the primes
which are ramified in K and K’. Then the number fields K and K’ are linearly disjoint with Q({p) over
Qforp ¢ S. Let Koo = K ((pee) and K. = K'((pe). Then we may identify Gal(K/K) and Gal(K., /K’)
since they are both naturally isomorphic to Gal(Q({p~)/Q), so that we may compare the Iwasawa modules
XK and X, ¢) 8 A[A]—modules. Then, from Theorem we have the following corollary.

Corollary 7.1.1. Let K and K' be totally real number fields. Let S be a finite set of primes containing
all the primes which are ramified in K and K’'. Assume that the Iwasawa modules X;((Cp) and X;(,(Cp) are

pseudo-isomorphic as A[Al—modules for all p ¢ S; then for every s € C
Cx () = Crr(s)-
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2 On Arithmetic Equivalence And Iwasawa Invariants

Throughout this section, we will assume basic knowledge of the representation theory of finite groups.
Let us first briefly recall some results from Chapter

Let K and K’ be two number fields and L be a Galois extension of Q containing K and K’. The
following are equivalent:

(a) Cx(s)=Ckr(s)

(b) Pg(A) = Pg:(A) for every tuple A.

(¢c) Pg(A) = Pg/(A) for every tuple A.

(d) H =Gal(L/K) and H' = Gal(L/K') are Gassmann equivalent in G = Gal(L/Q).

We now add one more equivalence to the list.

Proposition 7.3. Two subgroups H and H' of a finite group G are Gassmann equivalent if and only if

Q[H\G| = Q[H'\G] as Q[G]-modules.
Proof. 7= Let {p1,...,p:} be the right coset representatives of H\G, and let g € G. Then
(Hpr+ -+ q@Hp) - g=qH(prg) + - + @ H(peg)
defines a G-linear action on Q[H\G|. Therefore,
T, : QIH\G] — Q[H\G]
vV Vg
defines a linear transformation. Thus, the map
Dir : G > GL@QIH\G))
gr— 1Ty
is a representation of G. Let x gy be the character of Dy. For every conjugacy class C of G, we have

_ |G HI- |G|

Therefore if H and H' are Gassmann equivalent, we know that |H| = |H'| and |C N H| = |C N H'| for
every conjugacy class C. Therefore, we have

xu(C) = xu (C)

for every conjugacy class C, which implies xg = xg+. Thus, Dy and Dy are equivalent representations,
meaning there exists a Q-linear isomorphism M : Q[H\G] — Q[H'\G] such that Dy (g)M = M Dy (g)
for every g € G. Therefore, M induces an isomorphism of Q[G]-modules.

7«<"” Reverse the previous argument. O

Let H and H' be Gassmann equivalent. Let {p1,---,p:} and {p},--- , p,} be right coset representatives of
H\G and H'\G, respectively. Let Dy, Dy and M be as in the above proposition. Then we may regard
Dy, Dy : G — GL(Q) and M € GL,(Q) satisfying the following relation:

60



Dy (9)M = M Dy (g) (7.1)

for every g € G. By clearing the denominators, we may assume that M is in GL(Z).

Let M = (m;;). Since g € G permutes the bases By = {Hp1, ..., Hp:} and By = {H'pl, ..., H' p;}, there
exist homomorphisms 7, 7’ from G into the symmetric group S; given by m4(i) = j, where Hp;g = Hpj,
and my(i) = j, where H'pjg = H'p;. Therefore Dy(g) and Dpr(g) are permutation matrices, writing
M = Dg(g)"*MDpg(g), we obtain
Mg = Mg (i),m5, ()

for all g € G. We have the following proposition.
Proposition 7.4. Let K and K’ be arithmetically equivalent fields. Then there is an exact sequence of
right Z,[G]-modules

0 — Z,[H\G] — Z,[H'\G] = A — 0,

where A is a finite right-Zy|G]-module.
Proof. Let M be a matrix satisfying the condition

Mg = My (i),m (5)

Define a map ¢ from Z,[H\G| — Zy[H'\G] by
(P(sz):mle/[311++mthIP;a izlv"’7t7

Note that cokernel ¢ is a finitely generated Z,-module. By the Equation (7.1)), ¢ is a right-Z,[G]-module
homomorphism. Since M is invertible, ¢ is injective. Moreover, we have the following equation:

H'py ©(Hpr)
detM | : | =(det M)M? : € Im(yp).
H'py ©(Hpy)
Hence, cokernel ¢ is killed by det M, then cokernel ¢ is a Z,/(det M)Z,—module, since Z, is a principal
ideal domain then Z,/(det M)Z, is finite, therefore cokernel ¢ is finite. This completes the proof. O

Now, the following question arises: in which cases do we have A = 07. It is known that a projective
module is determined by its character. Using that fact, we can partially answer this question.

Proposition 7.5. If p does not divide |H|, then Z,[H\G] = Z,[H'\G) as Zy|G]-modules.

Proof. The proof for Z,[H"\G] is identical to the following proof for Z,[H\G]. We fix the first right coset
representative to be H, that is, py = 1. Let e : Z,[H\G] = Y and f : W — Y be Z,|G]-homomorphisms,
with f surjective. We need to find a Z,[G]-homomorphism g : Z,[H\G] — W such that e = fg.

It is easy to see that any Z,[G]-homomorphism from Z,[H\G] is determined by the image of H. Now, for
every h € H, we have e(H) = e(Hh) = e(H)h, so H stabilizes e(H) in Y. Let w € W be any preimage
of e(H). Since |H| is not divisible by p, it is invertible in Z,. Let

w* = |H|™! Z wh,
heH
so that

fw*)=H[T' Y fw)h=H|[T' Y e(H) = e(H).

heH heH

Clearly, H stabilizes w*, so the map H — w* extends to the desired homomorphism g. Therefore, Z,[H\G]|
and Z,[H'\G| are projective Z,|G]-modules with the same character; hence, they are isomorphic. O
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By Theorem ([5.1]), we have that arithmetically equivalent fields K and K’ have the same normal closure.
Let L be a normal closure of K and K’. The goal is to prove the following theorem.

Theorem 7.2 (Komatsu). Let K and K' arithmetically equivalent number fields. If p does not divide
[L: K] =[L: K'], where L is the normal closure of K over Q, then the Iwasawa modules Xy and Xk
are isomorphic as A—modules.

For the rest of this section, let p be a fixed prime number, and let
LoCLi CLyC:--C Ly
be the basic Z,-extension over the field L = Lg. Define I' = Gal(L /L) = Z,. Also, let
Ag =7, [[Gal(Kx/K)]] and Agr =7, [[Gal(KL,/K")]].

Since K N Q is a finite Galois subextension of Q, we have K N Q. = Q, for some n. Similarly,
K' N Qs = Q, for some n/. Since K and K’ have the same normal core, we obtain Q,, C K and
Q,, € K’, which implies K N Qs = K’ N Q. Thus, the Galois groups of the basic Zy-extensions Ko, /K
and K/ /K’ can be identified. Let

A =2, [[Gal(Koo/ K))| = Zy [[Gal(KL/ K")]] = Z[[T]].

Since L N Ko = Ky, for some n, and [L : K| = [L : K,][K,, : K] = [L : K,|p". Therefore if p { [L : K]
then n = 0, i.e., LN Ko = K. Since L N Ko, = K, the group H can be considered as Gal(L,/K,) for
any n > 0, and it commutes with I'. Write Gal(L/K) = H. Hence the group H acts on X. Regard Ap
as a subring of Ag, so that Ay acts on X

Proposition 7.6. Suppose that pt|H|. Then the Iwasawa modules X{I and Xk are pseudo-isomorphic
as Ar-modules.

Proof. For each n, we choose integers ¢, and t, such that c,|H| = 1 mod p'", so that p'" exceeds the
order of A, 1, and A, i, where A,, s is the p-Sylow subgroup of the ideal class group of the n-th layer of
the basic Zy-extension over a number field M. The lifting map

. H
in A’I’L,K — AH,L

[an] — H ([oan])

ceH

where a,, is a fractional ideal of L lying above a,, is clearly well-defined. Let Ny i be the norm map on
ideal classes. Let [b,,] be an element of the kernel of the map 4,, then

[bn] = (NL/KZ ([bn]))cn =1 (72>
Let [2L,,] be in Af, - We have the following equation:
2] = ([2071) ™ = (Ve [21) ™ = i (N2 ) (7.3)
The map

i 2 lim Ay, e — lim AYf )
([an])nzy = (En(lan]))nzs

by construction, it is well-defined and is a Az-homomorphism since H and I' commute with each other.
In view of 1'£1An7K ~ X and l'&nAnHL ~ Xf, we obtain the result. O
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Lemma 7.2. Let G be a group. For any prime number p, for any Z,[G]-module A, and a subgroup
H<G,
Homy,|c)(Zy[H\G), 4) = AT,

where AH is the subset of elements of A fized under H.

Proof. Recall that any Zp[G]-homomorphism from Z,[H\G] is determined by the image of the vector
H - 1. Define

Homg, ic)(Zy[H\G], A) — A"
¢ r—  o(H-1)

then ¢ is clearly well-defined and injective. To show surjectivity, for any a € A, consider ¢, such that
oo(H - 1) = a. O

Let K and K’ be two isomorphic number fields and ¢ be an automorphism of Q such that ¢(K) = K'. Let
7 be a topological generator of Gal(Ks /K). Then +/ = ¢y¢~! is a topological generator of Gal(K’_/K').
We make Xg and Xg- into A = Z,[[T']]-modules in the following way.

yr=(1+T)z and +'2'=1+T)2,
where v € X and 2/ € Xg.

Proposition 7.7. Let K and K’ be two isomorphic number fields. Then the Iwasawa modules X and
Xk are isomorphic as A-modules for any prime number p.

Proof. Let m be an integer such that Qo N K = Q,, and K, = KQy,4,, be the n-th layer of the basic Z,-
extension of K. Since Q4+, is the normal extension of Q, ¢(K,,) = K|,. Let = (z1,...,2p,...) € Xk.
Let the fractional ideal a,, be a representative of x,. Define ¢(z,) to be the class of af;. Then

N o d(an) = (L + -+ ")o(an) = 6(1+yn + -+ 28 ") (an) = ¢ 0 Nyn(@n).

Hence ¢ induces a map from Xg to Xgs which is also denoted by ¢. Moreover, it is a A-module
homomorphism;

T-¢(x) = (v = Dg(z) = v'¢(2)/d(2) = (v2)/d(x) = (v — 1)z) = &(T - @).
The map ¢ is trivially bijective. This completes the proof. O

Lemma 7.3 (Komatsu). Let K and K’ be number fields such that (x = (x+. Let M be a finite Galois
extension of Q. Then we have Ciar(s) = Cxrar(s).

Proof. See Lemma 1 in [17]. O

Put I' = Gal(Lo /L) and Ay, = Zp[[I']]. Now we are ready to prove the Theorem

Proof of the Theorem Let m be an integer such that K N Qs = Q;, = K’ N Qu, where Q,, is the
m-th layer of the basic Zy-extension Q of Q. Put K,,, = KQ,, and K|, = K'Q,,. By Lemma

Ck (8) = (it (5)- (7.4)

Let G = Gal(L/Q), B = Gal(L/Q.,), H = Gal(L/K,,), and H' = Gal(L/K],). By the above equation,
two subgroups H and H' of G are Gassmann equivalent in GG. By Proposition we have
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Zp[H\G] = Z,[H'\G]

Also note that B is normal in G, and that H and H' act on Xr. Since L N Qs = Q,,, B acts on X, so
that X, is a right Zy[B]-module. Consider Z,[G] as a left Z,[B]-module. Then we can form the tensor

product:
X' = X ®ZP[B} Zp[G].

Then X' is a right Z,[G]-module via the action of Z,[G] on the second factor. Note that p™ = [G : B].
Let {p1,...,ppm} be right coset representatives of B\G with p; = 1. Then

X/gXL®p1++XL®pp7”7

as a Ap-module. Note that this is a direct sum. Let h € H. Since h € B and B is normal in G, pihpi_1 €B
for any p; € G. Let x € Xp.

— . 71
(z® pi)h =2 ® pih = 2 @ pihp; 'p;i = PP @ pe X @ p;. (7.5)

Let 21 @ p1+ -+ xpm @ ppm € X', g € G and v € I'. Then p;g = bipr, (i) for some permutation 7y on
{1,...,p™}, where b; € B. Since v commutes with b;, we have the following equation:

(Z T @ Pi) gy = (Z w?i ® ng(z‘)) Y= (Z fU?” ® ng(z‘)) = (Z x] ® Pi) 9= (Z z; @ Pz’) 9

Therefore A commutes with the action of G on X’. Therefore
Homg, ) (Z,[H\G], X") = (X" =) (X @ pi)"

We have a A-module isomorphism: ¢ : X; ® p; = X, by sending = ® p; — x. Then,

Z(XL & Pz) = ZXp’szl.

Since H and p; H pi_1 are conjugate in G, their fixed fields are isomorphic. By Propositions and
we have the following equation:

Homy, ) (Zy[H\G], X) = @ Xk.

M-copies

Analogously, we have the following equation.

Homg, ) (Z,[H\G), X") = @ X

pM-copies
Since Z,[H\G] = Zy[H'\G] then
@ iz @ X
p™M-copies M _copies

Therefore the Theorem [7.2] follows.
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