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probability that a minority class heartbeat might be clustered wrongly. Furthermore,
in most cases, the sum of processing times over all segments turns to be considerably
shorter than the time of analysis of whole recording data for one iteration. Therefore,
the introduced framing approach significantly reduces the computational cost.

Selection of proper number of clustering segments is constrained by following re-
strictions: twice of number of features must exceed the amount of heartbeats per
segment, and the minimum of computational cost should be reached.

Defining the unit time (7U) as the time necessary to process the whole record in
one iteration (Ng = 1) using only the initial vector of features, resultant performance
can be expressed as multiples or fractions of TU. Fig. 9.37 shows some error bars where
it is noted that computational cost improve as N, increase. This test was carried out
using all the relevance analysis methods and the initial data set, however, in Figure 9.37
are shown the most relevant results making a comparison between Q-a and reference
methods, i.e, by analyzing all variables, the relevant ones and PCA. When N, = 1,
WPCA and PCA methods spend more time to carry out the process regarding the
reference methods, but when N, increases, the processing time decreases. It can also
see that error bar calculated as 1 — Se/100, decreases as N increases.

In Figure 9.37 can be seen that after some number of segments, the computational
cost increases again. This is because the initialization and feature selection routines

that are performed for each segment, increase processing time.

features

—— relevance with o
pca

wpca

Number of segments (Ns)

Figure 9.37: Comparison between proposed method and the reference methods using error
bars, which measure processing time and performance

Table 9.8 depicts the total system performance using the non—supervised indices,
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Table 9.8: Clustering performance using non—supervised indices (f1/f2, €g), number of
resultant groups (kepnq), number of relevant features (¢) and processing time [s].

fi/fz €B kend q Time [s]
p—o’
095-0.08 08 -0.12 9-243 6-0.86 37.20-7.65
0.94-0.10 0.82-0.14 11-267 10-1.78 38.52-7.52
0.94-0.10 083-0.14 11-266 9-1.77 37.47-7.66

0.95-0.08 0.84-012 9-244 6-1.16 36.20-7.54

Q™D R

as discussed in Section 7.6, but parameters for computational cost and the number of
resulting groups are displayed, as well. The first column regards to the index f;/fs,
the second one to epg, the third one corresponds to the resulting clusters (ke,q) after
processing all segments of each recording, the fourth one is the number of selected
features before projecting the data, and the last one is the time fixed from filtering to
clustering stages. The rows show the considered methods of weighting of variables.

Evaluation of the quality of partition is provided by the index f;/fs that have been
introduced in [153], where a maximum index value of f/f, = 0.98 was achieved over
only 14 recordings of the entire MIT /BIH database. In this work, the maximum index
attained is close to (~ 0.96), but over the whole recording set if providing framed
division analysis, thus, pointing out to better generalization ability. If increasing the
number of groups k, then index f;/fs tends to 1. Nonetheless, a very high number of
k leads to more difficult evaluation of resulting groups by the specialist. Specifically,
in [8], the total number of groups representing the entire MIT /BIH database is assumed
to be 25, while in [10], when considering only some recordings from MIT/BIH database,
the average number of groups diminishes to 15. In this work, for the entire MIT /BIH
database the value k ranges within 9 < k < 11, still showing better performance.

As discussed above, the non—supervised measure eg penalizes the number of groups
after the final partition. In fact, if the clustering procedure is carried out for a value
less than or equal to the proper value of k, then e tends to 1. Otherwise, this
value becomes far from 1, as the amount of k is increased, due to the upper bound
monotonicity theorem [150]. In concrete case, a value of k less than 6 can be taken as an
admisible number of groups because 5 classes are considered in the present arrhythmia
analysis.

Table 9.8 shows that the achieved values for eg are ranging within interval 0.82 <
en < 0.86, which can be considered as a realistic outcome to quantify the resultant

partition. Still, this measure does not reach the value 1, as if grouping were absolutely
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Table 9.9: Clustering results by using supervised measures for all groups of arrhythmias
N S v F 0
p—o’ p—o’ p—o’ p—o’ p—o’
«
Se 99.25— 2.48 91.11-15.66 96.11— 8.24 70.73—32.05 91.9 —17.83
Sp 95.77— 9.12 99.36— 2.19 99.87— 0.24 99.59— 0.77 99.79— 0.47
cP 99.16— 2.5 96.18— 6.15 98.29— 3.37 93.29—-10.62 99.91— 0.21
a
Se 99.06— 3.5 90.52—16.54 96.31— 7.03 50.59—-35.33 87.88—26.77
Sp 95.32— 9.49 99.49— 1.62 99.84— 0.31 99.51— 0.99 99.6 — 0.73
cP 99.25— 2.01 96.24— 6.67 98.13— 3.86 81.64—32.51 99.96— 0.06
D
Se 99.27— 2.55 91.26—15.26 91.5 —21.52 50.57—34.63 79.91-44.67
Sp 92.19-19.06 99.5 — 1.51 99.86— 0.26 99.6 — 0.76 99.85— 0.34
CcP 99.14— 2.46 95.68— 7.47 93.71-20.77 81.05—33.04 79.93—44.68
p
Se 99.24— 2.79 90.08—18.57 91.62—21.61 42.44—-39.57 87.86—26.75
Sp 92.17-19.37 99.58— 1.22 99.85— 0.28 99.53— 0.92 99.79— 0.47
CP 99.12— 2.58 96.16— 6.07 93.77—20.79 68.87—41.56 99.91— 0.21

correct, because of the effect of penalization regarding the number of groups and also
the sensitivity to the affinity matrix. Besides, the average number is shown for the
relevant features ¢ before the WPCA projection (see Section 6) that most contribute
to the clustering process. As seen, the range of values of ¢ is 6 < ¢ < 10, showing
admisible values with respect to the total number of features. Additionally, the average
computing time needed to process the whole recording is 37 s, being a reasonable time

for each considered recording.

Lastly, Table 9.9 shows the arithmetic mean (u) and variance (0?) of supervised
measures, discussed in Section 7.6, over the entire database for each group of arrhyth-
mias, using the proposed weighting methods (see Algorithm 2). In [10], the clustering
performance is evaluated only considering three arrhythmia groups, namely, N, S and
V' (table 2.2). Nonetheless, the performance measures are calculated by couples of ar-
rhythmias and, as consequence, the value of measures tends to increase. The reported
results are Seg = 93.3% and Sps = 99.5%, which can be compared with the second
column of Table 9.9, where the maximum values are Seg = 91.3% and Spg = 99.5%.
Although sensitivity is minor than the reported in [10], it should be noted that among
results of this work, all recordings from the database with S-type arrhythmias (the class
of interest) and the remaining groups as another class are analyzed. Thus, the proposed

method provides more robustness when considering other types of arrhythmias.

For some considered arrhythmia groups, the performance results in table 9.9 became
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remarkable, e.g. Seyxy = 99.25%, Sey = 96.5%. In other cases, e.g. F group, the
performance values decreases, Ser = 70.7%, due to the low number of representative
heartbeats of some classes. Yet, one can infer that the best performance is provided

when the data are weighted by using o.

9.4 (General Methodology Results

In Tables 9.10 and 9.11, are shown the obtained results. Figures 9.38 and 9.39 corre-

spond to a graphic form for the same results.
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Figure 9.38: Performance results of NPDBC with Q — «
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Figure 9.39: Performance results of NPDBC with MSE-based feature selection

As can be seen, segment analysis improves the clustering performance, in compar-

ison with traditional analysis (i. e., analyzing whole data set in one segment), mainly
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Table 9.10: Results for full segment methodology using NPDBC as clustering method and
() — « as feature selection procedure

Rec. N S v F Q Time (s) f1 f2 f1/f2 P Kend cur
100 Beats 2237 33 1 0 0
Se 100 100 100 39.64 -1634.54 -1634.54 1 6 12 0.93
Sp 100 100 100
101 Beats 1858 3 0 0 2
Se 100 100 100 32.11 -1265.34 -1265.34 1 5 12 0.91
Sp 100 100 100
103 Beats 2080 2 0 0 0
Se 100 100 35.9 -1407.01 -1407.01 1 5 7 0.93
Sp 100 100
106 Beats 1506 0 520 0 0
Se 99.67 99.81 34.75 -962.07 -967.27 0.99 5 8 0.93
Sp 99.81 99.67
107 Beats 0 0 59 0 2076
Se 100 100 36.97 -967.79 -967.79 1 5 8 0.91
Sp 100 100
111 Beats 2121 0 1 0 0
Se 100 100 36.62 -1474.27 -1474.27 1 4 4 0.95
Sp 100 100
112 Beats 2535 2 0 0 0
Se 100 100 44.25 -1793.16 -1793.16 1 5 7 0.91
Sp 100 100
113 Beats 1787 6 0 0 0
Se 100 100 30.68 -1211.32 -1211.32 1 5 11 0.91
Sp 100 100
118 Beats 2164 96 16 0 0
Se 99.95 96.84 64.29 39.28 -1727.78 -1922.98 0.89 5 6 0.71
Sp 98.17 99.72 99.96
119 Beats 1541 0 444 0 0
Se 100 100 34.78 -754.8 -754.8 1 6 5 0.93
Sp 100 100
121 Beats 1859 1 1 0 0
Se 100 100 100 31.37 -1284.33 -1284.33 1 5 10 0.92
Sp 100 100 100
123 Beats 1513 0 3 0 0
Se 100 100 25.68 -979.14 -979.14 1 5 12 0.94
Sp 100 100
124 Beats 1534 31 47 5 0
Se 99.93 80 89.36 75 27.76 -1213.84 -1445.01 0.84 6 8 0.71
Sp 85.19 99.94 100 100
201 Beats 1633 128 198 2 0
Se 99.51 88 96.97 100 33.85 -1474.16 -1638.04 0.9 7 8 0.8
Sp 94.44 99.4 100 100
207 Beats 1542 106 210 0 0
Se 99.81 100 99.52 21.7 -1777.18 -1777.18 0.99 6 12 0.9
Sp 99.68 100 99.82
210 Beats 2421 22 195 10 0
Se 99.83 47.62 92.78 80 46.78 -1666.93 -1742.51 0.79 6 9 0.62
Sp 93.78 99.92 99.51 99.89
213 Beats 2639 28 220 362 0
Se 99.54 96.3 81.82 57.73 57.95 -1916.98 -2081.31 0.92 7 13 0.79
Sp 78.49 99.97 99.21 98.27
214 Beats 2000 0 256 1 2
Se 100 99.22 100 100 39.39 -1215.36 -1215.36 0.99 6 10 0.9
Sp 99.22 100 100 100
217 Beats 244 0 162 260 1540
Se 89.34 94.9 84.23 99.48 39.41 -1340.65 -1341.88 0.94 7 10 0.84
Sp 98.31 99.61 98.19 98.94
220 Beats 1951 94 0 0 0
Se 100 97.83 35.66 -1331.81 -1331.81 0.99 5 8 0.88
Sp 97.83 100
221 Beats 2029 0 396 0 0
Se 99.85 99.49 42.69 -1534.08 -1534.08 0.99 6 9 0.87
Sp 99.49 99.85
222 Beats 2272 209 0 0 0
Se 98.72 53.92 44.56 -1961.96 -2746.74 0.71 7 5 0.52
Sp 53.92 98.72
230 Beats 2253 0 1 0 0
Se 100 100 41.2 -1658.06 -1658.06 1 6 8 0.93
Sp 100 100
231 Beats 1566 1 2 0 0
Se 100 100 100 34.25 -1399.04 -1399.04 1 6 9 0.9
Sp 100 100 100
232 Beats 397 1381 0 0 0
Se 90.43 100 31.17 -1575.12 -1.7698 0.9 7 7 0.66
Sp 100 90.43
234 Beats 2698 50 3 0 0
Se 100 90 100 48.71 -1873.5 -1943.55 0.93 7 6 0.69
Sp 90.57 100 100
> n(Se) 99.06 901.21 957  82.83  99.87 w() Mo) 2 T 20 T 20)
n(Sp) 95.56 99.3 99.88 99.39 99.74 37.2 0.95 6 9 0.84
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Table 9.11: Results for full segment methodology using NPDBC as clustering method and
WPCA-MSE approach as feature selection procedure

Rec. N S v F Q Time (s) f1 f2 f1/f2 P Kend cur
100 Beats 2237 33 1 0 0
Se 94 94 94 39.53 -1791.07 -1791.07 1 10 15 0.9
Sp 94 94 94
101 Beats 1858 3 0 0 2
Se 94.3 94.3 94.3 32.4 -1268.76 -1268.76 1 9 14 0.89
Sp 94.3 94.3 94.30
103 Beats 2080 2 0 0 0
Se 100 100 36.3 -1443.28 -1443.28 1 10 9 0.9
Sp 100 100
106 Beats 1506 0 520 0 0
Se 99.73 100 35.14 -951.91 -9547.05 0.99 10 9 0.87
Sp 100 99.73
107 Beats 0 0 59 0 2076
Se 100 100 37.6 -1046.24 -1046.24 1 9 10 0.9
Sp 100 100
111 Beats 2121 0 1 0 0
Se 100 100 36.81 -1474.3 -1474.3 1 8 9 0.9
Sp 100 100
112 Beats 2535 2 0 0 0
Se 100 100 44.65 -1793.13 -1793.13 1 8 10 0.92
Sp 100 100
113 Beats 1787 6 0 0 0
Se 100 100 30.82 -1211.39 -1211.39 1 9 10 0.91
Sp 100 100
118 Beats 2164 96 16 0 0
Se 99.91 97.89 64.29 39.92 -1709.49 -1997.6 0.86 10 14 0.69
Sp 98.17 99.72 99.96
119 Beats 1541 0 444 0 0
Se 100 100 34.88 -783.16 -783.16 1 9 9 0.89
Sp 100 100
121 Beats 1859 1 1 0 0
Se 93.6 93.6 93.6 31.5 -1280.23 -1280.23 1 10 16 0.88
Sp 93.6 93.6 93.6
123 Beats 1513 0 3 0 0
Se 100 100 25.68 -1014.66 -1014.66 1 8 9 0.92
Sp 100 100
124 Beats 1534 31 47 5 0
Se 99.93 80 89.36 75 28.16 -1213.01 -1461.5 0.83 9 11 0.66
Sp 85.19 99.94 100 100
201 Beats 1633 128 198 2 0
Se 99.51 80.83 94.44 0 33.88 -1471.78 -1839.72 0.8 10 11 0.63
Sp 89.69 99.4 100 100
207 Beats 1542 106 210 0 0
Se 94 94 94 21.85 -196.2 -196.2 1 10 15 0.9
Sp 94 94 99
210 Beats 2421 22 195 10 0
Se 99.75 33.33 91.24 44.44 46.83 -1773.79 -2073.34 0.85 8 16 0.58
Sp 91.07 99.96 99.27 99.89
213 Beats 2639 28 220 362 0
Se 99.47 100 82.27 57.43 57.81 -1885.29 -2049.23 0.92 9 12 0.83
Sp 79.83 99.97 99.07 98.23
214 Beats 2000 0 256 1 2
Se 93.5 93.5 93.5 93.5 39.32 -1396.67 -1396.67 1 10 16 0.9
Sp 93.5 93.5 93.5 93.5
217 Beats 244 0 162 260 1540
Se 84.84 91.98 87.69 99.28 39.29 -1372.59 -1373.85 0.99 9 12 0.9
Sp 98.32 99.66 97.63 98.95
220 Beats 1951 94 0 0 0
Se 99.9 96.81 36.17 -1327.62 -1327.62 0.99 10 9 0.9
Sp 96.81 99.9
221 Beats 2029 0 396 0 0
Se 100 99.49 43.42 -1534.98 -1534.98 0.99 10 9 0.91
Sp 99.49 100
222 Beats 2272 209 0 0 0
Se 98.72 50.75 44.84 -1956.25 -2934.38 0.67 9 7 0.49
Sp 50.75 98.72
230 Beats 2253 0 1 0 0
Se 100 0 42.35 -1745.38 -2618.07 0.67 9 10 0.5
Sp 0 100
231 Beats 1566 1 2 0 0
Se 95 95 95 34.82 -1402.27 -1402.27 1 9 13 0.92
Sp 95 95 95
232 Beats 397 1381 0 0 0
Se 94.71 100 31.25 -674.52 -691.669 0.98 8 10 0.91
Sp 100 94.71
234 Beats 2698 50 3 0 0
Se 100 90 100 49 -1999.52 -1999.52 1 1 12 0.93
Sp 90.57 100 100
> n(Se) 97.64 88.27 8850 59.68  96.77 w() Mo) 2O 1 2 T e
n(Sp) 89.77 97.84 98.57 98.21 96.68 37.4 0.94 9 11 0.83
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because reduces the probability of wrongly grouping. Indeed, if estimating the num-
ber of groups k£ by considering whole data set, it would exist k groups that could not
enough to separate the classes into data set. In other hand, by estimating the number
of groups per each segment general procedure is less sensitive to minority classes.
Regarding feature selection stage, it can be noted that two used methods shows
similar results, without taking into account penalization factor for number of groups.
However, algorithm () — « is preferable because generates a less number of relevant fea-
tures and then computational cost can be decreased. Also, it is noted that estimation
of the number of groups and measure €,, becomes better values when employing resul-
tant parameters from () — o method. Affinity matrix resultant from algorithm @) — «
is obtained before an iterative refining, that is to say, taking into account intrinsically
information about data. For this reason, it could operate with better performance than

other affinity matrices.

Non-supervised measure €,, proved to be a good index to quantify the quality of
resultant grouping because taking into consideration the number of groups and achieves
a value near to 1 when grouping is correct, but is sensitive to affinity matrix.

In Table 9.11, recording 100 is one of recordings that the fact of penalization factor
is observed. Note that f;/f, = 1, then, it should be expected values of Sp and Se
closely near to 100%, but this does not occur because the resultant number of groups

is bigger than admisible and therefore measures is penalized.

Finally, in Figures 9.40 and 9.41, an example of clustered heartbeats, is presented
by using the recording 217 as test that in accordance with the Table 9.4, contains
heartbeats of type: N, V, f and P (in the Figures, the symbol P is represented as /,
which corresponds to the original tag for paced beats in the MIT/BIH database).

Figures show the QRS complexes associated to each cluster and in addition it is
shown both the heartbeat class and the number of heartbeats per each cluster.

Table 9.12 depicts the confusion matrix of the clustering procedure and Table 9.13
depicts the clustering performance. Although, the sensitivity is less than 90% to classes
V and P, all heartbeat types are identified with the proposed methodology. The low
value of sensitivity is associated with the low number of heartbeats in the recording

regarding majority classes (for this case, types N and f).
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Figure 9.40: General methodology applied over recording 217.
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Figure 9.41: General methodology applied over recording 217.
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Table 9.12: Confusion matrix of the clustered heartbeats

N \Y% f P(/)
N 232 2 0 29
\Y 0 134 0 12

f |0 2 1537 5
P(/)| 12 24 2 214

Table 9.13: clustering performance (sensitivity and specificity) of the recording 217

Measure N Vv f P(/)
Se 95.0820 82.7160 99.8700 82.3077
Sp 98.4192 99.4126 98.9489 98.0463
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Chapter 10

Conclusions and Future Work

10.1 Conclusions

The proposed methodology for unsupervised Holter monitoring of cardiac arrhythmias
that is based on variable-wise relevance analysis and CBC-based clustering leads to an
improvement in determining those heartbeat types recommended by AAMI. Because of
strong asymmetry among class observations, to provide convenient separability among
certain types of cardiac arrhythmias, the heartbeat—derived features are properly se-
lected by their weighted projection, allowing the assessment of the relative importance
of each feature immersed in the original data representation. In addition, due to re-
strictions for reducing computational load, the proposed methodology is carried out
by successive division analysis throughout time, where each recording is separately
processed, thus significantly reducing the processing time.

It must be noted that the relevance analysis provides enough generalization capabil-
ity, mainly because most informative features are weighted and projected. In general,
in this study, the M-inner product-based approach performs better than MSE-based
approach, and although its iterative nature leads to high computational cost, the seg-
ment analysis compensates for this effect, permitting its implementation in real time
applications. Moreover assumed grouping that includes initial parameter estimation,
i.e. the estimation of number of groups and center initialization, which is based on
spectral techniques and soft partitional clustering, generates a proper final partition.

In summary, the proposed methodology provides an useful tool for analyzing cardiac
arrhythmias with suitable quality since it is based on non-supervised training, that

is, there is no need for labelling recordings that are generally not feasible for Holter
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monitoring. In addition, testing the developed methodology by using introduced cluster
validity measures shows a comparable performance in comparison to other referenced

studies, based on either supervised or unsupervised training on the MIT/BIH database.

10.2 Future work

As future work, several aspects of this methodology can be studied in order to improve

and expand the capabilities proposed in this study.

In the filtering stage, the possibility of filtering both interferences and low /high fre-
quency noise with multiresolution denoising can be explored, by studying the proper
selection of wavelet mother, level of decomposition, level of noise, thresholding types,

among others.

Although a good performance was obtained in the R-peak detection, the segmen-
tation of ECG waves was not performed, mainly due to the fact that arrhythmia
morphologies concentrate the information in the QRS complex, however in order to
detect other pathologies that present changes in P or T waves of ECG signals, it is

necessary to develop a segmentation methodology.

Regarding relevance procedures, there is the possibility of studying the behavior
of “non relevant” features if the “relevant” are suppressed in the feature set. This
is intended to analyze features that can contain hidden and relevant information to

detect some type of biosignal pathology.

In the clustering stage, additional spectral clustering stages should be explored
with the possibility of unifying the stages of feature selection and clustering, in order
to further improve the accuracy and the computational load for the Holter monitoring

system.



Chapter 11

Contributions of this Thesis

It is important to highlight the main contributions of this work, which are:

— In the R-peak detection stage, the Shannon energy envelope, is proposed as
nonlinear transformation, with the aim of improving the detection of peaks with

low amplitude, obtaining better results in the sensitivity measure.

— The formalization and application of the MSE-based relevance measure for the
one-dimensional case in biosignal analysis, in order to select relevant features for

detecting cardiac arrhythmias.

— The ability to select a subset of relevant features and its projection into a new
space in order to cluster the data set in a proper final partition by means of the
Me-inner product-based method. This method is non-supervised and does not

require the setup of parameters that fit in new models of ECG signals.

— There is a connection between the relevance analysis with Q-« algorithm and the
clustering stage, if the objective function is evaluated after the convergence of
the non supervised feature selection algorithm, estimating directly the number
of groups in segments associated with the analyzed recording and reducing the

total processing time.

— The non-supervised clustering scheme, that incorporates estimation of the num-
ber of groups, initialization criteria and partitional soft-grouping stages, is im-
proved by including an additional stage that corresponds to the segment analysis

based on the study of dissimilarity measures between two contiguous segments.
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— The inclusion of a soft membership function in the grouping stage, improves the
final partition after a proper center initialization, converging into a better-sited

local optimal of the clustering objective function.

— The inclusion of non-supervised indices to assess the final partition quality based

on spectral information of transformed data.

— The proposed methodology is non-supervised in all stages and fulfil with the
AAMI standards in arrhythmia analysis. The procedure has the advantage of
not requiring parameter fitting. Finally, with the segment analysis, it is possible

to implement the methodology in real time applications.
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Appendix A

Academic Discussion

During the course of this work, the results of the thesis were presented in both national
and international conferences as well as in both national and international journals.

Also, a Master Thesis and a project were developed as result of this research process.

A.1 Papers in International Conference Proceed-
ings

1. Segment Clustering For Holter Recording Analysis, JL. Rodriguez-Sotelo, D.
Peluffo-Ordonez, D. Cuesta-Frau, G. Castellanos-Dominguez, accepted for pre-
sentation at the Computers in Cardiology (CINC) 2010, Belfast, Ireland.

2. Weighted-PCA for Unsupervised Analysis of Cardiac Arrhythmias, JL. Rodriguez-
Sotelo, D. Peluffo-Ordonez, D. Cuesta-Frau, G. Castellanos-Dominguez, ac-
cepted for presentation at the 32nd Annual International Conference of the IEEE
Engineering in Medicine and Biology Society (EMBC’10)), Buenos Aires, Ar-
gentina, September 2010.

3. Nonparametric Density-Based Clustering for Cardiac Arrhythmia Analysis, JL.
Rodriguez-Sotelo, D. Peluffo-Ordonez, D. Cuesta-Frau, G. Castellanos-Dominguez.
Computers in Cardiology (CINC) 2009. Park-City Utah, USA.

4. Unsupervised feature selection in cardiac arrhythmias analysis. JL. Rodriguez-
Sotelo, D. Cuesta-Frau, D. Peluffo-Ordonez, G. Castellanos-Dominguez. Engi-
neering in Medicine and Biology Conference. EMBC, 2009. Minneapolis, USA.
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10.

11.

Clasificacion de arritmias en registros Holter empleando analisis no supervisado
de tipo particional y espectral. D. Peluffo-Ordonez, JL. Rodriguez-Sotelo,
G. Castellanos-Dominguez. V Seminario Internacional de Ingenieria Biomédica
(SIB). Universidad de los Andes, Bogot4, 2009.

. Atrial premature beats detection using heart rate variability analysis and Fuzzy

C-means clustering. JL. Rodriguez-Sotelo, D. Cuesta-Frau, D. Peluffo-Ordonez,
G. Castellanos-Dominguez. 30th IEEE Annual International Conference (EMBC’08),
Canada, August 2008.

Agrupamiento no supervisado de latidos ECG usando caracteristicas W'T, Dy-
namic Time Warping y k-means modificado. J.L Rodriguez, D. Cuesta, G.
Castellanos. Memorias del IV Congreso Latinoamericano de Medicina Biomédica,

Isla Margarita, Venezuela, Septiembre 2007.

. An improved method for unsupervised analysis of ecg beats based on WT features

and J-means. J.L. Rodriguez, D. Cuesta, G. Castellanos. Memorias del con-
greso Computers In Cardiology 2007, ISSN: 0276-6547, ISBN: 978-1-4244-2533-4,
Digital Object Identifier: 10.1109/CIC.2007.4745552, Durham, North Carolina,
30 Sep - 3 Oct. 2007.

Recognition of Caridiac Arrhythmias by Means of Beat Clustering on ECG-Holter
Records. E. Delgado, J.L. Rodriguez, F. Jiménez, D. Cuesta, G. Castellanos.
Memorias del congreso Computers In Cardiology 2007, ISSN: 0276-6547, ISBN:
978-1-4244-2533-4, INSPEC Accession Number: 10454600, Digital Object Iden-
tifier: 10.1109/CIC.2007.4745446, Durham, North Carolina, 30 Sep. - 3 Oct.
2007.

Estimacion de tasa de compresion para transmision de Fonocardiogramas. J.L.
Rodriguez, J.C. Garcia, Memorias del congreso de la sociedad espanola de in-
genierfa Biomédi-ca (CASEIB ), Noviembre, 2007.

Remocion de interferencia AC en ECG, usando Denoising y la medida Weighted
Diagnostic Distortion (WDD). L.E. Avendano, JL. Rodriguez, G. Castellanos.
Memorias del congreso anual, CASEIB. Espana, Noviembre 2006.
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A.2 Articles in both International and National Jour-

nals

1. Analysis of relevance for unsupervised holter monitoring of cardiac arrhythmias,
JL Rodriguez-Sotelo, D Peluffo-Ordonez, D Cuesta-Frau, G Castellanos-Dominguez.
Physiological Measurement IOP, (in revision), 2010.
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index and wave morphology features. J.L. Rodriguez-Sotelo, D. Cuesta-Frau,
G. Castellanos-Dominguez. Medical & Biological Engineering & Computing.
ISSN: 0140-0118, Volume 47, Number 7, p.p. 731-741 / julio de 2009

3. Estudio comparativo de métodos de seleccion de caracateristicas de inferencia
supervisada y no supervisada Revista Tecno Légicas. D. Peluffo-Ordonez, JL.
Rodriguez-Sotelo, G. Castellanos-Dominguez, ISSN: 0123-7799, 2009.

4. Remocion y evaluacién de la interferencia AC en ECG, usando Denoising y la
medida Weighted Diagnostic Distortion (WDD). L.E. Avendano, G. Castellanos-
Dominguez, JL. Rodriguez-Sotelo. Revista Nacional Indexada, Scientia et
Technica, Ano XII, No. 31, Agosto 2006 UTP. ISSN 0122-1701.

A.3 Master Thesis and Project

e Estudio comparativo de métodos de agrupamiento no supervisado de latidos en
senales ECG. Diego Herndn Peluffo-Ordoriez. Advisor: German Castellanos-
Dominguez. Master Thesis in Industrial Automation. Universidad Nacional de
Colombia, sede Manizales, 2010.

e Analisis de biosenales en la identificacion de arritmias mediante técnicas no su-
pervisadas. Convocatoria Nacional de Investigacién 2009. Apoyo a Tesis de
Posgrado. Cod. 10242. Main Researcher: G. Castellanos. 2009-2010.






Appendix B
Sparsity and Positivity of o

Before technical issues, it is worthwhile to make qualitative arguments (which are the
basis of developing this approach to begin with) as to the underlying reason for sparsity.

Consider rewriting the optimization criterion (6.16) by an equivalent criterion:
win {140~ QQ Al | Aali2}. (B.1)

where || - ||% is the square Frobenius norm of a matrix defined as the sum of squares
of all entries of the matrix. The first term of (B.1) measures the distance between
the columns of A, and the projection of those columns onto a g-dimensional subspace
(note that QQT is a projection matrix). This term receives a low value if indeed A,
has a small ¢ number of dominant eigenvectors, i.e., the spectral properties of the
feature subset represented by A, are indicative to a good clustering score.

Since M = X7 and A, can be expressed as A, = > % a;m;m; is represented

i
by the sum of rank-1 matrices, only a small number of them can be combined if the
first term is desired to be small. The second term (which may be viewed also as a
regularization term) encourages addition of more rank-1 matrices to the sum provided
they are redundant, i.e., are already spanned by the previously selected rank-1 matrices.
This makes the point that the feature selection scheme looks for relevant features but
not necessarily the minimal set of relevant features. To summarize, from a qualitative
point of view the selection of values for the weights «; is directly related to the rank
of the affinity matrix A, which should be small if indeed A, arises from a clustered
configuration of data points. A uniform spread of values «; would result in a high
rank for A, thus the criteria function encourages a non-uniform (i.e., sparse) spread

of weight values.
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The argument presented above is in order to facilitate clarity of the approach and
should not be taken as a proof for sparsity. The positivity and sparsity issues are
approached in the sequel from a different angle which provides a more analytic handle

to the underlying search process than the qualitative argument above.

B.1 Positivity of «

The key for the emergence of a sparse and positive a has to do with the way the entries
of the matrix G are defined. Recall that g;; = (m]m;)m]QQ"m; and that o comes
out as the leading eigenvector of G (at each iteration). If G were to be non-negative
(and irreducible), then from the Perron-Frobenius theorem the leading eigenvector is
guaranteed to be non-negative (or same-sign). However, this is not the case and G
in general has negative entries as well as positive ones. However, from a probabilistic
point of view the probability that the leading eigenvector of G will come out positive
rapidly approaches 1 with the growth of the number of features — this under a couple
of simplifying assumptions.

The simplifying assumptions are made in order to derive a probabilistic argument,
is first that the entries of the upper triangular part of G are independent. The second
simplifying approximation is that the columns of @ are sampled uniformly over the
unit hypersphere. Although the independence and uniformity assumptions are indeed
an idealization of the true nature of G and @, they nevertheless allow us to derive
a powerful probabilistic argument which shows in a rigorous manner that the weights
«; are non-negative with probability 1. A statement which agrees with practice over
extensive experimentations which have been performed.

The probabilistic approach follows from the observation that each entry of G' con-

sists of a sum of products of three inner-products:

q

g9 = Y_ (m{q)(m]q)(m]m;). (B.2)

In general, a product of the form f = (a'b)(a'c)(b"c), where |la|| = ||b|| = ||c|]| = 1
satisfies —1/8 < f <1 where f =1 when a = b = ¢. Since f > —1/8 (will be proven
below) there is an asymmetry on the expected value of f, i.e., the expected values of
the entries of G are biased towards a positive value and should expect a bias towards

a positive leading eigenvector of G. Below, the derivation of the expectation on the
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entries of G (assuming independence and uniformity) is described, and it is proved the
main theorem showing that a random matrix whose entries are sampled i.i.d. form
some distribution with positive mean and bounded variance has a positive leading

eigenvector with probability 1 when the number of features p is sufficiently large.

Proposition B.1.1. The minimal value of f = (a™d)(a’c)(b’c) where a,b,c € R"
are defined over the unit hypersphere is —1/8.

Proof B.1.1. The QR decomposition of 3 points on the unit hypersphere takes the

from:

1 cos(p) cos(v1)
la,b,c] = [e1,ez,e3] | 0 sin(B) sin(y1)cos(ys) (B.3)
0 0 sin(~y; ) sin(7yz)

where [e1, e, e3] € RP are three orthogonal vectors.

The problem, therefore, becomes the problem of minimizing

f = cos(pB) cos(v1) {cos() cos(y1) + sin(B) sin(;) cos(y2) } (B.4)

with respect to ,7v1,ve. Since vo appears only in the cos(vye) expression, it can take
only the values of 1 or —1 at the minimum enerqgy point. By symmetry it is possible to
assume it to be —1, and the problem reduces to the problem of minimizing (1/2) cos(S+
1) {cos(B 4+ m) + cos(f —)}. The minimum occurs when cos(f — v1) is either 1
or —1. Both problems (1/2) cos(u)(cos(u) — 1) and (1/2) cos(u)(cos(u) + 1) have a

minimum of —1/8. O

Proposition B.1.2. The expected value of f = (a'b)(a’c)(bc) where a,b,c € R"

and c is uniformly sampled over the unit hypersphere, is (1/n)(a’b)?.

Proof B.1.2. This expectation is given by the following integral

/(aTb)(aTc)(ch)da(c) = (aTb)aT(/ cc’do(c))b. (B.5)

The vector ¢ is taken from a uniform probability and in particular from a symmetric
probability, i.e., where the probability of ¢ and of remains the same under sign flipping of
any subset of its entries (e.g., p(v/2]0.5,0.5,0,0]) = p(v/2[—0.5,0.5,0,0])). Therefore,
[ ec’do(e) is a multiplication of the identity matriz. From linearity of the trace and

from the equality tr(cc”) = c’e the trace of this matriz is [c'edo(c) = 1. The
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matriz [ ec’do(c), therefore, is 1/n times the identity matriz in R™. The expectation
[ (a™b)(a"e)(c™b)do(c) then equals to (1/n)(a’d)?. O

To get a rough estimate on the values in the matrix G, it is further assumed that a
and b are also evenly distributed on the n-dimensional sphere. In this case the expecta-
tion of (a"d)?is 1/n. To see this, it can be observed that the expectation E {(a")?} =
[ [(a™)*do(a)do(b) = [a"([bbTdo(b))ado(a) = [a'((1/n)I)ado(a) where I is
the identity matrix in R".

Each entry g;; is a sum of ¢ such terms, g; = > [, (m] q)(m]q)(m]m;). If
the features are irrelevant, it can be expected the correlation with the vector q; to be
similar to correlation with a “typical” random vector. In this case the above proposition
applies. However, when ¢ > 1 there are interrelations between the elements in the sum
resulting from the orthogonality of the columns of Q. The following proposition shows

that the expectation is still larger than zero.

Proposition B.1.3. The expected value of f =7 (a'b)(a'c;)(b"¢c;) where a,b €

R™ and {c;} are orthonormal vectors uniformly sampled over the unit hypersphere in
R" is (q/n)(a"b)%.

Proof B.1.3. This expectation is given by the following integral

(aTb)aT(Z / cicldo(ci | cy...cii1))b, (B.6)

where the main difference from the proof of Prop. B.1.2 is that now the probabil-
ity distribution of ¢; is dependent on all the previous ¢;...c;_1. Nevertheless, if c;
are uniformly sampled subject to the orthogonality constraint, the sum of integrals
J =31 [ecldo(e;|er...ei1) is a product over the identity matriz in R™. To
see this, consider products of the form v'Jv. From symmetry this product must be the
same for every v € R™. i.e, since v’ Jv depends only on dot products (the distribution
do(c; | e1...¢i-1) is a uniform distribution subject to constraints on dot products),
it 1s invariant to an unitary transformation; in particular since any vector can be ro-
tated to any other vector, it can be seen that it is not dependent on v. It is known
that tr(J) = q satisfying the proposition, as tr(}. L, [eic]/do(ei|er...¢imq)) =

I [cledo(ei|er...cimq) =k O

The body of results on spectral properties of random matrices deals with de distri-

bution of eigenvalues [161]. For example, the corner-stone theorem known as Wigner’s
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semicircle theorem [162] is about the asymptotic distribution of eigenvalues with the
following result: Given a symmetric p X p matrix whose entries are bounded indepen-
dent random variables with mean p and variance o2, then for any constant ¢ > 20,
with probability 1 —o(1) all eigenvalues except for at most o(p) belong to ©(c,/p), i.e.,
lie in the interval I = (—c\/p, c\/p).

It is also known that when g = 0 all the eigenvalues belong to the interval I (with
probability 1 —o(1)), while for the case u > 0 only the leading eigenvalue )\ is outside

of I and
1

A= lzgij + U—Q +o(—),
P4 z VP
i.e., A\; asymptotically has a normal distribution with mean up + o%/u [163].
Then the procedure is to derive the asymptotic behavior of the leading eigenvector
when g > 0 under the assumption that the entries of G' are i.i.d. random variables.
First, it is proved the theorem below, which deals with Gaussian random variables,

and then extend it to bounded random variables:

Theorem B.1.1. Probabilistic Perron-Frobenius Let G = {gi;} be a real symmetric
pXp matriz whose entries fori > j are independent identically and normally distributed

random variables with mean p > 0 and variance o?.

Then, for any € > 0 there exist
po such that for all p > po the leading eigenvector v of G is positive with probability of

at least 1 — €.

The scheme of the proof of the theorem is as follows. Let G = puJ + oS where
J =117 and s;; are i.i.d. sampled according to N(0,1). Let e = (1/,/p)1, and let
v1,V2,...,Vp, and A} > Ay > ... > )\, be the spectrum of G. From the semicircle
law [162] and from [163] it is known that \; = ©(,/p) for ¢ = 2,3,...,p. The following

auxiliary claims would be useful for proving the main theorem.

Lemma B.1.1. Bounds on Leading Eigenvalue. Under the conditions of Theorem
B.1.1 above, with probability 1 — o(1) the leading eigenvalue X\ of G falls into the

following interval:

pp —O(1) <A < up + O(y/p).

Proof B.1.4. From the definition of the leading eigenvalue can be written:

A = maxx'Gz=pu(});x:)*+ 0 max xSz
[l)=1 =1

< pup+O(yp)
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where from the semicircle law, max)z|— xSz = O(y/p) and from Cauchy-Schwartz
inequality (>, x;)* = p(>_; 23) = p. The lower bound follows from:

A > e'Ge=pup+oe’Se
= pp -+, 8i/p > upO(1)

Lemma B.1.2. Under the conditions of Theorem B.1.1 above, with probability 1—o(1),

the next bound is obtained as:

Zyiz\/]_?—c (B.7)

for some constant ¢ where v; are the entries of the leading eigenvector v of G.

Proof B.1.5. Let e = ajv+) :_, a;v;. Since the eigenvectors and e are of unit norm,

it can be inferred a? + Y0, a? = 1 and without lost of generality it can assumed to be

a1 > 0. Therefore, it is possible to write e’Ge = ai\+ Y, \jai. Since N\; = O(/p) for
i=2,...,pand ai + >, af =1, it follows the expression:

i

e'Ge = ai) + O(/p).

Using the bound derived above of e’ Ge and Lemma B.1.1, it is obtained:

from which can be conclude (with further manipulation):

20(,/P) 1

—1-—— <a,.

! pip 1O(y/p)

Consider now that ay is the angle between e and v:

1 - 1
— vi=ev=a>1— ——m,
@Zj 1 16(/p)

from which it is obtained:

ZWZ\/ﬁ—Ca
i

for some constant c. [
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Then, the result is

A, = (Gou)i=p) v, +o(Sv);
> py/p—C+oglo

where C' = puc is a constant, g is some p-dimensional normally distributed i.i.d random
vector. Demonstration would be done if it could be shown that the probability of
the event g'v > (1/0)py/p occurs with probability o(1), i.e., decays with the growth
of p. The problem is that since g stands for a row of S and because v depends on
S it is not possible to make the assumption that g and v are independent. Thus
a straightforward tail bound would not be appropriate. The remainder of the proof
below was contributed by [3] where care is taken to decouple the dependency between

g and v.

Proof B.1.6. Proof of Probabilistic Perron-Frobenius Theorem B.1.1. Let D(c) be the

set of vectors in RP satisfying Lemma B.1.2:

D(c) = {'UERPZH'UH 21,2%‘2\/}_?—0},

and let g € RP be a vector of i.i.d. standard Normal distribution N(0,1). It is interest
to analyze the probability of the event

F(g) = {EI'U € D(c) st glo> ﬁ\/}_)}, g € R? in the case where g; ~ N(0,1).
o

In particular, it is necessary to show that the probability Py, .n(0,1)(F(g)) belongs to
o(1), i.e., decays with the growth of p.

Let v = e+ f where e = \/Lﬁl was defined above and f is the residual. From the

constraint ||v||*> = 1, it is obtained a constraint on f:

2 2

il s 2 =0 B.8

N OO B5)
Given that v € D(c), the following is yielded:

D vi=vle=\p+) iz Vh-c
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from which it is obtained another constraint on f:

- Z fi<c (B.9)
Combining both constraints (B.8) and (B.9), it can be concluded the follow condi-

tion:

2c
D

The expression g'v can be broken down to a sum of two terms g'e and g™ f. The

I£11* = (B.10)

first of these two terms is o(1) by the law of large numbers, and so:

g'v = gle+g’f <o(1)+|glllfl
< o)+ gl (%)

Vector g distributes according to the x distribution with p degrees of freedom, which
concentrates around /p. Therefore, with probability 1 —o(1), ||g|| = ©(y/p). The prob-
ability that g™v > ©(,/p) is proportional to the probability that ||g|| > /4, which by
the Gaussian tail bound decays exponentially with the growth of p. Since the probability

that each entry of v; is negative decays exponentially, i.e., p(v; < 0) < e~ P, for some
constant C, then by the union-bound the union of such events p(v; <0U ... U, <0)
is bounded from above by pe~CP which decays exponentially with the growth of p. [

Theorem B.1.1 used independent Gaussian random variables as a model to the
matrix G. This might seem a bit artificial, since the variables of the matrix G are
dependent and bounded. While the independence assumption between all the elements
in the upper triangular part of G is hard to remove, the use of Gaussian variables is
not essential; as stated above the semi circle law holds for matrices with elements that
are not necessarily Gaussian. The only place where is actually used the “Gaussianity”
property was in the assumed structure of the variable g. Since g contains normal i.i.d
distributions, it was deduced that ||g|| = ©(y/p) and that the probability of ||g|| > p*/*
decays exponentially. Instead of Gaussianity, it can be used the property that the
elements of the matrix G are bounded, and instead of Gaussian tail bounds, Hoeffding’s

tail inequality can be employed [164]. Henceforth, the one sided inequality will be used’.

IThis is the inequality one gets while proving Hoeffding’s inequality. It differs from the canonical
inequality in that the one sided case has a factor of 2 improvement.
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Lemma B.1.3. (Hoeffding’s one-sided tail inequality). Let Xi,...X, be bounded in-
dependent random variables such that X; € [a;,b;]. Then for S, = X1+ ...+ X, the
following inequality holds

P(Sy —E{Sp} 21) < eap (_ 7 (2;2— ai>2)

Using Hoeffding’s lemma, the following lemma could be used to bound the norm of

g.

Lemma B.1.4. Let g be a random p-vector of i.i.d bounded variables, i.e., for each

i=1...p, |gil < M. The following holds for some constant C':

5 02D2p2£
P(lgl* = Dp'**) < eap (_W>
Proof B.1.7. Hoeffding’s inequality will be applied to the random variable | g|?,
which has a mean 1 that does not depend on p.

—1/2+¢

Assume v > Dp , where e > 1/2. For some p > p, and for some ¢, y—pu > ¢,

the following is obtained:

| 2

2 2
g g g
plal o el e

> ).
p p p

Now, Hoeffding’s one sided inequality is applied again:

lgll® py? 2 D?*p*
P(T—uzcv)éefcp —p ) Sewl - :

]

By letting D = 1 and ¢ = 1, one gets that the probability P(||g| > p**) =
P(llg|> > p¥?) = P(%Hg”2 > p'/?) is smaller than 67%. This is similar to the
Gaussian case, and is sufficient to prove Theorem B.1.1 in the case in which bounded
variables are used instead of Gaussian variables. To summarize the positivity issue, the
weight vector o comes out positive due to the fact that it is the leading eigenvector of
a matrix whose entries have a positive mean (Propositions B.1.1 and B.1.2). Theorem
B.1.1 made the connection between matrices which have the property of a positive

mean and the positivity of its leading eigenvector in a probabilistic setting.
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B.2 Sparsity

Now, the issue of the sparsity of the weight vector a will be studied. It has been
observed in the past that the key for sparsity lies in the positive combination of terms
[165] — therefore there is a strong, albeit anecdotal, relationship between the positivity
of a and the sparsity feature. Below, it will be established a relationship between the
spectral properties of the relevant and the irrelevant feature sets, and the sparsity of
the feature vector.

Let M be the (normalized) data matrix consisting of p rows. Assume that the rows
of the matrix have been sorted such that the first p; rows are relevant features, and the

next py = p — p; features are irrelevant. Let the matrix containing the first p; rows be

]
M !*

The elements of the vector a that correspond to the irrelevant features were studied

noted as M, and let the matrix containing the rest of the rows be My, i.e, M = |

to show that these elements have a small magnitude. If these p, weights are low, it
can expected the effect of the associated features to be small. It will next be tied the
average of these values to the spectral properties of M; and M.

Recall the weight vector e is the first eigenvector of the matrix g;; = (m,]m;)m] QQ"m;,
where m; are the rows of the matrix M, and @ is a matrix containing ¢ orthonormal

columns q;, 2 = 1...q. Let A\ be the largest eigenvalue of G.

Lemma B.2.1. (Sum of irrelevant features’ weight.) Using the above definitions, let

Yi, i = 1...py be the eigenvalues of MyM,.
p 2
D i1 i
> o E
i=p1+1 )\

Proof B.2.1. Note that if >

vector with p1 zeros and ps ones.

> o= [0 a- \/ 2] aar[!] < /1 El

i=p1+1

Y1 @i < 0 the lemma holds trivially. Let [J] be the

where the last inequality follows from the spectral decomposition of the positive def-
wnite matriz G, to which o is an eigenvector with an eigenvalue of .
Let G be the matriz containing the point-wise squares of the elements of MM,

i.e., gij = (m]m;)%
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Let @ be a matrix containing p — q orthonormal columns that span the space or-
thogonal to Q.

The matriz (é’ — G) has a structure similar to G, but with @ instead of Q, and is
also positive definite. To see this notice that QQT + @@T = I, and that the ij element
of (CATY — G) is therefore given by

Gij — 9i = (m!m;)* — (m/m;)m/QQ "m; = (m/m;)m/QQ ™m,

Then,
01" 107 _[o]" 501 [o]", . ~.[0] _[0]" 40 —
= 2l =12 Z=1= — < |2 2 = 2 — 2
i) ola)=[2) e f)-B) ool <[] i) =i =2
The lemma follows. O

The denominator in the bound (v/)) is exactly the quantity that the algorithms
maximize. The higher this value, the tighter the bound. In the ideal case, almost all
of the energy in the features is contained in the space spanned by the columns of Q.

Let [%] be the vector of p; ones, followed by py zeros. It is possible to write:

"Gl _ IMiMT |3
P Y4 D1

The bound will be tightest if all relevant features have high correlations. In this
case, it can be expected v/A to be linear in p;. Therefore the addition of more relevant
features reduces the weights of the irrelevant features.

Without any assumption about the entries of the data matrix M, it is not possible
to say much on the numerator of the bound in Lemma B.2.1. However, by using
random matrices, it is possible to qualitatively evaluate this bound.

The numerator of the bound contains the term Y »*, 42, which is just the squared
Frobenius norm of MyM, . Let Wy = MoM, and |Wh||2 = tr(WoW) = tr(W3).
The expectation of this expression (where Ms is drawn from a random distribution),
normalized by the number of rows in Mo, is called the second moment of W5. More
generally, if A is a random matrix of size p X p, the kK moment of it is defined as m; =
% tr(A*). For large p this definition coincides with the moments of the distribution of
the eigenvalues of the matrix A.

Consider now matrices W of the foorm W = %M MT, where M is an p X n
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random matrix with zero mean (weakly) independent elements with a variance of 1.
These matrices are called Wishart matrices. Note that the elements in the matrix
M need not be Gaussian. The rows of the matrix M are not explicitly normalized.
However, the scale of % can be thought of as a scale of \/Lﬁ for each element of M, and
due to the central limit theorem it can be expected for large enough values of n to have
the mean of each row approximately zero and the norm of each row approximately 1.
Hence, Wishart matrices well approximate the data matrices, if it is assumed that the
elements of the data matrices are independent. For the bulk of irrelevant features, this

may be a reasonable assumption.
For large p, the moments of the Wishart matrices are well approximated by the
k=1 (p/5)’ (k) (k—l

Narayana polynomials my = > i=0 511 ) ) In particular, the second moment is

given by 1+ p/n. Since the moment is the appropriate trace scaled by 113, it can be
expected m to behave similarly to \/m )

Therefore, the rate in which the bound on the sum of squares of weights of irrelevant
features grow is mostly linear. The implication is that the () — a algorithm is robust to
many irrelevant features: to a first approximation, the bound on the average squared
weight of an irrelevant feature remains mostly the same, as the number of irrelevant

features increases.

B.3 Sparsity and Generalization

The sparsity of the returned vector of weights does more than just directly ensure
that the irrelevant features are left out; it also helps the generalization ability of the
returned kernel by lowering the trace of the kernel matrix.

Recall that in this optimization scheme, the vector of weights a has a norm of 1,
and is expected to have all positive elements. For norm-1 vectors, the sum ), a; is
highest when the elements of the vector are evenly distributed. Due to the sparsity
of the returned vector of weights, it can be expected the above sum to be much lower
than what can be obtained with a uniform weighting of the data.

Consider the matrix A, the linear kernel matrix based on the weights returned by

the Q — « algorithm. A, which equals >~ aym;m], is a weighted sum of rank-one

1
matrices. Since the features are normalized to have norm-1, each such rank-one matrix
m;m; has a trace of 1. Therefore, the trace of the kernel matrix A, is exactly the
sum of the elements of the vector a.

From the discussion above, the trace of the kernel matrix returned by the Q) — «
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algorithm is expected to be low. This is exactly the criteria for a good kernel matrix
expressed by “the trace bounds.” The trace bounds are Rademacher complexity type of
error bounds for classifiers that are linear combinations of kernel functions [166]. These
bounds relate the trace of the kernel matrix used for training with the generalization
error of the classifiers that were trained. The lower the trace, the lower the bound on
the difference between the testing error and the training error.

Although there is no immediate analog to the concept of generalization error in the
unsupervised case, it can be expected a similar criteria to hold for this case as well. A
good kernel matrix for unsupervised learning should support the separation given by
the set of true underlying labels (although unknown). It should not, however, support
any random labeling. This is exactly what is measured by the Rademacher process:
how well does the class of functions used for learning separate random partitions of the

training set.






Appendix C
Dynamic Time Warping

Dynamic Time Warping (DTW) method was applied in some sections throughout this
work, for this reason, this appendix gives a brief description of the procedure.

An important step in clustering is to select a distance measure, which determines
the similarity calculated between two vector sequences. If an appropriate measure of
the similarity of two vector sequences is available, clustering followed by prototype
extraction is a suitable unsupervised learning method for this problem. Finding such
measure of similarity is difficult because time series that are qualitatively the same but,
may be, quantitatively different in at least two ways. First, they may be of different
lengths, making difficult or impossible to embed the time series in a metric space in
order to use, for example, Euclidean distance to determine similarity. Second, within
a single time series, the rate at which progress is made can vary nonlinearly. The same
pattern may evolve slowly at first and then speed up, or may begin quickly and then
slow down. Such differences in rate make similarity measures, such as cross-correlation,
unusable [167].

In the case of ECG signals analysis whose heart rate dynamics changes the R-R
interval length between two consecutive heartbeats and because of the high variability
of its main patterns, namely, the P wave, QRS complex, P-R segment or S-T segment,
it is necessary to apply another class of similarity measure, specially when comparing
waveforms of several number of heartbeats, which have to be grouped into k clusters,
subsets, or heartbeats morphologies [168].

Dynamic Time Warping is a method commonly used to normalize the length be-
tween two vector sequences of different length, finding an optimal alignment function
between them. The cumulative cost of the alignment path obtained can be used as a

similarity o dissimilarity measure.
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G[1,1]] —— G[1,2] G[1,n,]
G[2,1] —— G[2,2] o G[2,n,]
Glny, 1] ————— G[ny, 2] Glny, n,]

Figure C.1: Dynamic Programming Matrix G, and associated multistage graph

It has been applied successfully on several contexts: speech recognition, economic,
control process, ECG heartbeats clustering, among others [132], [10], [64].

Let « and y be two sequences of length n, and n,, (n, # n,) respectively, that are
represented by,

x=(r1...2,,) 1)
y=(Y1--Yn,)
The alignment procedure allows us to compare each value x; of the first sequence with
a value y; of the second sequence, in this way, it is obtained the whole set of possible
comparisons represented as a matrix G, or as a multistage graph, as shown in the
Figure (C.1).

The matrix G is called Dynamic Programming Matrix, which has as many rows as
the length of  and as many columns as the length of y. The dissimilarity measure
is obtained in the last element of the matrix G, i.e. G[n,,n,|. This value must be
normalized with respect to the length of the alignment path in order to avoid the
length effect.

The goal of algorithm is to find the node path with the minimum cost between two
sequences, according to certain constraints. The node path is defined as the ordered
set of nodes from the initial node (i1, j1) to the final node (i¢ng, Jena), in the next form,
[(i1, 1) (2, J2) - - - (iend; Jena)]-

In order to establish the cost of the path, it is necessary to define the cost between

each pair of nodes. The cost function associated with the k—th transition is denoted as
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d[(ig—1, jk—1)|(ix, jr)]. The cost must be a positive value and can be measured trough

the norm L or Ls.

The warping path has to satisfy several side conditions:

e Monotonicity: The scan of the matrix G is from left to right and from up to

down. i.e. i < 1pyq and ji < Jgyq respectively.

e Continuity: The transition between the previous and the actual nodes can not

have intermediate nodes. i.e. 7y — i1 < 1 and jp — jr_1 < 1.

e Boundary: With this constraint the first and the last element of the matrix G
coincide with the first and the last element of both sequences. i.e. iy = j; =1,

lend = Nz and jend = Ny.
o Window: |ix, — jx| = A, where A is a positive integer.
e Slope: Neither too steep nor too gentle a gradient should be allowed.

The final cost is equal to the cumulative sum of each one of the transitions:

D= Zd[(ik—l,jk—1)’(ik,jk)] (C.2)

k=2

where K represents the number of nodes with respect to the path.

Additionally, a weighting function w(ay, by) can be applied regarding the transition
from (i, jx) to (ix—1, jk—1), in this way, the whole expression can be normalized in order

to get a measure regardless the path length.

S dl(igos o) s )0 b
D=2 — (C.3)
I;w(ak, bk)

K
Making N = > w(ay, by), it is obtained,
k=2

Gng, ny|

D=
N

(C.4)



204 Chapter C. Dynamic Time Warping

Then, the recursive expression to each element of the matrix G is:

Gli,j] = min > dl(i-1, jo-1)| (i, Ji)|w(ar, by) (C.5)
T k=2

where G[i — a, j — b] represents the cumulative minimum cost associated with a set of
productions P. The Figure C.2 shows a set of productions commonly used in dynamic
programming, which are properly selected in order to satisfy properties of a metric-

space structure [64].

1
(b) P2
(Z - Llj _\1) _____ g (Z - 17])
|
(Z)] - 1) 1—) (Zvj)
(c) P3
(2_17]_1) _____ _)(Z_lvj)
| \ |
: 1
(Z’] - 1) 1—) (Zvj)

Figure C.2: Types of productions (The transition associated to dashed lines has weight 0)

By using the set of productions P1 and taking into account the respective values
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for transition weights between consecutive nodes, matrix G can be obtained as:

Gli,j = 1]+ d[(E 7)1, 5 — 1)]
Gli,j] = min § G[i — 1, 5] +d[(i, )|(i = 1, /)] (C.6)
Gli = 1,5 = 1 +2d[(5,7)[(i = 1,5 = 1)]
where the first node is G[1,1] = |z[1] — y[1]|. In such way, the dissimilarity between

the two sequences is:

Gng, ny|

Nz + Ny

D= (C.7)

Global constraints can also be applied in order to keep the search path inside a
region where the alignment is more meaningful from the point of view of the application
(see Figure C.3). To avoid paths or path portions along the boundaries of the dynamic
programming matrix, the search is reduced to a centered window, assigning a high cost
to the nodes outside that region. Mathematically, G[i, j] = oo, if (i,7) ¢ R.

Warping Path

DTW Search Space

Figure C.3: Global constraint to optimize the calculation of the DTW






Appendix D

Spectral Clustering

In several sections throughout this work, the affinity matrix is discussed. In the section
6.3 the trivial affinity matrix is defined in order to establish the relationship of the data
points each other. In the sections 7.6, 7.4 and 8.5.1, the estimation of number of groups
was studied, which is performed by means of the properties of the affinity matrix.
This appendix describes some useful types of affinity matrix based on the properties

of spectral clustering.

D.1 Introduction

In the area of pattern recognition and classification, clustering methods based on graphs
and spectral analysis are relatively new but have been applied successfully on several
science fields. Such as circuits design [169], computational load balance for parallel
applications [170], image segmentation [171,172], among others. These methods are
discriminative, i.e., do not require prior information (assumptions about the nature of
data) and the partitions are generated taking advantage of the information obtained
from its own method heuristic. In this case, a global decision criterion that takes into
consideration the estimated value of the probability of two elements are belonging to
the same cluster [150]. Therefore, this kind of analysis can be easily studied from
graph theory, where such probability corresponds to the affinity measure between a
pair of nodes. Commonly, this criterion is applied on a new representation space
whose dimension is less than that original data and then a dimensionality reduction
procedure is accomplished, in that way the relation among elements are conserved

as well as possible. Thus, eigenvectors and eigenvalues based analysis takes place.
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Spectral analysis methods are of great interest for classification tasks, mainly, in case of
classes are not linearly separable. In particular, spectral clustering uses the information
given by eigenspace (i.e, space generated by eigenvectors) because of eigenvectors are
directly associated with the quality of clustering. Typically, clustering methods, due to
their discriminative nature, require some prior initial parameters. In case of spectral
clustering, it is necessary to establish a prior number of groups and the affinity matrix.
There are several alternatives to choose the affinity measure and the selection of one

of them is not a trivial task, but represents an important issue in spectral analysis.

D.2 Clustering Method

A weighted graph can be represented as G = (V,E, W), where V is the set of nodes
or vertices, E is the set of edges and W represents the relation among nodes, in other
words, the affinity matrix. Given that w;; represents the weight of the edge between
1-th and j-th element, it must be a non-negative value. In addition, in a non-directed
graph is evident that w;; = w;;. Therefore, matrix must be a symmetric and positive

semidefinite matrix. Figure D.1 shows an example of weighted graph.

W22

()

®)

W12 = W21 W23 = W32

w13 = W31

Figure D.1: Weighted graph with three nodes

Two measures are of interest: total weighted connections and degree.

By letting G = (V,E, W) be a weighted graph and A,B C V, total weighted



D.2. Clustering Method 209

connections between A and B can be computed as:

links(A, B) Z Wy (D.1)

1€A,jEB

The degree of a set is the total links to all the nodes:

degree(A) = links(A, V) (D.2)

Using the degree as a normalization term, it can be defined the normalized links

as:
links(A, B)

linkratio(A,B) = ————~ D.3

inkratio(A, B) dogrec(A) (D.3)

In spectral analysis, term V = {1,--- n} represents the indices of data set to be

grouped. The aim of spectral clustering is to decompose V into k disjoint subsets,
then, V.= UF_,V; and V;N'V,, = 0, VI # m, such decomposition is done, commonly,
by using spectral information and orthonormal transformations.

Two special linkratios are considered for clustering: First, linkratio(A, A), which
measures how many links stay within A itself [150]. The second one is linkratio(A, A\V),
which is complement of the first one and measures how many links escape from A. Ac-
cording to this, a good clustering can be achieved with both tight connections within
partitions and loose connections between partitions. These two goals are captured in
the k-way normalized associations (knassoc) and normalized cuts criteria (kncuts), as

follows:

knassoc(T'%) = Z linkratio(V;, V;) (D.4)

=1

k
1
kncuts(I'%) =z Z linkratio(V;, V;\V) (D.5)

Because a normalization term was applied, it can be proved that,
knassoc(T'%) + kncuts(I'%) = 1 (D.6)

Thus, maximizing the associations and minimizing the cuts are achieved simulta-

neously. Therefore, the objective function to be maximized in order to obtain a good
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clustering is only:
£(T%) = knassoc(I'Y) (D.7)

This method is widely described in [150].

D.3 Affinity Matrix

The relation degree among nodes, also called affinity measure, can be represented as a
symmetric and positive semidefinite matrix as is discussed above. Therefore, X € R"*¢
being the data matrix, the affinity matrix can be chosen randomly as a matrix of the
form W, = XTXTT, where X, € R"*? is a random matrix.

Another form to select the affinity corresponds to the trivial case where affinity
captures the inner products among rows of data matrix, i.e, W, = X X'. This form
is the most frequently used.

By the other hand, since the affinity is a similarity measure (i. e., is opposite to dis-
tance or dissimilarity), intuitively, can be established alternatives as w;; = 1/ d(x;, x;)
for (i # j) with w;; = const, where d(-,-) is a distance measure. This measure presents
an inverse relation with respect to distance and this could not convenient, in all cases,
because it can generate strong changes on affinity matrix W. Then, soft versions have
been proposed, such as the Exponential affinity matrix, which can be expressed as
wi; = e~ @) with wy; = const, where the value of w;; is set according to certain
constraints when the itself affinity does not be of interest, e.g. it can be chosen as
wy; = 0. In [156], it is presented an alternative to the previous affinity measure called
scaled affinity matrix which can be written as w;; = e~ 4 (@iz;)/ (@i%)  with w;; = 0,
where 0; = d(x;, zy) and @y is the N-th nearest neighbor. The value of N is chosen
regardless of the scale parameter and it is established according to data dimension [156].

In the Table D.1 some affinity measures are depicted.

Table D.1: Affinity measures

Affinity measure Expression
Random W, = XTX,,T , where X,. € R™*4 ig a random matrix
Trivial W, = XX, where X corresponds to data matrix.
Exponential wi; = e~ (@i25) with w;; = const
Scaled exponential wi; = e*d2(wi’“’j)/("“’j), with w;; = 0,
where 0; = d(x;, zy) is the N-th nearest neighboor [156].
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