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Abstract

In this proposal we present an alternative point of view for the mathematical treatment

of a linearly damped p-system through a variant of the vanishing viscosity method and the

use of the theory of compensated compactness. We prove the existence of a weak global

Lipschitz continuous solution for the Cauchy problem{
vt − ux = 0 (x, t) ∈ R× (0,∞)

ut + p(v)x = −αu,

with C2(R) initial data

(v(x, 0), u(x, 0)) = (v0(x), u0(x)),

with α > 0, and p a smooth function subject to suitable conditions.

The solution is constructed as the limit of global smooth solutions of parabolic perturbations

of the system and its Lipschitz continuity is obtained trough classical embedding theorems

of Sobolev spaces.

Key words: Vanishing Viscosity, Linearly Damped p-system, Global Solutions, Com-

pensated Compactness.
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1 Introduction

The study of gas dynamics has given special importance to hyperbolic systems of conservation

laws for the understanding of many relevant physical phenomena. Is in this context that the

development of mathematical tools to address these kind of problems is becoming more and

more valuable. In this proposal we present an alternative point of view for the mathematical

treatment of some systems of conservation laws that recently have been taking a leading role

in several research fields.

The Cauchy problem for a damped p-system, that is commonly used as a model for the study

of the compressible gas dynamics through porous media, is presented as a pair of equations

of the form {
vt − ux = 0 (x, t) ∈ R× (0,∞)

ut + p(v)x = −αu,

with initial data

(v(x, 0), u(x, 0)) = (v0(x), u0(x)),

where α > 0 and p(v) is a smooth function. Additional conditions over p (that will be presen-

ted in detail later) make this pair of equations a strictly hyperbolic system of conservation

laws with linear damping. These kind of systems have been extensively studied along the

years and many mathematical difficulties have been recognized in the treatment of these

problems: the presence of the non-linear term p and the damping −αu represent obstacles

that do not allow us to abroad this problem via standard methods.

Based on the ideas of [Lu, 1993] and [Jiang et al., 2013], in this work we propose to face

this problem through a variant of the well-known vanishing viscosity method; first, with the

aid of Riemann Invariants globally defined for the system, we transform the problem into a

diagonal quasi-linear form: {
rt + λrx = −α

(
r+s

2

)
st + µsx = −α

(
r+s

2

)
with initial data

(r(x, 0), s(x, 0)) = (r0(x), s0(x)).

Then, we consider parabolic perturbations of this system of the form{
rt + λrx = εrxx − α

(
r+s

2

)
st + µsx = εsxx − α

(
r+s

2

)



2 1 Introduction

The local existence of smooth solutions for the above problem is obtained using tools from

the theory of parabolic equations and additional estimates over the solution and its deriva-

tives allow us to extend these solutions globally.

Once we have obtained a sequence of solutions {wε} (with wε = (vε, uε)) we study the beha-

viour of wε when ε −→ 0. The theory of compensated compactness presented in [Tartar, 1979]

and [Murat, 1978] and its application to strictly hyperbolic systems [DiPerna, 1983] support

us to find a subsequence that we still label {wε} that converges in the weak ? topology of

L∞(R× [0,∞)) to a weak solution of the original problem;

wε
∗
⇀ w.

Finally, additional uniform estimates over the space and time derivatives of our sequence of

solutions lead us to show that the sequence {wε} is actually contained in a Sobolev space

W 1,∞(R× (0, T )) for a finite time T . This, together with the classical embedding theorems,

prove that the sequence converges uniformly on bounded sets of R × [0,∞) to a pair of

functions (v, u) that are a weak global Lipschitz continuous solution of the original problem.

In Chapter 2 we introduce some preliminary results that are repeatedly used along the

document. Chapters 3 and 4 deal mainly with all the elements of the compensated com-

pactness theory of [Tartar, 1979] and [Murat, 1978] and its application to strictly hyperbolic

systems that guarantee the weak convergence of our sequence of solutions. In Chapter 5

we describe the procedure to construct smooth global solutions for the parabolic perturbed

system using the ideas of [Smoller and Hoff, 1985] and the method of invariant regions in

[Smoller et al., 1977]. Finally, in Chapter 6 we address our chief objective giving an schematic

application of all these elements in the context of linearly damped p-systems.



2 Preliminaries

This chapter will gather some of the previous results and definitions that are used along this

proposal. All the theorems presented here are just mentioned without proof but meticulously

referenced.

2.1. Distributions

For this section we follow the setting in [Kesavan, 1989].

Given φ a real (or complex) valued function defined in an open set V in Rn, we define its

support as the closure of the set on which φ is non-zero:

supp φ = {x ∈ V | φ(x) 6= 0}.

Definition 2.1.1. We define the space of test functions over Rn denoted by D(Rn), as

the set of C∞(Rn) functions whose support is compact in Rn.

It can be shown that the above set is endowed with a large class of functions (see for instance

the examples in [Kesavan, 1989] page 4). In particular, the next result and its corollary (that

will be extensively used in the sequel) illustrates this fact (see [Kesavan, 1989] page 5).

Theorem 2.1.1. Let Ω be an open set in Rn and let Ω =
⋃
i∈I

Ωi with Ωi open. Then there

exists a collection of C∞ functions φi defined on Ω such that

1. supp φi ⊂ Ωi,

2. {supp φi} is locally finite,

3. 0 ≤ φi(x) ≤ 1 for all i ∈ I, and

4.
∑
i∈I

φi = 1.

As a corollary of this theorem we have the following result ([Kesavan, 1989] page 5).

Theorem 2.1.2. Let K be a compact set in Rn. Then there exists φ ∈ D(Rn) such that

φ = 1 on K.
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Given Ω any open set in Rn we define the set D(Ω) as the set of C∞ functions with compact

support contained in Ω. We can provide the space D(Ω) with an adequate topology that

makes it a topological vector space. Here we just shall present the sense of convergence on

this space, and a complete description of its topology can be found in [Rudin, 1991] chapter

6.

Definition 2.1.2. A sequence of functions {φm} in D(Ω) is said to converge to 0 if there

exist a fixed compact set K ⊂ Ω such that supp φm ⊂ K for all m and φm and all its

derivatives converge uniformly to zero on K.

Definition 2.1.3. A linear functional T on D(Ω) is said to be a distribution if whenever

φm −→ 0 in D(Ω), we have

T (φm) −→ 0.

The above definition asserts that the distributions on D(Ω) are basically the linear conti-

nuous functionals on D(Ω). We denote this space as D′(Ω).

Example 2.1.1. Every locally integrable function f defines a distribution: We consider the

functional

Tf : D(Ω) −→ C

given by

Tf (φ) =

∫
Ω

fφ dx, φ ∈ D(Ω).

Example 2.1.2. Given any x ∈ Rn, we can define a distribution via the relation

δx(φ) = φ(x), φ ∈ D(Ω).

When x = 0 we write δ0 = δ and we call this distribution the Dirac distribution.

Example 2.1.3. Let µ be a Radon measure over Ω. Then the assignation

φ −→
∫

Ω

φ dµ

defines a distribution.

On the space of distributions we can define some of the classical operations of differen-

tial calculus: To this end, we introduce the useful multi-index notation of Schwartz (see

[Kesavan, 1989] page 9).

Definition 2.1.4. A multi-index α is an n-tuple

α = (α1, α2, . . . , αn),
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with αi integers and αi ≥ 0 for i = 1, 2, . . . , n. Associated to a multi-index α we define

|α| = α1 + α2 + · · ·+ αn,

and for x ∈ Rn with x = (x1, x2, . . . , xn),

xα = xα1
1 . . . xαnn .

Finally, we write

Dα =
∂|α|

∂xα1
1 ∂x

α2
2 . . . ∂xαnn

.

With this notation in mind, we define the differentiation on the space of distributions.

Definition 2.1.5. Given T ∈ D′(Ω) we define, for any multi-index α, the distributional

derivative of T as

DαT (φ) = (−1)|α|T (Dαφ)

for any φ ∈ D(Ω).

Over the space of distributions (which is the dual space of D(Ω)) we consider the weak

topology and hence, the following sense of convergence.

Definition 2.1.6. A sequence {Tm} of distributions converges to a distribution T if for

every φ ∈ D(Ω),

Tm(φ) −→ T (φ).

According to this definition it is easily verified that if Tm −→ T in D′(Ω), then

DαTm −→ DαT

in D′(Ω).

We now go over the notion of support of a distribution. We saw that the support of a function

could be defined as the complement of the largest open set on which the function vanishes.

Motivated by this definition, we would like to define the support of a distribution in a similar

way. However, we first need to make sense of the expression “the largest open set on which

a distribution vanishes”.

Given Ω0 ⊂ Ω an open set, if φ ∈ D(Ω0) we can produce a function φ ∈ D(Ω) by extending

φ outside Ω0 by zero.

Given T ∈ D′(Ω), we define its restriction to Ω0, denoted by T |Ω0 , as the continuous linear

functional:

T |Ω0(φ) = T (φ̃), φ ∈ D(Ω0)

where φ̃ denotes the extension by zero outside of Ω0 of φ.

Then, when we say that a distribution T vanishes at a set Ω0, we mean that for every

φ ∈ D(Ω0)

T (φ̃) = 0.

According with this, we have the following definition ([Kesavan, 1989] page 13).
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Definition 2.1.7. The support of a distribution T is the complement of the largest open

set on which T vanishes.

2.2. Lp spaces

In this section we give a terse review of some definitions and results regarding the theory of

Lp spaces. The elements presented here are mainly taken from [Kesavan, 2009].

Definition 2.2.1. Let (X,µ) be a measure space and let 1 ≤ p < ∞. The space of all

measurable functions f : X −→ C such that∫
X

|f(x)|p dµ <∞

is called the Lebesgue space Lp(X,µ).1

If we endow this space with the norm

‖f‖Lp(X) =

(∫
X

|f(x)|p dµ
)1/p

,

the space Lp(X,µ) becomes a Banach space which is reflexive for 1 < p <∞ and separable

for 1 ≤ p <∞ (see [Kesavan, 2009] Section 6.3.).

When p = ∞ we define the space L∞(X,µ) as the space of all measurable functions

f : X −→ C for which

‖f‖∞ = ess supx∈X |f(x)| <∞.

Again, with this norm L∞(X,µ) is a Banach space.

Given 1 < p <∞ we define the conjugated exponent p′ of p given by the relation

1

p
+

1

p′
= 1.

If p = ∞ we set p′ = 1 and viceversa. We enunciate the well-known Hölder inequality for

these spaces ([Kesavan, 2009] section 6.3).

Theorem 2.2.1. Let 1 ≤ p ≤ ∞ and let p′ the conjugated exponent of p. If f ∈ Lp(X,µ)

and g ∈ Lp′(X,µ) then ∫
X

|fg| dµ ≤ ‖f‖Lp(X) ‖g‖Lp′ (X) .

1This space consist of equivalence classes of functions given by the equivalence relation f ∼ g if and only

if f = g almost everywhere. For a detailed discussion see [Kesavan, 2009] chapter 6.
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We have a particular form to characterize the dual spaces of the spaces Lp(X,µ) via the

following version of the Riesz representation theorem ([Kesavan, 2009] section 6.4).

Theorem 2.2.2. Let 1 < p < ∞ and let p′ be the conjugated exponent of p. Then the dual

space of Lp(X,µ) is isometrically isomorphic to Lp
′
(X,µ).

Along this document we will pay special attention to the case X = Ω where Ω is an open

subset of Rn. Occasionally we use the notation u ∈ Lp(Ω;Rn) to indicate that u is a vectorial

function u(x) = (u1(x), u2(x), . . . , un(x)) and that each

ui : Ω −→ C, i = 1, 2, . . . , n

belongs to Lp(Ω). Similarly, if we have uε = (uε1, u
ε
2, . . . , u

ε
n) and u = (u1, u2, . . . , un). We say

that

uε −→ u in Lp(Ω;Rn)

if for each i = 1, 2, . . . , n,

uεi −→ ui in Lp(Ω).

We also make repeated use of the spaces Lploc(Ω) that we define below.

Definition 2.2.2. Given Ω an open set of Rn we define the space Lploc(Ω) as the set of all

measurable functions f such that f ∈ Lp(K) for any compact set K contained in Ω.

2.3. Sobolev spaces

The definitions and theorems presented in this chapter come from [Kesavan, 1989] and

[Brezis, 2011] although some concrete theorems have been taken from [Adams, 1975].

Definition 2.3.1. Let Ω be an open set of Rn. Given m > 0 an integer and 1 ≤ p ≤ ∞, the

Sobolev space Wm,p(Ω) is defined by

Wm,p(Ω) = {u ∈ Lp(Ω) |Dαu ∈ Lp(Ω) for all |α| ≤ m} .

It is not hard to see that Wm,p(Ω) is a vector space and if we provide it with the norm

‖u‖m,p,Ω =
∑
|α|≤m

‖Dαu‖Lp(Ω) ,

then Wm,p(Ω) becomes a Banach space that is reflexive for 1 < p < ∞ and separable for

1 ≤ p <∞ (see [Kesavan, 1989] page 53).

When p = 2 we adopt the notation

Wm,2(Ω) = Hm(Ω)
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and similarly,

‖u‖m,2,Ω = ‖u‖m,Ω =
∑
|α|≤m

‖Dαu‖L2(Ω) .

The space Hm(Ω) has a inner product given by the relation

(u, v) =
∑
|α|≤m

∫
Ω

DαuDαv u, v ∈ Hm(Ω),

so Hm(Ω) has a Hilbert space structure. Additionally, when Ω = Rn, the space Hm(Rn) can

be characterized via the Fourier transform (see [Kesavan, 1989] page 52).

Along this document we often use semi-norms defined on the space Wm,p(Ω) consisting of

the Lp-norms of the highest order derivatives. For u ∈ Wm,p(Ω) we denote them by

|u|m,p,Ω =
∑
|α|=m

‖Dαu‖Lp(Ω) .

We can consider the space Lp(Ω) as a special case of the space Wm,p(Ω) when m = 0. In

concordance with the previous notation, we denote the Lp−norm of an element u ∈ Wm,p(Ω)

as |u|0,m,Ω.

As before, we say that u ∈ Wm,p
loc (Ω) if u ∈ Wm,p(K) for any compact set K contained in Ω.

Next, we present an important subspace of the Sobolev space Wm,p(Ω). We know that the

space of test functions D(Ω) is a dense subspace of Lp(Ω) ([Kesavan, 1989] page 21) also, it

can be easily seen that D(Ω) ⊂ Wm,p(Ω) for any m and p.

Definition 2.3.2. We define the space Wm,p
0 (Ω) as the closure of the space D(Ω) in Wm,p(Ω).

The space Wm,p
0 (Ω) is a closed subspace of Wm,p(Ω) and its elements can be approximated

by C∞ functions with compact support.

Some of the most important tools in the development of our objective are the embedding

theorems for Sobolev spaces. To introduce them, we begin with the notion of a set of class

Ck (see [Kesavan, 2009] page 67 or [Brezis, 2011] page 272 ).

Definition 2.3.3. Given x ∈ Rn, write

x = (x1, x2, · · · , xn), x′ = (x1, x2, · · · , xn−1).

According with this, we may write x = (x′, xn). Define

1. Rn
+ = {x = (x′, xn) | xn > 0},

2. Q = {x ∈ Rn | |x| < 1},

3. Q+ = Q ∩ Rn
+ = {x = (x′, xn) ∈ Q | xn > 0},

4. Q0 = {x = (x′, 0) | |x′| < 1}.
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We say that an open set Ω ⊂ Rn is of class Ck (k an integer ≥ 1), if for every x ∈ ∂Ω, there

exists a neighborhood U of x and a map T : Q −→ U such that

1. T is a bijection,

2. T ∈ Ck(Q), T−1 ∈ Ck(U),

3. T (Q+) = U ∩ Ω, T (Q0) = U ∩ ∂Ω.

These kind of sets play a fundamental role in the continuous embedding theorems for Sobolev

spaces (see [Brezis, 2011] page 284).

Theorem 2.3.1. Let Ω = Rn
+ or an open set of class C1 with bounded boundary ∂Ω and let

1 ≤ p ≤ ∞. Then we have the following continuous inclusions:

1. If p < n, W 1,p(Ω) ↪→ Lp
∗
(Ω)2

2. If p = n, W 1,p(Ω) ↪→ Lq(Ω) for q ∈ [p,∞)

3. If p > n, W 1,p(Ω) ↪→ L∞(Ω)

Moreover, if p > n we have, for all u ∈ W 1,p(Ω),

|u(x)− u(y)| ≤ C ‖u‖1,p,Ω |x− y|
α for almost all x, y in Ω,

with α = 1− n
p

and C a constant that depends only on n, p and Ω. In particular,

W 1,p(Ω) ↪→ C(Ω).

When Ω is a bounded set of class C1 we can establish a similar embedding theorem in

which all the inclusions are compact. This is the celebrated Rellich-Kondrachov theorem (see

[Brezis, 2011] page 285):

Theorem 2.3.2. Let Ω be an open and bounded set of class C1 and let 1 ≤ p ≤ ∞. Then

we have the following compact inclusions:

1. If p < n, W 1,p(Ω) ↪→ Lp
∗
(Ω)

2. If p = n, W 1,p(Ω) ↪→ Lq(Ω) for q ∈ [p,∞)

3. If p > n, W 1,p(Ω) ↪→ C(Ω).

2Here the exponent p∗ is defined by the relation

1

p∗
=

1

p
− 1

n
.
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We now define the dual spaces
(
W 1,p

0 (Ω)
)∗

. To this end, we follow the setting in [Adams, 1975].

Definition 2.3.4. Let 1 ≤ p <∞ and let p′ the conjugated exponent of p. The dual of the

space W 1,p
0 (Ω), is denoted by W−1,p′(Ω). If p = 2, H−1(Ω) is the dual of the space H1

0 (Ω)3.

We have the following useful characterization of the dual spacesW−1,p′(Ω) (see [Kesavan, 1989]

page 89).

Theorem 2.3.3. Let Ω be an open subset of Rn and let F ∈ W−1,p′(Ω). Then there exists

functions f0, f1, . . . , fn ∈ Lp
′
(Ω) such that

F (v) =

∫
Ω

f0v +
n∑
i=1

∫
Ω

fi
∂v

∂xi
, v ∈ W 1,p

0 (Ω),

and

‖F‖ = máx
0≤i≤n

|fi|0,p′,Ω.

In particular, each element of Lp
′
(Ω) defines an element Lv ∈ W−1,p′(Ω) as follows; for every

u ∈ W 1,p
0 (Ω) we set

Lv(u) =

∫
Ω

uv dx.

Because of this, we define the (−1, p′)−norm of an element v ∈ Lp′(Ω) as the operator norm

of Lv:

‖v‖−1,p′,Ω = ‖Lv‖ = sup
u∈W 1,p

0 (Ω)
‖u‖≤1

∣∣∣∣∫
Ω

uv dx

∣∣∣∣
Note that for any v ∈ Lp′(Ω) we have

‖v‖−1,p′,Ω ≤ |v|0,p′,Ω

so there is a natural continuous inclusion

Lp
′
(Ω) ↪→ W−1,p′(Ω).

Moreover, for u ∈ W 1,p
0 (Ω) we have a sort of Hölder’s generalized inequality :

|〈u, v〉| = ‖u‖1,p,Ω

∣∣∣∣∣
〈

u

‖u‖1,p,Ω

, v

〉∣∣∣∣∣ ≤ ‖u‖1,p,Ω ‖v‖−1,p′,Ω .

To finish, we present an extension of the Green’s formulas in the context of Sobolev spaces.

We begin with the concept of trace (see [Kesavan, 1989] page 101).

3An analogous definition is used for the dual space W−m,p′
(Ω), however we do not really deal with these

spaces in this proposal (see [Adams, 1975] for further information)
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Theorem 2.3.4. Let Ω ⊂ Rn be a bounded open set of class C2 with boundary Γ. Then there

exists a trace map γ = (γ0, γ1) from H2(Ω) into L2(Ω;R2) such that

1. If v ∈ C∞(Ω), then γ0(v) = v|Γ and γ1(v) = ∂v
∂ν
|Γ where ν denotes the unit exterior

normal vector to the boundary Γ.

2. The kernel of the map γ is the space Hm
0 (Ω).

This theorem helps us to obtain the Green’s formulas for functions inH1(Ω) (see [Kesavan, 1989]

page 102).

Theorem 2.3.5. Let Ω ⊂ Rn be a bounded open set of class C1 lying in the same side of its

boundary Γ. Let u, v ∈ H1(Ω). Then for 1 ≤ i ≤ n,∫
Ω

u
∂v

∂xi
= −

∫
Ω

∂u

∂xi
v +

∫
Γ

(γ0u)(γ0v)νi.

As a consequence of this last result we obtain for u ∈ H2(Ω) and v ∈ H1(Ω):∫
Ω

∇u∇v = −
∫

Ω

(∆u)v +

∫
Γ

v
∂u

∂ν
.

2.4. Radon measures

In this section we follow the setting in [Málek et al., 1996] .

Definition 2.4.1. Given Ω a bounded set of Rn we denote by M(Ω) the space of Radon

measures over the set Ω; that is, the set of all measures which are inner regular on open sets,

outter regular on Borel sets and finite over all compact sets of Ω.

Any measure µ in M(Ω) defines a linear continuous functional in C(Ω) via the relation

〈µ, ϕ〉 =

∫
Ω

ϕ dµ,

for every continuous function ϕ in C(Ω). On the other hand, the Riesz representation theorem

asserts that any linear continuous functional over C(Ω) is of this fashion, so we identify the

space M(Ω) as the dual space of C(Ω). With this in mind, given a measure µ in M(Ω) we

define its norm as the functional norm of µ over C(Ω):

‖µ‖M(Ω) = sup
|ϕ|∞≤1

∣∣∣∣∫
Ω

ϕ dµ

∣∣∣∣ .
When we consider Ω = Rn, the space of Radon measures over Rn (M(Rn)) is defined as the

dual space of C0(Rd); the space of continuous functions that vanishes at infinity.

If µ ∈M(Rn) satisfies

〈µ, f〉 ≥ 0
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for all f ∈ C0(Rn) such that f ≥ 0, we say that µ is a non-negative Radon measure.

On this space we will occasionally deal with the space of probability measures defined as

follows:

P (Rn) =
{
µ ∈M(Rn) | µ is non negative, ‖µ‖M(Rn) = 1

}
It can be shown that the spaces M(Rn) and P (Rn) are Banach spaces with their given norms

(see the references in [Málek et al., 1996] chapter one).

2.5. Systems of conservation laws

As a final preliminary, we give a very brief exposition of the general kind of equations we

will be mainly interested in. We follow the structure of [Godlewski and Raviart, 1996].

Given Ω an open subset of Rn and f1, f2 two smooth functions with

fi : Ω −→ Rn, i = 1, 2.

the general form of a so-called 2× 2 system of conservation laws is

∂u

∂t
+

∂

∂x
f(u) = 0, (2.1)

where u = (u1, u2) is a vector valued function from Rn × [0,∞) into Ω and f = (f1, f2) is

called the flux function. The system (2.1) is often said to be written in conservative form.

In a physical context, system (2.1) express the conservation of the two magnitudes u1, u2 in

determined process. It can be seen from equation (2.1) that if D is any domain of Rn then

u1 and u2 must satisfy the relation

d

dt

∫
D

u dx+

∫
∂D

f(u) n dS = 0

where n = (n1, n2) is the unitary normal exterior vector to ∂D, and this equation has now a

more natural meaning: the variation of the quantities
∫
D
u dx equals the (losses) flux of the

quantity u trough the surface ∂D.

Many physical models involve the conservation of several magnitudes and it is in analogy

with these situations that these type of equations receive their name.

Example 2.5.1. The inviscid Burger’s equation written in conservation form as

ut +

(
u2

2

)
x

= 0

is maybe the simplest example of a nonlinear scalar conservation law. This equation is fre-

quently used to study traffic flow models and fluid dynamics.
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Example 2.5.2. The equations of gas dynamics in Euler coordinates for a compressible

inviscid fluid can be written in conservative form as

∂ρ

∂t
+

3∑
j=1

∂

∂xj
(ρuj) = 0,

∂

∂t
(ρui) +

3∑
j=1

∂

∂xj
(ρuiuj + pδij) = 0 1 ≤ i ≤ 3,

∂

∂t
(ρe) +

3∑
j=1

∂

∂xj
((ρe+ p)uj) = 0.

where ρ is the density of a fluid, u = (u1, u2, u3) its velocity, p the pressure, e the specific total

energy. Each equation in the above system represent the conservation of mass, momentum

and energy for the fluid respectively.

Example 2.5.3. The p-system as a model for the one-dimensional isentropic gas dynamics

in Lagrangian coordinates that is given by the following system of two equations
∂v

∂t
− ∂u

∂x
= 0,

∂u

∂t
+

∂

∂x
p(v) = 0

where u is the velocity of the gas, v its specific volume and p the pressure. This system will

be treated in the last chapter.

It is usual to consider a initial value condition together with these equations. We then look

for a function that, besides of satisfying the relation

∂u

∂t
+

∂

∂x
f(u) = 0, (2.2)

also satisfies

u(x, 0) = u0(x) (2.3)

for certain function u0.

One particular feature is common in these kind of equations; in general, classical solutions

for these problems exists only for a finite time and formation of shock waves (discontinuities

on the solutions) forces us to consider a different concept of solution.

Definition 2.5.1. A measurable and bounded function u(x, t) = (u1(x, t), u2(x, t)) is called

weak solution of the problem (2.2)-(2.3) if∫
Rn×R+

(uφt + f(u)φx) dx dt+

∫
Rn
u0φ dx = 0.

for any test function φ ∈ D(Rn × R+).

With all the tools and definitions that we have presented in this chapter, we proceed to

develop each one of the elements needed to tackle the objective of this proposal.
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In this chapter we present the main ideas of the theory of compensated compactness in-

troduced by L. Tartar and F. Murat ([Tartar, 1979], [Murat, 1978]). Roughly speaking, this

method establishes the necessary and sufficient conditions for the weak convergence of se-

quences of functions to be preserved under the composition with certain class of continuous

functions. The theory of compensated compactness has turned out to be extremely useful

in the study of partial differential equations; it has managed to be a helpful instrument to

understand macroscopic properties of some materials from their microscopic features and

it has great significance in the study of systems of PDEs via weak convergence methods.

In particular, this theory has had efficient applications in the so-called vanishing viscosity

method to find solutions for a broad class of systems of conservation laws, ideas that we

will expose in later chapters. In the first two sections of this chapter we cover the basic

ideas of the method, section three and four deal with important results that are key in the

implementation of these ideas in concrete contexts and finally, in section five we present an

interesting application to scalar conservation laws that illustrates the scope of this method.

3.1. Weak convergence under non-linear functions

We begin trying to precise the ideas sketched above. Let Ω be a bounded open subset of Rn

and let uε = (uε1, u
ε
2, u

ε
3, . . . , u

ε
n) where each

uεi : Ω −→ R for i = 1, 2, 3, . . . , n

is a measurable function. Suppose further that

uε ⇀ u in Lp(Ω;Rn) for 1 < p <∞.

This is, for any φ ∈ Lp′(Ω;Rn) with 1
p

+ 1
p′

= 1 we have∫
Ω

uε · φ dx −→
∫

Ω

u · φ dx.

And for the case p =∞, we write uε
∗
⇀ u to mean that∫

Ω

uε · φ dx −→
∫

Ω

u · φ dx
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for any φ ∈ L1(Ω;Rn).

Consider now F : Rn −→ R a continuous (and possibly non-linear) function.

In this section we will be devoted to study the behavior of F (uε) under the weak limit of

uε. More precisely, following the structure in [Tartar, 1979], we will be concerned with the

following question: What conditions over F and {uε} are necessary and sufficient to

have F (uε)
∗
⇀ F (u)?

In the context of partial differential equations the above question takes special importance:

suppose we are interested in certain scalar conservation law of the form

ut(x, t) + f(u(x, t))x = 0 (x, t) ∈ R× (0,∞),

where f ∈ C1(R). Usually it is easier to consider first parabolic perturbations of the type

uεt(x, t) + f(uε(x, t))x = εuεxx (x, t) ∈ R× (0,∞),

then, once we have obtained a sequence of solutions {uε} of the parabolic problem, one may

wonder:

Is there any function u such that uε ⇀ u ?,

Does the weak limit u solves the original equation when ε→ 0?.

If we were able to establish a uniform bound for the sequence {uε}, the Banach - Alaouglu

theorem would guarantee the existence of a weak convergent subsequence as desired. Howe-

ver, the second question is much more subtle and in general, we can not expect the weak

limit to be a solution for the original problem (these ideas are discussed with more detail in

chapter 5). Note that if uε ⇀ u, it is not hard to show that

uεt ⇀ ut and εuεxx ⇀ 0,

when ε −→ 0, nevertheless, we can not assert that f(uε) ⇀ f(u) as the following situation

(taken from [Frid, 1993] page 8) illustrates it.

Proposition 3.1.1. Let h : R −→ R be a periodic and continuous function with period T .

Let hε(x) = h(x
ε
). Then we have h

∗
⇀ h, were

h =
1

T

∫ T

0

h(s) ds.

This result can be generalized to higher dimensions as it is showed in [Lukkassen and Wall, 2002].

Based on this result we can identify that, in general, weak convergence is not preserved by

continuous functions. For instance, consider a periodic and continuous function

h : R −→ R.
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We know that if

hε(x) = h
(x
ε

)
,

then hε satisfies

hε
∗
⇀ h.

If we consider the function F (x) = x2 in R then, by the same argument, we would have

F (hε) = (hε)2 ∗
⇀ h2.

However, in general

h2 6=
(
h
)2
.

These sort of phenomena motivate us to study conditions under which such a weak conver-

gence is preserved and this is precisely what the compensated compactness theory tries to

establish.

3.2. Parametrized Young measures

The next theorem, due to Tartar [Tartar, 1979]1, deals with the representation of weak limits

of compositions of continuous functions with weakly convergent sequences and it is the heart

of the compensated compactness theory.

Theorem 3.2.1. Let Ω be an open subset of Rn and suppose that K ⊂ Rm is bounded. Let

{uε} be a sequence of measurable functions with

uε : Ω −→ Rm

and such that uε(x) ∈ K for almost all x ∈ Ω. Then, there exists a subsequence {uεk} and a

family of probability measures over Rm, {νx}x∈Ω with supp νx ⊂ K such that if f ∈ C(Rm)

and

f(x) = 〈νx, f(λ)〉 =

∫
Rm

f(λ) dνx(λ),

then

f(uεk)
∗
⇀ f.

This theorem enable us to identify some generalities about weak convergence and composition

of non-linear continuous functions with weakly convergent sequences:

1. In first place, theorem (3.2.1) is a genuine illustration of the “incompatibility” of weak

convergence and non-linear composition: If

uε
∗
⇀ u,

1This result is based on earlier results obtained by Young.
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in general we can not expect that

F (uε)
∗
⇀ F (u)

for F ∈ C(Rm), reaffirming what was already pointed out before.

2. In parallel, we may obtain conditions in which weak convergence of sequences could

be improved to strong convergence in determined spaces:

Indeed, suppose that 1 < p <∞ and we have

uε −→ u strongly in Lp(Ω;Rm)

(Note that in particular we also have weak convergence). If we consider F (λ) = λ,

theorem (3.2.1) shows that

uε
∗
⇀ u.

Then,

u(x) = u(x) =

∫
Ω

λ dνx(λ)

So we must have νx = δu(x).

Conversely, suppose that νx = δu(x). If we take F (λ) = |λ|p, by theorem (3.2.1) and taking a

suitable function in L1(Ω;Rm), we obtain∫
Ω

|uε|p dx −→
∫

Ω

|u|p dx

and we then obtain strong convergence in Lp(Ω;Rm) for 1 < p <∞.

We are then interested in finding favorable conditions to ensure that the weak convergence

will be preserved under composition with continuous functions. As we will see in the next

section, a more precise examination of these issues can be performed when we have further

information about the derivatives of the sequence {uε}.

3.3. Weak continuity and partial derivatives

Following the structure of [Tartar, 1979] and [Dacorogna, 1982], we now address the same

questions that we discussed in the previous section but now having additional information

about the partial derivatives of the sequence. We will see that, for this case, we are able

to establish not only necessary, but also sufficient conditions to obtain weak continuity and

weak lower semi-continuity for specific non-linear functions.
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More precisely, we consider Ω ⊂ Rn a bounded open set and we set uε = (uε1, u
ε
2, u

ε
3, . . . , u

ε
m)

where each

uεi : Ω −→ R for i = 1, 2, 3, . . . ,m

is a measurable function on Ω.

We state our hypotheses as before:

(H)



uε
∗
⇀ u in L∞(Ω;Rm);

uε(x) ∈ K for almost all x ∈ Ω;

Auε =
∑
j,k

aijk
∂uεj
∂xk

is in a bounded set in L∞(Ω) for i = 1, 2, . . . , q;

f(uε)
∗
⇀ l in L∞(Ω),

(3.1)

where K is a fixed bounded set and aijk are real constants. In this framework, we study the

following questions:

1. For which class of functions f do we have

f(uε) ⇀ f(u)?

2. For which class of functions f do we have

l ≥ f(u)?

The next theorem, taken from [Dacorogna, 1982] page 31, shows that when f is a quadratic

function, certain conditions lead us to give concrete answers to our previous questions.

Theorem 3.3.1. Let M be a symmetric matrix M : Rm −→ Rm and let

f(u) = 〈Mu, u〉

where u ∈ Rm and 〈, 〉 denotes the inner product in Rm. Assume that

uε ⇀ u in L2(Ω;Rm),

f(uε) ⇀ l in the sense of distributions,

(Auε)i =
∑
j,k

aijk
∂uεj
∂xk

is precompact in H−1(Ω) for i = 1, 2, . . . , q.

and let

Λ =

{
λ ∈ Rm

∣∣∣∣ there is ξ ∈ Rn − {0} such that
∑
j,k

aijkλjξk = 0

}
.

Then:
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i.) If f(λ) ≥ 0 for all λ ∈ Λ, then f(u) ≤ l.

ii.) If f(λ) = 0 for all λ ∈ Λ, then l = f(u).

Remark:

Since f is quadratic, to say that f(λ) ≥ 0 for all λ ∈ Λ is equivalent to say that f convex in

all the directions of Λ:

If f is convex on all the directions of Λ, we have that for any x ∈ Rm and λ ∈ Λ, the function

h(t) = f(x+ tλ)

is convex in R. Then,

h′′(t) = f ′′(x+ tλ)‖λ‖2 ≥ 0.

On the other hand,

f(x+ tλ) = 〈M(x+ tλ), x+ tλ〉 = f(x) + 2t〈Mx, λ〉+ t2f(λ).

Hence,

f ′′(x+ tλ) = 2f(λ),

and this implies that f(λ) ≥ 0 for each λ ∈ Λ. Converselly, if f(λ) ≥ 0 for any λ ∈ Λ, we

get that

h′′(t) ≥ 0

and therefore, f must be convex in all the directions of Λ.

In relation with the above theorem, we also have an important result due to Tartar and

Murat that is crucial in the theory of compensated compactness: the “Div-Curl Lemma”. 2

It shows that the inner product of two vector fields is weakly continuous provided one have

control over the divergence and curl of the vector fields, and we will use this fact repeatedly

over this document. Note that this result can be obtained as a particular case of the last

theorem. We present it here as it appears in [Frid, 1993] page 21.

Theorem 3.3.2. Let Ω ⊂ Rn be an open set of class C1 . Let {vε} and {wε} be bounded

sequences on L2(Ω;Rn) such that:

1. {div vε} lies in a compact set of H−1(Ω),

2. {curlwε} lies in a compact set of H−1(Ω;Mn×n) where we denote

(curlw)ij =
∂wi
∂xj
− ∂wj
∂xi

. for 1 ≤ i, j ≤ n.

2We will present a simpler formulation of this result which is exposed in [Evans, 1988]. The original state-

ment can be found in [Murat, 1978] or [Tartar, 1979].
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Suppose further that vε ⇀ v and wε ⇀ w in L2(Ω;Rn). Then

vε · wε ⇀ v · w

in the sense of distributions.

Other interesting results are given in this direction, for further details see [Tartar, 1979],

[Dacorogna, 1982].

3.4. Murat’s lemma for compactness

In many situations the pre-compactness hypotheses that appear in theorem (3.3.1) and

theorem (3.3.2) are not easy to verify. However, a generalization of a result due to F. Murat

will support us in this task. We first present two theorems taken form [Evans, 1988] (page

7) and [Lu, 2003] (page 21) respectively that are used to give a direct proof the result.

Theorem 3.4.1. Let Ω be a bounded set of class C1. Let {µk} be a bounded sequence in

M(Ω), the space of finite Radon measures on Ω. Then {µk} is pre-compact in W−1,q(Ω) for

each 1 ≤ q < 1∗ where 1∗ = n
n−1

. In other words,

M(Ω) ↪→ W−1,q(Ω) 1 ≤ q < 1∗,

with compact inclusion.

Theorem 3.4.2. Let Ω ⊂ Rn be a bounded open set, C a compact set in W−1,q
loc (Ω) and B

a bounded set in W−1,r
loc (Ω) for some p, q, r satisfying 1 < q ≤ p < r < ∞. Let D ⊂ B ∩ C.

Then, there exists a compact set E of W−1,p
loc (Ω) such that D ⊂ E.

Now we give a simple proof of Murat’s lemma as it is presented in [Frid, 1993] page 33.

Theorem 3.4.3. Let Ω be an open and bounded set of class C1, and let {fk} a bounded

sequence in W−1,r
loc (Ω) for some r with 2 < r ≤ ∞ such that

fk = gk + hk (k = 1, 2, 3, . . . )

where {gk} is a pre-compact sequence in H−1
loc (Ω) and {hk} is a bounded sequence in M(Ω),

the space of finite Radon measures over Ω. Then, {fk} is pre-compact in H−1
loc (Ω).

Proof. By theorem (3.4.1), the sequence {hk} of bounded Radon measures is pre-compact

in W−1,q
loc (Ω) for 1 ≤ q < 1∗. Since 1∗ < 2 and Ω is bounded, we get that

H−1
loc (Ω) ↪→ W−1,q

loc (Ω)

with continuous imbedding. This shows that {gk} is pre-compact in W−1,q
loc (Ω). Being

fk = gk + hk, we obtain then that {fk} is pre-compact in W−1,q
loc (Ω) as well and by theorem

(3.4.2), we deduce that {fk} is pre-compact in H−1
loc (Ω).
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3.5. Application to scalar conservation laws

In this section we expose a direct application of the theory of compensated compactness in

the context of a single scalar conservation law on a bounded domain. The content presented

here is taken form [Frid, 1993] and [Tartar, 1979] and only some remarks and extended details

have been included.

We consider a scalar conservation law of the form

∂u

∂t
+

∂

∂x
f(u) = 0, (3.2)

with f ∈ C1(R) and (x, t) ∈ Ω ⊂ R× [0,∞) where Ω is a bounded domain. We are interested

in finding a weak solution of the above equation as it was defined in chapter 2. To this end,

we perform parabolic perturbations of equation (3.2) of the form

∂uε

∂t
+

∂

∂x
f(uε) = ε

∂2uε

∂x2
. (3.3)

Assume that we are able to obtain a sequence {uε} of smooth solutions of the equations (3.3)

when ε varies 3. Furthermore, lets suppose that the sequence {uε} is uniformly bounded in

L∞(R× (0,∞)). Finally, assume that there is u such that

uε
∗
⇀ u in L∞(R× (0,∞)).

With the aid of the compensated compactness theory we will show that the function u obtai-

ned in the limiting process is a weak solution of the original equation (3.2) (see [Frid, 1993]).

Theorem 3.5.1. Let Ω be a bounded set of R×R+ and let f ∈ C1(R). Let {uε} a sequence

of approximated solutions of (3.2) (that is, solutions of (3.3)) which is uniformly bounded in

L∞(Ω) and that satisfies

uε
∗
⇀ u in L∞(Ω).

Moreover, assume that for any convex function η ∈ C2(R) we have that{
∂

∂t
η(uε) +

∂

∂x
q(uε)

}
is in a compact set of H−1

loc (Ω),

where q′(λ) = f ′(λ)η′(λ) for all λ ∈ R. Then

f(uε)
∗
⇀ f(u) in L∞(Ω).

Proof. Let (η, q) a pair of functions such in the statement of the theorem4. Appealing to the

parametrized Young measures (theorem (3.2.1)), there exists a subsequence that we continue

3A precise (and rigorous) way to obtain these solutions is presented in chapter 5.
4Pairs of functions with these properties receive the name of entropy-entropy flux pairs. We give a more

detailed description of these ideas in chapter 4.
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labeling {uε} and a family of probability measures {νx,t}(x,t)∈Ω such that
uε

∗
⇀ u u(x, t) = 〈νx,t, λ〉,

f(uε)
∗
⇀ ζ ζ(x, t) = 〈νx,t, f(λ)〉,

η(uε)
∗
⇀ v v(x, t) = 〈νx,t, η(λ)〉,

q(uε)
∗
⇀ w w(x, t) = 〈νx,t, q(λ)〉.

for almost all (x, t) ∈ Ω.

Consider now the vector fields U ε = (uε, f(uε)) and V ε = (q(u)ε,−η(uε)). Observe that

{div(U ε)} = {uεt + f(uε)x} = {εuεxx}

and

{curlV ε} = {η(uε)t + q(uε)x} .

We will show that the vector fields U ε and V ε satisfy the compactness hypotheses of the

div-curl lemma (theorem (3.3.2)). More explicitly, that

{divU ε} , {curlV ε} lie in a compact subset of H−1
loc (Ω).

Note that by the compactness hypothesis in the statement of the theorem we immediately

have

{curlV ε} = {η(uε)t + q(uε)x} ∈ compact subset of H−1
loc (Ω).

To treat the sequence {εuεxx} we follow the ideas in [Lu, 2003] page 36. Consider φ ∈ D(Ω)

and multiply equation (3.3) by uεφ to obtain:

∂uε

∂t
uεφ+

∂

∂x
f(uε)uεφ = ε

∂2uε

∂x2
uεφ.

The above expression can be rewritten as(
1

2
(uε)2

)
t

φ+ f(uε)xu
εφ = εuεxxu

εφ

and integration over the region Ω yields to

−1

2

∫
Ω

(uε)2φt −
∫

Ω

f(uε) (uεxφ+ uεφx) =
ε

2

∫
Ω

(uε)2
xxφ− ε

∫
Ω

(uεx)
2φ,

ε

∫
Ω

(uεx)
2φ =

1

2

∫
Ω

(uε)2φt +

∫
Ω

f(uε) (uεxφ+ uεφx) +
ε

2

∫
Ω

(uε)2φxx

=
1

2

∫
Ω

(uε)2φt +

∫
Ω

d

dx

(∫ uε

0

f(s)ds

)
φ+

∫
Ω

f(uε)uεφx +
ε

2

∫
Ω

(uε)2φxx

=
1

2

∫
Ω

(uε)2φt +

∫
Ω

(∫ uε

0

f(s)ds

)
φx +

∫
Ω

f(uε)uεφx +
ε

2

∫
Ω

(uε)2φxx
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Since {uε} is a bounded sequence, f ∈ C1(R) is bounded over Ω and φ is compactly suppor-

ted, we obtain that

ε

∫
Ω

(uεx)
2φ ≤M(φ),

where M(φ) is a constant that only depends on the choosing of the test function φ.

In consequence, since for each compact set K we may choose φ ∈ D(Ω) with φ = 1 in K, we

get that the sequence {
√
εuεx} converges to zero in L2

loc(Ω).

Moreover, since η ∈ C2(R), we have that η′′(uε) is bounded in Ω and hence

εη′′(uε)uεx −→ 0 in L2
loc(Ω).

Now multiply equation (3.3) by the term η′(uε). Due to the relation q′(λ) = f ′(λ)η′(λ), we

obtain
∂

∂t
η(uε) +

∂

∂x
q(uε) = εη′(uε)

∂2

∂x2
uε,

that can be expressed as

∂

∂t
η(uε) +

∂

∂x
q(uε) = ε

∂2

∂x2
η(uε)− εη′′(uε)(uεx)2

Therefore, we realize that{
ε
∂2

∂x2
η(uε)

}
=

{
∂

∂t
η(uε) +

∂

∂x
q(uε)

}
+
{
εη′′(uε)(uεx)

2
}

lies in a compact set of H−1
loc (Ω).

since each term in the right hand side of the above equation lie in compact subsets of H−1
loc (Ω).

This is valid for any C2(R) convex function η, so in particular, taking η = Id, we finally get

{εuεxx} lies in a compact set of H−1(Ω).

We then can apply the div-curl lemma to deduce that

〈(uε, f(uε)), (q(u)ε,−η(uε))〉 ∗⇀ uw − ζv,

that is,

uεq(u)ε − f(uε)η(uε)
∗
⇀ uw − ζv. (3.4)

On the other hand, by theorem (3.2.1), we have that if we write νx,t = ν and

G(uε) = uεq(uε)− f(uε)η(uε),

then

G(uε)
∗
⇀ G = 〈ν, λq(λ)− η(λ)f(λ)〉. (3.5)

This, together with (3.4) and the representations of u, q, η and q by means of Young para-

metrized measures, give us the relation5

〈ν, λq(λ)− f(λ)η(λ)〉 = 〈ν, λ〉 〈ν, q(λ)〉 − 〈ν, f(λ)〉 〈ν, η(λ)〉 . (3.6)

5This relation is known in the literature as the Murat-Tartar relation.
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The idea is to show that the preceding relation implies that ν is a Dirac measure and from

this we can easily obtain the sought convergence.

Since u = 〈ν, λ〉 and ζ = 〈ν, f(λ)〉 we can rewrite (3.6) as

〈ν, (λ− u) q(λ)− η(λ) (f(λ)− ζ)〉 . (3.7)

Since the above is valid for any C2 convex function, by approximation this relation holds for

the pair

η(λ) = |λ− u| , q(λ) = sgn (λ− u)(f(λ)− f(u)).

Using this pair of functions in equation (3.7):

〈ν, |λ− u| (ζ − f(u))〉 = 0

and two cases emerge:

1. 〈ν, |λ− u|〉 6= 0.

For this case we immediately deduce that ζ = f(u) and hence

f(uε)
∗
⇀ f(u).

2. If 〈ν, |λ− u|〉 = 0 we have ∫
Ω

|λ− u| dν(x, t) = 0.

From this we deduce that νx,t = δu(x,t) and henceforth,

f(uε)
∗
⇀ f =

∫
Ω

f(λ) dνx,t =

∫
Ω

f(λ) δu(x,t) = f(u(x, t)).

Remarks:

1. The compactness hypothesis in the statement of the theorem could be weakened to{
∂

∂t
η(uε) +

∂

∂x
q(uε)

}
∈ compact set of H−1

loc (Ω) + bounded set of M(Ω).

In this context Murat’s lemma (theorem 3.4.3) applies to obtain the same compactness

hypothesis of the statement.

2. The same compactness hypothesis can be deduced from the structure of the equation;

it can be shown that the term {εη′′(uε)(uεx)2} is bounded M(Ω) and {εηxx(uε)} is in a

compact set of H−1(Ω). Then Murat’s lemma can be used again to prove that{
∂

∂t
η(uε) +

∂

∂x
q(uε)

}
∈ compact set of H−1

loc (Ω)

see [Evans, 1988] chapter 4 - D for details.
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3. Using a similar argument it is possible to prove the existence of a (bounded) weak

solution to the Cauchy problem
∂

∂t
u(x, t) +

∂

∂x
f(u(x, t)) = 0

u(x, 0) = u0(x).

when (x, t) ∈ Ω with Ω a bounded subset of R × [0,∞) and u0 ∈ L∞(Ω). See the

development in [Málek et al., 1996] chapter 3 or [Frid, 1993] chapter 1.

4. If we consider the above Cauchy problem, the method employed in this section has

a particular advantage; namely, the weak solution obtained in the limiting process is

the unique “weak entropy” solution for the equation (3.2). This is a useful criterion to

select the “physically relevant” solutions for these problems. For a deep discussion on

these issues see [Málek et al., 1996] chapter 3 or [Lax, 1971].

5. The ideas used for the scalar equation can be generalized to address certain systems

of conservation laws, as we will see in the subsequent chapters.



4 Hyperbolic Systems of Conservation

Laws

In this chapter we study the extension of the compensated compactness theory

([Tartar, 1979], [Murat, 1978]) to certain class of hyperbolic systems of conservation laws.

This will be the main tool to address the objective of this work; the results presented in

this chapter will enable us to obtain solutions for certain hyperbolic systems as the limit of

solutions of parabolic systems which are much easier to work with. The ideas of this met-

hod were presented for the first time in [DiPerna, 1983] and throughout this chapter we will

expose the main points in there.

In the context of systems of conservation laws, the work of Ronald DiPerna was pioneer;

for the first time (1983) the ideas of the compensated compactness theory had managed to

solve problems that could have not been resolved by any other technique before. Moreover,

the implementation of the ideas of Murat and Tartar to hyperbolic systems led to fruitful

results in the theory of partial differential equations and a great deal of recent developments

lie on these sort of results.

4.1. Riemann invariants for 2× 2 hyperbolic systems

We are concerned with the study of systems of conservation laws of the form

Ut(x, t) + f(U(x, t))x = 0, (x, t) ∈ R× (0,∞) (4.1)

where U = (u, v) and f = (f1, f2) is a C1(R2,R2) function. Following the framework of

[Smoller, 1994] chapter 20, before we start describing the main ideas of the method, we

specify the kind of systems which we will be interested in.

Definition 4.1.1. The system (4.1) is said to be strictly hyperbolic if for any U ∈ R2, the

Jacobian matrix Df(U) has two real and distinct eigenvalues

λ(U) < µ(U).

For pairs of conservation laws, there are better results known due to the existence of systems

of coordinates based on Riemann Invariants. In terms of these “Riemann Invariants”
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systems can often be written in a particular form that help us to deduce properties that are

useful when studying existence of solutions. These ideas are precised in what follows.

Definition 4.1.2. A Riemann Invariant for the system (4.1) is a C1 scalar field z(u, v) such

that

∇zDf(U) = λ∇z,

that is, ∇z is a left eigenvector of the Jacobian matrix Df(U) associated to the eigenvalue

λ.

If we denote lλ(U), rλ(U) the left and right eigenvectors associated to the eigenvalue λ and

lµ(U), rµ(U) the left and right eigenvectors associated to the eigenvalue µ, it is not hard to

see that the Riemann Invariant z associated to λ must satisfy the orthogonality relation

∇z · rµ(U) = 0. (4.2)

This simple but key relation allows us to show that in 2× 2 systems of conservation laws we

always have globally defined Riemann Invariants; it is possible to show that for any U ∈ R2

one may chose the right eigenvectors rµ(U) so that their entries are C1(R2) functions. Now,

if we denote rµ(U) = (r
(1)
µ (U), r

(2)
µ (U)), the orthogonality relation in (4.2) gives us a first

order partial differential equation

zu(U)r1
µ(U) + zv(U)r2

µ(U) = 0

that can be solved trough the method of characteristics once we prescribe a initial condition

over a curve which is nowhere tangent to the right eigenvector rµ(U). In this case, such a

curve can be easily found since the trajectories of rµ(U), that is, the curves that satisfy

U̇ = rµ(U),

are all of this fashion because of the linear independence of right eigenvectors of df(U)

associated to different eigenvalues. From this construction we also see that the Riemann

Invariants must be constant1 along the trajectories of rµ(U), however this can be deduced if

we multiply by the left equation (4.1) by ∇z:

∇zUt +∇zDf(U)Ux = 0

and by the chain rule,

zt + λzx = 0,

which coincides with the total derivative of z along the characteristic curve given by the

trajectory U̇ = rλ(U).

1A first idea about Riemann Invariants can be tracked back to the works of B. Riemann in gas dynamics

(1860). In fact, Riemann was primordially interested in finding scalar fields that were constant along the

characteristic curves of certain partial differential equations.
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If we have a pair of Riemann invariants z(u, v), w(u, v) for the system (4.1), we may take

normalized eigenvectors to obtain the relations

∇z · rλ = 1, ∇z · rµ = 0,

and

∇w · rλ = 0, ∇w · rµ = 1.

This shows that we can define a change of coordinates

G : (u, v) −→ (z(u, v), w(u, v)).

Indeed, since the Jacobian matrix

DG(U) =

(
zu zv
wu wv

)
=

(
∇z
∇w

)
satisfies (

∇z
∇w

)(
rλ rµ

)
=

(
1 0

0 1

)
,

we obtain that det(DG(U)) 6= 0 for any U ∈ R2 and as a consequence of the inverse function

theorem, G defines a change of coordinates for any U ∈ R2.

In what follows we will see the importance of this change of coordinates and how this

terminology has a better interaction with other concepts that we will introduce progressively.

For now, we will content ourselves with some basic relations that this system of coordinates

bring us. If we consider the inverse transform

G−1 : (z, w) −→ (u(z, w), v(z, w))

we can use the inverse function theorem to deduce that, locally,

(DG)−1 = D(G−1).

In particular, this means that(
zu zv
wu wv

)(
uz uw
vz vw

)
=

(
1 0

0 1

)
,

and from this, we obtain that

(uz, vz) ⊥ ∇w.

On the other hand, if we note
∂U

∂z
= (uz, vz) we may also deduce that

∂U

∂z
= rλ(U), (4.3)
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so for any differentiable function ψ : R2 −→ R, we have

ψz = ∇ψ∂U
∂z

(4.4)

= ∇ψrλ (4.5)

and similarly

ψw = ∇ψrµ.

These relations will be used later.

4.2. Genuinely non-linear systems

In order to apply DiPerna’s ideas to systems of conservation laws we will focus our attention

into a particular class of systems. In [Lax, 1957b], Lax introduced the following definition

that characterizes some systems in which the theory of compensated compactness can be

successfully applied.

Definition 4.2.1. Let rλ(U) be a right eigenvector of df(U) associated to the eigenvalue

λ(U). We say that λ(U) is genuinely non-linear if for any U ∈ R2,

∇λ(U) · rλ(U) 6= 0.

This condition asserts that the velocity of the characteritics field depends directly on the

state U . Turning out to the coordinate system of Riemann invariants, we might realize that

since
∂λ

∂z
= ∇λrλ,

the genuinely non-linear condition states that

∂λ

∂z
6= 0,

reaffirming what was previously stated; the characteristics velocities depend on the states

U .

A 2×2 hyperbolic system is said to be genuinely non-linear if both eigenvalues are genuinely

non-linear.

4.3. Entropy - entropy flux pairs for 2× 2 hyperbolic

systems

As was done in the case of scalar conservation laws, we require to formulate the idea of

entropy - entropy flux pairs in the context of systems of conservation laws. This concept will

be crucial in the development of the compensated compactness theory and the convergence

methods for these kind of partial differential equations.
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Definition 4.3.1. An entropy - entropy flux pair for the system (4.1) consists of a pair

of differentiable functions (η, q) in R2 such that

∇q = ∇ηDf(U) (4.6)

for any U ∈ R2.

In the case of a single scalar conservation law, it is not hard to see that given any differentiable

function η we could obtain an entropy - entropy flux pair by setting

q(u) =

∫ u

0

η′(λ)f ′(λ) dλ,

however, for systems of conservation laws this construction is much more complicated. In this

section we will expose the ideas presented by P. Lax ([Lax, 1971], [Lax, 1957a]) to construct

entropy - entropy flux pairs for 2 × 2 genuinely non-linear systems of conservation laws. In

these articles Lax was able not only to construct such pairs, but also to establish an inter-

esting asymptotic behaviour of the functions that has great importance in the development

of DiPerna’s theory for systems.

In order to solve the compatibility relation (4.6), Lax proposed2 in [Lax, 1971] formal solu-

tions of the form

ηk = ekz
N∑
i=1

Vi
ki
, qk = ekz

N∑
i=1

Hi

ki
(4.7)

where k > 0, z is a Riemann invariant for the system (4.1) associated to the eigenvalue λ,

and the functions V (u, v), H(u, v) are independent of k. By replacing (4.7) into (4.6), Lax

found out that the functions V and H must satisfy the relations

λV0 = H0, (4.8)

(λVn −Hn)∇z = ∇Hn−1 −∇Vn−1Df, n ≥ 1. (4.9)

Multiplying equation (4.9) by the right eigenvector rµ we obtain

0 = (∇Hn−1 − µ∇Vn−1) · rµ, (4.10)

and multiplying equation (4.9) by the right eigenvector rλ:

λVn −Hn = (∇Hn−1 − λ∇Vn−1) · rλ. (4.11)

As it is stated in [DiPerna, 1983], for each natural number N and for any compact set K,

Lax proved that there exists exact progressing waves solutions (ηk, qk) which satisfy

ηk = ekz

[
N∑
i=1

Vi
ki

+O

(
1

kN+1

)]
2These ideas were already presented in a previous paper of Lax ([Lax, 1957a]) as solutions for some partial

differential equations with oscillatory initial data.
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qk = ekz

[
N∑
i=1

Hi

ki
+O

(
1

kN+1

)]
for k large enough. In the presence of Riemann invariants, the structure of these solutions

bring us an interesting asymptotic relation between the radio of entropy flux and entropy

and the correspondent eigenvalue λ that we show below.

If equation (4.8) is derivated with respect to z we get

∂λ

∂z
V0 + λ

∂V0

∂z
− ∂H0

∂z
= 0. (4.12)

On the other hand, the relation in (4.4) shows that equation in (4.11) may be rewritten as

λVn −Hn =
∂Hn−1

∂z
− λ∂Vn−1

∂z
.

If we apply (4.12) in the above expression we obtain the relation

λV1 −H1 =
∂λ

∂z
V0

and analogously,

µV1 −H1 =
∂µ

∂z
V0.

Furthermore, if we multiply the relation (4.6) by rλ(U) and rµ(U) the following relations

hold:
∂q

∂z
= λ

∂η

∂z
, (4.13)

∂q

∂w
= µ

∂η

∂w
. (4.14)

We may take an entropy - entropy flux pair (ηk, qk) such that

ηk = ekz
[
V0 +

V1

k
+O

(
1

k2

)]

qk = ekz
[
H0 +

H1

k
+O

(
1

k2

)]
and use relation (4.13) to realize that

kqk = kληk + ekz
[
λ
∂V0

∂z
− ∂H0

∂z
+

1

k

(
λ
∂V1

∂z
− ∂H1

∂z

)
+O

(
1

k2

)]
.

With the previous considerations, this expression yields to

qk = ληk + ekz
[
−∂λ
∂z

V0

k
+

1

k2
(H2 − λV2) +O

(
1

k3

)]
= ληk + ekz

[
−∂λ
∂z

V0

k

]
+ ekz

[
V0

k2

H2 − λV2

V0

]
+ ekzO

(
1

k3

)
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and adding an appropriate zero term we can reorganize to obtain

qk = ληk − ηk
∂λ

∂z

1

k
+ ηkO

(
1

k2

)
and hence,

qk
ηk

= λ− ∂λ

∂z

1

k
+O

(
1

k2

)
. (4.15)

In the same way,
qk
ηk

= µ− ∂λ

∂w

1

k
+O

(
1

k2

)
(4.16)

These asymptotic relations are key in the next result.

4.4. DiPerna’s theorem for genuinely non-linear systems

In this section we present the celebrated theorem of R. DiPerna [DiPerna, 1983] for strictly

hyperbolic systems with genuinely non-linear conditions. The spirit of this result is a direct

application of the compensated compactness method of Tartar and Murat [Tartar, 1979] in

the context of 2×2 systems of conservation laws. Recall that we are interested in the system

Ut + f(U)x = 0, (4.17)

where U = (u1, u2) and f = (f1, f2) ∈ C1(R2,R2). We consider parabolic perturbations of

(4.17) of the form

U ε
t + f(U ε)x = εDU ε

xx, (4.18)

where D is a constant 2× 2 matrix. We assume that there exists a bounded sequence {U ε}
of solutions for (4.18) and that

U ε ∗⇀ U

in L∞(R× (0,∞)). These ideas are framed in the so-called vanishing viscosity method,

for now we will present the main result of [DiPerna, 1983] and in the next section we will

cover in detail all the aspects that are assumed here.

Theorem 4.4.1. Take {U ε} and U as above. Suppose that for any open and bounded set Ω

in R× (0,∞) and any entropy - entropy flux pair (η, q) of (4.17) we have that

∂

∂t
η(U ε) +

∂

∂x
q(U ε) lies in a compact set of H−1(Ω) (4.19)

If the system (4.17) is genuinely non-linear, then U is a weak solution of (4.17).

Whit these tools we are now in position to expose the vanishing viscosity method ; the

technique that we will employ to obtain a solution to our problem.
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Parabolic Perturbations to Hyperbolic

Systems

In this chapter we cover the main generalities of the vanishing viscosity method and all the

tools from the theory of parabolic equations that we will need in the development of our tech-

niques. We give a brief exposition of the ideas in [Smoller et al., 1977], [Smoller and Hoff, 1985]

and [Evans, 1999] regarding the treatment of parabolic equations and parabolic systems. We

also present a fast description of the vanishing viscosity method as in [Smoller, 1994] and

we explain how this approach will be exploited in the analysis of hyperbolic systems of

conservation laws.

5.1. Vanishing viscosity

Motivated by physical considerations, the vanishing viscosity method arises as an advanta-

geous tool for the study of a wide class of evolutionary equations that, due to their structure,

are sometimes hard to deal with. The approach of this method allows us to study compli-

cated equations (for instance, hyperbolic problems) from much simpler ones and for which

efficient techniques have already been developed (as the case of parabolic equations). We

rely on the scheme in [Smoller, 1994] to give an illustration of this process.

The study of hyperbolic system of conservation laws (first order systems) often arises in

modeling diverse physical scenarios of gas dynamics that ignore the effects of dispersive or

dissipative mechanisms. The effects of these sort of mechanisms are represented by the pre-

sence of second order derivatives in the equations multiplied by small coefficients that we

call “viscosity coefficients”, and the consistence of these types of models demands that we

can obtain the solution of the former problem (first order hyperbolic systems that ignore

dissipative effects) as the limit of solutions of the second order systems when the viscosity

coefficients tends to zero (parabolic systems including the dissipative effects).

Inspired on this kind of phenomena, these ideas were used to develop an interesting method

to tackle hyperbolic systems of partial differential equations.

In the context of conservation laws (that we have already mentioned briefly before), we are
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interested in a hyperbolic system of the form

Ut + F (U)x = 0, (5.1)

where U = (u1, u2) and F = (f1, f2) ∈ C1(R2,R2).

The compatibility of the above mentioned physical models suggest that we may obtain

solutions for this system as the limit of the solutions of parabolic systems of the form

U ε
t + F (U ε)x = εU ε

xx, (5.2)

when the viscosity coefficient ε tends to zero. This technique is commonly known as the

vanishing viscosity method and our purpose now is to find necessary and sufficient con-

ditions under which the above process can be accomplished. Of course, many questions crop

up in the setting of this method:

1. Is it always possible (or at least easier) to find solutions for the parabolic systems (5.2)

?

2. What sense of convergence (if any) may we expect for the sequence of solutions obtai-

ned?

3. If some sense of convergence can be assured, is the limit of the sequence of solutions a

solution of the original problem?

At this point, we may evidence that numerals 2 and 3 are already covered by the theory of

compensated compactness ([Murat, 1978], [Tartar, 1979]) and its application to hyperbolic

systems ([DiPerna, 1983]); Namely, under certain conditions we can ensure the existence of

a subsequence of solutions that converges weakly in L∞(R, [0,∞)) to a weak solution of the

problem (5.1). Nevertheless, up to now, we have not presented any clue that indicated us an

answer for the first numeral. The aim of the remaining sections of this chapter will be giving

the theoretical tools to provide a positive answer for the first question.

5.2. Linear heat equation

In this section we expose some tools needed to show the existence of solutions for the linear

heat equation. These results will be used later to derive a solution for non-linear systems of

the form (5.2). Along this section we will just present the results that we are interested in,

although all the proofs of these facts will be carefully referenced. Additional comments will

be included to guide the discussion towards the concrete equations that will serve us in the

vanishing viscosity method.

To begin with, following [Evans, 1999] (chapter 2), we are interested in the linear heat

equation

ut(x, t)−∆u(x, t) = 0 (x, t) ∈ V × (0,∞) (5.3)



5.2 Linear heat equation 35

where V is an open set of Rn and the Laplacian operator is taken with respect to the spatial

variable x = (x1, x2, . . . , xn).

We can also consider the initial value problem for equation (5.3) as follows: given a continuous

funcion g : Rn −→ R, we look for a C2(Rn × (0,∞)) function that satifies{
ut(x, t)−∆u(x, t) = 0 (x, t) ∈ U × (0,∞)

u(x, 0) = g(x) on Rn.
(5.4)

We can obtain a classical solution of the above problem by means of the so-called heat

kernel (see [Evans, 1999] page 46).

Definition 5.2.1. The function

K(x, t) =
1

(4πt)n/2
exp

(
−|x|2

4t

)
(x, t) ∈ Rn × (0,∞).

is called the heat kernel or fundamental solution of the heat equation.

With the aid of the heat kernel we are able to exhibit a classical solution for the Cauchy

problem (5.4) via convolution as it is stated in [Evans, 1999] (Section 2.3, page 47).

Theorem 5.2.1. Assume g ∈ C(Rn) ∩ L∞(Rn), and define

u(x, t) = (K(t) ∗ g)(x) =

∫
Rn
K(x− y, t)g(y)dy =

∫
Rn

1

(4πt)n/2
exp

(
−|x− y|2

4t

)
g(y)dy.

Then.

1. u ∈ C∞(Rn × (0,∞)),

2. u is solution of the heat equation (5.3),

3. ĺım
(x,t)→(x,0)

u(x, t) = g(x) for each point x ∈ Rn.

Once we have obtained a classical solution for the homogeneous Cauchy problem (5.4), we

can obtain solutions for certain non-homogeneous problems through Duhamel’s principle.

We are now interested in a problem of the form{
ut(x, t)−∆u(x, t) = f(x, t) (x, t) ∈ V × (0,∞)

u(x, 0) = 0 on Rn.
(5.5)

Duhamel’s principle asserts that we can construct solutions for the above problem out of

solutions of “translated” homogeneous problems. The idea is to consider, for a fixed s, the

initial value problem {
ut(·, s)−∆u(·, s) = 0 (x, t) ∈ V × (s,∞)

u(·, s) = f(·, s) on Rn × {t = s}.
(5.6)

and then the solution of (5.5) can be built up by integrating over s the solutions of problem

(5.6). These ideas are gathered in the next result (see [Evans, 1999] section 2.3, page 50. )
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Theorem 5.2.2. Let f be a C2
1(Rn × [0,∞)) function1. Define u by

u(x, t) =

∫ t

0

∫
Rn
K(x− y, t− s)f(y, s) dy ds. (x, t) ∈ Rn × (0,∞).

Then u is a classical solution of the Cauchy problem (5.5).

We can combine the ideas of the last two theorems to obtain a solution for a problem of the

form {
ut(x, t)−∆u(x, t) = f(x, t) (x, t) ∈ V × (0,∞)

u(x, 0) = g(x) on Rn.
(5.7)

Under the hypotheses over g and f discussed previously, we have the following result ([Evans, 1999]

section 2.3, page 51.)

Theorem 5.2.3. Define u by

u(x, t) =

∫
Rn
K(x− y, t)g(y)dy +

∫ t

0

∫
Rn
K(x− y, t− s)f(y, s) dy ds

Then u is a classical solution of the Cauchy problem for the non-homogeneous heat equation

(5.7).

The ideas exposed so far can be extended to cover some systems of non-linear parabolic

equations as we will show in the next sections.

5.3. Parabolic perturbations to hyperbolic systems

The heat kernel presented in the last section turns out to be a tool of great significance when

dealing with systems of parabolic equations. In this section we will be focused in proving the

existence of solutions for parabolic systems as in (5.2).

Following [Smoller and Hoff, 1985], we begin by giving some estimates involving the heat

kernel that are repeatedly used in this and the next section.

Proposition 5.3.1. Let K be the heat kernel of last section. Then for any fixed t, we have

the following bounds for K and its derivatives:∥∥∥∥ ∂k∂xkK(·, t)
∥∥∥∥

1

≤ C(k)

tk/2
k = 0, 1, 2, 3, . . .

where C(k) is a constant and C(0) = 1.

1The notation C2
1 (Rn× [0,∞)) means that f is two times continuously differentiable in the spatial variable

and one time continuously differentiable in the time variable
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We now want to study the existence of solutions for the Cauchy problem for a 2× 2 system

of the form

U ε
t + F (U ε)x = εU ε

xx, (5.8)

where U = (u1, u2) and F = (f1, f2) ∈ C1(R2,R2). Subject to the initial condition

U(x, 0) = U0(x). (5.9)

In a physical framework, system (5.8) corresponds to viscous (parabolic) perturbations of

the original hyperbolic system in (5.1). Motivated by the results in the previous section, we

consider the vector field

K(x, t) = (K1(x, t), K2(x, t)) =

(
1

(πεt)1/2
exp

(
− |x|2

4εt

)
,

1

(πεt)1/2
exp

(
− |x|2

4εt

))
.

The solution of the problem (5.8)-(5.9) then should satisfy the representation

u(t) = K(t) ∗ U0 −
∫ t

0

Kx(t− s) ∗ F (U(s)) ds (5.10)

where the convolution is taken componentwise. That is,

u(x, t) =

K1(t) ∗ u1(x, 0)−
∫ t

0

(
∂

∂x
K1(t− s) ∗ f1(U(s))

)
ds

K2(t) ∗ u2(x, 0)−
∫ t

0

(
∂

∂x
K2(t− s) ∗ f2(U(s))

)
ds


This shows that to prove the existence of solutions of problem (5.8)-(5.9) we must show that

there exist some u that satisfies the representation in (5.10). To this end, as in [Smoller and Hoff, 1985],

for a given r fixed we consider the set

GT = {U ∈ L∞([0, T ]× R) : ‖U(t)‖∞ ≤ r} ,

and over this set, we define the linear operator

L(U)(t) = K(t) ∗ U0 −
∫ t

0

Kx(t− s) ∗ F (U(s)) ds.

A local existence result for the problem (5.8)-(5.9) will be derived from the properties of

the operator L on the set GT . The main idea is that, thanks to the estimates for the heat

kernel and its derivatives, it can be shown that the operator L is contractive in GT for a

small enough time T , and by Banach fixed point theorem the problem must admit a unique

local solution. This is stated in the next theorem (see [Smoller and Hoff, 1985]).

Theorem 5.3.1. Assume that U0 ∈ L∞ and that ‖U0‖∞ = s < r. Then if T > 0 is

sufficiently small, then L maps the set GT into itself and is a contraction in the L∞ topology
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on GT . Moreover, there is a constant C1 depending only on K and F such that whenever

U ∈ GT satisfies

‖Ux(t)‖∞ ≤
C1 ‖U0‖∞√

t
, 0 < t ≤ T,

then L(U) also satisfies

‖L(U)x(t)‖∞ ≤
C1 ‖U0‖∞√

t
, 0 < t ≤ T.

The above result provide us with local existence results for the parabolic systems (5.8)-(5.9),

however, we would like to find a way to extend those solutions globally. A classical tool

for this purpose is to establish a priori bounds over U(x, t) and its derivatives to perform

iterative applications of theorem (5.3.1) and extend inductively the solutions for any time

T . Note that theorem (5.3.1) itself equips us with a priori bounds for U and its derivatives,

but unfortunately, there is a time dependence of these bounds and this preclude us to use

these estimates in the above described process. One alternative to overcome this difficulty

is presented in [Smoller and Hoff, 1985]; when we have further information about the L2-

norm of the initial condition U0, we are able to set time-independent a priori bounds for

the solutions and to extend those solutions globally whenever the L2-norm ‖U0‖2 is small

enough. Nevertheless, we present a secondary approach of this issue by means of Invariant

regions for the system (5.8). These ideas are precised in the next section.

5.4. Invariant regions

One profitable device to obtain suitable a priori bounds for our solutions is the implementa-

tion of invariant regions for the parabolic system (5.8). Taking into account the development

in [Smoller et al., 1977], we begin by defining more precisely this concept.

Definition 5.4.1. A closed set B in R× [0,∞) is called a positively invariant region for the

parabolic system

U ε
t + F (U ε)x = εU ε

xx, (5.11)

if there is a positive number δ such that any solution U(x, t) of the above equation with

initial values in B, satisfies

U(x, t) ∈ B,

for all x ∈ R and t ∈ [0, δ).

From this definition we may deduce that if we are able to find an appropriated bounded inva-

riant region for the parabolic system, then we will automatically obtain the desired estimates

for the solution (and with further assumptions, for its derivatives ). The objective now is to

find such bounded invariant regions. We rely on the work in [Smoller et al., 1977], where the

authors found out the existence of invariant regions consisting of convex regions enclosed
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by level curves of Riemann Invariants. More precisely, given a collection G1, G2, . . . , Gn of

smooth functions defined on open subsets of V ⊂ R× [0,∞), we define the set

B = {v ∈ V | Gi(v) ≤ 0, i = 1, 2, . . . , n} .

To construct invariant regions for the system (5.11) that are independent of ε, the authors

in [Smoller et al., 1977] have isolated some necessary and sufficient conditions that we des-

cribe next. Following the setting in [Frid, 1993], together with system (5.11) we consider an

additional perturbation of the form

U ε
t + F (U ε)x = εU ε

xx + βN, (5.12)

where N is a smooth function. We assume that if N is the limit in the (for instance) C1

topology of a sequence of smooth functions Nm, then any solution of (5.12) can be obtained

as the limit of the sequence of solutions of (5.12) when N is replaced by Nm.

The next theorem (see [Smoller et al., 1977]) covers all the previous remarks in a concise

result.

Theorem 5.4.1. Let B defined as above, and suppose that the solutions of the system (5.12)

depends continuously on N as discussed before. Then B is a positively invariant region for

(5.11) for all ε > 0 if and only if the following three conditions are satisfied at a boundary

point v0 of B:

1. ∇Gi(v0) is a left eigenvector of DF (the Jacobian matrix associated to F ).

2. Gi is quasiconvex at v0, that is, for any η ∈ R× [0,∞), ∇Gi(v0) · η = 0 implies

ηT d2Gi(v0) η ≥ 0.

3. We have

∇Gi(v0) ·N(v0) ≤ 0.

Furthermore, when β −→ 0 the solutions of (5.12) converges pointwise to a solution of

(5.11), so the conclusion of the theorem holds for the latter system.

Observe that the Riemann Invariants of a system automatically satisfy the first hypothesis

of the above theorem. Moreover, if we construct convex regions enclosed by level curves

of those Riemann Invariants, the second condition of the theorem will be fulfilled (and we

obtain a bounded region as well). The third condition will be cover by the application of the

compensated compactness theory on the system.

Further results on this direction are exposed in [Smoller et al., 1977]; The authors have

found an interesting way to obtain uniform bounds for the derivatives of the solutions (see

theorem 5.1 in [Smoller et al., 1977]) as well as some applications of these methods in specific

systems commonly used in gas dynamics. In our concrete case, the structure of the system
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we are dealing with will help us to avoid to use those elaborated results. Instead of these

techniques, the procedure proposed in the first section will end up with a relatively easy way

to obtain uniform bounds on the solutions and its derivatives, and we will be able to apply

the vanishing viscosity method successfully. All this process will be systematically developed

in the next chapter.



6 Linearly Damped P-System

In this chapter we address our chief objective: we prove the existence of a global weak

Lipschitz continuous solution of the Cauchy problem for a linearly damped p-system. This

problem has been extensively studied for many scholars; firstly by Nishida [Nishida, 1978]

and then by a wide number of authors: [Wang and Li, 1988], [Zheng and Longwei, 1988],

[Yang and Longwei, 1991], [Hsiao and Liu, 1992], [Hsiao and Serre, 1996],

[Yang and Wang, 2003], [Zhu and Jiang, 2009], [Jiang et al., 2013] among others. However,

as far as we know, up to now there are no results involving the vanishing viscosity method

and compensated compactness theory in this specific scenario. This chapter is devoted to

the application of all the theory that we have presented so far into this concrete problem.

6.1. Problem statement

Following the setting in [Zhu et al., 1999], we consider the Cauchy problem for a linearly

damped p-system of the form{
vt − ux = 0 (x, t) ∈ R× (0,∞)

ut + p(v)x = −αu,
(6.1)

with initial C2(R) and bounded data

(v(x, 0), u(x, 0)) = (v0(x), u0(x)), v0(x) > 0, (6.2)

where α > 0 and p(v) satisfies the following hypotheses:
p(v) ∈ C2(0,∞),

p′(v) < 0, p′′(v) > 0,

ĺım
v→0+

p(v) = +∞.
(6.3)

writing

U = (v, u), F (U) = (−u, p(v)), G(U) = (0,−αu),

the system can be expressed in matrix form as

Ut + F (U)x = G(U), (6.4)
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where Ut = (vt, ut) and F (U)x = (−ux, p(v)x). If we consider the Jacobian matrix associated

to the flux F :

dF (u) =

(
0 −1

p′(v) 0

)
, (6.5)

we can easily see that the eigenvalues for the systems are

λ = −
√
−p′(v), µ =

√
−p′(v).

By the hypotheses in (6.3) we have two real and distinct eigenvalues and hence we are dealing

with a strictly hyperbolic system. Associated with this pair of eigenvalues, we have the

correspondent Riemann Invariants

r = u+ φ(v) and s = u− φ(v),

where

φ(v) =

∫ v

v

µ(ξ) dξ

and v is a constant satisfying 0 < v <∞. Indeed, it can be shown that

∇r =
(√
−p′(v), 1

)
, ∇s =

(
−
√
−p′(v), 1

)
and these are left eigenvectors (associated with eigenvalues λ and µ) of the Jacobian matrix

in (6.5). Note that

u =
r + s

2
. (6.6)

As was pointed out in chapter 3, the Riemann invariants give a one to one smooth mapping

from the region

Ω1 = {(v, u) | 0 < v <∞, u ∈ R}

onto

Ω2 = {(r, s) | 2φ(0) < r − s < 2φ(∞)} .

Multiplying the system (6.4) by the left by the element ∇r we obtain

rt + λrx = −α
(
r + s

2

)
, (6.7)

and doing the same with ∇s instead of ∇r we get

st + µsx = −α
(
r + s

2

)
.

This shows that in the coordinate system of Riemann Invariants the initial value problem

(6.1)-(6.2) is equivalent to the diagonal Cauchy problem{
rt + λrx = −α

(
r+s

2

)
st + µsx = −α

(
r+s

2

) (6.8)
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with initial data

(r(x, 0), s(x, 0)) = (r0(x), s0(x)) = (u0(x) + φ(v0(x)), u0(x)− φ(v0(x))) (6.9)

on the domain where classical solutions exist.

We can also see that system (6.1) is genuinely non-linear; first we note that by (6.6),

ur =
1

2
, us =

1

2
.

Also, by the Leibnitz rule and the formula for the Riemann Invariant r:

∂

∂r
r =

∂

∂r

(
u+

∫ v

v

√
−p′(ξ)dξ

)
,

1 =
1

2
+ vr

√
−p′(v)

and then

vr =
1

2

(√
−p′(v)

)−1

.

Similarly,

vs = −1

2

(√
−p′(v)

)−1

.

In consequence, by the hypotheses in (6.3),

∂λ

∂r
=

∂

∂r

(
−
√
−p′(v)

)
=

1

2
√
−p′(v)

p′′(v)vr

6= 0.

and in the same way we prove that
∂µ

∂s
6= 0.

In order to achieve our main goal we will proceed as follows:

1. First, we will obtain local smooth solutions of parabolic perturbations of the system

(6.8) of the form {
rt + λrx = εrxx − α

(
r+s

2

)
st + µsx = εsxx − α

(
r+s

2

)
.

In doing this, we strongly rely on the ideas of [Lu, 1993]; in which the homogeneous

case of a similar system that arises in the study of isentropic gas dynamics is studied.

2. Next, following the ideas in [Smoller et al., 1977], we shall establish invariant regions for

the viscous solutions of the problem with the aid of the Riemann Invariants previously

built. Through the use of this tool, we will give uniform a priori estimates for the

solutions and their derivatives when some restrictions on the initial data are imposed.
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3. Using those a priori estimates and the local existence result, we obtain global smooth

solutions for the system. Once again we get uniform estimates for the solutions and

their derivatives in this process.

4. By introducing a suitable entropy - flux entropy pair for the damped system, we pro-

ve that the sequence of global solutions obtained in the preceding steps satisfy the

compactness hypotheses needed for the application of the ideas of [DiPerna, 1983]

developed in chapter 3. We show that the sequence of global solutions admits a sub-

sequence that converges weakly in L∞(R × [0,∞)) to a weak solution of the initial

problem (6.1)-(6.2).

5. Finally, we give a priori estimates on the time derivatives of the sequence of solutions.

With these estimates, together with the ones obtained in numeral 3, we are able to

show that the sequence of solutions belongs to the space W 1,∞(R× [0, T ]) for a finite

time T . By the classical embedding theorems of Sobolev spaces, we prove that the

sequence of solutions is embedded in the space of Lipschitz continuous functions over

any bounded region of R×[0,∞). We then obtain a global Lipschitz continuous solution

as the uniform limit of the viscous solutions of the problem.

Throughout this chapter we will carry out each one of the above points in their order of

appearance.

6.2. Local existence of viscous solutions

In this section we are concerned with the local existence of classical solutions for the Cauchy

problem {
rt + λrx = εrxx − α

(
r+s

2

)
st + µsx = εsxx − α

(
r+s

2

) (6.10)

with initial data

(r(x, 0), s(x, 0)) = (r0(x), s0(x)) = (u0(x) + φ(v0(x)), u0(x)− φ(v0(x))). (6.11)

A slight modification of the ideas presented in chapter 4 lead us to consider the integral

representation of the solutions of (6.10) as

w(x, t) = K(t) ∗ w0 −
∫ t

0

(K(t− τ) ∗D(w)wx ) dτ − α

2

∫ t

0

(K(t− τ) ∗ h(w)) dτ, (6.12)

where w(x, t) = (r(x, t), s(x, t)), w0(x) = (r0(x), s0(x)), K is the heat kernel of Chapter 4

given by

K(x, t) = (K1(x, t), K2(x, t)) =

(
1

(2
√
πεt)

exp

(
−x2

4εt

)
,

1

(2
√
πεt)

exp

(
−x2

4εt

))
,
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the function h is given by

h(w(x, t)) = h(r(x, t), s(x, t)) = r(x, t) + s(x, t),

the diagonal matrix D is defined as

D =

(
λ(w) 0

0 µ(w)

)
and the integration and convolution appearing in expression (6.12) are understood compo-

nentwise. Following the ideas in [Lu, 1993], we will show that the operator

T (w(x, t)) =

K1(t) ∗ r0 −
∫ t

0

(K1(t− τ) ∗ λ(w)rx ) dτ − α

2

∫ t

0

(K1(t− τ) ∗ (r + s)) dτ

K2(t) ∗ s0 −
∫ t

0

(K2(t− τ) ∗ µ(w)sx ) dτ − α

2

∫ t

0

(K2(t− τ) ∗ (r + s)) dτ


(6.13)

is contractive in an appropriate convex region given by level curves of Riemann Invariants.

For this purpose, we consider the region

U =

(r, s, rx, sx)


c1 − γ ≤ r ≤ c2 + γ

c2 − γ ≤ s ≤ c3 + γ

|rx| ≤ 2M

|sx| ≤ 2M

 (6.14)

where M and c1 < c2 < c3 are constants and γ is a small positive number. If we assume

further that, for any x ∈ R,

c1 ≤ r0(x) ≤ c2, c2 ≤ s0(x) ≤ c3

and that the derivatives of these functions are bounded, we will be able to show that

T (U) ⊂ U and that T is a contraction in the L∞−topology of the set U for some region

RT = R× [0, T ].

Proposition 6.2.1. Assume that

c1 ≤ r0(x) ≤ c2, c2 ≤ s0(x) ≤ c3

and

|r′0(x)| ≤M, |s′0(x)| ≤M.

then for T > 0 small enough, the operator T defined in (6.13) satisfy T (U) ⊂ U and is

contractive in the region RT = R× [0, T ].
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Proof. We prove first that T (U) ⊂ U . Take w = (r, s) ∈ U . Note that in the region U the

eigenvalue λ(r, s) is bounded, lets say

|λ(w)| ≤ Aλ.

The first component of T (w) (which we will denote by (I)) is given by

(I) =

∫
R
K1(x− y, t)r0 dy −

∫ t

0

∫
R
K1(x− y, t− τ)λ(w)ry dy dτ

− α

2

∫ t

0

∫
R
K1(x− y, t− τ)(r + s) dy dτ. (6.15)

Bearing in mind all the bounds that we have presented for the heat kernel and its derivatives,

this expression can be bounded by

(I) ≤ c2 + Aλ

∫ t

0

∫
R
K1(x− y, t− τ)rydy −

α

2

∫ t

0

∫
R
K1(x− y, t− τ)(2γ − c2 − c1)dy dτ

≤ c2 + AλMt− tα

2
(2γ − c2 − c1)

≤ c2 + AλMT +
Tα

2
|2γ − c2 − c1|,

so taking T small enough we obtain

(I) ≤ c2 + γ.

On the other hand, we can also note that

(I) =

∫
R
K1(x− y, t)r0 dy −

∫ t

0

∫
R
K1(x− y, t− τ)λ(w)rydydτ

− α

2

∫ t

0

∫
R
K(x− y, t− τ)(r + s)dydτ.

≥ c1 − Aλ
∫ t

0

∫
R
K1(x− y, t− τ)rydy −

α

2
(2γ + c3 + c2)

∫ t

0

∫
R
K1(t− τ)dy dτ

≥ c1 −MAλt−
α

2
t(2γ + c3 + c2)

≥ c1 −MAλT −
α

2
T (2γ + c3 + c2)

and then, for T small,

c1 − γ ≤ (I) ≤ c2 + γ.

Analogously, if we denote

(II) =

∫
R
K2(x−y, t)r0 dy−

∫ t

0

∫
R
K2(x−y, t−τ)µ(w)sydydτ−

α

2

∫ t

0

∫
R
K2(x−y, t−τ)(r+s)dydτ.
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we arrive at

c2 − γ ≤ (II) ≤ c3 + γ.

Now, if we turn to the derivatives of T (w), we can observe that:

(I)x =

(
K1(t) ∗ ∂

∂x
r0

)
−
∫ t

0

(K1,x(t− τ) ∗ λ(w)rx) dτ −
α

2

∫ t

0

K1(t− τ) ∗ (rx + sx)dτ.

By similar arguments and using the hypotheses over the derivatives of the initial conditions,

|(I)x| ≤ M +MAλ

∫ t

0

‖K1,x(t− τ)‖1 dτ + 2M
α

2

∫ t

0

‖K1(t− τ)‖1 dτ

≤ M +MAλ
√
T + αMT,

and once more time, if we take T small enough it yields

|(I)x| ≤ 2M.

Similar calculations show that

|(II)x| ≤ 2M,

and all these estimations together prove that

T (U) ⊂ U .

Now we shall prove that, in the same region, the operator T is a contraction.

We recall that for w = (r, s) ∈ U ,

‖w‖∞ = máx{‖r‖∞ , ‖s‖∞}.

Let w1 = (r1, s1) and w2 = (r2, s2) in the set U . We will estimate the difference

‖T (w1)− T (w2)‖∞ .

However, to avoid a too cumbersome notation, we take a look at the first component of this

difference and the other one will follow in a similar way. With this in mind, we consider∥∥∥∥∫ t

0

K1(t− τ) ∗ λ(w1)r1,x +
α

2

∫ t

0

K1(t− τ) ∗ (r1 + s1)−
∫ t

0

K1(t− τ) ∗ λ(w2)r2,x

−α
2

∫ t

0

K1(t− τ) ∗ (r2 + s2)

∥∥∥∥
∞

≤
∥∥∥∥∫ t

0

K1(t− τ) ∗ (λ(w1)r1,x − λ(w2)r2,x) dτ

∥∥∥∥
∞

+
α

2

∥∥∥∥∫ t

0

K1(t− τ) ∗ (r1 − r2 + s1 − s2)

∥∥∥∥
∞

≤ C

∥∥∥∥∫ t

0

K1(t− τ) ∗ (r1,x − r2,x) dτ

∥∥∥∥
∞

+
α

2

∥∥∥∥∫ t

0

K1(t− τ) ∗ (r1 − r2 + s1 − s2) dτ

∥∥∥∥
∞
,
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where C is taken as the maximum value of λ(w) in the region in consideration.

≤ C

∥∥∥∥∫ t

0

K1,x(t− τ) ∗ (r1 − r2) dτ

∥∥∥∥
∞

+
α

2

∥∥∥∥∫ t

0

K1(t− τ) ∗ (r1 − r2) dτ

∥∥∥∥
∞

+
α

2

∥∥∥∥∫ t

0

K1(t− τ) ∗ (s1 − s2) dτ

∥∥∥∥
∞

≤ C

∫ t

0

‖K1,x(t− τ)‖1 ‖r1 − r2‖∞ dτ +
α

2

∫ t

0

‖K1(t− τ)‖1 ‖r1 − r2‖∞ dτ

+
α

2

∫ t

0

‖K1(t− τ)‖1 ‖s1 − s2‖∞ dτ

≤ C ‖r1 − r2‖∞
∫ t

0

‖K1,x(t− τ)‖1 dτ +
α

2

∫ t

0

‖K1(t− τ)‖1 (‖r1 − r2‖∞ + ‖s1 − s2‖∞) dτ

≤ C ‖w1 − w2‖∞
∫ t

0

‖K1,x(t− τ)‖1 dτ + α ‖w1 − w2‖∞
∫ t

0

‖K1(t− τ)‖1 dτ

≤ ‖w1 − w2‖∞
(
C
√
T + αT

)
and then, we take T small enough such that(

C
√
T + αT

)
< 1.

Doing a completely analogous procedure for the second component of T (w1) − T (w2), and

the derivatives of both components, we finally get that for T small,

‖T (w1)− T (w2)‖∞ < A ‖w1 − w2‖∞ ,

where A is a constant with A < 1. Therefore, T is a contraction in U over the region

RT = R× [0, T ].

An application of the Banach fixed point theorem in this context gives us the next result.

Theorem 6.2.1. Let r0(x) and s0(x) be bounded in C1(R) and satisfying

c1 ≤ r0(x) ≤ c2, c2 ≤ s0(x) ≤ c3,

|r′0(x)| ≤M, |s′0(x)| ≤M.

Then there exists a unique local smooth solution (r, s) for the Cauchy problem (6.10)-(6.11)

in some set RT = R× [0, T ] which satisfies

c1 − γ ≤ r ≤ c2 + γ, c2 − γ ≤ s ≤ c3 + γ

|rx(x, t)| ≤ 2M, |sx(x, t)| ≤ 2M.

Note that since the region U is an invariant region for the system (see chapter 5) we obtain

uniform bounds for the sequence of solutions and its derivatives. Our next task is to show

that, with suitable C1 estimates, these local solutions can be globally extended.
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6.3. Global existence of viscous solutions

We know, for classical results, that if we are able to establish uniform C1 a priori bounds for

our solutions, we will be able to extend them globally via iterative applications of theorem

(6.2.1). For this purpose, we will devote this section to give those needed a priori C1 estimates.

Following [Lu, 1993], we can state the next result.

Lemma 6.3.1. Assume p satisfies the hypotheses in (6.3) and let (r0(x), s0(x)) ∈ C1(R)

satisfying

c1 ≤ r0(x) ≤ c2, c2 ≤ s0(x) ≤ c3,

0 ≤ r′0(x) ≤M, 0 ≤ s′0(x) ≤M.

Moreover, suppose that (r(x, t), s(x, t)) is a smooth local solution of (6.10)-(6.11) defined in

a strip RT = R × [0, T ] for a finite time T > 0, and that the derivatives of the eigenvalues

λr, λs and µr, µs are positive bounded in RT . Then

c1 ≤ r(x, t) ≤ c2, c2 ≤ s(x, t) ≤ c3,

and

0 ≤ rx(x, t) ≤M, 0 ≤ sx(x, t) ≤M.

Proof. To prove the first assertion we follow the ideas in [Jiang et al., 2013] and [Zhu et al., 1999].

Consider the transformations

r(x, t) = r(x, t) + c2 +
N

L2

(
x2 + cLet

)
(6.16)

and

−s(x, t) = s(x, t) + c2 +
N

L2

(
x2 + cLet

)
(6.17)

where c is a positive constant, N is taken as

N = máx

{
γ, sup

RT

|r(x, t), s(x, t)|
}
,

and L is an arbitrary large positive constant.

Replacing (6.16) and (6.17) into the first equation of (6.10), we obtain

rt(x, t) +
N

L2
(cLet) + λrx(x, t) + 2

N

L2
xλ = εrxx(x, t) + 2

N

L2
− α

2
(r(x, t)− s(x, t))

rt(x, t) + λrx(x, t)− εrxx(x, t) =
N

L2

(
2− 2xλ− cLet

)
− α

2
(r(x, t)− s(x, t)) . (6.18)

For a fixed L, we also have the boundary values

r(x, 0) = r(x, 0)− c2 −
N

L2

(
x2 + cL

)
= (r0(x)− c2)− N

L2

(
x2 + cL

)
< 0,
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r(L, t) = r(L, t)− c2 −N −
Ncet

L

≤ (c2 + γ)− c2 −N −
Ncet

L

= (γ −N)− Ncet

L
< 0,

r(−L, t) = r(−L, t)− c2 −N −
Ncet

L

≤ (c2 + γ)− c2 −N −
Ncet

L

≤ (γ −N)− Ncet

L
< 0.

From the above, it can be shown that

r(x, t) < 0, (x, t) ∈ [−L,L]× [0, T ].

If not, let

t = sup
t∈[0,T ]

{t | r(x, τ) < 0, s(x, τ) < 0 (x, τ) ∈ [−L,L]× (0, t)} .

Since r and s are smooth solutions, by continuity and without loss of generality, for the fixed

t, there is a point x ∈ (−L,L) in which r attains a local maximum; this is, there is a point

(x, t) such that

r(x, t) = 0, s(x, t) ≤ 0

rt(x, t) ≥ 0, rx(x, t) = 0, rxx(x, t) ≤ 0.

This implies that

rt(x, t) + λrx(x, t)− εrxx(x, t) ≥ 0.

But if we take c such that

2− 2xλ− cLet < 01,

then equation (6.18) yields to a contradiction when evaluating at the point (x, t). So we must

have

r(x, t) < 0, (x, t) ∈ [−L,L]× [0, T ].

Using this fact, we can see from equation (6.16) that

r(x, t) < c2 +
N

L2

(
x2 + cLet

)
,

1We may take c > 2
(

1+ΛL
L

)
where Λ = sup λ.
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and letting L→ +∞ we get

r(x, t) ≤ c2, (x, t) ∈ RT = R× [0, T ].

A completely analogous argument shows that

s(x, t) ≤ c3, (x, t) ∈ RT = R× [0, T ].

Now, to obtain the bounds from below, we consider the transformations

r(x, t) = −r(x, t) + c1 −
N

L2

(
x2 + cLet

)
(6.19)

and

−s(x, t) = −s(x, t) + c1 −
N

L2

(
x2 + cLet

)
. (6.20)

If we take N as

N = máx

{
γ, sup

RT

|r(x, t), s(x, t)|
}
,

a similar procedure shows that

r(x, t) ≥ c1, s(x, t) ≥ c2, (x, t) ∈ RT = R× [0, T ].

Now we go over the estimates for the derivatives rx and sx. In first place, we differentiate

each one of the equations in the system (6.10) with respect to the x variable and we write

w = rx, z = sx to obtain:{
wt + λwx + (λrw + λsz)w = εwxx − α

(
w+z

2

)
zt + µzx + (µrw + µsz) z = εzxx − α

(
w+z

2

) (6.21)

Once more time, following [Lu, 1993], we consider the transformations

w(x, t) =

(
w(x, t)− 2N

L2

(
x2 + cLet

))
eβt, (6.22)

and

z(x, t) =

(
−z(x, t) +

2N

L2

(
x2 + cLet

))
eβt,

where c, β and L are positive constants and N is taken as

N = máx

{
M, sup

RT

{|r(x, t)|, |s(x, t)|}
}
.

Substituting in the first equation of (6.21) we get

eβt
(
wt −

2N

L2
cLet

)
+ βeβt

(
w − 2N

L2
(x2 + cLet)

)
+ eβtλ

(
wx −

2N

L2
x

)
+ eβtw (λrw + λsz)− eβtN

L2
(x2 + cLet) (λrw + λsz) = εeβtwxx − ε

2N

L2
− eβtα

(
w − z

2

)
,
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reorganizing and cancelling terms;

wt + λwx − εwxx + w [λrw + λsz + β] =
2N

L2
(x2 + cLet) [λrw + λsz + β]

+
2N

L2

(
cLet + 2xλ− 2ε

)
− α

(
w − z

2

)
.

(6.23)

For this transformation we have the boundary values
w(x, 0) = w(x, 0) +

2N

L2
(x2 + cL) > 0,

w(±L, t) = w(±L, t)e−βt + 2N +
2N

L
et > 0

We claim that w(x, t) > 0 on (−L,L) × (0, T ). If not, there is a point (x, t) for which

w(x, t) ≤ 0. Let

t = sup
t∈[0,T ]

{t | w(x, τ) > 0, (x, τ) ∈ [−L,L]× (0, t)}

By continuity, and without loss of generality, there is a point (x, t) such that
w(x, t) = 0, z(x, t) ≤ 0,

wt(x, t) ≤ 0,

wx(x, t) = 0,

wxx(x, t) ≥ 0.

It follows that

wt(x, t) + λwx(x, t)− εwxx ≤ 0.

But if we choose β, c large enough so that the right hand side of equation (6.23) becomes

positive we get a contradiction.

In consequence w(x, t) > 0 for any (x, t) ∈ [−L,L]× [0, T ] and then from equation (6.22) we

obtain

w(x, t) > −eβt2N
L2

(
x2 + cLet

)
,

and letting L −→ +∞ it follows that

w(x, t) ≥ 0, (x, t) ∈ R× [0, T ].

In a similar way we obtain

z(x, t) ≥ 0, (x, t) ∈ R× [0, T ].
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Now, using the above two facts in equation (6.21) we deduce that{
wt + λwx − εwxx ≤ −α

(
w+z

2

)
zt + µzx − εzxx ≤ −α

(
w+z

2

) (6.24)

For this case, instead of considering the expression in (6.22), we introduce the transformations

w(x, t) = w(x, t) +M +
2N

L2

(
x2 + cLet

)
, (6.25)

z(x, t) = −z(x, t)−M − 2N

L2

(
x2 + cLet

)
.

Replacing in the first equation of (6.24) we get

wt + λwx − εwxx ≤
2N

L2

(
2ε− cLet − 2λx

)
− α

(
w − z

2

)
Moreover, we have the boundary values:

w(x, 0) = w(x, 0)−M − 2N

L2
(x2 + cL) < 0,

w(±L, t) = w(±L, t)−M − 2N − 2N

L2
cLet < 0.

As before, it can be proved that

w(x, t) < 0 (x, t) ∈ [−L,L]× [0, T ],

and then, using the expression in (6.25) we realize that

w(x, t) < M +
2N

L2

(
x2 + cLet

)
,

letting L→ +∞ we conclude

w(x, t) ≤M.

We proceed in a similar way to prove that

z(x, t) ≤M.

The results of this lemma, together with the local existence of solutions introduced in the

previous section, give us the following theorem.
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Theorem 6.3.1. Assume that p satisfies the hypotheses in (6.3) and let

(r0(x), s0(x)) ∈ C1(R) satisfying

c2 ≤ r0(x) ≤ c3, c1 ≤ s0(x) ≤ c2,

0 ≤ r′0(x) ≤M, 0 ≤ s′0(x) ≤M

then the Cauchy problem (6.10)-(6.11) has a unique global smooth solution (r(x, t), s(x, t))

satisfying

c2 ≤ r(x, t) ≤ c3, c1 ≤ s(x, t) ≤ c2,

and

0 ≤ rx(x, t) ≤M, 0 ≤ sx(x, t) ≤M.

Due to the representation of v and u in terms of r and s, we obtain similar a priori bounds

for our original set of variables:

Theorem 6.3.2. Assume that conditions of theorem (6.3.1) are satisfied. Let {(rε, sε)} the

global smooth solution of the Cauchy problem (6.10)-(6.11). If we denote

rε = uε + φ(vε), sε = uε − φ(vε)

where

φ(vε) =

∫ vε

v

−
√
p′(ξ) dξ

and we suppose that

M < mı́n {−φ(0), φ(∞)},

Then there exists M > 0 such that the following estimates hold.

|uε(x, t)| ≤M, 0 ≤ vε(x, t) ≤M

|uεx(x, t)| ≤M, |vεx(x, t)| ≤M

where M is a constant independent of ε.

Proof. Following [Jiang et al., 2013], from the representations of rε and sε we have

uε =
rε + sε

2
,

so it follows that

|uε(x, t)| ≤M.

Similar calculations show that |uεx(x, t)| ≤M . On the other hand, since

rε − sε

2
= φ(vε),
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we can see that

φ(0) < −M ≤ φ(vε) ≤M < h(∞). (6.26)

Furthermore, since φ′(vε) =
√
−p′(vε) > 0, we know that φ is an increasing function, so

there must be a constant v∗ such that

0 < vε(x, t) ≤ v∗ <∞,

otherwise (6.26) would be impossible. Also, the chain rule gives

φ′(vε) vεx =
rεx − sεx

2
,

and since p′′(v) > 0 we can verify that φ′(v) is decreasing and we have

|vεx(x, t)| ≤
M

φ′(v∗)
.

Taking

M = máx

{
M, v∗,

M

φ′(v∗)

}
the result follows.

6.4. Entropy - entropy flux pairs for the damped system

In this section we show that the sequence of viscous solutions obtained in the previous two

sections converges to a weak solution of the Cauchy problem (6.1)-(6.2). To this end, we

will use the setting of [DiPerna, 1983] developed in chapter 4; we shall construct a suitable

entropy - entropy flux pair for the system (6.1) for which all the hypotheses in theorem

(4.4.1) are satisfied.

To begin, we will show the existence of a convex entropy - entropy flux pair for the system

(6.1).

Proposition 6.4.1. Assume p satisfies the hypotheses in (6.3). Then the pair of functions

η(v, u) =
1

2
u2 −

∫ v

v

p(s)ds, (6.27)

q(v, u) = up(v) (6.28)

constitute a convex entropy - entropy flux pair for the system (6.1).

Proof. From the expressions in (6.27) and (6.28) we can verify that

∇η(v, u) = (−p(v), u)
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and

∇q(v, u) = (up′(v), p(v)).

In consequence,

∇η(v, u)DF (v, u) = (−p(v), u)

(
0 −1

p′(v) 0

)
= (up′(v), p(v)) = ∇q(v, u).

Consider now the parabolic perturbation of the original system (6.1) given by{
vεt − uεx = εvεxx

uεt + p(vε)x = εuεxx − αuε,
(6.29)

with the initial conditions

(vε(x, 0), uε(x, 0)) = (vε0(x), uε0(x)). (6.30)

We have shown that there exists a sequence of approximated solutions (vε, uε) of (6.29)-

(6.30) that additionally satisfy all the estimates of theorem (6.3.2). We now will show that

the entropy - entropy flux pair (6.27)-(6.28) satisfy the compactness hypotheses of theorem

(4.4.1) under the composition with the sequence of solutions of the above system.

Lemma 6.4.1. Let ΩT be a bounded an open subset of RT = R× [0, T ]. Let (η, q) the entropy

- entropy flux pair defined in (6.27)-(6.28), and let {(vε, uε)} the sequence of global smooth

solutions for the parabolic system (6.29)-(6.30). Then the sequence

{η(vε, uε)t + q(vε, uε)x}

lies in a compact set of the space H−1
loc (ΩT ).

Proof. Multiplying system (6.29) by ∇η(v, u) we obtain

η(vε, uε)t + q(vε, uε)x = ε∇ηU ε
xx −∇ηG(U ε),

where U ε
xx = (vεxx, u

ε
xx) and G(U ε) = (0, αuε). This can be rewritten as

η(vε, uε)t + q(vε, uε)x = ε ηxx(v
ε, uε)− ε η′′(vε, uε) 〈U ε

x, U
ε
x〉 − α(uε)2.

The idea is to use Murat’s lemma (lemma (3.4.3)) to prove the compactness of the sequence

{η(vε, uε)t + q(vε, uε)x}. To this end, we first show that the sequence {
√
εU ε

x} is uniformly

bounded in L2
loc(ΩT ).

In first place, lets write the system (6.29) as

U ε
t + F (U ε)x = εU ε

xx −G(U ε) (6.31)
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where F (U ε) = (−uε, p(vε)). Let K be a compact set of R×(0,∞) and take φ ∈ D(R×[0,∞))

such that φ = 1 in K. Multiplying equation (6.31) by φU ε we get

U ε
tU

εφ− F (U ε)xU
εφ = εU ε

xxU
εφ−G(U ε)U εφ

εU ε
xxU

εφ = U ε
tU

εφ− F (U ε)xU
εφ+G(U ε)U εφ.

Integration over R× [0,∞) gives us

ε

∫
R

∫ ∞
0

φ〈U ε
x, U

ε
x〉 =

1

2

∫
R

∫ ∞
0

〈U ε, U ε〉φt −
∫
R

∫ ∞
0

(F (U ε)U εφx + F (U ε)U ε
xφ+ εU ε

xU
εφ)

+

∫
R

∫ ∞
0

G(U ε)U εφ.

Bearing mind that U ε, F (U ε), U ε
x and G(U ε) are all bounded since U ε is taken as the smooth

solution of (6.29) which satisfies all the estimates of theorem (6.3.2), we obtain that

ε

∫
R

∫ ∞
0

φ〈U ε
x, U

ε
x〉 ≤M(φ)

where M(φ) is a constant that depends only on the choosing of the test function φ. This

shows that {
√
ε U ε

x} is uniformly bounded in L2
loc(R× [0,∞)). Moreover, since η and η′ are

bounded over compact sets, we can conclude that

εηx(U
ε) = εη′(U ε)U ε

x −→ 0 in L2
loc(R× [0,∞)).

Now take any v ∈ H1
0 (ΩT ). Integrating by parts we get∫

ΩT

εηxx(U
ε)v = −ε

∫
ΩT

ηx(U
ε)vx.

This shows that if K is any compact subset of ΩT∣∣∣∣∫
K

εηxx(U
ε)v

∣∣∣∣ ≤ ∣∣∣∣∫
ΩT

εηxx(U
ε)v

∣∣∣∣ ≤ ‖εηx(U ε)‖L2(ΩT ) ‖vx‖L2(ΩT ) −→ 0,

and therefore

εηxx(U
ε) −→ 0 in H−1

loc (ΩT ).

This means that {εηxx(U ε)} is precompact in H−1
loc (ΩT ). On the other hand, if we take

φ ∈ C(ΩT ), we have that∣∣∣∣∫
ΩT

εη′′(U ε)〈U ε
x, U

ε
x〉φ
∣∣∣∣ ≤ ‖φ‖∞ ∫

ΩT

|η′′(U ε)| |ε〈U ε
x, U

ε
x〉| .

We have that η′′ is bounded on ΩT and furthermore, {ε〈U ε
x, U

ε
x〉} is uniformly bounded in

L1
loc(R× [0,∞)), hence we discover that∣∣∣∣∫

ΩT

εη′′(U ε)〈U ε
x, U

ε
x〉φ
∣∣∣∣ ≤M ‖φ‖∞
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with M a constant indpendent of ε, and in consequence {εη′′(U ε)} is bounded in M(ΩT ); the

space of Radon measures over ΩT . A similar argument shows that {−α (uε)2} is bounded in

M(ΩT ). Henceforth, by Murat’s Lemma we obtain that

{η(vε, uε)t + q(vε, uε)x}

lies in a compact set of the space H−1(ΩT ).

Finally, since we have already shown that the system (6.1) is strictly hyperbolic and genuinely

non-linear in the Lax sense, we can use theorem (4.4.1) to obtain the following result.

Theorem 6.4.1. The sequence of global smooth solutions of the parabolic problem (6.10)-

(6.11) converges in the weak ∗ topology of L∞(R× [0,∞)) to the weak solution of the Cauchy

problem (6.1)- (6.2) as ε −→ 0.

6.5. Globally Lipschitz continuous solutions

This last section consist of showing that, under certain assumptions over the initial condi-

tions, the sequence of viscous solutions of the problem (6.1)-(6.2) is embedded in the Sobolev

space W 1,∞(R× [0, T ]) and then we obtain a global Lipschitz continuous solution as uniform

limit of the viscous solutions. We begin giving the a priori estimates for the time derivatives

of the sequence.

Lemma 6.5.1. Assume that the initial condition (r0(x), s0(x)) satisfy all the conditions of

theorem (6.3.1). Moreover, assume that (r0(x), s0(x)) ∈ C2(R) and

|rt(x, 0)| ≤M, |st(x, 0)| ≤M.

Then

|rt(x, t)| ≤MeσT , |st(x, t)| ≤MeσT

where

σ = máx

{
0, sup

RT

(λs − λr)rx, sup
RT

(µr − µs)sx
}

Proof. Let (r(x, t), s(x, t)) the smooth solution of system (6.10). Following [Lu, 1993], we

write

X = rt, Y = st.

Then we have

X|t=0 = rt|t=0 =
(
εrxx − λrx −

α

2
(r + s)

)∣∣∣
t=0

,

Y |t=0 = st|t=0 =
(
εsxx − µsx −

α

2
(r + s)

)∣∣∣
t=0

.



6.5 Globally Lipschitz continuous solutions 59

We differentiate each equation in system (6.10) with respect to the t variable to obtain{
Xt + λXx + (λrX + λsY ) rx = εXxx − α

2
(X + Y )

Yt + µYx + (µrX + µsY ) sx = εYxx − α
2

(X + Y )
(6.32)

We will use the “maximum principle” as in [Jiang et al., 2013]-[Lu, 1993] again. Consider

the transformations

−X =

(
X +M +

N

L2
(x2 + cLet)

)
eσt, (6.33)

Y =

(
Y +M +

N

L2
(x2 + cLet)

)
eσt (6.34)

where c, L are positive constants (L arbitrary large) and N is taken as the upper bound of

rt and st in the region RT = R× [0, T ] (N can be obtained by the local existence of smooth

solutions).

Using these expressions in (6.32) we have that X and Y satisfy the equations

X t + λXx + rx
(
λrX − λsY

)
+ σX +

N

L2

(
cLet + 2λx− 2ε

)
+ (σ + (λr − λs))

(
M +

N

L2
(x2 + cLet)

)
= εXxx +

α

2

(
X − Y

)
(6.35)

and

Y t + µY x + sx
(
µsY − µrX

)
+ σY +

N

L2

(
cLet + 2µx− 2ε

)
+ (σ + (µs − µr))

(
M +

N

L2
(x2 + cLet)

)
= εY xx +

α

2

(
X − Y

)
.

Moreover, we have the boundary values
X(x, 0) = −X(x, 0)−M − N

L2
(x2 + cL) < 0,

X(±L, t) = −e−σtX(±L, t)−M −N − N

L2
cLet < 0.


Y (x, 0) = Y (x, 0)−M − N

L2
(x2 + cL) < 0,

Y (±L, t) = e−σtY (±L, t)−M −N − N

L2
cLet < 0.

we claim that X(x, t) < 0, Y (x, t) < 0 on [−L,L]× [0, T ]. If not, let

t = sup
t

{
t | X(x, τ) < 0, Y (x, τ), (x, t) ∈ (−L,L)× (0, T )

}
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By the continuity of X and Y and without loss of generality, there is (x, t) such that

X(x, t) = 0,

Y (x, t) ≤ 0,

X t(x, t) ≥ 0,

Xx(x, t) = 0,

Xxx(x, t) ≤ 0.

this means that

X t(x, t) + λXx(x, t)− εXxx(x, t) ≥ 0.

Now, from equation (6.35) we obtain

X t + λXx − εXxx =
α

2

(
X − Y

)
− (σ + (λr − λs))

(
M +

N

L2
(x2 + cLet)

)
−rx

(
λrX − λsY

)
− N

L2

(
cLet + 2λx− 2ε

)
,

and since σ + (λr − λs) ≥ 0 by the hypothesis over σ, we can choose c large enough so the

right hand side of the above equation becomes negative, obtaining a contradiction. Therefore,

X(x, t) < 0 and Y (x, t) < 0 for any (x, t) ∈ [−L,L]× [0, T ], and from equations (6.33) and

(6.34) we get

X(x, t) > −Meσt − eσtN
L2

(x2 + clet),

Y (x, t) < eσtM + eσt
N

L2
(x2 + cLet)

and letting L→ +∞ we finally have

X(x, t) ≥ −Meσt Y (x, t) ≤Meσt.

Exchanging the role of X and Y in the transformations (6.33)-(6.34), and proceeding in a

similar way we obtain

X(x, t) ≤Meσt Y (x, t) ≥ −Meσ,

and in consequence, we conclude that

|rt(x, t)| ≤MeσT , |st(x, t)| ≤MeσT .

With these estimates we can now reformulate theorem (6.3.2) as follows:
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Theorem 6.5.1. Assume that conditions of lemma (6.5.1) and theorem (6.3.1) are satisfied.

Let {(rε, sε)} the global smooth solution of the Cauchy problem (6.10)-(6.11). If we denote

rε = uε + φ(vε), sε = uε − φ(vε)

where

φ(vε) =

∫ vε

v

−
√
p′(ξ) dξ

and we suppose that

M < mı́n {−φ(0), φ(∞)},

Then there exists M > 0 such that the following estimates hold.

|uε(x, t)| ≤M, 0 ≤ vε(x, t) ≤M

|uεx(x, t)| ≤M, |vεx(x, t)| ≤M

|uεt(x, t)| ≤M(T ), |vεt(x, t)| ≤M(T )

where M and M(T ) are constants independent of ε.

All the above a priori bounds on the sequence of approximated solutions that we have

constructed bring us the following result.

Theorem 6.5.2. The sequence (vε, uε) of approximated solutions of the problem (6.1)-(6.2)

lies in the space W 1,∞(R× [0, T ]) for T <∞.

In consequence, for the classical continuous embedding theorem for Sobolev spaces (see

[Kesavan, 1989] chapter 2), the sequence (vε, uε) is in fact in the space C(RT ). Moreover,

the functions (vε, uε) in the sequence of approximated solutions turn out to be Lipschitz

continuous and henceforth, on any bounded region Ω of R × [0, T ], the sequence {(vε, uε)}
converges uniformly to a pair of Lipschitz continuous functions (v, u) that, for what was

discussed in the previous sections, must be a weak solution for the problem (6.1)-(6.2).

Summarizing, We obtain the main result of this work:

Theorem 6.5.3. Assume that p satisfy the conditions in (6.3), and that (r0(x), s0(x)) defined

by (6.9) satisfy all the hypotheses of theorem (6.5.1). Then the Cauchy problem (6.1)-(6.2)

has a unique global Lipschitz continuous solution.
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