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The struggle itself toward the heights is enough

to fill a man’s heart. One must imagine Sisyphus

happy.

Albert Camus
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Abstract

Epidemic models are a precious tool for public health and epidemiology as they can

simulate the outcome of outbreaks based on assumptions and data. In particular, Sto-

chastic epidemic models are an exciting tool that is based on the jump process theory;

these models can be simulated with a field-like description called the “Doi-Peliti for-

malism”. This thesis aims to describe epidemic models in this formalism and exploit

the structure and properties of the formalism and the models. Here I present a variety

of results based on an operator representation of the Markovian Master Equation that

is useful to simulate small systems, I also present a result that allows calculating the

probability of no-outbreak even if the basic reproductive number is greater than one.

At the end of the thesis, I present some results based on a � -leap sampling algorithm

for a metapopulation consisting of two subpopulations where migration plays a funda-

mental role, adding more stable states and creating interesting differential dynamics,

especially in the case of slow migrations.

Keywords: Stochastic epidemic models, Doi-Peliti operator formalism, Metapopula-

tion network modelling

Resumen

T��tulo en espa~nol: Aproximaci�on de operadores a los sistemas epid�emicos

en redes

Los modelos epidémicos son una herramienta muy valiosa para la salud pública y la

epidemioloǵıa dado que son capaces de simular el resultado de un brote basándose en

asunciones y datos. En particular, los modelos epidémicos estocásticos son una herra-

mienta interesante que está basada en la teoŕıa de procesos de salto, estos modelos

pueden ser simulados con una descripción similar a la teoŕıa de campos llamada “For-

malismo de Doi-Peliti”. El objetivo de esta tesis es describir modelos epidémicos en

dicho formalismo utilizando propiedades del formalismo y de los modelos. Acá presento

una variedad de resultados basado en una representación de operadores de la ecuación

maestra Markoviana que son útiles para simular sistemas pequeños, también presento

un resultado que permite calcular la probabilidad de que no exista un brote aún cuando

el número reproductivo básico es mayor a uno. Al final de esta tesis presento algunos

resultados basados en un algoritmo de muestreo llamado � leap, este procedimiento lo

aplico a metapoblaciones que consisten de dos subpoblaciones en las que la migración

juega un rol fundamental, añadiendo más estados estables al sistema y creando una

dinámica diferencial, especialmente en el caso de migraciones lentas.

Palabras Clave: Modelos epidémicos estocásticos, Formalismo de operadores de Doi-

Peliti, Modelamiento de redes de metapoblaciones
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1. Introduction

Epidemic models are fundamental to understand and predict what happens when a

contagious agent is inserted in a particular population of individuals (Brauer et al.,

2008). These models are feasible tools to study communicable diseases and ,in general,

processes that include contagion or spread within a population. There are few characte-

ristics that all epidemic models have in common, one of them is that all of these models

include at least two roles in the contagion dynamics. The first role is the susceptible

individual, who is an agent that does not have been infected with the contagion; the

second one is the counterpart, the infectious individual, who carries the contagion and

can spread it to susceptible individuals. Other roles in the system include the Recovered

(immune), Exposed (pre-infectious), other types of infectious individuals, quarantined

(isolated), individuals from other species that act as vectors, and more.

A particular way of modeling epidemics is to approach the phenomenon as a stochastic

process. In this specific approach, one presumes that the system has an intrinsic va-

riability and it is conceivable that it produces a different outcome each time that we

simulate it. This thesis focuses on a specific set of models that are written in terms

of chemical reactions, also known as “Birth-Death Process” (BDP) (Gardiner, 2004),

which are particularly interesting as they are first-principle models that can be written

with a small set of tools (Allen, 2017). This is highly attractive for a physicist working

in epidemic models.

The stochastic dynamics of a BDP have been intensively studied and have many results

in physics (Cardy, 2006), chemistry (Vastola, 2019), biology, ecology (Pastor-Satorras

and Solé, 2001), epidemiology (Dodd and Ferguson, 2009) and many other fields. In the

field of physics, a formalism for BDP was born in 1976 based on field theory and path

integrals (Doi, 1976), which was also studied later in 1985 (Peliti, L., 1985) with lattice

field theory. The first approach in epidemiology was in 1998, when a team of physicists

studied the dynamics of BDP in an epidemic model with this formalism (van Wijland

et al., 1998),which is now called the “Doi-Peliti” formalism. In this crucial paper they

studied the field theory of a Susceptible-Infectious-Recovered model with a path inte-

gral approach. Later, in 2009, Dodd and Ferguson (Dodd and Ferguson, 2009) proposed

a closed-form of an operator to simulate both spatial and non-spatial epidemic models.

After these works, other groups started to use this formalism and produced results

based on the path integral formalism (Mondaini, 2015); (Arai, 2015); (Vastola, 2019).

Most studies of this formalism in epidemiology focus in the path integral approach,
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but there is a lack of sufficient research on most straightforward calculations of this

formalism, the usage of the system’s properties and the study of analytic solutions.

Even though M. Doi proposed the theory in 1976, the operator formalism has grown

slowly and still has little representation in the theoretical toolkit of epidemiology. This

formalism is simple, elegant, and analyzes the full probability distribution of models.

It is definitively an attractive approach from a physics point of view, and it has much

potential to generate new results.

This thesis aims to depict classical epidemic models by means of an operator formalism

for the fundamental jump processes of the epidemiological system. I present some in-

novative analytical approximations to the Doi-Peliti solution and an application to the

generalized calculation of the probability of no outbreak in stochastic epidemic models.

Also, I present a computational link of this formalism and the � -leap algorithm, which is

used to simulate metapopulation models based on a quantitative sociology of migration.

In the first part of chapter I, which is preambular to the used formalism, I introduce the

epidemic compartmental models and some mechanisms to perform simulations at the

population level, both deterministic and stochastic. After this, I introduce the Doi-Peliti

formalism and present the analytical results of this thesis. These results are built on top

of a Hamiltonian operator written in terms of ladder operators for some specific epide-

mic models. The novel solutions exploit the Markovianity and locality of the epidemic

systems. At the end of the section, I also present an ingenious operator approach to cal-

culate the probability of a no-outbreak given an initial condition of infected individuals.

The second chapter introduces the non-analytic approach to the use of BDPs with the

Doi-Peliti formalism by linking the � -leap algorithm with the operator formulation of

the Markovian Master Equation (MME). At the beginning of this chapter I introduce

the concept of a Stochastic Simulation algorithm and how it is useful to sample the

MME, also I present the theoretical framework used to introduce the network descrip-

tion in this formalism, which is the migration between metapopulations. In the results

of the second section I present simulations and analyses of two metapopulation models

that use a migration theory based on a quantitative sociology of migration (Weidlich

and Haag, 1982). The impact of the migration parameters on the outbreak final size,

with and without pathogen variants, was also studied.

The code used on this thesis was written in Python 3.6 and is presented in an appendix

chapter. It is also avaiable in a GitHub repository (https://github.com/ joarojasve/Operator-

approach-to-epidemic-models) for further use and exploration.



2. Part I: Theoretical development

of compartmental epidemic

models in the Doi-Peliti

formalism

2.1. Background and methods

Modeling the dynamics of contagious spreading is a difficult task that requires a huge

amount of information and knowledge of the relevant variables. In the case of infec-

tious diseases, it is necessary to have precise information at many scales, such as the

replication mechanism down to the cellular or even molecular level, the biology of the

host, the mechanism of contagion, the existence (or not) of a vector for the disease, the

climate conditions, the social structure, the intervention policies as well as and other

specific details (Mehdaoui, 2021).

One of several strategies to address this complexity is to classify the individuals by

their current disease state (Kermack and McKendrick, 1927); (Brauer et al., 2008).

This frees the modeling from many variables that are replaced by the characteristics of

the compartment, allowing to focus on the sociological and public health implications

of the real or hypothetical outbreak.

Compartmental models can be approached from two different perspectives based on the

desired treatment of the uncertainty. The first ones, called “deterministic models”, often

use ordinary differential equations and typically produce average solutions to diagnose

general properties of a particular outbreak (Mehdaoui, 2021), such as disease-free states,

the final number of recovered individuals (Attack Rate), general conditions for control

or macroscopic inhomogeneities in the contact structure (Brauer et al., 2008); (Dadla-

ni et al., 2020). The succeeding perspective, and the central paradigm of this thesis,

are the stochastic models. These are usually modeled with Markov chain tools or sto-

chastic differential equations adding uncertainty to the classical deterministic models.

The main advantages of this succeeding perspective are that, due to its probabilistic

nature, it allows to introduce randomness to the solutions and are helpful to assess the

variability of many essential variables in the dynamics and fixed points (Allen, 2017).

In this part of the chapter, I will introduce deterministic and stochastic models, fo-
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cusing on stochastic processes. Deterministic and stochastic paradigms will include a

simple model for COVID-19 spread to illustrate the characteristics -advantageous or

not- of each one. All these tools will serve as a theoretical base for the construction of

the Doi-Peliti formalism.

2.1.1. Compartmental models

As previously mentioned, compartmental models are valuable in mathematical epi-

demiology as they avoid -by compartmentalizing- the microscopical dynamics of the

infection and the pathogen’s progress inside the individual, even though that was not

their initial purpose. The first time that a compartmental model was used goes back

to 1927, when Kermack and Mckendrick proposed their famous Susceptible-Infected-

Recovered model (SIR) (Kermack and McKendrick, 1927). It was sustained by the

premise that individuals are contagious during specific periods of time and that the

contact between them produces the infection. These premises were based on the works

of Hamer (Hammer, 1906) and Ross (Ross, 1916). Even though compartments were

first used with a feeble understanding of the pathogen mechanisms, they are still the

best tool to model epidemics (Mehdaoui, 2021).

Here I will address the fundamental examples of compartmental models and then show

their implementation in two different paradigms. The simplest model includes infection

exclusively; it is assembled onto a population of size N , assumed to be constant, that

has S susceptible individuals, which are the ones who have not acquired the disease,

and I infectious individuals. The variables S and I are functions of time, and a force

of infection drives their dynamics; this force is a term that, in one way or another,

approximates the number of new infectious individuals in a given period. The SI model

shows how a population with a certain number of initial infectious individuals evolves

by infecting susceptible ones, with individuals moving from the S to the I compart-

ment. This is noticeably non-realistic as the infected individuals never recover -or die-,

and therefore they stay infectious forever.

A slightly more realistic approach is the SIR model, where one adds a “recovered” or

“removed” compartment named R, which is modeled by transferring individuals from

the infectious (I ) box to R. It assume that no one in R can get infected or infect any

other individual. This particular dynamic creates an asymmetric bell shape function

for I (t) as in actual outbreaks (Kermack and McKendrick, 1927) because it allows en-

trance to the infectious compartment or state by infecting susceptible individuals and

exit by removing the infectious ones when they recover or die. Even though this simple

model shows many interesting characteristics of epidemics, one can find many reasons

to ensure that is impossible to realistically simulate any natural pathogen with it.

One of these reasons is the absence of a period when individuals are infected but not
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the Doi-Peliti formalism

contagious yet. This might be solved by adding a new compartment for “exposed”

individuals called E (Biswas et al., 2014), leading to a SEIR model that exhibits de-

layed dynamics between the exposition to the disease (contagion) and the infectious

stage cause by the incubation period. This approach is preferred to represent outbreaks

when the incubation period is fundamental to advise non-pharmaceutical interventions,

such as quarantines and self-isolation.

In some cases, pathogens can affect the same individual after it recovers from the

disease (the recovered individuals become susceptible after some time). Then one can

use models like the SIS, SIRS, or SEIRS, which are the same models as those without

reinfection but adding a reinfection period for the recovered (not dead) individuals

(Vargas-De-León, 2011). These models show an interesting type of detailed balance

state with non-zero infectious individuals different from SI, SIR, and SEIR models, in

which the equilibrium state is reached when there are no more contagious individuals

(Dadlani et al., 2020), so that no one can get infected. This type of stability in SIS,

SIRS and SEIRS is called “endemicity”, where the pathogen proliferates indefinitely

inside the population because of the repeated circulation of individuals between the R

and S states.

2.1.2. Macroscopical Di�erential Equations Models

The base of differential equation epidemic modeling is to describe the dynamics of S(t),

I (t), R(t), E (t), etc. based on a group of assumptions that leads to a set of differen-

tial equations. The shared premise of these models is that an infectious individual can

transmit the pathogen to a susceptible individual; this is often modeled through a force

of infection (FOI) (Mehdaoui, 2021) as written before. The most commonly used FOI

is bilinear with S and I , normalized with the term 1=N , and includes a parameter

(� ) that contains the characteristics of the contagion process, such as transmissibility

due to the particularities of the disease pathogen (biology) and the characteristics of

ecological interactions.

SI Model

The first step to build a simple contagion model with differential equations is to describe

incoming and outgoing fluxes at each compartment, which is the same as writing the

time derivative of each defined compartment variable. Accordingly, one can use the FOI

as the amount of newly infected individuals in an infinitesimal period, meaning that

the differential equations for the susceptible and infectious individuals in a SI model

could be written as:
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dS

dt
= � �

N
SI;

dI

dt
=

�

N
SI:

(2-1)

As seen in Eq. 2-1, outgoing (negative) fluxes from the susceptible compartment equal

the incoming (positive) fluxes from the infectious one; this is a direct consequence of

the assumption that individuals only jump from one compartment to another, and

subsequently, all outgoing individuals of one compartment go immediately to another

compartment. In this case, this particular property also causes a conservation law,

the conservation of the total population (N ).This is helpful to reduce the number of

equations using the constraint S + I = N and therefore, the only equation needed can

be written as:

dI

dt
=

�

N
(N � I )I: (2-2)

Eq. 2-2 is a logistic equation whith analytic solution. Given the initial condition of

I (t = 0) = I 0) the solution has the form I (t) = I 0N=(I 0 + (N � I 0) exp(� �t )) (Allen,

1994). This equation has a characteristic ´´ S” shape and approaches to N as t ! 1 ,

a phenomenon that was expected as the individuals remain infectious forever, and the

final state is reached when everyone in the population is infected.

Some SI-like models have been used to simulate AIDS contagion (Ghosh et al., 2018).

Still, it is clear that this model has too many unrealistic assumptions to use in an

epidemiological context. Some of these assumptions are: a well-mixed population of

identical, immortal individuals who do not change their behavior when infected, never

reproduce or migrate and a disease that, once infects, never leaves the host or changes

its transmissibility.

SIS model

Another model with only two compartments is the SIS model. The additional cha-

racteristic, compared to SI, is that infected individuals become susceptible again after

some time, which is helpful in diseases like gonorrhea (De et al., 2007). The flux from

infectious to susceptible individuals depends only on the number of actively infected

individuals, as it is supposed to be a spontaneous transition governed by a recovery

parameter called 
 . By using the conservation of the population constraint, one obtains:

dI

dt
=

�

N
(N � I )I � 
I: (2-3)

Again, Eq. 2-3 is a logistic differential equation with an “S”-shaped analytical solution.

The model has two fixed points (where dI=dt = 0), those are I = 0 and I = N (1 � 
=� ).
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It can be shown that when �=
 � 1 the second fixed point is stable; and, when �=
 � 1,

the system is attracted to the I = 0 state (Allen, 1994); (Vargas-De-León, 2011). This

shows that �=
 splits the behavior of this model. In the first case, the recovery of

the individuals occurs faster than the infection, and the outbreak is eradicated. In the

second case, the contagion overcomes the recovery, and the fixed state is now different

from 0. The interesting role of this parameter in this and other models gave it the name

of Basic reproduction number or R 0.

SIR model

A further model that includes recovery and immunity is the SIR model, which is helpful

if it is not necessary to consider reinfection. It is required to add a new compartment

called R that receives the flux of individuals going out from the infectious compartment

who can not get infected again. This gives rise to a model with three equations and one

constraint (again, conservation of population). The equations are written following the

same rules as in the latter models and have the form:

dS

dt
= � �

N
SI;

dI

dt
=

�

N
SI � 
I;

dR

dt
= 
I:

(2-4)

The Kermack-Mckendrick SIR model (Kermack and McKendrick, 1927) (Eq. 2-4) is still

used to model outbreaks and was extensively used at the beginning of the COVID-19

pandemic (Cooper et al., 2020) (Manrique-Abril et al., 2020) but was rapidly replaced

by improved models as more realism was necessary, and the almost century-old SIR

model proved to be inefficient (Moein et al., 2021). Even though, this proves that this

model is a great and simple tool to model epidemics.

Returning to the description of the models, solving Eqs. 2-4 requires the use of cons-

traints to reduce the number of equations. The most common form is by replacing

R = N � S � I and study dS=dt and dI=dt . These equations are typically solved via

numerical methods, and the R(t) curve follows a logistic-like form while the I (t) curve

looks like an asymmetric bell shape (Dadlani et al., 2020).

The SIR model only has a single fixed point, located at I = 0, something expected as

individuals can not get reinfected, and all the infectious ones will recover eventually.

In this stable state, a remnant population will continue being susceptible. This was

proven by Hamer for a non-reinfecting disease, (Hammer, 1906) and by Kermack and

Mckendrick in 1927 within this model (Kermack and McKendrick, 1927). The number of

recovered individuals at the end of the outbreak (R1 ) will be the solution of (Hethcote,
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2000):

I 0 + S0 � (N � R1 ) +
N


�
ln

�
(N � R1 )

S0

�
= 0: (2-5)

The solution of this equation as a function of the basic reproductive number R 0 =

�=
 has a fascinating behavior that can be observed in Fig.2-1. The final number of

recovered individuals is very close to 0 for R 0 � 1, but at R 0 = 1, it suddenly starts

to grow with an almost sharp transition. In the limit of N ! 1 , this is a second-

order phase transition and divides the model into two phases as in the SIS (Erten

et al., 2017). The first phase will not present an outbreak as the first individuals who

carry the condition will recover faster than they will infect susceptible individuals; this

happens for every �=
 < 1. The second phase willpresent an outbreak whose size will

be dependent on the value of R 0 as shown in Fig. 2-1 .

Figure 2-1.: Final epidemic size of the outbreak as a function of the Basic Re-

productive Number (R 0) for the SIR model.

SEIR model

Although the SIR model is reasonable enough to understand the basic behavior of a sin-

gle outbreak, it still assumes that, after the process of contagion, an individual becomes

immediately infectious. This is solved, as said before, by adding a new compartment to

the model. In this case, it is named “Exposed” and is described by the new variable ca-

lled “E”. Exposed individuals are infected with the pathogen but are unable to spread

it. The mean period of time that exposed individuals spend in their compartment is
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called the “Incubation period”, and it is well-known as a useful epidemiological variable

to describe a pathogen (Dicker et al., 2012). The SEIR model is the next step to the

SIR model, and it is used to better model the same diseases.

SIRS model

As in the SIS model, not all pathogens grant life-long immunity to reinfection or are

completely eradicated over time without measures. To model endemic diseases more

realistically -without the SIS model- one should use alternatives of the SIR model but

adding reinfection and/or population dynamics (Vargas-De-León, 2011).

The case of reinfection is solved by merging the ideas of the SIR and SIS models which

creates the SIRS one. It proposes that recovered individuals return to be susceptible

after some reinfection period (� )(Hethcote, 2000) (Dadlani et al., 2020). The reinfection

flux is modeled by the term �R , which is negative in the differential equation of the

recovered individuals and positive for the susceptible’s one. This term causes a feed-

back loop that ends in a fixed state with non-zero infectious individuals. The case of

population dynamics presents an endemic state without reinfection of individuals that

accounts for the birth and death within the host population, feeding the susceptible

compartment with new individuals as they are born and clears others, usually at the

same rate, as individuals die. When the birth rate is assumed to be the same death

rate (� b = � d) then the population is conserved on average, this model is well studied

in (Hethcote, 2000).

Even though adding compartments to the models makes them harder to study theo-

retically, it is the best-known way to add realism and complexity to this paradigm.

In some cases, adding specific characteristics like vaccination (Treibert et al., 2019),

pathogen variants, (Schiøler et al., 2021) or migration processes (Weidlich and Haag,

1982) results in mandatory new compartments.

Di�erential equations model for COVID-19

To show the application of deterministic compartmental models I present an example

for the case of COVID-19 with information obtained in the early studies of the pan-

demic. The model is a SIR, the simplest one showing infection and recovery without

reinfection, which is adequate based on the initial information gathered about COVID-

19.

This model is based on some rather naive assumptions, which were made at the begin-

ning of the COVID-19 pandemic by different researchers around the world. To run this

model I assume that the population is well-mixed and has a size of about 7’900,000
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individuals (close to the population of Bogota).I take a set of three values from diffe-

rent authors for the infectious period parameter, the inverse of 
 , which varied from

3.5 to 11 days in initial studies (Byrne et al., 2020). The value of this parameter was

divided in two branches upon discovering the differential dynamics between sympto-

matic and asymptomatic individuals for COVID-19. Two different values were assumed

for the basic reproductive number (used to calculate � = R 0
 ), which were reported

for Colombia to be of 2.67 or 5.65, depending on the methodology used to calculate

(Caicedo-Ochoa et al., 2020).

Figure 2-2 presents the results of a SIR model that have the same assumptions about

Figure 2-2.: Deterministic SIR curves for three sets of parameters. a) Infectious

individuals as a function of time, b) Recovered individual as a fun-

ction of time, the same as cumulative cases of the disease. The code

used to generate this �gure is available at Appendix A.1

the system, but uses different parameters based on literature. The red line shows the

most severe combination of reported parameters with an R 0 of 5.65 and a 
 of 1/11

days� 1, the blue line shows the most optimistic combination with an R 0 of 2.67 and a

gamma of 1/3.5 days� 1, the gray line is a somewhat more balanced model with parame-

ters R 0 = 2;67 and 
 = 1=5 days� 1. The code used to generate this Figure is available

at Appendix A.1 . These three results represent a hypothetical outbreak of the same

disease using different published values, which is precisely why it is extremely difficult

to realistically assess an epidemic outbreak with uncertain information and simple mo-

dels. Simple models allow the study of straightforward specific characteristics once the

parameters are set, but are not recommended for making predictions.

2.1.3. Stochastic Models and Master equations

Stochastic compartmental models are the midpoint between Differential Equations Mo-

dels and Individual Based Models (Hunter et al., 2017)(Willem et al., 2017). They cover
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the field where one wants to study populations (not individuals), and also wish to con-

sider the variability or uncertainty characteristic of a natural system (Allen, 1994).

There is a wide range of stochastic models, and all of them are based on probability

schemes (Allen, 2017).

Stochastic models are compartmental models that describe a system of transitions bet-

ween states in a probabilistic approach. In particular, some models use the Markovian

Master Equation (MME) to model an epidemic by assuming that the population can

be modeled by a set of “chemical reactions” (i.e. transition between different compart-

ments), also known as the Birth-Death processes (Gardiner, 2004). For example, the

SIR model consists of two reactions:

Infection: S + I
�=N���! 2I

Recovery: I

�! R

This pair of reactions generate fluxes of probability with susceptible individuals dimi-

nishing in number by one and infectious individuals increasing by one at the same time

(infection); and the analogous for the second reaction with infectious and recovered

individuals. The principal idea of the MME is to write an equation for the change in

the probability of being in a particular state vector (x = (S; I; R )) over time. In order

to model this process, this thesis relies on the theory of stochastic processes.

A stochastic process (SP) is established when a set of random variables evolve in time.

Typically SPs focuses on the evolution of the probability density function of the group of

random variables, due to the significant number of quantities that can be derived from

it. Hereafter in this text, the conception of a stochastic process will be linked to a set of

K jumps between states of the set of L random variables x, i.e. x = f x1; x2; x3:::xL g.
These jumps occur at different times and -it can be assumed that-, all jumps happen

instantly so that two events can not happen at the same time. The first quantity of

interest is the joint probability that the system has passed through a chain of k states,

starting at an initial state x0 at an initial time t0, ( P(x0; t0; :::; xk ; tk)). This can be

computed for an arbitrary state (j ) in the chain by the Bayes rule as follows:

P(xj +1 ; t j +1 ; :::; xk ; tk jx0; t0; :::xj ; t j ) =
P(x0; t0; :::; xk ; tk)

P(x0; t0; :::; xj ; t j )
:

After using the Markovian property (P(xk ; tk jx0; t0; :::; xk � 1; tk � 1) =

P(xk ; tk jxk � 1; tk � 1)) it is possible to write a recursive relation known as the Chapman-

Kolmogorov equation (Gardiner, 2004):

P(x0; t0; :::; xk ; tk) =

kY
j =1

[P(xj ; t j ; :::jxj � 1; t j � 1)]P(x0; t0): (2-6)
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Using Eq. 2-6 with k = 2, and adding over all possible intermediate states, it becomes

possible to get an equation that describes jumps between two non-adjacent states. This

also allows describing the probability distribution over a time interval instead of a list

of correspondent times. With some approximations and algebra, it is possible to obtain

a step equation where the transition rates between states (wx;x 0) describe the dynamics

of the system, this equation is:

d P(x; t jx0; t0)

dt
=

X
x06= x

wx;x0P(x0; tjx0; t0) � wx0;xP(x; tjx0; t0): (2-7)

The Birth-Death Master Equation (Eq 2-7) is the differential limit in continuous time

of Eq. 2-6 and describes the exact dynamics of any stochastic epidemic model based

on a set of “chemical” reactions at the population level. It can be proved that, in the

limit of N ! 1 , this stochastic representation (MME) is completely analogous to the

deterministic formalism presented before when one computes the mean of each com-

partment in the state vector over the probability distribution of Eq. 2-7 as a function

of time (Gardiner, 2004).

To illustrate the development of this master equation I show the MME of the SIS mo-

del written in terms of the states x = (I ), the number of infectious individuals in the

system), and P(I; t jI 0t0), the probability of being in that particular state at a time t

given the initial conditions (I 0; t0).

To reach the state (I ) one has to evolve from the adjacent state (I � 1) via the infec-

tion reaction, which creates a new infectious individual with transition rate w(I � 1;I ) =
�
N (N � I + 1)(I � 1), or by the recovery reaction from the state I + 1 with transition

rate wI +1 ;I = 
 (I + 1). The second part of the MME is the transition rate for leaving

the state; first by infection of an individual with transition rate w(I;I +1) = �
N (N � I )I

and second by recovery with transition rate wI;I � 1 = 
I . The MME is then (Keeling

and Ross, 2007):

d P(I; t jI 0; t0)

dt
=

�

N
(N � I + 1)(I � 1)P(I � 1; t jI 0; t0) +


 (I + 1)P(I + 1; t jI 0; t0) �
�

�

N
(N � I )I + 
I

�
P(I; t jI 0; t0)

The MME is difficult to solve analytically without further operations. (Haag, 2017)

presents some methods to solve it. The sampling approach (Simulation) is the most

frequently used to study these Birth-Death systems: By generating sample trajectories

of this MME, it is possible to reconstruct, at least to a certain degree, the dynamics

of the probability distribution of the system. Here I show some simulation algorithms

that sample the MME.
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2.1.4. Operator Description for an isolated population

Some stochastic systems are approachable by an operator notation. This was first in-

troduced by Doi (Doi, 1976) and Peliti (Peliti, L., 1985). These efforts introduce a

Markovian Master Equation (MME) in Dirac notation and associate the dynamics to

a Hamiltonian operator in terms of ladder operators acting on the populations.

The introduction of the Dirac notation to this field allowed the addition of new concep-

tual and analytical tools from the quantum field theory to produce new results (Dodd

and Ferguson, 2009); and tools typically involving the path integral formalism and per-

turbation theory.

In this chapter I present the standard notation of the Doi-Peliti formalism for epidemic

processes; which was also studied in a path integral scheme in (Dodd and Ferguson,

2009) and by (Mondaini, 2015) in a moment generator function scheme. With this

notation, I show some solutions to the MME and the particular advantages of each

one.

2.1.5. State-space and ladder operators

As stated before, the MME displays the change in the probability of being in a particular

state vector which is represented as a ket (ji ) in the Dirac notation and includes the

probability of being in that state. For a SI or a SIS model it can be written as:

j� i =
X

I

pI jI i (2-8)

If the state is bidimensional, for example in the SIR model, it becomes:

j� i =
X
S;I

pS;I jS; I i (2-9)

In general, this state sums over all possible combinations of the compartment popula-

tions (occupation numbers).

State dynamics via operators

To recreate the dynamics of the state j� i , this formalism introduces bosonic ladder

operators. Creation (ay) and annihilation (a) operators are introduced for each com-

partment to increase or decrease the occupation number, the rules of this operators

are:

ayjni = jn + 1i (2-10)

ajni = njn � 1i (2-11)
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These eigenvalues are chosen for the simplicity of the markovian master equation and

the fact that it is convenient to write a state as jni = (ay)n j0i . This acting rule of ay,

with the bosonic commuting relation (aay � aya = 1), create the acting rule of a.

It is also essential to define the number operator as n = aya, which leaves intact the

ket value and has as eigenvalue the occupation number of the compartment.

As j� i is related to the probabilities of being in a specific state, I am interested in the

evolution of these probabilities and then in the evolution of j� i . Doi and Peliti proposed

that one can quickly write the backward master equation in this formalism by employing

a Hamiltonian (sometimes called Liouvillian) operator (Doi, 1976); (Peliti, L., 1985).

This equation is an “imaginary time Schrödinger equation” as stated by many authors

(Dodd and Ferguson, 2009); (Mondaini, 2015); (Pastor-Satorras and Solé, 2001):

d

dt
j� i = Hj � i (2-12)

This Hamiltonian operator (H ) includes all the information of the transitions and is

written in terms of ladder operators.

As an example, a birth-death system with one compartment (A) and two reactions:

Birth Φ
b�! A (2-13)

Death A
d�! Φ (2-14)

In this chemical notation, the symbol Φ represents the species’ absence in the particular

reaction. This model spontaneously creates individuals of A at a rate b and erases them

with a rate d. The Hamiltonian operator for this case is:

H = day + ba+ daya � b̂1 (2-15)

If one decomposes this operator, then it is possible to write the regular Backward

Markovian Master Equation (BME) as follows:

d

dt
j� i = H 1 + H 2 + H 3 + H 4j� i

d

dt
j� i = H 1j� i + H 2j� i + H 3j� i + H 4j� i

-For a particular A-

d

dt
pA jA i = dapA jA i + baypA jA i � dayapA jA i � b̂1pA jA i

d

dt
pA jA i = dApA � 1jA � 1i + bpA+1 jA + 1i � dApA jA i � bpA jA i

Eq. 2-16 is the desired MME equation for this birth-death process. The fact that one

can write this Hamiltonian with operator tools demonstrates that the formalism is ca-

pable of reproducing the BME. It is essential to denote that this formalism alone is

not convenient to describe the Forward Master Equation, but as it represents the BME
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well, it is enough to describe the system’s dynamics.

In the case of stochastic epidemic models, the set of reactions always includes infection

(S + I
�=N���! 2I ) and typically includes direct transitions between compartments (e.g.

I

�! R or R

��! S). These particularities create a Hamiltonian that has to include a

bilinear term due to infection and a set of linear terms based on the linear transitions.

For example, an epidemic Hamiltonian described in the literature is the one of the SIR

model (Dodd and Ferguson, 2009) :

H SIR =
�

N
ayabyb+ 
b yb � �

N
abybyb � 
bcy (2-16)

In this operator a and ay acts on the susceptible population, b and by acts on the infec-

tious, and the ladder operator cy is the creation operator for the recovered individuals.

The terms with four ladder operators describe the infection dynamics, while those with

two terms create the recovery. Even though, it is simpler to start with the Hamiltonian

of the SIS model, which is almost identical except for the last recovery term, which

takes into account the reaction I

�! S instead of I


�! R. The operator of the SIS model

is:

H SIS =
�

N
ayabyb+ 
b yb � �

N
abybyb � 
ba y (2-17)

H SIS is a simpler Hamiltonian than H SIR as the SIS model is built with only two

variables instead of three (SIR case). Actually, if the conservation of the population

is taken into account, the SIS model can be written as a single variable model. This

constraint (N = S+ I = const.) will be used soon in the text to reduce the calculations

and will become an important tool to reach a solution.

Now, if we check the action of this SIS Hamiltonian on a test state jS; I i , ir is possible
to confirm that the BME is generated:

H SIS jS; I i =
�

N
ayabybjS; I i + 
b ybjS; I i � �

N
abybybjS; I i � 
ba yjS; I i

H SIS jS; I i =
�

N
SI jS; I i + 
I jS; I i � �

N
SI jS � 1; I + 1i � 
I jS + 1; I � 1i

If you replace the latter result on the Doi-Peliti Master equation (Eq. 2-12), you obtain

the typical BME for the SIS model (Allen, 2017).

2.1.6. Solution and examples

Now that we have shown that this notation can reproduce the desired equation, let

us focus on the solution. The analytic solution of Eq. 2-12 is straightforward in this
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notation and is:

j� (t)i = exp(H t)j� (0)i (2-18)

This means that the evolution of the system can be constructed completely with the

propagator exp(H t). This propagator must be conceived as a Taylor series of the form:

exp(H t) = 1̂ + H t +
H 2t2

2
+ : : : =

1X
n=0

(H t)n

n!
(2-19)

One could feel tempted to truncate this series, but it is not recommended to trim the

Taylor series of an exponential operator; in the same way that it is not recommended

to truncate the Taylor series of a matrix exponential. This will be clarified later in the

text when I show the consequences of locality and Markovianity.

To calculate the dynamics. I use the matrix representation of the Hamiltonian operator

(H ). This representation is obtained by calculating the matrix elements for all possible

states with the formula hx jHj x0i . In the case of the SIS Hamiltonian, the simplest way

to calculate the matrix items is by using the constraint of the conservation of the popu-

lation, which means writing the susceptible population as S = N � I . This constraint

reduces the number of variables of the model from two to one, and then the matrix

form of the Hamiltonian can be calculated as HI;I 0 = hI jH SIS jI 0i .

As a first approach to calculate the exponential of the generated Hamiltonian matrixes,

I use the built-in function of the library Scipy.linalg of Python called “expm”. This

method uses the Pade approximant and the scaling and squaring algorithm to generate

the exponential of a matrix in a fast way. The technique was presented by (Al-Mohy

and Higham, 2010). This method is quicker and more exact than the Taylor expansion

presented before. It is important to denote that I will not offer any further clarification

on the different ways to calculate the exponential of a matrix. Even though there

are some fascinating papers in this field (Moler and Loan, 2003), this thesis aims to

produce more straightforward approaches than the direct calculation of exp (Ht), and

this is shown as an example and a control.

Now that it is clear that the operator exp(H t) will be calculated computationally with

its matrix representation exp(Ht), the state ket j� i is represented as a probability vector

where the probability of being in the state I is in the I th position of the vector. The

probability of being in the set of states at a particular time is then calculated by the

internal product of the propagator matrix and the initial condition. As stated before,

the H matrix is calculated from its operator form H . In the case of the SIS model, the

generated matrix is:
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H =

0BBBBBB@
0 
 0 0 � � �
0 � (� (N � 1) + 
 ) 2
 0 � � �
0 � (N � 1) � (2� (N � 2) + 2
 ) 3
 � � �
0 0 2� (N � 2) � (3� (N � 3) + 3
 ) � � �
...

...
...

...
. . .

1CCCCCCA
Now, we can calculate the dynamics of the state (the probability vector) by using this

propagator. The initial conditions of this simulation are jI (0)i = j0; 1; 0; :::i , which
means that the state I 0 = 1 has a probability of one while all the other states have 0

probability. The results of this propagation ,with � = 0;5 days� 1, 
 = 0;2 days� 1 and

N = 2000 calculating the propagator each 0;1 days, are in the graph 2-3. This Figure

was generated with the code presented in Appendix A.2. It is clear that the most likely

sections of the probability vector evolve close around the deterministic solution of the

SIS model (gray dotted line). Please note that the color is on a logarithmic scale; I did

this to ensure that the probability of states is can be visible at all times. If a state has

a zero probability, it is colored white.

The dynamics of this simple model is exciting because there is a part of the probability

distribution that stays close to I = 0; I will address this later in this text.

This calculation requires to exponentiate exp(H t) at every 0;1 days, which means that

1500 matrix exponentials were calculated to generate this plot. This is highly inefficient,

and as a result of this thesis, I show some more efficient algorithms exploiting particular

properties of the Markovian epidemic processes.

2.2. Results

2.2.1. Markovian adaptation of the MME

All systems that follow the BME presented in Eq. 2-12, or its equivalents on other

formalisms, fulfill the markovian property (Gardiner, 2004). This means that all these

processes are memoryless and then the probability vector of being in a particular state

at a specific time -expressed j� i in this thesis- does not depend on the particular choice

of an initial state in the chain.

As in the SIS solution for exp(H t), the time for the calculation is not continuous but

discrete to allow computing. If one discretizes time in periodic steps, it becomes possible

to reduce the number of calculations of matrix exponentials by taking advantage of the

Markovian property of our BME. With this, the solution for 2-18 can be rewritten by

replacing j� (t)i ! j � (t +∆t)i and j� (0)i ! j � (t)i . The propagator of the system is not
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Figure 2-3.: Probability vector (the equivalent of j� i ) as a function of time for

the SIS operator model propagated with exp (H t), the dotted gray

line is the value of the deterministic SIS model with the same pa-

rameters, the intensity of the color is the probability of being in a

particular state in a speci�c time. The code used to generate this

plot can be seen in Appendix A.2

anymore exp(H t) and is now exp(H∆t), the resulting equation after this Markovian

adaptation is:

j� (t +∆t)i = exp(H∆t)j� (t)i : (2-20)

The computational complexity of this equation is lower than 2-18 as it only calculates

once a matrix exponential (exp(H∆t)). The downside is that it needs to calculate the

next state by recursively using the last state, and this requires more computer memory.

Another counterpart of this Markovian adaptation is that it is now harder to calculate a

steady state, in the non-recursive version one can calculate the steady-state of a system

by simply putting a large enough t -relative to the infection and recovery timescales-

and knowing the initial condition. In the recursive case, it becomes necessary to pro-

pagate from time to time to reach the steady-state, which is not a problem as we are

interested in both the dynamics and the steady-state properties.

If one subtracts the two solutions at every time and sums over all times, the difference

percentage of the two methods is approximately 0;5% in the Python simulation; the
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fact that this number is small is something to be expected as no approximation to the

solution was added in the Markovian adaptation.

Now that we only need to calculate a single exponential of a matrix, it is possible to

work with the next step of models. The SIR and SIRS models have three variables

and one constraint, which means that the systems can be simulated in a 2-Dimensional

probability space, I chose the jS; I i representation over the jI; R i and the jS; Ri ones

but this is entirely arbitrary. The replacement of R was done with the conservation of

the population constraint R = N � S � I .

To start, we have the SIR model that was presented before. the Hamiltonian for this

model is H SIR = �
N ayabyb+ 
b yb � �

N abybyb � 
bcy. The matrix elements can be ob-

tained by calculating HS;I ;S0;I 0 = hS; I jH SIR jS0; I 0i . The matrix elements of H SIR ha-

ve two variables, which means that they have to be ordered in some way and this

order has to be consistent with the order of j� i . In this thesis the order used is

j� i = j(0; 0); (0; 1); :::; (1; 0); (1; 1); :::i . With this in mind, let’s calculate a propaga-

tion of an SIR model.

The size of the Hamiltonian matrix for an SIS model is (N + 1)2 � (N + 1)2, which

is the size of the probability space of this system. This creates a matrix of size 2601

� 2601 for N = 50, which might take some seconds to exponentiate. The form of this

matrix is generated row by row with a Python script that implements the infection and

recovery terms of the elements hS; I jH SIR jS0; I 0i .
The results of the implementation of this algorithm are shown in Figure 2-4. The

parameters were � = 1;0 days� 1, 
 = 0;5 days� 1 - which generates a basic reproductive

number of R 0 = 2;0. I also used ∆t = 0;1 days� 1 and N = 50 with an initial condition

of j� i (t = 0) = jS = 45; I = 5; R = 0i
As in the SIS model, the SIR model also presents a probability cloud with an small

number of total infections, which are the ones closest to the region S � N . Opposite

to the SIS model, all of the probability distribution at t ! 1 is located at I = 0. This

is the end of the outbreak, and it is ensured to happen in models without reinfection

or birth/death inside the population (Allen, 1994).

As presented in the last chapter, there is also a model with two variables for ende-

mic diseases. It includes a probability of reinfection and, depending on the parameters,

exhibits a stable state with I 6= 0 as in the SIS and is called the SIRS model. It has

three reactions, the first two are the same as the SIR (i.e. infection and recovery), and

a third one that makes recovered individuals - who are immune - come back to the

susceptible state (R
��! S). The SIRS model has the same probability space size as the

SIR model if you use the conservation of the population constraint. The Hamiltonian is:
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Figure 2-4.: Probability space (the equivalent of j� i ) as a function of time for

the SIRS operator model propagated with exp (H�t), the dotted

gray line is the value of the deterministic SIRS model with the same

parameters, the intensity of the color is the probability of being in a

particular state in a time given at a) t = 0 days, b = t = 0;65 days,

c) t = 3;8 days and d) t = 14;95 days. The code used to generate

this �gure is available at Appendix A.3

H SIRS =
�

N
ayabyb+ 
b yb+ �c yc � �

N
abybyb � 
bcy � �ca y (2-21)

This Hamiltonian has a richer structure than H SIR and the matrix associated with

transitions from N � S � I + 1 to S are now non-zero.

To show the endemic states of this model, I use the parameters � = 3;0 days� 1, 
 = 0;5

days� 1, � = 1;0 days� 1 with N = 50. The size of the matrix was 2601 � 2601 and the

solution for four times is shown in 2-5

It is now clear that the formalism can calculate the dynamics of a relatively small two-

dimensional model in both endemic and non-endemic models.

The SIRS model also has a probability of getting few infections and reaching the state

I = 0 fast. Please note that this probability appears in the steady-state distribution

in every model that we have seen. In a following subsection, I will show a brief proof

coming from this formalism and a new definition of a state.
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Figure 2-5.: Probability space (the equivalent of j� i ) as a function of time for

the SIRS operator model propagated with exp (H�t), the dotted

gray line is the value of the deterministic SIRS model with the same

parameters, the intensity of the color is the probability of being in

a particular state in a time given at a) t = 0;3 days, b)t = 0;9 days,

c)t = 2;1 days and d) t = 3;57 days. The code used to generate this

�gure is available at Appendix A.3

2.2.2. Locality and its consequences

It is clear that the exponentiation of a matrix is not an easy task, even if it is only

calculated once. This is a significant deficiency of the formalism. In this subsection, I

present an argument to further reduce the complexity of the solution.

It is crucial to analyze the Taylor series of the exponential to reduce the complexity.

As I stated before, this series can not be truncated easily as there is no simple relation

between the different powers of a matrix. But the case of H might be special as it is a

structured matrix with some “physical” meaning.

The H matrix includes the complete information of the epidemic transitions in conside-

ration. But, what if it is the adjacency matrix of a network? The network representation

might give more insights into the processes and further simplification of the propagator.

In the case of the SIS model, the nodes are the I states and each node has connections
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in and out with I � 1 and I + 1, except from 0 and N for evident reasons. The case of

the SIR resembles more of a regular network; it is shown in (El-Hay et al., 2012) 2-6

Figure 2-6.: The network generated if the Hamiltonian matrix representation is

taken as an adjacency matrix

In this network, the processes can be seen as hops between nodes, and the weight of the

link is associated with the probability flux between the states. The complete epidemic

process is then a set of transitions in this network that always end in the absorbing

state (I = 0) located in the lower part of Figure 2-6.

These probabilistic hops are driven by the propagator exp(HSIR t). This matrix keeps

some similarity to a network measurement called the communicability (Estrada and

Hatano, 2008). The communicability of a network is a generalization of the shortest

path -that takes into account all possible paths- and is constructed by summing all

the matrices of distances (i.e. all the powers of the adjacency matrix) weighted by the

distance, which is a long way to say that it is the exponential of the adjacency matrix.

The communicability for a general network with adjacency matrix A is defined as:

G = exp(A) =
1X

n=0

An

n!
(2-22)

In the case of Ht, this communicability represents the flux of probability between two

states through all possible paths, weighted by path length. Let us analyze each compo-

nent in the Taylor series of the communicability of Ht:

1 : The identity matrix represents the “zero” order hops, which is a way to say

that the state remains unchanged.

Ht : The linear operator gives the paths of order one, this means that the system

evolves only to the first neighbors of the nodes in a time t.
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H2 t2

2 : The quadratic operator gives the paths of second-order, this means that the

system evolves only to the nodes that are second neighbors of the initial nodes

in a time t.

: : :

The higher-order terms represent higher-order neighbors so that the system can evolve

with longer paths. Please note that each power of the series plays a vital role in the

dynamics of the system, and then it is not recommended to truncate this series in the

case of Ht.

Another case is the one of the adapted Markovian propagator H∆t because the com-

municability of this matrix can be interpreted similarly, and then the identity matrix

represents the non-hoping term. The first term (H∆t) represents the first-order paths

which have to be the most important in a small ∆t as the system is not allowed to give

second-order hops in the network in an instant time. For this reason, the second-order

term plays a less important role as ∆t ! dt. All of this means that the communicability

of H∆t can be approached as 1 + H∆t, as long as ∆t is small enough to ensure that

the system only evolves to first neighbors in that time step. The choice of ∆t has to be

made depending on the fastest reaction of the system.

The communicability of our system is the same propagator; it is just a different in-

terpretation of the same mathematical object. This means that the evolution of the

system, with the stated condition for ∆t, follows the next equation:

j� (t +∆t)i � 1̂ + H∆t j� (t)i (2-23)

This propagator is linear with H and then, the matrix representation of this operator

only has to be generated by the formula hx jHj x0i and make some fast and straightfor-

ward operations (multiply by the scalar ∆t and sum the identity matrix ) to produce

the propagator of the system and get an approximated solution for the full dynamics.

In Figure 2-7 I present the same solution as in 2-3 but propagated with the local

Markovian operator. The time step ∆t is considerably smaller and has a value of 0;001

days.

The solution of the approximation presented in Figure 2-7, is similar to the analytical

solution. Actually, if you subtract the two solutions at the same time and sum over

all states, the percentage difference is close to 1%. This new propagator demonstrates

that locality and Markovianity arguments can substantially reduce the propagator of

the whole system by only exploiting the inner structure of the epidemic process. This

approach can be applied to all Markovian time-independent birth-death processes, in-

cluding ecology, virology, population dynamics, chemistry, and more.
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Figure 2-7.: Probability vector (the equivalent of j� i ) as a function of time for

the SIS operator model propagated with 1+ H�t, the dotted gray

line is the value of the deterministic SIS model with the same pa-

rameters, the intensity of the color is the probability of being in a

particular state in a particular time. The code used to generate this

�gure is available at Appendix A.4

2.2.3. Limits

Locality ended up being a really positive characteristic to exploit in the system as it

diminished the number of operations needed to get a solution for a particular model.

But even with this, no analytical tool or approximation has been applied to reduce

the dramatic growth in the size of H . The matrix representation (H) increases a power

in size with every compartment added. For example, a model with 10 compartments,

which is not rare, has a probability space of size (N +1)10. This particular scaling is not

feasible, as a system with only 50 individuals has a probability space with a dimension

of 1;2 � 1017 and the matrix might be non-storable.

To generate a model that has more than 3 compartments it is necessary to reduce the

amount of information while computing hx jHj x0i . One way is to use the locality argu-

ment again and stop storing the massive amounts of 0 in H, which are the states that

are not connected in the network representation of this matrix. As this matrix is sparse

(e.g. the SIS Hamiltonian matrix representation only has values in the diagonal and its

neighbors), many elements should not be stored and the calculation is not supposed to

be affected as long as the indexes of the non-zero values get saved.
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This approximation allows growing to bigger systems, but here we are interested in

metapopulation models. This specific type of model might have a really big number

of compartments as each metapopulation has the basic system’s compartments (e.g.

in a metapopulation SIR model, each compartment has a SIR model inside and the

individuals of each compartment can migrate to the same compartment of other nodes).

A SIR model with 10 subpopulations has 30 compartments and not even by working

with the non-zero elements of H one can get to a solution.

2.2.4. Probability of no-outbreak

In 1955, Whittle (1955) proved that a non-endemic stochastic epidemic with two reac-

tions presents two different behaviors. First, a set of states with final size (Final number

of recovered individuals (R1 ) that is close to the value that the Kermack-McKendrick

SIR model produces. And a second -lower in probability- set of states that have a final

size close to the initial condition I 0, especially with a high population and a small I 0.

These small final states occur when the initial set of infectious individuals recovers

faster or slightly faster than they infect and then fail to produce an outbreak. In the

literature this set of states are typically referred as “minor outbreaks” despite the fact

that there is no outbreak occurring. For this cause in this thesis I use the name ”no-

outbreak”to refer to these states.

Here I present a brief proof of the probability of no-outbreak that is shorter and simpler

than the original by Whittle (1955).

For the proof we can define a state of initial conditions called j� i which is analogous to

the state j� i , but instead of using the probability of being in a certain state, it uses the

probability of no-outbreak given an initial condition (here called P: ;I 0 ). The definition

of j� i is:

j� i =
X
I 0

P: ;I 0 jI 0i (2-24)

This ket is considered to be defined only when the system is on the steady-state and

then it does not present any dynamics in this approach. Also, as it is an object that

represents the final state of a set of markovian given rules it should have the same

Hamiltonian of the system of interest and follow a non-dynamical version of the BME.

In the case of the SIR model this state should follow the equation:

d

dt
j� i = 0 = H SIR j� i (2-25)
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Replacing H SIR and assuming that the state j� i has a single component of probability

one at I 0 = i 0 the equation is:

0 =
�

N
ayabybji 0i + 
b ybji 0i � �

N
abybybji 0i � 
bcyji 0i

0 =
�s 0i 0

N
P: ;i 0+1 ji 0 + 1i + 
i 0P: ;i 0 � 1ji 0 � 1i �

�
�s 0i 0

N
+ 
i 0

�
P: ;i 0 ji 0i

As I stated, the probability of no-outbreak is easier to define in systems with a small

initial condition of infected individuals. If we fix the initial condition for the recovered

individuals to zero it follows that s0 � N . Another step is to reduce this equation to

an algebraic equation as we are working only with a single i 0 instead of a distribution.

Hence the algebraic equation with the assumption, and using the basic reproductive

number R 0, is reducible to:

P: ;i 0 =
R 0i 0

R 0i 0 + i 0
P: ;i 0+1 +

i 0

R 0i 0 + i 0
P: ;i 0 � 1 (2-26)

For i 0 = 1, which is the simplest case:

P: ;1 =
R 0

R 0 + 1
P: ;2 +

1

R 0 + 1
P: ;0 (2-27)

Please note that P: ;0 = 1 because no outbreak can occur if there are no infectious

individuals. We can also assume that P: ;2 = P2
: ;1, as P: ;2 represents the probability of

not having an outbreak with two initial infectious individuals. If the initial infectious

individuals are in a big enough population, the contagions of each one will be indepen-

dent of the other one (The lineages of contagion are separated). Then, the probability

of not having an outbreak with two infectious individuals in a population (P: ;2) will be

the same as the probability of not having an outbreak with one infectious individual in

two independent populations (P2
: ;1). This reduces this recursive equation to a simple

quadratic equation:

P: ;1 =
R 0

R 0 + 1
P2

: ;1 +
1

R 0 + 1
(2-28)

(2-29)

This equation has the following solution, based on the fact that P: ;1 is a probability

and should be in the range [0; 1]:

P: ;1 =

(
1 R 0h1

1
R 0

R 0i 1
(2-30)

To get the solution for initial conditions different than 1, we can reuse a previous

approximation. In this case, if we assume that i 0 � N it is possible to write that P: ;i 0 =

P i 0
: ;1. This means that all the lineages of contagion in the system are independent, which

only make sense for a small initial number of infectious individuals. Bearing all of this
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in mind, this solution is only valid for i 0 � N with no initial recovered individuals and

a large enough N . The solution for a system that fulfills this condition is:

P: ;i 0 =

8<: 1 R 0 < 1�
1

R 0

� i 0

R 0i 1
(2-31)

The solution on Eq 2-31 is the same as in (Whittle, 1955), but the derivation in this

formalism is definitively simpler both in calculations and in form. There are also some

other approximations as the one of Nandi in 2019 (Aadrita, 2019) where she created a

generalized framework based on Continuous Time Markov Chains (CTMC) and obtai-

ned the same result.

The simulations were performed by using 10000 trajectories generated with � -leap sam-

pling, with N = 100000 and 
 = 1;0 days� 1. The variation of R 0 is generated by

changing � . Four cases were simulated: i 0 = 1; 2; 4; 8. The probability of no outbreak

was defined arbitrarily in the simulation as the probability of being below the threshold

0;05N + i 0. The graph 2-8 shows that the simulations are in excellent accord with the

Figure 2-8.: Probability of no outbreak (P: ) for four initial conditions, the dot-

ted lines are the analytic solutions of Whittle (1955), also repro-

duced in this text, and the points are the results of the tau leap

simulations. The code used to generate this �gure is available at

Appendix A.5

analytic solution. This shows that this formalism is a great tool to study the probabi-

lity of no outbreak in stochastic models, an exceptional novel result for the Doi-Peliti

formalism.
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All the results of this first part of the thesis resulted in a research paper that is in

process for submission (Rojas-Venegas et al., 2022).



3. Part II. Simulation of

metapopulation models in the

operator formalism via the � -leap

algorithm

3.1. Methods

The analytical solutions and approximations developed in the previous section are use-

ful for systems with small population and models with only a few compartments. In

order to study more complex phenomena (i.e. Network models, migration, intervention

policies, vaccination, etc.) one has to take a different approach than to solve analyti-

cally for the whole probability distribution.

One of the aims of this thesis is to depict a network model in the operator formalism, for

this purpose I decided to link the Doi-Peliti formalism with the concept of Stochastic

Simulation Algorithm (SSA) to be able to perform simulations in complex systems such

as networks. In this second part I start by briefly introducing the concept of SSA and

network modelling in epidemics. After that I link the operator approach with the � -leap

SSA and afterwards perform simulations on one small SIR metapopulation model with

a migration model based on a quantitative sociology (Weidlich and Haag, 1982) and

then I conclude the thesis with a S2IR model that adds a variant of the modelled disease.

3.1.1. Simulation Algorithms

An algorithm that randomly samples the MME is also known as a Stochastic Simu-

lation Algorithm (SSA). The first ones appeared in the 70s (Gillespie, 1977) as a tool

to simulate chemical systems and are called the Gillespie Algorithms. The most direct

one of these algorithms is based on the Markovianity of Birth-Death processes and it

is called the Direct Method (Thanh and Priami, 2015). This is an exact SSA as it sam-

ples without approximation to the MME. The idea behind this algorithm is that the

system might present the following reaction in a time that is distributed exponentially

(as reactions are independent) and then chooses a random reaction based on the rate
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that each reaction adds to the MME (also called propensity).

The main used algorithm is the � -leap SSA. This algorithm will be presented in more

detail in the Subsection 3.2.1, but the basic idea behind it is to approximate the jump

processes by using a regular (or at least not completely random) time step (Gillespie,

2007).

There are more advanced algorithms to address specific problems with non-markovian

master equations (Masuda and Rocha, 2018), time-dependent parameters (Thanh and

Priami, 2015), or other types of concerns that are specific to particular systems.

Stochastic model for COVID-19

To show the characteristics of stochastic models, I simulate five trajectories using the

� -leap algorithm in a SIR model with a single set of parameters based on the initial

understanding of COVID-19. The parameters correspond to the more balanced model

discussed in the deterministic model section for this disease, meaning that a single

value of 
 = 1=5 days � 1 and a R 0 = 2;67 were used with N = 1000. The results of the

trajectories can be seen in Figure 3-1.

Figure 3-1.: Five trajectories of a stochastic model of COVID-19, two of them

were annihilated pretty soon and are close to the time axis. Sub�-

gure a) presents the dynamics of the infectious individual in each

simulation while b) does the analogous for the recovered individuals

and a histogram of the �nal size for 5000 simulations on the right.

The code used to generate this �gure is available at Appendix A.6

As you can see, three of the five trajectories resulted in an outbreak, while in the other

two the initially infectious individuals recovered without leading to an outbreak. It is

important to clarify that these five trajectories are simulations of a SIR with the same

parameters, but using the stochastic properties of the model, which is something very

different from Figure 2-2 where three different sets of values are presented.
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On the right side of subfigure 3-1 b), a histogram of the so-called final outbreak size,

which is the steady state of the number of recovered or the final cumulative number

of infectious, can be seen. This histogram is a great advantage of stochastic models

over deterministic models, since with these simulations the probability distribution of

a fixed point of the system can be obtained and studied, something more interesting

and realistic than a single number.

3.1.2. Modeling Epidemics in Networks

All previous models have assumed that populations (despite the size) are evenly mixed.

It is clear that real societies are structured populations where the contact between in-

dividuals has a non-homogeneous complex pattern (Wasserman and Faust, 1994). The

particular structure and dynamics of these contact patterns plays a crucial role in the

contagion dynamics (Keeling and Eames, 2005). Even the phase transitions that these

models present in the well-mixed populations have significant differences by changing

the structure of contagion (Pastor-Satorras et al., 2015).

In networks, the scale of the system is fundamental for a study; it is different to analyze

a population by its individuals than to analyze it by its communities or as a whole.

All scales include essential information that can be addressed by simulating the system

in that particular scope. An interesting scale is the meta-population level (Colizza and

Vespignani, 2008), which plays a key role when the system has a fragmented structure

at the community level i.e. there exists subpopulations, that can be seen as well-mixed

systems, but are weakly or moderately connected with other subpopulations.

The epidemic metapopulation models include different approaches to how an individual

transits from one subpopulation to another one. Some models randomly shuffle the in-

dividuals after a specific time; (Colizza and Vespignani, 2008), other models introduce

mobility patterns for individuals to move, interact and then return to their subpopula-

tion (MIR) (Soriano-Paños et al., 2018). I am particularly interested in metapopulation

models that are useful to simulate migration. The framework that is implemented in

this thesis is based on a set of transitions (reactions) where an individual of a sub-

population has a probability of migrating to another if they are connected; Weidlich

and Haag first presented this framework as a tool to study migration processes in non-

human populations. The results of these migrations model can be seen on Section 3.2.2
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3.2. Results

3.2.1. Tau-leap sampling - An operator approach

A simple solution to expand to more extensive systems such as metapopulations is

to stop propagating the system with the purpose of calculating the whole probability

distribution and to start simulating many trajectories of the MME with a Stochastic

Simulation Algorithm and then reconstruct the probability distribution with them.

Similar to the locality approach of the last chapter, sometimes in an approximation it

is necessary to make calculations in a timescale where the system does not present a

substantial variation, this is the case of the tau-leap approach. This algorithm studies

the system as a set of independent reactions that might occur (or not) in a given period

(� ). This contrasts with the view that we have introduced before in the operator forma-

lism as now we are thinking in a single realization instead of a probability propagation

in the phase space.

To link this SSA with the operator approach, it might be better to order the Hamil-

tonian operators, not by sign -as before- but by reaction. For example, the SIR model

Hamiltonian operator can be written for this purpose as :

H SIR =
�

N
ayabyb � �

N
abybyb| {z }

H infection

+ 
b yb � 
bcy| {z }
H recovery

(3-1)

The eigenvalues that each of these reaction-specific Hamiltonians produces on a test

vector jS; I i are called “propensity functions”, a concept that comes from the typical

representation of the MME and refers to the transition rates (wx;x 0) in Eq. 2-7. This

propensity plays a fundamental role to sample this equation as they represent the pro-

bability that a particular reaction will occur in the system in a time interval [t; t + dt)

(Gillespie, 2007).

To start this analysis, it is important to first define K j (� ) as the number of occurrences

of the j -th reaction in the system. Another important quantity is � j , which is the change

produced on the population vector by the j -th reaction. For example, in the SIR model,

each time that the infection reaction occur, it produces a change � 0 = [� 1;+1; 0] in the

population vector [S; I; R ]. On the other hand, the recovery reaction produces a change

� 1 = [0; � 1;+1].

Now, if one assumes that it is possible to work in time steps where no more than one

reaction can occur (which are called tau leaps) it becomes possible to approximate the

number of occurences in the Markov chain as a Poisson process with mean wj � and

then K j � Poisson (wj � ) (Noyola-Martinez, 2008). The change in the population vec-

tor in this time step, produced by the j -th reaction, can be calculated as � j = K j � j .

It is now possible to approximate the updated population vector in a time t + � taking
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into account all the reactions (m) with the equation: X(t + � ) = X(t) +
P m

j =1 K j � j .

The � leap algorithm is written at Algorithm 1. The � -leap algorithm only generates

Algorithm 1 The � leap algorithm as proposed by Gillespie

Require: � , an array of initial conditions (X0), a set of parameters and propen-

sity functions

t=0

X = X0

while I 6= 0 do

Generate K j for all reactions

Update the state vector with X(t + � ) = X(t) +
P m

j =1 K j � j

t = t + �

end while

one sample from the MME -also called realization- and then it has to be replicated

multiple times to reconstruct the probability distribution. An advantage of the � -leap

algorithm is that, compared with the exact stochastic simulation algorithms (Gillespie,

1977), it has a regular time step. This can ultimately be contrasted with the propagator

simulations presented before. This algorithm also has the advantage that it does not

scale directly in time complexity with the system size, but with the number of reac-

tions. Nonetheless, this algorithm increases its complexity indirectly as � has to ensure

the � -leap assumption. Also, a bigger system needs more realizations as the probability

space is bigger and hence a proper reconstruction of the probability distribution might

take more simulations.

Now, we can compare the � -leap sampling approximation with the operator solution.

For this, I simulated a fixed amount of realizations (50000) of the SIRS model for

comparing the reconstructed probability distribution (a frequency plot of the states at

a given time) with the propagated solution with exp(H SIRS ∆t). The used parameters

are the same that have been preciously used (� = 3;0 days� 1, 
 = 0;5 days� 1, � = 1;0

days� 1, N = 50, � = 0;05 days, and ∆t = 0;05 days for the comparison with the

analytic solution ). The results of the reconstructed probability distribution for different

numbers of cumulative simulations (Ns) are shown in the Figure 3-2.

The difference between the probability vectors in all the space (at the stationary state)

is only 3;3% for the analytic solution and the reconstructed probability distribuion

with � leap. This allows us to see the real use of the � -leap simulation, to study bigger

systems in a scalable way that allows the analysis of the dynamics of network models.

In this chapter, I show how a set of simple models that include migration, which is

generated with the operator approach, produce results that differ deeply from those

without migration. Every following simulation is made with � -leap as they have more

than four compartments and/or populations of thousands of individuals.
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Figure 3-2.: Reconstructed probability vector (the equivalent of j� i ) at t = 20

days for the SIRS operator model simulated with � leap with a)

Ns=1000, b) Ns=10000, c) Ns=100000, d) The anaylitic solution

propagated with exp(H�t)

.

3.2.2. Migration structure and Network description

One of the aims of this thesis is to study models that include migration due to the

great interest that heterogeneity and mobility produces in real-world scenarios. These

migration models can be simulated with metapopulations to represent various social

configurations and scenarios based on the initial conditions. These models are realistic

and straightforward enough as they assume that the departure and arrival populations

are relatively homogeneous, separated by geographical or social barriers.

It has been shown that various metapopulation models, and in general models that

include a community structure, present different results from mean-field models for

homogeneous populations (Colizza and Vespignani, 2008). The formalism used in this

thesis allows metapopulation models to be built if the migration formalism presented by

Weidlich and Haag (1982) is included. This formalism allows migrations to be analyzed

as chemical reactions that follow a straightforward Markovian dynamic to simulate the

Markovian master equation. In particular, the migration model that we used is the sim-

plest model presented in the used quantitative sociology. The Hamiltonians that have

been simulated only allow eigenvalues associated with propensity functions calculated

by the assumption of a well-mixed population. The most advanced migratory models
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-which include non-linear propensities- can be studied later since they represent more

sophisticated migratory models such as the gravitational dependent on social attractors

in the arrival population, or specific causes of departure in some subpopulations.

3.2.3. Migration dynamics - A quantitative sociology

approach

The approach to migration modeling that Weidlich proposes is one of simulating ge-

neral migratory birth-death processes for biological species. According to him, human

migration must be described by non-linear processes since these processes depend speci-

fically on the “socio-configuration,” which is a way of understanding the social structure

between different communities that reflect the psychology and behavior of human in-

dividuals (Weidlich and Haag, 1982). The case of other species is different; the author

assures that non-human populations follow almost random migration rules, for which

the simplest migration models could be appropriate. However, it is conceivable that

some events in human migration are close to “random” migrations.

In the epidemic metapopulation model that we propose, each subpopulation contains

the compartments of the base epidemic model inside. For example, if the model is SIR

and there are two subpopulations (“1” and “2”), then there will be six compartments

within the model (S1, S2, I 1, I 2, R1 and R2). In order to migrate, the analogous com-

partments within each node can transition from one to another with reactions like

S1 ! S2; I simulate migration in the same way for all compartments and connected

nodes.

The set of migration reactions arises from the adjacency matrix of the subpopulations;

for each link within this adjacency matrix, there are as many migration reactions as

transitions in the epidemic model. These reactions are similar to the linear transitions

that have been presented previously, such as the infectious-recovered transition in the

SIR model or the recovered-susceptible transition in the SIS model. The Hamiltonian

resulting from these epidemic-migration models are then a sum over all the possible

links and every intrinsic contagion and recovery reaction of the epidemic model that

occurs within each node. The Hamiltonian for a SIR epidemic model in a metapopula-

tion has the following form assuming that the i; j component of the adjacency matrix

of the metapopulation is � ij :
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In this equation, the ai and ay
i are the ladder operators of the susceptible population of

the i -th node. For the infectious population there exists bi and for the recovered ci . The

size of the matrix representation is (N + 1)(cP � 1) , where c is the number of compart-

ments per node (i.e. the compartments associated with the underlying epidemic model)

and P is the number of subpopulations. The matrix representation of this Hamiltonian

has a size that is impossible to solve analytically using the operator methods presented

in the previous chapter. By cause of this, we used the � leap algorithm to perform the

simulations.

3.2.4. The implications of migration in a two populations

SIR model

The first model that includes migration is a simple model with two nodes, and within

each node, there is a SIR model. The adjacency matrix of this metapopulation is a 2 � 2

matrix with components � 12 and � 21. It is essential to clarify that the components � 11

and � 22 are zero since migration within the same subpopulation is not considered as we

assume that each node is well mixed. This model can produce different results depen-

ding on the initial conditions given, as it can represent multiple social scenarios such

as symmetric and asymmetric migration, fast, slow or ultra-slow migration, or other

cases. The model can be observed graphically in Figure 3-3

This Hamiltonian was then simulated using a gamma parameter equal to 0;2 days� 1,

a varying beta and N1 = N2 = 1000 using four different configurations of migration

parameters to observe the different results in the final size of the epidemic. The initial

conditions are I 2(t = 0) = 0 and I 1(t = 0) = 1 The results for the different parameter

choices can be seen in the figure 3-4.

As shown in part a) of the figure 3-4, when the migration parameters are symmetrical

and relatively close to the contagion parameters, the expected result is close to the one

obtained from a well-mixed system with the total population size of 2000 individuals.

However, when one has a system with a minimal migration parameter (slow or ultra-

slow migration), bi-stability appears. This multistability for the particular case (b) is
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Figure 3-3.: SIR model in two subpopulations (rectangles), compartments are

shon as circles and transitions as gray lines

specifically located in the final epidemic sizes of 2000 and 1000 individuals, which is

easily explained because, in some simulations, no infectious individual leaves the initial

node. Therefore, the outbreak remains confined to a subpopulation.

Furthermore, cases c) and d) are harder to explain because the system has directed

migration here. In case c) the system presents bi-stability with states at the expected

attack rate for a homogeneous system of 2000 individuals and an intermediate state

that cannot be directly explained assuming a well-mixed population. This particular

behavior corresponds to simulations where the initial infected individual migrates ra-

pidly to node two, making the final size lower than the attack rate of a 2000 individual

system but higher than the attack rate of 1000 individual systems.

The explanation for a higher attack rate than the 1000 individual system is becau-

se many individuals migrated from node 1 to node 2 during the outbreak, creating a

synthetic growing population as the outbreak passed. Case d) is explained analogously

to the latter but eliminates the multistability since, in this case, the infectious indivi-

dual is in the receiving node of the migration.

As seen, simple migration models can show fascinating complexity; this is represented as

multistability, including states that are not typical in homogeneous models, especially

in cases of directed migration. This reinforces the idea that the community structure

can produce multiple stability points in metapopulation systems (Ferraz de Arruda

et al., 2021).In the case of more extensive networks with slow or ultra-slow migration,

it is feasible that many more levels of multistability will be obtained, and therefore,

it will be much more difficult to predict the outcome of an outbreak. It is essential to

clarify that the interest in ultra-slow migration is high since it represents a minimum

uncertainty on a highly controlled link. For example, a heavily guarded border or a

geographical barrier that is difficult to overcome.
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Figure 3-4.: Total �nal size for 4 di�erent con�gurations of migration parame-

ters, a) � 12 = � 21 = 0;1 days� 1, b) � 12 = � 21 = 0;01 days� 1, c)

� 12 = 0; � 21 = 0;1 days� 1 d)� 12 = 0;3; � 21 = 0 days� 1. The code

used to simulate this model is available at Appendix A.7

To increase the richness of these migration models, it is possible to add several factors

and study the impact of migration on their results. A particular case is genetic variants,

which have been of great interest in the last 2 years due to the COVID-19 pandemic

(Schiøler et al., 2021).

3.2.5. Adding pathogen variants

The National Cancer Institute defines a variant as a set of mutations on a particular ge-

nome (Institute, 2022). This set of mutations can represent advantages or disadvantages

in the impact of the pathogen on the population; a clear case is one of the COVID-19

variants. Some of these variants have mutations that allow them, for example, to be

transmitted faster between individuals or to generate more severe symptomatology. The

variants that impact severely on society or that can potentially trigger more significant

outbreaks are classified in a distinct way as variants of interest, variants of concern, or

other classes (CDC, 2021).

In the particular case of variants that generate a change in the pathogen’s transmissibi-

lity, the epidemic models can act with few changes to obtain results from the differences

in the impact of the different variants and how they are introduced into society. The
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simplest way to make this change is by using more compartments of infectious agents
-one for each variant- and each type of infectious agent infects susceptible individuals
with its variant; this generates a structure of competition between variants of the sys-
tem that can be studied by monitoring each variant's number of active infectious agents
as a function of time. For our speci�c study, we are interested in exploring the impact of
migration on a system that includes two variants of the same pathogen. The particular
model can be seen in Figure3-5

Figure 3-5 .: SIR model with two variants in two subpopulations (rectangles),
compartments are shown as circles and transitions as gray lines

This model has eight compartments and ten reactions and therefore cannot be analy-
tically modeled with the operator approach but it is simulated using the � leap algo-
rithm. The size of the matrix H is N (7) . The system has a Hamiltonian similar to the
SIR+migration Hamiltonian but including a new infection term associated with the
new variant. This term has the form:
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This model can bring much information depending on the added initial conditions. I
present a particular case where a new variant (called \b") appears in a single subpopu-
lation (Node 2). The results are presented as the number of active cases of each variant
in each node (I a=(I a + I b) ) for nodes 1 and 2. An asymmetrical migration parameter of
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0;3 days� 1 was used. Taking this into account, the results might not be di�erent from a
homogeneous model. However, dynamical di�erences are expected due to the delay in
the migration of the infectious individual of variant b on node 1. Results are presented
for various di�erences in transmissibility of variant a with variant b.

Figure 3-6 .: Proportion of each variant as a function of time in each node for
di�erent transmissibilities of the b variant, the transmissibility of
variant a was set as� a = 3
 , the pale lines are particular trajectories
while the continuous line dividing the two colored regions is the
average of this trajectories. The code used to simulate this model
is available at Appendix A.8

Figure 3-6 shows that the more signi�cant the di�erence in transmissibility ( � a=� b))
between di�erent variants, the faster the change of variant dominance for both nodes
is observed. The % of infectious individuals of a variant seems to stabilize in time (on
average) until the total number of infectious becomes zero, and this variable becomes
unde�ned. However, this stable point gives us some reference value for the competition
of both variants within the system, and perhaps, migration plays a vital role in this
variable. To address this, I performed a set of simulations using di�erent directed mi-
gration con�gurations, which can be seen in Figure3-7.
Figure 3-7 shows a clear di�erence between the results with migration parameters 0;3

and 0;1 days � 1, with the ones observed in slow migration� 12 = 0 ;01 days � 1. This
demonstrates once again that slow and ultra-slow migration can change the outcome
of epidemic processes, including competition between variants. The di�erence in slow
migration can be explained by understanding that in some simulations, the infectious
individuals of variant b do not migrate quickly to node 1. However, in other simulations,
they do migrate fast, which produces di�erential results in the competition process of


