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ABSTRACT 

 

The present work provides a framework of vapor-liquid equilibrium analysis for 

asymmetric binary mixtures containing carbon dioxide at high pressures. The scheme 

integrates fitted parameters of vapor liquid equilibrium, objective functions, the 

combination of equations of state models with excess free energy models (EOS-Gex) and 

the thermodynamic consistency analysis of asymmetric binary mixtures containing carbon 

dioxide at high pressures, in order to improve the design stages and set ups of equipment 

operating with supercritical fluids. 

 

RESUMEN  

 

El presente trabajo establece el desarrollo de un esquema de análisis del equilibrio 

líquido vapor de sistemas binarios asimétricos que contienen dióxido de carbono a altas 

presiones. Dicho esquema integra el ajuste de parámetros del equilibrio líquido vapor, 

análisis de funciones objetivo, reglas de mezclado EOS-Gex y consistencia termodinámica 

de este tipo de mezclas con el fin de mejorar las etapas de diseño y la puesta en marcha de 

equipos que operan con fluidos supercríticos. 
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CHAPTER 1 
 

INTRODUCTION 
 

 
Predicting and correlating thermodynamic properties, as well as the appropriate description 
of phase equilibria with equations of state (EOS), remains a crucial step in the design of 
chemical processes such as supercritical fluid extraction (SFE), and petrochemical 
processes involving asymmetric mixtures. Chemical industry continues developing new 
products of high added value such as functional materials, paints, detergents, 
pharmaceuticals and others. The design of processes involving mixtures containing carbon 
dioxide at high pressures requires thermodynamic models increasingly accurate to allow 
good exactitude that describe the properties of the systems of interest.  
 
Recently, EOS have been of great importance to calculate physical and thermodynamic 
properties of pure fluids and fluid mixtures. The calculation of these properties plays a vital 
role in plant design and process economics. Thermodynamic models for describing the 
vapor liquid equilibrium (VLE) have increased. Many EOS have been reported in the 
literature to describe the VLE and the thermodynamic properties of fluid and fluid 
mixtures. Generally, cubic EOS, provide reliable results for mixtures of hydrocarbons and 
they have been widely used in the petrochemical industry. However, these EOS exhibit 
deficiencies for the prediction of thermodynamic properties near the critical point, and do 
not model the VLE for asymmetric mixtures at high pressures showing high deviations in 
bubble point and vapor phase concentration. 
 
Furthermore, to analyze the feasibility of supercritical processes extraction, capture and 
store processes, to design new processes, to analyze and simulate existing processes using 
carbon dioxide as a solvent in a supercritical state, it is necessary to know the properties 
and the fluid phase equilibria of the mixtures. Evaluating analysis diagram for accurately 
predicting the ELV for mixtures containing carbon dioxide at high pressures will improve 
the design stages and implementation of equipment operating with supercritical fluids. In 
the same way, it is necessary to generate an integrated analysis diagram that includes the 
analysis of thermodynamic models, mixing rules, objective functions and thermodynamic 
consistency for the calculation of VLE for asymmetric binary systems containing carbon 
dioxide at high pressures. 
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The thesis is accordingly divided into the following chapters: 
 

- Chapter 2: Supercritical fluids: their properties, advantages and applications  
 

This chapter intends to introduce the reader with the properties, advantages, 
applications and fluid phase equilibrium of supercritical fluids. The structures of the 
supercritical fluids are discussed taking into account the properties of carbon 
dioxide. The special solvent properties of supercritical fluids are explained within 
the framework of binary fluid phase diagrams. Different aspects related to solvent 
properties, environmental utilities make supercritical fluids desirable agents in the 
chemical process industry.  
 

- Chapter 3: Objective functions analysis in the minimization of binary VLE data for 
mixtures containing CO2 

 
This chapter is intended to introduce the reader with the importance of the objective 
functions analysis in the minimization of binary vapor liquid equilibria (VLE) data 
for asymmetric mixtures containing carbon dioxide. In this chapter five different 
objective functions were studied with the purpose of analyzing their performance 
for parameters estimation of vapor–liquid equilibrium models for asymmetric binary 
mixtures containing carbon dioxide at high pressures. 
 
(J.A. López, V.M. Trejos, C.A. Cardona, Objective functions analysis in the minimization of binary 
VLE data for asymmetric mixtures at high pressures, Fluid Phase Equilibria 248 (2006) 147–157.) 
 

- Chapter 4: Mixing rules combining an equation of state with free energy models 
(EOS-Gex) for asymmetric mixtures containing CO2 

 
In this chapter is presented the summary for a collection of mixing rules that 
combine activity coefficient (or excess free energy of mixing) models with 
equations of state. The original Huron-Vidal (HVO), the modified Michelsen-
Huron-Vidal first-order (MHV1), the modified Michelsen-Huron-Vidal second-
order (MHV2), the Wong-Sandler (WS), and the modified Orbey-Sandler (HVOS) 
mixing rules were used for phase equilibrium calculation of asymmetric mixtures 
containing carbon dioxide.  

 
- Chapter 5: Parameters estimation and VLE calculation in binary mixtures 

containing carbon dioxide + n-alkanes and n-alkanols 
 

In the present chapter, vapor–liquid equilibrium for binary mixtures (CO2 + n-
alkane, from methane to 1-decane and CO2 + n-alkanol, from methanol to 1-
decanol) was calculated using the binary interaction parameter k12 of the second 
virial coefficient and non-random two liquid model parameters τ12 and τ21. 
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(J.A. López, V.M. Trejos, C.A. Cardona, Parameters Estimation and VLE Calculation in Asymmetric 
Binary Mixtures Containing Carbon Dioxide + n-Alkanols, Fluid Phase Equilibria 275 (2008) 1-7.) 

 
 

- Chapter 6: Thermodynamic consistency of experimental VLE data for asymmetric 
binary mixtures containing CO2 at high pressures 

 
In this chapter, the thermodynamic consistency of isothermal vapor-liquid 
equilibrium data of asymmetric mixtures containing carbon dioxide at high 
pressures has been evaluated. A method based on the isothermal Gibbs-Duhem 
equation was used for the test of thermodynamic consistency using an Φ–Φ 
approach.  
 
(V.M. Trejos, J.A. López, C.A. Cardona, Thermodynamic consistency of experimental VLE data for 
asymmetric binary mixtures at high pressures. Fluid phase equilibria, Vol. 230, pp. 1-10, (2010).) 
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CHAPTER 2 
 

SUPERCRITICAL FLUIDS: THEIR PROPERTIES, 
ADVANTAGES AND APLICATIONS 

 
 
This chapter intends to introduce the reader with the properties, advantages, applications 
and fluid phase equilibrium of supercritical fluids. The structures of the supercritical 
fluids are discussed taking into account the properties of carbon dioxide. The special 
solvent properties of supercritical fluids are explained within the framework of binary 
fluid phase diagrams. Different aspects related to solvent properties, environmental 
utilities make supercritical fluids desirable agents in the chemical process industry. This 
chapter will focus on advantages and applications, for example as a media reaction of 
food and other products and fluid phase using carbon dioxide. The basic knowledge and 
terminology required for understand the following chapters will be introduced at an 
elementary level. 
 
 
2.1. Introduction 
 
One fluid is defined like supercritical when its temperature and pressure exceed its critical 
temperature and pressure, respectively, while its temperature not far from its critical state. 
In the Fig. 2.1a, is showed the region when the behavior of the fluid is denominated 
supercritical state. In P-T space, we see only two remarkable features: the vapor pressure 
curve, indicating the conditions under which the vapor and liquid coexist, and the critical 
point, at which the distinction between vapor and liquid disappears. In the Fig. 2.1b, is 
showed the same fluid in a pressure-volume representation.  The region corresponding to 
the supercritical states in Fig. 2.1a is cross hatched in the Fig. 2.1b and 2.1c. The volume, 
as well as density, enthalpy, energy and entropy are very different variables compared with 
the temperature and pressure in order to the first figure is very different from the whole of 
figures. In the Fig. 2.1a, were indicated the critical isotherm T=Tc and the critical isobar 
P=Pc. In the case of a liquid is heated in a partially filled closed vessel the pressure 
increases, the vapor phase becomes more dense and the liquid less dense. At the critical 
point the two phases become identical and the phase boundary disappears. Above the 
critical temperature a liquid phase will not appear regardless of how much the pressure is 
increased. The critical point is where the difference between the two phases vapor and 
liquid disappears. The critical isotherm indicated in the Fig. 2.1b, is first isotherm to reach 
zero slope, indication of infinite isothermal compressibility and incipient stability. The 
critical isobar in the Fig. 2.1c is the first isobar to reach zero slopes. 



 5

 

Volume, V

Pr
es

su
re

, P
 

P=Pc

V=Vc

T=Tc

T2>Tc

(b)

T1<Tc

Volume, V
Te

m
pe

ra
tu

re
, T

 

P1<Pc

V=Vc

P=Pc T=Tc

P2>Pc

(c)

Temperature, T

Pr
es

su
re

, P

(a)

P=Pc

T=Tc

 
Fig. 2.1 (a). P-T phase diagram of a one-component fluid, with the vapor pressure curve 

and critical point. (b). Same diagram in P-V space coexistence curve and several isotherms. 
(c). Same diagram in T-V space coexistence curve and several isobar. The cross-hatched 

region is considered supercritical. 
 
In summary, a fluid is critical when the difference between coexisting liquid and vapor 
phases disappears. At this point the isothermal compressibility of the one phase fluid 
becomes infinite. In the supercritical region, a state of liquid-like density can transform into 
one of vapor-like density by tuning the pressure or the temperature without appearance of 
an interface.  
 
2.2. Applications and advantages of supercritical fluids (SCFs) 
 
In the last two decades numerous researchers have investigated the fundamentals and 
process applications of SCFs. Preliminary studies reveal that SCF extraction is a potential 
separation technology, which requires lower energy and has other advantages over 
traditional separation processes [1]. During the same period SCFs technology, mainly based 
on carbon dioxide, have found applications in many fields, such as separations, chemical 
reactions, particle micronization and materials processing, due to its tunable solvent power, 
good transport properties and very low interfacial tensions. These applications involving 
SCFs include supercritical fluid fractionation, SCF chromatography, use as a replacement 
solvent for green chemistry, and anti-solvent applications [2]. Supercritical fluids more and 
more have been proved as environmentally benign media for chemical and related 
processes. Many new processes and products have been developed, using the inherent 
physical and chemical properties of SCFs. Moreover, these processes also promise 
economic effects. The prerequisites for this success however, are a sound knowledge of 
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physico-chemical properties of and phenomena in supercritical mixtures and the availability 
of other chemical engineering data.    
 
Many applications and advantages for SCF have been presented in the literature: 
 
- Yoon et al. [3] have studied the SCF extraction of specific materials such as ethanol, lactic 
acid, and pharmaceuticals from bioproducts of fermentation and it is the powerful recovery 
process, since it has the ability to break the azeotropic limit of the solutions containing 
target materials and does not damage fermentation bioproducts. 
 
-  Pereda et al. [4] shown that operation at supercritical conditions offers many interesting 
properties, such as: higher solubility of reactants and products in the supercritical phase; 
reduced deposition of reacting components on the catalyst pores; diffusion coefficients 
higher than liquids; independent control of the concentration of permanent gases like H2 or 
O2 or CO in the reaction mixture; higher thermal capacity and low interfacial tension 
among others.  
 
- The commercialization of coffee decaffeination by supercritical fluid extraction (SFE) is 
one of the best known processes of interest. Other SFE processes related to the food 
industry include hops resin extraction, tea decaffeination, and the SFE of a wide variety of 
aromas and colors as well as fats and oils [5].   
 
- Properties, such as liquid like density, low viscosity and high diffusivity, between others 
are increased the interest for SFE. Supercritical fluid technologies have been widely 
developed and applied in diverse fields, for example, extraction of metabolites [6-7], 
particle-forming techniques [8-10], pharmaceutical industries [11-13], food and 
biomaterials [14] and polymerization [15-16].  
 
2.2.1. Supercritical Fluid Extraction (SFE) 
 
In SFE, instead of a liquid solvent a SCF is used for extracting specific compounds from a 
solid or liquid matrix. A simple schematic of this process is shown in the Fig. 2.2. In the 
left-hand side of each of the figures, the pressurized SCF is introduced inside reactor. Its 
pressure and temperature are chosen as for dissolve most of the desired compound feasible. 
The pressure is quenched at the entrance to a vessel that receives the reaction product. The 
solvent expands and released the solute, which collects at the bottom of the receptable, 
while the gas is released from the top repressurized and recirculated. 
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Fig. 2.2 Esquematic of supercritical extraction. P-Compressor, E- extraction vessel; Se-

Separation vessel, V- expanssion valve; Sc- heat exchanger, G-antisolvent supply, G/SC-
separator of antisolvent and SCF; M- mixing port [17]. 

 
Recently many applications for SFE have been presented in the literature, such as, 
production of controlled drug in delivery systems; powder processing, pollution prevention 
and remediation, methods for spraying paints and coatings, precipitation/crystallization 
processes, bio-separations, and food processing among others. Many other applications for 
SFE are discussed below: 
 
- SFE has been used to extract antioxidants from natural matrices. However, due to the 
limited amount of experimental data currently available and the need for extensive data, to 
establish the solubility behavior in SCFs, is about great interest in thermodynamic models 
that are able to predict the phase behavior of such systems [18]. 
 
- Kim et al. [19] have made studies that have been concentrated on the extract quality and 
the influence of the operating parameters (pressure and temperature) on the yield of the 
extract, its quality, and its solubility in the solvent.  This study used the general equations 
for the process of SFE similarly to mass transport operations involving solids and fluids 
such as leaching and adsorption/desorption processes. 
 
- SFE has been demonstrated as a technically viable alternative, extraction and refining 
processes both. Their high selectivity leads to obtain, in single step or sequential 
extractions, commercial oil fractions with all quality parameters according to food 
normative [20-21]. In spite of the large variety of applications proposed in literature, pilot 
scale or industrial applications for vegetable oils extraction are limited. The only 
economically feasible SFE application to vegetable oils would involve the isolation of high 
valuable compounds or using high-scale continuous countercurrent operation.  
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- The purity and the quality of the obtained products using SFE overcome thoroughly the 
products obtained by conventional extractions using liquid-solvents. Their main 
disadvantage is the relatively high cost of the equipment required to carry out the process. 
Compared with liquid solvents, the SCF has a major capacity of dissolution, higher 
diffusion coefficients, viscosity and lower superficial tension that a liquid-solvent [22].  
 
- Supercritical extraction processes of natural products usually require a cosolvent, a 
substance that serves to release the product of interest from the matrix of source materials 
such as limonene from lemon peels, astaxantine from micro algas, or caffeine from coffee 
grains, just to name some. Although water is the preferred cosolvent for the extraction of 
natural products, sometimes n-alkanols of low and high molecular weight are needed [23-
25]. For example, the study of these mixtures is of special interest in the extraction of 
biomolecules with SCCO2 [26-27], in the extraction of n-alkanols from aqueous solutions 
with carbon dioxide [28], and in the production of n-alkanols from syngas [29].  
 
- Finally, many new processes and products that have been developed recently need of 
experimental data and the previous knowledge of the inherent physiochemical properties to 
the SCF. These aspects have allowed become the SCF in a more and more attractive option 
to carry out many chemical processes the suitable way (green chemistry).  
 
2.2.2. Applications and advantages of supercritical carbon dioxide (SCCO2)  
 
Numerous researchers have investigated the fundamentals and process applications of 
SCFs. Supercritical fluids have advantages such as excellent mass transfer and control of 
solubility by temperature and pressure. Other processes also take advantage of the high 
diffusivities possible with SCFs. Carbon dioxide is the most widely used SCF. Carbon 
dioxide is nontoxic, non-flammable and is available at low cost with a high degree of purity 
non-reactive, does not leave any solvent residues in soil and is relatively inexpensive. 
Carbon dioxide has a technically convenient critical pressure (73.8 bar) and critical 
temperature (31°C) that allow supercritical operation of thermally labile compounds [30]. 
This let many applications and advantages of SCCO2. 
 
Other advantages of SCCO2 are such as, environmentally friendly, readily available, easily 
removed, without evaporation or heating, and this will save electricity. SCCO2 could be 
adjusted for selective separation and enhancement in separation rate, due to the low 
viscosity and high diffusivity. The carbon dioxide has been recognized as an 
environmentally benign solvent and has attracted much attention in many chemical 
processes, such as extraction and fractionation, chemical reactions, and material processing 
[23-24]. SCCO2 has been utilized widely in biochemistry, material cleaning, food 
processing, material preparation, supercritical chromatography, and so forth. The 
advantages of SCCO2 are such as, readily available, easily removed, without evaporation or 
heating, and this will save electricity. SCCO2 could be adjusted for selective separation and 
enhancement in separation rate, due to the low viscosity and high diffusivity.  For instance, 
the extraction of natural substances from solid matrices in packed beds forms is the basis of 
most present day commercial scale in SCF extraction. Therefore, many advantages and 
applications for SCCO2 have been presented in the literature: 
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- Carbon dioxide is abundant and is commercially produced by recovery from flue gases, 
from fermentation gases in breweries and from ammonia and hydrogen plants. Pure SCCO2 
is a non-polar solvent. Close to the critical point it has a solubility parameter similar to 
liquid pentanes. The solubility parameter increases with pressure. Pure SCCO2 is good 
solvent for hydrocarbons and non-polar solids. The solubility of a solute in SCCO2 
increases with the solute is vapor pressure. Short chain alcohols, for example, are quite 
soluble into SCCO2 despite of their high polarity. 
 
- Polar solids, such as carbohydrates and proteins are practically insoluble in SCCO2. A 
very efficient way to enhance the solubility of polar, non-volatile solutes into SCCO2 is to 
add small amounts of polar co-solvents, entrainers, in the bulk carbon dioxide. Water and 
short-chain alcohols are efficient and usually the most acceptable co-solvents in industrial 
practice. The non-polarity of SCCO2 only the organic, non-polar or volatile pollutants are 
expected to be effectively extracted from soils by carbon dioxide extraction.  
 
- The SCFs such as SCCO2 have encouraged many studies of their uses as solvents in a 
wide range of materials applications. Though SCCO2 is non-polar and hence not suitable 
for carbohydrates separation, yet previous studies have shown that using a polar organic 
cosolvent (or cosolvent) can increase considerably the solubility of carbohydrates in 
SCCO2 [25]. 
 
- The use of SCF as solvents is of great interest because their liquid like solvency and gas 
like transport features; specific interest in carbon dioxide is magnified by its perceived 
green properties such as non flammability, relative non toxicity, and relative chemical 
inertness. The dipole of carbon dioxide is almost zero, rendering poor solvency for polar 
substances. So, usually modifiers or entrainers are used to improve its solvent character; the 
characteristics they impart include polarity, aromaticity, chirality, between others. Acetone, 
toluene, and monochlorobenzene are commonly used solvents in the chemical and polymer 
industry. They are also commonly used as cosolvents to modify carbon dioxide [26]. 
 
- Organic solvents expanded by SCCO2 could become alternative media reaction. Many 
reports on the use of SCFs as media reaction several studies on enzymatic oxidation, 
hydrolysis, transesterification, esterification, interesterification, enantioselective synthesis 
have proven the feasibility of enzymatic reactions in SCFs [27-30]. Hammond et al. [31], 
Nakamura [32] have presented benefit of use SCFs along with enzymatic catalysis that it 
provides a medium for the recovery of products or reactants [33]. 
 
- Carbon dioxide has been used to replace toxic and more expensive solvents with the 
purpose of avoiding residual quantities of such solvents in the product, and to eliminate the 
disposition and waste treatment. Additionally, the use of SCCO2 like a process fluid allows 
eliminating additional stages of sterilization. Indeed, with carbon dioxide has been proved  
is possible disable bacteria to moderate temperatures without corrupting organic 
components, reason why, this substance has been used for sterilize foods and drinks, 
otherwise as bloods and plasma. The SCCO2, as well as other fluids in supercritical 
conditions, offer the possibility to reduce the reactor size and to increase the conversion 
with the purpose of accelerating the chemical process. In some specific cases the product 
purity compensates the costs that generate the high pressures use in the equipment [34-36]. 
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- Xiaoting et al. [37] used SCCO2 as a media reaction to synthesize a number of 1-
methylimidazole-based ionic liquids. This is an important industrial material that is used as 
intermediate for pharmaceuticals, agrochemicals, dyes, textile auxiliaries, pigments and 
other organic chemicals, and as a catalyst for polyurethanes and epoxy resins.   
 
- Sánchez et al. [7] take advantage of SFE to obtain oil from seeds of many materials with 
apricot, palm, and canola among others.  They found that a carbon dioxide solvent property 
has been adequate for extraction of triglycerides. The addition of a small amount of a liquid 
modifier such as ethanol can enhance significantly the extraction of polar compound.  
 
- Laitinen et al. [38] showed a review in environmental technology using SCCO2 as solvent 
for non-polar solids and volatile compounds. SCCO2 effectively were used to extract non-
polar compounds from all soil types. For instance the SCCO2 were used to dissolve 
hydrocarbons, polyaromatic hydrocarbons (PAH’s), chlorinated hydrocarbons (such as 
PCB’s and dioxins), phenols, chlorinated phenols and many pesticides and herbicides.    
  
 - Oliviera and Oliviera [39] recently have employed SCCO2 as a solvent in enzyme-
catalyzed reactions and it has had a matter of considerable research because its favorable 
transport properties can accelerate mass-transfer-limited enzymatic reactions. 
 
- Zeljko and Habulin [40] studied the application of SCFs and liquid gases as an alternative 
reaction medium for enzyme-catalyzed reaction. This study shows that many researches 
should be oriented to novel materials for use of carbon dioxide as a solvent. These materials 
have important applications in the synthesis of polymers, pharmaceuticals and other 
commodity chemicals, in the formation of thin films and foams, in coatings and extractions 
and in the manufacturing of microelectronics circuits. 
 
- Habulin et al. [41] have shown the SCF extraction importance of esters as the isoamyl 
acetate, ethyl caproate and ethyl laureate are widely used in the cosmetic, pharmacist and 
foods industry. The production of these compounds is generally carried out by chemical 
synthesis, but the use of toxics organic solvents for to obtain this products has being more 
and more restricted and consequently, the extraction with SCFs like the carbon dioxide is 
nowadays one the most interesting industrial alternatives for the production of them. 
 
- Baiker [42] has employed SCCO2 like attractive options for gas–liquid catalyzed 
reactions. These reactions are diffusion-controlled and the use of SCFs increases the 
reaction rate by eliminating the gas–liquid interface.  
 
- Motonobu et al. [6] have employed carbon dioxide for the treatment of natural materials 
because its low critical temperature, absence of residual problems, odorless, colorless, 
nontoxic, nonflammable and inexpensive nature of the solvent. Besides SCFs extraction has 
been focused for the fractionation of citrus oil as a lower-temperature process.             
 
- Hegel et al. [43] have studied the application of propane + carbon dioxide solvent mixture 
to the extraction of vegetable oils from ground seeds paying attention to the system phase 
behavior. These considerations suggest that propane + carbon dioxide mixtures could offer 
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special properties regarding solvent power, selectivity and safety (non-flammable mixtures) 
in vegetable oil extraction processes.   
 
- Li et al. [44] presented the VLE data for the mixture tetrahydrofuran + carbon dioxide 
(THF/CO2) and its correlation with a convenient equation of state. This study is important 
because the use of THF as a co-solvent may be useful to overcome solubility difficulties in 
many supercritical processes, such as the supercritical anti-solvent (SAS) process using 
carbon dioxide as the SCF. 
 
- Houndonougbo et al. [45] have shown the carbon-dioxide expanded liquids (CXLs) as 
promising alternate media for performing catalytic reactions, such as homogeneous 
catalytic oxidations, hydroformylation and solid–acid catalyzed-reactions. The replacement 
of current solvents with more benign alternatives has become a necessity. This concern is 
because many common industrial solvents usage in chemical industries are high volatility 
and toxic nature. 
 
- Knox [2] has found a wide variety of applications for solubilities in SCFs. These 
applications include: production of controlled drug delivery systems, powder processing, 
pollution prevention and remediation, methods for spraying paints and coatings, 
precipitation/crystallization processes, bio-separations, and food processing. 
 
- Chen et al. [46] studied the experimental VLE data for carbon dioxide + isobutanol, 
carbon dioxide + 2-butanol, and carbon dioxide + tertbutanol systems. These studies greatly 
contribute to the developments of SCF technologies. Especially, short-chain alcohols 
extensively served as model substances to study the phase behavior of SCF + polar 
substance systems. For instance butyl alcohols can be solvents, entrainers, modifiers, and 
simulators for SCF extraction, SCF chromatography, biomaterials, and so forth.  
 
- López et al. [47-48] have studied a wide quantity of mixtures that has great importance in 
the extraction with carbon dioxide in supercritical conditions. Some this mixtures 
containing carbon dioxide for example, the limonene and linalool are the main compounds 
that the citric oil made up. The linalool is one of the most important fractions of this oil and 
it is very common to remove the limonene to concentrate oxygenated compounds as the 
linalool. The study of mixtures as carbon dioxide + styrene has a great importance in the 
petrochemical industry. The styrene is usually produced by ethylbenzene dehydrogenation 
because the reaction is not complete, the separation of the mixture styrene + ethylbenzene 
using SCCO2 like solvent it is a method more attractive. Additionally, some works have 
shown that polystyrene synthesis starting from the styrene polymerization in SCCO2 has 
great importance [49-51]. 
 
- Robertson and Lester [52] have proved the SCFs intensively like a very good alternative 
in many chemical processes such as the extraction of herbicides like s-triazina and associate 
compounds using SCCO2. 
 
- Hauthal [1] exposed many applications for supercritical solutions process, e.g., allows the 
production of powders with a narrow distribution curve of the particle sizes, which is very 
important for the applications of those powders in several industrial branches. 
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- Tai and Brunner [53] studied the enzymatic synthesis of glucose palmitate in acetone, and 
simultaneously removing water using high-pressure carbon dioxide. 
 
- Montañés et al. have evaluated the selectivity and yield obtained for the fractionation of 
binary carbohydrate mixtures such as lactose–lactulose, galactose–tagatose, and complex 
commercial carbohydrates mixtures. They have been studied and compared the solubility of 
four important pure carbohydrates tagatose, galactose, lactulose and lactose in SCCO2 with 
the appropriate extraction conditions to fractionate prebiotic sugars from complex 
carbohydrate mixtures [54-57]. 
 
- Riha and Brunner [58] shown a study where vegetable oils are usually recovered from 
natural matrixes by pressing and/or solvent extraction procedures. Crude vegetable oils are 
submitted to refining processes for purification and to avoid degradation reactions.  
 
Finally, different authors showed different reviews about advances and applications with 
SCFs that give summaries of applications using SCFs, some are: McHugh and Krukonis 
[59], Taylor [60], Gopalan et al. [61], Aymoniera et al. [62], Abraham and Sunol [63], and 
Johnston and Penninger [64], among others. Many texts in physical chemistry and 
thermodynamics address the physical basis and description of SCFs [65-67]. Methods for 
the experimental determination of solubilities in SCFs are reviewed by Aim and Fermeglia 
[68]. Methods for the calculation/estimation of solubilities are addressed by Prausnitz et al. 
[69]. Hauthal, [1] published a review of the recent advances with SCFs that included 
approximately 200 references. Meireles [70] has reviewed recent developments in SFE 
from solid substrates. Dehghani and Foster, [12] reviewed antisolvent processes for 
pharmaceutical formulation. Senorans et al. [71] reviewed the newest trends in food 
processing and prominently featured the use of SCF technology. Zougagh et al. [72] 
reviewed the use of SFE as an analytical tool. This sampling of recent review articles 
demonstrates the great interest that exists in applications of SCFs. 
 
2.3 Fluid Phase behavior using supercritical carbon dioxide (SCCO2) 
 
Thermodynamic properties are necessary to describe the fluid phase behavior of carbon 
dioxide like the critical point CP (Tc=304.128±0.015) K, (Pc=73.773±0.003) bar, 
(Vc=2.1386±0.0006) cm3/g where the two coexisting phases (liquid and vapor) become 
identical. When the pressure decrease appear the triple point Tr (216.58 K, 0.5185 MPa), 
where solid, liquid, and gaseous carbon dioxide are in equilibrium. In Figs. 2.3, 2.4 and 2.5 
are shown the P-T, P-V and T-V diagrams for pure carbon dioxide.  
 
The information about diagram of fluid phase equilibrium of carbon dioxide  is important 
for propose ranges of temperatures and pressures, in which various separation methods 
(such as distillation, liquid extraction, gas cromatography (GC), supercritical fluid 
extraction (SFE), and cromatography ) are normally performed. Chemical processes and 
separation operations that are conducted at high pressures, knowledge of the phase behavior 
is of special interest, mainly for SCF processes, where phase behavior can significantly 
influence the reaction rate, selectivity, mass transfer properties, among others [73-75]. 
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Fig. 2.3 Carbon dioxide temperature-pressure phase diagram showing the triple point and 
critical point of carbon dioxide. Experimental data taken from Span and Wagner [76] and 

Angus et al. [77]. 
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Fig. 2.4 The P-V diagram and isotherms of pure carbon dioxide. Experimental data taken 

from Span and Wagner  [76]. 
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Fig. 2.5 The T-V diagram and isobars of pure carbon dioxide. Experimental data taken from 

Span and Wagner [76]. 
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Fig. 2.6 The vapor pressure curves of pure carbon dioxide. Experimental data taken from 
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Phase diagrams for both pure components are the boundaries of a binary system and 
determine their phase behavior. Fig. 2.6 shows the vapor pressure curves of n-alkanes (from 
methane to n-octane) and the carbon dioxide. Heavier n-alkanes follow the tendency, 
becoming less volatile the increasing molecular weight or carbon number. 
  
- Information about high-pressure phase equilibria is essential for many chemical processes 
and separation operations that are conducted at higher pressures. In particular, the interest 
in SFE processes has lead to an increase in the number of publications concerning high-
pressure phase equilibrium data. Information about experimental equilibrium data is 
important, even when thermodynamic models are used to calculate the phase behavior of a 
mixture. Thermodynamic models can help to reduce the number of experimental data 
points needed for a special design problem. But often, at least some experimental data 
points are needed to adjust interaction parameters of the model. Of course, the expression 
(“high-pressure”) is relative; we chose 1MPa as the lower limit: a paper was considered to 
contain high-pressure data if at least one data point was measured at a pressure of 1MPa or 
higher [78]. Many difficulties in the VLE calculations for SCFs are: 
 
- The high complexity and asymmetry the mixtures compound + carbon dioxide are a great 
difficulty for supercritical processes evaluation [79]. Thus, VLE calculation requires of 
improved versions of the EOS. Among the many cubic EOS of van der Waals type 
currently available, the equation proposed by Peng and Robinson [80] is widely used due to 
its simplicity and flexibility [81]. Cubic equations of state incorporated with various mixing 
rules have been applied in high-pressure VLE calculations for estimating the phase 
equilibria. Several authors [82-85] have proposed various local composition mixing rules to 
use binary interaction parameters. Although these local composition mixing rules have been 
successfully applied to both the low- and high-pressure VLE systems, these models could 
not be correctly applied to the multicomponent systems containing very similar components 
and the systems at low-density limit conditions [86]. Different mixing rules using models 
EoS-Gex have been developed for describe the VLE of asymmetric mixtures containing 
carbon dioxide. Models based in the zero-pressure model [87-88] and the infinite-pressure 
model [89]. Their capabilities and limitations for asymmetric systems have been discussed 
in some works [90-91]. VLE at high pressures can be calculated using the available values 
at low pressures of the activity model parameters. But sometimes, in the case of highly 
asymmetric mixtures as those containing carbon dioxide, these values are not available. In 
such case, it is more convenient to calculate the parameters of the activity coefficient 
models from VLE data using an adequate minimization algorithm and an appropriate 
objective function. This procedure should have a moderate computing time requirement and 
a well accuracy in the phase equilibrium prediction. 
 
- Researchers have studied group contribution equations methods for predicting 
thermodynamic equilibrium in SCF processes, as a great variety of natural products can be 
represented with a limited number of functional groups. 
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2.3.1. Experimental data for mixtures at high pressure 
 
- The computer aided design, simulation and optimization of chemical processes has had an 
impressive growth during the last decades. The analysis of SCF processes requires the 
support of simulation tools based on rigorous modeling of complex phase equilibrium 
behavior. There are many ways to obtain information about the phase behavior of fluid 
mixtures. The direct measurement of phase-equilibrium data remains an important source 
of information, though is difficult and expensive to take precise experimental data. 
Information about experimental equilibrium data is important, even when thermodynamic 
models are used to calculate the phase behavior of a mixture. Thermodynamic models can 
help to reduce the number of experimental data points needed for a special design problem. 
In the same way, due to the limited amount of experimental data currently available and the 
need for extensive data to establish the solubility behavior in SCFs, there is great interest in 
thermodynamic models that are able to predict the phase behavior of such systems.  
 
- The development of thermodynamic models to describe the phase equilibrium in 
supercritical processes has been possible thanks to the wealth of experimental data that 
have been presented in the literature on high-pressure phase equilibria. A very extensive 
review of systems studied and the applied experimental techniques has been presented by 
Dohrn and Brunner [92]. Phase equilibria data are required for basic calculations in 
practical designs of a supercritical process. However, very few data have been published 
concerning the phase equilibria measurements of complex systems at high pressures. By 
means of drying in SCCO2, fine particles with high porosity and large surface area can be 
obtained [93]. 
 
2.4. Conclusions 
 
Properties, advantages, applications advantages and fluid phase equilibrium of SCFs were 
discussed. In the same way, different aspects related to solvent properties, environmental 
utilities, advantages, applications fluid phase diagrams and fluid phase using carbon 
dioxide were presented. Finally, were showed as SFE and SCF chromatography, SCFs 
mixtures have increasing interest for a variety of chemical industrial processes and other 
applications. At the same time the development of supercritical processes accompanied by 
improved models to describe the phase equilibrium of multicomponent mixtures at high 
pressures, and the prediction of physicochemical properties, viscosities, diffusivities and 
thermal conductivities in supercritical media were presented. The discussion of these 
methods together with rigorous mathematical modeling of different unit operations opens 
the way to the application of computer modeling and optimization of supercritical 
processes, which has great interest, considering the cost of high-pressure pilot plant 
facilities and industrial scale experimentation. 
 
Acronyms 
 
(SFE):   Supercritical Fluid Extraction  
(SCCO2):  Supercritical Carbon Dioxide 
(SCF):   Supercritical Fluid  
(CO2):  Carbon Dioxide  
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CHAPTER 3 

 
 

OBJECTIVE FUNCTIONS ANALYSIS IN THE MINIMIZATION OF 
BINARY VLE DATA FOR MIXTURES  

CONTAINING CO2 
 
 
This chapter is intended to introduce the reader with the importance of the objective functions 
analysis in the minimization of binary vapor liquid equilibria (VLE) data for asymmetric 
mixtures containing carbon dioxide. In this chapter five different objective functions were 
studied with the purpose of analyzing their performance for parameters estimation of vapor–
liquid equilibrium models for a series of 10 non-polar and 9 polar asymmetric binary mixtures 
containing carbon dioxide at high pressures. Peng–Robinson equation of state coupled with the 
Wong–Sandler mixing rules were used for modeling the VLE in all cases. The first two objective 
functions are based on the calculation of the distribution coefficients for each component in the 
mixture and the remaining objective functions involve additional calculations of other quantities 
such as the bubble point pressure. In general, the optimal parameters obtained from all 
objective functions showed a good prediction capacity of the behavior of the vapor phase. It is 
also demonstrated that a good prediction of the pressure depends on the form of the objective 
function. It was found that one objective function has slight advantages over the other analyzed 
objective functions: first, it does not involve additional iterative calculations as the bubble point 
or isothermal flash for each data point; second, the optimal second virial coefficient interaction 
parameter shows to be in concordance with the statistical thermodynamic postulates; and 
finally, VLE predictions using the optimal parameters obtained with the help of this objective 
function show very good representations of both the vapor phase and pressure. _ 
 
 
3.1. Introduction  
 
In chemical processes design, an accurate prediction of the phase equilibria of the involved 
mixtures is essential. Therefore, an appropriate thermodynamic model for representing phase 
behavior is required. The selection of a model requires the knowledge of at least the main 
characteristics of components in the mixture (polar and, non-polar molecules, light gases and 
heavy components) and system temperature and pressure. Usually, a γ–Φ approach is considered 
at low and moderated pressures. As both system pressure and asymmetry (which can be 
identified by a noticeable difference among the infinite dilution activity coefficients of each 
component) increase, a Φ–Φ approach is most appropriate. In this case, an equation of state 
(EOS) coupled with an appropriate mixing rule for the attractive-term and the covolume is 
strongly required for an accurate prediction of the vapor–liquid equilibrium (VLE).  
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The van der Waals (vdW) mixing rules can only represent mixtures of components with similar 
sizes. They are generally limited to non-polar and slightly polar mixtures. Moreover, its 
geometry is inadequate for composition variations and, although many works have been 
developed to improve the vdW mixing rules [1–9], they are, generally, unsuitable for describing 
complex systems. Since many mixtures involved in chemical processes are highly nonideal, 
mixing rules based on excess free energy takes great importance for representing the properties 
of nonideal mixtures. This kind of mixing rules has been originally developed by Huron and 
Vidal [10] who equated the excess Gibbs free energy at infinite pressure derived from a cubic 
EOS to that obtained from a liquid-activity coefficient model in order to calculate the attractive-
term parameter, am. Additionally, they proposed a linear relationship for the covolume 
parameter, bm. Due to inconsistencies in this mixing rule [11,12], some researchers have made 
several efforts to relax the infinite-pressure limit imposed on the Huron–Vidal mixing rule [13–
18], obtaining satisfactory VLE predictions for many complex mixtures. Other mixing rules 
based on zero reference pressure models have been developed by Twu and coworkers [19–21]. 
Such models reproduce the excess Gibbs free energy as well as the liquid activity coefficients of 
any activity model without requiring any additional binary interaction parameter. 
 
Alternatively, the Wong–Sandler mixing rules [11], using the infinite pressure reference state 
and including the correct zero pressure limit for the composition dependence of the second virial 
coefficient, are currently one of the most popular mixing rules for cubic EOS. Several authors 
have shown the applicability of these mixing rules in phase equilibrium prediction [22–33] and 
others have demonstrated their limitations [19–21, 34].  
 
Generally, VLE at high pressures can be calculated using activity coefficient model parameters 
from available values at low pressures. However, in the case of highly asymmetric mixtures, 
especially those containing light gases and heavy solutes, such parameters are not available. In 
such cases, it is possible to calculate the activity coefficient model parameters and the interaction 
parameter from VLE data by optimizing an appropriate objective function (OF). This approach 
has the advantage of achieving a moderate computing time and a good accuracy in the phase 
equilibrium prediction. These OF can be derived from the least squares principle or from the 
maximum likelihood principle [35]. In the least squares principle, the error is defined as the 
difference between the experimental point and the calculated value. Then, the OF to minimize is 
the quadratic error summation over the experimental data set: 
 

( )2exp
, ,

1 1

np nc
cal

i j i j
i j

f u u
= =

= −∑∑                 (1) 

 
where np is the number of experimental data points, nc the number of components and iju  are the 
dependent variables. The application of the maximum likelihood principle requires the 
knowledge of the measurement error for each experimental variable. In this case, the OF is 
similar to that of the least squares principle, but the statistical variance associated with the 
measured variables ( 2

ijσ ) should be taken into account: 
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where wij are the measured variables (liquid composition, x; vapor composition, y; temperature, 
T; and pressure, P), and nm is the number of measured variables. The optimal parameters which 
minimize the Eq. (2) are those that maximize the likelihood function of the parameters [36]. The 
maximum likelihood principle requires that the measurements are only subject to random errors. 
In addition, the model must be capable of representing the measurements within an order less 
than the order of the experimental uncertainties [37]. At the present time, the least squares 
principle (Eq. (1)) is the most popular for obtaining interaction parameters from VLE data. 
Additionally, several of these computational methods applicable to parameters optimization from 
VLE data have been strongly analyzed [36–44].  
 
In the present work five different OF were analyzed in order to evaluate their accuracy to 
represent both the vapor phase and the pressure behavior in isothermal asymmetric binary 
mixtures at high pressures. The Peng–Robinson EOS [45] coupled with the Wong–Sandler 
mixing rules [11] have been used in the VLE estimation. The NRTL model [46] was utilized to 
predict the excess Helmholtz free energy. The second virial coefficient binary interaction 
parameter k12 and the NRTL model parameters τ12 and τ21 were calculated for 10 non-polar and 9 
polar asymmetric mixtures containing carbon dioxide at high pressures by optimizing each one 
of the five analyzed OF. A Levenberg–Marquardt minimization algorithm was used in all cases. 
 
3.2. Equation of state and mixing rules  
 

The Peng-Robinson equation of state [45] has the following form: 
 

 ( ) ( )bvbbvv
a

bv
RTP

−++
−

−
=                                                                                               (3) 

 
where P is the pressure, T the absolute temperature, R the ideal gas constant furthermore a and b 
are the energy and size parameters which are calculated from: 
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the subscripts c and r denotes critical and reduced conditions, respectively. The correlation for 
the α function is: 
 

( ) ( )[ ]211 rr TT −+= κα                                                                                                           (6) 
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where ω is the acentric factor. For introducing the PR EOS to mixtures the Wong-Sandler [11] 
mixing rules were used. The am and bm parameters have the following form: 
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where kij is a second virial coefficient binary interaction parameter, z is the molar fraction and 

EA∞  is the excess Helmholtz free energy at infinite pressure which is calculated from an excess 
Gibbs free energy model. The thermodynamic relation between these excess free energies is: 
 

( ) ( ) ( ), , , , , ,E EEG T P x A T P x PV T P x= +             (12) 
 
Since at low pressures, EV  is small, the difference between EG and EA  is also small. 
Consequently, Wong and Sandler [11] established the following approximation: 
 

( ) ( ) ( ), , , , , ,E EEG T P low x A T P low x A T P x= = = = = ∞           (13) 
 
Therefore, the excess Helmholtz free energy is much less pressure-dependent than the excess 
Gibbs free energy. In this work, the excess Helmholtz free energy at infinite pressure was 
calculated with the NRTL model [46]: 
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In the case of binary mixtures, α12 (=α21), τ12 and τ21 are the three parameters of the NRTL 
model. As recommended by Renon and Prausnitz [46], a constant value of α12 (0.3) was used in 
this work. In this contribution, the adjustable parameters of the NRTL model: τ12 and τ21 and the 
second virial coefficient binary interaction parameter k12 have been determined using 
experimental phase equilibrium data at isothermal conditions for each of the 10 non-polar and 
the 9 polar asymmetric binary systems containing carbon dioxide by the minimization of five 
different OF. 
 
3.3. Asymmetric binary mixtures 
 
In the present work, 10 non-polar (CO2 + non-polar solute) and 9 polar (CO2 + polar solute) 
asymmetric binary mixtures containing carbon dioxide have been analyzed. The experimental 
conditions and the literature source of each data set are shown in Tables 1 and 2. Data for 27 
isotherms with 349 experimental points were studied for CO2 + non-polar mixtures and 25 
isotherms with 219 experimental points were studied for CO2 + polar mixtures. 
 
Several mixtures containing carbon dioxide and other compounds (limonene, isoamyl acetate, 
ethyl caproate, ethyl laurate, 1- heptanol, linalool, decanal) have a great importance in the field 
of supercritical fluid extraction. For example, the limonene and the linalool are the principal 
compounds of citrus oil. Since the linalool is one of the most important flavor fractions of this 
oil, it is common to remove the limonene to concentrate the oxygenated compounds as the 
linalool. On the other hand, esters as isoamyl acetate, ethyl caproate and ethyl laurate are widely 
used in the food, cosmetic and pharmaceutical industries. The production of these compounds is 
generally carried out by chemical synthesis, but the use of toxic organic solvents for food and 
health products is being progressively restricted. Therefore, the supercritical fluid extraction with 
carbon dioxide is one of the industrial alternatives to produce these and other esters [47]. 
 
The VLE study of carbon dioxide + styrene mixtures has a great importance in petrochemical 
industries. Styrene is commonly produced by dehydrogenation of ethylbenzene. As the reaction 
is not completed, separation of styrene + ethylbenzene mixtures using supercritical carbon 
dioxide as a solvent may be an attractive method [48]. Additionally, some works have shown 
that the synthesis of polystyrene from the polymerization of styrene in supercritical carbon 
dioxide has an increasing importance as production process [49–52]. 
 
 
 
 
 
 



 27

Table 3.1 Experimental conditions for non-polar asymmetric binary mixtures. 
Carbon Dioxide + np T(K) Pressure range (bar) Reference 
 
Methane 

20 
20 
13 

230.00 
250.00 
270.00 

8.920–69.91 
17.83–80.53 
32.09–83.81 

 

[53] 
[53] 
[53] 

 
Propane 25 

17 
230.00 
270.00 

8.9-71.1 
32.0-79.5 

[54] 
[54] 

 
 
n-Pentane 

12 
13 
16 

310.15 
333.15 
363.15 

5.6–73.1 
5.9–87.5 
9.4–96.7 

 

[55] 
[55] 
[55] 

 
n-Hexane 10 

10 
298.15 
313.15 

4.432–52.05 
6.319–76.57 

 

[56] 
[56] 

 
n-Heptane 

23 
17 
17 

310.65 
352.59 
394.26 

1.861–75.63 
4.240–116.1 
11.30–133.1 

 

[57] 
[57] 
[57] 

 
 
n-Octane 

6 
6 
8 

313.15 
328.15 
348.15 

15.00–75.00 
20.00–95.00 
20.00–113.5 

 

[58] 
[58] 
[58] 

 
n-Decane  22 

26 
344.30 
377.60  

63.8–127.4 
103.4–164.8 

 

[59] 
[59] 

 
Benzene 8 

9 
298.15 
313.15 

8.9–57.7 
14.8–77.5 

 

[56] 
[56] 

 
 
Styrene 

9 
9 
10 
8 

333.15 
338.15 
343.15 
348.15 

60.3-112.0 
62.40-119.0 
60.0–131.0 
62.9–134.2 

 

[60] 
[60] 
[60] 
[60] 

 
Limonene 5 

5 
5 

313.20 
323.20 
333.20 

39.4-78.7 
39.4- 92.7 

49.9- 102.6 
 

[61] 
[61] 
[61] 
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Table 3.2 Experimental conditions for polar asymmetric binary mixtures. 
Carbon Dioxide + np T(K) Pressure range (bar) Reference 
 
n-Butanol 

7 
14 
8 
9 

293.15 
303.15 
314.80 
325.30 

6.30-54.60 
5.20-67.4 

46.33-79.84 
52.26-98.73 

 

[62] 
[62] 
[63] 
[63] 

 
 
n-Hexanol 

4 
7 

431.82 
432.45 

83.63-135.55 
22.68-201.28 

[64] 
[64] 

  
 
n-Heptanol 

8 
6 
 

374.63 
431.54 

 

40.38-145.72 
68.3-168.06 

 

[64] 
[64] 

 
 
n-Nonanol 

15 
10 
9 

328.18 
318.13 
308.14 

28.6-156 
25.2-104.4 
22.3-79.1 

 

[65] 
[65] 
[65] 

 
 
Isoamyl acetate 

7 
8 
9 

308.15 
318.15 
328.15 

10.3–69.3 
10.0–80.3 
10.3–90.7 

 

[66] 
[66] 
[66] 

 
Ethyl caproate 

8 
10 
12 

308.20 
318.20 
328.20 

17.0-64.6 
17.0-78.2 
17.3-92.2 

 

[67] 
[67] 
[67] 

 
Decanal 

10 
11 
12 

288.20 
303.20 
313.20 

19.3-48.1 
21.7-67.6 
82.2-16.8 

 

[68] 
[68] 
[68] 

 
Ethyl laurate 

8 
8 
9 

308.15 
318.15 
328.15 

14.8–70.0 
14.8–83.1 

14.8–100.1 
 

[69] 
[69] 
[69] 

 
Linalool 

5 
5 
 

313.20 
323.20 

 

40.0-79.9 
40.0-97.8 

 

[70] 
[70] 

 
 
 
3.4. Objective functions 
 
In order to determine the optimal parameters for the VLE model, two OF that take into account 
the coefficient distribution calculation and three OF that require bubble point pressure 
calculation from an additional iterative process have been analyzed. The first two OF are implicit 
models which are based on the calculation of the distribution coefficients for each component: 
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where np is the number of experimental data points, nc is the number of components in the 
mixture and K is the distribution coefficient in both phases. The remaining objective functions 
OF involve additional iterative procedures for calculating their optimal values and are explicit 
models because the adjusted variables are calculated from a bubble point pressure calculation 
algorithm. Therefore, the implementation of these OF has larger computing time requirements in 
comparison with the implicit functions. The studied explicit OF are: 
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where P is the bubble point pressure and y represents the molar fraction in vapor phase. As it has 
seen shown, OF f5 is a complement of functions f3 and f4. However, this does not assure that the 
binary parameters obtained by these three functions will be identical. Although these OF have 
very similar computing times, the vapor–liquid equilibrium calculations using their optimal 
parameters will give a major precision represented in the pressure or the vapor phase 
composition (or both), but this depends of the objective function form. 
 
In the literature, some authors have used OF f1 for the parameters optimization of VLE data in 
asymmetric mixtures of light gases + hydrocarbons and alcohols [71] and carbon dioxide + n-
alkanes [72], obtaining good predictions for pressure and not very good predictions for vapor 
composition. OF f2 and f4 are the less used to estimate binary interaction parameters in both 
symmetric and asymmetric systems at high pressures. On the other hand, OF f3 and f5 are the 
most popular for estimating both the binary interaction parameter and the activity coefficient 
models parameters from VLE data at high pressures and temperatures. Therefore, it is necessary 
to develop a detailed study which involves explicit and implicit models and to find an adequate 
OF that guarantees small computing times and suitable exactitude for representing the VLE with 
respect to the correlated data. 
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3.5. Results and discussion 
 
The parameters estimation was performed using the Levenberg-Marquardt minimization 
algorithm for each mixture with OF f1–f5. Therefore, 349 minimizations in CO2 + non-polar 
binary mixtures and 219 minimizations in CO2 + polar binary mixtures were carried out. The 
optimal NRTL model parameters (τ12 and τ21) and the second virial coefficient interaction 
parameter (k12) are reported for the non-polar asymmetric binary mixtures and for the polar 
asymmetric binary mixtures containing carbon dioxide in the Appendix A.  
 
The deviations between experimental data and calculated values with PR EOS and the Wong–
Sandler mixing rules were established through the relative percentage deviations in the bubble 
point pressure: 
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 The absolute mean deviation in the molar fraction in the vapor phase is a follows: 
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They are also reported in the Appendix A. The optimal parameters shown in Tables 3.1 and 3.2 
in the Appendix A were used to predict the phase equilibrium of the considered mixtures. The 
agreement with the experimental data is generally satisfactory as shown in Figs. 1–9.  
Experimental and predicted phase equilibrium for the carbon dioxide + limonene binary system 
is shown in Fig. 3.1. Predictions with the optimal parameters obtained from OF f3 and f5 are 
compared. It can be appreciated that predictions corresponding to f5 are slightly better than those 
corresponding to f3.  
 
Figs. 2–4 show experimental and predicted VLE for carbon dioxide + propane, carbon dioxide + 
pentane and carbon dioxide + octane binary mixtures, respectively. In these three figures, the OF 
that do not involve additional iterative calculations as the bubble point pressure (f1 and f2) are 
compared with those that involve this kind of calculations (f3–f5). It is important to note that the 
advantage of using implicit methods over explicit ones is the great reduction in the computing 
time. As it was mentioned in a previous work [72], explicit methods require on the average nine 
times more CPU time per iteration related to the implicit methods. A good agreement with the 
experimental data can be seen in these figures. Moreover, in carbon dioxide + pentane binary 
mixture (see Fig. 3.3) the predictions obtained from implicit methods does not present very well 
the VLE near the critical point. Experimental and predicted phase equilibrium for the carbon 
dioxide + propane binary system is shown in Fig. 3.2. Predictions with the optimal parameters 
obtained from OF f2 and f4 were compared. In the case of carbon dioxide + octane binary mixture 
(see Appendix A), the predictions with the optimal parameters obtained from OF f2 and f5 are 
almost identical. 
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Fig. 3.1 Experimental and predicted VLE for CO2 + limonene binary system. Comparison of 
accuracy of two objective functions. Experimental data taken from Iwai et al. [61].  
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Fig. 3.2 Experimental and predicted VLE for CO2 + propane binary system. Comparison of 
accuracy of two objective functions. Experimental data taken from Webster and Kidnay [54].  
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Fig. 3.3 Experimental and predicted VLE for CO2 + pentane binary system. Comparison of 
accuracy of two objective functions. Experimental data taken from Tochigi et al. [55].  
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Fig. 3.4 Experimental and predicted VLE for CO2 + octane binary system. Comparison of 
accuracy of two objective functions (OF 2 and OF 5, identical predictions). Experimental data 
taken from Weng and Lee [58]. Prediction with PR EOS coupled with the WS mixing rules. 
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Fig. 3.5 shows the experimental and predicted VLE for the highly asymmetric carbon dioxide + 
ethyl caproate binary system. Here, OF f2 and f4 are compared. In both cases, the vapor phase 
representations are very accurate taking into account the range of experimental data. It can be 
observed that OF f4 gave poor predictions for pressure, while OF f2 gave excellent predictions. 
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Fig. 3.5 Experimental and predicted VLE for CO2 + ethyl caproate binary system. Comparison 

of accuracy of two objective functions. Experimental data taken from Hwu et al. [67].  
 
 

The VLE for carbon dioxide + ethyl laurate asymmetric binary system is shown in Fig. 3.6. 
Experimental data are compared with the calculations with optimal parameters obtained from OF 
f2. At the three considered temperatures, all the predictions were accurate in both pressure and 
vapor phase composition. 

 
The capability of OF f3 is analyzed in Fig. 3.7. This figure shows the experimental and predicted 
phase equilibrium for carbon dioxide + 1-heptanol binary system. The predictions with the 
optimal parameters obtained using this OF are very accurate related to the experimental data. 
Moreover, for the two considered temperatures, the deviations corresponding to OF f3 and f5 are 
similar (see Apendix A). 
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Fig. 3.6 Experimental and predicted VLE for CO2 + ethyl laurate binary system. Experimental 

data taken from Cheng et al. [69]. Parameters obtained from OF 2. 
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Fig. 3.7 Experimental and predicted VLE for carbon dioxide + 1-heptanol binary system. 
Experimental data taken from Elizalde-Solis et al. [64]. Parameters obtained from OF 3. 
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Two important systems for the analysis of supercritical fluid extraction with carbon dioxide are 
shown in Fig. 3.8 (carbon dioxide + linalool) and Fig. 3.9 (carbon dioxide + decanal). Again, 
implicit and explicit models are compared. Although all predictions are very similar for both 
asymmetric mixtures, calculations developed with OF f2 present light deviations near the critical 
point of both mixtures. 
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Fig. 3.8 Experimental and predicted VLE for CO2 + linalool binary system. Comparison of 

accuracy of two objective functions. Experimental data taken from Iwai et al. [70].  
 

In terms of numerical capacity, OF f1 shows a bigger numerical instability than the other 
analyzed OF. First, for several binary mixtures (carbon dioxide + methane at 230K, 250K, 270K, 
carbon dioxide + n-butanol at 293.15K, 303.15K, carbon dioxide + n-nonanol at 308.14K, 
318.13K, 328.18K and carbon dioxide + decanal at 288.20K, 303.20K), the optimal second virial 
coefficient interaction parameter violates the quadratic composition dependence of the second 
virial coefficient; since it takes unrealistic values (see Appendix A). In addition, in very few 
cases (carbon dioxide + propane at 270K, carbon dioxide + decanal at 303.20K, 313.20K), the 
other OF also generated unrealistic values for this parameter. An explanation to this fact is that 
the second virial coefficient interaction parameter is used with the purpose of compensating the 
initial difference between the excess Helmholtz free energy at infinite pressure calculated using 
an EOS and the excess Gibbs free energy at low pressure calculated from activity coefficient 
model. Additionally, in highly asymmetric systems, its value is strongly dependent on the 
composition. This dependence becomes larger as the asymmetry increases. Therefore, a constant 
value of kij over the entire composition range will not be enough to reproduce the GE activity 
model from an equation of state. These illogical values lead to the violation of the quadratic 
composition dependence of the second virial coefficient [34]. Therefore, for highly nonideal 
mixtures, it is necessary to find the virial coefficient binary interaction parameter as a function of 
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the composition. On the other hand, in some cases (carbon dioxide + methane at 230K, 250K, 
270K, carbon dioxide + n-butanol at 293.15K, 303.15K, carbon dioxide + n-nonanol at 308.14K, 
318.13K, 328.18K and carbon dioxide + decanal at 288.20 K), the OF f1 did not show 
convergence in a real range of initial values. Additionally, in some systems (carbon dioxide + 
decanal at 303.20K, 313.20K, carbon dioxide + ethyl laurate at 308.15K, 318.15K, carbon 
dioxide + linalool at 323.20 K), the minimization using this objective function presented 
satisfactory convergence, but when the deviations were calculated with the corresponding 
optimal parameters, illogical values were obtained, which were not reported here. This is 
because, OF f1 does not involve procedures for bubble point pressure calculation, which are 
necessary to calculate those deviations. When OF f1 fails, the other OFs satisfactory converge 
(see Tables 1 and 2 in the Apendix A). This error is directly due to the OF geometric form and 
not to the application of the Peng–Robinson equation of state coupled with the Wong–Sandler 
mixing rules. 
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Fig. 3.9. Experimental and predicted VLE for CO2 + decanal binary system. Comparison of 

accuracy of two objective functions. Experimental data taken fromVázquez da Silva et al. [68]. 
  
With the purpose of comparing the accuracy of each OF for predicting the phase equilibrium of 
both CO2 + non-polar solute and CO2 + polar solute asymmetric binary mixtures at high 
pressures, Table 3.3 shows the average deviations of these predictions obtained from each OF. 
Also, for two of the studied asymmetric systems, the residuals were calculated with the purpose 
of making more informative the quality of the obtained parameters. 
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Table 3.3 Average deviations in the VLE prediction of the parameters obtained from each 
objective functions for both non-polar and polar binary systems. 

 
Polar systems Non-polar systems  

Objective Function ∆P ∆y ∆P ∆y 
f1 8.3756 0.0106 9.6874 0.0061 
f2 1.3415 0.0082 1.2098 0.0054 
f3 1.6342 0.0944 1.1812 0.0039 
f4 6.0870 0.0080 9.7399 0.0035 
f5 1.8292 0.0067 1.6780 0.0037 

 
These residuals are the difference between the experimental point and the calculated value. Their 
statistical analysis can indicate how well the thermodynamic model represents the data and how 
precise the data are [38]. The residuals plot for carbon dioxide + n-pentane at 363.15K is shown 
in Fig. 3.10. In general terms, the optimal parameters obtained from the different explicit models 
(OFs f3–f5) are similar, but not identical.  
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Fig. 3.10 Deviations between experimental points and calculated values of y and P for CO2 + n-

pentane at 363.15 K. Parameters obtained from: , OF 1; +, OF 2; ●, OF 3; □, OF 4; ○, OF 5. 
 
On the other hand, the optimal parameters obtained using implicit models (OFs f1 and f2) are very 
different. In terms of accuracy for representing the phase equilibria, all the OF gave good 
predictions for the vapor phase composition, but OF f4 showed best results than the others in both 
CO2 + non-polar and CO2 + polar binary systems. The OF represented the bubble point pressure 
in a best way were f2, f3 and f5. 
 
3.6. Conclusions 
 
In this work, five different OF were analyzed regarding its capability to represent the phase 
equilibrium in highly asymmetric binary mixtures containing carbon dioxide at elevated 
temperatures and pressures. Additionally, the ability of Peng–Robinson EOS coupled with the 
Wong–Sandler mixing rules and the NRTL model for representing fluid phase equilibrium of 
these non-ideal mixtures was demonstrated. All the OF gave good predictions for the vapor 
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phase behavior. Only OF f2 (based on coefficient distribution calculations), f3 (based on bubble 
point pressure calculations) and f5 (based on bubble point pressure and vapor phase composition 
calculations) represented the bubble point pressure satisfactory.  
 
Furthermore, it was found that OF f2 has some advantages over the other analyzed OFs. Firstly, 
this OF does not involve additional iterative calculations as the bubble point or isothermal flash 
for each data point, resulting in a great reduction in the computing time requirements. Secondly, 
the optimal second virial coefficient interaction parameter showed to be concordant with the 
statistical thermodynamic postulates, since its value does not violate the quadratic composition 
dependence of the second virial coefficient. Finally, VLE predictions with the optimal 
parameters obtained using this OF showed very good predictions for both vapor phase and 
pressure. Therefore, objective function f2 presents attractive features for parameter estimation of 
EOS and activity coefficient models from experimental data for appropriately representing the 
VLE. 
 
List of symbols 
  
a, b equation of state parameters 

EA   
excess Helmholtz free energy  

(b-a/RT)ij cross second virial coefficient 
C constant defined by Eq. (10) 
f objective function (Eqs. (1) and (2)) 
f1 - f5 objective functions denoted by Eqs. ((16)-(20)), respectively 
gij parameter defined by Eq. (15) 

EG  excess Gibbs free energy 
Kij distribution coefficient 
kij second virial coefficient interaction parameter 
nc number of components 
np number of experimental data points 
P pressure 
R gas constant 
T temperature 
V volume in molar units 
x liquid molar fraction 
y vapor molar fraction 
z molar fraction 

EV  excess volume 
uij dependent variables in Eq. (1) 
wij measured variables in Eq. (2) 
 
Greek Letters 
∆ Deviation 
α(Tr) temperature-dependent alpha function 
αij NRTL model parameter 
k Peng-Robinson alpha function parameter 
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τ12, τ21  NRTL model binary interaction parameter. 
σ statistical variance in Eq. (2) 
φ fugacity coefficient 
ω acentric factor 
 
Subscripts 
c critical point 
m mixture 
r reduced conditions 
∞  infinite condition 
 
Superscripts 
E excess property 
Exp experimental 
Cal calculated 
 
Acronyms 
EOS equation of state 
NRTL non Random Two Liquid  
OF objective function 
PR Peng-Robinson  
VLE vapor-liquid equilibrium 
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CHAPTER 4 

 
MIXING RULES COMBINING AN EQUATION OF STATE 

WITH FREE ENERGY MODELS (EOS-Gex) FOR ASYMMETRIC 
MIXTURES CONTAINING CO2 

 
 

In this chapter is presented the summary for a collection of mixing rules that combine 
activity coefficient (or excess free energy of mixing) models with equations of state. The 
original Huron-Vidal (HVO), the modified Michelsen-Huron-Vidal first-order (MHV1), 
the modified Michelsen-Huron-Vidal second-order (MHV2), the Wong-Sandler (WS), and 
the modified Orbey-Sandler (HVOS) mixing rules were used for phase equilibrium 
calculation of asymmetric mixtures containing carbon dioxide. Their correlative and 
predictive capabilities were compared for asymmetric binary mixtures containing carbon 
dioxide at high pressures. Peng–Robinson (PR) equation of state (EOS) coupled with the 
HVO, MHV1, MHV2, WS and HVOS mixing rules were used for modeling the vapor liquid 
equilibrium (VLE) in all cases. It was found that the correlation capacity of the WS mixing 
rule is better than the HVOS mixing rule. The prediction capacities of the WS and HVOS 
mixing rules, based on the extrapolation of model parameters obtained at the lowest 
available temperature and pressure to higher values, were found to be acceptable. Each of 
the mixing rules reviewed here is successful for at least some range of temperatures, 
though some of their shortcomings are discussed. 

 
4.1. Introduction  
 
Equations of state (EOS) are widely used for modeling the phase equilibrium and PVT 
properties of mixtures of non-polar and slightly polar substances with the proper choice of a 
mixing rule. Although EOS coupled with the classical van der Waals (VDW) one-fluid 
mixing rule is probably the most extensively used modeling tool for the VLE of relatively 
simple mixtures, it cannot accurately represent complex mixtures. The inability of classical 
quadratic mixing rules to represent the phase behavior of nonideal mixtures such as 
hydrocarbons with industrial gases and organic solvents has been treated using empirical 
composition-dependent combining rules [1-3]. When fitting VLE data with the VDW 
model, the referred binary interaction parameters is approximately zero for simple 
mixtures, however for highly nonideal mixtures accurate correlation of VLE is not possible 
by this method. 
In recent years equations of state mixing rules have been developed that combine excess 
free-energy models with a cubic EOS [4]. This referred group of mixing rules is based on 
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equating the excess free energy from a liquid-phase activity coefficient model with the 
corresponding term from an EOS [5]. Huron and Vidal [6] proposed the first successful 
combination of an EOS and activity coefficient models by requiring that the mixture EOS 
at liquid densities should behave like an activity coefficient model. This mixing rule will be 
referred as the HVO model. For nonideal mixtures the HVO model shows good correlation 
capabilities but is not satisfactory for extrapolation over a range of temperatures. The 
problem with the HVO model resulting from the pressure dependence of the excess Gibbs 
free energy of mixing led to propose EOS mixing rules based on the idea of combining 
activity coefficient models and equations of state at low pressures (or zero). The modified 
Huron-Vidal mixing rule of Michelsen (MHV1) [7,8] and that of Dahl and Michelsen 
(MHV2) [9] are the most used ones of the low pressure class. An assumption inherent in 
both models is that the ratio of the zero pressure liquid molar volume to close packing 
parameter b is the same for the mixture and each of its pure components. Although MHV1 
and MHV2 do not satisfy the second virial coefficient boundary condition and include 
approximate linear and quadratic extrapolation procedure respectively, good results have 
been obtained by the predictions of experimental data for highly nonideal systems. In the 
same way the Wong-Sandler (WS) have developed a mixing rule [10] that combines an 
EOS with an excess Helmholtz free energy at infinite pressure, providing a number of 
advantages, and has the correct low-density composition dependence. This mixing rule has 
been successful in several applications [11-14]. The reformulation introduced by Orbey and 
Sandler [15] for the HVOS mixing rule is based on the assumption of kij could also be 
obtained from excess free energy model parameters and therefore does not contain any 
additional information. Furthermore, the authors proposed the assumption of a universal 
linear algebraic function, u, which relates the liquid molar volumes and their hard core 
volume. The parameters in the reformulated mixing rule can be obtained from correlation 
of vapor liquid equilibrium data or from the two infinite dilution activity coefficients for 
each binary pair in the mixture.  
 
In the present chapter the VLE of asymmetric binary mixtures containing carbon dioxide 
was studied with the PR equation of state [16] coupled with HVO, MHV1, MHV2, WS and 
HVOS mixing rules. The correlative and predictive capabilities of these mixing rules were 
compared for asymmetric binary mixtures containing carbon dioxide at high pressures. The 
NRTL model [17] was utilized to predict the Gibbs and Helmholtz free energy. A 
Levenberg-Marquartdt minimization algorithm was used in all cases. 
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4.2. Phase equilibrium using EOS approach 
 
Many equations of state are available in the literature and some recent and complete 
reviews are available [18-19]. For the purposes of illustration, here we use the Peng-
Robinson equation of state [16] this EOS has the following form: 
 

 ( )
( ) ( )

a TRTP
V b V V b b V b

= −
− + + −

                                                                                     (1) 

 
where P is the pressure, T the absolute temperature, R the ideal gas constant furthermore a 
and b are the energy and size parameters which are calculated from: 
 

( )
2 2

0.457235 ( )c
r

c

R Ta T T
P

α=                                                                                                (2) 

 

c

c

P
RT

b 077796.0=                                                                                                            (3) 

 
the subscripts c and r denotes critical and reduced conditions, respectively. The correlation 
for the α function is: 
 

( ) ( ) 2
1 1r rT Tα κ⎡ ⎤= + −⎣ ⎦                                                                                                  (4) 

 
226992.054226.137464.0 ωωκ −+=                                                                               (5) 

 
where ω is the acentric factor and rT  is the temperature reduce.  
 
4.3. Combined equation of state and excess Gibbs energy model  
 
The first successful mixing rule for mixtures was the one-fluid model proposed by van der 
Waals. This model is applicable at all densities and temperatures, but only to relatively 
simple mixtures. Describe the VLE of mixtures in which one component is above its 
critical temperature has been complicated. The absence of an accurate gas phase model for 
polar organic compounds has resulted in difficulties in describing the vapor liquid 
equilibrium of polar mixtures at high pressures and supercritical fluid extraction processes. 
On the other hand, methods that combine an equation of state with an excess Gibbs energy 
or activity coefficient models have been developed to describe accurately highly nonideal 
mixtures over large ranges of temperatures and pressures. The idea of these models is to 
recognize that EOS, such as PR, PSRV and PSRK equations, have two constants, a and b, 
used to satisfy two boundary conditions. The first condition is that at low-density and high-
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density limits the composition dependence of the second virial coefficient obtained from an 
equation of state should be agree with the statistical thermodynamic postulates: 
 
 ( ) ( ),mix i j ij

i j

B T x x x B T=∑∑         (6) 

According with the eq. (6) the second virial coefficient from a cubic equation of state is: 
 

( ) ( )a T
B T b

RT
= −           (7) 

 
Finally the first boundary condition can be written as: 
 

 ij
i j ij

i j

aab x x b
RT RT

⎛ ⎞
− = −⎜ ⎟

⎝ ⎠
∑∑         (8) 

 
This condition conclude that is necessary to use another equation to find the parameters a 
and b separately. A second equation comes from requiring that the excess Gibbs free 
energy at infinite pressure (i.e., at liquid-like densities) calculated from an equation of state 
be equivalent to that from excess Gibbs free energy (activity coefficient) model for liquids.  
 
4.3.1. The original Huron-Vidal (HVO) model 
 
Huron and Vidal proposed the first successful combination of an EOS and activity 
coefficient models. The relation between excess Gibbs free energy at infinite pressure 
calculated from an equation of state and the excess Gibbs free energy calculated from an 
activity coefficient model can be written as: 
 
 ( ) ( ), , , ,ex ex

EOSG T P x G T P xγ = ∞ = = ∞        (9) 
 
Where the subscripts EOS and γ  indicate exG  as computed from an equation of state and 
an activity coefficient model, respectively. The relation between an activity coefficient and 
EOS is: 
 

( ) ( ), , ,i i i iT P x T Pγ φ φ=                   (10) 
 
where  ( ), ,i iT P xφ  is the fugacity coefficient of species i in a mixture, ( ),i T Pφ  is the pure 
component fugacity coefficient, both obtained from the EOS at the temperature and 
pressure of the mixture. Thus the molar excess Gibbs free energy is defined by the eq. (11): 
 

( )ln
ex

i i
i

G x
RT

γ=∑                    (11) 
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By replacing Eqs. (10) into (11): 
 

( ) ( )( ) ( )( ), ,
ln , , ln ,

ex
EOS i

i i i
i

G T P x
T P x x T P

RT
φ φ= −∑               (12) 

 
According with the definition for fugacity coefficient the eq. (12) can be expressed as: 
 

( ) ( ) ( ) ( )1 1
ln ln

V Vex
EOS

i i i i i
i i i

Z ZG Z x Z Z x Z dV x dV
RT V V∞ ∞

⎡ ⎤− −⎡ ⎤ ⎡ ⎤= − − − − −⎢ ⎥⎢ ⎥ ⎢ ⎥⎣ ⎦ ⎣ ⎦ ⎣ ⎦
∑ ∑ ∑∫ ∫           (13) 

 
For the PR equation the eqn. (13) become: 
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∑ ∑ ∑

∑

(14) 

 
The expression (14) is the starting point for solve the EOS parameters a and b in terms of 
the mole fraction. Since, from an EOS in the limit of infinite pressure, as P →∞ , i iV b→  
and V b→ , replacing into eqn. (14), giving: 
 

( ) ( ) 1ln ln ln 0
1i i i

i i i i

b VZ x Z x
b V

⎛ ⎞−⎡ ⎤− + =⎜ ⎟⎢ ⎥ −⎣ ⎦ ⎝ ⎠
∑ ∑                (15) 

 
( ) ( )

*, ,ex
EOS i i

i i i
i ii

G T P x aC a Px x b b
RT RT b b RT
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= − + −⎢ ⎥
⎣ ⎦

∑ ∑              (16) 

 
The equation (16) is a rigorous combination of an EOS and an activity coefficient model 
when the left hand side of this equation is expressed using an activity coefficient activity 
such as NRTL. The excess Gibbs free energy of mixing computed from an EOS is a 
function of pressure, whereas activity coefficient models are independent of pressure or 
density. The thermodynamic relation between Gibbs free energy and Helmholtz free energy 
is defined by: 
 

( ) ( ) ( ), , , , , ,ex exexG T P x A T P x PV T P x= +                 (17) 
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According with the eqn. (17) the ( ), ,exA T P x  in the liquid state being almost independent 
of pressure, to use eqn. (16) it is necessary that: 
  

0ex
ii i i

i i
V V x V b x b= − = − =∑ ∑                  (18) 

Since at infinite pressure from an equation of state i iV b= . The eqn. (18) can be replaced in 
eq. (16) providing the two equations necessary to determine the two EOS constants. The 
resulting mixing rule for the a parameters is: 
 

*

ex
i

i
i i

a Ga b x
b C

⎡ ⎤⎛ ⎞
= +⎢ ⎥⎜ ⎟

⎝ ⎠⎣ ⎦
∑                   (19) 

 
The EOS constant b is expressed as follows: 
 

i i
i

b x b=∑                     (20) 

 
The eqs. (19) and (20) constitute the original Huron-Vidal mixing rule, referred as the HVO 
in this chapter.  
 
4.3.2. The Michelsen-Huron-Vidal (MHV1) model 
 
The modified Huron Vidal mixing rule of Michelsen (MHV1) fixes the problem with the 
HVO model resulting from the pressure dependence of the excess Gibbs free energy of 
mixing. The idea behind this mixing rule is to use the eqn. (14) at P=0 to obtain: 
 

( ) ( )
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1 2 2 1 2
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i io o
i ii ii
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i ii
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⎛ ⎞+ −⎛ ⎞= ⎛ ⎞− ⎛ ⎞ ⎜ ⎟= − − +⎜ ⎟ ⎜ ⎟ ⎜ ⎟ ⎜ ⎟− ⎝ ⎠ + +⎝ ⎠⎝ ⎠ ⎝ ⎠
⎛ ⎞+ −⎛ ⎞ ⎜ ⎟− ⎜ ⎟ ⎜ ⎟+ +⎝ ⎠ ⎝ ⎠

∑ ∑

∑

(21) 

 
where the superscript 0 denotes the value of the volume at P=0. Michelsen (1990b) rewrite 
the eqn. (21) in terms of q to obtain: 
 

( ) ( ) ( ), 0,
ln

ex
i

i i i
i i i

G T P x bq x q x
RT b

γα α
= ⎛ ⎞

= + + ⎜ ⎟
⎝ ⎠

∑ ∑               (22) 

 
where a bRTα =  and here the function ( )q α  is given by: 
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( ) ( ) ( )
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1 21ln 1 ln
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o
o

V baq V b
bRT V b

α
⎛ ⎞+ −⎛ ⎞ ⎜ ⎟= − − + ⎜ ⎟ ⎜ ⎟⎝ ⎠ + +⎝ ⎠

              (23) 

 
The equation used to define the mixing rule completely is eqn. (20). However, it is not 
necessary to impose the eqn. (20) because the term of the Gibbs free energy using a 
reference pressure zero is not longer. Other choices, such as the last equality of eqn. (8), 
could be used as well. A variety of approximations were suggested in the cases in which 
temperatures at which there is no liquid root of the EOS to use in the right hand side of eqn. 
(23), Michelsen (1990b) proposed a linear relation:  
 
( ) 0 1q q qα α≈ +                    (24) 

 
Substitution of this expression into eqn. (22) results in the explicit mixing rule: 
 

1

1 ln
ex

i
i i

i ii i

Gaa bx x
bRT b RT q RT b
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The recommended value of q1 being -0.593. The eqn. (25) combined with the eqn. (20) is 
similar to the original Huron-Vidal mixing rule and is to known as the modified Huron-
Vidal first order (MHV1).  
 
4.3.3. The Michelsen-Huron-Vidal (MHV2) model 
 
The modified Huron-Vidal first order (MHV1) provides a fair reproduction of the free 
Gibbs energy model, but for better accuracy, a quadratic extrapolation was proposed 
for ( )q α : 

( ) 2
0 1 2q q q qα α α≈ + +                   (26) 

 
The relation between the excess Gibbs free energy from an EOS and from an activity 
coefficient models takes the following quadratic form in this approach: 
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Ga aa a bq x q x x
bRT b RT bRT b RT RT b

γ
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The eqn. (27) combined with the eqn. (20) is to known as the modified Huron-Vidal second 
order (MHV2) mixing rule. The recommended values of q1 and q2 are -0.478 and -0.0047, 
respectively. The derivation of fugacity coefficients from the MHV2 mixing rule is 
described in the Appendix B. 
 
 



 50

4.3.4. Orbey-Sandler modification of the Huron-Vidal mixing rules (HVOS) 
 
The model introduce by Orbey and Sandler (1995c) assumed that there is a universal linear 
algebraic function that relates the liquid molar volumes to their hard core volumes, such as 
V ub= , where u  is a positive constant larger than unity. This assumption is similar to the 
concept of constant packing fraction. Using the Helmholtz free energy and assuming that at 
infinite pressure, both for mixtures and for pure components, u approaches a unique value, 
one obtains:    

( )
( )

( )
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1 21ln ln ln
1 2 2 1 2

1 21 ln
2 2 1 2

ex
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∑ ∑

∑

    (28) 

The equation (28) can be rewritten as: 
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Further, since u approaches unity at both infinite pressure and at very low temperatures, for 
simplicity, as an approximation, one can take u=1 at all conditions and obtain:  
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In the eqn. (30) the parameter C is defined by the PR EOS. In this model, eqns. (31) and 
(20) are used to obtain the EOS parameters a and b. It is an approximate model but is 
agreement with the spirit of the van der Waals hard core concept, and it is algebraically 
very similar to several of the commonly used zero pressure models mentioned in this 
chapter. The derivation of fugacity coefficients from the HVOS mixing rule is described in 
the Appendix B. 
 
4.3.5. The Wong-Sandler (WS) model 
 
Wong and Sandler (1992) have developed a new mixing rule for cubic EOS equates the 
excess Helmholtz free energy at infinite pressure from an EOS to that from an activity 
coefficient model. Hence, use of the Helmholtz free energy insures that the second virial 
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coefficient calculated from an EOS has a quadratic dependence as required by statistical 
mechanics. The WS mixing rule satisfy the first boundary condition in agree with the 
statistical thermodynamic postulates 
 

( ) ( ), ij
mix i j ij i j ij

i j i j

a aB T x x x B T x x b b
RT RT

⎛ ⎞
= = − = −⎜ ⎟

⎝ ⎠
∑∑ ∑∑              (32) 

 
The eqn. (32) is a restriction on the parameters together with the combining rule: 
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where kij is the second virial coefficient binary interaction parameter. Note that eqn. (33) 
does not provide relations for the parameters a and b separately and thus an additional 
equation is necessary. A second equation comes from requiring that the excess Gibbs 
energy predicted from an EOS at liquid like densities be equivalent to that from excess 
Gibbs energy or activity coefficient models. The thermodynamic relation between excess 
Gibbs energy and Helmholtz free energy were described by the eqn. (17). Since at low 
pressures, EV  is small, the difference between EG and EA  is also small. Consequently, 
Wong and Sandler established the following approximation: 
 

( ) ( ) ( ), 1 , , 1 , , ,ex exexG T P bar x A T P bar x A T P x= = = = = ∞              (34) 
 
The pressure independence of exA  at liquid densities provides the second equation for the a 
and b parameters comes from eqn. (34) expressed as: 
 

( ) ( ) ( ) ( ), , , , , 1 , , 1 ,ex ex ex ex
EOSA T P x A T P x A T P bar x G T P bar xγ γ γ= ∞ = = ∞ = = = =            (35) 

 
To proceed further, we note that as P →∞  (and i iV b→  and V b→ ) can be obtain: 
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with 
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( )1 ln 2 1
2

C = −                    (38)

   
where x is the liquid molar fraction,  and exAγ  is the excess Helmholtz free energy at infinite 
pressure which is calculated from an excess Gibbs free energy model. The derivation of 
fugacity coefficients from the WS mixing rule is described in the Appendix B. 
 
In this work, the excess Helmholtz free energy at infinite pressure was calculated with the 
NRTL model [17]: 
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( )ijijijg τα−= exp                                                                                                                (40) 

 
In the case of binary mixtures, α12 (=α21), τ12 and τ21 are the three parameters of the NRTL 
model. As recommended by Renon and Prausnitz [17], a constant value of α12 (0.3) was 
used in this work. In this contribution, the adjustable parameters of the NRTL model: τ12 
and τ21 and the second virial coefficient binary interaction parameter k12 have been 
determined using experimental phase equilibrium data at isothermal conditions for each 
asymmetric mixture containing carbon dioxide by the OF minimization. Furthermore, the 
VLE parameters were obtained from sets of experimental data using the following objective 
function [12]: 
 

, , ,

2
exp exp

1 1
i j i j i j

np nc
cal

ob
i j

f y x K
= =

⎡ ⎤= −⎣ ⎦∑∑                              (41) 

 
where K is the distribution coefficient between vapor and liquid phases, the superscripts np 
and nc denote the numbers of experimental data points and components, and y and x are the 
molar fraction in the vapor and liquid phases, respectively. This objective function has 
shown very acceptable performances for VLE of asymmetric binary mixtures at high 
pressures [11-14]. The summary of EOS-Gex matching conditions is presented in Table 4.1.  
 
The binaries studied in order to investigate the correlation and prediction capabilities of 
HVO, MHV1, MHV2, WS and HVOS mixing rules, the range of temperatures investigated 
and the experimental conditions are shown in Table 4.2. The systems studied are 
asymmetric and are widely used in industrial applications. The phase behavior of CO2 
mixtures is of technological interest because of the occurrence of CO2 in natural gas, crude 
oil, and numerous chemical processes.  
 



 53

Table 4.1. Combination of equation of state with excess free energy models, (EOS-Gex), matching conditions  
Mixing rules P, 

match 
GE,  

match 
bm 

HVO 
(Original Huron-Vidal, 1979) 

∞ 
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i i i
i ii
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RT RT b b RT
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i ii
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MHV1 (Michelsen, 1990) 
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MHV2 (Dahl and Michelsen, 
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Where kij is a second virial coefficient binary interaction parameter, z is the molar fraction, exA  is the excess Helmholtz free 
energy which is calculated from an excess Gibbs free energy model and exG  is the excess Gibbs free energy model.
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4.4 Results and discussion 
 
The deviations between experimental data and calculated values with PR EOS and the 
Wong–Sandler mixing rules were established through the relative percentage deviations in 
the bubble point pressure: 
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 The absolute mean deviation in the molar fraction in the vapor phase is a follows: 
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The optimal parameters shown in Table 4.3 were used to predict the phase equilibrium of 
the considered mixtures. The agreement with the experimental data is generally satisfactory 
as shown in Figs. 4.1–4.4.   
 

Table 4.2 Experimental conditions for asymmetric binary mixtures containing CO2. 
Carbon Dioxide + np T(K) Pressure range (bar) Reference 
Methane 20 

20 
13 

230.00 
250.00 
270.00 

8.920–69.91 
17.83–80.53 
32.09–83.81 

 

[20] 
[20] 
[20] 

 
Ethane 10 

17 
15 

207.00 
210.00 
213.00 

 

2.920-4.710 
3.350-5.380 
3.760-5.640 

[20] 
[20] 
[20] 

 
Propane 25 

17 
230.00 
270.00 

8.9-71.1 
32.0-79.5 

[21] 
[21] 

 
Methanol 8 

11 
16 

298.15 
291.15 
308.15 

 

7.89-59.52 
5.6-43.3 
13.2-77.2 

[22] 
[23] 
[23] 
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Table 4.3 Optimal parameters and deviations values for asymmetric mixtures using EOS-Gex mixing rules 
Carbon dioxide + propane, T=230 K Carbon dioxide + propane, T=270 K 

 HVO MHV1 MHV2 WS HVOS  HVO MHV1 MHV2 WS HVOS 
τ12 2.2338 2.0158 1.5709 4.5317 1.9126 1.1005 1.2162 1.3014 4.3880 1.1921 
τ21 0.7053 0.3891 0.5718 1.3974 0.5363 0.6007 0.1265 0.0523 0.6800 0.2031 
∆P 2.4042 2.8807 2.7976 1.6090 2.5996 3.6021 1.7878 1.1003 1.4843 1.9921 
∆y 0.0174 0.0183 0.0178 0.0116 0.0177 0.0106 0.0078 0.0065 0.0022 0.0082 

           
Carbon dioxide + methane, T=230 K Carbon dioxide + methane, T= 250 K 

τ12 0.8646 0.8861 1.0149 0.8901 0.9589 0.9004 0.9959 1.0809 0.7882 1.0714 
τ21 0.6077 0.5211 0.4091 1.5526 0.5280 0.4003 0.2332 0.1404 1.4623 0.2269 
∆P 1.5046 1.1529 1.1497 2.5008 0.9238 0.8131 0.4056 0.4127 1.5361 0.4311 
∆y 0.0051 0.0039 0.0038 0.0246 0.0036 0.0066 0.0068 0.0069 0.0167 0.0070 

           
Carbon dioxide + methane, T=270 K Carbon dioxide + methanol, T=291.15 K 

τ12 1.0982 1.0457 1.0080 0.2308 1.0074 1.1189 1.1075 1.2105 2.9947 0.2352 
τ21 0.0374 0.0273 0.0149 4.1994 0.1045 -0.2619 -0.3641 0.1104 -0.3473 0.3171 
∆P 0.9403 0.9079 0.7891 1.0604 0.8305 1.2727 1.3376 3.0814 2.1548 3.1172 
∆y 0.0063 0.0061 0.0056 0.0269 0.0057 0.0038 0.0038 0.0037 0.0025 0.0038 

           
Carbon dioxide + methanol , T=298.16 K Carbon dioxide + methanol , T=308.15 K 

τ12 1.1181 0.8589 1.8532 6.4430 1.0149 1.2115 1.2083 1.9033 5.6889 1.1119 
τ21 0.0187 0.0617 0.0078 0.1953 -0.0025 0.07317 -0.0677 -0.0357 0.1204 0.0449 
∆P 5.3478 6.1531 1.6385 0.9526 5.5711 5.4876 4.9996 3.0275 2.9878 5.7292 
∆y 0.0041 0.0041 0.0041 0.0027 0.0041 0.00321 0.00318 0.0026 0.0049 0.00323 
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(Continued) 
Carbon dioxide + ethano, T= 207 K Carbon dioxide + ethano, T=210 K 

 HVO MHV1 MHV2 WS HVOS  HVO MHV1 MHV2 WS HVOS 
τ12 2.0193 2.1111 2.2251 2.2590 2.2204 2.3023 2.3948 2.3033 2.2015 2.3067 
τ21 0.7445 0.4829 0.3693 1.3164 0.5537 0.5254 0.2628 0.2282 1.3188 0.4174 
∆P 0.5171 0.7894 0.9604 0.2416 0.7828 1.1914 1.6216 1.5655 0.2492 1.3123 
∆y 0.0067 0.0114 0.0143 0.0066 0.0113 0.0119 0.0187 0.0175 0.0045 0.0137 

           
Carbon dioxide + ethano, T= 213 K 

τ12 2.1982 2.2283 2.2353 2.0655 2.2533 
τ21 0.5134 0.2782 0.1945 1.2500 0.3787 
∆P 1.5331 1.9560 2.0971 0.5655 1.8050 
∆y 0.0125 0.0162 0.0176 0.0084 0.0148 
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The correlation capacities of the mixing rules used and the results for CO2 systems are 
presented here. The parameters estimation was performed using the Levenberg-Marquardt 
minimization algorithm for each mixture with eqn. (41). The optimal NRTL model 
parameters (τ12 and τ21) are presented for asymmetric binary mixtures containing carbon 
dioxide in Table 4.3.  
 
Experimental and predicted phase equilibrium for the carbon dioxide + propane binary 
system is shown in Fig. 4.1. Predictions with the optimal parameters obtained from HVO 
and MHV1 mixing rules are compared. It can be appreciated that predictions corresponding 
to MHV1 are slightly better than those corresponding to HVO.  

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
0

5

10

15

20

25

30

Molar fraction of Carbon Dioxide

Pr
es

su
re

, b
ar

MHV1 mixing rule

HVO mixing rule

270 K

230 K

 
Fig. 4.1 VLE correlation of the CO2 + propane system by MHV1 and HVO mixing rules. 

Experimental data were taken from Webster and Kidnay [21]. 
 
VLE for carbon dioxide + methane asymmetric binary system is shown in Fig. 4.2. 
Experimental data are compared with the calculations with optimal parameters obtained 
from the objective function (eqn. (41)). At the three considered temperatures (230, 250 and 
270 K), all the predictions were accurate in both pressure and vapor phase composition by 
MHV2 mixing rule. In this particular case the predictions obtained by WS mixing rule were 
not completely satisfactory. 
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Fig. 4.2 VLE correlation of the CO2 + methane system by WS and MHV2 mixing rules. 

Experimental data were taken from Wei et al. [20]. 
 
The results for the correlation of carbon dioxide + methanol system are shown in Fig. 4.3. 
The WS mixing rule captures the phase equilibrium behavior very well. For the case of the 
HVOS mixing rule, the general phase behavior is captured; however, pressures are found to 
be slightly lower than the experimental measurements. Fig. 4.3 at 291.15 and 298.16 K, the 
CO2 is subcritical while at other temperature it is supercritical. In general good matches 
were obtained with the WS mixing rule. 
 
Fig. 4.4 shows the experimental and predicted VLE for the asymmetric carbon dioxide + 
ethane binary system. Here, WS, MHV1 and MHV2 mixing rules are compared. In both 
cases, for the two temperatures WS mixing rule showed the vapor phase representations are 
very accurate taking into account the range of experimental data. It can be observed that 
MHV1 and MHV2 gave poor predictions for pressure and vapor phase.  
 
In general, as the asymmetry of the system increases, the MHV2 mixing rule has some 
shortcomings around the critical region, but as the non randomness of the binaries 
decreases, its results are comparable to those obtained by WS mixing rule. The results are 
similar to that obtained by the WS mixing rule although the latter was more accurate at the 
critical region. 
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Fig. 4.3 VLE correlation of the CO2 + methanol system by WS and HVOS mixing rules. 

Experimental data were taken from Ohgaki and Katayama [22] and Chiehming et al. [23]. 
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Fig. 4 .4 VLE correlation of the CO2 + ethane system by WS MHV1 and MHV2 mixing 

rules. Experimental data were taken from Wei et al. [20]. 
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With the purpose of comparing the accuracy of each mixing rules for predicting the phase 
equilibrium for asymmetric binary mixtures containing carbon dioxide at high pressures, 
Table 4.4 shows the average deviations of these predictions obtained from each mixing 
rule.  
 

Table 4.4 Average deviations in the VLE prediction of the parameters obtained from each  
mixing rules for asymmetric systems. 

Asymmetric systems  
Mixing Rules ∆P ∆y 

HVO 24.6140 0.0882 
MHV1 23.9922 0.1003 
MHV2 18.6198 0.1004 

WS 15.3421 0.1116 
HVOS 25.0947 0.0931 

 
Also, for one of the studied asymmetric systems, the residuals deviations were calculated 
with the purpose of making more informative the quality of the obtained parameters from 
the mixing rules analyzed. These residuals deviations are the difference between the 
experimental point and the calculated value. The residual plot for carbon dioxide + 
methanol at 298.16 K and is shown in Fig 4.5.  
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Fig. 4.5 Deviations between experimental points and calculated values of y and P for CO2 + 
 methanol at 298.16K. Parameters obtained from: , HVO; +, MHV1; ●, MHV2; □, WS; ○, HVOS 
 
In general terms, the optimal parameters obtained from the different mixing rules (HVO, 
MHV1, and MHV2) are similar, but not identical. On the other hand, the optimal 
parameters obtained using the other mixing rules (WS, HVOS) are very different. In terms 
of accuracy for representing the phase equilibria, according to the Table 4.4 all the mixing 
rules gave good predictions for the vapor phase composition, but HVO mixing rule showed 
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mildly better results than the others mixing rules for the binary systems analyzed. The WS 
mixing rule represented the bubble point pressure better than other mixing rules. 
 
4.5 Conclusions 
 
It is difficult to accurately predict, or even correlate, the isothermal vapor-liquid 
equilibrium of carbon dioxide systems owing to the asymmetric nature. In this study, the 
correlation capability of WS mixing rule were shown to be successful and comparable to 
other mixtures rules, except that near the critical region the former was superior. The 
MHV2 mixing rule failed for asymmetric systems, in the critical region. Prediction 
capacities of WS and HVOS mixing rules were tested by using the model parameters found 
at the lowest available temperature, and it was found that the WS mixing rule was better 
than the HVOS mixing rule.  
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CHAPTER 5 
 

PARAMETERS ESTIMATION AND VLE CALCULATION IN 
BINARY MIXTURES CONTAINING CARBON DIOXIDE + n-

ALKANES AND n-ALKANOLS 
 

In the present chapter, the estimation of the parameters for asymmetric binary mixtures of 
carbon dioxide + n-alkanes and n-alkanols has been developed. The binary interaction 
parameter k12 of the second virial coefficient and non-random two liquid model 
parameters were obtained using Peng–Robinson equation of state coupled with the Wong–
Sandler mixing rules. In all cases, Levenberg–Marquardt minimization algorithm was 
used for the parameters optimization employing an objective function based on the 
calculation of the distribution coefficients for each component. Vapor–liquid equilibrium 
for binary mixtures (CO2 + n-alkane, from methane to 1-decane and CO2 + n-alkanol, 
from methanol to 1-decanol) was calculated using the obtained values of the mentioned 
parameters. The agreement between calculated and experimental values was satisfactory. 
 
 
5.1 Introduction 
 
In the last decade, supercritical fluids (SCF) have intensively been proved as 
environmentally benign media for chemical and related processes. Many processes and 
products have been developed applying the inherent physical and chemical properties of 
SCF [1]. The use of SCF represents an attractive option to implement diverse chemical 
processes in a sustainable manner. The CO2 is commonly used in processes involving SCF 
since it is not toxic, not explosive, chemically inert, economic, not corrosive, easily 
recyclable and available in a high purity. The main disadvantage of the SCF processes is 
the relatively high cost of the required equipment. However, the quality of the products 
widely overcomes that of the products obtained by conventional extraction using solvents. 
This fact may offset the investment in high-pressure equipment [2–4]. 
 
Supercritical carbon dioxide, as other supercritical fluids, offers the possibility of reducing 
the reactor size in a great extent, as well as the acceleration of many chemical processes [1]. 
The SCF have features of both gases and liquids. Compared to liquid solvents, SCF have a 
major dissolving capability, higher diffusion coefficient, and lower viscosity and surface 
tension than a liquid solvent leading to more favorable mass transfer [5]. 
 
The information on the high-pressure behavior of fluids under supercritical conditions has 
been valuable during the design of new separation processes in various fields like food, 
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pharmaceutical and fine chemical industries [6]. The information of high-pressure phase 
equilibrium of mixtures containing CO2 and alcohols is particularly relevant and has been 
actively studied for various purposes. For instance, the phase equilibrium behavior of low 
molecular weight alcohols, such as methanol and ethanol, in CO2 is essential for the 
effective evaluation of cosolvents for CO2-based supercritical processes [7]. Additionally, 
high-pressure VLE measurements of CO2 + alkanols systems are of great interest due to 
their role during the supercritical extraction of thermally labile compounds, dehydration of 
alcohols, and extraction of natural products using near critical solvents [8]. Finally, CO2 + 
alcohol systems have a high potential as supercritical fluid/cosolvent pairs for separation of 
different metabolites. Therefore, the knowledge of vapor–liquid equilibrium in these 
systems is needed in order to evaluate the employed models for describing the extraction of 
biomaterials with supercritical fluid/cosolvent pairs [9]. 
 
The evaluation of supercritical extraction processes has its major difficulty in the modeling 
of VLE. This is related to the high complexity and asymmetry of the mixtures treated [10]. 
Thus, VLE calculation requires of improved versions of the EOS. Among the many cubic 
EOS of van der Waals type currently available, the equation proposed by Peng and 
Robinson [11] is widely used due to its simplicity and flexibility [12]. The application of 
this cubic EOS to systems containing highly non-ideal components requires an appropriate 
mixing rule for the attractive-term and covolume, which generally are based on excess 
Gibbs free energy [13,14]. Other models have also been successful as the zero-pressure 
model [15,16] and the infinite-pressure model [17]. Their capabilities and limitations for 
asymmetric systems have been discussed in some works [18,19]. 
 
VLE at high pressures can be calculated using the available values at low pressures of the 
activity model parameters. But sometimes, in the case of highly asymmetric mixtures as 
those containing CO2, these values are not available. In such case, it is more convenient to 
calculate the parameters of the activity coefficient models from VLE data using an 
adequate minimization algorithm and an appropriate objective function. This procedure 
should have a moderate computing time requirement and a well accuracy in the phase 
equilibrium prediction [13]. 
 
In this work, an objective function based on the calculation of the distribution coefficient 
has been used to represent both the phase vapor and the pressure behavior in the case of 
isothermal binary mixtures containing carbon dioxide, n-alkanes and n-alkanols at high 
pressures (CO2 + n-alkanols, from methanol to 1-decanol and CO2 + n-alkane, from 
methane to 1-decane). The experimental data were correctly correlated with the Peng–
Robinson EOS using the Wong–Sandler mixing rules. The binary interaction parameter k12 
of the second virial coefficient and the non-random two liquid (NRTL) model parameters 
τ12 and τ21 were calculated for the VLE of binary asymmetric mixtures at high pressures. 
For this, a Levenberg–Marquardt minimization algorithm was used. 
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5.2 Equation of state and mixing rules 
 
The Peng–Robinson EOS [11] has the following form: 
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where P is the absolute pressure, T the absolute temperature, R is the ideal gas constant, a 
and b are the energy and size parameters respectively. These parameters are calculated from 
following correlations: 
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where subscripts c and r denote critical and reduced conditions, respectively. The α 
function is calculated from: 
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where ω is the acentric factor. For extending Peng-Robinson EOS to mixtures the Wong-
Sandler [17] mixing rules were used. The am and bm parameters are calculated from: 
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 where kij is a binary interaction parameter of the second virial coefficient, z is the molar 
fraction and EA∞  is the excess Helmholtz free energy at infinite pressure which is calculated 
from NRTL model for binary mixtures [20]: 
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where α12 (=α21), τ12 and τ21 are the three parameters of the NRTL model. A constant value 
for τ21 of 0.3 was used in this work. The adjustable parameters of NRTL model, τ12 and τ21, 
and binary interaction parameter k12 of the second virial coefficient have been determined 
using experimental phase equilibrium data at isothermal conditions for 20 binary mixtures. 

5.2.1 Parameters optimization 
 
Binary interaction parameters for Peng–Robinson EOS and NRTL model have been 
determined by using Levenberg–Marquardt minimization algorithm. The objective function 
used for all cases is as follows: 
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where np is the number of experimental data points, nc the number of components, y and x 
are the molar fraction in the vapor and liquid phases, respectively. K is the distribution 
coefficient between vapor and liquid phases. The superscripts exp and cal correspond to the 
experimental and calculated values, respectively.  In a previous work [13], it has been 
found that the objective function represented by Eq. (12) has three principal advantages 
over the commonly used objective functions based on bubble point pressure and vapor 
phase composition calculation. Mentioned advantages are: (1) minimum computing time 
requirement considering that this objective function does not involve additional iterative 
calculations as the bubble point or isothermal flash for each experimental data point. (2) 
The optimal second virial coefficient interaction parameter is concordant with the statistical 
thermodynamic postulates since its value does not violate the quadratic composition 
dependence of the second virial coefficient. (3) Phase equilibrium calculations using the 
optimal parameters obtained with this objective function show very good predictions for 
both vapor phase and pressure. Therefore, all these features make the objective function 
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(eqn. (12)) adequate for parameters optimization from experimental VLE data in highly 
asymmetric binary mixtures. For this reason, it is used in the present work. Twenty binary 
mixtures containing carbon dioxide, n-alkanes and n-alkanols have been studied. The 
critical properties, acentric factors and the literature source of the components involved in 
this study are shown in Table 5.1.  
 
Table 5.1 Properties of pure substances for n-akanols and n-alkanes 
Compound  Tc, K Pc, bar w Ref. 
Carbon dioxide 304.21 73.83 0.22500 [21] 
Methane 190.55 45.99 0.01045 [22] 
Ethane 305.43 48.72 0.09781 [22] 
Propane 369.82 42.48 0.15416 [22] 
n-Butane 425.16 37.96 0.20096 [22] 
n-Pentane 469.70 33.70 0.25143 [22] 
n-Hexane 507.30 30.25 0.30075 [22] 
n-Heptane 540.10 27.40 0.35022 [22] 
n-Octane 568.76 24.90 0.39822 [22] 
n-Nonane 594.56 22.90 0.44517 [22] 
n-Decane 617.50 21.10 0.49052 [22] 
Methanol 512.64 80.97 0.56500 [22] 
Ethanol 513.92 61.40 0.64356 [22] 
Propanol 536.80 51.69 0.62043 [22] 
1-Butanol 563.10 44.14 0.58946 [22] 
1-Pentanol 588.10 38.97 0.57314 [22] 
1-Hexanol 610.30 34.17 0.57636 [22] 
1-Heptanol 631.90 31.50 0.58800 [22] 
1-Octanol 652.50 28.60 0.58291 [22] 
1-Nonanol 671.00 26.30 0.59969 [22] 
1-Decanol 687.30 23.15 0.62192 [22] 
 
The deviation between the experimental data and the calculated values with PR coupled 
with the Wong–Sandler mixing rules was established through the relative percentage 
deviations in the bubble point pressure: 
 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛−
=∆ ∑

= npP

PP
P

np

i

cal 100
1 exp

exp                    (13) 

and the absolute mean deviation in the molar fraction in the vapor phase was calculated as 
follows: 

exp
1

1np

cal
i

y y y
np=

∆ = −∑                   (14) 
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5.3 Results and discussion 
 
A total of 28 isotherms with 470 experimental data points for n-alkanes and 38 isotherms 
with 371 experimental data points for n-alkanols and have been analyzed. Then, 198 
optimal parameters have been obtained for the 20 mixtures involved in the study. These 
NRTL model parameters (τ12 and τ21) and the binary interaction parameter k12 of the second 
virial coefficient of the Peng–Robinson EOS for non-polar and polar mixtures and the 
deviations between experimental data and calculated values are reported in Tables 5.2 and 
5.3. 
  
The optimal parameters showed in Tables 5.2 and 5.3 gave very good predictions for the 
molar fractions in the vapor phase but poor predictions for bubble point pressure. However, 
we consider that the results are acceptable since the Levenberg–Marquardt minimization 
algorithm has the disadvantage of that can guarantee a local minimum and not a global one 
(Palosaari et al. [23]).  
 
For the 10 mixtures of carbon dioxide with n-alkanes the agreement with the experimental 
data is generally satisfactory as shown in Table 5.2 and graphically in Figs. 5.1–5.3. Fig.5.1 
shows the results for the lightly asymmetric binary system carbon dioxide + methane. At 
the three evaluated temperatures, methane is in supercritical conditions. Also, we can see 
that as the temperature of equilibrium increases, the prediction in the vapor phase is lightly 
superior. The carbon dioxide + ethane binary system is shown in Fig. 5.2. Since the 
chemical affinities between the two molecules, this system exhibits a maximum pressure 
azeotrope, which is perfectly predicted with the PR EOS and Wong–Sandler mixing rules. 
Also, at low temperatures the phase equilibrium is correctly represented until the one it 
limits in which the solidification of carbon dioxide occurs. 
 
Fig. 5.3 shows the VLE prediction for carbon dioxide + n-heptane asymmetric binary 
systems, respectively. In this case, the temperature of carbon dioxide is over its critical 
temperature and excellent predictions for both mixtures are obtained. We can notice that the 
highest deviation in the carbon dioxide + n-heptane binary system is found for that case in 
which the n-alkane concentration in the vapor phase is low. 
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Table 5.2 Optimal parameters obtained from optimization and deviations between 
calculated and experimental values for n-alkanes. 

np T, K NRTL parameters k12 Deviations CO2+ 
  τ12 τ21  ∆P ∆y 

Ref. 

C1 20 
19 
13 

230.00 
250.00 
270.00 

0.9231 
1.0580 
0.9374 

0.7099 
0.4165 
0.0846 

 

0.1563 
0.1428 
0.2039 

 

1.1070 
0.6750 
0.7432 

 

0.0029 
0.0046 
0.0092 

[24] 
[24] 
[24] 

C2 10 
17 
15 
16 
20 
6 

207.00 
210.00 
213.00 
230.00 
250.00 
270.00 

 

1.6375 
1.6925 
1.8180 
1.8426 
1.7215 
1.6871 

1.1054 
1.0796 
1.0630 
0.7901 
0.7743 
0.5308 

 

0.1277 
0.1237 
0.0795 
0.0907 
0.0466 
0.0505 

 

0.2483 
0.1893 
0.4780 
0.3615 
0.3347 
0.4281 

 

0.0043 
0.0064 
0.0084 
0.0032 
0.0068 
0.0114 

[24] 
[24] 
[24] 
[24] 
[24] 
[24] 

C3 29 
27 

230.00 
270.00 

 

4.3311 
2.4946 

 

1.3291 
0.2091 

 

0.0169 
0.1908 

 

1.5120 
0.4002 

 

0.0213 
0.0112 

[25] 
[25] 

C4 47 
37 

311.09 
344.43 

 

2.7235 
5.4368 

-0.4951 
-0.8042 

 

0.3309 
0.3277 

 

1.8418 
4.1466 

 

0.0373 
0.0658 

[26] 
[26] 

C5 12 
13 
16 

310.15 
333.15 
363.15 

 

0.2957 
1.0449 
0.3094 

 

0.9251 
0.2109 
0.6142 

 

0.5603 
0.5287 
0.5597 

 

2.9072 
1.2980 
2.7394 

 

0.0110 
0.0137 
0.0250 

[27] 
[27] 
[27] 

C6 10 
10 

298.15 
313.15 

 

1.5917 
1.4805 

 

0.0557 
-0.0728 

 

0.5676 
0.5449 

 

2.5149 
1.8079 

 

0.0053 
0.0044 

[28] 
[28] 

C7 23 
17 
17 
7 

310.65 
352.59 
394.26 
477.20 

3.8381 
2.8376 
4.9407 
0.7192 

 

-0.3973 
-0.6426 
-0.8718 
-0.3115 

 

0.5774 
0.6095 
0.5613 
0.6906 

 

2.0079 
1.0223 
2.4930 
1.6567 

 

0.0095 
0.0103 
0.0414 
0.0381 

[29] 
[29] 
[29] 
[29] 

 
C8 6 

6 
8 

313.15 
328.15 
348.15 

3.1397 
3.8866 
3.5901 

 

-0.1264 
-0.2908 
-0.3804 

 

0.6726 
0.6512 
0.6641 

 

0.4398 
1.0694 
1.0491 

 

0.0019 
0.0047 
0.0078 

[30] 
[30] 
[30] 

 
C9 6 343.25 

 
3.5353 

 
-0.5094 

 
0.7021 

 
0.1985 

 
0.0072 [31] 

 
C10 20 

23 
344.30 
377.60 

 

4.3681 
3.7302 

 

-0.4012 
-0.7114 

 

0.7321 
0.7521 

 

0.3955 
0.5231 

 

0.0105 
0.0064 

[32] 
[32] 
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Table 5.3 Optimal parameters obtained from optimization and deviations between 
calculated and experimental values for n-alkanols.  

np NRTL parameters k12 Deviations CO2+ 
 

T, K 
τ12 τ21  ∆P ∆y 

Ref. 

C1 8 
11 
16 
16 
17 

298.15  
291.15  
303.18  
308.15  
313.14  

 

0.5013 
1.3345 
3.2387 
2.7720 
1.5843 

 

0.1187 
-0.3352 
-0.4343 
-0.4156 
-0.1363 

 

0.3972 
0.2205 
0.1771 
0.2144 
0.2992 

 

1.1723 
1.1878 
2.3629 
2.2206 
0.9024 

 

0.0016 
0.0037 
0.0022 
0.0028 
0.0025 

[33] 
[34] 
[34] 
[34] 
[34] 

 
C2 8 

11 
6 
9 
8 

298.17  
303.12  
314.50  
325.20  
337.20  

 

1.3143 
0.1705 
1.9314 
1.1963 
1.0835 

 

-0.6677 
0.4247 
-0.0701 
0.2243 
0.2871 

 

0.4298 
0.4504 
0.3772 
0.4084 
0.4071 

 

1.5124 
1.6339 
1.7598 
0.1633 
0.3257 

 

0.0069 
0.0064 
0.0010 
0.0023 
0.0031 

[34] 
[34] 
[9] 
[9] 
[9] 

C3 8 
10 
10 
10 
9 

315.00  
326.60  
337.20  
313.40  
333.40  

 

2.2793 
0.7280 
1.6067 
2.5113 
1.8870 

 

-0.0110 
0.5953 
0.0402 
-0.4762 
-0.1471 

 

0.4065 
0.5048 
0.4537 
0.4422 
0.4388 

 

0.2879 
0.7484 
1.7443 
1.3856 
0.9273 

 

0.0021 
0.0011 
0.0020 
0.0016 
0.0051 

[35] 
[35] 
[35] 
[36] 
[36] 

C4 14 
8 
9 

11 

303.15  
314.80  
325.30  
337.20  

 

1.0752 
1.9332 
1.8663 
1.8003 

0.4405 
-0.0061 
-0.0445 
-0.0833 

 

0.5812 
0.5273 
0.5244 
0.5221 

 

3.2506 
0.0866 
0.1412 
0.0952 

 

0.0042 
0.0008 
0.0012 
0.0018 

[37] 
[37] 
[9] 
[9] 

 
C5 7 

4 
4 

12 

333.08  
343.69  
374.93  
426.86  

 

2.3425 
2.3645 
1.5248 
2.0271 

 

-0.3235 
-0.3975 
-0.0477 
-0.7586 

 

0.5633 
0.5612 
0.5790 
0.5460 

 

1.0132 
0.1887 
0.3246 
1.4383 

 

0.0086 
0.0089 
0.0121 
0.0033 

[38] 
[38] 
[38] 
[38] 

 
C6 4 

7 
431.82  
432.45  

 

1.4259 
-0.5979 

 

-0.7219 
1.8222 

 

0.6310 
0.6773 

 

0.1367 
2.6389 

 

0.0058 
0.0332 

[39] 
[39] 

C7 8 
6 
8 

10 

374.63  
431.54  
298.15  
316.15  

 

2.3674 
3.9066 
2.6575 
2.5770 

 

-0.8955 
-1.0822 
-0.1594 
-0.3556 

 

0.6597 
0.5106 
0.6808 
0.6772 

 

0.6572 
2.0066 
0.6078 
4.0665 

 

0.0029 
0.0459 
0.0062 
0.0075 

[39] 
[39] 
[40] 
[40] 

C8 12 
9 

16 

308.15  
318.19  
328.15  

 

2.5807 
1.7590 
2.3629 

 

-0.1218 
0.0606 
-0.2511 

 

0.7377 
0.7579 
0.7325 

 

0.6292 
0.5795 
0.9807 

 

0.0015 
0.0015 
0.0079 

[34] 
[34] 
[34] 
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C9 

 
9 

10 
15 

 
308.14  
318.13  
328.18  

 

 
2.9503 
1.9111 
2.4344 

 

 
-0.1062 
-0.0169 
-0.2631 

 

 
0.7564 
0.7926 
0.7704 

 

 
0.4157 
0.7922 
0.8844 

 

 
0.0017 
0.0040 
0.0055 

 
[34] 
[34] 
[34] 

 
C10 9 

9 
13 

308.14  
318.14  
328.16 

3.0836 
2.2640 
2.0742 

-0.0749 
-0.1460 
-0.1706 

0.7904 
0.8130 
0.8218 

0.5919 
1.0967 
1.2016 

0.0005 
0.0019 
0.0039 

[34] 
[34] 
[34] 

 
Graphical results of phase equilibrium calculations using the optimal parameters reported in 
the Table 5.3 are shown in Figs. 5.4–5.8 for carbon dioxide + n-alkanols mixtures.  
Experimental and predicted VLE for binary mixture carbon dioxide + methanol is shown in 
Fig. 5.4. In mentioned figure, parameters optimization has been developed. For all cases, 
the agreement between experimental data and calculated values was satisfactory. 
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Fig. 5.1 Experimental and predicted VLE for carbon dioxide + methane binary system. 
Experimental data were taken from Wei et al. [24]. 
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Fig. 5.2 Experimental and predicted VLE for carbon dioxide + ethane binary system. Experimental 
data were taken from Wei et al. [24]. 
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Fig. 5.3 Experimental and predicted VLE for carbon dioxide + heptane binary system. Experimental 
data were taken from Kaira et al. [29]. 
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Fig. 5.4 Experimental and predicted VLE for carbon dioxide + methanol binary system. 
Experimental data were taken from Ohgaki and Katayama [33] and Chiehming et al. [34].  

Isothermal VLE for carbon dioxide + 1-butanol binary system is shown in Fig. 5.5. Both 
liquid and vapor phase predictions were correct for the pressure range analyzed. However, 
in the mentioned figure, it can be noted that calculations present light deviations near the 
critical point of the mixture at the five temperatures evaluated. This has been observed for 
the other treated cases as well. This behavior can be explained by the fact that the 
experimental data points, in almost all cases, do not include data near the critical point.  
 
Therefore the minimizations were developed over the available points. Fig. 5.6 shows the 
experimental and predicted phase equilibrium for the highly asymmetric carbon dioxide + 
1–hexanol binary mixture. For the two temperatures analyzed, the vapor phase and liquid 
phase representations are very accurate related to the experimental points, as can be noted 
from the deviations reported in Table 5.4. Two highly asymmetric binary mixtures are 
shown in Fig. 5.7 (carbon dioxide + 1-octanol) and Fig. 5.8 (carbon dioxide + 1-decanol). 
For these two systems all predictions are correct in the total range of pressure analyzed. 
However, small deviations in the vapor phase were observed. 
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Fig. 5.5 Experimental and predicted VLE for carbon dioxide + 1–butanol binary system. 
Experimental data were taken from Secuianu et al. [37] and Jennings et al. [9].  

0.8 0.9 1
(Vapor)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
0

50

100

150

200

250

Molar Fraction Carbon Dioxide (Liquid)

Pr
es

su
re

 (b
ar

)

432.45 K
431.82 K

 

Fig. 5.6 Experimental and predicted VLE for carbon dioxide + 1–hexanol binary system. 
Experimental data were taken from Solis et al. [39]. 
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Fig. 5.7 Experimental and predicted VLE for carbon dioxide + 1–octanol binary system. 
Experimental data were taken from Chiehming et al. [34]. 
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Fig. 5.8 Experimental and predicted VLE for carbon dioxide + 1–decanol binary system. 
Experimental data were taken from Chiehming et al. [34].  
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The parameters obtained from the minimization of the objective function eqn. (12) showed 
in Tables 5.2 and 5.3 were correlated as function of the n-alkanes and n-alkanols acentric 
factor and the equilibrium temperature as follows: 
 

( ) ( ) ( )( )2
1 3 4 5 6

c
ijp T K c w c w c c T K c= + + + +                  (15) 

 
where pij is any of the parameters obtained from optimization (τ12, τ21 and k12) and the 
constant values for each parameter are represented in Table 5.4. 
 
Table 5.4 Coefficients c1- c6 for each interaction parameter represent for Eq. (15) 

n-alkanes, pij c1 c2 c3 c4 c5 c6 
τ12 0.1763 0.0008 -0.1818 9.0783 -0.0066 2.5005 
τ21 0.0419 0.7142 -0.0173 -10.677 -0.0150 4.4634 
k12 0.0022 -0.1135 -0.0004 3.1334 -0.0043 -0.6728 

n-alkanols, pij c1 c2 c3 c4 c5 c6 
τ12 6.8463 0.5669 -2.3576 -77.138 -4.6088 47.989 
τ21 0.1382 -0.3665 -0.2105 12.558 0.0711 -7.3326 
k12 0.4821 0.4546 -0.1690 22.034 -0.3560 -12.521 

 
The optimal parameters presented in Table 5.4 have shown a uniform tendency correlating 
the equilibrium temperature and acentric factor as a function of for n-alkanes and n-
alkanols  
 
5.4 Conclusions 
 
In the present work, the binary interaction parameter k12 of the second virial coefficient and 
the NRTL model parameters τ12 and τ21 were optimized for 20 binary mixtures containing 
carbon dioxide, n-alkanes (from methane to 1-decane) and n-alkanols (from methanol to 1-
decanol). Phase equilibrium calculations were developed using the Peng–Robinson EOS 
coupled with the Wong–Sandler mixing rules. Excess Helmholtz free energy at infinite 
pressure was calculated using NRTL excess Gibbs free energy model. In total, 198 
minimizations were carried out for the 20 mixtures at high pressures studied.  
 
Here, the capability and efficiency of the objective function denoted by the Eq. (12) for 
minimizing VLE experimental data at high pressures has been demonstrated. The optimal 
parameters reported serve as a base to improve phase equilibria predictions in order to 
model and design chemical processes involving supercritical carbon dioxide n-alkanes and 
n-alkanols under non-ideal conditions. Then, the use of an adequate mixing rule containing 
a correction at infinite-pressure results convenient for the satisfactory representation of 
phase equilibrium of the highly asymmetric binary mixtures evaluated.  
 
The optimal values of the binary interaction parameter of the second virial coefficient for 
all the mixtures studied were found to be in concordance with the statistical thermodynamic 
postulates considering that such values were in the acceptable range (0–1) and that it 
increases when the asymmetry of the mixtures also increases. Parallelly, we propose a 
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generalized correlation as function of the n-alkanes and n-alkanols acentric factor and the 
equilibrium temperature for mixing rule parameters, which gave good results in the vapor 
phase prediction. 
 
 
List of symbols 

EA   
excess Helmholtz free energy  

a, b equation of state parameters 
(b-a/RT)ij cross second virial coefficient 
gij parameter defined by Eq. 11 
Kij distribution coefficient 
kij second virial coefficient interaction parameter 
nc number of components 
np number of experimental data points 
P pressure 
R gas constant 
T temperature 
V volume in molar units 
X liquid molar fraction 
Y vapor molar fraction 
Z molar fraction 
 
Greek Letters 
∆ deviation 
α(Tr) temperature-dependent alpha function 
αij NRTL model parameter 
Κ Peng-Robinson alpha function parameter 
τ12, τ21  NRTL model binary interaction parameter. 
Ω acentric factor 
 
Subscripts 
c critical point 
m mixture 
r reduced conditions 
∞  infinite condition 
 
Superscripts 
E excess property 
exp experimental 
cal calculated 
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CHAPTER 6 
 

THERMODYNAMIC CONSISTENCY OF EXPERIMENTAL 
VLE DATA FOR ASYMMETRIC BINARY MIXTURES 

CONTAINING CO2 AT HIGH PRESSURES 
 

 
In this chapter, the thermodynamic consistency of isothermal vapor-liquid equilibrium 
data for 9 non-polar and 9 polar binary asymmetric mixtures containing carbon 
dioxide at high pressures has been evaluated. A method based on the isothermal Gibbs-
Duhem equation was used for the test of thermodynamic consistency using an Φ–Φ 
approach. The Peng-Robinson equation of state coupled with the Wong-Sandler mixing 
rules were used for modeling the vapor-liquid equilibrium (VLE) within the 
thermodynamic consistency test. The VLE parameters calculations for asymmetric 
mixtures at high pressures were highly dependent on bubble pressure calculation, 
making more convenient to eliminate the data points yielding the highest deviations in 
pressure. However the results of the thermodynamic consistencies test of experimental 
data for many cases were found not fully consistent. As a result, the strategies for 
solving these problems were discussed in detailed. 
 
 
6.1 Introduction 
 
Information about high-pressure phase equilibrium is essential for many chemical 
processes and separation operations involving higher pressures. Simulation of 
petroleum reservoirs, transportation, natural gas storage and carbon dioxide 
sequestration, and the study of geological processes are some examples in which high-
pressure phase equilibrium data are necessary [1]. Many of the asymmetric mixtures at 
high pressures containing carbon dioxide and isoamyl acetate, ethyl laureate, ethyl 
caproate, among others compounds, have great industrial importance. For instance in 
the field of the supercritical fluid extraction, designing and sizing equipments. These 
kind of binary mixtures are characterized by both high complexity and asymmetry, 
being the more common shortcoming for modeling vapor-liquid equilibrium (VLE). 
Therefore it is necessary to account models that provide good prediction for VLE [2]. 
 
There are many ways to obtain information about VLE for asymmetric mixtures.  The 
direct experimental measurement of phase equilibrium data may be the preferred option, 
although these measurements can be difficult and expensive. There are some useful 
thermodynamic models that can be employed for predicting the VLE for binary 
mixtures at high pressures [3-11], especially when a minimum number of experimental 
data is available, helping to reduce the number of experimental data points needed for a 
special design problem.  
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With the aim of generating adequate thermodynamic models, an accurate set of VLE 
data is required. This set is commonly tested by a thermodynamic consistency test in 
order to verify the reliability of the experimental data, which are increasingly in 
importance to have more accuracy. Among the most employed thermodynamic relations 
requiring to be satisfied for testing thermodynamic consistency are the Gibbs-Duhem 
and Gibbs-Helmholtz equations. Some common consistency thermodynamic tests (e.g. 
the overall area test method) are based on different mathematical rearrangement of the 
Gibbs-Duhem equation, which, in some cases, consider constant both temperature and 
pressure. Although the Gibbs-Duhem equation is also employed in the calculation of the 
fugacity coefficient among other thermodynamic relationships [12]. Furthermore, these 
thermodynamic equations, carried out in a rigorous manner, are really useful to prove 
the accuracy of the experimental data set [13].  
 
The study of thermodynamic consistency of a binary system at low pressures is 
generally based on the equal-area criterion [13-17]. However, it is conveniently to use 
models different to the equal-area criterion when mixtures at high pressures are studied. 
Remarkable studies on thermodynamic consistency tests for these mixtures have been 
presented by Chueh et al. [18] by developing an equal-area test, based on extension of 
the Redlich and Kister’s method for isothermal VLE data at low pressure. Won and 
Prausnitz [19] by proposing a method for isothermal data based on extension of the 
Baker's method. Christiansen and Frendenslund [20] by considering an applicable 
model test to isothermal and isobaric data with a supercritical condition component. 
Bertucco et al. [21] proposed a method to find the consistency VLE data for mixtures 
containing fluid in supercritical state. Also, Jackson and Wilsak [22] presented a review 
of several common thermodynamic consistency tests used mainly for mixtures at high 
pressure. 
 
In many cases, thermodynamic consistency tests figure out the reliability of 
experimental data taken from literature. These tests provide a valuable tool when the 
experimental data satisfies and follows strictly a thermodynamic relationship (e.g. 
Gibbs-Duhen equation) assessing the data as thermodynamically consistent or 
inconsistent. In order to obtain VLE binary interaction parameters of asymmetric 
mixtures at high pressures, a suitable set of experimental data is required to generate 
reliable parameters coming from the minimization of a particular objective function.  
 
In the present work, the thermodynamic consistency test for experimental VLE data of 
polar and non-polar asymmetric binary mixtures containing carbon dioxide at high 
pressures proposed by Valderrama et al. [23] is analyzed. The Peng-Robinson (PR) 
equation of state [24] coupled with the Wong-Sandler mixing rules [25] has been used 
in thermodynamic consistency test and VLE estimation. NRTL model [26] was 
employed to predict the excess Helmholtz free energy into the Wong-Sandler mixing 
rules. The optimal parameters used in this work were calculated in previous works [27, 
28], and those were used for testing the thermodynamic consistency for twenty three 
isothermal sets of non-polar mixtures and twenty five isothermal sets of polar mixtures. 
Likewise the Levenberg-Marquardt minimization algorithm was used in all cases. 
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6.2 Thermodynamic consistency model  
 
The Gibbs-Duhem equation requires a general coupling of molar partial properties of 
the components in a specific mixture that provides a basis for most of the methods for 
testing thermodynamic consistency of VLE experimental data. The general Gibbs-
Duhem equation is expressed in terms of residual properties as [29]:  
 

2

RR R R
i

i
i

GG V Hd dP dT dz
RT RT RT RT

⎛ ⎞
= − +⎜ ⎟

⎝ ⎠
∑                       (1) 

 
where zi is the molar fraction of i-component in the reference phase (either x for liquid 
or y for the vapor phase) and the molar residual Gibbs property is defined by the 
equation (2): 
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By replacing Eqs. (2) into (1): 
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The residual Gibbs free energy properties can also be expressed in terms of fugacity 
coefficients ( )iφ  in the mixture. 
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The fugacity coefficient can be replaced in equation (3), giving: 
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RT RT
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where RV  and RH are the molar residual volume and enthalpy of the mixture, 
respectively. Equation (5) for a binary mixture, at constant temperature T, can be 
rewritten as:  
 

( ) ( ) ( )1 2
1 2

ln ln 1 1
i i i

d d dPz z Z
dz dz P dz
φ φ

+ = −                       (6) 

 
Equation (6) is usually written in terms of solute concentration into a vapor phase 
mixture ( i iz y= ). Thus, solute is termed as component 2 in the binary mixture. Taking 
into account these considerations the above equation can be expressed as: 
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( )
( )
( )
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                     (7) 

An analogous expression to (7), in terms of fugacity coefficients, has been reported by 
Bertucco et al. [21]. Likewise Eq. (7) can be conveniently expressed in integral form, as 
follows: 
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where P is the absolute pressure, 2y  is the molar fraction of solute in the vapor phase, Z 
is the compressibility factor of the vapor phase mixture, and 1φ  and 2φ  are the fugacity 
coefficients of species 1 and 2 in the vapor phase mixture. The equation (8) can also be 
written as: 
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The right hand side of the equation (8) is designated by Aφ  as follows:  
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The parameters Aφ  and Ap are obtained using a convenient thermodynamic model and 
from P-y experimental data set, respectively. The PR EoS coupled with the Wong-
Sandler mixing rules was used to evaluate eqn. (10). Note the advantageous manner of 
eqn. (10) which overcomes the inconvenience in evaluating excess volume effects on 
the activity coefficient. As can be seen, eqn. (10) is a non-defined integral equation 
which can be solved using any integrator numerical method. Finally, in order to qualify 
an experimental data ser, Ap

 
must be equal to Aφ

 
within the defined deviations range 

[23].  
 
6.3 Equation of state and mixing rules  
 
The PR EoS has the following form: 
 

 
( ) ( )

RT aP
v b v v b b v b

= −
− + + −

                                                                                     (11) 

where P is the absolute pressure, T is the absolute temperature, R is the ideal gas 
constant, a and b are the energy and size parameters. These last are calculated from the 
expressions: 
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c

c

P
RT

b 077796.0=                                                                                                          (13) 

where subscripts c and r denote critical and reduced conditions, respectively. The α 
function is calculated from equations (14) and (15): 
 

( ) ( ) 2
1 1r rT Tα κ⎡ ⎤= + −⎣ ⎦                                                                                              (14) 

 
20.37464 1.54226 0.26992κ ω ω= + −                                                                           (15) 

 
where ω is the acentric factor. The PR EoS can be extended to mixtures by using the 
Wong-Sandler [25] mixing rules for both vapor and liquid phases. The parameters am 
and bm  are obtained from: 
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where kij is a binary interaction parameter of the second virial coefficient, z is the molar 
fraction and EA∞  is the excess Helmholtz free energy at infinite pressure which is 
calculated from NRTL model for binary mixtures according to equations: 
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( )expij ij ijg α τ= −                                                                                                          (21) 
 

where α12 (=α21), τ12 and τ21 are the three parameters of NRTL model. A constant value 
for α12 of 0.3 was used. The PR EoS coupled with the Wong-Sandler mixing rules, the 
fitted NRTL parameters (τ12 and τ21), and the binary interaction parameters of the 
second virial coefficient (k12) were employed. These parameters have been previously 
determined using experimental phase equilibrium data at isothermal conditions for each 
of nine non-polar and eight polar asymmetric mixtures [27, 28]. The corresponding 
fugacity coefficients and the values of P-y variables for T-x were calculated by using 
these fitted parameters in order to evaluate eqn. (10). The required variables to calculate 
eqn. (10), that are P, 2y , 1φ  and 2φ , were found by using the thermodynamic condition 
expressing an equality-of-partial-fugacities for any component in all coexisting phases. 
This condition can be written in term of fugacity as: 
 

( ) ( )12 21 12 12 21 12, , ; , , , , ; , ,L V
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where superscripts L and V denote the liquid and vapor phases, respectively. The 
expression (22) is the starting point for VLE calculations. Furthermore, these 
parameters were obtained from sets of experimental data using the following objective 
function [27]: 
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where K is the distribution coefficient between vapor and liquid phases, the superscripts 
np and nc denote the numbers of experimental data points and components, and y and x 
are the molar fraction in the vapor and liquid phases, respectively. This objective 
function has shown very acceptable performances for VLE of asymmetric binary 
mixtures at high pressures [27, 28].  
 
6.4 Asymmetric binary mixtures 
 
In the present work, 9 non-polar (gas + non-polar solute) and 9 polar (gas + polar 
solute) asymmetric binary mixtures containing carbon dioxide have been analyzed. The 
experimental conditions and their reference sources are shown in Tables 6.1 and 6.2. 
Data for 23 isotherms with 338 experimental points were studied for gas + non-polar 
mixtures and 25 isotherms with 238 experimental points were studied for gas + polar 
mixtures. Several asymmetric mixtures have widely been used in many applications and 
reported in literature [30-32]. 
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Table 6.1 Experimental conditions for non-polar asymmetric binary mixtures 
CO2 np T ( K) Pressure range (bar) Ref. 
Ethane 17 

16 
20 
6 

210.00 
230.00 
250.00 
270.00 

3.350-5.380 
7.010-8.910 
13.03-17.87 
22.08-33.44 

[33] 
[33] 
[33] 
[33] 

Propane 
 

25 
27 

230.00 
270.00 

8.9-71.1 
32.0–79.5 

[34] 
[34] 

n-Pentane 
 

12 
13 
16 

310.15 
333.15 
363.15 

5.6-73.1 
5.9-87.5 
9.4-96.7 

[35] 
[35] 
[35] 

n-Hexane 10 
10 

298.15 
313.15 

8.9–57.7 
14.8–77.5 

[36] 
[36] 

Benzene 
 

8 
9 

298.15 
313.15 

8.9–57.7 
14.8–77.5 

[36] 
[36] 

n-Heptane 23 
17 
15 

310.65 
352.59 
394.26 

1.861-75.63 
4.240-116.1 
11.30-133.1 

[37] 
[37] 
[37] 

n-Decane 
 

22 
26 

344.30 
377.60  

63.8–127.4 
103.4–164.8 

[38] 
[38] 

Styrene 
 

9 
10 
8 

333.15 
343.15 
348.15 

60.3-112.0 
60.0–131.0 
62.9–134.2 

[39] 
[39] 
[39] 

Limonene 
 

8 
11 

313.18 
323.25 

8.30-84.5 
11.3-98.3 

[40] 
[40] 

 
Table 6.2 Experimental conditions for polar asymmetric binary mixtures 
CO2 np T ( K) Pressure range (bar) Ref. 
Methanol 8 

11 
16 
16 

298.15 
291.15 
303.18 
308.15 

7.89-59.52 
5.6-43.3 
8.9-63.2 
13.2-77.2 

[36] 
[41] 
[41] 
[41] 

Isoamyl acetate 
 

7 
8 
9 

308.15 
318.15 
328.15 

10.3–69.3 
10.0–80.3 
10.3–90.7 

[42] 
[42] 
[42] 

Ethanol 
 

6 
9 
8 

314.50 
325.20 
337.20 

5.7-81.1 
62.74-93.49 
62.19-108.45 

[43] 
[43] 
[43] 

Butanol 
 

9 
11 

325.30 
337.20 

52.26-98.73 
61.78-117.76 

[43] 
[43] 

n-Heptanol 8 
8 

374.63 
298.15 

40.38-145.72 
6.80-60.9 

[44] 
[45] 

n-Octanol 
 

9 
7 

403.15 
453.15 

64.0-183.0 
64.0-188.0 

[46] 
[46] 

Ethyl caproate 
 

8 
10 
12 

308.20 
318.20 
328.20 

17.0-64.6 
17.0-78.2 
17.3-92.2 

[47] 
[47] 
[47] 

Decanal 
 

10 
11 
12 

288.20 
303.20 
313.20 

19.3-48.1 
21.7-67.6 
82.2-16.8 

[48] 
[48] 
[48] 
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Ethyl laurate 
 

8 
8 
9 

308.15 
318.15 
328.15 

14.8–70.0 
14.8–83.1 
14.8–100.1 

[49] 
[49] 
[49] 

 
 
6.5 Thermodynamic consistency criteria 
 
Asymmetric binary mixtures require a suitable thermodynamic model, such as PR 
coupled with Wong Sandler mixing rules. Model correlation could be within an 
acceptable deviation range of molar fraction in vapor phase and pressure for values of (-
20 to +20%) and (-10% to +10%) for molar fraction and pressure, respectively. The 
model is accepted only in the case of the deviations falling within this range. These 
criteria were set up by Valderrama et al. [23], defining the individual percentage 
deviations in bubble point pressure and percentage of molar fraction deviation of vapor 
phase for each i-point as: 
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Once the results from thermodynamic model are in agreement with the criteria, the 
individual percent area deviations must be calculated from the equation (26). 
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In order to conclude that experimental data are thermodynamically consistent (TC), the 
individual area deviations (eqn. 26) must fall within the range (−20% to +20%), from 
here termed as criterion range. Valderrama et al. [23] summarize these referred criteria 
including the required minimum number of experimental data and the decision rules for 
consistency test. 
 
Resuming, the calculation of pressure and solute concentration in the vapor phase (y2), 
as the evaluation of the expressions for Aφ and Ap, requires a suitable EoS and any 
mixing rule. Furthermore, individual percentage deviations in the variables y2 and P 
must be low to accept the thermodynamic model. In some cases in which percentage 

2y∆  and percentage iP∆  are outside the defined margins of errors, it is concluded that 
another model must be applied, being this case commonly known as “try a different 
model” (TDM). 
 
The consistency method studied in this article has some important aspects about 
multiple solutions, objective function and the best paired combinations of them. With 
the aim of determining the optimal parameters in each minimization of the objective 
function, the Levenberg-Marquardt minimization algorithm was used. Hence, the 
parameters τ12, τ21 and k12 for each isothermal temperature were calculated by 
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optimizing the objective function until VLE predictions showed low deviations in 
bubble point pressure and vapor phase composition [27]. A substantial reduction in the 
computing time requirements was observed. Multiple solutions coming from the 
experimental data set for each mixture could appear in each minimization. These 
solutions were obtained into an acceptable predefined range taking into account, for 
example, available values for τ12 and τ21 calculated at low pressures. The k12 must be in 
concordance with the statistical thermodynamic postulates considering that such values 
were in acceptable range (0-1). Considering this objective function, it is expected to find 
all possible solutions for these parameters within the predefined range. The optimal 
parameters are chosen to be those that show the lowest deviation both in bubble point 
pressure and vapor phase composition. 
 
6.6 Results and discussion 
 
The optimal parameters of the studied thermodynamic model, relative percentage 
deviations in bubble point pressure and absolute deviation in vapor phase molar fraction 
for polar and non-polar asymmetric mixtures have been previously reported in the 
supplementary material available in the preceding chapters. The parameters given in 
that material were used to predict the phase equilibrium and thermodynamic consistency 
test for the whole mixtures in the present study. Results of thermodynamic consistency 
test for the carbon dioxide + ethane experimental data were considered consistent only 
if some points of data set are eliminated according to the decision rules proposed by the 
authors [23]. 
 
Table 6.3 shows the summary results for carbon dioxide + ethane at 230K. The data set 
for this system was found to be thermodynamically inconsistent (TI), denoting that 
some points in the obtained area deviations were out of the range (see bold face on 
Table 6.3). In the case when three points were eliminated from the initial data set, the 
area deviations for the remaining 13 points were within the defined limits previously. 
Therefore, the initial set of 16 data points was declared as TI, but the remaining set of 
13 data points was considered as TC.  
 
The predicted VLE data was in agreement with the experimental data as shown for 
carbon dioxide + ethane system in Fig. 6.1. Good predictions in the bubble point 
pressure ( 0.189P∆ = , 0.361P∆ = , 0.3347P∆ =  and 0.4281P∆ = ) at the four evaluated 
temperatures (210, 230, 250 and 270K) were obtained. A good prediction was also 
obtained at the same temperatures for the absolute mean deviations in the vapor phase 
molar fraction for 1 0.0064y∆ = , 1 0.0032y∆ = , 1 0.0068y∆ =  and 1 0.0114y∆ = .  
 
Residual deviations in the individual areas for the carbon dioxide + ethane system at 
230K are shown in Figs. 6.2a, 6.2b and 6.2c. The margins of error were established by 
the calculation of individual area deviation percentage (%∆Ai) by the eqn. (26). Fig. 
6.2a shows the deviations in the individual areas for the first set of experimental data. 
On the other hand, Figs. 6.2b and 6.2c show the deviations for pressure and the vapor 
phase solute concentration. As can be seen in these figures, deviations in pressure and 
solute concentration were below 0.8% and 5% respectively. It can be concluded that 
binary interaction parameters were not enough good to predict the VLE for the studied 
system. 
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Table 6.3 Detailed results for the system carbon dioxide + ethane at 230 K found to be 
thermodynamically consistent (TC) using PR+WS/NRTL model 

pA  Aφ  iA∆  Pexp Pcal P∆  exp
2y  2

caly  2% iy∆  
         

0.0371 0.0294 -20.721 7.01 7.0094 -0.008 1.0000 1.0000 -0.0003 
0.1044 0.1086 4.0472 7.27 7.2148 -0.759 0.9655 0.9666 0.1088 
0.0621 0.0641 3.2221 7.99 7.964 -0.324 0.8487 0.8567 0.9400 
0.0627 0.0645 2.9361 8.41 8.3981 -0.141 0.8018 0.8000 -0.2272 
0.0572 0.0493 -13.873 8.83 8.8275 -0.027 0.7548 0.7477 -0.9471 
0.0414 0.0490 18.3600 9.21 9.1504 -0.647 0.7180 0.7102 -1.0836 
0.2199 0.2265 3.0338 9.48 9.4664 -0.144 0.6775 0.6748 -0.4059 
0.0585 0.0602 2.8473 10.8 10.824 0.218 0.5218 0.5222 0.0774 
0.0191 0.0190 -0.4823 11.12 11.153 0.299 0.4773 0.4767 -0.1356 
0.0320 0.0320 -0.2906 11.22 11.253 0.294 0.4598 0.4599 0.0150 
0.0159 0.0088 -44.846 11.38 11.413 0.288 0.4250 0.4239 -0.2517 
-0.134 -0.134 -0.4366 11.45 11.45 0.001 0.3516 0.3538 0.6306 
-0.368 -0.371 0.8392 11 10.991 -0.083 0.2597 0.2661 2.4712 
-1.110 -1.104 -0.5685 10.23 10.182 -0.469 0.1611 0.1678 4.1485 
-252.9 -65.35 -74.162 9.36 9.2648 -1.016 0.0549 0.0579 5.4351 
------ ------- ------ 8.91 8.8205 -1.004 0.0001 0.0004 281.630

CO2 + ethane, T=230 K, τ12=1.8426, τ21=0.7901, k12=0.0907, 16 Points Result (*TI), 
%∆Pav=0.3601, %∆y2av= 18.657%, %∆Aav=12.711. 

pA  Aφ  iA∆  Pexp Pcal P∆  exp
2y  2

caly  2% iy∆  
         

0.0370 0.0307 -16.917 7.01 7.0094 -0.0092 1.0000 1.0000 0.0000 
0.1043 0.1115 6.8627 7.27 7.2247 -0.6233 0.9655 0.9654 -0.0013 
0.0621 0.0642 3.4026 7.99 7.9948 0.0594 0.8487 0.8548 0.7289 
0.0626 0.0635 1.3767 8.41 8.4306 0.2447 0.8018 0.7992 -0.3152 
0.0572 0.0479 -16.302 8.83 8.8551 0.2839 0.7548 0.7486 -0.8162 
0.0414 0.0472 13.941 9.21 9.1704 -0.4297 0.7180 0.7127 -0.7362 
0.2198 0.2168 -1.3818 9.48 9.4765 -0.0366 0.6775 0.6788 0.1902 
0.0585 0.0599 2.3406 10.8 10.79 -0.0892 0.5218 0.5303 1.6441 
0.0191 0.0194 2.0016 11.12 11.123 0.0228 0.4773 0.4834 1.2806 
0.0320 0.0337 5.2038 11.22 11.226 0.0524 0.4598 0.4656 1.2622 
-0.1057 -0.1104 4.3953 11.38 11.396 0.1383 0.4250 0.4266 0.3770 
-0.3683 -0.3600 -2.2564 11.00 10.999 -0.0074 0.2597 0.2616 0.7619 
-------- --------- --------- 10.23 10.224 -0.0614 0.1611 0.1686 4.6918 
         
CO2 + ethane, T=230 K, τ12=2.229, τ21=1.0893, k12=-0.0302, 13 Points Result (**TC), 
%∆Pav= 0.15838,  %∆y2av= 0.98507%,  %∆Aav= 6.3651. 

*TI: Thermodynamically inconsistent. **TC: Thermodynamically consistent.  
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Fig. 6.1 Experimental and predicted VLE for carbon dioxide + ethane binary system. 
Experimental data were taken from Wei et al. [33]. 
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Fig. 6.2 Deviations in the individual areas for carbon dioxide + ethane binary system at 

230K. Experimental data were taken from Wei et al. [33]. 
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Table 6.4 Detailed results for the system carbon dioxide + 1-octanol at 403.15K found 
to be thermodynamically consistent (TC) using PR+WS/NRTL model 

pA  Aφ  iA∆  Pexp Pcal P∆  exp
2y  2

caly  2% iy∆  
         

38.024 32.089 -15.608 65 65.159 0.244 0.0055 0.00619 12.58
29.191 25.320 -13.260 80 79.852 0.184 0.0055 0.00659 19.90
26.671 24.269 -9.006 95 95.077 0.0813 0.0065 0.00732 12.69
13.249 13.451 1.525 115 115.210 0.182 0.0083 0.00879 5.928
9.310 9.103 -2.219 130 130.880 0.679 0.0107 0.0104 -2.868
6.675 7.081 6.070 145 144.960 0.0305 0.0132 0.0123 -7.160
3.362 4.311 28.238 160 159.290 0.441 0.0170 0.0146 -13.83
3.793 4.539 19.668 170 170.460 0.269 0.0193 0.0169 -12.21
-------- -------- ------- 185 185.520 0.282 0.0269 0.0208 -22.66

        
CO2 + 1-Octanol, T=403.15 K, τ12=1.968, τ21= -0.6095, k12=0.7315, 9 Points Result 
(*TI), %∆Pav=0.266, %∆y2av= -0.847%, %∆Aav=11.95. 

pA  Aφ  iA∆  Pexp Pcal P∆  exp
2y  2

caly  2% iy∆  
         

38.024 32.090 -15.606 65 65.159 0.244 0.0055 0.00619 12.543 
29.191 25.321 -13.259 80 79.852 0.185 0.0055 0.00659 19.875 
26.671 24.267 -9.013 95 95.077 0.081 0.0065 0.00733 12.703 
13.249 13.450 1.514 115 115.210 0.182 0.0083 0.00879 5.9784 
9.310 9.106 -2.196 130 130.880 0.679 0.0107 0.0104 -2.805 

10.341 11.487 11.085 145 144.960 0.031 0.0132 0.0123 -7.123 
3.793 4.539 19.674 170 170.460 0.269 0.0193 0.0169 -12.110 
-------- -------- ------- 185 185.520 0.282 0.0269 0.0208 -22.550 

         
CO2 + 1-Octanol, T=403.15 K, τ12=1.968, τ21=-0.6081, k12=0.7303, 8 Points Result 
(**TC), %∆Pav= 0.244,  %∆y2av= 0.813%,  %∆Aav= 10.33. 
*TI: Thermodynamically inconsistent. **TC: Thermodynamically consistent.  
 
Carbon dioxide + 1-octanol mixture data set at 403.15K was found to be 
thermodynamically inconsistent (TI). The values of %∆Ai were out of the adequate 
range (see bold face on Table 6.4). As a result, one point from the initial data set was 
not considered, and then %∆Ai was calculated for the remaining 8 points. This last set 
was considered TC because their %∆Ai were inside the range (Table 6.4). 
 
According to the results obtained and showed in Fig. 6.3, the accuracy in VLE 
prediction for the experimental and predicted VLE for carbon dioxide + 1-octanol 
system was verified. The parameters obtained by minimization at 453.15K and 403.15K 
provided good predictions for pressure ( 0.23P∆ =  and 0.266P∆ = ). Furthermore, good 
predictions for vapor phase concentration were also obtained ( 1 0.0017y∆ = and 

1 0.0045y∆ = ). 
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Fig. 6.3 Experimental and predicted VLE for carbon dioxide + 1-octanol binary system. 
Experimental data taken from Weng et al. [46]. Prediction with Peng-Robinson EOS 

coupled with the WS mixing rules. 
 
Fig. 6.4 shows the deviations in the individual areas, pressure and the vapor phase 
solute concentration for the carbon dioxide + 1-octanol system at 403.15 K. As can be 
observed in Fig. 6.4a, there was only 1 point greater than 20% of area deviation from 
the initial data set. In the same way, deviations for pressure and the vapor phase solute 
concentration were less than 0.6% and 3%, respectively (see Figs. 6.4b and 6.4c). On 
the other hand, Fig. 6.5a, 6.5b and 6.5c shows the solution for each integral function in 
eqn.(8) corresponding to the carbon dioxide + 1-octanol mixture at 403.15K. Evaluation 
of the respective area under the curve for integral terms in this eqn. (8) was evaluated by 
inscribing N-1 trapezoids under the curve for a set of N experimental points. Finally, the 
sum of trapezoid areas were then obtained. Additionally, the results from the trapezoidal 
method calculations were validated by the alternative method by fitting parameters in 
the polynomial expressions coming from experimental data. These referred methods 
were used to solve the integral expressions in eqn. (8), resulting in an area deviation 
below 1%. It was considered acceptable for our analysis. 
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Fig. 6.4 Deviations in the individual areas for the carbon dioxide + 1-octanol binary 

system at 403.15 K. Experimental data were taken from Weng et al. [46]. 
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Fig. 6.5 Integral functions in Eq. (8) for the carbon dioxide + 1-octanol binary system at 

403.15 K. Experimental data were taken from Weng et al. [46]. 
 

 
 
 



 
 

94

After developing the consistency test procedure for the carbon dioxide + ethyl laurate 
system at 308.15K, it was found to be NFC. Their %∆Ai were outside of the criterion 
range (see bold face on Table 6.5). Furthermore, total of %∆Ai obtained were higher 
than one quarter of the data points initially considered. As a result, two points from the 
initial data set were not considered, and then %∆Ai were calculated for the remaining 6 
points.  
 
Because of their %∆Ai were outside of the range, this last set of data was newly 
considered NFC. Fig. 6.6 shows the experimental and predicted VLE for the highly 
asymmetric carbon dioxide + ethyl laurate system. Not so good predictions for the data 
set parameters at 308.15K, 318.15K and 328.15K were obtained ( 0.611P∆ = , 

0.851P∆ =  and 1.144P∆ = ). However, good predictions for vapor phase concentration 
data 1 0.0001y∆ = , 1 0.0001y∆ =  and 1 0.0001y∆ =  were obtained.  
 
Table 6.5 Detailed results for the system carbon dioxide + ethyl laurate at 308.15 K 
found to be not fully consistent (NFC) using PR+WS/NRTL model 

pA  Aφ  iA∆  Pexp Pcal P∆  exp
2y  2

caly  2% iy∆  
7070.5 3.7x105 5240.6 14.8 14.843 0.2931 0.0001 1x10-6 98.27 
2178.8 1.1x105 5196.6 28.59 28.022 -1.986 0.0001 2x10-6 98.091 
1783.6 66354 3620.3 35.49 35.61 0.3392 0.0001 2x10-6 97.615 
1514.1 40131 2550.4 42.38 42.511 0.3089 0.0001 3x10-6 96.857 
1312.4 26246 1899.9 49.28 49.129 -0.306 0.0001 4x10-6 95.631 
1161.2 12912 1011.9 56.17 56.359 0.3369 0.0001 6x10-6 93.199 
1038.6 6943.7 568.54 63.07 62.745 -0.514 0.0001 1x10-5 88.898 
------ -------- ------- 69.96 69.364 -0.852 0.0001 2x10-5 78.136 

CO2 + ethyl laurate, T=308.15 K, τ12=3.358, τ21=-0.808, k12=0.817, 8 Points Result 
(*NFC), %∆Pav=0.6112, %∆y2av=93.33%, %∆Aav=2869. 

pA  Aφ  iA∆  Pexp Pcal P∆  exp
2y  2

caly  2% iy∆  
7070.5 3.6x105 5012.6 14.8 14.857 0.382 0.0001 1x10-6 -98.2 
2178.8 1.1x105 4751.7 28.59 28.162 -1.49 0.0001 2x10-6 -97.9 
1783.6 58614 3186.3 35.49 35.804 0.883 0.0001 2x10-6 -97.3 
1514.1 34126 2153.8 42.38 42.683 0.714 0.0001 3x10-6 -96.4 
1312.4 21502 1538.4 49.28 49.156 -0.25 0.0001 5x10-6 -94.9 
------- -------- -------- 56.17 56.007 -0.29 0.0001 7x10-6 -92.1 

CO2 + ethyl laurate, T=308.15 K, τ12=3.581, τ21=-0.805, k12=0.809, 6 Points Result 
(**NFC), %∆Pav= 0.67,  %∆y2av= 96.16%,  %∆Aav= 3328.6. 
*NFC: Not fully consistent 
 
Deviations in individual areas, pressure and the vapor phase solute concentration for 
this mixture at 308.15K are given in Fig. 6.7. Here, it is observed that the deviation in 
the areas for the initial data set was exceeded in 50%. These results come from the fact 
that ethyl laurate vapor phase concentration is close to 1. This fact made the term Ap 
from the integral in eqn. (9), and Aφ from the integral in eqn. (10) bigger as 7070.5 and 
3.7x105, respectively (see Table 6.5). As a result, ∆Ai defined by the eqn. (26) turns 
bigger as the single terms turn equally bigger, obtaining results NFC. On the other hand, 
Figs. 6.7b, 6.7c show the deviations in the individual pressure and the vapor phase 
solute concentration. Complete consistency results for all systems studied are shown in 
Table 6.6. 
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Fig. 6.6 Experimental and predicted VLE for carbon dioxide + ethyl laurate binary 

system. Experimental data were taken from Cheng et al. [49].  
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Fig. 6.7 Deviations in the individual areas for the carbon dioxide + ethyl laurate binary 

system at 308.15K. Experimental data were taken from Cheng et al. [49]. 
 

Experimental data for carbon dioxide + n-hexane system at 298.15 K and 313.15 K 
have been found thermodynamically inconsistent (TI). Some difficulties were found 
when a consistency test decision rules proposed by Valderrama and Alvarez [23] were 
applied. In this particular system, the initial data set was composed by 10 data points 
and the 25% of them with %∆Ai outside of the criterion range is 2.5 points. This last 
value is an integer number and had to be rounded to 2 or 3 points to apply the test again 
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for the remaining data set. Here the decision about TC, TI or NFC of the experimental 
data depends highly on this number. 
 
Consequently, the reported decision rules [23] did not include a proper way to choice 
the suitable number of data that must be eliminated from the initial data set, suggesting 
that the points with the highest deviation in the vapor phase concentration must be 
eliminated as the best choice. After this, the method should be implemented again. 
However, in the systems studied, the above referred procedure was unsuitable to be 
used because the VLE parameters calculations were highly dependent on bubble 
pressure calculation. It becomes more convenient to eliminate the data points, and 
therefore yielded highest deviations in pressure. For example, the remaining 9 points of 
the initial data set of carbon dioxide + ethane at 230 K system were found to be TC 
according to the defined error ranges proposed by the authors [23]. Furthermore, to 
obtain this result, the points with the highest deviation in bubble pressure from the 
initial data set were necessarily eliminated. Additionally, the points with highest 
deviation of 2y∆  were eliminated from the initial data set and the consistency test was 
employed again using the remaining 13 points. The deviations in the obtained vapor 
phase solute concentration were not within the range (−20% to +20%). Therefore, TDM 
was the result of the test. Although the consistency test requires a high accuracy on the 
prediction of vapor phase solute concentration, for integral calculations in eqn. (8) is 
preferable to eliminate several points with the highest deviations in bubble point 
pressure from initial data set before applying the test again. Thus, the parameters 
obtained fitted better the remaining experimental data set when points with the highest 
deviations in bubble point pressure were eliminated. On the other hand, the 

2y deviations for asymmetric mixtures are usually high and commonly not reported in 
literature [2, 27-28, 53]. 
 
According to the decision rules proposed by the authors [23], 6 points is the minimum 
experimental data from initial data set considered to apply the consistency test. For 
example, the initial data set of carbon dioxide + ethanol at 314.50 K was found to be 
TC.  Thus, the initial data set was composed by 6 data points and if one point from the 
initial data set would not considered, the thermodynamic test could not be applied and 
only one result could be obtained. Certainly, the thermodynamic consistency results and 
statistical analysis are improved when the availability of experimental data is big. In 
some cases, for example systems such as carbon dioxide + ethyl laurate at 308.15 K and 
318.15 K, carbon dioxide + ethyl caproate at 308.20 K, the initial data set were 
considered NFC. As a result, two points from the initial data set were not considered, 
and the thermodynamic consistency test was applied again for the remaining 6 data 
points. Similar results were obtained. Therefore, the thermodynamic test cannot be 
applied again because the remaining data set was lees of six points. Additionally, the 
parameters obtained by the minimization using the current data set were very similar to 
those calculated from the initial data set, and the thermodynamic consistency results 
were identical in both cases. On the other hand, experimental data for systems such as 
carbon dioxide + octanol at 453.15 K, and carbon dioxide + ethanol at 337.20 K, were 
found to be TI. As a result, two points with the lowest deviation in pressure from the 
initial data set were not considered, and this last set was again analyzed and found as 
TC. 
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Table 6.6 Summary of the final results for all non-polar and polar asymmetric binary mixtures containing carbon dioxide 
  Non-polar systems Polar Systems 
CO2+ T ( K) np Final result  CO2+ T ( K) np Final result  
Propane  230.00 

 
 

270.00 

25 
22 
19 
27 
20 

NFC  
NFC 
NFC 
NFC 
NFC 

Isoamyl acetate 308.15 
 

318.15 
 

328.15 

7 
6 
8 
6 
9 
6 

NFC 
NFC 
NFC 
NFC 
NFC 
NFC 

 
n-Pentane 310.15 

 
333.15 

 
363.15 

12 
9 
13 
10 
16 
12 

NFC 
NFC 
TI 
TC 

NFC 
NFC 

Ethyl caproate 308.20 
 

318.20 
 

328.20 

8 
6 
10 
7 
12 
9 

NFC 
NFC 
NFC 
NFC 
NFC 
NFC 

 
Benzene 298.15 

 
313.15 

8 
6 
9 

TI 
TI 
TC 

Butanol 325.30 
 

337.20 

9 
8 
11 

TI 
TC 
TC 

 
Styrene 333.15  

 
343.15 

 
348.15 

9 
6 
10 
7 
8 
6 

NFC 
NFC 
NFC 
NFC 
NFC 
NFC 

 

Decanal  288.20 
 

303.20 
 

313.20 

10 
7 
11 
8 
12 
8 

NFC 
NFC 
NFC 
NFC 
NFC 
NFC 
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n-Decane  344.30 
 

377.60  

22 
17 
26 
19 

NFC 
NFC 
NFC 
NFC 

 

Ethanol 314.50 
325.20 
337.20 

 

6 
9 
8 
6 

TC 
TC 
TI 
TC 

n-Hexane 298.15 
 

313.15 
 

10 
7 
10 
7 

NFC 
TI 

NFC 
TI 

Octanol 403.15 
 

453.15 

9 
8 
7 
6 

TI 
TC 
TI 
TC 

 
Ethane 210.00 

 
 

230.00 
 

250.00 
 

270.00 
 

17 
13 
10 
16 
13 
20 
16 
6 

NFC 
NFC 
NFC 
TI 
TC 
TI 
TI 
TC 

Methanol  
 
 
 

291.15 
 

298.15 
 

303.18 
 

308.15 
 
 

11 
8 
8 
6 
16 
12 
16 
12 
 

NFC 
NFC 
NFC 
TI 
TI 
TI 
TI 
TI 
 

n-Heptane  310.65 
 

352.59 
 
 

394.26 

23 
18 
17 
13 
11 
15 
13 

NFC 
NFC 
NFC 
TI 
TI 

NFC 
NFC 

Ethyl laurate 308.15 
 

318.15 
 

328.15 

8 
6 
8 
6 
9 
6 

NFC 
NFC 
NFC 
NFC 
NFC 
NFC 

Limonene 313.18 
323.25 

8 
11 

TDM 
TDM 

Heptanol 374.63 
 

298.15 

8 
6 
8 
6 

TI 
NFC 
NFC 

 NFC 
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The consistency test proposed by the authors [23], do not take into account the cases 
when data sets of vapor phase concentration is close to 1 (i.e. 0.9998-0.9999). This fact 
made big the terms Ap and Aφ, and as a result, ∆Ai turns bigger than the single terms, 
obtaining results NFC. In this way, experimental data set for systems such as carbon 
dioxide + isoamyl acetate, carbon dioxide + ethyl caproate, carbon dioxide + decanal 
and carbon dioxide + ethyl laurate, were considered NFC. In the same way, for 
example, experimental data set for carbon dioxide + limonene at 313.18 K and 323.25 
K, were considered as TDM. 
 
According to the consistency test proposed by Valderrama [23], it is important to 
remark the necessity for carrying out several minimizations procedures looking for new 
parameters that allow calculating the right hand side in the eqn. (8).  In the same way, 
the set of parameters fitted in each minimization, depend strongly of the objective 
function used. According to that, the computing time requirements can be increased 
considerably [27]. 
 
6.7 Conclusions 
 
In this work, thermodynamic consistency test of nine non-polar and nine polar 
asymmetric binary mixtures at high pressure were analyzed. Additionally, the ability of 
Peng-Robinson EoS coupled with the Wong–Sandler mixing rules and the NRTL model 
for representing fluid phase equilibrium within the thermodynamic test was 
demonstrated. Results of bubble point pressure, vapor phase concentration and the 
individual areas of relative percentage deviations, have demonstrated the capability and 
efficiency of the objective function used for minimizing VLE experimental data at high 
pressures. Finally the studied method gives an answer about consistency or 
inconsistency of a set of experimental P–T–x–y data for the studied cases. A method to 
test the thermodynamic consistency of incomplete high-pressure VLE data in binary 
mixtures has been proved showing favorable results. 
 
In some cases, the high asymmetry of these mixtures, is reflected in the way that the 
vapor phase concentration is close to 1, as a result of this, the left hand side of the eqn. 
(8) turns bigger than the other single terms, obtained as a result of the NFC test. Some 
difficulties with the experimental data set were analyzed and taken into account: 1. If 
the asymmetry of these mixtures makes grow the vapor phase concentration closer to 1, 
the left hand of the eqn. (8) turns into a big value. 2. The points which must be removed 
from the remaining experimental data set, with the aim of reduce the deviations for each 
i-point in bubble point pressure and vapor phase composition. Therefore some examples 
and strategies for solving these problems were discussed in detailed of the present work. 
In the same way, the calculations of the VLE parameters for asymmetric mixtures at 
high pressures were highly dependent on bubble pressure calculation, making more 
convenient to eliminate the data points yielding the highest deviations in pressure. 
Finally the results obtained using the thermodynamic consistency test is a necessary, but 
no sufficient, condition for accepting the experimental data set. 
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APPENDIX A 

 
OPTIMAL PARAMETERS AND DEVIATIONS  

Table 1. Optimal parameters and deviations obtained from minimization of each objective 
function. Non-polar asymmetric binary mixtures. 

 Carbon dioxide + Methane (230 K) Carbon dioxide + Methane (250 K) 
OF τ12 τ21 k12 ∆P ∆y τ12 τ21 k12 ∆P ∆y 
f1 n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. 
f2 0.9231 0.7099 0.1563 1.1070 0.0029 1.0580 0.4165 0.1428 0.6750 0.0046 
f3 0.9503 0.8522 0.1208 1.1881 0.0084  0.9291 0.8409 0.0899 1.3067 0.0122 
f4 0.9329 0.8553 0.1225 1.1231 0.0078 0.9826 0.8519 0.1107 2.6093 0.0161 
f5 0.9543 0.8428 0.1385 1.6859 0.0084 0.8984 0.8602 0.0996 1.3132 0.0113 
 Carbon dioxide + Methane (270 K) Carbon dioxide + Propane (230 K) 

f1 n.a. n.a. n.a. n.a. n.a. 0.9685 0.1057 0.5207 9.2611 0.0389 
f2 0.9347 0.0846 0.2039 0.7432 0.0092 4.3311 1.3291 0.0169 1.5120 0.0213 
f3 0.0089 1.8986 0.1262 0.7186 0.0054 3.2663 0.7848 0.1098 5.1561 0.0306 
f4 0.0072 1.8987 0.1393 0.9864 0.0039 3.5644 1.4472 0.2576 22.8445 0.0329 
f5 0.0100 1.9000 0.1357 0.8962 0.0042  3.5028 0.8678 0.1816 3.6790 0.0165 
 Carbon dioxide + Propane (270 K) Carbon dioxide + n-Pentane (310.15 K) 

f1 2.8232 -0.5610 0.2964 4.8409 0.0243 1.2178 0.4877 0.4654 4.9428 0.0058 
f2 2.4946 0.2091 0.1908 0.4002 0.0112 0.2957 0.9251 0.5603 2.9072 0.0110 
f3 1.9999 0.1791 0.2445 0.4432 0.0081 1.6536 0.0601 0.5129 2.5907 0.0078 
f4 2.8092 0.3984 -0.0326 7.8272 0.0345 1.3045 0.4152 0.5385 4.7811 0.0101 
f5 1.8959 -0.2978 0.2802 5.4351 0.0223 1.4812 0.1455 0.5170 2.4947 0.0080 
 Carbon dioxide + n-Pentane (333.15 K) Carbon dioxide + n-Pentane (363.15 K) 

f1 1.1840 0.2327 0.4978 2.4231 0.0096 1.1471 0.0855 0.5214 1.5926 0.0115 
f2 1.0449 0.2109 0.5287 1.2980 0.0137 0.3094 0.6142 0.5597 2.7394 0.0250 
f3 2.2578 -0.2436 0.4963 1.9966 0.0064 1.1818 0.0603 0.5282 1.4261 0.0126 
f4 1.4816 0.1494 0.4885 3.1560 0.0068 1.1480 0.0827 0.5403 1.9755 0.0152 
f5 2.4919 -0.4043 0.5025 2.6703 0.0091 3.0600 -0.5589 0.4859 2.7869 0.0106 
 Carbon dioxide + n-Hexane (298.15 K) Carbon dioxide + n-Hexane (313.15 K) 

f1 2.6804 0.0551 0.4316 5.5960 0.0023 -0.2086 1.3930 0.5283 7.0402 0.0035 
f2 1.5917 0.0557 0.5676 2.5149 0.0053 1.4805 -0.0728 0.5449 1.8079 0.0044 
f3 2.1977 -0.0959 0.5354 2.2323 0.0046 1.7766 -0.1732 0.5345 1.7432 0.0044 
f4 2.6002 0.0189 0.3503 15.2695 0.0007 1.7667 -0.1722 0.5030 4.4108 0.0036 
f5 2.2502 -0.0935 0.5329 2.2134 0.0045 2.0217 -0.2191 0.5230 1.7282 0.0045 
 Carbon dioxide + n-Heptane (310.65 K) Carbon dioxide + n-Heptane (352.59 K) 

f1 3.2651 -0.5358 0.6677 8.7835 0.0087 2.7463 -0.6698 0.6425 5.0226 0.0078 
f2 3.8381 -0.3973 0.5774 2.0079 0.0095 2.8376 -0.6426 0.6095 1.0223 0.0103 
f3 3.7560 -0.4149 0.5831 1.8931 0.0094 2.7152 -0.6378 0.6155 0.7592 0.0096 
f4 2.7723 -0.4522 0.6566 5.8580 0.0081 2.8715 -0.6432 0.6026 1.6607 0.0109 
f5 3.7722 -0.4136 0.5816 1.9168 0.0095 2.7141 -0.6471 0.6145 0.8143 0.0097 
 Carbon dioxide + n-Heptane (394.26 K) Carbon dioxide + n-Octane (313.15 K) 

f1 2.9334 -1.0642 0.6711 8.0907 0.0109 3.5540 -0.2443 0.7155 17.3215 0.0147 
f2 4.9407 -0.8718 0.5613 2.4930 0.0414 3.1397 -0.1264 0.6726 0.4398 0.0019 
f3 1.6291 -0.6214 0.6406 2.6516 0.0154 3.2246 -0.1291 0.6698 0.3778 0.0020 
f4 1.6348 -0.6037 0.6422 2.6233 0.0153 3.2209 -0.1752 0.6751 1.2423 0.0019 
f5 1.6332 -0.6041 0.6414 2.6291 0.0154 3.2618 -0.1305 0.6687 0.3623 0.0020 
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 (Continued) 

 Carbon dioxide + n-Octane (328.15 K)  Carbon dioxide + n-Octane (348.15 K) 
OF τ12 τ21 k12 ∆P ∆y τ12 τ21 k12 ∆P ∆y 
f1 4.6574 -0.3775 0.7134 33.6827 0.0191 3.5709 -0.3778 0.7069 12.2447 0.0096 
f2 3.8866 -0.2908 0.6512 1.0694 0.0047 3.5901 -0.3804 0.6641 1.0491 0.0078 
f3 3.8285 -0.2979 0.6520 0.8904 0.0046 3.5091 -0.3901 0.6682   0.9245 0.0072 
f4 3.8466 -0.3481 0.6531 1.6301 0.0044 3.5824 -0.3881 0.6664 1.0043 0.0077 
f5 3.8324 -0.2979 0.6541 1.0762 0.0046 2.8264 -0.3134 0.6839 1.1750 0.0051 
 Carbon dioxide + n-Decane (344.30 K) Carbon dioxide + n-Decane (377.60 K) 

f1 1.3091 1.8841 0.7514 11.9594 0.0065 1.7132 0.7094 0.7687 3.8156 0.0149 
f2 4.3681 -0.4012 0.7321 0.3955 0.0105 3.7302 -0.7114 0.7521 0.5231 0.0064 
f3 1.3303 1.7550 0.7592 6.5327 0.0098 3.2951 -0.8412 0.7335 0.6671 0.9624 
f4 1.3079 1.8664 0.7511 7.1367 0.0107 3.3244 -0.8600 0.7333 0.6533 0.0095 
f5 1.4398 1.6485 0.7556 6.2568 0.0099 3.3279 -0.8554 0.7326 0.6586 0.0093 
 Carbon dioxide + Benzene (298.15 K) Carbon dioxide + Benzene (313.15 K) 

f1 0.7277 0.2921 0.3831 6.5783 0.0006 1.7718 -0.3162 0.3696 4.8809 0.0016 
f2 1.2600 -0.2334 0.4547 1.0113  0.0013 2.7770 -0.6341 0.3816 1.0199 0.0011 
f3 1.2929 -0.2493 0.4537 1.0044 0.0012 1.7441 -0.4283 0.4279 1.5903 0.0026 
f4 0.7098 0.2500 0.3864 6.6045 0.0007 1.7298 -0.4285 0.3921 4.1354 0.0023 
f5 1.2840 -0.2454 0.4541 1.0057 0.0012 2.0791 -0.5393 0.4166 1.2940 0.0023 
 Carbon dioxide + Styrene (333.15 K) Carbon dioxide + Styrene (338.15 K) 

f1 3.3829 -1.1976 0.5680 11.890 0.0226 1.3101 -0.5327 0.5686 2.4809 0.0017 
f2 1.6272 -0.7473 0.5675 1.5912 0.0025 1.4069 -0.4262 0.5694 0.9506 0.0047 
f3 1.7120 -0.7010 0.5633 1.5142 0.0019 1.6997 -0.6414 0.5664 1.2026 0.0018 
f4 1.6957 -0.6952 0.5527 2.3620 0.0010 1.6895 -0.6897 0.5645 1.7287 0.0017 
f5 1.7143 -0.6924 0.5636 1.5501 0.0019 1.7394 -0.6679 0.5660 1.2495 0.0018 
 Carbon dioxide + Styrene (343.15 K) Carbon dioxide + Styrene (348.15 K) 

f1 3.9315 -1.3768 0.5676 17.3974 0.0249 3.0270 -1.1745 0.5775 1.1852 0.0120 
f2 0.8976 -0.2259 0.5830 2.2814 0.0063 0.3073 0.3707 0.5823 1.0783 0.0028 
f3 1.4976 -0.6354 0.5714 1.8610 0.0032 1.3257 -0.5103 0.5710 1.2507 0.0029 
f4 1.6698 -0.6799 0.5598 2.4776 0.0026 1.6599 -0.6700 0.5703 1.7530 0.0032 
f5 1.4918 -0.6332 0.5715 1.8755 0.0032 1.6549 -0.6774 0.5670 1.5669 0.0032 
 Carbon dioxide + Limonene (313.20 K) Carbon dioxide + Limonene (323.20 K) 

f1 3.2233 -0.4286 0.6478 3.4899 0.0005 1.3927 8.1598 0.6934 9.6353 0.0014 
f2 1.3877 2.8917 0.7146 2.6556 0.0005 2.6576 -0.2289 0.6773 0.4877 0.0008 
f3 4.2029 -0.8194 0.6421 0.9746 0.0003 2.4918 -0.1682 0.6804 0.7661 0.0009 
f4 0.6934 -0.8370 0.6065 24.6656 0.0016 2.3973 -0.1948 0.6962 1.5435 0.0008 
f5 3.4295 -0.6431 0.6584 0.1373 0.0004 2.6632 -0.2281 0.6770 0.4836 0.0008 
 Carbon dioxide + Limonene (333.20 K)  

f1 1.4071 8.0690 0.7131 6.8599 0.0010 
f2 2.5526 -0.3420 0.6777 0.4400 0.0005 
f3 2.5269 -0.3355 0.6785 0.4609 0.0005 
f4 0.0375 -0.0368 0.7771 32.2878 0.0021 
f5 2.5555 -0.3442 0.6777 0.4327 0.0005 

 

       
a not available value.  
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Table 2. Optimal parameters and deviations obtained from minimization of each objective  
function. Polar asymmetric binary mixtures 

 Carbon dioxide + n-Butanol (293.15 K) Carbon dioxide + n-Butanol (303.15 K) 
OF τ12 τ21 k12 ∆P ∆y τ12 τ21 k12 ∆P ∆y 
f1 n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. 
f2 1.5861 0.1655 0.5787 0.8935 0.0073 1.0752 0.4405 0.5812 3.2506 0.0042 
f3 1.6729 0.1397 0.5734 0.8555 0.0073 1.4746 0.2519 0.5641 2.5683 0.0041 
f4 1.6432 0.1899 0.6043 7.5348 0.0074 1.4649 0.5133 0.5191 8.6025 0.0041 
f5 1.6738 0.1395 0.5733 0.8552 0.0073 1.3624 0.3026 0.5675 2.6377 0.0041 
 Carbon dioxide + n- Butanol (314.80 K) Carbon dioxide + n- Butanol (325.30 K) 

f1 1.7155 0.0532 0.5626 8.6940    0.0098 2.0216 -0.1319 0.5418 10.4003 0.0300 
f2 1.9301 -0.0051 0.5273  0.0881     0.0008 1.8663 -0.0445 0.5244 0.1412 0.0012 
f3 1.9294 -0.0047 0.5274 0.0852 0.0008 1.8319 -0.0311 0.5257 0.1284 0.0011 
f4 1.9420 -0.0047 0.5223 1.0250 0.0007 1.9797 -0.0438 0.5114 1.4429 0.0019 
f5 1.9638 -0.0173 0.5257 0.0918 0.0008 1.8598 -0.0435 0.5247 0.1427 0.0012 
 Carbon dioxide + n-Hexanol (431.82 K) Carbon dioxide + n-Hexanol (432.45 K) 

f1 0.1021 0.0894 0.6677 0.6395 0.0018 -0.8788   3.0671 0.6515 7.0524 0.0275 
f2 1.4259 -0.7219 0.6310 0.1367 0.0058 -0.5979 1.8222 0.6773 2.6389 0.0332 
f3 1.4617 -0.7317 0.6287 0.1347 0.0062 -0.6016 1.8206 0.6706 6.5588 0.0294 
f4 1.4452 -0.7259 0.6290 0.1370 0.0061 -0.5755 1.9225 0.6576 6.6885 0.0262 
f5 1.4433 -0.7298 0.6305 0.1329 0.0058 -0.5760 1.9222 0.6570 6.7287 0.0261 
 Carbon dioxide + n-Nonanol (308.14 K) Carbon dioxide + n-Nonanol (318.13 K) 

f1 n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. n.a. 
f2 2.9503 -0.1062   0.7564 0.4157 0.0017 1.9111 -0.0169 0.7926 0.7922 0.0040 
f3 3.0110 -0.1069 0.7527 0.3109 0.0017 2.0028 -0.0371 0.7865 0.4139 0.0040 
f4 3.0583 -0.1090 0.7471 0.9204 0.0018 1.9987 -0.0336 0.8013 6.3893 0.0038 
f5 3.0481 -0.1088 0.7510 0.3211 0.0017 2.0237 -0.0440 0.7858 0.4060 0.0040 
 Carbon dioxide + n-Nonanol (328.14 K) Carbon dioxide + 1-Heptanol (374.63 K) 

f1 n.a. n.a. n.a. n.a. n.a. 0.8849 -0.3711 0.7226 3.4060 0.0007 
f2 2.4344 -0.2631 0.7704 0.8896 0.0055 2.3674 -0.8955 0.6597 0.6572 0.0029 
f3 2.4985 -0.2663 0.7661 0.7065 0.0054 2.5686 -0.9301 0.6459 0.6186 0.0031 
f4 2.4867 -0.2644 0.7645 1.0750 0.0055 2.0090 -0.7395 0.6237 6.1403 0.0030 
f5 2.4864 -0.2641 0.7662 0.7013 0.0054 2.2968 -0.8824 0.6582 0.7144 0.0025 
 Carbon dioxide + 1-Heptanol (431.54 K) Carbon dioxide + Isoamyl acetate (308.15 K) 

f1 0.7192 -0.7073 0.7364 8.5509 0.0027 5.0369 -0.9454 0.5748 7.1793 0.0005 
f2 3.9066 -1.0822 0.5106 2.0066 0.0459 1.9020 -0.7950 0.6370 1.2463 0.0007 
f3 1.7788 -0.9949 0.6449 0.6353 0.0131 1.7653 -0.7402 0.6395 1.1573 0.0006 
f4 0.9992 -0.9996 0.6517 10.6156 0.0069 1.7616 -0.8100 0.6000 8.8384 0.0006 
f5 1.8366 -1.0176 0.6436 0.6377 0.0132 1.7127 -0.7157 0.6401 1.2379 0.0006 
 Carbon dioxide + Isoamyl acetate (318.15 K) Carbon dioxide + Isoamyl acetate (328.15 K) 

f1 2.2067 -0.8087 0.6844 15.3626 0.0041 3.0783 -1.0001 0.6832 22.2260 0.0065 
f2 2.0043 -0.7443 0.6283 0.7811 0.0007 2.1070 -0.8124 0.6257 0.9701 0.0013 
f3 2.4544 -0.8741 0.6184 1.0085 0.0008 2.6090 -0.9459 0.6146 1.5658 0.0014 
f4 1.7615 -0.8098 0.6024 9.2620 0.0007 1.7609 -0.8100 0.6019 8.5587 0.0011 
f5 2.4720 -0.8794 0.6181 1.0463 0.0008 2.4037 -0.8856 0.6182 1.0639 0.0013 
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  (Continued) 
 Carbon dioxide + Ethyl caproate (308.20 K) Carbon dioxide + Ethyl caproate (318.20 K) 

OF τ12 τ21 k12 ∆P ∆y τ12 τ21 k12 ∆P ∆y 
f1 0.4213 8.4396 0.6341 9.5667 0.0001 -0.3727 1.4896 0.6220 10.3996 0.0003 
f2 1.7591 -0.8709 0.6502 0.8014 0.0003 1.6555 -0.7516 0.6569 1.3483 0.0004 
f3 1.9534 -0.9439 0.6471 0.8208 0.0003 2.1234 -0.9119 0.6479 1.0344 0.0003 
f4 1.7613 -0.8098 0.6020 8.1464 0.0003 1.7613 -0.8098 0.6020 10.8042 0.0003 
f5 2.0923 -0.9983 0.6453 0.9398 0.0003 2.4458 -1.0250 0.6433 1.1992 0.0003 
 Carbon dioxide + Ethyl caproate (328.20 K) Carbon dioxide + Decanal (288.20 K) 

f1 -0.7055 1.7045 0.6407 7.4077 0.0005 n.a. n.a. n.a. n.a. n.a. 
f2 1.2842 -0.6342 0.6589 1.3482 0.0004 -0.2234 -0.5930 -0.7619 0.9137 0.0052 
f3 2.0602 -0.9647 0.6477 0.9749 0.0004 0.7944 -1.2777 -0.7168 0.8768 0.0052 
f4 1.7613 -0.8098 0.6020 9.4405 0.0004 1.8196 -1.6948 -0.4629 12.1508 0.0052 
f5 2.1343 -0.9937 0.6468 1.0405 0.0004 -1.6127 0.8944 -0.8243 1.1779 0.0052 
 Carbon dioxide + Decanal (303.20 K) Carbon dioxide + Decanal (313.20 K) 

f1 0.6547 6.2089 -1.6845 n.a. n.a. -1.6337 0.2020 1.1287 n.a. n.a. 
f2 -0.3870 -0.6353 -0.8042 0.8513 0.0042 -1.0785 0.9250 -1.0117 4.9734 0.0066 
f3 0.8309 -1.3790 -0.7558 1.3866 0.0042 0.9906 -1.3529 -0.8057 2.9873 0.0066 
f4 1.8196 -1.6951 -0.4631 19.9799 0.0041 1.8257 -1.7132 -0.6448 9.5582 0.0061 
f5 -0.8538 -0.2310 -0.8389 0.9832 0.0042 -0.5903 -0.2327 -0.8619 3.9869 0.0066 
 Carbon dioxide + Ethyl laurate (308.15 K) Carbon dioxide + Ethyl laurate (318.15 K) 

f1 4.4475 -1.6424 0.6782 n.a. n.a. -3.2890 1.9588 1.2838 n.a. n.a. 
f2 3.3581 -0.8088 0.8175 0.6112 0.0001 3.1643 -0.8583 0.8219 0.8511 0.0001 
f3 3.1934 -0.7836 0.8206 0.6136 0.0001 3.1799 -0.8555 0.8211 0.7627 0.0001 
f4 2.8229 -0.8713 0.8645 16.5831 0.0002 2.8244 -0.8699 0.9004 38.1695 0.0001 
f5 5.9610 -0.7735 0.7735 4.0380 0.0001 5.9378 -0.8272 0.7722 3.8081 0.0001 
 Carbon dioxide + Ethyl laurate (328.15 K) Carbon dioxide + Linalool (313.20 K) 

f1 3.7104 -1.2227 0.7597 22.2162 0.0002 3.9931 -0.6832 0.6702 2.5222 0.0001 
f2 2.8508 -0.8386 0.8257 1.1437 0.0002 3.2507 -0.6839 0.6857 0.6512 0.0001 
f3 3.1090 -0.8866 0.8210 1.0955 0.0002 3.3055 -0.6904 0.6841 0.6448 0.0001 
f4 2.8229 -0.8713 0.8645 16.8960 0.0001 2.8228 -0.6712 0.6452 13.2394 0.0003 
f5 6.1805 -0.8513 0.7664 5.7884 0.0001 3.4382 -0.7192 0.6815 0.6950 0.0001 
 Carbon dioxide + Linalool (323.20 K)  

f1 9.2219 -0.1278 0.6499 n.a. n.a. 
f2 2.6831 -0.5911 0.6936 1.8436 0.0011 
f3 3.4088 -0.7461 0.6774 1.5854 0.0003 
f4 2.8229 -0.6713 0.6454 11.2993 0.0012 
f5 3.4007 -0.7438 0.6775 1.5751 0.0003 
  

 

a not available value.  
 
 
 



 
 

108

APPENDIX B 
 

SUMMARY OF ALGEBRAIC DETAILS FOR THE VARIOUS MIXING RULES  
 
In this appendix is shown the summary of algebraic expressions for the EOS parameters a 
and b and for the fugacity coefficient expressions for mixtures for each of the various 
mixing rules considered in the Chapter 3. The expressions presented in this Appendix are 
used in VLE calculations. 
 

1. Equations of state models for vapor-liquid phase equilibrium calculations  
 
The criterion of fugacity of vapor and liquid must be equal for a VLE calculation. This 
equilibrium relation is expressed as: 
 

( ) ( ), , , ,L V
i i i if T P x f T P y=           (1) 

 
where if  is the fugacity of species i in homogeneous liquid or vapor mixtures, the overbar 
to indicate a property of a species in a mixture, and the superscripts L and V represent the 
liquid and vapor phases, respectively. Also T and P are the absolute temperature and 
pressure and x and y are mole fractions (of species i) in the liquid and vapor, respectively. 
The eqn. (1) can be conveniently expressed for both phases in fugacity coefficient form, as 
follows: 
 

( ) ( ), , , ,L V
i i i i i ix T P x y T P yφ φ=         (2) 

 
Here the fugacity coefficient for specie i in a mixture from an equation of state can be 
obtain as: 

( ) ( ) ( )
, ,

, , 1ln ln ln
i j

V
i i

i
i iV T V N

f T P z RT P dV Z
z P RT V N

φ
≠=∞

⎡ ⎤⎡ ⎤ ⎛ ⎞∂⎢ ⎥= = − −⎢ ⎥ ⎜ ⎟∂⎢ ⎥⎝ ⎠⎣ ⎦ ⎣ ⎦
∫    (3) 

 
where zi is the molar fraction for both phases and when the eqn. (3) is applied to the vapor 
phase yi, is substituted; for the liquid xi is used instead.  

The PR EOS is used to obtain V or, equivalently, Z in the eqn. (3). 
 

( )
( ) ( )

a TRTP
V b V V b b V b

= −
− + + −

        (4) 

 
When the eqn. (4) is solved at a selected T, and P, and composition, three volumes roots are 
obtained at temperatures less than the critical temperature.  
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2. Huron-Vidal Mixing Rule (HVO)  
 
In the Huron-Vidal mixing rule the mixture EOS parameters are given as: 
 

i i
i

b z b=∑            (5) 

 
the eqn. (5) is identical to van der Waals mixing rule parameter and for the a parameter is 
giving as: 
 

( ),ex
ii

i
i i

G T zaa b z
b C

γ⎡ ⎤
= +⎢ ⎥

⎢ ⎥⎣ ⎦
∑          (6) 

  
In this case the fugacity coefficient of species i in a mixture become: 

( ) ( ) ( )
( )
( )
1 2ln1ln 1 ln ln

2 2 1 2
i i i

i
i

Z Bb aZ Z B
b b RT C Z B

γφ
⎛ ⎞+ +⎛ ⎞ ⎜ ⎟= − − − − +⎜ ⎟ ⎜ ⎟+ −⎝ ⎠ ⎝ ⎠

   (7) 

 
In the eqn. (7) the compressibility factor Z is computed from the PR EOS. 
 

3. The modified Huron-Vidal first order mixing rule (MHV1)  
 
In this mixing rule the expressions for the b parameter is the same as the HVO mixing rule 
presented in the eqn. (5). The parameter a is giving as: 
 

( )
1

,1 ln
ex

ii
i i

i ii i

G T za ba bRT z z
b RT q RT b

γ
⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪= + +⎢ ⎥⎨ ⎬⎜ ⎟

⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
∑ ∑      (8) 

 
where 1q  is an empirical parameter obtained by fitting pure component information. The 
fugacity coefficient of species i in a homogeneous solution is: 
 

( ) ( ) ( )
( )
( )1 1 1

1 2ln1 1 1ln 1 ln ln 1 ln
2 2 1 2

i i i i
i

i i

Z Bb a bbZ Z B
b b RT q q b q b Z B

γφ
⎛ ⎞+ +⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎜ ⎟= − − − − + + + −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ + −⎝ ⎠⎝ ⎠ ⎝ ⎠

(9) 

 
4. Modified Huron-Vidal second order mixing rule (MHV2) 

 
 In this mixing rule the eqn. (5) is used again for the b parameter. The parameter a is 
obtained by solving the following expression for a bRTα = : 
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( )2 2
1 1 1 2

,
ln 0

ex
i

i i i i i
i i i i

G T z bq q q z q z z
RT b

γα α α α
⎡ ⎤ ⎛ ⎞

+ + − − − − =⎢ ⎥ ⎜ ⎟
⎢ ⎥ ⎝ ⎠⎣ ⎦

∑ ∑ ∑             (10) 

 
The eqn. (10) is quadratic function and have 2 roots, the larger of the two real roots is used 
for obtainα . In the eqn. (10), q1 and q2 are empirical constants obtained by fitting pure 
component properties. The fugacity expression for i in a homogeneous mixtures is: 
 

( ) ( ) ( )
( )
( )
1 21ln 1 ln ln

2 2 1 2
i

i
i

Z Bb NZ Z B
b N Z B

αφ
⎛ ⎞+ +⎛ ⎞∂ ⎜ ⎟= − − − − ⎜ ⎟ ⎜ ⎟∂ + −⎝ ⎠ ⎝ ⎠

             (11) 

where 
 

( ) ( ) ( )2 2
1 2

1 2

ln ln 1
2

i i i i i

i

q q b b b bN
N q q

α α α γα
α

+ + + + + −∂
=

∂ +
              (12) 

 
5. Orbey-Sandler modification of the Huron-Vidal mixing rule (HVOS) 

 
Again eqn. (5) is used, and the a parameter relation is: 
 

( ),1 ln
ex

ii
i i

i ii i

G T za ba bRT z z
b RT C RT b

γ
⎧ ⎫⎡ ⎤⎛ ⎞⎪ ⎪= + +⎢ ⎥⎨ ⎬⎜ ⎟

⎢ ⎥⎝ ⎠⎪ ⎪⎣ ⎦⎩ ⎭
∑ ∑               (13) 

 
The fugacity coefficient of species i in a mixture become: 
 

( ) ( ) ( )
( )
( )
1 2ln1 1 1ln 1 ln ln 1 ln

2 2 1 2
i i i i

i
i i

Z Bb a bbZ Z B
b b RT C C b C b Z B

γφ
⎛ ⎞+ +⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎜ ⎟= − − − − + + + −⎜ ⎟⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟⎝ ⎠ + −⎝ ⎠⎝ ⎠ ⎝ ⎠

(14) 

 
6. Wong-Sandler mixing rule (WS) 

 
In the Wong-Sandler mixing rule the EOS parameters for a homogeneous liquid or vapor 
mixture is computed from: 
 

( ),
1

i j
i j ij

ex
ii

i
i i

az z b
RT

b
G T zaz

b RT CRT
γ

⎛ ⎞−⎜ ⎟
⎝ ⎠

=

− −

∑∑

∑
                 (15) 

 
with  
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( )ij
ji

ij

k
RT
ab

RT
ab

RT
ab −

⎟
⎠
⎞

⎜
⎝
⎛ −+⎟

⎠
⎞

⎜
⎝
⎛ −

=⎟
⎠
⎞

⎜
⎝
⎛ − 1

2
               (16) 

 
and  
 

( ),ex
ii

i
i i

G T zaa b z
b C

γ⎡ ⎤
= +⎢ ⎥

⎢ ⎥⎣ ⎦
∑                   (17) 

 
In these equations, exGγ , the molar excess Gibbs free energy obtained from any excess free 
energy model, is a function of temperature and composition only. The C term is the EOS-
dependent constant, for the PR EOS ( )ln 2 1 2C = − . The fugacity coefficient 

expressions for species i in a mixture for the WS mixing rule is: 
 

( ) ( ) ( )
( )
( )

2 1 21 1 1 1ln 1 ln ln
2 2 1 2

i
i i i

Z BNb a N a NbZ Z B
b N a N N b NbRT Z B

φ
⎛ ⎞+ −⎛ ⎞⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂ ⎜ ⎟= − − − + −⎜ ⎟⎜ ⎟ ⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟∂ ∂ ∂ + +⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

(18) 

 
The partial derivatives of am and bm are: 
 

( ) ( )

2

2
1 1 1

1 1i i i

Nb N Q Q ND
N D n N ND

⎛ ⎞ ⎛ ⎞ ⎛ ⎞∂ ∂ ∂
= − −⎜ ⎟ ⎜ ⎟ ⎜ ⎟∂ − ∂ ∂−⎝ ⎠ ⎝ ⎠ ⎝ ⎠

               (19) 

 
21 1

i i

N a NbD b
RT N N N

⎛ ⎞ ⎛ ⎞∂ ∂
= +⎜ ⎟ ⎜ ⎟∂ ∂⎝ ⎠ ⎝ ⎠

                                      (20) 

 
with the partial derivates of Q and D given by: 
 

21 2 j
j iji

N Q az b
N N RT

⎛ ⎞∂ ⎛ ⎞= −⎜ ⎟ ⎜ ⎟∂ ⎝ ⎠⎝ ⎠
∑                  (21) 

 
         
              (22)
  

1n
ex

i
i

NAl
RT N

γ ∂
=

∂
                              (23) 

 

ln i

i

ND ai
N biRT C

γ⎛ ⎞∂
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