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Introduction

Ore extensions (introduced by Ore [33]) have been one of the most studied non-commutative
structures in the last century. The skew polynomial rings (see Definition 1.1.1) are an Ore
extensions that thanks to its similarity to the classical polynomial ring, currently seeks to
“copy” the properties that already have the classic polynomial ring such as Noetherianity,
some homological properties, the characterization of ideals, and others. In particular, and
as the first topic of interest in this work, Marks [26] examined an extreme situation for
skew polynomial rings: he asked when every left (or right) ideal is two-sided. It is impor-
tant to say that for an ordinary polynomial ring, this case can no occur unless the ring
is commutative (i.e., an ordinary polynomial ring is one-sided duo only if it is commuta-
tive), as it was proved by Hirano, Hong, Kim and Park (|13], Lemma 3). This result was
extended in [25], Lemma 3.3, and precisely, Marks [26] obtained further generalizations of
these results: he showed that if a non-commutative Ore extension R|[x; o, ] which is a duo
ring on one side exists, then it has to be right duo, ¢ must be non-injective and § # 0
([26], Theorems 1 and 2). He also obtained a list of necessary conditions to guarantee
that the Ore extension R[z;0,d] to be right duo. Nevertheless, Matczuk [28| proved that
non-commutative skew polynomial ring which are right duo rings do exist and that the
necessary conditions obtained by Marks are not sufficient for the skew polynomial ring to
be right duo. Actually, Matczuk’s paper is one of the most important articles about the
characterization of non-commutative rings which are duo rings.

Given that the skew PBW extensions introduced by Gallego and Lezama [9] are a
type of non-commutative ring more general than Ore extensions (of injective type, i.e.,
when o is injective), it is interesting to analyze how much the results obtained by Marks
and Matczuk can be generalized to these extensions. As we will see in Section 1.2, the
condition that Marks and Matczuk impose is that the endomorphism o is not injective,
which has as a particular consequence that the Noetherianity of the Ore extension (and
hence of the skew PBW extensions) fails. This fact is not very convenient for the study of
these extensions, as we can appreciated in previous works where the Noetherianity is a key
ingredient to the characterization of several ring-theoretical properties (see [23|, [24], [32],
and [35]-[48]). For this reason it is necessary to head towards another weakest notion, the
quasi-duo rings whose definition is presented in the Section 1.3.

Matczuk [28] opens the way to studying quasi-duo rings over the Ore extension R|x; o, d].
Two years later, Leroy, Matczuk and Puczylowski [21] gave a valuable characterization of

II
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the Ore extension R|zx;0,d] being quasi-duo ([21]|, Theorem 3.4). The same authors, but
now in [22], perform the study of quasi-duo property on Z-graded rings. With all these
treatments in mind and considering a graded version of skew PBW extensions (in general
these extensions are not graded, i.e., they are not trivially graded), it is our interest to
consider the definition of a graded skew PBW extension introduced recently by Suérez [45],
and then present examples of graded skew PBW extensions with the aim of determining
the quasi-duo property in some examples of skew PBW extensions. A remarkable fact is
that during the development of this work, Bien and Oinert [2] found a result on the prop-
erty of being quasi-duo for Ore extensions of derivation type (see Section 1.3). Since these
extensions are also examples of skew PBW extensions, we will provide more examples of
skew PBW extensions that are not quasi-duo (the negative answer for this property over
skew PBW extensions due to the results obtained by Bien and Oinert).

The second topic of interest of this work is about the ascending chain condition on
principal right (resp. left) ideals of non-commutative rings. This topic has been studied
in different papers such as Anderson [1], Grams [11], Renault [34] and Mazurek and Ziem-
bowski [29]. More recently, Nasr-Isfahani [31] considered the ascending chain condition on
principal left (ACCPL) (resp. right) ideals of the Ore extension R|x;o;0], and he gave
a characterization of skew polynomial rings R[z;0;0] that are domains and satisfy the
ascending chain condition on principal left (resp. right) ideals. In the same paper, the
author also proved that if R is an o-rigid ring (see Krempa [17]) that satisfies the ascend-
ing chain condition on right annihilators and ascending chain condition on principal right
(resp. left) ideals, then the Ore extension R[x;o;d] and skew power series ring R|[x;0]]
also satisfy the ascending chain condition on principal right (ACCPR) (resp. left) ideals.
Similarly to the first topic of this work, we ask ourselves for the ACCPL condition for the
more general context of skew PBW extensions. Fortunately, we were able to generalize the
results obtained by Nasr-Isfahani to the family of skew PBW extensions. All these results
are presented on Chapter 2 of this work!.

Next we present the structure of this work: in Chapter 1, Section 1, we recall some
definitions and necessary results for the entire document. In Section 2 we present the main
results obtained by Marks [26] and Matczuk [28] about the notion of duo ring over the
Ore extension R[z;o,d]. Now, Section 3 contains the notion of quasi-duo ring and the
results on Ore extensions which are Z-graded rings (we present the treatment developed
by given by Leroy, Matczuk and Puczytowski [22]). Finally, we conclude this chapter with
the most relevant conclusions of the work of Bien and Oinert [2] for the quasi-duo property
of Ore extensions of derivation type. Now, Chapter 2, Section 1, contains the results about
ACCPL condition in skew PBW extensions over domains and Archimedian domains. In
Section 2 we present several results about condition ACCP in skew PBW extensions over
Y-rigid rings (these rings were defined by Reyes [38]). Finally, we present some conclusions
and a possible future line of research.

!The results presented in this chapter have been submitted to publication.



CHAPTER 1

Duo and quasi-duo over skew PBW extensions

In this chapter we present the necessary notions for the development of this work and some
conclusions about the properties duo and quasi-duo over the skew PBW extensions.

1.1 Basic notions

We start defining the Ore extensions (of injective type) with the aim of showing why these
extensions are particular examples of skew PBW extensions.

Definition 1.1.1 ([33]|). Let R be a ring, o a ring endomorphism of R, and ¢ an o-
derivation on R, i.e., ¢ is any additive map 0 : R — R such that 6(rs) = o(r)d(s) + 6(r)s
for all r, s € R. We shall write S = R|x; 0, d] provided

(i) S is a ring, containing R as a subring;

S is a free left R-module with basis {1,z,22,...};

)
(ii) x is an element of S;
(iii)

)

(iv) ar =o(r)x + o(r) for all r € R.

Such a ring S is called a skew polynomial ring over R, or an Ore extension of R. It says
that R[x;0,0] is of endomorphism type if § = 0, and of derivation type if o = ip. An Ore
extension is of injective type if o is injective.

We will show the construction for an special type of iterated skew polynomial ring of
endomorphism type. Suppose that o1,...,0, are commuting endomorphisms of a ring
R (that is, 0405 = ojo; for all 4,j). First, set S; = R[z1;01], 02 extends uniquely to
an endomorphism a3 of S; such that o2(z1) = x1 , and set So = Sj[zg;02]. Similarly,
once S; has been constructed for some i < n, we build S;+1 = Si[z;4+1;7i+1], where 7,11
is the unique endomorphism of S; such that ;11 |r= 041 and Gi11(z;) = z; for j =
1,...,i. Finally, let S = S,, = R[z1;01][x2; 03] - [xn;0,). A standard notation for S, is
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S = R[z1,...,2p;01,...,05]. Note that z;2; = xjz; for all 4, j, and that x;r = o;(r)x; for
all 7 and all r € R.

Analogously it is possible to build an iterated skew polynomial ring of type derivation
S = Rlz1,...,2n;01,...,0,], and an iterated skew polynomial ring
S = R[z1;01,61][x2;02,02] - - - [Tn; O, O]

Example 1.1.2. Let ¢ € k (with k an arbitrary field) be any nonzero scalar such that
q # +1. The quantized enveloping algebra of sly(k) (special linear Lie algebra, which consist
of 2 x 2 matrices over k having trace 0) corresponding to the choice of ¢ is the k-algebra
U,(sla(k)) presented by four generators E, F, K, K~! and five relations

K—K!
KK 1=K 'Kk =1 EFF-FE=——+
q—4q
KE = ?FEK KF = ¢ ?FK.

Uy(sla(k)) can be expressed as an iterated skew polynomial ring of the form
KK [E; 1] [F; 09, 62].

Example 1.1.3. Given any q € k, the corresponding quantized coordinate ring of Ms(k)
is the k-algebra O,(Ma(k)) presented by four generators xi1, 12, 21, 22 and the six
relations

T11T12 = qT12711 T12022 = qT22712
T11T21 = qT21T11 T21X22 = qT22T2]

-1
12221 = T21712 XT11X22 — X22X11 = (q —q )96123?21-

This algebra is also called the coordinate ring of quantum 2 x 2 matrices over k, or the
2 x 2 quantum matriz algebra over k. Oy4(Ma(k)) can be expressed as an iterated skew
polynomial ring Of the form k‘[l‘n] [leg; 0’12] [33‘21; 0'21][33‘22; g922, 522].

Now we will remember the definition given by Gallego and Lezama [9] of the structure
of greater interest in this work, the skew Poincaré-Birkhoff-Witt extensions or skew PBW
extensions. As we will see in Proposition 1.1.5 they are a type of non-commutative rings
more general than Ore extensions of injective type.

Definition 1.1.4 ([9], Definition 1). Let R and A be rings. We say that A is a skew
PBW extension of R (also called a 0-PBW extension of R), which is denoted by A :=
o(R)(z1,...,xyn), if the following conditions hold:

(i) R C A4,
(i) there exist elements z1,...,x, € A such that A is a left free R-module, with basis
the basic elements Mon(A) := {2 = 2 -+ 2% | a = (a1, ..., ) € N} (2% :=1).

(i) For each 1 <¢ <mn and any r € R \ {0}, there exists an element ¢;, € R \ {0} such
that x;r — ¢; ,z; € R.

(iv) For any elements z;,z; with 1 < 1,5 < n, there exists ¢; ; € R \ {0} such that

TjT; — Ci jT;Tj € R+ Rx1+ - -+ Rxy,. (1.1.1)
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The next proposition establishes the analogy between Ore extensions of injective type,
i.e., 0; is injective for all 1 < i < n, and skew PBW extensions.

Proposition 1.1.5 ([9], Proposition 3). Let A be a skew PBW extension of R. For each
1 <1 < n, there exist an injective endomorphism o; : R — R and an o;-derivation
0; : R — R such that x;r = o;(r)z; + 0;(r), for each r € R.

Suarez and Reyes [48] presented some examples of skew PBW extensions according to
the next definition. For now, we remark the relation between the notions of constant skew
PBW extension and ¥-rigid rings (see Example 2.2.2).

Definition 1.1.6 ([48], Definition 2.3). Let A be a skew PBW extension of R, ¥ :=
{o1,...,0n} and A := {d1,...,0,}, where o; and ¢; (1 < i < n) are as in Proposition
1.1.5.

(a) A is called pre-commutative if the conditions (iv) in Definition 1.1.4 are replaced by:
For any 1 <i,j < mn, there exists ¢; ; € R \ {0} such that

TjT; — CijTiT; € Rxi1+ - -+ Rx,. (112)

(b) A is called quasi-commutative if the conditions (iii) and (iv) in Definition 1.1.4 are
replaced by

(iii’) for each 1 <i <mn and all r € R \ {0}, there exists ¢;, € R \ {0} such that
TiT = CipTi; (1.1.3)
(iv’) for any 1 <14, j < n, there exists ¢;; € R \ {0} such that
LT = C; jT;T;. (1.1.4)
(c) A is called bijective, if o; is bijective for each o; € ¥, and ¢; ; is invertible for any
1<i1<3<n.

(d) If o; = idg for every o; € X, we say that A is a skew PBW extension of derivation
type.

(e) If 0; = 0 for every §; € A, we say that A is a skew PBW extension of endomorphism
type.

(f) Any element r of R such that o;(r) = r and §;(r) = 0 for all 1 < ¢ < n, will be called
a constant. A is called constant if every element of R is constant.

(g) Ais called semi-commutative if A is quasi-commutative and constant.

Recall that a ring B is called Z-graded, if there exists a family of subgroups B,,n € Z,
of B such that B = &p,, By, (as abelian groups), and B, - By, € By 4, for all n,m; a graded
ring B is called N-graded if B, = 0 for all n < 0. Let B = @, B, and A = ,, A, be
graded rings. A ring homomorphism ¢ : A — B is called a graded ring homomorphism if
©(Ay) C By, for all n € Z.
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A filtered ring is a ring B with a family FB = {F,,B | n € Z} of additive subgroups of

B, where we have the ascending chain --- C F,,_1B C F,B C --- such that |J F,,B = B,
neL
1€ FyB and F,,BF,B C F,1 B, for all n,m € Z. From a filtered ring B, it is possible

to construct its associated graded ring G(B) taking G(B),, := F,,B/F,_1B.

Definition 1.1.7 (|9], Definition 6). If A is a skew PBW extension of R, then:

(i) for « = (a1,...,0ap) € N, 0% 1= o' 0%, |a] = a1+ -+ ap. If B =
(Biy...,Bn) € N* then a+ 8 := (a1 + b1, .., + Bn).

(ii) For X = z“ € Mon(A), exp(X) := «, deg(X) := |a|, and Xy := 1. The symbol >
will denote a total order defined on Mon(A) (a total order on N™). For an element
z® € Mon(A), exp(z®) := a € N*. If 2% = 2% but 2 # 27, we write 2 = 2.
Every element f € A can be expressed uniquely as f = ag+a1 X1+ -+ @ X, with
a; € R, and X,, > --- > X;. With this notation, we define lm(f) := X,,, the leading
monomial of f;lc(f) := ap, the leading coefficient of f; 1t(f) := apXm, the leading
term of f; exp(f) := exp(X,,), the order of f; and E(f) := {exp(X;) | 1 < < t}.
Note that deg(f) := max{deg(X;)}!_,. Finally, if f = 0, then Im(0) := 0, 1¢(0) := 0,
16(0) := 0. We also consider X > 0 for any X € Mon(A). For a detailed description
of monomial orders in skew PBW extensions, see Lezama and Gallego (|9], Section
3).

The next result establishes that a skew PBW extensions is a filtered ring and computes
explicitly its associated graded ring this ring will be involved in some of the main theorems
of Chapter 2, allowing a characterization for the PBW extensions that are ascending chain
condition on principal left ideals domain (ACCPL-domain) (see Definition 1.3.10) and right
(left) Archimedian domain (see Definition 2.1.9).

Proposition 1.1.8 ([24], Theorem 2.2). If A is a skew PBW extension of R, then A is a
filtered ring with increasing filtration given by

FoA— R, if m=0
{feA|deg(f)<m}, if m>1

and the corresponding graded ring G(A) is a quasi-commutative skew PBW extension of
R. Moreover, if A is bijective, then G(A) is a quasi-commutative bijective skew PBW
extension of R.

Since the notion of Z-graded ring is of remarkable important for the work developed by
Leroy, Matczuk and Puczytowski [22], next we consider the work of Suarez [45] where he
defined a graded skew PBW extension (see [45], Examples 2.8 and 2.9 for several examples).

Definition 1.1.9 ([45], Definition 2.6). Let A = o(R)(x1,...,zn) be a bijective skew
PBW extension of an N-graded K-algebra R. We said that A is a graded skew PBW
extension if the following conditions hold:

(i) x1,...,2, have degree 1 in A.
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(ii) o; is a graded ring homomorphism and ¢; : R(—1) — R is a graded o;-derivation for
all 1 <17 < n, where o; and §; are as in Proposition 1.1.5.

(iii) TjxTi — CijTixj € Ry + Riz1 + -+ Rz, as in (1.1.1) and Cij € Ry.

The following notation is necessary for the accounts in the proofs of the Theorems
2.1.4, 2.1.10 and 2.2.5.

Proposition 1.1.10 (|9], Theorem 7). If A is a polynomial ring with coefficients in R
with respect to the set of indeterminates {x1,...,x,}, then A is a skew PBW extension of
R if and only if the following conditions hold:

(i) for each z* € Mon(A) and every 0 # r € R, there exist unique elements ro =
o%(r) € R\ {0}, par € A, such that z%r = ro2% + Py, where pa, = 0, or
deg(pa,r) < |a| if par # 0. If v is left invertible, so is rq.

(ii) For each z®, 28 e Mon(A), there exist unique elements co 3 € R and papg € A such
that 2P = caﬂazo“kﬁ + Pa,g, where cq g is left invertible, po 3 = 0, or deg(pa,g) <
la + B if pa,p # 0.

In the noncommutative setting an integral domain, briefly called a domain, is defined
as a ring in which the product of any two nonzero elements is nonzero. Proposition 1.1.11
establishes that skew PBW extensions over domains are domains.

Proposition 1.1.11 (|24], Proposition 4.1). Let A be a skew PBW extension of a ring
R. If R is a domain, then A is also a domain.

For an Ore extension R[x;0,d] of R, if there exists d € R such that §(r) = dr — o(r)d,
for all » € R, then ¢ is called an inner o-derivation of R. If this is the case, one can show
that R[x;0,0] = R[x — d;o]. The generalization of this fact for skew PBW extensions is
formulated in the following proposition which provides a characterization for skew PBW
extensions that are Archimedian domains (see Corollary 2.1.14).

Proposition 1.1.12 (|23], Proposition 2.5). Let A be a skew PBW extension of a ring R.
If, for every 1 < i <mn, §; is inner, then A is a skew PBW extension of R of endomorphism

type.

Proposition 1.1.13 and Remark 1.1.14 are of great relevance for the proof of the
Theorem 2.2.5.

Proposition 1.1.13 ([38], Proposition 2.9). If a = (aq,...,ay) € N* and r is an element
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1.2 Duo rings

A ring R is called right (left) duo if every right (left) ideal of R is a two-sided ideal. A
right and left duo ring is called a duo ring. A characterization of this type of rings was
shown by Gary F. Birkenmeier y Ralph P. Tucci ([3], Proposition 6), where R is a right
duo ring if and only if R/T is strongly right bounded for all ideals T of R. Courter ([4],
Corollary 2.3) proved that a right duo ring with unity element which is a finite dimensional
algebra over an arbitrary field is a duo ring. However Y. Hirano, C.-H. Hong, J.-Y. Kim
and J.K. Park extend it ([13], Theorem 3) where R is a right artinian ring which is module
finite over its center. He also proved (|13], Lemma 3) that an ordinary polynomial ring is
right duo only if it is commutative. This result was extended by Marks [26] for the skew
polynomial ring S = R|x; o], that is, if S is right (left) duo, R must be commutative and
o must be the identity.

The paper of Marks (see [26]) is one of the most important references in this work.
Next we present some of its main results.

Proposition 1.2.1 (|26], Theorem 1). If the skew polynomial ring R[x; o] is left or right
duo, then R[x;o] is commutative.
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Proof. We follow the proof of [26]. Put S = R|z;0]. Since S is one-sided duo, it must
be Dedekind-finite, i.e., if fg = 1 then gf = 1, for f,g € S. We will begin by assuming,
for a contradiction, that ¢ is not the identity automorphism of R. In this case, there
exists some a € R such that o(a) # a. Let S(1 + ax + x2) left ideal of S, see that
(1+azx+2%)z = v+ar’+23 ¢ S(1+ax+2?). Suppose that (1+azx+2?)r € S(1+ax+22),
ie,(1+ax +2?)z = f(1+ azx + 2?) for f € S so,

(1+ax +2®)z =f(1 + az + 2?) = (bo + b1z + box® + - - - + bp™)(1 + az + 2?)
=bg + bpax + bz + bix + bizax + bz + -+ - + byz™ + bpa™ax + bz 2
=by + boax + boz?® + bz + bio(a)x? + bya® + - -
+bpx™ + bnan(a):sm'1 + bz t?

Comparing similar terms, observe that, bg = by =--- =b, =0, bpa + by =1, i.e.,, by = 1
and by + bio(a) + by = a, i.e., o(a) = a contradiction. So S is not left duo.

Thus, S must be right duo. If o were injective, then for f, g € S\ {0} with f monic,
deg(fg) = deg f +degg; let (1 + ax + 2?)S right ideal of S, suppose that (1 + az + 2?) €
(1+azx+22)8, ie., (1 +azx+2%) =z +o(a)z? + 23 = (1 +ax +22) f with deg(f) = 1 so

z(1+azx +2%) =z + o(a)z® + 23 = (1 + ax + 2°)(by + b1z)
=by + axby + 22by + bz + axbiz + z°bix
=bg + ac(by) + o2(bo)x* + by + ac(b)x? + o2 (by )2

Comparing similar terms, observe that, by = 0, ac(bg) + b1 = 1, i.e., by = 1 and o2(bg) +
ao(by) = o(a), i.e., o(a) = a contradiction. So

z(1+axr+2°) =z +o0(a)z? +23 ¢ (14 ax+ 2%)S.

Thus, since S is right duo, 0 must be surjective (Sx C xS) but not injective. Now we
show that only units are carried to units by o. Let U(R) the set of the units of R, suppose
a € R is such that o(a) € U(R). Then because S is right duo,

o(a)r =za € aS = o(a) € aR = a € U(R).

Therefore o~ 1(U(R)) = U(R). Since o is surjective but not injective, there exist nonzero
elements cg, ¢; € R such that o(c;) = 0 and o(cp) = ¢1. Now, since S is right duo,

x(co + 1z + m2) —crz+13e (co + c1 + x2)S.
Write
az+ 23 = (co+ a1z + 22 (do + dyz + - - - + dpz™). (1.2.1)

Comparing 2°-, 2!, and x3-coefficients in Eq. (1.2.1) we obtain the following three equa-
tions:
Codo =0 (1.2.2)

cody + C10’(d0) =, (1.2.3)
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cods + Clg(dg) + 02(d1) =1. (1.2.4)
By Eq. (1.2.2), we have 0 = o(codp) = c10(dp). Thus, by Eq. (1.2.3),
cod1 = cy. (1.2.5)

Applying 02 to Eq. (1.2.4), we obtain o*(d;) = 1; so, since Y (U(R)) = U(R), we
conclude that o(d;) is a unit. But now, applying ¢ to Eq. (1.2.5), we obtain ¢;o(d;) =0,
which contradicts our choice of ¢; # 0. Consequently, ¢ is the identity automorphism of
R, and we can write S = R[z], which by hypothesis is one-sided duo. Let a,b € R be
arbitrary. If S is left duo, then (a 4+ 2)b € S(a+ ) — (a+ )b = b(a+ ) — ab = ba; if S
is right duo, then b(a + z) € (a + z)S — b(a + z) = (a + x)b — ba = ab. In either case, R
must be commutative. O

As in the skew PBW extensions the endomorphisms turn out to be injective, the pre-
vious proposition allows us to say that the skew PBW extensions of type endomorphism
do not has the right duo property and therefore they are not duo rings. In the same way,
the following proposition allows us to discard the left duo property and therefore limits
our analysis to the property right duo. Nevertheless, we will consider important to present
the more remarkable results about the study of this property for Ore extensions.

Proposition 1.2.2 ([26], Theorem 2). If S = Rx;0,0] is left duo, then S is commutative.

Proof. 1f 6(r) # 0 for some r € R, then xzr ¢ Sx, contrary to hypothesis. Hence ¢ is the
zero map, and we can apply Proposition 1.2.1. O

We observe in the next propositions that the right duo hypothesis on R[z; o, d] imposes
some restrictions on the endomorphism and the derivation. Following Marks [26], we recall
that an ideal I of R is called a o-ideal, if o(I) C I, and it is called a d-ideal, if 5(I) C I,
I is called a (o, 0)-ideal, if both containments hold. The (o, d)-ideals impose one of the
necessary conditions for the Ore extension S = R[z;0;d] be right duo.

Proposition 1.2.3. If S = R[x;0,0] is right duo. Then:
(1) (]26], Lemma 3). For any i € N we have ker(c*) C J(R), where J(R) is the Jacobson
radical of the ring R..
(2) (]26], Theorem 4). If S is not commutative, then (0) # ker o C J(R).
(3) (]26], Lemma 7). Every right ideal of R is a (o, d)-ideal.

(4) ([26], Proposition 8). If e € R is any idempotent, e is a central idempotent, é(e) = 0,
and o(e) = e.

(5) (]26], Corollary 11). r € J(R) < o(r) € J(R), andr € U(R) < o(r) € U(R).
Proposition 1.2.4 ([26], Theorem 10). Define the ideal N = |J;2, ker(c?) C R. If
S = R[z;0,0] is right duo, then the following conditions hold:

(1) The ideal N is a (0,0)-ideal contained in J(R), and N # (0) except in the trivial case
where S is commutative.
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(2) For any r € R, the sequence {o™(r)}nen is eventually constant.
(3) For any r € R, the sequence {o"™(0(1)) }nen is eventually zero.

(4) The factor ring S/NS is isomorphic to the commutative polynomial ring (R/N)|x].

The next example meets the conditions given by Marks but is not right duo ring.

Example 1.2.5 (|26], Example 13 ). Let T" be any ring, and let M be any nonzero (7, T)-
bimodule. Put R = T @& M, with addition defined componentwise, and multiplication
defined by (t1,mq)(t2, ma) = (t1te, tymae + mats). Define 0 : R — R and § : R — R by

o(t,m) = (t,0), (t,m) = (0,m) forall t € T', m € M.

Then o is an endomorphism, § is a o-derivation, the conclusions of Proposition 1.2.3 and
(1)through (3) of Proposition 1.2.4 all hold, and

ker o =J2, ker(c®) =0& M C J(R).

(If T is commutative, then (iv) of Proposition 1.2.4 and the conclusions of Proposition
1.2.3 also hold.) Choose any nonzero m € M. If there were to exist elements (¢;, m;) € R
such that

n

z((1,m) + (-1,m)z) = ((1,m) + (—1,m)z) (Z(tl,ml)x’> € R[x;0,0],

1=0

then comparing 2°-coefficients would yield (0,m) = (to, mtg), contradicting m # 0. Thus,
R[z;0,6] is not right duo.

Matczuk 28] shows that noncommutative Ore extensions R[z; o, §] which are right duo
rings do exist and that the necessary conditions obtained by Marks are not sufficient for
the Ore extension S = R]z;0,d] to be right duo. He uses the unital split corner ring and
then define the skew derivations on these to show that there are Ore extensions that are
right duo (see Proposition 1.2.17). Let R = {r € R | o(r) = r}; observe that statements
(2) and (3) of Proposition 1.2.4 say that R’ is a unital split corner ring of a ring R, i.e.,
R? is a unital subring of R, R = R? & N as abelian groups and N is an ideal of R. The
maps o and 0 satisfy: for any r € N, there exists n € N such that 0" (r) = 0 and §(R) C N.

Proposition 1.2.6 (|28|, Proposition 1.5). Let R be either a left or a right Noetherian
ring. Suppose that R[x; 0, ] is a right duo ring which is noncommutative. Then there exists
a noncommutative Ore extension R'[x;0’,0'], which is a right duo ring, such that:

(i) R = A® M where A is a unital split corner subring of R' with M? = 0 and M # 0.

(ii) o' : R' — R’ is defined by o'(a+1) = a, for anya € A andl € M, and §'(R') C M.

Moreover, R’ can be taken to be a factor ring of R.
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In this proposition we show that there are indeed corner extensions which are right duo
rings, and therefore in Subsection 1.2.1 its relationship with the Ore extension R[z;o,d],
here A is a unital split corner subring of R = A @ M, with M? = 0.

Proposition 1.2.7 (|28], Theorem 2.4). Let A be a right duo ring and R = A® M, where
M is an (A, A)-bimodule such that M is faithful (i.e. for every module U, M x U = 0
implies U = 0) as a left A-module and simple as a right A-module. Then:

(1) R is a right duo ring.

(2) R is left duo iff M is faithful as a right A-module (i.e., A is a division ring) and
simple as a left A-module.

For a subset S of an (R, R)-bimodule M, l.anng(S) will stand for the left annihilator
of S'in R, i.e., l.anng(S) = {r € R| rS = 0}. The right annihilator r.anng(S) is defined
similarly. The coming proposition helps us calculate the skew derivations of A & M (see
Proposition 1.2.10)

Proposition 1.2.8 ([28], Lemma 2.6). Let A be a right duo ring. The following conditions
are equivalent:

(1) There exists an (A, A)-bimodule M such that M is faithful as left A-module and
simple as right A-module.

(2) There exist a right primitive ideal P of A and an injective homomorphism ¢ : A —
A/P.

Sketch of the proof.

(1)=(2) Let P denote the annihilator of M 4. Then P is right primitive ideal of A and A/P
is a division ring as A is a right duo ring. This means that, for any 0 # m €
M, r.anna(m) = P. Let us fix 0 # m € M and consider M as (A, A/P)-bimodule.
Then M = m(A/P) and for any a € A, am = ma¢n(a) for a suitable element
¢m(a) € A/P. Notice that, because r.ann 4,p(m) = 0, the element ¢,(a) is uniquely
determined by a. Thus we have a well defined map ¢ = ¢, : A — A/P. ¢ is a ring
homomorphism. If ¢(a) = 0, then 0 = m¢(a)(A/P) = am(A/P) = aM. Hence a = 0
follows, as the left A-module oM is faithful. This shows that ¢ is injective.

(2)=-(1) Let P be a right primitive ideal of R and ¢ : A — A/P an injective homomorphism.
Then, as A is right duo, A/P is a division ring. Let M be the one-dimensional right
vector space over A/P. Let us fix 0 # m € M and define left A module structure
on M by setting a - (mr) = m¢(a)r, for any a € A and r € A/P. This determines
an (A, A/P)-bimodule structure on M. Notice that if aM = 0, then m¢(a) = 0
and a = 0 follows, as ¢ is injective and r.ann4,p(m) = 0. This induces the desired
(A, A)-bimodule structure on M.
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Remark 1.2.9. A will stand for a commutative domain, P for a maximal ideal of A, K
will denote the field A/P and ¢ : A — K a fixed injective homomorphism of rings. For
any element a € A, @ will denote the canonical image of @ in K = A/P. By Proposition
1.2.8, the right K vector space vK with the basis {v} has a structure of (A4, A)- bimodule
given by a-vk = vp(a)k and vk-a = vka, for any a € A and k € K. Then vK is faithful as
a left A-module and simple as a right A-module. Thus, by Proposition 1.2.7, R=A®vK
is a right duo ring. From now on, ¢ : R — R stands for the endomorphism of R given by
o(a+vl) = a, for any a,l € A.

Proposition 1.2.10. (1) (|28, Lemma 3.1). Let d,, denote the inner o-derivation of R
determined by the element y =c+vm € A@vK = R, where c,m € A. Then:

(i) dy(a+vl) = vo(c)l +vm(a — ¢(a)) € vK, for any a + vl € R. In particular,
dy(v) = vo(c).
(ii) If dy(A) =0, then dy(a + vl) = vo(c)l, for any a + vl € R.

(2) (|28], Lemma 3.2). For any w € K ,define 6, : R — R by setting d,,(a + vl) = vwl,
for any a,l € A, 6§, is a o-derivation of R = A @ vK. Moreover &, is an inner
o-derivation iff w € ¢p(A).

The previous proposition shows a characterization of the inner o-derivations of A@vK
as a consequence of the Remark 1.2.9, also how each element of K determines an inner
derivation of A & vK. Therefore, the following proposition gives a description of all o-
derivations of R.

Proposition 1.2.11 (|28|, Theorem 3.3). Let 6 be a nonzero o-derivation of R = AGvK.
Then:

(1) There ezists w € K such that 6(v) = vw.
(2) If 6(vK) = 0, then one of the following conditions holds:

(i) 9 is an inner o- derivation of R;

(ii) ¢ = idg, i.e., R = K @ vK is a commutative ring,  is an ouler o-derivation
and there exists a derivation d of the field K such that §(a + vb) = vd(a), for
any a,b € K.

(3) Let w € K be such that 6(v) = vw. Then (§ — §y)(VK) = 0, ie., § — dy is a

o-derivation satisfying the assumption of the statement 2.

From above proposition is obtained the following classification of Ore extension R[x; 0, d]
over our ring R = A® vK:

Proposition 1.2.12 (|28], Proposition 3.7). Let § be a o-derivation of R = A®&vK. Then:

(1) Suppose that R is noncommutative. Then R[x;o,0] is R-isomorphic either to R[x; 0]
or to R[x;0,0,)], for some w € K ¢(A), where d,(a + vl) = vwl, for any a,l € A.

(2) Suppose that R is commutative. Then R = K & vK and Rlz;0,0] is R-isomorphic
either to Rlx;o| or to R[x;0,0], where §(a + vb) = vd(a), for any a,b € K, and d
denotes a nonzero derivation of K.
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1.2.1 Ore extensions which are right duo rings

Here we present the characterization of the Ore extensions R[z;o,d] that are right duo
through the derivation defined above and taking R = K @ vK presented in Proposition
1.2.17. The following results allow us to prove this characterization. First we define
certain elements that allow us to characterize in the Proposition 1.2.14 the bilateral ideals
in R[z;0,0,].

n

Definition 1.2.13 ([28], Definition 4.3). For any polynomial f = 3 (ap + vip)z* €
k=0
R[z; 0,0, we set:

n

(1) fa= > aa* € Ala] C Rlz;0,6,) and f, = f — fa.
k=0

(2) Dy = 32 dlan)w* € K, that is D; = du(fa).
k=0

Proposition 1.2.14 (|28], Proposition 4.5). For a polynomial f € Rz;0,0,)|, the
following conditions are equivalent:

(1) fR[z;0,04] is a two-sided ideal of R[x; 0, dy].
(2) One of the following conditions holds:

(i) Dy #0;
(ii) fa =0, i.e., f € vR[x;0,04);
(i) vf — 0 and f — /.

A direct consequence of the previous proposition is:

—

Proposition 1.2.15 ([28], Corollary 4.6). Let w € K and ¢(A) denote the subfield of K
generated by ¢(A). Then:
(1) If w is transcendental over m then fRlx;0,0y] is a two-sided ideal of R[x; 0, dy],
for any f € R[x;0,0y], i.e., Rlx;0,8,] is a right duo ring.
(2) If w is algebraic of degree n + 1 over qS/(/T), for some n > 0, then:
(i) for every polynomial f € R[x;0,0,] of degree deg(f) < n, fR[x;0,04] is a
two-sided ideal of R[x; 0, dy];
(ii) there exists a polynomial f € Rlx;0,d,] of degree n+ 1 such that fR[x;0,dy]
is not a two-sided ideal of R[x; 0, dy].

When P =0, R = K @ vK, then vf # 0, for any polynomial f € Rlz;0,0,] with
fa # 0. Thus, of Proposition 1.2.14 we obtain:

Proposition 1.2.16 ([28], Corollary 4.7). Suppose R = K ®vK and f € R[z;0,06y]. Then
fR[z;0,04] is a two-sided ideal of R[x; 0,0y iff either Dy # 0 or f € vR[x;0,0y).
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The proof of the following proposition is obtained from the Propositions 1.2.12 and
1.2.15, this proof can be seen in [27].

Proposition 1.2.17 ([28|, Theorem 4.8). Let A be a commutative domain with a mazimal
ideal P, ¢ : A — A/P = K an injective homomorphism and R = A @ vK the associated
unital split corner extension of A. Then the following statements are equivalent:

(1) R[x;0,0] is a right duo ring;

(2) There exists w € K such that w is transcendental over the subfield of K generated by
#(A) and R[z;0,0] is R-isomorphic to R[x; 0, dy).

Finally, it is possible to affirm that the non-commutative Ore extension B[z;7,d] with
coefficients in a Noetherian ring is never duo ring:

Proposition 1.2.18 (|28], Proposition 4.11). Let B be a commutative Noetherian ring. If
the Ore extension Blx; T, 0] is a right (left) duo ring, then Bx; T, ] = Blx] is a commutative
polynomial ring.

Sketch of the proof. 1If Blx;T,d] is left duo, then the thesis is a consequence of Proposition
1.2.2. Suppose that Blz;T,d] is a right duo ring which is noncommutative. Then, by
Proposition 1.2.6, there exists a noncommutative Ore extension R[z;o,d] which is right
duo. Since R is a factor ring of B, R is commutative and Noetherian. Then, there is
an ideal J of R such that R/J ~ A" & M’', where M’ is an (A’, A’)-bimodule which is
simple as a right A’-module and faithful as a left A’-module. Proposition 1.2.3 guarantees
that J is a (0, 0)-ideal, so R[z;0,0]/(JR[z;0,0]) ~ (R/J)[x; 0, 0], we may assume that the
commutative ring R = A® M, where M is simple as a right A-module and faithful as a left
A-module. Now, since R is commutative, Proposition 1.2.17 yields that R[z;o,d] is not
right duo. This contradicts our assumption and completes the proof of the proposition. [

For the previous result, the Noetherianity of the ring would have to be eliminated to
guarantee the duo property, and since in the skew PBW extensions the Noetherianity is
one of the most important and studied properties, it is convenient (and sad) to leave aside
the right duo property.

1.3 Quasi-duo rings

As we saw in the previous section it will not be very useful to study the property duo
over skew PBW extensions. Consequently in this section we study a more general notion,
quasi-duo ring, i.e., when every maximal one-sided ideal of a ring R is two-sided. So, each
commutative ring is quasi-duo. We also review some results in the literature with the aim
to study this property for skew PBW extensions.

Matczuk [28] established a necessary condition for an Ore extension to be quasi-duo
ring. Later, Leroy, Matczuk and Puczylowski [22] studied this property for Z-graded rings,
and they proved the characterization given in [21] using the graduation properties of the
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Ore extension.

Matzuck presents what could be the first characterization of an Ore extension quasi-
duo:

Proposition 1.3.1 (|28], Proposition 1.4). Let S = R[z;0,0]. Suppose that R is a right
duo ring, the factor ring S/N S is isomorphic to the commutative polynomial ring (R/N)[z],
where N = | Ji2, ker(a') C R and every right ideal of R is a (0,6)-ideal. If N is a nil ideal
of R, then S is a quasi-duo ring.

Proof. We follow the proof of [28]. Let I be a nilpotent two-sided ideal of R. By assumption,
I is (o, 0)-stable, so I R[z; 0, d] is also a nilpotent ideal of R[z;0,d]. In particular, I R[z; 0, 0]
is contained in the Jacobson radical J(R[z;0,0]) of R[z;0,d]. Let @ € N. Since R is a
right duo ring and « is a nilpotent element, aR is a nilpotent two-sided ideal of R. Hence,
by the above N R[z;0,0] C J(R|x;0,d]) follows. This implies that N R[z; 0, 0] is contained
in any maximal one-sided ideal of R[x;0,d]. Now, the thesis is an easy consequence of the
fact that R[x;0,0]/(NR[x;0,0]) ~ (R/N)[z] is a commutative ring. O

We will denote by A the set of all maximal right ideals M of graded ring R such that
R, ¢ M, for some 0 #n € Z; A(R) = (| M;
MeA

Ai={reR| Ryr CJ(R), for every 0 #n € Z} and

A ={re R|rR, C J(R), for every 0 # n € Z}.

The next proposition describe A(R) in terms of A; and A, and have great relevance in the
proof of the Proposition 1.3.4.

Proposition 1.3.2 (|22|, Proposition 3 (i)). Let R be a Z-graded ring. Then A(R) = A; =
A,.

Proposition 1.3.3 (|22|, Theorem 4). If a Z-graded ring R is right (left) quasi-duo, then
R/M is a field, for every M € A.

Proposition 1.3.4 ([22|, Theorem 5). A Z-graded ring R is right (left) quasi-duo if and
only if Ry is right (left) quasi-duo and R/A(R) is a commutative ring.

Proof. We follow the proof of [22|. Suppose that R is right quasi-duo. Let M be a
maximal right ideal of Ry. Clearly, M R is a proper right ideal of R. Consequently, M R is
contained in a maximal right ideal T of R. Since R is right quasi-duo, T'<1 R. It is clear that
M = TnNRy, so M <Ry. Thus Ry is a right quasi-duo ring. When A # (), Proposition 1.3.3
implies that R/A(R) is a subdirect sum of fields, so it is a commutative ring. If A = 0,
then A(R) = R and the ring R/A(R) is also commutative. Suppose now that Ry is right
quasi-duo and R/A(R) is commutative. Let I be the ideal of R generated by Uy ez Fn-
Then, by Proposition 1.3.2, TA(R) C J(R). Hence (INA(R))? C J(R) and semiprimeness
of J(R) implies that I N A(R) C J(R). This shows that R/J(R) is a homomorphic image
of a subdirect sum of rings R/I and R/A(R). Clearly, R/I is a homomorphic image of Ry.
Consequently, both R/I and R/A(R) are right quasi-duo, so, further, R/J(R) and R are
right quasi-duo. When R is left quasi-duo, symmetric arguments apply. O
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Thanks to the Definition 1.1.9, the previous proposition shows us how to find out if a
graded skew PBW extension is or not quasi-duo. Of course it is relatively less tedious to
see which ones are not, because due to the quotient presented there and the difficulty to
describe the quotients in the PBW extensions, it is considered as future work to analyze
this condition in these extensions and therefore give a complete list of the graded skew
PBW extensions that are and are not quasi-duo.

We will give a proposition that is of great relevance in the proof of Proposition 1.3.6:

Proposition 1.3.5 (|22], Theorem 1). For every Z-graded ring R:

(i) J(R) is a homogeneous ideal, i.e., J(R) = @, cz(J(R) N Ry)

(i) Ifr e Uo?énez Ry, then 1 4+ r is invertible if and only if v is nilpotent.

Let’s consider N(R)={r € R | ro(r)---o™(r) = 0, for some positive integer n}. Clear-
ly, N(R) = {r € R C R[z;0] | (rz)" = 0, for some positive integer n}. Let N(R)[z;0] be
the set of all polynomials from R[z;o] which have all their coefficients in N(R). Notice
also that o(N(R)) C N(R). Thus, if N(R) < R, then N(R)[z;0] < R[z;0] , o induces an
endomorphism, also denoted by o, on R/N(R) and (R/N(R))[x; 0] ~ R[z;0]/N(R)[z;0].
The next proposition was presented by Leroy, Matczuk and Puczytowski [22], they prove
using R[z; 0] as a Z-graded ring.

Proposition 1.3.6 (|22|, Lemma 8). Suppose that the skew polynomial ring S = R[z; 0]
is right (left) quasi-duo. Then J(S) C N(R)[x;0] C A(S).

Sketch of the proof. Since S is right (left) quasi-duo, the ring S/J(S) is reduced, Rz N(R) C
J(S), for all n > 0. The canonical Z-graded of S together with the previous inclusion and
the Proposition 1.3.2, N(R)[z;0] C A(S). Let az™ € J(S5), for some n > 0. Note that
ax™ € S, where .S, is the homogeneous component of degree n of S, thus az™ € Uo;énez Sh.
Then, by Proposition 1.3.5, az™ is nilpotent element of S since 1 + ax™ is invertible. Now
see that xz"a is also nilpotent element of S, let m € N such that (az™)™ = 0:

)" =g"ax"a - - 2" ax"a

-~

(z"a

m+1-times
=z"(az"a---2"ax")a
m-times
=x"(ax")"a =0

and so z"a € J(S). Hence Rx™x"1a C J(S), for all m > 0 and Proposition 1.3.2 shows
that 2" 'a € J(S). Repeating this procedure, we obtain xa € J(S), this implies that
a € N(R). Since J(S) is a homogenous ideal, we obtain J(R[z;0]) C N(R)[x;0]. O

The necessary and sufficient conditions for the Ore extension of type endomorphism
R[z; 0] be quasi-duo are given by the following proposition.

Proposition 1.3.7 (|22], Corollary 9). R[x;o] is right (left) quasi-duo if and only if
R is right (left) quasi-duo, N(R) < R, J(R[z;0]) = J(R) N N(R) + N(R)[z;0]z, and
(R/N(R))[x; 0] is a commutative ring.
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During the development of this work Bien and Oinert [2] show how an Ore extension
of derivation type with more than one indeterminate can never be quasi-duo. This result
gives us more examples of skew PBW extensions that are not quasi-duo. Below the main
results of this paper are presented.

Proposition 1.3.8 ([2], Theorem 1.1). Let S = R[z;d] skew polynomial ring of type
derivation and put Jo := J(S) N R. The following five assertions are equivalent:

(i) S is left quasi-duo;
(ii) S is right quasi-duo;

(iii) Ewvery left ideal of S containing the Jacobson radical J(S) is two-sided, i.e. S/J(S)
1s left duo;

(iv) Ewery right ideal of S containing the Jacobson radical J(S) is two-sided, i.e. S/J(S)
s Tight duo;

(v) The quotient ring R/Jy is commutative and 6(R) C Jo.

Before presenting the proof of Proposition 1.3.8 it is necessary the next result.

Proposition 1.3.9 (|2], Proposition 2.1). Let S = R[x;d] be a skew polynomial ring of type
derivation, and put Jo = J(S)NR. If S is left (right) quasi-duo, then R/ Jy is commutative
and §(R) C Jp.

Next we present the proof of the Proposition 1.3.8.
Proof. We follow the ideas presented in [2]. We will show that (i) = (v) = (iii) = (i).

(i) = (v) This implication follows from Proposition 1.3.9.

(v) = (iii) Consider the morphism ¢:

¢: R[x; 0] = (R/Jy)[x; 0], a0 + a1z + - + apx™ — ag + ayx + - - - + apz™.

In our case, R/Jy is commutative and § = 0. Hence, (R/Jo)[z,d] is commutative.
Notice that ¢ is surjective and that ker(y) = Jo[z,d] C J(S). Hence, S/(Jo[z,d]) ~

(R/Jo)[z, 0] which is commutative. Therefore, every left ideal of S containing J(5)
is two-sided.

(iii) = (i) This is trivial.
The proof of (ii) < (iv) < (v) is analogous. O
The objects described below play an important role in the Proposition 1.3.12, where it
is stated that if the noncommutative skew polynomial ring R[z;¢] is PI (Definition 1.3.11)

or meets the ascending chain condition on right annihilators, then it will not be quasi-duo.
The Definition 1.3.10 is one of the most prominent in Chapter 2.
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Definition 1.3.10. A ring R is said to satisfy the ascending chain condition (ACC) on
right annihilators if there does not exist an infinite strictly ascending chain of right an-
nihilators. A domain D is said to satisfy the ascending chain condition on principal left
ideals (ACCPL) if there does not exist an infinite strictly ascending chain of principal left
ideals of D. Domains satisfying the ascending chain condition on principal right ideals
(ACCPR) are defined analogously. A domain D is called an ACCP-domain if it satisfies

the ascending chain condition for principal ideals.

Definition 1.3.11. A polynomial identity (PI) on a ring R is defined as a polynomial

p(z1,...,%,) in non-commuting indeterminates xy,...,z, with coefficients from Z such
that p(r1,...,m,) =0, for all r1,..., 7, € R. A polynomial identity ring (PI ring), is a ring
R that satisfies some monic polynomial identity p(z1,...,Zs).

Proposition 1.3.12 (|2], Proposition 3.2). Let R be a ring satisfying Nil(R) = 0. If R is a
PI ring or satisfies the ascending chain condition on right annihilators, then the following
two assertions are equivalent:

(1) R[z;9] is quasi-duo;

(2) R[z;9] is commutative.

The most important result for this work obtained by Bien and Oinert, refers to
differential polynomial ring in several indeterminates, following the notation of Bien and
Oinert, let I be a non-empty (possibly infinite) countable set, let D = {&; | i € I} be a
family of derivations on R (by a “family” we mean that all d;’s need not be distinct), and
let X = {x;|i € I} be a set of distinct non-commuting indeterminates. Given R, D and
X, we can define the ring R[X; D] which is the set of all polynomials in the indeterminates
z; € X with coefficients from R. The addition in R[X; D] is the natural one and the
multiplication is generated by the commutation rule x;a = ax; + d;(a), for i € I. The ring
R[X; D] is called a differential polynomial ring in several indeterminates.

Proposition 1.3.13 ([2|, Theorem 5.3). Let I be a non-empty countable set and let
S = R[X; D] be a differential polynomial ring in several indeterminates (as above). If S is
left (right) quasi-duo, then |I| = 1.

Next we present some examples of skew PBW extensions which are not quasi-duo.

Example 1.3.14. (a) The Weyl algebra A, (K) = Klt1,...,t,][x1,0/0t1] - [z, 0/Oty]
is an Ore extension. Note that, x;p = px; + Op/0t;, vix; — xjz; = 0, for any
p € K[t1,...,t,) and 1 < 4,5 <n. So, Ap(K) ~ o(K[t1,...,tn]){z1...,2,) is a skew
PBW extension. Since A, (K) is an Ore extension of derivation type, it is possible to
apply Proposition 1.3.13, so A, (K) is not quasi-duo.

(b) Let K(¢1,...,t,) the field of fractions of Klti,..., ], then extended Weyl algebra
B, (K) =K(t1,...,ty)[x1,0/0t1] - - - [xy, 0/ Oty] is also a skew PBW extension. Anal-
ogous to the previous example B, (K) is not quasi-duo.



CHAPTER 2

On the ACCP in skew PBW extensions

The results established in this chapter are the most important of this work, since all of
them generalize those obtained by Nasr-Isfahani [31] for Ore extensions. This chapter is
divided into two sections: in the first we will work on domains, and in the second, we will
work on more general rings, the »-rigids rings.

2.1 ACCP over domains

In this section we establish necessary and sufficient conditions to guarantee that a skew
PBW extension is an ACCP-domain. We start with the following caracterization of ACCPL
domains.

Proposition 2.1.1 ([29], Proposition 2.7). For any domain B, the following conditions
are equivalent:

(i) B satisfies ACCPL.

(ii) For any sequences (Gm)menNs (bm)men of nonzero elements of B such that a,, =
bmam+1, for all m € N, there exists s € N with b, € U(B), for allm > s.

(iii) For any sequences (am)meN, (bm)men of nonzero elements of B such that a,, =
bmam+1, for all m € N, there exists s € N with by € U(B).

(iv) Npenrire - mmB =0, for any sequence (rm)men of nonunits of B.

If C' is a subring of a domain B such that U(C) = CNU(B), where B satisfies ACCPL,
then C also satisfies ACCPL ([29], Corollary 2.8). Next, we present the first important
result of the chapter. Our Theorem 2.1.2 generalizes Nasr-Isfahani ([31], Theorem 2.3).

Theorem 2.1.2. If A is a skew PBW extension of R, then the following assertions are
equivalent:

(1) A is an ACCPL-domain;

18
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(2) G(A) is an ACCPL-domain.
(3) R is an ACCPL-domain.

Proof. (1) = (3) Suppose that A is an ACCPL-domain. Using that A is a domain, it is
clear that R is a domain, and having in mind that U(R) = RN U(A), R is an ACCPL-
domain by Mazurek and Ziembowski ([29], Corollary 2.8).

(3) = (1) Consider R an ACCPL-domain. By Proposition 1.1.11 we know that A is a
domain. Let (fin)men, (9m)men be sequences of nonzero elements of A with f,, = gm fint1,
for every m € N. Since A is a domain and o; is injective (1 < i < n), then deg(f,,) =
deg(gm) + deg(fm+1), for each m. Note that if for every m € N, deg(f,) = deg(fim+1),
then g,, € R whence lc(fin) = gmle(fm+1). Since R is an ACCPL-domain, there exists
s € N such that gs € U(R) (Proposition 2.1.1) which shows that A is an ACCPL-domain.
Now, if there exists m € N with deg(g,,) # 0, then deg(f.,) > deg(fm+1), and if, for each
s > m, deg(gs) = 0, then by the same argument as above, there exists m’ > m such that
gm' € U(R) and the assertion follows. In this way, we assume that there exists a sequence
of positive integers m; < ma < mg < --- with deg(gm,) # 0, for every integer ¢. Thus,
deg(fm,) > deg(fm,) > deg(fms) > -+ and so there exists a positive integer ¢ such that,
for every m > t, deg(f,,) = 0. Therefore, for each m > ¢, f,, gm € R and so there exists
m’ >t with g,y € U(R) which concludes the proof.

(2) & (3) The proof of this equivalence uses similar arguments to the established in
the proof of the equivalence (1) < (3). O

Corollary 2.1.3 (|31], Theorem 2.3). Let R be a ring, o an endomorphism of the ring R
and 0 an o-derivation of R. Then the following are equivalent:

1) Rlz;0,0] is an ACCPL-domain and o is injective.

2) R|[[xz;0]] is an ACCPL-domain.

(1)
(2)
(3) R[z;0] is an ACCPL-domain.
(4)

4) R is an ACCPL-domain and o is injective.

Following Nasr-Isfahani [31], an endomorphism o of a ring R preserves nonunit elements
of R, if we have (R \ U(R)) C R\ U(R). Thinking in our subject of interest, we will say
that the family of injective endomorphisms ¥ = {o1,...,0,} (Proposition 1.1.5) preserves
nonunit elements of R, if every o; € ¥ preserves nonunit elements of R. The next theorem
extends Nasr-Isfahani ([31], Theorem 2.4).

Theorem 2.1.4. Let A be a skew PBW extension of a ring R. If R is an ACCPR-domain
and X preserves nonunit elements of R, then A is an ACCPR-domain.

Proof. As we saw above, A is a domain, so consider (fm)menN, (9m)men sequences of
nonzero elements of A with f,, = fm419m, for every m € N. Using that A is a domain
and every o; € X is injective, deg(fm) = deg(fm+1) + deg(gm), for each m € N. 1If,
for m € N, deg(fn) = deg(fm+1) = t, we obtain that g,, € R. Note that if, f,,+1 =
ap+a1 X1+ +ap Xy, with X7 < Xo <--- < X, then fr119m = aogm +a1 X1gm +- -+



CHAPTER 2. ON THE ACCP IN SKEW PBW EXTENSIONS 20

apXpgm = ao + a1X19m + -+ + ap[0“?(9m) Xp + Pay.g,,] (by Proposition 1.1.10) whence
le(frnt19m) = apo® (gm) = le(fing1)o*?(gm). Using that R is an ACCPR-domain, by the
right-sided version of Proposition 2.1.1, there exists m’ € N with ¢®¢(g,,») € U(R), and
having in mind that o; preserves nonunit elements of R, for every 1 <1i < n, g, € U(R),
and so g, € U(A). In this way, if we assume that there exists s € N with deg(gs) # 0, by
a similar reasoning to the proof of Theorem 2.1.2, we obtain that g,,, € U(A), for some
m’ € N. Therefore, the right-sided version of Proposition 2.1.1 guarantees that A is an
ACCPR-domain. O

Corollary 2.1.5 ([31], Theorem 2.4). Let R be a ring, o an endomorphism of the ring R
and & an o- derivation of R. If R is an ACCPR-domain and o is injective and preserves
nonunit elements of R, then R[x;0,6] is an ACCPR-domain.

The next theorem 2.1.6 extends Nasr-Isfahani ([31], Theorem 2.5).

Theorem 2.1.6. If A is a skew PBW extension of R, then G(A) is an ACCPR-domain
if and only if R is an ACCPR-domain and ¥ preserves nonunit elements of R.

Proof. Suppose that G(A) is an ACCPR-domain. As we saw above, U(R) = RNU(A),
so the right-sided version of Mazurek and Ziembowski ([29], Corollary 2.8), implies that
R is an ACCPR-domain. Now, if o;(r) € U(R), for some r € R \ U(R) and every
1 <i <mn, for each m € N consider the element f,, := (0;(r))"™x;. In this way, fp+17 =
(o5(r)) = Dair = (05(r)) "™ Loy(r)zi = fm, for every m € N. Hence, by the right-sided
version of Proposition 2.1.1 we obtain that r € U(R) which contradicts our assumption.
Therefore o; preserves nonunit elements of R, for every ¢, and so X preserves nonunit
elements of R. The converse follows from Theorem 2.1.4. O

Corollary 2.1.7 (|31], Theorem 2.5). Let R be a ring and o an endomorphism of the ring
R. Then the following are equivalent:

(1) R[z;0] is an ACCPR-domain.
(2) R|[[z;0]] is an ACCPR-domain.
(3) R is an ACCPR-domain and o is injective and preserves nonunit elements of R.

Proposition 1.1.12 and Theorem 2.1.6 imply the following result

Corollary 2.1.8. Let A be a skew PBW extension of R. If every o;-derivation §; € A is
mner, fori =1,...,n, then A is an ACCPR-domain if and only if R is an ACCPR-domain
and X preserves nonunit elements of R.

Definition 2.1.9. Let B be a domain. B is called to be left (resp. right) Archimedian, if
we have (>, a™B =0 ([,,5; Ba™ = 0), for each nonunit element a of B.

Note that by Proposition 2.1.1, any ACCPL-domain (resp. ACCPR-domain) is left
(resp. right) Archimedian, but the converse is not true in general (see Dumitrescu, [6] for
a counterexample).

Theorems 2.1.10 and 2.1.12 generalize Nasr-Isfahani ([31], Theorems 2.8 and 2.9), re-
spectively.
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Theorem 2.1.10. Let A be a skew PBW extension of R. If R is a right Archimedian
domain and X preserves nonunit elements of R, then A is a right Archimedian domain.

Proof. We know that A is a domain, so let us show that A is right Archimedian. Let
f € A be a nonunit element and consider g € (),,~; Af™. It is clear that for every m € N
there exists an element h,, € A, hy, = am 0+ alX;ml + -+ ap Xy p, say, with g = Ay, f.
Consider the following two cases: (i) if deg(f) = 0, then lc(g) = lc(hy)o®m?(le(f™))
which shows that lc(g) € (),,>; R(c“™?(f))™, but having in mind that o®m»(f) is a
nonunit element, necessarily lc(g) = 0 whence g = 0. (ii) if deg(f) # 0, then for every
m € N we know that deg(g) = deg(hy,) + mdeg(f) which shows that g = 0. O

Corollary 2.1.11 (|31], Theorem 2.8). Let R be a ring, o an endomorphism of the ring
R and d an o- derivation of R. If R is a right archimedean domain and o is injective and
preserves nonunit elements of R, then R[x;0,0| is a right archimedean domain.

Theorem 2.1.12. If A is a skew PBW extension of R, then G(A) is a right Archimedian
domain if and only if R is a right Archimedian domain and X preserves nonunit elements

of R.

Proof. Suppose that G(A) is a right Archimedian domain. Since R C G(A), it is clear that
R is a domain. Consider @ € R, a nonunit element, and let b € (), -, Ra™. We can see
that b € ,,5; G(A)a™, and so b = 0, which shows that R is a right Archimedian domain.
Now, let o;(r) € U(R), for some nonunit 7 of R. If m € N then we consider the element
fm = (0i(r))""x; of G(A), which satisfies f,r™ = x;, that is, z; € (),,~; G(A)r™ which
is clearly a contradiction, so o; preservers nonunit elements of R, for every 1 < i < n. The
converse of the assertion follows from Theorem 2.1.10. O

Corollary 2.1.13 ([31], Theorem 2.9). Let R be a ring and o an endomorphism of the
ring R. Then the following are equivalent:

(1) R[z;0] is a right archimedean domain.
(2) Rl[[z;0]] is a right archimedean domain.

(3) R is a right archimedean domain and o is injective and preserves nonunit elements

of R.

Proposition 1.1.12 and Theorem 2.1.12 guarantee the following corollary.

Corollary 2.1.14. Let A be a skew PBW extension of R. If every o;-derivation 6; € A
is inner, fori=1,...,n then A is a right Archimedian domain if and only if R is a right
Archimedian domain and X preservers nonunit elements of R.

The last result of this section extends Nasr-Isfahani (|31], Theorem 2.11).

Theorem 2.1.15. If A is a skew PBW extension of R, then A is left Archimedian domain
if and only if G(A) is a left Archimedian domain if and only if R is a left Archimedian
domain.
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Proof. Suppose that G(A) is a left Archimedian domain. Since R C G(A), it is clear that
R is a domain. Consider a € R, a nonunit element, and let b € (1, ,~; a™R. We can see
that b € ,,~; a™G(A), and so b = 0, which shows that R is a left Archimedian domain.
Now, suppose that R is a left Archimedian domain. We know that A is a domain, so
let us show that A is left Archimedian. Let f € A be a nonunit element and consider
g € N> f™A. Tt is clear that for every m € N there exists an element h,, € A,
hm = am_,o + a1 Xm1 + -+ apXinp, say, with g = f™h,,. Consider the following two
cases: (i) if deg(f) = 0, then lc(g) = le(f™)lc(hy,) which shows that lc(g) € )~ fMR,
but having in mind that f is a nonunit element, necessarily lc(g) = 0 whence g = 0. (ii)
if deg(f) # 0, then for every m € N we know that deg(g) = deg(h,,) + mdeg(f) which
shows that ¢ = 0. Finally, suppose that A is a left Archimedian domain. Using that A
is a domain, it is clear that R is a domain. Consider a € R, a nonunit element, and let
be(),>a™R. We can see that b € [),,~; ™A, and so b = 0, which shows that R is a
left Archimedian domain. - O

Corollary 2.1.16 ([31], Theorem 2.11). Let R be a ring, o an endomorphism of the ring
R and § an o-derivation of R. Then the following are equivalent:

2.2 ACCP over X-rigid rings

Frohn ([8], Theorem 4.1) proved that if a commutative ring R satisfies ACCP and the com-
mutative polynomial ring R[x] has ascending chain condition on annihilator ideals, then
R[z] also satisfies ACCP. The purpose in this section is to extend this result to the context
of skew PBW extensions and hence to generalize the results presented in Nasr-Isfahani
([31], Section 3) for Ore extensions.

Considering the Ore extension R[x;o,d]|, Krempa [17] defined o as a rigid endomor-
phism, if ro(r) = 0 implies » = 0, for r € R. Krempa called R o-rigid if there exists
a rigid endomorphism ¢ of R. Note that o-rigid rings are reduced, i.e., has no nonzero
nilpotent elements. An important fact about these rings is that if a reduced ring R satisfies
the ascending chain condition on right annihilators, then R satisfies the ascending chain
condition on left annihilators (this remark will be important in the proof of Theorem 2.2.5).

Since Ore extensions of injective type are particular examples of skew PBW extensions,
we recall the following definition with the purpose of studying the notion of rigidness for
these extensions.

Definition 2.2.1 ([38], Definition 3.2). Let R be a ring and ¥ a family of endomorphisms
of R. X is called a rigid endomorphisms family, if ro®(r) = 0 implies r = 0, for every
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r € Rand a € N*. A ring R is called to be X-rigid, if there exists a rigid endomorphisms
family ¥ of R.

Note that if X is a rigid endomorphisms family, then every element o; € ¥ is a monomor-
phism. In fact, Y-rigid rings are reduced rings: if R is a X-rigid ring and 72 = 0 for
r € R, then we have the equalities 0 = ro®(7?)c®(c%(r)) = ro®(r)o®(r)c®(c%(r)) =
ro®(r)o®(ro“(r)), ie., ro“(r) = 0 and so r = 0, that is, R is reduced (note that there
exists an endomorphism of a reduced ring which is not a rigid endomorphism, see Hong,
[14], Example 9). With this in mind, we consider the family of injective endomorphisms ¥
and the family A of ¥-derivations in a skew PBW extension A of a ring R (see Proposition
1.1.5). As a matter of fact, the notion of rigidness was very useful Reyes [38] for the study
of Baer, quasi-Baer, p.p. and p.q. Baer rings over skew PBW extensions (see also Nino
and Reyes [32], Reyes and Suérez [38], [39], [41] and [43] for related properties with the
notion of rigid ring over skew PBW extensions).

Example 2.2.2. We present remarkable examples of skew PBW extensions over X-rigid
rings (see Reyes [35], Lezama and Reyes [24], and Reyes and Suérez [43] for a detailed
definition and reference of every example).

(a) If A is a constant skew PBW extension, then it is clear that R is a 3-rigid ring.

(b) We also encounter examples of skew PBW extensions which are not constant over
Y-rigid rings: (i) the quantum plane O4(k?); the algebra of g-differential operators
Dy p[z,y]; the mixed algebra Dy; the operator differential rings; the algebra of dif-
ferential operators Dq(Sq) on a quantum space Sq, and more.

(c¢) It is important to say that several algebras of quantum physics can be expressed
as skew PBW extensions (for instance, Weyl algebras, additive and multiplicative
analogue of the Weyl algebra, quantum Weyl algebras, g-Heisenberg algebra, and
others), which allows us to characterize several properties with physical meaning.
As Curado [5] say, “algebraic methods have long been applied to the solution of a
large number of quantum physical systems. In the last decades, quantum algebras
appeared in the framework of quantum integrable one-dimensional models and have
ever since been applied to many physical phenomena |...] It was found that it could
be generalized leading to the concept of deformed Heisenberg algebras that have been
used in many areas, as nuclear physics, condensed matter, atomic physics, etc”. With
these ideas in mind, next we present some remarkable examples of these algebras (the
proof that these algebras are skew PBW extensions can be realized using the theory
developed in Reyes and Suérez [40]) over -rigid rings.

(i) The Lie-deformed Heisenberg algebra introduced by Jannussis is defined by the
commutation relations
¢5(1 4+ iXjr)pe — pe(1 — iXjr)q; = ihdji,
[QWQk] = [p]’pk] = 07 .]7k = 17273’

where ¢;, p; are the position and momentum operators, and A = A\pd;z, with
A real parameters. If A\, = 0 one recovers the usual Heisenberg algebra.
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(ii) The quantum Weyl algebra introduced by Giaquinto and Zhang with the aim of
studying the Jordan Hecke symmetry is as a quantization of the usual second
Weyl algebra. By definition, Aa(J,p) is the k-algebra generated by the variables
x1,x9, 01,02, with relations (depending on parameters a, b € k)

T1Ty = Tax1 + am%, 001 = 010 + b@%
O1x1 =14+x,01 + G«T182, 0129 = —ax101 — abx109 + 1201 + bxads
0oy = 1109, 0oy = 1 — bx109 + 220s.

Over any field k, if a = b = 0, then As(Jpo) =~ Az, the usual second Weyl
algebra.

(iii) With the purpose of obtaining bosonic representations of the Drinfield-Jimbo
quantum algebras, Hayashi considered the algebra U. Let us see its construction.
Let U be the algebra generated by the indeterminates wy,...,wy, Y1, .., ¥y,
Y],..., ¢, with the relations

Vi — Yty = Yib] — P = wiwi —wiwy = Yii — i =0, 1<i<j<n,
with; — ¢ O w; = Yiw; — qféijwiwj =0, 1<4,5<n,
Vi — i = —¢*wi, qeC 1<i<n.
(iv) Jannussis, studied the non-Hermitian realization of a Lie deformed, a non-
canonical Heisenberg algebra, considering the case of operators A;, Bj which
are non-Hermitian (i.e., A =1)
Aj(l + ’i)\jk)Bk — Bk(l — i/\jk)Aj = i(Sjk
[Aj; Be] =0 (j # F)

and,
AT (L + i) By — By (1 — i) = idjn
(AT, B =0 (G # k),
(A7, A}] = (B}, B}] =0
where A; # A;r, By # B,j (4,k =1,2,3). If the operators A;, By, are in the
form A; = f;(N;+1)a;, By = a,":fk(Nk—i—l), where a;, aj are leader operators of

the usual Heisenberg-Weyl algebra, with N; the corresponding number operator

(N; = ajaj, Nj | nj) = nj|n;)), and the structure functions f;(N;+1) complex,

then it is showed that A; and By, are given by
L [ (la—ap/asagt o1 1 N
TN 14N (1—i\)/(L+iN)—1 N;j+1)

B A (G A Y e S VS | |

= a
PV T i EU (=) /(L i) -1 Np+ 1
Recall that if A is a skew PBW extension of R where the elements ¢; ; are invertible in

R, then R is Y-rigid if and only if A is a reduced ring (Reyes [38], Proposition 3.5). The
next proposition establish some useful results about Y-rigid rings.

=
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Proposition 2.2.3 ([38], Lemma 3.3). If R is a X-rigid ring and a,b are elements of R,
then:

(i) If ab=0, then ac®(b) = c*(a)b =0, for every o € N,

)

(ii) If ab =0, then ad®(b) = 6%(a)b = 0, for each element B € N™.

(iii) If ab =0, then ac®(3°(b)) = ad®(a(b)) = 0, for every a, B € N".
)

(iv) If ac?(b) = 0, for some element § € N, then ab = 0.

Note that if I is an ideal of a ring R, where R is an ACCPL (resp. ACCPR) ring, then
R/I is an ACCPL (resp. ACCPR) ring ([31], Lemma 3.3).

For the next theorem, Theorem 2.2.5, we need some preliminary facts and a proposition
(Proposition 2.2.4) about quotients of skew PBW extensions: consider A = o(R)(x1,...,Zy)
a skew PBW extension of a ring R. Let ¥ := {o1,...,0,} and A := {d1,...,d,} such as
in Proposition 1.1.5. Following Reyes [37] (see also Lezama, [23|), if I is an ideal of R, I
is called ¥-invariant (A-invariant), if it is invariant under each injective endomorphism o;
(04-derivation §;) of ¥ (A), that is, o;(I) C I (6;(I) C 1), for 1 <i <mn. If I is both ¥ and
A-invariant ideal we say that I is (3, A)-invariant.

Proposition 2.2.4 (|23], Proposition 2.6; [37|, Proposition 4.1). If A = o(R)(x1,...,Zn)
is a skew PBW extension of R and I is a (X, A)-invariant ideal of R, then the following
statements hold:

(i) IA is an ideal of A and IANR = 1. IA is a proper ideal of A if and only if I is
proper in R. Moreover, if o; is bijective and o;(I) = I, for every i, then IA = Al.

(ii) If I is proper and o;(I) = I, for every 1 < i < n, then A/IA is a skew PBW
extension of R/1. In fact, if I is proper and A is bijective, then A/IA is a bijective
skew PBW extension of R/I.

Proof. We follow the ideas presented in [23].

(i) It is clear that I A is a right ideal, but since I is (X, A)-invariant, then I A is also a
left ideal of A. It is obvious that ITA N R = I. From this last equality we get also
that I A is proper if and only if I is proper. Using again that I is (X, A)-invariant,
we get that AI C I A. Assuming that o; is bijective and o;(I) = I for every i, then
IAC Al

(ii) According to (i), we only have to show that A := A/IA is a skew PBW extension of
R := R/I. For this we will verify the four conditions of Definition 1.1.4. It is clear
that R C A. Moreover, A is a left R-module with generating set Mon{Zt, ..., %y }.

Next we ihow that Mon{Z1,...,Z,} is independent. Consider the expression 77 X1 +
<o+ 7, X, = 0, where X; € Mon(A) for each i. We have mX; +---+r,X,, € [A
and hence

X1+ Xy =rXa+ -+ Xy, forsomer, € [i=1,...,n.
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Thus, (rm —m)X1+ -+ (rn—1,) X =0,801; € I,ie, 7 =0fori=1,...,n.
Let 7 # 0 with r € R. Then r ¢ TA, and hence, r ¢ I, in particular, r # 0 and
there exists ¢;, 1= 0;(r) # 0 such that z;r = ¢; yx; + 6;(r). Thus, T;7 = ¢; , T; + 6;(r).
Observe that ¢;, # 0, contrary ¢;, = 04(r) € IJANR =1 = o0;(I), i.e, r € I, a
contradiction. This completes the proof of condition (iii) in Definition 1.1.4. In A
we have z;z; — ¢; jx;x; € R+ Y Rz, with ¢;; € R — {0}, so in A we get that
TjT; — CjT;T; € R+ Z?:l R7;. Since I is proper and ¢ j is left invertible for ¢ < j
and right invertible for ¢ > j, then ¢;; # 0. This completes the proof of condition

(iv) in Definition 1.1.4. If o; is bijective, then 7;(7) := o;(r) is bijective.
O

From Proposition 2.2.4, we can see that if I is (3, A)-invariant, then over R := R/ it is
induced a system (X, A) of endomorphisms ¥ and Y-derivations A, defined by 7;(7) = o;(r)
and 6;(T) = m, for 1 < i < n. We keep the variables x1,...,x, of extension A to the
extension A/IA if no confusion arises.

Our next theorem extends Nasr-Isfahani ([31], Theorem 3.4). We use similar arguments
to the established by Frohn (|8], Theorem 4.1).

Theorem 2.2.5. Let A be a bijective skew PBW extension of a X-rigid and
ACCPR ring R. If R satisfies the ACC on right annihilators, then A is an ACCPR
Ting.

Proof. Let f € A and consider the set Iy which consists of the leading coefficients of
elements of the ideal AfA, including the zero element. One can see that Iy is an ideal
of R. With the aim of proving the theorem, we will assume that there exists at least a
nonstabilizing chain of principal right ideals of A. With this in mind, we consider the set

M = {lR(UIi) | glA C ggAC ---},
i>1

where g1 A C g9 A C --- is a nonstabilizing chain of principal right ideals. By the rigidness
of R, we know that R is reduced and since R satisfies the ascending chain condition on right
annihilators, then R satisfies the ascending chain condition on left annihilators. This fact
allows us to guarantee that M has a maximal element P, say, where P := [r(|J;~; If,), with
fiA C foA C --- a nonstabilizing chain of A. The idea is to prove that P is a completely
prime ideal of R. If this is not the case, then for two elements a,b € R, we have ab € P
and a,b ¢ P. For every element f;, we consider the polynomial bf;, and using Proposition
2.2.3 together with the fact that ab € P, we can see that a € [gr({;>; Ips,).- Note also
that P C Ig(U;>q Inf;) which means that the chain bfiA C bfa A C --- stabilizes (since P
is maximal), that is, there exists ¢ € N such that bfy, 11 = bfpmhm, for every m > t and
some element h,, € A. For every m, there exists g, € A with f,, = fm+19m, and hence
bfm+1(1 — gmhm) = 0. Define ¢; = fi(1 — gi—1hi—1), for i > t. Using that R is reduced, we
can prove that b € [r(lJ, Iy;,) and P C lg(lJ, I4;). Therefore, the chain 1A C A C ---
stabilizes. Let ' € N such that for every s > t/, qs4+1 = gsls, for some Iy € A. Note that
fs+1(1 - gshs) = fs(l - gs—lhs—l)l& that is, fs11 = fshs + fs(l - gs—lhs—l)ls whence
fs+1 € fsA which is a contradiction. This argument proves that P is completely prime.
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Now, since R is Y-rigid and P = Ir({U;>; If,), using Proposition 2.2.3 we can see
that o;(P) = P and 6;(P) C P, for i = 1,...,n. This allows us to consider the skew
PBW extension o(R/P){z1,...,r,) with family of injective endomorphisms ¥ and -
derivations A as given above. Since R is ACCPR and P is a completely prime ideal of R,
then R/P is an ACCPR-domain ([31]|, Lemma 3.3), and hence Theorem 2.1.4 establishes
that o(R/P)(x1,...,zy) is an ACCPR-domain (note that o; is bijective by assumption,
and o;(P) = P, for each i, so Proposition 2.2.4 establishes that 7 is bijective, and hence ;
preserves nonunit elements of R/P, for i = 1,...,n). Now, for every positive integer i, let
fi = fi+19:, where we consider the expression f = (ag+P)+(a1+P)X1+- -+ (ag+P)X, €
o(R/P)(x1,...,Ty), for the element f = ag+ a1 X1+ -+ agXq € A, with le(f) =aq, #0
and X1 < X3 < --- < X, . In the case that f; is equal to zero, for some i, the leading
coefficient lc(f) of f is an element of P = Ig(U,»; I1,), so (Ic(f))? = 0 whence lc(f) =0
(R is reduced) which is a contradiction. This fact guarantees that, for every i, f; # 0
and so g; # 0. From Proposition 2.1.1, we know that there exists a positive integer
s" with g, invertible in o(R/P){x1,...,2y), for m > . Hence, there is an element
h € o(R/P){x1,...,z,) such that g,h = hgy, = 1, i.e., gmh — 1 = 0 which means that for
every coefficient b of the element g,,h — 1, it holds that b € P. Next, we will show that
fm+1(gmh—1) = 0. Consider the expression for fi,,11 given by fi,+1 = ap+a1 X1+ - 4+ X.
It is clear that for each coeflicient b of g,,h—1, ba; = 0, and using that R is reduced, a;b = 0,
so Proposition 1.1.13, Remark 1.1.14 and Proposition 2.2.3 imply that a; X;b = 0, whence
fm+1b = (ap+a1 X1+ - -+a;—1X;—-1)b, but having in mind that f,,,11b € Afp+14, it follows
that a;_10%-1(b) is an element of Iy, ., (¢0%-! = exp(X;)). Then ba;_10%-1(b) = 0 and
since R is reduced, a;_10%-1(b)b = 0. From Proposition 2.2.3 (iv), we have a;_1b> = 0
and so a;_1b = 0 (R is reduced). Thus, a;_1X;_1b = 0. If we proceed in this way, we
have a; X;b = 0, for every 0 < i < [, and hence fp+1b = 0, i.e., frny1(gmh —1) =0
whence fi,11 = fimt19mh = fmh. In this way, the chain f{A C fo A C - - . stabilizes, which
contradicts our assumption. [l

Corollary 2.2.6 (|31, Theorem 3.4). Let R be an ACCPR ring, o a rigid automorphism
of R and 0 an o-derivation of R. If R satisfies the ACC on right annihilators, then R[x; o, ]
is an ACCPR ring.

For the context of Ore extensions, Nasr-Isfahani (|31], Example 3.5) presented an ex-
ample which illustrates that the condition on rigidness on R can not be eliminated from
the assumptions of the theorem.

With the aim of establishing the last result of the chapter, the Proposition 2.2.9, which
generalizes Nasr-Isfahani (|31, Corollary 3.6), we state the Proposition 2.2.7 about the
opposite ring of a skew PBW extension. Briefly, recall that the opposite of a ring is the
ring with the same elements and addition operation, but with the multiplication performed
in the reverse order. More precisely, the opposite of a ring (R, +, -) is the ring (R°P, +, %),
whose multiplication * is defined by a xb =10 - a.

Proposition 2.2.7 ([42|, Proposition 4.1). If A is a bijective skew PBW extension over
R, then A°P is a bijective skew PBW extension over R°P. In fact, for A°P we have the
automorphisms o : R°P — R given by oiP(r) = o;*(r), and the o}P-derivations
5P 1 R — RP defined by 57°(r) := —6;(a; 1 (r)), for every element r € R°P.
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Proof. Let A = o(R)(zx1...,z,) be a bijective skew PBW extension of R. We will verify
the four conditions of the Definition 1.1.4 for the rings R°P and A°P.

(i) It is clear that R°P C A°P.

(ii) Since A is aleft free R-module with basis the set of monomials Mon(A) := {x* - - 24" |
(a1,...,a,) € N}, then by the definition of the product in A°P, we have that A°P
is a free right R-module with basis the set Mon(A) := {29 = 2% ... 2" | P =
(o, ...,a1) € N}, Hence, AP is a left free R°P-module.

(iii)) We will see that for each 1 < i < n, and for every r € R°P \ {0}, there exists
c;, € RP\ {0} such that rz; — x;c;, € R°P. Put ¢} . := o; 1 (r). Given that
zic, = wio; ' (r) = oi(o; ' (r)zi + 8i(o; (1)) = ra; + 6i(o; (),
we have that rz; — z;c; . = —d;(o;1(r)) € RoP.

(iv) Let ¢} ; = 0';1(0;1( 1)). Then

LT — xjxl-c;j = zT; — xjxiai_l(a;l(c;jl))
= wiz; — xjloi(o; (o5 (e )))zi +dio; (07 (1))
= T;xj — xjaj_l(cz-_’jl)xi —zj0i(o i_l(oj_l(c,;jl)))

= wizj — [oj(05 " (ci)ay + 05(05 (e ) )]s

— 2;8;(0; (077 (ci7)))

)
= x;T; —C; 1:L'j{L‘l - 5j(0;1(c;].1))33i —x;0;(o; Hoi (e 1)) (2.2.1)

J \%ig
From Definition 1.1.4 (iv), we have that z;z; —¢; jxiz; = 7(i:d) +> rl(i’j):cl, whence
Hlxsz = TiTj + ¢ 7“( J) 4 >y —17,1(1,]) So, by replacing the term c; jlarja;z in

the above expression (2 2.1), we have that

n
_ =1 G —1,.(4.9)
TiTj — T;TC ” = ;T C; ;T

=1
— 8505 M e )i — 580y (o (e )

2v) J

_ 1 () (legl i 1 (m)) 5o (Zjlrl(ivj)))>

- [wiafl(%(ff{l(czg ))) = i(o7 (005 (e )]
= 2;0i(07 (07 (¢;})))
or equivalently,

n
L o —1,.(i,5 —1/,-1_(.9)
Tilj — .TJCCZC,L'J = — Ci,j T( ) + <Z 5l(0—l (Ci,j T ))
=1

+ 6i(0; 1 (6;(05 (¢ )

_ Z iUlUfl(C 1 l(’j))—a:i[a;l(c;}rf’j))
I=1, i,

+ 070,07 (e = ayloy (e fr ) + 6o (o7 e ),
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which shows that z;z; — xjxic;?j eR+z1R+---+x,R.

Finally, let r and 7’ be elements of R°P. We have:

oP(r+r) =07 r+r) =07 (r)+ 0, (') = o0 (r) + 0P (1)
0P (1ger) = 0{P(1g) = 0; '(1g) = 1g = Lper
g

oP(rr')y = o (') = o7 (1) (1) = 07 (r)o; N (r) = 0P (r)o P ().

Given that o; is injective and surjective, so it is Ufp, for every 1 < i < n. With respect to
the functions 6;”, we have

and using the product on R°P,

5;’10(7“7“') = — 51‘(0-71(7“'7"

which concludes the proof. O

Remark 2.2.8. We note also that A°P is a skew PBW extension over R, where the elements
of the Definition 1.1.4 are written in reverse order, and =<°P is the order given by a <P 3
if and only if a®® < B°P. So, we can be that the set Mon(A°P) = {z%---z{* | a°? =
(an,...,a1) € N"} is a free R-basis of A°P.

Proposition 2.2.9. Let A be a bijective skew PBW extension of a %-rigid and ACCPL
ring R. If R satisfies the ascending chain condition on left annihilators, then A is an
ACCPL ring.

1

Proof. From Proposition 2.2.7 we know that o; ! is an automorphism of R and &;(c; *(r))

is a o} '-derivation of R°P, fori = 1,...,n, and hence A% =~ o(R°P)(x1,...,x,) considering
these families of automorphisms and derivations over R°P. In this way the assertion is due
to Theorem 2.2.5. O

Corollary 2.2.10 ([31], Corollary 3.6). Let R be an ACCPL ring, o a rigid automorphism
of R and 0 an o-derivation of R. If R satisfies the ACC on left annihilators, then R[x; o, d]
is an ACCPL ring.



Future work

Leroy, Matczuk and Puczytowski [22] gave a characterization of a ring Z-graded R which is
quasi-duo from Ry and the quotient ring R/A(R). As we saw, Suérez [45]| defined the graded
skew PBW extensions, so it is natural to think about how to apply this characterization
to the context of these extensions. Of course, the difficulty of this purpose lies in the
calculation of the mentioned quotient, so as a future work we will intend to calculate it
with the aim of giving a complete classification of the skew PBW extensions that are and
are not quasi-duo.
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