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Abstract  
 

Cold heavy oil production with sand (CHOPS) is a single well technology that involves the deliberate 

initiation and sustaining of sand inflow into the wells using progressive cavity pumps (PCP) to produce 

at oil high rates with a subsequent high-pressure drawdown around the wellbore and improvement in oil 

well productivity. CHOPS is a primary recovery method extensively used in the world as a profitable 

and simple technology. Foamy-oil flow and wormhole formation are the main mechanisms of CHOPS, 

where aggressive sand production is a consequence of geomechanical issues such as elastoplastic 

behavior, stress redistribution, failure criteria, pressure gradient, erosion, and sand liquefaction.  
 

The general objective of this thesis is to build a numerical model to predict and explain massive sand 

production during cold heavy oil production by coupling fluid flow with geomechanics and considering 

stress redistribution and erosional processes. This research also identifies the relevant phenomena of 

massive sand production and describes the interaction between geomechanical and erosional processes. 

A methodology is proposed to model the initiation and propagation of wormholes based on 

geomechanical behavior. 

 

A 3D-single well model is built to understand the cold heavy oil production with sand, considering 

relevant dynamics such as stress redistribution and the interaction between geomechanical and erosional 

processes, by coupling fluid flow with geomechanics. This model couples a three-phase fluid flow model 

and an elastoplastic model and integrates other models: a sand production model, a foamy-oil module, 

and a conceptual model for wormhole formation. This coupled model is verified and validated firstly by 

components and lately integrating step by step the different components using commercial software such 

as ABAQUS® and CMG®. Field cases are run to calibrate the parameters of the sand production model 

resulting in low sand levels, a case with the main characteristics of a CHOPS well is run and its results 

are analyzed, and a sensitive study is performed to evaluate the impact of variables such as pressure 

drawdown, cohesion, internal friction angle, and stress regime. Finally, a special case is built combing 

all variables and looking to promote sand production with successful results. 

 

Keywords: cold heavy oil production with sand, CHOPS, sand production, heavy oil. 
 





 

Res umen  
 

La producción en frío de crudo pesado con arena (CHOPS) es una tecnología de un solo pozo que 

involucra el inicio deliberado y el mantenimiento del flujo arena a los pozos utilizando bombas de 

cavidad progresiva (PCP) para producir petróleo a altas tasas con un subsiguiente alto gradiente de 

presión alrededor del pozo. y mejora en la productividad de los pozos de petróleo. CHOPS es un método 

de recuperación primaria ampliamente utilizado en el mundo como una tecnología rentable y sencilla. El 

flujo de crudo espumoso y la formación de agujeros de gusano son los principales mecanismos de 

CHOPS, donde la producción agresiva de arena es consecuencia de problemas geomecánicos como el 

comportamiento elastoplástico, la redistribución de esfuerzos, los criterios de falla, el gradiente de 

presión, la erosión y la licuefacción de la arena. 

 

El objetivo general de esta tesis es construir un modelo numérico para predecir y explicar la producción 

masiva de arena durante la producción en frío de crudo pesado acoplando el flujo de fluidos con la 

geomecánica y considerando la redistribución de esfuerzos y los procesos de erosión. Esta investigación 

también identifica los fenómenos relevantes de producción masiva de arena y describe la interacción 

entre los procesos geomecánicos y erosivos. Se propone una metodología para modelar la iniciación y 

propagación de agujeros de gusano basada en el comportamiento geomecánico. 

 

Se construye un modelo de pozo único en 3D para comprender la producción en frío de crudo pesado 

con arena, considerando dinámicas relevantes como la redistribución de esfuerzos y la interacción entre 

los procesos geomecánicos y erosivos, al acoplar el flujo de fluidos con la geomecánica. Este modelo 

combina un modelo de flujo de fluido trifásico y un modelo elastoplástico e integra otros modelos: un 

modelo de producción de arena, un módulo de crudo espumoso y un modelo conceptual para la formación 

de agujeros de gusano. Este modelo acoplado es verificado y validado primeramente por componentes y 

posteriormente integrando paso a paso los diferentes componentes utilizando software comerciales como 

ABAQUS® y CMG®. Se corren casos de campo para calibrar los parámetros del modelo de producción 

de arena resultando en bajos niveles de arena, se corre un caso con las principales características de un 

pozo CHOPS y se analizan sus resultados, y se realiza un estudio de sensibilidad para evaluar el impacto 

de variables como como el gradiente de presión, la cohesión, el ángulo de fricción interna y el régimen 

de esfuerzos. Finalmente, se construye un caso especial combinando todas las variables y buscando 

promover la producción de arena con resultados exitosos. 

 

Palabras clave: Producción en frío de crudo pesado con arena, CHOPS, producción de arena, crudo 

pesado. 
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Nomenclature  

 

Latin symbols  

ὃ = Cross-sectional area, [ft2]. 

ὥ = Experimental parameter (Detournay sand production criterion), ὨὭάὩὲίὭέὲὰὩίί. 

ὄ = Formation volume factor (FVF) ï Liquid FVF, 2"Ⱦ34"; Gas FVF,2"ȾÓÃÆ. 
ὅ = Concentration of sand grains (Vardoulakis sand production criterion), ὪὶὥὧὸὭέὲ. 

ᴇ = Stiffness matrix (constitutive ï elastic) 

ὧ = Compressibility ὴίὭ 

Ã = Coefficient of equivalent plastic strain for the associated flow of Drucker & Prager. 

Ὠ = Derivative function. 

‬ = Partial derivative function. 

ὨὩὸ = Determinant. 

ὨὭὥά = Diameter. 

ÄÉÖ = Divergence. 

Ὁ = Young modulus, ὴίὭ 
▄ = Canonical vector. 

Ὂ = Function. 

& = Yield function. 

Ὢ = Right side of the stress-strain constitutive system. 

Ὢ = Failure or entrained-gas volume fraction (foamy oil). 

G = Shear modulus (second Lameôs constant), ὴίὭ 
Ὣ = Gravitational acceleration, σςȢρχτ ÆÔȾί  ï shear potential function. 

ἒ = Finite dimensional subspace. 

Ὤ = Plasticity function 
Ὥ = Experimental parameter (sand production). 

Ὅ = Stress invariants or identity matrix. 

ὐ = Deviator stress invariants or Jacobian 

ὑ = Bulk modulus, ὴίὭ  
ɣ = Global stiffness matrix. 

ὑ = Reference element -8-node hexahedron. 

Ὧ = Permeability (scalar), άὈ. 

▓ = Permeability tensor. 

ὓ = Molecular weight 

ά = Mass, ÌÂÍ or viscosity constant (foamy oil).  

ὔ = Number 

ἶ = Normal unit vector. 

ὲ = Number of blocks. 

ὴ = Phase pressure, pressure, ὴίὭ. 
ή = Volumetric flow rate. ï Liquid flow rate34"Ⱦ$, Gas flow rate, ÓÃÆȾ$ 
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ή = Volumetric discharge (sand production). 

ή  = Drucker and Prager material constant (coefficient of pressure sensitivity). 

Ὑ = Gas universal constant. 

Ὑί = Solution GOR, [ÓÃÆȾ34"]. 
Ὓ = Saturation ÆÒÁÃÔÉÏÎ or boundary surface (sand production) or salinity, Ϸ  

▼ = Deviator stress tensor. 

Ὕ = Temperature, ᴌ  or transmissibility. 

ὸ = Time, Ὀ 

ὸὶ = Trace function. 

Ἵ = Displacement tensor. 

Ö  = Real velocity scalar ÆÔȾÓ or test functions (FEM). 

Ἶ  = Real velocity vector. 

ὠ = Volume, ÆÔ. 
ὼ = Foamy oil mass fraction, ÆÒÁÃÔÉÏÎ. 

ώ = Free gas mass fraction, ÆÒÁÃÔÉÏÎ. 

ᾀ = Depth, ÆÔ 
Z = Gas compressibility factor, ÄÉÍÅÎÓÉÏÎÌÅÓÓ. 

 ɳ = Divergence function. 

 

Greek symbols  

‌ = Biotôs coefficient, ὨὭάὩὲίὭέὲὰὩίί or entrained gas fraction (foamy oil) 
‌ = Volume conversion factor. 

‍ = Transmissibility conversion factor. 

ῲ = Polyhedral boundary. 

‎ = Phase gravity, ὴίὭȾÆÔï shear stress, ὴίὭ. 
‎ = Gravity conversion factor. 

 .Kroneckerôs delta function = ‏

Ў  = Gradient function. 

‭ = Strain, ÄÉÍÅÎÓÉÏÎÌÅÓÓ. 

Ⱡ = Strain tensor. 

‚ = Internal variable. 

– = Node. 

‖ = Constant of yield function. 

‖  = Drucker and Prager material constant (shearing cohesion). 

יִ  = Mesh. 

‘ = Phase viscosity, ὧὖ  
’ = Poisson ratio, ÄÉÍÅÎÓÉÏÎÌÅÓÓ  

‗ = Experimental sand production parameter (Detournay sand production criterion). 

‗ = First Lameôs constant, ὴίὭ 
ɤ = Plasticity scale multiplier. 

” = Density, ÌÂÍȾÆÔ. 
ɮ = Phase potential, ὴίὭ. 
• = Mohr-Coulomb internal friction angle, Ј. 

‰  = Effective porosity, ÆÒÁÃÔÉÏÎ or Flash fraction (foamy oil), ÆÒÁÃÔÉÏÎȢ 
‪ = Dilation angle, Ј. 



20  Numerical modeling of massive sand production during cold heavy oil production  

 

„ = Stress, normal stress, ὴίὭ. 
 .Finite family of polygons = כ

† = Cohesion, ὴίὭ. 
† = Normal stress, ὴίὭ. 
ɱ = Lipschitz domain. 

.Integration parameter = ‫ 

 

Subscripts  

ὃὖὍ  = API (American Petroleum Institute). 

ὄ  = Bottom. 

ὦ  = Bulk (volume) or bubble point(pressure). 

ὦὧ = Bulk volume change due to mean stress pressure (compressibility). 

ὦὴ = Bulk volume change due to pore pressure (compressibility). 

ὧ = Capillary (pressure) or connate (saturation). 

ὧὶ = Critical. 

Ὠέ = Dead oil 

Ὁ = East. 

Ὡ = Element. 

ὩὫέ = Entrained gas. 

ὩὲὨ = End.  

Ὢ = Fluid or cavity (sand production)  

Ὢέ = Foamy oil. 

Ὣέ = Gas ï oil. 

Ὄ = Maximum horizontal (stress). 

Ὤ = Minimum horizontal (stress) or subspace of Ὄ 

Ὄὅ = Hydrocarbon gas mixtures. 

Ὥ = Phase index (oil, water, gas, or foamy oil). 

ὭȟὮȟὯ = Direction index. 

Ὥὶ = Irreducible 

ὒ = Local. 

ὰ = liquid 

 ά = Mean or Corey exponent for free gas 

άὥὼ = Maximum. 

ὔ = North. 

 ὲ = Normal to the wellbore wall for discharge rate or Corey exponent 

έȟύȟὫ = Oil, water, gas phase. 

έύ = Oil ï water. 

ὴ = Pore (pressure) or porous (volume), or producing (gas-oil ratio). 

ὴ = Pseudo bubble-point (foamy oil). 

ὴὧ  = Pore volume change due to mean stress (compressibility) or pseudo-critical (ὴ or Ὕ).  

ὴὴ  = Pore volume change due to pore pressure (compressibility). 

ὴὶ  = Pseudo-reduced. 

ὶ = Real for velocity, residual (saturation or frictional angle), or relative (permeability). 

ὶȟ—ȟᾀ  = r, —, z direction, respectively. 

ὶὩὪ = Reference. 

Ὑὅ = Reservoir conditions. 
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Ὓ = South. 

ί = Solid or sand. 

ίὴ = Separator conditions. 

Ὓὅ = Standard Conditions. 

Ὕ = Top. 

ὺ = Volumetric. 

Ö = Vertice or vertical (stress). 

ὺὴ = Viscoplastic. 

ὼȟώȟᾀ = ὼȟώȟᾀ direction, respectively. 

ὡ = West. 

ὡὦ = Wellbore (boundary). 

ύ = Wellbore (radius). 

ύὪ = Wellbore flowing (pressure). 

π = Initial. 

 

Superscripts  

ᴂ = Effective, derivative (capillary pressure or solution GOR ). 

π = Mean (pressure). 

π = Rate. 

π = Source/sink term as mass rate per total volume per time unit. 

Ὡ = Elastic. 

Ὅ = Elastic guess. 

ά = Corey exponent for free gas. 

ὔ = New. 

ὲ = Corey exponent for foamy oil or other phases. 

ὴ = Plastic. 

ὕ = Old. 

ὴί = Plastic strain. 

ὶὩὪ = Reference. 

ί = Shear. 

ὸ = Tensile. 

Ὕ = Total or transpose matrix. 

 
 





 

Chapter 1. Introduction  
 

1.1  Overview  
 

 

Heavy oil reservoirs are the largest hydrocarbon reserves of the worldôs total oil resources of 9 to 13 

trillion barrels, being essential in worldwide oil production (Shafiei & Dusseault, 2013). Presently, the 

abundance of oil resources and the prospect of reducing oil demand promote a change in global oil 

supplies. Mainly, low-cost producers may use their competitive advantage to rising market share. So, 

heavy oil reservoirs compete with feasibility and low cost to supply energy demand. The challenges are 

still about extracting, recovering, producing, and selling heavy oils under shifting economic rules and 

with minimal environmental impact. 

 

To get these challenges, there are technical difficulties in heavy oil extraction because of the 

characteristics of the formation, weak and unconsolidated sandstones, and the contained fluids, in terms 

of density and viscosity. The production of sand grains from unconsolidated sandstones under viscous 

fluid flow is inevitable. Sand production has been found to increase effectively productivity in heavy oil 

reservoirs, but it can also lead to geomechanical problems. 

 

Cold Heavy Oil Production with Sand (CHOPS) is the principal heavy oil production technology, which 

is a primary and non-thermal recovery method that implies the deliberate initiation and sustaining of sand 

influx into the wells using progressive cavity pumps (PCP) to enhance production rates and to assurance 

operating reliability (Dusseault, 2002, 2009). CHOPS has become a profitable mainstream strategy for 

heavy oil reservoirs due to its low operational costs and relatively high recovery factors, compared to the 

thermal recovery methods and horizontal wells (Dusseault & El-Sayed, 2000; Young, Mathews, & Hulm, 

2011; Bybee, 2011). 

 

Colombia is framed in the mid-moon that connects the heavy oil basins from Venezuela and Ecuador. 

Colombia, according to this location, appears to be a sedimentary basin with similar characteristics and 

large heavy oil reserves. Hence, despite the challenges of the exploitation of heavy oil reservoirs and the 

previous experience in this technology, cold heavy oil production with sand is projected as an attractive 

and rentable alternative to the exploitation of heavy oil reservoirs in Latin America, especially in 

Colombia.  

 

1.2  Problem statement  
 

This work is part of a research project Ecopetrol ï Colciencias 264: ñGeomechanical Aspects of the 

Production and Recovery of Heavy and Extra Heavy Oils,ò which is framed in the theme of technological 

tools to optimize the production and increase the recovery factor in heavy oil reservoirs, and so reducing 

the technological gap of the oil and gas industry of Colombia. 
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Applied geomechanics to reservoir simulation is a modern strategy in modeling for some oil and gas 

reservoirs, where stresses and strains play an important role in reservoir performance and productivity. 

 

Heavy oil development is far more geomechanical demanding than conventional oil development. Cold 

heavy oil production with sand involves different physical mechanisms that require geomechanical 

handling to model the phenomena' complexity. The literature review reveals the successful applications 

of this technique at a field scale and indicates that understanding the fundamentals of sand production is 

a key factor in successful production involving massive continuous sanding. These processes include 

foamy oil behavior, wormhole formation, stress redistribution, and complex fluid flow. Inter-relating 

their physical mechanisms requires coupling fluid flow and geomechanical processes (Young, Mathews, 

& Hulm, 2011; Guo, Gao, Ai, & Qu, 2012; Sanyal & Al-Sammak, 2011; Rangrizshokri, 2015). 

 

Advanced numerical models have been applied to predict the onset of sand production during cold heavy 

oil production, but most of them are unable to give a reliable estimation of sand production and its 

response to oil production. Other attempts have been used in conventional numerical reservoir simulators 

to model cold production with sand, but do not incorporate capabilities to model the complex 

geomechanical processes responsible for the failure of poorly consolidated formations in cold heavy oil 

production with sand (Rivero, Coskuner, Asghari, Law, Pearce, Newman, Birchwood, Zhao, & Ingham, 

2010). 

 

Because of the large amounts of sand and water produced in processes such as cold heavy oil production, 

realistic simulation models are required to ensure safe operations and optimize complex large-scale 

production. Understanding the dominant mechanisms governing these phenomena will help include 

additional components in a more robust model for CHOPS.  

 

1.3  Background  
 

Cold production with sand involves different physical mechanisms like foamy oil behavior, wormhole 

formation, massive stress redistribution, sand liquefaction, and complex fluid flow (oil, gas, water, and 

sand). Specifically, aggressive sand production has been modeled as responding to foamy oil flow and 

wormhole formation. 

 

Foamy oil behavior is responsible to reduce in-situ oil viscosity and high apparent critical gas saturation 

due to trapped gas bubbles in heavy oil, resulting in solution gas drive. This process is still a discussion 

issue because the small quantities of gas are not necessarily significant to be a reservoir drive mechanism 

(Ruifeng, Xintao, Xueqing, Xianghong, Xinzheng, Li, & Xiaoling, 2011). 

 

During cold heavy oil production, sand will be produced by the interaction between geomechanical and 

erosional processes; sand grains are removed from the solid matrix due to fluid and stress gradients, both 

resulting from high-pressure drawdown (Wang, Yale, & Dasari, 2011). 

 

If the pressure drawdown is great enough to destroy the internal binding forces of sand particles, sand 

tends to produce together with oil, thus generating wormholes. A wormhole is a space or cavity in the 

formation that continually increases in size and creates regions of enhanced permeability and porosity, 

which contribute to oil productivity (Ruifeng et al., 2011). The formation and growth of wormholes have 

been modeled in terms of the disturbed zone to incorporate permeability and porosity dynamics. Three 
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mathematical models have been applied in different commercial simulators: skin factor, mobile 

permeability, and wormhole spreading. Alternative methods use probabilistic models to describe the 

wormholes' network and its propagation in the reservoir. However, these techniques do not couple 

accurately the geomechanical issues (Pan, Chen, Sun, Bao, Xiao, & Wang, 2010; Istchenko, & Gates, 

2011; Du, Jiang & Chen, 2009; Foo, Chee, Zain, & Mamora, 2011). 

 

Understanding how the wormholes will initiate and how they will propagate gives us the capacity to 

predict more economical and producible zones, adjust the completion program, decrease costs by not 

completing sands that will not produce, and finally improve the well placement. 

 

The altered regions can be considered damaged zone due to changing permeability and porosity. The 

stress field, which has a significant impact, changes at two different scales, one around the wellbore and 

the other in the reservoir itself. For some researchers, stress redistribution is what governs oil and sand 

production, affecting directly geomechanical stability (Wang, Yale, & Dasari, 2011; Rivero et al., 2010). 

 

Sand production phenomena are governed by the interaction between geomechanical and erosional 

processes with three relevant components: erosion, stresses, and pore pressure (Wang, Yale, & Dasari, 

2011). 

 

Modeling sand production presents significant numerical challenges because it is coupled geomechanical 

and fluid flow process, and also because the productions are from weakly consolidated reservoirs where 

the material behavior is very complex (Guo, Gao, Ai, & Qu, 2012; Young, Mathews, & Hulm, 2011). 

 

Thus cold heavy oil production with sand requires a numerical model coupling fluid flow with 

geomechanics, considering the relevant mechanisms such as stress redistribution and the interaction 

between geomechanical and erosional processes, to predict sand production and optimize oil 

productivity. 

 

The construction of a numerical simulator coupling fluid flow and geomechanics and including the effect 

of stress redistribution and erosional processes, and the massive sand production during cold heavy oil 

production constitutes a powerful tool to predict and understand the complex phenomena, and to optimize 

the oil recovery. 

 

This research investigates the phenomena associated with cold heavy oil production with sand, in the 

simplest possible way with academic rigor, including the interaction between geomechanical and 

erosional processes to model the sand production, the effect of the stress redistribution on the formation 

and propagation of wormholes and the effect of the conditions of the massive sand production on 

production performance. With this understanding, a 3D single well model is built that couples a fluid 

flow model that includes foamy oil with an elastoplastic model. This model also includes an alternative 

methodology for wormhole initiation and propagation to simulate different scenarios for cold heavy oil 

with sand. 

 

 

 

 

 



26  Numerical modeling of massive sand production during cold heavy oil production  

 

1.4  Objectives  
 

1.4.1  General objective  

 

To investigate the massive sand production during cold heavy oil production by coupling fluid flow with 

geomechanics and considering stress redistribution and erosional processes. This objective is achieved 

by building a numerical model that simulates the physics associated with cold heavy oil production 

processes. 

 

1.4.2  Specific objectives  

 

The specific objectives of this research can be stated as follows: 

 

i. To identify the relevant phenomena of massive sand production during cold heavy oil production. 

 

ii.  To investigate the interaction between geomechanical and erosional processes, during sand 

production in cold heavy oil production. 

 

iii.  To develop a methodology to define the initiation and propagation of wormhole paths based on 

geomechanical behavior during massive sand production in cold heavy oil production. 

 

iv. To investigate the reservoir geomechanical stability for cold heavy oil production with sand, 

considering the impact of stress redistribution on sand production and oil productivity. 

 

1.5  Outline  
 

This thesis has been divided into seven (7) main chapters. Following the introduction contained in 

Chapter 1, a summary of the basics of cold heavy oil production with sand and the state of the art are 

presented in Chapter 2. The basics include the mechanisms associated with CHOPS, foamy oil, and 

wormholes. The state of the art is performed to find out what has been published concerning the cold 

production process itself, foamy oil, wormhole formation, and elastoplasticity and to gain knowledge 

from the experience cumulative on massive sand production in the last few decades. Chapter 3 presents 

the general model as a 3D single well model coupling a fluid flow model to a geomechanical model, 

including for both models the initial and boundary conditions. Chapter 4 contains the CHOPS model, 

which consists of independent modules such as the foamy oil, sand production, and wormholes models 

to integrate into the general model. The validation for each one of the components of the modules is 

included in Chapter 5. Chapter 6 presents the results of applying the model to some field cases. Chapter 

7 contains the conclusions and recommendations of this research. 

 
 



 

Chapter 2. State of the art  
 

This chapter consists of two parts, the first one presents the basics and terminology of cold heavy oil 

production (CHOPS) to have a common language to use throughout the next sections and the second one 

presents the state of the art of the CHOPS itself and each one of components: sand production, foamy 

oil, wormhole formation, and elastoplasticity. 

 

2.1  Basics of cold heavy oil production with sand ð CHOPS  
 

This preliminary section describes the basics of cold heavy oil production with sand (CHOPS) based on 

Dusseault (2002, 2009), who describes in detail the features of this technology and the mechanisms 

governing the associated phenomena.  

 

Cold heavy oil production with sand is used in heavy oil exploitation where sand delivery improves the 

oil well productivity. This single-well technology is a non-thermal recovery method that implicates the 

deliberate initiation and sustaining of sand influx into the wells using progressive cavity pumps (PCP) to 

increase production rates and guarantee operating reliability (Dusseault, 2002, 2009). The last version of 

this technology consists of cold production of a foamy extra-heavy oil field using horizontal wells in the 

Carabobo Area, the eastern Orinoco Belt (Yang, Li, Xu, Shen, & Shi, 2021). 

 

This technology is functional in unconsolidated sandstone reservoirs to raise the production rate by the 

massive sand influx. CHOPS is defined as the primary recovery method because it exploits natural energy 

sources in the reservoir: energy from gas dissolution and expansion and energy from the downward 

motion of the overburden. Unconsolidated sandstone reservoirs exhibit porosities of around 30% 

containing heavy oils with high viscosities in the range of 500 to 15,000 cP. The mean characteristics of 

these reservoirs are listed in Table 2 ï 1. 

 

Table 2 ï 1. Mean characteristics of unconsolidated sandstones (Dusseault, 2002). 

PARAMETER RANGE 

Depth (ft) 1200 ς 2800 
Porosity (%) 28 ς 32% 
Permeability (D) 0.5 ς 4.5  
Oil Viscosity (cP) 500 ς 15000 
Oil Saturation 0.72 ς 0.88 
Gas Saturation 0.0 
Pore Pressure (psi) 378 ς 1160 
Grain size (‘Í) 120 
Clay content (%) < 5% in oil-saturated zone 
Asphaltene content (%) 12% (11°API) ς 5% (17°API) 
Gas in solution  > 90% CH4 and <10% CO2 

 

However, CHOPS implicates massive sand influx that responds mostly to two main mechanisms: foamy-

oil flow defined as solution gas drive with entrained bubbles that maintains the pore pressure and 
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therefore the flow rate and increases the fluid mobility, and wormholes that are cavities or spaces 

generated during the massive sand production improving permeability and porosity. This last mechanism 

is the consequence of geomechanics aspects such as elastoplastic behavior, stress state redistribution, and 

sand liquefaction.  

 

Sand output increases oil production. To apply the principle that massive sand production would increase 

the well productivity, it would be necessary to initiate and maintain sand influx using progressive cavity 

pumps (PCP) to get high oil rates. CHOPS can increase oil production from 5 to 20 times and oil recovery 

from 12% to 20% OOIP. Then, sand is seen as an asset because more sand means more oil. Cold heavy 

oil production with sand is about to produce massive sand while producing oil. This means sanding at 

critical flow conditions, that is, high flow rates. 

 

Sanding remains the dominant mechanism, which is associated and sustained due to the continuous 

yielding of the formation around the wellbore under the combined effects of overburden stress and lateral 

unloading, gas evolution, and drag forces. The sand production starts typically at the wellbore sand face, 

where a disturbed zone is formed during drilling and completion operations. The sand grains and oil flow 

together to decrease the in-situ stresses and cause the disturbed zone to grow into piping channels filled 

with slurry formed by the foamy oil and sand. So, the slurry flow increases fluid mobility and the process 

is cyclically repeated, rising well productivity because of enhanced fluid conductivity and the zone 

around the wellbore with improved porosity and improved permeability. The continuous sanding process 

reduces progressively the well production because of the gradual depletion of the reservoir. These 

combined effects give a peak production followed by a gradual decline as the depletion effects begin to 

dominate with time. Figure 2 ï 1 presents the oil and sand production rates for a well under CHOPS 

technology. 

 

 
Figure 2 ï 1. Oil and sand production rates for a typical CHOPS well (Modified after Dusseault, 2002). 

 

The oil production rate increases at a maximum of several months after placing the well on production, 

and then it slowly decays as the reservoir depletion effects begin to dominate and there is less reservoir 

energy available to drive well productivity. This is considered a production cycle for a CHOPS well with 

a duration from six to thirty months. Table 2 ï 2 presents the mean production characteristics of CHOPS 

wells.  
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Each production cycle finishes with production declination that is recovered by a workover operation. A 

successful workover operation can partly reestablish the oil and sand rate but generally not to levels as 

high as the first cycle. CHOPS wells may experience several workovers during their life, and each 

workover usually results in a surge of oil and sand production, although diminishing in magnitude with 

each cycle. These continuing cycles extend the production life of CHOPS wells from 2 to 10 years. Figure 

2 ï 2 presents the production cycles separated by workover to maintain sand influx for a typical CHOPS 

well. 

 

Table 2 ï 2. Production characteristics for a typical CHOPS well (Dusseault, 2002). 

PARAMETER RANGE 

Sand production before CHOPS (%) 0.5 ς 10% 
Initial sand production ς peak (%) 10 ς 40% 
Sand production per year (TON) 500 ς 800 
Oil production (bbl/d) 100 ς 250 
Oil Recovery Factor (%) 12 ς 20% 
Productivity  5 ς 20X 
Production time (years) 5 ς 12  

 

 
Figure 2 ï 2. Production cycles for a typical CHOPS well (Modified after Dusseault, 2002). 

 

2.1.1  Mechanisms of cold production with sand  
 

As mentioned earlier, cold production with sand is governed by foamy oil and wormhole formation. 

However, in CHOPS technology, a set of driving forces is responsible for the continued sand production 

that generates higher oil production rates (Dusseault, 2002): 

 

¶ Gravitational forces as vertical stresses increase from overburden that causes yielding and dilating 

of the formation. 

 

¶ The reservoir pressure decreases up the bubble-point pressure because of the bottom-hole pressure 

reduction. At this pressure level, the fluid behaves as foamy oil, which appears as a solution gas drive 

with entrained bubbles that maintain the pore pressure and the flow rate, liquefy, and keep sand on 

suspension, forming a slurry that increases the flow velocity and mobility. 
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These mechanisms operate at different scales with different effects. Gravitational forces act at the scale 

of the entire reservoir and overburden. The sand liquefaction and sand suspension happen at the grain 

scale. At an intermediate scale, a wellbore scale, the generation of a foamy bubble phase in the moving 

slurry has an important effect on the pressure gradient and thus on the sand suspension and the flow 

velocity to the well. 

 

Also, these drive forces generate other effects that complement the cold production and raise the flow 

rate (Dusseault, 2002): 

 

¶ Aggressive and continuous sand influx increases fluid mobility and grows the disturbed zone 

around the wellbore that is characterized by enhanced properties: high porosity and high permeability. 

 

¶ Solution gas behavior in the form of entrained-gas bubbles destabilizes sand, maintains fluid 

pressure, and improves the production rate. 

 

¶ Skin effect removal because the massive sand influx maintains the wellbore region without 

blockage by precipitated asphaltenes, fine-grained particles, or mineral deposits. 

 

Although the main mechanisms for massive sand influx are foamy oil and wormhole formation, sand 

production has influenced several geomechanical processes arising from changes in petrophysical and 

mechanical properties, which involve a continuous dynamism in the stress state around the well and in 

the reservoir itself. Important reservoir properties change during the CHOPS process. Figure 2 ï 3 

presents the mechanisms governing the CHOPS processes. 

 

 
Figure 2 ï 3. Mechanisms of CHOPS (Modified after Dusseault, 2002). 

 

2.1.2  Foamy oil  

 

Heavy oils differ considerably from conventional oils in viscosities and thermodynamic properties, 

especially in some cases, in which heavy oils display a foamy-oil behavior. The gas-oil interface 

stabilizes due to the presence of asphaltenes and the crude oil behaves as a gas-oil emulsion (Tang, 

Temizel & Kovscek, 2006).  
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In conventional oils, the gas evolves from solution when the formation pressure reaches the bubble-point 

pressure; these bubbles coalesce with each other to form a free gas phase and the number of gas bubbles 

increases in the liquid phase as pressure goes down. The generation and coalescence of these bubbles are 

usually instantaneous. The gas starts to flow once the critical gas saturation is achieved. However, in 

heavy oils, the gas bubbles that evolve from solution do not coalesce with each other easily, and stay as 

entrained gas in the solution; and the fraction of entrained gas increases as pressure decreases and initiates 

flowing as a free gas phase only at a pressure notably less than the conventional oilôs bubble-point 

pressure (Kraus, McCaffrey & Boyd, 1993; Joseph, Kamp & Bai, 2002). 

 

Foamy oil is a mixture of oil, water, and small gas bubbles that is related to the release mechanism of 

dissolved gas. This is a type of solution gas drive, in which the entrained gas bubbles in the solution 

delayed the bubble coalescence and the free gas formation. Foamy oils have gas in solution, more than 

90% is methane (CH4) and less than 10% is carbon dioxide (CO2) (Dusseault, 2002). 

 

The gas is close to saturation in dissolved form in the liquid phase because the bubble point usually is at 

or near the pore pressure. The gas release starts as small bubbles due to the high drawdown, but these 

bubbles do not coalesce rapidly to form a continuous phase, keeping as entrained bubbles during flow to 

the wellbore and rising in size as the pressure declines. Then, these bubbles act as an internal drive force, 

expanding and driving the slurry into the wellbore at a velocity greater than the one predicted by 

conventional liquid flow theories. 

 

The foamy oil is formed in an induction zone, where the bubble nucleation occurs in response to pressure 

decline. Part of the gas bubbles is trapped in the solution in the oil into a pore due to a pressure gradient. 

This foam (entrained gas in the oil) tries to move but gets blocked in the pore and impedes the flow 

through the pore throat, thus reducing the flow capacity in the porous media and raising the local gradient 

pressure. This leads to destabilizing sand from the formation matrix because of an increment of the drag 

force on the grains. At some point deeper in the induction zone, the pressure gradient becomes high 

enough and the friction forces are low enough to achieve detachment and discharge of individual grains 

from the matrix, in what is known as sand liquefaction. This removal of sand grains occurs 

simultaneously at many sites around the well.  

 

Although bubbles move with the fluid and discrete gas channels are developed in these wells, there is no 

direct drainage mechanism to deplete gas pressures far within the reservoir. Thus, gas-oil ratios (GOR) 

remain constant, often for years, and virgin pressures are sustained. Hence, solution gas in the form of 

bubbles destabilizes sand, maintains pressure in the fluids, and accelerates the flow to the wellbore. 

Another important point for foamy-oil behavior is the reduction of in-situ oil viscosity (Dusseault, 2002; 

Wang, Yale & Dasari, 2011). 

 

To summarize, the foamy oil retards the formation of a continuous mobile gas phase, enhancing fluid 

compressibility and providing a natural pressure maintenance mechanism. The existence of a non-

equilibrium foam of oil and gas requires some adjustment of the typical fluid property data used in a 

simulator to capture the fluid compressibility effects of foamy oils. The gas-oil ratio (GOR) remains 

stable typically for years and virgin pressures stay constant because there is no direct drainage mechanism 

to deplete gas pressures far within the reservoir. Consequently, gas release displaces sand, retains the 

fluid pressure, and accelerates the flow to the wellbore (Dusseault, 2002; Wang et al., 2011). Another 

way to explain the performance of foamy-oil reservoirs is that the oil entrains the solution gas liberated 

when the reservoir pressure falls below the thermodynamic equilibrium bubble-point pressure forming a 
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foam (Kraus et al., 1993). 

 

2.1.3  Wormholes formation  

 

As mentioned previously, the massive sand influx during cold heavy oil with sands creates zones of high 

porosity and high permeability known as wormholes. A wormhole is a cavity that is not precisely empty 

or a volume in which there is no grain-to-grain contact, and it is full of slurry (fluidized sand and foamy 

oil). The wormholes initiate around the perforating that is dilated and tend to develop and grow in the 

weakest sand and towards the highest-pressure gradient. The wormholes are generated at the early stage 

of aggressive sanding and then tend to be stable. Figure 2 ï 4 presents a sketch of the wormhole 

formation. 

 

 
Figure 2 ï 4. Wormhole formation (Modified after Dusseault, 2002). 

 

As sand grains detach from the matrix, create spaces, which are not void, and form a remolded zone of 

higher porosity that is filled with a slurry (sand, oil, water, and gas). The growth of this zone causes an 

increment of the apparent permeability around the wellbore; because this zone grows with continuous 

sanding, the well behaves as if it has a rising radius with time. The near-wellbore region is filled with 

high porosity slurry (>50%) where the permeability is huge, but for the most part, the remolded zone is 

viewed as a dilated, partly remolded region with diffuse gradational boundaries (Dusseault, 2002). 

 

The piping channels initiate usually at the wellbore sand face because this zone is weakened during 

drilling and completion operations. The oil that flows towards the production well generates pressure 

gradients large enough to overcome cohesion forces that hold the sand grains together, leaving them free 

to be moved. Two conditions seem to be necessary for wormholes to maintain growth: the pressure 

gradient at the tip of the wormhole, which must be high enough to dislocate the sand grain as well as the 

pressure gradient along the wormhole to transport the sand from the tip to the wellbore (Tremblay, 2005). 

Wormholes tend to grow in preferential layers (highest porosity and oil saturation) within the formation, 

in the weakest sand, and towards the highest-pressure gradient. 

 

While sand is removed from the formation matrix, the gravitational loading (overburden) causes shear 

and dilation around the well, because this zone is also weakened and dilated. The pore pressure stays 

mostly unaltered in the yielding and intact zones due to the high oil viscosity. 
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The vertical stresses and fluid pressures both act upon cavity walls. Around the cavity, the radial stress 

decreases, and the tangential increases, causing the shear stress increases, and the confining stress 

declines, bringing the intact zone to a shear yield condition. This shearing induces dilation in the weak 

formation around the cavity, and destroys the cohesion, so the sand is deformed and remolded. The rock 

changes intensely from intact sand (densely packed) to sheared sand with higher porosity. In other words, 

the porosity increases from an initial value of around 30% to high values of 35% ï 38%, but the matrix 

remains as a solid mass held together by compressive stress and has frictional behavior. This change in 

porosity increases the absolute and relative permeability and changes the phase saturations. As sand is 

dilating and yielding, the stresses must be redistributed at different scales: reservoir scale, wellbore scale, 

and channel or cavity scale. 

 

At the reservoir scale, the wormholes help to prolong a yielded region of softer material that is weaker 

and can hold less of the overburden stress. However, the total overburden load must still be carried to 

preserve the overall stress equilibrium, so the vertical stress increases around the wellbore. At the same 

time, the lateral stresses within the reservoir decrease all over due to the continuous sand withdrawal. 

Whereas the reservoir is thin compared to its length, the stress equilibrium is reached by the horizontal 

stress redistribution into the overlying and underlying strata and the vertical stress redistribution into the 

cavity flanks. Accordingly, the main impact of the sanding in the reservoir is the reduction of the 

horizontal stresses (Dusseault, 2002). 

 

At the cavity scale, both the radial and tangential effective stresses are low because there is no cohesion. 

The stress reduction due to the cavity formation should be compensated by redistribution further from 

the opening where the confining stress effect leads the intact rock to hold up to higher shear stresses.  

 

A wide zone around the wormholes is affected by their propagation with softening or partial loss of 

structural rigidity, and this can be a zone of dilation and improved permeability. The existence of many 

channels in the reservoir should so have an overall softening effect, leading to large-scale stress 

redistributions between intact reservoir zones and zones with channels, which, at a large scale, look quite 

similar to the compact growth model. This zone also has a decrease in high frictional resistance on dense 

sand packings at the natural state, making it more ductile and vulnerable to plastic deformation and easy 

to be dragged into the slurry flow that contains sand in suspension. This process of weakening, dilation, 

and increased ductility remains dynamic by overburden that stays driving pressure on the reservoir. No 

matter what happens in the reservoir, the weight of the overlying rocks exerts stresses, which also provide 

energy to sustain pressure. 

 

The remolded zone may not extend over the all-vertical height of the reservoir. Near the wellbore, the 

porosity values are around 42% ï 45%. Values around 45% are close to the maximum porosity for loose 

sands in grain-to-grain contact under very low stress. Whatever the geometrical details of the zone around 

the wellbore, the effect of continued sanding is evident propagation of a zone or channels of high 

permeability, so the flow capacity of the well stays to gradually rise (Dusseault, 2002). 

 

The continuous sanding causes changes in petrophysical properties that also imply changes in mechanical 

properties and stresses around the wellbore and in the reservoir, itself. These changes define dynamic 

zones with diffused boundaries that drive the performance of CHOPS. Figure 2 ï 5 displays these zones 

during massive sanding. These zones are defined in terms of their characteristics as follows(Dusseault, 

2002):  
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¶ Intact zone: This is the reservoir zone, where porosity continues at around 30% and the sand has 

not yet suffered shear distortion, cohesion loss, dilation, and shear yield, while the stresses are altered. 

In this zone, the ratio of effective stresses „ „ϳ  is as high as 5 or 6 before yielding, but after the 

failure occurs, it gradually reduces as the sand continues yielding and weakening. Hence, the vertical 

stress increases to support part of the overburden load causing higher shear stress than in the virgin state 

and lower lateral stress due to the sand production but saving all properties of intact virgin rock. 

 

¶ Transition zone: It is the weakening zone with cohesion loss. It is an intermediate zone between 

yielded and intact zones, where the stresses change as the rock undergoes shear and loses strength and 

cohesion. As an extension of the yielded zone, the vertical stress is high and the radial stress is low due 

to the continuous sand withdrawal.  

 

¶ Yielded zone: This is the shear zone. Hence, this zone has high shear stresses and so loses strength 

and cohesion. This fully remolded plastic flow zone is not yet liquefied. In this zone, the ratio of 

effective stresses („ „  ϳ after shearing and dilation is demarcated by the residual friction angle for 

sands (å 30Á) and it is around 3. Furthermore, the maximal principal stress tends to be the vertical stress 

because of the gravitational force from overburden, and the minimum principal stress is the radial stress 

because of the lateral unloading from sand production. Moreover, the porosity range is from 40% to 

45%. 

 

¶ Liquefied zone: It is the slurry zone around the wellbore, where sand liquefaction occurs and the 

mixture of foamy oil and fluidized sand flows. The porosity here must be greater than 50%, which 

assures the existence of a liquefied state. The permeability is extremely high. This is the zone, in which 

the wormholes are created. 

 

 
Figure 2 ï 5. Zones around the wellbore during massive sand production. (Modified after Dusseault, 

2002)  

 

The growth of these areas is smooth and managed by stress redistribution. Vertical stress plays a major 

role in destabilization and dilation processes. The yielded and liquefied zones can support a small part of 

the vertical stress, but the rest of the stress should be redistributed around the well, added to the other 

forces that cause yield and dilation. The shale layer over the producing formation behaves like a beam 
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with high stiffness that homogenizes the geometry of the deformation and yield zone. Thus, the outer 

region of the altered zone loads stresses lower than vertical stress, while the more rigid zones as intact 

zone must support higher stress.  

 

Intact regions located between yielded zones are most affected by the stresses than others, and if this 

stress concentration cannot be sustained, then shear, dilation, and weakening will occur in these zones. 

Thus, stiffness of overburden causes a flattening due to deformation, leading to the continuous stress 

redistribution towards the periphery of the yielded zones, which tends to homogenize the yield strength 

in the area with smooth growth, maintaining the circular or elliptical bounds and removing the shaped 

fingers of the plastic flow zone within the perimeter intact zones.  

 

Understanding the wormhole's formation and its effect on production is essential to describe an additional 

component: sand liquefaction. Sand liquefaction is the process in which the saturated sand loses shear 

strength and stiffness due to dynamic loading. In other words, liquefaction is the loss of strength of weak 

sands that causes flow slides due to a slight disturbance (Robertson & Fear, 1997; Terzaghi, Peck, & 

Mesri, 1996). 

 

While the wormhole's initiation and propagation is the dominant sanding mechanism, it seems probable 

that the sand is liquefied at the advancing tip at about the same rate at which the crude oil is flowing into 

the channel tip. Hence, at the channel tip, the sand concentration in the liquid is still high as the channels 

grow into the formation. As the slurry with high sand concentration flows to the wellbore through the 

channel, it is gradually diluted by slow liquid influx from the closest reservoir zones. 

 

At the grain scale, the sand liquefaction and entrainment effect occur because of the foamy-oil behavior, 

in which locally high-pressure gradients pluck almost unconfined sand grains from the weak and dilated 

matrix to discharge the sand grains into the slurry. Sand liquefaction is controlled by grain buoyancy, 

changes in the bulk density of the sand, high-pressure gradient around the wellbore, weak cohesive 

cement between sand grains, and low internal friction angle (Hayatdavoudi, 1999). 

 

When a well produces at a high production rate, the shear stresses around the wormholes cause the build-

up of high pore pressure very fast. Consequently, the decrease in shear strength and the pore pressure 

increase are favorable conditions for sand liquefaction. If sand is free to shear, dilate, and suffer 

liquefaction, as in CHOPS wells, then pore throat blockages and the local pressure gradient increase, so 

continuously clean themselves up by sand movement and liquefaction. The main outcome of sand 

liquefaction is the complex multiphase fluid flow stated as a mixture of foamy oil and fluidized sand 

flows, and then the fluid flow is combined by four components: oil, gas, water, and sand. As a result, 

sand grains can flow easily like a liquid (Hayatdavoudi, 1999). 

 

 

2.2  State of the art  
 

Dusseault (2002, 2009) presents in detail the physical mechanisms acting in CHOPS wells, defining 

dynamic zones where mechanical and petrophysical properties change due to stress distribution during 

massive sand production. The stress distribution may be calculated from a combination of non-linear 

elastic theory in the intact zone, and plasticity or damage theory in the weakening and plastic flow zones. 
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Generally speaking, the range of models runs from idealized analytical models based on cylindrical 

geometry to very general coupled fluid-flow and geomechanical models based on the strength, damage, 

and failure characteristics of the unconsolidated sand. Simple models are quite useable but not fully 

general while the complex full-physics models provide generality and extensibility in principle but in 

practice require extensive computational resources.  

 

Wang, Chen & Dusseault (2001) propose an integrated model for sand production coupling a 3D black-

oil model for three-phase with foamy oil with an elastoplastic geomechanical model with a wormhole 

model. This seems to be the first approach to model CHOPS wells. 

 

Rivero et al. (2010) present a coupled flow/geomechanics simulator with non-equilibrium foamy-oil 

reactions, representing the wormholes as a homogeneous damage zone. This simulator has some 

limitations such as the sand production rates are calculated using an empirical correlation that depends 

on pressure gradients and it needs a relationship between damage (porosity change) induced by sand 

failure and its corresponding increase in permeability. 

 

Xiao (2012) simulates CHOPS using a combined model: a transient pressure and production analysis to 

determine the wormholes coverage quantitatively using a semi-analytical approach based on source and 

sink function methods, and a composite model with PVT properties discontinuity between foamy oil and 

heavy oil zones to model foamy oil behavior. 

 

Rangrizshokri (2015) presents a workflow for CHOPS modeling to investigate efficient EOR/IOR 

(enhanced/improved oil recovery) methods after CHOPS. A partial-dual porosity approach coupled with 

algorithms for wormhole generation as Diffusion Limited Aggregation (DLA) is used for the fractal 

wormhole patterns, and a 3D geomechanical model is used to calculate the stress distribution. After 

validation of the models using field data, several post-CHOPS scenarios are simulated, including thermal, 

solvent, and thermal/solvent hybrid applications. As overall findings, the heavy oil recovery is achieved 

using combined light and heavy solvents, and steam has a positive role in solvent retrieval.  
 

Fan, Yang, & Li (2020) propose a robust simulator with a technique to determine the three-phase relative 

permeability of the CHOPS processes considering contributions of the dynamic wormhole growth and 

the foamy oil flow with an improved IES (iterative ensemble smother) algorithm, which is achieved by 

normalizing both model parameters and measured production profiles. The dynamic wormhole 

propagation is characterized by a sand failure criterion based on pressure gradient and the evolution of 

the foamy oil is achieved through kinetic reactions. 

 

Mohamad-Hussein, Mendoza, Delbosco, Sorgi, De Gennaro, Subbiah, ... & Daniels (2021) propose a 

coupled model of fluid flow model and elastoplastic damage model to simulate production in CHOPS 

well including foamy oil and wormholes. 

 

Given the nature of this research, the state of the art presented here is oriented to CHOPS modeling, 

starting with sand production and incorporating elements such as foamy oil and wormholes to get the 

different components to simulate massive sand during cold heavy oil production. 
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2.2.1  Sand production  
 

Salama & Venkatesh (1983) present a predictive sand production method based on empirical relation 

that depends on fluid velocity, the strength of the formation, and grain size. This model is considered a 

specific case and not a general predictive method. 

 

Many other researchers have also investigated the mechanisms for the prediction of sand production. 

Bratli & Risnes (1981) and Risnes, Bratli & Horsrud (1982) propose a theoretical model for stability and 

sanding of a perforation opening with a tensile failure criterion. Perkins & Weingarten (1988) propose a 

sanding criterion in terms of the pressure gradient. Veeken, Davies, Kenter, & Kooijman (1991), Ramos, 

Katahara, Gray, & Knox (1994), and Van den Hoek, Hertogh, Kooijman, De Bree, Kenter, & Papamichos 

(2000) identify compressive shear failure, tensile failure, and erosion as the three main mechanisms of 

sand production. 

 

Morita, Whitfill, Fedde, & Lovik (1989) present an analytical approach to predict the onset of sand 

production in terms of critical drawdown pressure at the high flow rate, considering two factors: well 

pressure and local pressure gradient around a cavity.  

 

During the last three decades, finite element methods have also been used to predict limited sand 

production. Morita, Whitfill, Massie, & Knudsen (1989) present a numerical approach for sand 

production prediction based on drawdown pressure and using two finite element models: a transient fluid 

flow model that calculates pore pressure distribution around perforation holes for given boundary 

conditions, and a geostructural model coupled with the fluid force that calculates stress state, 

deformation, and plastic deformation from the calculated pore pressure. 

 

Burton, Davis, Morita, & McLeod (1998) postulate a methodology for sand production prediction using 

a similar numerical approach as Morita et al. (1989) for sand production prediction based on pressure 

drawdown for gas reservoirs.  

 

Vardoulakis, Stavropoulou, & Papanastasiou (1996) propose a 1D model implemented by the finite 

differences method that couples fluid flow and erosion. The theoretical basis of the hydrodynamic erosion 

of sandstones is based on filtration theory and three phases mixture theory for a continuum consisting of 

skeleton solids, fluidized solids, and fluid. Later on, Papamichos & Stavropoulou (1998) present a sand 

prediction model in finite elements that combines the evolution of localized deformation with 

hydrodynamic erosion. Papamichos, Vardoulakis, Tronvoll, & Skjærstein (2001) develop a sand 

production model for volumetric sand production predictions that take into account the effects of the 

external stresses and fluid flow rate. 

 

Yi (2001) proposes a coupled single-well geomechanical-gas/sand flow simulator for gas wells, in which 

the gas can flow either Darcy or non-Darcy flow, porosity and permeability can vary during sanding, and 

sand particles move at the gas velocity. The geomechanical model uses the Mohr-Coulomb failure 

criterion and the sand is produced from the failure region once the formation around the wellbore is 

yielded.  

 

Wang et al. (2001) and Wang & Chen (2004) introduce a 3D integrated model incorporating a three-

phase, black oil model coupled with a geomechanics model. This model is featured an elastoplastic 
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constitutive model with a slurry flow model. 

 

Wan & Wang (2004a) present a sand production model that couples an erosional model with a stress 

model through bulk volumetric strains to include the effect of the deformation of porous media. The 

erosional model is developed based on the mixture theory to define the porosity considering a three-

phase system composed of solid, crude, and fluidized sand. This couple model attempts to evaluate the 

enhanced production and cumulative sand production in cold production wells. 

 

Wang & Xue (2004) propose a fully coupled reservoir-geomechanics model to simulate production in 

heavy oil reservoirs, which couples a two-phase flow model with solution gas behavior and an 

elastoplastic geomechanical model with dilation and erosion. A sand erosion model is proposed after the 

onset of sand production, based on the degree of plastic deformation inside the reservoir formation. This 

is the first attempt to properly model massive sand production. 

 

Wang, Walters, Settari, Wan, & Liu (2004) present a fully coupled black oil/geomechanics sand 

production model with erosion and multiphase flow of three components (gas, water, oil) using the 

mixture theory. This model can be used for wellbore stability analysis, design in open-hole completions, 

perforation designs as well as a volumetric sand prediction for different production strategies. 

 

Wang, Settari, Wan, & Walters (2005) apply the coupled reservoir/geomechanical model to predict the 

volumetric sand production and associated wellbore stability for two types of completion schemes: open-

hole completion and perforated casing. 

 

Wang, Walters, Settari, & Wan (2006) extend their earlier coupled model for sand production (Wang, 

Settari, Wan, & Walters, 2005) to CHOPS incorporating the foamy-oil effect and integrating a modular 

approach to quantitatively predict volumetric sand production and enhanced oil recovery.  

 

Wan, Liu, & Wang (2006) present a simplified sand production model that involves the coupling of 

geomechanics with hydrodynamics and erosion to predict volumetric sand production using the mixture 

theory. This model is applied to compute the axial and radial viscous flow in a thick wall cylinder test. 

 

Du, Jiang & Chen (2009) propose an integrated spread erosion model, in which a wormhole spreading 

model and an erosion model are combined to describe the sanding behavior and oil production, both in 

wormhole tips and in the sand wall of the wormhole. This sand production model combines three models: 

a skin factor, a mobile permeability, and a wormhole spreading model to describe the dynamic 

performance of sanding and oil production in CHOPS.  
 

Wang, Yale, & Dasari (2011) propose a geomechanics and fluid flow coupled model using the finite 

element method with an Arbitrary Lagrangian-Eulerian (ALE) formulation with automatic adaptive re-

meshing, Eulerian Boundary, and an explicit dynamic relaxation solution scheme for massive sand 

production. The numerical platform of this coupled model is ELFENÊ (Rockfield Software Ltd.). These 

features allow the modeling of large deformation and highly nonlinear geomechanical behavior. Also, it 

considers stress study and wormholes as damage zone. 

 

Cerasi & Vardoulakis (2012) present a sand production model based on episodic functions, in which the 

sand rate is proportional to the fluid drag force if exceeds a certain grain transport threshold, that is 

moderated by the solid friction between sand grains and a porosity evolution law, where the natural result 



Chapter 2. State of the art  39  

 

of losing sand grains under sand production depends on the stress level, above sandstone failure stress. 

 

Kim & Sharma (2012) present a sand production model to predict the stability of wellbores and 

perforation tunnels as well as the mass of sand produced, incorporating two-phase flow, formation 

failure, and flow-driven sand erosion mechanisms.   

 

Rahmati, Jafarpour, Azadbakht, Nouri, Vaziri, Chan, & Xiao (2013) present an in-depth review of the 

different approaches and models for sanding prediction, which most of these models are based on the 

continuum assumption, while a few of them are based on discrete element model, some models evaluate 

the conditions that lead to the onset of sanding, while others make volumetric predictions, some models 

use analytical approaches to estimate the onset of sanding while others use numerical models to calculate 

the sanding rate. This review concludes that although major improvements have been reached, sanding 

tools are still unable to predict the sand mass and the sand rate for all field problems in a reliable form, a 

conclusion that can still be said to hold. 

 

Araujo Guerrero, Alzate, Arbelaez-Londono, Pena, Cardona, & Naranjo (2014) and Araujo-Guerrero, 

Alzate-Espinosa, Arbelaez-Londoño, & Morales-Monsalve (2018) present the main variables (but not 

unique) involved in the sand production issue and an analytical geomechanical model considering the 

stress state regime, the pressure drawdown, and well completion (open-hole and cased-hole) to predict 

the production onset and select the adequate sand control technique. 

 

Araujo-Guerrero (2015) presents a sand production model that consists of a fluid flow module, a 

geomechanics module, and a sand production module with the calibration of parameters from 

experimental data. 

 

Wu, Choi, Denke, Barton, Viswanathan, Lim, ... & Madon (2016) present a numerical model based on 

laboratory experiments to quantify the sand production for weak sandstones. The experiment program is 

conducted on large samples under realistic effective stress and drawdown conditions with oil and gas 

flow to calculate the cumulative amount of sand produced. The numerical model used discrete element 

and finite difference methods to calculate the critical plastic volume. The sand production quantification 

model was developed by correlating the critical plastic volume with the cumulative amount of sand 

produced and is applied to a field case study aiming for model validation with consistent results. 

 

Wang & Sharma (2016) propose a coupled model for sand production prediction with the multi-phase 

fluid flow, geomechanical stress, and sanding criteria, in which the sanding criteria are based on a 

combination of tensile and shear failure from Mohr-Coulomb theory and strain-hardening/softening; the 

sand erosion is predicted once the failure criteria are met using hydrodynamic and other forces and the 

cohesion and residual strength resulting from relative permeability and capillary pressure. The sanding 

onset and the sand production rate have both been simulated for open-hole and cased-hole completions 

under different flow conditions. 

 

Olatunji & Micheal (2017) propose a prediction model based on the Support Vector Machines (SVMs) 

classification approach to evaluate the sanding onset in petroleum reservoirs of the Niger Delta Region, 

taking into account different parameters such as the rock and fluid properties, and geotechnical data, 

among others. This robust model is verified using field data. 

 

Eshiet & Sheng (2021) provide a review of the historical progress in experimental and analytical models 
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to understand the nature of sanding and its mechanisms. The models are classified based on the onset of 

sanding, rate and amount of sand as well as the failure criterion used. This review confirms that there are 

still some features of sand production requiring further study, and maybe a hybrid approach that 

combines experimental, analytical, and numerical methods could be the best solution. 

 

2.2.2  Foamy oil  

 

Heavy oil reservoirs under solution gas drive as foamy-oil behavior have shown anomalous primary 

performance: high oil production rates, low production GOR, and high oil recovery.  

 

The earliest model for foamy oil is proposed by Smith (1988), which involves a highly compressible 

mobile liquid phase, consisting of a true oil liquid and tiny entrained gas. The model defines a pseudo-

pressure form from Darcyôs law and the radial diffusivity equation is used to account for the effects of 

the compressibility of the enhanced liquid phase. Thus, the compressibility of the foamy oil is ὧ

‖ὴϳ , where ‖ is an empirical constant that depends on the amount of entrained gas, and ὴ is the mixture 

pressure; a solution gas drive model is obtained to define the pressure-dependent multiphase flow 

properties and define the flow of the foamy oil. The features of this model are too simple. 

 

The first attempt to simulate the foamy-oil effect uses empirical adjustments to conventional solution gas 

drive models. The key parameters to be adjusted are critical gas saturation, oil/gas relative permeability, 

fluid and/or rock compressibility, pressure-dependent oil viscosity, absolute permeability, and the 

bubble-point pressure as proposed by Loughead & Saltuklaroglu (1992), and do not expect to capture 

many important features of foamy-oil behavior. 

 

Maini, Sarma, & George (1993) try to verify the high dispersion mobility in the laboratory but find that 

the presence of freshly nucleated gas bubbles decreased the oil mobility, establishing that the dispersed-

gas flow is indeed possible under conditions of solution gas drive.  

 

Maini (1996) explains the high recovery factor found in heavy oil as the answer to foamy oil, which is 

in the range of 5% to 15% compared to light oil in the range of 1% to 5%. In heavy oils, this range can 

be attributed to the higher-pressure drawdown imposed during cold production because of the high oil 

viscosity, leading to the breakup and entrainment of pore throat-sized gas bubbles through the porous 

medium. 

 

Some of the most interesting attempts to model foamy oil are mechanistic models based on how the gas 

comes out of the solution and what happens to the released gas. Such models can be divided into two 

broad categories: equilibrium and kinetic models. The equilibrium models assume complete local 

equilibrium between different phases and that the fluid mobility is independent of the capillary number, 

and then they cannot account for the thermodynamically unstable nature of foamy dispersions. Kinetic 

models attempt to capture the time-dependent changes in the foamy-oil behavior considering that the gas 

dispersion in oil is not thermodynamically stable and will separate into free gas and oil phases. While the 

natural tendency of the dispersion is to move toward the segregation of phases, such segregation can be 

detained by imposing flow conditions that help the regeneration of the dispersed bubbles.  

 

Kraus, McCaffrey & Boyd (1993) propose a pseudo-bubble-point model for primary depletion in foamy 

oil reservoirs as an adjustable parameter of the fluid properties. Below this pseudo-bubble-point pressure, 
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only a fraction of the released gas remains entrained, and the gas fraction decreases linearly to zero with 

declining pressures. The entrained gas is treated as a part of the oil phase, but its molar volume and 

compressibility are evaluated as free gas. 

 

Other models such as Lebel (1994) intend to match the production behavior by modifying fractional-

flow curves obtained from the gas and oil relative permeabilities. The models vary in function of the 

assumption of the entrained-gas fraction, which converts into a match parameter of the model, and the 

fractional flow increases linearly with saturation until the limiting entrained gas saturation is reached, 

departing from a zero-gas saturation. Beyond the limiting volume fraction of gas in the foamy oil, any 

further increase in gas saturation results in free gas. The gas begins to collect and flow as its saturation 

increases. For foamy oil, the effective viscosity decreases slightly from that of the oil as the volume 

fraction of gas increases, the density is taken as a volume-weighted average of the densities of the oil and 

gas components, and a gas-oil PVT is an equilibrium relationship. This fractional flow model only 

captures a feature of foamy-oil behavior in that some fraction of the evolved gas is entrained in the oil 

phase, and requires only modified relative permeability and component properties to be implemented in 

a reservoir simulator, but time-dependent changes and pressure gradient changes are not considered, and 

so finding the right fractional flow curve may require a trial and error process. 

 

Other models suggest a viscosity reduction to model foamy-oil flow. Claridge & Prats (1995) propose a 

reduced viscosity model to emulate foamy oil flow considering that the asphaltenes present in the crude 

oil adhere to the gas bubbles, while the latter is still very tiny. The bubble surfaces are coated by the 

asphaltenes stabilizing the bubbles at small sizes. This concept of asphaltenes adsorption leading to 

viscosity reduction has not been experimentally verified (Sheng, Maini, Hayes, & Tortike, 1999a). 

 

Sheng, Maini, Hayes, & Tortike (1999a; 1999c) and Sheng, Hayes, Maini, & Tortike, (1999b) describe 

a dynamic-flow model considering two rate processes: a rate process that controls the transfer from 

solution gas to evolved gas and a process that controls the transfer rate from evolved gas to free gas, and 

two phases of foamy-oil and gas using the conventional two-phase relative permeabilities. The dispersed 

gas flows with the oil as a part of the liquid phase with the compressibility and density of the gas phase 

and the viscosity of the liquid-oil phase. An empirical correlation describes the bubble growing 

exponentially and the disengagement of dispersed-gas bubbles from the oil decaying exponentially. 

 

Pooladi-Darvish & Firoozabadi (1999) and Firoozabadi (2001) propose a relative permeability approach 

similar to the approach suggested by Sheng, Maini, Hayes, & Tortike (1999a; 1999c). The improved 

recovery results primarily from the reduction of the gas's relative permeability as well as the increase of 

the oil viscosity due to the oil pressure gradient that causes the movement of the dispersed bubbles. 

 

Wang et al. (2001) and Wang & Chen (2004) propose a three-phase model to simulate the oil/gas/water 

flow and to address reservoir mobility changes arising from sanding, and pressure drive changes arising 

from the foamy-oil flow.  

 

Dynamic-flow models account for the dispersion characteristics with time-dependent changes using 

simple rate processes, controlled by the rock and fluid properties and the capillary number. The constant 

rates affect the history matching at a known-depletion rate and are not valid for predicting the outcome 

of a new reservoir under different flow properties. 

 

Maini (1996) suggests a model that accounts for the kinetics of physical changes occurring during the 
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gas in oil dispersion, defining three non-volatile components in the oil phase: dead oil, dissolved gas, and 

gas dispersed in the forms of micro-bubbles. The dissolved gas changes to dispersed gas due to a rate 

process dominated by the existing local super-saturation and the dispersed gas changes into free gas by 

a second-rate process. Both rate processes are modeled as chemical reactions. 

 

Some researchers such as Sheng et al. (1999a; 1999c) and Sheng et al. (1999b) observe during solution 

gas drive experiments an oil recovery increment with increasing pressure depletion rates due to the 

increasing super-saturation of the oil leading to a greater number of gas bubbles and higher gas saturation. 

They model the rate of release of solution gas using the exponential decay of local super-saturation and 

assuming that the gas released from solution stayed as dispersed gas in the oil. The dispersed gas 

separates from the oil. Then, two sequential rated processes describe the kinetics of the transfer of the 

solution gas to the free gas.  

 

Maini (2001) finds two types of non-equilibrium processes involved in solution gas drive in heavy oils.  

There is a non-equilibrium process between solution gas and free gas that leads to the super-saturation 

of dissolved gas in the oil phase and another non-equilibrium is related to fluid distribution in the rock.  

 

Joseph, Kamp & Bai (2002) present a foamy-oil model that depends only on the velocity through Darcyôs 

law, the pressure, and the dispersed gas fraction. This simple model uses an empirical relation for the 

derivation of solubility isotherms obtained from PVT data and the modeling of nucleation, coalescence, 

bubble drag laws, and transfer functions are avoided. 

 

Bayon, Cordelier, Coates, Lillico, & Sawatzky (2002) compares two foamy-oil models: one model with 

two kinetic equations for mass transfer that describes how one type of gas is transformed into another: 

solution gas, dispersed gas, and free gas; while a second model with six kinetic equations for mass 

transfer identifies four types of gas, including two types of dispersed gas. Each model defines originally 

the mobility of each type of gas, which leads to different relative permeability models. These models are 

applied to two sets of long-core depletion experiments with significantly different depletion rates and 

different results. 

 

Sahni, Gadelle, Kumar, Tomutsa, & Kovscek (2004) and Tang, Sahni, Gadelle, Kumar, & Kovscek 

(2006) present a mechanistic model and experiments to study the gas saturation behavior, which suggests 

a greater number of nucleation sites and bubbles nucleated are generated at higher-pressure depletion 

rates, resulting in greater gas saturation. Most heavy oil depletion experiments evidence some non-

equilibrium characteristics, which depend on viscosity and depletion. Analysis of field pressure gradients 

and flow rates suggests that dispersed gas flow occurs close to the wellbore or near wormholes if they 

are present. This model captures overall heavy oil solution gas drive behavior in the field using a suitable 

critical gas saturation and gas relative permeability curve. 

 

Uddin (2005) proposes a kinetic model coupled with a thermal reservoir simulator via a set of pseudo-

kinetic reactions that simulate the dynamics of gas ex-solution and transport processes in a heavy oil 

reservoir. In this model, two relatively simple types of mass transfer equations predict bubble nucleation 

and growth in a live heavy reservoir.   

 

Wang, Walters, Wan, & Settari (2005) incorporate the foamy-oil drive into their sand production model. 

Foamy oil is modeled as a dispersion of gas bubbles trapped in the oil, where these gas bubbles maintain 

higher reservoir pressure and the gas bubble never forms a free phase as the reservoir pressure drops 
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below the bubble point pressure and moves with the same velocity as the oil phase. Essentially, foamy 

oil is treated as a single-phase flow with a modified formation volume factor. 

 

Chen & Maini (2005) simulate several depletion experiments carried out in long sand packs and compare 

the results with the black oil model from IMEX® and a reaction rate-based foamy oil model from 

STARS®. This study evidences that the foamy oil model provides a more accurate matching of the 

experimental results compared to the black oil model, and concludes that the relative permeabilities to 

gas and oil and the reservoir fluids properties as mole fraction or ratio of original dissolved gas to dead 

oil, the viscosity of the fluids (dead oil and the liquid-phase of gas) have significant effects on oil 

production, and the distributions of oil, dissolved gas, free gas and pressure along the sand-pack changes 

significantly with depletion rates. 

 

Adil & Maini (2007) presents an experimental study to evaluate the role of asphaltenes in foamy-oil 

behavior using sand packs. The results show that the presence of asphaltenes appears to facilitate bubble 

nucleation and decreases critical super-saturation, and seem to help in sustaining the dispersed gas flow 

by suppressing bubble coalescence. This study concludes that the presence of asphaltenes significantly 

promotes foamy-oil flow and revives the concept of viscosity reduction by asphaltenes adsorption.  

 

Rivero et al. (2010) implement in their model a foamy-oil model developed by Uddin (2005) at Alberta 

Research Council (ARC). This model employs a sophisticated treatment of fluid PVT behavior based on 

kinetic reactions and uses a total of three oil phase pseudo-components (dead oil, dissolved CH4 gas, 

dispersed CH4 bubbles), one gas phase pseudo-component (connected CH4 gas bubbles), and one 

aqueous component (water).  

 

Wang, Chen, Qin, & Zhao (2008) and Chen, Sun, Wang & Wu (2015) propose a foamy-oil model based 

on the pseudo-bubble-point pressure concept from an experimental study, which can be adjusted for 

different cases to capture the foamy-oil PVT data for a corresponding production process. 

 

Kumar & Mahadevan (2012) develop an expression for inflow performance as a function of properties 

of foamy oils such as density, viscosity, solution gas-oil ratio, and formation volume factor, defining two 

parameters such as the endpoint entrained-gas fraction and the apparent bubble point, adapted from 

previous studies, to account for the entrained-gas fraction in the liquid. 

 

The direct approach to model foamy oil is to adjust some parameters in conventional solution gas drive. 

These parameters include absolute permeability, oil and gas relative permeabilities, fluid and rock 

compressibilities, critical gas saturation, and oil viscosity (Chen et al., 2015). The conventional models 

cannot capture the atypical features of dispersed flow such as the dynamic processes involved in the 

generation and collapse of dispersion. 

 

Liu, Mu, Li, Wu, & Li (2017) develop three depletion experiments to model foamy-oil flow, in which 

the foamy oil is treated as a pseudo-single-phase flow with the dispersed bubbles as a part of the oil, 

where the effective permeability varies with the changes of pressure depletion rate, oil viscosity, and gas 

saturation. A new foamy-oil model is proposed considering foamy-oil supersaturation, in which the 

effective permeability is redefined assuming that the foamy-oil viscosity is equal to the saturated oil 

under equivalent conditions and the compressibility coefficient of foamy oil is treated as a volume-

weighted compressibility coefficient of that of oil and gas, obtaining good matching with the 

experimental data, when is compared to the conventional black-oil model and the pseudo-bubble-point 
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model. 

 

Similarly, Lu, Zhou, Luo, Zeng, & Peng (2019) simulates lab tests for both gas/oil production data and 

pressure distribution along sand packs in a heavy oil/methane system using two different models: an 

equilibrium black oil model with two sets of gas/oil relative permeability curves and a four-component 

nonequilibrium kinetic model. The black oil model has good matching results on production data but not 

good matching on pressure distribution along the sand-pack, and the four-component nonequilibrium 

kinetic model with two reactions to capture gas bubbles status presents better matching with production 

data and pressure distribution simultaneously. This study indicates that a higher pressure drop rate could 

cause stronger foamy oil flow, but the excessive pressure drop rate could shorten the lifetime of foamy 

oil flow. 

 

Recently, the foamy oil flow is considered the common drive mechanism of not only the primary 

production (depletion of naturally methane saturated heavy oil) but also of the secondary stage (cyclic 

gas -mostly methane- injection after primary production). Basilio & Babadagli (2020) review the optimal 

conditions for secondary recovery as a cyclic solvent injection (CSI), taking into account mainly the 

foamy oil stability, and evidencing that the pressure depletion rate is the most crucial parameter to control 

the process. 

 

Chen & Leung (2021) simulates the nonequilibrium foamy oil for cyclic solvent injection (CSI) in 

reservoirs after cold heavy oil production with sand using a field-scale model to analyze the impacts of 

pressure depletion strategies, single-stage pressure depletion involving three oil solvent systems, as well 

as two cycles of production processes, involving various propane-based and carbon dioxide-based 

solvent mixtures. The simulation model is calibrated against detailed experimental data and upscaled 

from a core-scale model, including a fractal wormhole network and kinetic reactions for the 

nonequilibrium gas dissolution and exsolution for foamy oil flow. The results prove that both propane-

based and carbon dioxide-based solvents exhibit significant nonequilibrium foamy oil characteristics, 

enabling the oil viscosity to remain close to its value with dissolved solvent during pressure depletion, 

and the amount of nonequilibrium foamy oil flow is strongly dependent on the pressure depletion rate, 

i.e., a faster depletion rate is beneficial for higher oil recovery. 

 

2.2.3  Wormholes formation  

 

Several field studies in Canada have shown evidence of the development of channels of high permeability 

in fields produced under cold heavy oil production with sand. Squires (1993) shows evidence of a 

wormhole network during a well tracer program performed at the Elk Point Field in Alberta by Amoco 

Canada, reporting that the tracer traveled through a channel system of two kilometers long at speeds of 

about 7 m/min. Later, Yeung (1995) presents tracer tests conducted at the Burnt Lake Field in Alberta 

that evidence high permeability channels known as wormholes caused by sand production. Smith (1998) 

evidences the existence of high permeability channels or large-scale wormholes inside the reservoir 

formations.  

 

Tremblay, Sedgwick & Vu (1999) conducted laboratory experiments to illustrate the wormhole 

evolution, in which oil flows through a horizontal sand pack. The formation and growth of a wormhole 

are visualized using a computerized tomography (CT) scanner, revealing high permeability channels that 

grow predominantly within areas of higher porosity. 
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Yang, Tremblay & Babchin (1999) propose a Probabilistic Active Walker (PAW) to describe wormhole 

growth, in which the wormhole diameter is a function of the distance from the wellbore. The model 

calculates the mobility of the slurry of sand and oil that is used to calculate the oil and sand production 

rates. The wormhole network is developed using the pressure field as a potential function and the 

wormhole direction has a certain degree of randomness due to cohesive strength variation. 

 

Denbina, Baker, Gegunde, Klesken, & Sodero (2001) propose a transmissibility multiplier function to 

model wormhole growth, which is a function of decreasing reservoir pressure. The transmissibility is a 

function of grid block geometry and permeability, allowing a dynamic and implicit permeability that 

increases due to sand fluidization and production. 

 

Wang et al. (2001) propose a wormholes model assuming that the wormholes are developed from 

perforations when pressure gradients exceed the residual cohesion of the sandstones and a 1D slurry flow 

model that includes the solid phase as the fourth phase. For the wormhole propagation model, a material 

balance equation is provided to characterize the slurry production, balancing the combined mass of 

displaced sand from the wormhole tip and the volume of sand produced due to wormhole propagation. 

A slurry transport model is used to describe the flow inside the wormholes and the slurry transport zone 

is represented as a wormhole network that is defined statistically from fractal theory defining a wormhole 

number that initially depends on the perforation density, increases with wormhole length and its size 

decreases with the length. Last, a complement of this model is presented by Wang & Chen (2004). 

 

The concept of a remolded zone to model wormholes has difficulties describing the initial mechanism 

by which cavities would hypothetically form around the perforations. Walton, Atwood, Halleck, & 

Bianco (2002) present an experiment to design a perforating strategy for unconsolidated sandstones, 

which consists of a single shot-perforation in a cylindrical sample placed under highly effective stress in 

a pressure vessel, and using a video probe and computerized tomography (CT) scanner to observe post-

shot sand production and to map the geometry of the cavity. A theoretical model of failure mode has 

been developed to support the experimental results. This study concludes that the perforating does not 

generate a tunnel in unconsolidated sands but instead a dilated zone around the tunnel entrance that grows 

as the flow rate increases to a critical value, in which a large volume of sand is produced affecting the 

sand cohesion. 

 

Tan, Slevinsky, & Jonasson (2003) propose a fractal geostatistical model to pre-generate the wormhole 

network, which is incorporated into a full field thermal simulation model with a dual porosity-dual 

permeability grid (one for the reservoir pay and one for the wormhole network) to match a steam injection 

pilot. 

 

Tremblay & Oldakowski (2003) perform lab experiments to investigate the effect of producing large 

quantities of sand on the overall permeability in two sand packs with different cohesive strengths, in 

which a large high porosity channel or wormhole is created from the perforation. A model of wormhole 

growth simulates the experimental tests, in which the produced volumes of oil, sand, and gas, the pressure 

distribution along the pack, and the final length of the wormholes are well predicted. This study concludes 

that the sand strength did not have a significant effect on the growth of the wormholes, while the 

weakening of the sand generates tensile failure bands with lower pressure gradients compared to the 

critical pressure gradient predicted by other authors. 
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Wan & Wang (2004b) present a coupled erosional-stress-deformation model for sand production 

analysis, which is formulated within the framework of mixture theory with porosity as one of the main 

field state variables. Numerical results show the wormholes as regions of very high porosities and the 

wormhole propagation is captured around a perforated wellbore by localization of erosion in the vicinity 

of the perforations, where high fluxes existed. It is also found that permeability anisotropy dictates the 

wormhole propagation that follows the direction of greatest permeability. 

 

Wang & Xue (2004) propose a fully coupled geomechanical model with a two-phase reservoir model, 

including a sand erosion model based on the degree of plastic deformation. Besides, the fluid flow affects 

the pressure gradient and the residual cohesion of the formation due to capillary pressure change, which 

is also critical for sand control. So, the sand model displays the wormholes as a geomechanical dilation 

zone that is characterized by a higher permeability region in the plastic-yielding zone due to porosity 

enhancement. Also, the solid flow is considered a continuous moving phase throughout the transient 

multi-phase-fluid flow. 

 

Liu & Zhao (2004) propose a comprehensive semi-analytical model coupling the reservoir/wormhole 

flow and using Source and Green's functions method to solve the transient flow problems through the 

wormhole. This model incorporates a wormhole-hydraulic model with foamy oil and sand flow in terms 

of the pressure drop along the wormholes. A sensitivity analysis results in a significant effect on the well 

performance of the wormhole patterns, scales, diameters, and branching and relatively less effect of the 

pressure drop along the wormhole. 

 

Liu & Zhao (2005) propose a Diffusion-Limited Aggregation (DLA) fractal model to describe wormhole 

growth, which naturally relates a wide variety of branching growth patterns through the phenomena using 

a fractal model and including the growth of a drainage network, the formation of cavities, the dissolution 

of the porous media and the growth of random dendrites in thin films. The wormhole diameter 

distribution along the wormhole is modeled using the Area Version of Gaussian Function fixing with the 

experimental results obtained from the computerized tomography (CT) X-Ray scanner.  

 

Tremblay (2005) proposes an analytical Bingham Mohr-Coulomb model as a sand transport model to 

describe the laminar flow of sand and oil along the wormholes. This model is part of a cold production 

field model, which predicts reasonable cumulative oil and sand volumes. As a result, a sharp decrease in 

the oil rate is obtained when the wormholes are stopped and the diameter of the channel within the 

wormholes suddenly increased from 5 cm to 24 cm after 10 years. 

 

Du, Jiang, & Chen (2009) integrate an erosion model into a wormhole-spreading model, in which the 

sand is produced from the disturbed zone and its performance depends on the wormhole spreading, 

determined by the cohesion and the pressure gradient between the tip and the reservoir. An erosion 

parameter and sand concentration are two components of the model that help to represent the sand 

withdrawal from the wormhole wall. Laboratory data validates reasonably the results of the model. 

 

Rivero et al. (2010) propose a coupled reservoir and geomechanical model with an approach to contain 

the wormholes, which is based on a homogenized damage model where the heterogeneous and discrete 

wormholes are defined by an equivalent continuous damaged zone with changes in porosity and 

permeability during sand production. The onset and propagation of the wormholes in this damaged area 

are calculated by coupling a finite-element geomechanical simulator with a finite-difference numerical 

reservoir simulator, and the geomechanical simulator uses the pressure gradients calculated by the 
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reservoir simulator to determine changes in the stress regime of the reservoir. If these changes are large 

enough, the rock will fail and the wormholes will be created.  

 

Sanyal & Al-Sammak (2011) analyze the performance of a CHOPS pilot in Kuwait using analysis of 

pressure transient data, in which the productivity index increases gradually during the initial production 

due to the increment of negative skin effect caused by the sand production around the wellbore due to 

the wormhole growth that contributes to the negatives skin effect. In this way, the wormhole growth is 

modeled using negative skin. 

 

Xiao & Zhao (2012) propose a novel approach using the concept of effective wormhole coverage with 

results that show variation in the transient pressure and production responses due to the different 

wormhole structures and reservoir areas. This model provides quantitative information about wormholes 

by analysis of the transient pressure, production rate, and sand production data for wells produced by 

cold, neglecting the sand transport within the wormholes. Later, Xiao & Zhao (2013) propose a radial-

composite CHOPS well model, integrating a foamy-oil flow and complex wormhole configurations to 

investigate how wormholes and foamy-oil can affect the pressure responses of CHOPS wells 

simultaneously.  

 

VanderHeyden, Jayaraman, Ma, & Zhang (2013) propose a multi-scale approach to model the wormhole 

growth with live oil including the effect of foamy oil and sand failure and based on the multi-phase 

material point method (MMPM). This model uses a Lagrangian-Eulerian methodology that permits the 

simulation of multiphase flow with fluid-structure interaction that includes material deformation, 

damage, and failure. Also, an up-scaled pressure-field-driven scheme has been developed to predict the 

wormhole network structure. The simulations of a CHOPS pilot are performed using a CartaBlanca 

simulation tool from Los Alamos National Laboratory. 

 

Istchenko & Gates (2011, 2014) introduces an approach to model the wormholes as a series of multi-

lateral wells using CMG STARSÊ. This set of wells models the open channels within the wormholes, 

where the slurry flow occurs, with further dilation around the wells creating the channels through sand 

erosion and dilation. This approach incorporates wormhole growth in the reservoir considering foamy-

oil flow, failure, and sand production without modifying the intrinsic reservoir properties. The 

wormholes are modeled as an extension of a production well and grow dynamically within the reservoir 

according to a growth criterion set by the fluidization velocity of sand along the existing well/wormhole. 

If the growth criterion is satisfied, the wormhole extends in the appropriate direction, otherwise, 

production continues from the existing well/wormhole until the criterion is met.  

 

Fan & Yang (2016) develop a wormhole dynamic growth model and incorporate it into the CMG® 

reservoir simulator to characterize the wormhole network for CHOPS processes. The model includes a 

geomechanics analysis associated with a collapsed pore and its throat structure to quantify the sand 

production, a sand failure criterion, and a four-direction pressure difference analysis to determine the 

sand production rate and the potential direction of wormhole generation and growth. A history matching 

is conducted to reduce the uncertainties in estimating the critical breakdown pressure, superficial area of 

collapse throats, and permeability-porosity correlation. The wormhole network model is validated using 

a synthetic model. 

 

Again, Xiao & Zhao (2017) propose an enhancement of their model using the boundary-element method 

(BEM) to account for various boundary conditions, wormhole morphologies, and effects of wormhole 
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dynamic growth, which results that effective wormhole coverage and wormhole intensity within the 

region dominantly affect the characteristics of pressure and rate/time behaviors, regardless of the detailed 

wormhole morphologies. 

 

Yu & Leung (2020) present a novel dynamic wormhole growth model to generate a set of realistic fractal 

wormhole networks during the CHOPS operations using an improvement to the Diffusion-Limited 

Aggregation (DLA) algorithm with a sand arch stability criterion, in which the wormhole would still 

expand following the fractal pattern, provided that the pressure gradient at the tip exceeds the limit 

corresponding to a sand arch stability criterion. Also, the model includes foamy oil and sand arch failure. 

 

2.2.4  Elastoplasticity  

 

An elastoplastic material model can simulate the behavior of unconsolidated sandstones more 

realistically than elastic models. Many researchers have implemented elastoplastic models in sand 

production analysis as described in the following paragraphs: 

 

Morita, Whitfill, Fedde, & Løvik (1989) in their sand production prediction implement plastic strain with 

two types of plastic behavior: compaction with high mean stress and volumetric expansion with a high 

deviatoric stress state and uses a modified kinematic model with a cap as yield surface to simulate 

accurately the behavior of weak sandstones. 

 

Morita et al. (1989) propose an analytical model with a Mohr-Coulomb-type plastic constitutive relation 

with a Mohr-Coulomb yield surface and a linear work hardening stress-strain. Additionally, a parametric 

sensitivity study is conducted with analytical solutions for poroelastic and strain-hardening plastic 

materials. 

 

Wan, Chan & Kosar, (1991) propose an elastoplastic model at different thermal conditions using the 

Ramberg-Osgood function to describe the hardening/softening law, and the Matsouka-Nakai failure 

criterion, and Roweôs stress dilatancy equation to describe the mechanical behavior of soil sand.   

 

Papanastasiou & Vardoulakis (1992) apply the Cosserat continuum formulation for a strain-softening 

cohesive-frictional material to model cavity failure around boreholes. This is the beginning to implement 

the hardening/softening behavior of sandstones in sand production models and the use of the localization 

parameter. 

 

Geilikman, Dusseault & Dullien (1994, February; 1994, April) propose a continuum model of sand 

production coupling the fluid flow and rate-sensitive plastic flow of granular matrix (viscoplastic), in 

which the initial granular matrix yielding is reached as a result of pressure drawdown below some critical 

level with front propagation away from the wellbore as the process of sanding continues, and the mass 

balance analysis relates the cumulative sand production and the current yielding front location.  

 

Wan & Wang (2004a, 2004b) propose its coupled stress erosional model including a more adequate 

constitutive law based on plasticity and incorporating stress dilatancy aspects. The model is defined from 

the elastoplasticity theory with a yield function based on Mohr-Coulomb and combined with a plastic 

flow rule to describe yield condition and plastic strains respectively. The porosity changes are divided 

into two components: one related to volume changes due to sand grains erosion, and the other one due to 



Chapter 2. State of the art  49  

 

matrix deformation under stress field. 

 

Walton, Atwood, Halleck, & Bianco (2002) and Wang & Chen (2004) propose an elastoplastic 

constitutive model that is extended to describe the reservoir material before seepage forces liquefy and 

suspend the sand particles at the advancing tips of wormholes. 

 

Han, Stone, Liu, Cook, & Papanastasiou (2005) propose a 3D elastoplastic approach solved with the 

Finite Element Method in Corner Point Geometry grid cells and apply it to a commercial reservoir 

simulator. The model uses both Mohr-Coulomb and Drucker-Prager as yield criteria, where rock behaves 

elasto-plastically. A work-hardening rule is used for plasticity calculations, which is implemented 

through the shear cohesive strength that includes two hardening relations, a hyperbolic law, and a power 

law. 

 

Many coupled models to simulate oil and sand production for CHOPS wells use elastoplastic models 

using the Mohr-Coulomb failure criterion and strain-hardening/softening as Wang & Sharma (2016). The 

Mohr-Coulomb is the conventional and practical criterion used to represent a shear failure on sand 

production prediction. However, this criterion produces instability in calculations due to its lack of 

dependence on the intermediate stress and the corners at the hexagon edges when the derivative of the 

yield function is required at the edge. This disadvantage leads to considering other criteria as the Drucker-

Prager criterion to model the yielding during sand production (Han et al., 2005).  

 

Mohamad-Hussein et al. (2021) formulate an elastoplastic damage model to simulate sand production in 

CHOPS wells due to rock dilation and wormhole development, using the Drucker-Prager failure surface 

to describe the mechanical behavior of unconsolidated sand material. The damage is defined as the 

change of total average porosity due to rock dilation and shearing during plastic flow. 
 





 

Chapter 3. General Model  
 

This chapter describes the main components of the general model to simulate cold heavy oil production 

with sand including the physical model, the fluid flow model, and the geomechanical model. The physical 

model represents a 3D single well model to simulate the governing mechanisms that occur around the 

well, the fluid flow model is a 3-phase fluid flow that includes the fluid composed of oil, water, and gas, 

and the geomechanical model or material constitutive model that is defined as an elastoplastic stress-

strain relation. 

 

3.1  Physical model  
 

The oil production in heavy oil reservoirs generates changes in the reservoir in terms of the pore pressure 

and the stress state, inducing a volume change in the fluid and rock of the reservoir. The volumetric 

behavior of the reservoir fluids depends on the fluid composition and the pore pressure change. The 

volumetric behavior of the reservoir rock depends on the mechanical properties and the combined effect 

of the pore pressure and stress state changes, which is the effective stress. The physical model is a single 

well model that represents the reservoir behavior of the flow in the region around the well where the 

elastoplastic deformation occurs. Figure 3 ï 1 presents schematically the physical model. 

 

 
Figure 3 ï1. Physical model.  

 

The rock deformation is governed by the effective stress change that acts on the rock-solid skeleton. The 

pore pressure change in the reservoir is a combined effect of two different processes: (i) 

expansion/compression of the reservoir fluids because of production/injection operations, and (ii) 

expansion/compression of the porous medium because of the local stress state change.  

 

The physical model represents a heavy oil reservoir as a cylinder with a specific height that is divided in 
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its vertical axis by strata and its horizontal plane is divided by angles with a constant length arc, with a 

producer vertical well located in the center. This geometric representation suggests using a cylindrical 

coordinates system. 

 

The general model is based on the simultaneous solution of five sets of no linear differential equations. 

The governing equations describe the interaction between the pressure field and the stress field, resulting 

from the coupling of two different types of models: (i) a fluid flow model that describes the pore pressure 

distribution, and (ii) a stress-strain model that describes the elastoplastic deformation of the porous 

medium in each direction r, ɗ y z. 

 

These governing equations for coupling rock elastoplastic deformation with fluid pressure for porous 

media are established through several publications in the rock mechanics literature. In recent years, 

reinterpretations of these equations and extensions to different oil reservoir studies have been published 

in the petroleum literature. The general model proposed here closely follows the interpretation given by 

Chen, Teufel & Lee, (1995), and Osorio (1999) with two exceptions, which are the 3-phase fluid for the 

fluid flow model and the geomechanical governing equations that take into account the elastoplastic 

behavior characteristic of heavy oil reservoirs. 

 

The development of the governing equations is based on the following assumptions: (i) isothermal and 

3-phase fluid flow (oil, gas, and water); (ii) isotropic rock mechanical properties; (iii) deformation of the 

solid part of the rock behaves as an elastoplastic medium with small deformations, and; (iv) permeability 

is assumed to be a function of porosity that changes as a function of the total strain and mean effective 

stress. 

 

3.2  Fluid flow mod el  
 

The reservoir or fluid flow model assumes isothermal and 3-phase fluid composed of oil, gas, and water 

in a deformable porous medium. Four basic relations constitute this model: fluid mass conservation, solid 

mass conservation, Darcyôs law, and the equation of state. The combination of these four relations yields  

3-phase fluid flow equations. This flow model gives rise to one of the following three fluid-flow 

equations depending on the nature of the fluid: compressible, slightly compressible, or incompressible 

fluid. The governing equations describing the fluid flow model are presented below. A detailed 

development can be found in Annex A and is based on the multiphase fluid flow model presented by 

Abou-Kassem, Rafiqul Islam, & Farouq Ali (2020).  

 

Difference Finite Method (DFM) is the numerical method selected for solving the differential equations 

of the fluid flow model by approximating them with difference equations, in which finite differences 

approximate the derivatives.   

 

3.2.1  Fluid mass conservat ion  

 

The fluid mass conservation equation is obtained from a mass balance based on the infinitesimal volume 

element of a porous media as represented in Figure 3 ï2. 
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Figure 3 ï2. Infinitesimal volume element of a porous media in cylindrical coordinates. 

 

Fluid mass conservation can be expressed as follows (Annex A, Section A1.1), 

 

Ͻɳ‰Ἶ ή                                   (3 ï 1) 

 

Ͻɳ‰Ἶ ή                                  (3 ï 2) 

 

Ͻɳ‰Ἶ Ὑ ‰Ἶ Ὑ ‰Ἶ Ὑ Ὑ ή      (3 ï 3) 

 

3.2.2  Solid mass conservation  

 

Solid mass conservation can be expressed as follows (Annex A, Section A1.2): 

 

Ͻɳ” ρ ‰Ἶ ”ὠ ρ ‰ ή                           (3 ï 4) 

 

where Ἶ is the solid real velocity vector. 

 

3.2.3  Darcyõs law 

 

Darcyôs law can be expressed as follows (Annex A, Section A1.3): 

 

¶ Oil -phase  

 

The oil real velocity at standard conditions in terms of oil pressure gradient considering gravity is given 

by: 

 

Ἶ Ἶ ‍
▓

ὴɳ ” ‎Ὣɳᾀ                               (3 ï 5) 



54  Numerical modeling of massive sand production during cold heavy oil production  

 

 

Where Ἶ  is the oil real velocity vector at standard conditions, Ἶ  is the oil volumetric velocity 

vector at standard conditions, Ἶ is the solid velocity vector, ▓  is the oil permeability tensor, ‘ is the 

oil viscosity, ὄ is the oil volume factor, Ὣ is the gravitational acceleration Ὣ σςȢρχτÆÔÓϳ  and ‎ is 

the gravity conversion factor ‎ πȢςρυψτρπ . The ᾀ direction is positive in the vertically 

downward direction.  

 

Solving for the oil real velocity, at standard conditions, in each direction: 

 

Ö Ö ‍ ” ‎Ὣ   

 

Ö Ö ‍ ” ‎Ὣ   

 

Ö Ö ‍ ” ‎Ὣ                                (3 ï 6) 

 

¶ Water -phase  

 

Similar to the oil phase, the water real velocity at standard conditions in terms of water pressure gradient 

considering gravity is given by: 

 

Ἶ Ἶ Ἶ ‍
▓

ὴɳ ” ‎Ὣɳᾀ                         (3 ï 7) 

 

Similar to the oil phase, the water real velocity, at standard conditions, in each direction can be written 

as: 

 

Ö Ö ‍ ” ‎Ὣ   

 

Ö Ö ‍ ” ‎Ὣ   

 

Ö Ö ‍ ” ‎Ὣ                               (3 ï 8) 

 

¶ Gas -phase  

 

Similar to the oil and water phases, the gas real velocity at standard conditions in terms of gas pressure 

gradient considering gravity is given by: 

 

Ἶ Ἶ Ἶ ‍
▓

ὴɳ ” ‎Ὣɳᾀ                         (3 ï 9) 

 

The water real velocity at standard conditions in each direction for the gas phase can be written as: 
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Ö Ö ‍ ” ‎Ὣ   

 

Ö Ö ‍ ” ‎Ὣ   

 

Ö Ö ‍ ” ‎Ὣ                               (3 ï 10) 

 

3.2.4  Equation of state  

 

The equation of state (isothermal fluid compressibility) can be expressed as follows (Annex A, Section 

A1.4): 

 

ὧ                                                 (3 ï 11) 

 

On the other hand, in terms of the fluid formation volume factor: 

 

ὧ                                                (3 ï 12) 

 

The oil and water phases are handled as slightly compressible fluids and the gas phase is handled as real 

gas. The compressibility for the oil, water, and gas phases can be expressed, respectively, as: 

 

ὧ ὧέὲίὸὥὲὸ  

 

ὧ ὧέὲίὸὥὲὸ  

 

ὧ                                                (3 ï 13) 

 

3.2.5  Compressibility of the formation  

 

Four different compressibilities are associated with porous media according to Zimmerman, Somerton, 

& King (1986). Each of these rock compressibilities relates to changes in either the pore volume ὠ or 

the bulk volume ὠ concerning changes in the pore pressure, ὴ or the mean stress, „ . Annex A, Section 

A1.5 presents the definitions of formation compressibilities. 

 

The compressibilities of a porous medium that express the effect of total mean stress and pore pressure 

variations on pore volume denote as ὧ  and ὧ , respectively, are defined as: 

 

ὧ   
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ὧ                                               (3 ï 14) 

 

The compressibilities of a porous medium that express the effect of total mean stress and pore pressure 

variations on bulk volume denote as ὧ  and ὧ , respectively, are defined as: 

 

ὧ   

 

ὧ                                              (3 ï 15) 

 

Zimmerman et al. (1986) found the relations among these four compressibilities, the porosity, ‰, and 

solid compressibility, ὧ, defined as the compressibility of the rock matrix material. These relations for 

pore and bulk compressibilities are given by Equations (3 ï 16) and (3 ï 17) respectively. 

 

ὧ ὧ ὧ  

 

ὧ ὧ ὧ                                              (3 ï 16) 

 

ὧ ‰ὧ   

 

ὧ                                                 (3 ï 17) 

 

3.2.6  Other relations  

 

This section presents other relations that complement the model. (Annex A, Section A1.6). 

 

¶ Saturations  

 

The oil, water, and gas saturations must satisfy the following constraint: 

 

Ὓ Ὓ Ὓ ρ                                            (3 ï 18) 

 

with:  π ὛȟὛȟὛ ρ  
 

¶ Capillary Pressures  

 

The oil, water, and gas pressures ὴ, ὴ  and ὴ can be related to the concept of capillary pressure: 

 

ὴ ὴ ὴ                                              (3 ï 19) 

 

ὴ ὴ ὴ                                              (3 ï 20) 

 

And the derivates of these equations can be expressed as: 
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ὴ                                   (3 ï 21) 

 

where: 

 

ὴ   

 

ὴ                                    (3 ï 22) 

 

where: 

 

ὴ   

 

The terms ὴ  and ὴ  can be obtained by using the capillary pressure curves of each set of two-phase 

systems. 

 

¶ Mean Pore Pressure  

 

Considering three phases (oil, water, and gas) in the porous media, the mean pore pressure can be defined 

by: 

 

ὴӶ Ὓὴ Ὓὴ Ὓὴ                                        (3 ï 23) 

 

3.2.7  Governing equations  

 

Equations (3 ï 1) through (3 ï 23) can be combined resulting in the following fluid-flow equation (Annex 

A, Section A1.7): 

 

¶ Oil -phase  

 

The governing equation of the fluid flow for the oil phase is given: 

 

Ͻɳ‍
▓

ὴɳ ” ‎Ὣɳᾀ Ὂ Ὃ Ὄ Ὅ ὐ ‌ ή   (3 ï 24) 

 

where: 

 

Ὂ   

 

Ὃ   

 

Ὄ π  
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Ὅ Ὓ ὧ ρ ‌ ὧ ὧ   

 

ὐ   

 

¶ Water -phase  

 

The governing equation of the fluid flow for the water phase is given: 

 

Ͻɳ‍
▓

ὴɳ ” ‎Ὣɳᾀ Ͻɳ‍
▓
ὴ Ὓɳ Ͻɳ‍

▓
ὴ Ὓɳ Ὂ Ὃ

Ὄ Ὅ ὐ ‌ ή                               (3 ï 25) 

 

where: 

 

Ὂ   

 

Ὃ ρ Ὓ Ὓ ὧ ρ ‌ ὧ ὧ ὴ ρ  

 

Ὄ ρ Ὓ Ὓ ὧ ρ ‌ ὧ ὧ ὴ ρ  

 

Ὅ ρ Ὓ Ὓ ὧ ρ ‌ ὧ ὧ   

 

ὐ ρ Ὓ Ὓ   

 

¶ Gas -phase  

 

Similarly, the governing equation of the fluid flow for the gas phase is given: 

 

Ͻɳ‍
▓

ὴɳ ” ‎Ὣɳᾀ ‍Ὑ
▓

ὴɳ ” ‎Ὣɳᾀ ‍Ὑ
▓

ὴɳ

” ‎Ὣɳᾀ Ͻɳ ‍
▓
ὴ Ὑ ‍

▓
ὴ Ὓɳ ϽɳὙ ‍

▓
ὴ Ὓɳ Ὂ

Ὃ Ὄ Ὅ ὐ ‌ ή                          (3 ï 26) 

 

where: 

 

Ὂ ρ Ὑ Ὑ   

 



Chapter 3. General m odel  59  

 

Ὃ Ὑ Ὑ ρ Ὓ Ὓ Ὑ ὧ ὴ ρ   

 

Ὄ ρ Ὓὴ ὧ ρ ‌ ὧ ὧ Ὑ Ὓὴ ὧ ρ ‌ ὧ Ὑ ρ

Ὓ Ὓ Ὑ ὧ ὴ ὧ ρ ‌ ὧὴ ρ   

 

Ὅ ὧ ρ ‌ ὧ ὧ Ὑ Ὑ ὧ ρ ‌ ὧ ὧ Ὑ Ὑ

ὧ ρ ‌ ὧ ὧ   

 

ὐ Ὑ Ὑ   

 

3.2.8  Boundary conditions  

 

The governing equations of the phases (oil, water, and gas) at the boundaries are affected by pressure 

and saturation, the main variables. Annex A, section A2.3 presents in detail the boundary conditions and 

their discretization. 

 

¶ Radial direction  

 

ð For the wellbore boundary ð internal radial boundary, ░  

 

Pressure condition  

 

The well production is defined as a bottom-hole pressure-constrained well, which states that the wellbore 

pressure is constant (Dirichlet boundary condition type) and its discretization at the boundary can be 

expressed by: 

 

ὴ
ȟȟ

ὴ
ύὪᾀρȟὮȟὯ

ὲ ὴ
ύὪὶὩὪ

ὲ ‎
έ
ᾀρȟὮȟὯ ᾀὶὩὪ                               (3 ï 27) 

 

Saturation conditions  

 

The well production condition is defined as a non-flow condition, i.e., there is no radial flow between 

Ὥ π and  Ὥ ρ, then oil saturation at the radial boundary has no change (Neumann boundary condition 

type) and its discretization at the boundary can be expressed by: 

 

Ὓ
ȟȟ

Ὓ
ȟȟ

                                              (3 ï 28) 

 

Similarly, for gas saturation (Neumann boundary condition type), its discretization at the boundary can 

be expressed by: 
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Ὓ
ȟȟ

Ὓ
ȟȟ

                                              (3 ï 29) 

 

ð For the external radial boundary, ░ ▪►  

 

Pressure condition  

 

The external radial pressure condition is defined as a non-flow condition, i.e., there is no radial flow 

between Ὥ ὲ and  Ὥ ὲ ρ (Neumann boundary condition type) and its discretization at the 

boundary can be expressed by: 

 

ὴ
ȟȟ

ὴ
ȟȟ

                                            (3 ï 30) 

 

Saturation conditions:  

 

The external radial oil saturation condition is defined in terms of the non-flow condition, i.e., there is no 

radial oil saturation change between Ὥ ὲ and  Ὥ ὲ ρ (Neumann boundary condition type) and its 

discretization at the boundary can be expressed by: 

 

Ὓ
ȟȟ

Ὓ
ȟȟ

                                            (3 ï 31) 

 

Similarly, for the gas saturation (Neumann boundary condition type), its discretization at the boundary 

can be expressed by: 

 

Ὓ
ȟȟ

Ὓ
ȟȟ

                                            (3 ï 32) 

 

¶ Tangential direction  

 

ð For the first angular boundary , ▒  

 

Pressure condition  

 

The pressure at the first angular boundary is a Dirichlet boundary condition type that is stated as: 

 

ὴ
ȟȟ

ὴ
ȟ ȟ

                                              (3 ï 33) 

 

Saturation conditions  

 

The oil saturation at the first angular boundary is stated as (Dirichlet boundary condition type): 

 

Ὓ
ȟȟ

Ὓ
ȟ ȟ

                                              (3 ï 34) 

 

Similarly for the gas saturation (Dirichlet boundary condition type): 
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Ὓ
ȟȟ

Ὓ
ȟ ȟ

                                              (3 ï 35) 

 

ð For the final angular boundary, ▒ ▪Ᵽ  

 

Pressure condition  

 

The pressure at the final angular boundary is also a Dirichlet boundary condition type that is stated as: 

 

ὴ
ȟ ȟ

ὴ
ȟȟ

                                             (3 ï 36) 

 

Saturation conditions  

 

The oil saturation at the final angular boundary is stated as (Dirichlet boundary condition type): 

  

Ὓ
ȟ ȟ

Ὓ
ȟȟ

                                             (3 ï 37) 

 

Similarly for the gas saturation (Dirichlet boundary condition type): 

 

Ὓ
ȟȟ

Ὓ
ȟ ȟ

                                              (3 ï 38) 

 

¶ Vertical direction  

 

ð For the top boundary, ▓  

 

Pressure condition  

 

The vertical pressure condition at the top is defined as a no-flow condition, i.e., there is no vertical flow 

between the blocks Ὧ π and Ὧ ρ (Neumann boundary condition type) and its discretization at the 

boundary can be expressed by: 

 

ὴ
ȟȟ

ὴ
ȟȟ

‎
έ
ᾀὭȟὮȟπ                                          (3 ï 39) 

 

Saturation conditions  

 

The vertical oil saturation condition at the top is defined in terms of the no-flow condition, i.e., there is 

no vertical oil saturation change between Ὥ ὲ and  Ὥ ὲ ρ (Neumann boundary condition type) 

and its discretization at the boundary can be expressed by: 

 

Ὓ
ȟȟ

Ὓ
ȟȟ

                                               (3 ï 40) 

 

Similarly, for the gas saturation (Dirichlet boundary condition type), its discretization at the boundary 

can be expressed by: 
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Ὓ
ȟȟ

Ὓ
ȟȟ

                                               (3 ï 41) 

 

ð For the bottom boundary, ▓ ▪◑  

 

Pressure condition  

 

The vertical pressure condition at the bottom is defined as a no-flow condition, i.e., there is no vertical 

flow between the blocks Ὧ ὲ and Ὧ ὲ ρ (Neumann boundary condition type) and its 

discretization at the boundary can be expressed by: 

 

ὴ
ȟȟ

ὴ
ȟȟ

‎
έ
ᾀὭȟὮȟ                                       (3 ï 42) 

 

Saturation conditions  

 

The vertical oil saturation condition at the bottom is defined in terms of the non-flow condition, i.e., there 

is no vertical oil saturation change between Ὥ ὲ and  Ὥ ὲ ρ (Neumann boundary condition type) 

and its discretization at the boundary can be expressed by: 

 

Ὓ
ȟȟ

Ὓ
ȟȟ

                                             (3 ï 43) 

 

Similarly, for the gas saturation (Dirichlet boundary condition type), its discretization at the boundary 

can be expressed by: 

 

Ὓ
ȟȟ

Ὓ
ȟȟ

                                             (3 ï 44) 

 

3.2.9  Initial conditions  

 

The usual initial conditions of a reservoir consist to define the initial values of the primary variables of 

the model such as pressure and saturation to begin the simulation. At the initial time (ὸ π, all 

reservoir unknowns must be specified considering that the fluids are in hydrodynamic equilibrium.  

 

The model requires that the user defines some preliminary data to describe the case to run such as the 

grid specifications (well radius, reservoir radius, and reservoir height), initial mean pressure and bubble-

point pressure at reference depth, initial saturations in the reservoir (oil, water, and gas), capillary 

pressure curves and relative permeability curves (oil and water system and/or oil and gas systems), layers 

open to production, the production log that consists to the wellbore hole pressure on time, among others. 

 

The bubble-point pressure and the initial mean pressure are defined at the top of the reservoir, this last 

pressure lets to calculate each phase pressure using the initial saturation values and capillary pressure 

curves, and the vertical distribution of all these pressures is done considering the hydrostatic gradient. 

 

The initial saturation values are stated for all the reservoirs, i.e., for each block of the grid. There is no 

gas cap or aquifer to have saturation distribution with gravity. 
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3.2.10  Ternary model for the three -phase system  

 

Direct experimental measurement of three-phase relative permeability is really difficult and implicates 

rather complex techniques to establish the fluid saturation distribution along the core. Experimentally, it 

is easier to measure the two-phase relative permeability. For this reason, the strategy consists to estimate 

the three-phase relative permeability from two sets of two-phase data and using a correlation. The same 

strategy is used for capillary pressures.  

 

¶ Two -phase systems  

 

Figure 3 ï 3 presents the relative permeability and capillary pressure curves for the two sets of two-phase 

systems. 

 

 
a. 

 
b. 

Figure 3 ï 3. Relative permeability and capillary pressure curves. a) Oil and water system. b) Oil and 

gas system.  

 

ð Relative permeability  

 

To replace the two sets of two-phase data, Coreyôs correlation is used to estimate the relative permeability 
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of each one of the two-phase systems (Ahmed, 2010). 

 

Oil and water system  

 

For an oil-water system, 

 

Ὧ Ὧ ȿ    

 

Ὧ Ὧ ȿ                                    (3 ï 45) 

 

In Equations (3 ï 45), Ὧ  and Ὧ  are oil and water relative permeability in the oil-water system, 

respectively; Ὓ  is the water saturation, Ὓ  is the connate water saturation, Ὓ  is the critical water 

saturation, Ὓ  is the residual oil saturation and Ὓ  is the irreducible oil saturation in the oil-water 

system, and ὲ  and ὲ  are the oil and water exponents on relative permeability curves. 

 

Oil and gas system  

 

For an oil-gas system, 

 

Ὧ Ὧ ȿ                                      (3 ï 46) 

 

Ὧ Ὧ ȿ                                       (3 ï 47) 

 

with 

 

Ὓ  Ὓ Ὓ    

 

Ὓ  Ὓ Ὓ    

 

In Equations (3 ï 46) and (3 ï 47), Ὧ  and Ὧ  are oil and gas relative permeability in the oil-gas 

system, respectively; Ὓ is the gas saturation, Ὓ  and Ὓ  are the connate gas and water saturation, 

respectively; Ὓ  is the critical gas saturation, Ὓ  is the irreducible oil saturation in the oil-gas 

system, and Ὓ  is the residual oil saturation in the oil-gas system, and ὲ  and ὲ are the oil and gas 

exponents on relative permeability curves. 

 

ð Capillary pressure  

 

To replace the two sets of two-phase data, a potential law is used to estimate capillary pressure. 
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Oil and water system  

 

Taking into account an oil-water system with Ὓ Ὓ  and Ὓ Ὓ , the oil-water capillary 

pressure in the drainage curve can be expressed as: 

 

ὴ ὴ ȿ ὴ ȿ ὴ ȿ                (3 ï 48) 

 

with: 

 

Ὓ Ὓύ ρ ὛέὭὶύ  

 

In Equation (3 ï 48), ὴ  and ὴ  are oil-water capillary pressure and dimensionless oil-water 

capillary pressure, respectively; and ὲ  is the oil-water exponent on capillary pressure. 

 

And the capillary pressure derivative for the oil-water system: 

 

ȿ ȿ
                       (3 ï 49) 

 

Oil and gas system  

 

Taking into account an oil-water system with Ὓ Ὓ  and Ὓ Ὓ , the gas-oil capillary pressure in 

the drainage curve can be expressed as, 

 

ὴ ὴ ȿ ὴ ȿ ὴ ȿ                     (3 ï 50) 

 

where, 

 

Ὓ  Ὓ Ὓ    

 

Ὓ Ὓὰ ρ ὛὫὧ  

 

In Equation (3 ï 50), ὴ  and ὴ  are oil-gas capillary pressure and dimensionless oil-gas capillary 

pressure, respectively; Ὓ  and Ὓ  are the connate liquid and gas saturation, respectively; and ὲ  is 

the oil-gas exponent on capillary pressure. 

 

And the capillary pressure derivative for the oil-gas system: 

 

ȿ ȿ
                           (3 ï 51) 
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¶ Three -phase system  

 

According to the selected strategy, the relative permeability of water in a three-phase system is the same 

as that in a two-phase water-oil system and is a function of water saturation only. The relative 

permeability of gas in the three-phase system is equal to the gas relative permeability in the two-phase 

liquid-gas system and is a function of gas saturation only. Stoneôs model II is a normalized method with 

a reasonable approximation to calculate the three-phase oil relative permeability, Ὧ , using Ὧ  and 

Ὧ  from the two sets of two-phase permeability systems (Aziz & Settari, 2002; Ahmed, 2010). 

 

Ὧ Ὧ ȿ
ȿ

Ὧ
ȿ

Ὧ Ὧ Ὧ                   (3 ï 52) 

 

Equation (3 ï 52) allows computing the values of oil relative permeability Ὧ  for the three-phase system, 

which can be represented in the ternary diagram as shown in Figure 3 ï 4. 

 

 
Figure 3 ï 4. Ternary diagram for oil relative permeability for a three-phase system using Stoneôs 

model II.  

 

 

3.3  Geomechanical model  
 

The geomechanical model is a 3D elastoplastic stress-strain relationship that assumes that the solid phase 

behaves as an elastoplastic medium with small strains. The basic assumptions for this geomechanical 

model are that the total strain increment may be decomposed into elastic and plastic parts, with the elastic 

part contributing to the stress increment using an elastic law. The elastoplastic calculations include an 

incremental stress-strain relation, a yield surface, a flow rule, and a hardening/softening law. 

 

The numerical method selected for solving the geomechanical model is the Finite Element Method 

(FEM) in cartesian coordinates, which requires the solution to a boundary value problem for partial 

differential equations. The FEM formulation of the problem results in a system of algebraic equations 

and the method yields approximate values of the unknowns at a discrete number of points over the 

domain. The approach to solving the problem consists to divide a large problem into smaller considering 
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simpler parts that are called finite elements. The simple equations that model these finite elements are 

then assembled into a larger system of the equation that models the entire problem, using variational 

methods from the calculus of variations to approximate a solution by minimizing an associated error 

function (Sherif, 2012). Annex B presents detailed mathematical development for implementing this 

numerical solution. 

 

3.3.1  Basic relations  

 

¶ Stress Tensor  

 

Using indicial notation to reduce the expressions of equations, the stress tensor is given by: 

 

„

„ „ „
„ „ „
„ „ „

                                         (3 ï 53) 

 

¶ Principal stresses  

 

If the axes of the coordinate system are aligned with the principal stress directions, the stress tensor will 

be having this simple form: 

 

„
„ π π
π „ π
π π „

                                           (3 ï 54) 

 

where „, „ and „ are the principal stresses. These are the proper values of the matrix and are obtained 

as: 

 

ÄÅÔ„ ‏„ π                                           (3 ï 55) 

 

¶ Principal stress invariants  

 

The invariants of the principal stress tensor can be written as: 

 

Ὅ ὸὶ„ „ „ „     

 

Ὅ ὸὶ„ ὸὶ„ „„ „„ „„   

 

Ὅ ÄÅÔ„ „„„                                         (3 ï 56) 

 

The mean stress is equivalent to the first invariant divided by 3: 

 

„ „ „ „                                          (3 ï 57) 
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¶ Deviator stress tensor  

 

The deviator stress tensor can be obtained by subtracting the mean stress from the stress tensor: 

 

ί „ ‏„

ụ
Ụ
Ụ
Ụ
ợ „ „

„ „

„ „ Ứ
ủ
ủ
ủ
Ủ

                  (3 ï 58) 

 

¶ Invariants of the deviator stress tensor  

 

In the same way, the invariants of the deviator stress tensor are obtained as: 

 

ὐ π                                                   (3 ï 59) 

 

ὐ ὸὶί ὸὶί ίί ίί ίί ί ί ί   

 

ὐ ÄÅÔὛ  ίίί   

 

¶ Strain tensor  

 

The strain tensor, ‭ , can be expressed as: 

 

‭

‭ ‭ ‭
‭ ‭ ‭
‭ ‭ ‭

                                          (3 ï 60) 

 

The volumetric strain, ‭, can be expressed as: 

 

‭  ‭ ‭ ‭ ‭ ‭ ‭ Ͻɳό                             (3 ï 61) 

 

where ό is the displacement vector. 

 

¶ Stress -strain model  

 

The stress-strain model is based on three basic relations (Chen & Baladi,1985):  

 

- The equilibrium equation or the stress equilibrium equation. 

- The strain-displacement equation is related to the geometry conditions of the compatibility of strains 

and displacements. 

- The constitutive relation of the material to be modeled, elasticity, or elastoplasticity, which defines 

the strain-stress-pressure relations. 
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ð Stress -equilibrium equations  

 

„ȟ Ὂ π                                               (3 ï 62) 

 

where, 

 

„ „  

 

ð Strain -displacement equations  

 

‭                                             (3 ï 63) 

 

where ό is the displacement tensor, and, 

 

‭ ‭  

 

3.3.2  Elasticity  

 

In physics, elasticity is the ability of a material to resist distorting stress and to return to its original size 

and shape when the stress is removed. Then, if the material is elastic, it will return to its initial shape and 

size when these forces are removed (Chen et al., 1995). 

 

For the model implementation, compressive stresses are positive and the principal stresses are used 

considering that „ „ „. 

 

¶ Stress -strain relation  

 

Hookeôs law defines the elastic behavior of materials relating the stresses and strains with isotropic elastic 

properties, and it can be defined as: 

 

‭ „ „ ‏     

 

„ ςὋ‭ ὑ ‭ ‏                                      (3 ï 64) 

 

In Equation (3 ï 64), ὑ is the bulk modulus and Ὃ is the shear modulus, and ‏  is the Kroneckerôs delta 

function ‏ ρ ÆÏÒ Ὥ Ὦ ȟ‏ π ÆÏÒ Ὥ Ὦ . 

 

¶ Stiffness matrix  

 

The Equations (3 ï 62) can be reduced to the following equation: 
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„ ᴇ ‭                                                (3 ï 65) 

 

In Equation (3 ï 65), ᴇ  is known as the stiffness matrix or constitutive matrix. 

 

¶ Elastic strain increment  

 

The elastic strain increment, ‭ , can be defined as: 

 

Ὠ‭ ὨὍ‏ Ὠί                                         (3 ï 66) 

 

In Equation (3 ï 66), ί is the stress tensor, ὑ is the bulk modulus and Ὃ is the shear modulus. 

 

Also: 

 

Ὠ‐  ὨὍ                                              (3 ï 67) 

 

And increment of the deviator elastic strain: 

 

Ὠ‭ Ὠί                                              (3 ï 68) 

 

In Equation (3 ï 68), ‭  is the elastic deviator strain tensor. 

 

¶ Strain -stress -pressure equations  

 

The constitutive relation of an elastic material defines strain-stress-pressure relations: 

 

‭ „ ’„ „ ὴ                                  (3 ï 69) 

 

In Equation (3 ï 69), Ὁ is Youngôs modulus, ’ is Poissonôs ratio, ὴ is the fluid pore pressure, ‌ is Biotôs 

poroelastic constant and ὧ is bulk compressibility. 

 

Also: 

 

‭ ȠὭ Ὦ                                              (3 ï 70) 

 

Equations (3 ï 69) and (3 ï 70) can be solved to state the stresses in terms of the strains: 

 

„ ςὋ‭ ‗‭ ‌ὴ ‏                                      (3 ï 71) 

 

where ‗ is the Lameôs constant that can be expressed as ‗ ὑ ςὋσϳ . 

  

Effective stress, „ , is defined in terms of the total stress and the pore pressure as: 
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„ „ ‌ὴ‏                                             (3 ï 72) 

 

Effective stress is a measure of the actual stress carried by the solid skeleton of the rock.  

 

3.3.3  Elastoplasticity  

 

Elastoplasticity is the condition of the material to show both elastic and plastic behavior, typically as a 

result of being stretched beyond an elastic limit. Thus, the material behavior is elastic up to a transition 

point called the yield point, in which the material changes from elastic behavior to plastic behavior.   

 

In physics, plasticity describes the deformation of a material undergoing permanent or non-reversible 

changes of shape and size in response to applied stresses. The elastoplastic calculations include an 

incremental stress-strain relation, a yield surface, a flow rule, and a hardening / softening law (Davis & 

Selvadurai, 2002). 

 

¶ Basic relation  

 

To carry out strain calculations, the incremental strain is assumed linearly divided into two parts, an 

elastic part, and a plastic part, 

 

Ὠ‭ Ὠ‭ Ὠ‭                                             (3 ï 73) 

 

¶ Yield surface  

 

If the stress exceeds a critical value, the material will undergo plastic or irreversible deformation. This 

critical stress can be tensile or compressive. This critical value is known as the yield point and refers to 

the onset of plastic behavior or the stress at which a material begins to deform plastically. The yield 

criteria define the mathematical conditions for yielding (Davis & Selvadurai, 2002). 

 

Ὢ„ ‖                                                (3 ï 77) 

 

In Equation (3 ï 77), Ὢ is the yield function and ‖ is a constant.  

 

The yield criterion often expressed as yield surface is a hypothesis concerning the limit of elasticity under 

any combination of stresses. The yield criterion defines a surface where plastic deformation occurs. 

 

The yield surface or failure envelope determines the plastic behavior of the material: perfectly plastic 

material or plastic material with hardening/softening. So that the stress state reaches the failure envelope, 

the afterload generates plastic strains. For perfectly plastic materials, the failure envelope is a function 

of the stresses and does not change with time. For plastic materials with hardening/softening, the failure 

envelope is also a function of stresses and plastic strains, thus this implies that the failure envelope change 

with the load history (Han et al., 2005). 

 

Ὢ Ὢ„ȟ‭                                               (3 ï78) 
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where ‭  is the plastic strain. 

 

Shear o tensile processes can generate failure or yield. For this reason, the yield criteria can be defined 

in terms of shear or tensile.  

 

¶ Drucker and Prager yield criterion  

 

There are different yield criteria to apply in elastoplasticity as Tresca, Von Mises, Mohr-Coulomb, and 

Drucker-Prager, among others.  

 

Although the Mohr-Coulomb criterion is the conventional criterion used to represent a shear failure in 

soils and rocks, its disadvantages are the lack of dependence on the intermediate stress and the corners 

at the hexagon edges that lead to instability on calculations when the derivative of the yield function is 

required at the edge. For these disadvantages, other criteria such as Drucker and Prager criterion are 

considered to model the yielding during sand production (Han et al., 2005).  

 

The Drucker and Prager criterion is a three-dimensional pressure-dependent model to estimate the stress 

state at which the rock reaches its ultimate strength, determining whether a material has failed or 

undergone plastic yielding. Its advantages are its simplicity and its smooth and, symmetric failure surface 

in the stress space, which facilitate its implementation into numerical codes (Cividini, 1993). The 

criterion gives as much weight to each one of the three stresses (Alejano & Bobet, 2012). For this 

advantage, it is established as a generalization of the Mohr-Coulomb criterion for soils (Drucker & 

Prager, 1952).  

 

The Drucker and Prager failure criterion naturally represents the frictional relation between shear and 

normal stresses through a yield stress criterion (Klar, Gast, Pradhana, Fu, Schroeder, Chenfanfu, & Teran, 

2016). This criterion is used to model frictional materials, which are typically granular-like soils and 

rock, and exhibit pressure-dependent yield (the material becomes stronger as the pressure increases) and 

has been applied to rock, concrete, polymers, foams, and other pressure-dependent materials (Dassault 

Systémes Simulia Corporation, 2014).  

 

Rock failure and degradation are mostly accepted as requisite for sand production. However, several 

mechanisms are well-known as responsible for sand production, which is mainly based on the shear and 

tensile failure, critical pressure gradient, critical drawdown pressure, critical plastic strain, and erosion 

criteria (Rahmati et al., 2013). This is how the yield criterion is an important consideration for sand 

production. It is also proved that the problem of sanding onset prediction cannot be well solved by using 

strength criteria that are not influenced by the intermediate principal stress because laboratory test data 

indicate rock failure is dependent on intermediate principal stress (Yi, Valkó & Russell, 2005). 

 

The Drucker and Prager criterion can be expressed as: 

 

ὐ ‖ ήὍ                                             (3 ï 79) 

 

In Equation (3 ï 79), Ὅ is the first invariant of the effective stress tensor, ὐ is the second invariant of the 

deviator tensor, and ‖  and ή  are material constants usually defined from experiments. 
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In terms of the principal effective stresses: 

 

„ „ „ „ „ „ ‖ ὄ„ „ „                (3 ï 80) 

 

The Drucker and Prager yield surface is a smooth version of the Mohr-Coulomb yield surface. Figure 3 

ï 5 presents a view of the Drucker and Prager yield surface in the 3D space of principal stresses. 

 

Since the Drucker and Prager yield surface is a smooth version of the Mohr-Coulomb yield surface, it is 

often expressed in terms of cohesion, †, and the angle of internal friction, •, that are used to describe 

the Mohr-Coulomb yield surface. If it is assumed that, the Drucker and Prager yield surface circumscribes 

the Mohr-Coulomb yield surface then: 

 

ή
Ѝ

  

 

‖
Ѝ

                                             (3 ï 81) 

 
Figure 3 ï 5. Drucker and Prager yield surface in 3D space of principal stresses. 

 

The Drucker and Prager criterion produces a failure surface with tension cutoff, in which the shear flow 

rule is non-associated, and the tensile flow rule is associated (Chen & Han, 1988; Itasca Consulting 

Group Inc., 2005). Then, this criterion is expressed in terms of two generalized stress components: the 

tangential stress, †, and mean normal stress, „, defined as: 

 

† ὐ „ „ „ „ „ „ „ „ „   

 

„ Ὅ „ „ „                                       (3 ï 82) 

 

The shear strain increment, Ў‎, and volumetric strain increment, Ў‭, associated with †, and „  

respectively, have the form: 



74  Numerical modeling of massive sand production during cold heavy oil production  

 

 

Ў‎ ςЎὐ   

 

Ў‭ Ў‭ Ў‭ Ў‭                                        (3 ï 83) 

 
where Ўὐ is the second invariant of the incremental strain deviator tensor that is given by: 

 

Ўὐ Ў‭ Ў‭ Ў‭ Ў‭ Ў‭ Ў‭                    (3 ï 84) 

 

The total strain increments are decomposed: 

 

Ў‎ Ў‎ Ў‎   
 

Ў‭ Ў‭ Ў‭                                            (3 ï 85) 

 

where the superscripts Ὡ and ὴ refer to elastic and plastic parts, respectively, and the plastic components 

are nonzero during plasticity only. The incremental expression of Hookeôs law in terms of generalized 

stresses and strains is: 

 

Ў† ὋЎ‎   

 

Ў„ ὑЎ‭                                               (3 ï 86) 

 

where Ὃ and ὑ are the shear and bulk modulus, respectively. 

 

¶ Yield functions  

 
The Drucker and Prager criterion consists of two failure functions: the shear function, Ὢ, and the tensile 

failure function, Ὢ. This criterion in the „  ï † plane is sketched in Figure 3 ï 6. The failure envelope 

is defined from point ὃ to ὄ by the yield function, 

 

Ὢ † ή„ ‖                                           (3 ï 87) 

 

and from ὄ to ὅ by the tension yield function, 

 
Ὢ „ „                                               (3 ï 88) 

 

where ή  and ‖  are constant material properties, and „  is the tensile strength for Drucker & Prager 

model. Note that this strength is defined as the maximum value of the mean normal stress for the material 

under consideration. For a material whose property ή  is not equal to zero, the tensile strength cannot 

exceed the value „  given by, 

 

„                                                 (3 ï 89) 
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It is clear that when the stress state has overcome the Drucker and Prager failure criterion by shear: Ὢ
π, and similarly by tensile failure: Ὢ π. 
 

 
Figure 3 ï 6. Drucker and Prager failure criterion. 

 

¶ Plastic potential functions  

 

The shear potential function Ὣ relates in general to a non-associated flow rule, and has the form: 

 

Ὣ † ή„                                              (3 ï 90) 

 

where ή  is a material constant equal to ή  if the flow rule is associated. 

 

The flow rule for tensile failure is associated and the tensile potential function Ὣ is given by, 

 

Ὣ  „                                                 (3 ï 91) 

 

The flow rules are given a unique definition in the vicinity of an edge of the composite yield function 

using the following technique. A function, Ὤ„ȟ† π, which is represented by the diagonal between 

the failure criteria Ὢ π and Ὢ π in the „  ï † plane. Figure 3 ï 7 represents the domains of the 

flow rule and the definition of function Ὤ.  
 

The function Ὤ can be expressed as: 

 

Ὤ † † ‌ „ „                                       (3 ï 92) 

 

where: 

 

† ‖ ή„   

 

‌ ρ ή ή    
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Figure 3 ï 7. Domains of the flow rule in the Drucker and Prager criterion. 

 

An elastic guess violating the failure criterion is represented by a point in the „ ï † plane, placed either 

in domain 1 or 2, corresponding to positive or negative domains of Ὤ„ȟ† π, respectively. If in 

domain 1, shear failure takes place, and the stress point is brought back to the curve Ὢ π using a flow 

rule derived using the potential function Ὣ. If in domain 2, tensile failure takes place, and the stress point 

is brought back to Ὢ π using a flow rule derived using Ὣ.  

 

¶ Flow rules and plastic corrections  

 

The flow rule specifies the direction of the plastic strain increment vector as that normal to the potential 

surface. It is called associated if the potential and yield function coincides, non-associated otherwise 

(Chen & Han, 1988). In general, the plastic strain increment can be defined as: 

 

Ὠ‭ ɤ                                                (3 ï 93) 

 

where Ὣ is the plastic potential surface and ɤ is the plasticity scale multiplier. For associated flow, Ὣ is 

set equal to the yield criterion Ὢ, which is a function of both stresses and strains, Equation (3 ï 93). 

 

­  For shear failure  

 

For the shear failure, the flow rule has the form: 

 

Ў‎ ɤ           

 

Ў‭ ɤ                                                (3 ï 94) 

 

where the magnitude of the shear plastic multiplier ɤ must be determined. Using Equation (3 ï 90) that 

defines Ὣ and after its partial differentiation, Equations (3 ï 94) can be expressed as: 
 

Ў‎ ɤ   
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Ў‭ ɤή                                                (3 ï 95) 

 

Taking Equations (3 ï 85) in Equations (3 ï 95): 

 

Ў† ὋЎ‎ Ὃɤ  
 

Ў„ ὑЎ‭ ɤή                                           (3 ï 96) 

 

Defining the stress increments in terms of new and old stress states by the subscripts ὔ and ὕ, 

 

Ў† † †    
 

Ў„ „ „                                              (3 ï 97) 

 

Substituting Equations (3 ï 95) into Equations (3 ï 97): 

 

† † Ὃɤ   
 

„ „ ὑɤή                                            (3 ï 98) 

 

where the superscript Ὅ represents the elastic guess obtained by adding to the old stresses, elastic 

increments computed using the total stain increments: 

 

† † Ў‎     
 

„ „ ὑЎ‭                                            (3 ï 99) 

 

The shear plastic multiplier ɤ can now be defined by requiring that the new stress point be placed on 

the shear yield surface. Replacing †  and „  for † and „  in Equation (3 ï 87) doing Ὢ π, which 

after some manipulations gives: 

 

ɤ
ȟ

                                             (3 ï 100) 

 

Noting that the new deviator stresses may be obtained by multiplying the corresponding deviator elastic 

guesses with the ratio † „ϳ , and the new stresses can be written as: 

 

„ „ ‏„ ‏„                                    (3 ï 101) 

 

where ‏  is the Kronecker delta symbol. 

 

­  For tensile failure:  

 

For the tensile failure, the flow rule has the form: 
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Ў‎ ɤ        

 

Ў‭ ɤ                                               (3 ï 102) 

 

where the magnitude of the tensile plastic multiplier ɤ stays to be defined. Using Equation (3 ï 91) that 

defines Ὣ and after its partial differentiation, Equations (3 ï 102) can be expressed as: 

 

Ў‎ π    

 

Ў‭ ɤ                                                (3 ï 103) 

 

Applying a similar reason to that described above: 

 

† †        
 

„ „ ὑɤ                                            (3 ï 104) 

 

And the tensile plastic multiplier can be expressed as: 

 

ɤ                                                (3 ï 105) 

 

Replacing Equation (3 ï 105) into Equation (3 ï 104): 

 

† †  
 

„ „                                                 (3 ï 106) 

 

For this failure mode, the new deviator stresses correspond to the elastic guess: 

 

„ „ „ „ ‏                                        (3 ï 107) 

 

¶ Implementation procedure  

 

The geomechanical model should be at an initial force-equilibrium state before alterations can be 

performed. The initial and boundary conditions may often be defined such that the model is just at 

equilibrium initially. However, it may be necessary to calculate the initial equilibrium state under the 

given initial and boundary conditions, particularly for problems with complex geometries or multiple 

layers. The elasticity model allows getting the initial conditions under the boundary conditions. 

 

The implementation of the elastoplastic model using the Drucker and Prager criterion requires first 

computing the elastic guess „  by adding the old stress components, and the increments are calculated 

using Hookeôs law to the total strain increment for the step. The generalized stress components „ȟ†  

are then derived from „ using Equations (3 ï 82). If these stresses violate the composite yield criterion, 

a correction must be applied to the generalized stress components to get the new stress state. In this 
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position, there are two options: Ὤ„ȟ† π or Ὤ„ȟ† π as seen in Figure (3 ï 10) represents 

Equation (3 ï 92). In the first option, shear failure takes place and the new generalized stresses 

components are calculated from Equation (3 ï 98) using Equation (3 ï 100) for ɤ, and the stress tensor 

components are computed from the generalized stress components using Equation (3 ï 106). In the 

second option, tensile failure occurs and the new stresses are computed using Equations (3 ï 101) for ɤ, 

and the stress tensor components are computed from the generalized stress components using Equation 

(3 ï 107). 

 

 

3.4  Computer model  
 

The discretized system of equations for both models: the fluid flow model and geomechanical model 

including their boundary conditions are solved using a program code developed in this study and written 

in Fortran language. The code can solve each model separately in a full way, which means that the 

equations of each model can be simultaneously solved for each time step using Pardiso (Alappat, Hager,  

Schenk, Thies, Basermann, Bischop, Fehske, & Wellein, 2020). Also, the code can solve the system of 

equations in a fully coupled model. Figure 3 ï 8 presents the flow chart for the multi-phase fluid flow 

model and Figure 3 ï 9 presents the flow chart for the geomechanical model. 
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Figure 3 ï 8. Flow chart for the multi-phase fluid flow model. 
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Figure 3 ï 9. Flow chart for the multi-phase geomechanical model. 





 

Chapter 4. CHOPS model  
 

This chapter presents the components to complement the general model to simulate cold heavy oil 

production with sand including the governing mechanisms of this technology as foamy oil, sand 

production, and wormhole formation. 

 

4.1  Foamy -oil model  
 

The term foamy oil is often used to describe the production fluids from heavy oil reservoirs under solution 

gas drive. Different from conventional oil reservoirs under solution gas drive, anomalous oil production 

performances, including high oil production rate, low gas-oil ratio, and high recovery factor, are found 

in heavy oil reservoirs under solution gas drive. The behavior difference between conventional heavy oil 

and foamy has been seen during the performance of a Constant Composition Expansion (CCE) test using 

a visual Pressure/Volume/Temperature (PVT) cell as shown in Figure 4 ï 1. Conventional heavy oil 

behaves under thermodynamic equilibrium conditions at any pressure while foamy oil presents three 

different processes during pressure depletion: bubble nucleation, bubble growth, and bubble coalescence 

(Zhou, Yuan, Zeng, Zhang, & Jiang, 2017). 

 

 
a. 

 
b. 

Figure 4 ï 1. Schematic characteristics of the gas during the CCE test using a PVT cell. a) 

Conventional heavy oil. b) Foamy oil including (1) bubble nucleation, (2) bubble growth, and (3) 

bubble coalescence processes. (Modified after Zhou et al., 2017) 
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Tiny bubbles start to generate in the crude when pressure declines lower than bubble point pressure, and 

volume changes of the fluids are discrete due to the bubble size being very small and negligible. In this 

period, supersaturation status in the crude reaches and volume increment of crude is principally 

contributed by the liquid phase. When pressure declines to the threshold pressure, which is lower than 

the bubble point pressure but higher than the pseudo-bubble point pressure, numerous bubbles nucleate 

and the volume of the foamy oil increases remarkably with the pressure declines, so this process is known 

as bubble nucleation. Small bubbles are trapped in the crude increasing in size while the pressure declines 

and the volume changes are dominated by the gas bubbles dispersed in the crude, a process known as 

bubble growth. When the pressure declines to pseudo-bubble point pressure, dispersed gas bubbles 

coalescent and starts to evolve out of crude, a process known as bubble coalescence, in which the gas 

evolution rate relates to pressure depletion rates. During this period, volume changes of total fluids 

(foamy oil and free gas) are mainly controlled by free gas. If the pressure is maintained for a long time, 

the system will reach an equilibrium status, indicating that 100% of the dispersed gas transfers to free 

gas and only solution gas and free gas exist in the gas phase (Zhou et al., 2017). These three processes 

exhibit the presence of another phase known as entrained gas, required to model the foamy oil. 

 

Summarizing, when the reservoir pressure is above the bubble point pressure the gas exists as solution 

gas in the oil phase being the oil in the saturated state. Once the reservoir pressure is below the bubble-

point pressure, the released solution gas is trapped and dispersed in oil, being the oil in a pseudo-

undersaturated state as foamy.  As the reservoir pressure reaches the pseudo-bubble-point pressure, the 

dispersed gas in the heavy oil comes off from the oil completely and becomes a movable phase being the 

oil in some part of the reservoir as dead oil and the gas is produced. In between the pseudo-bubble-point 

pressure and the bubble-point pressure, the gas bubbles suffer three different processes: nucleation, 

growth, and coalescence. Figure 6 ï 2 represents foamy oil during reservoir depletion. 

 

 
Figure 4 ï 2. Foamy oil during reservoir depletion. 

 

The foamy-oil module is integrated following the model proposed by Kumar & Mahadevan (2012). This 

is the first approach to include foamy-oil behavior during production, i.e., the entrained-gas drive 

mechanism. This module states two parameters such as the end-point of the entrained-gas fraction and 

the apparent bubble-point pressure and integrates three elements: (i) the inflow performance as a foamy 

oil with three phases: dissolved gas, oil component, and entrained gas; (ii) the fluid characterization 

changing the PVT properties for a foamy-oil crude; and (iii) the relative permeability curves in terms of 

pressure. This means that the module works by adjusting the fluid flow component. The inflow 

performance is obtained using Darcyôs equation for the flow of each phase (free gas and foamy oil) in 

the continuity equation and space averaging, assuming pseudo-steady state conditions. 
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4.1.1  Phases and Components  

 

A heavy oil composed of foamy oil and gas has two phases and three components:  

 

Phases  

 

The heavy oil system is composed of two main phases:  

 

¶ Free gas (ώ) is the mass fraction of the free gas phase, and 

¶ Foamy oil (ὼ) is the mass fraction of the foamy-oil phase. 

 

Components  

 

The system has three main components:  

 

¶ Dissolved gas (ώȟὼ), where ώ and ὼ are the mass fractions of dissolved gas in each phase, in the 

free gas and the foamy-oil phase, respectively.  

¶ Dead oil (ώ ȟὼ ), where ώ  and ὼ  are the mass fraction of dead oil in each phase, in the free gas 

and the foamy-oil phase, respectively. 

¶ Entrained-gas (ώ ȟὼ , where ώ  and ὼ  are the mass fraction of entrained gas in each phase, 

in the free gas and the foamy-oil phase, respectively. 

 

Here is important to clarify that ώ π and ώ π because both are components of the free gas phase. 

 

Relationships between components  

 

The components are related to each other: 

 

ὼ ὼ ὼ ρ                                             (4 ï 1) 

 

and  

 

ώ ώ ώ ρ                                              (4 ï 2) 

 

And other relations defined in terms of the solution gas-oil ratio are: 

 

Ὑ                                               (4 ï 3) 

 

Ὑ                                                    (4 ï 4) 

 

The mass fraction for individual components in the foamy-oil phase can be expressed by: 
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ὼ   

 

ὼ   

 

and, 

ὼ                                                   (4 ï 5) 

 

The mass fraction for individual components in the free gas phase can be expressed by: 

 

ώ π    

 

ώ π   
 

and, 

 

ώ ρ                                                       (4 ï 6) 

 

where ”  and ”  are the oil and gas density at standard conditions respectively, and Ὑ  is the 

solution gas-oil ratio for the foamy-oil and Ὑ  is the solution gas-oil ratio. 

 

4.1.2  Premises and assumptions  

 

The foamy-oil system has two phases: free gas and foamy oil, and three components: dissolved gas, dead 

oil, and entrained gas. The following are the main assumptions of this model: 

 

¶ The entrained gas has the same density as the free gas. 

¶ The entrained gas in the foamy-oil phase travels at the same velocity as the foamy-oil phase does. 

¶ The free gas and foamy-oil phases are instantaneously in thermodynamic equilibrium. 

¶ There is no entrained-gas component present above bubble-point pressure.  

¶ The dissolved-gas component does not transfer directly into the free-gas phase. 

¶ The kinetics of gas-bubble nucleation and coalescence is neglected, and the component 

concentrations are determined only by pressure and temperature at thermodynamic equilibrium.  

¶ The dead-oil component does not contain gas that can be transferred into the free-gas phase. 

¶ The capillary and gravity effects are neglected. 

 

4.1.3  Conceptual parameters  

 

Pseudo -bubble -point  

 

When reservoir pressure drops below the thermodynamic equilibrium bubble-point pressure, the solution 

gas is liberated. In conventional oil, the gas bubbles coalesce and grow quickly, and form a free mobile 
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gas phase. In viscous heavy oils, the solution gas is entrained and needs some time to disengage and form 

a continuous flowing gas phase. 

 

Because of this analysis, Kraus et al. (1993) and other authors define an effective or pseudo-bubble-point 

as the pressure at which free gas flow starts in foamy-oil reservoirs. Even though the bubble coalescence 

starts at pressures less than the pseudo-bubble-point pressure, not all the bubbles coalesce due to the 

presence of natural surfactants in the liquid phase, and a fraction of entrained gas is always present in the 

solution down to a lower pressure, the pressure that could be atmospheric or notably lower than the 

bubble-point pressure (Tang, Sahni, Gadelle, Kumar, & Kovscek, 2006). 

 

The true bubble-point pressure is the pressure at which bubbles start to generate in the oil phase, i.e., the 

pressure at which the first small bubbles of free gas evolve from solution and nucleate as a distinct gas 

phase at reservoir conditions (traditional equilibrium bubble-point pressure). The pseudo-bubble-point 

pressure is the pressure at which bubbles in the oil phase start to coalesce to form a continuous gas phase. 

The greater the difference between these two pressures, the greater the contribution to oil recovery from 

the foamy-oil drive mechanism (Wang, Qin, Chen, & Zhao, 2008). 

 

The entrained gas increases the effective compressibility of the oil phase and inhibits gas liberated below 

the true bubble-point pressure. Thus, the foamy oil behaves as if it had an effective or pseudo-bubble-

point pressure below that measured in a PVT cell in the laboratory. The pseudo-bubble-point works as 

an adjustable parameter to match field or laboratory performance (Kraus et al., 1993). 

 

Apparent bubble -point and end -point entrained -gas fraction  

 

The apparent bubble-point pressure is termed the pseudo-bubble-point pressure. The fraction of liberated 

gas, also known as flashed gas, is the entrained gas at the reference condition that is termed as an end-

point entrained gas fraction. These two parameters characterize the behavior of the entrained-gas fraction 

with pressure and define the fluid properties of the foamy oil. (Kumar & Mohadevan, 2012) 

 

When pressure drops below the true bubble point in the foamy oil, the dissolved gas becomes the 

entrained gas; and when the pressure reduces further, the entrained gas is released to the free-gas phase. 

That is why there is no direct transfer of the dissolved gas in the foamy-oil phase to the gas in the free-

gas phase.  

 

4.1.4  Inflow performance  

 

The presence of entrained gas can alter the oil fluid properties, for this reason, the foamy-oil modeling 

requires that the fluid properties take it into account as a species in the flow equations for a reservoir at 

a pseudo-steady state. Many authors such as Mastmann, Moustakis & Benion (2001) and Kumar & 

Mahadevan (2012) report a significant effect of the entrained gas on the fluid properties such as a 

reduction of the fluid density and increment of the formation volume factor, both properties have an 

inflection below the bubble-point pressure and the solution gas-oil ratio stays constant up to the pseudo-

bubble pressure and then diminishes.  

 

For modeling the inflow performance of foamy-oil reservoirs, the entrained gas may be considered as a 

component with its equilibrium concentration determined only by pressure and temperature. Therefore, 



88  Numerical modeling of massive sand production during cold heavy oil production  

 

foamy oil consists of three components: dissolved solution gas, oil, and entrained gas. Under non-

equilibrium conditions, the concentration of the components depends on the bubble coalescence rate and 

the mass transfer. Sheng, Hayes, Maini & Tortike (1996) used this approach to describe the foamy oil 

flow.  

 

Joseph et al. (2002) present a foamy-oil flow model for porous media, which includes the effect of the 

entrained gas on the fluid density and viscosity and considers the relaxation of the entrained gas from 

initial non-equilibrium conditions to equilibrium. 

 

The inflow performance reservoir with foamy-oil behavior is developed including the fluid properties as 

density, formation volume factor, and solution gas-oil ratio as a function of the entrained-gas fraction. 

For a conventional oil inflow, the entrained-gas fraction is set equal to zero in the fluid property model. 

The inflow performance is obtained by using Darcyôs equation to model the flow of each phase in the 

continuity equation, assuming pseudo-steady state conditions. (Kumar & Mahadevan, 2012) 

 

Darcyõs law 

 

For the foamy-oil phase, 

 

Ö Ö ὴɳ                                           (4 ï 7) 

 

In Equation (4 ï 7), Ö  is the foamy-oil real velocity vector at standard conditions, Ö is the solid real 

velocity, ɳ ὴ is the pressure gradient, ‰ is the porosity, Ὧ  is the foamy-oil relative permeability, ‘  

is the foamy-oil viscosity, and ὄ  is the foamy-oil formation volume factor. 

 

For the free-gas phase, 

 

Ö Ö ὴɳ                                             (4 ï 8) 

 

In Equation (4 ï 8), Ö  is the gas real velocity vector at standard conditions, Ὧ  is the gas's relative 

permeability, ‘ is the gas viscosity, and ὄ is the gas formation volume factor. 

 

The expression for the inflow performance of foamy oils may also be used to model conventional oil 

inflow by simply setting the entrained gas fraction to zero in the fluid property models. 

 

Fluid properties of foamy -oil  

 

Kumar & Mahadevan (2012) determine the foamy-oil properties in terms of two parameters such as the 

apparent bubble-point pressure and end-point entrained-gas fraction, i.e., defining the variation of the 

entrained-gas fraction with pressure.  

 

As mentioned before, the presence of entrained gas alters the fluid properties of oils, specifically the oil 

density that decreases and the formation volume factor that increases below the bubble-point pressure. 

This behavior shows an inflection in both properties at the pseudo-bubble-point. Also, the solution gas-
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oil ratio is constant up to the pseudo-bubble-point and then decreases. The viscosity behavior is similar 

to conventional oil (Kumar & Mahadevan, 2012). 

 

­  Equations of state of flashed -gas  

 

Flashed-gas fraction ‰  is the ratio of the volume of gas flashed to the total solution volume and is given 

by:  

 

‰
  
 

                                         (4 ï 9) 

 

where Ὑ  is the solution gas-oil ratio at bubble-point pressure, ὴ is the bubble-point pressure, ὴ  is 

the reference pressure, and Ὕ  is the reference temperature.  

 

­  Phase -equilibrium relationship  

 

The entrained-gas fraction ‌ ὠ ὠϳ  is the fraction of gas volume entrained in foamy oil per unit of 

gas flashed, ὠ , per unit volume of gas flashed, ὠ, which varies with pressure and, so, can be defined 

as (Kraus et al., 1993): 

 

‌ ὴ

ừ
Ử
Ừ

Ử
ứ ρȟ

ὴ ὴ ‌ ȟπ π 

‌ ȟ

ὴ ὴ ὴ

 
ὴ ὴ ὴ

π
ὴ ὴ

                    (4 ï 10) 

 

In Equation (4 ï 10), ὴ  is the pseudo-bubble-point pressure, ὴ is the bubble-point pressure, ὴ  is 

the reference pressure, and ‌  is the end-point entrained-gas fraction at the reference pressure (lower 

than ὴ ). 

 

All the flashed-gas are entrained between the bubble point and apparent bubble-point pressure. The 

flashed-gas fraction entrained decreases linearly with pressure below the apparent bubble-point pressure.  

 

­  Equation of state  

 

Oil density is a function of pressure. The oil density above the bubble-point pressure varies with the oil 

compressibility factor, which is constant above the bubble-point pressure. Below bubble-point pressure, 

gas evolves from oil, and the oil density changes. The density calculation is divided into two stages at 

distinct pressure ranges, above and below bubble-point pressure.  

 

As the oil phase is under-saturated above the bubble-point pressure, the density change is produced by 

the oil compressibility factor because there are no gas bubbles in the oil and the foamy oil does not exist. 

Therefore, the foamy oil density is similar to that of the oil: 
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” ” ρ Ὢ ”Ὢ                                         (4 ï 11) 

 

Ὢ    

 

where Ὢ ὠ ὠϳ , is the entrained-gas volume fraction in foamy-oil defined as the ratio of entrained-

gas volume in foamy-oil, ὠ , and the foamy-oil volume, ὠ . 

 

­  Gas -oil ratio  

 

Foamy oil is considered a dispersion of gas in oil stabilized by natural surfactants, in which the evolved 

gas from the solution stays in the emulsion as an entrained-gas component. The solution gas-oil ratio is 

generally defined as the volume of dissolved gas at standard conditions in a unit of volume of stock tank 

oil at specific pressure and temperature. The solution gas-oil ratio for foamy-oil is redefined to include 

the entrained-gas effect as the ratio of dissolved gas along with entrained-gas volume at standard 

conditions to stock tank oil volume. The solution gas-oil ratio for foamy oil is related to a conventional 

solution gas-oil ratio because the volume of gas in oil includes entrained gas and dissolved gas. So, the 

behavior of the solution gas-oil ratio for foamy-oil displays a constant value up to the apparent bubble-

point pressure even though this pressure is less than the bubble-point pressure. The foamy-oil solution 

gas-oil ratio can be expressed as: 

 

Ὑ Ὑ ‌ Ὑ Ὑ                                       (4 ï 12) 

 

In Equation (4 ï 12), Ὑ  is the solution gas-oil ratio at the bubble-point pressure and Ὑ  is the solution 

gas-oil ratio at any pressure ὴ. 

 

­  Formation volume factor  

 

The formation volume factor is the ratio of the volume of phase with the dissolved gas in solution at 

prevalent temperature and pressure to the volume of phase at standard conditions. The formation volume 

factor for conventional oil can be defined by applying a material balance approach (Ahmed, 2010): 

 

ὄ
Ȣ Ȣ   

                                         (4 ï 13) 

 

In Equation (4 ï 13), ” is the conventional oil density at pressure ὴ, Ὑ  is the solution gas-oil ratio and 

‎  and ‎  are the oil and gas specific gravity at standard conditions, respectively. 

 

Similarly, the formation volume factor for foamy oil can be expressed as: 

 

ὄ
Ȣ Ȣ   

                                       (4 ï 14) 

 

In Equation (4 ï 14), ”  is the foamy-oil density at pressure ὴ, Ὑ  is the solution gas-oil ratio for 

foamy-oil, and ‎  is the specific gravity for foamy oil at standard conditions. 
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The specific gravity for foamy oil at standard conditions can be expressed by, 

 

‎                                  (4 ï 15) 

 

In Equation (4 ï 15), ‮  is the flashed-gas volume at standard conditions, ”  and ”  are the water 

and gas densities at standard conditions, respectively. 

 

­  Viscosity  

 

Viscosity and density are the major parameters for heavy oil characterization. Several correlations for 

heavy oil viscosity are available in the literature (Mehrotra, 1991a, b); (Puttagunta, Miadonye, & Singh, 

1992); (Puttagunta, Singh, & Miadonye, 1993). These correlations are mainly a function of density (or 

°API) and temperature. However, when these correlations are used for other oils from other regions with 

different characteristics, the results are usually not accurate, and certain modifications are needed to 

obtain satisfactory viscosity predictions. 

 

Another alternative to calculating the viscosity of foamy oil is considering the foam rheology using the 

Einstein equation (Kumar & Mohadevan, 2012): 

 

‘‰ ‘π ρ ά‰                                           (4 ï 16) 

 

In Equation (4 ï 16), ‘‰  is the foamy-oil viscosity at a flashed-gas fraction ‰ , ‘π is the oil 

viscosity at zero flashed-gas fraction and ά is a constant. Therefore, the variation of the foam viscosity 

depends on the gas fraction linearly, expecting that the viscosity increases as the gas fraction increases.  

 

Goodarzi, Bryan, Mai, & Kantzas (2005) and Mastmann et al. (2001) in their investigation consider the 

foamy oil as foam, i.e., a mixture of gas and liquid, and show that viscosity does not change noticeably 

under various experimental conditions, and does not follow the Einstein equation. 

 

Abivin, Hénaut, Argillier, & Moan (2008) present results of viscosity measurements for heavy oil crudes 

using X-ray imaging that determine two main parameters affecting their viscosity: the gas bubbles 

formation and the heavy oil composition, and conclude that the foamy-oil viscosity increases with the 

gas bubbles presence. Though the evidence of the dynamic of gas bubbles coalescence, the proposed 

viscosity correlation is a simple function of pressure. 

 

Generally, all correlations used to calculate the oil viscosity below the bubble-point pressure for heavy 

and extra-heavy oils are a function of the dead-oil viscosity ‘  and solution gas-oil ratio Ὑ  (see Annex 

C). An alternative way to calculate the viscosity of foamy oil is using the selected correlation and 

replacing the solution gas-ratio Ὑ  by the solution gas-oil ratio for foamy oil Ὑ .  

 

4.1.5  Relative perm eability  

 

The inclusion of the foamy-oil effect requires including the relative permeability variation with pressure 

to influence the IPR curve. The relative permeability of a phase is not directly a function of pressure but 
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a function of saturation of the phase and is mostly termed by an exponential relationship. Handy (1957) 

presents a method to obtain the relationship between the pressure and the relative permeability for 

solution gas drive at pseudo-steady-state conditions. Applying this method to foamy oil Brill & 

Mukherjee (1999) find the following equation (Kumar & Mohadevan, 2012): 

 

Ὑ Ὑ                                          (4 ï 17) 

 

where Ὑ  is the producing gas-oil ratio, Ὑ  is the solution gas-oil ratio, ‘ and ‘  are the gas and 

foamy-oil viscosity, and ὄ and ὄ  are the gas and foamy-oil formation-volume factors, respectively. 

This equation assumes that the total gas-oil ratio is constant with distance and is nearly equal to the 

producing gas-oil ratio, which is reasonable because it is a characteristic of CHOPS wells, low and 

constant gas-oil ratio during the producing life. 

 

So, the producing gas-oil ratio that includes the foamy-oil condition can be calculated by the equation: 

 

Ὑ Ὑ                                     (4 ï 18) 

 

The relation of Ὧ Ὧϳ  is usually obtained from experimental measurements of gas and oil relative 

permeability as a function of saturation, but without experimental data, the Corey correlation can be used 

to generate the gas and foamy-oil relative permeability curves. The foamy-oil relative permeability can 

be expressed by: 

 

Ὧ Ὧ ρ                                           (4 ï 19) 

 

where ὲ is a Corey exponent and Ὓ  is the connate water saturation 

 

The free gas relative permeability is expressed by: 

 

Ὧ Ὧ ς                                       (4 ï 20) 

 

where ά is a Corey exponent. 

 

And the relative permeability ratio, Ὧ Ὧϳ , can be obtained with Equations (4 ï 19) and (4 ï 20). 

 

ς                                    (4 ï 21) 

 

4.1.6  Module implementation  

 

The implementation of the foamy oil module attempts to integrate the inflow performance, the fluid 

properties, and the relative permeability of the new fluid as foamy oil. This module interacts basically 

with the fluid flow model, as a modification of the fluid in the pressure range in between the bubble-
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point pressure and the pseudo-bubble-point pressure. Figure 4 ï 3 presents a flow chart of the foamy oil 

model. 
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Figure 4 ï 3. Flow chart of the foamy oil model. 

 

 

4.2  Sand production model  
 

Cold heavy oil production with sand requires a sand production model, in which critical conditions can 

be applied to simulate the massive and continuous sanding. A sand production model based on the 
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elastoplastic model is proposed integrating two primary components: a sanding onset to determine when 

the sand production initiates, and a sand production criterion to quantify the produced sand. 

 

4.2.1  Sanding onset  

 

The sanding onset determines the initiation point for sand production in terms of a production criterion 

such as a pressure gradient or a production rate. The onset sanding prediction consists of evaluating a 

yield criterion such as Mohr-Coulomb or Drucker and Prager at the stress state to determine the pressure 

gradient or production rate at which the sand production occurs. In this work, the yield criterion to be 

used is Drucker and Prager criterion as stated previously in Chapter 3. 

 

4.2.2  Sand production criterion  

 

There are several mechanisms responsible for sand production, which are mainly based on the shear and 

tensile failure, critical pressure gradient, critical drawdown pressure, critical plastic strain, and erosion 

criteria. The sand production criterion defines the sand production rate as a function of governing 

mechanisms such as elastoplastic behavior and erosion. However, it is very difficult to consider all 

mechanisms for the sand production criterion, and commonly the dominant mechanism is used.  

 

Risnes & Bratli (1979) propose a sand production criterion in terms of the tensile failure for perforation 

tunnel inner shell collapse. Then, Bratli & Risnes (1981) and Weingarten & Perkins (1995) propose a 

sanding criterion based on the pressure gradient. Morita, Whitfill, Massie & Knudsen (1989) propose a 

sanding criterion that can be initiated by either shear failure or tensile failure. Vardoulakis, Stavropoulou 

& Papanastasiou (1996) present a sanding criterion in terms of surface erosion that is accompanied by 

high changes in porosity and permeability close to the free surface. This approach based on erosion theory 

is defined by: 

 

ή ”‗ρ ‰ὅȿήȿ                                          (4 ï 22) 

 

where ή is the sand production mass rate, ὅ is the concentration of solid grains in the fluid phase, ‗ is 

an experimental parameter, and ή the mixture volume discharge rate. This approach does not consider 

formation characteristics as the Uniaxial Compressive Strength (UCS).  

 

Detournay (2009) introduced a critical specific discharge ή  as a critical condition for sand production 

initiation, which depends on the mechanical resistance of the solid as a function of the residual cohesion, 

† , the residual friction angle, •, and the surface tangent effective stress, „, tensile o compressive. 

For tensile stress, it is assumed that particles do not offer any resistance to being produced, and ή π. 
For compressive stress, the critical specific discharge has the following equation: 

 

ή ὥ † ȿ„ȿÔÁÎ•                                   (4 ï 23) 

 

where Ὧ is permeability, ‰ is porosity, Ö is the dynamic fluid viscosity, ὶ is the mean particle radius, 

and ὥ is a dimensionless coefficient determined experimentally. 
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Finally, Nouri, Vaziri, Belhaj, & Islam (2006) propose a sand production criterion that is quite similar to 

Vardoulakisô proposal, but the difference is in terms of the critical specific discharge ή  and the local 

boundary surface Ὓ.  

 

ή ” ρ ‰ȿή ή ȿὛ                                      (4 ï 24) 

 

where ή is the local specific discharge (normal to the wellbore wall) and it must be higher than a critical 

specific discharge ή  to occur sand production (ή ή ). 

 

A sand production model is also integrated to determine the sanding onset and sand production criterion. 

The sand production onset is defined as the initiation point for sand production in terms of a production 

criterion such as a pressure gradient or wellbore pressure (critical borehole pressure). The onset sanding 

prediction consists of evaluating a yield criterion at the stress state to determine the pressure gradient or 

production rate at which the sanding occurs. In this work, the yield criterion to be used is the Drucker-

Prager criterion. A sand production criterion is integrated to quantify the sand production rate based on 

the rock plastic deformation, in which the vertical and radial stresses are increased independently, and a 

high radial flow rate is produced (Nouri, Vaziri, Belhaj, & Islam, 2006). 

 

Araujo, Alzate-Espinosa & Arbelaez-Londoño (2015) proposed a new criterion to quantify the sand 

production rate based on the rock plastic deformation using experimental data from a sand production 

test, in which the vertical and the radial stresses are increased independently, and a high radial flow rate 

is produced. A function to quantify the level of sand production is presented by Araujo-Guerrero (2015), 

which is based on the level of plastic failure, Ὡ . Here, it is proposed that the amount of sand available 

to produce is proportional to the level of plastic failure caused by the pressure drop and the change of 

stresses required to have affected the porous medium. To produce sand, a minimum value of flow velocity 

is defined for which a free grain can be transported by the fluid. In this way, sand production is defined 

as: 

 

ή
π ȟ ‭ ‭

ὃ‭ ȟ‭ ‭ Ǫ Ö Ö
                            (4 ï 25) 

 

In Equation (4 ï 25), ή is solid mass discharge, ‭  is the equivalent plastic strain, ‭  is the critical 

plastic strain needed to initiate the sanding, Ö  is the critical fluid velocity required to erode the sand 

grains, and Ὥ is an experimental parameter, which relates to the sand production and the plastic strain 

increments at the cavity surface. The parameter ὃ is the sand-producing area perpendicular to the flow 

direction and ὃ  is the area perpendicular to flow. The inclusion of the area is important because it allows 

having a nominal sand production value that can be extrapolated to cases such as open-hole or 

perforations. The real fluid velocity Ö is calculated from the pressure gradient using Darcyôs law as a 

mean value in terms of saturations. As an improvement of the model, it is proposed that the sand should 

be produced up to the critical porosity ‰ , which is the porosity above which grain-to-grain contact is 

lost and the rock can exist as a suspension. Remember that porosity is updated with changes in efforts, 

pressures, strains, and sand production.  

 

The critical fluid velocity responds to an erosion criterion. The yielded sands will stay in the formation 

until the hydrodynamic force exceeds the frictional resistance force. The kinetic force consists of form 
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drag and friction drag, while the resistance force is the gravitational force on the sand grains. The 

equilibrium of force is a balance between the kinetic force and the resistance force on the sand with the 

critical fluid flow velocity as shown in Equation (4 ï 26). Once the fluid velocity is larger than the critical 

velocity on the failed sand grains during production, sand will be eroded and transported to the well.  

 

φ“‘ὶÖ “ὶ ” ” Ὣ                                    (4 ï 26) 

 

In Equation (4 ï 26), ‘ and ” are the fluid viscosity and density, the ” is the sand density. ὶ is the 

sand particle radius and Ὣ is the gravitational acceleration Ὣ σςȢρχτÆÔÓϳ . The critical fluid can be 

defined from this equation as: 

 

Ö                                             (4 ï 27) 

 

The sand production model implemented as a module in the coupled model for CHOPS already includes 

the erosion component. The coupled model itself is an erosional mechanics model because it couples a 

fluid flow model and geomechanical model, capturing some of the key mechanisms that are involved in 

sand production. First, sand is assumed to be produced when the material is fully degraded and 

hydrodynamic forces are high enough to remove the particles and the model shows that sand production 

initiates from the perforation tip and propagates to the top and sides of the perforation cavity. A dynamic 

drag force leads to internal and surface erosion that results in the liberation and transport of particles.  

 

4.2.3  Equivalent plastic strain calculation  

 

The equivalent plastic strain is a scalar quantity that describes the degree of work hardening in the 

material or the plastic history or the shear strain intensity and its calculation is dependent on the chosen 

yield criterion, in particular its coefficient. Considering that the equivalent plastic strain is a positive 

quantity and possesses the dimension of strain, the equivalent plastic strain increment can be defined as 

(Ding, & Zhang, 2017): 

 

Ὠ‭ Ã Ὠ‭Ὠ‭ Ã Ὠ‭ Ὠ‭ Ὠ‭                        (4 ï 28) 

 

In Equation (4 ï 28), Ὠ‭  is the equivalent plastic strain increment, Ã is the coefficient of the equivalent 

plastic strain, Ὠ‭  are components of the plastic strain increment. 

 

When the Mises yield criterion is used, the coefficient of equivalent plastic strain equals ςȾσ. 
Considering the associated flow of the Drucker-Prager criterion, the coefficient of equivalent plastic 

strain is no longer a constant and decreases gradually with the plastic deformation, and its value is always 

less than ςȾσ. If this coefficient based on the associated flow of the Drucker-Prager criterion is taken 

as ςȾσ, which is a conventional practice and a basis of many finite element software, the computed 

value of the equivalent plastic strain will significantly deviate from the actual value. Then, the coefficient 

of equivalent plastic strain based on the associated flow of Drucker and Prager criterion is defined as: 
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Ã
ϳ

ϳ

                                              (4 ï 29) 

 

In Equation (4 ï 29), ή  is the coefficient of pressure sensitivity, a Drucker and Prager material constant 

defined by Equation (3 ï 81). 

 

4.2.4  Module implementation  

 

The implementation of the sand production module attempts to integrate the onset and rate of sanding 

into the general model. That is how the sand production module interacts with the fluid flow model and 

the geomechanical (elastoplastic) model, which are coupled by the pore pressure and the elastic and 

plastic deformation and share plastic deformation and sand production rate. Figure 4 ï 4 presents a flow 

chart of the sand production model. 
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Figure 4 ï 4. Flow chart of the sand production model. 

 



98  Numerical modeling of massive sand production during cold heavy oil production  

 

4.3  Wormholes methodology  
 

A new methodology is proposed as a conceptual model to take account of the wormhole initiation and 

propagation, which includes the governing mechanisms such as the elastoplastic behavior of the 

formation, the dynamic changes in stresses around the well and in the reservoir itself, the failure criteria, 

the pressure gradient, the hydrodynamic erosion and the changes on petrophysical properties of the 

formation during the cold heavy oil production with sand. 

 

The dynamic of the massive and continuous sand defines four zones around the well: liquefied zone, 

yielded zone, transition zone, and intact zone, each one with different mechanical and petrophysical 

properties, which are changing during the oil and sand production. 

 

It is proposed as a methodology because a 3D-coupled model (3-phase fluid flow model and elastoplastic 

model) is used as the tool to get the critical conditions to initiate and propagate the wormhole as the 

natural phenomena, including the different components of CHOPS. However, wormhole growth is the 

key parameter of this methodology. 

 

This conceptual model states the steps to formate a wormhole defining zones that extend according to 

the changes suffered by the properties of the reservoir due to the redistribution of efforts and refining 

during production. During the cold production due to the geomechanical behavior, the formation failed 

and defines a yielded zone, if this zone passes the sand production criteria then the sanding occurs and 

the sand grains travel to the wellbore, defining a sanding front and a sanding zone. These geomechanical 

changes during the production and massive sanding increase petrophysical properties such as porosity 

and permeability up to the porosity pass the threshold a wormhole or channel is created, defining a 

liquefaction zone or wormhole zone. Figure 4 ï 5 presents the dynamic zones and wormholes during 

cold production with massive sand. 

 

 
Figure 4 ï 5. Dynamic zones and wormhole formation during cold heavy oil production with sands. 
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Usually, the wormhole growth is modeled using probabilistic methods or a failure criterion at the 

wormholeôs tip such as a critical pressure gradient. The prediction of the wormhole growth is based on a 

critical pressure gradient at its tip and needs huge and precise information on geomechanical properties 

such as cohesion of the grains at each point, accurate failure criteria considering the impact of the foamy-

oil on strength properties and rock cohesion, and others at the field scale. This complex process requires 

an additional model to include the wormhole effect on production but using the coupled model (fluid 

flow and geomechanics), considering the different components such as fluid flow, foamy-oil, and 

elastoplastic stress-strain behavior.  

 

4.3.1  Module implementation  

 

The dynamic wormhole growth depends on the sand production at critical conditions, in which the 

pressure gradient and the in-situ stress state drive the initiation and propagation of the wormholes. So, 

the maximum stress will define the direction of propagation of the wormhole while the effective radial 

stress in the lateral wall of a wormhole is more compressive with a smaller gradient. Following the 

sanding process, the wormhole is assumed that initiates usually at the wellbore sand face and will enlarge 

as long as a critical tip pressure gradient is exceeded radially to its maximum stable cross-sectional area, 

after which its diameter is assumed stable. And the wormhole only propagates forward from the tip, 

where pressure gradients are elevated by the three-phase fluid flow and foamy oil behavior. 

 

The oil production generates pressure gradients high enough to overcome cohesion and frictional forces 

that hold the sand grains together, leaving them free to be transported. 

 

Two conditions to maintain the wormhole growth are that the pressure gradient at the tip may be high 

enough to displace the solid grains and that the pressure gradient along the wormhole moves toward the 

wellbore. So, the wormholes are a consequence of massive sanding, and cause a significant improvement 

in porosity and permeability, resulting in drainage areas increment and production increment. The onset 

of sand production is assumed to occur when the formation fails according to the yield criterion used 

(Drucker & Prager). 

 

The elastoplastic model uses the pressure gradient that is calculated by the reservoir model (3-phase fluid 

flow model) to estimate the changes in the stress state of the reservoir. If these changes are large enough, 

the rock will fail and the wormhole will be initiated. The yielding zone and the intact zone (reservoir) 

are defined in terms of plastic deformation, ‐, using the elastoplastic model with the yield criterion 

(Drucker & Prager), i.e., the yield zone meets the condition ‐ π and the intact zone meets the 

condition ‐ π. Also, the sand production zone or sanding front is defined inside the yielding zone 

using the sand production criterion, i.e., where the critical plastic deformation is obtained. Finally, the 

liquefaction zone or wormhole zone is defined in terms of the critical porosity, ‰ , meeting the condition 

‰ ‰  , where is a slurry flow or no-grain-to-grain contact as defined by Dusseault (2002). The critical 

porosity for unconsolidated sandstones is 0.52. Following Detournay (2009), when porosity reaches the 

critical value (‰ ‰ ), the grid block collapses and is removed physically from the model, and the 

sanding remaining in it is produced instantaneously as follows: 

 

‬ή ρ ‰ ”ὠ                                         (4 ï 30) 
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As the coupled model does not have an adaptive mesh, the removal of the block occurs only in sand, it 

provides instantaneous sand and the flow of fluids continues with the critical porosity and its associated 

permeability. 

 

For a field case, in each time step, the fully coupled model integrates the component of the process and 

evaluates if a wormhole is created defining the blocks of the grid with failure and critical porosity. A 

wormhole map is traced with the blocks that meet the conditions for a wormhole.  

 

Figure 4 ï 5 presents the flow chart for the wormhole formation model. The previous step to implement 

the wormhole formation model: 

 

Definition of the critical conditions for CHOPS from the production history of the field cases. 

 

¶ Definition of study case. 

¶ Drawdown to produce massive sand to generate wormholes. 

¶ A positive value of the dilatancy angle guarantees sand production while the porosity increases. 

 

For ὸ ὲ: 
 

1. Define the yielding zone and the intact zone (reservoir): 

 

Elastoplasticity model with Drucker & Prager: 

Yielding zone: If ‭ π 
Reservoir zone:  If ‭ π 
 

2. Define the sand production zone (front) inside the yielding zone: ‭ . 

 

3. Define the liquefaction zone (wormholes): ‰ ‰ , and when ‰ ‰  calculate the instantaneous 

sand production. 
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Figure 4 ï 6. Flow chart of the wormhole formation model. 

 
 





 

Chapter 5. Model Validation  
 

This chapter describes the validation of the coupled model for cold heavy oil production with sand. The 

strategy for the validation of the coupled model consists to validate separately each one of the 

components of the model by comparing the results obtained in the numerical simulation with the results 

obtained with commercial software such as ABAQUS® and CMG®, aligning the models as much as 

possible and running the several cases. There are two basic components: the fluid flow model and the 

geomechanical model (elastoplastic). 

 

The validation protocol considers verification as the first step that consists to verify the boundary 

conditions and the trend of the validation variables for each model. And the second step is the validation 

step itself, in which the behavior of the main variables is compared for both software, the numerical 

simulator, and the commercial software. The variables of comparison are selected according to the basic 

model to be validated and their comparison is done using the graphic behavior and the root mean squared 

error that quantifies the difference in results between the models. 

 

The fluid flow model is validated using the CMG® software simulator and the geomechanical model is 

validated using ABAQUS® software. Finally, the coupled model is validated using CMG® as a 

commercial simulator.  

 

5.1  Fluid flow model  
 

The strategy of validation for the 3D three-phase fluid flow model in cylindrical coordinates consists to 

compare the results obtained in the numerical model with the results obtained in the commercial 

simulator CMG®, aligning the models as much as possible and running the same cases. The validation 

takes into account three basic models: one-phase, two-phase, and three-phase. The foamy-oil model is 

not included because the CMG® model is in terms of kinetic equations, a very different strategy. First, 

the one-phase model is validated by considering the two possible cases: oil and gas. Similarly, the 

validation of the two-phase model considers the two possible cases: oil-water and oil-gas. The validation 

of the three-phase model considers a basic case with three phases (oil, gas, and water) as a black-oil fluid.  

 

The validation protocol considers verification as the first step that consists to verify the boundary 

conditions and the trend of the validation variables. And the second step is the validation step itself, in 

which the main variables of comparison are the oil pressure, the phase saturations, the production rate, 

and the cumulative production. The comparison of the variables is done using the graphic behavior and 

the root mean squared error (RMSE) that quantifies the difference in results between the models. 

 

There are significant differences between the CMG® simulator and the numerical model that do not 

allow for completely aligning these models. For example, the CMG® simulator uses a mean pressure 

instead of oil pressure and the saturations are not variables per se, while in the numerical model, the 
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saturations are mean variables. PVT properties are different correlations in both simulators and also the 

external boundary condition is different. 

 

5.1.1  One -ph ase model  

 

The validation of the one-phase model takes into account just the oil case as the base case, comparing 

the results obtained in the numerical model with the results obtained using the CMG® simulator. The 

variables of validation for these basic cases are the oil pressure, the saturations, the production rate, and 

the cumulative production. 

 

Oil case  

 

The validation of the one-phase model for oil is performed by comparing the results obtained with the 

CMG® simulator using a field case. The characteristics of the reservoir of the field case are summarized 

in Table 5 ï 1 and the production schedule to run this case is presented in Table 5 ï 2. 

 

Table 5 ï 1. Field case for the validation of the one-phase model for the oil case. 

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 3000 
Wellbore radius (in) 2.5 
Reservoir radius (ft) 500 
Reservoir thickness (ft) 30 
Reservoir pressure (psi) 1500 
Temperature (̄F) 150 
Porosity (fraction) 0.30 
Horizontal permeability (mD) 300 
Vertical permeability (mD) 30 
API Gravity (̄API) 20 
Gas-specific gravity 0.7 
Bubble point pressure (psi) 500 
Oil saturation (fraction) 0.95 
Water saturation (fraction) 0.05 
Gas saturation (fraction) 0.00 

 

Table 5 ï 2. Production schedule for the validation of the one-phase model for the oil case. 

PRODUCTION TIME (days) WELLBORE PRESSURE (psi) 

30 1480 
60 1460 
90 1440 

120 1420 
150 1400 
180 1380 

 

Figure 5 ï 1 presents the relative permeability curve for the oil-water system for the validation of the 

one-phase model for the oil case using the CMG® simulator and the numerical model. 
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Figure 5 ï 1. Relative permeability for the oil-water system for validation. 

 

Figure 5 ï 2 presents the results of the radial pressure profile for each production time and Figure 5 ï 3 

presents the results of the production of oil, water, and gas during simulation time for the oil validation 

case using the CMG® simulator and the numerical model. 

 

Table 5 ï 3 presents the root mean squared error to quantify the oil pressure differences and oil saturation 

differences between the results of the CMG® simulator and the numerical model for the validation of 

the one-phase model for the oil case. 

 

  
a. b. 

Figure 5 ï 2. Radial pressure and saturation profiles for each production time for the validation of the 

one-phase model for the oil case. a) Oil pressure profile. b) Oil saturation profile. 

 

Table 5 ï 3. Root mean squared error (RMSE) for oil pressure and oil saturation for each production 

time for the validation of the one-phase model for the oil case. 

PRODUCTION TIME 
(days) 

RMSE  

Oil pressure (psi) Oil saturation (fraction) 

0 6.32 1.19E-08 
 30 9.90 3.67E-05 

60 16.00 9.08E-05 

90 24.39 1.54E-04 
120 34.35 2.24E-04 

150 45.56 2.99E-04 
180 57.67 3.78E-04 

Mean 27.74 1.69E-04 

 

Figure 5 ï 3 presents the results of the production of oil, water, and gas during simulation time for the 

oil validation case using the CMG® simulator and the numerical model.  
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a. b. 

Figure 5 ï 3. Production (oil, water, and gas) during simulation time for the validation of the one-phase 

model for the oil case. a) Production rate. b) Cumulative production. 

 

Table 5 ï 4 presents the root mean squared error to quantify the differences in production rate and 

cumulative production between the results of the CMG® simulator and the numerical model for the 

validation of the one-phase model for the oil case. 

 

Table 5 ï 4. Root mean squared error (RMSE) for production rate and cumulative production for oil, 

water, and gas for the validation of the one-phase model for the oil case. 

VARIABLE RMSE 

Oil production rate (STB/d) 25.34 
Water production rate (STB/d) 0.00 
Gas production rate (SCF/d) 1205.44 
Cumulative oil production (STB) 2838.71 
Cumulative water production (STB) 0.00 
Cumulative gas production (SCF) 135107.38 

 

Remark: For the results of the one-phase model for the oil case, the root mean square error increases 

with time. In terms of oil pressure are acceptable with a root mean square error of 27.74 psi. In terms of 

saturation, the results are adequate, and the root mean square errors for saturation are small enough, with 

a mean value of 1.69E-04. The results in terms of production rate and cumulative production have 

reasonable differences considering the existing differences between the two models, the behavior trends 

are similar in both models with no differences in water production, and high differences in oil and gas 

production. The external boundary conditions manage the trend in terms of pressure affecting 

significantly production variables. In conclusion, the results of the one-phase model for the oil case are 

acceptable in terms of oil pressure, saturation, and production variables and allow us to verify and 

validate the numerical model for this case. 

 

Gas case  

 

The validation of the one-phase model for gas is performed by comparing the results obtained with the 

CMG® commercial simulator using a field case. The characteristics of the reservoir of the field case are 

summarized in Table 5 ï 5 and the production schedule to run this case is presented in Table 5 ï 2. 

 

Figure 5 ï 4 presents the relative permeability curve for the oil-gas system for the validation of the one-

phase model for the gas case using the CMG® simulator and the numerical model. 
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Table 5 ï 5. Field case for the validation of the one-phase model for the gas case. 

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 3000 
Wellbore radius (in) 2.5 
Reservoir radius (ft) 500 
Reservoir thickness (ft) 30 
Reservoir pressure (psi) 1500 
Temperature (̄F) 150 
Porosity (fraction) 0.30 
Horizontal permeability (mD) 300 
Vertical permeability (mD) 30 
API Gravity (̄API) 20 
Gas-specific gravity (fraction)  0.7 
Bubble point pressure (psi) 1700 
Oil saturation (fraction) 0.05 
Water saturation (fraction) 0.00 
Gas saturation (fraction) 0.95 

 

 
Figure 5 ï 4. Relative permeability for the oil-gas system for validation. 

 

Figure 5 ï 5 presents the results of the radial pressure profile for each production time and Figure 5 ï 6 

presents the results of the production of oil, water, and gas during simulation time for the gas validation 

case using the CMG® simulator and the numerical model. 

 

Table 5 ï 6 presents the root mean squared error to quantify the oil pressure differences and gas saturation 

differences between the results of the CMG® simulator and the numerical model for the validation of 

the one-phase model for the gas case. 

 

Table 5 ï 7 presents the root mean squared error to quantify the differences in production rate and 

cumulative production between the results of the CMG® simulator and the numerical model for the 

validation of the one-phase model for the gas case. 
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a. b. 

Figure 5 ï 5. Radial pressure and saturation profiles for each production time for the validation of the 

one-phase model for the gas case. a) Oil pressure profile. b) Gas saturation profile. 

 

Table 5 ï 6. Root mean squared error (RMSE) for oil pressure and gas saturation for each production 

time for the validation of the one-phase model for the gas case. 

PRODUCTION TIME 
(days) 

RMSE  

Oil pressure (psi) Gas saturation (fraction) 

0 1.32 7.45E-10 
 30 14.72 3.99E-05 

60 29.22 8.00E-05 

90 44.42 1.21E-04 
120 59.60 1.62E-04 

150 74.77 2.03E-04 

180 89.89 2.44E-04 
Mean 44.85 1.22E-04 

 

  
a. b. 

Figure 5 ï 6. Production (oil, water, and gas) during simulation time for the validation of the one-phase 

model for the gas case. a) Production rate. b) Cumulative production. 

 

Table 5 ï 7. Root mean squared error (RMSE) for production rate and cumulative production for oil, 

water, and gas for the validation of the one-phase model for the gas case. 

VARIABLE RMSE 

Oil production rate (STB/d) 0.0 
Water production rate (STB/d) 0.0 
Gas production rate (SCF/d) 1.64E07 
Cumulative oil production (STB) 0.0 
Cumulative water production (STB) 0.0 
Cumulative gas production (SCF) 1.47E09 
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Remark: For the results of the one-phase model for the gas case, the root mean square error increases 

with time. In terms of oil pressure are acceptable with a root mean square error of 44.85 psi. In terms of 

saturation, the results are adequate too, and the root mean square errors for saturation are small enough, 

with a mean value of 1.22E-04. The results in terms of production rate and cumulative production have 

high differences considering the existing differences between the two models, the behavior trends are 

similar in both models with no differences in oil and water production, and high differences in gas 

production. The gas production is significantly low for the CMG® simulator and the gas saturation has 

a reverse trend, i.e., it is increasing. The external boundary conditions manage the trend in terms of 

pressure affecting significantly production variables In conclusion, the results of the one-phase model 

for the gas case are acceptable in terms of oil pressure, saturation, and production variables that allow us 

to verify and validate the numerical model for this case. 

 

5.1.2  Two -phase model  

 

The validation of the two-phase model takes into account two basic cases: the oil and water case and the 

oil and gas case, comparing the results obtained in the numerical model with the results obtained using 

the CMG® commercial simulator. The variables of validation for these basic cases are the oil pressure, 

the phase saturations, the production rate, and the cumulative production. 

 

Oil and water case  

 

The validation of the two-phase model for the oil and water case is performed by comparing the results 

obtained with the CMG® simulator using a field case. The characteristics of the reservoir of the field 

case are summarized in Table 5 ï 8, the production schedule to run this case is presented in Table 5 ï 2 

and the relative permeability curve for the oil-water system is presented in Figure 5 ï 1. 

 

Figure 5 ï 7 presents the results of the radial pressure profile for each production time and Figure 5 ï 8 

presents the results of the production of oil, water, and gas during simulation time for the two-phase 

model for the oil and water case using the CMG® simulator and the numerical model. 

 

Table 5 ï 9 presents the root mean squared error to quantify the oil pressure differences and oil saturation 

differences between the results of the CMG® simulator and the numerical model for the validation of 

the two-phase model for the oil and water case. 

 

Table 5 ï 10 presents the root mean squared error to quantify the differences in production rate and 

cumulative production between the results of the CMG® simulator and the numerical model for the 

validation of the two-phase model for the oil and water case. 
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Table 5 ï 8. Field case for the validation of the two-phase model for the oil and water case. 

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 3000 
Wellbore radius (in) 2.5 
Reservoir radius (ft) 500 
Reservoir thickness (ft) 30 
Reservoir pressure (psi) 1500 
Temperature (̄F) 150 
Porosity (fraction) 0.30 
Horizontal permeability (mD) 300 
Vertical permeability (mD) 30 
API Gravity (̄API) 20 
Gas-specific gravity (fraction)  0.7 
Bubble point pressure (psi) 500 
Oil saturation (fraction) 0.80 
Water saturation (fraction) 0.20 
Gas saturation (fraction) 0.00 

 

  
a. b. 

Figure 5 ï 7. Radial pressure and saturation profiles for each production time for the validation of the 

two-phase model for the oil and water case. b) Oil saturation profile. 

 

Table 5 ï 9. Root mean squared error (RMSE) for oil pressure and oil saturation for each production 

time for the validation of the two-phase model for the oil and water case. 

PRODUCTION TIME 
(days) 

RMSE  

Oil pressure (psi) Oil saturation (fraction) 

0 6.65 1.19E-08 
30 8.01 9.45E-05 
60 11.60 2.52E-04 
90 16.47 3.46E-04 

120 23.09 5.17E-04 
150 30.20 6.86E-04 
180 38.75 8.81E-04 

Mean 19.25 3.97E-04 
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a. b. 

Figure 5 ï 8. Production (oil, water, and gas) during simulation time for the validation of the two-phase 

model for the oil and water case. a) Production rate. b) Cumulative production. 

 

Table 5 ï 10. Root mean squared error (RMSE) for production rate and cumulative production for oil, 

water, and gas for the validation of the two-phase model for the oil and water case. 

VARIABLE RMSE 

Oil production rate (STB/d) 9.77 
Water production rate (STB/d) 1.42E-01 
Gas production rate (SCF/d) 466.38 
Cumulative oil production (STB) 1070.33 
Cumulative water production (STB) 12.67 
Cumulative gas production (SCF) 50998.82 

 

Remark: The results of the two-phase model for the oil and water case in terms of oil pressure are 

acceptable with a root mean square error of 19.25 psi. In terms of saturation, the results are adequate, 

and the root mean square errors for saturation are small enough, with a mean value of 3.97E-04. The 

results in terms of production rate and cumulative production are reasonable differences considering the 

existing differences between the two models, the behavior trends are similar in both models, and 

differences in oil, water, and gas production. In conclusion, the results of the two-phase model for the oil 

and water case are adequate in terms of oil pressure, saturation, and production variables that allow us to 

verify and validate the numerical model for this case. 

 

Oil and gas case  

 

The oil and gas case in the numerical simulator just gets adequate adjustment for low gas saturation, 

values around the critical gas saturation, so the gas flow is not guaranteed. For the rest of the cases, 

numerical stability is not achieved, and behavior responds to the high mobility relation of the gas with 

respect to the liquid and the high aspect ratio of the grid. Then, the validation of the two-phase model for 

the oil and gas case is not presented. 

 

5.1.3  Three -phase case  

 

The three-phase model in the numerical simulator just gets adequate adjustment for low gas saturation, 

values around the critical gas saturation, so the gas flow is not guaranteed. For the rest of the cases, 

numerical stability is not achieved, and behavior responds to the high mobility relation of the gas with 

respect to the liquid and the high aspect ratio of the grid.  Then, the validation of the three-phase model 

is not presented. 
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5.2  Geomechanical model  
 

The strategy of validation for the 3D elastoplastic model consists to validate two basic models: the elastic 

and the elastoplastic model, and considering two well settings: a one-layer set and a multi-layer set, 

comparing the results obtained in the numerical model with the results obtained with commercial 

software (ABAQUS® and CMG®), aligning the models as much as possible and running the same cases.  

 

First, the elastic model is validated for a one-layer set considering both isotropic and anisotropic 

horizontal stress conditions for a mechanical case coupled with the fluid flow; this model is validated by 

comparing the results obtained from the numerical model with the results obtained from ABAQUS®. 

Then, a multi-layer set is validated in a similar way to the one-layer case. Second, the elastoplastic model 

is validated as an extension of the elastic model considering just one model: mechanical case coupled 

with the fluid flow that allows evaluating the pressure contribution on the strain-stress relationship, 

considering two cases: one-layer and multi-layer case, both under isotropic and anisotropic horizontal 

stresses condition. Also, these cases are validated by comparing the results obtained from the numerical 

model with the results obtained with ABAQUS®. 

 

The validation protocol considers verification as the first step that consists to verify the boundary 

conditions and the trend of the validation variables. And the second step is the validation step itself, in 

which the main variables of comparison are the displacements, strains, and stresses in their three 

directions. The comparison of the variables uses the graphic behavior and the root mean squared error 

that quantifies the difference in results between the models. 

 

There are significant differences between the geomechanical model and the commercial simulator 

ABAQUS® that do not allow for completely aligning these two models as the grid features. 

 

Finally, the coupled model is validated by comparing the results with the numerical model with results 

obtained with a commercial simulator as CMG®, considering two cases: one-layer and multi-layer cases.  

 

5.2.1  Elastic model  

 

For an adequate process, the validation of the elastic model considers two well settings: one-layer set and 

multi-layer set, both considering a mechanical case coupled with fluid flow, under two different 

conditions, isotropic and anisotropic horizontal stress conditions. The comparison variables for 

validation are the displacements, strains, and stresses in three directions, ὼȟώȟ and ᾀ, i.e., under the FEM 

grid, and evaluating these variables at three different angles: 0º, 45º, and 90º. 

 

One -layer set  

 

The one-layer set consists of a 3D physical model in which the wellbore connects just one lateral layer 

that works as a reservoir layer and supports the regional stresses. 
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ð Mechanical case coupled with fluid flow under isotropic horizontal 

stresses condition  

 

A one-layer mechanical case coupled with fluid flow under isotropic horizontal stresses condition 

evaluates strain and stress behavior in terms of displacement, stress, and strain considering the coupled 

pressure effect by fluid flow in the porous media. 

 

The validation of the elastic model for a one-layer mechanical case coupled with fluid flow under 

isotropic horizontal stresses condition is performed by comparing the results obtained with the numerical 

model with the results obtained with the ABAQUS® software using a field case. The reservoir features 

of the field case are summarized in Table 5 ï 11. 

 

Table 5 ï 11. Field case for validation of the elastic model for a one-layer mechanical case coupled 

with fluid flow under isotropic horizontal stresses condition.  

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 1000 
Reservoir height (ft) 20 
Wellbore radius (in) 3 
Reservoir radius (ft) 100 
Reservoir pressure (psi) 500 
Wellbore pressure (psi) 500 
Vertical stress gradient (psi/ft) 1  
Horizontal stress gradient (psi/ft) 1 
Young modulus (psi) 1.0E06 
Poisson ratio (fraction) 0.25 

 

Figure 5 ï 9 presents the validation results of the elastic model for a one-layer mechanical case coupled 

with fluid flow under isotropic horizontal stresses condition in terms of the displacements profiles in ὼȟώȟ 
and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 

 

   
a. b. c. 

Figure 5 ï 9. Displacement profiles for each direction for the validation of the elastic model for a one-

layer mechanical case coupled with fluid flow under isotropic horizontal stresses condition. a) Profiles 

at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Figure 5 ï 10 presents the validation results of the elastic model for a one-layer mechanical case coupled 

with fluid flow under isotropic horizontal stresses condition in terms of the strain profiles in ὼȟώȟ and  ᾀ 
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directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the numerical 

model. 

 

Figure 5 ï 11 presents the validation results of the elastic model for a one-layer mechanical case coupled 

with fluid flow under isotropic horizontal stresses condition in terms of the stress profiles in ὼȟώȟ and  ᾀ 
directions at three different angles: 0º, 45º, and 90º, using the ABAQUS® software and the numerical 

model. 

 

   
a. b. c. 

Figure 5 ï 10. Strain profiles for each direction for the validation of the elastic model for a one-layer 

mechanical case coupled with fluid flow under isotropic horizontal stresses condition. a) Profiles at 0º. 

b) Profiles at 45º. c) Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 11. Effective stress profiles for each direction for the validation of the elastic model for a 

one-layer mechanical case coupled with fluid flow under isotropic horizontal stresses condition. a) 

Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 12 presents the root mean squared error to quantify the differences in displacements, strains, 

and stresses between the results of the ABAQUS® simulator and the numerical model for the validation 

of the elastic model for a one-layer mechanical case coupled with fluid flow under isotropic horizontal 

stresses condition. 
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Table 5 ï 12. Root mean squared error (RMSE) for displacements, strains, and stresses for the 

validation of the elastic model for a one-layer mechanical case coupled with fluid flow under isotropic 

horizontal stresses condition. 

RMSE Displacement (ft) Strain Stress (psi) 

@ 0̄  
● 2.368E-06 1.019E-06 7.164E-01 

 ◐ 1.055E-07 8.531E-06 2.829E-00 
◑ 4.118E-06 2.074E-07 7.808E-01 

@ 45̄  
● 1.825E-06 1.413E-07 1.923E-01 
◐ 1.747E-06 1.413E-07 1.923E-01 
◑ 4.368E-06 2.236E-07 3.696E-01 

@ 90̄  
● 1.055E-07 2.631E-06 2.829E-00 
◐ 2.368E-06 1.019E-06 7.164E-01 
◑ 4.118E-06 2.218E-07 7.808E-01 

 

Remark: The results of the elastic model for a one-layer mechanical case coupled with fluid flow under 

isotropic horizontal stresses condition in terms of displacements follow the expected trend and the root 

mean square errors for displacement are small enough, errors less than 4.368E-06 ft; in terms of strains 

also follow the expected trend and the root mean square errors for strains are small enough, errors less 

than 8.531E-06; and in terms of stresses also follow the expected trend and the root mean square errors 

for strains are small enough, errors less than 2.829 psi. The results in terms of strain and stress at the 

boundary conditions, internal and external, are adequate showing that these conditions are well imposed. 

In conclusion, the numerical model obtains adequate results in terms of displacements, strains, and 

stresses with a good approach. 

 

ð Mechanical case coupled with fluid flow under anisotropic horizontal 

stresses condition  

 

A one-layer mechanical case coupled with fluid flow under anisotropic horizontal stresses condition 

evaluates strain and stress behavior in terms of displacement, stress, and strain considering the coupled 

pressure effect by fluid flow in the porous media. The validation of the elastic model for a one-layer 

mechanical case coupled with fluid flow under anisotropic horizontal stresses condition is performed by 

comparing the results obtained with the numerical model with the results obtained with the commercial 

simulator ABAQUS® using a field case. The reservoir features of the field case are summarized in Table 

5 ï 13. 

 

Table 5 ï 13. Field case for validation of the elastic model for a one-layer mechanical case coupled 

with fluid flow under anisotropic horizontal stresses condition.  

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 1000 
Reservoir height (ft) 20 
Wellbore radius (in) 3 
Reservoir radius (ft) 100 
Reservoir pressure (psi) 500 
Wellbore pressure (psi) 500 
Vertical stress gradient (psi/ft) 1.0 
Maximum horizontal stress gradient (psi/ft) 1.0 
Minimum horizontal stress gradient (psi/ft) 0.9 
Young modulus (psi) 1.0E06 
Poisson ratio (fraction) 0.25 



116  Numerical modeling of massive sand production during cold heavy oil production  

 

 

Figure 5 ï 12 presents the validation results of the elastic model for a one-layer mechanical case coupled 

with fluid flow under anisotropic horizontal stresses condition in terms of the displacements profiles in 

ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® simulator and the 

numerical model. 

 

Figure 5 ï 13 presents the validation results of the elastic model for a one-layer mechanical case coupled 

with fluid flow under anisotropic horizontal stresses condition in terms of the strain profiles in ὼȟώȟ and 

 ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® simulator and the numerical 

model. 

 

   
a. b. c. 

Figure 5 ï 12. Displacement profiles for each direction for the validation of the elastic model for a one-

layer mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. a) 

Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 14 presents the root mean squared error to quantify the differences in displacements, strains, 

and stresses between the results of the ABAQUS® software and the numerical model for the validation 

of the elastic model for a one-layer mechanical case coupled with fluid flow under anisotropic horizontal 

stresses condition. 

 

   
a. b. c. 

Figure 5 ï 13. Strain profiles for each direction for the validation of the elastic model for a one-layer 

mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. a) Profiles at 

0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Figure 5 ï 14 presents the validation results of the elastic model for a one-layer mechanical case coupled 

with fluid flow under anisotropic horizontal stresses condition in terms of the stress profiles in ὼȟώȟ and 

 ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the numerical 

model. 
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a. b. c. 

Figure 5 ï 14. Effective stress profiles for each direction for the validation of the elastic model for a 

one-layer mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. a) 

Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 14. Root mean squared error (RMSE) for displacements, strains, and stresses for the 

validation of the elastic model for a one-layer mechanical case coupled with fluid flow under 

anisotropic horizontal stresses condition. 

RMSE Displacement (ft) Strain Stress (psi) 

@ 0̄  
● 2.572E-06 1.009E-06 8.616E-01 
◐ 6.693E-08 1.249E-06 1.184E00 
◑ 4.149E-06 2.182E-07 3.673E-01 

@ 45̄  
● 2.128E-06 1.744E-06 2.965E-01 
◐ 1.105E-06 3.010E-06 2.601E-01 
◑ 4.427E-06 1.083E-09 2.252E-01 

@ 90̄  
● 1.252E-07 3.545E-06 3.926E00 
◐ 1.848E-06 9.055E-07 6.445E-01 
◑ 4.268E-06 2.249E-07 1.112E00 

 

Remark: The results of the elastic model for a one-layer mechanical case coupled with fluid flow under 

anisotropic horizontal stresses condition in terms of displacements follow the expected trend and the root 

mean square errors for displacement are small enough, errors less than 4.427E-06 ft; in terms of strains 

also follow the expected trend and the root mean square errors for strains are small enough, errors less 

than 3.545E-06; and in terms of stresses also follow the expected trend and the root mean square errors 

for strains are small enough, errors less than .4 psi. The results in terms of strain and stress at the boundary 

conditions, internal and external, are adequate showing that these conditions are well imposed. In 

conclusion, the numerical model obtains results in terms of displacements, strains, and stresses with a 

good approach. 

 

Multi -layer set  

 

The multi-layer set consists of a 3D physical model, in which the wellbore connects four different lateral 

layers: the deepest one works as a bottom, the second one is a reservoir or producing layer, the third one 

is an overlayer and the last one is the top layer that works as a caprock. Each layer has different 

petrophysical and mechanical properties and all support the regional stresses. 
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ð Mechanical case coupled with fluid flow under isotropic horizontal 

stresses condition  

 

A multi-layer mechanical case coupled with fluid flow under isotropic horizontal stresses condition 

evaluates strain and stress behavior in terms of displacement, stress, and strain considering the coupled 

pressure effect by fluid flow in the porous media. The condition of isotropy of horizontal stresses is stated 

for all layers. 

 

The validation of the elastic model for a multi-layer mechanical case coupled with fluid flow under 

isotropic horizontal stresses condition is performed by comparing the results obtained with the numerical 

model with the results obtained with the commercial simulator ABAQUS® using a field case. The 

reservoir features of the field case are summarized in Table 5 ï 15. 

 

Table 5 ï 15. Field case for validation of the elastic model for a multi-layer-mechanical case coupled 

with fluid flow under isotropic horizontal stresses condition.  

RESERVOIR CHARACTERISTICS LAYER 1 LAYER 2 LAYER 3 LAYER 4 

Depth (ft) 1000 1020 1040 1060 
Reservoir height (ft) 20 20 20 20 
Wellbore radius (in) 3 3 3 3 
Reservoir radius (ft) 100 100 100 100 
Reservoir pressure (psi) 500 500 500 500 
Wellbore pressure (psi) 500 500 500 500 
Vertical stress gradient (psi/ft) 1 1 1 1 
Horizontal stress gradient (psi/ft) 1 1 1 1 
Young modulus (psi) 1.2E06 1.0E06 1.0E06 1.0E06 
Poisson ratio (fraction) 0.30 0.30 0.25 0.30 

 

Figure 5 ï 15 presents the validation results of the elastic model for a multi-layer mechanical case coupled 

with fluid flow under isotropic horizontal stresses condition in terms of the displacements profiles in ὼȟώȟ 
and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 

 

Figure 5 ï 16 presents the validation results of the elastic model for the multi-layer ï mechanical case 

coupled with fluid flow under isotropic horizontal stresses condition in terms of the strain profiles in ὼȟώȟ 
and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 

 

Figure 5 ï 17 presents the validation results of the elastic model for the multi-layer ï mechanical case 

coupled with fluid flow under isotropic horizontal stresses condition in terms of the stress profiles in ὼȟώȟ 
and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 
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a. b. c. 

Figure 5 ï 15. Displacement profiles for each direction for the validation of the elastic model for a 

multi-layer mechanical case coupled with fluid flow under isotropic horizontal stresses condition. a) 

Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 16. Strain profiles for each direction for the validation of the elastic model for a multi-layer 

mechanical case coupled with fluid flow under isotropic horizontal stresses condition. a) Profiles at 0º. 

b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 16 presents the root mean squared error to quantify the differences in displacements, strains, 

and stresses between the results of the ABAQUS® software and the numerical model for the validation 

of the elastic model for a multi-layer mechanical case coupled with fluid flow under isotropic horizontal 

stresses condition. 

 

   
a. b. c. 

Figure 5 ï 17. Effective stress profiles for each direction for the validation of the elastic model for a 

multi-layer mechanical case coupled with fluid flow under isotropic horizontal stresses condition. a) 

Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 
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Table 5 ï 16. Root mean squared error (RMSE) for displacements, strains, and stresses for the 

validation of the elastic model for a multi-layer mechanical case coupled with fluid flow under 

isotropic horizontal stresses condition. 

RMSE Displacement (ft) Strain Stress (psi) 

@ 0̄  
● 5.232E-06 1.434E-06 1.155E00 
◐ 3.691E-06 2.465E-06 2.642E00 
◑ 1.095E-05 1.293E-06 1.482E00 

@ 45̄  
● 2.697E-05 2.176E-06 4.661E00 
◐ 3.031E-05 2.176E-06 4.661E00 
◑ 4.950E-05 6.747E-06 1.051E01 

@ 90̄  
● 3.691E-06 2.465E-06 2.640E00 
◐ 5.231E-06 1.434E-06 1.157E00 
◑ 1.095E-05 1.293E-06 1.108E00 

 

Remark: The results of the elastic model for the multi-layer ï mechanic case coupled with fluid flow 

under isotropic horizontal stresses condition in terms of displacements follow the expected trend and the 

root mean square errors for displacement are small enough, errors less than 4.950E-05 ft; for strain are 

small enough, errors less than 6.747E-06 ft; for stress are small enough, errors less than 10.51 psi.  The 

results in terms of strain and stress at the boundary conditions, internal and external, are adequate 

showing that these conditions are well imposed.  

 

ð Mechanical case coupled with fluid flow under anisotropic horizontal 

stresses condition  

 

A multi-layer mechanical case coupled with fluid flow under anisotropic horizontal stresses condition 

evaluates strain and stress behavior in terms of displacement, stress, and strain considering the coupled 

pressure effect by fluid flow in the porous media. The condition of anisotropy of horizontal stresses is 

stated just for the production layer, and the other layers are stated under the isotropic horizontal stresses 

condition. 

 

The validation of the elastic model for a multi-layer mechanical case coupled with fluid flow under 

anisotropic horizontal stresses condition is performed by comparing the results obtained with the 

numerical model with the results obtained with the commercial simulator ABAQUS® using a field case. 

The reservoir features of the field case are summarized in Table 5 ï 17. 

 

Figure 5 ï 18 presents the validation results of the elastic model for a multi-layer mechanical case coupled 

with fluid flow under anisotropic horizontal stresses condition in terms of the displacements profiles in 

ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 

 

Figure 5 ï 19 presents the validation results of the elastic model for a multi-layer mechanical case coupled 

with fluid flow under anisotropic horizontal stresses condition in terms of the strain profiles in ὼȟώȟ and 

 ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the numerical 

model. 

 

Figure 5 ï 20 presents the validation results of the elastic model for the multi-layer ï mechanical case 

coupled with fluid flow under anisotropic horizontal stresses condition in terms of the stress profiles in 
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ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 

 

Table 5 ï 17. Field case for validation of the elastic model for the multi-layer mechanical case coupled 

with fluid flow under anisotropic horizontal stresses condition.  

VARIABLE LAYER 1 LAYER 2 LAYER 3 LAYER 4 

Depth (ft) 1000 1020 1040 1060 
Reservoir height (ft) 20 20 20 20 
Wellbore radius (in) 3 3 3 3 
Reservoir radius (ft) 100 100 100 100 
Reservoir pressure (psi) 500 500 500 500 
Wellbore pressure (psi) 500 500 500 500 
Vertical stress gradient (psi/ft) 1.0 1.0 1.0 1.0 
Maximum horizontal stress gradient (psi/ft) 1.0 1.0 1.0 1.0 
Minimum horizontal stress gradient (psi/ft) 1.0 1.0 0.9 1.0 
Young modulus (psi) 1.2E06 1.0E06 1.0E06 1.0E06 
Poisson ratio (fraction) 0.30 0.30 0.25 0.30 

 

   
a. b. c. 

Figure 5 ï 18. Displacement profiles for each direction for the validation of the elastic model for a 

multi-layer mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. a) 

Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 19. Strain profiles for each direction for the validation of the elastic model for a multi-layer 

mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. a) Profiles at 

0º. b) Profiles at 45º. c) Profiles at 90º. 
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a. b. c. 

Figure 5 ï 20. Effective stress profiles for each direction for the validation of the elastic model for the 

multi-layer ï mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. 

a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 18 presents the root mean squared error to quantify the differences in displacements, strains, 

and stresses between the results of the ABAQUS® software and the numerical model for the validation 

of the elastic model for the multi-layer ï mechanical case coupled with fluid flow under anisotropic 

horizontal stresses condition. 

 

Table 5 ï 18. Root mean squared error (RMSE) for displacements, strains, and stresses for the 

validation of the elastic model for a multi-layer mechanical case coupled with fluid flow under 

anisotropic horizontal stresses condition. 

RMSE Displacement (ft) Strain Stress (psi) 

@ 0̄  
● 5.971E-06 1.415E-06 1.142E00 
◐ 1.312E-06 2.084E-06 2.192E00 
◑ 8.656E-06 1.276E-06 1.392E00 

@ 45̄  
● 8.227E-05 6.069E-06 6.436E00 
◐ 6.790E-05 5.964E-06 3.283E00 
◑ 3.086E-05 3.923E-06 4.666E00 

@ 90̄  
● 4.019E-06 2.706E-06 2.908E00 
◐ 3.431E-06 1.084E-06 7.045E-01 
◑ 7.215E-06 5.064E-07 8.731E-01 

 

Remark: The results of the elastic model for a multi-layer mechanic case coupled with fluid flow under 

anisotropic horizontal stresses condition in terms of displacements follow the expected trend and the root 

mean square errors for displacement are small enough, errors less than 8.227E-05 ft; for strain are small 

enough, errors less than 6.069E-06 ft; for stress are small enough, errors less than 6.5 psi. The results in 

terms of strain and stress at the boundary conditions, internal and external, are adequate showing that 

these conditions are well imposed.  

 

5.2.2  Elastoplastic model  

 

For an adequate process, the validation of the elastoplastic model considers the main case: mechanical 

case coupled with fluid flow under two different conditions: isotropic and anisotropic horizontal stress 

conditions. The comparison variables for validation are the displacements, strains, and stresses in three 

directions, ὼȟώȟ and ᾀ, i.e., under the FEM grid, and evaluating these variables at three different angles: 

0º, 45º, and 90º. 
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One -layer set  

 

Similar to the elastic model, the one-layer set consists of a 3D physical model in which the wellbore 

connects just one lateral layer that works as a reservoir layer and supports the regional stresses. 

 

ð Mechanical case coupled with fluid flow under isotropic horizontal 

stresses condition  

 

The one-layer-mechanical case coupled with fluid flow under isotropic horizontal stresses condition 

evaluates strain and stress behavior in terms of displacement, stress, and strain including plasticity, and 

considering the coupled pressure effect by fluid flow in the porous media. 

 

The validation of the elastoplastic model for the one-layer ï mechanical case coupled with fluid flow 

under isotropic horizontal stresses condition is performed by comparing the results obtained with the 

numerical model with the results obtained with the commercial simulator ABAQUS® using a field case. 

The reservoir features of the field case are summarized in Table 5 ï 19. 

 

Table 5 ï 19. Field case for validation of the elastoplastic model for the one-layer ï mechanical case 

coupled with fluid flow under isotropic horizontal stresses condition.  

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 1000 
Reservoir height (ft) 20 
Wellbore radius (in) 3 
Reservoir radius (ft) 100 
Reservoir pressure (psi) 500 
Wellbore pressure (psi) 500 
Vertical stress gradient (psi/ft) 1  
Horizontal stress gradient (psi/ft) 1 
Young modulus (psi) 1.0E06 
Poisson ratio (fraction) 0.25 
Cohesion (psi) 100 
Friction angle (°) 15 
Dilation angle (°) 15 

 

Figure 5 ï 21 presents the validation results of the elastoplastic model for the one-layer ï mechanical 

case coupled with fluid flow under isotropic horizontal stresses condition in terms of the displacements 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software 

and the numerical model. 

 

Figure 5 ï 22 presents the validation results of the elastoplastic model for the one-layer ï mechanical 

case coupled with fluid flow under isotropic horizontal stresses condition in terms of the elastic strain 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software 

and the numerical model. 
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a. b. c. 

Figure 5 ï 21. Displacement profiles for each direction for the validation of the elastoplastic model for 

the one-layer ï mechanical case coupled with fluid flow under isotropic horizontal stresses condition. 

a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Figure 5 ï 23 presents the validation results of the elastoplastic model for the one-layer ï mechanical 

case coupled with fluid flow under isotropic horizontal stresses condition in terms of the stress profiles 

in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 

 

Figure 5 ï 24 presents the validation results of the elastoplastic model for the one-layer ï mechanical 

case coupled with fluid flow under isotropic horizontal stresses condition in terms of the plastic strain 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software 

and the numerical model. 

 

Table 5 ï 20 presents the root mean squared error to quantify the differences in displacements, strains, 

and stresses between the results of the ABAQUS® software and the numerical model for the validation 

of the elastoplastic model for the one-layer ï mechanical case coupled with fluid flow under isotropic 

horizontal stresses condition. 

 

   
a. b. c. 

Figure 5 ï 22. Elastic strain profiles for each direction for the validation of the elastoplastic model for 

the one-layer ï mechanical case coupled with fluid flow under isotropic horizontal stresses condition. 

a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 



Chapter 5. Model Validation  125  

 

   
a. b. c. 

Figure 5 ï 23. Effective stress profiles for each direction for the validation of the elastoplastic model 

for the one-layer ï mechanical case coupled with fluid flow under isotropic horizontal stresses 

condition. a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 24. Plastic strain profiles for each direction for the validation of the elastoplastic model for 

the one-layer ï mechanical case coupled with fluid flow under isotropic horizontal stresses condition. 

a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 20. Root mean squared error (RMSE) for displacements, elastic strains, and stresses for the 

validation of the elastoplastic model for the one-layer ï mechanical case coupled with fluid flow under 

isotropic horizontal stresses condition. 

RMSE Displacement (ft) Elastic strain Stress (psi) Plastic strain  

@ 0̄  
● 4.480E-06 2.368E-05 1.088E01 3.349E-05 
◐ 2.566E-07 2.947E-05 6.283E00 3.607E-05 
◑ 4.723E-06 3.661E-07 6.440E00 3.459E-06 

@ 45̄  
● 5.435E-06 6.245E-06 7.074E00 2.431E-06 
◐ 5.474E-06 6.245E-06 7.074E00 2.431E-06 
◑ 4.909E-06 4.238E-07 5.876E00 2.239E-06 

@ 90̄  
● 2.566E-07 2.947E-05 6.283E00 3.607E-05 
◐ 4.480E-06 2.368E-05 1.088E01 3.349E-05 
◑ 4.723E-06 3.661E-07 6.440E00 3.459E-06 

 

Remark: The results of the elastoplastic model for the one-layer ï mechanic case coupled with fluid 

flow under isotropic horizontal stresses condition in terms of displacements follow the expected trend 

and the root mean square errors for displacement are small enough, errors less than 5.474E-06 ft; in terms 

of elastic strains also follow the expected trend and the root mean square errors for strains are small 

enough, errors less than 2.947E-06; in terms of stresses also follow the expected trend and the root mean 

square errors for strains are small enough, errors less than 11 psi; and in terms of plastic strains also 

follow the expected trend and the root mean square errors for strains are small enough, errors less than 
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3.607E-06. The results in terms of strain and stress at the boundary conditions, internal and external, are 

adequate showing that these conditions are well imposed. In conclusion, although the error grew in 

magnitude for deformation and stress compared to the elastic case, the numerical model still obtains 

results in terms of displacements, strains, and stresses with a good approach, even for plasticity. 

 

ð Mechanical case coupled with fluid flow under anisotropic horizontal 

stresses condition  

 

The one-layer-mechanical case coupled with fluid flow under anisotropic horizontal stresses condition 

evaluates strain and stress behavior in terms of displacement, stress, and strain including plasticity, and 

considering the coupled pressure effect by fluid flow in the porous media. 

 

The validation of the elastoplastic model for the one-layer ï mechanical case coupled with fluid flow 

under anisotropic horizontal stresses condition is performed by comparing the results obtained with the 

numerical model with the results obtained with the commercial simulator ABAQUS® using a field case. 

The reservoir features of the field case are summarized in Table 5 ï 21. 

 

Figure 5 ï 25 presents the validation results of the elastoplastic model for the one-layer ï mechanical 

case coupled with fluid flow under anisotropic horizontal stresses condition in terms of the displacements 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º, and 90º, using the ABAQUS® software 

and the numerical model. 

 

Figure 5 ï 26 presents the validation results of the elastoplastic model for the one-layer ï mechanical 

case coupled with fluid flow under anisotropic horizontal stresses condition in terms of the elastic strain 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software 

and the numerical model. 

 

Table 5 ï 21. Field case for validation of the elastoplastic model for the one-layer ï mechanical case 

coupled with fluid flow under anisotropic horizontal stresses condition.  

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 1000 
Reservoir height (ft) 20 
Wellbore radius (in) 3 
Reservoir radius (ft) 100 
Reservoir pressure (psi) 500 
Wellbore pressure (psi) 500 
Vertical stress gradient (psi/ft) 1.0  
Maximum horizontal stress gradient (psi/ft) 1.0 
Minimum horizontal stress gradient (psi/ft) 0.9 
Young modulus (psi) 1.0E06 
Poisson ratio (fraction) 0.25 
Cohesion (psi) 100 
Friction angle (°) 15 
Dilation angle (°) 15 

 

Figure 5 ï 27 presents the validation results of the elastoplastic model for the one-layer ï mechanical 

case coupled with fluid flow under anisotropic horizontal stresses condition in terms of the stress profiles 
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in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 

 

Figure 5 ï 28 presents the validation results of the elastoplastic model for the one-layer ï mechanical 

case coupled with fluid flow under anisotropic horizontal stresses condition in terms of the plastic strain 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software 

and the numerical model. 

 

   
a. b. c. 

Figure 5 ï 25. Displacement profiles for each direction for the validation of the elastoplastic model for 

the one-layer ï mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. 

a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 26. Elastic strain profiles for each direction for the validation of the elastoplastic model for 

the one-layer-mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. 

a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 22 presents the root mean squared error to quantify the differences in displacements, strains, 

and stresses between the results of the ABAQUS® software and the numerical model for the validation 

of the elastoplastic model for the one-layer ï mechanical case coupled with fluid flow under anisotropic 

horizontal stresses condition. 
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a. b. c. 

Figure 5 ï 27. Effective stress profiles for each direction for the validation of the elastoplastic model 

for the one-layer- mechanical case coupled with fluid flow under anisotropic horizontal stresses 

condition. a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 28. Plastic strain profiles for each direction for the validation of the elastoplastic model for 

the one-layer-mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. 

a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 22. Root mean squared error (RMSE) for displacements, strains, and stresses for the 

validation of the elastoplastic model for the one-layer ï mechanical case coupled with fluid flow under 

anisotropic horizontal stresses condition. 

RMSE Displacement (ft) Elastic strain Stress (psi) Plastic strain 

@ 0̄  
● 8.979E-06 3.856E-05 1.018E01 3.760E-05 
◐ 2.195E-07 3.589E-05 3.619E00 3.584E-05 
◑ 7.161E-06 8.075E-07 3.701E00 2.602E-06 

@ 45̄  
● 7.493E-06 5.144E-06 7.817E00 1.765E-06 
◐ 5.213E-06 6.990E-06 3.204E00 7.107E-06 
◑ 6.242E-06 7.412E-07 5.538E00 3.537E-06 

@ 90̄  
● 2.509E-07 2.813E-05 7.147E00 3.536E-05 
◐ 9.014E-06 2.667E-05 1.027E01 3.602E-05 
◑ 5.534E-06 6.772E-07 5.684E00 3.592E-06 

 

Remark: The results of the elastoplastic model for the one-layer-mechanical case coupled with fluid 

flow under isotropic horizontal stresses condition in terms of displacements follow the expected trend 

and the root mean square errors for displacement are small enough, that errors less than 9.014E-06 ft; in 

terms of elastic strains also follow the expected trend and the root mean square errors for strains are small 

enough, errors less than 3.856E-05; in terms of stresses also follow the expected trend and the root mean 

square errors for strains are small enough, errors less than 11 psi; and in terms of plastic strains also 

follow the expected trend and the root mean square errors for strains are small enough, errors less than 
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3.760E-06; the results in terms of strain and stress at the boundary conditions, internal and external, are 

adequate showing that these conditions are well imposed. In conclusion, although the error grew in 

magnitude for deformation and stress with respect to the elastic case, the numerical model still obtains 

results in terms of displacements, strains, and stresses with a good approach, even for plasticity. 

 

Multi -layer set  

 

Similar to the elastic model, the multi-layer set consists of a 3D physical model, in which the wellbore 

connects four different lateral layers: the deepest one that works as a bottom, the second one is a reservoir 

or producing layer, and the third one is an overlayer and the last one is the top layer that works as a 

caprock. Each layer has different petrophysical and mechanical properties and all support the regional 

stresses. 

 

ð Mechanical case coupled with fluid flow under isotropic horizontal 

stresses condition  

 

A multi-layer mechanical case coupled with fluid flow under isotropic horizontal stresses condition 

evaluates strain and stress behavior in terms of displacement, stress, and strain including plasticity, 

considering the coupled pressure effect by fluid flow in the porous media. The condition of isotropy of 

horizontal stresses is stated for all layers. 

 

The validation of the elastoplastic model for a multi-layer mechanical case coupled with fluid flow under 

isotropic horizontal stresses condition is performed by comparing the results obtained with the numerical 

model with the results obtained with the commercial simulator ABAQUS® using a field case. The 

reservoir features of the field case are summarized in Table 5 ï 23. 

 

Table 5 ï 23. Field case for validation of the elastoplastic model for a multi-layer-mechanical case 

coupled with fluid flow under isotropic horizontal stresses condition.  

RESERVOIR CHARACTERISTICS LAYER 1 LAYER 2 LAYER 3 LAYER 4 

Depth (ft) 1000 1020 1040 1060 
Reservoir height (ft) 20 20 20 20 
Wellbore radius (in) 3 3 3 3 
Reservoir radius (ft) 100 100 100 100 
Reservoir pressure (psi) 500 500 500 500 
Wellbore pressure (psi) 500 500 500 500 
Vertical stress gradient (psi/ft) 1 1 1 1 
Horizontal stress gradient (psi/ft) 1 1 1 1 
Young modulus (psi) 1.2E06 1.0E06 1.0E06 1.0E06 
Poisson ratio (fraction) 0.30 0.30 0.25 0.30 
Cohesion (psi) 1000 1000 100 1000 
Friction angle (°) 15 15 15 

1515 
15 

Dilation angle (°) 15 15 15 15 

 

Figure 5 ï 29 presents the validation results of the elastoplastic model for a multi-layer mechanical case 

coupled with fluid flow under isotropic horizontal stresses condition in terms of the displacements 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software 

and the numerical model. 
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Figure 5 ï 30 presents the validation results of the elastoplastic model for the multi-layer mechanical 

case coupled with fluid flow under isotropic horizontal stresses condition in terms of the elastic strain 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software 

and the numerical model. 

 

   
a. b. c. 

Figure 5 ï 29. Displacement profiles for each direction for the validation of the elastoplastic model for 

a multi-layer mechanical case coupled with fluid flow under isotropic horizontal stresses condition. a) 

Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 30. Elastic strain profiles for each direction for the validation of the elastoplastic model for a 

multi-layer mechanical case coupled with fluid flow under isotropic horizontal stresses condition. a) 

Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Figure 5 ï 31 presents the validation results of the elastoplastic model for the multi-layer mechanical 

case coupled with fluid flow under isotropic horizontal stresses condition in terms of the stress profiles 

in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 

 

Figure 5 ï 32 presents the validation results of the elastoplastic model for the multi-layer mechanical 

case coupled with fluid flow under isotropic horizontal stresses condition in terms of the plastic strain 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software 

and the numerical model. 
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a. b. c. 

Figure 5 ï 31. Effective stress profiles for each direction for the validation of the elastoplastic model 

for a multi-layer mechanical case coupled with fluid flow under isotropic horizontal stresses condition. 

a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 24 presents the root mean squared error to quantify the differences in displacements, strains, 

stresses, and plastic strains between the results of the ABAQUS® software and the numerical model for 

the validation of the elastoplastic model for a multi-layer mechanical case coupled with fluid flow under 

isotropic horizontal stresses condition. 

 

 

   
a. b. c. 

Figure 5 ï 32. Plastic strain profiles for each direction for the validation of the elastoplastic model for 

the one-layer-mechanical case coupled with fluid flow under isotropic horizontal stresses condition. a) 

Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 24. Root mean squared error (RMSE) for displacements, elastic strains, stresses, and plastic 

strains for the validation of the elastoplastic model for a multi-layer mechanical case coupled with fluid 

flow under isotropic horizontal stresses condition. 

RMSE Displacement (ft) Elastic strain Stress (psi) Plastic strain 

@ 0̄  
● 2.049E-03 7.784E-05 8.120E01 0.000E-00 
◐ 3.696E-06 3.243E-05 8.840E01 1.050E-04 
◑ 2.292E-03 2.404E-04 1.737E01 0.000E-00 

@ 45̄  
● 2.151E-03 6.161E-05 7.857E01 4.255E-06 
◐ 2.153E-03 6.161E-05 7.857E01 4.255E-06 
◑ 2.528E-03 2.451E-04 3.051E01 4.234E-06 

@ 90̄  
● 1.479E-02 3.243E-05 8.840E01 1.497E-05 
◐ 1.242E-02 7.784E-05 8.120E01 2.496E-05 
◑ 2.292E-03 2.404E-07 1.737E01 5.738E-06 
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Remark: The results of the elastoplastic model for the multi-layer-mechanical case coupled with fluid 

flow under isotropic horizontal stresses condition in terms of displacements follow the expected trend 

and the root mean square errors for displacement are small enough, errors less than 1.479E-02 ft; for 

elastic strain are small enough, errors less than 2.451E-04 ft, however; for stresses, the differences are 

higher with root mean square errors less than 88 psi; and in terms of plastic strains also follow the 

expected trend and the root mean square errors for strains are small enough, errors less than 3.760E-06. 

The higher differences in stress can be explain by the differences in displacements and elastic strains in 

the z-direction. The results in terms of strain and stress at the boundary conditions, internal and external, 

are adequate showing that these conditions are well imposed. In conclusion, although the error grew in 

magnitude for deformation and stress with respect to the elastic case, the numerical model still obtains 

results in terms of displacements and strains with a good approach, even for plasticity, but the stresses 

have high differences. 

 

ð Mechanical case coupled with fluid flow under anisotropic horizontal 

stresses condition  

 

A multi-layer mechanical case coupled with fluid flow under anisotropic horizontal stresses condition 

evaluates strain and stress behavior in terms of displacement, stress, and strain including plasticity,  

considering the coupled pressure effect by fluid flow in the porous media. The condition of anisotropy 

of horizontal stresses is stated just for the production layer, and the other layers are stated under the 

isotropic horizontal stresses condition. 

 

The validation of the elastoplastic model for a multi-layer mechanical case coupled with fluid flow under 

anisotropic horizontal stresses condition is performed by comparing the results obtained with the 

numerical model with the results obtained with the commercial simulator ABAQUS® using a field case. 

The reservoir features of the field case are summarized in Table 5 ï 25. 

 

Table 5 ï 25. Field case for validation of the elastoplastic model for the multi-layer mechanical case 

coupled with fluid flow under anisotropic horizontal stresses condition.  

RESERVOIR CHARACTERISTICS LAYER 1 LAYER 2 LAYER 3 LAYER 4 

Depth (ft) 1000 1020 1040 1060 
Reservoir height (ft) 20 20 20 20 
Wellbore radius (in) 3 3 3 3 
Reservoir radius (ft) 100 100 100 100 
Reservoir pressure (psi) 500 500 500 500 
Wellbore pressure (psi) 500 500 500 500 
Vertical stress gradient (psi/ft) 1.0 1.0 1.0 1.0 
Maximum horizontal stress gradient (psi/ft) 1.0 1.0 1.0 1.0 
Minimum horizontal stress gradient (psi/ft) 1.0 1.0 0.9 1.0 
Young modulus (psi) 1.2E06 1.0E06 1.0E06 1.0E06 
Poisson ratio (fraction) 0.30 0.30 0.25 0.30 
Cohesion (psi) 1000 1000 100 1000 
Friction angle (°) 15 15 15 15 
Dilation angle (°) 15 15 15 15 

 

Figure 5 ï 33 presents the validation results of the elastic model for a multi-layer mechanical case coupled 

with fluid flow under anisotropic horizontal stresses condition in terms of the displacements profiles in 



Chapter 5. Model Validation  133  

 

ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 

 

Figure 5 ï 34 presents the validation results of the elastoplastic model for a multi-layer mechanical case 

coupled with fluid flow under anisotropic horizontal stresses condition in terms of the elastic strain 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software 

and the numerical model. 

 

Figure 5 ï 35 presents the validation results of the elastoplastic model for the multi-layer ï mechanical 

case coupled with fluid flow under anisotropic horizontal stresses condition in terms of the stress profiles 

in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software and the 

numerical model. 

 

Figure 5 ï 36 presents the validation results of the elastoplastic model for the multi-layer mechanical 

case coupled with fluid flow under anisotropic horizontal stresses condition in terms of the plastic strain 

profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the ABAQUS® software 

and the numerical model. 

 

   
a. b. c. 

Figure 5 ï 33. Displacement profiles for each direction for the validation of the elastoplastic model for 

a multi-layer mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. 

a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 34. Elastic strain profiles for each direction for the validation of the elastoplastic model for a 

multi-layer mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. a) 

Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 26 presents the root mean squared error to quantify the differences in displacements, strains, 

stresses, and plastic strains between the results of the ABAQUS® software and the numerical model for 
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the validation of the elastoplastic model for a multi-layer mechanical case coupled with fluid flow under 

isotropic horizontal stresses condition. 

 

   
a. b. c. 

Figure 5 ï 35. Effective stress profiles for each direction for the validation of the elastoplastic model 

for the multi-layer mechanical case coupled with fluid flow under anisotropic horizontal stresses 

condition. a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 36. Plastic strain profiles for each direction for the validation of the elastoplastic model for 

the multi-layer mechanical case coupled with fluid flow under anisotropic horizontal stresses condition. 

a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 26. Root mean squared error (RMSE) for displacements, elastic strains, stresses, and plastic 

strains for the validation of the elastoplastic model for a multi-layer mechanical case coupled with fluid 

flow under isotropic horizontal stresses condition. 

RMSE Displacement (ft) Elastic strain Stress (psi) Plastic strain 

@ 0̄  
● 4.210E-04 3.868E-05 1.032E02 0.000E-00 
◐ 1.324E-04 6.766E-05 6.485E01 9.556E-05 
◑ 2.150E-03 2.420E-04 1.164E01 0.000E-00 

@ 45̄  
● 8.691E-04 3.868E-05 1.052E02 4.670E-06 
◐ 4.802E-03 6.766E-05 5.514E01 4.270E-06 
◑ 2.581E-03 2.420E-04 2.619E01 4.428E-06 

@ 90̄  
● 1.241E-02 1.870E-05 1.034E02 3.193E-05 
◐ 1.048E-02 1.221E-04 5.931E01 1.743E-05 
◑ 2.345E-03 2.464E-04 2.967E01 5.757E-06 

 

Remark: The results of the elastoplastic model for a multi-layer-mechanical case coupled with fluid 

flow under anisotropic horizontal stresses condition in terms of displacements follow the expected trend 

and the root mean square errors for displacement are small enough, errors less than 1.241E-02 ft; for 

elastic strain are small enough, errors less than 2.464E-04 ft; however; for stresses, the differences are 
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higher with root mean square errors less than 105 psi; and in terms of plastic strains also follow the 

expected trend and the root mean square errors for strains are small enough, errors less than 9.956E-05; 

the results in terms of strain and stress at the boundary conditions, internal and external, are adequate 

showing that these conditions are well imposed. However, the displacements in the z-direction present 

high differences, which affects the elastic strain and stresses. The results in terms of strain and stress at 

the boundary conditions, internal and external, are adequate showing that these conditions are well 

imposed. In conclusion, although the error grew in magnitude for deformation and stress with respect to 

the elastic case, the numerical model still obtains results in terms of displacements and strains with a 

good approach, even for plasticity and horizontal anisotropy, but the stresses have high differences. 

 

 

5.3  Coupled model  
 

The coupled model that consists of the fluid flow model coupled to the geomechanical model is validated 

by comparing the results obtained with the numerical model with the results obtained with the CMG® 

commercial simulator, running the same cases and aligning the models as much as possible. The fluid 

flow model is a black oil simulator considering a two-phase case for oil and water and while the 

geomechanical model considers the elastic and the elastoplastic case under isotropic horizontal stress 

conditions. 

 

5.3.1  Two -phase and elastic case  

 

The validation of the two-phase and elastic case has an oil and water case for the fluid flow model and 

an elastic case under isotropic and anisotropic horizontal stress conditions for the geomechanical model 

for a one-layer set, comparing the results obtained in the numerical model with the results obtained using 

the commercial simulator CMG®. The variables of validation for these basic cases are the oil pressure, 

the saturations, the production rate, and the cumulative production for the fluid flow model, and the 

displacements, the strains, and the stresses for the geomechanical model. 

 

ð Under isotropic horizontal stresses condition  

 

This section presents the two-phase and elastic case under isotropic horizontal stress conditions. The 

characteristics of the reservoir of the field case are summarized in Table 5 ï 27, the production schedule 

to run this case is presented in Table 5 ï 2 and the relative permeability curve for the oil-water system is 

presented in Figure 5 ï 1. 

 

Figure 5 ï 37 presents the results of the radial pressure profile for each production time and Figure 5 ï 

38 presents the results of the production of oil, water, and gas during simulation time for the two-phase 

and elastic validation case under isotropic horizontal stress condition using the CMG® software and the 

numerical model. 

 

Table 5 ï 28 presents the root mean squared error to quantify the oil pressure differences and oil 

saturation differences between the results of the CMG® software and the numerical model for the 

validation of the two-phase and elastic case under isotropic horizontal stresses condition. 
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Table 5 ï 27. Field case for the two-phase and elastic case under isotropic horizontal stresses condition. 

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 1000 
Wellbore radius (in) 2.5 
Reservoir radius (ft) 100 
Reservoir thickness (ft) 30 
Reservoir pressure (psi) 500 
Temperature (̄F) 120 
Porosity (fraction) 0.30 
Horizontal permeability (mD) 300 
Vertical permeability (mD) 30 
API Gravity (̄API) 20 
Gas-specific gravity  0.7 
Bubble point pressure (psi) 100 
Oil saturation (fraction) 0.85 
Water saturation (fraction) 0.15 
Gas saturation (fraction) 0.00 
Vertical stress gradient (psi/ft) 1.0  
Horizontal stress gradient 
(psi/ft) 

1.0 
Biot (fraction) 1.0 
Young modulus (psi) 1.0E06 
Poisson ratio (fraction) 0.25 
Cohesion (psi) 1000 
Internal friction angle (̄) 15 

 

  
a. b. 

Figure 5 ï 37. Radial pressure and saturation profiles for each production time for the two-phase and 

elastic case under isotropic horizontal stresses. a) Oil pressure profile. b) Oil saturation profile. 

 

Table 5 ï 28. Root mean squared error (RMSE) for oil pressure and oil saturation for each production 

time for the two-phase and elastic case under isotropic horizontal stresses condition. 

PRODUCTION TIME 
(days) 

RMSE  

Oil pressure (psi) Oil saturation (fraction) 

0 6.60 2.38E-08 
30 19.25 2.95E-04 

60 33.03 3.10E-04 
90 49.48 4.48E-04 

120 64.05 6.58E-04 

150 80.33 8.92E-04 
180 94.94 1.22E-03 

Mean 49.67 5.46E-04 
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Table 5 ï 29 presents the root mean squared error to quantify the differences in production rate and 

cumulative production between the results of the CMG® software and the numerical model for the 

validation of the two-phase and elastic case under isotropic horizontal stresses condition. 

 

  
a. b. 

Figure 5 ï38. Production (oil, water, and gas) during simulation time for the two-phase and elastic case 

under isotropic horizontal stresses condition a) Production rate. b) Cumulative production. 

 

Table 5 ï 29. Root mean squared error (RMSE) for production rate and cumulative production for oil, 

water, and gas for the two-phase and elastic case under isotropic horizontal stress conditions. 

VARIABLE RMSE 

Oil production rate (STB/d) 9.06 
Water production rate (STB/d) 1.29E-02 
Gas production rate (SCF/d) 64.18 
Cumulative oil production (STB) 961.60 
Cumulative water production (STB) 0.75 
Cumulative gas production (SCF) 6805.95 

 

Remark: The results of the two-phase and elastic validation case under isotropic horizontal stress 

conditions in terms of oil pressure are acceptable with root mean square errors of 49.67 psi. In terms of 

saturation, the results are adequate, and the root mean square errors for saturation are small enough, with 

a mean value of 5.46E-04. The results in terms of production rate and cumulative production have 

reasonable differences considering the existing differences between the two models, the behavior trends 

have differences in both models with no differences in water production, and high differences in oil and 

gas production. In conclusion, the results of the two-phase and elastic validation case under isotropic 

horizontal stress conditions are acceptable in terms of oil pressure and adequate in terms of saturation, 

and production variables that allow us to verify and validate the numerical model for this case. 

 

Figure 5 ï 39 presents the validation results of the two-phase and elastic validation case under isotropic 

horizontal stress conditions in terms of the displacements profiles in ὼȟώȟ and  ᾀ directions at three 

different angles: 0º, 45º and 90º, using the CMG® software and the numerical model. 

 

Figure 5 ï 40 presents the validation results of the elastic model for the two-phase and elastic case under 

isotropic horizontal stress conditions in terms of the strain profiles in ὼȟώȟ and  ᾀ directions at three 

different angles: 0º, 45º and 90º, using the CMG® software and the numerical model. 
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a. b. c. 

Figure 5 ï 39. Displacement profiles for each direction at the early production for the two-phase and 

elastic case under isotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 

90º. 

 

   
a. b. c. 

Figure 5 ï 40. Elastic strain profiles for each direction at the early production for the two-phase and 

elastic case under isotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 

90º. 

 

Figure 5 ï 41 presents the validation results of the two-phase and elastic case under isotropic horizontal 

stress conditions in terms of the stress profiles in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º, 

and 90º, using the CMG® software and the numerical model. 

 

Table 5 ï 30 presents the root mean squared error to quantify the differences in displacements, strains, 

and stresses between the results of the CMG® software and the numerical model for the validation of the 

two-phase and elastic validation case under isotropic horizontal stress conditions. 

 

   
a. b. c. 
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Figure 5 ï 41. Effective stress profiles for each direction at the early production for the two-phase and 

elastic case under isotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 

90º. 

 

Table 5 ï 30. Root mean squared error (RMSE) for displacements, strains, and stresses in the two-

phase and elastic case under isotropic horizontal stress conditions. 

RMSE Displacement (ft) Strain Effective stress (psi) 

@ 0̄  
● 6.734E-03 2.489E-04 3.908E02 
◐ 6.238E-04 2.689E-04 3.944E02 
◑ 5.010E-03 1.329E-04 3.933E02 

@ 45̄  
● 3.942E-03 1.089E-04 3.285E02 
◐ 4.633E-03 1.138E-04 3.331E02 
◑ 1.666E-03 2.809E-06 3.311E02 

@ 90̄  
● 2.767E-04 2.152E-04 3.905E02 
◐ 7.552E-03 1.983E-04 3.966E02 
◑ 1.974E-03 1.329E-04 3.933E02 

 

Remark: The results of the two-phase and elastic validation case under isotropic horizontal stress 

conditions in terms of displacements follow the expected trend and the root mean square errors for 

displacement are small enough, errors less than 7.55E-03 ft; in terms of strains also follow the expected 

trend and the root mean square errors for strains are small enough, errors less than 2.809E-04; and in 

terms of stresses also follow the expected trend but present high differences with root mean square errors 

for stresses less than 397 psi. The results in terms of strain and stress at the boundary conditions, internal 

and external, are adequate showing that these conditions are well imposed. The displacements in CMG® 

change insignificantly and their trend is not adequate, different behavior in the numerical simulator with 

adequate displacement trend; in CMG®, the strains in the x and y direction seem to be changed at 0° and 

the stresses have the same behavior at 90°. In conclusion, the numerical model obtains results in terms 

of displacements and strains with a good approach with high differences in stresses. 

 

ð Under an isotropic horizontal stresses condition  

 

This section presents the two-phase and elastic case under anisotropic horizontal stress conditions. The 

characteristics of the reservoir of the field case are summarized in Table 5 ï 31, the production schedule 

to run this case is presented in Table 5 ï 2 and the relative permeability curve for the oil-water system is 

presented in Figure 5 ï 1. 

 

Figure 5 ï 42 presents the results of the radial pressure profile for each production time and Figure 5 ï 

43 presents the results of the production of oil, water, and gas during simulation time for the two-phase 

and elastic validation case under anisotropic horizontal stress condition using the CMG® software and 

the numerical model. 

 

Table 5 ï 32 presents the root mean squared error to quantify the oil pressure differences and oil 

saturation differences between the results of the CMG® software and the numerical model for the two-

phase and elastic validation case under isotropic horizontal stresses condition. 

 

Table 5 ï 33 presents the root mean squared error to quantify the differences in production rate and 

cumulative production between the results of the CMG® software and the numerical model for the two-

phase and elastic validation case under anisotropic horizontal stresses condition. 
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Table 5 ï 31. Field case for the two-phase and elastic case under anisotropic horizontal stresses 

condition. 

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 1000 
Wellbore radius (in) 2.5 
Reservoir radius (ft) 100 
Reservoir thickness (ft) 30 
Reservoir pressure (psi) 500 
Temperature (̄F) 120 
Porosity (fraction) 0.30 
Horizontal permeability (mD) 300 
Vertical permeability (mD) 30 
API Gravity (̄API) 20 
Gas-specific gravity  0.7 
Bubble point pressure (psi) 100 
Oil saturation (fraction) 0.85 
Water saturation (fraction) 0.15 
Gas saturation (fraction) 0.00 
Vertical stress gradient (psi/ft) 1.0  
Maximum horizontal stress gradient (psi/ft) 1.0 
Minimum horizontal stress gradient (psi/ft) 0.9 
Biot (fraction) 1.0 
Young modulus (psi) 1.0E06 
Poisson ratio (fraction) 0.25 
Cohesion (psi) 1000 
Internal friction angle (̄) 15 

 

  
a. b. 

Figure 5 ï 42. Radial pressure and saturation profiles for each production time for the two-phase and 

elastic case under anisotropic horizontal stresses. a) Oil pressure profile. b) Oil saturation profile. 

 

Table 5 ï 32. Root mean squared error (RMSE) for oil pressure and oil saturation for each production 

time for the two-phase and elastic case under anisotropic horizontal stresses condition. 

PRODUCTION TIME 
(days) 

RMSE  

Oil pressure (psi) Oil saturation (fraction) 

0 6.60 2.38E-08 
30 19.25 2.95E-04 
60 33.03 3.10E-04 

90 49.48 4.48E-04 

120 64.05 6.58E-04 
150 80.33 8.92E-04 

180 94.94 1.22E-03 
Mean 49.67 5.46E-04 



Chapter 5. Model Validation  141  

 

 

  
a. b. 

Figure 5 ï43. Production (oil, water, and gas) during simulation time for the two-phase and elastic case 

under anisotropic horizontal stresses condition a) Production rate. b) Cumulative production. 

 

Table 5 ï 33. Root mean squared error (RMSE) for production rate and cumulative production for oil, 

water, and gas for the two-phase and elastic case under anisotropic horizontal stress conditions. 

VARIABLE RMSE 

Oil production rate (STB/d) 9.06 
Water production rate (STB/d) 1.29E-02 
Gas production rate (SCF/d) 64.18 
Cumulative oil production (STB) 961.60 
Cumulative water production (STB) 0.75 
Cumulative gas production (SCF) 6805.95 

 

Remark: The results of the two-phase and elastic validation case under anisotropic horizontal stress 

conditions in terms of oil pressure are acceptable with the root mean square errors for pressure of 49.67 

psi. In terms of saturation, the results are adequate, and the root mean square errors for saturation are 

small enough, with a mean value of 5.46E-04. The results in terms of production rate and cumulative 

production have reasonable differences considering the existing differences between the two models, the 

behavior trends have differences in both models with no differences in water production, and high 

differences in oil and gas production. In conclusion, the results of the two-phase and elastic validation 

case under anisotropic horizontal stress conditions are acceptable in terms of oil pressure and adequate 

in terms of saturation, and production variables that allow us to verify and validate the numerical model 

for this case. There is no difference in terms of production in both simulators for the two-phase and elastic 

case in both under isotropic and anisotropic horizontal stress conditions. 

 

Figure 5 ï 44 presents the validation results of the two-phase and elastic validation case under anisotropic 

horizontal stress conditions in terms of the displacements profiles in ὼȟώȟ and  ᾀ directions at three 

different angles: 0º, 45º and 90º, using the CMG® software and the numerical model. 

 

Figure 5 ï 45 presents the validation results of the elastic model for the two-phase and elastic validation 

case under anisotropic horizontal stress conditions in terms of the strain profiles in ὼȟώȟ and  ᾀ directions 

at three different angles: 0º, 45º and 90º, using the CMG® software and the numerical model. 

 

Figure 5 ï 46 presents the validation results of the two-phase and elastic validation case under anisotropic 

horizontal stress conditions in terms of the stress profiles in ὼȟώȟ and  ᾀ directions at three different 

angles: 0º, 45º, and 90º, using the CMG® software and the numerical model. 
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a. b. c. 

Figure 5 ï 44. Displacement profiles for each direction at the early production for the two-phase and 

elastic case under anisotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) Profiles 

at 90º. 

 

   
a. b. c. 

Figure 5 ï 45. Elastic strain profiles for each direction at the early production for the two-phase and 

elastic case under anisotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) Profiles 

at 90º. 

 

Table 5 ï 34 presents the root mean squared error to quantify the differences in displacements, strains, 

and stresses between the results of the CMG® software and the numerical model for the two-phase and 

elastic validation case under anisotropic horizontal stress conditions. 

 

   
a. b. c. 

Figure 5 ï 46. Stress profiles for each direction at the early production for the two-phase and elastic 

case under isotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 
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Table 5 ï 34. Root mean squared error (RMSE) for displacements, strains, and stresses for the two-

phase and elastic validation case under anisotropic horizontal stress conditions. 

RMSE Displacement (ft) Strain Stress (psi) 

@ 0̄  
● 1.505E-02 2.752E-04 4.042E02 

 ◐ 6.238E-04 1.619E-04 6.054E02 
◑ 4.142E-03 2.777E-04 5.055E02 

@ 45̄  
● 8.888E-03 2.309E-04 4.226E02 
◐ 5.426E-03 2.366E-04 4.269E02 
◑ 3.485E-03 2.809E-06 4.252E02 

@ 90̄  
● 2.772E-04 2.746E-04 4.038E02 
◐ 8.893E-03 1.573E-04 6.069E02 
◑ 4.142E-03 2.777E-04 5.054E02 

 

Remark: The results of the two-phase and elastic validation case under anisotropic horizontal stress 

conditions in terms of displacements follow the expected trend and the root mean square errors for 

displacement are small enough, errors less than 1.505E-02 ft; in terms of strains also follow the expected 

trend and the root mean square errors for strains are small enough, errors less than 2.809E-04; and in 

terms of stresses also follow the expected trend but present high differences with root mean square errors 

of 607 psi. The results in terms of strain and stress at the boundary conditions, internal and external, are 

adequate showing that these conditions are well imposed. Similar to the isotropic case, the displacements 

in CMG® change insignificantly and their trend is not adequate, different behavior in the numerical 

simulator, adequate displacement trend; in CMG®, there is no difference between the isotropic and 

anisotropic case in terms of strains, the strains in the x and y direction seems to be changed at 0° and the 

stresses have the same behavior at 90°. In conclusion, the numerical model obtains results in terms of 

displacements and strains with a good approach with high differences in stresses. 

 

 

5.3.2  Two -phase and elasto plastic case  

 

The validation of the two-phase and elastoplastic case has an oil and water case for the fluid flow model 

and an elastic case under isotropic and anisotropic horizontal stress conditions for the geomechanical 

model for a one-layer set, comparing the results obtained in the numerical model with the results obtained 

using the commercial simulator CMG®. The variables of validation for these basic cases are the oil 

pressure, the saturations, the production rate, and the cumulative production for the fluid flow model, 

and the displacements, the strains, and the stresses for the geomechanical model. 

 

ð Under isotropic horizontal stresses condition  

 

This section presents the two-phase and elastoplastic case under isotropic horizontal stress conditions. 

The characteristics of the reservoir of the field case are summarized in Table 5 ï 35, the production 

schedule to run this case is presented in Table 5 ï 2 and the relative permeability curve for the oil-water 

system is presented in Figure 5 ï 1. 

 

Figure 5 ï 47 presents the results of the radial pressure profile for each production time and Figure 5 ï 

48 presents the results of the production of oil, water, and gas during simulation time in the two-phase 

and elastoplastic validation case under isotropic horizontal stress condition using the CMG® software 

and the numerical model. 
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Table 5 ï 35. Field case for the two-phase and elastoplastic case under isotropic horizontal stresses 

condition. 

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 1000 
Wellbore radius (in) 2.5 
Reservoir radius (ft) 100 
Reservoir thickness (ft) 30 
Reservoir pressure (psi) 500 
Temperature (̄F) 120 
Porosity (fraction) 0.30 
Horizontal permeability (mD) 300 
Vertical permeability (mD) 30 
API Gravity (̄API) 20 
Gas-specific gravity 0.7 
Bubble point pressure (psi) 100 
Oil saturation (fraction) 0.85 
Water saturation (fraction) 0.15 
Gas saturation (fraction) 0.00 
Vertical stress gradient (psi/ft) 1  
Horizontal stress gradient (psi/ft) 1 
Biot (fraction) 1 
Young modulus (psi) 1.0E06 
Poisson ratio (fraction) 0.25 
Cohesion (psi) 100 
Internal friction angle (̄) 15 
Dilation angle (̄) 15 

 

Table 5 ï 36 presents the root mean squared error to quantify the oil pressure differences and oil 

saturation differences between the results of the CMG® software and the numerical model for the two-

phase and elastoplastic validation case under isotropic horizontal stress conditions. 

 

Table 5 ï 37 presents the root mean squared error to quantify the differences in production rate and 

cumulative production between the results of the CMG® software and the numerical model for the two-

phase and elastoplastic validation case under isotropic horizontal stress conditions. 

 

Table 5 ï 36. Root mean squared error (RMSE) for oil pressure and oil saturation for each production 

time for the two-phase and elastoplastic case under isotropic horizontal stress conditions. 

PRODUCTION TIME 
(days) 

RMSE  

Oil pressure (psi) Oil saturation (fraction) 

0 6.60 2.38E-08 
30 19.25 2.95E-04 
60 33.05 3.09E-04 

90 49.52 4.46E-04 

120 64.16 6.54E-04 
150 80.59 8.87E-04 

180 95.80 1.21E-03 
Mean 49.85 5.44E-04 
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a. b. 

Figure 5 ï 47. Radial pressure and saturation profiles for each production time for the two-phase and 

elastoplastic case under isotropic horizontal stress conditions. a) Oil pressure profile. b) Oil saturation 

profile. 

 

  
a. b. 

Figure 5 ï48. Production (oil, water, and gas) during simulation time for the two-phase and 

elastoplastic case under isotropic horizontal stress conditions. a) Production rate. b) Cumulative 

production. 

 

Table 5 ï 37. Root mean squared error (RMSE) for production rate and cumulative production for oil, 

water, and gas for the two-phase and elastoplastic case under isotropic horizontal stresses condition. 

VARIABLE RMSE 

Oil production rate (STB/d) 6.98 
Water production rate (STB/d) 9.03E-03 
Gas production rate (SCF/d) 49.33 
Cumulative oil production (STB) 819.51 
Cumulative water production (STB) 0.56 
Cumulative gas production (SCF) 5792.00 

 

Remark: The results of the two-phase and elastoplastic validation case under isotropic horizontal stress 

conditions in terms of oil pressure are acceptable with root mean square errors of 49.85 psi. In terms of 

saturation, the results are adequate too, and the root mean square errors for saturation are small enough, 

with a mean value of 5.44E-04. The oil saturation for the numerical model has a better trend and looks 

more stable. The results in terms of production rate and cumulative production have reasonable 

differences considering the existing differences between the two models, the behavior trends have 

differences in both models with no differences in water production, and high differences in oil and gas 

production. In conclusion, the results of the two-phase and elastoplastic validation case under isotropic 
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horizontal stress conditions are acceptable in terms of oil pressure and adequate in terms of saturation, 

and production variables that allow us to verify and validate the numerical model for this case. 

 

Figure 5 ï 49 presents the results of the two-phase and elastoplastic validation case under isotropic 

horizontal stress conditions at early production (30 days) in terms of the displacements profiles in ὼȟώȟ 
and  ᾀ directions at three different angles: 0º, 45º and 90º, using the CMG® software and the numerical 

model. 

 

Figure 5 ï 50 presents the results of the plastic model for the two-phase and elastoplastic validation case 

under isotropic horizontal stress conditions at early production (30 days) in terms of the strain profiles in 

ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the CMG® software and the 

numerical model. 

 

   
a. b. c. 

Figure 5 ï 49. Displacement profiles for each direction at the early production for the two-phase and 

elastoplastic case under isotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) 

Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 50. Strain profiles for each direction at the early production for the two-phase and 

elastoplastic case under isotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) 

Profiles at 90º. 

 

Figure 5 ï 51 presents the results of the plastic model for the two-phase and elastoplastic validation case 

under isotropic horizontal stress conditions at early production (30 days) in terms of the stress profiles in 

ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º, and 90º, using the CMG® software and the 

numerical model. 
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Figure 5 ï 52 presents the results of the plastic model for the two-phase and elastoplastic validation case 

under isotropic horizontal stress conditions at early production in terms of the mean plastic strain profiles 

at three different angles: 0º, 45º and 90º, using the CMG® software and the numerical model. 

 

Table 5 ï 38 presents the root mean squared error to quantify the differences in displacements, strains, 

and stresses between the results of the CMG® software and the numerical model for the two-phase and 

elastoplastic validation case under isotropic horizontal stress conditions. 

 

   
a. b. c. 

Figure 5 ï 51. Effective stress profiles for each direction at the early production for the two-phase and 

elastoplastic case under isotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) 

Profiles at 90º. 

 

   
a. b. c. 

Figure 5 ï 52. Plastic strain profiles at the early production for the two-phase and elastoplastic case 

under isotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) Profiles at 90º. 

 

Table 5 ï 38. Root mean squared error (RMSE) for displacements, strains, and stresses for the 

validation of the two-phase and elastoplastic case under isotropic horizontal stress conditions. 

RMSE Displacement (ft) Strain Stress (psi) Plastic strain 

@ 0̄  
● 1.362E-02 3.365E-04 5.026E02  

2.343E-04 ◐ 1.689E-03 2.948E-04 5.067E02 
◑ 3.780E-03 2.535E-04 5.057E02 

@ 45̄  
● 8.029E-03 2.612E-04 4.225E02  

2.411E-04 ◐ 9.541E-03 2.343E-04 4.270E02 
◑ 3.181E-03 2.132E-06 4.254E02 

@ 90̄  
● 3.152E-04 3.290E-04 4.968E02  

2.619E-04 ◐ 1.541E-02 2.872E-04 5.026E02 
◑ 3.780E-03 2.535E-04 5.002E02 

 

Remark: The results of the two-phase and plastic case under isotropic horizontal stresses condition in 

terms of displacements follow the expected trend and the root mean square errors for displacement are 
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small enough, errors less than 1.541E-02 ft; in terms of strains also follow the expected trend and the 

root mean square errors for strains are small enough, errors less than 3.365E-04; and in terms of stresses 

also follow the expected trend and present high differences with root mean square errors of 507 psi. The 

results in terms of strain and stress at the boundary conditions, internal and external, are adequate 

showing that these conditions are well imposed. Similar to the elastic case, the displacements in CMG® 

change insignificantly and their trend is not adequate, different behavior in the numerical simulator, 

adequate displacement trend; in CMG®, the strains in the x and y directions seem to be changed at 0° 

and the stresses have the same behavior at 90°. In general, the trends in geomechanical variables look 

better in the numerical model than in the CMG® software, with lower values in strains and stresses, 

especially in the plastic strain. In conclusion, the numerical model obtains results in terms of 

displacements and strains with a good approach and high differences in stresses. 

 

ð Under an isotropic horizontal stresses condition  

 

This section presents the two-phase and elastoplastic case under anisotropic horizontal stress conditions. 

The characteristics of the reservoir of the field case are summarized in Table 5 ï 39, the production 

schedule to run this case is presented in Table 5 ï 2 and the relative permeability curve for the oil-water 

system is presented in Figure 5 ï 1. 

 

Figure 5 ï 53 presents the results of the radial pressure profile for each production time and Figure 5 ï 

54 presents the results of the production of oil, water, and gas during simulation time in the two-phase 

and elastoplastic validation case under anisotropic horizontal stress condition using the CMG® software 

and the numerical model. 

 

Table 5 ï 39. Field case for the two-phase and elastoplastic case under anisotropic horizontal stresses 

condition. 

RESERVOIR CHARACTERISTICS VALUE 

Depth (ft) 1000 
Wellbore radius (in) 2.5 
Reservoir radius (ft) 100 
Reservoir thickness (ft) 30 
Reservoir pressure (psi) 500 
Temperature ( F̄) 120 
Porosity (fraction) 0.30 
Horizontal permeability (mD) 300 
Vertical permeability (mD) 30 
API Gravity (̄API) 20 
Gas-specific gravity 0.7 
Bubble point pressure (psi) 100 
Oil saturation (fraction) 0.85 
Water saturation (fraction) 0.15 
Gas saturation (fraction) 0.00 
Vertical stress gradient (psi/ft) 1.0 
Minimum horizontal stress gradient (psi/ft)  0.9 
Maximum horizontal stress gradient (psi/ft) 1.0 
Biot (fraction) 1.0 
Young modulus (psi) 1.0E06 
Poisson ratio (fraction) 0.25 
Cohesion (psi) 100 
Internal friction angle (̄) 15 
Dilation angle (̄) 15 
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Table 5 ï 40 presents the root mean squared error to quantify the oil pressure differences and oil 

saturation differences between the results of the CMG® software and the numerical model for the two-

phase and elastoplastic validation case under anisotropic horizontal stress conditions. 

 

Table 5 ï 41 presents the root mean squared error to quantify the differences in production rate and 

cumulative production between the results of the CMG® software and the numerical model for the two-

phase and elastoplastic validation case under anisotropic horizontal stress conditions. 

 

Table 5 ï 40. Root mean squared error (RMSE) for oil pressure and oil saturation for each production 

time for the two-phase and elastoplastic case under anisotropic horizontal stress conditions. 

PRODUCTION TIME 
(days) 

RMSE  

Oil pressure (psi) Oil saturation (fraction) 

0 6.60 2.38E-08 
30 19.25 2.95E-04 
60 33.04 3.09E-04 

90 49.51 4.47E-04 
120 64.12 6.54E-04 

150 80.50 8.89E-04 

180 95.57 1.21E-03 
Mean 49.80 5.44E-04 

 

  
a. b. 

Figure 5 ï 53. Radial pressure and saturation profiles for each production time for the two-phase and 

elastoplastic case under anisotropic horizontal stress conditions. a) Oil pressure profile. b) Oil 

saturation profile. 

 

Table 5 ï 41. Root mean squared error (RMSE) for production rate and cumulative production for oil, 

water, and gas for the two-phase and elastoplastic case under anisotropic horizontal stresses condition. 

VARIABLE RMSE 

Oil production rate (STB/d) 7.40 
Water production rate (STB/d) 9.68E-03 
Gas production rate (SCF/d) 52.32 
Cumulative oil production (STB) 854.84 
Cumulative water production (STB) 0.60 
Cumulative gas production (SCF) 6044.06 

 

 



150  Numerical modeling of massive sand production during cold heavy oil production  

 

  
a. b. 

Figure 5 ï54. Production (oil, water, and gas) during simulation time for the two-phase and 

elastoplastic case under anisotropic horizontal stress conditions. a) Production rate. b) Cumulative 

production. 

 

Remark: The results of the two-phase and elastoplastic validation case under anisotropic horizontal 

stress conditions in terms of oil pressure are acceptable with root mean square errors for oil pressure of 

49.85 psi. In terms of saturation, the results are adequate too, and the root mean square errors for 

saturation are small enough, with a mean value of 5.44E-04. The oil saturation for the numerical model 

has a better trend and looks more stable. The results in terms of production rate and cumulative 

production have reasonable differences considering the existing differences between the two models, the 

behavior trends have differences in both models with no differences in water production, and high 

differences in oil and gas production. In conclusion, the results of the two-phase and elastoplastic 

validation case under anisotropic horizontal stress conditions are acceptable in terms of oil pressure and 

adequate in terms of saturation, and production variables that allow us to verify and validate the 

numerical model for this case. 

 

Figure 5 ï 55 presents the results of the two-phase and elastoplastic validation case under anisotropic 

horizontal stress conditions at early production (30 days) in terms of the displacements profiles in ὼȟώȟ 
and  ᾀ directions at three different angles: 0º, 45º and 90º, using the CMG® software and the numerical 

model. 

 

   
a. b. c. 

Figure 5 ï 55. Displacement profiles for each direction at the early production for the two-phase and 

elastoplastic case under anisotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) 

Profiles at 90º. 

 

Figure 5 ï 56 presents the results of the plastic model for the two-phase and elastoplastic validation case 

under anisotropic horizontal stress conditions at early production (30 days) in terms of the strain profiles 
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in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º and 90º, using the CMG® software and the 

numerical model. 

 

   
a. b. c. 

Figure 5 ï 56. Strain profiles for each direction at the early production for the two-phase and 

elastoplastic case under anisotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) 

Profiles at 90º. 

 

Figure 5 ï 57 presents the results of the elastoplastic model for the two-phase and plastic validation case 

under anisotropic horizontal stress conditions at early production (30 days) in terms of the stress profiles 

in ὼȟώȟ and  ᾀ directions at three different angles: 0º, 45º, and 90º, using the CMG® software and the 

numerical model. 

 

Figure 5 ï 58 presents the results of the elastoplastic model for the two-phase and plastic validation case 

under anisotropic horizontal stress conditions at early production in terms of the mean plastic strain 

profiles at three different angles: 0º, 45º and 90º, using the CMG® software and the numerical model. 

 

Table 5 ï 42 presents the root mean squared error to quantify the differences in displacements, strains, 

and stresses between the results of the CMG® software and the numerical model for the two-phase and 

elastoplastic validation case under anisotropic horizontal stress conditions. 

 

   
a. b. c. 

Figure 5 ï 57. Effective stress profiles for each direction at the early production for the two-phase and 

elastoplastic case under anisotropic horizontal stress conditions. a) Profiles at 0º. b) Profiles at 45º. c) 

Profiles at 90º. 

 


































































































































































































































































































