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1 Abstract

In this thesis we focused in overcoming some inconvenients found in the pinning control of discrete
time complex networks. First, an algorithm that enhances the controllability of a discrete time
network modifying its topology is proposed, known as link-elimination algorithm. Then, we pro-
pose the use of the FPIC technique introduced and developed by Fabiola Angulo Garcia and John
Alexander Taborda Giraldo to control discrete time complex networks, together with the pinning
control strategy. The advantages of these approaches are shown in terms of the synchronization
error.

1.1 Keywords

Pinning control, discrete time, complex networks, synchronization error, FPIC technique, Link-
elimination algorithm, tree topology, forest topology, local stability analysis.

Control pinning de redes complejas discretas usando técnicas de realimentacién
de estados y FPIC.

En esta tesis, nos enfocamos en superar algunos inconvenientes encontrados en el control pinning
de redes complejas discretas. Primero, se propuso un algoritmo, conocido como link-elimination
algorithm, que mejora la controlabilidad de una red en tiempo discreto. Luego, se propuse el uso
de la técnica FPIC desarrollada por Fabiola Angulo Garcia and John Alexander Taborda Giraldo,
con el fin de controlar redes complejas discretas, en conjunto con el control pinning. Las ventajas
de estas propuestas se presentan en términos de error de sincronizacién.

1.2 Palabras clave

Control Pinning, tiempo discreto, redes complejas, error de sincronizacion, técnica FPIC, Link-
elimination algorithm, topologia en arbol, topologia en bosque, anélisis de estabilidad local.



2 Introduction

Some phenomena in nature and in daily life are determined by the behavior of a group of agents
that are interconnected somehow. The social networks, a food web in a specific ecosystem, the
internet ( the most known) and a power grid are some examples of this type of systems. They are
usually known as Complex Networks because the information exchange can be seen as a network
or a graph. This exchange can be seen as a physical link between cities, predation relation between
species, human friendship relations, etc. The links configuration leads to a variety of dynamics
that can be analyzed through the system dynamics approach [15] 13].

One of the most studied dynamics in this type of interconnected systems is synchronization.
This phenomenon can be observed in a clapping audience, where the spectators start clapping
at the same frequency [23]. Groups of male fireflies synchronize their mating signal in Southern
Asia and in the USA, in order to increase their mating probability [7, 22]. It has also been found
that synchronization is sometimes harmful in biological systems. One of the best examples can be
found in Parkinson’s disease, where pathological synchronization in the basal ganglia-cortical loop
produces the undesired motor deficit that characterizes this illness [16].

In order to synchronize a system, some control strategies like pinning control was proposed
[9, 29] [38], [40]. This control strategy introduces an additional node to the network, which describes
the desired trajectory and is linked to a subset of the nodes. Only a few work has been centered on
pinning control of discrete time networks [19) [89] and some difficulties were observed, related with
the high fraction of nodes that must be pinned, sometimes requiring the control of all nodes. The
contributions of this thesis are mainly focused in overcoming this limitation. First, an algorithm
that enhances the controllability of a discrete time network modifying its topology is proposed,
known as link-elimination algorithm. Then, we propose the use of the FPIC technique introduced
in [3] and further developed in [II 2 [30} 1] to control discrete time complex networks, together
with the pinning control strategy. The advantages of these approaches are shown in terms of the
network synchronizability.

This thesis is organized as follows. In Chapter 2, a brief summary of the basic knowledge in
complex networks, synchronization, pinning control and FPIC technique is introduced. Then,
in Chapter 3, the algorithm for the enhancement of the pinning controllability of discrete time
complex networks is developed and its effectiveness is demonstrated through numerical analysis.
Later, In Chapter 4 and 5, The pinning control of discrete time complex networks, with the FPIC
technique is stated. Finally, in Chapter 6, the conclusions of this work are summarized.
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In this chapter, some preliminary concepts related to dynamical systems and complex networks
are introduced .

3.1 Bifurcations

A bifurcation is defined as a a qualitative modification in the dynamics of a system, that occurs
as some paramaters are changed

Tpy1 = F(xp, 1) (3.1)

where the parameter € R. A range of values such that u € [u1, u2] and the behavior of the
system for every of these values after the transient response (phase portrait) predicted with
constitutes the Bifurcation Diagram

3.2 Basin of Attraction

Different initial conditions generate different dynamics in most of the systems. A subset of the
state space that converges to a solution, or the attractor of the solution, is called a basin of
attraction. A Basin of Attraction is then a subset II € X of the state space that converges to an
specific solution of the dynamics of the system [ 18].

3.3 Complex Networks

A network is a set of agents that share information through some communication protocol. These
networks can be static or dynamic, but in both cases a network is composed of three elements:

e Nodes represent every agent of the network.
e Fdges represent the links existing between the agents
e Topology represents the structure of the network, that is, how the nodes are connected.

The nodes interact with each other through the information exchange carried out by the edges.
The way these nodes are connected determines the topology of the network. A network can be
seen as a graph G composed of two sets defined as G(V, &) where V = {1,2,..., N} is the set of



4 3 Preliminaries.

the nodes and £ is the set of the edges, where £ C V x V and N is the number of nodes. If the
graph representing the network is directed, the network is known as a Directed Network, otherwise
the network is known as an Undirected Network. In some applications, each edge,, say (i,j), is
associated to a positive weight w;;. If this occurs, the network is called weighted [15], 28, 36].

The network topology is intrinsic in the set £ but is commonly represented in matrix form
though the adjacency matrix.

3.3.1 Adjacency Matrix

The elements a; ; of the adjacency matrix of a directed or undirected network A(G) € RV*N are
defined as a; j(G) = 1 if there is a edge linking nodes i and j ( (v;,v;) € € ), and is zero otherwise.
If the network is weighted, the elements of the adjacency matrix are defined as a; j(G) = w; j € RT
if there is a link on nodes ¢ and j , and is zero otherwise.

3.3.2 Degree matrix

The degree of a node determines the number of edges that connect it to other nodes. In the case
of an directed network, the number of incoming edges to a node can be different from the number
of outgoing edges. Therefore, we associate to each node, say i, the following two degrees:

Fin() = 2 iy Four(i) = 2
= 1=

where k;, and k., are called the in- and out-degree, respectively. In the case of a undirected
network, kin (1) = kout (i) = k;.

The degree matriz D(G) € RV*YN is a diagonal matrix defined as D = diag(kin(1),...kin(N)),
where each element of the diagonal is the input degree of each node.

3.3.3 Laplacian Matrix
The Laplacian matriz L(G) € RVN*N with elements [; ; is defined as:
kin(i) i=j
l; i = mn Y 3.2
={ 52

The main property of this matrix is that has zero-row sum. The Laplacian matrix can be obtained
as: L=D — A.
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3.3.4 Network Topology

The network topology determines how the nodes are connected in the network. The topology
varies depending of the specific features of each network, but in the last decades a wide branch
of scientific research has been focused on proposing appropriate network models, that mimic the
real-world networks behavior [15]. In the following part of this chapter, we will focus on undirected
networks.

Regular Networks

This type of networks have are characterized by regular patterns in the degree distribution. Rep-
resentative examples of them are:

e All-to-all network: an edge connects every pair of nodes.
¢ Ring-shaped network: every node is connected with its k closest neighbors

e Star network: all nodes are connected to one hub node.

(a) (b) ()
Figure 3.1: (a)Star-shaped network (b) Ring-shaped network (c) All-to-all network.

Erdos-Rényi network

This type of network is completely random, and any graph composed by a set V is equally likely.
There is also a fixed probability for a link to appear in the graph. This network is generated with
the followinf algorithm [12]:

e Initialize the network N nodes, all of them isolated

e Add an edge with probability p € (0,1) between a pair of nodes

It is useful to remind that if p = 0, the nodes are completely isolated and if p = 1 an all-to-all
network is obtained
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(@)

(a) (b) ()
Figure 3.2: Erdds-Rényi network (a) p=0.1 (b) p=0.2 (c) p = 0.5.

Small-World network

This type of network model is widely used to represent real-world ones, because it has short
distances between its nodes, and a small fraction of them share some edges, which is a common
characteristic of realistic networks [24], 33]. There are two algorithms to generate them:

1. Watts-Strogatz Small-World network:

e Start with a ring-shaped network of NV nodes, connected with its 2K neighbors, with
K > 0.

e Select a randomly-chosen pair of connected nodes. Keep the beginning of the edge and
disconnect its end with probability p € (0.1). Then, reconnect it to other ramdomly
chosen node.

The rewiring process is done to each pair nodes only once.

2. Newman-Watts Small-World network:

e Start with a ring-shaped network of N nodes, connected with its 2K neighbors, with
K > 0.

e Select a randomly-chosen pair of non-connected nodes and connect them with proba-
bility p € (0.1).

No multiple edges or self loops are accepted.

The main differences between both algorithms is that in the first case the edges are rewired
without changing the number of edges, and in the other the original topology is kept, while in the
other the edges are only added.

Scale-free network

To understand the purpose of this model, the concept of node degree distribution must be intro-
duced.
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(a) (b) (c)
Figure 3.3: Small World network for p = 0.1 (a) Watts-Strogatz (b) Newman-Watts.

The Node degree distribution is defined as the probability that a randomly picked node has node
degree k, that is, as a probability function P(k). The degree distribution of the E-R network is
represented by a Poisson distribution. In some real-world networks like the World Wide Web, the
node degree distribution has a power law shape. A well-known algorithm which generates networks
with a power law degree distribution is the Barabasi-Albert model.

Barabasi-Albert network model

Starting from a number mg of arbitrarily linked nodes:

e Growth: at each step of the algorithm, add one node with a number m < mg of edges
connecting this node to any other previously attached to the network.

e Preferential attachment: a new node is attached to node i according to the probability.

Pattach (Z) =

k;
2 kj
J

As seen in Figure [3.4] every new node attaches with higher probability to the ones with higher
node degree, where these high-degree nodes become hubs.
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Figure 3.4: Scale free network generation

3.4 Dynamical Complex Networks

The nodes of a network can exhibit specific dynamics through time. These dynamics can be
modeled as a differential equation, in continuous time, and as difference equations, in discrete time.
In this thesis we mainly focused in homogeneous time-invariant networks of the form [4] [10, [11]:

i = f(zit)) + piz(t)) (3-3)

where x; = [z;1, ...,xm]T is the vector of the state variables of node 7, f : R” x RT — R" is a
nonlinear function that determines the internal dynamics of the nodes, and ; : R™Y x RT — R"
is the coupling function that determines the communication protocol between the nodes.

This coupling protocol is commonly selected as

N

Vi(z(t) = —o 3 lijh(z;(t) i€V (3.4)

J=1

where o € R is the coupling gain of the network, /; ; are the elements of the laplacian matrix
and h : R™ — R" is the output function that connects the nodes in the network. In continuous
time, the complex network in with the coupling in [3.4] can be written as:

N
i = f(xi(t)) — 0 > Lijh(z;(t)) (3.5)
j=1

The discrete time equivalent of [3.3] is:

Ti k1 = f(@ig) +Vi(zi k) (3.6)
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where the variable k € Z is defined as the discrete time. With the coupling in the network
becomes:

N
LTik+1 = f(l'z,k) - O-Zli,jh(xj,k) (37)
Jj=1

3.5 Synchronization of complex networks:
The complex network in is said to achieve asymptotic synchronization if and only if :
li ) =0 i (v
k—1>I-‘yI-100 (.’172 IE]) 0 Z¥i (/U’Lv U]) € 5 (38)

In order to compare the state x; and the states x;, j = 1,..., N of the nodes of the network and
quantify the synchronization phenomenon, a measure of synchronization error is introduced [11]:

€ =T; — T (3.9)

where

I
Il
2\

N
Z (3.10)

is the average of the state of all nodes. To measure the degree of synchronization in the network
we can use the following parameters [29]:

X
Nz/m ) — 7| dt (3.11)
i=1 0

N T+AT

QATNZ E (zik = 2l + llzip— — Z[]) (3.12)

for continuous and discrete-time networks, respectively.

Example: Synchronization of coupled Rossler oscillators

A WS Small-World network of ten identical Rossler oscillators defines as is presented. The
function f(-) representing the Rossler oscillator with chaotic dynamics is defined as:

—Ti2 — X;3
f(zi) = f(xig, xig, xiz) = zi1 + 0.165z; 2 (3.13)
0.2+ (CU,‘J — 10):1:2‘73
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Defining the output function as a difussive coupling protocol, h is defined as h(z;) = Hz;. Then
we coupled the first and the third state of each oscillator:

1
H=1]0
0

o o O

0
0
1
In order to show how this network synchronizes, the coupling gain is set to o1 = 0.01 in Figure

and then changed to o2 = 0.3 in[3.5b] The change in the coupling gain leads to the asymptotic
synchronization of the coupled oscillators to the chaotic synchronization manifold in [3.13

Figure 3.5: Time evolution of WS Small-World network of ten identical Rossler oscillators (a)
o =0.01,(b) ¢ =0.3.

3.6 Pinning Control.

In order to steer the network towards a desired solution, pinning control is introduced [9} 29, [38], 40)].
This control adds a self feedback action over a fraction on the nodes. Pinning controlled complex
networks in continuous time are defined as:

N
b= Fa(t) — 0 D0 lihla(0) + uilt) (3.14)
j=1

where u;(t) is the pinning control scheme. This control law is often defined as a feedback control
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law u;(t) = okp; (h(s(t)) — h(z;(t))).In discrete time the network in defined as:

N

Tipr1 = f(@ig) — Uzli,jh(ﬂfg‘,k) + okp; (h(zi k) — h(sk)) (3.15)
=1

where p; is 1 if the node is pinned and 0 otherwise and x € R is the feedback gain. The dynamics
of all nodes in the network are wanted to converge to the desired solution we want all the nodes
to follow sg. In terms of the graph of the network, pinning control adds a new node with the
dynamics of sj, and this node is connected to a fraction n, = pN (p << 1) nodes of the network
with a directed connection (Figure [3.6).

®
O—©

Figure 3.6: The node that pinning control adds is connected to a fraction of the nodes of the
network.

Example: Pinning control of coupled Chua oscillators

A Erdds-Rényi network of ten identical Chua oscillators with pinning control is presented [9, 26 [32].
The Chua Oscillator is defined as a piecewise-smooth system of the form:

a(zio—xi1 — g(xin)) my(z+1)—mg x<-—1
f(xs) = f(wi1, 250, 2:3) = il — T2+ Ti3 g(z) = mox —1<z<1
—Bxi2 —YTi3 my (z — 1) +mo z>1

A choice of the parameters to obtain chaotic dynamics is a = 15.6, § = 27, v = 0.01, mg = —8/7
and m; = —5/7. If the coupling function h is defined as h(z;) = Hux;, this network achieves
synchronization for specific values of o and k (Figure . In this example, only tree nodes were
pinned.

Example: Pinning control of coupled Henon maps
A network of ten Henon maps is presented [19] 37]. The Henon map is defined as:

1—axig® 4
bxi71

fzi) = (3.16)
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Figure 3.7: Time evolution of ER network of ten identical Chua oscillators, tree nodes pinned (a)
oc=5k=1(b)oc=20,k=20

where a = 1.4 and b = 0.3 are selected in order to obtain chaotic dynamics and seven nodes where
pinned. The network in [19] is used and the coupling function h is defined as h(x;) = Bf(x;),
where B = [ 10 ; 00 ] is the inner coupling matrix. Then, the synchronization error ?7 is
computed for different values of the coupling gain ¢ and the feedback gain k, which are depicted
in Figure in relative sense, where zero indicates no error of synchronization and one indicates
maximum error. The blue region represents values of ¢ and x where the solution of the network

is divergent.

3.7 Fixed Point Inducing Controller (FPIC)

The FPIC technique is a type of intermittent control defined in discrete time [14], [20]. This control
technique was introduced in [3] and further developed in [1} 2] [30, BI]. This control technique is
defined for discrete time systems and its purpose is to induce the system to evolve over an specific

fixed point z* or periodic manifold sy.

Let a discrete time system described by a set of difference equations:

Tp1 = f(7x) + ug (3.17)

where 2 € R is the state vector of the system and f : R"*! x Rt — R"™.Then, the following
control signal guarantees the local stability of the synchronization manifold s; for a adequate




3.7 Fixed Point Inducing Controller (FPIC), {June 19, 2018} 13

E
1
0.25 0.8
02
0.6
o 015
0.4
0.1
0.05 0.2
00 20 40 60 0 ot s 10 15 20 2 % .
H
(a) (b)

Figure 3.8: Network of ten coupled Henon maps, seven pinned nodes(a) Synchronization error for
a network of coupled Henon maps (b) Network reaches synchronization for o = 0.1212
and kK = 6.66

choose of the parameter p.

"y = { p(f (Sk)o_ f () : 22321; ; 8 (3.18)

Here, k mod p is the modulus function that becomes zero if the discrete time variable k is a
multiple of the period p. Finally, parameter p is the FPIC gain.

3.7.1 Local conditions for FPIC technique

A system of the form [3.17} controlled with the FPIC technique, ensures local stability of the
synchronization manifold if the following condition is fulfilled:

1—;< <1+; (3.19)
[aso] =" 1@ '
with
p
0
Jf®) = 8—;3:(5,)_,) (3.20)

=1

where Jf) is the jacobian of a period-p map around the synchronization manifold.
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Proof 3.7.1 The transversal dynamics of system controlled with the FPIC technique
are:

[ - (si)& kmodp=0
'5’““_{ O ()6 kmodp#0 (3:21)

If the system is desired to evolve in a periodic manifold sy4, = sy, , its transversal dynamics
can be written in terms of a linear time invariant system [3]:

p

Ehtn = (1= [ gi(spl)fpk (3.22)

=1

In order to locally stabilize system |3.21] around the periodic manifold sy, the FPIC gain p must
be selected such that

(= I 5,pr)] <1 (3.23)

=1

Which leads to
1—;< <1+ ! (3.24)

7@ = F =T e |
with
(p) - of

JFP =11 5, (sp0) (3.25)

=1

Example: Logistic Maps

The logistic map [17] is defined as x4 = rag(1 — x) where x € R is the state variable on time
k € Z of the map and r € [1,4] is a parameter that determines the dynamics of the system. For
r = 3.2 (Figure the evolution of the system is period-2 orbit and for r = 3.7 (Figure
there is a chaotic solution. It should be kept in mind that the initial conditions of this map must
be bounded and within xy € [0, 1] if a bounded solution is desired, otherwise it will diverge.

as seen in Figure the logistic map has the period-2 solution with fixed points s, €
{0.513,0.7995} for r = 3.2. The jacobian of the logistic map is % = r(1 — 2x;) and the product
in becomes:

APy

ox
=1

(sp—1) = (1 — 2s1)(1 — 2s0) = 0.16
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! 1
x‘ 051  trereeereeeceiaenn x_z 0.5 .
0! . _ 0
0 20 40 0 100 200 300
K K
(a) (b)

Figure 3.9: Dynamics of the logistic map for (a)r = 3.2 and (b)r = 3.7.

Then, the parameter x4 must fullfil the condition in [3.24] which leads to:

—5.25 < ;< 7.25

which indicates the bifurcation points where the fixed points of the period-2 solution become
unstable as seen in Figure

Period [p]

12 4 8 16 32

0.8

0.75r

~ 0.65f

0.61

0.55r

)
0.5 \
10

Figure 3.10: Bifurcations of the Logistic map controlled with FPIC technique, having p as param-
eter.




4 Enhancing pinning controllability of complex
networks in discrete time

Pinning control of complex networks has been mainly carried out with state feedback control
schemes. In the discrete time case, the main analytic results have been introduced by [19], where a
condition dependent on the network topology, its parameters and its dynamics was stated, based
on the Master Stability Function approach [25]. This condition is stated as follows:

Let a pinning controlled discrete time complex network of the form with h(z; k) = Bf(zik)
as the coupling function:

N

Tipy1 = f(zip) — 0B Z Lijf(z;r) +okpiB (f(sk) — f(@ik)) (4.1)

=1

where B € R™ " is the inner coupling matrix. Using the Kronecker product, this network can be

expressed as

g1 = Fag) — 0L @ BF (x1) + okP ® B(1n ® f(s) — F(xy)) (4.2)

where F(xy) = [fT(:U17k),...,fT(:EN7k)}T and P = diag (p1,...,pn). This network synchronizes
when the following condition, introduces by [19], is fulfilled:

1 _ e*hmax 1 + e_hmax
— << 4.3
)‘min(M) )\maX(M) ( )

where M = L® B+ kP ® B and hpyax represents the maximum lyapunov exponent of the dynamics
of each node f.

In order to find conditions over the network topology that let us validate the previous results,
we used the Lyapunov exponents approach [34].

Proof 4.0.1 Let[{.fpe the transversal dynamics of the network [{.1]

i1 = [DF(Sk) — (O'L QR B+ okP® In) DF(Sk)] &k (4.4)
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where DF(sy) is the Jacobian of the dynamics of each node around the synchronization manifold
sk. The jacobian DF (sy) can be expressed as DF (s;) = In ® D f(sk) because the dynamics of each
node are the same. Then we get:

§or1 = (Inn — M) DF (s1,)&k, (4.5)

where M = L ® B + kP ® B. Then, if we define a diagonal matriz A that satisfies M = ®ADP™!,
where @ are the eigenvectors of M and A is a diagonal matriz of eigenvalues of M, then equation
[4.5 can be transformed on the basis ® as & = Pu:

Vg1 = VD f(sk)vk (4.6)

which is the master stability function of the network [4.1 with v; = (1 — \i(M)), where \i(M) is
the ith eigenvalue of matriz M and DF (si) = IN®D f(sk) is a block diagonal matriz. To determine
the stability of the transversal dynamics in[{.6, and characterize the dynamics of network [{.1] the
lyapunov exponents are computed:

k
vi® 1:[ Df(sk)vo

. Lo okl . i—1
Ap= lim (=1 =1 |
LE = (k; Mool )~ koo [ B o]

(4.7)

This expression leads to Apg = In||v;|| + hj, where hj,j = 1,...,n are the lyapunov exponents of
the dynamics of each node. To ensure synchronization, the lyapunov exponent must be less than
zero In ||1 — X\;(M)|| + hmax < 0, which leads to:

11— N (M)]| < P (4.8)
Finally the condition [{.8 can be expressed as:

1 _ e_hmax 1 + e_hmax
_ _ 4.
e ) 7S A () (4.9)

In the following, we name the bounds over ¢ for simplicity as:
—_ —hmax — —hmax
Omin = {\L}W Omax = l)\ninw (410)

Although condition [4.8suggest that modifying feedback gain s synchronization can be achieved,
it has been shown in [39] that the synchronization of discrete time complex networks is difficult,
because it requires to many pinned nodes, or sometimes is impossible to achieve.
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Example: Coupled Logistic Maps

A network of coupled logistic maps is presented. The synchronization of this network is dependent
on the values of the coupling gain ¢ and the control gain x. The error in must tend to zero as
k — oo if synchronization is achieved. Figure shows the synchronization error dependent on
these parameters for a Erdés-Rényi network of 200 nodes. In Figure [{.Ta] 70 nodes where pinned
and in Figure the number of pinned nodes was increased to 120. The pinned nodes where
selected depending on its degree, because the network is undirected. In all cases, the parameter r
of all logistic maps was set to r = 3.6, which leads to chaotic dynamics (see Figure 77?)

E
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0.06 0.008 0.06
0.04 . 0.006 0.04
0.004
0.02 0.02
0.002
]
0 Q@ 500 000 °
K
(b)
6
0.8l
4
> 0.6 L
2
0.4
20 40 60 80 % 50 100 150 200
k K
(c) (d)

Figure 4.1: Erdds-Rényi network of 200 nodes with (a) 70 pinned nodes and (b) 120 pinned nodes.
(c¢) Time response of the network with 120 pinners for o = 0.004 and x = 250 and its
respective (d) synchronization error

4.1 Enhancing pinning controllability

In the following, we want to enhance the size of the synchronization set Q@ = {k,0/E(k,0) = 0},
which is the set of values of the coupling gain ¢ and the feedback gain k that ensures zero synchro-
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nization error. In the previous examples it has been shows that the pinning control of undirected
discrete time networks implies a large fraction of pinned nodes, which in sometimes is not possible
to achieve [39]. In order to expand the synchronization set (this is what we call enhancement), we
propose to modify the topology of the original network, to find a new one that widens the size of
this set.

4.1.1 Enhancing Topology

Our main interest is to increase the performance of the local pinning controllability of the network
in by varying the topology of the network. For this reason, a definition of local pinning
controllability is introduced

local pinning controllability

Let e(k) = z(k) — s(k) be the error dynamics of Then, let Q € R™Y be a subset of the state
space X. the reachable set R (e(0),T) is defined as the set of all error values at time T, e(T),
where e(k) is a bounded solution such that e(k) € Q for all k£ € [0,7]. The discrete system in
is local pinning controllable around s(k) if for every € > 0 and 7' > 0 there exist a 6 — 0 such that
R (e(0),T) D Bs (0) for every x(0) € Bs (0), where Q = B, (0) and

B.(z) = {x e R . |z — Z| < r}
is a ball centered at x with radius r.

Local pinning controllability of system is dependent on the the gains o, x and the entries
of the adjacency matrix a;;. To find a topology that enhances local pining controllability, having
as enhancement measure the area of the set of values of o and k that ensure synchronization, we
propose the maximization problem:

Maximizing Lebensgue measure over the plane o - «

As shown in [27] the synchronization set of network in 4.2 is defined as:
0= {a,a 1L = A(M)|| < e Pmex vy = 1,...,N} . (4.11)

By synchronization set we mean the set of values of ¢ and x that ensures that ensure synchro-
nization or local pining controllability. In order to measure the size of this set, a Lebesgue measure
m : R? = R is used. The greater the measure is, the larger the synchronization set and the easies
to control the network. With this in mind, the optimization problem is stated as:

max m(0O) (4.12)
aiijz',j
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subject to
U 4.13
lij=0 (i,5) ¢ ¢, (4.13)

the last condition in[4.13]ensures that no additional links are added. This maximization problem
has a high computational cost for large network. For this reason, a numerical analysis was done,
and a heuristic way to solve it is proposed.

4.1.2 Vertex-based weighting

The purpose of this weighting scheme is to modify the gains of the incoming links to each node of
the network. In doing so, the Laplacian matrix is selected as L = YL, where ¥ = diag (a1, ..., )
is a coupling matrix containing the coupling gains of the incoming links to each node and L is the
modified Laplacian matrix.

Our main result is that an enhancement can be achieved if the incoming links of the pinned
nodes are eliminated, that is, if node 7 is a pinned node, then o, = 0. We show this phenomenon
through two test described in the following.

1. Test 1 The coupling matrix was set to ¥ = diag (1, ...,ap,...,1), where «y, represents the
weight over the incoming edges to only one pinned. Then, the synchronization error in [
dependent on the weight ay, and the feedback gain x was computed.

2. Test 2 The coupling matrix was set to ¥ = diag (1, ...,aq,..., 1), where oy represents the
weight over the incoming edges of only one non-pinned node. Then,the synchronization error
in @ dependent on the weight o, and the feedback gain x was computed.

Example

To show the effects of this coupling scheme, an Erdés-Rényi network of 10 coupled logistic maps
was selected and one node was pinned. The synchronization error as function of ¢ and k is
show in Figure [£.2] In this case, the network does not achieve synchronization, but bounded
synchronization. In Test 1 it has been found that there is a small region where the synchronization
error is minimum. In Test 2, it can be seen (Figure that the minimum synchronization error
is obtained when this coupling gain is zero.
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Figure 4.2: Erdés-Rényi network of 10 nodes with 1 pinned node (a)Test 1 (b)Test 2

4.1.3 Link-elimination (Edge-based weighting)

The previous weighting scheme let us understand that it is better to modify the topology of the
network in order to achieve a larger synchronization set. For this reason ,we introduce the following
algorithm

Link-elimination algorithm

The link-elimination algorithm is based in the following rules:

1. The incoming nodes of every pinned node and the loops between its neighbors must be
eliminated (at procedure step 0).

2. Pinned nodes are labeled as the new virtual pinners and its neighbors become virtually
pinned

3. The elimination process is repeated until all nodes of the network become virtually pinned.

In doing so, the link-elimination procedure classifies the nodes of the network in two sets and
uses a variable to determine the end of it:

e Virtual-pinner nodes set (P): nodes that play the role of the pinner in the ith step of
the procedure

¢ Virtually-pinned nodes set (Q): nodes that are connected to virtual-pinner nodes. every
Virtually-pinned node becomes a virtual pinned in the consequent step of the procedure

e Number of virtually pinned nodes (np): increases its value depending on the number
of nodes contained in the set P in each iteration
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The labeling process of rule 1 is applied recursively all over the network until all the nodes of the
network become virtually pinned. The purpose of this procedure is to generate the most acyclic
topology of a desired network. The link-elimination procedure is carried out through the following
steps, starting from the current topology of the pinned network:

1. Initialize the set of virtual pinner nodes P with the current pinned nodes and Py = ().

2. Determine neighbors of the nodes in the set P based on the graph G(L). These nodes
compose the set of virtually pinned nodes Q.

3. Eliminate all incoming links to nodes of the set O, except the ones that come from nodes
contained in the set P (elimination of cycles). In other words,

li’j:O ViCQ V]CQ
And all outcomming links from pinned nodes to the pinner

li7j:0 Vi C Q VJCP

4. Set np =np+ | P |, P=Q and Q = (), where | - | is the cardinality of a set.

5. Repeat the process from step 2 until np = N

This list of steps is formally stated in Algorithm 1.

Remark 4.1.1 In order to widen the synchronization region, the elimination procedure modify the
current network topology to the closest tree topology, in the case of one pinned node, and a forest-
like topology, in the case of more than one pinner. This reduces the cycles in the network. For
this reason, the output of the link-elimination algorithm is an acyclic graph. It is also important
to notice that the topology of the network that is going to be modified must fulfill some conditions:

o [f the network is undirected, all the connected components of the network must be pinned.

o [f the network is directed, all the root strongly connected components must be pinned.

This is in accordance with the findings in [35], where necessary and sufficient conditions are
given, in order to find locations for the pinning control in a network. The main result of this study
says that the pinner must be connected to root strongly connected components of the network,
otherwise, pinning control won’t be achieved
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input : L : Laplacian matrix of the network , P : set of current pinned nodes, n, :
number of pinned nodes
output: Modified Laplacian matrix of the network L

L=1L
while n, < N do
P+:®;

for i< 1to |P|do
-Find neighbors of the virtual pinners

Q = {VjlL(P(i),5) = 1}
-Label neighbors as virtually pinned nodes
L(Q(t), P(i)) = oo
-Eliminate incoming links to node from nodes Q to node P(i)
L(Q(t),P(i)) =0 Vt
-Eliminate links between neighbors of P(i)
L(Q(s),Q(t)) =0 Vs,Vt ;
-Define the future virtual-pinner nodes Q
Pr=P:NQ;
end
P =Py
Q= 0;
ny = ny, + length(P);
end

L(s,t) = {1 : L(s,t) =00 Vs Vit
Algorithm 1: link-elimination algorithm

Example. Ten Coupled Logistic Maps

In this example we selected a undirected network of ten nodes, shown in Figure We decided
to control nodes 1 and 2 and applied the rule 1 to all nodes. In the subsequent steps in Figure
pinned and virtually pinned nodes (Q) are colored in yellow, and the pinners and virtual pinners
(P) are colored in blue. The steps of the elimination procedure for this example are summarized
in Table After the elimination procedure, the directed network in was obtained.

The enhancement and comparisons are done in terms of the synchronization error defined in [4
The synchronization error as function of x and ¢ for the initial undirected network of ten nodes is
depicted in Figure It can be seen that the network cannot achieve synchronization because the
error does not tend to zero, but bounded synchronization can be achieved. After the elimination
procedure, there is a wide region in the synchronization error portrait where the error tends to
zero, leading to synchronization.

Remark 4.1.2 Node 5 has multiple inputs, because it is selected as pinned node by nodes 4 and 6
at the same step of the algorithm. This decreases the width of the synchronization region as shown
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Table 4.1: Elimination prodecure Network in Figure |4.35]

Iteration | P Q PreviouslyP n, | Cycle?
0 0 1,2 0 0 |0
1 1.2 46,10 | 1,2 2 |1
2 4,6,10 | 5,79 | 1,2,4,6,10 5 10
3 579 | 3,8 1,2,4,6,10,5,7,9 8 |0
4 3,8 0 1,2,4,6,10,5,7,9,3,8 | 10 | 0

Figure 4.3: (a)Initial undirected network of five nodes (b-f) iterations 0 to 4 respectively

in Figures[[.4d and[[4], where we compare the synchronization regions of the computed network,
and the same network with only one incoming link to node 5.

This shows that the algorithm should avoid to preserve more than one incoming node, if the tree
topology is desired. Nevertheless, this could lead to a non-connected network, that is,this could gen-
erate two or more subnetworks. This leads to a trade-off between the size of the synchronization
region and the network connectivity. If a connected topology is desired, the incoming nodes of a
hub node must be preserved, otherwise a part of the network will be disconnected each time that a
incoming node to a hub is eliminated.
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Figure 4.4: (a)Initial undirected network of ten nodes (b)Network after the link-elimination algo-
rithm (¢) Further enhancement can be achieved if the network is disconnected. (d,e,f)
synchronization error as function of £ and o.

Example. Small World Network of 50 Coupled Logistic Maps.

A Small World undirected network of 50 nodes with 15 pinned nodes is presented and is depicted in
Figure We pinned the node with the highest degree and applied Link-Elimination algorithm.
Then the network in was obtained. It can be observed in Figure that an enhancement of
the synchronization region is achieved, compared with the network with no modification in
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Figure 4.5: (a)Undirected Small World network of 50 nodes (b) Network after Link-Elimination
Algorithm (c-d) Regions of synchronization for network (a) and (b) respectively.




5 Pinning-control of complex networks in
discrete time with FPIC technique

In this chapter, we present a novel application of the FPIC technique introduced in [3]. This
technique was first applied to coupled nonlinear systems in [30] as a control over all nodes. The
main disadvantage of this previous attempt is that network topology is not used in order to ensure
synchronization. In this work, we propose the use of the FPIC technique together with a pinning
control scheme. With the FPIC technique, the controlled network is defined as:

N
T k41 = f(a%,k) -0, li,jh(xj,k;) +uip 1€V (5.1)
=1

where the pinning control scheme becomes:

w = { okp;B (s — f(xg)) k mod 7 =10 (5.2)
0 k mod 7#0
where s, is a periodic synchronization manifold s, £ mod 7 is the modulus function that becomes
zero if the discrete time variable k is a multiple of the period 7 of the synchronization manifold
sk, and is zero otherwise and « € R is the FPIC gain. Finally, p; is one if the node 7 is pinned and
zero otherwise. With this in mind, the network becomes:

N
f@in) —o 32 lijh(xjn) + okpi B (f(sk) — [ (zix)) k mod 7=0
Tik+1 = = N (5.3)
f(x%k) — 0 Z li,jh(acj,k) k mod T 75 0
j=1

The network defined in has a discontinuity in time, but the state space is continuous at any
time k.

5.1 Local stability of FPIC technique

Defining h(-) = Bf(-), the system in[5.3|can be written in matrix form with the Kronecker product

® as :
S F(xg) — oL ® BF(x) + okP @ B(1ny ® f(sk) — F(zr)) k mod 7=0 (5.4)
anl F(zy) — oL ® BF(xy) k mod T #0 '
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where F(zy) = [fT(a:Lk), e fT(a:N7k)]T and P = diag (p1, ...,pn). With the purpose to determine
local stability around the synchronization manifold sg, the transversal dynamics are computed:

fk+1_{ (INn—(aL(X)B—amP@B)DF(sk)gk k- mod 7=0 (5.5)

Iny — oL ® B) DF(sg)&k k mod 7#0

where DF(s) = In ® f(sk) is the jacobian matrix of F'(xj) evaluated in the synchronization
manifold. It is worthed to remember that we assumed the synchronization manifold to be periodic
Sg+r = Sp with period 7. with this in mind, the p-periodic map of can be used to simplify
the calculation of local stability conditions and avoid the time discontinuity of This process
is known as lifting [5], [0]:

-
€Tk+T:(INn—0'L®B—J/{P®B DF 87— 1 H INn—JL®B)DF(ST_1)§Tk (56)
=2

where is a LTI discrete-time system. To ensure stability of the transversal dynamics, the
following condition must be fulfilled (poner referencia).

.
(Inn — 0L ® B — 0kP ® B) DF(s-_1) [ [ Uxn — 0L ® B) DF(s,_)|| < 1 (5.7)
1=2
using the property ||AB|| < ||A]l || B|| we get
_ 1
|Iny — 0L ® B —orP & B|||[Inn — oL@ B||" " < = (5.8)
Y
with
v =IDF(sr-1)| | [ DF(s7-0) (5.9)
1=2
Example
For 7 = 2, the condition [5.8 becomes
1
|Tn oL & B = oxP & Bl| | Iyn — oL & Bl < - (5.10)

After solving the left hand side of we obtained:

% — o3+ 1| <i (5.11)




5.2 Estimation of basin of attraction, {June 19, 2018} 29

with
a=||(L&B+kP®B)(L®B)| B=]|2L® B+ kP ® B|
Solving [5.11] we get

B— /B —da+42 B~ /B —da — 42 51

<o <
2a 7 2a

Expression [5.12] is a closed form condition over the coupling gain o of the network in [5.15]
controlled with the FPIC technique [5.2] in the boundary of a period-2 synchronization manifold.
This expression is in terms of the network parameters and the individual dynamics of each node.
If the values of o are within the bounds proposed in the transversal dynamics in [5.6] are
locally stable, and the network will synchronize if the initial conditions are sufficiently close to the
synchronization manifold.

5.2 Estimation of basin of attraction

In the following, the methods used to estimate the basin of attraction of the coupled maps are
presented

5.2.1 2-dimensional basin of attraction.

In order to estimate the basin of attraction of two coupled maps, a mesh of equidistant points
contained in a subset of the state space ) C X is used as initial conditions of the maps. Then,
these initial points are classified depending on the trajectory they converge.

5.2.2 N-dimensional basin of attraction (N > 2).

In order to estimate the size of the basin of attraction of the synchronization manifold, the approach
in [2I] was used. In this approach, the size of the basin of attraction is estimated in a relative
sense as follows:

vol(BN Q)
vol(Q)

where B is the basin of attraction of the synchronization manifold, ) is a subset of the state
space, that has finite volume and vol(-) is any volume measure. Computing all initial conditions in
Q is unfeasible. For this reason, a set of initial conditions T  are selected randomly, with uniform
probability, from . Then, these initial conditions are integrated and counted in variable Ty, if
they converge to the synchronization manifold. Then, expression in [5.13]is estimated as:

Sprq = € [0,1] (5.13)

T,
Spng ~ (5.14)
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As stated in [21], this experiment is of Bernoulli type, having an error:

.. V/SBn@ (1= Spnq)
. VT

Example: Coupled logistic maps

Two coupled logistic maps of the form:

P11 = f (iflk) -0 (f (mlk) —f (‘”2k)) + Uik

w2 g1 = f (v2x) — 0 (f (x2) — f (z14)) (5.15)

with f(z) = r(z — 2%) were pinning controlled with and FPIC control action uj j, of the form:

I ok (f(sk) — f(xz1k)) k& mod 7=0
Lk 0 k mod 7#0

With the purpose to show the effect of the FPIC technique over two coupled logistic maps, we
calculated the synchronization error around a periodic synchronization manifold (sx41 = 3.2(sg —
Sz)), which is depicted in State feedback control was also applied, and the synchronization
error depicted in Basins of attraction for both state feedback scheme and FPIC technique
for o = 0.005, x = 500 and r = 3.2 were computed and depicted in Figures and It
can be noticed in Figures that the synchronization set for the coupled maps controlled
with FPIC technique is larger than for the ones controlled with state feedback technique. That
is, there is a wider range of values of ¢ and k that lead to synchronization. In this Figures, blue
regions represent values of ¢ and xk where the synchronization error tend to infinite. It can also be
observed in Figures that the basin of attraction of the synchronization manifold is wider
with the FPIC technique. This can also be noticed that the synchronization error is dependent on
the initial conditions, which is consequence of the nonlinearity of the system.

Then, the number of nodes was increased to ten, and were connected through a Erdés-Rényi
network and four nodes, thhe ones with the highest degree, where pinned. The synchronization
error as function of o and & is depicted in Figures and for the state feedback control
and the FPIC technique respectively. It can be seen that the synchronization set is wider for the
network controlled with the FPIC technique. In Figures and the basin of attraction
estimate in as function of o and & is computed for both control strategies. A number 7" = 100
of random initial conditions was selected within the subset Q = ¢V, where ¢ = [0, 1], which defines
the subset of the state space for each logistic map of the network. The basin of attraction estimate
of the synchronization manifold has almost the same size for both control strategies and the same
values of o, but the set of values of 0 and x that ensure stability of this basin is wider for the

FPIC technique as seen in Figures and
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Finally a Small World network of 100 coupled logistic maps is shown in Figure In this
network, both the synchronization set and the basin of attraction estimate wider than in the case
of the FPIC controller

The red and green lines in Figure show that the bounds proposed in predict the
synchronization set, which is dependent on the topology of the network and the parameters o and
K.

5.3 Pinning control of complex networks in discrete time and with
linear coupling

As stated before, most of the work related pinning-control of discrete time complex networks have
been carried out over the assumption that that the coupling function is equal to the dynamics of
each node h(-) = Bf(-). This is done because this assumption provides some advantages when
analytical conditions for stability are desired, but disregards the any other possibilities for A(-). In
this chapter, the FPIC technique is applied to networks of coupled maps with diffusive or linear
coupling h(x) = Bzx. with this in mind, the network in becomes

N
Tiktrl = f(«Tz,k) —oB Z l@jl’ﬁk + Uik 1€V (5.16)
j=1

and w; j is the FPIC technique in It is clear to notice that pinning control with the state
feedback scheme is commonly stated as in where in the case of a linear coupling it becomes
wik = okp; (sg, — ;). But in the case of the FPIC technique, the nonlinear dynamics of the nodes
are kept. With the FPIC technique and the linear coupling, the network becomes:

N
f(zix) — 0B ; lijzjr +okpiB (f(sk) — f(zix)) k mod 7=0

J

Tik4+1 = (5.17)

N
f(xig) =B Y lijrjg k mod 7#0
=1

5.4 Local stability

The discrete time network with linear coupling in|5.17|can be rewritten with the Kronecker product
as:

F(zy) —0L ® Bxp + oxkP ® B(1y ® f(sg) — F(xzr)) k mod 7=0
Th+1 = (518)

F(z;) — oL ® Bxy, k- mod 7#0

In order to determine local stability of a periodic synchronization manifold, the transversal
dynamics around it are computed:

Crir = { (DF(s;) —ocL® B —oxkP ® BDF(s;))& k mod 7=0 (5.19)

(DF(sx) — oL ® B) & k- mod 7 #0
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Based on [5], [6], the time varying variational equation in can be transformed in a linear time
invariant system:

Erisr = (DF(s;_1) — 0L ® B — 0k(P ® B)DF(s,1)) [ [ (DF(s;—)) — oL ® B)&,  (5.20)
=2

If stability is desired, the linear matrix in must satisfy:

||(DF(S7— 1) —0L®B —o0k(P® B)DF(s,_1) H (DF(s;—1) —oL® B)|| <1 (5.21)
=2
Example
For p = 2, condition becomes
I[DF(s1) —oL ® B — ok(P ® B)DF(s1)][DF(so) —cL® B]|| <1
After solving the left hand side of we obtained:
lcPa—oB+v] <1 (5.22)

with

= (L® B+ x(P®B)DF(s1)) (L® B)| 8 =]|DF(s1)(L® B)+ (L® B)DF(s0) + (+P ® B) DE
v = ||[DF(s1)DF(s0)|

Then a condition over the coupling gain ¢ is obtained.
B—/B*—4(a(y-1) <B- VB2 —4(a(y+1)
<o
2a 2a

Expression is a closed form condition that gives an estimate of the size of the synchroniza-
tion set, which is dependent on the network topology, the jacobian matrix of the node dynamics
evaluated at the period-2 synchronization manifold and the parameters ¢ and x.

(5.23)

Example. BA Scale free network of ten and 100 coupled logistic maps.

A BA Scale free network of ten coupled logistic maps with linear coupling is introduced. In this
case, it can be seen that the FPIC controller prevails as a better choice for controlling coupled
logistic maps, because of the width of the synchronization set as seen in Figure Basin of
attraction was calculated within a cylinder of radius 0.1 around the synchronization manifold and
tree pinned nodes were defined. The same settings were applied to a BA network of 100 coupled
logistic maps as shown in Figure
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Figure 5.1: (a)Synchronization error with state feedback control. (b)Synchronization with FPIC
technique and one node pinned. (c) Basin of attraction with state feedback control(d)
Basin with FPIC technique. Both basins of attraction where calculated for o = 0.005,
k = 500 and r = 3.2. The blue zone indicates the basin or attraction of the desired
synchronization manifold, the red zone indicates convergence to other attractor and
the black zone indicates unstable zones.
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Figure 5.2: (a)Synchronization error of an Erdds-Rényi network of ten coupled logistic maps with
state feedback control (b)and with FPIC technique. (c) Basin of attraction estimate
with state feedback control (d) with FPIC technique. Both basins of attraction esti-
mates were computed with the procedure defined in section 4.2.2
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Figure 5.3: (a)Synchronization error of Small World network of 100 coupled logistic maps with state
feedback control.(b) and with FPIC technique. (c) Basin of attraction estimate with
state feedback control (d) with FPIC technique. Both basins of attraction estimates
were computed with the procedure defined in section 4.2.2
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Figure 5.4: (a)Synchronization error of 10 coupled logistic maps with state feedback control.(b)
synchronization error of ten coupled logistic maps with FPIC technique (c¢) Basin of
attraction estimate with state feedback control(d) Basin of attraction estimate with
FPIC technique. Both basins of attraction estimates were computed with the procedure
defined in section 4.2.2
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Figure 5.5: (a)Synchronization error of 100 coupled logistic maps with state feedback control.(b)
synchronization error of 100 coupled logistic maps with FPIC technique(c) Basin of
attraction estimate with state feedback control(d) Basin of attraction estimate with
FPIC technique. Both basins of attraction estimates were computed with the procedure
defined in section 4.2.2
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This work has been mainly focused on pinning control strategies for discrete time complex networks.
We have delved into two specific topics, one related with topological conditions over the network in
order to enhance pinning controllability, and the other related with the use of the FPIC technique
to ensure synchronization. The later was compared with the traditional state feedback control
scheme. The specific contributions of this thesis are listed in the following.

1. A procedure that enhances the network controllability through the construction of a new
topology, called Link-Elimination procedure.

2. Application of the FPIC technique in discrete complex networks, through the pinning control
framework.

3. Comparison between state feedback control and FPIC technique.

More precisely, after an introduction of some background related to complex networks, Chapter 3
was dedicated to the analysis of some heuristic stability conditions over the topology of a network
of coupled maps. A topology enhancement tool was developed and named the link-elimination
algorithm, which ensures a wider synchronization set, compared to the original network. The con-
struction of the enhanced network is stated as an algorithm running over the adjacency matrix.
Some conditions over the original network are stated in order to ensure the convergence of the
algorithm. We only gave heuristic and numerical evidence that the link elimination procedure
works and a more analytical point of view is proposed as future work. It can also be said that in
some real networks it is not always possible to eliminate any link. For this reason, constrains over
specific links should be allowed in the optimization problem defined in

Then, in Chapter 4, a novel application of the FPIC technique was proposed. We showed that
this intermittent control action, when applied to a network in order to synchronize it towards a
periodic synchronization manifold, increases the synchronization set of coupled discrete time sys-
tems, when local stability is desired. We also gave local conditions for pinning controllability of
this type of systems which fit with the numerical data obtained from the simulations, but some-
times tend to me more conservative than desired. Global pinning controllability of discrete time
complex networks can be achieved with the FPIC technique, as shown in the different estimations
of the basins of attraction, but the FPIC technique cannot always guarantee that global pinning
controllability can be achieved for the same or for a wider synchronization set, compared with
the state feedback technique. Analytical prove of global pinning controllability with the FPIC
controller is pending and is proposed as future work.
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In Chapter 5, the FPIC technique was applied to the case when the maps are coupled through a
linear coupling protocol and analytical conditions for local pining controllability were given. These
conditions overestimate synchronization set when the values of the control gain x are small, but
give an idea of the size of this set.

The FPIC technique, as shown in [1l 2], was initially conceived as a cascade controller, where
it enhances the performance of systems that are previously controlled by another technique, when
the desired dynamics are a solution of the individual dynamics of the system (steady state of the
control signal ||u*|| > 0. This steady state value is weighted with the previously designed control
signal and used as the new control signal. In order to show this the versatility and performance
of this technique, the deployment of The FPIC technique as a cascade controller is proposed as
future work.
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