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\There are but two roads that lead to an
important goal and to the doing of great things:
strength and perseverance. Strength is the
lot of but a few priviledged men; but austere
perseverance, harsh and continuous, may be
employed by the smallest of us and rarely
fails of its purpose, for its silent power grows
irresistibly greater with time."

Johann Wolfgang von Goethe, Faust: First Part
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Abstract

In nature we can nd self-organized systems from the size of a fatoms to the cosmo-
logic scale. The structures found in self-organized systems areried by non-equilibrium
processes, in which matter and energy are dissipated. On the athend, the simplest
self-organized systems are those without feedback loops, in whsdif-assembled structures
are formed. In the present work, a general mechanism non-equilibm self-assembled
structures with de ned architecture is formulated with the purpce to describe thermody-
namically the self-assembly process out of equilibrium in the meso-ecand to evaluate the
thermodynamic viability of the structures. Therefore, we de ne he fundamental building
block, the order of the structures and the fundamental sub-prcesses that compose the
non-equilibrium self-assembly process. Once this is de ned, a mathatical model is de-
veloped, obtaining a system of Fokker-Planck equations which debe the intermediate
structures in the self-assembly process. The model is validatedrr experimental data
found in the literature. The geli cation process and the Liesegantype pattern formation
process are taken as case studies for the model validation. Alse #tonjecture of the min-
imum change in the total entropy generated is formulated, which alles us to relate the
thermodynamic viability of the possible self-assembled structuresitiv the total entropy
produced for their formation. Here the conjecture is con rmeddr the case studies men-
tioned above, geli cation and Liesegang type patterns. From the ethanism, the model
and the proposed conjecture, several self-assembled and es&lfrorganized systems could
be studied. In addition, the present work opens a new window for ¢éhanalysis, control and
optimization of self-assembled structures in the elds of materialc®nce, hano-technology
and biophysics. Finally from the proposed conjecture, we obtain aiternative approach
for the evolution in self-organized systems, since this non-Darwinianodel describe the
evolution driven by dissipative forces.

Keywords : Nonequilibrium processes, Thermodynamics, Gels, Liesegang atis, Mesostruc-
tures, Aggregation, Molecular evolution, Self-Assembly, Self-Cagization, Supramolecular
chemistry.



Resumen

En la naturaleza podemos encontrar sistemas auto-organizadesde el tamano de unos
cuantos atomos hasta el mismo universo. Las estructuras emtadas en los sistemas
auto-organizados se forman mediante procesos de no-equilibrio,l@s que se disipa ma-
teria y energa. Por otra parte, los sistemas auto-organizadosamsencillos son aquellos
sin lazos de realimentacon, en los que se forman estructuras awnsambladas. En el
presente trabajo se formula un mecanismo general del auto-@mble de no-equilibrio de
estructuras con arquitectura de nida con el objetivo de describtermodiramicamente el
proceso de auto-ensamblaje fuera del equilibrio en la meso-escakvaluar la viabilidad
termodiramica de las estructuras. Para ello se de ne el bloque fdamental de ensamble, el
orden de las estructuras y los sub-procesos fundamentales qogonen el auto-ensamble
de no-equilibrio. Una vez de nido esto, se desarrolla un modelo matgimo en el que se
obtiene un sistema de ecuaciones tipo Fokker-Planck para describs estructuras interme-
dias en el proceso de auto-ensamble. El modelo se valida a partir éod experimentales
encontrados en la literatura. Se toman como casos de estudio ebqgaso de geli cacbn
y el proceso de formacon de patrones tipo Liesegang para la valkia. Luego se for-
mula la conjetura del mnimo cambio en la entropa total generadaja cual nos permite
relacionar la viabilidad termodiramica de las posibles estructuras astensambladas con la
entropa total producida para su formacon. Donde se con rmala conjetura para los casos
de estudio mencionados anteriormente, geli cacon y patrones tipLiesegang. A partir
del mecanismo, el modelo y la conjetura propuesta, se podrantgdiar varios sistemas
auto-ensamblados e incluso auto-organizados. Adenas con etg@nte trabajo se abre una
nueva ventana para el aralisis, control y optimizacon de estruaras auto-ensambladas en
los campos de la ciencia de materiales, nano-tecnologa y biofsicain&lmente, a partir de
la propuesta de la conjetura, obtenemos un enfoque diferentésola evolucon de sistemas
auto-organizados, ya que este modelo no-Darwiniano describe lalegon impulsada por
fuerzas disipativas.

Palabras clave : Procesos de no-equilibrio, Termodiramica, Geles, Patrones de $égang,

Meso-estructuras, Agregacon, Evolucon molecular, Auto-Esamble, Auto-Organizacon,
Qumica supramolecular.
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1 Introduction

1.1 Self-Organized structures

The universe is a complex and non-homogeneous network whereréhare colossal struc-
tures with patterns, the galaxies. Every galaxy is composed of $gss and objects inter-
acting in a certain way, allowing the formation of the galaxy. Since theniverse is in a
expansion period, we can say that there are forces that drive tlidynamic evolution of it
[1]. These forces are internal, di erent from zero and they enabléé formation of patterns
and structures (galaxies). Because the galaxies are not shrinkiagd even we nd pattern
formation in them, we could see the universe and the galaxies as amokgical example
of self-organized systems [2]. In view of the above, we can have aiphde nition about
self-organization, where it is the capacity of a system to arrange ce-arrange its compo-
nents spontaneously without the action of external forces frorm more disordered initial
state to a more ordered state.

In one galaxy, there is a system with a small object named planet ¢arin which exist
the most complex form of self-organization as far as we know, livingeings [3]. At the
beginning, when the earth had no atmosphere, possibly a primitivelserganized system
emerged in order to use "e ciently" the sunlight [4]. But this primitive system could had
evolved in a more complex structure increasing the energy dissipati{b].Even there was
an interesting hypothesis named the Gaia principle [6], which establishat the earth could
be seen as a self-regulated system out of the equilibrium which harhloe live. Thus from
its out of equilibrium features, the whole system dissipate energy @stabilize the complex
structures (biotic and non-biotic) [7].

Self organized systems are composed by dissipative structureshmgertain degree of or-
ganization, either as spacial patterns or hierarchical structuse A dissipative structure is
characterized by a spontaneous symmetry breaking and the faation of complex structures
where interacting particles have long-range correlations [8]. Thergttures exist because
the energy or mass inputs, however non-continuous inputs couldgger the formation
of dissipative structures [9], even non-homogeneous (or non-syetric) initial conditions
could promote the self-organization [10]. Also self-organized systexhibits complex feed
back loops, which produce interesting features such as self-hegliself-replication, self-
cleaning, among others. For instance, in cells there are self-asbld structures, which
are organized relative to one another into hierarchical patternsrid¢en by a constant input



1.2 Self-assembled structures

of energy and with several feedback loops; this higher degree gfamization is known as
self-organization [11].

Therefore, self-organized systems could be de ned as systentsclv break the symme-
try (homogeneity), arranging or re-arranging its fundamental amponents spontaneously
without the action of external forces, to nally produce dissipatie structures which are
sustained by means of matter and energy dissipation, and which ¢duiouild/become more
complex structures. Some illustrations of self-organized struectks are shown in the Fig.
1.1. It is shown a galaxy and the saturn's rings as a cosmological exdes (Fig.1.1(a-b)).
The hurricane and the jungle are non-biotic and biotic examples oflserganized struc-
tures terrestrial scale (Fig.1.1(c-d)). Finally, bacterial colony ath connected neurons are
illustration of living systems exhibiting self-organization (Fig.1.1(e-f)

&

Figure 1.1: Self-Organized (SO) structures. (a)Galaxy and (b) Saturnings as cosmolog-
ical SO structures. (c) Hurricane and (d) Jungle as terrestrial @ structures.
(e) Bacterial colony and (f) Connected neurons as living SO struates. Taken
from [12{17]

1.2 Self-assembled structures

Supramolecular chemistry and the corresponding elds in physics @rbiology provide
ways and means to understand the complexity of matter throughe#f-organization [18].



1 Introduction

Currently, in science and engineering, one of the goals is to perfoanti cial self-organized
systems in which a functional entity is driven and dynamically instructdd among other
possible components, in a post-darwinian process [19]. In some ey, the molecular con-
stituents may self-assembled to produce complex ordered strus [20] with advanced dy-
namic features such as the adaptability (self-healing, self-replidan, self-cleaning, among
others).

The rst step to implement man made self-organized systems (lessnaplex SO system)
is to carry out a higher level self-assembled systems. This higherdkeis known as dissipa-
tive self-assembled (DSA) or dynamic self-assembled (DySA) systewhich can evolve into
controllable structures over space and time. Self assembly (SA) @ihd from supramolec-
ular chemistry until the planetary one, where SA is referred to thepontaneous formation
of organized structures from many discrete components that etact with another directly
or indirectly through their environment. Besides, the assembling agponents may also
be subject to many external potentials such as electromagnetic chemical gradients [11].
Some present and future applications of man made SA systems argstallization at all
scales, robotics and manufacturing, nano-science and technglagicroelectronics and net-
ted systems [21].

In the last years, the importance of understanding how are trigged physically and
chemically the processes of construction and organization of mattacross extended and
multiple length has been recognized[21] . E orts have been done toepent experimental
and heuristic guidelines for the design of hybrid nano-objects, nasmaterials and advanced
materials [22]. These advanced materials are always processed duhermodynamic equi-
librium and even some of them still in non equilibrium conditions [23].

1.3 Thermodynamics of self-assembled structures

It is important to highlight that there are two kinds of SA from a thermodynamic per-
spective. The di erence lies in the thermodynamic description of theesulting structures,
where one type of SA structures is in equilibrium. The other is a stablegon-equilibrium
structure which could be in a local minimum or can be maintained in an stely state
by a constant supply of energy, which is subsequently dissipated \@atropy production
[20]. Nevertheless all SA systems have non-equilibrium processes produce entropy [24].
In other words, SA systems are driven by forces, carrying out @ecesses, which produce
entropy and trigger the formation of complex structures, thefere dissipative structures
are maintained because of the entropy production (or energy amdatter dissipation), i.e,
metastable structures are found due to dissipative processesherlstructures which dissi-
pate matter and energy, i.e, which are built from physical-chemicalrpcesses, where the
quality of the energy in the matter decrease, are able to form matal structures, for in-
stance the cells [25]. The structures that only dissipate energy, ixhich are built from
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1 Introduction

physical process where the quality of the energy decrease, acg able to build material
structures but energetic, as the hurricanes.

Recently, experiments have demonstrated that non-equilibrium Beassembled (NESA)
structures from fundamental and discrete building blocks, leads the transient formation
of an active and advanced materials [26]. The properties of these terdal are such as
lifetime, sti ness and self-regeneration, where they depend ofa®ion and energy rates
instead of equilibrium compositions. On the other hand, the synth&sof di erent sizes of
meso-particles is important in designing meso-structured materiaigth advanced proper-
ties [27]. Where these kind of structures are the nal state of neaquilibrium self-assembly
processes, in which are obtained NESA structures built from a digte building block. Be-
sides, these processes are important in order to built new advadcirfaces with patterns
and/or meso-structures.

Figure 1.3: Self organized structures which dissipate only energy. (a) Rained crystal
growth, (b) Particles ensemble in a rotational magneto-hydrodyamic, (c)
Saturn's rings, (d) Liquid crystals, (e) River delta, (f) Benard cells(g) nano-
wire network. Taken from [14, 20, 28{31]
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1.4 Self-Organized structures classi cation

Because there are several kinds of structures which are obtainfeom di erent processes,
here we expose a sort of classi cation for the self-organized sttures based on its dis-
sipative nature, fundamental building block (BB), dynamics instabilites and nal ther-
modynamic state. Structures produced from non-equilibrium pr@sses can dissipate only
energy or dissipate matter and energy. They can be formed fromfandamental and dis-
crete building block or not. They can be formed from dynamic instabiliés or not. They
can have an stable/meta-stable (thermodynamic minimum) or unstde thermodynamic -
nal state (maintained by constant dissipation). Here it is importanto stress that temporal
stability not necessarily is a thermodynamic stability, also structure which just dissipate
energy do not need activation (by light, chemical or mechanical) in der to self-organize
themselves. In the Fig. 1.2, we show the scheme of the proposedsiaation.

Further we called non-equilibrium self-assembled (NESA) structuseto the structures
which dissipate matter and/or energy in the process of building andse a discrete fun-
damental building block, instead of call them DSA or DySA structure as is found in
the literature. NESA nal structure can be in a stable, meta-stabe or unstable thermo-
dynamic state. Examples of man made NESA structures are mostrmemonly found in
the top-down engineered mesoscopic regime [32] with hard inorgaoigoolymeric objects.
Otherwise, Fig.1.3, Fig.1.4 and Fig.1.5 illustrate some self-organizedsttures mentioned
in the Fig.1.2.

Figure 1.4: Self organized structures formed from dynamic instabilities arhergy-matter
dissipation. (a) Liesegang rings, (b) chemobrionics, (c) Turing ptdrns, (d)
BZ reaction. Taken from [33]
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Figure 1.5: Self organized structures formed without dynamic instabilities ub from
energy-matter dissipation. (a) arti cial self-assembled microtubles, (b) Or-
thogonal DNA, (c) cell in a triangular arrange, (d) microtubules fom natural
tubuline, (e) light controlled self-assembly. Taken from [21, 34{37]

1.5 Research problem

The synthesis of new materials has been inspired in nature, wherdf-eeganization fea-
tures are found [20]. Further, reaction-di usion (RD) processebBave shown potential for
the synthesis of self-assembled materials, with macroscopic andswecopic patterns [22],
and low energy consumption [38]. In science and engineering, suefacodi cation in the
mesoscale by means of mechanic, physical and chemical procelsaes a special interest.
Speci cally, the modi ed surfaces have interesting technologicalrpperties, such as lotus
e ect [39] and e ciency increase in electrochemical cells [40]. Suchréaces show advanced
features due to the existence of NESA structures with de ned ehitecture.

Because the MNET has a formalism able to describe the dynamics ofahand non-
equilibrium systems at the mesoscale, here we hypothesize that evey to describe, predict
and control theoretically the formation of NESA structures, cold be using the non equi-
librium mesoscopic thermodynamics (MNET) in non-isothermal RD sysm. Therefore,
in the present work we want to extend the current MNET formalism & propose a frame-
work such that enable the thermodynamic description and evaluatioof NESA processes,



1.5 Research problem

where the formation of complex structures with de ned architectre take place. Further,
the most important thermodynamic variables and parameters are éhti ed and quanti ed

theoretically and computationally, for the NESA structure formaton. Finally from the
extended formalism, some NESA systems are reproduced numdtycand its viability is

evaluated.

The main objective is to formulate a general mechanism for the naguilibrium self-
assembly and an extension of the MNET in non-isothermal reactiai-usion systems, for
the thermodynamic evaluation of NESA processes, in which the foation of NESA struc-
tures with de ned architecture take place from a fundamental ath discrete building block.

The speci ¢ objectives are:

To develop a mechanism for the formation of NESA structures builtém a fundamental-
discrete building block.

To extend the current formalism of the MNET to the description of he NESA struc-
tures, in order to incorporate processes such as self-assemblgt agglomeration.

To implement the theoretical fundamentals to model and obtain by eans of compu-
tational simulation the NESA structures built from a fundamental-dscrete building
block in homogeneous-reactive and non isothermal RD systems,etealuate its ther-
modynamical viability in the framework of the extended MNET.

The present work is developed in the non equilibrium eld because as iaw mentioned,
advanced materials and self-organized take place out of equilibriuranglitions, lacking of
a general theory to describe the formation processes [20]. Alsbe tmost part of the self-
assembly theory has been developed in the eld of equilibrium thermglamics, were a
thermodynamic potential can be minimized in order to predict and cdrol the nal struc-
ture [41], but the whole range of SA systems take places out of equilibm, limiting the
equilibrium approach[42].

Here we propose a general mechanism for the formation of NESAustures from a
fundamental-discrete building block, where the framework of thexeended MNET is used
to obtain a system of like Fokker-Planck Equations (FPE), our matematical model, which
is solved numerically in order to evaluate thermodynamically the viabilityf the structures.
We validate the model with experimental data from the literature fo a NESA structure in
an homogeneous-reactive systems, producing gels. Also we vabdtite model obtaining
Liesegang patterns at the phenomenological scale for a non-isatihal RD system from
a NESA process. Finally we propose a dissipative potential to evaleatnd predict the
viability of the NESA structures.



2 State of the art: Self-assembled
structures

Abstract Non equilibrium self-assembled structures have been recognizediraportant
components in nano-thecnology, advanced materials and even ke basis of the live. We
discuss how the NESA structures are built from fundamental andistrete building blocks,
where several functional kinds of structures can be obtained asfunction of the dissipa-
tive nature of the process. Thermodynamics nal states of thersictures often de ne main
features, being metastable and dissipative structures more adaple than the stable ones.
This discussion is very important because includes the fundamentdts understand the
way how NESA structures are built and how it works. Finally, a brief disussion about
possible thermodynamics principles based on entropy production iddxessed, where we
want to nd physical evidence of a hidden principle and later try to popose a new general
one.

\A theory unifying various types of dissipative systems would not dgy be relevant to
NESA but would ultimately bring us closer to the understanding of thdife", Fialkowski
et al. [20].

2.1 Introduction

Man made self-assembly (SA) systems emerged from supramolecal@Eemistry, however
SA could take place at all scales [21]. SA systems were visualized to bpable of spon-
taneously generating a well-de ned supramolecular architectureybself-assembling from
their fundamental components under a given set of conditions [18].

SA provide us one solution to the fabrication of ordered aggregatérom discrete and
fundamental components with sizes from nanometers to micronees. This range of sizes
is important for the development of nanotechnology and the expaion of microelectronics.
Otherwise, knowing more about SA mechanisms, conditions and pesses, may enable
us to understand biological structures and processes which digggp matter and energy.
Using this knowledge, we would design nonbiological mimics of them andwitll o er op-
portunities to build systems with new features [20].

NESA is an emerging area, therefore there is a lack of knowledge. Wdenot understand
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2.2 Building of NESA structures from fundamental blocks

well how dissipation of energy leads to emergence of ordered staues from disordered
components. Nevertheless, it is known that energy and matter dipation is crucially in
the cell [21].

The e orts done studying NESA systems which dissipate just eneygorings lots of in-
formation for \smart", adaptive and recon gurable materials with applications such as
sensors, control systems, tunable optical elements and micrevites. However, it is very
important to highlight the fact that the practical side of NESA must be correlated with
fundamental theoretical work on non equilibrium thermodynamics.

Here we present the main ideas and concepts developed in previogsearches related
to SA structures, its building blocks and mechanisms. Besides, wediss the limitations
of the current theory of NESA structures. Also we highlight the wgs and conditions how
NESA structures are built in order to discuss in next chapters a psthle general mechanism
and mathematical model. We present two works which are the cassady to test the model
proposed. Additionally, we present some e orts done in the eld oftermodynamics to
describe the NESA structures from the entropy production. Beaise in next chapters we
discuss the importance of the model and to the entropy productiocomputing. Finally,
we present the previous work which is the theoretical framework the model that is built
in next chapters.

2.2 Building of NESA structures from fundamental blocks

One way/mechanism to build NESA structures is using organic compents to trigger the
nucleation, growth, organization and transformation of inorganior organic mesophases
to produce discrete integrated objects or higher-order strugtes under equilibrium and
non-equilibrium conditions. There is a proposed classi cation of SArsictures as a func-
tion of the starting building block, thus the SA which start from a sinde object is named
as "integrative SA"(see Fig. 1.5(a),(b)), where there are threeystematic approaches re-
lated to the assembly mechanism [22]: nanoscale incertation, sup@ecular wrapping and
nanostructure templating.

In the integrative SA, the organization of the structures is limited de to the grade of
constructional ordering and component placement, which depemah the level of speci city
encoded in the building blocks (BB). The formation of extended netwks by interparticle
conjugation of the BB is mediated by electrostatic, steric, van daNaals, hydrophobic and
dipole-dipole interactions [38]. The construction of organized striires from stable build-
ing blocks with considerable anisotropy such as nano-sheets anthoaods, is inherently
directional owing to entropic ordering [43].

On the other hand, the use of multiple BB with di erent nature, eachone assembling
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2 State of the art: Self-assembled structures

into their own architecture, is other mechanism found to produce are complex structures.
This is called compartmentalization (see Fig.2.1) and it is mandatory faystems contain-
ing several incompatible processes or incompatible building blocks whitave to function
in each others proximity [11]. The coupling among the di erent kinds obuilding blocks,
known as orthogonal self-assembly, can be de ned as a functidrtite interactions, thus for
instance non coupled building blocks have Van Der Waals interactionghilst completely
coupled building blocks have covalent bonds. In the Fig. 2.1 we show acheme of the
di erent phase separation in the formation of SA structures as auhction of the degree of
coupling between building blocks.

Figure 2.1:length of compartmentalization vs phase separating polymerbulk scale),
con ned or templated polymers (meso), orthogonally self-assetiniy build-
ing blocks (meso) or self-sorting building blocks (nano). Weak intecdaons
between the phase separating building blocks results in hierarchicaélf-
assembled materials. Full covalent interactions can evolve in phassparation
on the nano-scopic level [11].

Self-assembled structures from convergent pathways, suchlasintegrative self-assembly,
are usually found under equilibrium conditions, however some nonteliprium processes
can own this mechanism [37]. Related to the processes \under quegilibrium steps”,
the pre-organization of organic building blocks have been describleg equilibrium theories
of self-assembly, which are based the free-energy minimization [4dévertheless, a funda-
mental discussion could take place at this point because all the pesses have an inherent
non-equilibrium nature, due to the existence of gradients and wse
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2.2 Building of NESA structures from fundamental blocks

Self-assembly with convergent pathways (integrative self-asdely) is prescriptive, initial-
state dependent, non-additive and persistent, where the selésembly take place presence
of supramolecular pre-organization, site-directed inorganic nuel&on, mesocrystal assem-
bly, biomolecular recognition and interparticle interactions. Resultig in structures in the
nano-scale, with complex intermediates, quasi-geometrical formsnitary nano-objects,
forming extended networks and characterized by reversibility[22].here, exist an equilib-
rium theory to describe the nal structures but not its intermediaes.

On the other hand, there are structures having a macromoleculancoding, with a sub-
set of crystal faces composed by primary nano-particles, wharen-geometric forms such
as helical microstructures are spontaneously propagated by t@tal aggregation [22] (see
Fig.1.5(c),(d),(e)). The mechanism of these structures to hold skhchigh level of align-
ment is unknown. However, dipole elds, steric-repulsion, superials and polarization
forces could play an important role for the arrange and re-arrege of the structure. Also,
these competing forces maintain the system near the equilibrium, oot in equilibrium,
therefore the ordering process is locally con ned in a local thermgdamic minimum. Be-
sides, if the self-assembled structures and/or the organic coiisénts (BB) are metastable,
major structural modi cations might be expected compared with he equilibrium ones.
Thus, structures built from fundamental building blocks that undego spontaneous order-
ing across several length scales in divergent pathways could resalcomplex hierarchical
structures [45], contrary to the structures obtained from equilibum based integrative self-
assembly.

Self-assembly process taking place under non-equilibrium conditipmgth fundamental
components which are able to self-assembled across several leisgales, are classi ed as
transformative self-assembled and they have nonlinear and ememgbehavior. Three kinds
of systems under non-equilibrium conditions are identi ed: First onethe self-organizing
media, which its components can re-arrange spontaneously intongalex patterns due to
the competing between spatio-temporal gradients of temperat} pressure and chemical
potential. Second one, reaction-di usion (RD) systems, which RDiictures could be used
to organize nanoscale components into patterned arrangemeni&hird one,the structural
morphogenesis, which involves the transformation of amorphoust®s or metastable poly-
morphs into crystalline structures. These transformations maydrome coupled with local
elds and gradients to produce hybrid nano-structures with hierechical organization and
complex architecture [22].

NESA nal structures of higher-order at di erent length scales at of equilibrium, in-
volve divergent trajectories of assembly. They are non-presdiye, non-initial dependent,
able to propagate in time-space, additive and competitive. They bka the symmetry of
the system and take place in di usion-reaction, microphase parti@ning, mesoscale trans-
formations and instable processes. The resulting structures lawmultiple length scales,
high structural complexity, complex forms, patterning, irreveribility, hierarchy and sophis-
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2 State of the art: Self-assembled structures

ticated dynamics features. The internal forces compete, sustang and propagating the
spontaneous ordering and transformation of meso-structur@gthout the apparent inter-
vention of any principal organizing factor. Also, nonlinear phenonma in the self-assembled
system are highly demanding of information, therefore they depémn continuous ux and
dissipation of matter and energy to maintain complex interactions l&een the compo-
nents, such as in the living systems [22]. Living systems are in metdsta states, i.e, they
have the capacity to respond functionally and structurally to extenal perturbations to
generate processes such as force transmission, mobility, adapity , self-healing and self-
replication [11]. These systems are maintained by biochemical netksithat are metastable
due to it is coupled with chemical reactions and di usion processes [46

Construction of non-equilibrium self-assembled structures mustebcontrolled and di-
rected by interactive and opposite forces. These ones are calpabf adapting to external
changes, by means of feedbacks loops in order to maintain the ftiocal states of the struc-
ture [22]. Unfortunately, the number of such arti cial systems renains limited and although
non-equilibrium self-assembly have been understanding acrossesallength scales[47, 48],
we lack a theory to describe these systems!.

2.3 Thermodynamics of nal NESA structures

As has been mentioned, nal self-assembled structures can beided in two classes from
a thermodynamic point of view: equilibrium self-assembly and out of adjbrium self-

assembly. The equilibrium structures do not dissipate or absorb egg, then any change
in the systems is a thermodynamic step out its global minimum, which iscaompanied
with a Gibbs free energy penalty (A). Out of equilibrium structures an be divided into

two kinds: kinetically trapped in a local minima and dissipative unstableteuctures. The

structures trapped in a local minima, are in a potential well deep engh such that the

potential barrier to escape from the local minima is higher than thevailable thermal en-
ergy (B). Dissipative self-assembly structures are intrinsically utebles, which can only
be maintained in a steady state by constant supply of energy. Thise is dissipated by
means of entropy production in the assembly and dis-assembly pesses (C).[11]. In the
Fig. 2.2 is shown the thermodynamic landscape of the nal NESA staiures.

2.4 Examples of NESA structures

To assembly non-equilibrium structures, the systems should satisome conditions: First,
the system must be driven out of equilibrium by adding chemical, elecmagnetic among
others kind of energy sources. This energy source activates then-assembling precur-
sor (dis-activated building block) into a building block capable of selfssembling. The
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2.4 Examples of NESA structures

Figure 2.2: Gibss free energy landscape of (a) self-assembled structime equilib-
rium,(b) metastable self-assembled structure and (c) dissipativérgcture self-
assembled. Building blocks and equilibrium structures in blue, activadebuild-
ing blocks and out of equilibrium NESA nal structures in red. [11].

second conditions is related to the energy dissipation via entropy gauction, due to the

energy used in the activation is dissipated in the assembly procesg23]. Some well known
metastable nal NESA structures are related to liquid crystals andsome glass structures
[42]. Further, there are some examples of NESA structures, withsitespective fundamental
mechanism and conditions, which can be metastable or dissipative:

The microtubules are NESA structures found in nature, where theindamental building
block is the tubulin dimer, which is activated by GTP. The structure ca dissipate the
energy by means of the assembly and dis-assembly. But if the comaliis are adequate,
the tubulin could be found in a metastable thermodynamic state [36]. e same system
is able to form macroscopic patters under normal gravity conditian[49] or can be the
precursors (buildig blocks) of molecular motors with di erent archiectures [50]. On the
other hand, we could nd a systems with polymers which are activateby electromagnetic
waves, then they are capable to self-assembled to form a metddéagel [51], even can
produce dissipative gels [52]. Also, the NESA of meso-structuresilbérom modi ed gold
nanoparticles which are activated by ligth is carried out [37], where €hSA structure is
inherent dissipative [53]. The SA of a metastable gel is carried out bgsembling of molecu-
lar building blocks controlled catalytically [26, 54], it means, SA activat by chemical fuel.
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The NESA of a gel by a chemical fuel was done [9]. This system meelistiae require-
ments for non-equilibrium self-assembly; reaction of the dis-activad building block leads
to the activation, promoting the self-assembly. The dissipation tads place in the build-
ing up of bers and the network of bers (gel), which are self-assebled from the building
block. This system is a new approach towards complex self-assermlductures and smart
materials. Therefore it is mandatory to develop the thermodynamsctheory around it.

Recently, it has been reported a synthesis method based on nutlea and particle
growth in a reaction-di usion system in a gel matrix. The process ylds a macroscopic
patterns like liesegang bands, composed by monodisperse nano @mcto structures, with
the size of the structures varying in a predictable way band to banf27]. Fundamental
blocks are seen as the components which are able to nucleate. Tiystlsesis approach is
known as bottom-up self-assembly, where di erent sizes of mestpuctures are obtained
into spatially patterns. The size of the mesostructures can be doolled by changing the
parameters of the media, providing a new promising method to cardeout man-made
self-assembled structures, which can be used as a versatile t@olrhaterial science. The
next step is related to the control of the mesostrucutre's shag27], besides due to the non-
equilibrium nature, models based on thermodynamic of small scales shibbe developed in
order to bring more knowledge for these kind of promising systems.

However, each example only represents a particular mechanism floe assembly of the
structures, then we identify that there is not a general mechams for the assembly of
NESA structures. Also, we lack a general formalism to describe thretically the forma-
tion of such structures. Nevertheless, the mesoscopic non-giQtium thermodynamics
(MNET) seems to be a useful tool to develop a robust formalism toedcribe the processes
involved in the formation of NESA structures at all the scales.

2.5 Mesoscopic non-equilibrium thermodynamics

Mesoscopic dynamics of non equilibrium thermodynamic system is deged in [55] and
it provides a description of processes in small systems, in which onake place several
phenomena of di erent nature, even the growing of structuresitt internal con gurations.
This theory uses a probabilistic interpretation of the thermodynanes coupled with the
conservation law, which can be used to obtain Fokker-Planck typejeations in the phase
space of the process. This approach provides a systematic metho obtain the stochastic
dynamics of a system directly from the equilibrium states and the sewed principle of the
thermodynamics.

There are several systems which can be studied with the from theesoscopic perspective,
such as non linear kinetics in presence of potential barriers, actiea processes [56], nucle-
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ation [57] and general small-scale biological systems [58] far fronaig&rium. Furthermore,
MNET bring us a framework to study process such as: chemical aimns, kinetic cycles,
ion trans-location, molecular motors, protein folding, phase chagg, adsorption, DNA zip,
transport in con ned media, nucleation and self-assembly [59{63].

2.6 Proposed thermodynamic principles in the formation
of NESA structures

Although NESA structures have been studied intensively [8, 64{66fhey are still poorly
understood, mostly because of the lack of general variationalipeciples governing their
behaviors[20]. For NESA structures, the fundamental law of erdpy maximization is not
valid because they could be in non-equilibrium state. The entropy pdoiction sustain the
structure by means of the matter and energy dissipation, thus ineasing its entropy [8].
For non equilibrium systems, Prigogine proposed the variational praiple of Minimum
Entropy Production,declaring the rate of entropy production is miimal at steady state.
Nevertheless, this principle only applies to systems following the lineaon-equilibrium
thermodynamics, where the relation between uxes and forces isliaear function [64].
Non equilibrium systems beyond the linear relation have been studied the microscopic
level, using both numerical [67, 68] and analytical [69, 70] tools ofsitical mechanics. It
appears that a very promising way to describe these systems is pkore the properties
of their phase space. In this approach, the second law of thernym@mics governing the
system'’s evolution can be related to the topology of the phase spagvhere the system can
be described by deterministic equations [20].

Two possibles variational principles governing the time evolution of aystem far form
equilibrium have been considered [20]. The rst one is based on molectdignamics sim-
ulations of particles in shearing ow, and proposes that steady dts driven by some
external eld is determined by the minimum of the average phase spa compression fac-
tor, which works even for systems breaking down the local equilibriu Even in the linear
non-equilibrium state, that quantity represent exactly the entr@y production and becomes
equivalent to the Prigogine's principle [71]. The second approach is ledson Lyapunov ex-
ponents [65, 66] and seems better to describe the NESA struaar And indisputably, the
progress in this eld of research would be greatly facilitated, if theetical work is developed
and experiments support it [20]. In magneto-hydrodynamics systes (with formation of
NESA structures) was studied the relation between the entropyrpduction and the dissi-
pative forces through numerical simulations. It was found that glady-states into which the
system ultimately settles are described by the balance of assembliagd dis-assembling
forces, and do not necessarily minimize the dissipation rates, as Wbibe predicted by
Prigogine's principle [32].
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Due to there are several results and proposed \principles" goveng NESA structures,
it is important to develop a rigorous approach [72] to understand # NESA structures.
Mainly, the NESA system must have more than one possible strucewr Thus, one could
calculate occurrence probabilities and nally relate them to the entipy production rates
(or energy dissipation rate). The NESA system must be studied fak erent \polymorfs",
for which the probabilities of occurrence depend only on the entrggproduction rate. In
[72] is shown that NESA systems can produce both low and high disdipa structures. Be-
sides for systems with di erences between the entropy productiof the di erent structures
is high enough, the less dissipative structures becomes expondhtianore likely. These
results demonstrate that nature prefers less dissipative strugkes, however it also allows
thermodynamically more dissipative structures to form spontanesly, although with an
exponential decreasing in the probability. The latter was proved in a agneto-hydrodynamic
system, where "polymorfs” could be found and entropy productiorates are easily com-
puted. Notice that the studies were carried out in this kind of systa because for molecular
systems the entropy production cannot be determined accurdye

However, MNET provides a natural way to compute the entropy grduction in complex
systems. And remembering the importance and di culty to computethe entropy pro-
duction in self-assembled systems [72], a small window was opened ifj f&tause they
computed the entropy production for the formation of a NESA suictures. There a general
thermodynamic analysis was done for the self-assembly out of equilifm of a gel [9].

2.7 Conclusions

2.7.1 Proposal of a model: Describing the formation of NESA
structures

SA systems are capable of spontaneously generating a well-de nathitecture by self-
assembling from their components under a given set of conditions J.18he organization
of individual structures is limited due to the extent of constructioml ordering and compo-
nent placement, which depend on the level of speci city encoded ihe building blocks[22].

NESA structures are built in physical-chemical process controllednretically by chem-
ical reactions, nucleation and transformations from dis-orderetb ordered state at the
mesoscale. Also NESA structures are capable of adapting to extar changes, by means
of dissipation of matter and energy to maintain complex interactionbetween the compo-
nents, such as in the living systems [22]. Although NESA systems haveen understood
across several length scales [21], NESA systems is an emerging, @a@dhere is a lack of
knowledge and theory to describe these systems, i.e, we do not ersfand well how dissi-
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pation of energy leads to emergence of ordered structures froisordered components.

Therefore, it is mandatory to analyze the NESA structures fromundamental theoretical
work on non equilibrium thermodynamics [20]. Furthermore from a genal mechanism, the
MNET could gives a solid formalism to build a general model to describé@ analyze the
NESA structures. The general mechanism gives not only the deiption of SA dissipa-
tive structures but also metastable and stable SA structures by @ans of non equilibrium
processes. The model proposed is tested in di erent NESA systenmeported in the lit-
erature. First, we want to verify our general mechanism and moté a simple NESA
system such as the one presented in [9]. There, a gel (metastalbtacture) is formed from
fundamental building blocks, which ones are activated by a chemidalel. Second, we want
to extrapolate the last results to obtain NESA structures in a rea®on-di usion system
such as in [27], in which we nd macroscopic patterns formation (highdierarchical level
of organization) through non equilibrium processes with nal struttires in thermodynamic
equilibrium.

2.7.2 Thermodynamic analysis: Is there any functional whic h
evidence NESA structure formation?

NESA structures are still poorly understood, mostly because of¢ lack of general varia-
tional principles governing their behaviors [20]. Studies demonsteat for that while nature
prefers less dissipative structures, it also allows thermodynamicaltyore dissipative struc-
tures. The deepest studies were done in a magneto-hydrodynarsigstem, where "poly-
morfs" could be found and the entropy production rates are easilgomputed because of
the dissipative term. But, these studies were carried out in this kindf system because for
molecular systems the entropy production can not be determined@urately.[72]

However, the MNET provide us a natural way to compute the entqoy production in
complex systems. Several phenomena of di erent nature take p& even the growing of
structures with internal con gurations [24]. Therefore, it seemso be plausible the thermo-
dynamic evaluation of NESA structures as a function of the entrgpproduction, computed
from the MNET. Finally, we could explore the possibility to nd NESA structures in criti-
cal points or not, as a function of a organization parameter sucts dahe number of building
blocks assembled, number of structures, among others.
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3 Model

Abstract : Self-Assembled structures have been studied experimentally, vl a funda-
mental building block has been identi ed in several systems. Here wie ne the building
block and its assembly centers, which could determine the kind of sttures. Also, we
de ne the order of the structures and the sub-processes invely to its building, which
are activation, assembly and dis-assembly. Once we have identi etiet sub-processes,
we propose a general mechanism to nally develop a mathematical de based on the
mesoscopic non-equilibrium thermodynamics (MNET), obtaining a stem of Fokker-Plank
equations. Additionally, the quasi-stationary and coarse-grainingpproach is done, giving
a macroscopic point of view to visualize easier the whole NESA procéssn our general
mechanism.

3.1 Introduction

The known universe is composed by self-organized (SO) system&nethe universe could
be seen as a self-organized system by itself [1, 2]. Besides, the orgdithe life in our
planet could be addressed by the formation of dissipative structes [4], i.e, NESA struc-
tures in metastable or non stable states [3]. Actually, the whole plahearth can be seen
as a self-organized system [6] composed by other SO systems,reveach SO systems are
maintained by means of the entropy generation [5, 7, 8, 73].

One of the objectives in science and engineering is to perform ariat self-organized
systems, in which a functional entity is driven and instructed dynameally among other
possible components [19]. Supramolecular Physical-chemistry pravidays to understand
the complexity of matter through self-organization [18]. In the lasyears has been recog-
nized the importance of understanding how are triggered, physibaand chemically, the
processes of construction and organization of matter acrosgended and multiple length
[21].

E orts have been done to present experimental and heuristic guatines for the design
of hybrid nano-objects, nanomaterials and advanced materials [2Experiments demon-
strated that NESA structures, from fundamental and discretebuilding blocks, leads to
the transient formation of an active and advanced material [26]. Tdhsynthesis of di erent
sizes of meso-particles is important in designing meso-structuredatarials with advanced
properties [27]. Nevertheless, NESA systems is an emerging areahere is a lack of knowl-
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edge and theory to describe these systems. We do not understamell how dissipation of
energy leads to emergence of ordered structures from disostecomponents [20]. In the
lack of a general description of NESA systems, researchers hasedoped computational
approaches. However, these approaches have technical chgésnbecause the number of
particles needed to explain the mesoscale behavior is very large. Agtical performance is
reached by numerical schemes based on continuum models, cogrséned particle models
and implicit solvent models [53, 74]. These methods enable the possibildf simulating
larger systems for longer time, but they do not enable the quantiation of the entropy pro-
duction naturally. Some examples of these numerical schemes dPbase eld approaches
[75], Coarse-grained Molecular Dynamics[76], Brownian dynamics metts [77] and Scaling
theory with kinetic Monte Carlo [53]. Besides for a magneto-hydrodymic NESA system,
the solution of the Navier-Stokes equations on uid motion was cagd out. there, the
entropy production was related to the viscous dissipation functiofi72]. Nevertheless, in
this models, the entropy production and the building of the structtes are independent
phenomena.

Experiments have demonstrated so far the formation of NESA stctures. While simula-
tions have given more information and detail about the building of thetructures. Even by
means of simulations, the entropy production can be computed [7Blt there are technical
and conceptual limitations in the simulations and models used respaetly [53]. Thus, the
purpose of this chapter is to develop a general mechanism for thelfsassembly process
for the building of NESA structures. Thermodynamically stable, metstable and unsta-
ble structures can be obtained in the process. Next, we develop atlrematical model
using a system of Fokker-Plank equations derived from the MNET. le model that we
propose here takes into account the natural relation betweendhentropy production and
the building of the structures. Finally, the model could be used to stly the viability of
the structures as a function of the entropy production.

3.2 General mechanism for the formation of NESA
structures

In the previous chapter, we realize the existence of fundamentahd discrete building
blocks, which are able to self-assembly into structures, which cousglf-assembled into
other, thus forming di erent hierarchical structures in a system Chemical, thermal and
electromagnetic forces drive the self-assembly. The presenceha forces activates the
building blocks, drive the assembly and trigger the dis-assembly.

We identify the fundamental and discrete building block as the princig object in the
NESA process. We propose three fundamental processes far thuilding of NESA struc-
tures. Finally, we propose the self-assembled structures as builgliblocks of "superior”
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NESA structures.

3.2.1 Fundamental building block

In general, the resulting NESA structures depend on the naturef ats building blocks
(BB). Here we characterize the fundamental BB with its assemblyenters, by means of
the number of centers and internal con guration (energy and genetry). Here a necessary
condition for self-assembly is that BB must have two or more assemtrenters. If the BB
has two centers, then there is just one way to carried out the assbly process. Moreover,
BB with more than two centers enable di erent ways of assembly, pducing several struc-
tures from a particular BB. In the Fig. 3.1, we show a general fundeental BB with its
respective assembly centers.

Figure 3.1: lllustration of a general shaped fundamental building block with. assembly
centers. Each center is described for its unitary vector. It givesformation
about the geometry of the assembled structure.

For instance, in the formation of linear bers [9], the BB has two oppsed assembly
center. For the formation of micro-tubules [36] or non linear ber$52], we have BB blocks
with two asymmetric assembly centers. Light-induced self-asselplstructures from BB of
nano-particles coated with photo-switchable molecules [37] have iradhan two symmetric
assembly centers.

3.2.2 Hierarchy of the NESA structures

In Fig. 2.1 is shown BB having covalent and non covalent interactionghich could trigger
the formation of hierarchical NESA structures. The hierarchy deends on the complexity
of the structures. Thus, one structure with higher hierarchy lesl is built from other less
complex structures with lower hierarchy level. Here we propose a taechy levels for the
structures as a function of the precedent BB and the strength ithe interactions between
the BB. In the Fig. 3.2, we illustrate the levels of organization or hierghy of the structures.

in the Fig. 3.2(a), we show the rst order structures, which are bit from the funda-
mental BB. Here, the fundamental BB are the simplest and smallestomponent able to
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3.2 General mechanism for the formation of NESA structures

self-assembled in the system. Here we represent the fundaméBB as a puzzle piece with
two assembly centers (triangle shape) to form rst order struatres (3.2(d)). First order
structures are expected to be built from covalent interactions Ibeeen the fundamental BB.
Nevertheless, NESA processes without matter dissipation, hastmovalent interaction but
other strong interactions (close gravitational forces, hydrogebond, magnetic forces and
maybe ionic interactions).

Second order structures are built from rst order structuresHere, the rst order struc-
tures are seen as the BB of the second order ones (Fig. 3.2(b)helinteraction between the
BB ( rst order structures) are non covalent. Therefore, the asembly of the second order
structures does not dissipate matter. Here the secondary ingations take place through
the "weaker" assembly centers with semi-circle shape, which repemt weaker molecular
interactions.

While the hierarchy level of the structures increase, the strengtin the interactions of
the BB decrease, but number of interactions must increase in ord® maintain the struc-
ture. Higher order structures are built from lower order structees, like rst and second
order ones, as is showed in the Fig. 3.2(c). At this point we could hagecomplex com-
partmentalization.

d d

Figure 3.2: lllustration of hierarchy of the structures. (a) rst order dructures. (b) second
order structures. (c) Higher order structures.

3.2.3 NESA processes

We identify three fundamental processes for the constructiorf IESA structures: Activa-
tion, assembly and dis-assembly.
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Activation

previously, we showed the fundamental BB, but this is the activatestate of the BB. Before
the fundamental BB is able to assembly itself, it must be activated inrder to enable the
assembly centers. We call this step as the rst order activation.nlthis case, we found in
the literature that BB can be activated by chemical [9, 11, 26, 36,% 78], light [37, 51{53]
or magnetic [20, 32, 72] forces.

The BB of the second order structures, i.e rst order structurs, can be activated in a
similar way. We call this step as the second order activation. Nevéwtless, other mech-
anism and phenomena could take place in the second order activatidror instance, the
rst order structure could reach certain size or shape enabling ttrigger the assembly.
This is an example where assembly centers are formed by means dfassembly. Other
example, where an enough number (or strength) of non covalentenaction between the
rst order structures are formed, triggering the agglomeratiorof them. Here, we can see
several assembly centers without an speci c orientation, promiog the degeneration of
the second order structures. This activation is not necessarily iden by chemical, light ot
magnetic forces.

BB of higher level structures requires the activation of the less mwplex structures. The
last ones are activated similarly as the rst order structures. In g. 3.3 we show the dif-
ferent kids of activation, where the blue block is the dis-activated B.

(a) First order activation (b) Second order activation

Figure 3.3: Activation step sketch.

The activation step for the fundamental BB could be sequential lmause for each as-
sembly center is needed one activation. Moreover, activation coulte done by means
of di erent mechanisms (electromagnetic, chemical or mechanical)Here we describe a
general activation step by chemical activator:
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3.2 General mechanism for the formation of NESA structures

Bq+C)* Bg+1

with C as the activator, B, is the building block with q assembly centers, withQ as the
maximum number of assembly centers. In the Fig. 3.3(a), we illustratthe activation by
electromagnetic or mechanical forces. The second and higherardctivation takes place
due to the amount or size of the structures reach certain limit, or aybe because change
of phase or state. Thus, we describe these activations as:

An) " G,
Gn)* H

whereA, is the rst order structure composed byn BB, G, is the second order structure
composed oh BB and H,, is the higher order structure withm BB. These activations are
resumed in the Fig. 3.3(b)

m

Assembly

The assembly is a fundamental an reversible step for the building cddh self-assembled
structure, either in or out equilibrium. We propose that rst order structures are assem-
bled sequentially, it means the assembly is guided and the structurativ n + 1 blocks is
built from a structure with n blocks. This one is possible due to the nature of the interac-
tion (covalent or strong interaction), thus increasing the degreef organization. Therefore
we realize other self-organization feature, which is related to theaw how the structures
are assembled. In the Fig. 3.4(a), we show how the rst orders sture is built from
fundamental BB. This step is carried assembling out one by one fusmahental BB into the
structure.

On the other hand, the assembly of second order structures eamot a unique direction-
ality, conversely to the rst order one. Here the second order isicture is built from the
rst order one. However, the nature of the fundamental BB is imprtant due to it could
guide the assembly, but the process in this case is not necessarilgusatial, it means
structures with n + 1 blocks can be built from structures withm blocks, wherem n. In
the Fig. 3.4(b), we show the assembly of second order structure@ghere the nature of the
fundamental BB play an special role (semi-circle assembly centeflhe BB has assembly
centers to facilitate the second order assembly.

Higher order structures are assembled due to the size or numbdrtiee second order
structures. The number of interactions between the second @dstructures is proportional
to its size, enabling the assembly of superior structures (Fig. 3.4)(c This assembly is
completely no-sequential and it could be seen as an agglomeratioris@ some particular
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features of the second order structures has an important role the assembly and it depends
of the structures nature.

(a) First order assembly (b) Second order assembly

(c) higher order assembly

Figure 3.4: Assembly step.

The assembly of then™ BB in a rst order structure composed ofn 1 BB, A, 1, is
described by:

An 1+A)* An

with A as the fundamental BB activated, i.e,Bo. Notice that A, ; structure interact
only with the fundamental BB A. Let the assembly of the second order structure composed
of m BB (G,,) be described for:

Gn y+G,)* G

Notice that the G, y structure interact with the G, structure, withy =1;M m, where
M is the maximum number of assembled blocks in the second order sture. Conversely
to the rst order assembly, here we haveM m ways to built the G, structure instead
of just one. Similar to the second order structure, let the asseigbof the higher order
structures with m BB (H,,) described by:
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3.3 Mathematical model of the NESA processes

Notice that the H,, , structure interact with the H, structure, with z=1;Z m, where
Z is the maximum number of assembled blocks in the higher order struce. Here we have
Z m ways to built the H,, structure.

Dis-Assembly

The dis-assembly step gives the irreversible nature of the whole pess and also, if the
conditions are adequate, some dynamic features of the self-orgation systems. In the
Fig. 3.5, we show the dis-assembly step producing dis-activated BBere, the dis-activated
BB must be activated again in order to be able to the assembly.

Dis-assembly of theA,, structure is described by:

An)* An 1+B+QC

whereB is the dis-activated BB activated andQ the number of assembly centers. Notice
that the dis-assembly of rst order structures is also sequentialDis-assembly of second
order structuresG,, is described by:

Gm)* Gm Yd +ydB+deC

with y4 = 1;m 1. Conversely to the rst order dis-assembly, we haven 1 ways
to destroy the G, structure. Further, instead of produce one dis-activated BB am the
rst order dis-assembly, here is producegy dis-activated BB. Similar to the second order
dis-assembly, let the dis-assembly of the higher order structurek, described by:

Hn)* Hn ., +24BQz,C

wherezg=1;m 1. We havem 1 ways to destroy theH,, structure.

3.3 Mathematical model of the NESA processes

In this section we describe mathematically the NESA process usingettMNET formalism.

From the MNET we seen each sub-process of the whole NESA praces an activated
process taking place along an internal coordinate, where the statare di using through a
potential barrier [55]. Each sub-section treats one process faist and second order struc-
tures, where each process is completely described by its phasecepahemical potential,
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(a) First order disassembly (b) Second order disassembly

(c) higher order disassembly

Figure 3.5: Dis-assembly step.

boundary conditions, and Fokker-Plank equation. Also, at the endf each subsection we
show the quasi-stationary approach, which help us to understarmtearer the whole process.
However, before to describe each sub-process, we want to shioergeneral methodology
proposed by MNET, focused to describe processes occurring ire ttormation of NESA
structures. Thus, we develop a general procedure to obtain the®kker-Planck equation
(FPE) in a non-equilibrium system, in which are taking place activated qpcesses.

Thus, we use the generalized coordinate, to describe then™ activated process. This
coordinate is a dimensionless vector, where its components variesAeen 0 and 1. Further,
this coordinate could be seen as the phase space of tfeactivated process. The existence
of local equilibrium along the process trajectory enable us to use Gbbs relation,
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S

% d non( nit) Pa( nit); 3.1)
0 0

where ,( n;t)is the molar Gibbs energy in the phase space of tn& activated process
and pn( n;t) is the probability density that the n" activated process is in the state ,
at time t. The evolution of the probability density along the ,-space is governed by the
continuity equation,

@p( n;t
péz):r e mt): (3.2)
with J,( n;t) as the current in the ,-space. Di erentiating Eq. 3.1 and later inserting
Eqg. 3.2 in it, we obtain the contribution to the entropy production ofthe activated process
after integrating by parts,

ds 1Zl Z 1

G- Ko7 o dada(e) ron(alt); (3.3)
0 0

where K, is a constant related to the currents and chemical potentials on ¢hsurface
of the ,-space. Notice that the entropy production is the "sum" of currets times their
driving forces. From Eq. 3.3, we nd the most general linear law forhie current in the
n-Space,

Ln( n:t)
_m e

with L,( n;t) as the Onsager's coe cient matrix, which each component is in very
good approximation proportional top,( ,;t). Also, we introduce the constant di usion
coe cient matrix D, by:

Jn( nit) = » n( nit) (3.4)

Ld.ﬂ0=%§m(m0: (3.5)

Now we de ne the general molar Gibbs energy of the complex for tlaetivated process
in the ,-space as:

n( nit) = ke TINC 2 (O)pn( i)+ n( ) (3.6)

n IS the potential barrier or enthalpic potential. This is characterizedoy minima at
surface and maxima in its transition states. Speci cally, for tha-th component of the
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phase space (,), there are two minima at ,; =0 and ,; = 1. Also, there is a max-
imum at ., which is related to the activation energy, steric e ects and othemolecular
repulsions. The model for the potential barriers is shown in the aeres. Further, ,(O)
is the non-ideal energy potential (activity coe cient), which depend on all the states of
each component Q) in the system.

Inserting the chemical potential in the general current expregs (Eq. 3.4), we have:

Dn kBT

, kg T
ke T n(O)

n(0)

In( nst) = r o n(O)+ pa( st)r | n( n)

(3.7)

P t)+

Supposing uncoupled processes becauseittie chemical potential gradient cannot drive
the j -th process. Therefore the Onsager's matrix is diagonal, then tloarrent is:

dni kg T kg T
i kT @y 2L @ o)h ()2 ()

Jn( n;t): kBT n(o)@n;l I’I(O)@—nl @n;i

(3.8)

where d,;; is the diagonal components of the Onsager's matrix. Now, if the imeal
con guration of the states in the ,-space are mutually exclusive (or disjoint), we cannot
nd a state where i 6 0and ,; =0, for somei and somej, with i 6 j. It means, that
once the di usive process along the potential barrier begins in onaréction, this cannot
jump into other trajectory (direction). Thus, if the state is supposed to follow other
trajectory di erent from the initial, the process needs to be re-iitiated, thus starting to
di use in the other trajectory. In this case, the current can be écomposed by independent
components,Jn( n;t) =[Ja( ;0);:53( ;053 ( 4;1)], with | as the dimension of the

n-space. Now we re-de ne component of the current as:

Ini( nii) = Ini (00,1 130, 05t) (3.9)

Notice that these current among the spaces do not contribute the entropy production
qgcause in the whole spaces the sum of the current times its cherhigatential is zero
( ;Ki =0). It means, the probability (or number of BB) is conserved. Inerting the
current expression (Eq. 3.9) into the continuity equation (Eg. 3.2)we obtain the FPE for
an activated process with uncoupled sub-processes and disjoitatss:

@ st _ X @,
T - i @ i 'Jn;l( ni ,t) (310)
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Developing the las expression we obtain the expanded form of the ERor activated
process with uncoupled sub-processes and dis-joint states,

@ ) X @ 1 @ e
T_ i d”?ll @n;i n(O(O;:::; n;i;:::;O;t))@n;i pn(o,m, n;lym,oyt)
@ 1 @
3.11
* @ni n(O@O; 5 nisn50i1) @ g (005 i Or)) (3.11)
+ m@—mpn(o,..., r,;,,...,O,t)@—n;i n(0; nirin0t)

where the notation ofp, (0; :::; ;i 0;t)and ,(0;0;:::; ;i 0;0;t) can be simpli ed
aspn( nist)and n( ni;t)inthe case of uncoupled and disjoint processes. The last is seen
in chemical reactions, in which intermediate states are unique for @apossible product.
Nevertheless there are chemical reactions (and processes) r@hetermediates are shared,
therefore the states in the ,-space are not disjoint and we need to use the de nition of
the current showed in Eq. 3.7. Finally, we insert Eq. 3.7 into the continty equation (Eq.
3.2) to obtain the general FPE.

@p( n;t): 1 1

—at r,Dn mr Pn( nt)+r Dy mr s n(O)Fr  Dapa( i) r  n( n):

(3.12)

Here we showed a general procedure to nd the FPE of an activaterocess. In the
next sections, we use this general development to nd the specikPE for each step of the
NESA processes (activation, assembly, and dis-assembly). Foclegrocess, we de ne the
phase space, chemical potential, and boundary conditions, whiclemknds on the kind of
process. The phase space de nes the possible trajectories,¢hemical potential de nes the
boundary conditions, and the boundary conditions link the ,-spaces, where the current
from one space to another is de ned by discontinuities of the chenaicpotentials.

3.3.1 Activation

There are two kinds of activation processes: First order activatio(to activate fundamental
BB) and the second or higher order activation (to activate the nofundamental BB).

First order activation

As we mentioned, there are di erent kinds of fundamental ( rst eder) activation, such as
activation driven by light, magnetic elds, chemical fuel and mechaioal forces. Also the
activation is sequential because the fundamental BB has two or m@assembly centers.
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Here we obtain the Fokker-Plank equation for the rst order actiation process, which is
driven by chemical fuel for a general BB withQ assembly centers.

In the beginning, the BB hasQ assembly centers, thus the activator ha® possible
trajectories to proceed, i.e, to activate one of the dis-activatesssembly centers. In general,
in the g activation, the activator has likely Q q+ 1 trajectories to activate the BB.
Therefore, theq™ activation of the BB takes place in the 4-space, where ;2 R? 41, In
the rst order activation, the probability density to nd a BB with q activated assembly
centers is de ned ash,( o t)=N;, where N; is the total number of particles (initial BB,
initial activator and solvent). Furthermore, the chemical potenial is a non continuous
stepwise function, in which a part of the external surface of the,-space (4= 0 ), we can
identify two di erent states (activator and BB). Now, we de ne the chemical potential in
the external surface and inner space as:

( 't) — kBTIn( a;q 1(O)bq l(lq l;t)a(t))"' q( q) q< 0
@« @ ke TIN( a,q(O)y( ;1)) + ol o) 0" < 4 1,

where a(t) is the probability to nd a particle of activator in the system. 4( o) is a
continuous function in 4 = 0 because the discontinuity in the chemical potential comes
from the statesh, and a(t). From the chemical potential, we nd the i-th current in the
inner g-space for an uncoupled and disjoint process of activation:

Jgi( qirt) = a°“‘" by( g 1) q@(@:l"t), (3.13)

also, the boundary conditions (BC) associated for each,; coordinate of the whole 4-
space are related to the chemical potential. Here, the BCs couplititge -spaces for all
are given by,

Jqi(0st) = dﬁ:? 2i(0")  24i(0 ) ); (3.14)
Jgi(1;) = da”“" Zg1:i(0")  Zg14(0 ) ); (3.15)

wherez = exp( q4( qi;t)) is the fugacity. The current in the boundary is produced by
the discontinuity in the chemical potential on the surface of the sre. Inserting the Eq.
3.13 into the general continuity equation, we obtain the-th FPE of the activation process
which describe theg-th activation of the BB:
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@ 1) . X @
@qt“ .@q.Jq'(q"t) (3.10)

with BD condition given by Eqg. 3.14 and Eq. 3.15.
Quasi-stationary approximation

If the potential barrier 4( i) is high enough (large activation energies) in the 4-
space, then the di usive process along each;; coordinate is very slow and becomes quasi-
stationary, Jq.i( qi:t) = Jq:i(t) [24]. Now, in order to show in a simple way the methodology
to nd the continuity equation for the quasi-stationary approach we assume an ideal
system, i.e, .4 = 1. Using the de nition of the chemical potential in the inner spaceijt
is possible to re-write thei-th current of the g-th activation as,

Jq;i( q;i;t) = dact;q;ii exp( q( ) kBT) @ |exp( q( qht)) (3-17)

g

remembering that the chemical potential for thei-process only depends of they; co-
ordinate. Now, multiplying Eq. 3.17 times exp (4( ¢)), using Jq.i( qi;t) = Jq.i(t), and
integrating over 4, we obtain the quasi-stationary current,

dact Gl
Jai() = Ry Texp (o q; 6T)d o [exp ( 4(1)=ke T) Bgii(t) exp( ¢(0)=ke T)Bq 1(t)a(t)];

(3.18)

hereB is the probability to nd a BB with gassembly centers, where the last activation
was done in thei-th activated center. Also this rate expression coincides with a tygal
reaction rate for an elemental reaction. Here, the activation ergy for a classic description
IS given by:

Z,

Eaclassic = In exp ( q( q):kBT)d i (3.19)
0

also the rate coe cients are written as:

+ _ dact;q;ii — .
ki = R ex 0)=kgT); 3.20
g; OleXp( (DkeT)d o P( 4(0) ) (3.20)

and
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_ dac:t;q;ii - .
Ky = R e D=kgT); 3.21
o R oo QteTyd g DT (524

These expressions evidence that we can understand each reactikocess as a di usional
process across a potential energy barrier in thg-space. On the other hand, the equilibrium
constant for this process is:

@ o) Bai (3.22)

“a=®® T T T By aal

from the last equation we observe that in the boundaries, the potgal barrier takes
the values of the standard chemical potential of each state. Omdhe last expressions
is clari ed, we focus our attention in the conservation equation (Eq 3.16). From this
equation, we can obtain the conservation law of the species inteing over the whole
q-space:

dBy(t) _ X
d

(Jge:i () Jgi(t)) (3.23)
|

This last expression is easier to solve than showed in Eq.3.16, but EG3dbes not give
us information about intermediate states. Both, Eq.3.23 and Eq.3.16ives us information
about thebdynamical evolution of the BB in the activation process. @the other hand, no-
tice that | Jg.1;(t) is the net current (or reaction rate) of activated BB being consmed
in the self assembl¥,of rst order structures. Further forq= 1, we have the dis-activated
BB consuming rate ., Jq;(t) = k;;iBo. With B = by(0).

Taking into ageount the activity coe cient  ,.4(O), we realize that only termRO1 gl ala)ZkeTd
is modi ed by 01 aq(O)exp( o( ¢)=ksT)d 4. If 44(O) just depend of the nal states,
I.e, aqdoes notdepend ofg; the solution is trivial. Also, the fugacity di erence considers
the activity coe cient, thus:

I
J . t = R aCt,q,”
ai(l) 01 aq(O)exp ( o( ¢)=ksT)d g; (3.24)
[exp ( q(1)=ks T) Bg;i(t) aq(l) exp( ¢(0)=ksT)Bq si(t)a(t) aq(0)];

Activator

The activator is consumed in each activation step. Also it does not loeg to any inner
space, it is always at the surface of the spaces, therefore it does depend of internal
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coordinates but boundary conditions. Thus the conservation egqtion for the activator is
written in terms of the boundary currents:

da(t X X

—a( ) = Jgi(t) (3.25)
Potential barrier

As each BB has two assembly centers, the activation takes placegentially because the

BB are symmetric. Therefore, the whole activation process is desed by two reaction
coordinates. In Fig.3.6, we show the speci ¢ potential barriers:
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Figure 3.6: Activation process for a BB with two assembly centers. The ptess occurs in
two steps that corresponds to the activation of each assemblynter. At the
boundary of each coordinate, the chemical potential has its stdard value.
The e ect of the activator is to increase the chemical potential in @er to
render the process spontaneous. Further, the activation emggrincreases with
the number of activated assembly centers.

The potential barrier in this activation process is described by a bitable function. The
function has two minima points (at the boundaries) and one maximumrélated to activa-
tion energy), also it ful lls the macroscopic equilibrium conditions. In gneral, the values
of the potential barrier on the surface of the spaces must incr&a asq increase, because
the activation process transform the stable dis-activated BB int@ non-stable (reactive)
activated BB, which is able to trigger the self-assembly. These bod&ry conditions are
known as the standard chemical potentials of the dierent activatd states, where the
they satisfy ¢ 1.i( ¢ 1 = 1) ai( qi = 1) 8i;j. The dierence between the values
on the surface between the spaces is caused for the activat@nstard chemical potential,

q1i(qgu=1)= g(q =0+ 2, 8ij. Furthermore, the rst order activation is
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an spontaneous process, thenyi( ¢i = 0) qi( qi = 1) 8i. Related to the maximum
(activation energy), for increments inq we have activation steps less favored kinetically
because of the steric e ects, then we write max; 1i( ¢ i =1) q 1i( g i =0)

max q;( qj =1) ai( g5 =0) 8i;j.

Other kinds of rst order activation

As we mentioned, there are other ways to activate the fundamaitBB. These activations
can be modeled as coupled processes, where an external forcecesl a molecular change
in the BB to activate one or all the assembly centers. One way to mebthat is relating the
external force with changes in the internal energy of the BB (olystem), such as presented
in [63]. Once the external force is related to the internal energyhe force can be written
in the entropy production expression. Finally, the procedure to dhin the currents and
continuity equations are analogous to the presented procedure.

Second and higher order activation

Here we obtain the Fokker-Plank equation for the second and higherder activation pro-
cess, which is driven by chemical potential gradients between lowerder structures and
higher order structures. We focus our analysis in second ordertigation. Higher order
activation is completely analogous.

The activation of the rst order structures with n fundamental BB, into a second order
structure has only one possible trajectory because they do naquire the activation of
assembly centers. Therefore, the activation of the rst ordertgicture composed ofn BB
takes place in the s.,-space, where ¢, 2 R. The probability density to nd a structure
with n BB in the second order activation spaces., is de ned asf,( sn;t)=N;, where N;
is the total number of particles (BB, activator and solvent).

The chemical potential in the g.,-Space is de ned as

g kB T In( s;n (O)pn( S;n; t)) + n( S;n); sS;n < O
n( S;n; t) = . kB T In( sin (O)f I’l( sin ’ t)) + n( S;n); O+ < s:n < 1
" keTIn( sn(O)an( snit)+ n( sn); sn> 17

wherepn( sn;t) and gn( sn;t) are the probabilities to nd a rst and second order struc-
ture with n BB assembled on the exterior part of the surface (boundary) ohé ..,-space.
These probabilities are evaluated when all the processes relatedhe structures have not
started, i.e, only the activation will take place. Furthermore, the escond and higher order
activation takes place because the quantity of structures, thaéze of the structures reach
certain limit, or the change of phase. Therefore the maximum valud the potential barrier

n( sn) (activation energy) and standard chemical potential di erencg ,(0") n(1))
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take into account these threshold e ects. Thus, structures wter the limit have a very
high activation energy or negative change in the standard chemicpbtential, becoming
the process kinetically and/or thermodynamically unfavored.

Inserting the chemical potential into the general current expiesion for an uncoupled and
disjoint process (Eg. 3.9 ), we obtain the current in the s.,-Space,

d2act . @ n( s;n; t) .
kBTfn( s;nut) @S;n ’
notice d,,r does not depend oh because the second order activation is limited by the

potential barrier. The BC links the second activation process withite probability to nd
rst and second order structures withn BB assembled. Here the BC are:

Joactn ( sins 1) = (3.26)

Joacen (05 1) = dljzc_tl;_n Zn(0+) z,(0 ) ); (3.27)
Joacen (1;1) = dljzc_tl;_n Zn(0+) z,(0 ) ); (3.28)

the n-th FPE for the second order activation process is given by:

@F( snit) _ @ .
@t - @S;nJZact;n( s;nat) (329)

Quasi-stationary approximation

The quasi-stationary current is de ned by the probabilities of the rst and second order
structures because of the BC. In this case we have two well dech@C, then the current
is given by,

_ D d2act s;n(Pn(t);Gn(t)) +)— — .
\]Zact;n(t)— |\01exp( < S;n)szT)d - exp n(17)=ksT Gp(t) exp (0 )=kgT Pn(t) ;

(3.30)

the Eq. 3.30 gives us the ux of rst order structures being able tself-assembly into
seconds order structures. The maximum value of the potential bréer is highly sensitive to
the size of the structures. The potential barrier again is descrideby a bi-stable potential.
The activation energy decrease whila increase. Thermodynamically, the process is more
spontaneous while the structure is bigger, ,(0) n(1) n+1 (0) n+1 (1). In some
cases, these kinetic and thermodynamic behaviors are described & stepwise function
around a critical value, where for values lower than the critical, thectivation energy is
very large and the process is hon-spontaneous.

37



3 Model

3.3.2 Self-Assembly

As we mentioned, the self-assembly (SA) can be sequential or ndlf the assembly is
sequential, the deduction of the Fokker-Plank (or conservativegquations is quite similar
to the rst order activation. Moreover, if the assembly is non-segential, we obtain a
general expression for the Smoluchowski aggregation equatiof][7

First order structures

The SA of rst order structures is sequential, but contrary to the rst order activation, the
fundamental BB play a role in each step. Here, the fundamental BBas n 1)(Q 2)+2
likely trajectories to self-assemble in the structure witm 1 BB assembled, it means
that the BB is able to interact with any BB assembled in the structureto induce the self-
assemble. If there are symmetries or assembly centers restrioio(not all the assembly
centers can be used), the number of likely trajectories decreaskhe assembly of then™
BB in the structure takes place in the ,-space, where , 2 R("™ D(Q 22 " |n this space
is possible to characterize the structure, because depending loé¢ trajectory we know the
assembly center for the assembly. Thus, knowing the assembly site know the geometry
and architecture of the structure withn BB. Now, it is mandatory to build a function
which gives us information about the proportion of structures follwing certain trajectory,
this function is the probability density. In the SA of rst order structures, the probability
density to nd a structure with n BB is de ned as p,( n;t)=N;, where N; is the total
number of particles (initial BB, initial activator and solvent) and the , determines the
con guration of the structure. Furthermore, the chemical poéntial is a non-continuous
stepwise function, in which a part of the external surface of the,-space (, = 0 ), we
can identify two di erent states (rst order structure with n 1 assembled blocks and
the activated BB), where the activated BB causes the discontinuity inducingetassembly
Now, we de ne the chemical potential in the external surface anithner space as:

( 't): kBTIn( sa;n(o)pn 1(1n;t)tb(l;t))+ n( n) n < 0
e ke TIN( sa;n(O)Pn( nst) + n( 1) 0" < o 1

from the chemical potential, we nd thei-th current in the inner ,-space for an uncou-
pled and disjoint process to the self-assembly of rst order strtures:

@n( nist).

dsa;nii
Jni( nist) = SAM: Pn( nist) @ ;

kg T

(3.31)

also, the boundary conditions (BC) associated for each,; coordinate of the whole -
space are related to the chemical potential. Here, the BCs couplitlie ,-spaces for alh
are given by,
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3.3 Mathematical model of the NESA processes

3ni (0;1) = di;‘;?” 2,i(0")  zi(0) ) (3.32)
@=L 2507) 20s0) ) 339

wherez = exp( n( ni;t)) is the fugacity. The current in the boundary is produced
by the discontinuity in the chemical potential on the surface of thespace. Inserting the
Eq. 3.31 into the general continuity equation, we obtain then-th FPE of the rst order
self-assembly process which describe the assembly of rikin BB:

@ ) X @
—_— = —Jni( nist 3.34
@t i @n;i n,|( " ) ( )
with BD conditions given by Eq. 3.32 and Eq. 3.33. The most importanticerence
related to the rst activation results, lies in the dimension of the spaes. On the other

hand, the de nition of the chemical potential (only change the stees) and the coe cient
values are di erent because of the nature of the process.

Quasi-stationary approach

Carrying out the quasi-stationary approach, we obtain the curms only as a function of
the time and probabilities. This approach converges to the reactiomtes for a sequential
reaction. Thei quasi-stationary current is,

D dSA;n;ii
o san(0)exp( n( n)=keT)d nj
[exp ( n(1)=ke T) Pri (1) san(1)  exp( n(0)=ke T) Py 1(t)Bo(t) san(0)];
(3.35)

Jni (t) =

hereBg is the probability to nd an activated BB, and P, is the probability to nd a
rst order structure with n BB. From the conservation equation (Eq. 3.16), we can obtain
the conservation law of the species integrating over the wholg-space:

dPa(t) _ X
d

(Jn+l;i (t) Jn;i (t)) (3-36)

i
This last expression is easier to solve than showed in Eq.3.34, but Eq&dbes not give
us information about intermediate states. Both, Eq.3.36 and Eq.3.34gives us information
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about the dynamig,al evolution of the self-assembly of the rst orer structures. Further-
more, notice that , J,;(t) is the net current (or reaction rate) of consume of the BB to
assembly then™ BB in the rst order structure.

Activated BB

The fundamental BB is consumed in each self-assembly step. Also @te$ not belong to
the inner space, it is always at the surface of the, spaces, therefore it does not depend
on the internal coordinates but lgpundary conditions. Thereforewege-write the current
on the boundary of the g-space ,Jg:1:i(t) (consuming of BB) as , ; Jsi(t) on the
boundaries of the ,-space. Thus re-writing the conservation equation for the fundaental
BB in terms of the boundary currents, we have:

X X X
% - Jai(t)( o= 0) Jni () (3.37)

i n i

Potential barrier

For each step, the potential barrier is modeled by a bi-stable potgal. The value
of the potential at the boundaries and at the maxima depends om and on the trajec-
tory followed. In general, the values of the potential barrier at tk interface between ;
and , spaces must increase ifi increases. Nevertheless, the standard chemical poten-
tial per BB in the structure must decrease withn because self-assembly of more complex
structures is thermodynamically favorable. But nature could estdish a limit in this
behavior, thus forn = N (maximum size of the rst order structure), we expect that

n il no5i=1) nj(nj =1) ! 08ijj.

The gap value on the surface between the spaces is caused for dtedard chemical
potential of the activated BB,  1i( n 1 =1)= nj( nj =0)+ % 8i;] . Related to the
maximum (activation energy), asn increase we expect increments in the activation energy
because of the steric e ects, then we write max, 1i( n i = 1) n 2i( n i =0)
max n;( nj =1) nj ( nj =0) 8i;j. InFig. 3.7, we show the potential barriers for the
self-assembly of linear structures, which are built from BB with twoygnmetric assembly
centers.

Second and higher order structures

SA of second and higher order structures is non-sequential, ca@ry to the rst order SA.
Here the BBs are the rst and second order structures respéeatly, which interact in a non-
covalent way. We will focus in the assembly of second order strucéis, whereas assembly
centers do not de ne the number of likely trajectories because Sa driven by non-strong
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Figure 3.7: lllustration of the potential barrier for rst order structur es SA: linear bers.
The process consist of ten steps, each one corresponding toaksembly of one
BB. Each step is characterized by a potential barrier in which the dwation
energy and the standard chemical potential di erence decreaswith n. The
e ect of adding a one BB is to increase the chemical potential in ordéo make
this the non-spontaneous process becomes spontaneous. Buhimlast step,
the process ceases to be spontaneous.

(not necessarily weak) molecular interactions. Second order sttures composed oh
fundamental BB hasm n likely trajectories to self-assemble in the structure withm
fundamental BB. It means that second order structures witm BB are able to assembly
with any second order structure (withj BB) suchasn+j = m M, with M the maximum
size. However, the number of di erent trajectories to assemblyhe structure with m BB is
given by the oor function bm=2c. Thus assembly of the second order structure composed
of m fundamental BB takes place in the $-space, where S 2 RP=2%, |n this space is
possible to characterize the structure because depending on tregectory, we can know the
size of the rst order structures composing the second order enTherefore, we can identify
the geometry and architecture of the structure withm BB. Now, it is mandatory to build
a function which gives us information about the proportion of struires following certain
trajectory, this function is the probability density. In the SA of second order structures,
the probability density to nd a structure composed ofm BB is de ned asgn( ;;t)=N,
whereN; is the total number of particles (initial BB, initial activator and solvent) and the

o, determines the con guration of the structure. Furthermore, he chemical potential is a
non-continuous stepwise function, which is caused by the inductiaf the non-fundamental
BB (structure composed ofm n BB) over the structure (composed byn BB). In a part
of the external surface of the 3 -space (5, = 0 ), we can identify two di erent states
(second order structures withn andm n assembled blocks). Now, we de ne the chemical
potential in the external surface and inner space as:

S( s.t): kBTIn( sa2;m(o)gm n(oﬁq;t)gn( %;t))+ m( %) ﬁ’\ <0
mLom ke TIN( sa2m(O)m( 7it) + m( 7) "< & L

from the chemical potential, we nd thei-th current in the inner 3 -space for an un-
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coupled and disjoint process to the self-assembly of second orgieuctures:

Imi( 53t = dsﬁ:?" Om( Siiit )M; (3.38)

here thei-th component of the space, is related to the structure@,, ;) used to build
the second order structure withm BB. Also, the boundary conditions (BC) associated for
each p. coordinate of the whole } -space are related to the chemical potential. Here,
the BCs coupling the ; -spaces for alim are given by,

2,00= B g0 25,0) ) (3.39)

where structures withm BB has bm=2c di erent trajectories to be assembled. Contrary
to the sequential self-assembly, the BC corresponding to the ghaction and consume of the
structure is composed by multiple uxes because it can be assembladd consumed (for
assembly) in di erent ways. Structure withm BB hasM  m trajectories to self-assembly
into a structure with y BB, wherey M . Thus the second BC is:

a@n= B2 T 0ty 2.0 ) (3.40)
ke T . _
j=m+1
wherez,; =exp( 7 ( 5;:t)is the fugacity. The currentin the boundary is produced by
the discontinuity in the chemical potential on the space surfacenserting the Eq. 3.38 into
the general continuity equation, we obtain them-th FPE for second order self-assembly

process which describe the assembly of the second order stroetbhaving m BB:

@ mn_ X @ .
— ot s Imi( mitt) (3.41)

i m;i
with BC condition given by Eq. 3.39 and Eq. 3.40.
Quasi-stationary approximation

Carrying out the quasi-stationary approach, we obtain a gener&@moluchowsky aggre-
gation equation [79]. First, we write thei-th quasi-stationary current,

s - dSA2'm'ii
- t - |\
1O o sazm(0)exp( m( $)=keT)d 3,
[exp( m(1)=ks T) Gm;i (1) sazm(1) exp( m(0)=keT) G i()Gi(t) san(0)];
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3.3 Mathematical model of the NESA processes

(3.42)

here G; is the probability to nd a second order structure withi BB, and G, is the
probability to nd a second order structure with m BB assembled from other withi BB.
From the conservation equation (Eq. 3.41), we can obtain the cagrvation law of the
species integrating over the whole?3, -space:

2c

dGm(t) _ X

S X/l S
& 354 (1) 35 ® (3.43)

i=1 j=m+1

this conservative equation is a general form of the Smoluchowskggaegation equation
because Eq. 3.43 considers reversible \aggregation". Developing B.43, Smoluchowsky
equation is clearer:

" #
byg=2c X
dGént(t) _ KR3G()HGM i) G(m)  KSG( m)
i=1 j=met (3.44)
bXZZC X _
koS G(M)() + Kim G()
i=1 j=m+1

rst two terms in Eq. 3.44 are the classic Smoluchowsky aggregaticgguation, while
the last terms are the reversible part. Alsdk;$ is the kinetic coe cient of the assembly
process to produce a second order structure with BB from other second order structure
having i BB.

Potential barrier

As indicated previously, each step is characterized by a bi-stabletpntial. The values
of the potential at the boundaries and at the maxima depend om, j and on the trajec-
tory followed. The second order self-assembly process is condiédnnon spontaneous)
by energetic e ects because of the size e ect and long-range irdetions. In general, the
standard chemical potential decrease witm, for m > m , wherem is the critical size of
the agglomerate. Form <m the standard chemical potential increases witim.

Also, we can de ne the simple mathematical rules for the standardhemical poten-
i w(15) < mec(5e) 8MAk<m o115 )< m(15) < mally )
and (1}) > m+k(15.) 8kim > m . For an ideal self-organizes system, we ex-
pect in nite structures, then thermodynamically the SA must be faored. We write

m (O, m(1y > m (05, « m k(15 « 8m;kjm > k, which means that the driv-
ing force increase with the size.
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The activation energy is expected to increase witin because of the nite size of the
structure. Thus for m = M the activation energy reaches its maximum value and for
m = M + 1 it tends to in nity. In Fig. 3.8, we show the potential barriers for the forma-
tion of the gel from bers aggregation. Further the standard camical potential is similar
to a typical nucleation Gibbs free energy pro le because the bigdesteraction are related
to the surface and volume of the structure.

w
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= potential barrier
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Figure 3.8: lllustration of the potential barriers for second order strucires SA: agglom-
erate. In this example, we show a second order structure havin§,22 and
29 BB resulting from self-assembly of structures with 8,15 and 22 BBlotice
that the non fundamental BB for this case was a second order gtiture with 7
BB. The process has 3 steps, where the rst step is non-spontous, while the
other are spontaneous. In the last step we found the highest agttion energy,
which is expected because the size of the structure is also limited Kioally,
but not only thermodynamically.

3.3.3 Dis-Assembly

Dis-assembly of rst order structures is sequential, like the rst oder SA. Otherwise, second
and higher order structures are not necessarily dis-assembled iseqjuential way.

First order structures

Similar to the rst order self-assembly, the fundamental BB has{ 1)(Q 2)+ 2 likely
trajectories to dis-assembly from the structure composed of blocks, because then"
assembled BB, can be assembled in ( 1)(Q 2)+ 2 dierent ways. The dis-assembly of
the n™ BB in the structure takes place in the 4,-space, where 4, 2 R"(Q 2*2 |n this
space is possible to characterize the dis-assembly of the struetubecause depending of
the trajectory, we can know the assembly center which is breakingn the dis-assembly of
rst order structures, the probability density to nd a structur e having betweemton 1
BB is de ned asp,( q¢n;t)=N;, whereNy; is the total number of particles (initial BB, initial
activator and solvent) and the 4, determines the con guration of the structure. On the
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3.3 Mathematical model of the NESA processes

other hand, in this case the chemical potential is a non-continuowsepwise function, in
which a part of the external surface of the 4.,-space (4n = 1), we can identify two
di erent states ( rst order structure with n assembled blocks and the dis-activated BB).
Now, we de ne the chemical potential in the external surface anthner space as:

8
< kBT In( da;n (O)pn(ld;n+1 ; t)) + d;n( d;n) d;n <0

d;n( d;n;t) = . kBT In( da;n (O)pn( d;n;t)) + d;n( d;n) 0 < d;n <1
) kBT In( da;n (O)pn l(ld;n;t)b.L(O; t) + d;n( d;n) n > 1+ ;

where in the external zone of the space, we distinguish betweer ttructure composed of
n BB produced in the 4.,+1 -Space and the structure composed afBB in the boundary of
the 4,-space. From the chemical potential, we nd the" current in the inner 4,-space
for an uncoupled and disjoint process to the dis-assembly of rsraer structures:

dda;n;ii

@an( anist)
ke T '

@d;n;i
the boundary conditions (BC) associated for eachq.,; coordinate of the whole g.,-

space are related to the chemical potential. Here, the BCs couplitite 4.,-Spaces for all
n are given by,

Jani ( aniis t) = Pn( dnist) (3.45)

Yo @)= LI 240 (0°) 2ni0) ) (346)
Jn;i (1;t) = dl(i:r_lrn Zin 1;i(0+) Zyn 1;i(0 ) ); (3-47)

wherez = exp( 4n( «ni;t)) is the fugacity. In this case there is not discontinuity in
the chemical potential, therefore the uxes in the boundaries areaused by probabilities
di erences. Inserting the Eq. 3.45 into the general continuity ecation, we obtain the n-th
FPE of the rst order dis-assembly process which describe the dassembly of then-th
BB:

@p( anit) . X @
@t i @d;n;i

Jaini ( dinii s 1) (3.48)

with BD condition given by Eq. 3.46 and Eq. 3.33. As was mentioned, thae nition of
the chemical potential and the coe cient values are di erent becase of the nature of the
process.
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Quasi-stationary approximation

The it quasi-stationary current for rst order structures dis-assetoly is,

o dSA;n;ii
I\01 dan (O) eXp ( an( an)=ke T) d apn;
[exp ( a:n(1)=keT) dan(1)Pni(t) exp( an(0)=ke T) aan(0)Pn 1i(t)Bo(t)];
(3.49)

Jan;i (1) =

here By is the probability to nd a dis-activated BB, and P, is the probability to nd
a rst order structure composed ofn BB. From the conservation equation (Eq. 3.48), we
can obtain the conservation law of the species integrating over thehole ,-space:

dPy(t) _ X

dt (Jn+1;i(t) Jn;i (t)) (3-50)

This last expression is easier to solve than showed in Eq.3.48, but EqBdoes not give
us information about intermediate states. Both, Eq.3.50 and Eq.3.48ives us information
about the dynamical evolution of the self-assembly of the rst orer structures. Addition-
ally, notice that  ; Jn; (t) is the net current (or reaction rate) of dis-activated BB produed.

Dis-activated BB

The dis-activated BB is produced in each dis-assembly step. Also it &® not belong
to the inner space, it is always at the surface of they, spaces, therefore it does not
depend on the internal coordinates but boundary conditions. Digetivated BB current in
the whole dis-assembly process is given by

X X .
JBoi1 = Jaini (O an = 1751) (3.51)

n i

Potential barrier
The values of the potential barrier at the surface of the spaceseasimilar to the ones
of the self-assembly case, however discontinuities are not obgsernbecause the BB is not

present in each step. In Fig. 3.9, we show the potential barriersrfthe dis-assembly of
linear structures, which are built from BB with two symmetric assemly centers.

Like in the rst order self assembly, the di erence between standd chemical potential
for each sequential structure must describe an spontaneousopess, i.e, ni( ni = 1)
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3.3 Mathematical model of the NESA processes

nj ( nj =0) 08i;j because the destructive process must be "natural” in self-orgaad
systems. Otherwise, the gap value on the surface between thasgs is caused for the stan-
dard chemical potential of the dis-activated BB, n 1i( n 11 =1) = nj( ¢ =0)+ 3
8i;j . However due to the activated BB is more unstable that the dis-astated BB, the
dis-activated BB standard chemical potential is lower than the actated BB standard
chemical potential, § < . Related to the maximum (activation energy), am increase
we expect increments in the activation energy because of the stee ects, then we write
max n 1i( n i =1) n il n i =0) max nj( oy =1) nj( nj =0) 8ijj.
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Figure 3.9: lllustration of the potential barrier for rst order structur es dis-assembly: lin-
ear bers dis-assembly. The process represents the dis-asslgmibten steps of
one structure composed by eleven BB. Each step is characterizgda potential
barrier, in which the activation energy and the standard chemical qgtential
di erence decrease witm.

Second and higher order structures

The dis-assembly of second and higher order structures is non segfial, contrary to the
rst order dis-assembly. Here one or multiple BB can be dis-activateand dis-assembled
in one single step. We will focus in the dis-assembly of second ordeustures because
the phenomena is analogous to higher order structures. Secomdey structures composed
of m fundamental BB assembled haven 1 likely trajectories to dis-assembly. Thus dis-
assembly of structures composed of BB takes place in the §,,-space, where §,, 2 R™ 1.
In the dis-assembly process, the probability density to nd a strucre having betweenm
ton(n=1;:;m 1) BBisdened asgn( gm;t)=Ni, whereNy is the total number of
particles (initial BB, initial activator and solvent) and the 3, determines the con guration
of the structure. On the other hand, the chemical potential is a an-continuous stepwise
function, in which a part of the external surface of the §  -space (g, = 17), we can
identify di erent states (second order structures withm n and n dis-activated BB). Now,
we de ne the chemical potential in the external surface and innespace as:
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8
< kBTIn( da2;m(o)gm(1§;m+y;t))+ m( ﬁ]) 3;m <0

S;m( ;;t): . kBTIn( da2;m(o)gm( a;m;t))"' m( rsn) 0 < S;m <1
" ke TIN( gazm(O)Oh( 7i (O D)™ M+ m( F) H>1

from the chemical potential, we nd thei™ current in the inner § -space for an un-
coupled and disjoint process to the dis-assembly of second ordeucures:

a;m( 3;m;i : t) .

)
@S;m;i

dda2;m;ii
ke T

Jd;m:i ( g;m;i ;t) = gm( (sj;m;i ;t) (3-52)

here thei™ component of the space is related to the nal structure G,, ;) produced
after the dis-assembly of the second order structure compos#an BB. Also, the boundary
conditions (BC) associated for each 3.,; coordinate of the whole 3 -space are related

to the chemical potential. Here, the BCs coupling the 3., -spaces for alm are given by,

Jgm:i (05t) = ddljz;_lmj" Zgm(0") 5, (0 ) ); (3.53)
B
where structures composed ah BB has m 1 dierent trajectories to dis-assembly.
Similar to the sequential self-assembly, the BC corresponding togltonsume of the result-
ing structure only has a unique ux because there is only one way in wh the resulting
structure is available to dis-assembly,

T 0= ST 2,0%) 240 ) (3.5
B
wherezgm = exp( gm( gm:- 1)) is the fugacity. The current in the boundary is produced
by the di erences in the chemical potential on the space surfaciserting the Eq. 3.52 into
the general continuity equation, we obtain them™ FPE which describe the dis-assembly
of the second order structure composed af BB:

@g( §mit) _ X @ s .
—at | HJd;m;i( mi » ) (3.55)

with BD condition given by Eq. 3.53 and Eq. 3.54.

Quasi-stationary approximation
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Carrying out the quasi-stationary approach, we obtain a macrospic general equation
for the dis-assembly of second order structures. Here, we writee i quasi-stationary
current,

dda2'm'ii
J§mi (1) = R ;m;
dm;i (1) o dazm(0)exp  gm( Sm)=ke T d S
exp( am(D)=ke T) Gi()Bo()™ ' saom(1) exp( m(0)=ke T) Gm(t) san(0) ;
(3.56)

here G; is the probability to nd a second order structure composed of BB. From
the conservation equation (Eq. 3.55), we can obtain the consetiem law of the species
integrating over the whole §..,-space:

dG (t X1 X
n o T a0 T 3500 357)

i=1 j=m+1

Dis-activated BB

Dis-activated BB current in the whole second order dis-assemblyqaress is given by

X X .
JBo2 = iJami (D gm = 17:1) (3.58)

m i

Potential barrier

The value of the potential at the boundaries and at the maxima depe on m, i and on
the trajectory followed. The second order dis-assembly is not remsarily spontaneous in
each step. In general, the standard chemical potential is the saras the one for the second
order self-assembly case. In Fig. 3.10, we show the potential bars for the dis-assembly
of linear bers aggregates.

In this section, we showed the discussion about the dimension of thpace of possible
processes to carry out each sub-process in the whole NESA psesce Also, we model
the chemical potential, highlighting the discontinuities in the boundaes because of the
induction over the preceding structures caused by the BB and/oactivator. From these
discontinuities, we were able to model the boundary conditions. Fillg the Fokker-Plank
equation for each process was obtained, where its analogous egpion in the macroscopic
scale was presented after the application of the quasi-stationaamd coarse-grain approach.
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Figure 3.10: lllustration of the potential barrier for second order struitires dis-assembly:
linear bers aggregates dis-assembly. In this case, we show a secorder
structure having 15,22 and 29 BB which are dis-assembled. It meathst
in each step is produced 7 dis-activated BB. We show the second erdiis-
assembly from a structure with 29 BB. The process has 3 stepscleastep
is characterized by a potential barrier, where the activation engy and the
driving force increase withn. The rst step is non-spontaneous, therefore we
expect the appearance of meta-stable structures if few BB aresehctivated.
However, if a large amount of BB are dis-activated, the process stube
spontaneous.

3.4 Mathematical model for the whole NESA process

Once we have explore each one of the dierent phenomena compgsthne NESA pro-
cess, we develop a general Fokker-Plank equation of the NESAustiure composed oh
building blocks. Let ! be the generalized space for rst order structures,? be the gen-
eralized space for second order structures, and be the generalized space for higher order
structures. The sub-space , is related to assembly, ., dis-assembly and ;, activation
processes. Thus the generalized space to describe the NESA @sedor " order structures
is given by:

n:[ n d;n ;n];

remembering the notation in the chapter, is empty if the space describe rst order
structures, = s if the space describe second order structures, and= h represent
higher order structures. Taking into account the position of thetsuctures in the euclidean
spacer,, and the structure internal orientation ,, such as the angle between one axis in
the euclidean space and a structure representative axis or theghm between an axis in
the euclidean space and the normal vector to the structure sade [80], we re-write the
generalized space as:

n [rn n n d;n n ]
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3.4 Mathematical model for the whole NESA process

having the dimension, chemical potential and currents of each s@pace, we proceed
to obtain the general Fokker-Plank equation. However, we useédhuncoupled processes
assumption because there are processes with di erent tensoatier and opposite phenom-
ena (assembly opposite to dis-assembly). Further, processeling place in each sub-space
are independents and disjoints because one structure only di issalong one trajectory in
one sub-space, otherwise the structure could adopt two con rations at the same time
and it is not possible. Nevertheless, because we have a system wétesal structures, a
structure composed o BB can be di using along one trajectory while other structure
with n can be di using across another trajectory. For instance, one rsicture composed
of n BB cannot assembly and dis-assembly simultaneously but one strupt¢ with n BB
can be assembling to produce one structure composednof 1 while a similar structure
(but not the same) with n BB can be dis-assembling to produce one structure composed
ofn 1BB.

Taking into account the above mentioned, the entropy productiorelated to the processes
to obtain a structure composed oh BB is de ned as:

d EXZ

asn( n;t)z T

@

‘]n;i;j ( n;i;j ;t)ﬁ
n;)

n;ij ( niij t)d niij (3.59)

N n;i;j

Now, we de ne the independent and disjoint currents taking placeleng thej -th trajec-
tory in the i-th sub-space:

) — dn;i;j . @ .
‘]n;i;J ( n;ij ’t) - kB—Tpn;i;j ( n;isj ’t)@in'i'j n;isj ( n;ij 't) (3-60)
remembering that the notationp,.; ( .. ;t) correspond to the probability density to
nd an order structure such that the structure con guration is only evolving dong the
j -th trajectory of the i-th sub-space because the processes are disjoints. Similarly te th
current, which only depends of the variable ,;; because the other variables are evaluated
in zero. Using the general form of continuity equation (Eq.3.2) andhe general current
equation (Eq.3.60), we obtain the generalized FPE:

@p( it) _ X X Ghij @ @

@t - | j kBT @ il pn;i;j ( n;i;j ,t)@ i n;i;j ( n;i;j rt) (3-61)

From this general equation the coarse-graining approach can beng&, and using the
guasi-stationary approach we can obtain the ordinaries di erentleequation describing the
probability temporal evolution to nd certain structure or component (without information
of intermediate states). Similarly, we can carry out a superpositioaf uxes to build the
ordinary di erential equation. For this purpose, the quasi-statimary uxes previously
found can be used.
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4 Understanding Gelation as a
Non-Equilibrium Self-Assembly
Process.

Abstract : We propose a general formalism able to describe the kinetics of reguilibrium

self-assembled structures. The mechanism identi es the fundantal steps taken place dur-
ing the process and formulates kinetic equations of the Fokker-Riek type. It describes the
probability distribution of the variables governing the evolution of tre system, from which
we can analyze the formation of the structures. Speci cally, in thisvork, the formalism
is applied to gelation. Our results for the concentrations of the buildg blocks, the acti-
vated blocks and the dynamic light scattering are compared with expiments obtaining a
very good agreement. The formalism enables to understand theenbal micro-architecture
of the structures, which is important in the study of gels with potetial applications in

biomedicine. Additionally, self-assembly driven by light could be addrsed with our for-
malism.

Keywords : aggregation, entropy production, gels, non-equilibrium process self-assembly.

4.1 Introduction

Non-equilibrium self-assembled (NESA) structures are thermodgmic systems sustained
by a continuous dissipation [8] of matter and energy [25]. As dynamicaystems, self-
assembled structures are versatile and are exhibiting some of tleatures showed by bi-
ological forms like adaptability, hierarchically organization,self-replation and compart-

mentalization [26]. Examples of NESA structures in biological systenmrea microtubules

[36], molecular motors [50], cellular membranes, cells [11], among othekéoreover, self
assembled structures can be used to design novel materials [3458178, 81]. Despite the
great diversity of situations in which such structures can be obsexd, there is a lack of a
general formalism able to explain the intimate mechanisms of self-as®ly processes and
the way in which they are subjected to the laws of thermodynamics 34 Further, there

are no evolutive criteria for systems exhibiting dissipative struct@s or self-organization
[73]. However, it is possible to understand the dynamics of these t&yas as irreversible

This chapter is in pre-printing. This chapter was written by Andes Arango-Restrepo, J.Miguel Rubi
and Daniel Barragan.
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4.2 Mechanism

processes that produce entropy, and which are subject to cengtion laws.

Here we present a general mechanism able to explain the formatidnNESA structures
and it is applied to a gelation process. The mechanism is described in thhamework of
mesoscopic nonequilibrium thermodynamics formalism, consideringetidlynamics of ther-
modynamic systems at small scales [55]. Particularly, the formalismguides information
to understand the internal architecture (con gurations) of the structures, such as the bers
orientation agglomerated forming the gel, branching, and facesiemtation of polyhedral

forms.

4.2 Mechanism

Figure 4.1: Energetics of the NESA process: Unactivated building blocks (ntue) having
an energyEg become activated (in red) with an energyea,. Self-assembly
of activated blocks produces rst order structures (in red). Asembly of rst
order structures produces second order structures (in grgemoth intermedi-
ates having energ\Ei; . The aggregation process precedes the appearance of
the most stable structure, the gel, with an energ¥qe. The energy pro le is
completed with dis-assembly steps.

The mechanism considers three fundamental steps: activatiorglfsassembly and dis-
assembly. It provides a system of kinetic equations of the FokkBtanck type (FPE) that
govern the evolution of the probability distribution function, which isde ned in the space
of the relevant variables describing the NESA process. The formah of the structures
starts from a seed building block with speci ¢ active zones or sites wie covalent or non-
covalent interactions may take place. The location of the active zes dictates the nal
shape of the structures, i.e. bers, branched bers, cubes, Ispres, etc. Self-assembly pro-
ceeds with the formation of a rst order structure (linear ber) built up from fundamental
building blocks. Second order structures emerge from the assdyntsf the rst order struc-
tures (agglomerated bers). Additionally, the nal structure (t he gel) and second order
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4 Understanding Gelation as a Non-Equilibrium Self-Assembly Process

structures are characterized by the porosity, which depends dime concentration (amount
of bers per volume) and the orientation of the ber agglomerated Thus, there is a second
step in the mechanism de ning the nal structure, which is the rotdion of the linear bers.
These linear bers are supposed to be xed once are aggregated.

Self-assembly processes entails dissipation and must be treatechadynamical process
[20]. To trigger the formation of complex spatial structures needse intervention of an
activator to activate the building blocks [11]. We analyze the formatio of a brous network
(gel) that uses a chemical fuel as an activator, and we compareraasults with the exper-
iment presented in [9]. The energy coming into play in the di erent stepof the process is
represented in Figure 4.1 as a function of the assembled blocks.

Figure 4.2: Sketch of the NESA process. The rst order structure is builfrom activated
building blocks(red blocks), which are obtained from fundamental dilding
blocks (blue blocks) by means of the rst order activation. TheA, structure
(red cylinder) emerges from the self-assembly step,A+A )* A,, with
n=1;:;N, N being the maximum size of the structures. The second or-
der structure (green cylinders), denoted byG,, is formed by second order
activation process A)* G,. The agglomeration (or non-ordered self as-
sembly of the second order structures) is quite similar to the Smohmwski
coagulation process scheme: G, +G,)* G,, with n = 1;:::;;bm=2c be-
causen > bm=2c takes into account again all possible combinations to
form the n-th second order structure. Dis-assembly of rst order structres
Al A, +B+2H7 +2R may also occur, whereR is a residue andH™
the hydrogen-ion. Whereas dis-assembly in the rst order struates is se-
guential, as it proceeds one by one, dis-assembly of the secondeorstruc-
tures G,! G, ,+yB+2yH " +2yR, is not sequential, as it admits the
production of y dis-activated fundamental block, withy =1;:::;;n 1.

In Figure 4.2, we show the NESA process of a genewa), structure: activation of a
fundamental building block, sequential assembling and dis-assembliof rst order linear
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4.3 Model

structures, activation process of rst order structures andmergence of second order struc-
tures and nally, formation and dis-assembling of a metastable staiure. The mechanism
involves two activated steps of di erent nature. Activation of a fndamental building block
is driven by covalent interactions, whereas activation of rst ordestructures is governed
by intermolecular forces after a critical length of the linear struaire is reached.

4.3 Model

With the purpose of describing the formation of the rst order stucture composed oh
building blocks A,, we assume that the system is homogeneous in space and that the
building blocks have two opposed self-assembling centers, giving tiseghe formation of
linear structures whose orientation may take place around an axiegendicular to it. First
order structures can then be described in terms of the probabilityensity of forming a rst
order structure havingn building blocks p,( n;t)=N, whereN is the maximum number

of assembled blocks. Here, = ( n; 4n; n; n) represents a phase space point which
includes the assembly ,, dis-assembly 4., reaction coordinates (describing independent
processes), the second order activation coordinatg and the rotation angle of the linear
structure .

The evolution in time of the probability density of then-th is described by the probability
conservation law:

@p( n;t) _

@t

whereJ,( n;t)  (In; i dn: 4osJdn o3 dn; ») iSthe currentin  ,-space. Inthe Figure 4.2,

we show how the structureA, may transform into A, 1, Ay+1 Or may become activated
yielding G,,. Chemical potential gradients drive the process through the mbkkely path.
The evolution of the state of the system can then be assimilated to di usion process

in ,-space. Further a singleA, structure cannot take two trajectories simultaneously
because the processes are disjoints [63]. Therefore tiecomponent of the currentd,;,
only depend on one variable, thus for instanc&,. , Jn. . ( »;0;0;0;t). Simplifying the

notation Jni = Jni( nist).

r . Jn( nit) (4.1)

The entropy production rate can be completed by assuming local whjprium in
space, for which the Gibbs equation can be formulated [55], and bying the continuity
equation (Eq.(4.1)), we obtain:

1 X 4
T | Jnii ( n;i;t)@—C@n_i i ( nis)d i (4.2)

i=1
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4 Understanding Gelation as a Non-Equilibrium Self-Assembly Process

this quantity is expressed in terms of the current componentsl ;) and of the chemical
potential gradients (ﬁ ni) acting as a thermodynamic forces in the process. From
Eq.(4.2), assuming Iocélity, for which uxes and forces are only colgal at the same value
of ni, we obtain:

I—n;ii @
T @ni

this expression relates the current with the chemical potential gdient in the ;-space.
L. are the diagonal coe cients of the Onsager's matrix. Using the facthat L, is
proportional to p,; [24], we havelL ;i = D‘%. Where D; is the di usivity along the i-th
process coordinate.For = 1, Eq.(4.3) gives the sequential self-assembly ux, far= 2 the
dis-assembly ux, fori = 3 the second order activation ux and fori = 4 the rotational
ux of the structures. All these uxes correspond to the procsses indicated in the Figure
4.2.

Jn;i ( ;i t) = n;i ( n;i s t); (4.3)

The chemical potential for the NESA process de ned in the ,-space is given by:

ni( i) = ke TINC niPni) + 0 ni); (4.4)

here the probability densityp,;  pn( ni;t)onlydependon .. n( ni)isthe enthalpic
potential and ; is the activity coe cient. The di usivity through the |, coordinate and
the rotational ux are computed from the internal energy of roation [82]. The di usion
and the energy of rotation are functions of the length of the lineastructure n. Introducing
the current given in Eq.(4.3) in the continuity equation, we obtain theFPE for the NESA
process for rst order structures,

@P( n;t) — X4 D. @ 1 @Pl pn;i @n;i

e N +
@t i=1 @n;i n;i @n;i ’ kBT @n;i

The second order structures composed yassembled blocks can be described in terms of
the probability density ¢,( n; 4n; n;t)=N, which obeys a FPE similar to the one given in
Eq.(4.5). However, di erent from the description of the rst orde structures, ,, 2 R,

¢n 2 R" ! because the dis-assembly could produce more than one dis-actiabuilding
block and , 2 R due to just one way to dis-activate the second order structure tim a
rst order one in a reversible way. Notice that this kind of structues are not characterized
by an orientation because the agglomerate has not a characteiesaxis and also they are
much more limited to rotate than rst order structures. In the annexes we give details
about its derivation.

The kinetics of the formation of rst and second order structurs are coupled through
the | reaction coordinate since it is through this coordinate that the trasition from a

(4.5)
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4.4 Results and discussion

structure to the other takes place. The currentl,,. thus corresponds to the rate at which
rst order structures disappear to form second order structtes and equally to the rate of
appearance of second order structures. The Fokker-Planckuatjons for both processes
are also coupled through the boundary conditions. For instancegrf rst order structures,
the ux Jn. (1;t) is the ux of structures composed ofn BB which are induced to start
the assembly of the structure composed of+ 1 BB, as is shown in the Eq.(4.6)

@p,lj . — @p"l;i J
@n;i ni =1 @ n+1;i) n+1 ;i )=0

The activation process for which activated BB oA structures are formed is described by
the activation coordinate ( g), where the probability density to nd a building block in its
B™ activated state (p%( ;1)) is described by a FPE as can be seen in the supplementary
information. Particularly, in the present caseB = 0; 1, which corresponds to the precursors
of the activated block.

= Jn (LY)= Jnw: (00) (4.6)

4.4 Results and discussion

We have computed the probability distributions corresponding to aaarse graining descrip-
tion in which the probabilities depends only on orientation angle and timeor only time:
pn(;t), gh(t), and pg(t). The numerical solution of the kinetic equations has been obtained
by using a nite volume method programmed in MATLAB ® . Details on how to model the
potential barriers .i( n:), in terms of di usivities along the reaction coordinates are given
in the supportin? information. From the probabililties we have obtaind the concentra-
tions: pn(t) / cV (t) (rst order structures concentration), ¢, (t) / c? (t) (second order
structures concentration), and pg(t) | Cpec (DBC concentration), pi(t) I Cbec Me
(DBC  Me concentration) and p;(t) / Cpsc wme, (DBC  Me;, concentration). We
compute theOH added from the uxes (Eq.(4.3), following the mechanism described in
Figure 4.2. To reproduce the Dynamic Light Scattering measuremsnwe use the fact that
results from Scattering are related to the size of the second ordgructures, thus from
the results of our model ¢, (t)), we obtain the DLS results computing the autocorrelation
function of the average size for second order structures.

In Figure 4.3, we compare the gelation experimental data in which arctavator is added
to the system att = 0 and at t = 400 hourd® with the results of our model. The gure
shows a very good agreement of our reults with the experimentsithvan error of less than
3% in Figure4.3(a) and of about 8% in Figure4.3(c). The errors becensmaller when
increasingN .

In the experiments, the fundamental building block is N,N-dibenzoy(L)-cystine (DBC),
the activator is Methyl lodide (Mel ), the activated block isDBC  Me,, the rst order
structures are the linear bers formed fromDBC by sequential reaction and the second or-
der structures is the gel, formed by agglomeration of linear berdis-assembly takes place
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4 Understanding Gelation as a Non-Equilibrium Self-Assembly Process
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Figure 4.3: Numerical results (black lines) vs experimental data (hollow cies), obtained
from [9]. In (a) experimental DBC concentration [mM] are shown in gray
circles. In (b) experimentalDBC Me andDBC Me, concentration [mM]
are shown in black and gray circles. In (c) experimental data of DL&e shown
by gray circles, while DLS from simulation were reproduced computinipe
concentration correlation function. In (d) experimentalOH added [mmol]
are showed in a dashed gray line.

because of hydrolysis. The pH is controlled by addin@H [9]. Further from our model,
the concentration ofDBC  Me; is proportional to p;, the DLS spectrum is computed
from the concentration of each structure, which is related to thprobability obtained from

FPE. Using the expression of the current given in Eq.(4.3), and follamg the mechanism
described in Figure4.2, it is possible to nd the concentrations dBC, DBC Me and

H™*, as is shown in the supporting information.

The evolution in time of the probability distribution of the spatial orientation of the
most probable linear bers is showed in the colormap of Figure 4.5.Aftedding the ac-
tivator at 400 hours, gelation is re-initiated with a dramatic change irthe most probable
orientation of linear bers, from 90 to 30 degrees. Because of the-initialization caused
by the complete hydrolysis (dis-assembly) of the gel, the assemblyrésinitiated from an
equilibrium state (random con guration). In Figure 4.4, we show snashots of the gelation
process obtained at di erent times. As can be observed, there isarrespondence between
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Figure 4.4: Snapshots of the gelation process, taken every 100 hourseéh bars represent
the aggregated bers whereas the red bars indicate the non-aggated bers.

the snapshots with the DLS measures shown in the Figure 4.3(c).

4.5 conclusions

The results obtained indicate not only that the proposed model repduces the main fea-
tures of gelation experiments with great accuracy, but also coributes to get new insights
in the dynamic evolution of NESA structures. Our model enables u® trationalize how a

transient organization in the system, involving intermediate aggregion states , precedes
the appearance of the most complex structure, the gel (see Figwt.4). Further, the model

allows to describe the evolution of internal con guration or architeture of structures at

the meso-scale [22] (see Figure 4.5).

Currently, there is a great interest in the control of hydrogels stictures in order to
develop alternative ways for drug delivery [83].Additionally, the struttire of hydrogels in
engineered tissues is fundamental in order to ensure compatibility bative tissues accord-
ing to their porosity and microarchitecture [84]. Also there is a gredhterest to know the
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probability density

0.5

0.4

' 0.3

i

50 100
Orientation [degrees]

Figure 4.5: Colormap for the time evolution of the probability distribution of the spatial
orientation of self-assembled structures of order one. At=400 hours the
gelation process is reinitiated.

e ect of the temperature in the assembly of di erent structures[85], particularly in the
gel properties because changes in the temperature may promdte transition from hy-
drophilicity to hydrophobicity [86] and trigger structural color changes in thermo-sensitive
gels [87], which are important in biomedical applications. In the eld of ew materials,
the interest is increasing to the understanding of self-assembly pdrticles, mainly driven
by light, to design nanodevices and sensors because these haeeattivantage of a remote
and non-invasive control of processes. Where the sensitivity aneisolution of the devices
depend on the self-assembled structure [53, 88, 89]. All these essgould be analyzed un-
der the framework of our model.
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5 Macroscopic Liesegang Patterns
formation as a Non-Equilibrium
Self-Assembly Process.

Abstract : A general model describing the NESA process was presentediapter 3 Now
we want to develop a macroscopic model from the presented motteshow the generality
of the mechanism involved in the formation of NESA structures. Pécularly we choose
a system where spatial patterns appear spontaneously, becausf the self-assembly of
mesostructures, to validate the model. We reproduce the Lieseggprings features and
the size of the structures composing the patterns. Also the mddaroposed describes the
non-isothermal nature of the phenomenon and massless patterf@nergetic patterns) were
obtained. Thus in this chapter we show the generality of the modefrgposed in chapter 3.

5.1 Introduction

Non-equilibrium self-assembled (NESA) structures are built from disete and fundamental
components, named as building blocks (BB), sustained by matter drenergy dissipation
processes [8, 25]. For closed systems, once dissipative procemsesished, thermody-

namic states of NESA structures can be meta-stable or stable [1%jhich depend on the
system conditions. Understanding dissipative processes involvedlie BB self-assembly is
key in designing new materials for useful applications such as cata$yf90], energy storage
[48], and medicine [91, 92].

In some biological, chemical, physical and geological systems can bseoved the sponta-
neous emerging of NESA structures from dis-ordered compongfbrming spatial-temporal
patterns [93, 94]. One of the spontaneous pattern formed is thenodic precipitation of
insoluble solids [95], known as Liesegang phenomenon, where complesascopic struc-
tures compose the patterns, such as well-de ned rings (bi-dimeasal system) or bands
(one-dimensional system) with special spatial characteristics [[LQiesegang patterns have
been studied for many years because of the theoretical importanon chemistry [96] and
potential applications on material science [97]. Modifying Liesegan@tterns, it has been
possible to obtain well-de ned size mesopatrticles [27], or surfaceshwitano-patterns [97].
For instance, the spatial features of the patterns have been wliced by external electric
elds [98]. Further, design of patterns have been addressed amshtrolled by temperature,
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5 Macroscopic Liesegang Patterns formation as a Non-EquilibriumI8&ssembly Process.

ionic force and light intensity [97], gel quality and concentration [99]harged and modi ed
nanoparticles [94]. However, the proposed mechanisms for thegstems are only based on
di usion-reaction-precipitation and the proposed models do not ewsider thermal e ects,
neither the BB role in the emergence of the structures.

Here we propose a macroscopic mechanism for the non-equilibriuf-assembly of meso-
scopic structures which compose the Liesegang patterns. Fuethwe develop a mathemati-
cal model to describe the two-dimensional Liesegang pattern faation in a non-isothermic
conditions. Speci cally the model gives information about the struares size, pattern po-
sition, and structures concentration. The main aim of this chapteis to demonstrate the
generality of the general mechanism and model proposedcdimapter 3 and validate it with
experimental data.

5.2 Model: Liesegang patterns

First we describe the process from the NESA processes and wepmsed the macroscopic
mechanism. Second we condense our previous general modelptehad) to deduce macro-
scopic expressions, obtaining partial di erential equations. Thegeiations system is solved
using nite volume method. After we proceed to estimate numericallyhe parameters to

carried out a quantitative validation of the model.

5.2.1 Macroscopic mechanism

In some reaction-di usion systems supported by a gelatin matrix, iesegang patterns ap-
pear due of the periodical precipitation of insoluble solids. The wholeaqxess is caused
by non-homogeneous initial conditions. These conditions are eslighed placing only the

outer electrolyte in the left side of the system, while the inner eledlyte is placed in the

right side. Both electrolytes are separated by a membrane, and aanthe membrane is
removed, the outer electrolyte spread into the right side, thus aeting with the inner elec-

trolyte. The product of the reaction interact strongly with itself, producing a small and

soluble structure. The structure is thermodynamically unstable,hen it tends to separate
from the solution (aqueous system), forming non soluble structes (nuclei). After the

non soluble structures reach a threshold value in their concentrah, the agglomeration

process is triggered, producing clusters which precipitate. Beaauthe nuclei concentra-
tion decreased as a consequence of the agglomeration, the pitatipn ceases and nuclei
started to accumulate until reaching its limit. Thus the whole proces starts again until

one of the electrolytes is consumed completely.

Speci cally in the experiments [27], the outer electrolyte is silver nitt&@ (AgN O3), then
inner electrolyte is potassium dichromateK ,Cr,07), and the product of the reaction is
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5.2 Model: Liesegang patterns

silver dichromate Ag,Cr,0).

Generally in NESA processes, we nd di erent kind of structures daed by its com-
plexity, and three steps for its build (Activation, self-assembly andlis-assembly) ¢hapter
3]. In the studied system [27], we identify two kinds of structures antivo steps in the
NESA process: Activation and self-assembly taking place in rst andecond order struc-
tures formation [chapter 3]. Now, we identify and re-de ne the components in the pro-
cess: LetAgN O3 be C (the activator), K,Cr,0; be B (the dis-activated building block),
AQ,Cr,07 be A (the activated building block), (Ag2Cr207)naq) b€ A, (rst order struc-
ture), (Ag2Cr,07)n(s) be G (second order building block), andAg* ((Ag2Cr207)n(s))m be
Gn, (second order structure). In the system, there is not re-dislstion of the solids because
of the thermodynamics conditions, therefore dis-assembly stepab not take place. NESA
mechanism for the macroscopic pattern formation is given by fourgcesses: rst order
activation (process 1, chemical reaction), rst order self-ass@ly (process 2, chemical re-
action), second order activation (process 3, phase change)daecond order self-assembly
(process 4, aggregation), which are written as,

2C+B)* A £5.1g
nA)* A, £5.29
ALY G 5.3
mG+IC! Gy f5.49

5.2.2 Macroscopic mathematical model

In the proposed macroscopic mechanism, there are not sequenteactions in the assem-
bly of the structures. We assumed self-assembly of the struces as an average process,
therefore we use the most probable size of the structure. Therewtart from the funda-
mental equation, continuity equation, which describes the probdlity to nd a structure
having n BB [chapter 3] or the probability to nd certain component in the space. The
space isdened as =[r; ; |, wherer is the position vector, the internal coordinate of
each sub-process (=[ 1; 2; 3; 4]), and the internal orientation of the components (or
structure faces). The general continuity equation for thé-th component is given by:

@d ;t) _ -
o - I (5.1)
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5 Macroscopic Liesegang Patterns formation as a Non-EquilibriumI8&ssembly Process.

wherep; is the probability density to nd the i™ component, andJ; is the generalized
ux for the i™ component in the space. Assuming uncoupled process among the sub-
spaces and disjoint states, the general continuity equation carelre-written as fhapter
3],

@y ;1) _ o X e,
T_ ror Jir(r;t) . @,-J"" (s r Ji. (;t); (5.2

here the rotation ux is the same on the whole boundary in, therefore integrating over
, we obtain:

- Xt
@F(Eén—’t)= SR ICOI @@?Ju( i 0 3)
=

where the rst term of the right side in Eq.5.3 is related to the conva®n and di usion
phenomena, while the second term is related to thj&" process (reaction) of thé™ com-
ponent. Additionally, in a diluted system, we express the concentiian (C;) as the initial

concentration of the limit reactive (building blocks) times the probabity. Also, using the
guasi-stationary approach (chapter 3), we obtain the mass bale® for component,

. Xt
GHD v oy (5-4)

i=1

taking in mind that r;; is thei™ rate for each process. Because the experiment in [27]
was done in a bi-dimensional system, where a gel was used to avoid tionvective e ects,
the mass balance equation (Eqg.5.4) is now written in polar coordinates

it 1 Xt
%: F@@)rrJd;i(r;t) TR (5.5)

with Jg; as the diusive ux, Jgi(r;t) = Des %. Eqg. 5.5 is the macroscopic balance
equation describing the NESA process for the formation of macamgpic patterns.

Rates expressions for the processes comes from the uxes cotag in the quasi-stationary
approach. Each rate expression has a characteristic Arrheniuscfor, which comes from
the approximation of the di usion along the reaction coordinate [2455]. Rates di erent
from classical law mass action are caused by non ideal interactiorssumed in the activity
coe cient.
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5.2 Model: Liesegang patterns

First order activation rate is a rst order kinetic expression in the lilding block concen-
tration ( Cg) and second order in the activator Cc)(Eq. 5.6). For rst order self-assembly,
we approach the whole process as the reaction between the stuwe composed on 1
blocks and the activated building block A), however there is not information aboutA, 1,
then taking into account the kinetic dependence of two reactantsve have a second order
kinetic in the activated building block concentration Ca)(Eq. 5.7). Second order acti-
vation rate is a kinetic expression of rst order in the rst order stucture concentration

(Ca.)(EQ. 5.8).

Now we will focus in the more complex rate, which is related to the agggation process,
because there is a threshold limit in its precursor concentration, tatcatalytic e ects,
and stabilizing e ect from excess electrolyte (activatorC). To describe the e ect of the
limit concentration, the Heaviside function is used. Under the thré®Ild concentration, an
auto-catalytic e ect of the second order structure is expectedue to the structure tends
to minimize the super cial area to be more stable, also the precuns¢G), has a role in
the assembly of the structure. Therefore under the thresholdoncentration, we nd a
second order kinetic in the second order structure concentratio(Cg,,) and rst order
in the precursor Cg). Upper the threshold, we have the same kinetic contribution than
under the limit, however an extra contribution is identi ed because tie stabilization e ect
from the electrolyte in excess. Here the electrolyteC) has a rst order contribution in
the kinetic, and the precursor G) a second order contribution due to the agglomeration
depend on two components(Eq. 5.9). Rates expression are givgn b

R; = ki (T)CgC& K, (T)Ca; (5.6)
R, = k3 (T)CZ Kk, (T)Ca,; (5.7)
Rs= ki (T)CA, ks (T)Co (5.8)
R, = ka(T)CsCE, if Cg <Cim 5.9)

ka(T)CsCE, + ka(T)CcCs(Cs  Cim) if Cs  Cim

from Eq. 5.6-5.9, we can write the;; uxes using stoichiometry for the physical-chemical
processes 1-4. As the rates depend on the temperature and fitecess is expected to be
non isothermal, we must consider the energy conservation,

@at)_ 1@ oy
ot = F@Pe;i(r:t)x (5.10)
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5 Macroscopic Liesegang Patterns formation as a Non-EquilibriumI8&ssembly Process.

with Je; as the generalized energy ux, wherde; =  ker 255 and keyr the e ective
thermal conductivity. In a diluted-aqueous-reactive media with sl ghanges in temper-
ature, the energye(r;t) per volume unit can be written ase(r;t) i Cihi, where the
speci ¢ enthalpy h; is the sum of the standard formation enthalpy and the enthalpy re-
lated to the capacity heat,h;  h?+ c,i(T T ). Now using the last relations, Eq.5.5
and process ratesr(; ), we re-write the energy conservation (Eq. 5.10) in therms of the

temperature,

X ..Uy _ 1@ X 10y oy X .
Cicp;i ot = o i F Jd;i(r, t) hj Rj ; (511)

i i j=1

with  h; as the "reaction" heat of the process. The rst term in the Eq.5.11s related
to heat diusion, second term takes into account the energy ux de to concentration
gradients, and the last term is the heat generation produced (oonsumed) by exothermic
(or endothermic) processes.

The mathematical model is composed of Eq. 5.11 and Eq.5.5 for eadmponent, with

homogeneous Neumann boundary conditions in2 [0 L](isolated system) and initial
conditions given by,

Cc;o if r<r lim

Cc(r; 0) = ) 5.12
c(r; 0) 0 f oo (5.12)
( C if
Ca(r;o)= &0 U T fim (5.13)
if r<rm
Cw;o = 1000Cc;o; 8r (514)
Cio=0; fori = A;A,;G;Gn 8r (5.15)

whereC,, is the water concentration andr i, is the position of the membrane separating
both electrolytes att < 0. Finally, as we mentioned, the concentration of the electrolyte in
excess stabilize the second order structure. Then we assumet flosv concentration in the
electrolyte causes growth in the structure in order to decreaskd surface of the structures,
while high concentration keeps the size and ceases the growth hessaof the stabilizing
e ect. Therefore the diameter of the structure ¢l) is function of the local concentration
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5.3 Results and Discussion

of the electrolyte in excess@c). Also, the number of second order building blocksQ)
composing the second order structurem, is function of the diameter. The expression for
m is given by:

34, (hdi=2)*=3
W
where the numerator is the structure weight and the denominatothe weight of the

building block (W,). is a packing factor, which is around 0.6 for the present case, and
cn IS the structure molar density. Andhdi is the average diameter.

(5.16)

5.3 Results and Discussion

350T
9 0.9

300 08
8

— 250 07
E. 7 0.6
§ 200 6 05
é 150 5 — 04
" 4 T —— 0.3

100 = 3 ey 0.2

A
50 — 01

-1 -0.5 0 0.5 1
reference axis

€)) Experimental (b) lllustrative simulation results
sketch and quanti-

tative experimental

results

Figure 5.1: lllustration of the experiment and qualitative results. (a) skath of the exper-
imental setup and SEM micrograph of spatial pattern consisting afuasiperi-
odic precipitation rings/bands. Bands are numbered from the rstvisible
one outside the di use zone. Figure taken from [27].(b) bands distniftion ob-
tained form simulation. In the colormap, black color correspond tdie highest
concentration of precipitated structures, while white color corspond to zero
structure formation (structures concentration equal to zerp

Solving numerically this equation system by means of nite volume metid, and the
appropriate parameters values combination (time and space stg¢pwe reproduce qualita-
tively the experiments obtained in [27] as is shown in Fig. 5.1. Approxirted parameter
values (di usivity, heat capacity, conductivity, standard chemicd potential and enthalpy
formation) for each component are taken from the literature. Heever, we realize that dif-
fusivity for the activator (C) must be four times higher than dis-activated building block
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5 Macroscopic Liesegang Patterns formation as a Non-EquilibriumI8&ssembly Process.

(B) to reproduce the spatial pattern formation.

Structure diameter is expected to be a function of excess eledyte concentration. The
expression which describe better the diameter is given by (see pedare in Annexes),

d(r)= do+ ! In(Cg(riim)=Cg(r)); 8r>rnm (5.17)
where! = 16:5nm, and dy = 200nm. Also, we foundmg = 14000 (corresponding to
do), where mq is the size of the clusters in the di use zone (solids outside bands)dd,
its diameter. Another parameter values found ar@ = 140 and | = 1400. Specially for
the kinetic constants, we found thatk, must be (mgn)? times bigger thankj. The last
relation could be explained because the second order structuremeentration (Cg, ) IS,
at least, mgn times smaller than dis-activates building block concentrationGg). Further,
we expect ratesR; and R4 be both around the same order (value), otherwise the balance
between activation and self-assembly rate is broken and only a dieszone (patternless)
is obtained. Also we found that the threshold concentration @, ) value is Q01Csg.,.

Parameters values are shown in supplementary material (AnneXes
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Figure 5.2: Experimental and theoretical pattern features for each ba. (a) Band vs.

band position [m ], with its wide. Error percentage approximately &%.
(b) Band vs. structure diameter hm], with its standard deviation. Error
percentage approximately &%. Dashed line evidence non continuity due to
bands apparition is non continuous. Square item represent the poivalue
of the variable. Grey items represent experimental data takendm [27] and
black items represent theoretical results.

In Fig. 5.1 we show a sketch of the experimental setup and the qualitve experimental
results presented by [27]. Cylinder shown represent the membraseparating both elec-
trolytes. Numerical results are used to reproduced the experimtal micro-graph in order
to illustrate the patterns obtained in the bi-dimensional system frm the model proposed.
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5.3 Results and Discussion

Also, the numerical results shows approximately the concentratiocof structures per band.

Fig. 5.2(a) shows non-periodic bands distribution (pattern featu), where the distance
between bands tends to increases. This gure shows a good matktween experiments
and simulation results because the numerical solutions are in the egbed values obtained
experimentally, having an error lower than 7%. Another pattern fature is related to the
structure diameter per band. Fig. 5.2(b) shows the behavior of éhstructure diameter for
experiment and simulation, evidencing a good match between themdagise the numerical
solutions are in the expected values obtained experimentally, haviag error lower than 7%.
Nevertheless, we found a small deviation in the behavior betweennlgs 5 7, probably
caused by non homogeneous gel matrix which are not taken into aaat in the model.
Fig. 5.3 resumes Fig. 5.2 and shows quantitatively the validity of our niel because
we obtained low error percentages, and describe the patternshiagior, validating the
macroscopic NESA mechanism previously proposed.

.
z e
s’
-
'
- -
’
-
-

-

800

- & - Experimental
H = & = Simulation

~
o
o

N 3 o
[=3 o o
=] =] o

Structure diameter [nm]
(%)
o
o

}HH:}%

50 100 150 200 250 300 350
Band position [mm]

N
(=3
=]

[N
(=3
o

Figure 5.3: Quantitative simulation results vs quantitative experimental dé&a. Band po-
sition [ m ] vs. structure diameter hm].Dashed line evidence non continuity
due to bands apparition is non continuous. Square item represeriiet point
value of the variable. Grey items represent experimental data tak from [27]
and black items represent theoretical results.

Additionally our model allows us to compute the temperature in the stem, which as
far as we know, temperature changes have been neglected in therdture because heat
e ects are usually small. Nevertheless temperature gradients mhoce variation in the
rates, changes in the expression rates, and structural chasge the gel (causing non ho-
mogeneities in the gel matrix) [87]. Further, although temperaturehanges are spatially
small, system size could be such that gradients are high, as in the ggat case. Here the
temperature gradient found is approximately 400=m, which is a considerable value.

In the Fig. 5.4, we show the nal temperature pro le, where sequgial peaks are found
because most part of the processes take place in these positioAso notice there is a
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5 Macroscopic Liesegang Patterns formation as a Non-EquilibriumI8&ssembly Process.

tendency in the pro le, where the temperature decreases for mnents in the position
relative to the membrane initial point. This fact is explained becausedat has been
accumulating in this point from the very initial times. Otherwise far fom the initial point,
the di usion, activation and self-assembly processes are less interand are carried out for
a shorter time. Fig. 5.4 exhibits the non-isothermal nature in someBSA process, giving
us information of it. Furthermore, this temperature pattern canbe seen as a massless
pattern, which is not formed from fundamental and discrete buildig blocks @) but as a
product of the NESA process. Notice that the massless and Lieaag patterns are coupled,
however in this case the coupling is weak because the systems is dduted the massless
pattern could only modify mildly the Liesegang patterns. Neverthess, we expect that
for some conditions, massless patterns could restrict formatior biesegang patterns (or
temperature gradients).
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Figure 5.4: Temperature pro le at nal time. Temperature [K] vs. position[ m ]. Position
zero ( ) correspond to the point where the membrane was placed £ rjm, ).
A continuous line is plotted because temperature is a continuous vaiole.

5.4 Conclusions

The results indicate not only that the macroscopic model reprodes the main Liesegang
rings features with high accuracy (see Fig. 5.2 and Fig. 5.3), but alsontributes to new in-
sights in the dynamic evolution NESA structures. Our model enabless to rationalize how
from non-homogeneous initial conditions and proposed NESA ste@stransient organiza-
tion process is triggered, involving self-assembled structures,opucing complex macro-
scopic spatial structures, the patterns. Further the model ali@ us to describe the massless
patterns, temperature patterns (see Fig. 5.4), which could engg in non-isothermal sys-
tems as consequence of the NESA processes.

Although we have discussed the particular case of Liesegang pattéormation, triggered

by NESA process, the proposed general model (chapter 3) coldd applied to describe
NESA processes producing mesoparticles and spatial patterns][48urrently in material
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5.4 Conclusions

science, there is a high interest in the design and control of struces to produce well-
de ned size mesopatrticles [27]. Alternatively controlling gold nanopacles size allows to
control the catalytic activity in a reactive system [90]. Recently ogtal sensors, known as
plasmonic nanosensors, based on metal nanoparticle arrays amje nanoparticles have
shown high potential as analytical tools in chemistry [100], where nm®stable and uniform
nanoparticles (shape and size) improve the sensing. Additionally, @ts have been done
in order to develop novel synthesis methods, based on bottom-approach, to produce
well-de ned shape organic nanomaterials with potential medical ajipations [91, 92]. All
these issues could be analyzed under the framework of our modelsdA pattern features
and particle size modi cations controlled by external elds (electricand thermal elds)
and gel structure can be studied from our proposed model.
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6 Conjecture of the minimum
dissipative potential

Abstract : In the light of the previous results obtained inchapters3,4 and 5, we establish
a conjecture to describe the viability of the NESA structures in theorganization degree
parameter space, . Here we de ne as a general parameter which must be proportional
to the complexity in a self-organized system. In this chapter we o&ih the thermodynamic
viability as a function of the dissipative potential de ned from the tdal entropy produced
(from entropy production only in open systems without charactéstic times), nding the
maximum viability at the minimum of the dissipative potential in the space. We expect
that real systems present structures with maximum viability in mostof the cases. On the
other hand, the conjecture can be useful in materials science ammho-technology to control
and optimize self-assembled processes. Finally, this conjectureegius a di erent approach
about evolution in self-organized systems, therefore this noneafvinian approach could
describe the evolution driven by dissipative forces.

6.1 Introduction

Understanding the natural evolution of self-organized systems mandatory to develop
applications in science and technology based on non-equilibrium sedé@ambled structures.
Even asFialkowski, et al. said: \A theory unifying various types of dissipative systems
would not only be relevant to dissipative self-assembled systems,thwould ultimately
bring us closer to the understanding of life"[20].

In the beginning, when the earth had no atmosphere a primitive noaguilibrium self-
assembled structure possibly emerged in order to \e cientlly" usewnlight [4]. This prim-
itive structure might have evolved into a more complex structure ineasing the entropy
production of the system [5] because entropy production can be ded as \the measure
of the rate of the tendency of Nature to explore available micro-ates"[4]. Otherwise,Pri-
gogine hypothesized that self-organized systems in a steady state comspd of dissipative
structures produce a lower amount of entropy than non-self-ganized systems [8]. Inter-
estingly, there are some particular and amazing systems in naturkat exhibit patterned
structures (self-organized).Bejan proposed an approach called the Constructal law, that
explains why some of these systems are formed [73], where theayst are not found nec-
essarily in a state of a maximum or minimum rate of entropy production
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6.2 Basis for our conjecture

From these previous works, we realize that entropy production noept seems to be an
important variable but for itself does not enable to predict the evolion of self-organized
systems. Nowhere is there a general statement which relatesreply production with
non-equilibrium self-assembled structures [20]. Nevertheless in ttesearch carried out by
Tetriakov, et al., they found that self-assembled structures in magneto/hydrgehamics
system can be in minimum and maximum entropy production rates, whe the most likely
structure is found in the minimum entropy production rates indepedently of the non-
equilibrium relations [72]. Thus there is an insight that self-organizedrsictures can exist in
di erent dissipative regimes, where the most e cient structure is o the most likely. But,
we still lacking theory to understand the evolution and the landscapof the likely trajec-
tories which describe the viable con gurations (states) for nonegiilibrium self-assembled
structures.

Here we introduce the total entropy produced (lost work) in norequilibrium self-assembly
(NESA) processes as a tool to analyze the viability of NESA structas, which depends on
a general parameter corresponding to the self-organization deg. We hypothesize (our
conjecture) that NESA structures must evolve to con guratiors such that the dissipative
potential, modeled from the total entropy produced, is a minimum in he organization
parameter space.

6.2 Basis for our conjecture

Here we de ne the self-organization parameter or just organizan parameter as . We dis-
cuss the de nition of the organization parameter which is not a measement of the order.
Also we mention the use of the total entropy produce instead of ¢hentropy production
(for some systems) as a basis of our conjecture.

6.2.1 Self-Organization parameter,

It is mandatory to de ne correctly the parameter which gives infomation about the orga-

nization degree in a system. Thus for instance, the maximum numbef building blocks

which could be self-assembled in a structure out of equilibrium is a goedndidate to

be the self-organization parameter. We think that increments in & complexity of the

structures means increment in the organization degree in some wdayor example, some
self-organization parameters in biology are related to the numbef chromosomes, number
of active genes, micro-tubule length, and maximum number of amiraeids in proteins.

These examples are ideal self-organization parameters becalsy tare elemental param-
eters characterizing the structures. It means that they do nalepend on other parameters,
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6 Conjecture of the minimum dissipative potential

for a determined system. For instance, the maximum length of a ¢ain polymer depends
exclusively on the nature of the monomers, but not on the initial catitions in the system,
temperature nor pH. These conditions a ect the size of the polymdut not its maximum
size. Otherwise, we have non-ideal self-organization parametelaracterizing the struc-
tures. They depend on others elemental parameters, where iearents in these non-ideal
parameters, do not necessarily causes increments in the comphext the structures. For
example, the porosity characterizes some gels, but the porositggends on the maximum
length of the bers and might depend on the initial conditions. Gels wh high or low
porosity are states showing low complexity. Also probably, all pos$ébstates as a function
of the porosity exhibit a non-monotonic behavior in the total entrpy produced to reach
those states.

6.2.2 Total entropy produced, Sp

It must be de ned a function which describes the energy requiretproduce and maintain
the self-organized structures. The entropy production is the st candidate because the self-
organized systems are formed out of the equilibrium. Neverthelgedise entropy production
by itself does not de ne general processes for de nition, due tdé¢ systems are dynamic
and having multiple trajectories to evolve. Therefore, the functio must take into account
the whole trajectories to build the structure for each time, and th total entropy produced
integrate the whole possible trajectories for the process. Thetab entropy produced in a
self-organized systen®p is given by the integral of the entropy production (; ;t) over
the process time,

Z tp z 1
Se()= (; ;td dt; (6.1)

0 1

Here, is the space where take place the NESA process. The process ttmés nite,
it is the time required to reach the equilibrium, or the time required to each a period in
the process. If the process does not have this characteristic &nthen the integral is avoid
and we work only with the entropy production. The entropy produton depend on the
forces and energetic potentials related to self-organization. Thetal entropy produced in
a self-organized system is nite because the entropy production iste and tends to zero
for large times (equilibrium). Meanwhile for open systems, if the inpstare not in nities or
non-continuous, the system tends to reach the equilibrium stat@ener or later. However,
if the system is open and the inputs carry the system until one st@inary state without
some characteristic period of time (oscillation), it must be used thengopy production
instead of the total entropy produced.
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6.3 Conjecture of the viability of self-organized structures

6.3 Conjecture of the viability of self-organized structur es

Here we propose a function such that its minima points in an adequagpace correspond
to the most viable structures.

6.3.1 First postulate

From an ideal perspective, if the self-organization degree)(increases, the number of
sub-processes increases, reaching more organized strucfuten:

0 8 (6.2)

in other words, if the organization degree increases, there are ma@assembly and dis-
assembly steps. Therefore the entropy production increasesdaconsequently the total
entropy produced.

The starting point for our conjecture establish that the most viake structures are found
in minima points of Sp in the space because not only in these points the system is
more e cient energetically but also because favors the maintenaacoof the self-organized
structures. Thus Sp must ful ll

ddﬁ -0 (6.3)
and

2

‘L—S; 0; (6.4)

and from conditions shown in Eq.6.3-6.4, we can analyze the viability ofB$A struc-
tures. This rst approximation to our conjecture is de ned in this way because it takes
into account the "extra" energy dissipated to \stabilize" a new selassembled block in
the self-organized structure. In other words, it is the change irhe energy dissipated to
produce a small change in the organization parameter. ThugdS—P is the speci c energy
dissipated which is required to keep the structure in certain orgaraaon degree .

Furthermore, systems with structures such that fulll Eq. 6.2, but not Eq.6.3 and
Eq.6.4 are viable. Meanwhile, structures such that do not fulll Eq. 6.2, Eq.6.3, and
Eq.6.4 are suppose to be less viable. It could be interpreted as stwres in a meta-stable
state in the space, where the structures must tend to reach the nearest rmmum state
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6 Conjecture of the minimum dissipative potential

in the space.

Otherwise for non-ideal organization degree ) parameter, we could nd structures such
that Eq.6.2 is not ful lled because increments in the non-ideal not necessarily causes an in-
crement in the assembly and dis-assembly steps. This non-ideal belbr means that there
are complex structures (higher) such that in its assembly process produce lower entropy
than less complex structures. This particular behavior could be caed by a marked non-
sequential assembly/dis-assembly (high degeneration) of higheder structures, generating
more likely trajectories where a speci ¢ combination of trajectorgtrigger less dissipative
processes. However, self-organized systems tend to avoid higidy-sequential processes,
therefore systems described by non-ideal self-organization cegy( ) evolve spontaneously
towards more \stable" states in the space % = 0). From the previous reasoning, we
could establish that the most viable structures (in minima points of @nopy produced)
correspond to the less degenerated system, which is known as-seifinized systems.

Farther, systems ful lling Eq.6.3 and Eq.6.4 evolve into more complex siems dissipat-
ing higher amounts of energy until they reach a mimima state in the space. This causes
that \evolution" is conditioned by the capacity to trigger changes inthe energy dissipated.
Also, we can infer that the most complex systems are not neceslathe most viable be-
cause of the high requirements of energy dissipated. Thus, we @e the \evolution" as
jumps between the more viable states in the space.

6.3.2 Second postulate

In order to quantify the thermodynamic viability of a structure having a certain organi-
zation degree value, we propose the evolution as a di usive proceassthe space of the
organization degree parameter (). If the jumps over the viable states are enough small,
we can approach the structure evolution as the di usive processirough a dissipative po-
tential, which considers the dissipative nature. Now le& be the dissipative potential and
V be the viability.

Dissipative potential, A

The dissipative potential is de ned according to our hypothesis. Té potential gives the
information about the energy used to maintain the structures at, and to evolve them
until  + . Thus, it is composed by the total entropy produced %), describing the
e ciency; by the variations in the total entropy produced respet (dSrp=d ), describing
the favorability to have changes in the organization degree; by trgpontaneity to produce
changes @¢°Sp =d ?), and by the temperature (T). De ning consistently the entropy poten-
tial with our hypothesis, it must increases if ) increases, it must increase proportionally
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to jdSp=d j if dSp=d 6 0, it must increase proportional tojd’Sp=d ?j if dSp=d < 0, and
it must increase proportional toT. Therefore we de ne the dissipative potential as:

dSe © dSp
A()=T= Sp * Cldds ) . If d 0 (6.5)
Sp C]_d—P + CzdeSp:d 2] if % <0
where EQ.6.5 is consistent with the hypothesis, because the minimuralue of the dis-
sipative potential is found for such that Eq.6.3 and Eq.6.4 are ful lled. Also,c; and
C, are positive constants and it must be de ned. To nd the constarg, we optimize the
dissipative potential, obtaining two expression as a function of the drentials in the total
entropy produced,

dA

C = W , (6.6)
dA

=2 aA® (6.7)

with A° and A” as the rst and second derivative ofA respectively. Notice that we
have not a constant values because they could dependAn ), therefore they need to be
evaluated for some . Also notice that the constants are de ned by absolute values bagse
they are positive (by de nition).

Now we need to know the appropriate to evaluate the constants. Because we are opti-
mizing A, we must search for the optimunt; and c, values respect . Speci cally, we are
not interested in the minima points because we could get = 0 and ¢, = 0, also we are not
interest in not nite values (in nite) which do not gives us information about the evolution.
Thus, we are looking for the nite maxima values of; and ¢, at some = . Notice
that self-organized structures comes from discrete-fundantehbuilding blocks, then the

parameter is a discrete variable, but we are using the continuous@pach.

The constants evaluated in  are:

dA . ]
C = dA’ J= (6.8)
dA
C =2 A ) (6.9)
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Thermodynamic viability, V

The viability is not the probability of nding certain structure, it is the quanti cation of
the spontaneity degree for that a structure could adopt a de n& con guration in the space
of the organization degree parameter §.

Once we have de ned appropriately the dissipative potential, we poged to obtain the
viability equation. First, we see the viability as a conservative variabléecause it must
conserve the system information. The continuity equation in the space is:

@t Q@

second, we propose the evolutionary ux in the space over the dissipative potential as
a function of the viability times the dissipative eld (E) gradient, then we have:

@(;t) _ @J(;t), (6.10)

@ (;t),
—a

where the mobility M (V) along the space is written as a constant (di usivity over
kg T) times the viability:

Jv(it) = M(V) (6.11)

M (V) = k%v (6.12)

and the dissipative eld is de ned as,

B/(;t)=ksTIn(V)+ A(): (6.13)

Substituting Eq.6.13 and Eq.6.12 in Eq.6.11, and after inserting it into E§.10, we obtain
the continuity equation for the viability. Nevertheless, we are integsted in the solution
att!1l | for atime such that the whole evolutionary process in the space is nished.
Then, the resulting equation for the viability in the space is written

@_ vae
@ kT@ (6.14)
with solution given by
_ A() .
V()= koexp T (6.15)
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6.4 Conclusions

wherethe most viable structures are found in minima points of theigsipative potential
inthe spacée. Finally for nite  space, the viability can be approached as the probability,
where the integral of the viability must be nite, i.e,

y
V()d =C (6.16)

8

We nd that Eqg.6.15 include the results presented byletriakov, et al., where for a steady
state system exhibiting two possible organization degree (two di ent structures), nite
space, the probability to nd one structure is given by the energy idsipation (Entropy

production times temperature):P( ) = koexp TK?’T( ) [72]. Otherwise if the space is not

nite, the integral of the viability is not nite and it could not be seen as the probability.

6.4 Conclusions

Here we obtain an expression relating the viability and the dissipativegbential, nding
that minima values in the dissipative potential correspond to maximaalues in the via-
bility of the structures. Further, the general viability equation deduced (Eq.6.15) predicts
the results found byTetriakov, et al. [72]. However, the conjecture must be tested in other
NESA systems to prove generality.

Otherwise, assuming general our conjecture, this can be usedptedict thermodynamic
states in NESA systems a priori, using theoretical models as presshin chapter 4 and
5. The conjecture can be useful in materials science and nanotealogy to control and
optimize self-assembled processes. Finally, this conjecture givesaudi erent vision about
evolution in self-organized systems, therefore this none-Darwiniapproach could describe
the evolution driven by dissipative forces.
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/ Thermodynamic viability of NESA
structures: Gel and Liesegang
patterns

Abstract : In the framework of thechapter § we validate our conjecture for two systems
presented inchapters 4and 5. We found that according with experimental data and model
validation, the real systems present structures correspondirtg the maximum viability.
Therefore, we expect that real systems present structurestivmaximum viability in most
of the cases.

7.1 Introduction

Dissipative structures in steady state composing self-organizegstems are expected to
dissipate less energy than non-self-organized systems for thensaconditions [8]. Some
natural systems, even self-organized systems, are expectede in the maximum entropy
production rate [5]. Self-assembled structures in magneto/hyddgnamics system can be in
minimum and maximum entropy production rates, where the most likelgtructure is found
in the minimum entropy production rates [72]. Additionally, self-orgaized structures must
evolve in such way that it provides easier access to the imposed @nts that ow through
it, where the structures could be in a maximum or minimum entropy prduction state [73].

However, we realize that there is not a general statement relatirthe entropy produc-
tion and the thermodynamic viability of the self-organized structues. Because for us, the
entropy production is the most important tool to analyze systemsut of equilibrium due
to it takes into account the whole possible trajectories. Thereferin the previous chapter
we presented the conjecture of the viability of self-organized stitures, where we expect
that real systems, in most of the observation are in the maximum Jmlity. We test the
conjecture over two case studies: Gelation process, and Lieseppatterns formation.

7.2 Entropy production for study cases

To perform the analysis, rst we need to know the entropy produ@n of the processes.
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7.2 Entropy production for study cases

7.2.1 Entropy production in geli cation process

The entropy production as a function of the organization degreeapameter in the geli ca-
tion process is given by

X X
(Njt) = n (NJ1) (7.1)

n

whereN is the maximum number of assembled blocks in a structure and our argzation
degree parameter (= N). isthe order of the structure ( rst and second order structurg
with = 1;2. n is the number of building blocks (BB) assembled (or the™ step of the
process), withn = 1;::;;N. | is the entropy production caused by the activation, assembly
and dis-assembly of the ™ order structure with n BB. The |, is written as

- X .
n(Njt) = ni (NJE) (7.2)

with ; given by Eq. 4.2 for a speci ¢ process and order structure.

7.2.2 Entropy production in Liesegang pattern formation

The entropy produced in the Liesegang patterns formation in a neigsothermal media
has three components: entropy produced by heat di usion, mash usion and physical-
chemical processes (Eq.7.3). These processes are based on BEfANmechanism for the
macroscopic pattern formation, which are composed of four presses: rst order activation
(chemical reaction), rst order self-assembly (chemical reacti), second order activation
(phase change), and second order self-assembly (aggregatias)shown in chapter 5. The
entropy production as a function of the radial position and the orgnization parameter ()
can be deduced from Eq.5.5 5 and Eg. 5.11 and second law [64], obtaining

2 X - X
Jo dT 3 3ET) 17 b exp( P=keT)  exp( [=keT)) (7.3)

(rt)= T2 dr ) T dr T

here k correspond to the components and to the physical-chemical processes. Also,
the entropy production by physical-chemical processes is non-larein the driving force
(chemical potential) as is shown in Eq.7.3. The organization degreerpmeter is 1=!
because it computes the size variation of the structures along tipatterns conforming the
Liesegang patterns, giving a notion of degree of complexity in thestgm.
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7 Thermodynamic viability of NESA structures: Gel and Liesegang pi@rns

7.3 Results and discussions

Using the models proposed in the previous chapters for geli catiomd Leisegang patterns,
and based on the de nition of the total entropy produced, and byhe entropy production
rate for each process, we can nd the total entropy producedsaa function of the organi-
zation parameter to prove our conjencture.

7.3.1 Geli cation process

According to the result previously showed irchapter 4 now we show in the Fig.7.1 the
entropy production in the whole geli cation process for two di erem values of N. Here
we show the entropy production forN = 11 and N = 29 because the di erence between
pro les give enough and clear illustration.
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(a) Entropy production rate for N =11 (b) Entropy production rate for N =29

Figure 7.1: Dimensionless entropy production rate §kg] vs time [hours]. The en-
tropy production have two peaks, showing a change in the dominaptrocess
(from assembly to dis-assembly), where these peaks becomesenspaced and
marked whileN increases. Once the dis-assembly as a dominant process con-
sumes completely the structures, the entropy production is zetwecause the
system reaches its equilibrium state for the given conditions.

In Fig. 7.1 shows a di erent behavior after adding the activator at 80 hours because the
starting conditions di er due to components that are formed reveibly (MeOH), displac-
ing equilibrium and kinetic states. This behavior support the non-timeeversal property
for this NESA processes. Further, we found a di erence betwedine pro les shown in Fig.
7.1(a) and Fig. 7.1(b) in the rst part of the experiment (before 40 hours). Speci cally,
there are two peaks caused by a rst region dominated by assemkiyd second region
dominated by dis-assembly, where for highéd the di erence of the peaks is more marked.
The di erence increases because for high&r we have more e cient assembly rates and
higher dis-assembly rates due to more structures are assembled.
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7.3 Results and discussions

Although entropy production from dis-assembly processes is exped to increases with
N, this one does not increases proportionally to the entropy prodticn from dis-assembly,
evidencing a better use of the energy to build more complex struces. Otherwise, there
is not a marked di erence between the pro les for times greater #m 400 hours, evidencing
a tendency to decrease the self-assembly e ciency if the residug® not removed from the
system.

For some values of N, we integrate the entropy production over ¢htime interval t = 0

to t = 400 hours, obtaining the total entropy produced and the varidbns on the total
entropy produced as a function ofN, which is shown in Fig. 7.2.
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Figure 7.2: Total entropy produced and variation in the total entropy poduced vs max-
imum number of BB. Simulations results are presented in gray squarend
the trend of the simulation results is presented in a continuous bladikne.
The trend is described by the function:S, = 457:2700tanh((N  10)=100) +
133024 8N > 4, and it is used to compute the derivatedSp=dN). (a) N
as an ideal organization degree parameter allows the illustration dfe total
entropy produced as a monotonic and asymptotic function.(b) Vaations in
the total entropy produced to increase the degree of organizah (complex-
ity) gives us the information to know the most viable structure, a genetwork
composed of in nite assembled blocks.

Fig. 7.2(a) shows a monotonic and asymptotic behavior in the totalnéropy produced
as a function of the organization degree paramet®& . In this caseN is an ideal organi-
zation degree parameter. Also the asymptotic behavior evidence aeal process which
for high organization degree parameter, it tends to increase itsroplexity without higher
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7 Thermodynamic viability of NESA structures: Gel and Liesegang pi@rns

energy dissipation. Further, the magnitude of the total entropyproduced is in agreement
with previous result [24]. In the quasi-stationary approach, the tal entropy produced
is approximately 1278J=Km?3. This relatively low value is justi ed by the fact that the
approach done condense several processes in only one (agticega

Fig. 7.2(b) shows a non-monotonic and asymptotic behavior of theasations for the
total entropy produced as a function ofN. Here we found a maximum aroundN = 10
caused by a change in the behavior between the higher incrementghe energy dissipated
by the assembly N < 10) to higher increments in the energy dissipated by dis-assembly
process N > 10), as previously was shown in Fig. 7.1(b). Moreover, fof 10 we have a
monotonic and asymptotic behavior, where the conditions descritddy Eq.6.4 and Eq.6.3
are satisedinN !' 1 |, as is illustrated in Fig.7.3. Therefore the most viable structures
are expected to have an in nity size, which corresponds to the ea®f an ideal gel ma-
trix. Further, we can infer that systems having nite N could exist, but they will tend to
increase the maximum number of building blocks assembled in the sttuies increasing
the total entropy produced to reach a more viable state. Othense, systems withN 10
must overcome a high change in the total entropy produced to rela a state which favors
the natural evolution (or tendency) to arrive at the most viable sate.
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Figure 7.3: Viability vs maximum number of BB. For this systemc, = 2494:2, ¢, = 100:25
and ko = max(V)

Fig.7.3 shows the behavior of the thermodynamic viability against an idéorganization
degree parameter. Here we found that structures having a maxim number of assembled
BB lower than 400 is almost zero. While structures having more thar0®@ are completely
viable. Nevertheless, it is possible to observe systems with strustg having a maximum of
assembled building blocks between 400 and 700, but not completelybl& Additionally,
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7.3 Results and discussions

the organization degree parameter space is not nite, therefotbe viability can not be
seen as the probability to nd a structure with determinedN. Moreover, we highlight the
fact that for a system having a maximum number the BBN, also we can nd structures
having less thanN BB [chapter 3chapter 4]. Finally, Fig.7.3 illustrates the fact that gels
tend to form highly interconnected structures with several bes and BB composing it
because they are thermodynamically more viable.

7.3.2 Liesegang pattern formation

According to the result previously presented irthapter 5 now we show in the Fig.7.4 the
total entropy produced and the variations in the total entropy poduced for the Liesegang
pattern formation process as a function of the organization degg parameter (), 1=!.
From Eqg.5.17, the amplitude factor! represents the amplitude in the size change of the
structures along the patterns (¥! represents the uniformity).
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Figure 7.4: Total entropy produced and variation in the total entropy poduced J=Km?3]
vs 1=!. Simulations results are presented as a continuous black line, while es
timated state (chapter 5) from experimental data [27] is represented by a gray
square. (a) the total entropy produced has two minima points, wdre the real
system was found to be in the global minimum (gray square).(b) Vari@ns
in the total entropy produced con rm the existence of minima and anaxi-
mum point. Red dashed line correspond tdSp=d(1=!) = 0. In the Annexes
are shown other features of the Liesegang patterns, which are #ltative in
order to understand better the non-monotonic behavior of theatal entropy
produced.
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7 Thermodynamic viability of NESA structures: Gel and Liesegang pi@rns

Speci cally for large! values, the system exhibit a low organization degree because the
dispersion in the size is high, while for low values the system exhibits a very uniform size
distribution. Maximum ! (and minimum 1=!) value correspond to the limit found such
that the systems does not form Liesegang patterns. Fig. 7.4(aavs two minima and
one maximum points, for total entropy produced, as a function othe organization degree
parameter E!. In this case, E! is a non-ideal organization degree parameter because
the total entropy produced in not a monotonic function. Additiondly, ! depend on initial
conditions, therefore is a composed parameter. In annexes iswhdhe dependence of the
number of rings and average distance between rings to supporetfact that 1=! is not an
ideal organization parameter.

Fig. 7.4(b) shows a non-monotonic behavior in the variations on thetal entropy pro-
duced as a function of 2! . Here we found an invariant behavior (constant increment in the
total entropy production) for 1=! > 0:12, evidencing a change in the patterns formation
mode, thus variations in the energy dissipated to increase the unifoity is constant, there-
fore the viability for structures such that 1=! > 0:12 is expected to be almost the same
and di erent from zero. Moreover, for E! = 0:06061 { = 16:5)the conditions described
by Eq.6.4 and Eqg.6.3 are satis ed. Therefore the most viable struatess are expected to
have a considerable size variations along the patterns, which capends to the case of the
real Liesegang patterns [27].
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Figure 7.5: Viability vs uniformity degree (1= ). For this systemc; = 0:7688,c, = 0:4494
and ko = max(V). Gray square correspond to the estimated value of size
dispersion degree for the real system.

Fig.7.5 shows the behavior of the thermodynamic viability against therganization de-
gree parameter (¥!). Here we found that systems exhibiting a marked di erence in the
structures size among the spatial patterns (low uniformity degeg 1=! = 0:06061 ) is the
most viable, corresponding to experimental results [27]. Otherwis&ructures having lower
uniformity degree than Q06061 are not viable.
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7.4 Conclusions

Furthermore, Fig.7.5 shows other peak close to the maximum viabilityalue, having
around half of the maximum viability. This peak could evidence a high pemility to
nd this particular system having a organization degree value arouh0:06897. Therefore
systems exhibiting! = 14:5 are highly expected, not only systems with = 16:5. Ad-
ditionally for ! = 10 (1=! = 0:1), where is localized the other minimum and where the
conditions showed in Eq.6.4-Eq.6.3 are ful lled, we have a low viability valudt could be
caused by the high barrier between both minima, thus most of theates cannot jump (or
cross) toward the other minimum. Alternatively, it could happen beause the systems could
evolve easily towards more uniform structures. This last fact is spprted due to for high
organization degree (high uniformity), the viability is not zero. Finally Fig.7.5 illustrates
the fact that Liesegang patterns tend to be composed of struges with a marked size
di erence in each pattern, however it is possible to nd systems exbiting high uniformity
because the viability is not zero.

7.4 Conclusions

We proved the conjecture for two specic NESA systems with expienental data (see
Fig.7.3 and Fig.7.5). However, the conjecture must be tested on neoNESA systems to
prove generality.

From the total entropy produced (see Fig.7.2 and Fig.7.4) can be deckd the dissi-
pative potential, showing the usefulness of the concept of entypproduction to analyze
self-organized systems and the viability of assembled structures.

Our results shows that NESA structures can be found in the maxinma (gel formation,
Fig.7.2) or minimum [8] (Liesegang patterns, Fig.7.4) entropy produde Which is in
agreement with the results presented byetriakov, et al., showing that diverse structures
found not necessarily in a system, because the viability to nd thosstructures is greater
than zero.
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8 Conclusions

Non-equilibrium self-assembled (NESA) structures have been rgoized as important com-
ponents in nano-technology, advanced materials and even the isaef the life. Further,
NESA structures are built from fundamental and discrete building locks, where several
functional kinds of structures can be obtained as a function of éhbuilding block and the
dissipative nature of the process. But we lacked a general meclsmn which describes the
assembly of structures from these fundamental blocks.

In chapter 3 we de ned a general fundamental building block, the order of thetructures
in NESA systems and the fundamental sub-processes composihg tvhole NESA process.
Additionally, we proposed a mathematical model based on mesosimwopon-equilibrium
thermodynamics (MNET), obtaining a system of Fokker-Plank equ#ons which describe
the dynamic of the structures in NESA systems. The mechanism amaodel were validated
satisfactorily using as a cases study the geli cation process ahapter 4 and Liesegang
patterns formation process inchapter 5 Also, the model enabled us to know the internal
architecture of the structures, pro les of the average size ofi¢ structures and temperature
pro les. It is important to highlight the fact that by means of the MN ET, we developed a
kinetic model for the assembly of structures in the mesoscale.

From our general mechanism and model, now it is possible to analyzestdynamic of
the whole possible trajectories in the building of NESA structures. 180, it enables to
rationalize how a transient organization in the system, involving intenediate structures,
precedes the appearance of the most complex structure. The @athoowski aggregation
equation was found to be a particular case for non-sequential saffsembly. Thus the
present ndings open a new window to study, describe, and undésed the NESA process
and structures from a non-equilibrium thermodynamic approach.

The model presented can, in general, be applied to the formation ather NESA struc-
tures and the processes leading to them [22]. There is currently aegt interest in the
control of hydrogels structures in order to develop alternative ays of drug delivery [83].
To know what is the e ect of the temperature on the properties ofjels is of great interest
because changes in the temperature may promote the transitiorofn hydrophilicity to
hydrophobicity [86] and trigger structural color changes in thermm-sensitive gels [87] which
are important in biomedical applications. All these issues could be dgaed under the
framework of our model.
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Currently in material science, there is a high interest in the design dncontrol of
structures to produce well-de ned size mesoparticles [27]. Altertigely controlling gold
nanoparticles size allows to control the catalytic activity in a reactig system [90]. Recently
optical sensors, known as plasmonic nanosensors, based on hretaoparticle arrays and
single nanoparticles have shown high potential as analytical tools ihemistry [100], where
more stable and uniform nanopatrticles (shape and size) improve teensing. Additionally,
e orts have been done in order to develop novel synthesis methgyased on bottom-up
approach, to produce well-de ned shape organic nanomaterials wipotential medical ap-
plications [91, 92]. All these issues could be analyzed under the framek of our model.
Also, pattern features and particle size modi cations controlled bgxternal elds (electric
and thermal elds) and gel structure can be studied from our pq@osed model.

On the other hand, NESA structures are poorly understood, mthg because of the lack
of general variational principles governing their behaviors (we caat minimize some ther-
modynamic potential). It is accepted that nature could prefer lesdissipative structures to
be more e cient, but it also allows thermodynamically more dissipative tsuctures to use
in a better way external sources and reach states energeticallyra favorable (or viable).
Moreover, there is not a general statement relating the thermgdamic viability of the
NESA structures (or probability to nd a structure) with entropy production as a function
of the organization degree in the system. Few studies which relatet®py production to
probability was carried out, these were realized in a system such thentropy production
is only computed from thermal dissipation. Thus, for molecular systms with chemical
reactions and other physical-chemical processes, the entroppguction has not been com-
puted in general, and it is not coupled with the models.

However, MNET provided us a natural way to compute the entropproduction in NESA
systems. Moreover from the entropy production, ithapter 3 we computed the total en-
tropy produced, which was used to obtain the dissipative potenti@ssuming that minimum
changes in the total entropy produced correspond to the mosiable NESA structures.
Also, in chapter 6 we found the viability as a function of the dissipative potential, assum
ing a di usive process along the potential in the space of the orgaaiton degree parameter.
The expression of the viability is maximum for the minimum dissipative pantial, which is
our conjecture for NESA structures. Finally, we tested our comegture for two case studies
chapter 7, nding that the systems tend to be in the minimum of the dissipative ptential
(maximum viability).

Thermodynamic viability for NESA structures, as a function of the stropy produced,
is a new tool to determine if it is possible the formation of certain stetures in a sys-
tem. Particularly, the work presented byTetriakov, et al. is a particular case for a nite
organization degree parameter in steady state systems. On thther hand, the results
found in chapter 7 shows that self-organized systems are not "less" dissipative thaon-
self-organized systems (as found in geli cation process). Additially, from results found
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8 Conclusions

in chapter 7, the maximum entropy production principle is neither ful lled becausgin the

Liesegang patterns formation, the most viable structure does hoorrespond to the state of
maximum entropy production. Thus, the presented conjecturerpdicts that as a function
of the systems and phenomena taking place, the NESA structurewd be a minimum
or maximum entropy production state, nevertheless, we found & the most viable struc-
tures are in the minimum state of dissipative potential. Moreover, té viability can be seen
as a new variable to describe the evolution of NESA structures drivdoy dissipative forces.

Finally, the conjecture must be tested in other NESA systems to pve generality and try
to propose a principle or theorem. This might give us a di erent visionl@out evolution in
self-organized systems, such that this non-Darwinian approacbudd describe the evolution
driven by dissipative forces.
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9 Annexes

9.1 Geli cation data

9.1.1 Standard chemical potential per building block

Single and agglomerated bers are composed of BB. These blockseasbly spontaneously
because the speci ¢ standard chemical potential per assemblelddk "% decrease with the
number of blocks (4, < "9). This potential can be estimated using a simple relation
presented in [24], which is:

N
XN X1

N . (9.1)

wherex,; and xy are the concentrations of non-assembled and assembled BB resipely
at minimum Xx; (critical point for large structures). For a givenN, knowing x; and x5 we
can estimatexc, the critical concentration at equilibrium, which is:

n o

Xc = exp ﬁ , (92)

where ~0=79 2D Inserting Eq.(9.2) into Eq.(9.1), we obtain an expression for #
as a function ofN:

RT NxQ
A0 — W|n XNl : (9.3)

now we want to demonstrate that ~ ° is a monotonic function. Taking the rst derivative
of A © with respect toN and using Eq.(9.1), we obtain:

d/\ 0 RT n 0
N- N Rr M) =N 0ox L (9.4)

there isavalueN = N >> 1 such that;{—T0 In(x1) and % =0, therefore » ° does
not decrease in nitely. From this expression, we conclude that sictures such thatn >
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9 Annexes

N have the same standard chemical potential. Therefore struces havingn assembled
blocks, withn >N , have the same probability to be formed. From Eq.(9.4), we obtain:

RTIn(xn) RTIn(N).

A 0= >
RT In(x1) N N BN>1 (9.5)
9.1.2 Standard chemical potential
Let ¢ be the standard chemical potential for linear bersand 2= 2+ ¢ 0.

the standard driving force for the assembly of a linear ber, withn = 1;:::N. The next
requirements must be ful lled:

1.d %dn 0,8n
2.d 9%=dn 0,8n

3. 9% ,=0
4. 9=~19
5. % =N~
A function ful lling conditions 1 and 2 is:
0= a+ a exp(an): (9.6)
From conditions 3-5 we can be computay, a; and az. Now let g;m be the the standard
chemical potential of the agglomerated bers,and ., = 3.+ 5, 3+, the standard

driving force for the bers agglomeration, withm = 1;:::; M = 2N. The next requirements
must be ful lled:

1.d §,=dm 0,8m<N
2.d §,=dm 0,8m>N
3.d3,=dm=0, m=N

5. 9n = N}
The function ful lling the rst 3 conditions is:
0 =(agm?+ aym + as)m; (9.7)

whereas, a4, and a5 are found from conditions 3-5, as well.
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9.1 Geli cation data

9.1.3 The Potential barrier

In order to model the potential barrier, we rst consider the simpest case of a unimolecular
reaction in which A transforms into B. This reaction takes place along bistable potential
with maximum at , which is unknown, that correspond to the transition state, in whil
only two stable states are present, corresponding to=0 and = 1. From these thermo-
dynamic restrictions, we know the rst derivatives of the function Also we establish more
restrictions related to the standard chemical potentials and actation energy at = 0,

=land =  respectively. Additionally, the potential barrier is related to the eqilib-
rium probability distribution to nd certain state at , therefore if it is assumed that for
< the state is closer to the stateA and for the state is closer to the stateB,

the potential barrier could be related with the equilibrium distribution. Thus, there are at
least 7 conditions that the potential barrier must ful ll in order to be thermodynamically
consistent.

A function with 6 parameters is proposed, the easiest one is a polynial of 5th order,
which just have 3 extrema point in the interval [0,1]. Therefore, thgotential barrier is
given by:

()=" a 9.8)

where the constrains are:

@= 2 @= 3

()=max( () 3=
d () d () d ()

d o d 2 a . 0O
i ( ()=RT)d
. ex =
exp(( R )=RT)= E,B'eq - R
Aeq 0 exp( ( ):RT)d

This system of equations can enables to determine, and ¢;i = 0;1;::;5. For instance,
for ( 9)=RT = 1 and =RT = 5 we obtain the potential barrier, as is shown in
Figure.9.1

where = 0:4746 and the activation energy i€,=RT = 4:7252 which is smaller than
=RT . Additionally, the value of the maximum incre%sgs ih increases in the assembly of
linear bers. Thus ,( ,)/ max( ,(0); ,(1)+ kgT (n).
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Figure 9.1: Dimensionless potential barrier [KBT/KBT]

9.1.4 Fokker-Planck kinetics: activation

The activation of the building block is carried out in two steps, fronrDBC to DBC Me
and fromDBC Meto DBC ME,. Thus, the activation process takes place along the
4 coordinate, whereq = 0; 1; 2 corresponds to theg™ activation, with q= 0 representing
DBC,andqg=1the DBC Me. Let h, be the probability density to nd the g activated

state, which is described by the FPE for activation process:

A o) . @

ot @—qu( o) (9.9)

with the ux given by:

Jo( gist) = [l)(:c-tl;-q by qit)%:;t); (9.10)

where J, correspond to the ux of activated blocks appearing in the systenable to
self-assembly. Additionally,lhy and b, are proportional to the concentration ofDBC and
DBC Me respectively.

9.1.5 Fokker-Planck kinetics: second order structure

The second order structures are described in term of the prohbty density h,( n; dgn; n; nit)=N,
where v =[ n d4n n nl]. However, in this can one has,, 2 R"2%, , 2 R"?
because the dis-assembly could produce more than one dis-actabuilding block and

n 2 R due to just one way to dis-activate the second order structuretma rst order one
in a reversible way. The FPE for second order structures is given Bg.(9.11):

94



9.2 Liesegang data

2. x4 . .
@h(@_ft"t) = D (? 1_ g?' +In o + hpg gg' (9.11)
i=1 n;i n;l n;i nil
9.1.6 Di usivity

Values for the di usivity of each sub-process are presented in thiable below. We found
that the di usivity could depends on N, the maximum number of building blocks that can
be assembled.

First order activation Dactq 1:1250 10 °
Second order activation | Dgjp 100
First order self-assembly | D, 6:25 10°
Second order self-assemblyDs:1.m 10 Pexp(N)
First order dis-assembly | Dy 1165 tanh(0:01 (N 10))+0:1125
Second order dis-assembly Do, | (8 tanh(0:01 (29 10))+1:5)1Fexp( N)

9.1.7 Average size bers

For N =56 we show the average size of the bers.

15

=
o
T

Average fiber size
(6]

0 100 200 300 400 500 600 700 800 900
Time [hr]

Figure 9.2: Average size bers

9.2 Liesegang data

9.2.1 Structure diameter

As was mentioned, the structure growth is inversely proportionaibo the electrolyte con-
centration (Cg), therefore we write:
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d

o ! G (9.12)

taking the limit for both :

dd
= KCs (9.13)

integrating from the limit where was placed the membraner(= rjy, ) until r, we have
the relation between the structure diameter and the electrolyteoncentration Cg :

d(r) = do+ K In(Cg(r = rim )=Cg(r)); 8r>rn (9.14)

9.2.2 Physical properties

Physical properties as thermal conductivity, heat capacity and ehsity are approximately
similar to water around 375 Celcius degrees. Di usivity fn>=g] for each component in the
system is:

Dc 10° | Dg 10 | Do 10 | Da, 10 | Dg 109 | Dg, 10%9

n m

400 100 100 10 10 0

On the other hand, the standard reaction heat, the estimated &eation energy, the for-
ward kinetic constant and the change of the standard chemical famtial for each process
is presented:

process 1 process 2 process 3 process 4
k" [m®=moFs] 100 100 100 22 10°
hP=RT 7:6 384 0:1 76 10
Ea;=RT 4 2 2 10
O=RT 5 140 0 14000
where according to the quasi-stationary approactk = kj+ exp J-O:RT :

9.2.3 Liesegang patterns and Agglomeration number

Liesegang patterns are showed in Fig.9.3(a). Agglomeration humbas a function of the
position is showed in Fig.9.3(b).
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Figure 9.3: Liesegang patterns and Agglomeration number
9.3 Number of rings and average distance between the

rings as a function of the organization parameter

Here we show how the organization parameter=1 also a ects the number of Liesegang
rings (bands) the average distance between the rings, thus atey the total entropy
produced. Therefore, here we illustrate how the non-ideal (orridamental) organization
parameter E! cause the non-monotonic behavior of the total entropy produde

Average distance [mm]
Number of rings

'
s0F ! o ! ! | —— Total entropy produced

= = Total entropy produced||
" : ! Number of bands
n n . . . . T : :
0.04 0.06 0.08 01 0.12 0.14 0.16 018 0.2 0.04 0.06 0.08 01 0.12 0.14 0.16 018 0.2
organization degree parameter, 1iv organization degree parameter, 1iv

Average distance between rings
n n

(a) Average distance between rings (b) Number of rings

Figure 9.4: Number of rings and average distance between the rings vsanigation pa-
rameter 1=! . Dashed red line correspond to optimal points of the total entrgp
produced. Dashed blue lines correspond to in ection points in the tal en-
tropy produced.

In Fig. 9.4, dashed red lines shows the match between optimal (maxim and mini-
mum) points of the total entropy produced with in ection points in the amplitude. Dashed
blue lines correspond to in ection point in the total entropy produed and extreme point
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in the amplitude. Nevertheless, rst dashed blur line correspond fan ection points for
both function, while last dashed red line correspond to extreme poifor both functions.

Related to the number of the bands, in Fig.9.4 we found that sharp jops (decrements
or high increments) in the number of the bands correspond to in éon points of the total
entropy produced. While extreme points of the total entropy prduced are closely related
to the at region of constant number of bands.

9.4 Viability for uniform structures in Liesegang patterns

Here we explore di erent values fody. We found that while for! the results were marked,
there is not a maximum very marked for some,, therefore we can say that nature could
evolve in a wide space fody, as shown in Fig. 9.5(a). Also, the total entropy production
as a function ofdy is shown in the Fig. 9.5(b):

= =
o =

Viability

Total entropy produced [J/Km3]

140 160 180 200 220 240 260 5

. . 100 150 200 250 300
organlzatlon degree parameter, dO organization degree parameter, do
(a) Viability vs. do (b) Total entropy produced vs. dy

Figure 9.5: Total entropy produced and thermodynamic viability as a funébn of the
organization parameterd,
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