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Abstract

In the book “Serre’s problem on projective modules” [42], Tsit Yuen Lam defines the class
& of extended rings; these rings satisfy the extended version of the Quillen-Suslin theorem.
In this thesis we investigate extended modules and rings for skew PBW extensions from a
matrix-constructive approach. We determine conditions on the parameters that define a skew
extension A = o(R)(z1,...,x,) in order to A be projective-free (PF), or more generally,
extended (€). Under such particular conditions we prove Vaserstein’s, Quillen’s patching,
Horrocks’ and Quillen-Suslin’s theorems for this type of non-commutative rings of polynomial
type. Complementary, but as a very important part of the thesis, a computational package
has been developed not only for the computations involved in the matrix-constructive proofs
related to the PF and & properties, but also for many homological applications of the Grob-
ner theory of skew PBW extensions developed recently in many papers.

Keywords: Extended modules, extended rings, skew PBW extensions, Bass-Quillen
conjecture, Quillen-Suslin theorem, matrix-constructive and algorithmic proofs, Grobner ba-
sis, computational package for skew PBW extensions.

Resumen

En el libro “Serre’s problem on projective modules” [42], Tsit Yuen Lam definié las clases €
de anillos extendidos; estas clases de anillos satisfacen la version extendida del teorema
de Quillen-Suslin. En esta tesis investigamos moddulos y anillos extendidos para exten-
siones PBW torcidas desde una aproximacion matricial. Determinamos condiciones sobre
los pardmetros que definen una extensién torcida A = o(R)(xq,...,x,) para que A sea
proyectivo-libre (PF), o més general, extendida (£). Bajo tales condiciones particulares
nosotros probamos los teoremas de Vaserstein, patching de Quillen, Horrocks y Quillen-
Suslin para este tipo de anillos polinomiales no conmutativos. Como complemento, pero
como una muy importante parte de la tesis, algunos paquete han sido desarrollados no solo
para calculos que envueltos en la prueba matricial constructiva relacionada a las propiedades
PF y &, sino también para algunas aplicaciones homoldgicas de la teoria de bases de Grobner
de extensiones PBW torcidas desarrolladas recientemente en muchos trabajos.

Palabras clave: Modulos extendidos, anillos extendidos, extensiones PBW torcidas,
conjetura de Bass-Quillen, teorema de Quillen-Suslin, aproximacion matricial-constructiva y
pruebas algoritmicas, bases de Grébner, paquetes computacionales para extensiones PBW
torcidas.
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Introduction

The extended modules emerged as a result of Serre’s classic problem that asks if R is a field
and A := R[zy,...,x,] is the ring of polynomials in n indeterminate over R, then every
finitely generated projective module over A is free? In 1976 Quillen and Suslin discovered
independently positive proofs of this problem. Moreover, their methods showed that the
conjecture is also valid if R is a principal ideal domain (DI P), and more strongly, when R is
a Dedekind domain, then all finitely generated projective modules over A are extended from
R ([42), [22)).

The main purpose of this thesis is to study the extended modules over some classes of skew
PBW extensions; these type of noncommutative rings of polynomial type were defined in
2011 by Gallego and Lezama in [26] and have been enough studied since then (see [1], [2], [3],
(7], [19], [26], [27], [28], [39], [45], [46], [47], [48], [49], [65], [66], [67], [73], [74], [76]). Given a
skew PBW extension A of a R ring, a left A-modulo P is called eztended from R if there is
a left R-modulo P, such that P = A ®Qp .

Finitely generated projective modules have investigated for many authors for some particular
classes of noncommutative algebras as Weyl algebras, enveloping algebras of Lie algebras,
quantum polynomials, among many others (see [9], [10], [11], [12], [13], [18], [20], [34], [64],
[71], [72]). However, the extended modules for noncommutative rings and algebras have not
been enough studied.

The main results on the notion of extended modules are reduced to the commutative case.
One of the first results for the case of R non-Noetherian was “hidden” in an investigation
published in 1971. In a short summary in the AMS Notices, W. V. Vasconcelos and A. Simis
established that if R is a valuation domain then every finitely generated projective module
on R[z] is free [75]. Nothing was said about the multivariate case, and the details of the
univariate case proof were not published, for this fact it is said that the result was “hidden”.
After solving the Serre conjecture by Quillen and Suslin, the work was also initiated for the
coeflicient case in a non-Noetherian ring. Brewer and Costa showed in 1978 (see [16]), that if
N is the nilradical of a commutative ring R and if each finitely generated projective module
P over Rlxy,...,x,] is extended from R, then P/NP is extended from R/N. Using this
result, Brewer and Costa showed that if R is a Priifer domain with Krull dimension < 1,
then each finitely generated projective module over the ring R[xq,...,x,] is extended from
R. Using a modification of Quillen’s induction theorem, in 1980 Lequain and Simis extended
the Brewer and Costa result to any Priifer domain ([43]). Several researchers have used in
their works the Quillen’s induction or the Lequain and Simis’ induction in the investigation
of extended modules and rings.

A branch of research around the generalization of the Quillen-Suslin theorem is aimed at
presenting constructive methods; authors such as Henry Lombardi ([56], [57], [58], [59])
and IThsen Yengui ([79], [80]) developed this methodology. These authors presented con-
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structive approaches to the versions of the Quillen-Suslin theorem for extended modules on
non-noetherian rings, for example, for coherent rings with dimension of Krull < 1. They
implemented arithmetic characterizations of these rings and use the local-global principles,
defining constructively concepts or proofs such as the Krull dimension, the Quillen’s patch-
ing, the Quillen’s induction, among others.

Many questions arise when modules and rings are investigated. The proposal of this thesis
is focused on the following aspects:

(a) Study from a matrix-constructive approach for special classes of skew PBW extensions
some theorems that come from commutative homological algebra, theorems that play a fun-
damental role in the investigation of noncommutative version of the Quillen-Suslin theorem,
the Bass-Quillen conjecture, and in general, in the investigation of extended modules and
rings. Such theorems are Vaserstein’s theorem, Quillen’s patching and Horrocks’ theorem.
It is important to remark that in [12] Quillen’s patching theorem and the Horrocks’ theorem
were studied for quantum polynomials, which also correspond to locations of appropriate
skew PBW extensions (see [48], [50]). Paper [12] was the main motivation for the present
research.

(b) In order to complement the matrix-constructive study of extended modules in (a), we
have implemented in Maple the theory of Grobner basis of skew PBW extensions, as well
as, some of its applications in homological algebra. This is a very important part of the
thesis since it is useful not only for investigating constructively homological properties of
many algebras that can be described as skew PBW extensions, but also for many eventual
applications of them (see for example Chapter 3).

The present monograph is organized in the following way: In the first chapter we present some
preliminaries of homological algebra, in particular, we recall the definition of the following
classes of rings related to rings £ ([46]): RC, ZBN, PF, PSF, H. For the PF rings we
recall its constructive matrix characterization (Theorem 1.1.3). We present also a matrix
interpretation of isomorphic modules that will be used in the second chapter. In this first
chapter we also recall the definition of the skew PBW extensions and we give some properties
of them such as: The Hilbert basis theorem (Theorem 1.3.9), Serre’s theorem (Theorem
1.3.10) and some important facts about locations. Within the preliminaries are also included
well-known results about Grébner bases for bijective skew PBW extensions, these results
are fundamental in the implementation. Finally, the chapter concludes with some results
about syzygy modules and free resolutions.

The contributions of the present investigation are concentrated in Chapters 2, 3 and 4.
The second chapter is dedicated to investigate the extended modules and the key theorems
related with them for a restricted class of skew PBW extension, namely, for Ore extensions
of the form Rxy,...,z,;0], where R is a commutative ring and ¢ an automorphism of R.
The main results are: Theorem 2.2.3, Proposition 2.2.5, Proposition 2.2.7 and Corollary
2.2.8, which are generalizations of the classical commutative case; Theorem 2.2.3 is a matrix
interpretation of the extended modules. In this chapter we also include the Vaserstein’s
theorem (Theorem 2.3.3), which is an adaptation of the commutative case ([41]); we also
present a result that is of vital importance in the Quillen’s induction, the Quillen’s patching
theorem (Theorem 2.4.1). Theorem 2.5.3 is a noncommutative version of Quillen-Suslin
theorem for Ore extensions. Finally, the chapter concludes with a constructive proof of the
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Quillen-Suslin theorem for the skew polynomial ring K|x;; 0, ], where K is a division ring,
o is automorphism on K and 0 is a o-derivation.

Chapter 3 contains an interesting application in multidimensional ideal code of the multi-
variable Ore extension A[xq,...,2,; 0], where A is a semisimple algebra and assuming some
suitable conditions of separability. This application was obtained as an easy adaptation of
works [31], [32] and [33], where the only one variable is studied.

In the fourth chapter we present the implementation developed in Maple, this implementation
is based on a library specialized for working with skew PBW extensions. The library has
utilities to calculate Grébner bases over bijective kew PBW extensions, moreover, it includes
some functions that calculate: The module of syzygies, free resolutions and left inverses of
matrices, among others. In addition, we create another independent library that allows to
execute the Quillen-Suslin theorem for K[z;o,4], with K a field, 0 a K-automorphism and
0 a o-derivation.

In appendices A and B we present the documentation and content of the library SPBWE.lib
developed in Maple, in Appendix A we present the packages: SPBWETools, RingTools
and SPBWEGrobner, these contain utilities to define and perform calculations with PBW
extensions, in Appendix B the package SPBWERings is presented, which contains a list of
skew PBW extensions that are predefined in the library.

There are available many computational packages that make computations with noncommu-
tative algebras of polynomial type, among them we can mention the following:

J. Apel and U. Klaus ([6], http://felix.hgb-leipzig.de)
MAS by H. Kredel and M. Pesch ([40], http://krum.rz.uni-mannheim.de/mas.html)
Singular:Plural by V. Levandovskyy et al. ([36], http://www.singular.uni-kl.de)

Macaulay2 by D. Grayson and M. Stillman (http://www.math.uiuc.edu/Macaulay?2,

([35])
Kan/sml by N. Takayama et. al.

However none of the above systems make computations with skew PBW extensions, so the
package developed represent a novelty.



1. Preliminaries

In this introductory chapter we present the basic algebraic tools that we will use in the
thesis, in particular, we recall some well-known facts about the matrix interpretation of
finitely generated projective modules over arbitrary noncommutative rings, as well as, some
remarks about the matrix interpretation of isomorphic modules over arbitrary rings. A very
important section about the skew PBW extensions and its Grobner theory is included.

1.1. PF, PSF and H rings

In this first section we recall some classes of rings closed related to the extended rings, which
are the central topic of this monograph (see [46]).

Definition 1.1.1. Let R be a ring.
(i) R is an RC ring if for any integers s,t > 1, given an epimorphism R® — R, then
s>t.
(i) R is an BN ring (Invariant Basis Number) if for any integers s,t > 1, R® = R if
and only if s =t.

All rings considered in this monograph are RC, and hence ZBN ([46] Section 1, Proposition
3).

Definition 1.1.2.
(i) A ring R is a PF ring if every finitely generated projective R-module is free.

i) A ring R is a PSF ring if every finitely generated projective R-module is stably free,
(ii) g g Y Y g ] y
i.e., for every finitely generated projective R-module M there exist n,m € ZT U {0}
such that R" & M = R™.

(iii) A ring is H (Hermite ring, see [42]) if every stably free R-module is free.
The following matrix characterization of PF rings will be very important in what follows.

Theorem 1.1.3. Let R be a ring. R is PF if and only if for every s > 1, given an idempotent
matriz F € Mg(R), there exists a matriz U € GL4(R) such that

oo
UFU _[o L}’ (1-1)

where r = dim({(F)), 0 <r < s, and (F) represents the left R-module generated by the rows
of F'. Moreover, a basis of M is given by the last r rows of U.

Proof. (See [46], Section 4, Corollary 7). O]
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1.2. Matrix interpretation of isomorphic modules

In this section we present some remarks about matrix interpretation of isomorphic modules
over arbitrary rings; in [41] these remarks were considered for commutative rings, however
the adaptation to the noncommutative case is direct. Anyway, we include the proofs for
completeness.

Every ring homomorphism R — 7' induce natural homomorphisms

Msn(R) — Mopsn(T), GL,,(R) — GL,,(T).

Definition 1.2.1. Two matrices F,G € My,«n(R) are equivalent (denoted F' ~ G ) if there
exist P € GL,,,(R) and Q € GL,(R) such that

F = PGQ.

Consider two exact sequences of R-modules
0— K 2% F %5 My — 0

0— Ky 2 F 2 My — 0,

where I}, Fy are free.

Proposition 1.2.2. Ifi: My — M, is an isomorphism, then there exists o € Aut(Fy @ Fy)
such that following diagram

(a1,0)
e Fy, —— M,

e F (Taz)' M,

is commutative. Identifying K; with B;(K;) C F; (j = 1,2), a(K; & Fp) = F1 & K.

Proof. Since F; (j = 1,2) is free, we can define homomorphisms v, : Fy — F5 and v, :
Fy — F} such that the following diagrams commute

F — M

\i

By — = M,

a2

71

aq

F, — M

By —— Mo,

a2
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We define
o Fy @ F,— Fy ® F,, maps to (z,y) — (z,y —11(x)),

o' Fi®F, — Fy @ F,, maps to (z,y) — (x —712(y),v).

Note that o/, o” € Aut(F, ® Fy). We want to show that a := o/ 7! o o’ is the claimed
isomorphism. Since

(i, ag) (" (2,y)) = ian(2) —iar172(y) + aa(y) = ian(x) = i0 (a1,0)(z,y)

and

(i, az)(d (2, y)) = i (x) + aa(y) — com(z) = (0, a2)(2, ),

then (0, ) o v =i o (ay,0) since o/ = o’ o a.
For the second statement of (i), we have K; & Fy = ker(ay,0) and F} & Ky = ker(0, ay),
therefore a( Ky @ Fy) = F} @ K,. Indeed, (0,a3) o a(K; @ Fy) =10 (aq,0)(K; @ Fy) =0, so
(K, & Fy) C ker(0,ap) = Fy & Ko; for the other inclusion we have (ay,0)a™ ! (F; & Ko)

2'71(070[2)(F1 D KQ) =0, whence Oéil(Fl D KQ) - ker(al,O) =K & FQ, ie., Fio Ky C
Oé(Kl D F2> O
From the previous proposition we get the following interesting result.
Corollary 1.2.3. Let R be a ring and consider two exact sequences of R-modules

Bj a; .
F, = F; = M; — 0 (1=1,2), (1-3)

where Fy, F; are free R—modules. Then, My = My if and only if there exist o € Aut(Fy & Fy)
and € Aut(F| & F, & Fy & Fy) such that the following diagram

(P1®ig,,0)
FeoheoFRaoF —2 F[obF

B \a (1-4)
FleF,®F oF, - e

commutes.

Proof. =): Assume that M; = M, and let K; := ker(o;) = Im(5;) (j = 1,2). By Proposi-
tion 1.2.2, there exists o« € Aut(F; @ Fy) and an isomorphism o' such that the diagram

Brepi .
Floh 2 KeF - Fak

/

a [0

i ®B .
FoF 2“2 hRek, —2Fak
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commutes, where ¢1, 15 are the inclusions. Applying again Proposition 1.2.2 to isomorphism
o/, we obtain the isomorphism  making diagram (1-4) commutative.

<): In the diagram (1-4), (81 ®ig,, 0) coincides with 51 on F|, with i, on F; and with 0 on
Fy and Fj. In a similar way is defined (0,idg, @/;). From (1-4) we obtain that M; = M.
This is because M; = coker(fy @ ig,,0) and My = coker(ip, @ fs). In fact, for example,
FLo B/ ImB @i, 0)= A& F/K & F, > F /K, = Fy/ker(ar) 2 M,. O

Now we can consider that M; and M, are finitely presented R-modules,

F 2 F 2 M =0

F 2 By 2 M, — 0.

With respect to the canonical basis, 3 is given by a matrix By € My x,(R) and Sy by
By € Myyn(R). The matrices that represent the homomorphisms in the rows of (1-4) are
given by

By | 0 0
0|1, and I.1 0 |. (1-5)

0 0 | By

which are in M,y s(R), where r := m +n +m’ +n’ and s := m + n. Therefore, Corollary
1.2.3 says that the modules M; and M, are isomorphic if and only if the matrices in (1-5)
are equivalent.

1.3. Skew PBW extensions

The modules studied in this thesis are over skew PBW extensions; this class of noncom-
mutative rings of polynomial type were introduced in [26]. We will recall its definition and
some key properties.

Definition 1.3.1. Let R and A be rings, we say that A is a skew PBW extension of R also
called o-PBW extension, if the following conditions hold:

(i) RC A.

(ii) There exist finitely many elements xy,...,x, € A such that A is a left R-free module
with basis

Mon(A) := Mon{xy,...,x,} = {z* =2 - 28 |a = (v, ..., ) € N'}.

(11i) For every 1 <i<mn andr € R — {0} there exists ¢;, € R — {0} such that

;T — ¢,z € R. (1-6)
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(i) For every 1 <i < j <n there exists ¢;; € R left invetible such that
T;T; — Ci ;X5 € R+ Rxy+ - -+ Rx,. (1-7)

Under these conditions we will write A = o(R)(x1,...,T,), and R will be called the
ring of coefficients of the extension.

Remark 1.3.2. (i) In general, for i # j the elements x; and z; do not commute. Since that
Mon(A) is a R-basis for A, in the above definition the elements ¢;, and ¢; ; are unique.

(ii) If r = 0, then we define ¢;o = 0: In fact, 0 = 2,0 = ¢, oz; + s;, with s; € R, but since
Mon(A) is a R-basis, then ¢;o =0 = s;.

(ili) Comparing with [26], i.e., assuming in (iv) of the previous definition only that ¢;; # 0 for
all 1 < 4,7 < n, then there exist ¢;;,¢;; € R such that x;x; —c¢;;x;0, € R+ Rxy +---+ Ry,
and z;x; — ¢; ;x;x; € R+ Rxy + - - - + Rz, but since Mon(A) is a R-basis then 1 = ¢;;¢; ;,
whence, for every 1 < i < j < n, ¢;; is left invertible; moreover, ¢;; = 1: In fact, a7 —¢; ;27 =
S0 + 8121 + -+ + STy, With s; € R, hence 1 —¢;; =0 = s;.

(iv) The elements of Mon(A) will be denoted also in capital letters, thus, z® € Mon(A) will
be represented also as X if it is not important to highlight the exponents aq, ..., a, in z°.

(v) Each element f € A—{0} has a unique representation in the form f = ¢; X +-- -+ ¢ X3,
with ¢; € R — {0} and X; € Mon(A), 1 <i<t.

Example 1.3.3. Many rings and algebras coming from mathematical physics can be de-
scribed as skew PBW extensions, among of the most remarkable examples are: The usual
polynomial ring, the enveloping algebra of a finite dimensional Lie algebra, the Weyl algebra,
the additive analogue of the Weyl algebra, the algebra of ¢-differential operators, the algebra
of shift operators, the algebra of linear partial shift operators, the algebra of linear partial
difference operators, the algebra of linear partial ¢-differential operators, the algebra of lin-
ear partial g-dilation operators, the quantum polynomials, Ore algebras of bijective type,
some diffusion algebras, the Woronowicz algebra, the dispin algebra, the coordinate algebra
of the quantum matrix space, the ¢-Heisenberg algebra, the quantum enveloping algebra of
s[(2, K), the Hayashi algebra, the quantum Weyl algebra of Maltsiniotis, the Witten’s defor-
mation of U(sl(2, K), the quantum Weyl algebra A, (q,p;;), the multiparameter quantized
Weyl algebra A2T(K), the quantum symplectic space O,(sp(K?")), some quadratic algebras
in three variables. For a precise definition of these algebras see [48].

The following proposition is fundamental.

Proposition 1.3.4. Let A be a skew PBW extension of R. Then, for every 1 < i < n,
there exist an injective ring endomorphism o; : R — R and a o;-derivation ; : R — R such
that

xir = oy(r)x; + 6;(r),
for each r € R.

Proof. (See [26] Proposition 13). O
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A particular class of skew PBW extension is when all derivations d; are zero. Another
interesting case is when all o; are bijective and the constants ¢;; are invertible. We have the
following definition.

Definition 1.3.5. Let A be a skew PBW extension.

(a) A is quasi-commutative if the conditions ((iii)) and (iv) in Definition 1.5.1 are replaced
by
(iii’) For every 1 <i<n andr € R— {0} there exists ¢;, € R — {0} such that

Tir = Ci ;. (1-8)

(iv') For every 1 <i,j <n there exists ¢; ; € R — {0} such that
l'jl'i = ci,jxixj (1—9)
(b) A is bijective if o; is bijective for every 1 < i < n and ¢;; is invertible for any
1<i<j<n.

Remark 1.3.6. We observe if A is quasi-commutative, then the evaluation function at 0,
ie, A— R, f € A~ f(0) € R, is a surjective ring homomorphism with kernel (x1, ..., z,),
the two-sided ideal generated by x1,...,z,. Thus, A/(zy,...,z,) = R as rings.

Definition 1.3.7. Let A be a skew PBW extension of R with endomorphisms o;, 1 <1i < n,
as 1 Proposition 1.5.4.

(i) Fora = (aq,...,a,) € N" 0% =0 - -0, |a| =1+ +a,. If8=(P1,...,0.) €
N™ then o+ 5 := (a1 + B, -, Qpn + Br)-

(ii) For X =x* € Mon(A), exp(X) := a and deg(X) = |a].

(11i) Let 0 # f € A, t(f) is the finite set of terms that conform f, i.e., if f =1 Xq + -+
X, with X; € Mon(A) and ¢; € R — {0}, then t(f) := {1 Xy, ..., X}

(iv) Let [ be as in (i11), then deg(f) := max{deg(X;)}._,.

The skew PBW extensions can be characterized in a similar way as was done in [17] for
PBW rings.

Theorem 1.3.8. Let A and R be rings satisfying the condition (i)-(ii) of Definition 1.3.1.
A is a skew PBW extension of R if and only if the following conditions hold:

(a) For every z® € Mon(A) and every 0 # r € R there exist unique elements ro, = o®(r) €
R —{0} and pa, € A such that

rr = rox® + Por, (1-10)

where po, = 0 or deg(pa,) < || if pa, # 0. Moreover, if r is left invertible, then r,
18 left invertible.
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(b) For every x® x° € Mon(A) there exist unique elements co3 € R and pop € A such
that

15 = o 37 + pos, (1-11)
where cqp 1s left invertible, po s = 0 or deg(pag) < |a+ B| if pasg # 0.

Skew PBW extensions have been intensively investigated in recent papers (see [1], [2], [3],
[19], [26], [27], [28], [39], [45], [46], [47], [48], [49], [65], [66], [73], [74], [76], among many
others). Next we present some of the most important important ring theoretic and homo-
logical properties of these noncommutative rings of polynomial type that we will use in this
monograph.

Theorem 1.3.9 (Hilbert Basis Theorem, [48]). Let A be a bijective skew PBW extension
of R. If R is a left (right) Noetherian ring then A is also a left (right) Noetherian ring.

Recall that a ring R is left (right) regular if every finitely generated left (right) R-module
has finite projective dimension (see [64]).

Theorem 1.3.10 (Serre’s theorem, [48]). Let A be a bijective skew PBW extension of a
ring R such that R is left (right) Noetherian, left (right) reqular and PSF. Then A is PSF.

Lemma 1.3.11 ([2]). Let A := R[z1;01] - [2n;04] be a quasi-commutative skew PBW
extension of a ring R and let S be a multiplicative system of R.

(a) If ST'R exists and 0;(S) C S for every 1 < i <mn, then S™'A is a quasi-commutative
skew PBW extension of RS~ and

STTA X (STIR)[21;07) - - - [20; Tl

In addition, if A is bijective with o;(S) = S for every i, then S™'A is a quasi-
commutative bijective skew PBW extension of S™'R.

(b) If RS™! exists and A is bijective with o;(S) = S for every 1 <i < n, then AS™! is a
quasi-commutative bijective skew PBW extension of RS~ and

AS™V 22 (RS Way; 1] -+ [0 53]

(¢c) If ST'R and RS™! exist and A is bijective with o;(S) = S for every 1 < i < n, then
STtA =2 AS™!is a quasi-commutative bijective skew PBW extension of STIR = RS™1.

For the bijective case we have the next result, where Sy(R) is the set of regular elements of
R.

Theorem 1.3.12 ([2]). Let R be a ring and A := o(R){(x1,...,x,) be a bijective skew PBW
extension of R. Let S C Sy(R) be a multiplicative subset of R such that 0;(S) = S, for every
1 <@ < n, where o; is defined by Proposition 1.3.4.
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(i) If ST'R exists, then S™'A exists and it is a bijective skew PBW extension of ST'R
with

StA=0(ST'R)(2),...,2),

rn

where xj := %L and the system of constants of SR is given by cij =

1<1,5 <n.

(ii) If RS exists, then AS™' exists and it is a bijective skew PBW extension of RS™!
with

ASTt=o(RS™H)(a),...,2l),

n

where xf == 2t and the system of constants of RS~ is given by ;=

1<1,5 <n.

Cij M. i)
1074, 7 oy(s)?

(iii) If ST'R and RS™! exist, then ST'A = AS™! is a bijective skew PBW extension of
SR>~ RS,

Theorem 1.3.13 (Ore’s theorem, [2]). Let A = o(R)(x1,...,z,) be a bijective skew PBW
extension of a left Ore domain R. Then A is also a left Ore domain, and hence, A has left
total division ring of fractions such that

Qi(A) = Qu(o(Qu(R))(x, .., 27)).-

If R is a right Ore domain, then A is also a right Ore domain, and hence, A has right total
division ring of fractions such that

Qr(A) = Qr(o(Qr(R)) (T, ..., 27)).

If R is an Ore domain (left and right), then A is an Ore domain and

Q(A) = Qo (Q(R)) (1, -, a7)) = Qo (QR)) (Y, ..., 7))

1.4. Grobner basis over skew PBW extensions

One of the main contributions of the present thesis is to implement in Maple the theory
of Grébner basis for modules over skew PB extensions. This implementation will be done
in the last chapter. The theory was studied by Lezama-Gallego-Jiménez in some papers
(see [25], [24], [26], [27], [39], [51]). We will review from [24], [27] and [45] the most basic
definitions and facts of the Grobner theory in order to understand better in the last chapter
the implementation of the main algorithms involved in the theory, in particular, the Division
Algorithm and the Buchberger Algorithm. The proofs omitted here can be found in the
references cited above.
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1.4.1. Monomial orders in skew PBW extensions

Let A =o0(R)(x1,...,x,) be askew PBW extension of R and let = be a total order defined
on Mon(A). If z® = 27 but 2% # 2% we will write 2% = z°. 2% < 2% means that 2% = 2°.
Let f # 0 be a polynomial of A, if

f=aXi+- - +aX,

with ¢; € R — {0} and X; > --- > X, are the monomials of f, then Im(f) := X; is the
leading monomial of f, lc(f) := ¢ is the leading coefficient of f and lt(f) := ¢1X; is the
leading term of f. If f = 0, we define Im(0) := 0,1c(0) := 0,{¢(0) := 0, and we set X > 0
for any X € Mon(A). Thus, we extend > to Mon(A) U {0}.

Definition 1.4.1. Let > be a total order on Mon(A), it is said that = is a monomial order
on Mon(A) if the following conditions hold:

(i) For every 2°, 2% 27, 2* € Mon(A)
2P = 2% = Im(xV2P2?) = Im (a7 z%a?).
(ii) x* = 1, for every x® € Mon(A).

(iii) = is degree compatible, i.e., |3] > |a| = 27 = 2.
The deglex order in Mon(A) is defined by

(

r® =28
or
2% = 2 = { 2 # 28 but|a| > | 8|
or
% 28 |al = |8 but 3 i with oy = Bu,..., ;1 = Bi_1, o > B

\

From now on we will assume that Mon(A) is endowed with some monomial order.

Definition 1.4.2. Let 2%, 2° € Mon(A), we say that x* divides x°, denoted by x*|xP,
if there exists 17, 2% € Mon(A) such that 2° = Im(z7x%2*). We will say also that any
monomial x* € Mon(A) divides the polynomial zero.

Proposition 1.4.3. Let 2%, 2% € Mon(A) and f,g € A—{0}. Then,

(a) Im(z®g) = Im(z®lm(g)) = zoTPlmO) e exp(im(z®g)) = a + exp(im(g)). In
particular,

Im(Im(f)lm(g)) = a@Ptm)+expln(a) ¢
exp(lm(lm(f)im(g))) = exp(im(f)) + exp(Im(g))

and

Im(x®2?) = 2°%F de., exp(im(z®z?)) = a + . (1-12)
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(b) The following conditions are equivalent:

(i) x®|2P.
(ii) There exists a unique 2° € Mon(A) such that 2° = Im(2%z%) = 2%+ and hence
g =0+ «.
(iii) There exists a unique 2° € Mon(A) such that 2° = Im(z%2°) = 2°*° and hence
B=a+6.

(v) Bi > oy for 1 <i<n, with :=(61,...,0,) and o := (v, ..., ).
Some natural computational conditions on R will be assumed in this chapter (see [50]).
Definition 1.4.4. A ring R is left Grobner soluble (LGS ) if the following conditions hold:
(i) R is left Noetherian.

(i1) Given a,ry,...,r, € R there exists an algorithm which decides whether a is in the left
tdeal Rri+ -+ + Rry,, and if so, find by, ..., b, € R such that a = byry + -+ + by

(11i) Givenry,...,rm € R there exists an algorithm which finds a finite set of generators of

the left R-module
Syzgrlr1 -+ ] :={(b1,...,by) € R™byr1 + -+ + by, = 0}

Remark 1.4.5. The three above conditions imposed to R are needed in order to guarantee
a Grobner theory in the rings of coefficients, in particular, to have an effective solution of
the membership problem in R. From now in this chapter on we will assume that
A = o(R){(xy,...,z,) is a bijective skew PBW extension of a LGS ring R and
Mon(A) is endowed with some monomial order.

The Grobner theory we are reviewing for modules, of course, includes the particular case of
left ideals, however it is important to recall a couple of things of this particular situation.

Definition 1.4.6. Let F := {g1,...,9s} < A, Xg the least common multiple of
{lm(q1),...,lm(gs)}, 0 € N*, ;== exp(Im(g;)) and v; € N such that v; + ; = exp(Xr),
1 <i<s. Bpp will denote a finite set of generators in R® of

Sk = Syzrlo" 0 (lc(g1))cy 0.8, -+ 070 (1e(gs))Cya0.6.)]-
For 0 =0:=(0,...,0), Spg will be denoted by Sp and Bry by Bp.

Remark 1.4.7. Let (by,...,bs) € Spp. Since A is bijective, then there exists an unique
(Vy,...,b.) € Sp such that b; = o%(b)cp,, for 1 < i < s: In fact, the existence and
uniqueness of (b},...,b.) it follows from the bijectivity of A. Now, since (by,...,bs) €
Srg, then >0 b0 (lc(g:))cony5. = 0. Replacing b; by o?(b;)cy, in the last equation,
we obtain Y5, o?(b))co, 0% (lc(g;)) C(;,}WCOWC@M,& = 0; multiplying by cg,,lﬁ Lp, We get
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s 00y 047 (] (1)) ! -1 _). Tentits
> ie1 07 (Vi) o, 0" (1e(9i))Ch oy, Co i ot Conyrp, = 0; NOW We can use the identities of Re-
mark 1.3.6, so

>_ o' H)a" (07 (Ie(gi))o (e5) = 0,

and since o/ is injective then Y7 | b0 (lc(g:))cy, 5, = 0, ie., (by,...,b.) € Sp.

The next theorem gives a matrix interpretation of the relation between the generators of a
given left ideal I of A and its Grébner basis.

Theorem 1.4.8 ([45]). Let F' = {f1,..., fs} be a subset of A and G = {g1,...,9:} be a
Grébner basis of I := (F'}. Then, there exist matrices H = [h;j] € Mgy (A) and Q = [g;5] €
My s(A) such that

GT = H'FT and FT = QTG7,

where G = [91 gt] = [fl fs} and
hiv oo by Qi ot Qs

H=|: .. | andQ:= :
hS]. ce hst g (ts

1.4.2. Grobner basis of modules

Now we will review from ([27]) some basic definitions and facts of theory of Grobner basis for
submodules of A™, m > 1, where A = o(R)(z1,...,x,) is a bijective skew PBW extension
of R, with R a LGS ring (see Definition 1.4.4) and Mon(A) endowed with some monomial
order (see Definition 1.4.1). A™ is the left free A-module of column vectors of length m > 1;
since A is a left Noetherian ring (Theorem 1.3.9), then A is an /BN ring (Invariant Basis
Number, see [53]), and hence, all basis of the free module A™ have m elements. The idea is
recall the main notions of the Grobner basis for submodules of A™ in order to understand
better the implementaion in the last chapter of the Division Algorithm and the algorithm
that computes the Grobner basis using Maple.

Monomial orders on Mon(A™)

We will often represent the elements of A™ also as row vectors, if this does not cause confu-
sion. We recall that the canonical basis of A™ is

er = (1,0,...,0),es=(0,1,0,...,0),...,em = (0,0,...,1).

Definition 1.4.9. A monomial in A™ is a vector X = Xe;, where X = x* € Mon(A) and
1<i1<m, e,

X=Xe=1(0,...,X,...,0),
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where X is in the i-th position, named the index of X, ind(X) = i. A term is a vector
cX, where ¢ € R. The set of monomials of A™ will be denoted by Mon(A™). Let Y =
Ye; € Mon(A™), we say that X divides Y if i = j and X divides Y. We will say that any
monomial X € Mon(A™) divides the null vector 0. The least common multiple of X and Y,
denoted by lem(X,Y), is 0 if i # j, and Ue;, where U = lem(X,Y), if i = j. Finally, we
define exp(X) := exp(X) = «a and deg(X) := deg(X) = |a].

We now define monomial orders on Mon(A™).

Definition 1.4.10. A monomial order on Mon(A™) is a total order = satisfying the fol-
lowing three conditions:

(i) Im(zPx*)e; = x%e;, for every monomial X = 2%e; € Mon(A™) and any monomial z°

in Mon(A).

(ii) If Y = 2Pe; = X = 2%¢;, then Im(x72%)e; = Im(z7x%)e; for every monomial 7 €
Mon(A).

(iii) = is degree compatible, i.e., deg(X) > deg(Y) = X = Y.
If X= Y but X# Y we will write X = Y. Y < X means that X = Y.
Proposition 1.4.11. Every monomial order on Mon(A™) is a well order.
Given a monomial order > on Mon(A), we can define two natural orders on Mon(A™).
Definition 1.4.12. Let X = Xe; and Y =Ye; € Mon(A™).
(i) The TOP (term over position) order is defined by
XY

XY <or
X=Yand 1> 7.

(i) The TOPREV order is defined by

X=Y
XY < or
X =Yand i<j.
Remark 1.4.13. (i) Note that with TOP we have
€y ™ €1 > - €]
and

€1 =€y - > €,
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for TOPREV.

(ii) The POT (position over term) and POTREV orders defined in [4] and [50] for modules
over classical polynomial commutative rings are not degree compatible.

(iii) Other examples of monomial orders in Mon(A™) are considered in [18], e.g., orders with
weights.

We fix a monomial order on Mon(A), let f # 0 be a vector of A™, then we may write f as
a sum of terms in the following way

f=aXi+ - +aXy
where ¢1,...,¢ € R—0and X; = Xy > --- > X, are monomials of Mon(A™).
Definition 1.4.14. With the above notation, we say that
(i) It(f) = c1 Xy is the leading term of f.
(1) lc(f) := ¢y is the leading coefficient of f.
(11i) Im(f) := X3 is the leading monomial of f.

For f = 0 we define Im(0) = 0,lc(0) = 0,/t(0) = 0, and if > is a monomial order on
Mon(A™), then we define X > 0 for any X € Mon(A™). So, we extend > to
Mon(A™)J{0}.

The reduction process in A™ is defined as follows.

Definition 1.4.15. Let F be a finite set of non-zero vectors of A™, and let f,h € A™, we say
that f reduces to h by F' in one step, denoted _fi> h, if there exist elements f,,...,f, € F

and ry,...,r € R such that
(i) Im(f)|lm(H), 1 <i <t, ie, ind(Im(f)) = ind(Im(f)) and there exists * € Mon(A)
such that a; + exp(Im(f,)) = exp(Im(f)).

(ii) le(f) = o (le(fy))Car gy + - -+ 100 (le(fy) ) Car,p,» WheTe oy f, i= Cayexpim(f)) -
(iii) h=f— > _ ra®f.
We say that f reduces to h by F, denoted f i>+ h, if and only if there exist vectors
hi,...,h_1 € A™ such that
z
f®4 — g

f is reduced (also called minimal) w.r.t. F if f= 0 or there is no one step reduction of f
by F', i.e., one of the first two conditions of Definition 1.4.15 fails. Otherwise, we will say

that f is reducible w.r.t. F. If f i>+ h and h is reduced w.r.t. F, then we say that h is a
remainder for fw.r.t. F.

Theorem 1.4.16. Let F' = {f,...,f;} be a set of non-zero vectors of A™ and f € A™,
then there exist polynomials qi,...,q € A and a reduced vector h € A™ w.r.t. F such that

5. hand
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f=afi+--+afith
with
Im(f) = max{im(Ilm(q)Im(f)), ..., im(Im(q)im(f,)),im(h)}.

In the last chapter we will implement the algorithm associated to the previous theorem.
Next we have the definition of Grobner basis for submodules of A™.

Definition 1.4.17. Let M # 0 be a submodule of A™ and let G be a non empty finite subset
of non-zero vectors of M, we say that G is a Grobner basis for M if each element 0 # fe M
is reducible w.r.t. G.

Theorem 1.4.18. Let M # 0 be a submodule of A™ and let G be a finite subset of non-zero
vectors of M. Then the following conditions are equivalent:

(i) G is a Grébner basis for M.

(i) For any vector f& A™,
fe M if and only foi>+ 0.

In the last chapter will be implemented the Buchberger’s algorithm for computing Grébner
basis.

1.4.3. Computing the module of syzygies of a submodule

Now we review how to compute the module of syzygies of a left ideal of A, and then, we
generalize this to a submodule of A™.

Definition 1.4.19. Let F' := {g,,...,9,} € A™ such that the least common multiple of
{lm(g,),...,lm(g,)}, denoted by X, is non-zero. Let § € N", ; := exp(lm(g;)) and
vi € N™ such that v; + 5; = exp(Xp), 1 <i <'s. Bpg will denote a finite set of generators

of
Spo = Syzr[o" 0 (lc(gy))cyr0.8 - 0 0(le(gy))Cras0,8.)]-
For 0 =0:=(0,...,0), Spg will be denoted by Sp and Brgy by Bp.

Let A™ be the left A-module of column vectors of length m > 1. Given I a left ideal of A,
with I = (f1,....fs}, we may define the following A-homomorphism:

¢ A = I (h1,.--,hs)T'—>th‘fz‘;
=1

Note that ¢ is surjective and, therefore, I = A®/ker(¢).
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Definition 1.4.20. The kernel of ¢ is called the syzygy module of the matrix
[fi -+ [fs]. Itis denoted by Syz(f1,..., fs). An element (hq,... hs)" € Syz(fi,...., fs)
1s called a syzygy of [fl fs} and satisfies

hifi+--+hsfs =0.

Note that ¢ can be viewed as the matrix multiplication:

fi
¢(he, ... hs) = [hl hs:| S
fs
and Syz(fi,... fs) as the set of all solutions (hy,...,hs)T € A% of the linear equation
fi
[hi -+ h | ] =0
[s

Since A is a left Noetherian ring, then Syz(fi,..., fs) is a finitely generated left A-module.
We will compute a system of generators for Syz(fi,..., fs) for any fi,..., fs € A. For this,
we first compute a Grobner basis G = {¢1,..., g} for I = (f1,..., fs}. Next, we obtain a
set of generators for Syz(gi,...,g;) and, finally, we will obtain a system of generators for
Syz(fi,..., fs) from one of Syz(gi,...,q).

So, let G = {¢1,...,9:} be a Grobner basis for I, ' = {gi,,...,9;,} € G and b
(by,...,br) € B (recall that B is a set of generators of SyzR(UW(lc(gij))cw,exp(gij) |1

Jj < k)); we know that 25:1 bz g;,; £>+ 0 and hence there exist hq,...,hs € A such that
25:1 bjxYig;, = Zzzl h;g;. For each b € B, we define

IA I

k
spr = _birVe — (h,... ) € AL
j=1

then spr € Syz(g1,...,4:): in fact,

g1 k 91
Spr | 1| = [Z bz e, — (hy .. h)]

Gt gt

j=1
k t
j=1 =1

Definition 1.4.21. Let Xy,...,X; € Mon(A) and J C {1,...,t}. Let

Xy =lem{X;|je J}.

We say that J is saturated with respect to {Xy,..., X}, if

X | X;=jel,

forany j € {1,...,t}. The saturation J' of J consists of all j € {1,...,t} such that X; | X.
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Theorem 1.4.22. With the above notations, a generating set for Syz(gi,...,g:) is
S:={sl|JC{1,...,t} is saturated w.r.t.{Im(g1),...,Im(g:)},1 < v < l;},

where

= blave; — (hY,....hY),

jeJ

with v; € N* such that v; + 5; = exp(Xy), B; = exp(g;) for j € J, By = {bi],...,bg]J}
a system of generators for S; := Syzgr[o7(lc(g;))cy, 3, | 7 € J], and b) = (b;{j)jej for
1 S v S l].

As we saw in Theorem 1.4.8, there exist H € Mgy (A) and Q € M;yxs(A) such that
G' = H'FT and FT = QTG”, where G == [gy -+ @], F = [fi -+ fJ] and G is a
Grobner basis for 1. By Theorem 1.4.22, we may compute a set of generators {s,..., s}
for Syz(g1,...,g:). Thus, for each 1 < i <[ we have that

s;H'F' = 5,G" =0,
and therefore, (s;HT | 1 <14 <) C Syz(fi,..., fs). Further,

0
1, - Q" H] f = f -Q"H" f =i
£ L f] Lo

and thereby the rows 7y, ..., 7 of I, — QT HT also belong to Syz(fi,..., fs)-

Theorem 1.4.23. With the above notation, we have
Syz(fi,....fo) = {(stH" ..., sH 7, ... ,7r,) < A%

Now we can generalize the method described above for computing the syzygy module of a
submodule M = (fy,...,f,) of A™. Let F := [f, --- f,], we recall that Syz(M) :=

Syz(F') consists of column vectors h = (h1 . hS)T € A® such that
hafy 4o+ hof, =0

i.e., h'FT = 0, and it is also the kernel of homomorphism f : A — M, e; — f,, where
{e;};_, is the canonical basis of A°. We note that Syz(F) is a submodule of A® and we can
set a matrix with its generators, so sometimes we will refer to Syz(F') as a matrix. We also
will write

Syz(M) = Syz(F) = Syz({f1,..., fs})- (1-13)

The computation of Syz(F') is done in two steps. First, we consider a Grobner basis G =
{g1,-..,9,} for M and we compute Syz(G) := Syz({g4, ..., 9,}) < A’, and then, we obtain
a system of generators for Syz(F) from one for Syz(G). For F' = {g,,...,9; } € G and
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(b1,...,by) € Br, with Br a set of generators of Syzr(c%(lc(g;,))cy; exp( o)) y 11 <5<

k), we have that 2521 bjavig,, i>+ 0, and hence, there exist hi,...,hs € A such that
Z?Zl bz g, = Z§=1 hig,. For each b € Bp, we define

SbF—ZbJ?JBz hl,...,ht)EAt;

then spr € Syz(gy,-..,9,): in fact,

g1 g1
Spr bejez hlu'-'7h)]
g, g

k t
= Z;bjx’ngij — Zl hzgl = 0.
Jj= i=

Definition 1.4.24. Let Xi,..., X, € Mon(A™) and J C {1,...,t}. Let

X, =lem{X;|je J}

We say that J is saturated with respect to {Xy,..., X}, if

X | X;=jel

forany j € {1,...,t}. The saturation J' of J consists of all j € {1,...,t} such that X; | X.
Theorem 1.4.25. With the above notations, a generating set for Syz(g,,...,g,) is
S:={sl|JC{1,...,t} is saturated w.r.t.{lm(g,),...,Im(g,)},1 <v <},

where

= blavie; — (hY,... hY),

jeJ

with ~; € N™ such that v; + B; = exp(Xy), B; = exp(g;), j € J, B’ = {b‘lj,...,be} is a
system of generators for S7 = Syzplo7i(lc(g;))cy,6, | 4 € J], and b) := (b)) e.

We return to the task of calculating a system of generators for Syz(fi,...,f,), where
{fi,---,fs} is a collection of nonzero vectors, which non necessarily form a Groébner ba-
sis for M = (f,,...,f,). From Theorem 1.4.8 (for modules), there exist H € My(A)
and Q € M,y (A) such that GT = HTFT and FT = QTG", where G := [g;, -+ g,
F = [ R fs] and G is a Grobner basis for (f,, ..., f,). By Theorem 1.4.25, we com-
pute a set of generators {s,..., s} for Syz(g,,...,g,). Thus, for each 1 <i <[ we have

s;H'FT = 5,GT =
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and therefore, (s;H” | 1 <i < 1) C Syz(fy,....f,). If Syz(G) := Z(G) == [s1 -+ s,
then Syz(g,,...,g,) is the module generated by columns of Z(G) and this last equation
may be written as

Z(G)Y"H'FT = Z(G)'G" = 0. (1-14)
Further,

fl fl fl O
[L—QTH™) | | =|:|-QH"|:]=1]:],

Is fs I 0

and thereby the rows ry,..., 7, of I, — QT HT also belong to Syz(fy,...,f )
Theorem 1.4.26. With the above notation, we have

Syz(fi,....f.) = (stH", ... sH  r,... 1) < A*.

In a matriz notation, Syz(F') coincides with the column module of the extended matriz
[(Z(G)THT)" (I, —QTH™)'],

i.e.,

Syx(F) = [(Z(G)'H")T (I, — QTH")'] (1-15)

1.4.4. Presentation of a module

Let M = (f,,...,f) beasubmodule of A, there exists a natural surjective homomorphism
m o A* — M defined by my(e;) = f;, where {e;}i1<i<s is the canonical basis of A°®.
We have the isomorphism 757 @ A%/ ker(my) = M, defined by 7a7(€;) := f;, where €; :=
e;+ker(my). Since A® is a Noetherian A-module, ker(7y/) is also a finitely generated module,

ker(mar) := (h1,..., hs,), and hence, we have the exact sequence
Ast DMy qs TV A, (1-16)

with &y := lpsom),, where [); is the inclusion of ker(my,) in A® and 7, is the natural surjective
homomorphism from A®' to ker(my). We note that ker(my) = Syz(M) = Syz(F), where
F=[f1-fJ e Mpns(A)

Definition 1.4.27. It is said that A°/Syz(M) is a presentation of M. It is said also that
the sequence (1-16) is a finite presentation of M, and M is a finitely presented module.

Theorem 1.4.25 gives a method for computing a presentation of M when A is a bijective
skew PBW extension. Moreover, let Ay, be the matrix of d;; in the canonical bases of A%
and A®; since Im(dp) = ker(myr), then

hir -- Ry
Ay = [hl hsl] = S Msxsl(A)7

hsl hssl

and hence, the columns of Ay, are the generators of Syz(F'). With the notation of Section

1.4.3, Ay = Z(F).
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Definition 1.4.28. With the previous notation, it is said that Ay is a matriz presentation
of M.

1.4.5. Free resolutions

In this subsection we present a theorem that let us to compute free resolutions for submodules
of A™. Let M be a submodule of A™, we recall that a free resolution of M is an exact sequence
of free modules and homomophisms

= SNy LRI LI RECNY )

with s; > 0 for each i > 0. We assume that A° = 0. 7 is the length of this sequence if
s, # 0 and s; = 0 for ¢ > r + 1. The following theorem describes a simple procedure for
constructing a free resolution of M (see [24] and [45]).

Theorem 1.4.29. Let M = { 10), e sg)) be a submodule of the free module A™. Let Fy be

the matrix whose columns are f(10)7 cee Sg), and for i > 1 let

Fy = Syz(F) = [ £))
Then,

N L= NUSUNE N U R LN/E A (NG ) SN}

s a free resolution of M, where

and {egi)}lgjigsi is the canonical basis of A%.



2. Extended modules and rings for skew
PBW extensions

The study of finitely generated projective modules induces the notions of PSF, PF, Hermite
(H), d-Hermite rings, and many other classes of interesting rings. In this chapter we will
study another class of modules and rings useful for the investigation of projective modules.
This special class arises when we try to generalize the famous Quillen-Suslin theorem about
projective modules over polynomial rings with coefficients in PIDs to a wider classes of
coefficients (see [42]). In our context, of course, we are interested in investigating extended
modules and rings for skew PBW extensions. Despite of some results of the present chapter
can be proved for more general classes of skew PBW extensions, we will concentrate our
attention in a particular type of these extensions: We will assume that R is a commutative
ring and A will denote the skew PBW extension A := R[zy,...,x,;0| for which ¢ is an
automorphism of R, z;x; = z;z; and x;r = o(r)z;, for every 1 < i, < n. Observe
that actually A is an Ore extension of R (see [64]). In some places we will assume some
extra conditions on R. This second chapter, as well as the third and the last chapter,
contain the main results of the thesis. We will preserve the notation used in the previous
chapter (see Remark 1.3.2). (X) will denote the two-sided ideal of A generated by xy,. .., x,.
Often we will used also the following notation for A, A = o(R)(X). An element p =
o+ X1+ -+ Xy €A with ¢g,¢; € R and X; € Mon(A), 1 < i <t, will be denoted
also as p = p(X). The elements of Mon(A) will be represented by x® or in capital letters,
ie, %= X.

Recall that in this monograph all modules are left modules if nothing contrary is assumed.
We will use the left notation for homomorphisms and row notation for matrix representation
of homomorphisms between free modules.

2.1. Extended modules and rings

Definition 2.1.1. Let T O S be rings.

(i) Let M be a T-module, M is extended from S if there exists an S-module My such that
M =T ®g My. It also says that M is an extension of My with respect to S.

(i) IM(T) denotes the family of finitely generated T-modules, B (T') the family of projective
T-modules in M(T) and B°(T) the family of modules in B(T) extended from S.

(iii) The ring T is extended with respect to S, also called S-extended, if every finitely gen-
erated projective T-module is extended from S, i.e., PY(T) CP°(T). For the extension
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A= Rlxy,...,xn; 0], we will say that A is £ if A is R-extended.

We start presenting an elementary general proposition about extended modules and PF
rings. A well known result due to Bass about projective modules is needed first.

Proposition 2.1.2 (Bass’s Theorem). Let I be a two-sided ideal of a ring R such that I C
Rad(R), and let P,Q be projective R-modules. Then, P = Q if and only if P/IP = Q/IQ
as R/I-modules. In particular, P is R-free if and only if P/IP is R/I-free.

Proof. See [14], Lemma 2.4. O
Proposition 2.1.3. Let T' D S D R be rings and M a T-module.

(i) If M is an extension of My with respect to S and My is an extension of Lo with respect
to R, then M is an extension of Ly with respect to R.

(i1) If T is R-extended, then T is S-extended.
(11i) Let I be a proper two-sided ideal of T, with S = T/I. If T is PF then S is PF.
(i) Let J be a two-sided ideal of R such that J C Rad(R). If R/J is PF, then R is PF.

PTOOf. (1) M%JT@SM(), Mo gS(X)RLO, then M§T®SS®RLO gT@)RLo.

(11) M’;T@RMO = (T®SS) ®RMO §T®5 (S@RM())

(iii) Let M € B(S). Then, M &M’ = S for some S-module M’ therefore (T ®@gM)d M" =
Tr, ie., T@sM € B(T), so T @g M is T-free, and hence T @ M = T* =2 T @4 5*. Whence,
M 2 S@sM =2 (T/I0rT)0sM 2 T/I@p(T®sM) 2 T/I0r(T®sSY) 2 (T/I@rT)®s5"
S ®g S =S¢ Therefore, S is PF.

(iv) Let M € PB(R), then R/J @ M € P(R/J) so that

M/JM = R/J@r M= (R/J)"= R/J®g R" = R"/JR".
From Proposition 2.1.2, M = R", and hence R is P.F. n

2.2. Extended rings and Ore extensions

From now on in the present chapter (except in the last section) we will assume that R is a
commutative ring and A will denote the Ore extension A := R[zy,...,x,; 0] for which o is
an automorphism of R, x;z; = x;x; and z;r = o(r)x;, for every 1 <i,j < n.

Proposition 2.2.1. Let M be an A-module. Then,
(i) If M 1is free, then M is extended from R.
(ii) If M is an extension of My with respect to R, then
My = M/{(X)M. (2-1)

Moreover, if M is finitely generated (projective, stably free) as A-module, then My is
finitely generated (projective, stably free) as R-module.
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Proof. (i) M = AY) then M = A ®r RY) (note that this property is still valid for any
couple of rings A D R).

(ii) First recall that since A is a quasi-commutative skew PBW extension, then A/(X) = R
(see Remark 1.3.6). If M = A ®pr My then A/(X) @4 M = A/(X) ®4 A @ My, ie.,
M/ X)M = A/(X)®@r My = R®g My = M,.

Let M = (z,...,z) and w € My, then w = Z with z € M; there exist
p1(X),...,p(X) € Asuch that w = Z = p(X)zy + - +p(X)z = pnZ1 + -+ + Dot %,
where py; is the independent term of p;(X), 1 < ¢ < t. Hence, My = (Z1,...,%).

If M is projective, then M @ M’ = AY) and A/(X) @4 (M & M') =2 A/(X) @4 AN, ie.,
Mo M'/{(X)YM' = RY).

If M is stably free, then M & A" = A® so applying A/(X)®4 we get My @ R = R®. O

We can give a matrix description of extended rings. Firstly we recall the definition of square
similar matrices.

Definition 2.2.2. Let S be a ring and F,G € M(S), it is said that F' and G are similar if
there exists P € G4(S) such that F = PGP~'. In particular, let F(X) be a square matriz
over A of size sx s and F(0) the matriz over R obtained from F(X) replacing all the variables
T1,...,%, by 0,

F(X) ~ F(0) & F(0) = P(X)F(X)P(X)™, for some P(X) € GL,(A). (2-2)

Theorem 2.2.3. Let M be a finitely generated projective A-module and F(X) € Mg(A) be
an idempotent matriz such that M = (F(X)), where (F(X)) is the A-module generated by
the rows of F(X).

(i) If F(X) ~ F(0), then M 1is extended from R.

(i1) If M is extended from R, then there exists a non zero matriz P(X) € M(A) such that
P(X)F(0) = F(X)P(X).

(i1i) If A is such that for every s > 1, given an idempotent matriz F(X) € M,(A), F(X) ~
F(0), then A is &.

() If A is €, then for every s > 1, given an idempotent matriz F(X) € Mg(A), there
exists a non zero matriz P(X) € M(A) such that P(X)F(X) = F(0)P(X).

Proof. (i) There exists P(X) € GLg(A) such that P(X)F(X)P(X)™! = F(0). Since A is
quasi-commutative, F'(0) € My(R) is idempotent. Let My := (F(0)) the R-module generated
by the rows of F'(0), then M, is a finitely generated projective R-module. We will prove that
(F(X)) = A®g My, i.e., M is extended from R. F(X), P(X) define A-endomorphisms of
A® with P(X) bijective, and F'(0) define a R-endomorphism of R*. Let G(X) := i4®g F(0),
then the following diagram

A~ Awp R <X Agp R~ A3

P(X)l lP(X)

AS — AS.



2.2 Extended rings and Ore extensions 23

is commutative since P(X)F(X)P(X)™! = F(0) and the matrix of G(X) in the canonical
basis of A® coincides with F(0). From this we conclude that (F(X)) = Im(F(X)) =
Im(G(X)) = Im(ia) @ Im(F(0)) = A®g M,.

(ii) We have M = A ®g My, for some finitely generated projective R-module My, but by
Proposition 2.2.1, My = M/(X)M = (F(X))/(X)(F(X)) = (F(0)), so M, is generated by
s elements. Thus, we have Im(F (X)) = (F(X)) 2 A®g (F(0)) = Im(G(X)), where F(X)
and G(X) = F(O) are the idempotent endomorphisms of A* as in (i). Let H(X) : Im(F(X))
— Im(F(0)) be an isomorphism. We have

A* = Im(F(X)) @ ker(F (X)) = Im(F(0)) ® ker(F(0)).

Let T(X) be any A-homomorphism from ker(F(X)) to ker(F(0)), for example,
w(X)T(X) := w(0), with w(X) € ker(F(X)). We have the following diagram

As T8 e
P(X)l lP(X)
As FOL s
where P(X) is the A-homomorphism defined by P(X) := H(X) & T(X). Note that the
diagram is commutative: If v(X) = w(X)F(X) + w(X), with u(X) € A® and w(X) €

ker(F(X)), then
v(X)F(X)P(X) =u(X)F(X)*P(X) + w(X)F(X)P(X) = u(X)F(X)H(X);
on the other side,

v(X)P(X)F(0) = [w(X)F(X)H(X) + w(X)T(X)]F(0) =
u(X)F(X)H(X)F(0) + w(X)T(X)F(0) = w(X)F(X)H(X),

where the last equality follows from the fact that w(X)F(X)H(X) € Im(F(0)) and
w(X)T'(X) € ker(F(0)).

This proves that P(X)F(0) = F(X)P(X). If F(X) # 0, then H(X) # 0 and hence
P(X) #0; if F(X) =0, then F(0) =0, H(X) = 0, ker(F (X)) = A® = ker(F(0)) and we
can take T'(X) = P(X) = igs.

(iii) is a direct consequence of (i) and (iv) follows from (ii). O

Remark 2.2.4. In the proof of (ii) we observed that
ker(F(X)) =2 A*/Im(F (X)) and ker(F(0)) = A®*/Im(F(0))

are finitely presented modules with Im(F(X)) = Im(F(0)). If there exists at least one
surjective homomorphism 7'(X) from ker(F (X)) to ker(F(0)) and A is left Noetherian, then
P(X) is surjective, and hence bijective, i.e., in this situation F'(X) ~ F(0).

The following results relate the conditions £ and PF for the extension A.

Proposition 2.2.5. Suppose that R is PF. A is € if and only if A is PF.
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Proof. =): Let M be a f.g. projective A-module, then M = A ®@g My, where M, is a f.g.
projective R-module (Proposition 2.2.1). But since R is PF, then M, is R-free and hence
M is A-free.

<): If M is a f.g. projective left A-module, then M is A-free, then by Proposition 2.2.1, M
is extended from R. O

Remark 2.2.6. Note that the previous proposition is valid for any couple of rings A D R.
Proposition 2.2.7. If A is PF, then R is PF.

Proof. We know that A/(X) = R, so the result follows form Proposition 2.1.3. O
Corollary 2.2.8. A is PF if and only if R is PF and A is £

Proof. This is direct consequence of Propositions 2.2.5 and 2.2.7. O

Corollary 2.2.9. Let R be a Noetherian, reqular and PSF ring. Then, A is H if and only
if R is PF and A is E.

Proof. This follows Theorem 1.3.10 and Corollary 2.2.8. [

Remark 2.2.10. Let A := R[z; 0] be the skew polynomial ring over R = K[y|, where K is
a field and o(y) :=y + 1.

(i) From [64] 12.2.11 we know that A is not £ with respect to R, and hence, from numeral (ii)
in Proposition 2.1.3, we conclude that A is not £ with respect to K. But precisely observe
that A = K|[t;ik|[z; 0] is an Ore extension such that the ¢’s are different and tz # xt. Thus,
the conditions we are assuming in this chapter about the commutativity of the variables and
the restriction to only one automorphism for the ring of coefficients are more than important.
(ii) On the other hand, since R is a commutative principal ideal domain (PID) then R is
PF, therefore, by Corollary 2.2.8, A is not PJF. This means that in Theorem 2.5.3 below
we can not weak the condition on K to be a commutative PID.

(iii) In addition, observe that R is a commutative Noetherian regular ring with finite Krull
dimension and however A is not &, so the Bass-Quillen conjecture (see [42]) in the case of
our Ore extensions conduces to Quillen-Suslin Theorem 2.6.1.

(iv) Finally, this example also shows that although R is H, R[z; o] is not H. In fact, since R
is PF, we conclude that R is PSF, so the claimed follows from Corollary 2.2.9. Thus, the
Hermite conjecture for Ore extensions fails (see [42]).

2.3. Varserstein’s theorem

Let R be a commutative ring, the Vaserstein’s theorem in commutative algebra says that if
F(zy,...,2,) € Myys(R[z1,...,2,]), then, F(z1,...,2,) ~ F(0) if and only if for every m €
Max(R), F(z1,...,2,) ~ F(0), where F(z1,...,x,) represents the image of F(xy,...,z,)
in Ry[z1,...,2,] and ~ denotes the relation of equivalence between matrices, i.e.,

F(X) = P(X)F(0)Q(X),
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with P(X) € GL,(R[zy,...,x,]) and Q(X) € GLs(R|x1,...,xy]). In this section we extends
this theorem to extensions of type A := R[xy,...,z,;0].

Recall (Lemma 1.3.11) that if S is a multiplicative system of R and o(S) C S, then S™'A
exists and

STTA= (S7IR)[xq, - - xn; 7, with (%) := o(r)
In particular, if m € Max(R) and S := R — m, we write
Ay = ST'AX Rylzy, ..., 7,; 7], where o satisfies o(s) ¢ m for any s ¢ m.
From now on in the present chapter we will assume that o satisfies the following condition:
&: Given m € Max(R), if s ¢ m, then o(s) ¢ m.
Some preliminary results are needed for the main theorem.
Proposition 2.3.1. Let B be a ring and o an endomorphism of B. Then,
(i) For everyr > 1, M.(B[z1,...,xn;0|) = M. (B)[x1,..., Ty 0]
(i) If o(Z(B)) C Z(B) and s € Z(B), then
¢: Blxy,...,xp;0| = Blxy, ..., x,;0]
p(T1, ... @) = p(STy, ..., STy)
s a ring homomorphism.
(iii) ¢ defined as

¢ : Blxy,...,xn;0] = Blry, .. 201, - Yns 0]
‘P(p(xl?vmn)) ::p(x1+y17"'7mn+yn)

18 a ring homomorphism.

Proof. (i) Using an inductive argument we only need to show that
M,(Blz1;0]) = M,(B)[z1;0|. If we define o(F) = [o(fi;)], with F := [f;;] € M, (B),
then the claimed isomorphism is given by

FO 4 FOgy oo POty [ f8ak],

(ii) It is clear that ¢ is additive and ¢(1) = 1. So, we have to show that ¢(az®bz?) =
d(ax®)p(bx?) for every a,b € B and a, B € N". Since o*(s) € Z(B) for every k > 0, then

gb(al‘abxﬁ) _ ¢(a0a(b)$a+,@) — aga(b)(swl)mﬁ-& L (S$n)a"+ﬁ”
_ aaa(b)sa(s)UQ(s) .. ,Ua1+a2+---+an+ﬁ1+Bz+---+ﬁn71(5)$a+ﬁ;
¢az®)p(br”) = a(szr)™ -+ (sz,) " b(s21)™ - - - (52,)™
_ CLO’a(b)SO'(S)O'Q(S) . _O-O¢1+042+"'+Oén+ﬁ1+52+“'+6n_1(S>xa+6‘
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(iii) Obviously ¢ is additive and (1) = 1. Only rest to show that p(ax®bx?®) = p(ax®)p(bx”)
for every a,b € B and «, f € N,

QD(CLLUablﬁ> — gp(ao.aa))xa%@) — ao.a(b)(xl + yl)a1+ﬁl . (xn + yn)anJrﬁn;
plaz®)p(be”) = a(zy 4+ y1)™* - (20 + yn) b1 + 1) - (20 + yn) ™
- CLO’a(b) ($1 + yl)aﬁ_ﬁl e (:Bn + yn)an+ﬁn'

O

Lemma 2.3.2. Let B be a ring, S C Z(B) a multiplicative system of B. Let A :=
Blzy,...,x,;0] be an Ore extension such that o(Z(B)) C Z(B). Given the matrices F(X) €
M,ys(A), G(X) € Msut(A) and H(X) € M,x:(A), let )

L(X) be the image of the matriz L(X
corresponding to the canonical homomorphism

Blzy, ..., w0 0] = (S7'B)[a1,..., 205, F(L) =20

Suppose that F(X) G(X) = H(X) and F(0)G(0) = H(0). Then, there exists s € S such
that F(sX)G(sX) = H(sX), where L(sX) := L(sx1,...,5%,).

Proof. Let D(X) := F(X)G(X) — H(X); since F(0)G(0) — H(0) = 0 then
D(X) = DWger 4 D@gez o D) e

with D®) € M, ,;(R), and x% = 2§** - .. 2% where agi + - - -+ gy > 0 for every 1 < k < 1.
From D(X) = F(X)G(X) — H(X) = F(X) G(X) — H(X) = 0 we conclude that

D@) 1 + D(2) 1 N DOy — 6

(k)
Then, each entry dl( of the matrix D™ is such that = = % in S™'R, so we find S Je s

such that sgf)dgf) =0. Let s:==[]; ;s ”), then s € Z(B) and D(k s = 0 for each k = 1, A
Thus, using Lemma 2.3.1, we get

F(s )G(SX) H(sX) = D(sX) =
DWsa(s)o?(s) - -- oot tam—l(g)ger 4 ... 4 DOsg(s)0?(s) - - - gonttem=1(g)poe = (),

]

Theorem 2.3.3 (Vaserstein’s theorem). Let R be a commutative ring and
A= Rxy,...,zn;0]. Then, F(X) € M,«s(A) is equivalent to F(0) if and only if F(X) is
locally equivalent to F(0) for every m € Max R.

Proof. =): Evident.
<): We denote I the set of elements a € R with the following property:

Given f=(f1,..., fn)sg=1(91,...,92) € A" with f — g € a A", then F(f) ~ F(g).
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F(f) represents the evaluation z; — f;, 1 < i <n, on the matrix F'(X). We claim that I is
an ideal of R. In fact, let a,b € I and f—g € (a—b)A", then f—g = (a—b)h, with h € A",
so f — (g —bh) = ah € a A", and hence F(f) ~ F(g—bh). But g — (g9 — bh) = bh € b A™, so
F(g —bh) ~ F(g), whence,a—beI. Let r € R,a€ [ and f —g € ar A® C a A", therefore
F(f) ~ F(g), and this means that ar € I.

If we show that I = R, then for every f,g € A", F(f) ~ F(g), in particular, if f =
(x1,...,2,) and g = (0,...,0), we obtain F(X) ~ F(0). Let m € Max R; there exists
G(X) € GL.(Ru[x1,. .. ,2n;0]) and H(X) € GLs(Rw[21, ..., 2,;7]) such that

Introducing the Ore extension Ry|21,..., 20 Y1, .., Yn; 0|, L€, 22 = z;2;, x;y; = y;2; and

yiy; = y;yi for 1 <i,j < n, and y; % :=7(%)y; = %yi, we obtain, from Proposition 2.3.1,

s
that

FX+Y)=G(X+Y)F(0)H(X +Y), where Y := (y1, ..., yn)- (2-3)

—1 -1

Since F'(0) = G(X) F(X) H(X) , we get

1

FX+Y)=GX +Y)GX) F(X)HX) HX+Y).

Denote G* := G(X +Y) G(X) "and H* = H(X) 1H(X +7Y). Observe that G* has the

form

G()(X) + Gl(X)yal + -+ Gg(X)yal,
with G;(X) € M. (Rulz1,...,2,;7)), for every i = 1,..., ¢, where Go(X) is the identity

matrix, and y® = y{*' - - - y%in, for every 1 < i < {. Moreover,

Gi(X)y* = Egy® + - - +E_ijyaix'3ij, where By € M, (Ry,), for 0 <k <. (2-4)

Taking a common denominator we find ' € S and matrices Dy, € M, (R) such that

By = D = Deslole)o?(s)moit+oin (o)

s s'o(s')o2(s) ot T Fein=l(s)

Dy,
s’o’(s/)0'2(8’)~-~o’ai1+“‘+o‘in_1(s/)

Hence, replacing Y by 'Y we get that G(X + s'Y) G(X) "is the image of a matrix with en-
tries  over R[T1,...,Zn; Y1, Yn; O] In a similar way we can do with
H(X)i1 H(X +Y). Thus, we can suppose that

so we can assume that E, =

GX +sY)GX)  and H(X) H(X+5Y)
are images of invertible matrices

I'X,Y) and A(X,Y),
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respectively, with entries in R[xy,...,Zn; Y1, .., Yn; 0], where I'(X,0) and A(X,0) are iden-
tities matrices.
On Ry[z1,...,%0;y1, ..., Yn; 0|, we have the equation

1

FIX 1Y) =G(X +sY)G(X) F(X)HX) H(X +5Y),

and on R[xy,...,T,; 0],
F(X)=T(X,0)F(X)A(X,0).

Taking B := R|x1,...,2,;0] in Lemma 2.3.2, there exists s” € R—m such that for s := §'s”,
we have the equation

F(X +sY) = (X, s"Y)F(X)A(X, "Y)

in the Ore extension R[xy,...,Zn;Y1,...,Yn;0]. Now if f g, h € A™ are such that f —g = sh,
we have

F(f) = F(g+ sh) =T(g,s"h)F(9)A(g, s"h),

where I'(g,s”h) and A(g,s”h) are invertible; then F(f) ~ F(g) and so s € I. We have
showed that for every m € Max R there exists s € [ with s ¢ m, i.e., [ = R. ]

2.4. Quillen’s patching theorem

Now we will study another classical result of commutative algebra for the Ore extensions
of type A := R[z1,...,x,; 0], with R commutative: the famous Quillen’s patching theorem.
For this we will adapt the method studied in [41].

With the notation of the previous section, note that A, is a right A-module and if M is a
left A-module, then we denote

My = An ®a M = Ry[zq,..., 2,0 @4 M.
If N is a right R-module, then we denote
Nlz1,...,2,;0] == N Qg A.

Theorem 2.4.1 (Quillen’s patching theorem). Let R be a commutative ring and
A = Rlxy,...,xp;0]. Let M be a finitely presented A-module. M is extended from R if
and only if My, is extended from Ry, for every m € Max(R).

Proof. There exists an exact sequence of A-modules
/CREINGITRCING, iy} (2-5)
Tensoring by A/(X) we obtain the exact sequence of R-modules

R* 2% RO E M/XYM — 0. (2-6)
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If B € Myy,(A) is the matrix of §; with respect to the canonical basis, then B(0) is the
matrix of 3,. From (2-6) we get an exact sequence of A-modules, where N := M /{X)M:

RPlxy,...,%n;0] M Rifxq,...,xn;0] M Nlz1,...,2pn;0] — 0. (2-7)

Note that §,[X] := B ®i and @;[X] := @3 ®i4. The sequence (2-7) can be identified with
the exact sequence of A-modules

AP By A9 22 Nz o] — 0, (2-8)

where 5 is described by the matrix B(0). From Corollary 1.2.3, we have
M = Nlxy,...,z,; 0] if and only if the 2(p + q) x (2¢)-matrices

Bl O 0
F = 011, and G:=| I 0
0 0 | B(0)

are equivalent. Note that G is equivalent to F'(0) (permuting rows and columns). Therefore,
by Theorem 2.3.3, M = N[xy,...,x,;0] if and only if F' and F'(0) are locally equivalent for
every m € Max(R). Since the exact sequences (2-5) and (2-8) are consistent with respect to
the localization by m, we get that M is extended from R if and only if M, is extended from
Ry, for every m € Max(R). O

Corollary 2.4.2. Let R be a commutative ring and A := Rlxy,...,zy;0]. If for each
m € Max R, Ay, is € with respect to Ry, then A is E.

Proof. Let M € SB(A), then M, € P(An), and hence, by the hypothesis, M, is extended
from Ry, for every m € Max R. Using Theorem 2.4.1 (note that M is finitely presented as
A-module), M is extended from R, and hence, A is £. O

2.5. Quillen-Suslin theorem

This last section concerns with Quillen-Suslin’s theorem. Here R is non-commutative but
some other extra conditions on it are assumed as well as over o.

Theorem 2.5.1 (Horrocks’ theorem). Let R be a left reqular domain and Z its center.
Suppose that Z is Noetherian, R is finitely generated over Z and o is an automorphism of
R of finite order d, with d invertible in Z. Suppose that P € B(A) is stably extended from
R and the rank of P s at least 2. Then P 1is extended from R.

Proof. Firstly we recall that the rank of P means the maximal number of R-independent
elements of P, and P is stably extended from R is there exists m > 0 such that P ¢ A™ is
extended from R.

Denote by d the order of o. The automorphism ¢ is mapping Z onto itself. Let Z7 be the
subalgebra in Z of invariants of 0. By Noether’s theorem Z? is Noetherian and Z is a finitely

generated Z%-module. We claim that Z7[z{,...,z%] is a central subalgebra in A and A is

rrn
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a finitely generated left Z%[x¢, ..., z%]-module. In fact monomials in 1,...,, commute.

Since x;r = o(r)x; for any i and for any r € R, then z¢r = o%(r)z¢ = rz?. Hence each
element z¢ is central. Now if r € Z° then r commutes with each element of R and with
each variable z;. Since R is a finitely generated Z-module then by Noether’s theorem R is a
finitely generated Z?-module. So the claim is proved.

Consider A as a graded ring A = &, A,, where A, is the span of all monomials of a total
degree n. In particular Ay = R and D = Z°[z¢, ..., 2] is a central homogeneous subalgebra
such that A is a finitely generated D-modules.

For any nonzero homogeneous element o € D,, = D N A,, following [9] denote by Al the
graded ring consisting of a sum of non-negative summands from Z-graded localized ring A,.
Similarly for any homogeneous ideal m in D denote by A7 the sum of non-negative graded

summands from Z-graded localized ring Ay, [9, Definition 5.30].

Lemma 2.5.2 ([9], Homogeneous analog of Patching Theorem from §4). Let V,, be the set
consisitng of zero and nonzero elements o € D,, such that P is extended from A7 (0). Then
V =®,V, is a homogeneous ideal in D. Moreover if ™ € V' for some homogeneous element
a €D, thenaeV.

If V contains » .. V; for some m then m = 1. Moreover by [9, Corollary 5.36] the ideal
V contains x¢,..., 2%, and therefore the module P is extended from R since x¢

Y n? i
polynomial in x;.

i=m
1S a monic

Suppose that V' is a proper ideal which does not contain Zi>m V; for any m. Then the ideal
V' is an intersection of prime homogeneous ideals. Hence we can replace A by a localized ideal
A/ for some homogeneous maximal ideal o in D. As it was shown in [9, Corollaries 5.36]
the ring A} is a skew polynomial extension A7 (0)[x;, a] for some z;. Using the restriction
on the rank of P we can find a monic polynomial f in x; such that P is extended from R.
So by [9, Proposition 5.35] the module P is again extended from R. O

Theorem 2.5.3 (Quillen-Suslin). Let K be a field and A := K|z1, ..., x,; 0], with o bijective
and having finite order. Then A is PJF.

Proof. Apply Theorem 2.5.1 with R =7 = K. ]

2.6. Matrix-constructive proof of Quillen-Suslin theorem

In this section we present an elementary matrix-constructive proof of Theorem 2.5.3 for the
case of only one variable; in this particular situation we can consider that K is a division ring
and that we have a non trivial o-derivation ¢ of K, where o is bijective (but not necessarily
of finite order). The main idea of the proof is to use the matrix characterization of PF rings
given in Theorem 1.1.3. In Section 4.3 we will show an algorithm for this theorem.

Theorem 2.6.1 (Quillen-Suslin). Let K be a division ring and A = K[z;0,], with o
bijective. Then A is PF.



2.6 Matrix-constructive proof of Quillen-Suslin theorem 31

Proof. Let s > 1 and let F' = [f;;] € M,(A) be an idempotent matrix, the proof is by
induction on s and we will follow a procedure as in Proposition 64 of [27]. We will use the
relations that satisfy the entries of I, in particular, the following two relations:

fi+ fiafor + fisfar + o+ fisfsn = fun,
Jufiz + fiafoe + fizfao + - + fisfso = fro.

s=1: In this case F' = [f]; since A is a domain, its idempotents are trivial, then f = 1 or
f =0 and hence U = [1].

s > 2: Now suppose that the result holds for s — 1 and let F' = [fi;] € M,(A) be an
idempotent matrix. We have two possibilities.

(A) All elements in the first row and in the first column of F are zero. Then we apply
induction.

(B) Suppose that there exists at least one non zero element in the first row (the reasoning
for the first column is similar); we can assume that f;; # 0 (if fi; = 0 and fi; # 0 then we
can change ' by TFT~! with T := I, — Ej;1). Then arise two possibilities.

(B1) deg(fi11) =0, so fi1 € K —0, i.e., fi is invertible. Then taking

1 fitfie faths o faths)

—f21f1_11 1 0 0

U = —f31f1_11 0 1 cee 0
—fafit 00 1|

we have that U € GLs(A) and its inverse is

[ i1 — 12 —f13 —J1s

for —fafafie+l  —fafi'fis o —fafia'fis
U= |fa  —fafa'fie  —fafa fis+1 - —fafa fis

o —fafitfe —fafiths o —fafilfe ]

Moreover, UFU ! = [0 1 01}’?1], where F} € M, 1(A) is an idempotent matrix, there-
s—1,1 1

fore we can apply induction.

(B2) deg(fi1) :=n > 1; since A is a domain at least one non diagonal entry in the first row
and in the first column of F' are non zero: In fact, if fio = --- = fi;, =0, then f;; =1 or
fi1 =0, false (similarly if fo; = --- = fs1 = 0). Using elementary and permutation matrices,
no affecting the entry fi;, we can reduce the degrees of fis,..., fis until the situation in
which fi5 # 0 and f13 =--- = f15 = 0 (a similar reasoning apply for the first column); then
we have fZ + fiofor = fi1 and fo; # 0; note that deg(f3) = 2n, so deg(fs1) :=p < n or
deg(fi2) :=q < n; let a,, :=le(fi1), ¢p = le(fa) and b, == lc( fr2).
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If p <n then
Mo fiz fis oo Sl
TFTfl_F,_ f21 féz f23 f2s
fsl f;2 fs3 fss
with

T =1, — a,0" P(c,')a" P Ey;

note that F” is idempotent; moreover fj; = 0 or f{; # 0; if f]; # 0 then arise two options:
deg(fi;) =0, ie., fi; € K—0or 1 < deg(fi;) < n—1 and again deg(fs) < deg f]; or

deg(f1p) < deg fi;.
If p > n but ¢ < n then

{,1 f12 f13 fls
" " "

LFL-'— " — o1 fao Jaz oo So
;,1 fsQ fs3 fss
with
L=1+ U_Q(bq_lan)a:”_qul;

note that F” is idempotent; moreover f}|, = 0 or f}| # 0; if f}} # 0 then arise two options:
deg(f]) =0, ie, fi1 € K —0or 1 < deg(f;) < n—1 and again deg(f12) < deg f]; or
deg(f3;) < deg fi}.

We can repeat this reasoning for F’ and F” and we obtain an idempotent matrix G = [g;;]
similar to F' with g1 = 0 or g1; € K — 05 if g1; € K — 0 we conclude using the case (B1).
Then assume that g;; = 0; if all elements in the first row and in the first column of G
are zero, then we can apply induction and we finish. If not, then in a similar way as was
remarked above, using elementary and permutation matrices, no affecting the first column,
in particular the entry ¢;;, we can reduce the degrees of ¢yo, ..., g1s until the situation in
which g2 # 0 and ¢g13 = - -+ = g1s = 0 (a similar reasoning apply for the first column); thus,
from g12g29 = g12 we obtain that g.o = 1 and hence by the permutation matrix P we finish
using the case (B1). O

2.7. Noether normalization lemma for Ore extensions

We conclude this chapter proving the Noether normalization lemma for Ore extensions with
automorphism of finite order. This lemma is a key result for an eventual matrix-constructive
proof of Theorem 2.5.3 for n > 2 variables (see Remark 2.7.2)

We recall the following notation: Let F' = [f;;] € M,(A) be an idempotent matrix, where
A:= K[xq,...,2,;0], K afield and o an automorphism of K; for w € A, deg(w) denotes the
total degree of w (Definition 1.3.7); observe that A = R|x,; 0], with R := Klzy,...,2,_1;0]
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and 0 : R — R defined by z; — z;, 1 <i<n—1, A~ o(A\), A € K. Besides, we will use
the deglex order on Mon(A) (see Definition 1.4.1)

Lemma 2.7.1 (Noether normalization). Let p := p(x1,...,x,) € A, where o has order finite
t, and let

m := min{kt | kt > deg(p),k € Z"} + 1.

(i) The function defined by
Ty > Ty, xini—xnmn_i, 1<i:<n-1

s an automorphism of A.

(ii) Let yp = xn and y; == x; — 2" 1 <i<n—1. Then A= K[y,...,yn;0] is an
Ore extension of K in the variables yi,...,y,. Moreover, A = Rly,;o], with R :=
Ky, Yn-1;0].

(13) p(y1, .. Yn) = X' (yn), with X € K — {0} and p'(y,) € Rlyn; o] monic.
Proof. (i) Note that K{[z1,...,x,;0] = K{x1,...,2z,}/I, with
= (zjz;, —xizj, e —o(N)zi|l <i,j <n, X e K),
so we define the homomorphism of K-algebras
a: K{zy,...,z,} = K{xy,...,z,} /1, x,— Ty, xi»—>a:i——xg””_i, 1<i<n—1;
note that «(/) = 0. This induces an endomorphism
a: Klzy,...,xp 0] = Klxy, ..., 2., 0], Ty = Ty, T,l—)l’l——lew
It is clear that @ is bijective with inverse defined by
Ty T, T+ 1<i<n-—1.

Using the notation x; := T; we obtain (i).
(ii) Let k, £ € ZT and X € K, then:

a (k:t—{—l)g:a1t~|—a2t—|—~--+a¢t+1:(Zleai)t—i—l, for some ay,...,ap € ZT.

yd= (i — 27 N =0N)z; — ™ Nz =Nz — oMz = (N

(e) YiY; = Y;Ys for every 1 <i,5 < n.
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From these remarks and (i), we get that A = K[yy,...,yn;0] is an Ore extension of K in the
variables yi, . .., y, where the monomials y{* - - - ¢/, j; > 0, 1 <4 < n, conform a K-basis of
A.

In order to prove the second statement of (ii) note that R := Klyi,...,y,—1;0] is an Ore
extension of K in the variables v, ..., y,_1; moreover,

c:R—>Ryr—uy,l<i<n—1,A—oc), e K

is an endomorphism of R. Considering the universal property of R viewed as a skew PBW
extension of K (see [1]), and in turn, the universal property of R[y,;c], we get that A =
Rly,; o].
(iii) The proof of this part is an easy adaptation of the classical commutative case. We
denote the n-tuple (m"~',m"2,...,m,1) by (m), and by (j) a n-tuple (ji,...,j,), with
Ji > 0. El dot product (m) - (j) is defined by
(m) - () = m" i+ -+ 4 My + .
The polynomial p can be written as a finite sum p = ) )\(j)ac{1 ...xlr, where A(;y € K —{0}.
()
Replacing each z; we get p = > Aj)(y1 + Y™ Y (Yt + y™)in-1yin . Expanding each
()
binomial we obtain

p = Au "+ oW Y1),
() ©))

where each polynomial fi)(y1,...,Yn—1,¥n) includes some y; to a positive power and the

highest power of y,, in these polynomials is strictly less than (m)- (7). By induction on n we

can prove that if (j) # (') then (m) - (§) # (m) - (j'). Thus, all the exponents (m) - (j) are

different, and hence, all the terms A(j)yff””j ) are distinct. If d is the largest (m).(y), then d

is the degree of p as a polynomial in y, with coefficients in R = Klyi, ..., yn—1;0]. Hence,

=M+ 9(y1s s Yn1, Un),

where A € K — 0 and ¢ has degree in vy, strictly less than d. Since A # 0 and K is a filed,
we set

p/ - yg + /\719(y1, <oy Yn—1, yn);
e, p(y1, .-, Yn) = AP (yn), with A € K — {0} and p'(y,) € R[yn; o] monic. O

Remark 2.7.2. Theorem 2.6.1 gives a constructive proof of Theorem 2.5.3 for one single
variable; we would like to present a matrix-constructive proof of this fact for n > 2 variables.
Assuming the next not proved yet lemma, and using the Noether normalization lemma, we
can show the claimed.

Lemma. Let F' = [f;;] € Ms(A) be an idempotent matriz with fi1 € Rlxy; o] monic with o
of finite order, where R := K[x1,...,2,_1;0]. Then F is similar to an idempotent matriz
F' € My(R).

Theorem. Quillen-Suslin for n > 2 wvariables. Let K be a field and A := Klxy,...,z,;0],
with o bijective of finite order. Then A is PF.
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Proof. The proof is by induction on n. For n = 1 the result follows from Theorem 2.6.1
taking 6 = 0. So, assume that n > 2. Let s > 1 and F = [f;;] € M(A) be idempotent. The
idea is to apply Theorem 1.1.3. We proceed by induction on s.

s=1: In this case F' = [f] with f € A; since A is a domain, its idempotents are f = 1 or
f =0, whence F'is trivially similar to a matrix as in Theorem 1.1.3.

s > 2: Suppose that the result holds for s — 1. We have two possibilities.

(A) All elements in the first row and in the first column of F' are zero. Then we apply the
induction on s.

(B) Suppose that there exists at least one non zero element in the first row (the reasoning
for the first column is similar); we can assume that fi; # 0 (if fi; = 0 and fi; # 0, then
we can change F' by TFT~! with T := I; — Ej;). By Lemma 2.7.1 we can suppose that
fi1 € R[x,; 0] is monic, where R := K[xq,...,x,_1;0]. Then the theorem follows from the
above Lemma and applying induction on n. O]



3. Applications

The convolutional codes have been intensively studied (see [21], [23], [30], [31], [32], [33], [60],
[61], [62], [69], [70], [77]) and they are supported by algebraic structures related to direct
summands of free modules over classical polynomial rings. Piret in [62] proposed to study the
problem over skew polynomial rings. In [33] it is used the notion of a separable ring extension
in ideal codes with structure over a A[z;o,d], when A is a semisimple algebra; there in the
authors show that ideal codes are generated by idempotent elements, and using a suitable
separability element, they design an efficient algorithm for computing these idempotents. In
this chapter we introduce a natural adaptation of the multidimensional ideal code for the
the multivariable Ore extension A[zy,...,x,; 0], with A semisimple algebra and assuming
some suitable conditions of separability.

3.1. Multidimensional Convolutional codes

3.1.1. Separability and Ore extensions

Let A, B, C be rings, M ne an (A, B)-bimodule, and N be an (B, C')-bimodule. Then its ten-
sor product M ®p N becomes in an (A, C')-bimodule in the usual way. For a homomorphism
of rings o : B — A, we consider the canonical B-bimodule structure for A with actions
ba = a(b)a, ab = aa(b), for all a € A and b € B. Thus, A becomes both an (A, B)-bimodule
and an (B, A)-bimodule.

The following classical notion of a separable algebra over a commutative ring is a key con-
ceptual tool in this chapter (see, [33],[37]).

Definition 3.1.1. (/37], Definition 2). A homomorphism of rings a : B — A is said
to be a separable ring extension if the multiplication map p : A ®g A — A, that maps
a®a' onto ad, is a split epimorphism of A-bimodules. Equivalently, there exists an element
p=>.0;0b € A®p A (called a separability element) such that ap = pa for all a € A and
w(p) =1, that is, for all a € A,

aa; @ bl = a; ® bia, (3—1)
2 2

and

,u(Z a; @ bi> = Z ab; = 1. (3-2)

7 7

Remark 3.1.2. If o : B — A is a separable ring extension, then « is injective. In fact, if
a(b) =0 for b € B, then b = bu(p) = p(bp) = u(a(b)p) = 1(0) = 0. Thus, a separable ring
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extension is often denoted by B C A, even though that a needs not to be an inclusion of
sets.

The following result is an important tool (see, [33] corollary 3).

Proposition 3.1.3. Let B C A be a separable ring extension with separability element
p=>,ai®b € A®p A. Consider a left ideal I of A which is a B-direct summand of A
with B-split exact sequence, where v : A/I — A is such that wo = iday;:

0 s 1 A" AJT —— 0.

Then I is an A-direct summand of A with A-split exact sequence

0 s I y A —— A/ —— 0,

where B : AJ/I — A is such that 78 = ida/r and

Blr+1) :Zaib(bir—l—l)

for everya+ 1 € A/I. Thus, I = Re, where e € A is the idempotent and e = 1 — f, with
F=BA+1)=> au(b+1I)

i

3.1.2. Separable Ore extensions

Let o be an endomorphism of a ring A. A (left) o-derivation is an additive map 6 : A — A
such that 6(ab) = o(a)o(b) + 6(a)b for all a,b € A. Given o, the set of all o-derivations is
denoted by Der?(A). Let B be a subring of A such that o(B) C B and §(B) C B for some
0 € Der?(A). Even though that ¢ and § need not to be B-bimodule maps, it is possible to
extend them to maps 0®,0® : A®@p A — A ®p A as the following lemma shows.

Lemma 3.1.4. Let B C A be a ring extension, o an endomorphism of A, and Der?(A). If
o0(B) C B and 6(B) C B, then the maps
® A XpB A— A XpB A
a®br— o(a) ®o(b)
0¥ ARpA— ARp A
a®@br—o(a)@6(b) +6(a)®b
are well defined.
Proof. Tt is enough to check that 0®(as ® b) = 0®(a ® sb) for each s € B and all a,b € A.
0% (as@0b) = a(as) ® o(b)
o(a)o(s) @ o(b)
(a) @ o(s)o(b)
(a) ® o(sb)
“(a ® sb),

=0
o
o
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analogously,

®las®@b) =0

Q
VA
~—
®
[e%)
—~
=
+
[«9)
—
Q
VA
~—
®
S

Il
Q

(o(a)d(s) 4+ d(a)s) @b
o(a) ®0(s)b+ d(a) ® sb
3(b) 4 0(s)b) + 0(a) ® sb

Thus ¢® and §¢ are well defined. 0

Remark 3.1.5. Note that if p € A ®p A is a separability element of B C A, and o is an
automorphism of A such that o(B) C B, then c®(p) is a separability element of B C A: In
fact, let r = o 1(r') € Aand p =Y, a1 ® b;, then

ro®(p) = Z o(r'a;) ® o(b;) = o® (Z r'a; ® bi) =% (Z a; @ bﬂ”) = o%(p)r,

%

and
#(o® (D) = (Y- ola) @ (b)) = S olao(b) = D alaib) = o (D abi) =1
Recall that the Ore extension Alxy,...,z,;0] of A, where o is a ring endomorphism of

A, is a skew PBW extensions where the free left A-basis are the monomials z¢, and the
multiplication is defined by the rules

zia = o(a)x;, for all a € A and x;0; = xjx; for all 1 <4, 5 <n.

In order to prove the main result of this section we need to introduce some notation. Let
B C A such that o(B) C B, and let R := Alxq,...,x,;0] and S := Blzy,...,2,;0),). Let ¢
be the morphism of A-bimodules defined as the composition of the canonical morphisms

¢: A®p A — R R — R®g R.

Theorem 3.1.6. Let B C A be a separable ring extension with separability element p €
A®p A. Let o be an endomorphism of A such that o(B) C B. If 0®(p) = p then

Blxy, ..., xn;0,] C Alxy, ..., 2, 0]
is a separable ring extension with separability element p := ¢(p).

Proof. Let R, S, ¢ and p as before. Then p = ¢(p) =Y. a; @g b;.
For each a € A,

ap = ap(p) = ¢(ap) = d(pa) = ¢(p)a = pa,
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now for z;, with 1 < j < n, we have:

;D = Z xja; Qg b;
= Z o(ai)xr; s b;
= Z o(a;) ®s x;b;
= Z o(a;) ®@s o(bi)x;

= (Z J(ai) Kg O'(bl)> Z;

7

) (Z o(a;) ®p a(bi)> T

)

= ¢(0”(p))z;
= ¢(p)x; = px;.
Besides, u(p) = Z a;b; = 1, and the proof is over. ]

Now we get a fundamental type of separable Ore extensions.

Definition 3.1.7. Let F = F, C F, be a finite field extension. Let o = 7" be an
F-automorphism, where T denotes the Frobenius automorphism of the extension.

Proposition 3.1.8. Let F, F,. and 0 = 7" as in Definition 3.1.7. Then the ring extension
Fley,...,x,] CFplxy, ..., 2, 0]
1s separable.

Proof. We will exhibit a separability element p € Fy: ®@p Fy of the extension /' C [y such
that 0®(p) = p. Following [55] for basic facts concerning finite fields, in particular, we follow
the notation and properties about the trace function. It is well known that a separability
element can be obtained from dual basis. The dual basis of a normal basis is also normal,
hence let {a,a?,... ,vaqtfl}, {b,09,. .. ,bqtfl} be normal dual bases. We are going to check
that p =), a? @ b7 € F: ®p Fyt is a separability element. Dual basis are characterized by
the equalities

z= Z Tﬁpqt/F(bqiz)aqi = Z Tr]th/F(aqiz)bqi
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for all z € F:. Hence

=) 2t @
— Z(Z Tre,e(b7 207 )a" ) @ b7
= Z ZJ(Trth (a7 2)a? @ b7
= i a;' @Y Tre,,/e(a? b 2)b"
= i za? @ bq

= D%,

besides, 32, a'b? = 3. (ab)? = Try ,/r(ab) = 1 by duality. Since, o(w) = w?" for each

w € Fy, we obtain that o(a?) = a?"™™" ™" similarly for b¢". Hence, we get that ¢ induce a
permutation over {a, a?, ... ,aqH} and {b,09, ..., qu}, thus 0®(p) = p. So, p es separability
element and as a consequence of Theorem 3.1.6 we have the result. O

3.2. Multidimensional codes generated by idempotents

Let F :=F, be a finite field and let A a finite semisimple F-algebra. Let o € Autg(A). Then

Flx1,...,z,] is a subring of the Ore extension R := A[zy,...,x,;0]. So, R can be considered
as a Flzy,...,z,]-module. Let V := {vg,...,v,_1} a basis of A as F-vector space, besides
also a basis of R as Flxy, ..., z,]-module, this is justified be the map
a:Flzy,...,z,)" — R

(fJ( j _0 — Zvjfj

that is a F[z1, ..., z,]-module isomorphism; letting
m—1 m—1
\m—1
(D agX M) =3 v (dauX ™) =3 (D aivs) X7
i =0 i i =0

Next we define a multidimensional ideal code, i.e., a multidimensional convolutional code.

Definition 3.2.1. A multidimensional ideal code is a Fxq,. .., x,]-submodule direct sum-

mand C of Flxy,...,x,]" such that a(C) is a left ideal of R.

Therefore, we can understand that a multidimensional ideal code is just a left ideal I of
R = Alzy,...,x,; 0| which is a F[zy, ..., x,]-direct summand of R. As a direct consequence
of Proposition 3.1.3, we get.
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Proposition 3.2.2. If Flzy,...,x,] C Alxy,...,z,;0] is a separable ring extension, then
every multidimensional ideal code is a direct summand of Alxy, ..., z,; 0] as a left ideal, and
hence, it is generated by an idempotent of Alxy, ..., x,;0].

Next we will show some consequences of the Proposition 3.2.2. From ([21]) we adapt the
following definition.

Definition 3.2.3. Let F[G] be the group algebra of a finite group G. Let o € Aut(F[G]). A
multidimensional group convolutional code 1s a multidimensional ideal code in

F(G|[z1, ..., xn;0].

Proposition 3.2.4. Let G be a finite group such that (|G|, char F) =1, let 0 € Autp(F[G])
such that o(G) = G. Then each multidimensional group convolutional code is a direct
summand of R = F[G][x1,...,x,;0] as a left ideal over R, and, hence generated by an
idempotent of R.

Proof. From Proposition 3.2.2, we need to prove that the ring extension F[xq,..., z,] C
Alwy, ..., 2p; 0] is separable with A = F[G]. Tt is easily checked that p := |G| > 9 ®
g~' € F[G] ®@r F[G] is a separability element for the extension F C F[G] such that o®(p) = p.
By Theorem 3.1.6, the extension F|xy, ..., z,] C R is separable, with separability element

=G 9@l 9 (3-3)
geG
therefore the proof is over. n

Proposition 3.2.5. Let A be any finite semisimple commutative F-algebra A, and o an
F-automorphism of A. Then every multidimensional ideal code of R = Alxy,...,x,;0] is a
direct summand left ideal of R and, consequently, it is generated by an idempotent element

of R.

Proof. By Proposition 3.2.2, we need to show that S := F[zy,...,x,] C R is separable. Let
{e1,...,e¢} be idempotents such that A = @le Ae; is a decomposition of A into simple
blocks. Since A is commutative, Ae; is a finite field extension of F for all i = 1,...,/. We
follow the notation of ([33], Theorem 14). Thus, for each j = 1,...,t (here t is as in [33],
page 9), we have an F-automorphism Ojpn; © 0 0y (7; as in [33], Theorem 14) of the finite
field Ae]1 By Proposmon 3.1.8, there is a separablhty element p; € Ae;, ® Aej, such that
(0, 070 0;,)%(p;) = ([33] Theorem 14) gives then a separability element p € A ® A
such that o®(p) = p, and by the Theorem 3.1.6 we get that S C R is a separable ring
extension, with separability element

t m;—1

ZZ% Rs B+ Y Z% c00j, (o) ®s 05, 0+ 0.0, (B, (3-4)

Jj=1 =1

where {a;} and {8} are dual basis of Ae;, over F for each j =1,...,t. O
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Proposition 3.2.6. Let < be an automorphism of the matriz algebra B = M(F) of finite
order m. Let A := @]", B; with B; = B for each j =1,...,m and 0 : A — A be defined

by
0'(61, . 76771) = (g(ﬁm)’ g(ﬂl)v s 7§<ﬁm—1))7

for each (P1,...,Bm) € A. Then every multidimensional ideal code in Alzy,...,T,;0] is a
left ideal direct summand and, therefore, it is generated by an idempotent of Alxy, ..., x,;0].

Proof. By Proposition 3.2.2 we need to show that S := Flxy,...,z,] C Alxy,...,z,;0]
is a separable ring extension. Let e; be the central idempotent of A with zeroes in all
its components except the k-th, whose entry is 1. The elements of Bj can therefore be
represented as bey, where b € B = M(F). Let p; € By ® By = M(F)e; @ My(F)e; be any
separability element of the matrix algebra, thus,

t
p1 = Z Eije1 ® Ejieq,

i=1

for some j € {1,...,t}. Following the notation of ([33], Proposition 13), we have that
oi(be;) = ¢(b)eiy1, thus (o, 0+ 001)%(p1) = (<™)®(p1) = p1. From ([33], Proposition 13),

p=p1+i(a?o-‘-oa?>(p1) (3-5)

is a separability element of F C A such that ¢®(p) = p. From Theorem 3.1.6 we finish the
proof. O]

3.3. Computation of the idempotent generator

In this section A is a finite dimensional semisimple algebra over a finite field F and let
{vo,...,um_1} be a fixed basis of A as an F-vector space. Let o0 € Autg(A) and consider
R := Alzy,...,x,;0]. Assume that S := Flzy,...,x,] C Alzy,...,2,;0] is a separable ring
extension and that a separability element p = > . a; ®s b; € R ®g R is given. Theorem
3.1.6 provides a way to obtain such an element from a suitable separability element for the
extension FF C A. From Proposition 3.2.2 we have that every multidimensional ideal code
given by a left ideal I of R must be a direct summand of R and, therefore, it is generated,
as a left ideal of R, by an idempotent. The idea now is to describe an algorithm that
computes this idempotent from a set of generators L = {go,...,g:—1} of I as a left ideal of
R, whenever the separability element p of the extension S C Alxy, ..., x,; 0] is available. The
explicit formula of a separability element is given for multidimensional group codes (3-3),
multidimensional ideal codes over any commutative finite semisimple algebra (3-4), and for
multidimensional ideal codes over some non-commutative finite semisimple algebras (3-5).
Let I be a left ideal of R. We have an exact sequence of left R-modules

R -S4 R -5 R/I > 0.
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where G is the homomorphism of left R-modules. We know that {vo, ..., v,_1} becomes a
basis of the F[z1, ..., x,]-module R, and we have the isomorphism of F|xy, ..., z,]-modules.
a:Flzy,...,z)" — R

(RO Y )

with inverse

v:R— Flzy,...,2,]"
Z le/BZ — (Z fi,OX/Bia RN Z fi,mleﬁi)
where, for each i, f; = vofio+- - +Um—1fim—1. Then I is generated as a F[zy, ..., z,]-module

by {gjvi | 0 <i<m—1,0<j <t—1}. Hence a generator matrix for I is
[Y(gov0) -+ Y(GoUm—1) -+ -+ A(gm1v0) o0 V(G-1Vm-1)] (3-6)
and we get the exact sequences of F[zy, ..., z,]-modules

R—S3 R T4 R/ — 0,

gm MO gm e pip o,

The left ideal I is an multidimensional ideal code if and only if it is a S-direct summand of
R, equivalently, if and only there exists invertible matrices P and () such that

H— ﬁf 8} _P.M(G)-Q.

If the matrix H has this form it is called basic.



4. Implementation of skew PBW
extensions with Maple

This chapter is dedicated to implement in Maple the theory of Grébner basis of skew PBW
extensions, as well as, some of its important applications in homological algebra. The main
algorithms of any theory of Grobner basis are the Division Algorithm and the Buchberger’s
Algorithm that computes the Grobner bases. We have implemented these algorithms not
only for left ideals, but also for submodules of A™, where A is a skew PBW extension. As
was pointed out in Remark 1.4.5, our hypothesis for this implementation are the following:
We will assume that A = o(R)(xy,...,x,) is a bijective skew PBW extension of a LGS ring
R and Mon(A) is endowed with some monomial order .

We have chosen three homological applications: (a) The computation of syzygies of left ideals,
or more general, the computation of syzygies of submodules of A™; (b) the computation of
free resolutions of a given submodule of A™; (c) the left inverse of a rectangular matrix over
A.

We have added a special section in which we have computed the matrix U and the basis
involved in the constructive proof of Quillen-Suslin theorem for Ore extensions (Theorem
1.1.3).

4.1. Grobner theory of skew PBIV extensions with Maple

In this section we present a library developed in Maple® 2016 that allows to use the skew
PBW extensions computationally, and also, to calculate the Grébner bases over them. This
implementation let us to make effective some homological applications of skew PBW ex-
tensions (see [24], [27], [45], [51] and [52]). In this section each performed example uses the
mentioned library.

We developed a library called SPBWE.1ib consisting of the packages: RingTools, SPBWE-
Tools, SPBWEGrobner and SPBWERings (see, Appendices A and B).

e RingTools: This allows to define the structure of the ring R of coefficients of a skew
PBW extension A.

e SPBWETools: This is a collection of functions related to the skew PBW extensions,
these tools allow to define the structure of a skew PBW extension and they are very
useful for working with these noncommutative rings of polynomial type.

e SPBWEGrobner: This is a collection of functions related to the Grobner bases over skew
PBW extensions, the main routine is the version of the Buchberger’s Algorithm for
bijective skew PBW extensions.
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e SPBWERings: This is a collection of predefined subclasses of the skew PBW extensions.

4.1.1. Defining skew PBWW extensions

In this section we present some examples that illustrate how to define skew PBW extensions
using the packages mentioned before. Some easy computations are included. For more details
see Appendix A.

From ([1] Definition 2.1) we can define a skew PBW extension A := o(R)(z; ..., x,) using
the following parameters:

SetSkewPBWExtension(Lq,L,Ls,Ls,C)

L, := List of variables z1, ..., x,, assuming x; > -+ > x,.
Ly := List of relations among variables x; for 1 <i < n.
Ls := List of automorphisms o; for 1 <i < n.

Ly: List of o-derivations, §; for 1 <i <n.
C := The ring R of coefficients.

Remark 4.1.1. The parameter C can be omitted if the ring of coefficients is some subring
of C(ty,...,tm), where t; & {x1,...,2,}, 1 <i < m, more exactly, a default ring C can be
someone of the following rings:

S, Slt,....tw],  S(ti,....tn), where S € {Z,Q,R,C}. (4-1)

Example 4.1.2. Univariate skew polynomial ring.
Let A := Zy|t][z; 0, 0], where o(p(t)) := p(t — 1) and §(t) = 1. Here we have

5(2 aitz) — Zazﬁ(ti) and (t") = g:ln_zkfl <n B l; - 1) (—1)im L,

Define the coefficients ring using:
R:=SetCoeffsRing(Name=K|t|,chr=12): %% R is defined as K[t|.
%% t is not declared.
%% K is a ring with char(K) = 12.
The implementation of A is given by

A := SetSkewPBWExtension([z], [1, [c], [4],R).

We get A = o(R){(x). Let us to show a simple calculation in A: Let z; := 2? +tx + 4z + ¢
and 2o :=1t+ 4+ 3x, then

21+ 29 = 32° + (4 + 2)2% + (£* + 10t + 2)z + t* + 5t + 4,
2y 2z = 32 4 (4t + Da® + (2 + 11t + 4)x + % + 4t + 3.

Example 4.1.3. Additive analogue of the Weyl algebra. A,(q,...,q,) with n = 2
and q; = ¢ = 2.
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Case I. Considering A5(2,2) as a skew PBW extension of Q.
Let A3(2,2) = o(Q)(z1, x2, Y1, y2), subject to relations (rels):

ToX1 = T1X2 Y2Y1 = Y1Y2

Y21 = T1Y2 Y1T2 = T2

oy =2ry + 1 Yoxs = 2woys + 1.
The implementation of Ay(2,2) is given by

As(2,2) := SetSkewPBWExtension([xy, zo,y1,y2], rels, [id,id,id,id], [0,0,0,01).
Let 2 := y1y3 and 29 := 32229, then
2172y = 48xfx2y1y§ + 36x%y1y2 + 36x1x2y§ + 27219s.

Case II. Considering As(2,2) as skew PBW extension of Q[z1, z2].

Let A2(2,2) = o(Q[x1, x2]){y1, y2), subject to the relation (rel): yo11 = y1y2. Here the
o;’s and the §;’s must satisfy

CTl(ilfl) = {17, 01(552) = T2, 02(371) = I, 02($2) = {27T2;
51(1’1) = ]., 51(ZE2) = 0, (52(1‘1) = O, 62([E2) =1.

Therefore,

a(p) = Y g zyay.  oa(p)= D ajg i ay,
J J

o1(p) = Z aj51(aﬁ?j)z§j, d2(p) = Z@jx?j(S?(xgj)-
J J

where p =3 ajx(fjxgj, and for ¢ = 1,2 we have

52(1"?) = kxf‘l, if ; =1 and 7 = j,
Lkt i g £ 1 and i =
1—q; 2 7 t .

The implementation of A,(2,2) is given by
Ay(2,2) := SetSkewPBWExtension([yy, 3] ,rel, [0y, 091, [41,02]),

and again we get

21 %y = 48a7%x2y1y§ + 3693%y1y2 + 36x1x2y§ + 27z1Ys.
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Example 4.1.4. Multiplicative analogue of the Weyl algebra. O, (});;), with n = 3,
)\31 = 2, )\32 = 2 and )\21 = —1.

Case L.

Case 1I.

Interpreting O3(A;;) as skew PBW extension of Q.
Let Os3(\;i) = 0(Q)(x1, 22, x3), subject to relations (rels):

T3T| = 20123, X3Xo = 2T9T3, Toli = —T1Ta.
The implementation of Os(\j;) is given by
Os5(\j;) := SetSkewPBWExtension([zy, z2, 23] ,rels, [id, id, id], [0,0,0]).
Let z; := .ZUQCC% and zy := 5%, then
21+ 29 = 8027 wo13,.

Considering O3(;;) as skew PBW extension of Q[zs].

Let O3(Aj;) = o(Q[z3])(z1, z2), subject to the relation (rel): zox; = —z122. Here the
0;’s and the 9;’s must satisfy

01(x3) = 573, 02(3) = 373, 01 =0y = 0.
The implementation of Os(\j;) is given by
Os5(\j;) := SetSkewPBWExtension( [z, 2] ,rel, [oy,02],[0,0]),

and again

2
21 29 = 80x%x2x3.

Example 4.1.5. ¢-Heisenberg algebra. H,(q) with n =2 and ¢ = 2.
Let Hy(2) = 0(Q)(x1, x2, Y1, Y2, 21, 22), subject to relations (rels):

T2X1 = X122, Y291 = Y1Y2, 2921 = 2122,

Y21 = T1Y2, N2 = T2, 22Y1 = Y1%2,

£1Y2 = Y241, 2T = X122, 21Ty = X2z,

YT = 2211, Yoo = 2X2Ya, 2191 = 24121,

Zolo = 2222, 212 = %37121 + Y1, 29Xp = %$222 + Y2.

The implementation of Hy(2) is given by

H,(2) := SetSkewPBWExtension([x1, 22, Y1, Yo, 23, 22] ,rels, Lz, Ly)

where L3 =[id,id,id,id,id,id] and Ly, =[0,0,0,0,0,0]. Let wy := z129y1y22129 and wy :=
7322, then

3 3 2 2 2
Wy Wo = T1TRY1Y22125 + DX1T3Y1Y5 2125 -
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Example 4.1.6. Difussion algebra.
Let A = 0(Q[x1, x2, x3]) (D1, Do, D3), subject to relations (rels):

DyDy =D Dy + 29Dy — 21D,
DsDy =D1Ds + 23Dy — x1Ds,
D3D2 :D2D3 + ZE3D2 - CL’QDg.

The implementation of A is given by

A:=SetSkewPBWExtension([Dy, Dy, D3] ,rels, [id,id,id], [0,0,0])

Let 21 := x129D1 Dy + 23D, D3 and 2y := D%D%, then

Z1 22 = .’E1$2D1D§)D§ -+ l’ngDng’ + 2$§D1D§D§ — 2$2$3D1D2D§ — $21’§D1D2D§ + .’E%(EngDg

Example 4.1.7. Witten algebra.
Consider the Witten algebra denoted

W(&) == W(&, 82,83, 64,85, 6,67,
and defined by

sr=E&ez — B, 2y =Gyz+ by, o= Gay + &2 + &z

Under certain conditions on the parameters, W (¢) is a skew PBW extension of Q; consider
the following particular example: A = o(Q)(z,y, z) = W (&) = W (1,1,1,2,2,0,0) subject to
relations (rels):

zx=x2—x, 2y=yz-+2y, yr=~2y.

The implementation of A is given by

A:=SetSkewPBWExtension([z,y, 2] ,rels, [id,id,id], [0,0,0]).

Let 21 := 2, zp .=y + 2% and 23 := 2 — 2y, then

(21 - 22) - 23 = 223 — 2y23 + 2zyz — 3z22 — 2y22 - 12y22 + 22y + 3zz — 8y2 —24yz —x — 16y = z1 - (22 - 23).

4.1.2. Division algorithm for left ideals

A fundamental function in the SPBWEGrobner package is the Division Algorithm for skew
PBW extensions.
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Division algorithm in A

INPUT: f,f1,....f € Awith f; #0(1 < j <t)

OUTPUT: ¢,....,q,h € Awith f = quf1 + -+ q.ft + h, h reduced w.r.t.
{fi,..., f:} and

Im(f) = max{lm(Im(q)lm(f1)), ..., tm(Im(q)lm(f)), lm(h)} (4-2)
INITIALIZATION: ¢, == 0,5 == 0,...,q = 0,h := f
WHILE h # 0 and there exists j such that Im(f;) divides im(h) DO
Calculate J := {j | Im(f;) divides Im(h)}
FOR j € J DO
Calculate a; € N™ such that a;+exp(Im(f;)) = exp(im(h))

IF the equation

er (le(f5))cay. g, (4-3)

JjeJ

is soluble, where c,, s, are defined as in the Theorem 1.3.8 THEN

Calculate one solution (7;) ;e

hi=h—>3c;mx%f;

FOR j € J DO
qj = qj + 1z
ELSE
Stop

Remark 4.1.8. The Euclidean Algorithm over commutative multivariate polynomial ring
with coefficients in a field was used for the effective solution of the equation (4-3) in the
implementation of Division Algorithm; in addition, it was used also the package Grobner of
libraries inner of Maple. Therefore, the implementation of Division Algorithm, Buchberger’s
Algorithm and other algorithms below is feasible for skew PBW extensions, where the ring
of coefficients is a commutative multivariate polynomial ring over a field, using existent
libraries in Maple.

The statement for calling the Division Algorithm is:

DivisionAlgorithm(f, [fi,..., fu],order over A,skew PBW extension A)
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Example 4.1.9. Taking the skew PBW extension A := Ay(2,2) of Example 4.1.3 Case I,
we can illustrate the use of DivisionAlgorithm:

Let f := mziyiys + 22x0y1, f1 := T302y1Yo, fo := Toyy and f3 := x1y5. Then in this case
DivisionAlgorithm(f, [f1, fo, f3],gradlex, A) produces ¢1 = q3 = 0, g = %xlxgylyg +
3 — %xlyl and h = 0, such that f = ¢1 f1 + ¢2f2 + q3f3 + h, with h reduced and satisfying
equation (4-2).

Example 4.1.10. Consider the difussion algebra A := o(Q[z1,x2])(D1, D), subject to
relation (rel)

D2D1 = 2D1D2 + $2D1 - I’lDQ.

Given [ = 2123D?Dy + 22x9Dy, f1 = x109D1Ds, fo := 9Dy, f3 := x1Dy. Using the
division algorithm DivisionAlgorithm(f, [fi, fa, f3],lex,A) we get q1 := x3D1, q2 := 0,
q3 = v172 and h = 0. So, [ = ¢1.f1 + @2f2 + ¢3f3s + h, with h reduced and satisfying the
equation (4-2).

4.1.3. Buchberger’s algorithm for left ideals

Now we present the Maple implementation of the Buchberger’s algorithm for the computation
of left ideals of bijective skew PBW extension A.

Theorem 4.1.11. Let F = {f1,..., fs} be a set of non-zero polynomials of A. The algorithm
below produces a Grobner basis for the left ideal (F'} of A (P(X) is the set of subsets of the
set X ):
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Buchberger’s algorithm in A
INPUT: F :={f1,....fs} CA, fi#0,1<i<s
OUTPUT: G ={g1,...,g:} a Grobner basis for (F'}
INITIALIZATION: G :=0,G' .= F
WHILE &' G DO
D := P(G") — P(G)
G: =G
FOR each S :={gi,....9;,} € D DO
Compute Bg
FOR cach b= (by,...,by) € Bs DO

Reduce Zle bjx g, —g’—>+ r, with r re-
duced with respect to G' and ~y; defined
as in Definition 1.4.6

IF r#0 THEN
G =G U{r}

The statement for the Buchberger’s Algorithm in the implementation is as follows:

BuchbergerAlgSkewPoly (L, ord, A)

L := List with the generators of the left ideal.
ord := Monomial order over A.

Example 4.1.12. Take the extension A := A5(2,2) of Example 4.1.3 Case I.

The implementation of Buchberger Algorithm to find a Grébner basis of I := (f1, fo}, with
fi:= x%x2y1y2 and fo = xay1 + T2, is given by

BuchbergerAlgSkewPoly ([f;, fo] ,gradlex, A).
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The results is G := {g1, 92, 93, 94, 95, Y6, g7, s }» Where

g1 = 90%332%92,
g2 = XT2Yy1 + Tg,
g3 = —623ys — 312y1 — 3T,

g1 = —6x173ys — 3T122y1 — 31122,

95 = —1223y5 — 93,

g = —12x1x§y§ — 9212970,

g7 = —4xiy; — 4daty — 6x122y2 — 311 — 3w,
gs = —2$%$2?J2 - f%yl - xf

Example 4.1.13. Consider A := 03(2,2,2) = o(Q)(z1, 9, x3) subject to relations:

T3T1 = 20123, X3XTo = 2T9T3, ToT1 = 2X1Xs.

For I := (f1, fo}, with fi := —zy25 + 1 + 22 and fo = —zo23 + 23 + 1, we have
BuchbergerAlgSkewPoly ([ fi, fo],gradlex, A),

and the computed Grobner basis for I is G = {g1, 92, 93, 94, g5, g6 }, where

g1 = 873 + 2413 + 16, Go = 89 + Sx5 + 8, g3 = 81 + 4o,

gs = 2319 — 21123 + 75 — 271, g5 = —x1T3 + 71 + T2, g6 = —Tox3 +x3+ 1.

Example 4.1.14. Consider the extension A := Hy(2) of Example 4.1.5. The implementation
of Buchberger Algorithm to find a Grobner basis of I := (f1, fo, f3}, with f1 := 1220190,
f2 = 22y, fs:= Y222 and fy := 21 — yy, is given by

BuchbergerAlgSkewPoly ([ f1, f2, f3],1lex, A).

The result is G = {91792a93a94ag5ag6}7 where

g1 = T1T2Y1Y2, G2 = XT2Y1, g3 = Y222,

g4 = ylyga g5 = ylyg, g6 = %yfyg

Example 4.1.15. Take the Witten algebra A := ¢(Q)(x,y, z) of Example 4.1.7.
Consider [ := (fi, fo, f3, fa}, With fi:=2 —y, o=y + 2, f3:=22+3y — 2z and fy := zy,
so in this case we have

BuchbergerAlgSkewPoly ([ fi, fa, f3, fal ,gradlex, A),

and the Grobner basis for I is G = {g1, 92, g3, 94, g5, g6 } , Where

g1 = 2" — 2z — 2y, g2 = 62z, g3 =1z —y,
gs =y +2, g5 = 2w+ 3y — z, g6 = Y.
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4.1.4. Division algorithm for modules

Next we present the Division Algorithm for submodules of A™, where A is a bijective skew
PBW extension.

Theorem 4.1.16. Let ' = {f,,...,f.} be a set of non-zero vectors of A™ and f € A™,
then the Division Algorithm below produces polynomials ¢, ...,q € A and a reduced vector

he A" w.r.t.. F such thatfihr h and
f=ah+ - +afi+h
with

Im(f) = max{im(Iim(q)Im(f)), ..., im(Im(q)im(f,)),im(h)}.
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Division Algorithm in A™

INPUT: f.f,,....f, € A" with f; 20 (1 < j < 1)
OUTPUT: ¢1,...,qt € A , he A" with f=qf, + -+ q.f, + h, h reduced w.r.t..
{fi,-- -, fi} and
Im(f) = max{im(Ilm(q)Im(f)), ..., im({Im(q)lm(f,)),im(h)}. (4-4)
INITIALIZATION: ¢, == 0,g, =0, ...,q = 0,h:= f
WHILE h # 0 and there exists j such that Im(f;) divides Im(h) DO
Calculate J := {j [Im(f;) divides Im(h)}
FOR jeJ DO
Calculate a; € N" such that o +exp(Im(f;)) = exp(Im(h))

IF the equation lc(h) = 3, ;rj0% (lc(f;))cay s, is soluble, where
Ca,.f; are defined as in Definition 1.4.15

THEN
Calculate one solution (1;);cs
h:=h—3%;rizvf;
FOR j€J DO
qj := qj + iz
ELSE
Stop

In this case the implementation for the Division Algorithm is as follows:
DivisionAlgorithm(L,ord, ORD, A)

L := List with generators of the submodule.
ord := Monomial order over A.
ORD := Order over A™.

Let f # 0 be a vector of A™, the next function is a very useful tool for working in A™: We fix
a monomial order on Mon(A), then we may write f as a sum of terms; using the statement
PrintSkewPolyVector(f,vars,ord,ORD), we get an ordered list of terms which adds f.

vars = variables x,...,x,, assuming x; > - -+ > x,.
ord := Monomial order over A.
ORD := Order over A™.
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Example 4.1.17. Let A := o(R){(x,y) be a skew PBW extension and let f := (6x2%y® +
2ryt — 23y + 32?2 + 2y, —623y° + Syt + 223 + 3%y + xy?, Syt + 323y° — xy) € A3. Using
the statement PrintSkewPolyVector(f, [x,y],lex,TOPREV)). We get

f=52tytes — 623y ey + 323y es + —2Pye, + 203 ey + 5aytes+
+ 622y e; + 32°yes + 322e; + 22yter + xy’es + Tye; — xyes.
For other useful tools for making computations with vectors in A™ see Appendix A.

Example 4.1.18. Take the extension A := H;(2), i.e., A := 0(Q)(x,y, z), subject to rela-
tions (rels):

yr = 2xy, 2x = %xz +y, z2y=2yz.

Given f := (z%yz + x2,9%2,2%), f; := (v2,y,7) and f, := (zy, 2, 2), the Division Algorithm
DivisionAlgorithm(f, [fy,f,, f3],gradlex,TOPREV, A) produces ¢; := %zy, ¢z := 0 and
h = (2z,9%2 — say?,2* — 2%y). So, f = qif; + gofs + h, with h reduced, and satisfies the
equation (4-4).

Example 4.1.19. Consider the difussion algebra A := o(Q|x1, z2])(D;, D3) subject to rela-
tion (rel):

D2D1 = 2D1D2 + l‘ng - ZL’lDQ.
Given the following vectors in A?

(Z’liﬁg + )D2D2 + .CElD%, .CEQD% + Dng),

= (
fl (z1D1D3 + 21Dy, D3),
fy := (D D3, D} +2,D1D,),
fy := (D, DY),
£y := (21Dy, D3 + x3),

we apply the Division Algorithm:
DivisionAlgorithm(f, [fy, fs, f3, £4],gradlex, TOPREV, A)
and we obtain

¢1 = 32D Dy — 323Dy + Ja129Ds, q2 = Dh,
g3 = =Dy — 21Dy, qs = —322D1Dy + 523Dy — Jx125 D,

h = (mlD2 + (1 — 22723) D1 Dy + (321 + 2afxs) D)) e+
((1 + 1’2 — le)D DQ -+ xzDg -+ 4x1x2D% (—lexz )Dl -+ ( .Tl —+ $1$2)D2)62

Note that f = ¢1f; + gofs + ¢3f3 + qufs + h, with h reduced and satisfying the equation (4-4).
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4.1.5. Buchberger’s algorithm for modules

We conclude this section with the Maple implementation of the Buchberger’s Algorithm

for computing the Grobner bases of submodules of A™, where A is a bijective skew PBW
extension.

Theorem 4.1.20. Let F' = {f,,...,f.} be a set of non-zero vectors of A™. The algorithm

below produces a Grobner basis for the submodule (fy,...,f,) (P(X) is the set of subsets of
the set X ):

Buchberger’s algorithm in A™
INPUT: F ={fi,.... £} CA", f#0,1<i<s
OUTPUT: G=1{g,...,9:} a Grébner basis for (F)
INITIALIZATION: G :=0,G' .= F

WHILE &' G DO
D := P(G") — P(G)
G:=¢
FOR cach S :={g;,,...,9;} €D, with Xs # 0, DO
Compute Bg
FOR cach b= (by,...,by) € Bs DO

Reduce Zle bjav g, —g—hr r, with r re-
duced with respect to G' and ~y; defined
as in Definition 1.4.19

IF r#0 THEN
G =G U{r}

The statement for the Buchberger’s Algorithm in the implementation is as follows:
BuchbergerAlgSkewPoly (L, ord, ORD, A)

L := List with the generators of the submodule.
ord := Monomial order over A.
ORD := Order over A™.
Example 4.1.21. Consider the additive analogue of the Weyl algebra A = A5(3, 3).
Let f, = zi1yle; + Toyoes and fo = Toyse; + x1y1€2. We will construct a Grobner basis

for the module M := (f,, f5). Recall that A = o(Q[z1, x2])(y1,y2) is subjected to relations
(rels):

V1T = %iﬂlyl + 1, yowo = %$2y2 + 1, Y2 = Y1, T2Y1 = Y1%2, Y1Y2 = Yol
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Then, we apply BuchbergerAlgSkewPoly([fy,f,],gradlex,TOPREV,A) and we get the
Grobner basis G = {g;, 85, 83}, where

2 2 1,23 1..2.3 3.2 )
81 = T1yie1 + TaY2e2, 8y = TaYs€1 +Tiyi1€2, g3 = —3TiYi€2+ GToYs€e2 — 5T1Yje2 + 3T2ys€2.

Example 4.1.22. For A := 05(2, 1,3) = 0(Q)(z1, 2, x3) the relations (rels) are:
Tol1 = 25['11’2, r3l1 = %ZL‘leg, T3T9 = 3[E21’3.

Let M := (fy, f»), with f; := z?23e, + zow3€5 and f; := 21 7973€; + T9€5. We calculate
BuchbergerAlgSkewPoly ([f,f,],gradlex,TOPREV, A) and we obtain G = {g;,8,,85},
where

2 2 2.2
g, = 48xqox5e9 — 9T 17569, 8y = TIT5€1 + ToTze€s, g3 = 2T1TaT3€] + Taes.

Example 4.1.23. Let A := o(Q[z])(y, 2z, w) subjected to relationes (rels):

_ 3 _ 2 _ 2 _ 2
yr = Sy, wr = FTw, Y = Yz, W2 = 32w
_ _ 5
zr = x2, wy = yw — T2,
Note that

o1(z) =3z, oy(x) =z and o3(x) = Zx.

Let f, = zywe; + wey and f, = v22we; + xyey. Then, a Grobner basis for M = (f, f5),
using BuchbergerAlgSkewPoly ([f;, fo],gradlex,TOPREV, A), is: G = {g,, 8y, 83}, whe-re

= rywe; + wey, = z22we; + ryes, gy = —12zy ey + 27x2Wwes.
g1 Yy 2o 3

4.2. Some homological computations

4.2.1. Computation of syzygies

Now we will implement in Maple an algorithm that computes the syzygy module of a finite
set of polynomials of A, and more generally, of a finite set of elements of A™.
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Syzygy module algorithm in A™
INPUT: M :=[f; --- £,]7 € Myxm(A) with f; € A™, 1 <i<s
OUTPUT: Matrix, where its rows are generators of Syz,(M).

STEP 1: Apply the Buchberger’s algorithm to find a Grébner basis G
of Fi={f,....f} CA™

STEP 2: Find matrices H” and QT of Theorem 1.4.8 (for modules).
STEP 3: Find Z(G) using the Theorem 1.4.25.

STEP 4: Compute Syz(F) = eliminating some dependent rows of
[(Z(@)THT)T (I, - QTH")']".

RETURN: Syz(F).

The statement that computes syzygy of a finite set F':= {f,,...,f,} C A™ is as follows:

SyzModule (M, ord, ORD, A),

where M is a matrix which rows are the elements f7,...,f7. Calling this statement, it

returns a matrix which rows are the generators of Syz(F). Note that if m = 1, the algorithm
computes the syzygy ideal.

Example 4.2.1. Consider the diffusion algebra A := o(Qlx1, 22]) (D1, Ds) subject to relation
(rel):

D2D1 = 2D1D2 + ZL'QDl - (L’lDQ,

we want to find a finite set of generators for Syz(fi, fo), where f; = x229D3Dy and f, =
23D1D3. Let M = [f1 fo]*, applying SyzModule(M, gradlex, TOPREV, A), we get a
Grobner basis

2. 2 2 2 3.3 4212 3.4 4312 .4 2713
G = [2129 D] Do, 25D, D3, —xix5D1 Do, x25D5, —x7x5D1 Do + 725 D5 + x725D5),

1 0

T _ 0 1 or — 10 00
19Dy — 313 —422 Dy + 423 ’ 01 0 0|’

x9D3 — 323Dy —8x1D1 Dy — 4aixs Dy + 823 Do + 22927
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Z<G) = <317 82, 83, 84, S5, S¢, S7, 88, 89, S10, Sll> Where?

= (zy23, —27, Dy, 0),
= (0,223x9, Do, — 1),
= (2321, 2232,D, — 4D2 1:1:‘%352, DDy + %1’11172, —%xl),
= (29 Dy — 3x2, 4x1D1 + 423, —1,0),
= (4a25, —20102, 11D3 + 22122, 4w D1 — 21Dy — 22125),
= (0, 2:1:2x1D2, D3, DQ)
= (=223, xng + 21wy, —2129, —2D; + xl)
sg = (4wyw1 Dy —|— riry, — 1$?D2 23w Dy — 22323, 21Dy D3 + 2a3x3,

4oy D? — 2D2 x 225),
Sg = ( sr1Dy — Z‘Ql‘l, 2x2x1D1D2 1 r1D3 — 1:5‘11953, DD — xlxg,
— —x1D2 + xle)
810 = (—2x32,D; + ml r2Dy — 3x2m§, x1D1 Dy + x?Dg + xlxg,
811 = (13D3 — 423Dy + 325, —821 D Dy + 825 Dy — 21923, 19, —1).

3.2 2 1.2
—1T17T2, _2D1 + §$1),

The implementation returns

Syz(F) = ((x2D1 Dy — 325D1 + z1735) ey + (—4x3 D} + 423Dy — x1)ey).

Example 4.2.2. Take the Witten’s algebra A := o(Q)(x, y, z) subject to relations
x=xz—x, 2Yy=yz+2y yr=—xy.

We want to find a finite set of generators for the submodule Syz(f, fo, f3) of A%, where f; =
e1+(z+y)es, fo=z2€9, f3=ye +rzes. Let M :=[fT 2 f37 applying SyzModule (M,
gradlex, TOPREV, A), we get a Grobner basis G = {g,, 95, 93, 94, 95, 96, 97}, Where

g1 =e1+ (v +y)es, g, =zes, gz=yei+urzes, g,=(z+1)e;+3yes,
gs=(z—y+1)e +3yes, gs= By+azz+az)es+3y°er, g,=(—2"—2)e; —6byey,
[ 1 0 0]
0 1 0
0 0 1 1 0 00 0 0O
HT = z2+1 —r—y 0,Qf=1] 0 1 00 0 0 0f,
z+1 —y -1 z+41 —y 0 0 =1 0 O
rz+x+ 3y —2% — 1y 0
i —22—2 wztyz—x+5y 0 ]
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Z(G) = <317 S92, 83, 84, S5, S¢, S7, S8, 89, S10, S11, 812> Where7

= (3y,0,0,z,0,—1,0),
= (0, 3y,0,—2,0,0,—1),
= (3yz + 6y, 3y273yz+9y,0,y2+2y—4,xz+yz+22—x—4y—5z+4,fyfz,z—5),
= (0, —3yz +9y,0, —2y — 4, 2> =52+ 4,0, —y + z — 5),
= (- 6y7 3y 0,—-3y,0,z+ 1, 2),
= (0, 1,-1,0,0),
Sy = (z+1 —y,—1,0,-1,0,0),
sg = —6y? + 3yz + 6y, —3y> — 3y? — 3yz + 99,0, —20° + 2y — 4, xz +yz + 2% —x — 4y — 5z + 4,
yz — z,—xy + z — 5),
Sg = (3yz2 — 6y + 9yz + 6y, —6y% — 6yz + 18y,0,2y> + 4y — 8, 22> — 3xz + 2yz + 222 + 22—
8y — 10z + 8, —2% + z, —xy + 2z — 10),
s10 = (6y,3y°, 3y, 22,3y, —2 — 1,0),
s11 = (—6y, 3xy — 3y*,0, —xz — 3y,0, 2 + 1,0),
s12 = (3yz +9y,0,0,22,0,—z — 1,0).

The implementation returns a matrix L € Myyx3(A), with

Ly = y2® —yz — 2y,

Lyo = zyz + x2° — y?2 — 32y — 7wz — 3y® + 10z,

Lis=—-224+52—-4

Loy = zyz +y*z +y2° + oy — 2y —yz — 2y,

Loy = 2%y + 222 — 20y® + 222 — y® — y%2 — 222 + 20y — Twz — 3y° + 10z,
Loz =—xz—yz— 22 +x+4y+ 52 — 4.

Therefore,
Syz(fl,fz,fB) <U1, U2> with u; = Lilel + Ligeg + Ligeg fOI' 7= 1, 2.

Example 4.2.3. Considering the multiplicative analogue of the Weyl algebra. A = O,,(\;),
with n =3, A\31 =2, A\3o = 2 and A\y; = —1. Then A is subject to relations:

T3, = 22711‘3 T3T9 = 21’21’3 Tol1 =— —T1T2.
) )

We want to find a finite set of generators for the submodule Syz(f,fs,f3,fa,f5) of A%
where f, = z1e1 + (22 + 1)eq, fo = z3€1, f3 = €1 + 10€9, fy = z2€1 + 212365 and
fs=(zs—1)ey. Let M = [fT f3 fa fi fi]7, applying SyzModule (M, gradlex, TOP,
A), we get a Grobner basis G = {g, 91, 93, 94, 95, 9¢, 97, 9s }, Where

g, =x1e1+ (x2+1)es, g, = 361, gs = e + T2, g, = T2+ T1T3€2,

gs = ($3 - 1)6’1, ge = —I3e1 +1r3€3, g;=2e;—2ey gg= e,
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1 0 0 0 0
8 (1) (1)88 10000O0O0 O
0 0 0 1 0 01 0000O0 O
HT_O 0 OOl,QTZO()looooo,
. 9 —ze 0 0 0001000 O
3 —ezl1 —I3 .
5 9m 20 —2m 0100000 —1
0 1 0 0 -1 |

Z(G) = <817 82, 83, 84, S5, S¢, S7, S8, S9, S10, S11, S12, S13, S14, 315>7 where

~1,0,0,0, %, —a1),
002000@, —219 — 2),
— (0,0,0,0,0,2, z3,0),
=(0,0,0,0,1,0,0, —z3 + 1),
=(0,1,0,0,0,0,0, —x3),
0,0,0,0,0,2z,, x2x3,0),
= (0,—2z5 — 1,23,0,0,0, zox3,0),
000002x1,:c1:1:—30)

233,0 .733,2 O 1 .2131333,—2.172),

/‘\/‘\/\/‘\/‘\/‘\/‘\/\/‘\

S0 = (1 0,—1,0,2,,0,1% 5, —T173),

s11 = (0,21,0,0,0,0,0, —x123),

s12 = (23,0, —23,0,0,—1,0, =221 23),

s13 = (0,0,0,0,0, 2z 29, 212223, 0),

S14 = (—xox3, —9 — %,33'2373 + 1:53,2:52,0 0, —117913, —273)),
S15 = (Tam3 — 333, T2 + 3, 2133 — 2223, 0,0, 1, 112973, 0).

Finally, the implementation return the matrix L with rows as generators, and we get

Syz(f17f27f37f47f5) <w1,w2,w3,w4,w5,w6>

where

wy = —2x9€1 — (2x119 + 229 + 2) €9 + (229 + 2) €3 + (22129 + 222 + 2) €5,

wy = (—x3 + 1)es + z3€5,

w3 = (—4x 2913 + dx129) €9 + dT12073€5,

wy = —27 731 + (40203 — 201 — 200 €9 + 271733 + 2€4 + (—4aiTs + 279) €5,

ws = (—4aiToms + 407T0) €9 + 423 1073€5,

we = (22012973 — To13) e + (403 wow3 — 225 — 1y — %)62 + (—2z12273 + T273 + %:zzg)egﬂ—
2104 + (—4x3wo13 + 223) €5

Example 4.2.4. We taking again the additive analogue of the Weyl algebra A =: Ag(% %)
we want to find a finite set of generators for the submodule Syz(f,, f,) of A%, where f, =
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r1y’e; + roypes and fo = Toyie; + Tiy1es. Let M = [f1 f2]7, applying SyzModule (M,
gradlex, TOPREV, A), we get a Grobner basis G of Example 4.1.21,

1 0 1 00
H' =1 0 1 , QT = [O 1 0] , and Z(G) = [zay5e1 — 11yies — es).
Tays  —may

The implementation return: Syz(M) =0, i.e., M is a free left module of rank 2.

4.2.2. Computation of free resolutions

Now we will implement in Maple an algorithm that computes a free resolution of a a given
submodule of A™.

Free resolutions algorithm in A™
INPUT: M :=[f; - £]7 € Mym(A) with f; € A™, 1 <i < s.
OUTPUT: List F of matrices [Fy, ..., F,] of Theorem 1.4.29.
INITIALIZATION: List F with Fy := M7T, i := 0.

WHILE Syz(F;) # 0 DO
Fiy1 = Syz(F)
1i=1+1

RETURN F

The statement that computes a free resolution of a submodule S := (f,, ..., f,) of A is as
follows:

FreeResolution(M, ord, ORD, A)
Next we will illustrate examples of the implementation of algorithm implemented in Maple.

Example 4.2.5. Considering the extension A := ¢(Q)({x, y), subject to relation: yzr = ry+z.
We will calculate a free resolution for the left module

S:=((1,1), (zy,0), <y27 0), (0, )).

Using the statement FreeResolution (M, gradlex, TOP, A) for the matrix

1 1
_|zy O
M T y2 O )

0 =«
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we get [Fo, Fi], where

{1 2y v O _ 1 2 _
Fo—[1 0 0 x}’ = , and F, =0 for r > 1.

Therefore, a free resolution for S is given by

—xy  —xy® — 2y

1 2

0 x 1 zy 2 0
y—1 y? -1 , 110 0 =

0 A? M 0.

Example 4.2.6. Considering the diffusion algebra A := o(Q[z1, x2])(z, y), subject to re-
lation Dy D7 = 2D1Dy + 29D — 21 D4, we will calculate a free resolution for the left ideal
I := (2329D}Dy, 22D, D3}. Using the statement FreeResolution(M, gradlex, TOP, A)
for the matrix

Mo [m%:@D%DQ}

we get [Fo, F1], where

LUQDlDQ - 3I‘%D1 + xlx%

Fo = [}z, DDy a3D\D3], Fy = [ —423D? + 423Dy — x]

and F, =0 for r > 1.
Therefore, a free resolution for I is given by

ngng — 3JI%D1 + .’Eliﬂg
. 4 —422D? + 423Dy — 2} r [1322D3Dy 23Dy D3]

Example 4.2.7. We consider the Witten’s algebra A := o(Q)(x, y, z), subject to relations
zx=xz—x, 2y=z+2y yr=—xy.

We will calculate a free resolution for the left module S := ((1,z + y), (0, 2), (y, x2)). Using
the statement FreeResolution (M, gradlexrev, TOP, A) for the matrix

1 z+y
M= 1|0 z
Yy o xz

we get [Fo, F1, Fy], where
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Foz[ 1 0 y}’ FQZ[2—3]’
r+y z xZ —T—y

xyz + 42z 4+ xy — 212 yz? —yz — 2y
22y + 222 — 22y% — xyz — > — 222 + 5y xyr + 222 — y?z — 3xy — Trz — 3y? + 102
—xz—yz+x+4y —22+52—4

F =

and F,. = 0 for r > 2. Thus, a free resolution for S is given by

{z—?)} [ 1 0 y]
- —y rt+y z xz
0 A A2 B g8 M 0.

Example 4.2.8. In this example we take the multiplicative analogue of the Weyl algebra
A = 0(Q)(x1, 9, x3) = O3(N;i), with Ag1 = 2, A32 = 2 and Ag; = —1, subject to relations:

T3x1 = 201T3, T3XTg = 2TaT3 Xol1 = —T1Ta.
3

We calculate a free resolution for the left module
S = {((z1,22 + 1), (23,0), (1, 22), (x2, z123), (x3 — 1,0)).

Using the statement FreeResolution(M, gradlex, TOP, A) for the matrix

T To + 1

T3 0

M = 1 T2
i) 13

T3 — 1 0

we get [Fo, Fy, Fy, F3], where

Ty r3 1 a9 x3—1
F() — ’
_:CQ + 1 0 To X1X3 0
[ —2$2 0 0 —21‘1333 0 232‘1232333 — T3
lao la3 lay las log
Fl == 2932 + 2 0 0 21‘11’3 0 72$11‘21‘3 + ToX3 + %1’3 y
0 0 2 0 2x9
| 22120 + 220 +2 23 4dxi3003 —433%963 + 2x5 4;10%:@963 —433%952303 + 2x%
with £21 = —2I1(L’2 — QLUQ — 2, 522 = —x3+ 1, 623 = —4$1LL’2$3 +41’1LE2, 624 = 4‘T%I3 - 21‘1 — 2I2,
los = —4x3wox3 + 40379 and log = 423wo73 — 203 — T9 — %
B 1 1 1 1 1 1 T
0 —11‘3 Zl‘g —ZZE3 —Zl'g —51'3 0 —Zl'g
M1 Moo Moz 1Moy mas Mo Moy To2g
—2 0 0 1 0 0 0 0
FQ - )
0 —XT2 T2 —XT2 —T2 —2$2 0 —XT2
0 1 0 0 0 0 1 0
0o 1 -1 1 1 2 0 1 |
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1 1
where mgy; = 8122, Moy = —4x%:1:2 + 20129 + T2 + 5, Maz = —2xT2 — Tz — 3, Mg =

1 1

—dairg + 22105 + Tg + 5, Mos = 201X + T2 + 5, Mag = 40122 + 222 + 1, myy == 4aiz, and
1

Mog — 21711‘2 + 29 + 5-

0 0 2z 0 0
0O 0 0 -10
0o 0 1 -11
O 0 1 0 0
B=1o 1 0o o ol
1 0 0 0 0
O 0 0 1 0
-2 -1 0 0 1

and F,. = 0 for r > 3. Thus, a free resolution for S is given by

0 0 =1 0 o0
0 0 0 —1 0
0 0 1 -1 1
0 0 1 0 0
0 1 0 0 0
1 0 0 0 0
0 0 0 1 0 x1 T3 1 To x3 — 1
0 s 4B -2 -1 0 0 1 48 Fy 46 Fy 45 ro + 1 0 T2  w1T3 0 M 0.

4.2.3. Computing the left inverse of a matrix

Corollary 4.2.9. Let A be a bijective skew PBW extension and F € M,«(A) be a rect-
angular matrix over A. The algorithm below determines if F is left invertible, and in the
positive case, it computes the left inverse of F':



66 4 Implementation of skew PBW extensions with Maple

Algorithm for the left inverse of a matrix

INPUT: A rectangular matrix F' € M,«s(A)
OUTPUT: A matrix L € M,,..(A) satisfying LF = I, if it exists,

and 0 in other case
INITIALIZATION:
IF r <s
RETURN 0

IF r > s, let G := {g4,...,9,:} be a Grobner basis for
the left submodule generated by rows of F' and {e;};_; be the
canonical basis of A°. Use the division algorithm to verify if
e; € (G) for each <i <s.

IF there exists some e; such that e; ¢ (G),
RETURN 0

IF (G) = A®, let H € M,,;(A) with the property G = HTF,
and consider K := [k;;] € My, where the k;;’s are such that
e; = kg, +kaigo+- - +hyg, for1 <i<s. Thus, I, = K"G"

RETURN L := KTHT

Next we will illustrate with examples the implementation of the algorithm in Maple. The
statement that computes a left inverse matrix of a matrix M is as follows:

LeftInverseMatSkewPoly (M, ord, ORD, A).

Example 4.2.10. Considering the extension A := o(K)(z,y), subject to relation: yxr =
—zy + 1.
Case (K := Q). Given the matrices

1 1 o1

rxy 1

MO = |0 M@ = |2 e
z2 0

1y r 2

Y

Using the statement LeftInverseMatSkewPoly (M ¥ gradlex, TOPREV, A) for k = 1,2,
we get the respective left inverse matrices

2 - JR—
left inverse of M) = [ vy =Y y+1 O xy+1} |

P +y+1 —y—1 0 zy—1

P4z +iy+1l -y —ir —ijz—3 0]
127 1.1 1 1 1t :
—yTT Ty gy g vty 0

left inverse of M® = [
2 2
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Case (K :=Zy). Given the matrices

1 T Y
vy 0 r+1 0 0
M® = y2 y and MW = | —zy 1 —y
T —xy 1 5
r+y 1 -y Wy 1
v 1 x+y

Using the statement LeftInverseMatSkewPoly (M ¥ gradlex, TOPREV, A) for k = 3,4,
we get the respectives left inverse matrices

left inverse of M® = [, m m miP|,

left inverse of MW = [m{) m) ml) mlY miP|,

where

mﬁ) = a2yt 4 a3y oyt 2y 4yt 2yt 4y,
m{y =2y’ + 4>+’ + 1,

mg?é) — oyt + a2y + ot ay? oyt 2+

m{y =2y’ + 2y’ +y° + 17,

mé?i) =2yt + 237 + 2% +ayt + 2y o oyt eyt 2 oy + P+,

mby = ay® + 1 +ay + 1,

msy = xyt + 22y oy’ +yt+ 2ty +y,
msy = ay® + oy +y+ 1,

i) =

m$y =0,

my =1,

myy =0,
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and

4
m$y = ay? + 2y + %+,

m{y = 2%y® + %% + 2y + %+,
4
mg.3) = myQ + y27

ml) = 2%y + 2% +y+1,

m%):xy—i—ac—i—y—i—l,

m$) = x? +wy+a+y,

miy =yt + oy oy’ + 2ty + oy Fa Y+ L

mé? = :Uy2 + 2%+ Ty,

mé‘fﬁ = m2y+x2 +xy+1,

4
m§5) =T+Yy,

4) _
My, = T,

miy) =22y + o+ P tay+a+y+1,

mby = 2% +ay+y+1,

i
m§45) =xzy+y+1
Example 4.2.11. Consider the Ore algebra o(C)(z,vy, z) := C[z,y, z; o] of Chapter 2, sub-

jects to relations xy = yx, xz = zy, yz = zy and o(z) := Z. Given the matrices

1+ 2%z —ix i— iy —ixzz + 2°
MY = | —igz 1 and M@ = | —iy? Y+ ,
izdy  ay iy? —iy

and using the statement LeftInverseMatSkewPoly(M(k) ,gradlex,TOP, A) for k = 1,2, we
get the left inverse matrices

left inverse of MW = [1 " 0 0]»

i xz —2%224+1 0

5(2) €(2) £(2)

0 D O
by oy U

)

left inverse of M® = [

where

Kﬁ) = —xydz —ixy?s + iy — 1,

05 = ia?y?2 + 2wy'z + 2%y + Biwy®s + 20’z — 2yt + ¢ — iz + 2y,
E%) = —izy2? — 3zydy — 222 — dixy?z — 2xyz + iy — vz — y? — 24,
() = —y* — i,

Egé) =ixy’z + 2yt + zyz + 3iyd + % — 4,
E%) = —izyz — 3y> — vz — 4iy? —y — 1.
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Example 4.2.12. Now we take the Witten’s algebra o(Q)(x, y, z), subjects to relations
zx=xz—x, 2y=yz+2y, and yr = 2xy.
Given the matrix

r 2y
1 —=z
M = y 1
—z 0

inverse matrix of M

3
3 3 1 5 2
TEYF T Y TRty

yz—%x—2y+1
3

and using the statement LeftInverseMatSkewPoly (M ,gradlex,TOP,A), we get the left
—Syz+3y—2+42
2

9 3 15

9 RN AR A

W —zTr—y —srz+yy+1l  —Jay— 3w

Example 4.2.13. Consider the multiplicative analogue of Weyl algebra

A= O'(@)<(L’1,.T2,ZL'3> = OQ()\ji), with /\31 = 2, )\32 =2 and )\21 = —1. Given the matrix
T1T2 1
M= —T1Tr3 T3+ 1

T2

1

Zs

173
inverse matrix of M

_a _
TT1T2 T
T2 T + gy

1
Trr1e2 + 17

and using the statement LeftInverseMatSkewPoly (M ,gradlex,TOP,A), we get the left
1%41112 - %31113 + li

4 4 4
ﬁzizg — {7T1®3 — 77T2 + 1

—irz1z2 + gyr1e3 + 722
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4.3. Algorithm for the Quillen-Suslin theorem

In this section we present the algorithm for computing the matrix U in the proof of Quillen-
Suslin theorem for Ore extensions (Theorem 2.6.1); the algorithm also calculates the basis
of a given finitely generated projective module (Theorem 1.1.3). We present two versions of
the algorithm, a constructive simplified version and a more complete computational version.

Algorithm for the Quillen-Suslin theorem:
Constructive version

INPUT: An Ore extension A := K[z, 0,0] (K afield, o bijective);
F € M(A) an idempotent matrix.

OUTPUT: Matrices U, U™! and a basis X of (F), where

UFU = {0 0} and r = dim((F)). (4-5)

0 I,

INITIALIZATION: F| := F.
FOR k from 1 ton—1 DO

1. Follow the reduction procedures (B1) and (B2) in the
proof of Theorem 2.6.1 in order to compute matrices UJ,
U, ! and Fyy; such that

(73 0

VAU = [0 Fiia

} , where ay, € {0,1}.
Iy O

0 U,
3. By permutation matrices modify U,,_;.

RETURN U := U,_;, U™! satisfying (4-5), and a basis X
of (F).

2. U, = [ } Uk_1; compute Uk_l.

Example 4.3.1. For A := K|z,0,0], with K := C, 0(z) := Z and 0 := 0, we consider in
M, (A) the idempotent matrix

l—iz—2?+(1+da® —14+@—-z?+(-1—dz® —i—z+A+)z? 1+iz+(—14i)z?

P —iz 4+ (1 + i)z iz 4+ (1 — a2 + (=1 — i)z —i+ (14 i)a? 14 (=1 +d)z?
- iz2 —x — ix? 1+ iz x
3 — z2 —ix+(l—i)a:2—x3 g~ 1+ia:+ia:2

We apply the constructive version of the Quillen-Suslin algorithm, i.e., following the reduc-
tions (B1) and (B2), we compute the matrices Uy and Fy, for 1 < k < 3:

x —1i—x
0 1 0 0

1—iz—2?24+ A +d)2> —1+Q2-Dx?24+(-1—dz® —i—z+(Q+i)z® 1+4iz+ (—1+i)a?
U = 1 1
0 0 0 1
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1 i+ x4+ (—1—1)z? 0 0
g1 |0 0 1 0
D ol—e 1+iz—a2*+ (1 —0)a® i+ax —i|’
0 0 0 1
1 0 0 0
0 0 00 0 00
-1 - N\ 9
VEURE =10 —ir(+iger 1 0|02 ZZS_Z”I (1) (1]
0 22—z 01
1—iz—a?2+(1+d2® —-1+@Q—-i2’+(-1-2® —i—az+Q+i)z? 1+iz+ (—1+i)a?
Uy = i 4+ (=1 — i)z3 —iz 4+ (=1 + _i)zz + (14 i)z i+ (—11— )2 —1+(1— i)z?
0 o " 0 1
1 0 di+a+(-1-4z> 0
. 0o -1 i+ (=1—dz® 0
U2 = . . 2 . 9
—r —1—X —ix —1
0 0 0 1
10 0 0
0 1 0 0 0 0
-1 _ o
CFU=1g 0 0 o] F [a;?—x 1}’
00 22—z 1
1—iz—a?2+(1+d2® —-1+@Q—-ia’+(—1-2® —i—az+Q+i)z? 1+iz+ (—1+i)a?
Us = ir 4+ (51 - ;’)13 —ia 4 (=1 + i)z.z + (1 +3i):v3 i+ (—21 — i)a? 14 (1= i)zQ
—x° +x zz+(7ii+77,)zz + —x 1+z 7171::72z
1 0 0 i+z+(—1—1)a?
Lo lo =10 i+ (=1
U3 — . . . y
—r —1—X 1 —1T
0 0 —1 -2+
1 000
0100
—1
UsFUs = | o 1 ol Fr= [0]
00 0O
Finally, using permutation matrices, we get
_— l—ix—xzz+(l+i)563 —1+(2—i§;27+m(—1—i)x% —i—:c+1(1+i)ac2 1+ix+(i—1+i)x2
iz + (—1 — i)z® —iz + (=1 + )z + (1 +4)z i+ (=1 —i)x? 14 (1 —i)z?
—z3 4 22 iz + (=1 + i) + 3 —2? 4 -1 — iz —ix
i+r+(=1—02* 1 0 0
N G L RS
—ix —r —i—x i |’

—x’ 4z 0 0 -1



UFU ' =

72 4 Implementation of skew PBW extensions with Maple

o O O
o = O
_— o O
_— o O O

000

So, r = 3 and the last three rows of U conform a basis X = {@;, xa, 3} of (F),

z1=(1—iz—2>+ 1+ -1+ 2—)2? + (-1 —i)23, —i —x+ (1 +i)2?, 1 +iz + (=1 +1i)2?),

xo = (iz+ (=1 — )2, —iz + (=1 + )2 + (1 +i)a,i + (=1 —9)z?, -1 + (1 —i)2?),
x3 = (—23 + 22 iz + (=1 +i)2? + 23, 2% + 2, -1 — iz — iz?).

Next we present a second illustration of the constructive algorithm.

Example 4.3.2. Let M;(A), where A := K{z,0,6], K := Q(t), 0 := idgy and 6 :=

d.
dt,we

consider the idempotent matrix F := [F1) F@) FG) @] FO the jth column of F, where

[ 2+ 2t + (13t — 5t)x + (8t3 — 6t2)2® + t3(t — 1)a3

207 4+t + (13t — 8tz + (8t* — 7t3) 2 + t*(t — 1)a?

3t + 2+ (1482 — 8t)x + (83 — 7t2)x® + t3(t — 1)2® |’
t2 4+t + (12 + 6t2)x + 66322 + ta3

—323 — 5222 — 3tr + 1

t+ (=3t2 + 2t)x + (=5t% + t?)a? — t12®

—t3x3 — 5222 — 3tr + 1 ’
—t3x3 — 5222 — 3t + 1

33 + 51222 + 3tr — 1
thad + 5t3x% + 220 — 2t
—t — 14 (=2 + 5t)x + 6t222 + 323 |
—t2 + 14 (=83 + 6t%)x + 2322

0
tx
tx
1+ (8% — 2t)x — t?2?

Applying the algorithm we obtain

2t + 1+ (10t* — 5t)x + (763 — 6t2)2? + (t* — t3)2?
=3t — 2+ (—14t2 4 8t)x + (=83 + Tt})x? + (—t* + 3)2?
2 +2—t(t— 1z

=2+ Tt — 2 — t(4t* — 21t + 10)x — t>(t* — 10t + T)a® + 3(t — 1)2®

—3x3 — 4222 — tx
33 + 5t222 + 3t — 1
tr +1 ’

| 2t(t — 3)x + t*(t — 6)2° — t°2°
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—t — 1+ (—t* + 3t)x + 5t%2? + 323
U® — t+ 2+ (12 — 5t)x — 6t20> — 323
B —tr—1 )
| —t+ 1= t(2t = T)z — £2(t - 6)a” + £°2”
[ tx
—tx
4) _
U NE
1
I tx +1
- t—24t(t— 1)z
(1) _
v ! |
|t +2—t(t — 4)z + t?2?
tr +1
- t—1+t{t—1)x
1\(2) —
) 1 |
|1+ (—t2 + 3t)z + t22?
U H® = t+ (—4t? + 4t)z + (—2¢° + 5t2)2? + 323
) L+ (<262 4 )+ (8 4+ 422 4 ,
14 (=263 +8t% — 5t)a + (—t* + 11¢% — 18¢%)2? 4 (2t* — 9¢%)2® — t1a?
0
tx
—1y(4) _
() o

1+ (8% — 2t)x — t*2?

With these computations we have

0000
0000
_1_
vEUT = 001 0|
0 001

thus, r = 2 and a base of (F) is X = {@x, x5}, with

@y = (—2t2 47t —2—t(4t% =21t +10)z — t2 (2 — 10t + 722 + 3 (t — V)23, 2t(t — 3)z +t2(t — 6)2% — 323, —t + 1 —t(2t — )z — t? (¢t — 6)z? + 323, 1).
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Algorithm for the Quillen-Suslin theorem:
Computational version
REQUIRE: A := K[z;0,0] and an idempotent matrix F' € M (A).
1: k=0, F' .= F;
2: WHILE k£ <s—1DO
3 k=k+1
4: IF max{deg(f;;) |i=1orj=1} = —oco THEN
5 F' := SubMatrix(F’,2..8,2..5);
6: ELSE
7 (B):
8 IF fi; =0 THEN
9 i () £ 0) F' = Tt (~1)F'Tia (1)
i (71, £0) F' o= Ty(—1)F' T (1)

10: END IF

11: (B1):

12:  IF f], € K — {0} THEN

13: Apply: OrderReductionl;

14: ELSE

15: Apply: (B2) OrderReduction2;
16: END IF

17:  END IF

18: END WHILE

19: RETURN Matrices U,U~!,UFU™1; a basis X of (F); process step by
step.

Example 4.3.3. In this example we will illustrate the computational version of the Quillen-
Suslin algorithm; let M3(A), where A := K|[z,0,0], K := Q(t), 0(%) = zgjg and ¢ := 0;
we have the idempotent matrix

2t _2t(342t) 2t
1 1+tw 2t 1+t (1+t)2x
_ 1 342t 1
F = Tttt T+t * FEmERd
t 4 320 ot
T+t t+-r T 1= qape?

Let ' := F, along the example, we will replace the matrices F’, U and U~! for the new
versions given by the procedures of the algorithm.

Step 1. Since f{; =1 — f—jtx, we will apply the reduction procedure of (B2), i.e, OrderRe-
duction2:

Stepl.1: The idea is to convert f; =0 for i > 2 and fj, # 0.
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Applying first Ty 3(;75;), then Taa(¢(1+2t) — Wm), and finally permuting the rows

and columns 2 and 3, we get

2t 2
t(1+2t)1 ) ?tt(ir%) zt(@) ’
-1 2
UFU™ = 1+t ; t+2 (3+2t)(21+t) )
(1+2t)(1+t)$ (14-2t)2
where
1 0 0
£(342t) (1+2t) t(142t)
U= |0 t(1+2t) - === ()7 e
0 1 t(14-2t)
1 0 0
_ 1 342t
= e 1+_+t(x )(142t)
t(342t) (142t
0 1 —t(l+2t)+ =352

Step 1.2. Since the new F” is

2 2
oo |20, B4 0 2042
B GF0{1+) ;
a+20 1+ * S
we want to reduce the degree of f] ;; for this we apply T271(_IE(11_;§t)‘IL‘) and we obtain
2
1 2 0
UFU = |0 0 0],
—2
0 ez !

where the new U and U~! are

1 0 0
—t(14-2t) t(3420)(1428) . t(142¢)
U= 1t 7 t(1+2t) - 1+t (1+t%2 T,
0 1 1(1+20)
1 0 0
_ z 1 342t
Ut = ( 1_+t) wi+2D) T C(U o
t(1+2¢ £(342t) (1+2¢
ety 1 —t(1+2t) + =51

Step 2. The new I is

1 25 0
FF=1{0 0 0f;
0 —25 1

(1+21)2
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since f], = 1 we apply (B1), i.e., OrderReductionl, for this we consider the matrices

2 -2
1 1 O 1 75 0
S=10 1 0|l,andS*'=1{0 1 o0,
0 0 1 0 0 1
and then
1 0 0
SEF'S'=10 0 0
—2
0 (1+2t)? 1
Therefore, the new F” is
/ 0 0 » 1 0 0
Fr=1 _o 1l and UFU = |0 0 0l,
Tan? —2
(1+26) 0 (1+2t)2 1
where the new U and U~! are
24(3+2t) 2
: ? 1+§ . %H )T ) ((Htty)x
| —ta2t #(3428) (1+2t (142t
U == 1—+t$ t(l + 2t) - 1+t iy (1+1)2 )
0 1 t(ljrth)
-2
glg 1 4% 2 3+8t
U= (1_+t) 2 ((1+t)()3+2t)x 1—+t(x -
(142t 2(142¢ #(342t) (142t
Since f1; = 0, we apply Ti2(—1), we get
1 (2) 4t204t+1 2 —4t2—4t+1
_ —4t2— 2 2
UFU = |0 (I+20)2  (1+20)? and F" = (1t22t) 4%131?—1 ] |
0 -2 4tc+4t—1 (142t)2 (1+2t)2

(1+2t)2 (1+2t)2

where the new U and U~! are
1_ of _ 20(3+20) 2t

1+t I+t aroz?
U= Wm 22+t —1- t(3+21t-)i-(t1+2t) (1+2t) + t((llif)t) ’
0 1 t(1+2t)
1 =2 —2
142t T+2¢
Ul=| 5% imw — amerm? e+ éiﬁ%:?ié? T
%5’7 1- (124:1(:)1(2121:) =2t —t+ 1+ (H(Qlt}r%isig;”)
Since f1; = a Ht)Q is invertible, we apply OrderReductionl with matrices

o2 1 2 A2 +4t—1
(142t)2 (1+2t)2
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SO
1 00
TFTt =10 10
000

Thus, the new F’ is

F' = [O] and UFU ! =

O O =
O = O

where the new U and U~!

2t(3+2t) 2t
1 ? 1+§ 2t — (1+t )(“" : (1+t)(2x .
| —tar2t 1 t(3+2)(1+2¢ 1+2t (142t
il IS S - IS Sl
—t(142¢ 2 t(3+2t) (142t (142t
it L 207+t 1+t (1+1)2
—2
1 0 1t2t
-1 _z =2 _1
U = T+t EDIEESD t(1+2t)
t(1+2t) 2t 2t(1+2t) 1
1+t 142t (1+t)(3+20) 1+2¢

Permuting, we have finally

UFU ' =

o O O
O = O
— o O

where the new U and U~!

—t(1+21) 2 £(34-2t)(142t) t(142t)
1+t 200+t ( 1+)t (1+t)2
o 2t 2t(3+-2t 2
U= |1-157 A= (1+t)2"1C ,
_t(1+2t)l’ 1 t(3+2¢)(142t) 1+2t + (1+2t)
T+t 2 T+t (1+1)?
—2
142t 11 _(2)
Ul = |z 17 (EDIEESD
1 t(1+2t) 2t 2t(1+2t)
1+2t 1+t 142t (140 (3+20)

Therefore, r = 2 and the last two rows of U conform a basis X = {@, 2}, of (F),

2t(3+2t) 2 _r—t(1+2¢) 1 t(3+2t)(14+2t) . 142 t(1+2¢)
=(1- 1+t‘T -, (1+tt)2x) Ty = (—r o, —t—5 - e L e+ (1+1)2 x).
Example 4.3. 4 Let My(A), where A = Klz,0,6], K := Q(t), o(f(t)) := f(qt) and
I f(t) = i (3 ) ) where q € K — 0; we consider the idempotent matrix F' given by

= [F(l) F® G F(4)], F® the ith column of F and a € Q,
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where
B —tzqa}Q
o _ (—ta+2t)xr—2a+2
B tr + 2 ’
| —1
[ —2tx 42
7@ _ —t2q2® + (ta — 4t)x +2a — 1
B —tr — 2 ’
i tx + 2
[ —tx — 2
7O _ (—2t%qa + 3t%q) 2% + (a®t — 8ta+ 8t) v +2a* —3a+ 1
B t2qr* + (—ta+4t)x —2a+2 ’
i (ta—2t)z+2a—2
JalCO 8@ + (= =382 * + (—ta+t)x —2a+ 2
B tr + 2
i t2qr?® + 2t — 1

Applying the algorithm we obtain

tr +1 0 t2qr? 4+ 2t — 1 t2qx® + 3tw
U= 1 —tr—2 (~ta+2t)x—2a+2 —t*qz*>—2tx +2
Tt —1 1 t2qr®> +a—1 t2qx? 4+ 2tr —1 |’
1 0 tx tr + 1
tx —1 —tx — 2 0
u-l = a—1 —tzx+a—1 7t2qz2+(ta74t)z+2a71 t3q31737(7q+a724)t22qz2+(73tu,+3t)z+1
-1 -1 —tz — 2 t“qx® 4+ 3tx ’
0 1 tx + 2 —t2qz? — 2tz + 1
00 0O
00 0O
-1
UFU™ = 0 01 0f”
0 0 01

Therefore, r = 2 and the last two rows of U conform a basis X = {@x;, x»}, of (F),

= (tr — 1,1, 2q2* + a — 1, %qz?* + 2t — 1), @ = (1,0, tx, tz + 1).
Next we present some comments about the implementation of the computational version of
the Quillen-Suslin algorithm.

Remark 4.3.5. The OrderReductionl is based in the implementation of the procedure (B1)
in the proof of Theorem 2.6.1; for the OrderReduction2, the following algorithm describes
its functionality:
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Algorithm OrderReduction2
REQUIRE: A := Klz;0,6] and an idempotent matrix F' € M(A) with
deg(fi1) > 1.
1 Make f1; =0 for j > 2 and f12 # 0;
2 Reduce degree of fi 1;
3: IF fi1 =0
4 IF max{deg(f;;) >0|i=1orj=1}>0
5: Make f1; =0 for 7 > 2 and f12 # 0;
6 F = Py I Pyy;
7 Apply: OrderReductionl;
8 ELSE
9 F' := SubMatrix(F,2..s,2..5);
10: ENDIF
11: ELSE
12: Apply: OrderReductionl;
13:  ENDIF
14: RETURN Matrices U, U~ !, F' and UFU~! = [g FO,}, with a €
{0,1}.

Remark 4.3.6. For the implementation of the Quillen-Suslin algorithm we used Maple®
2016, and we create a library called OrePolyToolKit.1lib consisting in two packages:

e OrePolyUtility: this is a new useful collection of functions for operating matrices,
vectors and lists over an UnivariateOreRing K|[z; o, d]; the UnivariateOreRing struc-
ture was taken from the library OreTools within the standard Maple libraries.

e OrePolyQS: This is the most important new collection of functions related to the
Quillen-Suslin algorithm over K[z;o,d]; the main routine of the algorithm was im-
plemented here, the following functions of this package are fundamentals:

— GenerateIdemp: this function generates idempotent matrices over K|[z; o, d], the
arguments are the matrix order and the UnivariateOreRing, and return an idem-
potent matrix of the given dimension over the respective UnivariateOreRing.

— QSAlgKsd: this is the main function of the algorithm, it shows the sequence of
all steps of the Quillen-Suslin algorithm presented in this paper; the arguments
are the idempotent matrix and the UnivariateOreRing, and return the matrix
UFU™! in the form of Theorem 2.6.1, the matrices U and U™, the basis of (F')
and the complete process step by step.
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4.4. Algorithm for computing the generating idempotent
in multidimensional convolutional codes

Considering the notation of chapter 3, let A is a finite dimensional semisimple algebra over
a finite field F and let ¢ € Autp(A) and consider R := Alzy,...,x,;0]. Assume that
S :=Flzy,...,2,] € Alzy,...,2,;0] is a separable ring extension.

Computation of the generating idempotent

INPUT: L := {go0,---,9.-1} C R with g; # 0, a separability element
p =), a; ®b; for the separable ring extension S C R.

OUTPUT: An idempotent e € R such that Re = Rgo + - - - Rg;—1, or
zero if it does not exist.

Compute matrices M (G) and H.

IF H is not basic
RETURN 0

ENDIF

Compute matrices P and Q).

V' := [I;n—k 0] where m = dimp(A).

M, :==VP, M, := P VT M := M,M,.
Compute f; := a(M - v(b;)).
f=22aifi

RETURN 1 — f.

Example 4.4.1. Let F = F, = Fy(¢) and A = Flz]/(2° — 1). Hence, since z° — 1 is

decomposed as (z 4+ 1) - (z2 + 2z + 1) - (2® + ez + 1) in Flz], A = Ky X K; X Ky, where
]

(x+1)

Fla] __ [Fa]
(22+2+1) Ko = (2 +e2x+1)

K(): 7K1:

Consider the automorphism ¢ : A — A defined by o(z) = x* +&%23 + ex? + , in order now
we must to calculate a separability element p of the extension Fyly, z] C Aly, z; o] following
the Equation (3-4).

{1} is a self-dual normal basis of Ky, {x, 2"} and {ex, (¢x)?} are normal dual bases for K,
and {2z + 1, (e?z + 1)*} and {z + ¢, (x + €)*} are normal dual bases for K.
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We get a separability element

p=@'"+2+2°+2+1)Qp,p. (@ +2° + 22+ 2 +1)
+ (%2 + %% + ea® + €) ®p, .. (2! + 2° + %% + £7)
+ (ex® +%” + %x + €) Q0 (22° + 2° + 1+ £%)
+ (%2 + %2% + ex + €) R,y (2" + 2% + %z + £7)
+ (ex* + % + %x + €) R,y (22 +2° + 1+ &%)
Let I be the left ideal generated by the Ore polynomial in Aly, z; o]
g= (2 +er® +ex® + )y + (2 + 2P + 2 + 1)y + (Pt +exd f e + 2+ 1).

Therefore the matrix M (g) is given by

1 e2yz? +yz + €2 eyz? +yz +e eyz? +yz +e e2yz? +yz + €2
aQyz2 +yz+ g2 1 a2yz2 +e2z4¢2 ayz2 +eyz+e¢ ayz2 +e€
ey22 +yz+e¢€ 62y22 +e2z24¢2 1 52yz2 + g2 syz2 +eyz+¢€
5yz2 +yz+e€ syz2 +eyz+e 52yz2 + &2 1 52yz2 +e2z4¢€?
aZyz2 +yz + g2 syz2 +e€ syz2 +eyz +¢€ 62yz2 +e2z4¢2 1

Computing matrices P and @) such that PM(G)Q is a basic matrix then we can finish the
algorithm and find the idempotent f that generate the ideal.
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In this appendix we will show the content of the fundamentals packages: SPBWETools,
RingTools and SPBWEGrobner, contained in the library SPBWE.lib.

A.1. The package SPBWETools

The package SPBWETools is a collection of functions that allows to define and make com-
putations with skew PBW extensions; to invoke this package we use the follow sentence at
the beginning of a Maple spreadsheet.

with(SPBWETools);

In the definition of a skew PBW extension is also important to invoke the package RingTools
in order to define the coefficient ring, for this we use the sentence

with(RingTools);
Now, we will define a coefficients ring.
Calling Sequence

SetCoeffsRing(Name=name, StructRing=strRing, charact=chr)

Parameters

name: this parameter is a string that define the name coefficient ring, if it is omitted, then
name is assigned by a default name string.

strRing: this parameter indicates which is the structure of the ring. In this implementation
only we have worked with structures of commutative multivariate polynomial rings
or subrings predefined in Maple, but is feasible to define new structures of coefficient
rings or to use another packages that defines the structure of rings such like Univari-
ateOreRings or Skew_Algebras; this parameter is optional, if it is omitted then the
structure is defined as standar, i.e., this is defined as some subring of the fraction ring
K(t1,...,ty), where K is some subring of C or the ring Z,.

chr: characteristic of a ring; this parameter is optional, if it is omitted then the characteristic
assigned is zero.
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A.1.1. Skew PBW extensions

Recall Definition 1.3.1 and Proposition 1.3.4. A skew PBW extension o(R)(z1,...,2,) is
subject to relations:

TjT; = CijT;Tj + d(lij)xl 4+ -+ dgj)a:n +di; forl<i<j<n,

(A-1)
xir = o;(r) + 6;(r) for 1 <i<n withr € R.

The following parametric description was based in [1], this allows to define a skew PBW
extension.

Calling Sequence

SetSkewPBWExtension(vars, rels, sigmas, deltas, R, value)

Parameters

vars: list of variables [z, ..., x,], this list determines the order xz; > ... > x,.

rels: list of relations [relq,. .., rel;] determined by (A-1), where each relation rel;, has the
form [[IZ, Ij], Cij, dgl]), cee dgj), dl]] for each i < j

R: is the coefficient ring coeffsRing defined as before for the skew PBW extensions.
sigmas: list of functions [0y, ..., 0,] of (A-1).
deltas: list of functions [dy, ..., d,] of (A-1).

value: boolean parameter that declare the structure

e if value is true then from [1], the implementation checks if the structure effec-
tively defines a skew PBW extension; in negative case, return “Non definite Skew
PBW extension”, and the structure is not defined; in affirmative case, the im-
plementation return “This structure represents a Skew PBW Faxtension” and the
skew PBW extension is defined effectively.

e if value is false the implementation allows to realize computations with this struc-
ture, but this is not defined as skew PBW extension.

This parameter is optional, if it is omitted then value is predefined as true.

Remark

e The correct definition of the skew PBW extension is subject to that each o; and
0; to be effectively injective endomorphism of R and o;-derivation, respectively.

e The statement SetSkewPBWExtension returns a type in Maple called SPBWE.
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A.1.2. Some useful functions with skew PBIV extensions

If a skew PBW extension is effectively defined (or even if the argument value is entered
as false), it is possible to make computations with diverse functions implemented in Maple.

Next, we will see these.

We remark that all operations with polynomials in a skew PBW extension are assumed with

the order declared in vars.

SkewProd

This function return the product p - ¢ or the product []}_, p;, where p, ¢, p; are polynomials

in a skew PBW extension A.
Calling Sequence
SkewProd(p, ¢, A)

SkewProd(L, A)

Parameters

p : polynomial in A.

¢ : polynomial in A.

L : list of polynomials [py, ..., py], with n > 2 in A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.

SkewSum

This function return the sum of two polynomials in a skew PBW extension A.
Calling Sequence
SkewSum(p, ¢, A)

SkewSum(L, A)

Parameters

p : polynomial in A.

q : polynomial in A.

L : list of polynomials [py, ..., pn), with n > 2 in A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.
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SkewSubs

This function returns the substraction p — ¢, where p and ¢ are polynomials in a skew PBW
extension A.

Calling Sequence

SkewSubs(p, ¢, A)

Parameters
p : polynomial in A.
q : polynomial in A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.

SkewRelation

This function prints the relation endowed for two variables in a skew PBW extension A.
Calling Sequence

SkewRelation(z;, z;, A)

Parameters
x; : variable of a A.
x; : variable of a A.
A : skew PBW extension, this is a type SPBWE defined in A.1.1.
deg
This function returns the degree of a polynomial p in a skew PBW extension A.

Calling Sequence
deg(p, A)

Parameters
p : polynomial in A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.
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CanonicalVector

This function returns the n-dimensional vector e;.
Calling Sequence

CanonicalVector(i,n)

Parameters
1 : positive integer that indicates the i-th canonical vector.

n : positive integer that indicates the size of the vector.

SkewScalarProd

This function returns the product of a polynomial p by a polynomial vector v over a skew
PBW extension A.

Calling Sequence

SkewScalarProd(p, v, A)

Parameters
p : polynomial in A.
v : polynomial vector in A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.

SkewPointedProd

This function returns the escalar product u - v, where w and v are polynomial vectors over
a skew PBW extension A.

Calling Sequence

SkewScalarProd(u, v, A)

Parameters
u : polynomial vector in A.
v : polynomial vector in A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.
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SkewSumVector

This function returns the sum of two polynomial vectors over a skew PBW extension A.
Calling Sequence

SkewScalarProd(u, v, A)

Parameters
u : polynomial vector over A.
v : polynomial vector over A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.

SkewMinusVector

This function returns the vector —v over a skew PBW extension A.
Calling Sequence

SkewMinusVector(v)

Parameters

v : polynomial vector over A.

GeneratePolyMatrix

This function returns a random matrix with polynomials of degree deg and whose coefficients
are integers module mod when mod is positive integer or numbers in C when mod is zero.

Calling Sequence

GeneratePolyMatrix(rows, cols,vars, {mod = m},{deg = d})

Parameters

rows : positive integer that indicates the number of rows of the matrix.
cols : positive integer for the number of columns of the matrix.

vars: list of variables [z, ..., x,] of polynomials in the matrix.

m : non negative integer that indicates the integer mod, this parameter is optional if is
omitted then is assumed by 0.

d : non negative integer for the maximum degree of polynomials in the matrix, this param-
eter is optional if is omitted then is assumed by 1.
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SkewProdMatrix

This function returns the matrix product P - () where P and () are polynomial matrices over
a skew PBW extension A.

Calling Sequence

SkewProdMatrix(P, @, A)

Parameters
P : polynomial matrix over A.
(@ : polynomial matrix over A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.

SkewSumMatrix

This function returns the matrix sum of two matrices P and () over a skew PBW extension

A
Calling Sequence

SkewSumMatrix(P, @, A)

Parameters
P : polynomial matrix over A.

@ : polynomial matrix over A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.

SkewSubsMatrix

This function returns the matrix substraction P—(), where P and @) are polynomial matrices
over a skew PBW extension A.

Calling Sequence

SkewSubsMatrix(P, @, A)

Parameters
P : polynomial matrix over A.
@ : polynomial matrix over A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.
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A.2. The package SPBWEGrobner

The following functions include the main applications of this implementation: the division
algorithm, the Buchberger algorithm, the computations of syzygies, free resolutions and the
left inverse of a matrix.

1cVector

This function returns the leading coefficient of a polynomial vector over a skew PBW ex-
tension A.

Calling Sequence

lcVector(wv, ordPoly,ord, A)

Parameters
v : polynomial vector over A.
ordPoly : polynomial order over A.

ord : polynomial vector order over A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.

1tVector

This function returns the leading term of a polynomial vector over a skew PBW extension
A.

Calling Sequence

1tVector(wv, ordPoly,ord, A)

Parameters
v : polynomial vector over A.
ordPoly : polynomial order over A.

ord : polynomial vector order over A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.



90 A Maple library Documentation

1ImVector

This function returns the leading monomial of a polynomial vector over a skew PBW ex-
tension A.

Calling Sequence

1lmVector(w, ordPoly, ord, A)

Parameters

v : polynomial vector over A.
ordPoly : polynomial order over A.
ord : polynomial vector order over A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.

PrintSkewPolyVector

This function print an ordered polynomial vector over a skew PBW extension A according
to a polynomial order and vector order.

Calling Sequence

PrintSkewPolyVector(v,vars,ordPoly,ord, R)

Parameters

v : polynomial vector in A.

vars : list of variables [z, ..., x,], this list determines the order x; > ... > x,.
ordPoly : polynomial order over A.

ord : polynomial vector order over A.

R : the coefficient ring of the polynomial vector v; coeffsRing defined as before for the
skew PBW extensions.

DivisionAlgorithm

According to Subsections 4.1.2 and 4.1.4, this function implements the division algorithm for
a skew PBW extension A and returns a list [@, h], where @ is a list of polynomials (vectors)
and h is a polynomial (polynomial vector), satisfying the conditions of division algorithm for
ideals (modules).

Calling Sequence
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DivisionAlgorithm(f, L,ordPoly, A) %% version for ideals

DivisionAlgorithm(f, F,ordPoly,ord, A) %% version for modules

Parameters

f : polynomial in A.

L :list [f1,..., fa] of polynomials in A.

F : list of polynomial vectors [f,,...,f,] over A.
f : polynomial vector over A.

ordPoly : polynomial order over A.

ord : polynomial vector order over A.

A : skew PBW extension, this is a type SPBWE defined in A.1.1.

BuchbergerAlgSkewPoly

According the Theorems 4.1.11 and 4.1.20, this function implements the Buchberger’s algo-
rithm for a bijective skew PBW extension A and returns a set of polynomial vectors that

form a Grobner basis of a ideal or module.
Calling Sequence
BuchbergerAlgSkewPoly(L, ordPoly, A) %% version for ideals

BuchbergerAlgSkewPoly(F, ordPoly,ord, A) %% version for modules

Parameters

L :list [f1,..., fa] of polynomials in A; the ideal is (f1,..., fu}-

F : list of polynomial vectors [f,,...,f,] over a skew PBW extension A; the module is

generated by f,...,f,.
ordPoly : polynomial order over A.
ord : polynomial vector order over A.

A : bijective skew PBW extension, this is a type SPBWE defined in A.1.1.



92 A Maple library Documentation

SyzModule

This function calculates the syzygy module of a finite set of polynomial vectors F' over a
bijective skew PBW extension A. This function returns a matrix whose rows conform the
Syzygy module of F'.

Calling Sequence

SyzModule(M, ordPoly, ord, A,view)

Parameters

M : polynomial matrix over A where each row of M corresponds to a vector of F'.
ordPoly : polynomial order over A.

ord : polynomial vector order over A.

A : bijective skew PBW extension, this is a type SPBWE defined in A.1.1.

view : boolean value; when it is true, then the function prints preliminary results, and if
it is false, then the preliminaries are not written; this parameter is optional, if it is
omitted, then it is assumed false.

FreeResolution

This function calculates a free resolution of left A-module, where A is a bijective skew
PBW extension. According to Theorem 1.4.29, this function returns the list of matrices
F =[Fy, F,..., F.].

Calling Sequence

FreeResolution(M, ordPoly, ord, A,view)

Parameters

M : polynomial matrix over A, this matrix corresponds to Fy in Theorem 1.4.29.
ordPoly : polynomial order over A.

ord : polynomial vector order over A.

A : bijective skew PBW extension, this is a type SPBWE defined in A.1.1.

view : boolean value; when it is true, then the function prints preliminary results, and if
it is false, then the preliminaries are not written; this parameter is optional, if it is
omitted, then it is assumed false.
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HQMatrices

This function computes a list [H, @], where H and ) are the matrices in Theorem 1.4.8; F’
is a set of polynomial vectors over a bijective skew PBW extension A.

Calling Sequence

HQMatrices(M, ordPoly,ord, A)

Parameters
M : polynomial matrix over A whose rows are the vectors of F'.
ordPoly : polynomial order over A.

ord : polynomial vector order over A.

A : bijective skew PBW extension, this is a type SPBWE defined in A.1.1.

LeftInverseMatrix

According the Corollary 4.2.9, this function calculates a left inverse of a matrix (if it exists)
with entries in a bijective skew PBW extension A.

Calling Sequence

LeftInverseMatrix(M, ordPoly,ord, A)

Parameters

M : polynomial matrix over A.
ordPoly : polynomial order over A.
ord : polynomial vector order over A.

A : bijective skew PBW extension, this is a type SPBWE defined in A.1.1.



B. Glossary of skew PBI/ extensions

The following concrete examples of skew PBW extensions are predefined in the library
SPBWE.1ib.

B.1. PBW extensions

PBW extensions were defined by Bell and Goodearl in 1988 in [15]. PBW extensions are
a subclass of the bijective skew PBW extensions o(R)(x1,...,z,), in this case o; = ig and
d; =0 foreach 1 <7 <nandc,;=1forevery 1 <i,5 <n. A PBW extension is subject

to relations:

TjT; = T;T; + dgij)xl 4+t dffj)xn +d;; forl<i<j<n. (B-1)

Calling Sequence

PBWExtension(vars, rels, R, value)

Parameters

vars: list of variables [z1, ..., z,).

rels: list of relations [rely, ..., rel;] determined by (B-1), where each relation rel; has the
form [[xi,xj],dgm, . ,d%”),dij] for each i < j.

R: is the coefficient ring coeffsRing defined as before for the skew PBW extensions.

value: boolean parameter defined as before for skew PBW extensions.

B.2. The dispin algebra.

The dispin algebra U (osp(1,2)) is the enveloping algebra of the Lie superalgebra osp(1,2).
It is generated by z,y, z over the commutative ring K satisfying the relations

Yz —z2y =2, 2xr+xz=1vY, ITY—Yr==x.
Thus, U(osp(1,2)) = o (K)(z,y, 2).

Calling Sequence
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DispinAlgebra(vars, char=p)

Parameters

vars: list of variables [z1,x9, 23] (the order determined by vars is x; > 3 > x3); this
parameter is optional, if it is omitted then the list of variables assigned is [z, y, 2],

p : characteristic of ring K'; this parameter is optional, if it is omitted then the characteristic
assigned is zero.

B.3. The Manin algebra of 2 x 2 quantum matrices

This algebra is also know as the coordinate algebra of the quantum matrix space M,(2) (cf.
[54] and [63]). By definition, O,(M>(K)), also denoted O(M,(2)), is the coordinate algebra
of the quantum matrix space M,(2), it is the K-algebra generated by the variables x,y, u, v
satisfying the relations

Tu = qur, yu = ¢ tuy, VU = U, (B-2)
and
v = quz, vy = qyv, yr —ay = —(q¢—q uv. (B-3)

where ¢ € K —{0}. Thus, O(M,(2)) = o(Ku])(x,y,v). Due to the last relation in (B-3), we
remark that it is not possible to consider O(M,(2)) as a skew PBW extension of K. This
algebra can be generalized to n variables, O (M, (K)), and coincides with the coordinate
algebra of the quantum group SL,(2), see [18] for more details.

Calling Sequence

ManinAlgebra(q, vars, char=p)

Parameters
q: parameter defined in relations (B-2) and (B-3), ¢ must be invertible in K.

vars: list of variables [u1,x1, %9, z3] (the order determined by vars is xy = xo > 3; up is
assigned to variable u of relations (B-2) and (B-3)); this parameter is optional, if it is
omitted then the list of variables assigned is [u, z, y, v].

p : characteristic of ring; this parameter is optional, if it is omitted then the characteristic
assigned is zero.



96 B Glossary of skew PBW extensions

B.4. Woronowicz algebra

The Woronowicz algebra denoted by W, (sl(2, K)) was introduced by Woronowicz in [78] and
redefined in [68] over an arbitrary field K, it is generated by z,y, z subject to the relations

vz —vizr =1+, ay—viyr=vz, zy—viyz=(1+1%)y, (B-4)
where v € K — {0} is not a root of unity. Then W, (sl(2, K)) = o(K){z,y, 2).

Calling Sequence

WoronowiczAlgebra(v, vars, char=p)

Parameters
v: parameter defined in relations (B-4).

vars: list of variables [z1, x5, 23] (the order determined by vars is x; > x5 > x3; this
parameter is optional, if it is omitted then the list of variables assigned is [z, y, z].

p : characteristic of ring; this parameter is optional, if it is omitted then the characteristic

assigned is zero.

B.5. Heisenberg algebra

Let K be a field, the K-algebra H,(q) is generated by
Tly ey Ty Yy e o vy Yny 21y - - 5 Zn

and subject to the relations:

TiT; = X5, 2% = 2%, YiYi = YiYy, 1 < 1,7 <,
2iYi = YiZj, 25T = TiZj, YjTi = LYy, 1 # 7, (B‘5>

2l = QUizi, 5T = ¢ Tz Y i = quiyi, 1 <4 <,

with ¢ € K —{0}. Note that H,(q) is not a skew PBW extension of K|z, ...,x,], however,
with respect to K, H,(q) is a bijective skew PBW extension of K:

H,(q) = o(K)(T1, o T Yty oo Yni 21y -+ Zn) -
Calling Sequence

HeisenbergAlgebra(n, g, char=p)

Parameters

n: parameter defined in (B-5), it must to be non negative integer.
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q: parameter defined in (B-5), it must to be invertible in K.

p : characteristic of ring; this parameter is optional, if it is omitted then the characteristic
assigned is zero.

Remark

e The variables are determined by the following order:

Ty Ty YL Y e 21 e 2

e To use polynomials in H,(q), the variables must be called using the sentence:

x[i], y[i] and z[i].

B.6. Univariate skew polynomial ring R[z; 0, ]

The univariate skew polynomial ring R[z;0,d] of injective type, i.e., with o injective, is a
skew PBW extension; in this case we have R[z;0,d] = o(R)(z).

Calling Sequence

UnivariateSkewRing(var, sigma, delta, char=p)

Parameters

var: variable x of the ring.

sigma: injective endomorphism o of R.
delta: o-derivation.

p : characteristic of ring; this parameter is optional, if it is omitted then the characteristic
assigned is zero.

B.7. Additive analogue of the Weyl algebra

Let K be a field, the K-algebra A,(qi,...,q,) is generated by xi,...,2,,41,...,y, and
subject to relations:

Yity = TjYi, 1 F J, (B-6)
viri = qiryy; + 1, 1 <1 <n,
where ¢; € K — {0}. We observe that A, (qi,...,q,) is isomorphic to the iterated skew

polynomial ring K[z1, ..., x,][y1;01,01] - - [Yn; On, 0] Over the commutative polynomial ring
Klzy,... 2,
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0j(yi) =i, 0;(y;) == 0, 1 < 1< J'>< n,
Ul(‘r]) =Ty, 61(1:]) = 07 ? ;é J>
oi(x;) = qiri, 0i(x;) =1, 1 <i<n
Thus, A,(q1,-- ., ¢,) satisfies the conditions of (iii) and it is bijective; we have

An(qry - qn) = o(Kxy, .y 20) (Y1, oy Yn)-

Calling Sequence

AdditiveAnalogueWeylAlgebra(n, g, char=p)

Parameters
n: parameter defined in (B-6), n must to be a non negative integer.
q: list [q1, . .., q,] defined in (B-6), each ¢; must to be invertible in K.

p : characteristic of ring; this parameter is optional, if it is omitted then the characteristic
assigned is zero.

Remark

e The variables are determined by the following order:

Ty 7= Ty ™Y1 ™= > Yne

e To use polynomials in A,(qi, ..., qn), the variables must to be invoked using the
sentence: x[i] and y[i].

B.8. Multiplicative analogue of the Weyl algebra
Let K be a field, the K-algebra O,();;) is generated by z1, ..., z, and subject to relations:
TiT; = )\jixixj7 1< <j <n, (B-7>

where \j;; € K — {0}. We note that O, (\;;) is isomorphic to the iterated skew polynomial
ring Kxi][zo; 09 -+ - [n; 0]

O'j(l'i) = )\jixia 1<i<y<n.

Thus, O, (\;;) satisfies the conditions of (iii), and hence O,()j;) is an iterated skew polyno-
mial ring of injective type but it is not Ore of injective type. Thus,

On(Nji) = o(Kx1])(wa, ..., Tn).

Finally, observe that O,(\;;) can be viewed also as skew PBW extension of K,
On(\ji) = o(K)(x1, ..., x,). Note that O, ()};) is quasi-commutative and bijective.
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Calling Sequence

MultiplicativeAnalogueWeylAlgebra(n, A, char=p)

Parameters
n: parameter defined in (B-7), it must be a non negative integer.
A: matrix (A;;) defined in (B-7), each \;; must be invertible in K.

p : characteristic of ring; this parameter is optional, if it is omitted then the characteristic
assigned is zero.

B.9. Witten algebra

Witten’s deformation of U(sl(2, K) was defined and studied by E. Witten introducing 7-
parameter deformation of the universal enveloping algebra U(sl(2, K)) depending on a 7-
tuple of parameters { = ({1,...,&;) and subject to relations

xz— &z =&, 2y —E&yz =&y, yr — &y = &2’ + &z (B-8)

The resulting algebra is denoted by W (§). In [44] it is assumed that {1¢3¢5 # 0. Note that
that W (&) = o(K[2])(y, 2)-

Calling Sequence

WittenAlgebra(¢, char=p,{Str=value})

Parameters
& list [&1,...,&] defined in (B-8).

p : characteristic of ring; this parameter is optional, if it is omitted then the characteristic
assigned is zero.

value: boolean parameter that declare the structure

e if value is true then the implementation checks if the structure effectively defines
a skew PBW extension, in negative case returns “Non definite Skew PBW ez-
tenston”, and the structure is not defined; in affirmative case the implementation
returns “This structure represents a Skew PBW Ezxtension.

e if value is false the implementation allows to realize computes with this structure
but this is not defined as skew PBW extension effectively.

This parameter is optional, if it is omitted then value is predefined as true.
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B.10. o-multivariate Ore extension

The Ore extension A := K|[xq,...,2,;0] introduced in the Chapter 2 with K a field and
subject to relations:

rix; =25, vr=or)z, re K, 1<i,j<n. (B-9)

Calling Sequence

SigmaOreExtension(n, o, char=p)

Parameters

n: number of variables, this parameter must be positive integer.

o: automorphism of K.

p : characteristic of ring; this parameter is optional, if it is omitted then the characteristic

assigned is zero.

Remark
e The variables are determined by the order: z; > --- > x,.

e To use polynomials in A, each variable z; must be called using the sentence: x[i].



Future work

e Give a constructive proof of Lemma in Remark 2.7.2.

Give other applications of Quillen-Suslin theorem over o-multivariate Ore extensions.

Realize fixes to get a best efficient implementation of skew PBW extensions.

Implement the Grobner basis theory in Maple for right ideals and modules.

Apply the implementation in other areas as algebraic functional systems.
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