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Chapter 1

Introduction

The development the theory of characteristic classes allowed Shiing-Shen Chern to generalize
the Gauss Bonnet theorem to Riemannian manifolds of arbitrary dimension. The Chern
Gauss Bonnet theorem expresses the Euler characteristic as an integral of a polynomial
evaluated on the curvature tensor, i.e ifK is the curvature form of the Levi-Civita connection,
the Chern Gauss Bonnet formula is

χ(M) =
( 1

2π

)n ∫
M

Pf(K),

In particular, the theorem implies that if the Levi Civita connection is �at, the Euler char-
acteristic is zero.
An a�ne structure on a manifold is an atlas whose transition functions are a�ne transfor-
mations. The existence of such a structure is equivalent to the existence of a �at torsion free
connection on the tangent bundle. Around 1955 Chern conjectured the following:

Conjecture. The Euler characteristic of a closed a�ne manifold is zero.

Not all �at torsion free connections on TM admit a compatible metric, and therefore,
Chern-Weil theory cannot be used in general to write down the Euler class in terms of the
curvature.

In 1955, Benzécri [1] proved that a closed a�ne surface has zero Euler characteristic.
Later, in 1958, Milnor [11] proved inequalities which completely characterise those oriented
rank two bundles over a surface that admit a �at connection. These inequalities prove that
in case of a surface the condition "be torsion free" in Chern's conjecture is not necessary. In
1975, Kostant and Sullivan [9] proved Chern's conjecture in the case where the manifold is
complete. In 1977, Smillie [15] proved that the condition that the connection is torsion free
matters. For each even dimension greater than 2, Smillie constructed closed manifolds with
non-zero Euler characteristic that admit a �at connection on their tangent bundle.

In 2015, Klingler [14] proved the conjecture for special a�ne manifolds. That is, a�ne
manifolds that admit a parallel volume form.
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Daniela Martínez Madrid CHAPTER 1. INTRODUCTION

The goal of this thesis is to provide an exposition of the previous results concerning the
Euler characteristic of a�ne manifolds and study the Chern Weil theory.
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Chapter 2

Preliminaries on bundles

2.1 De�nitions

De�nition 2.1.1 (Vector bundles). A vector bundle is a tuple (M,E, π) where M and E
are smooth manifolds and π : E →M is a surjective submersion that satis�es:

• For every p ∈M , the �ber π−1(p) is a vector space.

• Every p ∈ M has an open neighborhood U ⊆ M and a di�eomorphism
ϕ : π−1(U) → U × Fk (where F is the �eld C or R) in such way that the following
diagram commutes:

π−1(U) U × Fk

U.

π

ϕ

π

Furthermore, for any p ∈M the map v 7→ ϕ−1(p, v) is linear isomorphism between the vector
spaces Fk and π−1(p).

Example 2.1.2. The map π : M × Fk →M is a vector bundle called the trivial bundle.

The main example is the tangent bundle. If M is a manifold then the tangent bundle

TM =
⊔
p∈M

TpM , where TpM denotes the tangent sapce to M at p. The vector bundle

structure is given by the natural projection π : TM →M .

De�nition 2.1.3 (Principal bundles). An action of a group G on a manifold M is a smooth
function

µ : M ×G −→M

(m, g) 7−→ m · g,

such that: m · e = m and (m · g)h = m · (gh). In particular µ is called free action if for all
m ∈ M , mg = m implies g = e. If G is a Lie group, a principal G-bundle is a surjective
submersion π : P →M with a smooth action of G on P that satis�es:

9



Daniela Martínez Madrid CHAPTER 2. PRELIMINARIES ON BUNDLES

(i) The action is free.

(ii) π(mg) = π(m).

(iii) If π(m) = π(m′) then m = m′g.

Since π is a submersion then for all q ∈ M , π−1(q) is a manifold of dimension
d = dim(P )− dim(M) = dim(G).

Lemma 2.1.4. Every �ber of the principal G-bundle is di�eomorphic to G.

Proof. Let p ∈M then if q = π(p) the result of theorem is given by the di�eomorphism:

ψ : G −→ π−1(q)

g 7−→ pg.

A priori P/G has structure of topological space. Then we will give to P/G di�erential
structure induced via a isomorphism as bellow:

Theorem 2.1.5. If π : P → M is a principal G-bundle. Then there is a homeomorphism

P/G
π̃−→M . In particular P/G is a smooth manifold.

Proof. We will prove that π̃ is a homeomorphism. This function is continuous by quotient
topology. It remains to prove that it is bijective and its inverse map is continuous.

If π̃[p] = π̃[p′] then π(p) = π(p′) and p′ = pg. This implies [p] = [p′] and π̃ is injective.
The surjectivity holds bye hypothesis. Since that π is a submersion, the implicit function
theorem assures the existence of a local section σ : U → P of a open U ⊂ M , de�ne σ̃ such
that the following diagram commutes:

U P

P/G

σ

σ̃

Note that σ̃ is continous map and σ̃ = π̃−1
∣∣
U
. Therefore π̃−1 is continuous.

Theorem 2.1.6. Every principal bundle is locally isomorphic to the trivial bundle.

Proof. Let P → M be a principal bundle, then for every q ∈ M there exists a open U ⊆ M
neighborhood of q and section σ : U → P such that π ◦ σ = id. Then the following function
is a di�eomorphism:

τ : U ×G −→ π−1(U)
(x, g) 7→ σ(x) · g.

10



2.2. EXAMPLES OF PRINCIPAL BUNDLES Daniela Martínez

2.2 Examples of principal bundles

Frame bundles and associated bundles

If π : E → M is a vector bundle over M of rank k. Then the geometric structure that
contains information about the set of all ordered bases (or frames) for a �ber of E is called
frame bundle. A frame at p ∈ M is an ordered basis for the vector space Ep. Equivalently,
it can be viewed as a linear isomorphism ϕ : Fk → Ep (Here F is R when we consider a real
vector bundle or it is C when we consider a complex vector bundle).

De�ne the set of all frames at p as ISO(Fk, Ep) = {ϕ : Fk → Ep|ϕ is an isomorphism}.
This set has the right action by the group GL(k,F) via the composition of functions, i.e a
element g ∈ GL(k,F) acts on ISO(Fk, Ep) by ϕ ◦ g.

A frame bundle is a principal bundle with structural group GL(Fk) de�ned by :

ρ : Fr(E) −→ M
ϕ 7→ p,

where Fr(E) :=
∐
p∈M

ISO(Fk, Ep).

If E is real vector bundle equipped with a Riemannian metric its orthogonal frame bundle of

E is the principal bundle FrO(E) :=
∐
p∈M

ISOO(Rk, Ep) (the set of all orthogonal frames at

each �ber), with structural group O(k). Similarly, if a complex vector bundle E is equipped

with a hermitian metric, then the hermitian frame bundle is FrU(E) :=
∐
p∈M

ISOU(Ck, Ep)

with structural group U(k).

Conversely, let us consider a principal G-bundle π : P → M and a representation
ρ : G→ GL(V ) of group G. Then it is possible to construct a vector bundle over M , called
the associated bundle. The group G acts on P × V : for a element g ∈ G and (p, v) ∈ P × V
the action is given by (p, v) · g = (p · g, ρ(g−1)(v)). Then we can de�ne P ×G V := P × V/G,
where (p · g, v) ∼ (p, ρ(g)(v)). The following submersion π̃ : P ×G V → M determines the
associated vector bundle:

π̃ : P ×G V −→ M
(p, v) 7→ π(p).

When the structural group is GL(n,F) and the representation is id the construction of
the associated bundle is inverse to the frame bundle construction.

Pullback bundles

De�nition 2.2.1. Let S ⊆M be a submanifold of M and h : N →M be a function between
two manifolds, we say that h is transversal to S (denoted by h t S) if for every g ∈ h−1(S)

11
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the following holds:
Th(g)M = dyh(TyN) + Th(g)S.

Theorem 2.2.2. If h t S then h−1(S) is a submanifold of N , Moreover:

dim(N)− dim(h−1(S)) = dim(M)− dim(S).

Proof. The proof of this theorem can be found in the book of the Victor Guillemin and Alan
Pollack [16].

Let π : P → M be a principal G-bundle and f : N → M be a function between two
manifolds. De�ne the set f ∗(P ) = {(x, p) ∈ N×P/f(x) = π(p)}. If we consider the function

λ : N × P −→ M ×M
(n, p) 7→ (f(x), π(p)),

It is easy to verify that f ∗(P ) = λ(M ×M) and λ t M ×M , then f ∗(P ) is a submanifold
of N × P .

The right action of G on f ∗(P ) is given by: for a element g ∈ G and (x, p) ∈ f ∗(P ),
(x, p) · g = (x, p · g).

Therefore f ∗(P ) has structure of principal G-bundle, called called the pullback of E by f, so
that the following diagram commutes:

f ∗(P ) P

N M.

π̄ π

f

Hopf �bration

The Lie group u(1) = S1 acts freely on
S3 given by (z1, z2) · w = (z1w, z2w). The
Hopf �bration is a principal u(1)-bundle
with submersion given by π : S3 → CP 1,
(z1, z2) 7→ [z1, z2].

The Hopf �braton allows one to think of S3 as a decomposed as a family of circles parametrized
by the complex projective plane.

12



Chapter 3

Preliminaries on connections

3.1 Connections on vector bundles

If α ∈ Γ(E) is a section of a vector bundle E, there is no natural way to di�erentiate α in the
direction of a vector �eld. A connection on a vector bundle E is the solution to this problem.

De�nition 3.1.1. Let π : E →M be a vector bundle. A connection ∇ on E is a linear map:

∇ : X(M)⊗ Γ(E) −→ Γ(E)
(X,α) 7→ ∇Xα

such that for any smooth function f ∈ C∞(M), X ∈ X(M) and α ∈ Γ(E) the following two
conditions are satis�ed:

1.

∇fXα = f∇Xα,

2.

∇X (fα) = (X(f))α + f∇Xα.

De�nition 3.1.2. If E is a vector bundle with connection, we will say that a section α ∈ Γ(E)
is covariantly constant if ∇X(α) = 0 for any vector �eld X ∈ X(M).

Let us now consider the case E = TM and local coordinates ϕ = (x1, . . . , xm). The
Christo�el symbols Γkij : M → R are smooth functions determined by the condition

∇∂i∂j =
∑
k

Γkij∂k.

The connection ∇ is determined by the Christo�el symbols. Given vector �elds X =
∑

i a
i∂i,

13
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Y =
∑

j b
j∂j one computes:

∇XY =
∑
i

ai∇∂i

(∑
j

bj∂j

)
=
∑
i,j

ai∇∂i

(
bj∂j

)
=
∑
i,j

ai
(
∂bj

∂xi
∂j + bj∇∂i∂j

)

=
∑
i,j

ai

(
∂bj

∂xi
∂j + bj

∑
k

Γkij∂k

)

=
∑
i,j

ai
∂bj

∂xi
∂j +

∑
i,j

aibj
∑
k

Γkij∂k

=
∑
k

(∑
i

ai
∂bk

∂xi
∂k +

∑
i,j

Γkijb
jai

)
∂k.

A Riemannian metric g on a manifold M induces a connection, called the Levi-Civita
Connection, on the tangent bundle TM .

De�nition 3.1.3. Let ∇ be a connection on TM . The torsion of ∇ is the function

T : X(M)⊗ X(M) −→ X(M)
(X, Y ) 7→ ∇XY −∇YX − [X, Y ]

Given vector �elds X, Y, Z ∈ X(M), the torsion satis�es:

• Linearity with respect to functions:

T (fX, Y ) = fT (X, Y ); T (X, fY ) = fT (X, Y ).

• Skewsymmetry:

T (X, Y ) + T (Y,X) = 0.

Then we can view the torsion as a tensor:

T ∈ Ω2(M,TM) = Γ(Λ2(T ∗M)⊗ TM),

de�ned by:

T (p)(v, w) = ∇XY (p)−∇YX(p)− [X, Y ](p),

for any choice of vector �elds X, Y such that X(p) = v and Y (p) = w.

De�nition 3.1.4. A connection on TM is called symmetric if its torsion is zero.

Remark 3.1.5. A connection ∇ is symmetric if and only if for any choice of coordinates,
the Christo�el symbols satisfy Γkij = Γkji.

14



3.1. CONNECTIONS ON VECTOR BUNDLES Daniela Martínez

De�nition 3.1.6. A connection on a Riemannian manifold (M, g) is compatible with the
metric if:

X(g(Y, Z)) = g (∇XY, Z) + g (Y, ∇XZ) ,

for all X, Y, Z ∈ X(M).

Theorem 3.1.7 (Levi-Civita). Let (M, g) be a riemannian manifold. There exists a unique
symmetric connection ∇ which is compatible with the metric. Moreover, this connection
satis�es:

g (Z,∇YX) =
1

2
(Xg (Y, Z) + Y g (Z,X)− Zg (X, Y )

−g ([X,Z] , Y )− g ([Y, Z] , X)− g ([X, Y ] , Z)) . (3.1)

Proof. Any connection compatible with the metric satis�es:

Xg (Y, Z) = g (∇XY, Z) + g (Y,∇XZ) ,

Y g (Z,X) = g (∇YZ,X) + g (Z,∇YX)

Zg (X, Y ) = g (∇ZX, Y ) + g (X,∇ZY ) ,

Adding the �rst two equations, subtracting the third and using the symmetry one obtains:

Xg (Y, Z) + Y g (Z,X)− Zg (X, Y )

= g ([X,Z] , Y ) + g ([Y, Z] , X) + g ([X, Y ] , Z) + 2g (Z,∇YX) ,

which implies:

g (Z,∇YX) =
1

2
(Xg (Y, Z) + Y g (Z,X)− Zg (X, Y )

−g ([X,Z] , Y )− g ([Y, Z] , X)− g ([X, Y ] , Z)) .

Since the metric is nondegenerate, this implies uniqueness. In order to prove existence we
de�ne ∇YX to be the unique vector �eld that satis�es Equation (3.1). In order to prove that
∇ de�ned in this way is a connection, the only nontrivial statement is:

∇X(fY ) = f∇XY +X(f)Y.

For this we compute:

g (Z,∇Y (fX)) =
1

2
(fXg (Y, Z) + Y g (Z, fX)− Zg (fX, Y )

−g ([fX,Z] , Y )− g ([Y, Z] , fX)− g ([fX, Y ] , Z)) .

Using the equations
Y g (Z, fX) = (Y f) g (Z,X) + fY g (Z,X) ,

Zg (fX, Y ) = (Zf) g (X, Y ) + fZg (X, Y ) ,

g ([fX,Z] , Y ) = fg ([X,Z] , Y )− (Zf) g (X, Y )

15
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g ([fX, Y ] , Z) = fg ([X, Y ] , Z)− (Y f) g (X,Z)

we obtain:

g (Z,∇Y (fX)) = fg (Z,∇YX) +
1

2
(2 (Y f) g (Z,X))

= g (Z, f∇YX + (Y f)X) .

It is easy to check that ∇ is symmetric and compatible with the metric.

The connection described above is called the Levi-Civita connection on (M, g).

3.2 Geodesics and the exponential map

Here we will explain the notions of parallel transport and geodesics. It will be convenient to
�rst discuss some natural operations on vector bundles and connections.

Let f : N → M a smooth function and π : E → M a vector bundle then the set
f ∗(E) =

∐
p∈N Ef(p), admits a unique structure of a vector bundle over N such that:

1. The map f̃ : f ∗(E)→ E; v ∈ Ef(p) 7→ v ∈ Ef(p) is smooth.

2. The projection π : f ∗(E)→M is given by v ∈ Ef(p) 7→ p .

3. The diagram:

f ∗(E)
f̃ //

π

��

E

π

��
M

f // N

commutes and is a linear isomorphism on each �ber.

Let ∇ be a connection on π : E → M and f : N → M a smooth function. Then there
exists a unique connection f ∗(∇) on f ∗(E) such that for any α ∈ Γ(E), X ∈ X(N) and
Y ∈ X(M) with Df(p)(X(p)) = Y (f(p)) the following holds:

f ∗(∇)X(f ∗(α))(p) = ∇Y (α)(f(p)). (3.2)

Recall that we say that a section α ∈ Γ(E) of a vector bundle with connection is covari-
antly constant if ∇X(α) = 0, for any vector �eld X ∈ X(M). By imposing this conditions
on vector bundles over an interval one obtains the notion of parallel transport along a path.

Proposition 3.2.1. Let ∇ be a connection on a vector bundle π : E → I, where I = [a, b]
is an interval. Given a vector v ∈ Ea there exists a unique covariantly constant section
α ∈ Γ(E) such that α(a) = v. Moreover, the function P b

a : Ea → Eb given by P b
a(v) = α(b) is

a linear isomorphism. The function P b
a is called the parallel transport of the connection ∇.

16



3.2. GEODESICS AND THE EXPONENTIAL MAP Daniela Martínez

Proof. Since all vector bundles over an interval are trivializable, we may choose a frame
{α1, . . . , αk} for E. There exists a one form θ ∈ Ω1(I,End(E)) such that:

∇X(αi) = θ(X,αi).

Let us �x v =
∑

i λiαi(a) ∈ Ea. A section α =
∑

i fiαi is covariantly constant if it satis�es
the di�erential equation: ∑

i

∇∂t(fiαi) = 0,

which is equivalent to: ∑
i

∂fi
∂t
αi + fiθ(∂t, αi) = 0.

The Picard-Lindelöf theorem guarantees the existence and uniqueness of a solution of this
equation. In order to show that P b

a is linear it is enough to observe that if α and β are
covariantly constant, so is α + β. It remains to show that P b

a is an isomorphism. Suppose
that v ∈ Ea is such that P b

a(v) = 0. By symmetry we know that there exists a unique section
α ∈ Γ(E) such that α(b) = 0. This section is the zero section and we conclude that v = 0.

De�nition 3.2.2. Let ∇ be a connection on π : E →M and γ : [a, b]→M a smooth curve.
The parallel transport along γ with respect to ∇ is the linear isomorphism:

P∇(γ) : Eγ(a) → Eγ(b); P∇(γ)(v) = P b
a(v),

where P b
a denotes the parallel transport associated with the vector bundle γ∗(E) over the

interval I = [a, b] with respect to the connection γ∗(∇).

Lemma 3.2.3. Let γ : [a, c] → M be a curve and b ∈ (a, c). Set µ = γ|[a,b]; σ = γ|[b,c].
Then P∇(γ) = P∇(σ) ◦ P∇(µ).

Proof. It is enough to observe that if α ∈ Γ(γ∗(E)) is covariantly constant then α|[a,b] and
α|[b,c] are also covariantly constant.

Remark 3.2.4. The parallel transport is a parametrization invariant. That is, if ∇ is a
connection on π : E → M , γ : [a, b] → M is a curve and ϕ : [c, d] → [a, b] is an orientation
preserving di�eomorphism then P∇(γ) = P∇(γ ◦ ϕ).

De�nition 3.2.5. Let ∇ be a connection on TM . A curve γ : [a, b]→M is called a geodesic
if the section γ′ ∈ Γ(γ∗(TM)) is covariantly constant with respect to the connection γ∗(∇).

In local coordinates ϕ = (x1, . . . , xm) where γ = (u1, . . . , um) and ∇ has Christo�el
symbols Γkij one has γ

′(t) =
∑

i u
′
i(t)∂i, and the geodesic equation takes the form:

γ∗(∇)∂t(γ
′(t)) =

∑
i

γ∗(∇)∂t(u
′
i(t)∂i)

=
∑
i

(
u′′i (t)∂i + u′i(t)γ

∗(∇)∂t∂i

)
=
∑
i

(
u′′i (t)∂i + u′i(t)

∑
j

u′j(t)∇∂j∂i

)
=
∑
i

(
u′′i (t)∂i + u′i(t)

∑
j,k

u′j(t)Γ
k
ij∂k

)
.

17
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We conclude that γ is a geodesic precisely when it satis�es the system of di�erential equations:

u′′i (t) +
∑
j,k

u′j(t)u
′
k(t)Γ

i
kj = 0, ∀i. (3.3)

Example 3.2.6. On Euclidian space Rm the Christo�el symbols are Γkij = 0, and therefore
the di�erential equation for a geodesic is just u′′i (t) = 0. We conclude that geodesics in
euclidean space are straight lines.

Theorem 3.2.7. Let ∇ be a connection on TM . Given v ∈ TpM , there exists an interval
(−ε, ε) for which there is a unique geodesic γ : (−ε, ε)→M such that γ (0) = p and γ′(0) = v.

Proof. Let ϕ = (x1, . . . , xm) be local coordinates such that ϕ(p) = 0. We write
γ(t) = (u1(t), . . . , um(t)) and want to solve the system of equations:

u′′i (t) +
∑
j,k

u′j(t)u
′
k(t)Γ

i
kj = 0.

This is a second order ordinary di�erential equation. The existence and uniqueness of solu-
tions is guaranteed by the Pickard-Lindelöf theorem.

De�nition 3.2.8. Let ∇ be a connection on TM and p ∈ M . We de�ne Ap ⊆ TpM as
follows:

Ap := {v ∈ TpM : there exists a geodesic γv : [−1, 1]→M, with γv(0) = p and γ′v(0) = v}.

The exponential map is de�ned by:

Expp : Ap →M ; v 7→ γv(1).

The proof of the following theorem can be found in any text on riemannian geometry, for
example [10].

Theorem 3.2.9. Let ∇ be a connection on TM and p ∈ M . The domain Ap of the expo-
nential map contains an open neighborhood around 0 ∈ TpM . Moreover, the derivative of the
exponential map at 0 is the identity and therefore the exponential map is a local di�eomor-
phism.

Proof. The prove of this theorem is in the book "Introduction to smooth manifolds" by John
M. Lee [18].

3.3 Connections on principal bundles

De�nition 3.3.1. A distribution E on M is a subbundle of the tangent bundle. If
Γ(E) ⊆ Γ(TM) is a Lie subalgebra then E is called foliation.

De�nition 3.3.2. Let φ : M → N a smooth function between two manifolds. Given two
vector �elds X ∈ X(M), X ′ ∈ X(N), we say that X is φ-related to X ′ (denoted by ∼φ) if the
equation Dpφ(X(p)) = X ′(φ(p)) holds.

18
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Lemma 3.3.3. If X ∼φ X ′ and Y ∼φ Y ′ then [X, Y ] ∼φ [X ′, Y ′].

Proof. In this prove we will use a alternative de�nition to the tangent space at a point p ∈M .

TpM = {X ∈ Hom(C∞(M),R)/X(fg) = X(f)g +X(g)f}

Note that if X ∼φ X ′ by this de�nition X(f ◦ φ) = (Dpφ(X))(f) = X ′(f) ◦ φ, for every
f ∈ C∞(N). Then X ∼φ X ′ if only if X(f ◦ φ) = X ′(f) ◦ φ for every f ∈ C∞(N).

Let f ∈ C∞(N). Suppose that X ∼φ X ′ and Y ∼φ Y ′ then X(f ◦ φ) = X ′(f) ◦ φ and
Y (f ◦ φ) = Y ′(f) ◦ φ. Then compute:

(X ◦ Y )(f ◦ φ) = X(Y ′(f) ◦ φ) = (X ′ ◦ Y ′)(f) ◦ φ

and (Y ◦X)(f ◦ φ) = (Y ′ ◦X ′)(f) ◦ φ.

Therefore

[X, Y ](f◦φ) = (X◦Y )(f◦φ)−(Y ◦X)(f◦φ) = (X ′◦Y ′)(f)◦φ−(Y ′◦X ′)(f)◦φ = [X ′, Y ′](f)◦φ.

Theorem 3.3.4. If π : E →M is a submersion then Ker(dπ) is a foliation.

Proof. First, we will prove that ker(dπ) is a distribution.
Since π : E →M is a submersion for every q ∈M , F = π−1(q) is a submanifold of dimension
d = dim(E)− dim(M). In particular, we will show that for p ∈ E, Tp(F ) = Ker(dp(π)).

If v ∈ Tp(F ) then there exist a curve γ so that v = [γ], hence that Dp(π)(v) = [π◦γ] = [q] = 0
and TpF ⊆ Ker(dπ).

Note that dim(TpF ) = dim(E)− dim(M) = dim(Ker(dπ)) then TpF = Ker(d(π)).

Now, we will prove Ker(d(π)) is a foliation. Let v, v′ ∈ Γ(Ker(dπ)) then v ∼π 0 and
v′ ∼π 0 therefore by the lemma 3.3.3 [v, v′] ∼π 0 and [v, v′] ∈ Γ(Ker(dπ)).

De�nition 3.3.5. Let π : X → Y be a submersion, then an Ehresmann connection is a
distribution H ⊆ TX such that every p ∈ X, H(p)⊕Ker(dπ(p)) = TpX.

De�nition 3.3.6. Let π : P →M be a principal G-bundle over a manifold M . A connection
on P is an Eheresmann connection which is G-equivariant, in other words, for q = pg,
D(Rg)(p)(Hp) = Hq.

Theorem 3.3.7. If π : P → M is a principal G-bundle, then there exists an isomorphism
between the bundles P × g and the vector bundle which has �ber Ker(dπ(p)) .
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Proof. Since that P →M is a principal G-bundle, there exists a Lie algebra homomorphism:

µ : g −→ X(P )
v 7→ v∗

where v∗(p) = d
dt

∣∣
t=0
p · exp(tv).

In fact, for a point �x p ∈ P the following function is linear a isomorphism.

µp : g −→ Ker(dπ(p))
v 7→ v∗(p).

Note that dim(g) = dim(Ker(dπ(p))), it is enough to prove injectivity. Let
µp(v) = 0 = v∗(p) = d

dt

∣∣
t=0
p · exp(tv).

d

dt

∣∣∣∣
t=t0

p · exp(tv) =
d

dz

∣∣∣∣
z=0

p · exp((z + t0)v)

=
d

dz

∣∣∣∣
z=0

p · exp(zv) · exp(t0v)

= D
(
Rexp(t0v)

)( d

dz

∣∣∣∣
z=0

p · exp(zv)

)
= D(Rexp(t0v))(0) = 0

then v = 0.

Next, we identify a connection H on a principal bundle P with a Lie algebra-valued form
on P .This identi�cation will simplify computations.

Lemma 3.3.8. Let H ⊆ TP be a connection on P , then for each p ∈ P there is an isomor-
phism TpP = g⊕ Tπ(p)M .

Proof. Previous results have demonstrated that:

TpP = Ker(dπ(p))⊕Hp y Ker(dπ(p)) = g,

furthermore the following function is a linear isomorphism

dπp : Hp
∼−→ Tπ(p)M.

Lemma 3.3.9. If H ⊆ TP is a connection on P then there exits a 1-form θ ∈ Ω1(P, g) that
satis�es:

• θ(v∗(p)) = v.

• θ is equivariant, i.e for X ∈ TpP , θ(q)D(Rg)(X) = Ad(g−1)(θ(p)(X)).
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Proof. The 1-form θ is de�ned as θ(p)(X) = v, where v ∈ g is the unique vector such that
v∗(p) = Xv in the decomposition TpP = g⊕ Tπ(p)M , for X ∈ TpP , X = Xv + Xh. Then by
construction θ(v∗(p)) = v.

Show that θ is equivariant is equivalent show that µq(θ(q)(DRg)(X)) = µq(Ad(g−1)(θ(p)(X))),
i.e (D(Rg)(X))v = µq(Ad(g−1))(θ(p)(X)).

One computes

µq(Ad(g−1))(θ(p)(X)) =
d

dt

∣∣∣∣
t=0

q(exp(Ad(g−1)(tθ(p)(X))

=
d

dt

∣∣∣∣
t=0

q · g−1exp(tθ(p)(X))g

=
d

dt

∣∣∣∣
t=0

p(exp(tθ(p))(Xv))g

= D(Rg)

(
d

dt

∣∣∣∣
t=0

p(exp(tθ(p)(Xv))

)
= D(Rg)(θ(p)(X

v)∗(p))

= D(Rg)(X
v) = (D(Rg)(X))v.

Lemma 3.3.10. If θ ∈ Ω1(P, g) is an equivariant 1-form such that θ(v∗(p)) = p then there
exists a connection in P given by Ker(θ).

Proof. First we will show that for a every point p ∈ P one has
Ker(dπ(p)) ⊕ Ker(θ(p)) ∼= TpP . The map θ(p) : TpP → g is surjective, then
dim(Ker(θ)) = dim(P ) − dim(g) i.e dim(Ker(θ)) + dim(Ker(dπ(p))) = dimP . Also, if
X ∈ Ker(dπ(p))

⋂
Ker(θ(p)) then X = v∗(p) but θ(p)(v∗(p)) = v = 0 and this implies

that X = 0. It only remains to prove that Ker(θ) is equivariant with respect to the action of
the group G. For v ∈ Ker(θ(p)) we obtain that θ(q)(D(Rg)(p)(V )) = Ad(g−1)θ(p)(v) = 0 i.e
D(Rg)(p)(Ker(θ(p))) ⊆ Ker(θ(q)).

De�nition 3.3.11. A horizontal form on a principal bundle π : P →M is a form θ ∈ Ω(P )
such that θ(p)(X1, X2, ..., Xn) = 0 if any Xi ∈ Ker(dπ(p)).

De�nition 3.3.12. A di�erential graded algebra A = ⊕i≥0Ai is a graded algebra equipped
with a map d : Ai → Ai+1 that satis�es:

i d ◦ d = 0.

ii d(a · b) = (da) · b+ (−1)|a|a · (db).

De�nition 3.3.13. A commutative di�erential graded algebra is a di�erential graded algebra
so that the product in the algebra satis�es:

a · b = (−1)|a||b|b · a.
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De�nition 3.3.14. A di�erential graded Lie algebra (dgla) is a graded vector space
g = ⊕k>0g

k together with a bilinear map [·, ·] : gi ⊗ gj → gi+j and a di�erential map
δ : gk → gk+1 satisfying:

i [v, w] + (−1)|v||w|[w, v] = 0 (graded skew-symmetric).

ii [v, [w, z]] = [[v, w], z] + (−1)|v||w|[w, [v, z]] (Jacobi Identity).

iii δ([v, w]) = [δv, w] + (−1)|v|[v, δw] (graded Leibniz rule).

iv δ ◦ δ = 0

Lemma 3.3.15. If A is a commutative di�erential graded algebra and g is a Lie algebra then
A ⊗ g together with the maps: δ(a ⊗ v) = da ⊗ v and
[a⊗ v, b⊗ w] = ab⊗ [v, w] is a dgla.

Proof. A ⊗ g satis�es the graded skew symmetric property i.e
[a⊗ v, b⊗ w] + (−1)|a||b|[b⊗ w, a⊗ v] = 0.
One computes

[a⊗ v, b⊗ w] = ab⊗ [v, w]

and
[b⊗ w, a⊗ v] = ba⊗ [w, v] = −(−1)|a||b|ab⊗ [v, w]

then

[a⊗ v, b⊗ w] = ab⊗ [v, w] + (−1)|a||b|[b⊗ w, a⊗ v] = ab⊗ [v, w]− ab⊗ [v, w] = 0.

A ⊗ g satis�es the Jacobi identity property i.e
[a⊗ v, [b⊗ w, c⊗ z]] = [[a⊗ v, b⊗ w]c⊗ z] + (−1)|a||b|[b⊗ w, [a⊗ v, c⊗ z]].
One computes

[a⊗ v, [b⊗ w, c⊗ z]] = [a⊗ v, bc⊗ [w, z]] = abc⊗ [v, [w, z]]

using the Jacobi identity in g.

abc⊗ [v, [w, z]] = abc⊗ [[v, w], z] + [w, [v, z]] = abc⊗ [[v, w], z] + abc⊗ [w, [v, z]]

where [[a⊗v, b⊗w], c⊗z] = abc⊗ [[v, w], z] and [b⊗w, [a⊗v, c⊗z]] = (−1)|a||b|abc⊗ [w, [v, z]]
therefore

[a⊗ v, [b⊗ w, c⊗ z]] = [[a⊗ v, b⊗ w]c⊗ z] + (−1)|a||b|[b⊗ w, [a⊗ v, c⊗ z]].

A ⊗ g satis�es the graded Leibniz rule i.e
δ([a⊗ v, b⊗ w]) = [δ(a⊗ v), b⊗ w] + (−1)|a|[a⊗ v, δ(b⊗ w)].
One computes

δ([a⊗ v, b⊗ w]) = δ(ab⊗ [v, w]) = d(ab)⊗ [v, w]

where d(ab) = (da)b+ (−1)|a|a(db), then

d(ab)⊗ [v, w] = (da)b⊗ [v, w] + (−1)|a|a(db)⊗ [v, w]

= [da⊗ v, b⊗ w] + (−1)|a|[a⊗ v, db⊗ w]

= [δ(a⊗ v), b⊗ w] + (−1)|a|[a⊗ v, δ(b⊗ w)].
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Note that if π : P →M is a principal G-bundle, then Ω(P ) is a commutative di�erential
graded algebra and Ω(P )⊗ g has structure of dgla, therefore the following de�nition makes
sense.

De�nition 3.3.16. Let θ ∈ Ω1(P, g) := Ω(P ) ⊗ g be a connection 1-form on a principal
bundle P . Then the curvature Fθ ∈ Ω2(P, g) of θ is de�ned by:

Fθ = dθ +
1

2
[θ, θ].

A connection is said to be �at if its curvature is zero.

Lemma 3.3.17. If Fθ is the curvature of a connection on a principal G-bundle then it
satis�es the formula d(Fθ) + [θ, Fθ] = 0. This is called the Bianchi Identity.

Proof. One computes

d(Fθ) + [θ, Fθ] = d(dθ +
1

2
[θ, θ]) + [θ, dθ +

1

2
[θ, θ]]

=
1

2
[dθ, θ]− 1

2
[θ, dθ] + [θ, dθ] +

1

2
[θ, [θ, θ]]

= [dθ, θ] + [θ, dθ] +
1

2
[θ, [θ, θ]] = 0.

Lemma 3.3.18. If ω ∈ Ωk(M) and X0, . . . , Xk ∈ X(M) then

dω(X0, . . . , Xk) =
∑
i<j

(−1)i+jω([Xi, Xj], X0, . . . , X̂i, . . . , X̂j, . . . , Xk)

+
∑
i

(−1)iLXi(ω(X0, . . . , X̂i, . . . , Xk))

where LX denotes the Lie derivative.

Proof. The proof of this theorem is in the book "Topology and Geometry" by Glen E. Bredon
[19].

Lemma 3.3.19. If X, Y ∈ X(M) so that X has a local �ow ϕt then [X, Y ](p) =
d

dt

∣∣∣∣
t=0

ϕ∗t (Y )(p).

Proof. The proof of this theorem is in the book "Introduction to smooth manifolds" by John
M. Lee [18].

Lemma 3.3.20. The curvature of a connection θ on a principal bundle satis�es the following
properties:

i Fθ is an equivariant and horizontal form.

ii θ is �at if and only if Ker(θ) is a foliation.
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Proof. Let us start by proving the �rst statement. Every �eld in X(P ) can be expressed as
a sum of vertical and horizontal �elds. Then to prove that F is a horizontal form we will
consider the following cases:

Case 1 X and Y are vertical �elds.
There exits v, w ∈ g so that X = v∗ and Y = w∗.

F (X, Y ) = θ([X, Y ]) + LX(θ(Y ))− LY (θ(X)) + [θ(X), θ(Y )]

= θ([w∗, v∗]) + Lv∗θ(w∗)− Lw∗θ(v∗) + [θ(v∗), θ(w∗)]

Since θ(w∗) and θ(v∗) are constant then Lv∗θ(w∗) = Lw∗θ(v∗) = 0.

F (X, Y ) = θ([v, w]∗) + [v, w] = [w, v] + [v, w] = 0.

Case 2 X is a vertical �eld and Y is a horizontal �eld. Then there exists v ∈ g so that
X = v∗.

F (v∗, Y ) = θ([Y, v∗]) + Lv∗θ(Y )− LY θ(v∗) + [θ(v∗), θ(Y )]

where Lv∗θ(y) = LY θ(v∗) = [θ(v∗), θ(Y )] = 0. Let ϕt be a �ow of v∗, then for p ∈ P .

θ([v∗, y])(p) = θ(p)

(
d

dt

∣∣∣∣
t=0

(ϕt)
∗(Y )(p)

)
= θ(p)

(
d

dt

∣∣∣∣
t=0

D(ϕt)Y (ϕ−1
t (p))

)
= θ(p)

(
d

dt

∣∣∣∣
t=0

DϕtY (p · exp(−tv))

)
= θ(p)

d

dt

∣∣∣∣
t=0

D(Rexp(tv))(Y (p · exp(−tv))

=
d

dt

∣∣∣∣
t=0

θ(p)D(Rexp(tv))(Y (p · exp(−tv))) =
d

dt

∣∣∣∣
t=0

Ad(exp(−tv))θ(Y (p · exp(−tv)))

recall that if Y ∈ Ker(θ) then θ([v∗, Y ])(p) = 0.

Case 3 X and Y are horizontal �eld.

F (X, Y ) = θ[X, Y ] + LXθ(Y )− LY θ(X) + [θ(X), θ(Y )] = θ([Y,X]).

Now, we will prove that Fθ is a equivariant form, i.e for X, Y ∈ X(M) satis�es the formula
Fθ(DRgX,DRgY ) = Ad(g−1)Fθ(X, Y ).

If X and Y are horizontal,

F (DRgX,DRgY ) = θ([DRgY,DRgX]) = θ(DRg([Y,X])) = Ad(g−1)θ([Y,X]) = Ad(g−1)F (X, Y ).

In the case when X and Y are vertical �elds then F (DRgX,DRgY ) = 0 and
Ad(g−1)F (X, Y ) = 0.
For the second statement, let X and Y be horizontal vector �elds. If Ker(θ) is a foliation
then [X, Y ] ∈ Ker(θ) hence that F (X, Y ) = 0. Conversely, if θ is �at, then F (X, Y ) = 0
then θ([X, Y ]) = 0 and [X, Y ] ∈ Ker(θ).
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Chapter 4

On Chern-Gauss-Bonnet theorem

4.1 Chern-Weil Homomorphism

The purpose of this section is to give a brief introduction to the Chern-Weil theory of charac-
teristic classes, which was developed by Shiing-Shen Chern and André Weil in the �rst half
of the 20th century. For each principal G-bundle over a manifold M we want to construct
a homomorphism from the algebra of G- invariant polynomials on the Lie algebra to the
cohomology of M .

De�nition 4.1.1. Let π : P →M be a principal G-bundle over M together with a connection
θ. Then the curvature Fθ determines a homomorphism of algebras given by:

Φ : S(g∗) −→ Ω(P )
α1 � · · · � αk 7→ φ(α1) ∧ · · · ∧ φ(αk)

where φ(αi)(X, Y ) = αi(Fθ(X, Y )) and S(g∗) denotes the symmetric algebra of g∗.

Lemma 4.1.2. Let π : P → M be a principal G-bundle and a representation of G
ρ : G → GL(V ). Then horizontal and equivariant forms of Ω(P, V ) are in a one to one
correspondence with forms of Ω(M,ρ(P )), where ρ(P ) denotes the bundle P ×G V .

Proof. Consider the function:
ω ∈ Ω(P, V ) such that

ω is horizontal
and equivariant

 ψ−→ Ω(M,ρ(P )); θ 7→ ψ(θ)

de�ned by ψ(θ)(y)(X1, ..., Xk) = [(p, θ(p)(X̃1, ..., X̃k)] where p ∈ π−1(y) and
Dπ(X̃i) = Xi. The well de�nition of this function is given by the condition of θ is a horizontal
and equivariant form. Note that the pullback of di�erential forms is the inverse function to
ψ.

Lemma 4.1.3. The set of horizontal and equivariant forms of P denoted by Ωbas(P ) is
isomorphic to Ω(M).
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Proof. Consider the principal G-bundle π : P → M then there exists an algebra homomor-
phism π∗ : Ω(M)→ Ω(P ). In fact, π∗ is injective because if

π∗(θ)(p)(X1, ..., Xk) = 0 for every p ∈ P and X1, ..., Xk ∈ TpP ,
θ(π(p))(Dπ(X1, ..., Dπ(Xk))) = 0

then θ(π(p))(Y1, ..., Yk) = 0 every π(p) ∈M and Y1, ..., Yk ∈ Tπ ∈ Tπ(p)M .

The homomorphism π∗ is surjective when we restrict the codomain to the set of horizontal
and equivariant forms. Its surjectivity is guaranteed by Lemma 4.1.2 when we consider the
trivial representation.

De�nition 4.1.4. Let V be a vector space, the symmetric algebra on V , denoted as S(V ) is
de�ned by the quotient S(V ) = TV/I, where TV is the free algebra on V and I is the ideal
generated by the di�erences of products v ⊗ w − w ⊗ v.

We will be interested in the case V = g∗, where g is the Lie algebra of Lie group G. This
symmetric algebra S(g∗) has a action of the group G vía the adjoint representation. For a ele-
ment g ∈ G and α1 � · · · � αk ∈ S(g∗) the action is given by
g · (α1 � · · · � αk) = α1 ◦ Ad(g−1) � · · · � αk ◦ Ad(g−1). Therefore, it makes sense to
de�ne the G-invariant algebra,

S(g∗)G = {α ∈ S(g∗)|g · α = α ∀g ∈ G}.

Theorem 4.1.5. Let π : P →M be a principal G-bundle together with a connection θ. Then
the homomorphism Φ de�ned above satis�es:

1. Φ(S(g∗)G) ⊆ Ω(P )G.

2. Each form of Φ(S(g)∗) is horizontal.

3. d(Φ(S(g∗))) = 0.

Proof. For the �rst statement we will prove that Φ : S(g∗) → Ω(P ) is equivariant. In
particular, Φ(S(g∗)G) ⊆ Ω(P )G. To see this, one computes:

Φ(g · α)(X, Y ) = (g · α)(F (X, Y )) = α ◦ Ad(g−1)F (X, Y )

= α(F (DRgX,DRgY )) = g · (Φ(α))(X, Y ).

Let us now consider the second statement. It is enough to note that for α ∈ g∗, Φ(α) is
horizontal. Then for any X vertical, Φ(α)(X, Y ) = ϕ(F (X, Y )) = α(0) = 0.

Let α ∈ g∗ and X1, X2, X3 horizontal vectors, then

d
(
Φ(α)

)
(X1, X2, X3) = α

(
dF (X1, X2, X3)

)
= −1

2
α
(
[θ, F ](X1, X2, X3)

)
= −1

2
α
(
[��

��*
0

θ(X1), F (X2, X3)]− [��
��*

0

θ(X3), F (X1, X2)] + [��
��*

0

θ(X2), F (X3, X1)]
)

= 0.

By induction, it follows d
(
Φ(α1) ∧ · · · ∧ Φ(αk)

)
= 0.
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In the following steps we will construct the Chern-Weil homomorphism:

• Given a connection θ on a principal G-bundle with curvature Fθ, there exists a algebras

homomorphism S(g∗)
Φ−→ Ω(P ).

• We proved that this homomorphism is equivariant and its image consists of basic forms.

• Use the isomorphism Ω(P )bas ∼= Ω(M) to extender Φ:

S(g∗) Ω(P )bas Ω(M).

Φ

∼=

• By the last theorem, the image of Φ is a set of the closed forms in Ω(M) and therefore
we can extend the function Φ to the De Rham cohomology ofM via natural projection:

S(g∗)G Ω(P )bas Ω(M) H∗(M).

Φ

∼=

Now we will focus on proving that the Chern-Weil homomorphism Φ does not depend on
the chosen curvature.

De�nition 4.1.6. A morphism between two principal G-bundles π : P → M and
π′ : P ′ → M ′ is given by a smooth function f and a equivariant function f̂ such that the
following diagram commutes:

P P ′

M M ′

π

f̂

π′

f

Proposition 4.1.7. Let π : P → N and π′ : P ′ → M be are G-principal bundles. If
f : N →M and f̂ : P → P ′ de�ne a morphism of principal G-bundles and θ is a connection
on P ′ then f ∗(θ) is a connection on P .

Proof. f ∗(θ) is a vertical form.
For v ∈ g:

Df(v∗(p)) = Df

(
d

dt

∣∣∣∣
t=0

p · exp(tv)

)
=

d

dt

∣∣∣∣
t=0

f (p · exp(tv)) =
d

dt

∣∣∣∣
t=0

f(p)·exp(tv) = v∗(f(p))

Therefore:
f ∗(θ)(v∗(p)) = θ(Df(v∗(p))) = θ(v∗(f(p))) = v.

f ∗(θ) is a equivariant.

f ∗(θ)(DRg(p) = θ(Df ◦DRg(p)) = θ(D(f ◦Rg)(p)) = θ(D(Rg ◦ f)(p)

= θ(DRg ◦Df(p)) = Ad(g−1)θ(Df(p)) = Ad(g−1)f ∗(θ)(p).
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Lemma 4.1.8. Let π : P → N and π̂ : P ′ → M be are G-principal bundles. If
f : N → M and f̂ : P → P ′ de�ne a morphism of principal G-bundles and θ is a con-
nection on P ′. Then Φf̂(θ) = f̂ ∗ ◦ Φθ, meaning that the following diagram commutes:

S(g∗) Ω(P ′)

Ω(P )

Φθ

Φf̂∗(θ)
f̂∗

Proof. For α ∈ g∗, Φf̂∗(θ)(α) = α◦Ff̂∗(θ) and f̂ ∗(α◦Fθ) = α◦ f̂ ∗(Fθ). In fact, Ff̂∗(θ) = f̂ ∗(Fθ)

because f̂ ∗(Fθ) = f̂ ∗
(
dθ +

[θ, θ]

2

)
= d(f̂ ∗(θ)) +

[f̂ ∗(θ), f̂ ∗(θ)]

2
.

Theorem 4.1.9. If π : P →M is a principal G-bundle with two connections on P called θ0

and θ1. Then Φθ0 = Φθ1.

Proof. We consider the natural projection τ : M × [0, 1] → M then τ ∗(P ) is a principal G-
bundle over M × [0, 1]. One de�nes a connection on τ ∗(P ) given by θ(p, t) = (1− t)θ0 + tθ1,
then we can obtain the connections by the pullback of functions ι0 and ι1, i.e ι

∗
0(θ) = θ0 and

ι∗1(θ) = θ1, where:

ι0 : M −→ M × [0, 1]
x 7→ (x, 0)

ι1 : M −→ M × [0, 1]
x 7→ (x, 1).

Therefore
Φθ1 = Φι∗1(θ) = ι∗1 ◦ Φθ = ι∗0 ◦ Φθ = Φι∗0(θ) = Φθ0 .

In view of the above, we will omit the connection from the notation and simply write ΦP .

Corollary 4.1.10. If there are a morphism f : N → M between two principal bundles
π : P → N and π′ : P ′ →M then f ∗ ◦ΦP ′(α) = ΦP (α) for every α ∈ S(g∗)G, in other words
the following diagram commutes:

S(g∗)G Ω(P ′)

Ω(P )

ΦP ′

ΦP
f∗

De�nition 4.1.11. Let V be a �nite dimensional vector space over K ( R or C) then the
space of polynomials on V is de�ned by P (V )={ f is a function from V to K |given a base
{e1, ..., en} there exist a polynomial p(t1, ..., tn) such that f(t1e1 + · · ·+ tnen) = p(t1, ..., tn) }.

De�nition 4.1.12. Let V a vector space with an action of group G. A G-invariant polyno-
mial is f ∈ P (V ) such that for every g ∈ G and v ∈ V , we have (g · f)(v) = f(g−1(v)).
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Proposition 4.1.13. If V is a vector space with an action of G. Then the symmetric
algebra on the dual of V which is invariant under the action of group G, denoted as S(V ∗)G,
corresponds to the G-invariant polynomials on V .

Proof. Consider the function ξ.

ξ : S(V ∗) −→ fun(V )
α1 � · · · � αk 7→ ξ(α1 � · · · � αk)(v) = α1(v) · · ·αk(v).

Let {e1, . . . , en} be a base to the vector space V , then

ξ(α1 � · · · � αk)(v) = ξ(α1 � · · · � αk)

(∑
i

tiei

)
=
∑
i

tki α1(ei) · · ·αk(ei)

where
∑

i t
k
i α1(ei) · · ·αk(ei) is a polynomial, then ξ(S(V ∗)) ⊆ P (V ).

Conversely, let tp11 · · · tpnn be a monomial, it de�nes the function f(t1e1+· · ·+tnen) = tp11 · · · tpnn .
The we de�ne β := β1 � · · · � β1︸ ︷︷ ︸

p1−copies

� · · · � βn � · · · � βn︸ ︷︷ ︸
pn−copies

where {β1, . . . , βn} is the dual basis

for the basis {e1, . . . , en}, then ξ(β) = f .

Therefore the image of ξ is P (V ).

Also, we will prove that ξ is a equivariant function.

ξ(g · (α1 � · · · � αk))(v) = ξ(α1 ◦ g−1 � · · · � αk ◦ g−1)(v)

= α1 ◦ g−1(v) · · ·αk ◦ g−1(v)

= ξ(α1 � · · · � αk)(g−1(v))

= g · (ξ(α1 � · · · � αk))(v).

The injectivity of the function is easy to verify, then S(V ∗)G ∼= P (V )G.

In our case V = g, we can identify S(g∗)G with P (g)G then we can write the Chern-Weil
homomorphism as Φ : P (g)G → H∗(M).

De�nition 4.1.14. Let so(2n) be the Lie algebra of skew symmetric matrices. The Pfa�an
polynomial:

Pf : so(2n)→ R,

is de�ned by the formula:

Pf(A) =
1

n!2n

∑
σ∈S2n

sg(σ)
n∏
i=1

aσ(2i−1),σ(2i).

The Pfa�an polinomial has the following properties:

For B ∈ End(R2n) and A ∈ so(2n),
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(a)
Pf(BABt) = det(B)Pf(A).

(b)
Pf(A)2 = det(A).

In particular, if B ∈ SO(n) then:

Pf(BAB−1) = Pf(A).

The previous properties show that Pf ∈ P (so(2n))SO(2n).

De�nition 4.1.15. The Euler class e(P ) is de�ned as the image of Pfa�an polynomial under
the Chern-Weil homomorphism.

Example 4.1.16. The Chern class

Let π : P → M be a principal bundle with structutal group U(n).For every A ∈ u(n)
the characteristic polynomial char(A) = det(tI − 1

2πi
A) = c1t

0 + c2t
1 + · · · + c1t

n−1 + tn is
invariant under the action conjugation of group G, then the coe�cients of polynomial also
are invariant.
The polynomial c1t

0 + c2t
1 + · · · + c1t

n−1 + tn is called the Chern polynomial and the i-th
class of Chern ci is the i-th coe�cient of Chern polynomial.

De�nition 4.1.17. A polynomial p(x1, . . . , xn) is called symmetric if for every σ ∈ Sn,
p(xσ(1), . . . , xσ(n)) = p(x1, . . . , xn). The elementary symmetric polynomials, written ek(x1, . . . , xn)
for k = 0, 1, . . . , n are de�ned by:

ek(x1, . . . , xn) =
∑

1≤i1<i2<···<ik≤n

xi1 · · ·xik for k ≥ 0

ek(x1, . . . , xn) = 0 for k > n.

Any symmetric polynomial can be expressed in terms of elementary symmetric polyno-
mials. Also, char(A) = (t− λ1) · · · (t− λn) = tn +

∑n
i=1(−1)iei(λ1, . . . , λn)tn−i.

Since that char(A) = c1t
0 + c2t

1 + · · ·+ tn therefore ci+1 = (−1)n−ien−i(λ1, . . . , λn)
The Chern classes satisfy the following properties:
There exists an algebra isomorphism between the symmetric polynomials with complex

coe�cients and S(g∗)G, for G = U(n).

Theorem 4.1.18. If π : τ → CP 1 is a line principal U(n)-bundle then

∫
CP 1

c1(τ) = −1.

Proof. By the Chern-Weil homomorphism the �rst Chern class is given as c1(τ) = i
2π

[Ω] ∈

H2(M,C), where Ω is the curvature form. therefore c1(τ) =
−i
2π

dw ∧ dw̄
(1 + ww̄)2

.

If w = x+ iy and w̄ = x− iy then∫
CP 1

dw ∧ dw̄
(1 + ww̄)2

=

∫
C2

−2idx ∧ dy
(1 + x2 + y2)2

.
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Using polar coordinates:∫
C2

−2idx ∧ dy
(1 + x2 + y2)2

= −2i

∫ 2π

0

∫ ∞
0

r

(1 + r2)2
drdθ = −2πi.

Therefore ∫
CP 1

c1(τ) =
−i
2π

∫
CP 1

dw ∧ dw̄
(1 + ww̄)2

=

(
−i
2π

)
(−2πi) = −1.

4.2 Reduction of principal bundles

De�nition 4.2.1. Let π : P → M be a G-principal bundle and a subgroup H of G. A
reduction of the structural group for P is a H-principal bundle π̃ : P ′ → M together with a
smooth function ι : P ′ → P which is H-equivariant and the following diagram commutes:

P ′ P

M
π̃

ι

π

Lemma 4.2.2. If an H-principal bundle π̃ : P ′ →M together with a function ι : P ′ → P is
a reduction of group of the G-principal bundle π : P →M . Then ι is a embedding.

Proof. Let θ be a connection on P , q ∈ P ′ and p = ι(q). We will show that
dim(Dι(q)) = dim(P ′) = dim(H) + dim(M). Denote a = dim(H) and b = dim(M). Since ι is
equivariant then for every v ∈ h, Dι(v∗) = v∗because:

Dι(q)(v∗(q)) = Dι(q)

(
d

dt

∣∣∣∣
t=0

q · exp(tv)

)
=

d

dt

∣∣∣∣
t=0

ι(q·exp(tv)) =
d

dt

∣∣∣∣
t=0

ι(q)·exp(tv) = v∗(ι(q)).

If v1, ..., va is a base of h then Dι(vjι
∗(q)) = v∗j (p) and v1, ..., va are linearly independent.

Now, �x a base β1, ..., βb of Tπ̃(q)M then there exists vectors w1, ..., wb such that
Dπ̃(wj) = βj. Consider the vectors z1, ..., zb such that zj ∈ Dι(q)(wj) then z1, ..., zb are
linearly independent because Dπ(zj) = βj.

Therefore {z1, ..., zb, v1, ..., va} are linearly independent.

Lemma 4.2.3. Let π̃ : P ′ →M be an H-principal bundle together with a function ι : P ′ → P
a reduction of group to a G-principal bundle π : P → M . If θ is a connection on P then
ι∗(θ) is a connection on P ′.

Proof. Let T = Ker(θ), we will de�ne a distribution T̃ on P . For a �xed point p ∈ P there
exists g ∈ G such that p = ι(x) · g−1.
De�ne

T̃p = D(Rg−1) ◦Dι(Tx).
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T̃p is well de�ned because if g′ is other choice then p · g = ι(x) and p · g′ = ι(xh).

T̃p = D(R(g′)−1) ◦Dι(Txh) = D(R(g′)−1) ◦Dι ◦D(Rh)(Tx)

= D(R(g′)−1) ◦D(Rh) ◦Dι(Tx) = D(Rh(g′)−1) ◦Dι(Tx).

Then it is enough show that g−1 = h(g′)−1, but remember that pg = ι(x) and pg′ = ι(xh)
then pg′h−1 = ι(x) = pg.

It is easily veri�ed that T̃p ⊕Ker(dπ(p)) = TpP . Then we will show that ι∗(θ) = θ̃.

For x ∈ P ′ we consider the cases:

• If v is horizontal, θ̃(x)(v) = 0 and ι∗(θ)(v) = θ(Dι(v)) = 0 because
Dι(v) ∈ T̃ι(x) = Ker(θ).

• If v = w∗ for w ∈ h , θ̃(x)(w∗) = w and ι∗(θ)(x)(w∗) = θ(Dι(w∗)) = θ(w∗) = w.

Theorem 4.2.4. If an H-principal bundle π̃ : P ′ →M together with a function ι : P ′ → P is
a reduction of group to a G-principal bundle π : P →M then the following diagram commute:

S(g∗)G H∗(M)

S(h∗)H

ΦP

ΦP
ΦP ′

Proof. Let θ be a connection on P ′ then there exist a unique connection θ̃ on P such that
ι∗(θ) = θ̃ and ι∗(Fθ) = Fθ̃.

We will check the following diagram commute:

S(g∗) Ω(P )

S(h∗) Ω(P ′)

Φθ

ι∗ ι∗

Φθ̃

For α ∈ g∗:

Φθ̃ ◦ ι
∗(α) = ι∗(α) ◦ Fθ̃ = ι∗(α) ◦ ι∗(Fθ) = ι∗(α ◦ Fθ) = ι∗ ◦ Φθ(α).

Now since ι∗(S(g∗)G) ⊂ S(h∗)H and ι : P ′ → P is a embedding we obtain the result.
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4.3 The product bundle

Suppose that π1 : P1 →M and π2 : P2 →M are principal bundles with structural group G1

and G2 respectively then it makes sense to consider the product of bundles:

P1 ×M P2 = {(a, b) ∈ P ×M P̃ |π1(a) = π2(b)}

In other words the following diagram commutes:

P1 ×M P2 P2

P1 M

π2

π1

The manifold P1 × P2 has the free action of G1 × G2 given by (a, b) · (g1, g2) = (ag1, bg2).
Therefore the submersion:

π : P1 ×M P2 −→ M
(a, b) 7→ π1(a) = π2(b)

de�ne a principal bundle over M with structural group G1 ×G2.

Lemma 4.3.1. Let π : P1 ×M P2 → M be a product bundle with structural group G1 × G2,
so that provides of the principal bundles P1, P2 over M .If θ1 and θ2 are connections of P1

and P2 respectively, then θ = π∗1(θ1) + π∗2(θ2) is a connection on P1 ×M P2.

P1 ×M P2 P2

P1 M

π2

π1

Proof. First we prove that θ is an equivariant form. Since θ = π∗1(θ1) + π∗2(θ2) it is enough
to prove that π∗1(θ1) is equivariant.
Proving that π∗1(θ1) is equivariant with respect to G2 is equivalent to proving that the fol-
lowing diagram commutes:

T(a,b)(P1 ×M P2) g1 ⊕ g2

T(a,bg)(P1 ×M P2) g1 ⊕ g2

π∗1(θ1)

DRg Ad(g−1)

π∗1(θ1)

Note that T(a,b)(P1 ×M P2) = {(v, w) ∈ TaP1 ⊕ TbP2|Dπ(v) = Dπ(w)}. Then

Dπ1 : T(a,b)(P1 ×M P2) −→ TaP1

(v, w) 7→ v
Dπ2 : T(a,b)(P1 ×M P2) −→ TbP2

(v, w) 7→ w.

We compute:
Ad(g−1) ◦ π∗1(θ1)(v, w) = Ad(g−1)(θ1(v))
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And
π∗1(θ1)(DRg)(v, w) = π∗1(θ1)(v,DRgw) = θ1(v) = Ad(g−1)(θ1(v))

which implies that π∗1(θ1) is equivariant with respect to G2.

Now we will show that π∗1(θ1) is equivariant with respect to G1.

Ad(g−1)(π∗1(θ1))(v, w) = Ad(g−1)(π∗1(θ1(v))

Also
π∗1(θ1)(DRg)(v, w) = π∗1(θ1)(DRgv, w) = θ1(DRgv) = Ad(g−1)(θ1(v)).

In the other hand, we will show that for v ∈ g1 ⊕ g2 obtains θ(v∗) = v.

One can compute:

π∗1(θ1)(v∗) = θ1(Dπ1(v∗)) = θ1(v∗) = v π∗2(θ2)(v∗) = θ2(Dπ2(v∗)) = 0.

This calculation implies that if v ∈ g1 then π∗1(θ1)(v∗) = v and π∗2(θ2)(v∗) = 0.

Proposition 4.3.2. If P1 and P2 are principal bundles over M then:

S((g1 ⊕ g2)∗)G1×G2 H(M)

S(g∗1)G1 ⊗ S(g∗2)G2 H(M)⊗H(M)

ΦP1×MP2

ΦP1⊗ΦP2

∼=ϕ f

where the function f is de�ned by f(ω1, ω2) = ω1 ∧ ω2

Proof. Since the morphisms are algebra morphisms it is enough prove
ΦP1×MP2(ϕ)(α) = f ◦ (ΦP1 ⊗ ΦP2)(α) for α = 1⊗ β ∈ S(g∗1)⊗ S(g∗2) and β ∈ g∗2.

Consider θ = π∗1(θ1) + π∗2(θ2) a connection on P1 ×M P2 and compute:

ΦP1×MP2(ϕ)(α) = ΦP1×MP2(β) = β ◦Fθ = β ◦π∗1(Fθ1)+β ◦π∗2(Fθ2) = 0+β ◦π∗2(Fθ2)) = β(Fθ2)

And
f ◦ (ΦP1 ⊗ ΦP2)(1⊗ β) = f(1⊗ ΦP2)(β) = ΦP2(β) = β(Fθ2).

Theorem 4.3.3. Let π1 : E → M and π2 : F → M be principal bundles with structural
group U(n). Then c(E ⊕ F ) = c(E)c(F ).

Proof. Consider the Chern class to calculate ci(E ⊕ F ) then by Proposition 4.3.2:

S((gl(k + r)∗)GL(k+r) H(M)

S(gl(k)∗)GL(k) ⊗ S(gl(r)∗)GL(r) H(M)⊗H(M)

ΦFr(E⊕F )

ΦFr(E)⊗ΦFr(F )

f

34



4.4. CHERN-GAUSS-BONNET THEOREM Daniela Martínez

Then

ck(E ⊕ F ) = f ◦ (ΦFr(E) ⊗ ΦFr(F ))(
∑
i+j=k

yixj) = f(
∑
i+j=k

ci(E)⊗ cj(F )) =
∑
i+j=k

ci(E)cj(F ).

We can conclude that if c(E) = 1 + c1(E) + c2(E) + · · · then c(E ⊕ F ) = c(E)c(F ).

4.4 Chern-Gauss-Bonnet theorem

The Gauss-Bonnet theorem provides a formula for the Euler characteristic of a closed oriented
surface Σ:

χ(Σ) =
1

2π

∫
σ

KdA.

Here K denotes the Gaussian curvature of Σ associated to a riemannian metric and dA is
the volume form determined by the metric and the orientation. This formula is remarkable
because, while the left hand side evidently depends only on the topology of Σ, the right hand
side is a priori a geometric quantity. The extension of this formula to higher dimensions had
to wait almost 200 years until the language of di�erential geometry was developed and Chern
[5] proved his generalised version of the Gauss-Bonnet theorem.

Theorem (Chern-Gauss-Bonnet). Let (M, g) be a closed oriented Riemannian manifold of
dimension d = 2n and let Ω be the curvature form of Levi Civita Connection, i.e Ω is an
so(2n) valued 2 form that comes from a connection in FrSO(TM) . Then:

χ(M) =

(
−1

2π

)n ∫
M

Pf(Ω).

Remember that to a oriented compact manifold M the Euler characteristic is de�ned by
the formula:

χ(M) =
∑
i

(−1)idim(H i(M)).

De�nition 4.4.1. The set of di�erential forms with compact support is de�ned as
Ωc(M) = {ω ∈ Ω(M)/ supp(ω) is compact}.

De�nition 4.4.2. Let π : E → M a vector bundle. The algebra of di�erential forms with
compact vertical support is Ωcv(E) = {ω ∈ Ω(E)/ω

∣∣
Ep
has compact support, for eachp ∈M}.

then Hcv(E) := H∗(Ωcv(E)).

Lemma 4.4.3. Let π : E → M be an oriented vector bundle of rank k. Then there exits a
function π∗ : Ωl

cv(E)→ Ωl−k(M) de�ned in the following way:

We �x a metric g on E which induces a isomorphism.

TeE ∼= Eπ(e) ⊕ Tπ(e)M
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We de�ne

π∗(ω)(p)(X1, . . . , Xl−k) =

∫
Ep

iX̃l−k · · · iX̃1
(ω)

where X1, . . . , Xl−k ∈ TpM and X̃i ∈ Γ(Ep, TE) so that X̃i(e) = Xi.

Theorem 4.4.4 (Thom isomorphism). Let π : E → M be a oriented vector bundle of rank
k over a compact manifold M . Then the homomorphism π∗ : H l

cv(E) → H l−k(M) is a
isomorphism.

Proof. The proof of this theorem is in the book "Di�erential Forms in Algebraic Topology"
by Bott, R.; Tu, L [2].

De�nition 4.4.5. Let π : E →M be a oriented vector bundle of rank k. The Thom class is
cohomology class Ψ(E) := (π∗)

−1(1) ∈ Hk
cv(E). This class is characterized by the property:∫

Ep

ι∗pΨ(E) = 1.

where ιp is the inclusion in the �ber.

De�nition 4.4.6. Let π : E →M be a vector bundle over a compact manifold M with. We
de�ne the topological Euler class as ẽ(E) = s∗(Ψ(E)), where s is zero section.

The next goal is prove that de�nition of topological Euler class agrees with the previous
de�nition of the Euler class except for a factor.

Theorem 4.4.7 (Poincaré duality). Let M be a oriented closed manifold. The bilinear form:∫
: H∗(M)⊗H∗(M) → R

([α]⊗ [β]) 7→
∫
M

α ∧ β

is nondegenerate i.e the induced function ψ : H i(M)→ (Hn−i(M))∨ is a isomorphism. Here
(Hn−i(M))∨ denote the dual of (Hn−i(M)).

Proof. The proof of this theorem can be found in [2].

De�nition 4.4.8. If S ⊆ M is a oriented closed submanifold of dimension k. Then we can
de�ne the functional:

f : Hk(M) → R

[α] 7→
∫
S

α.

Then f ∈ (Hk(M))∨ and since (Hk(M))∨ ∼= Hm−k(M), where m is dimension of M . The
dual Poincaré of S is cohomology class [f ] ∈ Hm−k(M).

Therefore the Poincaré dual of S ⊆M is cohomology class β ∈ Hm−k(M) so that∫
S

α =

∫
M

α ∧ β.
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Lemma 4.4.9. Let π : E → M be an oriented real vector bundle over a compact manifold
M . If s ∈ Γ(E) such that im(s) t im(s0), where s0 is the zero section. Then the Poincaré
dual of the submanifold Zs = {p ∈M |s(p) = 0} ∼= im(s) t im(s0) is the euler class ẽ(E).

Proof. Let η = s∗0(Ψ) = ẽ(E) and α ∈ H(M) then∫
Zs

α =

∫
Zs

π∗(α) =

∫
E

π∗(α) ∧ ηZs

where ηZs is the Poincaré dual of E. Since im(s) t im(s0) then
ηZs = ηim(s) ∧ ηim(s0) = ηim(s0) ∧ ηim(s0).

Furthermore π∗(s∗0(Ψ)) = Ψ + dξ then∫
Zs

α =

∫
E

π∗(α) ∧ ηZs

=

∫
E

π∗(α) ∧ π∗s∗0(Ψ) ∧Ψ +

∫
E

π∗(α) ∧ dξΨ

=

∫
M

π∗(π
∗(α ∧ s∗0(Ψ)) ∧Ψ) =

∫
M

α ∧ η ∧ π∗(Ψ) =

∫
M

α ∧ η.

Theorem 4.4.10 (Classi�cation theorem of vector bundles). If π : E → M is a complex
vector bundle of rank 1 over a compact manifold M , then there exists an integer n and
function f : M → CP n such that E ∼= f ∗(τ), where τ represents the tautological line bundle.

Proof. Let U1, ..., Un be the cover of local trivialization and sections αi ∈ Γ(E,Ui) such that
αi(p) 6= 0 for every p ∈ Ui.
If {ρi}i∈I is a partition of unity subordinate to the open cover then for each 1 ≤ i ≤ n there
is a section βi ∈ Γ(E) de�ned by

βi(p) =

{
0 si p /∈ Ui
ρi(p)αi(p) si p ∈ Ui

(4.1)

therefore the following function is surjective

λ : M × Cn → E
(p, x1, ..., xn) 7→ x1β1(p) + · · ·+ xnβn(p).

De�ne the function f : M → CP n−1 by f(p) = Ep then f ∗(τ) ∼= E because the inclusion
ι : E →M × Cn induce a function that preserve the �bers.

Remark 4.4.11. A complex vector bundle of rank 1 can be thought as an oriented real
vector bundle of rank 2. Every �ber has structure of complex of dimension 1, if we chosen
a complex basis {a}, then we de�ne the orientation to the underlying real vector space of
dimension 2 choosing the basis {a, ia}. Remember that GL(n,C) is a connected group, then
every complex basis can be continuously connected by a path on GL(n,C), therefore this is
well de�ned.
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Proposition 4.4.12. Let S be oriented submanifold of a oriented compact manifold M . If
the dimension of S is zero then ∫

CP 1

ηS =
n∑
i=1

sign(pi)

where ηS is the Poincaré dual of S and S = {p1, . . . , pn}.

Theorem 4.4.13. Let π : E → M be an oriented bundle of rank k over a oriented compact
manifold of dimension k. If s is a section of E with a �nite number of zeros. Then the Euler
class of E is Poincaré dual to the zeros of s.

Proof. The prove of this theorem is in the book "Di�erential forms in algebraic topology" by
Bott and Tu [2].

Lemma 4.4.14. Let π : τ → CP 1 be the complex tautological line bundle, then
ẽ(τ) = c1(τ).

Proof. Consider π : τ ∗ → CP 1 the complex dual tautological bundle. Every linear function
ρ : C2 → C de�nes a section ρ̃ ∈ Γ(τ ∗) of the form ρ̃[z0, z1] = ρ

∣∣
[z0,z1]

.The linear function

p : C2 → C, p(x0, x1) = x0 induces a section p̄ ∈ Γ(τ ∗), where the zeros of p̃ is the set {[0, 1]}.
Therefore by previous theorem 4.4.13 ∫

CP 1

ẽ(τ ∗) = 1.

Remember that by the Poincaré duality there exists the isomorphismH2(τ)→ R, η 7→
∫
CP 1 η.

Then to prove ẽ(τ) = c1(τ) is enough prove that∫
CP 1

ẽ(τ) =

∫
CP 1

c1(τ).

We have seen that

∫
CP 1

c1(τ) = −1 then c1(τ) = −ẽ(τ ∗) = ẽ(τ).

Proposition 4.4.15. Let π : E → M be a complex vector bundle of rank 1 over a compact
manifold M , then c1(E) = ẽ(E).

Proof. By the classi�cation theorem of vector bundles 4.4.10 there is a function f : M → CP n

such that E ∼= f ∗(τ). we have seen that ẽ(τ) = c1(τ), then by the naturality of classes

ẽ(E) = ẽ(f ∗(τ)) = f ∗(ẽ(τ)) = f ∗(c1(τ)) = c1(f ∗(τ)) = c1(E).

Theorem 4.4.16 (Leray-Hirsch theorem). Let π : P →M be a �ber bundle so that is locally
trivial. If there exists a �nite set of elements βi ∈ H∗(P ), for 1 ≤ i ≤ n, such that for each
point p ∈ M the restriction of the each βi form a basis to cohomology of the �ber. Then
H∗(P ) is a free modulo over H∗(M) with generators β1, . . . , βn.
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Proof. The prove of this theorem is in the book of Algebraic Topology, Hatcher [17].

Theorem 4.4.17 (Real Splitting principal). For any oriented real vector bundle E over M
there exits a manifold X and smooth proper map f : X →M such that

1. f ∗ : H∗(M)→ H∗(X) is injective.

2. If dimE = 2n then f ∗(E) = L1 ⊕ · · · ⊕ Ln and if dim(E) = 2n + 1 then
f ∗(E) = L1 ⊕ · · · ⊕ Ln ⊕ ε1; Where L1, . . . , Ln are vector bundles of rank 2 and ε1

is the trivial line bundle.

Proof. The prove of this theorem is in the book "From calculus to cohomology: De Rham
cohomology and characteristic classes" by Madsen and Tornehave [20].

De�nition 4.4.18. Let S ⊆M be a submanifold of M , the normal bundle of S is the vector
bundle N(S) = ι∗(TM)/TS such that ι : S →M is the immersion map.

Let S ⊆ M be a submanifold closed and oriented of M such that ι : S → M is a
immersion, then there exists a open U of M and a di�eomorphism ϕ : N(S)→ U such that
U contain to S and the following diagram commutes:

N(S) U

S.

ϕ

ι0 ι

where ι0 denotes the zero section.
The open U is called a tubular neighborhood of S.

Lemma 4.4.19. Let M be a oriented compact manifold. If {αi} is a basis of the algebra

H∗(M) and {βj} is the dual basis respect to Poincaré duality

(
i.e

∫
M

αi ∧ βj = δij

)
. Then

the Poincaré dual of the diagonal of M is given by

η4 =
∑
i

(−1)|αi|π∗1αi ∧ π∗2βi.

Proof. The prove of this lemma is in the book "Di�erential forms in algebraic topology" by
Boot and Tu [2].

Lemma 4.4.20. If M is a oriented compact manifold then∫
M×M

η4 × η4 = χ(M).
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Proof. ∫
4×4

η4 × η4 =

∫
4
η4 =

∑
i

4(−1)|αiπ∗1(αi) ∧ π∗2(βi)

=
∑
i

(−1)|αi
∫
M

ι∗π∗1(αi) ∧ ι∗π∗2(βi)

=
∑
i

∫
M

αi ∧ βi

=
∑
l

(−1)|αl| =
∑
q

dim(Hq(M)) = χ(M).

Theorem 4.4.21. Is M is a oriented compact manifold then∫
M

ẽ(TM) = χ(M).

Proof. Consider a tubular neighborhood of 4 then the following short exact sequence splits:

0→ Tq(4)→ TpM ⊕ TpM → TpM → 0.

By the previous sequence N(S) ∼= TM then

∫
M

ẽ(TM) =

∫
M

ẽ(N(4)) =

∫
M

ι∗(Ψ(N(4))) =

∫
M

ι∗(η4) =

∫
4
ι∗(η4) =

∫
M×M

η4×η4 = χ(M).

Lemma 4.4.22. For the tautological line bundle, τ1 : E(τ1)→ CP 1, e(τ1) = (−2π)1ẽ(τ1).

Proof. The proof of this lemma we will be divided in several steps:

Step 1

∫
CP 1

e(τ1) = 2π.

Consider the principal bundle π : FrU(τ1) → CP 1 and note that
FrU(τ1) ∼= St1(C2). The Stiefel bundle has a natural connection θ given by
θ(A)(v) = A∗v, i.e. θ is a di�erential form with values in u(1) ∼= iR, the form can be

extended to C2 by θ = z̄1dz1 + z̄2dz2, then its curvature F = dθ +
��

��*
0

1
2
[θ, θ] = dθ.

We want calculate

∫
CP 1

e(FrU(τ1)) =

∫
CP1

α where F = π∗(α).

Even though π : St1(C2) → CP 1 does not admit sections because it is a non trivial bundle,
when the base is restricted to C it does admit sections.
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St1(C2)

C B

π

ι

σ

Where the section σ is given by ϕ(w) =

(
1√

1 + ww̄
,

w√
1 + ww̄

)
.

Therefore if we denote z1 =
1

1 + ww̄
and z2 =

w

1 + ww̄
then

∫
CP1

α =

∫
C2

σ∗(F ) =

∫
C2

σ∗(dθ) =

∫
C2

d(ϕ∗(z̄1dz1 + z̄2dz2))

=

∫
C2

d(σ∗(z̄1)d(σ∗z1)) + d(σ∗(z̄2)σ∗(dz2))

=

∫
C2

d(σ∗(z̄2) ∧ σ∗(dz2)) =

∫
C2

d

(
w̄√

1 + ww̄
∧ d
(

w√
1 + ww̄

))
=

∫
C2

dw̄ ∧ dw
(1 + ww̄)2

= 2πi.

Now we will see St1(C2)→ CP 1 as a SO(2)-principal bundle. There is exists an isomor-
phism of Lie groups:

SO(2) −→ S1[
cosθ sinθ
−sinθ cosθ

]
7→ cosθ + isinθ,

on the Lie algebra level we have the isomorphism:

so(2) −→ iR[
0 a
−a 0

]
7→ ia,

Since that dθ =
1

(1 + ww̄)2
dw ∧ dw̄ =

2i

(1 + x2 + y2)2
dx ∧ dy is a iR-valued 2-form then

dθ =

 0
2

(1 + x2 + y2)2
dx ∧ dy

−2

(1 + x2 + y2)2
dx ∧ dy 0

 ,
it is seen as a so(2n)-valued 2-form for this case Pf(dθ) =

2

(1 + x2 + y2)2
dx ∧ dy.

Therefore ∫
CP 1

e(τ1) =

∫
R2

2

(1 + x2 + y2)2
dx ∧ dy = 2π.

Step 2 TCP n ⊕ C ∼= τ ∗1 ⊕ · · · ⊕ τ ∗1︸ ︷︷ ︸
n+1−copies

, here τ ∗1 denote the dual of tautological bundle.

Consider ωn the orthogonal complement of the line tautological bundle, then τ1 ⊕ ωn is the

41



Daniela Martínez Madrid CHAPTER 4. ON CHERN-GAUSS-BONNET THEOREM

trivial complex bundle over CP n of rank n+ 1.
Note that HomC(τ1, ω

n) we can identi�ed with TCP n and C ∼= HomC(τ1, τ1) then

TCP n ∼= Hom(τ1, ω
n)

TCP n ⊕ C ∼= Hom(τ1, ω
n)⊕ C ∼= Hom(τ1, ω

n)⊕Hom(τ1, τ1)

TCP n ⊕ C ∼= Hom(τ1, ω
n ⊕ τ1) ∼= Hom(τ1,C⊕ · · · ⊕ C︸ ︷︷ ︸

n+1−copies

)

TCP n ⊕ C ∼= Hom(τ1,C)⊕ · · · ⊕Hom(τ1,C) ∼= τ ∗1 ⊕ · · · ⊕ τ ∗1︸ ︷︷ ︸
n+1−copies

Step 3 ẽ(TCP 1) = −2ẽ(τ1).

Using properties of Chern classes:
c(TCP 1 ⊕ C) = c(TCP 1) then c1(TCP 1) = ẽ(TCP 1) and c(τ ∗1 ⊕ τ ∗1 ) = (1 − c1(τ1))2 then
c1(τ ∗1 ⊕ τ ∗1 ) = −2c1(τ1) = −2ẽ(τ1).

Step 4 Remember that by Poincaré duality H2(τ1)→ R, η 7→
∫
CP 1 η is an isomorphism

then to prove that (−2π)1ẽ(τ1) = e(τ1) it is enough to prove that:∫
CP 1

ẽ(τ1) =

(
−1

2π

)1 ∫
CP 1

e(τ1).

We have seen
∫
CP 1 ẽ(TCP 1) = χ(CP 1) = χ(S2) = 2, by step 3

∫
CP 1 ẽ(TCP 1) = −2

∫
CP 1 ẽ(τ1)

then
∫
CP 1(−2π)ẽ(τ1) = 2π.

Lemma 4.4.23. The following properties hold:

1. e(τn) = (−2π)ẽ(τn), where π : τn → CP n is the tautological bundle over CP n.

2. e and ẽ are exponential classes, i.e e(E ⊕ F ) = e(E) ∧ e(F ) and
ẽ(E ⊕ F ) = ẽ(E) ∧ ẽ(F ).

3. e(L) = (−2π)ẽ(L) for a complex line bundle π : L→M .

Proof. 1. Consider the inclusion map ι : CP 1 ↪→ CP n, then ι∗ : H2(CP n,R)→ H2(CP 1,R)
is an isomorphism and there is the following commutative diagram:

τ1
∼= ι∗(τ1) τn

CP 1 CP n

∼

ι

By the naturality of the classes and the previous lemma

ι∗(e(τn)) = e(ι∗(τn)) = e(τ1) = (−2π)ẽ(τ1) = (−2π)ẽ(ι∗(τn)) = ι∗((−2π)ẽ(τn)).

Hence that e(τn) = (−2π)ẽ(τn).
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2. Let E and F be a oriented vector bundles over M with Thom class Ψ1 and Ψ2 re-
spectively, if we consider the projections π1 : E ⊕ F → E and π2 : E ⊕ F → F then
Ψ(E ⊕ F ) = π∗1(Ψ1) ∧ π∗2(Ψ2) because∫

(E⊕F )p

π∗1(Ψ1) ∧ π∗2(Ψ2) =

∫
Ep⊕Fp

π∗1(Ψ1) ∧ π∗2(Ψ2) =

∫
Ep

Ψ1

∫
Fp

Ψ2 = 1

Hence

ẽ(E⊕F ) = ι∗(Ψ(E⊕F )) = ι∗(π∗1(Ψ1)∧π∗2(Ψ2)) = ι∗(π∗1(Ψ1))∧ι∗(π∗2(Ψ2)) = ẽ(E)∧ẽ(F ).

On the other hand, the following diagram is a group reduction :

Fr(E)×M Fr(F ) Fr(E ⊕ F )

M M

ι

π π

given by the inclusion:

ι : Fr(E)×M Fr(F ) −→ Fr(E × F )

(α, β) 7→
[
α 0
0 β

]

and since if A and B are skew-symmetric matrices, Pf

[
A 0
0 B

]
= Pf(A)Pf(B) then

e(E ⊕ F ) = e(E) · e(F ).

3. Suppose that π : L→M is a complex vector bundle of rank 1, using the classi�cation
theorem of vector bundles there exits a big number n and a function f : X → CP n

such that E ∼= f ∗(τn).
Then by naturality of classes:

e(L) = e(f ∗(τn)) = f ∗(e(τn))

(−2π)ẽ(L) = (−2π)nẽ(f ∗(τn)) = f ∗((−2π)ẽ(τn))

since e(τn) = (−2π)ẽ(τn) by (1), then e(L) = (−2π)ẽ(L).

Theorem 4.4.24. Let M be a closed oriented Riemannian manifold of dimension d = 2n,
then e(TM) = kẽ(TM) for a constant k.
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Proof. Note that the oriented real vector bundles of rank 2 are identi�ed with complex bun-
dles of rank 1, then using the splitting principle for the tangent vector bundle
π : TM → M , there is exists f : X → M such that holds the properties (1) and (2),
calculated

f ∗(e(E)) = e(f ∗(E)) = e(L1 ⊕ · · · ⊕ Ln) =
n∏
i=1

e(Li)

f ∗((−2π)nẽ(E)) = (−2π)nẽ(f ∗(E)) = (−2π)nẽ(L1 ⊕ · · · ⊕ Ln) =
n∏
i=1

(−2π)ẽ(Li).

Since (−2π)ẽ(Li) = e(Li) and the induced cohomology homomorphism f ∗ is injective,
e(E) = (−2π)nẽ(E).

Theorem 4.4.25 (Chern-Gauss-Bonnet). Let (M, g) be a closed oriented Riemannian man-
ifold of dimension d = 2n and let Ω be the curvature form of Levi Civita Connection, i.e Ω
is an so(2n) valued 2 form that comes from a connection in FrSO(TM) . Then:

χ(M) =

(
−1

2π

)n ∫
M

e(TM).

Proof. We have seen that χ(M) =

∫
M

ẽ(TM) and by the previous theorem

ẽ(TM) =

(
−1

2π

)n
e(TM), the we can conclude:

χ(M) =

∫
M

ẽ(TM) =

(
−1

2π

)n ∫
M

e(TM).
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Chapter 5

Chern conjecture for a�ne manifolds

5.1 A�ne manifolds

De�nition 5.1.1. A di�eomorphism ϕ between open subsets of Rm is a�ne if it has the
form:

ϕ(x) = Ax+ b,

where A ∈ GL(m,R) and b ∈ Rm.

De�nition 5.1.2. An a�ne structure on a manifold is an atlas such that all transition
functions are a�ne and it is maximal with this property. An a�ne manifold is a manifold
together with an a�ne structure.

It is possible to characterise a�ne structures in a more intrinsic manner that can be
expressed without reference to an atlas, as the following lemma shows:

Lemma 5.1.3. Let M be a manifold. There is a natural bijective correspondence between
a�ne structures on M and �at torsion free connections on TM .

Proof. Let (Uα, ϕα) be an a�ne structure on M . There is a unique connection ∇ on TM
whose Christo�el symbols vanish in a�ne coordinates. Conversely, given a �at torsion free
connection ∇ on TM , the set of coordinates for which the Christo�el symbols of ∇ vanish
gives an a�ne structure on M .

Example 5.1.4. The torus Tm := Rm/Zm has a natural a�ne structure for which the
projection map π : Rm → Tm is an a�ne local difeomorphism.

Example 5.1.5 (Hopf manifolds). Let us �x a real number λ > 1 and consider the action
of the group Z on Rm − {0} given by:

n ? x := λnx.

Since the action is free and proper, the quotient is a smooth manifold called the Hopf manifold
Hopfmλ . Since the group Z acts by a�ne transformations the quotient space is an a�ne man-
ifold. Topologically, these manifolds are the union of two circles for m = 1 and di�eomorphic
to Sm−1 × S1 for m > 1.
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De�nition 5.1.6. An a�ne structure on a Lie group G is called left invariant if for all
g ∈ G:

(Lg)
∗(∇) = ∇,

where Lg denotes the di�eomorphism given by left multiplication by g.

De�nition 5.1.7. Let V be a real vector space. A bilinear map:

β : V ⊗ V → V ; v ⊗ w 7→ v · w

is called left symmetric if:

v · (w · z)− (v · w) · z = w · (v · z)− (w · v) · z.

De�nition 5.1.8. An a�ne structure on a �nite dimensional real Lie algebra g is a left
symmetric bilinear form on g such that for all v, w ∈ g:

[v, w] = v · w − w · v.

Lemma 5.1.9. Let G be a Lie group with Lie algebra g. There is a natural bijective corre-
spondence between left invariant a�ne structures on G and a�ne structures on g.

Proof. For any v ∈ g = TeG denote by v̂ the corresponding left invariant vector �eld. Given
a left invariant a�ne structure on G we de�ne a bilinear form on g by:

v · w := ∇v̂ŵ(e).

Since ∇ is torsion free we know that:

v · w − w · v = ∇v̂ŵ(e)−∇ŵv̂(e) = [v, w].

Using the fact that ∇ is �at and left invariant, we compute:

v · (w · z)− (v · w) · z − w · (v · z) + (w · v) · z = ∇v̂(∇ŵ(ẑ))

−∇∇v̂(ŵ)(ẑ)−∇ŵ(∇v̂(ẑ)) +∇∇ŵ(v̂)(ẑ)

= ∇[v̂,ŵ](ẑ)−∇[v̂,ŵ](ẑ)

= 0.

So we conclude that the bilinear form is left symmetric. Conversely, given an a�ne structure
on g there is a unique left invariant connection ∇ such that:

∇v̂ŵ(e) = v · w.

The computations above show that this connection is �at and torsion free.

Example 5.1.10. The Lie algebra gl(n,R) admits a natural a�ne structure given by:

A ·B := AB.

We conclude that the Lie group GL(n,R) admits a left invariant a�ne structure.

The question of which Lie groups admit left invariant a�ne structures is an interesting
problem. In [12], Milnor asked whether solvable Lie algebras admit a�ne structures. In [3],
Burde showed that the answer to this question is negative.

46



5.2. COMPLETE MANIFOLDS AND THE DEVELOPING MAP Daniela Martínez

5.2 Complete manifolds and the developing map

In this section we introduce the developing map of a simply connected a�ne manifold and
use it to characterise complete a�ne manifolds.

Theorem 5.2.1. Let M be an a�ne manifold of dimension m and G be the group Aff(Rm)
seen as a discrete group. There is a natural principal G-bundle
π : τ(M) → M such that sections of π are in natural bijective correspondence with a�ne
immersions from M to Rm.

Proof. For each p ∈M we de�ne:

Cp = {ϕ : U → V ⊆ Rm : ϕ is an a�ne di�eomorphism and p ∈ U} .

There is an equivalence relation ∼ on Cp given by declaring that ϕ ∼ ϕ′ if an only if there
exists an open subset W ⊆ U ∩ U ′ such that p ∈ W and ϕ|W = ϕ′|W . Let us denote by Lp
the set of equivalence classes of elements in Cp and set:

τ(M) :=
∐
p

Lp.

There is a natural map:
π : τ(M)→M.

The Lie group G acts on each set Lp by composition:

g ∗ ϕ := g ◦ ϕ,

and this action is free and transitive. Moreover, an a�ne chart ϕ : U → V ⊆ Rm induces a
natural identi�cation:

ϕ̂ : Aff(Rm)× U → π−1(U); (g, p) 7→ [g ◦ ϕ]p,

where [g ◦ ϕ]p denotes the class of g ◦ ϕ in Lp. There is a unique topology on τ(M) such
that ϕ̂ is a homeomorphism for all a�ne di�eomorphisms ϕ. The map π : τ(M) → M is a
principal G bundle with respect to this topology. Let σ be a section of π. Then we de�ne
σ̃ : M → Rm by:

σ̃(p) := σ(p)(p).

By construction, the map σ̃ is an a�ne immersion. Conversely, an a�ne immersion
f : M → Rm de�nes a section σf given by:

σf (p) := [f ]p.

Corollary 5.2.2. Let M be a simply connected a�ne manifold. Any a�ne chart
ϕ : U → V ⊆ Rm extends uniquely to an a�ne immersion from M to Rm.

Proof. SinceM is simply connected, the covering space π : τ(M)→M is trivial and therefore
any local section extends uniquely to a global one.
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De�nition 5.2.3. A developing map for an a�ne simply connected manifold is an a�ne
immersion into Rm.

Corollary 5.2.4. If M is an a�ne connected manifold with �nite fundamental group then
M is not compact.

Proof. If M is compact then so is its universal cover M̃ which is simply connected and
therefore admits an immersion to Rm. This is impossible.

De�nition 5.2.5. An a�ne manifold M with a�ne connection ∇ is called complete if all
geodesics can be extended to arbitrary time.

Lemma 5.2.6. Let M and N be connected a�ne manifolds of the same dimension and
f, g : M → N a�ne immersions. If f and g coincide on a nonempty open subset of M then
they are equal.

Proof. First we observe that the lemma is true if M and N are open subsets of Rm. For the
general case, let X ⊂ M be the subset of M that consists of points p ∈ M such that f and
g coincide in an open neighborhood of p. Clearly, X is open. It su�ces to show that X is
closed. Fix p ∈ X and q ∈ M arbitrary. Since M is connected, there is a path γ : I → M
such that γ(0) = p and γ(1) = q. Set

Y := γ−1(M −X).

We would like to show that Y = ∅. Suppose that Y is nonempty and set y := inf(Y ) and
z = γ(y). Choose a�ne coordinates ϕ : U → V around z and ψ : W → Z around f(z) such
that f(U) ⊆ W and g(U) ⊆ W . Since p is in X there exists l < y such that γ(l) ∈ U ∩X.
Then f |U and g|U coincide in an open neighborhood. Since both U and W are isomorphic to
open subsets of Rm we conclude that f |U = g|U . This is a contradiction.

Lemma 5.2.7. Let M be a simply connected complete a�ne manifold of dimension m. Then
any a�ne coordinate ϕ : U → V ⊆ Rm can be extended uniquely to a di�eomorphism from
M to Rm.

Proof. Fix a point p ∈ M and a�ne coordinates ϕ : U → V . By Corollary 5.2.2, ϕ can
be extended uniquely to an a�ne immersion ϕ̃ : M → Rm. We will prove that ϕ̃ is a
di�eomorphism. Since M is complete, the exponential map is de�ned on the whole tangent
space TpM :

Exp : TpM →M.

On the other hand, the derivative of ϕ−1 at x = ϕ(p) is an isomorphism from Rm to TpM .
We claim that the map:

ψ(y) := Exp ◦D(ϕ−1)(y − x)

is the inverse of ϕ̃. By Lemma 5.2.7, it su�ces to show that the functions are inverses to
each other in a small open neighborhood. For q ∈ U we compute:

ψ(ϕ̃(q)) = Exp ◦D(ϕ−1)(ϕ(q)− x) = q.

Conversely, for y ∈ V we have:

ϕ̃ ◦ ψ(y) = ϕ ◦ Exp ◦D(ϕ−1)(y − x) = Exp(y − x) = y.
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Proposition 5.2.8. Let M be an a�ne manifold. The following statements are equivalent:

1. M is complete.

2. There is an a�ne di�eomorphism M ∼= Rm/Γ, where Γ is a discrete subgroup of
Aff(Rm) and the projection π : Rm →M is the universal cover of M .

Proof. Let us assume that M is complete. Then M̃ is also complete and simply connected.
By Proposition 5.2.8 there is an a�ne difeomorphism ϕ : M̃ → Rm. Let us �x a point
p ∈ M . Then there is an action of π1(M, p) on M̃ and therefeore on Rm. Since this action
is by a�ne transformations, it de�nes a homomorphism ρ : π1(M, p) → Aff(Rm). If we set
Γ := Im(ρ) we get by construction that M ∼= Rm/Γ. Conversely, any manifold of the form
Rm/Γ is complete.
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Chapter 6

Milnor's inequalities and the

conjecture in dimension d=2

Throughout this section we will set G = GL+(2,R), S = SO(2) = U(1) and Σ will be a closed
oriented surface of positive genus g. Oriented rank two vector bundles over Σ are classi�ed
by their Euler class. Milnor considered the question of which of those bundles admit a �at
connection. The answer is given by his famous inequalities, which are the following.

De�nition 6.0.1. Let π : E → Σ be a rank two oriented vector bundle. The degree of E is
the number:

D(E) =

∫
Σ

e(E).

Here e(E) denotes the Euler class of E.

Theorem. A rank two oriented vector bundle π : E → Σ admits a �at connection if and
only if:

|D(E)| < g.

Milnor's inequalities give in particular a positive answer to Chern's conjecture in dimen-
sion d = 2, a result that had been previously obtained by Benzecri [1].

The classi�cation of rank two oriented bundles is of course the same as the classi�cation
of GL+(2,R) principal bundles.

Lemma 6.0.2. The inclusion ι : S ↪→ G is a homotopy equivalence and therefore the classi-
fying spaces BS and BG are homotopy equivalent.

Proof. By the spectral theorem every nonsingular matrix γ can be written uniquely in the
form γ = OS, where O is orthogonal matrix and S is symmetric positive de�nite matrix.
Then the following function de�ne a retraction:

θ : G −→ S
γ 7−→ O.
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Lemma 6.0.3. Let Bun(Σ) be the set of isomorphism classes of rank two oriented vector
bundles over Σ. The degree:

D : Bun(Σ)→ Z; E 7→ D(E)

is bijection.

Proof. The set Bun(Σ) is in bijective correspondence with the set of isomorphism classes of
principal G bundles over Σ. These are classi�ed by the set [Σ, BG] of homotopy classes of
maps to BG. Moreover:

[Σ, BG] ∼= [Σ, BS] ∼= [Σ,CP∞] = [Σ, K(Z, 2)] ∼= H2(Σ,Z) ∼= Z.

By de�nition of the Euler class, this bijection is given by the degree.

Remark 6.0.4. Fix a point p ∈ Σ and a homomorphism ρ : π1(Σ, p) → G. The group
π = π1(Σ, p) acts on the right on the universal cover Σ̃ and on the left on R2 via the
representation ρ. Let Σ̃×ρ V be the quotient of Σ̃× V via the equivalence relation:

(mg, v) ∼ (m, ρ(g)v).

Then Σ̃×ρ V has a natural structure of a �at oriented vector bundle over Σ. We will denote
this vector bundle Eρ and call it the bundle associated to ρ.

Lemma 6.0.5. A vector bundle over Σ admits a �at connection if an only if it is isomorphic
to one of the form Eρ.

Proof. By the previous exercise, Eρ admits a �at connection. Assume that E admits a �at
connection ∇ and �x a point p ∈ Σ and an isomorphism Ep ∼= R2. The holonomy of ∇ gives a
representation ρ : π1(Σ, p) → G and an isomorphism
E ∼= Eρ.

An oriented closed surface Σ of genus g admits a CW structure with one zero-dimensional
cell, 2g one-dimensional cells and one two-dimensional cell. For example, the surface of genus
2 can be obtained by the following identi�cation:

In general, this decomposition gives the following presentation of the fundamental group
of Σ:

π1(Σ) =

〈
a1, . . . , ag, b1, . . . , bg |

g∏
i=1

[ai, bi] = 1

〉
,
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here [a, b] denotes the commutator aba−1b−1. Thus, a representation ρ of π1(Σ) on G is the
same as a choice of matrices A1, . . . , Ag, B1, . . . Bg ∈ G such that

g∏
i=1

[Ai, Bi] = id.

We have seen that such a representation gives rise to a vector bundle Eρ and the natural
question arises of computing the degree of Eρ in terms of the matrices Ai, Bi.

Let G̃ be the universal cover of G and consider the short exact sequence

0→ π1(G)
ι−→ G̃

p−→ G→ 0.

Consider also the map φ : R→ S given by:

α 7−→
[

cosα sinα
− sinα cosα

]
.

The map φ is the universal covering map of S and therefore the retraction map θ : G→ S
can be lifts naturally to a map:

θ̂ : G̃→ R.

Thus we obtain the following commutative diagram:

0 0

π1(G) Z

G̃ R

π1(Σ) G S

ι 2π

θ̃

p φ

ρ θ

Lemma 6.0.6. Given a homomorphism ρ : π1(Σ)→ G determined by matrices A1, . . . , Ag, B1, . . . , Bg

we de�ne the number δ(ρ) by:

δ(ρ) :=
1

2π
θ̃(

g∏
i=1

[αi, βi]) ∈ Z.

Here αi, βi are elements in G̃ such that p(αi) = Ai and p(βi) = Bi. This number depends
only on ρ.

Proof. Let us �rst proof that for any choice of the αi and βi the number δ(ρ) is an integer.
By construction,

∏g
i=1[αi, βi] ∈ ker(p). This implies that θ̂(

∏g
i=1[αi, βi]) is a multiple of 2π

and the result follows. Let us now show that the number is well de�ned. Suppose that α′i
and β′i is a di�erent choice. Then, for each i we know that:

α′i = αixi β
′
i = βiyi,
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where the xi and the yi are in the kernel of p which is contained in the center of G̃. This
implies that:

[αi, βi] = [α′i, β
′
i],

and the result follows.

Lemma 6.0.7. Given a representation ρ : π1(Σ)→ G we have:

δ(ρ) = D(Eρ).

Proof. This will be added later.

Remark 6.0.8. We can show that if

A =

(
a b
c d

)
∈ G,

then

θ(A) =
1√

x2 + y2

(
x y
−y x

)
.

Here x = a+ d and y = b− c. Moreover, show that:

1. If A ∈ G has positive trace, then θ(A) has positive trace.

2. If A and B are symmetric and positive de�nite matrices, then AB has positive trace.

3. If A,B ∈ G are symmetric and positive de�nite matrices, then θ(AB) has positive
trace.

4. θ(A−1) = θ(A)−1.

Lemma 6.0.9. The function θ̃ : G̃→ R satis�es the property:

|θ̃(αβ)− θ̃(α)− θ̃(β)| < π/2.

Proof. Given A,B ∈ G, then there exists symmetric positive de�nite matrices R, T such
that:

AB = θ(A)Rθ(B)T.

If we set X = θ(B)−1Rθ(B) then:

AB = θ(A)θ(B)XT.

This implies that:

θ(AB) = θ(A)θ(B)θ(XT ).

Therefore:

θ(B)−1θ(A)−1θ(AB) = θ(XT ).
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Since X,T are positive de�nite, the previous Exercise 6.0.8 implies that θ(B)−1θ(A)−1θ(AB)
has positive trace. Fix α, β ∈ G̃ such that p(α) = A and p(β) = B and set ∆ = θ̃(αβ) −
θ̃(α)− θ̃(β). Then:

φ(∆) =

[
cos ∆ sin ∆
− sin ∆ cos ∆

]
= θ(B)−1θ(A)−1θ(AB)

has positive trace. So cos∆ > 0. Since ∆ is a continuous function of α and β which vanishes
when α = β = 1 we conclude that |∆| < π

2
.

Lemma 6.0.10. Given a representation ρ : π1(Σ)→ G we have:

|δ(ρ)| < g.

Proof. Applying Lemma 6.0.9 4g − 1 times one obtains:

|θ̃([α1, β1] . . . [αg, βg])− θ̃(α1)− θ̃(β1)− θ̃(α−1
1 )− θ̃(β−1

1 ) · · ·− θ̃(αg)− θ̃(βg)− θ̃(α−1
g )− θ̃(β−1

g )|

< (4g − 1)
π

2

By Exercise 6.0.8 we know that

θ̃(α) + θ̃(α−1) = 0,

so that the inequality above becomes:

|θ̃([α1, β1] . . . [αg, βg])| < (4g − 1)
π

2
.

Dividing by 2π one obtains:

|δ(ρ)| < g − 1

4
< g.

The lemma gives one direction of Milnor's inequalities. We will now show that the converse
is also true.

Remark 6.0.11. Let G be a connected Lie group with universal cover G̃. If g ∈ G̃ is such
that p(g) ∈ Z(G) then g ∈ Z(G̃).

Let us set A0 :=

(
2 0
0 1/2

)
and α0 ∈ p−1(A0) so that θ̃(α0) = 0. We will denote by K

and K̃ the conjugacy classes of A0 and α0 respectively.

Since R is simply connected, the group homomorphism φ : R → G lifts to a homomor-
phism R→ G̃ and therefore R acts on G̃ and also on conjugacy classes of G̃.

Lemma 6.0.12. Any element of πK̃ can be written as a product of two elements in K̃.
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Proof. Consider the matrices:

A1 =

(
−5/2 9/2
−3 5

)
and

A2 = A0A1 =

(
−5 9
−3/2 5/2

)
.

Since the trace and determinant characterise the sets K and πK, then A0, A1 ∈ K and
A2 ∈ πK. Let α0, α1 ∈ K̃ be such that p(αi) = Ai and θ̃(αi) = 0. Then α0α1 ∈ nπK̃ for
some odd integer n. Let us show that n = ±1. Given α ∈ K̃ we know that p(α) has positive
trace and therefore cos(θ̃(α)) > 0. Therefore, if β ∈ nπK̃ with |n| > 1 then:

|θ̃(β)| > 5π

2
.

Applying Lemma 6.0.9 we obtain:

|θ̃(α0α1)| < |θ̃(α0)|+ |θ̃(α1)|+ π

2
<

3

2
π

We conclude that n = ±1.

• If n = 1 we set:
γ(α0α1)γ−1 = (γα0γ

−1)(γα1γ
−1) ∈ K̃K̃.

• If n = −1 then γ(α0α1)γ−1 ∈ −πK̃ and γ(α0α1)−1γ−1 ∈ πK̃. We then write:

γ(α0α1)−1γ−1 = (γα−1
1 γ−1)(γα−1

0 γ−1) ∈ K̃K̃.

Lemma 6.0.13. For every α ∈ πK̃ there exists β1β2 ∈ G̃ so that α = β1β2β
−1
1 β−1

2 .

Proof. By the previous lemma there exists β1, β3 ∈ K̃ so that α = β1β3. Since α−1
1 ∈ K̃

there exists β2 ∈ G̃ so that β2α
−1
1 β−1

2 = β3.
Then

α = β1β3 = β1β2β
−1
1 β−1

2

Lemma 6.0.14. For every n ≥ 1 there exists γ1, . . . , γn+1 ∈ K̃ so that γ1 . . . γn+1 = nπα0.

Proof. We will argue by induction. The case n = 1 is Lemma 7.1.4. Now assume that the
lemma holds for n so that we can write:

γ1 . . . γn+1 = nπα0.

Then:

(n+ 1)πα0 = π(nπ)α0 = π(γ1 . . . γn+1) = (πγ1) . . . γn+1 = γγ′γ2 . . . γn+1.

Here γ, γ′ ∈ K̃ and we have applied the Lemma product to πγ1.
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Theorem 6.0.15. A rank two oriented vector bundle π : E → Σ admits a �at connection if
and only if:

|D(E)| < g.

Proof. One direction is guaranteed by Lemma 6.0.10. We want to prove that a bundle E with
|D(E)| < g admits a �at connection. It su�ces to show that there is some representation
ρ : π1(Σ) → G such that δ(ρ) = D(E). Since the existence of a �at connection does not
depend on the orientation we may assume that D(E) > 0. Since some of the matrices in the
representation can be set to id it su�ces to show the case where D(E) = g − 1 and g > 1.
By Lemma 6.0.14 there exist γ1, ..., γg−1 ∈ K̃ so that:

γ1 . . . γg−1 = (g − 2)πα0.

If we set γg = α−1
0 then:

γ1 . . . γg−1γg = (g − 2)π.

Now by Lemma 6.0.13, for every 1 6 i 6 g there exists αi, βi ∈ G̃ so that

[αi, βi] = πγi.

Then
g∏
i=1

[αi, βi] = 2π(g − 1).

This implies that by setting Ai = p(αi) and Bi = p(βi) one obtains a representation ρ
such that:

δ(ρ) =
1

2π

g∏
i=1

[αi, βi] = g − 1.

Corollary 6.0.16. The torus is the only closed oriented surface that admits an a�ne struc-
ture. In particular, Chern's conjecture holds in dimension d = 2.

Proof. Since S2 is simply connected, a �at connection on TM would give a trivialization of
TM , which does not exist because the Euler characteristic of the sphere is 2. Let us now
assume that g > 1. Then D(TM) = χ(Σ) = 2− 2g. Then:

|D(TM)| = 2|(1− g)| = 2g − 2 ≥ g.
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Chapter 7

The counterexamples of Smillie

Chern's conjecture asks about the Euler characteristic of closed a�ne manifolds. For a while,
it was not known whether the condition that the connection is torsion free was essential.

De�nition 7.0.1. A manifold M is said to be �at if its tangent bundle admits a �at con-
nection.

A strong version of Chern's conjecture asking whether the Euler characteristic of a closed
�at manifold vanishes was an open problem for a while. This question was answered by
Smillie [15], who proved the following:

Theorem (Smillie). For each n > 1 there are closed �at manifoldsM2n which have non-zero
Euler characteristic.

This construction is based in the ideas of almost trivial vector bundles and almost paral-
lelizable manifolds.

7.1 Almost trivial vector bundles

De�nition 7.1.1. We will say that a vector bundle π : E →M is almost trivial if

E ⊕ R ' Rm.

We will say that M is almost parallelizable if TM is almost trivial.

Lemma 7.1.2. An oriented vector bundle π : E → M is almost parallelizable if and only if
there exists a function f : M → Sm such that:

f ∗(TSm) ' E.

Proof. Since TSm is almost parallelizable, so is f ∗(TSm). On the other hand, suppose that
E is almost parallelizable. Once we �x an isomorphism

ϕ : E ⊕ R ' Rm+1,

there is a unique smooth function f : M → Sm such that:
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• f(p) ∈ ϕ(p)(Ep)
⊥.

• If {e1, . . . , em} is an oriented basis for Ep then

{f(p), ϕ(p)(e1), . . . , ϕ(p)(em)}

is an oriented basis for Rm+1.

By construction ϕ restricts to an isomorphism from E to f ∗(TSm).

Remark 7.1.3. There exists an embedding:

ι : Sm × Sn → Rm+n+1

with trivial normal bundle. Conclude that Sm × Sn is almost parallelizable.

Lemma 7.1.4. Let π1 : E →M and π2 : E ′ → N be almost trivial vector bundles. Then the
vector bundle p1

∗E ⊕ p2
∗E ′ over M ×N is almost trivial.

Proof. By Lemma 7.1.2 there exist functions f : M → Sm and g : N → Sn such that:

E ' f ∗(TSm); and E ′ ' g∗(TSn).

By remark 7.1.3 there exists a function h : Sm × Sn → Sm+n such that:

h∗(TSm+n) = T (Sm × Sn).

Then:

(h ◦ (f × g))∗(TSm+n) = (f × g)∗(h∗(TSm+n)) = (f × g)∗(T (Sm × Sn)) = p1
∗E ⊕ p2

∗E.

By Lemma 7.1.2 we conclude that p1
∗E ⊕ p2

∗E is almost trivial.

De�nition 7.1.5. Let M,N be closed oriented manifolds of dimension m and f : M → N
be a smooth function. The degree of f is the number:

deg(f) :=

∫
M

f ∗(ω)

where ω is any m-form on N such that: ∫
N

ω = 1.

Remark 7.1.6. The number deg(f) de�ned above is an integer that does not depend on the
choice of ω. Show that if f and g are smoothly homotopic then they have the same degree.

It turns out that the degree is a complete invariant of maps from a closed oriented m-
manifold to Sm. This is a theorem of Heinz Hopf whose proof can be found in [2].
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Theorem 7.1.7 (Hopf degree Theorem). LetM be a closed, connected, orientedm-dimensional
manifold and f, g : M → Sm be smooth maps. Then f and g are smoothly homotopic if and
only if they have the same degree.

Lemma 7.1.8. Let M be a closed oriented manifold of dimension m and E,E ′ oriented
almost trivial vector bundles of rank m. Then E and E ′ are isomorphic if and only if they
have the same Euler class.

Proof. Clearly, if the bundles are isomorphic they have the same Euler class. Let us prove
the converse. By Lemma 7.1.2 we know that there are functions f, g : M → Sm such that:

f ∗(TSm) ' E; and g∗(TSm) ' E ′.

Since E and E ′ have the same Euler class we conclude that f and g have the same degree.
The Hopf degree theorem implies that f and g are smoothly homotopic and therefore E is
isomorphic to E ′.

7.2 Almost parallelizable manifolds

Lemma 7.2.1. The connected sum of almost parallelizable manifolds is almost parallelizable.

Proof. Let f : M → Sm and g : N → Sm be smooth maps such that:

f ∗(TSm) ' TM ; and g∗(TSm) ' TN.

Fix p ∈ M and q ∈ N and coordinates ϕ : U → Rm and φ : W → Rm around p and q
respectively. Set X = ϕ−1(B(0, 1)) ⊆ U and Y = φ−1(B(0, 1)) ⊆ W . Since πm−1(Sm) = 0
we may assume that:

(f ◦ ϕ−1)|Sm−1 = (g ◦ φ−1)|Sm−1 .

Then there is a well de�ned map

h : M#N → Sm

such that h|M−X = f and h|N−Y = g. We conclude that

h∗(TSm) ' T (M#N)

and therefore M#N is almost parallelizable.

Theorem 7.2.2 (Smillie). Let Σg be the closed oriented surface of genus g and P = S1×S3.
Then:

M4 = (Σ3 × Σ3)#P# · · ·#P︸ ︷︷ ︸
6 times

and
M6 = ((Σ3 × Σ3)#P# · · ·#P︸ ︷︷ ︸

9 times

)× Σ3

are closed �at manifolds with non-zero Euler characteristic. By taking products of M4 and
M6 one obtains closed �at manifolds with nonzero Euler characteristic in all even dimensions
greater than d = 2.
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Proof. The Euler characteristic of a connected sum of closed even dimensional manifolds
satis�es:

χ(M#N) = χ(M) + χ(N)− 2.

Using this formula we compute:

χ(M4) = χ(Σ3 × Σ3) + χ(P# · · ·#P︸ ︷︷ ︸
6 times

)− 2 = 16− 10− 2 = 4.

and

χ(M6) = (χ(Σ3 × Σ3) + χ(P# · · ·#P︸ ︷︷ ︸
9 times

)− 2)× χ(Σ3) = (16− 16− 2)× (−4) = 8.

It remains to prove that M4 and M6 are �at manifolds. Lemmas 7.2.1 and 7.1.4 imply that
M4 and M6 are almost trivial. Let h : Σ3 → S2 be a degree one map and set E = h∗(TS2).
Then E is almost parallelizable and:∫

Σ3

e(E) =

∫
S2

e(TS2) = 2.

Lemma 7.1.4 implies that π∗E ⊕ π∗E is an almost trivial bundle over Σ3 × Σ3. Let

f : M4 → Σ3 × Σ3

be the map that sends
P# · · ·#P︸ ︷︷ ︸

6 times

to a point. Then f has degree 1 and therefore:∫
M4

e(f ∗(E ⊕ E)) =

∫
M4

f ∗(e(π(E ⊗ E)) =

∫
Σ3×Σ3

π∗(e(E)) ∧ π∗(e(E)) =
(∫

Σ3

e(E)
)2

= 4.

We conclude that:
e(TM4) = e(π∗E ⊕ π∗(E))

and therefore, by Lemma 7.1.8:

TM4 ' π1
∗E ⊕ π2

∗(E).

Milnor's inequality 6.0.15 implies that E admits a �at connection and therefore, so does
TM4. Similarly, Let

g : Σ3 × Σ3#P# · · ·#P︸ ︷︷ ︸
9 times

→ Σ3 × Σ3

be the map that sends
P# · · ·#P︸ ︷︷ ︸

9 times

to a point. Then g has degree one and therefore the map:

z := g × id : M6 → Σ3 × Σ3 × Σ3
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also has degree one. This implies that:∫
M6

e(z∗(π∗E ⊕ π∗E ⊕ π∗E)) =
(∫

Σ3

e(E)
)3

= 8.

We conclude that:
e(TM6) = e(π∗E ⊕ π∗E ⊕ π∗E)

and therefore:
TM6 ' π∗E ⊕ π∗E ⊕ π∗E.

Theorem 6.0.15 implies that E admits a �at connection and therefore, so does TM6.
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Chapter 8

Complete manifolds, after Kostant

and Sullivan

The conjecture of Chern has been proved by Konstant and Sullivan in [9] for complete a�ne
manifolds. The idea of their proof is that even though the connection onM may not admit a
compatible metric, the Chern-Weil theory of characteristic classes can still be used to prove
that the Euler class vanishes. They use the geometric characterization of complete a�ne
manifolds given Proposition 5.2.8.

In this section we present the proof of Konstant and Sullivan with greater detail.

8.1 Previous lemmas

De�nition 8.1.1. We will say that a subgroup G of Gl(m,R) is 1-spectral if for every A ∈ G,

Det(A− id) = 0.

De�nition 8.1.2. We will say that a Lie subalgebra g of gl(m,R) is singular if for all v ∈ g,

Det(v) = 0.

The key observation of Sullivan and Kostant is that if the frame bundle of TM admits
a reduction to a connected compact and 1-spectral subgroup of GL+(m,R) then the Euler
class of TM vanishes.

Lemma 8.1.3. If G is a 1-spectral Lie subgroup of GL(m,R) then its Lie algebra g is singular.

Proof. It is enough to prove that there is an open subset W ⊆ g such that 0 ∈ W and all
matrices of W are singular. Choose W such that the exponential map Exp : W → U ⊆ G is
a di�eomorphism with inverse Log : U → W . For v ∈ W , A ∈ U these functions are given
explicitly by:

Exp(v) =
∑
k>0

xk

k!
,

Log(A) =
∑
k>1

(−1)k+1(A− id)k

k
.
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Any v ∈ W is of the form v = Log(A) with Det(A − id) = 0. Thus there exists a vector
x ∈ Rm such that Ax = x. Then:

v(x) :=
∑
k>1

(−1)k+1(A− id)k

k
(x) =

∑
k>1

(−1)k+1(A− id)k(x)

k
= 0.

We conclude that v is singular.

Lemma 8.1.4. Let M be a manifold of dimension m and P a GL+(m,R) principal bundle
over M that admits a reduction to a subgroup G which is compact, connected and 1-spectral.
Then the Euler class of P vanishes.

Proof. The Chern-Weil homomorphism

µP : H(BGL+(m,R))→ H(M)

factors through the restriction map:

ι∗ : H(BGL+(m,R))→ H(BG).

Moreover, there is a commutative diagram:

H(BGL+(m,R)) ι∗ //

'
��

H(BG)

'
��

S(gl(m,R)∗)GL
+(m,R) ρ // S(g∗)G

where the vertical arrows are isomorphisms and ρ is the restriction of polynomials. Since
the Euler class corresponds to the Pfa�an polynomial, it su�ces to prove that ρ(Pf) = 0.
For this we observe that since g is singular:

[ρ(Pf)(v)]2 = Det(v)2 = 0.

We conclude that ρ(Pf) = 0 and therefore the Euler class of P vanishes.

Lemma 8.1.5. Let M be a manifold of dimension m and P is a GL+(m,R) principal bundle
over M that admits a reduction to a subgroup G which is closed, connected and 1-spectral.
Then the Euler class of P vanishes.

Proof. Since G is a closed subgroup of the general lineal group, it is a Lie subgroup. Let
K ⊆ G be a maximal compact subgroup. Since G/K is contractible, the natural map
π : BK → BG is a homotopy equivalence. The Chern-Weill homomorphism

µP : H(BGL+(m,R))→ H(M)

factors through the restriction map:

ι∗ : H(BGL+(m,R))→ H(BG)
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so it su�ces to show that ι∗ sends the Euler class to zero. There is also a commutative
diagram:

H(BGL+(m,R)) π∗◦ι∗ //

'
��

H(BK)

'
��

S(gl(m,R)∗)GL
+(m,R) ρ // S(K∗)K

By the Lemma 8.1.4 we know that ρ(Pf) = 0 and therefore π∗ ◦ ι∗ sends the Euler class to
zero. Since π∗ is an isomorphism, we conclude that ι∗ sends the Euler class to zero.

Lemma 8.1.6. Let M be a manifold of dimension m and P be a GL+(m) principal bundle
such that admits a reduction to a subgroup G ⊆ GL+(m,R) which is 1-spectral and closed.
If G has �nite number of connected components then the Euler class of P is zero.

Proof. As in the previous lemmas, it su�ces to show that the restriction map:

ι∗ : H(BGL+(m,R))→ H(BG)

sends the Euler class to zero. Let G′ be the connected component of the identity in G. Then
the natural map:

π : BG′ → BG

is a �nite covering and therefore it induces an injective map in cohomology. Therefore it
su�ces to show that the map:

π∗ ◦ ι∗ : H(BGL+(m,R))→ H(BG′)

sends the Euler class to zero. This is guaranteed by Lemma 8.1.5.

In view of the lemma above, we are left with the problem of showing that the frame
bundle of a closed complete a�ne manifold admits a reduction to a closed 1-spectral group
with �nitely many connected components.

Lemma 8.1.7. Let G be a 1 spectral subgroup of GL(m,R) and Ḡ its Zariski closure. Then:

1. Ḡ is a subgroup of GL(m,R).

2. Ḡ is a closed Lie group in GL(m,R).

3. Ḡ is 1-spectral.

4. Ḡ has �nitely many connected components.

Proof. Since the multiplication and inverse functions are algebraic operations, they are con-
tinuous in the Zariski topology. Fix x ∈ G and consider the homeomorphism

Lx : GL(m,R) −→ GL(m,R)
y 7−→ xy

.
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Then
xḠ = xG ⊆ Ḡ.

Fix now y ∈ Ḡ and consider the hoeomorphism Ry given by right multiplication by y. Then:

Ḡy = Gy ⊆ Ḡ.

We conclude that Ḡ is closed with respect to the product. The map x 7→ x−1 is a homeo-
morphism of GL(m,R) and therefore:

Ḡ−1 = G−1 = G.

We conclude that G is a group. The second statement is true because Ḡ is closed in the
Zariski topology and in therefore also in the smooth topology. The third statement holds
because the determinant is a continuous function. The last statement is true because any
real algebraic set has �nitely many connected components.

8.2 Proof of Chern conjecture for complete manifolds

Theorem 8.2.1 (Kostant-Sullivan [9]). If M is a closed a�ne complete manifold then
χ(M) = 0.

Proof. In view of Lemma 8.1.6 it su�ces to show that the frame bundle of TM admits a
reduction to a closed 1-spectral subgroup of GL+(m,R) which has �nitely many connected
components. By Proposition 5.2.8 we know thatM is the quotient Rm/Γ where Γ ⊂ Aff(Rm)
is isomorphic to the fundamental group of M . Consider the natural homomorphism

λ : Aff(Rm)→ GL(m,R); Ax+ b 7→ A

and let G be the group λ(Γ). We claim that G is 1-spectral. Take g = Ax+ b ∈ Aff(Rm). If
A is not 1-spectral then the equation Ax+b = x has a solution, which is imposible because Γ
acts freely on Rm. Lemma 8.1.7 guarantees that Ḡ is a closed 1-spectral group with �nitely
many connected components. Therefore, it su�ces to prove that the frame bundle of TM
admits a reduction to the group G and therefore to Ḡ. Consider the projection

π : Rm →M

and for each p ∈M , the following subset of the frame bundle of TpM :

Sp := {φ : Rm → TpM : φ is a linear isomorphism of the form φ = Dπ(x) for x ∈ π−1(p)}

The group G acts on the right by composition and this action is free and transitive. If
we set:

S :=
∐
p

Sp ⊂ Fr(TM)

we obtain a reduction of the structure group of the frame bundle of TM to G.
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