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Abstract

The study of topological properties of manifolds from the point of view differential forms and
the equations they satisfy is known as de Rham theory. Topological invariants of manifolds
such as cohomology groups and characteristic classes can be naturally described in de Rham’s
language. This thesis deals with more categorical invariants of manifolds that can also be
studied via differential forms. We take the point of view of representation theory, where one
studies groups via their linear actions on vector spaces. In topology, the corresponding linear
actions are called infinity local systems, and are the subject of this thesis. We describe how
various aspects of de Rham theory can be categorified to the study of these representations of
spaces. One new aspect that emerges is the need to replace the strict notion of associativity
by a version of associativity which is more compatible with the methods of homotopy theory.
This is the notion of A, -structures, which are algebraic structures where associativity only
holds up to an infinite sequence of homotopies.

Keywords: de Rham cohomology, local systems, parallel transport, Riemann-Hilbert cor-
respondence, iterated integral, representation theory, A, structure, infinite groupoid, repre-
sentation up to homotopy, flat connection, homotopy, holonomy, principal 2-bundle.



Resumen

El estudio de las propiedades topoldgicas de las variedades suaves desde el punto de vista de
formas diferenciales y de las ecuaciones que dichas formas satisfacen es conocido como teoria
de de-Rham. Invariantes topologicos de variedades tales como los grupos de cohomologia y
las clases caracteristicas se pueden describir naturalmente en el lenguaje de de-Rham. Esta
tesis trata con invariantes de tipo categérico que también pueden ser descritos en términos
de formas diferenciales. Adoptamos el punto de vista de la teoria de representaciones, donde
se estudian grupos mediante sus acciones lineales en espacios vectoriales. En topologia, las
correspondientes acciones lineales son llamadas sistemas locales infinitos, los cuales son el
objeto de estudio de esta tesis. Describimos cémo varios aspectos de la teoria de de-Rham se
pueden categorificar, lo que conlleva al estudio de sistemas locales. Una nueva caracteristica
que emerge en este contexto es la necesidad de reemplazar la nocién de asociatividad estricta
por una nocion de asociatividad compatible con los métodos de teoria de homotopia. Esta
nueva nocién de asociatividad estd codificada en las estructuras A., que son estructuras
algebraicas donde la asociatividad solo se cumple salvo una secuencia infinita de homotopias.

Titulo en espanol: Algunos aspectos homotépicos de la teoria de de Rham.

Palabras clave: cohomologia de de Rham, sistemas locales, transporte paralelo, correspon-
dencia de Riemann-Hilbert, integrales iteradas, teoria de representacién, estructuras A,
grupoide infinito, representacién salvo homotopia, conexiéon plana, homotopia, holonomia,
2-fibrado principal.



Introduction

The study of topological properties of manifolds from the point of view differential forms and
the equations they satisfy is known as de Rham theory. Topological invariants of manifolds
such as cohomology groups and characteristic classes can be naturally described in de Rham’s
language. This thesis deals with more categorical invariants of manifolds that can also be
studied via differential forms. We take the point of view of representation theory, where one
studies groups via their linear actions on vector spaces. In topology, the corresponding linear
actions are called infinity local systems, and are the subject of this thesis. We describe how
various aspects of de Rham theory can be categorified to the study of these representations of
spaces. One new aspect that emerges is the need to replace the strict notion of associativity
by a version of associativity which is more compatible with the methods of homotopy theory.
This is the notion of A, -structures, which are algebraic structures where associativity only
holds up to an infinite sequence of homotopies.

The theory of A-structures was introduced by J. Stasheff in the 1960’s, and is related to
the algebraic structure that is present in the based loop space. Let X be a topological space
with a base point o € X. The based loop space of X is the space of all continuous maps
a :[0,1] — X such that a(0) = a(l) = zy and is denoted Q2X. The based loop space is
just the space of paths in X beginning and ending in xy . This space comes with an obvious
binary operation x : QX x QX — QX defined by concatenation of paths. Explicitly, if
a, € QX, then
ok (1) = { a(2t) %f t €10,1/2],

B2t —1) if te[1/2,1].

The path a % 8 goes over « in the first half of the interval and over 5 on the second half.

&

The concatenation operation is not strictly associative. The following figure shows how

(axf)xy #ax(B*7y)
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(% 3) * ax (Bx*7)

0 0.25 0.5

—e
o
—e

0.5 0.75

However, there is a homotopy between the paths obtained by continuously moving the in-
terval [1/4,1/2] towards the interval [1/2,3/4]. This homotopy is just a continuous path
H :[0,1] — QX joining (a* 8) xy to a* (8 * 7). A homotopy exists regardless of the three
paths chosen, therefore we always have a map Ms : [0,1] x (QX)? — QX. In this setting we
denote the interval by K.

(a% B) %7 ax (%)

If we consider the concatenation of four paths, we find that there are five different ways to
associate the paths and homotopies between them. If we denote the pentagon by K, then
we have a map M, : Ky x (QX)* — QX.

((axB)xy) s A\——————(ax B)x (y* \)

/-

CEACERINE:

\
Nt

In general we have a sequence of polytopes {K,},>2 called the Stasheff polytopes or as-

* (7% AN))

sociahedra. The polytope K, has dimension n — 2 and each vertex represents a differ-
ent way of composing n paths. Notice that K, is a single point space. There are maps
M, : K, x (2X)" — QX for each n > 2 providing homotopies between the ways of com-
posing n paths and higher homotopies between them. Furthermore, the maps {M,} satisfy
certain compatibility conditions. For more details check [25], [26]. !
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a((be)(de)) a((be)(de))

@Oe)de) N al((bede) (albo))(de) /////’ K\\ a(((be)a)e)
/\ /\ / ' (ab)(c(de)) a(b((cd)e))//'/ \
(ab)e) (de) R a((bled))e)

v

. T
e o (@) L allede)
(a(be))d)e > (a((be)d))e N -
// R \\ S e
((ab)o)d) (alb(ed)))e ((ab))d)e (a(bled)))e

((ad)(cd))e ((ab)(cd))e

Figure 1: K3, the associahedron of dimension 3

Based on the previous discussion one defines an A..-space as a topological space Y with
operators M, : K, x Y™ — Y for n > 2 such that certain coherence conditions are satisfied.
A-algebras arise as linearized versions A..-spaces. Let A = C.(Y) be the singular chain
complex of an A,.-space Y. There is a boundary operator 0 : A — A, which we denote m;.
Furthermore, we can define operators m,, : A" — A for n > 2 relying on the push-forward
(M) : Co(K, x Y") — A. By Kunneth’s formula we know that C.(K, x Y™) is quasi-
isomorphic to C,(K,,) ® A®", therefore there is a map (M,,); : Ci(K,) ® A®™ — A. We define
m, by the formula

Mp(01 @ -+ @ 0y) 1= (Mp)s(kp @01 & -+ - ® 7y,),

where r,, € C,,(K,) is the fundamental class of K,,. The sequence of operators {m,,} satisfies
an infinite sequence of relations derived from the corresponding compatibility conditions on
{M,}. In a few words, the topological homotopies encoded by {M,} turn into algebraic
homotopies encoded by {m,,}. This is the origin of the theory of A..-algebras.

We will make use of the formalism of A.-structures at the categorical level. One of the
classical forms of the Riemann-Hilbert correspondence states that there is a correspondence
between flat connections over a manifold M and representations of the fundamental group
m(M). More precisely, the category of flat vector bundles over M and the category of
representations of the fundamental group of M are equivalent. The main ingredient of the
equivalence is the construction of holonomies along paths, which relies on solving the parallel
transport differential equation. Iterated integrals are an efficient way of describing explicit
solutions to the parallel transport equation. If v : [0,1] — M is a path and £ — M is a

'Figure 1.1 by Omaranto - Own workThis SVG is produced from Niles Johnson’s TikZ code found at
File:Associahedron K5 front.png., CC BY-SA 4.0, https://commons.wikimedia.org/w/index.php?curid=
76581752


https://commons.wikimedia.org/w/index.php?curid=76581752
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vector bundle with fibre V' and a flat connection, then the pullback of the connection via
is determined by a form a = A(t)dt where A(t) € End(V). A map ¢* : [0, 1] — End(V) that
satisfies the parallel transport equation is defined by the formula

t S1 Sk—1
w(t):idv+2// / A(sy) -+ Asp)dsy - - - ds.
k>1 70 JO 0

Thus the equivalence functor Loc(M) — Rep(mi(M)) may be thought of as an integration
functor. This functor also has an interpretation from the point of view of Lie theory. Local
systems over M are representations of the Lie algebroid T'M. The Riemann-Hilbert corre-
spondence states that representations of the Lie algebroid may be integrated to Lie groupoid
representations.

There are several works describing higher versions of local systems and their properties; some
references are Arias Abad-Schétz [4], Holstein [15], Malm [19], Ben-Zvi-Nadler [7], Brav-
Dyckerhoff [9] and Rivera-Zeinalian [22]. We are particularly interested in the generalization
of the Riemann-Hilbert correspondence that has appeared in [8], [16] and later in [2]. An
oo-local system over M is a Z-graded vector bundle over M of finite rank together with a flat
Z-graded connection. oo-local systems over M fit together into a category denoted Loc., (M ).
On the other hand we have the fundamental co-groupoid of the manifold 7, (M) and its rep-
resentations up to homotopy Rep™ (7. (M)). The fundamental co-groupoid is the simplicial
set { X} where X}, = Homgpoowm (Ak, M) is the set of smooth k-simplices in M. A representa-
tion up to homotopy of the groupoid is a Z-graded vector bundle over M together with a way
to assign holonomies to simplices of all dimensions in a coherent manner. It is worth noting
that both categories have the structure of dg-categories, which means that they are categories
enriched in the category of cochain complexes. In this setting, the higher Riemann-Hilbert
correpondence states that there is an A -equivalence Locy, (M) — Rep™ (7 (M)). In other
words, a flat Z-graded connection over M provides enough data to construct holonomies
along simplices of all dimensions.

The higher Riemann-Hilbert correspondence can be thought of as a categorical generalization
of the de Rham theorem. Loc, (M) and Rep™ (7 (M)) are topological invariants of M and
can be considered as categorical analogues of the de Rham algebra and the singular cochain
algebra of M, respectively. The de Rham theorem states that both complexes are equiva-
lent in the sense that both have isomorphic cohomologies, the equivalence is proven via an
integration map [ : Q*(M) — C*(M) that descends to an isomorphism of algebras in coho-
mology. Although both complexes have the structure of differential graded algebras (dga),
the integration map does not preserve the product. This should not be surprising since the
de Rham complex is a commutative algebra while the singular cochain complex is noncom-
mutative. A more complete explanation of the situation was provided by Gugenheim in [14],
where he shows that a more appropriate environment for the comparison of these dga’s is the
category of A, .-algebras. The main result proven by Gugenheim, known as the A,, de Rham
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theorem, states that the integration map [ : Q*(M) — C*(M) is merely the first component
of an A .-morphism between dga’s. Roughly speaking, an A,-morphism is a morphism that
preserves the algebraic structure only up to homotopy, together with an infinite set of maps
keeping track of the homotopies and satisfying some coherence conditions. The construction
of Gugenheim’s map uses Chen’s theory of iterated integrals developed in [11]. Furthermore,
the Ay, de Rham theorem is instrumental in the proof of the higher Riemann-Hilbert corre-
spondence: in [2] it is used to construct the equivalence functor Locy (M) — Rep™ (7o (M)
explicitly in terms of iterated integrals.

In the categorical setting we encounter a similar situation to that of the de Rham theorem.
The appropriate way of comparing the dg-categories Locy (M) and Rep™ (7w (M)) is via an
A-functor, not a dg-functor. An A,-functor is a functor that preserves the composition
only up to homotopy. Furthermore, as we will se below, the comparison of such functors
is done via A,-natural transformations, that is to say transformations between functors in
which the usual diagram is not commutative but commutative up to homotopy.

The first part of this thesis deals with some invariance properties of the category Loc(M).
Given the higher Riemann-Hilbert correspondence and the analogy between the de Rham
complex and the category of co-local systems, it is reasonable to explore which of the usual
properties of de Rham cohomology can be generalized to the categorical setting of co-local
systems. One of the basic properties of de Rham cohomology is that two homotopical maps
f,g: M — N induce the same morphism in cohomology, i.e. f*=g*: H(N) — H(M). We
prove the following categorical version of this invariance:

Theorem 0.1. Let M and N be smooth manifolds and f,g: M — N be smooth maps. If
h:[0,1] x M — N is a homotopy with howy = f and hot; = g, then there is an A-natural
isomorphism hol : f = ¢ which depends on h and is given in terms of iterated integrals.

As a corollary of Theorem 2.3 one obtains an A, version of the Poincaré lemma. This states
that if M is contractible, then Loc., (M) is equivalent to the category of co-local systems over
a point, which is the category DGVectg of differential graded vector spaces. These results
were published in [1].

The second part studies the comparison between different formalisms for higher holonomies.
There are several models of 2-bundles with connections such as the ones that appear in
Murray [20], Aschieri-Cantini-Jurco [5], Laurent-Gengoux-Stiénon-Xu [18], Breen-Messing
[10], Wockel [29], Schommer-Pries [23]. In some of the models there are accounts of paral-
lel transport along paths and surfaces such as in Baez-Schreiber [6] and Schreiber-Waldorf
[24], in particular the relation between the connection and the parallel transport is made
explicit in [28]. Not surprisingly, the parallel transport defined in the setting of principal
2-bundles is encoded in a representation of the oo groupoid truncated up to dimension 2, this
is {Homgmooth (Ak, M) }r<o. This representation takes values in the structure group of the
principal 2-bundle, which is a strict 2-group. This warrants a comparison between the higher
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holonomies provided by the higher Riemann-Hilber correspondence and the ones constructed
via connections on principal 2-bundles. This comparison has already been made locally in
[3], where it is shown that a truncation procedure on the Z-graded connection yields a rep-
resentation of the truncated groupoid in a strict 2-group. Here we address the problem of
comparing both constructions of 2-dimensional parallel transport in the global setting. The
main device for the global comparison is a two-tier construction that yields a principal 2-
bundle with flat connection from an oo-local system. At the first tier the construction is
almost identical to the frame bundle construction which requires nothing more than a vector
bundle, while at the second tier we rely heavily on the extra structure present in the Z-graded
vector bundle with flat Z-graded connection. The conclusion we reach is that the following
diagram is commutative

Loc (M) ——  2Bun (M)

[e.e]

Il lT (0.1)

RepSQ(Ma <E7 a)) T> RepSZ(Ma ?(E7 a)):

where the first horizontal map is the two-tier frame bundle construction mapping oo-local
systems to principal 2-bundles with connection, the vertical maps are the different accounts
of parallel transport, and the second horizontal map is a procedure to construct 2-group
representations of the truncated groupoid from a truncated representation up to homotopy.

The structure of the thesis

Chapter 2 is concerned with the preliminaries and motivation for questions addressed in this
thesis. In Section §1 we set our conventions for dealing with graded structures and provide
the definitions regarding A..-structures. Section §2 is devoted to the study of basic proper-
ties of local systems both in the classical and the oo setting. Section §3 contains the main
results leading to the proof of the A,, de Rham theorem and the higher Riemann-Hilbert
correspondence. In this section we find the first instance of a major use of iterated integrals.

Chapter 3 is devoted to developing the tools necessary to prove Theorem 2.3. Once again we
encounter iterated integrals, although this time is a slightly different version than the one used
in the proof of the A,, de Rham theorem. The highlight of the chapter is Theorem 2.3 and
its corollaries, which include the A, version of Poincaré’s lemma. This chapter is based in [1].

In the final chapter we review quickly the theory of principal 2-bundles with connections
and parallel transport in principal 2-bundles. This is done following [27] and [28] closely.
Later we prove the main results of the chapter: Lemma 2.3 and Theorem 2.1 establish the
first horizontal map of Diagram (0.1), Theorem 3.1 provides the second horizontal arrow and
finally Theorem 4.1 states the commutativity of the diagram.



Chapter 1

Preliminaries and Motivation

1 A, -structures

The notion of an A..-algebra was introduced by Stasheff in [25] and, as stated in the intro-
duction, the category of A .-algebras seems to be the proper environment for the comparison
of dg-algebras. In a few words, an A.-algebra is a dg-algebra that is associative up to ho-
motopy; the A in the notation stands for associative. Clearly every dg-algebra is an example
of an A..-algebra where the homotopy is zero. An A..-algebra structure includes an infinite
set of operators keeping track of homotopies, and equations establishing relations between
these operators; the oo subscript in the notation references that fact. A morphism between
A-algebras is a function that preserves the A,-structure up to homotopy, together with an
infinite sequence of mappings that keep track of the homotopies, and relations between these
mappings. Once again, any morphism between dg-algebras may be regarded as a morphism
between A..-algebras, therefore we have that the category of dg-algebras is a subcategory
of the category A..-algebras. The main aspect of this inclusion of categories is that it is
not full, meaning that there are more morphisms between dg-algebras when regarded as
Ao~ algebras. The formalism of A,.-algebras may be extended naturally to the setting of
categories relaxing everything up to homotopy and keeping track of the homotopies. So,
an A..-category is a dg-category where the composition of morphisms is associative up to
homotopy. Between A..-categories we have A,-functors, which preserve compositions up to
homotopy. An A.-natural transformation is a transformation between functors where the
relevant diagrams are commutative up to homotopy. As expected, dg-categories, dg-functors
and dg-natural transformations are examples of the A, versions of these notions.

We begin this section with some notation and conventions regarding graded structures. We
follow with the definition of the categories of dg-algebras and A..-algebras, and provide some
basic results surrounding them. The formalism of A, -categories will not be needed, so we will
restrict our attention to A.-functors and A..-natural transformations between dg-categories.
For a more comprehensive treatment check [17].

13
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1.1 Graded Vector Spaces and the Koszul Sign Convention

A Z-graded vector space V is a vector space decomposed as a direct sum of vector spaces

V="

If V is finite dimensional then only finitely many terms of the sum are non-zero and each

over Z:

of them must be finite dimensional. An element v € V is called homogeneous of degree n if
v € V" in this case we write |v| = n. The suspension of V' is denoted sV and is the same
vector space with a shift in degrees given by (sV)* = V"L,

Let V,W be graded vector spaces. A homogeneous morphism of degree k is a linear map
f V. — W that shifts the degree by +k, this means that for a homogeneous v € V with
lv] = n, we have |f(v)| = n + k. Frequently we write f : V* — W*t* to state that f is
homogeneous of degree k and write |f| = k. The identity morphism will be denoted by
ly : V. — V and the subscript will be dropped whenever the space V is clear from the
context. Notice that the identity is homogeneous of degree 0. The map s : V — sV that

sends every element to itself is called the suspension map and has degree |s| = —1, its inverse
has degree |s7!| = +1.

If V; with s =1,--- , k are graded vector spaces then the tensor product V; ® - -- ® V}, is also
graded as

Vi®- @ V)" = @ Vi@ @ Vi

ni+--+ng=n

If v, e V; withi=1,---  k are homogeneous then v; ® - -- ® vy is also homogeneous with
0@+ @l = for] o+ .

Suppose we have homogeneous maps f; : Vi — Wi and fo : Vo — W, Then we define
fi® fo: Vi ® Ve — W) ® Wy by using the Koszul sign convention:

(f1 ® f2)(v1 @ v2) = (=1)" W2 1 (1)) @ fo(vs)

for homogeneous vy,v,. The sign convention states that whenever a symbol passes over
another symbol we introduce a sign depending on the degrees of both symbols. In our
definition of f; ® f,, fo passes over v, yielding the sign (—1)/lf2l,

More generally, if f; : V; — W, are homogeneous, then

(i@ fi)ti® - @u) = (=1)fi(v1) ® - @ fr(vi)

where o = |vi||fo| + -+ + (Jur ® -+ @ vp_1|)|fx]. Notice that we have |f; @ --- ® fi| =
Lful -+ [l

We will frequently deal with homogeneous maps of the form f : V®* — W. If we take
suspensions on all the factors we get a map f : (sV)® — sW. The relation between the
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degrees |f| and |f| is determined by the commutativity of the following diagram

ver L ooy

Therefore we get

fl =1+]|f] — . (1.1)

A differential graded (dg) vector space is a Z-graded vector space V with a homogeneous map
dy : V* — VTl satisfying the condition d3 = 0; dy is called a differential. The subscript
in dy will be dropped when V' is clear from the context. A dg-vector space is also called a
cochain complex. dg-vector spaces are the objects of a category which we denote dgVect; in
this category we have

HomdQVeCt(Vv W) = @ Homgg\/ect(‘/? W)?
k

where Homflg\,ect(v, W) is the set of homogeneous maps of degree k.

The category dgVect is a monoidal category. Given dg-vector spaces (V,dy) and (W, dy ),
the tensor product V ® W has a differential dygyw = dy ® 1y + 1y ® dy. To check that
d%/®w = 0 we rely on the Koszul sign convention. In general, if we have dg-vector spaces
(Vi,dv,), i =1,--- ,k, then the tensor product V; ® --- ® V}, has a differential

k
Zl\ﬁ@"'lvFl®d%®1%+1®...®1vk.
=1

If (V,dy) is a cochain complex, elements in Im(dy ) are called ezact and elements in ker(dy )
are called closed. The condition d?, = 0 means that for any n we have

Im(dy : V"' — V™) C ker(dy : V" — V"),
in other words, every exact element is closed. The cohomology of (V,dy ) is defined as

_ ker(dy VP — V)
~ Im(dy : V= Vn)?

H™ (V) : H(V) =P H"(V).

If v € ker(dy), the class it defines in cohomology is denoted ©. A homogeneous morphism
f V. — W of degree zero is called a morphism of complezxes if it is compatible with the
differentials, this means that dy o f = fody. Cochain complexes with their morphisms form
a category which we denote ¢cCh. Notice that cCh is a subcategory of dgVect with the same
objects but fewer morphisms. A morphism of complexes induces a morphism f : H(V) —
H(W) by the formula f(7) = f(v) and this is well defined due to the compatibility condition
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on f. If f induces an isomorphism in cohomology then f is called a quasi-isomorphism.
Two morphisms of complexes f,g : V — W are homotopic if there is a morphism h (not
necessarily of complexes) of degree |h| = —1 such that f — g =dw oh+ hody. If f, g are
homotopic then they define the same morphism in cohomology, this is f = g.

The set Homgvect (V, W) is also a dg-vector space. The differential, which we denote Dy,
is defined on a homogeneous morphism f by the formula

Let us check that D3y, = 0.
Dy (f) = Dvw(dw o f = (1) o dy)

=dwodyo f— (~)"dy o fody — (=1)Vldy o fody + fodyody
=0.

Notice that f is a morphism of complexes if and only if |f| = 0 and Dy (f) = 0, in other
words, f is closed. Two morphisms of complexes f, g are homotopic if and only if there is an h
such that Dy, (h) = f—g, in other words they define the same class in H(Homggvect(V, W)).

1.2 dg-Algebras and A,-Algebras

Definition 1.1. A dg-algebra is a dg-vector space (A,d) together with an operator m :
A® A — A of degree 0. The following relations must be satisfied:

e The Leibniz rule: d(m) = m(d® 1+ 1® d). Evaluating in a; ® as € A ® A we get the
graded Leibniz rule

d(m(a; ® ag)) = m(d(a;) ® ag) + (—=1)1"Im(a; @ d(ay)).
Notice that the appearance of the sign (—1)t! is due to the Koszul sign convention.

e Associativity: m(1 ®m) = m(m® 1). Evaluating in a; ® as ® ag, the associativity rule
may be written as

m(a1 ® m(ag & &3)) — m(m(a1 ® CZQ) ® CLg) =0.
The product m defined on A induces an associative multiplication m on the cohomology
H*(A): if a;,as € H*(A), then m(a; ® az) = m(a; ® az). The Leibniz rule guarantees that

m is well defined.

Along the same lines we have the following.
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Definition 1.2. Given a dg-algebra (A, d, m), we can define the bar complex of A as follows

B(A) := P(sA)**.

k>1

The differential and multiplication define corresponding operators on the suspension of A
which we will denote d and m:

~

d(sa) = sd(a) m(say, say) = sm(ay, az).

Notice that by equation (1.1) we have that |d| = |d| = 1, while |m| = 0 and || = 1. The
fact that || = 1 allows for the definition of a coboundary operator on B(A) as follows

k
b(say ® -+ ® say) = Z(—l)zé;ll 4=t g0, @ - ® s ® OZ(saZ-) ® SUiy1 Q-+ Q Sag
i=1
k-1 .
+ Z(—l)zﬁ':l Iaj‘_H_lSCh QR 8a—1 X m(SCLi, Sa2‘+1) & SUiq2 Q-+ & Say.
i=1

The coboundary has degree 1 and satisfies b*> = 0, making (B(A),b) a cochain complex.
Definition 1.3. A homogeneous morphism of dg-algebras f : (A,da,ma) — (B,dg, mp) is

a homogeneous linear map f : A — B of degree zero that is compatible with the dg-algebra
structures, i.e. we have the following relations:

e dgf = fda,ie. fisa morphism of complexes.

o f(m)=m(f®f)
The category of dg-algebras and their morphisms will be denoted dgAlg.

Any morphism f : A — B induces a morphism f : H*(A) — H*(B) of associative algebras
given by f(a) = f(a).

Within dgAlg we have a tensor product operation. Given dg-algebras A and B, the tensor
product A ® B has a differential dagp = da ® 15 + 14 ® dp and a product

Magp((a1 @ b1) ® (az ® b)) = (—1)|a2|\b1|mA(a1 ® ag) @ mp(by @ by).

(A® B,dagp, magp) is a dg-algebra. This construction may be iterated to give a dg-algebra
structure to the product of multiple algebras.

Example 1.1. Let M be a smooth manifold. The de Rham algebra of M is the dg-algebra
(Q(M),d, N) of differential forms with the standard de Rham differential and wedge product.
The singular smooth chain complex is C\ (M) = @,~,Cr(M), where Ci(M) is the vector
space generated by smooth maps o : A, — M. There is a boundary operator 9 : C\,(M) —
C._1(M) satisfying 9* = 0 which makes (C.(M),d) into a chain complex. Dualizing we
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get the singular smooth cochain complex (C*(M),§) which can be made into a dg-algebra
(C*(M),6,U) where U denotes the cup product. The ordinary de Rham Theorem states that
there is an isomorphism of algebras

¢ (H*(QM)), A) = (H*(C*(M)),0)

induced by the map ¢ : Q(M) — C*(M) given by

o(a)(o) = /A o*(a), acQF(M),oc Cu(M).

Notice that ¢ is a homogeneous linear map of degree zero. Furthermore, by Stokes” Theorem,
we have

o(da)(0) = /A o* (da) = /8 _ o(e) = Fpla)(o).

so that ¢ is a morphism of cochain complexes. It is to be noted that ¢ fails to be a morphism of
dg-algebras since it does not preserve the product. This is not unexpected since de Rham’s
complex is commutative (in the graded sense) and the singular cochain complex is not.
However, the morphism ¢ induces a morphism of algebras in cohomology. The explanation
of this phenomenon is that the difference between ¢(a A 8) and () U () is a term that
vanishes when we descend to cohomology. In other words, ¢(a A ) and (o) U o(B) are
homotopic.

Next we define A, -algebras and A.-morphisms.

Definition 1.4. An A_-algebra is a graded vector space A with a sequence of operators
my, : A®™ — A of degree 2 — n for n > 1 such that the following relations are satisfied for
n>1
Z (—1)i+jkmn,j+1(1®i ® m; ® 1®k) —0.
i+j+k=n

For n = 1, 2 the relations become familiar expressions:

e For n = 1 we have my(my) = 0. Since |m;| = 1, m; is a differential and (A, m,) is a

cochain complex.

e For n =2 we have my(my) = my(m; ® 1 + 1 ®my). This is the Leibniz rule where the
multiplication is ms.

From n = 3 onward we have:

o If n =3 then we get
mi(ms) +mg(m @1R14+1m 1+101®@my) =me(l®@my —my®1).

This is stating that the associator operator ms(1®@my—mo®1) : A®3 — A is homotopic
to zero and the homotopy is given by ms. In other words, the product is associative
up to homotopy.
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e For n > 3 we have

ml(mn)—(—l)m”mn< > 1®i®m1®1’“> = Y (D) Fm, (1% em;e1®h).

i+14+k=n i+j+k=n
1<j<n

This is stating that ms, - -+, m,_1 satisfy a relation up to a homotopy given by m,,.
Any dg-algebra (A, d,m) is an Ay-algebra with my; = d, ms = m and m,, = 0 for n > 3.

Definition 1.5. Let (A,m,) and (A, m!) be A,-algebras. A morphism ¢ : A — A’ is a
sequence of maps @, : A®" — A’ of degree 1 — n that satisfy the following set of relations for
n>1

> (D)o (1P eme1®™) = Y (-1)'men @ @)
i+j+k:n 11+-+i=n

where s = S22 (1 — ) (i, — 1).

r=1

Given morphisms ¢ : A — A" and ¢ : A’ — A”, the composition is
@o@h= Y. (—1)t%(p;® - 2¢;).
i1+ Fig=n
Let us explore the meaning of these relations

e For n = 1 we get ¢1(my) = m/(p1), this means that ¢; is a morphism of cochain
complexes.

e For n = 2 the relation reads
mips + @2(mi @ 1+ 1®@mi) = p1(ma) — msy(p1 ® p1).
Which means that ¢, preserves the products up to a homotopy given by ¢s.

e For n > 3 we have a certain relation satisfied up to a homotopy given by ¢,.

A morphism ¢ is called a quasi isomorphism if ¢y is a quasi isomorphism and it is called strict
if p; =0 for ¢ > 2. Notice that an ordinary morphism of dg-algebras of degree 0 is merely a
strict A,-morphism. The identity morphism is the strict morphism such that ¢; = Id. The
category of As-algebras with morphisms of degree 0 is denoted A, Alg’. The category of
As-algebras with all possible morphisms, including non-homogeneous, is denoted by A, Alg,
and has dgAlg as a non-full subcategory.

We are particularly interested in A.,.-morphisms between dg-algebras, so we write explicitly
the relations in this case. If (A,da,ma) and (B,dg, mp) are dg-algebras and ¢ : A — B is
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an A,.-morphism, then we have for n > 1

n—1 n—2

Z(_l)nflgpn(r&i Rds® 1®(n717i)) + Z<_1)l¢n71(1®1 QMm@ 1®(n727i)>
=0 =0

= dp(pa) + (—1)"'mp(p: @ Pns). (1.3)

Next we state some definitions and results relating Maurer-Cartan elements and A..-morphisms.

Definition 1.6. Let (A,d, m) be a dg-algebra. A Maurer-Cartan element of A is a homoge-
neous element a € A of degree one that satisfies the Maurer-Cartan equation:

da —a®> = 0.

Remark 1.1. A Maurer-Cartan element a € A can be used to twist the algebra (A,d, m).
This means that we can construct a new dg-algebra with the same elements and multiplication
of A but with differential given by

(d — [a,~])(b) = db— [a,b] = db— ab + (—1)"ba.
The Maurer-Cartan equation guarantees that (d — [a, —])? = 0.

Definition 1.7. Suppose (A, d, m) is a dg-algebra with unit. Two Maurer-Cartan elements
a,a’ € A are said to be gauge equivalent if the twisted complexes (A, d — [a,—]) and (A,d —
[a’, —]) are isomorphic via multiplication by a unit u € A. In other words, the unit u defines
a map u : A — A that makes the following diagram commutative

d_[ar_] A
_— .
d— [a,»_}

NP

The commutativity of the diagram ultimately may be written as

1

a=u""tdu—utdu.

Under certain conditions, an A,.-morphism 1 : A — B can be used to map elements from A
to B as follows:

Definition 1.8. Let A, B be A, -algebras and ¢ : A — B an A,-morphism. For an element
a € A we denote by 1,(a) the following series

Yula) =) (=1)7M (™)

n>1
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where o(n) =04+1+2+---+ (n—1).

The sign in the series is precisely the sign that appears when applying the n-th power of the
suspension to a®". Whenever the series 1, (a) is convergent it defines an element of B; notice
that this is the case when 1, = 0 for all but finitely many n > 1. The next results show
some interactions between A, -morphisms and Maurer-Cartan elements.

Lemma 1.1. Let (A,da,ma) and (B,dg,mp) be dg-algebras and ¢ : A — B an Au-
morphism. If a € A is a Maurer-Cartan element then 1,(a) € B is also Maurer-Cartan
provided the series is convergent.

Proof. The proof is a simple computation:

n—1
dBd}*(a> - 2/}*(@)1/}*(@) = Z(_l)o(n)dBwn(CL@n) - Z Z(1)U(i)+0(n7i)wi<a®i)wn—i(a/@(nii))
n>1 n>1 i=1

= (=17 <d3wn<a®”)—z<1>“+”l 7 (a® )i (a® ”))

n>1 i=1

= Z(— (dB¢n o) ~|—Z g @ ¥n_i)(a® @ a®" ”)) ,

n>1

Using the A, relations (1.3) for ¢ we write the previous expression as
dpip.(a) — Yu(a)i.(a)

n—1 n—2
_ Z U(n ( (_1)n—1+i,¢n(1®i @ dra® 1®(n—1—i)) + Z(_l)w}n—l(l@l ® a2 ® 1®(n—2—i))> )

n>1 =0 =0

The sum can be rearranged into

;_n

n—

dBl/J*<G) Z Z o(n+1) 1+iwn(1®i ® (dA(l . CL2> ® 1®(n—1—i))
n>1 i=0
which is zero since dya — a? = 0. O

Lemma 1.2. Suppose that A and B are dg-algebras with units u4 and upg respectively and
Y : A — B is an A,-morphism such that ¢y (uax) = up. If ¥,(a7 ® -+ ® a,) vanishes
whenever n > 2 and at least one of the a; is invertible, then 1 : A — B sends invertible
elements of A to invertible elements of B. Furthermore, if a,a’ € A are gauge equivalent
Maurer-Cartan elements, then v, (a) and 1, (a’) are gauge equivalent elements provided those
series are convergent.

Proof. For the first part recall that 1, preserves the product only up to a homotopy given
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by 19, this is

V1(araz) — 1 (ar)vi(az) = dppa(ar @ asz) + ha(daar ® ag + (—1)|a1‘a1 ® daaz).

The condition that 1y vanishes whenever its argument has an invertible factor means that
11 preserves the product strictly when both factors are invertible. Therefore for an invertible
element u € A we have

P1(ua) = r(uut) =y (u)r(u™") = up.

Now suppose a,a’ € A are gauge equivalent via u € A, this is ua = a’u — dyu. We wish to
prove the following equation

Z(_l)g(n)¢1(u)¢n(a®n) = Z(_l)o(n)¢n(a/®n>¢1(u) — 1(dau).

n>1 n>1

The term on the left may be written as

Z(—l)a(n)mB(% ® ) (u @ a®").

n>1

By the A, relations (1.3) we have
mp (v © ¥n) (u @ a®") = (=1)" Y1 (dau © ™) + Py (ua @ a®"Y).
Therefore adding over n > 1 and using d u + ua = a'u, we get

D (DT (W) (a®) = Y (=17 (a'u @ a® V) = iy (dau). (1.4)

n>1 n>1

Using once again the A, relations and d u+ua = a'u, the following equation may be proved

DU (@) + Y ()70 @ d'u @ o)

n=1 n>k+1
k+1
= (=17 (@) (u) + Y (=17 M (¢ @ d'u @ a® ),
n=1 n>k+2

Applying the previous equation inductively on the left side of (1.4) yields the desired result.
O

1.3 dg-Categories and A.-Natural Transformations

Here we describe the generalization of the previous concepts to the setting of categories.

Definition 1.9. A dg-category C is a category enriched in ¢cCh. This means that for any pair
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of objects x,y € €, the set of morphisms Home(z,y) is a dg-vector space with differential
D, ,. Furthermore, the composition

o : Home(y, 2) ® Home(z, y) — Home(z, 2)

must be a morphism of complexes of degree zero. Unraveling this condition we find that if

we have composable morphisms z EN Y s 2, then the Leibniz rule is satisfied

Dy.(g90 f) =Dy.(g)o f+ (=1)%go D, (f).

Example 1.2. The category dgVect is a dg-category. We have already seen that if (V, dy)
and (W, dw ) are dg-vector spaces, then the commutator (1.2) provides Homggvect (V, W) with
the structure of a dg-vector space. Now suppose that we have a composition

(U,dy) 5 (V,dyv) 5 (W, dw).
Then we have

Dyw(¥op) =dwotop—(—1)¥Flpopody
=dwovop—(-1)podyop+(-1)"Yodyop—(-1)"Flyopody
= (dw oty = (=D odv)op — (=1)"Wo (dv o p — (=1)¥p o dy)
= Dyw(¥) o — (=1)¥1 0 Dy (¢).

Definition 1.10. Let f € Home(x,y) be a homogeneous morphism. For any other object z
in €, f induces maps

f* : Home(y, 2) — Home(x, 2) f+« : Home(z, ) — Home(z, )
g f(g)= (=) Mgof hs f.(h) = foh.

The maps f* and f, are called pullback and push forward respectively.
The following lemma is straightforward to check.

Lemma 1.3. The maps f* and f, are morphisms of complexes if and only if f is a closed
element.

Definition 1.11. A dg-functor between dg-categories F : € — D is a functor such that for
any pair of objects x,y € €, the map JF,, : Home(z,y) = Homqp(Fz, Fy) is a morphism of
complexes.

The dg-functor & is said to be essentially surjective if for every object z of D there is an
object x of C such that Fx is isomorphic to z. JF is said to be quasi fully faithful if for every
pair of objects z, y of €, the map F, ,, : Home(x, y) = Homqp (Fz, Fy) is a quasi-isomorphism.
F is called a quasi equivalence if it is essentially surjective and quasi fully faithful.
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Definition 1.12. A dg-natural transformation p between the dg-functors F,G : € — D is
an assignment of a closed element pz € Hom(Fx, Sx) for every object x of € such that for
every pair of objects x,y the following diagram is commutative:

Home(z, y) Jew Homyp (Fz, Fy)

9I’yl l(py)*

Homqp (Sz, Gy) (—)> Homy (Fz, Gy).
px

The condition that pz is closed for every x is so that the maps (pz)* and (py). are mor-

phisms of complexes. When evaluated in a fixed f : © — y we get the usual commutative

square of natural transformations. If px is always an isomorphism then p is called a natural

isomorphism.

Any dg-algebra A may be regarded as a dg-category A with a single object * where Hom 4(*, ) =
A. A morphism of dg-algebras is then a dg-functor and two morphisms are naturally isomor-
phic if they are conjugate.

In the previous definitions € is a category, which means that the composition is associative.
Relaxing the associativity condition up to homotopy yields the notion of A.-category. We
will not go into detail on A, -categories, however it is worth mentioning that every dg-
category is an example of an A,-category. Similarly, A.-functors are functors that preserve
the composition only up to homotopy and every dg-functor is an A.-functor. In Section
3 we will see an example of an A.-functor, however we will not go into the detail of its
Ao-structure. The full description of the A -functor can be found in [2]. Before jumping to
As-natural transformations we define some maps based in the differential of the bar complex
of a dg-algebra:

Definition 1.13. Let C be a dg-category and zg,--- ,x, objects in €. We define maps

by : Home(x,—1,x,) ® - - - @ Home(zg, 1) — Home(z,,—1, 7,) ® - - - ® Home(xg, 21)

by : Home (2,1, 2,) ® - - - @ Home(xg, 1)
n—2
— @ Home (2,1, 2,) ® -+ @ Home(x;, 2i42) @ - - - @ Home(xg, 1)
i=0

by the formulas

n—1

bo(Wno1 ® -+ @ wp) := (_1)Zj:i+1 wil=nti, @@ Dy (wi) @ -+ @ wy,

M1

bi(wp_1 ® -+ @ uwp) := Z(_l)Z?;L wil=ntitl, @ ... Wit1 OW; ® -+ ® wWo.
i=0
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Furthermore, we write b = by + b; and make the convention that b;(w) = 0, so that b(w) =
bl (CL))

Definition 1.14. Suppose F,G : € — D are dg-functors. An A, -natural transformation
p:F = Gis a collection {p,},>0 where:

1. For every object = of €, po(z) € Homp(Fz, Gz) is a closed morphism of degree 0.

2. Forn > 1, if xg,--- ,z, are objects in €, then p,, induces a map of degree —n
pn(xo, -+, x,) : Home(z,_1,2,) ® - -+ ® Home(zg, z1) — Homyp (Fzo, G,,).
We just write p, when the objects zg, - - - , z,, are clear from the context.

3. The following relations are satisfied for every finite sequence of homogeneous, compos-
able morphisms w, 1 ® -+ ® wy with w; € Home(x;, x;41):

SG(wn1) © pn1(Wn2® - Dwp) — (—1)Zi= M=+ (w3 ® - @ wy) o Fluwp)
= p(b(wn,l X WO)) + D(pn(wn,l X ® WO)).
Here p = pp + pn_1.

The relation for n = 1 and wy € Home(x1, x¢) is

G(wo) © po(xo) — (—=1)“°!pg(x1) 0 Fwo) = p1(D(wo)) + Dp1(wo).

This means that the usual diagram of natural transformations

Flao) % F(z,)

Po(xo)l lﬂo(ffl)

S(zo) ~2% G(ay)

is commutative up to a homotopy given by p;.

Lemma 1.4. Let € and D be dg-categories and let ¥ : € — D be a dg-functor. Suppose
that there is a dg-functor G : D — C together with A,-natural isomorphisms p: GoF — ide
and 7: F oG — idp. Then F is a quasi-equivalence.

Proof. For every object Y € Ob D we have a closed isomorphism 74(Y) € Hom(F(G(Y)),Y),
hence F is essentially surjective. Let us show that F is quasi fully faithful. By definition, if
f € sHome(X,Y) is a homogenous element, the A, -natural isomorphism p : §GoJF — ide
produces the relation

fopo(X) = po(Y) o G(F(S)) = pr (d(f)) + d(p(f))-
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This, in turn, may be written as
po(X)* oide = po(¥ )0 (G0 T) = prod+dopy,

for any pair of objects X,Y € ObC, where po(X)* is the pull back of po(X) by X and
po(Y). is the push forward of po(Y) by G(F(Y)). Hence, the morphisms of cochain complexes
po(X)*oide and pg(Y).0(GoF) are homotopic and, therefore, they induce the same morphism
in cohomology. But clearly po(X)*, po(Y). and ide induce isomorphisms in cohomology, and
thus so does G o F. It follows that G o F is a quasi-isomorphism. By an entirely analogous
argument, using the A,-natural isomorphism p: Fo03G — idp, one may prove that Fo G is a
quasi-isomorphism. The desired implication follows at once. O

2 Local Systems

In this section we define our main objects of study, oo-local systems. We begin with the
ordinary setting, a local system over a manifold is a flat connection. The classical Riemann-
Hilbert correspondence states that flat connections over a manifold are in correspondence
with representations of its fundamental group, giving us a topological point of view of local
systems. Parallel transport is a fundamental ingredient of the Riemann-Hilbert correspon-
dence; we will see how to find solutions to the parallel transport equation using iterated
integrals. Next we consider oco-local systems, instead of ordinary flat connections we consider
flat graded connections defined on graded vector bundles. There is a Riemann-Hilbert type
theorem in this setting which states that oco-local systems are in correspondence with rep-
resentations up to homotopy of the fundamental oco-groupoid of the manifold. This higher
Riemann-Hilbert correspondence relies on a notion of higher dimensional parallel transport
constructed with the aid of the A, version of the de Rham theorem. The A, de Rham
theorem states that there is an A..-quasi-isomorphism from the de Rham complex of a man-
ifold to its singular cochain complex; the construction of this morphism is done using Chen’s
iterated integrals.

Besides the geometric and topological points of view to local systems, there are other per-
spectives. At the end of the section we briefly describe them and how they are related to our
setting.

2.1 Ordinary Local Systems

This is a quick review of ordinary connections over a manifold, parallel transport and the clas-
sical Riemann-Hilbert correspondence. Most of the statements in this section are presented
without proof, however, we will focus on the details of the parallel transport construction
that will become relevant in the case of co-local systems. For an extensive treatment see [13].

Definition 2.1. Let M be a smooth manifold and let 7 : E — M be a vector bundle over
M. A connection defined on E' is a differential operator V : X(M) x I'(E) — I'(E) that
satisfies the following properties:
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1. V is tensorial with respect to the first argument

Vix(s) = fVx(s), for feC*(M), X e€X(M),se'(E).

2. V satisfies the Leibniz rule with respect to the second argument

Vx(fs)=df(X)s+ fVx(s), for feC®(M),X eX(M),sel'(F).

Notice that we write Vx(s) instead of V(X s).
The curvature of V is the map Ry : X x X(M) x I'(E) — T'(F) defined by

Rv(X, Y, 8) = Vva<S) — VyVX(S) — V[X7y](8>.
V is called flat if its curvature is zero.

A different way of thinking about connections is as operators defined on vector valued forms.
If V is a connection, we may define dy : Q°(M, E) =T(E) —» QY(M,E) =T(T*M ® E) as
dy(s)(X) = Vx(s). Using the fact that

QYM,E)=QFM) ® T(E),

we may extend dy to an operator dy : Q*(M, E) — Q*TY(M, F) via the Leibniz rule, i.e.
dy(w®s) =dw®s+ (—1Dfw®dy(s) forwe Q¥(M),s € T(E).

If V is flat, then d& = 0, this means that a flat connection provides Q(M, E) with the
structure of a cochain complex.

Definition 2.2. An ordinary local system over M is a vector bundle together with a flat
connection. We usually write a local system as a pair (£, dy).

Example 2.1. Let V = R” be a vector space and E = M x V. Forms in Q°*(M, E) are
simply vectors whose entries are forms in Q°(M), therefore we may apply the usual de Rham
differential on each entry to get a connection d : Q*(M, E) — Q*™ (M, E). Clearly d*> = 0,
so we have a local system over M called a trivial local system.

Suppose V and V'’ are connections defined over £ — M and consider the difference V — V.
For X € X(M), s € T'(F) and f € C*°(M) we have

(Vx = Vx)(fs) = df (X)(s) + [Vx(s) = df (X)(s) = [Vx(s) = f(Vx = Vi)(s).

The map (Vx — V) : T'(E) — T'(E) is tensorial which means that V-V’ € QY(M, End(E)).
In other words, if V is a connection over F, any other connection is of the form V — «a where
a € QY (M, End(E)).
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Example 2.2. Over a trivial vector bundle £ = M x V we have the trivial connection
d described in Example 2.1. Any other connection over E has the form d — o where a €
QOY(M,End(V)), therefore we can think of a as a matrix of 1-forms. If w € Q(M, E), then
the connection acts as (d — a)w = dw — o Aw where o A w is matrix multiplication using the
wedge product defined on Q(M).
For the connection d — a we have

(d—a)w) =dw—darw) —aAdw+ao* ANw
=—dla) Nw+a*Aw
= (—da + o) Aw.

Hence d — « is flat if and only if da — o? = 0.

The equation do — o = 0 is called the Maurer-Cartan equation and any form satisfying this
equation is called a Maurer-Cartan form.

Definition 2.3. Let f : M — N be a smooth function and £ — N a vector bundle with
connection V. The pullback of V, denoted f*V, is a connection defined over the pullback
bundle f*E defined as follows: Suppose U C N is an open set such that F|y = U x V, then
V|r = d—a with a € QY (U, End(V)). The pullback bundle trivializes over f~(U), hence we
can define a connection over f*(E)|s-1) = f~H(U) x V by d — f*a. These local connections
can be glued together to define the pullback connection. For details on the gluing check
Proposition 2.3 below.

The existence of a connection over a manifold allows us to define the parallel transport over
a path on M, this is the content of the following theorem.

Theorem 2.1. Let £ — M be a vector bundle with connection V. For every piecewise
smooth path v : [0,1] — M there is a linear isomorphism Hol, : E, 1) — E () called the
parallel transport along . Parallel transport is compatible with composition of paths, this is
Hol,,» = HolyoHol,. If the connection is flat, parallel transport is invariant under homotopies
with fixed endpoints.

Proof. Consider the pullback connection v*V defined over v*E. Since [0, 1] is contractible,
the pullback bundle is trivial, so there is an isomorphism ¢ : [0,1] x V' — ~*E and the
connection is 7*V = d — a with a € Q'([0,1],End(V)). For each v € V, the ordinary
differential equation ds — as = 0 has a unique solution s, : [0,1] — [0,1] x V such that
sp(1) = (1,v). We define the parallel transport by

Hol, (e) := f o1(s,(0))

where f : v*FE — FE is the natural map from the pullback and v is the unique v € V' such
that foy(1,v) =e.



CHAPTER 1. PRELIMINARIES AND MOTIVATION 29

We will construct the solution to the equation ds — ais = 0 using iterated integrals. Suppose
a = A(t)dt where A(t) € End(V). Define a map ¢ : [0,1] — End(V') by the formula

t t S1
X (t) =idy + / A(sy)ds; +/ / A(s1)A(s2)dsadsy + -
0 0o Jo
t s1 Sk—1
:idv—i-Z/ / / A(sy) -+ A(sg)dsg - - - ds.
=1 Jo Jo 0

Notice that the k-th term of the series is an integral over the simplex A (¢) which has volume
t/k!. Since the integrands grow as polynomials with respect to k, the series is convergent.
Differentiating with respect to t yields

dp®

— = A(t)p“(t). 2.1
7L A () (2.0

The section s, is defined by the formula s,(t) := (¢, *(t)v). From (2.1) is clear that ds, =

as,. The rest of the proof may be found in [13]. O

An immediate consequence of this theorem is

Corollary 2.1. Suppose (E,dy) — M is a local system and fix a point xy € M, then there
is a representation py : m (M, o) — GL(E,,).

Proof. The representation is given by pyv([7y]) = Hol; where 7 is the path v traversed back-
wards. 0

Let us denote the category of ordinary local systems over M by Loc(M) and the category of
representations of m (M, xy) by Rep(M, xy). Then the previous result may be stated as the
existence of a functor Hol : Loc(M) — Rep(M, xy). The fact that this functor is an equiv-
alence of categories is known as the Riemann-Hilbert correspondence (in its most basic form).

A generalization of this result is presented in the next section.

2.2 oo-Local Systems

In this section we deal with Z-graded connections, which are based on the idea of super
connections found in [21]. Let E — M be a Z-graded vector bundle, say E = @, E*. A
form w € Q"(M, E¥) has form-degree n and inner-degree k. The total degree of w is the sum
of its form and inner degrees and is denoted |w| =n + k.

Definition 2.4. A Z-graded connection over M is a graded vector bundle ' — M together
with a differential operator dg : Q(M, E) — Q(M, E) that increases the total degree by one.
The connection is flat if d% = 0.

Definition 2.5. An oo-local system over M is a graded vector bundle together with a flat
graded connection. We denote local systems as pairs (E, dg).
The flatness condition makes (2(M, E), dg) into a dg-vector space.
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Let (E,dg) and (E’, dg) be co-local systems. Let Homyg(F, E') denote the bundle of vector
bundle morphisms from E to E’. Forms in Q(M,Homyg(FE, E’)) define maps Q(M, E) —
Q(M, E') as follows: take homogeneous elements

a®TeQM) ® TI'(Homyg(E,E')) and w®se QM) ® T(F),
Co (M) Coo(M)

then define

(@ T)(wes) = (—D)Taw o T(s) € QM) COOQ?M) I'(E).

Definition 2.6. The category of oo-local systems over M is denoted Loc. (M) and is the
category whose objects are oo-local systems. If (F,dg) and (E’, dg/) are objects, then

Homypoe. (i) (E, E') = Q(M,Homyg(E, E)).

For a homogenous ¢ € Q(M, Homyg(E, E')) we define its differential by the already familiar
commutator

DE,E'(SO) =dpp — (_1)‘¢‘90d15-

Proposition 2.1. The map Dg g (¢) : UM, E) — Q(M, E') is tensorial, therefore Dy g/ () €
Q(M, HomVB(E, E,))

Proof. The proof is a straight forward computation:

Dp g (9)(fw) = dp(p(fw)) — (=1)¥p(dp(fw))
= dp(fe(w)) — (=) o(dfw + fd.(w))
= dfp(w) + fdp (p(w)) — dfp(w) — (—1)¥ fo(dp(w))
= flde(pw)) — (=1)¥p(dp(w)))
= [Dpp(p)(w).

From Proposition 2.1 and Example 1.2 follows the statement:
Proposition 2.2. The category Loc, (M) is a dg-category.

As in the ordinary case, graded connections are locally determined by forms with values in
the endomorphism bundle. If £ = M x V where V is a graded vector space, then any graded
connection dg defined on F has the form dg = d — «, where d is the trivial connection from
Example 2.1 and o € Q(M, End(V)) with total degree |a| = 1. Notice that in this case « is
a sum of differential forms

a=> a; a;€Q(MEnd"(V)).

120
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In particular d—ay is an ordinary connection over E. Asin Example 2.2, a graded connection
is flat if and only if the Maurer-Cartan equation is satisfied do — a®> = 0. This equation splits
into a family of equations when we regard the homogeneous components with respect to form
degree:

e In form degree 0 we have a2 = 0. Since oy € I'(End'(V)), we get that o provides
the fibres of E with the structure of dg-vector spaces. For this reason we often write
0 = ap and regard (F,§) as a complex of vector bundles.

e In form degree 1 we have day = ag A a1 + a3 A ag. This means that ag is d-closed up
to a homotopy provided by ;.

e In form degree 2 we have da; — a% = ap N\ ag + as A ag. This means that the ordinary
connection d — «ay is not strictly flat but flat up to a homotopy provided by as.

e In general we have

k

doy, — E a; N\ Qg1 = Qg A\ Qg1 + Qpy A Qu,
=1

so we get that a relation is satisfied up to a homotopy given by ay. 1.

The following lemma gives a formula for the differential of a morphism between trivial co-local
systems:

Lemma 2.1. Let (F,D) = (M xV,d—«) and (E',D’) = (M x W,d — /) be trivial co-local
systems. If ¢ : (E, D) — (E’, D') is a homogenous morphism, then its differential is

Dip(p) = dp — o + (=1)¥pa. (2.2)
Proof. The proof is straight forward

Dgp(p) =dpy — (_1>|¢‘90dE
= (d—a")p — (=1)¥lp(d — a)
=doyp—adp— (—l)wgp od—+ (—1)""‘9004
=dp+ (—1)¥pod—a'p — (—=1)pod+ (=1)¥pa
=dp —a'p+ (=1)¥pa.

[]

Now we are interested in seeing how the defining form of a connection changes under auto-
morphisms of the bundle. Suppose we have the graded connection (M x V,d — «) and an
automorphism ¢ € I'(M x GL(V)) of degree 0. The map ¢(d—a)p! : Q(M, V) — Q(M,V)
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is again a graded connection, therefore there is another form 3 such that p(d—a)p~! = d— 8.
In other words, there is a form [ that makes the following diagram commutative:

QM, V) “£% (M, V)

e &

QM V) —— QM. V).

Unraveling the commutativity condition we find that a and § are related by the equation a =
0 1Bp — o tdp. Since the equation was derived from the commutativity of the diagram, it
is clear that the relation established is an equivalence relation, hence the following definition:

Definition 2.7. Let o, f € Q(M, V) have total degree 1. We say that a and [ are gauge
equivalent if there is an automorphism ¢ € I'(M x GL(V)) of degree 0 such that o =

e 1B — o dp.

If (d—a)? =0 and ¢(d — a)p~t = d— 3, then we have that (d — 3)? = 0, which means
that the gauge equivalence relation may be restricted to a relation between Maurer-Cartan
forms. In this setting we get that « is gauge equivalent to § if and only if the complexes
(QM,V),d—«) and (2(M,V),d — B) are isomorphic. With the gauge equivalence relation
at hand we are ready to construct pullbacks of local systems.

Proposition 2.3. Let f : M — N be a smooth map between manifolds. Then f induces a
dg-functor of degree 0 f* : Locs(N) — Loco (M) called the pullback functor.

Proof. Let (E,dg) be an co-local system over N. Let {U;}; be a trivializing cover of N and
suppose ¢; : E|y, — U; x V are trivializations. For each i there is a Maurer-Cartan form
ot € Q(U;, End(V)) such that ¢;(dg|u,)p; ' = d — of. If U; N U; is nonempty, then the forms
v,nU; are gauge equivalent due to the commutativity of the following diagram

a'|y;nu; and o

AUNU;, V) =2 QUinU;, V)

Qpill lw;l

QUNU;, E) —225 QU,NU;, E)

o) |#

AUNU;, V) =5 QUnU;, V).

Now consider the pullback bundle f*E — M. We have a trivializing cover {f~!(U;)}; of
M with trivializations @; : f*E|;~1 @,y — [7'(U;) x V induced by the ¢;. Notice that
the forms f*a' € Q(f~Y(U;),End(V)) are also Maurer-Cartan forms, therefore we have flat
connections d — f*a’ defined on Q(f~1(U;), V). Furthermore, whenever the set f~1(U;) N
f71(U;) is nonempty, the forms f*o’|;-1(y,) and f*a? |1y, are gauge equivalent. Now we can
define a flat graded connection locally over every trivializing open d%. : Q(f~1(U;), [*E) —
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Q(fH(U;), f*E) by the formula df., = ¢, (d — f*a’)@;. The gauge equivalence condition
implies that the following diagram is commutative

dio

QU U) N U, fE) — QTN U) 0 ), [UE)

QU N AU, 7E) 25 U U) 0 AU, £ E).

This allows the definition of a global graded flat connection d« g such that ds- g
We will write f*dg = dg-g.
We have defined the pullback functor on objects. On morphisms we have the usual pullback

Y — d;*E

of differential forms
/¥ : Q(N,Hompy (F, E')) — Q(M,Hompy (f*E, f*E")).
Notice that our definition of f* guarantees that the following diagram is commutative

QN,E) -5 Q(N,E)

f*l lf*

QM, fB) L% (M, fB).

In turn this implies that D g g f* = f*Dp g, making f* a dg-functor. [

2.3 The oco-Groupoid and Representations up to Homotopy

In this section we state some generalities on simplicial sets. This will be relevant when we de-
fine the infinity groupoid of a manifold and its representations up to homotopy. Furthermore,
the particular realization of the simplices we present here will be convenient for interpreting
integrals as iterated integrals.

Definition 2.8. For every k > 0 we denote [k] = {0,--- ,k}. The simplex category, denoted
A, is the category whose objects are the sets [k] for & > 0. A morphism f : [k] — [[] is a
function that preserves the order, i.e. if m,n € [k] with m < n, then f(m) < f(n). Among
the morphisms there are some particularly important ones:

e The co-face morphisms are maps pf : [k] — [k + 1], with 7 € [k + 1]. The map pF is the
only injective, order preserving map whose image does not contain the element .

e The co-degeneracy morphisms are maps s¥ : [k] — [k — 1], with ¢ € [k — 1]. The map
¥ is the only surjective, order preserving map such that s¥(i) = s¥(i + 1).

e The k + 1 possible ways to include [0] in [k] which we denote by oF : [0] — [k] with
i € [k].
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The simplex category has a geometrical realisation which will be convenient for our purposes,
however it is to be noted that the relevance of the simplex category lies in its combinatorial
properties, not the geometric properties that may arise from the geometric description.

Let k£ be a non-negative integer, the k-dimensional simplex, denoted Ay, is the set
Api={(t1, -, tx) ER* [ 1>t > >t >0}

The 0-simplex Aq is merely the single point space {0}. The k-simplex may be included in the
k + 1-simplex as a face in k + 2 different ways. This inclusions are denoted p¥ : A, — Apyy
for i € [k + 1] and are defined by the formula

(Ltla"' 7tk) if i =0,
ﬁf(t17 7tk) = (tb“' 7tiflat’i:ti7t’i+l7“' 7tk) lf 1§ 7/ S k)
(t1, -+ 15, 0) o=kl

The components of the boundary of Ay, will be denoted 0;Ar,1 where

80Ak;+1 :15’8<Ak) = {(17t17"' 7tk’) | (tla"' atk‘) S Ak‘}7
Oilks1 = Pr(AR) = {(tr, -+ tima, ity tign, -+ ) } (t1,--- ,tk) € A},
Okt1Dp41 = ]3]12+1(Ak) = {(t1, -+ ,1,0) | (t1, - tk) € A}

On the other hand we have k projection maps 8 : Ay — Aj_; for i € [k — 1] that collapse
the k-simplex onto one of its faces. The projections are defined by

§f(t1,-~ ,tk) — (tl,“' i tio, ,lfk)-

The k + 1 different ways of including the O-simplex as a vertex in the k simplex will be
denoted ©F : Ag — Ay, for i € [k]. These inclusions may be obtained as compositions of the
pr as follows

Put simply, 95(0) = (1,--+,1,0,---,0) where the tuple has i ones and k — i zeroes.

The correspondence between the combinatorial and geometric descriptions of the simplex
category is straightforward: the set [k] maps to the simplex Ag. If f : [k] — [n] is an
order-preserving map, then we have a corresponding function f : Ay — A,, mapping the i-th
k

vertex of Ay into the f (i)-th vertex of A,. This assignment maps p¥, §¥ and oF into pF, s

and ©F respectively.

Definition 2.9. A simplicial set is a contraviariant functor X : A — Set from the simplex
category to the category of sets. We usually denote the set X(Ay) by X and the whole
simplicial set by X,. The co-face and co-degeneracy maps turn into face and degeneracy
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maps respectively
kN k. NN
X(@7) =pi  Xpw1 = Xi, X(57) =57 1 Xpm1 = X

The vertex maps turn into constant functions v¥ : X; — X;. When the dimension of the
simplex is clear from the context we will simply write p;, s; and v; for the face, degeneracy

and vertex maps.

The face and degeneracy maps satisfy the following relations called the simplicial identities:

Lopiph =phoiphifi <.

Rtlgh — ghtlgh ifj < j
2.8/ s = sy it <.

3. pi™ 15’“—52C IpE=2if g < g

4. pitsh=Idifi=jori=j+1.

5. ph~ lsf 1p211f2>j+1

Example 2.3. Let M be a smooth manifold. We define a simplicial set X, by X, =
Homgmeoth (Ag, M), the set of smooth maps from Ay to M. The whole simplicial set is called
the infinity groupoid of M and is denoted . (M).

We aim to define representations up to homotopy of simplicial sets, for this purpose we need
the following:

Definition 2.10. Let A be an algebra and X, a simplicial set. A cochain of degree k£ with
values in A is a map F': X, — A.

The algebra structure in A allows us to provide the set of cochains with some extra structure.
First we need some notation. There is a map P} : X, — X, called the r-dimensional frontal
face map. For an element x € X, we define

Pi(x) =pr_q - pk 119’;3 ).
Similarly, the r-dimensional back face @}, : X — X, is defined by
Qi(x) =1 py ' (x).

We use the front and back maps to define the cup product of cochains with values in A. Let
F and G be cochains with degrees k£ and [ respectively. The cup product, denoted F'U G, is
a cochain of degree k + [ defined by the formula

FUG(z) = F(Pgy(2))G(Qpu(x), = € X
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Remark 2.1. In the case of the infinity groupoid, the back and frontal face maps are the
pullbacks of the following maps respectively:

Ui:Ai—>An7 (tl"'ati)H(la"'717t1"'7ti)7
Vit Ay = Ay, (G- t) = (G- ,8,0,---,0).

Definition 2.11. Let X, be a simplicial set. A representation up to homotopy of X, is
comprised of

o A Z-graded vector space £, = @, EF for each O-simplex z € X,.

e A sequence of cochains {F}}>o such that Fj is a cochain of degree k with Fy(x) €
Homl_k(Evk(m), Evo(m)) for z € X,.

For each k > 0 we require the following relation to be satisfied:

E

-1

(=1)? Fema(pj(2)) = (1) (F; U Fiy) () = 0. (2.3)

1 j=0

J

The cup product used in relation (2.3) is defined with compositions. Explicitly we have
(Fj U Fyj)(x) = F;(Pl()) o Fi (@ (2)),

Fr—(Q (@) Fj(P](2))
Evk (z) — Evja: — Evo (x)-

As usual we will explore the meaning of the relations for low values of k.

e For £ = 0 we have a point x € X, and a linear map Fy(x) : E, — E, of degree 1 with
the property Fy(x) o Fy(x) = 0. Therefore (E,, Fy(x)) is a cochain complex.

e For k = 1 we have that a 1-simplex ~ is a path in M from z( to x;. Fi(7) is a morphism
Hom’(E,,, E,,) such that

Fo(xo) o Fi(7) = Fi(y) o Fo(z1).
In other words, Fi(7y) is a morphism of cochain complexes.

e For k = 2 consider a 2-simplex o with vertices o, 21, x2 and edges v, ; connecting vertex
x; to x;. The relation reads

Fi(v0,1) © Fi(12) — Fi(v0,2) = Fo(wo) o Fa(0) + Fa(o) o Fi(x2).

This means that the cochain complex morphisms going from FE,, to E,, defined by
applying F; to the edges of o are homotopic via a homotopy given by Fy(o).

When the simplicial set is the infinity groupoid of a manifold, a representation up to homotopy
is the assignment of holonomies for simplices of all dimensions in a coherent manner. In this
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case we have the following pictorial representation of the first three relations. A shaded face
of a simplex represents the holonomy assigned to it:

e For a path we have .

This relation states that the holonomy assigned to a path is a morphism between the
cochain complexes lying over the endpoints of the path.

e For the triangle we get |

Al A S

which means that the holonomy assigned to a 2-simplex is an (algebraic) homotopy
between the cochain maps assigned to its edges.

e For the tetrahedron the relation is .

S| D L S D

Definition 2.12. Let X, be a simplicial set and (F, Fy), (E', F) representations up to ho-
motopy of X,. A morphism of representations of degree n is a sequence ¢ = {py}r>0 with
@ a k-cochain such that for a k-simplex o € X}, we have

or(o) € Homn_k(Evk(U)’ E’;O(U))'

The identity morphism is the sequence ¢y = Id and ¢ = 0 for £ > 1.
Ifo:(E,F)— (E',F')and ¢ : (E', F') — (E"”, F") are morphisms, then the composition is
the sequence {(¢’ o ¢)x}x>0 where

(o= Y (=1)"(¢}Ue).

i+j=k
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The differential of ¢ is the sequence {D(¢) }r>0 where

x>

-1

D(ph(o) == Y (FV)"FjUi(o) + Y (1" piF(0) + ) (=1 e (pil0)).

i+j=k i+j=k i=1

Proposition 2.4. Representations up to homotopy of X, form a dg-category with the mor-
phisms, composition and differential given in Definition 2.12.

The category of representations up to homotopy of X, will be denoted Rep™>(X,). In partic-
ular, if the simplicial set is 7w, (M), we will denote the category by Rep>(M).

3 The A, de Rham Theorem and Higher Parallel Trans-
port

The main goal of this chapter is to prove a theorem of Riemann-Hilbert type relating oo-local
systems to representations of the infinity groupoid of a manifold that first appeared in [8] and
[16]. The theorem will be a consequence of the A,, de Rham theorem which was first proved
by Gugenheim in [14]). Here we follow the presentation given in [2]. The A, theorem states
that there is an A,.- quasi-isomorphism 1) : (Q*(M),d, A) — (C*(M),d,U) from the de Rham
algebra of a manifold to its smooth singular cochain algebra. The zeroth component of v is
precisely the morphism used in the proof of the classical de Rham theorem. The morphism
1 is constructed as a composition of two maps ) = S o C where C : B(Q*(M)) — Q(PM)
is the iterated integral map going from the bar complex of (M) to the de Rham algebra
of the path space PM. The second map S : Q(PM) — C*(M) is called Igusa’s map and is
defined in terms of a family of maps relating the cellular structures of the cubes {I*};> and
the simplices {Ay }r>o.

3.1 Iterated Integrals: A Scalar Version

Here we develop a version of one of the main tools used throughout this thesis, Chen’s iterated
integrals. Iterated integrals were formalized by Chen in [11]. In this text we use iterated
integrals for two major purposes:

1. To construct an A.-quasi-isomorphism between the de Rham algebra and the algebra
of smooth cochains of a smooth manifold, this is known as the A,, de Rham theorem.
In turn this will allow for the definition of higher dimensional parallel transport.

2. To construct an A.-natural transformation between some dg-functors. This will lead
to an A, version of the Poincaré lemma.

Each purpose requires a different version of iterated integrals. Although the particularities
of the constructions differ, both versions have mostly the same properties. For the A, de
Rham theorem we use a scalar version of iterated integrals. For the A, Poincaré lemma, a
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vector valued version is needed and will be constructed in the next chapter.

The path space PM is the space of smooth maps from the interval to M, this is C*°(I, M).
Let X be a smooth manifold. We say that f : X — PM is smooth if the evaluation map
f X x I — M, f¥(x,t) = f(x)(t) is smooth. The idea to define differential forms on
PM is that it is enough to know all the possible pullbacks of a differential form o € Q(PM)
to finite dimensional manifolds X via smooth maps f : X — PM. So a differential form
a € Q(PM) is a choice of a differential form f*(a) € Q(X) for every pair (X, f) where
X is finite dimensional and f : X — PM is smooth. The choice must be natural in the
following sense; suppose (Y, g) is another pair, and there is a smooth map h : X — Y such
that go h = f, i.e., the following diagram commutes

X ' pm
hl H (3.1)
Y —— PM,

g

then we must have h*(g* () = f*(a).

Differential forms on PM may be rigorously defined as follows:

e Let C'(—,PM) be the category whose objects are pairs (X, f) where X is a finite
dimensional smooth manifold and f : X — PM is smooth. A morphism h : (X, f) —
(Y, g) is a smooth map h : X — Y that makes diagram 3.1 commutative.

e The functor R : C(—, PM) — Vect is the constant functor assigning R to every object
(X, f) and Idgr to every morphism.

e The functor QC(—, PM) — Vect assigns 2(X) to an object (X, f) and h* to a mor-
phism & : (X, f) — (Y, 9).

e A differential form o € Q(PM) is a natural transformation a : R — Q.

The dg algebra structure on Q(PM) is defined by declaring
['(do) = df*o, and f*(aAB) = f*(a) A F(B), for a, 6 € Q(PM).

The scalar version of the iterated integral map is a map going from the bar complex of the
de Rham algebra of M to the de Rham algebra of the path space.

C: B(Q(M)) — Q(PM).

In order to define a form C(sa; ® - -+ ® sa,) in Q(PM) fix a pair (X, f) with X a smooth
manifold and f : X — PM asmooth function. Using f we can define maps f(,,) : A, x X —
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M™ by the formula

f(n)(tlv"' 7tmx) = (fev(tbx)v' o >f6v(tm$))a

which in turn define pullbacks [ : Q(M") = Q(A, x X). We also denote by p; : M" — M
the projection onto the i-th component and define the map P : (sQ2(M))®™ — Q(M™) by the
formula

P(sag @ -+ @ say,) = (=L)X [alm=Dpxq A oA pEa,.

The sign in the formula is precisely the sign obtained from the Koszul convention applied to

5én;

(S®n)(a1 ® P ® an) — (_1)2?:1 Iai‘(n_i)sal ® e ® Sy, .
The last step is a push forward map 7, : (A, x X) — Q(X); it is defined locally by

F(tr et 2)dty - dtydX o (/ Ftr, e o 2)d - --dtn) ix. (3.2)
Ay

Thus we have the composition
Iin .
(sQM)E™ L5 M™) 2 (A, x X) I Q(X),

which allows us to define the iterated integral map C: B(Q(M)) — Q(PM): for say @ -+ ®
say, € (sQ(M))®™ and a pair (X, f), we define C by the formula

[ C(san @ -+ ® sa,) = mu(f() (P(sa1 @ -+ - @ saw,)))
= (~1)== I (f i (an) A= A (an)).

Lemma 3.1. The push forward 7, : Q(A,, x X) — Q(X) is a morphism of left Q(X)-modules
of degree —n. This is, for every w € Q(X) and o € Q(A,, x X) we have

T (7 (W) A @) = (=1)IMw A7, (a).
Furthermore, let O be the composition
OA, x X "I A, x X T X,
where 04, is the boundary of the simplex. Then the following formula holds:

meod— (=1)"dom, = (0m). o (v x Id)". (3.3)

The push forward along 07 is understood as the sum over the push forwards of the compo-
nents of the boundary 0A,,.

Proof. First we check that the push forward is a morphism of Q(X)-modules, notice that it
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is enough to check this locally. Suppose (z1,--- ,z,,) are coordinates for X and write

w = fdx;, - dx;, € Q(X),
a = gdt, - dtyday, - - - drj, € QTHA, x X).

Then we have
/ (W) ANa = / fdxg, - - dxg gdty - - - dtpdx;, - - - dzy,
An A'n
= (=1)"f (/ gdty - - - dtn) dxi, - - dw; dxj, - - - day,
ATL

= (—=1)"w A /An a.

The fact that 7, has degree —n is also clear from the previous computation. For the second
statement first we consider a form a = gdt, - - - dt,dx;, - - - dz;,. Notice that restricting this
form to the boundary of A, nullifies it, therefore in this case we merely need to check that
7. od = (—1)"d o, which is straight forward:

al/An gdty ---dt,dzj, - -dxj, = ; /An B, dty - - - dtpdridey, - - - drj, = (—1)" 7. (d).

—~

Next we consider forms of the type a = gdt; - - - dt, - - - dt, dxj, - - - dxj,, where the hat denotes
that dt; is not a factor of a. For this form the term d o m, vanishes, leaving us to check
that (—1)""'71, 0d = (9m), o (v x Id)*. Notice that when we restrict a to the boundary of
A,, the only terms that remain correspond to the components t,_; = t; and tp = 1 of
the boundary. In the cases k = 1 and kK = n we have the components t; = 1,f; = t, and
tn_1 = tn,t, = 0 respectively. With this the computation is straight forward

0 —~ 0
(—1)”*1/ 29 Gty - dty, - dtnday, - dey, = (—1)“+k/ 29ty - - dtpda;, - - daj,
Ay atk An atk
— (_1)’f—1/ gdty - dty -+ dtpdaj, - daj, + (_1)k’/ gdty -~ dty - dtndaj, - - daj,.
8k,1An akAn
For any other homogeneous form, equation (3.3) is trivial. O

Remark 3.1. Chen’s map has the property that the image of an element sa; ® - -+ ® sa,,
for which one of the factors is a function is zero. If «; is a function, the vector field %
annihilates the form f{,(pi(a1) A--- Apj(an)), thus the integral over A, vanishes.

Lemma 3.2. Chen’s map is natural, i.e. if h : M — N is a smooth map, then the following
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diagram is commutative:

B(Q(N)) — Q(PN)
Bh*l l(Ph)*
B(Q(M)) — Q(PM).

The map Bh* is the map induced on the bar complex by the pullback h* : Q(N) — Q(M)
and Ph: PM — PN is the push forward of paths along h.

Proof. Consider the diagram

p (Phof)?,,)
(sQN))Er —L s QINT) —— % (A, x X)

Bh*l (h")*l IdJ{

(sQM)E" —= QM) —— A, x X).

The left square is clearly commutative. The second square is commutative since

(Phof)(n) = (hX cee X h)Of(n)7
The naturality of C follows. O]

Proposition 3.1. For any element sa; ® - - - ® sa, of B(2(M)), the following identity holds:

d(C(sa; ® -+ ® say,)) =C(D(sa; @ - - - ® say,))+
evi(an) ANC(sae ® - -+ ® say,)
— (=1)lealtHonalC(say ® -+ @ sap_1) A evi(an).

In the previous equation, D is the differential defined on the bar complex; evy,evy : PM — M
are the evaluation maps in ¢t = 0 and ¢ = 1 respectively.

Proof. 1t suffices to establish the formula for the pullback of C(sa; ®- - -®say,) by any smooth
map f: X — PM. Using Lemma 3.1 we see that f*dC(sa; ® - -+ ® say,) is equal to

(=1)== (=) (mad (S (Plan A= Appan))
+ (=1 (Om)a (e x 1A)* [y (Plen A+ Apram)).

The first term gives

n

Z(_1)|a1\+-~+\ai_1\f*c(3a1 Q- @ s(—dog) ® - -+ @ say).

i=1



CHAPTER 1. PRELIMINARIES AND MOTIVATION 43

The second term yields

n—1
(—1)lealrHosl (2 C(say @ - @ (e A i) @ -+ @ sa,)
i=1

+(evr 0 f)'an f*Clsa @ - @ so,)
— (=1)leal ol £ C(s0q ® -+ @ sap_1) A (evg o f) .

Definition 3.1. The set
CX(1,0I) :={¢: I — I | ¢ is smooth, monotone and ¢(0) = 0, ¢(1) = 1}
is a monoid under composition and acts on C*°(X, PM) via reparametrizations:
(0o ) (L, 2) = [(o(t), 7).

A differential form w € Q(PM) is reparametrization invariant if for any smooth map f :
X — PM and any ¢ € C°(I,0I) the equation

fro=(oef)w

holds. The subcomplex of invariant differential forms will be denoted by €;,,(PM).

Lemma 3.3. The image of Chen’s map is contained in the subcomplex ;,,, (PM) of reparametriza-
tion invariant differential forms of PM.

Proof. Pick an arbitrary f: X — PM and ¢ € C°(I,0I). We want to check that
Clsa1 ® - @ say,) = (g e [)*Csay ® -+ ® sauy,)
holds. Using the equality
(0o flmy = fmyo (@ x---xopxId): Ay x X — M",
we see that it suffices to prove the equation
Te =m0 (P X -+ x o xId)*: QA, x X) — Q(X).
The equation follows from the substitution rule for integrals. O]

3.2 Igusa’s Map

Next we construct Igusa’s map, this is

S:Q(PM) — sC(M).
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The definition relies on a sequence of maps going from cubes to the path spaces of simplices:

Definition 3.2. For each k£ > 0 we define a map
@(k) ) L PA,

as a composition of the following maps:

e Themap N : I¥~1 — PI* which is defined as follows: take a point (xy,- -+ ,2,_1) € I*7?
and consider the sequence of points

Py = (21, ,Xp—2,Tp-1,1),
P = (56'1, s 737k72737k7170)7
P2 - (xla ot 7$k—270a0)a

B =(0,---,0).

The path Ag(z1, -+, Tg_2,Tk_1) is the piecewise linear path
[Po, P1] * -+ % [Py_y, Py]

which can be made to be smooth when composed with an appropriate reparametriza-
tion. The reparametrization chosen will be irrelevant due to the reparametrization
invariance property of the iterated integral map stated in Lemma 3.3.

e The map Pry, : PI*¥ — PA, where 7 : I¥ — A, is such that

(21, o xp) = (L1, - , 1) where t; = max{x;, -, z}.
Then we have Oy = P, 0o A\p. We also make the convention that ©) is the trivial map
from a point to a point. The adjoint map of O, will be denoted ©y, : IF — A,

The degree of the adjoint map Oy, is (—1)%, this is

/Ik ’,;a:(—l)k/Aka, a € Q(A).

Furthermore, notice that the image of ©) lies in the subset of PA; comprised of paths
beginning at the last vertex v, and ending at the zeroth vertex vy of Ay.

The sequence of maps Oy, relates the family of cubes I* with the family of simplices Aj. We
already know that the simplices satisfy some combinatorial properties given in terms of face
and degeneracy maps. We can also define face maps for the family of cubes:
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Definition 3.3. For k > 1 we define the maps 07 : I* — I**! fori=1,---  k+1 as follows:

87;_('1717"' 7'1:]6) = (x17"' 7xi—1707xi7"' axk’)a

a;_(xh... 7xk) — (xl’... 7xi_1717xi7... 7Ik)'

In the case k = 0 we have that I° = * is the single point space and 0% : * — I are the
constant functions 9~ = 0 and 0" = 1.

The following lemma states some compatibility conditions between the face maps of the cubes
and the face maps of the simplices:

Lemma 3.4. The sequence O satisfies the properties:

1. For 1 <i <k — 1 the following diagram is commutative

0;
]k—2 L Ik—l

@(k—wl l@w

PAk_l — PAk
Po;

The map P0; is the composition
PAp_y 25 PAy 2% PA,

where §; : Ap_; — A, is the i-th face map and R; is induced by the following

reparametrization:
% for 0<t< k*]i’l,
Ri(t) == ¢ 5L for ’f*kj <t < B
kt—1 k—
T—1 for T S t S 1.

2. For 1 <i <k — 1 the following diagram is commutative

o) Or)

]k—2 N Ik—l PAk
gh M
1 x Ikiiil PAl X PAk—z
Oy X O(—i)

The map p; is the concatenation
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where U; and V; are the maps defined in Remark 2.1.

The following lemma explains an interaction between the concatenation maps u; from Lemma
3.4 and the iterated integral map C.

Lemma 3.5. Let wy,--- ,w, be differential forms on Ay and let f: X — PA;and g: Y —
Aj_; be smooth functions. Then
| x oy cisn e @ sw)
XxY

— Z (/X ffC Vi@ ® sV;*wz)) X (/Y g OsUf w1 ® - ® SUI:—iwn)> '
=0

Here we are extending C' to the augmented bar complex R @ B(Q2(Ay)) by setting C(1) :=
The proofs of Lemmas 3.4 and 3.5 can be found in [2].

Definition 3.4. Igusa’s map S : Q(PM) — sC(M) is defined as follows: let a € Q(PM),
then S(«) := s¢(«) is the suspension of the cochain ¢(a) defined on a k-simplex o : Ay — M
as

s(a)(o) = Oy Poa.

Jk—1

The purpose of Lemmas 3.4 and 3.5 is to prove the following formula:

Proposition 3.2. Let wy, - ,w, be differential forms on M, then the following equation
holds:

S(dC(sw1 @ -+ @ swp)) =0(S(Clswi @ -+ @ swy)))+

n—1

Z S(C(swy ® -+ @ sw;)) U S(C(swigp1 & -+ @ swy)).
Recall that the hat in the notation means we are considering the differential and the product
defined on the suspension.

Proof. Take a = C(sw; ® - -+ ® swy,) € Q(PM) and a k-simplex o : Ay — M. Then we have

S(da)(o) = /Ikl dO, (Po) a = / "0, (Po)

ork—1

where ¢ is the inclusion of I*~! into I*~!. The right hand side of the previous equation may
be written in terms of the inclusions 97" : [¥=2 — [F=1:

k-1
O / \(Po)* / i (Po) a
/{;Ik 1 Jk—2 ) ; Jk—2 ) (k)( )

k—1

=1
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For the terms in the first summation we use part 1 of Lemma 3.4 and the naturality of C.
We get the equation

[, oreirera= [ i (Poioya =S

Adding from ¢ =1 to k — 1 yields

k—1

/Ik , ) O (Po)a = H(S(Cswr ® -+ @ swp))) (o)

—S(Csw; ® - - ® 5wp))(F0) — (—1)FS(Cswy @ -+ - @ swy))(0f0).

=1

For the terms in the second summation we use part 2 of Lemma 3.4 together with Lemma
3.5 to write

/Ik (076 (Po) Q_Zs (sw1 @ -+ @ 5,))(V 0)S(Clswy1 @ - @ seon) ) (U_0).

Adding these expressions over the possible values of ¢ yields

k—1 —
/ ) Z Clsw ® -+ ® sw;)) OS(C(Swi+1®"'®3wn))(U)
=1 k=2 =1
—S(C(sw1 ® - - ® 5wp))(F50) — (—1)FS(Clswy @ -+ - @ swy))(0f0).
Subtracting both summations yields the equation. O]

3.3 The A, de Rham Theorem

In this section we define the A..-morphism going from the de Rham algebra of a manifold
to its smooth singular cochain algebra. Recall from Definition 1.5 that an A..-morphism
between dg-algebras A and B is a sequence of maps v : A®® — B satisfying a set of
relations. In this situation the sequence will be obtained as the composition of the Chen
iterated integral map C and Igusa’s map S for £ > 1. For k = 1 the definition is slightly
different. First let us compute S o C(sa)(o) for o € Q(M), |o| # 0 and o : Ay — M:

S(C(sa)) (o) = /Ik1 (nPo"Csa) = /Ik1 O C(so™a)

= [ Oic'a) = (—1)’“/ ora.
I* Ak

Notice that the previous equation ceases to be true when |a| = 0 since C'(sa) = 0 while the
integral [ Ay o*a may differ from zero in case k = 0. Based on this observation we define the
Aso-morphism.
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Definition 3.5. Let M be a smooth manifold. We define a family of maps ¢ = {1} with
Uy o (sQUM))®™ — sC(M)
as follows:

e For n = 1, take an arbitrary simplex o : Ay — M and define

isa)(o) = (-1 [ o

Notice that ¢ (sa) = S o C(sa) whenever |a| > 0.

e If n > 1 then we define

Yp(sa; @ -+ @ say,) =SoC(sa; ® -+ ® say,).

Remark 3.2. Notice that if « is a form of degree zero, then v, (sa) = sa. Furthermore,
from Remark 3.1 we get that for n > 1, ¥, (sa; ® - -+ ® say,) vanishes whenever one of the
factors «; is a form of degree zero. In other words, the sequence 1) satisfies the hypothesis of
Lemma 1.2.

Theorem 3.1 (Gugenheim). The sequence ¢ := {9} is an A, -quasi-isomorphism from
(Q(M),—d,N) to (C(M),d,U). The construction is natural with respect to pullbacks along
smooth maps.

Proof. From the formulas given in Propositions 3.1 and 3.2, we have the following

So C(D(sw; @ -+ ® swy)) =0(S 0 Clswy @ - - - @ swy))
n—1

+ Z(S 0 C(sw; ® -+ ®sw;)) U (SoClswips @+ swy))

i=1
—S(evi(w1) AC(swe @ -+ - ® swy))

+ (= 1) S IS (Cswy @ -+ @ swn_1) A evi(wn)). (3.4)
For n =1 and n = 2, the previous equation turns into

¢1(dsw1) = 51/11(5’@01) and
W1 (swiAsws) — U1 (swy) U by (sws) = 01a(swi @ wa) — a(d(swr) @ swa 4+ (—1)*Usw; @ d(sws))

respectively, which are the first two relations required of an A.,-morphism.

For n > 3 we recall that ¢, (sw; ® -+ ® sw,) =S o C(sw; ® -+ ® sw,) whenn >2orn =1
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and |wy| > 0. Thus equation (3.4) turns into
SoC(D(sw; ® -+ @ swy)) =06(thn(sw1 & - -+ @ swy))
n—2
+ D Wilswr @ ® sw;)) U (Yhi(swipr ® -+ @ swy,))
i=2

—S(evi(w1) AC(swy ® -+ ® swy))

+ (S0 C(sw1)) U (Yn_1(swa @ -+ - @ swy,))

+ (=) ZIEIS(Cswy ® -+ @ swn_y) A eviy(wn))

+ (p_1(sw1 @ -+ @ swp_1)) U (S 0 C(swy)).
In the previous expression, the third line vanishes whenever |w;| > 0 and the fourth line
vanishes when |w;| = 0. Similarly, the fifth line vanishes whenever |w,| > 0 and the sixth

line vanishes when |w,| = 0. Computing directly the third and fifth lines (when they are not
null) yields

—S(evi(w1) ACswy @ -+ @ swy)) = (Y1(sw1)) U (thy_1(swa @ - -+ @ swy,))
(—1)2?;11 “iIS(Clswr @ -+ @ swn 1) Aevi(wa)) = (Va1 (sw1 @ - @ swn 1)) U (¢ (sw3)).

In any case, equation 3.4 turns into

SoC(D(sw; @ -+ @ swn)) =0(S 0 Csw; @ -+ @ swy))

n—1
+ Z(¢i(8wl Q& swi)) O (wn,i(swiﬂ Q- swn)),
=1

proving the A, relations for n > 3.

The naturality of ¢ is a direct consequence of the naturality of both S and C. Furthermore,
since 1 is exactly the map used in the proof of the classical de Rham theorem, it is immediate
that v is a quasi-isomorphism. O

Remark 3.3. To get an A,-morphism from (Q2(M),d, A) — (C(M), d,U) we simply compose
the sequence v with the isomorphism (Q(M), d, A) = (Q(M), —d, A) given by a + (—1)la.
From this point forward, 1) will denote this composition and not merely the morphism defined
in 3.5.

3.4 Higher Parallel Transport

Here we show how Gugenheim’s A,.-morphism may be used to construct representations up
to homotopy from oco-local systems. Here is a quick summary of the procedure:

e We begin with local system over M whose vector bundle is trivial, i.e., = M x V for
some graded vector space V. The flat graded connection defined over F is determined
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by a Maurer-Cartan element o € Q(M) @ End(V).

e The A,-morphism ¢ : Q(M) — C(M) may be extended to
YV QM) ® End(V) — C(M) @ End(V).
This extension is still an A,-morphism.

e Mapping o under ¥V as in Definition 1.8 will yield a Maurer-Cartan element " (o) €
C(M) ® End(V) according to Lemma 1.1.

e Evaluating v"(a) on a simplex ¢ : Ay — M yields an endomorphism of V' which can
be interpreted as a map going from the fibre over the last vertex of o to the fibre over
its zeroth vertex. The Maurer-Cartan equation for ¢¥(«) unravels into the relations
required to define a representation up to homotopy.

e Finally, according to Lemma 1.2, 9" preserves gauge equivalences, which allows for the
definition of a global representation up to homotopy.

The following results fill the details of the procedure:

Lemma 3.6. Let ¢ : (A,da,ma) — (B,dg,mp) be an A -morphism between dg-algebras
and let V' be a graded vector space. Then both A®End(V') and B® End(V') have dg-algebra
structures and ¢ may be extended to an A,,-morphism

0 A®End(V) — B ® End(V).

Proof. For the dg-algebra structure we consider End(V') as a dg-algebra with differential
equal to zero. Then the tensor product of dg-algebras is again a dg-algebra as stated right
after Definition 1.3. Now we extend ¢ by the formula

er (@ @T) @ @ (a, ®T,)) = (—1)°pn(la1 @ - @ a,) Ty -+ Ty,
where s = |T'||as| + (|T1] + |T2|)|as| + - - -+ (|T1| + - - - + |T_1|)|an|- The Ay relations in this

setting take the form

n—1 n—2
( Ten(1¥ @ da @150 4 3 (<1) ' (19 @ ma @ 1507 ”)) @ (Ty---Tn)
=0 1=0

]

Remark 3.4. According to Remark 3.2, 1 satisfies the hypothesis of Lemma 1.2, hence the
same is true for V.
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Lemma 3.7. An oco-local system with trivial vector bundle (E,dg) = (M x V,d—«) induces
a representation up to homotopy of the co-groupoid 7, (M).

Proof. We wish to define a sequence of cochains { F},} such that Fy(c) € Hom' ™" (E,, (), By (o))
for a k-simplex o : Ay — M. Let 8 := ¢V (a) € C*(M) ® End(V). We know that f3 is a
Maurer-Cartan form, therefore it is homogeneous of degree |f| = 1 and satisfies the Maurer-
Cartan equation. Since

(C*(M) ® End(V))' = @ C*(M) @ End'~(V),

>0

the form 8 may be written as a sum 8 = .., where 3; € CYM) ® End' (V). Let
1 denote the cochain that assigns the identity to each 1-simplex and consider the element
f—1eC*(M)®End(V), this is

B=1=F+(B—1)+ P2+ B
Since both g and 1 are Maurer-Cartan forms, we have the following equation
(p-1)—(-1U(p-1)—1UB—-BUL=0—-FUL+1—-1U1=0.

If we consider the k-th homogeneous component of the previous equation we get

k

k
Zﬂk—l@j) - Z(—l)j(ﬁj UBk—j) —1U Bk — B UL =0.
i=0 =0

J]=

The first and last term on the first summation cancel out with 1 U 8,1 + Sx_1 U 1, leaving

us with
k

> Bra(pg) = (=1 (85U Bry) = 0,

J=0

which is precisely the relation required of a representation up to homotopy.

Finally we define the cochains of the representation. For a k-simplex o we define

Fi(o) : {vg(o)} x V = {vo(0)} x V as
Fi(o)(vr(0),u) = (vo(0), (6 = 1)i(0)(u)),  uweV.
To simplify the notation we will write Fy (o) = (—1)x(0), where the morphism is understood

to go from the fiber over vi(o) to the fiber over vy(o). O

Theorem 3.2. An oo-local system over M induces a representation up to homotopy of the
oo-groupoid 7o (M).

Proof. Let (E,dg) be an A-local system over M whose fibers are isomorphic to the graded
vector space V. We will define the sequence of cochains {F;} that determine the represen-
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tation. Let o : Ay — M be a k-simplex. The vector bundle ¢*E is trivial, therefore there is
an isomorphism ¢ : 0*(E,dg) — (Ax X V,d — o) and we have the following diagram:

AL xV 2 0B -2+
| | |
Ay : Ay > M.

id o

By Lemma 3.7, (Ay x V,d — «) induces a representation up to homotopy of 7, (Ay) which
we denote {F*}. Evaluation of F at the fundamental cochain id : Ay — Ay yields a map
Fo(id) : {vg} x V= {we} x V. Let us denote by ¢y, Gy, v, and &, the restrictions of
v and ¢ to the fibers of 0*F over the zeroth and k-th vertices of A, respectively. Then we
define

Fy(o) := (31,0@;(]1F,§“(id)g0vk61;1  Eotog) = Eouo)-

Let us check that the definition does not depend on the choice of trivialisation for o*FE:
suppose ¢ : 0*(E,dg) — (Ar x V,d — ') is another trivialisation, then « and o/ are gauge
equivalent via the element 't € Q°(A, End(V)). Let 3 :=¢" () and 8 := 9" (a/), then
by Lemma 1.2 we have the gauge equivalence of 3 and 3’ via ¢!, this is

B=p U UG — o U(¢eT).
For k # 1, the gauge equivalence relation is merely a conjugation by ¢'p~!, therefore we have
e FE (1)p0, = 0 (untl B ()20, 051 ) 00, = i FE (1),
For k = 1 we use the gauge equivalence equation and compute @'t U §(p 1) (id) to get

o F(id) g, = 03! (B1) (id)ipu, — 03! 1(id)ipu,
= O Pulos (B (1), 03 o, — P Puo g (P P = Py Pr’) Pur — Py P
= ¢y (BAD)¢,, — @i @, + P P = P P
= ¢ (B = 1)(id)¢),
= &y Fi (i),
The fact that the family of cochains {F}}satisfies the relations of a representation up to
homotopy stems from the fact that each {F} does. O

We have just defined a map [ : Locoo(M) — Rep™(M). This map can be extended to
an A.-functor between the dg-categories that is actually an equivalence of categories. For
details on this construction we refer the reader to [2].



Chapter 2

An A~ Version of the Poincaré
Lemma

In this chapter we set out to prove some homotopical properties of the category Loc.,(M).
Given the dg-structure of the category and bearing in mind the A, de Rham theorem,
any sort of property of Loc,, (M) will be proven with the proper considerations of the A..-
structure. Once again iterated integrals prove to be instrumental for our purposes, thus we
devote the first section to the development of the version better suited to prove our results.
Once we have established the basic properties of iterated integrals, we move towards the
proof of the main theorem of the chapter, Theorem 2.3. The theorem states that homotopic
maps f,g : M — N induce functors f*, g* : Loc(IN) — Locs (M) that are A.-naturally
isomorphic. In the process we show some examples highlighting the importance of the A.-
structure. The third section contains the corollaries of our main result, including the A,
version of Poincaré’s lemma. The final section of the chapter contains a long computation
necessary to prove the relations required of the A, -natural transformation.

1 Iterated Integrals: A Vector Valued Version

For the present chapter we will adopt a slightly different notation for simplices. We will
denote by Ag(t) the k-simplex of width ¢ for t € [0, 1], this is

Ak(t):{<517-.~’8k)ER | tZSIZ...ZSkZO}
The components of the boundary of Ag(t) will be denoted 0;Ag(t) where

DAL = {51, 50) € Apl() | 51 =1,
OiAk(t) = {(s1,- -+, sk) € Ax(t) ’ Si=Sit1}, i=1,--- k—1,
8kAk(t) = {(81, s 7Sk) S Ak<t) ’ Sk = 0}

23
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For any smooth manifold M we denote by .+ : Ag(t) x M — [0, ] x M the projection onto
the i-th component of the simplex. We will omit both & and ¢ from the notation when the
dimension and width of the simplex are clear from the context.

Let V' be a vector space and consider the trivial vector bundles A, x M x V and M x V.
The push forward fAk t Q(Ag x M) — Q(M) defined in (3.2) may be extended to forms with
values in V'
/ RId: QA x M)V = QM)® V.
Ay

We will abuse the notation and just write [ A for the map [ AL ®Id. Now consider the case
where V' is a graded vector space and we take forms with values in End(V'). The vector space
Q(M,End(V)) may be provided with a dg-algebra structure with the product

(a@T)A(B®S) = ()T (aAB) @ (ToS) for a,feQ(M)andT,S e End(V).

In a similar way, the action Q(M) O Q(Agx M) may be extended to an action Q(M, End(V)) O
Q(Ag x M,End(V)). The first part of Lemma 3.1 still holds in this context:

Lemma 1.1. The map fAk : Q(Ag x M,End(V)) — Q(M,End(V)) is a morphism of
Q(M,End(V))-modules of degree —k.

Proof. Take a € Q(M), p € Q(Ag x M) and T, S € End(V'). Then
/ (a@T)A(B®S)=(—1)" (/ a/\ﬁ) ® (T oS)
Ay Ap

_(—1)lBITIlel (a/\ /A 5) % (T o S)
(= 1) BIT=Ialk+TI08R) (o @ ) A ((/A 5) ® 5>
(—1)~UelHTDE (o & T) A ((/A 5) ® S) .

Notice that the sign obtained is given by the Kozsul convention when considering the total
degree of @ ® T', not just the form degree. m

For each ¢t € [0, 1] and a sequence of possibly non-homogeneous forms {6;},>1 € Q([0, 1] x
M,End(V)) consider the series

oty =i+ [mion [Mmi) o [ wion (1)

k>1

If the forms are homogeneous, then the previous iterated integrals can be written as integrals
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over the simplices as follows:

90(t> —id+ Z(_l)(k71)|91\+(k72)\02|+---+|9k71\ / 7-‘-16 (91) .. WZ<9k) (12)

k>1 Ag(t)

Notice that the sign (—1)F=DI0ul+(E=2)021++k-1] j5 precisely the sign obtained when com-
muting forms with integrals. The sum above is not finite and is not necessarily convergent,
however it will converge whenever the sequence of forms is uniformly bounded. Suppose
each form can be written locally as 0; = f;(t, z)dtdX;. We say that the sequence {0;};>; is
uniformly bounded if there is a function B : M — R such that |f;(¢,x)| < B(z) for every
i > 1 and every t € [0,1]. Notice in particular that constant sequences and sequences with
finitely many different forms are uniformly bounded.

Lemma 1.2. Suppose the sequence {6;};,>1 € ([0,1] x M, End(V)) is uniformly bounded.
Then the series (1.2) is convergent.

Proof. The volume of the k-simplex of width ¢ is t*/k!. If B(x) is a bound for the sequence
then we have

tk
fi(sy, @)« fe(sk, x)dsy - -dsi| < EBk(x)

Ag(t)

The convergence of the series follows. m
We are particularly interested in the case of constant sequences.

Definition 1.1. Suppose ; = « for every i. Then (1.2) can be written as

o) =i+ 3 (-1 [ i) o)

E>1 Ag(t)

where o(k) =0+ 1+ ---+ (k — 1). Since the sequence is uniformly bounded, the series is
convergent and defines a form in Q(M, End(V')) which we will denote ¢*(¢). In fact we have
a smooth map ¢® : [0,1] — Q(M, End(V)).

Next we prove some facts about the forms ¢®. We denote by ¢; : M — [0, 1] x M the inclusion
at level ¢, this is, ¢(x) = (¢, z). Also, let i 2 denote the contraction with the vector field 2.
The first result we prove is that ¢(t) defines a solution for the parallel transport differential
equation.

Proposition 1.1. ¢“(t) satisfies the following differential equation.

% = Lfi%a A (1),
©*(0) = id.
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Proof. Clearly ¢®(0) = id. Let us compute the derivative.

dgpa d t* d/t * /31 * /Skl *
— = T o) + — (o Tola) - - - T
o= a ) e g e [ me) [ ma)

k>2 0
t 52 Sk—1
—LtZaOé—l—LtmozZ/ W;(a)/ 75 () / ()
"o /o 0 0
t 52 Sk—1
=10 <id—i—2/ ﬂg‘(a)/ 7r§(oz)---/ WZ(&))
" k>2 70 0 0

= L:i%agpa(t).

Next we prove the gauge invariance property of iterated integrals.

Proposition 1.2. Let a € Q([0,1] x M,End(V)) and g € Q([0,1] x M,End(W)). If ¢ €
Q°([0,1] x M,Hom(V,W)) is invertible such that o = =18y — 1y~1di), then the following
equation holds:

P(t) = ()" () (). (1.4)

Proof. The strategy of the proof is to show that the right side of equation (1.4) satisfies the
differential equation (1.3). By Proposition 1.1, ¢® also satisfies the equation making both
sides of (1.4) equal.

Let us compute the derivative of (¢71) 1" (t)(151)) with respect to ¢:
d * ) — * d * ) — * * ) — d A *
(VTP ) = Z (TP O + v iy

d * — * * — * - *
= %(Ltw I)Soﬂ(t)bow + 4 ILtZ%BSOB(t)Low

d
= %(LM_I)SOB(??)LW + (v i Bu) (T P () gy). (1.5)

Since o = 18y — 1 ~1di), we also have
Uieoa =Y Wie i) — L*w’li(b*w)
tho =L t1.2 Pl t ¥
Replacing in (1.5) we get
d*flﬁ* d*flﬂ* * *,1.—1, B e\, * *71d* x =1 _Brg\,*
E@tw @ (t)gh) = E(%ﬂ/’ ) (t)bow+bt2%abt¢ @ () + 1 E(bﬂp)%d} " ().

By the product rule we know that d(:j¢~")/dt = —ijyp(d(¢jep)/dt)ej1p™", hence the first
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and last term on the right cancel out leaving us with

d
%(W—l@ﬁ(tﬁé@ = iga(t) v " (),

completing the proof. O
The following computation will be relevant in the next section.

Proposition 1.3. Suppose 6;,-- -, 0, € Q([0,1] x M,End(V')) are homogeneous forms, then

d/ T 0L N A0k
A(t)

-

(-1)k+2§;11 1951 / " 7T>1k491 VANRIERIVA 7'(':_101'_1 AN W;dez VAN 7T;<+10i+1 VANRIERAY WZH}C
1 Ag(t

)

N

-1
+ (—1)1/ 7TT91 N ---Aﬂf_lﬁi,l/\ﬂf(ﬁi/\eiH) /\7T;<+161'+2/\"'/\7TZ_19]€
Ap—1(t)

i=1

+ (=1)* / TN AT Ok—1 | A G5Ok
Ap—1(t)

+ (=1) BVl =g, A / mhs AN AT, | -
Ap—1(t)

Proof. For k =1 the equation is

t t
d/ 91 = L:el — LS@l — / del,
0 0

which is straightforward to check. For the general case we write

t
/ TN AT = (—1)(k_1)91|/ tiia 01 N / mOa N\ - N0k | ds,
Ag(t) o > Aj_1(s)

and proceed by induction on k. Using case k = 1 we get

t
d/ THOL A - A =(—1) kDIl / o 61 A / Ty A A 0y | ds
A(t) o Ag1(s)
—(—1)k= Dol tig 01 A / Ty A - Ah_ 10 | ds
° Ag—1(s)
— (=1)k=DIo] (L: ia WA (/A ( )7TT(92 /ARERWAN 72_191@) ds)
k—1(S
t
— (—1)<’“)|91|/ d(tiis 61 A / Ty A A0 | ds | .
0 Ap_1(s)
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The line corresponding to ¢ vanishes leaving us with
d/ TN - Amibp =(—1)* D000, A / Ty A - AT O
Ag() Ap—1()

t
—(—1)<k1>|91|/ d(gii Hl)A / 70 A AT 0y | ds
0 9s Ap_1(s)
t
—(—1)'491'—1/ o 01 A d/ Ty A - A 0k | ds.
0 o Ag—1(s)

The second term can be rewritten as

t
—(—1)<’“>|91/0 d(in% 91> A (/A ()n;*eQ A---Aw;19k> ds
k—1(s

= (—1)’”‘3/A ()ﬂd@l/\wg%/\---/\ﬂzek.
Wt

Using the formula for the case £ — 1 in the last term we get

t
(_1)16'91‘ / Lgia O A d/ Tl Ao A0k | ds
0 os Ag_1(s)

k
= Z(—l)kJrZ;;ll 1051 / 7T>1k91 VANRIERIVAY 71';_101'_1 AN W:d@z N 7T;~k+102‘+1 VARV ﬂZ@k
i=2 Ag(t)

k-1

+) (-1) / T A - AT 00 A0 ABiyr) ATE0ia A - AT B
i=2 Ap-1(t)

+ (=1)F / THOLA - AT Ok | A 150k
Ap_1(t)

—/ 7TI(61/\82)/\7T§93/\"’/\7T2719k.
Ak_l(s)

Combining the terms we arrive at the desired formula.

As a direct consequence of Proposition 1.3, we can prove the following formula:



CHAPTER 2. AN A, VERSION OF THE POINCARE LEMMA 59

Corollary 1.1. If « is a homogeneous element of ([0, 1] x M, End(V)), we have

© k
k 1+o(k * * * * *
at>:ZZ +(i—1+40( ))|a|/A(t)ﬂ-1a/\/\ﬂ—l—la/\ﬂ-zda/\ﬂ-z—‘rla/\/\ﬂ-ka
k

k=1 =1
o k—1

+) 0N (1)@l / AN AT a AT Aa) ATE A ATha
k=2 i=1 Ag-1(t)

"
WE

(—1)Fro®lel / TN AT | Ay
1 Ap_1(2)

(—1)ktrotkDlal =q A / TaA- AT .
- Ag_1(t)

Proposition 1.4. If a is a Maurer-Cartan element, then

k

n
M8

i

dp®(t) = tiae A @™ (t) — ™ (t) A oo

Proof. First notice that || = 1 since it is Maurer-Cartan, thus the signs on the formula from
Corollary 1.1 simplify to

(_1)k:—&-i—1—i-a(k)7 (_1)i+o(k)’ (_l)k—f—a(k)’ and (_1)k—1+a(k)
respectively. Next, notice that o(k) = o(k — 1) + k — 1, from which we obtain
(_1)k—1+a(k) — (_l)a(k—l) and (_1)k+a(k) — (_l)a(k—l)—f—l.

Therefore,

o k
= Z Z(_l)i+0’(k)—1) / 7-(-;04 A A 71-;(_104 A W:da A 7'('7:_10[ A A ﬂ-za
Ag(t)

k=1 i=1
oo k-1

— E E 1)itotk= 1/ TaN- AT _ja AT (aNa) AT N AT
k=2 i=1 Ap—1(t)

Mg

(—1)7=D) / TN AT | Ay
1 Ak—l(t)

(=1)7"E= D A / TN AT ] .
1 Ap—1(t)

Furthermore, « satisfies the Maurer-Cartan equation, so that daa — a A a = 0. Thus the first

k

NE

+

T
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and the second term on the right hand side of this equality cancel out, leaving us with

dp®(t) = tja A Z(—l)"(k_l) / TN NT_jo
k=1 Ap—1(t)
— D (=17t / TN AT | Ao
b Ap_1(t)

1
— A NG () — () A

as desired. ]

2 The A, -Natural Transformation and Homotopy In-
variance

Having developed our main tool of the chapter we are ready to prove some theorems regarding
oo-local systems.

Lemma 2.1. Let £ = [0,1] x M x V be a trivial graded vector bundle and o € Q(]0, 1] x
M,End(V)) a Maurer-Cartan form so that D = d — « is a flat graded connection. The

form ¢*(t) € Q(M,End(V)) defines a zero degree, closed isomorphism of co-local systems
p(t) - 5 (E, D) = i (E, D).

Proof. 1t is clear that ¢®(t) defines a morphism of oo-local systems. Let us check that this
morphism is closed, i.e. the following diagram is commutative:

*
d—1ia

QM, V) 2% (M, V)

soa(t)l ls@“ ®)
Q(M,V) — Q(M, V).
—ia

We need to prove that ¢(t)(d—5a0) = (d—;a0)p*(t). The previous equation is equivalent
to d®(t) = ;o (t) — *(t)ter, which was proven in Proposition 1.4.
To see that ¢*(t) is an isomorphism we write a = Y, a; where «; € Q([0,1] x M, End(V)).
Recall that oy is an ordinary connection over F and, according to the proof of Theorem
2.1, the iterated integral ©*(t) defines a parallel transport which is invertible. Now write
©*(t) = 5 (t) +n where ¢§(t) is the component of form degree zero and 7 is the sum of the
rest of the components. Notice that ¢ (t) = ¢*'(t) and 7 is a nilpotent form, thus ¢®(t) is
the sum of an invertible element and a nilpotent element, which means it is invertible. [

With the interpretation of the iterated integral as an isomorphism of co-local systems, the
gauge invariance property given in Proposition 1.2 may be viewed as the commutativity of a
diagram:
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Lemma 2.2. Suppose (F1, Dy) = ([0,1]x M xV,d—«) and (E2, Ds) = ([0, 1] x M x W, d— )
are oo-local systems and ¢ € Q([0,1] x M,Hom(V,W)) is a closed isomorphism. Then the
following diagram is commutative

Ly
LS(El,D1> 0—> LS(EQ,DQ)

o (t)l W 0)

L "
L?(Eh Dl) — U (EQ, Dg)

Now we aim to generalize Lemma 2.1 to non-trivial oo-local systems. As expected, we rely
on the gauge invariance property.

Theorem 2.1. Let (E, D) be an oco-local system over [0,1] x M. Then for each t € [0, 1]
there is a closed isomorphism ¢ : (§(E, D) — ¢;(E, D).

Proof. Take an open covering {U;} of M where each U; is contractible so that (E;, D;) :=
(E,D)|p1xv, is a trivial vector bundle. Let ¢; : j(£;, D;) — f(£;, D;) be the closed
isomorphism from Lemma 2.1. If v;; @ (Ej, Dy)ljoyxwinuy) — (), Dj)lpyx@nu,) is the
transition function, then by Lemma 2.2 we have the commutativity of the following diagram:

* Lo¥ij *
W (Ei, Di)loayxwinuyy — 6(E;, Di)lpajxwinu,)

o |#

x Yii, o«
[/t (Eini)‘[O,l]X(UiﬂUj) —]> [’t (Ej7Dj)|[071]X(UimUj)'

Thus the morphisms ¢; can be glued together into a closed isomorphism ¢ : (§(E, D) —
1 (E, D). O

It is worth noting that the isomorphism we have just defined is not a natural transformation.
Here is an example:

Example 2.1. Consider the local systems
(Eo,dEO) = ([0, 1] x M x Vb,d — (1/0) and (ElydEl) = ([0, 1] x M x Vi,d— Oél),

where Vo = V] =R, ap = dt and ay = tdt for t € [0,1]. Let us compute the iterated integral
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maps for ag and ay:

k>1
1 S1 Sk—1
e (1) =1+ Z/ sldsl/ Sodsy - - / spdsy,
=1 /0 0 0
1
L+ Z 2% 4 % * 2k
k>1

Therefore the morphisms ¢ : §(Ey, dg,) — t;(Eo, dg,) and ** : of(E1, dg,) — ¢;(E1,dg,)
are multiplication by e and e'/? respectively. Now consider the morphism w : (Fy, dg,) —
(Ey,dg,) given by the constant form w =1 € ([0, 1] x M, Hom(Vp, V1)) = Q([0,1] x M). It
is clear that the following diagram is not commutative

*,
tow=1

1o (B0, dgy) —— 5(En dpy)

cpaozel l‘ﬂali@l/Q

LT(E(), dE0> —_— LT(EI, dE1>

* j—
tjw=1

The correct statement is that the isomorphism ¢ of Theorem 2.1 is actually the first compo-
nent of an A,-natural isomorphism between the dg-functors ¢ and ¢;.

Theorem 2.2. For every ¢ € [0,1] there is an A-natural isomorphism p : ¢ = ¢}.

Proof. As in the proof of Theorem 2.1, we will construct the transformation locally and later
show that the maps constructed are gauge invariant.

Let (E;, D;) be local systems over M x [ for i =0,--- ,n. Assume each (E;, D;) is trivialized,
hence E; = M x I x V; and D; = d — o; with o € Q(M x I,End(V;)) of total degree 1
satisfying do; — a? = 0. Let us define

po(t) : Hom(E, -1, E,) ® - - - @ Hom(Ey, Ey) — Hom(i5(Ey), i; (Ey))

as follows. Take homogeneous elements w; € Hom(E;, E;y1), i = 0,--- ,n — 1, this is, w; €
Q(M x I,Hom(V;, Viy1)). If we make V' = P, V;, then the forms {o;} and {w;} may be seen
as elements of Q(M x I,End(V)). Let n:= >, a; + >, w; and define g% (t)(wo, - -+ ,wp—1) :=
©"(t) € QM,End(V)). We are interested in the (0,n) component of this form which goes
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from Vi to V,,, therefore we define
P (wn—1, -+ swo) == (P (Wn-1," " ,wo))on € LM, Hom(Vp, V3,)).

A general term of p¢ is an integral

/ Anﬁjn_l(wn—l))\n—l tee )\17??0((,00))\0 (21)
Ag(t)

where \; =77 L, (a;) -7 1i(e). In words, the integrands contain pullbacks of all the
{w; ?:_01 as factors, ordered with descending indices from left to right. Furthermore, there
may be products of pullbacks of «; between w; and w;_1. Notice that since the amount of
factors in the integrand must equal k£ and all of the w; appear in the product, the integrals
relevant to us are over Ag(t) with £ > n. Also notice that since the {«;} have total degree
1, the total degree of the forms yielded by the integrals is Z?:_Ol |w;| — n, which makes p a
map of degree —n. Notice that p{j is just the isomorphism ¢ given in Theorem 2.1, which we
know is a closed isomorphism.

Next we prove that this construction does not depend on the trivializations chosen for each FE;.
Suppose that (F;, D;) is trivialized both as ([0, 1] x M x V;, d—«;) and ([0, 1] x M x W;, d— j3;),
and for each i let ¥; € Q°([0, 1] x M, Hom(V;, W;)) be an isomorphism between trivializations.
Take w; € Q([0,1] x M,Hom(V;,V;41)) and define p; € Q([0,1] x M, Hom(W;, W;,1)) by the
formula w; = w;rll 1;Y;. We want to prove the following equation

P (Wnet1, -+ wo) = (50n) " P (Hn1, -+ o) (i2b0). (2.2)

Consider the direct sums V = @V; and W = @ W;. Then we have an isomorphism 1) =
P : V — W. Furthermore, if we call n = > a; + > w; and 0 = > 8 + >, then the
forms are gauge equivalent, i.e., n = ¥ ~*0¢ — 1 "1dp. By Proposition 1.2, for every t € [0, 1]
the following equation holds

() = (i79) " () (ig9)
In particular this implies that the (0,n) components are equal. That is precisely equation
(2.2).

Finally we check that the A, relations are satisfied. It is enough to check the relations
locally, hence we need to verify that

n—1
Gt A PE_ (Wpeg @ - @ wg)—(—1)2a=1 il=ntl e (1@ - @ wy) A tiwo

= p*(b(wn-1 ® -+ @ wy)) + Dpfy (w1 @ -+ - @ wp),
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Using equation (2.2) we can write the differential D in the previous relation as follows:

(63
Dpn(wn—la Tt ,(.U())
|wn—1|++|wo|—n

= dpy(Wn-1,++ s wo) — iy (an)py (Wn-1, -+ wo) + (=1) Py (Wn—1, "+, wo)ip(cx)-
Therefore the equation we need to verify is

dpp(Wn—1 ® -+ ® wy)
= w1 A (W2 ® -+ @ wo) — (1) Z5= I 0 (@ @ ) A g
* o S wil-n a *
+ i A Pi(wp1 ® -+ ®@wp) — (—1)&5=0 "% (W, 1 ® -+ @ wp) A Lo
— p*(b(wp—1 ® -+ @ wy)),

This equation will be proved at the end of the chapter since it requires quite a bit of work. [

Example 2.2. Recall from Example 2.1 the local systems
(Eo,dg,) = ([0,1] x M x Vo,d —ap) and (F1,dg,) = ([0,1] x M x Vi, d — o).
We have seen that for the morphism w = 1: (Ey, dg,) — (E1,dg,) we have
Liwo @ — ™ o fw =e —eY? £ 0,

which means that the iterated integral map is not a natural transformation between the
functors ¢ and ¢. According to Theorem 2.2, the correct statement is that the transformation
is natural up to a homotopy given by p;, this is

Gwo ¢ — ¢ o iiw = pi(D(w)) + Dpy(w).

Let us compute the right side of this equation and verify that it is equal to e — /2. First
notice that since w = 1 is a constant we have p;(w) = 0, thus it is enough to compute
p1(D(w)). Next we have D(w) which is the commutator of w with the differentials d — aq
and d — oy

D(w)=dow—aw—wod+ way = ay — oy = dt — tdt.

Now according to expression (2.1), a general term of p;(dt — tdt) is an integral

/ 71 (@) - (o )ty (dF — tdE)E o(00) - W1y (00),
AV Y

where k,1 > 0. Writing as an iterated integral we get

1 s1 Sk—1 Sk Sk+1 Sk+1
/ sldsl/ sgdsg~--/ skdsk/ (dsgs1 — 8k+1d8k+1)/ dsk+2~-/ dSkii41-
0 0 0 0 0 0
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A straight forward computation shows that the previous integral is equal to

I+2)(0+4)---(1+2k+2)—(1+1)(I+3)---(I+2k+1)

(14 2k + 2)! ’
hence
e ([ 2)(1+4) - (1 +2k+2) =+ 1)1 +3) -+ (I +2k+1)
(D ZZ (+ 2k +2)! '

k=0 1=0

Adding the first 225 terms of the series yields the number
1.0695605577589137880067937658168375492095947265625,

which coincides with e — e'/2 up to the 14th decimal space.
As a corollary of Theorem 2.2 we get our main result of this section:

Theorem 2.3. Let M and N be smooth manifolds and f,g : M — N be smooth maps. If
h:[0,1] x M — N is a homotopy with howy = f and hot; = g, then there is an A.-natural
isomorphism hol : f = g which depends on h and is given in terms of iterated integrals.

Proof. Consider the sequence

Loco (V) LN Loc ([0, 1] x M) o Loco (M).

¥
to

From Theorem 2.2 we have an A,-natural transformation p : ¢ = ¢j given in terms of
iterated integrals. Composing the transformation with the functor h* we get an A,.-natural
transformation

hol :=poh™: f*=15oh" = g" =1]0h"

3 An A, Version of Poincare’s Lemma

From Theorem 2.3 we get several corollaries, including a categorified version of Poincare’s
lemma.

Corollary 3.1. If f: M — N is a homotopy equivalence, then f* : Locy(/N) — Locy (M)
is a quasi-equivalence of dg-categories.

Proof. Suppose that g : N — M is a homotopy inverse of f, then go f ~ id;; and fog ~ idy.
By Theorem 2.3 there are A,-natural isomorphisms (g o f)* = idioc, (m) and (f o g)* =
idioc.(nv). The result then follows from Lemma 1.4. O

Applying this corollary to a contractible space we get Poincare’s lemma:
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Corollary 3.2 (Categorified Poincaré lemma). If M is contractible, then Loc, (M) is quasi-
equivalent to DGVectg.

Proof. Since M is contractible, it has the same homotopy type as a point. Thus, according to
Corollary 3.1, there is a quasi-equivalence between Loc,, (M) and Locy, ({*}) which is clearly
the category DGVectg. O

Poincare’s lemma gives a simplified local description of co-local systems

Corollary 3.3. For an arbitrary manifold M, any oo-local system (FE, D) is locally isomor-
phic to a trivial oo-local system, that is, every point has an open neighbourhood U in which
(E|y, D|y) is isomorphic to an oco-local system of the form (U x V,d).

Proof. Any point in M has a contractible neighbourhood. O]

4 Computation of dpf(w,—1 ® -+ & wp)

Here we have the computation of dp, (w,—1, - ,wo).

Take a general term of p,(w,_1, -+ ,wp), this is an integral

/Otﬂ(/\l)/osl ﬂ;Q\Q).”/OS“ PO = (<1 /Ak 7O -

where x = (k — 1)|\1]| + -+ + |\¢—1| and the sequence A, --- , \; contains all of the w; with
descending index and possibly some copies of a; between w; and w;_;. Notice that for this
to happen we must have k£ > n. We compute d of the integral:

(~1)%d /A T1(O) - () = (—1)X / m1(0) - () (D) ek / A(mi () - i),

A Ag

The integral over the border components is:

0% [ w0 m) = [ w o))

B

(—1)x /A )T ) - 7y (M)

-1

+
e

(—1pd /A i) AgAgen) 7 ()
k—1

1

(—1ycrk /A Tt O) - )i ().

<.
Il

+
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Rearranging into iterated integrals we get

0 [ w0 w0 =i [ i [ o0
k-1

— ot Sj—1 Sk—2
+Z(_1)I/\1I+---+|Ajl+y/0 ﬂ(/\l).../o ﬂ-;(/\j)\jJrl).../O 1 (Ae_1)

1

+ (it | ) | e [ m o
(4.1)

<

For the other term we use Leibniz’s rule and rearrange as an iterated integral

WE

(_1)X+\)\1|+“'+\)\j71|+k / T (M) (dAy) - (M)

Ag

(—1)X+k/A d(”T(Al)"'WZ(Ak)) =

1

<.
Il

I
E

' t Sj—1 Sk—1
(it o [ g [ w o,

(4.2)

1

<.
Il

We recognize different kinds of terms within dp:

e Terms containing ¢;\; and ijA;. They arise from the first and last lines of (4.1). We
consider the possibilities for A\; and A\,

* A1 = wy,_1 and Ay = wp. In this case the sign involved is

(—D)Palttemalth — (q)lon—altlor=n.
Then the terms are
) t Sk—2
(@) / () / O
0 0
t s1 Skp—2
T (= 1)enmabtlaln / () / () / 7ty ()i (wo)-

Adding over the simplexes of all dimensions and the admissible values of the A;

we get
i (WP Wy -+ wo) 4 (=)t (g, wn)ig(wo). (4:3)

* A1 = a, and A\ = ap. The sign is

(_1)|)‘1‘+"'+‘)‘k71|+k — (_1)‘anl|+"'+|w0|_n+1.
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Once again adding over the pertinent terms we get

i () P (W, - o) — (=)t wo)ig(an). (44)

e Terms containing d\;. These terms arise from (4.2). There are two possibilities for A;:
* Aj = w;. The sign is

(_1)\>\1|+'“+|/\j71|—j _ (_1)|wn—1\+‘“+\wi+1|—n+i_

Adding over we get

(—1)lwn—tlttloil=ntipo, o e w). (4.5)
* Aj = o. The sign is

(_1)|A1|+--~+|M—1l—j _ (_1)|wn71|+-~-+|wi|—n+z‘—1'

By the Maurer-Cartan condition the integral may be written as
4 t Sj—1 Sk—1
(_1)|wn—1|+---+|o.2i|*n+zfl / Wf()\l) .. / 71';(04?) .. / WZ()\k)- (4.6)
0 0 0

e Terms containing products A;\;41. These are obtained from the second line of (4.1).
Again we consider all possibilities for A\; and A,

* Aj = A\jy1 = ;. The sign is

(_1)|>\1|+"'+|>\j|+j — (_1)|wn71|+'~~+|wi|—n+i'

The integral

) t Sj—1 Sk—2
(_1)wn1|+---+|wi|—n+z/0 ﬁ()\l)m/o W;(af).../o e 1 (Ap_1). (4.7)

* Aj = a1 and Aj; = w;. The sign is
(_1)\A1|+---+|Aj|+j _ (_1)|Wn71|+"'+‘wi+1|*n+l’*1.
Adding all the relevant terms we get

(—1)lenmtbrtloslmnti=tpo (e awy, e wo). (4.8)

* Aj = w; and A\j1; = a;. The sign is

(_1)|>\1|+"'+|>\j|+j — (_1)|wn71|+'~~+|w,’|—n+i'
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Adding all the relevant terms we get
(_1)Iwn—l|+"'+|wi|_n+ipg(wn_17 e 7wiai’ e ,CU())- (49)
* )‘j = W and )‘j+1 = Wij—1- The sign is
(_1>I/\1|+---+|Aj|+j — (_1)|W'n71|+'“+|wi|*n+i.
Adding all the relevant terms we get
(_1>|W7L71|+“'+|Wi|*n+7; (07

pn<wn717 ey Wi, 7(,()0). (410)

Finally we give a succinct expression. Notice that terms given in equations (4.6) and (4.7)
cancel out, which means that

dpp(wWp—1, -+ ,wp) = (4.3) + (4.4) + (4.5) + (4.8) + (4.9) + (4.10).
Terms in (4.5)+(4.8)+(4.9)+(4.10) come together conveniently
(4.5) + (4.8) 4 (4.9) + (4.10) = —p(b(wp_1, -+ ,wp)).

Which means that

dpg(wn—la e ,(.U())
=iy (Wn1) Py (Wnmg, -+ ywp) + (= L)lentltlenlmnpo (0w )i (wo)
+ iy (o) P (Wi, -+ ywp) — (—1)lenmilEtleolmn payy e W) ()

= P (b(Wn—1, -+ ,wp)). (4.11)



Chapter 3

2-Dimensional Holonomies

In Chapter 1 we discussed a Riemann-Hilbert type theorem that states an equivalence be-
tween the category of oo-local systems and the category of representations up to homotopy
of the oo-groupoid of a manifold. The correspondence is given by a holonomy functor Hol
which assigns a representation up to homotopy of the oo-groupoid to every flat, Z-graded
connection. In other words, the structure of a flat, Z-graded connection over a manifold
allows for the definition of higher parallel transport, i.e., parallel transport along simplices of
all dimensions higher than 1. On the other hand there is another formalism of 2-dimensional
parallel transport that is defined in principal 2-bundles found in [28]. The goal of this chapter
is to compare the 2-dimensional parallel transport constructed in Chapter 1 following [2] to
the one found in [28]. We will see that the 2-dimensional holonomies from Chapter 1 only
encompass the simpler cases of parallel transport in principal 2-bundles. However, it is to be
noted that the holonomies of Chapter 1 are defined for all higher dimensions.

1 Flat Connections on Principal 2-Bundles

In this section we give a quick review of principal 2-bundles and connections over them. The
exposition given here follows closely the work of Waldorf in [27] and [28].

Definition 1.1. A Lie Crossed Module I' is a tuple I' = (H,G, 7, ), where H, G are Lie
groups, 7 : H — G is a Lie group homomorphism and o : G x H — H is an action such
that 7(a(g,h)) = gr(h)g~! and a(r(h),h') = hi/h7!, for all g € G and h, ' € H. A strict
Lie 2-group is a small 2-category with a single object in which the set of 1-morphisms and
the set of 2-morphisms are Lie groups and all structural maps (source, target, identity and
composition) are Lie group homomorphisms.

Throughout this chapter, all the Lie 2-groups we consider are strict Lie 2-groups, so even
if we drop the word “strict” it should be understood that we are referring to a strict Lie
2-group.

Lemma 1.1. There is a one to one correspondence between Lie crossed modules and strict
2-groups.

70
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Proof. Given a Lie crossed module I' = (H, G, 7, ), we can define in a natural way a Lie
2-group (which we also denote as I') where the 1-morphisms are the elements of the group
G and the 2-morphisms are the elements of the semidirect product H x G. The source and
target maps are s(h,g) = g and t(h,g) = 7(h)g. O

Remark 1.1. In view of the previous lemma, we will make no distinction between a Lie
crossed module and a strict Lie 2-group.

Definition 1.2. A differential Lie crossed module v is a tuple v = (b, g,¢,a) where h and
g are Lie algebras, t : h — g is a Lie algebra homomorphism and a : g X h — b is an
action by derivations such that a(t(Y7,Ys)) = [Y1, Y] and ta[X, Y] = [ X, t(Y)] for X € g and
Y1,Y,,V €b.

Clearly, differentiating a Lie crossed module yields a differential Lie crossed module.

Definition 1.3. A Lie groupoid X is a groupoid in which the set of objects and the set of
morphisms are manifolds. The source (s) and target (f) maps are submersions and all the
structural maps are smooth.

A right action of a Lie groupoid X on a smooth manifold M is an anchor map a : M — Obj(X)
together with an action map o : M ,x;Mor(X) — M that satisfy the following conditions

(xof)og=ax0(foyg), zoldyw =2, alzog)=s(g), xeM, f gecMor(X).

A left action is merely a right action of the opposite Lie groupoid.

A principal X-bundle over a manifold M is another manifold P with a surjective submersion
m: P — M and a right action of X on P that preserves the projection and such that the
map P x{Mor(X) — P X, P given by (p, f) — (p,po f) is a diffeomorphism.

Given Lie groupoids X, Y; an anafunctor F' : X — Y is a smooth manifold F' called the total
space, with a left action of X and a right action of Y such that the actions are commutative
and the left anchor o : F' — Obj(X) with the right action of Y is a principal Y-bundle.

Given anafunctors F,F’' : X — Y, a transformation f : F' = [F’ is a smooth function
f: F'— F’ that is X-equivariant, Y-equivariant and preserves the anchor maps.

Remark 1.2. Any smooth functor F : X — Y may be used to define an anafunctor F': X — Y
with total space F' := Obj(X) ;x;Mor(Y), anchors o(z, f) := x and «a.(z, f) := s(f) and
actions g o (z, f) = (t(g9),Fgo f) and (z,f) o g := (x,f o g). Thus any smooth functor
may be considered an anafunctor. Similarly, a smooth transformation T : F = F induces a
transformation between the respective anafunctors given by fs(z, g) := (z,T(x) o g).

Definition 1.4. A right action of a Lie 2-group I" on a groupoid X is a functor R : X xI' — X
such that R(p,1) = p and R(p,id;) = p, for all p € Obj(X) and p € Mor(X). Furthermore, if
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m : I'xI" — I is the multiplication functor, then the following diagram must be commutative:

X x D x [ 4 o

RXidFJ/ J{R

X xT — X
R

If X and Y are groupoids with smooth right I'-actions, a I'-equivariant anafunctor ' : X — Y
is an anafunctor with a smooth action p : F' x Mor(I') — F' that preserves the anchors, i.e.
makes the following diagrams commutative

F xMor(I') —— F F xMor(l') —2=» F

alxtl J,al arXsl lar

Obj(X) x Obj(T") — Obj(X), Obj(Y) x Obj(T") — Obj(Y).
Furthermore, p must be compatible with the actions of X and Y, which means that

p(xo fonvoyory) =R ) op(f,v)oRmn ),

for x € Mor(X), n € Mor(Y), f € F and 7,7, € Mor(I').
If £, F" : X — Y are I'-equivariant anafunctors, then a transformation f : F = F’ is called
[-equivariant if the smooth map f : F' — F’ is Mor(I')-equivariant.

Given a smooth manifold M we denote by My, the trivial groupoid where the objects are
the points of M and the only morphisms are identities.

Definition 1.5. A Principal I'-2-Bundle over M is a groupoid P together with a right action
R:PxT — P and a functor 7 : P — My, that is a surjective submersion at the level of
objects. The action must preserve the functor 7, and the functor

(pri, R) :PxT - Pxy?P

must be a weak equivalence.

Principal I'-2-bundles over a fixed manifold M can be given the structure of a 2-category
and, as such, can be classified by non-abelian cohomology. We will focus on an aspect of this
classification which is how a principal I'-2-bundle can be constructed from local data given
by cocycles.

Definition 1.6. Let I' = {H, G, 7,a} be a Lie crossed module and {U; };c; an open covering
of a manifold M. A I'-cocycle on the covering is comprised of the following data:

1) For each pair 4, j € I a smooth map g;; : U; NU; — G.
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2) for each triple 4, j, k € I a smooth map a;, : U; NU; N U, — H.
The cocycle conditions for the maps are the following;:
it = (T © ijk) Gij Gk on U; NU; NUy,
@itk = @ik Gri, Gijk ), on U;NU;NU,NU,.
We denote a I'-cocycle by (g, a).

Lemma 1.2. Given a I'-cocycle defined on an open covering of M, we can construct a
principal ['-2-bundle over M.

Proof. Let (g,a) be a I'-cocycle defined on the open covering {U;};c;. We define a Lie
groupoid P as follows

Obj(P) :=| |U:i x G, Mor(?):= | |(U;nU;) x H x G.

iel ijel
Source and target maps are
s(i,j, v, h,g) = (4,2,9), t(i,5,2,h,g) = (i,z,g;(x)"'7(h)g).
The composition of morphisms is given by
(i, 4,2, h2, g2) © (4, K, 2, hay 1) i= (6, @, aije(2)a(gie (), ha)ha, g1).

The projection 7 : P — My is 7(i,x, g) := x. The action is defined by

R(<Z’x7g)7g/) :: <Z7x7gg,)7 R<<Z7j7x7 h7 9)7 (h/7g/)) :: (/[:7.].7 x? ha<g7 h/>7gg/)'
It is straight forward to check that (pr, R) : P x I' = P x; P is a weak equivalence. ]

As in the classical setting, a connection on a principal I'-2-bundle is defined in terms of a
differential form. If I' is a Lie 2-group with differential Lie crossed module ~, then for any
Lie groupoid P there is a differential graded Lie algebra Q(P,~). The details of the definition
and properties of Q(P,~) can be found in [27]. We will simply state that a differential form
¥ € QF(P,~) has three components ¢ = (1%, 1)¢) with

U € QF(Obj(P),g), ¥ € Q*(Mor(P),h), € Q" (Obj(P),h).

Example 1.1. Given a Lie 2-group I' = (H, G, 7,«) with differential Lie crossed module
v = (h,9,t,a), there is a canonical Maurer-Cartan form © € Q'(T",v). The form has two
non-trivial components ©¢ € QY(G,g) ©° € Q(H x G, b) given by

0% :=#° and ©°:= (ozpral)*(Pr}I@H)a
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where 0% and 67 are the Maurer-Cartan forms of G and H respectively. The form © satisfies
the Maurer-Cartan equation.

Definition 1.7. Let F' : P — T' be a smooth functor. Write Fy : Obj(P) — G for the
map at the level of objects, Fz : Mor(P) — G and Fy : Mor(P) — H for the projections
onto G and H respectively of the map at the level of morphisms. There is a linear map
Adp : QF(P, ) — QF(P,~) called the adjoint action defined as follows:

Adp(¥)" = Adg,(¥*),
Adp (1) = Adp, ((arg ) (8°) + (Gp1) < (Adpg (s™0%),
Adp(¥) = (ar)«(¥).

Definition 1.8. If P is a principal I'-2-bundle, then a connection on P is a 1-form Q €
QY(P,~) such that the following equation holds over P x TI':

R*Q = Ad;rlr (pry2) + priO.

A connection is a triple of ordinary differential forms Q = (02, Q°, Q¢) with Q¢ € QY(Py, g),
Qb € QYPy, h) and Q° € Q?(Po, h) such that

R*Qe = Ad;l(p*Qa) + g*@ over ObJ(T) X ObJ(F),
RO = (ag-1)o(Ady, (p"Q°) + (an) (p"s* Q%) + h*©)  over Mor(P) x Mor(T'),
R = (g1 ) (7 9Y) over Obj(F) > OBi(D).

Here p, g and h are the projections to either Obj(P) or Mor(P), G and H, respectively.

The curvature of a connection is curv(Q2) = DQ + 1[Q A Q] € Q*(P,7). The connection is
called flat if curv(§2) = 0.

Principal I'-2-bundles over M with flat connection fit into a 2-category which we denote
2—Bun£(M ). The details of the bicategory structure can be found in [27]. Furthermore, if we
fix a principal I'-2-bundle P, the category of flat connections defined over P will be denoted
2—3un§§(M ). The classification of principal I'-2-bundles over M by non-abelian cohomology
may be refined to classify bundles with flat connection. First we define a differential I'-cocycle,
which is a ['-cocycle with the local data required to build a connection.

Definition 1.9. Let I' = (H, G, 7, ) be a Lie crossed module and {U;};c; an open covering
of a manifold M. A differential I"-cocycle on the covering is comprised of the following data:

1) A T'-cocycle (g, a).
2) On every open set U; a couple of forms (A;, B;) where A; € QY(U;, g) and B; € Q*(U;, b).

3) For each pair 7,5 € I, a form ¢;; € QY(U; N U;, B).
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The forms must satisfy the following conditions:

Aj + T(ig) = Adg,, (A:) — g0 on U; N U, (1.1)
1
(Oégi].)*(Bi) = Bj + d(ﬂw + 5[@1] VAN (,OU} + Oé*(Aj A 901]) on U,L N Uj, (12)
Pk + (g ) (0iy) — a8 = AL (pin) + () (A) on U;NU; NU. (1.3)

A pair (A;, B;) satisfying the conditions stated above is called a I'-connection. We denote
differential I'-cocycles by (g, a, A, B, ¢) A differential I'-cocycle has two curvatures associated
to it. The “3-curvature” is

CUI'V(AZ‘, Bz) = dB; + a, (Al)(Bz) € Q3<UZ‘, [)) (14)
The “fake curvature” is
1
fCUI'V(AZ‘, Bz) = dAZ + i[A“ Az] — T*(BZ) S QQ(UZ,Q) (15)

A T'-cocycle is called flat if both curvatures vanish.

A flat differential I'-cocycle encodes the necessary local data to construct a principal I'-2-
bundle with flat connection, that is the content of the following lemma:

Lemma 1.3. Given a differential I'-cocycle defined on an open covering of M, we can con-
struct a principal I'-2-bundle with a flat connection over M.

Proof. Let P be the bundle obtained from Lemma 1.2. We define a connection on P as
follows:

Q" xa = AdL (A) + prid

brg
Qv xixG = (Oépral)*(Ad;rlH(SDij) + (Qpry )+ (A;) + priy0)
Q< == —(Oéprc—;l «(Bi).
The forms defined above meet the criteria required of a flat connection on P. n

2 From Local Systems to Principal 2-Bundles

Here we present a construction that assigns to each oo-local system over M, a principal 2-
bundle with a flat connection. At the level of objects the construction is merely the frame
bundle construction, which requires only the vector bundle structure of the oco-local system.
To perform the construction at the level of morphisms we will rely on the cochain complex
structure of the fibers provided by the flat Z-graded connection. Its worth noting that this
construction yields a simple class of principal 2-bundles.
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The first step toward the frame 2-bundle construction is to obtain a Lie 2-group out of
the fibres of an oco-local system. For that purpose we rely on the following lemmas due to
Faria-Picken [12].

Lemma 2.1. Let (V,0) be a cochain complex. There is a Lie crossed module denoted
I'(V,0) = (H,G, T,a) where:
1. G =GL"(V), the group of automorphisms of complexes of (V).

2. H=GL V), where
End (V)
[0,End (V)]
Here End ' (V)' is the space of degree —1 endomorphisms of V such that [3, h] +id is
invertible. The group structure is given by

GL™Y(V) =

hxh = h+h +h[0,N].

3. 7: H— G is given by 7(h) := [0, h] + id.
4. a: G — Aut(H) is such that o, (h) = ghg™'.

Lemma 2.2. Let (V, 0) be a cochain complex. The differential Lie crossed module associated
to I'(V, 0) is v(V, 0) = (b, g, T, ) where:

1. g = gl’(V) is the vector space of degree zero cochain maps V — V, endowed with the
commutator bracket.

2. h =gl }(V), with
End (V)
[0, End*(V)]

This quotient is endowed with the Lie bracket

gl (V) =

[T,S] =S0T —T0S + STo —TS0;
and [0, End*(V)] is the ideal generated by elements of the form dh — h.
3. Tw: b — gis given by 7.(S) := 75+ ST.
4. The action «, is such that a.(R)(S) = RS — SR.
The proof of Lemmas 2.1 and 2.2 may be found in [12] and [3].

Remark 2.1. When we interpret the crossed module I'(V,0) as a Lie 2-group, we have
that a pair (g,h) : ¢ — ¢’ is a morphism if ¢ = 7(h)g. Unraveling this equation leads to
g — g = [0, hg|, which means that hg is a homotopy from ¢’ to g.
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Definition 2.1. A cochain complex bundle is a graded vector bundle p : E — M with a
morphism of bundles 9 : E* — E**! such that 9> = 0. The local trivializations are required
to be isomorphisms of complexes of vector bundles on each fibre, i.e., there is a complex
(V,0) such that if F is trivial over a certain open U C M, then the trivialization map
v :p H(U) = U x V restricts to an isomorphism of complexes o, : E, — (V,9).

Lemma 2.3. Given a cochain complex bundle (E,d), there is an associated principal 2-
bundle F(E, d) which we call the frame 2-bundle.

Proof. Consider a bundle of complexes (F,0) — M and a point o € M. We let (V,0) =
(Eyyy Ony) and T' = T'(V,0) = (H,G,7,a). We define a groupoid F(E,0) and an action
F(E,0) xI' = F(E,0) as follows:

1. For every z € M, let
Obj(F(E,d)), :={p:V — E, | p is an isomorphism of complexes of degree 0}.

We set Obj(F(£,0)) = | ,cp ObJ(F(£,0))s. The projection 7 : Obj(F(£,0)) — M is
such that 7! (x) = Obj(F(F, 9))..

2. Let p,p' € Obj(F(E,0)),. Define the set

Homg (g o)(p, p) :={E:V = E, | 0,6 + €0 =p—p'}/ ~

where & ~ ¢ if they are homotopic. So morphisms between p and p’ are homotopy
classes of homotopies between them. The fact that being homotopic is an equivalence
relation provides the identity morphisms (reflexiveness), every homotopy is invertible
(symmetry) and a way to compose homotopies (transitiveness). The source and target
maps are denoted s and ¢ respectively. Given a homotopy ¢ € Homg(g g (p, p') for
p,p € Obj(F(E, D)), we define m(&) = id,.

Next we define an action R : F(E,0) xI' = F(E,0). On objects it is defined by composition:
R : Obj(F(E,0)) x G — Obj(F(E,0)) is such that (p,g9) — R(p,g9) = pg. At this level
the action is clearly free and transitive along the fibres. Suppose £ : p — p/, then we
have that (&, (h,9)) : (p,9) — (p',7(h)g) is a morphism in F(E,0) x I'. We define R :
Mor(F(E,0)) x (H x G) — Mor(F(E,0)) as

(& (h.g)) = R(& (b, g)) = &r(h)g — s(§)hy.
Let us check that R(&, (h,g)) is indeed a morphism pg — p'7(h)g:

[0, R(§, (h, )] =[0,&7(h)g — phy]
=[0,¢]7(h)g — pl0, hlg
=pg — p'T(h)g.
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Let us check that the action just defined makes F(FE,0) a principal [-2-bundle, i.e. the
functor (pr, R) : F(E,0) x I' = F(E,0) xy F(E, D) is a weak equivalence. Since the action
is transitive along the fibres on objects, the functor (pr, R) is surjective. Next we check that
the functor is fully faithful: consider objects (p,g) and (p',¢’) in F(E,0) x I'. In order to
have morphisms (p, g) — (p/, ¢') there must be at least one h € H such that 7(h)g = ¢'. If
this is the case we have a function

(pr, R) : Homg(g.a)xr((p, 9), (¢’ 9')) = Homg (g o)« 508.0) (0, £9), (', 0'9)).

The function is injective: take morphisms (&, (h,g)) and (¢', (1, g)), and suppose they map
to the same morphism, this is (£, £7(h)g—s(&)hg) = (£, &'T7(W)g—s(&' )R g). Clearly we must
have £ = &’. The equation from the second component may be rewritten as

§(r(h) = 7(h)) = s(§)(h — h').

Next we notice that, since 7(h)g = 7(h’)g we have 7(h) = 7(h’), therefore we conclude that
h = h' and the function is injective.
The function is surjective: take a pair of homotopies £ : p — p' and o : pg — p'¢g’. Define
h=ptggt —ptog™t. We have
7(h)g =[0.p™¢g' — p~o] + g
=p 10,8y’ — p7'[0,0] + g
=" (p—p)g =0 (pg—rg)+g=47.

Hence (&, (h, g)) € Homgga)xr((p, 9), (¢',¢')). Furthermore, we have

R(&, (h,g) =&7(h)g —phg = &9 —E¢' + 0 =0,

proving surjectivity. O

Remark 2.2. As I is a cochain complex bundle, the usual cocycles g;; defined from local
trivialisations of the bundle take values in the group G = GL(V). Setting a;;x =0 € H =
GL~ (V) is easy to check that we have a I'(V, d)-cocycle (g,a). The principal 2-bundle built
from this cocycle using Lemma 1.2 is precisely the frame 2-bundle F(F,0), making clear
the statement that the frame 2-bundle construction yields only a simple class of principal
2-bundles.

Now we aim to build a flat connection on the frame 2-bundle from an co-local system. First
we see that the flat Z-graded connection of a local system provides the vector bundle with a
cochain complex bundle structure:

Proposition 2.1. Let (E, D) be a local system over a connected n-manifold M with pro-
jection m: ' — M. Then FE is a cochain complex bundle.

Proof. For an arbitrary xq € M, choose a neighbourhood U C M over which F is trivial and
a coordinate chart ¢ : U — R" that maps xy to the origin. Over U the connection takes
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the form D =d + 0 + ---, where 0 € Q°(U, End'(E|y)). Furthermore, since the connection
is flat we have that 9> = 0, which means that the fibers have a chain complex structure
with differential 0. Now for any other # € U let v, be a path in U connecting x to xy such
that vy, is a radial path connecting ¥ (x) to the origin. Parallel transport along these paths
provides isomorphisms of chain complexes T, : £, — E,,. A local trivialisation as a cochain
complex bundle over U is defined by ¢ : 7= 1(U) — U x E,,, ¢(p) = (7(p), T, (p)).

77 I(p)
The fact that M is connected guarantees that all the fibers over M are isomorphic as chain

complexes. O

From Proposition 2.1 and Lemma 2.3 we get that every oo-local system has an associated
principal 2-bundle.

Theorem 2.1. Let (F, D) be an co-local system over a connected smooth manifold M. Then
there is a flat connection §2p defined on the frame 2-bundle F(E, 0).

Proof. First let us fix a point 2o € M and call (V,0) = (E,,, 0y, ), the fiber over xy with
its cochain complex structure. We will define a differential I'(V, 0)-cocycle from the Z-
graded connection D. Let {U;};,cr be an open covering of M such that the vector bundle
E trivialises as a cochain complex bundle over each U; with fiber (V,0). Let (g,a) be
I'(V, 0)-cocycle defined in Remark 2.2. For differential components of the cocycle consider
the local form of D over U; which is D = d + >, w¥ where 87 = 0 € Q°(U;, End'(V))
and % € QF(U;, End" (V). Let pr : End™*(V) — End~(V)/[0, End"%(V)] be the natural
projection to the quotient, then we define

A =w € QY U, End®(V)), B; = —prow? € Q*(U;,h).

The Maurer-Cartan equation for w; = >, wk has the following implications:

e The term of degree one of the equation is dw; = w; 9, so w; actually takes values in the
algebra of cochain maps and A; = w} € QY (U;, g).

e The term of degree two is Ow? + w?d = dw} + w} A w!. Projecting to the quotient and
rewriting appropriately yields 7.(B;) = dA; + [A;, A;]/2, which means that the fake
curvature of the I'(V, 9)-cocycle vanishes.

2 3
%

e The term of degree three is dw? + w}w? — w?w] = dw? —w?d. Projecting to the quotient

and rewriting we get dB; + a.(A;)(B;) = 0, thus the 3-curvature also vanishes.

The final component of the cocycle is the form ¢;; € Q'(U; N Uj, h), this one we take to
be zero ¢;; = 0. Now suppose that U; N U; is non-empty, then the forms w; and w; are
gauge equivalent via the cocycle g;;, this is w; = gi;w;9j + gijdgji. After projecting onto the
quotient, the terms of degree one and two of the gauge equivalence equation may be written
respectively as

Ai = 9ijAj95 + 9ijdgsi, and  B; = g;;B;g;i.

The previous equations are the conditions (1.1) and (1.2) required of a differential cocycle.
Condition (1.3) is satisfied trivially. The proof is completed by applying Lemma 1.3. O
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Remark 2.3. Fix a cochain complex bundle (E,d). Let Loct”? (M) denote the category of
oo-local systems over M such that their cochain complex bundle is isomorphic to (£, ). We
have defined a map

F:LocP9 (M) — 2—Bun£(E78)(M)
(E7 D) = (?(Ev 8)7 QD)

We will only be concerned with this map at the level of objects and will disregard the rest
of the functorial structure.

3 Representations of the Fundamental 2-Groupoid

We summarize the 2-dimensional parallel transport constructed in Section 3.4 for oo-local
systems and the construction of parallel transport in principal 2-bundles given in [28]. Both
notions of parallel transport are presented as representations of the fundamental 2-groupoid
of a manifold.

Definition 3.1. The fundamental 2-groupoid of a manifold M is the truncation up to di-
mension 2 of the co-groupoid defined in Example 2.3 and is denoted m<2(M). In other words,
the fundamental 2-groupoid is the simplicial set X = Hompg(Ay, M) for k < 2 where PS
stands for piecewise smooth. The bicategory structure is as follows:

e The objects of m<5(M) are the points of M, so Obj(r<2(M)) = Homps (A, M).

e A l-morphism between the points xz,y € M is a path connecting = to y, so 1 —
Mor(m<2(M)) = Hompg(Ay, M). The composition of morphisms is the usual com-
position of paths.

e The 2-morphisms of m<o(M) are fixed ends homotopies between paths modulo higher
homotopies. Let us denote the vertices of Ay by vy, v1 and vy and the edges by [vg, v1],
[v1,v2] and [vg, v5]. Then a map o : Ay — M is a fixed ends homotopy between the
paths o([vg, v2]) and o ([vg, v1] * [v1, va]). Thus 2 —Mor(m<2(M)) = Hompg(As, M) with
the usual vertical and horizontal compositions of homotopies.

Remark 3.1. To elaborate on how a 2-simplex ¢ : Ay — M may be considered a ho-
motopy, recall the map ©, : I? — A, which is the adjoint map of ) given in Definition
3.2 of Chapter 1. This map sends horizontal segments on I? into piecewise linear paths on A,.

Therefore, for a 2-simplex o : Ay — M, the composition 0 o Oy : > — M is a homotopy
with fixed ends between the paths o([vg, v2]) and o ([vg, v1] * [v1, v2]).

Definition 3.2. Let (E,0) be a cochain complex bundle over M. The linear 2-groupoid of
(E,0) is the 2-category GL(FE, ) such that
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5=025

e The objects are the fibers (E,,d,) for z € M.

e The 1-morphisms are cochain complex morphisms (£,,d,) — (E,,0,) with the usual
composition.

e The 2-morphisms are (algebraic) homotopies between morphisms of complexes, with
the usual horizontal and vertical composition of homotopies.

A linear representation of m<o(M) on (E,0) is a 2-functor R : m<o(M) — GL(F,0). Linear
representations of m<o(M) on (E,d) will be denoted Rep,(M, (E,0)).

Definition 3.3. Let I' be a Lie 2-group and P a principal I'-2-bundle over M. The I'-torsor
category of P is the 2-category I'-Tor(?P) such that

e The objects of are the fibers P, for x € M. These are called I'-torsors.
e The 1-morphisms are I'-equivariant anafunctors P, = P,.
e The 2-morphisms are ['-equivariant transformations between anafunctors.

A 2-group representation of m<o(M) on P is a 2-functor 8 : m<o(M) — I'-Tor(P). 2-group
representations of 7<»(M) on P will be denoted Rep—,(M, P).

The following theorem relates linear representations to 2-group representations.

Theorem 3.1. Let (E,0) be a cochain complex bundle over M. Then there is a map
H: Reng(M7 (E7 a)) — RepSQ(M7 ?(E,a))

Proof. Suppose R : m<o(M) — GL(E, 0) is a linear representation, we will define the functor
HR : m<o(M) — I-Tor(F(E, 9)).

For every point x € M, the fiber F(F, ), is a [-torsor, so we set HR(FE,) = F(F,0),.

If p: 2z — yis a path connecting = to y, then R(p) : E, — E, is a morphism of com-
plexes. The push forward R(p). : F(E,0), — F(E,0), given by composition to the left
with R(p) is a ['-equivariant functor, hence it induces a I'-equivariant anafunctor and we de-
fine HR(p) = R(p)«. It can be checked easily that the functor preserves composition of paths.

Finally take paths p,p' : © — y and let £ : p — p’ be a homotopy between them. Then
R(E) : R(p) — R(p) is an (algebraic) homotopy. The homotopy R(£) induces a natural
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transformation between the functors R(p).,R(p'). : F(E,0), — F(E,0), as follows: let
a:V — E, be an object in F(E,0),, then R(£).(a) = R(§) o : R(p)«(a) = R(p')s(@) is
a homotopy. Let us check that the push forward R(¢), is indeed a natural transformation:
consider a morphism A : o« — f in F(E, 9),, then we have the following diagram

R(p)(a) —2B R(p).(8)

A simple computation shows that
[R(§)(A),0] = (R(§) 0 a + R(p) 0 A) = (R(p) 0 A + R(£) 0 B),

which shows that the diagram is commutative up to homotopy. Once again, since the natural
transformation is defined by composition to the left, we can see that it is I'-equivariant. We
define HR(E) = R(&).. The fact that HR preserves the horizontal and vertical composition
of 2-morphisms derives from the same fact for R and the properties of the push forward. [J

3.1 Linear Representations From Local Systems

As seen in Chapter 1, a representation up to homotopy of 7, (M) may be constructed from
an oo-local system over M. Restricting such a representation to the fundamental 2-groupoid
we get a linear representation of m<o(M). We will write explicitly the local formulae for this
representation.

Suppose we have a trivial vector bundle £ = M x V with V a Z-graded vector space, and a
flat, Z-graded connection d — o where a € Q(M,End(V)) is a Maurer-Cartan element. We
know that a = Y, a; where a; € QI(M,End" (V). As shown in Section 3.4 of Chapter 1,
applying the iterated integral map to « yields a Maurer-Cartan element 5 € C*(M)QEnd(V)
with 3 = 3.3 and B; € C*(M) ® End' (V). We are interested in terms 3, and S, of this
form. For (5, we have

Bi(y) =idv + Z(_1>(n—1)n/2/ Ty Ty an,

n>1 An

where v : Ay — M is a path and 7; : Ay — A, is the projection onto the j-th component.
This term turns out to be the usual parallel transport with respect to «y along the inverse
of the path . For the formula of 8, we recall the map ©, : I — A, of Remark 3.1. Next
we consider the map (O2)() : A, x I = (Ay)" given by the formula

(©2)(m)(t1, -+, tn,8) = (Oa(t1, 8),- -+, Oa(tn, 5)).
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If we denote by p; : (Ag)™ — Ay the projection onto the i-th component and w; = c*ay, then
we have

52(0) = Z (_1)m+n+1 / (@2)?m+n+1) (p,{(wl) r 'p;(wl)p:nﬂ(w?)pin-yz(wl) e .p:z—&-n—&-l (Wl)) )

m,n>0 Amtnt1xI

for a simplex o : Ay — M. Both £;(7) and fs(0) must be interpreted as maps going from
the last vertex to the first vertex of v and o respectively. The relations of a representation
up to homotopy regarding 3; and [, are merely stating that we have a 2-functor <o (M) —
GL(E,0).

Remark 3.2. We have just described a map I : LocZ? (M) — Rep,(M, (E,0)) for any
fixed cochain complex bundle (E,0).

3.2 2-Group Representations From Principal 2-Bundles

Similarly to the case of oo-local systems and linear representations, a principal I'-2-bundle
with flat connection can be used to construct a 2-group representation of the fundamental
2-groupoid. We summarize the construction which appeared in [28]. We begin defining the
2-group representation locally.

From Lemma 1.3 we know that a principal I'-2-bundle with flat connection is locally de-
termined by a differential T'-cocycle. So let us consider a 2 group I' = (H,G, 1, «) with
differential Lie crossed module v = (b, g, 7, s ), and the principal I'-2-bundle P = My, x T
Let (A, B) be a flat ['-connection over M, this is A € Q'(M,g), B € Q*(M,h) are forms
such that the curvatures (1.4) and (1.5) vanish. A representation of m<o(M) in I' is defined
as follows

o Let v : Ay — M be a piecewise smooth path. Let g, : A; — G be the path that
satisfies the initial condition g¢,(0) = idg and the differential equation

d d
i}—t@ = —(Rg,), A (d—D (3.1)

where (R,). is the differential at ide € G of the map given by right multiplication with
g.

We define the smooth functor Hol, : Py = P41y at the level of objects by Hol, (v(0), g) =
(7(1),g4(1)g), which is clearly a G—equlvarlant map. If (idyoy,h,9) : (7(0),9) —
(7(0),7(h)g) is a morphism, we define Hol,(idy, h,g) = (’y(l),a(gv(l) h), g,(1)g).
This is indeed a morphism g¢,(1)g — ¢,(1)7(h)g since

T(a(gy(1),7))gy(1)g = g, (1)7(h) g, (1) g, (1)g = g,(1)7(h)g.

Thus Hol, is a I'-equivariant functor.
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e Let 0 : Ay — M be a 2-simplex and ¥ := 0 00,y : I? — M. Denote by 7, and v
the paths corresponding to o([vg, v1] * [v1,v2]) and o ([vg, v2]) respectively. We write
Ys(t) = X(s,t), note that 3y = 79 and 3; = ;. The holonomy Hol, is a I'-equivariant
transformation Hol, : Hol,, = Hol,, defined as follows: let h, : [0,1] — H be the path
that satisfies the initial condition h,(0) = idy and the differential equation

where (L), is the differential at idy € H of the map given by left multiplication with h.

The transformation is defined by Hol,(c(vy), g) = (0(v2), ho(1), g409) : (0(v2), g409) —
(U(U2)7 g’Ylg)'

Now for the global representation we consider a principal I'-2-bundle P over M with flat
connection 2. For each path 7 : [0,1] — M and each 2-simplex o : v = +' in M, we define
an anafunctor Hol, : P,y — P, and a I'-equivariant transformation Hol, : Hol, = Hol,
respectively.

For paths v : [0,1] — M the idea is to define the set Hol,(\) with respect to a fixed
subdivision A of [0,1], then a smooth manifold Hol, is constructed by taking a direct limit
over the possible subdivisions A.

Definition 3.4. Let m : P — My, be a principal I-bundle with a connection Q = (Q%, Q. Q°).
e A path §: [a,b] — Obj(P) is horizontal, if Q*(5'(t)) = 0 for all ¢ € [a, b].
e A path p: [a,b] — Mor(P) is horizontal, if Q°(p'(t)) = 0 for all ¢ € [a, b].

Definition 3.5. For 0 <n € N, let T, := {(t;,)l, | 0 =to < t; < --- < t, = 1} be the set of
possible n-fold subdivisions of the interval [0, 1]. For A € T,, we define the set

Hol,(A) == {({pi}i=0, {7i}i=1) | pi € Mor(®P), ~; : [ti—1,t;] — Obj(P) are horizontal paths,
0% = Y1, t(pi) = Yiga(ts) and s(p;) = vi(ti) }/ ~ .

We think about the elements of Hol,(\) as formal compositions of paths in Obj(P) and
morphisms in Mor(P), using the notation £ = pg * 1 % p1 * - - - x 7, * p, for a representative &
of an element in Hol,()). The relation ~ is the relation generated by {~,}1<;j<, where

PO ¥ YLK K Y K Py g PR Yy K K
if there exist a horizontal path p : [t;_1,t;] — Mor(P) such that:
e v =s(p), v; =tp) and v; = y; for all 1 <i <, i # j,

o pi_1=p(tji-1) o pj—1, pj = pjo pt;)~" and p; = p; for all 0 < i < i # j,j— L.
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The anchor maps are given by:
oyt Holo(X) = Py = po sk ya % - %Y % pp = 5(po),

ay  Holo(A) = Pyay o poxyr k- %9 % pp = t(pn).

The left P.,gy-action Mor(Py(g)) s Xa, Hol,(A) — Hol,(A) and right P (1y-action Hol,(A) o, %;
Mor(P,(1y) — Hol,(A) on the set Hol,(\) are defined by

po(pokr s %Yy pp) = (pg 0 p 1) %Lk k Yy * po,

(Do % Y1 %+ Y % ) © p 1= po Y1 %+ x Yk (71 0 )
The Mor(I')-action Hol, () x Mor(I') — Hol, () is given by

(o 71 % -+ %Y % pn) - (hyg) := R(po, (h™',7(h)g)) % R(71,9) % -+ % R(m, g) * R(pn, 9)-

Finally, to define the smooth manifold Hol, consider the set 1" := | |, . T, which is directed
by inclusion, i.e. A < X if A C X. If A < X then we have a map fy  : Hol,(A) — Hol,()\)
defined by adding identities p; = id and splitting 7; in two parts, at all points of ' that are
not in A. The anafunctor Hol, is the direct limit of the direct system of sets {Hol,(\)}aer-
The anchor maps and the actions defined on each Hol,(\) descend to Hol,.

Proposition 3.1. The smooth manifold Hol, together with the anchor maps o; and ay,
the actions Mor(P,()) s Xq, Hol,(A) — Hol,(A), Hol,()\) o, x¢ Mor(P,1)) — Hol,()) and
Hol, (A) x Mor(I') — Hol,(A), define a I'-equivariant anafuntor Hol, : P,y — P,q).

Before proceeding to the construction of the 2-dimensional holonomies we need the following
definition:

Definition 3.6. A smooth bigon in M is a smooth map X : [? — M such that 3(s,0) = z
and X(s,1) =y for all s € I. In other words, a bigon is a fixed-ends homotopy between the
paths v(¢) = 3(0,¢) and /(t) = X(1,¢). In this case we write ¥ : v = /.

A bigon X : v = 4/ is called small, if there exist n € N, A € T}, and sections o; : U; — Obj(P)
defined on open sets U; such that

To define the holonomy along a 2-simplex o : Ay — M we first consider the bigon ¥ =
0005 : v — 7. The idea is to subdivide ¥ in small bigons YJ; and then define a I'-equivariant
transformation cpszr?a“ : Hol,, , — Hol,, between the parallel transports along v;—; and ~;, for
each small bigon ¥; in the subdivision of . Finally the I'-equivariant transformation for ¥

is defined as the composition pgx(s) == g3l o ... o pimal,

Definition 3.7. Let ¥ : v = 7 be a bigon and ¢ € Hol,. A horizontal lift of ¥ with source
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¢ is a tuple (n, A\, { @} 1, {pi}"y, {9:}},) consisting of n € N, a subdivision A € T,, and
smooth maps

o &, :[0,1] x [t;i_1,t;] = Obj(P),

e p;:[0,1] — Mor(P) with py and p,, constant,

e g;:[0,1] = G with ¢;(0) =1,
such that the following conditions are satisfied:

1. ®; is a lift of X, i.e., m o ®; = X[ 1)x[t,_,,1) for all 1 <i < m.

i—15ti
2. t(pi(s)) = Piga(s,t;) for all 0 < i < n and s(p;(s)) = R(P;i(s,t;),gi(s)) forall 1 <i <n.
3. The paths 7;(t) := ®;(1,t), v4(s) := ®;(s,t;—1) and p; are horizontal for all 1 <7 < n.
4. &= ppxyp -k po with v;(t) := @;(0,t) and p; := p;(0).

Lemma 3.1. For every small bigon X : v = 7' and every £ € Hol, there exists a horizontal
lift with source &.

Finally, for an arbitrary bigon ¥ : v = +/ there exists a subdivision s € T,, such that the
pieces X;(s,t) :== X((s; — si—1)S + s;_1,t) are small. Then we define

small small

pu(s) == @R, 000y
The map ¢x(s) is independent of the choice of s.
Proposition 3.2. The map ¢y, : Hol, — Hol, is a I'-equivariant transformation.

Proposition 3.3. Let P be a principal I'-2-bundle with flat connection 2. Then the assign-
ments x — Py, [y] — Holj,), and [¥] — ¢px) form a 2-functor

trap : m<o(M) — I-Tor(P).

The equivalence between the local and global definitions of holonomies may be found in
Section 5 of [28]. The main observation is that the global construction of holonomies relies

on lifting paths and surfaces horizontally, which is done locally by solving the differential
equations (3.1) and (3.2).

Remark 3.3. The parallel transport we have just described is a map T : 2-3un£(M ) —
Repoy(M, P) for any fixed I'-2-bundle P.
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4 Comparison of 2-Dimensional Holonomies

We have seen how 2-dimensional holonomies can be constructed in two different settings:
for oo-local systems and for principal 2-bundles with flat connection. In the case of co-local
systems, the holonomies may be used to define a linear representation of the fundamental
2-groupoid. For principal 2-bundles with flat connection, we use holonomies to define a 2-
group representation. Furthermore, we have a way to construct principal 2-bundles with flat
connection from oco-local systems and a way to construct 2-group representations from linear
representations. All the constructions are regarded as maps as stated in Remarks 2.3, 3.2,
3.3 and Theorem 3.1. Putting this maps together we get the square
LocBO(M)  ——  2Bunf, , (M)

o0

[l lT (4.1)

Repoy(M, (E,0)) —— Repoy(M, F(E,0))

which leads us to our final theorem:
Theorem 4.1. Diagram (4.1) is commutative.

Since holonomies are compatible under composition, it is enough to prove the commutativity
of the diagram locally. The local commutativity has already been proven in [3], here we
review the main ideas of the proof.

Consider a local system (M x V,d —w) where w = 04wy +wy+---. We will write ['(V, 0) =
{H,G,1,a}. The associated principal 2-bundle F(F, ) has a connection determined by the
pair (A, B) where

A=uw, B = —prowsy,

according to the proof of Theorem 2.1. The paths g, : Ay — G and h, : A; — H that

solve the differential equations (3.1) and (3.2) respectively are used to define a 2-group
representation as follows:

e For a path v : Ay — M such that y(0) = x and (1) = y, a functor Hol, : F(E,0), —
F(E,0), is defined by multiplication to the left with the element g, (1).

e For a 2-simplex o : Ay — M such that its Oth vertex is x and its last vertex is v,
multiplication to the left with the element h, (1) yields a natural transformation.

On the other hand, the iterated integral map provides forms 8, € C*(M) ® End"(V) and
By € C?(M) ® End™!(V). A linear representation is defined as follows:

e For a path v : Ay — M such that v(0) = z and (1) = y, the map hol, : {z} x V —
{y} x V is defined by (x,v) — (y, 51(7)(v)).

e For a 2-simplex ¢ : Ay — M such that its Oth vertex is x and its last vertex is y, the
map hol, : {z} x V — {y} x V is defined by (z,v) — (y, B2(7)(v)).
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Applying Theorem 3.1 to this representation we get the 2-group representation:
e The functor (hol,), : F(E,0), — F(E,0), is the push forward under the map hol,.
e The push forward (hol, ), is a natural transformation.

To prove that both 2-group representations coincide, it is enough to construct solutions to
Equations (3.1) and (3.2) using the forms f; and fs:

e For Equation (3.1), let 5 be the restriction of v to the subinterval A;(s) of A;. We know
that f; actually takes values in the group G, therefore we may define g,(s) = £1(7s)
for s € [0, 1]. Note that g,(1) = 5:(7).

e For Eequation (3.2), let o, be the restriction of o to Ay(s) C Ay. We define h,(s) =
pr(32(7s)), where pr is the projection onto the quotient End ™ (V)/[0, End *(V)] = H.
Also note that h,(1) = f2(a).

Equation (3.1) is the usual parallel transport equation and f;(7s) is the usual holonomy along
the inverse of the path ~,. Thus it is clear that both representations coincide for paths. The
following results provide the proof that the representations coincide for 2-simplices.

Lemma 4.1. If /v :

0,
( / / (g, (7). (B (%Es(t), %Es(t)» Holgjdtds> Holy, .

Proof. Equation (3.2) may be rewritten as

d];is) = (Lnes). ( /0 ' (9z.0-1)., (B (%Es(t), %Zs(t))) dt)

:/01 o (g5.00-1). (B (%25@), %&(t})) di

+ h(s) ( / Ady, 17.(B) (%25@),%28@) dt)

! o) o) _dHolg,
_/0 a (gzs(t)fl)* (B (EZS@), %28(7&))) dt + h(S)HOlES s

Therefore we get the following equation

W%Ij‘ﬂisl) _ (/01 o (9.1, (B (%zs@, %Es(t))) dt) Hol;".

Integrating the previous equation leads to the desired result. O]

0,1] — H is a solution to Equation (3.2), then

Lemma 4.2. Define

0 0
as(t) = AZ}(s,t) (a—) and bs(t) = BZ(s,t) (EEs(t)’ ng(t)> .
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Then the integral
/1 /1 (g.()™M), (B o5, () a5 s(t) ] | Holg dtd (4.2)
Q@ X —Y(t), =— “dtds .
o Jo 9z, ot 0s >
is equal the iterated integral
> / s(1=t1) - - - ag(I—t)bs(1—tms1 ) as(1—tmsa) - - - s (L=t ini1)dty - - - dbmsnsrds.
m,n>0 Amn+1 XI
Proof. A solution to Equation (3.1) in terms of iterated integrals is
=id+ ) / / / (t,)dty - - - dt,
n>1
Similarly we have
t t1 tn—1
s =id e Sy [ [ et ety
o1 0o Jo 0
and
=id+ ) / / / a(l—t1)---a(l —t,)dt, - - dt,
n>1
replacing the previous expressions in (4.2) yields the result. O]
Proposition 4.1. The integral
> / s(1=ty) - - as(I—tp)bs(1—tmy1)as(1=tmia) - - - as(L—tpmir)dty - - - dbpinsrds.
m n>0 7n+'n+1 XI
can be written as
Z (_1)m+n/ Hmnt1) (PYE w1 -+ pr w1 p, 1 B (—Pr(wa) )P40 X wi - Py 27w,
m,n>0 Amgnt1x]
(4.3)
where p) : Ag x I — (I?)** is defined by
,u(k:)(tla etk S) = ((]- — t, S)7 ) (1 — t, S))
Replacing ¥ = 0 0 O in Equation (4.3) we get
> (—1)m+n+1/ (©2)(mnr1y (P1(@1) -+ P (W) D1 (W) P2 (@1) - - Dy (W)
m,n>0 Appyny1xd

which is By(0).
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