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TITLE

MORPHISMS BETWEEN SEMI-GRADED RINGS AND POLYNOMIAL APPLICATIONS

TÍTULO

MORFISMOS ENTRE ANILLOS SEMI-GRADUADOS Y APLICACIONES POLINOMIALES

ABSTRACT: In this thesis, we study several kinds of morphisms between families of semi-graded
rings with their corresponding polynomial applications. First, we present some ring-theoretical
notions of these objects that are necessary throughout the thesis. With the aim of showing
the generality of these rings in areas such as ring theory and noncommutative geometry, we
include a non-exhaustive list of noncommutative algebras that are particular examples of these
rings. Second, we develop a theory of cv-polynomials for iterated Ore extensions over arbitrary
rings extending some results in the literature. We characterize these polynomials by using inner
derivations of the coefficient ring, and also consider the problem of isomorphisms between
these extensions. We illustrate our treatment with several noncommutative algebras. Third,
for double Ore extensions introduced by Zhang and Zhang in the problem of classification of
Artin-Schelter regular algebras of dimension four, we propose a theory of homomorphisms
between them by introducing an adequate notion of cv-polynomial, and show that the compu-
tation of homomorphisms corresponding to these polynomials is non-trivial. Since there are
no inclusions between the classes of all double Ore extensions of an algebra and of all length
two iterated Ore extensions of the same algebra, we also present a comparison between theories
of cv-polynomials between both families of algebras. We illustrate our results with Nakayama
automorphisms of trimmed double Ore extensions. Finally, motivated by the research on maps
between noncommutative projective spaces overN-graded rings in the sense of Rosenberg and
Van den Bergh, and the notion of schematicness introduced by Van Oystaeyen and Willaert to
N-graded rings with the aim of formulating a noncommutative scheme theory à la Grothendieck,
we investigate maps in the setting of noncommutative projective spaces over schematic semi-
graded rings, and extend different results from the category of schematicN-graded rings to the
category of schematic semi-graded rings.

RESUMEN: En esta tesis, estudiamos diversas clases de morfismos entre familias de anillos semi-
graduados con sus correspondientes aplicaciones polinomiales. En primer lugar, presentamos
algunas nociones de la teoría de anillos de estos objetos que son necesarios a lo largo de la tesis.
Con el propósito de mostrar la generalidad de estos anillos en áreas como la teoría de anillos y
la geometría no conmutativa, incluimos una lista no exhaustiva de álgebras no conmutativas
que son ejemplos particulares de estos anillos. En segundo lugar, desarrollamos una teoría de
cv-polinomios para extensiones de Ore iteradas sobre anillos arbitrarios extendiendo algunos
resultados en la literatura. Caracterizamos estos polinomios utilizando derivaciones internas, y
también consideramos el problema de isomorfismos entre estas extensiones. Ilustramos nuestro
tratamiento con diversas álgebras no conmutativas. Tercero, para las extensiones dobles de Ore
introducidas por Zhang y Zhang en el problema de clasificación de álgebras regulares de Artin-
Schelter de dimensión cuatro, proponemos una teoría entre estas introduciendo una noción
adecuada de cv-polinomio, y mostramos que el cálculo de homomorfismos correspondientes a



estos polinomios es no trivial. Teniendo en cuenta que no hay inclusiones entre las clases de
extensiones dobles de Ore de un álgebra y extensiones de Ore iteradas de longitud dos sobre la
misma álgebra, también presentamos una comparación entre las teorías de cv-polinomios entre
ambas familias de álgebras. Ilustramos nuestros resultados con automofismos de Nakayama de
extensiones dobles de Ore cortadas. Finalmente, motivados por la investigación sobre morfis-
mos entre espacios proyectivos no connmutativos sobre anillosN-graduados en el sentido de
Rosenberg and Van den Bergh, y la noción de esquematicidad introducida por Van Oystaeyen
y Willaert para anillos N-graduados con el propósito de formular una teoría de esquemas no
conmutativa a la Grothendieck, investigamos morfismos en contexto de espacios proyectivos
no conmutativos sobre anillos semi-graduados esquemáticos, y extendemos diversos resultados
de la categoría de anillosN-graduados esquemáticos a la categoría de anillos semi-graduados
esquemáticos.

KEYWORDS: Semi-graded ring, quantum algebra, Ore extension, double Ore extension, schematic
ring, cv-polynomial, inner derivation, Nakayama automorphism, closed immersion, noncom-
mutative projective geometry.

PALABRAS CLAVE: Anillo semi-graduado, álgebra cuántica, extensión de Ore, extensión doble
de Ore, anillo esquemático, cv-polinomio, derivación interna, automorfismo de Nakayama,
inmersión cerrada, geometría proyectiva no conmutativa.
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INTRODUCTION

The study of morphisms and isomorphisms of polynomial extensions has been an active and
interesting area of research. For instance, Gilmer [Gil68] determined all the automorphisms
of the commutative polynomial ring R[x] (R commutative) that restrict to the identity on R.
The case where R is any ring has been handled by Coleman and Enochs [CE71]. Later, for the
Ore extensions, also known as skew polynomial rings, introduced by Ore [Ore31, Ore33] (some
earlier works related to the differential case already appeared in Landau [Lan02], while Noether
and Schmeidler [NS20] were interested in some kind of differential operator rings), Parmenter
[Par] considered the case R[x;σ] where R is commutative and σ is any automorphism of R.
Rimmer [Rim78, Theorem 1] generalized all these results. He determined all automorphisms of
the skew polynomial ring of automorphism type R[x;σ] which fix R elementwise, where R is
any ring. He also extended his research to isomorphisms between different skew polynomial
rings that preserve an underlying ring isomorphism [Rim78, Theorem 3]. Ferrero and Kishimoto
[FK80] studied automorphisms of skew polynomial rings of derivation type. They discussed
conditions on f (x) ∈ R[x;δ] for the R-linear map R[x;δ] → R[x;δ] defined by xk 7→ f (x)k to
be a R-ring automorphism (c.f. Kikumasa [Kik90] characterized automorphisms of a certain
skew polynomial ring of derivation type). Surely, the most remarkable example of this kind
of skew polynomials is the first Weyl algebra, and precisely, one of the most famous open
problems is the conjecture posed by Dixmier [Dix68]: any algebra endomorphism of the first
Weyl algebra is an automorphism. Tsuchimoto [Tsu03] and Belov-Kanel and Kontsevich [BKK07]
proved independently that the Dixmier conjecture is stably equivalent to the Jacobian conjecture
formulated by Keller [Kel39]. Some works in the literature exhibit algebras related to the first
Weyl algebra with the property that every endomorphism is an automorphism (e.g., [KL14, KL19]
and references therein).

For skew polynomial rings of mixed type over division rings, Lam and Leroy [LL92] studied
“transformations” from one Ore extension to another3. They formalized the notion of “transfor-
mation” and investigated homomorphisms between this kind of Ore extensions. Briefly, if we con-
sider two Ore extensions D[x;σ,δ] and D[x ′;σ′,δ′] over a division ring D , a D-homomorphismφ

from D[x ′;σ′,δ′] to D[x;σ,δ] is determined by p(x) := φ(x ′) ∈ D[x;σ,δ] which satisfies the
rule p(x)r = σ′(r )p(x) + δ′(r ) in D[x;σ,δ], for every element r ∈ D. The polynomial p(t)
allows to make a “change of variables” from x ′ to x, so this is called a change-of-variable

3Surprisingly, Lam and Leroy do not cite the works of Parmenter, Rimmer, Ferrero, Kishimoto and Kikumasa
mentioned above, so according to the search we carried out in the literature, this is the first place where all these
treatments are cited and presented, in order, to extend them partially to other families of noncommutative rings.

IV



INTRODUCTION V

polynomial (cv-polynomial for short). Notice that whenever such a polynomial is given, we
obtain a unique D-homomorphism φ : D[x ′;σ′,δ′] → D[x;σ,δ] sending x ′ to p(x), say, for
g (x ′) = ∑

ri x ′i ∈ D[x ′;σ′,δ′], we get φ(g ) = ∑
ri p(x)i . In their paper, Lam and Leroy obtained

several characterizations of these cv-polynomials by using inner derivations. Isomorphisms
of noncommutative polynomial extensions have been an interesting topic of research (e.g.,
[AKP87, RR92, LM92, Chu93, Ber03, RS06, CL09, Chu13, BLO15, SAV15, LR22], and references
therein).

On the other hand, Artin-Schelter (AS for short) regular algebras introduced by Artin And
Schelter [AS87] are considered as noncommutative analogues of commutative polynomial rings
due to its important role in noncommutative geometry. As one can appreciate in the literature,
these algebras have been extensively studied. With the aim of presenting new examples of
Artin-Schelter regular algebras of dimension four, Zhang and Zhang [ZZ08, ZZ09] introduced
algebra extensions which they called double Ore extensions and constructed 26 families of
these algebras. Many AS regular of these algebras are new and are not isomorphic to either a
normal extension or an Ore extension of an Artin-Schelter regular algebra of global dimension
three. In opposition of what happens with Ore extensions, very few properties are known to
be preserved under double Ore extensions. Several researchers have investigated different
relations of double Ore extensions with Poisson, Hopf, Koszul and Calabi-Yau algebras (e.g.
[GS20, Li22, LOW20, LOWY18, JLZ15, SCR21, LRS17, ZvOZ17]). From the definition of double
Ore extensions it is possible appreciate some similarities to that of a two-step iterated Ore
extensions. Nevertheless, there are no inclusions between the classes of all double Ore extensions
of an algebra and of all length two iterated Ore extensions of the same algebra. Carvalho et
al. [CLM11] formulated necessary and sufficient conditions for a double Ore extension to be
presented as a two-step iterated Ore extension.

In the setting of noncommutative projective geometry developed by Rosenberg [Ros95,
Ros98] and Van den Bergh [VdB01], Smith [Smi03, Smi16] investigated maps between noncom-
mutative spaces of the form Projnc A. More exactly, he takes a Grothendieck category as the
basic non-commutative geometric object, where we think of a Grothendieck category ModX
(the idea for the notation X =ModX is Van den Bergh’s) as “the quasi-coherent sheaves on an
imaginary non-commutative space X ”. The standard commutative example is the category
QcohX of quasi-coherent sheaves on a quasi-separated, quasi-compact scheme X . The two
non-commutative models are ModR, the category of right modules over a ring, and ProjA,
the non-commutative projective spaces having a (not necessarily commutative) graded ring A
as homogeneous coordinate ring, which were defined by Verevkin [Ver92b, Ver92a] and Artin
and Zhang [AZ94] (for more details, see [Smi02, Definition 2.2]). A map g : Y → X between
two spaces is an adjoint pair of functors (g∗, g∗) with g∗ : ModY → ModX and g∗ left adjoint
to g∗. If g∗ is faithful and has a right adjoint, then g is called affine. An immediate example
is a ring homomorphism ϕ : R → S that induces an affine map g : Y → X between the affine
spaces defined by ModY := ModS and ModX := ModR. In his papers, Smith considered the
question on maps between noncommutative projective spaces. He called a map g : Y → X a
closed immersion if it is affine and the essential image of ModY in ModX under g∗ is closed
under submodules and quotients. For J a graded ideal in a not necessarily commutative N-
graded k-algebra A = A0 ⊕ A1 ⊕·· · in which dimkAi <∞ for all i , Smith [Smi03, Theorem 3.2],
[Smi16, Theorem 1.2] showed that a surjective homomorphism A → A/J of graded rings induces
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a closed immersion i : Projnc A/J → Projnc A between the non-commutative projective spaces
with homogeneous coordinate rings A and A/J .

Motivated by all treatments above on maps between noncommutative algebraic and geomet-
ric objects, in this thesis we are interested in the characterization of several kinds of morphisms
of semi-graded rings introduced by Lezama and Latorre [LL17]. These rings are a generalization
ofN-graded rings and several families of polynomial extensions non-N-graded (of course not
in a trivial way). Semi-graded rings include and extend several families of algebras appearing
in ring theory, module theory, noncommutative algebra and noncommutative geometry (see
[CR22, FGL+20, Lez20, Lez21, LR14] for more details). From the algebraic point of view, we
formulate several characterizations of morphisms and cv-polynomials of iterated Ore extensions
and double Ore extensions. Next, by considering this theory of cv-polynomials, we propose
an analogous theory of homomorphisms between double Ore extensions. Finally, from the
geometric point of view, we consider maps in the Smith’s sense but now in the more general
setting of noncommutative projective spaces over semi-graded rings.

On the structure of the thesis, this is based on a collection of papers. Chapter 1 recalls some
ring-theoretical notions of semi-graded rings that are necessary in the next chapters. With the
aim of showing their generality in areas such as ring theory and noncommutative geometry,
we include a non-exhaustive list of noncommutative algebras that are particular examples of
these rings. Next, Chapter 2 presents the original results on theories of homomorphisms and
cv-polynomials for iterated Ore extensions and double Ore extensions. We illustrate our treat-
ment with several noncommutative algebras and show that the computation of corresponding
homomorphisms is non-trivial. First, we develop a theory of morphisms and cv-polynomials
of two-step, three-step and n-step iterated Ore extensions by using inner derivations. We
organize information in different tables with the aim of presenting different possibilities for
cv-polynomials. It is important to say that we have found some mistakes in particular cases
of Lam and Leroy’s paper [LL92] that we illustrate and present their corresponding versions.
Second, we propose a theory of homomorphisms and cv-polynomials between double Ore
extensions. We obtain results on the characterizations of cv-polynomials and their relations with
inner derivations of the ring of coefficients of the double algebra. We illustrate our results with
Nakayama automorphisms of trimmed double Ore extensions. Finally, in Chapter 3, we study
morphisms between schematic semi-graded rings. Our interest in this topic is due to Professor
Jason Gaddis who asked us in the evaluation of our doctoral project if we can use geometric
tools to study families of semi-graded rings. More exactly, he considered relevant to the present
project Smith’s papers above. For him, it would be reasonable to try and define a notion of Proj
for some families of semi-graded rings. Well, then in this chapter we give a first answer to the
question of Professor Gaddis in the setting of schematic semi-graded rings.
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Notation and some terminology

Symbol Meaning
N The set of natural numbers including zero

Z The set of integer numbers

R The field of real numbers

C The field of complex numbers

R, R ′ Associative ring (not necessarily commutative) with
identity

R∗ The non-zero elements of the ring R

K Commutative ring with identity

D Division ring

k Field

Z (R) The center of R

Idem(R) The set of idempotent elements of R

N (R) The set of nilpotent elements of R

I ◁l R I is a left ideal of R

Mr×c (R) The ring of matrices of size r × c with entries in R

Throughout this thesis, the term ring means an associative (not necessarily commutative)
ring with identity, and the term module means a left unital module. All localizations are consid-
ered by the left side.
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Statement of contributions

The chapters two and three in this thesis correspond to the following papers containing
original results.

• Chapter 2. Ramírez, M. C. and Reyes, A. On homomorphisms and cv-polynomials be-
tween iterated Ore extensions (2024) [Manuscript submitted for publication].
Available online at https://arxiv.org/abs/2401.11516

• Chapter 2. Ramírez, M. C. and Reyes, A. A view toward homomorphisms and cv-polynomials
between double Ore extensions. Algebra Colloquium (2024). To appear.
Available online at https://arxiv.org/abs/2401.14162

• Chapter 3. Chacón, A., Ramírez, M. C., Reyes, A. Maps between schematic semi-graded
rings. Beiträge zur Algebra und Geometrie (2024). To appear.
Available online at https://arxiv.org/abs/2401.15631

https://arxiv.org/abs/2401.11516
https://arxiv.org/abs/2401.14162
https://arxiv.org/abs/2401.15631


CHAPTER 1

SEMI-GRADED RINGS

In this chapter, we present the algebraic structures of interest in this thesis: the semi-graded
rings. Also, we formulate some ring-theoretical notions that are necessary in the next chapters.

More exactly, Section 1.1 contains definitions and some key properties of semi-graded rings,
finitely semi-graded rings and modules over these rings. Next, in Section 1.2 we present a list (not
exhaustive) of noncommutative algebraic structures that are particular examples of semi-graded
rings. Our aim in this section is to show explicitly the generality of these rings in ring theory and
noncommutative geometry.

1.1 PRELIMINARIES AND KEY PROPERTIES

Lezama and Latorre [LL17] introduced the semi-graded rings as a generalization of N-graded
rings and several families of noncommutative rings of polynomial type non-N-graded (not
in a trivial way). In that paper, they considered some notions of noncommutative algebraic
geometry for semi-graded rings such as the Hilbert series, Hilbert polynomial, Gelfand-Kirillov
dimension, and the notion of noncommutative projective scheme in the setting of semi-graded
rings generalizing the Serre-Artin-Zhang-Verevkin theorem (see also [Lez21, Cha22, CR23]). In
Section 3.2 we present more details about this theorem.

For the moment, we recall briefly some definitions and results about semi-graded rings
which are key in the following chapters.

DEFINITION 1.1 ([LL17, DEFINITION 2.1]). Let R be a ring. R is said to be semi-graded (SG) if
there exists a collection {Rn}n∈Z of subgroups of the additive group R+ such that the following
conditions hold:

(i) R = ⊕
n∈Z

Rn .

(ii) For every m,n ∈Zwe have that RmRn ⊆ ⊕
k≤m+n

Rk .

(iii) 1 ∈ R0.

1
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The collection {Rn}n∈Z is called a semi-graduation of R and we say that the elements of Rn

are homogeneous of degree n. We say that R is positively semi-graded if Rn = 0 for every n < 0.
If R and S are semi-graded rings and f : R → S is a ring homomorphism, then we say that f is
homogeneous if f (Rn) ⊆ Sn for every n ∈Z.

Definitions 1.2 and 1.3 present the notion of finitely semi-graded ring and finitely semi-
graded algebra, respectively.

DEFINITION 1.2 ([LL17, DEFINITION 2.4]). A ring R is called finitely semi-graded (FSG) if it
satisfies the following conditions:

(i) R is SG.

(ii) There exist finitely many elements x1, . . . , xn ∈ R such that the subring generated by R0

and x1, . . . , xn coincides with R.

(iii) For every n ≥ 0, we have that Rn is a left free R0-module of finite rank.

DEFINITION 1.3 ([LG19, DEFINITION 10]). A k-algebra R is said to be finitely semi-graded (FSG)
if the following conditions hold:

(i) R is an FSG ring with positive semi-graduation given by R = ⊕
n≥0

Rn .

(ii) For every m,n ≥ 1, we have that RmRn ⊆ R1 ⊕·· ·⊕Rm+n .

(iii) R is connected, i.e., R0 = k.

(iv) R is generated in degree 1, that is, R is generated as a k-algebra by finitely elements of R1.

From Definition 1.3, it follows that if R is a FSG k-algebra, then R+ := ⊕
n≥1

Rn is a maximal

ideal of R.

Notice that graded rings are SG. Finitely generated graded k-algebras, PBW extensions
[BG88], 3-dimensional skew polynomial rings [BS90], down-up algebras [Ben99, BR98], diffusion
algebras [IPR01] and skew PBW extensions [GL11] are examples of FSG rings. Definitions of
these families of algebras and others are presented in Section 1.2. Semi-graded rings and finitely
semi-graded rings have been studied recently in the literature. For instance, Lezama et al.
[Lez21, LG19] computed the set of point modules of finitely semi-graded rings. By considering
the parametrization of the point modules for the quantum affine n-space, Lezama obtained the
set of point modules for some important examples of nonN-graded quantum algebras [Lez20,
Theorem 5.3].

Next, we present some results about modules in the setting of semi-graded rings.

DEFINITION 1.4 ([LL17, DEFINITION 2.1]). Let R be an SG ring and let M be an R-module.
We say that M is semi-graded (SG) if there exists a collection {Mn}n∈Z of subgroups Mn of the
additive group M+ such that the following conditions hold:

(i) M = ⊕
n∈Z

Mn .
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(ii) For every m,n ∈Z, Rm Mn ⊆ ⊕
k≤m+n

Mk .

The collection {Mn}n∈Z is called a semi-graduation of M , and we say that the elements of
Mn are homogeneous of degree n.

M is said to be positively semi-graded if Mn = 0, for every n < 0. Let f : M → N be a
homomorphism of R-modules, where M and N are semi-graded R-modules. We say that f is
homogeneous if f (Mn) ⊆ Nn , for every n ∈Z.

DEFINITION 1.5 ([LL17, DEFINITION 2.3]). Let R be an SG ring, M an SG R-module, and N a
submodule of M . We say that N is a semi-graded (SG) submodule of M if N = ⊕

n∈Z
Nn , where

Nn = Mn ∩N . In this case, N is an SG R-module.

PROPOSITION 1.1 ([LL17, PROPOSITION 2.6]). If R is an SG ring, M is an SG R-module, and N
is a submodule of M, then the following conditions are equivalent:

(1) N is a semi-graded submodule of M.

(2) For every z ∈ N , the homogeneous components of z belong to N .

(3) M/N is an SG R-module with semi-graduation given by

(M/N )n = (Mn +N )/N , n ∈Z.

REMARK 1. Let R be an SG ring and M be an SG R-module. Then:

(i) If N is an SG submodule of M , then the canonical map M → M/N is a homogeneous
homomorphism.

(ii) If {Mi }i∈I is a family of SG submodules of M , then
⋂

i∈I
Mi and

∑
i∈I

Mi are SG submodules of

M .

Let N be a subset of M . We define the SG submodule generated by N as the intersection of
all SG submodules of M containing N , and we denote it as 〈N〉SG. If N = {n1, . . . ,nl }, then we
write 〈N〉SG = 〈n1, . . . ,nl 〉SG. We will say that M is a finitely generated SG R-module if there exist
finitely elements m1, . . . ,mt such that M = 〈m1, . . . ,mt 〉SG. If M is simultaneously a module over
different kinds of rings and there is risk of confusion, we write 〈−〉SG

R to indicate the ring R we
are considering. If N is an SG submodule of M , the notion of finitely generated SG submodule is
defined in the natural way.

EXAMPLE 1.1. Consider the first Weyl algebra A1(k) = k{x, y}/〈y x −x y −1〉 over k. By using that
y x = x y +1, the graded condition for multiplication does not hold since we do not obtain a
product of pure degree one, so A1(k) is not anN-graded ring. On the other hand, the canonical
semi-graduation of A1(k) [Lez21, Example 4.5] is given by

A1(k) = k⊕ k〈x, y〉⊕ k〈x2, x y, x2〉⊕ · · ·

Then:
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(i) A1(k)y is an SG submodule of A1(k), whence 〈y〉SG = A1(k)y .

(ii) 1 ∉ A1(k)x, but due to the relation y x = x y +1, it follows that 1 ∈ 〈x〉SG.

DEFINITION 1.6. If R is a positively SG ring, for t ∈ N we define R≥t as the intersection of all
two-sided ideals that are SG submodules containing

⊕
k≥t

Rk .

Different properties of modules over families of semi-graded rings have been investigated by
some mathematicians [Art15, GL17, HR23, LG19, Lez21, LR20, NRR20, Rey19, TRS20].

1.2 SOME FAMILIES OF EXAMPLES

Semi-graded rings extend several kinds of noncommutative rings of polynomial type such as

• Ore extensions [Ore31, Ore33],

• families of differential operators generalizing Weyl algebras and universal enveloping
algebras of finite dimensional Lie algebras [Bav92, BG88, Smi91],

• algebras appearing in mathematical physics [IPR01, RS22, Zhe91],

• down-up algebras [Ben99, BR98, KMP99],

• ambiskew polynomial rings [Jor00, JW96],

• 3-dimensional skew polynomial rings [BS90, Red99, RS22, Ros95],

• Poincaré-Birkhoff-Witt extensions [BG88], and

• skew PBW extensions [GL11].

Ring-theoretical, algebraic and geometrical properties of semi-graded rings have been
investigated in the literature (e.g., [Art15, Bav23, CR22, HKA17, RR21, RS19, RS20, Sei10, SCR22,
SRS23, TRS20] and references therein).

In this section, we present families of noncommutative rings that are particular examples of
semi-graded rings with the aim of showing the generality of these objects, and the scope of the
results presented in Chapters 2 and 3. For the completeness of the thesis, we include detailed
references for every family of rings.

1.2.1 ORE EXTENSIONS

Ore extensions (also known as skew polynomial rings) were introduced by Ore [Ore31, Ore33].
Briefly, for σ an endomorphism of a ring R, a σ-derivation on R is any additive map δ : R → R
such that δ(r s) = σ(r )δ(s)+δ(r )s, for all r, s ∈ R (strictly speaking, this is the definition of left
σ-derivation). If σ is the identity map on R, then σ-derivations are just ordinary derivations.
Notice that

δ(1) = δ(1 ·1) =σ(1)δ(1)+δ(1)1 = 2δ(1), whence δ(1) = 0.
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The pair (σ,δ) is called a quasi-derivation on R [BGTV03, Definition 3.1].

PROPOSITION 1.2 ([BGTV03, PROPOSITION 3.2]). For any pair of maps σ,δ : R → R, the follow-
ing assertions are equivalent:

(1) (σ,δ) is a quasi-derivation;

(2) the map

φ : R → M2×2(R)

r 7→
[
σ(r ) δ(r )

0 r

]

is a ring homomorphism.

DEFINITION 1.7 ([GJ04, P. 34]). Let R be a ring, σ a ring endomorphism of R and δ a σ-
derivation on R. We will write R[x;σ,δ] provided

(i) R[x;σ,δ] is a ring, containing R as a subring;

(ii) x is an element of R[x;σ,δ]

(iii) R[x;σ,δ] is a free left R-module with basis {1, x, x2, . . . };

(iv) xr =σ(r )x +δ(r ) for all r ∈ R.

Such a ring R[x;σ,δ] is called a skew polynomial ring over R or an Ore extension of R of mixed
type. If σ is an injective map of R, then we call it an Ore extension of injective type, while if σ
is the identity of R, then we write R[x;δ] and call it an Ore extension of derivation type. On the
other hand, if δ is the zero map, then we write R[x;σ] which is known as an Ore extension of
endomorphism type.

The construction of Ore extensions can be iterated. Indeed, if we consider S1 = R[x1;σ1,δ1]
for a quasi-derivation (σ1,δ1) on R , and we assume that (σ2,δ2) is a quasi-derivation on S1, then
one may associate to it the Ore extension

S2 = S1[x2;σ2,δ2] = R[x1;σ1,δ1][x2;σ2,δ2].

Repeating this procedure, one obtains the so-called iterated Ore extensions. Morphisms
between these extensions will be of our topic of interest in Chapter 2.

Since its introduction to the present, a lot of papers and books have been published con-
cerning ring-theoretical, homological and geometrical properties of Ore extensions (e.g., [BG02,
GJ04, FGL+20, FLP+24, MR01], and references therein). Ore extensions are one of the most
important techniques to define noncommutative algebras. Next, we illustrate this situation with
Weyl algebras, some of its deformations, the q-Heisenberg algebra, and the quantum matrix
algebra.
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• The Jordan’s plane J (k) introduced by Jordan [Jor01] is the free k-algebra defined by
J (k) := k{x, y}/〈y x −x y − y2〉. An easy computation shows that J (k) can be expressed as
k[y][x;δ2] with δ2(y) =−y2. Shirikov [Shi05, Theorem 1.4] proved that this algebra is not
isomorphic to the Quantum plane Oq (k) = k{x, y}/〈y x −qx y〉, q ∈ k∗.

• Díaz and Pariguan [DP09] defined the q-meromorphic Weyl algebra (also known as the
q-skew Jordan’s plane) Jq (k) as the unital associative algebra with generators x, y and
defining relation q y x −x y − y2 = 0 for an element q ∈ k∗. This algebra can be written as
the Ore extension k[y][x;σ2,δ2] with σ2(y) = q y and δ2(y) =−y2. In a personal communi-
cation, Professor Lopes told us that using the generator x ′ := x + (q −1)−1 y instead of x we
find that the q-skew Jordan’s plane is the quantum plane in disguise. For more details, see
[Lop24, Example 3.1].

• About the family of Weyl algebras An(k), in the literature it is common to find characteri-
zations of these algebras as rings of differential operators. Following Coutinho [Cou95],
the nth Weyl algebra An(k) over k is the k-algebra generated by the 2n indeterminates
x1, . . . , xn , y1, . . . , yn where

x j xi = xi x j , y j yi = yi y j , 1 ≤ i < j ≤ n,

y j xi = xi y j +δi j , δi j is the Kronecker′s delta, 1 ≤ i , j ≤ n.

From the relations defining Weyl algebras, it follows that these cannot be expressed as
skew polynomial rings of automorphism type (since the algebra is simple) but are skew
polynomial rings with non-trivial derivations.

• Based on Wess and Zumino’s paper [WZ90], for an element q ∈ k \ {0}, Giaquinto and
Zhang [GZ95] defined the k-algebra Aq

1 (k) generated by two indeterminates x and y
subject to the relation x y −q y x = 1, which is known as a quantized Weyl algebra over k.
Note that Aq

1 (k) = A1(k) = k[y][x;d/d y], when q = 1. If q ̸= 1, then Aq
1 (k) = k[y][x;σ,δ],

whereσ is the k-algebra automorphism given byσ( f (y)) = f (q y), and δ is the q-difference
operator (also known as Eulerian derivative)

δ( f (y)) = f (q y)− f (y)

q y − y
= α( f )− f

α(y)− y
,

as it can be seen in [GJ04, Exercise 2N].

• A generalization of Aq
1 (k) is given by the additive analogue of the Weyl algebra An(q1, . . . , qn).

This algebra was introduced in Quantum Physics by Kuryshkin [Kur80] and studied by Jan-
nussis et al. [JBS81] (see [Li02] for more details). For non-zero elements q1, . . . , qn ∈ k, this
algebra is generated by the indeterminates x1, . . . , xn and y1, . . . , yn satisfying the relations

x j xi = xi x j , y j yi = yi y j , for every 1 ≤ i , j ≤ n, and

yi x j = x j yi , for all i ̸= j , and yi xi = qi xi yi +1, for 1 ≤ i ≤ n.

• Another deformation of Weyl algebras was introduced by Giaquinto and Zhang [GZ95]
with the aim of studying the Jordan Hecke symmetry as a quantization of the usual second
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Weyl algebra. By definition, the quantum Weyl algebra A2(Ja,b) is the k-algebra generated
by the indeterminates x1, x2,∂1,∂2, with relations (depending on parameters a,b ∈ k)

x1x2 = x2x1 +ax2
1 , ∂2∂1 = ∂1∂2 +b∂2

2

∂1x1 = 1+x1∂1 +ax1∂2, ∂1x2 =−ax1∂1 −abx1∂2 +x2∂1 +bx2∂2

∂2x1 = x1∂2, ∂2x2 = 1−bx1∂2 +x2∂2.

Note that if a = b = 0, then A2(J0,0) is precisely the second Weyl algebra A2(k).

• By definition, the q-Heisenberg algebra Hn(q) is the k-algebra generated over k by the
indeterminates xi , yi , zi , for 1 ≤ i ≤ n, subject to the relations

xi x j = x j xi , yi y j = y j yi , z j zi = zi z j , 1 ≤ i < j ≤ n,

xi zi −qzi xi = zi yi −q yi zi = xi yi −q−1 yi xi + zi = 0, 1 ≤ i ≤ n,

xi y j = y j xi , xi z j = z j xi , yi z j = z j yi , i ̸= j .

It can be seen that Hn(q) can be expressed as an iterated skew polynomial ring.

• The single parameter quantum matrix algebra Op (Mn(k)) for p ∈ k∗ has generating set{
xi j | 1 ≤ i , j ≤ n

}
, subject to the relations given by

xi j xlm =


pxlm xi j , i > l , j = m,

pxlm xi j , i = l , j > m,

xl m xi j , i > l , j < m,

xl m xi j + (p −p−1)xi m xl j , i > l , j > m.

It is straightforward to show that Op (M2(k)) ∼= k[x11][x12;σ12][x21;σ21][x22;σ22,δ22], with
the maps given by

σ12(x11) = px11, σ21(x11) = px11,

σ22(x21) = px21, σ22(x12) = px12,

δ22(x11) = (p −p−1)x21x12.

Otherwise, the value of σi j is the identity map, and for 1 ≤ i , j ≤ 2, the maps δi j are zero
[GJ04, Exercise 2V].

• Jordan [Jor95] introduced a certain class of iterated Ore extensions called ambiskew poly-
nomial rings. These structures have been studied by Jordan et al. [Jor00, JW96] at various
levels of generality that contain different examples of noncommutative algebras. Next, we
recall briefly its definition.

Consider a commutative k-algebra B , a k-automorphism of B , and elements c ∈ B and
p ∈ k∗. Let S be the Ore extension B [x;σ−1] and extend σ to S by setting σ(x) = px. By
[Coh85, p. 41], there is aσ-derivation δ of S such that δ(B) = 0 and δ(x) = c . The ambiskew
polynomial ring R = R(B ,σ,c, p) is the Ore extension S[y ;σ,δ], whence the following
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relations hold:

y x −px y = c, and, for all b ∈ B , xb =σ−1(b)x and yb =σ(b)y. (1.1)

Equivalently, R can be presented as R = B [y ;σ][x;σ−1,δ′] with σ(y) = p−1 y , δ′(B) = 0, and
δ′(y) = −p−1c, so that x y −p−1 y x = −p−1c. If we consider the relation xb = σ−1(b)x as
bx = xσ(b), then we can see that the definition involves twists from both sides using σ;
this is the reason for the name of the objects.

1.2.2 DOUBLE ORE EXTENSIONS

In the setting of noncommutative algebras appearing in noncommutative geometry, Artin-
Schelter regular algebras introduced by Artin And Schelter [AS87] are considered as noncommu-
tative analogues of commutative polynomial rings due to its important role in noncommutative
geometry. As one can appreciate in the literature, these algebras have been extensively stud-
ied (see the excellent survey on these algebras carried out by Rogalski [Rog24]). With the aim
of presenting new examples of Artin-Schelter regular algebras of dimension four, Zhang and
Zhang [ZZ08, ZZ09] introduced algebra extensions which they called double Ore extensions
(double extensions for short) and constructed 26 families of these algebras. Many AS regu-
lar of these algebras are new and are not isomorphic to Ore extensions or extensions of an
Artin-Schelter regular algebra of global dimension three. Several researchers have investigated
different relations of double extensions with Poisson, Hopf, Koszul and Calabi-Yau algebras (e.g.
[GS20, Li22, LOW20, LOWY18, JLZ15, SAR21, SCR21, LRS17, ZvOZ17]). From the definition of
double extensions it is possible appreciate some similarities to that of a two-step iterated Ore
extensions. Nevertheless, there are no inclusions between the classes of all double extensions of
an algebra and of all length two iterated Ore extensions of the same algebra. Precisely, Carvalho
et al. [CLM11] formulated necessary and sufficient conditions for a double extension to be
presented as two-step iterated Ore extensions.

Next, we recall the definition of double extension introduced by Zhang and Zhang [ZZ08]
with some of its properties. Since some typos ocurred in their papers [ZZ08, p. 2674] and [ZZ09,
p. 379] concerning the relations that the data of a double extension must satisfy, we follow the
corrections and results presented by Carvalho et al. [CLM11] (all of them will be important in
Section 2.5).

DEFINITION 1.8 ([ZZ08, DEFINITION 1.3]; [CLM11, DEFINITION 1.1]). Let R be a subalgebra
of a k-algebra B .

(a) B is called a right double extension of R if the following conditions hold:

(i) B is generated by R and two new indeterminates y1 and y2;

(ii) y1 and y2 satisfy the relation

y2 y1 = p12 y1 y2 +p11 y2
1 +τ1 y1 +τ2 y2 +τ0, (1.2)

for some p12, p11 ∈ k and τ1,τ2,τ0 ∈ R;
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(iii) B is a free left R-module with basis
{

y i
1 y j

2 | i , j ≥ 0
}

.

(iv) y1R + y2R +R ⊆ R y1 +R y2 +R.

(b) A right double extension B of R is called a double extension if

(i) p12 ̸= 0;

(ii) B is a free right R-module with basis
{

y i
2 y j

1 | i , j ≥ 0
}

;

(iii) y1R + y2R +R = R y1 +R y2 +R.

Notice that Condition (a)(iv) from Definition 1.8 is equivalent to the existence of two maps

σ=
[
σ11 σ12

σ21 σ22

]
: R → M2×2(R) and δ=

[
δ1

δ2

]
: R → M2×1(R),

such that [
y1

y2

]
r =σ(r )

[
y1

y2

]
+δ(r ), for all r ∈ R. (1.3)

If B is a right double extension of R, we write B = RP [y1, y2;σ,δ,τ], where P = {p12, p11} ⊆ k,
τ= {τ0,τ1,τ2} ⊆ R, and σ,δ are as above. The set P is called a parameter and τ a tail.

For Rp [y1, y2;σ,δ,τ] a right double extension, all maps σi j and δi are endomorphisms of the
k-vector space R . From [ZZ08, Lemma 1.7] we know thatσmust be a homomorphism of algebras,
and δ is a σ-derivation in the sense that δ is k-linear and satisfes δ(r r ′) =σ(r )δ(r ′)+δ(r )r ′, for

all r,r ′ ∈ R. It is straightforward to see that if the matrix

[
σ11 σ12

σ21 σ22

]
is triangular, then both σ11

and σ22 are algebra homomorphisms.

Recall that a map d : R → R is aσ-derivation, whereσ is an endomorphism of R , if and only if

the map from R to M2×2(R) sending r onto

[
σ(r ) d(r )

0 r

]
is a homomorphism of algebras. This,

in particular, implies that for any algebra endomorphism σ of the commutative polynomial
ring k[x] and any polynomial w ∈ k[x], there exists a (unique) σ-derivation d of k[x] such that
d(x) = w [CLM11, p. 2840].

In the case that τ⊆ k, the subalgebra of RP [y1, y2;σ,δ,τ] generated by y1 and y2 is the double
extension kP [y1, y2;σ′,δ′,τ′], where σ′ = σ|k is the canonical embedding of k in M2×2(k) and
δ′ = δ|k = 0 is the zero map. Carvalho et al., [CLM11] proved that the latter is always an iterated
Ore extension.

PROPOSITION 1.3 ([CLM11, PROPOSITION 1.2]). Let B = kP [y1, y2;σ′,δ′,τ′]. Then B is an it-
erated Ore extension k[x1][x2;σ2, d2], where σ2 is the algebra endomorphism of the polyno-
mial ring k[x1] defined by σ2(x1) = p12x1 + τ2 and d2 is the σ2-derivation of k[x1] given by
d2(x1) = p11x2

1 +τx1 +τ0. Moreover, B is a double extension of k if and only if p12 ̸= 0.

REMARK 2 ([CLM11, REMARK 1.3]). Let C = k[y1][y2;σ2,δ2] be as in Proposition 1.3. Then, for
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any k-algebra R, we have R ⊗kC = RP [y1, y2;σ,δ,τ], where

σ=
[

idR 0
0 idR

]
, δ=

[
0
0

]
, P = {p12, p11}, and τ= {τ0,τ1,τ2}

are as in Proposition 1.3.

PROPOSITION 1.4 ([CLM11, PROPOSITION 1.4]). Given P = {p12, p11} and τ= {τ0,τ1,τ2} subsets
of k, σ : R → M2×2(R) an algebra homomorphism, and δ : R → M2×1(R) a σ-derivation, let
C = k[y1][y2;σ2,d2] be as in Proposition 1.3. Then, the following conditions are equivalent:

(1) The right double extension RP [y1, y2;σ,δ,τ] exists.

(2) One can extend the multiplications from R and C to a multiplication in the vector space

R ⊗kC , satisfying

[
y1

y2

]
r =σ(r )

[
y1

y2

]
+δ(r ), for all r ∈ R.

PROPOSITION 1.5 ([ZZ08, LEMMA 1.10 AND PROPOSITION 1.11]; [CLM11, PROPOSITION 1.5]).
Given a k-algebra R, let σ be a homomorphism from R to M2×2(R), δ a σ-derivation from R to
M2×1(R), P = {p12, p11} a set of elements of k, and τ= {τ0,τ1,τ2} a set of elements of R. Then, the
associative k-algebra B generated by R, y1 and y2 subject to the relations (1.2) and (1.3), is a right
double extension if and only if the maps σi j and ρk , i ∈ {1,2}, j ,k ∈ {0,1,2}, satisfy the six relations
(1.4) - (1.9) below, where σi 0 = δi and ρk is a right multiplication by τk :

σ21σ11 +p11σ22σ11 = p11σ
2
11 +p2

11σ12σ11 +p12σ11σ21 +p11p12σ12σ21, (1.4)

σ21σ12 +p12σ22σ11 = p11σ11σ12 +p11p12σ12σ11 +p12σ11σ22 +p2
12σ12σ21, (1.5)

σ22σ12 = p11σ
2
12 +p12σ12σ22, (1.6)

σ20σ11 +σ21σ10 +ρ1σ22σ11 = p11(σ10σ11 +σ11σ10 +ρ1σ12σ11)

+p12(σ10σ21 +σ11σ20 +ρ1σ12σ21)+τ1σ11 +τ2σ21, (1.7)

σ20σ12 +σ22σ10 +ρ2σ22σ11 = p11(σ10σ12 +σ12σ10 +ρ2σ12σ11)

+p12(σ10σ22 +σ12σ20 +ρ2σ12σ21)+τ1σ12 +τ2σ22, (1.8)

σ20σ10 +ρ0σ22σ11 = p11(σ2
10 +ρ0σ12σ11)+p12(σ10σ20 +ρ0σ12σ21)

+τ1σ10 +τ2σ10 +τ0idR . (1.9)

REMARK 3 ([CLM11, REMARK 1.6]). (1) Proposition 1.4 can be used to obtain a direct proof
of Proposition 1.5.

(2) Proposition 1.5 implies the uniqueness, up to isomorphism, of a right double exten-
sion of R, with given σ,δ,P and τ, provided such an extension exists. Indeed, assume
B = RP [y1, y2;σ,δ,τ] is a right double extension of R. Then, by [ZZ08, Lemmas 1.7 and
1.10(b)], the data σ,δ,P and τ satisfy the conditions of Proposition 1.5. Let B be as in this
proposition. Then, there is an algebra homomorphism from B to B which restricts to the
identity on R and maps yi ∈ B to the corresponding element yi ∈ B , i = 1,2. Since B is
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a free left R-module with basis
{

y i
1 y j

2 | i , j ≥ 0
}

and the same holds for B , this map is an
isomorphism, thus proving uniqueness.

Zhang and Zhang [ZZ08, Remark 1.4] noticed that by choosing a suitable basis of the vector
space ky1 +ky2, the following result holds.

PROPOSITION 1.6 ([CLM11, LEMMA 1.7]). Let B = RP [y1, y2;σ,δ,τ] be a right double extension.

(1) If p11 ̸= 0 and p12 = 1, then

B ∼= R{1,1}

[
y1, y2;

[
σ11 p11σ12

p−1
11 σ21 σ22

]
,

[
p11δ1

δ2

]
,τ

]
,

where τ= {p11τ0,τ1, p11τ2}, y1 = p11 y1 and y2 = y2.

(2) If p12 ̸= 1, then

B ∼= A{p12,0}

[
y1, y2;

[
σ11 −qσ12 σ12

σ21 +q(σ11 −σ22)−q2σ12 σ22 +qσ12

]
,

[
δ1

δ2 +qδ1

]
,τ

]
,

where q = p11

p12−1 , τ= {τ0,τ1 −qτ2,τ2}, y1 = y1 and y2 = y2 +q y1.

Following [CLM11, p. 2842], let B = RP [y1, y2;σ,δ,τ] be a right double extension and suppose
that p12 ̸= 1. Then, from the ideas above, by choosing adequate generators y i and (possibly)
modifying the data σ,δ,τ one can assume that p11 = 0. If B = RP [y1, y2;σ,δ,τ] is a right double
extension with p11 = 0, then B has a natural filtration, given by setting deg R = 0 and degy1 =
degy2 = 1. It can be seen that in view of relations 1.2 and 1.3, that the associated graded algebra
G(B) is isomorphic to RP [y1, y2;σ, {0,0,0}]. In this way, we have the following assertion:

PROPOSITION 1.7 ([CLM11, COROLLARY 1.8]). Suppose that B = RP [y1, y2;σ,δ,τ] is a right
double extension of R, with p12 ̸= 1. Then, there exists a filtration on B such that the associated
graded algebra G(B) can be presented as follows: G(B) is generated over R by indeterminates
z1, z2; it is free as a left R-module with basis {zi

1z j
2 | i , j ≥ 0}; multiplication in G(B) is given

by left multiplication in R and the conditions z2z1 = p12z1z2 and z1R + z2R ⊆ Rz1 +Rz2, with[
z1

z2

]
r =σ(r )

[
z1

z2

]
, where σ is obtained from σ and q = p11

p12−1 as in Proposition 1.6 (2).

Furthermore, in case B is a double extension, then G(B) is also free as a right R-module with
basis {zi

2z j
1 | i , j ≥ 0} and z1R + z2R = Rz1 +Rz2.

Next, we recall the key results formulated by Carvalho et al. [CLM11] about relations be-
tween double extensions and two-step iterated Ore extensions (c.f. Zhang and Zhang [ZZ09,
Proposition 3.6]).

PROPOSITION 1.8 ([CLM11, THEOREM 2.2]). Let R,B be k-algebras such that B is an extension
of R. Assume P = {p12, p11} ⊆ k, τ = {τ0,τ1,τ2} ⊆ R, σ is an algebra homomorphism from R to
M2(R) and δ is a σ-derivation from R to M2×1(R).

(1) The following conditions are equivalent:



CHAPTER 1. SEMI-GRADED RINGS 12

(a) B = RP [y1, y2;σ,δ,τ] is a right double extension of R which can be presented as an
iterated Ore extension R[y1;σ1,d1][y2;σ2,d2].

(b) B = RP [y1, y2;σ,δ,τ] is right double extension of R with σ12 = 0.

(c) R[y1;σ1,d1][y2;σ2,d2] is and iterated Ore extensions such that

σ2(R) ⊆ (R), σ2(y1) = p12 y1 +τ2,

d2(R) ⊆ R y1 +R, d2(y1) = p11 y2
1 +τ1 y1 +τ0,

for some pi j ∈ k and τi ∈ R. The maps σ,δ,σi and δi , i = 1,2, are related by

σ=
[
σ1 0
σ21 σ2|R

]
, δ(a) =

[
d1(a)

d2(r )−σ21(a)y1

]
, for all a ∈ R.

(2) If one of the equivalent statements from (1) holds, then B is a double extension of R if and
only if σ1 =σ11 and σ2|R =σ22 are automorphisms of R and p12 ̸= 0.

PROPOSITION 1.9 ([CLM11, THEOREM 2.4]). Let B = RP [y1, y2;σ,δ,τ] be a right double exten-
sion of the k-algebra R, where P = {p12, p11} ∈ k, τ= {τ2,τ1,τ0} ⊆ R, σ : R → M2(R) is an algebra
homomorphism and δ : R → M2×1(R) is a σ-derivation. Then, B can be presented as an iterated
Ore extension R[y2;σ′

2,d ′
2][y1;σ′

1,d ′
1] if and only if σ21 = 0, p12 ̸= 0 and p11 = 0. In this case, B is a

double extension if and only if σ′
2 =σ22 and σ′

1|R =σ11 are automorphisms of R.

Let us see an example of a double extension that can be expressed as a two-step iterated Ore
extension.

EXAMPLE 1.2 ([ZZ09, SUBCASE 4.1.1]). Let B = (kQ [x1, x2])P [y1, y2;σ,δ,τ] be the right double
extension generated by x1, x2, y1, y2 subject to the relations

x2x1 = x1x2 +x2
1 , y2 y1 = y1 y2 + y2

1 ,

y1x1 = f x1 y1, y1x2 = g x1 y1 + f x2 y1,

y2x1 = hx1 y1 + f x1 y2, y2x2 = mx1 y1 +hx2 y1 + g x1 y2 + f x2 y2,

where f , g ,h,m ∈ k and f ̸= 0. Note that in the relations

y1x1 =σ11(x1)y1 +σ12(x1)y2, and y1x2 =σ11(x2)y1 +σ12(x2)y2,

we have σ12 = 0. Hence, in this case B = RP [y1, y2;σ,δ,τ] is a right double extension of R . By
Proposition 1.8(ii), B can be presented as the two-step iterated Ore extension R[y1;σ1,d1][y2;σ2,d2].

1.2.3 UNIVERSAL ENVELOPING ALGEBRAS AND PBW EXTENSIONS

If g is a finite dimensional Lie algebra over a commutative ring K with basis {x1, . . . , xn}, then
by the Poincaré-Birkhoff-Witt theorem, the universal enveloping algebra of g, denoted by U (g),
is the algebra generated by x1, . . . , xn subject to the relations xi x j − x j xi = [xi , x j ] ∈ g, where
[xi , x j ] ⊆ K x1 + . . .+K xn , for all 1 ≤ i , j ≤ n. As is well-known, in general these algebras are not
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skew polynomial rings even including non-zero trivial derivations. Some enveloping algebras
can be expressed as skew polynomial rings using derivations that are non-trivial. Let us see an
example.

The standard basis for the Lie algebra sl2(k) is labelled {e, f ,h}, where

[e, f ] = h, [h,e] = 2e, and [h, f ] =−2 f .

In this way, the enveloping algebra U (sl2(k)) is the k-algebra presented by three generators
e, f ,h and three relations

e f − f e = h, he −eh = 2e, and h f − f h =−2 f .

If R is the subalgebra of U (sl2(k)) generated by e and h, then R = k[e][h;δ1] = k[h][e;σ1],
where k[e] and k[h] are commutative polynomial rings, δ1(e) = 2e, and σ1 is the k-algebra auto-
morphism ofk[h] withσ1(h) = h−2. Thus, U (sl2(k)) = k[e][h;δ1][ f ;σ2,δ2] = k[h][e;σ1][ f ;σ2,δ2],
where σ2(e) = e, σ2(h) = h +2, δ2(e) =−h, and δ2(h) = 0 [GJ04, Exercise 2S]. Other examples of
universal enveloping algebras known as parafermionic and parabosonic algebras are presented
in Section 1.2.8.

Universal enveloping algebras above are PBW extensions over K in the sense of Bell and
Goodearl [BG88] (note that these authors presented other examples of enveloping rings intro-
duced by Passman [Pas87] related to enveloping universal algebras). In Remark 7 (iv), we will
say some words about these extensions.

1.2.4 3-DIMENSIONAL SKEW POLYNOMIAL ALGEBRAS

Another kind of noncommutative rings which includes the universal enveloping algebra U (sl2(k))
of the Lie algebra sl2(k), the Dispin algebra U (osp(1,2)) and Woronowicz’s algebra Wν(sl2(k))
[Wor87], is the family of 3-dimensional skew polynomial algebras. These algebras were intro-
duced by Bell and Smith [BS90] and are very important in noncommutative algebraic geometry
and noncommutative differential geometry (e.g., [Red96, Red99, RS22, Ros95] and references
therein). Next, we recall their definition and classification.

DEFINITION 1.9 ([ROS95, DEFINITION C4.3]). A 3-dimensional skew polynomial algebra A is a k-
algebra generated by the indeterminates x, y, z restricted to relations y z−αz y =λ, zx−βxz =µ,
and x y −γy x = ν, such that

(i) λ,µ,ν ∈ k+kx +ky +kz, and α,β,γ ∈ k \ {0};

(ii) standard monomials {xi y j z l | i , j , l ≥ 0} are a k-basis of the algebra.

PROPOSITION 1.10 ([ROS95, THEOREM C.4.3.1]). If A is a 3-dimensional skew polynomial
k-algebra, then A is one of the following algebras:

(1) if |{α,β,γ}| = 3, then A can be presented using the relations y z −αz y = 0, zx −βxz =
0, x y −γy x = 0.
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(2) if |{α,β,γ}| = 2 and β ̸=α= γ= 1, then A can be presented as:

(i) y z − z y = z, zx −βxz = y, x y − y x = x;

(ii) y z − z y = z, zx −βxz = b, x y − y x = x;

(iii) y z − z y = 0, zx −βxz = y, x y − y x = 0;

(iv) y z − z y = 0, zx −βxz = b, x y − y x = 0;

(v) y z − z y = az, zx −βxz = 0, x y − y x = x;

(vi) y z − z y = z, zx −βxz = 0, x y − y x = 0,

where a,b are any elements of k. All non-zero values of b give isomorphic algebras.

(3) If |{α,β,γ}| = 2 and β ̸= α = γ ̸= 1, then A can be presented using the relations of the
following form:

(i) y z −αz y = 0, zx −βxz = y +b, x y −αy x = 0;

(ii) y z −αz y = 0, zx −βxz = b, x y −αy x = 0.

In this case, b is an arbitrary element of k. Again, any non-zero values of b give isomorphic
algebras.

(4) Ifα=β= γ ̸= 1, then A is the algebra defined by the relations y z−αz y = a1x+b1, zx−αxz =
a2 y +b2, x y −αy x = a3z +b3. If ai = 0 (i = 1,2,3), then all non-zero values of bi give
isomorphic algebras.

(5) If α=β= γ= 1, then A can be presented as

(i) y z − z y = x, zx −xz = y, x y − y x = z;

(ii) y z − z y = 0, zx −xz = 0, x y − y x = z;

(iii) y z − z y = 0, zx −xz = 0, x y − y x = b;

(iv) y z − z y =−y, zx −xz = x + y, x y − y x = 0;

(v) y z − z y = az, zx −xz = z, x y − y x = 0;

Parameters a,b ∈ k are arbitrary, and all non-zero values of b generate isomorphic algebras.

1.2.5 BI-QUADRATIC ALGEBRAS ON 3 GENERATORS WITH PBW BASES

Related to algebras generated by three indeterminates, recently Bavula [Bav23] defined the skew
bi-quadratic algebras with the aim of giving an explicit description of bi-quadratic algebras on 3
generators with PBW basis.

For a ring R and a natural number n ≥ 2, a family M = (mi j )i> j of elements mi j ∈ R (1 ≤ j <
i ≤ n) is called a lower triangular half-matrix with coefficients in R. The set of all such matrices
is denoted by Ln(R).

If σ = (σ1, . . . ,σn) is an n-tuple of commuting endomorphisms of R, δ = (δ1, . . . ,δn) is an
n-tuple of σ-endomorphisms of R (that is, δi is a σi -derivation of R for i = 1, . . . ,n), Q = (qi j ) ∈
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Ln(Z (R)), A := (ai j ,k ) where ai j ,k ∈ R, 1 ≤ j < i ≤ n and k = 1, . . . ,n, and B := (bi j ) ∈ Ln(R), the
skew bi-quadratic algebra (SBQA) A = R[x1, . . . , xn ;σ,δ,Q,A,B] is a ring generated by the ring R
and elements x1, . . . , xn subject to the defining relations

xi r = σi (r )xi +δi (r ), for i = 1, . . . ,n, and every r ∈ R, (1.10)

xi x j −qi j x j xi =
n∑

k=1
ai j ,k xk +bi j , for all j < i . (1.11)

In the particular case when σi = idR and δi = 0, for i = 1, . . . ,n, the ring A is called the
bi-quadratic algebra (BQA) and is denoted by A = R[x1, . . . , xn ;Q,A,B]. A has PBW basis if
A = ⊕

α∈Nn
Rxα where xα = xα1

1 · · ·xαn
n .

The following result classifies (up to isomorphism) the bi-quadratic algebras on three gener-
ators of Lie type, i.e., when q1 = q2 = q3 = 1.

PROPOSITION 1.11 ([BAV23, THEOREM 1.4]). Let A be an algebra of Lie type over an algebraically
closed field k of characteristic zero. Then the algebra A is isomorphic to one of the following
(pairwise non-isomorphic) algebras:

(1) P3 = k[x1, x2, x3], a polynomial in three indeterminates.

(2) U (sl2(k)), the universal enveloping algebra of the Lie algebra sl2(k).

(3) U (H3)), the universal enveloping algebra of the Heisenberg Lie algebra H3.

(4) U (N )/〈c −1〉 ∼= k{x, y, z}/〈[x, y] = z, [x, z] = 0,[y, z] = 1〉, and the algebra U (N )/〈c −1〉 is a
tensor product A1 ⊗k[x ′] of its subalgebras, the Weyl algebra A1(k) = k{y, z}/〈[y, z] = 1〉 and
the polynomial algebra [x ′] where x ′ = x + 1

2 z2.

(5) U (n2 ×kz) ∼= k{x, y, z}/〈[x, y] = y〉, and z is a central element.

(6) U (M )/〈c −1〉 ∼= k{x, y, z}/〈[x, y] = y, [x, z] = 1,[y, z] = 0〉 and the algebra U (M )/〈c −1〉 is a
skew polynomial algebra A1(k)[y ;σ] where A1(k) = k{x, z}/〈[x, z] = 1〉 is the Weyl algebra
and σ is an automorphism of A1(k) given by the rule σ(x +1) and σ(z) = z.

PROPOSITION 1.12 ([BAV23, THEOREM 2.1]). Up to isomorphism, there are only five bi-quadratic
algebras on two generators:

(1) The polynomial algebra k[x1, x2].

(2) The Weyl algebra A1(k) = k{x1, x2}/〈x1x2 −x2x1 = 1〉.

(3) The universal enveloping algebra of the Lie algebra n2 = 〈x1, x2 | [x2, x1] = x1〉, U (n2) =
k{x1, x2}/〈x2x1 −x1x2 = x1〉.

(4) The quantum plane Oq (k) = k{x1, x2}/〈x2x1 −qx1x2〉, where q ∈ k \ {0,1}.

(5) The quantum Weyl algebra A1(q) = k{x1, x2}/〈x2x1 −qx1x2 = 1〉, where q ∈ k \ {0,1}.
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1.2.6 DIFFUSION ALGEBRAS

Diffusion algebras were introduced by Isaev et al. [IPR01] as quadratic algebras that appear as
algebras of operators that model the stochastic flow of motion of particles in a one dimensional
discrete lattice. However, its origin can be found in Krebs and Sandow [KS97].

DEFINITION 1.10. ([IPR01, p. 5817]) The diffusion algebras type 1 are affine algebras D that are
generated by n indeterminates D1, . . . ,Dn over k that admit a PBW basis of ordered monomials of
the form Dk1

α1
Dk2
α2

· · ·Dkn
αn

with k j ∈N andα1 >α2 > ·· · >αn , and there exist elements x1, . . . , xn ∈ k
such that for all 1 ≤ i < j ≤ n, there exist λ j i ∈ k∗ such that

λi j Di D j −λ j i D j Di = x j Di −xi D j . (1.12)

Notice that a diffusion algebra in one indeterminate is precisely a commutative polynomial
ring in one indeterminate. A diffusion algebra with xt = 0, for all t = 1, . . . ,n, is a multiparameter
quantum affine n−space.

Fajardo et al. [FGL+20] studied ring-theoretical properties of a graded version of these
algebras.

DEFINITION 1.11. ([FGL+20, Section 2.4]) The diffusion algebras type 2 are affine algebras D

generated by 2n variables {D1, . . . ,Dn , x1, . . . , xn} over a field k that admit a linear PBW basis of
ordered monomials of the form B k1

α1
B k2
α2

· · ·B kn
αn

with Bαi ∈ {D1, . . . ,Dn , x1, . . . , xn}, for all i ≤ 2n,
k j ∈ N, and α1 > α2 > ·· · > αn , such that for all 1 ≤ i < j ≤ n, there exist elements λi j ∈ k∗
satisfying the relations

λi j Di D j −λ j i D j Di = x j Di −xi D j . (1.13)

Different physical applications of algebras type 1 and 2 have been studied in the literature.
From the point of view of ring-theoretical, homological and computational properties, several
thesis and papers have been published (e.g., [FGL+20, HHR20, Hin05, Lev05, Twa02]). For in-
stance, notice that a diffusion algebra type 1 generated by n indeterminates has Gelfand-Kirillov
dimension n since because of the PBW basis, the vector subspace consisting of elements of total
degree at most l is isomorphic to that of a commutative polynomial ring in n indeterminates.
Similarly, diffusion algebras type 2 have Gelfand-Kirillov dimension 2n.

REMARK 4. About the above definitions of diffusion algebras, we have the following facts:

(i) Isaev et al. [IPR01] and Pyatov and Twarok [PT02] defined diffusion algebras type 1 by
taking k=C. Nevertheless, for the results obtained in this thesis we can take any field not
necessarily C.

(ii) Following Krebs and Sandow [KS97], the relations (1.12) are consequence of subtracting
(quadratic) operator relations of the type

Γ
αβ

γδ
DαDβ = DγXδ−XγDδ, for all γ,δ= 0,1, . . . ,n −1,

where Γαβ
γδ

∈ k, and Di ’s and X j ’s are operators of a particular vector space such that not
necessarily [Di , X j ] = 0 holds [KS97, p. 3168].
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(iii) Hinchcliffe in his PhD thesis [Hin05, Definition 2.1.1] considered the following notation for
diffusion algebras. Let R be the algebra generated by n indeterminates x1, x2, . . . , xn over
C subject to relations ai j xi x j −bi j x j xi = r j xi −ri x j , whenever i < j , for some parameters
ai j ∈C \ {0}, for all i < j and bi j ,ri ∈C, for all i < j . He defined the standard monomials
to be those of the form xin

n xin−1
n−1 · · ·xi2

2 xi1
1 . R is called a diffusion algebra if it admits a PBW

basis of these standard monomials. In other words, R is a diffusion algebra if these standard

monomials are a C-vector space basis for R. If all the elements qi j := bi j

ai j
’s are non-zero,

then the diffusion algebras have a PBW basis in any order of the indeterminates [Hin05,
Remark 2.1.6].

Diffusion algebras of n generators (also called n-diffusion algebras) are constructed in such
a way that the subalgebras of three generators are also diffusion algebras. As we can see in
Proposition 1.13, diffusion algebras type 1 of three generators can be classified into 4 families,
A,B ,C , and D, and these in turn are divided into classes as shown below (notice that this
classification reflects the number of coefficients xs , s ∈ {i , j ,k}, being zero in comparison with
the expression (1.12)).

PROPOSITION 1.13 ([PT02, P. 3270]). If D is a diffusion algebra type 1 generated by the indeter-
minates Di ,D j and Dk with i < j < k, andΛ ∈ k, then D is isomorphic to a diffusion algebra of
one of the following clases:

(1) The case of AI :

g Di D j − g D j Di = x j Di −xi D j ,

g Di Dk − g Dk Di = xk Di −xi Dk ,

g D j Dk − g Dk D j = xk D j −x j Dk ,

where g ∈ k is a non-zero element.

(2) The case of AI I :

gi j Di D j = x j Di −xi D j ,

gi k Di Dk = xk Di −xi Dk ,

g j k D j Dk = xk D j −x j Dk ,

where gst := gs − g t with gs ̸= g t , for all s < t , and s, t ∈ {i , j ,k}, are elements belonging to k.

(3) The case of B (1):

g j Di D j − (g j −Λ)D j Di = −xi D j ,

g Di Dk − (g −Λ)Dk Di = xk Di −xi Dk ,

g j D j Dk − (g j −Λ)Dk D j = xk D j ,

where g , g j ∈ k∗.
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(4) The case of B (2):

gi j Di D j = −xi D j ,

gi k Di Dk −λki Dk Di = xk Di −xi Dk ,

g j k D j Dk = xk D j ,

where gi j , gi k , g j k are non-zero elements of k.

(5) The case of B (3).

g Di D j − (g −Λ)D j Di = x j Di −xi D j ,

gk Di Dk = −xi Dk ,

(gk −Λ)D j Dk = −x j Dk ,

where g ̸= 0 and gk ̸= 0,Λ, are elements belonging to k.

(6) The case of B (4):

(gi −Λ)Di D j = x j Di ,

gi Di Dk = xk Di ,

g D j Dk − (g −Λ)Dk D j = xk D j −x j Dk ,

where g ̸= 0 and gi ̸= 0,Λ.

(7) The case of C (1):

g j Di D j − (g j −Λ)D j Di = −xi D j ,

gk Di Dk − (gk −Λ)Dk Di = −xi Dk ,

g j k D j Dk − gk j Dk D j = 0,

where g j , gk , g j ,k ∈ k∗.

(8) The case of C (2):

gi j Di D j − g j i D j Di = −xi D j ,

gi k Di Dk − gki Dk Di = −xi Dk ,

D j Dk = 0,

where gi j , gi k ∈ k∗.

(9) The case of D: With qst := g t s

gst
, where s, t ∈ {i , j ,k} (recall that gst ̸= 0, for s < t ), we have

Di D j −q j i D j Di = 0,

Di Dk −qki Dk Di = 0,

D j Dk −qk j Dk D j = 0.
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About the relationship between diffusion algebras and skew polynomial rings, if we consider
the notation in Remark 4 (3), then a 3-diffusion algebra generated by the indeterminates x1, x2, x3

is a skew polynomial ring over its 2-diffusion subalgebra generated by x2 and x3 [Hin05, Lemma
2.2.1], where it is easy to see that a 2-diffusion algebra is a skew polynomial ring over the
polynomial subalgebra generated by x2. In general an n-diffusion algebra (generated by the
indeterminates x1, . . . , xn) is a skew polynomial ring over its (n−1) diffusion subalgebra generated
by x2, . . . , xn [Hin05, Remark 2.2.2].

Since a diffusion algebra on n ≥ 2 generators is left Noetherian if and only if qi j ̸= 0, for all
i < j [Hin05, Proposition 2.2.5], where qi j is given in Remark 4 (3), then every Noetherian 2-
diffusion algebra is isomorphic to one of the following three types of algebra [Hin05, Proposition
3.3.1]:

• The quantum affine plane, that is, the free algebra generated by the indeterminates x1 and
x2 subject to the relation x1x2 −qx2x1 = 0, for some q ∈C∗ (allowing the possibility q = 1).

• The quantized Weyl algebra, i.e., the free algebra generated by the indeterminates x1 and
x2 subject to the relation x1x2 −qx2x1 = 1, for some q ∈C \ {0,1}.

• The universal enveloping algebra of the 2-dimensional soluble Lie algebra, that is, the free
algebra generated by the indeterminates x1 and x2 subject to the relation x1x2 −x2x1 = x1.

Related to Proposition 1.13, Hinchcliffe [Hin05] proved the following result about classifica-
tion of diffusion algebras assuming certain conditions on the coefficients of commutation of the
indeterminates.

PROPOSITION 1.14 ([HIN05, PROPOSITION 3.1.4]). If qi j ∉ {0,1}, for all i , j , then a diffusion
algebra R is isomorphic either to multiparameter quantum affine n-space or to the C-algebra
generated by the indeterminates x1, x2, x3, . . . , xn subject to relations

x1x2 −q12x2x1 = 1, where q12 ̸= 1,

x1xi −q1i xi x1 = 0, where q1i ̸= 1,

x2xi −q−1
2i xi x2 = 0,

xi x j −qi j x j xi = 0, for all 3 ≤ i < j .

1.2.7 GENERALIZED WEYL ALGEBRAS AND DOWN-UP ALGEBRAS

Other algebraic structures that illustrate the results obtained in this thesis are the generalized
Weyl algebras and down-up algebras. We briefly present the definitions and some relations
between these algebras (see [Jor95, Jor00, JW96] for a detailed description).

Given an automorphism σ and a central element a of a ring R, Bavula [Bav92] defined
the generalized Weyl algebra R(σ, a) as the ring extension of R generated by the indetermi-
nates X − and X + subject to the relations X −X + = a, X +X − = σ(a), and, for all b ∈ R, X +b =
σ(b)X +, X −σ(b) = bX −. This family of algebras includes the classical Weyl algebras, primitive
quotients of U (sl2), and ambiskew polynomial rings. Generalized Weyl algebras have been
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extensively studied in the literature by various authors (see [Bav92, Bav23, Jor00], and references
therein).

On the other hand, the down-up algebras A(α,β,γ), where α,β,γ ∈ C, were defined by
Benkart and Roby [Ben99, BR98] as generalizations of algebras generated by a pair of operators,
precisely, the “down” and “up” operators, acting on the vector space CP for certain partially
ordered set P . More exactly, consider a partially ordered set (P,≺) and let CP be the complex
vector space with basis P . If for an element p of P , the sets {x ∈ P | x ≻ p} and {x ∈ P | x ≺ p}
are finite, then we can define the “down” operator d and the “up” operator u in EndC CP
as u(p) = ∑

x≻p x and d(p) = ∑
x≺p x, respectively (for partially ordered sets in general, one

needs to complete CP to define d and u). For any α,β,γ ∈ C, the down-up algebra is the C-
algebra generated by d and u subject to the relations d 2u = αdud +βud 2 +γd and du2 =
αudu+βu2d +γu. A partially ordered set P is called (q,r )-differential if there exist q,r ∈C such
that the down and up operators for P satisfy both relations, and α= q(q +1),β=−q3, and γ= r .
From [BR98], we know that for 0 ̸=λ ∈C, A(α,β,γ) ≃ A(α,β,λγ). This means that when γ ̸= 0 we
can assume without loss of generality that in fact γ= 1. For more details about the combinatorial
origins of down-up algebras, see [Ben99, Section 1].

Remarkable examples of down-up algebras include the universal enveloping algebra U (sl2(C))
of the Lie algebra sl2(C) and some of its deformations introduced by Witten [Wit90] and Woronow-
icz [Wor87]. Related to the theoretical properties of these algebras, Kirkman et al. [KMP99]
proved that a down-up algebra A(α,β,γ) is Noetherian if and only if β is non-zero. As a matter of
fact, they showed that A(α,β,γ) is a generalized Weyl algebra and that A(α,β,γ) has a filtration
for which the associated graded ring is an iterated Ore extension over C.

According to [Ben99, p. 32], if g is a 3-dimensional Lie algebra over C with basis x, y, [x, y]
such that [x, [x, y]] = γx and [[x, y], y] = γy , then in the universal enveloping algebra U (g) of g
these relations are given by x2 y−2x y x+y x2 = γx and x y2−2y x y+y2x = γy . Notice that U (g) is a
homomorphic algebra of the down-up algebra A(2,−1,γ) via the mapping φ : A(2,−1,γ) →U (g),
d 7→ x,u 7→ y , and the mapping ψ : g→ A(2,−1,γ), x 7→ d , y 7→ u, [x, y] 7→ du −ud , extends by
the universal property of U (g) to an algebra homomorphism ψ : U (g) → A(2,−1,γ) which is the
inverse of ψ. Hence, U (g) is isomorphic to A(2,−1,γ).

It is straightforward to see that U (sl2(C)) ∼= A(2,−1,−2). Also, for the Heisenberg Lie algebra
h with basis x, y, z where [x, y] = z and [z, x] = [z, y] = 0, U (h) ∼= A(2,−1,0).

Now, with the aim of providing an explanation of the existence of quantum groups, Wit-
ten [Wit90, Wit91] introduced a 7-parameter deformation of the universal enveloping algebra
U (sl2(k)). By definition, Witten’s deformation is a unital associative algebra over a field k (which
is algebraically closed of characteristic zero) that depends on a 7-tuple ξ= (ξ1, . . . ,ξ7) of elements
of k. This algebra, denoted by W (ξ), is generated by the indeterminates x, y, z subject to the
defining relations xz − ξ1zx = ξ2x, z y − ξ3 y z = ξ4, and y x − ξ5x y = ξ6z2 + ξ7z. From [Ben99,
Section 2], we know that a Witten’s deformation algebra W (ξ) with

ξ6 = 0, ξ5ξ7 ̸= 0, ξ1 = ξ3, and ξ2 = ξ4, (1.14)

is isomorphic to one down-up algebra. Notice that any down-up algebra A(α,β,γ) with not both
α and β equal to 0 is isomorphic to a Witten deformation algebra W (ξ) whose parameters satisfy
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(1.14).

Since algebras W (ξ) are filtered, Le Bruyn [Bru94, Bru95] studied the algebras W (ξ) whose
associated graded algebras are Auslander regular. He determined a 3-parameter family of
deformation algebras which are said to be conformal sl2 algebras that are generated by the
indeterminates x, y, z over a field k subject to the relations given by zx −axz = x, z y −ay z = y ,
and y x − cx y = bz2 + z. In the case c ̸= 0 and b = 0, the conformal sl2 algebra with these three
defining relations is isomorphic to the down-up algebra A(α,β,γ) withα= c−1(1+ac),β=−ac−1

and γ=−c−1. Notice that if c = b = 0 and a ̸= 0, then the conformal sl2 algebra is isomorphic to
the down-up algebra A(α,β,γ) with α= a−1,β= 0, and γ=−a−1. As one can check, conformal
sl2 algebras are not Ore extensions.

Kulkarni [Kul99] showed that under certain assumptions on the parameters, a Witten defor-
mation algebra is isomorphic to a conformal sl2(k) algebra or to an iterated Ore extension. More
exactly, following [Kul99, Theorem 3.0.3] if ξ1ξ3ξ5ξ2 ̸= 0 or ξ1ξ3ξ5ξ4 ̸= 0, then W (ξ) is isomorphic
to one of the following algebras: (i) a conformal sl2 algebra with generators x, y, z and relations
given above or (ii) an iterated Ore extension whose generators satisfy

• xz − zx = x, z y − y z = ζy , y x −ηx y = 0, or

• xw = θw x, w y = κy w , y x =λx y , for parameters ζ,η,θ,κ,λ ∈ k.

Notice that iterated Ore extensions above are defined in the following way:

(i) The Witten deformation algebra is isomorphic to k[z][y,σ1][x,σ2] where σ1 is the auto-
morphism of k[z] defined as σ1(z) = z − ζ, with z y − y z = ζy ; σ2 is the automorphism
of k[z][y,σ1] defined as σ2(y) = η−1 y , σ2(z) = z + 1, which satisfies xz − zx = x and
y x −ηx y = 0.

(ii) The Witten deformation algebra is isomorphic to k[w][y,σ1][x,σ2] where σ1 is the auto-
morphism of k[w ] defined as σ1(w) = κ−1w with w y = κy w , and σ2 is the automorphism
of k[w][y,σ1] defined as σ2(w) = θw , σ2(y) =λ−1 y such that w y = κy w and y x =λx y .

1.2.8 OTHER FAMILIES OF QUANTUM ALGEBRAS

In this section, we recall the definitions of some examples of noncommutative rings known in
the literature as quantum algebras or quantized algebras.

• Let g be a finite dimensional Lie algebra over k with basis x1, . . . , xn and U (g) its enveloping
algebra. The homogenized enveloping algebra of g is A (g) := T (g⊕kz)/〈R〉, where T (g⊕kz)
denotes the tensor algebra, z is a new indeterminate, and R is spanned by the union of
sets

{
z ⊗x −x ⊗ z | x ∈ g} and

{
x ⊗ y − y ⊗x − [x, y]⊗ z | x, y ∈ g}.

• From [GJ04, p. 41], for q an element of k with q ̸= ±1, the quantized enveloping algebra
of sl2(k) corresponding to the choice of q is the k-algebra Uq (sl2(k)) presented by the
generators E ,F,K ,K −1 and the relations

K K −1 = K −1K = 1, EF −F E = K −K −1

q −q−1 , K E = q2EK , and K F = q−2F K .
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From [GJ04, Exercise 2T], we know that Uq (sl2(k)) can be expressed as an iterated skew
polynomial ring of the form k[E ][K ±1;σ1][F ;σ2,δ2] [GJ04, Exercise 2T].

• Following Yamane [Yam89], if q ∈Cwith q8 ̸= 1, the complex algebra A generated by the
indeterminates e12,e13,e23, f12, f13, f23,k1,k2, l1, l2 subject to the relations

e13e12 = q−2e12e13, f13 f12 = q−2 f12 f13,

e23e12 = q2e12e23 −qe13, f23 f12 = q2 f12 f23 −q f13,

e23e13 = q−2e13e23, f23 f13 = q−2 f13 f23,

e12 f12 = f12e12 +
k2

1 − l 2
1

q2 −q−2 , e12k1 = q−2k1e12, k1 f12 = q−2 f12k1,

e12 f13 = f13e12 +q f23k2
1 , e12k2 = qk2e12, k2 f12 = q f12k2,

e12 f23 = f23e12, e13k1 = q−1k1e13, k1 f13 = q−1 f13k1,

e13 f12 = f12e13 −q−1l 2
1 e23, e13k2 = q−1k2e13, k2 f13 = q−1 f13k2,

e13 f13 = f13e13 −
k2

1k2
2 − l 2

1 l 2
2

q2 −q−2 , e23k1 = qk1e23, k1 f23 = q f23k1,

e13 f23 = f23e13 +qk2
2e12, e23k2 = q−2k2e23, k2 f23 = q−2 f23k2,

e23 f12 = f12e23, e12l1 = q2l1e12, l1 f12 = q2 f12l1,

e23 f13 = f13e23 −q−1 f12l 2
2 , e12l2 = q−1l2e12, l2 f12 = q−1 f12l2,

e23 f23 = f23e23 +
k2

2 − l 2
2

q2 −q−2 , e13l1 = ql1e13, l1 f13 = q f13l1,

e13l2 = ql2e13, l2 f13 = q f13l2, e23l1 = q−1l1e23,

l1 f23 = q−1 f23l1, e23l2 = q2l2e23, l2 f23 = q2 f23l2,

l1k1 = k1l1, l2k1 = k1l2, k2k1 = k1k2,

l1k2 = k2l1, l2k2 = k2l2, l2l1 = l1l2,

is necessary to define the quantized enveloping algebra of sl3(C).

• With the aim of obtaining bosonic representations of the Drinfield-Jimbo quantum al-
gebras, Hayashi [Hay90] considered the free algebra U. Following Berger [Ber92, Exam-
ple 2.7.7], U is a k-algebra generated by the indeterminates ω1, . . . ,ωn ,ψ1, . . . ,ψn , and
ψ∗

1 , . . . ,ψ∗
n , subject to the relations

ψ jψi −ψiψ j =ψ∗
j ψ

∗
i −ψ∗

i ψ
∗
j =ω jωi −ωiω j =ψ∗

j ψi −ψiψ
∗
j = 0, 1 ≤ i < j ≤ n,

ω jψi −q−δi jψiω j =ψ∗
j ωi −q−δi jωiψ

∗
j = 0, 1 ≤ i , j ≤ n,

ψ∗
i ψi −q2ψiψ

∗
i = −q2ω2

i , 1 ≤ i ≤ n.

• The Non-Hermitian realization of a Lie deformed defined by Jannussis et al. [JLM95] is
an important example of a non-canonical Heisenberg algebra considering the case of
non-Hermitian (i.e., ×= 1) operators A j , Bk , where the following relations are satisfied:

A j (1+ iλ j k )Bk −Bk (1− iλ j k )A j = iδ j k ,

[A j ,Bk ] = 0 ( j ̸= k),

[A j , Ak ] = [B j ,Bk ] = 0,
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and,

A+
j (1+ iλ j k )B+

k −B+
k (1− iλ j k )A+

j = iδ j k ,

[A+
j ,B+

k ] = 0 ( j ̸= k),

[A+
j , A+

k ] = [B+
j ,B+

k ] = 0, (1.15)

with A j ̸= A+
j , Bk ̸= B+

k ( j ,k = 1,2,3). If the operators A j , Bk are in the form A j = f j (N j +
1)a j , Bk = a+

k fk (Nk +1), where a j , a+
j are leader operators of the usual Heisenberg-Weyl

algebra, with N j the corresponding number operator (N j = a+
j a j , 〈N j | n j 〉 = 〈n j |n j 〉),

and the structure functions f j (N j +1) complex, then it is showed that A j and Bk are given
by

A j =
√

i

1+ iλ j

( [(1− iλ j )/(1+ iλ j )]N j+1 −1

(1− iλ j )/(1+ iλ j )−1

1

N j +1

) 1
2

a j ,

Bk =
√

i

1+ iλk
a+

k

( [(1− iλk )/(1+ iλk )]Nk+1 −1

(1− iλk )/(1+ iλk )−1

1

Nk +1

) 1
2

.

• Following Havliček et al. [HKP00, p. 79], the C-algebra U ′
q (so3) is generated by the indeter-

minates I1, I2, and I3, subject to the relations given by

I2I1 −q I1I2 =−q
1
2 I3, I3I1 −q−1I1I3 = q− 1

2 I2, I3I2 −q I2I3 =−q
1
2 I1,

where q is a non-zero element of C. It is straightforward to show that U ′
q (so3) cannot be

expressed as an iterated Ore extension.

• Zhedanov [Zhe91, Section 1] introduced the Askey-Wilson algebra AW (3) as the algebra
generated by three operators K0,K1, and K2, that satisfy the commutation relations

[K0,K1]ω = K2, [K2,K0]ω = BK0 +C1K1 +D1, and [K1,K2]ω = BK1 +C0K0 +D0,

where B ,C0,C1,D0, and D1 are the structure constants of the algebra, which Zhedanov
assumes are real, and the q-commutator [−,−]ω is given by [□,△]ω := eω□△− e−ω△□,
where ω ∈ R. Notice that in the limit ω→ 0, the algebra AW(3) becomes an ordinary Lie
algebra with three generators (D0 and D1 are included among the structure constants of
the algebra in order to take into account algebras of Heisenberg-Weyl type). The relations
defining the algebra can be written as

eωK0K1 −e−ωK1K0 = K2,

eωK2K0 −e−ωK0K2 = BK0 +C1K1 +D1,

eωK1K2 −e−ωK2K1 = BK1 +C0K0 +D0.

• With the purpose of introducing generalizations of the classical bosonic and fermionic
algebras of quantum mechanics concerning several versions of the Bose-Einstein and
Fermi-Dirac statistics, Green [Gre53] and Greenberg and Messiah [GM65] introduced by
means of generators and relations the parafermionic and parabosonic algebras. For the
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completeness of the thesis, briefly we recall the definition of each one of these structures
following the treatment developed by Kanakoglou and Daskaloyannis [KD09]. Let [□,△] :=
□△−△□ and {□,△} :=□△+△□.

Consider the k-vector space VF freely generated by the elements f +
i , f −

j , with i , j = 1, . . . ,n.
If T (VF ) is the tensor algebra of VF and IF is the two-sided ideal IF generated by the

elements [[ f ξi , f ηj ], f εk ]− 1
2 (ε−η)2δ j k f ξi + 1

2 (ε−ξ)2δi k f ηj , for all values of ξ,η,ε=±1, and

i , j ,k = 1, . . . ,n, then the parafermionic algebra in 2n generators P (n)
F (n parafermions) is

the quotient algebra of T (VF ) with the ideal IF , that is,

P (n)
F = T (VF )

〈[[ f ξi , f ηj ], f εk ]− 1
2 (ε−η)2δ j k f ξi + 1

2 (ε−ξ)2δi k f ηj | ξ,η,ε=±1, i , j ,k = 1, . . . ,n〉
.

It is well-known (e.g., [KD09, Section 18.2]) that a parafermionic algebra P (n)
F in 2n gener-

ators is isomorphic to the universal enveloping algebra of the simple complex Lie algebra
so(2n +1), i.e., P (n)

F
∼=U (so(2n +1)).

Similarly, if VB denotes the k-vector space freely generated by the elements b+
i ,b−

j , i , j =
1, . . . ,n, T (VB ) is the tensor algebra of VB , and IB is the two-sided ideal of T (VB ) generated
by the elements [{bξi ,bηj },bεk ]− (ε−η)δ j k bξi − (ε−ξ)δi k bηj , for all values of ξ,η,ε=±1, and

i , j = 1, . . . ,n, then the parabosonic algebra P (n)
B in 2n generators (n parabosons) is defined

as the quotient algebra P (n)
B /IB , that is,

P (n)
B = T (VB )

〈[{bξi ,bηj },bεk ]− (ε−η)δ j k bξi − (ε−ξ)δi k bηj | ξ,η,ε=±1, i , j = 1, . . . ,n〉
.

It is known that the parabosonic algebra P (n)
B in 2n generators is isomorphic to the uni-

versal enveloping algebra of the classical simple complex Lie superalgebra B(0,n), that
is, P (n)

B
∼=U (B(0,n)). For more details about parafermionic and parabosonic algebras, see

[KD09, Proposition 18.2], and references therein.

1.2.9 ORE POLYNOMIALS OF HIGHER ORDER GENERATED BY HOMOGENEOUS

QUADRATIC RELATIONS

For a ring R, as we saw in Section 1.2.1, the Ore extensions introduced by Ore [Ore31, Ore33]
consist of the uniquely representable elements r0 + r1x +·· ·+ rk xk , k = k(r ) = 0,1,2, . . . ,ri ∈ R,
with the commutation relation xr = σ(r )x +δ(r ), where σ is an endomorphism of R and δ is
a σ-derivation of R. Different generalizations, called skew Ore polynomials, have been intro-
duced and studied by Cohn [Coh61, Coh85], Dumas [Dum91], and Smits [Smi68], considering
the commutation relation xr =Ψ1(r )x +Ψ2(r )x2 +·· · , where theΨ’s are endomorphisms of R.
Nevertheless, there are cases of quadratic algebras such as Clifford algebras, Weyl-Heisenberg
algebras, and Sklyanin algebras, in which this commutation relation is not sufficient to define
the noncommutative structure of the algebras since a free non-zero termΨ0 is required (e.g.,
Ostrovskii and Samoilenko [OS92]). Precisely, skew Ore polynomials of higher order with commu-
tation relation with this free term, that is, xr =Ψ0(r )+Ψ1(r )x +·· ·+Ψn(r )xn +·· · , were studied
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by Maksimov [Mak00], where, for every r, s ∈ R, the free termΨ0 satisfies the relation

Ψ0(r s) =Ψ0(r )s +Ψ1(r )Ψ0(s)+Ψ2(r )Ψ2
0(s)+·· · ,

or the equivalent operator equationΨ0r =Ψ0(r )+Ψ1(r )Ψ0+Ψ2(r )Ψ2
0, where r is considered

as the operator of left multiplication by r on R. Notice that one may considerΨ0 as a singular
differentiation operator with respect toΨ1,Ψ2, . . . , but whereΨ1 need not be an endomorphism
of R.

Later, Golovashkin and Maksimov [GM05] investigated the representation of algebras Q(a,b,c)
over a field k of characteristic zero defined by a quadratic relation in two generators x, y given by

y x = ax2 +bx y + c y2, (1.16)

as an algebra of Ore polynomials of higher degree with commutation relation (1.16) with a,b,c
belong to k. As one can check, the algebra generated by the relation is represented in the
form of an algebra of skew Ore polynomials of higher order if the elements {xm yn} form a
linear basis of the algebra. Hence, this algebra can be defined by a system of linear mappings
Ψ0,Ψ1,Ψ2, . . . of the algebra of polynomials k[x] into itself such that for an arbitrary element
p(x) ∈ k[x], y p(x) =Ψ0(p(x))+Ψ1(p(x))y + ·· ·+Ψk (p(x))yk , k = k(p(x)), k = 0,1,2, . . . If this
representation exists, then one can obtain the relations between the operatorsΨ0,Ψ1,Ψ2, . . .
They found conditions for such an algebra Q(a,b,c) to be expressed as a skew polynomial with
generator y over the polynomial ring k[x] (cf. [GM98]), and proved that these conditions are
equivalent to the existence of a PBW basis, i.e., basis of the form {xm yn}. Notice that this kind of
algebras have been previously studied in the literature where its Poincaré series was calculated
by Ufnarovskii [Ufn90].

Next, we recall briefly some of the results presented in [GM05] about PBW bases of these
algebras which are useful in Chapter 3.

First of all, Golovashkin and Maksimov [GM05, Section 1] distinguished three types of
algebras that can be occur from relation (1.16):

(i) Algebras in which the monomials {xm yn | m,n ∈N} form a PBW basis.

(ii) Algebras in which the monomials {xm yn | m,n ∈N} are linearly dependent (for instance,
the algebra determined by the relation y x = x2 +x y + y2).

(iii) Algebras in which the monomials {xm yn | m,n ∈N}, are linearly independent, but do not
form a PBW basis (for instance, the algebra subject to the relation y x = x2 −x y + y2).

Case (i) is of interest since in this situation the quadratic algebra is determined by the
structural constants that arise when expanding the products (xk y r )(x l y s) in terms of the basis
{xm yn}. Nevertheless, it is more useful to use special linear mappings of the ring of polynomials
k[x] rather than structural constraints. Let us see the details.

If the monomials {xm yn} form a basis, then for every power xn ∈ k[x], y xn has a unique
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expression given by

y xn =Ψ0,n(x)+Ψ1,n(x)y +·· ·+Ψm(n),n(x)ym(n), (1.17)

whereΨk,n(x), for each k, are polynomials from k[x]. Precisely, for k = 0,1, . . . , it can be defined
a linear mapping Ψk : k[x] → k[x] given by Ψk (xn) =Ψk,n(x). If we define x0 = y0 = 1k, then
y x0 = y ·1 = 1 · y +0 · y2 +·· · . By (1.17),

Ψ0(1) = 0, Ψ1(1) = 1, Ψk (1) = 0, k = 2,3, . . . (1.18)

which shows that for every element p(x) ∈ k[x], there is a unique expresion given by

y p(x) =Ψ0(p(x))+Ψ1(p(x))y +·· ·+Ψm(p(x))(p(x))ym(p(x)). (1.19)

Having in mind that yn(p(x)) = y(yn−1p(x)) = ·· · = y(y(· · · y(y p(x)))), it follows that the values
of the operatorsΨk , k = 0,1, . . . , uniquely determine the algebra of skew polynomials generated
by (1.16) in the case that {xm yn | m,n ∈N}.

REMARK 5. A general algebra of skew polynomials with indeterminate x over R is also determined
by certain linear operatorsΨk : R → R such that for each r ∈ R, there is a unique representation
xr =Ψ0(r )+Ψ1(r )x + ·· · +Ψm(r )xm(r ). Of course, if R is a ring with one generator, then the
algebra has a PBW basis. If m(0) = 1, then we obtain the classical Ore extensions [Ore33]. It
it important to say that the associativity and uniqueness of the representation of the product
xr guarantee conditions on the set of operators {Ψk }k∈N which are necessary and sufficient to
determinate the algebra of skew polynomials (for more details, see [Mak00, Mak05]).

Example 1.3 contains examples of skew polynomials with PBW basis over the ring k[x]
generated by the quadratic homogeneous relation (1.16).

EXAMPLE 1.3 ([GM05, SECTION 1.3]). The following two cases arise in the study of operators in
functional analysis [OS92, VK95]:

(i) a = 0 and c ̸= 0. Here, expression (1.16) turns out to be y x = bx y +c y2. If x1 := x, y1 := c y ,
then we obtain y1x1 = bx1 y1 + y2

1 .

(ii) a ̸= 0 and c = 0. Again, if x1 := x, y1 := c y , then (1.16) is equivalent to y1x1 = bx1 y1 +x2
1 .

Denote by T the operator of multiplying by x a polynomial f (x), that is, T f (x) = x f (x). Let
D be the ordinary operator of differentiation, that is, Dxn = nxn−1, and Dq be the operator of

q-differentiation given by Dq f (x) = f (x)− f (qx)
x−qx , for every q ∈ k. Of course, for q = 1, we consider

D1 := D , while for q = 0 we get the operator D0 = D is the operator of difference quotient given
by D f (x) = f (x)− f (0)

x . If one consider the operator of integration J , J xn = 1
n+1 xn+1, the operator

of q-integration Jq defined by Jq xn = 1−q
1−qn+1 xn+1, the Dirac operator V0 given by V0 f (x) = f (0),

and the identity operator I , then the following relations hold at the basis {xn | n ∈N}:

DT = I , T D = I −V0, Dq Jq = I , Jq Dq = I −V0,Dq X −q X Dq = I ,
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and
DDq = qDq D +D

2
, and T Jq = q Jq T + J 2

q ,

which are precisely the Cases (i) and (ii) considered in Example 1.3. If q = 1, we obtain the Weyl

relation DT −T D = I , and the equivalent relations DD −DD = D
2

and T J − JT = J 2.

It is straightforward to see that the sets of operators
{

T mDn
q

}
and

{
Dm

q T n
}

, for m,n ∈N, are

PBW bases of the algebra generated by the operators T and Dq . Similarly, the sets
{

T m J n
q

}
and{

Jq T n
}

(
{

D
m

Dn
}

and
{

DmD
n
}

), where m,n ∈N, are PBW bases of the algebras generated by

the operators T and Jq (D and D). It follows that for both Cases (i) and (ii) in Example 1.3, the
sets

{
ambn | m,n ∈N}

and
{
bm an | m,n ∈N}

are bases of the algebra (1.16).

Notice that if a = 0 in (1.16), then the quadratic algebra is given by y x = bx y + c y2. From
[GM05, Expression (11)], we know that this is an algebra of skew polynomials determined
by the operators Ψ0 = 0,Ψ1(xn) = bn xn ,Ψ2(xn) = Ψ1cDb(xn),Ψ3(xn) = Ψ1c2D2

b(xn), that is,
Ψk =Ψ1ck−1Dk−1

b , for k = 1,2, . . .

EXAMPLE 1.4 ([GM05, SECTION 1.5]). When two of the three coefficients a,b, and c are equal
to zero, the resulting quadratic algebras are given by three types: (iii) y x = ax2, (iv) y x = c y2,
and (v) y x = bx y . The set {xm yn | m,n ∈N} is a PBW basis for algebras (iii) and (iv), while the
algebra (v) is an Ore extension.

Examples 1.3 and 1.4 guarantee that if ab = 0, then the quadratic algebra defined by (1.16)
is an algebra of skew polynomials over k[x] and has a PBW basis {xm yn | m,n ∈ N} [GM05,
Proposition 1].

A useful tool in the study of the PBW bases for quadratic algebras defined by (1.16) is the
matrix given by

M :=
(

b a
−c 1

)
,

which is called the companion matrix for (1.16) [GM05, Section 2.2]. If the lower-right elements
of the matrices M l does not vanish for all l ∈ N, then Q(a,b,c) has a PBW basis of the form
{xm yn | m,n ∈N} [GM05, Proposition 4]. Equivalently, Q(a,b,c) is the ring of skew polynomials
overk[x] determined by the sequence of operatorsΨk , k = 0,1, . . . , satisfying the infinite relations

Ψ0X = aX 2 +bXΨ0 + cΨ(2)
0 ,

Ψ1 = bXΨ1 + cΨ(2)
1 ,

...

Ψk X = bXΨk + cΨ(2)
k ,

where
Ψ(2)

0 =Ψ2
0, Ψ(2)

k =Ψ0Ψk +Ψ1Ψk−1 +·· ·+ΨkΨ0,

see [GM05, Lemma 1]. General relations between Ψ(k)
j were formulated in [Mak00, Mak05,

Smi68].

If b+ac ̸= 0 a necessary and sufficient condition for the monomials {xm yn | m,n ∈N} form a
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basis of Q(a,b,c) is precisely that the lower-right elements of the matrices M l does not vanish
for all l ∈N. If a = c = 1 and b =−1, then the elements {xm yn | m,n ∈N} are linearly independent
but do not form a PBW basis of Q(a,b,c) [GM05, Propositions 5 and 10].

1.2.10 SKEW POINCARÉ-BIRKHOFF-WITT EXTENSIONS

Skew Poincaré-Birkhoff-Witt extensions were defined by Gallego and Lezama [GL11] with the
aim of generalizing Poincaré-Birkhoff-Witt extensions introduced by Bell and Goodearl [BG88]
(Section 1.2.3) and Ore extensions of injective type defined by Ore [Ore31, Ore33] (Section
1.2.1). Over the years, several authors have shown that skew PBW extensions also generalize
families of noncommutative algebras such as those mentioned in the previous sections. Due
to their generality, in Chapters 2 and 3 we prove several results about these objects that can be
illustrated with algebras described in the previous sections. Precisely, the importance of skew
PBW extensions is that they do not assume that the coefficients commute with the variables,
and the coefficients do not necessarily belong to fields. As a matter of fact, skew PBW extensions
contain well-known groups of algebras such as some types of G-algebras in the sense of Apel
[Ape88], Auslander-Gorenstein rings, some Calabi-Yau and skew Calabi-Yau algebras, some
Artin-Schelter regular algebras, some Koszul algebras, quantum polynomials, some quantum
universal enveloping algebras, families of differential operator rings, and many other algebras
of interest in noncommutative algebraic geometry and noncommutative differential geometry.
Ring, theoretical and geometrical properties of skew PBW extensions have been presented in
several works [AT24, Art15, Faj18, Gal15, HHR20, HR22, LG19, Rey13, RS16, Sua17, SR17, SRS23,
Ven20].

DEFINITION 1.12 ([GL11, DEFINITION 1]). Let R and A be rings. We say that A is a skew PBW
extension over R (also called a σ-PBW extension of R) if the following conditions hold:

(i) R is a subring of A sharing the same identity element.

(ii) There exist elements x1, . . . , xn ∈ A \ R such that A is a left free R-module with basis given
by the set Mon(A) := {xα = xα1

1 · · ·xαn
n |α= (α1, . . . ,αn) ∈Nn}.

(iii) For each 1 ≤ i ≤ n and any r ∈ R \ {0}, there exists an element ci ,r ∈ R \ {0} such that
xi r − ci ,r xi ∈ R.

(iv) For 1 ≤ i , j ≤ n, there exists an element di , j ∈ R \ {0} such that

x j xi −di , j xi x j ∈ R +Rx1 +·· ·+Rxn ,

i.e., there exist elements r (i , j )
0 ,r (i , j )

1 , . . . ,r (i , j )
n ∈ R with

x j xi −di , j xi x j = r (i , j )
0 +∑n

k=1 r (i , j )
k xk .

From now on, we use freely the notation A =σ(R)〈x1, . . . , xn〉 to denote a skew PBW extension
A over a ring R in the indeterminates x1, . . . , xn . R will be called the ring of coefficients of the
extension A.
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REMARK 6 ([GL11, REMARK 2]). (i) Since Mon(A) is a left R-basis of A, the elements ci ,r and
di , j in Definition 1.12 are unique.

(ii) If r = 0, it follows that ci ,0 = 0. In fact, from 0 = xi 0 = ci ,0 + ri , with ri ∈ R, we obtain
ci ,0 = 0 = ri for all i .

(iii) In Definition 1.12 (iv), di ,i = 1. This follows from x2
i −di ,i x2

i = s0 + s1x1 +·· ·+ sn xn , with
si ∈ R, which implies 1−di ,i = 0 = si .

(iv) Let i < j . From Definition 1.12 it follows that there exist elements d j ,i ,di , j ∈ R such that
xi x j −d j ,i x j xi ∈ R +Rx1 +·· ·+Rxn and x j xi −di , j xi x j ∈ R +Rx1 +·· ·+Rxn , and hence
1 = d j ,i di , j , that is, for each 1 ≤ i < j ≤ n, di , j has a left inverse and d j ,i has a right inverse.

(v) Every element f ∈ A \ {0} has a unique representation as f =∑t
i=0 ri Xi , with ri ∈ R \ {0} and

Xi ∈ Mon(A) for 0 ≤ i ≤ t with X0 = 1. When necessary, we use the notation f =∑t
i=0 ri Yi .

PROPOSITION 1.15 ([GL11, PROPOSITION 3]). Let A =σ(R)〈x1, . . . , xn〉 be a skew PBW extension
over R. For each 1 ≤ i ≤ n, there exist an injective endomorphism σi : R → R and a σi -derivation
δi : R → R such that xi r =σi (r )xi +δi (r ), for each r ∈ R.

We use the notation Σ := {σ1, . . . ,σn} and ∆ := {δ1, . . . ,δn} for the families of injective en-
domorphisms and σi -derivations, respectively, established in Proposition 1.15. For a skew
PBW extension A = σ(R)〈x1, . . . , xn〉 over R, we say that the pair (Σ,∆) is a system of endomor-
phisms and Σ-derivations of R with respect to A. For α= (α1, . . . ,αn) ∈Nn , σα :=σα1

1 ◦ · · · ◦σαn
n ,

δα := δα1
1 ◦ · · · ◦δαn

n , where ◦ denotes the classical composition of functions.

The next definition presents some particular examples of skew PBW extensions.

DEFINITION 1.13 ([GL11, DEFINITION 4], [LAR15, DEFINITION 2.3 (II)]). Consider a skew PBW
extension A =σ(R)〈x1, . . . , xn〉 over R.

(a) A is called quasi-commutative if the conditions (iii) - (iv) in Definition (1.12) are replaced
by the following:

(iii’) For every 1 ≤ i ≤ n and r ∈ R \ {0} there exists ci , j ∈ R \ {0} such that xi r = ci ,r xi .

(iv’) For every 1 ≤ i , j ≤ n, there exists di , j ∈ R \ {0} such that x j xi = di , j xi x j .

(b) A is bijective if σi is bijective, for every 1 ≤ i ≤ n, and di , j is invertible, for any 1 ≤ i < j ≤ n.

(c) If σi is the identity map of R for each i = 1, . . . ,n, then we say that A is a skew PBW
extension of derivation type. Similarly, if δi is zero, for every i , then A is called a skew PBW
extension of endomorphism type.

(d) A is said to be semi-commutative if it is quasi-commutative and xi r = r xi , for each i and
every r ∈ R.

DEFINITION 1.14 ([GL11, DEFINITION 6]). Let A = σ(R)〈x1, . . . , xn〉 be a skew PBW extension
over R.

(i) For α = (α1, . . . ,αn) ∈ Nn , |α| := α1 + ·· ·+αn . If β = (β1, . . . ,βn) ∈ Nn , then α+β = (α1 +
β1, . . . ,αn +βn).
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(ii) For X = xα ∈ Mon(A), exp(X ) :=α and deg(X ) := |α|.

(iii) If f is an element as in Remark 6(v), then deg( f ) := max{deg(Xi )}t
i=1.

PROPOSITION 1.16 ([GL11], THEOREM 7). If A is a polynomial extension of a ring R with respect
to the set of indeterminates {x1, . . . , xn}, then A is a skew PBW extension of R if and only if the
following conditions hold:

(1) For each xα ∈ Mon(A) and every 0 ̸= r ∈ R, there exist unique elements rα :=σα(r ) ∈ R \ {0}
and pα,r ∈ A such that

xαr = rαxα+pα,r , (1.20)

where pα,r = 0 or deg(pα,r ) < |α| if pα,r ̸= 0. Moreover, if r is left invertible, so is rα.

(2) For each xα, xβ ∈ Mon(A), there exist unique elements dα,β ∈ R \ {0} and pα,β ∈ A such that

xαxβ = dα,βxα+β+pα,β, (1.21)

where dα,β is left invertible, pα,β = 0 or deg(pα,β) < |α+β| if pα,β ̸= 0.

In Mon(A), we define the total order

xα ⪰ xβ ⇐⇒



xα = xβ

or
xα ̸= xβ but |α| > |β|
or
xα ̸= xβ, |α| = |β| but there exists i with α1 =β1, . . . ,αi−1 =βi−1,αi >βi .

(1.22)

If xα ⪰ xβ but xα ̸= xβ, we write xα ≻ xβ. Every element f ∈ A \ {0} can be represented in a
unique way as f = r1xα1 +·· ·+ rt xαt , with ri ∈ R \ {0}, 1 ≤ i ≤ t , and xα1 ≻ ·· · ≻ xαt . We say that
xα1 is the leading monomial of f and we write lm( f ) := xα1 ; r1 is the leading coefficient of f ,
lc( f ) := r1; and r1xα1 is the leading term of f , lt( f ) := r1xα1 . It is clear that ⪰ is an monomial
order in the sense of [GL11], i.e., the following conditions hold

(i) For every xα, xβ, xγ, xλ ∈ Mon(A)

xα ⪰ xβ =⇒ lm(xγxαxλ) ⪰ lm(xγxβxλ);

(ii) xα ⪰ 1, for every xα ∈ Mon(A); and

(iii) ⪰ is degree compatible, i.e., |α| ≥ |β| =⇒ xα ⪰ xβ.

EXAMPLE 1.5. (i) Let A =σ(R)〈x1, . . . , xn〉 be a PBW extension over R . A is a positively SG ring
with graduation A = ⊕

n∈N
An , where

An := R〈xα ∈ Mon(A) | deg(xα) = n〉,

i.e., An are the set of homogeneous polynomials of degree n.
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REMARK 7. (i) From Definition 1.12 (iv), it is clear that skew PBW extensions are more general
than iterated skew polynomial rings. For example, universal enveloping algebras of finite
dimensional Lie algebras and some 3-dimensional skew polynomial algebras in the sense
of Bell and Smith [BS90] cannot be expressed as iterated skew polynomial rings but
are skew PBW extensions. Quasi-commutative skew PBW extensions are isomorphic to
iterated Ore extensions of endomorphism type [LR14, Theorem 2.3].

(ii) Skew PBW extensions of endomorphism type over a ring are more general than iterated
Ore extensions of endomorphism type of the same ring. Let us illustrate the situation with
two and three indeterminates.

For the iterated Ore extension of endomorphism type R[x;σx ][y ;σy ], if r ∈ R then we
have the following relations: xr = σx (r )x, yr = σy (r )y , and y x = σy (x)y . Now, if we
have σ(R)〈x, y〉 a skew PBW extension of endomorphism type over R, then for any r ∈ R,
Definition 1.12 establishes that xr =σ1(r )x, yr =σ2(r )y , and y x = d1,2x y + r0 + r1x + r2 y ,
for some elements d1,2,r0,r1 and r2 belong to R.

If we have the iterated Ore extension R[x;σx ][y ;σy ][z;σz ], then for any r ∈ R , xr =σx (r )x,
yr = σy (r )y , zr = σz (r )z, y x = σy (x)y , zx = σz (x)z, z y = σz (y)z. For the skew PBW
extension of endomorphism type σ(R)〈x, y, z〉, xr = σ1(r )x, yr = σ2(r )y , zr = σ3(r )z,
y x = d1,2x y +r0 +r1x +r2 y +r3z, zx = d1,3xz +r ′

0 +r ′
1x +r ′

2 y +r ′
3z, and z y = d2,3 y z +r ′′

0 +
r ′′

1 x + r ′′
2 y + r ′′

3 z, for some elements d1,2,d1,3,d2,3,r0,r ′
0,r ′′

0 ,r1,r ′
1,r ′′

1 ,r2,r ′
2,r ′′

2 ,r3, r ′
3,r ′′

3 of
R. As the number of indeterminates increases, the differences between both algebraic
structures are more remarkable.

(iii) Ambiskew polynomial rings (Section 1.2.1) are skew PBW extensions over B , that is,
R(B ,σ,c, p) ∼=σ(B)〈y, x〉.

(iv) PBW extensions introduced by Bell and Goodearl [BG88] (Section 1.2.3) are particular
examples of skew PBW extensions. More exactly, the first objects satisfy the relation
xi r = r xi +δi (r ), for every i = 1, . . . ,n, and each r ∈ R, and the elements di j in Definition
1.12 (iv) are equal to the identity of R. As examples of PBW extensions, we mention the
following: the enveloping algebra of a finite-dimensional Lie algebra; any differential oper-
ator ring R[θ1, . . . ,θ1;δ1, . . . ,δn] formed from commuting derivations δ1, . . . ,δn ; differential
operators introduced by Rinehart; twisted or smash product differential operator rings,
and others (for more details, see [BG88, p. 27]).

(v) 3-dimensional skew polynomial algebras and bi-quadratic algebras on three generators
with PBW bases (Sections 1.2.4 and 1.2.5, respectively) are skew PBW extensions.

(vi) The algebra U ′
q (so3) is a skew PBW extension over k, i.e., U ′

q (so3) ∼=σ(k)〈I1, I2, I3〉 [FGL+20,
Example 1.3.3].

(vii) Using techniques such as those presented in [FGL+20, Theorem 1.3.1], it can be shown that
AW(3) is a skew PBW extension of endomorphism type, that is, AW(3) ∼=σ(R)〈K0,K1,K2〉.

PROPOSITION 1.17 ([LR14, PROPOSITION 4.1]). Let A =σ(R)〈x1, . . . , xn〉 be a skew PBW exten-
sion over R. If R is a domain, then A is a domain.
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From Proposition 1.17 it follows that if R is a domain and f , g ∈ A \ {0}, then deg( f g ) =
deg( f )+deg(g ). Hence, if A is a skew PBW extension over a domain R, then the units of A are
exactly the units of R [FGL+20, Corollary 3.2.2.].

PROPOSITION 1.18 ([FGL+20, PROPOSITION 3.2.3.]). Let A =σ(R)〈x1, . . . , xn〉 be a skew PBW
extension over a ring R. If R is a domain, then J (A) = 0.

From Definition 1.12 it follows that skew PBW extensions are notN-graded rings. With this
in mind, Proposition 1.19 allows to define a subfamily of these extensions, the graded skew
PBW extensions (Definition 1.15) introduced by Suárez in his PhD Thesis [Sua17] (see also [Su7]).
Before presenting its definition, we recall the following facts:

• If R = ⊕
p∈N

Rp and S = ⊕
p∈N

Sp are N-graded rings, then a map ϕ : R → S is called graded if

ϕ(Rp ) ⊆ Sp , for each p ∈N. For m ∈N, R(m) := ⊕
p∈N

R(m)p , where R(m)p := Rp+m .

• Suppose that σ : R → R is a graded algebra automorphism and δ : R(−1) → R is a graded
σ-derivation (i.e., a degree +1 graded σ-derivation δ of R). Let B := R[x;σ,δ] be the
associated graded Ore extension of R, that is, B = ⊕

p≥0
Rxp as an R-module, and for r ∈ R,

xr =σ(r )x +δ(r ). If we consider x to have degree 1 in B , then under this grading B is a
connected graded algebra generated in degree 1 (for more details, see [CS08, Pha12]).

PROPOSITION 1.19 ([SU7, PROPOSITION 2.7(II)]). Let A =σ(R)〈x1, . . . , xn〉 be a bijective skew
PBW extension over anN-graded algebra R = ⊕

m≥0
Rm . If the following conditions hold:

(1) σi is a graded ring homomorphism and δi : R(−1) → R is a graded σi -derivation, for all
1 ≤ i ≤ n, and

(2) x j xi −di , j xi x j ∈ R2 +R1x1 +·· ·+R1xn , as in Definition 1.12 (iv) and di , j ∈ R0,

then A is an N-graded algebra with graduation given by A = ⊕
p≥0

Ap , where for p ≥ 0, Ap is the

k-space generated by the set{
rt xα | t +|α| = p, rt ∈ Rt and xα ∈ Mon(A)

}
.

DEFINITION 1.15 ([SU7, DEFINITION 2.6]). Let A = σ(R)〈x1, . . . , xn〉 be a bijective skew PBW
extension over an N-graded algebra R = ⊕

m≥0
Rm . If A satisfies both conditions established in

Proposition 1.19, then we say that A is a graded skew PBW extension over R.

Some properties of graded skew PBW extensions can be found in [SAR21, SCR21, SRS23,
SLR17]. Next, we recall some examples of these objects.

EXAMPLE 1.6. The Jordan plane, homogenized enveloping algebras (Section 1.2.8), and some
classes of diffusion algebras (Section 1.2.6, [Su7, Examples 2.9]) are graded skew PBW extensions.
If we assume the condition of PBW basis, then graded Clifford algebras defined by Le Bruyn
[Bru95] are also examples of graded skew PBW extensions. Let us see the details.

Let k be an algebraically closed field such that char(k) ̸= 2 and let M1, . . . , Mn ∈Mn(k) be
symmetric matrices of order n×n with entries in k. A graded Clifford algebra A is a k-algebra on
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degree-one generators x1, . . . , xn and on degree-two generators y1, . . . , yn with defining relations
given by

(i) xi x j +x j xi =
n∑

k=1
(Mk )i j yk for all i , j = 1, . . . ,n;

(ii) yk central for all k = 1, . . . ,n.

Note that the commutative polynomial ring R = k[y1, . . . , yn] is anN-graded algebra where
R0 = k,R1 = {0}, y1, . . . , yn ∈ R2, and Ri = {0}, for i ≥ 3. If we suppose that the set {xa1

1 · · ·xan
n | ai ∈

N, i = 1, . . . ,n} is a left PBW R-basis for A , then the graded Clifford algebra A is a graded skew
PBW extension over the connected algebra R, that is, A ∼= σ(R)〈x1, . . . , xn〉. Indeed, from the
relations (i) and (ii) above, it is clear that σi = idR , δi = 0, di , j = −1 ∈ R0, for 1 ≤ i , j ≤ n, and∑n

k=1(Mk )i j yk ∈ R2, where di , j is given as in Definition 1.12 (iv). In this way, A is a bijective skew
PBW extension that satisfies both conditions of Proposition 1.19.



CHAPTER 2

MORPHISMS AND CV-POLYNOMIALS OF ITERATED ORE

EXTENSIONS AND DOUBLE ORE EXTENSIONS

In this chapter, we formulate several characterizations of morphisms and cv-polynomials of
iterated Ore extensions and double extensions. The results in this chapter contribute to the
study of morphisms and pseudo-linear transformations of noncommutative rings of polynomial
type.

With this aim, in Section 2.1 we recall the key results of Rimmer’s paper [Rim78] on auto-
morphisms of the Ore extensions of automorphism type R[x;σ] which fix R elementwise. Next,
Section 2.2 contains the more important results formulated by Ferrero and Kishimoto [FK80] (see
also Kikumasa [Kik90]) on automorphisms of skew polynomial rings of derivation type. Section
2.3 contains some definitions and preliminaries on homomorphisms and cv-polynomials of Ore
extensions of mixed type in one indeterminate presented by Lam and Leroy [LL92]. Surprisingly,
Lam and Leroy in their article did not consider the works of Rimmer, Ferrero, Kishimoto and
Kikumasa, so according to the search we carried out in the literature, this is the first place where
the four treatments are presented in order to generalize some of their results to the more general
context of the iterated Ore extensions.

The original results of this chapter begin in Section 2.4. There, we investigate the behavior of
morphisms and cv-polynomials of iterated Ore extensions. More exactly, Sections 2.4.1, 2.4.2
and 2.4.3 present the characterization of morphisms and cv-polynomials of two-step, three-step
and n-step iterated Ore extensions, respectively. We organize information in Tables 2.1, 2.2 and
2.3 with the aim of presenting different possibilities along with their conditions. It is important
to say that we have found some mistakes in particular cases of [LL92], which we illustrate in
Examples 2.6 and 2.13, and present their corresponding versions. Our important results are
formulated in Theorems 2.19, 2.20, 2.21, 2.22, 2.23, 2.24, 2.25, 2.26 for length two iterated Ore
extensions, Theorems 2.27, 2.28, 2.29 for length three iterated Ore extensions, and Theorems
2.30, 2.31, 2.33 for length n iterated Ore extensions.

Having in mind the theory of homomorphisms and cv-polynomials of Ore extensions pre-
sented in Section 2.4, and the importance of double extensions in noncommutative algebra, in

34
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Section 2.5 we present a first approach toward a theory of homomorphisms and cv-polynomials
between these objects. More exactly, since double extensions are defined by using matrix nota-
tion, in Section 2.5.1 we introduce the notion of dcv-matrix that encodes pairs of cv-polynomials
(Definition 2.10). We consider different examples that illustrate dcv-matrices (Examples 2.18,
2.20, 2.21, and Tables 2.4 and 2.5), and show that the computations are non-trivial. Under
certain conditions, Theorem 2.34 characterizes dcv-matrices, while Theorem 2.35 presents a
characterization of isomorphisms between double extensions. Next, Section 2.5.2 contains
examples and a characterization of dcv-matrices for trimmed double extensions with their corre-
sponding Nakayama automorphism (Theorem 2.36). Then, in Section 2.5.3, we investigate when
a homomorphism of double extensions is a homomorphism of two-step iterated extensions
(Theorem 2.37) in an analogous way to the comparison between double extensions and two-step
iterated Ore extensions presented by Zhang and Zhang and Carvalho et al. (Section 1.2.2).

Finally, Section 2.6 presents some ideas for a future work.

2.1 ORE EXTENSIONS OF AUTOMORPHISM TYPE IN ONE INDETERMINATE

When R is a commutative ring and σ is the identity automorphism of R, Gilmer [Gil68] de-
termined all the automorphisms of R[x;σ] = R[x] which fix R elementwise. Parmenter [Par]
extended this result to the case where R is commutative and σ is any automorphism of R (the
cases where σ is the identity on R and R is any ring has been considered by Coleman and
Enochs [CE71]). These three results are corollaries of Rimmer’s paper [Rim78, Theorem 1]. More
exactly, for a unital ring (not necessarily commutative) R andσ any automorphism of R , Rimmer
[Rim78] determined all the automorphisms of the skew polynomial ring of automorphism type
R[x;σ] which fix R elementwise. As an application of his results, he investigated isomorphisms
between different skew polynomial rings wich preserve an underlying ring isomorphism [Rim78,
Theorem 3].

Let us recall some of the most important facts established by Rimmer in his paper.

PROPOSITION 2.1. (1) [Rim78, Lemma 1] If r1 is a central unit of R and if r0 ∈ R is such that
r0r =σ(r )r0 for all r ∈ R, then x 7→ r0+r1x induces an automorphism of R[x;σ] which fixes
all elements of R.

(2) [Rim78, Lemma 2] Suppose x 7→ r0+r1x +·· ·+rn xn induces a homomorphism ψ of R[x;σ]
which fixes each element of R. Then ψ is surjective if and only if

• σ(r )r0 = r0r , for all r ∈ R,

• r1 is a central unit,

• x 7→ x + r−1
1 r2x2 +·· ·+ r−1

1 rn xn induces a surjective homomorphism, µ say, of R[x;σ]
which fixes every element of R.

In this case there exists an automorphism θ of R[x;σ], which also fixes R elementwise,
induced by x 7→ r0+r1x, such thatψ= θµ. Thusψ is an automorphism precisely when
µ is an automorphism.
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PROPOSITION 2.2 ([RIM78, THEOREM 1]). Let R be any ring with identity and let σ be any

automorphism of R. Then x 7→
n∑

i=0
ri xi induces an automorphism of R[x;σ] which fixes each

element of R if and only if

(1) σ(r )ri = riσ
i (r ), for all r ∈ R and all i ∈ {0,1, . . . ,n},

(2) r1 is a central unit in R, and

(3) ri is nilpotent for all i ∈ {2, . . . ,n}.

Further, these three conditions hold if and only if x 7→
n∑

i=0
ri xi induces a surjective homomorphism

of R[x;σ] which fixes each element of R.

Parmenter [Par] noted that there is not always a homomorphism of R[x;σ] which fixes each

element of R and maps x to
n∑

i=0
ri xi . As we can check, there is at most one such homomorphism,

and this exists precisely when
(∑

ri xi
)

r =σ(r )
(∑

ri xi
)
, for all r ∈ R. Equivalently,

for all r ∈ R, and for all i ∈ {0, . . . ,n}, σ(r )ri = riσ(r ). (2.1)

Of course, this is precisely condition (1) of Proposition 2.2. In particular, σ(r )r1 = r1σ(r ), for all
r ∈ R, which means that r1 is a central element of R.

PROPOSITION 2.3 ([RIM78, THEOREM 2]). The map x 7→ x + r2x2 +·· ·rn xn induces a surjective
homomorphism φ of R[x;σ] which fixes R elementwise precisely when it induces an automor-
phism, and this occurs if and only if

(1)’ σ(r )ri = riσ
i (r ), for all r ∈ R and all i ∈ {2, . . . ,n}, and

(2)’ ri is nilpotent for all i ∈ {2, . . . ,n}.

Rimmer [Rim78, Section 3] dealt with isomorphisms between skew polynomial rings whose
underlying rings are isomorphic. As we will see, for an element f (x) ∈ R[x;σ], Proposition 2.4
establishes conditions for which the R-linear map R[x;σ] → R[x;σ] defined by xk 7→ f (x)k is an
R-ring automorphism.

PROPOSITION 2.4 ([RIM78, THEOREM 3]). Let R and R ′ be any rings with an isomorphism
φ : R → R ′, and let σ and σ′ be automorphisms of R and R ′, respectively. Then the map x 7→
b0 +b1x +·· ·+bn xn extends φ to an isomorphism φ : R[x;σ] → R ′[x;σ′] if and only if

(1) (σ◦φ)(r )bi = bi (φ◦σ′)i (r ), for all r ∈ R and all 0 ≤ i ≤ n,

(2) b1 is a unit, and

(3) bi is nilpotent for all 2 ≤ i ≤ n.

Further these three conditions occur precisely when φ is a surjective homomorphism.
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If ν is a unit in R , Rimmer denoted by iν the inner automorphism of R given by iν(r ) = νrν−1,
for all r ∈ R.

PROPOSITION 2.5 ([RIM78, LEMMA 4]). Let R and R ′ be any rings with automorphisms σ and σ′,
respectively, and letφ : R → R ′ be any isomorphism. If the map x 7→ b0+b1x+·· ·+bn xn extendsφ
to a surjective homomorphism between R[x;σ] and R[x;σ′], then b1 is a unit and φ−1σφ=σ′ib1 .

PROPOSITION 2.6 ([RIM78, LEMMA 5]). Let φ : R → R ′ be an isomorphism, and let σ and σ′

automorphisms of R and R ′, respectively. Further, let ν be a unit of R ′ such that φ−1σφ= σ′iν.
Then the map θ : R[x;σ] → R ′[x;σ′] determined by x 7→ νx and r 7→ φ(r ) for all r ∈ R is an
isomorphism.

2.2 ORE EXTENSIONS OF DERIVATION TYPE IN ONE INDETERMINATE

Ferrero and Kishimoto [FK80] studied automorphisms of skew polynomial rings of derivation
type. They discussed conditions on f (x) ∈ R[x;δ] for the R-linear map R[x;δ] → R[x;δ] defined
by xk 7→ f (x)k to be a R-ring automorphism. Kikumasa [Kik90] characterized automorphisms
of a certain skew polynomial ring of derivation type.

Throughout this section, N will mean the union of all nilpotent ideals of R.

PROPOSITION 2.7 ([FK80, LEMMA 2]). The R-linear map φ : R[x;δ] → R[x;δ] defined by xk 7→
(r0+r1x)k is an R-ring automorphism if and only if r1 is a central unit and r0r −r r0 = δ(r )(r1−1)
for all r ∈ R.

In what follows, Ferrero and Kishimoto [FK80, p. 23] assumed that δ(N ) ⊂ N and that the

R-linear map φ : R[x;δ] → R[x;δ] defined by xk 7→
(

n∑
i=0

bi xi
)k

,n ≥ 2, is an R-ring automorphism.

Notice that if bn ̸= 0, then φ−1(x) =
m∑

j=0
c j x j with cm ̸= 0 and m ≥ 2 (Proposition 2.7).

The following results are the most important presented by Ferrero and Kishimoto.

PROPOSITION 2.8. (1) [FK80, Theorem 1] (1) b1 is a unit. (2) bi are nilpotent for i ≥ 2, and
therefore {bi | i ≥ 2} ⊂ N .

(2) [FK80, Theorem 2] If bi are nilpotent for i ≥ 2, then φ is a monomorphism.

(3) [FK80, Theorem 3] If N0 is nilpotent, then φ is an R-ring automorphism.

(4) [FK80, Corollary 2] Assume that one of the following conditions is fulfilled:

(1’) R is Noetherian.

(2’) There exists a monic polynomial f (x) with coefficients in R such that f (δ)(bi ) = 0 for
i ≥ 2.

If bi are nilpotent for i ≥ 2, then φ is an R-ring automorphism.
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2.3 ORE EXTENSIONS OF MIXED TYPE IN ONE INDETERMINATE

We recall some definitions and results about morphisms and cv-polynomials of Ore extensions
in one indeterminate presented by Lam and Leroy [LL92] (see also [Ler95, LLO08]).

According to [LL92, p. 86], let S′ = D[x ′;σ′,δ′] and S = D[x;σ,δ] be Ore extensions over the
same division ring D . Consider any D-homomorphism φ : S′ → S. Writing p(x) :=φ(x ′) ∈ S, we
have φ(x ′a) =φ(x ′)φ(a) = p(x)a for any a ∈ D . On the other hand, φ(x ′a) =φ(σ′(a)x ′+δ′(a)) =
σ′(a)p(x)+δ′(a). Therefore, necessarily

p(x)a =σ′(a)p(x)+δ′(a), for any a ∈ D. (2.2)

This fact indicates how the homomorphisms between Ore extensions should be defined and
characterize them in a polynomial sense.

DEFINITION 2.1 ([LL92, P. 86]). Let S′ = D[x ′;σ′,δ′] and S = D[x;σ,δ]. Consider p(x) ∈ S
satisfying (2.2). We can define φ : S′ → S by

φ

(
n∑

i=0
ai x ′i

)
=

n∑
i=0

ai p(x)i .

This D-homomorphism φ is unique from S′ to S sending x ′ to p(x).

As we can see, the polynomial satisfying condition (2.2) plays an important role in describing
the homomorphisms between Ore extensions. This fact motivates the following definition.

DEFINITION 2.2 ([LL92, DEFINITION 2.4]). Let S′ = D[x ′;σ′,δ′] and S = D[x;σ,δ]. A polynomial
p(x) ∈ S, satisfying that p(x)a =σ′(a)p(x)+δ′(a) is called change-of-variable polynomial (or
cv-polynomial) with respect to (σ′,δ′). We shall say that p(x) ∈ S is a cv-polynomial if it is a
cv-polynomial with respect to some pair (σ′,δ′).

If S′ = D[x ′;σ′,δ′], S = D[x;σ,δ] and φ : S′ → S is a D-homomorphism, then φ is injective if
and only if the associated cv-polynomial p(x) =φ(x ′) has degree ≥ 1, andφ is surjective (whence
bijective) if and only if p(x) has degree = 1 [LL92, p. 86].

REMARK 8 ([LL92, P. 86]). We should remark that our requirement thatφ : S′ → S be a homomor-
phism over D is not strictly necessary. In general, we can deal with homomorphisms φ : S′ → S
with the property that θ :=φ|D is an automorphism of D. In this case, one can check as above
that p(x) :=φ(x ′) is a cv-polynomial with respect to (τ,γ), where τ= θσ′θ−1 and γ= θδ′θ−1. In
fact, φ can be factored asφ1◦Θ where Θ : S′ → D[t ;τ,γ] is defined by Θ

(∑
ai x ′i )=∑

θ(ai )t i and
φ1 : D[t ;τ,γ] → S is defined by φ1

(∑
bi t i

)=∑
bi p(x)i .

S′

φ ��

Θ // D[t ;τ,γ]

φ1
{{

S

The latter map φ1 here is a D-homomorphism. Since the homomorphism Θ can be handled
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separately, it is sufficient to work with the D-homomorphism φ1. Therefore, we shall focus our
attention on D-homomorphisms. All homomorphisms between Ore extension considered below
will be assumed to be D-homomorphisms.

EXAMPLE 2.1 ([LL92, P. 86, 87]). (i) For D[x ′] and D[x], the cv-polynomials in D[x] with
respect to the quasi–derivation (idD ,0) are exactly the polynomials in the center of S.

(ii) Recall that for an element u ∈ R∗,σu denotes the inner automorphism of R associated with
u, defined by σu(r ) = ur u−1, for all r ∈ R (this is Lam and Leroy’s notation in contrast to
Rimmer’s notation above). If σ is an endomorphism of R, the inner order of σ denoted by
o(σ), is defined to be the smallest positive integer n such thatσn is an inner automorphism;
if no such integer n exists, we take o(σ) to be ∞. In particular, if σ is an endomorphism
which is not an automorphism, we have by definition o(σ) =∞. On the other hand, for
any element a ∈ R, the rule δa(r ) = ar − r a defines a derivation δa on R, called the inner
derivation by a. Any derivation on R which is not inner derivation is called an outer
derivation. For an endomorphism σ of R, we write δa,σ := ar −σ(r )a (see [LL92, GJ04]
for more details), and consider in the natural way the notions of σ-inner and σ-outer
derivation.

• if δ is an inner derivation of R by c, say δ= δc,σ, then R[x;σ,δ] = R[x − c;σ];

• if σ is an inner automorphism of R, say σ = σu with u ∈ R∗, then R[x;σ,δ] =
R[u−1x;u−1δ].

As we can see, we have an homomorphism between Ore extensions that turns out to be
an isomorphism. More exactly, in the first case we have φ : R[x ′;σ] → R[x;σ,δ] defined by
φ

(∑
ai x ′i )=∑

ai (x−c)i , while in the second one,ψ : R[x ′;u−1δ] → R[x;σ,δ] is defined by
ψ

(∑
ai x ′i )=∑

ai (u−1x)i . Of course, the change of variable in both cases is determined by
a (σ,δ)-polynomial, x−c and u−1x, respectively, which are the images of the indeterminate
x ′.

(iii) The constant polynomial p(x) = c ∈ D ⊂ D[x;σ,δ] is a cv-polynomial with respect to
(σ′,δ′) if and only if ca =σ′(a)c +δ′(a) for all a ∈ D , or equivalently, δ′ = δc,σ′ . In this way,
any constant polynomial in D[x;σ,δ] is a cv-polynomial. Notice that here σ′ is arbitrary,
while δ′ is uniquely determined by σ′ and c.

(iv) For any linear polynomial p(x) = ux + c with u ∈ D∗, let us see that

(ux + c)a =σ′(a)(ux + c)+δ′(a), where σ′ =σu ◦σ and δ′ = uδ+δc,σ′ .

Since
(ux + c)a = uxa + ca = u(σ(a)x +δ(a))+ ca = uσ(a)x +uδ(a)+ ca,
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and,

σ′(a)(ux + c)+δ′(a) = (σu ◦σ)(a)(ux + c)+ (uδ+δc,σ′)(a)

= σu(σ(a))(ux + c)+uδ(a)+ ca −σ′(a)c

= uσ(a)u−1(ux + c)+uδ(a)+ ca −σu(σ(a))c

= uσ(a)u−1(ux + c)+uδ(a)+ ca −uσ(a)u−1c

= uσ(a)x +uδ(a)+ ca,

it follows that (ux + c)a =σ′(a)(ux + c)+δ′(a), whence p(x) = ux + c is a cv-polynomial
with respect to the quasi-derivation (σ′,δ′) on D .

(v) Let S = D[x;σ,δ] and p(x) = x2 + c ∈ S, we have

p(x)a =σ2(a)p(x)+ [δ(σ(a))+σ(δ(a))]x + (δ2 +δc,σ2 )(a),

for any a ∈ D . Therefore, if p(x) is a cv-polynomial, we must have σδ=−δσ; conversely, if
σδ=−δσ, then p(x) is a cv-polynomial with respect to (σ2,δ2 +δc,σ2 ).

(vi) Let S′ = D[x ′;σ′,δ′], S
′′ = D[x

′′
;σ

′′
,δ

′′
] and S = D[x;σ,δ] be Ore extensions. Consider cv-

polynomials p(x), q(x) ∈ S with respect to (σ′,δ′) and (σ
′′
,δ

′′
), respectively. Then p(x)+q(x)

is also a cv-polynomial with respect to (σ′,δ′+δ′′
).

For S = R[x;σ,δ], a polynomial f (x) ∈ S is said to be right invariant if f (x)S ⊆ S f (x), and
right semi-invariant if f (x)R ⊆ R f (x). If no confusion arises, we suppress the adjective “right”
and simply say invariant and semi-invariant polynomials.

EXAMPLE 2.2 ([LL92, P. 87]). Let S = D[x;σ,δ] and p(x) =
n∑

i=0
bi xi be a semi-invariant polyno-

mial of degree n. Then for any a ∈ D, p(x)a = cp(x) for some c, and a comparison of the (left)
coefficient of xn gives c = bnσ

n(a)b−1
n , so p(x) is a cv-polynomial with respect to (σbn ◦σn ,δ= 0).

Conversely, any cv-polynomial with respect to any (σ′,0) is a semi-invariant polynomial, since if
δ= 0, then p(x)a =σ′(a)p(x) and therefore p(x)D ⊆ Dp(x).

For a ring R and a quasi-derivation (σ,δ) on R, δ is said to be algebraic if there exists a
nonzero polynomial g (x) ∈ S = R[x;σ,δ] such that g (δ) = 0. Here, the evaluation of a polynomial

g (x) =
n∑

i=0
ai xi ∈ S at δ is defined to be the operator g (δ) =

n∑
i=0

aiδ
i on S [LL92, p. 87].

Some results characterizing the cv-polynomials are presented below.

PROPOSITION 2.9 ([LL92, THEOREM 2.12]). Let S′ = D[x ′;σ′,δ′] and S = D[x;σ,δ], p(x) =
n∑

i=0
bi xi ∈ S be of degree n ≥ 0.

(1) If p(x) is a cv-polynomial with respect to the quasi-derivation (σ′,δ′), then δ′ = (p−b0)(δ)+
δb0,σ′ , and if n ≥ 1, then σ′ =σbn ◦σn .

(2) If δ is not an algebraic derivation, then p(x) is a cv-polynomial with respect to the quasi-
derivation (σ′,δ′) if and only if δ′ = (p −b0)(δ)+δb0,σ′ .
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PROPOSITION 2.10 ([LL92, COROLLARY 2.14]). We say that an injective homomorphism
φ : D[x ′;σ′,δ′] → D[x;σ,δ] is homogeneous if the associated cv-polynomial p(x) := φ(x ′) has
zero constant term. In this case, δ′ and δ are related by the equation δ′ = p(δ). If we consider the
homomorphisms λ : D[x;σ,δ] → End(D,+) defined by λ(x) = δ and λ′ : D[x ′;σ′,δ′] → End(D,+)
given by λ′(x ′) = δ′, then we have the commutative diagram

D[x ′;σ′,δ′]

λ′
''

φ // D[x;σ,δ]

λxx
End(D,+)

Taking into account Proposition 2.10, next it will be shown that the injective homomorphisms
between Ore extensions are characterized from the homogeneous cv-polynomials.

PROPOSITION 2.11 ([LL92, COROLLARY 2.15]). If there is an injection φ from S′ = D[x ′;σ′,δ′] to
S = D[x;σ,δ] (defined by a cv-polynomial p(x) = φ(x ′)), then there is an Ore extension
S′′ = D[x ′′;σ′′,δ′′] with an isomorphism ψ : S′′ → S′ such that S′′ admits a homogeneous in-
jction φ1 into S satisfying φ= φ1 ◦ψ−1. If p(x) happens to have a root c ∈ D, then there is also
an Ore extension S = D[x;σ,δ] with an isomorphism τ : S → S such that S′ has a homogeneous
injection φ2 into S satisfying φ= τ◦φ2.

From [LL92, Corollary 2.19], we know that if φ : D[x ′,σ′,δ′] → D[x,σ,δ] is an injective homo-

morphism with φ(x ′) = p(x), then g (x ′) =
n∑

i=0
bi x ′i is a cv-polynomial in D[x ′,σ′,δ′] if and only if

its image φ(g ) =∑n
i=0 bi p(x)i is a cv-polynomial in D[x,σ,δ].

For the Ore extension S = R[x;σ,δ] and any element a ∈ R, xi a =
i∑

j=0
f i

j (a)xi , where f i
j ∈

End(D,+) is the sum of all possible products with j factors of σ and i − j factors of δ. For
example f j

j = σ j , f i
0 = δi and f j

j−1 = σ j−1δ+σ j−2δσ+ ·· ·+δσ j−1. If we assume that σ and δ

commute, then f i
j = (i

j

)
σ jδi− j . Let Mn(a) denote the n ×n matrix whose (i , j )-entry is f i

j (a)

with 1 ≤ i , j ≤ n, where, of course, f i
j (a) is taken to be zero if i < j , that is, Mn(a) is a lower

triangular matrix [LL88a, Section 2].

The next result characterizes cv-polynomials by using an eigenvector interpretation.

PROPOSITION 2.12 ([LL92, THEOREM 2.16]). Let p(x) =
n∑

i=0
bi xi ∈ S = D[x;σ,δ] be a polynomial

of degree n ≥ 0. Then the following assertions are equivalent:

(1) p(x) is a cv-polynomial.

(2) For any a ∈ D, and j = 1,2, . . . ,n, we have
n∑

i= j
bi f j

i (a) = bnσ
n(a)b−1

n b j .

(3) (b1, . . . ,bn) is a left eigenvector for each matrix Mn(a), where a ∈ D.

(4) p(x)D ⊆ Dp(x)+D.

If these conditions hold, then up(x)+ c is also a cv-polynomial, for any u,c ∈ D.
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At the end of Section 2.4.1 (Examples 2.12, 2.13, Theorem 2.26, and Example 2.14) we say a
few words about the extension of Proposition 2.12.

2.3.0.1 CHANGE OF VARIABLE AND SEMI-INVARIANT POLYNOMIALS

As we saw above, the cv-polynomials are a generalization of semi-invariant polynomials. In this
section is deepened into the relationship between these polynomials.

PROPOSITION 2.13 ([LL92, PROPOSITION 3.1]). Let f (x) ∈ S be a monic semi-invariant polyno-
mial of degree m ≥ 1. Let p(x) ∈ S = R[x;σ,δ] with p(x) = q(x) f (x)+ r (x) where deg(r (x)) < m.
Then:

(1) p(x) is a cv-polynomial with respect to (σ′,δ′) if and only if r (x) is a cv-polynomial with
respect to (σ′,δ′) and q(x)σm(a) =σ′(a)q(x) for all a ∈ D.

(2) If p(x) is a left multiple of f (x), then p(x) is a cv-polynomial if and only if it is semi-
invariant.

Now, assume that p(x) is a cv-polynomial and that σ is an automorphism. Then

(3) q(x) is semi-invariant.

(4) If deg(p(x)) ≥ m and r (x) ∉ D, then o(σ) <∞ and deg(p(x)) ∼= deg(r (x))(mod o(σ)).

PROPOSITION 2.14 ([LL88B, PROPOSITION 2.9]). Assume σ is an automorphism, and let f (x) be
a monic non-constant right semi-invariant polynomial in S of the least degree (if it exists). Then

any right semi-invariant polynomial p(x) lies in D[ f (x)] =
{ ∑

i≥0
ci f (x)i | ci ∈ D

}
(the subring of S

generated by D and f (x)). In particular, deg(p(x)) must be a multiple of deg( f (x)).

PROPOSITION 2.15 ([LL92, THEOREM 3.4]). Assume that σ is an automorphism. Let f (x) be a
monic semi-invariant polynomial of minimal degree m ≥ 1, and let p(x) be any cv-polynomial,
say of degree n ≥ 1. Then:

(1) p(x) can be represented in the form
∑

i≥1
ci f (x)i + r (x), where ci ∈ D and r (x) is a cv-

polynomial of degree < m. In particular, if n ≥ m, then m|n.

(2) If o(σ) =∞ and n ≥ m, then p(x) is the sum of a semi-invariant polynomial and a constant.

(3) If n ≥ m, then n|deg(q(x)) for any cv-polynomial q(x) of degree ≥ n. In particular, if n ≤ m,
then n|m.

COROLLARY 2.16 ([LL92, COROLLARY 3.5]). Assume that σ is an automorphism and that δ is
not σ-inner. Let f (x) be a monic semi-invariant polynomial of minimal degree m ≥ 1, and let
p(x) be a monic cv-polynomial of minimal degree n ≥ 2 (if both exist). Then n|deg(P (x)) for any
non-linear cv-polynomial P (x). In particular, we have n|m (so, for instance, if m is a prime, then
we can conclude that n = m).

The following result shows another connection between cv-polynomials and semi-invariant
polynomials based on the formal differentiation process under some conditions such as com-
mutativity between endomorphism σ and σ-derivation δ.
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PROPOSITION 2.17 ([LL92, THEOREM 3.8]). Assume that σ is an automorphism, and that σδ=
δσ. Let p(x) =

n∑
i=0

bi xi be any cv-polynomial in S. Then the formal derivative p1(x) :=
n∑

i=1
i bi t i−1

is semi-invariant. More generally,

p j (x) :=
n− j∑
i=0

(
i + j

j

)
bi+ j xi (1 ≤ j ≤ n)

are all semi-invariant polynomials.

If the hypothesis σδ= δσ does not hold in Proposition 2.17, then the conclusion does not
follow. In Example 2.1 (v), one can observe this fact, being p(x) a cv-polynomial, but its formal
derivatives would not be a semi-invariant polynomial.

From [LL92, Corollary 3.11] we know that if σ is an automorphism, σδ= δσ, and p(x) ∈ S
is a cv-polynomial of degree n ≥ 2, such that R[x;σ,δ] has no non-constant semi-invariant

polynomial of degree < n, then char(D) = p > 0 and p(x) has the form
n∑

i=0
ci xi + c.

2.4 ITERATED ORE EXTENSIONS

Motivated by the study of homomorphisms and cv-polynomials presented in Sections 2.1, 2.2,
and 2.3, in this section we investigate both notions for iterations of these extensions.

2.4.1 TWO-STEP ITERATED ORE EXTENSIONS

We start with Definition 2.3 which is a direct extension of [LL92, Definition 2.4]. As we will see,
the ring of coefficients R[x1;σ1,δ1] is the same for both extensions, and the cv-polynomial only
acts on the second indeterminate. As expected, in this situation we get similar results to those
obtained by Lam and Leroy [LL92].

DEFINITION 2.3. Let S′ = R[x1;σ1,δ1][x ′
2;σ′

2,δ′2] and S = R[x1;σ1,δ1][x2;σ2,δ2] be two iterated
Ore extensions. We say that p(x2) is a cv-polynomial for two-step iterated Ore extensions with
respect to the quasi-derivation (σ′

2,δ′2) on R[x1;σ1,δ1] if the homomorphism φ : S′ → S given by
φ(x1) = x1 and φ(x ′

2) := p(x2) ∈ S, satisfies

φ(x ′
2x1) =σ′

2(x1)p(x2)+δ′2(x1) and φ(x ′
2x1) = p(x2)x1,

i.e.,
p(x2)x1 =σ′

2(x1)p(x2)+δ′2(x1), (2.3)

and
x1r =σ1(r )x1 +δ1(r ), and p(x2)r =σ2(r )p(x2)+δ2(r ).

Conversely, if a polynomial p(x2) ∈ S satisfies (2.3) for a quasi-derivation (σ′
2,δ′2) on R[x1;σ1,δ1],

then we define the homomorphism φ : S′ → S by φ(x ′
2) = p(x2).
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Let us see some easy examples that illustrate Definition 2.3.

EXAMPLE 2.3. Let S′ = R[x1;σ1,δ1][x ′
2;σ′

2,δ′2] and S = R[x1;σ1,δ1][x2;σ2,δ2] as in Definition 2.3.

(i) If p(x2) := c ∈ R, then p(x2)x1 = cx1 and p(x2)r = cr = σ′
2(r )c +δ′2(r ), whence if we take

δ′2 := δ2(c,σ′
2)(r ) = cr −σ′

2(r )c, it follows that p(x2) is a cv-polynomial.

(ii) Let p(x2) = ax2 +b ∈ S. Then

p(x2)x1 = (ax2 +b)x1 = ax2x1 +bx1 = aσ2(x1)x2 +aδ2(x1)+bx1,

and
σ′

2(x1)(ax2 +b)+δ′2(x1) =σ′
2(x1)(ax2)+σ′

2(x1)b +δ′2(x1).

If σ′
2(x1) =σ′

2(a,σ2)(x1) := (σa ◦σ2)(x1) = aσ2(x1)a−1 and δ′2 = aδ2 +δ2(b,σ′
2), an easy com-

putation shows that p(x2) is a cv-polynomial.

(iii) Let p(x2) = x2
2 + c ∈ S. Suppose that σ′

2 =σ2
2, δ′2 = δ2

2 +δ2(c,σ′
2), and σ2δ2 =−δ2σ2. Since

p(x2)x1 = (x2
2 + c)x1 = x2

2 x1 + cx1 =σ2
2(x1)x2

2 +δ2σ2(x1)x2 +σ2δ2(x1)x2 +δ2
2(x1)+ cx1

=σ2
2(x1)x2

2 +δ2
2(x1)+ cx1,

and

σ′
2(x1)p(x2)+δ′2(x1) =σ′

2(x1)(x2
2 + c)+δ′2(x1) =σ′

2(x1)x2
2 +σ′

2(x1)c +δ′2(x1)

=σ2
2(x1)x2

2 +σ2
2(x1)c +δ2

2(x1)+ cx1 −σ2
2(x1)c

=σ2
2(x1)x2

2 +δ2
2(x1)+ cx1,

thenφ(x ′
2x1) = p(x2)x1 =σ′

2(x1)p(x2)+δ′2(x1), that is, p(x) is a cv-polynomial with respect

to the quasi-derivation
(
σ2

2,δ2
2 +δ2(c,σ′

2)

)
on R[x1;σ1,δ1].

Now, we introduce the following definition of cv-polynomial more general than Definition
2.3.

DEFINITION 2.4. Let S′ = R[x ′
1;σ′

1,δ′1][x ′
2;σ′

2,δ′2] and S = R[x1;σ1,δ1][x2;σ2,δ2]. Consider the
homomorphism φ : S′ → S given by φ(x ′

1) := p1(x1) = p1 ∈ R[x1;σ1,δ1] and φ(x ′
2) := p2(x1, x2) =

p2 ∈ S. We say that the polynomials pi ’s (i = 1,2) are the cv-polynomials with respect to the
quasi-derivations (σ′

i ,δ′i )’s, i = 1,2, on R and R[x ′
1;σ′

1,δ′1], respectively, if the relations

φ(x ′
2x ′

1) = σ′
2(φ(x ′

1))p2 +δ′2(φ(x ′
1)) = p2p1,

φ(x ′
1r ) = σ′

1(r )p1 +δ′1(r ) = p1r, for all r ∈ R

φ(x ′
2r ) = σ′

2(r )p2 +δ′2(r ) = p2r, for all r ∈ R,
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are satisfied. Equivalently,

p2p1 = σ′
2(p1)p2 +δ′2(p1), (2.4)

p1r = σ′
1(r )p1 +δ′1(r ), (2.5)

p2r = σ′
2(r )p2 +δ′2(r ), (2.6)

Conversely, if two polynomials p1 ∈ R[x1;σ1,δ1] and p2 ∈ S satisfy conditions (2.4) - (2.6),
where (σ′

1,δ′1) and (σ′
2,δ′2) are quasi-derivations on R and R[x ′

1;σ′
1,δ′1], respectively, then we

define the homomorphism φ : S′ → S by φ(x ′
i ) = pi (i = 1,2).

Note that p1 ∈ R[x1;σ1,δ1], but σ′
2,δ′2 : R[x ′

1;σ′
1,δ′1] → R[x ′

1;σ′
1,δ′1] For this reason, it is

necessary that σ′
2 and δ′2, are defined in terms of σ2 and δ2, as shown in Examples 2.5, 2.7 and

2.8.

The next example shows that constant polynomials are cv-polynomials (c.f. Example 2.3 (i)).

EXAMPLE 2.4. Consider the Ore extensions S′ and S as in Definition 2.4. Let p1 := c and p2 := d
be elements of R. With the aim of showing that conditions (2.4) - (2.6) hold, take the inner
derivation δ′2(c) := δ2(d ,σ′

2)(c) = dc −σ′
2(c)d . Then

φ(x ′
2x ′

1) = p2p1 = dc and σ′
2(c)d +δ′2(c) =σ′

2(c)d +dc −σ′
2(c)d = dc.

In addition, for any r ∈ R and the inner derivation given by δ′1 = δ1(c,σ′
1), it is clear that

φ(x ′
1r ) = p1r = cr . Also, note that σ′

1(r )c +δ′1(r ) = σ′
1(r )c + cr −σ′

1(r )c = cr . In the same way,
φ(x ′

2r ) = p2r =σ′
2(r )p2 +δ′2(r ) = dr . These facts show that any pair of constant polynomials in

S correspond to a morphism in the sense of cv-polynomials. Finally, note that the values of the
endomorphisms σ′

i ’s are arbitrary, while the corresponding δ′i ’s are determined uniquely by the
values of σ′

i ’s and the constant values associated with the polynomials pi ’s.

EXAMPLE 2.5. Throughout this example, we fix p2 = c ∈ R as a constant polynomial, and consider
some possibilities for the polynomial p1 in the indeterminate x1. This case is similar to that one
considered by Lam and Leroy [LL92]. Table 2.1 contains conditions to guarantee that we get
homomorphisms and cv-polynomials in the sense of Definition 2.4.

p2 = c
cv-polynomial (σ′

i ,δ′i ) Conditions

p1 = d δ′1 = δ1(d ,σ′
1),

{
σ′

2 =σ2c ,

δ′2 = δ2(c,σ′
2)

p1 = a1x1 +a0

{
σ′

1 = a1σ1a−1
1 ,

δ′1 = a1δ1 +δ1(a0,σ′
1),

{
σ′

2 =σ2c ,

δ′2 = δ2(c,σ′
2)

p1 = a2x2
1 +a0

{
σ′

1 = a2σ
2
1a−1

2 ,

δ′1 = a2δ
2
1 +δ1(a0,σ′

1),

{
σ′

2 =σ2c ,

δ′2 = δ2(c,σ′
2)

σ1δ1 =−δ1σ1

p1 = an xn
1 +a0

{
σ′

1 = anσ
n
1 a−1

n ,

δ′1 = anδ
n
1 +δ1(a0,σ′

1),

{
σ′

2 =σ2c ,

δ′2 = δ2(c,σ′
2)

σ1δ1 =−δ1σ1
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p1 = f (x1)x1 +a0,
f (x1) = a2x1 +a1

δ′1 = a2δ
2
1 +a1δ1 +δ1(a0,σ′

1),

{
σ′

2 =σ2c ,

δ′2 = δ2(c,σ′
2)

σ1δ1 =−δ1σ1,
f (x1)σ1(−) =σ′

1(−) f (x1)

p1 = f (x1)x1 +b,
f (x1) =∑n

i=0 ai xi
1

δ′1 =
∑n

i=1 aiδ
i
1 +δ1(b,σ′

1),

{
σ′

2 =σ2c ,

δ′2 = δ2(c,σ′
2)

σ1δ1 =−δ1σ1,
f (x1)σ1(−) =σ′

1(−) f (x1)

p1 =∑n
i=0 ai xi

1 δ′1 =
∑n

i=1 aiδ
i
1 +δ1(a0,σ′

1),

{
σ′

2 =σ2c ,

δ′2 = δ2(c,σ′
2)

σ1δ1 =−δ1σ1,
aiσ

i
1(−) =σ′

1(−)ai

Table 2.1: cv-polynomials and quasi-derivations

Recall that a σ-derivation δ of a ring R is said to be algebraic if there exists a non-zero
polynomial g (x) ∈ R[x;σ,δ] such that g (δ) = 0 (here, the evaluation of a polynomial g (x) =∑n

i=0 ai xi ∈ R at δ is defined to be the operator g (δ) =∑n
i=0 aiδ

i on R[x;σ,δ]) [LL92, p. 87].

The following result is one of the most important formulated by Lam and Leroy (we consider
their notation to inner automorphisms).

PROPOSITION 2.18 ([LL92, THEOREM 2.12]). Let p(x) =∑n
i=0 ri xi ∈ D[x;σ,δ] be of degree n ≥ 0,

and let (σ′,δ′) be any quasi-derivation on D.

(1) If p(x) is a cv-polynomial with respect to (σ′,δ′), then δ′ = (p −b0)(δ) + δb0,σ′ , and if n ≥ 1,
then σ′ = Ibn ◦σn , where Ibn denotes the inner automorphism Ibn (r ) :=σbn (r ) = bnr b−1

n .

(2) If δ is not an algebraic quasi-derivation, then p(x) is a cv-polynomial with respect to (σ′,δ′)
if and only if δ′ = (p −b0)(δ)+δb0,σ′ .

Having in mind Table 2.1, the following examples motivate the formulation of our Theorem
2.19 that extends Proposition 2.18.

EXAMPLE 2.6. (i) Consider the Ore extensions S′ = D[x ′;σ′,δ′] and S = D[x;σ,δ] and the
polynomial p(x) = a2x2 +a1x +a0 ∈ S and r ∈ D . Suppose that p is a cv-polynomial with
respect to the quasi-derivation (σ′,δ′) on D . Then p(x)r =σ′

1(r )p(x)+δ′(r ) for any r ∈ D ,
whence

pr = (a2x2 +a1x +a0)r = a2x2r +a1xr +a0r

= a2σ
2(r )x2 +a2δσ(r )x +a2σδ(r )x +a2δ

2(r )+a1σ(r )x +a1δ(r )+a0r.

= a2σ
2(r )x2 + [a2δσ(r )+a2σδ(r )+a1σ(r )]x +a2δ

2(r )+a1δ(r )+a0r. (2.7)

On the other hand,

σ′(r )p +δ′(r ) =σ′(r )a2x2 +σ′(r )a1x +σ′(r )a0 +δ′(r ). (2.8)

By Proposition 2.18, δ′ = (p −a0)(δ)+δ(a0,σ′). Besides, as p has degree 2, σ′ =σa2 ◦σ2. By
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replacing this last expression in (2.8), we get

σ′(r )p +δ′(r ) = (σa2 ◦σ2)a2x2 + (σa2 ◦σ2)a1x + (σa2 ◦σ2)a0

+ (p −a0)(δ)(r )+δ(a0,σ′)(r )

= a2σ
2(r )a−1

2 a2x2 +a2σ
2(r )a−1

2 a1x +a2σ
2(r )a−1

2 a0

+a2δ
2(r )+a1δ(r )+a0r −a2σ

2(r )a−1
2 a0

= a2σ
2(r )x2 +a2σ

2(r )a−1
2 a1x +a2δ

2(r )+a1δ(r )+a0r. (2.9)

Nevertheless, it is clear that expressions (2.7) and (2.9) are not necessarily the same.

(ii) Consider the polynomial p = a2x2 + a1x + a0 belonging to the Jordan plane J (k) ∼=
k[y][x;σ,δ] (Section 1.2.1). Suposse that p is a cv-polynomial with respect to the quasi-
derivation (σ′,δ′) on k[y]. Then py =σ′(y)p +δ′(y) for y ∈ k[y], whence

py = (a2x2 +a1x +a0)y

= a2x2 y +a1x y +a0 y

= a2σ
2(y)x2 +a2δσ(y)x +a2σδ(y)x +a2δ

2(y)+a1σ(y)x +a1δ(y)+a0 y.

= a2 y x2 −a2 y2x −a2 y2x +a2 y4 +a1q y x +a1 y x −a1 y2 +a0 y. (2.10)

Since

σ′(y)p +δ′(y) =σ′(y)a2x2 +σ′(y)a1x +σ′(y)a0 +δ′(y). (2.11)

By Proposition 2.18, we know that δ′ = (p − a0)(δ)+δ(a0,σ′). Besides, as p has degree 2,
then σ′ =σa2 ◦σ2. By replacing this last expression in (2.8), we get

σ′(y)p +δ′(y) = (σa2 ◦σ2)a2x2 + (σa2 ◦σ2)a1x + (σa2 ◦σ2)a0 + (p −a0)(δ)(y)+δ(a0,σ′)(y)

= a2σ
2(y)a−1

2 a2x2 +a2σ
2(y)a−1

2 a1x +a2σ
2(y)a−1

2 a0

+a2δ
2(y)+a1δ(y)+a0r −a2σ

2(y)a−1
2 a0

= a2σ
2(y)x2 +a2σ

2(y)a−1
2 a1x +a2δ

2(y)+a1δ(y)+a0 y

= a2 y x2 +a1 y x +a2 y4 −a1 y2 +a0 y. (2.12)

However, expressions (2.10) and (2.12) do not coincide.

(iii) Let p = a2x2 + a1x + a0 be an element belonging to the q-meromorphic Weyl algebra
Jq (k) ∼= k[y][x;σ,δ] (Section 1.2.1). Suppose that p is a cv-polynomial with respect to the
quasi-derivation (σ′,δ′) on k[y]. Then py =σ′(y)p +δ′(y) for y ∈ k[y], and

py = (a2x2 +a1x +a0)y

= a2x2 y +a1x y +a0 y

= a2σ
2(y)x2 +a2δσ(y)x +a2σδ(y)x +a2δ

2(y)+a1σ(y)x +a1δ(y)+a0 y.

= a2q2 y x2 −a2q y2x −a2q y2x +a2 y4 −a1 y2 +a0 y. (2.13)
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By using that

σ′(y)p +δ′(y) =σ′(y)a2x2 +σ′(y)a1x +σ′(y)a0 +δ′(y), (2.14)

Proposition 2.18 asserts that δ′ = (p − a0)(δ)+δ(a0,σ′). Besides, as p has degree 2, σ′ =
σa2 ◦σ2, and by replacing this last expression in (2.14),

σ′(y)p +δ′(y) = (σa2 ◦σ2)a2x2 + (σa2 ◦σ2)a1x + (σa2 ◦σ2)a0

+ (p −a0)(δ)(y)+δ(a0,σ′)(y)

= a2σ
2(y)a−1

2 a2x2 +a2σ
2(y)a−1

2 a1x +a2σ
2(y)a−1

2 a0

+a2δ
2(y)+a1δ(y)+a0r −a2σ

2(y)a−1
2 a0

= a2σ
2(y)x2 +a2σ

2(y)a−1
2 a1x +a2δ

2(y)+a1δ(y)+a0 y

= a2q2 y x2 +a1q2 y +a2 y4 −a1 y2 +a0 y. (2.15)

Nevertheless, it is clear that expressions (2.13) and (2.15) are different.

THEOREM 2.19. Let p1 = ∑n
i=0 ai xi

1 ∈ S = R[x1;σ1,δ1] be of degree n ≥ 0 and let (σ′
1,δ′1) be any

quasi-derivation on R. If p1 is a cv-polynomial with respect to (σ′
1,δ′1), then δ′1 = (p1 −a0)(δ1)+

δ(a0,σ′
1) and if n ≥ 1, then σ1δ1 =−δ1σ1 and aiσ

i
1 =σ′

1ai for every 1 ≤ i ≤ n.

Proof. The first part of the assertion is precisely the content of Proposition 2.18. Now, if n ≥ 2,
since p1 is a cv-polynomial, then for every r ∈ R , p1r =σ′

1(r )p1+δ′1(r ), i.e., p1r −σ′
1(r )p1 = δ′1(r ),

and hence

n∑
i=0

ai xi
1r −σ′

1(r )
n∑

i=0
ai xi

1 = [anσ
n
1 (r )−σ′

1(r )an]xn
1 + [an−1σ

n−1
1 (r )−σ′

1(r )an−1]xn−1
1 (2.16)

+·· ·+ [a1σ1(r )−σ′
1(r )a1]x1 −σ′

1(r )a0 +pσ1,δ1 +
n∑

i=1
aiδ

i
1(r )+a0r = δ′1(r ),

where pσ1,δ1 are the possible combinations between σ1 and δ1. Since (2.16) is equal to
δ′1(r ) = (p1 −a0)(δ1)(r )+δ(a0,σ′

1)(r ) =∑n
i=1 aiδ

i
1(r )+a0r −σ′

1(r )a0, it follows that[
anσ

n
1 (r )−σ′

1(r )
]

xn
1 + [

an−1σ
n−1
1 (r )−σ′

1(r )
]

xn−1
1 + . . .+ [

a1σ1(r )−σ′
1(r )a1

]
x1 +pσ1,δ1 = 0,

whence aiσ
i
1(r ) =σ′

1(r )ai for 1 ≤ i ≤ n and pσ1,δ1 = 0. Therefore, σ1δ1 =−δ1σ1 as desired.

REMARK 9. Rimmer [Rim78] also imposed the condition aiσ
i
1(r ) =σ1(r )ai in his study of homo-

morphisms between Ore extensions of endomorphism type (that fix the ring of coefficients).

EXAMPLE 2.7. In Table 2.2, we consider p1 = c ∈ R and p2 a polynomial of degree one with
respect to the indeterminate x2. As we see, if p2 = ax1x2 +b then σ′

2 is determined according to
one of the following possibilities: either mixed compositions cancel each other or the condition
(a1x1)σ2(−) =σ′

2(−)(a1x1) holds.
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EXAMPLE 2.8. In Table 2.3, p1 is a degree one polynomial with respect to x1, and p2 is a polyno-
mial in two indeterminates x1 and x2. From Example 2.7 we know that σ′

i and δ′i are determined
by the choice of pi .

The results obtained in the previous examples illustrate Theorem 2.20. It is natural to say that
a polynomial p(x1, x2) ∈ S = D[x1;σ1,δ1][x2;σ2,δ2] is right invariant if p(x1, x2)R[x1;σ1,δ1] ⊆
R[x1;σ1,δ1]p(x1, x2), and right semi-invariant if p(x1, x2)R ⊆ Rp(x1, x2).

THEOREM 2.20. Consider xn
2 a monomial right invariant of degree n ≥ 1. Let p2(x1, x2) as

p2(x1, x2) = f (x1)xn
2 + g (x1, x2), where the degree of g (x1, x2) with respect to x2 is less than or

equal to n. Then:

(1) p2 is a cv-polynomial with respect to the quasi-derivation (σ′
2,δ′2) if and only if g (x1, x2) is

a cv-polynomial with respect to (σ′
2,δ′2) and f (x1)σn

2 (−) =σ′
2(−) f (x1).

(2) If p2 is a left multiple of f (x1), then p2 is a cv-polynomial if and only if is invariant.

Proof. (1) Suppose that p2 is a cv-polynomial with respect to the quasi-derivation (σ′
2,δ′2).

Then

p2p1 =σ′
2(p1)p2 +δ′2(p1) =σ′

2(p1)[ f (x1)xn
2 + g (x1, x2)]+δ′2(p1)

=σ′
2(p1) f (x1)xn

2 + [σ′
2(p1)g (x1, x2)+δ′2(p1)], and (2.17)

p2p1 =
[

f (x1)xn
2 + g (x1, x2)

]
p1 = f (x1)xn

2 p1 + g (x1, x2)p1 = f (x1)σn
2 (p1)xn

2 + g (x1, x2)p1,
(2.18)

since xn
2 is a monomial invariant. Both expressions (2.44) and (2.45) show that f (x1)σn

2 (−) =
σ′

2(−) f (x1) and
g (x1, x2)p1 =σ′

2(p1)g (x1, x2)+δ′2(p1). (2.19)

Conversely, if g (x1, x2) is a cv-polynomial with respect to the quasi-derivation (σ′
2,δ′2),

then g (x1, x2)p1 =σ′
2(p1)g (x1, x2)+δ′2(p1), and since f (x1)σn

2 (−) =σ′
2(−) f (x1),

p2p1 = f (x1)xn
2 p1 + g (x1, x2)p1 = f (x1)σn

2 (p1)xn
2 + g (x1, x2)p1

=σ′
2(p1) f (x1)xn

2 +σ′
2(p1)g (x1, x2)+δ′2(p1)

=σ′
2(p1)[ f (x1)xn

2 + g (x1, x2)]+δ′2(p1) =σ′
2(p1)p2 +δ′2(p1).

(2) If p2 is a cv-polynomial with respect to (σ′
2,δ′2), then p2p1 =σ′

2(p1)p2+δ′2(p1), and having
in mind that p2 is a left multiple of f (x1), g (x1, x2) = 0. In this way, δ′2(p1) = 0 due to
expression (2.46). Besides, since f (x1)σn

2 (−) = σ′
2(−) f (x1), then p2p1 = f (x1)σn

2 (p1)xn
2 ,

which shows that p2 is invariant. Now, assume that p2 is invariant. By assumption
g (x1, x2) = 0, whence p2p1 = f (x1)xn

2 p1 = f (x1)σn
2 (p1)xn

2 . If we suppose that there exist
σ′

2 such that f (x1)σn
2 (p1) = σ′

2(p1) f (x1), then p2 is a cv-polynomial with respect to the
quasi-derivation (σ′

2,δ′2 = 0).
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Let R be a ring and (σ2,δ2) a quasi-derivation on R[x1;σ1,δ1]. We say that δ2 is algebraic if
there exists a non-zero polynomial g in the two-step iterated Ore extension S = R[x1;σ1,δ1][x2;σ2,δ2]
such that g (x1,δ2) = 0. The evaluation of a polynomial g (x1, x2) =∑n

i=0 qi (x1)xi
2 at δ2 is defined

to be the operator g (x1,δ2) =∑n
i=0 qi (x1)δi

2 on S.

The following result extends Theorem 2.19 for iterated Ore extensions.

THEOREM 2.21. Let S′ = R[x ′
1;σ′

1,δ′1][x ′
2;σ′

2,δ′2] and S = R[x1;σ1,δ1][x2;σ2,δ2]. Consider p1(x1) ∈
R[x1;σ1,δ1], p2(x1, x2) ∈ S given by p1(x1) =∑k

i=0 ai xi
1 and p2(x1, x2) =∑n

i=0

∑m
j=0 bi j xi

1x j
2 .

(1) If p2 is a cv-polynomial with respect to the quasi-derivation (σ′
2,δ′2) then δ′2 = (p2 −

B00)(δ2)+δ2(B00,σ′
2), where B00 =∑n

i=0 bi 0xi
1x0

2 , and if also m ≥ 1, then bi j xi
1σ

j
2(−) =σ′

2(−)bi j xi
1

and σ2δ2 =−δ2σ2.

(2) If δi is not an algebraic derivation for 1 ≤ i ≤ 2, then pi is a cv-polynomial 1 ≤ i ≤ 2
with respect to the quasi-derivation (σ′

i ,δ′i ) if and only if δ′1 = (p1 − a0)δ1 +δ1(a0,σ′
1) and

δ′2 = (p2 −B00)(δ2)+δ2(B00,σ′
2), where B00 =∑n

i=0 bi 0xi
1x0

2 .

Proof. (1) Consider the homomorphism λ : S → End(R[x1;σ1,δ1],+), given by λ(r ) = left
multiplication by r on R, λ(x2) = δ2, and λ(x1) =λx1 with λx1 (r ) = r , for every r ∈ R, and
λx1 (x1) = x1. Suppose that p2 is a cv-polynomial with respect to (σ′

2,δ′2). Then

p2p1 =φ(x ′
2x ′

1) =σ′
2(φ(x ′

1))p2 +δ′2(φ(x ′
1)) (2.20)

p2r =φ(x ′
2r ) =σ′

2(r )p2 +δ′2(r ).

If we evaluate the expression (2.20) with respect to the homomorphism λ, we get

p2(x1,δ2)p1(x1) =σ′
2(p1(x1))p2(x1,δ2)+δ′2(p1(x1)). (2.21)

Now, by evaluating δ2(1), expression (2.21) guarantees that

p2(x1,δ2)p1(x1) =σ′
2(p1(x1))

n∑
i=0

bi 0xi
1x0

2 +δ′2(p1(x1)),

since δ j
2(1) = 0 for j ≥ 1. Therefore, by taking B00 =∑n

i=0 bi 0xi
1x0

2 , it follows that

δ′2(p1(x1)) = p2(x1,δ2)p1(x1)−σ′
2(p1(x1))B00

= p2(x1,δ2)p1(x1)−B00p1(x1)+B00p1(x1)−σ′
2(p1(x1))B00

= (p2(x1,δ2)−B00)p1(x1)+δ2(B00,σ′
2)(p1(x1))

= (p2(x1, x2)−B00)(δ2)(p1(x1))+δ2(B00,σ′
2)(p1(x1)).

and thus δ′2 = (p2 −B00)(δ2)+δ2(B00,σ′
2).
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For the next part, let m ≥ 1. Since p2 is a cv-polynomial, p2p1 −σ′
2(p1)p2 = δ′2(p1), and so(

n∑
i=0

m∑
j=0

bi j xi
1x j

2

)(
k∑

i=0
ai xi

1

)
−σ′

2

(
k∑

i=0
ai xi

1

)
n∑

i=0

m∑
j=0

bi j xi
1x j

2 (2.22)

= [bnm xn
1σ

m
2 (ak xk

1 )−σ′
2(ak xk

1 )bnm xn
1 ]xm

2 +·· ·−σ′
2(p1)B00

+pσ2,δ2 +
n∑

i=0

m∑
j=0

bi j xi
1δ

j
2(p1)+B00p1 = δ′2(p1),

where pσ2,δ2 are the possible combinations between σ2 and δ2. Since (2.22) is equal to

δ′2(p1) = (p2 −B00)(δ2)(p1)+δ2(B00,σ′
2)(p1) =

n∑
i=0

m∑
j=0

bi j xi
1δ

j
2(p1)+B00p1 −σ′

1(p1)B00,

necessarily the equality

[bnm xn
1σ

m
2 (ak xk

1 )−σ′
2(ak xk

1 )bnm xn
1 ]xm

2 +·· ·+pσ2,δ2 = 0.

must be satisfied. Therefore, bi j xi
1σ

j
2(ai xi

1) = σ′
2(ai xi

1)bi j xi
1 for 1 ≤ i ≤ n, 1 ≤ j ≤ m,

pσ2,δ2 = 0, and so σ2δ2 =−δ2σ2, as desired.

(2) The first implication has been proven in Theorem 2.19(1). Let us suppose that δ2 is not
an algebraic derivation, and consider q(x1, x2) = p2(x1, x2)−B00. Then δ′2 = q(x1,δ2)+
δ2(B00,σ′

2), and so q(x1,δ2) = δ′2 −δ2(B00,σ′
2) is a σ′

2-derivation, which implies that for any
r ∈ R,

q(x1,δ2)(p1(x1)r ) =σ′
2(p1(x1))q(x1,δ2)(r )+q(x1,δ2)(p1(x1))r.

In this way,

q(x1,δ2)λ(p1(x1)) =λ(σ′
2(p1(x1)))q(x1,δ2)+λ(q(x1,δ2)(p1(x1))),

which holds in the image of λ. Since δ2 is not algebraic, λ is injective, and so there exists
λ−1, and

q(x1, x2)(p1(x1)) =σ′
2(p1(x1))q(x1, x2)+q(x1,δ2)(p1(x1)).

By replacing q(x1, x2) and q(x1,δ2), we get

(p2(x1, x2)−B00)p1(x1) =σ′
2(p1(x1))(p2(x1, x2)−B00)+ (δ′2 −δ2(B00,σ′

2))(p1(x1))

=σ′
2(p1(x1))p2(x1, x2)−σ′

2(p1(x1))B00

+δ′2(p1(x1))−δ2(B00,σ′
2)(p1(x1))

=σ′
2(p1(x1))p2(x1, x2)−σ′

2(p1(x1))B00

+δ′2(p1(x1))−B00p1(x1)+σ′
2(p1(x1))B00

=σ′
2(p1(x1))p2(x1, x2)+δ′2(p1(x1))−B00p1(x1),

and cancelling B00p1(x1), it follows that p2p1 =σ′
2(p1)p2 +δ′2(p1).
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Following the same ideas of part (2) of the proof above, but in this case with q(x1) = p1(x1)−
a0, δ′1 = p1(δ1)+δ1(a0,σ′

1), and evaluating with the homomorphism α : R[x1;σ1,δ1] →
End(R,+),α(x1) = δ1 andλ(r ) defined as the left multiplication by r on R for each r ∈ R , we
can assert that p1r =σ′

1(p1)r +δ′1(r ). These facts show that pi (i = 1,2) is a cv-polynomial
with respect to the quasi-derivation (σ′

i ,δ′i ) (i = 1,2).

EXAMPLE 2.9. Let J ′ = k[y ′][x ′;σ′
2,δ′2] and J = k[y][x;σ2,δ2] be two Jordan’s planes (Section

1.2.1). Consider the polynomials p1 = a1 y +a0 and p2 = b1 y x +b0. By Theorem 2.21, we know
that δ′2 = (p2−B00)(δ2)+δ2(B00,σ′). Let σ′

2 = a1σa−1
1 and σ2(y) = y (recall that δ2(y) =−y2). Since

p2p1 = (b1 y x +b0)(a1 y +a0)

= a1b1 y x y +a0b1 y x +a1b0 y +a0b0

= a1b1 y(σ2(y)x +δ2(y))+a0b1 y x +a1b0 y +a0b0

= a1b1 y2x −a1b1 y3 +a0b1 y x +a1b0 y +a0b0,

and

σ′
2(p1)p2 +δ′2(p1) =σ′

2(a1 y +a0)(b1 y x +b0)+δ′2(a1 y +a0)

= a1b1 y2x +a1b0 y +a0b1 y x +a0b0 +δ′2(a1 y)+δ′2(a0)

= a1b1 y2x +a1b0 y +a0b1 y x +a0b0 +σ′
2(a1)δ′2(y)+δ′2(a1)y

= a1b1 y2x +a1b0 y +a0b1 y x +a0b0 +a1[b1 yδ2(y)+b0σ
′
2(y)− yb0]

= a1b1 y2x +a1b0 y +a0b1 y x +a0b0 −a1b1 y3,

it follows that the polynomials pi ’s, i = 1,2, are cv-polynomials with respect to the quasi-
derivation (σ′

i ,δ′i ), i = 1,2. Note that the conditions for σ′
1 and δ′1 are satisfied.

Lam and Leroy [LL92, p. 86] asserted that a D-homomorphism φ : D[x ′;σ′,δ′] → D[x;σ,δ]
is injective if and only if the associated cv-polynomial p(x) =φ(x ′) has degree greater or equal
1, and φ is surjective (respectively, bijective) if and only if p(x) has degree one. Theorem 2.22
extends this result to two-step iterated Ore extensions and it is one of the most important results
of the thesis.

THEOREM 2.22. If φ is a homomorphism of two-step iterated Ore extensions as in Definition 2.4,
then φ is an isomorphism if and only if the associated cv-polynomials p1 and p2 have degree one
with respect to the indeterminates x1 and x2, respectively.

Proof. Let φ be an isomorphism of two-step iterated Ore extensions. By Definition 2.4, φ(x ′
1) =

p1 ∈ R[x1;σ1,δ1] and φ(x ′
2) := p2 ∈ S.

With the aim of showing that the cv-polynomials p1 and p2 necessarily have a degree greater
or equal to one, consider the following cases:

(1) p1 = c and p2 = c−1dc , with c,d ∈ R . Since we can find elements f , g ∈ S′ such that f = d x ′
1

and g = cx ′
2. Then φ( f ) = dc =φ(g ), but since f ̸= g , it contradicts the injectivity of φ.
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(2) p1 = c ∈ R, and p2 ∈ S with degree greater than zero. Let f , g ∈ S′ such that f = d x ′
1 and

g = dc. It follows that φ( f ) = dc =φ(g ), which contradicts again the injectivity of φ.

(3) p1 ∈ R[x1;σ1,δ1] of degree greater than zero and p2 = d ∈ R. Consider elements f , g ∈ S′

such that f = d and g = x ′
2. Again, φ( f ) = d =φ(g ), which contradicts again the injectivity

of φ.

Assume that the cv-polynomials p1 and p2 have degree n,k > 1, respectively. We write

p1 =
n∑

i=0
ai xi

1 and p2 =
k∑

j=0
q j (x1)x j

2 ,

where ai ∈ R, q j (x1) ∈ R[x1;σ1,δ1] for 0 ≤ i ≤ n and 0 ≤ j ≤ k, and an , qk (x1) are non-zero
elements. Since φ is surjective, for the indeterminate x1 ∈ S there exists a polynomial g ∈ S′ such
that

x1 =φ(g ) =φ
(

w∑
i , j=0

ci j x
′i
1 x

′ j
2

)
=

w∑
i , j=0

ci jφ(x
′i
1 x

′ j
2 ) =

w∑
i , j=0

ci j p i
1p j

2 .

In this way, w = 1, the degree of p1 is one, and the degree of p2 is zero, which gives us a
contradiction. Since the cv-polynomials have degree greater than one, it follows that there is no
polynomial g ∈ S′ withφ(g ) = x1. Similarly, if we take the indeterminate x2 ∈ S, we get that w = 1,
p1 must have degree zero or one, and p2 must have degree one, which is again a contradiction.
Therefore, both p1 and p2 must have degree exactly one.

Now, let φ : S′ → S be the homomorphism defined as φ(x ′
1) = p1 = ax1 + b and φ(x ′

2) =
p2 = f (x1)x2 + g (x1), with a,b ∈ R and f (x1), g (x1) ∈ R[x1;σ1,δ1]. First of all, we show that both
polynomials are cv-polynomials. With this aim, consider the following equalities:

φ(x ′
2x ′

1) = p2p1 = ( f (x1)x2 + g (x1))(ax1 +b) (2.23)

= f (x1)x2ax1 + f (x1)x2b + g (x1)ax1 + g (x1)b

= f (x1)[σ2(ax1)x2 +δ2(ax1)]+ f (x1)x2b + g (x1)ax1 + g (x1)b

= f (x1)σ2(ax1)x2 + f (x1)δ2(ax1)+ f (x1)x2b + g (x1)ax1 + g (x1)b,

and

σ′
2(φ(x ′

1))p2 +δ′2(φ(x ′
1)) =σ′

2(ax1 +b)( f (x1)x2 + g (x1))+δ′2(ax1 +b) (2.24)

=σ′
2(ax1) f (x1)x2 +σ′

2(ax1)g (x1)+σ′
2(b) f (x1)x2

+σ′
2(b)g (x1)+δ′2(ax1)+δ′2(b).

Having in mind that (2.23) and (2.24) must coincide, let σ′
2 := (σ2 f (x1) ◦σ2), that is, (σ2 f (x1) ◦

σ2)(−) = f (x1)σ2(−)( f (x1))−1, so f (x1) is a unit, say f (x1) = γ ∈ R∗. Since δ′2 = (γδ2 +δ2(g (x1),σ′
2)),

it follows that p1 = ax +b and p2 = γx2 + g (x1), whence

p2p1 = γσ2(ax1)x2 +γδ2(ax1)+γx2b + g (x1)ax1 + g (x1)b

= γσ2(ax1)x2 +γδ2(ax1)+γσ2(b)x2 +γδ2(b)+ g (x1)ax1 + g (x1)b, (2.25)
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and

σ′
2(φ(x ′

1))p2 +δ′2(φ(x ′
1)) =σ′

2(ax1)γx2 +σ′
2(ax1)g (x1)+σ′

2(b)γx2

+σ′
2(b)g (x1)+δ′2(ax1)+δ′2(b)

= γσ2(ax1)γ−1γx2 +γσ2(ax1)γ−1g (x1)+γσ2(b)γ−1γx2

+γσ2(b)γ−1g (x1)+γδ2(ax1)+ g (x1)ax1

−γσ2(ax1)γ−1g (x1)+γδ2(b)+ g (x1)b −γσ2(b)γ−1g (x1)

= γσ2(ax1)x2 +γσ2(b)x2 +γδ2(ax1)+ g (x1)ax1 (2.26)

+γδ2(b)+ g (x1)b.

If we compare (2.25) and (2.26), then

p2p1 =σ′
2(φ(x ′

1))p2 +δ′2(φ(x ′
1)) =σ′

2(p1)p2 +δ′2(p1),

as desired.

Now, since

p1r = (ax +b)r = axr +br = aσ1(r )x +aδ1(r )+br, and

σ′
1(r )p1 +δ′1(r ) = σ′

1(r )ax +σ′
1(r )b +δ′1(r ),

then σ′
1 = aσ1a−1 and δ′1 = aδ1 +δ1(b,σ′

1). In this way,

σ′
1(r )p1 +δ′1(r ) = aσ1(r )a−1ax +aσ1(r )a−1b +aδ1(r )+br −aσ1(r )a−1b, (2.27)

or equivalently,
p1r = aσ1(r )x +aδ1(r )+br =σ′

1(r )p1 +δ′1(r ).

All these facts guarantee that the polynomials p1 = ax1 + b and p2 = γx2 + g (x1) are cv-
polynomials with respect to the quasi-derivations (σ′

1,δ′1) = (aσ1a−1, aδ1+δ1(b,σ′
1)) and (σ′

2,δ′2) =
(γσ2γ

−1,γδ2 +δ2(g (x1),σ′
2)), respectively.

Finally, let us verify that φ is an isomorphism. We will show that there exists a homomor-
phismψ : S → S′ such thatψ◦φ= idS′ andφ◦ψ= idS . Consider x ′

1 =ψ(φ(x ′
1)), and the equalities

x ′
1 =ψ(φ(x ′

1)) =ψ(p1) =ψ(ax1 +b) =ψ(ax1)+ψ(b).

From the last expression, it follows that ψ(x1) = a−1x ′
1 −a−1ψ(b).

In the same way, let us consider x ′
2 =ψ(φ(x ′

2)). Since

x ′
2 =ψ(φ(x ′

2)) =ψ(p2) =ψ(γx2 + g (x1)) =ψ(γx2)+ψ(g (x1))

= γψ(x2)+ g (ψ(x1)) = γψ(x2)+ g (a−1x ′
1 −a−1ψ(b)),

we get ψ(x2) = γ−1x ′
2 −γ−1g (a−1x ′

1 − a−1ψ(b)). These facts show that ψ ◦φ = idS′ , where
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p1 = ax1 +b and p2 = γx2 + g (x1). In the same way, it can be shown that φ◦ψ= idS , whence the
homomorphism defined byφ(x ′

1) = p1 = ax1+b andφ(x ′
2) = p2 = γx2+g (x1) is an isomorphism.

Next, we characterize the automorphisms corresponding with cv-polynomials for the Jordan
plane J (k) (Theorem 2.23) and the q-meromorphic Weyl algebra (also known as the q-skew
Jordan’s plane) Jq (k) (Theorem 2.24).

THEOREM 2.23. If φ is an automorphism of the two-step iterated Ore extension J (Section 1.2.1),
then the correspoding cv-polynomials are given by φ(y) = p1 = γy and φ(x) = p2 = x + g (y) with
respect to (σi ,δi ), i = 1,2, for some γ ∈ k∗ and g (y) ∈ k[y].

Proof. Consider φ an automorphism of J . Then φ is an isomorphism of two-step iterated
Ore extensions, so Theorem 2.22 establishes that its associated cv-polynomials have degree
1. Let φ(y) := p1 = γy +β with γ,β ∈ k∗ and φ(x) := p2 = f (y)x + g (y) where f (y), g (y) ∈ k[y].
The idea is to see that these polynomials satisfy conditions (2.4) - (2.6) with respect to the
quasi-derivations (σi ,δi ), i = 1,2, respectively.

Note that the equality p2p1 =σ2(p1)p2 +δ2(p1) holds if the expressions

p2p1 = ( f (y)x + g (y))(γy +β)

= f (y)xγy + f (y)xβ+ g (y)γy + g (y)β

= γ f (y)x y +β f (y)x +γg (y)y +βg (y)

= γ f (y)(y x − y2)+β f (y)x +γg (y)y +βg (y)

= γ f (y)y x −γ f (y)y2 +β f (y)x +γg (y)y +βg (y),

and

σ2(p1)p2 +δ2(p1) =σ2(γy +β)( f (y)x + g (y))+δ2(γy +β)

= (σ2(γy)+σ2(β))( f (y)x + g (y))+δ2(γy)+δ2(β)

= γy f (y)x +γy g (y)+β f (y)x +βg (y)+σ2(γ)δ2(y)+δ2(γ)y +δ2(β)

= γ f (y)y x +γg (y)y +β f (y)x +βg (y)−γy2

coincide, i.e., γ f (y) = γ, whence f (y) ∈ k∗ and necessarily f (y) = 1. Thus, p2 = x + g (y) and
p1 = γy +β. It is straightforward to see that p1r =σ1(r )p1 +δ1(r ) and p2r =σ1(r )p2 +δ2(r ) for
any r ∈ k.

Now, since φ is an automorphism, there exists φ−1 such that y =φ−1(φ(y)), that is,

y =φ−1(φ(y)) =φ−1(p1) =φ−1(γy +β) =φ−1(γy)+φ−1(β).

From the last expression, it follows that φ−1(β) = 0, so β= 0. In addition, φ−1(y) = γ−1 y .

In the same way, let us consider x =φ−1(φ(x)). Then
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x =φ−1(φ(x)) =φ−1(p2) =φ−1(x + g (y)) =φ−1(x)+φ−1(g (y)) =φ−1(x)+ g (φ−1(y))

=φ−1(x)+ g (γ−1 y),

so φ−1(x) = x − g (γ−1 y). We conclude that the homomorphism defined by φ(y) = p1 = γy
and φ(x) = p2 = x + g (y), with g (y) ∈ k[y], is an automorphism of Jordan plane J .

EXAMPLE 2.10. Shirikov [Shi05, Proposition 3.1] characterized the automorphisms of the Jordan’s
plane J (k) defined over a field k of characteristic zero (he does not consider J (k) as an iterated
Ore extension). He proved that these automorphisms are given byφ(x) = γx+g (y) andφ(y) = γy ,
for some γ ∈ k∗ and g (y) ∈ k[y]. If we compare with Theorem 2.23, there is a little difference
concerning the coefficient of the indeterminate x. This is because our treatment concerns the
definition of homomorphism through the notion of cv-polynomial. Next, we present an example
of an automorphism of J (k) that does not correspond to a pair of cv-polynomials.

Consider the automorphism φ of J (k) given by the polynomials φ(x) = p2 = 2x + y2 and
φ(y) = p1 = 2y . Since

p2p1 = σ2(p1)p2 +δ2(p1) = (2x + y2)(2y) = 4x y +2y3

= 4(σ2(y)x +δ2(y))+2y3 = 4y x −4y2 +2y3,

σ2(2y)(2x + y2)+δ2(2y) = 2y(2x + y2)−2y2 = 4y x +2y3 −2y2,

it follows that p2p1 ̸=σ2(2y)(2x + y2)+δ2(2y), that is, condition (2.4) does not hold.

THEOREM 2.24. If φ is an automorphism of the q-meromorphic Weyl algebra Jq (k) (Section
1.2.1), then the corresponding cv-polynomials are given by φ(y) = p1 = γy and φ(x) = p2 = x with
respect to (σi ,δi ) (i = 1,2), respectively, for some element γ ∈ k∗.

Proof. Let φ : Jq (k) ∼= k[y][x;σ2,δ2] → Jq (k) ∼= k[y][x;σ2,δ2] be an automorphism of Jq (k).
Then φ acts as an isomorphism on the iterated Ore extension, and by Theorem 2.22, we have
that the associated cv-polynomials have a degree of 1. We define φ(y) := p1 = γy +β, where γ
and β are non-zero elements in k, and φ(x) := p2 = f (y)x + g (y), such that f (y) and g (y) are
elements of k[y]. Let us see that the given polynomials satisfy the conditions (2.4) - (2.6):

p2p1 = ( f (y)x + g (y))(γy +β)

= f (y)xγy + f (y)xβ+ g (y)γy + g (y)β

= γ f (y)x y +β f (y)x +γg (y)y +βg (y)

= γ f (y)(q y x − y2)+β f (y)x +γg (y)y +βg (y)

= γq f (y)y x −γ f (y)y2 +β f (y)x +γg (y)y +βg (y),

σ2(p1)p2 +δ2(p1) =σ2(γy +β)( f (y)x + g (y))+δ2(γy +β)

= (σ2(γy)+σ2(β))( f (y)x + g (y))+δ2(γy)+δ2(β)
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= γq y f (y)x +γq y g (y)+β f (y)x +βg (y)+σ2(γ)δ2(y)+δ2(γ)y +δ2(β)

= γq f (y)y x +γqg (y)y +β f (y)x +βg (y)−γy2.

It is necessary to ensure that the equality γ f (y) = γ holds, that is, f (y) is a unit, and so
f (y) = 1. In addition, we must satisfy γg (y)y = γqg (y)y . Given that q ̸= 1, then g (y) = 0. In this
way, p2 = x and p1 = γy +β. It is straightforward to see that for any r ∈ k, p1r =σ1(r )p1 +δ1(r )
and p2r =σ1(r )p2 +δ2(r ) hold. Hence, conditions (2.4), (2.5) and (2.6) are satisfied.

Since φ is an automorphism, there exists φ−1 such that y =φ−1(φ(y)). Then

y =φ−1(φ(y)) =φ−1(φ(p1)) =φ−1(γy +β) =φ−1(γy)+φ−1(β).

From the last expression, φ−1(β) = 0, and so β= 0. Also, we get φ−1(y) = γ−1 y .

Similarly, if we consider x = φ−1(φ(x)), then x = φ−1(φ(x)) = φ−1(p2) = φ−1(x), and so
φ−1(x) = x, i.e., we conclude that the homomorphism described by φ(y) = p1 = γy and φ(x) =
p2 = x is an automorphism of the q-skew Jordan plane Jq .

DEFINITION 2.5. Consider S = R[x1;σ1,δ1][x2;σ2,δ2]. The σ2-derivation δ2 is quasi-algebraic if
satisfies one of the following conditions:

(i) There exist constants qi (x1) ∈ R[x1;σ1,δ1] with qn(x1) = 1, such that
∑n

i=1 qi (x1)δi
2 is an

σn
2 -inner derivation.

(ii) There exist constants qi (x1) ∈ R[x1;σ1,δ1], 1 ≤ i ≤ n not all zero, such that
∑n

i=1 qi (x1)δi
2 is

an σ′
2-inner derivation for some endomorphism σ′

2.

THEOREM 2.25. Let S′ = R[x ′
1;σ′

1,δ′1][x ′
2;σ′

2,δ′2] and S = R[x1;σ1,δ1][x2;σ2,δ2]. Assume that
σiδi =−δiσi for i = 1,2. Suppose that one of the following two conditions

(1) p2 can be written as p2 = q(x2)+ f (x1) and σi is an automorphism with o(σi ) =∞, or

(2) δi is not quasi-algebraic,

is true for both values of i . If φ : S′ → S and ψ : S → S′ are injective ring homomorphisms, then
both are isomomorphisms.

Proof. Assume that one of the homomorphismsφ orψ is not an isomorphism. Thenφ◦ψ : S → S
is not an isomorphism, and by Theorem 2.22, the associated cv-polynomials p1 and p2 have
degree ≥ 2. First, we denote p2 = ∑m

j=0 b j x j
2 + f (x1) with m ≥ 2. Suppose that condition (1)

holds. By Theorem 2.21(1), b jσ
j
2(−) =σ2(−)b j , and since σ2 is an automorphism, σ j−1

2 =σ2(b−1
j ),

for every 1 ≤ j ≤ m, so o(σ2) ≤ j −1 ≤ m −1 <∞, a contradiction. In an analogous way, for
p1 =∑n

i=0 ai xi
1 with n ≥ 2, aiσ

i
1 =σ1ai , and this implies that σi−1

1 =σ1(a−1
i ), for every 1 ≤ i ≤ n,

thus o(σ1) ≤ i −1 ≤ n −1 <∞.
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Suppose that δ2 is not quasi-algebraic. Then δ2 is not algebraic and by Theorem 2.21(2),
δ2 = (p2 −B00)(δ2)+δ2(B00,σ2), where B00 =∑n

i=0 bi 0xi
1x0

2 . Since p2 has degree m ≥ 2,

δ2 −
n∑

i=0

m∑
j=1

bi j xi
1δ

j
2 = δ2 −

m∑
j=1

q j (x1)iδ
j
2 = δ2(B00,σ2),

whence δ2 is a σ′
2-inner derivation with σ′

2 =σm
2 , i.e, δ2 is quasi-algebraic, a contradiction.

Following the same reasoning, Theorem 2.21(2) implies that δ1 = (p1 −a0)δ1 +δ1(a0,σ′
1), which

shows that δ1 is quasi-algebraic, and we get a contradiction.

REMARK 10. It is worth asking whether the theorem is still valid if we change the hypothesis
(2) so that δ2 is not algebraic. This question was studied by Lam and Leroy [LL92, Remark
5.7], where they showed that with a quasi-algebraic but not algebraic derivation two injective
homomorphisms can be constructed, but these do not lead to an isomorphism. For two-step
iterated Ore extensions, if we fix the ring R[x1] for both Ore extensions, then we obtain Lam
aand Leroy’s result.

EXAMPLE 2.11. For k a field of characteristic zero and an element f (x) ∈ k[x], Alev and Dumas
[AD97] considered the algebraΛ defined as the Ore extension

Λ :=Λ( f (x)) := k[x]

[
y ;δ := f (x)

d

d x

]
= k〈x, y | y x −x y = f (x)〉.

Note that if f (x) = 0, thenΛ(0) = k[x, y], and if f (x) = 1, thenΛ(1) is the first Weyl algebra. They
investigated the group of automorphisms ofΛ, and showed that for elements f (x), g (x) ∈ k[x],
Λ( f (x)) ∼=Λ(g (x)) if and only if g (x) =λ f (αx +β) for some elements λ,α ∈ k∗ and β ∈ k [AD97,
Proposition 3.6(i)]. As one can check after some computations, for some particular values of
λ,α and β, the theory of cv-polynomials developed above illustrates Alev and Dumas’s result.

To finish this section, we present some remarks about eigenvector interpretations for the
coefficient vector of a cv-polynomial formulated in Proposition 2.12. The following example
illustrates this result.

EXAMPLE 2.12. [LL92, Example (2.10)] The polynomial p(x) = x2 +b0 ∈ S = D[x;σ,δ] is a cv-
polynomial with respect to the quasi-derivation (σ2,δ2 +δ(c,σ2)) on D , provided that σδ=−δσ.

By Proposition 2.12(2), for any a ∈ D and j = 1,2, . . . ,n, we get
n∑

i= j
bi f i

j (a) = bnσ
n(a)b−1

n b j . In

particular, for j = 1,

2∑
i=1

bi f i
1 (a) = b1 f 1

1 (a)+b2 f 2
1 (a) = 0σ(a)+1σδ(a)+1δσ(a) = 0,

and for j = 2,
2∑

i=2
bi f i

2 (a) = b2 f 2
2 (a) = σ2(a). Then, for j = 1,

2∑
i=1

bi f i
j (a) = 0 = b2σ

2(a)b−1
2 0,

and for j = 2,
2∑

i=2
bi f i

2 (a) =σ2(a) = b2σ
2(a)b−1

2 b2 as Proposition 2.12(2) asserts.

On the other hand, following Proposition 2.12(3), [b1 b2] is a left eigenvector for each a ∈ D
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of the matrix M2(a) with eigenvalue b2σ
2(a)b−1

2 , whence

[b1 b2]

[
f 1

1 (a) f 1
2 (a)

f 2
1 (a) f 2

2 (a)

]
= b2σ

2(a)b−1
2 [b1 b2]

[0 1]

[
σ(a) 0

σδ(a)+δσ(a) σ2(a)

]
=σ2(a)[0 1]

[σδ(a)+δσ(a) σ2(a)] = [0 σ2(a)]

[0 σ2(a)] = [0 σ2(a)].

Note that without the condition that σδ(a) =−δσ(a), Proposition 2.12 would be false. Exam-
ples 2.13 illustrates this situation.

EXAMPLE 2.13. (i) Consider p(x) = b2x2 + b1x + b0 ∈ S = D[x;σ,δ] (Example (2.5)). This
polynomial is a cv-polynomial with respect to the quasi-derivation (σ′,δ′ = b2δ

2 +b1δ+
δ(b0,σ′)) whenever σδ=−δσ and biσ

i (a) =σ′(a)bi . Now, for any a ∈ D and j = 1,2, . . . ,n,

by Proposition 2.12(2), we get
n∑

i= j
bi f i

j (a) = bnσ
n(a)b−1

n b j . For j = 1,

2∑
i=1

bi f i
1 (a) = b1 f 1

1 (a)+b2 f 2
1 (a) = b1σ(a)+b2σδ(a)+b2δσ(a) = b1σ(a).

while for j = 2,
2∑

i=2
bi f i

2 (a) = b2 f 2
2 (a) = b2σ

2(a). In this way, for j = 1, we obtain
2∑

i=1
bi f i

1 (a) =

b1σ(a) ̸= b2σ
2(a)b−1

2 b1, and for j = 2,
2∑

i=2
bi f i

2 (a) = b2σ
2(a) = b2σ

2(a)b−1
2 b2.

According to Proposition 2.12(3), [b1 b2] is a left eigenvector for each a ∈ D of the matrix
M2(a) with eigenvalue b2σ

2(a)b−1
2 , which implies that

[b1 b2]

[
f 1

1 (a) f 1
2 (a)

f 2
1 (a) f 2

2 (a)

]
= b2σ

2(a)b−1
2 [b1 b2]

[b1 b2]

[
σ(a) 0

σδ(a)+δσ(a) σ2(a)

]
= b2σ

2(a)b−1
2 [b1 b2]

[b1σ(a)+b2σδ(a)+b2δσ(a) b2σ
2(a)] = [b2σ

2(a)b−1
2 b1 b2σ

2(a)]

[b1σ(a) b2σ
2(a)] = [b2σ

2(a)b−1
2 b1 b2σ

2(a)].

However, it is clear that this equality is not necessarily true.

(ii) Consider the polynomial p = b2x2 +b1x +b0 ∈Jq (k) ∼= k[y][x;σ,δ]. Suppose that p is a
cv-polynomial with respect to the quasi-derivation (σ′,δ′ = b2δ

2+b1δ+δ(b0,σ′)), whenever
σδ = −δσ and biσ

i (y) = σ′(y)bi . For y ∈ k[y], and j = 1,2, . . . ,n, by Proposition 2.12(2),
n∑

i= j
bi f i

j (y) = bnσ
n(y)b−1

n b j , so for j = 1,

2∑
i=1

bi f i
1 (y) = b1 f 1

1 (y)+b2 f 2
1 (y) = b1σ(y)+b2σδ(y)+b2δσ(y) = b1σ(y) = b1q y
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and for j = 2,
2∑

i=2
bi f i

2 (y) = b2 f 2
2 (y) = b2σ

2(y) = b2q2 y . In this way, for j = 1,

2∑
i=1

bi f i
1 (y) = b1σ(y) = b1q y ̸= b2σ

2(y)b−1
2 b1 = b1q2 y

and for j = 2,
2∑

i=2
bi f i

2 (y) = b2σ
2(y) = b2q2 y = b2σ

2(y)b−1
2 b2.

Now, Proposition 2.12(3) asserts that [b1 b2] is a left eigenvector for y ∈ k[y] of the matrix
M2(y) with eigenvalue b2σ

2(y)b−1
2 , that is,

[b1 b2]

[
f 1

1 (y) f 1
2 (y)

f 2
1 (y) f 2

2 (y)

]
= b2σ

2(y)b−1
2 [b1 b2]

[b1 b2]

[
σ(y) 0

σδ(y)+δσ(y) σ2(y)

]
= b2σ

2(y)b−1
2 [b1 b2]

[b1σ(y)+b2σδ(y)+b2δσ(y) b2σ
2(y)] = [b2σ

2(y)b−1
2 b1 b2σ

2(y)]

[b1σ(y) b2σ
2(y)] ̸= [b2σ

2(y)b−1
2 b1 b2σ

2(y)]

[b1q y b2q2 y] ̸= [b1q2 y b2q2 y].

Our version of [LL92, Theorem 2.16] taking into account the previous observation and
removing the hypothesis that the Ore extension is over a division ring is the content of the
following result.

THEOREM 2.26. Let p1(x) =
n∑

i=0
ai xi

1 ∈ S = R[x1;σ1,δ1] be a polynomial of degree n ≥ 0. Then the

following assertions are equivalent:

(1) p1(x1) is a cv-polynomial.

(2) For any r ∈ R, and j = 1,2, . . . ,n, we have
n∑

i= j
ai f i

j (r ) = a jσ
j
1(r ) whenever σ1δ1 =−δ1σ1.

(3) [a1, . . . ,0], . . . , [0, . . . , ai , . . . ,0] are left eigenvectors for each matrix Mn(r ), where r ∈ R.

(4) p1(x1)R ⊆ Rp1(x1)+R.

If these conditions hold, then up1(x1)+ c is also a cv-polynomial, for any u,c ∈ R.

Proof. If p1(x1) has degree n = 0, the conditions follow immediately.

• (1) ⇒ (2) Let p1(x) be a cv-polynomial with respect to (σ′
1,δ′1). For any r ∈ R,

p1(x1)r =
n∑

i=0
ai xi

1r =
n∑

i=0
ai

i∑
j=0

f i
j (r )x j

1 =
n∑

j=0

(
n∑

i= j
ai f i

j (r )

)
x j

1 . (2.28)
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Now, by Theorem 2.19,

p1(x1)r =σ′
1(r )p1(x1)+δ′1 = a jσ

j
1a−1

j

n∑
i=0

ai xi
1 +δ′1(r ).

These two expressions show that identity is satisfied for each j = 1,2, . . . ,n, whenever that
σ1δ1 =−δ1σ1.

• (2) ⇒ (3) The matrix Mn(r ) that is composed by (i , j )−entry of the f i
j (r ) with 1 ≤ i , j ≤ n,

so the equation in Part (2) can be expressed in the form

[a1, . . . ,0]Mn(r ) = a1σ1a−1
1 [a1, . . . ,0]

...

[0, . . . , ai , . . . ,0]Mn(r ) = aiσ
i
1a−1

i [0, . . . , ai , . . . ,0],

for each r ∈ R and 0 ≤ i ≤ n, and [0, . . . , ai , . . . ,0] is a left eigenvector for Mn(r ) with eigen-
value aiσ

i
1a−1

i .

• (3) ⇒ (4) For every r ∈ R,

[0, . . . , ai , . . . ,0]Mn(r ) =α(r )[0, . . . , ai , . . . ,0],

for some eigenvalue α(r ) ∈ R. Thus, for 1 ≤ j ≤ n, we obtain
n∑

i= j
ai f i

j (r ) = (α(r ))a j . Using

this fact in the expression (2.28),

p1(x1)r ∈
n∑

j=1
(α(r ))a j x j

1 +R ⊆ Rp1(x1)+R, for any r ∈ R.

• (4) ⇒ (1) For any r ∈ R, we have determined constants r1,r2 ∈ R such that p1(x1)r =
r1p1(x1)+ r2. By defining σ′

1(r ) = r1 and δ′1(r ) = r2, it is easy to see that (σ′
1,δ′1) is a

quasi-derivation on R, whence p1(x1) is a cv-polynomial with respect to (σ′
1,δ′1).

• To prove that the last statement of the theorem is true, consider Part (4). We have p1(x1)R ⊆
Rp1(x1)+R, and so

(up1(x1)+ c)R ⊆ u(Rp1(x1)+R)+ cR ⊆ R(up1(x1)+ c)+R,

since this is also a cv-polynomial.

EXAMPLE 2.14. Consider again Example 2.13. For any r ∈ R and j = 1,2, . . . ,n, Theorem 2.26(2)
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asserts that
n∑

i= j
ai f i

j (r ) = a jσ
j (a), and hence

2∑
i=1

ai f i
1 (r ) = a1 f 1

1 (r )+a2 f 2
1 (r ) = a1σ(r )+a2σδ(r )+a2δσ(r ) = a1σ(a), j = 1,

2∑
i=2

ai f i
2 (r ) = a2 f 2

2 (r ) = a2σ
2(r ), j = 2,

while
2∑

i=1
ai f i

1 (r ) = b1σ(r ) = b1σ(r ), and
2∑

i=2
ai f i

2 (r ) = a2σ
2(r ) = a2σ

2(r ).

By Theorem 2.26(3), [a1 0] and [0 a2] are left eigenvectors for each r ∈ R of the matrix M2(r )
with eigenvalues a1σ(r )a−1

1 and a2σ(r )2a−1
2 , respectively, so that

[a1 0]

[
f 1

1 (r ) f 1
2 (r )

f 2
1 (r ) f 2

2 (r )

]
= a1σ(r )a−1

1 [a1 0]

[a1 0]

[
σ(r ) 0

σδ(r )+δσ(r ) σ2(r )

]
= a1σ(r )a−1

1 [a1 0]

[a1σ(r ) 0] = [a1σ(r )a−1
1 a1 0]

[a1σ(r ) 0] = [a1σ(r ) 0],

[0 a2]

[
f 1

1 (r ) f 1
2 (r )

f 2
1 (r ) f 2

2 (r )

]
= a2σ(r )2a−1

2 [0 a2]

[0 a2]

[
σ(r ) 0

σδ(r )+δσ(r ) σ2(r )

]
= a2σ(r )2a−1

2 [0 a2]

[a2σδ(r )+δσ(r ) a2σ
2(r )] = [0 a2σ(r )2a−1

2 a2]

[0 a2σ
2(r )] = [0 a2σ

2(r )],

which shows that Theorem 2.26(4) holds.

REMARK 11. Once more again, in a personal communication, Professor Lopes told us that in
[BLO15] he studied the isomorphisms and automorphisms of Ore extensions of derivation type
over a polynomial ring in one indeterminate. The results presented above can be illustrated with
those corresponding in his paper.

2.4.2 THREE-STEP ITERATED ORE EXTENSIONS

In this section, we consider the question on homomorphisms and cv-polynomials of three-step
iterated Ore extensions. We follow the ideas presented in Section 2.4.1.

DEFINITION 2.6. Consider two iterated Ore extensions with three indeterminates given by
S′ = R[x ′

1;σ′
1,δ′1][x ′

2;σ′
2,δ′2][x ′

3;σ′
3,δ′3] and S = R[x1;σ1,δ1][x2;σ2,δ2][x3;σ3,δ3]. The homomor-

phism φ : S′ → S defined as φ(x ′
1) := p1(x1) = p1 ∈ R[x1;σ1,δ1], φ(x ′

2) := p2(x1, x2) = p2 ∈
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R[x1;σ1,δ1][x2;σ2,δ2] and φ(x ′
3) := p3(x1, x2, x3) = p3 ∈ S, satisfies

φ(x ′
3x ′

2) = σ′
3(φ(x ′

2))p3 +δ′3(φ(x ′
2)),

φ(x ′
3x ′

1) = σ′
3(φ(x ′

1))p3 +δ′3(φ(x ′
1)),

φ(x ′
2x ′

1) = σ′
2(φ(x ′

1))p2 +δ′2(φ(x ′
1)),

φ(x ′
1r ) = σ′

1(r )p1 +δ′1(r ),

φ(x ′
2r ) = σ′

2(r )p2 +δ′2(r ),

φ(x ′
3r ) = σ′

3(r )p3 +δ′3(r ),

for r ∈ R, or equivalently,

p3p2 = σ′
3(p2)p3 +δ′3(p2),

p3p1 = σ′
3(p1)p3 +δ′3(p1),

p2p1 = σ′
2(p1)p2 +δ′2(p1),

p1r = σ′
1(r )p1 +δ′1(r ),

p2r = σ′
2(r )p2 +δ′2(r ),

p3r = σ′
3(r )p3 +δ′3(r ).

The polynomials pi ’s are the cv-polynomials for iterated Ore extensions with respect to the
quasi-derivations (σ′

i ,δ′i ) for i = 1,2,3, respectively.

Conversely, if a polynomial pi for i = 1,2,3 satisfies the above conditions for quasi-derivations
in the sense above, then we can define φ : S′ → S by φ(x ′

i ) = pi with i = 1,2,3.

EXAMPLE 2.15. Let φ : S′ → S be the homomorphism as in Definition 2.6. We define

φ(x ′
1) = p1(x1) = a1x1 +a0,

φ(x ′
2) = p2(x1, x2) = b11x1x2 +b00,

φ(x ′
3) = p3(x1, x2, x3) = c111x1x2x3 + c000.

Let us see that these are cv-polynomials with respect to the quasi-derivations (σ′
i ,δ′i ),

i = 1,2,3. From Example 2.8, with p2 = f (x1)x2 + b00 where f (x1) = b11x1, we know that
σ′

1 = a1σ1a−1
1 , δ′1 = a1δ1 +δ1(a0,σ′

1), δ
′
2 = f (x1)δ2 +δ2(b00,σ′

2) and f (x1)σ2(−) =σ′
2(−) f (x1).

Let us show that p3p1 =σ′
3(p1)p3 +δ′3(p1). Consider p3 = q(x1, x2)x3 +c000 with q(x1, x2) =

c111x1x2. Then

p3p1 = (c111x1x2x3 + c000)(a1x1 +a0) = c111x1x2x3a1x1 + c111x1x2x3a0 + c000a1x1 + c000a0

= c111x1x2σ3(a1x1)x3 + c111x1x2δ3(a1x1)+ c111x1x2σ3(a0)x3

+ c111x1x2δ3(a0)+ c000a1x1 + c000a0

= q(x1, x2)σ3(a1x1)x3 +q(x1, x2)δ3(a1x1)+q(x1, x2)σ3(a0)x3

+q(x1, x2)δ3(a0)+ c000a1x1 + c000a0. (2.29)
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Notice that

σ′
3(p1)p3 +δ′3(p1) =σ′

3(a1x1 +a0)(c111x1x2x3 + c000)+δ′3(a1x1 +a0)

=σ′
3(a1x1)c111x1x2x3 +σ′

3(a1x1)c000 +σ′
3(a0)c111x1x2x3

+σ′
3(a0)c000 +δ′3(a1x1)+δ′3(a0)

=σ′
3(a1x1)q(x1, x2)x3 +σ′

3(a1x1)c000 +σ′
3(a0)q(x1, x2)x3

+σ′
3(a0)c000 +δ′3(a1x1)+δ′3(a0). (2.30)

With the aim of that conditions (2.29) and (2.30) coincide, let δ′3 := q(x1, x2)δ3 +δ3(c000,σ′
3)

and assume that the condition q(x1, x2)σ3(−) = σ′
3(−)q(x1, x2) holds. For the equality p3p2 =

σ′
3(p2)p3 +δ′3(p2), we get

p3p2 = (c111x1x2x3 + c000)(b11x1x2 +b00)

= c111x1x2x3b11x1x2 + c111x1x2x3b00 + c000b11x1x2 + c000b00

= c111x1x2σ3(b11x1x2)x3 + c111x1x2δ3(b11x1x2)+ c111x1x2σ3(b00)x3

+ c111x1x2δ3(b00)+ c000b11x1x2 + c000b00

= q(x1, x2)σ3(b11x1x2)x3 +q(x1, x2)δ3(b11x1x2)+q(x1, x2)σ3(b00)x3

+q(x1, x2)δ3(b00)+ c000b11x1x2 + c000b00,

and

σ′
3(p2)p3 +δ′3(p2) =σ′

3(b11x1x2 +b00)(c111x1x2x3 + c000)+δ′3(b11x1x2 +b00)

=σ′
3(b11x1x2)c111x1x2x3 +σ′

3(b11x1x2)c000

+σ′
3(b00)c111x1x2x3 +σ′

3(b00)c000 +δ′3(b11x1x2)+δ′3(b00)

=σ′
3(b11x1x2)q(x1, x2)x3 +σ′

3(b11x1x2)c000

+σ′
3(b00)q(x1, x2)x3 +σ′

3(b00)c000 +δ′3(b11x1x2)+δ′3(b00).

It is straightforward to see that by using δ′3 and the condition assumed above, we get the
desired equality.

As in the case of two-step iterated Ore extensions, a polynomial p(x1, x2, x3) belonging to
the iterated Ore extension S = R[x1;σ1,δ1][x2;σ2,δ2][x3;σ3,δ3] is said to be right invariant if

p(x1, x2, x3)R[x1;σ1,δ1][x2;σ2,δ2] ⊆ R[x1;σ1,δ1][x2;σ2,δ2]p(x1, x2, x3),

and right semi-invariant if p(x1, x2, x3)R ⊆ Rp(x1, x2, x3).

The following result is the natural extension of Theorem 2.20.

THEOREM 2.27. Let xn
3 be a a monomial invariant of degree n ≥ 1. Let p3(x1, x2, x3) with p3(x1, x2, x3) =

f (x1, x2)xn
3 + g (x1, x2, x3) where the degree of g (x1, x2, x3) is less than or equal to n. Then:

(1) p3 is a cv-polynomial with respect to (σ′
3,δ′3) if and only if g (x1, x2, x3) is a cv-polynomial

with respect to (σ′
3,δ′3) and f (x1, x2)σn

3 (−) =σ′
3(−) f (x1, x2).



CHAPTER 2. MORPHISMS AND CV-POLYNOMIALS OF ITERATED ORE EXTENSIONS AND DOUBLE ORE EXTENSIONS 67

(2) If p3 is a left multiple of f (x1, x2), then p3 is a cv-polynomial if and only if is invariant.

Proof. The ideas are completely analogous to the proof of Theorem 2.20.

(1) First, assume that p3 is a cv-polynomial with respect to the quasi-derivation (σ′
3,δ′3). Then

p3p2 =σ′
3(p2)p3 +δ′3(p2), and

p3p2 =σ′
3(p2)[ f (x1, x2)xn

3 + g (x1, x2, x3)]+δ′3(p2)

=σ′
3(p2) f (x1, x2)xn

3 + [σ′
3(p2)g (x1, x2, x3)+δ′3(p2)] (2.31)

Now,

p3p2 = [ f (x1, x2)xn
3 + g (x1, x2, x3)]p2 = f (x1, x2)xn

3 p2 + g (x1, x2, x3)p2

= f (x1, x2)σn
3 (p2)xn

3 + g (x1, x2, x3)p2, (2.32)

since q(x3) is a monomial invariant. From (2.31) and (2.32) it follows that f (x1, x2)σn
3 (−) =

σ′
3(−) f (x1, x2), and

g (x1, x2, x3)p2 =σ′
3(p2)g (x1, x2, x3)+δ′3(p2). (2.33)

Conversely, if g (x1, x2, x3) is a cv-polynomial with respect to (σ′
3,δ′3), then g (x1, x2, x3)p2 =

σ′
3(p2)g (x1, x2, x3)+δ′3(p2), and having in mind that f (x1, x2)σn

3 (−) =σ′
3(−) f (x1, x2),

p3p2 = f (x1, x2)xn
3 p2 + g (x1, x2, x3)p2 = f (x1, x2)σn

3 (p2)xn
3 + g (x1, x2, x3)p2

=σ′
3(p2) f (x1, x2)xn

3 +σ′
3(p2)g (x1, x2, x3)+δ′3(p2)

=σ′
3(p2)[ f (x1, x2)xn

3 + g (x1, x2, x3)]+δ′3(p2) =σ′
3(p2)p3 +δ′3(p2).

(2) If p3 is a cv-polynomial with respect to the quasi-derivation (σ′
3,δ′3), then p3p2 =σ′

3(p2)p3+
δ′3(p2). Since p3 is a left multiple of f (x1, x2), we get g (x1, x2, x3) = 0. Due to the equation
(2.33), δ′3(p2) = 0, and besides f (x1, x2)σn

3 (−) =σ′
3(−) f (x1, x2), whence

p3p2 =σ′
3(p2) f (x1, x2)xn

3 = f (x1, x2)σn
3 (p2)xn

3 ,

which shows that p3 is invariant.

Now, assume that p3 is invariant. By assumption, g (x1, x2, x3) = 0, and so
p3p2 = f (x1, x2)xn

3 p2 = f (x1, x2)σn
3 (p2)xn

3 . If there exist σ′
3 such that f (x1, x2)σn

3 (p2) =
σ′

3(p2) f (x1, x2), then p3 is a cv-polynomial with respect to (σ′
3,δ′3 = 0).

As above, if (σ3,δ3) is a quasi-derivation on a ring R, δ3 is said to be algebraic if there exists
a non-zero polynomial g ∈ S = R[x1;σ1,δ1][x2;σ2,δ2][x3;σ3,δ3] such that g (x1, x2,δ3) = 0. The
evaluation of g (x1, x2, x3) = ∑n

i=0 qi (x1, x2)xi
3 at δ3 is defined to be the operator g (x1, x2,δ3) =∑n

i=0 qi (x1, x2)δi
3 on S.
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THEOREM 2.28. Let S′ = R[x ′
1;σ′

1,δ′1][x ′
2;σ′

2,δ′2][x ′
3;σ′

3,δ′3] and S = R[x1;σ1,δ1][x2;σ2,δ2][x3;σ3,δ3].

Consider p1, p2, p3 ∈ S given by p1(x1) = ∑k
i=0 ai xi

1, p2(x1, x2) = ∑n
i=0

∑m
j=0 bi j xi

1x j
2 and

p3(x1, x2, x3) =∑t
i=0

∑s
j=0

∑w
l=0 ci j l xi

1x j
2 x l

3.

(1) If p3 is a cv-polynomial with respect to the quasi-derivation (σ′
3,δ′3), then δ′3 = (p3 −

C0)(δ3)+δ3(C0,σ′
3), where C0 = ∑t

i=0

∑s
j=0 ci j 0xi

1x j
2 x0

3 , and if also w ≥ 1, then we obtain

the equalities ci j l xi
1x j

2σ
l
3(−) =σ′

3(−)ci j l xi
1x j

2 and σ3δ3 =−δ3σ3.

(2) If δ3 is not an algebraic derivation, then p3 is a cv-polynomial with respect to (σ′
3,δ′3) if and

only if δ′3 = (p3 −C0)(δ3)+δ3(C0,σ′
3), where the element C0 is given by

∑t
i=0

∑s
j=0 ci j 0xi

1x j
2 x0

3 .

Proof. (1) Consider the homomorphism λ : S → End(R[x1;σ1,δ1][x2;σ2,δ2],+) defined by
λ(x3) = δ3 and for any r ∈ R, λ(r ) denotes the left multiplication by r on R. The maps
λ(x1) = λx1 and λ(x2) = λx2 are defined in the same way that the proof of Theorem 2.21.
Assume that p3 is a cv-polynomial with respect to (σ′

3,δ′3). Then

p3p1 =φ(x ′
3x ′

1) =σ′
3(p1)p3 +δ′3(p1), and (2.34)

p3p2 =φ(x ′
3x ′

2) =σ′
3(p2)p3 +δ′3(p2).

By evaluating the equation (2.34) with respect to the homomorphism λ, we get

p3(x1, x2,δ3)p1(x1) =σ′
3(p1(x1))p3(x1, x2,δ3)+δ′3(p1(x1)). (2.35)

Since δ j
3(1) = 0, for j ≥ 1,

p3(x1, x2,δ3)p1(x1) =σ′
3(p1(x1))

t∑
i=0

s∑
j=0

ci j 0xi
1x j

2 x0
3 +δ′3(p1(x1)).

If C0 =∑t
i=0

∑s
j=0 ci j 0xi

1x j
2 x0

3 , then

δ′3(p1(x1)) = p3(x1, x2,δ3)p1(x1)−σ′
3(p1(x1))C0

= p3(x1, x2,δ3)p1(x1)−C0p1(x1)+C0p1(x1)−σ′
3(p1(x1))C0

= (p3(x1, x2,δ3)−C0)p1(x1)+δ3(C0,σ′
3)(p1(x1))

= (p2(x1, x2, x3)−C0)(δ3)(p1(x1))+δ3(C0,σ′
3)(p1(x1)),

whence δ′3 = (p3 −C0)(δ3)+δ3(C0,σ′
3).

For the next part, consider w ≥ 1. Since p3 is a cv-polynomial, p3p1 −σ′
3(p1)p3 = δ′3(p1),
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and so (
t∑

i=0

s∑
j=0

w∑
l=0

ci j l xi
1x j

2 x l
3

)(
k∑

i=0
ai xi

1

)
−σ′

3

(
k∑

i=0
ai xi

1

)
t∑

i=0

s∑
j=0

w∑
l=0

ci j l xi
1x j

2 x l
3

= [ct sw x t
1xs

2σ
w
3 (ak xk

1 )−σ′
3(ak xk

1 )ct sw x t
1xs

2]xw
3 +·· ·−σ′

3(p1)C0

+pσ3,δ3 +
t∑

i=0

t∑
j=0

w∑
l=0

ci j l xi
1x j

2δ
l
3(p1)+C0p1 = δ′3(p1), (2.36)

where pσ3,δ3 are the possible combinations between σ3 and δ3. Since (2.36) is equal to

δ′3(p1) = (p3 −C0)(δ3)(p1)+δ3(C0,σ′
3)(p1) =

t∑
i=0

s∑
j=0

w∑
l=0

ci j l xi
1x j

2δ
l
3(p1)+C0p1 −σ′

3(p1)C0,

we obtain
[ct sw x t

1xs
2σ

w
3 (ak xk

1 )−σ′
3(ak xk

1 )ct sw x t
1xs

2]xw
3 +·· ·+pσ3,δ3 = 0,

and hence, ci j l xi
1x j

2σ
l
3(−) =σ′

3(−)ci j l xi
1x j

2 for 1 ≤ i ≤ t , 1 ≤ j ≤ s, 1 ≤ l ≤ w , and pσ3,δ3 = 0,
and so σ3δ3 =−δ3σ3 as desired.

(2) Let us assume that δ3 is not an algebraic derivation and let q(x1, x2, x3) = p2(x1, x2, x3)−C0.
Then δ′3 = q(x1, x2,δ3)+δ3(C0,σ′

3), and q(x1, x2,δ3) = δ′3 −δ3(C0,σ′
3) is a σ′

3-derivation, so for
any r ∈ R,

q(x1, x2,δ3)(p1(x1)r ) =σ′
3(p1(x1))q(x1, x2,δ3)(r )+q(x1, x2,δ3)(p1(x1))r.

If we evaluate by the homomorphism λ, then

q(x1, x2,δ3)λ(p1(x1)) =λ(σ′
3(p1(x1)))q(x1, x2,δ3)+λ(q(x1, x2,δ3)(p1(x1)))

which holds in the image of λ. Since δ3 is not algebraic, λ is injective and there exists λ−1,
whence

q(x1, x2, x3)(p1(x1)) =σ′
3(p1(x1))q(x1, x2, x3)+q(x1, x2,δ3)(p1(x1)).

By replacing q(x1, x2, x3) and q(x1, x3,δ3),

(p3(x1, x2, x3)−C0)p1(x1) =σ′
3(p1(x1))(p3(x1, x2, x3)−C0)+ (δ′3 −δ3(C0,σ′

3))(p1(x1))

=σ′
3(p1(x1))p3(x1, x2, x3)−σ′

3(p1(x1))C0

+δ′3(p1(x1))−δ3(C0,σ′
3)(p1(x1))

=σ′
3(p1(x1))p3(x1, x2, x3)−σ′

3(p1(x1))C0

+δ′3(p1(x1))−C0p1(x1)+σ′
3(p1(x1))C0

=σ′
3(p1(x1))p3(x1, x2, x3)+δ′3(p1(x1))−C0p1(x1),

whence C0p1(x1), and p3p1 =σ′
3(p1)p3 +δ′3(p1) as desired.
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THEOREM 2.29. Let φ be a homomorphism of the iterated Ore extension as in Definition 2.6. φ is
an isomorphism if and only if the associated cv-polynomials have degree one with respect to x1,
x2 and x3, respectively.

Proof. It follows by using an inductive argument to the presented in the proof of Theorem 2.22.

2.4.3 n-STEP ITERATED ORE EXTENSIONS

Having in mind the ideas developed in Sections 2.4.1 and 2.4.2, in this short section we present a
general framework of homomorphisms between iterated Ore extensions of n-step iterated Ore
extensions.

DEFINITION 2.7. Let S′ = R[x ′
1;σ′

1,δ′1] · · · [x ′
n ;σ′

n ,δ′n] and S = R[x1;σ1,δ1] · · · [xn ;σn ,δn]. Let the
homomorphism φ defined as φ(x ′

i ) := pi , where pi = p(x1, x2, . . . , xi ), with 1 ≤ i ≤ n, and such
that pi satisfies for 1 ≤ j < i ≤ n and r ∈ R,

φ(x ′
i x ′

j ) =σ′
i (φ(x ′

j ))pi +δ′i (φ(x ′
j )) and φ(x ′

i r ) =σ′
i (r )pi +δ′i (r ),

or equivalently,

pi p j =σ′
i (p j )pi +δ′i (p j ) and pi r =σ′

i (r )pi +δ′i (r ).

We say that the polynomials pi are the cv-polynomials for iterated Ore extensions with respect
to the quasi-derivations (σ′

i ,δ′i ) for 1 ≤ i ≤ n.

Conversely, if a polynomial pi ∈ S, where pi depends on the indeterminates x1, x2, . . . , xi , with
1 ≤ i ≤ n, satisfies the above conditions, where (σ′

i ,δ′i ) are the corresponding quasi-derivations,
then we can define φ : S′ → S by φ(x ′

i ) = pi .

EXAMPLE 2.16. Consider the single parameter quantum matrix algebra Op (Mn(k)) described in
Section 1.2.1. Then

Op (Mn(k)) ∼= k[x11;σ11,δ11] · · · [x1n ;σ1n ,δ1n] · · · [xn1;σn1,δn1] · · · [xnn ;σnn ,δnn], (2.37)

with σi j and δi j , 1 ≤ i , j , l ,m ≤ n, subject to the relations

σi j (xl m) =


pxlm , i > l , j = m,

pxlm , i = l , j > m,

xlm , i > l , j < m,

xlm , i > l , j > m.

and δi j (xlm) = (p −p−1)xi m xl j for i > l , j > m, otherwise, zero.
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Now, consider S′ = O′
p (Mn(k)) and S = Op (Mn(k)) which generating basis {x ′

i j } and {xi j },
respectively. The idea is to show that if we defined the homomorphism φ : S′ → S as φ(x ′

i j ) :=
pi j = b j i x j i , then the polynomials pi j for 1 ≤ i , j ≤ n are cv-polynomials. For 1 ≤ i , j , l ,m ≤ n,
we have

φ(x ′
i j x ′

l m) = pi j plm =σ′
i j (φ(x ′

lm))pi j +δ′i j (φ(x ′
lm)), and

φ(x ′
i j r ) = pi j r =σ′

i j (r )pi j +δ′i j (r ).

Suppose that σ′
i j =σ j i and δ′i j = δ j i . Since

pi j plm = b j i x j i bml xml =σ j i (bml xml )b j i x j i +δ j i (bml xml ) = b j i bmlσ j i (xml )x j i +bmlδ j i (xml ),

and

σ′
i j (pl m)pi j +δ′i j (plm) =σ j i (bml xml )b j i x j i +δ j i (bml xml )

= b j i bmlσ j i (xml )x j i +bmlδ j i (xml ),

it follows that φ(x ′
i j r ) = pi j r = σ′

i j (r )pi j +δ′i j (r ) as desired (recall that σi j is the identity
and δi j is zero for elements r ∈ k for every 1 ≤ i , j ≤ n). Therefore, the polynomials pi j = b j i x j i

are cv-polynomials with respect to the quasi-derivation (σ′
i j ,δ′i j ), and φ is a homomorphism of

iterated Ore extensions.

As in the previous sections, for S an iterated Ore extensions with n indeterminates and pi ∈ S,
where pi is a polynomial in the indeterminates x1, x2 up to xi , for 1 ≤ i ≤ n, we say that pi is
right invariant if pi R[x1;σ1,δ1] · · · [xi−1;σi−1,δi−1] ⊆ R[x1;σ1,δ1] · · · [xi−1;σi−1,δi−1]pi .

THEOREM 2.30. Fix i and consider xn
i a monomial invariant of degree n ≥ 1. Let pi ∈ S as

pi = f (x1, . . . , xi−1)xn
i + g (x1, . . . , xi ) with the degree of g less than or equal to n. Then:

(1) pi is a cv-polynomial with respect to (σ′
i ,δ′i ) if and only if g (x1, . . . , xi ) is a cv-polynomial

with respect to (σ′
i ,δ′i ) and f (x1, . . . , xi−1)σn

i (−) =σ′
i (−) f (x1, . . . , xi−1).

(2) If pi is a left multiple of f (x1, . . . , xi−1), then pi is a cv-polynomial if and only if is invariant.

Proof. (1) If pi is cv-polynomial with respect to the quasi-derivation (σ′
i ,δ′i ), then pi p j =

σ′
i (p j )pi +δ′i (p j ), and hence

pi p j =σ′
i (p j )[ f (x1, . . . , xi−1)xn

i + g (x1, . . . , xi )]+δ′i (p j )

=σ′
i (p j ) f (x1, . . . , xi−1)xn

i + [σ′
i (p j )g (x1, . . . , xi )]+δ′i (p j ). (2.38)

Also, note that

pi p j = [ f (x1, . . . , xi−1)xn
i + g (x1, . . . , xi )]p j = f (x1, . . . , xi−1)xn

i p j + g (x1, . . . , xi )p j

= f (x1, . . . , xi−1)σn
i (p j )xn

i + g (x1, . . . , xi )p j , (2.39)
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where the last expression is obtained due to xn
i is a monomial invariant of degree n. By

(2.38) and (2.39), f (x1, . . . , xi−1)σn
i =σ′

i f (x1, . . . , xi−1), and

g (x1, . . . , xi )p j =σ′
i (p j )g (x1, . . . , xi )+δ′i (p j ), (2.40)

which shows that g (x1, . . . , xi ) is a cv-polynomial with respect to (σ′
i ,δ′i ).

Conversely, if g (x1, . . . , xi ) is a cv-polynomial with respect to the quasi-derivation (σ′
i ,δ′i ),

then
g (x1, . . . , xi )p j =σ′

i (p j )g (x1, . . . , xi )+δ′i (p j ),

and by using that f (x1, . . . , xi−1)σn
i (−) =σ′

i (−) f (x1, . . . , xi−1),

pi p j = f (x1, . . . , xi−1)xn
i p j + g (x1, . . . , xi )p j = f (x1, . . . , xi−1)σn

i (p j )xn
i + g (x1, . . . , xi )p j

=σ′
i (p j ) f (x1, . . . , xi−1)xn

i +σ′
i (p j )g (x1, . . . , xi )+δ′i (p j )

=σ′
i (p j )[ f (x1, . . . , xi−1)xn

i + g (x1, . . . , xi )]+δ′i (p j ) =σ′
i (p j )pi +δ′i (p j ).

(2) Suppose that pi is a cv-polynomial with respect to the quasi-derivation (σ′
i ,δ′i ). Then

pi p j = σ′
i (p j )pi +δ′i (p j ), and since pi is a left multiple of f (x1, . . . , xi−1), it follows that

g (x1, . . . , xi ) = 0 and δ′i (p j ) = 0 due to (2.40). From (1),

f (x1, . . . , xi−1)σn
i (−) =σ′

i (−) f (x1, . . . , xi−1),

and
pi p j =σ′

i (p j ) f (x1, . . . , xi−1)xn
i = f (x1, . . . , xi−1)σn

i (p j )xn
i ,

which shows that pi is invariant.

Finally, assume that pi es invariant for each i . Then g (x1, . . . , xi ) = 0, and

pi p j = f (x1, . . . , xi−1)xn
i p j = f (x1, . . . , xi−1)σn

i (p j )xn
i .

If σ′
i satisfies f (x1, . . . , xi−1)σn

i (−) =σ′
i (−) f (x1, . . . , xi−1), we get that pi is a cv-polynomial.

For S = R[x1;σ1,δ1] · · · [xn ;σn ,δn], δi is said to be algebraic if there exists a non-zero poly-
nomial g ∈ S such that g (x1, x2, . . . ,δi , . . . , xn) = 0. The evaluation of a polynomial g (x1, . . . , xn) =∑
α∈Nn aαxα1

1 · · ·xαn
n at δi is defined to be g (x1, x2, . . . ,δi , . . . , xn) = ∑

α∈Nn aαxα1
1 xα2

2 · · ·δαi

i · · ·xαn
n

on S.

The following theorem shows that if each of the cv-polynomials has a degree greater than
or equal to one, then these can be characterized with a suitable quasi-derivation (σ′

i ,δ′i ). This
theorem extends Proposition 2.18.

THEOREM 2.31. Consider iterated Ore extensions S′ and S with n indeterminates. Let pi ∈ S given
by pi =∑

α∈Ni aαxα for 1 ≤ i ≤ n.

(1) If pi is a cv-polynomial with respect to the quasi-derivation (σ′
i ,δ′i ), then δ′i = (pi −D0)(δi )+
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δi (D0,σ′
i ), with D0 =∑

α∈Ni−1 aαxα and αi = 0. If the degree of xi is greater than or equal to 1,
denote it asβ, thenσiδi =−δiσi and aα1···αi−1 xα1

1 · · ·xαi−1

i−1 σ
αi

i (−) =σ′
i (−)aα1···αi−1 xα1

1 · · ·xαi−1

i−1 .

(2) If δi is not an algebraic derivation, then pi is a cv-polynomials with respect to (σ′
i ,δ′i ) if and

only if δ′i = (pi −D0)(δi )+δi (D0,σ′
i ), where D0 =∑

α∈Ni aαxα with αi = 0.

Proof. It follows by considering an inductive reasoning on the proofs presented in Theorems
2.21 and 2.28.

From the discussion above we have immediately the following result.

PROPOSITION 2.32. Let S′ = R[x ′
1;σ′

1,δ′1] · · · [x ′
n ;σ′

n ,δ′n] and S = R[x1;σ1,δ1] · · · [xn ;σn ,δn]. The
homomorphism φ : S′ → S defined by φ(x ′

i ) = p(xi ) = xi for each i = 1, . . . ,n, is an isomorphism.

EXAMPLE 2.17. Consider Op (M2(k)) ∼= k[x ′
11][x ′

12;σ′
12][x ′

21;σ′
21][x ′

22;σ′
22,δ′22] and Oq (M2(k)) ∼=

k[x11][x12;σ12][x21;σ21][x22;σ22,δ22] the single parameter quantum matrix algebras generated
by {x ′

i j } and {xi j } respectively with 1 ≤ i , j ≤ 2. Gaddis [Gad14, Proposition 3.1] showed that

Op (M2(k)) and Oq (M2(k)) are isomorphic if and only if p = q±1. By using the results obtained
in this section, it can be seen that the homomorphism φ : Op (M2(k)) → Oq (M2(k)) given by
φ(x ′

i j ) := pi j = xi j is an isomorphism in the sense of cv-polynomials formulated in Definition
2.7.

THEOREM 2.33. Let φ be a homomorphism of the iterated Ore extensions as in Definition 2.7. φ is
an isomorphism if and only if the associated cv-polynomials pi for 1 ≤ i ≤ n have degree one with
respect to xi .

Proof. To prove the first implication, it suffices to follow the ideas of Theorem 2.22 and Theorem
2.29, considering each pi for 1 ≤ i ≤ n as a constant polynomial or of degree greater than one
and thus having a contradiction.

Conversely, consider the homomorphismφ : S′ → S given byφ(x ′
i ) = pi = ai xi+g (x1, . . . , xi−1),

where each of the polynomials pi have degree one with respect to xi . Following the same ideas
of Theorem 2.29, we have that each pi satisfies that pi p j = σ′

i (p j )pi +δ′i (p j ) for j < i . Like-
wise, to verify that φ is an isomorphism, consider the homomorphism ψ : S → S′ such that
ψ(xi ) = a−1

i x ′
i −a−1

i g (ψ(x1), . . . ,ψ(xi−1)). With this homomorphism it is straightforward to verify
that ψ◦φ= idS′ and φ◦ψ= idS , checking that φ is an isomorphism.

REMARK 12. The results obtained in this section can be illustrated with the class of q-skew
polynomial rings which have been investigated by some authors (e.g., Goodearl and Letzter
[GL94] and Haynal [Hay08]). Also, Lopes’s papers [CL09, LR22] on the automorphisms and
isomorphisms of a large class of iterated Ore extensions which can be viewed as ambiskew
polynomial rings (in the second case, of endomorphism type), are useful to exemplify the theory
developed in this section.
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2.5 DOUBLE ORE EXTENSIONS

In this section, we present a first approach toward a theory of homomorphisms and cv-polynomials
between right double extensions. Consider the notation in Definition 1.8.

2.5.1 DEFINITIONS AND PRELIMINARIES

DEFINITION 2.8. Let B ′ = RP ′ [y ′
1, y ′

2;σ′,δ′,τ′] and B = RP [y1, y2;σ,δ,τ] be right double extensions
of R. Consider the map φ : B ′ → B given by

φ

(∑
i , j

ai , j y
′n(i )
1 y

′m( j )
2

)
=∑

i , j
ai , j qn(i )

1 qm( j )
2 , with q1, q2 ∈ B.

If we want φ to be an R-homomorphism, it must satisfies

φ(y ′
2 y ′

1) =φ(y ′
2)φ(y ′

1) = q2q1,

and given the relation (1.2), necessarily

φ(y ′
2 y ′

1) =φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0)

= p ′
12q1q2 +p ′

11q2
1 +τ′1q1 +τ′2q2 +τ′0.

In this way, the relation

q2q1 = p ′
12q1q2 +p ′

11q2
1 +τ′1q1 +τ′2q2 +τ′0 (2.41)

must be satisfied. These facts motivate the following definition. Let B⊕2 :=
[

B
B

]
.

DEFINITION 2.9. Let B ′ = RP ′ [y ′
1, y ′

2;σ′,δ′,τ′] and B = RP [y1, y2;σ,δ,τ] be right double extensions
of R. We define the map ϕ : B

′⊕2 → B⊕2, a homomorphism in terms of φ (Definition 2.8), as

ϕ

[
y ′

1
y ′

2

]
:=

[
φ(y ′

1)
φ(y ′

2)

]
=

[
q1

q2

]
,

such that condition

ϕ

([
y ′

1
y ′

2

]
r

)
=ϕ

[
y ′

1
y ′

2

]
ϕ(r ) =

[
φ(y ′

1)
φ(y ′

2)

]
r =

[
q1

q2

]
r, r ∈ R,

holds.
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On the other hand, since

ϕ

([
y ′

1
y ′

2

]
r

)
= ϕ

(
σ′(r )

[
y ′

1
y ′

2

]
+δ′(r )

)

= σ′(r )

[
φ(y ′

1)
φ(y ′

2)

]
+δ′(r )

= σ′(r )

[
q1

q2

]
+δ′(r ),

it is necessary that for any r ∈ R,[
q1

q2

]
r =σ′(r )

[
q1

q2

]
+δ′(r ). (2.42)

Equivalently,

q1r =σ′
11(r )q1 +σ′

12(r )q2 +δ′1(r ) and q2r =σ′
21(r )q1 +σ′

22(r )q2 +δ′2(r ),

which allows us to say that the polynomials qi ’s (i = 1,2) are the cv-polynomials with respect
to (σ′,δ′).

Due to the similarities between Ore extensions and double extensions, the terminology in
the following definition is motivated by the theory of cv-polynomials between Ore extensions
presented in Section 2.4.

DEFINITION 2.10. Let B ′ = RP ′[y ′
1, y ′

2;σ′,δ′,τ′] and B = RP [y1, y2;σ,δ,τ] be right double exten-
sions of R. A matrix [

q1

q2

]
∈ B⊕2 satisfying

[
q1

q2

]
r =σ′(r )

[
q1

q2

]
+δ′(r ),

with q1 and q2 subject to the relation (2.41), is called a double-change-of-variable matrix (or
dcv-matrix) with respect to (σ′,δ′).

EXAMPLE 2.18. Let B ′ = RP ′ [y ′
1, y ′

2;σ′,δ′,τ′] and B = RP [y1, y2;σ,δ,τ] be right double extensions
of R. Consider ϕ : B

′⊕2 → B⊕2 given by

ϕ

[
y ′

1
y ′

2

]
:=

[
φ(y ′

1)
φ(y ′

2)

]
=

[
q1

q2

]
=

[
a2 y2

1 +a0

c

]
,

with a2 ∈ R∗ and a0,c ∈ R . Let us find the conditions that guarantee that polynomials q1 and
q2 satisfy relation (2.41). Since

φ(y ′
2 y ′

1) = q2q1 = c(a2 y2
1 +a0) = ca2 y2

1 + ca0,
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and

φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0) = p ′

12(a2 y2
1 +a0)c +p ′

11(a2 y2
1 +a0)2

+τ′1(a2 y2
1 +a0)+τ′2c +τ′0,

let p ′
12 = p ′

11 = τ′2 = τ′0 = 0,τ′1 = c. Then φ(y ′
2 y ′

1) = φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0) as

desired.

Let us see that condition (2.42) holds. Consider

σ′(r ) =
[
σ′

11(r ) = a2σ
2
11(r )a−1

2 0
0 σ′

22(r )

]
,

and

δ′(r ) =
[
δ′1(r ) = (a2δ

2
1 +δ1(a0,σ′

11))(r )

δ′2(r ) = (δ2(c,σ′
22))(r )

]
.

Then [
q1

q2

]
r =

[
a2 y2

1 +a0

c

]
r =

[
a2 y2

1r +a0r
cr

]

=
[

a2 y2
1r

0

]
+

[
a0r
cr

]

=
[

a2 y1[σ11(r )y1 +σ12(r )y2 +δ1(r )]
0

]
+

[
a0r
cr

]

=
[

a2 y1σ11(r )y1 +a2 y1σ12(r )y2 +a2 y1δ1(r )
0

]
+

[
a0r
cr

]

=


a2[σ2

11(r )y2
1 +σ12(σ11(r ))y2 y1 +δ1(σ11(r ))y1]

+a2[σ11(σ12(r ))y1 y2 +σ2
12(r )y2

2 +δ1(σ12(r ))y2]
+a2[σ11(δ1(r ))y1 +σ12(δ1(r ))y2 +δ2

1(r )]
0

+
[

a0r
cr

]
.

Besides, if σ12 =σ21 = 0 and σ11δ1 =−δ1σ11,

[
q1

q2

]
r =

a2σ
2
11(r )y2

1 +a2δ1(σ11(r ))y1

+a2σ11(δ1(r ))y1 +δ2
1(r )

0

+
[

a0r
cr

]

=
[

a2σ
2
11(r )y2

1 +δ2
1(r )

0

]
+

[
a0r
cr

]
,
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and

σ′(r )

[
q1

q2

]
+δ′(r ) =σ′(r )

[
a2 y2

1 +a0

c

]
+δ′(r )

=
[
σ′

11(r ) σ′
12(r )

σ′
21(r ) σ′

22(r )

][
a2 y2

1 +a0

c

]
+

[
δ′1(r )
δ′2(r )

]

=
[

a2σ
2
11(r )a−1

2 0
0 σ′

22(r )

][
a2 y2

1 +a0

c

]

+
[

(a2δ
2
1 +δ1(a0,σ′

11))(r )

(δ2(c,σ′
22))(r )

]

=
[

a2σ
2
11(r )a−1

2 a2 y2
1 +a2σ

2
11(r )a−1

2 a0

σ′
22(r )c

]

+
[

a2δ
2
1(r )+a0r −a2σ

2
11(r )a−1

2 a0

cr −σ′
22(r )c

]

=
[

a2σ
2
11(r )y2

1 +δ2
1(r )

0

]
+

[
a0r
cr

]
,

we get [
q1

q2

]
r =σ′(r )

[
q1

q2

]
+δ′(r ), i.e.

[
q1

q2

]
=

[
a2 y2

1 +a0

c

]

is a dcv-matrix with respect to (σ′,δ′).

EXAMPLE 2.19. Table 2.4 presents some possibilities of polynomials by considering q2 as a
constant. We formulate conditions to obtain dcv-matrices.

EXAMPLE 2.20. Let B ′ = RP ′ [y ′
1, y ′

2;σ′,δ′,τ′] and B = RP [y1, y2;σ,δ,τ] be right double extensions
of R. Let ϕ : B

′⊕2 → B⊕2 given by

ϕ

[
y ′

1
y ′

2

]
:=

[
φ(y ′

1)
φ(y ′

2)

]

=
[

q1

q2

]

=
[

ay1 + c
by2 + c

]
,

with a,b ∈ R∗, c ∈ R, and a,b belonging to the center of R. Consider the conditions p ′
12 =

0, p ′
11 = ba−1, p12 = 1,σ11 =σ21, σ12 =σ22, δ1 = δ2, τ′1 = c −bca−1,τ′2 = 0,τ′0 = 0.
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Note that

φ(y ′
2 y ′

1) = q2q1

= (by2 + c)(ay1 + c)

= by2ay1 +by2c + cay1 + c2

= b[σ21(a)y1 +σ22(a)y2 +δ2(a)]y1

+b[σ21(c)y1 +σ22(c)y2 +δ2(c)]+ cay1 + c2

= bσ21(a)y2
1 +bσ22(a)y2 y1 +bδ2(a)y1 +bσ21(c)y1

+bσ22(c)y2 +bδ2(c)+ cay1 + c2

= bσ21(a)y2
1 +bσ22(a)[p12 y1 y2 +p11 y2

1 +τ1 y1 +τ2 y2 +τ0]

+bδ2(a)y1 +bσ21(c)y1 +bσ22(c)y2 +bδ2(c)+ cay1 + c2,

= p12bσ22(a)y1 y2 + [bσ21(a)+p11bσ22(a)]y2
1

+ [τ1bσ22(a)+bδ2(a)+bσ21(c)+ ca]y1

+ [τ2bσ22(a)+bσ22(c)]y2 + [τ0bσ22(a)+bδ2(c)+ c2],

and by the above conditions,

φ(y ′
2 y ′

1) = q2q1 = bσ12(a)y1 y2 + [bσ11(a)+p11bσ12(a)]y2
1

+ [τ1bσ12(a)+bδ1(a)+bσ11(c)+ ca]y1

+ [τ2bσ12(a)+bσ12(c)]y2 + [τ0bσ12(a)+bδ1(c)+ c2].
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On the other hand,

φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0)

= p ′
12q1q2 +p ′

11q2
1 +τ′1q1 +τ′2q2 +τ′0

= p ′
12(ay1 + c)(by2 + c)+p ′

11(ay1 + c)2 +τ′1(ay1 + c)+τ′2(by2 + c)+τ′0
= p ′

12ay1by2 +p ′
12ay1c +p ′

12cby2 +p ′
12c2 +p ′

11ay1ay1 +p ′
11ay1c

+p ′
11cay1 +p ′

11c2 +τ′1ay1 +τ′1c +τ′2by2 +τ′2c +τ′0
= p ′

12aσ11(b)y1 y2 +p ′
12aσ12(b)y2

2 +p ′
12aδ1(b)y2 +p ′

12aσ11(c)y1

+p ′
12aσ12(c)y2 +p ′

12aδ1(c)+p ′
12cby2 +p ′

12c2 +p ′
11aσ11(a)y2

1

+p ′
11aσ12(a)[p12 y1 y2 +p11 y2

1 +τ1 y1 +τ2 y2 +τ0]+p ′
11aδ1(a)y1

+p ′
11aσ11(c)y1 +p ′

11aσ12(c)y2 +p ′
11aδ1(c)+p ′

11cay1 +p ′
11c2

+τ′1ay1 +τ′1c +τ′2by2 +τ′2c +τ′0
= [p ′

12aσ11(b)+p ′
11aσ12(a)]y1 y2 + [p ′

11aσ11(a)+p ′
11p11aσ12(a)]y2

1

+ [p ′
12aσ11(c)+p ′

11aσ12(a)τ1 +p ′
11aδ1(a)+p ′

11aσ11(c)+p ′
11ca +τ′1a]y1

+ [p ′
12aδ1(b)+p ′

12aσ12(c)+p ′
12cb +p ′

11aσ12(a)τ2 +p ′
11aσ12(c)+τ′2b]y2

+p ′
12aσ12(b)y2

2 + [p ′
12aδ1(c)+p ′

12c2 +p ′
11aσ12(a)τ0 +p ′

11aδ1(c)

+p ′
11c2 +τ′1c +τ′2c +τ′0].

Again, by the conditions described above,

φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0)

= [ba−1aσ12(a)]y1 y2 + [ba−1aσ11(a)+ba−1p11aσ12(a)]y2
1

+ [ba−1aσ12(a)τ1 +ba−1aδ1(a)+ba−1aσ11(c)+ba−1ca + (c −bca−1)a]y1

+ [ba−1aσ12(a)τ2 +ba−1aσ12(c)]y2

+ [ba−1aσ12(a)τ0 +ba−1aδ1(c)+ba−1c2 + (c −bca−1)c]

= bσ12(a)y1 y2 + [bσ11(a)+p11bσ12(a)]y2
1 + [τ1bσ12(a)+bδ1(a)+bσ11(c)+ ca]y1

+ [τ2bσ12(a)+bσ12(c)]y2 + [τ0bσ12(a)+baδ1(c)+ c2].

These equalities show that φ(y ′
2 y ′

1) =φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0), i.e., the polyno-

mials q1 and q2 satisfy (2.41).

With the aim of showing that condition (2.42) holds, consider

σ′(r ) =
[
σa(σ11(r )) σb(σ12(r ))
σa(σ21(r )) σb(σ22(r ))

]
and δ′(r ) =

[
(aδ1 +δc,σ′

1
)(r )

(bδ2 +δc,σ′
2
)(r )

]
,

where

δc,σ′
i
(r ) =

{
cr − [aσ11(r )a−1c +bσ12(r )b−1c], if i = 1

cr − [aσ21(r )a−1c +bσ22(r )b−1c], if i = 2.
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Since [
q1

q2

]
r =

[
q1r
q2r

]
=

[
(ay1 + c)r
(by2 + c)r

]
=

[
ay1r
by2r

]
+

[
cr
cr

]

=
[

a[σ11(r )y1 +σ12(r )y2 +δ1(r )]
b[σ21(r )y1 +σ22(r )y2 +δ2(r )]

]
+

[
cr
cr

]

=
[
σ11(r ) σ12(r )
σ21(r ) σ22(r )

][
ay1

by2

]
+

[
aδ1(r )
bδ2(r )

]
+

[
cr
cr

]
,

and,

σ′(r )

[
q1

q2

]
+δ′(r ) =σ′(r )

[
ay1 + c
by2 + c

]
+δ′(r ) =σ′(r )

[
ay1

by2

]
+σ′(r )

[
c
c

]
+δ′(r )

=
[
σa(σ11(r )) σb(σ12(r ))
σa(σ21(r )) σb(σ22(r ))

][
ay1

by2

]
+

[
σa(σ11(r )) σb(σ12(r ))
σa(σ21(r )) σb(σ22(r ))

][
c
c

]

+
[

(aδ1 +δc,σ′
1
)(r )

(bδ2 +δc,σ′
2
)(r )

]

=
[

aσ11(r )a−1ay1 +bσ12(r )b−1by2

aσ21(r )a−1ay1 +bσ22(r )b−1by2

]
+

[
aσ11(r )a−1c +bσ12(r )b−1c
aσ21(r )a−1c +bσ22(r )b−1c

]

+
[

aδ1(r )+ cr − [aσ11(r )a−1c +bσ12(r )b−1c]
bδ2(r )+ cr − [aσ21(r )a−1c +bσ22(r )b−1c]

]

=
[

aσ11(r )y1 +bσ12(r )y2

aσ21(r )y1 +bσ22(r )y2

]
+

[
aδ1(r )+ cr
bδ2(r )+ cr

]

=
[
σ11(r ) σ12(r )
σ21(r ) σ22(r )

][
ay1

by2

]
+

[
aδ1(r )
bδ2(r )

]
+

[
cr
cr

]
,

we obtain

[
q1

q2

]
r = σ′(r )

[
q1

q2

]
+ δ′(r ), and hence

[
q1

q2

]
=

[
ay1 + c
by2 + c

]
is a dcv-matrix with

respect to (σ′,δ′).

EXAMPLE 2.21. Let B ′ = RP ′ [y ′
1, y ′

2;σ′,δ′,τ′] and B = RP [y1, y2;σ,δ,τ] be right double extensions
of R. Let ϕ : B

′⊕2 → B⊕2 given by

ϕ

[
y ′

1
y ′

2

]
:=

[
φ(y ′

1)
φ(y ′

2)

]
=

[
q1

q2

]
=

[
a1 y1 +a0

b1 y2 +b0

]
,

with a1,b1 ∈ R∗ and a0,b0 ∈ R. Consider the conditions,

p ′
12 = 0; p ′

11 = b1a−1
1 , τ′1 = b0 −b1a−1

1 a0; τ′2 = 0; τ′0 = b0a0 −b1a−1
1 a2

0

σ11 =σ21; σ12 =σ22; δ1 = δ2.
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Note that

φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0)

= p ′
12q1q2 +p ′

11q2
1 +τ′1q1 +τ′2q2 +τ′0

= p ′
12(a1 y1 +a0)(b1 y2 +b0)+p ′

11(a1 y1 +a0)2 +τ′1(a1 y1 +a0)+τ′2(b1 y2 +b0)+τ′0
= p ′

12[a1 y1b1 y2 +a1 y1b0 +a0b1 y2 +a0b0]+p ′
11[a1 y1a1 y1 +a1 y1a0 +a0a1 y1 +a2

0]

+τ′1a1 y1 +τ′1a0 +τ′2b1 y2 +τ′2b0 +τ′0
= p ′

12a1[σ11(b1)y1 +σ12(b1)y2 +δ1(b1)]y2 +p ′
12a1[σ11(b0)y1 +σ12(b0)y2 +δ1(b0)]

+p ′
12a0b1 y2 +p ′

12a0b0 +p ′
11a1[σ11(a1)y1 +σ12(a1)y2 +δ1(a1)]y1

+p ′
11a1[σ11(a0)y1 +σ12(a0)y2 +δ1(a0)]+p ′

11a0a1 y1 +p ′
11a2

0

+τ′1a1 y1 +τ′1a0 +τ′2b1 y2 +τ′2b0 +τ′0
= p ′

12a1σ11(b1)y1 y2 +p ′
12a1σ12(b1)y2

2 +p ′
12a1δ1(b1)y2 +p ′

12a1σ11(b0)y1

+p ′
12a1σ12(b0)y2 +p ′

12a1δ1(b0)+p ′
12a0b1 y2 +p ′

12a0b0 +p ′
11a1σ11(a1)y2

1

+p ′
11a1σ12(a1)y2 y1 +p ′

11a1δ1(a1)y1 +p ′
11a1σ11(a0)y1 +p ′

11a1σ12(a0)y2

+p ′
11a1δ1(a0)+p ′

11a0a1 y1 +p ′
11a2

0 +τ′1a1 y1 +τ′1a0 +τ′2b1 y2 +τ′2b0 +τ′0
= p ′

12a1σ11(b1)y1 y2 +p ′
12a1σ12(b1)y2

2 +p ′
12a1δ1(b1)y2

+p ′
12a1σ11(b0)y1 +p ′

12a1σ12(b0)y2 +p ′
12a1δ1(b0)

+p ′
12a0b1 y2 +p ′

12a0b0 +p ′
11a1σ11(a1)y2

1

+p ′
11a1σ12(a1)p12 y1 y2 +p ′

11a1σ12(a1)p11 y2
1 +p ′

11a1σ12(a1)τ1 y1

+p ′
11a1σ12(a1)τ2 y2 +p ′

11a1σ12(a1)τ0 +p ′
11a1δ1(a1)y1

+p ′
11a1σ11(a0)y1 +p ′

11a1σ12(a0)y2 +p ′
11a1δ1(a0)+p ′

11a0a1 y1 +p ′
11a2

0

+τ′1a1 y1 +τ′1a0 +τ′2b1 y2 +τ′2b0 +τ′0
= [p ′

12a1σ11(b1)+p ′
11a1σ12(a1)p12]y1 y2 + [p ′

11a1σ11(a1)+p ′
11a1σ12(a1)p11]y2

1

+ [p ′
12a1σ12(b1)]y2

2

+ [p ′
12a1σ11(b0)+p ′

11a1σ12(a1)τ1 +p ′
11a1δ1(a1)+p ′

11a1σ11(a0)+p ′
11a0a1 +τ′1a1]y1

+ [p ′
12a1δ1(b1)+p ′

12a1σ12(b0)+p ′
12a0b1 +p ′

11a1σ12(a1)τ2 +p ′
11a1σ12(a0)+τ′2b1]y2

+ [p ′
12a1δ1(b0)+p ′

12a0b0 +p ′
11a1σ12(a1)τ0 +p ′

11a1δ1(a0)+p ′
11a2

0 +τ′1a0τ
′
2b0 +τ′0].

On the other hand,

φ(y ′
2 y ′

1) = q2q1 = (b1 y2 +b0)(a1 y1 +a0) = b1 y2a1 y1 +b1 y2a0 +b0a1 y1 +b0a0

= b1[σ21(a1)y1 +σ22(a1)y2 +δ2(a1)]y1

+b1[σ21(a0)y1 +σ22(a0)y2 +δ2(a0)]+b0a1 y1 +b0a0

= b1σ21(a1)y2
1 +b1σ22(a1)y2 y1 +b1δ2(a1)y1

+b1σ21(a0)y1 +b1σ22(a0)y2 +b1δ2(a0)+b0a1 y1 +b0a0

= b1σ21(a1)y2
1 +b1σ22(a1)[p12 y1 y2 +p11 y2

1 +τ1 y1 +τ2 y2 +τ0]

+b1δ2(a1)y1 +b1σ21(a0)y1 +b1σ22(a0)y2 +b1δ2(a0)+b0a1 y1 +b0a0,
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or equivalently,

q2q1 = b1σ21(a1)y2
1 +b1σ22(a1)p12 y1 y2 +b1σ22(a1)p11 y2

1 +b1σ22(a1)τ1 y1

+b1σ22(a1)τ2 y2 +b1σ22(a1)τ0 +b1δ2(a1)y1 +b1σ21(a0)y1

+b1σ22(a0)y2 +b1δ2(a0)+b0a1 y1 +b0a0

= [b1σ22(a1)p12]y1 y2 + [b1σ21(a1)+b1σ22(a1)p11]y2
1

+ [b1σ22(a1)τ1 +b1δ2(a1)+b1σ21(a0)+b0a1]y1

+ [b1σ22(a1)τ2 +b1σ22(a0)]y2 + [b1σ22(a1)τ0 +b1δ2(a0)+b0a0].

Using the conditions described above,

φ(y ′
2 y ′

1) = [b1σ22(a1)p12]y1 y2 + [b1σ21(a1)+b1σ22(a1)p11]y2
1

+ [b1σ22(a1)τ1 +b1δ2(a1)+b1σ21(a0)+b0a1]y1

+ [b1σ22(a1)τ2 +b1σ22(a0)]y2 + [b1σ22(a1)τ0 +b1δ2(a0)+b0a0]

= [b1σ12(a1)p12]y1 y2 + [b1σ21(a1)+b1σ12(a1)p11]y2
1

+ [b1σ12(a1)τ1 +b1δ1(a1)+b1σ21(a0)+b0a1]y1

+ [b1σ12(a1)τ2 +b1σ12(a0)]y2 + [b1σ12(a1)τ0 +b1δ1(a0)+b0a0],

while

φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0)

= [b1σ12(a1)p12]y1 y2 + [b1σ21(a1)+b1σ12(a1)p11]y2
1

+ [b1σ12(a1)τ1 +b1δ1(a1)+b1σ21(a0)+b0a1]y1

+ [b1σ12(a1)τ2 +b1σ12(a0)+τ′2b1]y2 + [b1σ12(a1)τ0 +b1δ1(a0)+b0a0].

These facts guarantee that φ(y ′
2 y ′

1) =φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0), i.e., the polyno-

mials q1 and q2 satisfy relation (2.41).

With the aim of showing that condition (2.42) holds, consider

σ′(r ) =
[
σa1 (σ11(r )) σb1 (σ12(r ))
σa1 (σ21(r )) σb1 (σ22(r ))

]
,

δ′(r ) =
[

(a1δ1 +δa0,σ′
1
)(r )

(b1δ2 +δb0,σ′
2
)(r )

]
,

where {
δa0,σ′

1
(r ) = a0r − [a1σ11(r )a−1

1 a0 +b1σ12(r )b−1
1 b0],

δb0,σ′
2
(r ) = b0r − [a1σ21(r )a−1

1 a0 +b1σ22(r )b−1
1 b0].
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Since [
q1

q2

]
r =

[
q1r
q2r

]
=

[
(a1 y1 +a0)r
(b1 y2 +b0)r

]

=
[

a1 y1r
b1 y2r

]
+

[
a0r
b0r

]

=
[

a1[σ11(r )y1 +σ12(r )y2 +δ1(r )]
b1[σ21(r )y1 +σ22(r )y2 +δ2(r )]

]
+

[
a0r
b0r

]

=
[
σ11(r ) σ12(r )
σ21(r ) σ22(r )

][
a1 y1

b1 y2

]
+

[
a1δ1(r )
b1δ2(r )

]
+

[
a0r
b0r

]
,

and,

σ′(r )

[
q1

q2

]
+δ′(r ) =σ′(r )

[
a1 y1 +a0

b1 y2 +b0

]
+δ′(r )

=σ′(r )

[
a1 y1

b1 y2

]
+σ′(r )

[
a0

b0

]
+δ′(r )

=
[
σa1 (σ11(r )) σb1 (σ12(r ))
σa1 (σ21(r )) σb1 (σ22(r ))

][
a1 y1

b1 y2

]

+
[
σa1 (σ11(r )) σb1 (σ12(r ))
σa1 (σ21(r )) σb1 (σ22(r ))

][
a0

b0

]
+

[
(a1δ1 +δa0,σ′

1
)(r )

(b1δ2 +δb0,σ′
2
)(r )

]

=
[

a1σ11(r )a−1
1 a1 y1 +b1σ12(r )b−1

1 b1 y2

a1σ21(r )a−1
1 a1 y1 +b1σ22(r )b−1

1 b1 y2

]

+
[

a1σ11(r )a−1
1 a0 +b1σ12(r )b−1

1 b0

a1σ21(r )a−1
1 a0 +b1σ22(r )b−1

1 b0

]

+
[

a1δ1(r )+a0r − [a1σ11(r )a−1
1 a0 +b1σ12(r )b−1

1 b0]
b1δ2(r )+b0r − [a1σ21(r )a−1

1 a0 +b1σ22(r )b−1
1 b0]

]

=
[

a1σ11(r )y1 +b1σ12(r )y2

a1σ21(r )y1 +b1σ22(r )y2

]
+

[
a1δ1(r )+a0r
b1δ2(r )+b0r

]

=
[
σ11(r ) σ12(r )
σ21(r ) σ22(r )

][
a1 y1

b1 y2

]
+

[
a1δ1(r )
b1δ2(r )

]
+

[
a0r
b0r

]
,

we obtain

[
q1

q2

]
r =σ′(r )

[
q1

q2

]
+δ′(r ) and

[
q1

q2

]
=

[
a1 y1 +a0

b1 y2 +b0

]
is a dcv-matrix with respect to

(σ′,δ′).

EXAMPLE 2.22. In Table 2.5, we present necessary conditions to obtain polynomials and dcv-
matrices depending of q1 and q2.
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Motivated by the notion of semi-invariant polynomial introduced by Lam and Leroy [LL92, p.
84], we say that a monomial yn

i ∈ B is right double semi-invariant if yn
i R ⊆ R yn

1 +R yn
2 for i = 1,2.

THEOREM 2.34. Consider yn
i a monomial right double semi-invariant of degree n ≥ 1. Let[

q1

q2

]
=

[
f (y1, y2)yn

1 + g1(y1, y2)
f (y1, y2)yn

2 + g2(y1, y2)

]
,

where for i = 1,2 the degree of the polynomial gi (y1, y2) is less than or equal to n and it is satisfied

that q2q1 = p ′
12q1q2+p ′

11q2
1 +τ′1q1+τ′2q2+τ′0. Then

[
q1

q2

]
is a dcv-matrix with respect to (σ′,δ′) if

and only if

[
g1(y1, y2)
g2(y1, y2)

]
is a dcv-matrix with respect to (σ′,δ′) and f (y1, y1)σn(−) =σ′(−) f (y1, y2).

Proof. First, suppose that

[
q1

q2

]
is a dcv-matrix with respect to (σ′,δ′). Then

[
q1

q2

]
r =σ′(r )

[
q1

q2

]
+δ′(r ) =σ′(r )

[
f yn

1 + g1(y1, y2)
f yn

2 + g2(y1, y2)

]
+δ′(r ),

or what is the same,[
q1

q2

]
r =σ′(r )

[
f yn

1
f yn

2

]
+σ′(r )

[
g1(y1, y2)
g2(y1, y2)

]
+δ′(r ) (2.43)

=
[
σ′

11(r ) f σ′
12(r ) f

σ′
21(r ) f σ′

22(r ) f

][
yn

1
yn

2

]
+σ′(r )

[
g1(y1, y2)
g2(y1, y2)

]
+δ′(r ), (2.44)

and [
q1

q2

]
r =

[
f yn

1 + g1(y1, y2)
f yn

2 + g2(y1, y2)

]
r =

[
f yn

1 r + g1(y1, y2)r
f yn

2 r + g2(y1, y2)r

]

=
[

f σn
11(r )yn

1 + f σn
12(r )yn

2
f σn

21(r )yn
1 + f σn

22(r )yn
2

]
+

[
g1(y1, y2)r
g2(y1, y2)r

]

=
[

f σn
11(r ) f σn

12(r )
f σn

21(r ) f σn
22(r )

][
yn

1
yn

2

]
+

[
g1(y1, y2)r
g2(y1, y2)r

]
, (2.45)

due to that yn
i is a monomial right double semi-invariant for i = 1,2. Both expressions (2.44)

and (2.45) show that f (y1, y2)σn(−) =σ′(−) f (y1, y2) and[
g1(y1, y2)
g2(y1, y2)

]
r =σ′(r )

[
g1(y1, y2)
g2(y1, y2)

]
+δ′(r ). (2.46)
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Conversely, if

[
g1(y1, y2)
g2(y1, y2)

]
is a dcv-matrix with respect to (σ′,δ′), then

[
g1(y1, y2)
g2(y1, y2)

]
r =σ′(r )

[
g1(y1, y2)
g2(y1, y2)

]
+δ′(r ),

and since f (y1, y2)σn(−) =σ′(−) f (y1, y2), we get[
q1

q2

]
r =

[
f yn

1 r + g1(y1, y2)r
f yn

2 r + g2(y1, y2)r

]

=
[

f σn
11(r )yn

1 + f σn
12(r )yn

2
f σn

21(r )yn
1 + f σn

22(r )yn
2

]
+

[
g1(y1, y2)
g2(y1, y2)

]

=
[

f σn
11(r ) f σn

12(r )
f σn

21(r ) f σn
22(r )

][
yn

1
yn

2

]
+

[
g1(y1, y2)r
g2(y1, y2)r

]

=
[
σ′

11(r ) f σ′
12(r ) f

σ′
21(r ) f σ′

22(r ) f

][
yn

1
yn

2

]
+σ′(r )

[
g1(y1, y2)
g2(y1, y2)

]
+δ′(r )

=σ′(r )

[
f yn

1
f yn

2

]
+σ′(r )

[
g1(y1, y2)
g2(y1, y2)

]
+δ′(r ) =σ′(r )

[
q1

q2

]
+δ′(r ).

Theorem 2.22 characterizes isomorphisms between double extensions.

THEOREM 2.35. Letϕ : B
′⊕2 → B⊕2 be a homomorphism of right double extensions as in Definition

2.9. If ϕ is an isomorphism, then the polynomials q1 and q2 of the dcv-matrix have degree one
with respect to the indeterminates y1 and y2, respectively.

Proof. Let ϕ be an isomorphism of right double extensions. Since ϕ depends of the map φ, it is
clear that for ϕ to be an isomorphism it is necessary that φ be an isomorphism. By Definition
2.9,

ϕ

[
y ′

1
y ′

2

]
:=

[
φ(y ′

1)
φ(y ′

2)

]
=

[
q1

q2

]
,

so we consider the following cases:

(1) q1 = c and q2 = c−1dc, with c,d ∈ R. We can find elements f , g ∈ B ′ such that f = d y ′
1 and

g = c y ′
2, whence

ϕ

[
f
g

]
=

[
φ( f )
φ(g )

]
=

[
d q1

cq2

]
=

[
dc
dc

]
,

but since f ̸= g , it contradicts the injectivity of φ.

(2) q1 = c ∈ R, and q2 ∈ B with degree greater than zero. Let f , g ∈ B ′ such that f = d y ′
1 and
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g = dc. Then

ϕ

[
f
g

]
:=

[
φ( f )
φ(g )

]
=

[
d q1

dc

]
=

[
dc
dc

]
,

which contradicts again the injectivity of φ.

(3) q1 ∈ B of degree greater than zero and q2 = d ∈ R. Consider elements f , g ∈ B ′ such that
f = d and g = y ′

2. Then

ϕ

[
f
g

]
:=

[
φ( f )
φ(g )

]
=

[
d
q2

]
=

[
d
d

]
,

a contradiction.

Suppose that the polynomials q1 and q2 have degree n,k > 1, respectively. Since ϕ is surjec-
tive, for the indeterminates y1, y2 ∈ B there exist polynomials f , g ∈ B ′ such that

[
y1

y2

]
=ϕ

[
f
g

]
=

[
φ( f )
φ(g )

]
=


φ

(∑
i , j

ai , j y
′n(i )
1 y

′m( j )
2

)
φ

(∑
i , j

bi , j y
′k(i )
1 y

′l ( j )
2

)
=


∑
i , j

ai , j qn(i )
1 qm( j )

2∑
i , j

bi , j qk(i )
1 q l ( j )

2

 ,

whence necessarily the degree of q1 is one and the degree of q2 is zero. However, since
the polynomials have degree greater than one it follows that there are no polynomials f , g ∈ B ′

with ϕ

[
f
g

]
=

[
y1

y2

]
, which gives us a contradiction. We conclude that both p1 and p2 must have

degree exactly one.

2.5.2 HOMOMORPHISMS BETWEEN TRIMMED DOUBLE ORE EXTENSIONS

One of the particular cases of the double extensions is presented by Zhang and Zhang [ZZ08,
Convention 1.6.(c)] as a trimmed double extension, for which δ is the zero map and τ= {0,0,0}.
We use the short notation B = Rp [y1, y2;σ] to denote this subclass of extensions.

Next, we explore the homomorphisms of trimmed double extension and compare our
results with those corresponding by Zhu et al. [ZvOZ17] where they computed the Nakayama
automorphism of a trimmed double extension.

THEOREM 2.36. Consider two trimmed double extensions B ′ = RP ′ [y ′
1, y ′

2;σ′] and B = RP [y1, y2;σ],
where [

q1

q2

]
=


n∑

i=1
ai y i

1

m∑
j=1

bi y j
2

 ,

and it is satisfied that φ(y ′
2 y ′

1) =φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 ), i.e, q2q1 = p ′

12q1q2 +p ′
11q2

1 . Then

[
q1

q2

]
is a dcv-matrix if and only if the degree of q1 and q2 is the same (n = m), ai = bi for 1 ≤ i ≤ n,
σl lσlk (−) = 0, σlkσl l (−) = 0, and aiσ

i
pq (−) =σ′

pq (−)ai for l ̸= k and 1 ≤ p, q, l ,k ≤ 2.
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Proof. Suppose that

[
q1

q2

]
is dcv-matrix. By Definition 2.10,

[
q1

q2

]
r =σ′(r )

[
q1

q2

]
, which implies

that

[
q1r
q2r

]
=


n∑

i=1
ai y i

1r

m∑
j=1

bi y j
2 r



=



anσ
n
11(r )yn

1 +anσ
n
12(r )yn

2 +an−1σ
n−1
11 (r )yn−1

1
+an−1σ

n−1
12 (r )yn−1

2 +·· ·+a1σ11(r )y1 +a1σ12(r )y2

+
n∑

l ,k=0
pσ11σ12 y l

1 yk
2

bmσ
m
21(r )ym

1 +bmσ
m
22(r )ym

2 +bm−1σ
m−1
21 (r )ym−1

1
+bm−1σ

m−1
22 (r )ym−1

2 +·· ·+b1σ21(r )y1 +b1σ22(r )y2

+
m∑

l ,k=0
pσ22σ21 y l

1 yk
2


, (2.47)

where pσ11,σ12 are the possible combinations between σ11 and σ12 and the same sense for
pσ22,σ21 . On the other hand,

σ′(r )

[
q1

q2

]
=

[
σ′

11(r ) σ′
12(r )

σ′
21(r ) σ′

22(r )

]
n∑

i=1
ai y i

1

m∑
j=1

bi ym
2



=

σ
′
11(r )

n∑
i=1

ai y i
1 +σ′

12(r )
m∑

j=1
bi y j

2

σ′
21(r )

n∑
i=1

ai y i
1 +σ′

22(r )
m∑

j=1
bi y j

2



=


σ′

11(r )an yn
1 +σ′

11(r )an−1 yn−1 +·· ·+σ′
11(r )a1 y1 +σ′

12(r )bm ym
2

+σ′
12(r )bm−1 ym−1

2 +·· ·+σ′
12(r )b1 y2

σ′
21(r )an yn

1 +σ′
21(r )an−1 yn−1 +·· ·+σ′

21(r )a1 y1 +σ′
22(r )bm ym

2
+σ′

22(r )bm−1 ym−1
2 +·· ·+σ′

22(r )b1 y2



=


σ′

11(r )an yn
1 +σ′

12(r )bm ym
2 +σ′

11(r )an−1 yn−1

+σ′
12(r )bm−1 ym−1

2 +·· ·+σ′
11(r )a1 y1 +σ′

12(r )b1 y2

σ′
21(r )an yn

1 +σ′
22(r )bm ym

2 +σ′
21(r )an−1 yn−1

+σ′
22(r )bm−1 ym−1

2 +·· ·+σ′
21(r )a1 y1 +σ′

22(r )b1 y2

 . (2.48)

If we compare (2.47) and (2.48), then necessarily

n∑
l ,k=0

pσ11,σ12 y l
1 yk

2 =
m∑

l ,k=0
pσ22,σ21 y l

1 yk
2 = 0,

i.e, the possible combinations between σl l and σlk , 1 ≤ l ,k ≤ 2, l ̸= k are zero. In addition,
n = m, ai = bi for 1 ≤ i ≤ n and aiσ

i
pq (−) =σ′

pq (−)ai for 1 ≤ p, q ≤ 2, as desired.

It is straightforward to prove the other implication.
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EXAMPLE 2.23. (1) Consider the double extension [ZZ09, Subcase 4.3.1]. The algebra H is
generated by x1, x2, y1, y2 subject to the relations

x2x1 = x1x2 +x2
1 , y2 y1 =−y1 y2,

y1x1 = x1 y2, y1x2 = f x1 y2 +x2 y2,

y2x1 = x1 y1, y2x2 = f x1 y1 +x2 y1,

where f ̸= 0. This is the trimmed double extensionH := RP [y1, y2;σ] with R = k{x1, x2}/〈x2x1−
x1x2 −x2

1〉. Let ϕ :H⊕2 →H⊕2 defined by

ϕ

[
y1

y2

]
=

[
q1

q2

]
=

[
λy1

λy2

]
, λ ∈ k.

Since

φ(y2 y1) = q2q1 =λ2 y2 y1 =−λ2 y1 y2 = p12q1q2 +p11 y1 =φ(p12 y1 y2 +p11 y2
1),

by Theorem 2.36,

[
q1

q2

]
is a dcv-matrix. Note also that

[
λy1x1

λy2x1

]
=

[
λx1 y2

λx1 y1

]
=

[
0 x1

x1 0

][
λy1

λy2

]
=

[
σ11(x1) σ12(x1)
σ21(x1) σ22(x1)

][
λy1

λy2

]
,

and a simple calculation shows that the properties of the dcv-matrix are satisfied for every
a ∈ RP . By Theorem 2.22, we get an isomorphism.

(2) Zhu et al. [ZvOZ17, Remark 3.13.(1)] found the Nakayama automorphism of algebra H.
Our results agree with yours by taking λ :=−h2.

(3) Zhu et al. [ZvOZ17, Remark 3.13.(2)] considered the trimmed double extension presented
in [ZZ09, Subcase 4.3.3], that is, N := RP [y1, y2;σ] with RP = k{x1, x2}/〈x2x2 + x1x2〉, P =
(−1,0), and σ given by the matrix 

0 0 −g f
0 0 f −g
g f 0 0
f g 0 0

 ,

with f , g ∈ k and f 2 ̸= g 2. They found the Nakayama automorphism ofNwhich is defined
as y1 = (g 2 − f 2)y1 and y2 = (g 2 − f 2)y2. In this way, if we consider

ϕ

[
y1

y2

]
=

[
q1

q2

]
=

[
(g 2 − f 2)y1

(g 2 − f 2)y2

]
,



CHAPTER 2. MORPHISMS AND CV-POLYNOMIALS OF ITERATED ORE EXTENSIONS AND DOUBLE ORE EXTENSIONS 91

then we get

φ(y2 y1) = ((g 2 − f 2)y2)((g 2 − f 2)y1) = (g 2 − f 2)2 y2 y1

=−(g 2 − f 2)2 y1 y2 = p12q1q2 +p11 y1 =φ(p12 y1 y2 +p11 y2
1),

and by Theorem 2.36 it follows that it is a dcv-matrix, and of course, it is an isomorphism
by Theorem 2.22.

2.5.3 TWO-STEP ITERATED ORE EXTENSIONS VS. DOUBLE ORE EXTENSIONS

We investigate when a homomorphism of double extensions is a homomorphism of two-step
iterated extensions in the sense of cv-polynomials defined in Section 2.4.1. Before, consider the
following example.

EXAMPLE 2.24. From [ZZ09, Subcase 4.2.3 (ii) (iii)], we know that the algebra D is generated by
the indeterminates x1, x2, y1, y2 subject to the relations

x2x1 =−x1x2, y2 y1 = py1 y2,

y1x1 =−px1 y1, y1x2 =−p2x2 y1 +x1 y2,

y2x1 = px1 y2, y2x2 = x1 y1 +x2 y2,

where p ∈ {−1,1}. D can be expressed RP [y1, y2;σ,δ,τ], with R = k[x1][x2;α] andα(x1) =−x1.
On the other hand, the algebra E is generated by the indeterminates x1, x2, y1, y2 satisfying the
relations

x2x1 =−x1x2, y2 y1 = py1 y2,

y1x1 = x1 y2 +x2 y2, y1x2 = x1 y2 −x2 y2,

y2x1 =−x1 y1 +x2 y1, y2x2 = x1 y1 +x2 y1,

with p2 =−1. It can be seen that E is the double extension RP [y1, y2;σ,δ,τ].

Consider the homomorphism

ϕ :D⊕2 → E⊕2[
y ′

1
y ′

2

]
7→

[
φ(y ′

1)
φ(y ′

2)

]
=

[
q1

q2

]
=

[
x1

x2

]
, x1, x2 ∈ R.

If we suppose p ′
12 =−1, since in the algebra Dwe have p ′

11 = τ′1 = τ′2 = 0 = τ′0 = 0, then let us
show that q1 and q2 satisfy (2.41). Then φ(y ′

2 y ′
1) = q2q1 = x2x1 =−x1x2, and

φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0) = p ′

12q1q2 +p ′
11q2

1 +τ′1q1 +τ′2q2 +τ′0
= p ′

12x1x2 +p ′
11x2

1 +τ′1x1 +τ′2x2 +τ′0 =−x1x2,

whence φ(y ′
2 y ′

1) =φ(p ′
12 y ′

1 y ′
2 +p ′

11 y
′2
1 +τ′1 y ′

1 +τ′2 y ′
2 +τ′0) as desired.
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With respect to the condition (2.42), let

σ′(r ) =
[
α(r ) 0

0 α(r )

]
and δ′(r ) =

[
0
0

]
,

for every r ∈ k[x1]. Note that, for r ∈ k[
q1

q2

]
r =

[
q1r
q2r

]
=

[
x1r
x2r

]
,

and

σ′(r )

[
q1

q2

]
+δ′(r ) =σ′(r )

[
x1

x2

]
+δ′(r )

=
[

r 0
0 r

][
x1

x2

]
=

[
r x1

r x2

]
=

[
x1r
x2r

]
,

which shows that

[
q1

q2

]
r = σ′(r )

[
q1

q2

]
+δ′(r ), and so it follows that

[
q1

q2

]
=

[
x1

x2

]
is a dcv-

matrix with respect to (σ′,δ′).

From Propositions 1.8 and 1.9 we know when a double extension can be expressed as a
two-step iterated Ore extension. In an analogous way, Theorem 2.37 establishes when a homo-
morphism of double extensions in the sense of dcv-matrix can be expressed as a homomorphism
of two-step iterated Ore extensions in the sense of the cv-polynomials defined in Section 2.4.

THEOREM 2.37. Let B ′ = RP ′ [y ′
1, y ′

2;σ′,δ′,τ′] and B = RP [y1, y2;σ,δ,τ] be right double extensions
of the k-algebra R. Consider the homomorphism ϕ between B

′⊕2 and B⊕2 as in Definition 2.9. If
the conditions

p ′
12φ(y ′

1) =σ′
2(φ(y ′

1)), p ′
11 = 0, τ′1φ(y ′

1) = δ′2(φ(y ′
1)), τ′2 = τ′0 = 0,

σ′
11(r ) =σ′

1(r ), σ′
22(r ) =σ′

2(r ), σ′
12(−) =σ′

21(−) = 0,

are satisfied, then ϕ can be presented as a homomorphism between iterated Ore extension.

Proof. Consider the relation (2.41). If p ′
12φ(y ′

1) = σ′
2(φ(y ′

1)), p ′
11 = 0, τ′1φ(y ′

1) = δ′2(φ(y ′
1)), and

τ′2 = τ′0 = 0, then

φ(y ′
2 y ′

1) = q2q1 =σ′
2(φ(y ′

1))q2 +δ′2(φ(y ′
1)) =σ′

2(q1)q2 +δ′2(q1),

which is precisely the condition in the definition of cv-polynomials. On the other hand,
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condition (2.42) implies [
q1

q2

]
r =

[
σ′

11(r ) σ′
12(r )

σ′
21(r ) σ′

22(r )

][
q1

q2

]
+

[
δ′1(r )
δ′2(r )

]
,[

q1

q2

]
r =

[
σ′

1(r ) 0
0 σ′

2(r )

][
q1

q2

]
+

[
δ′1(r )
δ′2(r )

]
,

or equivalently,

q1r =σ′
1(r )q1 +δ′1(r ), and q2r =σ′

2(r )q2 +δ′2(r ),

which are precisely the other two conditions in Definition 2.4.

EXAMPLE 2.25. Consider Example 2.24. According to the homomorphism ϕ :D⊕2 → E⊕2 that
maps the generators of the double extension to x1, x2 ∈ R with R = k[x1][x2;α], p ′

12 =−1, p ′
11 =

0,τ′1 = τ′2 = 0 = τ′0 = 0, and σ11 =σ22 =α,σ12 =σ21 = 0,δ1 = δ2 = 0, the conditions of Theorem
2.37 are satisfied.

REMARK 13. Theorem 2.37 can be reformulated by using Proposition 1.8(iii). More exactly, in
this case σ′

21 need not be necessarily zero and δ′2(r ) = δ′2(r )−σ′
21(r )q1 for every r ∈ R, whence[

q1

q2

]
r =

[
σ′

11(r ) σ′
12(r )

σ′
21(r ) σ′

22(r )

][
q1

q2

]
+

[
δ′1(r )
δ′2(r )

]

=
[
σ′

1(r ) 0
σ′

21(r ) σ′
2(r )

][
q1

q2

]
+

[
δ′1(r )

δ′2(r )−σ′
21(r )q1

]
,

which are conditions in Definition 2.4.

EXAMPLE 2.26. The examples shown in Table 2.4 correspond to homomorphisms of iterated
extensions. This is due that q2 is a constant and σ′

12 and σ′
21 are zero.

2.6 FUTURE WORK

Research on morphisms between graded rings is extensive and can be approached from different
points of view. Below we present some of them that are of interest to us.

First, it is a pending task to investigate the version of Theorem 2.26 for two-step, three-step,
and n-step iterated Ore extensions. Also, the question on cv-polynomials and homomorphisms
by considering the nilpotent elements of the coefficient ring R of the iterated Ore extension,
such as in the works of Rimmer, Ferrero and Kishimoto, and Kikumasa, it is also of our interest.

Lam and Leroy’s paper [LL92] motivated several articles about morphisms of noncommu-
tative rings and matrix applications. For instance, these authors [LL94, LL88b] formulated a
general Hilbert 90 Theorem for division rings in the setting of Ore extensions extending all
known forms of this theorem (until this moment), while Leroy [Ler95, Ler12] studied relations
between evaluation of Ore polynomials and pseudo-linear transformations. It is interesting
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to investigate all these notions for different families of semi-graded rings such as iterated Ore
extensions and double extensions.

Of course, it is a pending task to exemplify dcv-matrices consisting of polynomials of degree
two.

On the other hand, Gómez and Suárez [GS20] presented necessary and sufficient conditions
for a graded trimmed double extension to be a graded skew PBW extension (Definition 1.15),
and in fact, they proved Artin-Schelter and skew Calabi-Yau properties for graded skew PBW
extensions. Having in mind theory established in this chapter, a question arises whether it is
possible to develop the theory of homomorphisms and cv-polynomials for graded skew PBW
extensions, and if so, compare it with the results obtained here and those corresponding in
[CLM11, LL92, SAR21, SCR21, LRS17, SR19].

Last but not least, Lü et al. [JLZ15] proved that the universal enveloping algebra of a Poisson-
Ore extension is a length two iterated Ore extension of the original universal enveloping algebra,
and then showed that the Poisson enveloping algebra of a double Poisson-Ore extension is an
iterated double extension [LOWY18]. Related with this, Lou et al. [LOW20] gave a definition
of Poisson double extension - which may be considered as an analogue of double extension
-, and showed that algebras in a class of double extensions are deformation quantizations of
Poisson double extensions. These works together Zambrano’s paper [Zam20] where he gave a
description of Poisson brackets on some families of skew PBW extensions, motivate us to ask
ourselves about the relations between all these algebras through the notion of homomorphism
and cv-polynomial developed in this chapter.



CHAPTER 3

MAPS BETWEEN SEMI-GRADED RINGS

In this chapter, we study morphisms between schematic semi-graded rings. As we said in the
Introduction, our interest in this topic is due to Professor Jason Gaddis who asked us if we can
use geometric tools to study families of semi-graded rings. We would like to express our sincere
thanks to Professor Gaddis for introducing us to this project.

In Section 3.1 we start by considering the key notions of noncommutative algebraic geometry
for N-graded case following Rosenberg [Ros95] and Van den Bergh [VdB01]. Then, we recall
Smith’s result [Smi03, Theorem 3.2], [Smi16, Theorem 1.2] on maps betweenN-graded rings.

Section 3.2 contains definitions and preliminaries on schematic semi-graded rings defined
by Chacón and Reyes [Cha22, CR23]. For the completeness of the thesis, in Section 3.2.1 we
recall the notion of schematic algebra introduced by Van Oystaeyen and Willaert [vOW95] in
the setting of connected N-graded rings, with some of its key results. Section 3.2.2 presents
definitions and preliminaries on schematic semi-graded rings.

Having in mind Smith’s papers [Smi03, Smi16] on maps between noncommutative projective
spaces of the form Projnc A, and the notion of schematic semi-graded ring, in Section 3.3 we
consider maps in the Smith’s sense but now in the more general setting of noncommutative
projective spaces over semi-graded rings defined by Lezama and Latorre [LL17]. Our more
important result, Theorem 3.21, extends Smith’s key result [Smi03, Theorem 3.2] from the
category of schematicN-graded rings to the category of schematic semi-graded rings. This result
contributes to the research on noncommutative geometry for semi-graded rings developed in
the literature (e.g. [FGL+20, HR20, Lez20, Lez21, LL17, LG19, RS22, SRS23]).

Section 3.4 presents some ideas for a future work.

3.1 MAPS BETWEEN GRADED RINGS

Let us recall some definitions and preliminaries of noncommutative projective geometry with
the key results formulated by Smith [Smi03] on maps betweenN-graded rings.

Following Rosenberg [Ros95, Ros98] and Van den Bergh’s [VdB01] ideas of the noncommu-

95
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tative projective geometry, Smith [Smi03, Smi16] takes a Grothendieck category as the basic
non-commutative geometric object. More exactly, we think of a Grothendieck category ModX
(the idea for the notation X =ModX is Van den Bergh’s) as “the quasi-coherent sheaves on an
imaginary non-commutative space X ”. The standard commutative example is the category
QcohX of quasi-coherent sheaves on a quasi-separated, quasi-compact scheme X . The two
non-commutative models are ModR, the category of right modules over a ring, and ProjA, the
non-commutative projective spaces having a (not necessarily commutative) graded ring A as
homogeneous coordinate ring, which were defined by Verevkin [Ver92b, Ver92a] and Artin and
Zhang [AZ94] (for more details, see [Smi02, Definition 2.2]). A map g : Y → X between two
spaces is an adjoint pair of functors (g∗, g∗) with g∗ : ModY → ModX and g∗ left adjoint to
g∗. If g∗ is faithful and has a right adjoint, then g is called affine. An immediate example is a
ring homomorphism ϕ : R → S that induces an affine map g : Y → X between the affine spaces
defined by ModY :=ModS and ModX :=ModR.

Following Smith [Smi03, Section 2], for k a field, an N-graded k-algebra A = A0
⊕

A1
⊕ · · ·

is locally finite if dimkAi < ∞ for all i . The augmentation ideal m of A is A1
⊕

A2
⊕ · · · . Note

that if A0 is finite dimensional and A is right Noetherian, then it follows that dimkAi <∞ for
all i because A≥i /A≥i+1 is a Noetherian A/m-module. We write GrModA for the category of
Z-graded right A-modules, and define

TailsA =GrModA/FdimA,

where FdimA is the full subcategory consisting of direct limits of finite dimensional A-
modules. Equivalently, FdimA consists of those modules in which every element is annihilated
by a suitably large power of m. The symbol π means the quotient functor GrModA →TailsA and
ω denotes its right adjoint.

The noncommutative projective space X with homogeneous coordinate ring A is defined by
ModX =TailsA. We write Projnc A := (ModX ,OX ), where OX is the image of A in ModX . Hence,
Projnc A is an enriched quasi-scheme in the sense of [VdB01]. For Y another noncommutative
projective space with homogeneous coordinate ring B , a map f : Projnc B → Projnc A is a map
f : Y → X such that f ∗OX

∼= OY . If A is a commutative N-graded k-algebra, we write ProjA
for the classical projective scheme. We view a quasi-separated, quasi-compact scheme X as a
noncommutative space by associating to it the enriched space (QcohX ,OX ). As it can be seen,
the assignation X 7→ (QcohX ,OX ) is a faithful functor.

In his papers, Smith considered the question on maps between noncommutative projective
spaces. He called a map g : Y → X a closed immersion if it is affine and the essential image of
ModY in ModX under g∗ is closed under submodules and quotients. A closed subspace Z of
a space X is a full subcategory ModZ of ModX that is closed under submodules and quotient
modules in ModX and such that the inclusion functor i∗ : ModZ → ModX has both a left
adjoint i∗ and a right adjoint i !. Hence, two spaces are isomorphic if their module categories are
equivalent. In this way, a map Y → X is a closed immersion if and only if it is an isomorphism
from Y to a closed subspace X .

For J a graded ideal in a not necessarily commutative and locally finiteN-graded k-algebra A,
Smith [Smi03, Theorem 3.2] showed that a surjective homomorphism A → A/J of graded rings
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induces a closed immersion i : Projnc A/J → Projnc A between the non-commutative projective
spaces with homogeneous coordinate rings A and A/J .

3.2 SCHEMATIC SEMI-GRADED RINGS

It is well-known that Serre [Ser55] proved a theorem that describes the coherent sheaves on a
projective scheme in terms of graded modules. Following Artin and Zhang [AZ94, Section 1], a
commutative graded k-algebra is associated to a projective scheme ProjA, and the geometry
of this scheme can be described in terms of the quotient category qgrA = grA/tors, where grA
denotes the category of graded modules and tors denotes its subcategory of torsion modules. For
A a finitely generated commutative graded k-algebra and X its associated projective scheme, if
cohX denotes the category of coherent sheaves on X and OX (n) is the nth power of the twisting
sheaf on X [Har77, p. 117], then we have a functor Γ∗ : cohX → qgr A given by

Γ∗(F ) =
∞⊕

d=−∞
H0(X ,F ⊗OX (d)),

and Serre’s theorem asserts that if A is generated over k by elements of degree one, then Γ∗
defines an equivalence of categories cohX → qgr A [Ser55, Section 59, Proposition. 7.8, p. 252],
[GD61, 3.3.5] and [Har77, Proposition. II. 5.15].

Artin and Zhang [AZ94] extended Serre’s theorem. For A an N-graded algebra over a com-
mutative Noetherian ring, they defined the associated projective scheme to be the pair Proj A =
(qgr A,A ), where qgr A is the quotient category above and A is the object determined by the
right module A A , and considered the autoequivalence s of qgr A defined by the shift of de-
grees in gr A. The object A plays the role of the structure sheaf of Proj A and s the role of the
polarization defined by the projective embedding (this definition is the same as is given by
Verevkin [Ver92a, Ver92b]). Since Serre’s theorem does not hold for all commutative graded
algebras, i.e., the functor defined by Γ∗ need not be an equivalence, Artin and Zhang’s definition
of Proj A is compatible with the classical definition for commutative graded rings only under
some additional hypotheses, such as that A is generated in degree one. In the literature, the
noncommutative version of Serre’s theorem is known as Serre-Artin-Zhang-Verevkin theorem
[AZ94, Ver92a, Ver92b].

Van Oystaeyen and Willaert [vOW95] studied above Proj A by developing a kind of scheme
theory similar to the commutative theory (note that Manin [Man91] commented the failure
of attempts to obtain a noncommutative scheme theory à la Grothendieck [GD61] for quan-
tized algebras). They noticed that this theory is possible only if the connected and N-graded
algebra considered contains “enough” Ore sets. Algebras satisfying this condition are called
schematic, and some examples are homogenizations of almost commutative algebras, Rees
rings of universal enveloping algebras of Lie algebras, and three-dimensional Sklyanin algebras.
They constructed a generalized Grothendieck topology for the free monoid on all Ore sets of a
schematic algebra R, and defined a noncommutative site (see [vOW96b] for more details) as a
category with coverings on which sheaves can be defined, and formulated the Serre’s theorem. As
a consequence of their treatment, an equivalence between the category of all coherent sheaves
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and the category Proj A was obtained in the sense of noncommutative algebraic geometry
introduced by Artin [Art92]. In a series of papers [vO00, vOW96b, vOW96a, vOW97, Wil98], Van
Oystaeyen and Willaert investigated several properties of schematicN-graded rings.

Having in mind Van Oystaeyen and Willaert’s ideas [vOW95] about a scheme theory for
noncommutative N-graded rings, and the interest on noncommutative algebraic geometry
of semi-graded rings, Chacón in his PhD Thesis [Cha22] (see also [CR24, CR23]), presented a
noncommutative scheme theory for semi-graded rings following the ideas presented in [vOW95],
and investigated the schematicness of these objects in a more general context than N-graded
rings. With this theory, he generalized the results established in [vOW95] forN-graded algebras to
the semi-graded setting (as a matter of fact, he does not impose the condition of connectedness
of the algebra appearing in [vOW95]), and present another approach to the Serre-Artin-Zhang-
Verevkin theorem for semi-graded rings ([CR23, Examples 5.27 and 5.28] show that his theory
and the corresponding presented by Lezama [Lez21, LL17] are independent).

3.2.1 GRADED SETTING

We start by recalling the theory of schematic rings introduced by Van Oystaeyen and Willaert
[vOW95] toN-graded rings.

In the noncommutative setting, for a noncommutative positively graded Noetherian k-
algebra R = k⊕R1 ⊕R2 ⊕ ·· · with R = k[R1] (notice that R is connected, that is, R0 = k), Van
Oystaeyen and Willaert [vOW95] presented his interpretation of Serre’s theorem for algebras
with enough Ore sets called schematic algebras. With the aim of presenting the key ideas devel-
oped by them, we consider some notions of torsion theory that we will use freely throughout
the chapter. For more details, we refer to Goldman [Gol69], Stenstrom [Ste75] or Van Oystaeyen
[vO78].

DEFINITION 3.1 ([VOW95, SECTION 2]). Let L be a set of left ideals of an arbitrary ring R . L is
said to be a filter if it satisfies the following conditions:

T1: If I ∈L and I ⊆ J , then J ∈L .

T2: If I , J ∈L , then I ∩ J ∈L .

T3: If I ∈L and a ∈ R, then (I : a) := {r ∈ R | r a ∈ I } ∈L .

The functor κ : R −Mod → R −Mod defined by

κ(M) = {m ∈ M | there exists I ∈L with Im = 0},

is a left exact preradical, that is, a left exact subfunctor of the identity functor on the category
R −Mod. A module M satisfying κ(M) = M is called a κ-torsion module, and if κ(M) = 0, then
M is said to be a κ-torsion-free module. It is straightforward to see that the family of torsion
modules are closed under quotient objects and coproducts, while the torsion-free modules are
closed under subobjects and products.
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The filter L is called idempotent (also called a Gabriel topology) when it satisfies the follow-
ing condition:

T4: If I ◁l R and there exists J ∈L such that for all a ∈ J the relation (I : a) ∈L holds, then
I ∈L .

Condition T4 implies that L is closed under products and that the functor κ is a radical, that
is, κ(M/κ(M)) = 0, for all M ∈ R −Mod.

PROPOSITION 3.1 ([CHA22, PROPOSITION 3.2]; [CR23, PROPOSITION 2.2]). If R is a left Noethe-
rian ring and J1 ⊇ J2 ⊇ ·· · is a descending chain of two-sided ideals of R, then the set

A = {I ◁l R | there exist elements n,m ∈Nwith (Jm)n ⊆ I },

is an idempotent filter.

Consider a ring R, L an idempotent filter of left ideals of R and its associated radical κ. For
an R-module M , we need the quotient module Qκ(M) of M (Definition 3.3).

DEFINITION 3.2 ([CHA22, DEFINITION 3.3]; [CR23, DEFINITION 2.3]). Let M ∈ R −Mod. Con-
sider the familyΩM of pairs (I , f ) with I ∈L and f : I → M an R-homomorphism. We define
the relation ∼ on ΩM as (I1, f1) ∼ (I2, f2) if and only if there exists an element J ∈L such that
J ⊆ I1 ∩ I2 and f |J = g |J .

It is straightforward to see that ∼ is an equivalence relation. The equivalence class of the
element (I , f ) is denoted as [I , f ], and the set of equivalence classes will be written as ML . For
two elements [I , f ], [J , g ] ∈ ML , we define their sum as [I , f ]+ [J , g ] = [I ∩ J , f + g ]. It is easy to
see that this sum is well defined and that (ML ,+) is an Abelian group. It is also easy to see that if
I , J ∈L and f ∈ Hom(I ,R), then f −1(J ) ∈L . In this way, when we take elements [I , f ] ∈ RL and
[J , g ] ∈ ML , we can define the product of these elements as [I , f ] · [J , g ] = [ f −1(J ), g ◦ f ]. Notice
that this product is well defined, and so RL is actually a ring with identity [R, idR ]. Thus, ML is
a left RL -module.

Let m ∈ M . We define the application β(m) : R → M given by β(m)(r ) = r m. It is well-
known that β : M → Hom(R, M) is an isomorphism of R-modules. If we consider ϕM : M → ML

defined by ϕM (m) = [R,β(m)], then it follows that ϕR is a ring homomorphism, and so we
can consider RL and ML as R-modules with the action given by r [I , f ] := [R,β(r )][I , f ]. Note
that ϕM is actually a homomorphism of R-modules. Since Ker(ϕM ) = κ(M), the fundamental
isomorphism theorem guarantees that ϕM (M) ∼= M/κ(M). In this way, if κ(M) = 0 then we can
embed M into ML . For an element ξ ∈ ML given by ξ= [I , f ], and an element a ∈ I , notice that
aξ= [R,β( f (a))] =ϕM ( f (a)), which shows that Iξ⊆ϕM (M), that is, Coker(ϕM ) is a κ-torsion
module.

DEFINITION 3.3 ([STE75]; [VOW95, SECTION 2]; [CR23, DEFINITION 2.4]). The quotient mod-
ule of M with respect to κ is defined as Qκ(M) = (M/κ(M))L . Since L is idempotent, it follows
that κ (M/κ(M)) = 0. Hence, we can embed M/κ(M) into Qκ(M).
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Equivalently, the quotient module of M respect to κ is given by

Qκ(M) = lim−−→
I∈L

HomR (I , M/κ(M)).

Qκ(M) turns out to be a module over the ring Qκ(R).

Following [Ste75], recall that an R-module E is κ-injective if for every R-module M and each
submodule N such that κ(M/N ) = M/N , every R-homomorphism N → E can be extended to an
R-homomorphism M → E . We say that E is κ-closed (also known as faithfully κ-injective) if the
extension of the homomorphism is unique. It is straightforward to see that E is κ-closed if and
only if E is κ-injective and κ-torsion-free. By using these notions, we can characterize Qκ(M)
in the following way: Qκ(M) is the unique κ-closed module containing N = M/κ(M) such that
Qκ(M)/N is κ-torsion.

EXAMPLE 3.1 ([VOW95, P. 111]). (i) Consider S a left Ore set in an arbitrary ring R. The set

L (S) = {I ◁l R | I ∩S ̸= ;}

is an idempotent filter. If κS denotes its corresponding radical and QS(M) is the module of
quotients of M , then it is straightforward to see that QS(M) is isomorphic to S−1M , i.e.,
the classical Ore localization of M at S.

(ii) If R = ⊕
k≥0

Rk is a positively graded Noetherian ring and R+ denotes the two-sided ideal⊕
k≥1

Rk , by Proposition 3.1, the set

L (κ+) = {I ◁l R | there exists n ∈Nwith (R+)n ⊆ I }

is an idempotent filter. The corresponding radical is denoted by κ+.

From the treatment above, having in mind that the filter L (κ+) is idempotent, Van Oystaeyen
and Willaert [vOW95] formed the quotient category (R,κ+)-gr, that is, the full subcategory of
Qκ+(R)-gr consisting of modules of the form Qκ+(M) for some graded R-module M . Notice that
(R,κ+)-gr is equivalent to the full subcategory of R-gr consisting of the κ+-closed modules and
define Proj R as the Noetherian objects in (R,κ+)-gr. Since they wanted to describe the objects
of Proj R by means of objects of usual module categories in the same way as for commutative
algebras, they need modules determined by Ore localizations. This is the content of the following
definition.

DEFINITION 3.4 ([VOW95, DEFINITION 1]). The noncommutative positively graded Noetherian
k-algebra R = k⊕R1⊕R2⊕·· · with R = k[R1] is schematic if there is a finite set I of homogeneous
left Ore sets of R such that for every S ∈ I , S ∩R+ ̸= ;, and such that one of the following
equivalent properties is satisfied:

(i) for each (rS)S∈I ∈ ∏
S∈I

S, there exists m ∈N such that (R+)m ⊆ ∑
S∈I

RrS ,

(ii)
⋂

S∈I
L (S) =L (κ+),

(iii)
⋂

S∈I
κS(M) = κ+(M), for all M ∈ R −Mod,
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(iv)
∧

S∈I
κS = κ+ where

∧
denotes the infimum of torsion theories.

Van Oystaeyen and Willaert [vOW95, vOW96b] constructed the noncommutative site, a
category with coverings on which sheaves can be defined, and formulated the Serre’s theorem.
Examples 3.2 and 3.3 contain remarkable examples of schematic algebras.

EXAMPLE 3.2. Recall that if R is a positively filtered k-algebra by the family (FnR)n≥0 (i.e., F0R =
k), σ : R →G(R) is the principal symbol map, and R̂ is the Rees-ring of R, it is well-known that
G(R) and R̂ are positively graded and there is a canonical central element X in R̂ of degree
1 such that R̂/〈X 〉 ∼= G(R). If R̂ is Noetherian, this is equivalent to G(R) being Noetherian or
the filtration of R being Zariskian. Notice that if S is a multiplicatively set in R such that σ(S)
is a multiplicative set in G(R), then R̂ = {sX degσ(S) | s ∈ S} is a multiplicative set (consisting of
homogeneous elements) in R̂. For more details about graded rings, Zariskian filtrations and
Rees rings, see Li and Van Oystaeyen’s book [LvO96].

For R positively filtered by (FnR)n≥0, if G(R) is schematic then R̂ is schematic [vOW97,
Theorem 1]. In this way, since for an almost commutative ring R there exists a filtration on R
such that G(R) is commutative, it follows that its Rees-ring is schematic. For example, the algebra
R generated by three elements x, y and z of degree 1 with relations x y − y x = z2, xz − zx = 0,
and y z − z y = 0, is schematic since it is the Rees-ring of the first Weyl algebra A1(k) with respect
to the Bernstein-filtration (this algebra is known as the homogenized Weyl algebra).

Van Oystaeyen and Willaert [vOW97, p. 199] said that “it is probably not true that the class of
schematic algebras is closed under iterated Ore extensions since Ore sets in a ring R need not be
Ore in an Ore extension R[x;σ,δ]”. Nevertheless, the following proposition shows that under
suitable conditions, these extensions are schematic.

PROPOSITION 3.2 ([VOW97, THEOREM 3]). Given a positively graded ring R which is generated
by R1 and which is schematic by means of Ore sets Si , given σ a graded automorphism of R and δ
a σ-derivation of degree 1, then for all si ∈∏

Si and for all m ∈N, there exists p ∈N such that

(R[x;σ,δ]+)p ⊆ M :=∑
i

R[x;σ,δ]si +R[x;σ,δ]xm ,

where R[x;σ,δ] denotes the Ore extension considered with graduation (R[x;σ,δ])n =
n⊕

k=0
Rk xn−k .

Proposition 3.2 is one of the results that Van Oystaeyen and Willaert [vOW97] used to show
that the algebras in Example 3.3 are schematic.

EXAMPLE 3.3 ([VOW97, EXAMPLES 2-5]). (i) The coordinate ring of quantum 2×2-matrices
Oq (M2(C)) with q ∈C is generated by elements a,b,c and d subject to the relations

ba = q−2ab, ca = q−2ac, bc = cb,

db = q−2bd , dc = q−2cd , ad −d a = (q2 −q−2)bc.

(ii) Quantum Weyl algebras Aq ,Λ
n defined by Alev and Dumas [AD94] are given by an n ×n

matrix Λ= (λi j ) with λi j ∈ k∗ and a row vector q = (q1, . . . , qn), where qi ̸= 0 for every i ,
the algebra is generated by elements x1, . . . , xn , y1, . . . , yn subject to relations (i < j ) given
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by

xi x j =µi j x j xi , xi y j =λ j i y j xi , y j yi =λ j i yi y j ,

x j yi =µi j yi x j x j y j = 1+q j y j x j +
∑
i< j

(qi −1)yi xi ,

where µi j =λi j qi .

(iii) Three dimensional Sklyanin algebras Ak over a field k according to Artin et al. [ATdB90]
are graded k-algebras generated by three homogeneous elements x, y and z of degree 1
satisfying the relations

ax y +by x + cz2 = 0, ay z +bz y + cx2 = 0, and azx +bxz + c y2 = 0,

where a,b,c ∈ k.

(iv) Color Lie super algebras defined by Rittenberg and Wyler [RW78].

REMARK 14. Of course, there are examples of non-schematic algebras. If we take the graded
algebra k{x, y}/〈y x −x y −x2〉 and suppose that char(k) = 0, then its subalgebra generated by y
and x y is not left schematic [vOW97, p. 203].

3.2.2 SEMI-GRADED SETTING

Next, we present the theory of schematic semi-graded rings developed by Chacón and Reyes
[Cha22, CR23] on non-N-graded and non-connected algebras.

With the aim of defining good Ore sets (Definition 3.5), for R an SG ring and an element
n ∈Z, we consider the following sets:

R ′
n = {r ∈ Rn | for all m ∈Z, and for all h ∈ Rm ,r h ∈ Rn+m},

R ′′
n = {r ∈ R ′

n | for all m ∈Z, and for all h ∈ Rm ,hr ∈ Rn+m},

R ′ = ⋃
n∈Z

R ′
n ,

R ′′ = ⋃
n∈Z

R ′′
n .

DEFINITION 3.5 ([CHA22, DEFINITION 3.23]; [CR23, DEFINITION 3.8]). Let R be an SG ring
and consider a left Ore set S of R. We say that S is good if the following conditions hold:

(i) S ⊆ R ′′, and,

(ii) if s ∈ S and r ∈ R ′, then there exist elements u ∈ R ′ and v ∈ S such that us = vr .

From Definition 3.5 it follows that for any elements s1, . . . , sk ∈ S, there exist r1, . . . ,rk ∈ R ′

such that ri si = r j s j ∈ S, for every i , j .

Let R be an SG ring and M an SG R-module. We say that M is localizable semi-graded (LSG)
if for every element (n,m) ∈Z2, the inclusion R ′

n Mm ⊆ Mn+m holds [Cha22, Definition 3.24].
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PROPOSITION 3.3 ([CHA22, PROPOSITION 3.25]; [CR23, PROPOSITION 3.10]). Let R be an
SG ring, S a good left Ore set, and M an LSG R-module. Then S−1M is an LSG R-module with
semi-graduation given by

(S−1M)n =
{

f

s
| f ∈ ⋃

k∈Z
Mk , deg( f )−deg(s) = n

}
.

The next result shows that the localization of an SG ring by considering a good Ore set is
again an SG ring.

PROPOSITION 3.4 ([CHA22, PROPOSITION 3.26]; [CR23, PROPOSITION 3.11]). Let R be an SG
ring and S a good left Ore set. Then S−1R is an SG ring with semigraduation given by

(S−1R)n =
{

f

s
| f ∈ ⋃

k∈Z
Rk , deg( f )−deg(s) = n

}
.

PROPOSITION 3.5 ([CHA22, PROPOSITION 3.27]). Let R be an SG ring, S a good left Ore set and
M an LSG R-module. Then S−1M is an SG S−1R-module.

Let LSG−R be the full subcategory of SGR−R whose objects are the LSG R-modules. This
subcategory is closed for subobjects, quotients and coproducts, so it is Abelian (see [CR24,
Section 3.2] for more details).

Following Van Oystaeyen and Willaert’s ideas developed in [vOW95], in this section we define
the notion of schematicness in the setting of semi-graded rings. For a positively SG ring R, we
define R+ = ⊕

k≥1
Rk and we say that a left Ore set S is non-trivial if S ∩R+ ̸= ;.

We start with the following observation:

REMARK 15. If R is a positively SG left Noetherian ring, then Proposition 3.1 shows that

L (κ+) = {I ◁l R | there exist n,m ∈Nwith (R≥m)n ⊆ I }

is an idempotent filter. The corresponding left exact radical is denoted by κ+ and Qκ+(M) is the
module of quotients of M .

DEFINITION 3.6 ([CHA22, DEFINITION 3.29]; [CR23, DEFINITION 4.1]). Let R be a positively
SG left Noetherian ring. R is called (left) schematic if there is a finite set I of non-trivial good left
Ore sets of R such that for each (xS)S∈I ∈ ∏

S∈I
S, there exist t ,m ∈N such that (R≥t )m ⊆ ∑

S∈I
Rxs .

The following result illustrates some characterizations of being schematic (c.f. Definition
3.4).

PROPOSITION 3.6 ([CHA22, PROPOSITION 3.30]; [CR23, PROPOSITION 4.2]). Let R be a posi-
tively SG left Noetherian algebra and S1, . . . ,Sn a finite set of non-trivial good left Ore sets of R.
The following conditions are equivalent:

(1) For each (x1, . . . , xn) ∈
n∏

i=1
Si , there exist elements t ,m ∈N such that (R≥t )m ⊆ ∑

S∈I
Rxs .

(2) Let I ◁l R. If I has no trivial intersection with every Si , then I contains a power of R≥t for
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some t ∈N.

(3)
n⋂

i=1
L (Si ) =L (κ+).

If R is schematic by considering the good left Ore sets Si , then
n⋂

i=1
κSi (M) = κ+(M), for every

R-module M . If M is an LSG−module, then for each i = 1, . . . ,n we have that κSi (M) is an SG
submodule, and so κ+(M) is also an SG submodule. These facts imply that M/κ+(M) is an SG
R-module, and so a submodule of Qκ+(M). The idea is to show that Qκ+(M) is semi-graded. For
the remainder of the section, L :=L (κ+).

Let us start by taking an LSG R-module M such that κ+(M) = 0. It is clear that Qκ+(M) = ML

and ϕM (M) ∼= M . Thus, ϕM (M) is a submodule of ML which is an SG R-module where ϕM (m)
is homogeneous of degree k if and only if m is homogeneous of degree k. If we want ML to be
an LSG R-module, it must be satisfied that if ξ is homogeneous of degree k, then for every s ∈ R ′,
the element sξ ∈ (ϕM (M))deg(s)+k . Now, since there exists I ∈L with Iξ⊆ϕM (M), the following
definition makes sense.

DEFINITION 3.7 ([CHA22, DEFINITION 3.31]; [CR23, DEFINITION 4.3]). Let ξ ∈ ML . We say
that the element ξ is homogeneous of degree k if there exists I ∈L such that Iξ⊆ϕM (M), and
for every element s ∈ I ∩R ′, sξ ∈ (ϕM (M))deg(s)+k .

Notice that if the condition above is satisfied for I , then it also holds for every J ⊆ I . Lemma
3.7 shows that this condition is true for ideals containing I .

REMARK 16. Since the good Ore sets Si are non-trivial, there exist elements s′i ∈ Si ∩R+ for
i = 1, . . . ,n, whence αi = deg(s′i ) > 0. If we define m := lcm{αi }1≤i≤n and s′′i := (s′i )m/αi , then
we obtain s′′i ∈ Si ∩R+, and all of them have the same degree. Now, if we consider an element
I ∈ L , there exist t ,n ∈ Z such that (R≥t )n ⊆ I . Thus, si = (s′′i )tn ∈ I ∩Si , which implies that∑n

i=1 Rsi ⊆ I . In this way, for each I ∈L there exist elements si ∈ Si , all with the same positive
degree, satisfying the relation

∑n
i=1 Rsi ⊆ I .

LEMMA 3.7 ([CR23, LEMMA 3.3]; [CR23, LEMMA 4.5]). Let I , J ∈L be ideals such that I ⊆ J and
Iξ, Jξ⊆ϕM (M). If for every s ∈ I ∩R ′ the element sξ ∈ (

ϕM (M)
)

deg(s)+k , then the same property
holds for each s ∈ J ∩R ′.

From Lemma 3.7, it is sufficient to guarantee the property by considering any ideal I such
that Iξ ⊆ ϕM (M). Our purpose is to give a more simple method to verify that the element ξ
is homogeneous. Let ξ= [I , f ]. Since Iξ⊆ϕM (M), the element ξ is homogeneous of degree k
if and only if for each s ∈ I ∩R ′ the element sξ = [R,β( f (s))] = ϕM ( f (s)) ∈ (ϕM (M))deg(s)+k , or
equivalently, for all s ∈ I ∩R ′, the element f (s) ∈ Mdeg(s)+k . For a morphism f : I → M , we will say
that f is homogeneous of degree k if for each s ∈ I∩R ′, the element f (s) is homogeneous of degree
deg(s)+k. Hence, [I , f ] is homogeneous of degree k (in ML ) if and only if f is homogeneous of
degree k. Let (ML )k be the family of homogeneous elements of degree k. It is clear that (ML )k

is a subgroup and ϕM (Mk ) ⊆ (ML )k .

We will say that the morphism f : I → M is strongly homogeneous of degree k if for every
homogeneous element s ∈ I , the element f (s) is homogeneous of degree deg(s)+k. It is clear that
in the setting of graded rings, the notions of homogeneous morphism and strongly homogeneous
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morphism coincide. On the other hand, [I , f ] it will be called strongly homogeneous of degree
k if some of its representative elements is strongly homogeneous of degree k. Let (ML )k be
the family of strongly homogeneous elements of degree k. It is straightforward to see that
RL =⊕

(RL )k is a graded ring and ML =⊕
(ML )k is an RL -graded module. Note also that if

s ∈ R ′′ then ϕR (s) ∈ RL ; in particular RL , is an extension of the graded ring ϕR (
⊕

R ′′
k ). As it is

clear, RL is an R-submodule of RL if and only if R is graded. This last remark shows that in the
setting of non-graded rings is not appropriate to consider strongly homogeneous morphisms
[Cha22, Remark 3.34].

By [Cha22, Proposition 3.35], the sum
∑

(ML )k is direct. Let [I , f ] ∈ ML with I =∑n
i=1 Rsi , for

some elements si ∈ Si ∩R ′′
k . Since there are finitely si ’s, we can consider that the homogeneous

decompositions of the elements f (si ) have the same length, say f (si ) =∑β
t=α( f (si ))t+k , where

( f (si )) j is the j -th homogeneous component of f (si ). By taking ft (si ) = ( f (si ))t+k , we have

f (si ) =∑β
t=α ft (si ). For elements t =α, . . . ,β, we define the maps ft : I → M in the natural way

as ft (
∑

ai si ) =∑
ai ft (si ). From [Cha22, Propositions 3.36 and 3.37] we know that these maps

are homogeneous R−homomorphisms of degree t .

PROPOSITION 3.8 ([CHA22, PROPOSITION 3.38]; [CR23, PROPOSITION 4.10]). If M is an LSG
R-module with κ+(M) = 0, then Qκ+(M) = ML is an LSG R-module with semigraduation given
by

ML =⊕
k

(ML )k .

PROPOSITION 3.9 ([CHA22, THEOREM 3.39]; [CR23, THEOREM 4.11]). If M is an LSG R−module,
then Qκ+(M) is an LSG R−module.

Different families of schematic semi-graded rings can be found in [Cha22, Section 3.3] or
[CR24, Section 5].

3.3 MAPS BETWEEN SCHEMATIC SEMI-GRADED RINGS

By considering the ideas formulated in Section 1.1, let SGR be the category of semi-graded rings
whose objects are the semi-graded rings and whose morphisms are the homogeneous ring
homomorphisms. If we fix an SG ring R, SGR−R denotes the category of semi-graded modules
over R whose morphisms are the homogeneous R−homomorphisms. It is straightforward to
see that SGR−R is preadditive, and that its zero object is the trivial module. Let f : M → N
be a morphism in SGR−R. Since Ker( f ) and Im( f ) are semi-graded submodules, it follows
that N /Im( f ) is a semi-graded module. This fact guarantees that the category SGR−R has
kernels and cokernels. If f is a monomorphism of SGR−R , then f is the kernel of the canonical
homomorphism j : N → N /Im( f ). If f is an epimorphism, then f is the cokernel of the inclusion
i : Ker( f ) → M . In this way, the category SGR−R is normal and conormal.

If {Mi }i∈I is a family of objects of SGR−R , then their direct sum
⊕
i∈I

Mi is a semi-graded ring

with semi-graduation given by (⊕
i∈I

Mi

)
p

:=⊕
i∈I

(Mi )p , p ∈Z.
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It is easy to see that this object with the natural inclusions coincides with the coproduct of
the familiy of objects {Mi }i∈I in SGR−R. Therefore, SGR−R is an Abelian category.

This section contains the original results of the chapter. We start with the following fact on
morphisms in the category SGR−R.

PROPOSITION 3.10. Let f : N → M be a morphism of SGR−R and X ⊆ N . Then f (〈X 〉SG) =
〈 f (X )〉SG.

Proof. Let y ∈ 〈 f (X )〉SG. Then y ∈ M ′ for every SG-submodule M ′ of M with f (X ) ⊆ M ′. Since
〈X 〉SG is an SG-submodule of N and X ⊆ 〈X 〉SG, then f (〈X 〉SG) is an SG-submodule of M such
that f (X ) ⊆ f (〈X 〉SG), whence y ∈ f (〈X 〉SG). This shows that 〈 f (X )〉SG ⊆ f (〈X 〉SG).

On the other hand, if y ∈ f (〈X 〉SG) then there exists x ∈ 〈X 〉SG with f (x) = y . Let M ′ be
an SG-submodule of M such that M ′ ⊇ f (X ). Then f −1(M ′) is an SG-submodule of N with
X ⊆ f −1(M ′), which implies that x ∈ f −1(M ′), and hence y = f (x) ∈ M ′ and y ∈ 〈 f (X )〉SG. Thus,
f (〈X 〉SG) ⊆ 〈 f (X )〉SG.

Having in mind Definition 3.1, we can say that for R an SG-ring and M an R-module, an
element m ∈ M is a torsion element if there exist n, t ≥ 0 such that Rn

≥t m = 0. The set of torsion
elements of M is denoted by T (M). M is called a torsion module if T (M) = M , and it is said to be
torsion-free if T (M) = 0. From [LL17, Remark 5.4] we know that T (M) is an R-submodule of M .

If R is schematic by considering the good left Ore sets Si as in Definition 3.6, and we define

κSi (M) = {m ∈ M | ∃s ∈ Si , sm = 0} ,

for each i , then
n⋂

i=1
κSi (M) = T (M) for every SG R-module M . From the ideas presented in

Section 3.2.2, if M is an LSG R-module, then for all i = 1, . . . ,n, κSi (M) is an SG submodule of M ,
and so T (M) is also an SG submodule of M . These facts imply that M/T (M) is an SG R-module.

Let TOR−R be the full subcategory of SGR−R consisting of the torsion modules of R.
Following the ideas presented by Lezama and Latorre [LL17, Theorem 5.5], it is easy to see that
TOR−R is a Serre subcategory of SGR−R.

For R and S two SG rings, if f : R → S is a homomorphism of SG rings and M is an SG S-
module, by defining r m := f (r )m, for elements r ∈ Ra and m ∈ Mb , we get f (r ) ∈ Sa , and so r m =
f (r )m ∈ ⊕

c≤a+b
Mc . This guarantees that M is also an SG R-module with the semi-graduation

given as S-module. Under these conditions, it is clear that if g : M → N is a homomorphism of
SG S-modules, then g is also a homomorphism of SG R-modules. In this way, we obtain the
functor

f∗ : SGR−S → SGR−R, (3.1)

M 7→ f∗(M) = M (3.2)

g 7→ f∗(g ) = g (3.3)

where f∗(M) is the same module M considered as an R-module. In particular, if J is an SG
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ideal of R (that is, a two-sided ideal that is an SG submodule of R), then R/J is an SG ring and
the canonical morphism f : R → R/J is homogeneous. This fact guarantees the existence of the
functor

f∗ : SGR−R/J → SGR−R. (3.4)

As in the case of Smith [Smi03, Theorem 3.2], [Smi16, Theorem 1.2], we are interested in
the existence of induced closed immersions of projective spaces, so our aim in this section is to
define a pair of adjoint functors to f∗.

DEFINITION 3.8. Consider M an SG R-module. We define f !(M) as the largest SG R-submodule
of M that is annihilated by J .

We have the following immediate result on f !(M).

PROPOSITION 3.11. f !(M) is an SG R/J-module by defining r m = r m, for every r ∈ R/J and each
m ∈ f !(M).

Proof. Let r, s ∈ R with r = s. Then r − s ∈ J , and since m ∈ f !(M), m is annihilated by J , which
implies that 0 = (r − s)m = r m − sm, i.e., r m = sm. It is clear that the product defined satisfies
the definition of module. Finally, for elements r ∈ (R/J )a and m ∈ Mb , without loss of generality
we can take r ∈ Ra , and get r m = r m ∈⊕

c≤a+b Mc , whence the assertion follows.

PROPOSITION 3.12. Let g : M → N be a morphism of SG R-modules. Then g ( f !(M)) ⊆ f !(N ).

Proof. Consider m ∈ f !(M) and j ∈ J . Since m is annihilated by J , j m = 0, and so j g (m) =
g ( j m) = g (0) = 0. This shows that g (m) is annihilated by J , and so g (m) ∈ f !(N ).

Propositions 3.11 and 3.12 allow us to define the functor

f ! : SGR−R → SGR−R/J (3.5)

M 7→ f !(M) (3.6)

g 7→ f !(g ) = g | f !(M), (3.7)

that sends every morphism to its restriction. If no confusion arises, we write f !(g ) = g .

PROPOSITION 3.13. ( f∗, f !) is an adjoint pair.

Proof. Consider M and N be objects belonging to SGR−R/J and SGR−R, respectively. If
g : f∗(M) → N is a morphism of SGR−R , then it is clear that Im(g ) ⊆ f !(N ), and hence we get the
isomorphism µM N : Hom(M , f !(N )) → Hom( f∗(M), N ) given by µM N (g ) = g . This guarantees
the required natural isomorphism.

With the aim of defining the other adjoint pair, recall that in the graded setting, to every R-
module M is assigned the R/J-module M/J M . However, since in the case of semi-graded rings
J M is not necessarily an SG submodule of M (for instance, take R = k[x], J = Rx, and M = A1(k),
the first Weyl algebra), then we cannot assert that M/J M is an object in SGR−R/J . This fact
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motivates us to consider f ∗(M) := M/〈J M〉SG. Precisely, since 〈J M〉SG is an SG submodule of
M , then f ∗(M) is also an SG R-module, and it is easy to see that f ∗(M) is an SG R/J-module by
defining a ·m = am, and considering the semi-graduation of f ∗(M) as an SG R-module. In this
way, if α : N → M is a morphism of SGR−R modules, then it is possible to define

α∗ : f ∗(N ) → f ∗(M)

m 7→α(m).

More exactly,

PROPOSITION 3.14. α∗ is a morphism of the category SGR−R/J .

Proof. Since α(J N ) ⊆ J M , then α(〈J N〉SG) = 〈α(J N )〉SG ⊆ 〈J M〉SG, which shows that α∗ is well-
defined. It is immediate to see that α∗ is a homogeneous R/J-homomorphism.

From the discussion above, we assert the existence of the functor

f ∗ : SGR−R → SGR−R/J , (3.8)

such that the following proposition holds:

PROPOSITION 3.15. ( f ∗, f∗) is an adjoint pair.

Proof. Consider M an object in SGR−R and N an object in SGR−R/J . Let h : M → f∗(N ) a
morphism in SGR−R . If m ∈ M and j ∈ J , then h( j m) = j h(m) = j h(m) = 0, which implies J M ⊆
Ker(h), and hence 〈J M〉SG ⊆ Ker(h). Then the map λM N (h) : f ∗(M) → N given by λM N (h)(m) =
h(m) is well-defined, and in fact, it is clear that it is a morphism in SGR−R/J .

On the other hand, if g : f ∗(M) → N is a morphism in SGR−R/J , it is straightforward to see
that the map λ′

M N (g ) : M → f∗(N ) defined by λ′
M N (g )(m) = g (m) is a morphism in SGR−R.

Finally, note that the maps

λM N : Hom(M , f∗(N )) → Hom( f ∗(M), N ), and

λ′
M N : Hom( f ∗(M), N ) → Hom(M , f∗(N ))

are inverses of each other, and correspond to the natural isomorphisms that guarantee that
( f ∗, f∗) is an adjoint pair.

DEFINITION 3.9. Let A be a subcategory of SGR−R (or Mod−R). We say that an object E of A

is T -injective if the following condition holds: for an object M and N a subobject of M (both in
A ) with M/N being of T -torsion, then every morphism from N to E can be extended to M . If
this extension is unique, then E is said to be T -closed.

As it occurs in the graded case, E is T -closed if and only if E is T -torsion-free and T -injective.
Note that this notion of being T -closed is equivalent to the corresponding introduced by Gabriel
[Gab62].
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If M is an R-module, there exists a T -closed module Q(M) in Mod−R which is called the
module of quotients of M satisfying the following property: there exists an injective homo-
morphism ΦM : M/T (M) → Q(M) such that Coker(ΦM ) is torsion. For more details on the
construction of Q(M), see Goldman [Gol69, Section 3], Stenstrom [Ste75, Chapter IX] or Van
Oystaeyen [vO78].

If M is an object in LSG−R, then Q(M) is also an object in LSG−R [CR24, Theorem 4.11].
In this case, the semi-graduation of Q(M) is defined as follows: since M ′ = Im(ΦM ) is isomor-
phic to M/T (M), then M ′ has a natural semi-graduation. Now, for ξ ∈ Q(M), we say that ξ is
homogeneous of degree k if and only if there exist elements n, t ∈N such that Rn

≥tξ ⊆ M ′, and
for all s ∈ Rn

≥t ∩R ′, the element sξ is homogeneous of degree k +deg(s). By considering this
semi-graduation, it is straightforward to see thatΦM is a morphism in LSG−R.

PROPOSITION 3.16. If M is an LSG−R module, then Q(M) is T -closed in LSG−R.

Proof. We know that Q(M) is T -torsion-free and T -injective in Mod−R. Let N ∈ LSG−R, N ′

an SG submodule of N such that N /N ′ is T -torsion, and f : N ′ → Q(M) an homogeneous
R-homomorphism. Since Q(M) is T -injective in Mod−R, there exists an R-homomorphism
g : N →Q(M) that extends f , we only have to show that g is also homogeneous.

Consider m ∈ Nk . By using that N /N ′ is T -torsion, there exist elements n1, t1 ∈ N with
Rn1
≥t1

m ⊆ N ′. On the other hand, let M ′ be the isomorphic image of M/T (M) in Q(M). Since
Q(M)/M ′ is T -torsion, there exist t2,n2 ∈ N with Rn2

≥t2
g (m) ⊆ M ′. If n := max{n1,n2} and t :=

max{t1, t2}, then Rn
≥t g (m) ⊆ M ′, and for every s ∈ Rn

≥t ∩R ′, we get that sm is homogeneous and
sm ∈ N ′ (recall that N is LSG). Hence, sg (m) = g (sm) = f (sm) ∈ (M ′)deg(s)+k due to that f is
homogeneous. By considering the semi-graduation of Q(M), it follows that g (m) ∈ (Q(M))k ,
whence g is homogeneous.

Since in general we do not know if the canonical functor π : SGR−R → SGR−R/TOR−R has
a right adjoint, from now on we consider a schematic ring R and the full subcategory LSG−R.

Since LSG−R is a subcategory of SGR−R closed for subobjects and quotients, then τ :=
TOR−R ∩LSG−R is a Serre subcategory of LSG−R . As a matter of fact, due to [Gab62, Proposi-
tion 4, Section 17], the canonical functor π : LSG−R → LSG−R/τ has a right adjoint, say ω. On
the other hand, by [Gab62, Corollary 4, Section 17; Proposition 13(a), Section 17] the category
LSG−R/τ is equivalent to the full subcategory C −R of LSG−R consisting of the T -closed
modules. Note that we can define the functor

Q : LSG−R →C −R

M 7→Q(M),

and in fact, Q = ωπ. Without loss of generality, from now on we assume that Q(M) is an
extension of M/T (M) andΦM is the inclusion map.

Having in mind that our objects of interest are schematic rings, we need to guarantee that if
J is a SG ideal of a schematic ring R then R/J is also schematic. We say that J is a compatible
ideal of R if R ′/J = (R/J )′. The following result shows the importance of this condition.
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PROPOSITION 3.17. If R is a schematic ring and J is a compatible SG ideal of R, then R/J is also
schematic.

Proof. It is easy to see that if S is a good Ore set of R, then S/J is also a multiplicative set that
satisfies Ore’s condition. Now, by using that R is left Noetherian, then R/J also is, and it is
well-known that S/J is an Ore set of R/J . Since J is compatible, we get S/J is a good Ore set.

On the other hand, for every n ∈N, it can be seen that R≥n/J = (R/J )≥n , which guarantees
that for S1, . . . ,Sk good Ore sets of R satisfying the schematic condition, then S1/J , . . . ,Sk /J are
good Ore sets of R/J satisfying this condition.

Notice that if M is an LSG−R/J module, then f∗(M) is an LSG−R module. If J is a compatible
ideal of R , then for each LSG−R module M , we get that f ∗(M) and f !(M) are LSG−R/J modules.

PROPOSITION 3.18. If E is an object in C −R, then f !(E) is an object in C −R/J .

Proof. Consider M an object in LSG− R/J , N a subobject of M with M/N of torsion, and
g : N → f !(E) a morphism in LSG−R/J . Let j : f !(E) → E be the inclusion. By considering
the morphism j ◦ g : f∗(N ) → E and using that E is closed, there exists a homogeneous R-
homomorphism h : f∗(M) → E that extends to j ◦ g . Besides, it is clear that f !(h) : M → f !(E)
extends to g .

Finally, due to f !(E) is a submodule of E , and E is torsion-free, then f !(E) is torsion-free in
LSG−R, and so it is torsion-free in LSG−R/J .

We define the morphisms

i∗ : C −R/J →C −R, i ! : C −R →C −R/J , and i∗ : C −R →C −R/J ,

as the restriction maps of Q f∗, f !, and Q ′ f ∗, respectively, where Q is the functor assigning
the module of quotients in the category LSG−R and Q ′ is the same functor in LSG−R/J .

LEMMA 3.19. (i∗, i !) is an adjoint pair and i∗ is fully faithful.

Proof. 1. (i∗, i !) is an adjoint pair: Let M be an object in C −R/J and N an object in C −R . If
g : M → f !(N ) is a homogenous R/J-homomorphism and j : f !(N ) → N is the inclusion
map, then j ◦ g : M → N is a homogeneous R-homomorphism. Since N is T -closed, there
exists a unique map g : i∗(M) =Q(M) → N extending j ◦ g . This fact allows to obtain the
map γM N : Hom(M , f !(N )) → Hom(i∗(M), N ) defined by γM N (g ) = g . It is clear that γM N

is a monomorphism.

On the other hand, note that M ⊆ f !(Q(M)) and f !(Q(M))/M is a torsion module, whence
f !(Q(M)) is the module of quotients of M (in LSG−R/J ), and by using that M is T -closed,
we get f !(Q(M)) = M . In this way, if h : i∗(M) → N is a homogeneous R-homomorphism,
then h = γM N ( f !(h)), and so γM N is a bijective map. It is straightforward to see that these
maps induce the natural isomorphism that show that (i∗, i !) is an adjoint pair.
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2. i∗ is fully faithful: From the definition of f∗ we know that it is fully faithful. It is easy to
show that when restricted to free torsion modules, the functor Q is also fully faithful. From
these facts we get that i∗ is fully faithful

With the aim of proving the other adjunction, we require that J satisfies the following
additional (∗): for any elements n, t ∈ N, when x ∈ J ∩ Rn

≥t there exist nx , tx ∈ N such that
Rnx
≥tx

x ⊆ JRn
≥t . Let us just mention that this condition holds trivially in commutative cases.

The importance of condition (∗) is shown in the following lemma which is key in the proof of
Theorem 3.21.

LEMMA 3.20. If J satisfies condition (∗) and E is an object in C −R/J , then f∗(E) is an object in
C −R.

Proof. Recall that the construction of the module of quotients in LSG−R is the same as in the
category Mod−R, so it follows that a semi-graded R-module M is closed in LSG−R if and only
if is closed in Mod−R. In this way, we only have to show that E is closed in Mod−R.

Consider elements n, t ∈N, I = Rn
≥t and g : I → E an R-homomorphism. We define the maps

g∗ : I /J I → E , x 7→ g (x)

j : I /J I → R/J , x 7→ x.

Since E is an R/J-module, g∗ is well-defined. It is clear that g and j are R/J-homomorphisms.
Note that Coker( j ) is torsion, and by using that J satisfies (∗), we get that Ker( j ) is torsion. As
E is closed in Mod−R/J there exist an R/J-homomorphism h : R/J → E with h ◦ j = g∗. If we
take the canonical map θ : R → R/J , then the R-homomorphism h ◦θ : R → E extends g , and by
[Gol69, Proposition 3.2] E is T -injective in Mod−R . Besides, since E is T -torsion-free in Mod−R
(due to that E is closed in Mod−R/J ), it follows that E is T -closed in Mod−R.

Finally, we get the most important result of the chapter that extends partially Smith’s result
[Smi03, Theorem 3.2], [Smi16, Theorem 1.2].

THEOREM 3.21. Let R be a schematic SG ring and J a compatible SG ideal of R satisfying (∗).
Then the map i : C −R/J →C −R given by the functors (i∗, i∗, i !) is a closed immersion.

Proof. By Lemma 3.19, we only have to show that (i∗, i∗) is an adjoint pair and that the essential
image of i∗ is closed for subobjects and quotients.

Let M be an object in C −R and N an object in C −R/J . Due to Lemma 3.20, we get (i∗ = f∗),
and hence the morphism vM N : Hom(M , i∗(N )) → Hom(i∗(M), N ) defined by vM N =Q ′ ◦λM N ,
where λM N is the map defined in 3.15, induces the required natural isomorphism.

By last, note that in the category C −R the subobjects of an object M are the closed SG-
submodules of M , and if N is a subobject of M then the quotient is given by Q(M/N ). Besides,
since Im(i∗) is the subcategory consisting of the SG-R-modules M such that f !(M) = M , and
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in this case we have Q(M/N ) =Q ′(M/N ), it follows that Im(i∗) is closed under quotients and
submodules.

We get immediately Smith’s result in the schematic graded case formulated by Van Oystaeyen
and Willaert [vOW95].

COROLLARY 3.22 ([SMI03, THEOREM 3.2]; [SMI16, THEOREM 1.2]). Let J be a graded ideal in
anN-graded schematic k-algebra A satisfying (∗). Then the homomorphism A → A/J induces a
closed immersion i : Projnc A/J → Projnc A.

.

Proof. Since A isN-graded, then the category GrMod− A coincides with the category LSG− A.
Finally, it is clear that in the graded case, the graded ideals are SG compatible.

3.4 FUTURE WORK

For R a schematic SG ring and J a compatible SG ideal of R that satisfies (∗), we have showed that
the canonical map R → R/J induces a categorical map C −R/J →C −R. Since in theN-graded
setting the categories LSG−R and grR coincide, it follows that the category C −R is equivalent
to the category Projnc (R) defined by Smith, Theorem 3.21 presents a partial generalization of
Smith’s result [Smi03, Theorem 3.2]; [Smi16, Theorem 1.2] since he did not assume the condition
of schematicness on theN-graded ring. As we saw above, in the semi-graded case we need this
condition to guarantee the existence of the module of quotients in (at least) the category LSG−R .
An immediate task is to investigate if the category SGR−R, or an appropriate subcategory of
this, has modules of quotients. Thinking about it, a possible way to solve this problem is due
to Gabriel [Gab62], which consists in to prove that SGR−R has enough injectives (in fact, this
would allow to formulate of notion of cohomology in the semi-graded setting). Precisely, it is
important to note that our methodology here is different from that considered by Smith, since he
used the well-known fact that the category of modules over anN-graded ring is a Grothendieck
category, while in the semi-graded context we do not know if SGR−R is also Grothendieck; we
only know that SGR−R is Ab5 [Cha22, Section 1.5]. Of course, if we found a positive answer
then automatically we guarantee the existence of enough injectives in SGR−R. This will be our
line of research in the near future.

We are also interested in Smith’s papers [Smi01, Smi02]. In the first, he called a non-
commutative space X integral if there is an indecomposable injective X -module EX such that
its endomorphism ring is a division ring and every X -module is a subquotient of a direct sum
of copies of EX . A Noetherian scheme is integral in this sense if and only if it is integral in the
usual sense. Smith proved that several classes of non-commutative spaces overN-graded rings
are integral. On the other hand, in [Smi02] he investigated the concepts of closed points, closed
subspaces, open subspaces, weakly closed and weakly open subspaces, and effective divisors,
on a non-commutative space over an N-graded ring. As expected, the characterization of all
these notions in the setting of (schematic) semi-graded rings is a very interesting problem.
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As a possible topic of research on morphisms of semi-graded rings, we have the X -inner
automorphisms. Montgomery [Mon81] computed the X -inner automorphisms of filtered al-
gebras R whose associated graded ring G(R) is a commutative domain. She used this result to
classify the X -inner automorphisms of enveloping algebras U (L) of Lie algebras L, as well as the
R-stabilizing X -inner automorphisms of skew polynomial rings of derivation type R[x;δ]. The
results appearing in [Mon81, Mon83] have been generalized by several authors. For instance,
Osterburg and Passman [OP90] computed the R-stabilizing X -inner automorphisms of smash
products R#U (L). Leroy and Matczuk [LM92] found the R-stabilizing X -inner automorphisms
of skew polynomial rings of mixed type R[x;σ,δ] with σ an automorphism of R. For the Ore ex-
tension R[x;σ,δ] over a prime ring R with σ an automorphism of R, Leroy and Matczuk [LM92]
determined the center, the extended centroid, and its X -inner automorphisms. Related with this,
Bergen and Wilson [BW99] examined the X -inner automorphisms of semi-commutative algebras
(a semi-commutative algebra is, by definition, a filtered algebra A whose associated graded
ring G(A) is the coordinate ring of quantum space Oq (kn)) defined by McConnell [McC90] and
Musson [Mus93] which include several quantum algebras such as quantum symplectic space,
quantum Euclidean space, quantum matrices, q-analogs of the Heisenberg algebra, and the
quantum Weyl algebra are examples of semi-commutative algebras. We consider a natural task
to study this kind of morphisms for semi-graded rings.

Last but not least, Bell and Zhang proved that for A and B two connected graded algebras
finitely generated in degree one, if A is isomorphic to B as ungraded algebras, then they are also
isomorphic to each other as graded algebras [BZ17, Theorem 1]. Equivalently, suppose that an

algebra A has two graded algebra decompositions A =
∞⊕

i=0
Ai =

∞⊕
i=0

Bi , such that

(1) A0 = B0 = k,

(2) A is generated by A1 (resp. by B1), and

(3) either A1 or B1 is finite dimensional over k.

Then there is an algebra automorphism φ : A → A such that φ(Ai ) = Bi , for all i [BZ17, Corollary
2]. The natural question concerns if for two connected semi-graded algebras the result holds.



BIBLIOGRAPHY

[AD94] J. Alev and F. Dumas. Sur le corps des fractions de certaines algèbres quantiques. J.
Algebra, 170(1):229–265, 1994. 101

[AD97] J. Alev and F. Dumas. Invariants du corps de Weyl sous l’action de groupes finis.
Comm. Algebra, 25(5):1655–1672, 1997. 60

[AKP87] E. P. Armendariz, H. K. Koo, and J. K. Park. Isomorphic Ore extensions. Comm.
Algebra, 15(12):2633–2652, 1987. V

[Ape88] J. Apel. Gröbnerbasen in Nichtkommutativen Algebren und ihre Anwendung. PhD
thesis, Universität Leipzig, 1988. 28

[Art92] M. Artin. Geometry of Quantum Planes. In D. Haile and J. Osterburg, editors, Azu-
maya Algebras, Actions and Modules, volume 124 of Proceedings of a Conference in
Honor of Goro Azumaya’s Seventieth Birthday, May 23–27, 1990, pages 1–15. Contem-
porary Mathematics. American Mathematical Society, 1992. 98

[Art15] V. A. Artamonov. Derivations of Skew PBW-Extensions. Commun. Math. Stat.,
3(4):449–457, 2015. 4, 28

[AS87] M. Artin and W. F. Schelter. Graded algebras of global dimension 3. Adv. Math.,
66(2):171–216, 1987. V, 8

[AT24] M. Abdi and Y. Talebi. On the diameter of the zero-divisor graph over skew PBW
extensions. J. Algebra Appl., 23(05):2450089, 2024. 28

[ATdB90] M. Artin, J. Tate, and M. Van den Bergh. Some Algebras Associated to Automorphisms
of Elliptic Curves. In P. Cartier, L. Illusie, N. M. Katz, G. Laumon, Yu. I. Manin, and
K. A. Ribet, editors, The Grothendieck Festschrift. A Collection of Articles Written in
Honor of the 60th Birthday of Alexander Grothendieck. Vol. I, volume 86 of Modern
Birkhäuser Classics, pages 33–85. Progr. Math., Birkhäuser Boston, Boston, MA, 1990.
102

[AZ94] M. Artin and J. J. Zhang. Noncommutative Projective Schemes. Adv. Math.,
109(2):228–287, 1994. V, 96, 97

[Bav92] V. V. Bavula. Generalized Weyl algebras and their representations. St. Petersburg
Math. J., 4(1):75–97, 1992. 4, 19, 20

114



BIBLIOGRAPHY 115

[Bav23] V. V. Bavula. Description of bi-quadratic algebras on 3 generators with PBW basis. J.
Algebra, 631:695–730, 2023. 4, 14, 15, 20

[Ben99] G. Benkart. Down-up algebras and Witten’s deformation of the universal enveloping
algebra of sl2. In S. Geun Hahn, H. Chul Myung, and E. Zelmanov, editors, Recent
Progress in Algebra. An International Conference on Recent Progress in Algebra, August
11–15, KAIST, Taejon, South Korea, volume 224 of Contemporary Mathematics, pages
29–45. American Mathematical Society, Providence, Rhode Island, 1999. 2, 4, 20

[Ber92] R. Berger. The Quantum Poincaré-Birkhoff-Witt Theorem. Comm. Math. Phys.,
143(2):215–234, 1992. 22

[Ber03] J. Bergen. X-Inner Automorphisms, Automorphisms, and Isomorphisms of Skew
Polynomial Rings. Comm. Algebra, 31(2):1007–1029, 2003. V

[BG88] A. Bell and K. Goodearl. Uniform Rank Over Differential Operator Rings and Poincaré-
Birkhoff-Witt Extensions. Pacific J. Math., 131(1):13–37, 1988. 2, 4, 13, 28, 31

[BG02] K. Brown and K. R. Goodearl. Lectures on Algebraic Quantum Groups, volume 1 of
Advanced Courses in Mathematics - CRM Barcelona. Birkäuser-Verlag, 2002. 5

[BGTV03] J. Bueso, J. Gómez-Torrecillas, and A. Verschoren. Algorithmic Methods in Non-
Commutative Algebra: Applications to Quantum Groups. Mathematical Modelling:
Theory and Applications, Springer Dordrecht, 2003. 5

[BKK07] A. Belov-Kanel and M. Kontsevich. The Jacobian conjecture is stably equivalent to
the Dixmier conjecture. Mosc. Math. J., 7(2):209–218, 2007. IV

[BLO15] G. Benkart, S. A. Lopes, and M. Ondrus. A parametric family of subalgebras of the
Weyl algebra I. Structure and automorphisms. Trans. Amer. Math. Soc., 367(3):1993–
2021, 2015. V, 64

[BR98] G. Benkart and T. Roby. Down-Up Algebras. J. Algebra, 209(1):305–344, 1998. 2, 4, 20

[Bru94] L. Le Bruyn. Two remarks on Witten’s quantum enveloping algebra. Comm. Algebra,
22(3):865–876, 1994. 21

[Bru95] L. Le Bruyn. Central singularities of quantum spaces. J. Algebra, 177(1):142–153,
1995. 21, 32

[BS90] A. D. Bell and S. P. Smith. Some 3-dimensional skew polynomial rings. University of
Wisconsin, Milwaukee, preprint, 1990. 2, 4, 13, 31

[BW99] J. Bergen and M. C. Wilson. X-Inner Automorphisms of Semi-Commutative Quantum
Algebras. J. Algebra, 220:152–173, 1999. 113

[BZ17] J. Bell and J. J. Zhang. An Isomorphism Lemma for Graded Rings. Proc. Amer. Math.
Soc., 145(3):989–994, 2017. 113

[CE71] D. B. Coleman and E. E. Enochs. Isomorphic polynomial rings. Proc. Amer. Math.
Soc., 27(2):247–252, 1971. IV, 35



BIBLIOGRAPHY 116

[Cha22] A. Chacón. On the Noncommutative Geometry of Semi-graded Rings. PhD thesis,
Universidad Nacional de Colombia, Bogotá, D. C., Colombia, 2022. 1, 95, 98, 99, 102,
103, 104, 105, 112

[Chu93] J. H. Chun. Isomorphic Ore Extensions of Monomorphism Type. Commun. Korean
Math. Soc., 8(3):361–371, 1993. V

[Chu13] C. L. Chuang. Automorphisms of Ore extensions. Israel J. Math., 197(1):437–452,
2013. V

[CL09] P. A. A. B. Carvalho and S. A. Lopes. Automorphisms of Generalized Down-up Alge-
bras. Comm. Algebra, 37(5):1622–1646, 2009. V, 73

[CLM11] P. A. A. B. Carvalho, S. A. Lopes, and J. Matczuk. Double Ore Extensions Versus
Iterated Ore Extensions. Comm. Algebra., 39(8):2838–2848, 2011. V, 8, 9, 10, 11, 12, 94

[Coh61] P. M. Cohn. Quadratic extensions of skew fields. Proc. London Math. Soc., 11(3):531–
556, 1961. 24

[Coh85] P. M. Cohn. Free Rings and Their Relations. Second Edition. Academic Press, London,
1985. 7, 24

[Cou95] S. C. Coutinho. A Primer of Algebraic D-modules. Cambridge University Press. London
Mathematical Society, Student Texts 33, 1995. 6

[CR22] F. Calderón and A. Reyes. Some interactions between Hopf Galois extensions and
noncommutative rings. Univ. Sci., 27(2):58–161, 2022. VI, 4

[CR23] A. Chacón and A. Reyes. Noncommutative scheme theory and the Serre-Artin-Zhang-
Verevkin theorem for semi-graded rings. https://arxiv.org/abs/2301.07815,
2023. 1, 95, 98, 99, 102, 103, 104, 105

[CR24] A. Chacón and A. Reyes. On the schematicness of some Ore polynomials of higher
order generated by homogeneous quadratic relations. J. Algebra Appl., https://
www.worldscientific.com/doi/abs/10.1142/S021949882550207X, 2024. 98,
103, 105, 109

[CS08] T. Cassidy and B. Shelton. Generalizing the notion of Koszul algebra. Math.Z.,
260(1):93–14, 2008. 32

[Dix68] J. Dixmier. Sur les algebres de Weyl. Bull. Soc. Math. France, 96:209–242, 1968. IV

[DP09] R. Díaz and E. Pariguan. On the q-meromorphic Weyl algebra. São Paulo J. Math.
Sci., 3(2):283–298, 2009. 6

[Dum91] F. Dumas. Sous-corps de fractions rationnelles des corps gauches de series de Laurent.
Topics in Invariant Theory, Lecture Notes in Math. Vol. 1478, 1991. 24

[Faj18] W. Fajardo. Extended modules over skew PBW extensions. PhD thesis, Universidad
Nacional de Colombia, Bogotá, D. C., 2018. 28

https://arxiv.org/abs/2301.07815
https://www.worldscientific.com/doi/abs/10.1142/S021949882550207X
https://www.worldscientific.com/doi/abs/10.1142/S021949882550207X


BIBLIOGRAPHY 117

[FGL+20] W. Fajardo, C. Gallego, O. Lezama, A. Reyes, H. Suárez, and H. Venegas. Skew PBW
Extensions. Ring and Module-theoretic Properties, Matrix and Gröbner Methods, and
Applications. Algebra and Applications. Springer, Cham, 2020. VI, 5, 16, 31, 32, 95

[FK80] M. Ferrero and K. Kishimoto. On automorphisms of skew polynomial rings of deriva-
tion type. Math. J. Okayama Univ., 22:21–26, 1980. IV, 34, 37

[FLP+24] W. Fajardo, O. Lezama, C. Payares, A. Reyes, and C. Rodríguez. Introduction to
Algebraic Analysis on Ore Extensions. In A. Martsinkovsky, editor, Functor Cate-
gories, Model Theory, Algebraic Analysis and Constructive Methods FCMTCCT2 2022,
Almería, Spain, July 11-15, Invited and Selected Contributions, volume 450 of Springer
Proceedings in Mathematics & Statistics, pages 45–116. Springer, Cham, 2024. 5

[Gab62] P. Gabriel. Des catégories abéliennes. Bull. Soc. Math. France, 90:328–448, 1962. 108,
109, 112

[Gad14] J. Gaddis. Isomorphisms of Some Quantum Spaces. In D. Van Huynh, S. K. Jain,
S. R. López-Permouth, S. Tariq Rizvi, and C. S. Roman, editors, Ring Theory and Its
Applications, Ring Theory Session in Honor of T. Y. Lam on his 70th Birthday 31st Ohio
State-Denison Mathematics Conference May 25–27, 2012, The Ohio State University,
Columbus, OH, volume 609 of Contemporary Mathematics, pages 107–116. American
Mathematical Society, 2014. 73

[Gal15] C. Gallego. Matrix methods for projective modules overσ-PBW extensions. PhD thesis,
Universidad Nacional de Colombia, Bogotá, D. C., Colombia, 2015. 28

[GD61] A. Grothendieck and J. Dieudonné. Éléments de Géométrie Algébrique ii. Inst. Hautes
Etudes Sci. Publ. Math. 8, 1961. 97

[Gil68] Robert W. Gilmer. R-automorphisms of R[x]. Proc. London Math. Soc., s3-18(2):328–
336, 1968. IV, 35

[GJ04] K. R. Goodearl and R. B. Warfield Jr. An Introduction to Noncommutative Noethe-
rian Rings, volume 61 of London Mathematical Society Student Texts. Cambridge
University Press, 2004. 5, 6, 7, 13, 21, 22, 39

[GL94] K. R. Goodearl and E. S. Letzter. Prime Ideals in Skew and q-Skew Polynomial
Rings, volume 109 of Memories of the American Mathematical Society 521. American
Mathematical Society, 1994. 73

[GL11] C. Gallego and O. Lezama. Gröbner Bases for Ideals of σ-PBW Extensions. Comm.
Algebra, 39(1):50–75, 2011. 2, 4, 28, 29, 30

[GL17] C. Gallego and O. Lezama. Projective modules and Gröbner bases for skew PBW
extensions. Dissertationes Math, 521:1–50, 2017. 4

[GM65] O. W. Greenberg and A. M. L. Messiah. Selection Rules for Parafields and the Absence
of Para Particles in Nature. Phys. Rev., 138(5B):B1155–B1167, 1965. 23



BIBLIOGRAPHY 118

[GM98] A. V. Golovashkin and V. M. Maksimov. Skew Ore polynomials of higher orders
generated by homogeneous quadratic relations. Russian Math. Surveys, 53(2):384–
386, 1998. 25

[GM05] A. V. Golovashkin and V. M. Maksimov. On algebras of skew polynomials generated
by quadratic homogeneous relations. J. Math. Sci., 129(2):3757–3771, 2005. 25, 26,
27, 28

[Gol69] J. Goldman. Rings and Modules of Quotients. J. Algebra, 13(1):10–47, 1969. 98, 109,
111

[Gre53] H. S. Green. A generalized method of field quantization. Phys. Rev., 90(2):270, 1953.
23

[GS20] J. Y. Gómez and H. Suárez. Double Ore extensions versus graded skew PBW exten-
sions. Comm. Algebra, 48(1):185–197, 2020. V, 8, 94

[GZ95] A. Giaquinto and J. J. Zhang. Quantum Weyl Algebras. J. Algebra, 176(3):861–881,
1995. 6

[Har77] R. Hartshorne. Algebraic Geometry. Graduate Texts in Mathematics 52, Springer-
Verlag, New York, Heidelberg, Berlin, 1977. 97

[Hay90] T. Hayashi. q-analogues of Clifford and Weyl algebras-Spinor and oscillator repre-
sentations of quantum enveloping algebras. Comm. Math. Phys., 127(1):129–144,
1990. 22

[Hay08] H. Haynal. PI degree parity in q-skew polynomial rings. J. Algebra, 319(10):4199–4221,
2008. 73

[HHR20] M. Hamidizadeh, E. Hashemi, and A. Reyes. A classification of ring elements in skew
PBW extensions over compatible rings. Int. Electron. J. Algebra, 28(1):75–97, 2020. 16,
28

[Hin05] O. Hinchcliffe. Diffusion algebras. PhD thesis, University of Sheffield, 2005. 16, 17, 19

[HKA17] E. Hashemi, K. Khalilnezhad, and A. Alhevaz. (Σ,∆)-compatible skew PBW extension
ring. Kyungpook Math. J., 57(3):401–417, 2017. 4
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