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Abstract

Title: Symmetries and reductions of Dirac-Jacobi structures

In this manuscript we study reductions of Dirac-Jacobi structures on a smooth manifold
under the presence of symmetries given by the action of a connected Lie group. The main
tools we used are the called "homogenization trick” and the well known reduction of Dirac
structures. We show two particular cases, namely, reduction by moment map and the case
when the base manifold is endowed with a contact 1-form.

Keywords: £!(M)-Dirac structures; Dirac-Jacobi structures; Dirac structures; ho-

mogenization trick; Dirac-ization trick; reduction.

Resumen

Titulo: Simetrias y reducciones de estructuras Dirac-Jacobi

En el presente texto se estudia la reduccion de estructuras Dirac-Jacobi sobre una variedad
diferenciable bajo la presencia de simetrias dadas por la accién de un grupo de Lie conexo.
La herramienta principal que se usa es el llamado "truco de homogenizacion” y las reduc-
ciones de Dirac ya conocidas. Se muestran dos casos particulares de reduccién Dirac-Jacobi;
cuando hay presencia de una aplicacién momento y el caso cuando la variedad base esta
dotada de una 1-forma de contacto.

Palabras clave: estructuras £'(M); estructuras Dirac-Jacobi; estructuras Dirac; truco

de homogenizacién; truco de Dirac-izacién; reduccion.
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Chapter 1

INTRODUCTION

Since the middle of the last century and in recent years, there have been an increasing
interest and technical developments on several geometrical structures related to mathemat-
ical physics. This approach began with symplectic and Poisson structures on differential
manifolds, and later it appeared some others, such as Dirac structures, Courant algebroids,
Lie (bi)algebroids and Lie groupoids, (see [5], [3], [I1] and references therein).

Relevant attention was addressed to Dirac geometry, that unifies symplectic, Poisson
geometry, regular foliation theory and others ([2]). This geometry can be understood as
even-dimensional geometry because any symplectic manifold must have even dimension
and Poisson manifolds have a symplectic (singular) foliation. Dirac structures in general
are studied as special subundles of Courant algebroids. In the realm of Courant algebroids
there are also several areas of research, such as integration, bialgebroid splittings, local
forms, generalized complex geometry, and in particular the reduction theory developed in
[3]. Reduction theory also works for reduction of Dirac structures.

The odd-dimensional counterpart of these symplectic, pre-symplectic and Poisson
geometries are the contact, locally conformally symplectic, and Jacobi structures in its
classical definition via trivial line bundles. Also, there is another interpolating structure
for the previous odd-geometries, Dirac-Jacobi structures. These last structures appear
naturally in the study of geometric prequantization of Dirac structures (see [15], [16]), and

also lie naturally in an extension of Courant algebroids, the Courant-Jacobi bundle, or
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EY(M)-bundle ([13], [4] ). In spite of the well known relation between odd-geometries and
even-geometries, by the use of the symplectization or Poissonization trick, research on the
odd-viewpoint is far from the research on the even counterpart. As examples of this, we
see that there is no reduction theorem for Dirac-Jacobi structures. Indeed this is the main
goal of this manuscript.

This type of result can be achieved in different ways, for example trying to axiomatize
Courant-Jacobi algebroids and to construct its reduction, and as a second step to consider
the Dirac-Jacobi reduction as part of this procedure. This way requires extensive work
and time, for this reason is far from the aim of this thesis. However, there is another way
to construct a Dirac-Jacobi reduction, using the homogenization trick, an extension of the
Poissonization procedure, so we can translate Dirac-Jacobi to honest Dirac structures inside
a Courant algebroid and from there we proceed with the well known reduction theorem as
in [3].

In this thesis we begin the study of the reduction of Dirac-Jacobi structures by using
the theory of reduction of Dirac structures inside the reduced Courant algebroid. For this
purpose, the document is organized as follows: Chapter 1 contains the definitions and
main examples of Dirac and Dirac-Jacobi structures and it describes the first technical
tool, the homogenization trick. The second chapter is devoted to describe the reduction
procedure as in [3] and the reduction of the canonical Courant algebroid on the manifold
M x R is presented. Finally, the third chapter deals with the main results of reduction
in two interesting cases, the contact/symplectic case and the case for which we have the

existence of an equivariant moment map, both defining the extended action for an £!(M)-
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structure. An important situation that can be considered for the Dirac-Jacobi reduction
is the isotropicity condition of the G-action, for this reason we will study the contact case
with a non-isotropic action while the general situation of moment map will be studied
as an isotropic action. These two conditions will give us a different type of Dirac-Jacobi

reduction: Theorem [4.2.5] and Theorem [4.2.7]
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Chapter 2

PRELIMINARIES

In this chapter we will define the main differential structures associated to the object
of the work. We begin with the general description of the Courant algebroids and Dirac
structures. For the case of extended Courant algebroid we just give its definition in the
trivial bundle which is the structure we need in order to define the Dirac-Jacobi structures.
In the literature there is a lack of an axiomatization for extended Courant algebroids in the
same sense as Courant algebroids, but this topic is beyond of the scope of this manuscript.
We close this chapter with a construction, named homogenization trick, that will allow us to
translate some information from extended Courant algebroids (in particular Dirac-Jacobi

data) to Courant algebroids (to the particular data of Dirac structures).

2.1 COURANT ALGEBROIDS AND DIRAC STRUCTURES
2.1.1 Courant Algebroids

The results and definitions in this subsection where almost transcribed from [3], where
the reader can found more details, as well as in [6] and [I7]. We just want to mention some

facts concerning Courant algebroids and Dirac structures that will be used in this text.

Definition 2.1.1. A Courant algebroid over a manifold M is a structure
(E,7,{"),[,"]), where E is a vector bundle over M equipped with a fiber-wise non-
degenerate symmetric bilinear form (-,-), [-,-] is a bilinear bracket on smooth sections
of £, and w : E — TM is a bundle map called the anchor of the Courant algebroid, all
these data satisfying the following conditions for all ey, es,e3 € T'(F) and f € C*(M):
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C1) ler, [e2, es]] = [lex, €], €3] + [e2, [ex, €3]],

C2) 7([e1, e2]) = [m(er), m(e2)],

C3) [e1, fea] = fler, ea] + (w(er) f)es,

C4) m(er){ea, e3) = ([e1, €], €3) + (€2, [e1, €3])),

C5h) [er,e1] = D{ey,e1),

where D = i1 od : C*(M) — T'(E)(Using (-, ) to identify E with E*).
We see from axiom that the bracket is not skew-symmetric, but rather satisfies
le1, €2] = —[ea, 1] + 2D(eq, €9). (2.1)

Example 2.1.1. Let M be a connected 0-dimensional smooth manifold, i.e. M consists of
only a single point. In this case we have that a k-vector bundle £ over M is just a k-vector
space for some field k. Suppose we have a Courant algebroid structure on M with bracket
[,] and pairing (,). Axioms and are trivial, axiom means that [,] satisfies the
Jacobi identity and tell us that it is also skew-symmetric so (E,[,]) is a Lie algebra.
Axiom becomes ([eq, es], e3) + (e, [e1,e3]) = 0 for all e1,es,e3 € E, so, E is in fact
a Lie algebra where is defined an invariant nondegenerate symmetric bilinear form. This
kind of structures are interesting in the study of differential equations, see for example [I],

but it is not part of this document.

Example 2.1.2 (Standard Courant algebroid). In this case we will consider the vector

bundle E =TM & T*M over M, with pairing

(X®a,Y ® )= S(5(X) +a(Y)) (22)
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and bracket
[X @ a,Y & 8] = [X,Y]® (LxB — ivda). (2.3)

This bracket is known as the Courant bracket on M. We will refer to (E,, (-,-), [, -])
as the standard Courant algebroid on M. Here 7 is the projection on T'M.

The proof that F, with the previous pairing and bracket on sections, is a Courant
algebroid, is a straightforward computation on Lie brackets and Cartan calculus on the
manifold £. From now on, we will use the symbol TM for the standard Courant algebroid

over the base manifold M.

Example 2.1.3. We can twist the previous structure with a 3-form H € Q3(M) in the

following sense:
[X@Oé,Y@ﬁ]H:[X,Y]@ﬁXﬁ—Zyda—f—Zyle, (24)

and the first axiom is equivalent to dH = 0. We refer this bracket as the H-twisted

bracket on M.
Definition 2.1.2. A Courant algebroid is exact if the following sequence is exact:

0—=T"M =~ FE—">TM 0 (2.5)

In this case it is possible to verify that any exact Courant algebroid is isomorphic to
a twisted structure as in Example with the 3-form given explicitly via a splitting of
the 7 bundle map (for more details we refeer to [3]).

The symmetry group of an exact Courant algebroid, that is, the group of bundle auto-
morphisms preserving the Courant algebroid structure, is given by the following definition.
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Definition 2.1.3. The automorphism group Aut(E) of a Courant algebroid E' is the
group of bundle automorphisms F' : E — E covering diffeomorphisms ¢ : M — M such

that

(i) ¢*(F-, F-) = (-, ), i.e. F is orthogonal,

(i) [F-, F-]=F][-, -], i.e. F is bracket-preserving,

(iii) mo F = p, o, i.e. F is compatible with the anchor.

Let M be a smooth manifold and consider the the H-twisted Courant algebroid TM,
H € Q3(M). Let ¢ be a diffeomorphism of M preserving H, that is, ¢*(H) = H. Then
we can see that ¢ preserves the structure of TM in the sense that the vector bundle
morphism dp @ (¢~ 1)* from TM into itself satisfies the conditions of the last definition i.e.
de ® (p71)* : TM — TM is an automorphism of the Courant algebroid TM.

On the other hand, the Courant bracket has an additional symmetry given by a B-
field transformation, that is, given by the action of a closed 2-form B via e : X @ a
X @ a+ixB, (see [6], Proposition 3.23. for more details).

Indeed, an automorphism of an H-twisted Courant bracket must be the composition
of a diffeomorphism ¢ of M and a transformation given by a 2-form B satisfying H —p*H =
dB. The following propositions concern this fact, and it is a transcript of proposition 2.3

in [3].

Proposition 2.1.4. The automorphism group of an exact Courant algebroid E is an ex-

tension of the diffeomorphisms preserving the cohomology class [H| by the abelian group of
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closed 2-forms:
0 — Q4 (M) — Aut(E) — Diffy (M) — 0.

The infinitesimal version of an automorphism for an H-twisted exact Courant alge-
broid E is given by differentiating a l-parameter family of automorphisms F, = ¢,e!®,

Fy =1d. Then we get that the Lie algebra Der(FE) consists of pairs (X, B) € I'(TM) @&

Q?(M) such that LxH = dB, which acts via
(X,B)-(Y+a)=Lx(Y +a)+iyB.
This remarks and the following proposition was taken from [3].

Proposition 2.1.5. The Lie algebra of infinitesimal symmetries of an exact Courant al-
gebroid E is an abelian extension of the Lie algebra of smooth vector fields by the closed

2-forms:

0 — Q4(M) — Der(E) — I(TM) — 0.

2.1.2 Dirac structures
Throughout this subsection we will restrict our attention to exact Courant algebroids

which, as we have mentioned in the previous subsection, are isomorphic to a twisted Courant
algebroid TM with pairing and bracket on sections given by (2.2) and (2.4)) for some

H e Q3 (M).
Definition 2.1.6. A Dirac structure on M is a vector subbundle L C TM such that:

D1) L is lagrangian with respect to the pairing (-, -), i.e. L+ = L, and
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D2) [I'(L),I(L)] c I'(L).

Remark 2.1.7. An isotropic subbundle L is a subbundle such that (-, -)|;, = 0. Condition
is equivalent to say that L is maximally isotropic, which means that L is isotropic and
there is no L' € TM isotropic subbundle such that L is strictly contained in L’. Because

the pairing has splitting signature, the maximality of L is equivalent to rank L = dim M.

2.1.3 Examples

In this subsection we want to see how some important structures can be characterized
by means of Dirac structures.

Given any covariant 2-tensor w on M, we can always define the map w! : TM — T*M,
X +— ixw. We will denote by L, the graph of w#, which can be seen as a subbundle of

TM:
L, ={X®a|uw(X)=a}cTM. (2.6)

Suppose we have a covariant 2-tensor w on M such that L, is isotropic with respect

to (-, -yrar. Then, for all vector fields X,Y on M we have:

0= (X ®wh(X),Y @AY )y = %(wﬁ(Y)(X) + Wt (X)(Y))

= LX) Fw(X,Y)).
This implies that w is in fact a 2-form on M. We can see from the above calculation that
the converse is also true, that is, if w is a 2-form, the graph L, is isotropic with respect to
<. , ‘>TM-
Now suppose we have a 2-form w defined on M. Let X,Y be two vector fields on
M, so we have X @ w*(X) and Y @ w#(Y) are two sections of L,. The standard Courant
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bracket on TM computed for X @ w*(X) and Y & w*(Y) gives us:
[X©(X), YotV ]rw =[X,Y]® Lxiyw — iydixw.
This last expression is again a section of L, if and only if
Lxiyw —iydixw = i[x,y|w- (2.7)

Therefore, by Cartan calculus we can see that (2.7)) is equivalent to iyiyxdw = 0.
Because this happens for all vector fields X,Y on M, we can conclude that sections

of L, are closed under the standard Courant bracket on TM if and only if w is closed.

Example 2.1.4. Let 7 be a contravariant 2-tensor on M. Then we have the bundle map
7 T*M — TM given by () : C°(M) — C*®°(M), f + m(a,df), where 7*(a) is seen
as a derivation on the algebra of smooth functions on M. Following an analogous way
described above, we can prove that 7 is a bivector field on M if and only if L, := graph(z*)

is an isotropic subbundle of TM.

PRESYMPLECTIC STRUCTURES A presymplectic structure on a smooth
manifold M is a closed 2-form w € Q3 (M) with constant rank. By the above remarks
we have made in this subsection, we can see that if we are given a covariant 2-tensor field
w such that L, is Dirac, then w is a presymplectic structure on M.

We had seen that if a 2-form w on M is closed, then we have that L, is an isotropic
subbundle of TM whose sections are closed under the standard Courant bracket. The fact
that L, is actually a lagrangian subbundle of TM follows from the fact that rank(L,) =
rank(T'M), which in turns is true because L, is the graph of the map w* : TM — T*M.
Hence, we have L, is a Dirac structure on M.
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The following proposition shows how presymplectic structures are characterized by

Dirac structures.

Proposition 2.1.8. Presymplectic structures on a manifold M are in a one-to-one corre-

spondence with Dirac structures L on M satisfying

Ln({ote " M) = {0}. (2.8)

POISSON STRUCTURES Let 7 € T(A>TM) be a bivector field on M. Define a
bracket {-,-} on the algebra of smooth functions over M by {f, g} := n(df,dg) for all
f,g € C®(M). We say that { , } is a Poisson structure on M if it satisfies the Jacobi

identity for all f,g,h € C>®°(M):

{f 49, h3} +4{h{f. 93} + {9, {n. f}} =0

As we mentioned in Example [2.1.4] a 2-tensor field 7 on M is a bivector field on M
if and only if graph(7*) defines an isotropic subbundle of TM.

Suppose 7 is a bivector field on M and consider graph(m*) C TM. To simplify
notation, let us put X; := w*(df) for f € C*(M). Let f,g € C°(M). Because d* = 0 we

have
[XrDdf, Xg®dg]rm =[Xy, Xy]® Lx,dg.
We see that the last expression gives a section of L, if and only if
[ Xy, Xg] =7 (Lx,dg) = 7(d{f. g}) = {{f. 9}, -} (2.9)

where we have used the fact that X;(g) = {f,¢}. To say that (2.9) holds is equivalent to
say that if we compute each side at an arbitrary function, the result must be equal. Let
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h € C*°(M). The left side of (2.9) at h is

[Xf7 Xg]h:XfXgh_Xngh: {f7 {g7h}}_{97 {fvh}} = {f7 {g7h}}+{97 {hvf}}

where we have used the skew symmetry of {, }.

Using again the skew symmetry of {, }, the right side of evaluated at h is equal
to —{h,{f,g}}. Therefore, expression is equivalent to get {,} satisfies the Jacobi
identity.

Summarizing, we have seen that L, is an involutive subbundle of TM under the
standard Courant bracket if and only if {,} satisfies the Jacobi identity, that is, 7 is a
Poisson structure on M.

In the following proposition we can see how Poisson structures can be characterized

via Dirac structures.

Proposition 2.1.9. Poisson structures m on a manifold M are in a one-to-one correspon-

dence with Dirac structures L satisfying

LN (TM @ {0}) = {0}. (2.10)

SYMPLECTIC STRUCTURES A symplectic structure on a smooth manifold M
is a differentiable closed 2-form w € Q?(M) which is non-degenerate, which means that w

satisfy one of the following two equivalent conditions:
e The map w*: TM — T*M, X — ixw, is a bundle isomorphism.

o If w(X,Y) =0 for each vector field Y on M, then we must have X = 0.
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By definition, symplectic structures are presymplectic structures. Consequently, to every
symplectic structure w on M there is associated a Dirac structure on M, namely L, C TM,

where L, is given by (2.6). Furthermore, we have the following proposition.

Proposition 2.1.10. There is a one-to-one correspondence between symplectic structures

on M and Dirac structures L on M satisfying the two following conditions

LNn({0}eT"M)={0} and (2.11)

LN (TM & {0}) = {0} (2.12)

REGULAR FOLIATIONS Let V C TM be a regular distribution. Consider the
subbundle L = V@ V*° of TM, where V° is the anihilator of V. It follows immediately that
L is a lagrangian subbundle. We have that the Courant bracket restricted to sections of L
reduces to the Lie bracket restricted to V. Then, by Frobenis’ Theorem, we have that L is
involutive with respect to the Courant bracket (hence a Dirac structure) if and only if V/

is an integrable distribution. Therefore we can see regular foliations as Dirac structures.

TWISTED SYMPLECTIC STRUCTURES Consider the H-twisted Courant

bracket [ , Jg on M, where H € Q3(M). Let L C TM be a twisted Dirac structure

such that L satisfies (2.20)) and (2.21)). From the proof of Proposition [2.1.10] we can con-

struct a nondegenerate 2-form w on M such that L, = L, i.e. L is the graph of the map
W TM — T*M, X — ixw.

Let X,Y be two vector fields on M. We have that

[[XEBW%X), YEBwﬁ(Y)]]H = [X, Y] @Cxiyw —iydix&)—’—ix’in.
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Using Cartan calculus we can deduce that the last expression is equivalent to iyixdw =
iyix H. Because this happens for all X, Y € X(M), it follows that L is involutive (hence a
twisted Dirac structure) if and only if dw = H.

A nondegenerate 2-form w satisfying dw = H is called a twisted symplectic struc-
ture on M. Therefore, we have just proved that twisted symplectic structures can be seen

as twisted Dirac structures.

2.2 EXTENDED COURANT BRACKET AND DIRAC-JACOBI STRUC-
TURES
In the previous sections we define Dirac structures as Lagrangian subbundles which
are involutive with respect to the Courant bracket. In this section we present Dirac-
Jacobi structures as ivolutive lagrangian subbundles of a suitable vector bundle endowed
with a natural pairing and a bracket on sections which is called the extended Courant
bracket. Dirac-Jacobi structures are in certain sense the odd-analogous structures to Dirac

structures.

2.2.1 The extended Courant bracket

Aissa Wade introduced the extened Courant bracket in [I4]. This extension lets us
see some important structures such as contact, Jacobi and localy conformal presymplectic
structures as Dirac structures in a suitable vector bundle on M. In this subsection we

present the extended Courant bracket as in [§].

Consider the vector bundle EY(M) = (TM x R) & (T*M x R) over M. In the same
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way as in TM, there is a natural fiberwise bilinear form on £'(M) defined by:

(X1, f1) © (1, 91) , (Xo, f2) © (a2, 92)) = %(inal +ix, a0 + fig2 + fa91)

for any (X, f;) @ (o, 95) € EY(M), with j = 1,2.
The extended Courant bracket on sections of £'(M) is given by the non-

skewsymmetric operation

[ (X1, f1) @ (a1, 91) 5 (X, f2) ® (@2, g2) ]]Sl(M) = ([X1, Xo], Xifa — Xofy)
® (Lx, 00 — ix,don + gadfi + fodgy + fran — faau, fige + X192 — Xagi +ix,01),
(2.13)

for all sections (Xj, f;) @ (o, g;) of EX(M), with j = 1,2. In the next section we will see
how this bracket is related to the Courant bracket on M by means of the homogenization
trick.

We will use the notation [, -]]51(M) when some confusion is possible, but when no
confusion can arise we will just write [-,-] or [, -] for the extended Courant bracket.

We want to give a more familiar expression for this bracket. In order to do this, first
we mention the fact that in the more general vector bundle A* T*M x A" ' T*M there is
a Cartan calculus given by the following exterior, interior and Lie derivatives:

The exterior derivative is given by

d: QF(M) x QM) — Q¥ (M) x QF(M)

d(a, B) = (da, (—=1)*a + dB), (2.14)
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for any a € Q¥(M), 8 € Q*1(M), where d is the exterior differentiation operator. When
k = 0, the derivative is defined by d. f=(df, f). As a direct consequence of (2.14]) we have
~ 2

(d) = 0.

There is also a contraction map given by

7:(TM x R) x (/\k(T*M) x /\k_l(T*M)> S AFTYTEM) x NFH(TM)

ix)(@, B) = (ixa+ (1) fB,ixp), (2.15)

that also extends by linearity to the respective space of sections.

From these two operators, we can define the Lie derivative as

,C(X,f) = ’i(X7f)Od+dO’i(X7f). (2.16)

In particular for & = 1 these operators on £'(M) allow us to write (2.13) as follows.
Let e; = (X}, f;) @ (v, 95) € T(EN(M)) (j = 1,2). Then after a straightforward calculation

we obtain

[er, ex] = ([ X1, Xo], X1fo — Xof1) @ (Lixy ) (a2, f2) — i(xa, ) d 1, 91)), (2.17)

which, as we can see, is similar to the expression for the Courant bracket in sections of TM

23).

Remark 2.2.1. The bracket we have just defined is the non-skew-symmetric version of the
extended Courant bracket. The skew-symmetric version can be found in [I4]. The skew

and non-skew symmetric versions coincide on lagrangian subbundles.
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We now state a proposition with some properties of the extended Courant bracket,

but we will give the proof in Section [2.3]

Proposition 2.2.2. Consider the projection map 7 : EY(M) — TM, (X, f) ® (a,g) — X
and the inclusion map ©* : T*M x R — EY(M), (a,g) — (o, g) ® 0. Then the extended

Courant bracket on sections of EY(M) satisfies the following properties for all sections

€1, e5,e0 € D(EY(M)) and f € C=(M):
E1) [er, [e2, €3]] = [[e1, 2], 5] + [e2, [e, €3]]
E2) w(ler, e2]) = [w(er), m(e2)],

E3) [ex, fes] = fler, ea] + (w(er) f)e.

E4) Define D := 1n*od : C(M) — T(EY(M)) (where we identify E'(M)* with E'(M)

via (-, -)erany). Then we have

le1, er]erary = Dier, e1)er iy

2.2.2 Dirac-Jacobi structures(DJ-structures)
Definition 2.2.3. A Dirac-Jacobi structure on a manifold M is a subbundle L C E'(M)

over M, which satisfies the following two conditions.
DJ1) L is lagrangian with respect to (-, )iy
DJ2) [L(L),T(L)]er g, < T(L).

Remark 2.2.4. Note that at each fiber, the pairing (-, -)¢1(as), is the natural pairing on
the direct sum of a vector space and its dual. Then we have that the condition D is
equivalent to (-,-)|, = 0 and rank L = dim M + 1 as in Remark [2.1.7]
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Let us mention some examples of Dirac-Jacobi structures.

2.2.3 Examples

LOCALLY CONFORMAL PRESYMPLECTIC STRUCTURES See [7] and

[T4]. A locally conformal presymplectic structure on a manifold M is a pair (w,n),

where w and 7 are respectively a 2-form and a closed 1-form on M, satisfying dw =n A w.
The characterization by the extended Courant bracket is given in the following propo-

sition which is part of Proposition 2.2 in [§].

Proposition 2.2.5. Locally conformal presymplectic structures (w,n) on M corresponds

to Dirac-Jacobi structures L C EY(M) such that

L. N ({0} @ (T7 x R)) = {0}

for all x € M.

JACOBI STRUCTURES A Jacobi structure on a manifold M is given by a pair

(7, X) formed by a bivector field m and a vector field X such that

(X, 7]s =0, [m,7]s =2X A,

where [, 5 is the Schouten-Nijenhuis bracket on the space of multi-vector fields. A manifold
endowed with a Jacobi structure is called a Jacobi manifold.
When X = 0, we get a Poisson structure.

In general, if we have a bivector field 7 and a vector field X defined on M, we can
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define the following map

(m, X) . T*M xR — TM xR
(2.18)
() = (7(a) + fX, —ixa),
where 7¢ : T*M — T'M is given by 7(a) : C°(M) — C>®(M); g — 7(a, dg) (viewing T M
as a space of derivations of C*>°(M)).

We have that the graph L x) of (m, X)* is a Dirac-Jacobi structure if and only if

(m, X)) is a Jacobi structure. See Proposition 2.2 in [§] and references there in.

Proposition 2.2.6. There is a one-to-one correspondence between Jacobi structures and

Dirac-Jacobi structures L on M satisfying the following property.

LN ((TM xR) & {0}) = {0}. (2.19)

CONTACT STRUCTURES Let M be a (2n + 1)-dimensional smooth manifold. A
I-form n on M is contact if n A (dn)™ # 0 at every point. We call (M,n) a contact
manifold.

Given a contact 1-form 1 on M we construct a Jacobi structure on M as follows.
First, we have the isomorphism b, : TM — T*M given by b,(X) = ixdn + (n(X))n. Then

the Jacobi structure is given by

w(c B) = dn(o;"(a),b; (8)), for all a, B € T M,

n

which satisfies that ((7, B)")~"Y(X, f) = (—ixdn — fn,n(X)), where ((m, E)*)~! is given
by [2.18  Therefore, as for the case of Jacobi structures, we have that the graph
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graph((m, E)*)~ < £1(M) defines a Dirac-Jacobi structure on M. So, When 7 is a contact
form on M, the corresponding Dirac-Jacobi structure on M is given by a subbundle of
EY(M) whose sections are of the form (X, f) & (—ixdn — fn,n(X)).

Finally, we have an analogous to Proposition [2.1.10| for contact structures.

Proposition 2.2.7. There is a one-to-one correspondence between contact 1-forms on a

(2n+1)-dimensional manifold and Dirac-Jacobi structures L on M satisfying the properties

LN ((TM x R) & {0}) = {0} (2.20)

LN ({0} & (T"M x R)) = {0}. (2.21)

For more details see [§].

2.3 THE HOMOGENIZATION TRICK

In this section we present a very useful tool for deriving properties of Dirac-Jacobi
structures by using known properties of Dirac structures. It consists on a way to relate the
extended Courant algebroid on £'(M) with the standard Courant algebroid on a suitable
manifold. This construction begins with introducing a new real coordinate in the base
manifold, that is, we first transform M into M := M x I for an open interval I C R.

For a positive integer k, consider the vector bundle
k k—1
EXM) = (TM xR) & (\T*M x \ T*M)

over M, and L any subbundle on it. Also, we will use the following vector bundle over M.

k
TH(M) =TM & \ T"M.
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Then, we define the subbundle of T#(M) whose fibers at each point (p,s) € M are

given by
T(L) ) = {(X + fOL) @ e>(a+ BAdet) | (X, f) @ (a, B) € Ly} < TH(M)p0). (2:22)

It follows immediately that the fiber of L at an arbitrary point p € M is isomorphic as

a vector space to the fiber of 7(L)¢, s for each s € R. In particular, the dimensions of

EF(M), and Tk(ﬂ)(p,s) are equal for all (p, s) € M.
When we fix a subbundle L ¢ TM @ /\k T*M , it is useful to regard 7 as a map of
sections of L to sections of 7(L). That is, to consider the R-linear map (denoted by the

same symbol 7),

—~

7:T(L) — T(TH(M))
(2.23)
(X, f)® (o,f) = X+ fotdet(a+ B Adt)
for all (X, f) & (a, 8) € I'(L).

This last map is actually a morphism of C*°(M)-modules because when we consider

a function h € C*(M) we get
T(he) = hr(e), e e '(L).
The meaning of the symbol 7 will be clear from the context.

Definition 2.3.1. A subbundle A < T+M is homogeneous if there exists a subbundle
Ay C EF(M) such that 7(Ag) = A. Sections of T M having the form s = 7(so) for some

section sy € T'(E¥(M)) will be called homogeneous sections.

Following this ideas, the C'°(M)-submodule of T*M that consists of all the homo-
geneous sections of a homogeneous subbundle A < T*M will be denoted as Thom(A).
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Moreover, note that the homogeneous sections of a subbundle A of (M) form a C°°(M)
module.

Using the construction in (2.22)), we get the following inclusion:
7(T(L)) c T'(7(L)), (2.24)

but in general we do not have the equality: Just take A = E¥(M), so we have 7(E¥(M)) =
TN, but it is clear that 7(I'(EF(M))) & I(T*M).
Before we proceed with Proposition [2.3.4] let us state some properties of the corre-

spondence T.
Lemma 2.3.2. The following properties are satisfied by T.
i) doT=To0 d

i) ioT=To01%

—

ZZZ) ]f Sl,SQ € F(TM X R), then 7'81,7'52 € F(TM) and T[[Sl,SQ]]gl(M) = [TSl,TSQ],

where the bracket [, ] is the Lie bracket on sections of TM.

Proof. The proof is straightforward, but to exemplify the use of this operations we present
the proof of.
Let a € QF(M) and B € Q*}(M). Then on the one hand we have.
dot(a,B) = d(e'(a+BAdt)=edtA(a+BAdt)+e dla+ B Ad)
= el(dt Na+da+dBAdt) =e(da+ (=) a ndt+dB Adt)

= e'(da+ ((=1)*a +dB) A dt).
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Here we have used the Leibniz property of d and the properties of the wedge product. On
the other hand we have.
rod(o, B) = 7(da,(—1)"a +dp)

= e(da+ ((=D)Fa +dB) Adt),

which is the same as d o 7(«, 8). Therefore we can conclude [i). O

Corollary 2.3.3. Consider the extended Courant bracket on EY(M), the Courant bracket

on TM and the T map defined on sections of E'(M). Then we have

T((eran) = (e and 7 ([ Jean) = [, 7 D (2.25)

Proof. The first identity is easy to compute taking in account that 7(f) = e'f € C*(M)
for all f € C*°(M). For the second identity, let S, S’ be two sections of £}(M). Suppose
S =S5r®Scand S =S5 & S;, with Sp, 57 € TM x R and S¢, Si, € T*M x R. In this
way we have
7[S, S'levan = 7([Sr. Spleran) ® T(LsySe — 1s,dSe)
= [7S7, 787 ® Lrs, 7S¢ — irg,.dTSc
= [758, 758|137
where we have used equation , the preceding lemma and the fact that 75 =

ST ® TSC. ]

As a corollary of Lemma [2.3.2] we prove Proposition [2.2.2] But before starting the

proof, note that if 7 : TM — TM is the projection on TM, then, for all f € C*°(M) and
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for all sections e € T'(EY(M)), it holds L (xe)f = Lref = Li(re)f, where we are regarding

all the functions as depending only on M.

proof of Proposition [2.2.3. In this proof we use the properties of the definition of a Courant

bracket that satisfies [, J7.
E1) For every ey, e, e3 € ['(EY(M)) we have
Tle, [e2, es]lerary = lrer, [rex, mes]pplogr

= [HITel ) Te?]]TM7 T€3HTM + [[7—62 ’ IITel ’ T€3HTM]]'EM

= 7([[e1, e2]er(ary s eslerany + [ez, [e1s esleranleran)-
Since 7 : T'(EY(M)) — F(TM) is injective, we can conclude .
E2) Let f € C®(M) and ey, ey € T(EY(M)), then we have
m([er, exlervany) - f = Tlrer, Tea]pz - f

= [[7?7'61 s %TGQ]]TM . f

= [[7'('61 , TE2 ]]gl(M) . f

Because this is true for every f € C°(M) we conclude that 7([e, e2])siar)y =

[[7T€1 s 7T€2]]51(M)

E3) For e1,e3 € T(EY(M)) and f € C°(M), then

Tler, fea]erm [rer, 7(fe2) lpar
= flrer, re2 ] + (F(7er) - f)(7er)
= T(fﬂ€1 , €2 ]]gl(M) + (7'('61 . f)eg).
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By the injectivity of 7 we obtain .

E4) Notice that 7* o 7 = 7 o 7*. Then we have the following computation.

T(ler, ellerany) = [rer, Terlp; = D{(Ter,Te1) iz
= Drer,e1)e(m)

1~*
= 571' Od<T<€1,61>gl(M)>

1
= T(§7T*Od<€1,€1>gl(M)>

= T(D<€1, €1>51(M)).

Again, by the injectivity of 7 in sections we deduce .

Now, we provide a proof of the second claim in Remark 2.5 of [9].

Proposition 2.3.4. Let L be a subbundle of the bundle E'(M) and consider 7(L) C TM.
Then we have that L is a Dirac-Jacobi structure on M if and only if (L) is a Dirac

structure on M.

Proof. First note that from Corollary we have that L is Lagrangian with respect to
(-, -)er(a if and only if 7(L) is Lagrangian with respect to (-, )17

Again by Corollary we have that if I'(7(L)) is closed under [, ];77, then I'(L)
is closed under [, -J¢1(ar). Note that by the paragraph made after Definition Corol-
lary does not imply the converse, but rather it implies that if I'(L) is closed under

[-,-]¢77 then the homogeneous sections of 7(L) are closed under [-,-J¢1(ar). So, assuming
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that L is Dirac-Jacobi we have 7(L) is Lagrangian and homogeneous sections of 7(L) are
closed under [, -Jeiar). Let e,e € 7(I'(L)) C T'(7(L)) be two homogeneous sections of

7(L) and ey € I'(7(L)). Then by the property in Definition we have

([e1, e2]lz7: €) = m(er){ea, €) — (e, [er, e]yz7) = 0,

where the two terms of the right hand side are zero because we have that [e;, e[ 37 € T'(7(L))
and 7(L) is Lagrangian. Because e was arbitrary, then at each point (p,s) € M we have
((lers e2lv77) (p.s) > €(pys)) = 0 for all e, 5y € T(L)(p,s)- Because 7(L) is Lagrangian we have
le1, e2]pq7 € T(7(L)) for every homogeneous section e; of 7(L) and for every section e; of
T(L).

Now, take e1,es € I'(7(L)) and e an homogeneous section of 7(L), then, as before we

have

<[[61’ 62]]11‘]\7’ €> = %(61)<627 €> - <627 [[617 6]]11‘]\7f> =0,

where the last terms are zero because by the previous analysis [ei,e],77 € I'(7(L)) and
7(L) is Lagrangian. As before, because e was arbitrary and 7(L) is Lagrangian, we can
conclude that [e;, es] 77 € I'(7(L)) for arbitrary sections of 7(L), and this completes the
proof.

]

The trick presented so far is the key idea to develop the reduction procedure for ex-
tended Courant algebroids and Dirac-Jacobi structures in terms of the well known reduction

as in [3].
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Chapter 3

REDUCTION OF COURANT ALGEBROIDS

3.1 EXTENDED ACTIONS

In order to obtain a reduction of a structure on a manifold M we should first consider
a G-action on the manifold. But in the case of Courant Algebroids it is not enough because
there are more on its symmetries. For this reason it was introduced the so called extended

actions (see [3]).

Definition 3.1.1. A Courant algebra over a Lie algebra g is a vector space a equipped
with a bilinear bracket [-,-] : a X a — a and a map 7 : a — g, which satisfy the following

conditions for all ay, as,as € a:

cl) [as, ag, as]] = [[a1, as, as] + [[az, a1], as],

c2) 7([a1, a2]) = [m(a1), w(az)].

An exact Courant algebra is one for which 7 is surjective and h = ker 7 is abelian, i.e.

[hl,hg] = ( for all hl,hQ S h

Example 3.1.1. Consider the direct sum a = g @ h, where g is a Lie algebra and b is a

g-module. Define over a the following bracket

[(Ul,hl), (’Ug,hg)] = ([Ul, U2]7U1 . hg), for all (Uiahi> car=1,2, (31)

where v - h denotes the g-action. This bracket is called the hemisemidirect product

of g with b and (a,[,],pr; : @ — g) becomes a Courant algebra over g, where pry is the
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projection onto the fist component. We will use the symbol g x § for the Courant algebra

(Cl, [7 ]a prl)'

Definition 3.1.2. Let GG be a connected Lie group acting on a manifold M with infinites-
imal action ¢ : g — I'(T'M). An extended action to an exact Courant algebroid FE

over M, of the infinitesimal action 1, is a commutative diagram

0—I(T"M) —T(F)—=T(TM)—0
where @ — g is an exact Courant algebra over g with kernel h and with a Courant
algebra morphism ¢ : a — ['(F) such that b acts trivially on sections of E, that is,

ad o &(h) = ad o k(h) = 0 where ad stands the adjoint action on I'(E).

Remark 3.1.3. i) The condition that b acts trivially on I'(F) is equivalent to x(h) C
QL(M). We can see this as follows. Take a € b, because b is the kernel of a — g and
by the commutativity of the last diagram, we have that the cotangent part of x(a) is
zero, hence r(a) € QY(M). Then, for X @ a € I'(E) we have that the adjoint action

of k(a) on X @ « is,

ad o /i(a)(X () Oé) = [[O D /Q(a), X & Oé]]
= [0, X] & Lo —ixdr(a) +ixioH

= —ixdr(a).

Therefore, if ad o k(a) = 0 we have that —ixdr(a) = 0 holds for every X € I'(T M),

that is, x(a) is closed. The converse is clear.
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i1) with the hypothesis in definition we have an induced infinitesimal action on I'(E)

by defining for all v € g and for all e € T'(F)

v-e=[£(W), €], (3.2)

where v' € a is such that 7(v') = v. Furthermore, this infinitesimal action integrates
to an action of G on the total space F, acting by Courant automorphisms (see [17]

reference for details).

We show some important cases of extended actions which will be used to construct

the desired reduction.

Example 3.1.2. Let G be a Lie group acting on a (pre)symplectic manifold (M, w). Define
k(v) = iyww for all v € g. Then we have that £ = ¢ x k : g@ g — I'(TM) defines
an extended action, where we are using the Courant algebra structure on g & g of the
Example m (g acting on itself by the adjoint representation). The verification of Courant
morphism of ¢ and the condition x(h) C QL (M) just follows from the facts that w is closed

and Lyyw = 0 for all u € g.

Example 3.1.3. Suppose G is a Lie group acting on a manifold M with infinitesimal action
v:g— TM. Let h be a g-module. Consider a smooth map p: M — bh*. For every h € b

define the map puy by

s M = R pn(p) = p(p)(h). (3.3)

It follows that puy, is a smooth map. We say that a map pu: M — §* is g-equivariant if the

following equation holds for all v € g and all h € b:

My = ID(U),UM
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where v - h means the g-action of v over h.

Under the equivariance of i we get that the map ¢ defined as follows,

igxh — TM
(3.4)
(v,h) = P(v) +d(un),

is an extended action for the non-twisted Courant algebroid TM. Note that the verification

follows from the following identity.

[h(v1), ¥ (va2)] & Lopwy)dp(ha) = ([v1, va]) © dpty, ny-
For vy,v9 € g and hy € b.

It is worth to mention that both examples are the same when the G-action on the
(pre)symplectic manifold (M, w) is equipped with a honest moment map for w, in particular

k(u) = du(u) and the g action on g is given by the Lie bracket.

3.2 REDUCTION PROCEDURE

Let G be a connected Lie group and E be an exact Courant algebroid over M as it
was defined in the previous sections. Let & : a — I'(E) be an extended action. Then we
have two natural distributions in E: the image of £, K = £(a), and its orthogonal, K+,
taken with respect to the pairing in E.

Using the action of g on I'(F), given by , but for sections of K, we obtain for all

g€ gandac€a,

g-&(a) =[£(9), €(a)] =&([9, a]) € T(K), (3.5)

where § € ais any lift of g, i.e. 7(g) = ¢. It follows that K is a G-invariant distribution and,
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1

since the G-action on E preserves the symmetric pairing (-, -}, K~ is also a G-invariant

distribution.

Definition 3.2.1. Given an extended action with image distribution (a) = K C E, define
the big distribution A, = 7(K+K*) C TM and the small distribution A, = 7(K*) C

TM. These are G-invariant distributions.

To continue with the reduction procedure it is necessary to consider leaves of the big

distribution A,. So we are going to suppose that the distribution A, is integrable.

Proposition 3.2.2 (See [3]). Let P C M be a leaf of the big distribution A, on which G
acts freely and properly, and suppose £(h) has constant rank along P. Then K and K N K=+

both have constant rank along P.

Hence, under the assumptions of the above proposition we have that K and K N K=+

are G-invariant vector bundles over P. So we can consider the quotient vector bundle

Ereq = K /g (3.6)
KNK+p

over the reduced manifold M,eq := P/G.

Theorem 3.2.3 (Theorem 3.3 in [3]). Let E be an exact Courant algebroid over M and
€:a—I'(E) be an extended G-action. Let P C M be a leaf of Ay on which G acts freely an
properly, and over which () has constant rank. Then the Courant bracket on E descends
to Ereq and makes it into a Courant algebroid over M,.q = P/G with surjective anchor. It

1s exact if and only if the following holds along P:

r(K)Nnm(K*Y) = (KN K*Y). (3.7)
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A particular case of an exact reduced Courant algebroid is when K is isotropic because
is trivially satisfied.

Note that F,.q is define by taking two kinds of quotient structures, namely the one
concerning the action by G, and the one given by taking classes modulo K N K*|p. So,
sections of E..q will be seen as G-invariant sections of K L| p modulo K N K l| p. From
now on we will not mention that we are taking sections modulo K N K*|p but it will be
understood from the context.

The way we compute the bracket on sections of F..q is done by extensions of G-
invariant sections of K L| p. This means that if e, e; are G-invariant sections of K*|p, we
choose €1, é; to be sections of E (along M) such that restricted to P are e; and ey, and

then we compute the bracket

[e1, e2]l..g = ([€1, E2]B)]|P- (3.8)

The proof of Theorem 3.3 in [3] shows that in fact this computation gives a G invariant
section of K*|p. Moreover, this construction is well defined modulo I'(K N K+)%, that is,
it does not depend on the extensions é1, é; chosen when it takes values on section of E,.q.

Last claim allows us to consider
[ e : T(ED)S X T(KH)S = T(Ereq).

Also in the proof of the theorem it is showed that this operation descends to I'( Eyeq)
because is independent of any element of I'(K N K+)¥. This last operation will also be

written as [, -] &

red *
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3.3 REDUCTION OF THE COURANT ALGEBROID TM
Let M be a G-manifold with smooth action ¢ : G x M — M and infinitesimal action

Y g — TM. Define

§:Gx M= M; 3(a,(p.t) = (pap,t), a€ G, (p,t)e M. (3.9)

Clearly this map defines an action on M whose infinitesimal action, denoted by @Z, is

(v) = (v) + 09t € TM.

Let us define some notation for the TM case. An extended action for TM is denoted

by p:a— TM [!| and the usual distributions are

K =p(a) and K* (3.10)
where the second distribution is computed with respect to the natural pairing

(e1,€2) = ix,4p 0t(Q2 + godt) +ix,ip0:(c1 + g1 dt)

= ix,02 +ix,01 + f192 + foqn

for e; = X;+ fi Ot B oy + g;dt € TM, i =1,2.
Following the reduction theorem Theorem we obtain that for a leaf P of the

big distribution Ay = W(f? +K 1), the reduction of the exact Courant algebroid TM is

v K5
(TM)red = == G (311)
KnN KL|}5

when G acts freely and properly on P.

IThe use of the symbol p for this extended action (and no &) will be clear later.
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Our next goal is to compare the reduction (TM )rea With the exact Courant algebroid
over a manifold of the form @ x (a,b). For this reason we shall consider the following

assumption:
Assumption 3.3.1. There exists a submanifold P C M satisfying the following conditions:

o TP = Ay|p, i.e. P is a leaf of the big distribution A, C T M for an extended action

on TM.
e Px(a,b)C M is a leaf of the big distribution Ay C TM.

In order to get a well defined reduction (along the leaves of the big distribution), we

should note that the assumption inmediately implies the following lemma.

Lemma 3.3.2. If we suppose that G acts freely and properly on P, then we have that G

acts freely and properly on the leafl5 of the big distribution ﬁb.
which is a direct consequence of the following result:

Proposition 3.3.3. Let N C M be an arbitrary sub-manifold of the manifold M. Then

we have:

i) If the action given by ¢ acts freely on N, the action given by @ acts freely on the

sub-manifold N x (a,b) C M.

it) If the action ¢ acts properly on N, the action given by @ acts properly on the sub-

manifold N x (a,b) C M.

Proof. i) Suppose the action ¢ acts freely on N. Then we have that a - ¢ = ¢ for some
q € N implies a = e, where e is the identity element of G. Suppose that a-(q,t) = (g, t)
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for some (q,t) € N xR, then by the definition of the action on M we have that a-q = q,

then by hypothesis we have that a = e.

it) Suppose the action given by ¢ is proper. Let {(p;,t;)}, be a convergent sequence in
N x R and {a;}; be a sequence in G such that {a; - (p;,t;)}; = {(a; - pi, t;) }; converges
in N x R. By the continuity of the projection on the first component 7y : N xR — N
we have that {p;}; converges in NN, so, because ¢ is a proper action there exists a
sub-sequence {a;, }i of the sequence {a;}; that is convergent in G. This implies that
G acts properly on N x R.

]

Remark 3.3.4. It is worth to mention that a reduction of an exact Courant bracket with
no twist (i.e. H = 0) may yield to a non-trivial twisted bracket (see example 3.12 in
[3]). In this case, we will suppose that in the reduction of TM , the exact reduced Courant
bracket has a twist. This says that there exists a 3-form H C Q3(]\A4/red) such that [, ]
has the form . Note that H can be expressed as Hy + Hy A dt for H; € QQ(J\ZCd)
and H, € QS(]\Zed). If we assume that ]\Zed = Mg X I and Latﬁ = ﬁ, that is, H is
homogeneous, then we have that H = e'(Hy+ Hy Adt), where in this case Hy, Hy are forms
on M,.q4. So, for this situation we can define a twist for the extended Courant bracket on
EN(Myeq), namely (Hy, Hy) € Q?(Myeq) X Q3(M,eq), and the extended Courant bracket, for

sections e; = (X;, fi) ® (a4, i), © = 1,2, becomes

[[61762]]81(Mred) = ([X1, X2, X1fo — Xaf1)

@ E(Xl»f1)<a2> f2) - 7;(X27fz)d<0517 91> + Z.(Xzyfz)Z(Xl,fl)(H% Hl)>
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Nevertheless, the study of twisted £!(M)-structures is far from the scope of this manuscript,

so this situation will not be considered.

3.4 EXAMPLES

We will exemplify how this machinery works in the important cases of this odd-
geometry: the contact case and the existence of moment map. These two examples will be
studied in several steps, first the reduction of TM , later in Section the reduction of

the respective £'(M) and in Section the condition to reduce Dirac-Jacobi structures.

The contact manifold M
If M is a (co-oriented) contact manifold with contact form n and the Lie group G

—~

acts on M preserving the form 7, then p: g ® g — I'(TM) defined by

Pl v) = () @ €' (dliyqoym) + iuend?) (3.12)

is an extended action for TM. Note that this is a particular example for the G-action on
the symplectic manifold (M ,—d(e'n)) as in Example .
Moreover, if the G-action is symplectic on (M ,w = —d(e'n)) then we recover the

reduction procedure as in [3, Example 3.14], in particular we have

K =¢(g) @ w(¥(g)) and K' = y(g)” & Ann(g)”,

with its respective small and big distributions

Ay =(g)* and Ay = (g)” + 1(g).

Remark 3.4.1. Recall that under the existence of a honest moment map for a symplectic
manifold (Q,w) endowed with a hamiltonian G-action, it was proved that the reduction of
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TQ is exact and coincides with the untwisted standard Courant algebroid of (TQ)yeq. Such
result is a consequence of the reduction of level sets of the symplectic moment map as it is

commented on Example 3.14 in the reference [3].

Following the idea of the previous remark on the special case of ) = M with
w = —d(e'n) such moment map always exists for any G-action preserving the 1-form
7. Assumption leads us to identify the reduced manifold M,.q with P=Px (a,b).

These two ideas yield the following result:

Corollary 3.4.2 (Corollary of Theorem 3.3 in [3]). Let (M,n) be a contact manifold and

the G-action preserves the contact form «. Under the Assumption |3.3.1|, we get

(TM, [[7]]7 <7 >>red = (TM:d7 [[7]]7 <7 >)

The h-moment map
From now on we will consider a g-module h as in Example |3.1.3] and a g-equivariant
map i : M — b*, ie pgp = Lygpn for any g € g and h € b, where p, denotes the

evaluation map (u, h).

Proposition 3.4.3. The map i : M — b* defined by f(p,t) = etu(p) for all (p,t) € M, is

a g-equivariant map.

Proof. We have to prove that

ﬁv-h = ¢(U)ﬁh7

for all v € g and all h € b.
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First, observe that for all h € h and (p,t) € M it holds

[in(p, t) = i(p, t)(h) = €' u(p)(h) = ' un(p),

that is, f1, = e'uy, for all h € h. So, for all v € g and h € h we have:

flon€ ton = €' (V(v)u(h)) = P(v)(e' u(h)) = Y (v)fi(h).
which completes the proof. O]

By Proposition and the fact mentioned in Example[3.1.3] it follows immediately

that the map defined by

piaxh — T(TM)
(3.13)

(v,h) — (V) + 00t ® dpy,

is an extended action on TM.

Moreover, observe that for all h € h we have
d(fin) = d(€'pn) = e'dpp + €' ppdt = €' (d(pp) + pndt)
So, p can also be written as
p(v, h) = (v) + 00t © e (d(pn) + pndt). (3.14)

In this way, we have the following commutative diagram for the extended action p

0 y gxb g 0
l; lﬁ l{; (3.15)
0—=T(T*"M) —=T(TM) —=T(TM)——=0

where v : h — I'(T*M) is the restriction of p to b, i.e. v(h) = p(h) for all h € b.
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Following the reduction procedure for exact Courant algebroids we consider two dis-

tributions in TM:

K=p(gxh) and K* (3.16)

From the definition of p (equation (3.13])) we have that

K =v(g) ®v(h). (3.17)

Now take an element e = X + fot ®a+ gdt € TM. If ¢ = P(v) B et (dup, + pp dt) is

an arbitrary element of K , then it should hold

0 = <€, 6’) = i(X+f3t)(6t(d,th + up, dt)) + i¢(v)(a + gdt)

—_ Bt(ixdﬂh —I— fﬂh) —f- Z.w(v) (Oé)

In particular this holds for all elements of the form (v, 0) and (0, k) of g x . Then we can

see that
K+ = ker(7(h)) ® Ann(¢(g)) x R (3.18)

Remark 3.4.4. Note that if zero is a regular value of 1, then over the submanifold P=
2~1(0) we have 7 = du and Ker(v(h)) = Ker(du) x R. So, in this case we obtain the

relations

K = 9Y(g)+00t®du+0dt

K+ = Ker(du) x R@® Ann(y(g)) x R.

Equation (3.5) works for the action of g on sections of K , then the distributions K
and K1 are G-invariant distributions.
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Now we define the big and small distributions as A, = #(K + K*) c TM and
ZS = %’(f( L c TM respectively, where 7 : TM — TM is the natural projection. Thus,
we have that both ﬁb and ﬁs are G-invariant distributions.

For this reason, under these assumptions and assuming that p(h) has constant rank

along ﬁ, we can use Proposition and the discussion in this subsection to conclude

that K and K N K+ are G-invariant vector bundles, and hence the quotient

v Kt
(TM)red = == G (319)
KN KJ'|ﬁ

is a vector bundle over the reduced manifold M,eq = P /G, which, by Theorem is a
reduction of the standard Courant algebroid TM.
If we assume that the extended action on TM is isotropic, then the reduced structure

is exact and can be identified with

(TM )req = [g'ﬁ / G ~ T(Miyea) (3.20)

E

as a vector bundle over ]\Zed. Note that in the presence of a moment map g such that the
induced extended action p is isotropic, we have that the leaves of the big distribution A,
are the level sets of regular values of iz, and in this case we can get the condition of the
constant rank of p(h) along P by assuming that & (h) has constant rank along P.

Finally, considering Assumption it follows that integrability of A, is a con-

sequence of the integrability of the big distribution A, in TM, moreover, we can write

—~

M,ea = P/G % (a,b), which finally yields the following result:

Corollary 3.4.5 (Corollary of Theorem 3.3 in [3]). Let p: M — b* be a g-equivariant map

on the G-manifold M, where by is a g-module. Let P C M and P as in Assumption .
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In addition suppose that G acts freely and properly on P and that () has constant rank
there. Then the standard Courant algebroid (TM,[,],(,)) has a Courant reduction which

15 exact when the extended action p s isotropic, and in that case we get:
(TM, [[7 ]]7 <7 >)red =~ (TMreda [[7 ]]red; <7 >red>-

Note that we can combine equations (3.17)), (3.18) and ((3.20)) to obtain

T k) @ Ale)lp /K0 0)lp [, Auh((o);
T AT A T A

Where the last two terms are the tangent and cotangent parts of the reduced manifold,
namely they are T(]\A/[/red) and T*(Z\A/[/red). Also note that under assumption Assumptionm

and the hypothesis P = p~'(0), we obtain

~  Ker(v(h))|p xR Ann(y(g))|p x R
(T = S [0 SRS [ (322

Then, when this happens, sections of (TM),eq can be written in the form X3 @ ap,

where X5 and a5 are G-invariant sections of Ker(v(h))|5 (modulo ¢(g)|p) and Anh(z(g))|5
(modulo 7(h)|p ) respectively.

In the case we have a moment map and the induced extended action is isotropic, we
can induce a splitting on the exact Courant reduction (this is a particular case of Example
3.13 in [3] with the additional hypothesis that p is isotropic). If we take the isotropic
splitting on TM given by V:TM — TM , X — X &0, we get that the induced splitting
on (']I‘]\Ai)red is just 6red : T]\Zed — ’]I‘]\Zed, Xp = X5 ®0p, and then, because the initial
Courant algebroid TM has no twisted 3-form, we have a non-twisted reduction. Moreover,

if we denote the anchor map of (TM Jred DY Trea, then we have that 7, : T*M — TM is
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given by ap — 05 @ ap and thus we obtain the isomorphism of Courant algebroids:

%red 5P %:ed : T]/_\Zred NP T*Med — (Tﬂ)red (323)
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Chapter 4
REDUCTION OF HOMOGENEOUS STRUCTURES: THE £'(M) AND

DIRAC-JACOBI CASES

Our main goal is to reduce Dirac-Jacobi structures which are particular subbundles L
of EY(M). We have already seen that 7(L) is a subbundle of the standard Courant algebroid
TM from which, as we saw in the last subsection, we know some reductions. To achieve

this construction we will study some reduced structures related to the homogenization trick

on EY(M).

4.1 REDUCTION OF THE EXTENDED COURANT BRACKET &'(M)

In a first sight, in order to construct the reduction of a Dirac-Jacobi structure L, we
should consider the reduction of 7(L) inside the reduction of TM , but at the same time we
must construct the reduction of TM.

Following the construction of the reduction of Courant algebroids, to reduce the
structure (EY(M),(,),[,]) we need to reduce the Courant algebroid (TM, ()LD toa
suitable exact Courant algebroid and also £!'(M) has some extended action similar to the

situation in TM . This is our purpose in this section.

4.1.1 Extended Action for £'(M)

Definition 4.1.1. An exteded action for a structure £1(M) is a commutative diagram

o




where 7 : @ — g is an exact Courant algebra over g with kernel b, v is the restriction of p
to b and the map p preserves the bracket. We require also that g(u(h)) =0forallheh

(equivalently b acts trivially on T'(E'(M)); equivalently each element of v is of the form

(df, f) for some f € C*(M)).

The property H1|) in Proposition allows us to consider an action of g on T'(E1(M))

by means of the adjoint action, i.e. we consider the action

v-e= [[p(a)v 6]], (4'2)

where a € a is such that 7(a) = v. As in the case of Courant algebroids this action is

well define as we show now. Take a,a’ € a such that 7(a) = m(a’) = v, then we have that

/

') =0and so a —a' € h so we have

m(a

[p(a), e] - [p(a)-c] = [pla - @), €] = [v(a - a),e] =,

where we have used the fact that v(h) acts trivially on £'(M). This shows that (4.2)) is

well defined.

Remark 4.1.2. If we have an extended action like in the previous definition and we consider

the action on M given by the map ¢ defined in (3.9)), then we have by Lemma
and Corollary [2.25 that the map p := 7op : a — F(']I‘M) is an extended action as in
Definition . Recall the constructions K = p(a) and K*, and the related constructions

to them as before.

Motivated by the Courant algebroid case we define K = p(a) and its perpendicular

K* taken with respect to the natural pairing (, )e1(ar) given by equation (??). By a direct
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verification of the orthogonality condition on elements belonging to K+ we can derive the

following proposition.

Proposition 4.1.3. The distributions K and K+ satisfy

e 7(K) =K, and

o T(Kt) =Kt

The proof is a direct consequence of the fact that K is the image of p , the map 7 is

a fiberwise linear isomorphism and e € K if and only if 7(¢) € K.

Corollary 4.1.4. Assume an extended action p for EY(M) and the induced extended action

p=r1o0p for TM. Then we have that 7(K N K*) = n(K) N w(K~L) implies
FKNEKY =7(K)N7(K™b).

Proof. The proof follows by an easy computation taking in account Proposition [£.1.3] also

7(7(-)) = 7(7(-)), and that 7 preserves intersections of subbundles of E*(M). O

4.1.2 Reduction of £'(M)

For a complete approach for the reduction procedure of the extended Courant bracket
in its general setting it is needed a more axiomatic definition of the £'(M) structures and
this is out of the scope of this work. However we can consider this reduction procedure in
two examples of extended action, the contact case and h-moment map as in the previous
chapter. It is worth to mention that the contact case is a particular case of moment map by
taking h = g and p(h) = iyn)a; but we will adopt two different approaches: (a) the contact
case is not isotropic while in (b) we will impose isotropicity for general moment map u on
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any g-module h. These two different considerations will give some different results on the
reduction of Dirac-Jacobi structures as can be seen in theorems [4.2.5] and

Before starting with the two cases mentioned, first note that assuming Assump-
tion [3.3.1, we can see that an extended action for £'(M) such that n(K N K1) =
m(K) N w(K*) implies, by Corollary , that the extended action p in Remark

gives us an exact reduction of the extended Courant algebroid TM given by .

Contact case

Following the same notation as in Section [3.4] here we can define the extended action

for EY (M) as p: g x g — EY(M) given by

p(u,v) = (P(u),0) & (diyw)n, ipw)n)- (4.3)

By an easy computation one can see that the last map defines an extended action for
EY(M) as in Definition 4.1.1, So, the map j := 7 o p defines an extended action for TM
which is in fact the same as the one given by equation (3.12)).

Using the reduction construction for TM , the Assumption and Proposition m

/)

This fact is consequence of K N K+ = 7(K N K1)

we obtain

— KL
TM)iea = T
(TM )rea T(KnKL
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The h-moment map
Let : M — b* be a g-equivariant map, with b a g-module. We will study the case

of h-moment map given by

prgxh — I(E(M))
(4.4)
(v,h) = (¥(v),0) & (dpn, pn),
where p, is given by . We denote by v the restriction of p to b.

We can easily check that p is an extended action for (M) as in Definition [{.1.1] So
we have that p = 7op defines an extended action for T M whose restriction to hisv =rTov.
In fact, by equation , it is the same extended action we obtained in Section by
using the moment map fi.

As it was done for the reduction of exact Courant algebroids, we define two natural

distributions of E1(M): K = p(g x h) and K+ which satisfy the properties of Proposi-

tion 4.1.3|

Remark 4.1.5. We want to see how the distribution K+ is. Let (X, f) ® (a, g) € T(K?).

It must hold

(X, )@ (a,9), (¥(0),0) & (dpn, pn)) = (p(v)) + dpn(X) + frn =0

for all (v, h) € g x h. In particular if v = 0, we have

dn(X) + frun = 0.

This is equivalent to 7(X7f)(duh, pr) = 0, that is, (X, f) € Ker(dup, up) for all h € b, where
the kernel is taken with respect to the operator ¢ defined by (2.15). On the other hand, if
we consider h = 0, then a(y(v)) = 0 for all v € g, that is, we must have v € Ann(¢(g)).
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Conversely, if e = (X, f) & (a, g) € I'(Ker(v(h)) @ Ann(¢)(g)) x R) then we can easily see

that e € K+. We conclude that
K* = Ker(v(h)) @ Ann(z(g)) x R. (4.5)

where the kernel is with respect to the pairing in £'(M). Notice that this expression is

very similar to (3.18]).

Remark 4.1.6. Asin Remark|3.4.4] if zero is a regular value of i, then on the submanifold
p~1(0) the tangent part in the last equation is just Ker(du) x R, and in this case the kernel

is taken with respect to the operator i.

Recall the big and small distributions on M, A, = 7(K + K+) € TM and A, =
7(K+) C TM. For a leave P of the big distribution A, satisfying Assumption we
have that if p(h) has constant rank along P, then () has constant rank along P. this is
because the fibers (M), and ’]I‘]\A/[/(pﬁt) are linearly isomorphic through 7 for all p € M and
t € R. Now suppose that p is isotropic so it holds K = p(g x h) C K+. Then we can use

Proposition m to conclude that K is isotropic as well:

K =7(K)cr(KY) = K"

Therefore, if p is isotropic, we have that A, = F(K + KY) = 7(Kt) = A,, and
then we will use the symbol A for the big and small distributions. On the other hand, by
Corollary the reduction in Corollary is an exact Courant algebroid.

From now on we will assume that p is isotropic and the Assumption[3.3.1] By equation
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(3.11)), for this special case we have

(TM)eq := [g 5 / G. (4.6)

Definition 4.1.7. We define the reduction of E*(M) as being

) / G. (4.7)

Which is a honest vector bundle because K and K+ are G-invariant.

KJ_
EI(M)red = ?

We end this section studying the case P = p~*(0) where we can write
K+ =Ker(v(h)) x R@ Ann(v(g)) x R

which will imply a special situation for (E'(M))yeq.

First we state the following lemma which is a consequence of Lemma 10.29 in [10].

Lemma 4.1.8. Let V' be an arbitrary vector bundle over an arbitrary smooth manifold N .
Consider N = N x R and the vector bundles EYN) — N and TN — N. Suppose we
have an isomorphism of C*(N)-modules between T'(V') and Thom(TN). Then we have an

isomorphism of vector bundles between V and E'(N) over the manifold N.

Proof. Under the hypothesis of the Lemma and the fact that D(EY(N)) and Tpom(TN)
are isomorphic as C°°(N)-modules by means of 7, it follows that I'(€'(V)) and T'(V) are
isomorphic as C°°(N)-modules. Then the isomorphism between £'(N) and V follows by

Lemma 10.29 in [10]. O

We apply Lemma to the isomorphism of C°(Mq)-modules between

T(EY(M)1eq) and Tpom ((TM),eq). To do this recall that sections of £'(M),q are represented
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by G-invariant sections of K*|p and sections of (TM )rea are represented by G-invariant
sections of EH?- In this case we define a map 7 : T'(EY(M)yeq) — F(']I‘]\Zed) as follows:
let ep be a G-invariant section of K7 and let é be an extension of ep with é € T'(E1(M)).

Then
T(ep) :=7(€)|5. (4.8)

Proposition 4.1.9. Under previous considerations on ﬁ, the map T in the last definition

1s well defined.

Proof. By Assumption we know that P = P x R. The proof of the proposition is

done by showing the following two claims.

o First, we show that 7(é)|5 is in fact a G-invariant section of K| 5 no matter the

extension é € T'(£(M)) we choose.

e Then we show that 7(ep) is well defined modulo I'(K| 5)¢ when ep is chosen modulo

T(K*[p)C.

To show the first claim note that for all (p,t) € M we have that 7 is a linear isomor-
phism between £'(M), and (TM ), such that (- 7)er = 7({, Yeran) = €, Veran-
In particular this happens for all (p,t) € P. So, if (é), = (ep), € (K*), then (using
Proposition it follows (7(€)) () € (K B for all (p,t) € P, hence we conclude that
T(ep) = 7(€)|5 is a section of [N(L|]3 and it does not depend on the extension ¢ € T'(EY(M)).

The fact that 7(¢€)|3 is G-invariant follows from the properties of 7 and that we can choose

¢ in D(K+).
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To verify the second claim it is enough to see that every section of K|p is sent to a
section of l~(|13, but by the first claim, if ep € I'(K|p) we can choose é € I'(K) and then

the claim follows as a consequence of the identity K = 7(K). O

From the definition of 7 we get that 7 is injective, surjective onto the homogeneous

—

sections of (TM )yeq and C°°(M,eq)-linear. So the map 7 is an isomorphism of C'(M,eq)-
modules between between T'(E(M)ea) and Thom((TM )rea). Then, we can apply Lemma
to conclude that E(M),eq is isomorphic to E1(Myeq).

Finally, we summarize previous remarks in the following theorem.

Theorem 4.1.10. Under the presence of a g-equivariant map p: M — g* we have,

—

1. (TM)red = (gl(M)red)7 and
2. for P =p1(0) we have that EY(M)req is an E'-reduced structure, i.e. EY(M)rea =
EY(Mieq)-
4.2 REDUCTION OF DIRAC-JACOBI STRUCTURES

We begin this section presenting the reduction procedure for Dirac structures:

Definition 4.2.1. A Dirac structure D C FE is preserved by an extended action p if and

only if [ p(a), T'(D)] C T'(D).

It worth to mention that previous condition on symmetries of the bracket on a Dirac
structure yields a well defined bracket on the quotient (3.6)), thus it is possible to reduce

the whole structure in D as the following result states (see [3, Theorem 4.2].)
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Theorem 4.2.2. Let E, p and P be as in theorem |3.2.5, and such that F..q 1S exact over

M,eqa = P/G. Let the action p preserve a Dirac structure D C E. Define

DNK: + K,
Dy = b+ b)|P/G C Erea (4.9)
Kilp

with Ky, = K N (K+ 4+ T*M). Then if Dyeq is a smooth subbundle (e.g. if D N K has

constant rank), it defines a Dirac structure on the reduction Meq.

In the case that the extended action is isotropic, the reduced bundle simplifies to

1
Dred: (DmK +K>’P/G
K|p

The main goal of this section is to derive a similar reduction in the context of Dirac-
Jacobi structures. To achieve this result we should define the notion of a Dirac-Jacobi

structure preserved by an extended action.

Definition 4.2.3. We say that a Dirac-Jacobi structure L C £'(M) is preserved by the

action p if:

[p(a), T'(L) Jerary € (L), (4.10)

As an example take a contact form 7 on M and an action of a connected Lie group
G on M preserving the contact form. Take a = g x g and the extended action defined
in equation . Because the action of G on M preserves the contact structure we have
dig) = Ly — ly)dn = —iypwdn, and then we can notice that the elements of p(a)
are sections of the Dirac-Jacobi structure associated to the contact form 7 (see in Subsec-
tion the example about contact structures). Therefore p preserve the Dirac-Jacobi
structure in this case.
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Assuming a extended action p : a — ['(EY(M)) for E'(M) such that it preserves the
Dirac structure L, we can see that the extended action p = 7 o p for TM is closed for

homogeneous sections of the Dirac structure 7(L):

[7(a), Thom(T(L) Iozz = [7(p(a)), 7(T(L)) Iz
= 7([p(a), T(L)Jeran) € 7(T(L)) = Thom(7(L))-

By applying a similar argument as in the proof of Proposition we can actually
see that p preserves the Dirac structure 7(L). This happens in particular if p is given by
an equivariant moment map p : M — b*.

Hence, once we begin with a preserved Dirac-Jacobi structure L, we have that 7(L)

is preserved by the extended action as Dirac structure and we can proceed to the reduction

/G,
P

as Dirac structure in (TM),q. Finally, as a corollary of the reduction theorem, Theo-

of 7(L) as in (4.9), which gives,

T(L)red _ T<L) N ([/?)g_ + (j?)b
(K)o

rem [£.2.2] and the facts on the map 7 we get

Corollary 4.2.4. If there exists D subbundle of E'(M )yeq with 7(D) = 7(L)yeq, then D is

Dirac-Jacobi

Now we give the reduction for Dirac-Jacobi structures for the two cases we have been

working on, namely, the contact case and the moment map case.

Contact case
We close this example by showing the reduction theorem of Dirac-Jacobi structures
preserved by an extended action p = Y @ v : gxg — EY(M). Let L C EY(M) be
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a Dirac-Jacobi structure on a G-manifold M which is preserved by the extended action
p:gxg— EY(M) and also consider ]\Zed = M,eq X R the base manifold for the reduction

of the Courant algebroid TM as in Corollary [3.4.2] then we have.
Theorem 4.2.5. If the Dirac-Jacobi structure L satisfies the following conditions:
1. The projection on the tangent part of L N K- along Myeq fits inside T Myeq.

2. Ann(¢(g)™)|,) € Ann(7,G - p) at each p € P.

LNKj + K,

then Dieq = I
b

Moy 18 Dirac-Jacobi in EY(Myeq) reduction of L

Proof. First we begin with the proof that D,.q is a subbundle of E'(M,eq). For this, note
that first condition implies that the tangent part is inside T'M,.q, while the definition of
Dieq implies that the cotangent part belongs to Ann(¢(g)™)]y, but by general theory of
G-actions we know T Mieq = Ann(T,G - p) which is the second condition. Now, a direct
consequence of the Proposition is that 7(K,) = K, and 7(L) N K = 7(L N K}).

These two facts, together with the G-equivariance of the map 7, lead us to verify that

(L)mK%th LHKL+Kb
T(L)red: ( )‘ / _T /G>

K
Finally, the conclusion follows from the Corollary [4.2.4] O

The h-moment map
We close this example by showing the reduction theorem of Dirac-Jacobi structures
preserved by an isotropic extended action. Solet p : gixh — EL(M) be an isotropic extended

action for (M) given by ({4.4). Hence we have that p = 7o p is an extended action for
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TM. Recall we assume P and P satisfy Assumptionm Following the reduction theorem

for £1(M), Theorem [4.1.10, we get our third main result.

Theorem 4.2.6. Let G be a connected Lie group acting on a smooth manifold M. Let
pw: M — b* be a g-equivariant map such that the induced extended action on EY(M) is
1sotropic. Also suppose the Assumption and that p(h) has constant rank on P where
G acts freely and properly. Then, if we have that L C EY(M) is a Dirac-Jacobi structure on
M, is preserved by the extended action p and wp(L) C TM, where mp : EY(M) — TM x R
18 the projection onto the tangent component, we have that L has a Dirac-Jacobi reduction

given by

LNK++ K

Lred = K

P/Gf (4.11)

over the reduced manifold Myeq = P/G.

Proof. By the hypothesis, L is preserved by the extended action p, then we have that the
Dirac structure 7(L) is preserved by p. By Theorem and by the fact that p is isotropic

(because p is), we have that 7(L) has a Dirac reduction which simplifies to
3

From the definition of 7 we have 7(L) C TM thus 7(L)NK+ = 7(LN K1), This fact

T(L)NK++K

7—(L>1red = K

over Moq.

together with Assumption yield to

(L)re = T(LNK —I—K)|p/G'

T(K)lp
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Also note that, from Remark and the condition (L) C T'M, it follows that the tan-

Ker(v(h) | x R Ann(y(g)[p x R

Y(g)lp v(h)|p
in other words L,eq is a subbundle of £ 1(Mred) and we obtain the Dirac structure
LNK*+ K

e (A )

over Myeq = (P x (a,b))/G. Finally, the conclusion of the theorem comes from Corol-

gent part of L, fits inside /G while the cotangent in /G,

lary for D = Lyeq. O

We end with the reduction theorem for the case P = p~!(0) where in particular we

get EN(M)req = EN( Mreq).

Theorem 4.2.7. Let G be a connected Lie group acting on a smooth manifold M. Let
w: M — b* be a g-equivariant map such that the induced extended action on E*(M) is
isotropic. Also suppose the Assumption for P = u=1(0) and that p(bh) has constant
rank on P where G acts freely and properly. Then, if we have that L C EY(M) is a Dirac-
Jacobi structure on M which is preserved by the extended action p, we have that L has a

Dirac-Jacobi reduction given by

. / G (4.12)

over the reduced manifold Myeq = P/G.

LNKt+ K

Lred = K

Proof. Firstly, recall that with these hypothesis we have already seen that TM can be

reduced to (4.6)) over ]\Zod = ﬁ/G ~ Mg X R = P/G xR, and EY(M),eq can be reduced

to (7).
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Now, because L is preserved by the extended action p we have that the Dirac structure
7(L) is preserved by p. Then by Theorem and by the fact that p is isotropic (because

p is), we have that 7(L) has a Dirac reduction which simplifies to

/ G, (4.13)

over ]\Zed. Clearly 7(L);eq is a subbundle of (TM )red-

T(L)req :=

Notice that L,q is a subbundle of EY(M)eq =~ EY(Mireq), and that T(L) = 7(L)req-
So, we have the following commutative diagram on which the brackets are preserved.

F(‘Sl(iw)red) F((T]f)red)
F(gl(Mred)) . F(T(El(Mred)))

Then we can conclude by the properties of 7 that L,.q is a Dirac-Jacobi structure on M,qq

because 7(L),eq is a Dirac structure on 7(E(Mieq)).
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Chapter 5

OUTLOOK ON THE PROJECT

e We just work on two main examples, but such construction can be extended to other
situations such as Jacobi and locally conformal presymplectic structures, however
the general reduction procedure is a bigger project because, as we comment along the
text, there is a lack on the axiomatization of £'(M)-structures. This is part of the

problems showed in Section [4.1

e We only consider trivial actions on the real part, i.e G-action on M is of the form
©g(m, 1) = (py(m),r). Such trivial actions are related to strick contact morphism,
but known research as [I12] shows that these are not enough. To consider non-strick

action we must consider a more axiomatized structure of the &!-structures.
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