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Title in English

Algebraic and analytic properties associated with spectral transformations of matrix
orthogonal polynomials

Abstract: The main purpose of this work is the study of algebraic and analytic
properties associated with spectral transformations of sequences of matrix orthogonal
polynomials with respect to a matrix measure supported either on the unit circle or on
the real line. In both frameworks, we study some properties related with a perturbation
of a sequence of matrix moments. We extend to the matrix case some algebraic and
analytic properties of matrix orthogonal polynomials on the unit circle, that are known
in the scalar case, associated with the Uvarov and Christoffel matrix transformations of a
Hermitian matrix measure supported on the unit circle. We also study properties of block
Hessenberg and block CMV matrices associated with sequences of matrix orthonormal
polynomials, under certain transformations of the corresponding matrix measure. In
addition, we extend to the matrix case some properties of the Szegé transformation
and then use these properties to analyze its effect on some spectral transformations, fo-
cusing on the relationship between the matrix-valued Stieltjes and Carathéodory functions.

Keywords: Matrix measure, spectral transformation, matrix orthogonal polynomials
on the real line, matrix orthogonal polynomials on the unit circle, matrix moments,
Szegd matrix transformation, Christoffel and Uvarov matrix transformations, relative
asymptotics, block Hessenberg matrices, block CMV matrices, matrix-valued Stieltjes
function, matrix-valued Carathéodory function.
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Titulo en espanol

Propiedades algebraicas y analiticas asociadas con transformaciones espectrales de
polinomios ortogonales matriciales

Resumen: El objetivo principal de este trabajo es estudiar propiedades algebraicas y
analiticas asociadas a transformaciones espectrales de polinomios ortogonales matriciales
con respecto a una medida matricial con soporte ya sea sobre la circunferencia unidad
o sobre la recta real. En ambos casos, se estudian algunas propiedades relacionadas con
una perturbacion de una sucesién de momentos matriciales. Extendemos al caso matricial
algunas propiedades algebraicas y analiticas de polinomios ortogonales matriciales
sobre la circunferencia unidad, que son conocidas en el caso escalar, asociadas con las
transformaciones matriciales de Uvarov y Christoffel de una medida matricial Hermitiana
con soporte sobre la circunferencia unidad. También estudiamos propiedades de matrices
Hessenberg y CMV por bloques, asociadas con sucesiones de polinomios ortonormales
matriciales, bajo ciertas transformaciones de la medida matricial correspondiente.
Ademsds, se extienden al caso matricial algunas propiedades de la transformacién Szegd
y se utilizan estas propiedades para analizar su efecto sobre algunas transformaciones
espectrales, enfocdndose en la relacién para las funciones a valor matricial de Stieltjes y
Carathéodory.

Palabras clave: Medida matricial, transformacién espectral, polinomios ortogonales
matriciales en la recta real, polinomios ortogonales matriciales en la circunferencia
unidad, momentos matriciales, transformacion matricial de Szegd, transformacién
matricial de Christoffel y Uvarov, asintética relativa, matrices de Hessenberg, matri-
ces CMV, funcién a valor matricial de Stieltjes, funcién a valor matricial de Carathéodory.
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Nomenclature

The following nomenclature will be used throughout the document. Some symbols take
different meanings depending on the chapter, and therefore we do not include them in the

following list.

Roman Symbols

AT —
AH —
Cn —

C —

C
det —
deg —

h:m*q@
T

==j==
€ %
Y
|

-
EL
~—

|

Transpose of A.
Conjugate transpose of A.
Moment of order n—th associated to the matrix measure o.
The set of complex numbers.
Block CMV matrix.
Determinant.
Degree of a polynomial.
The unit disc {z € C: |z| < 1}.
Matrix-valued Carathéodory function.
Block (finite) Hankel matrix.
Block (left) Hessenberg matrix.
Block (right) Hessenberg matrix.
I x [ identity matrix.
2 (-— ) for - € M.
Block Jacobi matrix.
Right kernel matrix.
Left kernel matrix.
Set of k£ x [ matrices with complex entries.
Ring of [ x | matrices with complex entries.
Matrix orthogonal polynomials on the unit circle.
Matrix orthogonal polynomials on the real line.
Double factorial of number n.
Set of natural numbers.
Nevai class of matrix measures.
Right matrix orthonormal polynomial on the real line.
Left matrix orthonormal polynomial on the real line.
Right monic matrix orthogonal polynomial on the real line.
Left monic matrix orthogonal polynomial on the real line.
Set of matrix polynomials in z € C.
Set of matrix polynomials of degree less than or equal to n in z € C.
Real line.
(- + 1) for - € M;.
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On, —  Kronecker delta.

KR —  Leading coefficient of (.

KL —  Leading coefficient of (L.

7 — Matrix measure supported on the real line.
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o(+) —  Spectrum of - € M;.

o — Matrix measure support on unit circle.

R — Right matrix orthonormal polynomial on the unit circle.

oL —  Left matrix orthonormal polynomial on the unit circle.

w — Radon-Nikodym derivative of the absolutely continuous part of p.
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Introduction

“Mathematics is not a prudent journey on a clear
highway, but a journey to a wild and strange
terrain, in which Explorers are often lost”

W.S. Anglin

Throughout history, the theory of orthogonal polynomials has been developed in two
closely related directions:

1. Algebraic aspects (such as explicit expressions, recurrence relations, zeros localiza-
tion, among others).

2. Analytic aspects (such as distribution of zeros, asymptotic behavior, associated dif-
ferential operators, convergence of Fourier-type developments, among others).

The first direction is closely related with the theory of special functions, combinatorial
and linear algebra, and is mainly dedicated to the study of concrete orthogonal systems
or hierarchies of such systems, such as the Jacobi polynomials, Hahn, Askey-Wilson, etc.
The theory of discrete orthogonal polynomials and the g-polynomials are also found in this
direction, as well as many of the current advances in the study of orthogonal polynomials
of several variables.

The second direction is characterized by the use of methods of mathematical analysis
or methods related to it. The general properties of systems of orthogonal polynomials
comprise a small part of these analytic aspects, while two extremely rich branches cover
the larger part:

1. The theory of orthogonal polynomials on the real line.

2. The theory of orthogonal polynomials on the unit circle.

The theory of orthogonal polynomials on the real line originated in the work of A. M.
Legendre, who was interested in solving the equations of motion of celestial mechanics.
Thus A. M. Legendre built in 1785 the first family of orthogonal polynomials on the real
line. These polynomials were also considered by P. S. Laplace relating them to spherical
functions in the context of planetary motion. Subsequently, in 1821 Rodrigues managed
to express these polynomials in terms of what we know today as the Rodrigues’ formula.
Later on, K. G. Jacobi in 1826 introduced the first family of polynomials which nowadays
is known as classic, the Jacobi polynomials, that generalized those initially introduced by
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Introduction

Legendre. Then, Hermite polynomials appeared in 1864, although its weight function had
already been studied by P. S. Laplace in 1810 as an application to probability theory. The
last family (of the so-called classics) to appear were the Laguerre polynomials, introduced
in 1879 when he was looking for a solution for the integral fxoo e~'t~1dt by developing it
in continued fractions, although they were already partially known by N.H Abel and J. L.
Lagrange. Later on, T. S. Stieltjes introduced the so-called moment problem [164], 165]
and P. L. Chebyshev introduced the polynomials that bear his name while considering the
problem of finding the best uniform polynomial approximation of a continuous function
[37,138]. All of the above and other researchers helped the theory of orthogonal polynomials
on the real line to be fully constituted. In 1939, the monograph Orthogonal Polynomials

by G. Szegé [166] appears, in which all the results up to that moment are unified.

Similarly, the study of the theory orthogonal polynomials with respect to a nontri-
vial measure supported on the unit circle was initiated by G. Szegé in a series of articles
published between 1915 and 1925, and later extended to a more general context of or-
thogonality respect to linear functionals by Ya. L. Geronimus. The two volumes of B.
Simon’s monograph [I56] 157] appeared in the beginning of the 21st century, and they
constitute the most exhaustive description of the state of art in the theory of orthogonal
polynomials on the unit circle to this date.

Thanks to the origin of orthogonal polynomials in modern science, their study has
been performed from many different points of view. That’s why orthogonal polynomials
both on the real line and on the unit circle have very useful properties in the solution
of mathematical and physical problems. Their relations with moment problems [113|
155], rational approximation [21], 1T47], operator theory [114) 1T9], interpolation, Gaussian
quadrature formulas [39] 89l 99| [166], electrostatics [I11], statistical quantum mechanics
[159], special functions [9], number theory [I1] (irrationality [I3] and transcendence [46]),
graph theory [23], combinatorics, random matrices [47], stochastic process [I53], data
sorting and compression [72], and their role in the spectral theory of linear differential
operators and Sturm-Liouville problems [145], as well as their applications in the theory
of integrable systems [73), 08, [143], [144] constitute some illustrative samples of their impact.

In the last decades some generalizations of the theory of orthogonal polynomials, on
both the real line and the unit circle, have been developed in the literature. One of these
generalizations appears when a matrix of orthogonality measures (or simply, a matrix
measure) is considered. In this case, two sequences of orthogonal matrix polynomials
(polynomials with matrix coefficients) are obtained due to the non-commutativity of the
matrices and were considered first by M. G. Krein [121], [122] in 1949. Later on, several
researchers have made contributions in this theory until today. In the last 30 years,
several known properties of orthogonal polynomials in the scalar case have been extended
to the matrix case, such as algebraic aspects related to their zeros, recurrence relations,
Favard type theorems and Christofell-Darboux formulas, Jacobi, Hessenberg and CMV
block matrices, matrix-valued Stieltjes and Carathéodory functions, among many others.
A nice summary, as well as many references, can be found in [42]. The extensions to the
matrix case are usually developed by using procedures that are analogous to the ones used
in the scalar case, with the added complications that result from the non commutativity of
the matrices. Due to this non commutativity, two different (although related) orthogonal
sequences, left and right, are usually considered.

As in the scalar case, matrix orthogonal polynomials on the real line (MOPRL)
have proved to be a useful tool in the analysis of many problems of mathematics such as
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rational approximation theory [83], spectral theory of Jacobi matrices [10, [146], analysis
of polynomial sequences satisfying higher order recurrence relations [54, [71], quantum
random walks [24] and Gaussian quadrature formulas [59, 69, [160], among many others.
The problem of MOPRL whose derivatives also orthogonal was considered in [28]. Other
differential properties, such as the role of MOPRL as solutions of first and second order
differential equations has been analyzed in [27, 35, 36, 55, (711 60, 611, 62 63, 64, 102 142],
among many others.

The theory of matrix orthogonal polynomials with respect to a matrix measure sup-
ported on unit circle (MOPUCQC) is relatively recent and was indirectly developed as a
consequence of the study of problems related to prediction theory [106, 107, [T18, 120, 171].
More recently, a connection between MOPUC and quantum random walks has been ex-
plored in [24]. Some of the applications of MOPUC are found in the analysis of sequences
of polynomials orthogonal with respect to a scalar measure supported on the complex
plane [I138], the analysis of time series in relation with the estimation of the frequencies
of a stationary harmonic process [163], circuits and systems theory [48], linear algebra
(in particular, the factorization of positive definite block-Toeplitz matrices [I77]), spectral
operator theory [95] and, more recently, Toda type integrable systems [6]. Moreover, they
constitute a basic tool in Gaussian matrix quadrature formulas |21} 161, 163].

Most of the results contained in this document are related with spectral transforma-
tions of matrix measures supported on unit circle. Let us clarify what we mean by spectral
transformation. Let P; be the set of normalized positive semi-definite [ X | matrix mea-
sures supported on unit circle, and let Dj® be the set of matrix sequences (o, )p>0 With
llan]l2 < 1 (where || - ||2 is the Euclidean matrix norm [109]). Moreover, let F; be the
set of matrix-valued Carathéodory functions (see Subsection ) associated with pos-
itive semi-definite matrix measures supported on unit circle. Let us consider an injective
mapping

A :Dj® — Dfe.
By Verblunsky’s theorem for MOPUC (see Theorem , there exists a bijective map-
ping S : P, — D{°. A induces a mapping

r:P —"P

such that the following diagram

P L> P

| s
D —— DJ°
A
is commutative, i.e., AoS = Sol'. We will call the mapping I" a spectral transformation
of a matrix measure supported on unit circle. Similarly, let us consider an injective

mapping
F: Fl — Fl-

By Riesz-Herglotz Theorem for MOPUC (see Theorem [1.4.8)), there exists a bijective
mapping S’ : P, — F;. F induces a mapping

r:pP —P,

X
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such that the following diagram
r
P —— P

<] sl

Fl—>Fl
f

is commutative, i.e., F o8’ = & oT'. The mapping I" will also be called spectral trans-
formation of a matrix measure supported on unit circle.

The theory of orthogonal polynomials associated to spectral transformations of mea-
sures supported on the unit circle was developed in the 1990s (see [11, [17, 93], 04, 112} 127,
136], 137, 148] among many others). It is also worth mentioning an interpretation based
on the matrix representation of the multiplication operator with respect to an orthonor-
mal basis, when the corresponding measures are supported on an arc of the unit circle
([96l 97]). Spectral transformations find applications in the integrable systems theory
[169], fourth order linear differential equations with polynomial coefficients [I03] and the
bispectral problem [105], among others.

The theory of spectral transformations of matrix measures has not received a lot of
attention in the literature, although there are several contributions in this direction. For
instance, for MOPRL, connection formulas and asymptotic properties associated with
the Uvarov matrix transformations are deduced in [174] 175, 176]. In [2] 3, 84, [85], some
generalizations of the Christoffel and Geronimus matrix transformations are studied, ob-
taining connection formulas for the associated MOPRL that are expressed in terms of
quasi-determinants. Spectral transformations of matrix measures supported on unit cir-
cle are much less studied, although the Uvarov matrix transformation, consisting in the
addition of a Dirac matrix measure, has been studied in [I73], where the authors stud-
ied asymptotic relative properties of the corresponding orthogonal sequences. As in the
classical theory of orthogonal polynomials on the unit circle, the asymptotic behavior of
sequences of Sobolev type (in particular, of Uvarov type) in the matrix case plays a central
role in questions related to their application in approximation processes, Gaussian matrix
quadrature formulas and Fourier expansions (see |21, [161] 163]). Recently, spectral trans-
formations associated with perturbations of matrix moments have been studied in [40, 41],
in connection with the so-called matrix moment problem.

As stated above, matrix orthogonal polynomials both on the real line and on the
unit circle have been substantially studied in the last years not only because its intrin-
sic mathematical interest, but also because of its many applications. This constitutes a
motivation to develop this work. Furthermore, in [4§], the authors present a general and
self-contained theory of MOPUC, connecting topics as diverse as factorization of positive
definite block-Toeplitz matrices, Fourier expansion of positive definite periodic function
matrices and spectral factorization of such matrices, least-squares approximation on the
unit circle, and characterization of positive function matrices in the unit disk. Thus, pro-
perties of MOPUC, both algebraic and analytic, can be used as a tool in order to obtain
results for the scalar case. In a similar way, it is possible that by analyzing properties as-
sociated with spectral transformations of MOPUC, one can deduce properties associated
with spectral transformations of orthogonal polynomials on the scalar case, which is also
a motivation of this work.

Most of the results of this work are oriented in the study of some algebraic and analy-
tic properties associated with spectral transformations of a Hermitian matrix measure
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supported on the unit circle. Those results consist in extending to the matrix case several
properties known in the scalar case, related to recurrence formulas, connection formulas,
relative asymptotics, block Hessenberg and CMV matrix factorizations, among others.

Finally, there exists an interesting relation between (scalar) measures supported on
[—1,1] and measures supported on the unit circle, known in the literature as the Szegd
transformation. In [I56] [157], the author shows not only how these measures are related,
but also the relation between the corresponding families of orthogonal polynomials, as
well as the relation between the sequences of parameters of the recurrence relation on
the real line and the sequence of Verblunsky coefficients on the unit circle, known as
Geronimus relation. The interest of the Szeg6 transformation is not only from a theoretical
perspective, but also from a computational point of view, since it has been used in a
systematic way in the study of Szegd’s quadrature formulas on the unit circle and its
application to quadrature formulas in intervals of the real line [12| [43] 44].

The matrix version of Szegd transformation has been studied in [42, 51, 172]. In
[172], the authors show that when two positive definite matrix measures supported on
the real line and on the unit circle, respectively, are related through of the Szeg6 matrix
transformation, there exists a relation between the corresponding sequences of orthogonal
matrix polynomials. The relation between the Verblunsky matrix coefficients and the
coefficients of the three-term recurrence relation known as Geronimus matrix relations is
shown in [51, [IT6]. In this work, we extend to the matrix case some properties of the direct
and inverse Szegd transformation and then we use these properties to analyze its effect
on some spectral transformations, focusing on the relationship between the matrix-valued
Stieltjes and Carathéodory functions.
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Contributions and structure of the thesis

The contributions of this thesis are included in seven articles. Among these we have

1. On a finite moment perturbation of linear functionals and the inverse Szegd trans-
formation [78]. (Published)

2. CMV block matrices for symmetric measures on the unit circle [76]. (In press)

3. Matrix moment perturbations and the inverse Szeg6 matrix transformation [79]. (In
press)

and the following are currently submitted

1. Block Hessenberg matrices and orthonormal matrix polynomials on the unit circle
[75].

2. On a Christoffel transformation for matrix measures supported on the unit circle
[80].

3. On the Szeg6 transformation for some spectral perturbations of matrix measures
[81].

4. Matrix Uvarov transformation on the unit circle: Asymptotic properties [82].

On the other hand, this work is divided into chapters whose content is distributed as
follows:

Chapter [1] is meant for non-experts and therefore it contains some introductory and
background material. In the first section some matrix analysis results are recalled. Then,
we state some properties of matrix orthogonal polynomials both on the real line and on the
unit circle that will be used in the sequel. There are many contributions in the literature
where algebraic and analytic properties of scalar orthogonal polynomials are generalized
to the matrix case. An outstanding summary and references on the subject can be found
in [42, 48] among others. In the last section, we define the Szegé matrix transformation
and state some of its properties, including a relation between the matrix-valued Stieltjes
function associated with a matrix measure supported on [—1,1] and the matrix-valued
Carathéodory function associated with a matrix measure supported on the unit circle.

In Chapter [2, we study a problem associated with a perturbation of the sequence of
moments of a scalar measure. Given a perturbation of a measure supported on unit circle,
we analyze the perturbation obtained on the corresponding measure on the real line,
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Contributions and structure of the thesis

when both measures are related through the inverse Szegé transformation. Moreover,
using the connection formulas for the corresponding sequences of orthogonal polynomials,
we deduce several properties such as relations between the corresponding norms. This
analysis is presented on Section 1 and is later generalized to the matrix case in Section 2.
The results of this chapter are contained in [78], [79].

In Chapter [3| we extend to the matrix case some algebraic and analytic properties of
MOPUC, that are known in the scalar case, associated with a generalized Uvarov ma-
trix transformation of a Hermitian matrix measure supported on the unit circle. We study
properties such as connection formulas between the corresponding sequences of MOPUC,
relative asymptotics for the matrix polynomials, as well as for their leading principal (ma-
trix) coefficients, and properties of the zeros for the Uvarov matrix polynomials by using
the associated (truncated) block Hessenberg matrices. Similar properties are deduced
for the case of the Christoffel matrix transformation. The results for the Uvarov matrix
transformation are contained in [82] and the Christoffel case appears in [80].

In the first section of Chapter [ we study properties of block Hessenberg matrices
associated with MOPUC. We also consider the Uvarov and Christoffel spectral matrix
transformations of the orthogonality measure, and obtain some relations between the
associated Hessenberg matrices. The results are contained in [75]. In the second section, we
present some properties of symmetric positive definite matrix measures supported on unit
circle, and relate the CMV block matrices associated with two symmetric matrix measures.
Moreover, we present some sequences of Verblunsky matrix coefficients associated with
certain transformations of matrix measures. The results can be found in [76].

In Chapter 5] given a normalized positive definite matrix measure pu supported on
[—1,1], we obtain necessary conditions such that some spectral perturbations applied to
p are preserved under the Szegé matrix transformation. The results are included in [81].

Finally, in Chapter [f first we present our conclusions, and we formulate some open
problems which have arisen during our research. They constitute research problems that
will be addressed in the near future.

XIV



CHAPTER 1

Matrix orthogonal polynomials and the Szego
matrix transformation

1.1 Matrix analysis

In the remaining of the document, we will use the following notation. Let C be the set of
complex numbers and denote by My« = Mgy (C) the set of k x [ matrices with complex
entries. In particular M; = M;x;(C) is the ring of [ x [ matrices and I, 0 will denote the
identity and the zero matrix, respectively, in M;. Let o(A) be the spectrum of A € M,
i.e. the set of its eigenvalues (an eigenvalue of A is a number A € C such that Av = Av
for some nonzero vector v € M,y called eigenvector).

Theorem 1.1.1. [19]. Let A € M;.

1. The matriz A has | eigenvalues.

2. The sum of the l eigenvalues of A (including algebraic multiplicities) is the same as
the trace of A (that is, the sum of the diagonal elements of A ).

3. The product of the | eigenvalues of A is the same as the determinant of A.

Let A be the conjugate transpose of A € M;. A matrix satisfying ATA = AAT is
called normal. There are two kinds of normal matrices of particular interest:

1. Hermitian matrices, satisfying A? = A.

2. Unitary matrices, satisfying AYA =1=AA".

Hermitian matrices have real eigenvalues and unitary matrices have eigenvalues on the
unit circle. The set of Hermitian matrices is a real vector space.

A matrix A € M, is called positive definite (resp. semi-definite) if it is Hermitian and
u Au > 0 (resp. uff Au > 0) for every nonzero vector u € M;y;. The notation A > B
(resp. A > B ) for Hermitian matrices A, B € M; means that A — B is positive definite
(resp. semi-definite). The next theorem establishes some results on definite positive
matrices whose proof can be found in [53], [109) 124].

1
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Theorem 1.1.2. Let A € M; be a Hermitian matriz.

1. The matriz A is positive definite (resp. semi-definite) if for every A € o(A), A >0
(resp. A >0).

2. The matriz A is positive definite (resp. semi-definite) if and only if all principal
minors of A are positive (resp. non-negative).

3. If B € M, is a definite positive matriz, then every A € o(BA) is a real number. If
both A and B are definite positive, then every A\ € o(BA) is positive.

4. (Cholesky factorization). The matriz A is positive definite if and only if there exists
a unique lower triangle matrix L € M; with positive entries on the main diagonal
and such that A = LLT.

A matrix A € M; is unitarily similar to B € M; if there exists a unitary matrix
U € M, such that A = UBU*. A is unitarily diagonalizable if it is unitarily similar to
a diagonal matrix. It is easy to verify that unitary similarity is an equivalence relation,
and the canonic form for complex square matrices is given in [110]. The Spectral Theorem
for normal matrices establishes a bijection between unitarily diagonalizable matrices and
normal matrices.

Theorem 1.1.3. (Spectral Theorem [109]). A matriz is normal if and only if it is unitarily
diagonalizable.

A square root of a matrix A € M; is any matrix B € M; such that B> = A. We also
write B := A2 = /A, and A~/? denotes the inverse of the square root. The following
results guarantee the existence and uniqueness of square roots for non-singular matrices.

Theorem 1.1.4. [I5]. If A € M, is a non-singular matriz, then there exists a non-
singular matriz B € M, such that B = A'/2.

Theorem 1.1.5. [109]. If A € M; is a positive definite (resp. semi-definite) matriz,
then there exists a unique positive definite (resp. semi-definite) matric B € M, such that
B=AY2 Furthermore, AY? commutes with A.

Let ||-||2 and ||-|| 7 be, respectively, the Euclidean and Frobenius spectral matrix norms
(see [109]) defined by

l
1A]3 = I(ATA) and [[A[F = ) fai;l,
i,j=1

where II(A) is the spectral radius of A € M, i.e. TI(A) = max{|\| : A € p(A)}. These

norms satisfy

L |A3 = Tr(A"A),

2. [|Af2 < A,

where Tr(A) denotes the trace of A.
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Given a block matrix { é ]]i ] , with A, B, C,D € M, its inverse can be computed
by using the Schur complement (see [I78])

A BIT_ (A -BD—C)" ~A"'B(D-CA'B)! 1.1
|: C D :| B |: _D_IC(A—BD_lc)_l (D _ CA—IB)_l . ( . )

1.2 Matrix polynomials space and matrix-valued measures

Let R be a ring, then a right module over R is a set M together with two operations
+ MxM—->Mand - - MxR—-M

such that for v,w € M and «, 8 € R we have

1. (M, +) is an Abelian group.

[\)

v (a+p)=v-atv-p.
3. (vHw)-a=v-atw-a.

4. v-(a-B)=(v-a)-p.

In a similar way, one defines a left module over R. If M is a right and left module over R,
then M is said to be a bi-module [125] [152]. M is said to be a free right (or left) module
over R if M admits a basis, that is, there exists a subset S of M such that S is not empty,
S generates M, (M = (S) = span(S)) and S is linearly independent.

Recall that for any matrices Ay € M;, 0 < k < n, with A,, # 0, the matrix ®(z) =
> ro A;2" is said to be a matrix polynomial of degree n. In particular, if A,, = I, then
the matrix polynomial is said to be monic. Notice that, when A, is non-singular, it is
possible to turn @ into a monic matrix polynomial. The set of matrix polynomials in
z € C (resp. = € R) with coefficients in M; will be denoted by P'[z] (resp. P![z]). The
set P![z] can be considered as a free bi-module (and, in particular, a right module) over
the ring M, with basis (I2"),>0. An important submodule of P![z] (resp. P![z]) is the set
P! [2] (resp. PL[z]) of matrix polynomials of degree less than or equal to n with the basis
(L27)7_o (vesp. (Iz7)]_,).

The fundamental aspect in the study of the theory of matrix orthogonal polynomials
is the shift from a scalar to a matrix measure. A detailed study on matrix measures can
be found in [42] [151].

An [ x [ matrix-valued measure (or simply, matrix measure) o = (Ui,j)é’ j—1 supported
on F C R (in particular on the unit circle with E = (—m, «]) with finite moments of any
order is said to be Hermitian (resp. positive semi-definite, positive definite), if for every
Borel subset B on E, the matrix o(B) is a Hermitian (resp. positive semi-definite, positive
definite) matrix. Notice that the assumption of positive definiteness implies the Hermitian
character of the measure. The matrix measure o is said to be normalized if o(F) =1 (i.e.
a probability matrix measure).
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1.3 Matrix orthogonal polynomials on the real line

(MOPRL)

Let u = (uij)é’jzl be a | x [ Hermitian matrix measure supported on a compact subset
E C R. If the scalar measures p; , 3,7 = 1,...,l are absolutely continuous with respect
to the scalar Lebesgue measure dz, then according to the Radon-Nikodym Theorem, they
can always be expressed as dp; j(x) = w; j(x)dx. Since p is a Hermitian matrix measure,
then the matrix w(z) = (w;; (:U))éj:l is also a Hermitian matrix measure, and thus

du(x) = w(z)dz. (1.2)

A matrix measure p induces right and left sesquilinear forms, defined respectively as

Frg) o = /E f@)Hdu(z)g(x) € My, frg € Pla], (1.3)

(g = /E f(@)du()g@)" € My, g € Pla]. (1.4)

The sesquilinearity of these forms means that for every f,g,h € P![z], and A,B € M,
they satisfy

L. <f7 gA + hB>R,u = <f7 g>R,uA =+ <f7 h>R,,uB and <gA + th f>R,u = AH<97 f>R,,u +
BH<h7f>R,,u,-

2. (f,Ag+Bh)r, = (f,9) L A" + (f,h) LB and (Ag+Bh, f)r, = Alg, flru+
B<h7 f>L,u~

Directly from the definition for every f, g € P![x], we have

L. <f7g>R,u = <gaf>g“u,7 <f7 g>L7M - <g7f>£[”u

2. (9 ru =" 9N s (L) = (70" e
Proposition 1.3.1. ([I04], Proposition 2.2.) Let f(x) = > r_, Axz"® € Plz] be a matriz
polynomial of degree n. If Ay is non-singular for some 0 < k < n, then (f, f)r, and
(f, [)r,u are non-singular matrices. Moreover, (f, f)ru = 0 (resp. {f, f)L,, = 0) if and

only if f = 0.

As a consequence of the above proposition, for any monic matrix polynomial f € P[z],
(f, [)ru and (f, f)r . are non-singular matrices. Therefore, it is possible to construct a
sequence of monic matrix polynomials (Pf(z)),>0 (resp. (PEX(z)),>0) orthogonal with
respect to ((1.3) (resp. ) by applying the Gram-Schmidt orthogonalization process
to the basis (z"I),>0. This is, P¥ and PF are the unique monic matrix polynomials
satisfying

("1, PRy, = (PL 2"y, =0, k=0,1,...,n—1, (1.5)
the polynomials (P(x)),>0 and (PL(z)),>0 are called, respectively, the right and left-

orthogonal matrix polynomials sequences with respect to the matrix measure pu.
From the Lemma and (L.5) it follows that PF(z) = PL(x)" for all x € R and from
the properties of sesquilinear forms we have, for every n € N
<P7?7P7?>R“u:<P757P7LL>L,M:5717 (1.6)
4
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for some invertible matrix s,, € M;. Furthermore, (P(x))7_, is a right module basis for

P! [z]; indeed, any f € P! [z] has a unique expansion,
Zpk fka fk - ];1<Pk]7%7f>R7u~ (17)
Similarly for (PF(z))?_,

=N fEPE@), = (f PR s
k=0

Moreover, if p is a positive semi-definite matrix measure, there exist sequences of
matrix polynomials (pZ(z))n>0 and (pZ(z))n>0, with
pR(x) = ¢Ea™ 4 lower order terms ,
pE(z) = ¢ta™ + lower order terms ,

for the right and left cases, respectively, with non-singular matrices ¢/ and ¢Z. They are
orthonormal with respect to ([1.3)) and ((1.4)), respectively. This is,

<p]§’P§’ >R,/J = <p1[7,/)p£7 >L,y = I(Sn,kv k= 07 17 -1

Clearly, any orthonormal matrix polynomial has the form

P (x) = Pyl (2)Caivn, and py () = mCy Py (2),
where v, 7, € M, are unitary matrices. This is, matrix orthonormal polynomials on the

real line are unique up to multiplication by unitary matrices, since

H

R H R R R
< > R,u :Vn<pn7pn>R,,an

H
PnVn »PnVn = Unlp =1

<THp£a Hp£> Ly =Ty <pn7pn> LuTn = Tq{{Tn =L

By (1.7), the sequence of polynomials (p?(x)),>0 also form a right orthonormal module
basis in P![x]. So for any f € P![z], the expansion

Zpk fk ’ fk - <ka>f>R,,u, (18)

Similarly, the sequence of polynomials (pZ(z)),>0 is a left module basis for P![z], and the
expansion

ka pi (@), [ =Pk L (1.9)

is unique.

If the Hermitian matrix measure is positive definite, we can derive the corresponding
scalar products

<f>g>uesc,R =Tr [<fag>R,u] s <f>g>lteso,L =Tr [<f7 g>L,pf} 5 f?g € Pl[w]a
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and the corresponding Hilbert space H, H, with norms of Frobenius type given by

1fllr = \/{fs Ppcse.r and [fllz = A/, s,z

Moreover, from ((1.8)) and (1.9 the Parseval identity

ZT TR = 1 £ and ZT (e = 1113 (1.10)

k=0

holds true. Obviously, since f is a polynomial, there are only finitely many non-zero terms

in (). (9) and (L10).

1.3.1 Recurrence relations for MOPRL

Let J be the block Hessenberg matrix representing the multiplication by z operator with
respect to the basis {pf},>0. As in the scalar case, using the orthogonality properties of
pl we get that J,,, = 0 if [n —m| > 1. Denote

By, =Jpn = <p7}3—17$pr]3—1>R,u and Ay, =Jpni1 = Jg—s—l,n = <p§_1,$p§>R,“

Then we have

Bl Al 0
Al By, Ay
J=1 0 A By ... |- (1.11)

Applying (1.8)) to f(x) = zp®(z), we get the three-term recurrence relation

py (@) = i (2) Al 4y () Bgr + pa (2) An, > 1. (1.12)
If we set pf';(¥) = 0 and Ag = I, the relatlon also holds for n = 0. Since for x real
we have pZ(z)? = pZ(z), by conjugating (|1 , we get

() = Ang1py (2) + Boyapy (2) + Aplpy 1 (2), n > 1. (1.13)

The matrices B, € M; are Hermitian and the matrices A, € M, are non-singular for
n > 0. Any block matrix of the form (1.11)) with B,, = B and det A,, # 0 for all n will
be called a block Jacobi matrix corresponding to the Jacobi parameters A,, and B,. It is
well known (see Favard’s Theorem [42], Section 2.2.4) that there exits a bijection between
Hermitian matrix measures with compact support and block Jacobi matrices.

1.3.2 Zeros

A zero of a matrix polynomial f is zp € C such that det f(z9) = 0. In [42], it is shown
that:

1. All the zeros of P (z) are real. Moreover, det(P(x)) = det(PL(x)).
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2. Let (xn])?lzl be the zeros of P(x), counting multiplicities, ordered by
Tn,1 < Tn,2 <. < Tn,nls

then
Tntly < Tnyg < Tupgl il

Example 1.3.2. Consider the 2 x 2 Hermitian matriz-valued measure supported on

(—1,1), defined by

1 1 =z
The n—th degree monic MOPRL (see [35]) is given by
1 Un(z)  —Up-i(x)
R _ pL _ = n n >
P = P = g0 | _gr) ) T | ez

where (Up(x))n>0 is the sequence of Chebyshev polynomials of the second kind on R (see
[39]). We have that

1 1 dx

T

v1i—=x

where (T, (z))n>0 is the sequence of Chebyshev polynomials of the first kind on R (see [39])
and Iy € Ms is the 2 x 2 identity matrix. The coefficients of the recurrence relation (1.12))
are:

1110 110 0 1
B; 2[0 1}, B, 2[0 0],n_2andAn 4Ig,n_l

Furthermore, the zeros of PR (x) are given by

2km
Tp = Ecos <2n—|—1)’ k=1,...,n,

notice that PR(x) has 2n real and distinct zeros.

1.3.3 Kernel matrix polynomial and the Christoffel-Darboux formula

The kernel matrix polynomial of degree n for x,y € R is defined as
n n
KR(zy) =Y pl@)pf ) = pk(@)"pi(y) = KE(x,y). (1.15)
k=0 k=0

In [42] it is shown that they satisfy the Christoffel-Darboux formulas

Pl (@) AL pE(y)H — pl(2) Ansapl, ()
z—y

KRz, y) = ,n>1 (1.16)

and

L HAH L _ L HAn L
r—y

for any z,y € R and = # y.
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Furthermore, denoting K, (x,y) = K (x,y) = KZ(x,y), for any matrix polynomial
7 € P [z], the kernel matrix polynomial have the reproducing properties ([42]), i.e., for
any x,y,z € R

L. [ Ku(y, x)dp(z)m(z) = n(y).
2. [pm(@)dp(z)Kn(z,y) = n(y).

3. [ Kn(y, x)dp(x) Ky (2, 2) = Kn(y, 2).

1.3.4 The matrix-valued Stieltjes function

The matrix-valued Stieltjes function (or Cauchy transformation) associated with the nor-
malized matrix measure p is defined by

S(:c):/_ L au), zec\[-1,1]. (1.18)

1$—t

It is of great interest in the theory of MOPRL (see [01) 02]), and admits the following
series expansion
— 1
S(x) =Y —yhin, (1.19)

n=0

where pu, are the moments associated with u, i.e.,

1

pn = L a"Dp, = ("LI)L, = / z"du(x), n > 0. (1.20)
-1

Notice that every moment is a Hermitian matrix, i.e., uff = u, for n > 0, since u is
Hermitian.

By a transformation of the Stieltjes function S(z), we mean a new Stieltjes function
associated with a measure fi, a spectral transformation of the original measure pu.

Example 1.3.3. The double factorial of number n (denoted by n!!) is the product of all
the integers from 1 up to n that have the same parity (odd or even) as n. That is,
"2 (2k) = n(n —2)(n —4) - (4)(2), if n is even,
nll = (1.21)
D20k 1) =n(n—2)(n—4)---(3)(1), ifn is odd.

On the other hand, since

1 n w/2 — 11 —1)"
/ xda:zQ/ sin”tdtzw(n M1+ (=) ,
-1 \/]_ —:]j‘2 0 TL” 2

thus, the m-th moment matriz associated with the normalized matrix measure (L.14) is
given by

n!! 2 n-+1)!! 2
nll 1—(=D)"  (n—DI1+(=D)" |1
(D 2 nll 2

(n—)!I 14(—=1)" nll  1—(—1)"
Hn = [
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with (—1)!! = 1. Hence the matriz-valued Stieltjes function is given by
© 4 (n—1)!1 14(—1)" all 1—(—1)n
1 2 +1!! 2
S(z) = Z o+l Z!! 1-(=1" 53—131! I+(=1"
n=0 S nll 2

1.4 Matrix orthogonal polynomials on the unit circle
(MOPUC)

Let T := {z € C: |z| = 1} and D := {z € C : |2|] < 1} be the unit circle and unit
disc, respectively, where z € T is parametrized as z = €' with 6 € (=, 7). In what
follows, o = (Uz}j)é, j—1 will be an [ x [ Hermitian matrix measure supported on T (it can
be supported on a finite subset of T). Notice that such a measure can be decomposed as

do(0) = W(9)2— + dos(0), (1.22)
s
where W € M; denotes the Radon-Nikodym derivative of the absolutely continuous part
of o with respect to the scalar Lebesgue’s measure, and o represents the singular part.
If, in addition, the matrix measure ¢ is Hermitian and positive definite, then the matrix
W(6) is a Hermitian and positive definite matrix.

As in the real line case, a matrix measure o induces right and left sesquilinear forms,
defined respectively as

(P Q)R = /Tp(z)Hda_(Z)q(z) = /7T p(ew)Hda(H)q(eia) eM;, p,qc ]P’l[z], (1.23)

1z -

do(z)

12

(0, @) L0 = /T p(2)

These sesquilinear forms satisfy the same properties that their real line counterparts. By
applying the Gram-Schmidt orthogonalization process to the basis (2™I),>0, it is possible
to construct a sequence of monic matrix polynomials (®f(2)),>0 (resp. (®Z(2))n>0) or-
thogonal with respect to (1.23)) (resp. (1.24)). This is, ®%(z) (resp. ®X(2)) is the unique
monic matrix polynomial satisfying

4(2)" = / " (e do(0)g(@) € My, pge Pl (1.24)

—Tr

(LdR R, = (L ), =0, E=0,1,...,n— 1. (1.25)

The sequences (®£(2)),>0 and (®£(2))n>0 are called, respectively, the monic right and
left-orthogonal matrix polynomials sequences with respect to the matrix measure o. It is
important to notice that, unlike the real line case, on the unit circle there is not a direct
relation between the right and left orthogonal polynomials. This is a consequence of the
fact that (2f, 9)ros = (f,29) Rs- On the other hand, we denote

5’5 = <(I)7]1%7‘1)§>R,07 and Svg = <®£a¢£>L,m
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with S € M; and SL € M; non-singular for n > 0. As in the real line case, we have that
(®£(2))p_, is a right module basis for P, [2]; indeed, any 7 € P, [2] has a unique expansion,

=Y ®f()nfl, wf =S, P, )R (1.26)
Similarly, (®£(2))7?_, is a left module basis for P! [2], and

n
= Zﬂ'é@é(z), 771% = (m, (I)£>L7USI;L‘
k=0

Moreover, if o is a positive semi-definite matrix measure, there exist sequences of
matrix polynomials (¢f(2))n>0, (0%(2))n>0, with

oR(z) = wB2"+ lower order terms,

ol(z) = kLz"+ lower order terms,

for the right and left cases, respectively, with non-singular matrices % and x%. They are
orthonormal with respect to the sesquilinear forms ([1.23|) and (1.24]) respectively. This is,

<90kR? 907]1%>R,U = <§0£7 @ﬁ)L,U = 6n7k17 k= 07 17 sy

Clearly, any matrix orthonormal polynomial has the form
P (2) = O (2)knvn,  on(2) = Tk ®p(2), (1.27)

where v,,, 7, € M; are unitary matrices. This is, as in the real case, matrix orthonormal
polynomial are unique up to multiplication by unitary matrices. If we restrict xX (resp.
k) to be positive definite, then v, = I (resp. 7, = I) and the orthonormal sequence is
uniquely determined (see [5]) with

R —R/2 L —L/2
kB = 512 and kL = 5752, (1.28)

n

Furthermore, /-@,If (resp. K,,ZL’ ) can always be uniquely chosen to satisfy

(,44}2)71 KB > 0and Kk, (K{;)il > 0. (1.29)

n

By ([1.26)), the sequence of polynomials (02 (z)),>0 forms a right module basis for P![z];
indeed, any m € IP’l[z], has a unique expansion,

e ()Tf, T = (of, ™) R (1.30)

Nk

m(z) =

e
I
=

Similarly, the sequence of polynomials (p%(2)),>0 is a left module basis for P![z], and the
expansion

oo
= mhep(2), mfF = (mef) Lo (1.31)
k=0

is unique.

10
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If the Hermitian matrix measure is positive definite, we can derive the corresponding
scalar products

<7T7 Q>UESCaR = TT [<7T7 q>R70] ’ <7T, q>Uesc»L = TT |:<7T, (:Z>L70'] y T, 4 € ]P)l [Z]7

and their corresponding Hilbert spaces H, H, with norms of Frobenius type given by

17llr = /{7, M)oese,r and |7l = /{7, Moo, -

Moreover, from ([1.30) and (|1.31]) the Parseval identity

RH L.H
ZTT 7F) = ||7|% and ZTT mem ) = ||7||3 (1.32)
k=0

holds true. Obviously, since 7 is a polynomial, there are only finitely many non-zero terms

in (30). (T31) and (L32).

1.4.1 The Szeg6 recursion and further results

Let (02(2))n>0 and (¢%(2))n>0 be the right and left-orthonormal matrix polynomial se-
quences, respectively, with respect to the Hermitian matrix measure o along with the

condition (|1.29)).

For a matrix polynomial 7 € P! [z] of degree n, we define the reversed polynomial 7*

by )
T (2) = 2" C) |

Moreover, clearly we have for 7, q € PL [2] of degree n and for any A € M;

2. (A7(2))* = 7" (2) A", (n(2)A)* = A n*(2).
3. <7T*aq*>R,cr = <7T7Q>L,U7 <7T*aq*>L,o = <7T7q>R,cr

Now define

R R
Pn = (Kn—&—l)

Notice that we have pf > 0 and p% > 0.

kB and pt = ﬁﬁ(ﬁﬁﬂ)_l. (1.33)

Theorem 1.4.1. (Szegd recursion [42]).
1. For suitable matrices ay,, one has

2on(2) = (@) +eon"(2)ay, (1.34)
205(2) = prea(2) + o or(2). (1.35)

These recurrence relations are known in the literature as forward Szegd recurrence
relations.

Pl =\ /T — ana and pt = /1 - alla,. (1.36)

11
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The matrices a,, will henceforth be called the Verblunsky matrix coeflficients associated
with the matrix measure o. Since pZ is positive definite and therefore non-singular, we
have

llanll2 < 1, for all n > 0. (1.37)

In fact, the following converse result holds.

Theorem 1.4.2. (Verblunsky’s Theorem [42]). Any sequence (o )n>0 satisfying (1.37)
is the sequence of Verblunsky matrix coefficients of a unique positive semi-definite matrix
measure supported on T.

Notice that, if the support of o contains only finitely many points, say n points, then
we can define a truncated sequence (®(z))}_,, and the recurrence relations terminate
after that. This situation is closely related to the development of Gaussian quadrature
formulas for matrix-valued functions (see [21], 161l [162]).

From ([1.34]) and (1.35)), it can be deduced that

H —1
an = = (k)" P (07 (k) (1.38)
-1 H
an = — (k) 0L (07 (k5)7. (1.39)
and from (|1.33])
k= (ph - pr_y) " and K = (py -+ p) T (1.40)

Notice that the Szego recursion for the monic MOPUC reads as

O (2) = 208(z)+ ®L*(2)@F1(0), (1.41)
L (2) = 20L(2)+ 0L (0)2F*(2), (1.42)
and, as a consequence,
R,x * R.H
D, (2) = @F*(z) 4+ 20, (0)DL(2), (1.43)
L,* * L7H
0 (2) = @LF(2) + 25 (2)®,1(0). (1.44)

Proposition 1.4.3. Forn > 1, we have

sk (Z S;R@S’Hm)cbé(z))

k=0

@, (2)

—
—
=~
ot

N—

olr(z) = (i@ﬁ@)@éﬂ(msf) Sk (1.46)
k=0

Proof. (1.41)) and ((1.44) can be written in matrix form as

A 25(0) } . (1.47)

[©741(2), @,71(2)] = [@7(2), &5 (2)] [ @,741(0) I

12
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and, by using (|1.1)) to determine the inverse of the block matrix, we get

[q) A 20k ]1:

5—}-1(0) I
_ —1
L-alto@f, ) —abfo) (1- ok, 0@k 0)
-1 -1
—Lol,(0) (1- 21 (0)2F,,(0)) (1- 2%, 02 )

As a consequence, ([1.47) becomes

20 (2) (T- 1 (0)0F,,(0)) = O () — @17, (=)0, (0),

% L.H L% L,H
oL (2) (T- 0, (0)01(0)) = 017 (2) - @f 1 ()01 0).
These recurrence relations are known in the literature as backward Szegd recurrence re-
. . R R R L,H L
lations. Since I — nH(O)(I)nH(O) Sy SE | and IT— ®F, (0)®,77(0) = S, 2SE, (see
[141], Proposition 4.1), we have

z@f(z)s RSn+1 54—1(2) ¢n+1(z)q>n+l(o) (1-48)
OL*(2)S LSk = dlr () — @F ()21 (0). (1.49)

On the other hand, from (1.42)) and (|1.43) and taking into account

2f1(0) (1- 224 0)20,,(0) = (1-2f,(0)@50) " 8%, (0)

by using a similar procedure we get

2SS LRl (2) = BL, (2) — @, (0)0] (2), (1.50)
SR SRRl (2) = o1 (2) — @11 (0)@L (2). (1.51)

From 1' recursively, we obtain ST:R<I>§’*(2) = S(;R@()R’*(z) +> 1 S,;RQIIS’H(O)CPﬁ(z),
and since <I>é% *(2) = @gﬁ ’H(O)CI){;J (0), so (1.45]) follows. Similarly, from (1.49) we obtain
(11.46]) O

Proposition 1.4.4. Let A,B € M.
If R (2)A = 5" (2)B for some n > 1, then A = B = 0.
If A®L(z2) = B®X*(2) for somen > 1, then A =B = 0.

Proof. Assume ®£(2)A = ®5*(2)B. Then, Ao*(2) = BY®L(2). Setting z = 0, we
have ®%(0)A = B and A = BZ®L(0), since % (0) = I. As a consequence, we get

0= (I-o%0)2L"(0))B. (1.52)
Using (1.3 - ) becomes

- (I — () ol a1 ()T ) B = (k) (1=l o) (5,5)7B,

13
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and since kL _; and I — !l |a,,_1 are non-singular for n > 1, we get B = 0 and A = 0.
The other statement can be proved in a similar way. O
1.4.2 Zeros

A zero of a matrix polynomial 7 € P![2] is a 2y € C such that det7(z) = 0. In [42], it is
shown that:

1. All the zeros of ¢X(z) and ¢%(2) lie in D.
2. All the zeros of ph™(z) and @5 (2) lie in C \ D.

3. For each n > 0,
det (¢ (2)) = det (p5(2)) -

4. For each n > 0,
det (mf) = det (nﬁ) .

As a consequence, it follows that for n > 0, both (¢®(z))~! and (pL(z)) ! exist for |z| > 1
and both (i (2)) ! and (¢h™*(2)) ! exist for |z| < 1. Moreover, since det (kB) = det (kL)
for n > 1, then

det (®5(2)) = det (®L(2)), n>0. (1.53)

Example 1.4.5. Consider the 2 x 2 Hermitian matriz-valued measure supported on T

do(0) = W(0)

do i do
B [ 1 s1n9] (1.54)

27~ | sinfd 1 o
As a consequence, the n—th degree monic MOPUC, using the matriz Heine’s formula
[141] is
Ol () = { n¢n(2’) _”L"ngbn_l(z) ] , n>0
"= e ) ) =
where ¢_1(z) =0, ¢o(z) =1 and forn >1

n _1\n—k ek
i) = o (T ) 0T e

Moreover 5
R n —+
=1 > 0.
" 2(n + 1) 2, 1=

14
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k det(®F(2)) Zeros
1 — x 224k +0.5
2 — x -2 +3 +0.4714 £ 0.33333i
3 — - Ft -1+ L £0.63833 £ 0.072085i
+0.60583i
4 — x AL 2o 224 L +0.67815 & 0.13783i
+0.35828 + 0.53783i
5— % A0 Z8y 264 Lot 24 L +0.66837 & 0.29419i
+0.57018 + 0.37570i
+0.67033i
6 — o« 212202104 198 La0 4 32t 2224 5 £0.28765 +0.63411i

£0.63989 £ 0.41068:
£0.68380 £ 0.205141

TABLE 1.1. Zeros of the first six MOPUC.

FIGURE 1.1. Zeros of the first six MOPUC.

Notice that all the zeros of @kR(z) with k = 1,...,6 lie in D. In the same way, the
reversed matriz polynomial of ®E(z) is

R * N 4%
(bR,* — ¢”l7 (Z) n+1zz¢n71(z)
m [niliw;;_l(z) G "

where ¢3,() = b g () (9)F (4 1= k)2E, 65(2) = 1 and 67, (2) =0,
15
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k det(q)kR’*(z)) Zeros
1— % 1+ 122 +2.0i
2 — 1— 222+ 324 +1.4142 £+ 1.0i
3— 1— £2%— 1t 4 26 +1.5469 + 0.17469i
+1.6506i
4 — % — U2 2t 264 LS8 +1.4161 £ 0.28782i
+0.8579 + 1.2878i
5— x 1— 2224 2204 20— 28 4 2210 +1.2533 £ 0.55169:
+1.2229 £ 0.80579i
+1.4918i
6 —« 1—325224 3920 — 5204+ 228 2,104 L2120 40.59329 + 1.3079i

+1.1068 + 0.710384
+1.3417 +0.40251%

TABLE 1.2. Zeros of the first six reversed MOPUC.

i

15}
*¥ *¥
*¥ *
* 05Ff *

*¥ *¥
45 0.5 15
* *

*¥ *

FIGURE 1.2. Zeros of the first six reversed MOPUC.

Notice that all the zeros of @kR’*(z) with k =1,...,6 lie in C\ D.

16
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1.4.3 Kernel matrix polynomial and the Christoffel-Darboux formula

The kernel matrix polynomial of degree n for z,{ € C is defined as
= 0i(2)ef (O and KF(= Zsok ), (1.55)
k=0

for the right and left cases, respectively. It is shown in [42] that for n > 1 they satisfy the
Christoffel-Darboux formulas

Pl ()T (OF — B (2) e (OF

K (Cz) = e , (1.56)
R * H, Rx* _ L H, L
Kg(’z’ ) _ cpn—&—l(C) gpn—l—l(’i)_ Z()Z:n—’_l(C) (:On—i-l(z)7 (157)

KR (C, ) = £ @en (O = ol ()ent (O

= 1.58
; = , (1.59)
R/ \H, Rx* _ s L(\H, L
1—2C
for 2¢ # 1.
Proposition 1.4.6. Forn > 1, we have,
1.
P (2) = (k)T KR (2,0) and @ (2) = K10, 2) (ry) (1.60)
2.
KE0,0) = 6B = 5.7 and KF(0,0) = (k2 Kl = 5 L. (1.61)
3.
(k)R (0) = 93 (0)(r, ™™ and o3 (0)r, " = iy, T (0). (1.62)
4.
(rtam ) R = 1= ol (0) (5, ™) ey Pl (0) (1.63)
= I (0K (0,0) "o (0), |
and
_ _ H L, —
ety (et ) = T ol (O (1) B (0) Lo

=1 P"(0)K}H(0,0)"of(0).

5. For any matrix polynomial m € Pﬁl[z] and ¢ € C, the kernel polynomials have the
reproducing properties ([42])

(m(2), K¢ 2o = 7(QF, and (K7 (2,¢),m(2)) 1.0 = 7(O). (1.65)

Proof.
17
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1. Taking into account that
Pl (0) = @I (0)wlt = wff amd oL (0)7 = wE@L#(0)! = KL

n n n?’
from (T55) , (T-59) we get (T60).
2. The equality K2 (0,0) = B (k)" follows setting z = 0 in (1.60). On the other hand,

(1.66)

S = (@, @) Ro = (0rkn T onkn DR = (k) TRy .

3. Using (1.34) and (1.35) with the identity a,pL = pfa,, (see [42] Lemma 1.3.), one can
verify

PE*(2)0E () — 0B (2) 0l (C) = Col ™ (2)0k 1 (C) — 20F 1 (2)en™ 1 (O),

and taking z = (,

PEM(2)ok(2) - PR(2)eR™(2) = 2 (PE1(2)ehoa () — PR (2)en(2)

" (06" (2)eb (2) = (20 (2))

so that o5 (2)¢k(2) = 2 (2)pf* (). From the previous equation and we get (1.62).
4. From , we have
() e = (i) ey = BGH(0,0) = K1 (0,0) = 0/ (0) 0™ (0),
and therefore
(Nﬁ v )l = T (n ) R 0) B (0)r

Then, and (|1.62)) imply ((1.63 - - follows in a similar way. O
Notice that from ((1.63)) and ( we deduce

HffomELHQ < Land [, 2 < 1,

n
since K;1(0,0)! and K[*(0,0)~! are positive semi-definite matrices.
Example 1.4.7. Consider the matrix measure

do(0) = 0%

1.67
=, (1.67)

where Q@ € M; is a positive definite matriz. The corresponding n—th degree monic
MOPUC is
O (2) = Dji(2) = By (2) = 2",

Moreover

™

SE—SL — (3, ®,)r, / e*i"meme;ﬁ =Q>0.

—T

18
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The respective n—th reversed polynomial is
O (2) = O (2) = @7 (2) = L

Thus, (pﬁ’*(z) = @ﬁ’*(z)SﬁLﬂ = QY2 hence the kernel matriz polynomial is

01 _ zn+1971/2(cn+1971/2) 1— (ZC n+1 n
R _ 1 _ 1 § :
Kn(gaz)_ 1_24—. _Q 1—(ZC _Q OZC

In particular, if z=( €T
K H(¢,0) = (n+ 17"

Let w(z) = 2By, + --- 4+ 2B; + By be a matrix polynomial of degree 0 < k < n. For
A € M, we define

m(A) = A*B + -+ ABy + By, (in particular pF(A) = ARkl +...)
when we use right matrix polynomials or the right sesquilinear form, and
m(A) = BLA* + ...+ BiA 4 By, ( in particular pF(A) = kEA* +...)

for left matrix polynomials or the left sesquilinear form. With this notation, the repro-
ducing property of the kernel matrix polynomial ((1.65) can be extended to

(ﬂ(z),Kf(A,Z»R,U = 7(A)¥ and (Kﬁ(z,A),w(z))L,g =n(A)E. (1.68)

Indeed, let m(z) = Zf:o ©F(2)\i, with 0 < k < n. Then, we have

k n
(m(2), K (A, 2))ro = <Z¢f(z)Ai7Z¢f(Z)wﬁ(A)H>
=0 =0 R

= ZZ)‘H ()07, 780] RU(PJ (A)H

10]0

= Z Mol(A)H = n(A)H.

,0

1.4.4 The matrix-valued Carathéodory function

An analytic matrix-valued function F defined on D is called a (matrix-valued)
Carathéodory function if

F(0) =T and ReF(2) = = (F(2) + F(2)") > 0 for all z € D.

N | =

The following result can be found in [52] Theorem 2.2.2.

Theorem 1.4.8. (Riesz-Herglotz’s Theorem). If F' is a matriz-valued Carathéodory func-
tion, then there exists a unique normalized positive semi-definite matriz measure o such
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that

T ei@ »
F(z):/ 2 1500 (1.69)

The matriz measure o is given by the unique weak limit of the measures do,(0) =
%eF(rew)% as r 1 1. Moreover, we have

o0 o0
F(z)= Co+2207nz” = I—i-QZc,nz”, (1.70)
n=1 n=1

where ¢, is the n—th matriz moment associated with the measure o, i.e.,
ecn=1L2Nr,="LT)[, = / e™do (), ne. (1.71)

—Tr

Conversely, if o is a positive semi-definite matrix measure, then defines a matriz-
valued Carathéodory function.

Notice that every matrix moment satisfies cZ,, = ¢, for n € Z, since o is a Hermitian
matrix measure.

Example 1.4.9. Consider the positive semi-definite matrix measure (1.54) supported on
T. The sequence of matriz moments is

[10 o1 _ifo 1
Tl 1 |PYTol1 0T 210

00
pr— pr— > .
Cn = C_p, [0 O]forn_Q

and

Therefore, the respective matriz-valued Carathéodory function is

F(z):[ 1 _fz].

—1z

The following result is a direct consequence of the matrix version of the Riesz-Herglotz’s
Theorem.

Proposition 1.4.10. Let o and 6 be normalized positive semi-definite matriz measures
supported on T, with associated matriz-valued Carathéordory functions F and F, respec-
tively. If F(z) = F(z) for z € D, then 0 = 6.

Proof. Let

[e's) o
F(z) = I—G—QZc,nz" and F(z) :I+225—n2n7
n=1

n=1

be matrix-valued Carathéodory functions. Then, from the Riesz-Herglotz’s Theorem, they
have unique, positive semi-definite, associated matrix measures o and ¢. If F(z) = F(z),
and since the corresponding matrix measures are Hermitian, we get for every n € Z

Cp = Cp-
20
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This means that for every n € Z,

™ . ™ .
/ e do = / emed&,
—T —T

and, as a consequence, for arbitrary matrix polynomials p, q € P![2],

/ " p(®)do(6)q(”) = / " p(®)d (6)q(e”)

—T —T

and therefore o and & coincide. O

As in the real line case, by a transformation of the function F' we mean a new
Carathéodory function associated with a measure &, which is a spectral transformation of
the original measure o.

1.4.5 Biorthogonal matrix polynomials

Let X(z) = [I,1z71, 12,1272, 122,..]T be a block vector, and denote the CMV left and
right moment matrices associated with the matrix measure o by

Co cC_.1 C1 C-9
C1 Co Cy C_1

Ff= (X(2)T, X(2) hpo = | &1 €2 0 ca o (1.72)
C2 C1 C3 C

Co C1 cC_1 C
C_1 Co C_9 (C1

FL::(X(z),X(z»LU: ¢t ¢ C C3 | (1.73)
C_9 C_1 C_3 Cy ---

respectively. Notice that if the matrix measure o is Hermitian, then so are Ff and F’.
Let (FX),, € M, be the truncated moment matrices with K = R, L. The matrix measure
o is said to be quasi-definite if (FX),, satisfies

det(FX),, #0 for K=R,L and n > 1.

Definition 1.4.11. Given a quasi-definite matrix measure o, the set of monic matrix
polynomials (@fn(z))nzg, (@én(z))nzo, i = 1,2 are said to be biorthogonal with respect
to o if

1. for all n > 0, deg(@fn) = deg(CI)Z-L’n) =n withi=1,2,

2. (F, 07, ) ro = OknS3, and (D1, 95 V1o = OknST,, with S5, # 0 and
Ston #0.
Proposition 1.4.12. ([6] Proposition 2) Given a quasi-definite matriz measure o,
there ewist sequences of monic biorthogonal matriz matriz polynomials (®£ (2))n>0,
(@fn(z))nzg, i =1,2 and they are unique. 7
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Here, it is important to notice the order of the matrix polynomials in the sesquilinear
form; if k # n, then <<I>fk, @gnm,g and <<I>fk, ‘Pinﬁ,a could be different from 0. Notice
that this constitutes a more general framework to study matrix orthogonal polynomials.
However, if ¢ is Hermitian,

P, Q) ro = (@.P) R and (p,@) 1.0 = (¢,D) 1 5, D.q € P'[2].

Therefore, we conclude that the sequences (@fn(z))nzo, and (@én(z))nzo, are orthogonal
with respect to o, i.e.

(@F, 8 VR o = 03,nSE, and (RF,, ®L) 1 o = 01 SE,.

n N 1,

From the uniqueness of ®f(z) and ®Z(z), we obtain that ®F(z) = @fn(z) = ¢§n(z)
and ®L(z) = q)fn(z) = <I>£n(z). In this document, we deal always with Hermitian matrix
measures and, as a consequence, the more general case of biorthogonal sequences of matrix
polynomials is not considered here.

1.4.6 Asymptotic properties

Let ¢ be a Hermitian matrix measure supported on T defined as in ([1.22)).
Definition 1.4.13. The Hermitian matrix measure o belongs to the Nevai matrix class
N, if

det W(0) > 0

almost everywhere on unit circle.

Definition 1.4.14. The Hermitian matrix measure o belongs to the Szegé matrix class
S, if
log(det W(0))

is integrable over unit circle.

Necessary conditions for ¢ to belong to the Nevai or Szegé class can be given in terms
of the Verblunsky matrix coefficients, as follows.

Theorem 1.4.15. (Rakhmanov’s Theorem [168]). If the Hermitian matriz measure o €
N, then

lim o, = 0.
n—oo

Theorem 1.4.16. [48]. The Hermitian matriz measure o € S if and only if

oo
> llanllr < oo
n=1

Notice that S C N. For the scalar case, the Nevai and Szeg6 conditions were introduced
in [I66]. In the matrix case, the Szegé matrix condition was introduced in [48] and some
well known results in the scalar case, such as the Bernstein-Szeg6 Theorem, were extended
to the matrix case in [49].

When z € T and z = ¢ the Christoffel-Darboux formula ([1.57]) becomes

on(2) o (2) = o () 012" (2)
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H
and rearranging the terms (gpﬁ(z)apf}’*(z)A) <<pﬁ(z)<p§’*(z)*l> = I, so that
L (2)pl*(2)7L is a unitary matrix. For z € D, let A(z) = @L(2)ph*(2)~!. Then A
is analytic in D, continuous in D and ||A(z)||2 =1 on T so by the maximum principle

lon (2)en(2)7Hl2 < 1 for |2 <1,

equivalently
B (z) "ol (2)||, < 1 for [2] > 1. (1.74)

In the scalar case, it is very well known (see [150]) that if o, — 0, then

L

lim $n+1(2) =2z, |z| > 1, with @, = pf = oL,

n—oo o (2)

In [I73], the authors extended the result for MOPUC associated with a positive defi-
nite matrix measure in the Szegd class. The following proposition generalizes the ratio
asymptotics for Hermitian matrix measures in the Nevai class.

Proposition 1.4.17. If o € N, then

1 . -1
pla(2) = lim ok (2) (ph(2) T = o1, (1.75)

lim (/(2))

n—oo

uniformly on every compact subset of z € C\ D. Equivalently,

lim o (2) (pB*(2)) ' = lim (p5*(2)) " @l () = L, (1.76)

n—oo

uniformly on every compact subset of z € D.
Proof. From , (cpf(z))_l o (2)pR — 2T = — (goﬁ(z))_l ok (2)a and thus
[Exe)n
From , we have that becomes
[Exe)n

and since a,, — 0 implies pf¥ — I, (1.78) implies that (1.75) holds if ¢ € A/. On the other
hand, ([1.76)) follows from the definition of the reversed polynomials. O

LR (ol = || < Nl [(oFE) ek )

1
(2o = 2| < llanlla, for |2 > 1, (L.78)

Proposition 1.4.18. If o € N, then

lim o= (2) (pB%(2)) 7 = lim (ph*(2)) " E(2) = 0, (1.79)

n—oo n—o0

uniformly on every compact subset of z € D. Equivalently,

lim (pf(2) " ok (2) = lim of*(2) (ph(2) " =0, (1.80)

n—oo

uniformly on every compact subset of z € C\ D.
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Proof. For |z| < 1, from ([1.34))

-1

* -1 L,* L,* % -1
(eh(2) " o) (el () (2ol = 2 (ph*(2) " oli(z) - ol
~1
If o € N, then pff — T and by (1.76) (gpﬁ*(z)) @ﬁfl(z) — I, so we have
. L 1 R o Lo oL DR o T ST —
Tim (6h50(2)  efa(2) = lim 2 (h(2)) " ofi(z) =+ = Tim 2"T=0.
On the other hand, for |z| > 1, since
-1 % _ % _\\—1 H
(pR(2) 7 ok (2) = (wh(1/2) ($5(1/2) )
if n — oo, taking into account ([1.79)), we get (1.80)). O
Also from ([1.34)), we have
—1 _ L7* -1 _
(eR(2) " =iy (= (PR ) ek (@ally) (i)™
If n — oo, using ([1.80)) we have the following proposition.
Proposition 1.4.19. If o € N, then
. R -1 .. L -1
uniformly on every compact subset of z € C\ D.
Proposition 1.4.20. If 0 € N and ( € C\ D, then
_ - 1
lim (R() " KE (¢ 2) (0BE() T = 1, 1.82
n1—>ngo ((pn (Z)) n—l(c Z) ((pn (g)) zC 1 ( )
tim (o57(0)) ™ K (2,0 (k) = =T,
nsoo \ET n— n 2C—1

uniformly on every compact subset of z € C\ D.

Proof. For z € C\ D, the result follows from the previous Propositions and (1.56)), (1.57).
Let z € T. From (|1.56)), we have

(1-20) (£2(2) " K¢ 2) (227(0) T = (0F2) T ek () ((6B0) ™ b)) -1

and thus from ({1.74])
2

wﬁ’*(C)H :

2

|- 20) (o) ™ K¢ 2) (224 (0) " + 1] < [ (ef0))

As a consequence, from ((1.80) we get (1.82]). The result for the left kernel is obtained in
O

a similar way.
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Corollary 1.4.21. Ifoc € N and ( € T, then

lim o7 (¢) (K¢, ¢) ™ ¢R(¢) = o, (1.83)

lim @E(0) (KE(C,0) ™ e (¢) = 0.

The following result establishes bounds for the leading principal coefficients of the
orthonormal matrix polynomials.

Proposition 1.4.22.

o €S if and only if li_}In I6E 2 < 0. (1.84)
Similarly,
o €S if and only if ILm |52 < oo. (1.85)

Proof. Let A,(0) = (HL)H kk. and notice that

n n?

k3 =10 ()" ) = T0(A4n(0)). (1.86)

If o € S, from [48] (Theorem 17), lim, o II(A4,(0)) < oo for every n € N, then from
(L.86) limy, o0 [|1f |2 < 0.

Conversely, if lim,, .o [|k%|l2 < oo, then from (1.86]) II(A,(0)) < oo for every n € N,
thus the numbers det(A,,(0)) are bounded from above (since the product of the eigenvalues
of a matrix equals its determinant). Therefore, from [48] (Theorem 19) and the Theorem

1.4.16[it follows that o € S. In a similar way (|1.85]) can be proved. O
Now, we state an asymptotic property for the reproducing kernel.
Proposition 1.4.23. Ifo € S, then
KB(z,2) and KL (2, 2),
converge uniformly on every compact subset of z € D as n — oo.

Proof. If 0 € S, from [48] the sequence (A, (2))n>0 converges uniformly on every compact
subset of D, where A,(z) = Un(z)T;}rlUn(O)T with U,(z) = [I,---,z"I] and Tp41 €
Mi(n+1) is a block Toeplitz matrix. Moreover,

ol(2) = 2"(k;1)H A, (1/2)7 and A, (0) = (kL) KE. (1.87)

n n

On the other hand, using the Christoffel-Darboux formula ([1.56) with z = ¢ € D and
(1.87)), we have

(1= |2P)KE(2,2) < olf (2)eb ()7 = Ania(2) AL (0) AR (2),

so we conclude that K’(z, z) converges uniformly on every compact subset of z € D. [
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Chapter m Matrix orthogonal polynomials and the Szegé matrix transformation

Notice that in particular we have

lim o2 (2)pR(2)" = lim 5 (2)"pk(2) =0,

n—o0 n—o0

thus
. R . L
Jim lor(2) ]2 = lim [er (2)]2 =0,

uniformly on every compact subset of z € D.

1.5 The Szeg6 matrix transformation

In this section, we are interested in extending to the matrix case some properties from the
Szegl transformation. The matrix version of the Szeg6 transformation has been studied
in [42, 51l 172]. Properties such as the relation between the associated Stieltjes and
Carathéodory functions in the scalar case are given in Theorem 13.1.2 of [I57]. It will
be the key tool to analyze the effect on some spectral transformations caused by the
application of the matrix Szegd transformation in Chapters [2 and [5

A matrix measure o(6) supported on T that is invariant under 6 — —0 (i.e., z
z = 2z~ 1) is called symmetric (in Section we will study some properties of symmetric
matrix measures, as well as the relation with block CMV matrices). If u(x) is a normalized
positive semi-definite matrix measure supported on [—1, 1], then it is possible to define a
normalized symmetric positive semi-definite matrix measure o () supported on (—7, 7| by

%d,u(cos 0), —Tt<60<0,
do(0) = (1.88)
—%du(cos 0), 0<0<m.

This is the so-called Szegé matrix transformation (see [42) 51]) that relates normalized
matrix measures supported on [—1, 1] with normalized (symmetric) matrix measures sup-
ported on T. We will denote this transformation by do = Sz(du). These measures satisfy

1 T
/_ @) = [ fleos0)do(0) (1.89)

for every integrable function f on [—1,1]. Similarly, the inverse Szegé matrix transforma-
tion satisfies

i 1
/ 9(0)do(6) = / g(arccos x)du(x)
—m -1
for every integrable function g on T with g(8) = g(—6). We will denote this relation by
dp = Sz=1(do).

In [I72], the authors show that when the measures p and do = Sz(du) are positive
semi-definite, there exists a relation between the corresponding sequences of orthogonal
matrix polynomials, as follows.

Theorem 1.5.1. [172]. Let p be a positive semi-definite matrix measure supported on
[—1,1] and let (£ (2))n>0, (0F(2))n>0 be two sequences of orthonormal matriz polynomials
with respect to the sesquilinear forms (1.23) and (1.24), associated with do = Sz(du).
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Chapter m Matrix orthogonal polynomials and the Szegé matrix transformation

Then, the matrix polynomials

1

- R,
Pr(e) = 5 (= 00) 2 (6h,(2) + 037 (2) 21,

where x = % (z + %) , are orthonormal with respect to L.

In particular, if p has the form ((1.2)), then (1.88) becomes

—%w(cos 0)sinfdf, —m <6 <0,
do(0) =
%w(cos f)sinfdf, 0<0 <,

that can be written as .
do(0) = §| sin f|w(cos 6)db. (1.90)

Example 1.5.2. Consider the normalized positive semi-definite matrix measure supported
on [—1,1]
d (a:)—w(m)d:c—l[l x}dm (1.91)
a av/l—az2 | 1 ’ ‘
defined in (1.14). Since /1 — cos?f = |sinf)| for 6 € [—m, x|, then from (1.90) the nor-

malized positive semi-definite matriz measure supported on T is

cosf 1 o’ (1.92)

do(0) = [ 1 cos@} do

As a consequence, the n—th degree monic MOPUC, using the matriz Heine’s formula
[141] s
n
PR(») = { Pn(2) — g1 Pn-1(2)
"= e i) enle)

where ¢n(z) = %H > ro (W) (k+1)2F and ¢o(2) = 1. Taking into account that

| e

n+ 2

R oy, = =
< no n)RJ 2(n+1) 2,

we conclude that the n—th degree orthonormal matrix polynomial is

20t Vgry),

R _ L _
(Pn(z)_@n(z)_ n+2 n

The above example shows that

g 1 1 =z de) — 1 cos6 | df
viz2le 1Y) T st 1 | or
In general, if du(z) = w(z)dz and do(0) = W(0)2L, then the measures are related by the
matrix Szegd transformation when

1

W(0) = m|sinf|lw(cos ), w(z) = im

W(arccos z), (1.93)
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ie.,

1 1 do
Sz <ﬂ_mW(aTCCOS az)dm) = 7| sin f|w(cos 0)% (1.94)
The proof is analogous to the one given in [I57] Proposition 13.1.1. In particular, for
W(H) = cos® §, with k > 0, we have

Szt (cosk 92> = ———dux. (1.95)
m

Notice that, if o is a symmetric matrix measure, its associated sequence of moments are
Hermitian matrices, since

Cp = / e do(h) = / e ™do(0) =c_p, = !l (1.96)

T —T

The following result establishes a relation between the Verblunsky matrix coefficients
and the coefficients of the three-term recurrence relation.

Theorem 1.5.3. Let p be a normalized positive semi-definite matriz measure supported
on [—1,1], and let (An)n>0, (Bn)n>0, be the matriz recurrence coefficients appearing in
@D. Denote by (an)n>0 be the sequence of Verblunsky matriz coefficients in -
@, associated with the symmetric normalized matriz measure do = Sz(dw). Then, for
n>1,

2An+1 = \/]TQ,—L_l\/I — Oé%nv I+ 2041,
2Bpi1 = VI — agn_1090\/T — agn1 — VI + agn_109,_2/T+ agn_1,

with a_y = —1. Conversely, if IL,(z) = (pL, | (z)7)"1pL(x)" Ay i1, then forn >0

209n41 = I1,,(1) + I, (—1) — 1,
2009y, = 2 (Hn(l) — Hn(fl))*l/Q Hn(l) (Hn(l) . Hn(il))fl/Q _ 1L

The above equations are known as Geronimus relations, and have been proved in
[51, [172].

There is also a relation between the matrix-valued Stieltjes function and the matrix-
valued Carathéodory function associated with p and o, respectively, as follows.

Theorem 1.5.4. Let u be a normalized positive semi-definite matriz measure supported
on [—1,1] and let do = Sz(du) be the normalized symmetric positive semi-definite matriz
measure supported on T defined by the Szeqd matrix transformation. Let S and F' be the
corresponding matriz-valued Stieltjes and Carathéodory functions defined in and
respectively. Then

— 52
Flz) =1 S S(@), (1.97)

withz = 3(z+ 1), z =2+ Va2 — 1.
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Proof. Notice that

1<ei9+z ei9+z>_1—z2 1

2\l — 5 " il _ 4 z z4+2z1—2cosf’

Since o is symmetric and do = Sz(du), we have

T ei@ Py s e—i@ P
F(z)zl/ * da(9)+1/ T 0)

e e —z 2) e 0z

1 0 0 —16 1 ™ 0 —16
_4/ (e +Z+€ +Z) d,u,(cose)—4/ (e‘ +Z+€ +Z) dp(cos )
0

el —z e — 4 el —z e — 4

_1-Z /0 ! d (cos&)—/7r ! dp(cos )
22 » 2+ 271 —2cosf . 0 z+z"1—2cosf a ’

setting t = cosf and 2z = z + 271, we get

1—22/1 (' 1 1 1
F = - du(t) — = du(t
O M= U RE Y =t 1)
1-22 1
— dp(t
2z /_1:c—t u(t)

so that ((1.97) follows.
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CHAPTER 2

Analysis of perturbation of moments

Summary

The structure of the chapter is as follows. In the first section, given a sequence of
moments (complex numbers) associated with a Hermitian linear functional £ defined in
the space of Laurent polynomials, we study a new functional Lo which is a perturbation of
L in such a way that a finite number of moments are perturbed. Necessary and sufficient
conditions are given for the regularity of Lo, and a connection formula between the corre-
sponding families of orthogonal polynomials is obtained. On the other hand, assuming Lq
is positive definite, the perturbation is analyzed through the inverse Szegé transformation.
We point out that this is the only part of the document where we are restricted to the case
[ =1 (scalar case). Of course, these results can be obtained from Section by setting
[ =1, but we decided to include them in a separate section since the formulas are slightly
different, because the use of scalar objects allows several simplifications. Moreover, in this
case we deal with the more general case of a linear functional. Later on, some of the results
are extended to the matrix case. First, we introduce a perturbation on a matrix measure
supported on the unit circle that results in a perturbation of the corresponding sequence of
matrix moments, and analyze the resulting perturbation on the associated matrix measure
on the real line, when both measures are related through the Szeg6 matrix transformation.
This is the main contribution of this chapter. Then, we deal with connection formulas and
some other properties associated with the corresponding matrix orthogonal polynomials
sequences on the real line and on the unit circle, respectively. Connection formulas for
perturbations of matrix moments have been studied previously in [40, 41]. Finally, we
illustrate the obtained results with an example.

2.1 On a finite moment perturbation of linear functionals
and the inverse Szegé transformation (scalar case)

In the scalar case (I = 1), ®(2) = ®L(z) and pf(2) = pL(z2), for all n > 0 and z € C.
Therefore, in this section it suffices to consider ®,(z) = ®%(z) and ¢,(2) = @F(2).
Moreover, S, = S = SE for all n > 0.
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Chapter |§l Analysis of perturbation of moments

2.1.1 Introduction

Consider a linear functional £ (more information about linear functionals see [39]) defined
in the linear space of Laurent polynomials A = span{z"},cz such that £ is Hermitian,
i.e.,

Cn = <£’Zn> = <£’an> = 677” ne 2.
Then, a bilinear functional can be defined in the linear space P![z] = span{z"},>¢ of
polynomials with complex coefficients by

(p.a)c = (L,p()a(z"")), p.geP[].

The sequence of complex numbers (¢,,)nez is called the sequence of moments associated
with £. On the other hand, a sequence of monic polynomials (®,(z))n>0, with deg (®,,) =
n, is said to be orthogonal with respect to L if the condition

<<I>n7 q)m>ﬁ = 5n,mSn7

where S,, # 0, holds for every n,m > 0. The necessary and sufficient conditions for
the existence of such a sequence can be expressed in terms of the Toeplitz matrix T =
lim,, oo T}, where T, is defined by

€0 C1 T Cn—1
c—1 Co Tt Cp—2
T, =
C_(n-1) C—(n-2) "°° €0

The sequence (P, (z)),>0 satisfies the orthogonality condition if and only if T,, is non-
singular for every n > 0. In such a case, L is said to be quasi-definite (or regular). On the
other hand, if det T,, > 0 for every n > 1, then L is said to be positive definite and it has
the integral representation

——do(z g e
wade = e = [ o@D = [* ol io®), pacPEL @)
T -7
where o is a nontrivial positive Borel measure supported on the unit circle T. In such
a case, there exists a (unique) family of polynomials (¢, (z))n>0, With deg ¢, = n and
positive leading coefficient, such that

/%w%ww@z%w
T

Notice that (2.1)) is a particular case of the sesquilinear forms ([1.23)) and ({1.24]).

In [30], the authors studied the perturbation associated with the linear functional

(p,@); = (pa)c+ m/Tp(Z)Q(Z)C.lZ7 p,q € P[],

iz
where m € R and L is (at least) a quasi-definite Hermitian linear functional defined in the
linear space of Laurent polynomials. Notice that all moments associated with £ are equal
to the moments associated with £, except for the first moment, which is ¢g = ¢o + m.
The corresponding Toeplitz matrix T is the result of adding m to the main diagonal of T.
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Later on, the linear functional

P q)z, = (0, @) + m(27p, ), + M(p, 27 q) (2.2)

where j € N is fixed and (-, )z, is the bilinear functional associated with the normalized
Lebesgue measure on the unit circle was studied in [31]. It is easily seen that the moments
associated with £; are equal to those of £, except for the moments of order j and —3, which
are perturbed by adding m and m, respectively. In other words, the corresponding Toeplitz
matrix is perturbed on the j-th and —j-th subdiagonals. In both cases, the authors
obtained the regularity conditions for such a linear functional and deduced connection
formulas between the corresponding orthogonal sequences.

Assuming that both £ and L; are positive definite, the perturbation (2.2) can be
expressed in terms of the corresponding measures as
- df - df
de(6) = do(0) + szQ— +mz ) — (2.3)

T o

On the other hand, the connection between the measure and its corresponding
measure supported in [—1, 1] via the inverse Szeg6 transformation was analyzed in [77],
and it is deduced that the perturbed moments on the real line depend on the Chebyshev
polynomials of the first kind.

In this section, we will extend those results to the case where a perturbation of a finite
number of moments is introduced in . In next subsection, for the positive definite case,
the study of the perturbation through the inverse Szegd transformation will be analyzed.
In Subsection [2.1.3| necessary and sufficient conditions for the regularity of the perturbed
functional are obtained, as well as a connection formula that relates the corresponding
families of monic orthogonal polynomials. An illustrative example will be presented in the
last subsection.

2.1.2 Finite moments perturbation through the inverse Szeg6 transfor-
mation

Let £ be a quasi-definite linear functional on the linear space of Laurent polynomials, and
let (¢n)nez be its associated sequence of moments.

Definition 2.1.1. Let Q be a finite set of non negative integers. The linear functional
Lq is defined such that the associated bilinear functional satisfies

(D @yee = Qe+ D (Me(2"D, @)y + M0 (D, 2°0)2y) s Drq € P2, (2.4)
reQ)

where m, € C and

R /7
<p,q>ﬁ9=/ p(ew)q(ew)g, p.q € P[],

is the bilinear functional associated with the normalized Lebesgue measure in the unit
circle.
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Notice that, from (2.4)), one easily sees that

Cn,s if n ¢ Q,
=" 1D, =4 copn+m_p, f —neQandneZ",
Cn+my, if neQandn¢Z™.

In other words, L represents an additive perturbation of the moments ¢, and c_, of L,
with r € Q. The rest of the moments remain unchanged. This is, the Toeplitz matrix
associated with Lq is

0 m, 0
: 0 My
reQ 0 my 0

m, is on the r—th subdiagonal

and therefore Lq is also Hermitian. Moreover, if £ is a positive definite functional, then
the above perturbation can be expressed in terms of the corresponding measures as

- Ldo - df
doqo(0) = do(6) + Z (mrz 5 + Mz >

o :dU(Q)—l—QZD‘ie(mrzr)g. (2.5)

re)

On the other hand, if Fq(z) is the Carathéodory function associated with Lq, then from
(1.70])

Fa(z) = F(2) + ZZmrzT,

which is a linear spectral transformation of F'(z).

Let o be a (scalar) positive measure supported on the unit circle such that its cor-
responding moments (¢ )ncz are real, i.e., o is a symmetric measure. Assume also that
the perturbed measure &g, defined by , is also positive and that m, with » € Q is
real, so that the moments associated with & are also real. Our goal in this subsection
is to determine the relation between the positive Borel measures u and jiq, supported in
[—1, 1], which are associated with o and &g, respectively, via the inverse Szegé transforma-
tion defined in the Section [I.5] This relation will be stated in terms of the corresponding
measure and their sequences of moments.

Proposition 2.1.2. Let o be a positive nontrivial Borel measure with real moments sup-
ported on the unit circle, let p be its corresponding measure supported in [—1,1], such that
dp = Sz=Y(do) and define 6o as in (2.5). Then, the measure jiq = Sz~1(6q) is given by

dx

A (2.6)

diig(x) = dp(z) + 2 Z my Ty (x)
ref

where T,.(x) := cos(rf) is the r-th degree Chebyshev polynomial of the first kind on R (see
[39]) and m, real.
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Proof. Notice that, setting z = €’ = cos@ +isiné, z = cosf, T,(z) = > o axz® and m,

real. Then, from (12.5))

- e do p—
doq(0) =do(0) + ,;2 (mr(cosﬂ + isinf) 7 + my(cosf + isinf) 27r>

6) + ZZTr(m‘)m d6

reQ

+2ZmTZakcos 9—

reQ)

Since Gq is a symmetric positive measure, by applying the inverse Szegd transformation
and taking into account ((1.95)), we have

dig(x) = )+ 2Zmr2akm \/72

reQ k=0 x

dx
= x) + 2 m
Z oI 7T\/1—$2

reQ)
which is (2.6)). O

The next proposition expresses the considered perturbation in terms of the moments
associated with the matrix measure (2.6)). Recall that n!! is the double factorial or semi-
factorial of a number n € N defined as in ((1.21)).

Proposition 2.1.3. Let u be a positive measure supported in [—1,1] and fiq defined as in
(2.6) and (pin)n>0, (fin)n>0 be their corresponding sequences of moments. Then

~ { T if 0<n<mm,

= : 2.7
Hin Un + %ngg mrB(na T): Zf Tm <N, ( )

with vy, = min{r : r € Q} and

e B(n,r) =" ZWQ] ( 1)16(2&113:21]21)(!2)“%) , if r+n—-2k=0,

e B(n,r) =0, ifr+mn is odd,

° B(n,r) _ar Z[T/Z] ( l)k(zif:zllzl)(!Q)r—zk (r(—:zgzl;;)l'?”) ifr+n is even.

Proof. The moments associated with [iq are given by

i = [ (o) =+ 23 m [ TOE
Hn = ,UfQ = Un my
-1 TEQ 1— x

As a consequence, by the orthogonality of T).(x) with respect to ﬁ, we obtain for the

n—th moments with n ¢ Q

(2.8)

_ Uns if 0<n<rny,
— 1 . d. .
T bt 2 e [ G s
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Furthermore (see [123]), we have

_7«3%(—1ﬂxr—kp_1y@xy—%

>
F(r — 2k)! » r2h

where [r/2] =r/2 if r is even and [r/2] = (r — 1)/2 if r is odd. Therefore,
1 d 1 [r/2] k: — k=12 r—2k d
/ 2T () x / Z (r ' )!(22) x
1 0 k 7"—2]{3) V1 — 2

-1 1—22
_ TN DM k- iy [}t
=0 k" 7"—2]€) -1 \/]_—3727

M\%

N)\%

and, since
/1 . dx (n— N1+ (=1)"
x =7
1 Vv1-— T2 n!l
(2.8]) becomes ([2.7)). O

From the previous proposition we can conclude that a perturbation of the moments
¢ and c_, with r € , associated with a measure o supported in the unit circle, results
in a perturbation, defined by , of the moments py,, n > ry,, associated with a mea-
sure u supported in [—1,1], when both measures are related through the inverse Szegd

, with (1)1 =1

transformation.
2.1.3 A perturbation on a finite number of moments associated with a

linear functional £

Let £ be a quasi-definite linear functional on the linear space of Laurent polynomials.

The following notation will be used hereinafter:

Lo Ay, 5010y 1) Will denote a (s2 —s1+1) x (I2 — 1 + 1) matrix whose entries are a(y ), ,
where s1 < s < s9 and [; <1 <s,. For instance,

_ | Q24)6 A(2,5)
A(273;4,5;6) - |: a(3’4)6 CL(375)6 :| .

2. T371(0) = [00(0), -+, @V (0))7 € Mo
3. T571(0) = [87(0), -+, &V (0))7 € Mo
4. Derivatives of negative order are defined as zero. For instance, K,(IO’_Q)(z, y) = 0.

Necessary and sufficient conditions for the regularity of L, as well as the relation between
the corresponding sequences of orthogonal polynomials, are given in the next result.

Proposition 2.1.4. Let L be a quasi-definite linear functional and let (®,(2))n>0 be its
associated monic orthogonal polynomials sequence. The following statements are equivalent
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1. Lq defined as in (2.4) is a quasi-definite linear functional.

2. The matriz 1, + ) o Ly, is nonsingular, and

~ n r)(o)
Sn= S0+ (QuW)" Y Y+ iy #0, n >0,

ref) ref)

with )
T 0'7’"

<I>"(n2'r 1) (0)

Mr =211

3
[

q)gnnf2'r+1) (O)
my (n—r+1)!(n—2r+1)!

Mo =D (n—r—1)1 i

Q = L+Y Ly

reQ

W, = ‘I)n(O) - Z an!C(O,n—l;n,n;T)y
refd

K(O 'r)( 0)
TT

K202 0)
My G 121!

(0 QT)( 0) K<0,0) (2,0)
— n—1 )
My 7"(27') Mer =101
K _1(2,0) =
n—1\<» :
K0 (0) K20 (20)

My G =11 T T i r— D) in—2r—1)!

B K(On 2r)( 70)
Mr 7") (n—2r)!

K(On r— 1)( 0)

— n—1

mr(n DHl(n—r—-1)!" |
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and

m’/‘A(O,rflgo,rfl;r) B(O,Tfl;r,nfrfl;r) my C(O,rfl;nfr,nfl;r)
T o_
L, = mrA(r,nfrfl;O,rfl;r)

n
my A(nfr,nfl;O,rfl;r)

&

(ryn—r—Lyrn—r—1;r) my C(r,nfrflgnfr,nfl;r) )
(n—r,n—1;rn—r—1;r) er(nfr,nfl;nfr,nfl;r)

&

where the entries of the matrices A, B and C are given by

K(s H-'r) (0 0)

= =" - 7 2.1
a(s,l)r l!(l—i—?“). ’ ( 0)
K000 KPTD(0,0)
b(s,l)r = mrm + mrw, (211)
Clsi)y = W (2.12)

Furthermore, if (®,(2))n>0 denotes the monic orthogonal polynomials sequence associated
with Lo, then

i KO (2 0)
B, (2) = By (2) %Kn L z;zm(nl_r)‘ (2.13)
re re

for everyn > 1.

Remark 2.1.5. Notice that Q,, and L], are n x n matrices, whereas Y, , W, and K _,(z,0)
are n-th dimensional column vectors.

Proof. Assume Lgq is a quasi-definite linear functional, and denote by (®,(z))n>0 its as-
sociated monic orthogonal polynomials sequence. Let us write

O (2) = u(2) + Y Anpi(2), (2.14)

where, for 0 < k <n —1,
A _ <(i)n7 (I)k>£
n,k Sn
z T _ —rF = 7N d

my ~ dy
= — —_— T(Pn P ’
>3 RO DS > / A

and notice that (®,,, ®;), # 0 (in general), and (®,,, @), = 0 for n > k.
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Substituting in (2.14]) and using (1.56]), we get

s R B(2)B(y) dy
D, (2) = Pp(z2) — ;EQ (mr /T Y ®,(y) kE:O S, omiy
S (i, [y 0 (2)B(y) dy
= z) — m @ z dy —m T z dy
—0,(2) T§€Qﬁ< [ e R G < [ R K ).

From the power series expansion of ®,(y) and K,_1(z,y), we have

. m B0 §Re0)
Y Puly) =y Z Il Y :Zm.ﬂ’
=0

l=r

and for |y| =1,
n—1 7-(0,])
KO)(20) 1
Kol =Y RGO L

=0

r—t_dy

Sriy = 1 if r =t and zero otherwise, we arrive at

and since [y

n+r z(l—r n— (0,1)
dy _/ oy 7(0) = Ki(2,0) 1 dy
E=uNS

I y! 2miy

Similarly,

77"&)“ Kn— A n n—1 — n—’
/Ty ) 1(Z’y)2m'y ZZ(; (I+r)! I! lz; !

As a consequence, we get

n—r—1 z(1) (0,l47) n z(I) (0,l—7)
F _ (I)n (0) Kn—l (Z, 0) — (I)n (0) Kn—l (Z, 0)
Pn(2) = Pn(2) = D (mr > O a0 ™ DDA
reQ =0 l=r
(2.15)
which after a reorganization of the terms becomes
r—1 z=(I) (0,l+7) n () (0,l—7)
T _ Pn (0) anl (Z7 O) - Py (0) anl (Zv 0)
Puz) = Bu(x) =) (m 2 Gryp 2. Or (-
res) =0 l=n—r
") (KT 0 KT G0)
_Z Z 1 M (I+7)! T I—7)! )
reQ l=r ) ) '
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In order to find the constant values &)53) (0), we take s derivatives, 0 < s < n, with respect
to the variable z and evaluate at z = 0 to obtain the (n + 1) x (n + 1) linear system

r—1 z(I) (s,l r) n () (s,0=7)
- oy (0) K, 0,0) @, (0) K, (0,0)
s) _ s) - n— n—1
3 0) = @) ZQ (mrlz il i —i—'r)! +my Z 0! -
re =0

n—r—1 i’g)(O) K(sl-l—r)(o 0) ) KT(ZS_J_T)(O,O)
—2;2(2 I (m (I (ll—r)! ))

l=r

l=n—r

If we use (2.10]), (2.11) and (2.12)), then the linear system becomes

r—1 n—r—1 n
o) (0) = 1 (0)-) (mrza(sl o) (0 Z bis), @ (0) +my H C(s,l)rq)g)(0)>'

reQ) =0 l=n—r

Notice that the last equation (i.e., when s = n) gives no information, since a,),

bn,i), = Cny), = 0 and o) (0) = o (0) = nl. As a consequence, the (n+ 1) x (n + 1)
linear system can be reduced to an n x n linear system that can be expressed in matrix

form as
T‘EQ T‘EQ

Since Lq is quasi-definite, it has a unique monic orthogonal polynomial sequence and
therefore the linear system has a unique solution. As a consequence, the matrix I, +
> req Ly, is nonsingular and

-l = <In+ZLg>_ W,. (2.16)

reQ)

This is, we have
T K(O,n—r)

-1
Bp(2) = p(z) — > W] (In + ZL;) K!_1(2,0) — me

reQ) reQ reQ

which is (2.13]).
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On the other hand, for n > 0,

Sp = <(i)na q>n>£g = <(i)na q>n>£g = <&)na (I)n>£ + Z (mr<z7ﬂ&>n7 (I)n>ﬁg + mr<(i)na ZT(I)n>£9)

reQ
=9 - (i)Tf) (O) I+r . (I)gbl) (0) 1 dz
= n+z my TZ T z Z I o
reQ) =0 1=0
n_ & n (1)
O (0) l—r P, (0) 1 dz
+ Z (mr TZ T z Z 1 iz
resd 1=0 1=0
r—1 z(1 47 n—r = (1 T+ e
=5, + 3 [m Z(I)")(O) o) JLe) (e, e0)
' reQ Tl:o () —~ "+ "=

o= 300 e (o
+Z (mr Z “( ) { T()!)) —l—Zmr(n_r()!).

reQ) l=n—r+1

Using (2.9)) and (2.16]), we get
N7 -
Q T r T - (1)7(1”—7") (0)
reQ) ref) red

Conversely, assume I, + 3 . Lj, is nonsingular for every n > 1 and define (B (2))n>0 as
in (2.13). For 0 < k <n — 1, we have

n—r—1 z(I) (0,l+7) n—r—1 [ =(l) (0,l+7)
@, (0) K, 2,0 o, (0) K, 2,0
<Z (0) K2y ¢ >,@k(z)> _ < (0) K207 >7¢k(2)>
L ’ ' L

N 2 I (+n)
< B(0) 3 22, (0) @k(z)>
= A\ U1 +1)! St ’ B
e e )
DI
and, similarly, <Z?: y éﬁfl)!(o) Kfl(%zlij)(!z’o) , <I>k(z)> = L, &)%)!(O) (I)’(Ell:q))(!o). In addition,
c
&), = [ BT
T 2miz
_ / . (Z 3% 0)z1> (z’“: o) (0>zl) dz "~ e 8 )
T — il — I 2z p N (l+nr)
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~ (l) (=g
and also (®p, 2" ), = Do1n, )(b( )(,) Thus, for 0 < k£ < n — 1, and taking into

account (2.15)) and the previous equations, we have

<(§n7 (I)k>£9 = <(i)n7 (I)k>£ + Z (mr<zr§)na (I)k>£9 + mr<(i)na qu)k>£g>

reQ
n—r—1 z(I) (0,l+7)
©n’(0) Ky (2,0)
(@i zmr< 5 B0
reQ =0 (l)‘ (l + 7")' L
n  =(l) (0,l—r)
_ (I)n (0> Kn 1 ( 70) >
- my Z ) k‘(z)
reQ <l:r (l)' (l N T)' r
n—r—1 z(1) () 1y n =) MM
©p7(0) ;" 7(0) . 0 (0) @, 7(0) ) _
+§)m’“ ; (It +7§2W g TR TR s

On the other hand,

S'n = <(i)na <I>n>£Q = <(i)na (I>n>£ + Z (mr<zrénv (I)n>ll9 + mr<(i)na qu)n>£9)

reQ)
=5y —1—2 m / l+rzn:q’g)(0) 1 dz
N "t ! 2miz
reQ) =0 =0
(l ()
<I> A 8 (0) y dz
e [ 3 > o
n r)
_ yrn—1 (O)
_sn+2(rn ) —|—Zmr o
reQ reQ
which is different from 0 by assumption. Therefore, Lq is quasi-definite. 0

Notice that if r,, = min{r : » € Q}, then from Proposition we conclude that if
n < 1y, then K™, (z,0) is the zero vector, K(O T r’")(z, 0) = 0 and according to 1' we

have ®,,(z) = ®,(z). This means that the only affected polynomials are those with degree
n > ry.

The above proposition generalizes the case when  has a single element k£ # 0 (see
[31]) and the case Q = {0} (see [30]).

2.1.4 Example
Let £ be the Christoffel transformation of the normalized Lebesgue measure with para-
meter £ =1, i.e.,
(pq)e = ((z=1)p, (z = 1)q) >
and let Q = {1,2}. Then,

<p7 q)ﬁ{l 2} <p7 >£ —|—m1<zp, Q>£9 +m1<p7 Zq>£g +m2<22p7 q)ﬁg +m2<p7 22q>£97 (217)
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i.e., the moments of order 1 and 2 are perturbed. Since the sequence (2"),>¢ is orthogonal
with respect to Ly, the monic orthogonal polynomials sequence with ((z —1)p, (2 —1)q) .,
is given by (see [20])

n

1 n+1 1 J
— — >
D,,(2) e n—i—lé 2], n>1,
Jj=0
or, equivalently,
n
(I)n(Z):Zn+n+1@n_1(Z)7 nZl,

and its corresponding reversed polynomial is

1 1

* _ j+1
@n(z)—l_z 1—n+12z3 , n>1.
Jj=0
Furthermore, if 0 < s < n, we have
+1)! slln+1—5) n+2
() (0) = & 55 (0) — _n+t2
andif 0 <t,s<n-—1,
1
0.1) N (1)
K0 = 30 S (e),
p=t
n—1
t+ 1)! 1)!
(P+1(+2)
p=max{s,t}

As a consequence, we have

n—1 1

(s DHr 1)
o I 2 GGy

p=max{s,l+r}
n—1
1

s+ D —r+1)
e d D )

p=max{s,l—r}
n—1 n—1
(s+1)! l+r+1 _ l—r+1
b(s = r ————~ + My, —
o=\ 2 Geneen 2 GenpeD
p=max{s,l+r} p=max{s,l—r}

We now proceed to obtain the monic orthogonal polynomial sequence associated with
Ly1,2y, denoted by (®,,(2))n>0. Notice that we have

_ (s+ 1) PICES
C(s,;n)1 = m, C(s,n)y — m fo<s<n-—2
and )
n J—
Cn—1,n)2 = it 1)
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and thus
- 2 (0) q _ - _
(P,E-Ll) (0) (0,71)1 (0,71)2
(I)n (0) C(l,n)l C(l,n)g
W, = . — mn! . — mon! .
o (0) Cln—2,m); Cln—2,m)2
"V (0) | L Cn—1m); L Cn—-1m)>
I 1! [ 1!
2! 2!
1—m . _ 2msa .
 n+1 : n+1 :
(n—1)! (n—1)!
-1
| n! ] | nl=
On the other hand, for n > 2 we have
_ 1o .
2m ZZ 1 pp+2
o _ 1®
m1 3, = pﬂ-Z i ZZ:S pzig)
Kvlv,—l(zv 0) = :
nmi <I>p(z n—1 Dy (2)
(n—2)! p n—1 p+2 -3)! p=n—3 p+2
1
L 'ZITJL n—2 p+2) i
[ m1a(0,0), b1, bo,n—2), M1C(0,n—1),
m1a(1,0), b1, b(1,n—2), M1C(1n-1),
L, = : : :
M1G(n-2,0) bn-2,1), bn—2,n—-2), M1C(n—2,n—1)
M1a(n-1,0) bn-1,1), bn—1,n—2); M1C(n—1,n—1)
and for n > 3,
i 1@
3my Zz—? plirQ
1®
4my Z; 3 p::-2
5 19 7 1@
m2 ZZ 4 ppJS %E;;O pfﬁ;)
K?L l(za 0) =
(=) @p(2)
(27_”3?)1 Zp n—1 p+2 + (n—3 (n 5)! Zp n—> per2

(n=2)(n—4)!

(n=1)(n=3)!

1 2p=
31 Dp=
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2 _
L2 =
Mm200,0,  M200,1);  b0,2) bon-3),  M2C(0n-2),  M2C0n-1)
m2a(1,0, M0, b, bin-3),  M2Can-2),  M2C(1n-1)
Mmaa(z0),  M20(2,1),  D22) bgn-3),  M2C@n-2),  M2C(2n-1)
M2 (n-30), M20(n-31); O(n-32) Din-3n—3), M2C(n—3n—-2) M2C(n—3n—1),
M20(n—2,0), M20(n-2,1)s O(n—2,2) Din—2n-3), M2C(n—2n—-2) M2C(n—2,n—1),
L M20(n-1,0, M20(n-1,1); b(n—12) bin—1n-3), M2C(n—-1n—-2); M2C(n—1,n-1); |

For illustrative purposes, we compute the first polynomials of the sequence:

1. Degree one:

_ (0,0 _
~ m1 K z,0 1—m
ba(z) = 0 (s) - PR =y B,

since
K§(z,0) = 0, K2(2,0) =0
and X
(I)I(Z) =z+ 5@0(2)
2. Degree two:
mq 27, -1\ T
= L—mi [ 11 ] 2me [ 10 1F 5+l 3
- (52 (32 AT) ([
3 2! 3 1/2 2% %4_1
m@(z)
3 _2mu ®y(2) — e (CDO(Z) n <I>1(z))
M (‘?02(2) + ‘1’13(.2)) 3 2 3
_ T erl _ 2my B 27;11(1)1(Z)
_22+1 3m1 2@1(2)—K[;:| 3 ) 3
! 72% %+1 m (<I>02(z)+<1>13(z))
mi _2mg ] 2m1¢
| 202, ®1(2) 2K|: 1 r LA i LD (z2)
— iy Pi(2) 2
2 3 3 1/2 cw omg || (<I>02(z) n <I>13(z))
since
2 9 2
Ki(2,0) =0, ®a(2) = 2~ + gq)l(z)
and
1 9

K = = :
det(Iy + Ld +L2)  |my + 32 — 4jmy|?
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3. In general, the n-th degree polynomial is

1 ’ 1 T
2! 2! ) T
- _ 1—m . 2mo . ,
(n—1)! (n—1)! =
n! nl(n —1)/2n
2
r nmi _ (I)n—Q(Z) q)n—l(z)
K - 7(13'”7 - -1
X <,z_‘: nl(zvo)> ntl 1(2) m2(n )( " + ol
1! T
. 2! ) T,
n — ry—1 r
izt | G ] (S
(n _ 1)' r=1 r=1
n!
1! T
2!
_ Dp_i(z)  Ppn_2(2) 21Mmo
ma(n 1)(71_‘_1 + o +n+1 :
(n—1)!
nln=1

2n

(mzm) } (ZK;_l(z,m),

since @y, (2) = 2" + 17 Pn-1(2).

On the other hand, assuming that the linear functional (2.17)) is positive definite, the
associated measure is

do do db
do(0) = |z — 1]2% + Q%e(mlz)g + Q%e(mQZQ)%,

and the corresponding moments are given by

2, if n =0,
—1 4 my, if n=1,
5 —1+my, if n=-—1,
me mao, if n =2,
ms, if n=—2,

0, in other case.

Thus, the perturbed Toeplitz matrix is

2 —-14+m mo 0 0

—14+m 2 —1+my mo 0

~ mo —14+my 2 —1+m mo
T = 0 mo —1+my 2 —14+m; --- |

0 0 mo —1+m1 2
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i.e., the first and second subdiagonals are perturbed. Furthermore, from ((1.94))

2 /11—
Sz | = wdm :|271|2d—0,
™V 1+zx 27

then according to (2.6) the measure supported in [—1,1] is

2 /[1—=x 2 1 2 1
dji = — d —m1 11 (x) ——d —msT: ——dx. 2.18
) = 2 g de + i) amgde + Tmala(n) e (218)
Thus, from (2.7)), the perturbed moments associated with the measure (2.18]) are

Nn’ lf n = 0,
fin = in + 2ma Gl if nis odd,
fn + 2ma (2((::21))!!!! — (n;ﬁ)”) , if mniseven,

where (fn)n>0 are the moments associated with the measure du(z) = 2 %dm, and

9 1 -2 9 1wn_wn+1 2,” if n:O,
—— 2 —Zdr = / T C  dr={ 2715y, if nisodd,
e /_1 1+ T™J_1 V1—a? (r(fﬁ)lt)!”

2 if n is even.

n!l

2.2 Matrix moment perturbations and the inverse Szegdo
matrix transformation

2.2.1 Introduction

The term moment problem was used for the first time in T. J. Stieltjes’ classic memoir
[165] (published posthumously between 1894 and 1895) dedicated to the study of conti-
nued fractions. The moment problem is a question in classical analysis that has produced
a rich theory in applied and pure mathematics. This problem is beautifully connected
to the theory of orthogonal polynomials, spectral representation of operators, matrix fac-
torization problems, probability, statistics, prediction of stochastic processes, polynomial
optimization, inverse problems in financial mathematics and function theory, among many
other areas. In the matrix case, M. Krein was the first to consider this problem in [121],
and later on the study of density questions related to the matrix moment problem were
studied in [66], 67, 130} T31]. Recently, the theory of matrix moment problem is used in [50]
for the analysis of random matrix-valued measures. In this section, we are interested in
the study of some properties related with a perturbation of a sequence of matrix moments,
within the framework of the theory of matrix orthogonal polynomials both on the real line
and on the unit circle.
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2.2.2 Matrix moments on the real line and the unit circle related
through the inverse Szeg6 transformation

Let (-,-)r, be a right sesquilinear form defined by

i - . df
(p, q) R :/ p(e) (), pg € P[], (2.19)
. T
Given a positive semi-definite matrix measure o supported on T, we can consider the
perturbation
. do s do -

doj(0) = do(0) + zjmj% +z ]mfﬂ, z =", (2.20)
for a fixed j and m; € M; such that o; is positive semi-definite. In particular, if o is
symmetric and m; is a Hermitian matrix, then (2.20) becomes

doj(0) = do(0) + QCos(jG)mj%, (2.21)

and thus o, is a symmetric, positive semi-definite matrix measure supported on unit circle.

Notice that the right sesquilinear form associated with (2.20)) is

P, DRro; = 0, QR0+ (MID, Q) R0+ (Z"mip, a.)ro, p.q €P[2]. (2.22)

Notice that (2.20) and (2.22)) are extensions to the matrix case of (2.3) and ({2.2)), respec-
tively, with Q = {j}. From (2.22)), one easily sees that the corresponding matrix moment

Cp satisfies
Ck, if kg{j’_j}’
k=19 ¢+mi, if k=7,
c—j +myj, if k=—j.
In other words, o; represents an additive perturbation of the matrix moments ¢; and c_;
of o.

The following result shows the matrix measure supported on [—1,1] that is related
with through the inverse Szegé matrix transformation. This result constitutes a
generalization of the corresponding result on the scalar case studied in [77, [78]. The proof
is analogous to the one given in Proposition for matrix measure, with Q = {j} and
m; € M; a Hermitian matrix.

Proposition 2.2.1. Let o be a positive semi-definite matriz measure supported on T,
and let mj € M; be a Hermitian matriz such that o; defined as in (2.20) is positive
semi-definite. Assume du = Sz71(do). Then, du; = Sz~1(do;) is given by

dx
/1 — a2’

where Tj(x) := cos(j0) is the j—th degree Chebyshev polynomial of the first kind on R (see
[39] ).

dyij (@) = dp(e) + 2T (x)m, j>0, (2.23)

The next proposition is the matrix version of Proposition with Q = {j}. We also
omit the proof, since it is similar to the one of the scalar case. Recall that n!! is the double
factorial or semi-factorial of a number n € N defined as in ([1.21)).
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Proposition 2.2.2. Let u be a positive semi-definite matriz measure supported on [—1,1],

w; defined as in (2.23) and (fn)n>0, (fin)n>0 be their corresponding sequences of matrix
moments. Then,

‘ ‘ P .
ﬂn = Hn +ij(n7])7 Zf J=n and TL+] 5 even, (224)
Lo, otherwise,
where
bi/2 LG — k=122 (j+n — 2k — 1)
(n,5) —JZ

k(G — 2k)! (+n— 2k

This means that the perturbation of the matrix moments ¢; and c_; of a matrix
measure o supported on the unit circle results in a perturbation, defined by , of the
moments i, associated with a measure p supported in [—1, 1], when both measures are
related through the inverse matrix Szeg6 transformation.

2.2.3 Connection formulas and further results

In the remaining of the section, we will use the following notation. For 0 < k < j — 1, let
X =10---010---0/7 € My,

where I is in the k-th position, and define X,gj) =10,---,0]" for j >k or k < 0. We also

define

AGED = b X -

(G+1)

“Xom ] € Mi1yix (m—n+1)is

with n < m, for n,m € Z.
2.2.3.1 Connection formulas on the real line and further results

Let (u5)j>0 be a sequence of matrix moments defined as in (1.20))where p is a Hermitian
matrix measure and we denote by H; € M,; and Fj € M, ) the block matrices

fo p1 vt Mo 1
1 g e . :
H, = H N My ,F; = H; : :
; Do : H2j—1

with £ € R and j > 1, and the block vector

H
Vjoj—1 = [pj pjs1 - p2j—1]" € Mijs.

Notice that Hj is a Hankel invertible and Hermitian matrix for j > 1. With these matrices,
it is shown in [140] that the sequence of (right) matrix polynomials (PjR(ac)) j>0 defined by

Pli(z) =2 T— [T al - o/ "IH; vy 951, wiht Byi(z) =1, (2.25)
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i.e. each PjR is defined as the Schur complement of z/I in the matrix F}, is orthogonal
with respect the sesquilinear form (|1.3)), this is

<P7§)‘IDJR>R,/L:5m,ij7 mzov"‘vjv
where s; is the Schur complement of H;; with respect to po;, i.e.
e — o HTLy ith sy = 2.96
Sj = Haj — Vjigj—1H; vj2j-1, with so = po. (2.26)

Conversely, any sequence of matrix moments (j;);>0 satisfying that the corresponding
Hankel matrices are invertible and Hermitian defines a Hermitian matrix measure. In this
situation, we will say (p;);>0 is a Hermitian sequence.

In a similar way, a sequence of left matrix polynomials (P (x)),>0 can be defined such
that it is orthogonal with respect to sesquilinear form li Since PjL (x) = P]-R(x)H for
all x € R, it suffices to consider P;(z) = P]-R(:n).

Let Pj(k) (x) be the k—th derivative of Pj(z). From (2.25) we can deduce

(k) N - . )
P (0) {—W%Vﬁg%ﬂFh 0 <k<j—1, 2.27)

KT if k= j.

The kernel matrix defined as (1.15)) can be expressed also in terms of the moments by (see
[140])

I
gt | Y

Ki(y,x) = [Tl - 2/I]H (2.28)
Y1

Denoting Kj(-i’r) (y, z) the i—th derivative (resp. r—th) K;(y, ) with respect to the variable
y (resp. ), we have from (2.28)), for 0 < < jand 0 <r < j,

K90, 2) . -
L = Ll OH Y,

I
(0,r)
KJ (y7 O) o ( (j+1))HH—1 yI
r! - T Jt+l : ’
y1

(i.r)
K" (0,0)

itr! (G HZ .

J+1Ae

Let p be a Hermitian matrix measure supported on £ C R with an associated sequence
of monic matrix orthogonal polynomials (P, (x)),>0, and a Hermitian sequence of matrix
moments (i, )n>0. Define a new matrix moments sequence (fin,)n>0 by fin, = ptn+M, € M;
with M,, Hermitian, in such a way that (fi,)n>0 is also a Hermitian sequence. Then, there
exists an associated measure [i that is Hermitian, with a corresponding sequence of matrix

orthogonal polynomials (P, (x)),>0. Also, define
sj = (P, Pj)ryu and 5; = (Pj, Pj) r
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Now, we will show the relation between the polynomials matrix ]Bj and Pj, as well as the
relation between 5; and sj, in terms of the sequence of matrix moments (f)n>0. Notice
that the perturbation of a matrix measure p supported on E = [—1, 1] defined by
constitutes a particular case with

M. — m;iB(n,j), if j<mn and n+jis even,
" 0, otherwise.

We will use the following notation

k, k-1, )
K/, (0,0) = [KED0,2) K5 0,2) 0 KOY0,0)] € Mgy,
PjJC(O) = [P](O) (O)T Pj(l)(O)T e Pj(k) (O)T]T € M(k+1)lxla
P;r(0) = [P0 PO ... PPO)T € Mgy, (2.29)
DO,k = diag{O!I 1T ... k!I} S M(k+1)l,
Dk,O = diag{k!I (k} - 1)!1 e O!I} < M(k+1)l7
Dy, = diag{My ... My} € M q1y-

For a fixed k, with 0 < k < 25 — 1, the authors proved in [40] that

k—p,0 ~
E RO 0,2)  PP(0)

Pj(@) = Pye) = 3~y M= = Pi(@) — Kj ., (0.2)Dj ;D D i P (0)
prd p)! P!
with
B : . —1
P, ,(0) = [I(k 1+ DoAY H A Dy LD ALY 1)] P;(0). (2.30)

As a consequence we have the next result.

Theorem 2.2.3. [40]. Let u and i be Hermitian matriz measures associated with the
Hermitian sequences (jug)3i"y" and (fir)7"y", where fix = pg + Mg, with 0 < k < 2n — 1.

For 1< j<mn, (Pj(x))j_ is orthogonal with respect to fi if

2n—1
Pi(z) = Pj(x) — > K& (0,2)M(k, j)P;x(0), with Py(z) = Py(z) =1,
k=0

where

: - . j 1) k+1)] 71
Mi(k, j) = D s, Dok [Te s + Do A TH AGDE DM ALY . (2.31)
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Now, we will deduce a relation for the corresponding norms. We will need the following
auxiliary results. For 0 < j < n, let M; € M,; be defined as

My - M, M,
: M;, : 2j—2
M; = M ; My o | = ZMﬂk + Z M] ko
: \Y PYSOI :
| M1 - Mo g Mps;—2

where for k = 0,...,j5 — 1, (resp. k = j,...,2j — 2,) the matrices M, € M (resp.
M;k € Mj;) are given by

[0 .- Mg - 0] [0 ... 0 ]

M= | M, : D, MYy = : M, |
: . : M,

I 0o .- ()_ 0 .- M, --- 0 |

and for £ > 25 — 1, M = M;k =0¢e Mj.

Lemma 2.2.4. Let

T H+Mjk Zf kzoa"'vj_lv
Hik = {H + M if k=252 (2.32)
1. If k=0,...,5—1, then
~ k . . -
Al-H7'=- ZH]leIE}J_)pMk(X;]))HHJTE' (2.33)
2. If k=7,...,27 — 2, then
Hip — Hjt =~ Z H ) My (WP (2.34)
p=k—
Proof. For k=0,...,7 — 1, we have
Hl— H = Hy'(Hy— Hyp)Hy, = —Hy "M HEL (2.35)

and thus

k
My = MO + -+ X MO =S ) M ()
p=0

Substituting M ; in , ) follows. A similar procedure can be used to prove
(12.34)) O
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Let ﬁj € M,;; be the block Hankel matrix associated with the perturbed matrix
moments sequence, i.e.

/1:0 ,u:l My
m=| T e
uj;—l M;j /1’2];'—2
Thus, from for 1 < j <n,
Hj=Hjo+ -+ Hjsjo. (2.36)

Theorem 2.2.5. Let p be a Hermitian matriz measure with matrm moments (,uk)Q” L

Define a new Hermitian sequence of matriz moments (,uk)k 0 Ly e = pr + Mg with
0 <k <2n-—1, and denote by [i its corresponding Hermitian matriz measure. Then, for
1 <j <n, we have

2n—1
=5 Z P (0)7A} kH) M(k, )P (0), (2.37)

with So = fip = po + Mo and M(k, ) as in (2.31).

Proof. Let us assume first that only the k—th moment is perturbed. From (2.26]) we have
that if 2j < k, then §; = s;. We will show that if £ < 2j, we have

) E(PETP)E  PP(0)
Sj:5j+g ](k—p)! k jp! .

For 0 < k < j—1, notice that fig; = po; and 9,251 = vj2j—1, and thus from ([2.26) we get

(2.38)

S — gy -1 . o —H -1l o o -1_pg-—Hy5. ..
S; = Sj uzj+vj72j_1Hj Vj,2j—11 125 Uj,Qj_lijkU],ijl_s] Uj,Qj—1(Hj,k Hj )UJ,QJ*I‘

From and using (2.27), we deduce

On the other hand, for j < k <2j—1 we have fig; = pioj and U251 = vj 251 —F)(,(C )JMk

From and ( -, proceeding as above, we get

e H -1, . s ~H 715
Sj =85 — M2j T Vjgj_1H; vj2i-1 + [i2 Uj,2j—1Hj,k V5,251

o (P* o)) P+ (0)
= s (B = s+ gy M M
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and from (2.34) and using (2.27))

o Eo BP0 ot B o)

J J J J
VI X T M e M
p=k—(j—1
~(f
+(P](J)(0))HM Pg( J)(O)
7! k=)

Lo ot BP)
=55+ Z j(k — p)! .

p=k—j

Since B
PP (0)=0, ifj<p,
PE Py =0, ifp<k—j

we get (2.38).

Finally, for k£ = 2j (notice that if j = n the result is also valid with My; = 0),
fizj = pi2j + Maj and U7h; Hj 0051 = vfh; 1 H Mojaj-1,

and thus from (2.26)

~ H —1 [t o) 1,30
8j = 85— H2j +Uio5 1 Hy w51+ fiag — Vjo; 1 H 0251
kP B 0)
= sj—pzj+jigg =5+ Myj =5+ ) ](k—P)! M ]p! '
p=0

On the other hand, using the notation given in ([2.29)), (2.38]) can be written as

. k k— - 15
5= 55+ (PP O PED0) ... PO (0)"]D; D, Dy LR 0),
that, using (2.30]) and (2.31]), becomes

. k41 .

5 = s+ Pi(0)TALT Mk, )P (0).

The general case, i.e. when all moments are perturbed (k = 0,...,2n — 1) is easy to
deduce, since we have (12.36|) and

2j—1
Tj2j-1 = Vjgj1+ Y X;(g_)ij’
k=0
so ([2.37) follows. O

2.2.3.2 Connection formulas for the unit circle and further results

Let (¢j)j>0 be a sequence of matrix moments defined as in (1.71) where o is a Hermitian
matrix measure with ¢+ cf := [7_do(f) and let T; € My; and G; € M;(;11) be defined
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as I
CH ?_}CO Hcl R Cj—1 Cj
cq Co +co - Cj—2 T. :
j} = . . . . s Gj = J : ,
: : : : c1
H H H j
Cj—1 Cig 1t G T I =1 -+ 21
and the vector block o
_[H H H A
Vj == [C‘] Cj—l cre Cl ] E Ml])(l'

Notice that T} is a Toeplitz invertible and Hermitian matrix for j > 1. As in the real line
case, any sequence (c;);ez such that T} is invertible and Hermitian for j > 1 will be called
a Hermitian sequence, and has an associated Hermitian matrix measure o supported on
T. The sequence of monic matrix polynomials (@f(z)) j>0 defined by (see [141])

Of(2) = ZT—[L 21 - 2Ty 'y, with &ff(2) =1, (2.39)

i.e. each ‘ID;-% is defined as the Schur complement of z/I in the matrix Gj, is orthogonal
with respect to the sesquilinear form ((1.23) and satisfies

<(I)7}7%17 (bjR>R,0 = 5m,jSJR7 m = 07 .. aja

where the Hermitian matrix SJR is the Schur complement of T}, with respect to cg + cgl ,
ie.,

SJR =cll ey — VjHTj_luj, with S&t = co 4 ¢l (2.40)

In a similar way, a sequence (®L(z)),>0 can be constructed such that it is orthogonal with
respect to the sesquilinear form . Henceforth we will consider only the right matrix
polynomials, denoted by ®; = @f and the corresponding norms S; = SJR for 7 > 0, since
the results for the left polynomials are analogous.

Let q)g-k)(a;) be the k—th derivative of ®;(x), from (2.39) we can deduce

- J (2.41)

70 _ [~ Ty o<k <i-1

The kernel matrix polynomial defined as ([1.55) can be expressed also in terms of the
moments by (see [141])

I
. wl

Kj(w,z) =Lz - ZOTL | . |, (2.42)
w1
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As in the real case, K( )(w z) is the i— th derlvatlve (resp. r—th) Kj(w, z) with respect
to the variable w (resp z). Thus, from ,for 0 <i<jand 0<r<j, wehave

(4,0)
K;77(0,2)

i!

= [Lal - AT,

I
(0,r) -
K7 (w,0) . wl
J ’ _ G+NHp—
7,! - (Xr] ) j}+1 )
w1

(i.7)
K{"(0,0)

(j+1))HT (j+1)
7! '

= (X +1Xi

Let o be a Hermitian matrix measure supported on T, with associated monic MOPUC
(®,,(2))n>0, and matrix moments (¢, )n>0. We define a new Hermitian sequence of matrix
moments by (&,)n>0 where &, = ¢, + my, € M; for n > 0, and denote its correspond-
ing Hermitian matrix measure and monic MOPUC by & and (®,,(z))n>0, respectively.
Furthermore, we define

Sj = <<I>j, (I)j>R7g and S’j = <<i>j, (i)j>R,~

In this subsection, in a similar way as in the real case, we will show the relation between
the matrix polynomials @j and ®;, as well as the relation between gj and S}, in terms of
the matrix moments (¢, )n>0. Notice that constitutes a particular case, when only
one of the moments is perturbed. Let us define the following notation

KF 1(0,2) = [K2D(0,2) KD(0,2) - KPD(0,2)] € My,
1h0) = [0 o)) - o8 (0)T) € Mty
Tho) = BP0 V(O - &M(0)T) € Mty (2.43)
D/t = diag{my, --- mp} € M1y,
Dy jyr = diag{k'T -+ (j+k)I} € M1y

As in the real line case, for a fixed k, with 0 < k < j — 1, in [4I] the authors proved that

k ke k0 =
- sz (0, 2) k<1>§.p+ )(0) _Jz’f:IKJ(ﬁ )(O’Z)m &%) (0)
i = (p+k)! = (p+k)! ol
o )
— ()~ K_,(0,2) (D DAL DI+ AT DG IDE L D) T (0)
with

I () — G)\Hp—1 A (4) 1 A+ L A p1pitt)) oy
T(0) = (Lgan + Do (AT 75 AY) (D1, AV LD + ATIID DI ) 1)

(2.44)
As a consequence, we have the following result.

Theorem 2.2.6. [41]. Let o be a Hermitian matriz measure supported on T with matriz
moments (cx)i_,. Define a new Hermitian sequence of matrix moments (¢x);_, by ¢x =
¢k +mg, for 0 <k <n. Then, if (®;(2))]_, and (®;(2))j—y are the corresponding monic
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MOPUC, we have

d;(2) Z _1(0, 2)N(k, j)Y7(0), with ®o(z) = ®o(z) =1,
where

N 1—1 (3+1) 1 ( +1) —-1y-1 j+1
N(k, j) = (D Dkg+kA jkj kDJ+ +Akjj+k DkaDJ )

(l(j 1l + Do’j(z\o({])-)sz lA[(JJJ) (Dl ; kA(Jl ]) lDJ 1 + A](CJJ I)cD lDJ 1)) .

The above theorem is a generalization to the matrix case of what was studied in [31],[7§].
The particular case of a perturbation of a single matrix moment given by ([2.20]) is shown
in the following corollary.

Corollary 2.2.7. Let k € N (fized) with 0 < k < n, and let o be a Hermitian matriz
measure supported on T. Define oy as a perturbation of o given by . Then,

éj(z) = CI)]‘(Z), 0<j <k,

i(z) = ®(z) — K, (0,2)N(k, )YI(0), k<j<n,

with N(k, j) as in (2.45)).

On the other hand, for 1 < j < n, let Nj € M be defined as

N, = mil mil +m =Nj N ;
i k 0 0 mg =Njo+-+Njj-1,
i mfl_l mkH mOH+mO_

where for £k =0,...,5 — 1, we have

[0 my, o] [ o 0 0 |
Njr:=10 my | T mkH )
0 - 0| | 0 - mk:H o 0

and for k > j, Nj,k =0¢ Mlj.
Lemma 2.2.8. For 1 <j<nand0<k<j—1, define

Ty = Tj + Ny (2.46)
Then,
Jj—k-1 Jj—k—1
T = S T Dm GO AT+ Y TN mE GOHITE (247
p=0 p=0
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Proof. We have

51 -1 —1 | -1 S
Notice that
Jj—k-1 j—k—1
Njj, = XS my, i Z Xt ()™,
p=0
and thus substituting N in , - ) follows. ]

Let Tj € My; be the block matrix Toeplitz with every moment perturbed, i.e.

cy + Co Cc1 Cj—1
. 5{{ ¢y +Co Cj—2 B -
Ty = : : =T+ N,
~H ~H ~H
61 G2 % tc

then, from ([2.46)), for 1 < j < n, we get

Ty =Tjo+ -+ Tjj-1. (2.49)
Theorem 2.2.9. Let o be a Hermitian matriz measure supported on T with matriz mo-

ments (c)}_o- Define a Hermitian sequence (¢x)p_, with ¢, = ¢ +my, for 0 < k < n,
and denote by & the associated Hermitian matrix measure. Then, for 0 < j < n, we have

_ z]: 0)"N(k, 5)17(0), (2.50)

with Sy = & + & = co + mo + (co + mo) and N(k, j) as in [2.45).

Proof. Let us first assume that only a single k-th matrix moment is perturbed. From
1) we have that if j < k, then S; = S;. Let us show that for 0 < £k < j,

Jj—k q)p) ))H (I)(p+k)(0) Jj—k q)§p+k) )H (i)(p)(o)

S; =8+ + H_J ) 2.51
J z; [ (p+k)! pzzo (p+k) A (2:51)

For k =0, #j = v;, and from ([2.40) we get

& _ =H | = _ Hmp—1,, | =H | ~  ~Hf—1~
Sj=¢y +co— v, T =5 — —c+v; T, vy + ¢y + ¢ — 7 Tj’kuj

=S +mil +mo — j(TM} — Tfl)ﬁj.

By using (2.41)) and (2.47)), we obtain

j—k—1 (4 (P) H = (p+k) j—k—1 (& (p+k) H 5,(p)
5,4l s S @OV 8P0) ISt @P )T, 870
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and since for k = 0 we have

@) 7 1,(0)

(q)(_j*kﬂf)( ))H i)(.j)(())
|

j—k+k H H J
mo = m , M - B 9
0 41 "Gok+k)W O G—k+k)l & 4
we deduce (2.51).
For1<k<jvj=v;+ Xg-]_)kmk, and proceeding as above we get
Sj = ;v (T3t =Ty = v T 5 me = mi! (0G0 T L

By using (2.41]) and ([2.47)), we obtain

so (2.51)) follows.

On the other hand, using (2.43)), the first sum of (2.51)) can be written as

j = (p+k j —k = j k =
J—k (‘I)gp)(()))H (I)(P+ )(0) J ((I)gp )(0))H @gp)(()) J ((I)gp )(0))H (I)g-p)(())
I ( k)] = k! T = k!
: 1 -
= T5(0 0)Dy, 1Dk;+kA(Jl—:])kDJ+IT;(O)a
and in a similar way, the second sum of (2.51)) becomes
Jj—k (I)(P+k)( )) ('I’)(P)(O)
J J — vimMHEAFD) P -1p-1 j+1 47
Z (p+k)! k pl Tg( ) Akj+kD Dk, ]+kD‘anHT:§'(O)'
p=

As a consequence, ([2.51)) becomes

& ; 1 1

Sj = S; + 1507 <D Dk ;—O—kA(jljj) WD+ Agﬁtj;:-l)ﬂ 0D ;+kD]+1> 14(0),

that, using (2.44) and (2.45)), can be written as
Sj = Sj + T5(0)"N(k, /)Y(0).

The general case, when all moments are perturbed, follows immediately taking into account

£-19) and
i
vp=vj+ ngjjkmk,
k=1
so (2.50]) follows. O

For the particular case of ([2.20]), we have
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Corollary 2.2.10. Let k € N (fized) with 0 < k < n, and let 0 be a Hermitian matriz
measure supported on T. Let o be a perturbation of o defined by . Then, for
0<j<m,

Sj = Sj 0<j <k,
Sj = Sj+YH0)IN(k, j)TI0), k<j<n,

with N(k, j) as in (2.45)).

2.2.4 Example

As an illustrative example of the results of the above subsections, consider the matrix
measure that appears in [24], Section 8,

do(0) - L[ VITen +1 o 0el-7.14] o)
o \/COS29 +1 \/1+C0820 277’ ’

and their corresponding matrix moments are given by

Qm am | 0 1
co = Lo, cam = camy2 = 12, camt1 = ﬁ 10

9 :| y C4m+3 = 027 (253)

with

n
1
060:1, an:(—1>nH<1—2k>, n > 1.
k=1

Now, we consider the problem of determining the matrix measure associated if some
of the moments given by (2.53) change. For instance, let us introduce a perturbation on
the matrix moment cyy,41, for some m € Z, given by

: _%Ol_am+601_c _,_LOl

1
ie. Mymi1 = % [ (1) 0 ] . The perturbed matrix measure, obtained by using ([2.21))

(j=4m+1),is

B 0 cos(4m +1)6 | do
dogmy1(0) = do(0) + V/2¢ [ cos(4m + 1)0 0 ] 2 (2.54)
L . 0 cos(dm +1)0 | . i .
where o is as in ([2.52). Notice that v/2¢ { cos(dm + 1)0 0 is a positive semi-

definite matrix if € < 0. Hence, since o is also positive semi-definite, g4y, 11 is positive semi-
definite if € < 0. Furthermore, the matrix measure ([2.52)) and its perturbation (2.54) are
Hermitian and thus there exists an associated sequence of orthogonal matrix polynomials,

as well as their norms, given by the Theorems and
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On the other hand, to illustrate the results in Section by using (1.93)), (1.94) and

taking into account that cos26 = 2cos? 6 — 1, we get

11 {ﬂm il] da
T222 — 1 +1 V2lz| | V1 — 22

. 1 1 . . .
with z € [—1, _ﬁ] U [7, 1]. (2.55)) is the measure associated with the measure ([2.52), con-

nected through the inverse Szegé matrix transformation. Furthermore, from Proposition

with € < 0 we get

du(z) = Sz~ Y(do(0)) = (2.55)

s () = dp(z)

+ﬂ€[ 0 T4m+1(x)] dz (2.56)

7 | Tam+1(2) 0 V1—22

where p is as in (2.55)). Notice that the matrix measure (2.55)) and its perturbation (2.56))
are positive semi-definite, so there exists a corresponding sequence of matrix orthogonal

polynomials on the real line and their norms, that can be obtained from Theorems [2.2.3

and 2.2.5
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CHAPTER 3

On the Uvarov and Christoffel spectral matrix
transformations

Summary

The aim of this chapter is to study algebraic and analytic properties of the MOPUC
associated with the Uvarov and Christoffel spectral transformations of a Hermitian matrix
measure o supported on the unit circle, defined respectively by

doy,,(2) = do(z)+ ZMJ'5(Z =)
j=1
doe, (2) = Win(2)"do(2)Wn(2),

where (; € C, M; is a positive definite matrix, 0 is the Dirac matrix measure and
Win(z) = HTzl(zI — Aj) with A; a square matrix for j = 1,...,m. These properties
include connection formulas between the corresponding sequences of MOPUC, relative
asymptotics for the MOPUC, as well as for their leading principal (matrix) coefficients
(that depend on the location of the mass points) as well as properties of the zeros for the
Uvarov matrix polynomials by using the associated (truncated) block Hessenberg matrices.

3.1 On the Uvarov transformation for matrix measure with
support on the unit circle

3.1.1 Introduction

In this section, we consider the Uvarov matrix transformation with m > 0 masses of a
Hermitian matrix measure o supported on T, defined by

m

o, (2) = do(z) + Y M;d(z — (), (3.1)

J=1

where (; # (;, ¢ € C, M; is an [ x [ positive definite matrix for 7 = 1,...,m, and 9
is the Dirac matrix measure. These properties include connection formulas, ratio and
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relative asymptotics when o € N, and properties of their zeros, by using truncated block
Hessenberg matrices. Notice that oy, is the Uvarov matrix transformation of the measure
Oy, , With a single mass point, i.e.,

doy, (2) = doy,_,(2) + Mpd(z — (i), k=1,...,m, (3.2)

with oy, := 0. The right and left sesquilinear forms associated with the matrix measure

are

P DRowy, = (0Dro+ > 1) TM;q(g), pg € P2, (3.3)
j=1

P Do, = POro+ > p((IMa(G)", pge P2 (3.4)
j=1

If we define p(¢) := [p(Q)T,--.,p(Cm)T]T € Mpixi, q(€) = [Q(]CI>T7-~-7Q(Cm)T]T €

Monixi, ﬁ(C) = @(Cl)a?p(gm)] € Mismi, Q(C) = [‘KCI)V"?Q(CM) € My and the

block diagonal matrix

M; --- O
M= | @ .. | €My,
0o --- M,
then and can be written as
0. DRowy, = (00 R0 +p(Q)"Mg((), p.qePz], (3.5)
P Doy, = P QLo +HOMIOT, p.qgeP2],

respectively. The n—th matrix moment associated to the matrix measure (3.1)) is ¢, =
(L,2"D R, = cn+> i, (FM; for n € Z, and the respective CMV left and right moment
matrices defined as in (1.72)) and (|1.73]), associated with of the matrix measure (3.1]) are

TOM; My My M T

m | GM; M, M, (MG

B =Fi+> | M (M My M e
= GMy o M oM M

m j j j j j GVl
F,=F- 4> | GM;  GM; M (M,
= GPMG GITMG GPM M

. . o . . . R
Since oy, is an [ x [ Hermitian matrix measure on T, there exist sequences (U, ,(2))n>0

(right) and (L{#L7n(z))n20 (left), which are orthonormal with respect to (3.5) and (3.6)),
respectively. In the remaining of this section, we will consider only the right sequences

(@F(2))nz0 and (UF ,,(2))n>0, since all the results can be obtained for the left sequences
in a similar way.
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3.1.2 Connection formula and further properties

In this subsection, we find the connection formula between the corresponding sequences
of MOPUC and further properties.

Lemma 3.1.1. Forn >0 and {; # (; i,j = 1,...,m, the block matriz KE(¢) defined by

KR, ¢) o KR(Cn. G1)

’CVIE(C) = € Mlmy

s positive definite.

Proof. First notice that KX(¢) is Hermitian because (Kf({i,g“j))H = KE(¢,¢) with

i,j = 1,...m, and nonsingular because (; # (; 7,7 = 1,...,m. Now, let us consider the
block matrix
e (C) - efG)
GR(¢) = : : € Mimxi(nt1)-
(< BT ()

Notice that KZ(¢) = GE(Q)GE(¢)H, and for any nonzero u € My, we have
uKf(Qu' = uG/T(0) (uG(Q) " > 0.

Since G%(¢) is nonzero for every n > 0, the inequality is strict. As a consequence, K2(()
is a positive definite matrix for n > 0. O

Proposition 3.1.2. The sequence of monic matriz polynomials (Uﬂ}in(z))nzo s orthogonal
with respect to the sesquilinear form (3.5)) if and only if the matriz Iy, +KE | ()M is non-
singular for n > 1. Furthermore,

UR . (2) = ®R(2) — KE (¢, 2)M [T + K (O)M] T F(0), (3.7)
where
Ky 1(¢2) o= [Ki1 (G 2) e K1 Gy 2)] € Masemi,
FR(C) = [@(¢)T. ..., @8 (Gn)T]" € Mt
Moreover,
()" Ryl =SB = SE 4 FRA(OM [Ty + KF((OM] ' FRQ),  (3.8)

1s positive definite for n > 1.

Proof. Assume that (U, (2))n>0 is the sequence of monic MOPUC with respect to (3.5).
We can write

n—1
Upn(2) = @F(2)+ D> @f )\, (3.9)
k=0
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where the coefficients )\ff’ ;. are given by
m
- R,H
Aok = =S5 Y oM GMURL(G), 0<k<n—1.

Substituting this expression in (3.9)), we obtain

m

Urlr?,n( = Z CJ? rg,n(gj)a (3'10)

=0

and writing UE (¢) == [UF . (¢)T, ..., Uﬁn(g‘m)T]T € Mixmi, (3.10) becomes

Uﬁ,n(z) - (I)E(Z) - KnR—1(<7 z)MUﬁ,n(C) (311)

Setting z = (i, = (p in , we get the linear system Uﬁ’n(o = F2(¢) -
KE  MUE ( ), Wthh is equ1valent to [Lm + K (OM] UL, (¢) = FE(¢). The unique-
ness of (Um,n(z))nzo and (®%(2)),>0 implies that Ilm—i—le_l(C)M is a non-singular matrix,
and

UE (€)= [T + KR (OM] T FE(0), (3.12)

so (3.11)) becomes (3.7]).

Conversely, assume that I, + KE_ (()M is non-singular and define (U% ,,(2))n>0 as
n (3.7). To prove orthogonality, let 0 < k < n. From (3.3]), we have

m

<zkI, U};’Wﬂ@m - <zkI, U£7">R,U n (cj’?I)HMjUﬁm(gj). (3.13)

j=1

Since K |(¢j,2) = KE(¢j,2) — goﬁ(z)go,lf’H((j), from (]1.65[) and (]3.10[) we have

(FLUR = (FLel) (LK), MR

St ;
= n S+ i <— <2k1, K¢, Z)> + <Zk1, @§> H(Cj)) MU ()
’ = R,o R, ’
— 5 gR_ S K\ g 7R (o Y ~R@RH (s \NT.TTR (/)
- n,kSn Z C] I MJ Um,n(CJ) + Z z Ia (I)n R Sn (I)n (CJ)M] Um,n(CJ)
j=1 j=1 7
m H m
= 00pSE =3 (G5T) MGUE L (G) + 80 3 O (GMUR L (G))
=1 j=1
Substituting on

(FLURL) =i | ST+ D @MU 1(G)| = Sk [SF +EO"MU , (0)]
yTum j=1
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so that (Uﬁ“,n(z))nzo is orthogonal with respect to 1) From 1} we obtain 1) for

k =n. On the other hand, since M is positive definite,
R -1 1, R ]!
M [T + KR (OM] = (M1 + KR (0)]

is positive definite, then Sﬁn is positive definite for n > 1. O

Notice that the n—th degree matrix orthonormal polynomial has the form

u?’lz,n(z) = Uﬁn(z)/?;R = ,E;R 2V ,

m,n m,n

and thus from (3.7) we have

UR (2) = [f(2) = K (G )M (T + K (OM) T L] w0, RE L (3.14)

where LE(¢) := [gpﬁ((l)T, o ,go,?((m)T]T € Mpixi-

Example 3.1.3. Consider the Hermitian matriz measure

1 07 do
2 ¢ ] (3.15)

d0(0)22[6_i9 2 |2

We have log(det w(6)) = log(3/4) is integrable over unit circle, then o € S C N. More-
, 0 0
over, the matriz moments are ¢y = Is, c1 = cl_{1 = [ 12 0

Therefore,

} and ¢, = 09 for |n| > 2.

IQ Cc_1 C1
C1 IQ 02 C_1

FR=| co1 02 Io O

ca 0 Ip

where det(FR)n # 0 forn > 1, so o is also quasi-definite. The corresponding monic
MOPUC are

n—1 n

o) = () =T () =) = | T

:|7n>17

3
and we have S = S§ = 1o, S,?:[é [1)],57%:

matriz orthonormal polynomials are given by

| —
S =
N[N

} , n > 1. Therefore, the

5 " Z 0 L 1 =z
P =L el =| Y4 | adeltx) =], ¥ | nz1
V3 V3

Thus, from with 2 # 1, we get

KR =1 “ Nk % _326 _ ZE - (Zg)n 4 _%
ne1(C,2) = +;(ZC) _3% %4_1 31— 20) _% é+3
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Now, let us consider the Uvarov transformation of with one mass point at (1 = 2
and My =1, i.e.
doy, (0) = do(0) + 126(z — 2).

Notice that for n > 2 we have

I, + K (2,2) =21, +

4n—4[ 4 —1]_1[4ﬂ+1+2 4 —4n ]
1 9

9 1 4—4n Bargs

4

and denoting Z,_1 = det (I + K[t |(2,2)) = 2%(16)" + %(4") — 2, we get

1 1 Byn L5 4n_ 4
(12 + Kr}}fl(l 2)) = |: 4471 _4 gn+l +9 :|

-1 2" 3(4")+6 4™ -4
(o K (22) o) = 2 | M6 A
2

Sn—1

QEnfl

and

-1
K 1(2,2) (12 + KN (2, 2)) ®}(2)
2" (22— (22)" gntl 4 19 —6
1-22 | —£(18z+22T3 +19) (2244712 +3)

n 3x4"+16 4" -4
4n+1+2

QEn—l

|
[N Re]

As a consequence, from (3.7), we get

Uﬁl(z) = [ ! 2:81 :| ) Uli,%n(z) = [ ¢171(27n) ¢172(Z7n§ :| X fO’/’TL > 27

-1 $2.1(2,n) ¢22(z,n
where
on 19, i
_ +1
d1a(z,n) = 2" = = — ( (@ ) D (22)F +3(47) + 16)
k=1
on n—1
$1,2(2,n) 0= <6 (22)" —4" +4
—n—1 h—1
1, 2" (182 + 223 L 19T, 4 1y
== 2k 2
¢271(Z, n) 22 + 9En—1 ( 4 Z

n

n—1
P2.2(2,n) = 2" — ((2z AT 4 3) Y 2R gt 4 2) .

9=n1 k=1

Now, let us consider the Uvarov transformation with two masses of , with mass
points {1 =2 and (s = 3 and M1 = My = 1o, i.e.

doy,(0) = do(0) + I26(z — 2) + I20(z — 3). (3.16)
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Proceeding as above, we have, for n > 2,
-1

4nt149 44" 24(6™)—54  24—4(6")
9 9 90 90
5 4 4—4n 13(4"H+5  36—6ntl  19(67)—24
[I4+,Cn—1(<)] = 24(67?)—54 367%%1 9”+910+27 27—930(9") !
90 90 54 108
24—4(6™) 19(6™)—24  27-3(9™)  7(9")+45
90 90 108 108
22— (22" [ 4 -1 3z2—(3z)" [ 4 -2
KE S PO S o0 T \94) 3
o= 5 [ T e Sty | S o)
-2 lon—1 7
2n _2n 3n _§3n

Ro=[ 5 T

5

-3 0 .

Thus, Ufl(z) = [ i 0 2 L_5 } , and from (3.7) we can compute the sequence of monic
2

matriz polynomials orthogonal with respect to (3.16) for n > 2.

In the following example, we consider a matrix measure with [ = 3.

Example 3.1.4. Consider the Hermitian matriz measure

2 e 0
1 ) .
do(0) == | e ® 2 ¢¥ d—g (3.17)
2 0 e 2 2m

We have log(detw(#)) = log(1/2) is integrable over unit circle, then o € S C N. Using
the matriz Heine’s formula [141], we obtain

[z 0 0] 300
() =St=1;, of(z)=| - =2 o, Sf=|0 2 0],
L0 -1 2] 00 1
[z 0 0] 100
Of(2) =55 =1, ®{(z)=| —3 = 0|, St=]0 3 0,
L0 -1 2 00 32
and formn > 2
[ en 0 0] (2.0 0]
dE(2) = 2,1 2" 0], S8=10 3.0
i %z”_Q —%z”_l 2" | 0 0 1 |
[ 0 0 ] (1 0 0]
OL(z)=| —Lzmt o 0|, S&=|0 3 0|,
i %anQ _%anl zn_ _0 0 %

Now, let us consider the Uvarov transformation of (3.17) with one mass point at{ = (; € T

and M = M; € Mg, i.e.
doy, (0) = do(0) + Md(z — ().
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From (3.7) and (3.8) with m = 1, we obtain for n > 1

UR, = ®B(z) — K (¢, 2)M [I5 + K2 (¢, )M] ' 5 (¢),

B 1 (3.18)
S, = SE(z) + o H(OM [I3 + KE (¢, OM] @5(Q).
Notice that KE((,2) = I,
3¢z 1 —32 0
Kf(C,2) = It (2)el T (O) = Ls+of (2)ST R (O) = | -2 4Cz+3 -2z
0 -2 (z+3

and for k > 2, it is possible to compute K |(¢,2) using (L.56]) with

1 —%z %22
dL*z)=10 1 -2
0o 0 1

Since the Nevai condition only depends on the absolutely continuous component of the
matrix measure, and the Uvarov matrix transformation only modifies the singular part of
the measure, the following result is straightforward.

Proposition 3.1.5. If o € N/, then o,, € N.

Lemma 3.1.6. Forn >1,

1. If |[{] > 1 and M € M, is a positive definite matriz, we have

lim o7 (OM [T+ KE (¢, OM] ™" ¢B(¢) = (|¢)> - DL (3.19)

n—o0

2. If || = 1, we have

lim 7 (OM [I+ KR, OM] ™ of(¢) = 0. (3.20)

n—o0

Proof. Let || > 1. Since

PR OM [T+ K1 (6 OM] ™ f(0) =
[(R(©) M (@B (0) ™+ (#0) T KL G0 ()]

from (1.81)) and (1.82)) with z = ¢ we obtain (3.19)). On the other hand, let || = 1. Notice

that we have
KR (¢,¢) < [T+ K¢ OM]M™ =M™ + K (¢, 0),

and thus M [T+ K((, C)M]fl < KE(¢,¢)7t. Therefore
BT OM [T+ KE(CG O] R, < leR T (OREC O™ RO, -

Then, using ((1.83]), we get (3.20]). O
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Notice that, if we denote T | := [UF ()T, .. ,U,f;m(gm)T]T € Mpixi, then (3.12
becomes

TE (O) = [T + KB (OM] T LEr, BRE .. (3.21)

n m,n

This expression will allow us to obtain asymptotics for the principal leading matrix coef-
ficients.

Proposition 3.1.7. Forn > 0, we have

2

0< H(/ﬁ;ﬁ)_l Rl < 1 (3.22)
Proof. From (3.3)), we have
m
ik 2, = WUt #2) 1+ D (U Mg, (G)) .

= U P0) po Tf‘; 2(OFMLE(Q).

o )

Considering (U . 01 Ry, = Fmntins Unns o1 Re = (K
account (| -, - ) becomes

Fn el = (kBB )T 4 (s BRE )T LR [T + MEE(¢)] T MLE(Q).

and taking into

Multiplying on the right by «,, R/%ﬁw, we get

L (i R ) Rl = (LR Rl ) (Lo + MR (O] ML () PR ) -

’I'L mn

Since the right-hand side is positive definite because M and KZ |(¢) are both positive
definite, we have (ﬁg R/%ﬁ’n)H Koy Rkﬁl’n <1, and therefore 1) follows. O

The following result was proved in [I73] for the particular case m = 1. Since the proof
for an arbitrary value of m is analogous, we do not include it here.

Lemma 3.1.8. Forn > 0, the matriz (ﬁf)fl l%?]‘r%z,n can be assumed to be lower triangular

matrices with positive entries on the main diagonal.

3.1.3 Relative Asymptotics

In this subsection, we deal with relative asymptotics. Asymptotic properties of matrix
orthogonal polynomials, both on the real line and on the unit circle, have been studied
n [48, 56, 57, B8, 68], among others. In particular, asymptotic properties have been
deduced for MOPRL whose corresponding matrix measure belongs to the Nevai class.
In addition, some asymptotic properties of matrix orthogonal polynomials associated with
the Uvarov transformation of a matrix measure on the real line have been studied in the
literature in [I8], 176, 174} [I75]. The case of the unit circle, however, has not drawn as
much attention, although we can find some results in [I73]. In the latter, the authors
studied relative asymptotics of the sequences of MOPUC associated with the Uvarov
matrix transformation with one point mass of a matrix measure satisfying a matrix Szegd
condition. For the scalar case, relative asymptotics for sequences of orthogonal polynomials
associated with Uvarov type perturbations of scalar measures in N supported on the unit
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circle have been widely studied in the literature (see [29] B3, [74, [126], 135] among many
others). Some applications in this direction are asymptotics of orthogonal polynomials
on unbounded intervals [129, 149, [167], and (one-point) Padé [128] and Hermite-Padé
approximations [22]. Moreover, in [I0I] the author studies Padé approximation to Markov
functions to which a rational function is added, which is equivalent to adding mass points
to a given measure, i.e. an Uvarov transformation with several masses.

As expected, the asymptotic behavior of the polynomials will depend on the location
of the mass points.

3.1.3.1 Case (;€C\D

Lemma 3.1.9. Ifc € N and (; € C\D for j =1,...,m, then

lim (x%) 7R, =] 1y (3.24)

n—oo

im (xF) ' RE = L
nh_}ngo (kn) Rl = |<1|I. (3.25)
For m > 1, from Lemma we have that oy, belongs to N for k = 2,...,m, and oy,

satisfies 1’ Then, we can apply the previous argument to U, ,fn(z) = anikRn + .-+ in

terms of U’ (2) = z"kE | ot toobtain

lim (RE,,) " #E, = L1 with k=2, (3.26)

n—oo n |Ck:|

Since (ﬂg) R = ()RR (R TTRE,) o ((RE ) T RR) s from
and ( we easily get - O

Proposition 3.1.10. Ifc € N and ; € C\D for j =1,...,m, then

lim (goﬁ(z)) H |Cj - (3.27)

n—00 Cj| Zgj - 1 ’
uniformly on every compact subset of z € C\ D.

Proof. We use induction on m. For m = 1, the result was proved in [I73] Theorem 4.1,
i.e, _
, -1 G z2—GQ
lim (p%(z UE (2) = 2= ,
00 (@n( )) l,n( ) |<1|ZC1_1
uniformly on every compact subset of z € C\ D. For m > 1, from Lemma we know
ou, With k= 2,...,m belongs to NV, and taking into account (3.2]), we have

i (40,2 ) = e

(3.28)

I, with k=2,...,m. (3.29)
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Since
(ﬁ(z))“uﬁm(z) — (PR(2) T UR () (UE () T UR () - (UE L (2) T UR L(2),
from (3.28) and (3.29) for |z| > 1, (3.27) follows. O

—1
Since Ui (2) <g0§*(z)) = (905(1/2)*11/{”}37”(1/2))}[, from the previous proposition
we get the following result.

Corollary 3.1.11. Ifoc € N and ¢; € C\D for j =1,...,m, then

lim U (2 ) (9B*(2)) 7 = lim (pl*(2))” uL* H ‘@ ZCJ (3.30)

n—oo n—oo Gl 2z —
uniformly on every compact subset of z € .

Moreover, since

(UE () UE 1 (2) = UE ()T o) (08(2) T eRa(2) (0R 0 (2) T UR L (2),

another immediate consequence of the above proposition and ((1.75)) is the following.

Corollary 3.1.12. Ifc € N and (; € C\D for j =1,...,m, then

lim (U2, () UR L (2) = 1,

n—oo
uniformly on every compact subset of z € C \ (DU {¢; )

Proposition 3.1.13. Ifc € N and {; € C\D for j =1,...,m, then

. N -1
lim (ph* ()" U, (2) = 0,

n—oo
uniformly on every compact subset of z € .

Proof. For m = 1, from li with m = 1 and multiplying on the left by (cpﬁ’*(z))_l, we
get

(e (2) U (2) = [ (2)) B (2)
~(ph () KA (G ML [T K (G, ML) ()| ey PR

On the other hand,

(Pl (2) T KR (G )M [T+ KR (L )M T (@)

= (o (2)) Ky (G ) T (C) 7B

_ ((soﬁ(cl) er ()T = oi(2)7 wﬁ(z)) 5
1—2G ’
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with B = % (¢)M, I+ KR (¢, G)My] cpff((l), so from Proposition [1.4.18[ and

Lemma [3.1.6] we obtain

lim (2% (2)) " KE L (G 2)My [T+ KR (G, GOML] ™ B (G) =

n—o0

Therefore, from (1.79) and (3.24)) with m = 1, we get

a“ L
L, ~17/R _ |5 L, —
Tim (ph(2)) U, (2) = | Tim (0 (2) 7 of(=) + 0] l:[ 7
Since oy, € N for k =2,...,m, we have
lim (U, ,(2)) " 'U o (2) = 0. (3.31)

For m > 1, from ) and (| -, we obtain

lim (so#*(z))*luﬁn(z) = tim (b () UL L) (UE L)) U 2)

n—00 ’ n—00
z
- H g1 xo-o
O
Corollary 3.1.14. Ifc € N and ¢; € C\D for j =1,...,m, then
Tim U (2) (eh(2) T =0,
uniformly on every compact subset of z € C \ D.
3.1.3.2 Case (; T
Lemma 3.1.15. Ifc e N and (; € T for j =1,...,m, then
lim (xB) ' RE, =1 (3.32)

n—0o0

Proof. From (3.8) with m = 1, we have

H -1
UL UL D Row, = (P8, @ po + (RF(¢1)” My [T+ K1 (G, )My] @5(¢),
and since <U1]?n, Ufnm,gul = (Rl_f)HF;l_f and (@2 &8y, = (kB kT we get

(mff)%i?—(n BYH o R (Y QB ()M [T+ KR (G, GOML] T @By B

(™) [T+ QB (COMy [T+ K (G GM] ™ o)) ™.

As a consequence,

(5 ) P = [T @ (COME (T4 KSE 3 (G, M) ™ ()]

72



Chapter |§L On the Uvarov and Christoffel spectral matrix transformation

Notice that

T+ B ()M (T+ KR (G, M) ™ 0R(¢)

= o (C) M I+ KR (G, M) (T+ K (G, )M ™ ol (G).

Thus,
(o Rg) (i R )

= RG) K (GL MO I KRG oMy i)
Furthermore,

I—of(C) T+ K (G, )M I+ K (G, )M el (G)

= @M T+ K (G, )M ol (G,
so we obtain
(ke 1) (e PR T = T = P (COMIL T+ K (G, )M o (), (3.34)

end from 20, we get lim (k, "&T,) (K, PRI, T =1 (3.35)

Moreover, from (3.22)) with m =1

o il = Tr((s PR ) by

. . SERR) < |k FRRLL <,

_1~R

and thus we necessarily have lim,,_ (mf) k1" =1, since we can consider a subsequence

1,n —
(ny)v>0 of positive integers such that lim, (nfv) ! R{%nv = L < o0, and then from 1)
we have

LL7 =1. (3.36)

Since I is positive definite and L has positive entries on the main diagonal from Lemma
then the Cholesky factorization (see Theorem item 4) of (3.36) is unique and
we deduce (K, kan)nzl does not have subsequences converging to a limit different than

I. For m > 1, proceeding as in the Lemma we get (3.32)). O

Proposition 3.1.16. Ifc € N and (; € T for j=1,...,m, then
lim (of(2)) UL, (2) =1, (3.37)

n—oo

uniformly on every compact subset of z € C\ D.

Proof. Let m = 1. From (3.14)) with m = 1 and multiplying on the left by (¢Z(2))~! and
on the right by (ngRszn)H, we get

(p(2) " U ()5 RED)T = [T= (0F(2) T KR (G2 (7 ()

@B (COMy (T+ KE 4 (G, G)My) 907}3@1)} b TR (i R )
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Using (3.33)), notice that

H(Cl)Ml (I + Kf—l(clv Cl)Ml) “n (Cl) 'L{{zn( n n)
= oM ()M (T+ K (¢, )My ) YoR(a),

so from (|3.20))
. -1 R~ _R~
Jim o (COM (T4 KL (G G)Ma) o (G PRz (s R T = 0. (3.38)

Therefore, using the previous lemma and (1.82]) with ¢; € T and |z| > 1, we get

lim (pf(2)) " Ul (2) = lim (92(2) " U (2) (k PRE)H

n—oo n—o0
1
— 1 —R~R —-R~R \H _
= nh—{%o </€n Ry (R R, o 1I X 0) I.
For m > 1, proceeding as in the proof of Proposition [3.1.10, we get (3.37)). O

Corollary 3.1.17. Ifc e N and (; € T for j=1,...,m, then

lim URE(2) (oF*(2)) 7' =1,

n—o0

uniformly on every compact subset of z € D.

Proposition 3.1.18. Ifc e N and (; € T for j =1,...,m, then

lim (p2*(2)) " UE (2) =0,

n—oo

uniformly on every compact subset of z € D.

Proof. For m =1, from (3.14)) with m = 1 and multiplying on the left by (¢5™*(z))~! and
on the right by (k Rmf‘n)H , we get

(k™ () U () BRET = [(0h ()7 B () = (" () T I (G, 2)
() T PR (M [T+ K (G GOMI] ™ B (G| R I (e PR ).

Since cp,lf(g“l)*lgoﬁ’*(cl) is an unitary matrix when (; € T, from ([1.74]) we get

(e ()T K1 (G 2) el ()|, =
(B () ton () — on*(2) 1B (2) _ 1+ Hcpﬁ’*(z)*_lgoﬁ(z)ug (3.39)
1=z y 11— 2G| 7

and from ((1.79) it follows that (3.39)) is bounded when n tends to infinity. Therefore, using

(L79). (3:32) and (B:38). we obtain

Tim (o (UL, ()7 = lim (9" (U5, (2) 7 (kTR

n—oo

, —-1,,—-R=-R —R~R \H _
:nh_{go(son (Z)Son(z)) 1"{n ’il,n(’{’n ﬁl,n) =0.

For m > 1, we proceed as in the proof of Proposition [3.1.13| using Corollary O
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Corollary 3.1.19. Ifc e N and (; €T for j=1,...,m, then

lim URE(2) (pE(2)) " =0,

n—o0

uniformly on every compact subset of z € C \ D.

3.1.3.3 Case (j €D
Let ¢; € D for j,1...,m, and assume that (; is not a zero of ©F for all n > 0.

Lemma 3.1.20. Ifo € S and (; €D for j =1,...,m, then

lim (xB) 7 RE, =1 (3.40)

n m,n
n—o00 ’

Proof. For m=1.If o € S, from
[ (kPR ) (s, PR L) ™ =T, < llom (COIBIM 2 [| (T4 KGH(G GOM) ™|, -

Since K[*(z,z), converges uniformly on every compact subset of z € D (see Proposition

1.4.23)), thus lim, 0 [|0Z(¢1)]|2 = 0, therefore

nlggo H Rﬁ{%n)(H;R%En)H - IH2 = 07
so that (3.40) follows. The case m > 1 follows immediately. O

3.1.4 Zeros

Here, we study the zeros of the MOPUC associated with an Uvarov perturbation. It is
worth noticing that zeros of orthogonal polynomials on the unit circle play an important
role in topics ranging from mathematics to physics (see [86]).

Let us consider the left monic sequence (®Z(2)),>0. Expand z@f (z) into a Fourier
series using the left MOPUC

J+1
20 (2 }: Le®E(z), §=0,...,n—1 (3.41)

Using the Szegd recurrence relation and -, we get

20k (z) = @L  (2) — @F, f#f<§:5'R©RHan@k()> j=0,...,n—1, (3.42)
k=0

and comparing and ( , we deduce

1, ifh=j+1,
Hfy = —ob, (0)SES e (0), if0<k <, (3.43)
0, if k> j+1.
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In matrix form, we have

of(2) of (2) 0
z : = (Hpz)n—1 : +| | Pn(2), (3.44)
‘1)571(2) ‘I’TLLA(Z) I
where
I Héo I 0
H Hf 1
(Her)pn—1 = : : . . € My,

L anl,[) anl,l anl,an anl,nfl J

is the truncated block Hessenberg matrix. Block Hessenberg matrices are very useful in
multivariate time series analysis, multichannel signal processing and Gaussian quadrature
of matrix-valued functions (see [161], 163]).

Notice that if ¢ € D is a zero of ®£(2), then one can find a nonzero a(£) € M1, such
that ®L(&)a(¢) = 0jx1. Thus, from (3.44), we conclude that the zeros of ®%(z) are the
eigenvalues of (Hgr),—1 with eigenvector

(@5 ()N, (PE_1(E)(€)]" € My

Example 3.1.21. Consider the Hermitian matriz measure o defined as in (3.17). Notice
that ®L and ®F have a zero of multiplicity 3n in z = 0. On the other hand, from (3.43)
for this particular case, we get

0 00100
1 00010
[Hfy I 7 | 0 20001
(H‘PLM_[HEO HH |1 0 00000
0 00000

1 1
-1 000 % 0]

It is easy to see that the only eigenvalue of the block Hessenberg matriz (Hgz)1 is z = 0.
In general form, the block Hessenberg matrix

[ HE, I3 03 |
HE, HE I
(Hpr)n1=| 03 03 03 . , (3.45)
: : : .
| 03 03 03 --- O3 |

has only a eigenvalue in z = 0.
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On the other hand, we also have

Uan,o(z) Urﬁ,o(z) 0
2 : = (Hyt)n—1 : + 10| Una(2): (3.46)
U#mn 1( ) U?%,n—l(z> I
Proceeding as in the Proposition the relation between (®%(2))n>0 and (UL ,,(2))n>0
is

UL (2) = ®L(z) - FL(C) [T+ MKE_1 (O] MKE_ (2,¢)

_ (3.47)
= of(z ZFL Q) [T + MK 1 (O] MELT (OS2 (2),
where KL ( Q) = [KE L (20)T, . KE (2,607 € Mo and FE(Q) =
[©7(C1)s - 257 (Gm)] € M.
Let (LEg)n_1 be the change of basis matrix such that

Uy o(2) f (2)

: = (Lio)n-t | 1| (348)
Urﬁ,n—l(z) (I)ﬁ—l(z)

From (3.47), (LLg)n_1 is a lower triangular block matrix, where (Lg)n_1 = (lj,k)?,gio
with
0, it j <k,
Lr=14 L » ifj=k, (3.49)
—FH(C) [l + MKCE ()] MFLT(Q)S,E, i b < .

Substituting (3.48)) in (3.46)

DF(2) D (z) 0
2(Lirg)n-1 s = (Hyz)n-1(Lrg)n—1 : + || 2k(2)
oL (2 oL (2 I

n—l() n—l() (350)
0 n—1
+ > Pk (2)
I k=0
Notice that

0|, o --- 0 f(2) ®f(2)

DY D la®h(2) = | : : = A, :

I | k=0 lno + lnn— L_ i (2) oL (2)

Moreover, since (L54)1, is a lower triangular block matrix with I in the main diagonal,

we have
0 0

Lie)ny | 0 | = and (Lzg)n 1Ay = Ay,
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As a consequence, ([3.50) becomes

Df(2) ol (2) 0
Z : = [(Lﬁb);h(HUL)nfl(Lgcb)nfl +An} : + | (I)rLL(Z)
q’ﬁ—l(z) ‘I)7Lz—1(z) I

Comparing (3.44)) with the above equation, we get
(HUL)nfl = (L(Ljé)nfl [(HQL)nfl - An] (L5<I>);i1-

Therefore, we have proved the following proposition. Notice that we have followed the
ideas on [32], where the scalar case is considered.

Proposition 3.1.22. The zeros of the matriz polynomial UL

m.m are the eigenvalues of the
block matrix

(H@L )n_l - An.

Example 3.1.23. We consider the Uvarov transformation with one mass point of the
Hermitian matriz measure o defined as in (3.17))

doy, () = do(0) + Mé(z — (),

with M € M3 and ( € T. As consequence of the above proposition the zeros of the matriz
polynomial

-1
UL, (2) = ®L(2) — ®L(C) [Is + MEL_(¢.¢)] MKE(2,¢) (3.51)
are the eigenvalues of the block matrix

(thL)O — Al = H[%O — lLo, fOT’ n = 1,

[ HEy L 03 03 B
(H@L)l - AQ - |: Hll:o H:{:l - ZQ’(] l2,1 ) for n = 27
and
[ Hyy Is 03 ]
Hfy H, Iz
(Hpr)n-1—An=| 03 03 03 . € Mgy, forn > 2,
: : : I3
L _ln,O _ln,l _ln,2 T _ln,nfl ]
with (Her )p—1 as in (3.45) and from (3.49) for k=0,...,n—1
-1 _
e = =05 (Q) [T+ MKy (¢,Q)] T Mo Qs (3.52)

In particular, if M =13 and = 1, forn =1, from (3.51) we have

Uli(z)=| -+ =2-3% 0
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Notice that the zeros of Ufl(z) are z = %
values of

00 0 (1 00 % 0 0
Hig—lo=|3% 00 +3 -+ 1 0|=|3 30
1 1 1 1
0 1o 0o -1 o 11
Forn =2, from (3.51)), we have
L2 _ 53, 32 1, _ 6 2, 1
170 85 85 85 35 85
UL, (2) = 26 _ 137, 22— L, 27 2. 2 ,
REOTRTHT T T,
85 — 1707 85 — 857 27T 8% T 170
with 20 . 7 , 46 5 T3 8 4
det(UL _6_s5_ a4, D3, B2 °
M) =" - - v 57 Y 3” % ®
On the other hand,
[0 0 0 1 0 07 0 0 0 0 0
00010 o 0 0 0 0
0 2 0001 0 0 0 0 0
Hor)i=A2=1 o G000 o0| |- L -1 3 u
170 17 85 170 8;
0O 0 0 0 0 O 33 _9 _ 9 33 _ 7L
1 1 34103 234 14770 34103 5137 0
L-3 0005 01 L-1% 1% ~1w0 ~10 2%
and the corresponding characteristic polynomial is
20 7 46 73 8 4
6 =¥ 5 _ ' 4 .3 2 2=
T Tt Tt Tt Tt s

Their zeros are plotted the following figure

FIGURE 3.1. Zeros of U1L72(z) with ( =1 and M =1I;.
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Forn > 2, from (3.52)

-1
1 0 0][3n+3 3-n 3n—1 ) 3 -2 0
lho=—| -5 1 0 i-n 2n—-% 3-n sl =3l | 04 =2
1 2 ) 4 3 1
and fork=2,...,n—1
1 —2 1
B2
ln’k - ln70 0 g —1
3
0 0 3
For instance, if we consider n =15
59 11 1 5 1 4
38 190 80 80 3 95
ls0=— T A ls1 S
; 52 6 152 » U5, 15 76 ’
I T SO T
95 5 95 95 &7 25
and for k =2,3,4,
5 1 3
80 3 190
I = 1% —% 7
_1 2 _1
95 57 5

Thus, the zeros of Uf5(z), or the eigenvalues of (Hgr)s — As, are plotted in the following
figure

FIGURE 3.2. Zeros of Ul’5(z) with ¢ =1 and M = Is.

For n =10, we have

1019 13 8 1019 3 158
11730 345 65 11730 391 5365

ho=-| ~ph g | b= | mg g |
A T 8 38
11730 345 11730 11730 1173 5865
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and for k=2,---9,

1019 329

11730 391 20

Lok = IS R
k= 1564 2 312

1563 2 3

Ti730 1173 3010

The zeros are in the following figure

FIGURE 3.3. Zeros of U{'(z) with ¢ =1 and M = Is.

3.2 On a Christoffel transformation for a matrix measure
with support on unit circle

3.2.1 Introduction

The study of the Christoffel matrix transformation for matrix measures has not received
much attention in the literature. There are, however, some contributions in this direction.
For instance, for transformations of matrix measures supported on the real line, in 2] 3]
the authors consider the sesquilinear form defined by

) = /E f@yw(@)du@)g@), f.g e P,

where 1 is a positive definite matrix measure supported in some compact subset £ C R,
f, g are real matrix polynomials, and w is a fixed matrix polynomial. This can be seen
as a generalization of the Christoffel transformation for scalar orthogonal polynomials
on the real line, and the authors obtain, among other results, connection formulas for
the corresponding orthogonal matrix polynomials, which are given in terms of certain
quasi-determinants. Transformations of matrix measures supported on T are much less
studied, although the Uvarov matrix transformation, consisting in the addition of a Dirac
matrix measure, has been studied in [I73] and the above chapter. These contributions
are focused in the study of the relative asymptotics between both sequences of orthogonal
matrix polynomials. To the best of our knowledge, asymptotic properties associated with
the Christoffel transformation on the unit circle have not been studied in the literature.
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The results on this subsection are oriented in that direction. We will consider certain
Christoffel transformation of a matrix measure supported on the unit circle and our aim
is to obtain several algebraic and analytic properties associated with it.

In the scalar case, the Christoffel transformation of a nontrivial positive Borel measure
A supported on T is defined by (see [88] [133])

dA(2) = (z = Q)dA(2)(z = ¢) = |z = (JdA(2), ¢ €C, (3.53)

and the associated inner product

™

P, q)5 = ((z— Op, (2 — O)a)r = / p(e®)q(e?)|e’? — ¢[*dA(0), p,q € P'[z].

—T

Notice that X is also positive definite. In this section, we consider the Christoffel trans-
formation of a Hermitian matrix measure o supported on T, defined by

doe,,(2) = Wi (2) 2 do (2) W (2), (3.54)

where

Win(2) = [ [ (:I - 4;) with (4;)72, € My, m >0,

g=1

with A; # A;, for 4,5 = 1,...,m. Notice that (3.54) is a natural extension to the matrix
case of (3.53). Moreover, the matrix measure o, is the Christoffel transformation of the
measure o, ,

doe,(2) = (21— Ap)Hdo,, (2)(z21— Ay), k=1,...,m, (3.55)
with 0., := 0. The corresponding right and left sesquilinear forms associated with the
measure (3.54]) are

P, DRoer, = Winl2)p, Win(2)Q) gy prq € P'[2], (3.56)
P o, = PWn(2),qWn(2))Lo, p,q € Pz (3.57)

Notice that o, is an [ x [ Hermitian matrix measure, and thus in this case there exist
sequences (Cﬁm(z))nzo (right) and (Cﬁm(z))nzo (left) which are orthonormal with respect

to (3.56) and (3.57) respectively.

3.2.2 Connection formula and further properties

In this section, we state several relations between the sequences of MOPUC (CF ,,(2))n>0
and (¢, (2))n>0. They will be used in the next subsections to derive relative asymptotic
properties. In the sequel, we will only consider the right sequence (Cﬁl’n(z))nzo since all
the results can be obtained for the left sequence in a similar way. We first need a lemma.
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Lemma 3.2.1. Forn+m >1 and A; # Aj; i, =1,...,m, the block matriz ICerm_l(A)
defined by

Krjz%erfl(AlvAl) T Kngmfl(Am’Al)
Kﬁ—&—m—l(A) = - € Mln’m
Kf—i—m—l(Alv Am) T K;L%—&—m—l(Am’ Am)

s a positive definite matriz.

Proof. First notice that the block matrix K, _,(A) is Hermitian because
(Kerm_l(Ai, Aj))H = Kerm_l(Aj, A;) with i, =1,...m. Now let us consider the block
matrix
eo(A) - (A1)
Gryn1(A) = : : € Mimxi(ntm)-
‘P(])%(Am) T Sorlermfl(Am)

Notice that
]erl%—&—m—l (A) = Gf—&—m—l (A)G'r}z%—l-m—l (A)Ha

and for any nonzero u € C'™ we have

R H R R H
UICn+m—1(A)u = UGn+m—l(A) (an—i-m—l(A)) 2 0.
Since A; # Aj 4,5 = 1,...,m, the inequality is strict. As a consequence, leerm_l(A) is a
positive definite matrix for n +m > 1. O

Proposition 3.2.2. Let z be such that 1z — A; is non-singular for j = 1,...,m. The
sequence of monic matriz polynomials (CE | (2))n>0 defined by

OB 1(2) = Win(2) 7 [@F, () — K8, 1A, 2) (KR () FE ()], (359)
where

K§+m—1(A’ Z) = [Krjf—i-m—l(Alv Z)v ce ’KT}L%—Fm—I(Am’ Z)] € Mixmi,

R R T R ™7 (3.59)
Fn+m(A) = [(I)n-i-m(Al) P 7(I)n+m(Am) :| € Mlel7
s orthogonal with respect to the sesquilinear form . Furthermore,
- H __ ~ R,H -1
(“m{%) ﬁm{i = Srlr%t,n = S??—i—m + IF‘n—}—m(A) (’Cﬁ—i-m—l(A)) FnR—i-m(A) (360)
s a positive definite matrix for n > 1.
Proof. Let us write
—1
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Let 0 < k < n. Then, from (3.58)

(FLOE o, = (W) Wa()CE,)

R

) )

= n-l—m nk + Z< 5—|—m 1(Aj’z)>R Aﬁ—i—mg (3'62)

Since K[ _1(Aj,2) = K[, (Aj, 2) — ol (2 )gof”fil(A /), we have from

(W) K 1(45:2)) = = (W), ol (@Demfin(4)) = =0 (A7)0

and, substituting in ((3.62]),
R,H
<ZkI7 C£7n>R7Ucm = n+m Z (I)n+m n—l—m] 6717]6 = (‘S”r]z%—l—m Fner(A)Aﬁ—l—m) 5n7k’

so that (C’% (2))n>0 is orthogonal with respect to (3.56). For k = n and from (3.61) we
obtain (3.60). On the other hand, since SZ

n+m

and (K}, _1(A))~! are positive definite
matrices, then Sﬁjn is a positive definite matrix for n > 1. O]

Example 3.2.3. Consider the matriz measure do(6) = Q% e S C N, where Q € M, is
a non-singular Hermitian matriz. The corresponding n-th degree monic polynomial is

D, (2) = DE(2) = dE(2) = 2 1
The Christoffel matriz transformation of o with m = 1 is then defined by

o, (2) = (1 - 405 df Px—a, 2=

From , we have

n

KR (A1, 2) =070 (A", Kf (A, A ZA'“

k=0

Thus, from and (3.60) with m =1, we obtain for n > 1
n n -1
n - k - n
(21— A)Cf (2) = 2" T - Q7! Z (zAf) (Z A¥Q 1(A’f)H> At
, - -1
Svfn — An+1 (Z Ak > A?l"b-i-l‘

In particular, if A1 = 1 with (¢ € C we have two cases:
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1. 1 ¢ T, since pf(2) = 2"Q1/2 we have from with ( = (1

KRG =0 Y (G = ot 1@

Py 1 -Gz
and therefore for z = (1, we get
_ 1—[GJ?
(K (G, a) " = W

Thus, from (3.58|) with m =1, for n > 1, we obtain in this diagonal case
1 111G Zn -
R _ n+l _ sn+l k
Cl,n('z) -  — Cl <Z 1 1_ |Cl|2(n+1) k_ﬂ((lz) I

N S P e S N G 1= (Ge)" I
z—G PGP -Gz

and from (3.60) with m =1, since SE =Q forn >0,

- 1— 2
sta=a (1+lapro o).

1— ‘Cl |2(n+1)

2. (1 €T, from with z = ( = (1 we have

(Kn(C1,¢1))~ =< 121) :nilg

and thus from[3.58 with m = 1, we obtain for n > 1

n+1 n
(z = QO (2) = <Zn+1 - + . > (G2t >

k=0

or, equivalently,
n
C’f‘n(z) = <2’n + Clmcﬁnl('z)) I, n>1
Furthermore, from (3.60) with m =1, S’EH = (1 + 7#1) 0.

Notice that this example generalizes to the matrix case the Christoffel transformation of
the normalized Lebesgue measure studied in [20].

Now, we will show that o, belongs to the Szeg6 class by using a different approach
to the one used in the scalar case.

Lemma 3.2.4. If o belongs to S, then o, belongs to S.
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Proof. From since Fﬁ_%(A)H (K§+m—1(A))71F§+m(A) is a positive semi-definite

matrix, then for all n > 1 we have S, < gﬁn From [48], we get

-H _R -1
Sf—&—m = <(I)111%+m7 (I)rlf-i-m Ro = (’iﬁ—i-m) Rpim = (Bn—l—m(O)) 5
&R R /R R \-H __R 5 -1
Sm,n = <Um,n7 Um,n>R7UCm = (K“m,n) Bmn = (Bm,ﬂ(o)) s

s0 that By, ,(0) < Bpim(0). Notice that (det B +m(0)),,>0 is bounded from above, since
o belongs to S, and thus (det an(0)> - is bounded from above. From [48] Theorem
19, it follows that o,,, belongs to S. N O

Since the n—th orthonormal matrix polynomial has the form

Cﬁ,n(z) = Cnlz,n(z)’%fm,n = ’%ﬁ,nzn +e
then from (3.58]) we have
-1 _ 5
Wm(z)cﬁ,n(z) = [§0§+m(z) - KT}LBerfl(Av Z) (ICTIL%erfl(A)) Lf#»m(A)} Rnfmﬁﬁ,na

(3.63)
where L%, (A) := [pR (AT, ... ,go,}}er(Am)T]T € Mixi. Furthermore, taking into
account that S&, = (k, £ )k £ from ([3.60) we can deduce

n+m n+m

_ ~ _ - -1
K 8 HR (anm’{ﬁz,n)H = |:I +L§«f{n(A) (’Crll%-ﬁ-m—l(A)) L??—I-m(A)] . (364)

n+m'vm,n

Lemma 3.2.5. Forn > 0, we have

2

2 _
LS land0 <[l (k) | <t (3.65)

0 < |[(kfpm) " AR Een) |,

n+m m,n

Proof. From (3.56) and (3.63)), we have

R R R R —R =R
I= <Cm,n? Cm,n>Ryﬂcm = <Wm (Z)Cm,n’ (’0n+m>R,o- K‘ner’{m,n

1 L (3.66)
- <Wm('z)c£,nv KTIL%erfl(Av Z>>R,a (K1]§+mfl(A)) LrlL%er(A)ﬁnfmﬁﬁz,n‘
On the one hand, we have
~ H/ H L H
(Won2)CR s ol o = (iltn) " (5fe) (P ol o = (R nilin)
(3.67)

Moreover, since KX~ (A, z) is the block vector defined in we have for the j-th
block entry

R,H .
Kermfl(Aj? Z) = K5+m(Aj7 Z) - (prrm(z)QOn—&-m(Aj)? Jj=1...,m,
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then from for each entry we have
(Win(2)CE o KF 1 (A7)
= (W20 s K (45 2)) = (Win(2)Co s rm) o P ()
() R 4,
and, as a consequence,
(W) Kl (A,2)) g, = = (il ) LI ()

:—(]LR (A, B &I )H

n+m n+m'vm,n

(3.68)

Thus, substituting (3.67)) and (3.68)) in (3.66)), we get

= <L§+m(A)’€;fm'%§1,n>H (Kf—l-m—l(A))_l (Lf-&—m(A)’Q;fmknR@,n) .

Since the right-hand member is positive semi-definite because KX, (A) is positive def-
inite, then

_ H _
((5fem) " RlEL) T (5f) R <1

so that (3.65)) follows. O
_ _\H
Lemma 3.2.6. For n > 0, the matrices (/iﬁ.b_i_n) ! /%f%n and (’%ann (/@[{H_n) 1) can be

assumed to be lower triangular with positive entries on the main diagonal.
R . . R -1 _.Rr H
Proof. If (Cp, ,(2))n>0 is such that the matrices ((mn+m) ’{m,n) , n >0, are not lower

triangular matrices with positive entries in the main diagonal, then we can find a sequence
of unitary matrices (Qn)n>0 such that

C’ﬁ,n(’z)Qn = Xfm,nzn + e

is a sequence of orthonormal matrix polynomials such that <(/§7}f +m)_1 S\ann>H are upper
triangular matrices with positive entries on the main diagonal. To show this, notice that
the sequences of orthonormal matrix polynomials associated with the measures o and o,
have the form

(R (2)vn)nz0 and (C . (2)Tn)n>0,
where v, and 7, are unitary matrices. As a consequence, their coefficients are related by

R _ R YR _ =R
An = tipvn and Ay = Ky, Tn, and therefore

1 ~ H _ H _ H
() AR = (B vmim) Rl am) =7l ((5fm) " Fln) Vnim:
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Taking vp+m = I, we get Kptm > 0 (see [5]), and thus

((Aiﬂm)*1 Xﬁ,n)H =7l ((m,ﬁm)’l nffm)H (3.69)

Now, consider the sequence (Cﬁyn(z)Qf Jn>0, where (QH),>o are the unitary ma-
trices given by the Francis and Kublanovskaja’s QR factorization (see [108]) of

() )y 50

R \"lzR
(’{n—I—m) Fmn = Sn@n,
. . R -1 _.R H
where (Sy,)n>0 are lower triangular matrices. Thus, ((Iin ) K,m’n> can be expressed
as

(58 R ) " = GaSin

where Q,, is a unitary matrix and S, is a nonsingular upper triangular matrix. Therefore,
taking
Sp = SHJ, and Q, = JIQH,

where

n)z,z‘

(Jn)ij = { |E6:n)“ if i = j and 0 otherwise } ,
we have S,Q,, = SfJfJnQnH = (QnS’n)H Then, from ,
1. H _ H - N
() T AL = Qu (55) T REL) T = QuQuSa = 1118, = S

1< H
and thus ((ﬁﬁm) ! )\ﬁw> is an upper triangular matrix with positive entries on the

main diagonal, since

diag(Sy) = (I(Sn)1als [(Sn)z2l, -+ 1(Sn)ul).

3.2.3 Relative Asymptotics

In this subsection, we deal with relative asymptotics for the Christoffel matrix transforma-
tion in the diagonal case, i.e. A; = (;I, where (; € C for j = 1,...,m. Therefore, here we
consider Wi, (2) = [['L, (z — {;)I. For the scalar case, relative asymptotics for sequences of
orthogonal polynomials associated with Christoffel type perturbations of scalar measures
in NV supported on the unit circle have been widely studied in the literature (see, among
others, [93, 133, 135]).

First, we will show that the matrix measure (3.54)) belongs to A/. This will allow us to
prove several asymptotic properties in the remaining of the chapter.

Lemma 3.2.7. If( € C\D and o € N, then o.,, € N.

Proof. Taking into account that cpﬁfl(()) = (kL. )", we obtain from the Christoffel-
Darboux formula (1.56) K2(¢1,0) = (Hﬁ+1>H¢£f1(C1)H - QOEH(O)Lpg_’g(Cl), so evaluating

88



Chapter |§L On the Uvarov and Christoffel spectral matrix transformation

z =0 on (3.58) with m = 1, we get

—GOT(0) = B, 1 (0) — (s ) P omt Q)P K R(Cr, G)@E L (Gr)
+(an+1(0)90n+l(Cl) n (Clacl) n+1(<1)'

From (1.38), aff = —(x *L)HCI)E_H(O) x2 multiplying on the left by (x;7) and on the
right by s the equation (3 , we get

Gl YT CE (0068 =all + (k5 k) ot ()RR (G Gl Q) f sl
_(“;L ) @n+1(0)90n+1(<) (CLCl)SOnH(Cl) n+1K’R

On the one hand, since o € A from ([1.33]) and ([1.36)) we get that /1,];“ kol =1, /ﬁnme —
I, and

P (COP KL (G Qe (Q) = (e (Q) T enia (C)) et (G KL (G Q) el (),
so from , and we obtain

L,* — —
lim (g0 ) T (GO TG (G, QO e (G sl = 0.

(3.70)

n—00
On the other hand, since af = —(k,L)HOL (0)xl = —(k _L)Hcpr(O)/inflmf, and
ﬁnflﬁ — I, therefore

lim (k)05 (0) = 0,

n—oo

so from ([1.82)) and ((1.83)), we get

lim (r,, XY 7 o8 (0)1 () K (G Gl ()R Fisl = 0.

n—oo
In this way
lim (k,)HCE (0 0)x =o0. (3.71)
n—oo
Let aff, = —(& h_)7CR (0)if, | = CF (0) = —(&F,_)Haf! &, substituting in
B-71)

: H.g (--R R
lim (&% Ko, Il Rt (/{ k') =0
e ( 1,n—1 ) 1,n In—1"n ’

from (3.65]) it follows lim,, &{{n = 0. Therefore, we conclude that ., € N.

For m > 1, taking into account (3.55) and applying the previous argument to C,fn (2)
in terms of C,f_l,n(z), the lemma is proved. O

As expected, the asymptotic behavior of the polynomials will depend on the location
of the mass points.

3.2.3.1 Case (j€C\D

m
- 1
lim (k%) &E, =T =L 3.72
111 (’l{n—&—m) KEmn C ( )

n—o0 ’
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Proof. We use induction on m. From (3.64) with m = 1, we get

(iR ) = [T () (KF (G 0)) M olia@)] . 373)

Therefore, from (1.82) with 2 =( =

—1
. R. _R - 1 ! 1
Mﬂ%ﬁﬁd%$ﬁwH—Q+<mpq) Q :EFL (3.74)

n—0o0

Moreover, from (3.65) with m =1

2

-R =R —R ~R \H,_—R -
‘ Kpt1R1n P TT((’%ﬂM,n) "ﬁn+1’i1 n) <1 ‘ n+1"01 nll, <l
then we necessarily have
-1 1
li R RE = 1 3.75
TLI—>H;O (K/TL—FI) ’il,n |<—1| ) ( )

since otherwise we can consider a subsequence (n,),>0 of positive integers such that

R )—1 ~R

lim (/ﬁ:nu Ky, =D < o0,

vV—00

and then from (3.74)) we have
1

—1I
C1]?

Since 13 2I is positive definite and D € M; has positive entries on the main diagonal from

Lemma [3.2.6 then the Cholesky factorization (see item 4) of (3.76) is unique and we
deduce (/f; 1 Rﬁn)n21 does not have subsequences converging to a limit other than ﬁI.

DD = (3.76)

Furthermore, from Lemma [3.2.7, o, belongs to N for k = 2,...,m, and each o,
satisfies (3.55)), then we can apply the previous argument to C’,fn(z) = z"/ﬁkRn + -+ in

R _ .nzR :
terms of Cj* |, (2) = 2"R}_ 1,4+ to obtain

. ~ -1 .
nh_}ngo (”kR—l,n+1) K,kRm @I with k& = M. (3.77)
Since
-1 . -1 . - -1 .
( §+m) Hfm,n = (K/Eer) an+mfl (’%ftn+m71) R§n+mf2 U
5 —1 -1 .
‘(’%szz,mz) 51 1,n+1 ( fz 1n+1) Hﬁ,n (3.78)
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from (3.75) and (3.77)) we deduce

. R -1 _Rr . R -1_R 1
HILI& (’%n—l—m) Hl,n—i—m—l = nhﬁnolo (Hn—‘rl) Rl,n = mIv
. ~R -1_.R . ~R -1_p 1
7}1}010 ("il,nerfl) Ko n+m—2 = nlggo (’ﬁ,nﬂ) Kop = @17
li ~R -1 _Rr — ~R -1_pR . 1 I
nl_{Iolo (“m—Q,nJrz) Km—1n+1 = nl_{lgo ("ﬂm—z,n+1) Km—1n = m )
. ~R —1 ~R o 1
nhHIEO ("K‘mel,n+l) "im,n - |Cm| I,
This together with (3.78)) implies (3.72]). O
Proposition 3.2.9. Ifc € N and (; € C\D for j =1,...,m, then
1 o C 1
: R -1 ,R _ S5
HILI& ((anrm(z)) Cm,n(z) - H |€]| z&j — 117 (379)

uniformly on every compact subset of z € C\ D.

Proof. Let |z| > 1. From (3.63) with m = 1 and multiplying on the left by (¢ ;(2))7!,
we get

(SOTIL%Jrl(z))_l ((Z - Cl)cﬁn(z)) = (I - Bn(z7 gl))’i;—fl’%fn’ (3'80)
where
Bu(2,¢1) = 921 (2) KR (L 200 (@) T B () (KE(CLG)) T 0B (G,

and thus using ((1.82)) (with ¢ = ¢y for the first factor and z = { = (3 for the second factor)

. 1 1 B
lim By (2,G) = <z<‘1—1> (\m?—l) |

Therefore, taking limit when n tends to infinity in (3.80) and using (3.72)) with m = 1, we
obtain

. R -1 R — Q z - Cl
Jim (on11(2)) (2 = Q)CrL(2) = 26— 10
and thus E 1
. R -1 ,R Y
Tim (p41(2)) " Cil(2) = A (3.81)

On the other hand, since all ., with & = 2,...,m belong to N, and taking into
account 1D we can apply the previous argument to C,f’n(z) in terms of C,f”_lm 4+1(2), to
obtain

. R -1 ,R o Efk 1 .
nl;rgo (Ciirn(2)  Cilalz) = G 70 1I7 k=2,...,m. (3.82)
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Since

(Pr}f—i—m(z)_lcﬁ,n(z) = (¢§+m(z)_1cfn+m 1( )) (Cf%n—l—m—l(z)_lcfn—&—m—Q(z))
"(Cﬁ—2,n+2(z)_10£—1,n+1(Z)) (Cm 1n+1( z)” lcg,n(z))a (3.83)

then from (3.81)) and (3.82) we get

—1pR . R —1pR G 1
nh_g)lo <Pn+m( z) lcl,n—l—m—l(z) = nh_{I;o ‘Pn+1(z) 1C1,n(2) = Hzgl — 11,
C: 1
lim Cf ntm— ek L o(2) = lim CF L (2)7iC (2) = Sz = I,
Jm Ot 1 () eale) = lim O ()7 () = g
nlgroloc 2,n+2(2)7lcﬁ71,n+1( )—nhj;ocm 2.mt1(2 )’1Cﬁ,1’n(z)
_ Cmfl _ 1 17
’Cm—l’ ZCm—l -1
G, 1
lim CE_, 1c£nz:c—m =
e 1 +1() ,() |Cm‘z€m_]-
As a consequence, from (3.83)) we conclude (3.79)) for |z| > 1. O

Corollary 3.2.10. Ifc € N and ¢; € C\D for j =1,...,m, then

lim (SDnR.y_m(Z))il (Wm H ‘C] Z = J

n—00 Cj‘ ZCJ -1 ’

uniformly on every compact subset of z € C\ D.

-1
Since (Win(2)CE ()" (gpgfm(z)) = (@B (1/2) " (Wi (2)Conn(1/2))) ™ from the
previous proposition we get the following result.

Corollary 3.2.11. Ifc € N and ¢; € C\D for j =1,...,m, then

G2 =1y (Win(2)Ct n(2)” (#0m (2) h
H\m PG o AN (750 (3.8)

~ lim (sogi:m(z))*l (Wn(2)CE 1 (2))",

n—oo

uniformly on every compact subset of z € .
Moreover, since
_ -1
X Soﬁ—f—m(z)_lsp'r]?—&-m—i-l(z) [90711%+m+1(z)_1(w ( )Cm n—|—1( ))] )

another immediate consequence of the above proposition and ((1.75) is the following.

Corollary 3.2.12. Ifc € N and (; € C\D for j =1,...,m, then

lim (CR ( )) Cm n+1( ) - ZI7

n—oo
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uniformly on every compact subset of z € C\ (DU {¢; ;”:1)

Proposition 3.2.13. Ifc € N and ¢; € C\D for j =1,...,m, then

lim (cpﬁfm(z)) - ¢l .(z) =0, (3.85)

n—oo

uniformly on every compact subset of z € D.

Proof. For m = 1, from (3.63) with m = 1 and multiplying on the left by (apﬁfl (2))7, we
get

ehn ()7 (MEICELE) = o () ol (2) = Ba(z )| kiR E, (3.86)
where

Bu(2,¢1) = ort () KR (G 2) (KE(GL Q) Thelt 1 (G)
= ol ()T KR (G 2) el () T eI () (KE(GL ) el ()

(R (G ol ()T — ol ()7 R (2)
1—2¢

< el () KRG el )]

so from Proposition [1.4.17| and ([1.82), we obtain that lim,_,~ By(z,(1) = 0. Therefore,
from (B.56)

lim okt ()7 (2 = Q)CT(2) = 0 = lim k7 ()7 ef () = 0,

n—oo
for |z| < 1. Moreover, since o., € N with k =1,...,m we have
. L, _
nh—>nolo Cmil,n—i-l(z) lcg,n(z) =0. (387)

For m > 1, since
(Prim(2) ' Cm 1 (2) = (Pt (2) T O 1 1 ()1 (2)) 7' (2)

Therefore, from (3.84) and (3.87) and the above equation we get (3.85)). O
Corollary 3.2.14. Ifc € N and ; € C\D for j =1,...,m, then

n—o0

. L* -1 R
lim (ehin(2))  (Win(2)CR 1(2)) =0,
uniformly on every compact subset of z € D.

Corollary 3.2.15. Ifc € N and ¢; € C\D for j =1,...,m, then
. . -1
hm C’r}z’,n(z) (Sovlzl—l—m(z)) = 07

n—oo

uniformly on every compact subset of z € C \ D.
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3.2.3.2 Case (jcT
Lemma 3.2.16. Ifoc e N and (; €T for j =1,...,m, then

lim (x8,,,) " &R, =L (3.88)

m,n
n—o0 ’

Proof. We use induction on m. For m = 1, since

T+ o () (KRG, )T (@) = ol () KR (G G RIGL Q) T el (Gr).
From
(R fh Bt (i) = ol ()T K (G QR (G, ) Th e (G). (3.89)
Furthermore,
T— o1 (G) T KR (G QR (G, Q) M et (G) = e (G E 1 (G 6) el (G
so we obtain
(Rt ) (R ) =T = oI (GO KT (G, ) el (G, (3.90)

and from (1.83]), we get

: —R ~R —R ~R \H
lim (Hn—l—l"il,n)(ﬁn—i—l’{l,n) =L

n—oo
Then proceeding as in Lemma we get (3.88)). O
Proposition 3.2.17. Ifo € N and {; € T for j =1,...,m, then
. -1 .
Tim (ol n(2) T Ol a(z) = Win(2) 7, (3.91)

uniformly on every compact subset of z € C \ D.

Proof. We use induction on m. From with m = 1, multiplying on the left by
(@R, 1(2))~! and on the right by (ff_flf?aﬁn)H, we get

(er1 ()T (M(2)CT%(2)) (iR = (kR (R R )T = Ba(2,¢1),  (3.92)
where

Bu(2,¢1) =B () T KB (G 2) o (G) T el (GO KR (GL G) Th el (G)

—R ~R —R ~R \H
(Rn+1ﬁ"1,n)(ﬁ +1’£1,n)

Using
Bn(z,¢1) = <P§+1(Z)_1Kf(<1, z)@ﬁ#ﬁ(@)_l‘ﬂﬁg@l)f{fﬂ(Cly Cl)_lwfﬂ(ﬁ%

therefore from (1.82)) and (1.83)), By, (z, (1) — 0. Thus taking limit when n tends to infinity
in (3.92)) and using (3.88)) we obtain that

lim (pn41(2)) 7 ((2 = Q)CT(2) = 1L,

n—oo
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and as consequence

1
. R ~1 (pR _
Jim (1 (2)) 7 (Crn(2)) = — 1
For m > 1, proceeding as in the Proposition we get (3.91)). O

Corollary 3.2.18. Ifo e N and (; € T for j =1,...,m, then

lim (¢F ()" (Win(2)CE ,.(2)) = L,

n—o0

uniformly on every compact subset of z € C\ D.

Corollary 3.2.19. Ifc e N and (; € T for j=1,...,m, then

lim (Wi (2)CE ()" («pfffm( ))71 =1,

n—o0
uniformly on every compact subset of z € D.

Proposition 3.2.20. Ifc e N and ¢ € T for j =1,...,m, then

tim (h0,(2)) " CRL(2) =0,

n—0o0

uniformly on every compact subset of z € D.

Proof. For m = 1, from and multiplying on the left by (gorLlfl(z))_l and on the right
by ( n—&—l’%{zn)H ; We get

(Pn—;—kl( >_l ((Z - Cl)cﬁn(z)) ( nfl’%llqn)H

= ol ()l ()R PR (e B RE DT — Bu(z,¢1), (3.93)
where
Balz:G1) = ¢ty (2) K (G 2o ()
X o (KR (GL Q)T o (G)my B R (kB RE D).
Using

Ly [ \— RH, \— R,H -
Bn(z,¢1) = ‘Pn+1(z) 1K5(C1,z)90n+1(@) ' x ‘Pn+1(C1)K5+1(C17<1) 1<Pf+1(§1)-
Since cpffH(Cl)*lcpﬁfl(Cl) is a unitary matrix when ¢; € T, from (1.74)), we get

H enta ()G (G ) (G)” H =

(son+1<<1) Lor i (G — oy (2) 7Tk (2)
1—2’51

1+ |05 (2) B (2)]l - (3-94)

B 11— 2(1|

2

and from ((1.79)) it follows that (3.94) is bounded when n tends to infinity. Therefore, using

1.83)), we have lim,,_,o By (2,¢1) = 0. Therefore, taking limit in (3.93)), using (1.79)) and
3.88)) with m =1 , we obtain

tim (o5 (2)) (2~ Qe () = Tim (0551(2)) " elhaz) =0

n—oo
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Thus .
lim (¢151(2))  (Cfa(2) =o.

n—oo

For m > 1, we proceed as in the Proposition |3.2.13| using the Corollary [3.2.19

Corollary 3.2.21. Ifc e N and (€T for j=1,...,m, then

lim (pr7(2))  (Win(2)CH,(2) = 0,

n—oo

uniformly on every compact subset of z € .

Corollary 3.2.22. Ifc e N and (; €T for j=1,...,m, then

lim R (2) (o ,(2) ' =0,

n—oo

uniformly on every compact subset of z € C\ D.

3.2.3.3 Case (€D

Let (j € D for j =1...,m, and assume that (; is not a zero of o for all n > 0.
Lemma 3.2.23. Ifo € S and (; €D for j=1,...,m, then

. -1
nl;rglo (n§+m) sz,n =1

(3.95)

Proof. Let m = 1. If 0 € S, then KF(z,2) converges uniformly on every compact subset

of z € D (see Proposition [1.4.23)) so we have lim,, . ||2(2)|2 = 0. Therefore, from (3.90)

9

_ _ H
(wfi) ™ R (51) T RE) -

when n tends to infinity, we conclude that

— _ H
lim ()" R ((6f) RE) T =T

n—oo

Proceeding as in the Lemma we get (3.95)).

< el rficuol,
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CHAPTER 4

Block matrix representations and spectral
transformations

Summary

The structure of the chapter is as follows. In the first section, some properties of the
block Hessenberg matrices associated with orthonormal matrix polynomials on the unit
circle are deduced. In particular, we show that the block Hessenberg matrix associated
with a matrix measure supported on the unit circle is unitary if and only if the measure
does not belong to the Szegd matrix class. Then, we deduce explicit relations between
the Uvarov matrix transformation and the corresponding block Hessenberg matrices, and
similar results for the Christoffel matrix transformation. Finally, we show a factorization of
the block Hessenberg matrix. As an application, we provide another proof of the fact that
all the zeros of an orthonormal matrix polynomial are located in the unit disk. In Section
2, we deal with properties of symmetric matrix measures supported on the unit circle.
In particular, given two symmetric matrix measures ¢ and &, we establish a relationship
between the corresponding CMV matrices C and C, based in a well-known factorization
in terms of certain 2I x 2] blocks, which are defined in terms of the Verblunsky matrix
coefficients. Then, we consider sequences of Verblunsky matrix coefficients associated with
certain transformations of the measure o, which constitute a generalization to the matrix
case of the results obtained in [88]. Finally, in the last subsection we analyze properties
of a CMV matrix associated with a new sequence of Verblunsky matrix coefficients that
is constructed from two given sequences.

4.1 Block Hessenberg matrices and orthonormal matrix
polynomials on the unit circle

4.1.1 Introduction

As in the scalar case, there are many similarities between MOPRL and MOPUC. One
of those similarities is related to the matrix representation of the multiplication operator
with respect to the basis of orthogonal polynomials. In the MOPRL case, we have the so-
called block Jacobi matrix (defined as in (L.11])). Block Jacobi matrices give information
about properties of a sequence of MOPRIL, such as the distribution of the zeros, among
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others (see [65), 154} 160] 163]). For MOPUC, the representation of the multiplication
operator in terms of the orthogonal matrix polynomials yields a block Hessenberg matrix
(see 76l [163] ) that is known in the literature as GGT matrix (see[I56] Chapter 4) in the
scalar case. The block Hessenberg matrix also gives information about properties such
as the distribution of the zeros ([163]). Furthermore, block Hessenberg matrices are very
useful in multivariate time series analysis, multichannel signal processing and Gaussian
quadrature formulas for matrix-valued functions (see [21} 161, [163]).

4.1.2 Block Hessenberg matrices for MOPUC

In this section, we deal with properties of the block Hessenberg matrix that represents the

multiplication by z operator with respect to a sequence of orthonormal matrix polynomials

on the unit circle. Let us express zpZ(z) in terms of (¢ (z ))Z'%, ie.,

n+1
205 (2 Z hywek (2), e = (208, 0F) Lo € M. (4.1)

Using the Szegd recurrence relation - and -, we get
n
205(2) = prona(2) + ol (KT T eb (07 o (2), (4.2)

and comparing (4.1]) and (4.2), we deduce

ph = kL (kk )7 ifh=n+1,
Pk =g s (0) = —(s TR (02 T O) ()T, HO<k<n, (43)
0, ifk>n+ 1.
In matrix form, we have
chL(z) = H,r goL(z), (4.4)
where o5 (2) = [p§(2)T, ol (2)T,..., 05 (2)T,.. ]" and H,z is the lower block Hessenberg
matrix
hfo h§y 0 0
H,o = hfo hfl hfz o - 1. (4.5)

H,r will henceforth be called block Hessenberg matriz associated with the sequence

(0%(2))n>0. Notice that from (T.39) goﬁ’H(O) = —nkR_lak._lp,;_Ll, and since ak_lp,;_Ll =

P];flak 1 (See [42] Lemma 1.3.), we get ¢ (0) = —kFay_1, with a_; = —I. Moreover,
from ) ki Rklt = pl | .. pl. Therefore (-3 becomes
pr = riy (k)™ ifk=n+1,
hip=1S —ablw Begor = —alfpl |- pfog_1, if0<k<n,
0, if k>n+1.

The previous expression appears in [I58] for right orthonormal matrix polynomials.
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Example 4.1.1. Consider the matrixz of measures

1] 2 ¢?74db
d(’(‘”—g[e—w ) ]zw

Then, it is not difficult to show that the corresponding monic MOPUC are

2" 0
B = 0f(5) =T @) =0k = | Ty b |onzt
2
and we have
3
= 1
sf=st=t si=| 1 V] si=[5 8] wx
4

Thus,

w

1 0 1 0
kY =To, liﬁzlo 2],(/&5)1:[0 \[], n > 1.

From (4.3)), we deduce that the entries of H,. are given by

1 0 .
{0 \/3/2], ifk=1andn =0,
0 0 .
hf{,k: [1/2 0]’ ifk=n=0,
1o, ifk=n+1andn>1,
0, otherwise.

On the other hand, for any n > 0 and ¢ € C, we define
A (Q) = K (¢ ¢) and AT (Q) = K, (¢, Q)
Ao(Q) = lim A7(¢) and AL (¢) = lim NF(C).
In particular, from (1.61)

AL(0) = lim K, 7(0,0) = lim (k,")" k"
n—oo

n—o0

and "
AE(0) = lim K, 7(0,0) = lim ;T (K,_L)

n—o0 n—oo n

Also notice that

) ()1
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Indeed, from ([1.40)), we have

(HP?) (Hpk>: n+1)H nfl’
k=0

and thus, taking limits when n — oo and using , we obtain . In the scalar case,
M (€) = AE(¢) = AE(Q) is the well-known Christoffel function (see [I56]). The matrix
version of the Christoffel function for a matrix measure supported on the real line was
defined in [70]. The following result states that, as in the scalar case, H,. is almost
unitary.

Proposition 4.1.2. The block Hessenberg matriz H,. satisfies
HeHY = I, (4.8)
HLHye = Lo — 9" (0)AL(0)™ " (0), (4.9)

where I is the infinite dimensional identity matriz.

Proof. For the first statement, notice that I, = (@¥, @L>L70, and we have (2p, 2q)1 , =

(p,q)1 o for every p,q € P![z]. Thus, from ([£.4) we get
Ho, e Y = Hon (0", o) o H:
= L@, oy LJ*Z(P 2P )Le = \¥ ¥ )Lo = loo-

(oo, By o) 1o = (295, 20500 = (0F P = T

Notice that this is the proof given in [163] for the truncated case. On the other hand, let
H
A(k,n) = <ak Ky, —R L H(O)) ol Ky, —EoLH ), For n > 0, we have

(15),, )™

= (ehoama ™) g+ (ol Pk () all kiRl (0) + D Alk,m),

where (H),) and (H)™ denote the n—th block row and the n—th block column, respec-
tively, of the block matrix H. Using ([1.63)), we have

(HgL)(n) (F,0) ™ =T — oL(0) (s ®) (T = apall )iy BplH (0 Z A(k,n)
k=n+1
and since I — a0l = (IinflﬁR) = (ﬁnflﬁR> Ii;fllﬁ}R (mf)H(m;fl)Hm;flﬁﬁ, we get

(B2) ()™ =T b)) ol (0) + 37 Al m),
k=n+1
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that, recursively, becomes

(BE) ) ()" =T ) o) ool )+ 30 Alko)
k=n-+2

T e

k—oo

=1— (A% (0)¢5 " (0),

where we have used (4.6)). On the other hand, for 0 < j < n, using (1.63]) and (4.6))
() - H LH
(15:) ) )Y = ¢k00) ((@R)H@M > (afm ™) o nkR> e f(0)

:@TLL(O)< (k) el + Z <ak Ky ) akH’fl;R> SOfH(O)

k=n+1

Theorem 4.1.3. H. is a unitary matriz if and only if o ¢ S.

Proof. Assume H . is a unitary matrix. Then, from (4.9), AL (0) = 0. As a consequence,

from (4.6 we have

0=\ (0) = lim (k, )"k, = lim s, =0= lim 5, |2 = 0.

n—oo n—oo
Since 0 < anH;l < HR;RHQ, we get

R —1 R —
I l2 =

lim | &, =0= lim |x,
n—oo

n—oo

and from (1.85)) it follows that o ¢ S.

Conversely, we proceed by contrapositive. Assume that H,z is not a unitary matrix,
then from (4.9)

)

AL (0) = lim AE(0) > 0.

n—o0

Therefore, we consider the following cases:

1. The sequence (A\%(0)),>0 does not converge, i.e., lim, oo [[A2(0)]l2 = oco. Since
afla, < I, we have p% < T and thus |[pZ||2 < 1 for every n € N. From (1.40)

and (4.6) we get
MOz = ([ (™) T < N 113 = oG - |3 < 1,

it follows that lim, .. [|A%(0)|l2 < co. Therefore, this case is not possible.
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2. The sequence (A2(0)),>0 converges to L € M, L # 0. In this case the sequence
(AE(0)71),,>0 also converges to some V € M;, V # 0. Thus,

0< lim IAL(0)7Y]2 < 0. (4.10)

Since B,,(0) = kE(kE)? = A\E(0)71, from (4.10) we see that det B,(0) is bounded
from above. As a consequence, from [48] (Theorem 19) and ((1.84)), it follows that
oes.

O]

We point out that the block Hessenberg matrix associated with (¢Z(2)),>0 has a
similar expression, and the same properties. In the scalar case, the previous theorem can
be found in [I56].

4.1.3 Block Hessenberg matrices for perturbations of MOPUC

In this section, we consider some transformations of matrix measures supported on the
unit circle and we study the relation between the corresponding block Hessenberg matrices.
Furthermore, we give conditions for the perturbed matrix measures to belong to the Szeg6
class. In the scalar case, Hessenberg matrices associated with spectral transformations of
orthogonal polynomials on the unit circle have been studied in [20] 30}, [45], and results
related with connection formulas between the perturbed and unperturbed sequences of
polynomials, as well as conditions to remain in the Szegé class, can be found in [88].

In the remaining of the document, we will consider only left MOPUC, since the results
for the right polynomials are analogous.

4.1.3.1 Uvarov matrix transformation with m mass points

In this subsection, we consider the Uvarov matrix transformation with m > 0 mass points
of the matrix measure o supported on T, defined as in (3.1 by

do,, (2) =do(z) + Y M;d(z — ), (4.11)
j=1

where ¢; # (j for i,7 = 1,...,m, M; € M, is a positive definite matrix for j = 1,...,m,
and J is the Dirac matrix measure.

Let H;;z be the block Hessenberg matrix such that
Ly — L
22U (2) = Hynld™(2), (4.12)

where UL (2) = [Z/{,’;;’O(Z)T,L{#’l(z)T, Uk () DT Clearly, if LLLI%@ is the change of
basis matrix such that U*(z) = Lﬁ@goL(z), we have

Hy = L, Hor Ly L. (4.13)

©

In order to compute L{},W proceeding as in the Proposition the relation between
(0E(2))n>0 and (U#L7n(z))n20 is given in the following proposition
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Proposition 4.1.4. The sequence (U}, ,,(z) = kL 2"+ )nxo is orthonormal with respect

to (3.5)) if and only if the matriz I, + MIKCL_,(¢) is nonsingular for n > 1. Furthermore,

UL (2) = Ryt [95(2) = LE(Q) (T + MKE(0) 7MKL (2,0)] . (419)
and
Pk, (Ri) ™ = 85, = SE+FE(C) [T + MKE_(0)] ' MFLH(¢), (4.15)

s a positive definite matriz for n > 1. Where

LE(C) = [@h(C1)s- - 0k (Cm)] € Muixmt, FE(C) == [®E(C1), .., @5 (¢m)] € M,
Kﬁfl(z’ C) = [KTll/fl(Z7 Cl)T7 s ’KT[L/71(27 Cm)T]T € Muyuxi,

[ KF (G ¢G) o KR (Gm G
KE_1(¢) = : : € My,
L K’r[L/—l(Cla Cm) T Krr[{_l(CTna Cm)
[ M; -+ 0
M := € Mlm-
0 - M,

Then, from (4.14))
n—1
~ _ —1
Unn(2) = R ™ [0 (2) = D L) (T + MK () ML (ki (2)
k=0

Thus, the entries of ngw are

Rl ok if k =n,
~ _ —1 .
(Litp)n =3 —Fhnkin LEC) (T + MKE (¢)) ™ ML (C), #0<k <n,
0, if n <k.

Lemma 4.1.5. Forn > 1,

(B )R o = (14 LEQ) (LMK, (0) 7 MLE (0)] (4.16)

m,n'vn m,n’vn

Proof. From (|1.61)) and (4.15)), we have

R Rk (R )™ = Kl [SE A+ FE(Q) (L + MKCE_, (Q)) ™ MFLT (¢)] (5™
=T+ LE(Q) (T + MK (Q) ™ MLEH(0),

so we obtain (4.16)). O

To compute L&é , let us write

n—1
Dr(2) = UT{;,,TL(Z) + Z /\ﬁkU#,,k(Z%
k=0
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where, for 0 < k <n —1,

m
)‘nk - <(I)£, U77Ll,k>L,0um Sm[;g = <(I)£v U?%,k>L,G + Z (I)ﬁ(qj M UL H(C]) S;L,[];
j=1

=FE(OMIUL (G1), - UL L (Gn)1 S0k
Thus,

DL(2) = )+ Z FE(OMT, 1 (OUF (2), (4.17)

where Tﬁhk(g) = [Un (1), Unk(Gn)]. From (4.14) with 2 = (5, j = 1,...,m, it follows
that To (€)= (T + KL (OM) L™ () (RE iy ™), and substituting in ({£17)

n—1
o (2) = KRl () + ) L (OM (L + KE_y (OM) 'L ™ (O (&R, sy, ) U (2).

As a consequence,

/iﬁ/i;fm if k=n,
(L) = LHOM@n + K, QM) ILEH Q)L i), 30 < k< n,
’ 0, if n < k.

On the other hand, since the matrix Szegé condition only depends on the absolutely
continuous component of the matrix measure, and the Uvarov matrix transformation only
affects the singular part, the following result is immediate.

Proposition 4.1.6. If o € S, then oy, € S.

A straightforward consequence of Theorem and the above proposition is that if
Hf} . is not a unitary matrix, neither is H{;L.

4.1.3.2 Christoffel matrix transformation
Now, we consider the Christoffel matrix transformation defined as with m =1
doo(z) = W(2)do ()W ()",
where W(z) = zI — A with A € M;. The corresponding left sesquilinear form is
(@) Lo = PAW(2),4(W ()10, Pq € P[], (4.18)

Proceeding as in the Proposition [3.2.2] we get the following proposition that establishes a
connection formula for these matrix polynomials.

Proposition 4.1.7. For all z such that W(z) = 1z — A is non-singular, the sequence of
matriz polynomials (CL(z) = kKLz" + .- )>0 defined by

Cr ()W (2) = Rk [0man (2) — o (A Ky (A, A) K (2, A) (4.19)
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s orthonormal with respect to the sesquilinear form . Furthermore,

il (R ?)" = 8L = 8L+ @L (A K, E(4, D] (4), (4.20)

n n n

s a positive definite matrix for n > 1.

From (4.19)), we have
Cr (W (2) = Rkt [na(z Z%H H(A, A (k2]

that can be written as

CL(2)W(z) = elpl(2), (4.21)
where CF(2) = [CF(2)T,CE(2)T,...,CE(2)T,..]T, and
R (Rf) ™ if k=mn+1,
(€)= —RE(E )Tk (A KTE(A At (4), 0 <k <n,
Lemma 4.1.8. Forn > 1,
H -1
(Riwhy) Rhrohy = [T+ ek (K H(A, el ()] (4.22)

In particular, if goﬁH(A) is non-singular

H
(Rhwty) Rty = o (DK E(A AKEA, A)pry(4). (4.23)

Proof. From (1.61)) and (4.20]), we have

o ~_INH H
“£+1“nL (“rLL+1“nL) = ”£+1(Sn+1 + (I)n+l(A) (A A)® n+1(A)) (’454—1)
L,H
=1 + (pn—‘rl(A) n (A7 A)(pn-i-l(A)?
which is equivalent to (4.22)). In particular, from (4.22)) we obtain

oN\NT _ LH -1
(Rhwty) Ry = [T gl (VK (A, )l ()]

= [k (KA, A) (KEAA) + ob Ak () et (4)]
= PEa (KR (A AKHA, Aprh (4)
which is . O

Proposition 4.1.9. The block Hessenberg matriz €& satisfies CL¢LH =1, and

L,H yL

ZR

=0 — [(RE_ ™) B PR (A KL (A4, 4) — pE(A)A(4)] 0] (4),
(4.24)
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where
Z K (A, A Sok—&-l(A)(’%éﬂlzfl)Hgéﬁlz—fﬁOﬁ—H(A)KIC_L(Av A).

In particular, if 0% (A) is non-singular for n > 0, then
ebHel =1 — ol (AL (A)pl T (A). (4.25)

Proof. The first statement can be proved as in Proposition On the other hand, for
n >0,

(@H) (0 (@)™ = (RE_ kYT RL k4 (A AL (Al (A).  (4.26)
From [22), 0 =1~ (Rk_y, ") " RE_ iyt (T+ @R (K (A, A)pre™ (4)) , and thus

. _gnH . _ . N _ _
(HrLLfanL) ’folf‘ﬁ L=1- (HLfl"QnL) "95 1k L‘Pﬁ(A)Kn—Ll(AyA)SOq%’H(A)

n

Substituting in (4.26)) and rearranging,
(€8 (€)™ = T ((RE_yn ™)
Moreover, for 0 < j < n,

(€M) (€)= — ((RE_k )™ RE_ mn bl (A K (A, 4) - ¢£<A>An<A>,) ey (A,

Thus, we have proved ([4.24). If pZ(A) is non-singular for n > 0, from and -

we get

(@) (€)™ = o (A) K H (A AV K1 (A, Ay H(4)

+on(4 (ZK A (e (A K (A, A)) ot (A).

Since
KiMAA) — K (A A) = K 7H(A A (KE (A A) — KE(AA)KCE (AL A)
T LH I (4.27)
=K, (4, A)‘Pk’+1 (A)(karl(A) k+1(A A),

we obtain

(@) ) (€)1 = QL (A)K (A, A)K 1 (A, A)p, B (A)
+ o (A) <Z K,;L(A,A) k+1(A A)) e (A).
k=n

Notice that

T— (A (A, A (4) =
PEAVK (A, AVKE (A, A)prH(A) + ok (A) (K H(A, A) = K h (A, 4)) b (4)
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and thus

(@) (€)™ =T = ol (A) K1 (A, A (4)

+ o5 (A) ( Y KA A) - Kk_-fl(AvA)) er(A)
k=n+1
=1 op (AL (A)er(A).
Moreover, for 0 < j < n,
(€M) oy (€M) = = (1w MY RE_ kg b on (A K (A, Al ™ (A)+l (A)An(A)p) T (A).

n—1
From (4.23)) and (4.27) we get

(€5 4y (€MD = g(4) (—K;L(A, A) + i K M(AA) - K (4, A)) o (4)
k=n

= —ph(ANL (Al (A),

e}

so (4.25) follows. O

Additional properties of €% can be easily deduced in the case when A is a diagonal
(constant) matrix.

Corollary 4.1.10. If A = (I with |¢| > 1, then

elelt =1 and €2l =1 — " (ONL (O™ (C).

The proof of the next result is analogous to the one given in [156] (Theorem 2.2.1),
taking {(z,() = (1 + 2¢("")L

Proposition 4.1.11. Let ¢ be an [ x I Hermitian matrix measure supported on the unit

circle.
1. If|¢| > 1, then AL (¢) = 0.
2. If[¢] = 1, then A5, (C) = o({C)).

As a consequence, we conclude that if |¢| > 1, then ¢’ is a unitary matrix. Moreover,
if |¢| = 1 and o({¢}) = 0, then ¢’ is also a unitary matrix. Notice that in the general
case A € M, to determine whether €% is a unitary matrix or not becomes considerably
more difficult. This case will be analyzed in a future contribution.

Let Lyc and Her be, respectively, the change of basis matrix and the block Hessenberg
matrix such that
Ly _ 1L oL
14 (Z) - L(pCC (Z)’ (428)

2Cl(2) = HooCl(2). (4.29)

Moreover, if A commutes with L for all n > 0, we have that ¢%(2)A = Ap*(2), where A
is a block diagonal matrix with A in the diagonal.
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Proposition 4.1.12. If A commutes with ¢~ for all n > 0, then

Ll = (H,o — A)eh, (4.30)

and
Her — A = ¢"LL. (4.31)

Proof. From (#.28)), we have C*(z) = L;wa(z). Multiplying on the right by zI— A, taking
into account that A commutes with ¢’ (z), and using (#.4) and (#.21]), we get
Chol(2) = Log (Hyr — A)p"(2).

As a consequence, €L = L;CL (Hyo — A), and using elelH =1, we obtain (4.30). On
the other hand, substituting (4.28) and (4.29) in (4.21]) we obtain

(Her — A)CH(2) = ¢"LEeCH(2),
and thus (4.31)) follows. O
Corollary 4.1.13. If A = (I with ( € C, then
Ll = (Hy — (L)™', and Her — (oo = ¢ L.

Note that the previous proposition extends to the matrix case the result given in [45].
Finally, from Lemma we deduce that if o € S, then o, € S.

An interesting open problem is to consider the relation between the CMV block ma-
trices associated with these transformations. We will analyze this problem in a future
contribution. In the scalar case, this has been studied in [25].

4.1.4 A block factorization for block Hessenberg matrices

In this section, we use the ideas in [4] (for the scalar case) to obtain a factorization of
(Hyz)n € M(ny1yi, the truncated block Hessenberg matrix defined as in (4.5)). Denote by
© € My the unitary matrix (see [I58], Section 4)

H L
O(a) = [ aR fa ], with @ € M;, p* = VI —afla and p? = VI—aafl. (4.32)

p

Set én(ak) =I5 ® O(ay) & I(—k—1), where @ is the direct sum, and define Iy & B =
B & Iy = B for any matrix B € M;. Notice that

H H
Qg :IO@QOa

—~
==
©
&~
~—
o
Il

(0= g o | ©0) =10 ot 0 Ofao) o 1) = 1 af6 ao).

! I O(ayp)
o= o ][ o ][ 1]
= Iy @ o&'][L; & O(a1) & Io][Io & O(ag) B L] = [Ty B of |02(a1)O2(cxg).

Thus, the following proposition follows using induction on n.
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Proposition 4.1.14. For n > 0, we have

n—1

(Hye)n = [T @ ] T] Onlen-1-r)- (4.33)
k=0
Furthermore, when n — oo,
HwL = nhﬁnolo H énﬂ(an,k). (4.34)
k=0

In the scalar case, the above factorization is known as the AGR factorization of the
GGT matrices, due to Ammar, Gragg, and Reichel (see [4]). Two additional proofs appear
in [I58] (Section 10). Moreover, as in the scalar case, the above proposition can be
used to show that every unitary block matrix has a factorization without recourse to
orthogonal polynomials (see [I58] Theorem 10.3). Another immediate consequence of the
above proposition is the following well-known result of the theory of orthogonal matrix
polynomials.

Corollary 4.1.15. All the zeros of pk(z) lie in D.

Proof. Tt is well-known that the zeros of ¢l are the eigenvalues of (Hyr )n—1 (see Subsection
3.1.4)) Therefore, from (4.33]) and taking into account that ©(«) is a unitary matrix, we
have

(ngL)nfl(HgL)nfl =141 @ ol o,y

As a consequence, we can write

H _ | Om—1y
(H@L)n—l(HwL)n—l - Inl = ( ) a{f,lanq 1l (4.35)
Since ol ja,—1 < I, we conclude that all the eigenvalues of (Hyr)n—1 lie in D. O

Notice that taking n — oo in (4.35]), we obtain another proof of (4.8). On the other
hand, from (4.13]) and (4.34]) we obtain the following factorization of the block Hessenberg

matrix associated with the Uvarov matrix transformation

HuL == LZBSD

n
s TT 6o it
k=0

In a similar way, for the Christoffel matrix transformation , from (4.30), (4.31) and (4.34)),
we get

H én—l—l(anfk) —A Q:LyH-

k=0

Her — A = ¢F

lim
n—oo

Notice that if A = (I, with ¢ € C and taking into account that ¢X¢XH =1 we obtain

n

Her = ¢t Tim @n+1(an_k)] ¢hH,
L k=0
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4.2 CMYV block matrices for symmetric matrix measures on
the unit circle

4.2.1 Introduction

The block Hessenberg matrix representation has two limitations. In particular, the matrix
is not always unitary. Indeed, it is unitary if and only if the associated measure does
not belong to the Szegé matrix class (see [48, [76]). Also, it has the disadvantage of
having rows with an infinite number non-zero block entries. This represents an important
constraint in the applications. Moreover, its complicated structure yields some difficulties
in the study of spectral theory [100]. A more convenient representation is given by the
so-called block CMV matrix. This matrix is always unitary and their entries are given
in terms of the Verblunsky matrix coefficients. The block CMV matrix comes from the
representation of the multiplication operator in the linear space of Laurent polynomials,
when a suitable orthonormal basis related to the matrix orthogonal polynomials is chosen.
These matrices play a similar role among unitary matrices than block Jacobi matrices
among all Hermitian matrices (see [I16]). Moreover, they give a spectral interpretation
for the zeros of orthogonal polynomials that is much simpler than the one given by the
block Hessenberg matrix, according to its special structure (see [42], Theorem 3.10). The
name comes from the initials CMV (Cantero, Moral and Velazquez, [20]), although it had
appeared before in several places (see the discussion in [I58] [170]). Recently, CMV block
matrices have been used in the study of Toda type integrable systems [6] and quantum
random walks [24]. In the later, the authors show how the theory of CMV block matrices
gives a natural tool to study these processes and give results that are analogous to those
that Karlin and McGregor developed in the study of (classical) birth-and-death processes
using orthogonal polynomials on the real line [I15]. CMV block matrices have also been
used to describe the solutions to the Schur interpolation problem of certain operator-valued
functions in the unit disc [§], in the study of conservative discrete time-invariant systems
[7], and in the development of algorithms for Hessenberg reduction of structured matrices
[90], by using a block Lanczos-type procedure. This indicates that, as in the scalar case,
CMYV block matrices are strongly related with the study of block Krylov methods. For a
recent treatment of these methods for Hermitian positive-definite matrices, we refer the
reader to [14].

4.2.2 CMYV block matrices

For k > 0 we define the CMV basis by

_ L,* _

sz(z) = Zz k§02]¢ (Z), X2k—1(2) =z k+1902Rk—1(Z),
— — L,*

Top(z) = 2 k@gk(z)v Top-1(2) = 2 k¢2é—1(2)-

The sequences (xx(2))k>0 and (zx(2))x>0 are orthonormal (see [42], Proposition 3.20), i.e.

<Xk7 Xn)R,o = <$k7 xn)R,a = 5k,nI

By using the above basis, the matrix representation of the multiplication operator f(z) —
zf(z) is given by a five-diagonal block matrix called the CMV matrix (see [42], Section
3.11). It is given in terms of the Verblunsky matrix coefficients, and has the following
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factorization

C= C(ag,al, i ) = ,CM,

where £ = O(ap) O (a2) ®O(aq)®--- and M =I1d0(a1) BO(a3)®-- - , are tridiagonal
block matrices. In other words, the CMV matrix is given by

[af  pgel’  phpt 0O 0 ]
“ —o;}]aé{ —agpf LO H LO L
0 ayp’ —ayon prog P2P3
C=LM=1 0 phplt  —pla —od!l —agpf
0 0 0 affplt —allag

Notice that C is unitary since ©(cy,) is unitary (see [158], Section 4.) for every n > 0.

4.2.3 CMYV Matrices for symmetric matrix measures

Let 0 be a symmetric matrix measure on the unit circle as the Section [I.5] Symmetric
matrix measures supported on the unit circle frequently appear in the study of quan-
tum random walks. For instance, the matrix measure associated with the well-known

Hadamard quantum random walk with constant coin H = % [ 1 _11 } and local tran-
sition is
1 v 1+ cos26 +1 do
do(0) =

\/ﬁ +1 1+cos20 | 21’

T T 3T 5w

supported in [—%, T] U [5F, 5] (see [24], Section 8).

Symmetric matrix measures can be characterized in terms of the corresponding
Verblunsky matrix coefficients as follows.

Theorem 4.2.1. ([42], Lemma 4.1) The Hermitian matriz measure o is symmetric if and
only if all Verblunsky matrix coefficients oy, are Hermitian matrices.

When the Verblunsky coefficients are Hermitian matrices (real numbers in the scalar
case) as noted in Section there exists an observation due to Szegd called the matrix
Szegé transformation. Moreover, Theorem showed a relation between the CMV
matrix and the Jacobi matrix J.

In what follows, we assume o and G are positive definite symmetric matrix measures
supported on T. Therefore, the corresponding Verblunsky matrix coefficients (ay,)n>0 and
(G )n>0 are Hermitian matrices. When o is a symmetric matrix measure, the associated
MOPUC satisfy some interesting properties. The following lemma states some of them.

Lemma 4.2.2. Assume that kI and k% are positive definite. Then, for all n >0,

Proof. For 0 < k < n, there exist matrices A\, ; € M;, such that gof(z) = /{kRzk +
k—1 "]
ijo Ak,j2.
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1. From the orthogonality, we have
k-1 H

A 4D Aege | do(0)pr(e”)
§=0

™

Ifsn,k = <30II§7 90§>R,U - /

—T

n k—1 n—1
= / (ﬁf)He_Zke + Z Agje_lje da(@)g@f /ﬁ;ﬁeme + Z )\n,pe’pe
p=0

- =
On the other hand, setting 6 — —6, we get

n—1

- k—1
L6,k = / ()™ + 3" ML | do(9) | wle ™ + 37 Ay pe P
T j=0 p=0

H
™ k-1 n—1
= [ [t AL ) do (o) [ (el e 4 37 A
—T §=0 p=0

k—1 n—1
= < (ki8NG ()T ) Aanzp> — (W OE) L
7=0 p=0

L,o

where ¥ (z) = (kE)H2F + Z;:é )\kszj. Since (pf, oLy, = 16, and kL > 0, there is
uniqueness and therefore 1% (z) = ¢L(z). Comparing coefficients, we get k2 = (k)H.
Moreover, from (T.61]) we obtain SE = SZ.

2. We have (¢?(2)) = ¢L(2) and since we know ¥ (2) = pL(z) from the previous item,
the result follows.

3. Since o is symmetric, we have o/ = a,. The result follows from (1.38)) and (T.39). O

In the remaining of this section, we will show that the matrices ©(a,,) and O(a,) are
unitarily similar whenever the corresponding measure matrices are symmetric. Moreover,
we show an explicit formula for the unitary matrices of the similarity relation. Analogous
results for the scalar case have been studied in [139].

Proposition 4.2.3. For n > 0, there exist unitary matrices =, € Mo such that

O(ay) = Z,0(a,)=H. (4.36)

n

Proof. Since o is symmetric, we have o = a, and thus ©(a,) is an Hermitian and

unitary matrix. As a consequence, its eigenvalues are in T and are real. This is, they are
necessarily £1. Moreover, since the trace of ©(a,,) is zero, we deduce that each eigenvalue
has algebraic multiplicity I, since the sum of the eigenvalues equals the trace of matrix
(see [19], Section 4.3). On the other hand, since ©(c,) is a normal matrix, then by the
Spectral Theorem for normal matrices (see [109], Theorem 2.5.3) there exists a unitary
matrix Ug, € Mg, and a diagonal matrix Dg, € My, containing the eigenvalues of
O(ay,), such that

O(an) = Us, Do, UE | (4.37)
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where we have arranged the eigenvalues ©(ay,) in such a way that Dg, = [I & (-I)].
Similarly, for & we have

O(an) = Ug, Dg UY =Ug T (-D]US . (4.38)
Since De,, = Dg , from 1} and 1' we have Ugn@(an)U@n = Ug O(an)Ug, , and,

as a consequence, O(ay,) = Ug, U gﬂ@(dn)(U@n Ugn)H . Therefore, taking

En =Uo, U} (4.39)

)
n

the result follows. OJ

Notice that is a change of basis matrix between two orthonormal basis. On
the other hand, since the matrices (an)n>0 are Hermitian, then for all n > 0, we have
0 < a% = a,lfoan < I, and therefore 0 < I + o, < 2I. Also, we have 0 < I — «,. Since
I+ «a, and I — a, are positive definite matrices, they have unique square roots (see [109],
Theorem 7.2.6) /I + oy, and /I — a,, respectively, that are also positive definite. Thus,
we can define the unitary block matrices

i VIta, VI-a, cM L VIta, VI-a, c M
V2 VI—an —VIta, V2| VI—a VIt a, o

Proposition 4.2.4. The unitary matrix =, defined in has the form

- 1 Tn,0,0 T Tn11l  Tn0,1 — Tnl,0
2o, &) = = ” ” o ” e M 4.40
n( n n) 2 |: _(7771,0,1 _ 7Tn,1,0> Tn.00 + Tn11 215 ( )

with

Taig = /T (~ )i /T4 (~1)id, € My, i,j=0,1. (4.41)
Proof. Notice that ©(«,,) can be written as

e e Jeeen (G e es )

and then from (4.37) we can take

Vo, — 1 {\/Han VI—ay ]

\ﬁ VI—a, —VI+a,
In a similar way, from (4.38) we get

1 [VIta, VI-a,
n:ﬂ[\/I—dn —\/I+6¢n]'

Thus, according to (4.39) we have

S| iy = | o =

and multiplying and using (4.41)), (4.40) follows. O
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Since we know the relation between ©(ay) and ©(ay), it is possible to deduce the
relation between the corresponding CMV block matrices C and C.

Theorem 4.2.5. Let Clag,a1,...) = LM and C(&g,ay,...) = LM. Then, there exist
unitary matrices W and V' such that

C=wcey, (4.42)
where
W=WoaWieWeasWsp---, V=IaVopVieVeod -, (4.43)
with Wy, Vy, € Moy given by
Wn = Ei@(azn)agn@(agn)h’, Vn = 6(0&2n+1)H5i+1@(a2n+1)52n+1. (4.44)

Proof. Let C = LM = LLCM ' M. Defining W = ZL and V = MM, we have
W = (6(do) ® O(a2) ® O(au) ® -+ )(O(ap) ® Oaz) ® O(au) ®---) !
= @(do)@(ao)fl D @(dg)@(az)il @ @(d4)®(a4)*1 .-,

and thus, defining W,, = O(d2,)O(,) ™' = O(a2,)O(2,) for n > 0, from ([4.36) we
get ZH0O(a,)Z, = O(ay), and substituting in W,, we obtain the first equation of (4.44)).
In a similar way,

V=I130(0)®0(a3)® - ) ' I®O(a1) ®O(a3)® )
=1®0(a1) '0(@) ©O(az) 'O(az) & - -,

and defining V,, = O(ag,11) 'O(G2n11) = O(a2nt1)?O(G2,11) for n > 0, again from

(4.36]) we get the second equation of (4.44]). O

Notice that C = WCV defines an equivalence relation on the set A of CMV block
matrices associated with symmetric matrix measures.

4.2.4 Verblunsky matrix coefficients associated with transformations of
the matrix measure

In this subsection, we will consider the effect that some transformations on the matrix
measure have on the corresponding Verblunsky matrix coefficients. For all p, ¢ € P! 2], we
define the following (right) sesquilinear forms:

1. Christoffel transformation

(P, Q) Ro. = W(2)p, W(2)a) R0 (4.45)
where W (z) = (21 — A) € M; and z is not an eigenvalue of A.

2. Uvarov transformation with one mass point

D, D) Roow = (P @) R0 + P(C)TMg(C), (4.46)

where M € M, is a positive definite matrix and ¢ € T.
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3. Uvarov transformation with two mass points

P, D Ro, = (0, Q0o + (¢ TMg(C) + p(Q)"MTq((T), (4.47)

where M € M; and ¢ € C\ {T,0}.

Notice that, since ¢ is a Hermitian symmetric matrix measure, it follows that the sesqui-
linear forms associated with both Uvarov transformations are also symmetric. The same
is true for the sesquilinear form associated with the Christoffel transformation if we take
W(0) = cos I — A.

Let (CfH(2) = ficnz™ + - nz0, (Ug(2) = unz™ + - Jnzo and (V;[/(2) = kpnz" +
-+ )n>0 be, respectively, the sequences of monic MOPUC associated with the sesquilineal
forms (4.45)), (4.46) and (4.47).

For the Christoffel matrix transformation, from the Proposition with m =1, we
have that

-1

CR) = W(2) ! [B1(2) ~ KA, 2) (KR4, )] 0f ()], (448)

and
SE = (ko k[t = SE + ol () [KE(A,4)]) " 0f, (), (4.49)

cn

For the Uvarov transformation with one mass point, from the Proposition with
m = 1, we have that

UE(z) = ®F(z) - KE (¢, 2)M [T+ KE (¢, oM] " @7((), (4.50)

and
SE = (ky B B = SE L oBH(OM [T+ KE (¢, )M] ™ 05(¢),

un

is a positive definite matrix for n > 1.

Finally, we show the connection formula for the Uvarov transformation with
two mass points. We define K& ((C,2) = [K[ (¢,2), KR (CT2)], FEQ) =

[@2(()T, ®B(¢~1)T)" and M := [ 13[ N(I)H ] :

Proposition 4.2.6. The sequence of monic matriz polynomials (V,¥(2))n>0 is orthogonal
with respect to the sesquilinear form (4.47)) if and only if the matriz

R ooa_ [T+ KR (C 1,<> (CC)MH
A ”‘[KR M 1 R M }

1s non-singular for n > 1. Furthermore,

V() = 8l(2) ~ Ky (C M AL ()] FEQ, (451)
and _1
SR = () Tyt = SE+FRA M AR (O] FRQO). (4.52)
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Proof. Assume that (V.E(z2)),>0 is the sequence of monic MOPUC with respect to (4.47)).
We can write

n—1
Vil(z) = 0(2) + ) B ()M, (4.53)
k=0
where the coeflicients )\fk are given, for 0 < k <n —1, by
N = =SB (@ (CHMVE(Q) + o OMIVECT).

Substituting this expression in (4.53)), we obtain

—

Vif(z) = ®7(2) — K1 (¢ MVE(Q), (4.54)

where VE(() := [VnR(C)T,Vf(f_I)T}T. Setting z = ¢ and z = (~! in and re-
arranging, we get AR | (O)VE(() = FE((). The uniqueness of V,F(z) and ®F(z) implies
that AZ | (¢) is a nonsingular matrix for n > 1. Thus VE({) = (Afﬁﬂf)) - FE({), and
therefore from we get .

Conversely, define (V,f(2)),>0 as in (£.5I). Let 0 < k < n, and notice that from ,

we have
(2= O LV e = (= LV e+ (€= 0F) Moo WED. ass)

First, for 0 < k <n — 1, using (1.65)) and (4.54) we get

—

(o= 0LV o = - | (€ =) o] w0

and thus, substituting on (4.55)), we get ((z — )L, V,(2)) g, = 0, so that (V,(2))n>0 is
orthogonal with respect to (4.47). For k = n, using (4.54)),

(= "LV ro = SF = (= O"LKI,(C2))  MVE(Q).  (456)

Since K (¢,2) = KR(G2) — of(2)en() and KE ((712) = KF(™Y2) -
@ﬁ(z)gof’H(gt_l) and using we get
(-QLKEL(C2) = [0.(C" -] -FF(O),

R,o

and, as a consequence, from (|4.56))

— —

n e n\H o
(2= O"LVPpe = S = [((C1 = ") M, 0] VEQ) + FRI OMVEQ).
Substituting this expression in (4.55) with k& = n, we get (4.52)). O

By using (|1.1)), the inverse of {\7}3—1,(5)7 can be computed with A = I+KE (¢CTL M,
B=K! (¢, OMA, C=KE (CCL, (Y M and D =1+ K (¢, (Y MA.

n

As a consequence, the perturbed matrix polynomials evaluated at z = 0 are deduced
in the following proposition. An analogous result for the scalar case can be found in [88].
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Proposition 4.2.7. Forn > 1, we have:

L CR(O) = AR (A)BR,,(0) + B, (4), (457)

2.U(0) = Aﬁn_ﬁo@%w) +BL,1(0), (4.58)
3. V,H0) = Al 1 (Q20) + B, (0), (4.59)
with
AR (A) = A7 (ST ol () [KR(A,A)] 7 eke(4) ~ 1] w60
BE,(A) = A7 (SE) el ()T [KE(A, 4)] 7 A0l (4),
Al (©) =1 (5707 0O M I+ KL GOM @00,
B, () = ~C(SE) IRl (OPM [T+ K2 (¢,OM] ' @f 1 (0),
A1 (0) = T— (S FE (MM AL, )] FE (), o
BY1(0) = () FE QMM AR )] e MR (). |
Proof.

1. From (1.58) K(A,0) = (SL)~1®5*(A)H  and setting z = 0 in (4.48), we have CE(0) =
—A [<1>§+1(0) — (SB)T@L* (A)H [KR(A, A)] 7 <I>§+1(A)}. Since using (1.41) we have
O | (A) = ADE(A)+ @,Ll’*(A)CI)ﬁH(O), substituting and considering (4.60)), we get (4.57).

2. Since, from (|1.58]), we have

KR (¢,0) = (SE_)~telr (0, (4.63)
setting z = 0 in we get,
UR(0) = d2(0) — (SE_y) ' L™ (OFM [T+ K2 (¢, )M 9E(¢). (4.64)

From (L.41), ®(¢) = (O | (¢) + ®L*,()®F(0), and substituting in (4.64) and taking
into account (4.61)), (4.58)) follows.

3. From 1’ we have Kf}fl(f, 0) = (Sﬁfl)_lFﬁfl(C_’)H. Thus, setting z = 0 in (4.51)),
- 711 - -
we get, VA(0) = ®8(0) — (S ,) L (M [AR ()] FR(Q). From (La1), FA(Q) =

—

[(I@ngI]IFE_l(C)—l—Ff{fﬂf)@ff(O), so that substituting and using (4.62), we get (4.59). [

According to (1.38)), the sequences of Verblunsky matrix coefficients associated with
the previous transformations will be denoted by (acn)n>0, (Qun)n>0 and (own)n>0,

where acn = —(s,)CEL (07 (50) 7Y aun = —(k)TUTL (07 (k7,)"! and
Oy = —(ﬁﬁn)HVnil(O)H(liin)_l. If we assume that these matrices are Hermitian, then

it is possible to give expressions for the entries of the corresponding unitary matrices
En(ap, &y,) defined in with &, = ag, (k= c,u,v). In this way, we can relate the
matrices O () and O(oy ) using and obtain the relation between the correspon-
ding CMV block matrices.
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4.2.5 A CMYV block matrix associated with two sequences of Verblunsky
coeflicients

In this section, from two known sequences of Verblunsky matrix coeflicients, we construct
a new one, and we show the relation between the corresponding CMV block matrices.
Verblunsky’s Theorem [1.4.2| guarantees the existence of the corresponding matrix measure,
that can be approximated by using the Bernstein-Szegé approximation theorem (Theorem
3.11 of [42]).

Let (an)n>0, (Gn)n>0 be two sequences of Verblunsky matrix coefficients associated
with the positive definite matrix measures o, &, respectively, supported on T, with corres-
ponding CMV block matrices C = LM, C = LM.

We define a new sequence of Verblunsky matrix coeflicients (o )n>0 by combining
k > 1 elements of (a,)n>0 and k elements of (&, )n>0, in the following way

[ an, ne{0, k—1,2k - 3k — 1,4k, - 5k—1,---},
Wn =\ Gp, nefk,o-,2k—1,3k - 4k —1,5k, - ,6k—1,-- }.

As a consequence, the matrices © are given by

Oap,) = { Oon)s € {0 k12K o Bk — 1k, 5k =1,
Wn) = 1 O(an), ne k- ,2k—1,3k - 4k — 1,5k 6k—1,--}.

For instance, for k = 1, the Verblunsky matrix coefficients and the © matrices are

_ ap, niseven, _ O(ay), n is even,
Oél,n_ { OAén, ’niS Odd, 9 @(a17n) - { @(dn), niS Odd

Let Cy, = Cr(au0, 0tk 1, - - .) = LMy, be the associated CMV block matrix. The case k = 1
becomes

Ci=LiM; =(O(a19) ®O(a2) ®O(v14) B+ )T B O(a11) ®O(a3)®---)
= (0(ap) ®O(a2) ®O(as) & -+ )(I&O(a1) ®O(a3) B --+)
= LM =C(LM)7IC.

In particular, if &, = 0 for every n > 1, we have

61=<@<ao>@@<a2>@@<a4>@--->(1@{‘I’ H@[‘; g]@..-).

In general, the expression for the CMV block matrix Cj, is given in the following result.

Proposition 4.2.8. The CMV block matrixz Cy, for k > 1 is given by

1. If k is a positive even number

Cr = LPFQ* M, (4.65)
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where P¥ = Py P ® Py ® -+, and Q° =10 Q1 ® Q3 - - -, with unitary matrices

P { O(an)?O(4y), ne€{k k+2,...,2k—2} +2mk, m >0,

" Iy, ne{0,2,....k—2}+2mk, m>0.
O = O(an)O(an)H, ne{l,3,....k—1} +2mk, m >0,
n= I, ne{k+1,k+3,...,2k—1} +2mk, m > 0.

2. If k > 1 is a positive odd number, Cy, is as in with unitary matrices

P O(an)HO(4y), ne{k+1,k+3,...,2k —2} +2mk, m >0,
" I, ne{0,2,....k—1} +2mk, m > 0.

O, = O(an)O (), nec{l,3,....k—2} +2mk, m>0,
" Iy, nef{kk+2,...,2k—1}+2mk, m > 0.

Proof. Assume k is a positive even number. Then, we have

Cr = LMy = (O(ak0) ® O(ak2) ® O(ags) ® - )(ITH O(ag1) ® O(aks) ®---)
= (0(a0) D O(a2) ® -+ @ O(v—2) ®O(k) B -+ )T D O(a1) B O(az) - --
® O(ag-1) ®O(Gkt1) @+ +)
= LIy &Iy & &1y & O(ar) '0(&r) & O(ary) 'O(Gkr2) & - &
O(ag—2) 'O(G2—2) DIy @ -+ )T D O(1)O(d1) ' @+ ® O(v—1)
O 1) ' BTy @ - &Iy ® Oagk,1)O(Agpr1) ' & - )M,

which is 1' The odd case can be proved in a similar way. P* and Q¥ are unitary
because O(ay,) and ©(d&,) are unitary matrices for n > 0. O

Notice that limy_, Cp = LM. Furthermore, if (ay)n>0 and (& )n>0 are Hermitian
Verblunsky matrix coefficients, then (o, )n>0 has also Hermitian elements for all £ > 1.
According to Theorem there exist unitary matrices Wy, Wk, V}. and Vk such that
Cr = WiCVy, and C, = W,.CVi.. Therefore we have C = WCV, where W = W,fWk and
V=V, VI
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CHAPTER 5

On the Szego6 transformation for some spectral
transformations of matrix measures

Summary

In this chapter, we deduce conditions such that the Uvarov, Christoffel and Geronimus ma-
trix transformations applied to a matrix measure supported on the real line, are preserved
under the matrix Szegé transformation. In the scalar case, these transformations have
been studied (in both the real line and unit circle cases) on [20] 45}, 88| 132}, 139] 134}, [179]
among others, and the analysis under the Szegé transformation has been developed in
[87, [148].

5.1 Introduction

We aim to study some spectral transformations of matrix measures on the real line under
the effect of the Szegd transformation. Namely, consider a normalized positive semi-
definite matrix measure p supported on [—1,1]. As noted in the Section © has an
associated (symmetric, positive semi-definite) matrix measure o, supported on the unit
circle, which is the result of applying the matrix Szeg6 transformation to p. The ap-
plication of the Uvarov, Christoffel and Geronimus spectral transformations to u yields
another matrix measure, say i, supported on [—1,1]. Of course, the application of the
Szegd transformation to i will result in a matrix measure & supported on the unit circle.
We will determine conditions on the parameters of the Uvarov, Christoffel, and Geron-
imus transformations in such a way that & is the corresponding spectral transformation of
0. The main tool will be the relation between the corresponding matrix-valued Stieltjes
and Carathéodory functions given in Theorem We will consider the aforemen-
tioned transformations because, in the scalar case (see [I79]), a finite composition of the
Christoffel and Geronimus transformations can be used to construct any perturbation of
the Stieltjes function of the form

S(z) = , (5.1)
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where A, B,C are arbitrary polynomials such that S (z) is also a Stieltjes function. In
other words, they generate perturbations of the form . In particular, the Uvarov
transformation can be obtained by applying a Christoffel transformation followed by a
Geronimus transformation.

In this chapter S and F' will be the matrix-valued Stieltjes and Carathéodory functions
defined in ([1.18]) and ((1.69) associated with pu and o, that are normalized positive semi-
definite matrix measures supported on [—1, 1] and T, respectively.

5.2 Uvarov matrix transformation

The Uvarov matrix transformations of u and o are defined as

djia () = dp(x) + M, 3(x — B),

doy(2) = do(z) + Mod(z — a) + MI§(z —a™1), (5:2)

with M, € M; an Hermitian matrix, M. € M;, 5 € R, « € C\ {0} and ¢ is the Dirac
matrix measure.

In order to relate both Uvarov transformations through the matrix Szegé transforma-
tion, we need them to be normalized and at least Hermitian. Assume I + M, € M; and
I+ M.+ Mf € M, are nonsingular. Then, Theorem m guarantees the existence of
matrices R, € M; and T,, € M; such that

Ry =+I+M, and T, = \/T+ M, + MZ. (5.3)

Moreover, since I + M, and I 4+ M, + Mf are Hermitian matrices, then R, and T, are
also Hermitian matrices. Therefore, the normalized Uvarov transformations of the matrix
measures 1 and o are defined as

dptuy (v) = Ry dpu(2) Ry = Ry [dp(x) +M,0(x — B)] Ry,
douy (2) = T, doy (2) T, = T, [do(2) + Med(z — a) + MPs(z —a™ )] T,

u u

(5.4)

Let (pu)n>0 and (c¥)nez be the sequences of matrix moments associated with the nor-
malized matrix measures respectively. The matrix-valued Stieltjes and Carathéodory
functions associated with the Uvarov transformation are deduced in the following result,
that is a generalization from the scalar case given in [132].

Proposition 5.2.1. Let S, and F, be the matriz-valued Stieltjes and Carathéodory func-
tions associated with the normalized Hermitian matriz measures (i, and oy, , as defined

m . Then,
Su(x) = R [S(z) + M, (z — B) ' R, (5.5)

U

Fu(2) =T,  |F(2) + (M + M)

1
(z —a)(az—1) (5.6)

(1= faf?) (Me = M) 2 — & (M, + M) 2)] T,
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Proof. From (5.4), we get for n € N

1
i = / 2" R, [du(e) + Myo(a = B)R," = Ry [ + M S| R,

Thus,
- 1 u —1 - 1 - 1 n —1
Sulw) =Y g =R DD g+ My Y 57| R,
n=0 n=0 n=0
=R, |S(z) + M, li L)' || m

with |8| < |z| in order to guarantee the convergence of the series. As a consequence,

RuSu(z)Ry = S(z) + M,

1 1\

—(1-= =9 M, (z — )"
L (1-39) ] () + My (= B),
which is (5.5)). On the other hand, from (5.4)), we get for n € Z

u

™
= / e M doyy (0) = T, [eon+ 0 "M+ a"MH] T,

—Tr
Thus,
o0
Fuz) = T+2) 2" =T, ' [I+Mc.+M]T,"
n=1
(e.0)

Z(c_n + o "M, + a"MHT) "

n=1

-1
T, ",

o1 H

that can be arranged as

(o)
TuFu(2)Ty =T+ M.+ M +2) [e_p + a7"M, + a"M/]2"

n=1

oo
=F(z) + I+2Z(a‘1z)” M., +
n=1

I+2 Z(dz)"] M,
n=1

Notice that, for convergence purposes, we need |a~'z| < 1 and |az| < 1, so that if |a] < 1
the region of convergence is |z| < |«|. In this disc we have

a—+z 14+ az
+ M=
o —z 1—az

which is (5.6)). O

T.F.(2)T, = F(z) + M,

Now, let us determine the matrix-valued Carathéodory function Fj associated with
the normalized matrix measure doy = Sz(dp,,, ), i.e. the matrix Szegd transformation of
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fuy - From (1.97) and (5.5)), we have

2z B o] 22 z+ 271 - 1
T z2F1(Z) = Su(z) = R, 12 Z2F(z) + M, ( 5~ 5) R,
2z 2z

-1 -1

_ _“ M, (-2 .

R, [1—22 (2) + <22—225+1>] R,

Thus, we get
1— 22

F =R '|F M, | ———— ~1 .
0 =mt [P (ot )| m 5.7

If we assume F,(z) = F1(z), then from Proposition|l.4.10|0,, = o1 and doy,,, = Sz(dp, ).
Moreover, comparing the coefficients of z in (5.6) and (5.7]) we get

(1~ lof?) (M = M) = 0.
We can consider the following two cases:

1. If |a| # 1, then M, is a Hermitian matrix, and F,(z) becomes

Fu(z) =T, [F(z) 1 2M. <(z _O‘a;(gf_ 1))} 71,

Comparing with Fy(z), we get T,, = R,, and therefore M, = 2M.. Moreover,

o — az? B 1— 22 (5.8)
(z—a)(az—1) 22-228+1’ '

so that & =1, and thus a € R and % = 2. As a consequence,

a=p++/p%2-1, for|8]>1.

2. If |o] =1, we get

Fu(z) =T | F(2) + (M, + MH) <(Z _aa;(Zf_ 1)>] Tl

Thus, M, = M, + Mf and from (5.8) we deduce a = +1 and § = £1.

We summarize our findings in the following result.

Theorem 5.2.2. Let p be a positive semi-definite, and normalized matriz measure sup-
ported on [—1,1] and let o be its associated matriz Szegd transformation, i.e. do = Sz(du).
Let puyy and oy, be their normalized Uvarov matriz transformations defined by . Then

1. For |B| > 1, Sz(dpuy (z)) = doy, (2) if and only if
1
a=pE£+/p2-1 anndziMr.

2. For f==1, Sz(dpu, (x)) = doyy (2) if and only if

a=+1 and M, = M, + M.
123



Chapter ﬂ On the Szegd transformation for some spectral perturbations of measures

Notice that this means that, under the stated conditions, the (matrix) Szeg6 trans-
formation of the Uvarov transformation of y coincides with the Uvarov transformation of
the Szegd transformation of pu. The previous theorem constitutes a generalization of the
results obtained in [87] for the scalar case.

Example 5.2.3. Consider the Uvarov transformation of the matriz measure with
B =1 and M, =Iy. Thus, R, = T, = \/2Iy and a = 1. Then from (1.94)), we have

settinnn@) = 5 (5 (i [ 1 1 |ar s tte 1)

1 1 cosf | df

5.3 Christoffel matrix transformation

The Christoffel matrix transformation of p can be defined as
dpie() = du() (#1 - B),

where B € M; is a Hermitian matrix and = ¢ po(B). Notice that, in order to apply the
matrix Szeg6 transformation, we need p. to be an Hermitian, normalized matrix measure.
As a consequence, we will require that the matrices B and p commute. Also, we require
I — B to be a positive semi-definite matrix, so that u. is also positive semi-definite.
Therefore, we will consider the normalized matrix measure

dpiey (z) = R M dpc(2) R = R [du(x) (21 - B)] R., (5.9)

where .
R? = / dp(z)(zI — B) = u1 — B, (5.10)
~1

and R. is an Hermitian matrix.

Similarly, on the unit circle, the Christoffel matrix transformation of ¢ can be defined
as

doo(z) = (21 — A)do(2)(21 — A)

and the respective normalized matrix measure

docy (2) = T, doo(2) T, = T, [(21 — A do(2) (21— A)] T, Y, (5.11)

c

with Ae My, z€ T, z ¢ p(A) and

T2 = / (e — )7 do(0)(eT — A) =T — 2Re(c_1A) + ATA > 0. (5.12)

C
-

Notice that if o is positive semi-definite, then o, is also positive semi-definite.

If we denote by (4 )n>0 and (¢ )nez the sequences of matrix moments associated with
the matrix measure (5.9) and (5.11]), respectively, then their Stieltjes and Carathéodory

matrix-valued functions are given in the next result.
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Proposition 5.3.1. Let S. and F,. be the matriz-valued Stieltjes and Carathéodory func-
tions associated with the normalized Hermitian matrix measures fi., and o, , as defined

m (@) and respectively. Then,
S.(x) = R;'[S(x)(Iz — B) —I| R, !, (5.13)

(¢

1
F.(2) = Tc_lg [(I—2A") F(2) (21 - A) — (2*A" = 2i20m(c_1A) — A)]T.1. (5.14)
Proof. From (j5.9)), for n € N we have

1
[t = / "R (dp(z) (21 — B)) R, = R (1 — pn B)RC
-1

Therefore
=1 =1 =1
Se(w) =) —mn = RZU|Y —mme — Y ——qunB| R
n=0 n=0 n=0
S|
= R _H0+$Zwﬂn —S(x)B| R."
n=0
R [S(z)(Iz — B) ~ 1| R,
so that ([5.13)) follows. On the other hand, from (5.11)), for n € Z
Cc_n = Tc_l (C—n — AHC_(n_l) - C_(n+1)z4 + AHC_nA) Tc_l. (515)

Since Fy(z) =T+2> 7 ¢, 2", we get
T.Fe(2)T

=I—c_ A—Alley + ATA 42 Z(C_” — AHC,(n,l) —C_(np)A + Alle_, A)m

n=1

c—1+2 Z C_(,H_l)zn A— AT
n=1

= F(z)+ A" F(2)A - 12> e np)2”

n=1

= F(2)+ ATF(2)A - [c_l + % (F(z) —1— 20_17;)] A— A [e; 4+ 2(1+ F(2))]

= % [—(zA" —D)F(2) (21 = A) + (—2* A" + 2c 1A — 24%¢; + A)].

Notice that ¢} = ¢, and thus zc_1 4 — 24" ¢; = 2(c_1A— (c_1A)) = 2i2Tm(c_1 A), and

(5.14) follows. O

Now, let us denote by F5 the matrix-valued Carathéodory function associated with the
matrix Szegd transformation dogy = Sz(picy ). From (1.97) and (5.13]), we get

2z -
- Z2F2(Z) = S.(z) = R;*

[S(x)(Iz — B) ~ T R;!

(g

2 —1
— R [1 _Zz2F(z) (Z+22 I—B> —I] R
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Therefore,
R711 Rt

V2 z V2
Notice that, in order to equate F,. and F5, we will need to impose some conditions on
the matrix A.

Fy(z) =

[F(z) ((z2+ 1)I—22B) — (1 — 2*)1]

(5.16)

Lemma 5.3.2. Let A € M; be a non-singular and Hermitian matriz. If AY? commutes
with T, then AY? commutes with both F. and F.

Proof. Tt is clear that AY2T, = T, A2 implies Al/QTC2 = TC2A1/2, ie.

Al/? /7r do. = /7r Al/2dac = /7T dacAl/Q.

Therefore, we get, for n € Z,

A1/2 - /7r A1/2€meTc_1dUcTc_1 _ /7r ei"GTc_ldaCTc_lAl/g _ C%Al/Q’

—T —T

and, as a consequence, A/2 commutes with F,. On the other hand, since A is Hermitian
then from (5.14)) it follows that A2 commutes with F. O

Let us assume that A/2 satisfies the conditions on the previous lemma. If F, = 5,

then from Proposition [1.4.10] we have o,y = Sz(ucy). Thus, from Lemma (5.14))

becomes
11

FC(z) = Tc_ >

[—F(2) ((22 +1)A- I+ A)z) - (22 —1) A Tt

Comparing the terms not involving F', we have

R ! R ! —1/.2 —1 —141/2/.2 1/2—1
¢ ¢ = -T (Z — 1)AT =T A (Z — 1)’LA T .
\/é \ﬁ ¢ ¢ ¢ ¢

Therefore, since A2 commutes with 7., we have

(=% - 1)

R _ iAY2T ! (5.17)
3 . .
As a consequence, from (5.10)) and ((5.12]),
I-2c1A+A*=-2(uy — B)A. (5.18)

Moreover, since 0 = Sz(u) is symmetric, we have ffﬁ sin @do(0) = 0. Then, from 1)

1 ™ g s
1 —/ a:da:—/ cos@da(ﬁ)—z’/ sin Odo (0) —/ e Pdo(f) = c_1.

—1 —T - -

Substituting in 1j we get A = B++/B2 — 1 for B?> > I. On the other hand, comparing
the terms involving F', we obtain

R;! R;!

S FG)

~T () AT =
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which holds by (5.17)). We have proved the following result.

Theorem 5.3.3. Let p be a positive semi-definite, and normalized matriz measure sup-
ported on [—1, 1] and let o be its associated matriz Szegd transformation, i.e. do = Sz(dp).
Let A € M; be a nonsingular, Hermitian matriz such that AY? commutes with T,. If

T. = ivV2R.AY?, A= B++/B2—1 with B> >1,

and B commutes with p, then Sz(dpcy (x)) = doey (2).

In other words, the (matrix) Szegd transformation of the Christoffel transformation of
u coincides with the Christoffel transformation of the Szegd transformation of .

The following examples show that we can find matrices satisfying the hypotheses of
the previous result.

Example 5.3.4. (Diagonal case) If we take B = I € M, with |5| > 1, then A = ol =
(B £ +/B%—1)I € M,. For these matrices, the conditions of Theorem m are satisfied
for any pair of matrix measures p and o related through the Szegd transformation. This
is a generalization of the result given in [87] for the scalar case.

21

Example 5.3.5. Let B = [ 1 9

] . Then,

ammevEen= 2] [14]7 -2 )

where we have chosen the square root of B — Is with positives entries. Notice that A is a
Hermitian and non-singular matriz. Moreover,

e 1R e B A

Consider the normalized semi-definite positive matriz measures and satis-
fying do = Sz(dp), and notice that B commutes with (1.91). On the other hand, since

Cl:[ 0 1/2

/2 0 ],weh(we

5vV2+9 5V2+6
T3:12—2c_1A+A2:[5\\g+6 5£+9],

thus T, = [z 2},wherea:%\@\/5\/§+\/l5+\/30+9 (mdb:%. It is easy to

see that AY? commutes with Te.. Furthermore, since co = Iy and c_,, = 0y for |n| > 2, the
corresponding matriz-valued Carathéodory function is

F(z):[i i]

Notice that AY? also commutes with F.
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5.4 Geronimus matrix transformation

We say that the matrix measure pg,, is the normalized Geronimus matrix transformation
of a matrix measure p if it satisfies

du(z) = Rg [dugy (z) (21 — B)] Rg, (5.19)

where the Hermitian matrix

1
RE = [ du(e)er - B)!
-1

is the normalization factor, B € M; is an Hermitian matrix and = ¢ o(B). As in the
Christoffel case, we will require that By = pB and I — B > 0 in order for pg, to be
a positive definite (Hermitian) matrix measure. In a similar way, on the unit circle, a
matrix measure og, is said to be the normalized Geronimus matrix transformation of o
if it satisfies

do(2) = T [(21 - A)"dog, (2) (21 - A)] Tg, (5.20)
where the Hermitian matrix
T2 = / (€T — A) " Hdo(2)(T— A" >0

is the normalization factor, with A € M, z € T and z ¢ p(A). Notice that if o is
semi-definite positive, then og, is also semi-definite positive.

We will denote by (uf})n>0 and (c5)nez the sequences of matrix moments associated

with the matrix measures (5.19) and (5.20]), respectively.

Proposition 5.4.1. Let Sg and Fg be the matriz-valued Stieltjes and Carathéodory func-
tions associated with the normalized Hermitian matriz measures pg, and og, as defined
in (5.19) and (5.20), respectively. Then,

Sa(z) = [Rg'S(z)R5' +1] Iz — B) ™. (5.21)
Fo(z) = (I — zA") VT2 F()TS" + 22 A7 — 2i20m(c? | A) — A] (z:1- A)~L. (5.22)

Proof. From (j5.19)), we get for n € N,
R unRG = 1 — pd B.
Proceeding as in the proof of Proposition [5.3.1] we get
RG'S(z)R;' = Sg() (21— B) — 1,
which is (5.21). Similarly, from (5.20)), we get for n € Z

T At I

Ly — ¢

H
LAt A A, (5.23)

and again proceeding as in the proof for the Christoffel transformation, we get

TG 'F()T," = % [(I—2A")Fo(2)(21 — A) + (=22 A" 4 2c7 | A — zAM ] + A)] .
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Since o¢ is Hermitian, we have ¢ = (¢? ) and thus Af¢] —¢? (A= (2 A —c? (A=
—2Jm(c?; A). As a consequence, we obtain ([5.22)). O

Now, let us compute F3, the matrix-valued Carathéodory function associated with the

matrix measure dos = Sz(duc, ). From (1.97) and (5.21)),

2z
1—22

F3(2) = Sq(x)
_ [Rall_ZQF(z)Ral_i_I] (H;_lI_B)l

1 2z _ (z2+1)I—2zB\ "
= [RGll = ZQF(Z)Rgl + I] < 5 ) :

Therefore,

Fy(2) = [RG'2:F(2) R + (1 — 221 (2 +1)T—22B) "

As in the Christoffel case, from (5.23]) we can deduce the following auxiliary result.

(5.24)

Lemma 5.4.2. Let A € M; be a non-singular and Hermitian matriz. If AY? commutes
with Tg, then AY? commutes with both Fg and F.

Let us assume that A'/2 satisfies the conditions on the previous lemma. In this situa-
tion, F; becomes

Fo(z) = (zA-D)7 [-T;'2F(2)T5" + (1 — 2%)A] (21— A)~ L.

Now, as in the preceding subsection, we proceed to the comparison between Fg and F3,
to obtain 1
(zA-T)TA(zI-A) ' = ((:*+ DI -22B) ",

i.e.

(21— A)A N (zA —1) = (2 + 1)I — 22B, (5.25)

and thus T+ A2 = 2BA, so that A= B £+B?—1 for B2 > 1. On the other hand, since
AY? commutes with T and with F by the Lemma we must have

z —z@z_&:z— _Z—E/ Z_E/
((z*+ 1)1 2]3)\/5(1?())1\/5 (21— A)A71(zA I)iA12(F())1iA12.

and from (}5.25)) we deduce %T GAY? = %Rg. Thus, we have proved the following result,

which constitutes the Geronimus transformation’s version of Theorem [5.3.31

Theorem 5.4.3. Let p be a positive semi-definite, and normalized matriz measure sup-
ported on [—1,1] and let o be its associated matriz Szegd transformation, i.e. do = Sz(du).
Let A € M, be a non-singular, Hermitian matric such that AY? commutes Tg. If

1
TG’:E

where B commutes with p, then Sz(dug, (x)) = dog (2).

RGA™V?2 A=B++B2—1 for B>>1,
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Notice that Example and Example also satisfy the hypotheses of Theorem
5.4.3l Furthermore, if we extend (1.18) for matrix values X € M;, we have

500 = [ autt)x - Zun D) g o(X),

-1

and, in this situation, R% = —S(B).
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CHAPTER 0

Conclusions and open problems

6.1 Conclusions

The results presented in this work have been focussed on the study of algebraic and analytic
properties associated with spectral transformations of matrix measures supported either
on the unit circle or on the real line. Next, we summarize the main contributions of
this document. We point out that many of the results given in this work for matrix
polynomials have their counterparts in the scalar case, and they were developed by using
procedures and tools that are analogous to the ones used in the scalar case, with the
added complications that result from the non-commutativity of the matrices. Despite the
fact that two orthogonal sequences can be considered in the matrix framework, in most of
the document we only show the results for one of the sequences, since the results can be
obtained in a similar way for the other.

1. In Chapter [2 we show that the perturbation of the matrix moments ¢; and c_;
of a positive definite matrix measure o supported on the unit circle results in a
perturbation, defined by (2.24)), of the moments p, associated with a positive definite
matrix measure p supported on the interval [—1, 1], when both measures are related
through the Szegd matrix transformation. Moreover

dx ()
1 — 2 HIED,

where do; and dy; are defined by (2.20) and ({2.23)) respectively and 7T)j(x) = cos(j6)
is the j—th degree Chebyshev polynomial of the first kind on R. The results are
contained in [79], and the particular case [ = 1 (scalar case) appears in [7§].

S=71 (doy(6)) = du(a) + 2T ()m;

2. In Chapter [3| we study the Uvarov and Christoffel matrix transformations of a
Hermitian matrix measure o defined by and respectively, and show that
they have similar algebraic and analytic properties. Connection formulas between
the corresponding orthogonal sequences, as well as for their leading coefficients, are
obtained, and relative asymptotic properties were deduced. It is worth noticing
that, when o belongs to the Nevai matrix class N, the relative asymptotic behavior
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of both transformations is the same. These results can be found in [82] (Uvarov
transformation) and [80] (Christoffel transformation).

3. In Chapter 4, Theorem characterizes unitary block Hessenberg matrices asso-
ciated with MOPUC in terms of the derivative of the absolutely continuous part
of the associated matrix measure o supported on the unit circle, that generalizes
a well known result for the scalar case. On the other hand, it is shown that, as
in the scalar case, the Hessenberg matrices associated with the Christoffel, Uvarov
and Geronimus matrix transformations are related to factorizations of the original
Hessenberg matrices. The corresponding contribution is [75].

4. Given two sequences of Verblunsky matrix coefficients (o, )n>0, (Gn)n>0, where both
o, and @, are Hermitian matrices for n € N, in Section [£.2] we show that the
associated block matrices O(ay,) and ©(ay,) are unitarily similar i.e., there exist
unitary matrices =,, € My such that

O(an) = E,0(a,)ZH, n>o0,

where =,, is defined as in . Therefore, the corresponding CMV matrices are
also unitarily similar, since there exist unitary matrices W and V defined by ,
such that C = WCV. Moreover, the set A of CMV block matrices associated with
symmetric matrix measures defines an equivalence relation given by . This is
the problem considered in [76].

5. Under some conditions, in Chapter 5] we show that the Uvarov matrix transformation
of a matrix measure p supported on the interval [—1, 1] coincides with the Uvarov
matrix transformation of a matrix measure supported on unit circle, when both pair
of measures (¢ and o, and their corresponding transformations) are related through
the Szeg6 matrix transformation. The same occurs for the Christoffel and Geronimus
matrix transformations. These results are contained in [81].

6.2 Open problems

In this section we formulate some open problems that have arisen during our research. We
intend to address these questions in future contributions.

1. In the scalar case it is well known that the zeros of the orthogonal polynomials with
respect to a measure supported on unit circle lie in D, and the Lucas-Gauss Theorem
(see [16]) guarantees that the zeros of the derivatives of the orthogonal polynomials
also lie in ID. In the matrix case, the location of the zeros of the derivatives of matrix
orthogonal polynomials, to the best of our knowledge, constitutes an open problem.
This result would allow to study relative asymptotics properties of the sequences of
derivatives of MOPUC.

2. In this document, we consider the case when the orthogonality measure is Hermitian.
For more general measures, sequences of biorthogonal matrix polynomials appear.
It would be interesting to extend the results in this document to the more general
framework of biorthogonality.
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3. Given a Hermitian matrix measure o supported on unit circle, it is possible to obtain
two sesquilinear forms of discrete Sobolev type defined by

P, rs = (Pa)ro+D(Z)"Aq(Z), p,q€P[z], (6.1)
wd)rs = .40 +p(2Z)AZ), pqeP],

where

p(Z) = (p(gl)a s vp(ll)(Cl)a ce ap(gm)v s )p(lm)(Cm))a
Q(Z) = (Q(Cl)a cee 7q(ll)(C1)7 ) Q(Cm)v SRR q(ZM)(Cm))7

with ; € C, i = 1,2,...,m, A € My, is a positive definite block matrix, M =
I(m~+1i+lo+---+1y) and ¢(Z)" denotes the conjugate transpose of the vector ¢(Z).
These sesquilinear forms of Sobolev type are a natural extension to the matrix case
of the inner product defined in the scalar case in [74]. Notice that the sesquilinear
forms

p.drs = (Pa)ro+ >0 Ma((y), pgePz],
j=1

P a)rs = P@Le+ Y p(GIMa(6)", pge P2,
j=1

considered in this document, where M; € M; is a positive definite matrix for j =
1,...,m, constitutes a particular case of and respectively, with [; = --- =
I, = 0. An interesting problem would be to analyze relative asymptotic properties
for the MOPUC associated with the sesquilinear forms and .

4. In sharp contrast with the scalar case, there exist matrix polynomials which do not
have a unique factorization in terms of degree 1 factors, or it could happen that a
factorization does not even exist. For example, the matrix polynomial

W(z)—12z2—[g g]z

can be written as

W(Z)=<Izz—[_11 ‘11]) (122:-[} H) orW(z)=<Igz—[?) gDIQZ

but the matrix polynomial

W(z)ZIQZQ—[(l) 8]

can not be factorized with degree 1 matrix polynomials. In this work, we studied
the Christoffel matrix transformation with W(z) = [[iL, (I — A4;) with 4; € M,.
It would be an interesting problem to analyze the case when W (z) is an arbitrary
matrix polynomial. For MOPRL, a Christoffel matrix transformation has been
studied in [2, ] with W (z) an arbitrary matrix polynomial.
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. In Chapter 4, the relation between the CMV matrices associated with two Ver-
blunsky matrix sequences (ou,)n>0, (Gn)n>0 is studied, with oy, and &, Hermitian
matrices for all n > 0. The more general situation of non Hermitian matrices is an
open problem. In the scalar case, this has been considered in [139].

. Since that the determinant is a non-linear operator on the matrix space M, it is
not easy to study properties of the zeros associated with matrix orthogonal poly-
nomials associated with Christoffel and Geronimus matrix transformations. It is an
interesting problem to develop alternate techniques to study those zeros.

. Algebraic and analytic properties for the Geronimus matrix transformation of
MOPUC are, to the best of our knowledge, still not studied. On the real line,
this transformation has been studied in [84, [85].

. In Section we assume that the matrix measure p and the matrix B commute.
In this case, it can be shown that p is unitarily equivalent to a matrix measure
consisting in two blocks (see [117]). It is an interesting open problem to deduce
what kind of transformation is obtained in each block.

. An interesting open problem is to give a consistent definition of linear spectral matrix
transformation and find a system of generators for that set. For instance, in the scalar
case, given a measure y supported on the real line, the spectral transformations

L. dlac = ($ - é)d:uv g ¢ Supp(u)a
2. djiy = dp+my(x =€), & ¢ supp(p), my €C,
3. djig = 2 +mS(x =€), & ¢ supp(p), m, €C,
are called Christoffel, Uvarov, and Geronimus transformations, respectively. In ge-

neral, a linear spectral transformation of a Stieltjes function is another Stieltjes
function S(x) that has the form

A(z)S(x) + B(x)
D(x) ’

S(x) =

where A, B and D are polynomials in 2. The three transformations defined above are
important due to the fact that any linear spectral transformation of a given Stieltjes
function (i.e. for any polynomials A, B and D) can be obtained as a combination
of Christoffel and Geronimus transformations (see [I79]). A similar result holds for
linear spectral transformations of Carathéodory functions, which are defined in a
similar way (see [34]).
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