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Abstract

The theoretical foundations of Wealth Maximization Hypothesis. A static approach allows
to show how, according to this hypothesis, workers decide about labor and consumption.
Specifically this hypothesis states that workes maximize their net income subject to an
embodied technology in order to produce productive labor, in which human capital as accu-
mulated knowledge play a key role. This fact allows deriving optimal decisions concerning
labor suppy and consumption demand.
Wealth Maximization Hypothesis is introduced in a Von Neumann General Equilibrium.
Two main results are reached. The first one is that according to Von Neumann Economy, in
which the model is extended so that workers maximize their wealth in order to close de model
on consumption and labor supply, there is a price vector that permits workers and firms to
maximize their net income and that permites to all markets to be cleared. In addition,
this equilibrium solution is consistent with usual macroeconomic constraints, that is, the
aggregate demand and aggregate supply for a close economy. This also implies a classical
result under perfect competition so that full employment implies that aggregate investment is
equal to aggregate savings. The second one, according to this Von Neumann Economy referes
to the fact that income and wealth distribution are endogenous and emerge from optimal
worker decisions under Wealth Maximization Hypothesis. A wealth maximization hypothesis
in a natural dynamic framework. There, a review of human capital decisions at individual
level is presented and this neoclassical framework is compared with our approach, in which
we characterize optimal human capital accumulation and investment decisions. Finally, this
research explains how optimal individual decisions about heterogeneous productive labor
supply explain endogenous economic growth.



Resumen

Nosotros presentamos los fundamentos teóricos de la Hipótesis de Maximización de Riqueza.
A través de un análisis estático, bajo esta hipótesis, los trabajadores deciden acerca de tra-
bajo y consumo. In particular, la hipótesis plantea que los trabajadores maximizan su ingreso
neto sujeto a una tecnología humana incorporada para producir trabajo productivo, donde
la acumulación de conocimiento juega un papel central, permintiendonos derivar decisiones
óptimas de oferta de trabajo y demand de consumo.
Nosotros tambien introducimos la Hipótesis de Maximización de Riqueza en el Modelo de
Equilibrio General de Von Neumann. Allí dos resultados son alcanzados. El primero muestra
cómo en una Economía Von Neumann, donde los trabajadores maximizan su riqueza para
extender el modelo en consumo y oferta de trabajo, existe un vector de precios tal que
los trabajadores y las empresas maximizan su ingreso neto y todos los mercados se vacian.
Esto también implica un resultado clásico bajo competencia perfecta de manera que el pleno
empleo implica que la inversión agregada es igual a ahorro agregado. El segundo resultado,
en esta Economía Von Neumann, la distribución del ingreso y la riqueza son endógenos y
emergen de las decisiones de los trabajadores. Luego, nosotros presentamos la Hipótesis de
Maximización de Riqueza dentro de una perspectiva dinámica, doden comparamos, luego de
una revisión sobre las decisiones individuales, nuestra hipótesis con la del modelo Neoclásico,
en la cual nosotros caracterizamos las decisiones óptimas de acumulación de capital humano
e inversión. Finalmente, nosotros presentamos cómo las decisiones óptimas de oferta de
trabajo heterogenea explica en crecimiento económico endógeno.
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Chapter 1

Introduction

In economics the concept of wealth has had two main meanings according with Pasinetti
(1977)1. The first one uses wealth as a flow of commodities or income, more specifically,
as a flow of goods and services so that an economist can study the wealth of a nation or
country through the average per capita income or its capacity to produce goods and services.
The second one, refers to individual wealth which was more conveniently understood as a
stock or fund of existing goods. In other words, wealth as stock takes in account the size
of individual’s ownership. The modern version of wealth of nations is presented by Piketty
(2014a). There, he shows the evolution of income (flow) and net wealth (stock of private and
public net wealth). While other documents present the evolution of wealth and inheritance
in France (Piketty et. al, 2006; Piketty, 2011; Piketty and Saez, 2013).

1.1 Individual Wealth and Saving

1.1.1 Wealth as stock

Following Brainard and Tobin(1968) and Tobin(1969,1982), we define individual net wealth
as a portfolio, that is, as a set of assets and debts that the individual has. Let us assume
that there exist k different types of assets and debts so that individual net wealth (W ) can
be expressed as:

Wit =

k
X

h=1

qhteiht

1Pasinetti (1977) presented how the concept of wealth was used by Mercantilists, the Classical Theory
and the Marginalist Approach.
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Where qht is the price of asset or debt h at time t, while eiht corresponds to the quantity
of a particular asset or debt for an individual i at time t. This quantity is positive if the
individual has an asset and it takes a negative value if it corresponds to an individual’s debt.
Observe that the price of some financial assets like cash, deposits or loans are equal to one
current currency, that is, one euro, one dollar, one peso and so on. On the other hand,
financial and tangible assets like equities, bonds, bills or capital have positive prices.
Let us illustrate an individual portfolio conformed by: Liabilities (L), Cash (M), Deposits
(D), Equities (Eq), Capital (K), Housing (Ho) and Bills (B). That is

Wit =

2

6

6

6

6

6

6

6

6

6

6

6

4

pt�1

pt�1

pt�1

qet

qkt

qbht
qbt

3

7

7

7

7

7

7

7

7

7

7

7
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6

6

6

6

6
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3

7

7

7

7

7

7

7

7

7

7

7

5

Observe that current stock of debt (Lit) is a negative asset. We can also distinguish cash
from deposits under the assumption that the individual has deposits, which produce some
interest rate, but not if he has cash. In general, we can express gross return on assets as:

(1 + rt)Wit =

k
X

h=1

(1 + rht) qhteiht

In our particular example presented above we have:

(1 + rt)Wit =

2
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0 1 0 0 0 0 0
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0 0 0 0 0 0 1 + rbt
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For this formulation we assume that the interest rate on cash is zero. In the case of tangible
assets like capital or housing this return is only received if capital is rented; otherwise, it
will be also zero.
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Observe that we assume that equity returns correspond to flow of profits or dividends. An
individual does not receive dividends or profits if he does not have property rights or if he
is not a firm owner. Thus, we have

 ⇡t = retqetEqt

Where  is the percentage of profits of the owner, while Eq is the quantity of equities that
an individual has and qe is its price.

1.1.2 Savings as a flow

We define savings as an individual’s net income, that is,an individual income less an indi-
vidual’s consumption. Formally,

s̄it = yit � cit +
k
X

h=1

rht (qhteiht) = sit +
k
X

h=1

rht (qhteiht)

We recognize two definitions of savings. The first one takes in account a traditional definition,
that is, income labor less consumption (s).
The second one includes the net flow of returns from wealth (s̄) as an individual’s income.
An individual’s income comes from labor income plus a net flow of returns, which derives
from a set of an individual’s assets. We do not include government transfers, subsidies or
taxes that affect an individual’s income or consumption. It is clear that interest payed on
liabilities reduces individual income and the interest rate on cash is zero.
It is important to show how the flow of return on assets is related to an individual’s savings.
If net return on a set of assets is negative, then current income is reduced so that if the
individual wants to keep consumption constant; then, the flow of current of an individual’s
savings must be reduced.

1.1.3 Allocation of savings portfolio: an arbitrage equation

Accumulation of wealth is an inter temporal decision. When the individual has to decide
how he wants to maintain his savings, he has to compare the expected capital gains on
net-wealth plus the ratio savings net-wealth2 with the return of the set of net-assets. If we

2Observe that if the individual has just one unit of a unique asset, then the arbitrage equation becomes
the usual one, that is (E(pt+1)�pt)/pt+dt/pt = rt, where dividends are expressed as a proportion of savings
with respect the total wealth, that is, dit = �sit



1.2 Wealth maximization hypothesis: a non-standard approach 5

assume that the unique asset 3 chosen to maintain his savings is a risk-less asset, then we
also have to assume that this return corresponds to a risk-less rate, then the total wealth is
equal to the total of bills maintained by the individual (Wit = Bit). Formally, we can express
this individual decision as:

E (Wi,t+1|Ii,t)�Wi,t

Wi,t

+

�si,t
Wi,t

= rt

Where Wi,t refers to current individual wealth, si,t refers to current savings4 and rt refers
to the free risk interest rate. This general formulation assumes that the set of relevant
information on future expected wealth is different for each individual.
This equation is a general formulation of the traditional arbitrage equation between stocks
and risk-less assets, where Wi,tis a portfolio of net-assets for each individual. If we reorganize
this arbitrage equation we can express wealth in terms of current savings and expected wealth

Wi,t =
1

1 + rt
�st +

1

1 + rt
E (Wi,t+1|Ii,t)

Thus, each individual will take decisions on labor supply and consumption in order to de-
termine current saving and wealth.

1.2 Wealth maximization hypothesis: a non-standard ap-
proach

Piketty (2014) mainly shows the long run evolution on national wealth and income for
England, France, Germany and United States. There, he shows how wealth-income rate
depends on aggregate saving rate and the economic growth rate: “These two macrosocial
parameters themselves depend on millions of individual decisions influenced by any number of
social, economic, cultural, psychological, and demographic factors and may vary considerably
from period to period and country to country” (Piketty, 2014, p.199).
Wealth maximization hypothesis states that an individual’s wealth emerges from the dis-
counted expected flow of savings, while current savings are related to an individual’s deci-
sions concerning labor and consumptions. In order to take these decisions, individuals have

3In order to keep this introduction simple, we present a savings portfolio allocation with several assets
and debts in chapter 4.

4In order to avoid double accounting in flow of return on assets, savings is equal to labor income less
consumption.
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embodied technology where accumulated knowledge plays a key role to generate productive
labor using consumption goods and services. In other words, each individual maximizes the
discount expected savings subject to his embodied technology.
Instead of using the utility maximization of the neoclassical approach, we use a non-standard
approach in order to replace the first one by a wealth maximization approach. From a
constructive perspective this dissertation wants to answer three questions:

'

&

$

%

1. How can wealth maximization hypothesis from a non-standard approach ex-
plain an individual’s decisions on labor supply, demand of goods, savings and
wealth accumulation?

2. How this hypothesis from a general equilibrium approach can shed light about income
and wealth distribution?

3. Can this hypothesis explain some macroeconomic problems like economic growth?

1.3 Wealth, Income, and Savings in Neoclassical Theory:
an standard approach.

During the last 40 years, New Neoclassical Synthesis (NNS) has been built under five method-
ological assumptions:

• Arrow-Debreu (1954) General Equilibrium Model

• Rational Expectations (Muth, 1961; Lucas, 1972)

• Representative Agent (Kirman, 1992; 1999; Aiyagari, 1992;1994; Turnovsky 1996;
Hartley, 1996; 2001; Carroll, 2000)

• Dynamic Stochastic General Equilibrium (DSGE) models based on Real Business Cycle
methodology with its computational and econometrics developments. (Kydland and
Prescott, 1982; Long and Plosser, 1983; King and Plosser, 1984).

• Imperfect Competition: fixed and rigidity on prices (Fischer, 1977; Taylor, 1979;
Rotemberg, 1982; Blanchard and Kiyotaki, 1987; Caplin and Spulber, 1987; Calvo,
1983).
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1.3.1 Model of Consumption Demand and Labor Supply

Neoclassical economy assumes that household maximizes the discounted expected utility
throughout time, subject to its budget constraint. We assume a finite horizontal time and
establish the problem in discrete time. The canonical intertemporal decision problem can
be expressed as:

max Et

T
X

j=1

�j
[u(ct)� v(nt) + bu(xt)]

subject to:

at+1 = (1 + rt)at + wtnt � ct � zt � �t

xt = ✓txt�1 + zt

Thus, we have a general specification on households decisions in order to present several
models of the problem of utility maximization in the Neoclassical Theory. In this review
we assume that in all models �t defines a set of exogenous variables that affect current
income such as taxes, dividends, or any additional income as rent of capital. In a com-
petitive economy, productive factors are paid according to their marginal productivity so
that prices (interest rates, wages and prices of goods) can be expressed in terms of marginal
productivities.

• Basic Model: consumption and labor decisions (xt = 0, zt = 0).

In this basic model households take optimal intertemporal decisions on consumption
{ct+j}, labor {nt+j} and wealth {at+j}. The conditions of first order that charaterize
an equilibrium solution are given by:

�Et {u0
(ct+1)(1 + rt+1)} = u0

(ct)

v0(nt)/u
0
(ct) = wt

at+1 = (1 + rt)at + wtnt � ct � �t

The first equation, called the Euler Equation, determines the intertemporal substi-
tution between present and future consumption. The second one determines labor
supply through the usual marginal rate of substitution between present consumption
and present labor. The last one is the budget constraint. This basic model has the
fundamental elements that characterize the optimal intertemporal household decisions.
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Hall Hypothesis (Hall, 1978) states an inelastic labor supply equal to one, quadratic
preferences, constant interest rate, and �(1 + r) = 1 so that household consumption
follows a random walk. As in all kinds of Bewley’s models, the Hall’s Hypothesis is not
fulfilled; therefore, problems related to precautionary savings and liquidity constrains
emerge5.

The DSGE (Dynamic Stochastic General Equilibrium) Model, where consumption is
an intertemporal decision, has been incorporated the most important theories of con-
sumption such that Keynesian Theory of Consumption, Permanent Income Theory
(Friedman, 1957 and Modigliani and Brumberg, 1954).

Thus, if we assume a Cobb-Duglas utility preferences, we have that optimal consump-
tion depends on current income according to Keynesian theory of consumption. We
know that for a particular set of preferences we can solve the mdel and find the close
form solution so that consumption depends on initial wealth and the weigthed sum of
present and expected future income according to Permanent Income Theory (Friedman,
1957 and Modigliani and Brumberg, 1954).

• Capital Asset Price Model CAPM

In finance, the CAPM has been one of the most usuful models in order to study
abnormal returns (Blanchard and Fischer, 1989). The basic consumption model with
two asset can derive the euler equation and the differential returns between two assets.

�Et {u0
(ct+1)(1 + rt+1)} = u0

(ct)

�Et {u0
(ct+1)(1 + r̄t+1)} = u0

(ct)

It is easy to show that diferential returns is given by:

Et(rt+1)� r̄t+1 = �Cov(ct+1, rt+1)

�Et(u0
(ct+1))

5See Deaton (1992) and Pemberton (2003) for a survey of consumption theory. See also Romer (2012)
and Blanchard and Fischer (1989) for an introductory presentation
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1.3.2 Neoclassical Models in a market economy

This general structure under perfect competition assumes an aggregate production function
so that production factors are remunerated by their marginal productivities. Thus, we have
a canonical Ramsey growth model (Ramsey, 1928) and later on, the Real Bussiness Cycle
(RBC) models (Kydland y Prescott, 1982; Long y Plosser, 1983; King y Plosser, 1984). 6

• Model of durable goods (xt = kt, zt = Xt)

According to these models, households receive utility from consumption of durable and
non-durable goods. In our general framework, kt corresponds to the consumption of
durable goods and ✓t = ✓ is a constant and it takes into account the rate of depreciation
of these goods; while Xt is the expenditure in durable goods.

The conditions of first order are:

�Et {u0
(ct+1)(1 + rt+1)} = u0

(ct)

v0(nt)/u
0
(ct) = wt

at+1 = (1 + rt)at + wtnt � ct �Xt � �t

�Et {u0
(ct+1)(1� �)} = u0

(ct) + bu0
(kt)

kt = (1� �)kt�1 +Xt

As it is usual, the first three correspond to the basic model. The other ones establish
the level of consumption of durable goods and the level of expenditure (Mankiw, 1982).
This framework has been important in order to incorporate money, wealth, inheritance
or human capital.

• Human capital in the model of utility function (xt = ht, zt = Xet)

As we have mentioned above, these models are similar to the models of durable goods
and they take into account some assumptions of life cycle and durable goods. Hu-
man capital (h) in the utility function represents the level of children’s human capital
obtained through education and it can included the average household human capi-
tal. (Galor, 2011b; De la Croix and Doepke, 1993). Although the intergenerational
structure is more complex, higher human capital implies higher income. Thus, ht cor-
responds to the human capital of children in the household, ✓t = ✓ is a constant and
capture a rate of depreciation, and Xet is the expenditure investment in human capi-
tal. In some cases, this model assumes an initial level of wealth or income so that the
investment in human capital can be done.

6See Campbell (1994) for an analytical representation of RBC model with government expenditure and
taxes. See Aiyagari et al. (1992), Baxter and King (1993) y Christiano and Eichenbaum (1982).



1.3 Wealth, Income, and Savings in Neoclassical Theory: an standard approach. 10

The conditions of first order are given by:

�Et {u0
(ct+1)(1 + rt+1)} = u0

(ct)

v0(nt)/u
0
(ct) = wt

at+1 = (1 + rt)at + wtnt � ct �Xet � �t

�Et {u0
(ct+1)(1� �)} = u0

(ct)(1 + nt
@wt
@ht

) + bu0
(ht)

ht = (1� �)ht�1 +Xt

The interpretation of conditions of first order is straightforward. As it is usual in these
models that want to explain economic growth and income distribution, inputs are paid
by its marginal productivities.

• Inheritance, human capital and income distribution (xt = bt, zt = Xbt)

In this set of models, inheritances (bt) are included in the utility function in order to
explain the relationship between economic growth an inequality. (Galor and Zeira,
1993; Galor and Tsiddon, 1997; Galor, 2011a)). As in life cycle and human capital
models, human capital affects wages directly.

The conditions of first order are:

�Et {u0
(ct+1)(1 + rt+1)} = u0

(ct)

v0(nt)/u
0
(ct) = wt

at+1 = (1 + rt)at + wtnt � ct �Xet +Xbt � �t

�Et {u0
(ct+1)(1� �)} = u0

(ct) + bu0
(bt)

bt = (1 + rb)bt�1 �Xbt

�Et {u0
(ct+1)(1� �)} = u0

(ct)(1 + nt
@wt
@ht

)

ht = (1� �)ht�1 +Xet

The first three equations correspond to the basic model. The next two equations that
derives from them determine the level of inheritance and the income flow. The last
two equations determine the level of human capital and the level of investment.

The income flow that derives from inheritance can be spent in consumption or human
capital investment. This set of models wants to explain endogenous growth models
under perfect competition with or without any positive externalities in the aggregate
production function as we will explain later on. There, inputs are paid by their marginal
productivities, but there is an assumption that investment in human capital is only
possible if households have an initial endowment of wealth or inheritance. That is,
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there is a minimal critical level of threshold which allows investing in human capital. In
another case, any investment and poverty tramps can emerge with persistent inequality
in endogenous growth models.

• Real money in the model of utility function (xt = mt, zt 6= 0)

Here, xt corresponds to money in some monetary models that introduce real money
in the utility function. If we combine the two constraints from our general framework,
we substitute zt and obtain the usual household budget constraint. Here, ✓t represents
the inflation rate (Sargent, 1989; Ljungqvist and Sargent, 2004; Walsh, 2003) 7.

Conditions of first order are given by:

�Et {u0
(ct+1)(1 + rt+1)} = u0

(ct)

v0(nt)/u
0
(ct) = wt

at+1 +mt = (1 + rt)at + ✓tmt�1 + wtnt � ct � �t

�Et {u0
(ct+1)✓t+1} = u0

(ct) + bu0
(mt)

The last equation determines the demand of real money.

1.4 Research problem

During the first half of the Twenty Century works by Hicks (1939) and Von Neumann (1945)
contributed to develop the fundamentals of Neoclassical Theory. However, it was until the
50s that the seminal papers about the model of General Equilibrium of Arrow and Debreu
(1954) and Debreu (1959) and the Equilibrium in Game Theory of Nash (1950) allowed the
consolidation of Neoclassical Theory. In particular, Arrow-Debreu’s model allowed develop-
ing theoretical and applied macroeconomic and microeconomic concepts, which permit the
consolidation of Modern Neoclassical Theory. After those theoretical developments, Gen-
eral Equilibrium from a Macroeconomic perspective, which uses the Arrow-Debreu General
Equilibrium model as a starting point, has not given a satisfactory answer to two prob-
lems. The first one is to include a solid microfundation that allow solving the problem of a
representative agent in macroeconomics models (Kirman, 1992; Aiyagari, 1994; Turnovsky,
1996; Hartley, 1996,2001; Carroll, 2000) . All authors agree about the limitations of this
assumption in macroeconomics models. Although this assumption has helped to develop

7In cash in advance models money is not in the utility function, it is only in the budget constraint as a
part of wealth. Overlapping generations models (OLG) include a time structure where money emerges as a
deposit of value.
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all theoretical and applied modern macroeconomics that have contributed to build the New
Neoclassical Synthesis, it is clear that heterogeneity has an impact on both microeconomic
and macroeconomic levels, but it is still an open question (Gallegati and Kirman, 1999;
Hartley, 2001).
The second problem referst to the articulation of the General Equilibrium Model with in-
come and wealth distribution. In the basic model of general equilibrium, distribution is given
as initial endowment so that household maximizes an utility function subject to a budget
constraint, where income or wealth distribution emerges when the equilibrium of prices is
reached and we can compare this value initial endowments and final allocations. In macroe-
conomic dynamic models with complete markets, we find that the distribution of aggregate
wealth among households is invariant, that is, households with a high present value of their
endowments will have a high consumption level, and households with a low present value of
their endowments will have a low consumption level. Thus, we have that wealth distribution
comes invariant over time and each household has the same position concerning distribution
forever an ever. There is a number of papers that shows this invariant in wealth distribution
across time, in particularly, Bewley’s models with a finite number of identical households
ex-ante, show that several households ex-post share an non risky asset that clear the market
and the distribution is invariant under precautionary saving assumption. This asset equals
in average the aggregate invariant of wealth distribution. This type of models emerges from
a selection of a free risk asset that can be a consumption credit that rotates among house-
holds, money or a rights on capital goods. Whatever the case, gross interest rate is reduced
until precautionary savings take off .
In order to solve these problems, theory has assumed a specification of different preferences
with a particular aggregation properties. However, almost all papers about theoretical and
applied macroeconomics assume that a representative agent or all households are identical.
Although recent works take into account the problem of heterogeneous agents problem, this
is still is an interesting problem from a theoretical point of view.
In order to shed light on these problems, this dissertation states wealth maximization hy-
pothesis in order to explain individual decisions on consumption, labor, savings and wealth.
This hypothesis supposes that individuals have an embodied technology to produce pro-
ductive labor as a non standard approach. Research objectives are presented in the next
section.
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1.5 Research Objectives

1.5.1 General Objective

To specify a model and a theory that coherently explain Wealth Maximization Hypothesis
(WMH) so that according to this hypothesis individuals can take decisions about productive
labor and consumption. Then, the WMH is integrated to Von Neumann’s General Equi-
librium Model (Von Neumann, 1945) in order to explain income and wealth distribution.
Finally, this WMH is tested to explain economic growth.

1.5.2 Specific Objectives

• To specify a basic model and a theory to state the Wealth Maximization Hypothesis
that permits individuals to take decisions about productive labor supply, demand of
goods, savings and wealth.

• To extend Von Neumann’s General Equilibrium Model (Von Neumann, 1945) in order
to incorporate individual decisions about productive labor and consumption under
Wealth Maximization Hypothesis so that this framework allows to shed light about
income and wealth distribution.

• To specify a dynamic model of Wealth Maximization Hypothesis to explain economic
growth.

1.6 Overview

This document has six chapters including this introduction. In chapter two we present
the theoretical foundations of wealth maximization hypothesis. We show through a static
approach how, according to this hypothesis, workers decide about labor and consumption.
In particular, we show how our hypothesis, where workers maximize their net income subject
to an embodied human technology to produce productive labor and where human capital as
accumulated knowledge play a key role, allows deriving optimal decisions on labor supply
and consumption demand.
Chapter three introduce wealth maximization hypothesis in a Von Neumann General Equi-
librium. Two main results are reached in this chapter. The first one is to show that in a Von
Neumann Economy, where the model is extended so that workers maximize their wealth
in order to close de model on consumption and labor supply, there is a price vector that
permits workers and firms to maximize their net income and that all markets will be cleared.
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In addition, this equilibrium solution is consistent with usual macroeconomic constraints,
that is, the aggregate demand and aggregate supply for a close economy. This also implies a
classical result under perfect competition so that full employment implies aggregate invest-
ment is equal to aggregate savings. The second one, shows that according to Von Neumann
Economy, income and wealth distribution are endogenous and emerge from optimal worker
decisions under wealth maximization hypothesis.
Chapter four presents a wealth maximization hypothesis in a natural dynamic framework.
There, we present a review of human capital decisions at an individual level and we will
compare this neoclassical framework with our approach, in which we characterize optimal
human capital accumulation and investment decisions.
Chapter five explains how optimal individual decisions about heterogeneous productive labor
supply explain endogenous economic growth. In the final chapter we briefly present the main
conclusions, limitations and future research perspectives obtained in this research doctoral
dissertation.



Chapter 2

Wealth Maximization Hypothesis:
Theoretical Foundations

2.1 Introduction

In this chapter we assume that worker maximizes wealth. In order to do that, workers have
an embodied technology to produce productive labor using four basic inputs: consumption
goods, leisure goods, housing services and human capital. We introduce basic economic con-
cepts under this framework and show that inputs demands for consumption goods, leisure
consumption goods, housing services and human capital have usual microeconomic proper-
ties. Also we show how productive labor supply and savings are determined under wealth
maximization hypothesis.

2.2 Labor supply as a social and economic process

Labor supply as a social and economic process is based on the possibility of individuals to
incorporate and transform a particular set of goods in order to produce productive labor.
That is, the basic inputs that individuals need to produce labor are consumption goods,
housing services, leisure goods and human capital.

While food and housing1 services, and leisure are consumed by individuals, human capital is
incorporated into the embodied technology. The learning process of knowledge, cultural val-
ues, skills and so on are incorporated through learning process into the individual embodied

1If the individual is a house-owner; then, we assume that he receives some positive flow as an opportunity
cost to live on it and it also is a part of his wealth.
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technology.2 This learning process is also accumulated and transferred from one generation
to another by cultural and social evolving mechanisms that permit the diffusion of labor
technology and human capital accumulation.

An individual spends a period of time receiving general education and training in traditions,
conventions and cultural values of the society to which he belongs. That human capital
accumulation process may include different levels of formal education (first, second or third
level of education). This period of education and training could represent more or less 25%
of the expected life and the individual chooses the type of job or occupation that he will do.
We can characterize different types of jobs according to the heterogeneous type of careers.
Productive labor can be broadly classified into skilled and unskilled workers.

Unskilled workers in a market economy receive a general job training during a short period
of time and that training depends on what occupation he is choosing. A Physician or an
expert in nuclear Physics receives a formal education of third level as doctoral or postdoctoral
studies before starting to work, while an unskilled worker receives elementary or secondary
school education.

After that, the individual starts his labor activity and he could decide if he works part time or
full time3. In general this labor compensation is related to the job performed and its relative
importance for the society. In a market economy, skilled workers receive better compensation
than unskilled ones. That compensation reflects the human capital accumulated for each
worker. An entrepreneur receives a high salary compensation because he has the creative
knowledge to generate new business opportunities. In a market economy, wage and income
compensation depend on the job performed and on human capital accumulated through
education, job-training and experience.

Each individual decides how to mantein or how to improve his embodied technology and
his productive labor. In a market economy, individuals spend their income or wage in
consumption goods and housing services. They also pay for leisure goods as books, cable,
going to the theater, going to the game of their favorite team, taking vacations, and so on.
All these activities contribute mantaining or improving their embodied technology.

However, why do individuals choose a particular type of job? Why do they decide to work
full or part time? Why do they have a long or short period of education or training? Why

2We understand education as a whole learning process, where formal education in schools, institutes and
colleges play an important role in that process.

3Some unskilled workers have two or three jobs while a skilled worker could work 10 or 12 hours as a
full-time worker
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do they consume a particular type of food, housing, leisure goods? Why do parents want
the best education for their children? Why do they pay for expensive private education?

The main hypothesis of this work is that individuals want a successful social fitness incor-
poration into society in general, and a successful economic fitness incorporation into market
economy in particular4. Although, individual success is related to personal satisfaction, to
be happy, and to have a better standard of living and well being, this situation is related to
current income and wealth accumulated during the life cycle of labor activity. As a matter
of fact, humankind history is crossed with this type of individual decisions and with the
evolution of labor activity, first as a social process and later as an economic process in a
market economy. In this process, income and wealth accumulation process of individuals
and households is important as a cause and as a consequence of this evolving process, and
as a particular path-history matter.

A person who becomes homeless and has not got a job is not considered as an example of
a successful incorporation into society, although he has a lot of leisure time and he may be
happy. A religious person who gives away all his belongings due to altruistic reasons and
who has a simple way of living with a modest house and frugal style of living is admired,
but only few people choose that type of job. A Physician who receives a good salary for
his job is considered a succesful person , although he works 12 or 16 hours per day and he
has not got enough time for leisure. An entrepreneur, who runs a successful family business,
works hard, has a high standard of life and has accumulated wealth, is always considered as
an example to be followed.

2.3 Labor as Embodied Human-Technology

2.3.1 An informal discussion of the model

In a modern market economy, human beings offer an heterogeneous labor supply. In order to
offer a particular type of work, humans are endowed with embodied technology that needs
four basic inputs: consumption goods, leisure goods, housing services and human capital
accumulation 5

4At the end of nineteen century, the ideology of success as the notion that anyone could make it with
enough hard work was widely promoted. Horatio Alger was one of the most famous proponents, whose novels
in general tried to show how poor boys could become richer and successful guys.

5As we will show in Chapter 4, the idea of production of human capital was first developed by Ben-
Porath (1967, 1970), Becker (1975), Rosen (1976), Heckman (1976) and Mincer (1991) While Becker analyzes
optimal distribution of total accumulation across persons, Ben-Porath analyzes optimal distribution across
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As a human being’s net-income depends on the chosen labor activity, we have to understand
how labor activity is related to a particular set of inputs. In this sense, productive labor is
affected by goods consumed by these human beings.

It is clear that not everybody can be productive when he is starving or when he does not
have a place to live. So, in order to provide any type of unskilled work, he needs consumption
goods and housing services. Imagine an immigrant worker who arrives to a big city. He needs
a place to sleep and food which at the beginning are provided by the social network of friends
and family at the beginning. In general, low educated immigrants normally pay for a spot
to sleep, but each one provides his own food and they do not have time or money for leisure
goods. (In order to get an unskilled job he also needs a few hours of job-training and to learn
basic ’technical’ language.) Then, he is ready to work and to have the embodied technology
and inputs to produce effective labor. Immigrants use to have more than one unskilled job
and they pay for consumption goods, leisure and housing services. Their human capital is
accumulated slowly through job experience.

In a small village on developing countries, a farm worker basically needs food rich in calories
in order to have enough energy to work during a whole day and a modest house with a bed
and a kitchen. At night, he needs a good bed to sleep and food to recuperate energies to
work hard the following day and to be productive. During his free time, he consumes leisure
goods, that is, some goods that help him to rest, to have a good time, to have leisure time in
order to be more productive. Thus, he consumes leisure public goods like public television
or a radio, or leisure private goods like beer or going into a popular bar. The human capital
that he has accumulated is equivalent to nearly about 6 years of formal education, few hours
of job-training, and job experience every year. This case is not so much different to that of
the immigrant in a big city presented above.

There are a lot of consumption goods that a farmer or an immigrant does not buy because
he does not need them in order to produce labor supply, independently of whether he can
afford them or not. He does not need low fat food, olive oil, high speed computer, broad
band internet services, technical books and so on.

Thus, a farm worker or an urban immigrant has to choose among a set of types of consump-
tion goods in order to supply productive labor. It is not difficult to assume that they need a
particular type of goods and services according the type of productive labor that he offers.
They will not buy an Armani or an IPOD, even if they will enjoy or like them so much or if

life cycle. Rosen and Heckman explain the life cycle of individual earnings. Heckman uses the term embodied
technology related to consumption.
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they can afford them. It is simple: they do not need them. However, if they can not sleep
or eat appropriately, they can not work well and their health will be affected.

Now, let us think about a university professor or a researcher. Like a farmer or an im-
migrant, he needs consumption goods, leisure goods, housing services and human capital.
Human capital is the most important input for him. He has accumulated his human capital
throughout 22 years of education, job-training and increasing accumulative experience at
work. A graduate student has basic formation and specialized knowledge in few topics but a
senior professor has accumulated more knowledge and experience during his work life. They
also consume house services to preserve and to enhance their human capital. A university
professor cannot live in a crowded or in a small place, even if it is cheap. He can not live
without technical books and personal computer at home. He would need broadband internet
services and an IPOD. During the day, he can attend a seminar lunch and to eat some light
food, a chocolate bar and then to go back to work to his office. If he has etaten tons of
food full of calories, it will be hard for him to work because he will be sleepy and he will
not productive at all. He will substitute a high caloric food for a more healthy and light
food, but he won’t substitute an apartment or a house for a small room to be shared with
a crowd.

2.3.2 Human capital as Accumulated Knowledge

The process of accumulation of knowledge has been studied by several perspectives and dis-
ciplines. This process implies complex cognitive, emotional and corporal developments along
the life cycle of the individual. In the same spirit of Becker and Tomes (1986), Cunha and
Heckman (2007) and Cunha, Heckman and Schennach (2010), we identify two subprocesses
in the life cycle of the individual. The first one is what we call an educational process. This
educational process permits the individual to learn not only about cultural values and ways
to behave when he lives with others, but also about a set of knowledges, skills and abilities.
After that, the individual has to be incorporated into economic life as worker, that is, he
has to do any kind of productive labor. As we have mentioned above, labor initially was a
social process, but after the industrial revolution and modern age, this process became an
economic process.
Thus, individuals learn during their whole life cycle through four types of processes:

• Formation: They learn about cultural values, social norms and environmental labor
norms, that is, a behavioral code in different times and places.
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• Education: They attend formal education in which knowledge is given in a sequence
that makeups what is called a curriculum or study program. This process, which histor-
ically started in old medieval universities, today is a knowledge organized from kinder
gardens and primary school until undergraduates and graduates programs around the
world.

• Learning by doing or experience: All individuals, since thy are born, accumulate knowl-
edge thought practice. As it is mentioned by Vasco (1995), Piaget’s writtings show
that a new born child who uses the sensorial-motor system and a not-total full brain
act on something that he does not fully understand as the outside world.

• Training job: Throughout history, individuals have been trained in order to do a specific
kind of job. Human beings have worked performing different kinds of jobs, such as being
a hunter or working in public services until becoming a university professor or a CEO
in a firm.

The theory of Human Capital is defined as education, training job and experience, and
it also includes the migration process some how. Of course, this concept also includes
health expenditures in some models. Formation and education are more intensive during
the educational process, while experience and training job are more common during the
labor process. However, all four processes are present during the life cycle of the individual.
Thus, the accumulation of knowledge is a gradual process during the whole life cycle of the
individual.
We are interested in a subset of this accumulated knowledge that is used during work ac-
tion. That is, in a work action or productive labor, humans combine several inputs, which
knowledge plays a central role in order to do productive labor, as we will show later on.
The capacity of the human being to understand and to transform the world and, at the
same time, to be affected in a conscious way, allows our specie to survive and to develop
until achieving not only a cultural and social development, but also a particular level of
scientific, technical and technological knowledge. (Vasco, 1995). There can be a huge list of
human actions but we are interested in the action of work, in the action to do a productive
labor specifically using accumulated knowledge. However, what does work mean?
To work from the latin tripaliāre, of tripal˘ium, means: be in charge of any exercise, labor
or ministry; to try or to do something with efficacy, activity and care; and to do something
carefully and with the soul. (Real-Academia, 1992). The first jobs performed by humans
were hunting, gathering, and building tools that allow them to develop practical knowledge
in order to survive. As Habermas (1968) says, the individual knowledge emerges from a
subjective interest to survive so that human beings have to dial with the environment and
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Figura 2-1: Life cycle process and successfully insertion in labor activity

develop practical knowledge. Part of this knowledge goes together with the action of work
and constructing tools.
When we use the term productive labor we refer not just to the action of work, but also
to do something in a competent way. In English, a noun Competence (Competency) means
“the condition of being capable; ability. A sufficient income to live on. The state of being
legally competent or qualified.” While the adjective competent means “having a sufficient
skill, knowledge, etc; capable”. (Hanks, 1989). 6

Therefore, a human being with the competence to hunt, is a human being with the abilities
and skills to do the action of hunting. Moreover, he has accumulated knowledge, the capacity
and sufficient skills to do that action. In that sense we understand hunting as a productive
labor.
In short, we are interested in the action of work in a competent way that is a part of the social
life of human beings. As we have mentioned before we divide the life cycle of the individual in
two sub-processes: Educational and Work processes as it is showed in the figure above. There
are several kinds of jobs and each individual gets a good performance in a few or just one of
them. More specialized jobs demand more accumulated knowledge and developing skills in
order to work in a competent way. Because the concept of competence is hard to define and
it is an ambiguous term, Weinert (2001) suggests a more complex approach that includes
cognitive and motivational aspects, that is, the approach of competent action. Thus, we are
interested in the success in broad fields of action and this approach includes a configuration

6See Weinert (2001) for a survey of the concept of competence and Rychen and Salganik (2001) for a
survey of different uses of this term. Junca (2011) for the development of dispositions as a competence,
based on Vasco (2011a).
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of cognitive and social competences, motivational trends and skills. Weinert (2001) suggests
that any approach to the concept of competence has to include success criteria in order to
validate it.
A first criteria of the incorporation of success into the society has been job, that is, the
action of work. As we will show, work emerged at the beginning, as a social activity, that
is, a way in which individuals become a part of a society. An activity that allows them
to fulfill a role or a specific job given to him by the community. However, this successful
type of social incorporation is now more complex due to social development and market
economies, in which job is an economic activity more than a social activity. This economic
activity is measured by wages and by a set of complex markets with diverse types of jobs and
professions with different degrees of specialization. Thus, when we say that a worker performs
a productive job, we want to say that this worker has been successfully incorporated into the
society so that he works in a competent way. Then, a productive labor can be characterized
by:

1. The individual has a job.

2. The individual has the capabilities, accumulated knowledges, abilities and skills to do
that particular job.

3. The individual’s income, which derives from this job, allows him to live by himself.

The last item come from the english definition of competent, that is, a person has a sufficient
income to live on 7.
Therefore, from our perspective, human capital used to generate productive labor is more
than education, training job and experience. Human capital as accumulated knowledge is
an essential input in order to generate productive labor. Moreover, as we will explain in
chapter 4, human capital as accumulated knowledge is gradually irreversible as time goes,
and it is more irreversible as productive labor is more specialized.
It is clear than there are other factors that can help individuals to be incorporated successfully
and to get a job so that social capital, networking process and group effects have an impact
on productive labor supply as embodied technology. To keep our basic model simple, we do
not introduce these aspects.

2.3.3 The model

We may characterize embodied technology of different types of jobs and occupations and
classify all inputs into four categories as we have mentioned above: consumption goods,

7Rychen and Salganik (2003b) set a proposal of a DeSeCo (Defining and Selecting Key Competences)
model for successfully life.
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leisure goods, housing services and human capital. This is the type of consumption survey
done by firms in order to know the type of needs and the consumption habits of their potential
buyers.

Let us think abaut a worker that maximize his wealth. In order to maximize it, each period
of time, he decides the optimal level of inputs that maximize her net-income subject to her
embodied technology. That is, we suppose that each worker has a human-technology to
produce productive labor.
Formally we can express it as:

li = g(zi, Ci, Hoi, Lei, Hi)

where li represents the productive labor offered by individual i; zi is the human embodied
technological progress of individual i; Ci refers to consumption goods; Hoi refers to housing
services; Lei refers to consumption of leisure goods, and Hi is the stock of human capital.

2.3.3.1 Set of Productive Labor

Productive labor is a process to transform consumption-inputs into labor-outputs. Human-
technology determines and restricts that which is possible when combining inputs to produce
output. The most general way to represent this constraint is to assume that each worker
has a labor possibility set, L ✓ Rm, where each vector l = (l1, . . . , lm) 2 L is a productive
labor plan which components indicate the amounts of various inputs and outputs. We adopt
the usual convention where positive components denote outputs and negative components
denote inputs and m denotes different types of labor. Thus, the individual works as a CEO
of a firm and as a professor at a business school (positive outputs), but hires a worker that
helps with household job and to rise children (negative input component).

We can express this embodied technology as a set of productive labor, that is, individuals
can offer more than one kind of job. We can call it a joint productive labor technology.
In simple terms, we will assume that there is a type of worker with the same embodied
technology who consumes more or less the same kind of inputs, even if he does not have the
same preferences8.
Let us ilustrate a set of productive labor L = {(1,�4); (0.5,�3); (0, 0)}. A worker embodied
with this technology produces one type of productive labor only using one input. He has
three possibilities: to produce one unit of labor using four units of consumption of goods, to

8The assumption of an individual representing each type of work is a more strong assumption.
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produce half a unit of labor with three units of consumption input, or to produce zero units
and to consume zero units of goods.

If a worker does not produce labor work but he consumes goods, then, he does not belong
to the labor force. At the beginning we assume that all workers are in the labor force, that
is to say that, they have an embodied technology and that they are looking for a job. If a
worker has a family, we suppose that he has some fix consumption costs.

2.3.3.2 Productive Labor Function

We know that a set of possibilities set is the most general way to characterize any tech-
nology because it allows both multiple inputs and outputs. In general, due to institutional
constraints, workers offer one type of job according to many consumption-inputs. Thus, we
describe worker’s human-technology in terms of a productive labor function so that we can
denote labor-output as l and the amount of consumption or leisure input as i by ci. Besides
housing and human capital inputs, the consumption vector is denoted by C = (c1, . . . , cn�2).
It is clear that the consumption vector and the labor-output are non-negative, so we assume
C � 0, Ho � 0, H � 0 and l � 0. We also assume that workers have the ability (z) that is
inherited from their parents, but just to be simple, let’s assume that that ability was given.

A productive labor function describes the amount of productive labor that can be offered for
each vector of consumption inputs. Therefore, the productive labor function, g is a mapping
from Rn

+ into R+:

l = g(z, C,Ho,H)

From now on, we assume that the productive labor function, g : Rn
+ ! R+, is continuous,

strictly increasing, and strictly quasiconcave on Rn
+, and g(0)= 0 in order to show how our

model works. Continuity of g ensures that small changes in the vector of consumption inputs
lead to relatively small changes in the amount of productive labor output. Since g is strictly
increasing then employing more of each input results in more output. We require g to be
strictly quasiconcave, that is, any convex combination of two consumption input vectors can
produce at least as much output as one of the original two. The last conditions states that
without consumption input it is not possible to produce labor.

However, we have to discuss how different types of work and embodied technologies depend
on or are related to returns to scale and we also have to determine the meaning of basic
concepts, like marginal rate of substitution, and if that concept is related to nominal and
relative prices.
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2.3.4 Substitution among types of input

We talk about two types of substitution. Since the nature of embodied human-technology
implies a self-adaptation capacity, we believe that there is a high substitution among some
types of input and low substitution among other, types of input. That is, in general, a
substitution by consumption goods, like food or leisure goods. There is a high technological
rate of substitution in the sense that different combinations of food give us the minimal daily
quantity of energy. However, there is a low rate of substitution between housing services
and consumption goods because each individual needs both of them in a minimal quantity
to produce productive labor.

The immigrant and the farm worker, with an initial endowment of low level of education
has a high rate of substitution in some types of inputs like consumption, leisure and housing
services, but he needs a minimal quantity of these goods in order to generate productive
labor. He has several combinations of food that give him enough energy for the whole day.
He can choose different types of housing services, renting a room or small apartment, or
receiving it as a benefit for his productive labor. He can include a public broad television
or cable into his leisure goods; he can take a beer at home or go to the pub and drink it;
he can go to a concert or to a movie. The university professor or worker with at least an
undergraduate degree, with an initial endowment of a high level of education, can choose
among healthy food, leisure goods and housing services.

g(Ho,C)=0.5

Ho

C

g(Ho,C)=1

Figure 2-2: Isolabor of productive labor function with no substitution

Observe that there is no a perfect substitution between consumption goods and housing
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services; consumption and leisure goods; and so on. That is, a worker needs these four types
of inputs mentioned above to generate productive labor, as it is showed in Figure 2-2

A rational worker will substitute inputs that at least increase his productive labor supply.
If we characterize the embodied technology using a productive labor function, we can study
its properties. That is, we can study the effects of technical substitution among inputs for a
given level of productive labor. Concepts like marginal productive labor and marginal rate
of substitution would be introduced.

Observe that if we also assume that the productive labor function is differentiable. It helps
us to introduce two main concepts in economic tradition. The first one is the marginal
productive labor of input i and it gives the rate at which labor output changes when an
additional unit of input i is used, MPLi ⌘ @g(c)/@ci. As g is strictly increasing, differen-
tiability implies that @g(c)/@ci > 0 for “almost all ” consumption input vectors.

The second one is the marginal rate of substitution. The marginal rate of substitution
measures the rate at which one consumption input can be substituted for another without
changing the amount of productive labor. Formally, the marginal rate of substitution be-
tween consumption input i and j when the current consumption input vector is c, which is
denoted MRSij(c), is defined as the ratio of the marginal productive labor, that is

MRSij(c) ⌘
@g(c)/@ci
@g(c)/@cj

Because this measure is given for a particular level of productive labor, l, the set of con-
sumption input vectors that permits l units of productive labor is called the l-level isolabor.
Therefore, the MRSij(c) is the absolute value of the slope of the iso-labor at consumption
vector c.

Observe that this is a technical concept that is associated to human-technology that generates
productive labor and it is not conceptually equivalent to the marginal substitution for a given
utility level.

Observe that MRS between two inputs depends on the amounts of all consumption inputs
employed. However, it is easy to classify all consumption goods in a small number of types
and to assume that the productive labor function is separable.

We can express the MRS in terms of percentage. Thus, the elasticity of substitution between
two consumption inputs ci and cj, keeping all other inputs and the level of productive labor
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constant, is the change of percentage in the input proportions cj/ci, which is associated to
a change of one percent in the MRS between them. Formally we can express it as:

&ij ⌘
d ln(cj/ci)

d ln(gi(c)/gj(c))

where gi and gj are the marginal productive labor of consumption among inputs i and j.
The assumption of quasiconcavity of g implies that the elasticity of substitution is not
negative. When elasticity is closer to zero, the more “difficult” is the substitution between
consumption inputs; the larger elasticity is, the easier the substitution between them is.
Suppose a CES (Constant Elasticity of Substitution) productive labor function given by

l = z

 

n
X

i=1

↵ic
⇢
i

!1/⇢

where
Pn

i=1 ↵i = 1. It is a CES with &ij = 1/(1� ⇢) for all i 6= j.
When ⇢! 0, &ij ! 1, the productive labor function is the linear homogeneous Cobb-Douglas
form,

l = z
n
Y

i=1

c↵i
i

When ⇢! �1, &ij ! 0, and there is no substitution between inputs. The productive labor
function becomes the Leontief form,

l = z min {↵1c1, · · · ,↵ncn}

When ⇢! 1, &ij ! 1, and the productive labor function is a linear combination, and there
is perfect substitutability between consumption inputs.

2.3.5 Returns to scale

Now we want to explore some other possibilities of human embodied technology. That is,
how is productive labor supply affected when consumption goods are increased? We want to
know if different types of embodied technologies, which produce different types of productive
labor supply, have different type of returns to scale.

It is possible that small changes in consumption goods or leisure goods have little impact in
labor supply. Therefore, we expect that embodied technologies will be decreasing returns to
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scale with respect to consumption or leisure goods. To improve the diet or quality food will
have a direct impact on the production of labor and it will also have an indirect impact on
human capital. We may expect that changes in housing services improve productive labor
supply, but embodied technology has also decreasing returns to scale with respect to housing
services.

Observe that an adequate level of food, housing, leisure and education for our children is
essential to develop an embodied technology. In adition, it is responsible for the embodied
technological progress of human beings in order to increase the life standard and to improve
the quality of life. Bliss and Stern(1978) and Dasgupta(1993), and Behrman(1993) show
that there are economic and social returns, that is, job productivity increases when there is
an investment in nutrition and health. These studies also show an increment in productivity
of schooling time that is essential for human capital accumulation. Dasgupta(1993) relates
adequate nutrition level to the capacity for physical effort. He defines nutrition in terms
of the intake of energy, and undernourishment as an state by which he can not adequately
perform his physical work, or by which he has little possibilities to rest or to recover from any
diseases. As Figure 2-3, shows, maintenance requirement r, refers to the minimum amount
of energy or daily calorie requirement when a person is doing minimal essential activities
like eating and taking care of personal hygiene, without involving any other play or work
activities.

Productivity

Energy�Intake0 r

Figure 2-3: Relation between productivity and energy

Human capital plays a key role in the generation of productive labor supply. Formal and
informal education are important in the development of embodied human-technology, but
experience is essential for productive labor supply. Consumption of health services are
essential not only to maintain embodied technology but also to improve it.



2.3 Labor as Embodied Human-Technology 29

As we are interested in worker’s behavior and due to institutional constraints like worker’s
age or retirement age, labor human-technology exhibits returns over only certain range of
productive labor output. Thus, a local measure of returns to scale like elasticity of scale or
the elasticity of labor output is more appropriate.

The productive labor elasticity of consumption input i measures the percentage of
response of productive labor to a change of one percent in the consumption input i; formally,

⌘i(c) ⌘ gi(c)ci/g(c)

If we define the average productive labor, APLi(c) ⌘ g(c)/ci then ⌘i(c) = MPLi(c)/APLi(c).

The elasticity of scale at the point c is defined as

⌘(c) ⌘ lim

t!1

d ln[g(tc)]
d ln(t)

=

Pn
i=1 gi(c)ci
g(c)

Returns to scale are locally constant, increasing, or decreasing as ⌘ is equal to, greater than,
or less than one.
The elasticity of scale and the productive labor elasticity are related as follows:

⌘(c) =
n
X

i=1

⌘i(c)

Suppose a CES productive labor function given by:

l = z

 

n
X

i=1

↵ic
⇢
i

!�/⇢

where ↵i �= 0, � > 0 and 0 6= ⇢ < 1.
Thus, productive labor elasticities for each input, are given by:

⌘i(c) = ↵ic
⇢
i�

 

n
X

i=1

↵ic
⇢
i

!�1

8 i = 1, . . . , n

and the local elasticity of scale is:

⌘(c) =
n
X

i=1

⌘i(c) = �

Observe that if � = 1, the returns to scale are locally constant. If � > 1, then this embodied
technology has returns to scale locally increasing. If � < 1, returns to scale are decreasing.
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2.4 Worker’s Wealth Maximization

Wealth maximization hypothesis was developed based on an anthropologist evolutionary
perspective by Irons (1979). This hypothesis states that there is a high correlation between
both cultural success, biological fitness (cultural insertion and more number of children) and
wealth in societies before the demographic transition (low mortality and fertility rates) 9.
In societies in which demographic transition is in process or it is settled down, there is not
correlation between reproductive success and wealth so that wealth maximization cannot
be supported (Cronk, Changnon y Irons, 2000). Therefore, the theoretical debate has been
related to wealth maximization per children in order to explain the low number of children
in wealthy families in which their education plays a key role in modern societies.
From our perspective, we relate wealth maximization to a successful incorporation into
modern societies through productive labor, in which, as we have mentioned above, worker
uses accumulated knowledge along with skills and abilities when he works in a competent
way 10. Thus, individuals accumulate a set of knowledges, skills and abilities throughout
their whole life, but mainly during their first stage of the educational process. Then, during
their adult life, they want to be incorporated into the labor market in order to participate
and to offer productive labor.
In a capitalist economy each worker has a two step decision process. In the first step, every
period she decides the optimal level of inputs that permits the maximization of her net
income. In the second step, she decides the optimal level of human capital that permit her
the maximization of her wealth 11.

2.4.1 Optimal net income level

In this part, we study workers’ behavior when they face a perfect competition in productive
labor and consumption inputs, that is, they are price takers. In order to keep our analysis
simple, we assume that dividends and debt payments are given so that workes’ net-wealth
is given. As workers are price takers in the financial market, they take the nominal interest
rate as given.

9See Cronk (1991)y Cronk et al. (2000) for a review of this literature.
10For a discussion on competent action see Vasco (2011a) who propose a characterization of competencies

from disposition perspective developed by Perkins et al. (1993) y Tishman and Andrade (1996). While
disposition theory try to characterize creative thinking through seven thinking dispositions. In order to ana-
lyze cognitive processes Perkins et al. (1993) propose that inclination, sensitivity and ability as fundamental
aspects to explain each one of the seven dispositions of creative thinking. Junca (2011) presented a review of
competencies from OCDE point of view and develop the concept from Vasco (2011a) disposition perspective.

11We would express the dynamic problem as optimal allocation savings among portfolio of assets.
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Net-income for a worker is the difference between income coming from selling productive
labor plus the flow of net-wealth minus the cost of consumption goods. His income is a
simple function of productive labor and the flow of net-wealth, I(l, i) = wl+ i ¯W . The costs
are given by the consumption vector input that permits this particular level of productive
labor.
Thus, worker i selects the right quantity of goods that allow him to maximize the net-
income and to accumulate wealth, subject to the embodied technology. The problem of
worker maximization (WMP) can be express as:

max

c, l� 0
wl + i ¯W � p · c

s.t. l  zg(c)

Observe that we suppose that the net-wealth flow is a part of workers’ income. Net-wealth
is positive if the flow of dividends is bigger than the flow of interest debt payments, or,
otherwise, it is negative.
The solutions of this problem tell us how much productive labor the worker will sell and
how much consumption inputs he will buy. As we have assumed that the productive labor
function is strictly increasing, then the constrains are kept with equality, and so we can
rewrite the problem of worker’s maximization in terms of a choice over consumption input
vector as:

max

c2Rn
+

wg(c) + i ¯W � p · c

If we assume an interior solution so that the optimal productive labor is l⇤ = g(c⇤), and the
condition of first order is usually given by:

w
@g(c⇤)
@ci

= pi 8 i = 1, · · · , n

The marginal productive labor income or marginal income of consumption input i,
has to be equal to the cost per unit of input i consumed, pi. If we also assume that the price
of all consumption goods are positive, this condition can be stated in terms of the MRS so
that the ratio of prices of any ot the two inputs is equal to their MRS.
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2.4.1.1 Savings Function

The solutions to the WMP under the assumptions on g, when they exist, will be unique
for each price vector (w,p). The optimal productive labor l⇤ = l(w,p) is called workers’
productive labor supply function, and the optimal choice of consumption c⇤ = c(w,p),
gives the vector of consumption demand functions.
The net income is the worker’s personal saving. Thus, the worker�s savings function is
the function of maximum value and it can be defined as depending only on prices,

s(w, p, i) ⌘ max

c, l� 0
wl + i ¯W � p · c

s.t. l  g(c)

Observe that the level of savings in our model does not depend on the real interest rate, but on
the consumption prices and wages 12. However, the real interest rate will play an important
role in the optimal allocation of personal savings and the process of wealth accumulation.

2.4.1.2 Properties of the Savings Function

If g satisfies the assumptions made above, then for w � 0 and p � 0, the savings function,
s(w, p), is well-defined and it has the following properties:

1. Continuous

2. Increasing in w

3. Decreasing in p

4. Homogeneous of degree one in (w,p)

5. Convex in (w,p)

6. Differentiable in (w,p) >> 0. Moreover,(Hotelling’s lemma)
@s(w,p)

@w
= l(w,p) and �@s(w,p)

@pi
= ci(w,p) 8i = 1, · · · , n.

12If the net-wealth flow is different of zero, then the savings function depends on the nominal interest rate.
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2.4.1.3 Properties of Productive Labor and the Function of Consumption De-
mand

Let us assume that s(w, p) is twice differentaible and continuous savings function for some
competitive worker. Then, for all w > 0 and p >> 0 where s(w, p) is well defined, the
properties of the productive labor and consumption demand are:

1. Homogeneity of degree zero.

l(tw, tp) = l(w,p) 8t > 0

ci(tw, tp) = ci(w,p) 8t > 0 and 8i = 1, . . . , n

2. The substitution matrix

2

6

6

6

6

4

@l(w,p)
@w

@l(w,p)
@p1

· · · @l(w,p)
@pn

�@c1(w,p)
@w

�@c1(w,p)
@p1

· · · �@c1(w,p)
@pn...

... . . . ...
�@cn(w,p)

@w
�@cn(w,p)

@p1
· · · �@cn(w,p)

@pn

3

7

7

7

7

5

is symmetric and positive semidefinite.

Observe that the effects of own-price correspond to the diagonal in the substitution matrix.
Suppose a problem of net-income maximization given by

max

c, l� 0
wl + i ¯W � p · c

s.t. l = z
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↵ic
⇢
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where ↵i �= 0, � > 0 and 0 6= ⇢ < 1.
The conditions of first order are given by:

w�z

 

n
X

i=1

↵ic
⇢
i

!(��⇢)/⇢

↵jc
⇢�1
j � pj = 0 8 j = 1, · · · , n
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l � z

 

n
X

i=1

↵ic
⇢
i

!�/⇢

= 0

Taking ratios from the conditions of first order with respect to consumption goods, we get
cj = ci(↵ipj/↵jpi)

1/(1�⇢) 8j 6= i. Substituting the ratio in the productive labor technology
constraint, we have

cj = l1/�z�1/�

 

n
X

i=1

↵i

✓

pi
↵i

◆⇢/(⇢�1)
!�1/⇢

✓

pj
↵j

◆1/(⇢�1)

8 j = 1, · · · , n

Substituting these equations into a condition of first order for consumption goods and solving
l, we get to the productive labor supply function,

l(w,p) =

0

@�wz1/�

 

n
X

i=1

↵i

✓

pi
↵i

◆⇢/(⇢�1)
!�(⇢�1)/⇢

1

A

�/(1��)

and the demand functions for each consumption good is given by

cj(w,p) =
✓

pj
↵j

◆1/(⇢�1)

(w�z)1/(1��)

 

n
X

i=1

↵i

✓

pi
↵i

◆⇢/(⇢�1)
!(��⇢)/⇢(1��)

Finally, the savings function is obtained substituting both consumption demand and pro-
ductive labor supply functions into the objective function,

s(p, w, i) = (1� �)

2

4�(wz)1/�

 

n
X

i=1

↵i

✓

pi
↵i

◆⇢/(⇢�1)
!�(⇢�1)/⇢

3

5

�/(1��)

+ i ¯W

2.5 Labor Supply and Consumption Demand

In this chapter we have developed a non-standard approach on productive labor for workers
and we have derived labor supply and consumption demand depending on relative prices
and income as it is usual in microeconomic analysis. Our analysis is supported by the
assumption that productive labor is a process of an economic activity process that transforms
consumption, housing services and human capital in productive labor. Humans are embodied
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with a particular technology that transforms inputs into productive labor through a complex
biochemical process. Has this technology increased or non-increased returns to scale? In
other words, is an embodied technology a convex or a non-convex one?
Human embodied technology has a minimal structure cost in order to be efficient and to
be a productive economic activity. That is, a minimum of food, housing services, human
capital and leisure goods per unit of work. Some cost are fixed, like total amount of housing
services,food, or health insurance. Thus, we can define a Basic Average Cost (ACb) as a
total cost of a basic quantity of inputs per a particular level of productive labor. Formally,
we can express it as ACb(l) = Cb(l)/l. It is clear that this Basic Average Cost is less or equal
to the usual definition of AC that is computed over total cost. In our analysis, the relevant
concept is the BAC because, below this structure cost, a worker can decide to enter or not
in the labor market or labor activity that he cannot perform properly.
Let us assume a case of single-output labor, then, we denote worker�s total cost function
as C(l) = C(p, l) and its marginal cost by C 0

(l) = dC(l)/dl when there is a derivative. In
addition, based on what we state above, we know that the level of savings maximization
l 2 l(w) in a productive labor must satisfy the condition of first order

w  C 0
(l)

With equality if l > 0.
Let us think about a worker with an non-increasing return scale embodied technology. Figure
2-4 shows the productive labor set X, the cost function C(L) and the basic average cost
ACb.
At the top of Figure 2-4, we represent a technology with strictly decreasing returns to scale.
Labor set X, panel (a) shows the relation between consumption good c and productive labor
L. A labor plan (�c, L) 2 X is performed per day or per month. Total cost represents the
sum of total valued inputs consumed per day or per month, panel (b). Labor supply and
basic average cost are represented in panel (c). In this case, cost maximization shows that
labor supply is equivalent to the marginal cost function. This technology can represent an
immigrant low-skilled worker. At the beginning, he only consumes food and pays for an spot
to sleep.
A productive labor technology with constant return to scale is represented at the bottom of
Figure 2-4. It is important to notice that basic average cost ACb in panel (f) defines the
reservation wage wr, that is, in principle, a rational worker does not participate in the labor
market if his wage is less than his basic average cost. We expect a higer reservation wage
for a skilled or highly skilled worker.
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Figure 2-4: Non-increasing returns to scale convex technology

Non-convex technology emerges from increasing returns to scale or fixed setup cost. For
human embodied technology, fixed setup costs are non-sunk because no entering into the
labor market is always an option. In general, all housing services (energy, gas, rent, etc.)
or human capital expenditures (social security, health expenditures, etc) are fixed expenses.
Figure 2.5 presents a non-convex technology with fixed setup costs. In order to pay this cost,
we expect that workers have a high reservation wage. Of course, it depends on the specific
life style of each worker.

2.6 Conclusions

In this chapter we define productive labor as a work action competently performed by him,
that is, the worker is embodied with a set of accumulated knowledges, skills and abilities
that he combines with other inputs (consumption goods, leisure goods and house services)
in order to work in a competent way. Of course, we assume that he has been successfully
incorporated in the market economy, that is, he has a job, he does this job competently and
he receives a wage that allows him to live on.
We also show that under wealth maximization hypothesis, he maximizes his net income or
savings subject to his embodied technology. Thus, he not only decides to participate in the
job market or the optimal level of labor supply, but he also decides the optimal level of
inputs, which is the optimal level of consumption goods, leisure goods, house services and
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Figure 2-5: Increasing returns to scale No-convex technology

accumulated knowledge (human capital).
Based on wealth maximization hypothesis, we show that the funcition of labor supply and
the demands of consumption inputs have the usual microeconomic properties. That is, if
consumption price increases then the demand of this input will be reduced. The same result
is found concening the effects of income and price substitution on consumption demand. In
the same way, we found what we call a reserve wage that allows a worker to decide whether
he participate in the labor market or not. Finally, labor supply increases if wages market
are increased.



Chapter 3

Wealth Maximization: Von Neumann
General Equilibrium Approach

3.1 Introduction

Von Neumann(1945) presented the first formal proof of the existence of prices in a general
equilibrium model. Besides, his model simultaneously determines which technical processes
are efficient or profitable, and the economic rate of growth. However, von Neumann model
(Von Neumann (1945) and Kemeny et.al.(1956)) assumed that labor, land and other natural
factors are free, that is, they are not produced. We introduce a productive labor into von
Neumann’s model framework and we also show that there is a solution.

3.2 Productive labor and heterogeneous embodied tech-
nologies

We suppose that a worker has an embodied technology in order to generate productive labor.
As we show in the first chapter, each worker uses consumption goods, stock of human capital,
housing services and consumption of leisure goods. That is, a worker uses a set of inputs
in order to generate heterogeneous productive labor. Each worker has to choose a complete
plan of action, that is, he has to decide the quantity of his input and his output for each
good. Thus, each worker chooses a productive labor plan that is constrained in order to
belong to his given embodied technological set. In that set, the productive labor plan is
chosen for given prices so that the worker’s saving is maximized. In this chapter we follow
Von Neumann (1945), Kemeny et.al.(1956), Debreu(1959).
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3.2.1 Productive labor and Productive Labor Sets

Following Debreu(1959), we define a worker who does not depend on the legal framework
of an organization and on different types of activities (engineers, nurses, low skills workers,
biologist, economist, and so on). A worker is an economic agent who chooses and carries
out a productive labor plan. We assume that there is a n number of workers in the economy
that produce o types of labor, and there are m goods.
Let us say that a productive labor for a particular worker, jth, is a vector that describes the
quantities of all his inputs and all his outputs used in the productive labor process. As it is
usual, outputs are represented by positive numbers and inputs by negative numbers. Thus,
a productive labor plan or a labor plan, is a l = m + o row vector xj, where, the first m

components refer to goods and the second o components are types of labor. In simple terms,
we assume that each worker offers at least one type of job. A labor plan is represented by
a point xj of Rl, the goods-labor space. As in a productive labor process the set of output
labor is different from the set of inputs; therefore, it is notationally convenient to distinguish
inputs from outputs. Formally, we have

xj = (cj1, cj2, . . . , cjm, lj1, lj2, . . . , ljo)

The inputs of productive labor may include consumption goods, consumption leisure goods,
housing services, and human capital. Outputs generally include at least one type of labor,
such as a biologist, domestic service, executives, teachers, professors, NBA players, and so
on. In order to produce a particular type of job, workers use a small number of inputs so that
most coordinates of xj are null and the labor set Xj is contained in a coordinate subspace
of Rl with a relative small number of dimensions.
In the Von Neumann framework there is n kinds of worker-embodied technologies. Each n

labor process transforms m kinds of goods into o types of productive labor. If o = 1, there
is no heterogeneity and workers offer only one type of job. If we want to study skilled or
unskilled workers, then o = 2. In general, n � o, this heterogeneity includes the possibility
that a worker offers more than one type of job.
In general, any productive labor process can be described as follows:

(cj1, cj2, . . . , cjm) �! (lj1, l2j, . . . , loj)

This means that j worker-process uses a quantity cj1 of good 1, a quantity cj2 of good 2,
and quantity cji of ith good. These inputs are used to produce hth type of labor ljh.
Based on what we mentioned above, we know that if cjk = 0, it means that it is not an input
in the process. While if type-labor ljq = 0, it means that it is not an output of the process.
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Observe that this structure allows us to have different kinds of jobs and each type of job can
be done with different techniques. Moreover, it is immediatly deduced that workers can do
different jobs. As we know, a low skilled worker has two or three part-time jobs. A graduate
professor in corporative finance can work as CEO in a firm, and so on. We refer to this as a
joint productive labor or a joint labor supply.
A labor plan xj may be technically possible or technically impossible for the jth worker on
the basis of his present embodied technology. It is clear that he knows his present and
future technology1, although he may not know the biochemical details of the embodied
technological process. In a sense, a worker’s embodied technology is viewed as a “black box”
able to transform inputs into outputs. The set Xj of all possible labor plans for the jth worker
is called his productive labor set or labor set. In addition, the point xj is the productive
labor supply of the jth worker.
For a given labor plan xj for jth worker, the sum of all labor plan is called the total goods
demand and labor supply. We aggregate total inputs and total productive labor. We cancel
all inputs and outputs transfers from workers to workers. For example, cleaning and domes-
tic services, housing reparations services, babysitting services, and so on. Thus, the total
productive labor supply is:

x =

n
X

j=1

xj =

⇣

Pn
j=1 cj1, . . . ,

Pn
j=1 cjm,

Pn
j=1 lj1, . . . ,

Pn
j=1 ljo

⌘

x =

⇣

c1, . . . , cm, l1, . . . , lo

⌘

In the same way, the sum of all the sets of worker’s productive labor is called the total
potential productive labor set. This set describes the potential possibilities of productive
labor in the whole economy, and it can be formally expressed as:

X =

n
X

j=1

Xj

It is immediately shown that if xj 2 Xj for all j = 1, . . . , n, then it is equivalent to x 2 X.

3.3 Saving Maximization

In this section, we establish the market behavior of each worker. Let us assume a vector
price for the goods-labor space, which is denoted by p = (q1, . . . , qm, w1, . . . , wo) � 0 and

1We assume that when a worker is in the labor force, his embodied technology includes his maximum
level of human capital achieved at that moment
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that these prices do no depend on the labor plan, that is, workers are price-takers.
As we assumed in the first chapter, each worker maximizes his net-income or saving. Thus,
given the price vector p and a feasible labor plan xj 2 Xj, the individual saving of the jth

worker is defined by p · xj and his maximization problem is:

max

xj

p · xj = q1cj1 + · · ·+ qmcjm + w1lj1 + · · ·+ woljo

According to sign convention, the inner product p ·xj is the sum of all receipts minus the sum
of all outlays, which is the net-income or individual saving. Thus, given a labor set Xj, a jth

worker chooses a productive labor to optimally distribute his inputs (consumption goods,
consumption leisure goods, housing services, human capital) and his output (productive
labor or labor)
Given a production set Xj, the worker’s saving function sj(p) associates every p to the amount
sj(p) = max p · xj : xj 2 Xj, which is the solution to the saving maximization problem. We
also define the worker labor net-supply correspondence at p, denote xj(p), as the set of
saving-maximizing vectors xj(p) = xj 2 Xj : p · xj = sj(p). Thus, if xj is a maximizer labor
plan, the labor set Xj is contained in the half-space below the set xj(p), with a normal p,
that is, the set of maximizers is the intersection of Xj and xj(p).
If all prices in p are multiplied by a positive number � > 0, we have that the set of saving-
maximizing vectors, xj(p) do not change and the saving function, sj(�p) = �sj(p), is multi-
plied by �
Finally, we define the aggregate net-supply correspondence as x(p) =

Pn
j=1 xj(p) and the

aggregate optimal saving function s(p) =

Pn
j=1 sj(p). We have that the total net-supply

x maximizes the total productive labor set X if and only if each worker’s labor plan xj

maximizes his savings on Xj. Therefore we can characterize x(p) and s(p) as:

x(p) = {x 2 X : p · x = max p ·X}
s(p) = {max p ·X}

3.4 Profit Maximization

We suppose that production is a transformation process of an economic activity. This process
implies the transformation of some inputs into some outputs. There is a m firms in the
economy indexed by i = 1, . . . ,m. As it is usual, we define a production plan as an input-
output vector yi that describes the net-output in the goods-labor space Rl, with l = m+ o.
Formally, we have
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yi = (yi1, yi2, . . . , yim, li1, li2, . . . , lio)

A production plan yi may be technically possible or technically impossible for the ith firm
depending on its present technology. As it is usual, the firm knows its present and future
technology, although it may not know details about the technological process. In a sense, a
firm technology is viewed as a “black box” able to transform inputs into outputs. The set Yi

of all possible labor plans for the ith firm is called the production set.
For a given production plan yi for ith firm, the sum of all productions plan is called the
total goods supply and labor demand. When we aggregate total inputs and total outputs,
we cancel out all inputs and outputs transfers among firms. Thus, the total productive labor
supply is:

y =

m
X

i=1

xi =

⇣

Pm
j=1 yi1, . . . ,

Pn
i=1 yim,

Pm
i=1 li1, . . . ,

Pm
i=1 lio

⌘

y =

⇣

y1, . . . , ym, l1, . . . , lo

⌘

The sum of all firm’s production sets is called the total potential production set. This set
describes the potential production possibilities of the whole economy, which can be formally
expressed as:

Y =

m
X

i=1

Yi

Therefore, it is easy to show that if yi 2 Yi for all i = 1, . . . ,m, then it is equivalent to y 2 Y .
Now, we establish the market behavior of each firm. Let us assume that a vector price for
the goods-labor space is denoted by p = (q1, . . . , qm, w1, . . . , wo) � 0 and that these prices
are independent of the production plan, that is, firms are price-takers.
We assumed that a firm maximizes its net-income or profit. Thus, given the price vector p

and a possible production plan yj 2 Yj, the profit of the ith firm is defined by p · yi and its
maximization problem is:

max

yi
p · yi = q1yi1 + · · ·+ qmyim + w1li1 + · · ·+ wolio

According to sign convention, the inner product p · yi is the sum of all receipts minus the
sum of all outlays, that is, the net-income or firm’s profit. Thus, given a production set
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Yi, a ith firm chooses a production plan to optimally distribute its inputs (row materials,
equipment, building, inventories, different types of productive labor and so on) and its output
(production goods).
Given a production set Yi, the profit function of the firm ⇡i(p) associates every p to the
amount ⇡i(p) = max p · yi : yj 2 Yi, which is the solution for the profit maximization prob-
lem. We define the firm net-supply correspondence at p, denote yi(p), as the set of profit-
maximizing vectors yj(p) = yj 2 Yj : p · yj = ⇡i(p). Thus, if yj is a maximizer labor plan,
the labor set Yi is contained in the half-space below the set yi(p), with normal p, that is, the
set of maximizers is the intersection of Yi and yi(p).
If all prices in p are multiplied by a positive number � > 0, we have that the set of saving-
maximizing vectors, yi(p) do not change and the profit function, ⇡i(�p) = �⇡i(p), is multi-
plied by �.
Finally, we define the correspondence of the aggregate production net-supply as Y (p) =

Pm
i=1 yi(p) and the aggregate optimal profit function ⇡(p) =

Pm
i=1 ⇡i(p). We have that the

total net-supply y maximizes total production set Y if and only if each firm production plan
yi maximizes its profits on Yi. Therefore, we can characterize y(p) and ⇡(p) as:

y(p) = {y 2 Y : p · x = max p · Y }
⇡(p) {max p · Y }

3.5 Properties of Productive Labor and Production Sets

Debreu(1958), Koopmans(1951, 1957), Mas-Collel et.al. (1995), introduce a list of commonly
assumed properties of economic activity sets2. We follow Debreu(1958) and Mas-Collel
et.al.(1995) and set the properties for every productive labor set Xi and for every production
set Yj.
[(i)]

1. Possibility of inaction for Xj and Yi. This property implies that a complete shut-
down is possible for every firm. This property means for workers that they can not
participate in the labor market because they have wealth resources in order to satisfy
their consumption needs or, simply they do not want to work, which corresponds to
voluntary unemployment. Thus, for a given price vector p, 0 2 Xj and/or 0 2 Yi are
optimal decisions for any worker and any firm, and their savings or their profits are
non-negative. This property implies that Xj and Yi are non-empty sets.

2We will assume that production sets have the same properties as productive labor sets
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2. No free lunch for Xj and Yi. This assumption means that it is not possible to offer
any positive goods or labor without any inputs. Thus, for any production plan yi � 0

then yi = 0, we have that production is not possible without inputs. In the same way,
workers can not work when they are starving to death, they have to use a minimal
quantity of inputs in order to generate productive labor properly, so that for any labor
plan xj � 0 then xj = 0. This assumption implies by definition possibility of inaction.

3. Free disposal for Xj and Yi. It implies that any extra amount of inputs (or outputs)
can be eliminated at no cost. If the absorption of any quantity of additional inputs
without any reduction in output is possible, then free disposal is satisfied.

4. Irreversibility for Xj and Yi. It is impossible to reverse an amount of output into the
same amount of inputs used to generate it. This is a consistent assumption for any
transformation process.

5. Xj and Yi are closed. This is a continuity assumption. Thus, the limit of a sequence
of technologically feasible net-output vector is also feasible.

6. Additivity for Xj and Yi. If there is a free entry for workers into a particular type of job
or firms, or into an industry sector, then additivity is satisfied. If yj 2 Yj and y0j 2 Yj,
this property implies that (yj + y0j) 2 Yj occurs in production sets. This assumption
can be applied to productive labor sets if labor plans are offered during a period of
time (week, month, quarter, or year).

7. Convexity for Xj and Yi. This is an essential economic assumption for all existing
proofs. For a production set or a productive labor set, we have that two production
(labor) plans are feasible; then weighted averages are feasible too. More over, if the
possibility of inaction is satisfied, then convexity implies non-increasing returns to
scale, that is, any feasible input-output vector can be arbitrarily decreased. In other
words, these assumptions rule out increasing returns to scale.

A particular related assumption is that Xj and Yi are a convex cone. This assumption
is fulfilled when production or labor sets satisfy convexity and constant return to scale
(it is possible to change the scale of operations for any feasible plan ). Besides, convex
cone is satisfied if and only if non-increasing and additivity assumptions are fulfilled3.

3See Debreu(1959) in order to discuss these properties and relations among them.
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3.6 Ownership economy, Income Distribution, and Ag-
gregate Accounts

3.6.1 Ownership economy: Income and Wealth

We consider an ownership economy in which all income generated is received by workers in
the form of wages, salaries and profits from the firms or the business sector. Thus, we assume
that workers are owners of the firm so that they receive profits according to their business
share profits. We define ✓ji as the holding share of worker j of firm i so that

Pn
j=1 ✓ji = 1.

In simple terms, we do not include the worker’s flow income from current wealth.4. Thus,
we define the personal income of each worker as:

Ij =
o
X

k=1

wkljk +
m
X

i=1

✓ji⇡i(p)

We understand wealth5 as a stock in a period of time of valued tangible physical assets like
land or capital. We do not include financial assets because we have not introduced money in
this real economy. Given an initial wealth ¯W0j for a worker j we have that the initial wealth
can be increased if an individual’s savings are positive or decreased if an individual has new
debts. Formally, we define the individual’s wealth as:

¯Wj =
¯W0j + sj(p)

3.6.2 Total Income and Income Distribution

Total income or aggregate income is defined as the sum of all workers’ personal income. Thus,
we define the aggregate income or Gross Domestic Income (GDI) of a ownership economy or
total income as the sum of all personal income flow received by workers. Formally, we have:

GDI =

n
X

j=1

Ij

4As we show in chapter 1, we can include rent for current wealth, that is iWj , where i refers to the interest
rate and Wj refers to current wealth of j th worker.

5Wealth corresponds to the accounting term net worth. The measure of wealth excludes intangible assets,
such as social capital or human capital. More precisely, economic wealth is the value of tangible physical
assets (land and capital) and financial assets like (money or bonds) owned net of liabilities owed (debts).
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The GDI is the Gross Domestic Product (GDP) measured using the income approach. This
approach measures the output as the sum of incomes granted to the owners of the factors of
production.
In order to analyze income distribution, one of the most important indicators is the Gini
index, Gini (1921). Gini Index is used to measure the dispersion of income or wealth dis-
tribution. Geometrically, Gini index corresponds to the ratio of the areas in the unit box,
the area between the line of perfect quality and the Lorenz Curve, and the area under 45
degree line. Dalton (1920),Rao (1969),Sen (1973), Fei and Renis (1974), Fei, Ranis and Kuo
(1979) propose different equivalent formulations to compute the Gini Index.6 Pyatt(1976)
and Silber (1989) propose an equivalent matrix approach.
We use Silber’s (1989) formulation and we define the income share of total income as the
j th individual as Lj = Ij/GDI. We rank income distribution from high to low income
share, that is, income distribution vector is arranged in a non-increasing order, the richest
individual is ranked in the first place and the poorest in the last one. Formally, the income
distribution vector is ˜L = (

˜L1, . . . , ˜Ln) with ˜L1 � ˜L2 � . . . � ˜Ln. Thus, Gini Index for
income distribution can be expressed as:

GI = e0H ˜L

GI =

h

1/n 1/n . . . 1/n
i

1⇥n

2

6

6

6

6

4

0 �1 �1 · · · �1

�1 0 �1 · · · �1

... . . . ...
...

...
�1 �1 · · · �1 0

3

7

7

7

7

5

n⇥n

2

6

6

6

6

4

˜L1

˜L2
...
˜Ln

3

7

7

7

7

5

n⇥1

In order to analyze income distribution, we use a standard discrete formulation. As we
defined o types of labor, then there is o income groups. We define the individual’s job
distribution vector �j = (�j1, . . . , �jo). Where �j 2 [0, 1], that is, if a worker offers full time
in a kth type of job, then, �k = 1; if he offers part time then �k = 0.5, and so on. We define
the total job distribution as � =

Pn
j=1 �j. Thus, we can express the job distribution vector

in terms of proportion as:

�j = (�j1, · · · ,�jo) = �j [I�]
�1

WhereI is the identity matrix. Thus, we have that �jk = �jk/
P

�jk

6See Xu(2004) for a comprehensive survey on Gini Index and its relation with the mean difference and
covariance formulation.
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3.6.3 Total Wealth and Wealth Distribution

Total wealth is defined as the sum of all workers’ individual wealth. Thus, we define the ag-
gregate wealth of an ownership economy or total income as the sum of all stocks of individual
wealth owned by workers. Then, we formally have:

¯W =

n
X

j=1

¯Wj

We analyze wealth distribution using Gini index. In the same way that we show income
distribution, we define the wealth share of total wealth to the j th individual as $j =

¯Wj/ ¯W .
We rank wealth distribution from high to low wealth share, that is, wealth distribution vector
is arranged in a non-increasing order. The wealthiest individual is ranked in the first place.
Formally, wealth distribution vector is $ = ($1, . . . ,$n) with $1 � $2 � . . . � $n. Thus,
Gini Index for wealth distribution can be expressed as:

GW̄ = e0H$̃

GW̄ =

h

1/n 1/n . . . 1/n
i

1⇥n
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3.6.4 Aggregate Output

In an ownership economy, we define the output or aggregate output as the sum of all final
goods than are not used in a later stage of production, that is, net-output from intermediate
outputs used as inputs in the production process. Formally, the Gross Domestic Product
(GDP) is defined by:

GDP =

m
X

i=1

m
X

k=1

qkyik

3.6.5 Gross Domestic Income (GDI) and Gross Domestic Product
(GDP)

We know that Gross Domestic Income (GDI) is equal to Gross Domestic Product (GDP) in
aggregate accounts . We show that this implies that if wages are positive, the labor market
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has to be in equilibrium.

GDI = GDP
n
X

j=1

o
X

k=1

wkljk +
n
X

j=1

m
X

i=1

✓ji⇡i(p) =
m
X

i=1

m
X

k=1

qkyik

n
X

j=1

o
X

k=1

wkljk +
m
X

i=1

⇡i(p) =
m
X

i=1

m
X

k=1

qkyik

n
X

j=1

o
X

k=1

wkljk +
m
X

i=1

m
X

l=1

qlyil �
m
X

i=1

o
X

k=1

wklik =
m
X

i=1

m
X

k=1

qkyik

0 =

m
X

i=1

o
X

k=1

wklik �
n
X

j=1

o
X

k=1

wkljk

0 = w(lD � lS)

Where lD =

Pm
i=1 lik is the aggregate labor demand and lS =

Pn
j=1 ljk is the aggregate labor

supply. The wage vector is defined by w = (w1, · · · , wo) as it was defined in the vector price
p above. Thus, if w >> 0 implies a clearing market for all types of labor.

3.6.6 Investment and Aggregate Demand

We know that Gross Domestic Product (GDP) has to be equal to aggregate consumption
plus aggregate savings. Thus, we can define aggregate investment in terms of net output
supply.

GDP = C + S
m
X

i=1

m
X

l=1

qkyik =

n
X

j=1

m
X

l=1

qlcjl +

n
X

j=1

sj(p)

m
X

i=1

m
X

l=1

qkyik �
n
X

j=1

m
X

l=1

qlcjl =
n
X

j=1

sj(p)

Inv = q(Y S � C) =

n
X

j=1

sj(p)

Where Y S
=

Pm
i=1 yik is the supply of aggregate goods and C =

Pn
j=1 cjl is the demand

of aggregate consumption. The vector of price of goods is defined by q = (q1, · · · , qm) as
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it was defined above in the vector price p. Thus, if q >> 0 implies that the aggregate
Investment (Inv) is the net goods supply. If the economy only produces consumption goods,
then, aggregate investment is zero. Positive components in goods space vector refer not only
to the investment goods produced but also to the inventories of final goods that are not sold
in the market.

3.6.7 Goods and Labor Market Equilibrium

We define net-supply in goods-labor space as the point x + y7. Positive components refer
to an excess of supply and negative components refer to an excess of demand for each good
and each type of labor . Thus, equilibrium market implies that x+ y = 0.
In a competitive economy, where vector prices p >> 0, it is easy to show that Aggregate
Macroeconomic conditions imply an equilibrium in the market. That means, that Gross
Domestic Product (GDP) is equal to Gross Domestic Income (GDI) and Investment is equal
to Savings if and only if equilibrium market is satisfied. The proof is straightforward.
Based on what has been mentioned above, we have that GDP=GDI if and only if the labor
market is in equilibrium. We also show that Investment is equal to Saving if and only if
goods market is in equilibrium. If both labor market and goods market are in equilibrium
then x+ y = 0.

3.7 Von Neumann Productive Labor Economy

Von Neumann Productive Labor Economy or Von Neumann Economy (VNE) consist of:

1. A non-empty productive labor set Xj for each worker j = 1, . . . , n.

2. A non-empty production set Yi for each firm i = 1, . . . ,m.

A state of VNE is a specification of the action of each worker labor plan xj and each firm
production plan yi. Thus, a state is an (m+ n)-tuple ((xj, yi)) of points of Rl which can be
represented by a point of Rl(m+n)8.
Given a state ((xj, yi)) of VNE, we define the net-supply as the point x + y9. Positive
components refer to an excess of supply and negative components refer to an excess of
demand.
A state ((xj, yi)) of VNE is a market equilibrium if x + y = 0. We define the set of market
equilibriums of VNE as:

7Since the sign convention, we can define the excess of demand as �(x+ y)
8Observe that if each worker offers one type of work, q = n and a state is represented by a point of R2l

9Based on the sign convention, we can define the excess of demand as �(x+ y)
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M = {((xj, yi)) : x+ y = 0}

A state ((xj, yi)) of VNE is macroeconomically attainable if it satisfies the constraints:

1. xj is technically possible, that is, xj 2 Xj for every j

2. yi is technically possible, that is, yi 2 Yi for every i

3. GDP = GDI or labor market is in equilibrium, that is, w(lD � lS) = 0

4. Inv = S or goods market is in equilibrium, that is, q(Y S � C) = 0

Observe that if the vector price is strictly positive, p >> 0, then conditions (3) and (4) can
be substituted by p(x+ y) = 0. Constraints (1)-(4) also imply that VNE refers to a private
ownership economy.
Based on Debreu (1959), we define a set of macroeconomically attainable or attainable states
A, as a subset of Rl(m+n). Formally, this set is defined as:

A =

Y

j

Xj ⇥
Y

i

Yi

\

M

Based on the definition of attainable states, we define the set of attainable consumption as a
projection of A on the space Rl as ˆXj which contains Xi for each worker. Similarly, we define
the set of attainable production as a projection of A on the space Rl as ˆYi which contains Yi

for each firm.

3.7.1 Properties of Macroeconomic Attainable States

We follow Debreu(1959) in order to set the properties of macroeconomic attainable states of
VNE.

1. The set A is not empty if and only if 0 2 X + Y .

2. Given a VNE, if every Xi and every Yi is closed, then A is closed. Proof. Debreu(1959).

3. Given a VNE, if every Xi and every Yi is convex, then A is convex as a intersection of
two convex sets.

4. Given a VNE, if every Xi and every Yi is convex, then X + Y is convex as a sum of
convex sets.
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5. Given a VNE, if X is closed, convex, and it satisfies the impossibility of free productive
labor and irreversibility, and if Y is closed, convex and it satisfies the impossibility of
free production and irreversibility, then A is bounded. Proof. Debreu (1959).

6. Given a VNE, if A is closed, convex or bounded, then ˆXj and ˆYi are closed, convex or
bounded.

3.7.2 General Equilibrium in a VNE

An equilibrium in a private ownership VNE is an (m+ n+ l)-tuple ((x⇤
j), (y

⇤
i ), p

⇤
) of points

so that:

1. x⇤
j maximizes savings relative to p⇤ on Xj, for every j.

2. y⇤i maximizes profit relative to p⇤ on Yi, for every i.

3. x⇤
+ y⇤ = 0

Private ownership Von Neumann Economy (VNE) has an equilibrium if:

1. 0 2 Xj for every j

2. X is closed and convex

3. X \ (�X) ⇢ 0 (Irreversibility)

4. X � (�⌦) (Free Disposal)

5. 0 2 Yi for every i

6. Y is closed and convex

7. Y \ (�Y ) ⇢ 0 (Irreversibility)

8. Y � (�⌦) (Free Disposal)

The proof by Debreu (1959) follows Kakutanis fix point theorem.

3.7.3 Von Neumann Production Model (1945)

Von Neumann(1945)10, Kemeny, J. et.al. (1956), and Morishima (1969) presented an stan-
dard version of Von Neumann�s model of economic production. Von Neumann model as-
sumed that there are M kinds of commodities and K kinds of production processes. A

10Von Neumann Model was published in German in 1938 in the volume entitled Ergebuisse eines Mathe-

matischen Seminars, edited by K. Menger. It was translated into English by G. Morgenstern in 1945-1946
and published in The Review Economic Studies.
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production process refers to a transformation of some commodities into other commodities.
Von Neumann model also assumes constant returns to scale and that labor and land are free
natural inputs. These inputs are not produced and they are offered in unlimited quantities.
Kemeny, J. et.al(1956) expanded Von Neumann model in order to overcome two problems. In
the original paper, Von Neumann(1945) supposed that every commodity is involved in every
process, that is, in order to produce a car, the technological process have to use an apple
as an input. The second problem emerged when the economy could not have sense in some
cases, that is, not all commodities can be produced or not all prices could be zero. Kemeny, J.
et.al.(1956) assumed that: “Every production process consumes at least one commodity” and
“Every commodity is produced using at least one production process”. In our VNE economy
these assumptions are equivalent to the properties of two sets of production, which have
been defined above. All firm considere that production set is non empty and it satisfies no
free lunch. The other assumption refers to a positive GDP (Gross Domestic Product). Von
Neumann model is a particular case in our Von Neumann Economy with productive labor.
Moreover, constant returns to scale are included under the assumption that production set is
a convex cone. Since we are working with an static framework, we assume that an expansion
rate ↵ and interest rate � are equal to one11.
An equilibrium in a Von Neumann Production Model (VNPM) is an (m+m) tuple ((ŷ⇤i ), p

⇤
)

of points such that:

1. ŷ⇤i maximizes profit relative to p⇤ on Yi, for every i.

2. p · ŷ⇤ = 0

The Von Neumann Production Model Economy (VNPM) has an equilibrium if:

1. ˆYi is closed convex cone with vertex zero, for every i

2. ˆY satisfies no free lunch

As every ˆYi is a closed convex cone with vertex zero, it implies the following properties:
closed, possibility of inaction, constant returns to scale, additivity. It also implies that ˆY is
a closed convex cone with vertex zero.

3.7.4 A Walrasian Economy: Debreu(1959)

If we assume that every worker offers an inelastic unit of labor and we define, for every
worker, the consumption set as ˆXj = �Xj and his endowment as !j, we have Debreu(1959)

11In general, the discussion about Von Neumann’s model is focused on the balanced path of economic
growth.
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consumption set, in which, “The inputs of the ith consumer are represented by positive
numbers, and his outputs by negative numbers”. Thus, we define Walrasian Economy as:

1. A non-empty consumption set ˆXj for each worker j = 1, . . . , n and his preference
preordering -j

12.

2. A non-empty production set Yi for each firm i = 1, . . . ,m.

3. The total resources ! =

Pn
j=1 !j

In order to define the ownership economy we define the value of individual’s endowment
equal to the labor income q · !i = w · lj13 Thus, “wealth”, as it is defined by Debreu (1959),
is equivalent to:

Wj =

m
X

k=1

qk!jk +

m
X

i=1

✓ji⇡i(p)

Then, Debreu defines an equilibrium in a Walrasian Economy as:

1. x̂⇤
j is a greatest element of

n

x̂⇤
j 2 ˆXj

o

for -j, and for every j

2. y⇤i maximizes profit relative to p⇤ on Yi, for every i.

3. x̂⇤ � y⇤ = !

Debreu (1959) proved the existence of an equilibrium in a Walrasian Economy. We need to
substitute conditions 1-4 in Von Neumann Economy (VNE) by

1. ˆXj is closed, convex and has a lower bound for  for every j

2. there is no satiation consumption in ˆXj

3. for every x̂j in ˆXj, the sets
n

x̂j 2 ˆXj|x̂j %j x̂
0
j

o

and
n

x̂j 2 ˆXj|x̂j -j x̂
0
j

o

are closed in
ˆXj

4. if x̂1
j and x̂2

j are two points of ˆXj and if t 2 (0, 1), then x̂2
j � x̂1

j implies t·x̂2
j+(1�t)·x̂1

j �
x̂1
j

5. there is x̂0
j 2 ˆXj such that x̂0

j << !j

12See Debreu(1959) for all assumptions on the preference preorderings.
13Because we assume that a worker offers an unit of a particular type of labor, w is the wage of this

particular type.
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3.8 Conclusions

Wealth Maximization Hypothesis shows the existence of equilibrium in an extended Von
Neumann Economy with labor supply and consumption demand. Furthermore, we assume a
net income maximization for workers (savings) and for firms (profits) as a general framework
and we build productive labor sets and production sets at an individual and aggregate level.
Then, we impose usual properties in order to characterize the worker embodied technology
and firm technology.
In our model, we assume a simple aggregate demand and aggregate supply as constrains
that emerge from firms total production set and workers total productive labor sets. We
show that in a competitive market, in which prices are given, aggregate supply equal to
aggregate income implies that labor market is in equilibrium. This is a classical result in our
framework. Furtheremore, we show that income permits aggregate investment to be equal
to aggregate savings, which is the usual Keynesian aggregate result.
It shows that optimal decisions of an individual concerning productive labor and consumption
demands for each worker and the optimal decisions of a firm concerning production and labor
demands satisfy macroeconomic constrains, which is equivalent to say both labor and goods
markets are cleared.
After this general equilibrium is obtained, we can order workers from a low level of income to
a high level one in order to determine the degree of inequality. The same procedure can be
done in order to explain wealth inequality. Thus, our Von Neumann Economy can explain
optimal income and optimal wealth distribution.
Other research papers can demostrate what the conditions would permit in a homeomor-
phism, which allows to pass from general equilibrium in a Von Neumann Economy to Arrow-
Debreu Economy, an vice versa. Besides, we will have to demonstrate the conditions about
its uniquenesss and stability.



Chapter 4

Accumulation of Knowledge and Wealth
Maximization Hypothesis

4.1 Introduction

Wealth accumulation is a dynamic process. In chapter two and three we presented an static
analysis on Wealth Maximization Hypothesis as a net income worker problem of savings
maximization problem. In chapter one, we introduce the definition of wealth as a stock and
savings as a flow and then we state our problem. In this chapter we will present Wealth
Maximization Hypothesis as a dynamic programming problem in two ways. In the first one,
intertemporal decisions on human capital as accumulation of knowledge have an impact on
savings flow and wealth accumulation. In the second one, we present a model of optimal
allocation of savings on a set of assets as an intertemporal decision problem. This chapter
has eight sections, including this short introduction. In section two we present a review of
the literature about individual decisions on human capital from the Neoclassical perspective.
In section three we present our notion of human capital as accumulation of knowledge, so
that this notion is more than education. We review a great amount of literature concerning
production of human capital and we also incorporate into this production other ways of
accumulation of knowledge different to education. Section 4 presents Wealth Maximization
Hypothesis as a dynamic programing problem, in which workers decide about investment
and human capital. Section 5 expands our basic model in order to include irreversibility.
Section 6 presents a discussion on wealth maximization and St. Petersburg Paradox. Finally,
the savings allocation problem is presented and some conclusions are given.
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4.2 Individual decision on human capital in the Neoclas-
sical Theory: a Review

For our purpose, there are two perspectives that emphasize individual’s decisions on human
capital: The model of Life cycle, labor supply and human capital and the approach of the
Unified Growth Theory. In this section we present these two neoclassical perspectives.
The Neoclassical standard approach assumes that household maximizes the discounted ex-
pected utility throughout time, subject to its budget constraint. We suppose an finite hori-
zontal time and state the problem in discrete time. The problem of canonical intertemporal
decision can be expressed as:

max
T
X

j=1

�Et{u(ct+j) + v(�t+j)}

Subject to

at+1 = (1 + rt)at + yt � ct � xht

ht+1 = g(ht, xht, zt)

Thus we have a general specification on households decisions in order to present these two
theoretical perspectives. In this review, ht refers to human capital, xht is the expenditure
or investment in human capital, and zt is an exogenous variable that refers to inputs goods,
experience, human limitations (physical and intellectual) or the time and effort to learn.
The idea of production of human capital was first developed by Ben-Porath (1967, 1970) and
Becker (1975). There, human capital is an endowment and operates like “machines” whose
services are rented and depreciated at some rate. The dynamic problem is to maximize
the present value of individual’s disposable earnings (earnings less investment expenditure)
subject to the equation of accumulaton of human capital.
Observe, that wealth maximization hypothesis has the same spirit, but we assume that
embodied technology generates productive labor as it was defined in Chapter 2 and we also
incorporate our hypothesis into a general equilibrium framework in Chapter 3, in which we
expanded Von Neumann’s General Equilibrium model.
Production of human capital in Ben-Porath (1967, 1970) and Becker (1975) depends on a set
of inputs and a part of stock of human capital. This production function corresponds to the
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flow of expenditure or investment in human capital. Becker (1975) assumed that the indi-
vidual has physical and intellectual limitations to produce human capital so that production
function of human capital has decreasing returns to scale. Becker and Tomes (1986) took
into account the stock of human capital accumulated during childhood, and other abilities
and skill as determinants of human capital family formation and public expenditures. This
seminal paper had a huge influence on both theoretical perspectives concerning individual
human capital presented below.
Rosen (1976) stated a theory of future earnings, that is, he assumed that the discounted
value of future earnings depends on human capital (previous knowledge and skills), learning
process or accumulation of knowledge and skills and deterministic experience. Heckman
(1976) explains the life cycle of individual earnings into neoclassical intertemporal household
utility framework using Ben-Porath (1967, 1970) production function of human capital.

4.2.1 Human Capital and Labor Supply

• Model of Life cycle, labor supply and human capital

This model of life cycle and human capital supposes that wages depend on decisions
on human capital (w = f(ht)), that is, individuals with a high level of human capital
receive a higher salary than others with less level of human capital. In this particular
models, human capital does not enter in the utility function, but it has a direct impact
on wages. In this specification, we assume that � is constant and capture a depreciation
rate of human capital; while xht represents a household expenditure on education.

The first order conditions are given by:

�Et {u0
(ct+1)(1 + rt+1)} = u0

(ct)

v0(nt)/u
0
(ct) = wt

at+1 = (1 + rt)at + wtnt � ct � xht � �t

�Et {u0
(ct+1)(1� �)} = u0

(ct)(1 + nt
@wt
@ht

)

ht = (1� �)ht�1 + xht

The first three equations correspond to the basic model. The last two determine the
level of human capital and investment expenditure on human capital. These types
of models explain the role of human capital in the models of life cycle in which the
decision of household concerning human capital depends on its impact on wages and
later on, its impact on labor supply. (Heckman, 1976; Heckman and MaCurdy, 1980;
MaCurdy, 1981; MaCurdy, 1983; Andolfatto and Ferrall, 2000; Koebel et al., 2008)
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The research done by Heckman (1976) was a seminal paper in order to specify an
econometric model as it is surveyed by Koebel et al (2008). Recent works have ex-
panded this model of production function in order to show different phases or stages of
the development of skills and non-skills during childhood. This model explained how
the traditional two period model showed a more complex analysis on human capital
formation (Well, 2008; Cunha and Heckman, 2007; Cunha and Heckman, 2008; Cunha
and Heckman, 2009; Cunha, Heckman and Schennach, 2010; Aizer and Cunha, 2012)

4.2.2 Human capital in the UGT

The UGT assumes an overlapping generation structure, in which adult generation is the only
one that takes decisions on labor, consumption and human capital (quantity and quality).
We keep this assumption here, but every individual lives in a finite horizon of time (T � 2).
This structure captures a more richer relations and dynamics in the model. This set of
models searches to explain the relationship between economic growth and inequality based
on the inheritance initial endowment and inheritance included in the utility function. (Galor
and Zeira, 1993; Galor and Tsiddon, 1997; Galor, 2011a)).
The income flow derived from inheritance can be spent in consumption or human capital
investment. These set of models search to explain endogenous growth models under perfect
competition with or without any positive externalities in the aggregate production function,
as we will show below. There, inputs are paid by their marginal productivities, but there is
an assumption that investment in human capital is just possible if households have an initial
endowment of wealth or inheritance. That is, there is a critical level of threshold above
it investment in human capital can be done. In another case, any investment and poverty
tramps emerge with persistent inequality in models of endogenous growth.

• Number of children (at = 0;�t = nt; zt = xnt)

This basic model assumes that each household does not have assets (at = 0), and it
decides about consumption, the number of children (�t = nt) and the expenditure to
rise them up (zt = xnt).

We suppose that the number of children for the next period depends on the probability
of surviving (✓), fertility rate (�), and the expenditure of household (xnt) on children.

Fertility rate is associated to household characteristics, such as the level of education of
parents, cultural and religious beliefs, biological conditions and so on. For these reasons
we assume that fertility rate is decreasing throughout time, that is, it is decreasing for
households without children � > 0, and it is decreasing as time passes. To explain
it in simple terms we establish the maximum number of children (nmax) according to
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population characteristics and we also assume that if � is associated to this maximum,
it is zero, that is �(nmax) = 0.

Thus, the number of children evolves according to:

nt+1 = �nt+1 + ✓nt + xnt nt < nmax

nt+1 = ✓nmax + xnt nt = nmax

Observe that in a model of overlapping generation some individuals can choose between
the maximum number of children or less. Then, population growth will depend on these
proportions.

The conditions of first order for the dynamic programming problem are given by:

�E {u0
(ct+1)✓ + v0(nt+1)} = u0

(ct)(1� �)

nt+1 =
✓

1� �
nt +

1

1� �
(yt � ct)

These two equations determine simultaneously the level of consumption and the num-
ber of children1.

This basic framework has been important in order to explain economic growth from a long
run perspective. Thus, Galor (2011) shows how this model captures the basic facts for world
economic growth before industrial revolution, what Galor (2011) calls Maltusian Epoch. If
we assume the aggregate production function and the labor force for a Malthusian era, we
have that

Yt = (AX)

↵L1�↵
t

1If � depends on the number of children so that �t = �(nt), the condition of first order is given by:

�E

⇢

u

0(ct+1)(✓ +
@�(·)
@nt

⌘nt+1) + v

0(nt+1)

�

= u

0(ct)(1� �t)

where ⌘ = nt+2

nt+1
is the expected gross growth rate of the number of children by household. When the

number of children is the maximum, this term becomes zero.
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Lt+1 = ntLt

It is easy to show that individual income2 is given by

yt+1 = ytn
�↵
t

Thus, during Maltusian era, economic growth was associated to population dynamics and
was marked by stagnation.

• Number of children and some accumulation of wealth (at 6= 0;�t = nt; zt = xnt)

Although, wealth accumulation in Galor (2011) does not have an impact on economic
growth and human standard of living during malthusian era, different works from the
anthropological perspective (Irons, 1979;Cronk, 1991; and Cronk et al., 2000) show that
wealth in primitive societies, which we think correspond to the malthusian era, was in
the form of cows, goats, or some land. This assumption of some wealth does not change
the Malthusian stagnation hypothesis and it can be incorporated straightforward. The
conditions of first order for this problem can be expressed as

�E{(1 + rt+1)u
0
(ct+1)} = u0

(ct)

�E {u0
(ct+1)✓ + v0(nt+1)} = u0

(ct)(1� �)

nt+1 =
1

1� �
(✓nt + xnt)

at+1 = (1 + rt)at + yt � ct � xnt

The first equation is the usual Euler equation that determines the inter-temporal substitution
between present and future consumption. The second equation gives us the optimal number
of children. The next equation determines the level of children expenditure, and the last
one determines household wealth. We can close this model with the same assumptions on
production and population that we have presented above.

2We assume that each household is composed by an individual worker.
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• Opportunity cost of rising children (�ntyt)

To rise children implies to spend time taking care of and educated them at home. That
represents an opportunity cost of income that it is not received or the cost to hire a
baby sitter for that job. The budget constraint with some wealth can be written as:

at+1 = (1 + rt)at + (1� �nt)yt � ct � xnt

The conditions of first order that determine the number of children now include the
expected opportunity cost of rising children, thus:

�E {u0
(ct+1)(✓ � �yt+1) + v0(nt+1)} = u0

(ct)(1� �)

• Human capital: Quality of Children (at 6= 0;�t = ht; zt = xht)

Human capital in the utility function represents the level of human capital of children
obtained through education and it can include the average household human capital.
(Galor, 2011b; De la Croix and Doepke, 1993). To rise children with high quality efforts
and education implies not only an opportunity cost, but it also introduces a formation
of human capital for these children through formal education at school, high school and
college. According to Galor (2011), this model explains the Post-Matlhusian Regime
after industrial revolution and in some way it also explains demographic transition.
The dynamic programming problem with human capital can be expressed as:

The conditions of first order for this problem can be expressed as

�E{(1 + rt+1)u
0
(ct+1)} = u0

(ct)

�E
n

u0
(ct+1)

h

(1� et+1)yt+1 + ⌧Bt+1(✓h + et+1)
⌘h

(⌧�1)
t+1

i

+ v0(ht+1)

o

= u0
(ct)

ht+1 = Bt(✓h + et)
⌘
(ht)

⌧
+ xht

at+1 = (1 + rt)at + (1� et)htyt � ct � xht
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htyt = ⌘Bt(✓h + et)
⌘�1h⌧

t

The first two equations capture household decisions on consumption and human capi-
tal. The last one determines the level of efforts required to rise educated children. The
third equation refers to human capital formation. This formulation has been evolving
in UGT perspective and it includes some externalities that capture a level of human
capital of teachers. Besides, that formulation includes technological changes and some
inheritance skills that have impacts on the accumulation of human capital.

This unified perspective has been important because it broadens the discussion of economic
growth with the persistence of inequality. This is explained due to the fact that human
capital formation through education is costly so that a household that wants well educated
children needs an initial level of wealth (inheritance or not) or very rich educated parents in
order to full access of high level of human capital. In addition, a high level of human capital
has an impact on future income and human capital of future generations. Thus, inequality
is considered as a poverty tramp.
A simple stochastic simulation for this basic model is consistent with the Theory of Unified
Growth in Post-Malthusian Regime, as it is shown in the figure. We simulate this basic
model and assume that technological change in capital formation (Bt) and expenditure in
education (xht) are exogenous and follow an autoregressive stochastic process. We also
express the first order condition with respect to efforts as an income stochastic equation or
mincer wage equation.
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Figure 4-1: Productivity shock of human capital formation

Productive shock in capital formation has a permanent positive impact on wealth and ex-
penditure in human capital, and a transitory positive impact on human capital an household
income. Thus, productive shock has a positive impact on wealth and capital formation of
future generations.
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Figure 4-2: Expenditure shock

Expenditure shock on investment in human capital has a transitory positive effect on wealth
and human capital. Finally, a shock income has a transitory positive effect on human capital
and expenditure in education, but a permanent positive impact on wealth.
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Figure 4-3: Income shock

• Quantity and quality of children: the full model and extensions

This full UGT model includes a number of children (nt), human capital (ht) and
inheritance (at). A household maximizes the utility from consumption, number of
children, human capital of children and inheritance which is a part of the total wealth.
The dynamic programming problem can be expressed as:

V (at, nt, ht) = max u(ct) + ū(nt) + v(ht) + v̄(at) + �E(V (at, ht+1))

subject to

at+1 = (1 + rt)at + (1� 'nt)htyt � et¯htytnt � ct � xht � xnt

ht+1 = Bt(✓2 + et)
⌘
(ht)

⌧
+ xht
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nt+1 = �nt+1 + ✓1nt + xnt

The first order conditions are given by:

�E{(1 + rt+1)u
0
(ct+1) +

¯v0(at+1)} = u0
(ct)

�E
�

u0
(ct+1)

�

✓1 � ('ht+1 + et+1
¯ht+1)yt+1

�

+ ū0
(nt+1)

 

= u0
(ct)(1� �)

�E
n

u0
(ct+1)

h

(1� 'nt+1)yt+1 + ⌧Bt+1(✓2 + et+1)
⌘h

(⌧�1)
t+1

¯hk
t+1

i

+ v0(ht+1)

o

= u0
(ct)

at+1 = (1 + rt)at + (1� 'nt)htyt � et¯htytnt � ct � xht � xnt

ht+1 = Bt(✓2 + et)
⌘
(ht)

⌧
+ xht

nt+1 = �nt+1 + ✓1nt + xnt

¯htytnt = ⌘Bt(✓2 + et)
⌘�1h⌧

t
¯hk
t

Observe that this general framework can be used to explain household decisions concerning
children and human capital in developing countries. It is also easier to expand the model in
order to incorporate discretional decisions, such as having or not having children, inheritance
decisions and a discrete level of human capital.
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4.3 Human Capital as accumulation of knowledge

We introduce human capital as accumulated knowledge in chapter two. There, we assume
that each worker has a given level of accumulated knowledge that it is a part of their embodied
technology. Furthermore, we explain how this accumulation process emerges through four
processes: Formation, Education, Experience and Training Job; throughout the life of an
individual. Besides, we postulate two big stages in this life cycle. The first one referst to the
educational process which finishes when the individual is incorporated successfully into the
second stage, which is a job process that includes retired time when he receives a pension
or some percentage of his income salary. In other cases we assume that he does not have
wealth and he has to remain in the job market until he dies.
From our perspective, education is one of the processes that allow accumulation of knowledge.
As all human history, formation, experience or learning by doing, and training job processes
have contributed to this accumulation of knowledge, they have helped humans to build tools,
and to develop the majority of arts and crafts. The education process as a set of different type
of knowledge arranged and organized in basic (primarily and secondarily school), high school,
includes a set of different undergraduate and graduate programs offered by universities,
institutes and community colleges. This education process is relatively recent as a public
policy for all individuals in any country. In a country like South Korea, which is one of the
most educated countries in the world, the education process as a public policy started after
Korean War. In all countries, education was only for a small group of wealthy people. This
fact does not want to reduce the huge impact that education has had on economic growth
during the last seventy years.

4.3.1 Production of Human Capital

The last section reviewed human capital based on two Neoclassical perspectives. An impor-
tant development from a theoretical and an empirical point of view refers to the production
of human capital. From our perspective, we understand human capital as a process of ac-
cumulation of knowledge through four different processes (Formation, Education, Learning
by Doing and Training Job) that are present during the entire life cycle of the individual.
More over, some of these processes are more common in some societies than in others. For
example, in countries like South Korea or Germany full education is granted by government
for all individuals, but in other countries like Colombia or Bolivia there are high rates of
desertion or just less than 30% of the population complete undergraduate programs or even
a smaller amount complete graduate programs, so that, learning by doing or training job
processes are the only possibility to accumulate knowledge. The last report on world edu-
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cation by Unesco (2015) states that young people does not perceive education as essential
in order to get a job or a high salary. Therefore, the level of education or the number of
years of education would be less important as a key process of accumulation of knowledge.
That fact shows a higher degree of uncertainty with respect to get a job or/and less future
earnings and benefits than older generations.
When we analyze production of human capital from Ben-Porath (1967, 1970), Becker (1975),
Rosen (1976) and Heckman (1976) perspective, it is clear that it represents an educational
teaching process. Therefore, we combine a set of inputs (some goods, previews human
capital) in order to produce educational services or human capital. While recent works from
Well (2008), Cunha and Heckman (2007), Cunha and Heckman (2008), Cunha and Heckman
(2009), and Cunha, Heckman and Schennach (2010) make emphasis on the educational
learning process at least during childhood, they want to measure the process to develop
cognitive and non-cognitive skills, in which, parents stock of skills and genetic individual
characteristics can determine the accumulation of skills during childhood3.
Other important characteristic of accumulation of knowledge is its degree of irreversibility.
Due to the high level of job specialization, the degree of irreversibility is higher as the indi-
vidual becomes older. During childhood there is a gradual irreversibility that is associated
to quality of education that can be measured through standardize test, such as Pisa or, in
the Colombian case Saber11 or Saber9 test (Junca, 2014) because these scores determine the
access to technical, technological or college education, and they determine future net income
and wealth accumulation.
There are few probabilities that adult individuals change one type of labor for another,
specially after they are 30 or 35 years old. There is a small probability that a graduate
economist becomes a physician or vice versa.
Finally, non-skilled workers have to deal with gradual irreversibility in the sense that there
are transactions cost (licenses or job permission). Again, a more specialized type of job has
to deal with almost total irreversibility.
From our perspective, there is a sector or production activity that offers educational services
in a public or a private way. Workers decide if they pay or invest in human capital as
accumulation of knowledge. Observe that if they do not decide to invest in education (school,
high school or college), they can still learn and accumulate knowledge through learning
by doing or training job. There are many successfull examples of entrepreneurs, artists,
professional players (NBA, Soccer, Football, etc) who do not finish undergraduate or high
school. Thus, productive labor is not necessarily related to education, although education is
a desirable public policy objective for moderns society.

3For work applied in Colombia see Gonzalez and Mora (2014) and Albert, Gonzalez, and Mora (2013)
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Thus, human capital as accumulation of knowledge can be expressed as:

hjt+1 = g(hjt, ✓j,�jt, �jh,�t, Zt) + xht

Where, ht is the stock of knowledge accumulated through the worker’s embodied technology
at time t. xht refers to the flow of expenditure or investment in human capital. In the case
a worker does not invest in human capital, then xht will be zero but he still accumulates
knowledge. In the case of training job, xht � 0, investment flow depends on who pays this
training process.
We assume that accumulation of knowledge depends on inheritance skills (✓j), experience due
to learning by doing which has an impact on labor productivity (�jt). This accumulation of
knowledge also depends on some biological depreciation, which captures not only some phys-
ical or intelectual capacities, but also the fact that individuals become older (�jh). Besides
these individual characteristics, human capital accumulation depends on family characteris-
tics (�t), such as, parents human capital which include their skills, the level of family income
and so on. Finally, social characteristics (Zt) play a role in the individual accumulation
of knowledge, that is, social interactions with pears at the neighborhood or at school, and
school characteristics.
Observe that our definition derives from previous literature. What we want to emphasize
here is that each individual worker incorporates accumulated knowledge into his embodied
technology in order to produce and offer productive labor supply as it was defined in chapter
two, that is:

lj = f(✓j, Cjt, Hojt, Lejt, hjt)

4.4 Accumulation of knowledge and wealth maximization
hypothesis

Observe that net income, income less consumption, is the worker’s personal savings. If we
suppose that each worker lives during a finite period of time and there is no uncertainty,
we can define the accumulation wealth as an intertemporal decision problem. That is, each
worker decides about the optimal level of human capital, which can give him the optimal
savings path. Although we mentioned that investment in human capital has partial or total
irreversibility, we assume that there is no adjustment cost at the beginning. That is, we
assume that all workers are non-skilled so that they can switch from one type of labor to
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another in a competitive economy. Wealth maximization hypothesis is clearly related to Ben-
Porath (1967, 1970), Becker (1975) and Rosen (1976), but our approach has been integrated
to the general equilibrium perspective of Von Neumann Economy presented in chapter three.
In simple terms, let us assume that workers live finitely so that the dynamic maximization
problem for each one is given by:

T
X

t=0

1

(1 + r)t
[s̃(ht)� xht]

subject to:

s̃(ht) = maxwtl(ht, ct)� ptct

ht+1 = (1 + �� �h)✓ht + xht

The first constraint corresponds to a saving function in which optimal decisions on consump-
tion goods (housing services, leisure goods and consumption) have been taken. The second
constraint assumes that accumulation of knowledge is determined by the level of knowledge
accumulated (ht) in the past, inheritance skills (✓) , increasing productivity from learning
by doing process (�) and biological physical depreciation (�h).
The Lagrangian formulation for this dynamic programming problem is give by:

W (ht) = max s̃(ht)� xht +
1

1 + r
W (ht+1) + µt((1 + �� �h)✓ht + xht � ht+1)

The condition of first order for worker’s human capital investment is given by:

µt = 1

µt =
(1 + �� �)✓

1 + r
µt+1 +

1

1 + r
s̃h(ht+1)

The first equation implies that the cost of acquiring a unit of human capital equals the
purchase price, that is, the shadow price of accumulation of knowledge.
If we define �µ = µt � µt�1, we can rewrite the second equation as:
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s̃h(ht) = µt

⇢

r + � � (1 + �� �)✓
�µt

µt

+ [(1� �)� ✓(1 + �-�)]
�

thus, the marginal net income from human capital has to be equal to the weighted shadow
price of accumulation of knowledge. This ponderation refers to what we call the user cost
of accumulation of knowledge. Some interesting results emerge from our wealth maximiza-
tion problem. The first one, is that inheritance skills reduce the cost of accumulation of
knowledge. In the same direction, more experience due to learning by doing process reduces
user cost too. Observe that, if we do not take into account the effects of experience (� = 0)

and inheritance (✓ = 1), we have Jorgenson’s (1963) usual user cost formation for physical
capital investment. Finally, based on the equilibrium of the condition of first order, we have
that the user cots is constant and depends on opportunity cost (r), depreciation (�h) and
experience and inheritance skill as we have already mentioned.
Another interesting result that emerges from our formulation is that we can express shadow
price of accumulation of knowledge as the weighted present value of future net income or
future savings. Thus, shadow price of accumulation of knowledge reflects the net present
value of savings during life cycle.

µt =
1

(1 + �� �h)✓

T
X

j=1

✓

(1 + �� �h)✓

1 + r

◆j

s̃0(ht+j)

Finally, we have to impose a transversality condition in order to guarantee that an individual
worker maximizes his savings, that is,

lim

t!1

1

(1 + r)t
µtht = 0

thus, the present value of human capital at time 0 must approach zero. A worker has not
incentives to increase his human capital when he gets old.

4.4.1 Adjustment cost of low skilled workers

Now, let us assume that low skilled workers or young people have to deal with some convex
adjustment cost. The first ones face it because they can learn a productive labor with
small adjustment cost and they receive some training. The second ones face it because they
are looking for a labor activity that fullfills their life expectations when they feel plenty.
Thus, they are more open to learn new things and starting over. This convex cost, as it
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is usual in physical investment, depends on the flow of investment and the stock level of
accumulated knowledge. We represent this adjustment cost function as G(xht, ht) which has
usual properties, that is, Gx > 0, Gxx > 0, Gh < 0 and Ghh > 0. The dynamic maximization
problem with adjustment cost and uncertainty, for each worker is given by:

Eo

(

T
X

t=0

1

(1 + r)t
[s̃(ht)� xht �G(xht, ht)]

)

subject to:

s̃(ht) = maxwtl(ht, ct)� ptct

ht+1 = (1 + �� �h)✓ht + xht

The conditions of first order do not change substantially as in previews results. Thus, we
have

µt = 1 +Gx(xht, ht)

µt =
(1 + �� �)✓

1 + r
Eo (µt+1) +

1

1 + r
Eo (s̃h(ht+1))�

1

1 + r
Eo (Gh(xht+1, ht+1))

It is a fact that marginal net income has to include marginal adjustment cost corncerning the
expected accumulation of knowledge. Thus, the shadow price of accumulation of knowledge
represents the net present value of future expected savings adjusted by future marginal
adjusted cost with respect to the expected accumulation of knowledge. In addition, the
shadow price includes the marginal adjustment cost with respect to the investment flow.
Let us assume a particular adjustment cost function in our model and let us also assume
that it depends on education or job training expenditures4 and a deviation with respect to
some particular level of accumulated knowledge. This is due to the fact that a worker does
not get a diploma, a certification or a license; or due to the fact that a worker is overqualified
for the job offered to him, as it is the case with some illegal qualified immigrant. Thus, the
adjustment cost is given by:

4Becker (1975) supposes that a specific training job or education has to be paid by the worker .
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G(xht, ht) =
a

�1
(

¯ht � ht)
�1
+

b

�2
x�2
ht a, b > 0

Observe that this general formulation allows us to take in account partial irreversibility. We
have that conditions of first order are given by:

pt = 1 + bx
(�2�1)
th

pt = (�(1 + �� �)✓)Eo (pt+1) + �Eo

⇥

(s̃0(ht+1))� a
�

(

¯ht+1 � ht+1)
(�1�1)

�⇤

, � =

1

1 + r

ht+1 = (1 + �� �h)✓ht + xht

We can also express this system in continuous time in terms of (p, h) where p = µ, thus

˙ht =
1

b
(pt � 1)

1/(�2�1) � (1� (1 + �� �)✓)ht

ṗt =
(1� (1 + �� �)✓)

(�(1 + �� �)✓)
pt �

1

(1 + �� �)✓

⇥

(s̃h(ht+1))� a
�

(

¯ht+1 � ht+1)
(�1�1)

�⇤

Figure 4-4: Phase diagram (p, h)
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Parameter Value

Opportunity Cost r 0.05
Adjustment Velocity on Human Capital a 1.40

Adjustment Velocity on Investment b 2.00
Depreciation rate � 0.01
Learning by doing � 0.03
Inheritance skills ✓ 0.90

Table 4-1: Parameter for a Spiral Sink

In order to simplify our analysis, we assume quadratic adjustment cost (�1 = �2 = 2), so
that, the jacobian matrix is given by:

J =

"

1
b

� (1� (1 + �� �)✓)
(1�(1+���)✓)
(�(1+���)✓) � 1

(1+���)✓

#

As the determinant of Jacobian matrix (Det(J)) is positive, the steady state is determined
by Tr(J). That is, if Tr(J) < 0, the dynamic system converges towards the steady-state
equilibrium. When the Tr(J) > 0, the dynamic system does not converge towards the
steady-state equilibrium. As it is shown in the figure, the dynamic system corresponds to an
spiral sink for a set of parameters shown in Table. Panel (a) in the Figure shows a simulation
of dynamic system for human capital and price. Panel (b) shows how these two variables
evolve throughout time.
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Figure 4-5: Dynamic System (p, h)

An important result of our model with adjustment cost is that the optimal solution on
human capital allow us to obtain the path of optimal wealth. We simulate the optimal path
for accumulation of wealth for these set of parameters . Observe that in our more basic
model we do not have an initial wealth and there is no assets or debts, therefore, initial
wealth is equal to zero.
Observe that if there is an increment of productivity so that a worker can expect an increase
in future savings, both the level of human capital and the human capital shadow price
increase. Besides, if there is a subsidy that reduces the price, the level of human capital
increases, as it is shown in figure. We have that dynamic system converges from equilibrium
A to equilibrium B for a spiral sink equilibrium.
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Figure 4-6: Optimal wealth path

Figure 4-7: Phase diagram (p, h)
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4.4.2 Labor demand expansion

We can modify our set up with ✓ = 1 and � = 0 and get an standard model of adjustment
cost with productive labor demand expansion (Blanchard and Fischer, 1989). Let us assume
an adjustment cost that depends on education or job training expenditures. The problem of
worker maximization is given by:

1
X

t=0

1

(1 + r)t
[s̃(ht)� xht � C(l, xh, h)]

The quadratic adjustment cost is given by:

Ct =
1

2

(atlt � ht)
2
+

b

2

x2
ht, a, b > 0

The first term captures the worker’s cost to adjust the demand of productive labor given
his level of human capital. Other factors affecting cost are not included for simplicity.
Adjustment cost emerges from the expansion of human capital which can be lower or higher
than the demand of the needs of productive labor.
The second term reflects quadratic cost of investment in human capital. The conditions of
first order are given by:

xht =
1

b
µt

µt =
1� �

1 + r
µt+1 +

1

1 + r
(s̃h(ht) + (atlt � ht))

The first equation states that human capital investment is an increasing function of the
shadow price of human capital µt. The second equation reflects the opportunity cost. If we
suppose that a worker takes productive labor as lt as given, then s̃h(·) = 0. It is easy to
show that human capital accumulation is given by:

ht = �ht�1 + ��
1
X

j=i

�

1 + r

j

lt+j

where � is the smallest root of

�2 � (b+ 1)(1 + r) + b(1� �)2

b(1� �)
�+ (1 + r), 0 < � < 1
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and � = a/b(1� �).
Thus, human capital depends on future productive labor and past human capital. Workers
that expect higher levels of productive labor, then increase the level of current human capital.
In this particular model, there is also an accelerator relationship between investment in
human capital xht and productive labor lt. Of course, this is not the only explanation of the
co-movement between investment in human capital and productive labor, in which workers
have incentives to increase both productive labor and to invest more in human capital as
response to productive shocks. Thus, we expect that these increments in human capital
and productive labor increase savings and wealth. In simple terms, let us assume that
productive labor is given so that s̃h(h) = 0. The condition of first order in continuous time
can be expressed as:

˙ht =
1

b
µt � �ht

µ̇t =
r + �

1� �
µt �

1 + r

1� �
(alt � ht)

The dynamic system around the steady state is given by:
"

˙ht

µ̇t

#

=

"

�� 1
b

1+r
1��

r+�
1��

#"

ht � h⇤

µt � µ⇤

#

+

"

0

�a(1+r)
1��

lt

#

thus, the determinant of Jacobian matrix is negative so that the steady state is a saddle
point. The solution is given by:

h⇤
=

(1 + r)

b�(r + �) + (1 + r))
al

µ⇤
=

(1 + r)

b�(r + �) + (1 + r))
(b�a)l

Observe that if there is an increment of productive labor, then, both the level of human
capital and the human capital shadow price increase.
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4.5 Irreversibility of investment

Due to the existence of irreversibility we expanded our analysis5. As we have mentioned
above, the irreversibility of accumulated knowledge emerges from experience and a high
level of specialization in labor. In the last section we introduce some partial irreversibility
related to adjustment cost. Here we want to show how any worker has the possibility to wait
an invest in human capital later on or to decide not to invest at all. The key decision that
a worker has to deal with is to compare the investment value with the marginal expected
wealth. From the individual’s point of view, not to invest in education could be optimal in
the sense that there are other processes to accumulate knowledge and then to accumulate
wealth. There are many examples of rich individuals who drop out from formal education
in order to work as entrepreneurs and to do business. In professional sports is common to
find young people who feel the pressure to start working as professionals instead of finishing
high school or undergraduate program.

4.5.1 Timing of investment decision

Our model of irreversibility takes into account the call option approach or the cost to wait
in terms of expected wealth. The individual has to decide if he invests in human capital
(xht > 0) or if he waits and invests in the next period (xht = 0 , xht+1 > 0), thus, we have
three possible situations.

• if xht > 0

The present wealth of future discounted savings is:

Wt(ht) = s̃(ht) + �Et (Wt+1(ht+1))� phtxht

• if xht = 0 and xht+1 > 0

Wt(ht) = s̃(ht) + �Et [s̃(ht+1)� pht+1xht+1 + ⌘�Et+1 (Wt+2(ht+2))

+(1� ⌘)�Et+1 (Wt+2((1 + �� �)✓ht+1))]

5The main contribution of irreversibility of physical capital and investment decisions include Abel and
Eberly (1994, 1996), Bernanke (1983), Bertola (1988), Bertola and Caballero (1994), Caballero y Pindyck
(1992) and Pindyck (1988). For an extensive and complete survey on investment dynamics see Demers,
Demers and Altug (2003).
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The last term captures the expected discounted wealth if investment will be done at
t+ 1 with a probability ⌘. Therefore, we can express this problem as:

Wt(ht) = s̃(ht) + �Et (Wt+1(ht+1))� �Et (pht+1xht+1)

��(1� ⌘)Et [�Et+1 (Wt+2(ht+2))� �Et+1 (Wt+2((1 + �� �)✓ht+1))]

• if xht = xht+1 = 0

Wt(ht) = s̃(ht) + �Et [s̃(ht+1) + ⌘�Et+1 (Wt+2(ht+2))

+(1� ⌘)�Et+1 (Wt+2((1 + �� �)✓ht+1))]

The last term captures the expected discounted wealth if investment will be done at
t+ 1 with a probability ⌘. Therefore, we can express this problem as:

Wt(ht) = s̃(ht) + �Et (Wt+1(ht+1))

��(1� ⌘)Et [�Et+1 (Wt+2(ht+2))� �Et+1 (Wt+2((1 + �� �)✓ht+1))]

We have that the problem of wealth maximization is the maximum of these three possi-
ble situations. Observe that the problem of wealth maximization of the last two possible
situations in terms of the first one is equivalent to:

Wt(ht) = max s̃(ht) + �Et (Wt+1(ht+1)) +max {�phtxht,

��Et (pht+1xht+1)� �(1� ⌘)Et [�Et+1 (Wt+2(ht+2))� �Et+1 (Wt+2((1 + �� �)✓ht+1))] ,
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��(1� ⌘)Et [�Et+1 (Wt+2(ht+2))� �Et+1 (Wt+2((1 + �� �)✓ht+1))]}

Now, we define the call option in terms of the second possible situation, thus:

Ct(ht+1, pt+1) = (1�⌘)� [(Et+1Wt+2((1 + '� �)✓ht+1 + xht)� Et+1Wt+2((1 + '� �)✓ht+1))

+pht+1xht+1]

the call option takes into account the expected wealth if a worker decides to invest in human
capital or if he decides to wait to the cost of investment in the next period.
Thus, the wealth maximization hypothesis can be expressed as:

Wt(ht) = max es(ht)� phtmax {xht, 0}+ �EtWt+1(ht+1)

Wt+1(ht+1) = es(ht+1) + �Et+1Wt+2(ht+2)� Ct(ht+1, pht+1)

subject to:

s̃(ht) = maxwtl(ht, ct)� ptct

ht+1 = (1 + �� �h)✓ht + xht

xth � 0

• If �EtWh,t+1 (ht+1) > pt and xht > 0

These conditions of first order are equivalent to the model without adjustment cost
presented above. Thus, an individual prefers to invest at time t instead of waiting to
invest in time t+ 1.
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�EtWh,t+1 (ht+1) = pht

Wh,t(ht) = s̃h(ht) + (1 + �� �h)✓pht

ht+1 = (1 + �� �h)✓ht + xht

Ch,t(ht+1) = 0

• If �EtWh,t+1 (ht+1)  pt, xht = 0 and xht+1 > 0

These conditions of first order characterize individual decision to wait at time t and to
invest at time t+ 1. The conditions of first order with respect ht+1 is given by:

�EtWh,t+1 (ht+1) = �Et {s̃h(ht+1) + �(1 + �� �h)✓Et+1 [Wh,t+2(ht+2)]}��Et ((Ch,t(ht+1, pt+1))

We know that if the optimal solution is �EtWh,t+1 (ht+1) = pht and �EtWh,t+2 (ht+2) =

pht+1, then we have that

pht + �Et (Ch,t(ht+1, pt+1)) = �Et {s̃h(ht+1) + �(1 + �� �h)✓pht+1}

ht+2 = (1 + �� �h)✓ht+1 + xht+1

Et (Ch,t(ht+1, pht+1)) = (1�⌘)(1+���h)✓Etmax {0, �Et+1Wh,t+2((1 + '� �h)✓ht+1)� Et(pht+1)} � 0
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Observe that we can express the optimal solution in terms of user cost as it was presented
above. Thus, marginal savings are equal to the user cost plus the endogenous risk premium
or endogenous adjustment cost (Demers, 1985; Demers, 1991; Altug, Demers and Demers,
1999)

Et (s̃h(ht+1)) = pht

⇢

r + � � (1 + �� �)✓
Etpht � pht

pht
+ [(1� �)� ✓(1 + �-�)]

�

+ �t

�t = (1� ⌘)(1 + �� �h)✓Etmax {0, Et(pht+1)� �Et+1Wh,t+2((1 + '� �h)✓ht+1)}

where the risk premium to wait is equal to the negative marginal call option Et (Ct,h(ht+1, pht+1)).
We also can express the model of irreversibility in continuous time in terms of (p, h) where
p = µ, thus

˙ht = (pt � 1)� (1� (1 + �� �)✓)ht

ṗt =
(1� (1 + �� �)✓)

(�(1 + �� �)✓)
pt �

1

(1 + �� �)✓
[(s̃h(ht+1))� aEt (Ct,h(ht+1, pht+1))]

We define marginal call option as the weighted difference between some price level (p̄t+1)

that captures the marginal expected wealth if there is no investment and the expected
price is equal to (pt+1). We keep this framework simple in order to compare the model
of irreversibility with the model of adjustment cost. Thus, the jacobian matrix for our
irreversibility model is given by:

J =

"

1 � (1� (1 + �� �)✓)
(1�(1+���)✓)
(�(1+���)✓) + (1� ⌘)a � 1

(1+���)✓

#

As the determinant of Jacobian matrix (Det(J)) is positive, the steady state is determined
by Tr(J). That is, Tr(J) = 1 � 1

(1+���)✓ , then, we just set the parameters so the dynamic
system converges monotonically to the stady-state equilibrium if (1 + � � �)✓ < 0. The
dynamic system corresponds to the stable dynamic system for a set of parameters shown in
Table and in the Figure.
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Parameter Value

Opportunity Cost r 0.05
Adjustment Velocity on Call Option a 2

Probability to invest in t+ 1 ⌘ 0.6
Depreciation rate � 0.01
Learning by doing � 0.03
Inheritance skills ✓ 0.90

Table 4-2: Parameter for a Stable Node

Figure 4-8: Dynamic system irreversibility model (p, h)

An important result of our model with irreversibility is that the optimal solution on human
capital permits us to obtain the path of the optimal wealth. We simulate the optimal path
of accumulation of wealth for these set of parameters . As we have mentioned above, we do
not have initial wealth in our basic model and there are no assets or debts. Therefore, the
initial wealth is equal to zero. As we will show in the last section of this chapter workers
can take two decisions: the first one is about the optimal level of productive labor given by
his embodied technology so that he can maximize his savings. The second one corresponds
to his optimal allocation savings into a set of assets. In the next figure we show an optimal
path for wealth maximization hypothesis.
Now, we present a discrete model of optimal simulation. We simulate this irreversibility
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Figure 4-9: Optimal wealth path irreversibility model

model in Dynare as a three optimization problems . We take into account the conditions of
first order obtained in this section. We set a standard Cobb-Douglas function for savings.
As we see in the code program, if the individual waits at times t and invests in time t + 1,
only the situation of the second decision matters. We can introduce expected wealth and
expected shadow price of human capital in the call option in order to take into account the
possibility not to invest at all.
This simulation allows as to show the impact of three types of shocks that we define as:
productivity shock (A) that affects labor and savings, and family externalities (formation
and inheritance skills) that also cost and impact on productivity. The second shock refers
to learning by doing (�) and we assume that productive labor has an impact in learning
by doing and human capital formation. This effect is important because, according to our
perspective, education is just one process that permits human capital formation. The last
shock refers to family externalities (formation and inheritance skills) (✓) and we assume an
autoregressive process.
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Figure 4-10: Productivity shock on savings

Productivity shock, which has a direct impact on savings, has a positive effect in all variables
if the individual decides to invest at time t. When investment is not done, positive effects on
wealth (W3) and savings (s3) are reduced. Besides, productive shock has a positive impact
on investment and shadow prices. The impact on human capital is positive if investment is
done at time t or t+ 1, otherwise, the effect of productivity is negative.
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Figure 4-11: Learning by doing shock on human capital formation

The shock of learning by doing has a positive effect on human capital formation, savings,
shadow price of human capital and investment. This positive effect is higher because we
assume that there is a positive impact of shock of productive labor on learning by doing.
Finally, the shock of the impact of learning by doing on wealth is positive.
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Figure 4-12: Family externalities (formation and inheritance skills)

Family externalities (formation and inheritance skills) have a positive effect directly on cap-
ital formation and indirectly on productive shock. Investment and human capital formation
are affected positively. As human capital formation by construction is affected by family
externalities due to inheritance skills and formation process at home that allow creating
discipline, effort, good habits and so on, it will be positively affect labor and human capital.
The positive impact of these shocks on shadow price are derived from the conditions of first
order that is a result of our model of wealth maximization hypothesis. Shadow price of
human capital should be reflected in wages and salary bargaining because it reflects human
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capital formation. Besides, this positive dynamic effect shows that higher human capital
is related to a positive shadow price so that user cost is reduced. This is a big difference
between physical and human capital.

4.5.2 Investment in human capital and heterogeneous labor

Heterogeneous labor emerges naturally in our model because each worker offers productive
labor subject to his embodied technology. We start here with a common framework, which
has two types of human capital: high (H) and low (L). That is, an individual can decide if he
invests in a high type of human capital (undergraduate and graduate program at university),
or if he invests in a low type of human capital (community college, technical or technological
education), or he can decide not to invest at all in any type of human capital. We assume that
there are two types of expected future net income (high or low). An individual can decide
to invest in a high level of human capital, but he can receive a low level of expected future
income, he can invest in a low level of human capital, but receive a high level of expected
future income. According to Unesco (2015) report, a challenge for rethinking education is
that young people do not find any sense going to a university and getting a degree because
they face uncertainty on future net income. In developing countries there are workers or
entrepreneurs with a low level of human capital and with a high flow of present and future
net income.
We introduce this simple form of heterogeneity in our irreversibility model. Thus, the in-
dividual has to decide if he invests in a high level of human capital (xH

ht > 0), a low level
(xL

ht > 0), or he does not invest at all (xH
ht = xL

ht = 0). Once again, we have three possible
situations.

• if xH
ht > 0

The present wealth of future discounted savings is:

Wt(ht) = s̃(ht)� xH
ht + �(⌘WH

t+1(ht+1) + (1� ⌘)(WL
t+1(ht+1))

Observe that the last term refers to the expected present value of flow of future savings.
Where ⌘ is the probability to receive a high level of future savings, providing that the
individual invested in a high level of human capital. We express the problem in terms
of the difference between high and low expected values of future savings.

Wt(ht) = s̃(ht)� xH
ht + �EtW

H
t+1(ht+1)� (1� ⌘)�

�

WH
t+1(ht+1)� (WL

t+1(ht+1)
�
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• if xL
ht > 0

Wt(ht) = s̃(ht)� xL
ht + �(qWH

t+1(ht+1) + (1� q)(WL
t+1(ht+1))

Here q refers to the probability to receive a high level of future savings providing that
the individual invested in a low level of human capital. Just to be simple, we represent
the problem in terms of the difference between high and low expected value of future
savings.

Wt(ht) = s̃(ht)� xL
ht + �EtW

H
t+1(ht+1)� �(1� q)

�

WH
t+1(ht+1)� (WL

t+1(ht+1)
�

• if xH
ht = xL

ht = 0

Wt(ht) = s̃(ht) + �(vWH
t+1(ht+1) + (1� v)(WL

t+1(ht+1))

Where v is the probability to receive a high level of future savings providing that the
individual did not invest at all. The problem in terms of differential future savings can
be expressed as:

Wt(ht) = s̃(ht) + �EtW
H
t+1(ht+1)� �(1� v)

�

WH
t+1(ht+1)� (WL

t+1(ht+1)
�

We have that wealth maximization problem is the maximum of these three possible situations
so that the problem is equivalent to:

Wt(ht) = max s̃(ht) + �Et

�

WH
t+1(ht+1)

�

+max
�

�xH
ht � (1� ⌘)�

�

WH
t+1(ht+1)� (WL

t+1(ht+1)
�

,

�xL
ht � (1� q)�

�

WH
t+1(ht+1)� (WL

t+1(ht+1)
�

,
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�(1� v)�
�

WH
t+1(ht+1)� (WL

t+1(ht+1)
�

}

Now, we define the call option in terms of the second possible situation and the level of high
investment

�

xH
ht

�

, thus:

Ct(ht+1) = (1� ⇢⌘)�
�

WH
t+1(ht+1)� (WL

t+1(ht+1)
�

+ ↵xH
ht

This call option or function of adjustment cost depends on parameters (⇢,↵ 2 [0, 1]). As
xH
ht > xL

ht, then we can express low investment level in terms of high level, that is, xL
ht = ↵xH

ht.
In the same way we can express probabilities of expected savings in terms of probability of
high expected income, providing that the individual invested in a high level of investment
(⌘) so that r = ⇢⌘ or q = ⇢⌘ in any case.
Thus, wealth maximization hypothesis can be expressed as:

WH
t (ht) = max es(ht) + �EtW

H
t+1(ht+1)� Ct(ht+1)

subject to:

s̃(ht) = maxwtl(ht, ct)� ptct

ht+1 = (1 + �� �h)✓ht + ↵xH
ht

↵xH
th � 0

• If ↵xH
ht = 0 and v = ⇢⌘

These conditions of first order are equivalent to the model without any investment.
Thus, the individual prefers not to invest at all.

pht + �Et (Ch(ht+1, pt+1)) = �Et {s̃h(ht+1) + �(1 + �� �h)✓pht+1}

ht+1 = (1 + �� �h)✓ht+1

Et (Ch(ht+1, pt+1)) = (1�v)(1+���h)✓Etmax
�

0, �
�

Et(pht+1)� EtW
L
h,t+1(ht+1)

� 

� 0
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• If ↵xH
ht > 0 and q = ⇢⌘ or ⌘ = ⇢⌘

The conditions of first order when the individual invests in any level of investment are
given by:

pht + �Et (Ch(ht+1, pt+1)) = �Et {s̃h(ht+1) + �(1 + �� �h)✓pht+1}

ht+1 = (1 + �� �h)✓ht+1 + ↵xH
ht

Et (Ch(ht+1, pt+1)) = (1�⇢⌘)(1+���h)✓Etmax
�

0, �
�

Et(pht+1)� EtW
L
h,t+1(ht+1)

� 

� 0

Observe that the key decision if the individual decides to invest in a high, low or zero level
of investment is just related to the relation among probabilities on future high expected
savings, that is (⌘, q, v)

We can also express the model of irreversibility investment in continuous time in terms of
(p, h) where p = µ, thus

˙ht = (pt � 1)� (1� (1 + �� �)✓)ht

ṗt =
(1� (1 + �� �)✓)

(�(1 + �� �)✓)
pt �

1

(1 + �� �)✓
[(s̃h(ht+1))� a�t]

Where �t is defined as the risk premium of a high or low level of investment so that

�t = (1� ⇢⌘)(1 + �� �h)✓Etmax
�

0, �EtW
L
h,t+1(ht+1)� Et(pht+1)

 

Thus, we have almost the same solution for the irreversible model presented above, and when
the individual decides to do a high level of investment if ⌘ > q.
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4.5.3 Irreversible investment in human capital with financial con-
straints

Our model of irreversibility takes into account the call option approach or the cost to wait in
terms of expected wealth. Now, we expand this framework to introduce financial constraints.
The individual not only has to decide if he invest in human capital (xht > 0) or if he waits
and invests in the next period (xht = 0 , xht+1 > 0), but he also has to decide if he finances
investment in human capital with his own resources, debts or both. If he decides to finance
investment with his own resources (! = 1), then we have the irreversible model with timing
decision. Then, we assume that a part of the investment is financed with a debt. We can
express the problem in three possible situations:

• if xht > 0

The present wealth of future discounted savings is:

Wt(ht, Bt) = s̃(ht) + �Et (Wt+1(ht+1, Bt+1))� !phtxht + (1� !)Bt � '(1 + rb)�EtBt+1

Observe that ! is the part of the investment financed with own resources. We assume
that a worker will pay total expenses in education, financing it with a debt in a number
of payments at t + 1

6. Finally, we assume that in some cases, there are educational
incentives so that a part of a debt could be condoned (0  '  1). If ' = 1 total debt
has to be payed.

• if xht = 0 and xht+1 > 0

Wt(ht, Bt) = s̃(ht) + �Et [s̃(ht+1) + ⌘�Et+1 (Wt+2(ht+2, Bt+2))

+(1� ⌘)�Et+1 (Wt+2((1 + �� �)✓ht+1))

�!pht+1xht+1 + (1� !)Bt+1 � '(1 + rb)�EtBt+2]

6The individual can pay the total debt in a finite number of payments so that �(1 + rb)EtBt+1 =

�Et

⇣

Pk
j=1(1 + rb)bt+j

⌘

.
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The last term captures the decision of financing investments at t + 1. Therefore, we
can express this problem as:

Wt(ht, Bt) = s̃(ht)+�Et (Wt+1(ht+1, Bt+1))�!Et (pht+1xht+1)+(1�!)EtBt+1�'�Et [�Et+1(1 + rb)Bt+2]

��(1� ⌘)Et [�Et+1 (Wt+2(ht+2, Bt+2))� �Et+1 (Wt+2((1 + �� �)✓ht+1))]

• if xht = xht+1 = 0, Bt = 0

Wt(ht) = s̃(ht) + �Et [s̃(ht+1) + ⌘�Et+1 (Wt+2(ht+2))

+(1� ⌘)�Et+1 (Wt+2((1 + �� �)✓ht+1))]

The last term captures the expected discounted wealth if the investment is to be done
at t+ 1 with a probability ⌘. Therefore, we can express this problem as:

Wt(ht) = s̃(ht) + �Et (Wt+1(ht+1))

��(1� ⌘)Et [�Et+1 (Wt+2(ht+2))� �Et+1 (Wt+2((1 + �� �)✓ht+1))]

We have that the problem of wealth maximization is the maximum of these three possible
situations. Observe that as we have expressed before, the problem of wealth maximization
in the last two possible situations in terms of the first one is equivalent to:

Wt(ht, Bt) = max s̃(ht) + �Et (Wt+1(ht+1, Bt+1)) +max {�!phtxht,

��(1� ⌘)Et [�Et+1 (Wt+2(ht+2, Bt+2))� �Et+1 (Wt+2((1 + �� �)✓ht+1))]
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�!�Et (pht+1xht+1) + (1� !)�EtBt+1 � '�Et [�Et+1(1 + rb)Bt+2] ,

��(1� ⌘)Et [�Et+1 (Wt+2(ht+2, Bt+2))� �Et+1 (Wt+2((1 + �� �)✓ht+1))]}

Now, we define call option in terms of the second possible situation, thus:

Ct(ht+1, pt+1, Bt+1) = (1� ⌘) [(Et+1Wt+2(ht+2, Bt+2)� Et+1Wt+2((1 + '� �)✓ht+1))

�! (pht+1xht+1) + (1� !)Bt+1 � ' [�Et+1(1 + rb)Bt+2]]

Call option takes into account the expected wealth if a worker decides to invest in human
capital or if he decides to wait and see the cost of investments during the next period.
Thus, wealth maximization hypothesis can be expressed as:

Wt(ht, Bt) = maxes(ht)+max {�!phtxht + (1� !)Bt � '(1 + rb)�EtBt+1, 0}+�EtWt+1(ht+1, Bt+1)

Wt+1(ht+1, Bt+1) = es(ht+1) + �Et+1Wt+2(ht+2, Bt+2)� Ct(ht+1, pht+1, Bt+1)

subject to:

s̃(ht) = maxwtl(ht, ct)� ptct

ht+1 = (1 + �� �h)✓ht + xht

xth � 0

Bt

s̃(ht)
� ¯Bt

The last constrain refers to a maximum debt or debt capacity.
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• If �EtWh,t+1 (ht+1) > pt , xht > 0, and Bt > 0

These conditions of first order are equivalent to model without adjustment cost pre-
sented above. Thus, individual prefers to invest at time t instead to wait and to invest
in time t+ 1.

�EtWh,t+1 (ht+1) = !pht

Wh,t(ht) = s̃h(ht) + (1 + �� �h)✓pht +
s̃h(ht)

s̃(ht)

¯Bt

�EtWB,t+1(ht+1, Bt+1) = ��B,t(1 + rb)'

WB,t(ht, Bt) = (1� !)�B,t �
1

s(ht)

ht+1 = (1 + �� �h)✓ht + xht

Bt

s̃(ht)
=

¯Bt

Ch,t(ht+1, Bt+1) = 0

Cb,t(ht+1, Bt+1) = 0

• If �EtWh,t+1 (ht+1)  pt, xht = 0, Bt = 0 and xht+1 > 0 , Bt+1 > 0

These coditions of first order characterize individual decision to wait at time t and to
invest at time t+ 1. The first order condition with respect ht+1 is given by:
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�EtWh,t+1 (ht+1) = �Et {s̃h(ht+1) + �(1 + �� �h)✓Et+1 [Wh,t+2(ht+2)]}��Et ((Ch,t(ht+1, pt+1))

We know that with the optimal solution, �EtWh,t+1 (ht+1) = pht and �EtWh,t+2 (ht+2) =

pht+1, we have that

!pht + �Et (Ch,t(ht+1, pt+1)) = �Et

⇢

s̃h(ht+1) +
s̃h(ht+1)

s̃(ht+1)

¯Bt+1 + �(1 + �� �h)✓pht+1

�

Et

✓

(1� !)�B,t+1 �
1

s(ht+1)

◆

= �B,t(1 + rb)'

ht+2 = (1 + �� �h)✓ht+1 + xht+1

Et (Ch,t(ht+1, pht+1)) = (1�⌘)(1+���h)✓Etmax {0, �Et+1Wh,t+2((1 + '� �h)✓ht+1)� Et(pht+1)} � 0

Observe that we can express the optimal solution in terms of the user cost as it was presented
above. Thus, marginal savings are equal to user cost plus the endogenous risk premium or
endogenous adjustment cost (Demers, 1985; Demers, 1991; Altug, Demers and Demers, 1999)

Et (s̃
0
(ht+1)) = pht

⇢

r + � � (1 + �� �)✓
Etpht � pht

pht
+ [(1� �)� ✓(1 + �-�)]

�

+�t�Et

✓

s̃h(ht+1)

s̃(ht+1)

◆

¯Bt+1

�t = (1� ⌘)(1 + �� �h)✓Etmax {0, Et(pht+1)� �Et+1Wh,t+2((1 + '� �h)✓ht+1)}

where the risk premium for waiting is equal to the negative marginal call option Et (Ct,h(ht+1, pht+1)).
We can also express the model of irreversibility with financial constraints in continuous time
in terms of (p, h) as:

˙ht = (!pt � 1)� (1� (1 + �� �)✓)ht
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Parameter Value

Opportunity Cost r 0.05
Adjustment Velocity on Call Option a 2

Probability to invest in t+ 1 ⌘ 0.6
Depreciation rate � 0.01
Learning by doing � 0.03
Inheritance skills ✓ 0.90
debt interest rate rb 0.015

share investment financed (1� !) 0.60
share debt condoned (1� ') 0.45

Table 4-3: Parameter for a Stable Node

ṗt =
(! � (1 + �� �)✓)

(�(1 + �� �)✓)
pt�

1

(1 + �� �)✓



(s̃h(ht+1)) +
s̃h(ht+1)

s̃(ht+1)

¯Bt+1 � aEt (Ct,h(ht+1, pht+1))

�

We define the marginal call option as the weighted difference between some price level (p̄t+1)

that captures the marginal expected wealth if there is no investment and the expected price
is (pt+1). We keep this framework simple in order to compare irreversibility model with
adjustment cost model. Thus, the jacobian matrix for our irreversibility model is given by:

J =

"

! � (1� (1 + �� �)✓)
(!�(1+���)✓)
(�(1+���)✓) + (1� ⌘)a � 1

(1+���)✓

#

As the determinant of Jacobian matrix (Det(J)) is positive then the steady state is deter-
mined by Tr(J). As Tr(J) = 1� 1

(1+���)✓ , we can just set the parameters so that the dynamic
system converges monotonically into the steady-state equilibrium if (1 + �� �)✓ < 0.
The last condition of first order that completes the dynamic system is the shadow price of
stock debt that is given by:

˙�bt =
(1 + rb)'� (1-!)

(1� !)
�bt +

1

(1� !)

1

s(ht)

this shadow price converges if
�

�

�

(1+rb)'�(1-!)
(1�!)

�

�

�

< 1 or 0 < (1 + rb)' < 2(1� !).
As it is shown in the figure, the dynamic system corresponds to a stable dynamic system for
a set of parameters shown in the Table.
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Figure 4-13: Dynamic system of irreversibility model with financial constrain (p, h,�b)

An important result of our model with irreversibility is that the optimal solution for human
capital permits us to obtain the path of optimal wealth. We simulate the optimal path for
accumulation of wealth and Debt for these set of parameters. As there is no initial wealth,
then wealth is negative at the beginning. Debt behavior is given by:

˙Bt =
'� �

�
Bt �

(1 + rb)'

�
¯b

Where ¯b refers to a constant flow of payment in order to pay total stock of debt. It is clear
that if all debt is condoned, then Bt =

¯b = 0 and the dynamic system will correspond to the
basic irreversible model presented above.

4.6 Wealth Maximization and St. Petersburg Paradox

When we talk about wealth maximization, St. Petersburg Paradox emerges. The problem
was first presented by Bernoulli (1738/1954) in order to solve a problem of expected wealth
from a lottery game. In the game, when a player flips a coin once and a head appears then
game finishes and he receives $2. On the other hand when a player flips the coin until a head
appears, then he receives $2 multiply by the number of trials. Because the expected value
of this game is infinity, then Bernoulli suggests to compute the expected value not directly
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Figure 4-14: Optimal wealth and debt path for irreversibility model with financial constrain

on the money pay off, but on some subjective function of utility on money pay off7. The
paradox emerges when a player deals with a game, in which payoff is infinity and he wants to
offer an small portion of his wealth, such as a price of a lottery ticket in order to participate.
As Bernoulli solution was not satisfactory for different payoffs, the paradox comes until now.
Different perspectives had emerged to give an answer.
Afeter a huge revision, Menger (1934) suggests that the utility function has to be bounded
and that players are risk aversion in the sense that they offer a small price for a ticket to play
the game. Although Samuelson (1977) agree with Menger, he suggests that there is no a
paradox because any bank or casino will be ready to offer an infinity quantity of money as a
prize8. Blavatsky (2005) and Rieger and Wang (2006) use Prospective Theory and they show
that under some restricted parametrization it is possible to find a finite expected value and
the conclude that Prospective Theory does not have a satisfactory answer for the paradox.
Petters (2011a,b) sustains that Menger’s work on Bernoulli has mistakes on interpretation
because Bernoulli’s paper solves a finite expected value using utility function and takes into
account the ticket cost to enter in the game. Petters (2011a,b) solves the paradox using a
non ergodic approach (ensemble average and time average) and shows how this solution is

7Bernoulli proposes a log utility function and Cramer proposes an square root. For a historical perspective
see Menger (1934), Sennetti (1976), Samuelson (1977), Ceasar (1981, 1984), Dutka(1988), Peters (12011a,b),
Klive and Laurent (2011). See Feller (1964) and Verdi (1998) for an statistical approach.

8See Arrow (1974), Ryan (1974) and Kennan (1981) for expected values under unbounded utility function.
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related with Bernoulli’s one. Petters’ solution permits to explain an accumulation process
as wealth. He mentiones, that it does not depend on the assumption on risk and individual
characteristics preferences represented by bounded or unbounded utility function.
Peters(2011b) defines factor of accumulation of wealth as:

ri =
w � c+mi

w

Where w is the wealth before playing the lottery, c is the ticket cost and mi is the payoff
at round ith of the lottery. Thus, he defines the exponential growth rate of wealth as the
logarithm of the factor (g = ln(ri)). Then, he proves that the ensemble average and time
average are equivalent, and how this solution is related to Bernoulli’s original solution.
Moreover as we mentioned this Peters’ solution to the paradox does not depends on any
assumption on risk and individual characteristics preferences represented by bounded or
unbounded utility function. Therefore, based on Peters’ solution maximization of wealth
can be done in monetary terms without any assumption on risk or using any transformation
on the problem through using a logarithm or other function.
Observe how our wealth maximization hypothesis derived from arbitrage equation, which will
be presented in the next section, could be development based on the same Peters’ (2011b)
perspective so that the solution to the St. Petersburg Paradox will be satified. Thus, the
arbitrage equation of Wealth Maximization Hypothesis can be state as:

E (Wi,t+1|Ii,t)�Wi,t

Wi,t

+

�si,t
Wi,t

= rt

Where s captures the net flow (mi � c) and rt refers to the asset interest factor of wealth
accumulation. Net flow in our model comes from productive labor net of input cost (con-
sumption, leisure goods, housing services and human capital) and not from a lottery game9.
Finally, an important discussion on St. Petersburg Paradox is the risk aversion to play,
even if the expected reward is infinity. Every year, Forbes Magazine presents a list of the
wealthiest individuals in the world. Furthermore, each individual reads news about other
succesfull rich individuals in different types of works from literature to soccer players, or
from high educated business entrepreneurs to non-skilled business owners in some economic
activity. However, not all individuals have a shumpeterian entrepreneur spirit or they have
a highly competitive behavior. We can argue that the individual characteristics of these
risk lovers are part of the embodied technology and, at the same time, risk aversion is a

9See Peters (2001a,b) to detailed presentation of the solution of St. Petersburg Paradox using an ergodic
and non-ergodic approaches.
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part of this embodied technology and it has an impact on individual decisions concerning
investment in human capital, the type of productive labor that they offer and their decisions
on how to maintain these savings.

4.7 Wealth and savings as an inter-temporal decision prob-
lem

4.7.1 Savings allocation: arbitrage equation

Accumulation of wealth is an inter temporal decision. When an individual has to decide how
he can maintain his savings, he has to compare the expected capital gains on net-wealth plus
the savings net-wealth10 ratio with the return of the set of net-assets. If we assume that the
unique asset chosen to keep his savings is a risk-less one, then we also have to assume that
this return corresponds to a risk-less rate. Then the total wealth is equal to the total bills
keep by the individual (Wit = Bit). Formally we can express this individual decision, for ith
worker as:

E (Wi,t+1|Ii,t)�Wi,t

Wi,t

+

�si,t
Wi,t

= rt

Where Wi,t is the current individual wealth, si,t is the current savings11 and rt is the free
risk interest rate. This general formulation supposes that the set of relevant information on
future expected wealth is different for each individual.
This equation is a general formulation of traditional arbitrage equation between stocks and
risk-less asset, where Wi,tis a portfolio of net-assets for each individual. If we reorganize this
arbitrage equation, we can express wealth in terms of current savings and expected wealth

Wi,t =
1

1 + rt
�st +

1

1 + rt
E (Wi,t+1|Ii,t)

Solving recursively the arbitrage equation, we have that current wealth depends on:

Wi,t = E

"

T�1
X

j=0

T�1
Y

j=0

✓

1

1 + rt+j

◆

�si,t+j|Ii,t

#

+ E

"

T�1
Y

j=0

✓

1

1 + rt+j

◆

Wi,t+T |Ii,t

#

10Observe that if the individual has just one unit of a unique asset, then the arbitrage equation becomes
the usual one, that is (E(pt+1)�pt)/pt+dt/pt = rt, where dividends are expressed as a proportion of savings
with respect to the total wealth, that is, dit = �sit

11In order to avoid double accounting in flow of return on assets, savings is equal to individual labor
income less consumption.
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We have that current wealth is equal to the sum of the present discount value of current and
expected individual savings12

Wi,t = E

" 1
X

j=0

j
Y

j=0

✓

1

1 + rt+j

◆

�si,t+j|Ii,t

#

4.7.2 Savings allocation: general case

In general, an individual faces the possibility to allocate his savings in a set of multiple
assets, that is, the percentage of savings kept in a particular asset. Thus, we can express the
arbitrage equation for each asset as:

E (qi,ht+1ei,ht+1|Ii,t)� qi,htei,ht
qi,htei,ht

+

⌘i,ht�si,t
qi,htei,ht

= rht

According to the definitions on wealth, savings and interest rates given above, we can express
wealth in terms of currents savings and expected wealth as:

Wi,t =

k
X

h=1

qhteiht =
k
X

h=1

⌘iht
(1 + rht)

�si,t +
k
X

h=1

1

(1 + rht)
E (qht+1eiht+1|Ii,t)

solving recursive

Wi,t =

k
X

h=1

qhteiht =
k
X

h=1

E

"

T�1
X

j=0

T�1
Y

j=0

✓

⌘iht+j

1 + rht+j

◆

�si,t+j|Ii,t

#

+

k
X

h=1

E

"

T�1
Y

j=0

✓

1

1 + rht+j

◆

(qht+1eiht+1|Ii,t)
#

or

Wi,t =

k
X

h=1

qhteiht =

k
X

h=1

E

" 1
X

j=0

j
Y

j=0

✓

⌘iht+j

1 + rht+j

◆

�si,t+j|Ii,t

#

12We can get a similar formulation from the problem of inter-temporal optimal consumer behavior. We
just need to solve forward the inter-temporal budget constraint ct+bt =

1
1+rt

bt+1+yt and to take conditional
expectations on both sides. Then we obtain:

bt = E

2

4

1
X

j=0

j
Y

j=0

✓

1

1 + rt+j

◆

(yt+j � ct+j) |It

3

5 =
1

1 + rt
E

2

4

1
X

j=0

j
Y

j=1

✓

1

1 + rt+j

◆

st+j |It

3

5
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4.7.2.1 Solutions when 1
1+rht

< 1: Fundamentals

Case 1: rht = rh and ⌘iht = ⌘ih

In order to establish the basic ideas, let us assume that the riskless interest rate is constant,
so that we can express the current wealth as:

Wi,t =

k
X

h=1

qhteiht =
k
X

h=1

E

"

T�1
X

j=0

✓

⌘ih
1 + rh

◆j

�si,t+j|Ii,t

#

+

k
X

h=1

E

"

✓

1

1 + rh

◆T

(qht+1eiht+1|Ii,t)
#

To achieve convergence, it is necessary that savings do not grow faster than the riskless
interest rate. We will assume that the first term converges if

lim

T!1

k
X

h=1

E

"

✓

1

1 + rh

◆T

(qht+1eiht+1|Ii,t)
#

= 0

Under this condition, we have that current wealth is equal to the sum of the present discount
value of current and expected individual savings.

Wi,t =

k
X

h=1

✓

⌘ih
1 + rh

◆ 1
X

j=0

✓

⌘ih
1 + rh

◆j

E (�si,t+j|Ii,t) =
k
X

h=1

⌘ih
(1� ⌘ih + rh)

1
X

j=0

E (�si,t+j|Ii,t)

Case 2: rht and ⌘iht are stochastic processes

Now, we assume that the risk-less interest rate follows an autorregresive process, that is
rt = ⇢rt�1 + ⇠t, where ⇠ ⇠ N(0, �2

⇠ ). In the same way, we assume that the distribution rate
of savings follows an autorregresive process. Thus, the current wealth is given by:

Wi,t =

k
X

h=1

✓

⌘iht
1 + rht

◆ T�1
X

j=0

✓

⇢j⌘⌘iht

1 + ⇢jrrht

◆j

E (�si,t+j|It) +
 

⇢T⌘ ⌘iht

1 + ⇢Tr rt

!T

E (Wi,t+T |It)

As |⇢| < 1 and 0 < rt < 1, the convergence implies that the convergence rate is faster than
if r remains constant. Again, we will assume that the first term converges if

lim

T!1

✓

⇢⌘⌘iht
1 + ⇢T rt

◆T

E (Wi,t+T |It) = 0

Once again, under this condition we have that current wealth depends on the ponderate sum
of the present discount value of current and expected savings.
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Wi,t =

k
X

h=1

✓

⌘iht
1 + rht

◆ 1
X

j=0

✓

⇢j⌘⌘iht

1 + ⇢jrht

◆j

E (�si,t+j|It) =
k
X
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(1 + ⇢rrht) ⌘iht
(1 + rht)(1� ⇢⌘⌘iht + ⇢rrht)

◆ 1
X

j=0

E (�si,t+j|It)

It is easy to show that if the risk-less interest rate follows a random walk, so that rt =

rt�1 + ⇠twith ⇠ ⇠ N(0, �2
⇠ ) and this is the same for ⌘h, then, we can express current wealth

as:

Wi,t =

k
X

h=1

✓

⌘iht
1 + rht

◆ 1
X

j=0

✓

⌘iht
1 + rht

◆j

E (�si,t+j|Ii,t) =
✓

⌘iht
(1 + rht � ⌘iht)

◆ 1
X

j=0

E (�si,t+j|Ii,t)

4.7.3 Wealth Accumulation as a dynamic programming problem

Observe that this problem can be expressed as a dynamic programming problem, in which
wealth represents the value function that dependst on states variables. Under this assump-
tion we have that

Wi,t(qt) = max

⌘ih

k
X

h=1

⌘iht
(1 + rht)

�si,t +
1

(1 + rht)
E (Wi,t+1(qht+1)|Ii,t)

subject to:

⌘iht = �h
E(qht+1)� qht

qht
+ (1� �h)

qhteiht
Pk

h=1 qhteiht

for each h = {1, . . . , k}

{qht+j}1j=0 ; {eiht+j}1j=0 ; {rht+j}1j=0 ; {sit+j}1j=0 ;

Pk
h=1 ⌘iht = 1

The equation of first order using Bellman equation is given by:
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for each h = {1, . . . , k}
or

E

(

✓

1

1 + rht+1

◆

si,t+1

"

✓
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⌘iht = �h
E(qht+1)� qht

qht
+ (1� �h)

qhteiht
Pk

h=1 qhteiht

for each h = {1, . . . , k}
Thus, the conditions of first order show that the intertemporal substitution between flow
of savings today as a proportion of expected present flow of savings tomorrow is adjusted
by the expected acceleration of price assets and the proportion of a particular asset in total
wealth.
Furthermore, if an individual keeps his wealth in just one asset, then, the change in capital
gains is important as an adjustment factor on expected present flow of savings tomorrow.
Let us show how this general formulation is related to the stock flow perspective presented
in the introduction, in which we define wealth as a stock and savings as a flow. As we
remember, we presented a set of assets and debts as a individual net wealth. There k refers
to the number of assets in the individual portfolio. Let us illustrate an individual portfolio
conformed by: Liabilities (L), Cash (M), Deposits (D), Equities (Eq), Capital (K), Housing
(Ho) and Bills (B), where k = 7.
That is

Wit =
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So we express gross return on assets as:

(1 + rt)Wit =

k
X

h=1

(1 + rht) qhteiht
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thus, for housing asset, we have that
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As we mentioned above, the condition of first order to determine the proportion on savings
manteined in housing or other assets depends on the expected acceleration or change in the
expected variation of capital gains. Observe that in a period of prices crisis, housing prices
decrease and a mortage debt increses. Thus, participation on household assets and wealth
depends on changes in velocity of price.

4.8 Conclusions

In this chapter we present a dynamic optimization framework for Wealth Maximization
Hypothesis. We establish two individual’s intertemporal problems. The first one explains
how optimal wealth emerges from intertemporal decisions on investment and accumulated
knowledge (human capital) in order to maximize the expected present value of future savings.
After we review the literature on individual decisions on human capital, we simulate a model
of human capital formation based on the UGT perspective and show how productive shock
on human capital formation has a positive impact on wealth and income. Later on, we
present our Wealth Maximization Hypothesis on a dynamic framework and show through
simulated models how wealth is accumulated and how productive shock on labor, learning by
doing shock and family externalities on capital formation in general have a positive impact
on wealth and savings.
We try to show how our hypothesis can explain different situations related to human capital
investment: adjustment cost, labor demand expansion, irreversibility and labor heterogene-
ity. Although simulations are subject to initial conditions and functional forms that permit
convergence solutions, they are an excellent first approach to confirm the importance on
human capital not only in growth, but also on individual savings and wealth.



Chapter 5

Productive Labor Supply, Technological
Change and Endogenous Economic
Growth: South Korea’s Development
Case

5.1 Introduction

The theory of growth makes emphasis on the importance of knowledge and human capital
in order to explain endogenous economic growth. Knowledge and Human Capital generate
positive externalities that introduce aggregate increasing returns to scale. Our approach
assume human capital as accumulation of knowledge. Thus, human capital with consumption
goods and housing services are inputs into the human embodied technology. These inputs are
used to produce labor. Instead of being a direct input into the production function, human
capital as accumulation of knowledge indirectly affects production through productive labor.

Thus, a new variety of productive labor supply as an intermediate input implies that humans
have the capacity to create new ideas and knowledge to generate new types of productive
labor. High specialized knowledge also allows individuals in all types of productive labor
to try to offer a differentiated and specific knowledge so that they can offer what they can
do, independenlty if all of them offer the same type of labor. This individual effort to
differentiate productive labor increases labor heterogeneity and it gives to each worker some
kind of monopolistic power. Moreover, each individual has made successive improvements
on his productive labor type under monopolistic competition. South Korea’s development is
a good example of this process. After World War II most of south Korean population were
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low skilled workers. The industry built under Japanese occupation was located in the north.
Moreover, the Korean War during the early 50s left a country with no infrastructure, poor
and with a high density population, with limited natural resources, and a low skilled labor
force. Since then, South Korea has been building a heterogeneous and high qualified labor
force pari pasu with its industrial development process so that this large number of types of
productive labor supply has been evolving and some new types of workers have emerged in
an extended and specialized way. It is a new type of workers that did not exist half a century
ago, but it not only refers to Ph.Ds and masters in different fields, but also to technical and
technological workers in specialized tasks.

Our basic model shows how new varieties of productive labor and improvements on produc-
tive labor quality generate on endogenous growth model and explain both individual wealth
accumulation and endogenous economic growth.
This chapter is organized in seven sections, including this introduction. The second one
presents a brief historical review of South Korean development. Section three presents the
intuition of two related processes: the extended process shows the creation of new types of
productive labor supply or an increasing process of new types of workers and professionals;
and the other one is the intensive or a specialized process to improve workers’ quality in
an individual process of accumulation of knowledge and high specialized competences in a
knowledge-based-economy. Sections 4, 5 and 6 present these two process in a formal way.
Finally, we show how these processes generate a endogenous growth in a economy with labor
supply as a unique intermediate input. We also show that growth depends on new types of
workers (extended process) and more qualified ones (intensive process).

5.2 Neoclassical economic growth: a brief review.

The basic model of centralized economy maximizes the expected discounted present value of
a representative agent subject to economy resources. This approach that extended Ramsey
(1928) model allows the theoretical development of the neoclassical economic growth under
perfect competition, externalities and imperfect competition. Lets us establish a centralized
economy framework in order to present these theoretical developments:

max Et

T
X

j=1

�j
[u(ct)� v(nt)]

subject to:
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kt+1 = (1� �)kt + yt � ct � zt � �t

yt = f (kt, nt, xt)

xt+1 = ✓txt + zt

• Basic model: perfect competition and exogenous growth(xt = 0, zt = 0).

A central planner in the Ramsey’s basic model decides the optimal path for consump-
tion {ct+j}, labor {nt+j} , capital {kt+j} and output {yt+j} . The conditions of first
order that characterize a balanced growth path are given by:

�Et {u0
(ct+1)(1� � + fk(kt+1, nt+1))} = u0

(ct)

v0(nt)/u
0
(ct) = fn(kt, nt)

kt+1 = (1� �)kt + yt � ct � �t

yt = f (kt, nt)

Centralized and decentralized economies are equivalent in this basic model under per-
fect competition and no externalities. Household welfare is better in a centrilized solu-
tion when there are externalities and imperfect competition. Under constant returns
to scale and Coob-Duglas aggregate production function, a third equation refers to
the neoclassical economic growth equation of Solow’s model (Solow, 1956 and Swan,
1956). Although in Ramsey’s model consumption and savings are endogenous, eco-
nomic growth are exogenous due to the fact that savings rate are constant in equilib-
rium.

• AK Models: perfect competition and endogenous growth (xt = at, zt = "at, nt = 1)

These family of AK models (Von Neumann, 1945; Harrod, 1939 ; Rebelo, 1991)) explain
an endogenous growth while aggregate saving will be higher than replenishment of cap-
ital. According to Aghion and Howitt (1999) perspective, we can include the Harrod’s
(1939) model in these family of models as an endogenous growth with unemployment.
The conditions of first order for AK model are given by:

�Et {u0
(ct+1)(1� � + fk(kt+1, at+1))} = u0

(ct)

kt+1 = (1� �)kt + yt � ct � �t

yt = f (kt, at)

at+1 = ⇢aat + "at
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• Human capital model: perfect competition and endogenous growth(xt = ht, zt = Xet).

The model of Mankiw et al. (1992) includes human capital into the basic Ramsey and
Solow economic growth models as an additional production input. Therefore, this new
accumulated factor, under constant returns to scale, explains endogenous growth due
the interaction between human and physical capital. Conditions of first order that
characterize growth path are given by:

�Et {u0
(ct+1)(1� � + fk(kt+1, nt+1))} = u0

(ct)

v0(nt)/u
0
(ct) = fn(kt, nt)

kt+1 = (1� �)kt + yt � ct �Xet � �t

yt = f (kt, nt, ht)

�Et {u0
(ct+1)(1� �h + fh(kt+1, nt+1, ht+1))} = u0

(ct)

ht+1 = (1� �h)ht +Xet

Mankiw, Romer and Weil (1992) explain endogenous growth without externalities and
imperfect competition.

• Model with externalities: perfect competition and endogenous growth:(xt = kt, zt = It)

This family models with AK model are a part of what we call the first generation of
endogenous growth models. All of them assume perfect competition at an industry
level. Therefore, all production factors are remunerated according to its marginal
productivity but the aggregate level of the production function shows increasing returns
to scale due to positive externality associated to the level of aggregate capital. Thus,
this externality could be associated to public expenditure investment in infrastructure
(Barro, 1990), or it could also be associated to the aggregate capital stock which
is represented by spillovers of knowledge that is materialized in the actual stock of
aggregate physical capital. (Arrow, 1962; Romer, 1986). Furthermore, the production
function at an aggregate level takes into account the externality so that there are
increasing returns to scale in order to explain endogenous economic growth1.

The conditions of first order for this problem are given by:
1We can see a Ortiz(1993, 2001) for the integration of learning by doing and public expenditure. There,

he combines this two aspects using Barro (1990) and Matsuyama (1991) models.
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�Et {u0
(ct+1)(1� � + fk(kt+1, nt+1, kt+1))} = u0

(ct)

v0(nt)/u
0
(ct) = fn(kt, nt, kt)

kt+1 = (1� �)kt + yt � ct � �t

yt = f (kt, nt, kt)

• Imperfect competition model and endogenous growth(xt = ht, zt = g(a, ht))

This model establishes a two sector model where the first sector produces a final good
under perfect competition and second sector produces an intermediate input sector pro-
duces under monopolistic competition in order to produce new varieties of intermediate
goods or to improve its quality through human capital and research and development
(R&D). (Romer, 1986; Romer, 1990; Barro and Sala-i Martin, 1995; Ljungqvist and
Sargent, 2004; Aghion and Howitt, 1999). In this chapter we use this idea of techno-
logical change under wealth maximization hypothesis in a model of endogenous growth
with labor.

5.3 South Korea’s Development: Human Capital and
Productive Labor

After World War II and Korea’s War, the modern economic development of South Korea has
been the most rapid and sustained case, just compared to other Asian countries like Japan
or Taiwan. Different studies with a historical perspective divide South Korea’s development
in various stages. This section presents how the stages of South Korean Development are
related to the education process and human capital accumulation.

5.3.1 Stages of South Korean Development

As it is shown in the Table below, South Korea started with low skilled workers who learned
the art of assembly in productive sectors that are labor intensive. During the 1960s, workers
were trained in enginering skills, that is, low qualified workers that learned to imitate pro-
cesses and products using old imported machinery. Thus, South Korea passed from exporting
rice and wigs to export a variety of final goods like toys or procesing meals, using simple
technology. During this time, South Korea sent its people to get knowledge and education
in Chemistry and Enginering so that in the 70s, they started a heavy industry: Chemical
Industry, Steel Industry, Car Industry and shipbuilding industry. Later on, in the 80s, South
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Table 5-1: South Korean Development Stages. (Source: Suh (1987), Hanson (2008), Hobday
(1995))

Korea decided to enter in electronics and new product development. The final stages based
on Research and Development and building prototypes have been consolidated during the
last two decades.
These development stages have been possible not only due to a strong policy on capital
formation based on education, but they have also implied structural economic changes in
order to absorb a new cohort of highly educated workers, as it is shown in learning and
development curves. See Figure 5-1.
This process of technological change on productive labor with new types of work (extended
process) and highly specialized types of work (intensive process) determined the economic
miracle of South Korea during the second half of the last century. In the rest of this chapter
we show how these processes are endogenous and explain South Korean economic growth.

5.4 Technological change on productive labor

5.4.1 Varieties of productive labor supply: a basic innovation

Economic growth in a capitalist economy is related to the increased specialization of labor,
as it was postulated by Young(1928): “As the economy grows, the larger market makes it
worth paying the fixed cost of producing a large number of intermediate inputs”, but not
only for raw materials as Aghion and Howitt(1999) suggest, but this process also applies for
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Figure 5-1: Learning and Development Curves (Source: Learning and development curves
from Hanson (2008, p. 20) and Kim (1997, p. 210))

productive labor. There is a horizontal expansion of types in productive labor activity due
to high specialization in scientific and technological disciplines. Moreover, there is a creation
of new activities that has to be done.

This process of labor specialization implies that workers have to make efforts in order to
differentiate their productive labor activity. Thus, they assume a sunk cost of the develop-
ment of productive labor, paying expensive higher undergraduate and graduate education,
which is compensated with monopoly rents. This monopoly rents not only come from the
sunk cost for entry, but also from a fixed production cost due to consumption goods, leisure
goods, housing services and human capital. That is the presence of increasing returns in
productive labor activity.

We assume that there is a free-entry for every type of productive labor as it is usual in
the literature about production differentiation and based on what is stated by Romer(1987)
and Romer(1990). As we will see, final output is produced using productive labor. Here,

technological progress reflects the existence of spillovers in productive labor, that is, all work-
ers can use general knowledge accumulated through human history that becomes common
knowledge and is a non-rival good. However, knowledge is excluded in the sense that skilled
and high-skilled workers must pay for a costly specific knowledge, which refers to specific
training or the frontier of knowledge. Thus, there are two sources of increasing returns: spe-
cialization or productive labor differentiation (Romer(1990)) and spillovers (Romer(1987)).
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Thus, technological progress in labor implies to continue advancing in methods and numbers
of productive labor in order to take away diminishing returns in the long run. In the spirit of
Young(1928), we consider the change in the number of productive labor as a basic innovation
that is related to economic progress.

5.4.2 Quality improvements on productive labor

However, horizontal expansion of types of productive labor takes away obsolescence of some
productive labor activities. That is to say that some types of productive labor activities
disappear throughout time and other types become obsolete and are replaced by new ones.
The reason for this process is that workers incorporate specific and general knowledge that
will become obsolete later than sooner. Thus, the dynamics of new knowledge and human
capital accumulation is based on Shumpeater idea of creative destruction.
In order to introduce vertical expansion, we keep the number of types of productive labor
constant, but we allow for improvements in the quality of productivity of each type. Thus,
increases in the quality of the existing types of productive labor involve a continuing series
of improvements and refinements on methods and types of productive labor.
We suppose N types of productive labor with a quality rung currently attained in each type,
as it is showed in the Figure 5.4.2.
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Figure 5-2: Leading-edge quality and types of productive labor

The leading-edge quality of each type of productive labor is currently at the level shown on
the vertical axis. The types of productive labor are treated as fixed and are arrayed along
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the horizontal axis. Later on, we specify how the process of quality improvement occurs
randomly at different rates.
Taking into account horizontal expansion, when a type of productive labor is improved, the
new technique or method tends to displace the old one. Thus, we model different quality
grades for a particular type of labor as close substitutes. Therefore, successful workers along
the quality dimensions tend to eliminate the monopoly rentals of their predecessors. This
process not only implies a higher economic growth, but it also permits new high qualified
workers to increase their incomes, and, consequently, to increase their savings and accumulate
wealth in a given fix cost.
Figure 5-3 shows how the quality-ladder in a single type of productive labor improves the
next rung over time. The timing of the jumps is stochastic because it depends on the
uncertainty produced by new knowledge and the rate of new methods or techniques that
emerge throughout time.
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Figure 5-3: Improvements in a quality ladder labor type

Now we introduce our ideas in a formal model for new types and improvements in quality
levels of productive labor.
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5.5 Variety of productive labor: a two sector model

One sector of the economy produces new varieties of productive labor through formal educa-
tion process, that is, colleges, graduate schools, technical education, and so on. We suppose
that the number of types of productive labor depends on productive labor supply.

(Nt+1 �Nt) = ⌘

Nt
X

j=1

(1� �jt)Ljt

The second sector produces a final good using heterogeneous productive labor and a constant
technological progress.

Yt = A
Nt
X

j=1

�jtL
↵
jt

We also assume that both sectors are produced under perfect competition, that is:

wjt = ↵A�jtL
↵�1
jt = ⌘(1� �jt)

We assume that heterogeneous productive labor is a reproductive factor. To make it simple,
we suppose that each type of productive labor is offered under monopolistic competition. We
assume that each worker maximizes the present value of his net income, that is his savings,

1
X

t=1

✓

1

1 + r

◆t
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1
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✓
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1 + r

◆t

[wjtLjt(Cjt)� Cjt]

where the technology to produce labor is given by Ljt(Cjt) = C�
jt.

High degree of specialization in modern economy allows workers to offer a specific type of
productive labor and less competition in the labor market. The monopoly wage wjt should
be established as a markup above marginal cost p = 1, with p as the price of final good. The
markup is inversely related to the absolute value of the demand elasticity of labor type j,

wjt =
1

1 + ✏�1
jt

✏jt ⌘


@wjt

@Ljt

Ljt

wjt

��1

= �(1� ↵)�1 < 0
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thus, the equilibrium time-invariant monopoly price and quantity of input j is:

wjt =
1

↵
⌘ w

Ljt =
�

↵2�A
�1/1�↵ ⌘ L

1� �jt =
1

⌘↵
⌘ 1� �

We have to assume that ⌘↵ > 1 in order to 0 < � < 1 and there is production in both
sectors.
The individual consumption is given by,

Cjt = �wL ⌘ C

The growth rate of types of productive labor is proportional to the quantity of productive
labor used to produce types of productive labor.

Nt+1 �Nt

Nt

= ⌘(1� �)L

If we substitute wages and labor supply, we obtain the monopolistic worker’s steady-state
savings flow,

sjt =
1� �

↵

�

↵2�A
�1/(1�↵)

Observe that the saving function is positive and it is an increasing function with respect tho
technological progress 2.
Therefore, the individual wealth or savings present value is given by:

Wjt =

1
X

t=1

✓

1

1 + r
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�

↵2�A
�1/(1�↵)

Finally, observe that the growth rate of the final good endogenously depends on the growth
rate of the variety of productive labor

Yt = ANt�L

2If the marginal cost to produce a unit of productive labor increases, it is possible to immediately show
that savings are reduced.
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5.6 Quality of productive labor

Let us assume that the second sector produces a final good using heterogeneous productive
labor with quality improvement, that is,

Yt = A

N
X

j=1

˜L↵
jt

where, ˜Lj, is the quality-adjusted amount of type of productive labor j. The quality lad-
der is arrayed with proportionately rungs of size qj > 1, as it is assumed by Aghion and
Howitt(1992), Grossman and Helpman(1991) and Barro and Sala-i-Martin (1995). We as-
sume that subsequent rungs occur sequentially. Thus improvements in quality, for each type
of labor, are a sequence

�

1, qj, q
2
j , . . . , q

j

j

 

where j is the last improvement degree of the
level of the highest quality available in the economy for each type of productive labor.

We denote Ljk as the quantity used in the economy of the jth type of productive labor of
quality rungs. That is, if j is the highest quality grade in labor type j; then, the quality-
adjusted input for this type is given by

˜Lj =

j
X

k=0

qkLjk

We assume in this framework that the quality grades within a type of productive labor is a
perfect substitutes for the inputs of final good’s production.

The aggregate quality-adjusted amount of productive labor of type j, ˜Lj, is the quality-
weighted sum of amounts of each grade used in the production process.

Improvements were not considered in the previos section, that is,  = 0 for each type of
productive labor. Thus, ˜Lj = Lj0 and technological advances in productive labor would only
arise from increases in the number of varieties. Instead we show, in this section, that j
evolves overtime in each sector in response to learning or job training.

Wages for different quality grades are given by,

wjk = A↵q↵kj L↵�1
jk 8k = {0, 1, . . . ,j}

8j = {1, . . . , N}
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Observe that wages are ordered from the highest quality to the lowest one for each type
of productive labor. Therefore, we have that wages for degrees of type of labor are related
among them by the following equation:

1

qj
wjk = wjk�1 = A↵q↵(k�1)L↵�1

jk�1

We assume that a leading-edge worker acts as a monopolist and that saving maximization
gives the same markup,

wjj = w =

1

↵

therefore, the price of the monopoly is constant over time and across types of productive
labor. We can think about it as a kind of normalization wage for all the highest degree in
each type of productive labor.

If the monopoly price is 1/↵, the next lower grade can be sold at the price 1/(qj↵) and the
next one can be sold at the price 1/(q2j↵), and so on. Formally we have:

wjk =
1

q
j�k
j ↵

If wjk is less than the unit marginal cost to generate this productive labor degree, the next
best degree is out of the market 3. This level of wages is a kind of reserve wages that
determines participation in the labor market.

Heterogeneity implies that each type of worker is responsible for his quality improvement so
that he retains a monopoly right to produce the jth type of productive labor at that quality
level.

Specifically, if the quality rungs k = {0, . . . ,} have been reached, then the kth innovator
is the only source of production labor with quality qkj . It is assumed that if every type of
productive labor with quality q0j = 1, the lowest quality one can be offered by any worker
of type j, that is, a chef or a cook can fry two eggs, or a PhD professor can teach a basic
undergraduate course.

3Under Bertrand competition, the equilibrium price, p = q, allows that only monopolistic workers with
the highest quality offer a particular type of productive labor so that the next quality worker have to be out
of the market.



5.7 R&D, Aggregate Quality Index and Wealth 121

We assume a non-durability productive labor and the same unit marginal cost of production
in terms of consumption good for all qualities. Therefore, the latest innovator has an effi-
ciency advantage over the prior one, but he will be in disvantage with respect to the future
worker innovator.
The aggregate quantity of productive labor is,

Ljk =
�

↵2A
�1/1�↵

q
j�(1�↵)k

1�↵

j

As it is expected in this simple framework, the flow of savings associated to quality rung k

is given by

sjk =
1� �

↵

�

↵2A
�1/(1�↵)

q
↵(2j�k)

1�↵

j

and the aggregate production of the final good is,

Y = A1/1�↵↵2↵/1�↵Q

where Q is the aggregate quality index,

Q ⌘
N
X

j=1

 

j
X

k=0

q
k+2↵(j�k)

1�↵

j

!↵

Observe that individual’s wage, labor supply, savings and aggregate production of final good
depends positively on qj. Therefore, we have to determine the individual’s incentives to
improve quality in productive labor in order to close the model.

5.7 R&D, Aggregate Quality Index and Wealth

Now we have to explain the individual’s incentives to improve quality in productive labor4.
To make it easier, we assume that only new workers improve labor quality and we show what
happen if incumbent workers make R&D to improve labor quality.
We need to show how new entrant innovators have incentives to improve labor quality. That
improvement is achieved by new entrant workers at the beginning, that is to say that we are
interested in j innovator in labor type j. The j innovator worker increases quality in type
j from qj�1 to qj .

4This section is based on Barro and Sala-i-Martin(1995) and Aghion and Howitt (1999).
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The expected present value of wealth for the leading-edge entrant innovator at t+1 is given
by:

rE(Wjj) = sj � pjjE(Wjj)

where pjj is the probability that the current innovator losses his monopoly rents. The flow
of savings associated to the leading-edge quality j, is

sjj =

1� �

↵

�

↵2A
�1/(1�↵)

q
↵j
1�↵

j

Based on Barro and Sala-i-Martin (1995), let us define Zjj as the flow or resources (in
units of Y) used by the potential innovator in labor type j when the quality-ladder number
achieved in that labor type is j. That is, the cost to improve productive labor through
R&D. An undergraduate student uses housing services, consumption goods, leisure goods
and education during four or five years and a graduate student spent overall research effort
during 5 or 6 years.

It is clear that the higher Zjj is the larger the probability pjj per unit of time of success-
ful innovation, that is, the probability of the ladder number increases from j to j + 1.
Specifically let us suppose that this probability is given by:

pjj = Zjj · �(j)

This equation implies that for a given j, the probability success is proportional to the
research cost of productive labor Zjj . We also assume that the probability of success
declines for a given effort due to the complexity of the improvement of the research project,
that is, @�/@j < 0.

Thus, the probability of success follows a Poisson process, in which the probability per unit
of time of success only depends on the current R&D effort made by all innovators in a
particular labor type and it does not depend on the history of research or other variables.

Otherwise, as Barro and Sala-i-Martin(1995) state, linearity implies that the marginal contri-
bution of R&D effort to the probability success, @p/@Zjj , equals the average effect, p/Zjj .
Thus, there is no congestion in the research process. Innovators are indifferent to the entry
of other innovators or to changes in the level of research effort made by others.
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Now, we will show how expected wealth determine the level of R&D effort and the probability
of success, pjj . Because each R&D effort is small with respect to the total research carried
out in a particular type of productive labor, the potential innovator only cares about the
expected wealth.

The (j+1)th innovator will obtain the expected flow of net wealth, ˜W . That is, the expected
wealth per unit of time less the research cost of productive labor,

˜Wjj = pjjE(Wj,j+1)� Zjj

or

˜Wjj = Zjj ·
⇥

�(j)E(Wj,j+1)� 1

⇤

where the expected wealth is given by,

E(Wj,j+1) =
sj,j+1

r + pj,j+1

Under the free entry assumption, if Zjj > 0 then, ˜Wjj = 0 must be hold. Therefore, the
free-entry condition determines the probability of success for the (j + 1)th innovator,

pj,j+1 =
�(j)sj,j+1

r

Observe that probability depends on j. Expected savings are positive with respect to j,
but �(j) is decreasing due to our assumption that innovations in a productive labor type
are increasingly difficult. If the positive effect predominates and the expected savings are
higher; then more successful innovations occur in that labor type. Productive labor sectors
will grow faster than less advanced sectors. However, when a negative effect dominates due
to the difficulty to improve productive labor or due to the higher cost of these innovations,
the more advanced types of productive labor grow relatively more slowly.

This situation could explain the differences concerning the rate of economic growth among
countries and it could also explain the different patters of wealth accumulation in countries.
Finally, the level of research cost of productive labor is given by:

Zjj = pjj/�(j) =
�(j � 1)sjj

�(j)r
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and the expected present value of wealth for the leading-edge entrant innovator at t + 1 is
given by

E(Wjj) =

1

�(j � 1)

so that if the expected present value of wealth is higher, the more difficult are the innova-
tions in the productive labor type. This equation will be the arbitrage condition that will
determine the amount of R&D effort devoted to make innovations in a type of productive
labor.

5.8 Steady-state Growth Analysis

5.8.1 Steady state of research

The quality of the model of productive labor can be characterized by both: the arbitrage
equation and the probability of innovation success,

1

�(j)
=

sj,j+1

r + pj,j+1

Zjj = pjj/�(j)

Let us define !jj ⌘ 1/�(j) as the cost of research. If it is more difficult to make an
innovation, then the higher is the research cost. Thus, the quality of the model of productive
labor can be expressed as

!jj =

sj,j+1

r + Zj,j+1�(j + 1)

Zjj = pjj!jj

A steady-state equilibrium is simply defined as a stationary solution to the system for !̃j and
˜Zj. In other words, both the allocation of R&D resources and the cost of research remain
constant over time so that wealth, savings, wage, labor and output are all scaled each time
that a new innovation occurs.
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The steady state for productive labor type j is:

!j =
sj

r + Zj�

Zj = pj!j

Figure 5-4: The steady-state level of research

As these two equations in the (Zj,!j) space respectively have downward and upward sloping,
the steady-state equilibrium is unique for each productive type, as it is showed in 5-4.

It is clear that the level of research will be increased if the interest rate is reduced or if the
level of savings is increased or if the complexity of research is increased.

5.8.2 Steady state of output

In a steady state the flow of final output produced between innovations is

Y = A1/1�↵↵2↵/1�↵Q

where Q is the quality index as it was defined above. As the rate of output growth depends
on the quality index, we have to show how it evolves. In simple terms, let us assume that
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only the highest available quality is hired, so that we ignore any types of productive labor
less than leading-edge quality. Thus, the quality index is:

Q =

N
X

j=1

qj↵/(1�↵)

If there is innovation in a type of productive labor j, then the term changes from qj↵/(1�↵) to
qj+1↵/(1�↵). The proportionate change in this term due to success is q↵/(1�↵)�1. Therefore,
the expected proportionate change in Q per unit of time is given by:

� =

N
X

j=1

pj,j+1

�

q↵/(1�↵) � 1

�

Thus, all variables will grow up to the scale of the quality index growth rate when innovations
occurs. Figure 5-5 shows the output growth rate.

Figure 5-5: Output growth rate

5.9 Conclusions

We present in this chapter an endogenous economic growth with heterogeneous labor (va-
riety and quality). We present this endogenous growth model under Wealth Maximization
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Hypothesis. Although the model of growth is simple in the sense that it just introduces
some labor heterogeneity without capital, we think that this framework can help to explain
economic miracles such as the South Korean experience of growth and development, in which
the educational process and human capital accumulation determined this economic process.
Observe that in the South Korean case, capital accumulation on heavy industries was possi-
ble after two decades forming human capital in types of jobs that did not exist before Korean
War. Thus, this first stage was characterized by an extended process of new types of jobs.
While during the last two decades, in which Research and Development have commanded
economic growth, these stages of development have been characterized by a intensive process
of labor specialization.



Chapter 6

Conclusions and Recomendations

6.1 Conclusions

This research reached fulfilled the general objective that was to specify a model and a theory
that coherently explain the Wealth Maximization Hypothesis (WMH) so that according to
it, individuals can take decisions about productive labor and consumption. Then, the WMH
is integrated to Von Neumann’s General Equilibrium Model (Von Neumann, 1945) in order
to explain income and wealth distribution. Finally, this WMH is tested to explain economic
growth.
Thus, the research problem is stated in chapter one by defining wealth and savings. Later
on, a basic model and a theory to state the Wealth Maximization Hypothesis that permits
individuals to take decisions about productive labor supply, demand of goods, savings and
wealth where specified in chapter two. In this chapter, productive labor as a work action
competently performed by an individual is defined that is, the worker is embodied with
a set of accumulated knowledges, skills and abilities that he combines with other inputs
(consumption goods, leisure goods and house services) in order to work competently. Of
course, it is assumed that he has been successfully incorporated in the market economy, that
is, he has a job, he does this job competently and he receives a wage that allows him to live
on.
Wealth maximization hypothesis also shows that the worker maximize his net income or
savings subject to his embodied technology. Thus, he does not only decide to participate in
the job market or the optimal level of labor supply, but he also decides the optimal level of
inputs, which is the optimal level of consumption goods, leisure goods, house services and
accumulated knowledge (human capital).
Based on the wealth maximization hypothesis, it is posible to show hat the function of labor
supply and the demands of consumption inputs have the usual microeconomic properties.
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That is, if consumption price increases then the demand of this input will be reduced. The
same result is found concerning the effects of income and price substitution on consumption
demand. In the same way, we found what we call a reserve wage that allows a worker to
decide whether he participates in the labor market or not. Finally, labor supply increases if
wages market are increased.
The Von Neumann’s General Equilibrium Model (Von Neumann, 1945) was extended in
order to incorporate individual decisions about productive labor and consumption under
Wealth Maximization Hypothesis so that this framework allows to shed light about income
and wealth distribution. There, the existence of equilibrium in an extended Von Neumann
Economy with labor supply and consumption demand is demostrated. Furthermore, a net
income maximization for workers (savings) and for firms (profits) as a general framework is
assumed, and productive labor sets and production sets at an individual and an aggregate
level are built. Then, usual topological properties were imposed in order to characterize
worker’s embodied technology and the firm technology.
The model used allows assuming a simple aggregate demand and aggregate supply as con-
strains that emerge from firms total production set and workers total productive labor sets.
It is also posible to show that in a competitive market, in which prices are given, aggre-
gate supply equal to aggregate income implies that labor market is in equilibrium. This is
a classical result in our framework. Furtheremore, it is posible to show that income per-
mits aggregate investment to be equal to aggregate savings, which is the usual Keynesian
aggregate result.
It shows that an indidual’s optimal decisions concerning with productive labor and consump-
tion demands for each worker and his optimal decisions on production and labor demands
by each firm satisfy macroeconomic constrains or, what is equivalent, that both the labor
and the goods markets are cleared.
After this general equilibrium is obtained, Wealth Maximization Hypothesis allows to es-
tablish the degree of optimal inequality through Gini coeficient. The same procedure can
be done in order to explain wealth inequality. Thus, Von Neumann Economy can explain
optimal income and optimal wealth distribution.
Chapter 4 presents a dynamic optimization framework for Wealth Maximization Hypothesis.
Two individual’s intertemporal problems are established. The first one explains how optimal
wealth emerges from intertemporal decisions on investment and accumulated knowledge
(human capital) in order to maximize the expected present value of future savings. The
second one shows how wealth is distributed in a portafolio of assets.
After reviewing the literature on individual decisions on human capital, a model of human
capital formation based on the UGT perspective is simulated and it is posible to show how
productive shock on human capital formation has a positive impact on wealth and income.
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Later on, Wealth Maximization Hypothesis is presented on a dynamic framework and sim-
ulated models show how wealth is accumulated and how productive shock on labor, and
how learning by doing and family externalities shocks on capital formation have, in general
terms, a positive impact on wealth and savings.
This research shows how our hypothesis can explain different situations related to human
capital investment: adjustment cost, labor demand expansion, irreversibility and labor het-
erogeneity. Although simulations are subject to initial conditions and functional forms that
permit convergence solutions, they are an excellent first approach to confirm the importance
of human capital not only on growth, but also on individual savings and wealth.
Chapter 5 presents an endogenous economic growth with heterogeneous labor (variety and
quality). This endogenous growth model is presented under Wealth Maximization Hypoth-
esis. Although the model of growth is simple in the sense that it just introduces some labor
heterogeneity without capital, this framework can help to explain economic miracles, such as
the South Korean experience of growth and development, in which the educational process
and human capital accumulation determined this economic process. Observe that in the
South Korean case, capital accumulation on heavy industries was possible after two decades
forming human capital in types of jobs that did not exist before Korean War. Thus, this first
stage was characterized by an extended process of new types of jobs. While during the last
two decades, in which Research and Development have commanded economic growth, these
stages of development have been characterized by a intensive process of labor specialization.

6.2 Limitations of this research

The main limitation of this research is its total absence of econometric models so that would
allow the Wealth Maximization Hypothesis to be tested empirically. That is due to the
challenge to built a basic model with its correspondent theory. Furthermore, the simulation
models presented in chapter four is an start point in order to work in that direction.
This research approach uses the methodology of the Structuralist Theory of Science based
on Balzer, W. and Moulines, C. (1996) and Balzer, W., Sneed, J., and Moulines, C. (1987,
2000), in which the increase of science knowledge is based on the assumption that there are
models and theories. That is, any scientific discipline has a model that can correspond to
several theories or a theory that can correspond to several models. From this perspective
neoclasical theory or classical theory is one of the theories that aims at explaining economic
procesess or sub-procesess. Therefore, this approch has been a propositive and constructive
one, based on this Structuralist Theory of Science.
Besides, this methodology is used to present a review of modern theoretical neoclassical
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approach throghout a general basic model and its extensions in order to explain a set of
main economic problems. In addition, this review does neither takes into account the game
theory aproach nor the tons of empirical models from the neoclasical theory perspective.
This review has to be done in future research when the Wealth Maximization Hypothesis
will be tested empirically.
Thus, Wealth Maximization Hypothesis emerges as a model and a theory to explain basic
economic processes, such as consumption demand and human capital demand (accumulated
knowledge), labor supply, savings and accumulation of wealth. Moreover, Wealth Maximiza-
tion Theory only wants to show how, after the Korean War, the process of accumulation of
knowledge throughout education has endogenously contributed to South Korean Develop-
ment in general and, in particular, at the begining, to the big push in an economy without
natural resources and physical capital. This big push doing with other institutional and
economic circumstances contributed to the later stages of South Korean Development, in
which accumulation of knowledge has been crucial in each stage.
Finally, another limitation of this research is that the models presented are based on ba-
sic standard formulations of well-known models, which also have the same limitations and
critics. However, this risk was taken in order to introduce basic simple ideas of this first
theoretical approch to Wealth Maximization Hypothesis. Thus, a CES function of embodied
technology was used in chapter two in order to state an individual’s decisions about labor
supply and consumption demand. In chapter three standard topological sets of production
and productive labor were used and it was assumed that these sets are close, bounded and
convex in order to guarantee the existence of prices and quantities that are the solution given
by Von Neumann General Equilibrium Model. An ergodic approch was used in chapter four
in order to set an standard dynamic programmig problem and to solve it in an standard
way. Finally, the standard basic growth models of variety and quality with its limitations
was used in chapter five.

6.3 Recomendations for further research

The empirical area will be hte main focusof future research as it has mentioned above.
Information about individual wealth and savings has qualitative and confidence problems,
it is very probable that this information presents censoring and truncated characteristics.
Moreover, due to the nature of accumulation of wealth, it will be necesary to work with
longitudinal surveys. Some of these surveys are available, but the information of individual
wealth in not accuratly messurable.
We can work with household surveys in order to test net-income maximization or saving
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maximization approach. However, the key problem is the specification of the hypothesis
about embodied technology, which is different to any wage equation according to Mincerian
approach.
The second area of future research is to extended the approch with more realistic and complex
models. In particular, other research papers can demostrate how the conditions would allow
an homeomorphism, which permits to pass from a general equilibrium in a Von Neumann
Economy to an Arrow-Debreu Economy, an vice versa. Besides, we will have to demonstrated
the conditions about its uniqueness and stability.
The third area of future research is to show how Walth Maximization approach is related with
Classical and Heterodox theoretical perspectives, which is in the methodological perspective
of the Structuralist Theory of Science. Concerning with the case of the Classical Theory,
it is necessary to show if Wealth Maximization Hypothesis is related to the Ricardian and
Marxist theories. In the case of Heterodox approaches it is important relate this Wealth
Maximization hypothesis to the Neo-Ricardian and Post-Keynesian approaches.
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