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Resumen

En este trabajo se discuten algunas nociones fundamentales sobre la construcción de modelos

para f́ısica de part́ıculas basados en el grupo de simetŕıa 331, y se tratan los problemas de

masas de neutrinos y leptogénesis. Se muestra que en el modelo 331 con neutrinos derechos

es posible obtener masas pequeñas para los neutrinos activos a través de los mecanismos

de seesaw inverso y doble, sin necesidad de utilizar sextetes escalares ni tripletes con Higgs

doblemente cargado. Se discuten dos tipos de modelos: si se tiene una matriz de masa de

Majorana grande para los singletes, el espectro de neutrinos presenta masas ligeras, pesadas

y muy pesadas; la otra posibilidad es una matriz de masa de Majorana pequeña, que conduce

a neutrinos pseudo-Dirac en la escala de los TeV, adicionales a los neutrinos ligeros activos.

Aún más, se estudian contribuciones a la asimetŕıa CP en el decaimiento de los neutrinos

pesados, y se muestra que el rango de parámetros del modelo es compatible con los valores

que se requieren para explicar la asimetŕıa bariónica del universo.

Palabras clave: modelos 331; F́ısica más allá del Modelo Estándar; Masas de Neu-

trinos; Leptogénesis.

Abstract

We discuss some fundamental notions on the construction of models for particle physics

based on the 331 symmetry group, and address the problems of neutrino masses and lepto-

genesis. We show that in the 331 model with right-handed neutrinos, it is possible to obtain

small active neutrino masses via the double and inverse seesaw mechanisms, without the use

of scalar sextets or triplets with doubly-charged Higgs. Two types of models are discussed.

If we have a large Majorana mass matrix for the singlets, the spectrum of neutrinos presents

light, heavy and very heavy masses. The other possibility is a small (zero) Majorana mass

matrix, which leads to pseudo-Dirac (Dirac) heavy neutrinos in the TeV scale, in addition

to the active light neutrinos. Furthermore, we study contributions to the CP asymmetry in

the decay of the heavy neutrinos, and show that our range of parameters is compatible with

the values needed to explain the baryon asymmetry of the Universe.

Keywords: 331 models; Physics beyond the Standard Model; Neutrino masses; Lep-

togenesis.
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1. Introduction

The Standard Model of particle physics is the theory of the strong, the electromagnetic and

the weak interactions. It is a gauge theory, with the symmetry group SU(3)C ⊗ SU(2)L ⊗
U(1)Y . The SU(3)C symmetry is associated to the strong interaction, which is the interac-

tion among quarks of different colors (there are three colors) and flavors (u, d, c, s, t, b),

mediated by eight gauge bosons called gluons; in Quantum Chromodynamics (QCD), the

three colored states of every flavor belong to the triplet representation of SU(3)C , while the

gluons correspond to the generators of the group. The electromagnetic and weak interactions,

which describe the interactions of charged particles and the nuclear beta decay, respectively,

are unified in the electroweak theory, and are described by SU(2)L ⊗ U(1)Y . This is the

interaction between left-handed fermions (quarks and leptons), which are doublets under

SU(2)L, and is mediated by four gauge bosons; right-handed fermions are represented by

SU(2)L singlets.

Fermions under the SU(3)C ⊗ SU(2)L ⊗ U(1)Y group are organized as follows:

1st generation 2nd generation 3rd generation Representation

QαiL

(
uαL
dαL

) (
cαL
sαL

) (
tαL
bαL

)
(3,2, 1/6)

UαR uαR cαR tαR (3,1, 2/3)

DαR dαR sαR bαR (3,1,−1/3)

LiL

(
νeL
e−L

) (
νµL
µ−L

) (
ντL
τ−L

)
(1,2,−1/2)

E−R e−R µ−R τ−R (1,1,−1)

Since mass terms are not invariant under the symmetry group, it is necessary to intro-

duce a mechanism, called Spontaneous Symmetry Breaking (SSB), implemented using a

doublet of scalar particles where one of the fields aquires a non-zero vacuum expectation

value (VEV) [1]. The electroweak theory is spontaneously broken down to U(1)Q (Quantum

electrodynamics, QED) at around 100 GeV. The symmetry breaking pattern is [2]

SU(2)L ⊗ U(1)Y → U(1)Q, (1-1)

with

Q = T3 + Y, (1-2)

where Q is the electric charge, Y is called the hypercharge, and T3 is the diagonal generator

of the group SU(2)L. The SSB leaves three of the gauge bosons massive (W±, Z), and one
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massless (the photon γ). It also has a remainder, the Higgs, which is a massive particle that

has not been detected yet.

Although the Standard Model is a highly successful theory [3], it leaves many questions

unanswered on the theoretical side. Some of these questions are [4]: The origin of the charges,

and the question of parity conservation; the “family problem” and the origin of the lepton

and quark mass spectrum; the CP problem, and the origin of matter in the Universe; the

high number of parameters; the problem of quantum gravity and the cosmological constant;

the problem of the hierarchy of mass scales. In what follows, we will refer particularly to two

of these problems: the family problem and the origin of matter/antimatter asymmetry. The

first one refers to the existence of three families (generations) of leptons and quarks, which

is a fact that has been corroborated with the experiment, and the theoretical understanding

of their mass spectrum and mixing angles (and, especially, for neutrinos). The second one

questions the origin of the value of the density of matter in the Universe at the present time,

and whether it is dynamically generated (“Baryogenesis”).

A natural idea for physics beyond the SM, looking for answers to the open questions, is

considering the gauge group as a low-energy manifestation of a larger gauge group. This is

the case of SU(3)C ⊗ SU(3)L ⊗ U(1)X , or 3-3-1 models. Here, the number of families can

be understood from the cancellation of chiral anomalies. The aim of this work is to study

the problem of the baryon asymmetry of the Universe, specifically the scenarios known as

“Leptogenesis”, in the context of 3-3-1 models.

1.1. Neutrinos

Neutrinos have played an important role in the evolution of particle physics, and nowadays

the explanation of some of their properties is one of the main goals of models beyond the

Standard Model (SM). In the SM, there are three flavours of massless neutrinos, which

take part in the charged and neutral current weak interaction, and the states that describe

different flavour neutrinos are left-handed (LH), orthogonal, and form a SU(2)L doublet with

the corresponding charged lepton field [5]. The existence of three different flavours is a well-

established experimental fact, and from existing data it is concluded that they are always

produced in weak interaction processes in a state that is predominantly left-handed. We do

not have compelling evidence for the existence of predominantly right-handed neutrinos, and

therefore conclude that they should be sterile, i.e. that their interaction with matter should

be much weaker than the weak interaction of LH neutrinos. Formally, this could be expressed

by describing the RH neutrino as a SU(2)L singlet. In extensions of the SM, RH neutrinos

serve in the explanation of masses and mixing, as well as the disparity between neutrino and

charged lepton and quarks mass scales, and the generation of matter-antimatter asymmetry.

Experiments with solar, atmospheric and reactor neutrinos provide evidence of neutrino

oscillations, caused by non-zero mass and mixing matrices [6, 7, 8, 9, 10, 11, 12, 13, 14, 15,

16, 17, 18]. Formally, this means that the LH flavour neutrino fields νlL(x), l = e, µ, τ which
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enter the expression for the lepton current in the CC weak interaction Lagrangian (weak

eigenstates), are linear combinations of three or more fields νj with masses ml 6= 0 (mass

eigenstates),

νlL(x) =
∑
j

UljνjL(x), (1-3)

where U is a unitary matrix (Pontecorvo-Maki-Nakagawa-Sakata PMNS matrix). Almost

all existing data can be described with at least three light neutrinos, with m1,2,3 . 1eV and

m1 6= m2 6= m3, but the existence of additional, sterile neutrinos is not ruled out.

In order to give an explanation to the smallness of neutrino masses, basically two types of

models have been attempted: seesaw and radiative corrections [19]. The seesaw mechanism

is often denoted as the most elegant scheme [20], and relies in the violation of lepton number

at a very high energy scale (M), giving a mass with the form mν = v2
w

M
. There are three basic

ways of realizing this mechanism: with a heavy right-handed Majorana neutrino coupled to

νL via the SM scalar doublet (canonical, or type I seesaw); with a heavy scalar triplet (type

II), or a heavy fermionic triplet (type III). Since the mass scale M associated with the new

fields is very high (∼ 1012 GeV), these models have the huge disadvantage of not being

accessible to experiments.

Neutrino masses have been treated before in 331 models both as radiative corrections

or in the tree-level: [21, 22] uses β = −
√

3 with three Higgs triplets; [23] β = −
√

3with

three Higgs triplets and a sextet; [24] β = −1/
√

3 with two antisextets; [25] β = 1/
√

3with

four Higgs triplets and a singlet; [26] β = −1/
√

3 with three Higgs triplets; [27, 28, 29]

β = −1/
√

3, three Higgs triplets and a sextet.

Models with β = ±
√

3 or with a scalar sextet, have the characteristic of including doubly-

charged Higgs bosons, which may or may not be observed experimentally. Some of them

may have a neutral fermion 331 singlet, but it is left out when a RH neutrino can be

accommodated in the third entry in the lepton triplet. In this section, we show an alternative

for generating neutrino mass matrices in a 331 model with β = − 1√
3
, which does not involve

any exotic charges, neither in the fermionic nor in the scalar sector. With the addition of

331-singlet neutrinos, one can find light neutrino masses within the sub-eV range via the

so-called inverse, double and linear seesaw mechanisms [30, 31].



2. The SU (3)C ⊗ SU (3)L ⊗ U (1)X group

2.1. Elements of group theory

A group (G, ·) is a set of elements G = {A,B,C, ...} , with an operation called multiplication

(·) , such that [32, 33]

1. Closure: If A,B are elements of the set, so is C = A ·B.

2. Associativity: If A,B,C are elements of the set, then (A ·B) · C = A · (B · C) .

3. Identity: There is an element E of the set, called identity, such that A ·E = E ·A = A

for every A on the set.

4. Inverse: For every A in G, there is an element A−1, called the inverse of A, such that

A · A−1 = A−1 · A = E.

Also, if the multiplication is commutative, i.e. −A ·B = B ·A for all A and B in G, G is

an Abelian group. If the number of elements in G is finite, it is called a finite group.

A subgroup is a subset N of G, which also forms a group under the same multiplication

law; we denote it N ⊂ G. An invariant subgroup is a subgroup N such that for any element

T in N then RTR−1 is still in N for all R in G.

Given any two groups G = {G1, G2, ...} and H = {H1, H2, ...}, if the Gi’s commute with

the Hj’s, we can define a direct-product group G×H = {GiHj}, with the multiplication law

GkHl · GmHn = Gk · Gm Hl · Hn. The study of group structure will be greatly simplified

if we can write a group as a direct product of smaller groups [32, 33]. Each component of

a direct-product group is an invariant subgroup. A simple group is a group that cannot be

written as a direct-product group.

2.1.1. Representation of a group

Considering a vector space V, to each element A of the group G, it can be associated a linear

transformation DA,

DA : V −→ V (2-1)

~x 7−→ ~x′ = DA~x. (2-2)
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The set of transformations {DA, ...} inherits all the properties of the group: if A · B = C,

then DADB = DC . This set is called a representation of the group. A representation is not

unique: if we choose a different vector space, we need another collection of objects. The

dimension of a representation is just the dimension of the vector space on which it acts.

Let {êα} , α = 1, ..., n, be a basis of V ; since êα ∈ V, DAêα ∈ V, so we should be able

to write it as a linear combination of the basis, with coefficients Dβ
Aα : DAêα = Dβ

Aαêβ. We

call Dβ
Aα a matrix representation of the element DA. Under the same transformation, the

components of a vector transform as x′β = Dβ
Aαx

α.

We call a representation irreducible if and only if when {D} acts on V, it does not have

invariant subspaces. When a representation is reducible, it can be put in a block-diagonal

form.

Considering the direct-product V ⊗ V, with basis {êα ⊗ êβ} , the element DA can also be

represented as D ρη
A αβ, such that DA (êα ⊗ êβ) = D ρη

A αβ (êρ ⊗ êη) . For a vector in V ⊗ V,

we have x′αβ = D αβ
A ρηx

ρη.V ⊗ V is a vector space of rank two, with two invariant subspaces

(symmetric and antisymmetric); we call Dβ
Aα the fundamental representation of dimension

n, while D αβ
A ρη is a reducible representation of higer dimensionality (n2) .

2.1.2. Lie groups

Of special interest for applications in physics are Lie groups. They satisfy the following

characteristics [32, 33, 34]:

1. Each element R of the group is characterized by a set of r continuous parameters θi:

R = R (θ1, θ2, ..., θr) = R
(
~θ
)

. The identity element is taken to be E = R (0)

2. The product of two elements of the group can be considered as a transformation in the

space of parameters: if R
(
~θ
)
·R
(
~φ
)

= R
(
~ξ
)
, then there exists a function f such that

f :
(
~θ, ~φ
)
7−→ ~ξ = ~f

(
~θ, ~φ
)
. ~f is an analytic function with respect to its variables,

and satisfies: i) ~f
(

0,~θ
)

= ~f
(
~θ, 0
)

= ~f ; ii) ~f
(
~θ, f

(
~φ,~ξ
))

= ~f
(
~f
(
~θ, ~φ
)
,~ξ
)

; iii)

~f
(
~θ,~θ

′)
= 0, where

(
R
(
~θ
))−1

≡ R
(
~θ
′)
.

We are particularly interested in Lie groups with unitary representations, since transfor-

mations in quantum mechanics are unitary operators in Hilbert space [32]. These satisfy

R
(
~θ
)

= exp
{
−i~θ · ~T

}
= R (0)− iθkTk + ..., (2-3)

where

Tk = i
∂R

∂θk

∣∣∣∣
θk=0

(2-4)
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are called the (infinitesimal) group generators. For unitary R
(
~θ
)
, the Tk form set of linearly

independent Hermitian operators, and the parameters θk must be real (notice that both sets

have the same number of elements). In general, for a non-abelian group, the generators

satisfy the commutation relations

[Ti, Tj] = iCk
ijTk, (2-5)

also known as the Lie algebra of the group; the numbers Ck
ij are called the structure constants

of the group.

Notice that so far we have dealt with the generators as abstract elements. Just as we

did with the elements of the group, we can have different representations for the generators,

depending on the vector space on which they act. If the set {DR} forms a matrix repre-

sentation of the group, then from 2-3 we have the matrix representation of the generators

G (Tk) ≡ Gk,

DR = exp
{
−i~θ · ~G

}
, (2-6)

with

[Gi, Gj] = iCk
ijGk. (2-7)

Since DR1 ·DR2 = DR1·R2 implies D∗R1
·D∗R2

= D∗R1·R2
, the {D∗R} also form a representation,

the complex conjugate representation. In consequence, the −G∗k’s also form a representation

of the generators. If Gk and G∗k are equivalent, i.e. if there exists non-singular S such that

SGkS
−1 = −G∗k ∀k, then the Gk is called a real representation. Finally, from the Jacobi

identity for the generators and the Lie algebra, it is easy to show that the set of matrices

defined by Cm
jk = i (Gj)

m
k also satisfies the commutation relation, i.e. the structure constants

also generate a representation of the algebra, called the adjoint representation, which has a

dimension equal to the number of parameters required to define an element of the group.

2.2. Group SU(n)

We can define a group from its fundamental representation: The group of unitary transfor-

mations (that preserve the inner product) V (n) → V (n) with unit determinant is a n2 − 1

parameter group and is called SU (n) .

SU (n) is a Lie group, therefore it can be represented as

Γ (A) = e−i
~θ· ~G.

From the conditions of unitarity and unit determinant we find

A† = A−1 → G† = G, (2-8)

det Γ (A) = 1 → Tr (G) = 0, (2-9)
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i.e. the generators G of SU (n) are n2 − 1 Hermitian, traceless n × n matrices. Of them,

n−1 are diagonal and commute between each other (Cartan Algebra). The generators obey

the normalization condition

Tr (GiGj) =
1

2
δij, (2-10)

and the Lie algebra

[Gi, Gj] = ifijkGk. (2-11)

Now, let us consider different possible representations of the generators. In general, an

element ~ψ of a vector space will transform under SU (N) as

~ψ
′
= A~ψ = e−i

~θ· ~G~ψ. (2-12)

Taking infinitesimal transformations, we can check how the components of a vector in a

certain space transform:
Represent. Infinitesimal transformation Representation of Generator

n ψ′i = ψi − i
[
(Gα)ij

]
δθαψj (Gα)ij

n∗ ψ′i = ψi − i
[
− (Gα) j

i

]
δθαψj − (Gα) j

i

n⊗ n ψ′ij = ψij − i
[
(Gα)ik δ

j
l + δik (Gα)jl

]
δθαψkl (Gα)ik δ

j
l + δik (Gα)jl

n∗ ⊗ n∗ ψ′ij = ψij − i
[
− (Gα) k

i δ l
j − δ k

i (Gα) l
j

]
δθαψkl − (Gα) k

i δ l
j − δ k

i (Gα) l
j

n⊗ n∗ ψ′ij = ψij − i
[
(Gα)ik δ

l
j − δik (Gα) l

j

]
δθαψk l (Gα)ik δ

l
j − δik (Gα) l

j

Adjoint
φij = ψij − 1

nTr (ψ) δij , ϕβ =
√

2φij (Gβ)ji ,

ϕ′β = ϕβ − i
[
−i (fα)γβ

]
δθαϕγ

−i (fα)γβ

If now we consider the transformations of operators acting on a vector space (e.g. field

operators ψ̂ in QFT ) under SU(n), we have

ψ̂
i

transforms according to n
[
T̂α, ψ̂

i
]

= − (Gα)ij ψ̂
j

ψ̂i transforms according to n∗
[
T̂α, ψ̂i

]
= −

[
− (Gα)ji

]
ψ̂j

ψ̂
ij

transforms according to n× n
[
T̂α, ψ̂

ij
]

= −
[
(Gα)ik δ

j
l + δik (Gα)jl

]
ψ̂
kl

ψ̂ij transforms according to n∗ × n∗
[
T̂α, ψ̂ij

]
= −

[
− (Gα)ki δ

l
j − δki (Gα)lj

]
ψ̂jk

ψ̂
i

j transforms according to n× n∗
[
T̂α, ψ̂

i

j

]
= −

[
(Gα)ik δ

l
j + δik (Gα)lj

]
ψ̂
k

l

ψ̂ is a scalar
[
T̂α, ψ̂

]
= 0

2.2.1. Gauge transformations

Under local phase transformations U (θ) of the fields, in order to keep the Lagrangian den-

sities LF = ψi /∂ψ, LB = (∂µφ)† (∂µφ) invariant, it is necessary to make the replacement

∂µ → Dµ, defining the covariant derivative

Dµ = ∂µ + ig ~Aµ · ~T , (2-13)
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such that [
iP̂µ, ψ̂

]
= Dµψ̂ = ∂µψ̂ + ig ~Aµ ·

[
~T , ψ̂

]
. (2-14)

In the different representations, we have

n : Dµ = ∂µ − ig ~Aµ · ~G
n∗ : Dµ = ∂µ + ig ~Aµ · ~G

n× n : Dµ = ∂µ − ig ~Aµ ·
[
~G⊗ I ⊕ I ⊗ ~G

]
n∗ × n∗ : Dµ = ∂µ + ig ~Aµ ·

[
~G⊗ I ⊕ I ⊗ ~G

]
n× n∗ : Dµ = ∂µ − ig ~Aµ ·

[
~G⊗ I 	 I ⊗ ~G

]
The fields Aµ are called gauge fields, and their role is to absorb the terms that depend on

the local phases. From the transformation of the covariant derivative, D′µ = U (θ)DµU
† (θ) ,

we find

A
′c
µ = Acµ + θa (x)Abµf

abc +
1

g
∂µθ

c (x) , (2-15)

with c = 1, ..., N2 − 1, i.e., there are as many gauge fields as there are generators and

parameters. They transform according to the adjoint representation.

2.3. The 331 group

We want to formally construct an extension of the Standard Model group, SU (3)C ×
SU (2)L × U (1)Y , symmetric under the SU (3)C × SU (3)L × U (1)X group, and that will

be called 331 for short. The color sector SU (3)C is the same as in the SM, so we will focus

on the extension of the electroweak sector, namely SU (3)L × U (1)X . The construction is

based on the formalism introduced above.

2.3.1. SU(3)⊗ U(1) generators

Using n = 3, we have that the generators G of SU (3) in the fundamental representation

are 8 linearly independent, Hermitian, traceless 3× 3 matrices, with 2 of them diagonal. In

some basis, these are the Gell-Mann matrices,
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G1 =
1

2

0 1 0

1 0 0

0 0 0

 , G2 =
1

2

0 −i 0

i 0 0

0 0 0

 , G3 =
1

2

1 0 0

0 −1 0

0 0 0

 ,
G4 =

1

2

0 0 1

0 0 0

1 0 0

 , G5 =
1

2

0 0 −i
0 0 0

i 0 0

 , G6 =
1

2

0 0 0

0 0 1

0 1 0

 ,
G7 =

1

2

0 0 0

0 0 −i
0 i 0

 , G8 =
1

2
√

3

1 0 0

0 1 0

0 0 −2

 . (2-16)

They are normalized as

Tr (GαGβ) =
1

2
δαβ, (2-17)

and follow the Lie algebra and anticommutation relations

[Gα, Gβ] = ifαβγGγ, (2-18)

{Gα, Gβ} =
1

3
δαβ + dαβγGγ, (2-19)

where the constants fαβγ (antisymmetric) and dαβγ (symmetric) are presented below.

αβγ 2fαβγ αβγ 2dαβγ αβγ 2dαβγ
123 2 118 2/

√
3 366 -1

147 1 146 1 377 -1

156 -1 157 1 448 −1/
√

3

246 1 228 2/
√

3 558 −1/
√

3

257 1 247 -1 668 −1/
√

3

345 1 256 1 778 −1/
√

3

367 -1 338 2/
√

3 888 −2/
√

3

458
√

3 344 1

678
√

3 355 1

Now, in order to find the generator for the group U (1)X , G0, in the same representation,

and thus construct the direct product group, we require a 3 × 3 matrix, with the same

normalization condition, that commutes with all the matrices above. We find that it is

proportional to the identity,

G0 =
1√
6

1 0 0

0 1 0

0 0 1

 . (2-20)
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2.3.2. Subgroups U(1)Q and SU (2)L ⊗ U (1)Y

In order to construct a gauge model based on the group SU(3)C⊗SU(3)L⊗U(1)X , we need

to ensure that it describes the electromagnetic interaction, which is done demanding that

the sector SU(3)L ⊗ U(1)X contains the subgroup U(1)Q. The generator Q is constructed

as a linear combination of the diagonal generators of SU(3)L ⊗ U(1)X , and is defined as

Q = T3 + βT8 +XI, (2-21)

where T3 and T8 are diagonal generators of SU(3)L, X is the quantum number associated

to U(1)X and is related to the free parameter β [35, 36]. In the 3 representation,

Q =


1
2

+ β

2
√

3
+X 0 0

0 −1
2

+ β

2
√

3
+X 0

0 0 − β√
3

+X

 . (2-22)

This generator is known as electric charge, and the coefficients are chosen to agree with

the charges of the fermions assigned to the model (in units of e, the electric charge of the

electron).

Furthermore, we demand that the group of the electroweak SM, SU (2)L⊗U (1)Y , should

also be contained in the 331 group. This is accomplished by noting that the subset of

generators

A1 = 1
2

0 1 0

1 0 0

0 0 0

 , A2 = 1
2

0 −i 0

i 0 0

0 0 0

 , A3 = 1
2

1 0 0

0 −1 0

0 0 0

 , (2-23)

are normalized as Tr (AαAβ) = 1
2
δαβ, follow the Lie algebra [Aα, Aβ] = iεαβγAγ and anti-

commutation relations {Aα, Aβ} = 1
2
δαβ, i.e., they are the generators for theSU (2)L group

in the 3 representation. Finally, the sector U (1)Y can be constructed from the generator Y,

also known as hypercharge, given by

Y = Q−G3. (2-24)
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2.4. Fermion representations

Fermions are organized in irreducible representations of the symmetry group. In the case of

the 331 group, quarks (q) and leptons (l) can be in the following representations:

ψ̂L =

{
q̂L : (3,3, XL

q ) = (3,2, XL
q )⊕ (3,1, XL

q )

l̂L : (1,3, XL
l ) = (1,2, XL

l )⊕ (1,1, XL
l )

(2-25)

ψ̂
∗
L =

{
q̂∗L : (3,3∗,−XL

q ) = (3,2∗,−XL
q )⊕ (3,1,−XL

q )

l̂∗L : (1,3∗,−XL
l ) = (1,2∗,−XL

l )⊕ (1,1,−XL
l )

(2-26)

ψ̂R =

{
q̂R : (3,1, XR

q )

l̂R : (1,1, XR
l )

(2-27)

where the notation (, , ) indicates the representations under the SU (3)C and SU (3)L groups

and the charge under U (1)X , respectively; (3,2, X), (1,2, X) corresponds to the embedding

of the SM particles and (3,1, X), (1,1, X) is associated to particles beyond the SM. Both

possibilities 3 and 3∗ for SU(3)L multiplets are included in the flavor sector since the same

number of fermion triplets and antitriplets must be present in order to cancel anomalies [35].

One way to achieve this is choosing two quark families in one irreducible representation 3

(3∗) and the other family of quarks and the three leptonic families in the representation 3∗

(3). This way we guarantee a vector representation of fermions with respect to the SU(3)L
group, i.e. a model free of chiral anomalies.

The charges are assigned according to the representation. For left-handed fermions in the

3 representation, the charges come from the diagonal elements of the matrices

QL
q =


1
2

+ β

2
√

3
+XL

q 0 0

0 −1
2

+ β

2
√

3
+XL

q 0

0 0 − β√
3

+XL
q

 , (2-28)

QL
l =


1
2

+ β

2
√

3
+XL

l 0 0

0 −1
2

+ β

2
√

3
+XL

l 0

0 0 − β√
3

+XL
l

 , (2-29)

and with opposite sign for 3∗. For the right-handed sector,

QR
q = XR

q , (2-30)

QR
l = XR

l . (2-31)
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2.5. Representation of gauge bosons

Gauge bosons associated to the group SU(3)L transform according to the adjoint represen-

tation:

W µ = Wα
µGα

=
1

2

W
3
µ + 1√

3
W 8
µ

√
2W+

µ

√
2KQ1

µ√
2W−

µ −W 3
µ + 1√

3
W 8
µ

√
2KQ2

µ√
2K−Q1

µ

√
2K−Q2

µ − 2√
3
W 8
µ

 (2-32)

The gauge field associated to U(1)X is represented as

Bµ = I3×3Bµ, (2-33)

and the charges

QW =

 0 1 Q1 = 1
2

+
√

3β
2

−1 0 Q2 = −1
2

+
√

3β
2

−1
2
−
√

3β
2

1
2
−
√

3β
2

0

 , (2-34)

QB = 0.

We have three gauge fields with Q = 0 (that combine to form the photon and Z, Z ′

bosons), two fields with Q = ±1 (W±) and four fields with charges that depend on the

choice of β (K±Q1
µ , K±Q2

µ ).

2.6. Scalar representations

One of the characteristics of the SM, that is also translated to 331 models, is that mass

terms for both bosons and fermions are not invariant under the gauge symmetry group. To

generate such terms we use the Spontaneous Symmetry Breaking (SSB) mechanism [1]. This

mechanism is implemented introducing scalar fields that may acquire vacuum expectation

values (VEV); this leads to a degeneracy of the ground state that needs to be lifted by

choosing only one, which means that the initial symmetry no longer remains. The set of

generators that are left unbroken, i.e. that leave the ground state invariant, correspond to

a subgroup of the initial symmetry group. In the case of 331 models, the SSB follows the

scheme

SU(3)L ⊗ U(1)X︸ ︷︷ ︸
9 generators

Φ1−→︸︷︷︸
5 broken

SU(2)L ⊗ U(1)Y︸ ︷︷ ︸
4 generators

Φ2−→︸︷︷︸
3 broken

U(1)Q︸ ︷︷ ︸
1 generator

(2-35)

Interaction terms between scalar fields and fermions or gauge bosons lead to the required

mass terms after the SSB. In our case, after the transitions we have one massless gauge

boson (photon), and eight massive (three weak and five exotic). The generators that should

be broken each time impose a restriction over the possible scalar fields. Also, since fermion
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masses come from Yukawa terms in the Lagragian, which must be 331 invariant, we find

that the scalar fields Φ can only be in certain the representations of the symmetry group.

These conditions will be explored below.

2.6.1. Conditions

First transition: SU(3)L ⊗ U(1)X → SU(2)L ⊗ U(1)Y

In the first transition the VEV’s of Φ1 break the symmetry SU(3)L⊗U(1)X/SU(2)L⊗U(1)Y
where the hypercharge is defined as

Ŷ = βT̂8 +XÎ. (2-36)

The conditions that should be satisfied are:

[
T̂L1 , 〈Φ1〉0

]
= 0[

T̂L2 , 〈Φ1〉0
]

= 0[
T̂L3 , 〈Φ1〉0

]
= 0[

βT̂L8 +XÎ, 〈Φ1〉0
]

= 0

,

[
T̂L4 , 〈Φ1〉0

]
6= 0[

T̂L5 , 〈Φ1〉0
]
6= 0[

T̂L6 , 〈Φ1〉0
]
6= 0[

T̂L7 , 〈Φ1〉0
]
6= 0[

βT̂L8 −XÎ, 〈Φ1〉0
]
6= 0

(2-37)

Five bosons acquire mass. In order to preserve the number of degrees of freedom, at least

five components in Φ1 should represent the Goldstone bosons.

Second transition: SU(2)L ⊗ U(1)Y → U(1)Q

In the second transition the VEV’s of Φ2 break the symmetry SU(2)L⊗U(1)Y /U(1)Q. The

conditions that should be satisfied are:

[Q, 〈Φ2〉0] = 0,

[
T̂L1 , 〈Φ2〉0

]
6= 0[

T̂L2 , 〈Φ2〉0
]
6= 0[

T̂L3 − (βT̂L8 +XÎ), 〈Φ2〉0
]
6= 0

(2-38)

Three gauge bosons acquire mass; Φ2 needs three components associated to the Goldstone

bosons.
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Yukawa terms

The scalar fields have to be coupled to fermions by Yukawa terms invariant under SU(3)L⊗
U(1)X . Therefore

ψiLψRΦ : 3∗ ⊗ 1⊗ Φ = 1⇒ Φ = 3,

ψiL
(
ψjL
)c

Φ : 3∗ ⊗ 3∗ ⊗ Φ = 1⇒ Φ = 3⊗ 3 = 3∗ ⊕ 6,

ψR (ψR)c Φ : 1⊗ 1⊗ Φ = 1⇒ Φ = 1,

(ψR)c
(
ψiL
)c

Φ : 1⊗ 3∗ ⊗ Φ = 1⇒ Φ = 3. (2-39)

In order to generate the masses of the fermions, the Higgs bosons should lie either in the

singlet, triplet, antitriplet or sextet representations of SU(3)L. The singlet representation is

not viable, since it does not allow the breaking of generators mentioned before.

2.6.2. Representations for the first transition

Triplet representation 3

〈χ〉0 =

 νχ1

νχ2

νχ3

 . (2-40)

By demanding the conditions for the first breaking, it is found that the vacuum should be

aligned in the following way:

〈χ〉0 =

 0

0

νχ3

 (2-41)

with the condition

Xχ −
β√
3

= 0, β 6= 0, νχ3
6= 0. (2-42)

Antisymmetric representation 3∗

〈χ∗〉0 =

 0

0

νχ3∗

 (2-43)

with the condition

Xχ∗ −
β√
3

= 0, β 6= 0, νχ3∗ 6= 0. (2-44)
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Symmetric representation 6

〈
Sij
〉

0
=

 ν1 ν2 ν3

ν2 ν4 ν5

ν3 ν5 ν6

 , (2-45)

We get

〈
Sij
〉

0
=

 0 0 0

0 0 0

0 0 ν6

 (2-46)

with

XSij −
β√
3

= 0, β 6= 0, ν6 6= 0. (2-47)

2.6.3. Representations for the second transition

Triplet representation 3

β = 1√
3

β = − 1√
3

β 6= ± 1√
3

〈ρ〉0

 0

νρ2

νρ3

  νρ1

0

0

  0

νρ2

0

  νρ1

0

νρ3

  0

νρ2

0

  νρ1

0

0


Xρ

1
3

−2
3

2
3

−1
3

1
2
− β

2
√

3
−1

2
− β

2
√

3

Q3 =


1
2

+ β

2
√

3
+XΦ

−1
2

+ β

2
√

3
+XΦ

− β√
3

+XΦ

 (2-48)

Antisymmetric representation 3∗

β = 1√
3

β = − 1√
3

β 6= ± 1√
3

〈ρ∗〉0

 0

νρ∗2
νρ∗3

  νρ∗1
0

0

  0

νρ∗2
0

  νρ∗1
0

νρ∗3

  0

νρ∗2
0

  νρ∗1
0

0


Xρ∗

1
3

−2
3

2
3

−1
3

1
2
− β

2
√

3
−1

2
− β

2
√

3

Q3∗ =

 −
1
2
− β

2
√

3
−XΦ∗

1
2
− β

2
√

3
−XΦ∗

β√
3
−XΦ∗

 (2-49)
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Symmetric representation 6

β 〈ρij〉0 Xρij

1√
3

 0 ν2 ν3

ν2 0 0

ν3 0 0

 −1
6 0 0 0

0 ν4 ν5

0 ν5 ν6

 1
3 ν1 0 0

0 0 0

0 0 0

 −2
3

− 1√
3

 ν1 0 ν3

0 0 0

ν3 0 ν6

 −1
3 0 ν2 0

ν2 0 ν5

0 ν5 0

 1
6 0 0 0

0 ν4 0

0 0 0

 2
3

β 〈ρij〉0 Xρij

√
3

 0 0 ν3

0 ν4 0

ν3 0 0

 0

 ν1 0 0

0 0 0

0 0 0

 −1

 0 0 0

0 0 ν5

0 ν5 0

 1
2

−
√

3

 ν1 0 0

0 0 ν5

0 ν5 0

 0

 0 0 ν3

0 0 0

ν3 0 0

 −1
2 0 0 0

0 ν4 0

0 0 0

 1

β 6= ± 1√
3
;±
√

3

〈ρij〉0 Xρij ν1 0 0

0 0 0

0 0 0

 −1
2
− β

2
√

3 0 0 ν3

0 0 0

ν3 0 0

 −1
4

+ β

4
√

3 0 0 0

0 ν4 0

0 0 0

 1
2
− β

2
√

3 0 0 0

0 0 ν5

0 ν5 0

 1
4

+ β

4
√

3

Q6 =

 1 + β√
3

+XΦij
β√
3

+XΦij
1
2
− β

2
√

3
+XΦij

β√
3

+XΦij −1 + β√
3

+XΦij −1
2
− β

2
√

3
+XΦij

1
2
− β

2
√

3
+XΦij −1

2
− β

2
√

3
+XΦij − 2β√

3
+XΦij





3. 331 models with right-handed

neutrinos

Using the formalism of the last chapter, we are able to build a particle physics model that

respects the gauge symmetry SU(3)C ⊗ SU(3)L ⊗ U(1)X . However, it is not possible to

identify a unique version, therefore we have to impose some conditions such as

• SM as a subgroup: Since we know that the SM is a good theory for low energies, any

new model should contain at least the phenomenological particles (3 families of up and

down quarks, charged leptons and neutrinos; doublets SU(2)L ⊂ SU(3)L), and the

known interactions among them.

• Economy criterion: We have to restrict the number of extra fermions in order to avoid

introducing many free parameters.

• Cancellation of anomalies: This is a necessary condition for a renormalizable theory.

• Conjugation criterion: The model must include all the fermionic degrees of freedom.

• Spontaneous Symmetry Breaking (SSB): It must have an adequate scalar sector to allow

a SSB according to the scheme 3− 3− 1→ 3− 2− 1→ 3− 1.

• Masses: Extra particles (new physics) should be heavier than SM particles, so that in

principle they should be hard to detect in current experiments.

Even after imposing such restrictions, there is still a big family of viable models. In this

chapter, we present the particle content and terms of the Lagrangian relevant for leptogenesis

of one of such viable models. We follow the work of [37, 38], which constitutes a very

comprehensive review.

3.1. Particle content

We consider a 331 model with β = − 1√
3
. The leptons are accommodated as follows: a triplet

lL, which includes the SM doublet in its first two entries and an exotic RH neutrino ν
C(i)
R in
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the third; a RH charged lepton singlet eR; and a RH neutral singlet NR.

l
(i)
L =

 ν
(i)
L

e
(i)
L

ν
C(i)
R

 ∼
(

1, 3,−1

3

)
, (3-1)

e
(i)
R ∼ (1, 1,−1) , (3-2)

N
(i)
R ∼ (1, 1, 0) , (3-3)

where the index i = 1, 2, 3 represents the family (omitted from now on), and the symbol

∼ refers to the representation under the SU(3)C ⊗ SU(3)L ⊗ U(1)X gauge group. For the

quarks, we have

q
(m)
L =

 d
(m)
L

−u(m)
L

D
(m)
L

 ∼ (3, 3∗, 0) , (3-4)

q3
L =

u
(3)
L

d
(3)
L

UL

 ∼
(

3, 3,
1

3

)
, (3-5)

u
(i)
R ∼

(
3, 1,

2

3

)
, (3-6)

d
(i)
R ∼

(
3, 1,−1

3

)
, (3-7)

UR ∼
(

3, 1,
2

3

)
, (3-8)

D
(m)
R ∼

(
3, 1,−1

3

)
, (3-9)

with m = 1, 2. The fermionic content (3-1-3-9) is anomaly free [39, 36]. From here on, we

will focus exclusively on the leptonic sector. For the scalar sector, we have three triplets

χ =

 χ0
1

χ−2
vχ+ξχ+i ζχ√

2

 ∼ (1, 3,−1

3

)
,

η =


vη+ξη+i ζη√

2

η−2
η0

3

 ∼ (1, 3,−1

3

)
,

ρ =

 ρ+
1

vρ+ξρ+i ζρ√
2

ρ+
3

 ∼ (1, 3,
2

3

)
. (3-10)

The SSB follows the scheme SU(3)L ⊗ U(1)X
〈χ〉−→SU(2)L ⊗ U(1)Y

〈η〉,〈ρ〉−−−→U(1)Q, where the

vacuum expectation values satisfy vχ � vη, vρ.
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3.2. Scalar sector

The most general potential that we can construct with three scalar triplets is:

VH = µ2
χ(χ†χ) + µ2

η(η
†η) + µ2

ρ(ρ
†ρ) + f

(
χiηjρkε

ijk +H.c.
)

+ λ1(χ†χ)(χ†χ)

+λ2(ρ†ρ)(ρ†ρ) + λ3(η†η)(η†η) + λ4(χ†χ)(ρ†ρ) + λ5(χ†χ)(η†η)

+λ6(ρ†ρ)(η†η) + λ7(χ†η)(η†χ) + λ8(χ†ρ)(ρ†χ) + λ9(ρ†η)(η†ρ). (3-11)

For β = − 1√
3

we could write the additional terms

V−1/
√

3 = µ2
4(χ†η +H.c.) + λ10(χ†χ)(χ†η +H.c.) + λ11(η†η)(η†χ+H.c.)

+λ12(ρ†ρ)(χ†η +H.c.) + λ13(χ†ηχ†η +H.c.) + λ14(ρ†χη†ρ+H.c.). (3-12)

Although those additional terms would modify the mass matrices in the scalar spectrum

introducing the new parameters µ4, λ10−14, they do not add to the predictability of the model,

in the sense that we would still have the same number of Higgs and Goldstone bosons with

similar mass and mixing structures, but with an enlarged number of variables to fit. An

elegant mechanism to get rid of terms in (3-12) would be to introduce a discrete symmetry

ξ → ξ, η → −η, ρ → ρ, plus the condition λ13 = 0; however, it leads to a poorer Yukawa

sector which is defeating to the goal of this work and thus will not be implemented. For the

sake of simplicity, we only present the mass eigenstates for the potential (3-11) in table 3-1

[35], keeping in mind that adding (3-12) does not have significant implications for the main

results of following sections.

From ∂〈VH〉
∂vi

= 0, we obtain the following expressions for the masses µ2:

µ2
χ = −fvηvρ√

2vχ
− v2

χλ1 −
v2
ρλ4

2
−
v2
ηλ5

2
,

µ2
η = −fvρvχ√

2vη
− v2

ηλ3 −
v2
χλ5

2
−
v2
ρλ6

2
,

µ2
ρ = −fvηvχ√

2vρ
− v2

ρλ2 −
v2
χλ4

2
−
v2
ηλ6

2
. (3-13)

Recall that for a real scalar field

−Lm = Vm =
1

2
m2φ2, (3-14)

while for a complex one,

−Lm = Vm = m2φ†φ. (3-15)

Then, we compute the mass matrices as

M2
AB(real) =

∂2VH
∂ΦA∂ΦB

∣∣∣∣
Φ=0

, (3-16)

M2
AB(complex) =

∂2VH

∂Φ†A∂ΦB

∣∣∣∣∣
Φ=0

, (3-17)
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3.2.1. Real sector: basis ξχ, ξη, ξρ

In the basis
(
ξχ, ξη, ξρ

)
, the squared mass matrix is

M2
ξχ,ξη ,ξρ

=


4v2

χλ1 −
√

2fvηvρ
vχ

√
2fvρ + 2vηvχλ5

√
2fvη + 2vρvχλ4√

2fvρ + 2vηvχλ5 4v2
ηλ3 −

√
2fvρvχ
vη

√
2fvχ + 2vηvρλ6√

2fvη + 2vρvχλ4

√
2fvχ + 2vηvρλ6 4v2

ρλ2 −
√

2fvηvχ
vρ

 . (3-18)

In a first approximation, we consider the quadratic terms in vχ, taking f ∼ vχ � vη, vρ. We

have left  4v2
χλ1 0 0

0 −
√

2fvρvχ
vη

√
2fvχ

0
√

2fvχ −
√

2fvηvχ
vρ

 . (3-19)

We see that a field proportional to ξχ is decoupled, with mass

M2
H0

3
= 4v2

χλ1, (3-20)

H0
3 = ξχ. (3-21)

Considering the remaining matrix (full)

M2
ξη ,ξρ

=

(
4v2

ηλ3 −
√

2fvρvχ
vη

√
2fvχ + 2vηvρλ6√

2fvχ + 2vηvρλ6 4v2
ρλ2 −

√
2fvηvχ
vρ

)
, (3-22)

we can use the relations already known for 2× 2 symmetric matrices; we have the following

eigenvectors and eigenvalues:

h0 = cos (α) ξη + sin (α) ξρ, (3-23)

H0 = − sin (α) ξη + cos (α) ξρ, (3-24)

M2
h0 =

4
(
λ3v

4
η + v2

ρλ6v
2
η + v4

ρλ2

)
v2
η + v2

ρ

, (3-25)

M2
H0 = −

√
2f
(
v2
η + v2

ρ

)
vχ

vηvρ
, (3-26)

with

tan (2α) =
2 (M2)12

M11 −M22

. (3-27)

Note that we get two heavy Higgs fields (H0, H0
3 ), and one light (h0) with mass Mh0 ∼ v.
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3.2.2. Imaginary sector: basis ζχ, ζη, ζρ

In the basis
(
ζχ, ζη, ζρ

)
, the squared mass matrix is

M2
ζχ,ζη ,ζρ

=


−
√

2fvηvρ
vχ

−
√

2fvρ −
√

2fvη

−
√

2fvρ −
√

2fvρvχ
vη

−
√

2fvχ

−
√

2fvη −
√

2fvχ −
√

2fvηvχ
vρ

 ,

with

Det[M2
ζχ,ζη ,ζρ

] = 0.

It has two eigenvalues that are canceled, and one nonzero. In the limit f, vχ � vη, vρ, the

solution of the eigenvalue problem is

M2
G0

3
= 0, (3-28)

M2
G0 = 0, (3-29)

M2
A0 = −

√
2fvχvρ
vη

−
√

2fvηvρ
vχ

−
√

2fvηvχ
vρ

≈ −
√

2fvχ

(
vρ
vη

+
vη
vρ

)
; (3-30)

G0
3 = C1

(
−vχζχ + vρζρ

)
≈ −ζχ, (3-31)

G0 = C2

(
−v2

ρvχζχ + vη
(
v2
ρ + v2

χ

)
ζη − vρv2

χζρ
)
≈ cos (β) ζη − sin (β) ζρ, (3-32)

A0 = C3

(
vρvηζχ + vρvχζη + vηvχζρ

)
≈ sin (β) ζη − cos (β) ζρ, (3-33)

with

tan β =
vρ
vη
. (3-34)

3.2.3. Sector Q1 = 0: basis
(−)

χ0
1,

(−)

η0
3

In the basis (χ0
1, η

0
3) , the squared mass matrix is

M2
χ0

1,η
0
3

=

 1
2

(
v2
ηλ7 −

√
2fvηvρ
vχ

)
1
2

(
vηvχλ7 −

√
2fvρ

)
1
2

(
vηvχλ7 −

√
2fvρ

)
1
2

(
v2
χλ7 −

√
2fvρvχ
vη

)  , (3-35)

with

Det[M2
χ0

1,η
0
3
] = 0.

The solution of the eigenvalue problem is

M2
G0

1
= 0, (3-36)

M2
H0

1
=
−1√

2
fvρ

(
vη
vχ

+
vχ
vη

)
+ λ7

(
v2
η + v2

χ

)
2

; (3-37)

G0
1 = C1

(
−vχχ0

1 + vηη
0
3

)
≈ −χ0

1, (3-38)

H0
1 = C2

(
vηχ

0
1 + vχη

0
3

)
≈ η0

3. (3-39)
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3.2.4. Sector Q2 = −1: basis χ±2 , ρ
±
3

In the basis
(
χ±2 , ρ

±
3

)
, the squared mass matrix is

M2
χ±2 ,ρ

±
3

=

 1
2

(
v2
ρλ8 −

√
2fvηvρ
vχ

)
1
2

(
vρvχλ8 −

√
2fvη

)
1
2

(
vρvχλ8 −

√
2fvη

)
1
2

(
v2
χλ8 −

√
2fvηvχ
vρ

)  ,

with

Det[M2
χ±2 ,ρ

±
3

] = 0.

The eigenvalues and eigenvectors are

M2
G±2

= 0, (3-40)

M2
H±2

=
−1√

2
fvη

(
vρ
vχ

+
vχ
vρ

)
+ λ8

(
v2
ρ + v2

χ

)
2

; (3-41)

G±2 = C1

(
−vχχ±2 + vρρ

±
3

)
≈ −χ±2 , (3-42)

H±2 = C2

(
vρχ

±
2 + vχρ

±
3

)
≈ ρ±3 . (3-43)

3.2.5. Charged sector: basis η±2 , ρ
±
1

In the basis
(
η±2 , ρ

±
1

)
, the squared mass matrix is

M2
η±2 ,ρ

±
1

=

 1
2

(
v2
ρλ9 −

√
2fvρvχ
vη

)
1
2

(
vηvρλ9 −

√
2fvχ

)
1
2

(
vηvρλ9 −

√
2fvχ

)
1
2

(
v2
ηλ9 −

√
2fvηvχ
vρ

)  ,

with

Det[M2
η±2 ,ρ

±
1

] = 0.

The eigenvalues and eigenvectors are

M2
G± = 0, (3-44)

M2
H± =

−1√
2
fvχ

(
vρ
vη

+
vη
vρ

)
+ λ9

(
v2
ρ + v2

η

)
2

; (3-45)

G± = C1

(
−vηη±2 + vρρ

±
1

)
= − cos (β) η±2 + sin (β) ρ±1 , (3-46)

H± = C2

(
vρη
±
2 + vηρ

±
1

)
= sin (β) η±2 + cos (β) ρ±1 . (3-47)

3.2.6. Summary

In the table 3-1 we summarize the results of this section for mass eigenvalues and eigenstates

in the scalar sector.
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Table 3-1.: Mass eigenstates of the scalar sector in the 331 model described. tan β = vρ
vη

H0
3 = ξχ M2

H3
0

= 4λ1v
2
χ

h0 = cosαξη + sinαξρ M2
h0 =

4(λ3v
4
η+v

2
ρλ6v

2
η+v

4
ρλ2)

v2η+v
2
ρ

G0
3 ≈ −ζχ M2

G0
3

= 0

H0 = − sinαξη + cosαξρ M2
H0 = −

√
2f(v2η+v

2
ρ)vχ

vηvρ
G0 ≈ cosβζη − sinβζρ M2

G0 = 0

A0 ≈ sinβζη − cosβζρ M2
A0 ≈ −

√
2fvχ

(
vρ
vη

+
vη
vρ

)
G0

1 ≈ −χ0
1 M2

G0
1

= 0

H0
1 ≈ η03 M2

H0
1

= −1√
2
fvρ

(
vη
vχ

+
vχ
vη

)
+ λ7

(v2η+v
2
χ)

2 G±2 ≈ −χ
±
2 , M2

G±
2

= 0

H±2 ≈ ρ
±
3 M2

H±
2

= −1√
2
fvη

(
vρ
vχ

+
vχ
vρ

)
+ λ8

(v2ρ+v
2
χ)

2 G± = − cosβη±2 + sinβρ±1 M2
G± = 0

H± = sinβη±2 + cosβρ±1 . M2
H± = −1√

2
fvχ

(
vρ
vη

+
vη
vρ

)
+ λ9

(v2ρ+v
2
η)

2

3.3. Yukawa Sector

The Yukawa Lagrangian plus a Majorana mass term for neutrinos NR, is:

−LY = hρel̄.ρeR + hχl̄.χNR + hη l̄.ηNR +
1

2
hρ
(
lL
)a (

lCL
)b
ρcεabc +

1

2
MRNRN

C
R +H.c.; (3-48)

expanding the triplets we are left with

−LY = hρe

(
eL(vρ + iζρ + ξρ)

√
2

+ νLρ
+
1 + νCRρ

+
3

)
eR

+hη

(
eLη

−
2 +

νL(vη + iζη + ξη)√
2

+ νCRη
0
3

)
NR

+hχ

(
eLχ

−
2 + νLχ

0
1 +

νCR(vχ + iζχ + ξχ)
√

2

)
NR

+
1

2
hρ

(
eLρ

−
1 νR − eLρ−3 νCL + νLρ

−
3 e

C
L − νCRρ

−
1 e

C
L

+
νCR(vρ + iζρ + ξρ)νCL√

2
−
νL(vρ + iζρ + ξρ)νR√

2

)
+

1

2
MRNRN

C
R +H.c.

Finding the VEVs of the scalar fields, from the above Lagrangian we get

−Llm =
vρ√

2
eLhρeeR −

1

2
√

2
vρνLhρνR +

1

2
√

2
vρνCRhρν

C
L

+
1√
2
vχνCRhχNR +

1√
2
vηνLhηNR +

1

2
MRNRN

C
R +H.c.

We define the mass of the charged leptons

Me =
vρ√

2
hρe, (3-49)
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and we can assume that it is already diagonalized (with hρe = h†ρe).

Henceforth, we will focus on the neutrino sector. Using the relations

ψLMφR = (φR)CMT (ψL)C , (3-50){
ψLM (ψL)C

}†
= (ψL)CM †ψL (3-51)

and adding the Hermitian conjugates, we obtain for the neutrinos

−Lνm = νCL

(
vρh

†
ρ

4
√

2
νCR −

vρh
∗
ρ

4
√

2
νCR +

vηh
∗
η

2
√

2
NC
R

)
+ νL

(
vρh

T
ρ

4
√

2
νR −

hρvρ

4
√

2
νR +

hηNRvη

2
√

2
NR

)

+νR

(
vρh

∗
ρ

4
√

2
νL −

vρh
†
ρ

4
√

2
νL +

vχh
∗
χ

2
√

2
NC
R

)
+ νCR

(
hρvρ

4
√

2
νCL −

vρh
T
ρ

4
√

2
νCL +

hχvχ

2
√

2
NR

)

+NR

(
vηh

†
η

2
√

2
νL +

vχh
†
χ

2
√

2
νCR +

MR

2
NC
R

)
+NC

R

(
vηh

T
η

2
√

2
νCL +

vχh
T
χ

2
√

2
νR +

M †
R

2
NR

)
,

or in matrix form

−Lνm =
1

2

(
νCL νR NR

)
0

vρh
†
ρ

2
√

2
− vρh∗ρ

2
√

2

vηh∗η√
2

vρh∗ρ
2
√

2
− vρh

†
ρ

2
√

2
0

vχh∗χ√
2

vηh
†
η√

2

vχh
†
χ√

2
MR


 νL
νCR
NC
R

+H.c. (3-52)

3.4. Neutrino mass matrices

Rearranging the terms involving neutrinos in (3-52), we can write for the neutrinos

−Lνmass =
1

2

(
νCL νR NR

)
M

 νL
νCR
NC
R

+H.c., (3-53)

with

M =


0

vρh′∗ρ√
2

vηh∗η√
2

vρh′
†
ρ√
2

0
vχh∗χ√

2
vηh
†
η√

2

vχh
†
χ√

2
MR

 , (3-54)

where we have defined h′ρ =
hTρ −hρ

2
. This mass matrix has a similar structure to some worked

previously in the literature [40, 30], considering the restriction vχ � vρ, vη. Notice that the

Majorana mass, MR, is non-restricted so far; it could be in a smaller or larger scale than

the VEV’s. Nevertheless, the diagonalization of the matrix M as presented leads in first
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approximation to a light neutrino mass

Mξ1 = − vηvρ√
2vχ

(
h′∗ρ
(
h†χ
)−1

h†η + h∗η
(
h†χ
)−1

h′†ρ

)
+
v2
ρ

v2
χ

h′∗ρ
(
h†χ
)−1

MR

(
h†χ
)−1

h′†ρ . (3-55)

Notice that both terms depend on the antisymmetric matrix h′ρ, therefore, the symmetries

in the Lagrangian must be such that the Yukawa coupling term between νL and NR does not

cancel. Furthermore, it should not be symmetric. On the other hand, we can set to zero the

13 entry of the mass matrix by using a discrete symmetry and we would still have tree-level

masses for the lightest neutrinos.

The matrix MR sets a scale for the breaking of lepton number; if MR � vρ, vχ, vη, then the

fields η0
3 and χ0

1 could acquire VEVs [24], say, v′η, v
′
χ. Their values are restricted since they

are also involved in the mixing among the exotic quarks and ordinary quarks of the same

charge, thus in flavor-changing neutral-current processes; to keep a consistency with the

effective theory, it is safe to impose the constraints v′η � vχ, v
′
χ � vη [27]. Now, for neutrino

masses, to include these terms we would have to do the substitutions vχh
†
χ → vχh

†
χ + v′ηh

†
η,

vηh
†
η → vηh

†
η + v′χh

†
χ in (3-55). Since we expect Yukawa matrices to be roughly of the

same order, in cases where we keep the terms with both hχ and hη (such as cases 1 and

3 below), we can safely neglect the extra terms. Now, if some extra symmetry cancels the

terms with hη (e.g. case 2 below), we would only have the substitution vηh
†
η → v′χh

†
χ; then,

instead of the first term in (3-55), we would have − v′χvρ√
2vχ

(
h′∗ρ
(
h†χ
)−1

h†χ + h∗χ
(
h†χ
)−1

h′†ρ

)
=

− v′χvρ√
2vχ

(
h′∗ρ + h′†ρ

)
, which exactly cancels since h′ρ is antisymmetric. Therefore, we can safely

assume that the presence of the small expectation values does not affect the results for

neutrino masses in any of the cases considered.

3.4.1. Diagonalization of the neutrino mass matrix

To put the neutrino mass matrix (3-54) in diagonal form, we block-diagonalize using multiple

times the procedures in C.2.1, C.2.2, and then use the PMNS matrix for active neutrinos,

and define PMNS-like matrices for the exotic neutrinos.

Large MR

For large MR, i.e. the double seesaw mechanism, we use C.2.1 three times. First, we combine

the 2,3 entries with the rotation matrix W1. Then, the 1,3 entries with W2, and finally the

1,2 entries with W3. The rotation matrices are

W1 =

 1 0 0

0 1 B1

0 −B†1 1

 , W2 =

 1 0 B2

0 1 0

−B†2 0 1

 , W3 =

 1 B3 0

−B†3 1 0

0 0 1

 ,(3-56)
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with

B†1 = M−1
R

vχh
†
χ√

2
, B†2 = M−1

R

vηh
†
η√

2
, (3-57a)

B†3 = −
√

2vρ
v2
χ

h′∗ρ
(
h†χ
)−1

MR

(
h∗χ
)−1

+
vη
vχ

(
h†χ
)−1

h†η. (3-57b)

The product of these rotations with the PMNS-like matrices, up to first order in the Bi’s, is

U = W1 ·W2 ·W3 ·

 V 0 0

0 Uχ 0

0 0 UR

 =

 V B3Uχ B2UR
−B†3V Uχ B1UR
−B†2V −B†1Uχ UR

 . (3-58)

The mass eigenstates ξ are constructed as

nL = UξL, nCL = U∗ξR, (3-59)

with nL =
(
νL, ν

C
R, N

C
R

)T
, ξ = (ξ1, ξ2, ξ3)T , and the mass matrix

Mdiag
ξ = UTMU =

V TMξ1
V 0 0

0 UT
RMξ2

UR 0

0 0 UT
χMξ3

Uχ

 , (3-60)

where

Mξ1
=

v2
ρ

v2
χ

h′∗ρ
(
h†χ
)−1

MR

(
h†χ
)−1

h′†ρ −
vηvρ√

2vχ

(
h′∗ρ
(
h†χ
)−1

h†η + h∗η
(
h†χ
)−1

h′†ρ

)
, (3-61a)

Mξ2
= −

v2
χ

2
h∗χM

−1
R h†χ, Mξ3

= MR. (3-61b)

Notice that the neutrino fields thus constructed are Majorana: ξ = ξL + ξR = U†nL +(
U†nL

)C
= ξC .

Small MR

For small MR (MR = µ), we have to use the diagonalization C.2.2 for the 2,3 entries, and

twice C.2.1 for the 1,3 and 1,2 entries. The rotation matrices are

W1 =

 1 0 0

0 (1−S)√
2

(1+S)√
2

0 (−1−S)√
2

(1−S)√
2

 , W2 =

 1 0 B2

0 1 0

−B†2 0 1

 , W3 =

 1 B3 0

−B†3 1 0

0 0 1

 ,

with

S = − 1

2
√

2vχ

(
h†χ

)−1
µ, (3-62a)

B†2 =
vη√
2vχ

(
h†χ

)−1
h†η +

vρ√
2vχ

(
h†χ

)−1
h′†ρ +

(
h†χ

)−1
µ
(
h†χ

)−1
(
−vη
4v2
χ

h†η +
vρ

4v2
χ

h′†ρ

)
,(3-62b)

B†3 =
vη√
2vχ

(
h†χ

)−1
h†η +

vρ√
2vχ

(
h†χ

)−1
h′†ρ +

(
h†χ

)−1
µ
(
h†χ

)−1
(
vη

4v2
χ

h†η −
3vρ
4v2
χ

h′†ρ

)
.(3-62c)
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The full rotation matrix, up to first order in the S,Bi’s, is

U = W1 ·W2 ·W3 ·

 V 0 0

0 Uχ 0

0 0 UR

 =


V B3Uχ B2UR

− (B†2+B†3)√
2

V (1−S)√
2
Uχ

(1+S)√
2
UR

− (B†2−B
†
3)√

2
V (−1−S)√

2
Uχ

(1−S)√
2
UR

 ,

and the blocks in the mass matrix (3-60)

Mξ1
=

v2
ρ

v2
χ

h′∗ρ
(
h†χ
)−1

µ
(
h†χ
)−1

h′†ρ −
vηvρ√

2vχ

(
h′∗ρ
(
h†χ
)−1

h†η + h∗η
(
h†χ
)−1

h′†ρ

)
, (3-63a)

Mξ2
= − vχ√

2
h†χ +

µ

2
, (3-63b)

Mξ3
=

vχ√
2
h†χ +

µ

2
. (3-63c)

3.4.2. Simple cases

For simplicity, we will consider the following scenarios:

1. MR � vχ � vη, vρ. This is the double seesaw mechanism [40, 31]. We have three

different mass scales for neutrinos: very light active neutrinos (ξ1), and heavy (ξ2) and

very heavy (ξ3) sterile neutrinos:

Mξ1
=

v2
ρ

v2
χ

h′∗ρ
(
h†χ
)−1

MR

(
h†χ
)−1

h′†ρ , (3-64a)

Mξ2
= −

v2
χ

2
h∗χM

−1
R h†χ, (3-64b)

Mξ3
= MR. (3-64c)

Since the only constraints that we have are vχ & 103 GeV, v2
η + v2

ρ = v2 ∼ 102 GeV, we

may set vχ ∼ 104, hχ ∼ 1, MR ∼ 106, vρh
′
ρ ∼ 10−4 and find Mξ1

∼ 0.1 eV,Mξ2
∼ 102

GeV,Mξ3
∼ 106 GeV. The ξ2 neutrinos are candidates for detection in LHC, while ξ3

create a scenario for the study leptogenesis.

2. MR = µ� vη, vρ � vχ and an additional discrete symmetry which cancels the 13 and

31 entries.

Mξ1
=

v2
ρ

v2
χ

h′∗ρ
(
h†χ
)−1

µ
(
h†χ
)−1

h′†ρ , (3-65a)

Mξ2
= − vχ√

2
h†χ +

µ

2
, (3-65b)

Mξ3
=

vχ√
2
h†χ +

µ

2
. (3-65c)
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This is the inverse seesaw mechanism [41, 42, 31]. The exotic neutrinos are pseudo-

Dirac, with masses ∼ ±vχhχ√
2

and a small splitting ∼ µ. There are several ways to

obtain sub-eV masses for the active neutrinos. For example, a set of parameters that

works and is consistent is vχ ∼ 104 , hχ ∼ 1, µ ∼ 10−6, vρh
′
ρ ∼ 1 and leads to Mξ1

∼ 0.1

eV,Mξ2
∼ 104 GeV,Mξ3

∼ 104 GeV. All the exotic neutrinos are in the TeV scale.

3. MR = 0. Even without the Majorana mass term, we still have mass matrices for the

neutrinos, that depend on the known scales vχ ∼ TeV , v2
η + v2

ρ = v2, in the linear

seesaw mechanism [31] .

Mξ1
= − vηvρ√

2vχ

(
h′∗ρ
(
h†χ
)−1

h†η + h∗η
(
h†χ
)−1

h′†ρ

)
, (3-66a)

Mξ2
= − vχ√

2
h†χ, (3-66b)

Mξ3
=

vχ√
2
h†χ. (3-66c)

A possible set of parameters is vχ ∼ 104 GeV, hχ ∼ 1, vη ∼ 1GeV, vρ ∼ 102GeV,

hρ ∼ hη ∼ 10−4.

Figure 3-1.: Range of parameters compatible with light neutrino mass scales (terms pro-

portional to MR). hχ,h
′
ρ,MR(GeV), tan β = 1, vχ = 2 TeV(left) or vχ =

20 TeV(right).

From the discussion above we see that it is indeed possible to get the right orders of

magnitude for light neutrino masses from (3-55). However, Mξ1 is presented as the product

of 3×3 complex matrices h′ρ, hχ, hη, MR, and the only restriction we have on their structure

so far is that h′ρ must be antisymmetric. Furthermore, they are independent of the charged
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Figure 3-2.: Range of parameters compatible with light neutrino mass scales (terms inde-

pendent of MR). hχ,h
′
ρ,hη, tan β = 1, vχ = 2 TeV(left) or vχ = 20 TeV(right).

lepton mass matrix (∝ hρe as seen in (3-49)). The problem of choosing ansatz that lead to

neutrino masses and mixing compatible with experimental data has been treated extensively

[43, 44, 45, 46], and the specific application to our model with a proper scan of the parameter

space will be treated elsewhere.



4. Leptogenesis

The Universe appears to be populated exclusively with matter rather than antimatter [5]: the

latter is only detected in accelerators or in cosmic rays, and appears as a result of collisions

of primary particles. Furthermore, if there were to exist large areas of antimatter in the

Universe, they would be at a cosmic distance scale from us [47]. Scenarios which consider

that the Universe started from a state with equal number of baryons and antibaryons, and

the observed asymmetry was generated dynamically, are known by the name of baryogenesis

[48].

There are two different pieces of observational evidence that give a numerical value for the

baryon asymmetry of the Universe (BAU) [48]: the first comes from the analysis of the power

spectrum of the Cosmic Microwave Background (CMB), while the second one originates from

the abundance of light elements according to Big Bang Nucleosynthesis (BBN). From recent

data [5], we have

η ≡ nB − nB̄
nγ

∣∣∣∣
0

= 6.19(15)× 10−10 (CMB), (4-1)

5.1× 10−10 < η < 6.5× 10−10 (95% CL) (BBN), (4-2)

where nB, nB̄, nγ are the densities of baryons, antibaryons and photons, respectively, and

the subindex zero denotes present time. An alternative parametrization using the entropy

density s is

Y∆B ≡
nB − nB̄

s

∣∣∣∣
0

≈ η

7.04
. (4-3)

In 1967, Andrei Sakharov published an article [49] in which he problematized the issue

of matter - antimatter asymmetry in the universe. He was the first to look in detail what

criteria a theory should fulfill to be able to explain the global baryon asymmetry. These

criteria are necessary but not sufficient to create the baryon asymmetry, and are called

Sakharov conditions. These are:

1. Baryon number violation: This condition is required to evolve for an initial state with

YB = 0 to one with YB 6= 0. Interactions that violate baryon number could also mediate

proton decay, which would establish a phenomenological constraint due to the lower

limit on proton lifetime τ p ≥ 5× 1032 years [50].

2. C and CP violation: If C or CP were conserved, then the processes involving baryons

would occur at exactly the same rate as C or CP conjugate processes involving anti-
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baryons, with the total effect that an asymmetry is not generated. The key factor here

is that the baryon number B is odd under C or CP.

3. Nonequilibrium dynamics: in chemical equilibrium, there are no asymmetries in quan-

tum numbers that are not conserved (such as B for the first condition). Moreover, as

CPT invariance should remain intact, CP violation can have no effect unless it is de-

fined a preferred time direction, which cannot be done if the particles are in thermal

equilibrium. However, the expansion of the universe may result in small deviations

from it, which allows an excess of baryons over anti-baryons to be generated by the

action of interactions that violate B and CP. The relaxation time needed to regain

proper balance in which the baryon asymmetry can be destroyed again increases faster

than the universe’s age, thus freezing the asymmetry [51].

All these ingredients are present in the standard model, but it has not been found any

mechanism of the SM that would generate a large enough baryon asymmetry. Therefore,

new physics is required to extend the SM in at least two ways: it must introduce new forms

of CP violation and must either provide a way out of thermal equilibrium in addition to

that of the electroweak phase transition or modify it [48]. There are several possible mecha-

nisms for baryogenesis, including GUT baryogenesis, electroweak baryogenesis, Affleck-Dine

mechanism and leptogenesis.

In leptogenesis, the BAU is generated from a L asymmetry via electroweak processes which

anomalously violate B+L, existent in the SM. The initial L asymmetry comes from leptonic

particles that have not decayed at high temperatures since their lifetimes are longer than the

expansion rate of the Universe (they are out of equilibrium); the usual candidates are heavy

right-handed neutrinos. There is a residuary asymmetry when the Universe approaches the

temperature of the electroweak SSB. Now, before the electroweak phase transition (EWPT),

there are classical solutions to the equations of gauge fields, called sphalerons, that induce

processes such as |vac >→
[
uLuLdLe

−
L + cLcLsLµ

−
L + tLtLbLτ

−
L

]
. Because of this, any prior

B − L asymmetry is converted into B-asymmetry. Therefore, the BAU is explained from

the conversion of the primordial L-asymmetry via sphalerons.

4.1. Big Bang Cosmology

The base structure for our understanding of the Universe comes from hot Big-Bang cos-

mology, also called the standard model of cosmology [2]. The essential elements for this

model are: the cosmological principle; the expansion of the Universe; the general theory

of relativity; and the Cosmic Background Radiation. Assuming a simple picture for the

evolution of the Universe, we can extrapolate our present knowledge to earlier times up to

a singularity that we denote Big Bang, and setting this as the origin of time, we can define
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the age of our universe; note that the Big Bang does not refer to a single singular point in

space, but a singularity at all points after which they started moving away from each other

uniformly. Right after the Big Bang, the Universe was a plasma of relativistic particles,

that slowly cooled down as the average energy per particle came down. The temperature

of the Universe will correspond to the average energy per particle at a given time. Up to a

temperature corresponding to the Planck scale (MP ∼ 1019 GeV), quantum gravity governed

the evolution, and we cannot extrapolate our results to any time earlier than this. As the

Universe continued expading it went through different phase transitions corresponding to

the gauge symmetry breakings in particle physics: they include the grand unification (GUT)

phase transition at T ∼ 1014 − 1016 GeV, and the electroweak SSB phase transition at a

temperature of about 300 GeV [52]. During these phase transitions some particles acquire

mass via the Higgs mechanism and the full symmetry of the theory is broken to a lower

one. Some particles decoupled below these temperatures, which means that they decayed

into lighter particles, but the energy available to the latter was not enough to recreate them,

thus drastically reducing their densities. At T ∼ 100 − 300 GeV, the QCD chiral symme-

try was broken, leading to the formation of baryons and mesons. After this, we have the

formation of the primordial light nuclei at T ∼ 1 MeV . Nucleosynthesis is one of the earli-

est tests of modern cosmology, since its predictions fit very well with observations [2]. For

T ∼ 2× 10−10 GeV, the matter density becomes equal to that of the radiation, thus starting

a matter-dominated epoch and the formation of structure. As the electron density reduced

due to the formation of atoms, there was a reduction in the interaction with photons and

radiation decoupled from matter; this radiation became the Cosmic Microwave Background

(CMB) radiation that we see today. Small fluctuations of the CMB provide information

about the early Universe and the formation of structure.

4.2. Evolution of the Universe

According to general relativity, the space-time evolution is determined via the Einstein

equation by the matter content of the Universe, which differs form epoch to epoch depending

on what kind of energy dominates the energy density of the Universe at that time. The

Einstein equation reads [5]

Rµν −
1

2
gµνR =8πGNTµν + Λgµν , (4-4)

where Rµν is the Ricci tensor, gµν the metric, R the Ricci scalar, GN = M−2
P the Newton

constant, and Tµν the energy-momentum tensor. The Λ term in the RHS is often interpreted

as the effective ennergy-momentum tensor for the vacuum of Λgµν/8πGN . Assuming that

the matter content of the Universe is a perfect fluid, we have

Tµν = −pgµν + (p+ ρ)uµuν , (4-5)
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with p the isotropic pressure, ρ the energy density and u = (1, 0, 0, 0) the velocity vector for

the isotropic fluid in comoving coordinates. Furthermore, using the Robertson-Walker metric

to take into account the homogeneity and isotropy of the 3-space (cosmological principle),

ds2 = dt2 −R2 (t) ~x2, (4-6)

with R (t) the cosmic scale factor, Einstein’s equations are simplified to the Friedman-

Lemâıtre equations

H2 ≡

(
Ṙ

R

)2

=
8πGNρ

3
− k

R2
+

Λ

3
, (4-7)

R̈

R
=

Λ

3
− 4πGN

3
(ρ+ 3p) , (4-8)

where k can be chosen to be +1, −1 or 0 for closed, open or flat spaces, and where we have

defined the Hubble parameter H ≡ Ṙ/R, which measures how fast the Universe is expanding

during the different stages. From energy conservation via T µν;µ = 0, we get

ρ̇ = −3H (ρ+ p) , (4-9)

which can be rewritten in the more familiar form

d
(
ρR3

)
= −pd

(
R3
)
, (4-10)

that is, that the change in energy in a comoving volume is equal to minus the pressure times

the change in the comoving volume, i.e., the first law or thermodynamics.

A great part of the history of the Universe in the standard BB model can be easily described

if we assume that either radiation or matter dominate the total energy density. Furthermore,

during inflation and again today the expansion rate for the Universe is accelerating [5],

so dominance by a cosmological constant or some other form of dark energy should be

considered. For a simple equation of state p = wρ with constant w, the energy density evolves

like ρ ∝ R−3(1+w). We consider three cases: i) Radiation-dominated universe: w = 1/3,

ρ ∝ R−4, R (t) ∝ t1/2, appropriate for the early hot and dense universe: ii) Matter-dominated

Universe: w = 0 (pressure-less gas), ρ ∝ R−3, R (t) ∝ t2/3, corresponds to relatively late

times, when non-relativistic matter eventually dominates the energy density over radiation:

iii) Vacuum-dominated: w = −1, ρ ∝ const, R(t) ∝ e
√

Λ
3
t, with Λ = 8πGNV0.

4.3. Equilibrium thermodynamics

As mentioned before, much of the early Universe can be described by a radiation-dominated

equation of state. Furthermore, we may consider that during that epoch the Universe can be

described by equilibrium thermodynamics. Thermal equilibrium is established by the rapid

rate of particle interactions relative to the expansion rate [5].
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Let fa (~p, ~r, t) be the density of a species in the phase space. The assumption that the

universe is homogeneous and isotropic implies that fa (~p, ~r, t) = fa (p, t); usually the temporal

dependence is not explicitly stated. The number density (na), energy density (ρa) , and

pressure (pa) of a dilute, weakly interacting gas of ga degrees of freedom are given by

na =
ga

(2π)3

∫
fa (~p) d3p, (4-11)

ρa =
ga

(2π)3

∫
E (~p) fa (~p) d3p, (4-12)

pa =
ga

(2π)3

∫
|~p|2

3E (~p)
fa (~p) d3p, (4-13)

where E2 = |~p|2 + m2
a. For a species in kinetic equilibrium, the phase space occupancy is

giving by the Fermi-Dirac (FD) or Bose-Einstein (BE) distributions

f eq (~p) =
1

exp {(E − µ) /T}+ θ
, (4-14)

where µ is a possible chemical potential of the species (which serves to constrain the total

number of particles), and θ = +1 pertains to the FD species, θ = −1 to the BE species, and

θ = 0 in the classical approximation of Maxwell-Boltzmann (MB) statistics. In consequence,

we can write

n =
g

2π2

∫ ∞
m

(E2 −m2)
1/2

exp {(E − µ) /T} ± 1
EdE (4-15)

ρ =
g

2π2

∫ ∞
m

(E2 −m2)
1/2

exp {(E − µ) /T} ± 1
E2dE (4-16)

p =
g

6π2

∫ ∞
m

(E2 −m2)
3/2

exp {(E − µ) /T} ± 1
dE (4-17)

In the relativistic limit T � m, for T � µ

n =

{ π2

30
gT 4 BE

7
8
π2

30
gT 4 FD

(4-18)

ρ =

{ ζ(3)
π2 gT

3 BE
3
4
ζ(3)
π2 gT 3 FD

(4-19)

p =
ρ

3
(4-20)

For relativistic bosons or fermions with µ < 0 and |µ| < T ,

n = exp
{µ
T

} g

π2
T 3 (4-21)

ρ = exp
{µ
T

} 3g

π2
T 4 (4-22)

n = exp
{µ
T

} g

π2
T 4 (4-23)
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In the non-relativistic limit,

n = g

(
mT

2π

)3/2

exp

{
− (m− µ)

T

}
(4-24)

ρ = mn (4-25)

p = nT � ρ (4-26)

We are particularly interested in computing the excess of a fermion species over its an-

tiparticle; assuming µ+ = −µ−, we get

n+ − n− =
g

2π2

∫ ∞
m

E
(
E2 −m2

)1/2

[
1

exp
{
E−µ
T

}
+ 1
− 1

exp
{
E+µ
T

}
+ 1

]
dE (4-27)

=
gT 3

6π2

[
π2
(µ
T

)
+
(µ
T

)3
]

T � m (4-28)

= 2g

(
mT

2π

)3/2

sinh
(µ
T

)
exp

{
−m
T

}
T � m (4-29)

Finally, considering that the energy density and pressure of non-relativistic particles are

exponentially smaller than those of relativistic ones, we can approximate the total energy

and pressure of all species in equilibrium at a photon temperature T as

ρR =
π2

30
g∗T

4 (4-30)

pR =
ρR
3

=
π2

90
g∗T

4 (4-31)

where g∗ counts the total number of effectively massless degrees of freedom at T :

g∗ =
∑

i=boson

gi

(
Ti
T

)4

+
7

8

∑
i=fermion

gi

(
Ti
T

)4

(4-32)

In the SM, for T > 300 GeV,all particles are relativistic, giving g∗ = 106.75.

4.4. Boltzmann Equations

Although the equilibrium description is a good approximation for much of the history of the

early Universe, there have been some important departures that prevent the present state of

Universe from being described exclusively from the present temperature [52]. To deal with

the evolution of a species before and after decoupling, we have to look at the microscopic

evolution of the phase space occupancy, which is governed by the Boltzmann equation. The

Boltzmann equation for the distribution in phase space of a species of particles a can be

written as [53]

L fa = −1

2
Ca [f ] , (4-33)
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with the Liouville operator in a Robertson-Walker space-time given by

L fa ≡ Eaḟa −H |pa|2
∂fa
∂Ea

, (4-34)

and the collision integral

Ca [f ] ≡
∑

aXi↔Xf

∫
dπXidπXf (2π)4 δ(4)

(
pa − pXi − pXf

)
×
[
fafXi |M (aXi → Xf )|2 − fXf |M (Xf → aXi)|2

]
, (4-35)

where the sum is over all the allowed proceses aXi ↔ Xf , being Xi and Xf many particles

states, |M|2 the transition amplitude averaged over the internal degrees of freedom in the

initial and final states, and

dπX ≡
∏
b∈X

dπb, dπb ≡ gb
d3pb

(2π)3

1

2E (pb)
, (4-36)

pX ≡
∑
b∈X

pb, fX ≡
∏
b∈X

fb. (4-37)

If there are any identical particles in the initial or final state, it is necessary to include

appropriate symmetry factors.

Integrating over dπa, it is possible to obtain an equation for the number density. Under

the assumption of kinetic equilibrium,

fa (E) =
na
neqa

f eqa , (4-38)

and we find that

ṅa + 3Hna = −
∑

aXi↔Xf

(
nanXi
neqa n

eq
Xi

γ (aXi → Xf )−
nXf
neqXf

γ (Xf → aXi)

)
, (4-39)

being

γ (a, b→ 1, 2) =

∫
dΠadΠbdΠ1dΠ2 (2π)4 δ(4) (Pa + Pb − P1 − P2)

× |M (a, b→ 1, 2)|2 f eq
a f eq

b . (4-40)

For decays and inverse dacays,

γ (a→ Xf ) = neqa
K1 (ma/T )

K2 (ma/T )
Γ (a→ Xf ) . (4-41)

In the case of scattering 2→ 2,

γ (a, b→ 1, 2) =
T

64π4

∫
ds
√
sK1

(√
s

T

)
σ̂ (s) (4-42)
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The dimensionless reduced cross section is defined as [53]

σ̂ (s) = 8πΦ2 (s)

∫
dΠ1dΠ2 (2π)4 δ(4) (P − P1 − P2) |M|2 , (4-43)

with

Φ2 (s) =

∫
dΠadΠb (2π)4 δ(4) (Pa + Pb − P1 − P2) . (4-44)

σ̂ also satisfies
dσ̂

dt
=

1

8πs
|M|2 . (4-45)

It is useful to write the Boltzmann equations in terms of the variable

Ya ≡
na
s
, (4-46)

being s the entropy density defined as [52]

s ≡ S

V
=
ρ+ p

T
. (4-47)

This aims to describe the evolution of the particle number in a comoving volume. Using the

conservation of entropy per comoving volume (sR3 = const.) [52], it follows that

ṅa + 3Hna = sẎa. (4-48)

Furthermore, we can introduce a new variable that expresses the explicit temperature

dependence of the interaction terms instead of time dependence,

x ≡ m

T
, (4-49)

with m a suitable mass scale. During the radiation domain [52],

t = 0.301g−1/2
∗

mPl

T 2
= 0.301g−1/2

∗
mPl

m2
x2, (4-50)

thus the Boltzmann equation (4-39) can be rewritten as

Ẏa = − x

H(m)s

∑
aXi↔Xf

(
YaYXi
Y eq
a Y eq

Xi

γ (aXi → Xf )−
YXf
Y eq
Xf

γ (Xf → aXi)

)
, (4-51)

with

H (m) = 1.67g1/2
∗

m2

mPl

. (4-52)
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4.5. B+L violation in the SM

Baryon and lepton number are not conserved in the Standard Model due to the chiral nature

of the electroweak interactions [47]. This is a consequence of the triangle anomaly: the

change in baryon and lepton number is related to the change in the topological charge of the

gauge field. In a non-abelian gauge theory, the ground state is degenerate, and characterized

by an integer called the Chern-Simons number, Ncs. The corresponding ground states are

separated by a potential barrier whose height is given by the so-called sphaleron energy Esph.

Because of the anomaly, jumps in the Chern-Simons number are associated with changes of

baryon and lepton number, ∆B = ∆L = Nf∆Ncs, with Nf the number of families. In the

Standard Model, the smallest jump is ∆B = ∆L = ±3. Notice that the amounts of violation

of baryon number (∆B) and lepton number (∆L) are equal, and therefore ∆(B − L) = 0,

but ∆ (B + L) = 2∆B = 2∆L 6= 0.

In the semiclassical approximation, the probability of tunneling between neighboring vacua

is determined by instanton configurations, which have a very small transition rate [47]

Γ ∼ e−Sinst = e−
4π
α

= O
(
10−165

)
. (4-53)

However, in the thermal bath provided by the expanding Universe, the transition can be

made through thermal fluctuations over the barrier instead of tunneling. For temperatures

larger than the height of the barrier, the exponential suppression in the rate provided by

the Boltzmann factor disappears completely. Hence (B+L)-violating processes can occur at

a significant rate and these processes can be in equilibrium in the expanding Universe [47].

These processes are called sphaleron configurations, and they are in thermal equilibrium in

the temperature range

TEW ∼ 100 GeV < T < Tsph ∼ 1012 GeV . (4-54)

4.6. Converting L to B

Given that sphaleron interactions preserve B − L, but violate B + L considerably quickly

above the electroweak temperature, this suggests that a theory of baryogenesis does not nec-

essarily violate B: if there is a way of generating lepton asymmetry, through the sphalerons

the baryon asymmetry can be generated.

The relation between baryon and lepton asymmetries considering a transformation via

sphaleron processes can be made following constraints between various chemical potentials

for interactions that are in equilibrium [47]. It is found that

YB =

(
8Nf + 4NH

22Nf + 13NH

)
YB−L, (4-55)
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where Nf and NH are the number of fermion families and Higgs scalars of the model, re-

spectively. In the case of the SM,

YB =
28

79
YB−L. (4-56)



5. Leptogenesis in 331 models

We want to study leptogenesis in the context of 331 models with RH neutrinos as presented

before. Following the guidelines of chapter 4, we require out-of-equilibrium processes which

break both lepton number and CP, thus creating an asymmetry that could be transformed

to the BAU via sphalerons. In this case, we will consider that the violations arise as a

consequence of the Majorana nature of the right handed neutrinos. As mentioned before,

the formalism that we need to apply is that of Boltzmann equations. We have to follow all

the processes that involve a change in lepton number, or that affect the number density of

the particles of interest. However, the large amount of interactions, and, more importantly,

of unknown parameters, make it really difficult to consider all possibilities. For example, in

the usual see-saw leptogenesis [53], the Yukawa matrices are constrained by the smallness of

neutrino masses. In our models, as we have seen, we have many matrices and parameters in

play, that can be balanced in many ways to give the correct orders of magnitude. For these

reasons, in this chapter we develop some toy models of thermal leptogenesis in 331 models,

with the purpose of showing that it is possible to obtain a BAU of the right magnitude with

different approximations. However, a fully-detailed analysis would only be pertinent if we

had more theoretical or experimental motivations to favor some case over the others.

5.1. Simplification of the Yukawa Lagrangians

The full Yukawa Lagrangian of the model follows the rotation of both scalar and lepton

states to the mass eigenstates. We saw that for neutrinos we have two different regimes:

large / small MR. In the latter, we find heavy neutrinos with a small mass-splitting, which

naturally suggests the appearance of resonant leptogenesis. In the former, we can follow

standard leptogenesis, i.e., follow only the evolution lightest ξ3 neutrino , or we can consider

a resonant leptogenesis if the masses of ξ3,1 and ξ3,2 are very close.

We will consider that the heavier mass eigenstates are already diagonal, i.e. Uχ, UR = I,

and neglect all the perturbative terms in the rotation matrices of the neutrinos.

For large enough MR, we can neglect readily B1, B2. For the perturbative approximation

to work, we need B3 sufficiently small. This means∣∣∣∣∣vρh′†ρ√2
− vηvχ

2
h∗χM

−1
R h†η

∣∣∣∣∣�
∣∣∣∣−v2

χ

2
h∗χM

−1
R h†χ

∣∣∣∣ . (5-1)
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Note that the inequality means that the difference in the LHS is small, i.e. the two terms

in the LHS could be of the same order, or we can set, for example, h′ρ to be very small and

vηhη � vχhχ.

For small MR = µ, we would need vηhη � vχhχ, vρh
′
ρ � vχhχ, which is easily obtained

from the relation between the VEV’s. We still get the combination of νR and NR states that

leads to the nearly-degenerate states ξ2, ξ3. We will consider this degeneracy to by pairwise,

but with a hierarchy between families, i.e. ξ2,1, ξ3,1 have nearly the same mass, but is much

smaller than the mass of ξ2,2, ξ3,2.

5.2. Boltzmann equations

In this section, we present a simplification of the Boltzmann equations following [47].

Considering that only the evolution of one heavy neutrino, that we shall call N1, is relevant

for leptogenesis, we can write the Boltzmann equations as

dNN1

dx
= −(D + S) (NN1 −N

eq
N1

) , (5-2)

dNB−L

dx
= −ε1D (NN1 −N

eq
N1

)−W NB−L , (5-3)

Four kinds of processes contribute to the different terms in the above equations: decays,

inverse decays, ∆L = 1 scatterings and ∆L = 2 processes mediated by heavy neutrinos. The

first three modify the N1 number density and try to push it towards its equilibrium value.

Denoting by H the Hubble expansion rate, the term D = ΓD/(H x) accounts for decays and

inverse decays, whereas the scattering term S = ΓS/(H x) represents the ∆L = 1 scatterings.

Decays also constitute a source term for the generation of the B−L asymmetry, (term εD),

whereas all other processes contribute to the total washout term W = ΓW/(H x) which

competes with the decay source term.

The solution for NB−L is the sum of two terms,

NB−L(z) = N i
B−L e

−
∫ x
xi
dx′W (x′) − 3

4
ε1 κ(x; m̃1,M1m

2) , (5-4)

where the first term considers the possibility of an initial asymmetry from a different source

(usually set to zero, since that asymmetry is easily washed out), and the second term de-

scribes B − L production from N1 decays. It is expressed in terms of the efficiency factor κ

which does not depend on the CP asymmetry ε1,

κ(z) =
4

3

∫ x

xi

dx′D
(
NN1 −N

eq
N1

)
e−

∫ x
x′ dx

′′W (x′′) (5-5)

We can write the final baryon to photon number ratio as

ηB = d ε1 κf ' ×10−2 ε1κf , (5-6)
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where d contains the information about the conversion from B − L to B and the dilution

factor, and κf is the final efficiency factor, that comes from the solution of the Boltzmann

equations.

It is simpler, yet accurate enough, to consider the case where decays and inverse decays are

the only relevant processes. In that case, we replace D+S by D and W by WID, respectively,

where WID is the contribution of inverse decays to the washout term. Defining the decay

parameter

K =
ΓD(x =∞)

H(x = 1)
, (5-7)

which controls whether or not N1 decays are in equilibrium, the decay term D is

D(x) = K x

〈
1

γ

〉
, (5-8)

with the decay rate

ΓD(x) = ΓD1

〈
1

γ

〉
, (5-9)

where the thermally averaged dilation factor is given by the ratio of the modified Bessel

functions K1 and K2, 〈
1

γ

〉
=
K1(x)

K2(x)
. (5-10)

The inverse decay rate is given by

ΓID(x) = ΓD(x)
N eq
N1

(x)

N eq
l

, (5-11)

where

N eq
N1

(x) =
3

8
x2K2(x) , N eq

l =
3

4
. (5-12)

This contribution of inverse decays to the washout term W is :

WID(x) =
1

2
D(x)

N eq
N1

(x)

N eq
l

. (5-13)

All relevant quantities are given in terms of the Bessel functions K1 and K2, which can be

approximated by simple analytical expressions (see appendix).

In the case of resonant leptogenesis, we need to follow the evolution of two neutrinos, N1

and N2, thus having a set of three coupled differential equations. The equations for N2 are,

however, analog to the ones already presented.

5.3. CP asymmetry parameters

From Sakharov conditions and the formulas above, we know that the CP asymmetry param-

eter ε is fundamental for the generation of the BAU. For our case, this term comes from the
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Figure 5-1.: Diagrams contributing to the CP asymmetry. The ε parameter comes from the

interference between the tree level amplitude with the self-energy and vertex

amplitudes.

interference between the tree level decay and its one loop corrections, which correspond to

the diagrams presented in the figure.

The CP from the self-energy correction, εs, is important when the masses of the two

neutrinos are very close. Defining ∆m2
N = m2

N1
−m2

N2
, rN = ∆m2

N/(mN1mN2), we find that

εs1 ≈
=m(h∗l1hl2h

∗
l′1hl′2)

8π|hl1|2
rN

r2
N + 4A2

22

, (5-14)

εs2 ≈
=m(h∗l1hl2h

∗
l′1hl′2)

8π|hl2|2
rN

r2
N + 4A2

11

. (5-15)

where

Aij(p
2) =

hl′ih
∗
l′j

32π

[
3

2
+

1

2

(
1− M2

H

p2

)2
]
. (5-16)

In the limit MH → 0, one finds Aij = hl′ih
∗
l′j/(16π).

On the other hand, the vertex correction with a heavy neutrino inside the loop εv is more

significant when the mass difference is larger. Defining the function

F (x, α) =
√
x
[

1 − α − (1 + x) ln
(1− α + x

x

) ]
, (5-17)

which reduces to f(x) =
√
x[1− (1 + x) ln(1 + 1/x)] for α = 0, we find

εv1 =
=m(h∗l1hl2h

∗
l′1hl′2)

16π|hl1|2 [3
4

+ 1
4
(1−M2

H/m
2
N1

)2]

{ 5

4
F
(m2

N2

m2
N1

, 0
)

+
1

4
F
(m2

N2

m2
N1

,
M2

H

m2
N1

)
+

1

4

(
1 − M2

H

m2
N1

)2 [
F
(m2

N2

m2
N1

, 0
)

+ F
(m2

N2

m2
N1

,
M2

H

m2
N1

) ]}
. (5-18)

In the vanishing limit of the Higgs-boson mass, the above formula simplifies to

εv1 =
=m(h∗l1hl2h

∗
l′1hl′2)

8π|hl1|2
f
(m2

N2

m2
N1

)
. (5-19)

The term with the triple scalar vertex, that we shall call εt, does not usually appear in

standard descriptions of leptogenesis, but such vertex (f) is a natural occurrence in 331
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models and therefore should be treated carefully. We find

εt =
−=m(h∗l1hl2h

∗
l′1f)

2π|hl1|2mN1

(
1− m2

H

m2
N1

ln
(

1 +
m2
N1

m2
H

))
. (5-20)

5.4. Numerical results

The baryon asymmetry is determined by the product of two factors: the CP asymmetry

parameter, which is essentially connected to the masses of the particles and the magnitude

of the interaction vertices, and the final efficiency factor κf , that includes all the information

about the evolution of processes (e.g. decays and inverse decays) where the heavy neutrinos

are involved in the thermal bath. Assuming that the initial abundance of the heavy neutrinos

is thermal, i.e. they start with the equilibrium distribution, we can find the final efficiency

factor as a function of the decay parameter K as presented in fig. 5-2. We see that the

efficiency factor is greatest and close to unity in the regime of out of equilibrium decays,

Γ� H, and in this limit the final BAU is determined essentially by the value of ε.

Figure 5-2.: Final efficiency factor κf as a function of K = Γ/H, for a thermal initial

abundance of the heavy neutrinos.

In figures 5-3-5-14 we present and compare generic contributions from the three CP

asymmetry parameters. All masses are in GeV. From 5-3 and 5-4 we check that the self-

energy contribution is greater for small mass differences, therefore is relevant for the case of

resonant leptogenesis: the contribution becomes exponentially smaller as m2/m1 − 1 grows.

The contribution is independent of the actual mass of the neutrino, depending on the relative

values of the Yukawa matrices and the ratio of masses.
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The vertex contribution with a heavy neutrino inside the loop presents a similar behavior

in the sense that the actual mass is not important, but the ratio of masses is. The presence

of the scalar inside the loop does not introduce significant differences unless its mass is very

close to the neutrino mass (5-9). Fig. 5-8 shows that the value pretty much stays the same

(assume m1 > m2), and the strongest dependence is on the Yukawa matrices.

Fig. 5-10 confirms that the self-energy contribution is dominant in the regime of small

mass differences, which corresponds to the case MR = µ � vχ of our models, while the

vertex contribution dominates when we step away of this regime. The result presented in

that figure is typical for resonant leptogenesis, where the mass difference is the primordial

factor.

The contribution from the vertex correction has a different functional form, showing a

explicit dependence on the mass of the external neutrino. In 5-11-5-12 we see that the

1/m1 dependence dominates this contribution, and that the mass of the scalar particle has

a negligible effect only if mH � m1. The |εt| contribution poses a possible complication in

our analysis, since the assumption f ∼ vχ ∼ 104 GeV done in the treatment of scalar mass

matrices implies that this contribution might dominate (since we always have small Yukawa

matrices), especially if the mass of the neutrino is small enough. The value of f mentioned

stems from plausible reasons when dealing with masses of the exotic particles, but actual

bounds do not exist. Here we face the dilemma of either fixing f and finding possible values

for the BAU, or using the expected results of leptogenesis and look for other connections

to experimental bounds in order to find information about f . For this work, we chose the

former. As shown in fig. 5-13-5-14, this contribution determines the total CP asymmetry

for a range of possible cases. Some ways of regulating this factor are setting the order of

magnitude of h′ρ, which always enters in the expression, to be very small, and would also give

very small neutrino masses as mentioned before, or doing some fine-tuning for the imaginary

part of the product that enters the expression, in cases where the mass m1 is not very large.
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Figure 5-3.: Self-energy CP asymmetry parameter as a function of the mass difference. m1 ∼
103. All Yukawa matrices are ∼ 10−6. (Detail for small differences)

Figure 5-4.: Self-energy CP asymmetry parameter as a function of the mass difference. m1 ∼
103. All Yukawa matrices are ∼ 10−6
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Figure 5-5.: Self-energy CP asymmetry parameter as a function of the mass difference. m1 ∼
103. All Yukawa matrices are ∼ 10−4

Figure 5-6.: Self-energy CP asymmetry parameter as a function of the mass difference for

Yukawa matrices of different orders of magnitude. m1 ∼ 103.
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Figure 5-7.: Vertex CP asymmetry parameter as a function of the mass difference. m1 ∼ 103.

All Yukawa matrices are ∼ 10−6

Figure 5-8.: Vertex CP asymmetry parameter as a function of the mass difference for Yukawa

matrices of different orders of magnitude. m1 ∼ 103.
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Figure 5-9.: Vertex CP asymmetry parameter as a function of the mass difference for Higgs

masses of different orders of magnitude. m1 ∼ 106.

Figure 5-10.: Contributions from vertex and self-energy CP asymmetry parameters as a

function of the mass difference for Yukawa matrices or order∼ 10−6. m1 ∼ 106.
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Figure 5-11.: Triple scalar vertex CP asymmetry parameter as a function of the neutrino

mass for Higgs masses of different orders of magnitude. (Detail)

Figure 5-12.: Triple scalar vertex CP asymmetry parameter as a function of the neutrino

mass for Higgs masses of different orders of magnitude.
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Figure 5-13.: Partial and total CP asymmetry parameters as a function of the mass differ-

ence for Yukawa matrices or order ∼ 10−6, m1 ∼ 106, mH ∼ 0

Figure 5-14.: Partial and total CP asymmetry parameters as a function of the mass differ-

ence for Yukawa matrices or order ∼ 10−6, m1 ∼ 1012, mH ∼ 0



6. Conclusion

The Standard Model of particle physics, though highly successful, is incomplete in the sense

that leaves some problems unanswered, thus making the study of physics BSM necessary.

Starting from fundamental knowledge of group theory and particle physics, it is possible to

construct models with higher symmetry, that incorporate the SM as a low-energy approxi-

mation. In this work, we presented the basic concepts of working with SU(n) groups, and

specifically with SU(3)⊗ U(1) as an extension of the electroweak sector. Building a model

with β = −1/
√

3, with three scalar triplets and right handed neutrinos both as part of the

leptonic triplet and as neutral fermion singlets, allowed us to study two important problems:

neutrino masses and generation of baryon asymmetry. We found that neutrino masses can

be generated via two mechanisms: inverse and double see-saw, depending on the scale of

the Majorana mass of the singlets. This mechanism, previously unreported for this fam-

ily of models, naturally explains the smallness of neutrino masses from tree-level diagrams,

without the need of doubly-charged particles as other models before. On the other hand, we

studied the problem of baryogenesis via leptogenesis for the same model. Two distinctive

characteristics from leptogenesis models usually worked in the literature are the appearance

of an extra contribution to the CP asymmetry from the vertex correction including a ver-

tex with three scalar particles, and the relaxation of the constraints from the smallness of

neutrino masses. On both counts we can find a range of parameters that give a satisfactory

explanation. Therefore, we can conclude that a model such like the one presented, which

includes the SM as a low energy approximation and all of its well-known results, allows room

for explaining three additional questions, namely the number of families, neutrino masses

and oscillations, and matter-antimatter asymmetry. However, the larger content of particles

and thus the huge number of free parameters make it impossible for the model to be pre-

dictive enough. It would be necessary to have a bigger number of pertinent experimental

bounds to reduce the space of parameters. With this information we could do a more de-

tailed analysis of the two problems that concern us, using ansatz of textures for the Yukawa

matrices and the Majorana mass matrix, and a more detailed balance of the evolution of

the lepton and baryon asymmetries with temperature. Finding other ways to constrain our

model is imperative for its success, since the good results obtained so far are very motivating

for further studies.



A. Decay rates and Cross sections

A.1. Decay

• The decay rate of a particle of mass m in n bodies, computed in its own rest frame in

terms of M is [5]:

dΓ =
(2π)4

2M
|M|2 dΦn (P ; p1, ..., pn) , (A-1)

with dΦn the element in the phase space of n bodies,

dΦn (P ; p1, p2...pn) = δ(4)

(
P −

n∑
i=1

pi

)
n∏
i=1

d3pi

(2π)3 2Ei
. (A-2)

• In the case of nk identical particles of the specie k in the final state, it is required to

add a factor [54]

S =
∏

k=species

1

nk!
. (A-3)

• For the case of decay in two-particles labeled as 1 and 2, it is found that [5]

Γ =
|~p1|

32π2M2

∫
|M|2 dΩ. (A-4)

A.2. Scattering

• The differential cross-section for a process 2→ n is given by [5]:

dσ =
(2π)4 |M|2

4
√

(pa · pb)2 −m2
am

2
b

dΦn (pa + pb; p1, p2...pn) (A-5)

with dΦn defined in (A-2). For the particular case n = 2,

dσ =
(2π)4 |M|2

4
√

(pa · pb)2 −m2
am

2
b

d3p1

(2π)3 2E1

d3p2

(2π)3 2E2

. (A-6)

Note that the indexes a, b denote particles in the initial state, while 1, 2... denote

particles in the final state.



A.2 Scattering 55

• Mandelstam Variables [55]

s = (pa + pb)
2 = (p1 + p2)2 , (A-7)

t = (pa − p1)2 = (pb − p2)2 , (A-8)

u = (pa − p2)2 = (pb − p1)2 . (A-9)

Using the energy-momentum relation, these can be rewritten as

s = m2
a +m2

b + 2pa · pb = m2
1 +m2

2 + 2p1 · p2, (A-10a)

t = m2
a +m2

1 − 2pa · p1 = m2
b +m2

2 − 2pb · p2, (A-10b)

u = m2
a +m2

2 − 2pa · p2 = m2
b +m2

1 − 2pb · p1. (A-10c)

They have the property

s+ t+ u =
∑
i

m2
i , (A-11)

where the index i refers to the 4 external particles.

• For the particular case in which the masses of the 4 particles are negligible,

s = 2pa · pb = 2p1 · p2, (A-12a)

t = −2pa · p1 = −2pb · p2, (A-12b)

u = −2pa · p2 = −2pb · p1, (A-12c)

s+ t+ u = 0. (A-13)

• Initial state of two particles:

Elab
a =

s−m2
a −m2

b

2mb

, plaba =
λ1/2 (s,m2

a,m
2
b)

2mb

,

Elab
b = mb , plabb = 0,

Ecm
a =

s+m2
a −m2

b

2
√
s

, pcma =
λ1/2 (s,m2

a,m
2
b)

2
√
s

,

Ecm
b =

s−m2
a +m2

b

2
√
s

, pcmb =
−λ1/2 (s,m2

a,m
2
b)

2
√
s

, (A-14)

with

λ
(
s,m2

a,m
2
b

)
:=
[
s− (ma +mb)

2] [s− (ma −mb)
2] . (A-15)

• Cross section:

dσ

dΩcm
1

=
1

64π2s

pcm1
pcma
|M|2 , (A-16a)

dσ

dt
=

1

64πs

1

(pcma )2 |M|
2 ; (A-16b)
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integration limits:

t0 = m2
a +m2

1 − 2Ecm
a Ecm

1 + 2pcma pcm1 , (A-17a)

t1 = m2
a +m2

1 − 2Ecm
a Ecm

1 − 2pcma pcm1 . (A-17b)



B. Special functions

B.1. Riemann zeta function

• Definitions:

ζ (z) =
1

(1− 21−z) Γ (z)

∫ ∞
0

tz−1

et + 1
dt for Re {z} > 0 (B-1)

ζ (z) =
∞∑
n=1

1

nz
for Re {z} > 1 (B-2)

• Particular values:

ζ (2) =
π2

6
' 1.645, ζ (3) ' 1.202, ζ (4) =

π4

90
' 1.082. (B-3a)

B.2. Modified Bessel function of the second kind

• The integral representation of the modified Bessel functions is [56]:

Kn (x) =

√
π

Γ
(
n+ 1

2

) (x
2

)n ∫ ∞
1

e−xz
(
z2 − 1

)n− 1
2 dz. (B-4)

• For small x, this functions can be written as :

Kn (x) ' 1

2

n−1∑
k=0

(−1)k
(n− k − 1)!

k!

(x
2

)2k−n

+ (−1)n+1
∞∑
k=0

(
x
2

)n+2k

k! (n+ k)!

[
ln
x

2
+ γ −

k∑
i=1

1

2i
−

k+n∑
i=1

1

2i

]
(B-5)

where γ is Euler’s constant (γ ≈ 0.5772). For large x [51],

Kn (x) '
√

π

2x
e−x

[
1 +

(n2 − 1/4)

2x
+

(n2 − 1/4) (n2 − 9/4)

8x2
+ ...

]
. (B-6)

• The functions of particular interest are K1 (x) , K2 (x). In the first case,

K1 (x) = x

∫ ∞
1

e−xz
√
z2 − 1dz. (B-7)
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Using a change of variable, it is found that

K1 (x) =
1

x

∫ ∞
x

e−z
√
z2 − x2dz. (B-8)

In both approximations mentioned above,

K1 (x) ' 1

x
+

1

4
x
[
2 ln

(x
2

)
+ 2γ − 1

]
x� 1, (B-9)

K1 (x) '
√

π

2x
e−x

[
1 +

3

8x
− 15

128x2

]
x� 1, (B-10)

• Likewise, for K2 (x),

K2 (x) =
x2

3

∫ ∞
1

e−xz
(
z2 − 1

)3/2
dz (B-11)

= x

∫ ∞
1

e−xzz
√
z2 − 1dz, (B-12)

where an integration by parts was performed. Using a change a variable,

K2 (x) =
1

x2

∫ ∞
x

e−z z
√
z2 − x2dz. (B-13)

Limit cases

K2 (x) ' 2

x2
− 1

2
− 1

32
x2
[
4 ln

(x
2

)
+ 4γ − 3

]
x� 1, (B-14)

K2 (x) '
√

π

2x
e−x

[
1 +

15

8x
+

105

128x2

]
x� 1. (B-15)

• Also it is needed the ratio

K1 (x)

K2 (x)
=

∫∞
x
x
√
z2 − x2e−zdz∫∞

x
z
√
z2 − x2e−zdz

; (B-16)

K1 (x)

K2 (x)
' x

[
1 +

1

2
x2
(

ln
x

2
+ γ
)

+ ....

]
x� 1, (B-17)

K1 (x)

K2 (x)
' 1− 3

2x
+

15

8x2
+ .... x� 1. (B-18)



C. Diagonalization of Matrices

C.1. 2x2 symmetric matrix

We consider a matrix

(
a b

b c

)
. The eigenvalues are

1

2

(
a+ c−

√
(a− c)2 + 4b2

)
(C-1)

1

2

(
a+ c+

√
(a− c)2 + 4b2

)
(C-2)

and the eigenvectors−
−a+ c+

√
(a− c)2 + 4b2

2b

√
1 +

(
−a+c+

√
(a−c)2+4b2

)2

4b2

,
1√

1 +

(
−a+c+

√
(a−c)2+4b2

)2

4b2


T

, (C-3)

b
√

(a−c)2+4b2+(a−c)
√

(a−c)2+4b2

b2√
2
√

(a− c)2 + 4b2
,

√
2√

(a−c)2+4b2+(a−c)
√

(a−c)2+4b2

b2


T

(C-4)

We will see that it is equivalent to the rotation matrix

(
cosα − sinα

sinα cosα

)
, with tan(2α) =

2b
a−c . Using the first eigenvector, we define

cosα = −−a+ c+
√
a2 + 4b2 − 2ac+ c2

2b

√
1 +

(−a+c+
√
a2+4b2−2ac+c2)

2

4b2

(C-5)

sinα =
1√

1 +
(−a+c+

√
a2+4b2−2ac+c2)

2

4b2

(C-6)

The matrix

(
cosα − sinα

sinα cosα

)
effectively diagonalizes the original matrix:
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(
cosα − sinα

sinα cosα

)T (
a b

b c

)(
cosα − sinα

sinα cosα

)
=1

2

(
a−

√
4b2 + (a− c)2 + c

)
0

0 1
2

(
a+

√
4b2 + (a− c)2 + c

) (C-7)

Using the identity tan(2α) = 2 tanα
1−tan2 α

, we confirm tan(2α) = 2b
a−c :

2 sinα
cosα

1−
(

cosα
sinα

)2 =
2b

a− c

C.1.1. Particular case: a=0

The matrix

(
0 b

b c

)
has eigenvalues

1

2

(
c−
√

4b2 + c2
)
, (C-8)

1

2

(
c+
√

4b2 + c2
)

(C-9)

and the rotation matrix

(
cos(α) − sin(α)

sin(α) cos(α)

)
, with tan(2α) = −2b

c
−

√
2b
√

1
1− c√

4b2+c2√
4b2+c2

− 1√
2
√

1
1− c√

4b2+c2

1√
2
√

1
1− c√

4b2+c2

−

√
2b
√

1
1− c√

4b2+c2√
4b2+c2

 (C-10)

C.1.2. Particular case: a = 0, c� b

In this case, the eigenvalues are

−b
2

c
+O[b]3 (C-11)

c+
b2

c
+O[b]3 (C-12)

This means we can set m1 = −b2
c

, m2 = c.

The rotation matrix is (
1 b

c

− b
c

1

)
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C.1.3. Particular case: a = 0, b� c

In this case, the eigenvalues are

−b+
c

2
− c2

8b
+O[c]3, (C-13)

b+
c

2
+
c2

8b
+O[c]3 (C-14)

so we can leave m1 = −b+ c
2
, m2 = b+ c

2
. The rotation matrix is − c

4(
√

2b)
− 1√

2
c

4
√

2b
− 1√

2

1√
2
− c

4(
√

2b)
− c

4(
√

2b)
− 1√

2


C.2. Diagonalization of mass matrices - General case

We consider a unitary matrix Ω which block-diagonalizes the mass matrix M

ΩTMΩ = ΩT

(
0 MD

MT
D MN

)
Ω =

(
U∗mdiagU † O

OT V ∗MdiagV †

)
(C-15)

with O a matrix with all null entries. Ω may be formally expressed as the exponential of a

anti-hermitian matrix [30]

Ω = exp

(
O R

−R† O

)
. (C-16)

C.2.1. For MN � MD

If MN � MD (e.g. the Majorana mass of a RH neutrino belongs to a heavy scale)

Ω =

(
1− RR†

2
R

−R† 1− R†R
2

)
+O

(
R3
)
. (C-17)

Using (C-15), from the off-diagonal elements we find

R∗ = MDM
−1
N , R† = M−1

N MT
D, (C-18)

And substituting for the diagonal elements, we get the mass matrices

U∗mdiagU † = −R∗MT
D = −MDM

−1
N MT

D

= −R∗MNR
†, (C-19)

V ∗MdiagV † = MN +
1

2
(RTMD +MT

DR). (C-20)
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C.2.2. For MN �MD

When MN �MD (for example, if neutrinos are pseudo-Dirac)

Ω =
1√
2

(
1 1

−1 1

)(
1− SS†

2
S

−S† 1− S†S
2

)
+O

(
S3
)
.

Under the conditions MT
D = MD, MNS

† = STMN ,MNS = S∗MN ,MDS
† = STMD,MDS =

S∗MD, we find

S = S† = −1

4
M−1

D MN , (C-21)

S∗ = ST = −1

4
MNM

−1
D (C-22)

and the mass matrices

U∗mdiagU † = −MD +
MN

2
− 1

8
MNM

−1
D MN , (C-23)

V ∗MdiagV † = MD +
MN

2
+

1

8
MNM

−1
D MN . (C-24)
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