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Title in English

Algebraic and analytic properties associated with spectral transformations of matrix
orthogonal polynomials

Abstract: The main purpose of this work is the study of algebraic and analytic
properties associated with spectral transformations of sequences of matrix orthogonal
polynomials with respect to a matrix measure supported either on the unit circle or on
the real line. In both frameworks, we study some properties related with a perturbation
of a sequence of matrix moments. We extend to the matrix case some algebraic and
analytic properties of matrix orthogonal polynomials on the unit circle, that are known
in the scalar case, associated with the Uvarov and Christoffel matrix transformations of a
Hermitian matrix measure supported on the unit circle. We also study properties of block
Hessenberg and block CMV matrices associated with sequences of matrix orthonormal
polynomials, under certain transformations of the corresponding matrix measure. In
addition, we extend to the matrix case some properties of the Szegő transformation
and then use these properties to analyze its effect on some spectral transformations, fo-
cusing on the relationship between the matrix-valued Stieltjes and Carathéodory functions.

Keywords: Matrix measure, spectral transformation, matrix orthogonal polynomials
on the real line, matrix orthogonal polynomials on the unit circle, matrix moments,
Szegő matrix transformation, Christoffel and Uvarov matrix transformations, relative
asymptotics, block Hessenberg matrices, block CMV matrices, matrix-valued Stieltjes
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T́ıtulo en español

Propiedades algebraicas y anaĺıticas asociadas con transformaciones espectrales de
polinomios ortogonales matriciales

Resumen: El objetivo principal de este trabajo es estudiar propiedades algebraicas y
anaĺıticas asociadas a transformaciones espectrales de polinomios ortogonales matriciales
con respecto a una medida matricial con soporte ya sea sobre la circunferencia unidad
o sobre la recta real. En ambos casos, se estudian algunas propiedades relacionadas con
una perturbación de una sucesión de momentos matriciales. Extendemos al caso matricial
algunas propiedades algebraicas y anaĺıticas de polinomios ortogonales matriciales
sobre la circunferencia unidad, que son conocidas en el caso escalar, asociadas con las
transformaciones matriciales de Uvarov y Christoffel de una medida matricial Hermitiana
con soporte sobre la circunferencia unidad. También estudiamos propiedades de matrices
Hessenberg y CMV por bloques, asociadas con sucesiones de polinomios ortonormales
matriciales, bajo ciertas transformaciones de la medida matricial correspondiente.
Además, se extienden al caso matricial algunas propiedades de la transformación Szegő
y se utilizan estas propiedades para analizar su efecto sobre algunas transformaciones
espectrales, enfocándose en la relación para las funciones a valor matricial de Stieltjes y
Carathéodory.
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Im(·) — 1

2i(· − ·
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J — Block Jacobi matrix.
KR
n — Right kernel matrix.

KL
n — Left kernel matrix.
Mk×l — Set of k × l matrices with complex entries.
Ml — Ring of l × l matrices with complex entries.
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Pln[z] — Set of matrix polynomials of degree less than or equal to n in z ∈ C.
R — Real line.
Re(·) — 1

2(·+ ·H) for · ∈ Ml.
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Introduction

“Mathematics is not a prudent journey on a clear
highway, but a journey to a wild and strange

terrain, in which Explorers are often lost”
W.S. Anglin

Throughout history, the theory of orthogonal polynomials has been developed in two
closely related directions:

1. Algebraic aspects (such as explicit expressions, recurrence relations, zeros localiza-
tion, among others).

2. Analytic aspects (such as distribution of zeros, asymptotic behavior, associated dif-
ferential operators, convergence of Fourier-type developments, among others).

The first direction is closely related with the theory of special functions, combinatorial
and linear algebra, and is mainly dedicated to the study of concrete orthogonal systems
or hierarchies of such systems, such as the Jacobi polynomials, Hahn, Askey-Wilson, etc.
The theory of discrete orthogonal polynomials and the q-polynomials are also found in this
direction, as well as many of the current advances in the study of orthogonal polynomials
of several variables.

The second direction is characterized by the use of methods of mathematical analysis
or methods related to it. The general properties of systems of orthogonal polynomials
comprise a small part of these analytic aspects, while two extremely rich branches cover
the larger part:

1. The theory of orthogonal polynomials on the real line.

2. The theory of orthogonal polynomials on the unit circle.

The theory of orthogonal polynomials on the real line originated in the work of A. M.
Legendre, who was interested in solving the equations of motion of celestial mechanics.
Thus A. M. Legendre built in 1785 the first family of orthogonal polynomials on the real
line. These polynomials were also considered by P. S. Laplace relating them to spherical
functions in the context of planetary motion. Subsequently, in 1821 Rodrigues managed
to express these polynomials in terms of what we know today as the Rodrigues’ formula.
Later on, K. G. Jacobi in 1826 introduced the first family of polynomials which nowadays
is known as classic, the Jacobi polynomials, that generalized those initially introduced by
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Legendre. Then, Hermite polynomials appeared in 1864, although its weight function had
already been studied by P. S. Laplace in 1810 as an application to probability theory. The
last family (of the so-called classics) to appear were the Laguerre polynomials, introduced
in 1879 when he was looking for a solution for the integral

∫∞
x e−tt−1dt by developing it

in continued fractions, although they were already partially known by N.H Abel and J. L.
Lagrange. Later on, T. S. Stieltjes introduced the so-called moment problem [164, 165]
and P. L. Chebyshev introduced the polynomials that bear his name while considering the
problem of finding the best uniform polynomial approximation of a continuous function
[37, 38]. All of the above and other researchers helped the theory of orthogonal polynomials
on the real line to be fully constituted. In 1939, the monograph Orthogonal Polynomials
by G. Szegő [166] appears, in which all the results up to that moment are unified.

Similarly, the study of the theory orthogonal polynomials with respect to a nontri-
vial measure supported on the unit circle was initiated by G. Szegő in a series of articles
published between 1915 and 1925, and later extended to a more general context of or-
thogonality respect to linear functionals by Ya. L. Geronimus. The two volumes of B.
Simon’s monograph [156, 157] appeared in the beginning of the 21st century, and they
constitute the most exhaustive description of the state of art in the theory of orthogonal
polynomials on the unit circle to this date.

Thanks to the origin of orthogonal polynomials in modern science, their study has
been performed from many different points of view. That’s why orthogonal polynomials
both on the real line and on the unit circle have very useful properties in the solution
of mathematical and physical problems. Their relations with moment problems [113,
155], rational approximation [21, 147], operator theory [114, 119], interpolation, Gaussian
quadrature formulas [39, 89, 99, 166], electrostatics [111], statistical quantum mechanics
[159], special functions [9], number theory [11] (irrationality [13] and transcendence [46]),
graph theory [23], combinatorics, random matrices [47], stochastic process [153], data
sorting and compression [72], and their role in the spectral theory of linear differential
operators and Sturm-Liouville problems [145], as well as their applications in the theory
of integrable systems [73, 98, 143, 144] constitute some illustrative samples of their impact.

In the last decades some generalizations of the theory of orthogonal polynomials, on
both the real line and the unit circle, have been developed in the literature. One of these
generalizations appears when a matrix of orthogonality measures (or simply, a matrix
measure) is considered. In this case, two sequences of orthogonal matrix polynomials
(polynomials with matrix coefficients) are obtained due to the non-commutativity of the
matrices and were considered first by M. G. Krein [121, 122] in 1949. Later on, several
researchers have made contributions in this theory until today. In the last 30 years,
several known properties of orthogonal polynomials in the scalar case have been extended
to the matrix case, such as algebraic aspects related to their zeros, recurrence relations,
Favard type theorems and Christofell-Darboux formulas, Jacobi, Hessenberg and CMV
block matrices, matrix-valued Stieltjes and Carathéodory functions, among many others.
A nice summary, as well as many references, can be found in [42]. The extensions to the
matrix case are usually developed by using procedures that are analogous to the ones used
in the scalar case, with the added complications that result from the non commutativity of
the matrices. Due to this non commutativity, two different (although related) orthogonal
sequences, left and right, are usually considered.

As in the scalar case, matrix orthogonal polynomials on the real line (MOPRL)
have proved to be a useful tool in the analysis of many problems of mathematics such as
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rational approximation theory [83], spectral theory of Jacobi matrices [10, 146], analysis
of polynomial sequences satisfying higher order recurrence relations [54, 71], quantum
random walks [24] and Gaussian quadrature formulas [59, 69, 160], among many others.
The problem of MOPRL whose derivatives also orthogonal was considered in [28]. Other
differential properties, such as the role of MOPRL as solutions of first and second order
differential equations has been analyzed in [27, 35, 36, 55, 71, 60, 61, 62, 63, 64, 102, 142],
among many others.

The theory of matrix orthogonal polynomials with respect to a matrix measure sup-
ported on unit circle (MOPUC) is relatively recent and was indirectly developed as a
consequence of the study of problems related to prediction theory [106, 107, 118, 120, 171].
More recently, a connection between MOPUC and quantum random walks has been ex-
plored in [24]. Some of the applications of MOPUC are found in the analysis of sequences
of polynomials orthogonal with respect to a scalar measure supported on the complex
plane [138], the analysis of time series in relation with the estimation of the frequencies
of a stationary harmonic process [163], circuits and systems theory [48], linear algebra
(in particular, the factorization of positive definite block-Toeplitz matrices [177]), spectral
operator theory [95] and, more recently, Toda type integrable systems [6]. Moreover, they
constitute a basic tool in Gaussian matrix quadrature formulas [21, 161, 163].

Most of the results contained in this document are related with spectral transforma-
tions of matrix measures supported on unit circle. Let us clarify what we mean by spectral
transformation. Let Pl be the set of normalized positive semi-definite l × l matrix mea-
sures supported on unit circle, and let D∞l be the set of matrix sequences (αn)n≥0 with
‖αn‖2 < 1 (where ‖ · ‖2 is the Euclidean matrix norm [109]). Moreover, let Fl be the
set of matrix-valued Carathéodory functions (see Subsection 1.4.4 ) associated with pos-
itive semi-definite matrix measures supported on unit circle. Let us consider an injective
mapping

∆ : D∞l → D∞l .

By Verblunsky’s theorem for MOPUC (see Theorem 1.4.2), there exists a bijective map-
ping S : Pl → D∞l . ∆ induces a mapping

Γ : Pl → Pl

such that the following diagram

Pl
Γ−−−−→ Pl

S
y S

y
D∞l −−−−→

∆
D∞l

is commutative, i.e., ∆◦S = S◦Γ. We will call the mapping Γ a spectral transformation
of a matrix measure supported on unit circle. Similarly, let us consider an injective
mapping

F : Fl → Fl.

By Riesz-Herglotz Theorem for MOPUC (see Theorem 1.4.8), there exists a bijective
mapping S ′ : Pl → Fl. F induces a mapping

Γ : Pl → Pl,

X
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such that the following diagram

Pl
Γ−−−−→ Pl

S′
y S′

y
Fl −−−−→

F
Fl

is commutative, i.e., F ◦ S ′ = S ′ ◦ Γ. The mapping Γ will also be called spectral trans-
formation of a matrix measure supported on unit circle.

The theory of orthogonal polynomials associated to spectral transformations of mea-
sures supported on the unit circle was developed in the 1990s (see [1, 17, 93, 94, 112, 127,
136, 137, 148] among many others). It is also worth mentioning an interpretation based
on the matrix representation of the multiplication operator with respect to an orthonor-
mal basis, when the corresponding measures are supported on an arc of the unit circle
([96, 97]). Spectral transformations find applications in the integrable systems theory
[169], fourth order linear differential equations with polynomial coefficients [103] and the
bispectral problem [105], among others.

The theory of spectral transformations of matrix measures has not received a lot of
attention in the literature, although there are several contributions in this direction. For
instance, for MOPRL, connection formulas and asymptotic properties associated with
the Uvarov matrix transformations are deduced in [174, 175, 176]. In [2, 3, 84, 85], some
generalizations of the Christoffel and Geronimus matrix transformations are studied, ob-
taining connection formulas for the associated MOPRL that are expressed in terms of
quasi-determinants. Spectral transformations of matrix measures supported on unit cir-
cle are much less studied, although the Uvarov matrix transformation, consisting in the
addition of a Dirac matrix measure, has been studied in [173], where the authors stud-
ied asymptotic relative properties of the corresponding orthogonal sequences. As in the
classical theory of orthogonal polynomials on the unit circle, the asymptotic behavior of
sequences of Sobolev type (in particular, of Uvarov type) in the matrix case plays a central
role in questions related to their application in approximation processes, Gaussian matrix
quadrature formulas and Fourier expansions (see [21, 161, 163]). Recently, spectral trans-
formations associated with perturbations of matrix moments have been studied in [40, 41],
in connection with the so-called matrix moment problem.

As stated above, matrix orthogonal polynomials both on the real line and on the
unit circle have been substantially studied in the last years not only because its intrin-
sic mathematical interest, but also because of its many applications. This constitutes a
motivation to develop this work. Furthermore, in [48], the authors present a general and
self-contained theory of MOPUC, connecting topics as diverse as factorization of positive
definite block-Toeplitz matrices, Fourier expansion of positive definite periodic function
matrices and spectral factorization of such matrices, least-squares approximation on the
unit circle, and characterization of positive function matrices in the unit disk. Thus, pro-
perties of MOPUC, both algebraic and analytic, can be used as a tool in order to obtain
results for the scalar case. In a similar way, it is possible that by analyzing properties as-
sociated with spectral transformations of MOPUC, one can deduce properties associated
with spectral transformations of orthogonal polynomials on the scalar case, which is also
a motivation of this work.

Most of the results of this work are oriented in the study of some algebraic and analy-
tic properties associated with spectral transformations of a Hermitian matrix measure
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supported on the unit circle. Those results consist in extending to the matrix case several
properties known in the scalar case, related to recurrence formulas, connection formulas,
relative asymptotics, block Hessenberg and CMV matrix factorizations, among others.

Finally, there exists an interesting relation between (scalar) measures supported on
[−1, 1] and measures supported on the unit circle, known in the literature as the Szegő
transformation. In [156, 157], the author shows not only how these measures are related,
but also the relation between the corresponding families of orthogonal polynomials, as
well as the relation between the sequences of parameters of the recurrence relation on
the real line and the sequence of Verblunsky coefficients on the unit circle, known as
Geronimus relation. The interest of the Szegő transformation is not only from a theoretical
perspective, but also from a computational point of view, since it has been used in a
systematic way in the study of Szegő’s quadrature formulas on the unit circle and its
application to quadrature formulas in intervals of the real line [12, 43, 44].

The matrix version of Szegő transformation has been studied in [42, 51, 172]. In
[172], the authors show that when two positive definite matrix measures supported on
the real line and on the unit circle, respectively, are related through of the Szegő matrix
transformation, there exists a relation between the corresponding sequences of orthogonal
matrix polynomials. The relation between the Verblunsky matrix coefficients and the
coefficients of the three-term recurrence relation known as Geronimus matrix relations is
shown in [51, 116]. In this work, we extend to the matrix case some properties of the direct
and inverse Szegő transformation and then we use these properties to analyze its effect
on some spectral transformations, focusing on the relationship between the matrix-valued
Stieltjes and Carathéodory functions.
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Contributions and structure of the thesis

The contributions of this thesis are included in seven articles. Among these we have

1. On a finite moment perturbation of linear functionals and the inverse Szegő trans-
formation [78]. (Published)

2. CMV block matrices for symmetric measures on the unit circle [76]. (In press)

3. Matrix moment perturbations and the inverse Szegő matrix transformation [79]. (In
press)

and the following are currently submitted

1. Block Hessenberg matrices and orthonormal matrix polynomials on the unit circle
[75].

2. On a Christoffel transformation for matrix measures supported on the unit circle
[80].

3. On the Szegő transformation for some spectral perturbations of matrix measures
[81].

4. Matrix Uvarov transformation on the unit circle: Asymptotic properties [82].

On the other hand, this work is divided into chapters whose content is distributed as
follows:

Chapter 1 is meant for non-experts and therefore it contains some introductory and
background material. In the first section some matrix analysis results are recalled. Then,
we state some properties of matrix orthogonal polynomials both on the real line and on the
unit circle that will be used in the sequel. There are many contributions in the literature
where algebraic and analytic properties of scalar orthogonal polynomials are generalized
to the matrix case. An outstanding summary and references on the subject can be found
in [42, 48] among others. In the last section, we define the Szegő matrix transformation
and state some of its properties, including a relation between the matrix-valued Stieltjes
function associated with a matrix measure supported on [−1, 1] and the matrix-valued
Carathéodory function associated with a matrix measure supported on the unit circle.

In Chapter 2, we study a problem associated with a perturbation of the sequence of
moments of a scalar measure. Given a perturbation of a measure supported on unit circle,
we analyze the perturbation obtained on the corresponding measure on the real line,
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when both measures are related through the inverse Szegő transformation. Moreover,
using the connection formulas for the corresponding sequences of orthogonal polynomials,
we deduce several properties such as relations between the corresponding norms. This
analysis is presented on Section 1 and is later generalized to the matrix case in Section 2.
The results of this chapter are contained in [78, 79].

In Chapter 3, we extend to the matrix case some algebraic and analytic properties of
MOPUC, that are known in the scalar case, associated with a generalized Uvarov ma-
trix transformation of a Hermitian matrix measure supported on the unit circle. We study
properties such as connection formulas between the corresponding sequences of MOPUC,
relative asymptotics for the matrix polynomials, as well as for their leading principal (ma-
trix) coefficients, and properties of the zeros for the Uvarov matrix polynomials by using
the associated (truncated) block Hessenberg matrices. Similar properties are deduced
for the case of the Christoffel matrix transformation. The results for the Uvarov matrix
transformation are contained in [82] and the Christoffel case appears in [80].

In the first section of Chapter 4, we study properties of block Hessenberg matrices
associated with MOPUC. We also consider the Uvarov and Christoffel spectral matrix
transformations of the orthogonality measure, and obtain some relations between the
associated Hessenberg matrices. The results are contained in [75]. In the second section, we
present some properties of symmetric positive definite matrix measures supported on unit
circle, and relate the CMV block matrices associated with two symmetric matrix measures.
Moreover, we present some sequences of Verblunsky matrix coefficients associated with
certain transformations of matrix measures. The results can be found in [76].

In Chapter 5, given a normalized positive definite matrix measure µ supported on
[−1, 1], we obtain necessary conditions such that some spectral perturbations applied to
µ are preserved under the Szegő matrix transformation. The results are included in [81].

Finally, in Chapter 6 first we present our conclusions, and we formulate some open
problems which have arisen during our research. They constitute research problems that
will be addressed in the near future.
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CHAPTER 1

Matrix orthogonal polynomials and the Szegő

matrix transformation

1.1 Matrix analysis

In the remaining of the document, we will use the following notation. Let C be the set of
complex numbers and denote byMk×l =Mk×l(C) the set of k× l matrices with complex
entries. In particular Ml =Ml×l(C) is the ring of l × l matrices and I, 0 will denote the
identity and the zero matrix, respectively, in Ml. Let %(A) be the spectrum of A ∈ Ml,
i.e. the set of its eigenvalues (an eigenvalue of A is a number λ ∈ C such that Av = λv
for some nonzero vector v ∈Ml×1 called eigenvector).

Theorem 1.1.1. [19]. Let A ∈Ml.

1. The matrix A has l eigenvalues.

2. The sum of the l eigenvalues of A (including algebraic multiplicities) is the same as
the trace of A (that is, the sum of the diagonal elements of A).

3. The product of the l eigenvalues of A is the same as the determinant of A.

Let AH be the conjugate transpose of A ∈ Ml. A matrix satisfying AHA = AAH is
called normal. There are two kinds of normal matrices of particular interest:

1. Hermitian matrices, satisfying AH = A.

2. Unitary matrices, satisfying AHA = I = AAH .

Hermitian matrices have real eigenvalues and unitary matrices have eigenvalues on the
unit circle. The set of Hermitian matrices is a real vector space.

A matrix A ∈Ml is called positive definite (resp. semi-definite) if it is Hermitian and
uHAu > 0 (resp. uHAu ≥ 0) for every nonzero vector u ∈ Ml×1. The notation A > B
(resp. A ≥ B ) for Hermitian matrices A,B ∈ Ml means that A−B is positive definite
(resp. semi-definite). The next theorem establishes some results on definite positive
matrices whose proof can be found in [53, 109, 124].
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Theorem 1.1.2. Let A ∈Ml be a Hermitian matrix.

1. The matrix A is positive definite (resp. semi-definite) if for every λ ∈ %(A), λ > 0
(resp. λ ≥ 0).

2. The matrix A is positive definite (resp. semi-definite) if and only if all principal
minors of A are positive (resp. non-negative).

3. If B ∈ Ml is a definite positive matrix, then every λ ∈ %(BA) is a real number. If
both A and B are definite positive, then every λ ∈ %(BA) is positive.

4. (Cholesky factorization). The matrix A is positive definite if and only if there exists
a unique lower triangle matrix L ∈ Ml with positive entries on the main diagonal
and such that A = LLH .

A matrix A ∈ Ml is unitarily similar to B ∈ Ml if there exists a unitary matrix
U ∈ Ml such that A = UBUH . A is unitarily diagonalizable if it is unitarily similar to
a diagonal matrix. It is easy to verify that unitary similarity is an equivalence relation,
and the canonic form for complex square matrices is given in [110]. The Spectral Theorem
for normal matrices establishes a bijection between unitarily diagonalizable matrices and
normal matrices.

Theorem 1.1.3. (Spectral Theorem [109]). A matrix is normal if and only if it is unitarily
diagonalizable.

A square root of a matrix A ∈Ml is any matrix B ∈Ml such that B2 = A. We also
write B := A1/2 =

√
A, and A−1/2 denotes the inverse of the square root. The following

results guarantee the existence and uniqueness of square roots for non-singular matrices.

Theorem 1.1.4. [15]. If A ∈ Ml is a non-singular matrix, then there exists a non-
singular matrix B ∈Ml such that B = A1/2.

Theorem 1.1.5. [109]. If A ∈ Ml is a positive definite (resp. semi-definite) matrix,
then there exists a unique positive definite (resp. semi-definite) matrix B ∈Ml such that
B = A1/2. Furthermore, A1/2 commutes with A.

Let ‖·‖2 and ‖·‖F be, respectively, the Euclidean and Frobenius spectral matrix norms
(see [109]) defined by

‖A‖22 = Π(AHA) and ‖A‖2F =
l∑

i,j=1

|ai,j |2,

where Π(A) is the spectral radius of A ∈ Ml, i.e. Π(A) = max{|λ| : λ ∈ %(A)}. These
norms satisfy

1. ‖A‖2F = Tr(AHA),

2. ‖A‖2 ≤ ‖A‖F ,

where Tr(A) denotes the trace of A.
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Given a block matrix

[
A B
C D

]
, with A,B,C,D ∈Ml, its inverse can be computed

by using the Schur complement (see [178])[
A B
C D

]−1

=

[
(A−BD−1C)−1 −A−1B(D−CA−1B)−1

−D−1C(A−BD−1C)−1 (D−CA−1B)−1

]
. (1.1)

1.2 Matrix polynomials space and matrix-valued measures

Let R be a ring, then a right module over R is a set M together with two operations

+ : M×M→M and · : M×R→M

such that for v, w ∈M and α, β ∈ R we have

1. (M,+) is an Abelian group.

2. v · (α+ β) = v · α+ v · β.

3. (v + w) · α = v · α+ w · α.

4. v · (α · β) = (v · α) · β.

In a similar way, one defines a left module over R. If M is a right and left module over R,
then M is said to be a bi-module [125, 152]. M is said to be a free right (or left) module
over R if M admits a basis, that is, there exists a subset S of M such that S is not empty,
S generates M, (M = 〈S〉 = span(S)) and S is linearly independent.

Recall that for any matrices Ak ∈ Ml, 0 ≤ k ≤ n, with An 6= 0, the matrix Φ(z) =∑n
k=0 Akz

k is said to be a matrix polynomial of degree n. In particular, if An = I, then
the matrix polynomial is said to be monic. Notice that, when An is non-singular, it is
possible to turn Φ into a monic matrix polynomial. The set of matrix polynomials in
z ∈ C (resp. x ∈ R) with coefficients in Ml will be denoted by Pl[z] (resp. Pl[x]). The
set Pl[z] can be considered as a free bi-module (and, in particular, a right module) over
the ring Ml with basis (Izn)n≥0. An important submodule of Pl[z] (resp. Pl[x]) is the set
Pln[z] (resp. Pln[x]) of matrix polynomials of degree less than or equal to n with the basis
(Izj)nj=0 (resp. (Ixj)nj=0).

The fundamental aspect in the study of the theory of matrix orthogonal polynomials
is the shift from a scalar to a matrix measure. A detailed study on matrix measures can
be found in [42, 151].

An l × l matrix-valued measure (or simply, matrix measure) σ = (σi,j)
l
i,j=1 supported

on E ⊆ R (in particular on the unit circle with E = (−π, π]) with finite moments of any
order is said to be Hermitian (resp. positive semi-definite, positive definite), if for every
Borel subset B on E, the matrix σ(B) is a Hermitian (resp. positive semi-definite, positive
definite) matrix. Notice that the assumption of positive definiteness implies the Hermitian
character of the measure. The matrix measure σ is said to be normalized if σ(E) = I (i.e.
a probability matrix measure).
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1.3 Matrix orthogonal polynomials on the real line
(MOPRL)

Let µ = (µij)
l
i,j=1 be a l × l Hermitian matrix measure supported on a compact subset

E ⊆ R. If the scalar measures µi,j , i, j = 1, . . . , l are absolutely continuous with respect
to the scalar Lebesgue measure dx, then according to the Radon-Nikodym Theorem, they
can always be expressed as dµi,j(x) = ωi,j(x)dx. Since µ is a Hermitian matrix measure,
then the matrix ω(x) = (ωi,j(x))li,j=1 is also a Hermitian matrix measure, and thus

dµ(x) = ω(x)dx. (1.2)

A matrix measure µ induces right and left sesquilinear forms, defined respectively as

〈f, g〉R,µ =

∫
E
f(x)Hdµ(x)g(x) ∈Ml, f, g ∈ Pl[x], (1.3)

〈f, g〉L,µ =

∫
E
f(x)dµ(x)g(x)H ∈Ml, f, g ∈ Pl[x]. (1.4)

The sesquilinearity of these forms means that for every f, g, h ∈ Pl[x], and A,B ∈ Ml,
they satisfy

1. 〈f, gA + hB〉R,µ = 〈f, g〉R,µA + 〈f, h〉R,µB and 〈gA + hB, f〉R,µ = AH〈g, f〉R,µ +
BH〈h, f〉R,µ.

2. 〈f,Ag + Bh〉L,µ = 〈f, g〉L,µAH + 〈f, h〉L,µBH and 〈Ag + Bh, f〉L,µ = A〈g, f〉L,µ +
B〈h, f〉L,µ.

Directly from the definition for every f, g ∈ Pl[x], we have

1. 〈f, g〉R,µ = 〈g, f〉HR,µ, 〈f, g〉L,µ = 〈g, f〉HL,µ.

2. 〈f, g〉R,µ = 〈fH , gH〉L,µ, 〈f, g〉L,µ = 〈fH , gH〉R,µ.
Proposition 1.3.1. ( [104], Proposition 2.2.) Let f(x) =

∑n
k=0 Akx

k ∈ P[x] be a matrix
polynomial of degree n. If Ak is non-singular for some 0 ≤ k ≤ n, then 〈f, f〉R,µ and
〈f, f〉L,µ are non-singular matrices. Moreover, 〈f, f〉R,µ = 0 (resp. 〈f, f〉L,µ = 0) if and
only if f = 0.

As a consequence of the above proposition, for any monic matrix polynomial f ∈ P[x],
〈f, f〉R,µ and 〈f, f〉L,µ are non-singular matrices. Therefore, it is possible to construct a
sequence of monic matrix polynomials (PRn (x))n≥0 (resp. (PLn (x))n≥0) orthogonal with
respect to (1.3) (resp. (1.4)) by applying the Gram-Schmidt orthogonalization process
to the basis (xnI)n≥0. This is, PRn and PLn are the unique monic matrix polynomials
satisfying

〈xkI, PRn 〉R,µ = 〈PLn , xkI〉L,µ = 0, k = 0, 1, . . . , n− 1, (1.5)

the polynomials (PRn (x))n≥0 and (PLn (x))n≥0 are called, respectively, the right and left-
orthogonal matrix polynomials sequences with respect to the matrix measure µ.

From the Lemma 1.3 and (1.5) it follows that PRn (x) = PLn (x)H for all x ∈ R and from
the properties of sesquilinear forms we have, for every n ∈ N

〈PRn , PRn 〉R,µ = 〈PLn , PLn 〉L,µ = sn, (1.6)
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for some invertible matrix sn ∈ Ml. Furthermore, (PRk (x))nk=0 is a right module basis for
Pln[x]; indeed, any f ∈ Pln[x] has a unique expansion,

f(x) =
n∑
k=0

PRk (x)fRk , fRk = s−1
k 〈P

R
k , f〉R,µ. (1.7)

Similarly for (PLk (x))nk=0

f(x) =

n∑
k=0

fLk P
L
k (x), fLk = 〈f, PLk 〉L,µs−1

k .

Moreover, if µ is a positive semi-definite matrix measure, there exist sequences of
matrix polynomials (pRn (x))n≥0 and (pLn(x))n≥0, with

pRn (x) = ζRn x
n + lower order terms ,

pLn(x) = ζLn x
n + lower order terms ,

for the right and left cases, respectively, with non-singular matrices ζRn and ζLn . They are
orthonormal with respect to (1.3) and (1.4), respectively. This is,

〈pRk , pRn , 〉R,µ = 〈pLn , pLk , 〉L,µ = Iδn,k, k = 0, 1, . . . , n.

Clearly, any orthonormal matrix polynomial has the form

pRn (x) = PRn (x)ζRn νn, and pLn(x) = τnζ
L
nP

L
n (x),

where νn, τn ∈ Ml are unitary matrices. This is, matrix orthonormal polynomials on the
real line are unique up to multiplication by unitary matrices, since

〈pRn νHn , pRn νHn 〉R,µ = νn〈pRn , pRn 〉R,µνHn = νnν
H
n = I,

〈τHn pLn , τHn pLn〉L,µ = τHn 〈pLn , pLn〉L,µτn = τHn τn = I.

By (1.7), the sequence of polynomials (pRn (x))n≥0 also form a right orthonormal module
basis in Pl[x]. So for any f ∈ Pl[x], the expansion

f(x) =
∞∑
k=0

pRk (x)fRk , fRk = 〈pRk , f〉R,µ (1.8)

Similarly, the sequence of polynomials (pLn(x))n≥0 is a left module basis for Pl[x], and the
expansion

f(x) =
∞∑
k=0

fLk p
L
k (x), fLk = 〈f, pLk 〉L,µ (1.9)

is unique.

If the Hermitian matrix measure is positive definite, we can derive the corresponding
scalar products

〈f, g〉µesc,R = Tr [〈f, g〉R,µ] , 〈f, g〉µesc,L = Tr [〈f, g〉L,µ] , f, g ∈ Pl[x],
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and the corresponding Hilbert space HR, HL, with norms of Frobenius type given by

‖f‖R =
√
〈f, f〉µesc,R and ‖f‖L =

√
〈f, f〉µesc,L.

Moreover, from (1.8) and (1.9) the Parseval identity

∞∑
k=0

Tr(fR,Hk fRk ) = ‖f‖2R and
∞∑
k=0

Tr(fLk f
L,H
k ) = ‖f‖2L (1.10)

holds true. Obviously, since f is a polynomial, there are only finitely many non-zero terms
in (1.8), (1.9) and (1.10).

1.3.1 Recurrence relations for MOPRL

Let J be the block Hessenberg matrix representing the multiplication by x operator with
respect to the basis {pRn }n≥0. As in the scalar case, using the orthogonality properties of
pRn , we get that Jnm = 0 if |n−m| > 1. Denote

Bn = Jnn = 〈pRn−1, xp
R
n−1〉R,µ and An = Jn,n+1 = JHn+1,n = 〈pRn−1, xp

R
n 〉R,µ.

Then we have

J =


B1 A1 0 · · ·
AH1 B2 A2 · · ·
0 AH2 B3 · · ·
...

...
...

. . .

 . (1.11)

Applying (1.8) to f(x) = xpRn (x), we get the three-term recurrence relation

xpRn (x) = pRn+1(x)AHn+1 + pRn (x)Bn+1 + pRn−1(x)An, n ≥ 1. (1.12)

If we set pR−1(x) = 0 and A0 = I, the relation (1.12) also holds for n = 0. Since for x real
we have pLn(x)H = pRn (x), by conjugating (1.12), we get

xpLn(x) = An+1p
L
n+1(x) +Bn+1p

L
n(x) +AHn p

L
n−1(x), n ≥ 1. (1.13)

The matrices Bn ∈ Ml are Hermitian and the matrices An ∈ Ml are non-singular for
n ≥ 0. Any block matrix of the form (1.11) with Bn = BH

n and detAn 6= 0 for all n will
be called a block Jacobi matrix corresponding to the Jacobi parameters An and Bn. It is
well known (see Favard’s Theorem [42], Section 2.2.4) that there exits a bijection between
Hermitian matrix measures with compact support and block Jacobi matrices.

1.3.2 Zeros

A zero of a matrix polynomial f is z0 ∈ C such that det f(z0) = 0. In [42], it is shown
that:

1. All the zeros of PRn (x) are real. Moreover, det(PRn (x)) = det(PLn (x)).
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2. Let (xn,j)
nl
j=1 be the zeros of PRn (x), counting multiplicities, ordered by

xn,1 ≤ xn,2 ≤ · · · ≤ xn,nl,

then
xn+1,j ≤ xn,j ≤ xn+1,j+l.

Example 1.3.2. Consider the 2 × 2 Hermitian matrix-valued measure supported on
(−1, 1), defined by

dµ(x) =
1√

1− x2

[
1 x
x 1

]
dx. (1.14)

The n−th degree monic MOPRL (see [35]) is given by

PRn (x) = PLn (x) =
1

2n

[
Un(x) −Un−1(x)
−Un−1(x) Un(x)

]
, n ≥ 1,

where (Un(x))n≥0 is the sequence of Chebyshev polynomials of the second kind on R (see
[39]). We have that

〈PRk , PRn 〉R,µ =
1

2n

∫ 1

−1
xnTn(x)

dx√
1− x2

I2δnk =
π

22n
I2δnk, k = 0, · · · , n,

where (Tn(x))n≥0 is the sequence of Chebyshev polynomials of the first kind on R (see [39])
and I2 ∈M2 is the 2×2 identity matrix. The coefficients of the recurrence relation (1.12)
are:

B1 =
1

2

[
1 0
0 1

]
, Bn =

1

2

[
0 0
0 0

]
, n ≥ 2 and An =

1

4
I2, n ≥ 1.

Furthermore, the zeros of PRn (x) are given by

xn,k = ± cos

(
2kπ

2n+ 1

)
, k = 1, . . . , n,

notice that PRn (x) has 2n real and distinct zeros.

1.3.3 Kernel matrix polynomial and the Christoffel-Darboux formula

The kernel matrix polynomial of degree n for x, y ∈ R is defined as

KR
n (x, y) =

n∑
k=0

pRk (x)pRk (y)H =
n∑
k=0

pLk (x)HpLk (y) = KL
n (x, y). (1.15)

In [42] it is shown that they satisfy the Christoffel-Darboux formulas

KR
n (x, y) =

pRn+1(x)AHn+1p
R
n (y)H − pRn (x)An+1p

R
n+1(y)H

x− y
, n ≥ 1 (1.16)

and

KL
n (x, y) =

pLn+1(x)HAHn+1p
L
n(y)− pLn(x)HAn+1p

L
n+1(y)

x− y
, n ≥ 1 (1.17)

for any x, y ∈ R and x 6= y.
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Furthermore, denoting Kn(x, y) = KR
n (x, y) = KL

n (x, y), for any matrix polynomial
π ∈ Pln[x], the kernel matrix polynomial have the reproducing properties ([42]), i.e., for
any x, y, z ∈ R

1.
∫
EKn(y, x)dµ(x)π(x) = π(y).

2.
∫
E π(x)dµ(x)Kn(x, y) = π(y).

3.
∫
EKn(y, x)dµ(x)Kn(x, z) = Kn(y, z).

1.3.4 The matrix-valued Stieltjes function

The matrix-valued Stieltjes function (or Cauchy transformation) associated with the nor-
malized matrix measure µ is defined by

S(x) =

∫ 1

−1

1

x− t
dµ(t), x ∈ C\[−1, 1]. (1.18)

It is of great interest in the theory of MOPRL (see [91, 92]), and admits the following
series expansion

S(x) =

∞∑
n=0

1

xn+1
µn, (1.19)

where µn are the moments associated with µ, i.e.,

µn = 〈I, xnI〉R,µ = 〈xnI, I〉L,µ =

∫ 1

−1
xndµ(x), n ≥ 0. (1.20)

Notice that every moment is a Hermitian matrix, i.e., µHn = µn for n ≥ 0, since µ is
Hermitian.

By a transformation of the Stieltjes function S(x), we mean a new Stieltjes function
associated with a measure µ̃, a spectral transformation of the original measure µ.

Example 1.3.3. The double factorial of number n (denoted by n!!) is the product of all
the integers from 1 up to n that have the same parity (odd or even) as n. That is,

n!! =


∏n/2
k=1(2k) = n(n− 2)(n− 4) · · · (4)(2), if n is even,

∏(n+1)/2
k=1 (2k − 1) = n(n− 2)(n− 4) · · · (3)(1), if n is odd.

(1.21)

On the other hand, since∫ 1

−1

xn√
1− x2

dx = 2

∫ π/2

0
sinn tdt = π

(n− 1)!!

n!!

1 + (−1)n

2
,

thus, the n-th moment matrix associated with the normalized matrix measure (1.14) is
given by

µn =

[
(n−1)!!
n!!

1+(−1)n

2
n!!

(n+1)!!
1−(−1)n

2
n!!

(n+1)!!
1−(−1)n

2
(n−1)!!
n!!

1+(−1)n

2

]
,

8



Chapter 1. Matrix orthogonal polynomials and the Szegő matrix transformation

with (−1)!! = 1. Hence the matrix-valued Stieltjes function is given by

S(x) =

∞∑
n=0

1

xn+1

[
(n−1)!!
n!!

1+(−1)n

2
n!!

(n+1)!!
1−(−1)n

2
n!!

(n+1)!!
1−(−1)n

2
(n−1)!!
n!!

1+(−1)n

2

]
.

1.4 Matrix orthogonal polynomials on the unit circle
(MOPUC)

Let T := {z ∈ C : |z| = 1} and D := {z ∈ C : |z| < 1} be the unit circle and unit
disc, respectively, where z ∈ T is parametrized as z = eiθ with θ ∈ (−π, π]. In what
follows, σ = (σi,j)

l
i,j=1 will be an l × l Hermitian matrix measure supported on T (it can

be supported on a finite subset of T). Notice that such a measure can be decomposed as

dσ(θ) =W(θ)
dθ

2π
+ dσs(θ), (1.22)

where W ∈Ml denotes the Radon-Nikodym derivative of the absolutely continuous part
of σ with respect to the scalar Lebesgue’s measure, and σs represents the singular part.
If, in addition, the matrix measure σ is Hermitian and positive definite, then the matrix
W(θ) is a Hermitian and positive definite matrix.

As in the real line case, a matrix measure σ induces right and left sesquilinear forms,
defined respectively as

〈p, q〉R,σ =

∫
T
p(z)H

dσ(z)

iz
q(z) =

∫ π

−π
p(eiθ)Hdσ(θ)q(eiθ) ∈Ml, p, q ∈ Pl[z], (1.23)

〈p, q〉L,σ =

∫
T
p(z)

dσ(z)

iz
q(z)H =

∫ π

−π
p(eiθ)dσ(θ)q(eiθ)H ∈Ml, p, q ∈ Pl[z]. (1.24)

These sesquilinear forms satisfy the same properties that their real line counterparts. By
applying the Gram-Schmidt orthogonalization process to the basis (znI)n≥0, it is possible
to construct a sequence of monic matrix polynomials (ΦR

n (z))n≥0 (resp. (ΦL
n(z))n≥0) or-

thogonal with respect to (1.23) (resp. (1.24)). This is, ΦR
n (z) (resp. ΦL

n(z)) is the unique
monic matrix polynomial satisfying

〈zkI,ΦR
n 〉R,σ = 〈ΦL

n , z
kI〉L,σ = 0, k = 0, 1, . . . , n− 1. (1.25)

The sequences (ΦR
n (z))n≥0 and (ΦL

n(z))n≥0 are called, respectively, the monic right and
left-orthogonal matrix polynomials sequences with respect to the matrix measure σ. It is
important to notice that, unlike the real line case, on the unit circle there is not a direct
relation between the right and left orthogonal polynomials. This is a consequence of the
fact that 〈zf, g〉R,σ = 〈f, z̄g〉R,σ. On the other hand, we denote

SRn = 〈ΦR
n ,Φ

R
n 〉R,σ, and SLn = 〈ΦL

n ,Φ
L
n〉L,σ,

9



Chapter 1. Matrix orthogonal polynomials and the Szegő matrix transformation

with SRn ∈Ml and SLn ∈Ml non-singular for n ≥ 0. As in the real line case, we have that
(ΦR

k (z))nk=0 is a right module basis for Pln[z]; indeed, any π ∈ Pln[z] has a unique expansion,

π(z) =
n∑
k=0

ΦR
k (z)πRk , πRk = S−Rk 〈Φ

R
k , π〉R,σ. (1.26)

Similarly, (ΦL
k (z))nk=0 is a left module basis for Pln[z], and

π(z) =
n∑
k=0

πLk ΦL
k (z), πLk = 〈π,ΦL

k 〉L,σS−Lk .

Moreover, if σ is a positive semi-definite matrix measure, there exist sequences of
matrix polynomials (ϕRn (z))n≥0, (ϕLn(z))n≥0, with

ϕRn (z) = κRn z
n + lower order terms,

ϕLn(z) = κLnz
n + lower order terms,

for the right and left cases, respectively, with non-singular matrices κRn and κLn . They are
orthonormal with respect to the sesquilinear forms (1.23) and (1.24) respectively. This is,

〈ϕRk , ϕRn 〉R,σ = 〈ϕLn , ϕLk 〉L,σ = δn,kI, k = 0, 1, . . . , n.

Clearly, any matrix orthonormal polynomial has the form

ϕRn (z) = ΦR
n (z)κRn νn, ϕLn(z) = τnκ

L
nΦL

n(z), (1.27)

where νn, τn ∈ Ml are unitary matrices. This is, as in the real case, matrix orthonormal
polynomial are unique up to multiplication by unitary matrices. If we restrict κRn (resp.
κLn) to be positive definite, then νn = I (resp. τn = I) and the orthonormal sequence is
uniquely determined (see [5]) with

κRn = S−R/2n and κLn = S−L/2n . (1.28)

Furthermore, κRn (resp. κLn) can always be uniquely chosen to satisfy(
κRn
)−1

κRn+1 > 0 and κLn+1

(
κLn
)−1

> 0. (1.29)

By (1.26), the sequence of polynomials (ϕRn (z))n≥0 forms a right module basis for Pl[z];
indeed, any π ∈ Pl[z], has a unique expansion,

π(z) =
∞∑
k=0

ϕRk (z)πRk , πRk = 〈ϕRk , π〉R,σ. (1.30)

Similarly, the sequence of polynomials (ϕLn(z))n≥0 is a left module basis for Pl[z], and the
expansion

π(z) =

∞∑
k=0

πLk ϕ
L
k (z), πLk = 〈π, ϕLk 〉L,σ (1.31)

is unique.

10



Chapter 1. Matrix orthogonal polynomials and the Szegő matrix transformation

If the Hermitian matrix measure is positive definite, we can derive the corresponding
scalar products

〈π, q〉σesc,R = Tr [〈π, q〉R,σ] , 〈π, q〉σesc,L = Tr [〈π, q〉L,σ] , π, q ∈ Pl[z],

and their corresponding Hilbert spaces HR, HL, with norms of Frobenius type given by

‖π‖R =
√
〈π, π〉σesc,R and ‖π‖L =

√
〈π, π〉σesc,L.

Moreover, from (1.30) and (1.31) the Parseval identity

∞∑
k=0

Tr(πR,Hk πRk ) = ‖π‖2R and

∞∑
k=0

Tr(πLk π
L,H
k ) = ‖π‖2L (1.32)

holds true. Obviously, since π is a polynomial, there are only finitely many non-zero terms
in (1.30), (1.31) and (1.32).

1.4.1 The Szegő recursion and further results

Let (ϕRn (z))n≥0 and (ϕLn(z))n≥0 be the right and left-orthonormal matrix polynomial se-
quences, respectively, with respect to the Hermitian matrix measure σ along with the
condition (1.29).

For a matrix polynomial π ∈ Pln[z] of degree n, we define the reversed polynomial π∗

by

π∗(z) = znπ

(
1

z̄

)H
.

Moreover, clearly we have for π, q ∈ Pln[z] of degree n and for any A ∈Ml

1. (π∗(z))∗ = π(z).

2. (Aπ(z))∗ = π∗(z)AH , (π(z)A)∗ = AHπ∗(z).

3. 〈π∗, q∗〉R,σ = 〈π, q〉L,σ, 〈π∗, q∗〉L,σ = 〈π, q〉R,σ.

Now define
ρRn := (κRn+1)−1κRn and ρLn := κLn(κLn+1)−1. (1.33)

Notice that we have ρRn > 0 and ρLn > 0.

Theorem 1.4.1. (Szegő recursion [42]).

1. For suitable matrices αn, one has

zϕRn (z) = ϕRn+1(z)ρRn + ϕL,∗n (z)αHn , (1.34)

zϕLn(z) = ρLnϕ
L
n+1(z) + αHn ϕ

R,∗
n (z). (1.35)

These recurrence relations are known in the literature as forward Szegő recurrence
relations.

2.

ρRn =
√

I− αnαHn and ρLn =
√

I− αHn αn. (1.36)

11



Chapter 1. Matrix orthogonal polynomials and the Szegő matrix transformation

The matrices αn will henceforth be called the Verblunsky matrix coefficients associated
with the matrix measure σ. Since ρRn is positive definite and therefore non-singular, we
have

‖αn‖2 < 1, for all n ≥ 0. (1.37)

In fact, the following converse result holds.

Theorem 1.4.2. (Verblunsky’s Theorem [42]). Any sequence (αn)n≥0 satisfying (1.37)
is the sequence of Verblunsky matrix coefficients of a unique positive semi-definite matrix
measure supported on T.

Notice that, if the support of σ contains only finitely many points, say n points, then
we can define a truncated sequence (Φk(z))

n
k=0, and the recurrence relations terminate

after that. This situation is closely related to the development of Gaussian quadrature
formulas for matrix-valued functions (see [21, 161, 162]).

From (1.34) and (1.35), it can be deduced that

αn = −
(
κRn
)H

ΦR
n+1(0)H

(
κLn
)−1

, (1.38)

αn = −
(
κRn
)−1

ΦL
n+1(0)H

(
κLn
)H

. (1.39)

and from (1.33)
κLn = (ρL0 · · · ρLn−1)−1 and κRn = (ρRn−1 · · · ρR0 )−1. (1.40)

Notice that the Szegő recursion for the monic MOPUC reads as

ΦR
n+1(z) = zΦR

n (z) + ΦL,∗
n (z)ΦR

n+1(0), (1.41)

ΦL
n+1(z) = zΦL

n(z) + ΦL
n+1(0)ΦR,∗

n (z), (1.42)

and, as a consequence,

ΦR,∗
n+1(z) = ΦR,∗

n (z) + zΦR,H
n+1(0)ΦL

n(z), (1.43)

ΦL,∗
n+1(z) = ΦL,∗

n (z) + zΦR
n (z)ΦL,H

n+1(0). (1.44)

Proposition 1.4.3. For n ≥ 1, we have

ΦR,∗
n (z) = SRn

(
n∑
k=0

S−Rk ΦR,H
k (0)ΦL

k (z)

)
, (1.45)

ΦL,∗
n (z) =

(
n∑
k=0

ΦR
k (z)ΦL,H

k (0)S−Lk

)
SLn . (1.46)

Proof. (1.41) and (1.44) can be written in matrix form as

[ΦR
n+1(z),ΦL,∗

n+1(z)] = [ΦR
n (z),ΦL,∗

n (z)]

[
zI zΦL,H

n+1(0)
ΦR
n+1(0) I

]
. (1.47)

12



Chapter 1. Matrix orthogonal polynomials and the Szegő matrix transformation

and, by using (1.1) to determine the inverse of the block matrix, we get[
zI zΦL,H

n+1(0)
ΦR
n+1(0) I

]−1

= 1
z

(
I− ΦL,H

n+1(0)ΦR
n+1(0)

)−1
−ΦL,H

n+1(0)
(
I− ΦR

n+1(0)ΦL,H
n+1(0)

)−1

−1
zΦR

n+1(0)
(
I− ΦL,H

n+1(0)ΦR
n+1(0)

)−1 (
I− ΦR

n+1(0)ΦL,H
n+1(0)

)−1

 .
As a consequence, (1.47) becomes

zΦR
n (z)

(
I− ΦL,H

n+1(0)ΦR
n+1(0)

)
= ΦR

n+1(z)− ΦL,∗
n+1(z)ΦR

n+1(0),

ΦL,∗
n (z)

(
I− ΦR

n+1(0)ΦL,H
n+1(0)

)
= ΦL,∗

n+1(z)− ΦR
n+1(z)ΦL,H

n+1(0).

These recurrence relations are known in the literature as backward Szegő recurrence re-
lations. Since I − ΦL,H

n+1(0)ΦR
n+1(0) = S−Rn SRn+1 and I − ΦR

n+1(0)ΦL,H
n+1(0) = S−Ln SLn+1 (see

[141], Proposition 4.1), we have

zΦR
n (z)S−Rn SRn+1 = ΦR

n+1(z)− ΦL,∗
n+1(z)ΦR

n+1(0), (1.48)

ΦL,∗
n (z)S−Ln SLn+1 = ΦL,∗

n+1(z)− ΦR
n+1(z)ΦL,H

n+1(0). (1.49)

On the other hand, from (1.42) and (1.43) and taking into account

ΦR
n+1(0)

(
I− ΦL,H

n+1(0)ΦR
n+1(0)

)−1
=
(
I− ΦR

n+1(0)ΦL,H
n+1(0)

)−1
ΦR
n+1(0),

by using a similar procedure we get

zSLn+1S
−L
n ΦL

n(z) = ΦL
n+1(z)− ΦL

n+1(0)ΦR,∗
n+1(z), (1.50)

SRn+1S
−R
n ΦR,∗

n (z) = ΦR,∗
n+1(z)− ΦR,H

n+1(0)ΦL
n+1(z). (1.51)

From (1.51), recursively, we obtain S−Rn ΦR,∗
n (z) = S−R0 ΦR,∗

0 (z)+
∑n

k=1 S
−R
k ΦR,H

k (0)ΦL
k (z),

and since ΦR,∗
0 (z) = ΦR,H

0 (0)ΦL
0 (0), so (1.45) follows. Similarly, from (1.49) we obtain

(1.46)

Proposition 1.4.4. Let A,B ∈Ml.

If ΦR
n (z)A = ΦL,∗

n (z)B for some n ≥ 1, then A = B = 0.

If AΦL
n(z) = BΦR,∗

n (z) for some n ≥ 1, then A = B = 0.

Proof. Assume ΦR
n (z)A = ΦL,∗

n (z)B. Then, AHΦR,∗
n (z) = BHΦL

n(z). Setting z = 0, we
have ΦR

n (0)A = B and AH = BHΦL
n(0), since ΦR,∗

n (0) = I. As a consequence, we get

0 =
(
I− ΦR

n (0)ΦL,H
n (0)

)
B. (1.52)

Using (1.38), (1.52) becomes

0 =
(
I− (κLn−1)HαHn−1αn−1(κ−Ln−1)H

)
B = (κLn−1)H

(
I− αHn−1αn−1

)
(κ−Ln−1)HB,
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Chapter 1. Matrix orthogonal polynomials and the Szegő matrix transformation

and since κLn−1 and I − αHn−1αn−1 are non-singular for n ≥ 1, we get B = 0 and A = 0.
The other statement can be proved in a similar way.

1.4.2 Zeros

A zero of a matrix polynomial π ∈ Pl[z] is a z0 ∈ C such that detπ(z0) = 0. In [42], it is
shown that:

1. All the zeros of ϕRn (z) and ϕLn(z) lie in D.

2. All the zeros of ϕR,∗n (z) and ϕL,∗n (z) lie in C \ D̄.

3. For each n ≥ 0,
det
(
ϕRn (z)

)
= det

(
ϕLn(z)

)
.

4. For each n ≥ 0,
det
(
κRn
)

= det
(
κLn
)
.

As a consequence, it follows that for n ≥ 0, both (ϕRn (z))−1 and (ϕLn(z))−1 exist for |z| ≥ 1
and both (ϕR,∗n (z))−1 and (ϕL,∗n (z))−1 exist for |z| < 1.Moreover, since det

(
κRn
)

= det
(
κLn
)

for n ≥ 1, then
det
(
ΦR
n (z)

)
= det

(
ΦL
n(z)

)
, n ≥ 0. (1.53)

Example 1.4.5. Consider the 2× 2 Hermitian matrix-valued measure supported on T

dσ(θ) =W(θ)
dθ

2π
=

[
1 sin θ

sin θ 1

]
dθ

2π
. (1.54)

As a consequence, the n−th degree monic MOPUC, using the matrix Heine’s formula
[141] is

ΦR
n (z) =

[
φn(z) − n

n+1 iφn−1(z)

− n
n+1 iφn−1(z) φn(z)

]
, n ≥ 0

where φ−1(z) = 0, φ0(z) = 1 and for n ≥ 1

φn(z) =
1

n+ 1

n∑
k=0

(
1 + (−1)n−k

2

)
(−1)

n−k
2 (k + 1)zk.

Moreover

SRn =
n+ 2

2(n+ 1)
I2, n ≥ 0.
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k det(ΦR
k (z)) Zeros

1 − ∗ z2 + 1
4 ±0.5i

2 − ∗ z4 − 2
9z

2 + 1
9 ±0.4714± 0.33333i

3 − ∗ z6 − 7
16z

4 − 1
8z

2 + 1
16 ±0.63833± 0.072085i

±0.60583i

4 − ∗ z8 − 14
25z

6 + 3
25z

4 − 2
25z

2 + 1
25 ±0.67815± 0.13783i

±0.35828± 0.53783i

5 − ∗ z10 − 23
36z

8 + 5
18z

6 + 1
12z

4 − 1
18z

2 + 1
36 ±0.66837± 0.29419i

±0.57018± 0.37570i
±0.67033i

6 − ∗ z12 − 34
49z

10 + 19
49z

8 − 4
49z

6 + 3
49z

4 − 2
49z

2 + 1
49 ±0.28765± 0.63411i

±0.63989± 0.41068i
±0.68380± 0.20514i

Table 1.1. Zeros of the first six MOPUC.

-1 -0.5 0.5 1

-1

-0.8

-0.6

-0.4

-0.2

0.2

0.4

0.6

0.8

1

Figure 1.1. Zeros of the first six MOPUC.

Notice that all the zeros of ΦR
k (z) with k = 1, . . . , 6 lie in D. In the same way, the

reversed matrix polynomial of ΦR
n (z) is

ΦR,∗
n (z) =

[
φR,∗n (z) n

n+1 izφ
∗
n−1(z)

n
n+1 izφ

∗
n−1(z) φ∗n(z)

]
, n ≥ 0,

where φ∗n(z) = 1
n+1

∑n
k=0

(
1+(−1)k

2

)
(−)

k
2 (n+ 1− k)zk, φ∗0(z) = 1 and φ∗−1(z) = 0.
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k det(ΦR,∗
k (z)) Zeros

1 − ∗ 1 + 1
4z

2 ±2.0i

2 − ∗ 1− 2
9z

2 + 1
9z

4 ±1.4142± 1.0i

3 − ∗ 1− 7
16z

2 − 1
8z

4 + 1
16z

6 ±1.5469± 0.17469i
±1.6506i

4 − ∗ 1− 14
25z

2 + 3
25z

4 − 2
25z

6 + 1
25z

8 ±1.4161± 0.28782i
±0.8579± 1.2878i

5 − ∗ 1− 23
36z

2 + 5
18z

4 + 1
12z

6 − 1
18z

8 + 1
36z

10 ±1.2533± 0.55169i
±1.2229± 0.80579i

±1.4918i

6 − ∗ 1− 34
49z

2 + 19
49z

4 − 4
49z

6 + 3
49z

8 − 2
49z

10 + 1
49z

12 ±0.59329± 1.3079i
±1.1068± 0.71038i
±1.3417± 0.40251i

Table 1.2. Zeros of the first six reversed MOPUC.

-1.5 -1 -0.5 0.5 1 1.5

-2

-1.5

-1

-0.5

0.5

1

1.5

2

Figure 1.2. Zeros of the first six reversed MOPUC.

Notice that all the zeros of ΦR,∗
k (z) with k = 1, . . . , 6 lie in C \ D̄.
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1.4.3 Kernel matrix polynomial and the Christoffel-Darboux formula

The kernel matrix polynomial of degree n for z, ζ ∈ C is defined as

KR
n (ζ, z) =

n∑
k=0

ϕRk (z)ϕRk (ζ)H and KL
n (z, ζ) =

n∑
k=0

ϕLk (ζ)HϕLk (z), (1.55)

for the right and left cases, respectively. It is shown in [42] that for n ≥ 1 they satisfy the
Christoffel-Darboux formulas

KR
n (ζ, z) =

ϕL,∗n+1(z)ϕL,∗n+1(ζ)H − ϕRn+1(z)ϕRn+1(ζ)H

1− zζ̄
, (1.56)

KL
n (z, ζ) =

ϕR,∗n+1(ζ)HϕR,∗n+1(z)− ϕLn+1(ζ)HϕLn+1(z)

1− zζ̄
, (1.57)

KR
n (ζ, z) =

ϕL,∗n (z)ϕL,∗n (ζ)H − zζ̄ϕRn (z)ϕRn (ζ)H

1− zζ̄
, (1.58)

KL
n (z, ζ) =

ϕR,∗n (ζ)HϕR,∗n (z)− zζ̄ϕLn(ζ)HϕLn(z)

1− zζ̄
, (1.59)

for zζ̄ 6= 1.

Proposition 1.4.6. For n ≥ 1, we have,

1.
ϕR,∗n (z) = (κRn )−1KL

n (z, 0) and ϕL,∗n (z) = KR
n (0, z)(κLn)−1. (1.60)

2.
KL
n (0, 0) = κRn (κRn )H = S−Rn and KR

n (0, 0) = (κLn)HκLn = S−Ln . (1.61)

3.
(κ−Ln )HϕRn (0) = ϕLn(0)(κ−Rn )H and ϕR,Hn (0)κ−Ln = κ−Rn ϕL,Hn (0). (1.62)

4. (
κLn−1κ

−L
n

)H
κLn−1κ

−L
n = I− ϕLn(0)(κ−Rn )Hκ−Rn ϕL,Hn (0)

= I− ϕLn(0)KL
n (0, 0)−1ϕL,Hn (0),

(1.63)

and

κ−Rn κRn−1

(
κ−Rn κRn−1

)H
= I− ϕR,Hn (0)κ−Ln (κ−Ln )HϕRn (0)

= I− ϕR,Hn (0)KR
n (0, 0)−1ϕRn (0).

(1.64)

5. For any matrix polynomial π ∈ Pln[z] and ζ ∈ C, the kernel polynomials have the
reproducing properties ([42])

〈π(z),KR
n (ζ, z)〉R,σ = π(ζ)H , and 〈KL

n (z, ζ), π(z)〉L,σ = π(ζ)H . (1.65)

Proof.
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1. Taking into account that

ϕR,∗n (0)H = ΦR,∗
n (0)HκRn = κRn and ϕL,∗n (0)H = κLnΦL,∗

n (0)H = κLn , (1.66)

from (1.58) , (1.59) we get (1.60).

2. The equality KL
n (0, 0) = κRn (κRn )H follows setting z = 0 in (1.60). On the other hand,

SRn = 〈ΦR
n ,Φ

R
n 〉R,σ = 〈ϕRnκ−Rn , ϕRnκ

−R
n 〉R,σ = (κ−Rn )Hκ−Rn .

3. Using (1.34) and (1.35) with the identity αnρ
L
n = ρRnαn (see [42] Lemma 1.3.), one can

verify

ϕL,∗n (z)ϕLn(ζ)− ϕRn (z)ϕR,∗n (ζ) = ζϕL,∗n−1(z)ϕLn−1(ζ)− zϕRn−1(z)ϕR,∗n−1(ζ),

and taking z = ζ,

ϕL,∗n (z)ϕLn(z)− ϕRn (z)ϕR,∗n (z) = z
(
ϕL,∗n−1(z)ϕLn−1(z)− ϕRn−1(z)ϕR,∗n−1(z)

)
...

= zn
(
ϕL,∗0 (z)ϕL0 (z)− ϕR0 (z)ϕR,∗0 (z)

)
,

so that ϕL,∗n (z)ϕLn(z) = ϕRn (z)ϕR,∗n (z). From the previous equation and (1.66) we get (1.62).

4. From (1.61), we have

(κLn)HκLn − (κLn−1)HκLn−1 = KR
n (0, 0)−KR

n−1(0, 0) = ϕRn (0)ϕR,Hn (0),

and therefore (
κLn−1κ

−L
n

)H
κLn−1κ

−L
n = I− (κ−Ln )HϕRn (0)ϕR,Hn (0)κ−Ln .

Then, (1.61) and (1.62) imply (1.63). (1.64) follows in a similar way.

Notice that from (1.63) and (1.64) we deduce

‖κLn−1κ
−L
n ‖2 ≤ 1 and ‖κ−Rn κRn−1‖2 ≤ 1,

since KL
n (0, 0)−1 and KR

n (0, 0)−1 are positive semi-definite matrices.

Example 1.4.7. Consider the matrix measure

dσ(θ) = Ω
dθ

2π
, (1.67)

where Ω ∈ Ml is a positive definite matrix. The corresponding n−th degree monic
MOPUC is

Φn(z) = ΦR
n (z) = ΦL

n(z) = znI,

Moreover

SRn = SLn = 〈Φn,Φn〉R,σ =

∫ π

−π
e−inθΩeinθ

dθ

2π
= Ω > 0.
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The respective n−th reversed polynomial is

Φ∗n(z) = ΦR,∗
n (z) = ΦL,∗

n (z) = I.

Thus, ϕL,∗n (z) = ΦL,∗
n (z)S

−L/2
n = Ω−1/2, hence the kernel matrix polynomial is

KR
n (ζ, z) =

Ω−1 − zn+1Ω−1/2(ζn+1Ω−1/2)H

1− zζ̄
= Ω−1 1− (zζ̄)n+1

1− (zζ̄)
= Ω−1

n∑
k=0

(zζ̄)k.

In particular, if z = ζ ∈ T
KR
n (ζ, ζ) = (n+ 1)Ω−1.

Let π(z) = zkBk + · · · + zB1 + B0 be a matrix polynomial of degree 0 ≤ k ≤ n. For
A ∈Ml, we define

π(A) = AkBk + · · ·+ AB1 +B0, ( in particular ϕRk (A) = AkκRk + · · · )

when we use right matrix polynomials or the right sesquilinear form, and

π(A) = BkA
k + · · ·+B1A +B0, ( in particular ϕLk (A) = κLkAk + · · · )

for left matrix polynomials or the left sesquilinear form. With this notation, the repro-
ducing property of the kernel matrix polynomial (1.65) can be extended to

〈π(z),KR
n (A, z)〉R,σ = π(A)H and 〈KL

n (z,A), π(z)〉L,σ = π(A)H . (1.68)

Indeed, let π(z) =
∑k

i=0 ϕ
R
i (z)λi, with 0 ≤ k ≤ n. Then, we have

〈π(z),KR
n (A, z)〉R,σ =

〈
k∑
i=0

ϕRi (z)λi,
n∑
j=0

ϕRj (z)ϕRm(A)H

〉
R,σ

=
k∑
i=0

n∑
j=0

λHi 〈ϕRi , ϕRj 〉R,σϕRj (A)H

=
k∑
i=0

λHi ϕ
R
i (A)H = π(A)H .

1.4.4 The matrix-valued Carathéodory function

An analytic matrix-valued function F defined on D is called a (matrix-valued)
Carathéodory function if

F (0) = I and ReF (z) =
1

2

(
F (z) + F (z)H

)
≥ 0 for all z ∈ D.

The following result can be found in [52] Theorem 2.2.2.

Theorem 1.4.8. (Riesz-Herglotz’s Theorem). If F is a matrix-valued Carathéodory func-
tion, then there exists a unique normalized positive semi-definite matrix measure σ such
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that

F (z) =

∫ π

−π

eiθ + z

eiθ − z
dσ(θ). (1.69)

The matrix measure σ is given by the unique weak limit of the measures dσr(θ) =
ReF (reiθ) dθ2π as r ↑ 1. Moreover, we have

F (z) = c0 + 2
∞∑
n=1

c−nz
n = I + 2

∞∑
n=1

c−nz
n, (1.70)

where cn is the n−th matrix moment associated with the measure σ, i.e.,

cn = 〈I, znI〉R,σ = 〈znI, I〉L,σ =

∫ π

−π
einθdσ(θ), n ∈ Z. (1.71)

Conversely, if σ is a positive semi-definite matrix measure, then (1.69) defines a matrix-
valued Carathéodory function.

Notice that every matrix moment satisfies cH−n = cn for n ∈ Z, since σ is a Hermitian
matrix measure.

Example 1.4.9. Consider the positive semi-definite matrix measure (1.54) supported on
T. The sequence of matrix moments is

c0 =

[
1 0
0 1

]
, c1 =

i

2

[
0 1
1 0

]
, c−1 = − i

2

[
0 1
1 0

]
and

cn = c−n =

[
0 0
0 0

]
for n ≥ 2.

Therefore, the respective matrix-valued Carathéodory function is

F (z) =

[
1 −iz
−iz 1

]
.

The following result is a direct consequence of the matrix version of the Riesz-Herglotz’s
Theorem.

Proposition 1.4.10. Let σ and σ̃ be normalized positive semi-definite matrix measures
supported on T, with associated matrix-valued Carathéordory functions F and F̃ , respec-
tively. If F (z) = F̃ (z) for z ∈ D, then σ = σ̃.

Proof. Let

F (z) = I + 2

∞∑
n=1

c−nz
n and F̃ (z) = I + 2

∞∑
n=1

c̃−nz
n,

be matrix-valued Carathéodory functions. Then, from the Riesz-Herglotz’s Theorem, they
have unique, positive semi-definite, associated matrix measures σ and σ̃. If F (z) = F̃ (z),
and since the corresponding matrix measures are Hermitian, we get for every n ∈ Z

cn = c̃n.
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This means that for every n ∈ Z,∫ π

−π
einθdσ =

∫ π

−π
einθdσ̃,

and, as a consequence, for arbitrary matrix polynomials p, q ∈ Pl[z],∫ π

−π
p(eiθ)dσ(θ)q(eiθ) =

∫ π

−π
p(eiθ)dσ̃(θ)q(eiθ)

and therefore σ and σ̃ coincide.

As in the real line case, by a transformation of the function F we mean a new
Carathéodory function associated with a measure σ̃, which is a spectral transformation of
the original measure σ.

1.4.5 Biorthogonal matrix polynomials

Let X (z) = [I, Iz−1, Iz, Iz−2, Iz2, . . .]T be a block vector, and denote the CMV left and
right moment matrices associated with the matrix measure σ by

FR := 〈X (z)T ,X (z)T 〉R,σ =


c0 c−1 c1 c−2 · · ·
c1 c0 c2 c−1 · · ·
c−1 c−2 c0 c−3 · · ·
c2 c1 c3 c0 · · ·
...

...
...

...
. . .

 , (1.72)

FL := 〈X (z),X (z)〉L,σ =


c0 c1 c−1 c2 · · ·
c−1 c0 c−2 c1 · · ·
c1 c2 c0 c3 · · ·
c−2 c−1 c−3 c0 · · ·

...
...

...
...

. . .

 , (1.73)

respectively. Notice that if the matrix measure σ is Hermitian, then so are FR and FL.
Let (FK)n ∈Mnl be the truncated moment matrices with K = R,L. The matrix measure
σ is said to be quasi-definite if (FK)n satisfies

det(FK)n 6= 0 for K = R,L and n ≥ 1.

Definition 1.4.11. Given a quasi-definite matrix measure σ, the set of monic matrix
polynomials (ΦR

i,n(z))n≥0, (ΦL
i,n(z))n≥0, i = 1, 2 are said to be biorthogonal with respect

to σ if

1. for all n ≥ 0, deg(ΦR
i,n) = deg(ΦL

i,n) = n with i = 1, 2,

2. 〈ΦR
2,k,Φ

R
1,n〉R,σ = δk,nS

R
2,1,n and 〈ΦL

1,k,Φ
L
2,n〉L,σ = δk,nS

L
1,2,n, with SR2,1,n 6= 0 and

SL1,2,n 6= 0.

Proposition 1.4.12. ([6] Proposition 2) Given a quasi-definite matrix measure σ,
there exist sequences of monic biorthogonal matrix matrix polynomials (ΦR

i,n(z))n≥0,

(ΦL
i,n(z))n≥0, i = 1, 2 and they are unique.
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Here, it is important to notice the order of the matrix polynomials in the sesquilinear
form; if k 6= n, then 〈ΦR

1,k,Φ
R
2,n〉R,σ and 〈ΦL

1,k,Φ
L
2,n〉L,σ could be different from 0. Notice

that this constitutes a more general framework to study matrix orthogonal polynomials.
However, if σ is Hermitian,

〈p, q〉R,σ = 〈q, p〉HR,σ and 〈p, q〉L,σ = 〈q, p〉HL,σ, p, q ∈ Pl[z].

Therefore, we conclude that the sequences (ΦR
i,n(z))n≥0, and (ΦL

i,n(z))n≥0, are orthogonal
with respect to σ, i.e.

〈ΦR
i,k,Φ

R
i,n〉R,σ = δk,nS

R
i,n and 〈ΦL

i,n,Φ
L
i,k〉L,σ = δk,nS

L
i,n.

From the uniqueness of ΦR
n (z) and ΦL

n(z), we obtain that ΦR
n (z) = ΦR

1,n(z) = ΦR
2,n(z)

and ΦL
n(z) = ΦL

1,n(z) = ΦL
2,n(z). In this document, we deal always with Hermitian matrix

measures and, as a consequence, the more general case of biorthogonal sequences of matrix
polynomials is not considered here.

1.4.6 Asymptotic properties

Let σ be a Hermitian matrix measure supported on T defined as in (1.22).

Definition 1.4.13. The Hermitian matrix measure σ belongs to the Nevai matrix class
N , if

detW(θ) > 0

almost everywhere on unit circle.

Definition 1.4.14. The Hermitian matrix measure σ belongs to the Szegő matrix class
S, if

log(detW(θ))

is integrable over unit circle.

Necessary conditions for σ to belong to the Nevai or Szegő class can be given in terms
of the Verblunsky matrix coefficients, as follows.

Theorem 1.4.15. (Rakhmanov’s Theorem [168]). If the Hermitian matrix measure σ ∈
N , then

lim
n→∞

αn = 0.

Theorem 1.4.16. [48]. The Hermitian matrix measure σ ∈ S if and only if

∞∑
n=1

‖αn‖F <∞.

Notice that S ⊂ N . For the scalar case, the Nevai and Szegő conditions were introduced
in [166]. In the matrix case, the Szegő matrix condition was introduced in [48] and some
well known results in the scalar case, such as the Bernstein-Szegő Theorem, were extended
to the matrix case in [49].

When z ∈ T and z = ζ the Christoffel-Darboux formula (1.57) becomes

ϕLn(z)HϕLn(z) = ϕR,∗n (z)HϕR,∗n (z)
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and rearranging the terms
(
ϕLn(z)ϕR,∗n (z)−1

)H (
ϕLn(z)ϕR,∗n (z)−1

)
= I, so that

ϕLn(z)ϕR,∗n (z)−1 is a unitary matrix. For z ∈ D̄, let ∆(z) = ϕLn(z)ϕR,∗n (z)−1. Then ∆
is analytic in D, continuous in D̄ and ‖∆(z)‖2 = 1 on T so by the maximum principle

‖ϕLn(z)ϕR,∗n (z)−1‖2 ≤ 1 for |z| ≤ 1,

equivalently ∥∥ϕRn (z)−1ϕL,∗n (z)
∥∥

2
≤ 1 for |z| ≥ 1. (1.74)

In the scalar case, it is very well known (see [150]) that if αn → 0, then

lim
n→∞

ϕn+1(z)

ϕn(z)
= z, |z| > 1, with ϕn = ϕRn = ϕLn .

In [173], the authors extended the result for MOPUC associated with a positive defi-
nite matrix measure in the Szegő class. The following proposition generalizes the ratio
asymptotics for Hermitian matrix measures in the Nevai class.

Proposition 1.4.17. If σ ∈ N , then

lim
n→∞

(
ϕRn (z)

)−1
ϕRn+1(z) = lim

n→∞
ϕLn+1(z)

(
ϕLn(z)

)−1
= zI, (1.75)

uniformly on every compact subset of z ∈ C \ D̄. Equivalently,

lim
n→∞

ϕR,∗n+1(z)
(
ϕR,∗n (z)

)−1
= lim

n→∞

(
ϕL,∗n (z)

)−1
ϕL,∗n+1(z) = I, (1.76)

uniformly on every compact subset of z ∈ D.

Proof. From (1.34),
(
ϕRn (z)

)−1
ϕRn+1(z)ρRn − zI = −

(
ϕRn (z)

)−1
ϕL,∗n (z)αHn and thus∥∥∥(ϕRn (z)

)−1
ϕRn+1(z)ρRn − zI

∥∥∥
2
≤ ‖αn‖2

∥∥∥(ϕRn (z)
)−1

ϕL,∗n (z)
∥∥∥

2
. (1.77)

From (1.74), we have that (1.77) becomes∥∥∥(ϕRn (z)
)−1

ϕRn+1(z)ρRn − zI
∥∥∥

2
≤ ‖αn‖2, for |z| > 1, (1.78)

and since αn → 0 implies ρRn → I, (1.78) implies that (1.75) holds if σ ∈ N . On the other
hand, (1.76) follows from the definition of the reversed polynomials.

Proposition 1.4.18. If σ ∈ N , then

lim
n→∞

ϕLn(z)
(
ϕR,∗n (z)

)−1
= lim

n→∞

(
ϕL,∗n (z)

)−1
ϕRn (z) = 0, (1.79)

uniformly on every compact subset of z ∈ D. Equivalently,

lim
n→∞

(
ϕRn (z)

)−1
ϕL,∗n (z) = lim

n→∞
ϕR,∗n (z)

(
ϕLn(z)

)−1
= 0, (1.80)

uniformly on every compact subset of z ∈ C \ D̄.
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Proof. For |z| < 1, from (1.34)

(
ϕL,∗n (z)

)−1
ϕL,∗n+1(z)

(
ϕL,∗n+1(z)

)−1
ϕRn+1(z)ρRn = z

(
ϕL,∗n (z)

)−1
ϕRn (z)− αHn .

If σ ∈ N , then ρRn → I and by (1.76)
(
ϕL,∗n (z)

)−1
ϕL,∗n+1(z)→ I, so we have

lim
n→∞

(
ϕL,∗n+1(z)

)−1
ϕRn+1(z) = lim

n→∞
z
(
ϕL,∗n (z)

)−1
ϕRn (z) = · · · = lim

n→∞
znI = 0.

On the other hand, for |z| > 1, since

(
ϕRn (z)

)−1
ϕL,∗n (z) =

(
ϕLn(1/z̄)

(
ϕR,∗n (1/z̄)

)−1
)H

,

if n→∞, taking into account (1.79), we get (1.80).

Also from (1.34), we have

(
ϕRn (z)

)−1
= ρRn−1

(
zI− (ϕRn−1(z))−1ϕL,∗n−1(z)αHn−1

)−1
(ϕRn−1(z))−1.

If n→∞, using (1.80) we have the following proposition.

Proposition 1.4.19. If σ ∈ N , then

lim
n→∞

(
ϕRn (z)

)−1
= lim

n→∞

(
ϕLn(z)

)−1
= 0, (1.81)

uniformly on every compact subset of z ∈ C \ D̄.

Proposition 1.4.20. If σ ∈ N and ζ ∈ C \ D, then

lim
n→∞

(
ϕRn (z)

)−1
KR
n−1(ζ, z)

(
ϕR,Hn (ζ)

)−1
=

1

zζ̄ − 1
I, (1.82)

lim
n→∞

(
ϕL,Hn (ζ)

)−1
KL
n−1(z, ζ)

(
ϕLn(z)

)−1
=

1

zζ̄ − 1
I,

uniformly on every compact subset of z ∈ C \ D̄.

Proof. For z ∈ C \ D̄, the result follows from the previous Propositions and (1.56), (1.57).
Let z ∈ T. From (1.56), we have

(1−zζ̄)
(
ϕRn (z)

)−1
KR
n−1(ζ, z)

(
ϕR,Hn (ζ)

)−1
=
(
ϕRn (z)

)−1
ϕL,∗n (z)

((
ϕRn (ζ)

)−1
ϕL,∗n (ζ)

)H
−I,

and thus from (1.74)∥∥∥(1− zζ̄)
(
ϕRn (z)

)−1
KR
n−1(ζ, z)

(
ϕR,Hn (ζ)

)−1
+ I
∥∥∥2

2
≤
∥∥∥(ϕRn (ζ)

)−1
ϕL,∗n (ζ)

∥∥∥2

2
.

As a consequence, from (1.80) we get (1.82). The result for the left kernel is obtained in
a similar way.
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Corollary 1.4.21. If σ ∈ N and ζ ∈ T, then

lim
n→∞

ϕR,Hn (ζ)
(
KR
n (ζ, ζ)

)−1
ϕRn (ζ) = 0, (1.83)

lim
n→∞

ϕLn(ζ)
(
KL
n (ζ, ζ)

)−1
ϕL,Hn (ζ) = 0.

The following result establishes bounds for the leading principal coefficients of the
orthonormal matrix polynomials.

Proposition 1.4.22.

σ ∈ S if and only if lim
n→∞

‖κLn‖2 <∞. (1.84)

Similarly,
σ ∈ S if and only if lim

n→∞
‖κRn ‖2 <∞. (1.85)

Proof. Let An(0) =
(
κLn
)H

κLn , and notice that

‖κLn‖22 = Π
((
κLn
)H

κLn

)
= Π(An(0)). (1.86)

If σ ∈ S, from [48] (Theorem 17), limn→∞Π(An(0)) < ∞ for every n ∈ N, then from
(1.86) limn→∞ ‖κLn‖2 <∞.

Conversely, if limn→∞ ‖κLn‖2 < ∞, then from (1.86) Π(An(0)) < ∞ for every n ∈ N,
thus the numbers det(An(0)) are bounded from above (since the product of the eigenvalues
of a matrix equals its determinant). Therefore, from [48] (Theorem 19) and the Theorem
1.4.16 it follows that σ ∈ S. In a similar way (1.85) can be proved.

Now, we state an asymptotic property for the reproducing kernel.

Proposition 1.4.23. If σ ∈ S, then

KR
n (z, z) and KL

n (z, z),

converge uniformly on every compact subset of z ∈ D as n→∞.

Proof. If σ ∈ S, from [48] the sequence (An(z))n≥0 converges uniformly on every compact
subset of D, where An(z) = Un(z)T−1

n+1Un(0)T with Un(z) = [I, · · · , znI] and Tn+1 ∈
Ml(n+1) is a block Toeplitz matrix. Moreover,

ϕLn(z) = zn(κ−Ln )HAn(1/z̄)H and An(0) = (κLn)HκLn . (1.87)

On the other hand, using the Christoffel-Darboux formula (1.56) with z = ζ ∈ D and
(1.87), we have

(1− |z|2)KR
n (z, z) ≤ ϕL,∗n+1(z)ϕL,∗n+1(z)H = An+1(z)A−1

n+1(0)AHn+1(z),

so we conclude that KR
n (z, z) converges uniformly on every compact subset of z ∈ D.
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Notice that in particular we have

lim
n→∞

ϕRn (z)ϕRn (z)H = lim
n→∞

ϕLn(z)HϕLn(z) = 0,

thus
lim
n→∞

‖ϕRn (z)‖2 = lim
n→∞

‖ϕLn(z)‖2 = 0,

uniformly on every compact subset of z ∈ D.

1.5 The Szegő matrix transformation

In this section, we are interested in extending to the matrix case some properties from the
Szegő transformation. The matrix version of the Szegő transformation has been studied
in [42, 51, 172]. Properties such as the relation between the associated Stieltjes and
Carathéodory functions in the scalar case are given in Theorem 13.1.2 of [157]. It will
be the key tool to analyze the effect on some spectral transformations caused by the
application of the matrix Szegő transformation in Chapters 2 and 5.

A matrix measure σ(θ) supported on T that is invariant under θ 7→ −θ (i.e., z 7→
z̄ = z−1) is called symmetric (in Section 4.2, we will study some properties of symmetric
matrix measures, as well as the relation with block CMV matrices). If µ(x) is a normalized
positive semi-definite matrix measure supported on [−1, 1], then it is possible to define a
normalized symmetric positive semi-definite matrix measure σ(θ) supported on (−π, π] by

dσ(θ) =


1
2dµ(cos θ), −π ≤ θ ≤ 0,

−1
2dµ(cos θ), 0 ≤ θ ≤ π.

(1.88)

This is the so-called Szegő matrix transformation (see [42, 51]) that relates normalized
matrix measures supported on [−1, 1] with normalized (symmetric) matrix measures sup-
ported on T. We will denote this transformation by dσ = Sz(dµ). These measures satisfy∫ 1

−1
f(x)dµ(x) =

∫ π

−π
f(cos θ)dσ(θ) (1.89)

for every integrable function f on [−1, 1]. Similarly, the inverse Szegő matrix transforma-
tion satisfies ∫ π

−π
g(θ)dσ(θ) =

∫ 1

−1
g(arccosx)dµ(x)

for every integrable function g on T with g(θ) = g(−θ). We will denote this relation by
dµ = Sz−1(dσ).

In [172], the authors show that when the measures µ and dσ = Sz(dµ) are positive
semi-definite, there exists a relation between the corresponding sequences of orthogonal
matrix polynomials, as follows.

Theorem 1.5.1. [172]. Let µ be a positive semi-definite matrix measure supported on
[−1, 1] and let (ϕLn(z))n≥0, (ϕRn (z))n≥0 be two sequences of orthonormal matrix polynomials
with respect to the sesquilinear forms (1.23) and (1.24), associated with dσ = Sz(dµ).
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Chapter 1. Matrix orthogonal polynomials and the Szegő matrix transformation

Then, the matrix polynomials

pLn(x) =
1

2zn
(I− α2n−1)−1/2

(
ϕL2n(z) + ϕR,∗2n (z)

)
, n ≥ 1,

where x = 1
2

(
z + 1

z

)
, are orthonormal with respect to µ.

In particular, if µ has the form (1.2), then (1.88) becomes

dσ(θ) =


−1

2ω(cos θ) sin θdθ, −π ≤ θ ≤ 0,

1
2ω(cos θ) sin θdθ, 0 ≤ θ ≤ π,

that can be written as

dσ(θ) =
1

2
| sin θ|ω(cos θ)dθ. (1.90)

Example 1.5.2. Consider the normalized positive semi-definite matrix measure supported
on [−1, 1]

dµ(x) = ω(x)dx =
1

π
√

1− x2

[
1 x
x 1

]
dx, (1.91)

defined in (1.14). Since
√

1− cos2 θ = | sin θ| for θ ∈ [−π, π], then from (1.90) the nor-
malized positive semi-definite matrix measure supported on T is

dσ(θ) =

[
1 cos θ

cos θ 1

]
dθ

2π
. (1.92)

As a consequence, the n−th degree monic MOPUC, using the matrix Heine’s formula
[141] is

ΦR
n (z) =

[
φn(z) − n

n+1φn−1(z)

− n
n+1φn−1(z) φn(z)

]
, n ≥ 1,

where φn(z) = 1
n+1

∑n
k=0

(
1+(−1)n−k

2

)
(k + 1)zk and φ0(z) = 1. Taking into account that

〈ΦR
n ,Φ

R
n 〉R,σ =

n+ 2

2(n+ 1)
I2,

we conclude that the n−th degree orthonormal matrix polynomial is

ϕRn (z) = ϕLn(z) =

√
2(n+ 1)

n+ 2
ΦR
n (z).

The above example shows that

Sz

(
1

π
√

1− x2

[
1 x
x 1

]
dx

)
=

[
1 cos θ

cos θ 1

]
dθ

2π
.

In general, if dµ(x) = ω(x)dx and dσ(θ) =W(θ) dθ2π , then the measures are related by the
matrix Szegő transformation when

W(θ) = π| sin θ|ω(cos θ), ω(x) =
1

π

1√
1− x2

W(arccosx), (1.93)
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i.e.,

Sz

(
1

π

1√
1− x2

W(arccosx)dx

)
= π| sin θ|ω(cos θ)

dθ

2π
. (1.94)

The proof is analogous to the one given in [157] Proposition 13.1.1. In particular, for
W(θ) = cosk θ, with k ≥ 0, we have

Sz−1

(
cosk θ

dθ

2π

)
=

1

π

xk√
1− x2

dx. (1.95)

Notice that, if σ is a symmetric matrix measure, its associated sequence of moments are
Hermitian matrices, since

cn =

∫ π

−π
einθdσ(θ) =

∫ π

−π
e−inθdσ(θ) = c−n = cHn . (1.96)

The following result establishes a relation between the Verblunsky matrix coefficients
and the coefficients of the three-term recurrence relation.

Theorem 1.5.3. Let µ be a normalized positive semi-definite matrix measure supported
on [−1, 1], and let (An)n≥0, (Bn)n≥0, be the matrix recurrence coefficients appearing in
(1.12). Denote by (αn)n≥0 be the sequence of Verblunsky matrix coefficients in (1.34)-
(1.35), associated with the symmetric normalized matrix measure dσ = Sz(dµ). Then, for
n ≥ 1,

2An+1 =
√

I− α2n−1

√
I− α2

2n

√
I + α2n+1,

2Bn+1 =
√

I− α2n−1α2n

√
I− α2n−1 −

√
I + α2n−1α2n−2

√
I + α2n−1,

with α−1 = −I. Conversely, if Πn(x) = (pLn+1(x)H)−1pLn(x)HAn+1, then for n ≥ 0

2α2n+1 = Πn(1) + Πn(−1)− I,

2α2n = 2 (Πn(1)−Πn(−1))−1/2 Πn(1) (Πn(1)−Πn(−1))−1/2 − I.

The above equations are known as Geronimus relations, and have been proved in
[51, 172].

There is also a relation between the matrix-valued Stieltjes function and the matrix-
valued Carathéodory function associated with µ and σ, respectively, as follows.

Theorem 1.5.4. Let µ be a normalized positive semi-definite matrix measure supported
on [−1, 1] and let dσ = Sz(dµ) be the normalized symmetric positive semi-definite matrix
measure supported on T defined by the Szegő matrix transformation. Let S and F be the
corresponding matrix-valued Stieltjes and Carathéodory functions defined in (1.18) and
(1.69) respectively. Then

F (z) =
1− z2

2z
S(x), (1.97)

with x = 1
2(z + 1

z ), z = x+
√
x2 − 1.
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Proof. Notice that

1

2

(
eiθ + z

eiθ − z
+
e−iθ + z

e−iθ − z

)
=

1− z2

z

1

z + z−1 − 2 cos θ
.

Since σ is symmetric and dσ = Sz(dµ), we have

F (z) =
1

2

∫ π

−π

eiθ + z

eiθ − z
dσ(θ) +

1

2

∫ π

−π

e−iθ + z

e−iθ − z
dσ(θ)

=
1

4

∫ 0

−π

(
eiθ + z

eiθ − z
+
e−iθ + z

e−iθ − z

)
dµ(cos θ)− 1

4

∫ π

0

(
eiθ + z

eiθ − z
+
e−iθ + z

e−iθ − z

)
dµ(cos θ)

=
1− z2

2z

(∫ 0

−π

1

z + z−1 − 2 cos θ
dµ(cos θ)−

∫ π

0

1

z + z−1 − 2 cos θ
dµ(cos θ)

)
,

setting t = cos θ and 2x = z + z−1, we get

F (z) =
1− z2

2z

(
1

2

∫ 1

−1

1

x− t
dµ(t)− 1

2

∫ −1

1

1

x− t
dµ(t)

)
=

1− z2

2z

∫ 1

−1

1

x− t
dµ(t)

so that (1.97) follows.

29



CHAPTER 2

Analysis of perturbation of moments

Summary

The structure of the chapter is as follows. In the first section, given a sequence of
moments (complex numbers) associated with a Hermitian linear functional L defined in
the space of Laurent polynomials, we study a new functional LΩ which is a perturbation of
L in such a way that a finite number of moments are perturbed. Necessary and sufficient
conditions are given for the regularity of LΩ, and a connection formula between the corre-
sponding families of orthogonal polynomials is obtained. On the other hand, assuming LΩ

is positive definite, the perturbation is analyzed through the inverse Szegő transformation.
We point out that this is the only part of the document where we are restricted to the case
l = 1 (scalar case). Of course, these results can be obtained from Section 2.2 by setting
l = 1, but we decided to include them in a separate section since the formulas are slightly
different, because the use of scalar objects allows several simplifications. Moreover, in this
case we deal with the more general case of a linear functional. Later on, some of the results
are extended to the matrix case. First, we introduce a perturbation on a matrix measure
supported on the unit circle that results in a perturbation of the corresponding sequence of
matrix moments, and analyze the resulting perturbation on the associated matrix measure
on the real line, when both measures are related through the Szegő matrix transformation.
This is the main contribution of this chapter. Then, we deal with connection formulas and
some other properties associated with the corresponding matrix orthogonal polynomials
sequences on the real line and on the unit circle, respectively. Connection formulas for
perturbations of matrix moments have been studied previously in [40, 41]. Finally, we
illustrate the obtained results with an example.

2.1 On a finite moment perturbation of linear functionals
and the inverse Szegő transformation (scalar case)

In the scalar case (l = 1), ΦR
n (z) = ΦL

n(z) and ϕRn (z) = ϕLn(z), for all n ≥ 0 and z ∈ C.
Therefore, in this section it suffices to consider Φn(z) = ΦR

n (z) and ϕn(z) = ϕRn (z).
Moreover, Sn = SRn = SLn for all n ≥ 0.
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Chapter 2. Analysis of perturbation of moments

2.1.1 Introduction

Consider a linear functional L (more information about linear functionals see [39]) defined
in the linear space of Laurent polynomials Λ = span{zn}n∈Z such that L is Hermitian,
i.e.,

cn = 〈L, zn〉 = 〈L, z−n〉 = c−n, n ∈ Z.

Then, a bilinear functional can be defined in the linear space P1[z] = span{zn}n≥0 of
polynomials with complex coefficients by

〈p, q〉L = 〈L, p(z)q̄(z−1)〉, p, q ∈ P1[z].

The sequence of complex numbers (cn)n∈Z is called the sequence of moments associated
with L. On the other hand, a sequence of monic polynomials (Φn(z))n≥0, with deg (Φn) =
n, is said to be orthogonal with respect to L if the condition

〈Φn,Φm〉L = δn,mSn,

where Sn 6= 0, holds for every n,m ≥ 0. The necessary and sufficient conditions for
the existence of such a sequence can be expressed in terms of the Toeplitz matrix T =
limn→∞Tn, where Tn is defined by

Tn =


c0 c1 · · · cn−1

c−1 c0 · · · cn−2
...

...
. . .

...
c−(n−1) c−(n−2) · · · c0

 .
The sequence (Φn(z))n≥0 satisfies the orthogonality condition if and only if Tn is non-
singular for every n ≥ 0. In such a case, L is said to be quasi-definite (or regular). On the
other hand, if det Tn > 0 for every n ≥ 1, then L is said to be positive definite and it has
the integral representation

〈p, q〉σ = 〈p, q〉L =

∫
T
p(z)q(z)

dσ(z)

iz
=

∫ π

−π
p(eiθ)q(eiθ)dσ(θ), p, q ∈ P1[z], (2.1)

where σ is a nontrivial positive Borel measure supported on the unit circle T. In such
a case, there exists a (unique) family of polynomials (ϕn(z))n≥0, with deg ϕn = n and
positive leading coefficient, such that∫

T
ϕn(z)ϕm(z)dσ(z) = δm,n.

Notice that (2.1) is a particular case of the sesquilinear forms (1.23) and (1.24).

In [30], the authors studied the perturbation associated with the linear functional

〈p, q〉L̃ := 〈p, q〉L +m

∫
T
p(z)q(z)

dz

iz
, p, q ∈ P1[z],

where m ∈ R and L is (at least) a quasi-definite Hermitian linear functional defined in the
linear space of Laurent polynomials. Notice that all moments associated with L̃ are equal
to the moments associated with L, except for the first moment, which is c̃0 = c0 + m.
The corresponding Toeplitz matrix T̃ is the result of adding m to the main diagonal of T.
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Later on, the linear functional

〈p, q〉Lj = 〈p, q〉L +m〈zjp, q〉Lθ + m̄〈p, zjq〉Lθ , (2.2)

where j ∈ N is fixed and 〈·, ·〉Lθ is the bilinear functional associated with the normalized
Lebesgue measure on the unit circle was studied in [31]. It is easily seen that the moments
associated with Lj are equal to those of L, except for the moments of order j and −j, which
are perturbed by adding m and m̄, respectively. In other words, the corresponding Toeplitz
matrix is perturbed on the j-th and −j-th subdiagonals. In both cases, the authors
obtained the regularity conditions for such a linear functional and deduced connection
formulas between the corresponding orthogonal sequences.

Assuming that both L and Lj are positive definite, the perturbation (2.2) can be
expressed in terms of the corresponding measures as

dσ̃(θ) = dσ(θ) +mzj
dθ

2π
+ m̄z−j

dθ

2π
. (2.3)

On the other hand, the connection between the measure (2.3) and its corresponding
measure supported in [−1, 1] via the inverse Szegő transformation was analyzed in [77],
and it is deduced that the perturbed moments on the real line depend on the Chebyshev
polynomials of the first kind.

In this section, we will extend those results to the case where a perturbation of a finite
number of moments is introduced in (2.2). In next subsection, for the positive definite case,
the study of the perturbation through the inverse Szegő transformation will be analyzed.
In Subsection 2.1.3 necessary and sufficient conditions for the regularity of the perturbed
functional are obtained, as well as a connection formula that relates the corresponding
families of monic orthogonal polynomials. An illustrative example will be presented in the
last subsection.

2.1.2 Finite moments perturbation through the inverse Szegő transfor-
mation

Let L be a quasi-definite linear functional on the linear space of Laurent polynomials, and
let (cn)n∈Z be its associated sequence of moments.

Definition 2.1.1. Let Ω be a finite set of non negative integers. The linear functional
LΩ is defined such that the associated bilinear functional satisfies

〈p, q〉LΩ
= 〈p, q〉L +

∑
r∈Ω

(mr〈zrp, q〉Lθ + m̄r〈p, zrq〉Lθ) , p, q ∈ P1[z]. (2.4)

where mr ∈ C and

〈p, q〉Lθ =

∫ π

−π
p(eiθ)q(eiθ)

dθ

2π
, p, q ∈ P1[z],

is the bilinear functional associated with the normalized Lebesgue measure in the unit
circle.
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Notice that, from (2.4), one easily sees that

c̃n = 〈zn, 1〉LΩ
=


cn, if n /∈ Ω,

c−n +m−n, if −n ∈ Ω and n ∈ Z−,
cn + m̄n, if n ∈ Ω and n /∈ Z−.

In other words, LΩ represents an additive perturbation of the moments cr and c−r of L,
with r ∈ Ω. The rest of the moments remain unchanged. This is, the Toeplitz matrix
associated with LΩ is

T̃ = T +
∑
r∈Ω



0 · · · m̄r 0 · · ·
... 0 · · · m̄r · · ·

mr
...

. . .
...

. . .

0 mr · · · 0 · · ·
...

...
. . .

...
. . .


,

︸ ︷︷ ︸
mr is on the r−th subdiagonal

and therefore LΩ is also Hermitian. Moreover, if L is a positive definite functional, then
the above perturbation can be expressed in terms of the corresponding measures as

dσ̃Ω(θ) = dσ(θ) +
∑
r∈Ω

(
mrz

r dθ

2π
+ m̄rz

−r dθ

2π

)
= dσ(θ) + 2

∑
r∈Ω

Re(mrz
r)
dθ

2π
. (2.5)

On the other hand, if FΩ(z) is the Carathéodory function associated with LΩ, then from
(1.70)

FΩ(z) = F (z) + 2
∑
r∈Ω

mrz
r,

which is a linear spectral transformation of F (z).

Let σ be a (scalar) positive measure supported on the unit circle such that its cor-
responding moments (cn)n∈Z are real, i.e., σ is a symmetric measure. Assume also that
the perturbed measure σ̃Ω, defined by (2.5), is also positive and that mr with r ∈ Ω is
real, so that the moments associated with σ̃Ω are also real. Our goal in this subsection
is to determine the relation between the positive Borel measures µ and µ̃Ω, supported in
[−1, 1], which are associated with σ and σ̃Ω, respectively, via the inverse Szegő transforma-
tion defined in the Section 1.5. This relation will be stated in terms of the corresponding
measure and their sequences of moments.

Proposition 2.1.2. Let σ be a positive nontrivial Borel measure with real moments sup-
ported on the unit circle, let µ be its corresponding measure supported in [−1, 1], such that
dµ = Sz−1(dσ) and define σ̃Ω as in (2.5). Then, the measure µ̃Ω = Sz−1(σ̃Ω) is given by

dµ̃Ω(x) = dµ(x) + 2
∑
r∈Ω

mrTr(x)
dx

π
√

1− x2
, (2.6)

where Tr(x) := cos(rθ) is the r-th degree Chebyshev polynomial of the first kind on R (see
[39]) and mr real.
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Proof. Notice that, setting z = eiθ = cos θ+ i sin θ, x = cos θ, Tr(x) =
∑r

k=0 akx
k and mr

real. Then, from (2.5)

dσ̃Ω(θ) = dσ(θ) +
∑
r∈Ω

(
mr(cos θ + i sin θ)r

dθ

2π
+mr(cos θ + i sin θ)−r

dθ

2π

)
= dσ(θ) + 2

∑
r∈Ω

Tr(x)mr
dθ

2π

= dσ(θ) + 2
∑
r∈Ω

mr

r∑
k=0

ak cosk θ
dθ

2π
.

Since σ̃Ω is a symmetric positive measure, by applying the inverse Szegő transformation
and taking into account (1.95), we have

dµ̃Ω(x) = dµ(x) + 2
∑
r∈Ω

mr

r∑
k=0

akx
k dx

π
√

1− x2

= dµ(x) + 2
∑
r∈Ω

mrTr(x)
dx

π
√

1− x2

which is (2.6).

The next proposition expresses the considered perturbation in terms of the moments
associated with the matrix measure (2.6). Recall that n!! is the double factorial or semi-
factorial of a number n ∈ N defined as in (1.21).

Proposition 2.1.3. Let µ be a positive measure supported in [−1, 1] and µ̃Ω defined as in
(2.6) and (µn)n≥0, (µ̃n)n≥0 be their corresponding sequences of moments. Then

µ̃n =

{
µn, if 0 ≤ n < rm,

µn + 2
π

∑
r∈ΩmrB(n, r), if rm ≤ n,

(2.7)

with rm = min{r : r ∈ Ω} and

• B(n, r) = πr
2

∑[r/2]
k=0

(
(−1)k(r−k−1)!(2)r−2k

k!(r−2k)!

)
, if r + n− 2k = 0,

• B(n, r) = 0, if r + n is odd,

• B(n, r) = πr
2

∑[r/2]
k=0

(
(−1)k(r−k−1)!(2)r−2k

k!(r−2k)!
(r+n−2k−1)!!

(r+n−2k)!!

)
, if r + n is even.

Proof. The moments associated with µ̃Ω are given by

µ̃n =

∫ 1

−1
xndµ̃Ω(x) = µn +

2

π

∑
r∈Ω

mr

∫ 1

−1
xn
Tr(x)dx√

1− x2
.

As a consequence, by the orthogonality of Tr(x) with respect to 1√
1−x2

, we obtain for the

n−th moments with n /∈ Ω

µ̃n =

{
µn, if 0 ≤ n < rm,

µn + 2
π

∑
r∈Ωmr

∫ 1
−1 x

n Tr(x)dx√
1−x2

, if rm ≤ n.
(2.8)
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Furthermore (see [123]), we have

Tr(x) =
r

2

[r/2]∑
k=0

(−1)k(r − k − 1)!(2x)r−2k

k!(r − 2k)!
, r ≥ 1,

where [r/2] = r/2 if r is even and [r/2] = (r − 1)/2 if r is odd. Therefore,

∫ 1

−1
xnTr(x)

dx√
1− x2

=
r

2

∫ 1

−1
xn

[r/2]∑
k=0

(−1)k(r − k − 1)!(2x)r−2k

k!(r − 2k)!

dx√
1− x2

=
r

2

[r/2]∑
k=0

(−1)k(r − k − 1)!(2)r−2k

k!(r − 2k)!

∫ 1

−1
xr+n−2k dx√

1− x2
,

and, since ∫ 1

−1
xn

dx√
1− x2

= π
(n− 1)!!

n!!

1 + (−1)n

2
, with (−1)!! = 1

(2.8) becomes (2.7).

From the previous proposition we can conclude that a perturbation of the moments
cr and c−r with r ∈ Ω, associated with a measure σ supported in the unit circle, results
in a perturbation, defined by (2.7), of the moments µn, n ≥ rm, associated with a mea-
sure µ supported in [−1, 1], when both measures are related through the inverse Szegő
transformation.

2.1.3 A perturbation on a finite number of moments associated with a
linear functional L

Let L be a quasi-definite linear functional on the linear space of Laurent polynomials.

The following notation will be used hereinafter:

1. A(s1,s2;l1,l2;r) will denote a (s2−s1 +1)× (l2− l1 +1) matrix whose entries are a(s,l)r ,
where s1 ≤ s ≤ s2 and l1 ≤ l ≤ l2,. For instance,

A(2,3;4,5;6) =

[
a(2,4)6

a(2,5)6

a(3,4)6
a(3,5)6

]
.

2. Υn−1
n (0) = [Φ

(0)
n (0), · · · ,Φ(n−1)

n (0)]T ∈Mn×1.

3. Υ̃n−1
n (0) = [Φ̃

(0)
n (0), · · · , Φ̃(n−1)

n (0)]T ∈Mn×1.

4. Derivatives of negative order are defined as zero. For instance, K
(0,−2)
n (z, y) ≡ 0.

Necessary and sufficient conditions for the regularity of LΩ, as well as the relation between
the corresponding sequences of orthogonal polynomials, are given in the next result.

Proposition 2.1.4. Let L be a quasi-definite linear functional and let (Φn(z))n≥0 be its
associated monic orthogonal polynomials sequence. The following statements are equivalent
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1. LΩ defined as in (2.4) is a quasi-definite linear functional.

2. The matrix In +
∑

r∈Ω Lrn is nonsingular, and

S̃n = Sn + (QnWn)T
∑
r∈Ω

Yr
n +

∑
r∈Ω

m̄r
Φ

(n−r)
n (0)

(n− r)!
6= 0, n ≥ 0,

with

Yr
n =



mr
Φ

(r)
n (0)
0!r!
...

mr
Φ

(2r−1)
n (0)

(r−1)!(2r−1)!

mr
Φ

(2r)
n (0)
r!(2r)! + m̄r

Φ
(0)
n (0)
r!0!

...

mr
Φ

(n)
n (0)

(n−r)!(n)! + m̄r
Φ

(n−2r)
n (0)

(n−r)!(n−2r)!

m̄r
Φ

(n−2r+1)
n (0)

(n−r+1)!(n−2r+1)!
...

m̄r
Φ

(n−r−1)
n (0)

(n−1)!(n−r−1)!



, (2.9)

Qn = (In +
∑
r∈Ω

Lrn)−1,

Wn = Φn(0)−
∑
r∈Ω

m̄rn!C(0,n−1;n,n;r),

Kr
n−1(z, 0) =



mr
K

(0,r)
n−1 (z,0)

0!r!
...

mr
K

(0,2r−1)
n−1 (z,0)

(r−1)!(2r−1)!

mr
K

(0,2r)
n−1 (z,0)

r!(2r)! + m̄r
K

(0,0)
n−1 (z,0)

r!0!
...

mr
K

(0,n−1)
n−1 (z,0)

(n−r−1)!(n−1)! + m̄r
K

(0,n−2r−1)
n−1 (z,0)

(n−r−1)!(n−2r−1)!

m̄r
K

(0,n−2r)
n−1 (z,0)

(n−r)!(n−2r)!
...

m̄r
K

(0,n−r−1)
n−1 (z,0)

(n−1)!(n−r−1)! .



,
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Chapter 2. Analysis of perturbation of moments

and

Lrn =

 mrA(0,r−1;0,r−1;r) B(0,r−1;r,n−r−1;r) m̄rC(0,r−1;n−r,n−1;r)

mrA(r,n−r−1;0,r−1;r) B(r,n−r−1;r,n−r−1;r) m̄rC(r,n−r−1;n−r,n−1;r)

mrA(n−r,n−1;0,r−1;r) B(n−r,n−1;r,n−r−1;r) m̄rC(n−r,n−1;n−r,n−1;r)

 ,
where the entries of the matrices A, B and C are given by

a(s,l)r =
K

(s,l+r)
n−1 (0, 0)

l!(l + r)!
, (2.10)

b(s,l)r = mr
K

(s,l+r)
n−1 (0, 0)

l!(l + r)!
+ m̄r

K
(s,l−r)
n−1 (0, 0)

l!(l − r)!
, (2.11)

c(s,l)r =
K

(s,l−r)
n−1 (0, 0)

l!(l − r)!
. (2.12)

Furthermore, if (Φ̃n(z))n≥0 denotes the monic orthogonal polynomials sequence associated
with LΩ, then

Φ̃n(z) = Φn(z)− (QnWn)T
∑
r∈Ω

Kr
n−1(z, 0)−

∑
r∈Ω

m̄r
K

(0,n−r)
n−1 (z, 0)

(n− r)!
, (2.13)

for every n ≥ 1.

Remark 2.1.5. Notice that Qn and Lrn are n×n matrices, whereas Yr
n,Wn and Kr

n−1(z, 0)
are n-th dimensional column vectors.

Proof. Assume LΩ is a quasi-definite linear functional, and denote by (Φ̃n(z))n≥0 its as-
sociated monic orthogonal polynomials sequence. Let us write

Φ̃n(z) = Φn(z) +
n−1∑
k=0

λn,kΦk(z), (2.14)

where, for 0 ≤ k ≤ n− 1,

λn,k =
〈Φ̃n,Φk〉L

Sn

=
〈Φ̃n,Φk〉LΩ

−
∑

r∈Ωmr

∫
T y

rΦ̃n(y)Φk(y) dy
2πiy −

∑
r∈Ω m̄r

∫
T y
−rΦ̃n(y)Φk(y) dy

2πiy

Sk

= −
∑
r∈Ω

mr

Sk

∫
T
yrΦ̃n(y)Φk(y)

dy

2πiy
−
∑
r∈Ω

m̄r

Sk

∫
T
y−rΦ̃n(y)Φk(y)

dy

2πiy
,

and notice that 〈Φ̃n,Φk〉L 6= 0 (in general), and 〈Φ̃n,Φk〉LΩ
= 0 for n > k.
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Chapter 2. Analysis of perturbation of moments

Substituting in (2.14) and using (1.56), we get

Φ̃n(z) = Φn(z)−
∑
r∈Ω

(
mr

∫
T
yrΦ̃n(y)

n−1∑
k=0

Φk(z)Φk(y)

Sk

dy

2πiy

)

−
∑
r∈Ω

(
m̄r

∫
T
y−rΦ̃n(y)

n−1∑
k=0

Φk(z)Φk(y)

Sk

dy

2πiy

)

= Φn(z)−
∑
r∈Ω

(
mr

∫
T
yrΦ̃n(y)Kn−1(z, y)

dy

2πiy
− m̄r

∫
T
y−rΦ̃n(y)Kn−1(z, y)

dy

2πiy

)
.

From the power series expansion of Φ̃n(y) and Kn−1(z, y), we have

yrΦ̃n(y) = yr
n∑
l=0

Φ̃
(l)
n (0)

l!
yl =

n+r∑
l=r

Φ̃
(l−r)
n (0)

(l − r)!
yl,

and for |y| = 1,

Kn−1(z, y) =

n−1∑
l=0

K
(0,l)
n−1(z, 0)

l!

1

yl
,

and since
∫
T y

r−t dy
2πiy = 1 if r = t and zero otherwise, we arrive at

∫
T
yrΦ̃n(y)Kn−1(z, y)

dy

2πiy
=

∫
T

n+r∑
l=r

Φ̃
(l−r)
n (0)

(l − r)!
yl
n−1∑
l=0

K
(0,l)
n−1(z, 0)

l!

1

yl
dy

2πiy

=
n−r−1∑
l=0

Φ̃
(l)
n (0)

(l)!

K
(0,l+r)
n−1 (z, 0)

(l + r)!
.

Similarly,∫
T
y−rΦ̃n(y)Kn−1(z, y)

dy

2πiy
=

n−r∑
l=0

Φ̃
(l+r)
n (0)

(l + r)!

K
(0,l)
n−1(z, 0)

l!
=

n∑
l=r

Φ̃
(l)
n (0)

l!

K
(0,l−r)
n−1 (z, 0)

(l − r)!
.

As a consequence, we get

Φ̃n(z) = Φn(z)−
∑
r∈Ω

(
mr

n−r−1∑
l=0

Φ̃
(l)
n (0)

(l)!

K
(0,l+r)
n−1 (z, 0)

(l + r)!
− m̄r

n∑
l=r

Φ̃
(l)
n (0)

(l)!

K
(0,l−r)
n−1 (z, 0)

(l − r)!

)
,

(2.15)
which after a reorganization of the terms becomes

Φ̃n(z) = Φn(z)−
∑
r∈Ω

(
mr

r−1∑
l=0

Φ̃
(l)
n (0)

l!

K
(0,l+r)
n−1 (z, 0)

(l + r)!
+ m̄r

n∑
l=n−r

Φ̃
(l)
n (0)

(l)!

K
(0,l−r)
n−1 (z, 0)

(l − r)!

)

−
∑
r∈Ω

(
n−r−1∑
l=r

Φ̃
(l)
n (0)

l!

(
mr

K
(0,l+r)
n−1 (z, 0)

(l + r)!
+ m̄r

K
(0,l−r)
n−1 (z, 0)

(l − r)!

))
.
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Chapter 2. Analysis of perturbation of moments

In order to find the constant values Φ̃
(l)
n (0), we take s derivatives, 0 ≤ s ≤ n, with respect

to the variable z and evaluate at z = 0 to obtain the (n+ 1)× (n+ 1) linear system

Φ̃(s)
n (0) = Φ(s)

n (0)−
∑
r∈Ω

(
mr

r−1∑
l=0

Φ̃
(l)
n (0)

l!

K
(s,l+r)
n−1 (0, 0)

(l + r)!
+ m̄r

n∑
l=n−r

Φ̃
(l)
n (0)

(l)!

K
(s,l−r)
n−1 (0, 0)

(l − r)!

)

−
∑
r∈Ω

(
n−r−1∑
l=r

Φ̃
(l)
n (0)

l!

(
mr

K
(s,l+r)
n−1 (0, 0)

(l + r)!
+ m̄r

K
(s,l−r)
n−1 (0, 0)

(l − r)!

))
.

If we use (2.10), (2.11) and (2.12), then the linear system becomes

Φ̃(s)
n (0) = Φ(s)

n (0)−
∑
r∈Ω

(
mr

r−1∑
l=0

a(s,l)r Φ̃
(l)
n (0) +

n−r−1∑
l=r

b(s,l)r Φ̃
(l)
n (0) + m̄r

n∑
l=n−r

c(s,l)r Φ̃
(l)
n (0)

)
.

Notice that the last equation (i.e., when s = n) gives no information, since a(n,l)r =

b(n,l)r = c(n,l)r = 0 and Φ̃
(n)
n (0) = Φ

(n)
n (0) = n!. As a consequence, the (n + 1) × (n + 1)

linear system can be reduced to an n × n linear system that can be expressed in matrix
form as (

In +
∑
r∈Ω

Lrn

)
Υ̃n−1
n = Υn−1

n −
∑
r∈Ω

m̄rn!C(0,n−1;n,n;r) = Wn.

Since LΩ is quasi-definite, it has a unique monic orthogonal polynomial sequence and
therefore the linear system has a unique solution. As a consequence, the matrix In +∑

r∈Ω Lrn is nonsingular and

Υ̃n−1
n =

(
In +

∑
r∈Ω

Lrn

)−1

Wn. (2.16)

This is, we have

Φ̃n(z) = Φn(z)−
∑
r∈Ω

WT
n

(In +
∑
r∈Ω

Lrn

)−1
T

Kr
n−1(z, 0)−

∑
r∈Ω

m̄r
K

(0,n−r)
n−1 (z, 0)

(n− r)!
,

which is (2.13).
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On the other hand, for n ≥ 0,

S̃n = 〈Φ̃n, Φ̃n〉LΩ
= 〈Φ̃n,Φn〉LΩ

= 〈Φ̃n,Φn〉L +
∑
r∈Ω

(
mr〈zrΦ̃n,Φn〉Lθ + m̄r〈Φ̃n, z

rΦn〉Lθ
)

= Sn +
∑
r∈Ω

mr

∫
T

n∑
l=0

Φ̃
(l)
n (0)

l!
zl+r

n∑
l=0

Φ
(l)
n (0)

l!
z−l

dz

2πiz


+
∑
r∈Ω

m̄r

∫
T

n∑
l=0

Φ̃
(l)
n (0)

l!
zl−r

n∑
l=0

Φ
(l)
n (0)

l!
z−l

dz

2πiz


= Sn +

∑
r∈Ω

mr

r−1∑
l=0

Φ̃
(l)
n (0)

l!

Φ
(l+r)
n (0)

(l + r)!
+
n−r∑
l=r

Φ̃
(l)
n (0)

l!

mr
Φ

(l+r)
n (0)

(l + r)!
+ m̄r

Φ
(l−r)
n (0)

(l − r)!


+
∑
r∈Ω

m̄r

n−1∑
l=n−r+1

Φ̃
(l)
n (0)

l!

Φ
(l−r)
n (0)

(l − r)!

+
∑
r∈Ω

m̄r
Φ

(n−r)
n (0)

(n− r)!
.

Using (2.9) and (2.16), we get

S̃n = Sn +
∑
r∈Ω

WT
n

(In +
∑
r∈Ω

Lrn

)−1
T

Yr
n +

∑
r∈Ω

m̄r
Φ

(n−r)
n (0)

(n− r)!
.

Conversely, assume In +
∑

r∈Ω Lrn is nonsingular for every n ≥ 1 and define (Φ̃n(z))n≥0 as
in (2.13). For 0 ≤ k ≤ n− 1, we have〈

n−r−1∑
l=0

Φ̃
(l)
n (0)

l!

K
(0,l+r)
n−1 (z, 0)

(l + r)!
,Φk(z)

〉
L

=
n−r−1∑
l=0

〈
Φ̃

(l)
n (0)

l!

K
(0,l+r)
n−1 (z, 0)

(l + r)!
,Φk(z)

〉
L

=
n−r−1∑
l=0

〈
Φ̃

(l)
n (0)

l!(l + r)!

n−1∑
t=0

Φt(z)Φ
(l+r)
t (0)

St
,Φk(z)

〉
L

=
n−r−1∑
l=0

Φ̃
(l)
n (0)

l!

Φ
(l+r)
k (0)

(l + r)!
,

and, similarly,

〈∑n
l=j

Φ̃
(l)
n (0)
l!

K
(0,l−r)
n−1 (z,0)

(l−r)! ,Φk(z)

〉
L

=
∑n

l=r
Φ̃

(l)
n (0)
l!

Φ
(l−r)
k (0)

(l−r)! . In addition,

〈zrΦ̃n,Φk〉Lθ =

∫
T
zrΦ̃n(z)Φk(z)

dz

2πiz

=

∫
T
zr

(
n∑
l=0

Φ̃
(l)
n (0)zl

l!

) k∑
l=0

Φ
(l)
n (0)z−l

l!

 dz

2πiz
=

n−r−1∑
l=0

Φ̃
(l)
n (0)

l!

Φ
(l+r)
k (0)

(l + r)!
,
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Chapter 2. Analysis of perturbation of moments

and also 〈Φ̃n, z
rΦk〉Lθ =

∑n
l=r

Φ̃
(l)
n (0)
l!

Φ
(l−r)
k (0)

(l−r)! . Thus, for 0 ≤ k ≤ n − 1, and taking into

account (2.15) and the previous equations, we have

〈Φ̃n,Φk〉LΩ
= 〈Φ̃n,Φk〉L +

∑
r∈Ω

(
mr〈zrΦ̃n,Φk〉Lθ + m̄r〈Φ̃n, z

rΦk〉Lθ
)

= 〈Φn,Φk〉L −
∑
r∈Ω

mr

〈
n−r−1∑
l=0

Φ̃
(l)
n (0)

(l)!

K
(0,l+r)
n−1 (z, 0)

(l + r)!
,Φk(z)

〉
L

−
∑
r∈Ω

m̄r

〈
n∑
l=r

Φ̃
(l)
n (0)

(l)!

K
(0,l−r)
n−1 (z, 0)

(l − r)!
,Φk(z)

〉
L

+
∑
r∈Ω

mr

n−r−1∑
l=0

Φ̃
(l)
n (0)

l!

Φ
(l+r)
k (0)

(l + r)!

+
∑
r∈Ω

m̄r

 n∑
l=r

Φ̃
(l)
n (0)

l!

Φ
(l−r)
k (0)

(l − r)!

 = 0.

On the other hand,

S̃n = 〈Φ̃n,Φn〉LΩ
= 〈Φ̃n,Φn〉L +

∑
r∈Ω

(
mr〈zrΦ̃n,Φn〉Lθ + m̄r〈Φ̃n, z

rΦn〉Lθ
)

= Sn +
∑
r∈Ω

mr

∫
T

n∑
l=0

Φ̃
(l)
n (0)

l!
zl+r

n∑
l=0

Φ
(l)
n (0)

l!
z−l

dz

2πiz


+
∑
r∈Ω

m̄r

∫
T

n∑
l=0

Φ̃
(l)
n (0)

l!
zl−r

n∑
l=0

Φ
(l)
n (0)

l!
z−l

dz

2πiz


= Sn +

∑
r∈Ω

(
Υ̃n−1
n

)T
(0)Yr

n(0) +
∑
r∈Ω

m̄r
Φ

(n−r)
n (0)

(n− r)!
,

which is different from 0 by assumption. Therefore, LΩ is quasi-definite.

Notice that if rm = min{r : r ∈ Ω}, then from Proposition 2.1.4 we conclude that if

n < rm then Krm
n−1(z, 0) is the zero vector, K

(0,n−rm)
n−1 (z, 0) = 0 and according to (2.13) we

have Φ̃n(z) = Φn(z). This means that the only affected polynomials are those with degree
n ≥ rm.

The above proposition generalizes the case when Ω has a single element k 6= 0 (see
[31]) and the case Ω = {0} (see [30]).

2.1.4 Example

Let L be the Christoffel transformation of the normalized Lebesgue measure with para-
meter ξ = 1, i.e.,

〈p, q〉L = 〈(z − 1)p, (z − 1)q〉Lθ ,

and let Ω = {1, 2}. Then,

〈p, q〉L{1,2} = 〈p, q〉L +m1〈zp, q〉Lθ + m̄1〈p, zq〉Lθ +m2〈z2p, q〉Lθ + m̄2〈p, z2q〉Lθ , (2.17)
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Chapter 2. Analysis of perturbation of moments

i.e., the moments of order 1 and 2 are perturbed. Since the sequence (zn)n≥0 is orthogonal
with respect to Lθ, the monic orthogonal polynomials sequence with 〈(z− 1)p, (z− 1)q〉Lθ
is given by (see [20])

Φn(z) =
1

z − 1

zn+1 − 1

n+ 1

n∑
j=0

zj

 , n ≥ 1,

or, equivalently,

Φn(z) = zn +
n

n+ 1
Φn−1(z), n ≥ 1,

and its corresponding reversed polynomial is

Φ∗n(z) =
1

1− z

1− 1

n+ 1

n∑
j=0

zj+1

 , n ≥ 1.

Furthermore, if 0 ≤ s ≤ n, we have

Φ(s)
n (0) =

(s+ 1)!

(n+ 1)
, Φ∗(s)n (0) =

s!(n+ 1− s)
(n+ 1)

, Sn =
n+ 2

n+ 1
,

and if 0 ≤ t, s ≤ n− 1,

K
(0,t)
n−1 (z, 0) =

n−1∑
p=t

(t+ 1)!

p+ 2
Φp(z),

K
(s,t)
n−1(0, 0) =

n−1∑
p=max{s,t}

(t+ 1)!(s+ 1)!

(p+ 1)(p+ 2)
.

As a consequence, we have

a(s,l)r =
(s+ 1)!(l + r + 1)

l!

n−1∑
p=max{s,l+r}

1

(p+ 1)(p+ 2)
,

c(s,l)r =
(s+ 1)!(l − r + 1)

l!

n−1∑
p=max{s,l−r}

1

(p+ 1)(p+ 2)
,

b(s,l)r =
(s+ 1)!

l!

mr

n−1∑
p=max{s,l+r}

l + r + 1

(p+ 1)(p+ 2)
+ m̄r

n−1∑
p=max{s,l−r}

l − r + 1

(p+ 1)(p+ 2)

 .

We now proceed to obtain the monic orthogonal polynomial sequence associated with
L{1,2}, denoted by (Φ̃n(z))n≥0. Notice that we have

c(s,n)1
=

(s+ 1)!

n!(n+ 1)
, c(s,n)2

=
2(s+ 1)!

n!(n+ 1)
if 0 ≤ s ≤ n− 2

and

c(n−1,n)2
=

n− 1

n(n+ 1)
,
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and thus

Wn =


Φ

(0)
n (0)

Φ
(1)
n (0)

...

Φ
(n−2)
n (0)

Φ
(n−1)
n (0)

− m̄1n!


c(0,n)1

c(1,n)1

...
c(n−2,n)1

c(n−1,n)1

− m̄2n!


c(0,n)2

c(1,n)2

...
c(n−2,n)2

c(n−1,n)2



=
1− m̄1

n+ 1


1!
2!
...

(n− 1)!
n!

−
2m̄2

n+ 1


1!
2!
...

(n− 1)!
n!n−1

2n

 .

On the other hand, for n ≥ 2 we have

K1
n−1(z, 0) =



2m1
∑n−1

p=1
Φp(z)
p+2

3m1
∑n−1

p=2
Φp(z)
p+2 + m̄1

∑n−1
p=0

Φp(z)
p+2

...
nm1

(n−2)!

∑n−1
p=n−1

Φp(z)
p+2 + m1

(n−3)!

∑n−1
p=n−3

Φp(z)
p+2

m̄1
(n−2)!

∑n−1
p=n−2

Φp(z)
p+2


,

L1
n =


m1a(0,0)1

b(0,1)1
· · · b(0,n−2)1

m̄1c(0,n−1)1

m1a(1,0)1
b(1,1)1

· · · b(1,n−2)1
m̄1c(1,n−1)1

...
...

. . .
...

...
m1a(n−2,0)1

b(n−2,1)1
· · · b(n−2,n−2)1

m̄1c(n−2,n−1)1

m1a(n−1,0)1
b(n−1,1)1

· · · b(n−1,n−2)1
m̄1c(n−1,n−1)1

 ,
and for n ≥ 3,

K2
n−1(z, 0) =



3m2
∑n−1

p=2
Φp(z)
p+2

4m2
∑n−1

p=3
Φp(z)
p+2

5m2
2

∑n−1
p=4

Φp(z)
p+2 + m̄2

2

∑n−1
p=0

Φp(z)
p+2

...
nm2

(n−3)!

∑n−1
p=n−1

Φp(z)
p+2 + m̄2

(n−3)(n−5)!

∑n−1
p=n−5

Φp(z)
p+2

m̄2
(n−2)(n−4)!

∑n−1
p=n−4

Φp(z)
p+2

m̄2
(n−1)(n−3)!

∑n−1
p=n−3

Φp(z)
p+2



,
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L2
n =

m2a(0,0)2
m2a(0,1)2

b(0,2)2
· · · b(0,n−3)2

m̄2c(0,n−2)2
m̄2c(0,n−1)2

m2a(1,0)2
m2a(1,1)2

b(1,2)2
· · · b(1,n−3)2

m̄2c(1,n−2)2
m̄2c(1,n−1)2

m2a(2,0)2
m2a(2,1)2

b(2,2)2
· · · b(2,n−3)2

m̄2c(2,n−2)2
m̄2c(2,n−1)2

...
...

...
. . .

...
...

...
m2a(n−3,0)2

m2a(n−3,1)2
b(n−3,2)2

· · · b(n−3,n−3)2
m̄2c(n−3,n−2)2

m̄2c(n−3,n−1)2

m2a(n−2,0)2
m2a(n−2,1)2

b(n−2,2)2
· · · b(n−2,n−3)2

m̄2c(n−2,n−2)2
m̄2c(n−2,n−1)2

m2a(n−1,0)2
m2a(n−1,1)2

b(n−1,2)2
· · · b(n−1,n−3)2

m̄2c(n−1,n−2)2
m̄2c(n−1,n−1)2


,

For illustrative purposes, we compute the first polynomials of the sequence:

1. Degree one:

Φ̃1(z) = Φ1(z)− m̄1K
(0,0)
0 (z, 0)

0!
= z +

(1− m̄1)

2
Φ0(z),

since
K1

0(z, 0) = 0, K2
0(z, 0) = 0

and

Φ1(z) = z +
1

2
Φ0(z).

2. Degree two:

Φ̃2(z) = Φ2(z) −

(
1 − m̄1

3

[
1!
2!

]T
− 2m̄2

3

[
1!

1/2

]T)
 m1

3
+ 1 2m̄1

3

2m1
3

m̄1
3

+ 1

−1

T


2m1

3
Φ1(z)

m̄1

(
Φ0(z)

2
+ Φ1(z)

3

)
− 2m̄1

3
Φ1(z) − m̄2

(
Φ0(z)

2
+

Φ1(z)

3

)

= z2 +
1 − m̄1

3

2Φ1(z) −K

[
1!
2!

]T  m̄1
3

+ 1 − 2m1
3

− 2m̄1
3

m1
3

+ 1




2m1
3

Φ1(z)

m̄1

(
Φ0(z)

2
+ Φ1(z)

3

)



− m̄2

Φ0(z)

2
+

Φ1(z)

3
− 2

3
K

[
1!

1/2

]T  m̄1
3

+ 1 − 2m1
3

− 2m̄1
3

m1
3

+ 1




2m1
3

Φ1(z)

m̄1

(
Φ0(z)

2
+ Φ1(z)

3

)

 ,

since

K2
1(z, 0) = 0, Φ2(z) = z2 +

2

3
Φ1(z)

and

K =
1

det(I2 + L1
2 + L2

2)
=

9

|m1 + 3|2 − 4|m1|2
.
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3. In general, the n-th degree polynomial is

Φ̃n(z) = Φn(z) −


1 − m̄1

n + 1


1!
2!
...

(n− 1)!
n!



T

− 2m̄2

n + 1


1!
2!
...

(n− 1)!
n!(n− 1)/2n



T

(In +

2∑
r=1

Lrn

)−1
T

×

(
2∑
r=1

Krn−1(z, 0)

)
− nm̄1

n + 1
Φn−1(z) − m̄2(n− 1)

(
Φn−2(z)

n
+

Φn−1(z)

n + 1

)

= zn +
1 − m̄1

n + 1

nΦn−1(z) −


1!
2!
...

(n− 1)!
n!



T [
(In +

2∑
r=1

Lrn)−1

]T ( 2∑
r=1

Krn−1(z, 0)

)


− m̄2(n− 1)

(
Φn−1(z)

n + 1
+

Φn−2(z)

n

)
+

2m̄2

n + 1


1!
2!
...

(n− 1)!
n!n−1

2n



T

(In +

2∑
r=1

Lrn

)−1
T ( 2∑

r=1

Krn−1(z, 0)

)
,

since Φn(z) = zn + n
n+1Φn−1(z).

On the other hand, assuming that the linear functional (2.17) is positive definite, the
associated measure is

dσ(θ) = |z − 1|2 dθ
2π

+ 2Re(m1z)
dθ

2π
+ 2Re(m2z

2)
dθ

2π
,

and the corresponding moments are given by

c̃n =



2, if n = 0,
−1 + m̄1, if n = 1,
−1 +m1, if n = −1,
m̄2, if n = 2,
m2, if n = −2,
0, in other case.

Thus, the perturbed Toeplitz matrix is

T̃ =



2 −1 + m̄1 m̄2 0 0 · · ·
−1 +m1 2 −1 + m̄1 m̄2 0 · · ·
m2 −1 +m1 2 −1 + m̄1 m̄2 · · ·
0 m2 −1 +m1 2 −1 + m̄1 · · ·
0 0 m2 −1 +m1 2 · · ·
...

...
...

...
...

. . .


,
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i.e., the first and second subdiagonals are perturbed. Furthermore, from (1.94)

Sz

(
2

π

√
1− x
1 + x

dx

)
= |z − 1|2 dθ

2π
,

then according to (2.6) the measure supported in [−1, 1] is

dµ̃(x) =
2

π

√
1− x
1 + x

dx+
2

π
m1T1(x)

1√
1− x2

dx+
2

π
m2T2(x)

1√
1− x2

dx. (2.18)

Thus, from (2.7), the perturbed moments associated with the measure (2.18) are

µ̃n =


µn, if n = 0,

µn + 2m1
n!!

(n+1)!! , if n is odd,

µn + 2m2

(
2(n+1)!!
(n+2)!! −

(n−1)!!
n!!

)
, if n is even,

where (µn)n≥0 are the moments associated with the measure dµ(x) = 2
π

√
1−x
1+xdx, and

µn =
2

π

∫ 1

−1
xn
√

1− x
1 + x

dx =
2

π

∫ 1

−1

xn − xn+1

√
1− x2

dx =


2, if n = 0,

−2 n!!
(n+1)!! , if n is odd,

2 (n−1)!!
n!! , if n is even.

2.2 Matrix moment perturbations and the inverse Szegő
matrix transformation

2.2.1 Introduction

The term moment problem was used for the first time in T. J. Stieltjes’ classic memoir
[165] (published posthumously between 1894 and 1895) dedicated to the study of conti-
nued fractions. The moment problem is a question in classical analysis that has produced
a rich theory in applied and pure mathematics. This problem is beautifully connected
to the theory of orthogonal polynomials, spectral representation of operators, matrix fac-
torization problems, probability, statistics, prediction of stochastic processes, polynomial
optimization, inverse problems in financial mathematics and function theory, among many
other areas. In the matrix case, M. Krein was the first to consider this problem in [121],
and later on the study of density questions related to the matrix moment problem were
studied in [66, 67, 130, 131]. Recently, the theory of matrix moment problem is used in [50]
for the analysis of random matrix-valued measures. In this section, we are interested in
the study of some properties related with a perturbation of a sequence of matrix moments,
within the framework of the theory of matrix orthogonal polynomials both on the real line
and on the unit circle.
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2.2.2 Matrix moments on the real line and the unit circle related
through the inverse Szegő transformation

Let 〈·, ·〉R,θ be a right sesquilinear form defined by

〈p, q〉R,θ =

∫ π

−π
p(eiθ)Hq(eiθ)

dθ

2π
, p, q ∈ Pl[z]. (2.19)

Given a positive semi-definite matrix measure σ supported on T, we can consider the
perturbation

dσj(θ) = dσ(θ) + zjmj
dθ

2π
+ z−jmH

j

dθ

2π
, z = eiθ, (2.20)

for a fixed j and mj ∈ Ml such that σj is positive semi-definite. In particular, if σ is
symmetric and mj is a Hermitian matrix, then (2.20) becomes

dσj(θ) = dσ(θ) + 2 cos(jθ)mj
dθ

2π
, (2.21)

and thus σj is a symmetric, positive semi-definite matrix measure supported on unit circle.

Notice that the right sesquilinear form associated with (2.20) is

〈p, q〉R,σj = 〈p, q〉R,σ + 〈mH
j p, z

jq〉R,θ + 〈zjmjp, q.〉R,θ, p, q ∈ Pl[z]. (2.22)

Notice that (2.20) and (2.22) are extensions to the matrix case of (2.3) and (2.2), respec-
tively, with Ω = {j}. From (2.22), one easily sees that the corresponding matrix moment
c̃k satisfies

c̃k =


ck, if k /∈ {j,−j},

cj +mH
j , if k = j,

c−j +mj , if k = −j.

In other words, σj represents an additive perturbation of the matrix moments cj and c−j
of σ.

The following result shows the matrix measure supported on [−1, 1] that is related
with (2.20) through the inverse Szegő matrix transformation. This result constitutes a
generalization of the corresponding result on the scalar case studied in [77, 78]. The proof
is analogous to the one given in Proposition 2.1.2 for matrix measure, with Ω = {j} and
mj ∈Ml a Hermitian matrix.

Proposition 2.2.1. Let σ be a positive semi-definite matrix measure supported on T,
and let mj ∈ Ml be a Hermitian matrix such that σj defined as in (2.20) is positive
semi-definite. Assume dµ = Sz−1(dσ). Then, dµj = Sz−1(dσj) is given by

dµj(x) = dµ(x) + 2Tj(x)mj
dx

π
√

1− x2
, j ≥ 0, (2.23)

where Tj(x) := cos(jθ) is the j−th degree Chebyshev polynomial of the first kind on R (see
[39]).

The next proposition is the matrix version of Proposition 2.1.3 with Ω = {j}. We also
omit the proof, since it is similar to the one of the scalar case. Recall that n!! is the double
factorial or semi-factorial of a number n ∈ N defined as in (1.21).

47



Chapter 2. Analysis of perturbation of moments

Proposition 2.2.2. Let µ be a positive semi-definite matrix measure supported on [−1, 1],
µj defined as in (2.23) and (µn)n≥0, (µ̃n)n≥0 be their corresponding sequences of matrix
moments. Then,

µ̃n =

{
µn +mjB(n, j), if j ≤ n and n+ j is even,

µn, otherwise,
(2.24)

where

B(n, j) = j

[j/2]∑
k=0

(−1)k
(j − k − 1)!(2)j−2k

k!(j − 2k)!

(j + n− 2k − 1)!!

(j + n− 2k)!!
.

This means that the perturbation of the matrix moments cj and c−j of a matrix
measure σ supported on the unit circle results in a perturbation, defined by (2.24), of the
moments µn associated with a measure µ supported in [−1, 1], when both measures are
related through the inverse matrix Szegő transformation.

2.2.3 Connection formulas and further results

In the remaining of the section, we will use the following notation. For 0 ≤ k ≤ j − 1, let

χ
(j)
k = [0 · · ·0 I 0 · · ·0]H ∈Mjl×l,

where I is in the k-th position, and define χ
(j)
k = [0, · · · ,0]H for j ≥ k or k < 0. We also

define
Λ(j+1)
n,m := [χ(j+1)

n χ
(j+1)
n+1 · · · χ(j+1)

m ] ∈M(j+1)l×(m−n+1)l,

with n ≤ m, for n,m ∈ Z.

2.2.3.1 Connection formulas on the real line and further results

Let (µj)j≥0 be a sequence of matrix moments defined as in (1.20)where µ is a Hermitian
matrix measure and we denote by Hj ∈Mlj and Fj ∈Ml(j+1) the block matrices

Hj =


µ0 µ1 · · · µj−1

µ1 µ2 · · · µj
...

...
...

...
µj−1 µj · · · µ2j−2

 , Fj =


µj

Hj
...

µ2j−1

I xI · · · xjI

 ,
with x ∈ R and j ≥ 1, and the block vector

vj,2j−1 = [µj µj+1 · · · µ2j−1]H ∈Mlj×l.

Notice that Hj is a Hankel invertible and Hermitian matrix for j ≥ 1. With these matrices,
it is shown in [140] that the sequence of (right) matrix polynomials (PRj (x))j≥0 defined by

PRj (x) = xjI− [I xI · · · xj−1I]H−1
j vj,2j−1, wiht PR0 (x) = I, (2.25)
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i.e. each PRj is defined as the Schur complement of xjI in the matrix Fj , is orthogonal
with respect the sesquilinear form (1.3), this is

〈PRm , PRj 〉R,µ = δm,jsj , m = 0, . . . , j,

where sj is the Schur complement of Hj+1 with respect to µ2j , i.e.

sj = µ2j − vHj,2j−1H
−1
j vj,2j−1, with s0 = µ0. (2.26)

Conversely, any sequence of matrix moments (µj)j≥0 satisfying that the corresponding
Hankel matrices are invertible and Hermitian defines a Hermitian matrix measure. In this
situation, we will say (µj)j≥0 is a Hermitian sequence.

In a similar way, a sequence of left matrix polynomials (PLn (x))n≥0 can be defined such
that it is orthogonal with respect to sesquilinear form (1.4). Since PLj (x) = PRj (x)H for

all x ∈ R, it suffices to consider Pj(x) = PRj (x).

Let P
(k)
j (x) be the k−th derivative of Pj(x). From (2.25) we can deduce

P
(k)
j (0)

k!
=

{
−(χ

(j)
k )HH−1

j vj,2j−1, if 0 ≤ k ≤ j − 1,

I, if k = j.
(2.27)

The kernel matrix defined as (1.15) can be expressed also in terms of the moments by (see
[140])

Kj(y, x) = [I xI · · · xjI]H−1
j+1


I
yI
...
yjI

 . (2.28)

Denoting K
(i,r)
j (y, x) the i−th derivative (resp. r−th) Kj(y, x) with respect to the variable

y (resp. x), we have from (2.28), for 0 ≤ i ≤ j and 0 ≤ r ≤ j,

K
(i,0)
j (0, x)

i!
= [I xI · · · xjI]H−1

j+1χ
(j+1)
i ,

K
(0,r)
j (y, 0)

r!
= (χ(j+1)

r )HH−1
j+1


I
yI
...
yjI

 ,
K

(i,r)
j (0, 0)

i!r!
= (χ(j+1)

r )HH−1
j+1χ

(j+1)
i .

Let µ be a Hermitian matrix measure supported on E ⊆ R with an associated sequence
of monic matrix orthogonal polynomials (Pn(x))n≥0, and a Hermitian sequence of matrix
moments (µn)n≥0. Define a new matrix moments sequence (µ̃n)n≥0 by µ̃n = µn+Mn ∈Ml

with Mn Hermitian, in such a way that (µ̃n)n≥0 is also a Hermitian sequence. Then, there
exists an associated measure µ̃ that is Hermitian, with a corresponding sequence of matrix
orthogonal polynomials (P̃n(x))n≥0. Also, define

sj = 〈Pj , Pj〉R,µ and s̃j = 〈P̃j , P̃j〉R,µ̃.
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Now, we will show the relation between the polynomials matrix P̃j and Pj , as well as the
relation between s̃j and sj , in terms of the sequence of matrix moments (µn)n≥0. Notice
that the perturbation of a matrix measure µ supported on E = [−1, 1] defined by (2.23)
constitutes a particular case with

Mn =

{
mjB(n, j), if j ≤ n and n+ j is even,

0, otherwise.

We will use the following notation

Kk
j−1(0, x) :=

[
K

(k,0)
j−1 (0, x) K

(k−1,0)
j−1 (0, x) . . . K

(0,0)
j−1 (0, x)

]
∈Ml×(k+1)l,

Pj,k(0) := [P
(0)
j (0)T P

(1)
j (0)T . . . P

(k)
j (0)T ]T ∈M(k+1)l×l,

P̃j,k(0) := [P̃
(0)
j (0)T P̃

(1)
j (0)T . . . P̃

(k)
j (0)T ]T ∈M(k+1)l×l, (2.29)

D0,k := diag{0!I 1!I . . . k!I} ∈ M(k+1)l,

Dk,0 := diag{k!I (k − 1)!I . . . 0!I} ∈ M(k+1)l,

DMk
:= diag{Mk . . . Mk} ∈ M(k+1)l.

For a fixed k, with 0 ≤ k ≤ 2j − 1, the authors proved in [40] that

P̃j(x) = Pj(x)−
k∑
p=0

K
(k−p,0)
j−1 (0, x)

(k − p)!
Mk

P̃
(p)
j (0)

p!
= Pj(x)−Kk

j−1(0, x)D−1
k,0DMk

D−1
0,kP̃j,k(0)

with

P̃j,k(0) =
[
I(k+1)l + D0,k(Λ

(j)
0,k)

HH−1
j Λ

(j)
0,kD

−1
k,0DMk

Λ
(k+1)
k,0

]−1
Pj,k(0). (2.30)

As a consequence we have the next result.

Theorem 2.2.3. [40]. Let µ and µ̃ be Hermitian matrix measures associated with the
Hermitian sequences (µk)

2n−1
k=0 and (µ̃k)

2n−1
k=0 , where µ̃k = µk + Mk, with 0 ≤ k ≤ 2n − 1.

For 1 ≤ j ≤ n, (P̃j(x))nj=0 is orthogonal with respect to µ̃ if

P̃j(x) = Pj(x)−
2n−1∑
k=0

Kk
j−1(0, x)M(k, j)Pj,k(0), with P̃0(x) = P0(x) = I,

where

M(k, j) = D−1
k,0DMk

D−1
0,k

[
I(k+1)l + D0,k(Λ

(j)
0,k)

HH−1
j Λ

(j)
0,kD

−1
k,0DMk

Λ
(k+1)
k,0

]−1
. (2.31)
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Now, we will deduce a relation for the corresponding norms. We will need the following
auxiliary results. For 0 ≤ j ≤ n, let M̃j ∈Mjl be defined as

M̃j :=



M0 · · · Mk · · · Mj−1
... Mk

...

Mk
... M2j−2−k

... M2j−2−k
...

Mj−1 · · · M2j−2−k · · · M2j−2


=

j−1∑
k=0

Mj,k +

2j−2∑
k=j

Mt
j,k,

where for k = 0, . . . , j − 1, (resp. k = j, . . . , 2j − 2,) the matrices Mj,k ∈ Mjl (resp.
Mt

j,k ∈Mjl) are given by

Mj,k :=



0 · · · Mk · · · 0
... Mk

...

Mk
...

...
...

. . .

0 · · · · · · 0


, Mt

j,k :=



0 · · · · · · 0
...

. . .
...

...
... Mk

... Mk
...

0 · · · Mk · · · 0


,

and for k ≥ 2j − 1, Mj,k = Mt
j,k = 0 ∈Mjl.

Lemma 2.2.4. Let

H̃j,k =

{
Hj + Mj,k if k = 0, . . . , j − 1,
Hj + Mt

j,k if k = j, . . . , 2j − 2.
(2.32)

1. If k = 0, . . . , j − 1, then

H̃−1
j,k −H

−1
j = −

k∑
p=0

H−1
j χ

(j)
k−pMk(χ

(j)
p )HH̃−1

j,k . (2.33)

2. If k = j, . . . , 2j − 2, then

H̃−1
j,k −H

−1
j = −

j−1∑
p=k−(j−1)

H−1
j χ

(j)
k−pMk(χ

(j)
p )HH̃−1

j,k . (2.34)

Proof. For k = 0, . . . , j − 1, we have

H̃−1
j,k −H

−1
j = H−1

j (Hj − H̃j,k)H̃
−1
j,k = −H−1

j Mj,kH̃
−1
j,k , (2.35)

and thus

Mj,k = χ
(j)
k Mk(χ

(j)
0 )H + · · ·+ χ

(j)
0 Mk(χ

(j)
k )H =

k∑
p=0

χ
(j)
k−pMk(χ

(j)
p )H .

Substituting Mj,k in (2.35), (2.33) follows. A similar procedure can be used to prove
(2.34)
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Let H̃j ∈ Mlj be the block Hankel matrix associated with the perturbed matrix
moments sequence, i.e.

H̃j =


µ̃0 µ̃1 · · · ˜µj−1

µ̃1 µ̃2 · · · µ̃j
...

...
...

...
˜µj−1 µ̃j · · · ˜µ2j−2

 = Hj + M̃j .

Thus, from (2.32) for 1 ≤ j ≤ n,

H̃j = H̃j,0 + · · ·+ H̃j,2j−2. (2.36)

Theorem 2.2.5. Let µ be a Hermitian matrix measure with matrix moments (µk)
2n−1
k=0 .

Define a new Hermitian sequence of matrix moments (µ̃k)
2n−1
k=0 by µ̃k = µk + Mk with

0 ≤ k ≤ 2n− 1, and denote by µ̃ its corresponding Hermitian matrix measure. Then, for
1 ≤ j ≤ n, we have

s̃j = sj +
2n−1∑
k=0

Pj,k(0)HΛ
(k+1)
k,0 M(k, j)Pj,k(0), (2.37)

with s̃0 = µ̃0 = µ0 + M0 and M(k, j) as in (2.31).

Proof. Let us assume first that only the k−th moment is perturbed. From (2.26) we have
that if 2j < k, then s̃j = sj . We will show that if k ≤ 2j, we have

s̃j = sj +

k∑
p=0

(P
(k−p)
j (0))H

(k − p)!
Mk

P̃
(p)
j (0)

p!
. (2.38)

For 0 ≤ k ≤ j−1, notice that µ̃2j = µ2j and ṽj,2j−1 = vj,2j−1, and thus from (2.26) we get

s̃j = sj−µ2j+v
H
j,2j−1H

−1
j vj,2j−1+µ̃2j−ṽHj,2j−1H̃

−1
j,k ṽj,2j−1 = sj−vHj,2j−1(H̃−1

j,k −H
−1
j )ṽj,2j−1.

From (2.33) and using (2.27), we deduce (2.38).

On the other hand, for j ≤ k ≤ 2j − 1 we have µ̃2j = µ2j and ṽj,2j−1 = vj,2j−1 + χ
(j)
k−jMk.

From (2.26) and (2.27), proceeding as above, we get

s̃j = sj − µ2j + vHj,2j−1H
−1
j vj,2j−1 + µ̃2j − ṽHj,2j−1H̃

−1
j,k ṽj,2j−1

= sj − vHj,2j−1(H̃−1
j,k −H

−1
j )ṽj,2j−1 +

(P
(k−j)
j (0))H

(k − j)!
Mk + Mk

P̃
(k−j)
j (0)

(k − j)!
,
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and from (2.34) and using (2.27)

s̃j = sj +

j−1∑
p=k−(j−1)

(P
(k−p)
j (0))H

(k − p)!
Mk

P̃
(p)
j (0)

p!
+

(P
(k−j)
j (0))H

(k − j)!
Mk

P̃
(j)
j (0)

j!

+
(P

(j)
j (0))H

j!
Mk

P̃
(k−j)
j (0)

(k − j)!

= sj +

j∑
p=k−j

(P
(k−p)
j (0))H

(k − p)!
Mk

P̃
(p)
j (0)

p!
.

Since {
P̃

(p)
j (0) = 0, if j < p,

P
(k−p)
j (0) = 0, if p < k − j,

we get (2.38).
Finally, for k = 2j (notice that if j = n the result is also valid with M2j = 0),

µ̃2j = µ2j + M2j and ṽHj,2j−1H̃
−1
j,k ṽj,2j−1 = vHj,2j−1H

−1
j vj,2j−1,

and thus from (2.26)

s̃j = sj − µ2j + vHj,2j−1H
−1
j vj,2j−1 + µ̃2j − ṽHj,2j−1H̃

−1
j,k ṽj,2j−1

= sj − µ2j + µ̃2j = sj + M2j = sj +

k∑
p=0

(P
(k−p)
j (0))H

(k − p)!
Mk

P̃
(p)
j (0)

p!
.

On the other hand, using the notation given in (2.29), (2.38) can be written as

s̃j = sj + [P
(k)
j (0)H P

(k−1)
j (0)H · · · P (0)

j (0)H ]D−1
k,0DMk

D−1
0,kP̃j,k(0),

that, using (2.30) and (2.31), becomes

s̃j = sj + Pj,k(0)HΛ
(k+1)
k,0 M(k, j)Pj,k(0).

The general case, i.e. when all moments are perturbed (k = 0, . . . , 2n − 1) is easy to
deduce, since we have (2.36) and

ṽj,2j−1 = vj,2j−1 +

2j−1∑
k=0

χ
(j)
k−jMk,

so (2.37) follows.

2.2.3.2 Connection formulas for the unit circle and further results

Let (cj)j≥0 be a sequence of matrix moments defined as in (1.71) where σ is a Hermitian
matrix measure with c0 + cH0 :=

∫ π
−π dσ(θ) and let Tj ∈Mlj and Gj ∈Ml(j+1) be defined

53



Chapter 2. Analysis of perturbation of moments

as

Tj =


cH0 + c0 c1 · · · cj−1

cH1 cH0 + c0 · · · cj−2
...

...
...

...
cHj−1 cHj−2 · · · cH0 + c0

 , Gj =


cj

Tj
...
c1

I zI · · · zjI

 ,
and the vector block

νj =
[
cHj cHj−1 · · · cH1

]H ∈Mlj×l.

Notice that Tj is a Toeplitz invertible and Hermitian matrix for j ≥ 1. As in the real line
case, any sequence (cj)j∈Z such that Tj is invertible and Hermitian for j ≥ 1 will be called
a Hermitian sequence, and has an associated Hermitian matrix measure σ supported on
T. The sequence of monic matrix polynomials (ΦR

j (z))j≥0 defined by (see [141])

ΦR
j (z) = zjI− [I zI · · · zj−1I]T−1

j νj , with ΦR
0 (z) = I, (2.39)

i.e. each ΦR
j is defined as the Schur complement of zjI in the matrix Gj , is orthogonal

with respect to the sesquilinear form (1.23) and satisfies

〈ΦR
m,Φ

R
j 〉R,σ = δm,jS

R
j , m = 0, . . . , j,

where the Hermitian matrix SRj is the Schur complement of Tj+1 with respect to c0 + cH0 ,
i.e.,

SRj = cH0 + c0 − νHj T−1
j νj , with SR0 = c0 + cH0 . (2.40)

In a similar way, a sequence (ΦL
n(z))n≥0 can be constructed such that it is orthogonal with

respect to the sesquilinear form (1.24). Henceforth we will consider only the right matrix
polynomials, denoted by Φj = ΦR

j and the corresponding norms Sj = SRj for j ≥ 0, since
the results for the left polynomials are analogous.

Let Φ
(k)
j (x) be the k−th derivative of Φj(x), from (2.39) we can deduce

Φ
(k)
j (0)

k!
=

{
−(χ

(j)
k )HT−1

j νj , if 0 ≤ k ≤ j − 1,

I, if k = j.
(2.41)

The kernel matrix polynomial defined as (1.55) can be expressed also in terms of the
moments by (see [141])

Kj(w, z) = [I zI · · · zjI]T−1
j+1


I
w̄I
...
w̄jI

 . (2.42)
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As in the real case, K
(i,r)
j (w, z) is the i−th derivative (resp. r−th) Kj(w, z) with respect

to the variable w (resp. z). Thus, from (2.42), for 0 ≤ i ≤ j and 0 ≤ r ≤ j, we have

K
(i,0)
j (0, z)

i!
= [I xI · · · zjI]T−1

j+1χ
(j+1)
i ,

K
(0,r)
j (w, 0)

r!
= (χ(j+1)

r )HT−1
j+1


I
w̄I
...
w̄jI

 ,
K

(i,r)
j (0, 0)

i!r!
= (χ(j+1)

r )HT−1
j+1χ

(j+1)
i .

Let σ be a Hermitian matrix measure supported on T, with associated monic MOPUC
(Φn(z))n≥0, and matrix moments (cn)n≥0. We define a new Hermitian sequence of matrix
moments by (c̃n)n≥0 where c̃n = cn + mn ∈ Ml for n ≥ 0, and denote its correspond-
ing Hermitian matrix measure and monic MOPUC by σ̃ and (Φ̃n(z))n≥0, respectively.
Furthermore, we define

Sj = 〈Φj ,Φj〉R,σ and S̃j = 〈Φ̃j , Φ̃j〉R,σ̃.

In this subsection, in a similar way as in the real case, we will show the relation between
the matrix polynomials Φ̃j and Φj , as well as the relation between S̃j and Sj , in terms of
the matrix moments (cn)n≥0. Notice that (2.20) constitutes a particular case, when only
one of the moments is perturbed. Let us define the following notation

Kk
j−1(0, z) := [K

(0,0)
j−1 (0, z) K

(1,0)
j−1 (0, z) · · · K(k,0)

j−1 (0, z)] ∈Ml×(k+1)l,

Υk
j (0) := [Φ

(0)
j (0)T Φ

(1)
j (0)T · · · Φ

(k)
j (0)T ]T ∈M(k+1)l×l,

Υ̃k
j (0) := [Φ̃

(0)
j (0)T Φ̃

(1)
j (0)T · · · Φ̃

(k)
j (0)T ]T ∈M(k+1)l×l, (2.43)

Dj+1
mk

:= diag{mk · · · mk} ∈ M(j+1)l,

Dk,j+k := diag{k!I · · · (j + k)!I} ∈ M(j+1)l.

As in the real line case, for a fixed k, with 0 ≤ k ≤ j − 1, in [41] the authors proved that

Φ̃j(z) = Φj(z)−
j−k∑
p=0

K
(p,0)
j−1 (0, z)

p!
mk

Φ̃
(p+k)
j (0)

(p+ k)!
−
j−k−1∑
p=0

K
(p+k,0)
j−1 (0, z)

(p+ k)!
mH
k

Φ̃
(p)
j (0)

p!

= Φj(z)−Kj
j−1(0, z)

(
D−1

0,jD
−1
k,j+kΛ

(j+1)
−k,j−kD

j+1
mk

+ Λ
(j+1)
k,j+kD

−1
0,jD

−1
k,j+kD

j+1

mHk

)
Υ̃j
j(0)

with

Υ̃j
j(0) =

(
I(j+1)l + D0,j(Λ

(j)
0,j)

HT−1
j Λ

(j)
0,j

(
D−1
k,j+kΛ

(j+1)
−k,j−kD

j+1
mk

+ Λ
(j+1)
k,j+kD

−1
0,jD

j+1

mHk

))−1
Υj
j(0)

(2.44)
As a consequence, we have the following result.

Theorem 2.2.6. [41]. Let σ be a Hermitian matrix measure supported on T with matrix
moments (ck)

n
k=0. Define a new Hermitian sequence of matrix moments (c̃k)

n
k=0 by c̃k =

ck +mk, for 0 ≤ k ≤ n. Then, if (Φj(z))
n
j=0 and (Φ̃j(z))

n
j=0 are the corresponding monic
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MOPUC, we have

Φ̃j(z) = Φj(z)−
j∑

k=0

Kj
j−1(0, z)N(k, j)Υj

j(0), with Φ̃0(x) = Φ0(x) = I,

where

N(k, j) =
(
D−1

0,jD
−1
k,j+kΛ

(j+1)
−k,j−kD

j+1
mk

+ Λ
(j+1)
k,j+kD

−1
0,jD

−1
k,j+kD

j+1

mHk

)
(
I(j+1)l + D0,j(Λ

(j)
0,j)

HT−1
j Λ

(j)
0,j

(
D−1
k,j+kΛ

(j+1)
−k,j−kD

j+1
mk

+ Λ
(j+1)
k,j+kD

−1
0,jD

j+1

mHk

))−1
.

(2.45)

The above theorem is a generalization to the matrix case of what was studied in [31, 78].
The particular case of a perturbation of a single matrix moment given by (2.20) is shown
in the following corollary.

Corollary 2.2.7. Let k ∈ N (fixed) with 0 ≤ k ≤ n, and let σ be a Hermitian matrix
measure supported on T. Define σk as a perturbation of σ given by (2.20). Then,

Φ̃j(z) = Φj(z), 0 ≤ j < k,

Φ̃j(z) = Φj(z)−Kj
j−1(0, z)N(k, j)Υj

j(0), k ≤ j ≤ n,

with N(k, j) as in (2.45).

On the other hand, for 1 ≤ j ≤ n, let Ñj ∈Mjl be defined as

Ñj :=


mH

0 +m0 · · · mk · · · mj−1
...

. . .
. . .

mH
k mH

0 +m0 mk
...

. . .
. . .

mH
j−1 · · · mH

k · · · mH
0 +m0

 = Nj,0 + · · ·+ Nj,j−1,

where for k = 0, ..., j − 1, we have

Nj,k :=



0 · · · mk · · · 0
...

. . .
. . .

...

0
... mk

...
. . .

0 · · · · · · 0


+



0 · · · 0 · · · 0
...

. . .
...

mH
k

...
...

...
. . .

. . .

0 · · · mH
k · · · 0


,

and for k ≥ j, Nj,k = 0 ∈Mlj .

Lemma 2.2.8. For 1 ≤ j ≤ n and 0 ≤ k ≤ j − 1, define

T̃j,k = Tj + Nj,k. (2.46)

Then,

T−1
j − T̃−1

j,k =

j−k−1∑
p=0

T−1
j χ(j)

p mk(χ
(j)
p+k)

H T̃−1
j,k +

j−k−1∑
p=0

T−1
j χ

(j)
p+km

H
k (χ(j)

p )H T̃−1
j,k . (2.47)
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Proof. We have

T̃−1
j,k − T

−1
j = T−1

j (Tj − T̃j,k)T̃−1
j,k = −T−1

j Nj,kT̃
−1
j,k . (2.48)

Notice that

Nj,k =

j−k−1∑
p=0

χ(j)
p mk(χ

(j)
p+k)

H +

j−k−1∑
p=0

χ
(j)
p+km

H
k (χ(j)

p )H ,

and thus substituting Nj,k in (2.48), (2.47) follows.

Let T̃j ∈Mlj be the block matrix Toeplitz with every moment perturbed, i.e.

T̃j =


c̃H0 + c̃0 c̃1 · · · c̃j−1

c̃H1 c̃H0 + c̃0 · · · c̃j−2
...

...
...

...
c̃Hj−1 c̃Hj−2 · · · c̃H0 + c̃0

 = Tj + Ñj ,

then, from (2.46), for 1 ≤ j ≤ n, we get

T̃j = T̃j,0 + · · ·+ T̃j,j−1. (2.49)

Theorem 2.2.9. Let σ be a Hermitian matrix measure supported on T with matrix mo-
ments (ck)

n
k=0. Define a Hermitian sequence (c̃k)

n
k=0 with c̃k = ck + mk, for 0 ≤ k ≤ n,

and denote by σ̃ the associated Hermitian matrix measure. Then, for 0 ≤ j ≤ n, we have

S̃j = Sj +

j∑
k=0

Υj
j(0)HN(k, j)Υj

j(0), (2.50)

with S̃0 = c̃H0 + c̃0 = c0 +m0 + (c0 +m0)H and N(k, j) as in (2.45).

Proof. Let us first assume that only a single k-th matrix moment is perturbed. From
(2.40), we have that if j < k, then S̃j = Sj . Let us show that for 0 ≤ k ≤ j,

S̃j = Sj +

j−k∑
p=0

(Φ
(p)
j (0))H

p!
mk

Φ̃
(p+k)
j (0)

(p+ k)!
+

j−k∑
p=0

(Φ
(p+k)
j (0))H

(p+ k)!
mH
k

Φ̃
(p)
j (0)

p!
. (2.51)

For k = 0, ν̃j = νj , and from (2.40) we get

S̃j = c̃H0 + c̃0 − ν̃Hj T̃−1
j,k ν̃j = Sj − cH0 − c0 + νHj T

−1
j νj + c̃H0 + c̃0 − ν̃Hj T̃−1

j,k ν̃j

= Sj +mH
0 +m0 − νj(T̃−1

j,k − T
−1
j )ν̃j .

By using (2.41) and (2.47), we obtain

S̃j = Sj +mH
0 +m0 +

j−k−1∑
p=0

(Φ
(p)
j (0))H

p!
mk

Φ̃
(p+k)
j (0)

(p+ k)!
+

j−k−1∑
p=0

(Φ
(p+k)
j (0))H

(p+ k)!
mH
k

Φ̃
(p)
j (0)

p!
,
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and since for k = 0 we have

m0 =
(Φ

(j)
j (0))H

j!
mk

Φ̃
(j)
j−k+k(0)

(j − k + k)!
, mH

0 =
(Φ

(j−k+k)
j (0))H

(j − k + k)!
mH
k

Φ̃
(j)
j (0)

j!
,

we deduce (2.51).

For 1 ≤ k ≤ j, ν̃j = νj + χ
(j)
j−kmk, and proceeding as above we get

S̃j = Sj − νHj (T̃−1
j,k − T

−1
j )ν̃j − νHj T−1

j χ
(j)
j−kmk −mH

k (χ
(j)
j−k)

H T̃−1
j,k ν̃j .

By using (2.41) and (2.47), we obtain

S̃j = Sj +

j−k−1∑
p=0

(Φ
(p)
j (0))H

p!
mk

Φ̃
(p+k)
j (0)

(p+ k)!
+

(Φ
(j−k)
j (0))H

(j − k)!
mk

Φ̃
(j)
j (0)

j!

+

j−k−1∑
p=0

(Φ
(p+k)
j (0))H

(p+ k)!
mH
k

Φ̃
(p)
j (0)

p!
+

(Φ
(j)
j (0))H

j!
mH
k

Φ̃
(j−k)
j (0)

(j − k)!
,

so (2.51) follows.

On the other hand, using (2.43), the first sum of (2.51) can be written as

j−k∑
p=0

(Φ
(p)
j (0))H

p!
mk

Φ̃
(p+k)
j (0)

(p+ k)!
=

j∑
p=k

(Φ
(p−k)
j (0))H

(p− k)!
mk

Φ̃
(p)
j (0)

p!
=

j∑
p=0

(Φ
(p−k)
j (0))H

(p− k)!
mk

Φ̃
(p)
j (0)

p!

= Υj
j(0)HD−1

0,jD
−1
k,j+kΛ

(j+1)
−k,j−kD

j+1
mk

Υ̃j
j(0),

and in a similar way, the second sum of (2.51) becomes

j−k∑
p=0

(Φ
(p+k)
j (0))H

(p+ k)!
mH
k

Φ̃
(p)
j (0)

p!
= Υj

j(0)HΛ
(j+1)
k,j+kD

−1
0,jD

−1
k,j+kD

j+1

mHk
Υ̃j
j(0).

As a consequence, (2.51) becomes

S̃j = Sj + Υj
j(0)H

(
D−1

0,jD
−1
k,j+kΛ

(j+1)
−k,j−kD

j+1
mk

+ Λ
(j+1)
k,j+kD

−1
0,jD

−1
k,j+kD

j+1

mHk

)
Υ̃j
j(0),

that, using (2.44) and (2.45), can be written as

S̃j = Sj + Υj
j(0)HN(k, j)Υj

j(0).

The general case, when all moments are perturbed, follows immediately taking into account
(2.49) and

ν̃j = νj +

j∑
k=1

χ
(j)
j−kmk,

so (2.50) follows.

For the particular case of (2.20), we have
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Corollary 2.2.10. Let k ∈ N (fixed) with 0 ≤ k ≤ n, and let σ be a Hermitian matrix
measure supported on T. Let σk be a perturbation of σ defined by (2.20). Then, for
0 ≤ j ≤ n,

S̃j = Sj , 0 ≤ j < k,

S̃j = Sj + Υj
j(0)HN(k, j)Υj

j(0), k ≤ j ≤ n,

with N(k, j) as in (2.45).

2.2.4 Example

As an illustrative example of the results of the above subsections, consider the matrix
measure that appears in [24], Section 8,

dσ(θ) =
1√

cos 2θ

[ √
1 + cos 2θ ±1

±1
√

1 + cos 2θ

]
dθ

2π
, if


θ ∈

[
−π

4 ,
π
4

]
,

θ ∈
[

3π
4 ,

5π
4

]
,

(2.52)

and their corresponding matrix moments are given by

c0 = I2, c4m = c4m+2 =
αm
2

I2, c4m+1 =
αm√

2

[
0 1
1 0

]
, c4m+3 = 02, (2.53)

with

α0 = 1, αn = (−1)n
n∏
k=1

(
1− 1

2k

)
, n ≥ 1.

Now, we consider the problem of determining the matrix measure associated if some
of the moments given by (2.53) change. For instance, let us introduce a perturbation on
the matrix moment c4m+1, for some m ∈ Z, given by

c̃4m+1 =
α̃m√

2

[
0 1
1 0

]
=
αm + ε√

2

[
0 1
1 0

]
= c4m+1 +

ε√
2

[
0 1
1 0

]
,

i.e. m4m+1 = ε√
2

[
0 1
1 0

]
. The perturbed matrix measure, obtained by using (2.21)

(j = 4m+ 1), is

dσ4m+1(θ) = dσ(θ) +
√

2ε

[
0 cos(4m+ 1)θ

cos(4m+ 1)θ 0

]
dθ

2π
, (2.54)

where σ is as in (2.52). Notice that
√

2ε

[
0 cos(4m+ 1)θ

cos(4m+ 1)θ 0

]
is a positive semi-

definite matrix if ε < 0. Hence, since σ is also positive semi-definite, σ4m+1 is positive semi-
definite if ε < 0. Furthermore, the matrix measure (2.52) and its perturbation (2.54) are
Hermitian and thus there exists an associated sequence of orthogonal matrix polynomials,
as well as their norms, given by the Theorems 2.2.6 and 2.2.9.
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On the other hand, to illustrate the results in Section 2.2.2, by using (1.93), (1.94) and
taking into account that cos 2θ = 2 cos2 θ − 1, we get

dµ(x) = Sz−1(dσ(θ)) =
1

π

1√
2x2 − 1

[ √
2|x| ±1

±1
√

2|x|

]
dx√

1− x2
, (2.55)

with x ∈ [−1,− 1√
2
]∪[ 1√

2
, 1]. (2.55) is the measure associated with the measure (2.52), con-

nected through the inverse Szegő matrix transformation. Furthermore, from Proposition
2.2.1 with ε < 0 we get

dµ4m+1(x) = dµ(x) +

√
2ε

π

[
0 T4m+1(x)

T4m+1(x) 0

]
dx√

1− x2
, (2.56)

where µ is as in (2.55). Notice that the matrix measure (2.55) and its perturbation (2.56)
are positive semi-definite, so there exists a corresponding sequence of matrix orthogonal
polynomials on the real line and their norms, that can be obtained from Theorems 2.2.3
and 2.2.5.
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CHAPTER 3

On the Uvarov and Christoffel spectral matrix

transformations

Summary
The aim of this chapter is to study algebraic and analytic properties of the MOPUC
associated with the Uvarov and Christoffel spectral transformations of a Hermitian matrix
measure σ supported on the unit circle, defined respectively by

dσum(z) = dσ(z) +
m∑
j=1

Mjδ(z − ζj),

dσcm(z) = Wm(z)Hdσ(z)Wm(z),

where ζj ∈ C, Mj is a positive definite matrix, δ is the Dirac matrix measure and
Wm(z) =

∏m
j=1(zI − Aj) with Aj a square matrix for j = 1, . . . ,m. These properties

include connection formulas between the corresponding sequences of MOPUC, relative
asymptotics for the MOPUC, as well as for their leading principal (matrix) coefficients
(that depend on the location of the mass points) as well as properties of the zeros for the
Uvarov matrix polynomials by using the associated (truncated) block Hessenberg matrices.

3.1 On the Uvarov transformation for matrix measure with
support on the unit circle

3.1.1 Introduction

In this section, we consider the Uvarov matrix transformation with m > 0 masses of a
Hermitian matrix measure σ supported on T, defined by

dσum(z) = dσ(z) +

m∑
j=1

Mjδ(z − ζj), (3.1)

where ζi 6= ζj , ζi ∈ C, Mj is an l × l positive definite matrix for j = 1, ...,m, and δ
is the Dirac matrix measure. These properties include connection formulas, ratio and
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Chapter 3. On the Uvarov and Christoffel spectral matrix transformation

relative asymptotics when σ ∈ N , and properties of their zeros, by using truncated block
Hessenberg matrices. Notice that σuk is the Uvarov matrix transformation of the measure
σuk−1

with a single mass point, i.e.,

dσuk(z) = dσuk−1
(z) + Mkδ(z − ζk), k = 1, . . . ,m, (3.2)

with σu0 := σ. The right and left sesquilinear forms associated with the matrix measure
(3.1) are

〈p, q〉R,σum = 〈p, q〉R,σ +

m∑
j=1

p(ζj)
HMjq(ζj), p, q ∈ Pl[z], (3.3)

〈p, q〉L,σum = 〈p, q〉L,σ +
m∑
j=1

p(ζj)Mjq(ζj)
H , p, q ∈ Pl[z]. (3.4)

If we define p(ζ) :=
[
p(ζ1)T , ..., p(ζm)T

]T ∈ Mml×l, q(ζ) :=
[
q(ζ1)T , ..., q(ζm)T

]T ∈
Mml×l, p̂(ζ) := [p(ζ1), ..., p(ζm)] ∈ Ml×ml, q̂(ζ) := [q(ζ1), ..., q(ζm)] ∈ Ml×ml and the
block diagonal matrix

M =

 M1 · · · 0
...

. . .
...

0 · · · Mm

 ∈Mlm,

then (3.3) and (3.4) can be written as

〈p, q〉R,σum = 〈p, q〉R,σ + p(ζ)HMq(ζ), p, q ∈ Pl[z], (3.5)

〈p, q〉L,σum = 〈p, q〉L,σ + p̂(ζ)Mq̂(ζ)H , p, q ∈ Pl[z], (3.6)

respectively. The n−th matrix moment associated to the matrix measure (3.1) is c̃m,n =
〈I, znI〉R,σum = cn+

∑m
j=1 ζ

n
j Mj for n ∈ Z, and the respective CMV left and right moment

matrices defined as in (1.72) and (1.73), associated with of the matrix measure (3.1) are

F̃
R
m = FR +

m∑
j=1


Mj ζ−1

j Mj ζjMj ζ−2
j Mj · · ·

ζjMj Mj ζ2
jMj ζ−1

j Mj · · ·
ζ−1
j Mj ζ−2

j Mj Mj ζ−3
j Mj · · ·

ζ2
jMj ζjMj ζ3

jMj Mj · · ·
...

...
...

...
. . .

 ,

F̃
L
m = FL +

m∑
j=1


Mj ζjMj ζ−1

j Mj ζ2
jMj · · ·

ζ−1
j Mj Mj ζ−2

j Mj ζjMj · · ·
ζjMj ζ2

jMj Mj ζ3
jMj · · ·

ζ−2
j Mj ζ−1

j Mj ζ−3
j Mj Mj · · ·

...
...

...
...

. . .

 .

Since σum is an l × l Hermitian matrix measure on T, there exist sequences (URm,n(z))n≥0

(right) and (ULm,n(z))n≥0 (left), which are orthonormal with respect to (3.5) and (3.6),
respectively. In the remaining of this section, we will consider only the right sequences
(ϕRn (z))n≥0 and (URm,n(z))n≥0, since all the results can be obtained for the left sequences
in a similar way.
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3.1.2 Connection formula and further properties

In this subsection, we find the connection formula between the corresponding sequences
of MOPUC and further properties.

Lemma 3.1.1. For n ≥ 0 and ζi 6= ζj i, j = 1, . . . ,m, the block matrix KRn (ζ) defined by

KRn (ζ) =

 KR
n (ζ1, ζ1) · · · KR

n (ζm, ζ1)
...

. . .
...

KR
n (ζ1, ζm) · · · KR

n (ζm, ζm)

 ∈Mlm,

is positive definite.

Proof. First notice that KRn (ζ) is Hermitian because
(
KR
n (ζi, ζj)

)H
= KR

n (ζj , ζi) with
i, j = 1, . . .m, and nonsingular because ζi 6= ζj i, j = 1, . . . ,m. Now, let us consider the
block matrix

GRn (ζ) =

 ϕR0 (ζ1) · · · ϕRn (ζ1)
...

. . .
...

ϕR0 (ζm) · · · ϕRn (ζm)

 ∈Mlm×l(n+1).

Notice that KRn (ζ) = GRn (ζ)GRn (ζ)H , and for any nonzero u ∈M1×lm we have

uKRn (ζ)uH = uGRn (ζ)
(
uGRn (ζ)

)H ≥ 0.

Since GRn (ζ) is nonzero for every n ≥ 0, the inequality is strict. As a consequence, KRn (ζ)
is a positive definite matrix for n ≥ 0.

Proposition 3.1.2. The sequence of monic matrix polynomials (URm,n(z))n≥0 is orthogonal

with respect to the sesquilinear form (3.5) if and only if the matrix Ilm+KRn−1(ζ)M is non-
singular for n ≥ 1. Furthermore,

URm,n(z) = ΦR
n (z)−KR

n−1(ζ, z)M
[
Ilm +KRn−1(ζ)M

]−1 FRn (ζ), (3.7)

where

KR
n−1(ζ, z) :=

[
KR
n−1(ζ1, z), . . . ,K

R
n−1(ζm, z)

]
∈Ml×ml,

FRn (ζ) :=
[
ΦR
n (ζ1)T , . . . ,ΦR

n (ζm)T
]T ∈Mml×l.

Moreover, (
κ̃−Rm,n

)H
κ̃−Rm,n = S̃Rm,n = SRn + FR,Hn (ζ)M

[
Ilm +KRn−1(ζ)M

]−1 FRn (ζ), (3.8)

is positive definite for n ≥ 1.

Proof. Assume that (URm,n(z))n≥0 is the sequence of monic MOPUC with respect to (3.5).
We can write

URm,n(z) = ΦR
n (z) +

n−1∑
k=0

ΦR
k (z)λRn,k, (3.9)
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where the coefficients λRn,k are given by

λRn,k = −S−Rk
m∑
j=1

ΦR,H
k (ζj)MjU

R
m,n(ζj), 0 ≤ k ≤ n− 1.

Substituting this expression in (3.9), we obtain

URm,n(z) = ΦR
n (z)−

m∑
j=0

KR
n−1(ζj , z)MjU

R
m,n(ζj), (3.10)

and writing URm,n(ζ) :=
[
URm,n(ζ1)T , . . . , URm,n(ζm)T

]T ∈Ml×ml, (3.10) becomes

URm,n(z) = ΦR
n (z)−KR

n−1(ζ, z)MURm,n(ζ). (3.11)

Setting z = ζ1, . . . ,= ζm in (3.11), we get the linear system URm,n(ζ) = FRn (ζ) −
KRn−1MURm,n(ζ), which is equivalent to

[
Ilm +KRn−1(ζ)M

]
URm,n(ζ) = FRn (ζ). The unique-

ness of (URm,n(z))n≥0 and (ΦR
n (z))n≥0 implies that Ilm+KRn−1(ζ)M is a non-singular matrix,

and
URm,n(ζ) =

[
Ilm +KRn−1(ζ)M

]−1 FRn (ζ), (3.12)

so (3.11) becomes (3.7).

Conversely, assume that Ilm + KRn−1(ζ)M is non-singular and define (URm,n(z))n≥0 as
in (3.7). To prove orthogonality, let 0 ≤ k ≤ n. From (3.3), we have

〈
zkI, URm,n

〉
R,σum

=
〈
zkI, URm,n

〉
R,σ

+
m∑
j=1

(
ζkj I
)H

MjU
R
m,n(ζj). (3.13)

Since KR
n−1(ζj , z) = KR

n (ζj , z)− ϕRn (z)ϕR,Hn (ζj), from (1.65) and (3.10) we have

〈
zkI, URm,n

〉
R,σ

=
〈
zkI,ΦR

n

〉
R,σ
−

m∑
j=1

〈
zkI,KR

n−1(ζj , z)
〉
R,σ

MjU
R
m,n(ζj)

= δn,kS
R
n +

m∑
j=1

(
−
〈
zkI,KR

n (ζj , z)
〉
R,σ

+
〈
zkI, ϕRn

〉
R,σ

ϕR,Hn (ζj)

)
MjU

R
m,n(ζj)

= δn,kS
R
n −

m∑
j=1

(
ζkj I
)H

MjU
R
m,n(ζj) +

m∑
j=1

〈
zkI,ΦR

n

〉
R,σ

S−Rn ΦR,H
n (ζj)MjU

R
m,n(ζj)

= δn,kS
R
n −

m∑
j=1

(
ζkj I
)H

MjU
R
m,n(ζj) + δn,k

m∑
j=1

ΦR,H
n (ζj)MjU

R
m,n(ζj).

Substituting on (3.13)

〈
zkI, URm,n

〉
R,σum

= δn,k

SRn +
m∑
j=1

ΦR,H
n (ζj)MjU

R
m,n(ζj)

 = δn,k
[
SRn + FRn (ζ)HMURm,n(ζ)

]
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so that (URm,n(z))n≥0 is orthogonal with respect to (3.5). From (3.12) we obtain (3.8) for
k = n. On the other hand, since M is positive definite,

M
[
Ilm +KRn−1(ζ)M

]−1
=
[
M−1 +K−Rn−1(ζ)

]−1

is positive definite, then S̃Rm,n is positive definite for n ≥ 1.

Notice that the n−th degree matrix orthonormal polynomial has the form

URm,n(z) = URm,n(z)κ̃Rm,n = κ̃Rm,nz
n + · · · ,

and thus from (3.7) we have

URm,n(z) =
[
ϕRn (z)−KR

n−1(ζ, z)M
(
Ilm +KRn−1(ζ)M

)−1 LRn (ζ)
]
κ−Rn κ̃Rm,n, (3.14)

where LRn (ζ) :=
[
ϕRn (ζ1)T , . . . , ϕRn (ζm)T

]T ∈Mml×l.

Example 3.1.3. Consider the Hermitian matrix measure

dσ(θ) =
1

2

[
2 eiθ

e−iθ 2

]
dθ

2π
. (3.15)

We have log(detω(θ)) = log(3/4) is integrable over unit circle, then σ ∈ S ⊂ N . More-

over, the matrix moments are c0 = I2, c1 = cH−1 =

[
0 0

1/2 0

]
and cn = 02 for |n| ≥ 2.

Therefore,

FR =



I2 c−1 c1

c1 I2 02 c−1

c−1 02 I2 02
. . .

c1 02 I2
. . .

. . .
. . .

. . .


,

where det(FR)n 6= 0 for n ≥ 1, so σ is also quasi-definite. The corresponding monic
MOPUC are

ΦR
0 (z) = ΦL

0 (z) = I2, ΦR
n (z) = ΦL

n(z) =

[
zn 0

−1
2z
n−1 zn

]
, n ≥ 1,

and we have SR0 = SL0 = I2, SRn =

[
3
4 0
0 1

]
, SLn =

[
1 0
0 3

4

]
, n ≥ 1. Therefore, the

matrix orthonormal polynomials are given by

ϕR0 (z) = I, ϕRn (z) =

[
2√
3
zn 0

− 1√
3
zn−1 zn

]
and ϕL,∗n (z) =

[
1 − 1√

3
z

0 2√
3

]
n ≥ 1.

Thus, from (1.55) with zζ̄ 6= 1, we get

KR
n−1(ζ, z) = I +

n−1∑
k=1

(zζ̄)k

[
4
3 − 2

3ζ̄

− 2
3z

1
3ζ̄z

+ 1

]
= I +

zζ̄ − (zζ̄)n

3(1− zζ̄)

[
4 −2

ζ̄

−2
z

1
ζ̄z

+ 3

]
.
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Now, let us consider the Uvarov transformation of (3.15) with one mass point at ζ1 = 2
and M1 = I2, i.e.

dσu1(θ) = dσ(θ) + I2δ(z − 2).

Notice that for n ≥ 2 we have

I2 +KR
n−1(2, 2) = 2I2 +

4n − 4

9

[
4 −1
−1 13

4

]
=

1

9

[
4n+1 + 2 4− 4n

4− 4n 13
4 4n + 5

]
,

and denoting Ξn−1 = det
(
I2 +KR

n−1(2, 2)
)

= 4
27(16)n + 23

54(4n)− 2
27 , we get

(
I2 +KR

n−1(2, 2)
)−1

=
1

9Ξn−1

[
13
4 4n + 5 4n − 4
4n − 4 4n+1 + 2

]
,

(
I2 +KR

n−1(2, 2)
)−1

ΦR
n (2) =

2n

9Ξn−1

[
3(4n) + 6 4n − 4
−9

2 4n+1 + 2

]
,

and

KR
n−1(2, z)

(
I2 +KR

n−1(2, 2)
)−1

ΦR
n (2)

=
2n

9Ξn−1

(
2z − (2z)n

1− 2z

[
4n+1 + 19

2 −6
− 1

4z (18z + 22n+3 + 19) 1
z (2z + 4n+1z + 3)

]
+

[
3× 4n + 16 4n − 4
−9

2 4n+1 + 2

])
.

As a consequence, from (3.7), we get

UR1,1(z) =

[
z − 1 0
−1

4 z − 1

]
, UR1,n(z) =

[
φ1,1(z, n) φ1,2(z, n)
φ2,1(z, n) φ2,2(z, n)

]
, for n ≥ 2,

where

φ1,1(z, n) = zn − 2n

9Ξn−1

(
(4n+1 +

19

2
)

n−1∑
k=1

(2z)k + 3(4n) + 16

)

φ1,2(z, n) =
2n

9Ξn−1

(
6
n−1∑
k=1

(2z)k − 4n + 4

)

φ2,1(z, n) = −1

2
zn−1 +

2n

9Ξn−1

(
18z + 22n+3 + 19

4

n−1∑
k=1

2kzk−1 +
9

2

)

φ2,2(z, n) = zn − 2n

9Ξn−1

(
(2z + 4n+1z + 3)

n−1∑
k=1

2kzk−1 + 4n+1 + 2

)
.

Now, let us consider the Uvarov transformation with two masses of (3.15), with mass
points ζ1 = 2 and ζ2 = 3 and M1 = M2 = I2, i.e.

dσu2(θ) = dσ(θ) + I2δ(z − 2) + I2δ(z − 3). (3.16)
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Proceeding as above, we have, for n ≥ 2,

[
I4 +KRn−1(ζ)

]−1
=


4n+1+2

9
4−4n

9
24(6n)−54

90
24−4(6n)

90
4−4n

9
13(4n−1)+5

9
36−6n+1

90
19(6n)−24

90
24(6n)−54

90
36−6n+1

90
9n+1+27

54
27−3(9n)

108
24−4(6n)

90
19(6n)−24

90
27−3(9n)

108
7(9n)+45

108


−1

,

KR
n−1(ζ, z) =

[
I2 +

2z − (2z)n

3(1− 2z)

[
4 −1
−2
z

1
2z + 3

]
, I2 +

3z − (3z)n

3(1− 3z)

[
4 −2

3
−2
z

1
3z + 3

]]
,

FRn (ζ) =

[
2n −2n−2 3n −1

23n−1

0 2n 0 3n

]
.

Thus, UR2,1(z) =

[
z − 5

2 0
0 z − 5

2

]
, and from (3.7) we can compute the sequence of monic

matrix polynomials orthogonal with respect to (3.16) for n ≥ 2.

In the following example, we consider a matrix measure with l = 3.

Example 3.1.4. Consider the Hermitian matrix measure

dσ(θ) =
1

2

 2 eiθ 0
e−iθ 2 eiθ

0 e−iθ 2

 dθ
2π
. (3.17)

We have log(detω(θ)) = log(1/2) is integrable over unit circle, then σ ∈ S ⊂ N . Using
the matrix Heine’s formula [141], we obtain

ΦR
0 (z) = SR0 = I3, ΦR

1 (z) =

 z 0 0
−1

2 z 0
0 −1

2 z

 , SR1 =

 3
4 0 0
0 3

4 0
0 0 1

 ,

ΦL
0 (z) = SL0 = I3, ΦL

1 (z) =

 z 0 0
−1

2 z 0
0 −1

2 z

 , SL1 =

 1 0 0
0 3

4 0
0 0 3

4

 ,
and for n ≥ 2

ΦR
n (z) =

 zn 0 0
−2

3z
n−1 zn 0

1
3z
n−2 −1

2z
n−1 zn

 , SRn =

 2
3 0 0
0 3

4 0
0 0 1

 .

ΦL
n(z) =

 zn 0 0
−1

2z
n−1 zn 0

1
3z
n−2 −2

3z
n−1 zn

 , SLn =

 1 0 0
0 3

4 0
0 0 2

3

 ,
Now, let us consider the Uvarov transformation of (3.17) with one mass point at ζ = ζ1 ∈ T
and M = M1 ∈M3, i.e.

dσu1(θ) = dσ(θ) + Mδ(z − ζ).
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From (3.7) and (3.8) with m = 1, we obtain for n ≥ 1

UR1,n = ΦR
n (z)−KR

n−1(ζ, z)M
[
I3 +KR

n−1(ζ, ζ)M
]−1

ΦR
n (ζ),

S̃R1,n = SRn (z) + ΦR,H
n (ζ)M

[
I3 +KR

n−1(ζ, ζ)M
]−1

ΦR
n (ζ).

(3.18)

Notice that KR
0 (ζ, z) = I3,

KR
1 (ζ, z) = I3+ϕR1 (z)ϕR,H1 (ζ) = I3+ΦR

1 (z)S−R1 ΦR,H
1 (ζ) =

 4
3 ζ̄z + 1 −2

3z 0
−2

3 ζ̄
4
3 ζ̄z + 4

3 −2
3z

0 −2
3 ζ̄ ζ̄z + 4

3

 ,
and for k > 2, it is possible to compute KR

n−1(ζ, z) using (1.56) with

ΦL,∗
n (z) =

 1 −1
2z

1
3z

2

0 1 −2
3z

0 0 1

 .
Since the Nevai condition only depends on the absolutely continuous component of the

matrix measure, and the Uvarov matrix transformation only modifies the singular part of
the measure, the following result is straightforward.

Proposition 3.1.5. If σ ∈ N , then σum ∈ N .

Lemma 3.1.6. For n ≥ 1,

1. If |ζ| > 1 and M ∈Ml is a positive definite matrix, we have

lim
n→∞

ϕR,Hn (ζ)M
[
I +KR

n−1(ζ, ζ)M
]−1

ϕRn (ζ) = (|ζ|2 − 1)I. (3.19)

2. If |ζ| = 1, we have

lim
n→∞

ϕR,Hn (ζ)M
[
I +KR

n (ζ, ζ)M
]−1

ϕRn (ζ) = 0. (3.20)

Proof. Let |ζ| > 1. Since

ϕR,Hn (ζ)M
[
I +KR

n−1(ζ, ζ)M
]−1

ϕRn (ζ) =[(
ϕRn (ζ)

)−1
M−1

(
ϕR,Hn (ζ)

)−1
+
(
ϕRn (ζ)

)−1
KR
n−1(ζ, ζ)

(
ϕR,Hn (ζ)

)−1
]−1

,

from (1.81) and (1.82) with z = ζ we obtain (3.19). On the other hand, let |ζ| = 1. Notice
that we have

KR
n (ζ, ζ) ≤

[
I +KR

n (ζ, ζ)M
]
M−1 = M−1 +KR

n (ζ, ζ),

and thus M
[
I +KR

n (ζ, ζ)M
]−1 ≤ KR

n (ζ, ζ)−1. Therefore∥∥∥ϕR,Hn (ζ)M
[
I +KR

n (ζ, ζ)
]−1

ϕRn (ζ)
∥∥∥

2
≤
∥∥ϕR,Hn (ζ)KR

n (ζ, ζ)−1ϕRn (ζ)
∥∥

2
.

Then, using (1.83), we get (3.20).
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Notice that, if we denote TRm,n :=
[
URm,n(ζ1)T , . . . ,URm,n(ζm)T

]T ∈ Mml×l, then (3.12)
becomes

TRm,n(ζ) =
[
Ilm +KRn−1(ζ)M

]−1 LRn (ζ)κ−Rn κ̃Rm,n. (3.21)

This expression will allow us to obtain asymptotics for the principal leading matrix coef-
ficients.

Proposition 3.1.7. For n ≥ 0, we have

0 <
∥∥∥(κRn )−1

κ̃Rm,n

∥∥∥2

2
≤ 1. (3.22)

Proof. From (3.3), we have

〈
URm,n, ϕRn

〉
R,σum

=
〈
URm,n, ϕRn

〉
R,σ

+
m∑
j=1

(
URm,n(ζj)

)H
Mjϕ

R
n (ζj)

=
〈
URm,n, ϕRn

〉
R,σ

+ TRm,n(ζ)HMLRn (ζ).

(3.23)

Considering 〈URm,n, ϕRn 〉R,σum = κ̃−Rm,nκ
R
n , 〈URm,n, ϕRn 〉R,σ = (κ−Rn κ̃Rm,n)H and taking into

account (3.21), (3.23) becomes

κ̃−Rm,nκ
R
n =

(
κ−Rn κ̃Rm,n

)H
+
(
κ−Rn κ̃Rm,n

)H LRn (ζ)H
[
Ilm + MKRn−1(ζ)

]−1 MLRn (ζ).

Multiplying on the right by κ−Rn κ̃Rm,n, we get

I−
(
κ−Rn κ̃Rm,n

)H
κ−Rn κ̃Rm,n =

(
LRn (ζ)κ−Rn κ̃Rm,n

)H [
Ilm + MKRn−1(ζ)

]−1 M
(
LRn (ζ)κ−Rn κ̃Rm,n

)
.

Since the right-hand side is positive definite because M and KRn−1(ζ) are both positive

definite, we have
(
κ−Rn κ̃Rm,n

)H
κ−Rn κ̃Rm,n ≤ I, and therefore (3.22) follows.

The following result was proved in [173] for the particular case m = 1. Since the proof
for an arbitrary value of m is analogous, we do not include it here.

Lemma 3.1.8. For n ≥ 0, the matrix
(
κRn
)−1

κ̃Rm,n can be assumed to be lower triangular
matrices with positive entries on the main diagonal.

3.1.3 Relative Asymptotics

In this subsection, we deal with relative asymptotics. Asymptotic properties of matrix
orthogonal polynomials, both on the real line and on the unit circle, have been studied
in [48, 56, 57, 58, 68], among others. In particular, asymptotic properties have been
deduced for MOPRL whose corresponding matrix measure belongs to the Nevai class.
In addition, some asymptotic properties of matrix orthogonal polynomials associated with
the Uvarov transformation of a matrix measure on the real line have been studied in the
literature in [18, 176, 174, 175]. The case of the unit circle, however, has not drawn as
much attention, although we can find some results in [173]. In the latter, the authors
studied relative asymptotics of the sequences of MOPUC associated with the Uvarov
matrix transformation with one point mass of a matrix measure satisfying a matrix Szegő
condition. For the scalar case, relative asymptotics for sequences of orthogonal polynomials
associated with Uvarov type perturbations of scalar measures in N supported on the unit
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circle have been widely studied in the literature (see [29, 33, 74, 126, 135] among many
others). Some applications in this direction are asymptotics of orthogonal polynomials
on unbounded intervals [129, 149, 167], and (one-point) Padé [128] and Hermite-Padé
approximations [22]. Moreover, in [101] the author studies Padé approximation to Markov
functions to which a rational function is added, which is equivalent to adding mass points
to a given measure, i.e. an Uvarov transformation with several masses.

As expected, the asymptotic behavior of the polynomials will depend on the location
of the mass points.

3.1.3.1 Case ζj ∈ C \ D̄

Lemma 3.1.9. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

(
κRn
)−1

κ̃Rm,n =
m∏
j=1

1

|ζj |
I. (3.24)

Proof. We use induction on m. For m = 1 the result was proved in [173] Theorem 3.4, i.e,

lim
n→∞

(
κRn
)−1

κ̃R1,n =
1

|ζ1|
I. (3.25)

For m > 1, from Lemma 3.1.5 we have that σuk belongs to N for k = 2, . . . ,m, and σuk
satisfies (3.2). Then, we can apply the previous argument to URk,n(z) = znκ̃Rk,n + · · · in

terms of URk−1,n(z) = znκ̃Rk−1,n + · · · to obtain

lim
n→∞

(
κ̃Rk−1,n

)−1
κ̃Rk,n =

1

|ζk|
I with k = 2, . . . ,m. (3.26)

Since
(
κRn
)−1

κ̃Rm,n =
((
κRn
)−1

κ̃R1,n

)((
κ̃R1,n

)−1
κ̃R2,n

)
· · ·
((
κ̃Rm−1,n

)−1
κ̃Rm,n

)
, from (3.25)

and (3.26) we easily get (3.24).

Proposition 3.1.10. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

(
ϕRn (z)

)−1 URm,n(z) =

m∏
j=1

ζ̄j
|ζj |

z − ζj
zζ̄j − 1

I, (3.27)

uniformly on every compact subset of z ∈ C \ D.

Proof. We use induction on m. For m = 1, the result was proved in [173] Theorem 4.1,
i.e,

lim
n→∞

(
ϕRn (z)

)−1 UR1,n(z) =
ζ̄1

|ζ1|
z − ζ1

zζ̄1 − 1
I, (3.28)

uniformly on every compact subset of z ∈ C \ D. For m ≥ 1, from Lemma 3.1.5 we know
σuk with k = 2, . . . ,m belongs to N , and taking into account (3.2), we have

lim
n→∞

(
URk−1,n(z)

)−1 URk,n(z) =
ζ̄k
|ζk|

z − ζk
zζ̄k − 1

I, with k = 2, . . . ,m. (3.29)
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Since(
ϕRn (z)

)−1 URm,n(z) =
(
ϕRn (z)

)−1 UR1,n(z)
(
UR1,n(z)

)−1 UR2,n(z) · · ·
(
URm−1,n(z)

)−1 URm,n(z),

from (3.28) and (3.29) for |z| > 1, (3.27) follows.

Since UR,∗m,n(z)
(
ϕR,∗n (z)

)−1
=
(
ϕRn (1/z̄)−1URm,n(1/z̄)

)H
, from the previous proposition

we get the following result.

Corollary 3.1.11. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

UR,∗m,n(z)
(
ϕR,∗n (z)

)−1
= lim

n→∞

(
ϕL,∗n (z)

)−1 UL,∗m,n(z) =
m∏
j=1

ζj
|ζj |

zζ̄j − 1

z − ζj
I, (3.30)

uniformly on every compact subset of z ∈ D.

Moreover, since(
URm,n(z)

)−1 URm,n+1(z) =
(
URm,n(z)

)−1
ϕRn (z)

(
ϕRn (z)

)−1
ϕRn+1(z)

(
ϕRn+1(z)

)−1 URm,n+1(z),

another immediate consequence of the above proposition and (1.75) is the following.

Corollary 3.1.12. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

(
URm,n(z)

)−1 URm,n+1(z) = zI,

uniformly on every compact subset of z ∈ C \ (D̄ ∪ {ζj}mj=1).

Proposition 3.1.13. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

(
ϕL,∗n (z)

)−1 URm,n(z) = 0,

uniformly on every compact subset of z ∈ D.

Proof. For m = 1, from (3.14) with m = 1 and multiplying on the left by (ϕL,∗n (z))−1, we
get

(ϕL,∗n (z))−1UR1,n(z) =
[
(ϕL,∗n (z))−1ϕRn (z)

−(ϕL,∗n (z))−1KR
n−1(ζ1, z)M1

[
I +KR

n−1(ζ1, ζ1)M1

]−1
ϕRn (ζ1)

]
κ−Rn κ̃R1,n.

On the other hand,

(ϕL,∗n (z))−1KR
n−1(ζ1, z)M1

[
I +KR

n−1(ζ1, ζ1)M1

]−1
ϕRn (ζ1)

= (ϕL,∗n (z))−1KR
n−1(ζ1, z)ϕ

R,H
n (ζ1)−1B

=

(
(ϕRn (ζ1)−1ϕL,∗n (ζ1))H − ϕL,∗n (z)−1ϕRn (z)

1− zζ̄1

)
B,
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with B = ϕR,Hn (ζ1)M1

[
I +KR

n−1(ζ1, ζ1)M1

]−1
ϕRn (ζ1), so from Proposition 1.4.18 and

Lemma 3.1.6, we obtain

lim
n→∞

(ϕL,∗n (z))−1KR
n−1(ζ1, z)M1

[
I +KR

n−1(ζ1, ζ1)M1

]−1
ϕRn (ζ1) = 0.

Therefore, from (1.79) and (3.24) with m = 1, we get

lim
n→∞

(ϕL,∗n (z))−1UR1,n(z) =
[

lim
n→∞

(ϕL,∗n (z))−1ϕRn (z) + 0
] m∏
j=1

1

|ζj |
I = 0.

Since σuk ∈ N for k = 2, . . . ,m, we have

lim
n→∞

(UL,∗m−1,n(z))−1URm,n(z) = 0. (3.31)

For m > 1, from (3.30) and (3.31), we obtain

lim
n→∞

(
ϕL,∗n (z)

)−1 URm,n(z) = lim
n→∞

(
ϕL,∗n (z)

)−1 UL,∗m−1,n(z)
(
UL,∗m−1,n(z)

)−1
URm,n(z)

=

m−1∏
j=1

ζj
|ζj |

zζ̄j − 1

z − ζj
I

× 0 = 0.

Corollary 3.1.14. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

UR,∗m,n(z)
(
ϕLn(z)

)−1
= 0,

uniformly on every compact subset of z ∈ C \ D̄.

3.1.3.2 Case ζj ∈ T

Lemma 3.1.15. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

(
κRn
)−1

κ̃Rm,n = I. (3.32)

Proof. From (3.8) with m = 1, we have

〈UR1,n, UR1,n〉R,σu1
= 〈ΦR

n ,Φ
R
n 〉R,σ +

(
ΦR
n (ζ1)

)H
M1

[
I +KR

n−1(ζ1, ζ1)M1

]−1
ΦR
n (ζ1),

and since 〈UR1,n, UR1,n〉R,σu1
= (κ̃−R1,n )H κ̃−R1,n and 〈ΦR

n ,Φ
R
n 〉R,σ = (κ−Rn )Hκ−Rn , we get

(κ̃−R1,n )H κ̃−R1,n = (κ−Rn )Hκ−Rn + (κ−Rn )HϕR,Hn (ζ1)M1

[
I +KR

n−1(ζ1, ζ1)M1

]−1
ϕRn (ζ1)κ−Rn

= (κ−Rn )H
[
I + ϕR,Hn (ζ1)M1

[
I +KR

n−1(ζ1, ζ1)M1

]−1
ϕRn (ζ1)

]
κ−Rn .

As a consequence,

(κ−Rn κ̃R1,n)(κ−Rn κ̃R1,n)H =
[
I + ϕR,Hn (ζ1)M1

(
I +KR

n−1(ζ1, ζ1)M1

)−1
ϕRn (ζ1)

]−1
.
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Notice that

I + ϕR,Hn (ζ1)M1

(
I +KR

n−1(ζ1, ζ1)M1

)−1
ϕRn (ζ1)

= ϕRn (ζ1)−1(I +KR
n (ζ1, ζ1)M1)(I +KR

n−1(ζ1, ζ1)M1)−1ϕRn (ζ1).

Thus,

(κ−Rn κ̃R1,n)(κ−Rn κ̃R1,n)H

= ϕRn (ζ1)−1(I +KR
n−1(ζ1, ζ1)M1)(I +KR

n (ζ1, ζ1)M1)−1ϕRn (ζ1).
(3.33)

Furthermore,

I− ϕRn (ζ1)−1(I +KR
n−1(ζ1, ζ1)M1)(I +KR

n (ζ1, ζ1)M1)−1ϕRn (ζ1)

= ϕR,Hn (ζ1)M1(I +KR
n (ζ1, ζ1)M1)−1ϕRn (ζ1),

so we obtain

(κ−Rn κ̃R1,n)(κ−Rn κ̃R1,n)H = I− ϕR,Hn (ζ1)M1(I +KR
n (ζ1, ζ1)M1)−1ϕRn (ζ1), (3.34)

and from (3.20), we get
lim
n→∞

(κ−Rn κ̃R1,n)(κ−Rn κ̃R1,n)H = I. (3.35)

Moreover, from (3.22) with m = 1∥∥κ−Rn κ̃R1,n
∥∥2

F
= Tr((κ−Rn κ̃R1,n)Hκ−Rn κ̃R1,n) ≤ l

∥∥κ−Rn κ̃R1,n
∥∥2

2
≤ l,

and thus we necessarily have limn→∞
(
κRn
)−1

κ̃R1,n = I, since we can consider a subsequence

(nv)v≥0 of positive integers such that limv→∞
(
κRnv
)−1

κ̃R1,nv = L <∞, and then from (3.35)
we have

LLH = I. (3.36)

Since I is positive definite and L has positive entries on the main diagonal from Lemma
3.1.8, then the Cholesky factorization (see Theorem 1.1.2 item 4) of (3.36) is unique and
we deduce (κ−Rn κ̃R1,n)n≥1 does not have subsequences converging to a limit different than
I. For m > 1, proceeding as in the Lemma 3.1.9, we get (3.32).

Proposition 3.1.16. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

(
ϕRn (z)

)−1 URm,n(z) = I, (3.37)

uniformly on every compact subset of z ∈ C \ D̄.

Proof. Let m = 1. From (3.14) with m = 1 and multiplying on the left by (ϕRn (z))−1 and
on the right by (κ−Rn κ̃R1,n)H , we get(

ϕRn (z)
)−1 UR1,n(z)(κ−Rn κ̃R1,n)H =

[
I−

(
ϕRn (z)

)−1
KR
n−1(ζ1, z)

(
ϕR,Hn (ζ1)

)−1

×ϕR,Hn (ζ1)M1

(
I +KR

n−1(ζ1, ζ1)M1

)−1
ϕRn (ζ1)

]
κ−Rn κ̃R1,n(κ−Rn κ̃R1,n)H .
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Using (3.33), notice that

ϕR,Hn (ζ1)M1

(
I +KR

n−1(ζ1, ζ1)M1

)−1
ϕRn (ζ1)κ−Rn κ̃R1,n(κ−Rn κ̃R1,n)H

= ϕR,Hn (ζ1)M1

(
I +KR

n (ζ1, ζ1)M1

)−1
ϕRn (ζ1),

so from (3.20)

lim
n→∞

ϕR,Hn (ζ1)M1

(
I +KR

n−1(ζ1, ζ1)M1

)−1
ϕRn (ζ1)κ−Rn κ̃R1,n(κ−Rn κ̃R1,n)H = 0. (3.38)

Therefore, using the previous lemma and (1.82) with ζ1 ∈ T and |z| > 1, we get

lim
n→∞

(
ϕRn (z)

)−1 UR1,n(z) = lim
n→∞

(
ϕRn (z)

)−1 UR1,n(z)(κ−Rn κ̃R1,n)H

= lim
n→∞

(
κ−Rn κ̃R1,n(κ−Rn κ̃R1,n)H − 1

zζ̄1 − 1
I× 0

)
= I.

For m > 1, proceeding as in the proof of Proposition 3.1.10, we get (3.37).

Corollary 3.1.17. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

UR,∗m,n(z)
(
ϕR,∗n (z)

)−1
= I,

uniformly on every compact subset of z ∈ D.

Proposition 3.1.18. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

(
ϕL,∗n (z)

)−1 URm,n(z) = 0,

uniformly on every compact subset of z ∈ D.

Proof. For m = 1, from (3.14) with m = 1 and multiplying on the left by (ϕL,∗n (z))−1 and
on the right by (κ−Rn κ̃R1,n)H , we get

(ϕL,∗n (z))−1UR1,n(z)(κ−Rn κ̃R1,n)H =
[
(ϕL,∗n (z))−1ϕRn (z)− (ϕL,∗n (z))−1KR

n−1(ζ1, z)

ϕR,Hn (ζ1)−1ϕR,Hn (ζ1)M1

[
I +KR

n−1(ζ1, ζ1)M1

]−1
ϕRn (ζ1)

]
κ−Rn κ̃R1,n(κ−Rn κ̃R1,n)H .

Since ϕRn (ζ1)−1ϕL,∗n (ζ1) is an unitary matrix when ζ1 ∈ T, from (1.74) we get∥∥(ϕL,∗n (z))−1KR
n−1(ζ1, z)ϕ

R,H
n (ζ1)−1

∥∥
2

=∥∥∥∥∥(ϕRn (ζ1)−1ϕL,∗n (ζ1))H − ϕL,∗n (z)−1ϕRn (z)

1− zζ̄1

∥∥∥∥∥
2

≤ 1 + ‖ϕL,∗n (z)−1ϕRn (z)‖2
|1− zζ̄1|

,
(3.39)

and from (1.79) it follows that (3.39) is bounded when n tends to infinity. Therefore, using
(1.79), (3.32) and (3.38), we obtain

lim
n→∞

(ϕL,∗n (z)UR1,n(z))−1 = lim
n→∞

(ϕL,∗n (z)UR1,n(z))−1(κ−Rn κ̃R1,n)H

= lim
n→∞

(ϕL,∗n (z)ϕRn (z))−1κ−Rn κ̃R1,n(κ−Rn κ̃R1,n)H = 0.

For m > 1, we proceed as in the proof of Proposition 3.1.13 using Corollary 3.1.17.
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Corollary 3.1.19. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

UR,∗m,n(z)
(
ϕLn(z)

)−1
= 0,

uniformly on every compact subset of z ∈ C \ D̄.

3.1.3.3 Case ζj ∈ D

Let ζj ∈ D for j, 1 . . . ,m, and assume that ζj is not a zero of ϕRn for all n > 0.

Lemma 3.1.20. If σ ∈ S and ζj ∈ D for j = 1, . . . ,m, then

lim
n→∞

(
κRn
)−1

κ̃Rm,n = I. (3.40)

Proof. For m = 1. If σ ∈ S, from (3.34)∥∥(κ−Rn κ̃R1,n)(κ−Rn κ̃R1,n)H − I
∥∥

2
≤ ‖ϕRn (ζ1)‖22‖M1‖2

∥∥(I +KR
n (ζ1, ζ1)M1)−1

∥∥
2
.

Since KR
n (z, z), converges uniformly on every compact subset of z ∈ D (see Proposition

1.4.23), thus limn→∞ ‖ϕRn (ζ1)‖2 = 0, therefore

lim
n→∞

∥∥(κ−Rn κ̃R1,n)(κ−Rn κ̃R1,n)H − I
∥∥

2
= 0,

so that (3.40) follows. The case m > 1 follows immediately.

3.1.4 Zeros

Here, we study the zeros of the MOPUC associated with an Uvarov perturbation. It is
worth noticing that zeros of orthogonal polynomials on the unit circle play an important
role in topics ranging from mathematics to physics (see [86]).

Let us consider the left monic sequence (ΦL
n(z))n≥0. Expand zΦL

j (z) into a Fourier
series using the left MOPUC

zΦL
j (z) =

j+1∑
k=0

HL
j,kΦ

L
k (z), j = 0, . . . , n− 1. (3.41)

Using the Szegő recurrence relation (1.42) and (1.45), we get

zΦL
j (z) = ΦL

j+1(z)− ΦL
j+1(0)SRj

(
j∑

k=0

S−Rk ΦR,H
k (0)ΦL

k (z)

)
, j = 0, . . . , n− 1, (3.42)

and comparing (3.41) and (3.42), we deduce

HL
j,k =


I, if k = j + 1,

−ΦL
j+1(0)SRj S

−R
k ΦR,H

k (0), if 0 ≤ k ≤ j,
0, if k > j + 1.

(3.43)
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In matrix form, we have

z

 ΦL
0 (z)
...

ΦL
n−1(z)

 = (HΦL)n−1

 ΦL
0 (z)
...

ΦL
n−1(z)

+

 0
...
I

ΦL
n(z), (3.44)

where

(HΦL)n−1 =


HL

0,0 I 0

HL
1,0 HL

1,1 I
...

...
. . .

. . .

HL
n−2,0 HL

n−2,1 · · · HL
n−2,n−2 I

HL
n−1,0 HL

n−1,1 · · · HL
n−1,n−2 HL

n−1,n−1

 ∈Mnl,

is the truncated block Hessenberg matrix. Block Hessenberg matrices are very useful in
multivariate time series analysis, multichannel signal processing and Gaussian quadrature
of matrix-valued functions (see [161, 163]).

Notice that if ξ ∈ D is a zero of ΦL
n(z), then one can find a nonzero α(ξ) ∈Ml×1, such

that ΦL
n(ξ)α(ξ) = 0l×1. Thus, from (3.44), we conclude that the zeros of ΦL

n(z) are the
eigenvalues of (HΦL)n−1 with eigenvector

[(ΦL
0 (ξ)α(ξ))T , . . . , (ΦL

n−1(ξ)α(ξ))T ]T ∈Mnl×1.

Example 3.1.21. Consider the Hermitian matrix measure σ defined as in (3.17). Notice
that ΦL

n and ΦR
n have a zero of multiplicity 3n in z = 0. On the other hand, from (3.43)

for this particular case, we get

(HΦL)1 =

[
HL

0,0 I3

HL
1,0 HL

1,1

]
=



0 0 0 1 0 0
1
2 0 0 0 1 0
0 1

2 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
−1

4 0 0 0 1
6 0

 .

It is easy to see that the only eigenvalue of the block Hessenberg matrix (HΦL)1 is z = 0.
In general form, the block Hessenberg matrix

(HΦL)n−1 =


HL

0,0 I3 03

HL
1,0 HL

1,1 I3

03 03 03
. . .

...
...

...
. . . I3

03 03 03 · · · 03

 , (3.45)

has only a eigenvalue in z = 0.
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On the other hand, we also have

z

 ULm,0(z)
...

ULm,n−1(z)

 = (HUL)n−1

 ULm,0(z)
...

ULm,n−1(z)

+

 0
...
I

ULm,n(z). (3.46)

Proceeding as in the Proposition 3.1.2 the relation between (ΦL
n(z))n≥0 and (ULm,n(z))n≥0

is

ULm,n(z) = ΦL
n(z)− FLn(ζ)

[
Ilm + MKLn−1(ζ)

]−1 MKL
n−1(z, ζ)

= ΦL
n(z)−

n−1∑
k=0

FLn(ζ)
[
Ilm + MKLn−1(ζ)

]−1 MFL,Hk (ζ)S−Lk ΦL
k (z),

(3.47)

where KL
n−1(z, ζ) :=

[
KL
n−1(z, ζ1)T , . . . ,KL

n−1(z, ζm)T
]T ∈ Mml×l and FLn(ζ) :=[

ΦL
n(ζ1), . . . ,ΦL

n(ζm)
]
∈Ml×ml.

Let (LLUΦ)n−1 be the change of basis matrix such that ULm,0(z)
...

ULm,n−1(z)

 = (LLUΦ)n−1

 ΦL
0 (z)
...

ΦL
n−1(z)

 . (3.48)

From (3.47), (LLUΦ)n−1 is a lower triangular block matrix, where (LLUΦ)n−1 = (lj,k)
n−1
j,k=0

with

lj,k =


0, if j < k,
I, if j = k,

−FLj (ζ)
[
Ilm + MKLj−1(ζ)

]−1
MFL,Hk (ζ)S−Lk , if k < j.

(3.49)

Substituting (3.48) in (3.46)

z(LLUΦ)n−1

 ΦL
0 (z)
...

ΦL
n−1(z)

 = (HUL)n−1(LLUΦ)n−1

 ΦL
0 (z)
...

ΦL
n−1(z)

+

 0
...
I

ΦL
n(z)

+

 0
...
I

 n−1∑
k=0

ln,kΦ
L
k (z).

(3.50)

Notice that 0
...
I

 n−1∑
k=0

ln,kΦ
L
k (z) =

 0 · · · 0
...

...
ln,0 · · · ln,n−1


 ΦL

0 (z)
...

ΦL
n−1(z)

 = An

 ΦL
0 (z)
...

ΦL
n−1(z)

 .
Moreover, since (LLUΦ)−1

n−1 is a lower triangular block matrix with I in the main diagonal,
we have

(LLUΦ)−1
n−1

 0
...
I

 =

 0
...
I

 and (LLUΦ)−1
n−1An = An.
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As a consequence, (3.50) becomes

z

 ΦL
0 (z)
...

ΦL
n−1(z)

 =
[
(LLUΦ)−1

n−1(HUL)n−1(LLUΦ)n−1 + An
]  ΦL

0 (z)
...

ΦL
n−1(z)

+

 0
...
I

ΦL
n(z).

Comparing (3.44) with the above equation, we get

(HUL)n−1 = (LLUΦ)n−1 [(HΦL)n−1 − An] (LLUΦ)−1
n−1.

Therefore, we have proved the following proposition. Notice that we have followed the
ideas on [32], where the scalar case is considered.

Proposition 3.1.22. The zeros of the matrix polynomial ULm,n are the eigenvalues of the
block matrix

(HΦL)n−1 − An.

Example 3.1.23. We consider the Uvarov transformation with one mass point of the
Hermitian matrix measure σ defined as in (3.17)

dσu1(θ) = dσ(θ) + Mδ(z − ζ),

with M ∈M3 and ζ ∈ T. As consequence of the above proposition the zeros of the matrix
polynomial

UL1,n(z) = ΦL
n(z)− ΦL

n(ζ)
[
I3 + MKL

n−1(ζ, ζ)
]−1

MKL
n−1(z, ζ) (3.51)

are the eigenvalues of the block matrix

(HΦL)0 − A1 = HL
0,0 − l1,0, for n = 1,

(HΦL)1 − A2 =

[
HL

0,0 I3

HL
1,0 HL

1,1

]
−
[

03 03

l2,0 l2,1

]
, for n = 2,

and

(HΦL)n−1 − An =


HL

0,0 I3 03

HL
1,0 HL

1,1 I3

03 03 03
. . .

...
...

...
. . . I3

−ln,0 −ln,1 −ln,2 · · · −ln,n−1

 ∈M3n, for n > 2,

with (HΦL)n−1 as in (3.45) and from (3.49) for k = 0, . . . , n− 1

ln,k = −ΦL
n(ζ)

[
I3 + MKL

n−1(ζ, ζ)
]−1

MΦL,H
k (ζ)S−Lk . (3.52)

In particular, if M = I3 and ζ = 1, for n = 1, from (3.51) we have

UL1,1(z) =

 z − 1
2 0 0

−1
4 z − 1

2 0
0 −1

4 z − 1
2

 .
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Notice that the zeros of UL1,1(z) are z = 1
2 with multiplicity 3, coinciding with the eigen-

values of

HL
0,0 − l1,0 =

 0 0 0
1
2 0 0
0 1

2 0

+
1

2

 1 0 0
−1

2 1 0
0 −1

2 1

 =

 1
2 0 0
1
4

1
2 0

0 1
4

1
2

 .
For n = 2, from (3.51), we have

UL1,2(z) =

 z2 − 53
170z −

32
85

11
85z −

6
85

2
85z −

1
85

26
85 −

137
340z z2 − 71

170z −
27
85

9
85z −

9
170

13
85 −

13
170z

29
85 −

39
85z z2 − 38

85z −
47
170

 ,
with

det(UL1,2(z)) = z6 − 20

17
z5 − 7

17
z4 +

46

85
z3 +

73

340
z2 − 8

85
z − 4

85
.

On the other hand,

(HΦL)1 − A2 =



0 0 0 1 0 0
1
2 0 0 0 1 0
0 1

2 0 0 0 1
0 0 0 0 0 0
0 0 0 0 0 0
−1

4 0 0 0 1
6 0

−


0 0 0 0 0 0
0 0 0 0 0 0
0 0 0 0 0 0
− 53

170 − 1
17 − 1

85 − 53
170

11
85

2
85

33
340 − 9

34 − 9
170

33
340 − 71

170
9
85

− 13
170

2
17 − 47

170 − 13
170

53
255 −38

85

 ,

and the corresponding characteristic polynomial is

z6 − 20

17
z5 − 7

17
z4 +

46

85
z3 +

73

340
z2 − 8

85
z − 4

85
.

Their zeros are plotted the following figure

-1 -0.5 0.5 1

-1

-0.8

-0.6

-0.4

-0.2

0.2

0.4

0.6

0.8

1

Figure 3.1. Zeros of UL
1,2(z) with ζ = 1 and M = I3.
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For n > 2, from (3.52)

ln,0 = −

 1 0 0
−1

2 1 0
1
3 −2

3 1

 3
2n+ 1

3
4
3 − n

1
2n− 1

4
3 − n 2n− 1

3
4
3 − n

1
2n− 1 4

3 − n
3
2n+ 1

3

−1

, ln,1 =
1

3
ln,0

 3 −2 0
0 4 −2
0 0 4

 ,
and for k = 2, . . . , n− 1

ln,k = ln,0

 1 −2
3

1
2

0 4
3 −1

0 0 3
2

 .
For instance, if we consider n = 5

l5,0 = −

 59
380

11
190 − 1

380
− 3

152
9
76

9
152

1
95 − 2

95
11
95

 , l5,1 =

 − 59
380

1
38

4
95

3
152 −13

76 0
− 1

95
2
57 −16

25

 ,
and for k = 2, 3, 4,

l5,k =

 − 59
380

1
38 − 3

190
3

152 −13
76

3
76

− 1
95

2
57 −1

5

 .
Thus, the zeros of UL1,5(z), or the eigenvalues of (HΦL)4 −A5, are plotted in the following
figure
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Figure 3.2. Zeros of UL
1,5(z) with ζ = 1 and M = I3.

For n = 10, we have

l10,0 = −

 1019
11730

13
345 − 8

5865
− 9

1564
3
46

15
391

29
11730 − 2

345
719

11730

 , l10,1 =

 − 1019
11730

3
391

158
5865

9
1564 − 71

782 − 3
391

− 29
11730

11
1173 − 502

5865

 ,
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and for k = 2, · · · 9,

l10,k =

 − 1019
11730

3
391 − 29

7820
9

1564 − 71
782

33
3128

− 29
11730

11
1173 − 387

3910

 .
The zeros are in the following figure
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Figure 3.3. Zeros of UL
1,10(z) with ζ = 1 and M = I3.

3.2 On a Christoffel transformation for a matrix measure
with support on unit circle

3.2.1 Introduction

The study of the Christoffel matrix transformation for matrix measures has not received
much attention in the literature. There are, however, some contributions in this direction.
For instance, for transformations of matrix measures supported on the real line, in [2, 3]
the authors consider the sesquilinear form defined by

〈f, g〉µ =

∫
E
f(x)w(x)dµ(x)g(x)T , f, g ∈ Pl[x],

where µ is a positive definite matrix measure supported in some compact subset E ⊆ R,
f, g are real matrix polynomials, and w is a fixed matrix polynomial. This can be seen
as a generalization of the Christoffel transformation for scalar orthogonal polynomials
on the real line, and the authors obtain, among other results, connection formulas for
the corresponding orthogonal matrix polynomials, which are given in terms of certain
quasi-determinants. Transformations of matrix measures supported on T are much less
studied, although the Uvarov matrix transformation, consisting in the addition of a Dirac
matrix measure, has been studied in [173] and the above chapter. These contributions
are focused in the study of the relative asymptotics between both sequences of orthogonal
matrix polynomials. To the best of our knowledge, asymptotic properties associated with
the Christoffel transformation on the unit circle have not been studied in the literature.
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The results on this subsection are oriented in that direction. We will consider certain
Christoffel transformation of a matrix measure supported on the unit circle and our aim
is to obtain several algebraic and analytic properties associated with it.

In the scalar case, the Christoffel transformation of a nontrivial positive Borel measure
λ supported on T is defined by (see [88, 133])

dλ̃(z) = (z − ζ)dλ(z)(z − ζ) = |z − ζ|2dλ(z), ζ ∈ C, (3.53)

and the associated inner product

〈p, q〉λ̃ = 〈(z − ζ)p, (z − ζ)q〉λ =

∫ π

−π
p(eiθ)q(eiθ)|eiθ − ζ|2dλ(θ), p, q ∈ P1[z].

Notice that λ̃ is also positive definite. In this section, we consider the Christoffel trans-
formation of a Hermitian matrix measure σ supported on T, defined by

dσcm(z) = Wm(z)Hdσ(z)Wm(z), (3.54)

where

Wm(z) =
m∏
j=1

(zI−Aj) with (Aj)
m
j=1 ∈Ml, m > 0,

with Aj 6= Ai, for i, j = 1, . . . ,m. Notice that (3.54) is a natural extension to the matrix
case of (3.53). Moreover, the matrix measure σck is the Christoffel transformation of the
measure σck−1

dσck(z) = (zI−Ak)Hdσck−1
(z)(zI−Ak), k = 1, . . . ,m, (3.55)

with σc0 := σ. The corresponding right and left sesquilinear forms associated with the
measure (3.54) are

〈p, q〉R,σcm = 〈Wm(z)p,Wm(z)q〉R,σ , p, q ∈ Pl[z], (3.56)

〈p, q〉L,σcm = 〈pWm(z), qWm(z)〉L,σ, p, q ∈ Pl[z]. (3.57)

Notice that σcm is an l × l Hermitian matrix measure, and thus in this case there exist
sequences (CRm,n(z))n≥0 (right) and (CLm,n(z))n≥0 (left) which are orthonormal with respect
to (3.56) and (3.57) respectively.

3.2.2 Connection formula and further properties

In this section, we state several relations between the sequences of MOPUC (CRm,n(z))n≥0

and (ϕRn+m(z))n≥0. They will be used in the next subsections to derive relative asymptotic
properties. In the sequel, we will only consider the right sequence (CRm,n(z))n≥0 since all
the results can be obtained for the left sequence in a similar way. We first need a lemma.

82



Chapter 3. On the Uvarov and Christoffel spectral matrix transformation

Lemma 3.2.1. For n+m ≥ 1 and Ai 6= Aj i, j = 1, . . . ,m, the block matrix KRn+m−1(A)
defined by

KRn+m−1(A) =

 KR
n+m−1(A1, A1) · · · KR

n+m−1(Am, A1)
...

. . .
...

KR
n+m−1(A1, Am) · · · KR

n+m−1(Am, Am)

 ∈Mlm,

is a positive definite matrix.

Proof. First notice that the block matrix KRn+m−1(A) is Hermitian because(
KR
n+m−1(Ai, Aj)

)H
= KR

n+m−1(Aj , Ai) with i, j = 1, . . .m. Now let us consider the block
matrix

GRn+m−1(A) =

 ϕR0 (A1) · · · ϕRn+m−1(A1)
...

. . .
...

ϕR0 (Am) · · · ϕRn+m−1(Am)

 ∈Mlm×l(n+m).

Notice that
KRn+m−1(A) = GRn+m−1(A)GRn+m−1(A)H ,

and for any nonzero u ∈ Clm we have

uKRn+m−1(A)uH = uGRn+m−1(A)
(
uGRn+m−1(A)

)H ≥ 0.

Since Ai 6= Aj i, j = 1, . . . ,m, the inequality is strict. As a consequence, KRn+m−1(A) is a
positive definite matrix for n+m ≥ 1.

Proposition 3.2.2. Let z be such that Iz − Aj is non-singular for j = 1, . . . ,m. The
sequence of monic matrix polynomials (CRm,n(z))n≥0 defined by

CRm,n(z) = Wm(z)−1
[
ΦR
n+m(z)−KR

n+m−1(A, z)
(
KRn+m−1(A)

)−1 FRn+m(A)
]
, (3.58)

where

KR
n+m−1(A, z) :=

[
KR
n+m−1(A1, z), . . . ,K

R
n+m−1(Am, z)

]
∈Ml×ml,

FRn+m(A) :=
[
ΦR
n+m(A1)T , . . . ,ΦR

n+m(Am)T
]T ∈Mml×l,

(3.59)

is orthogonal with respect to the sesquilinear form (3.56). Furthermore,(
κ̃−Rm,n

)H
κ̃−Rm,n = S̃Rm,n = SRn+m + FR,Hn+m(A)

(
KRn+m−1(A)

)−1 FRn+m(A) (3.60)

is a positive definite matrix for n ≥ 1.

Proof. Let us write

∆R
n+m = −

(
KRn+m−1(A)

)−1 FRn+m(A). (3.61)
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Let 0 ≤ k ≤ n. Then, from (3.58)

〈zkI, CRm,n〉R,σcm =
〈
Wm(z)zk,Wm(z)CRm,n

〉
R,σ

=
〈
Wm(z)zk,ΦR

n+m

〉
R,σ

+
〈
Wm(z)zk,KR

n+m−1(A, z)∆R
n+m

〉
R,σ

= SRn+mδn,k +
m∑
j=1

〈
Wm(z)zk,KR

n+m−1(Aj , z)
〉
R,σ

λRn+m,j . (3.62)

Since KR
n+m−1(Aj , z) = KR

n+m(Aj , z)− ϕRn+m(z)ϕR,Hn+m(Aj), we have from (1.68)〈
Wm(z)zk,KR

n+m−1(Aj , z)
〉
R,σ

= −
〈
Wm(z)zk, ϕRn+m(z)ϕR,Hn+m(Aj)

〉
R,σ

= −ΦR,H
n+m(Aj)δn,k,

and, substituting in (3.62),

〈zkI, CRm,n〉R,σcm =

SRn+m −
m∑
j=1

ΦR,H
n+m(Aj)λ

R
n+m,j

 δn,k =
(
SRn+m − FR,Hn+m(A)∆R

n+m

)
δn,k,

so that (CRm,n(z))n≥0 is orthogonal with respect to (3.56). For k = n and from (3.61) we

obtain (3.60). On the other hand, since SRn+m and (KRn+m−1(A))−1 are positive definite

matrices, then S̃Rm,n is a positive definite matrix for n ≥ 1.

Example 3.2.3. Consider the matrix measure dσ(θ) = Ω dθ
2π ∈ S ⊂ N , where Ω ∈ Ml is

a non-singular Hermitian matrix. The corresponding n-th degree monic polynomial is

Φn(z) = ΦR
n (z) = ΦL

n(z) = znI.

The Christoffel matrix transformation of σ with m = 1 is then defined by

dσc1(z) = (zI−A1)HΩ
dθ

2π
(zI−A1), z = eiθ.

From (1.55), we have

KR
n (A1, z) = Ω−1

n∑
k=0

(
zAH1

)k
, KR

n (A1, A1) =
n∑
k=0

Ak1Ω−1(Ak1)H .

Thus, from (3.58) and (3.60) with m = 1, we obtain for n ≥ 1

(zI−A1)CR1,n(z) = zn+1I− Ω−1
n∑
k=0

(
zAH1

)k( n∑
k=0

Ak1Ω−1(Ak1)H

)−1

An+1
1 ,

S̃R1,n = Ω + (An+1)H

(
n∑
k=0

Ak1Ω−1(Ak1)H

)−1

An+1
1 .

In particular, if A1 = ζ1I with ζ1 ∈ C we have two cases:
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1. ζ1 /∈ T, since ϕRn (z) = znΩ−1/2 we have from (1.55) with ζ = ζ1

KR
n (ζ1, z) = Ω−1

n∑
k=0

(ζ̄1z)
k = Ω−1 1− (ζ̄1z)

n+1

1− ζ̄1z
,

and therefore for z = ζ1, we get

(KR
n (ζ1, ζ1))−1 = Ω

1− |ζ1|2

1− |ζ1|2(n+1)
.

Thus, from (3.58) with m = 1, for n ≥ 1, we obtain in this diagonal case

CR1,n(z) =
1

z − ζ1

(
zn+1 − ζn+1

1

1− |ζ1|2

1− |ζ1|2(n+1)

n∑
k=0

(ζ̄1z)
k

)
I

=
1

z − ζ1

(
zn+1 − ζn+1

1

1− |ζ1|2

1− |ζ1|2(n+1)

1− (ζ̄1z)
n+1

1− ζ̄1z

)
I,

and from (3.60) with m = 1, since SRn = Ω for n ≥ 0,

S̃R1,n = Ω

(
1 + |ζ1|2(n+1) 1− |ζ1|2

1− |ζ1|2(n+1)

)
.

2. ζ1 ∈ T, from (1.55) with z = ζ = ζ1 we have

(Kn(ζ1, ζ1))−1 =

(
Ω−1

n∑
k=0

1

)−1

=
1

n+ 1
Ω

and thus from 3.58 with m = 1, we obtain for n ≥ 1

(z − ζ1)CR1,n(z) =

(
zn+1 − ζn+1

1

n+ 1

n∑
k=0

(ζ̄1z)
k

)
I,

or, equivalently,

CR1,n(z) =

(
zn + ζ1

n

n+ 1
CR1,n−1(z)

)
I, n ≥ 1.

Furthermore, from (3.60) with m = 1, S̃R1,n =
(

1 + 1
n+1

)
Ω.

Notice that this example generalizes to the matrix case the Christoffel transformation of
the normalized Lebesgue measure studied in [20].

Now, we will show that σcm belongs to the Szegő class by using a different approach
to the one used in the scalar case.

Lemma 3.2.4. If σ belongs to S, then σcm belongs to S.
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Proof. From 3.60, since FR,Hn+m(A)H
(
KRn+m−1(A)

)−1 FRn+m(A) is a positive semi-definite

matrix, then for all n ≥ 1 we have SRn+m ≤ S̃Rm,n. From [48], we get

SRn+m =
〈
ΦR
n+m,Φ

R
n+m

〉
R,σ

=
(
κRn+m

)−H
κ−Rn+m = (Bn+m(0))−1 ,

S̃Rm,n =
〈
URm,n, U

R
m,n

〉
R,σcm

=
(
κ̃Rm,n

)−H
κ̃−Rm,n =

(
B̃m,n(0)

)−1
,

so that B̃m,n(0) ≤ Bn+m(0). Notice that (detBn+m(0))n≥0 is bounded from above, since

σ belongs to S, and thus
(

det B̃m,n(0)
)
n≥0

is bounded from above. From [48] Theorem

19, it follows that σcm belongs to S.

Since the n−th orthonormal matrix polynomial has the form

CRm,n(z) = CRm,n(z)κ̃Rm,n = κ̃Rm,nz
n + · · · ,

then from (3.58) we have

Wm(z)CRm,n(z) =
[
ϕRn+m(z)−KR

n+m−1(A, z)
(
KRn+m−1(A)

)−1 LRn+m(A)
]
κ−Rn+mκ̃

R
m,n,

(3.63)

where LRn+m(A) :=
[
ϕRn+m(A1)T , . . . , ϕRn+m(Am)T

]T ∈ Mml×l. Furthermore, taking into

account that SRn+m = (κ−Rn+m)Hκ−Rn+m from (3.60) we can deduce

κ−Rn+mκ̃
R
m,n(κ−Rn+mκ̃

R
m,n)H =

[
I + LR,Hn+m(A)

(
KRn+m−1(A)

)−1 LRn+m(A)
]−1

. (3.64)

Lemma 3.2.5. For n ≥ 0, we have

0 <
∥∥∥(κRn+m

)−1
κ̃Rm,n

∥∥∥2

2
≤ 1 and 0 <

∥∥∥κ̃Lm,n (κLn+m

)−1
∥∥∥2

2
≤ 1. (3.65)

Proof. From (3.56) and (3.63), we have

I = 〈CRm,n, CRm,n〉R,σcm =
〈
Wm(z)CRm,n, ϕRn+m

〉
R,σ

κ−Rn+mκ̃
R
m,n

−
〈
Wm(z)CRm,n,KR

n+m−1(A, z)
〉
R,σ

(
KRn+m−1(A)

)−1 LRn+m(A)κ−Rn+mκ̃
R
m,n.

(3.66)

On the one hand, we have〈
Wm(z)CRm,n, ϕRn+m

〉
R,σ

=
(
κ̃Rm,n

)H (
κ−Rn+m

)H
〈ϕRn+m, ϕ

R
n+m〉R,σ =

(
κ−Rn+mκ̃

R
m,n

)H
,

(3.67)
Moreover, since KR

n+m−1(A, z) is the block vector defined in 3.59, we have for the j-th
block entry

KR
n+m−1(Aj , z) = KR

n+m(Aj , z)− ϕRn+m(z)ϕR,Hn+m(Aj), j = 1, . . . ,m,
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then from (1.68) for each entry we have〈
Wm(z)CRm,n,KR

n+m−1(Aj , z)
〉
R,σ

=
〈
Wm(z)CRm,n,KR

n+m(Aj , z)
〉
R,σ
−
〈
Wm(z)CRm,n, ϕRn+m

〉
R,σ

ϕR,Hn+m(Aj)

= −
(
κ−Rn+mκ̃

R
m,n

)H
ϕR,Hn+m(Aj),

and, as a consequence,〈
Wm(z)CRm,n,KR

n+m−1(A, z)
〉
R,σ

= −
(
κ−Rn+mκ̃

R
m,n

)H
LR,Hn+m(A)

= −
(
LRn+m(A)κ−Rn+mκ̃

R
m,n

)H
.

(3.68)

Thus, substituting (3.67) and (3.68) in (3.66), we get

I−
(
κ−Rn+mκ̃

R
m,n

)H
κ−Rn+mκ̃

R
m,n

=
(
LRn+m(A)κ−Rn+mκ̃

R
m,n

)H (
KRn+m−1(A)

)−1
(
LRn+m(A)κ−Rn+mκ̃

R
m,n

)
.

Since the right-hand member is positive semi-definite because KRn+m−1(A) is positive def-
inite, then ((

κRn+m

)−1
κ̃Rm,n

)H (
κRn+m

)−1
κ̃Rm,n ≤ I

so that (3.65) follows.

Lemma 3.2.6. For n ≥ 0, the matrices
(
κRm+n

)−1
κ̃Rm,n and

(
κ̃Lm,n

(
κLm+n

)−1
)H

can be

assumed to be lower triangular with positive entries on the main diagonal.

Proof. If (CRm,n(z))n≥0 is such that the matrices
((
κRn+m

)−1
κ̃Rm,n

)H
, n ≥ 0, are not lower

triangular matrices with positive entries in the main diagonal, then we can find a sequence
of unitary matrices (Qn)n≥0 such that

CRm,n(z)Qn = λ̃Rm,nz
n + · · · ,

is a sequence of orthonormal matrix polynomials such that
((
κRn+m

)−1
λ̃Rm,n

)H
are upper

triangular matrices with positive entries on the main diagonal. To show this, notice that
the sequences of orthonormal matrix polynomials associated with the measures σ and σcm
have the form

(ϕRn (z)νn)n≥0 and (CRm,n(z)τn)n≥0,

where νn and τn are unitary matrices. As a consequence, their coefficients are related by
λRn = κRn νn and λ̃Rm,n = κ̃Rm,nτn, and therefore((

λRn+m

)−1
λ̃Rm,n

)H
=
((
κRn+mνn+m

)−1
κ̃Rm,nτn

)H
= τHn

((
κRn+m

)−1
κ̃Rm,n

)H
νn+m.
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Taking νn+m = I, we get κn+m > 0 (see [5]), and thus((
λRn+m

)−1
λ̃Rm,n

)H
= τHn

((
κRn+m

)−1
κ̃Rm,n

)H
. (3.69)

Now, consider the sequence (CRm,n(z)QHn )n≥0, where (QHn )n≥0 are the unitary ma-
trices given by the Francis and Kublanovskaja’s QR factorization (see [108]) of((
κRn+m

)−1
κ̃Rm,n

)
n≥0

, i.e. (
κRn+m

)−1
κ̃Rm,n = SnQn,

where (Sn)n≥0 are lower triangular matrices. Thus,
((
κRn+m

)−1
κ̃Rm,n

)H
can be expressed

as ((
κRn+m

)−1
κ̃Rm,n

)H
= Q̃nS̃n,

where Q̃n is a unitary matrix and S̃n is a nonsingular upper triangular matrix. Therefore,
taking

Sn = S̃Hn Jn and Qn = JHn Q̃
H
n ,

where

(Jn)i,j =

{
(S̃n)i,i

|(S̃n)i,i|
if i = j and 0 otherwise

}
,

we have SnQn = S̃Hn J
H
n JnQ̃

H
n = (Q̃nS̃n)H . Then, from (3.69),((

κRn+m

)−1
λ̃Rm,n

)H
= Qn

((
κRn+m

)−1
κ̃Rm,n

)H
= QnQ̃nS̃n = JHn S̃n = SHn

and thus
((
κRn+m

)−1
λ̃Rm,n

)H
is an upper triangular matrix with positive entries on the

main diagonal, since

diag(SHn ) = (|(S̃n)1,1|, |(S̃n)2,2|, · · · , |(S̃n)l,l|).

3.2.3 Relative Asymptotics

In this subsection, we deal with relative asymptotics for the Christoffel matrix transforma-
tion in the diagonal case, i.e. Aj = ζjI, where ζj ∈ C for j = 1, . . . ,m. Therefore, here we
consider Wm(z) =

∏m
j=1(z−ζj)I. For the scalar case, relative asymptotics for sequences of

orthogonal polynomials associated with Christoffel type perturbations of scalar measures
in N supported on the unit circle have been widely studied in the literature (see, among
others, [93, 133, 135]).

First, we will show that the matrix measure (3.54) belongs to N . This will allow us to
prove several asymptotic properties in the remaining of the chapter.

Lemma 3.2.7. If ζ ∈ C \ D and σ ∈ N , then σcm ∈ N .

Proof. Taking into account that ϕL,∗n+1(0) = (κLn+1)H , we obtain from the Christoffel-

Darboux formula (1.56) KR
n (ζ1, 0) = (κLn+1)HϕL,∗n+1(ζ1)H −ϕRn+1(0)ϕR,Hn+1(ζ1), so evaluating
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z = 0 on (3.58) with m = 1, we get

−ζ1C
R
1,n(0) = ΦR

n+1(0)− (κLn+1)HϕL,∗n+1(ζ1)HK−Rn (ζ1, ζ1)ΦR
n+1(ζ1)

+ ϕRn+1(0)ϕR,Hn+1(ζ1)K−Rn (ζ1, ζ1)ΦR
n+1(ζ1).

(3.70)

From (1.38), αHn = −(κ−Ln )HΦR
n+1(0)κRn , multiplying on the left by (κ−Ln )H and on the

right by κRn the equation (3.70), we get

ζ1(κ−Ln )HCR1,n(0)κRn =αHn + (κLn+1κ
−L
n )HϕL,∗n+1(ζ1)HK−Rn (ζ1, ζ1)ϕRn+1(ζ1)κ−Rn+1κ

R
n

− (κ−Ln )HϕRn+1(0)ϕR,Hn+1(ζ1)K−Rn (ζ1, ζ1)ϕRn+1(ζ1)κ−Rn+1κ
R
n .

On the one hand, since σ ∈ N from (1.33) and (1.36) we get that κLn+1κ
−L
n → I, κ−Rn+1κ

R
n →

I, and

ϕL,∗n+1(ζ1)HK−Rn (ζ1, ζ1)ϕRn+1(ζ1) = (ϕRn+1(ζ1)−1ϕL,∗n+1(ζ1))HϕR,Hn+1(ζ1)K−Rn (ζ1, ζ1)ϕRn+1(ζ1),

so from (1.80), (1.82) and (1.83) we obtain

lim
n→∞

(κLn+1κ
−L
n )HϕL,∗n+1(ζ1)HK−Rn (ζ1, ζ1)ϕRn+1(ζ1)κ−Rn+1κ

R
n = 0.

On the other hand, since αHn = −(κ−Ln )HΦR
n+1(0)κRn = −(κ−Ln )HϕRn+1(0)κ−Rn+1κ

R
n , and

κ−Rn+1κ
R
n → I, therefore

lim
n→∞

(κ−Ln )HϕRn+1(0) = 0,

so from (1.82) and (1.83), we get

lim
n→∞

(κ−Ln )HϕRn+1(0)ϕR,Hn+1(ζ1)K−Rn (ζ1, ζ1)ϕRn+1(ζ1)κ−Rn+1κ
R
n = 0.

In this way
lim
n→∞

(κ−Ln )HCR1,n(0)κRn = 0. (3.71)

Let α̃H1,n = −(κ̃−L1,n−1)HCR1,n(0)κ̃R1,n−1 ⇒ CR1,n(0) = −(κ̃L1,n−1)H α̃H1,nκ̃
−R
1,n−1, substituting in

(3.71)

lim
n→∞

(
κ̃L1,n−1κ

−L
n

)H
α̃H1,n

(
κ̃−R1,n−1κ

R
n

)
= 0,

from (3.65) it follows limn→∞ α̃
H
1,n = 0. Therefore, we conclude that σc1 ∈ N .

For m > 1, taking into account (3.55) and applying the previous argument to CRk,n(z)

in terms of CRk−1,n(z), the lemma is proved.

As expected, the asymptotic behavior of the polynomials will depend on the location
of the mass points.

3.2.3.1 Case ζj ∈ C \ D̄

Lemma 3.2.8. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m then

lim
n→∞

(
κRn+m

)−1
κ̃Rm,n =

m∏
j=1

1

|ζj |
I. (3.72)
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Proof. We use induction on m. From (3.64) with m = 1, we get

(κ−Rn+1κ̃
R
1,n)(κ−Rn+1κ̃

R
1,n)H =

[
I + ϕR,Hn+1(ζ1)

(
KR
n (ζ1, ζ1)

)−1
ϕRn+1(ζ1)

]−1
. (3.73)

Therefore, from (1.82) with z = ζ = ζ1

lim
n→∞

(κ−Rn+1κ̃
R
1,n)(κ−Rn+1κ̃

R
1,n)H =

(
I +

(
1

|ζ1|2 − 1

)−1

I

)−1

=
1

|ζ1|2
I. (3.74)

Moreover, from (3.65) with m = 1∥∥∥κ−Rn+1κ̃
R
1,n

∥∥∥2

F
= Tr((κ−Rn+1κ̃

R
1,n)Hκ−Rn+1κ̃

R
1,n) ≤ l

∥∥∥κ−Rn+1κ̃
R
1,n

∥∥∥2

2
≤ l,

then we necessarily have

lim
n→∞

(
κRn+1

)−1
κ̃R1,n =

1

|ζ1|
I, (3.75)

since otherwise we can consider a subsequence (nv)v≥0 of positive integers such that

lim
v→∞

(
κRnv
)−1

κ̃R1,nv = D <∞,

and then from (3.74) we have

DDH =
1

|ζ1|2
I. (3.76)

Since 1
|ζ1|2 I is positive definite and D ∈Ml has positive entries on the main diagonal from

Lemma 3.2.6, then the Cholesky factorization (see 1.1.2 item 4) of (3.76) is unique and we
deduce (κ−Rn+1κ̃

R
1,n)n≥1 does not have subsequences converging to a limit other than 1

|ζ1|I.

Furthermore, from Lemma 3.2.7, σck belongs to N for k = 2, . . . ,m, and each σck
satisfies (3.55), then we can apply the previous argument to CRk,n(z) = znκ̃Rk,n + · · · in

terms of CRk−1,n+1(z) = znκ̃Rk−1,n+1 + · · · to obtain

lim
n→∞

(
κ̃Rk−1,n+1

)−1
κ̃Rk,n =

1

|ζk|
I with k = 2, . . . ,m. (3.77)

Since (
κRn+m

)−1
κ̃Rm,n =

(
κRn+m

)−1
κ̃R1,n+m−1

(
κ̃R1,n+m−1

)−1
κ̃R2,n+m−2 · · ·

· · ·
(
κ̃Rm−2,n+2

)−1
κ̃Rm−1,n+1

(
κ̃Rm−1,n+1

)−1
κ̃Rm,n (3.78)
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from (3.75) and (3.77) we deduce

lim
n→∞

(
κRn+m

)−1
κ̃R1,n+m−1 = lim

n→∞

(
κRn+1

)−1
κ̃R1,n =

1

|ζ1|
I,

lim
n→∞

(
κ̃R1,n+m−1

)−1
κ̃R2,n+m−2 = lim

n→∞

(
κ̃R1,n+1

)−1
κ̃R2,n =

1

|ζ2|
I,

...

lim
n→∞

(
κ̃Rm−2,n+2

)−1
κ̃Rm−1,n+1 = lim

n→∞

(
κ̃Rm−2,n+1

)−1
κ̃Rm−1,n =

1

|ζm−1|
I,

lim
n→∞

(
κ̃Rm−1,n+1

)−1
κ̃Rm,n =

1

|ζm|
I,

This together with (3.78) implies (3.72).

Proposition 3.2.9. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

(
ϕRn+m(z)

)−1 CRm,n(z) =
m∏
j=1

ζ̄j
|ζj |

1

zζ̄j − 1
I, (3.79)

uniformly on every compact subset of z ∈ C \ D.

Proof. Let |z| ≥ 1. From (3.63) with m = 1 and multiplying on the left by (ϕRn+1(z))−1,
we get (

ϕRn+1(z)
)−1 (

(z − ζ1)CR1,n(z)
)

= (I−Bn(z, ζ1))κ−Rn+1κ̃
R
1,n, (3.80)

where

Bn(z, ζ1) = ϕRn+1(z)−1KR
n (ζ1, z)ϕ

R,H
n+1(ζ1)−1ϕR,Hn+1(ζ1)

(
KR
n (ζ1, ζ1)

)−1
ϕRn+1(ζ1),

and thus using (1.82) (with ζ = ζ1 for the first factor and z = ζ = ζ1 for the second factor)

lim
n→∞

Bn(z, ζ1) =

(
1

zζ̄1 − 1

)(
1

|ζ1|2 − 1

)−1

.

Therefore, taking limit when n tends to infinity in (3.80) and using (3.72) with m = 1, we
obtain

lim
n→∞

(
ϕRn+1(z)

)−1 (
(z − ζ1)CR1,n(z)

)
=

ζ̄1

|ζ1|
z − ζ1

zζ̄1 − 1
I,

and thus

lim
n→∞

(
ϕRn+1(z)

)−1 CR1,n(z) =
ζ̄1

|ζ1|
1

zζ̄1 − 1
I. (3.81)

On the other hand, since all σck with k = 2, . . . ,m belong to N , and taking into
account (3.55), we can apply the previous argument to CRk,n(z) in terms of CRk−1,n+1(z), to
obtain

lim
n→∞

(
CRk−1,n+1(z)

)−1 CRk,n(z) =
ζ̄k
|ζk|

1

zζ̄k − 1
I, k = 2, . . . ,m. (3.82)
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Since

ϕRn+m(z)−1CRm,n(z) =
(
ϕRn+m(z)−1CR1,n+m−1(z)

) (
CR1,n+m−1(z)−1CR2,n+m−2(z)

)
· · ·
(
CRm−2,n+2(z)−1CRm−1,n+1(z)

) (
CRm−1,n+1(z)−1CRm,n(z)

)
, (3.83)

then from (3.81) and (3.82) we get

lim
n→∞

ϕRn+m(z)−1CR1,n+m−1(z) = lim
n→∞

ϕRn+1(z)−1CR1,n(z) =
ζ̄1

|ζ1|
1

zζ̄1 − 1
I,

lim
n→∞

CR1,n+m−1(z)−1CR2,n+m−2(z) = lim
n→∞

CR1,n+1(z)−1CR2,n(z) =
ζ̄2

|ζ2|
1

zζ̄2 − 1
I,

...

lim
n→∞

CRm−2,n+2(z)−1CRm−1,n+1(z) = lim
n→∞

CRm−2,n+1(z)−1CRm−1,n(z)

=
ζ̄m−1

|ζm−1|
1

zζ̄m−1 − 1
I,

lim
n→∞

CRm−1,n+1(z)−1CRm,n(z) =
ζ̄m
|ζm|

1

zζ̄m − 1
I.

As a consequence, from (3.83) we conclude (3.79) for |z| ≥ 1.

Corollary 3.2.10. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

(
ϕRn+m(z)

)−1 (
Wm(z)CRm,n(z)

)
=

m∏
j=1

ζ̄j
|ζj |

z − ζj
zζ̄j − 1

I,

uniformly on every compact subset of z ∈ C \ D.

Since
(
Wm(z)CRm,n(z)

)∗ (
ϕR,∗n+m(z)

)−1
=
(
ϕRn+m(1/z̄)−1(Wm(z)Cm,n(1/z̄))

)H
from the

previous proposition we get the following result.

Corollary 3.2.11. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

m∏
j=1

ζj
|ζj |

zζ̄j − 1

z − ζj
I = lim

n→∞

(
Wm(z)CRm,n(z)

)∗ (
ϕR,∗n+m(z)

)−1

= lim
n→∞

(
ϕL,∗n+m(z)

)−1 (
Wm(z)CLm,n(z)

)∗
,

(3.84)

uniformly on every compact subset of z ∈ D.

Moreover, since

(CRm,n(z))−1CRm,n+1(z) =
[
ϕRn+m(z)−1(Wm(z)CRm,n(z))

]−1

× ϕRn+m(z)−1ϕRn+m+1(z)
[
ϕRn+m+1(z)−1(Wm(z)CRm,n+1(z))

]
,

another immediate consequence of the above proposition and (1.75) is the following.

Corollary 3.2.12. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

(CRm,n(z))−1CRm,n+1(z) = zI,
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uniformly on every compact subset of z ∈ C \ (D̄ ∪ {ζj}mj=1).

Proposition 3.2.13. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

(
ϕL,∗n+m(z)

)−1
CRm,n(z) = 0, (3.85)

uniformly on every compact subset of z ∈ D.

Proof. For m = 1, from (3.63) with m = 1 and multiplying on the left by (ϕL,∗n+1(z))−1, we
get

ϕL,∗n+1(z)−1
(
W1(z)CR1,n(z)

)
=
[
ϕL,∗n+1(z)−1ϕRn+1(z)−Bn(z, ζ1)

]
κ−Rn+1κ̃

R
1,n (3.86)

where

Bn(z, ζ1) = ϕL,∗n+1(z)−1KR
n (ζ1, z)(K

R
n (ζ1, ζ1))−1ϕRn+1(ζ1)

= ϕL,∗n+1(z)−1KR
n (ζ1, z)ϕ

R,H
n+1(ζ1)−1ϕR,Hn+1(ζ1)(KR

n (ζ1, ζ1))−1ϕRn+1(ζ1)

=

[
(ϕRn+1(ζ1)−1ϕL,∗n+1(ζ1))H − ϕL,∗n+1(z)−1ϕRn+1(z)

1− zζ1

]
×
[
ϕRn+1(ζ1)−1KR

n (ζ1, ζ1)ϕR,Hn+1(ζ1)−1
]−1

so from Proposition 1.4.17 and (1.82), we obtain that limn→∞Bn(z, ζ1) = 0. Therefore,
from (3.86)

lim
n→∞

ϕL,∗n+1(z)−1
(
(z − ζ1)CR1,n(z)

)
= 0⇒ lim

n→∞
ϕL,∗n+1(z)−1CR1,n(z) = 0,

for |z| < 1. Moreover, since σck ∈ N with k = 1, . . . ,m we have

lim
n→∞

CL,∗m−1,n+1(z)−1CRm,n(z) = 0. (3.87)

For m > 1, since

(ϕL,∗n+m(z))−1CRm,n(z) = (ϕL,∗n+m(z))−1CL,∗m−1,n+1(z)(CL,∗m−1,n+1(z))−1CRm,n(z)

Therefore, from (3.84) and (3.87) and the above equation we get (3.85).

Corollary 3.2.14. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

(
ϕL,∗n+m(z)

)−1
(Wm(z)CRm,n(z)) = 0,

uniformly on every compact subset of z ∈ D.

Corollary 3.2.15. If σ ∈ N and ζj ∈ C \ D̄ for j = 1, . . . ,m, then

lim
n→∞

CR,∗m,n(z)
(
ϕLn+m(z)

)−1
= 0,

uniformly on every compact subset of z ∈ C \ D̄.
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3.2.3.2 Case ζj ∈ T

Lemma 3.2.16. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

(
κRn+m

)−1
κ̃Rm,n = I. (3.88)

Proof. We use induction on m. For m = 1, since

I + ϕR,Hn+1(ζ1)
(
KR
n (ζ1, ζ1)

)−1
ϕRn+1(ζ1) = ϕRn+1(ζ1)−1KR

n+1(ζ1, ζ1)KR
n (ζ1, ζ1)−1ϕRn+1(ζ1).

From (3.73)

(κ−Rn+1κ̃
R
1,n)(κ−Rn+1κ̃

R
1,n)H = ϕRn+1(ζ1)−1KR

n (ζ1, ζ1)KR
n+1(ζ1, ζ1)−1ϕRn+1(ζ1). (3.89)

Furthermore,

I− ϕRn+1(ζ1)−1KR
n (ζ1, ζ1)KR

n+1(ζ1, ζ1)−1ϕRn+1(ζ1) = ϕR,Hn+1(ζ1)KR
n+1(ζ1, ζ1)−1ϕRn+1(ζ1),

so we obtain

(κ−Rn+1κ̃
R
1,n)(κ−Rn+1κ̃

R
1,n)H = I− ϕR,Hn+1(ζ1)KR

n+1(ζ1, ζ1)−1ϕRn+1(ζ1), (3.90)

and from (1.83), we get
lim
n→∞

(κ−Rn+1κ̃
R
1,n)(κ−Rn+1κ̃

R
1,n)H = I.

Then proceeding as in Lemma 3.2.8, we get (3.88).

Proposition 3.2.17. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

(
ϕRn+m(z)

)−1 CRm,n(z) = Wm(z)−1, (3.91)

uniformly on every compact subset of z ∈ C \ D̄.

Proof. We use induction on m. From 3.63 with m = 1, multiplying on the left by
(ϕRn+1(z))−1 and on the right by (κ−Rn+1κ̃

R
1,n)H , we get

(ϕRn+1(z))−1
(
W1(z)CR1,n(z)

)
(κ−Rn+1κ̃

R
1,n)H = (κ−Rn+1κ̃

R
1,n)(κ−Rn+1κ̃

R
1,n)H −Bn(z, ζ1), (3.92)

where

Bn(z, ζ1) =ϕRn+1(z)−1KR
n (ζ1, z)ϕ

R,H
n+1(ζ1)−1ϕR,Hn+1(ζ1)KR

n (ζ1, ζ1)−1ϕRn+1(ζ1)

(κ−Rn+1κ̃
R
1,n)(κ−Rn+1κ̃

R
1,n)H .

Using (3.89)

Bn(z, ζ1) = ϕRn+1(z)−1KR
n (ζ1, z)ϕ

R,H
n+1(ζ1)−1ϕR,Hn+1(ζ1)KR

n+1(ζ1, ζ1)−1ϕRn+1(ζ1),

therefore from (1.82) and (1.83), Bn(z, ζ1)→ 0. Thus taking limit when n tends to infinity
in (3.92) and using (3.88) we obtain that

lim
n→∞

(ϕRn+1(z))−1
(
(z − ζ1)CR1,n(z)

)
= I,
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and as consequence

lim
n→∞

(ϕRn+1(z))−1
(
CR1,n(z)

)
=

1

z − ζ1
I.

For m > 1, proceeding as in the Proposition 3.2.9, we get (3.91).

Corollary 3.2.18. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

(
ϕRn+m(z)

)−1 (
Wm(z)CRm,n(z)

)
= I,

uniformly on every compact subset of z ∈ C \ D̄.

Corollary 3.2.19. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

(
Wm(z)CRm,n(z)

)∗ (
ϕR,∗n+m(z)

)−1
= I,

uniformly on every compact subset of z ∈ D.

Proposition 3.2.20. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

(
ϕL,∗n+m(z)

)−1
CRm,n(z) = 0,

uniformly on every compact subset of z ∈ D.

Proof. For m = 1, from 3.63 and multiplying on the left by (ϕL,∗n+1(z))−1 and on the right

by (κ−Rn+1κ̃
R
1,n)H , we get

ϕL,∗n+1(z)−1
(
(z − ζ1)CR1,n(z)

)
(κ−Rn+1κ̃

R
1,n)H

= ϕL,∗n+1(z)−1ϕRn+1(z)κ−Rn+1κ̃
R
1,n(κ−Rn+1κ̃

R
1,n)H −Bn(z, ζ1),

(3.93)

where

Bn(z, ζ1) = ϕL,∗n+1(z)−1KR
n (ζ1, z)ϕ

R,H
n+1(ζ1)−1

× ϕR,Hn+1(ζ1)KR
n (ζ1, ζ1)−1ϕRn+1(ζ1)κ−Rn+1κ̃

R
1,n(κ−Rn+1κ̃

R
1,n)H .

Using (3.89)

Bn(z, ζ1) = ϕL,∗n+1(z)−1KR
n (ζ1, z)ϕ

R,H
n+1(ζ1)−1 × ϕR,Hn+1(ζ1)KR

n+1(ζ1, ζ1)−1ϕRn+1(ζ1).

Since ϕRn+1(ζ1)−1ϕL,∗n+1(ζ1) is a unitary matrix when ζ1 ∈ T, from (1.74), we get∥∥∥(ϕL,∗n+1(z))−1KR
n (ζ1, z)ϕ

R,H
n+1(ζ1)−1

∥∥∥
2

=∥∥∥∥∥(ϕRn+1(ζ1)−1ϕL,∗n+1(ζ1))H − ϕL,∗n+1(z)−1ϕRn+1(z)

1− zζ̄1

∥∥∥∥∥
2

≤
1 + ‖ϕL,∗n+1(z)−1ϕRn+1(z)‖2

|1− zζ̄1|

(3.94)

and from (1.79) it follows that (3.94) is bounded when n tends to infinity. Therefore, using
(1.83), we have limn→∞Bn(z, ζ1) = 0. Therefore, taking limit in (3.93), using (1.79) and
(3.88) with m = 1 , we obtain

lim
n→∞

(
ϕL,∗n+1(z)

)−1 (
(z − ζ1)CR1,n(z)

)
= lim

n→∞

(
ϕL,∗n+1(z)

)−1
ϕRn+1(z) = 0.
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Thus

lim
n→∞

(
ϕL,∗n+1(z)

)−1 (
CR1,n(z)

)
= 0.

For m > 1, we proceed as in the Proposition 3.2.13 using the Corollary 3.2.19.

Corollary 3.2.21. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

(
ϕL,∗n+m(z)

)−1 (
Wm(z)CRm,n(z)

)
= 0,

uniformly on every compact subset of z ∈ D.

Corollary 3.2.22. If σ ∈ N and ζj ∈ T for j = 1, . . . ,m, then

lim
n→∞

CR,∗m,n(z)
(
ϕLn+m(z)

)−1
= 0,

uniformly on every compact subset of z ∈ C \ D̄.

3.2.3.3 Case ζj ∈ D

Let ζj ∈ D for j = 1 . . . ,m, and assume that ζj is not a zero of ϕRn for all n > 0.

Lemma 3.2.23. If σ ∈ S and ζj ∈ D for j = 1, . . . ,m, then

lim
n→∞

(
κRn+m

)−1
κ̃Rm,n = I. (3.95)

Proof. Let m = 1. If σ ∈ S, then KR
n (z, z) converges uniformly on every compact subset

of z ∈ D (see Proposition 1.4.23) so we have limn→∞ ‖ϕRn (z)‖2 = 0. Therefore, from (3.90)∥∥∥∥(κRn+1

)−1
κ̃R1,n

((
κRn+1

)−1
κ̃R1,n

)H
− I

∥∥∥∥
2

≤ ‖ϕRn+1(ζ1)‖22
∥∥∥K−Rn+1(ζ1, ζ1)

∥∥∥
2
,

when n tends to infinity, we conclude that

lim
n→∞

(
κRn+1

)−1
κ̃R1,n

((
κRn+1

)−1
κ̃R1,n

)H
= I.

Proceeding as in the Lemma 3.2.8, we get (3.95).
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CHAPTER 4

Block matrix representations and spectral

transformations

Summary
The structure of the chapter is as follows. In the first section, some properties of the
block Hessenberg matrices associated with orthonormal matrix polynomials on the unit
circle are deduced. In particular, we show that the block Hessenberg matrix associated
with a matrix measure supported on the unit circle is unitary if and only if the measure
does not belong to the Szegő matrix class. Then, we deduce explicit relations between
the Uvarov matrix transformation and the corresponding block Hessenberg matrices, and
similar results for the Christoffel matrix transformation. Finally, we show a factorization of
the block Hessenberg matrix. As an application, we provide another proof of the fact that
all the zeros of an orthonormal matrix polynomial are located in the unit disk. In Section
2, we deal with properties of symmetric matrix measures supported on the unit circle.
In particular, given two symmetric matrix measures σ and σ̃, we establish a relationship
between the corresponding CMV matrices C and C̃, based in a well-known factorization
in terms of certain 2l × 2l blocks, which are defined in terms of the Verblunsky matrix
coefficients. Then, we consider sequences of Verblunsky matrix coefficients associated with
certain transformations of the measure σ, which constitute a generalization to the matrix
case of the results obtained in [88]. Finally, in the last subsection we analyze properties
of a CMV matrix associated with a new sequence of Verblunsky matrix coefficients that
is constructed from two given sequences.

4.1 Block Hessenberg matrices and orthonormal matrix
polynomials on the unit circle

4.1.1 Introduction

As in the scalar case, there are many similarities between MOPRL and MOPUC. One
of those similarities is related to the matrix representation of the multiplication operator
with respect to the basis of orthogonal polynomials. In the MOPRL case, we have the so-
called block Jacobi matrix (defined as in (1.11)). Block Jacobi matrices give information
about properties of a sequence of MOPRL, such as the distribution of the zeros, among
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others (see [65, 154, 160, 163]). For MOPUC, the representation of the multiplication
operator in terms of the orthogonal matrix polynomials yields a block Hessenberg matrix
(see [76, 163] ) that is known in the literature as GGT matrix (see[156] Chapter 4) in the
scalar case. The block Hessenberg matrix also gives information about properties such
as the distribution of the zeros ([163]). Furthermore, block Hessenberg matrices are very
useful in multivariate time series analysis, multichannel signal processing and Gaussian
quadrature formulas for matrix-valued functions (see [21, 161, 163]).

4.1.2 Block Hessenberg matrices for MOPUC

In this section, we deal with properties of the block Hessenberg matrix that represents the
multiplication by z operator with respect to a sequence of orthonormal matrix polynomials
on the unit circle. Let us express zϕLn(z) in terms of (ϕLk (z))n+1

k=0 , i.e.,

zϕLn(z) =

n+1∑
k=0

hLn,kϕ
L
k (z), hLn,k = 〈zϕLn , ϕLk 〉L,σ ∈Ml. (4.1)

Using the Szegő recurrence relation (1.35) and (1.60), we get

zϕLn(z) = ρLnϕ
L
n+1(z) + αHn (κRn )−1

n∑
k=0

ϕLk (0)HϕLk (z), (4.2)

and comparing (4.1) and (4.2), we deduce

hLn,k =


ρLn = κLn(κLn+1)−1, if k = n+ 1,

αHn κ
−R
n ϕL,Hk (0) = −(κ−Ln )HΦR

n+1(0)ΦL,H
k (0)(κLk )H , if 0 ≤ k ≤ n,

0, if k > n+ 1.

(4.3)

In matrix form, we have
zϕL(z) = HϕLϕ

L(z), (4.4)

where ϕL(z) = [ϕL0 (z)T , ϕL1 (z)T , . . . , ϕLn(z)T , . . .]T and HϕL is the lower block Hessenberg
matrix

HϕL =

 hL0,0 hL0,1 0 0 · · ·
hL1,0 hL1,1 hL1,2 0 · · ·

...
...

. . .
. . .

. . .

 . (4.5)

HϕL will henceforth be called block Hessenberg matrix associated with the sequence

(ϕLn(z))n≥0. Notice that from (1.39) ϕL,Hk (0) = −κRk−1αk−1ρ
−L
k−1, and since αk−1ρ

−L
k−1 =

ρ−Rk−1αk−1 (see [42] Lemma 1.3.), we get ϕL,Hk (0) = −κRk αk−1, with α−1 = −I. Moreover,

from (1.33) κ−Rn κRk = ρRn−1 · · · ρRk . Therefore (4.3) becomes

hLn,k =


ρLn = κLn(κLn+1)−1, if k = n+ 1,
−αHn κ−Rn κRk αk−1 = −αHn ρRn−1 · · · ρRk αk−1, if 0 ≤ k ≤ n,
0, if k > n+ 1.

The previous expression appears in [158] for right orthonormal matrix polynomials.
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Example 4.1.1. Consider the matrix of measures

dσ(θ) =
1

2

[
2 eiθ

e−iθ 2

]
dθ

2π
.

Then, it is not difficult to show that the corresponding monic MOPUC are

ΦR
0 (z) = ΦL

0 (z) = I2, ΦR
n (z) = ΦL

n(z) =

[
zn 0

−1
2z
n−1 zn

]
, n ≥ 1,

and we have

SR0 = SL0 = I2, SRn =

[
3
4 0
0 1

]
, SLn =

[
1 0
0 3

4

]
, n ≥ 1.

Thus,

κL0 = I2, κLn =

[
1 0
0 2√

3

]
, (κLn)−1 =

[
1 0

0
√

3
2

]
, n ≥ 1.

From (4.3), we deduce that the entries of HϕL are given by

hLn,k =



[
1 0

0
√

3/2

]
, if k = 1 and n = 0,

[
0 0

1/2 0

]
, if k = n = 0,

I2, if k = n+ 1 and n ≥ 1,

02, otherwise.

On the other hand, for any n ≥ 0 and ζ ∈ C, we define

λLn(ζ) = K−Ln (ζ, ζ) and λRn (ζ) = K−Rn (ζ, ζ),

λL∞(ζ) = lim
n→∞

λLn(ζ) and λR∞(ζ) = lim
n→∞

λRn (ζ).

In particular, from (1.61)

λL∞(0) = lim
n→∞

K−Ln (0, 0) = lim
n→∞

(
κ−Rn

)H
κ−Rn , (4.6)

and
λR∞(0) = lim

n→∞
K−Rn (0, 0) = lim

n→∞
κ−Ln

(
κ−Ln

)H
.

Also notice that( ∞∏
k=0

√
I− αkαHk

)H ( ∞∏
k=0

√
I− αkαHk

)
=

( ∞∏
k=0

ρRk

)H ( ∞∏
k=0

ρRk

)
= λL∞(0). (4.7)
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Indeed, from (1.40), we have(
n∏
k=0

ρRk

)H ( n∏
k=0

ρRk

)
= (κ−Rn+1)Hκ−Rn+1,

and thus, taking limits when n→∞ and using (4.6), we obtain (4.7). In the scalar case,
λn(ζ) = λLn(ζ) = λRn (ζ) is the well-known Christoffel function (see [156]). The matrix
version of the Christoffel function for a matrix measure supported on the real line was
defined in [70]. The following result states that, as in the scalar case, HϕL is almost
unitary.

Proposition 4.1.2. The block Hessenberg matrix HϕL satisfies

HϕLHH
ϕL = I∞, (4.8)

HH
ϕLHϕL = I∞ − ϕL(0)λL∞(0)ϕL,H(0), (4.9)

where I∞ is the infinite dimensional identity matrix.

Proof. For the first statement, notice that I∞ = 〈ϕL, ϕL〉L,σ, and we have 〈zp, zq〉L,σ =
〈p, q〉L,σ for every p, q ∈ Pl[z]. Thus, from (4.4) we get

HϕLHH
ϕL = HϕL〈ϕL, ϕL〉L,σHH

ϕL

= 〈HϕLϕ
L,HϕLϕ

L〉L,σ = 〈zϕL, zϕL〉L,σ = 〈ϕL, ϕL〉L,σ = I∞.

Notice that this is the proof given in [163] for the truncated case. On the other hand, let

A(k, n) =
(
αHk κ

−R
k ϕL,Hn (0)

)H
αHk κ

−R
k ϕL,Hn (0). For n ≥ 0, we have(

HH
ϕL

)
(n)

(
HϕL

)(n)

=
(
κLn−1κ

−L
n

)H
κLn−1κ

−L
n +

(
αHn κ

−R
n ϕL,Hn (0)

)H
αHn κ

−R
n ϕL,Hn (0) +

∞∑
k=n+1

A(k, n),

where (H)(n) and (H)(n) denote the n−th block row and the n−th block column, respec-
tively, of the block matrix H. Using (1.63), we have

(
HH
ϕL

)
(n)

(
HϕL

)(n)
= I− ϕLn(0)(κ−Rn )H(I− αnαHn )κ−Rn ϕL,Hn (0) +

∞∑
k=n+1

A(k, n),

and since I−αnαHn =
(
κ−Rn+1κ

R
n

)2
=
(
κ−Rn+1κ

R
n

)H
κ−Rn+1κ

R
n = (κRn )H(κ−Rn+1)Hκ−Rn+1κ

R
n , we get

(
HH
ϕL

)
(n)

(
HϕL

)(n)
= I− ϕLn(0)(κ−Rn+1)Hκ−Rn+1ϕ

L,H
n (0) +

∞∑
k=n+1

A(k, n),
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that, recursively, becomes(
HH
ϕL

)
(n)

(
HϕL

)(n)
= I− ϕLn(0)(κ−Rn+2)Hκ−Rn+2ϕ

L,H
n (0) +

∞∑
k=n+2

A(k, n)

...

= I− ϕLn(0)

(
lim
k→∞

(κ−Rk )Hκ−Rk

)
ϕL,Hn (0)

= I− ϕLn(0)λL∞(0)ϕL,Hn (0),

where we have used (4.6). On the other hand, for 0 ≤ j < n, using (1.63) and (4.6)

(
HH
ϕL

)
(n)

(
HϕL

)(j)
= ϕLn(0)

(
−(κ−Rn )Hκ−Rn +

∞∑
k=n

(
αHk κ

−R
k

)H
αHk κ

−R
k

)
ϕL,Hj (0)

= ϕLn(0)

(
−(κ−Rn+1)Hκ−Rn+1 +

∞∑
k=n+1

(
αHk κ

−R
k

)H
αHk κ

−R
k

)
ϕL,Hj (0)

...

= −ϕLn(0)

(
lim
k→∞

(κ−Rk )Hκ−Rk

)
ϕL,Hj (0) = −ϕLn(0)λL∞(0)ϕL,Hj (0).

Theorem 4.1.3. HϕL is a unitary matrix if and only if σ /∈ S.

Proof. Assume HϕL is a unitary matrix. Then, from (4.9), λL∞(0) = 0. As a consequence,
from (4.6) we have

0 = λL∞(0) = lim
n→∞

(κ−Rn )Hκ−Rn ⇒ lim
n→∞

κ−Rn = 0⇒ lim
n→∞

‖κ−Rn ‖2 = 0.

Since 0 ≤ ‖κRn ‖−1
2 ≤ ‖κ−Rn ‖2, we get

lim
n→∞

‖κRn ‖−1
2 = 0⇒ lim

n→∞
‖κRn ‖2 =∞,

and from (1.85) it follows that σ /∈ S.

Conversely, we proceed by contrapositive. Assume that HϕL is not a unitary matrix,
then from (4.9)

λL∞(0) = lim
n→∞

λLn(0) > 0.

Therefore, we consider the following cases:

1. The sequence (λLn(0))n≥0 does not converge, i.e., limn→∞ ‖λLn(0)‖2 = ∞. Since
αHn αn < I, we have ρLn ≤ I and thus ‖ρLn‖2 < 1 for every n ∈ N. From (1.40)
and (4.6) we get

‖λLn(0)‖2 =
∥∥(κ−Rn )Hκ−Rn

∥∥
2
≤ ‖κ−Rn ‖22 = ‖ρL0 · · · ρLn−1‖22 ≤ 1,

it follows that limn→∞ ‖λLn(0)‖2 <∞. Therefore, this case is not possible.
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2. The sequence (λLn(0))n≥0 converges to L ∈ Ml, L 6= 0. In this case the sequence
(λLn(0)−1)n≥0 also converges to some V ∈Ml, V 6= 0. Thus,

0 < lim
n→∞

‖λLn(0)−1‖2 <∞. (4.10)

Since Bn(0) = κRn (κRn )H = λLn(0)−1, from (4.10) we see that detBn(0) is bounded
from above. As a consequence, from [48] (Theorem 19) and (1.84), it follows that
σ ∈ S.

We point out that the block Hessenberg matrix associated with (ϕRn (z))n≥0 has a
similar expression, and the same properties. In the scalar case, the previous theorem can
be found in [156].

4.1.3 Block Hessenberg matrices for perturbations of MOPUC

In this section, we consider some transformations of matrix measures supported on the
unit circle and we study the relation between the corresponding block Hessenberg matrices.
Furthermore, we give conditions for the perturbed matrix measures to belong to the Szegő
class. In the scalar case, Hessenberg matrices associated with spectral transformations of
orthogonal polynomials on the unit circle have been studied in [20, 30, 45], and results
related with connection formulas between the perturbed and unperturbed sequences of
polynomials, as well as conditions to remain in the Szegő class, can be found in [88].

In the remaining of the document, we will consider only left MOPUC, since the results
for the right polynomials are analogous.

4.1.3.1 Uvarov matrix transformation with m mass points

In this subsection, we consider the Uvarov matrix transformation with m > 0 mass points
of the matrix measure σ supported on T, defined as in (3.1) by

dσum(z) = dσ(z) +
m∑
j=1

Mjδ(z − ζj), (4.11)

where ζi 6= ζj for i, j = 1, . . . ,m, Mj ∈ Ml is a positive definite matrix for j = 1, ...,m,
and δ is the Dirac matrix measure.

Let HUL be the block Hessenberg matrix such that

zUL(z) = HULUL(z), (4.12)

where UL(z) = [ULm,0(z)T ,ULm,1(z)T , . . . ,ULm,n(z)T , . . .]T . Clearly, if LLUϕ is the change of

basis matrix such that UL(z) = LLUϕϕ
L(z), we have

HUL = LLUϕHϕLL−LUϕ . (4.13)

In order to compute LLUϕ, proceeding as in the Proposition 3.1.2, the relation between

(ϕLn(z))n≥0 and (ULm,n(z))n≥0 is given in the following proposition
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Proposition 4.1.4. The sequence (ULm,n(z) = κ̃Lm,nz
n+· · · )n≥0 is orthonormal with respect

to (3.5) if and only if the matrix Ilm + MKLn−1(ζ) is nonsingular for n ≥ 1. Furthermore,

ULm,n(z) = κ̃Lm,nκ
−L
n

[
ϕLn(z)− LLn(ζ)

(
Ilm + MKLn−1(ζ)

)−1 MKL
n−1(z, ζ)

]
, (4.14)

and

κ̃−Lm,n
(
κ̃−Lm,n

)H
= S̃Lm,n = SLn + FLn(ζ)

[
Ilm + MKLn−1(ζ)

]−1 MFL,Hn (ζ), (4.15)

is a positive definite matrix for n ≥ 1. Where

LLn(ζ) :=
[
ϕLn(ζ1), . . . , ϕLn(ζm)

]
∈Ml×ml, FLn(ζ) :=

[
ΦL
n(ζ1), . . . ,ΦL

n(ζm)
]
∈Ml×ml,

KL
n−1(z, ζ) :=

[
KL
n−1(z, ζ1)T , . . . ,KL

n−1(z, ζm)T
]T ∈Mml×l,

KLn−1(ζ) :=

 KL
n−1(ζ1, ζ1) · · · KL

n−1(ζm, ζ1)
...

. . .
...

KL
n−1(ζ1, ζm) · · · KL

n−1(ζm, ζm)

 ∈Mlm,

M :=

 M1 · · · 0
...

. . .
...

0 · · · Mm

 ∈Mlm.

Then, from (4.14)

ULm,n(z) = κ̃Lm,nκ
−L
n

[
ϕLn(z)−

n−1∑
k=0

LLn(ζ)
(
Ilm + MKLn−1(ζ)

)−1 MLL,Hk (ζ)ϕLk (z)

]
.

Thus, the entries of LLUϕ are

(
LLUϕ

)
n,k

=


κ̃Lm,nκ

−L
n , if k = n,

−κ̃Lm,nκ−Ln LLn(ζ)
(
Ilm + MKLn−1(ζ)

)−1 MLL,Hk (ζ), if 0 ≤ k < n,

0, if n < k.

Lemma 4.1.5. For n ≥ 1,

(κ̃Lm,nκ
−L
n )H κ̃Lm,nκ

−L
n =

[
I + LLn(ζ)

(
I + MKLn−1(ζ)

)−1 MLL,Hn (ζ)
]−1

. (4.16)

Proof. From (1.61) and (4.15), we have

κLn κ̃
−L
m,n(κLn κ̃

−L
m,n)H = κLn

[
SLn + FLn(ζ)

(
Ilm + MKLn−1(ζ)

)−1 MFL,Hn (ζ)
]

(κLn)H

= I + LLn(ζ)
(
Ilm + MKLn−1(ζ)

)−1 MLL,Hn (ζ),

so we obtain (4.16).

To compute L−LUϕ , let us write

ΦL
n(z) = ULm,n(z) +

n−1∑
k=0

λLnkU
L
m,k(z),
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where, for 0 ≤ k ≤ n− 1,

λLnk = 〈ΦL
n , U

L
m,k〉L,σum S̃

−L
m,k =

〈ΦL
n , U

L
m,k〉L,σ +

m∑
j=1

ΦL
n(ζj)MjU

L,H
m,k (ζj)

 S̃−Lm,k

= FLn(ζ)M[ULm,k(ζ1), . . . , ULm,k(ζm)]H S̃−Lm,k.

Thus,

ΦL
n(z) = ULm,n(z) +

n−1∑
k=0

FLn(ζ)MTL,Hm,k (ζ)ULk (z), (4.17)

where TLm,k(ζ) = [Um,k(ζ1), . . . ,Um,k(ζm)]. From (4.14) with z = ζj , j = 1, . . . ,m, it follows

that TL,Hm,k (ζ) = (Ilm +KLn−1(ζ)M)−1LL,Hk (ζ)(κ̃Lm,kκ
−L
k )H , and substituting in (4.17)

ϕLn(z) = κLn κ̃
−L
m,nULm,n(z) +

n−1∑
k=0

LLn(ζ)M(Ilm +KLk−1(ζ)M)−1LL,Hk (ζ)(κ̃Lm,kκ
−L
k )HULk (z).

As a consequence,

(
L−LUϕ

)
n,k

=


κLn κ̃

−L
m,n, if k = n,

LLn(ζ)M(Ilm +KLk−1(ζ)M)−1LL,Hk (ζ)(κ̃Lm,kκ
−L
k )H , if 0 ≤ k < n,

0, if n < k.

On the other hand, since the matrix Szegő condition only depends on the absolutely
continuous component of the matrix measure, and the Uvarov matrix transformation only
affects the singular part, the following result is immediate.

Proposition 4.1.6. If σ ∈ S, then σum ∈ S.

A straightforward consequence of Theorem 4.1.3 and the above proposition is that if
HL
ϕL

is not a unitary matrix, neither is HL
UL .

4.1.3.2 Christoffel matrix transformation

Now, we consider the Christoffel matrix transformation defined as (3.54) with m = 1

dσc(z) = W (z)dσ(z)W (z)H ,

where W (z) = zI−A with A ∈Ml. The corresponding left sesquilinear form is

〈p, q〉L,σc = 〈p(z)W (z), q(z)W (z)〉L,σ, p, q ∈ Pl[z]. (4.18)

Proceeding as in the Proposition 3.2.2, we get the following proposition that establishes a
connection formula for these matrix polynomials.

Proposition 4.1.7. For all z such that W (z) = Iz − A is non-singular, the sequence of
matrix polynomials (CLn (z) = κ̃Lnz

n + · · · )n≥0 defined by

CLn (z)W (z) = κ̃Lnκ
−L
n+1

[
ϕLn+1(z)− ϕLn+1(A)K−Ln (A,A)KL

n (z,A)
]

(4.19)
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is orthonormal with respect to the sesquilinear form (4.18). Furthermore,

κ̃−Ln
(
κ̃−Ln

)H
= S̃Ln = SLn+1 + ΦL

n+1(A)K−Ln (A,A)ΦL,H
n+1(A), (4.20)

is a positive definite matrix for n ≥ 1.

From (4.19), we have

CLn (z)W (z) = κ̃Lnκ
−L
n+1

[
ϕLn+1(z)−

n∑
k=0

ϕLn+1(A)K−Ln (A,A)ϕL,Hk (A)ϕLk (z)

]
,

that can be written as
CL(z)W (z) = CLϕL(z), (4.21)

where CL(z) = [CL0 (z)T , CL1 (z)T , . . . , CLn (z)T , . . .]T , and

(
CL
)
n,k

=


κ̃Ln(κLn+1)−1, if k = n+ 1,

−κ̃Ln(κLn+1)−1ϕLn+1(A)K−Ln (A,A)ϕL,Hk (A), if 0 ≤ k ≤ n,
0, if k > n+ 1.

Lemma 4.1.8. For n ≥ 1,(
κ̃Lnκ

−L
n+1

)H
κ̃Lnκ

−L
n+1 =

[
I + ϕLn+1(A)K−Ln (A,A)ϕL,Hn+1(A)

]−1
. (4.22)

In particular, if ϕLn+1(A) is non-singular(
κ̃Lnκ

−L
n+1

)H
κ̃Lnκ

−L
n+1 = ϕLn+1(A)K−Ln+1(A,A)KL

n (A,A)ϕ−Ln+1(A). (4.23)

Proof. From (1.61) and (4.20), we have

κLn+1κ̃
−L
n

(
κLn+1κ̃

−L
n

)H
= κLn+1(SLn+1 + ΦL

n+1(A)K−Ln (A,A)ΦL,H
n+1(A))

(
κLn+1

)H
= I + ϕLn+1(A)K−Ln (A,A)ϕL,Hn+1(A),

which is equivalent to (4.22). In particular, from (4.22) we obtain(
κ̃Lnκ

−L
n+1

)H
κ̃Lnκ

−L
n+1 =

[
I + ϕLn+1(A)K−Ln (A,A)ϕL,Hn+1(A)

]−1

=
[
ϕLn+1(A)K−Ln (A,A)

(
KL
n (A,A) + ϕL,Hn+1(A)ϕLn+1(A)

)
ϕ−Ln+1(A)

]−1

= ϕLn+1(A)K−Ln+1(A,A)KL
n (A,A)ϕ−Ln+1(A)

which is (4.23).

Proposition 4.1.9. The block Hessenberg matrix CL satisfies CLCL,H = I∞, and(
CL,HCL

)
n,j

= Iδn,j −
[(
κ̃Ln−1κ

−L
n

)H
κ̃Ln−1κ

−L
n ϕLn(A)K−Ln−1(A,A)− ϕLn(A)Λn(A)

]
ϕL,Hj (A),

(4.24)
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where

Λn(A) =

∞∑
k=n

K−Lk (A,A)ϕL,Hk+1(A)(κ̃Lkκ
−L
k+1)H κ̃Lkκ

−L
k+1ϕ

L
k+1(A)K−Lk (A,A).

In particular, if ϕLn(A) is non-singular for n ≥ 0, then

CL,HCL = I∞ − ϕL(A)λL∞(A)ϕL,H(A). (4.25)

Proof. The first statement can be proved as in Proposition 4.1.2. On the other hand, for
n ≥ 0,

(CL,H)(n)(C
L)(n) =

(
κ̃Ln−1κ

−L
n

)H
κ̃Ln−1κ

−L
n + ϕLn(A)Λn(A)ϕL,Hn (A). (4.26)

From (4.22), 0 = I−
(
κ̃Ln−1κ

−L
n

)H
κ̃Ln−1κ

−L
n

(
I + ϕLn(A)K−Ln−1(A,A)ϕL,Hn (A)

)
, and thus

(
κ̃Ln−1κ

−L
n

)H
κ̃Ln−1κ

−L
n = I−

(
κ̃Ln−1κ

−L
n

)H
κ̃Ln−1κ

−L
n ϕLn(A)K−Ln−1(A,A)ϕL,Hn (A).

Substituting in (4.26) and rearranging,

(CL,H)(n)(C
L)(n) = I−

((
κ̃Ln−1κ

−L
n

)H
κ̃Ln−1κ

−L
n ϕLn(A)K−Ln−1(A,A)− ϕLn(A)Λn(A)

)
ϕL,Hn (A).

Moreover, for 0 ≤ j < n,

(CL,H)(n)(C
L)(j) = −

((
κ̃Ln−1κ

−L
n

)H
κ̃Ln−1κ

−L
n ϕLn(A)K−Ln−1(A,A)− ϕLn(A)Λn(A),

)
ϕL,Hj (A).

Thus, we have proved (4.24). If ϕLn(A) is non-singular for n ≥ 0, from (4.23) and (4.26)
we get

(CL,H)(n)(C
L)(n) = ϕLn(A)K−Ln (A,A)KL

n−1(A,A)ϕ−Ln (A)

+ ϕLn(A)

( ∞∑
k=n

K−Lk (A,A)ϕL,Hk+1(A)ϕLk+1(A)K−Lk+1(A,A)

)
ϕL,Hn (A).

Since

K−Lk (A,A)−K−Lk+1(A,A) = K−Lk (A,A)(KL
k+1(A,A)−KL

k (A,A))K−Lk+1(A,A)

= K−Lk (A,A)ϕL,Hk+1(A)ϕLk+1(A)K−Lk+1(A,A),
(4.27)

we obtain

(CL,H)(n)(C
L)(n) = ϕLn(A)K−Ln (A,A)KL

n−1(A,A)ϕ−Ln (A)

+ ϕLn(A)

( ∞∑
k=n

K−Lk (A,A)−K−Lk+1(A,A)

)
ϕL,Hn (A).

Notice that

I− ϕLn(A)K−Ln+1(A,A)ϕL,Hn (A) =

ϕLn(A)K−Ln (A,A)KL
n−1(A,A)ϕ−Ln (A) + ϕLn(A)

(
K−Ln (A,A)−K−Ln+1(A,A)

)
ϕL,Hn (A)
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and thus

(CL,H)(n)(C
L)(n) = I− ϕLn(A)K−Ln+1(A,A)ϕL,Hn (A)

+ ϕLn(A)

( ∞∑
k=n+1

K−Lk (A,A)−K−Lk+1(A,A)

)
ϕL,Hn (A)

...

= I− ϕLn(A)λL∞(A)ϕL,Hn (A).

Moreover, for 0 ≤ j < n,

(CL,H)(n)(C
L)(j) = −(κ̃Ln−1κ

−L
n )H κ̃Ln−1κ

−L
n ϕn(A)K−Ln−1(A,A)ϕL,Hj (A)+ϕLn(A)Λn(A)ϕL,Hj (A).

From (4.23) and (4.27) we get

(CL,H)(n)(C
L)(j) = ϕLn(A)

(
−K−Ln (A,A) +

∞∑
k=n

K−Lk (A,A)−K−Lk+1(A,A)

)
ϕL,Hj (A)

...

= −ϕLn(A)λL∞(A)ϕL,Hj (A),

so (4.25) follows.

Additional properties of CL can be easily deduced in the case when A is a diagonal
(constant) matrix.

Corollary 4.1.10. If A = ζI with |ζ| ≥ 1, then

CLCL,H = I∞ and CL,HCL = I∞ − ϕL(ζ)λL∞(ζ)ϕL,H(ζ).

The proof of the next result is analogous to the one given in [156] (Theorem 2.2.1),
taking l(z, ζ) = 1

2(1 + zζ−1)I.

Proposition 4.1.11. Let σ be an l × l Hermitian matrix measure supported on the unit
circle.

1. If |ζ| > 1, then λL∞(ζ) = 0.

2. If |ζ| = 1, then λL∞(ζ) = σ({ζ}).

As a consequence, we conclude that if |ζ| > 1, then CL is a unitary matrix. Moreover,
if |ζ| = 1 and σ({ζ}) = 0, then CL is also a unitary matrix. Notice that in the general
case A ∈ Ml, to determine whether CL is a unitary matrix or not becomes considerably
more difficult. This case will be analyzed in a future contribution.

Let LϕC and HCL be, respectively, the change of basis matrix and the block Hessenberg
matrix such that

ϕL(z) = LLϕCCL(z), (4.28)

zCL(z) = HCLCL(z). (4.29)

Moreover, if A commutes with ϕLn for all n ≥ 0, we have that ϕL(z)A = AϕL(z), where A
is a block diagonal matrix with A in the diagonal.
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Proposition 4.1.12. If A commutes with ϕLn for all n ≥ 0, then

LLϕC = (HϕL − A)CL,H , (4.30)

and
HCL − A = CLLLϕC . (4.31)

Proof. From (4.28), we have CL(z) = L−LϕC ϕ
L(z). Multiplying on the right by zI−A, taking

into account that A commutes with ϕL(z), and using (4.4) and (4.21), we get

CLϕL(z) = L−LϕC (HϕL − A)ϕL(z).

As a consequence, CL = L−LϕC (HϕL − A), and using CLCL,H = I∞, we obtain (4.30). On
the other hand, substituting (4.28) and (4.29) in (4.21) we obtain

(HCL − A)CL(z) = CLLLϕCCL(z),

and thus (4.31) follows.

Corollary 4.1.13. If A = ζI with ζ ∈ C, then

LLϕC = (HϕL − ζI∞)CL,H , and HCL − ζI∞ = CLLLϕC .

Note that the previous proposition extends to the matrix case the result given in [45].
Finally, from Lemma 3.2.4 we deduce that if σ ∈ S, then σc ∈ S.

An interesting open problem is to consider the relation between the CMV block ma-
trices associated with these transformations. We will analyze this problem in a future
contribution. In the scalar case, this has been studied in [25].

4.1.4 A block factorization for block Hessenberg matrices

In this section, we use the ideas in [4] (for the scalar case) to obtain a factorization of
(HϕL)n ∈M(n+1)l, the truncated block Hessenberg matrix defined as in (4.5). Denote by
Θ ∈M2l the unitary matrix (see [158], Section 4)

Θ(α) =

[
αH ρL

ρR −α

]
, with α ∈Ml, ρ

L =
√

I− αHα and ρR =
√

I− ααH . (4.32)

Set Θ̂n(αk) = Ikl ⊕ Θ(αk) ⊕ I(n−k−1)l, where ⊕ is the direct sum, and define I0 ⊕ B =
B⊕ I0 = B for any matrix B ∈Ml. Notice that

(HϕL)0 = αH0 = I0 ⊕ αH0 ,

(HϕL)1 =

[
I 0
0 αH1

]
Θ(α0) = [Il ⊕ αH1 ][I0 ⊕Θ(α0)⊕ I0] = [Il ⊕ αH1 ]Θ̂1(α0),

(HϕL)2 =

[
I2l

αH2

] [
I

Θ(α1)

] [
Θ(α0)

I

]
= [I2l ⊕ αH2 ][Il ⊕Θ(α1)⊕ I0][I0 ⊕Θ(α0)⊕ Il] = [I2l ⊕ αH2 ]Θ̂2(α1)Θ̂2(α0).

Thus, the following proposition follows using induction on n.
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Proposition 4.1.14. For n ≥ 0, we have

(HϕL)n = [Inl ⊕ αHn ]

n−1∏
k=0

Θ̂n(αn−1−k). (4.33)

Furthermore, when n→∞,

HϕL = lim
n→∞

n∏
k=0

Θ̂n+1(αn−k). (4.34)

In the scalar case, the above factorization is known as the AGR factorization of the
GGT matrices, due to Ammar, Gragg, and Reichel (see [4]). Two additional proofs appear
in [158] (Section 10). Moreover, as in the scalar case, the above proposition can be
used to show that every unitary block matrix has a factorization without recourse to
orthogonal polynomials (see [158] Theorem 10.3). Another immediate consequence of the
above proposition is the following well-known result of the theory of orthogonal matrix
polynomials.

Corollary 4.1.15. All the zeros of ϕLn(z) lie in D.

Proof. It is well-known that the zeros of ϕLn are the eigenvalues of (HϕL)n−1 (see Subsection
3.1.4) Therefore, from (4.33) and taking into account that Θ(α) is a unitary matrix, we
have

(HϕL)n−1(HH
ϕL)n−1 = I(n−1)l ⊕ αHn−1αn−1.

As a consequence, we can write

(HϕL)n−1(HH
ϕL)n−1 − Inl =

[
0(n−1)l

αHn−1αn−1 − I

]
. (4.35)

Since αHn−1αn−1 < I, we conclude that all the eigenvalues of (HϕL)n−1 lie in D.

Notice that taking n → ∞ in (4.35), we obtain another proof of (4.8). On the other
hand, from (4.13) and (4.34) we obtain the following factorization of the block Hessenberg
matrix associated with the Uvarov matrix transformation

HUL = LLUϕ

[
lim
n→∞

n∏
k=0

Θ̂n+1(αn−k)

]
L−LUϕ .

In a similar way, for the Christoffel matrix transformation , from (4.30), (4.31) and (4.34),
we get

HCL − A = CL

[
lim
n→∞

n∏
k=0

Θ̂n+1(αn−k)− A

]
CL,H .

Notice that if A = ζI∞ with ζ ∈ C and taking into account that CLCL,H = I∞ we obtain

HCL = CL

[
lim
n→∞

n∏
k=0

Θ̂n+1(αn−k)

]
CL,H .
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4.2 CMV block matrices for symmetric matrix measures on
the unit circle

4.2.1 Introduction

The block Hessenberg matrix representation has two limitations. In particular, the matrix
is not always unitary. Indeed, it is unitary if and only if the associated measure does
not belong to the Szegő matrix class (see [48, 76]). Also, it has the disadvantage of
having rows with an infinite number non-zero block entries. This represents an important
constraint in the applications. Moreover, its complicated structure yields some difficulties
in the study of spectral theory [100]. A more convenient representation is given by the
so-called block CMV matrix. This matrix is always unitary and their entries are given
in terms of the Verblunsky matrix coefficients. The block CMV matrix comes from the
representation of the multiplication operator in the linear space of Laurent polynomials,
when a suitable orthonormal basis related to the matrix orthogonal polynomials is chosen.
These matrices play a similar role among unitary matrices than block Jacobi matrices
among all Hermitian matrices (see [116]). Moreover, they give a spectral interpretation
for the zeros of orthogonal polynomials that is much simpler than the one given by the
block Hessenberg matrix, according to its special structure (see [42], Theorem 3.10). The
name comes from the initials CMV (Cantero, Moral and Velázquez, [26]), although it had
appeared before in several places (see the discussion in [158, 170]). Recently, CMV block
matrices have been used in the study of Toda type integrable systems [6] and quantum
random walks [24]. In the later, the authors show how the theory of CMV block matrices
gives a natural tool to study these processes and give results that are analogous to those
that Karlin and McGregor developed in the study of (classical) birth-and-death processes
using orthogonal polynomials on the real line [115]. CMV block matrices have also been
used to describe the solutions to the Schur interpolation problem of certain operator-valued
functions in the unit disc [8], in the study of conservative discrete time-invariant systems
[7], and in the development of algorithms for Hessenberg reduction of structured matrices
[90], by using a block Lanczos-type procedure. This indicates that, as in the scalar case,
CMV block matrices are strongly related with the study of block Krylov methods. For a
recent treatment of these methods for Hermitian positive-definite matrices, we refer the
reader to [14].

4.2.2 CMV block matrices

For k ≥ 0 we define the CMV basis by

χ2k(z) = z−kϕL,∗2k (z), χ2k−1(z) = z−k+1ϕR2k−1(z),

x2k(z) = z−kϕR2k(z), x2k−1(z) = z−kϕL,∗2k−1(z).

The sequences (χk(z))k≥0 and (xk(z))k≥0 are orthonormal (see [42], Proposition 3.20), i.e.

〈χk, χn〉R,σ = 〈xk, xn〉R,σ = δk,nI.

By using the above basis, the matrix representation of the multiplication operator f(z) 7→
zf(z) is given by a five-diagonal block matrix called the CMV matrix (see [42], Section
3.11). It is given in terms of the Verblunsky matrix coefficients, and has the following

110



Chapter 4. Block matrix representations and spectral transformations

factorization
C = C(α0, α1, . . .) = LM,

where L = Θ(α0)⊕Θ(α2)⊕Θ(α4)⊕· · · andM = I⊕Θ(α1)⊕Θ(α3)⊕· · · , are tridiagonal
block matrices. In other words, the CMV matrix is given by

C = LM =



αH0 ρL0α
H
1 ρL0 ρ

L
1 0 0 · · ·

ρR0 −α0α
H
1 −α0ρ

L
1 0 0 · · ·

0 αH2 ρ
R
1 −αH2 α1 ρL2α

H
3 ρL2 ρ

L
3 · · ·

0 ρR2 ρ
R
1 −ρR2 α1 −α2α

H
3 −α2ρ

L
3 · · ·

0 0 0 αH4 ρ
R
3 −αH4 α3 · · ·

...
...

...
...

...
. . .


.

Notice that C is unitary since Θ(αn) is unitary (see [158], Section 4.) for every n ≥ 0.

4.2.3 CMV Matrices for symmetric matrix measures

Let σ be a symmetric matrix measure on the unit circle as the Section 1.5. Symmetric
matrix measures supported on the unit circle frequently appear in the study of quan-
tum random walks. For instance, the matrix measure associated with the well-known

Hadamard quantum random walk with constant coin H = 1√
2

[
1 1
1 −1

]
and local tran-

sition is

dσ(θ) =
1√

cos 2θ

[ √
1 + cos 2θ ±1

±1
√

1 + cos 2θ

]
dθ

2π
,

supported in [−π
4 ,

π
4 ] ∪ [3π

4 ,
5π
4 ] (see [24], Section 8).

Symmetric matrix measures can be characterized in terms of the corresponding
Verblunsky matrix coefficients as follows.

Theorem 4.2.1. ([42], Lemma 4.1) The Hermitian matrix measure σ is symmetric if and
only if all Verblunsky matrix coefficients αn are Hermitian matrices.

When the Verblunsky coefficients are Hermitian matrices (real numbers in the scalar
case) as noted in Section 1.5 there exists an observation due to Szegő called the matrix
Szegő transformation. Moreover, Theorem 1.5.3 showed a relation between the CMV
matrix and the Jacobi matrix J.

In what follows, we assume σ and σ̃ are positive definite symmetric matrix measures
supported on T. Therefore, the corresponding Verblunsky matrix coefficients (αn)n≥0 and
(α̃n)n≥0 are Hermitian matrices. When σ is a symmetric matrix measure, the associated
MOPUC satisfy some interesting properties. The following lemma states some of them.

Lemma 4.2.2. Assume that κRn and κLn are positive definite. Then, for all n ≥ 0,

1. κRn = (κLn)H and SRn = SLn .

2. (ϕRn (z̄))H = ϕLn(z).

3. (ΦR
n (0))H = ΦL

n(0).

Proof. For 0 ≤ k ≤ n, there exist matrices λk,j ∈ Ml, such that ϕRk (z) = κRk z
k +∑k−1

j=0 λk,jz
j .
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1. From the orthogonality, we have

Iδn,k = 〈ϕRk , ϕRn 〉R,σ =

∫ π

−π

κRk eikθ +
k−1∑
j=0

λk,je
ijθ

H

dσ(θ)ϕRn (eiθ)

=

∫ π

−π

(κRk )He−ikθ +
k−1∑
j=0

λHk,je
−ijθ

 dσ(θ)ϕRn

κRn einθ +
n−1∑
p=0

λn,pe
ipθ

 .

On the other hand, setting θ 7→ −θ, we get

Iδn,k =

∫ π

−π

(κRk )Heikθ +

k−1∑
j=0

λHk,je
ijθ

 dσ(θ)

κRn e−inθ +

n−1∑
p=0

λn,pe
−ipθ


=

∫ π

−π

(κRk )Heikθ +

k−1∑
j=0

λHk,je
ijθ

 dσ(θ)

(κRn )Heinθ +

n−1∑
p=0

λHn,pe
ipθ

H

=

〈
(κRk )Hzk +

k−1∑
j=0

λHkjz
j , (κRn )Hzk +

n−1∑
p=0

λHnpz
p

〉
L,σ

= 〈ψLk , ψLn 〉L,σ

where ψLk (z) = (κRk )Hzk +
∑k−1

j=0 λ
H
kjz

j . Since 〈ϕLk , ϕLn〉L,σ = Iδn,k and κLn > 0, there is

uniqueness and therefore ψLn (z) = ϕLn(z). Comparing coefficients, we get κRn = (κLn)H .
Moreover, from (1.61) we obtain SRn = SLn .

2. We have (ϕRn (z̄))H = ψLn (z) and since we know ψLn (z) = ϕLn(z) from the previous item,
the result follows.

3. Since σ is symmetric, we have αHn = αn. The result follows from (1.38) and (1.39).

In the remaining of this section, we will show that the matrices Θ(αn) and Θ(α̃n) are
unitarily similar whenever the corresponding measure matrices are symmetric. Moreover,
we show an explicit formula for the unitary matrices of the similarity relation. Analogous
results for the scalar case have been studied in [139].

Proposition 4.2.3. For n ≥ 0, there exist unitary matrices Ξn ∈M2l such that

Θ(αn) = ΞnΘ(α̃n)ΞHn . (4.36)

Proof. Since σ is symmetric, we have αHn = αn and thus Θ(αn) is an Hermitian and
unitary matrix. As a consequence, its eigenvalues are in T and are real. This is, they are
necessarily ±1. Moreover, since the trace of Θ(αn) is zero, we deduce that each eigenvalue
has algebraic multiplicity l, since the sum of the eigenvalues equals the trace of matrix
(see [19], Section 4.3). On the other hand, since Θ(αn) is a normal matrix, then by the
Spectral Theorem for normal matrices (see [109], Theorem 2.5.3) there exists a unitary
matrix UΘn ∈ M2l, and a diagonal matrix DΘn ∈ M2l, containing the eigenvalues of
Θ(αn), such that

Θ(αn) = UΘnDΘnU
H
Θn , (4.37)
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where we have arranged the eigenvalues Θ(αn) in such a way that DΘn = [I ⊕ (−I)].
Similarly, for σ̃ we have

Θ(α̃n) = UΘ̃n
DΘ̃n

UH
Θ̃n

= UΘ̃n
[I⊕ (−I)]UH

Θ̃n
. (4.38)

Since DΘn = DΘ̃n
, from (4.37) and (4.38) we have UHΘnΘ(αn)UΘn = UH

Θ̃n
Θ(α̃n)UΘ̃n

, and,

as a consequence, Θ(αn) = UΘnU
H
Θ̃n

Θ(α̃n)(UΘnU
H
Θ̃n

)H . Therefore, taking

Ξn = UΘnU
H
Θ̃n
, (4.39)

the result follows.

Notice that (4.39) is a change of basis matrix between two orthonormal basis. On
the other hand, since the matrices (αn)n≥0 are Hermitian, then for all n ≥ 0, we have
0 < α2

n = αHn αn < I, and therefore 0 < I + αn < 2I. Also, we have 0 < I − αn. Since
I + αn and I− αn are positive definite matrices, they have unique square roots (see [109],
Theorem 7.2.6)

√
I + αn and

√
I− αn, respectively, that are also positive definite. Thus,

we can define the unitary block matrices

1√
2

[ √
I + αn

√
I− αn√

I− αn −
√

I + αn

]
∈M2l,

1√
2

[ √
I + α̃n

√
I− α̃n√

I− α̃n −
√

I + α̃n

]
∈M2l.

Proposition 4.2.4. The unitary matrix Ξn defined in (4.39) has the form

Ξn(αn, α̃n) =
1

2

[
πn,0,0 + πn,1,1 πn,0,1 − πn,1,0
−(πn,0,1 − πn,1,0) πn,0,0 + πn,1,1

]
∈M2l, (4.40)

with

πn,i,j =
√

I + (−1)iαn

√
I + (−1)jα̃n ∈Ml, i, j = 0, 1. (4.41)

Proof. Notice that Θ(αn) can be written as

1√
2

[ √
I + αn

√
I− αn√

I− αn −
√

I + αn

]
[I⊕ (−I)]

(
1√
2

[ √
I + αn

√
I− αn√

I− αn −
√

I + αn

])H
and then from (4.37) we can take

UΘn =
1√
2

[ √
I + αn

√
I− αn√

I− αn −
√

I + αn

]
.

In a similar way, from (4.38) we get

UΘ̃n
=

1√
2

[ √
I + α̃n

√
I− α̃n√

I− α̃n −
√

I + α̃n

]
.

Thus, according to (4.39) we have

Ξn(αn, α̃n) =
1

2

[ √
I + αn

√
I− αn√

I− αn −
√

I + αn

] [ √
I + α̃n

√
I− α̃n√

I− α̃n −
√

I + α̃n

]H
,

and multiplying and using (4.41), (4.40) follows.
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Since we know the relation between Θ(αn) and Θ(α̃n), it is possible to deduce the
relation between the corresponding CMV block matrices C and C̃.

Theorem 4.2.5. Let C(α0, α1, ...) = LM and C̃(α̃0, α̃1, ...) = L̃M̃. Then, there exist
unitary matrices W and V such that

C̃ = WCV, (4.42)

where
W = W0 ⊕W1 ⊕W2 ⊕W3 ⊕ · · · , V = I⊕ V0 ⊕ V1 ⊕ V2 ⊕ · · · , (4.43)

with Wn, Vn ∈M2l given by

Wn = ΞH2nΘ(α2n)Ξ2nΘ(α2n)H , Vn = Θ(α2n+1)HΞH2n+1Θ(α2n+1)Ξ2n+1. (4.44)

Proof. Let C̃ = L̃M̃ = L̃L−1CM−1M̃. Defining W = L̃L−1
and V =M−1M̃, we have

W = (Θ(α̃0)⊕Θ(α̃2)⊕Θ(α̃4)⊕ · · · )(Θ(α0)⊕Θ(α2)⊕Θ(α4)⊕ · · · )−1

= Θ(α̃0)Θ(α0)−1 ⊕Θ(α̃2)Θ(α2)−1 ⊕Θ(α̃4)Θ(α4)−1 ⊕ · · · ,

and thus, defining Wn = Θ(α̃2n)Θ(α2n)−1 = Θ(α̃2n)Θ(α2n)H for n ≥ 0, from (4.36) we
get ΞHn Θ(αn)Ξn = Θ(α̃n), and substituting in Wn we obtain the first equation of (4.44).
In a similar way,

V = (I⊕Θ(α1)⊕Θ(α3)⊕ · · · )−1(I⊕Θ(α̃1)⊕Θ(α̃3)⊕ · · · )
= I⊕Θ(α1)−1Θ(α̃1)⊕Θ(α3)−1Θ(α̃3)⊕ · · · ,

and defining Vn = Θ(α2n+1)−1Θ(α̃2n+1) = Θ(α2n+1)HΘ(α̃2n+1) for n ≥ 0, again from
(4.36) we get the second equation of (4.44).

Notice that C̃ = WCV defines an equivalence relation on the set A of CMV block
matrices associated with symmetric matrix measures.

4.2.4 Verblunsky matrix coefficients associated with transformations of
the matrix measure

In this subsection, we will consider the effect that some transformations on the matrix
measure have on the corresponding Verblunsky matrix coefficients. For all p, q ∈ Pl[z], we
define the following (right) sesquilinear forms:

1. Christoffel transformation

〈p, q〉R,σc = 〈W (z)p,W (z)q〉R,σ, (4.45)

where W (z) = (zI−A) ∈Ml and z is not an eigenvalue of A.

2. Uvarov transformation with one mass point

〈p, q〉R,σu = 〈p, q〉R,σ + p(ζ)HMq(ζ), (4.46)

where M ∈Ml is a positive definite matrix and ζ ∈ T.
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3. Uvarov transformation with two mass points

〈p, q〉R,σv = 〈p, q〉R,σ + p(ζ̄−1)HMq(ζ) + p(ζ)HMHq(ζ̄−1), (4.47)

where M ∈Ml and ζ ∈ C \ {T, 0}.

Notice that, since σ is a Hermitian symmetric matrix measure, it follows that the sesqui-
linear forms associated with both Uvarov transformations are also symmetric. The same
is true for the sesquilinear form associated with the Christoffel transformation if we take
W (θ) = cos θI−A.

Let (CRn (z) = κc,nz
n + · · · )n≥0, (URn (z) = κu,nz

n + · · · )n≥0 and (V R
n (z) = κv,nz

n +
· · · )n≥0 be, respectively, the sequences of monic MOPUC associated with the sesquilineal
forms (4.45), (4.46) and (4.47).

For the Christoffel matrix transformation, from the Proposition 3.2.2 with m = 1, we
have that

CRn (z) = W (z)−1
[
ΦR
n+1(z)−KR

n (A, z)
[
KR
n (A,A)

]−1
ΦR
n+1(A)

]
, (4.48)

and
SRc,n = (κ−Rc,n )Hκ−Rc,n = SRn+1 + ΦR

n+1(A)H
[
KR
n (A,A)

]−1
ΦR
n+1(A), (4.49)

For the Uvarov transformation with one mass point, from the Proposition 3.1.2 with
m = 1, we have that

URn (z) = ΦR
n (z)−KR

n−1(ζ, z)M
[
I +KR

n−1(ζ, ζ)M
]−1

ΦR
n (ζ), (4.50)

and
SRu,n = (κ−Ru,n)Hκ−Ru,n = SRn + ΦR,H

n (ζ)M
[
I +KR

n−1(ζ, ζ)M
]−1

ΦR
n (ζ),

is a positive definite matrix for n ≥ 1.

Finally, we show the connection formula for the Uvarov transformation with
two mass points. We define KR

n−1(~ζ, z) :=
[
KR
n−1(ζ, z),KR

n−1(ζ̄−1, z)
]
, FRn (~ζ) :=[

ΦR
n (ζ)T ,ΦR

n (ζ̄−1)T
]T

and M :=

[
0 MH

M 0

]
.

Proposition 4.2.6. The sequence of monic matrix polynomials (V R
n (z))n≥0 is orthogonal

with respect to the sesquilinear form (4.47) if and only if the matrix

ΛRn−1(~ζ) =

[
I +KR

n−1(ζ̄−1, ζ)M KR
n−1(ζ, ζ)MH

KR
n−1(ζ̄−1, ζ̄−1)M I +KR

n−1(ζ, ζ̄−1)MH

]
,

is non-singular for n ≥ 1. Furthermore,

V R
n (z) = ΦR

n (z)−KR
n−1(~ζ, z)M

[
ΛRn−1(~ζ)

]−1
FRn (~ζ), (4.51)

and

SRv,n = (κ−Rv,n )Hκ−Rv,n = SRn + FR,Hn (~ζ)M
[
ΛRn−1(~ζ)

]−1
FRn (~ζ). (4.52)
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Proof. Assume that (V R
n (z))n≥0 is the sequence of monic MOPUC with respect to (4.47).

We can write

V R
n (z) = ΦR

n (z) +

n−1∑
k=0

ΦR
k (z)λRnk, (4.53)

where the coefficients λRnk are given, for 0 ≤ k ≤ n− 1, by

λRnk = −S−Rk
(

ΦR,H
k (ζ̄−1)MV R

n (ζ) + ΦR,H
k (ζ)MHV R

n (ζ̄−1)
)
.

Substituting this expression in (4.53), we obtain

V R
n (z) = ΦR

n (z)−KR
n−1(~ζ, z)MVRn (~ζ), (4.54)

where VRn (~ζ) :=
[
V R
n (ζ)T , V R

n (ζ̄−1)T
]T
. Setting z = ζ and z = ζ̄−1 in (4.54) and re-

arranging, we get ΛRn−1(~ζ)VRn (~ζ) = FRn (~ζ). The uniqueness of V R
n (z) and ΦR

n (z) implies

that ΛRn−1(~ζ) is a nonsingular matrix for n ≥ 1. Thus VRn (~ζ) =
(

ΛRn−1(~ζ)
)−1

FRn (~ζ), and

therefore from (4.54) we get (4.51).

Conversely, define (V R
n (z))n≥0 as in (4.51). Let 0 ≤ k ≤ n, and notice that from (4.47),

we have

〈(z − ζ)kI, V R
n 〉R,σv = 〈(z − ζ)kI, V R

n 〉R,σ +

[(
(ζ̄−1 − ζ)k

)H
M,0

]
VRn (~ζ). (4.55)

First, for 0 ≤ k ≤ n− 1, using (1.65) and (4.54) we get

〈(z − ζ)kI, V R
n 〉R,σ = −

[(
(ζ̄−1 − ζ)k

)H
M,0

]
VRn (~ζ),

and thus, substituting on (4.55), we get 〈(z − ζ)kI, V R
n (z)〉R,σv = 0, so that (V R

n (z))n≥0 is
orthogonal with respect to (4.47). For k = n, using (4.54),

〈(z − ζ)nI, V R
n 〉R,σ = SRn −

〈
(z − ζ)nI,KR

n−1(~ζ, z)
〉
R,σ

MVRn (~ζ). (4.56)

Since KR
n−1(ζ, z) = KR

n (ζ, z) − ϕRn (z)ϕR,Hn (ζ) and KR
n−1(ζ̄−1, z) = KR

n (ζ̄−1, z) −
ϕRn (z)ϕR,Hn (ζ̄−1) and using (1.65) we get〈

(z − ζ)nI,KR
n−1(~ζ, z)

〉
R,σ

=
[
0,
(
(ζ̄−1 − ζ)n

)H]− FR,Hn (~ζ),

and, as a consequence, from (4.56)

〈(z − ζ)nI, V R
n 〉R,σ = SRn −

[(
(ζ̄−1 − ζ)n

)H
M,0

]
VRn (~ζ) + FR,Hn (~ζ)MVRn (~ζ).

Substituting this expression in (4.55) with k = n, we get (4.52).

By using (1.1), the inverse of ΛRn−1(~ζ), can be computed with A = I+KR
n−1(ζ̄−1, ζ)M,

B = KR
n−1(ζ, ζ)MH , C = KR

n−1(ζ̄−1, ζ̄−1)M and D = I +KR
n−1(ζ, ζ̄−1)MH .

As a consequence, the perturbed matrix polynomials evaluated at z = 0 are deduced
in the following proposition. An analogous result for the scalar case can be found in [88].
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Proposition 4.2.7. For n ≥ 1, we have:

1. CRn (0) = ARc,n(A)ΦR
n+1(0) + BRc,n(A), (4.57)

2. URn (0) = ARu,n−1(ζ)ΦR
n (0) + BRu,n−1(ζ), (4.58)

3. V R
n (0) = ARv,n−1(ζ)ΦR

n (0) + BRv,n−1(ζ), (4.59)

with

ARc,n(A) = A−1
[
(SLn )−1ΦL,∗

n (A)H
[
KR
n (A,A)

]−1
ΦL,∗
n (A)− I

]
,

BRc,n(A) = A−1(SLn )−1ΦL,∗
n (A)H

[
KR
n (A,A)

]−1
AΦR

n (A),
(4.60)

ARu,n−1(ζ) = I− (SLn−1)−1ΦL,∗
n−1(ζ)HM

[
I +KR

n−1(ζ, ζ)M
]−1

ΦL,∗
n−1(ζ),

BRu,n−1(ζ) = −ζ(SLn−1)−1ΦL,∗
n−1(ζ)HM

[
I +KR

n−1(ζ, ζ)M
]−1

ΦR
n−1(ζ),

(4.61)

ARv,n−1(ζ) = I− (SLn−1)−1FL,∗n−1(~ζ)HM
[
ΛRn−1(~ζ)

]−1
FL,∗n−1(~ζ),

BRv,n−1(ζ) = −(SLn−1)−1FL,∗n−1(~ζ)HM
[
ΛRn−1(~ζ)

]−1
[Iζ ⊕ ζ̄−1I]FRn−1(~ζ).

(4.62)

Proof.

1. From (1.58) KR
n (A, 0) = (SLn )−1ΦL,∗

n (A)H , and setting z = 0 in (4.48), we have CRn (0) =

−A−1
[
ΦR
n+1(0)− (SLn )−1ΦL,∗

n (A)H
[
KR
n (A,A)

]−1
ΦR
n+1(A)

]
. Since using (1.41) we have

ΦR
n+1(A) = AΦR

n (A) + ΦL,∗
n (A)ΦR

n+1(0), substituting and considering (4.60), we get (4.57).

2. Since, from (1.58), we have

KR
n−1(ζ, 0) = (SLn−1)−1ΦL,∗

n−1(ζ)H , (4.63)

setting z = 0 in (4.50) we get,

URn (0) = ΦR
n (0)− (SLn−1)−1ΦL,∗

n−1(ζ)HM
[
I +KR

n−1(ζ, ζ)M
]−1

ΦR
n (ζ). (4.64)

From (1.41), ΦR
n (ζ) = ζΦR

n−1(ζ) + ΦL,∗
n−1(ζ)ΦR

n (0), and substituting in (4.64) and taking
into account (4.61), (4.58) follows.

3. From (4.63), we have KR
n−1(~ζ, 0) = (SLn−1)−1FL,∗n−1(~ζ)H . Thus, setting z = 0 in (4.51),

we get V R
n (0) = ΦR

n (0) − (SLn−1)−1FL,∗n−1(~ζ)HM
[
ΛRn−1(~ζ)

]−1
FRn (~ζ). From (1.41), FRn (~ζ) =

[ζI⊕ζ̄−1I]FRn−1(~ζ)+FL,∗n−1(~ζ)ΦR
n (0), so that substituting and using (4.62), we get (4.59).

According to (1.38), the sequences of Verblunsky matrix coefficients associated with
the previous transformations will be denoted by (αc,n)n≥0, (αu,n)n≥0 and (αv,n)n≥0,
where αc,n = −(κRc,n)HCRn+1(0)H(κLc,n)−1, αu,n = −(κRu,n)HURn+1(0)H (κLu,n)−1 and

αv,n = −(κRv,n)HV R
n+1(0)H(κLv,n)−1. If we assume that these matrices are Hermitian, then

it is possible to give expressions for the entries of the corresponding unitary matrices
Ξn(αn, α̃n) defined in (4.40) with α̃n = αk,n (k = c, u, v). In this way, we can relate the
matrices Θ(αn) and Θ(αk,n) using (4.36) and obtain the relation between the correspon-
ding CMV block matrices.
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4.2.5 A CMV block matrix associated with two sequences of Verblunsky
coefficients

In this section, from two known sequences of Verblunsky matrix coefficients, we construct
a new one, and we show the relation between the corresponding CMV block matrices.
Verblunsky’s Theorem 1.4.2 guarantees the existence of the corresponding matrix measure,
that can be approximated by using the Bernstein-Szegő approximation theorem (Theorem
3.11 of [42]).

Let (αn)n≥0, (α̂n)n≥0 be two sequences of Verblunsky matrix coefficients associated
with the positive definite matrix measures σ, σ̂, respectively, supported on T, with corres-
ponding CMV block matrices C = LM, Ĉ = L̂M̂.

We define a new sequence of Verblunsky matrix coefficients (αk,n)n≥0 by combining
k ≥ 1 elements of (αn)n≥0 and k elements of (α̂n)n≥0, in the following way

αk,n =

{
αn, n ∈ {0, · · · , k − 1, 2k, · · · , 3k − 1, 4k, · · · , 5k − 1, · · · },
α̂n, n ∈ {k, · · · , 2k − 1, 3k, · · · , 4k − 1, 5k, · · · , 6k − 1, · · · }.

As a consequence, the matrices Θ are given by

Θ(αk,n) =

{
Θ(αn), n ∈ {0, · · · , k − 1, 2k, · · · , 3k − 1, 4k, · · · , 5k − 1, · · · },
Θ(α̂n), n ∈ {k, · · · , 2k − 1, 3k, · · · , 4k − 1, 5k, · · · , 6k − 1, · · · }.

For instance, for k = 1, the Verblunsky matrix coefficients and the Θ matrices are

α1,n =

{
αn, n is even,
α̂n, n is odd,

; Θ(α1,n) =

{
Θ(αn), n is even,
Θ(α̂n), n is odd.

Let Ck = Ck(αk,0, αk,1, . . .) = LkMk be the associated CMV block matrix. The case k = 1
becomes

C1 = L1M1 = (Θ(α1,0)⊕Θ(α1,2)⊕Θ(α1,4)⊕ · · · )(I⊕Θ(α1,1)⊕Θ(α1,3)⊕ · · · )
= (Θ(α0)⊕Θ(α2)⊕Θ(α4)⊕ · · · )(I⊕Θ(α̂1)⊕Θ(α̂3)⊕ · · · )
= LM̂ = C(L̂M)−1Ĉ.

In particular, if α̂n = 0 for every n ≥ 1, we have

C1 = (Θ(α0)⊕Θ(α2)⊕Θ(α4)⊕ · · · )
(

I⊕
[

0 I
I 0

]
⊕
[

0 I
I 0

]
⊕ · · ·

)
.

In general, the expression for the CMV block matrix Ck is given in the following result.

Proposition 4.2.8. The CMV block matrix Ck for k > 1 is given by

1. If k is a positive even number

Ck = LP kQkM̂, (4.65)
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where P k = P0 ⊕ P2 ⊕ P4 ⊕ · · · , and Qk = I⊕Q1 ⊕Q3 · · · , with unitary matrices

Pn =

{
Θ(αn)HΘ(α̂n), n ∈ {k, k + 2, . . . , 2k − 2}+ 2mk, m ≥ 0,

I2l, n ∈ {0, 2, . . . , k − 2}+ 2mk, m ≥ 0.

Qn =

{
Θ(αn)Θ(α̂n)H , n ∈ {1, 3, . . . , k − 1}+ 2mk, m ≥ 0,

I2l, n ∈ {k + 1, k + 3, . . . , 2k − 1}+ 2mk, m ≥ 0.

2. If k > 1 is a positive odd number, Ck is as in (4.65) with unitary matrices

Pn =

{
Θ(αn)HΘ(α̂n), n ∈ {k + 1, k + 3, . . . , 2k − 2}+ 2mk, m ≥ 0,

I2l, n ∈ {0, 2, . . . , k − 1}+ 2mk, m ≥ 0.

Qn =

{
Θ(αn)Θ(α̂n)H , n ∈ {1, 3, . . . , k − 2}+ 2mk, m ≥ 0,

I2l, n ∈ {k, k + 2, . . . , 2k − 1}+ 2mk, m ≥ 0.

Proof. Assume k is a positive even number. Then, we have

Ck = LkMk = (Θ(αk,0)⊕Θ(αk,2)⊕Θ(αk,4)⊕ · · · )(I⊕Θ(αk,1)⊕Θ(αk,3)⊕ · · · )
= (Θ(α0)⊕Θ(α2)⊕ · · · ⊕Θ(αk−2)⊕Θ(α̂k)⊕ · · · )(I⊕Θ(α1)⊕Θ(α3)⊕ · · ·
⊕Θ(αk−1)⊕Θ(α̂k+1)⊕ · · · )

= L(I2l ⊕ I2l ⊕ · · · ⊕ I2l ⊕Θ(αk)
−1Θ(α̂k)⊕Θ(αk+2)−1Θ(α̂k+2)⊕ · · ·⊕

Θ(α2k−2)−1Θ(α̂2k−2)⊕ I2l ⊕ · · · )(I⊕Θ(α1)Θ(α̂1)−1 ⊕ · · · ⊕Θ(αk−1)

Θ(α̂k−1)−1 ⊕ I2l ⊕ · · · ⊕ I2l ⊕Θ(α2k+1)Θ(α̂2k+1)−1 ⊕ · · · )M̂,

which is (4.65). The odd case can be proved in a similar way. P k and Qk are unitary
because Θ(αn) and Θ(α̂n) are unitary matrices for n ≥ 0.

Notice that limk→∞ Ck = LM. Furthermore, if (αn)n≥0 and (α̂n)n≥0 are Hermitian
Verblunsky matrix coefficients, then (αk,n)n≥0 has also Hermitian elements for all k ≥ 1.

According to Theorem 4.2.5, there exist unitary matrices Wk, Ŵk, Vk and V̂k such that
Ck = WkCVk, and Ck = ŴkĈV̂k. Therefore we have Ĉ = WCV , where W = ŴH

k Wk and

V = VkV̂
H
k .
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CHAPTER 5

On the Szegő transformation for some spectral

transformations of matrix measures

Summary
In this chapter, we deduce conditions such that the Uvarov, Christoffel and Geronimus ma-
trix transformations applied to a matrix measure supported on the real line, are preserved
under the matrix Szegő transformation. In the scalar case, these transformations have
been studied (in both the real line and unit circle cases) on [20, 45, 88, 132, 139, 134, 179]
among others, and the analysis under the Szegő transformation has been developed in
[87, 148].

5.1 Introduction

We aim to study some spectral transformations of matrix measures on the real line under
the effect of the Szegő transformation. Namely, consider a normalized positive semi-
definite matrix measure µ supported on [−1, 1]. As noted in the Section 1.5, µ has an
associated (symmetric, positive semi-definite) matrix measure σ, supported on the unit
circle, which is the result of applying the matrix Szegő transformation to µ. The ap-
plication of the Uvarov, Christoffel and Geronimus spectral transformations to µ yields
another matrix measure, say µ̃, supported on [−1, 1]. Of course, the application of the
Szegő transformation to µ̃ will result in a matrix measure σ̃ supported on the unit circle.
We will determine conditions on the parameters of the Uvarov, Christoffel, and Geron-
imus transformations in such a way that σ̃ is the corresponding spectral transformation of
σ. The main tool will be the relation between the corresponding matrix-valued Stieltjes
and Carathéodory functions given in Theorem 1.5.4. We will consider the aforemen-
tioned transformations because, in the scalar case (see [179]), a finite composition of the
Christoffel and Geronimus transformations can be used to construct any perturbation of
the Stieltjes function of the form

S̃(x) =
A(x)S(x) +B(x)

C(x)
, (5.1)
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where A,B,C are arbitrary polynomials such that S̃(x) is also a Stieltjes function. In
other words, they generate perturbations of the form (5.1). In particular, the Uvarov
transformation can be obtained by applying a Christoffel transformation followed by a
Geronimus transformation.

In this chapter S and F will be the matrix-valued Stieltjes and Carathéodory functions
defined in (1.18) and (1.69) associated with µ and σ, that are normalized positive semi-
definite matrix measures supported on [−1, 1] and T, respectively.

5.2 Uvarov matrix transformation

The Uvarov matrix transformations of µ and σ are defined as

dµu(x) = dµ(x) + Mrδ(x− β),

dσu(z) = dσ(z) + Mcδ(z − α) + MH
c δ(z − ᾱ−1),

(5.2)

with Mr ∈ Ml an Hermitian matrix, Mc ∈ Ml, β ∈ R, α ∈ C \ {0} and δ is the Dirac
matrix measure.

In order to relate both Uvarov transformations through the matrix Szegő transforma-
tion, we need them to be normalized and at least Hermitian. Assume I + Mr ∈ Ml and
I + Mc + MH

c ∈ Ml are nonsingular. Then, Theorem 1.1.4 guarantees the existence of
matrices Ru ∈Ml and Tu ∈Ml such that

Ru =
√

I + Mr and Tu =

√
I + Mc + MH

c . (5.3)

Moreover, since I + Mr and I + Mc + MH
c are Hermitian matrices, then Ru and Tu are

also Hermitian matrices. Therefore, the normalized Uvarov transformations of the matrix
measures µ and σ are defined as

dµuN (x) = R−1
u dµu(x)R−1

u = R−1
u [dµ(x) + Mrδ(x− β)]R−1

u ,

dσuN (z) = T−1
u dσu(z)T−1

u = T−1
u

[
dσ(z) + Mcδ(z − α) + MH

c δ(z − ᾱ−1)
]
T−1
u .

(5.4)

Let (µun)n≥0 and (cun)n∈Z be the sequences of matrix moments associated with the nor-
malized matrix measures (5.4) respectively. The matrix-valued Stieltjes and Carathéodory
functions associated with the Uvarov transformation are deduced in the following result,
that is a generalization from the scalar case given in [132].

Proposition 5.2.1. Let Su and Fu be the matrix-valued Stieltjes and Carathéodory func-
tions associated with the normalized Hermitian matrix measures µuN and σuN , as defined
in (5.4). Then,

Su(x) = R−1
u

[
S(x) + Mr(x− β)−1

]
R−1
u . (5.5)

Fu(z) = T−1
u

[
F (z) +

1

(z − α)(ᾱz − 1)

((
Mc + MH

c

)
α

+(1− |α|2)
(
Mc −MH

c

)
z − ᾱ

(
Mc + MH

c

)
z2
)]
T−1
u .

(5.6)
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Proof. From (5.4), we get for n ∈ N

µun =

∫ 1

−1
xnR−1

u [dµ(x) + Mrδ(x− β)]R−1
u = R−1

u [µn + Mrβ
n]R−1

u .

Thus,

Su(x) =
∞∑
n=0

1

xn+1
µun = R−1

u

[ ∞∑
n=0

1

xn+1
µn + Mr

∞∑
n=0

1

xn+1
βn

]
R−1
u

= R−1
u

[
S(x) + Mr

[
1

x

∞∑
n=0

(
1

x
β

)n]]
R−1
u

with |β| < |x| in order to guarantee the convergence of the series. As a consequence,

RuSu(x)Ru = S(x) + Mr

[
1

x

(
1− 1

x
β

)−1
]

= S(x) + Mr(x− β)−1,

which is (5.5). On the other hand, from (5.4), we get for n ∈ Z

cu−n =

∫ π

−π
e−inθdσuN (θ) = T−1

u

[
c−n + α−nMc + ᾱnMH

c

]
T−1
u .

Thus,

Fu(z) = I + 2

∞∑
n=1

cu−nz
n = T−1

u

[
I + Mc + MH

c

]
T−1
u

+2T−Hu

[ ∞∑
n=1

(c−n + α−nMc + ᾱnMH
c )zn

]
T−1
u ,

that can be arranged as

TuFu(z)Tu = I + Mc + MH
c + 2

∞∑
n=1

[c−n + α−nMc + ᾱnMH
c ]zn

= F (z) +

[
I + 2

∞∑
n=1

(α−1z)n

]
Mc +

[
I + 2

∞∑
n=1

(ᾱz)n

]
MH

c .

Notice that, for convergence purposes, we need |α−1z| < 1 and |αz| < 1, so that if |α| < 1
the region of convergence is |z| < |α|. In this disc we have

TuFu(z)Tu = F (z) + Mc
α+ z

α− z
+ MH

c

1 + ᾱz

1− ᾱz
,

which is (5.6).

Now, let us determine the matrix-valued Carathéodory function F1 associated with
the normalized matrix measure dσ1 = Sz(dµuN ), i.e. the matrix Szegő transformation of
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µuN . From (1.97) and (5.5), we have

2z

1− z2
F1(z) = Su(x) = R−1

u

[
2z

1− z2
F (z) + Mr

(
z + z−1

2
− β

)−1
]
R−1
u

= R−1
u

[
2z

1− z2
F (z) + Mr

(
2z

z2 − 2zβ + 1

)]
R−1
u .

Thus, we get

F1(z) = R−1
u

[
F (z) + Mr

(
1− z2

z2 − 2zβ + 1

)]
R−1
u . (5.7)

If we assume Fu(z) = F1(z), then from Proposition 1.4.10 σuN = σ1 and dσuN = Sz(dµuN ).
Moreover, comparing the coefficients of z in (5.6) and (5.7) we get

(1− |α|2)(Mc −MH
c ) = 0.

We can consider the following two cases:

1. If |α| 6= 1, then Mc is a Hermitian matrix, and Fu(z) becomes

Fu(z) = T−1
u

[
F (z) + 2Mc

(
α− ᾱz2

(z − α)(ᾱz − 1)

)]
T−1
u .

Comparing with F1(z), we get Tu = Ru and therefore Mr = 2Mc. Moreover,

α− ᾱz2

(z − α)(ᾱz − 1)
=

1− z2

z2 − 2zβ + 1
, (5.8)

so that α
ᾱ = 1, and thus α ∈ R and 1+α2

α = 2β. As a consequence,

α = β ±
√
β2 − 1, for |β| > 1.

2. If |α| = 1, we get

Fu(z) = T−1
u

[
F (z) + (Mc + MH

c )

(
α− ᾱz2

(z − α)(ᾱz − 1)

)]
T−1
u .

Thus, Mr = Mc + MH
c and from (5.8) we deduce α = ±1 and β = ±1.

We summarize our findings in the following result.

Theorem 5.2.2. Let µ be a positive semi-definite, and normalized matrix measure sup-
ported on [−1, 1] and let σ be its associated matrix Szegő transformation, i.e. dσ = Sz(dµ).
Let µuN and σuN be their normalized Uvarov matrix transformations defined by (5.4). Then

1. For |β| > 1, Sz(dµuN (x)) = dσuN (z) if and only if

α = β ±
√
β2 − 1 and Mc =

1

2
Mr.

2. For β = ±1, Sz(dµuN (x)) = dσuN (z) if and only if

α = ±1 and Mr = Mc + MH
c .
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Notice that this means that, under the stated conditions, the (matrix) Szegő trans-
formation of the Uvarov transformation of µ coincides with the Uvarov transformation of
the Szegő transformation of µ. The previous theorem constitutes a generalization of the
results obtained in [87] for the scalar case.

Example 5.2.3. Consider the Uvarov transformation of the matrix measure (1.91) with
β = 1 and Mr = I2. Thus, Ru = Tu =

√
2I2 and α = 1. Then from (1.94), we have

Sz(dµuN (x)) = Sz

(
1

2

(
1

π
√

1− x2

[
1 x
x 1

]
dx+ I2δ(x− 1)

))
=

1

2

([
1 cos θ

cos θ 1

]
dθ

2π
+ I2δ(z − 1)

)
.

5.3 Christoffel matrix transformation

The Christoffel matrix transformation of µ can be defined as

dµc(x) = dµ(x) (xI−B) ,

where B ∈ Ml is a Hermitian matrix and x /∈ %(B). Notice that, in order to apply the
matrix Szegő transformation, we need µc to be an Hermitian, normalized matrix measure.
As a consequence, we will require that the matrices B and µ commute. Also, we require
xI − B to be a positive semi-definite matrix, so that µc is also positive semi-definite.
Therefore, we will consider the normalized matrix measure

dµcN (x) = R−1
c dµc(x)R−1

c = R−1
c [dµ(x) (xI−B)]R−1

c , (5.9)

where

R2
c =

∫ 1

−1
dµ(x)(xI−B) = µ1 −B, (5.10)

and Rc is an Hermitian matrix.

Similarly, on the unit circle, the Christoffel matrix transformation of σ can be defined
as

dσc(z) = (zI−A)Hdσ(z)(zI−A)

and the respective normalized matrix measure

dσcN (z) = T−1
c dσc(z)T

−1
c = T−1

c

[
(zI−A)Hdσ(z)(zI−A)

]
T−1
c , (5.11)

with A ∈Ml, z ∈ T, z /∈ %(A) and

T 2
c =

∫ π

−π
(eiθI −A)Hdσ(θ)(eiθI −A) = I− 2Re(c−1A) +AHA ≥ 0. (5.12)

Notice that if σ is positive semi-definite, then σcN is also positive semi-definite.

If we denote by (µcn)n≥0 and (ccn)n∈Z the sequences of matrix moments associated with
the matrix measure (5.9) and (5.11), respectively, then their Stieltjes and Carathéodory
matrix-valued functions are given in the next result.
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Proposition 5.3.1. Let Sc and Fc be the matrix-valued Stieltjes and Carathéodory func-
tions associated with the normalized Hermitian matrix measures µcN and σcN , as defined
in (5.9) and (5.11) respectively. Then,

Sc(x) = R−1
c [S(x)(Ix−B)− I]R−1

c , (5.13)

Fc(z) = T−1
c

1

z

[(
I− zAH

)
F (z) (zI−A)−

(
z2AH − 2izIm(c−1A)−A

)]
T−1
c . (5.14)

Proof. From (5.9), for n ∈ N we have

µcn =

∫ 1

−1
xnR−1

c (dµ(x) (xI−B))R−1
c = R−1

c (µn+1 − µnB)R−1
c .

Therefore

Sc(x) =

∞∑
n=0

1

xn+1
µcn = R−1

c

[ ∞∑
n=0

1

xn+1
µn+1 −

∞∑
n=0

1

xn+1
µnB

]
R−1
c

= R−1
c

[
−µ0 + x

∞∑
n=0

1

xn+1
µn − S(x)B

]
R−1
c

= R−1
c [S(x)(Ix−B)− I]R−1

c ,

so that (5.13) follows. On the other hand, from (5.11), for n ∈ Z

cc−n = T−1
c

(
c−n −AHc−(n−1) − c−(n+1)A+AHc−nA

)
T−1
c . (5.15)

Since Fc(z) = I + 2
∑∞

n=0 c
c
−nz

n, we get

TcFc(z)Tc

= I− c−1A−AHc1 +AHA+ 2
∞∑
n=1

(c−n −AHc−(n−1) − c−(n+1)A+AHc−nA)zn

= F (z) +AHF (z)A−

[
c−1 + 2

∞∑
n=1

c−(n+1)z
n

]
A−AH

[
c1 + 2

∞∑
n=1

c−(n−1)z
n

]

= F (z) +AHF (z)A−
[
c−1 +

1

z
(F (z)− I− 2c−1z)

]
A−AH [c1 + z(I + F (z))]

=
1

z

[
−(zAH − I)F (z)(zI−A) + (−z2AH + zc−1A− zAHc1 +A)

]
.

Notice that cH−1 = c1, and thus zc−1A−zAHc1 = z(c−1A− (c−1A)H) = 2izIm(c−1A), and
(5.14) follows.

Now, let us denote by F2 the matrix-valued Carathéodory function associated with the
matrix Szegő transformation dσ2 = Sz(µcN ). From (1.97) and (5.13), we get

2z

1− z2
F2(z) = Sc(x) = R−1

c [S(x)(Ix−B)− I]R−1
c

= R−1
c

[
2z

1− z2
F (z)

(
z + z−1

2
I−B

)
− I

]
R−1
c .

125
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Therefore,

F2(z) =
R−1
c√
2

1

z

[
F (z)

(
(z2 + 1)I− 2zB

)
− (1− z2)I

] R−1
c√
2
. (5.16)

Notice that, in order to equate Fc and F2, we will need to impose some conditions on
the matrix A.

Lemma 5.3.2. Let A ∈ Ml be a non-singular and Hermitian matrix. If A1/2 commutes
with Tc, then A1/2 commutes with both Fc and F.

Proof. It is clear that A1/2Tc = TcA
1/2 implies A1/2T 2

c = T 2
c A

1/2, i.e.

A1/2

∫ π

−π
dσc =

∫ π

−π
A1/2dσc =

∫ π

−π
dσcA

1/2.

Therefore, we get, for n ∈ Z,

A1/2ccn =

∫ π

−π
A1/2einθT−1

c dσcT
−1
c =

∫ π

−π
einθT−1

c dσcT
−1
c A1/2 = ccnA

1/2,

and, as a consequence, A1/2 commutes with Fc. On the other hand, since A is Hermitian
then from (5.14) it follows that A1/2 commutes with F.

Let us assume that A1/2 satisfies the conditions on the previous lemma. If Fc = F2,
then from Proposition 1.4.10 we have σcN = Sz(µcN ). Thus, from Lemma 5.3.2, (5.14)
becomes

Fc(z) = T−1
c

1

z

[
−F (z)

(
(z2 + 1)A− (I +A)z

)
−
(
z2 − 1

)
A
]
T−1
c .

Comparing the terms not involving F , we have

R−1
c√
2

(z2 − 1)
R−1
c√
2

= −T−1
c (z2 − 1)AT−1

c = iT−1
c A1/2(z2 − 1)iA1/2T−1

c .

Therefore, since A1/2 commutes with Tc, we have

R−1
c√
2

= iA1/2T−1
c . (5.17)

As a consequence, from (5.10) and (5.12),

I− 2c−1A+A2 = −2(µ1 −B)A. (5.18)

Moreover, since σ = Sz(µ) is symmetric, we have
∫ π
−π sin θdσ(θ) = 0. Then, from (1.89),

µ1 =

∫ 1

−1
xdx =

∫ π

−π
cos θdσ(θ)− i

∫ π

−π
sin θdσ(θ) =

∫ π

−π
e−iθdσ(θ) = c−1.

Substituting in (5.18), we get A = B±
√
B2 − I for B2 ≥ I. On the other hand, comparing

the terms involving F , we obtain

−T−1
c F (z)AT−1

c =
R−1
c√
2
F (z)

R−1
c√
2
,
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which holds by (5.17). We have proved the following result.

Theorem 5.3.3. Let µ be a positive semi-definite, and normalized matrix measure sup-
ported on [−1, 1] and let σ be its associated matrix Szegő transformation, i.e. dσ = Sz(dµ).
Let A ∈Ml be a nonsingular, Hermitian matrix such that A1/2 commutes with Tc. If

Tc = i
√

2RcA
1/2, A = B ±

√
B2 − I with B2 ≥ I,

and B commutes with µ, then Sz(dµcN (x)) = dσcN (z).

In other words, the (matrix) Szegő transformation of the Christoffel transformation of
µ coincides with the Christoffel transformation of the Szegő transformation of µ.

The following examples show that we can find matrices satisfying the hypotheses of
the previous result.

Example 5.3.4. (Diagonal case) If we take B = βI ∈ Ml, with |β| ≥ 1, then A = αI =
(β ±

√
β2 − 1)I ∈ Ml. For these matrices, the conditions of Theorem 5.3.3 are satisfied

for any pair of matrix measures µ and σ related through the Szegő transformation. This
is a generalization of the result given in [87] for the scalar case.

Example 5.3.5. Let B =

[
2 1
1 2

]
. Then,

A = B +
√
B2 − I2 =

[
2 1
1 2

]
+

[
4 4
4 4

]1/2

=

[
2 +
√

2 1 +
√

2

1 +
√

2 2 +
√

2

]
,

where we have chosen the square root of B − I2 with positives entries. Notice that A is a
Hermitian and non-singular matrix. Moreover,

A1/2 =
1

2

[
2 +
√

2
√

2√
2 2 +

√
2

]
=

√
2

2

[
1 +
√

2 1

1 1 +
√

2

]
.

Consider the normalized semi-definite positive matrix measures (1.91) and (1.92) satis-
fying dσ = Sz(dµ), and notice that B commutes with (1.91). On the other hand, since

c−1 =

[
0 1/2

1/2 0

]
, we have

T 2
c = I2 − 2c−1A+A2 =

[
5
√

2 + 9 5
√

2 + 6

5
√

2 + 6 5
√

2 + 9

]
,

thus Tc =

[
a b
b a

]
, where a = 1

2

√
2
√

5
√

2 +
√

15 +
√

30 + 9 and b = 5
√

2+6
2a . It is easy to

see that A1/2 commutes with Tc. Furthermore, since c0 = I2 and c−n = 02 for |n| ≥ 2, the
corresponding matrix-valued Carathéodory function is

F (z) =

[
1 z
z 1

]
.

Notice that A1/2 also commutes with F.
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5.4 Geronimus matrix transformation

We say that the matrix measure µGN is the normalized Geronimus matrix transformation
of a matrix measure µ if it satisfies

dµ(x) = RG [dµGN (x) (xI−B)]RG, (5.19)

where the Hermitian matrix

R2
G =

∫ 1

−1
dµ(x)(xI−B)−1

is the normalization factor, B ∈ Ml is an Hermitian matrix and x /∈ %(B). As in the
Christoffel case, we will require that Bµ = µB and xI − B > 0 in order for µGN to be
a positive definite (Hermitian) matrix measure. In a similar way, on the unit circle, a
matrix measure σGN is said to be the normalized Geronimus matrix transformation of σ
if it satisfies

dσ(z) = TG
[
(zI−A)HdσGN (z)(zI−A)

]
TG, (5.20)

where the Hermitian matrix

T 2
G =

∫ π

−π
(eiθI−A)−Hdσ(z)(eiθI−A)−1 ≥ 0

is the normalization factor, with A ∈ Ml, z ∈ T and z /∈ ρ(A). Notice that if σ is
semi-definite positive, then σGN is also semi-definite positive.

We will denote by (µgn)n≥0 and (cgn)n∈Z the sequences of matrix moments associated
with the matrix measures (5.19) and (5.20), respectively.

Proposition 5.4.1. Let SG and FG be the matrix-valued Stieltjes and Carathéodory func-
tions associated with the normalized Hermitian matrix measures µGN and σGN as defined
in (5.19) and (5.20), respectively. Then,

SG(x) =
[
R−1
G S(x)R−1

G + I
]

(Ix−B)−1. (5.21)

FG(z) = (I− zAH)−1
[
T−1
G zF (z)T−1

G + z2AH − 2izIm(cg−1A)−A
]

(zI−A)−1. (5.22)

Proof. From (5.19), we get for n ∈ N,

R−1
G µnR

−1
G = µgn+1 − µ

g
nB.

Proceeding as in the proof of Proposition 5.3.1, we get

R−1
G S(x)R−1

G = SG(x)(xI−B)− I,

which is (5.21). Similarly, from (5.20), we get for n ∈ Z

T−1
G c−nT

−1
G = cg−n −AHc

g
−(n−1) − c

g
−(n+1)A+AHcg−nA, (5.23)

and again proceeding as in the proof for the Christoffel transformation, we get

T−1
G F (z)T−1

G =
1

z

[
(I− zAH)FG(z)(zI−A) + (−z2AH + zcg−1A− zA

Hcg1 +A)
]
.
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Since σG is Hermitian, we have cg1 = (cg−1)H and thus AHcg1 − c
g
−1A = (cg−1A)H − cg−1A =

−2Im(cg−1A). As a consequence, we obtain (5.22).

Now, let us compute F3, the matrix-valued Carathéodory function associated with the
matrix measure dσ3 = Sz(dµGN ). From (1.97) and (5.21),

2z

1− z2
F3(z) = SG(x)

=

[
R−1
G

2z

1− z2
F (z)R−1

G + I

](
z + z−1

2
I−B

)−1

=

[
R−1
G

2z

1− z2
F (z)R−1

G + I

](
(z2 + 1)I− 2zB

2z

)−1

.

Therefore,

F3(z) =
[
R−1
G 2zF (z)R−1

G + (1− z2)I
] (

(z2 + 1)I− 2zB
)−1

. (5.24)

As in the Christoffel case, from (5.23) we can deduce the following auxiliary result.

Lemma 5.4.2. Let A ∈ Ml be a non-singular and Hermitian matrix. If A1/2 commutes
with TG, then A1/2 commutes with both FG and F.

Let us assume that A1/2 satisfies the conditions on the previous lemma. In this situa-
tion, FG becomes

FG(z) = (zA− I)−1
[
−T−1

G zF (z)T−1
G + (1− z2)A

]
(zI−A)−1.

Now, as in the preceding subsection, we proceed to the comparison between FG and F3,
to obtain

(zA− I)−1A(zI−A)−1 =
(
(z2 + 1)I− 2zB

)−1
,

i.e.
(zI−A)A−1(zA− I) = (z2 + 1)I− 2zB, (5.25)

and thus I + A2 = 2BA, so that A = B ±
√
B2 − I for B2 ≥ I. On the other hand, since

A1/2 commutes with TG and with F by the Lemma 5.4.2, we must have(
(z2 + 1)I− 2zB

) RG√
2

(F (z))−1RG√
2

= (zI−A)A−1(zA− I)
TG
i
A1/2(F (z))−1TG

i
A1/2.

and from (5.25) we deduce 1
iTGA

1/2 = 1√
2
RG. Thus, we have proved the following result,

which constitutes the Geronimus transformation’s version of Theorem 5.3.3.

Theorem 5.4.3. Let µ be a positive semi-definite, and normalized matrix measure sup-
ported on [−1, 1] and let σ be its associated matrix Szegő transformation, i.e. dσ = Sz(dµ).
Let A ∈Ml be a non-singular, Hermitian matrix such that A1/2 commutes TG. If

TG =
i√
2
RGA

−1/2, A = B ±
√
B2 − I for B2 ≥ I,

where B commutes with µ, then Sz(dµGN (x)) = dσGN (z).
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Notice that Example 5.3.5 and Example 5.3.4 also satisfy the hypotheses of Theorem
5.4.3. Furthermore, if we extend (1.18) for matrix values X ∈Ml, we have

S(X) =

∫ 1

−1
dµ(t)(X − tI)−1 =

∞∑
n=0

µnX
−(n+1), t /∈ %(X),

and, in this situation, R2
G = −S(B).
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CHAPTER 6

Conclusions and open problems

6.1 Conclusions

The results presented in this work have been focussed on the study of algebraic and analytic
properties associated with spectral transformations of matrix measures supported either
on the unit circle or on the real line. Next, we summarize the main contributions of
this document. We point out that many of the results given in this work for matrix
polynomials have their counterparts in the scalar case, and they were developed by using
procedures and tools that are analogous to the ones used in the scalar case, with the
added complications that result from the non-commutativity of the matrices. Despite the
fact that two orthogonal sequences can be considered in the matrix framework, in most of
the document we only show the results for one of the sequences, since the results can be
obtained in a similar way for the other.

1. In Chapter 2, we show that the perturbation of the matrix moments cj and c−j
of a positive definite matrix measure σ supported on the unit circle results in a
perturbation, defined by (2.24), of the moments µn associated with a positive definite
matrix measure µ supported on the interval [−1, 1], when both measures are related
through the Szegő matrix transformation. Moreover

Sz−1 (dσj(θ)) = dµ(x) + 2Tj(x)mj
dx

π
√

1− x2
= dµj(x),

where dσj and dµj are defined by (2.20) and (2.23) respectively and Tj(x) = cos(jθ)
is the j−th degree Chebyshev polynomial of the first kind on R. The results are
contained in [79], and the particular case l = 1 (scalar case) appears in [78].

2. In Chapter 3, we study the Uvarov and Christoffel matrix transformations of a
Hermitian matrix measure σ defined by (3.1) and (3.54) respectively, and show that
they have similar algebraic and analytic properties. Connection formulas between
the corresponding orthogonal sequences, as well as for their leading coefficients, are
obtained, and relative asymptotic properties were deduced. It is worth noticing
that, when σ belongs to the Nevai matrix class N , the relative asymptotic behavior
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of both transformations is the same. These results can be found in [82] (Uvarov
transformation) and [80] (Christoffel transformation).

3. In Chapter 4, Theorem 4.1.3 characterizes unitary block Hessenberg matrices asso-
ciated with MOPUC in terms of the derivative of the absolutely continuous part
of the associated matrix measure σ supported on the unit circle, that generalizes
a well known result for the scalar case. On the other hand, it is shown that, as
in the scalar case, the Hessenberg matrices associated with the Christoffel, Uvarov
and Geronimus matrix transformations are related to factorizations of the original
Hessenberg matrices. The corresponding contribution is [75].

4. Given two sequences of Verblunsky matrix coefficients (αn)n≥0, (α̃n)n≥0, where both
αn and α̃n are Hermitian matrices for n ∈ N, in Section 4.2 we show that the
associated block matrices Θ(αn) and Θ(α̃n) are unitarily similar i.e., there exist
unitary matrices Ξn ∈M2l such that

Θ(αn) = ΞnΘ(α̃n)ΞHn , n ≥ 0,

where Ξn is defined as in (4.40). Therefore, the corresponding CMV matrices are
also unitarily similar, since there exist unitary matrices W and V defined by (4.43),
such that C̃ = WCV. Moreover, the set A of CMV block matrices associated with
symmetric matrix measures defines an equivalence relation given by (4.42). This is
the problem considered in [76].

5. Under some conditions, in Chapter 5 we show that the Uvarov matrix transformation
of a matrix measure µ supported on the interval [−1, 1] coincides with the Uvarov
matrix transformation of a matrix measure supported on unit circle, when both pair
of measures (µ and σ, and their corresponding transformations) are related through
the Szegő matrix transformation. The same occurs for the Christoffel and Geronimus
matrix transformations. These results are contained in [81].

6.2 Open problems

In this section we formulate some open problems that have arisen during our research. We
intend to address these questions in future contributions.

1. In the scalar case it is well known that the zeros of the orthogonal polynomials with
respect to a measure supported on unit circle lie in D, and the Lucas-Gauss Theorem
(see [16]) guarantees that the zeros of the derivatives of the orthogonal polynomials
also lie in D. In the matrix case, the location of the zeros of the derivatives of matrix
orthogonal polynomials, to the best of our knowledge, constitutes an open problem.
This result would allow to study relative asymptotics properties of the sequences of
derivatives of MOPUC.

2. In this document, we consider the case when the orthogonality measure is Hermitian.
For more general measures, sequences of biorthogonal matrix polynomials appear.
It would be interesting to extend the results in this document to the more general
framework of biorthogonality.
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3. Given a Hermitian matrix measure σ supported on unit circle, it is possible to obtain
two sesquilinear forms of discrete Sobolev type defined by

〈p, q〉R,S = 〈p, q〉R,σ + p(Z)HAq(Z), p, q ∈ Pl[z], (6.1)

〈p, q〉L,S = 〈p, q〉L,σ + p(Z)Aq(Z)H , p, q ∈ Pl[z], (6.2)

where

p(Z) = (p(ζ1), . . . , p(l1)(ζ1), . . . , p(ζm), . . . , p(lm)(ζm)),

q(Z) = (q(ζ1), . . . , q(l1)(ζ1), . . . , q(ζm), . . . , q(lm)(ζm)),

with ζi ∈ C, i = 1, 2, . . . ,m, A ∈ MM is a positive definite block matrix, M =
l(m+l1 +l2 +· · ·+lm) and q(Z)H denotes the conjugate transpose of the vector q(Z).
These sesquilinear forms of Sobolev type are a natural extension to the matrix case
of the inner product defined in the scalar case in [74]. Notice that the sesquilinear
forms

〈p, q〉R,S = 〈p, q〉R,σ +
m∑
j=1

p(ζj)
HMjq(ζj), p, q ∈ Pl[z],

〈p, q〉L,S = 〈p, q〉L,σ +

m∑
j=1

p(ζj)Mjq(ζj)
H , p, q ∈ Pl[z],

considered in this document, where Mj ∈ Ml is a positive definite matrix for j =
1, . . . ,m, constitutes a particular case of (6.1) and (6.2) respectively, with l1 = · · · =
lm = 0. An interesting problem would be to analyze relative asymptotic properties
for the MOPUC associated with the sesquilinear forms (6.1) and (6.2).

4. In sharp contrast with the scalar case, there exist matrix polynomials which do not
have a unique factorization in terms of degree 1 factors, or it could happen that a
factorization does not even exist. For example, the matrix polynomial

W (z) = I2z
2 −

[
2 0
0 2

]
z

can be written as

W (z) =

(
I2z −

[
1 −1
−1 1

])(
I2z −

[
1 1
1 1

])
or W (z) =

(
I2z −

[
2 0
0 2

])
I2z

but the matrix polynomial

W (z) = I2z
2 −

[
0 0
1 0

]
can not be factorized with degree 1 matrix polynomials. In this work, we studied
the Christoffel matrix transformation with W (z) =

∏m
j=1(zI − Aj) with Aj ∈ Ml.

It would be an interesting problem to analyze the case when W (z) is an arbitrary
matrix polynomial. For MOPRL, a Christoffel matrix transformation has been
studied in [2, 3] with W (z) an arbitrary matrix polynomial.
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Conclusions, open problems and future works

5. In Chapter 4, the relation between the CMV matrices associated with two Ver-
blunsky matrix sequences (αn)n≥0, (α̃n)n≥0 is studied, with αn and α̃n Hermitian
matrices for all n ≥ 0. The more general situation of non Hermitian matrices is an
open problem. In the scalar case, this has been considered in [139].

6. Since that the determinant is a non-linear operator on the matrix space Ml, it is
not easy to study properties of the zeros associated with matrix orthogonal poly-
nomials associated with Christoffel and Geronimus matrix transformations. It is an
interesting problem to develop alternate techniques to study those zeros.

7. Algebraic and analytic properties for the Geronimus matrix transformation of
MOPUC are, to the best of our knowledge, still not studied. On the real line,
this transformation has been studied in [84, 85].

8. In Section 5.3, we assume that the matrix measure µ and the matrix B commute.
In this case, it can be shown that µ is unitarily equivalent to a matrix measure
consisting in two blocks (see [117]). It is an interesting open problem to deduce
what kind of transformation is obtained in each block.

9. An interesting open problem is to give a consistent definition of linear spectral matrix
transformation and find a system of generators for that set. For instance, in the scalar
case, given a measure µ supported on the real line, the spectral transformations

1. dµ̃c = (x− ξ)dµ, ξ /∈ supp(µ),

2. dµ̃u = dµ+mrδ(x− ξ), ξ /∈ supp(µ), mr ∈ C,
3. dµ̃g = dµ

x−ξ +mrδ(x− ξ), ξ /∈ supp(µ), mr ∈ C,

are called Christoffel, Uvarov, and Geronimus transformations, respectively. In ge-
neral, a linear spectral transformation of a Stieltjes function is another Stieltjes
function S̃(x) that has the form

S̃(x) =
A(x)S(x) +B(x)

D(x)
,

where A,B and D are polynomials in x. The three transformations defined above are
important due to the fact that any linear spectral transformation of a given Stieltjes
function (i.e. for any polynomials A,B and D) can be obtained as a combination
of Christoffel and Geronimus transformations (see [179]). A similar result holds for
linear spectral transformations of Carathéodory functions, which are defined in a
similar way (see [34]).
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[16] P. Borwein and T. Erdélyi, Polynomials and polynomial inequalities, Springer-Verlag,
New York, 1995.

[17] A. Branquinho, L. Golinskii, and F. Marcellán, Orthogonal polynomials and rational
modifications of Lebesgue measure on the unit circle. An inverse problem, Complex
Variables Theory Appl. 38 (1999), no. 2, 137–154.

[18] A. Branquinho, F. Marcellán, and A. Mendes, Relative asymptotics for orthogonal
matrix polynomials, Linear Algebra Appl. 437 (2012), no. 7, 1458–1481.

[19] R. Bronson and G. Costa, Linear algebra an introduction, Academic Press is an
imprint of Elsevier, San Diego, California, 2007.

[20] M.I. Bueno and F. Marcellán, Polynomial perturbations of bilinear functionals and
Hessenberg matrices, Linear Algebra Appl. 414 (2006), no. 1, 64–83.

[21] A. Bultheel, M.J. Cantero, and R. Cruz-Barroso, Matrix methods for quadrature
formulas on the unit circle. A survey, J. Comput. Appl. Math. 284 (2015), 78–100.

[22] Zh. Bustamante and G. Lopes Lagomasino, Hermite-Padé approximations for Ni-
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[35] M. Castro and F.A. Grünbaum, Orthogonal matrix polynomials satisfying first order
differential equations: a collection of instructive examples, J. Nonlinear Math. Phys.
12 (2005), no. 2, 63–76.

[36] , The algebra of matrix valued differential operators associated to a given
family of matrix valued orthogonal polynomials: five instructive examples, Int. Math.
Res. Not. 2219221 (2006), Art. ID 47602, 33.
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