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TITLE
MORPHISMS BETWEEN SEMI-GRADED RINGS AND POLYNOMIAL APPLICATIONS

TITULO

MORFISMOS ENTRE ANILLOS SEMI-GRADUADOS Y APLICACIONES POLINOMIALES

ABSTRACT: In this thesis, we study several kinds of morphisms between families of semi-graded
rings with their corresponding polynomial applications. First, we present some ring-theoretical
notions of these objects that are necessary throughout the thesis. With the aim of showing
the generality of these rings in areas such as ring theory and noncommutative geometry, we
include a non-exhaustive list of noncommutative algebras that are particular examples of these
rings. Second, we develop a theory of cv-polynomials for iterated Ore extensions over arbitrary
rings extending some results in the literature. We characterize these polynomials by using inner
derivations of the coefficient ring, and also consider the problem of isomorphisms between
these extensions. We illustrate our treatment with several noncommutative algebras. Third,
for double Ore extensions introduced by Zhang and Zhang in the problem of classification of
Artin-Schelter regular algebras of dimension four, we propose a theory of homomorphisms
between them by introducing an adequate notion of cv-polynomial, and show that the compu-
tation of homomorphisms corresponding to these polynomials is non-trivial. Since there are
no inclusions between the classes of all double Ore extensions of an algebra and of all length
two iterated Ore extensions of the same algebra, we also present a comparison between theories
of cv-polynomials between both families of algebras. We illustrate our results with Nakayama
automorphisms of trimmed double Ore extensions. Finally, motivated by the research on maps
between noncommutative projective spaces over N-graded rings in the sense of Rosenberg and
Van den Bergh, and the notion of schematicness introduced by Van Oystaeyen and Willaert to
N-graded rings with the aim of formulating a noncommutative scheme theory a la Grothendieck,
we investigate maps in the setting of noncommutative projective spaces over schematic semi-
graded rings, and extend different results from the category of schematic N-graded rings to the
category of schematic semi-graded rings.

RESUMEN: En esta tesis, estudiamos diversas clases de morfismos entre familias de anillos semi-
graduados con sus correspondientes aplicaciones polinomiales. En primer lugar, presentamos
algunas nociones de la teoria de anillos de estos objetos que son necesarios a lo largo de la tesis.
Con el propésito de mostrar la generalidad de estos anillos en 4dreas como la teoria de anillos y
la geometria no conmutativa, incluimos una lista no exhaustiva de dlgebras no conmutativas
que son ejemplos particulares de estos anillos. En segundo lugar, desarrollamos una teoria de
cv-polinomios para extensiones de Ore iteradas sobre anillos arbitrarios extendiendo algunos
resultados en la literatura. Caracterizamos estos polinomios utilizando derivaciones internas, y
también consideramos el problema de isomorfismos entre estas extensiones. Ilustramos nuestro
tratamiento con diversas dlgebras no conmutativas. Tercero, para las extensiones dobles de Ore
introducidas por Zhang y Zhang en el problema de clasificacién de dlgebras regulares de Artin-
Schelter de dimensién cuatro, proponemos una teoria entre estas introduciendo una nocién
adecuada de cv-polinomio, y mostramos que el cdlculo de homomorfismos correspondientes a



estos polinomios es no trivial. Teniendo en cuenta que no hay inclusiones entre las clases de
extensiones dobles de Ore de un 4lgebra y extensiones de Ore iteradas de longitud dos sobre la
misma algebra, también presentamos una comparacién entre las teorias de cv-polinomios entre
ambas familias de dlgebras. Ilustramos nuestros resultados con automofismos de Nakayama de
extensiones dobles de Ore cortadas. Finalmente, motivados por la investigacién sobre morfis-
mos entre espacios proyectivos no connmutativos sobre anillos N-graduados en el sentido de
Rosenberg and Van den Bergh, y la nocién de esquematicidad introducida por Van Oystaeyen
y Willaert para anillos N-graduados con el propésito de formular una teoria de esquemas no
conmutativa a la Grothendieck, investigamos morfismos en contexto de espacios proyectivos
no conmutativos sobre anillos semi-graduados esquematicos, y extendemos diversos resultados
de la categoria de anillos N-graduados esquematicos a la categoria de anillos semi-graduados
esquematicos.

KEYWORDS: Semi-graded ring, quantum algebra, Ore extension, double Ore extension, schematic
ring, cv-polynomial, inner derivation, Nakayama automorphism, closed immersion, noncom-
mutative projective geometry.

PALABRAS CLAVE: Anillo semi-graduado, dlgebra cudntica, extension de Ore, extensién doble
de Ore, anillo esquemditico, cv-polinomio, derivacion interna, automorfismo de Nakayama,
inmersion cerrada, geometria proyectiva no conmutativa.
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INTRODUCTION

The study of morphisms and isomorphisms of polynomial extensions has been an active and
interesting area of research. For instance, Gilmer [Gil68] determined all the automorphisms
of the commutative polynomial ring R[x] (R commutative) that restrict to the identity on R.
The case where R is any ring has been handled by Coleman and Enochs [CE71]. Later, for the
Ore extensions, also known as skew polynomial rings, introduced by Ore [Ore31, Ore33] (some
earlier works related to the differential case already appeared in Landau [Lan02], while Noether
and Schmeidler [NS20] were interested in some kind of differential operator rings), Parmenter
[Par] considered the case R[x;0] where R is commutative and o is any automorphism of R.
Rimmer [Rim78, Theorem 1] generalized all these results. He determined all automorphisms of
the skew polynomial ring of automorphism type R[x; o] which fix R elementwise, where R is
any ring. He also extended his research to isomorphisms between different skew polynomial
rings that preserve an underlying ring isomorphism [Rim78, Theorem 3]. Ferrero and Kishimoto
[FK80] studied automorphisms of skew polynomial rings of derivation type. They discussed
conditions on f(x) € R[x;6] for the R-linear map R[x;6] — R[x;6] defined by xk — f(x)’C to
be a R-ring automorphism (c.f. Kikumasa [Kik90] characterized automorphisms of a certain
skew polynomial ring of derivation type). Surely, the most remarkable example of this kind
of skew polynomials is the first Weyl algebra, and precisely, one of the most famous open
problems is the conjecture posed by Dixmier [Dix68]: any algebra endomorphism of the first
Weyl algebra is an automorphism. Tsuchimoto [Tsu03] and Belov-Kanel and Kontsevich [BKK07]
proved independently that the Dixmier conjecture is stably equivalent to the Jacobian conjecture
formulated by Keller [Kel39]. Some works in the literature exhibit algebras related to the first
Weyl algebra with the property that every endomorphism is an automorphism (e.g., [KL14, KL19]
and references therein).

For skew polynomial rings of mixed type over division rings, Lam and Leroy [L192] studied
“transformations” from one Ore extension to another®. They formalized the notion of “transfor-
mation” and investigated homomorphisms between this kind of Ore extensions. Briefly, if we con-
sider two Ore extensions D[x;0,8] and D[x';0’,6'] over a division ring D, a D-homomorphism ¢
from D[x’;0',6'] to D[x;0,8] is determined by p(x) := ¢(x') € D[x;0,8] which satisfies the
rule p(x)r = o'(r)p(x) + 6'(r) in D[x;0,6], for every element r € D. The polynomial p(r)
allows to make a “change of variables” from x’ to x, so this is called a change-of-variable

3Surprisingly, Lam and Leroy do not cite the works of Parmenter, Rimmer, Ferrero, Kishimoto and Kikumasa
mentioned above, so according to the search we carried out in the literature, this is the first place where all these
treatments are cited and presented, in order, to extend them partially to other families of noncommutative rings.

v
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polynomial (cv-polynomial for short). Notice that whenever such a polynomial is given, we
obtain a unique D-homomorphism ¢ : D[x’;0',6'] — D[x;0,6] sending x’ to p(x), say, for
gx)=Y rix' € D[x';0',8'], we getp(g) =Y rip(x)i. In their paper, Lam and Leroy obtained
several characterizations of these cv-polynomials by using inner derivations. Isomorphisms
of noncommutative polynomial extensions have been an interesting topic of research (e.g.,
[AKP87, RR92, LM92, Chu93, Ber03, RS06, CL09, Chul3, BLO15, SAV15, LR22], and references
therein).

On the other hand, Artin-Schelter (AS for short) regular algebras introduced by Artin And
Schelter [AS87] are considered as noncommutative analogues of commutative polynomial rings
due to its important role in noncommutative geometry. As one can appreciate in the literature,
these algebras have been extensively studied. With the aim of presenting new examples of
Artin-Schelter regular algebras of dimension four, Zhang and Zhang [Z708, ZZ09] introduced
algebra extensions which they called double Ore extensions and constructed 26 families of
these algebras. Many AS regular of these algebras are new and are not isomorphic to either a
normal extension or an Ore extension of an Artin-Schelter regular algebra of global dimension
three. In opposition of what happens with Ore extensions, very few properties are known to
be preserved under double Ore extensions. Several researchers have investigated different
relations of double Ore extensions with Poisson, Hopf, Koszul and Calabi-Yau algebras (e.g.
[GS20, Li22, LOW20, LOWY18, JLZ15, SCR21, LRS17, ZvOZ17]). From the definition of double
Ore extensions it is possible appreciate some similarities to that of a two-step iterated Ore
extensions. Nevertheless, there are no inclusions between the classes of all double Ore extensions
of an algebra and of all length two iterated Ore extensions of the same algebra. Carvalho et
al. [CLM11] formulated necessary and sufficient conditions for a double Ore extension to be
presented as a two-step iterated Ore extension.

In the setting of noncommutative projective geometry developed by Rosenberg [Ros95,
Ros98] and Van den Bergh [VdB01], Smith [Smi03, Smil6] investigated maps between noncom-
mutative spaces of the form Proj,.A. More exactly, he takes a Grothendieck category as the
basic non-commutative geometric object, where we think of a Grothendieck category Mod X
(the idea for the notation X = ModX is Van den Bergh'’s) as “the quasi-coherent sheaves on an
imaginary non-commutative space X”. The standard commutative example is the category
Qcoh X of quasi-coherent sheaves on a quasi-separated, quasi-compact scheme X. The two
non-commutative models are ModR, the category of right modules over a ring, and ProjA,
the non-commutative projective spaces having a (not necessarily commutative) graded ring A
as homogeneous coordinate ring, which were defined by Verevkin [Ver92b, Ver92a] and Artin
and Zhang [AZ94] (for more details, see [Smi02, Definition 2.2]). A map g: Y — X between
two spaces is an adjoint pair of functors (g*, g.) with g, : ModY — ModX and g* left adjoint
to g.. If g. is faithful and has a right adjoint, then g is called affine. An immediate example
is a ring homomorphism ¢ : R — S that induces an affine map g: Y — X between the affine
spaces defined by ModY := ModS and ModX := ModR. In his papers, Smith considered the
question on maps between noncommutative projective spaces. He calledamap g: Y — X a
closed immersion if it is affine and the essential image of ModY in ModX under g* is closed
under submodules and quotients. For J a graded ideal in a not necessarily commutative N-
graded k-algebra A= Ay ® A} @ --- in which dimy A; < oo for all i, Smith [Smi03, Theorem 3.2],
[Smil6, Theorem 1.2] showed that a surjective homomorphism A — A/J of graded rings induces
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a closed immersion i : Proj,.A/J — Proj,,.A between the non-commutative projective spaces
with homogeneous coordinate rings A and A/].

Motivated by all treatments above on maps between noncommutative algebraic and geomet-
ric objects, in this thesis we are interested in the characterization of several kinds of morphisms
of semi-graded rings introduced by Lezama and Latorre [LL17]. These rings are a generalization
of N-graded rings and several families of polynomial extensions non-N-graded (of course not
in a trivial way). Semi-graded rings include and extend several families of algebras appearing
in ring theory, module theory, noncommutative algebra and noncommutative geometry (see
[CR22, FGL*20, Lez20, Lez21, LR14] for more details). From the algebraic point of view, we
formulate several characterizations of morphisms and cv-polynomials of iterated Ore extensions
and double Ore extensions. Next, by considering this theory of cv-polynomials, we propose
an analogous theory of homomorphisms between double Ore extensions. Finally, from the
geometric point of view, we consider maps in the Smith’s sense but now in the more general
setting of noncommutative projective spaces over semi-graded rings.

On the structure of the thesis, this is based on a collection of papers. Chapter 1 recalls some
ring-theoretical notions of semi-graded rings that are necessary in the next chapters. With the
aim of showing their generality in areas such as ring theory and noncommutative geometry,
we include a non-exhaustive list of noncommutative algebras that are particular examples of
these rings. Next, Chapter 2 presents the original results on theories of homomorphisms and
cv-polynomials for iterated Ore extensions and double Ore extensions. We illustrate our treat-
ment with several noncommutative algebras and show that the computation of corresponding
homomorphisms is non-trivial. First, we develop a theory of morphisms and cv-polynomials
of two-step, three-step and n-step iterated Ore extensions by using inner derivations. We
organize information in different tables with the aim of presenting different possibilities for
cv-polynomials. It is important to say that we have found some mistakes in particular cases
of Lam and Leroy’s paper [LL92] that we illustrate and present their corresponding versions.
Second, we propose a theory of homomorphisms and cv-polynomials between double Ore
extensions. We obtain results on the characterizations of cv-polynomials and their relations with
inner derivations of the ring of coefficients of the double algebra. We illustrate our results with
Nakayama automorphisms of trimmed double Ore extensions. Finally, in Chapter 3, we study
morphisms between schematic semi-graded rings. Our interest in this topic is due to Professor
Jason Gaddis who asked us in the evaluation of our doctoral project if we can use geometric
tools to study families of semi-graded rings. More exactly, he considered relevant to the present
project Smith’s papers above. For him, it would be reasonable to try and define a notion of Proj
for some families of semi-graded rings. Well, then in this chapter we give a first answer to the
question of Professor Gaddis in the setting of schematic semi-graded rings.
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Notation and some terminology

Symbol Meaning
N The set of natural numbers including zero

z The set of integer numbers
R The field of real numbers
C The field of complex numbers

R, R Associative ring (not necessarily commutative) with

identity
R* The non-zero elements of the ring R
K Commutative ring with identity
D Division ring
k Field

Z(R) The center of R
Idem(R) | The set of idempotent elements of R
N(R) The set of nilpotent elements of R
I<;R | Iisaleftideal of R
M;«(R) | The ring of matrices of size r x ¢ with entries in R

Throughout this thesis, the term ring means an associative (not necessarily commutative)
ring with identity, and the term module means a left unital module. All localizations are consid-
ered by the left side.
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Statement of contributions

The chapters two and three in this thesis correspond to the following papers containing
original results.

e Chapter 2. Ramirez, M. C. and Reyes, A. On homomorphisms and cv-polynomials be-
tween iterated Ore extensions (2024) [Manuscript submitted for publication].
Available online athttps://arxiv.org/abs/2401.11516

e Chapter 2. Ramirez, M. C. and Reyes, A. A view toward homomorphisms and cv-polynomials
between double Ore extensions. Algebra Colloquium (2024). To appear.
Available online at https://arxiv.org/abs/2401.14162

* Chapter 3. Chacon, A., Ramirez, M. C., Reyes, A. Maps between schematic semi-graded
rings. Beitrége zur Algebra und Geometrie (2024). To appear.
Available online at https://arxiv.org/abs/2401.15631
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CHAPTER 1

SEMI-GRADED RINGS

In this chapter, we present the algebraic structures of interest in this thesis: the semi-graded
rings. Also, we formulate some ring-theoretical notions that are necessary in the next chapters.

More exactly, Section 1.1 contains definitions and some key properties of semi-graded rings,
finitely semi-graded rings and modules over these rings. Next, in Section 1.2 we present alist (not
exhaustive) of noncommutative algebraic structures that are particular examples of semi-graded
rings. Our aim in this section is to show explicitly the generality of these rings in ring theory and
noncommutative geometry.

1.1 PRELIMINARIES AND KEY PROPERTIES

Lezama and Latorre [LL17] introduced the semi-graded rings as a generalization of N-graded
rings and several families of noncommutative rings of polynomial type non-N-graded (not
in a trivial way). In that paper, they considered some notions of noncommutative algebraic
geometry for semi-graded rings such as the Hilbert series, Hilbert polynomial, Gelfand-Kirillov
dimension, and the notion of noncommutative projective scheme in the setting of semi-graded
rings generalizing the Serre-Artin-Zhang-Verevkin theorem (see also [Lez21, Cha22, CR23]). In
Section 3.2 we present more details about this theorem.

For the moment, we recall briefly some definitions and results about semi-graded rings
which are key in the following chapters.

DEFINITION 1.1 ([LL17, DEFINITION 2.1]). Let R be aring. R is said to be semi-graded (SG) if
there exists a collection {Ry} ez of subgroups of the additive group R* such that the following
conditions hold:

i) R= @ R,,.
nez

(ii) Forevery m,ne ZwehavethatR,,R, < @ Ry.
k<m+n

(iii) 1€ Ry.
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The collection {R;} ,e7 is called a semi-graduation of R and we say that the elements of R;,
are homogeneous of degree n. We say that R is positively semi-graded if R,, = 0 for every n < 0.
If R and S are semi-graded rings and f: R — S is a ring homomorphism, then we say that f is
homogeneousif f(R,) < S;, forevery ne Z.

Definitions 1.2 and 1.3 present the notion of finitely semi-graded ring and finitely semi-
graded algebra, respectively.

DEFINITION 1.2 ([LL17, DEFINITION 2.4]). A ring R is called finitely semi-graded (FSG) if it
satisfies the following conditions:

(i) RisSG.

(ii) There exist finitely many elements xi, ..., X, € R such that the subring generated by Ry
and x,..., x, coincides with R.

(iii) For every n =0, we have that R;, is a left free Ry-module of finite rank.

DEFINITION 1.3 ([LG19, DEFINITION 10]). A k-algebra R is said to be finitely semi-graded (FSG)
if the following conditions hold:

(i) Risan FSG ring with positive semi-graduation givenby R= @ R, .

n=0

(ii) Forevery m,n=1,wehavethat R,R, SR & ® Rpyinp.
(iii) R is connected, i.e., Ry =k.

(iv) Risgenerated in degree 1, thatis, R is generated as a k-algebra by finitely elements of R;.

From Definition 1.3, it follows that if R is a FSG k-algebra, then R, := @ R, is a maximal

n=1
ideal of R.

Notice that graded rings are SG. Finitely generated graded k-algebras, PBW extensions
[BG88], 3-dimensional skew polynomial rings [BS90], down-up algebras [Ben99, BR98], diffusion
algebras [IPRO1] and skew PBW extensions [GL11] are examples of FSG rings. Definitions of
these families of algebras and others are presented in Section 1.2. Semi-graded rings and finitely
semi-graded rings have been studied recently in the literature. For instance, Lezama et al.
[Lez21, LG19] computed the set of point modules of finitely semi-graded rings. By considering
the parametrization of the point modules for the quantum affine n-space, Lezama obtained the
set of point modules for some important examples of non N-graded quantum algebras [Lez20,
Theorem 5.3].

Next, we present some results about modules in the setting of semi-graded rings.

DEFINITION 1.4 ([LL17, DEFINITION 2.1]). Let R be an SG ring and let M be an R-module.
We say that M is semi-graded (SG) if there exists a collection {M,,} ,cz of subgroups M, of the
additive group M* such that the following conditions hold:

i) M= @ M,.

ne”z
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(i) Foreverym,neZ, Ry,M, < @ M.

ksm+n

The collection {M,,} .7 is called a semi-graduation of M, and we say that the elements of
M, are homogeneous of degree n.

M is said to be positively semi-graded if M,, = 0, for every n < 0. Let f: M — N be a
homomorphism of R-modules, where M and N are semi-graded R-modules. We say that f is
homogeneousif f(M,) € Ny, forevery ne Z.

DEFINITION 1.5 ([LL17, DEFINITION 2.3]). Let R be an SG ring, M an SG R-module, and N a
submodule of M. We say that N is a semi-graded (SG) submodule of M if N = @ N,, where

ne”z
N,, = M,,n N. In this case, N is an SG R-module.

PROPOSITION 1.1 ([LL17, PROPOSITION 2.6]). IfR is an SG ring, M is an SG R-module, and N
is a submodule of M, then the following conditions are equivalent:

(1) N is a semi-graded submodule of M.
(2) Foreveryze N, the homogeneous components of z belong to N.

(3) M/N isanSG R-module with semi-graduation given by
(M/N),=(M,+N)I/N, neZ.

REMARK 1. Let R be an SG ring and M be an SG R-module. Then:

(@) If N is an SG submodule of M, then the canonical map M — M/N is a homogeneous
homomorphism.

(ii) If {M;};es is a family of SG submodules of M, then (| M; and Y, M; are SG submodules of
iel iel
M.

Let N be a subset of M. We define the SG submodule generated by N as the intersection of
all SG submodules of M containing N, and we denote it as (N)SG. If N={n,,...,n;}, then we
write (N)°C = (ny, ..., n;)>C. We will say that M is a finitely generated SG R-module if there exist
finitely elements m;,..., m; such that M = (my,..., m t)SG. If M is simultaneously a module over
different kinds of rings and there is risk of confusion, we write (—)IS?G to indicate the ring R we
are considering. If N is an SG submodule of M, the notion of finitely generated SG submodule is
defined in the natural way.

ExaAMPLE 1.1. Consider the first Weyl algebra A; (k) = k{x, y}/{yx — xy — 1) over k. By using that
yx = xy + 1, the graded condition for multiplication does not hold since we do not obtain a
product of pure degree one, so A; (k) is not an N-graded ring. On the other hand, the canonical
semi-graduation of A; (k) [Lez21, Example 4.5] is given by

A1) =k (X, 1) @ (X%, Xy, Xy @

Then:



CHAPTER 1. SEMI-GRADED RINGS 4

(i) A;(k)yisan SG submodule of A; (k), whence (y)SG =A1(K)y.
(ii) 1¢ A;(k)x, but due to the relation yx = xy +1, it follows that 1 € (x)>C.

DEFINITION 1.6. If R is a positively SG ring, for r € N we define R-; as the intersection of all

two-sided ideals that are SG submodules containing @ Rj.
k=t

Different properties of modules over families of semi-graded rings have been investigated by
some mathematicians [Art15, GL17, HR23, LG19, Lez21, LR20, NRR20, Rey19, TRS20].

1.2 SOME FAMILIES OF EXAMPLES

Semi-graded rings extend several kinds of noncommutative rings of polynomial type such as

¢ Ore extensions [Ore31, Ore33],

* families of differential operators generalizing Weyl algebras and universal enveloping
algebras of finite dimensional Lie algebras [Bav92, BG88, Smi9dl],

e algebras appearing in mathematical physics [[PR01, RS22, Zhe91],
* down-up algebras [Ben99, BR98, KMP99],

* ambiskew polynomial rings [Jor00, JW96],

* 3-dimensional skew polynomial rings [BS90, Red99, RS22, Ros95],
¢ Poincaré-Birkhoff-Witt extensions [BG88], and

¢ skew PBW extensions [GL11].

Ring-theoretical, algebraic and geometrical properties of semi-graded rings have been
investigated in the literature (e.g., [Art15, Bav23, CR22, HKA17, RR21, RS19, RS20, Seil0, SCR22,
SRS23, TRS20] and references therein).

In this section, we present families of noncommutative rings that are particular examples of
semi-graded rings with the aim of showing the generality of these objects, and the scope of the
results presented in Chapters 2 and 3. For the completeness of the thesis, we include detailed
references for every family of rings.

1.2.1 ORE EXTENSIONS

Ore extensions (also known as skew polynomial rings) were introduced by Ore [Ore31, Ore33].
Briefly, for 0 an endomorphism of aring R, a o-derivation on R is any additive map : R — R
such that §(rs) = a(r)6(s) + 6(r)s, for all r, s € R (strictly speaking, this is the definition of left
o-derivation). If o is the identity map on R, then o-derivations are just ordinary derivations.
Notice that

6()=6(1-1)=0(1)6(1)+6(1)1 =26(1), whence 6(1)=0.



CHAPTER 1. SEMI-GRADED RINGS 5

The pair (o0, 9) is called a quasi-derivation on R [BGTV03, Definition 3.1].

PROPOSITION 1.2 ([BGTV03, PROPOSITION 3.2]). For any pair of maps d,6 : R — R, the follow-
ing assertions are equivalent:

(1) (o,6) is a quasi-derivation;
(2) the map

¢:R — M>x2(R)

o(r) 6(r)
0 r

is a ring homomorphism.

DEFINITION 1.7 ([GJ04, P. 34]).Let R be a ring, o a ring endomorphism of R and 4 a o-
derivation on R. We will write R[x;0,8] provided

(i) RIlx;o0,0]is aring, containing R as a subring;
(i) xis an element of R[x;0,d]
(iii) R[x;o,d] is a free left R-module with basis {1, x, x2,...};

(iv) xr=0(r)x+6(r) forall r € R.

Such aring R[x;0,0] is called a skew polynomial ring over R or an Ore extension of R of mixed
type. If o is an injective map of R, then we call it an Ore extension of injective type, while if o
is the identity of R, then we write R[x; 6] and call it an Ore extension of derivation type. On the
other hand, if § is the zero map, then we write R[x; o] which is known as an Ore extension of
endomorphism type.

The construction of Ore extensions can be iterated. Indeed, if we consider S; = R[x;;01,01]
for a quasi-derivation (1,61) on R, and we assume that (o2, 9>) is a quasi-derivation on S;, then
one may associate to it the Ore extension

S2 = 81[x2;02,02] = R[x1;01,011[X2;02,02].

Repeating this procedure, one obtains the so-called iterated Ore extensions. Morphisms
between these extensions will be of our topic of interest in Chapter 2.

Since its introduction to the present, a lot of papers and books have been published con-
cerning ring-theoretical, homological and geometrical properties of Ore extensions (e.g., [BG02,
GJ04, FGL*20, FLP*"24, MRO1], and references therein). Ore extensions are one of the most
important techniques to define noncommutative algebras. Next, we illustrate this situation with
Weyl algebras, some of its deformations, the g-Heisenberg algebra, and the quantum matrix
algebra.
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* The Jordan'’s plane ¢ (k) introduced by Jordan [Jor01] is the free k-algebra defined by
F&) =kix, yH{yx—xy - yz). An easy computation shows that _¢ (k) can be expressed as
klyllx;62] with d2(y) = - yz. Shirikov [Shi05, Theorem 1.4] proved that this algebra is not
isomorphic to the Quantum plane G4(k) = kix, y}/{yx - qxy), g € k*.

e Diaz and Pariguan [DP09] defined the g-meromorphic Weyl algebra (also known as the
q-skew Jordan’s plane) ¢, (k) as the unital associative algebra with generators x, y and
defining relation gyx — xy — y* = 0 for an element g € k*. This algebra can be written as
the Ore extension k[y][x;072,82] with o2(y) = gy and 82(y) = —y?. In a personal communi-
cation, Professor Lopes told us that using the generator x" := x + (g — 1) !y instead of x we
find that the g-skew Jordan’s plane is the quantum plane in disguise. For more details, see
[Lop24, Example 3.1].

e About the family of Weyl algebras A, (k), in the literature it is common to find characteri-
zations of these algebras as rings of differential operators. Following Coutinho [Cou95],
the nth Weyl algebra A, (k) over k is the k-algebra generated by the 2n indeterminates
X1,.-»Xn Y1,---, Yn Where

XjXi=XiXj, Yj¥i=YiVj l=si<j=n,

yjxi=x;yj+6;j, 0;jisthe Kronecker's delta, 1<i,j<n.

From the relations defining Weyl algebras, it follows that these cannot be expressed as
skew polynomial rings of automorphism type (since the algebra is simple) but are skew
polynomial rings with non-trivial derivations.

* Based on Wess and Zumino’s paper [WZ90], for an element g € k \ {0}, Giaquinto and
Zhang [GZ95] defined the k-algebra Af(]k) generated by two indeterminates x and y
subject to the relation xy — gyx = 1, which is known as a quantized Weyl algebra over k.
Note that Ai](]k) = A1 (k) =kl[yllx;d/dy]l, when g = 1. If g # 1, then A'f(k) =klyllx; 0,01,
where o is the k-algebra automorphism given by o (f(y)) = f(gy), and ¢ is the g-difference
operator (also known as Eulerian derivative)

fay -y _ap)-f

5(f(y) = ,
(F) = T @y

as it can be seen in [GJ04, Exercise 2N].

* Ageneralization of A? (k) is given by the additive analogue of the Weyl algebra A, (q1, - .., qn).
This algebra was introduced in Quantum Physics by Kuryshkin [Kur80] and studied by Jan-
nussis et al. [JBS81] (see [Li02] for more details). For non-zero elements ¢, ..., q, €k, this
algebra is generated by the indeterminates xi,...,x, and yy, ..., y, satisfying the relations

Xjx;=XxiXj, Yj¥i=Yiyj, foreveryl<i,j<n, and
yixj=x;y;, foralli#j, and y;x;=gq;x;y;+1, for 1<i<n.

* Another deformation of Weyl algebras was introduced by Giaquinto and Zhang [GZ95]
with the aim of studying the Jordan Hecke symmetry as a quantization of the usual second
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Weyl algebra. By definition, the quantum Weyl algebra A,(J, p) is the k-algebra generated
by the indeterminates x1, x»,01,02, with relations (depending on parameters a, b € k)
X1X2 = XoX1 + axf, 0201 =010, + ba%
61x1 =1+ x161 + axlag, ale = —ax101 — abx162 + x201 + beaz
02)61 leaz, 62)62 = 1—bX162+XZ62.

Note that if a = b =0, then A»(Jy o) is precisely the second Weyl algebra A, (k).

By definition, the q-Heisenberg algebra H,(q) is the k-algebra generated over k by the
indeterminates x;, y;, z;, for 1 < i < n, subject to the relations

XiXj=XjXi, Yi¥j=YjYi» ZjZi=ZiZj, l=i<j=n,

-1 .
XiZi—(qziXi =ZiYi—qYizi=Xjyi—(q "YViXi+z;= 0, l1<i=<n,
XiyYj=YjXi, XiZj=2ZjXi, YiZj=2ZjYi i#].

It can be seen that H,(g) can be expressed as an iterated skew polynomial ring.

The single parameter quantum matrix algebra O, (M, (k)) for p € k* has generating set
{xij 11 =, j < n}, subject to the relations given by

pxlmxl]’ i>lyj:mv

pxlmxl]’ i:l)j>m,
XijXim = . .

XimXij, i>lj<m,

XimXij+(p— p‘l)ximxlj, i>lLj>m.

It is straightforward to show that O, (M>(k)) = k[x11][x12; 0121 [X21; 0211 [X22; 022, 8221, with
the maps given by

o12(x11) = px11, 021(Xx11) = pX11,
022(X21) = pXx21, 022(Xx12) = pX12,

822(x11) = (p— P21 X12.

Otherwise, the value of 0;; is the identity map, and for 1 < i, j <2, the maps §;; are zero
[GJ04, Exercise 2V].

Jordan [Jor95] introduced a certain class of iterated Ore extensions called ambiskew poly-
nomial rings. These structures have been studied by Jordan et al. [Jor00, JW96] at various
levels of generality that contain different examples of noncommutative algebras. Next, we
recall briefly its definition.

Consider a commutative k-algebra B, a k-automorphism of B, and elements ¢ € B and
p ek*. Let S be the Ore extension B[x;o '] and extend o to S by setting o (x) = px. By
[Coh85, p. 41], there is a o-derivation § of S such that §(B) = 0 and 6 (x) = ¢. The ambiskew
polynomial ring R = R(B,0,c, p) is the Ore extension S[y;o,6], whence the following
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relations hold:

yx—pxy=c, and, forallbeB, xb:(f—l(b)x and yb=a(b)y. (1.1

Equivalently, R can be presented as R = By;ol[x;0~!,8' with o (y) = p~'y, §'(B) =0, and
6'(y) = —p~lc,sothat xy— p~lyx = —p~lc. If we consider the relation xb = o~ (b)x as
bx = xo(b), then we can see that the definition involves twists from both sides using o;
this is the reason for the name of the objects.

1.2.2 DOUBLE ORE EXTENSIONS

In the setting of noncommutative algebras appearing in noncommutative geometry, Artin-
Schelter regular algebras introduced by Artin And Schelter [AS87] are considered as noncommu-
tative analogues of commutative polynomial rings due to its important role in noncommutative
geometry. As one can appreciate in the literature, these algebras have been extensively stud-
ied (see the excellent survey on these algebras carried out by Rogalski [Rog24]). With the aim
of presenting new examples of Artin-Schelter regular algebras of dimension four, Zhang and
Zhang (7708, 7Z709] introduced algebra extensions which they called double Ore extensions
(double extensions for short) and constructed 26 families of these algebras. Many AS regu-
lar of these algebras are new and are not isomorphic to Ore extensions or extensions of an
Artin-Schelter regular algebra of global dimension three. Several researchers have investigated
different relations of double extensions with Poisson, Hopf, Koszul and Calabi-Yau algebras (e.g.
[GS20, Li22, LOW20, LOWY18, JLZ15, SAR21, SCR21, LRS17, ZvOZ17]). From the definition of
double extensions it is possible appreciate some similarities to that of a two-step iterated Ore
extensions. Nevertheless, there are no inclusions between the classes of all double extensions of
an algebra and of all length two iterated Ore extensions of the same algebra. Precisely, Carvalho
et al. [CLM11] formulated necessary and sufficient conditions for a double extension to be
presented as two-step iterated Ore extensions.

Next, we recall the definition of double extension introduced by Zhang and Zhang [Z708]
with some of its properties. Since some typos ocurred in their papers [ZZ08, p. 2674] and [ZZ09,
p- 379] concerning the relations that the data of a double extension must satisfy, we follow the
corrections and results presented by Carvalho et al. [CLM11] (all of them will be important in
Section 2.5).

DEFINITION 1.8 ([ZZ08, DEFINITION 1.3]; [CLM11, DEFINITION 1.1]). Let R be a subalgebra
of ak-algebra B.

(a) Bis called a right double extension of R if the following conditions hold:

(i) Bisgenerated by R and two new indeterminates y; and y»;

(ii) y1 and y» satisfy the relation

VoY1 =P12J/1J/2+P11y%+‘[1y1+TzJ/2+T0, (1.2)

for some pi2, p11 €kand 11,72,79 € R;
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(iii) B is a free left R-module with basis { y{ yg li,j= 0}.
(iv) 1R+ y2R+R< Ry1+ Ry +R.

(b) Aright double extension B of R is called a double extension if

(i) p12 #0;
(ii) Bisa free right R-module with basis {yéy{ li,j= 0};
(iii) le + ng +R= Ryl + Ryz + R.

Notice that Condition (a)(iv) from Definition 1.8 is equivalent to the existence of two maps

o= | 92 R bR and 6= |2 R— My (R),
021 022 62
such that
n| _ N
[ r=o(r) +6(r), forallreR. (1.3)
Y2 2

If B is a right double extension of R, we write B = Rp[y1, y2; 0,6, 7], where P = {p12, p11} <k,
T ={10,71,7T2} € R, and 0, are as above. The set P is called a parameter and 7 a tail.

For Ry[y1, y2;0,6,7] aright double extension, all maps o;; and §; are endomorphisms of the
k-vector space R. From [ZZ08, Lemma 1.7] we know that o must be a homomorphism of algebras,
and § is a o-derivation in the sense that § is k-linear and satisfes 6 (rr') = o (r)6 (r') + 6 (r)r’, for
011

o ..
21 is triangular, then both 013

all r,r’ € R. It is straightforward to see that if the matrix
021 022

and o0, are algebra homomorphisms.

Recall thatamap d: R — R is a o-derivation, where o is an endomorphism of R, if and only if
a(r) d(r)
0 r
in particular, implies that for any algebra endomorphism ¢ of the commutative polynomial
ring k[x] and any polynomial w € k[x], there exists a (unique) o-derivation d of k[x] such that

d(x) = w [CLM11, p. 2840].

the map from R to M, (R) sending r onto is a homomorphism of algebras. This,

In the case that 7 €k, the subalgebra of Rp[y1, y»; 0,08, 7] generated by y; and y» is the double
extension kp[y1, y2;0',6',7'], where ¢’ = 0| is the canonical embedding of k in M, (k) and
&' = 6| = 0 is the zero map. Carvalho et al., [CLM11] proved that the latter is always an iterated
Ore extension.

PROPOSITION 1.3 ([CLM11, PROPOSITION 1.2]). Let B =kp[y1, y2;0',6',7']. Then B is an it-
erated Ore extension k[x1]1[x2; 02, d2], where o, is the algebra endomorphism of the polyno-
mial ring k[x1] defined by o2(x1) = p12X1 + T2 and d is the o, -derivation of k[x,] given by
do(x1) = puxf + 11 + T9. Moreover, B is a double extension of k if and only if p1» # 0.

REMARK 2 ([CLM11, REMARK 1.3]). Let C =k[y;]1[y2;02,02] be as in Proposition 1.3. Then, for
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any k-algebra R, we have R® C = Rply1, ¥2; 0,0, 7], where

idg O
0 idg

0

» 0=,

o= , P={p12,pn1}, and 7={10,71,72}

are as in Proposition 1.3.

PROPOSITION 1.4 ([CLM11, PROPOSITION 1.4]). Given P = {p12, p11} and T = {1y, T1, T2} subsets
ofk, 0 : R — Ms«2(R) an algebra homomorphism, and 0 : R — M1 (R) a o-derivation, let
C =kly11ly2; 02, d2] be as in Proposition 1.3. Then, the following conditions are equivalent:

(1) Theright double extension Rp[y1, y2;0,08,T] exists.

(2) One can extend the multiplications from R and C to a multiplication in the vector space
N N1
Y2

R ey C, satisfying ) +0(r), forallr € R.
2

r=o(r)

PROPOSITION 1.5 ([ZZ08, LEMMA 1.10 AND PROPOSITION 1.11]; [CLM11, PROPOSITION 1.5]).
Given ak-algebra R, let 0 be a homomorphism from R to M2 (R), § a o-derivation from R to
M>,1(R), P = {p12, p11} a set of elements of k, and T = {1, 71,72} a set of elements of R. Then, the
associativek-algebra B generated by R, y1 and y, subject to the relations (1.2) and (1.3), is a right
double extension if and only if the maps o ; j and py, i €{1,2}, j, k €{0,1,2}, satisfy the six relations
(1.4) - (1.9) below, where g ;o = 8; and py is a right multiplication by Ty.:

2 2
021011+ P11022011 = P1107] + P11012011 + P12011021 + P11P12012021, (1.4)
2
021012+ P12022011 = P11011012 + P11P12012011 + P12011022 + P1,012021, (1.5)
2
022012 = P110712 + P12012022, (1.6)

020011 +021010+ 01022011 = p11(010011 + 011010 + P1012011)
+ p12(010021 + 011020 + P1012021) + 71011 + 720721, (1.7)
020012+ 022010+ 02022011 = p11(010012 + 012010 + P2012011)
+P12(010022 + 012020 + 2012021) + T1012 + 72022, (1.8)
020010+ 00022011 = P11(0§0 +00012011) + p12(010020 + P00 12021)

+T10'10+T20'10+T()idR. (1.9)

REMARK 3 ([CLM11, REMARK 1.6]). (1) Proposition 1.4 can be used to obtain a direct proof
of Proposition 1.5.

(2) Proposition 1.5 implies the uniqueness, up to isomorphism, of a right double exten-
sion of R, with given o,6, P and 7, provided such an extension exists. Indeed, assume
B= Rply1,¥2;0,0,7] is a right double extension of R. Then, by [ZZ08, Lemmas 1.7 and
1.10(b)], the data 0,8, P and 7 satisfy the conditions of Proposition 1.5. Let B be as in this
proposition. Then, there is an algebra homomorphism from B to B which restricts to the
identity on R and maps y; € B to the corresponding element y; € B, i = 1,2. Since B is
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a free left R-module with basis { y{' yg li,j= 0} and the same holds for B, this map is an
isomorphism, thus proving uniqueness.

Zhang and Zhang [Z708, Remark 1.4] noticed that by choosing a suitable basis of the vector
space ky; +ky», the following result holds.

PROPOSITION 1.6 ([CLM11, LEMMA 1.7]). Let B = Rply1, ¥2;0,0,7] be a right double extension.
(1) Ifpi1 #0and p12 =1, then

011 P11012
-1
P11021 022

_ 01| —
B=Rj 1y [yl,yz; ,[plélz 1] ,T} ,

whereT = {p1170,T1, P1172}, ¥ = p11Y1 andy, = yo.

(2) Ifp12 #1, then

011—q012 012
2
021+ q(011—022)—q°012 022+qo12

)

N _ 1) _
B = Ap,,0 [J’pJ’z; 52+1¢761]’T}’

pililf T={T0, 71— C[TZ,Tz},71 =) andyz =Y+ qy.

where q =

Following [CLM11, p. 2842], let B = Rp[y1, y2; 0,6, 7] be aright double extension and suppose
that p1» # 1. Then, from the ideas above, by choosing adequate generators y; and (possibly)
modifying the data o, 8,7 one can assume that p;; = 0. If B = Rp[y,,¥,; 0, §,7] is a right double
extension with p1; = 0, then B has a natural filtration, given by setting deg R = 0 and degy, =
degy, = 1. It can be seen that in view of relations 1.2 and 1.3, that the associated graded algebra
G(B) is isomorphic to Rp[y;,¥,;0,1{0,0,0}]. In this way, we have the following assertion:

PROPOSITION 1.7 ([CLM11, COROLLARY 1.8]). Suppose that B = Rply1, y2;0,0,7] is a right
double extension of R, with pi1» # 1. Then, there exists a filtration on B such that the associated

graded algebra G(B) can be presented as follows: G(B) is generated over R by indeterminates
z1,2p; it is free as a left R-module with basis {z{ zé | i, j = 0}; multiplication in G(B) is given
by left multiplication in R and the conditions zpz) = p122122 and z3R + zpR € Rz + Rzp, with
1 P11

r=o(r) P

, Where o is obtained from o and q =

as in Proposition 1.6 (2).

Z2 Z2

Furthe_rmore, in case B is a double extension, then G(B) is also free as a right R-module with
basis {z,z] | i,j = 0} and z1 R + zoR = Rz1 + Rz,.

Next, we recall the key results formulated by Carvalho et al. [CLM11] about relations be-
tween double extensions and two-step iterated Ore extensions (c.f. Zhang and Zhang [Z709,
Proposition 3.6]).

PROPOSITION 1.8 ([CLM11, THEOREM 2.2]). Let R, B bek-algebras such that B is an extension
of R. Assume P = {p12,p11} €k, T = {19,71,72} S R, 0 is an algebra homomorphism from R to
M>(R) and b is a o -derivation from R to M1 (R).

(1) The following conditions are equivalent:
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(@) B=Rply1,y2;0,6,7] is a right double extension of R which can be presented as an
iterated Ore extension R(yy;01,d11[y2; 02, d].

(b) B=Rply1,¥2;0,0,17] is right double extension of R with o1 = 0.

(©) Rly1;01,d11ly2;02,d2] is and iterated Ore extensions such that

02(R) S (R), 02(y1) = p12y1 +72,
d2(R) SRy +R, da(y1) = pr1yi + 111 + 7o,

forsomepi;jekandt;€R. Themapso,6,0; andb;, i = 1,2, are related by

di(a)
da(r)—o21(a)y

, 6(a)= , forallaeR.

021 O2|R

(2) Ifone of the equivalent statements from (1) holds, then B is a double extension of R if and
onlyifo, =011 and 02|r = 02y are automorphisms of R and p1» # 0.

PROPOSITION 1.9 ([CLM11, THEOREM 2.4]). Let B = Rply1, ¥2; 0,06, 7] be a right double exten-
sion of thek-algebra R, where P = {p12, p11} €k, T ={12,71,70} SR, 0 : R — M>(R) is an algebra
homomorphism and 6 : R — M1 (R) is a o -derivation. Then, B can be presented as an iterated
Ore extension R[y»; 0, d,1[y1;0",d] ifand only if 021 = 0, p12 # 0 and p1, = 0. In this case, B is a
double extension if and only ifa’2 =099 and 0’1 |gr = 011 are automorphisms of R.

Let us see an example of a double extension that can be expressed as a two-step iterated Ore
extension.

EXAMPLE 1.2 ([ZZ09, SUBCASE 4.1.1]). Let B = (kg[x1, x2]) p[y1, y2; 0,0, 7] be the right double
extension generated by x, X2, y1, y2 subject to the relations

X2 X1 =X1X2+X%, Yo =y1yz+yf,
nixi=fxy, ViX2 = gx1y1+ [ Xoy1,
Yox1=hx1y1 + fx1y, YoXo = mx1y1 + hxoy1 + gx1y2 + f X2y,

where f,g,h,mekand f #0. Note that in the relations

nxi=onx)yi+o2(x1)y2, and yi1x2=011(x2)y1 +012(x2) Y2,

we have 012 = 0. Hence, in this case B = Rp[y1, y2;0,9, 7] is a right double extension of R. By
Proposition 1.8(ii), B can be presented as the two-step iterated Ore extension R[y1;071, d111y2; 02, do].

1.2.3 UNIVERSAL ENVELOPING ALGEBRAS AND PBW EXTENSIONS

If g is a finite dimensional Lie algebra over a commutative ring K with basis {x,,..., x,}, then
by the Poincaré-Birkhoff-Witt theorem, the universal enveloping algebra of g, denoted by U(g),
is the algebra generated by x,..., x, subject to the relations x;x; — x;x; = [x;, X;] € g, where
[xi,xj]1 € Kx1+...+ Kxy, forall 1 <, j < n. As is well-known, in general these algebras are not
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skew polynomial rings even including non-zero trivial derivations. Some enveloping algebras
can be expressed as skew polynomial rings using derivations that are non-trivial. Let us see an
example.

The standard basis for the Lie algebra s(, (k) is labelled {e, f, h}, where

[e’f] = h) [h) e] = 23, and [h,f] = —Zf

In this way, the enveloping algebra U (sl, (k)) is the k-algebra presented by three generators
e, f, h and three relations

ef—fe=h, he—eh=2e, and hf-fh=-2f.

If R is the subalgebra of U(sl,(k)) generated by e and h, then R =k[e][h;01] = k[h][e;01],
where k[e] and k[/] are commutative polynomial rings, 61 (e) = 2e, and o is the k-algebra auto-
morphism of k[h] with 01 (h) = h—2. Thus, U(sly(k)) = klellh;01]11f;02,02] =kl[hlle;o11(f; 02,021,
where g, (e) = e, 02(h) = h+2, 2(e) = —h, and 52 (h) = 0 [GJ04, Exercise 2S]. Other examples of
universal enveloping algebras known as parafermionic and parabosonic algebras are presented
in Section 1.2.8.

Universal enveloping algebras above are PBW extensions over K in the sense of Bell and
Goodearl [BG88] (note that these authors presented other examples of enveloping rings intro-
duced by Passman [Pas87] related to enveloping universal algebras). In Remark 7 (iv), we will
say some words about these extensions.

1.2.4 3-DIMENSIONAL SKEW POLYNOMIAL ALGEBRAS

Another kind of noncommutative rings which includes the universal enveloping algebra U (s[; (k))
of the Lie algebra s, (k), the Dispin algebra U (osp(1,2)) and Woronowicz’s algebra W,, (sl (k))
[Wor87], is the family of 3-dimensional skew polynomial algebras. These algebras were intro-
duced by Bell and Smith [BS90] and are very important in noncommutative algebraic geometry
and noncommutative differential geometry (e.g., [Red96, Red99, RS22, Ros95] and references
therein). Next, we recall their definition and classification.

DEFINITION 1.9 ([R0S95, DEFINITION C4.3]). A 3-dimensional skew polynomial algebra A is a k-
algebra generated by the indeterminates x, y, z restricted to relations yz—azy = A, zx—Bxz=p,
and xy —yyx = v, such that

@ Auvek+kx+ky+kz and a, B,y ek \ {0};
(ii) standard monomials {x’y/z’ |1, j,I = 0} are a k-basis of the algebra.

ProOPOSITION 1.10 ([R0S95, THEOREM C.4.3.1]). If A is a 3-dimensional skew polynomial
k-algebra, then A is one of the following algebras:

(1) if Ha,B,v} =3, then A can be presented using the relations yz—azy =0, zx — fxz =
0, xy—yyx=0.
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2) if Ha, B,y =2and B# a =y =1, then A can be presented as:

(i) yz—zy=2, zx—PBxz=y, Xxy—yx=x;
(i) yz—zy=2, zx—Pxz=b, xy—yx=x;
(i) yz—zy=0, zx—Pxz=y, xy—yx=0;
(iv) yz—zy=0, zx—pPxz=b, xy—yx=0;
(V) yz—zy=az, zx—Pxz=0, xy—yx=x;

i) yz—zy=2z2, zx—PBxz=0, xy—-yx=0,
where a, b are any elements of k. All non-zero values of b give isomorphic algebras.

3) If Ha,B, 7} =2 and B # a =y # 1, then A can be presented using the relations of the
following form:
() yz—azy=0, zx—Pxz=y+b, xy—ayx=0;
(i) yz—azy=0, zx—PBxz=b, xy—ayx=0.

In this case, b is an arbitrary element of k. Again, any non-zero values of b give isomorphic
algebras.

(4) Ifa =B =7y #1, then Aisthealgebradefined by the relations yz—azy = aix+b,, zx—axz =
axy+ by, xy—ayx =asz+bs. Ifa; =0 (i =1,2,3), then all non-zero values of b; give
isomorphic algebras.

(5) Ifa=p=7v=1, then A can be presented as

(i) yz—zy=x, zx—-xz=Yy, Xy—yx=gz;
(i) yz—zy=0, zx—xz2=0, xy—yx=2z;
(iii) yz—zy=0, zx—xz=0, xy—yx=>b;
(iv) yz—zy=-y, zx—-xz=x+y, xy—-yx=0;

(V) yz—zy=az, zx—xz=2z, xy—-yx=0;

Parameters a, b € k are arbitrary, and all non-zero values of b generate isomorphic algebras.

1.2.5 BI-QUADRATIC ALGEBRAS ON 3 GENERATORS WITH PBW BASES

Related to algebras generated by three indeterminates, recently Bavula [Bav23] defined the skew
bi-quadratic algebras with the aim of giving an explicit description of bi-quadratic algebras on 3
generators with PBW basis.

For aring R and a natural number n = 2, a family M = (mij)i>j of elements mijeR(1<j<
i < n) is called a lower triangular half-matrix with coefficients in R. The set of all such matrices
is denoted by L, (R).

If o = (04,...,04) is an n-tuple of commuting endomorphisms of R, § = (61,...,6,) is an
n-tuple of o-endomorphisms of R (that is, §; is a 0;-derivation of Rfori =1,...,n), Q= (qij) €
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Ly(Z(R)), A:=(a;jr) where a;jx € R, 1< j<i<nand k=1,...,n, and B:= (b;;) € L,(R), the
skew bi-quadratic algebra (SBQA) A= R[xy,...,X,;0,0,Q,A,B] is a ring generated by the ring R
and elements xi,..., x, subject to the defining relations

x;ir=0;(r)x;+6;(r), fori=1,...,n, andeveryreR, (1.10)
n

XiXj—(qijXjXi = Zaij,kxk+b,~j, forallj<i. (1.11)
k=1

In the particular case when o; = idg and §; =0, for i = 1,..., n, the ring A is called the
bi-quadratic algebra (BQA) and is denoted by A = R[xy,...,x; Q,A,B]. A has PBW basis if

A= @ Rx"where x®=x{"---x;".
aeN"

The following result classifies (up to isomorphism) the bi-quadratic algebras on three gener-
ators of Lie type, i.e., when ¢y = g2 = g3 = 1.

PROPOSITION 1.11 ([BAV23, THEOREM 1.4]). Let A be an algebra of Lie type over an algebraically
closed field k of characteristic zero. Then the algebra A is isomorphic to one of the following
(pairwise non-isomorphic) algebras:

(1) P3=Kklx1,x2,x3], a polynomial in three indeterminates.
(2) U(sly(k)), the universal enveloping algebra of the Lie algebra sl, (k).
(3) U($3)), the universal enveloping algebra of the Heisenberg Lie algebra 3.

4) UM I(c-1)=kix, y,z}/{[x,y] = z,[x,2] =0,[y,z] =1), and the algebraU(AN)/{c—1) isa
tensor product Ay ® k[x'] of its subalgebras, the Weyl algebra A, (k) =k{y, z}/{ly, z] = 1) and
the polynomial algebra [x'] where x' = x + 3 z°.

(5) Uy xkz) =kix,y,z}/{[x,y] = y), and z is a central element.

6) Ul (c-1)=kix, y,z/{x,y] = y,1x,2] =1,[y,2] =0) and the algebra U (.4)/{c—1) isa
skew polynomial algebra A, (k)[y; o] where A; (k) =ki{x, z}/{[x, z] = 1) is the Weyl algebra
and o is an automorphism of A, (k) given by theruleo(x + 1) and o(z) = z.

PROPOSITION 1.12 ([BAV23, THEOREM 2.1]). Up to isomorphism, there are only five bi-quadratic
algebras on two generators:

(1) The polynomial algebrak[x, x»].
(2) The Weyl algebra A; (k) =ki{xy, X2}/ {x1X2 — X2x1 = 1).

(3) The universal enveloping algebra of the Lie algebra ny = (x1, X2 | [X2,x1] = x1), Umny) =
k{x1, x2}/{x2x1 — X1 %2 = X1).

(4) The quantum plane 04(k) = k{xy, x2}/{x2x1 — qx1X2), where g €k \ {0,1}.

(5) The quantum Weyl algebra A;(q) = k{xy, x2}/ (X2 x1 — qx1x2 = 1), where g€k \ {0,1}.
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1.2.6 DIFFUSION ALGEBRAS

Diffusion algebras were introduced by Isaev et al. [[PR0O1] as quadratic algebras that appear as
algebras of operators that model the stochastic flow of motion of particles in a one dimensional
discrete lattice. However, its origin can be found in Krebs and Sandow [KS97].

DEFINITION 1.10. ([IPRO1, p. 5817]) The diffusion algebras type 1 are affine algebras & that are
generated by n indeterminates Dy, ..., D, over k that admit a PBW basis of ordered monomials of
the form D(I,?ID,I,?Z e D(]f/; with k; € Nand a; > az > -+ > @y, and there exist elements x1,..., x, €k
such thatforall 1 <i < j < n, there exist A; € k* such that

AijDiDj_/ljiDjDi:iji_xiDj~ (1.12)

Notice that a diffusion algebra in one indeterminate is precisely a commutative polynomial
ring in one indeterminate. A diffusion algebra with x; =0, forall t = 1,..., n, is a multiparameter
quantum affine n—space.

Fajardo et al. [FGL*20] studied ring-theoretical properties of a graded version of these
algebras.

DEFINITION 1.11. ([FGL*20, Section 2.4]) The diffusion algebras type 2 are affine algebras 2
generated by 2n variables {D,,..., Dy, x1,...,x,} over a field k that admit a linear PBW basis of
ordered monomials of the form BgiB% ---Bﬁ'f; with By, € {Dy,...,Dy, x1,...,x,}, for all i < 2n,
kj €N, and a; > az > --- > ay, such that for all 1 < i < j < n, there exist elements 1;; € k*
satisfying the relations

AijDiDj_/ljiDjDi=iji_xiDj- (1.13)

Different physical applications of algebras type 1 and 2 have been studied in the literature.
From the point of view of ring-theoretical, homological and computational properties, several
thesis and papers have been published (e.g., [FGL"20, HHR20, Hin05, Lev05, Twa02]). For in-
stance, notice that a diffusion algebra type 1 generated by n indeterminates has Gelfand-Kirillov
dimension 7 since because of the PBW basis, the vector subspace consisting of elements of total
degree at most [ is isomorphic to that of a commutative polynomial ring in n indeterminates.
Similarly, diffusion algebras type 2 have Gelfand-Kirillov dimension 27.

REMARK 4. About the above definitions of diffusion algebras, we have the following facts:

(i) Isaevetal. [IPRO1] and Pyatov and Twarok [PT02] defined diffusion algebras type 1 by
taking k = C. Nevertheless, for the results obtained in this thesis we can take any field not
necessarily C.

(ii) Following Krebs and Sandow [KS97], the relations (1.12) are consequence of subtracting
(quadratic) operator relations of the type

I8 DaDp = DyXs — Xy Dy, forall 4,6 =0,1,...,n-1,

where F;‘fg €k, and D;’s and X;’s are operators of a particular vector space such that not
necessarily [D;, X;] = 0 holds [KS97, p. 3168].
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(iii) Hinchcliffe in his PhD thesis [Hin05, Definition 2.1.1] considered the following notation for
diffusion algebras. Let R be the algebra generated by n indeterminates x;, x, ..., X, over
C subject to relations a; jx;x; — b;jXjx; = rjXx; — r;Xj, whenever i < j, for some parameters
a;j€C\ {0}, forall i < jand b;;,r; €C, for all i < j. He defined the standard monomials
to be those of the form xﬁ{’ xfl"_’i e xéz x{‘ . R is called a diffusion algebra if it admits a PBW
basis of these standard monomials. In other words, R is a diffusion algebra if these standard

monomials are a C-vector space basis for R. If all the elements q;; := Z—Z’s are non-zero,
then the diffusion algebras have a PBW basis in any order of the indeterminates [Hin05,
Remark 2.1.6].

Diffusion algebras of n generators (also called n-diffusion algebras) are constructed in such
a way that the subalgebras of three generators are also diffusion algebras. As we can see in
Proposition 1.13, diffusion algebras type 1 of three generators can be classified into 4 families,
A,B,C, and D, and these in turn are divided into classes as shown below (notice that this
classification reflects the number of coefficients x;, s € {i, j, k}, being zero in comparison with
the expression (1.12)).

PROPOSITION 1.13 ([PT02, p. 3270]). If D is a diffusion algebra type 1 generated by the indeter-
minates D, D;j and Dy withi< j <k, and A €k, then 9P is isomorphic to a diffusion algebra of
one of the following clases:

(1) The case of A;:
ng'Dj —ngDl' = iji —xiDj,
8DiDy—gDD; = x;D;i — x; Dy,
ngDk - ngDj = kaj — ijk,
where g € k is a non-zero element.
(2) The case of Aj;:
gijDiDj = iji —xiDj,
8ikDiDy = xD; — X; D,
gjijDk = kaj — ijk,
where gs; = gs— gr With gs # g, foralls < t, and s, t € {i, j, k}, are elements belonging to k.
(3) The case of B
giDiDj—-(gj—MND;D;= - x;Dj,

gD,'Dk - (g— A)DkD,' = kai - xka,
ngjDk - (g] —A)Dij = kaj,

where g, gj €k*.
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4)

®)

(6)

()

8)

9)

The case of B@:

gijDiDj= —x;iDj,
8ikDiDi — AkiDiDi = Xk D; — X; Dy,
8jkDjDy = x;Dj,
where gij, 8ik, §jk are non-zero elements of k.
The case of B®.
ng'Dj - (g—A)DjDi = ij,- —x,-Dj,
8xDiDy = —x; Dy,
(gk - A)DjDk = - ijk,
where g # 0 and gy # 0, A, are elements belonging to k.
The case of B@:
(8i—M)D;Dj = x;D;,
8iDiDy = xiDj,
ngDk - (g—A)Dij = kaj —ijk,
where g #0 and g; #0, A.
The case of CV;
giDiDj—-(gj—MND;D;= - x;Dj,

8kDiDy — (gx — A)DiD;
gjijDk - gijij =0,

- Xx; Dy,

where g;, 8k, 8jk €k*.
The case of C?:
8ijDiD;j—g;iDjD;= —Xx;Dj,
8ikDiDk — 8kiDxDi = — xi D,
DDy =0,
where gij, gir €k*.

= &8s

The case of D: With g := g where s, t € 1{i, j, k} (recall that gs; # 0, for s < t), we have

St’
Dl'Dj - qjiDjDi =0,
DiDy = qkiDiD; =0,
DjDk - qijij =0.
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About the relationship between diffusion algebras and skew polynomial rings, if we consider
the notation in Remark 4 (3), then a 3-diffusion algebra generated by the indeterminates x;, xy, x3
is a skew polynomial ring over its 2-diffusion subalgebra generated by x, and x3 [Hin05, Lemma
2.2.1], where it is easy to see that a 2-diffusion algebra is a skew polynomial ring over the
polynomial subalgebra generated by x». In general an n-diffusion algebra (generated by the
indeterminates x, ..., X;) is a skew polynomial ring over its (n—1) diffusion subalgebra generated
by x,..., x, [Hin05, Remark 2.2.2].

Since a diffusion algebra on n = 2 generators is left Noetherian if and only if g;; # 0, for all
i < j [Hin05, Proposition 2.2.5], where g;; is given in Remark 4 (3), then every Noetherian 2-
diffusion algebra is isomorphic to one of the following three types of algebra [Hin05, Proposition
3.3.1]:

* The quantum affine plane, that is, the free algebra generated by the indeterminates x; and
X2 subject to the relation x; x» — gx2x; =0, for some g € C* (allowing the possibility g = 1).

» The quantized Weyl algebra, i.e., the free algebra generated by the indeterminates x; and
X» subject to the relation x; xo — gx2x; = 1, for some g € C \ {0, 1}.

* The universal enveloping algebra of the 2-dimensional soluble Lie algebra, that is, the free
algebra generated by the indeterminates x; and x, subject to the relation x; xy — xpx; = X;.

Related to Proposition 1.13, Hinchcliffe [Hin05] proved the following result about classifica-
tion of diffusion algebras assuming certain conditions on the coefficients of commutation of the
indeterminates.

PROPOSITION 1.14 ([HINO5, PROPOSITION 3.1.4]). If q;; ¢ {0,1}, for all i, j, then a diffusion
algebra R is isomorphic either to multiparameter quantum affine n-space or to the C-algebra
generated by the indeterminates x1, X2, X3, ..., Xn subject to relations

X1X2 — qi2X2x1 = 1, where g2 #1,

x1x; — qiixix1 =0, where q1; #1,
-1

X2Xi—(,; XiX2 =0,

Xixj—qijxjx; =0, forall3<i<j.

1.2.7 GENERALIZED WEYL ALGEBRAS AND DOWN-UP ALGEBRAS

Other algebraic structures that illustrate the results obtained in this thesis are the generalized
Weyl algebras and down-up algebras. We briefly present the definitions and some relations
between these algebras (see [Jor95, Jor00, JW96] for a detailed description).

Given an automorphism o and a central element a of a ring R, Bavula [Bav92] defined
the generalized Weyl algebra R(o, a) as the ring extension of R generated by the indetermi-
nates X~ and X" subject to the relations X" X" = a, X" X~ =o0(a), and, forall be R, X*b =
o(b)X", X~ a(b) = bX ™. This family of algebras includes the classical Weyl algebras, primitive
quotients of U(sly), and ambiskew polynomial rings. Generalized Weyl algebras have been
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extensively studied in the literature by various authors (see [Bav92, Bav23, Jor00], and references
therein).

On the other hand, the down-up algebras A(a, B,v), where a, 8,y € C, were defined by
Benkart and Roby [Ben99, BR98] as generalizations of algebras generated by a pair of operators,
precisely, the “down” and “up” operators, acting on the vector space CP for certain partially
ordered set P. More exactly, consider a partially ordered set (P, <) and let CP be the complex
vector space with basis P. If for an element p of P, thesets {xe P| x> p}and {xe P | x < p}
are finite, then we can define the “down” operator d and the “up” operator u© in End¢c CP
as u(p) = Xx-px and d(p) = Y.<, X, respectively (for partially ordered sets in general, one
needs to complete CP to define d and u). For any a, 8,y € C, the down-up algebra is the C-
algebra generated by d and u subject to the relations d?u = adud + fud? +yd and du? =
audu+ Bu?d +yu. Apartially ordered set P is called (g, r)-differential if there exist g, r € C such
that the down and up operators for P satisfy both relations, and @ = g(g +1),=—g° and y = r.
From [BR98], we know that for 0 # 1 € C, A(a, B,7) = A(a, B, Ay). This means that when y # 0 we
can assume without loss of generality that in fact y = 1. For more details about the combinatorial
origins of down-up algebras, see [Ben99, Section 1].

Remarkable examples of down-up algebras include the universal enveloping algebra U (s[, (C))
of the Lie algebra s[, (C) and some of its deformations introduced by Witten [Wit90] and Woronow-
icz [Wor87]. Related to the theoretical properties of these algebras, Kirkman et al. [KMP99]
proved that a down-up algebra A(«, B,y) is Noetherian if and only if § is non-zero. As a matter of
fact, they showed that A(a, B,y) is a generalized Weyl algebra and that A(a, B,y) has a filtration
for which the associated graded ring is an iterated Ore extension over C.

According to [Ben99, p. 32], if g is a 3-dimensional Lie algebra over C with basis x, y, [x, y]
such that [x, [x, y]] = yx and [[x, y], y] = Yy, then in the universal enveloping algebra U (g) of g
these relations are given by x?>y—2xyx+yx? = yxand xy?—2yxy+y*x = yy. Notice that U(g) is a
homomorphic algebra of the down-up algebra A(2,—1,y) via the mapping ¢: A(2,-1,y) — U(g),
d — x,u— y, and the mappingv : g — A@2,-1,y), x— d,y— u, [x,y] — du— ud, extends by
the universal property of U(g) to an algebra homomorphism v : U(g) — A(2,—1,y) which is the
inverse of 1. Hence, U(g) is isomorphic to A(2,—-1,7).

It is straightforward to see that U(sl»(C)) = A(2,—-1,—-2). Also, for the Heisenberg Lie algebra
b with basis x, y, z where [x, y] = zand [z,x] = [z, y] =0, U(h) = A(2,—-1,0).

Now, with the aim of providing an explanation of the existence of quantum groups, Wit-
ten [Wit90, Wit91] introduced a 7-parameter deformation of the universal enveloping algebra
U(sl,(k)). By definition, Witten’s deformation is a unital associative algebra over a field k (which
is algebraically closed of characteristic zero) that depends on a 7-tuple & = (¢y,...,¢7) of elements
of k. This algebra, denoted by W (¢), is generated by the indeterminates x, ¥, z subject to the
defining relations xz —¢;zx = fzx,_zy —¢3yz=¢4, and yx—&sxy = &62% + E7z. From [Ben99,
Section 2], we know that a Witten’s deformation algebra W (¢) with

¢6=0, ¢567#0, {1=¢3, and ¢{»={4, (1.14)

is isomorphic to one down-up algebra. Notice that any down-up algebra A(a, B, y) with not both
a and f equal to 0 is isomorphic to a Witten deformation algebra W (¢) whose parameters satisfy
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(1.14).

Since algebras W (&) are filtered, Le Bruyn [Bru94, Bru95] studied the algebras W (£) whose
associated graded alg_ebras are Auslander regular. He determined a 3-parameter f_amily of
deformation algebras which are said to be conformal sl algebras that are generated by the
indeterminates x, y, z over a field k subject to the relations given by zx —axz = x, zy—ayz=1y,
and yx—cxy = bz? + z. In the case ¢ # 0 and b = 0, the conformal sl, algebra with these three
defining relations is isomorphic to the down-up algebra A(a, B,y) with a = c11+aoc), B = —ac!
and y = —c™!. Notice that if c = b = 0 and a # 0, then the conformal sl, algebra is isomorphic to
the down-up algebra A(a, 8,y) witha = a1, =0, and y = —a!. As one can check, conformal
sl algebras are not Ore extensions.

Kulkarni [Kul99] showed that under certain assumptions on the parameters, a Witten defor-
mation algebra is isomorphic to a conformal s[, (k) algebra or to an iterated Ore extension. More
exactly, following [Kul99, Theorem 3.0.3] if £1¢3¢5¢2 # 0 or £1¢3¢5¢4 # 0, then W () is isomorphic
to one of the following algebras: (i) a conformal sl, algebra with generators x, y,_z and relations
given above or (ii) an iterated Ore extension whose generators satisfy

* xz—zx=Xx,2y—-yz=_y, yx—nxy =0, or
* xw=0wx, wy=xyw, yx = Axy, for parameters {,n,6,x, 1 € k.
Notice that iterated Ore extensions above are defined in the following way:

(i) The Witten deformation algebra is isomorphic to k([z][y,o1][x,02] where o, is the auto-
morphism of k[z] defined as 0;(z) = z—{, with zy — yz = {y; 02 is the automorphism
of k[z][y,01] defined as g2(y) = 7'y, 02(2) = z+ 1, which satisfies xz — zx = x and
yx—-nxy=0.

(ii) The Witten deformation algebra is isomorphic to k[w][y,o1][x,02] where o, is the auto-
morphism of k[w] defined as o (w) = k' w with wy = x yw, and o, is the automorphism
of k[w][y,o1] defined as o2 (w) = 0w, 02(y) = A1y such that wy = x yw and yx = Axy.

1.2.8 OTHER FAMILIES OF QUANTUM ALGEBRAS

In this section, we recall the definitions of some examples of noncommutative rings known in
the literature as quantum algebras or quantized algebras.

* Let g be a finite dimensional Lie algebra over k with basis x1,..., x, and U(g) its enveloping
algebra. The homogenized enveloping algebra of g is </ (g) := T (g&kz)/ (R), where T (gekz)
denotes the tensor algebra, z is a new indeterminate, and R is spanned by the union of
sets{zox—x®z|xegland {x®y-y®x—[x,yl®z|x,y€g}

e From [G]04, p. 41], for g an element of k with g # +1, the quantized enveloping algebra
of sl (k) corresponding to the choice of g is the k-algebra U, (sl>(k)) presented by the
generators E, F, K, K ~1 and the relations

-1

-1’

KK '=K'K=1, EF-FE= KE=¢g?EK, and KF=q °FK.
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From [GJ04, Exercise 2T], we know that Uy (s> (k)) can be expressed as an iterated skew
polynomial ring of the form k[E] [K*L;:01]1[F;02,8,] [GJ04, Exercise 2T].

* Following Yamane [Yam89], if g € C with g% # 1, the complex algebra A generated by the
indeterminates e, 13, €23, f12, f13, 23, k1, k2, [, I> subject to the relations

fisfiz=q7% fizfizs
fsfiz=q"fizfos— 4 fis,
fosfis=aq"? fisfoss

e1zer; = g Zerzens,
€23€12 = 612612623 —qeis,
exei3 =q “ezes,

22
e12 fi2 = frzerz + %,

q°-—q

e fis = fiserz + G fosks,
e12 f23 = fazern,
e13fiz = fizeis — q s,
kiky - 1

q2_q72 ’

kifiz = g% fizky,

k> fi2 = qfizko,
kifiz=q " fisks,
kafiz =g fiska,

2
ennki=q “kiep,

ernks = gkzer,
-1
eiski=q kiess,

-1
eisky =q  kreis,

e13fiz3 = fiseiz— exsky = gk eos, k1 fo3 = qfaski,

kafos = 4% faska,
L fiz = ¢° fizly,
Lfiz=q" fi2lo,

hfiz=qfish,

e1s fo3 = frzeis + gk e, exsks = G 2 ke,
ex3 fio = fizeos,
e fis = fiseos — G fia 5,

k212
exsfos = fosers + ——=,
q - —4q

2
ezl = g°lien,

-1
ezl =q " Le,

ezl =qliess,

ezl = qlhess,

Lfos=q ' fosh,
Liki =k,
hiky=koly,

Lfis=qhsl,
exsly = G° e,
Lk =kil,
Lky =k,

ex3h =g ' less,

L fos = 4° fasla,

koky = k1 ko,
Ll =hl,

is necessary to define the quantized enveloping algebra of s(3(C).

* With the aim of obtaining bosonic representations of the Drinfield-Jimbo quantum al-
gebras, Hayashi [Hay90] considered the free algebra U. Following Berger [Ber92, Exam-
ple 2.7.7], U is a k-algebra generated by the indeterminates wy,...,w,,¥1,...,¥,, and
vi,...,¥,, subject to the relations

ViV Vi =YY S YY) S 00— 0o =Yy -y =0, 1<i<js<n,
wiyi-q )= W;wi_q_(s”wﬂl’; =0, l<i,j=sn,

Vivi- vyl = - qPot, l<i<n.

* The Non-Hermitian realization of a Lie deformed defined by Jannussis et al. [JLM95] is
an important example of a non-canonical Heisenberg algebra considering the case of
non-Hermitian (i.e., 2 = 1) operators A;, By, where the following relations are satisfied:

Aj(l+ i/ljk)Bk—Bk(l - i/ljk)Aj = i(sjk’
[Aj, Bkl =0 (j #k),
[A]’Ak] = [B])Bk] = 0’
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and,
AT (L +iA B — By (1= idjp) Af = i8 i,
[A},B,tl =0(j#k),
[A7, A{1=[B},B[1=0, (1.15)
with A; # A}r, By # B;Cr (j,k=1,2,3). If the operators A, By are in the form A; = f;(N; +
Daj, By = u; Jx(Ng +1), where a;, a}r are leader operators of the usual Heisenberg-Weyl

algebra, with N; the corresponding number operator (N; = a;faj, (Nj | nj) =<(njln;)),
and the structure functions fj(N; + 1) complex, then it is showed that A; and By, are given

by
i 1—iA)/A+iApNitt—1
Aj: l. ([( ]) ( ]] ) Llj,
1+lﬂj (1—1/1]')/(1+lﬂj)—1 N]'+1
B — i a+([(1—mk)/(1+mk)]Nk+1—1 1 )%
Vi U —idg/A+id -1 Ne+1)

Following Havlicek et al. [HKPO0O, p. 79], the C-algebra U’ ,’] (so03) is generated by the indeter-
minates I, I», and I3, subject to the relations given by

NoI—

1 _ _1 1
LI -qhh=-qL, LhL-q 'Lz=q L, LhLh-qhlh=-qL,

where g is a non-zero element of C. It is straightforward to show that Uéi (s03) cannot be
expressed as an iterated Ore extension.

Zhedanov [Zhe91, Section 1] introduced the Askey-Wilson algebra AW (3) as the algebra
generated by three operators Ky, K, and Kj, that satisfy the commutation relations

(Ko, Kilw = Kz, [K2, Kol = BKog + C1 K1 + D1, and [K7, K3, = BKy + CyKp + Dy,

where B, Cy, Cy, Dy, and D; are the structure constants of the algebra, which Zhedanov
assumes are real, and the g-commutator [—, —],, is given by [0, Al := e’0OA — e “ AL,
where w € R. Notice that in the limit w — 0, the algebra AW(3) becomes an ordinary Lie
algebra with three generators (Dy and D, are included among the structure constants of
the algebra in order to take into account algebras of Heisenberg-Weyl type). The relations
defining the algebra can be written as

e‘”KOKl - e_leKO =Ky,
engK() - e_wK()Kz = BKy+ C1K; + Dy,
ele K, - e_“’KzKl = BKj + CyKy + Dy.

With the purpose of introducing generalizations of the classical bosonic and fermionic
algebras of quantum mechanics concerning several versions of the Bose-Einstein and
Fermi-Dirac statistics, Green [Gre53] and Greenberg and Messiah [GM65] introduced by
means of generators and relations the parafermionic and parabosonic algebras. For the
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completeness of the thesis, briefly we recall the definition of each one of these structures
following the treatment developed by Kanakoglou and Daskaloyannis [KDO09]. Let [, A] :=
OA -ADOand {O,A} :=0A + ACL

Consider the k-vector space Vf freely generated by the elements f;", f] S,withi,j=1,...,n.
If T(Vg) is the tensor algebra of Vr and Ir is the two-sided ideal Ir generated by the
elements [[fl.‘c,f;’],flf —3(e— n)zéjkff +3(e— é)zéikf;’, for all values of &,n,e = +1, and
i,j, k=1,...,n, then the parafermionic algebrain 2n generators Pl(,:”) (n parafermions) is
the quotient algebra of T'(Vr) with the ideal IF, that s,

T(VF)
$ oM rey_ lin_ an28. £ 2 oo 28, £ ¢ _ Coeg ’
<[[‘fl yf‘]]rfk] 2(8 n) 6]](3]‘; +2(£ S) 6lk.f] Ig;n;g_ilyly]rk_ly---)n>

(n) _
F

It is well-known (e.g., [KD09, Section 18.2]) that a parafermionic algebra Pl(,:") in 2n gener-
ators is isomorphic to the universal enveloping algebra of the simple complex Lie algebra
so2n+1),ie, PU” = Uso2n +1)).

Similarly, if V3 denotes the k-vector space freely generated by the elements b}, b]T, i,j=
1,...,n, T(Vp) is the tensor algebra of Vg, and I is the two-sided ideal of T'(Vp) generated
by the elements [{bf, b?}, bi] —(e— n)5jkbf —(e— 5)5ikb?» for all values of ¢,n,e = £1, and
i,j=1,...,n, then the parabosonic algebra Pfg") in 2n generators (n parabosons) is defined
as the quotient algebra Pl(gn) /1p, that s,

) _ T(Vp)
BB, B (=M b — (e~ O8ubT | Eme = 41,0 j = 1,..,m)
<[{ i’ ]}’ k £ n ]k i 3 ik ] )n’g_— )l)]_ )--~yn

It is known that the parabosonic algebra Pg') in 2n generators is isomorphic to the uni-
versal enveloping algebra of the classical simple complex Lie superalgebra B(0, n), that
is, Pg”) = U(B(0, n)). For more details about parafermionic and parabosonic algebras, see
[KDO09, Proposition 18.2], and references therein.

1.2.9 ORE POLYNOMIALS OF HIGHER ORDER GENERATED BY HOMOGENEOUS
QUADRATIC RELATIONS

For a ring R, as we saw in Section 1.2.1, the Ore extensions introduced by Ore [Ore31, Ore33]
consist of the uniquely representable elements ro+rjx+--- + rkxk, k=k(r)=0,1,2,...,1; €R,
with the commutation relation xr = o(r)x + d(r), where o is an endomorphism of R and § is
a o-derivation of R. Different generalizations, called skew Ore polynomials, have been intro-
duced and studied by Cohn [Coh61, Coh85], Dumas [Dum91], and Smits [Smi68], considering
the commutation relation xr = ¥, (r)x + W2 (r)x*> + - - -, where the ¥’s are endomorphisms of R.
Nevertheless, there are cases of quadratic algebras such as Clifford algebras, Weyl-Heisenberg
algebras, and Sklyanin algebras, in which this commutation relation is not sufficient to define
the noncommutative structure of the algebras since a free non-zero term ¥ is required (e.g.,
Ostrovskii and Samoilenko [0S92]). Precisely, skew Ore polynomials of higher order with commu-
tation relation with this free term, thatis, xr = Yo(r)+ VY1 (r)x+---+¥,,(r)x" + - - -, were studied



CHAPTER 1. SEMI-GRADED RINGS 25

by Maksimov [Mak00], where, for every r, s € R, the free term ¥ satisfies the relation

Wo(rs) = Wo(r)s+ ¥ (1) Wo(s) + Pa(r)P2(s) +---,

or the equivalent operator equation Wor = W (r) + W1 (r)¥o + W2 (r) W2, where r is considered
as the operator of left multiplication by r on R. Notice that one may consider ¥ as a singular
differentiation operator with respect to ¥, ¥5,..., but where ¥, need not be an endomorphism
of R.

Later, Golovashkin and Maksimov [GM05] investigated the representation of algebras Q(a, b, ¢)
over a field k of characteristic zero defined by a quadratic relation in two generators x, y given by

yx=ax2+bxy+ cyz, (1.16)

as an algebra of Ore polynomials of higher degree with commutation relation (1.16) with a, b, ¢
belong to k. As one can check, the algebra generated by the relation is represented in the
form of an algebra of skew Ore polynomials of higher order if the elements {x"y"} form a
linear basis of the algebra. Hence, this algebra can be defined by a system of linear mappings
Yo, ¥1,¥,,... of the algebra of polynomials k[x] into itself such that for an arbitrary element
px) eklx], yp(x) = ¥Yo(px)) + Y1 (p(x)y+---+ ‘I’k(p(x))yk, k=k(px), k=0,1,2,... If this
representation exists, then one can obtain the relations between the operators ¥y, V1, ¥s,...
They found conditions for such an algebra Q(a, b, c) to be expressed as a skew polynomial with
generator y over the polynomial ring k[x] (cf. [GM98]), and proved that these conditions are
equivalent to the existence of a PBW basis, i.e., basis of the form {x™y"}. Notice that this kind of
algebras have been previously studied in the literature where its Poincaré series was calculated
by Ufnarovskii [Ufn90].

Next, we recall briefly some of the results presented in [GMO05] about PBW bases of these
algebras which are useful in Chapter 3.

First of all, Golovashkin and Maksimov [GMO05, Section 1] distinguished three types of
algebras that can be occur from relation (1.16):

(i) Algebras in which the monomials {x™y" | m, n € N} form a PBW basis.

(ii) Algebras in which the monomials {x™y" | m, n € N} are linearly dependent (for instance,
the algebra determined by the relation yx = x> + xy + y?).

(iii) Algebras in which the monomials {x"y" | m, n € N}, are linearly independent, but do not
form a PBW basis (for instance, the algebra subject to the relation yx = x> — xy + y?).

Case (i) is of interest since in this situation the quadratic algebra is determined by the
structural constants that arise when expanding the products (x*y")(x'y®) in terms of the basis
{x"y"}. Nevertheless, it is more useful to use special linear mappings of the ring of polynomials
k([x] rather than structural constraints. Let us see the details.

If the monomials {x"y"} form a basis, then for every power x" € k[x], yx" has a unique
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expression given by
Y =W n(x) + W1 a0y + -+ Wiy, n (0™, (1.17)

where Wy ,(x), for each k, are polynomials from k[x]. Precisely, for k=0, 1,..., it can be defined
a linear mapping ¥ : k[x] — k[x] given by W (x") = ¥} ,,(x). If we define x* = y° = 1}, then

Yo(1)=0, ¥Y;()=1, ¥ 1)=0, k=23,... (1.18)
which shows that for every element p(x) € k[x], there is a unique expresion given by
yp(x) = Po(p()) +¥1(p)y + -+ + ¥ mipn (p(0)) y P (1.19)

Having in mind that y"(p(x)) = y(3"* 1 p(x)) = --- = y(y(--- y(yp(x)))), it follows that the values
of the operators Wy, k=0,1,..., uniquely determine the algebra of skew polynomials generated
by (1.16) in the case that {x™y" | m,n € N}.

REMARK 5. A general algebra of skew polynomials with indeterminate x over R is also determined
by certain linear operators W : R — R such that for each r € R, there is a unique representation
xr=Yo(r)+¥Yi(Nx+---+ \Pm(r)xm(’). Of course, if R is a ring with one generator, then the
algebra has a PBW basis. If m(0) = 1, then we obtain the classical Ore extensions [Ore33]. It
itimportant to say that the associativity and uniqueness of the representation of the product
xr guarantee conditions on the set of operators {¥}ren Which are necessary and sufficient to
determinate the algebra of skew polynomials (for more details, see [Mak00, Mak05]).

Example 1.3 contains examples of skew polynomials with PBW basis over the ring k[x]
generated by the quadratic homogeneous relation (1.16).

EXAMPLE 1.3 ([GMO05, SECTION 1.3]). The following two cases arise in the study of operators in
functional analysis [0S92, VK95]:

(i) @a=0and c #0. Here, expression (1.16) turns out to be yx = bxy + cy?. If x; := x, y1 := cy,
then we obtain y;x; = bx; y; + yf.

(ii) a#0and c=0. Again, if x; := x, y; := cy, then (1.16) is equivalent to y; x; = bx; y; + x%.

Denote by T the operator of multiplying by x a polynomial f(x), thatis, T f(x) = xf(x). Let

D be the ordinary operator of differentiation, that is, Dx" = nx""!, and D, be the operator of
f-f(gx)

X—qx -
D, := D, while for g = 0 we get the operator Dy = D is the operator of difference quotient given

by D fx) = w. If one consider the operator of integration J, Jx" = ﬁx”“, the operator

of g-integration J,; defined by J;x" = %x”“, the Dirac operator 1 given by V f (x) = f(0),
and the identity operator I, then the following relations hold at the basis {x" | n € N}:

g-differentiation given by D f (x) = , for every g € k. Of course, for g = 1, we consider

DT=1, TD=1-Vy, Dglq=1I, J4Dg=1-Vo,DyX—-qXD,=1,
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and ,

DDy =qDyD+D", and TJ; = q]4T+]5,
which are precisely the Cases (i) and (ii) considered in Example 1.3. If g = 1, we obtain the Weyl
relation DT — T D = I, and the equivalent relations DD-DD= 52 and TJ—JT = J2.

It is straightforward to see that the sets of operators {T ng} and {D’qn T”}, for m,neN, are
PBW bases of the algebra generated by the operators T and D. Similarly, the sets {Tm ] ;’} and

{]q T"} ({BmD”} and {D’”Bn}), where m, n € N, are PBW bases of the algebras generated by

the operators T and J,; (D and D). It follows that for both Cases (i) and (ii) in Example 1.3, the
sets {a™b" | m,n € N} and {b™a" | m, n € N} are bases of the algebra (1.16).

Notice that if @ = 0 in (1.16), then the quadratic algebra is given by yx = bxy + cy®. From

[GMO05, Expression (11)], we know that this is an algebra of skew polynomials determined
by the operators Wy = 0, ¥, (x") = b"x", ¥, (x") = ¥1cDp(x"), P3(x") = ‘PchDi(x”), that is,
=¥ " IDi fork=1,2,...
EXAMPLE 1.4 ([GMO05, SECTION 1.5]). When two of the three coefficients a, b, and c are equal
to zero, the resulting quadratic algebras are given by three types: (iii) yx = ax?, (iv) yx = cy?,
and (v) yx = bxy. The set {x"y" | m, n € N} is a PBW basis for algebras (iii) and (iv), while the
algebra (v) is an Ore extension.

Examples 1.3 and 1.4 guarantee that if ab = 0, then the quadratic algebra defined by (1.16)
is an algebra of skew polynomials over k[x] and has a PBW basis {x"y" | m,n € N} [GMO05,
Proposition 1].

A useful tool in the study of the PBW bases for quadratic algebras defined by (1.16) is the
matrix given by

which is called the companion matrix for (1.16) [GMO05, Section 2.2]. If the lower-right elements
of the matrices M' does not vanish for all [ € N, then Q(a, b, c) has a PBW basis of the form
{x"y™ | m,n e N} [GMO5, Proposition 4]. Equivalently, Q(a, b, ¢) is the ring of skew polynomials
over k[x] determined by the sequence of operators Wi, k =0, 1,..., satisfying the infinite relations
YoX = aX?+bX¥o+ ¥,
¥y = bX¥; +cP?,

VX = bXW +c??,

where
NG R L 7L 7 2 ZUREPeEn 8
0 » k 0Tk 1T k-1 kX0

see [GMO05, Lemma 1]. General relations between \Pg.k) were formulated in [Mak00, Mak05,
Smi68].

If b+ ac # 0 anecessary and sufficient condition for the monomials {x™y" | m, n € N} form a
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basis of Q(a, b, ¢) is precisely that the lower-right elements of the matrices M’ does not vanish
forallleN. Ifa=c=1and b = -1, then the elements {x"" y" | m, n € N} are linearly independent
but do not form a PBW basis of Q(a, b, ¢c) [GMO05, Propositions 5 and 10].

1.2.10 SKEW POINCARE-BIRKHOFF-WITT EXTENSIONS

Skew Poincaré-Birkhoff-Witt extensions were defined by Gallego and Lezama [GL11] with the
aim of generalizing Poincaré-Birkhoff-Witt extensions introduced by Bell and Goodearl [BG88]
(Section 1.2.3) and Ore extensions of injective type defined by Ore [Ore31, Ore33] (Section
1.2.1). Over the years, several authors have shown that skew PBW extensions also generalize
families of noncommutative algebras such as those mentioned in the previous sections. Due
to their generality, in Chapters 2 and 3 we prove several results about these objects that can be
illustrated with algebras described in the previous sections. Precisely, the importance of skew
PBW extensions is that they do not assume that the coefficients commute with the variables,
and the coefficients do not necessarily belong to fields. As a matter of fact, skew PBW extensions
contain well-known groups of algebras such as some types of G-algebras in the sense of Apel
[Ape88], Auslander-Gorenstein rings, some Calabi-Yau and skew Calabi-Yau algebras, some
Artin-Schelter regular algebras, some Koszul algebras, quantum polynomials, some quantum
universal enveloping algebras, families of differential operator rings, and many other algebras
of interest in noncommutative algebraic geometry and noncommutative differential geometry.
Ring, theoretical and geometrical properties of skew PBW extensions have been presented in
several works [AT24, Art15, Faj18, Gall5, HHR20, HR22, LG19, Rey13, RS16, Sual7, SR17, SRS23,
Ven20].

DEFINITION 1.12 ([GL11, DEFINITION 1]). Let R and A be rings. We say that A is a skew PBW
extension over R (also called a o-PBW extension of R) if the following conditions hold:

(i) Risasubring of A sharing the same identity element.

(ii) There exist elements x,...,x, € A\ R such that A is a left free R-module with basis given
by the set Mon(A) := {x* = x;" - x," | @ = (a1,..., &) EN"}.

(iii) For each 1 <i < n and any r € R \ {0}, there exists an element c;, € R \ {0} such that
Xir—c¢irXxXi €R.

(iv) For1<1i,j < n, there exists an element d; ; € R \ {0} such that
XjXi —d,-,jxixj €R+Rx1+---+Rxy,

i.e., there exist elements rél’”, rl(l’]), oo r,(,f’]) € Rwith

() ()]
XjXi —dl-,]-xix]— =T Y +ZZ:1 I‘k / X
From now on, we use freely the notation A = (R)(x1,..., X;;) to denote a skew PBW extension

A over aring R in the indeterminates x,,..., x;. R will be called the ring of coefficients of the
extension A.
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REMARK 6 ([GL11, REMARK 2]). (i) Since Mon(A) is aleft R-basis of A, the elements c; , and
d;,j in Definition 1.12 are unique.

(ii) If r =0, it follows that ¢; o = 0. In fact, from 0 = x;0 = ¢; ¢ + r;, with r; € R, we obtain
cio=0=r;foralli.

(iii) In Definition 1.12 (iv), d; ; = 1. This follows from x? - di,ix? =80+ 81X+ + Sp Xy, with
s; € R, whichimplies1-d;; =0=s;.

(iv) Leti < j. From Definition 1.12 it follows that there exist elements d jiv d; jER such that
Xixj—djixjxi € R+ Rx; +---+ Rxp and xjx; — d;j jx;xj € R+ Rx; +---+ Rxy, and hence
1=djd, , thatis, foreach 1 <i < j<n, d;; hasaleftinverse and d; ; has a right inverse.

(v) Everyelement f € A\ {0} has a unique representationas f =¥ !_ r; X;, with r; € R\ {0} and
X; € Mon(A) for 0 = i < r with Xy = 1. When necessary, we use the notation f = Zfzo r; Y;.
PROPOSITION 1.15 ([GL11, PROPOSITION 3]). Let A= 0 (R){x1,...,X,) be a skew PBW extension

over R. For each 1 < i < n, there exist an injective endomorphism o; : R — R and a o ;-derivation
0i:R— R suchthatx;r =0;(r)x; +0;(r), foreachr € R.

We use the notation X := {04,...,0,} and A := {6y,...,6,} for the families of injective en-
domorphisms and o;-derivations, respectively, established in Proposition 1.15. For a skew
PBW extension A = o(R){x1,...,X,) over R, we say that the pair (Z,A) is a system of endomor-
phisms and X -derivations of R with respect to A. For a = (ay,...,a,) eN”, g% := a‘l"‘ o--ro0y,
6%:=0 ‘lxl o---00%", where o denotes the classical composition of functions.

The next definition presents some particular examples of skew PBW extensions.

DEFINITION 1.13 ([GL11, DEFINITION 4], [LAR15, DEFINITION 2.3 (11)]). Consider a skew PBW
extension A= o (R){xy,..., X,) over R.

(a) Ais called quasi-commutative if the conditions (iii) - (iv) in Definition (1.12) are replaced
by the following:
(iii") Foreveryl<i<nandre€ R\ {0} there exists ¢; j € R\ {0} such that x;r = ¢; ; x;.
(iv’) Foreveryl<i,j < n,there exists d; j € R\ {0} such that x;x; = d; jx; x;.

(b) Ais bijectiveif o, is bijective, for every 1 < i < n, and d; ; is invertible, forany 1< i< j < n.

(c) If o; is the identity map of R for each i = 1,...,n, then we say that A is a skew PBW
extension of derivation type. Similarly, if §; is zero, for every i, then A is called a skew PBW
extension of endomorphism type.

(d) Ais said to be semi-commutativeif it is quasi-commutative and x;r = r x;, for each i and
every r € R.

DEFINITION 1.14 ([GL11, DEFINITION 6]). Let A= o (R){x3,...,X,) be a skew PBW extension

over R.

(i) For a = (ay,...,an) eN", |al:=a1+--+a,. fB=(B1,...,0n) eN", then a+ f = (a; +
ﬂl,...,an+,6n).
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(i) For X = x% € Mon(A), exp(X) := @ and deg(X) := |a|.
(iii) If f is an element as in Remark 6(v), then deg(f) := max{deg(X,-)}l?:l.

PROPOSITION 1.16 ([GL11], THEOREM 7). If A is a polynomial extension of a ring R with respect
to the set of indeterminates {xy, ..., X}, then A is a skew PBW extension of R if and only if the
following conditions hold:

(1) Foreach x* € Mon(A) and every0 # r € R, there exist unique elements ro := 0%(r) € R \ {0}
and pq,r € A such that
xX*r=rex*+pa,r (1.20)

where po,r =0 ordeg(pq,r) <lal if pa,r # 0. Moreover, if r is left invertible, so isrg.

(2) Foreach x%, xP € Mon(A), there exist unique elements d, g € R\ {0} and pq g € A such that
xxP = dy px**F + pg g, (1.21)
where dg g is left invertible, py g = 0 or deg(pqa,p) <|a+ Pl if pa,p # 0.

In Mon(A), we define the total order

X% = xP
or

1= xP = { x¥#xP but |a| > |B] (1.22)
or

x® # xP,|a| = | B] but there exists i with a1 = f1,...,a;—1 = Bi—1, a; > B;.

If x% = xP but x® # xP, we write x® > xP. Every element f € A\ {0} can be represented in a
unique way as f = x¥ +---+r;x%, withr; e R\ {0}, 1 <i < ¢, and x% > --- > x% . We say that
x% is the leading monomial of f and we write Im(f) := x%'; ry is the leading coefficient of f,
le(f) := ry; and ryx® is the leading term of f, 1t(f) := rix®'. It is clear that > is an monomial
order in the sense of [GL11], i.e., the following conditions hold

(i) For every x%, xP, x?,x* € Mon(A)

1% = 2P = Imx’ x¥xY) = Im(x? xPx);

(i) x% =1, for every x* € Mon(A); and
(iii) = is degree compatible, i.e., |a| = |f] = x% = xP.
EXAMPLE 1.5. (i) Let A=a(R){xy,...,x,) be a PBW extension over R. A is a positively SG ring

with graduation A= @ A,, where
neN

Ay = p(x% € Mon(A) | deg(x%) = ny,

i.e., A, are the set of homogeneous polynomials of degree n.
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REMARK 7. (i) From Definition 1.12 (iv), it is clear that skew PBW extensions are more general
than iterated skew polynomial rings. For example, universal enveloping algebras of finite
dimensional Lie algebras and some 3-dimensional skew polynomial algebras in the sense
of Bell and Smith [BS90] cannot be expressed as iterated skew polynomial rings but
are skew PBW extensions. Quasi-commutative skew PBW extensions are isomorphic to
iterated Ore extensions of endomorphism type [LR14, Theorem 2.3].

(ii) Skew PBW extensions of endomorphism type over a ring are more general than iterated
Ore extensions of endomorphism type of the same ring. Let us illustrate the situation with
two and three indeterminates.

For the iterated Ore extension of endomorphism type R[x;04][y;0], if r € R then we
have the following relations: xr = gx(r)x, yr = 0,(r)y, and yx = oy (x)y. Now, if we
have o (R)(x, y) a skew PBW extension of endomorphism type over R, then for any r € R,
Definition 1.12 establishes that xr = o1 (r)x, yr =o2(r)y,and yx=di2xy+ro + rnnx+ray,
for some elements d; , 1o, 11 and r» belong to R.

If we have the iterated Ore extension R[x;0x][y;0y1[z;0.], then forany r € R, xr = 04(r)x,
yr=0y(ny, zr = 0.(r)z, yx = 0y(x)y, 2x = 0,(x)z, zy = 0,(y)z. For the skew PBW
extension of endomorphism type o(R){x,¥,2), xr = o1(r)x, yr = 02(r)y, zr = 03(r)z,
YX=di1pXy+To+ 11X+ T2y +132, 2X = d13X2+ 1+ X+ 15y + 15z, and zy = da3yz+ 1y +
r{x+r)y+rjz for some elements d,dy3,do3,70, 7, ), 71,11, ] s T2, T, 5,3, T5, T3 Of
R. As the number of indeterminates increases, the differences between both algebraic
structures are more remarkable.

(iii) Ambiskew polynomial rings (Section 1.2.1) are skew PBW extensions over B, that is,
R(B,0,c¢,p) =0 (B)(y, X).

(iv) PBW extensions introduced by Bell and Goodearl [BG88] (Section 1.2.3) are particular
examples of skew PBW extensions. More exactly, the first objects satisfy the relation
xir=rx;+0;(r),foreveryi=1,...,n, and each r € R, and the elements d;j in Definition
1.12 (iv) are equal to the identity of R. As examples of PBW extensions, we mention the
following: the enveloping algebra of a finite-dimensional Lie algebra; any differential oper-
atorring R[64,...,601;01,...,0 5] formed from commuting derivations 91, ..., 0 ,; differential
operators introduced by Rinehart; twisted or smash product differential operator rings,
and others (for more details, see [BG88, p. 27]).

(v) 3-dimensional skew polynomial algebras and bi-quadratic algebras on three generators
with PBW bases (Sections 1.2.4 and 1.2.5, respectively) are skew PBW extensions.

(vi) The algebra Ué, (s03) is a skew PBW extension overk, i.e., U/q (s03) =0 (k)(h, I, I3) [FGL*20,
Example 1.3.3].

(vii) Using techniques such as those presented in [FGL" 20, Theorem 1.3.1], it can be shown that
AW(3) is a skew PBW extension of endomorphism type, that is, AW(3) = o (R)(Kyp, K1, K2).

PROPOSITION 1.17 ([LR14, PROPOSITION 4.1]). Let A= o0 (R){x1,...,X,) be a skew PBW exten-
sion over R. If R is a domain, then A is a domain.
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From Proposition 1.17 it follows that if R is a domain and f,g € A \ {0}, then deg(fg) =
deg(f)+deg(g). Hence, if A is a skew PBW extension over a domain R, then the units of A are
exactly the units of R [FGL"20, Corollary 3.2.2.].

PROPOSITION 1.18 ([FGL" 20, PROPOSITION 3.2.3.]). Let A= 0(R){x3,..., X,) be a skew PBW
extension over aring R. If R is a domain, then J(A) = 0.

From Definition 1.12 it follows that skew PBW extensions are not N-graded rings. With this
in mind, Proposition 1.19 allows to define a subfamily of these extensions, the graded skew
PBW extensions (Definition 1.15) introduced by Sudrez in his PhD Thesis [Sual7] (see also [Su7]).
Before presenting its definition, we recall the following facts:

e IfR= @ Rpand S= @ S, are N-graded rings, then amap ¢ : R — S is called graded if
peN peN

@(Rp) € Sp, foreach peN. For meN, R(m) := @ R(m)p, where R(m)p := Rp+m.
peN
* Suppose that o : R — R is a graded algebra automorphism and 4 : R(—1) — R is a graded
o-derivation (i.e., a degree +1 graded o-derivation 6 of R). Let B := R[x;0,0] be the

associated graded Ore extension of R, thatis, B= @ Rx” as an R-module, and for r € R,
p=0

xr =o0(r)x+46(r). If we consider x to have degree 1 in B, then under this grading B is a
connected graded algebra generated in degree 1 (for more details, see [CS08, Phal2]).

PROPOSITION 1.19 ([SU7, PROPOSITION 2.7 (11)]). Let A= 0 (R){x1,...,X,) be a bijective skew
PBW extension over an N-graded algebra R = @ R,,. If the following conditions hold:
m=0

(1) o; is a graded ring homomorphism and d; : R(—1) — R is a graded o ; -derivation, for all
1<i<n, and

(2) xjx;—d;jxiXj€ Ry + Ry X1 +---+ Ry Xy, as in Definition 1.12 (iv) and d; ; € Ry,

then A is an N-graded algebra with graduation given by A= @ A, where for p 20, A, is the
p=0

k-space generated by the set
{rtx“ |t+|al=p, rr€ Ry and x“ € Mon(A)}.

DEFINITION 1.15 ([SU7, DEFINITION 2.6]). Let A = o(R){x1,...,X,) be a bijective skew PBW

extension over an N-graded algebra R = @ R,,. If A satisfies both conditions established in
m=0
Proposition 1.19, then we say that A is a graded skew PBW extension over R.

Some properties of graded skew PBW extensions can be found in [SAR21, SCR21, SRS23,
SLR17]. Next, we recall some examples of these objects.

ExXAMPLE 1.6. The Jordan plane, homogenized enveloping algebras (Section 1.2.8), and some
classes of diffusion algebras (Section 1.2.6, [Su7, Examples 2.9]) are graded skew PBW extensions.
If we assume the condition of PBW basis, then graded Clifford algebras defined by Le Bruyn
[Bru95] are also examples of graded skew PBW extensions. Let us see the details.

Let k be an algebraically closed field such that char(k) # 2 and let M,,..., M, € M, (k) be
symmetric matrices of order n x n with entries in k. A graded Clifford algebra <f is a k-algebra on
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degree-one generators Xxi,..., X, and on degree-two generators y1,..., y, with defining relations
given by

n
A) xixj+xjx;= Y (Mp)ijycforalli,j=1,...,n;
k=1
(i) yxcentralforallk=1,...,n.

Note that the commutative polynomial ring R =k[y1,..., y,] is an N-graded algebra where
Ro=k,R1 ={0}, y1,..., ¥n € Rp, and R; = {0}, for i = 3. If we suppose that the set {x;" --- x,;" | a; €
N,i=1,...,n} is aleft PBW R-basis for </, then the graded Clifford algebra < is a graded skew
PBW extension over the connected algebra R, that is, & = o (R)(x1,...,X;). Indeed, from the
relations (i) and (ii) above, it is clear that o; = idg, 6; =0, d; j = -1 € Ry, for 1 < i, j < n, and
Zzzl (My)ijyk € Rz, where d; ; is given as in Definition 1.12 (iv). In this way, </ is a bijective skew
PBW extension that satisfies both conditions of Proposition 1.19.



CHAPTER 2

MORPHISMS AND CV-POLYNOMIALS OF ITERATED ORE
EXTENSIONS AND DOUBLE ORE EXTENSIONS

In this chapter, we formulate several characterizations of morphisms and cv-polynomials of
iterated Ore extensions and double extensions. The results in this chapter contribute to the
study of morphisms and pseudo-linear transformations of noncommutative rings of polynomial

type.

With this aim, in Section 2.1 we recall the key results of Rimmer’s paper [Rim78] on auto-
morphisms of the Ore extensions of automorphism type R[x; o] which fix R elementwise. Next,
Section 2.2 contains the more important results formulated by Ferrero and Kishimoto [FK80] (see
also Kikumasa [Kik90]) on automorphisms of skew polynomial rings of derivation type. Section
2.3 contains some definitions and preliminaries on homomorphisms and cv-polynomials of Ore
extensions of mixed type in one indeterminate presented by Lam and Leroy [LL92]. Surprisingly,
Lam and Leroy in their article did not consider the works of Rimmer, Ferrero, Kishimoto and
Kikumasa, so according to the search we carried out in the literature, this is the first place where
the four treatments are presented in order to generalize some of their results to the more general
context of the iterated Ore extensions.

The original results of this chapter begin in Section 2.4. There, we investigate the behavior of
morphisms and cv-polynomials of iterated Ore extensions. More exactly, Sections 2.4.1, 2.4.2
and 2.4.3 present the characterization of morphisms and cv-polynomials of two-step, three-step
and n-step iterated Ore extensions, respectively. We organize information in Tables 2.1, 2.2 and
2.3 with the aim of presenting different possibilities along with their conditions. It is important
to say that we have found some mistakes in particular cases of [LL92], which we illustrate in
Examples 2.6 and 2.13, and present their corresponding versions. Our important results are
formulated in Theorems 2.19, 2.20, 2.21, 2.22, 2.23, 2.24, 2.25, 2.26 for length two iterated Ore
extensions, Theorems 2.27, 2.28, 2.29 for length three iterated Ore extensions, and Theorems
2.30, 2.31, 2.33 for length n iterated Ore extensions.

Having in mind the theory of homomorphisms and cv-polynomials of Ore extensions pre-
sented in Section 2.4, and the importance of double extensions in noncommutative algebra, in

34
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Section 2.5 we present a first approach toward a theory of homomorphisms and cv-polynomials
between these objects. More exactly, since double extensions are defined by using matrix nota-
tion, in Section 2.5.1 we introduce the notion of dcv-matrix that encodes pairs of cv-polynomials
(Definition 2.10). We consider different examples that illustrate dcv-matrices (Examples 2.18,
2.20, 2.21, and Tables 2.4 and 2.5), and show that the computations are non-trivial. Under
certain conditions, Theorem 2.34 characterizes dcv-matrices, while Theorem 2.35 presents a
characterization of isomorphisms between double extensions. Next, Section 2.5.2 contains
examples and a characterization of dcv-matrices for trimmed double extensions with their corre-
sponding Nakayama automorphism (Theorem 2.36). Then, in Section 2.5.3, we investigate when
a homomorphism of double extensions is a homomorphism of two-step iterated extensions
(Theorem 2.37) in an analogous way to the comparison between double extensions and two-step
iterated Ore extensions presented by Zhang and Zhang and Carvalho et al. (Section 1.2.2).

Finally, Section 2.6 presents some ideas for a future work.

2.1 ORE EXTENSIONS OF AUTOMORPHISM TYPE IN ONE INDETERMINATE

When R is a commutative ring and o is the identity automorphism of R, Gilmer [Gil68] de-
termined all the automorphisms of R[x;c] = R[x] which fix R elementwise. Parmenter [Par]
extended this result to the case where R is commutative and o is any automorphism of R (the
cases where o is the identity on R and R is any ring has been considered by Coleman and
Enochs [CE71]). These three results are corollaries of Rimmer’s paper [Rim78, Theorem 1]. More
exactly, for a unital ring (not necessarily commutative) R and o any automorphism of R, Rimmer
[Rim78] determined all the automorphisms of the skew polynomial ring of automorphism type
R[x; 0] which fix R elementwise. As an application of his results, he investigated isomorphisms
between different skew polynomial rings wich preserve an underlying ring isomorphism [Rim78,
Theorem 3].

Let us recall some of the most important facts established by Rimmer in his paper.

PROPOSITION 2.1. (1) [Rim78, Lemma 1] If ry is a central unit of R and if ry € R is such that
ror = o (r)rg forallr € R, then x — 1y + 1 x induces an automorphism of R[x; o] which fixes
all elements of R.

(2) [Rim78, Lemma 2] Suppose x — ro+rix+---+r,x" induces a homomorphism v of R[x; 0]
which fixes each element of R. Then vy is surjective if and only if

e o(r)rg=ror, forallr €R,

* 1) is a central unit,

* X—Xx+ rl_lrgx2 +- 4 rl_lrnx” induces a surjective homomorphism, u say, of R[x; 0]
which fixes every element of R.

In this case there exists an automorphism 0 of R(x; o], which also fixes R elementwise,
induced by x — ro+r1x, such thatw = 0u. Thusy is an automorphism precisely when
U is an automorphism.
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PROPOSITION 2.2 ([RiM78, THEOREM 11]). Let R be any ring with identity and let o be any

n .
automorphism of R. Then x — Y r;x' induces an automorphism of R[x;a] which fixes each
i=0
element of R if and only if

(1) o(rr;=rio'(r), forallr e Randalli€0,1,...,n},
(2) r1 isacentral unitin R, and

(3) r; is nilpotent foralli€{2,...,n}.

n .
Further, these three conditions hold if and only if x — Y. r; x* induces a surjective homomorphism
i=0

of R(x; 0] which fixes each element of R.

Parmenter [Par] noted that there is not always a homomorphism of R[x; o] which fixes each

n .
element of R and maps x to Y. r;x'. As we can check, there is at most one such homomorphism,
i=0

and this exists precisely when (¥ r;x') r = o(r) (X r;ix'), for all r € R. Equivalently,

forallr € R, andforalli € {0,...,n}, o(r)r; = r;o(r). (2.1)

Of course, this is precisely condition (1) of Proposition 2.2. In particular, o(r)r; = ryo(r), for all
r € R, which means that r; is a central element of R.

PROPOSITION 2.3 ([RIM78, THEOREM 2]). The map x — x+ rox? + - rpx" induces a surjective
homomorphism ¢ of R(x; 0] which fixes R elementwise precisely when it induces an automor-
phism, and this occurs if and only if
1) on)r;= riai(r),forall reRandallief{2,...,n}, and
(2)' r; isnilpotent foralli€ {2,...,n}.
Rimmer [Rim78, Section 3] dealt with isomorphisms between skew polynomial rings whose
underlying rings are isomorphic. As we will see, for an element f(x) € R[x; o], Proposition 2.4

establishes conditions for which the R-linear map R[x; 0] — R[x;0] defined by x* — f(x)* is an
R-ring automorphism.

PROPOSITION 2.4 ([RIM78, THEOREM 3]). Let R and R' be any rings with an isomorphism
¢:R— R, and let 0 and o' be automorphisms of R and R’', respectively. Then the map x —
bo+ b1x+ -+ by x" extends ¢ to an isomorphism ¢ : R[x;0) — R'[x;0'] if and only if

(1) (@od)(r)b; =bi(poa’)i(r), forallr e Randall0<i<n,
(2) by is a unit, and

(3) b; is nilpotent forall2<i < n.

Further these three conditions occur precisely when ¢ is a surjective homomorphism.
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If v is a unit in R, Rimmer denoted by i, the inner automorphism of R given by i, (r) = vrv~1,

forall r € R.

PROPOSITION 2.5 ([RIM78, LEMMA 4]). Let R and R’ be any rings with automorphisms o and o',
respectively, and let ¢ : R — R’ be any isomorphism. If the map x — by+ by x+---+ b, x" extends ¢
to a surjective homomorphism between R[x;d] and R(x;0"1, then by is a unit and ¢~ op = o' iy,

PROPOSITION 2.6 ([RIM78, LEMMA 5]). Let ¢ : R — R’ be an isomorphism, and let o and o'
automorphisms of R and R', respectively. Further, let v be a unit of R’ such that ¢ ~'o¢p = o'i,.
Then the map 0 : R(x;0] — R'[x;0'] determined by x — vx and r — ¢(r) for all r € R is an
isomorphism.

2.2 ORE EXTENSIONS OF DERIVATION TYPE IN ONE INDETERMINATE

Ferrero and Kishimoto [FK80] studied automorphisms of skew polynomial rings of derivation
type. They discussed conditions on f(x) € R[x;6] for the R-linear map R[x;0] — R[x;6] defined
by xk— f (x)ktobea R-ring automorphism. Kikumasa [Kik90] characterized automorphisms
of a certain skew polynomial ring of derivation type.

Throughout this section, N will mean the union of all nilpotent ideals of R.

PROPOSITION 2.7 ([FK80, LEMMA 2]). The R-linear map ¢ : R[x;6] — R[x; 0] defined by xk—
(ro+rx)k isan R-ring automorphism if and only if r, is a central unit and ror —rrg =6(r)(r1 —1)
forallr € R.

In what follows, Ferrero and Kishimoto [FK80, p. 23] assumed that §(IN) € N and that the
k
n .
R-linear map ¢ : R[x;0] — R[x;0] defined by xk— ( Yy bl-x’) ,1n =2, is an R-ring automorphism.
i=0
m .
Notice that if b, # 0, then (,b_l(x) =y cjx] with ¢, # 0 and m = 2 (Proposition 2.7).
j=0
The following results are the most important presented by Ferrero and Kishimoto.

PROPOSITION 2.8. (1) [FK80, Theorem 1] (1) b; is a unit. (2) b; are nilpotent for i = 2, and
therefore{b; |1 =2} c N.

(2) [FK80, Theorem 2] If b; are nilpotent for i = 2, then ¢ is a monomorphism.
(3) [FK80, Theorem 3] If Ny is nilpotent, then ¢ is an R-ring automorphism.
(4) [FK80, Corollary 2] Assume that one of the following conditions is fulfilled:

(1) R is Noetherian.

(2’) There exists a monic polynomial f(x) with coefficients in R such that f(0)(b;) =0 for
i=2.

Ifb; are nilpotent for i = 2, then ¢ is an R-ring automorphism.
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2.3 ORE EXTENSIONS OF MIXED TYPE IN ONE INDETERMINATE

We recall some definitions and results about morphisms and cv-polynomials of Ore extensions
in one indeterminate presented by Lam and Leroy [LL92] (see also [Ler95, LLO08]).

According to [LL92, p. 86], let S’ = D[x;0’,6'] and S = D|[x; g,8] be Ore extensions over the
same division ring D. Consider any D-homomorphism ¢ : §' — S. Writing p(x) := ¢(x') € S, we
have ¢(x'a) = ¢p(x')Pp(a) = p(x)a for any a € D. On the other hand, ¢(x'a) = (o’ (@)x' + 6" (a)) =
o' (a)p(x) + &' (a). Therefore, necessarily

px)a=0c'(a)p(x)+6'(a), forany ae D. 2.2)

This fact indicates how the homomorphisms between Ore extensions should be defined and
characterize them in a polynomial sense.

DEFINITION 2.1 ([LL92, P. 86]).Let S’ = D[x’;0',6'] and S = D[x;0,6]. Consider p(x) € S
satisfying (2.2). We can define ¢: S’ — S by

<P(Z dix/i) =) aip('.
i=0 i=0

This D-homomorphism ¢ is unique from S’ to S sending x’ to p(x).

As we can see, the polynomial satisfying condition (2.2) plays an important role in describing
the homomorphisms between Ore extensions. This fact motivates the following definition.

DEFINITION 2.2 ([LL92, DEFINITION 2.4]). Let S’ = D[x;0’,6'] and S = D[x; 0,8]. A polynomial
p(x) € S, satisfying that p(x)a = o' (a) p(x) + 6'(a) is called change-of-variable polynomial (or
cv-polynomial) with respect to (¢’,6'). We shall say that p(x) € S is a cv-polynomial if it is a
cv-polynomial with respect to some pair (¢”,6").

If S =D[x;0",6'], S= D[x;0,6] and ¢p: S’ — S is a D-homomorphism, then ¢ is injective if
and only if the associated cv-polynomial p(x) = ¢(x) has degree = 1, and ¢ is surjective (whence
bijective) if and only if p(x) has degree =1 [LL92, p. 86].

REMARK 8 ([LL92, P. 86]). We should remark that our requirement that ¢» : S — S be ahomomor-
phism over D is not strictly necessary. In general, we can deal with homomorphisms ¢: S’ — S
with the property that 0 := ¢|p is an automorphism of D. In this case, one can check as above
that p(x) := ¢(x') is a cv-polynomial with respect to (z,y), where 7 = 00’60 ! and y = 05’607!. In
fact, ¢p can be factored as ¢p; 0© where © : S’ — D[t; 7,7] is defined by © (Z aix'i) =Y 0(a;)t and
¢1:D[t;7,7] — Sis defined by ¢; (X b; ti) =Y bipx).

sS——2 DTyl

N A

The latter map ¢, here is a D-homomorphism. Since the homomorphism © can be handled
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separately, it is sufficient to work with the D-homomorphism ¢;. Therefore, we shall focus our
attention on D-homomorphisms. All homomorphisms between Ore extension considered below
will be assumed to be D-homomorphisms.

EXAMPLE 2.1 ([LL92, p. 86,87]). (i) For D[x'] and D[x], the cv-polynomials in D[x] with

respect to the quasi—derivation (idp,0) are exactly the polynomials in the center of S.

(ii) Recall thatforanelement u € R*, o, denotes the inner automorphism of R associated with

(iii)

(iv)

u, defined by o, (r) = ur u~Y, for all r € R (this is Lam and Leroy’s notation in contrast to
Rimmer’s notation above). If o is an endomorphism of R, the inner order of o denoted by
0(0), is defined to be the smallest positive integer 7 such that 0" is an inner automorphism;
if no such integer n exists, we take o(o) to be co. In particular, if o is an endomorphism
which is not an automorphism, we have by definition o(c) = co. On the other hand, for
any element a € R, the rule 6 ,(r) = ar — ra defines a derivation § ;, on R, called the inner
derivation by a. Any derivation on R which is not inner derivation is called an outer
derivation. For an endomorphism o of R, we write 6, := ar —o(r)a (see [LL92, GJ04]
for more details), and consider in the natural way the notions of o-inner and o-outer
derivation.

e if § is an inner derivation of R by ¢, say 6 = d. 4, then R[x;0,0] = R[x —c;0];

e if g is an inner automorphism of R, say 0 = o, with u € R*, then R[x;0,0] =
Rlu 'x;u™16].

As we can see, we have an homomorphism between Ore extensions that turns out to be
an isomorphism. More exactly, in the first case we have ¢ : R[x’;0] — R[x;0,6] defined by
¢ (X a;ix'") =¥ a;(x—c)!, while in the second one, v : R[x; u~18] — R[x;0,0] is defined by
v (Z a;x' i) =Y a;(u"'x)'. Of course, the change of variable in both cases is determined by
a (0,6)-polynomial, x—c and u~! x, respectively, which are the images of the indeterminate
x.

The constant polynomial p(x) = ¢ € D < Dl[x;0,08] is a cv-polynomial with respect to
(0',6") ifand only if ca = ¢'(a)c + 6'(a) for all a € D, or equivalently, 6’ = §. . In this way,
any constant polynomial in D[x; 0, ] is a cv-polynomial. Notice that here ¢ is arbitrary,
while 6’ is uniquely determined by ¢’ and c.

For any linear polynomial p(x) = ux + ¢ with u € D*, let us see that

(ux+c)a=ao'(@(ux+c)+6'(a), where o'=0,00 and & =ud+6.,.

Since
(ux+cla=uxa+ca=ulo(a)x+o6(a)) +ca=uo(a)x+ ud(a) +ca,
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and,

o'(@(ux+c)+6' (@) = (oyo0) (@) (ux+c)+ ud+68¢q)(a)

oy,0@)(ux+c)+uda)+ca-o'(a)c

uo(@u (ux+c)+ud(a)+ca- oylo(a))c

ua(a)u_l(ux +¢0)+ud(a)+ca—uo(a) ule

=uo(a)x+ud(a) +ca,

it follows that (ux + ¢)a = o' (a) (ux + ¢) + 6’ (a), whence p(x) = ux + ¢ is a cv-polynomial
with respect to the quasi-derivation (¢”,6’) on D.

(v) Let S = DIx;0,6] and p(x) = x*> + c € S, we have
p(x)a=0c*(@px) +[6(c (@) +0(E(@)x+ (6% +8.42)(a),

for any a € D. Therefore, if p(x) is a cv-polynomial, we must have 04 = —da; conversely, if
06 = —60, then p(x) is a cv-polynomial with respect to (02,562 + 6 ,02)-

i) Let S'= D[x';¢",8'], S =D[x ;o ,8 1and S = D[x;c,8] be Ore extensions. Consider cv-
polynomials p(x), g(x) € Swith respectto (¢/,6") and (0'”, 5”), respectively. Then p(x)+¢q(x)
is also a cv-polynomial with respect to (¢/,8’ +6").

For S = R[x;0,0], a polynomial f(x) € S is said to be right invariantif f(x)S < Sf(x), and
right semi-invariantif f(x)R < Rf (x). If no confusion arises, we suppress the adjective “right”
and simply say invariant and semi-invariant polynomials.

n .

EXAMPLE 2.2 ([LL92, p. 87]). Let S = D[x;0,6] and p(x) = Y. b;x' be a semi-invariant polyno-
i=0

mial of degree n. Then for any a € D, p(x)a = cp(x) for some ¢, and a comparison of the (left)

coefficient of x" gives ¢ = b,,a”(a)b;l, S0 p(x) is a cv-polynomial with respect to (op, oog™,6 =0).

Conversely, any cv-polynomial with respect to any (¢”,0) is a semi-invariant polynomial, since if

6 =0, then p(x)a = ¢'(a) p(x) and therefore p(x)D < Dp(x).

For a ring R and a quasi-derivation (0,0) on R, § is said to be algebraic if there exists a
nonzero polynomial g(x) € S = R[x;0,0] such that g(d) = 0. Here, the evaluation of a polynomial
n

. n .
g(x) =Y a;x' € S atd is defined to be the operator g(6) = Y. a;6" on S [LL92, p. 87].
=0

i= i=0
Some results characterizing the cv-polynomials are presented below.

PROPOSITION 2.9 ([LL92, THEOREM 2.12]). Let S' = D(x';0',6'] and S = D[x;0,6], p(x) =

n .
b;x' € S be of degree n = 0.
i=0

(1) Ifp(x) is a cv-polynomial with respect to the quasi-derivation (a',6"), then 6’ = (p— bg) (6) +
Opy o, andifn=1, theno' =0op oo

(2) Ifd is not an algebraic derivation, then p(x) is a cv-polynomial with respect to the quasi-
derivation (0',8") ifand only if5' = (p — by) (5) + 6,0
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PROPOSITION 2.10 ([LL92, COROLLARY 2.14]). We say that an injective homomorphism
¢ : D[x';0',6'] — Dlx;0,08] is homogeneous if the associated cv-polynomial p(x) := ¢p(x') has
zero constant term. In this case, 6' and § are related by the equation 6' = p(6). If we consider the
homomorphisms A : D[x;0,6] — End(D, +) defined by A(x) =6 and A’ : D[x';0',6'] — End(D, +)
given by ' (x') = &', then we have the commutative diagram

D[x';0',6" 0 Dix;0,6]

End(D, +)

Taking into account Proposition 2.10, next it will be shown that the injective homomorphisms
between Ore extensions are characterized from the homogeneous cv-polynomials.

PROPOSITION 2.11 ([LL92, COROLLARY 2.15]). If there is an injection ¢ from S' = D[x';0",6'] to
S = DIx;0,0] (defined by a cv-polynomial p(x) = ¢(x')), then there is an Ore extension
S" = D[x";d",6"] with an isomorphism v : S" — S’ such that S" admits a homogeneous in-
jction ¢y into S satisfying ¢ = ¢y ow L. If p(x) happens to have a root c € D, then there is also
an Ore extension S = D[x;0,0] with an isomorphism t 'S — S such that S' has a homogeneous
injection ¢y into S satisfying ¢ =10 ¢o.

From [LL92, Corollary 2.19], we know that if ¢ : D[x",0’,6'] — DI[x,0,8] is an injective homo-

n .

morphism with ¢(x') = p(x), then g(x') = X b;x"" is a cv-polynomial in D[x’,0”,6'] if and only if

i=0
its image ¢p(g) = X1, b p(x)’ is a cv-polynomial in D[x, 5, 5].

. i . .
For the Ore extension S = R[x;0,0] and any element a € R, x'a= ) fjl(a)xl, where f].‘ €
j=0

End(D, +) is the sum of all possible products with j factors of o and i — j factors of 6. For
example fj] =0, foi =.5i and f].]_1 =0/ %6 +0/7250 +---+ 60/, If we assume that o and §
commute, then f; = (;)o/8'"/. Let My (a) denote the n x n matrix whose (i, j)-entry is f; (a)
with 1 < i, j < n, where, of course, f]."(a) is taken to be zero if i < j, that is, M (a) is a lower
triangular matrix [L.L88a, Section 2].

The next result characterizes cv-polynomials by using an eigenvector interpretation.
n .
PROPOSITION 2.12 ([LL92, THEOREM 2.16]). Let p(x) = Y b;x' € S= D[x;0,8] be a polynomial
i=0
of degree n = 0. Then the following assertions are equivalent:

(1) p(x) is a cv-polynomial.

n .
(2) ForanyaeD,andj=1,2,...,n, we have Y. bifl.](a) = an”(a)bglbj.
i=j

(3) (by,..., by) is a left eigenvector for each matrix My (a), wherea€ D.

(4) p(x)D<Dp(x)+D.

If these conditions hold, then up(x) + c is also a cv-polynomial, for any u,c € D.
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At the end of Section 2.4.1 (Examples 2.12, 2.13, Theorem 2.26, and Example 2.14) we say a
few words about the extension of Proposition 2.12.

2.3.0.1 CHANGE OF VARIABLE AND SEMI-INVARIANT POLYNOMIALS

As we saw above, the cv-polynomials are a generalization of semi-invariant polynomials. In this
section is deepened into the relationship between these polynomials.

PROPOSITION 2.13 ([LL92, PROPOSITION 3.1]). Let f(x) € S be a monic semi-invariant polyno-
mial of degree m = 1. Let p(x) € S = R[x;0,0] with p(x) = q(x) f (x) + r(x) where deg(r(x)) < m.
Then:

(1) p(x) is a cv-polynomial with respect to (o',6") if and only if r (x) is a cv-polynomial with
respect to (0”,6') and q(x)a™(a) = 0’ (a)q(x) forall a€ D.

(2) If p(x) is a left multiple of f(x), then p(x) is a cv-polynomial if and only if it is semi-
invariant.

Now, assume that p(x) is a cv-polynomial and that o is an automorphism. Then
(3) gq(x) is semi-invariant.
(4) Ifdeg(p(x)) = mandr(x) ¢ D, then o(o) < oo and deg(p(x)) = deg(r(x))(mod o(0)).

PROPOSITION 2.14 ([LL88B, PROPOSITION 2.9]). Assume o is an automorphism, and let f(x) be
a monic non-constant right semi-invariant polynomial in S of the least degree (if it exists). Then
any right semi-invariant polynomial p(x) lies in D[f (x)] = { Y cif(x)ilcie D} (the subring of S
i=0

generated by D and f (x)). In particular, deg(p(x)) must be a multiple of deg(f (x)).
PROPOSITION 2.15 ([LL92, THEOREM 3.4]). Assume that o is an automorphism. Let f(x) be a
monic semi-invariant polynomial of minimal degree m = 1, and let p(x) be any cv-polynomial,
say of degreen = 1. Then:

(1) p(x) can be represented in the form ¥, c;f(x)' + r(x), where c; € D and r(x) is a cv-
i=1
polynomial of degree < m. In particular, if n = m, then m|n.

(2) Ifo(o) =00 and n = m, then p(x) is the sum of a semi-invariant polynomial and a constant.

(3) Ifn=m, then n|deg(q(x)) for any cv-polynomial q(x) of degree = n. In particular, ifn < m,
then n|m.

COROLLARY 2.16 ([LL92, COROLLARY 3.5]). Assume that o is an automorphism and that 0 is
not o-inner. Let f(x) be a monic semi-invariant polynomial of minimal degree m = 1, and let
p(x) be a monic cv-polynomial of minimal degree n = 2 (if both exist). Then n|deg(P(x)) for any
non-linear cv-polynomial P(x). In particular, we have n|lm (so, for instance, if m is a prime, then
we can conclude that n = m).

The following result shows another connection between cv-polynomials and semi-invariant
polynomials based on the formal differentiation process under some conditions such as com-
mutativity between endomorphism o and o-derivation 6.
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PROPOSITION 2.17 ([LL92, THEOREM 3.8]). Assume that o is an automorphism, and that g6 =

n .
ib; il
=1

n .
d0. Let p(x) = Y. b;x* be any cv-polynomial in S. Then the formal derivative p,(x) :=
i=0 i=

is semi-invariant. More generally,
i+ .
pj(x):= Z( j])b,-+jx’ l<j<n

i=0
are all semi-invariant polynomials.

If the hypothesis 00 = 0 does not hold in Proposition 2.17, then the conclusion does not
follow. In Example 2.1 (v), one can observe this fact, being p(x) a cv-polynomial, but its formal
derivatives would not be a semi-invariant polynomial.

From [LL92, Corollary 3.11] we know that if ¢ is an automorphism, 06 = do, and p(x) € S
is a cv-polynomial of degree n = 2, such that R[x;0,6] has no non-constant semi-invariant

n .
polynomial of degree < n, then char(D) = p > 0 and p(x) has the form ) ¢;x' + c.
i=0

2.4 ITERATED ORE EXTENSIONS

Motivated by the study of homomorphisms and cv-polynomials presented in Sections 2.1, 2.2,
and 2.3, in this section we investigate both notions for iterations of these extensions.

2.4.1 TWO-STEP ITERATED ORE EXTENSIONS

We start with Definition 2.3 which is a direct extension of [L1L92, Definition 2.4]. As we will see,
the ring of coefficients R[x;;01,61] is the same for both extensions, and the cv-polynomial only
acts on the second indeterminate. As expected, in this situation we get similar results to those
obtained by Lam and Leroy [LL92].

DEFINITION 2.3. Let S’ = R[x1;01,011[x};0%,65] and S = R[x1;01,011[x2; 02,02] be two iterated
Ore extensions. We say that p(x») is a cv-polynomial for two-step iterated Ore extensions with
respect to the quasi-derivation (0,0%) on R[x;071,8,] if the homomorphism ¢ : S’ — S given by
¢(x1) = x1 and p(x)) := p(x2) € S, satisfies

Pxyx1) = 05(x1)p(x2) +65(x1) and  P(xpx1) = pla)xy,

ie.,
p(x2)x1 = 07 (x1) p(x2) + 85 (x1), (2.3)

and
xir=01(r)x1+61(r), and p(x)r=02(r)p(x2) +02(r).

Conversely, if a polynomial p(x,) € S satisfies (2.3) for a quasi-derivation (0’2, 6’2) onR[x;;01,01],
then we define the homomorphism ¢ : S’ — S by ¢(x}) = p(x2).
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Let us see some easy examples that illustrate Definition 2.3.

EXAMPLE 2.3. Let S’ = R[x1;01,011[x;07%,85] and S = R[x1;01,01][X2; 02,8>] as in Definition 2.3.

(i) If p(x2) := c € R, then p(x2)x; = cx1 and p(x2)r = cr = 0% (r)c + &,(r), whence if we take
6= 62(&0;) (r) = cr — 05 (r)c, it follows that p(xp) is a cv-polynomial.

(i) Let p(x2) =axy+beS. Then

p(x2)x1 = (axe + b)x1 = axax1 + bxy = ao(x1) x2 + ad»(x1) + bxy,

and
05 (x1)(axs + b) + 65 (x1) = 04 (x1)(ax) + 05 (x1) b + 85 (x1).

If o) (x1) = 0, 5 (01) := (0 002) (X1) = aoz(x1)a”" and &) = adz +85(p,4;), an easy com-
putation shows that p(x») is a cv-polynomial.

(iii) Let p(xz) = x2 + c € S. Suppose that o, = 05, 8, = 65 + 82(c,04) and 028, = ~8207. Since

2 2 2 2 2
p(x2)x1 = (x5 +€)x1 = X5%1 + cxX1 = 05(X1) X5 + 6202(x1) X2 +0202(x1) X2 + 05(x1) + cx1

2 2, 52
=05(x1)x5 +635(x1) + cxy,

and

0l (x1) p(x2) + 85 (x1) = 05 (1) (%5 + €) + 85 (x1) = 05 (x1) X5 + T (x1) € + 55 (x1)
= ag(xl)xg + U%(xl)c + 6§(x1) +cx1— ag(xl)c

= Ug(xl)xg + 5%()61) +cx1,

then ¢ (x5x1) = p(x2)x1 = 0% (x1) p(x2) + 5 (x1), that is, p(x) is a cv-polynomial with respect
to the quasi-derivation (03,63 + 52(0,0/2)) on R[x1;01,61].

Now, we introduce the following definition of cv-polynomial more general than Definition
2.3.
DEFINITION 2.4. Let S’ = R[x};07,071[x5;0),0,] and S = R[x1;01,01]1[X2;02,02]. Consider the
homomorphism ¢ : S’ — S given by ¢(x}) := p1(x1) = p1 € R[x1;071,01] and ¢ (x3) := pa(x1, X2) =
p2 € S. We say that the polynomials p;’s (i = 1,2) are the cv-polynomials with respect to the
quasi-derivations (O'Ii, 6;)’5, i =1,2,0on R and R[x};0",8]], respectively, if the relations

P(xx7) = 0L (P P2+ 83 (P(x7)) = papu,
G r) =0 (r)p1+6)(r)=pr, forallreR

Pxyr) = 05 (r)pa +65(r) = por, forallr €R,
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are satisfied. Equivalently,

p2p1 = 05(p1)p2 +65(p1), (2.4)
pir=0y(r)p1+61(r), (2.5)
par = 0y(r)pa +65(r), (2.6)

Conversely, if two polynomials p; € R[x1;01,01] and p; € S satisfy conditions (2.4) - (2.6),
where (0,0)) and (0%,0) are quasi-derivations on R and R[x};0",8], respectively, then we
define the homomorphism ¢ : 8’ — Sby ¢(x}) = p; (i =1,2).

Note that p; € R[x1;01,61], but 05,8, : R[x};07,6,]1 — R[x};0%,8]] For this reason, it is
necessary that 0’2 and 6’2, are defined in terms of o, and d5, as shown in Examples 2.5, 2.7 and
2.8.

The next example shows that constant polynomials are cv-polynomials (c.f. Example 2.3 (i)).

EXAMPLE 2.4. Consider the Ore extensions S’ and S as in Definition 2.4. Let p; := cand p2:=d
be elements of R. With the aim of showing that conditions (2.4) - (2.6) hold, take the inner
derivation & (c) := 52%0;) (c) =dc—-o0%(c)d. Then

Pxyx)) =papr=dc and o5(c)d +6,(c) =0y (c)d+dc—oh(c)d =dc.

In addition, for any r € R and the inner derivation given by §} = 6 1(c,0)» it is clear that
¢(xir) = p1r = cr. Also, note that o (r)c + 6 (r) = o' (r)c+ cr — 0/ (r)c = cr. In the same way,
P(xy1) = par = 04 (r)p2 + 6, (r) = dr. These facts show that any pair of constant polynomials in
S correspond to a morphism in the sense of cv-polynomials. Finally, note that the values of the
endomorphisms ¢’;’s are arbitrary, while the corresponding &’’s are determined uniquely by the
values of 0’’'s and the constant values associated with the polynomials p;’s.

ExAMPLE 2.5. Throughout this example, we fix p, = c € R as a constant polynomial, and consider
some possibilities for the polynomial p; in the indeterminate x;. This case is similar to that one
considered by Lam and Leroy [LL92]. Table 2.1 contains conditions to guarantee that we get
homomorphisms and cv-polynomials in the sense of Definition 2.4.

p2=c
s ! ! e e
cv-polynomial (o7, 0 ) Conditions
ol =0,
_ I _ 2 (o
pl—d 61—61(d’g"1)) {5, P
2~ 92(c,0%)

p1=aix;+ap

<

! -1 I
0'1—6110'1611 ’ {0’2—020,

01 = @101+ 014,01,

! _ 2 -1 ! _
{(T —ng’laz , {02—0’25,

—_

— 2 —
p1=azxxy] +ap 0101 =-010;

<

— 52
0 = @207 +81ay,07),

! _ -1 I _
o, =ayota,, {02—020,

0161=-6101
! _ n
81 = anby +01(ay,0!)

p1=apxj' + ag
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!
p1 = f(x1)x1 + ao, 0, =02 0101 =-0101,
fla) = 81 = @01 + @101 + 81401 ; =0 (-
1) =axx +a ! 85 =08s(c00) flor (=) =01(=)f(x1)
72
P1=f(x1)x1+b,‘ 5 =Y asi+s , 0’2:020; 0101 =-0101,
fo) =Xl aixi R G fxor(=) = 0] (=) flx)
!
i ; 0, =02 0101 =-010
2 101 101,
p1=X" a;x! 6 =YY" a;6'+6 ", :
=07 17 &= T a00y) 8% =8¢0 aiot (=) =0 (-)a;

Table 2.1: cv-polynomials and quasi-derivations

Recall that a o-derivation 6 of a ring R is said to be algebraic if there exists a non-zero
polynomial g(x) € R[x;0,0] such that g(6) = 0 (here, the evaluation of a polynomial g(x) =
;‘:0 a;x' € R at § is defined to be the operator g(8) = ;’:0 a;6' on R[x;0,6]) [LL92, p. 871.

The following result is one of the most important formulated by Lam and Leroy (we consider

their notation to inner automorphisms).

PROPOSITION 2.18 ([LL92, THEOREM 2.12]). Let p(x) = X" r;x’ € D[x;0,6] be of degree n = 0,
and let (o',8") be any quasi-derivation on D.

(1) Ifp(x) is a cv-polynomial with respect to (o”,8"), then 8’ = (p — by) (8) + 6 p, o, and if n = 1,
theno' = Ip, oc”, where Iy, denotes the inner automorphism Iy, (r) := op, (1) = b,,rb;l.

(2) Ifd is not an algebraic quasi-derivation, then p(x) is a cv-polynomial with respect to (o”,5")
ifand only if5' = (p — by) (8) + Oy o'

Having in mind Table 2.1, the following examples motivate the formulation of our Theorem
2.19 that extends Proposition 2.18.

EXAMPLE 2.6. (i) Consider the Ore extensions S’ = D[x';¢’,6'] and S = D[x;0,6] and the
polynomial p(x) = a,x? + a; x + ap € S and r € D. Suppose that p is a cv-polynomial with
respect to the quasi-derivation (¢',6") on D. Then p(x)r = o (r)p(x) + 6'(r) forany r € D,
whence

pr= (azx2 +a1x+ag)r = agxzr +ayxr+agr

= agaz(r)x2 +axd0(r)x+ axod(r)x+ a262(r) +aio(r)x+a16(r)+agr.

= agaz(r)x2 +[axdo(r) + axod(r) + a10(r)]x+ a252(r) + @O (r)+agr. 2.7
On the other hand,
dNp+6'(r)=0'(Naxx®+0' (Nayx+0' (P ay+8'(r). (2.8)

By Proposition 2.18, 6’ = (p — ag) (6) + O (ay,0")- Besides, as p has degree 2, o' = Oqa,0° o2, By
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replacing this last expression in (2.8), we get

' (Np+8(r)= (04,00 ax* +(04,00%)a1x+ (0 4,00%) ag
+(p—ao) (&) (r) +6qy,0n (1)
= azaz(r)az_lagx2 + azaz(r)az_lalx+ a20'2(r)(12_1a()
+ @b (r) + ad(r) + agr — dzO'Z(r)az_ld()

= ayo?(r)x* + agaz(r)az_lalx +@b6%(r) + a6(r) + apr. (2.9)

Nevertheless, it is clear that expressions (2.7) and (2.9) are not necessarily the same.

(ii) Consider the polynomial p = axx? + a;x + ag belonging to the Jordan plane ¢ (k) =
k[yl[x;0,6] (Section 1.2.1). Suposse that p is a cv-polynomial with respect to the quasi-
derivation (¢’,6") on k[y]. Then py = o' (y)p + 6'(y) for y € k[y], whence

py = (@x* + a1 x+ ap)y
= a2x2y+ a\xy+apy
= 0% () X* + @200 () x + a2008(y) X + @262 (y) + a10(y)x + a1 5(y) + aoy.

= agyx2 —agyzx—a2y2x+ a2y4 +aiqyx+ayyx— a1y2 +apy. (2.10)

Since

dMp+6'(Y)=0'(Yarx* +o' Yarx+d' y)ay+8'(y). (2.11)

By Proposition 2.18, we know that ' = (p — a)(8) + 8 (4,,0). Besides, as p has degree 2,
then o’ = 04, 0 0. By replacing this last expression in (2.8), we get

o' ()p+68'(y) = (04,000 05" + (04, 00°) a1 X+ (T, 00 ag + (P — a0) (8) () + B (g0 (V)
= 020’2(}/)(12_1612)62 + 020’2()/)(12_101)6 + agaz(y)az_lao
+a6%(y) + a1 8(y) + aor — ax0° (y)a, ' ag
= Clgffz(y)x2 + 6l20'2(y)d2_16l1x + a252(y) +@0(y)+apy

:agyx2+a1yx+ a2y4—a1y2+aoy. (2.12)

However, expressions (2.10) and (2.12) do not coincide.

(iii) Let p = apx? + a;x + ay be an element belonging to the g-meromorphic Weyl algebra
FZq&) =klyllx;0,6] (Section 1.2.1). Suppose that p is a cv-polynomial with respect to the
quasi-derivation (¢’,6") on k[y]. Then py =o' (y)p +6'(y) for y e k[y], and

py = (@x* + a1 x+ ap)y
= a2x2y+ a\xy+apy
= 0% (1) X* + @200 () x + 200 (y) X + @262 (y) + a10 () x + ar8(y) + aoy.

= angyxz — agqyzx— agqy2x+ a2y4 — a1y2 +apy. (2.13)
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By using that

dPp+6 () =0 Wax*+0' Y arx+0' () ag+6' (), (2.14)

Proposition 2.18 asserts that 6’ = (p — ap) (6) + 8 (4,,01)- Besides, as p has degree 2, o’ =
0g,° o2, and by replacing this last expression in (2.14),

d' (Pp+6' ) = (0400 arx* + (0400 a1x+ (04005 a
+(p—ao)(6)(y) +6(ay,0n ()
= a202 (y)az_lagx2 + azaz(y)az_lalx + azoz(y)az_lao
+ agéz(y) +a16(y)+apr — azcrz(y)az_lao
= 6120'2(_]/))62 + azaz(y)az_lalx + a262(y) +@o(y)+apy

= @’ yE® + a1 q*y + ay* — a1y* + apy. 2.15)

Nevertheless, it is clear that expressions (2.13) and (2.15) are different.

THEOREM 2.19. Let py =Y.' aix{ € S = R[x1;01,01] be of degree n = 0 and let (0',6)) be any
quasi-derivation on R. If py is a cv-polynomial with respect to (0',8"), then 8} = (p1 — ap)(61) +

. _ . l _ ! . .
6(%_0;) andifn=1, thenc16, = —6101 and a;0] = 0 a; foreveryl <i <n.

Proof. The first part of the assertion is precisely the content of Proposition 2.18. Now, if n = 2,
since p; is a cv-polynomial, then for every r € R, p1r = 0| (r)p1+06 (), i.e., pir =o' (r)p1 =8 (1),
and hence

n . n .
Y aixir—o\(n Y. aix} = a0l (r) = o\ (D ayl %! + [an-107 (1) = o) (N an-11x) (2.16)
i=0 i=0
n .
+ot o (N —oi(Nalxy — oy (Nag + pey s, + Y aidi (1) +agr =67(r),
i=1

where p,, 5, are the possible combinations between o, and §;. Since (2.16) is equal to
6 (r) = (p1—ap) (61)(r) + 5(%,03) =X, aiSi(r) +aopr — o (r)ay, it follows that

[anol(r) =o'\ (D] X!+ [an-107 () = o (D] X+ + (@01 (n) — oy (PN ar] x1 + po, 5, =0,

whence a,-ai(r) = a’l(r)ai for1<i<nand ps, s, =0. Therefore, 0161 = —6107 as desired.
O

REMARK 9. Rimmer [Rim78] also imposed the condition aiai (r) = o1(r)a; in his study of homo-
morphisms between Ore extensions of endomorphism type (that fix the ring of coefficients).

EXAMPLE 2.7. In Table 2.2, we consider p; = ¢ € R and p, a polynomial of degree one with
respect to the indeterminate x,. As we see, if p» = ax; x, + b then 0"2 is determined according to
one of the following possibilities: either mixed compositions cancel each other or the condition
(a1x1)02(=) = 0% (=) (a1 x1) holds.
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suoneAlap-isenb pue sferwiouijod-Ad 17 d[qel,

() f (=)0 = (-)2o(lx) [

QbéxvmvN%+ N%?RV.\. — N\% ;mb.m:% = m%

.MRS 0=l7 - ()8
NWRNG oum = () f
‘()3 +ex(Ix) f =2d

() f (=)0 = (-)2o(lx) [
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EXAMPLE 2.8. In Table 2.3, p; is a degree one polynomial with respect to x;, and p; is a polyno-
mial in two indeterminates x; and x,. From Example 2.7 we know that U’i and 6 ; are determined
by the choice of p;.

The results obtained in the previous examples illustrate Theorem 2.20. It is natural to say that
a polynomial p(x1,x2) € S = D[x1;01,011[x2;02,62] is right invariant if p(x1, xX2)R[x1;01,01]1 €
R[x1;01,011p(x1, X2), and right semi-invariant if p(x1, X2) R < Rp(x1, x2).

THEOREM 2.20. Consider x}' a monomial right invariant of degree n = 1. Let p2(x1,x2) as
p2(x1,x2) = f (xl)xg + g(x1, x2), where the degree of g(x1,x2) with respect to x, is less than or
equal to n. Then:

(1) p2 is a cv-polynomial with respect to the quasi-derivation (04,0%) ifand only if g(x1, x2) is
a cv-polynomial with respect to (0,6%) and f(x1)0% (=) = 04(=) f (x1).

(2) Ifp2 is a left multiple of f(x1), then py is a cv-polynomial if and only if is invariant.

Proof. (1) Suppose that p» is a cv-polynomial with respect to the quasi-derivation (0’2,5’2).
Then

p2p1 = 05(p1)p2+65(p1) = o5 (p1) [f (x1)x) + g(x1, x2)1 + 65 (p1)
=0y (p1) fx)x) + (05 (p1)g(x1, x2) +85(p1)], and (2.17)

p2p1 = [fx)x) + g(x1,x2)| p1 = f(x1)x) p1 + g(x1, X2) p1 = f(x1) o) (p1) x5 + g(x1, x2) p1,
(2.18)

since xg is amonomial invariant. Both expressions (2.44) and (2.45) show that f (xl)a;l (=)=
05(=)f(x1) and
g(x1,x2) p1 = 0% (p1)g(x1,%2) + 65 (p1). (2.19)

Conversely, if g(x1, x) is a cv-polynomial with respect to the quasi-derivation (0%, 5%),
then g(x1, x2) p1 = 0% (p1)g(x1, x2) + 85 (p1), and since f(x1)0% (=) = 05 (=) f (x1),

pap1 = f(x1) x5 p1+ g(x1, x2) p1 = f(x1)ay (p1) x5 + g(x1, X2) p1
=05 (p1) fx)x) + 05 (p1)g(x1, x2) +65(p1)
=05 (pD)[f(x1)x) + g(x1, x2)1 + 85 (p1) = 05 (p1) p2 + 65(p1).

(2) If py is a cv-polynomial with respect to (075,8%), then py p1 = 05 (p1) p2 + 6, (p1), and having
in mind that p; is a left multiple of f(x;), g(x1,x2) = 0. In this way, 6’2(p1) =0 due to
expression (2.46). Besides, since f(x1)0} (=) = 0 (=) f(x1), then pop; = f(x1)0} (p1)x},
which shows that p, is invariant. Now, assume that p, is invariant. By assumption
g(x1,x2) =0, whence pzp1 = f(x1)x] p1 = f(x1)o} (p1)x}. If we suppose that there exist
o, such that f(x1)o} (p1) = 05(p1) f(x1), then p; is a cv-polynomial with respect to the
quasi-derivation (07,5’ = 0).

O
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Let R be aring and (02,62) a quasi-derivation on R[x;;01,61]. We say that 6, is algebraicif
there exists a non-zero polynomial g in the two-step iterated Ore extension S = R[x;;01,011[X2;02,02]
such that g(x1,62) = 0. The evaluation of a polynomial g(x1, x2) = Z?:o qi (xl)xé at d, is defined
to be the operator g(x;,02) = Z?:o qi(x1)6; on S.

The following result extends Theorem 2.19 for iterated Ore extensions.

THEOREM 2.21. Let S’ = R[x!;07,011(x};05,0,] and S = R[x1;01,011[x2; 02,02]. Consider py(x1) €

Rlx1;01,81], p2(x1,x2) € S given by p1(x1) = X*_ a;xi and pa(x1,x0) = X1 X bijxix,.

(1) If p2 is a cv-polynomial with respect to the quasi-derivation (0%,0,) then 6, = (p2 —
Boo) (52)+52(300,0/2), where Byy = ?:0 biox{xg, andifalsom = 1, then b,-jxfaé =)= Ué(—)bijx{
and o0, = —0,07.

(2) If6; is not an algebraic derivation for 1 < i < 2, then p; is a cv-polynomial 1 < i <2
with respect to the quasi-derivation (0", 0}) if and only if 6} = (p1—ao)61 + 61(qy0) and
&% = (p2 = Boo) (82) + 8a(syy o), Where Boo = L bio X} X3

Proof. (1) Consider the homomorphism A : S — End(R[x1;01,01],+), given by A(r) = left
multiplication by r on R, A(x2) = 62, and A(x;) = Ay, with A, (r) = r, for every r € R, and

Ay, (x1) = x1. Suppose that p; is a cv-polynomial with respect to (0,57). Then

pap1 = P(xpx]) = 05(P(x) p2 + 65 (P(x})) (2.20)
par = p(xyr) = 0h (1) p2 + 85 (1).

If we evaluate the expression (2.20) with respect to the homomorphism A, we get
p2(x1,682) p1(x1) = 05 (p1(x1)) p2(x1,62) + 65 (p1(x1)). (2.21)

Now, by evaluating 6, (1), expression (2.21) guarantees that

n .
p2(x1,82) p1(x1) = 05 (p1(x1)) Y, biox}xs +85(p1(x1)),
i=0

since 6£ (1) =0 for j = 1. Therefore, by taking Byy = Z?:o biox{xg , it follows that

85 (p1(x1)) = pa(x1,62) p1(x1) — 05 (p1(x1)) Boo
= p2(x1,82) p1(x1) — Boop1(x1) + Boo p1(x1) — 05 (p1(x1)) Boo
= (p2(x1,62) = Boo) p1(x1) + OBy, ) (P1(X1))
= (p2(x1, x2) — Boo) (62) (p1(x1)) + 82(Byy,0,) (P1 (1))

and thus & = (p2 — Boo) (62) + 02(Byy,0)-
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For the next part, let m > 1. Since p, is a cv-polynomial, po p; — 07 (p1) p2 = 8, (p1), and so

n o m L. k . k ) m o
Y bijxixg || Y aixi| -0y [ Y aix{| ) Y bijxix, (2.22)
i=0j=0 i=0 i=0 i=0j=0
= [Bum x0T (@ xX) = 0 (@) b x 11X + -+ — oy (p1) Boo

n m L.
+Poys, + . 3 bijxi65(p1) + Boopr = 85(p1),
i=0j=0

where py, 5, are the possible combinations between o3 and 6». Since (2.22) is equal to

n m L
85(p1) = (p2 — Boo) (62) (p1) + 0By, (P1) = Y3 bijx{65(p1) + Boop1 — o' (p1) Boo,
i=0j=0

necessarily the equality

(Bpumxl ol (arxl) — o (arxX) bymxMx + -+ pg, 5, = 0.

must be satisfied. Therefore, bijxfaé(aix{) = a’z(aix{)b,-jx{ forl<si<sn l<j=sm,
Po,s, =0,and so 0202 = —6207, as desired.

(2) The first implication has been proven in Theorem 2.19(1). Let us suppose that d, is not
an algebraic derivation, and consider q(x1, x2) = p2(x1, X2) — Boo- Then 6’2 =q(x1,62) +
82(Byy,0,)> and so g(x1,62) = 8 — Oy By, 18 @ o,-derivation, which implies that for any
reR,

q(x1,82) (p1(x1)1) = 0% (p1(x1))q(x1,82) (1) + G (x1,62) (p1(xX1) T

In this way,
q(x1,62)A(p1(x1)) = Moy (p1(x1))g(x1,62) + A(g(x1,62) (p1(x1))),

which holds in the image of 1. Since J, is not algebraic, A is injective, and so there exists
A71, and
q(x1, x2) (p1(x1)) = 05 (p1(x1)) q(x1, X2) + g (x1,82) (p1(x1)).

By replacing q(x;, x2) and q(x;,62), we get

(p2(x1, X2) — Boo) p1(x1) = 0 (p1(x1)) (P21, X2) — Boo) + (65 — 52(300,05)) (p1(x1))
= 0% (p1(x1)) p2(x1, X2) — 05 (p1(x1)) Boo
+65(p1(x1) — 82(Byy,ay) (P1(x1))
= 04 (p1(x1)) p2(x1, X2) — 05 (p1(x1)) Boo
+ 8% (p1(x1)) — Boo p1(x1) + 0% (p1(x1)) Boo
= 0 (p1(x1)) p2(x1, X2) + 85 (p1(x1)) — Boo p1(x1),

and cancelling By p1 (x1), it follows that p, py = 0% (p1) p2 + 85 (p1).
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Following the same ideas of part (2) of the proof above, but in this case with g(x;) = p1(x1)—
ap, 5’1 = p1(61) + 51(,10,(,;), and evaluating with the homomorphism «a : R[x;;01,61] —
End(R,+), a(x1) = 01 and A(r) defined as the left multiplication by r on R for each r € R, we
can assert that pr = o} (p1)r + 6’ (r). These facts show that p; (i = 1,2) is a cv-polynomial
with respect to the quasi-derivation (0", 6%) (i = 1,2).

O

EXAMPLE 2.9. Let ' =k[y'][x’;0),65] and ¢ =k[y][x;02,02] be two Jordan’s planes (Section
1.2.1). Consider the polynomials p; = a; y + ag and p2 = by yx + by. By Theorem 2.21, we know
that 6%, = (p2 — Boo) (62) + 62(Byy,0")- Let 05 = aroa;! and o2(y) = y (recall that §2(y) = —y?). Since

p2p1 = (b1yx+ bo)(a1y + ao)
= alblyxy+ aoblyx+ a1b0y+ agby
=arby(o2(y)x+082(y) + apb1yx+ arboy + aobo

= a1b1y*x—a1b1y* + aghyyx + a1boy + agbo,

and

05 (p1)p2 +85(p1) = o4 (ary + ap) (b1 yx + bo) + 85(a1y + ap)
= a1 b1 y?x+a1byy + aph yx + agby +65(a1y) + 65 (ag)
= aiby*x+ arboy + aph1 yx + apbo + 0y (a1)85(y) + 85 (@) y
= a1b1y2x+ arbyy+ agb,yx + apby + ai[b1yd(y) + bocr’z(y) — ybol

= a1byy*x+ayboy + agb1yx + agby — ar b1 y°,

it follows that the polynomials p;’s, i = 1,2, are cv-polynomials with respect to the quasi-
derivation (07,8"), i = 1,2. Note that the conditions for o] and &' are satisfied.

Lam and Leroy [LL92, p. 86] asserted that a D-homomorphism ¢ : D[x;0’,6'] — D[x;0,8]
is injective if and only if the associated cv-polynomial p(x) = ¢(x’) has degree greater or equal
1, and ¢ is surjective (respectively, bijective) if and only if p(x) has degree one. Theorem 2.22
extends this result to two-step iterated Ore extensions and it is one of the most important results
of the thesis.

THEOREM 2.22. If ¢ is a homomorphism of two-step iterated Ore extensions as in Definition 2.4,
then ¢ is an isomorphism if and only if the associated cv-polynomials py and p, have degree one
with respect to the indeterminates x1 and x,, respectively.

Proof. Let ¢ be an isomorphism of two-step iterated Ore extensions. By Definition 2.4, ¢(x}) =
p1 € Rlx1;01,61] and ¢p(x)) := p2 € S.

With the aim of showing that the cv-polynomials p; and p, necessarily have a degree greater
or equal to one, consider the following cases:

(1) p1=cand p» =c 'dc, with ¢,d € R. Since we can find elements f, g € S’ such that f = dx;
and g = cx},. Then ¢(f) = dc = ¢(g), but since f # g, it contradicts the injectivity of ¢.
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(2) p1=c€R,and p, € S with degree greater than zero. Let f, g € §' such that f = dx| and
g =dc. It follows that ¢(f) = dc = ¢p(g), which contradicts again the injectivity of ¢.

(3) p1 € R[x1;01,61] of degree greater than zero and p, = d € R. Consider elements f,ge€ S
such that f = d and g = x;,. Again, ¢(f) = d = ¢(g), which contradicts again the injectivity
of ¢.

Assume that the cv-polynomials p; and p, have degree n, k > 1, respectively. We write

n ) .
p1= Z aix; and pr=)_ q;(x1)x,

j=0

k
=0 j=

where a; € R, qj(x) € Rlx1;01,01l1for0<i<mnand0 < j < k, and a,, gix(x1) are non-zero
elements. Since ¢ is surjective, for the indeterminate x; € S there exists a polynomial g € S’ such
that

w .0 w ye 1 w -
x1=¢>(g)=¢>( > Cijxllxzj): Y cijp'x) =Y cijpips.

i,j=0 i,j=0 i,j=0

In this way, w = 1, the degree of p; is one, and the degree of p» is zero, which gives us a
contradiction. Since the cv-polynomials have degree greater than one, it follows that there is no
polynomial g € §’ with ¢(g) = x;. Similarly, if we take the indeterminate x; € S, we get that w = 1,
p1 must have degree zero or one, and p, must have degree one, which is again a contradiction.
Therefore, both p; and p, must have degree exactly one.

Now, let ¢ : S — S be the homomorphism defined as ¢(x]) = p; = ax; + b and ¢(x}) =
p2 = f(x1)x2+ g(x1), with a,b € R and f(x1), g(x1) € R[x1;01,01]. First of all, we show that both
polynomials are cv-polynomials. With this aim, consider the following equalities:

P(xyx)) = pap1 = (f(x)x2 + g(x1)) (ax; + b) (2.23)
= f(x1))x2ax; + f(x1)x2b + g(x1)ax; + g(x1)b
= f(x1)[o2(ax))x2 +62(ax))]+ f(x)x2b + g(x)ax; + g(x1)b

= f(x1)oz(ax)x + f(x1)02(ax1) + f(x1)x2b + g(x1)ax; + g(x1)b,

and

a5 (P(x)) P2+ 85(P(x))) = 05 (axy + b) (f (x1) X2 + g(x1)) + 85 (ax; + b) (2.24)
= 0% (axy) f(x1)x2 + 05 (ax)) g(x1) + 05 (b) f(x1) X2

+05(b)g(x1) +65(axy) +65(b).

Having in mind that (2.23) and (2.24) must coincide, let 0’2 = (02f(x)) ©02), thatis, (05 fl) ©
o9)(—) = f(xl)az(—)(f(xl))‘l, so f(x;) is a unit, say f(x;) =y € R*. Since 6’2 = (y62 +62(g(xl),012)),
it follows that p; = ax + b and p, = yx, + g(x;), whence

p2p1 =Y02(ax))x2 +y62(ax)) +yxob+ g(x1)ax; + g(x1)b
=yoa(ax))xy +ydz(axi) +yoa(b)x2 +yb2(b) + g(x1)ax; + g(x1)b, (2.25)
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and

a5 (P(x)) P2+ 85(P(x])) = 05 (ax)yxz + 05 (ax))g(x1) + 05 (b)yxz
+05(b)g(x1) +65(ax)) +65(b)
=yoa(ax))y 'yxe +yoa(ax)y ' gx1) +yo2(b)y yxs
+y02(b)y ' g(x1) +y82(ax)) + gx1) ax,
—yoa(ax)y ' g(x1) +y2(b) + g(x1)b—yo2(b)y ' g(x1)
=7y0oq(ax))xe +yYo2(b)x2 +yd2(axy) + glx1)ax; (2.26)
+vy02(b) + g(x1)b.

If we compare (2.25) and (2.26), then

p2p1 = 05(P(xX)) p2 + 85 (P(xX})) = a5 (p1) p2 + 65(p1),

as desired.

Now, since

pir=(ax+b)r=axr+br=ao,(r)x+ad;(r)+br, and

g\ (Np1+61(r) = o) (Nax+aoy(r)b+68)(r),

then o} = aoy1a™! and 6 = ad, +01(b,0))- In this way,

o1 (rp1+6(r) = aoy (Natax+aoi(ra b+ ab,(r)+br—aoc,(r)a 'b, (2.27)

or equivalently,
pir=ao1(r)x+aby(r)+br =0} (r)p1 +6,(r).

All these facts guarantee that the polynomials p; = ax; + b and p» = yx» + g(x;) are cv-
polynomials with respect to the quasi-derivations (¢},6)) = (ao1a™!, ad1+6 1b,o))) and (07, 85) =
(yazy_l,y(?g + 62(g(xl)ygé)), respectively.

Finally, let us verify that ¢ is an isomorphism. We will show that there exists a homomor-
phism ¢ : S — §' such that yo¢ =idg and ¢ oy = ids. Consider x| = y(¢(x})), and the equalities
x1 = w(p(x)) =w(p1) =y(ax; +b) = wlax) +y(b).

From the last expression, it follows that v (x;) = a‘lx’l —a ly(b).

In the same way, let us consider x, = y(¢(x5)). Since

x5 = W (P(x5) =W (p2) = wyxe + g(x1) = ¥(yx2) + w(g(x1))
=y (x2) + g (x1)) = Yy (x) + gla ' x| —a ly(b)),

we get ¢ (xz) =y 'x, —y ' g(a x| — a'y(b)). These facts show that ¥ o ¢ = idg, where
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p1=ax; +band p2 = yxz + g(x1). In the same way, it can be shown that ¢ o =idg, whence the
homomorphism defined by ¢ (x]) = p1 = ax; + b and ¢(x}) = p» = yxo + g(x1) is an isomorphism.
O

Next, we characterize the automorphisms corresponding with cv-polynomials for the Jordan
plane ¢ (k) (Theorem 2.23) and the g-meromorphic Weyl algebra (also known as the g-skew
Jordan’s plane) ¢ (k) (Theorem 2.24).

THEOREM 2.23. If¢ is an automorphism of the two-step iterated Ore extension _¢ (Section 1.2.1),
then the correspoding cv-polynomials are given by ¢(y) = p1 =Yy and p(x) = p» = x + g(y) with
respectto (0;,0;),1=1,2, forsomey ek* and g(y) ek[y].

Proof. Consider ¢ an automorphism of _¢. Then ¢ is an isomorphism of two-step iterated
Ore extensions, so Theorem 2.22 establishes that its associated cv-polynomials have degree
1. Let p(y) := p1 = yy + B with v, B € k* and ¢(x) := p2 = f(y)x+ g(y) where f(y),g(y) € k[y].
The idea is to see that these polynomials satisfy conditions (2.4) - (2.6) with respect to the
quasi-derivations (0;,0;), i = 1,2, respectively.

Note that the equality po p1 = 02(p1) p2 + 02(p1) holds if the expressions

p2p1=(f(x+gWyy+h)
=fMxyy+fNxp+gyy+gp
=yfWxy+BfNx+yg(y)y+pgy)
=YW x—y)+Bfx+y81)y+pgW)
=YfWyx=yfWy* +BfWx+ygWy+PgW),

and

02(p1)p2+62(p1) =o2(yy + B (f(Mx+g() +62(yy + )
=(020yy) + o200 (f (V) x + g() +62(yy) +62()
=yyfWMx+yyg +Bf(x+pg(y) +02(y)02(y) +62(y)y +62(B)
=Yfyx+ygWy+Bf)x+Pg) -7y

coincide, i.e., ¥ f(y) =y, whence f(y) € k* and necessarily f(y) = 1. Thus, p» = x+ g(y) and
p1 =7y + B. Itis straightforward to see that pyr =01 (r)p1 +01(r) and por = o1(r) p2 + 62 (r) for
any r ek.

Now, since ¢ is an automorphism, there exists ¢! such that y = ¢~ 1(¢)(y)), that s,
y=¢l o =¢"(p=¢ " ry+ B =¢ N+ ¢ (B

From the last expression, it follows that ¢! () = 0, so = 0. In addition, ¢~ (y) =y~ 'y.

In the same way, let us consider x = ¢~ (¢p(x)). Then
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x=¢ P = p) = x+ g =0T W)+ N g =p T ) + g ()
='W +gly 'y,

so ¢~ !(x) = x— g(y"'y). We conclude that the homomorphism defined by ¢(y) = p1 = yy
and ¢(x) = p2 = x + g(y), with g(y) e k(y], is an automorphism of Jordan plane _#. O

EXAMPLE 2.10. Shirikov [Shi05, Proposition 3.1] characterized the automorphisms of the Jordan’s
plane ¢ (k) defined over a field k of characteristic zero (he does not consider _# (k) as an iterated
Ore extension). He proved that these automorphisms are given by ¢(x) = yx+g(y) and ¢(y) = vy,
for some y € k* and g(y) € k[y]. If we compare with Theorem 2.23, there is a little difference
concerning the coefficient of the indeterminate x. This is because our treatment concerns the
definition of homomorphism through the notion of cv-polynomial. Next, we present an example
of an automorphism of _¢ (k) that does not correspond to a pair of cv-polynomials.

Consider the automorphism ¢ of _# (k) given by the polynomials ¢ (x) = p» = 2x + y* and
¢(y) = p1 =2y. Since

pap1 = 02(p1)p2 +82(p1) = Rx+ y*)2y) = 4xy +2y°
= 4(02()x +82() +2° = dyx —4y* + 27,
022)2x+ y?) +822y) = 2y2x+ yH) —2y* =4yx +2y° - 2)?,

it follows that p,p; # 02(2y)(2x + y?) + 52(2y), that is, condition (2.4) does not hold.

THEOREM 2.24. If ¢ is an automorphism of the q-meromorphic Weyl algebra _#, (k) (Section
1.2.1), then the corresponding cv-polynomials are given by ¢p(y) = p1 =yy and ¢(x) = p = x with
respect to (0,0;) (i = 1,2), respectively, for some elementy e k*.

Proof. Let ¢ : 24(K) =Kklyllx;02,62] — Z4(K) = Kk[yllx;02,62] be an automorphism of ¢, (k).
Then ¢ acts as an isomorphism on the iterated Ore extension, and by Theorem 2.22, we have
that the associated cv-polynomials have a degree of 1. We define ¢(y) := p; =yy + B, where y
and p are non-zero elements in k, and ¢(x) := p2 = f(y)x + g(y), such that f(y) and g(y) are
elements of k[y]. Let us see that the given polynomials satisfy the conditions (2.4) - (2.6):

p2p1=(f(x+gy)yy+p)
=fWMxyy+ fNxp+8Wyy+8Wp
=YfWMxy+BfMNx+y8Wy+pLEH)
=YfW(@qyx—y*) +BFx+yg)y+BEW)
=YafWMyx—yfWMY* +BfWx+ygWy+ g,
o2(p1)p2+02(p1) =o20yy + BY(fF (X + (1) +02(yy + )
=(o20yy) +o2B) (fF () x + g(1) + 2(yy) + 62(B)
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=YqyfWx+yqygy) +Bf(y)x+pPgy) +02(0)62(y) +62(1)y+62(8)
=yafWyx+yqagyy+Bryx+Bgy) —yy*.

It is necessary to ensure that the equality y f(y) = y holds, that is, f(y) is a unit, and so
f(») =1. In addition, we must satisfy yg(y)y = yqg(y)y. Given that q # 1, then g(y) = 0. In this
way, p2 = x and p; =Yy + . Itis straightforward to see that forany r €k, pyr =o1(r)p1 +91(r)
and par = 01(r)p2 + 62(r) hold. Hence, conditions (2.4), (2.5) and (2.6) are satisfied.

Since ¢ is an automorphism, there exists ¢~! such that y = ¢~ (¢(y)). Then
y=¢"l @ =0 @) = ¢ v+ H=¢" ) + ¢ (B).

From the last expression, ¢~ () =0, and so f=0. Also, we get 1 (y) =y 1.

Similarly, if we consider x = (,b_l((p(x)), then x = ¢>‘1(</)(x)) = (P_l(pg) = (p_l(x), and so
¢~ (x) = x, i.e., we conclude that the homomorphism described by ¢(y) = p; =y and ¢(x) =
p2 = x is an automorphism of the g-skew Jordan plane _¢,. O

DEFINITION 2.5. Consider S = R[x;1;01,01][x2;02,02]. The o,-derivation 6, is quasi-algebraicif
satisfies one of the following conditions:

(i) There exist constants g;(x;) € R[x1;01,61] with g,(x;) = 1, such that Z? 1 qi(xl)éé is an

0’21 -inner derivation.

(ii) There exist constants g;(x;) € R[x1;01,01], 1 <i < nnot all zero, such that Z;’ 1 qi(xl)c?é is

an o’-inner derivation for some endomorphism o).

THEOREM 2.25. Let S’ = R[x};0%,011[x};0%,0,] and S = R[x1;01,011(X2;02,02]. Assume that
0i0;=-0;0; fori=1,2. Suppose that one of the following two conditions

(1) p2 can be written as p2 = q(x2) + f(x1) and o; is an automorphism with o(o ;) = co, or

(2) 6; is not quasi-algebraic,

is true for both values of i. If ¢ : ' — S andy : S — S’ are injective ring homomorphisms, then
both are isomomorphisms.

Proof. Assume that one of the homomorphisms ¢ or ¢ is not an isomorphism. Then oy : S — S
is not an isomorphism, and by Theorem 2.22, the associated cv-polynomials p; and p, have
degree = 2. First, we denote py = Z;'n:o bjxé + f(x1) with m = 2. Suppose that condition (1)

holds. By Theorem 2.21(1), bjog(—) = 02(-)bj, and since 07 is an automorphism, ag_l = 021y
foreveryl < j<m,soo0(o2) <j—1<m-1 < o0, acontradiction. In an analogous way, for
p1= Z?:o aix{ with n =2, aiai = 014, and this implies that O'i_l =011y foreveryl<i<n,
thuso(o1)<i—-1<n-1<oo.
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Suppose that - is not quasi-algebraic. Then ; is not algebraic and by Theorem 2.21(2),
02 = (p2 — Bo) (02) + 82(Byy,0,), Where Byg = Z?:o biox{ xg. Since p; has degree m =2,

G2= 3 Y bijx103 =823 q;(x1)'8} = 2(8y0,0,)»

i=0j=1 j=1

whence §, is a a’z—inner derivation with 0’2 = 031, i.e, 8, is quasi-algebraic, a contradiction.
Following the same reasoning, Theorem 2.21(2) implies that 6, = (p; — ap)61 + 0 1(ay,0")» which
shows that 0 is quasi-algebraic, and we get a contradiction. O

REMARK 10. It is worth asking whether the theorem is still valid if we change the hypothesis
(2) so that 9, is not algebraic. This question was studied by Lam and Leroy [LL92, Remark
5.7], where they showed that with a quasi-algebraic but not algebraic derivation two injective
homomorphisms can be constructed, but these do not lead to an isomorphism. For two-step
iterated Ore extensions, if we fix the ring R[x;] for both Ore extensions, then we obtain Lam
aand Leroy’s result.

ExXAMPLE 2.11. For k a field of characteristic zero and an element f(x) € k[x], Alevand Dumas
[AD97] considered the algebra A defined as the Ore extension

A:=A(f(x) :=k[x]

d
y,6.—f(x)a] =k{x,ylyx-xy= f(x).

Note that if f(x) =0, then A(0) =klx, yl, and if f(x) = 1, then A(1) is the first Weyl algebra. They
investigated the group of automorphisms of A, and showed that for elements f(x), g(x) € k[x],
A(f(x)) = A(g(x)) ifand only if g(x) = A f(ax + B) for some elements 1, a € k* and B € k [AD97,
Proposition 3.6(i)]. As one can check after some computations, for some particular values of
A, a and B, the theory of cv-polynomials developed above illustrates Alev and Dumas’s result.

To finish this section, we present some remarks about eigenvector interpretations for the
coefficient vector of a cv-polynomial formulated in Proposition 2.12. The following example
illustrates this result.

EXAMPLE 2.12. [LL92, Example (2.10)] The polynomial p(x) = x*>+ Dby € S = Dlx;0,0] is a cv-
polynomial with respect to the quasi-derivation (02,6 + § . ,2)) on D, provided that 6 = —§0.
n

By Proposition 2.12(2), foranyae D and j = 1,2,...,n, we get ) bifji(a) = an”(a)bglbj. In
i=j

particular, for j =1,

2 .
Y bifi@ = by fi (@) + bafE (@) = 00(a) + 168 (a) + 160 (a) =0,
i=1

2 i 2 .
and for j=2, ¥ b;f}(a) = byf?(a) = 0?(a). Then, for j=1, ¥ bifj(a)=0= byo?(a)b; 0,
i=2 i=1
2 ]
andfor j=2, } bile(a) =0?(a) = b,o?(a) bz_lbg as Proposition 2.12(2) asserts.
i=2

On the other hand, following Proposition 2.12(3), [b; b-] is a left eigenvector for each a € D



CHAPTER 2. MORPHISMS AND CV-POLYNOMIALS OF ITERATED ORE EXTENSIONS AND DOUBLE ORE EXTENSIONS 61

of the matrix M, (a) with eigenvalue b,o?(a)b, ', whence

fll@ fl@
fi@ fia)

ol(a) 0
gb(a)+60(a) o2(a)

[by byl = byo*(@b; by by]

[0 1] =o*(a@)[0 1]

[08(a) +b60(a) o?(a)] =10 o?(a)]
[0 o*(@] =10 o?(a)l.

Note that without the condition that 06 (a) = —60(a), Proposition 2.12 would be false. Exam-
ples 2.13 illustrates this situation.

ExAMPLE 2.13. (i) Consider p(x) = box? + bix+ by € S = D[x;0,0] (Example (2.5)). This

(i)

polynomial is a cv-polynomial with respect to the quasi-derivation (o”,8" = b, + b6 +
0 (by,0")) Whenever 06 = —60 and b;c'(a) = o' (a)b;. Now, for anyaeDand j=1,2,...,n,

n .
by Proposition 2.12(2), we get Y. bifj’ (a) = bnan(a)bglbj. Forj=1,
i=j

2 .
Y bifi(a) = by fi (@) + ba fE (@) = bio(a) + ba8(a) + by60 (a) = byo(a).
i=1

2 , 2 .
whilefor j =2, ¥ b; f}(a) = by f#(a) = b,o?(a). In thisway, for j = 1, we obtain ¥ b; f] (a) =
i=2 i=1

2 .
bio(a) # boo*(a)b; by, and for j =2, ¥ b; f}(a) = byo?(a) = byo?(a) b, ' bs.
i=2

According to Proposition 2.12(3), [b; b»] is a left eigenvector for each a € D of the matrix
M, (a) with eigenvalue byo?(a) b, 1 which implies that

i@ fla
i@ fia

o(a) 0
od(a)+da(a) d%(a)

(b1 by]

= byo*(a)b; ' [by bl

[b1 D] =byo*(a)b; ' (b1 byl

[byo (@) + byod(a) + by6a(a) byo?(a)] = [b,o*(a)b; by byo?(a)]
[b1o(@) bro? (@) = [b20*(@)by by bao?(a)].

However, it is clear that this equality is not necessarily true.

Consider the polynomial p = byx* + by x + by € Fq(k) =k[yllx;0,6]. Suppose that p is a
cv-polynomial with respect to the quasi-derivation (¢/,6” = b2 + b16 + 8, o)), whenever
06 = —60 and b;o'(y) = 0'(y)b;. For y € k[y], and j = 1,2,..., n, by Proposition 2.12(2),

n .
Ej bifij(y) = bno"(y)b;,'bj, so for j =1,

2 .
Y biff () =b1fi )+ b fE(Y) = b1o(y) + bao8(y) + b0 (y) = b1o(y) = biqy
i=1
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2 .
and for j =2, ¥ b; f}(y) = bof}(y) = b20?(y) = b2q*y. In this way, for j =1,
i=2

2 .
Y bif{(y)=bio(y) = biqy # byo*(y)b; ' b1 = b1g°y
i=1

2 .
and for j =2, zzbl.le(y) = bp0?(y) = bag?y = b5 (y) b; ' by
i=

Now, Proposition 2.12(3) asserts that [b; by] is a left eigenvector for y € k[y] of the matrix
M>(y) with eigenvalue byo?(y)b; !, that is,

f1l(y) le(y) 2 -1
b1 b =b b, [b1 b
(b1 byl [flz(y) £2(7) 207 ()b, " [y b2l

oy
ad(y)+60(y) o%(y)

(D10 () + baod(y) + b8 (y) bao?(1)] = [b20? (1) by by bao? ()]
[b10(y) bao?(P)] # [b20?(y) b, by byo? ()]
[b1gy b2g°y1 # (b1G°y bag°y).

(by bo] ] = bp0*(y)b; ' [by by

Our version of [LL92, Theorem 2.16] taking into account the previous observation and
removing the hypothesis that the Ore extension is over a division ring is the content of the
following result.

n .
THEOREM 2.26. Let p1(x) = ¥ a;x; € S= R[x1;01,01] be a polynomial of degree n = 0. Then the
i=0

following assertions are equivalent:

(1) p1(x1) is a cv-polynomial.

n . .

(2) ForanyreR,and j=1,2,...,n, we have }_ aifj’(r) = aja{(r) whenever o161 = -01071.
i=j

3) la,...,0l,...,10,...,ai,...,0] are left eigenvectors for each matrix My (r), wherer € R.

4) p1(x1)) RS Rp1(x1) +R.
If these conditions hold, then up, (x1) + ¢ is also a cv-polynomial, for any u,c € R.
Proof. If p1(x;) has degree n = 0, the conditions follow immediately.

* (1) = (2) Let p;1 (x) be a cv-polynomial with respect to (0},8"). For any r € R,
n . n

pilx)r=) ajxjr=
i=0 i=

0 j=o\i=j

i, , n (n ] .
@) fjmx{=73 (Z aifj’(r)) xi. (2.28)
Jj=0
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Now, by Theorem 2.19,
. n .
p1(x)r=0](r)p1(x1) +6) = a,-a{a]f Y aix;+61(r).
i=0
These two expressions show that identity is satisfied for each j =1, 2,..., n, whenever that

0'161 = —5101.

* (2) = (3) The matrix M,(r) that is composed by (i, j)—entry of the f].i(r) withl<i,j<n,
so the equation in Part (2) can be expressed in the form

[ay,...,0lMy,(r) = ayo1a; [a,...,0]

[0,...,aj,...,00My(r) = a;oa;'0,...,a;,...,0,

foreachre Rand0<i<n,and|0,...,q;,...,0] is a left eigenvector for M, (r) with eigen-
1

value aiaia; .
* (3)=> (4) Foreveryr eR,

[0,...,a;,...,0lM,(r) = a(n)[0,...,aj,...,0l,

n .
for some eigenvalue a(r) € R. Thus, for 1 < j < n, we obtain ) aifj’(r) = (a(r))a;. Using
i=j
this fact in the expression (2.28),

n .
p1(x))re Z(a(r))ajx{ + RS Rp1(x1)+R, foranyreR.
j=1

* (4) > (1) For any r € R, we have determined constants r;, 72 € R such that p;(x;)r =
r1p1(x1) + r2. By defining 0 (r) = r; and 6} (r) = ro, it is easy to see that (0],0)) is a
quasi-derivation on R, whence p; (x;) is a cv-polynomial with respect to (o, 87).

 To prove that the last statement of the theorem is true, consider Part (4). We have p;(x1)R <
Rpy(x1) + R, and so

(upr1(x1) +c)R< u(Rp1(x1) +R)+cR< R(up;(x1) + ) + R,
since this is also a cv-polynomial.

O

EXAMPLE 2.14. Consider again Example 2.13. Forany r € Rand j =1,2,...,n, Theorem 2.26(2)
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n . .
asserts that ) al-fj’(r) = ajo’(a), and hence
i=j

i) = a flin) + axfP(r) = ao(r) + a,08(r) + ;80 (r) = ayo (@), j=1,

2
Y a
i=1
2 .
Y aif,(r) = axfi(r) = ax0*(r), j=2,
i=2
2 , 2 .
while Y. a; f{(r)=bio(r)=bio(r),and ¥ a; f}(r) = a,0%(r) = a0 (r).
i=1 i=2

By Theorem 2.26(3), [a; 0] and [0 ay] are left eigenvectors for each r € R of the matrix M (r)
with eigenvalues ala(r)al_1 and aga(r)zaz_ L respectively, so that

il o

o 0] VGO AG) =aona i 0

o(r) B -1
a1 01 s+ 600) 2|~ @O lar 0
(a0 (r) 0] = [a1o(r)a; a 0]

laio(r) 0] =[a10(r) O],

1 1

o(r) _ 2 1

[0 a] od(r)+80(r) o?(r) =a0(r)"a, 10 a]

[a,08(r) +80(r) azo?(r)] =0 axo(r)*a,’ ay)

[0 aya®(1] =10 axa?(r)],

which shows that Theorem 2.26(4) holds.

REMARK 11. Once more again, in a personal communication, Professor Lopes told us that in
[BLO15] he studied the isomorphisms and automorphisms of Ore extensions of derivation type
over a polynomial ring in one indeterminate. The results presented above can be illustrated with
those corresponding in his paper.

2.4.2 THREE-STEP ITERATED ORE EXTENSIONS

In this section, we consider the question on homomorphisms and cv-polynomials of three-step
iterated Ore extensions. We follow the ideas presented in Section 2.4.1.

DEFINITION 2.6. Consider two iterated Ore extensions with three indeterminates given by
S'=Rlx};0),011[x;05,051[x5; 04,05 and S = R[x;01,811[x2;02,82][x3;03,03]. The homomor-
phism ¢ : §' — S defined as ¢(x]) := p1(x1) = p1 € Rlx1;01,01], $p(x}) := pa(x1,X2) = p2 €
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R(x1;01,611[x2;02,62] and ¢p(x3) := p3(x1, X2, X3) = p3 € S, satisfies

P(x5x3) = 05 (Pp(x5)) ps + 65 (P(x3)),
P(x5x)) = 05 (Pp(x))) ps + 65 (P(x))),
P(xpx}) = aH(P(X))) p2 + 85 (P(x1)),

pxir) =0 (rp1+61(r),

Plxyr) = 05 (r)p2 +65(1),

P(xyr) = 05(r)ps +65(r),

for r € R, or equivalently,

p3p2 = 05(p2) p3 +63(p2),

psp1 = 05(p1)ps +65(p1),

p2p1 = 0,(p1)p2 +85(p1),
pir =01 (r)p1+6,(r),
par = 0y (r)pa +65(r),

p3r = a5(r)ps +65(r).

The polynomials p;’s are the cv-polynomials for iterated Ore extensions with respect to the
quasi-derivations (0", 0") for i = 1,2,3, respectively.

Conversely, ifa polynomial p; for i = 1,2, 3 satisfies the above conditions for quasi-derivations

in the sense above, then we can define ¢: S’ — Sby ¢ (x}) = p; withi=1,2,3.

EXAMPLE 2.15. Let ¢ : S’ — S be the homomorphism as in Definition 2.6. We define

d(x}) = p1(x1) = a1 x1 + ap,
d(x3) = pa(x1,Xx2) = by1x1%2 + boo,

/
¢(x3) = p3(x1, X2, X3) = C111X1X2X3 + Co00-

Let us see that these are cv-polynomials with respect to the quasi-derivations (0’1.,5’1.),

i =1,2,3. From Example 2.8, with p, = f(x1)x2 + bgop where f(x;) = b11x1, we know that

oy =morayt, 8} = a16, +81(ap,01) 05 = F(X1)82 + S (pyg,01) and f(x1)02(=) = 05 (=) f(x1).

Let us show that psp; = 0% (p1) p3 + 05(p1). Consider p3 = q(x1, X2) X3 + cooo With g (x1, x2) =
C111 X1 X2. Then

p3p1 = (C111X1X2X3 + Coo0) (@1 X1 + dp) = €111 X1 X2X3A1 X1 + C111X1 X2 X300 + Co00 A1 X1 + Co00 0
= c111 X1 X203 (a1 X1) X3 + €111 X1 X203 (a1 X1) + €111 X1 X203 (d0) X3
+ c111 X1 X203 (ag) + Cooo @1 X1 + Cooo o
= q(x1, x2)03(a1x1) X3 + q(x1, X2)03 (a1 x1) + (X1, X2) 03 (a0) X3

+ q(x1, x2)63(ap) + cooo@1X1 + Cooo Ao - (2.29)
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Notice that

a5(p1)ps +65(p1) = 05 (arx1 + ap) (c111 X1 X2X3 + Cooo) + 65 (a1x1 + dp)
= 0 (a1x1) C111 X1 X2 X3 + 0% (@1X1) Cooo + 05 (ap) €111 X1 X2 X3
+ 07 (ap) cooo + 85 (a1 x1) + 85 (ap)
= o5 (a1x1) g (X1, X2) X3 + 05 (a1 X1) Cooo + 073 (@) G (X1, X2) X3

+ 0% (ap) cooo + 65 (a1 x1) + 85 (ap). (2.30)

With the aim of that conditions (2.29) and (2.30) coincide, let 8} := q(x;, x2)03 + 3(copn, )
and assume that the condition q(x;, x2)o3(-) = ag(—)q(xl,xz) holds. For the equality p3p» =
04 (p2) ps +84(p2), we get

p3p2 = (C111X1X2X3 + Co0o) (b11X1 X2 + boo)
= c111X1 X2 X3b11X1 X2 + €111 X1 X2 X3 oo + Co00 D11 X1 X2 + Co00 Poo
= €111 X1 X203(b11 X1 X2) X3 + €111 X1 X203 (b11 X1 X2) + €111 X1 X203 (Do) X3
+ c111 X1 X263 (boo) + Cooob11X1 X2 + Cooo boo
= q(x1, X2)03(b11X1X2) X3 + q (X1, X2)63(b11X1 X2) + G (X1, X2) 03 (boo) X3

+ q(x1, X2)63(boo) + cooob11X1 X2 + Co0oboo,
and

045(p2) ps + 65(p2) = 05 (b11 X1 X2 + boo) (€111 X1 X2 X3 + Coo0) + 85 (b11X1 X2 + boo)
= 05 (b11X1 X2) €111 X1 X2 X3 + 05 (b11 X1 X2) €00
+ 0% (boo) €111 X1 X2x3 + 05 (boo) Cooo + 65 (b11 X1 x2) + 85 (boo)
= 07 (b11x1%2) (X1, X2) X3 + 07 (D11 X1 X2) Coo0

+ 0% (boo) 4 (x1, X2) X3 + 07 (boo) Cooo + 85 (b11 X1 X2) + 85 (boo).
It is straightforward to see that by using 6% and the condition assumed above, we get the
desired equality.

As in the case of two-step iterated Ore extensions, a polynomial p(x, x», x3) belonging to
the iterated Ore extension S = R[x1;01,01][x2;02,02][x3;03,03] is said to be right invariant if

p(x1,x2,x3)R[x1;01,011[x2;02,02] € R[x1;01,011[x2; 02,021 p(x1, X2, X3),

and right semi-invariantif p(xy, x2, x3) R € Rp(x1, X2, X3).
The following result is the natural extension of Theorem 2.20.

THEOREM 2.27. Let x! be aa monomial invariant of degree n > 1. Let p3(x1, X2, X3) with p3(x1, X2, X3) =
fx, xg)xgl + g(x1, X2, X3) where the degree of g(x1, X2, x3) is less than or equal to n. Then:

(1) ps is a cv-polynomial with respect to (0,0%) if and only if g(x1, X2, x3) is a cv-polynomial
with respect to (05,0%) and f(x1,x2)0% (=) = 075 (=) f (x1, X2).
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)

If ps is a left multiple of f (x1, x2), then ps is a cv-polynomial if and only if is invariant.

Proof. The ideas are completely analogous to the proof of Theorem 2.20.

ey

)

First, assume that p3 is a cv-polynomial with respect to the quasi-derivation (0, %). Then
p3p2 = 04(p2) p3 + 64 (p2), and

p3p2 = 05(p2) [ f (x1, X2) X + g(x1, X2, x3)] + 65 (p2)

= 04(p2) f (X1, X2) X% + [05(p2) g (X1, X2, X3) + 85 (p2)] (2.31)

Now,

p3p2 = [f(x1, X2) x5 + g(x1, X2, X3)| p2 = f (1, X2) X5 p2 + g (%1, X2, X3) P2

= f(x1,%)0% (p2) x5 + g(x1, X2, X3) P2, (2.32)

since q(x3) is a monomial invariant. From (2.31) and (2.32) it follows that f(x;, xg)agl(—) =
04(=) f(x1, x2), and

g(x1, X2, X3) p2 = 0% (p2) g (x1, X2, X3) + 65 (p2). (2.33)

Conversely, if g(x1, x2, x3) is a cv-polynomial with respect to (0’3,5 g), then g(x;,x2, X3)p2 =
04(p2)g(x1, X2, X3) + 85 (p2), and having in mind that f(x1, x2)0% (=) = 0%4(=) f (x1, X2),

p3p2 = f(x1,X%2) X3 p2 + (X1, X2, X3) p2 = f (X1, X2) 05 (p2) x5 + (X1, X2, X3) P2
= 0% (p2) f(x1, X2) x5 + 0% (p2) g(x1, X2, X3) + 65(p2)

=035 (p2) [f (%1, %2) X5 + g (1, X2, x3)] + 85 (p2) = 0% (p2) ps + 65(p2).

If p3 is a cv-polynomial with respect to the quasi-derivation (0%, 6%), then psp, = 0% (p2) p3+
6’3( p2). Since pj3 is a left multiple of f(x;, x2), we get g(x1, X2, x3) = 0. Due to the equation
(2.33), 85(p2) = 0, and besides f (x1, x2)0} (=) = 0%4(=) f(x1, X2), whence

p3p2 = 0%5(p2) f(x1, x2) x5 = f(x1, X2)0% (p2) X%,

which shows that ps is invariant.

Now, assume that p3 is invariant. By assumption, g(x;,x2,x3) = 0, and so
p3p2 = f(x1,X2) x5 pa = f(x1,x%2)0% (p2)x{. If there exist o4 such that f(xy,x2)0% (p2) =
04(p2) f (x1, X2), then ps is a cv-polynomial with respect to (07,65 = 0).

O

As above, if (03,03) is a quasi-derivation on a ring R, d3 is said to be algebraic if there exists
anon-zero polynomial g € S = R[x1;01,011[x2;02,62][x3;03,03] such that g(x;, x2,63) =0. The
evaluation of g(xj, xp,x3) = Z?:o qi(x1, xg)xé at 93 is defined to be the operator g(x, x2,63) =
Yo qi(x, x2)6§ onS.
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THEOREM 2.28. Let S’ = R[x};01,811(x5;07,0,1(x3; 0,831 and S = R[x1;01,611[x2;02,621(x3; 03, &3]

Consider pi1,p» ps € S given by pi(x1) = X* aixi, p(x1,x) = ?:()Z;n:obijxixé and

pS(xl»ny xS) = Zgzo z;’:gzlu;o Cijlx{xéxl'

(1) If ps is a cv-polynomial with respect to the quasi-derivation (0%,8%), then &4 = (p3 —
Co)(03) + 63(C0,U/3), where Cy = Zf:o Z;:o cijox{xéxg, and if also w = 1, then we obtain

- i J ] _ i J _
the equalities cijlxixz%(—) = 03(—)cl~jlxix2 and 0363 = —0303.

(2) If83 is not an algebraic derivation, then ps is a cv-polynomial with respect to (07, 63) if and

only if6g = (p3—Cp)(03) + 63(60,05), where the element Cy is given by 21{:0 Z;:o c,-jox{ xé x0.

Proof. (1) Consider the homomorphism A : S — End(R[x;;01,811[x2;02,02], +) defined by
A(x3) = 03 and for any r € R, A(r) denotes the left multiplication by r on R. The maps
A(x1) = Ay, and A(xp) = Ay, are defined in the same way that the proof of Theorem 2.21.
Assume that ps is a cv-polynomial with respect to (07%,6%). Then

p3p1 = p(x5x)) = o5(p1)ps +065(p1), and (2.34)
p3p2 = P(x3x3) = 05(p2) p3 + 85(p2).

By evaluating the equation (2.34) with respect to the homomorphism A, we get
p3(x1, X2,63) p1(x1) = 0% (p1(x1)) p3(x1, X2,83) + 65 (p1(x1)). (2.35)

Since 6%(1) =0,forj=1,

ros o
p3(x1,X2,63)p1(x1) = o5 (pr1(x1) Y Y. cl-joxixéxg +65(p1(x1)).
i=0j=0

IfCo=X!, Z;‘:o C;’joX{Xﬁ xg, then

55 (p1(x1) = p3(x1,x2,83) p1(x1) — 05(p1(x1)) Co
= p3(x1,X2,63) p1(x1) — Cop1(x1) + Cop1 (x1) — 05(p1(x1)) Co
= (p3(x1,x2,03) — Co) p1(x1) + 83(Cy 0 (P1(X1))
= (p2(x1, %2, x3) — Co) (63) (P1(x1)) + 83(Cy 0 (P1 (1)),

whence 63 = (p3 — Co) (03) + 03¢, ,01)-

For the next part, consider w = 1. Since ps is a cv-polynomial, p3p; — U’S(pl)pg = 5g(p1),



CHAPTER 2. MORPHISMS AND CV-POLYNOMIALS OF ITERATED ORE EXTENSIONS AND DOUBLE ORE EXTENSIONS

69

and so

S

I Ms

k N\t s
)(z) (z)zzz
i=0

i=0j=01=0

t
= [Ctswxl xzaé”(akxl ) — o4 (arxN) crswxl 5152 + - — o (p1) Co

rrow o
+ Do, + Z Z Z Cijlxixé5é(l71) +Cop1 = 65(p1), (2.36)

i=0 j=01=0

where py, s, are the possible combinations between o3 and 3. Since (2.36) is equal to

r s w L
85(p1) = (p3 = Co)(B3) (p1) + B30y (P1) = 3, D 3 i j1X{ X385 (p1) + Copr — 0 (p1) Co,

i=0 j=01=0

we obtain
t k l k t
[ceswx1 X305 (akXy) — 05 (arXy) Cesw X X1 %5 + -+ + Poy 6, =0,

i J 1 _ i J : : _
and hence, ¢;j;x]x,05(=) =05(=)c;ijixjx, forl<i<f1<j<s 1<I<w,and ps,s, =0,

and so 0383 = —0303 as desired.

(2) Letusassume that d3 is not an algebraic derivation and let g(x1, x2, x3) = p2(x1, X2, X3) — Cp.
Then 8% = q(x1, x2,83) + 53(60,(7;)» and q(x1, x2,03) =04 — 53(Co,ag) is a 0, -derivation, so for

anyr € R,
q(x1,%2,63)(p1(x1)1) = 05(p1(x1))g(x1, X2,83) (1) + q(x1, X2,63) (p1(X1) T
If we evaluate by the homomorphism A, then

q(x1,x2,63)A(p1(x1)) = Ao5(p1(x1))) g (x1, X2,63) + A(g(x1, X2,63) (p1(x1)))

which holds in the image of A. Since 83 is not algebraic, A is injective and there exists 17!,

whence
q(x1, X2, x3) (p1(x1)) = 05(p1(x1)) g (x1, X2, X3) + G (X1, X2,83) (P1(x1))-
By replacing q(x1, x2, x3) and q(x1, x3,63),

(p3(x1, X2, x3) — Co) p1(x1) = 05 (p1(x1)) (P3(x1, X2, X3) — Co) + (65 — 83(Co,0)) (P1(X1))
= 05(p1(x1)) p3(x1, X2, X3) — 05 (p1(x1)) Co
+ 5§(P1 (x1)) - 53(c0,gé) (p1(x1))
= 05(p1(x1)) p3(x1, X2, X3) — 05 (p1(x1)) Co
+65(p1(x1)) — Cop1(x1) + 05 (p1(x1))Co
= 05 (p1(x1)) p3(x1, X2, X3) + 65 (p1(x1)) — Cop1 (1),

whence Cyp1(x1), and p3p; = 0% (p1) p3 + 85(p1) as desired.
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O

THEOREM 2.29. Let ¢ be a homomorphism of the iterated Ore extension as in Definition 2.6. ¢ is
an isomorphism if and only if the associated cv-polynomials have degree one with respect to x1,
X and x3, respectively.

Proof. It follows by using an inductive argument to the presented in the proof of Theorem 2.22.

O

2.4.3 n-STEP ITERATED ORE EXTENSIONS

Having in mind the ideas developed in Sections 2.4.1 and 2.4.2, in this short section we present a
general framework of homomorphisms between iterated Ore extensions of n-step iterated Ore
extensions.

DEFINITION 2.7. Let §' = R[x};07,81]---[x),;07,,0%] and S = R[x1;01,01] - [X,;0 1,0 . Let the
homomorphism ¢ defined as (/)(x:.) := p;, where p; = p(x1,X2,...,X;), with 1 < i < n, and such
that p; satisfiesfor 1 < j<i<nandreR,

Px;x)) =0y (X)) pi +0;(@(x)) and  P(x;r) =0} ()p; +87(1),

or equivalently,
pipj=0;(pj)pi+6;(p;)) and p;r=0}(r)p;+6;(r).

We say that the polynomials p; are the cv-polynomials for iterated Ore extensions with respect
to the quasi-derivations (02,6’1.) forl<i<n.

Conversely, if a polynomial p; € S, where p; depends on the indeterminates xi, xp, ..., x;, with
1 < i < n, satisfies the above conditions, where (0’1., 6’1.) are the corresponding quasi-derivations,
then we can define ¢: ' — S by ¢(x}) = p;.

EXAMPLE 2.16. Consider the single parameter quantum matrix algebra O, (M}, (k)) described in
Section 1.2.1. Then

Op My (k) = k{x11;011,0111 - [X1050 10,010 -+ [X1;0 01, 0 1] -+ [Xun; O iy O ], (2.37)
with ¢;; and 6,-]~, 1<i,j,l,m < n, subject to the relations

PXim» 1>1,j=m,

PXim, i=1j>m,
0ij(Xim) = ) ]
Xim» i>l,j<m,

Xim» i>lj>m.

and 6 (x;,) = (p— p‘l)ximxlj for i > [, j > m, otherwise, zero.
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Now, consider §' = O;(Mn (k)) and S = O, (M, (k)) which generating basis {x;.j} and {x;},
respectively. The idea is to show that if we defined the homomorphism ¢ : S’ — S as ¢(x; j) =
pij = bjixj;, then the polynomials p;; for 1 < i, j < n are cv-polynomials. For1 <4, j,I,m<n,
we have

P(x; X)) = PijPim =07 (P, ) pij+87;(p(x),)), and

P(x;;1) = pijr =0y (r)pij+6;;(1r).
Suppose that O'Iij =0j; and 6;.]. =6 ;. Since
PijPim = bjiXjibmiXmi = 0 ji(DmiXmD)bjiXji + 6 ji (DmiXmp) = bjibmi0 ji Xm) Xji + b6 ji (X)),
and

U/l-j(le)Pij + 5;-]-(le) =0jibmiXm)bjixji +6ji(bpmiXmi)

=Dbjibmi0ji(xXm)Xji + b6 ji(Xm1),

it follows that (/)(x;j r)=pijr= a;.j(r)pij + 6’l.j(r) as desired (recall that o;; is the identity
and 6;; is zero for elements r € k for every 1 < i, j < n). Therefore, the polynomials p;; = bj; x;;
are cv-polynomials with respect to the quasi-derivation (U’i L o ’l j), and ¢ is a homomorphism of
iterated Ore extensions.

As in the previous sections, for S an iterated Ore extensions with 7 indeterminates and p; € S,
where p; is a polynomial in the indeterminates x;, x» up to x;, for 1 < i < n, we say that p; is
right invariantif p;R(xy;01,61]-+-[X;-1;0-1,6;-1]1 € R[x1;01,61] -+ [xi-1;0-1,0;-1] pi.

THEOREM 2.30. Fix i and consider x!' a monomial invariant of degree n = 1. Let p; € S as
pi = f(x1,..., xi-1)X]' + g(x1,..., X;) with the degree of g less than or equal to n. Then:

(1) p; is a cv-polynomial with respect to (0,8 if and only if g(x1,..., x;) is a cv-polynomial
with respect to (0°,,6°) and f (x1,..., Xi-1)0} (=) = 0,(=) f (x1,..., X;-1).

(2) Ifp; isaleft multiple of f (x1,...,xi—1), then p; is a cv-polynomial if and only if is invariant.

Proof. (1) If p; is cv-polynomial with respect to the quasi-derivation (07},8), then p;p; =
a'.(pj)pi +98'(p;), and hence

pipj=0i(pHIf(x1,..., xi1) X!+ g(xn,..., x)] + 8 (p))
=0 (p)f(x1,.., i) X] + [0} (pg(x1, ..., X)) + 8} (p)). (2.38)

Also, note that

pipj = f(x1,..., Xi-)X] + g(x1,..., x)1pj = f(x1,..., ;1) X} pj + g(x1,..., X)) pj
= f(x1,..,xi-1)0} (P X} + g(X1,..., X)) pj, (2.39)
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(2)

where the last expression is obtained due to x' is a monomial invariant of degree n. By
(2.38) and (2.39), f(xl,...,xi_l)al’.’ = U’if(xl,...,x,-_l), and

g(xX1,...,x)pj =0 (p)gx,...,x)) +8:(pj), (2.40)

which shows that g(x;,..., x;) is a cv-polynomial with respect to (0';., 6’1.).

Conversely, if g(x1,...,x;) is a cv-polynomial with respect to the quasi-derivation (0';., 6’1.),
then

gx1,..,x)pj =0 (p))gx1,...,x)) + 8 (p)),

and by using that f(x,.. .,xi_l)U;?(—) = 0;.(—)f(x1, eeo Xiz1),

pipj=fx1,..., xi- )X pj+8X1,.., x)pj = f(X1,...,Xi-) 07 (p)X] + g(X1,..., X)) p;j
=0 (p)fxn,..., xi—)x] + 0 (p)g(x1,..., x) + 8 (p))
=0 (pPPIf (X1, X)) + 8 (X100, XD +83(p)) = 0 (P pi + 6(P)).

Suppose that p; is a cv-polynomial with respect to the quasi-derivation (c,5%). Then
pipj = U;(pj)pi + 5;.(;9]-), and since p; is a left multiple of f(xy,..., x;—1), it follows that
g(x1,...,x;) =0and &’ (p;) = 0 due to (2.40). From (1),

fx1,. x50 (=) =05 (=) f(x1,..0, Xi1),

and
pipj=0;(pfx1,..., %)) = f(x1,..., X107 ()X},
which shows that p; is invariant.

Finally, assume that p; es invariant for each i. Then g(xj,...,x;) =0, and
pipj=f(x1,..., %)X pj = f(x1,..., Xi-1)07 (p)x].

If O”i satisfies f(x1,...,x;-1)07} (=) = 0;.(—)f(x1, ...,Xj_1), we get that p; is a cv-polynomial.

O

For S = R[x1;01,01]+- [Xn;01,0,], 6; is said to be algebraic if there exists a non-zero poly-
nomial g € S such that g(x;, x2,...,8;,...,Xx,) = 0. The evaluation of a polynomial g(xi,...,x,) =
Yaenn AgX)" - xp" at §; is defined to be g(x1,Xo,...,64,...,Xn) = Laenn GaXy ' Xy2 -850 X"

on S.

The following theorem shows that if each of the cv-polynomials has a degree greater than
or equal to one, then these can be characterized with a suitable quasi-derivation (¢, 6}). This
theorem extends Proposition 2.18.

THEOREM 2.31. Consider iterated Ore extensions S' and S with n indeterminates. Let p; € S given

by pi

(D

=Y geni AaX® forl<i<n.

If pi is a cv-polynomial with respect to the quasi-derivation (¢, 6"), then 8, = (p; — Do) (1) +
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6,-(D0,U/i), with Dy =Y geni-1 AgX® and a; = 0. If the degree of x; is greater than or equal to 1,

; S = — 805 a1,y %1 5%y = ol (— a5 %i-l
denoteitas 3, thenob; = —6;0; and aq,...q, , X; x, o (5) =0 (D) ag,a; X, x4

(2) If§; is not an algebraic derivation, then p; is a cv-polynomials with respect to (0';,8") ifand
only ifd'; = (p; — Do) (6;) + 5l~(DOy0;), where Dy = Y. yeni Ao X® with a; = 0.

Proof. It follows by considering an inductive reasoning on the proofs presented in Theorems
2.21 and 2.28.

O

From the discussion above we have immediately the following result.

PROPOSITION 2.32. Let S’ = R[x|;0),0!]---[x);07,0,] and S = R[x1;01,61] - [X4;01,0,]. The
homomorphism ¢ : S' — S defined by ¢(x;) = p(x;) = x; foreach i =1,...,n, is an isomorphism.

EXAMPLE 2.17. Consider O, (M (k)) = k[x],1[x],;07,1[x},;0%,1[x5,;05,,85,] and Oy (M, (k) =
klx111[x12; 0121[%21; 0211[X22; 022, 022] the single parameter quantum matrix algebras generated
by {x;. j} and {x;;} respectively with 1 < i, j < 2. Gaddis [Gad14, Proposition 3.1] showed that
Op(M> (k)) and Oq4(M; (k)) are isomorphic if and only if p = qil. By using the results obtained
in this section, it can be seen that the homomorphism ¢ : O, (M>(k)) — O4(M2(k)) given by
G (x; ].) := pij = X;j is an isomorphism in the sense of cv-polynomials formulated in Definition
2.7.

THEOREM 2.33. Let ¢ be a homomorphism of the iterated Ore extensions as in Definition 2.7. ¢ is
an isomorphism if and only if the associated cv-polynomials p; for 1 < i < n have degree one with
respect to x;.

Proof. To prove the first implication, it suffices to follow the ideas of Theorem 2.22 and Theorem
2.29, considering each p; for 1 < i < n as a constant polynomial or of degree greater than one
and thus having a contradiction.

Conversely, consider the homomorphism ¢ : S’ — S given by (,b(x;.) =p;=aix;+g(x1,...,Xi-1),
where each of the polynomials p; have degree one with respect to x;. Following the same ideas
of Theorem 2.29, we have that each p; satisfies that p;p; = o', (p;) pi + 0} (p;) for j < i. Like-
wise, to verify that ¢ is an isomorphism, consider the homomorphism v : S — §' such that
w(x;) = al._lx;. - al._l gw(xy),...,w(x;—1)). With this homomorphism it is straightforward to verify
that wo¢ =idg and ¢ o = idg, checking that ¢ is an isomorphism. O

REMARK 12. The results obtained in this section can be illustrated with the class of g-skew
polynomial rings which have been investigated by some authors (e.g., Goodearl and Letzter
[GL94] and Haynal [Hay08]). Also, Lopes’s papers [CL09, LR22] on the automorphisms and
isomorphisms of a large class of iterated Ore extensions which can be viewed as ambiskew
polynomial rings (in the second case, of endomorphism type), are useful to exemplify the theory
developed in this section.
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2.5 DOUBLE ORE EXTENSIONS

In this section, we present a first approach toward a theory of homomorphisms and cv-polynomials
between right double extensions. Consider the notation in Definition 1.8.

2.5.1 DEFINITIONS AND PRELIMINARIES

DEFINITION 2.8. Let B' = Rp [y}, y5;0',6',7' and B = Rp[y1, y2; 0,0, 7] be right double extensions
of R. Consider the map ¢ : B’ — B given by

( () .
(Zal]yln(’) m’) Zal]q"(’) ', with g1, € B.

If we want ¢ to be an R-homomorphism, it must satisfies
P2y = PP = G2,
and given the relation (1.2), necessarily

S5V = P(PLoy s + iyl + TV +Thyh +T0)
= PladiGe + P15 + TG+ ThGo + Ty,

In this way, the relation
G201 = PLo@1Gz + P11 di + T1G1 + Ta G2+ T (2.41)

B

must be satisfied. These facts motivate the following definition. Let B2 := Bl

DEFINITION 2.9. Let B' = Rp [y}, y5;0",6',7'] and B = Rp[y1, y2; 0,8, 7] be right double extensions
of R. We define the map ¢ : B'®2 B®2 a homomorphism in terms of ¢ (Definition 2.8), as
ni_|ew| _|;m
ANRCEAIE

such that condition

(R A

holds.
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On the other hand, since

n rl=eld'r) N +6'(r)
w([ya] ) ‘”( 2
Py
=o'(r) ‘/’(J’i) +6'(r)
=o' | T +5'm),
qz
itis necessary that for any r € R,
ql}r=a’(r) T 1), (2.42)
qz2 qz

Equivalently,

qir=0, (NG +0,(NG+61(r) and  qar =05 (1) g1+ 0%, (r) g2+ 85(r),

which allows us to say that the polynomials g;’s (i = 1,2) are the cv-polynomials with respect
to(a',6").

Due to the similarities between Ore extensions and double extensions, the terminology in
the following definition is motivated by the theory of cv-polynomials between Ore extensions
presented in Section 2.4.

DEFINITION 2.10. Let B' = Rp/ [y}, y5;0',6',7'] and B = Rp[y, y»;0,6,7] be right double exten-
sions of R. A matrix

n

q2

with g; and g, subject to the relation (2.41), is called a double-change-of-variable matrix (or
dcv-matrix) with respect to (o”,8").

+6'(r),

€ B®? satisfying Zl

r:G'(r) [ql
2 7))

EXAMPLE 2.18. Let B' = Rp[y}, y5;0',6',7' and B = Rp[y1, y2;0,68, 7] be right double extensions
of R. Consider ¢ : B'®2 — B®2 given by

.
@ |7} :=
[Yé]

with a, € R* and ay, ¢ € R. Let us find the conditions that guarantee that polynomials ¢; and
g» satisfy relation (2.41). Since

2
@y +ap
C

’

PO | _ 0| _
P | |92

PYHY1) = Gadh = clazyi + ao) = carys + cay,
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and

[ ro'2 [N o Iy _ ! 2 1 2 2
PPN Yo+ PV +T1Y1H T2V +T) = Pralazyy + ao)c+ pyy (axyy + ao)
+ 7} (@y? + ag) + The + 1),

let p, = p}, =7, =7 = 0,7 = c. Then ¢(y,¥}) = (Pl ¥y + Py Y2+ T, ¥, + 1)) +Th) as

desired.

Let us see that condition (2.42) holds. Consider

() = ot (N =a0? (Na;' 0
0 gL, )|’
and
50 = 0100 = (8201 + 810, (1)
841 = Goeon)() |
Then

agyfr +apr

[ 2
1 ary;y +a
q r y1 01, =
cr

qz c

[ 2
ayyr N
0

aogr
Ccr

apgr
cr

Loy (o1 (N y1 +012(1) Y2 + 61 ()] N
0

[ayy100 (N1 + a2 y1012(1)y2 + 2181 (1)
0

aogr
Ccr

+

[ az(0%, (N y: + 0120011 (M) y2y1 + 61 (011 (M) 1]
+az[011(012(MN)y1Y2 + 05, (1) Y5 +61(012(1)) y2] apr
+az[011(81(N)y1+012(81(1) y2 + 67 (r)] cr |’
0

Besides, if0'12 =021 = 0 and 0'1161 = —610’11,

[a,03, (N2 + ax6,(011 (N
ql 2 aogr
[ ]r— +ao11(61(M)y1+67(n) |+ ]
qz cr
| 0
_ az03, () y3 +63(r) L |ar
0 cr |’
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and
2
a'(r)[ql 8 =o' | NP L5
qz
_ o, () 0,1 agyf+a0 8 (r)
05, (r) o9, (1) c 5(1)
_ QZU%I(F)QZ_I 0 agyf+a0
a 0 04, (1) ¢
(@205 +81(ay,07,)) (1)
(52(c,g;2))(r)
_ agafl(r)az_lagyf+a20%1(r)a2_1a0
04,(r)c
N 6126%(7') +agr— 6120'%1 (r)az_lao
cr—o4,(r)c
B agafl(r)yf+6%(r) N agr
B 0 cr |’
we get
2
[q1]r=a’(r) M 1o, ie. [‘71 = | %) T
q2 qz2 qz c

is a dcv-matrix with respect to (o’,6").

EXAMPLE 2.19. Table 2.4 presents some possibilities of polynomials by considering g, as a
constant. We formulate conditions to obtain dcv-matrices.

EXAMPLE 2.20. Let B' = Rp [y}, y5;0',6',7'1 and B = Rp[y1, y2; 0,0, 7] be right double extensions
of R. Let ¢ : B'®2 — B®2 given by

il |0y
o= /
Vs (01678
qz
_lan+tc
" | bys+c|’

with a,b € R*, ¢ € R, and a, b belonging to the center of R. Consider the conditions p}, =
0, py; =ba™', pro=1,011 =021, 012 =02, 61 =062, ) =c—bca™!,7,=0,7,=0.
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Note that

P21 = 42
= (by2+c)(ay; +¢)
= bysay, + bysc+ cay; + ¢
=bloa(@y1 +02(a)y2 +62(a)ly
+blo21(Q)y1 +022(C) y2 + 82(c)] + cayy + ¢
= bo21(@)y} + boz (@) y2y1 + b62(a)y1 + boa1 ()1
+ ba(c)y2 +bba(c) +cay, + c?
= bo21(@)y% +bo22(@)[p12y1Y2 + P11YE +T1)1 +T2Y2 + To]
+ bé2(a)y1 + boa(€)y1 + boaa(c)ye + bbo(c) + cayy + 2
= p12bo22(@y1y2 + [b021 (@) + pr1boz (@) y;
+ [T1bo22(a) + bd2(a) + baa () + caly

+[T2b0a22(a) + bo22(C)] Y2 + [Toboaz(a) + b2 (c) + ¢,

and by the above conditions,

P4V = G2q1 = bora(@)y1y2 + [bor1(a) + pr1boa (@) y;
+ [lealz(a) + b51 (a) + bO’ll(C) + ca]y1

+[T2ba12(a) + bo12(0)] Y2 + [Tobo12(a) + b8 (c) + ¢2].



CHAPTER 2. MORPHISMS AND CV-POLYNOMIALS OF ITERATED ORE EXTENSIONS AND DOUBLE ORE EXTENSIONS 79

S9ILI]BWI-AJD F°C 9[qe],

T 7T e
a="1 (¢50%) _c (44 _1Ic
0,_¢,_11I S\ \: @0+Nm€ﬂ| o _ \% 1 Nmow \ﬁb 18 _ et =1h
““ = - — — 0‘0p = -
0=Y1=%="d=Cd (G :@H% 0=°0 [‘vollplp="0
(o= ()]0l
olg— = IQll (%09)g,_¢ 44 _1e
o < 1 nem s ; \% oﬂﬁ \b_ e 0=tz = 1p
_1 00p Tty 151~ _ 1 = ! U=
=1 CLom)Tg 4 %.§ wX="0 0="°,0 0

.O”@H”mhnﬁwQ”Nwh&

(10 f () o= () To(1h) f
:h:QI = MQ:.Q
o=T1

_0,_¢, _Tlg_c2I
‘o=p1=%="d=d

NN.
: fbsmmnm\@ .— Nw% oﬂa\b_
CoDigy totn 5 x=1lo] lo=%0 "0

M OiR=(0)/
‘q+ A1) [ =1b

(0 No= () Tto(lh) f
:bH@IH H%:b

J= wh
kOHHW.\PHN\.\PHﬁw&HNmQ

@iy
(“ vmmum@ Nmb ouﬂb

0=%o To

‘

(o

<0
~u:©+ oy + MQNB = H\%

In + Ll = 2\3,\
Op + L(IN)f=Th

:bﬁwl = ﬁ%:b

o)zt (44 _1z
a=1I1 Cioeg = Go | L 0="30 Op + Ifup = 1p
= A:\bés:w+ ~%=§ _ ~© 0= wa m%ﬂb:% — :\b u =
.OH@HHN\HH:\QHNT& u / T
llplo— = Igllo
¢ ¢ ((e09)g, ¢ 2, 0= "o
o="1 e=ie q T op+ e =1b
/ (o m)ig, Tozp = Tg 0="Cl0 [“wllow="lo [N
0=02=%="g="2lg 3 1
o=C<lo 2z
(“500)25 ¢ 44 _1Ic
=11 . e=ue ‘ \% . 0="0 I 0+ 1fIp=Tp
/ (H,00m)1 Tolp = 1 =C¢lp pliolp =1lg -
/ +1glp = 0 _
0=%1=%="d="ld 9+7¢ 9 ~o !
<C e
0=Y2=%=11=Tlg (Goozg_2g] 1 Wy =12 }
‘ opo="°ld Mopig 1 0=Clo g p=1b
1-P1-2P2 =", ! 9=,9 = /
SuonIpuo) (,9,0) rerwouAjod-Ad
2=2¢b
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On the other hand,

PPV Yo+ Py + TV +ToYs+T)

= Platide + Phidi +T1G1 + Tad2 + T

= pl,(ay1 +0)(by2 +¢) + piy (ay1 + )% + T (ay1 + ©) + Ty (by2 + ¢) + T,

= plaaybys + praayic+ piocbys + phoc’ + pyayiay + phyayic
+plcay; + pic® +Tiay +Tic+Thby, + The+ 1

= phoaoi1(D)y1ys + piaaci2(b)ys + pl,ad1(b)ys + pi,acii (€
+ P12a012(0) 2 + P, ad1(0) + piachyz + ploc® + phiaon (@yi
+plac (@ [pryiye + puyi + 111 + T2y + Tol + pliadi(@y
+ pac1 Oy + piac2(0)y2 + piady(c) + picay + p'nc2
+Tiay +Tic+1hbys + The+ 1y

= [pl,ao11(b) + plyaci2(@))y1y2 + [plao (@) + p’llpndfflz(a)]y:f
+[pl,a011(0) + pjyaci2(@)T1 + pjadi(a) + pyyaci1(c) + pyca+tialy
+[p],a61(b) + pi,ao12(c) + pichb+ placiz2(@)T2 + piyaoiz(c) + T5bl 2
+ ph,ac12(b)y5 + [pl,ad1(c) + plyc® + py ac 1z (@)1 + phyad(c)

+pl S+ Tic+The+Th).

Again, by the conditions described above,

P(PLVL Yo+ Py’ +TI +ThYs +T0)

= [ba ' ao (@) y1y2 + [ba ' aoy1(a) + ba™  priaciz(@)y;
+[ba taoip(a)t1 + ba 'adi(a)+ ba taoii(c) + ba ‘ca+ (c— bca‘l)a]yl
+[ba 'ac2(a)T2 + ba taci2(0)]y»
+ [ba_laalz(a)ro + ba_1a61(c) +ba '+ (c—bca YHe]

=bo2(@y1y2 + bo11(a) + p11bo1a(@)y: + [11ba12(a) + bd1(a) + bo1(c) + caly
+[T2bo12(a) + bo12(0)] 2 + [Tobo12(a) + bad (c) + ¢2].

These equalities show that ¢(y5 1)) = (P, ¥, s+ Py + T, ¥, +Thyh + 7y), i.e., the polyno-
mials g; and ¢q, satisfy (2.41).

With the aim of showing that condition (2.42) holds, consider

04(011(r)) oplo2(r))

and 8’ (r) =
04(021(r)) op(o(r)

o'(r)=

(ad, + 60'0/1)(r)
(b2 +8¢0)(r) |’

where
cr—laoy (Natc+bo(rbte], ifi=1

50'011. (r)= {

cr—laos (ra tc+bos(r)b~tcl, if i=2.
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Since

(ayy+or
(bys +0)r

ayr
by.r

-l - 19
qz | G2 cr

_ [alon (N y1+012(r)y2 +81(1)] Ller
| Dloa1(Ny1 + 022N y2 +62(N)]] | cr

'011(r) o12(r)
L021(r) 022(1)

ayi
by2

)

adi(r) N cr
bo»(r) cr

and,

ay: c

by,

+ 0q(011(r) oplo2(r))| |c
0q(021(r)) oaplon)||c

a6 =) | T v8' ) =o' () +o' ) |C] 6"t
2 by, +c

[

o4(011(r) oplo12(r)
04(021(r) oplo2a(r)
(a61+6c,0/1)(r)
(b52 +5c,0£)(r)

ayi
by

acy(Nalc+bopb e
aoy(Natc+boxn (b tc

aan(r)a_layl + balg(r)b_lbyz
aos1(r)atay, + boy(r)b~ by,

ad1(r)+cr—lao (ra tc+boa(r)b el
bS»(r) +cr—[aoy (r)a e+ boyu(r)b ¢l

ad1(r)+cr
bos(r) +cr

ad(r)
b6 (r)

qay| _
qz2
EXAMPLE 2.21. Let B' = Rp[y}, y5;0',6',7'] and B = Rp[y1, y2; 0,0, 7] be right double extensions

of R. Let ¢ : B'®2 — B®2 given by
o) g2

!/
y
7 [ !
with ay, by € R* and ay, by € R. Consider the conditions,

acn1(Ny1 +bo12(r)y2
ao1(r)y1 +boa(r)y.

o11(r) o12(r)
o21(r) 022(r)

cr
cr

ayi
by»

’

ay,+c¢

is a dcv-matrix with
by, +c

we obtain +6'(r), and hence

ql} r=aor) [ql
qz qz2
respect to (o”/,8").

a1y1+ap
b1y2 + bo

’

¥

/ . I -1 I _ -1_ . I —_ 0. I _ -1_2

O11=021; O12=02; 01=0>.
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Note that

PPV Yo+ Py + TV +ThYs+T0)
= Pladide + P11+ T1G1+Taq2 + T
= piy(a1y1 + ag) (b1 y2 + bo) + Py (a1 y1 + ag)* + 7y (a1 y1 + ap) + 75 (b1 y2 + bo) + T,
= plola1y1 b1y + a1 y1bo + aobr y2 + agbol + pyy lay y1ay y1 + a1 y1 ao + apay y1 + az
+Tiay1 + T ag+1yb1ya + Thbo + 1))
= pralon(b)y +012(b1)y2 + 61 (b))l y2 + ploailon (bo) y1 + 012(bo) y2 + 61 (bo)]
+ plaaobrys + plyaobo + pliailon (@) yr + o12(a) y2 + 61(a) ]y
+plailon (@) y1 +012(ao)y2 +81(ag)l + piyaar y1 + phy ag
+T @y + T ag+1yb1ya + Thbo + 1))
= ploa1011(b) Y12 + plaa1o12(b1) Y5 + ploar 81 (b1) y2 + plyaro11 (bo) y1
+ plaa1012(bo) y2 + plaa161(bo) + praoh ya + pradobo + P’11ﬂ1011(a1)yf
+praroiz2(a)yay1 + praidi(@a)yr + pliaion (@o) yi + praioiz(ao) ye
+plyar81(ap) + plyagaryr + piyai +tharyr + T ao + thbyys + Thbo + 1))
= ploaron1(b)y1y2 + proaro12(b1)ys + plaarby(b)y,
+ ploa1011(bo) y1 + pioa1012(bo) y2 + pi,ai81(bo)
+ Pllzaoblyz + Pllgaobo + P’1101011(a1)y%
+pliaro(a) pryiye + phao(a) puys + pliaio(a)tin
+ P a1012(a1) T2y + Py aro12(a)to+ pyardi(a) y
+ plyaio11(ao)y1 + phyaro12(ag) y2 + piyar61(ao) + piyapar y1 + p'y ag
+Tiay1 + T ag+1yb1ya + Thbo + 1))
= [plaaro11(b) + piyaioiz(@) pi2ly1ye + [py aron (@) + pyyaror2(a) pulys
+[plaaro12(b)1Y5
+[ploao11(bg) + pjya1o12(a) Ty + pyyar1dy (ar) + phyaro11(ag) + phyaoar + T ailyr
+[plaa161(b1) + plaa1o12(bo) + piadobr + piya1012(a1) T2 + plyaroiz(ag) + 15b1l yo

! ! ! ! ! 2 !/ ! !
+[p12a161(bo) + pioaobo + p1yaioi12(a)to + pyyai1di(ae) + pyyag + vy aoTobo + 7).

On the other hand,

GW2¥1) = G201 = (b1y2 + bo) (a1 y1 + ag) = b1y2a1y1 + by y2ao + boar y1 + boao
= byloa1 (@) y1 +022(a))yz +62(a))ln
+ bilo21(ag) y1 +022(ag) y2 + 62(ao)l + boay y1 + boag
= blUZI(al)y% +bio2(a1)y2y1 + bi162(a1) 1
+ b1021(a0) y1 + br1022(ao) y2 + b162(ao) + boar y1 + boag
=b1021(@)y? + Do (@) [pr2y1y2 + puyi + Ty +T2¥2 + 7ol

+b162(a1)y1 + bio21(ap) y1 + bro22(ag)y2 + b162(ap) + boai y1 + boay,
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or equivalently,

G2G1 = b1021 (@) y2 + b102z (@) pr2y1y2 + bioaz (@) p11yi + bioz(a)Tin
+b1022(a1)T2y2 + b1022(a1)To + b162(a1) y1 + b1o21(ao) y1
+ b1022(a0) y2 + b162(ap) + boay y1 + boag
= [(b1o22 (@) pr2ly1ye + [b1021 (a1) + bioa (@) pulys
+[b1022(a1)T1 + b102(ay) + bio21 (ap) + boarl

+[b1022(a1)T2 + b1o22(ap)ly2 + [b1022(a1)To + b162(ap) + boapl.

Using the conditions described above,

GaYy) = b1022(a) praly1 ye + (1021 (a1) + biosz(a) pulys
+[b1022(a1) 11 + b162(ay) + b1o21(ag) + boarl 1
+[b1022(a1)12 + b1022(ag)ly2 + [b1022(a1)to + b162(ag) + boaol
= [b1o12(a1) p121y1y2 + (D1021 (@) + bio1z (@) pulys
+[b1012(a1) 11 + b161(a1) + bro21(ag) + boail y1

+[b1o12(a1) T2 + bio12(ap)1y2 + [b1o12(a1)To + bi161(ap) + boaol,

while

PPV Yo+ PLYE+TLYL +ThYs +T0)
= [b1o12(a1) p121y1y2 + [D1021 (@) + b1o12(a1) prily?
+ [b1o12(a1)T1 + b101(a1) + bio21(ap) + boarl 1

+[b1012(a1)T2 + bio12(ag) + Ty b1l y2 + (1012 (a1) To + b161(ao) + boag].

These facts guarantee that ¢(y5¥}) = G(pl, ¥, vh + P\ 2 +T,¥, + )y, +Th), i.e., the polyno-
mials g; and ¢, satisfy relation (2.41).

With the aim of showing that condition (2.42) holds, consider

ren | Oa(011(r)  op (012(r))
o (r) = y
0q,(021(1r) 0p,(022(r))
(@161 +6 45,5 )(1)
6/ — ap,0, )
D= s+ 6b0,g;)(r)]

where
{5ao,a’1(r) = apr — [ayo11(r)ay* ag + b1o12(r) by bl

oo, (1) = bor = (1021 (1) ay ' ag + bro22 (1) by ' bol.
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Since
q| .. |qir| _ |(@y+ao)r
r= =
q> qor (bry2+ bo)r
_ alylr]+ aogr
blygr b()r
_ |@lonyr+012(ny2 +61(r)] apr
bilo21(r)y1 + 022(r)y2 + 62(1)] bor
_|ou@ o] an a16,1(r) aopr
021(r) o2(r)| [b1y2 b165(r) bor|’
and,
o' | M +6' =0 | VTN L5y
q> byy> + bg
=o' | T o' || 467
b1y> bo
_ 0q,(011(r) o0p,(012(r) | [a1
0q,(021(r)) op, (022(r) | | b1y
Oaq (011(r) op (012(1) | [ao (@161 +0 gy, ) (1)
+
0a,(021(r)) op (022(r) ]| | bo (0162 + O p,,61) (1)

ayon(ra;taryr +bo ()b by,
a1 (r)a; aryr + b1o22(r)by ' by,

aro11(r)aj  ap+ b1o12(r) by by
a1021(r)a; ' ap+ b1o22(r) by by

b]62(7‘) + b()r - [a1021 (r)al‘lao + blazz(r)bl_lbo]

a16,(r) + agr — laro11(r)ay  ag + b1012(1‘)b1_1b0]}

_ a o111y +b1o12(r) y2 a161(r)+apr

a1021(r)y1+b1022(r)y2 b102(r) + bor
_ou@ on| an a161(r) aopr
021(r) o22(r)| | b1y2 b162(r) bor|’
we obtain ¢ r=o'(r) ¢ +6'(r) and ¢ = |@n +do is a dcv-matrix with respect to
qz qz qz b1y + bo
(d',8").

ExXAMPLE 2.22. In Table 2.5, we present necessary conditions to obtain polynomials and dcv-
matrices depending of g, and ¢g».
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Motivated by the notion of semi-invariant polynomial introduced by Lam and Leroy [LL92, p.
84], we say that a monomial y' € B is right double semi-invariantif y' R < Ry + Ryy fori=1,2.

THEOREM 2.34. Consider y!' a monomial right double semi-invariant of degree n = 1. Let

au| _ | f 2y + &1y, y2)
qz FoLy2)yli+gLy) |’
where for i = 1,2 the degree of the polynomial g;(y\, y2) is less than or equal to n and it is satisfied
that g gy = Pl q1G2+ P, G + 1) 1 +Th g2+ T}y Then Zl is a dcv-matrix with respect to (o',8") if
2
81y | . o I s ne_y— o
and only if 21, 1) is a dcv-matrix with respect to (¢',8') and f(y1, y1)0™ (=) = ' (=) f (31, y2)-
21, )2

Proof. First, suppose that 7

0
qz

is a dcv-matrix with respect to (¢”,6’). Then

r=a'm) | M+’ =a't)

fy +g1(y1,yz)] L5,

qz fyi+gWny2)
or what is the same,
AR [P 0 G EA LSRN ) T (2.43)
q2 A &y, ¥2)
ol (nf oL(nf gl(yl,yz) 45 944
oy (Nf oh, (N f gz(y1,yz) ) (2.49)
and
qa|._ ft+anyd | _ [ fyir+&ly)r
77 fyi+g(ny2) fyir+gny)r
_ [ foiiMyf + fol,(Nyy N g1(y1, y2)r
fol Nyl + fol,(ny) &y, y)r
_ fagl(r) fagz(r) |, | & yr ’ (2.45)
fog,(r) foi,(r) 82y, y2)r

due to that ylfl is a monomial right double semi-invariant for i = 1,2. Both expressions (2.44)
and (2.45) show that f(y;, y2)o" (=) =o' (=) f(y1,y2) and

+8'(r). (2.46)

& (1,Y2)

g1(y1,y2)
&1, 2)

r=o'() [g1(y1,yz)
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g1(1,2)

Conversely, if
Y & (1, ¥2)

is a dcv-matrix with respect to (¢”,6), then

g1(y1,¥2) =o' g1(y1,¥2) L5,
g2(¥1,)2) g2(¥1,)2)

and since f(y1,y2)0" (=) =0'(=) f(y1, y2), we get

q|, _ [ Fyir+ g1, y2)r
g2 | fya T+ gy y2)r

'fUﬁ(T)y{’+fU{’2(r)y£’ 4 g&1(y1,¥2)
Lfaﬁ’l(")ﬂ+f0£’2(r)y§ g (y1,¥2)
_[ronm sorm|[v], (a0

Lfagl(r) foy,| | vs S, y2)r

(o1, (0f a’lz(r)f] [y{’] o [gl(yl,yz)] 50

LU/Zl(r)f M f] vy &(,y2)
—o' ) |0 20 [8 DD st =o' | T 46 ).
Iy 82(y1,¥2) q>

Theorem 2.22 characterizes isomorphisms between double extensions.

THEOREM 2.35. Let: B'®2 — B®*2 peq homomorphism of right double extensions as in Definition
2.9. If ¢ is an isomorphism, then the polynomials q, and q» of the dcv-matrix have degree one
with respect to the indeterminates y, and y», respectively.

Proof. Let ¢ be an isomorphism of right double extensions. Since ¢ depends of the map ¢, itis
clear that for ¢ to be an isomorphism it is necessary that ¢ be an isomorphism. By Definition

2.9,
nl._ _ @
a2’

Va|

4 d5)

</>(y;)]

so we consider the following cases:

(1) ¢q1=cand g, = ¢"'dc, with ¢,d € R. We can find elements f, g € B’ such that f = dy} and
g = cy,, whence
8

but since f # g, it contradicts the injectivity of ¢.

o)
(g

d%] _

dc
cqo | |dc|’

(2) g1 =c€R, and g € B with degree greater than zero. Let f, g € B’ such that f = dy| and
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g =dc. Then

dc dc

gl |o@

which contradicts again the injectivity of ¢.

fl._ [</>(f)]

dﬁh]

dc]

(3) g1 € B of degree greater than zero and ¢» = d € R. Consider elements f, g € B’ such that
f=dand g=y,. Then

d| _|d

a2 [d

’

fl_ [¢(f)]
gl |o@

a contradiction.

Suppose that the polynomials q; and g, have degree n, k > 1, respectively. Since ¢ is surjec-
tive, for the indeterminates y;, y» € B there exist polynomials f, g € B’ such that

i,j

= = OPORE
k(@ 1G) Y. bijg, " q
‘P(.Z.birjyl Y, ) ij s
l,]

N ; o) ¢ (Z ai; y’ln(i) y’zm(j)) % ai q{i(i) qu(j)
IRIHEA

whence necessarily the degree of gq; is one and the degree of g, is zero. However, since
the polynomials have degree greater than one it follows that there are no polynomials f, g € B’

with ¢ []gc = il , which gives us a contradiction. We conclude that both p; and p, must have
2
degree exactly one. O

2.5.2 HOMOMORPHISMS BETWEEN TRIMMED DOUBLE ORE EXTENSIONS

One of the particular cases of the double extensions is presented by Zhang and Zhang [Z708,
Convention 1.6.(c)] as a trimmed double extension, for which ¢ is the zero map and 7 = {0, 0, 0}.
We use the short notation B = Ry[y1, y2; 0] to denote this subclass of extensions.

Next, we explore the homomorphisms of trimmed double extension and compare our
results with those corresponding by Zhu et al. [ZvOZ17] where they computed the Nakayama
automorphism of a trimmed double extension.

THEOREM 2.36. Consider two trimmed double extensions B' = Rp/ [y}, y5;0'] and B = Rp[y, y2; 01,
where

)

2 i

[671] _ i§1 an

= | .

g2 Y biy)
j=1

q
qz
is a dcv-matrix if and only if the degree of q, and q» is the same (n=m), a; = b; forl <i<n,
01101k(=) =0, o;101;(=) =0, and aia;q(—) = a’pq(—)ai forl#kandl<p,q,l k<2.

and it is satisfied that p(y5y,) = (L, Y. ¥y + P VD), i-e, Goi = Plo@i 2 + Pl 4% Then
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qi
qz

q1
qz

Proof. Suppose that r=o'(r) 7 , which implies

is dcv-matrix. By Definition 2.10, [

that

. .
aiytr
[Cllrl igl i
m .
qzr Y biyyr
[ j=1
anot (N Y+ anot, (NyY+ ap—107 )yl

+ap 105 Ny aon (N + a1012(0) ye
n
+ Z pUnUlzy{yéc
= b . . (2.47)
b (N + b by (1) Y+ bnro g L)y

+bp ol Ny 4 Doy (D + b (N,

+ g 1k
p022021y1y2
1,k=0

where pg,,,0,, are the possible combinations between ¢1; and 0, and the same sense for
Pos,04,- On the other hand,

i
aiy,
1

™3I M

| _[o,m oo
_Ulzl(r) 07 (1) by}
1

J

[ L i / & j

Ull(r) 'Zl aiyl +012(r) 'Zl biJ/2
i= j=

n . m .

04, (1) El a;y; + 05, (r) j§1 biy)

(0], (Nany] + 0 (Nan1y" 4+ 0} (Naiyr + 0, (N byl
+0,(Nbp Y+ 40, (N D1y

oh (Napyl+0h (Nan1y" t+---+ 0 (Naryr + 05, (N bpyy
+0’22(r)bm_1y2’”_1 + 400, (N b1y

o (Napyl + 0, (N bpyy + 0 (N ap-1y"!
+0,(Nbp Y+ 4 0l (Narys + 0, (D brys
oh (Nany! + 05, (N by +ob (N ap—1y"!
,+0/22(r)bm—1y§"_1 +o oy (Naryr + 05, (1) b1y

(2.48)

If we compare (2.47) and (2.48), then necessarily

1k _
Poyp,on1Y2 = 0,
0

T3

n

1.k _
Z Pon,oV1)2 =
Lk=

0 L

i.e, the possible combinations between o;; and o, 1 < [, k <2, | # k are zero. In addition,

n=m,a;=>b;forl<i<nand aiaﬁ,q(—) = U;q(—)ai for 1 < p,q <2, as desired.

It is straightforward to prove the other implication. O
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ExAMPLE 2.23. (1) Consider the double extension [ZZ09, Subcase 4.3.1]. The algebra H is
generated by x1, x2, y1, y2 subject to the relations

2
X2X1 = X1 X2 + X7, Yey1==y1Y2,
yix1 =X1)2, V1X2 = fxX1y2+ X2)2,
YeX1 = X1)1, YoXo = fx1y1+ X201,

where f # 0. This is the trimmed double extension H := Rp[y1, y2; o] with R =k{x;, X2}/ {x2 X1 —
x1X2 — x2). Let ¢ : H®? — H®? defined by

n 0 An
= = , Aek.
¢ [J’z [fh} [M’z}

Since

G2y = G2q1 = A2 yoy1 = —A* )1 Y2 = Pr2qi G2 + Pr1Y1 = G(P12y1y2 + P11YE),

,ql.

by Theorem 2.36, q is a dcv-matrix. Note also that
2
Ay | _(Axiyz| _ |0 x| |Ayr| _ foul) o) | (An
Ayax1 Axiy x1 O |Ay2 21(x1) 022(x1)| [Ay2|’

and a simple calculation shows that the properties of the dcv-matrix are satisfied for every
a € Rp. By Theorem 2.22, we get an isomorphism.

(2) Zhu et al. [ZvOZ17, Remark 3.13.(1)] found the Nakayama automorphism of algebra H.
Our results agree with yours by taking A := —h?.

(3) Zhu et al. [ZvOZ17, Remark 3.13.(2)] considered the trimmed double extension presented
in [ZZ09, Subcase 4.3.3], that is, N:= Rp[y1, y2;0] with Rp = k{x;, X2}/ (X2 X2 + X1 X2), P =
(=1,0), and o given by the matrix

0 0 -g f
0 0 f -g
g f o o]}
f g 0 0

with f, g ek and f? # g2. They found the Nakayama automorphism of N which is defined
as y1 = (g% - f2)y1 and y, = (g% — f?)y». In this way, if we consider

0|V =9 = (&%= n

v2| |a2| &=

’
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then we get

G(y2y1) = (€% = FAy) (g% = Ay = (&2 = )2y
=—(g% = fA%y1y2 = pr2q1 G2 + p11y1 = (P21 Y2 + P11Ye),

and by Theorem 2.36 it follows that it is a dcv-matrix, and of course, it is an isomorphism
by Theorem 2.22.

2.5.3 TWO-STEP ITERATED ORE EXTENSIONS VS. DOUBLE ORE EXTENSIONS

We investigate when a homomorphism of double extensions is a homomorphism of two-step
iterated extensions in the sense of cv-polynomials defined in Section 2.4.1. Before, consider the
following example.

EXAMPLE 2.24. From [Z709, Subcase 4.2.3 (ii) (iii)], we know that the algebra D is generated by
the indeterminates xi, X2, y1, y2 subject to the relations

X2X1 = —X1X2, Y2y1 = py1ye,
YiX1 = —pxiy1, YiX2 = —pEX2y1 + X1Y2,
YoX1 = pX1)2, YoXo = X1Y1 + X202,

where p € {—1,1}. D can be expressed Rp[y1, y2;0,6, ], with R =k[x1][x2; a] and a(x1) = —x;.
On the other hand, the algebra E is generated by the indeterminates x1, x, y1, y» satisfying the
relations

X2 X1 = —X1X2, Y2y1=pyiyz,
Y1X1 =X1)Y2 +X2)2, YiX2 = X1)2—X2)2,
YoX1 =—X1)1 +X2)1, YoXo2 =X1)1+ X2)1,

with p? = —1. It can be seen that E is the double extension Rp[y1, y2; 0,0, 1].

Consider the homomorphism

(p:[D@Z —’[E®2
[yi] ~ eb(yi)}:[cn
Vs

o) | |42
If we suppose p}, = —1, since in the algebra D we have p|, =7} =7, =0=17; =0, thenlet us
show that ¢; and g satisfy (2.41). Then ¢(y5y]) = g2q1 = X2X1 = —x1 X2, and

X1
X2

, X1,X2€R.

! ! ./ ! 12 !/ !/ Iy _ ! ! 2 ! !/ !
PPN Yo+ PV T TINL T T2)o+T0) = Paqiqe + Piqy + T1Gq1 +T2G2 + T

/ roL2 ! / /
=PpX1X2+ P X] + T X1+ TyX2 + Ty = —X1X2,

whence ¢(y,y]) = (P}, ¥ V5 + pily'f +T)y] +T,Y, +1Tp) as desired.
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With respect to the condition (2.42), let

on |ar) 0 a0
o'(r) = 0 () and 6'(r) = ol
for every r € k[x;]. Note that, for r ek
0 - qr| _|xar
2 Gor xor |’
and
o) | +6' ) =o' ) || +6'0)
X2
| Of x| |rx|  |xar
o r| x| |rx| |xr|’
which shows that o r=o'(r) o + &' (r), and so it follows that - is a dcv-
qz2 qz q2 X2

matrix with respect to (a’,8).

From Propositions 1.8 and 1.9 we know when a double extension can be expressed as a
two-step iterated Ore extension. In an analogous way, Theorem 2.37 establishes when a homo-
morphism of double extensions in the sense of dcv-matrix can be expressed as a homomorphism
of two-step iterated Ore extensions in the sense of the cv-polynomials defined in Section 2.4.

THEOREM 2.37. Let B' = Rp' [y, y5;0',6',7'] and B = Rp[y\, y2;0,0,7] be right double extensions
of the k-algebra R. Consider the homomorphism ¢ between B ®? and B®? as in Definition 2.9. If
the conditions

Pr¢() =05@()), p1 =0, T1d(y) =85p(), TH=74=0,

o1, (N =01(r), 05y ((r)=05(r), o),(=)=0%(=)=0,
are satisfied, then ¢ can be presented as a homomorphism between iterated Ore extension.

Proof. Consider the relation (2.41). If p|,¢(y]) = 05, (P(y)), pi; =0, T,p(y}) = 85(P(¥}), and
7, =7, =0, then

s Y) = Gagh = 05 (DY) G2 + 65 (1)) = 05 (q1) g2 + 65 (qr),

which is precisely the condition in the definition of cv-polynomials. On the other hand,
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condition (2.42) implies

ol () agz(r)] [cn +[6’1(r)]
q )

q

[qz] o5 (1) 0| |g2|  [05(r)
qif _|oy 0 |lq¢ N 61 (r)
g2 0  oy(N||qz| |60

or equivalently,

qlr:a'll(r)q1+5/1(r), and qu:U,z(r)q2+6’2(r),

which are precisely the other two conditions in Definition 2.4. O

EXAMPLE 2.25. Consider Example 2.24. According to the homomorphism ¢ : D®2 — E®? that
maps the generators of the double extension to x1, x, € R with R =k[x][x;al, p}, =—1,p}; =
0,7)=7,=0=1,=0,and 011 = 022 = @,012 = 021 = 0,01 = §2 = 0, the conditions of Theorem
2.37 are satisfied.

REMARK 13. Theorem 2.37 can be reformulated by using Proposition 1.8(iii). More exactly, in
this case 07, need not be necessarily zero and &, (1) = 8, (r) — o5, (1) q: for every r € R, whence

[fh]r: .
q2

2

a| . 01 (r)
go| |65 =0, (Naqi|’

o oM |4g
05, (1) 05, | |4

6 (r)
65 (r)

oy (r) 0
oy (1) 0y(1)

which are conditions in Definition 2.4.

EXAMPLE 2.26. The examples shown in Table 2.4 correspond to homomorphisms of iterated
extensions. This is due that ¢, is a constant and ¢, and o7, are zero.

2.6 FUTURE WORK

Research on morphisms between graded rings is extensive and can be approached from different
points of view. Below we present some of them that are of interest to us.

First, it is a pending task to investigate the version of Theorem 2.26 for two-step, three-step,
and n-step iterated Ore extensions. Also, the question on cv-polynomials and homomorphisms
by considering the nilpotent elements of the coefficient ring R of the iterated Ore extension,
such as in the works of Rimmer, Ferrero and Kishimoto, and Kikumasa, it is also of our interest.

Lam and Leroy’s paper [LL92] motivated several articles about morphisms of noncommu-
tative rings and matrix applications. For instance, these authors [L1.94, L1.88b] formulated a
general Hilbert 90 Theorem for division rings in the setting of Ore extensions extending all
known forms of this theorem (until this moment), while Leroy [Ler95, Ler12] studied relations
between evaluation of Ore polynomials and pseudo-linear transformations. It is interesting
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to investigate all these notions for different families of semi-graded rings such as iterated Ore
extensions and double extensions.

Of course, it is a pending task to exemplify dcv-matrices consisting of polynomials of degree
two.

On the other hand, Gémez and Suérez [GS20] presented necessary and sufficient conditions
for a graded trimmed double extension to be a graded skew PBW extension (Definition 1.15),
and in fact, they proved Artin-Schelter and skew Calabi-Yau properties for graded skew PBW
extensions. Having in mind theory established in this chapter, a question arises whether it is
possible to develop the theory of homomorphisms and cv-polynomials for graded skew PBW
extensions, and if so, compare it with the results obtained here and those corresponding in
[CLM11, LL92, SAR21, SCR21, LRS17, SR19].

Last but not least, Lii et al. [JLZ15] proved that the universal enveloping algebra of a Poisson-
Ore extension is a length two iterated Ore extension of the original universal enveloping algebra,
and then showed that the Poisson enveloping algebra of a double Poisson-Ore extension is an
iterated double extension [LOWY18]. Related with this, Lou et al. [LOW20] gave a definition
of Poisson double extension - which may be considered as an analogue of double extension
-, and showed that algebras in a class of double extensions are deformation quantizations of
Poisson double extensions. These works together Zambrano’s paper [Zam20] where he gave a
description of Poisson brackets on some families of skew PBW extensions, motivate us to ask
ourselves about the relations between all these algebras through the notion of homomorphism
and cv-polynomial developed in this chapter.



CHAPTER 3

MAPS BETWEEN SEMI-GRADED RINGS

In this chapter, we study morphisms between schematic semi-graded rings. As we said in the
Introduction, our interest in this topic is due to Professor Jason Gaddis who asked us if we can
use geometric tools to study families of semi-graded rings. We would like to express our sincere
thanks to Professor Gaddis for introducing us to this project.

In Section 3.1 we start by considering the key notions of noncommutative algebraic geometry
for N-graded case following Rosenberg [Ros95] and Van den Bergh [VdB01]. Then, we recall
Smith’s result [Smi03, Theorem 3.2], [Smil6, Theorem 1.2] on maps between N-graded rings.

Section 3.2 contains definitions and preliminaries on schematic semi-graded rings defined
by Chacén and Reyes [Cha22, CR23]. For the completeness of the thesis, in Section 3.2.1 we
recall the notion of schematic algebra introduced by Van Oystaeyen and Willaert [yOW95] in
the setting of connected N-graded rings, with some of its key results. Section 3.2.2 presents
definitions and preliminaries on schematic semi-graded rings.

Having in mind Smith’s papers [Smi03, Smil6] on maps between noncommutative projective
spaces of the form Proj,,.A, and the notion of schematic semi-graded ring, in Section 3.3 we
consider maps in the Smith’s sense but now in the more general setting of noncommutative
projective spaces over semi-graded rings defined by Lezama and Latorre [LL17]. Our more
important result, Theorem 3.21, extends Smith’s key result [Smi03, Theorem 3.2] from the
category of schematic N-graded rings to the category of schematic semi-graded rings. This result
contributes to the research on noncommutative geometry for semi-graded rings developed in
the literature (e.g. [FGL*20, HR20, Lez20, Lez21, LL17, LG19, RS22, SRS23]).

Section 3.4 presents some ideas for a future work.

3.1 MAPS BETWEEN GRADED RINGS

Let us recall some definitions and preliminaries of noncommutative projective geometry with
the key results formulated by Smith [Smi03] on maps between N-graded rings.

Following Rosenberg [Ros95, Ros98] and Van den Bergh’s [VdB01] ideas of the noncommu-

95
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tative projective geometry, Smith [Smi03, Smil6] takes a Grothendieck category as the basic
non-commutative geometric object. More exactly, we think of a Grothendieck category Mod X
(the idea for the notation X = ModX is Van den Bergh'’s) as “the quasi-coherent sheaves on an
imaginary non-commutative space X”. The standard commutative example is the category
QcohX of quasi-coherent sheaves on a quasi-separated, quasi-compact scheme X. The two
non-commutative models are ModR, the category of right modules over a ring, and ProjA, the
non-commutative projective spaces having a (not necessarily commutative) graded ring A as
homogeneous coordinate ring, which were defined by Verevkin [Ver92b, Ver92a] and Artin and
Zhang [AZ94] (for more details, see [Smi02, Definition 2.2]). A map g:Y — X between two
spaces is an adjoint pair of functors (g*, g.) with g, : ModY — ModX and g* left adjoint to
g.. If g, is faithful and has a right adjoint, then g is called affine. An immediate example is a
ring homomorphism ¢ : R — S that induces an affine map g: Y — X between the affine spaces
defined by ModY := ModS and Mod X := ModR.

Following Smith [Smi03, Section 2], for k a field, an N-graded k-algebra A= Ac@P A1 P---
is locally finite if dimg A; < oo for all i. The augmentation ideal m of Ais A; P A, P--- . Note
that if Ay is finite dimensional and A is right Noetherian, then it follows that dimy A; < co for
all i because A>;/A>;:1 is a Noetherian A/m-module. We write GrMod A for the category of
Z-graded right A-modules, and define

TailsA=GrMod A/Fdim A,

where FdimA is the full subcategory consisting of direct limits of finite dimensional A-
modules. Equivalently, Fdim A consists of those modules in which every element is annihilated
by a suitably large power of m. The symbol 7 means the quotient functor GrMod A — TailsA and
w denotes its right adjoint.

The noncommutative projective space X with homogeneous coordinate ring A is defined by
ModX = TailsA. We write Proj,,. A:= (ModX,0x), where O is the image of Ain ModX. Hence,
Proj,,. Ais an enriched quasi-scheme in the sense of [VdBO01]. For Y another noncommutative
projective space with homogeneous coordinate ring B, amap f : Proj, . B — Proj,,. Ais a map
f:Y — X such that f*Ox = Oy. If Ais a commutative N-graded k-algebra, we write ProjA
for the classical projective scheme. We view a quasi-separated, quasi-compact scheme X as a
noncommutative space by associating to it the enriched space (QcohX,0x). As it can be seen,
the assignation X — (Qcoh X, Ox) is a faithful functor.

In his papers, Smith considered the question on maps between noncommutative projective
spaces. He called a map g: Y — X a closed immersion if it is affine and the essential image of
ModY in ModX under g* is closed under submodules and quotients. A closed subspace Z of
a space X is a full subcategory ModZ of Mod X that is closed under submodules and quotient
modules in ModX and such that the inclusion functor i, : ModZ — ModX has both a left
adjoint i* and a right adjoint i'. Hence, two spaces are isomorphic if their module categories are
equivalent. In this way, a map Y — X is a closed immersion if and only if it is an isomorphism
from Y to a closed subspace X.

For J a graded ideal in a not necessarily commutative and locally finite N-graded k-algebra A,
Smith [Smi03, Theorem 3.2] showed that a surjective homomorphism A — A/J of graded rings
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induces a closed immersion i : Proj, .A/J — Proj,,.A between the non-commutative projective
spaces with homogeneous coordinate rings A and A/]J.

3.2 SCHEMATIC SEMI-GRADED RINGS

It is well-known that Serre [Ser55] proved a theorem that describes the coherent sheaves on a
projective scheme in terms of graded modules. Following Artin and Zhang [AZ94, Section 1], a
commutative graded k-algebra is associated to a projective scheme ProjA, and the geometry
of this scheme can be described in terms of the quotient category qgr A = gr A/tors, where grA
denotes the category of graded modules and tors denotes its subcategory of torsion modules. For
A a finitely generated commutative graded k-algebra and X its associated projective scheme, if
coh X denotes the category of coherent sheaves on X and Ox (n) is the nth power of the twisting
sheaf on X [Har77, p. 117], then we have a functor I : cohX — qgr A given by

I.(#) = @ H'(X,Fe0x(d),

d=-00

and Serre’s theorem asserts that if A is generated over k by elements of degree one, then I',,
defines an equivalence of categories cohX — qgr A [Ser55, Section 59, Proposition. 7.8, p. 252],
[GD61, 3.3.5] and [Har77, Proposition. II. 5.15].

Artin and Zhang [AZ94] extended Serre’s theorem. For A an N-graded algebra over a com-
mutative Noetherian ring, they defined the associated projective scheme to be the pair Proj A =
(qgr A, &), where qgr A is the quotient category above and «f is the object determined by the
right module A4, and considered the autoequivalence s of qgr A defined by the shift of de-
grees in gr A. The object o plays the role of the structure sheaf of Proj A and s the role of the
polarization defined by the projective embedding (this definition is the same as is given by
Verevkin [Ver92a, Ver92b]). Since Serre’s theorem does not hold for all commutative graded
algebras, i.e., the functor defined by I'« need not be an equivalence, Artin and Zhang'’s definition
of Proj A is compatible with the classical definition for commutative graded rings only under
some additional hypotheses, such as that A is generated in degree one. In the literature, the
noncommutative version of Serre’s theorem is known as Serre-Artin-Zhang-Verevkin theorem
[AZ94, Ver92a, Ver92b].

Van Oystaeyen and Willaert [vOW95] studied above Proj A by developing a kind of scheme
theory similar to the commutative theory (note that Manin [Man91] commented the failure
of attempts to obtain a noncommutative scheme theory a la Grothendieck [GD61] for quan-
tized algebras). They noticed that this theory is possible only if the connected and N-graded
algebra considered contains “enough” Ore sets. Algebras satisfying this condition are called
schematic, and some examples are homogenizations of almost commutative algebras, Rees
rings of universal enveloping algebras of Lie algebras, and three-dimensional Sklyanin algebras.
They constructed a generalized Grothendieck topology for the free monoid on all Ore sets of a
schematic algebra R, and defined a noncommutative site (see [vOW96b] for more details) as a
category with coverings on which sheaves can be defined, and formulated the Serre’s theorem. As
a consequence of their treatment, an equivalence between the category of all coherent sheaves
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and the category Proj A was obtained in the sense of noncommutative algebraic geometry
introduced by Artin [Art92]. In a series of papers [vO00, vOW96b, vOW96a, vOW97, Wil98], Van
Oystaeyen and Willaert investigated several properties of schematic N-graded rings.

Having in mind Van Oystaeyen and Willaert’s ideas [vOW95] about a scheme theory for
noncommutative N-graded rings, and the interest on noncommutative algebraic geometry
of semi-graded rings, Chacén in his PhD Thesis [Cha22] (see also [CR24, CR23]), presented a
noncommutative scheme theory for semi-graded rings following the ideas presented in [vOW95],
and investigated the schematicness of these objects in a more general context than N-graded
rings. With this theory, he generalized the results established in [vOW95] for N-graded algebras to
the semi-graded setting (as a matter of fact, he does not impose the condition of connectedness
of the algebra appearing in [vOW95]), and present another approach to the Serre-Artin-Zhang-
Verevkin theorem for semi-graded rings ([CR23, Examples 5.27 and 5.28] show that his theory
and the corresponding presented by Lezama [Lez21, LL17] are independent).

3.2.1 GRADED SETTING

We start by recalling the theory of schematic rings introduced by Van Oystaeyen and Willaert
[vOW95] to N-graded rings.

In the noncommutative setting, for a noncommutative positively graded Noetherian k-
algebra R=k® R; ® R, @ --- with R = k[R;] (notice that R is connected, that is, Ry = k), Van
Oystaeyen and Willaert [vOW95] presented his interpretation of Serre’s theorem for algebras
with enough Ore sets called schematic algebras. With the aim of presenting the key ideas devel-
oped by them, we consider some notions of torsion theory that we will use freely throughout
the chapter. For more details, we refer to Goldman [Gol69], Stenstrom [Ste75] or Van Oystaeyen
[vO78].

DEFINITION 3.1 ([VOW95, SECTION 2]). Let .Z be a set of left ideals of an arbitrary ring R. .Z is
said to be a filter if it satisfies the following conditions:

Ty: IfIe and I< ], then Je Z.
T: IfI,Je £, thenInje Z.

T3: IfIe andae R, then(I:a):={reR|raclie .

The functor « : R — Mod — R — Mod defined by

k(M) ={me M| there exists I € ¥ with I'm =0},

is a left exact preradical, that is, a left exact subfunctor of the identity functor on the category
R —Mod. Amodule M satisfying k(M) = M is called a k-torsion module, and if k(M) = 0, then
M is said to be a x-torsion-free module. It is straightforward to see that the family of torsion
modules are closed under quotient objects and coproducts, while the torsion-free modules are
closed under subobjects and products.
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The filter .Z is called idempotent (also called a Gabriel topology) when it satisfies the follow-
ing condition:

Ty: If I <1; R and there exists J € . such that for all a € J the relation (I : a) € . holds, then
Ie &.

Condition T, implies that .Z is closed under products and that the functor « is a radical, that
is, k(M /x(M)) =0, for all M € R — Mod.

PROPOSITION 3.1 ([CHA22, PROPOSITION 3.2]; [CR23, PROPOSITION 2.2]). If R is a left Noethe-
rianringand J1 2 J, 2 -+ is a descending chain of two-sided ideals of R, then the set

o/ ={I <; R| there exist elements n, m € Nwith (J,;)" € I},

is an idempotent filter.

Consider aring R, .Z an idempotent filter of left ideals of R and its associated radical x. For
an R-module M, we need the quotient module Q, (M) of M (Definition 3.3).

DEFINITION 3.2 ([CHA22, DEFINITION 3.3]; [CR23, DEFINITION 2.3]). Let M € R —Mod. Con-
sider the family Qp; of pairs (I, f) with [ € £ and f: I — M an R-homomorphism. We define
the relation ~ on Qy; as (I, f1) ~ (I, f2) if and only if there exists an element J € . such that
Jehinkand fl;=gl;.

It is straightforward to see that ~ is an equivalence relation. The equivalence class of the
element (7, f) is denoted as [, f], and the set of equivalence classes will be written as M . For
two elements [, f1,[], gl € M ¢, we define their sum as [, f1+[J,gl = [In ], f + gl. Itis easy to
see that this sum is well defined and that (M ¢, +) is an Abelian group. It is also easy to see that if
I,J€ % and f € Hom(l, R), then f‘l(]) € .Z. In this way, when we take elements [I, f] € R and
[],g] € M, we can define the product of these elements as [1, f1-[J,g] = [f~'(J), g o f]. Notice
that this product is well defined, and so R ¢ is actually a ring with identity [R,idgr]. Thus, M ¢ is
aleft R »-module.

Let m € M. We define the application f(m) : R — M given by f(m)(r) = rm. It is well-
known that §: M — Hom(R, M) is an isomorphism of R-modules. If we consider ¢p;: M — Mo
defined by ¢y (m) = [R, B(m)], then it follows that ¢ is a ring homomorphism, and so we
can consider Ry and M ¢ as R-modules with the action given by r[I, f]:= [R, B(r)][I, f]. Note
that ¢y is actually a homomorphism of R-modules. Since Ker(¢ys) = x (M), the fundamental
isomorphism theorem guarantees that ¢y (M) = M/« (M). In this way, if k(M) = 0 then we can
embed M into M . For an element ¢ € M & given by ¢ = [I, f], and an element a € I, notice that
aé =[R, B(f(a)] = pm(f(a)), which shows that I < ¢ (M), that is, Coker(¢gy) is a x-torsion
module.

DEFINITION 3.3 ([STE75]; [VOW95, SECTION 2]; [CR23, DEFINITION 2.4]). The quotient mod-
ule of M with respect to « is defined as Qx (M) = (M/x(M)) ». Since .Z is idempotent, it follows
that x (M/x(M)) = 0. Hence, we can embed M/« (M) into Q, (M).
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Equivalently, the quotient module of M respect to x is given by

Q«x (M) = lim Homg(1, M/x (M)).
Ie¥

Qx (M) turns out to be a module over the ring Q« (R).

Following [Ste75], recall that an R-module E is k-injective if for every R-module M and each
submodule N such that x(M/N) = M/N, every R-homomorphism N — E can be extended to an
R-homomorphism M — E. We say that E is k-closed (also known as faithfully x-injective) if the
extension of the homomorphism is unique. It is straightforward to see that E is x-closed if and
only if E is x-injective and k-torsion-free. By using these notions, we can characterize Qy (M)
in the following way: Qx (M) is the unique x-closed module containing N = M/« (M) such that
Qx(M)/ N is x-torsion.

ExXAMPLE 3.1 ([VOW95, p. 111]). (i) Consider S aleft Ore set in an arbitrary ring R. The set
L) ={I<RIINS#}

is an idempotent filter. If ks denotes its corresponding radical and Qs(M) is the module of
quotients of M, then it is straightforward to see that Qs(M) is isomorphic to S™'M, i.e.,
the classical Ore localization of M at S.

(i) If R= @ Ry is a positively graded Noetherian ring and R; denotes the two-sided ideal
k=0
@ Ry, by Proposition 3.1, the set
k=1

ZL(x4) =1{I < R | there exists n € Nwith (R,)" € I}

is an idempotent filter. The corresponding radical is denoted by x ;.

From the treatment above, having in mind that the filter .2’ (x ;) is idempotent, Van Oystaeyen
and Willaert [vOW95] formed the quotient category (R, .)-gr, that is, the full subcategory of
Qx, (R)-gr consisting of modules of the form Q,, (M) for some graded R-module M. Notice that
(R,x4+)-gr is equivalent to the full subcategory of R-gr consisting of the x . -closed modules and
define Proj R as the Noetherian objects in (R, x;)-gr. Since they wanted to describe the objects
of Proj R by means of objects of usual module categories in the same way as for commutative
algebras, they need modules determined by Ore localizations. This is the content of the following
definition.

DEFINITION 3.4 ([VOW95, DEFINITION 1]). The noncommutative positively graded Noetherian
k-algebra R=k® R, ® R, @--- with R =k[R)] is schematicif there is a finite set I of homogeneous
left Ore sets of R such that for every S € I, SN R; # @, and such that one of the following
equivalent properties is satisfied:

(i) foreach (rg)ser € [1 S, there exists m € N such that (R,)"" < Y Rrs,
Sel Sel

(i) N Z(S)=ZL(x,),
Sel

(iii) N xs(M) =« (M), for all M € R—Mod,
Sel
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(iv) A xs=x, where A denotes the infimum of torsion theories.
Sel
Van Oystaeyen and Willaert [vOW95, vOW96b] constructed the noncommutative site, a
category with coverings on which sheaves can be defined, and formulated the Serre’s theorem.
Examples 3.2 and 3.3 contain remarkable examples of schematic algebras.

EXAMPLE 3.2. Recall that if R is a positively filtered k-algebra by the family (F,R),,>o (i.e., FoR =
k), o : R — G(R) is the principal symbol map, and R is the Rees-ring of R, it is well-known that
G(R) and R are positively graded and there is a canonical central element X in R of degree
1 such that R/(X Y= GR). If Ris Noetherian, this is equivalent to G(R) being Noetherian or
the filtration of R being Zariskian. Notice that if S is a multiplicatively set in R such that o(S)
is a multiplicative set in G(R), then R = {sX4¢87(9 | 5 € S} is a multiplicative set (consisting of
homogeneous elements) in R. For more details about graded rings, Zariskian filtrations and
Rees rings, see Li and Van Oystaeyen’s book [LvO96].

For R positively filtered by (F,R) >0, if G(R) is schematic then R is schematic [vOW97,
Theorem 1]. In this way, since for an almost commutative ring R there exists a filtration on R
such that G(R) is commutative, it follows that its Rees-ring is schematic. For example, the algebra
R generated by three elements x, y and z of degree 1 with relations xy — yx = z%, xz—zx =0,
and yz—zy =0, is schematic since it is the Rees-ring of the first Weyl algebra A; (k) with respect
to the Bernstein-filtration (this algebra is known as the homogenized Weyl algebra).

Van Oystaeyen and Willaert [vOW97, p. 199] said that “it is probably not true that the class of
schematic algebras is closed under iterated Ore extensions since Ore sets in a ring R need not be
Ore in an Ore extension R[x;0,0]”. Nevertheless, the following proposition shows that under
suitable conditions, these extensions are schematic.

PRrROPOSITION 3.2 ([VOW97, THEOREM 3]). Given a positively graded ring R which is generated
by R, and which is schematic by means of Ore sets S;, given o a graded automorphism of R and
a o -derivation of degree 1, then for all s; € [1S; and for all m € N, there exists p € N such that

(Rlx;0,01.)P <M := ZR[x;a,é]s,- + R[x;0,0]x™,
i

n
where R(x;0,0] denotes the Ore extension considered with graduation (R[x;0,01), = @ ka”‘k .
k=0

Proposition 3.2 is one of the results that Van Oystaeyen and Willaert [vOW97] used to show
that the algebras in Example 3.3 are schematic.

EXAMPLE 3.3 ([VOW97, EXAMPLES 2-5]). (i) The coordinate ring of quantum 2 x 2-matrices
04(M>(C)) with g € C is generated by elements a, b, ¢ and d subject to the relations

ba = q_zab, ca= q_z ac, bc = cb,
db=q 2bd, dc=q %cd, ad—-da=(q*-q Hbc.

(i) Quantum Weyl algebras AZ’A defined by Alev and Dumas [AD94] are given by an n x n
matrix A = (1;;) with A;; € k* and a row vector g = (g1, ..., q,), where g; # 0 for every i,
the algebra is generated by elements x1,..., X, y1,..., ¥» subject to relations (i < j) given
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by

XiXj = WijXjXi, Xiyj=AjiyjXi, ViYi=AjiyiVij
XjYi=HijyiXj xjyj:1+qj)’jxj+z'(5h_1))’ixi’

i<j
where Hij = /1,']'6],'.
(iii) Three dimensional Sklyanin algebras Ay over a field k according to Artin et al. [ATdB90]

are graded k-algebras generated by three homogeneous elements x, y and z of degree 1
satisfying the relations

axy+byx+cz>=0, ayz+bzy+cx*=0, and azx+bxz+cy*=0,
where a, b, c € k.

(iv) Color Lie super algebras defined by Rittenberg and Wyler [RW78].

REMARK 14. Of course, there are examples of non-schematic algebras. If we take the graded
algebra ki{x, y}/(yx — xy — x*) and suppose that char(k) = 0, then its subalgebra generated by y
and xy is not left schematic [vOW97, p. 203].

3.2.2 SEMI-GRADED SETTING

Next, we present the theory of schematic semi-graded rings developed by Chac6n and Reyes
[Cha22, CR23] on non-N-graded and non-connected algebras.

With the aim of defining good Ore sets (Definition 3.5), for R an SG ring and an element
n € Z, we consider the following sets:

R, ={reR,| forallmeZ, andforall h € Ry, rh€ Ryipm},

R)={reR) | forallmeZ, andforall h € Ry, hr € Ry1pm},
R'=|J R,

nezZ

RN= U R//
ne

nez
DEFINITION 3.5 ([CHA22, DEFINITION 3.23]; [CR23, DEFINITION 3.8]). Let R be an SG ring
and consider a left Ore set S of R. We say that S is good if the following conditions hold:
(i S<cR” and,
(i) if s€ Sand r € R’, then there exist elements u € R’ and v € S such that us = vr.
From Definition 3.5 it follows that for any elements s, ..., s¢ € S, there exist ry,..., 7 € R’
such that r;s; = rjs; € S, forevery i, j.

Let R be an SG ring and M an SG R-module. We say that M is localizable semi-graded (LSG)
if for every element (1, m) € 72, the inclusion R;le € M,,.m holds [Cha22, Definition 3.24].
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PROPOSITION 3.3 ([CHA22, PROPOSITION 3.25]; [CR23, PROPOSITION 3.10]). Let R be an
SG ring, S a good left Ore set, and M an LSG R-module. Then S M is an LSG R-module with
semi-graduation given by

S My, = { ! | fe U My, deg(f) —deg(s) = n}

s kezZ

The next result shows that the localization of an SG ring by considering a good Ore set is
again an SG ring.

PROPOSITION 3.4 ([CHA22, PROPOSITION 3.26]; [CR23, PROPOSITION 3.11]). Let R be an SG
ring and S a good left Ore set. Then S™'R is an SG ring with semigraduation given by

kezZ

(S'R), = {é | fe U R, deg(f) —deg(s) = n}

PROPOSITION 3.5 ([CHA22, PROPOSITION 3.27]). Let R be an SG ring, S a good left Ore set and
M an LSG R-module. Then S~'M is an SG S™' R-module.

Let LSG — R be the full subcategory of SGR — R whose objects are the LSG R-modules. This
subcategory is closed for subobjects, quotients and coproducts, so it is Abelian (see [CR24,
Section 3.2] for more details).

Following Van Oystaeyen and Willaert’s ideas developed in [vOW95], in this section we define
the notion of schematicness in the setting of semi-graded rings. For a positively SG ring R, we

define R, = @ Ry and we say that a left Ore set S is non-trivial if SN R, # @.
k=1

We start with the following observation:

REMARK 15. If R is a positively SG left Noetherian ring, then Proposition 3.1 shows that
Z(x4) =1{I <; R | there exist n, m € N with (Rs,,,)" € I}

is an idempotent filter. The corresponding left exact radical is denoted by x; and Qy, (M) is the
module of quotients of M.

DEFINITION 3.6 ([CHA22, DEFINITION 3.29]; [CR23, DEFINITION 4.1]). Let R be a positively
SG left Noetherian ring. R is called (left) schematic if there is a finite set I of non-trivial good left

Ore sets of R such that for each (xs)ser € [] S, there exist t, m € N such that (R=;,)" < Y. Rx;.
Sel Sel

The following result illustrates some characterizations of being schematic (c.f. Definition
3.4).

PROPOSITION 3.6 ([CHA22, PROPOSITION 3.30]; [CR23, PROPOSITION 4.2]). Let R be a posi-
tively SG left Noetherian algebra and S, ..., S, a finite set of non-trivial good left Ore sets of R.
The following conditions are equivalent:

n
(1) Foreach (x1,...,x,) € [1 S;, there exist elements t, m € N such that (R=y)™ < Y. Rx;.
i=1 Sel

(2) LetI<; R. IfI has no trivial intersection with every S;, then I contains a power of Rx; for
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some t eN.

3) .rfwlz(s,-) = L),

n
If R is schematic by considering the good left Ore sets S;, then M xg, (M) = k. (M), for every
i=1

R-module M. If M is an LSG—module, then foreach i =1,...,n vlve have that ks, (M) is an SG
submodule, and so x4 (M) is also an SG submodule. These facts imply that M/« (M) is an SG
R-module, and so a submodule of Q,, (M). The idea is to show that Q, (M) is semi-graded. For
the remainder of the section, . := .Z(x ).

Let us start by taking an LSG R-module M such that k. (M) = 0. Itis clear that Q,, (M) = My
and @ (M) = M. Thus, ¢ (M) is a submodule of M which is an SG R-module where ¢ (m)
is homogeneous of degree k if and only if m is homogeneous of degree k. If we want M ¢ to be
an LSG R-module, it must be satisfied that if ¢ is homogeneous of degree k, then for every s € R',
the element s¢ € (¢ M(M))deg(s)+ k- Now, since there exists I € .Z with I < @) (M), the following
definition makes sense.

DEFINITION 3.7 ([CHA22, DEFINITION 3.31]; [CR23, DEFINITION 4.3]). Let { € M . We say
that the element ¢ is homogeneous of degree k if there exists I € .Z such that I¢ < ¢/(M), and
for every element s€ INR’, s& € (@ (M) deg(s)+ k-

Notice that if the condition above is satisfied for I, then it also holds for every J < I. Lemma
3.7 shows that this condition is true for ideals containing I.

REMARK 16. Since the good Ore sets S; are non-trivial, there exist elements s;. € S;NR; for
i=1,...,n, whence a; = deg(s;) > 0. If we define m := Icm{a;}1<i<, and s} := (s;.)’”/“i, then
we obtain s;.’ € S; N R4, and all of them have the same degree. Now, if we consider an element
I € &, there exist t,n € Z such that (R=;)"” < I. Thus, s; = (s;.’)m € In S;, which implies that
Z;’zl Rs; € I. In this way, for each I € . there exist elements s; € S;, all with the same positive
degree, satisfying the relation 37", Rs; < I.

LEMMA 3.7 ([CR23, LEMMA 3.3]; [CR23, LEMMA 4.5]). Let I, ] € .Z be ideals such that I < J and
IE,JE < (M. If for every s € INR' the element s¢ € (¢ (M)) then the same property
holds foreach se JNR'.

deg(s)+k’

From Lemma 3.7, it is sufficient to guarantee the property by considering any ideal I such
that I¢ < ¢y (M). Our purpose is to give a more simple method to verify that the element ¢
is homogeneous. Let ¢ = [I, f]. Since I¢ < ¢p(M), the element ¢ is homogeneous of degree k
if and only if for each s € In R’ the element s¢ = [R, B(f(s)] = p(f(5)) € (@ (M) deg(s)+k» OF
equivalently, for all s € INR’, the element f (s) € Meg(s)+ k- For amorphism f: I — M, we will say
that f is homogeneous of degree k if for each s € InR’, the element f(s) is homogeneous of degree
deg(s) + k. Hence, [I, f] is homogeneous of degree k (in M ¢) if and only if f is homogeneous of
degree k. Let (M o) be the family of homogeneous elements of degree k. It is clear that (M )
is a subgroup and @ (My) € (M o).

We will say that the morphism f: I — M is strongly homogeneous of degree k if for every
homogeneous element s € I, the element f(s) ishomogeneous of degree deg(s) + k. Itis clear that
in the setting of graded rings, the notions of homogeneous morphism and strongly homogeneous
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morphism coincide. On the other hand, [/, f] it will be called strongly homogeneous of degree
k if some of its representative elements is strongly homogeneous of degree k. Let (M &), be
the family of strongly homogeneous elements of degree k. It is straightforward to see that
Ry =@®(Ry)y is a graded ring and My = @®(Mg) is an R ¢-graded module. Note also that if
s € R" then @r(s) € Ry; in particular Ry, is an extension of the graded ring g r(@® R)). As it is
clear, Ry is an R-submodule of R ¢ if and only if R is graded. This last remark shows that in the
setting of non-graded rings is not appropriate to consider strongly homogeneous morphisms
[Cha22, Remark 3.34].

By [Cha22, Proposition 3.35], the sum Y (M &) is direct. Let [I, f] € M ¢ with [ = Zl’.’zl Rs;, for
some elements s; € S; N RZ . Since there are finitely s;’s, we can consider that the homogeneous
decompositions of the elements f(s;) have the same length, say f(s;) = Zf: o ([ (i) t+k, Where
(f(si))j is the j-th homogeneous component of f(s;). By taking f;(s;) = (f(s;)) 4k, we have
f(si) = Zf:a fi(s;). For elements t = q,..., B, we define the maps f;: I — M in the natural way
as fr(X_a;s;) = a;f:(s;). From [Cha22, Propositions 3.36 and 3.37] we know that these maps
are homogeneous R—homomorphisms of degree t.

PROPOSITION 3.8 ([CHA22, PROPOSITION 3.38]; [CR23, PROPOSITION 4.10]). If M is an LSG
R-module with x (M) =0, then Qx, (M) = My is an LSG R-module with semigraduation given
by
My =P Mgk
k

PROPOSITION 3.9 ([CHA22, THEOREM 3.39]; [CR23, THEOREM 4.11]). If M isan LSG R—module,
then Qx, (M) is an LSG R—module.

Different families of schematic semi-graded rings can be found in [Cha22, Section 3.3] or
[CR24, Section 5].

3.3 MAPS BETWEEN SCHEMATIC SEMI-GRADED RINGS

By considering the ideas formulated in Section 1.1, let SGR be the category of semi-graded rings
whose objects are the semi-graded rings and whose morphisms are the homogeneous ring
homomorphisms. If we fix an SG ring R, SGR — R denotes the category of semi-graded modules
over R whose morphisms are the homogeneous R—homomorphisms. It is straightforward to
see that SGR — R is preadditive, and that its zero object is the trivial module. Let f: M — N
be a morphism in SGR — R. Since Ker(f) and Im(f) are semi-graded submodules, it follows
that N/Im(f) is a semi-graded module. This fact guarantees that the category SGR — R has
kernels and cokernels. If f is a monomorphism of SGR - R, then f is the kernel of the canonical
homomorphism j: N — N/Im(f). If f is an epimorphism, then f is the cokernel of the inclusion
i :Ker(f) — M. In this way, the category SGR — R is normal and conormal.

If {Mi}iey is a family of objects of SGR — R, then their direct sum € M; is a semi-graded ring
with semi-graduation given by !

(@Mi) =@M, peZ.

iel P el
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It is easy to see that this object with the natural inclusions coincides with the coproduct of
the familiy of objects {M;};c; in SGR — R. Therefore, SGR — R is an Abelian category.

This section contains the original results of the chapter. We start with the following fact on
morphisms in the category SGR - R.

PROPOSITION 3.10. Let f : N — M be a morphism of SGR— R and X < N. Then f((X)SG) =
(fO0YC.

Proof. Let y € (f(X))3C. Then y € M’ for every SG-submodule M’ of M with f(X) € M’. Since
(X)S€ is an SG-submodule of N and X < (X)°C, then f((X)>C) is an SG-submodule of M such
that f(X) < f((X)3C), whence y € f((X)>C). This shows that (f(X))>® < f((X)>%).

On the other hand, if y € f((X)SG) then there exists x € (X)SG with f(x) = y. Let M’ be
an SG-submodule of M such that M’ 2 f(X). Then f’l(M’) is an SG-submodule of N with
X ¢ f~1(M"), which implies that x € f~!(M"), and hence y = f(x) e M’ and y € (f(X))SG. Thus,
FUX)SC) < (F(X))>C. O

Having in mind Definition 3.1, we can say that for R an SG-ring and M an R-module, an
element m € M is a torsion element if there exist n, t = 0 such that RZ,m = 0. The set of torsion
elements of M is denoted by T'(M). M is called a torsion moduleif T(M) = M, and it is said to be
torsion-freeif T(M) = 0. From [LL17, Remark 5.4] we know that T'(M) is an R-submodule of M.

If R is schematic by considering the good left Ore sets S; as in Definition 3.6, and we define

Ks;(M)={meM|3se S;,sm=0},

n
for each i, then N «s, (M) = T(M) for every SG R-module M. From the ideas presented in
i=1

1=
Section 3.2.2, if M is an LSG R-module, then forall i =1,..., n, x5, (M) is an SG submodule of M,
and so T(M) is also an SG submodule of M. These facts imply that M/ T (M) is an SG R-module.

Let TOR — R be the full subcategory of SGR — R consisting of the torsion modules of R.
Following the ideas presented by Lezama and Latorre [LL17, Theorem 5.5], it is easy to see that
TOR - R is a Serre subcategory of SGR — R.

For R and S two SGrings, if f : R — S is a homomorphism of SG rings and M is an SG S-
module, by defining rm := f(r)m, for elements r € R, and m € M}, we get f(r) € S;,andsorm =

f(rime @ M,. This guarantees that M is also an SG R-module with the semi-graduation
csa+b
given as S-module. Under these conditions, it is clear that if g: M — N is a homomorphism of

SG S-modules, then g is also a homomorphism of SG R-modules. In this way, we obtain the
functor

f.:SGR-S —SGR-R, (3.1)
M- f.(M)=M (3.2)
g—fig=g (3.3)

where f, (M) is the same module M considered as an R-module. In particular, if J is an SG
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ideal of R (that is, a two-sided ideal that is an SG submodule of R), then R/J is an SG ring and
the canonical morphism f: R — R/] is homogeneous. This fact guarantees the existence of the
functor

f.:SGR-R/J —SGR-R. (3.4)

As in the case of Smith [Smi03, Theorem 3.2], [Smil6, Theorem 1.2], we are interested in
the existence of induced closed immersions of projective spaces, so our aim in this section is to
define a pair of adjoint functors to f.

DEFINITION 3.8. Consider M an SG R-module. We define f! (M) as the largest SG R-submodule
of M that is annihilated by J.

We have the following immediate result on f*(M).

PROPOSITION 3.11. f'(M) is an SG R/ J-module by definingTm = rm, for everyT € R/ ] and each
me f'(M).

Proof. Letr,se Rwith7=35. Thenr—-se J,andsince me f '(M), m is annihilated by J, which
implies that 0 = (r —s)m =rm—sm, i.e., rm = sm. It is clear that the product defined satisfies
the definition of module. Finally, for elements 7 € (R/]), and m € M}, without loss of generality
we can take r € R;, and gettm =rm € @ <, p M., whence the assertion follows. O

PROPOSITION 3.12. Let g : M — N be a morphism of SG R-modules. Then g(f'(M)) < f'(N).

Proof. Consider m € f!(M) and j € J. Since m is annihilated by J, jm =0, and so jg(m) =
g(jm) = g(0) = 0. This shows that g(m) is annihilated by /, and so g(m) € f! (N).

Propositions 3.11 and 3.12 allow us to define the functor

f':SGR-R —SGR—-R/J (3.5)
M — fi(M) (3.6)
g — (@ =glran 3.7)

that sends every morphism to its restriction. If no confusion arises, we write f'(g) = g.

PROPOSITION 3.13. (fs, f') is an adjoint pair.

Proof. Consider M and N be objects belonging to SGR— R/J and SGR — R, respectively. If
g: f. (M) — N is a morphism of SGR— R, then it is clear that Im(g) < f*(IN), and hence we get the
isomorphism gy : Hom(M, f'(N)) — Hom(f. (M), N) given by uyn(g) = g. This guarantees
the required natural isomorphism. O

With the aim of defining the other adjoint pair, recall that in the graded setting, to every R-
module M is assigned the R/J-module M/JM. However, since in the case of semi-graded rings
JM is not necessarily an SG submodule of M (for instance, take R =k[x], J = Rx, and M = A; (k),
the first Weyl algebra), then we cannot assert that M/JM is an object in SGR — R/J. This fact
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motivates us to consider f* (M) := M/{(JM)>C. Precisely, since (JM)>® is an SG submodule of
M, then f*(M) is also an SG R-module, and it is easy to see that f* (M) is an SG R/J-module by
defining @ - m = am, and considering the semi-graduation of f*(M) as an SG R-module. In this
way, if @ : N — M is a morphism of SGR — R modules, then it is possible to define

a’: f*(N) — f*(M)

m — a(m).

More exactly,

PROPOSITION 3.14. a* is a morphism of the category SGR—R/].

Proof. Since a(JN) < JM, then a((JN)>C) = (a(JN))3C < (JM)3C, which shows that a* is well-
defined. It is immediate to see that a* is a homogeneous R/J-homomorphism. O

From the discussion above, we assert the existence of the functor

f*:SGR-R—SGR-R/J, (3.8)

such that the following proposition holds:

PROPOSITION 3.15. (f*, f..) is an adjoint pair.

Proof. Consider M an object in SGR— R and N an objectin SGR—R/J. Let h: M — f.(N) a
morphism in SGR—R. If me M and j € J, then h(jm) = jh(m) :jh(m) =0, which implies JM <
Ker(h), and hence (]M)SG < Ker(h). Then the map Ay (h) : f*(M) — N given by Ay (h) () =
h(m) is well-defined, and in fact, it is clear that it is a morphism in SGR— R/]J.

On the other hand, if g: f*(M) — N is a morphism in SGR — R/]J, it is straightforward to see
that the map A',,,,(g) : M — f.(N) defined by 1), ,(g)(m) = g(m) is a morphism in SGR - R.

Finally, note that the maps

Amn : Hom(M, fi.(N)) — Hom(f* (M), N), and
A,y : Hom(f* (M), N) — Hom(M, f, (N))

are inverses of each other, and correspond to the natural isomorphisms that guarantee that
(f*, f+) is an adjoint pair. 0

DEFINITION 3.9. Let «f be a subcategory of SGR — R (or Mod — R). We say that an object E of «/
is T-injective if the following condition holds: for an object M and N a subobject of M (both in
&/) with M/ N being of T-torsion, then every morphism from N to E can be extended to M. If
this extension is unique, then E is said to be T-closed.

As it occurs in the graded case, E is T-closed if and only if E is T-torsion-free and T-injective.
Note that this notion of being T-closed is equivalent to the corresponding introduced by Gabriel
[Gab62].
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If M is an R-module, there exists a T-closed module Q(M) in Mod — R which is called the
module of quotients of M satisfying the following property: there exists an injective homo-
morphism ®,;: M/T(M) — Q(M) such that Coker(®,,) is torsion. For more details on the
construction of Q(M), see Goldman [Gol69, Section 3], Stenstrom [Ste75, Chapter IX] or Van
Oystaeyen [vO78].

If M is an object in LSG — R, then Q(M) is also an object in LSG — R [CR24, Theorem 4.11].
In this case, the semi-graduation of Q(M) is defined as follows: since M’ = Im(®,) is isomor-
phic to M/ T (M), then M’ has a natural semi-graduation. Now, for ¢ € Q(M), we say that ¢ is
homogeneous of degree k if and only if there exist elements 7, t € N such that RZ,{ < M’, and
for all s € RZ, N R/, the element s¢ is homogeneous of degree k + deg(s). By considering this
semi-graduation, it is straightforward to see that @, is a morphism in LSG - R.

PROPOSITION 3.16. If M is an LSG — R module, then Q(M) is T-closed in LSG — R.

Proof. We know that Q(M) is T-torsion-free and T-injective in Mod — R. Let N € LSG—R, N’
an SG submodule of N such that N/N’ is T-torsion, and f : N’ — Q(M) an homogeneous
R-homomorphism. Since Q(M) is T-injective in Mod — R, there exists an R-homomorphism
g: N — Q(M) that extends f, we only have to show that g is also homogeneous.

Consider m € Ni. By using that N/N’ is T-torsion, there exist elements 7y, t; € N with
R;"tl m < N’. On the other hand, let M’ be the isomorphic image of M/T(M) in Q(M). Since
Q(M)/M' is T-torsion, there exist 1, 1, € N with RZZtZg(m) c M. If n:=max{n;,ny} and t :=
max{ty, o}, then RZ,g(m) € M’, and for every s € RZ, N R, we get that sm is homogeneous and
sm € N' (recall that N is LSG). Hence, sg(m) = g(sm) = f(sm) € (M) geg(s)+k due to that f is
homogeneous. By considering the semi-graduation of Q(M), it follows that g(m) € (Q(M)),
whence g is homogeneous. O

Since in general we do not know if the canonical functor 7 : SGR—R — SGR—R/TOR—-R has
a right adjoint, from now on we consider a schematic ring R and the full subcategory LSG — R.

Since LSG — R is a subcategory of SGR — R closed for subobjects and quotients, then 7 :=
TOR—-RNLSG- R is a Serre subcategory of LSG — R. As a matter of fact, due to [Gab62, Proposi-
tion 4, Section 17], the canonical functor 7: LSG — R — LSG — R/1 has a right adjoint, say w. On
the other hand, by [Gab62, Corollary 4, Section 17; Proposition 13(a), Section 17] the category
LSG — R/t is equivalent to the full subcategory € — R of LSG — R consisting of the T-closed
modules. Note that we can define the functor

Q:LSG-R —%6-R
M — QM),

and in fact, Q = wn. Without loss of generality, from now on we assume that Q(M) is an
extension of M/ T (M) and @, is the inclusion map.

Having in mind that our objects of interest are schematic rings, we need to guarantee that if
J is a SG ideal of a schematic ring R then R/] is also schematic. We say that J is a compatible
ideal of Rif R'/]J = (R/])'. The following result shows the importance of this condition.
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PROPOSITION 3.17. If R is a schematic ring and ] is a compatible SG ideal of R, then R/ ] is also
schematic.

Proof. Itis easy to see that if S is a good Ore set of R, then S/]J is also a multiplicative set that
satisfies Ore’s condition. Now, by using that R is left Noetherian, then R/J also is, and it is
well-known that S/J is an Ore set of R/J. Since J is compatible, we get S/J is a good Ore set.

On the other hand, for every n € N, it can be seen that R~,/J = (R/])s,, which guarantees
that for Sy,..., Si good Ore sets of R satisfying the schematic condition, then S;/J,...,Si/J are
good Ore sets of R/ satisfying this condition. O

Notice thatif M is an LSG—R/J module, then f, (M) is an LSG—R module. If J is a compatible
ideal of R, then for each LSG— R module M, we get that f*(M) and f'(M) are LSG—R/J modules.

PROPOSITION 3.18. IfE is an object in 6 — R, then f'(E) is an object in € — R/]J.

Proof. Consider M an object in LSG — R/J, N a subobject of M with M/N of torsion, and
g: N — f'(E) amorphism in LSG - R/J. Let j: f'(E) — E be the inclusion. By considering
the morphism jo g: f.(IN) — E and using that E is closed, there exists a homogeneous R-
homomorphism £ : f.(M) — E that extends to j o g. Besides, it is clear that f'(h) : M — f'(E)
extends to g.

Finally, due to f '(E) is a submodule of E, and E is torsion-free, then f '(E) is torsion-free in
LSG — R, and so it is torsion-free in LSG— R/]. O

We define the morphisms

ix:6€-RIJ—€—-R, i":€¢-R—%€—-R/J, and i*:€—-R—€—RI],

as the restriction maps of Qf;, f*, and Q' f*, respectively, where Q is the functor assigning
the module of quotients in the category LSG — R and Q' is the same functor in LSG—R/].

LEMMA 3.19. (i., i) is an adjoint pair and i. is fully faithful.

Proof. 1. (i.,i)isan adjoint pair: Let M be an objectin € — R/J and N an objectin € —R. If
g: M — f'(N) is a homogenous R/J-homomorphism and j : f'(N) — N is the inclusion
map, then jog: M — N is a homogeneous R-homomorphism. Since N is T-closed, there
exists a unique map g : i.(M) = Q(M) — N extending j o g. This fact allows to obtain the
map vy : Hom(M, f! (N)) - Hom(i. (M), N) defined by yan(g) = g. Itis clear that yyn
is a monomorphism.

On the other hand, note that M < f*(Q(M)) and f*(Q(M))/ M is a torsion module, whence
F1(Q(M)) is the module of quotients of M (in LSG — R/J), and by using that M is T-closed,
we get f'(Q(M)) = M. In this way, if /i : i, (M) — N is a homogeneous R-homomorphism,
then h=yun(f '(h)), and so YMmn is a bijective map. It is straightforward to see that these
maps induce the natural isomorphism that show that (i,, i) is an adjoint pair.
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2. i is fully faithful: From the definition of f. we know that it is fully faithful. It is easy to
show that when restricted to free torsion modules, the functor Q is also fully faithful. From
these facts we get that i is fully faithful

O

With the aim of proving the other adjunction, we require that J satisfies the following
additional (x): for any elements n,t € N, when x € Jn RZ, there exist ny, t, € N such that
R;’;Yx c JRZ,. Let us just mention that this condition holds trivially in commutative cases.
The importance of condition (*) is shown in the following lemma which is key in the proof of
Theorem 3.21.

LEMMA 3.20. If ] satisfies condition () and E is an object in 6 — R/ ], then f.(E) is an object in
%6 —-R.

Proof. Recall that the construction of the module of quotients in LSG — R is the same as in the
category Mod — R, so it follows that a semi-graded R-module M is closed in LSG — R if and only
ifis closed in Mod — R. In this way, we only have to show that E is closed in Mod — R.

Consider elements n,€ N, I = R, and g: I — E an R-homomorphism. We define the maps

g :I1JI-E, x— g
j:IlJI—=RI], %— x.

Since Eis an R/ J-module, g* is well-defined. Itis clear that g and j are R/J-homomorphisms.
Note that Coker(j) is torsion, and by using that J satisfies (), we get that Ker(j) is torsion. As
E is closed in Mod — R/ ] there exist an R/J-homomorphism h: R/J — E with ho j = g*. If we
take the canonical map 6 : R — R/J, then the R-homomorphism ko8 : R — E extends g, and by
[Gol69, Proposition 3.2] E is T-injective in Mod — R. Besides, since E is T-torsion-free in Mod — R
(due to that E is closed in Mod — R/ J), it follows that E is T-closed in Mod — R. O

Finally, we get the most important result of the chapter that extends partially Smith’s result
[Smi03, Theorem 3.2], [Smil6, Theorem 1.2].

THEOREM 3.21. Let R be a schematic SG ring and ] a compatible SG ideal of R satisfying (x).
Then the map i : 6 — R/ ] — 6 — R given by the functors (i*, i, i") is a closed immersion.

Proof. By Lemma 3.19, we only have to show that (i*, i.) is an adjoint pair and that the essential
image of i. is closed for subobjects and quotients.

Let M be an object in ¢ — R and N an objectin 6 — R/J. Due to Lemma 3.20, we get (i. = f.),
and hence the morphism vy : Hom(M, i, (N)) — Hom(i* (M), N) defined by vpn = Q"o Ay,
where 1,y is the map defined in 3.15, induces the required natural isomorphism.

By last, note that in the category € — R the subobjects of an object M are the closed SG-
submodules of M, and if N is a subobject of M then the quotient is given by Q(M/N). Besides,
since Im(i,) is the subcategory consisting of the SG-R-modules M such that f*(M) = M, and
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in this case we have Q(M/N) = Q'(M/N), it follows that Im(i.) is closed under quotients and
submodules. O

We get immediately Smith’s result in the schematic graded case formulated by Van Oystaeyen
and Willaert [vOW95].

COROLLARY 3.22 ([SM103, THEOREM 3.2]; [SM116, THEOREM 1.2]). Let ] be a graded ideal in
anN-graded schematick-algebra A satisfying (+). Then the homomorphism A — Al ] induces a
closed immersion i : Proj, A/ J] — Proj,  A.

Proof. Since AisN-graded, then the category GrMod — A coincides with the category LSG — A.
Finally, it is clear that in the graded case, the graded ideals are SG compatible. O

3.4 FUTURE WORK

For R a schematic SG ring and J a compatible SG ideal of R that satisfies (x), we have showed that
the canonical map R — R/J induces a categorical map 6 — R/J — %6 — R. Since in the N-graded
setting the categories LSG — R and grR coincide, it follows that the category € — R is equivalent
to the category Proj,,.(R) defined by Smith, Theorem 3.21 presents a partial generalization of
Smith’s result [Smi03, Theorem 3.2]; [Smil6, Theorem 1.2] since he did not assume the condition
of schematicness on the N-graded ring. As we saw above, in the semi-graded case we need this
condition to guarantee the existence of the module of quotients in (at least) the category LSG—R.
An immediate task is to investigate if the category SGR — R, or an appropriate subcategory of
this, has modules of quotients. Thinking about it, a possible way to solve this problem is due
to Gabriel [Gab62], which consists in to prove that SGR — R has enough injectives (in fact, this
would allow to formulate of notion of cohomology in the semi-graded setting). Precisely, it is
important to note that our methodology here is different from that considered by Smith, since he
used the well-known fact that the category of modules over an N-graded ring is a Grothendieck
category, while in the semi-graded context we do not know if SGR — R is also Grothendieck; we
only know that SGR — R is Ab5 [Cha22, Section 1.5]. Of course, if we found a positive answer
then automatically we guarantee the existence of enough injectives in SGR — R. This will be our
line of research in the near future.

We are also interested in Smith’s papers [Smi01, Smi02]. In the first, he called a non-
commutative space X integral if there is an indecomposable injective X-module &% such that
its endomorphism ring is a division ring and every X-module is a subquotient of a direct sum
of copies of &x. A Noetherian scheme is integral in this sense if and only if it is integral in the
usual sense. Smith proved that several classes of non-commutative spaces over N-graded rings
are integral. On the other hand, in [Smi02] he investigated the concepts of closed points, closed
subspaces, open subspaces, weakly closed and weakly open subspaces, and effective divisors,
on a non-commutative space over an N-graded ring. As expected, the characterization of all
these notions in the setting of (schematic) semi-graded rings is a very interesting problem.
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As a possible topic of research on morphisms of semi-graded rings, we have the X-inner
automorphisms. Montgomery [Mon81] computed the X-inner automorphisms of filtered al-
gebras R whose associated graded ring G(R) is a commutative domain. She used this result to
classify the X-inner automorphisms of enveloping algebras U (L) of Lie algebras L, as well as the
R-stabilizing X-inner automorphisms of skew polynomial rings of derivation type R[x;d]. The
results appearing in [Mon81, Mon83] have been generalized by several authors. For instance,
Osterburg and Passman [OP90] computed the R-stabilizing X-inner automorphisms of smash
products R#U (L). Leroy and Matczuk [LM92] found the R-stabilizing X-inner automorphisms
of skew polynomial rings of mixed type R[x;0,] with o an automorphism of R. For the Ore ex-
tension R[x;0,d] over a prime ring R with ¢ an automorphism of R, Leroy and Matczuk [LM92]
determined the center, the extended centroid, and its X-inner automorphisms. Related with this,
Bergen and Wilson [BW99] examined the X-inner automorphisms of semi-commutative algebras
(a semi-commutative algebra is, by definition, a filtered algebra A whose associated graded
ring G(A) is the coordinate ring of quantum space 0y (k™)) defined by McConnell [McC90] and
Musson [Mus93] which include several quantum algebras such as quantum symplectic space,
quantum Euclidean space, quantum matrices, g-analogs of the Heisenberg algebra, and the
quantum Weyl algebra are examples of semi-commutative algebras. We consider a natural task
to study this kind of morphisms for semi-graded rings.

Last but not least, Bell and Zhang proved that for A and B two connected graded algebras
finitely generated in degree one, if A is isomorphic to B as ungraded algebras, then they are also
isomorphic to each other as graded algebras [BZ17, Theorem 1]. Equivalently, suppose that an

o0 o0
algebra A has two graded algebra decompositions A= @ A; = @ B;, such that
i=0 i=0

(1) AO = BO = k,
(2) Ais generated by A; (resp. by B;), and

(3) either A; or Bj is finite dimensional over k.

Then there is an algebra automorphism ¢ : A — A such that ¢p(4;) = B;, for all i [BZ17, Corollary
2]. The natural question concerns if for two connected semi-graded algebras the result holds.
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