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Resumen

Metodología para la formulación y solución de problemas de
optimización sobre la operación de redes de distribución con
sistemas de almacenamiento por baterías.

En este documento se implementa una metodología para la optimización de recursos energéticos distribuidos
en redes de distribución eléctrica, basada en la implementación de varias estrategias de modelado, difer-
entes formulaciones convexas y no convexas acopladas a intérpretes y solucionadores (solvers) adecuados,
consideraciones sobre la incertidumbre, la calidad de la solución y la eficiencia computacional.
Se comienza con una revisión del estado del arte en el modelado de recursos energéticos distribuidos (sistemas
fotovoltaicos y almacenamiento por baterías), la implementación de estos recursos en redes de distribución, el
modelado de la demanda, el tratamiento de la incertidumbre, objetivos y técnicas de optimización iterativas
y metaheurísticas. Posteriormente se exploran múltiples formulaciones del problema de flujo de potencia,
incluyendo formulaciones tradicionales complejas y en componentes rectangulares y polares, formulaciones
que aprovechan la estructura radial de los sistemas (modelo de inyección de nodos y modelo de flujo de
ramas), y reformulaciones que permiten implementar relajaciones convexas. Luego se realiza el modelado
matemático de los recursos energéticos distribuidos, incluyendo reformulaciones de restricciones enteras
mixtas para la ubicación, un enfoque estocástico para el tratamiento de la incertidumbre en la irradiancia
y en la demanda, la agrupación de datos de demanda para identificar patrones y el ajuste de los datos a
distribuciones estadísticas para modelar su comportamiento aleatorio. A continuación, se presentan estudios
de caso en los cuales se pueden aplicar tanto las formulaciones, como los modelos realizados, i.e., flujo
de potencia en periodos sencillos y múltiples, la asignación de generadores fotovoltaicos en condiciones
deterministas y estocásticas y la operación óptima de sistemas de almacenamiento por baterías móviles ideales
y no-ideales en marcos de trabajo probabilísticos. Para cada aplicación se utilizaron diferentes sistemas de
prueba ubicados en diferentes regiones de Colombia (Bogotá, Jamundí y Popayán).
Los resultados muestran que las formulaciones no convexas, particularmente la formulación polar, son las
que entregan las mejores soluciones con buena calidad, mientras que las formulaciones convexas presentaron
una buena eficiencia computacional, aunque en problemas grandes mostraron problemas de convergencia.
Por otro lado, las formulaciones adecuadas a las técnicas metaheuristicas, presentaron excelentes resultados
en calidad de la solución y en eficiencia computacional, pero solo ocasionalmente presentaban la mejor
solución. Por otro lado, los resultados muestran que la integración de sistemas de almacenamiento de energía
por baterías puede mejorar significativamente la eficiencia de la red, reduciendo las pérdidas de potencia y
mejorando la estabilidad del voltaje, tanto en contextos deterministas como estocásticos, demostrando su
capacidad para mitigar incertidumbres, bajo esquemas de operación óptimos.

Palabras clave: sistemas de almacenamiento de energía con baterías (BESS),energía solar fotovoltaica
(PV), optimización convexa, optimización no convexa, metaheuristicas, análisis de flujo de potencia (PF),
incertidumbre, funciones de densidad de probabilidad (PDF), redes activas de distribución
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Abstract

Methodology for the formulation and solution of optimization
problems regarding the operation of distribution networks with
battery storage systems.

This document implements a methodology for the optimization of distributed energy resources in electrical
distribution networks. It is based on several modeling strategies, different convex and non-convex formulations
coupled with suitable interpreters and solvers, as well as considerations of uncertainty, solution quality, and
computational efficiency.
Fristly, a review of the state of the art is presented on the modeling of distributed energy resources (pho-
tovoltaic systems and battery storage), their implementations in distribution networks, demand modeling,
uncertainty treatment, optimization objectives, and iterative and metaheuristic optimization techniques.
Then, multiple formulations of the power flow problem are explored, including complex traditional formula-
tions (in rectangular and polar components), formulations that take advantage of the radial structure of
systems (node injection model and branch flow model), and reformulations that allow for convex relaxations.
Next, mathematical modeling of distributed energy resources is conducted, including reformulations of mixed
integer constraints for the location of these systems, a stochastic approach for the treatment of uncertainty
in renewable energy generation and demand, demand patterns identification via clustring, and the fitting of
data to statistical distributions to model their random behavior. Lastly, case studies are presented where
the formulations and models generated can be applied, such as power flow in single and multiple periods,
the allocation of photovoltaic generators under deterministic and stochastic conditions, and the optimal
operation of ideal and non-ideal mobile battery storage systems within probabilistic frameworks. Different
test systems located in various regions of Colombia (Bogotá, Jamundí, and Popayán) were used for each
application.
The results show that non-convex formulations, particularly the polar formulation of power flow constraints,
provide the best solutions with good quality, while convex formulations exhibited good computational
efficiency, although they faced convergence issues for large problems. On the other hand, formulations suited
for metaheuristic techniques demonstrated excellent results in solution quality and computational efficiency,
but only yielding the best solution occasionally. Results also suggest that integrating battery energy storage
systems can significantly improve the efficiency of the distribution network by reducing power losses and
enhancing voltage stability in both deterministic and stochastic contexts, demonstrating their ability to
mitigate uncertainties under optimal operating schemes.

Keywords: battery energy storage systems (BESS), photovoltaics (PV), convex optimization, non convex
optimization, metaheuristics, power flow analysis (PF), uncertainty, probability density functions (PDF),
active distribution networks
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Methodology for the formulation and solution of optimization problems regarding the operation of
distribution networks with battery storage systems.

1 Introduction

The structure of the electricity supply chain has been characterized by a centralized, rigid and unidirectional
framework: generation plants, typically distant to the demand, provide electricity through transmission
and distribution systems, monitored and operated in centralized control stations. Such layout has been
flexibilizing by the introduction of decentralized energy plants, newer economic agents and operational
strategies, driven by the necessity to supply incremental electricity demands, increase coverage, reduce
greenhouse gas emissions (GHG), increase efficiency, and by continuous technology improvements and
digitalization. Particularly, the climate change has demanded worldwide the introduction of decarbonization
policies in most economic areas, including energy production, accelerating technological improvements and
their implementations. As an example, according to the National Renewable Energy Laboratory NREL in
the US [1], to achieve 95% decarbonization of the electrical sector, the share of energy production done by
renewables must reach 84% (mainly with solar 38% and wind 40%), while the usage of natural gas plants
must be reduced to a 5% share, and coal plants usage must be completely stopped by 2050. A similar
situation is expected in China where, according to the International Energy Agency (IEA) [2], the share of
energy produced from renewable sources is expected to reach around 80% by 2050.

In the meantime, the implementation of distributed energy resources (DER) (namely, photovoltaic (PV)
and Wind (WT) energy, combined heat and power (CPH), energy storage systems (ESS) and others [3]) has
allowed the decentralization of energy supply, self-consumption, and enabled the introduction of new agents
within the supply chain (aggregators, ancillary services provider, energy communities, micro-grids) along with
new operational strategies, such as demand response schemes and day-ahead or intra-day energy markets,
while simultaneously, these implementations introduce new challenges regarding time frames in analysis
and uncertainties in planning and operation stages [4]. In this context, the question of centralization or
decentralization in energy markets gains relevance. For instance, in the US (and in Colombia) the dispatch is
centralized and planned ahead of delivery, while in the European Union it is decentralized, both frameworks
facing their own challenges and opportunities in light of the introduction of the technologies mentioned
above [2]. However, this paradigm shift takes place mainly in the distribution; therefore, distribution
companies (DISCOs) face the challenge of adjusting their operations given new actors, regulations, and
technologies, to turn a traditional passive operational framework into a more active one [5]. In the field,
such implementations bring technical challenges such as bidirectional and reverse power flows, that could be
conflicting with existing infrastructure [6] or the economic structure supporting the operation.

The optimal power flow problem (OPF) is an extensively used tool to find optimal operative set points in
the planning and operation of power systems. It consists of an optimization problem constrained by complex
power balance equations, operative limits, and an objective function defined by the desired optimization
target. Depending on the role of the entity performing the OPF, the problem can change in its structure and
objective(s),i.e., in transmission networks, losses are mitigated by implementing higher voltages, thus the
OPF problem can implement a loss-free model of the system while in the distribution that is not necessarily
the case. Therefore, it is nowadays possible to use OPF to balance the multi-directional power flows within
distribution networks to coordinate distributed generation, provide ancillary services and implement demand
response schemes optimally. Therefore, the operation of distribution networks under these frameworks
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1. Introduction

requires modifications on the formulation of OPF in a way that they could provide useful information for
decision-making in the specified time frame, considering uncertainties in DER, demand, and prices. This
makes the problem more complicated and computationally demanding.

In this thesis, a methodology is proposed for the formulation of optimization problems in the context of
the operation of active distribution networks with battery storage systems, having computational quality
and efficiency as performance parameters. The rest of the document presents a chapter with a literature
review that includes topics in photovoltaic systems PV, battery energy storage systems (BESS) and their
implementations in power systems, demand analysis and optimization objectives and techniques. Then, the
chapter OPF is introduced reviewing multiple formulations for the power flow constraints, reformulations and
relaxations. Afterward, the modelling of distributed energy resources is discussed for its implementation in
OPF applications. Next, the solution of the different formulations with different techniques based on convexity
for different applications is shown and discussed in the chapter "Applications". Finally, in the chapter
"Conclusions" the whole document and the main findings are overviewed, along with recommendations. The
outline of the thesis is overviewed as follows:

1. Chapter 1: Introduction

2. Chapter 2. Literature Review

3. Chapter 3: Optimal Power Flow

4. Chapter 4: Modelling of Distributed Energy Resources

5. Chapter 5: Applications

6. Chapter 6: Conclusions
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Methodology for the formulation and solution of optimization problems regarding the operation of
distribution networks with battery storage systems.

2 Literature Review

An active distribution network (ADN) is defined as a distribution network capable of hosting, managing, and
controlling distributed energy resources (DER), such as generators, loads, and storage. In this sense, ADNs
are differentiated from the traditional framework by including load forecasting, network planning, power
management, and control [7]. Therefore, the planning and operation of an ADN should include appropriate
modeling of the variety of their components, fitting the mathematical framework of the required analysis,
e.g., for transient analyses, components should be modeled with continuous or discrete transfer functions or
state-space models in time or frequency domains. In contrast, for steady-state analyses, static models are
defined in single or multiple cases for power flow analyses. For this dissertation, ADNs are considered as
traditional distribution networks with load characterizations, and photovoltaic systems (PV) and battery
storage systems (BESS) installed.

The following section reviews the literature on the modeling of ADN elements considered in subsequent
steady-state analyses (OPF) performed in this thesis.

2.1 Photovoltaic Systems

A solar photovoltaic system (PV) is comprised of multiple solar modules, each one containing multiple arrays
of solar cells, organized in strings (either in series, parallel, or mixed) to produce a determined power in an
available space. Each module transforms into direct current mainly the infrared part of the solar radiation
spectrum that reaches its surface [8] at efficiencies in between 16 % and 22 % for poly-crystalline silicon
modules [9]. In addition to the efficiency of irradiance conversion, the maximum output power of PV can be
jeopardized by its orientation, tilt angle, and available irradiance (which should be defined based on the
geographical location), by obstacles producing shadows over their surface, dusty environment and elevated
temperatures. Some of these problems can be addressed by implementing sun tracking systems that drive
through mobile structures the modules to face their surface perpendicular to solar radiation and maximize
its output [10], or adequate operation and maintenance strategies (O&M).

Typically, a PV module is modeled as a current source, a diode, and two resistors, namely the single diode
model, since it presents an accurate representation of the actual behavior of the module, requiring a minimal
parameter identification based on open-circuit and short-circuit measurements [11]. This model has five
unknown parameters but does not account for recombination losses in the depletion layer. The two-diode
model of a PV module overcomes this situation, but it has 40 % more parameters. A three-diode model
could represent even more precisely the complete behavior of the PV module, but the parameters are at
least duplicated compared to the single-diode model [12]. In figure2-1, the circuit representation of each PV
model is depicted. Regardless of the characteristics of the solar cells within, a PV module should exhibit a
current-to-voltage behavior (IV-curve) on solar irradiance, as shown in Figure2-2, in which the maximum
power is produced at the points circled, known as maximum power points (MPP).
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Figure 2-1 : PV module (a) ideal model, (b) single diode model, (c) two diode model, and (d) three diode
model [12].

Figure 2-2 : PV module IV curve [13].

The relation between the irradiance and the MPP can be considered linear except in low irradiance conditions
(as can be observed in Figure2-3), achieving an important reduction in modeling complexity while describing
the behavior accurately when a PV system has greater impacts over the power system. However, a non-linear
expression for the MPP as a function solely of the irradiance can be obtained by identifying the single
diode model parameters from manufacturers datasheet, and evaluating a Lambert-W Transformation of the
original equations [14], as can be observed in Equation (2-1).

Vmpp =
Rs + Rp

Rp
� (w � 1) � I gRs(1 �

1
w

) (2-1a)

I mpp = I g(1 �
1
w

) � �
w � 1

Rp
(2-1b)

where Rs and Rp are the series and parallel (shunt) resistors in the single diode model,� is the diode ideality
factor, I g is the photon current, and w is a parameter relating photon current and diode saturation current.
The resistors, � , and the currents are identified using datasheet information at standard test conditions
(STC). Afterwards, these parameters are adjusted to non-standard conditions of irradiance and temperature,
and the MPP voltage and current are calculated.

With a linear model, however, irradiance's uncertainty can be directly attached to the output power of the
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Figure 2-3 : Irradiance dependency of MPP [15].

system. In this context, irradiance can be modeled statically from measurements considering maximum or
average values [5, 16], stochastically by fitting measurements to probability distribution functions [17, 18] or
predicted from artificial intelligence models or classification techniques [19�22].

To maintain the operation of the PV module around the MPP, a PV system should include an MPP tracker
device (MPPT) that includes an algorithm to define the voltage set point in which the MPP is reached at
the current operation environment. As mentioned by [23], multiple strategies are being used to implement an
MPPT algorithm, but they can be divided into two categories, traditional and modern or intelligence-based
algorithms. The most implemented traditional algorithm is called perturb and observe (P&O), in which the
voltage and current are measured to calculate the DC power being delivered by the module (or string) to a
DC-DC converter that serves as the output interface. Then the output voltage of the converter is perturbed
using a determined step size and the sign of the slope of the change in power measured. Consequently, the
algorithm continuously tracks the MPP via output voltage perturbations and it is expected that the operating
point of the PV array lies in the vicinity of the MPP in the steady state. Given that P&O algorithms rely in
voltage and current measurements, it is expected them to have reading noise, thus efficiency degradation.
This issue is addressed in [24], by proposing a bayesian inference approach to model PV's current and
voltage measurement noise and their interactions with irradiance for MPP tracking, showing improved
overall performance compared to P&O, particularly under low or dynamic irradiance conditions. For a
complete review of MPPT algorithms, the following works are recommended: A review of the state of the
art in MPPT algorithms (traditional and intelligent) [25], a review of active power control including the
impact of MPPT and flexible MPPT [26], a review on distributed MPPT for PV applications [27] and a
review on meta-heuristic techniques applications for MPPT in PV systems facing shading [28].

Additionally, a PV system should include at least one inverter device that converts the direct current (DC)
to alternate current (AC) either to supply power for AC load or for grid-connected applications. Often,
MPPTs are embedded in the design of inverters to reduce the number of components and increase efficiency
by reducing component interconnections and extending the control loop to the AC side [29]. These devices
implement power electronics circuits to switch the direction of the current from the PV module/MPPT at
the desired voltage and frequency levels. Depending on the switching technique of the circuit and the quality
of filtering stages, inverters may present high-frequency components (harmonics) in the output sine wave for
the voltage and the current, thus power too. This represents challenges in grid-connected applications, in
which synchronization between the PV system and the external grid must be carried out including harmonics
filtration while keeping the system dynamics undisturbed. For detailed single-phase inverter topologies and
state-of-the-art control and grid synchronization techniques, the following reading is recommended [30]. A
review of multi-level single-phase inverter is presented in [31], while in [32], transformer- and transformer-less
multi-level inverter topologies and their applications in renewable energy are overviewed.
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Altogether, each component in the PV system, assuming a proper design, represents efficiency dropouts
affecting the overall output power capacity of the system. For instance, according to [25], traditional
algorithms like P&O, incremental conductance (InC), and hill-climbing algorithms (HC-MPPT) can operate
with steady-state efficiencies within the 86 % and 99.8 % range, whereas modern (intelligence-based)
algorithms like fuzzy logic control (FLC), automatic control systems approach (ACS), artificial neural
networks (ANN), or metaheuristics-based algorithms, can operate within 87 % and 99.8 % range. Similarly,
inverters can operate within 87 % and 98.8% efficiency [33], resulting in around 70 % and 98 % efficiencies
in the worst and the best case respectively, by implementing the mentioned technologies.

In optimization problems, PV systems are modeled depending on the framework of the problem. For instance,
in the planning of DER on distribution networks (long-term), PV power output can be calculated based
on average irradiance measurements, system design parameters (location, orientation, and tilt angle), PV
capacity, and estimated efficiency of the whole system [34]. In [29], the output power from the PV system is
modeled proportional to the irradiance, with temperature dependencies, for optimal probabilistic planning
of dispatchable distributed generators in distribution networks (sizing and location). Likewise, in [35] the
PV system is modeled proportional to irradiance and accounting module temperature, but it includes an
expression for inverter efficiency for day-ahead forecasts of PV generation. Since the MPP in a PV system
can be considered linear after a low irradiance threshold, in [36] two equations for PV power are defined for
each situation. In the dynamic dispatch (mid- to short term) of integrated power systems, the PV power can
be directly characterized by sampling an existing system and clustering its 24-hour behavior, as shown in [37].
In [38], a forecasting model based on long short term memory (LSTM) is applied to multiple uncertain
systems (including an existing PV system) to predict their behavior and optimally dispatch the units under
day-ahead and real-time market prices.

2.2 Battery Energy Storage Systems

This section is based on the review presented by the author of this thesis [39]. Battery energy storage
systems BESS, whose technology is part of DER even though they cannot be considered as proper generation,
have the particularity to behave dually: can operate as a load (withdraw energy) or as a support for
generation (analogous to a generator). During BESS operation, it storages (charges) or releases (discharges)
energy obtained from an external source through electrochemical processes. This behavior, together with
the flexibility in controllability and power ramping rate, make their operation especially useful to provide
supplementary services in the operation of power systems [40]. The efficiency during operation varies
depending on the chemistry and energy density of the unit, i.e., between 72.5 % and 85 % efficiency with
energy density ranging between 20W h

kg and 30 W h
kg for lead-acid, 85 % and 95 % with 90W h

kg and 190 W h
kg for

lithium-ion, 72.5 % and 86 % with 150 W h
kg and 240 W h

kg for sodium-sulphur, and 60 % and 72.5 % with 15
W h
kg and 30 W h

kg for redox flow [41]. Although lead-acid is now a mature technology and provides availability
and good efficiency at lower costs, research has been made in different technologies (chemistries) to overcome
some of the downsides (i.e., low cycle life, low energy density, and the highly reduced life cycle under high
depths of discharge and temperature [42]). lithium-ion technology (LI) shows up as an alternative that not
only overcomes some of the mentioned downsides, but also enhances the upsides, by increasing the energy
density and the cycle life at least fourfold while improving the efficiency. However, LI life cycle is strongly
dependent on temperature and, together with its higher capital costs, might limit its implementation in
utility scale applications [43]. Even though LI-BESS is not yet competitive when implemented for ancillary
services in power systems, the increasing participation of Electric Vehicles EV (LI main market is now EV)
in the electric demand share, the implementation of Vehicle-to-Grid (V2G) frameworks and the sustained
reduction in costs shown since 2013 [41] would make LI viable for on-grid implementation in few years [44].
As mentioned before, BESS are mainly implemented to provide additional services to power systems either
in transmission or distribution [40]. Those services can be classified into technical (where the main concern
is to improve the power quality), and economical (increase of profits, reduction of costs) [45], within several
timeframes. In Table 2-1, some services and the timeframe are reviewed.
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Service
Category Timeframe

References
(Application) (Scale)

Transient Voltage Technical Very Short
[46�48]

Stability (Power Quality) ( 10� 3)

Harmonic Mitigation
Technical Very Short

[49�51]
(Power Quality) ( 10� 3)

Peak load and Technical Very Short
[52�54]

Generation Mitigation (Power Quality) ( 10� 3)

Frequency Control
Technical Short-Medium

[55�62]
(Power Quality) ( 100 � 102)

Black Start
Technical Short

[63�65]
(Power Quality) ( 101)

RES Variability Technical Medium
[66�68]

Mitigation (Power Quality) ( 102)

Voltage Management
Technical Medium

[69�71]
(Power Quality) ( 102)

Demand Response
Technical Long

[72�74]
Economic (103)

Energy Arbitrage Economic
Long

[75�80]
(103)

Off-grid Operation
Technical

Long
[81�83]Economic

(Self-Consumption) (103)
Power Loss Technical Long

[5, 84�87]
Minimization (Efficiency) ( 103)

Congestion Relief
Technical Long

[88�90]
(Power Quality) ( 103)

Distribution and
Economic

Long
[91, 92]Transmission

Deferral (103)

Table 2-1 : Ancillary services provided by BESS, adapted from [41]

BESS integration in active distribution networks, or microgrids, is usually analyzed in static BESS frameworks,
this means that their mobility is not considered. However, mobile BESS (MBESS) defines a new structure
for operation, in which different solutions sets for its location, the status (charging, discharging, idle,
or transport), and the costs for mobilizing such systems are considered to optimize network operation.
Formulating the problem under this operational structure has shown several advantages in comparison with
static BESS (Fewer losses, less active and reactive power drawn from substations, and improvements in
voltage profiles) [93�95].

Modelling BESS for its implementation in power system analyses has been realized using diverse methods
depending on the objective of analysis and its timeframe. For instance, in [40] a Three Time Constant
model based in state estimation is proposed in the context of primary frequency and local voltage regulation.
In [96], a nonlinear model is proposed for LI batteries using a Hammerstein-Wiener model. Machine Learning
techniques (ML) such as ANN are also used to model BESS when data is available. In [97], historic data
from LI-BESS is collected to train an ANN that captures the non-linear ends and the linear behavior of the
system. Once trained the ANN, the obtained bias vector and weight matrix parameterize a linear BESS
model in an optimization problem (minimize load curtailments), whose variables are energy levels, charge
and discharge power and the state of charge. If the chemistry is not considered, BESS can be modelled using
efficiency in steady state operation. In [98], an internal resistance model is proposed to describe efficiencies
during charge and discharge and it is implemented in [84] for multi-objective optimization of MBESS. In [99],
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similar structures for particular chemistries are studied including the State of Health (SOH), State of Charge
(SOC) and power in longer term contexts.

It has been found that BESS is typically modeled for OPF applications using an efficiency model, as described
in Equation (2-2) [99].

SOC[k] = SOC[k � 1] +
P dch [k ]
� dch [k ] + P ch [k]� ch [k]

CB
(2-2)

where SOC[k] represents the state of charge of the unit,Pdch [k] and P ch [k] the power discharged and
charged from/to the unit, � dch [k] and � ch [k] are the respective discharge and charge efficiencies at the sample
period k, and CB the rated energy output of the unit.

2.3 Demand Analysis

In power flow analysis, demand is typically modeled as a constant power load representing the stress level
that the system should withstand under safe operational constraints (line congestion, voltage limits and load
balance). However, depending on the objective timeframe of the analysis, it could be required to approach
the load modeling differently.

Load profiling is a data analysis process in which measurements of energy consumption are gathered over a
determined period to obtain a better understanding of consumers behavior, resulting in the identification
of multiple consumption patterns to optimize the operation of the energy supply. Load profiling can be
performed by clustering directly with data collected by smart meters, or indirect if the data has been
processed before clustering [100]. According to [101], load profiling consists in 5 procedures. Firstly, a data
preparation stage is performed in which standardization, construction of data, dimensionality reduction and
data enrichment tasks are excecuted [102]. Secondly, a stage of load curve clustering is performed in which a
clustering technique is applied for load classification. According to [103], clustering techniques can be grouped
into 4 categories; model-based clustering algorithms (1) assume that data points are generated according
to a certain probability distribution model, and the clustering process is to adapt all data points to some
predefined mathematical models (mixture model, Gaussian mixture model), i.e., expectation-maximization
algorithm, variational Bayesian inference [104], evidential Gaussian mixture model [105], Bayesian filtering
algorithm [106]. Hierarchical-based algorithms (2), organize data points into a tree of clusters with a
hierarchical structure, in which the leaf is the data point, the root node is all data points, and the other
nodes in the tree represent a cluster. In hierarchical clustering, the bottom-up approach starts with each
data point representing a cluster, and then similar clusters (based on cluster membership measurements)
start merging to conform to a new cluster with a higher hierarchy, whereas in the top-down approach,
smaller clusters break down from a large cluster that includes the complete data set at the beginning [107].
For instance, in [108], a decomposition algorithm was implemented based on agglomerative hierarchical
clustering (bottom-up) for temporal clustering. The most representative algorithms are BIRCH, CURE
and CHAMELEON [103]. Some implementations of hierarchical clustering for load profiling can be read
in [109, 110]. Partition-based clustering (3) divides data into mutually exclusive clusters according to
a measurement of distance between the point and the cluster. The key aspects of these algorithms are
centroid initialization, distance metric, centroid update criteria and approximation function. Some of the
most implemented partition-based clustering algorithms arek-means,c-means, intelligent keams,k-medoids,
fuzzy c-means, probabilistic c-means [103]. For instance, in [111] k-means clustering is implemented for
demand characterization. Density-based clustering (4) implements the concept of density and sparsity in
the feature space to define the data membership of a cluster. In other words, a cluster is an area with a
high density of points. The cluster formation strategy is based on the neighborhood's maximum radius and
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the neighborhood's minimum number of points, and depending on these parameters the data points are
categorized as core, border, or outlier which are later assessed to conform or to be attached to a cluster.
DBSCAN, OPTICS, and ST-DBSCAN, are some of the most used algorithms under this framework [112].
The following works show applications of density-based clustering [113�115].

After clustering, a cluster evaluation stage is performed to assess the performance of the clustering technique,
leading to an appropriate selection of the number of clusters. The assessment can be performed following
similarity- or classification-oriented criteria. Finally, having assessed properly the clustering process, its
results are used for customer segmentation or further applications [101].

The other approach to modeling demand data is by forecasting. According to [116], multiple strategies have
been developed to forecast energy demand, which can be grouped into 4 main categories. Mathematical meth-
ods (1), are those implementing mathematical equations and models to capture the inherent patterns in the
data, i.e., linear regression model with gradient descent and a map-reduce parallel framework [117], functional
auto-regressive model with exogenous variables (FARX) for day-ahead energy demand predictions correlated
to temperature [118], Markov-chain mixture distribution model for very short-term (half hour resolution)
load probability predictions [119]. Artificial intelligence (also machine learning) (2) methods implement
multiple classifier layers, that after training, can separate (identify) unique patterns or characteristics of
the input data. These methods are particularly useful to model non-linear processes or intricate data series
resulting in black-box models. Some of those methods include support vector machine [120] artificial neural
networks (ANN) [121] and others (See [122]). In Optimization-based methods (3) an optimization problem is
formulated to fit the data to a model to minimize the error between the model input-to-output response and
the data by adjusting the model's parameters. It was found, given the complexity of multi-system forecasting
frameworks, that the optimization problem was solved with meta-heuristic techniques. For instance, in [123]
a multi-objective optimization problem is defined for a multivariate intelligent granularity combination fore-
casting system, that includes fuzzy rough C-mean clustering, multi-objective snake optimization algorithm,
and multiple deep-learning methods. In [124], a locally weighted support vector regression is implemented
with feature engineering techniques and the adaptive grasshopper optimization algorithm for short-term
load forecasting, whereas in [125] the algorithm used was ray foraging optimization in a similar forecasting
framework. In classic statistical methods (4), the statistical characteristics of the data are modeled with
probabilistic functions, provided that the data is stationary (historical and trends). For instance, in [126]
a load forecasting ensemble of probabilistic load predictors (quantile forecasting) is proposed. In [127],
generalized additive models for location, scale, and shape (semi-parametric probabilistic models) are defined
such that any parameter of the distribution can be a function of input features, not just the conditional
mean. In [17], demand data is fitted to logistic distribution function for OPF applications.

However, forecasting results obtained from these methods are rigid and require constant model updates
if the changes in the data are dynamic. These methods are typically combined with machine-learning
techniques [128] to provide flexibility, and accuracy, at the cost of increased complexity. In [129] a
comprehensive review of load forecasting with emphasis on intelligent computing approaches is presented.

2.4 Uncertainty

This section is based on the paper presented by the author of this thesis [17]. Uncertainty has become
relevant in the analysis of power systems, since most common DER technologies and demands have stochastic
behavior. Uncertainty is typically included in optimization problems by implementing case analysis [130,
131], Monte Carlo simulations [132], sensitivity analysis [133, 134], or typically by using expected value
reductions and treating the stochastic problem deterministically. Depending on the model used to describe
uncertainty, the stochastic optimization problem can be formulated as a chance constrained OPF, in which
the knowledge of random variables is expressed by distribution functions, and their associated probabilities
are constrained to comply with operational constraints, e.g., in [135], demand and PV are modeled with
the normal distribution, and the probabilities constrain the problem to avoid voltage, line power flow, and
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storage power violations. In [136], the probability of frequency deviation violations constrains the primary
frequency control problem. On the other hand, the optimization problem can be formulated in multi-stage
approaches by generating representative cases that follow the distributions of random variables, and solving a
deterministic problem for each case. For instance, in [137], a two-stage stochastic program is defined for load
restoration in distributed microgrids, whose first stage generates the cases with Monte Carlo simulations, then
reduces them using hierarchical clustering. This information is fed to the second stage, which implements
AC-OPF to retrieve the solution set for each case. Similarly, in [138] two optimization stages are proposed,
but for the first stage, uncertainty is modeled by implementing probability distributions, and scenarios are
generated with the scenario tree method then reduced with the Kantorovich distance method. A different
approach for the two-stage stochastic optimization can be seen in [139], in which for both stages, Monte
Carlo sampling is implemented individually. See also [140] for a review in multiple techniques to handle
uncertainty.

2.5 Optimization Objectives

There is an ample variety of applications of BESS implemented in power systems, in which the optimization
of the AC-OPF will provide the technical, economic, or mixed benefits. In this section, the formulation of
objective functions is reviewed in the context of BESS implementations.

In [68], a mixed techno-economic objective is formulated to optimize the operation of a distribution network
by implementing BESS. It is desired to minimize the costs associated to systems losses(2-3a), peak real
power at the slack bus(2-3b), and voltage deviations (2-3c), by sizing and locating a BESS in two test
networks (IEEE 33-bus IEEE and 69-bus systems) with PV and WT installations.

Closs =
X

t 2 T

X

k2 L

Y re
k (V 2

i + V 2
j � 2Vi Vj cos(� ij )) r loss : 8i; j 2 L (2-3a)

Cpp = Pg
max � tr pp (2-3b)

Cvd =
X

t 2 T

X

i 2 N

jVi � Vj jr vd (2-3c)

where r loss ; r pp and r vd represent the fixed costs for each variable. BESS energy is modeled by a Fourier
representation and constant round trip cycle efficiency.

Similarly, in [141] two objectives are defined for the optimal operation of Hybrid DC and AC networks with
wind energy and voltage source converters using BESS. Firstly, a master problem is defined in which total
operating costs and power losses are minimized. Afterwards, a sub-problem (slave) is defined using Bender's
decomposition, and the new objective function is defined to minimize BESS and Wind energy violations.

In virtual power plant (VPP) applications, it is possible to minimize the operating costs by applying an
appropriate BESS operative strategy. In [142], the cost function is defined as the difference between the
day-ahead market prices and the fines due to power fluctuations at the point of common coupling (PCC)
(mainly due to PV and WT generators) plus a term for battery degradation cost. Although the day-ahead
market price profile is given as input parameter, the calculation of the fines is performed using linear,
quadratic, cubic and exponential functions of the difference between the power at the PCC and the target
power profile given to the VPP operator. The degradation cost function relates the degradation model of
LI-BESS and the amortization costs, as shown in (2-4).

10



2. Literature Review 2.5. Optimization Objectives

C � t
d =

f � t
d

f �
d

C �
b (2-4)

where C �
b is the total life expenses of BESS,f � t

d is the degradation function in the time interval � t, and f �
d

is the maximum degradation value (80 %). The degradation function implemented is defined in [143] as the
sum of calendar and cycle ageing, which are functions of the average SOC and the temperature, and cycle
depth of discharge (DOD), cycle SOC and temperature, respectively.

In [144], two formulations were defined for the optimal dispatch in unbalanced distribution networks with
single-phase PV and BESS. It is proposed to realize optimal active and reactive power dispatch separately.
For the optimal active power dispatch, a single objective is constructed by summing the expected costs of
the electricity injected from external grids and BESS operation for each scenario� (2-5).

f o =
X

� 2 �

(C �
g + C �

bess)p(� ) (2-5)

For the optimal reactive power dispatch, a multi-objective formulation is proposed, in which the first
objective seeks to minimize the expected power loss(2-6a) by performing a summation of the products
between the energy losses for each scenario� and its probability p(� ), and the second objective is defined
to minimize voltage unbalance due to high penetration of PV with the maximum phase voltage unbalance
rate (2-6b).

f o1 =
X

� 2 �

P �
loss � tp(� ) (2-6a)

f o2 =
X

� 2 �

max
i 2 N

� V pmax
i (� )

V pavg
i (� )

(2-6b)

whereV pavg
i is the average phase voltage, and� V pmax

i is the maximum difference between any phase voltage
and the average phase voltage at any nodei . In these applications, PV and BESS are modeled after an inverter
capability curve with two- and four-quadrant regulating capacity diagrams, respectively. Additionally, BESS
assumes ideal efficiencies and includes an expression to account electricity price variability.

Alternatively, the optimal dispatch of apparent power can be performed using deterministic variables by
minimizing the cost of importing apparent power from external grids, or generating energy with conventional
generators. In [145] the objective function is defined as the sum over the time of the cost for the energy
produced by each conventional generator, as in Equation(2-7). The costs are input parameters given from
day-ahead market.

f o =
X

t 2 T

X

i 2 N gc

Ci (t)pi (t)� t (2-7)

In [146], a BESS installation is optimally planned to maximize the benefit-to-cost ratio. The benefits are
defined as power losses cost reductionsB loss and peak shavingBsh , and the costs include only the investment
costsC for the BESS installation. The objective function is reported in Equation (2-8).
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f o =
B loss + Bsh

C
(2-8)

The total benefit computed by multiplying the energy loss, maximum demand, and peak-shaving energy
differences by the tariffs defined by the utility for each category. The investment cost results from the
product between the size of the BESS and its unitary cost.

2.6 Optimization Techniques

In this section, some methods for the solution of power systems optimization problems are overviewed, based
on their algorithmic structure and behavior. The methods outlined in the following sections are separated in
two main groups, namely iterative methods and metaheuristics. The first one consists of iterative techniques
that do not include probabilistic strategies in their algorithms. These techniques have been proven to achieve
global optimal solutions for convex problems efficiently. The latter group includes techniques implementing
probabilistic strategies to find the solution, namely heuristics. These algorithms model mathematically
some behaviors observed in nature, such as natural evolution, food foraging/hunting, or physical/chemical
phenomena, and are adapted to any optimization problem. Due to their heuristic nature, an exact global
solution cań t be ensured for either convex or non-convex problems. Additionally, most of these algorithms
are parameter-sensitive strategies, requiring sometimes fine-tuning to achieve better solutions. However,
these methods can provide quality solutions, particularly when implemented for non-convex or multi-objective
problems. Hence, they can be referred as global optimization techniques.

2.6.1 Iterative Methods

The methods described in this section are implemented in multiple software packages used throughout this
dissertation. These methods have substantial theoretical foundations based on the assumption that the
optimization problem to be solved is convex, feasible, and its functions are differentiable (sometimes twice),
for which the retrieval of the global optimal solution can be certifiable. Some of these problems are simple
enough to obtain the solution analytically, but for most of the cases the solution is obtained using iterative
algorithms after meeting the stopping criteria and a tolerance.

For unconstrained problems, gradient-based methods are sufficient to find the solution, e.g., gradient-descent
methods [147] and variations (Conjugate [148�150], Quantum [151], Proximal [152, 153], Steepest [154],
multi-step [78]) and conditional gradient methods [155].

The general algorithm of gradient-descent methods includes a line search strategy for step size computing
and a descent direction strategy to compute the search direction. The update of the solution is performed
iteratively following Equation (2-9).

xk+1 = xk + tk � xk (2-9)

where k is the current iteration, tk is the step size, and� xk is the search direction.

The search direction is computed following the direction of the negative gradient, as shown in (2-10).
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� xk = � � f (xk ) (2-10)

Other method based on gradients is Newton's method (also known as damped or guarded Newton's
method [147]). It assumes that the objective function is approximated to a quadratic function with the
truncated Taylor series approximation, and that the approximation is accurate around the point of analysis.
The solution update is the same as in Equation(2-9) and the line search strategy can be implemented
independently, but the computation of the search direction (also called Newton step) is calculated based on
the inverse of the Hessian matrix (second derivatives) and the Jacobian matrix (first derivatives) of the
objective function, as shown in Equation (2-11).

� xk = � � 2f (xk ) � 1� f (xk ) (2-11)

where � 2f (xk ) and � f (xk ) are the Hessian and the Jacobian matrices of the functionf (x), respectively.
Additionally, an estimation of the difference between the optimal objective function and the second order
approximation of the function is included as stopping criteria, namely the Newton decrement (2-12).

� 2 = � f (xk )T � 2f (xk ) � 1� f (xk ) (2-12)

Newton's method can be applied to equally constrained problems as long as the initial point and the Newton
step are feasible. The Newton step is modified to satisfy a linearized approximation of the optimality
conditions for the problem (2-13), as shown in (2-14).

minimize f 0(x) (2-13)

subject to hi (x) = 0

� h(xk )� xk = 0 (2-14a)

� 2f 0(xk )� xk + � h(xk )� k = � � f 0(xk ) (2-14b)

where � h(xk ) represents the Jacobian matrix of equality constraint functions, andw the dual variable vector
associated to the equality constraints, which is based on the theory of duality (See the Appendix A.2). It is
important to note that the only convex equalities are linear, hence, the elements belonging to the Jacobian
matrix of the equality constraint functions should always be scalars.

For problems constrained by equalities and inequalities(2-15), interior-point methods transform the problem
by augmenting the objective function with functions representing the inequalities, and solving the equality
constrained problem in (2-16) with Newton's method.

minimize f 0(x) (2-15)

subject to f i (x) � 0; i = 1 ; : : : ; m

hi (x) = 0 ; i = 1 ; : : : ; p
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minimize f 0(x) +
mX

i =1

I (f i (x)) (2-16)

subject to hi (x) = 0 ; i = 1 ; : : : ; p

where I (f i (x)) represents an indication function for the i -th inequality f i (x). For the Newton's method to
be applicable to (2-16), the indicator function must be twice differentiable. Hence, and since the inequality
functions are always constrained to be negative, the natural logarithm of the negative argument is frequently
used as indicator function. Additionally, the sum is performed over the negative logarithm because the
logarithm is a concave function. A parametert is defined to set the accuracy of the approximation. This
method is called the logarithmic barrier (2-17). The optimization problem (2-16) is rewritten to include the
logarithmic barrier as in (2-18).

� (x) =
mX

i =1

�
�

1
t

�
ln( � f i (x)) (2-17)

minimize f 0(x) + � (x) (2-18)

subject to hi (x) = 0 ; i = 1 ; : : : ; p

With the augmented equality constrained problem (2-18), Newton's method can be applied similar as
in (2-14). The Newton step for the augmented problem is computed as in (2-19).

� h(xk )� xk = 0 (2-19a)
�
t� 2f 0(xk ) + � 2� (xk )

�
� xk + � h(xk )� k = � t� f 0(xk ) + � � (xk ) (2-19b)

where � 2� (x) and � � (xk ) represent the Hessian and Jacobian matrices for the indicator function.

Other approach to solve the augmented problem is to solve a sequence of optimization problems over the
parameter t until a stop criteria is reached. This method, proposed in [156], is known as the barrier method.

An alternative to the logarithmic barrier or barrier methods is to implement the Lagrangian function as the
augmented objective function and use the Newton's method by computing the newton step for both primal
and dual variables simultaneously. This method is called primal-dual search direction.

Here, the Newton step groups the steps for primal and dual variables� yk = f � x; � �; � � g, and its calculation
is based on Karush-Kuhn-Tucker optimality conditions for the Lagrangian (A-16).

� h(xk )� xk = 0 (2-20a)
 

t� 2f 0(xk ) +
mX

i =1

� i � 2f i (xk )

!

� xk + � f i (xk )� � k + � hi (xk )� � = � � f 0(xk ) + � f i (xk )� + � hi (xk )

(2-20b)

� � f i (xk )� x + f i (xk )� � = � �f i (xk ) �
1
t

(2-20c)
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where � f i (xk ) is the Jacobian matrix for the inequalities.

2.6.2 Metaheuristics

This section is partially based on the review presented by the author of this thesis [39].

Particle Swarm Optimization

Particle Swarm Optimization (PSO) was first proposed by Kennedy and Eberhart in 1995, inspired by the
natural choreography of birds flocking or fish schooling [157]. In PSO, particles (elements belonging to the
swarm population) modify their initial random path (direction) using two criteria: the best location found
by the particle and the best location found by the swarm. To do this so, this method defines the particle
velocity to represent the direction in which the particle will be moving within the search space. The velocity
of a particle k of the swarm of population N at the step m + 1 (iteration) is given by(2-21).

vk
m +1 = !v k

m + c1r 1(pk � xk
m ) + c2r 2(g � xk

m ) (2-21)

wherevk
m +1 is the velocity of the particle (initialized random) at the iteration m + 1 , vk

m is the velocity at the
current step, ! is the inertial coefficient of the swarm (weights particle's tendency to keep the direction of its
current path), c1 is the cognitive acceleration constant (weights particle's tendency to follow the direction of
its best position), c2 is the social acceleration constant (weights particle's tendency to follow the direction of
the best place the swarm has ever found),r 1 and r 2 are random real numbers between zero and one.xk

m , pk

and g are the position at iteration m, the best position of the particle k, and the best position found by the
swarm respectively,g and pk positions are related to the value of the decision variables when the objective
function reached best global and best particle values respectively. The position of each particle is updated
with (2-22) after calculating each particle's velocity with (2-21). � is called constriction factor.

xk
m +1 = xk

m + �v k
m +1 (2-22)

Although PSO has four user-defined parameters, e.g.,! , c1, c2, and � , it has been proven useful for decades.
Recent studies have been directed to increase its performance by implementing diverse strategies. For
instance, in [158] a modification in the search strategy is integrated into the algorithm by implementing
Gaussian perturbations to the best solution found by the swarmg when a random number meets the
perturbation probability that follows the cosine law through iterations, and a mutation strategy that applies
when the perturbation probability is not met and the value of g has not changed for a determined number of
iterations. The adaptive PSO with Gaussian perturbation and mutation (AGMPSO) showed the best overall
performance in terms of computation time and solution quality compared to PSO and other variations over
a wide set of benchmark functions. In terms of convergence speed, the algorithm showed a fast convergence
in most cases.

In [159], the effect of the probability distribution for the random initialization routine in PSO is investigated.
The authors proposed to test the PSO algorithm for several benchmark functions and a classification task
by initializing the population with random numbers generated from uniform, Sobol, Halton, and WELL
distributions. The best results in terms of solution quality were obtained when initializing the population
with the WELL distribution.
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Regarding multi-objective adaptations, a new selection criteria was implemented in [160] based on ideal
distance criteria, to improve the selection of the best particles in the external archive. The authors base
their proposal on the implementation of an adaptive grid in the objective space as a criteria for particle
density and the definition of � dominance. The grid density refers to the number of particles located in a
grid cell. The � dominance is calculated for each particle using the euclidean distance between the particle's
position in the objective space and an ideal positive point consisting of the minimum objective values in
the swarm, an ideal negative point consisting of the maximum objective values in the swarm and a zero
point in the grid. The criteria to select g is based firstly on grid density, e.g., the grid cell with the lowest
density is selected, then, the particle with the lowest� dominance value within the selected cell is selected
as g. The ideal distance multi-objective PSO (IDMOPSO) showed better performance compared to other
multi-objective PSO variants in 63 % of the cases using two different metrics.

Genetic Algorithm

Genetic Algorithms (GA) have been developed since 1965 when Holland proposed the first version based
on the computational abstraction of natural selection from Darwin's Origin of Species. GA are population-
based techniques, in which fittest individuals are prone to be selected and from this selection of individual
(reproduction), crossover occurs, expecting to obtain new generations of individuals with better genetic
properties (traits). After crossover, the process of mutation takes place modifying randomly some genetic
contents in individuals of each new generation according to a predefined mutation probability [161]. Firstly,
the fitness function is calculated for each individual, usually by computing the objective function value plus
penalties for constraints violations. Then individuals are selected using weighted roulette wheel, in which the
fitness value for each individual is weighted, and individuals are selected for reproduction (parent individuals)
probabilistically according to their weight in the roulette. Decision variables are initialized randomly and
then coded into a single binary string. During crossover, the binary string of two parents is divided in two
sections, whose position is controlled with the random parameterk. Then two child strings are obtained by
keeping the first part of the string of one parent and replacing the second part with the corresponding string
part of the second parent, and vice-versa. The crossover mechanism is exemplified in (2-23).

k = 2 (2-23a)

P1 = 01101 (2-23b)

P2 = 10011 (2-23c)

C1 = 01j011 (2-23d)

C2 = 10j101 (2-23e)

Multiple improvements have been reported in recent literature. For instance, in [162] the crossover and
mutation rates are adapted during iterations according to each individual's fitness function, allowing
individuals with lower than average fitness to have increased crossover and mutations rates, and fitter
individuals to avoid stagnation. The authors also propose an adaptive population size strategy to replace
the selection operator based on fitness. This strategy consists on the elimination of individuals from the
population when their lifespan (number of generations an individual can survive) exceeds their age (number
of generations that the individual survived since birth). Lifespan is calculated based on fitness, so that
higher fitness individuals have a longer (although limited) lifespan. The population size is controlled for a
new generation implementing micro and macro control strategies that depend on the number of replicated
individuals, the number of new individuals after crossover and the number of new individuals after mutation
in the current generation. In [163], a self-adapting strategy for genetic algorithms is proposed, in which the
mutation rate and size are adapted based on the performance population for a given benchmark function that
depends entirely on the problem. In [164], a multi-population approach is proposed by including Boltzmann
probability selection strategy, multi-parent memetic crossover, and random mutation. The multi-parent
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crossover is based on the concept of adoption, so that the offspring results from the crossover between four
parents.

In multi-objective frameworks, the third version of non-dominated sorting genetic algorithm (NSGA) has
been presented in [165], and since then several improvements have been proposed. For instance, in [166] the
crossover operator is modified to produce normally distributed offpring from the parents, and modifying the
crossover rate based on the current generation fraction and the maximum and minimum defined crossover
rate. Additionally, the authors implement a simplified normalization strategy, and angle-based measurements
of diversity (instead of distance measurements). This algorithm has shown a better performance compared to
the original NSGA-III and other variants based on hyper-volume criteria, but in terms of spacing it showed
no dominance. On the other hand, in [167] the crossover operator is modified to produce offspring adaptively,
with a scale factor that decreases monotonically over generations. The mutation operator of the NSGA-III
was replaced by the mutation operator in the differential evolution algorithms.

Grey Wolf Optimizer

Grey Wolf Optimizer (GWO) is a metaheuristic technique proposed in [168], inspired by the social and
hunting behavior of Grey Wolves. In this algorithm, the solutions found in each iteration are hierarchized
according to their fitness function value. Similarly, as in wolf packs, the fittest solution is denominated
alpha (� ), and subsequent solutions are assigned as beta (� ) and delta (� ) sequentially. The rest of the
solutions are denominated omega (! ) solutions. This denomination prioritizes the search for better solutions.
In the same way wolves encircle the prey in nature, GWO algorithm emulates this behavior when searching
for better new solutions. The position of alpha, beta and delta wolves are kept unchanged while omega
solutions are modified to get closer to each of the three leader wolves. Firstly, for everyk omega solution
the distance with respect to the leaders is calculated as in (2-24).

D k
� = jc1x � � xk j (2-24a)

D k
� = jc1x � � xk j (2-24b)

D k
� = jc1x � � xk j (2-24c)

Then three positions are defined based on the distances in (2-24), as shown in (2-25).

xk
1 = x � � a1D k

� (2-25a)

xk
2 = x � � a2D k

� (2-25b)

xk
3 = x � � a3D k

� (2-25c)

where a1, a2, and a3 are random vectors, and vectorsc1,c2,and c3 are set randomly in the range between
zero and two as in (2-26a) and (2-26b) respectively.

ax = 2ar1 � a (2-26a)

cx = 2 r 2 � a (2-26b)

where r 1 and r 2 are vectors between zero and one anda is vector linearly decreasing from two to zero during
iterations. Then the position of the omega solutions is updated as in(2-27) by averaging the positions
in (2-25).
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xk
m +1 =

xk
1 + xk

2 + xk
3

3
(2-27)

Exploitation and exploration of the search space is controlled byax vectors. If for a solution the absolute
value of ax is greater than one, then exploration is preferred, otherwise the exploitation is performed.
Therefore, it is expected that for the first half of iterations the program should be mainly exploring, while
during last part of the program the exploitation should be dominant. This is analogous to the search for the
prey (exploration) and the attack to the prey (exploitation) behaviors.

Multiple improvements have been proposed in recent literature. In [169], a binary modification to the
GWO algorithm is presented (MBGWO) for feature selection applications. The a vector now decreases
linearly to the cubic ratio of iterations, and the wolf's position is converted into a Boolean number after
performing a sigmoid operation to the updated position (2-27). According to [170], multiple improved
versions of the GWO have been proposed aiming to increase convergence speed and accuracy, but resulting
in marginal improvements in those areas, and still stagnating in local optima for certain complex problems.
Addressing those issues, the authors proposed a technique called enhanced opposition-based learning GWO
(EOBLGWO), consisting in the generation of an alternate population based on opposite numbers. During
initialization, for each individual in regular population an opposite individual is generated by computing
its random opposite position (modified to consider the norm of the location and the bounds in the search
space), then both populations are merged and their fitness is calculated. Finally the population is shrunk to
its original size by selecting the fitter individuals. During the execution of the algorithm, wolves position is
updated normally as in GWO, but if a random number meets a jumping probability, the opposite population
is created and individuals are selected using both populations like in the initialization. Results have shown
that this strategy improves the solution quality for several benchmark functions compared to GWO versions
and other metaheuristic techniques. In terms of convergence, it presents the best performance for some
functions, but is not dominant.

It has been found in the literature an interest for the hybridization of the GWO. For instance, in [171] it is
combined with the cukoo search algorithm (CSA) to complement advantages in both algorithms, namely
GWO's local exploitation and CSA's global search exploration. Similarly, in [172] the GWO is hybridized
with the african vultures optimization algorithm (AVO). Other hybridization approach is proposed in [173],
in which a PSO and a GA loop are included during GWO's execution. The PSO loop is applied after location
of pack is updated using GWO, to consider the cognitive and social memory in the individuals, and the GA
loop is applied to the PSO swarm aiming to discover new search area around the fittest solutions. Although
both PSO and GA loops only update the position of the leaders, one population is generated for each loop
execution.

Whale Optimization Algorithm

Whale Optimization Algorithm (WOA) is a technique proposed by Mirjalili and Lewis in 2016 inspired
in the foraging behavior of Humpback whales [174]. The authors propose a similar strategy for encircling,
attacking, or searching for prey as in GWO, but executed differently. In WOA the prey is represented
directly by the global fittest solution x � . In GWO exploration (search for pray) or exploitation (attacking
the prey) is performed directly using the equation for position update based onak . Each k agent (whale)
will encircle, attack (exploit) or search (explore) for the pray based on a randomp factor (between zero and
one) and the respectiveak vector value. If the random value p is less than 0.5, then the agents will encircle
or search for the pray depending on the absolute value ofak (if jak j < 1 the agent will encircle. It searches
for the prey otherwise). If the value of p is greater or equal than 0.5 then the agent will attack the prey.
For encircling, search and attack, a different strategy for updating position is executed. If the agent is to
encircle the prey, then its updated position will depend on the distance between the position of the agent
and ak value, as in (2-28a). The position update follows Equation (2-28b)
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D k = jck x � � xk j (2-28a)

xm +1 = x � � ak D k (2-28b)

If the agent is to search for the prey, then the position of the agent is updated calculating the distance to
another agent selected randomly, as in (2-29a). The new position is updated with (2-29b).

D k = jx � � xk j (2-29a)

xm +1 = D k expbl cos 2�l + x � (2-29b)

where b defines the shape of the spiral andl is a random number between minus one and positive one. The
vectors ak and ck are calculated similarly as in GWO, wherea is vector linearly decreasing from two to zero
during iterations, as shown in (2-30a) and (2-30b) respectively. The random vectorr is defined between
zero and one.

ak = 2ar � a (2-30a)

ck = 2 r (2-30b)

According to [175], the WOA suffers from premature convergence and weak exploration. To remediate these
issues, the authors propose two alternatives for the improved WOA (IWOA). The main approach consists
of integrating differential evolution's mutation strategy into WOA's search stage to improve the balance
between exploration and exploitation. An extended approach is presented, in which a search mode parameter
is included to adaptively control the exploration and exploitation phases depending on the behavior of the
solutions in the population (exploration is preferred at the initial stages and if the solutions suffer stagnation
at the latter stages). Additionally, if the solutions don`t improve after the search mode stages, 20 % of the
population is preserved randomly (including the best solution) and the remaining population is replaced
by randomly initialized individuals. Results show that both strategies improve the quality of the solutions
compared to other metaheuristics, but the second approach outperforms the other techniques in terms of
quality and convergence.

The issue of premature convergence was addressed as well in [176] by introducing Levy-Flight trajectories and
chaotic maps, which increases the possibility of having greater perturbations in the position for each whale,
with a highly deterministic behavior in early stages, and increasingly stochastic behavior as iterations pass
by. The authors propose three variations of the algorithm, in which chaotic maps are applied on different
phases of the algorithm. Results show that the three variations outperform other WOA algorithms in terms
of execution time, solution quality, and convergence for benchmark functions and the application problem.

Harris Hawk Optimization

Harris Hawk Optimization (HHO) based algorithms have also been proposed in the latest studies. This
technique is inspired in the foraging behavior of the Harris Hawk and was proposed in [177]. Similar as in
WOA, the foraging is divided in exploration and exploitation phases based on a criterion known as the energy
of the prey, shown in (2-31a), that decreases linearly from two to zero with the iterations and have random
initial states defined in (2-31b). In HHO the best solution found is assigned as the preyx � . If the absolute
value of the energy of the prey is big, then the hawk will execute exploration, or exploitation otherwise.
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E = 2E0(1 �
m
M

) (2-31a)

E0 = 2 r 6 � 1 (2-31b)

whereE0 initial energy based on the random parameterr 6, ranging from minus one to one in each iterationm.
Exploration and exploitation are performed differently depending on random parameters. During exploration,
the random parameterq defines the exploration strategy to be carried out. Ifq is greater or equal to 0.5, then
a strategy of perching based on random locations is performed. The exploration is based on the position of
other hawks otherwise following the averaged position of all agents. The update of the position of the agents
during exploration is executed following (2-32a). The average position of the hawks is described by(2-32b).

xk
m +1 =

(
x rand � r 1jx rand � 2r 2xk j : q � 0:5
(x � � xavg ) � r 3(LB + r 4(UB � LB )) : q < 0:5

(2-32a)

xavg =
1
K

X

k2 K

xk (2-32b)

where r 1, r 2, r 3, and q are random numbers from zero to one,UB and LB are the maximum and minimum
locations of the population, respectively. During exploitation, the energy of the prey and a random parameter
r control the way the hawk attacks the prey. If r � 0:5 and 0:5 � j E j � 1, then the hawk performs a soft
besiege, updating its position in direction to the difference of the positions between the agent and the prey
� x. The strength of the movement is modulated by� x and the strength of the prey to jump and escape the
attack J . If r < 0:5 and jE j � 0:5 the hawk can update its position either by soft attacking the prey (update
its position based on the location of the prey, the strengthJ and the position of the hawk) or by attacking
the prey following the Levy Flight function imitating leapfrog movements on the prey (soft besiege with
progressive rapid dives). Firstly, the decision is made by evaluating the objective function of the updated
solution when soft-attacking (F (xk

m +1 )) and comparing it with the objective function value of the original
solution (F (xk

m )). If F (xk
m +1 ) < F (xk

m ) then the updated solution is assigned for the next iteration. If the
previous condition is not met (but not equal), then the objective function value for the updated solution
based on the Levy Flight function is now compared against the objective value of the original solution. If
neither condition is met, then the original solution is preserved. These behaviors are described in(2-33)).
The jump strength and the position difference are calculated as in (2-34a) and (2-34b) respectively.

xk
m +1 =

8
>>><

>>>:

� x � E jJx � � xk j : r � 0:5; 0:5 � j E j < 1
Y : F (Y ) < F (xk ); r < 0:5; 0:5 � j E j < 1
Z : F (Z ) < F (xk ); r < 0:5; 0:5 � j E j < 1
xk : F (Z ); F (Y ) > F (xk ); r < 0:5; 0:5 � j E j < 1

(2-33a)

Y = x � � E jJx � � xk j (2-33b)

Z = x � � E jJx � � xk j + ( LF (D)S) (2-33c)

where LF (D) is a levy flight function, imitating leapfrog movements [178]. S represents a random vector of
sizeD . D stands for the problem dimension (search space).

J = 2(1 � r 5) (2-34a)

� x = x � � xk (2-34b)
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If r � 0:5 and jE j < 0:5, then the hawk performs hard besiege by updating its position getting close to the
prey depending on the energy of the prey and the absolute value of� x. If r < 0:5 and jE j < 0:5 then the
agent decides of the update strategy similarly as in soft besiege strategy, but utilizing instead of the agent
position, the averaged position of the population (2-32b). This behavior is described in (2-35).

xk
m +1 =

8
>>><

>>>:

x � � E j� xj : r � 0:5; jE j < 0:5
Y : F (Y ) < F (xk ); r < 0:5; jE j < 1
Z : F (Z ) < F (xk ); r < 0:5; jE j < 1
xk : F (Z ); F (Y ) > F (xk ); r < 0:5; jE j < 1

(2-35a)

Y = x � � E jJx � � xavg j (2-35b)

Z = Y + ( LF (D)S) (2-35c)

The HHO exhibits better convergence rates tan other algorithms despite its computational complexity [179].
For recent improvements in the algorithm, the following reading is recommended [180].

From the introduction and literature review, it has been shown multiple advances in the modelling of network
infrastructure, DER systems, and uncertainty in irradiance and demand. Additionally, it is noticeable
how extensive research has been done in order to increase the computational efficiency and the solution
quality for metaheuristics by implementing new search strategies or hybridization, and the implementation
of relaxations in the OPF to evaluate global optimal solutions for a convex optimization problems. Therefore,
for this thesis the following research question is stated:

How to articulate the modelling in power systems, the formulation of optimization problems and solution
strategies to achieve optimal operations of active distribution networks with DER and BESS?

The proposed answer to this question is developed in following chapters.
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Methodology for the formulation and solution of optimization problems regarding the operation of
distribution networks with battery storage systems.

3 Optimal Power Flow

3.1 Notation

A distribution network consisting of the node set N = f 1; 2; : : : ; ng, and the set of linesL = f 1; 2; : : : ; lg
whose elementl = ij : ij 2 L ^ i; j 2 N , can be represented as an undirected graphG = f N; L g. Lines are
modeled with the � circuit equivalent.The reference parameters are defined for the first node (busbar) of
the system, which also hosts the main generator injecting the apparent powerSg 2 C to supply the whole
demand of powerSd 2 C and cover the losses. The main generator (slack) can also be replaced by the
connection to an external grid, especially if the generation capacity is unbounded. Nodej 2 N is a neighbor
of node i 2 N if the pair i; j are connected through a lineij 2 L whose complex admittance,yij 2 C is
usually constant. Neighbor nodes are also called adjacent nodes. The neighbourhoodN i of the node i 2 N ,
is the set of adjacent nodes such thatj jj 2 N ^ ij 2 L . By constructing the G graph's adjacency matrix
with the set of neighborhoodsN = f N1; : : : ; Nn g, it is possible to observe the grid sparsity. The operations
X � ,X T , and X H stand for the complex conjugate, transpose and hermitian matrix ofX , respectively. The
Euclidean norm is represented with the operatorjj jj . The symbols X and X stand for the upper and lower
bound, respectively. For multiperiod analyses, the setH = f 1; 2; : : : ; hg is introduced to extend the size
of affected variables, i.e.,X (h) for the h period of analysis. A complex variableX can be expressed in
rectangular X re + iX im components and in polar formjjX jj \ � . Additional variables and symbols displayed
in this document are presented and explained as they appear. The functionsreal() and imag() extract the
real and imaginary components of the complex input argument. the functiondiag() returns the diagonal
elements of the matrix argument.

3.2 Formulations

The OPF is a mathematical program that seeks to optimize a cost function by finding an operating point
(solution) subject to Kirchhoff's circuit laws (usually formulated with the first one) describing the steady-state
power balance (with a single-phase representation of a balanced three-phase system), and other constraints
that allow the safe, or desired, operation of a power system [181]. See [182] for a three-phase power flow
application. For instance, the network shown in Figure 3-1 consists of three nodes, and by applying
Kirchhoff's currents law on every node, the equation system in Equation (3-1) is obtained.
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I 1

I 2

I 3
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2
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Y11 Y12 Y13

Y21 Y22 Y23

Y31 Y32 Y33

3

5

2

4
V1

V2

V3

3

5 (3-1)

where I i and Vi represent the complex net injected current and node voltage at the nodei respectively, and
Yij the complex admittance matrix element at the position ij . Its diagonal elements are constructed with
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3. Optimal Power Flow 3.2. Formulations

Figure 3-1 : 3-bus system graph representation

the sum of the admittances connected to each node, and the off-diagonal elements with the corresponding
negative line admittance, as displayed in Equation (3-2).

Yij =

8
<

:

� yij ; 8ij 2 L
P

k2 N
� Yik ; 8i; j 2 N : i = j (3-2)

The construction of the admittance matrix shown in (3-2) omits the line charging susceptance (namely
shunt admittance). This term should be accounted when analyzing networks with underground lines.

It is worth noticing that the admittance matrix is the same Laplacian matrix of the weighted undirected
graph representation of the network, whose edge weights are the line admittances. From this, a whole
analysis can be performed based on graph theory.

The current injections shown in Equation (3-1) can be expressed in terms of net apparent power injected to
the node and its voltage. The classical complex representation of the power flow constraints is shown in
Equation (3-3).
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5 (3-3)

From this analysis, the classic power flow and two additional formulations can be constructed, namely the
bus injection model (BIM) and the branch-flow model (BF), as proposed in [181]. These two result from the
application of the same circuit analysis as the classic approach, but exploiting sparsity to increase computing
efficiency for networks whose graph is not complete. Any of the following power flow formulations can be
represented as an optimization problem (OPF) by defining an objective function and if required, including
additional constraints.
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3.2. Formulations 3. Optimal Power Flow

3.2.1 Power �ow constraints

The power flow in Equation (3-3), can be expressed generally for any system in complex(3-4), rectangu-
lar (3-5), or polar (3-6) forms, whose variable set changes in between formulations. These formulations are
named complex matrix (CM), rectangular matrix (RM), and polar matrix (PM) hereafter.

Sg
i � Sd

i =
X

j 2 N

Vi Y �
ij V �

j : 8i 2 N (3-4)

Pg
i � Pd

i =
X

j 2 N

V re
i Y re

ij V re
j � V re

i Y im
ij V im

j + V im
i Y re

ij V im
j + V im

i Y im
ij V re

j : 8i 2 N (3-5a)

Qg
i � Qd

i =
X

j 2 N

� V re
i Y re

ij V im
j � V re

i Y im
ij V re

j + V im
i Y re

ij V re
j � V im

i Y im
ij V im

j : 8i 2 N (3-5b)

Pg
i � Pd

i =
X

j 2 N

jjVi jj jj Yij jj jj Vj jj cos(� i � � ij � � j ) : 8i 2 N (3-6a)

Qg
i � Qd

i =
X

j 2 N

jjVi jj jj Yij jj jj Vj jj sin(� i � � ij � � j ) : 8i 2 N (3-6b)

As can be observed, these power flow formulations are based on the realization of sums over the whole
admmittance matrix, thus very inefficient for sparse matrices (radial networks). The CM formulation (3-4)
is convex only if the complex admittance matrix is hermitian (Y = ( Y � )T ). By inspection it is possible to
determine that the admittance matrix is symmetric ( Y = Y T ), thus this formulation is non-convex.

The RM realization (3-5) results in the linear combination of quadratic terms. Therefore, the problem is
convex only if the positive terms are convex, namely the parameter matrixY is positive semi-definite (PSD),
and the negative terms are concave. A symmetric matrix is PSD if and only if its eigenvalues are positive,
thus invertible, with a positive determinant. Since both components of the admittance matrix can be
found in positive and negative terms at the same time (the imaginary component is adding and subtracting
in Equation (3-5a) while the real component is present in Equation(3-5b) likewise), this formulation is
non-convex. Moreover, the feasible sets of the quadratic expressions include more points than the ones
within each curve, which makes the formulation of equality constraints non-convex.

The PM formulation shown in (3-6) includes the admittance's phase angle in the argument of the trigonometric
functions. It is preferred to express the sine and cosine functions with the voltage phase difference as their
argument, as shown in (3-7).

Pg
i � Pd

i =
X

j 2 N

jjVi jj jj Vj jj Y re
ij cos(� i � � j ) + jjVi jj jj Vj jj Y im

ij sin(� i � � j ) : 8i 2 N (3-7a)

Qg
i � Qd

i =
X

j 2 N

jjVi jj jj Vj jj Y re
ij sin(� i � � j ) � jj Vi jj jj Vj jj Y im

ij cos(� i � � j ) : 8i 2 N (3-7b)

The PM formulation in Equation (3-7) include quasi-convex functions (sine and cosine) whose convexity
depends on the argument of the function, and in the context of equality constraints the whole formulation is
non-convex. This is observable when the phase difference is near zero (which is common due to low inductive
reactances in distribution network lines), making the sine function convex and the cosine function concave,
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3. Optimal Power Flow 3.2. Formulations

whose feasible sets contain elements beyond the contour of the functions. In other words, the feasible set
for the sine function at near zero phase difference consists of all elements in and above the curve, whereas
for the cosine function the feasible set is made of all elements in and below the curve, while an equality
constraint requires that the feasible set is only made of the points in the curve (this is only possible for linear
functions).

Reformulations

To reformulate the CM problem, the quadratic terms are replaced by a complex matrix variable, as shown
in (3-8). Its implementation in the OPF should include an hermitian constraint, forcing its diagonal elements
to be real (3-8b) and the off-diagonal elements to be the complex conjugated of the transposed elements(3-8c).
The diagonal elements represent the squared magnitude of each node voltage.

Wij = Vi V �
j : 8i; j 2 N (3-8a)

imag(Wii ) = 0 : 8i 2 N (3-8b)

Wij = W �
ji : 8i; j 2 N (3-8c)

To maintain the relationship (3-8a) while excluding the voltage variables from the formulation, the complex
product can be expressed as the product of real variables by finding its squared euclidean norm, as shown
in (3-9).

jjWij jj2 = real(Vi V �
j )2 + imag(Vi V �

j )2 (3-9a)

jjWij jj2 = V re
i ((V re

j )2 + ( V im
j )2) + V im

i ((V re
j )2 + ( V im

j )2) (3-9b)

jjWij jj2 = jjVj jj2((V re
i )2 + ( V im

i )2) (3-9c)

jjWij jj2 = jjVi jj2jjVj jj2 (3-9d)

jjWij jj2 = Wii Wjj (3-9e)

(W re
ij )2 + ( W im

ij )2) = Wii Wjj (3-9f)

The complete reformulated CM problem (RCM) is expressed in (3-10).

Sg � Sd = diag(WY � ) (3-10a)

W = W H (3-10b)

(W re
ij )2 + ( W im

ij )2 = Wii Wjj : 8i; j 2 N (3-10c)

Constraint (3-10a) is now linear, and (3-10b) is affine, thus convex. However, the expression in con-
straint (3-10c) represents a rotated second-order cone, that under an equality constraint is non-convex
following the same reasoning done for the quasi-convex functions.

RM and PM can be reformulated similarly, by removing quadratic terms from the power balance equations
and expanding the constraints set with them. For RM, three new variables are created to contain the
quadratic terms, as seen in (3-11).
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3.2. Formulations 3. Optimal Power Flow

Cii = jjVi jj2 = Vi V �
i = ( V re

i )2 + ( V im
i )2 : 8i 2 N (3-11a)

Cij = real(Vi V �
j ) = ( V re

i V re
j ) + ( V im

i V im
j ) : 8i; j 2 N (3-11b)

B ij = imag(Vi V �
j ) = � (V re

i V im
j ) + ( V im

i V re
j ) : 8i; j 2 N (3-11c)

Expressions (3-11b) and (3-11c) can be squared and added to eliminate the voltage quadratic expressions.

C2
ij = ( V re

i V re
j )2 + 2V re

i V re
j V im

i V im
j + ( V im

i V im
j )2 : 8i; j 2 N (3-12a)

B 2
ij = ( V re

i V im
j )2 � 2V re

i V re
j V im

i V im
j + ( V im

i V re
j )2 : 8i; j 2 N (3-12b)

C2
ij + B 2

ij = ( V re
i )2 �

(V re
j )2 + ( V im

j )2�
+ ( V im

i )2 �
(V re

j )2 + ( V im
j )2�

: 8i; j 2 N (3-12c)

C2
ij + B 2

ij = jjVj jj2 �
(V re

i )2 + ( V im
i )2�

: 8i; j 2 N (3-12d)

C2
ij + B 2

ij = jjVi jj2jjVj jj2 : 8i; j 2 N (3-12e)

C2
ij + B 2

ij = Cii Cjj : 8i; j 2 N (3-12f)

A matrix representation of these substitutions is shown in (3-13), comparing (3-11) to the expressions
in (3-8).

Cij =

(
Cii ; 8i = j 2 N
Cij ; 8i 6= j 2 N

(3-13a)

B ij =

(
0; 8i = j 2 N
B ij ; 8i 6= j 2 N

(3-13b)

W = C + iB (3-13c)

By substituting (3-13) in (3-5), the RM power flow problem is reformulated as shown in Equations (3-14).

Pg
i � Pd

i =
X

j 2 N

Cij Y re
ij + B ij Y im

ij : 8i 2 N (3-14a)

Qg
i � Qd

i =
X

j 2 N

� Cij Y im
ij + B ij Y re

ij : 8i 2 N (3-14b)

C2
ij + B 2

ij = Cii Cjj : 8i; j 2 N (3-14c)

The reformulated RM problem (RRM) constraints the OPF with Equations (3-14). The power flow
equations( (3-14a), (3-14b) are now linear (convex) in the variablesC, and B , but the additional equality
constraints (3-14c) include rotated second-order cones that are non-convex as mentioned above.

For the PM problem (3-7) the substitution is similar and the new variables include the quadratic terms and
the quasi-convex terms, as observed in Equation (3-15).

Cii = jjVi jj2 : 8i 2 N (3-15a)

Cij = jjVi jj jj Vj jj cos(� i � � j ) : 8i; j 2 N (3-15b)

B ij = jjVi jj jj Vj jj sin(� i � � j ) : 8i; j 2 N (3-15c)
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3. Optimal Power Flow 3.2. Formulations

The matrix representation of these expressions is equal to Equations(3-8) showing clearly why the diagonal
of B ij is zero, like in (3-15c). To remove the quasi-convex expressions from the formulations,Cij and B ij

are squared (3-16a), (3-16b), and the Euler's formula is applied, resulting in Equation (3-16c).

C2
ij = ( jjVi jj jj Vj jj )2 cos2(� i � � j ) : 8i; j 2 N (3-16a)

B 2
ij = ( jjVi jj jj Vj jj )2 sin2(� i � � j ) : 8i; j 2 N (3-16b)

C2
ij + B 2

ij = Cii Cjj : 8i; j 2 N (3-16c)

Substituting (3-16) in (3-7) results in the following linear expressions.

Pg
i � Pd

i =
X

j 2 N

Cij Y re
ij + B ij Y im

ij : 8i 2 N (3-17a)

Qg
i � Qd

i =
X

j 2 N

� Cij Y im
ij + B ij Y re

ij : 8i 2 N (3-17b)

C2
ij + B 2

ij = Cii Cjj : 8i; j 2 N (3-17c)

The reformulated PM (RPM) problem constrains the OPF with Equations (3-17). The power flow equations
in the RPM are now linear (convex) in the variables Cii , Cij , B ij , but the additional constraint (3-17c)
is non-convex, following the same geometric reasoning for second-order cone equality constraints seen in
Equations (3-10c) and (3-14c)

As a result, the reformulated problems (RCM (3-10), RRM (3-14), and RPM (3-17)) are equivalent.

The solution is retrieved by applying the squared root to the diagonal ofW (or the variable Cii ) to obtain
voltage magnitudes, and by computing the receiving-end phase angle fromCij and B ij recursively.

jjV jj = diag(
p

W ) (3-18a)

� j = � i � tan � 1
�

B ij

Cij

�
: 8i; j 2 N (3-18b)

3.2.2 Bus Injection Model

The BIM defines the power balance equation as the sum of the power flows (incoming/outgoing) for each
node. It differentiates from the classic power flow formulation in the way each power flow is computed.
For each node, power flows are computed based on the number of lines connected and their admittance,
expressing the line current employing the nodal voltage difference, as shown in(3-19). The summation
takes place in the neighborhood of each node instead of the whole index of the admittance matrix. This
formulation is named complex BIM (CBIM) hereafter.

Sg
i � Sd

i = Vi

X

j 2 N i

(Vi � Vj ) � y�
ij : 8i 2 N (3-19)
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In this formulations, incoming and outgoing power flows are accounted for each line connected to the node.
Consider the line k 2 L consisting of the nodesi and j . The node j must be included in the neighborhood
set N i , and the power flow direction is from i to j (outgoing). During the analysis of the nodej , the node
i must be included in the neighborhood setN j , and the direction of the power flow is incoming. In the
literature, the flow ij is called sending-end flow, while the flowji is called receiving-end flow. Algorithmically,
Equation (3-19) can be rewritten in terms of flow directions, as in (3-20).

Sii  Sii + Vi (Vi � Vj ) � y�
ij : 8ij 2 L ^ j > i (3-20a)

Sjj  Sjj + Vj (Vj � Vi ) � y�
ij : 8ij 2 L ^ j > i (3-20b)

Sg
i � Sd

i = Sii : 8i 2 N (3-20c)

Similar to the classical formulation, the rectangular and polar BIM, e.g., RBIM and PBIM, are expressed
in (3-21) and (3-22) respectively.

Pg
i � Pd

i =
X

j 2 N i

yre
ij ((V re

i )2 + ( V im
i )2) � yre

ij (V re
i V re

j + V im
i V im

j ) + yim
ij (V re

i V im
j � V im

i V re
j ) : 8i 2 N

(3-21a)

Qg
i � Qd

i =
X

j 2 N i

� yim
ij ((V re

i )2 + ( V im
i )2) + yim

ij (V re
i V re

j + V im
i V im

j ) + yre
ij (V re

i V im
j � V im

i V re
j ) : 8i 2 N

(3-21b)

Pg
i � Pd

i =
X

j 2 N i

jjVi jj2 jj yij jj cos(� � ij ) � jj Vi jj jj yij jj jj Vj jj cos(� i � � ij � � j ) : 8i 2 N (3-22a)

Qg
i � Qd

i =
X

j 2 N i

jjVi jj2 jjYij jj sin(� � ij ) � jj Vi jj jj yij jj jj Vj jj sin(� i � � ij � � j ) : 8i 2 N (3-22b)

Like for the PM formulation, the phase angle of the admittance is replaced by its rectangular components,
and the argument of the trigonometric functions is expressed in terms of the phase angle difference of the
voltages, as follows:

Pg
i � Pd

i =
X

j 2 N i

jjVi jj2 yre
ij � jj Vi jj jj Vj jj yre

ij cos(� i � � j ) � jj Vi jj jj Vj jj yim
ij sin(� i � � j ) : 8i 2 N (3-23a)

Qg
i � Qd

i =
X

j 2 N i

�jj Vi jj2 yim
ij + jjVi jj jj Vj jj yim

ij cos(� i � � j ) � jj Vi jj jj Vj jj yre
ij sin(� i � � j ) : 8i 2 N (3-23b)

The complex equations in (3-19) are decomposed in the rectangular(3-21) and polar (3-23) versions.
Convexity for CBIM and RBIM constraints is analyzed similarly as for CM or RM, since both formulations
result in the linear combination of quadratic expressions in equality constraints. Therefore, as discussed
above for the CM and RM, these structures remain non-convex. Similarly, the PBIM formulation is still
non-convex for the inclusion of quadratic and quasi-convex expressions in equality constraints.

To reformulate CBIM, RBIM and PBIM power flow constraints, the variables created (3-8), (3-11), and (3-15)
must be modified to be indexed over each line, as in(3-24) and (3-25). The diagonal of W that represents
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Vi V �
i = jjVi jj2, is represented by the real variableui = Wii . Variables in (3-11a) and (3-15a) remain

unchanged.

Cij = real(Vi V �
j ) = real(Wij ) = ( V re

i V re
j ) + ( V im

i V im
j ) : 8ij 2 L (3-24a)

B ij = imag(Vi V �
j ) = imag(Wij ) = � (V re

i V im
j ) + ( V im

i V re
j ) : 8ij 2 L (3-24b)

C2
ij + B 2

ij = Cii Cjj : 8ij 2 L (3-24c)

Cij = real(Wij ) = jjVi jj jj Vj jj cos(� i � � j ) : 8ij 2 L (3-25a)

B ij = imag(Wij ) = jjVi jj jj Vj jj sin(� i � � j ) : 8ij 2 L (3-25b)

C2
ij + B 2

ij = Cii Cjj : 8ij 2 L (3-25c)

Since the variables are now indexed over the number of linesL , every reformulated BIM includes L rotated
second-order conic constraints. The hermitian constraint is indirectly enforced when applying the assignations
in (3-20). After applying these variables on every BIM formulations, the same problem is obtained, similar
to the matrix representations.

Sg
i � Sd

i =
X

j 2 N i

(ui � wij )y�
ij : 8i 2 N (3-26a)

(wre
ij )2 + ( wim

ij )2 = wii wjj : 8ij 2 L (3-26b)

Pg
i � Pd

i =
X

j 2 N i

Cii yre
ij � Cij yre

ij � B ij yim
ij : 8i 2 N (3-27a)

Qg
i � Qd

i =
X

j 2 N i

� Cii yim
ij + Cij yim

ij � B ij yre
ij : 8i 2 N (3-27b)

C2
ij + B 2

ij = Cii Cjj : 8ij 2 L (3-27c)

The solution is retrieved by applying the squared root to the variableCii , or Ui , to obtain voltage magnitudes,
and by computing the receiving-end phase angle fromCij and B ij recursively, starting from lines connected
to the reference node as illustrated in (3-28)

jjVi jj =
p

Cii : 8i 2 N (3-28a)

� j = � i � tan � 1
�

B ij

Cij

�
: 8ij 2 L (3-28b)

3.2.3 Branch Flow Model

The branch-flow model (BF), proposed in [183], implements a series of transformations in the power flow
BIM formulations (3-19) by introducing incoming and outgoing power flow variables, the squared magnitude
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of the nodal voltage and line (branch) currents, and a dimensionless parameter relating the series and shunt
admittances of the line. Like BIM, BF takes advantage of sparsity in the admittance matrix of the network.
To construct the BF formulation, the squared magnitude of the apparent power flowing through a line(3-30)
is firstly expressed as the product of the squared magnitude of the origin's node voltage(3-29a) and the
current through the line (3-29b).

� i = jjVi jj2 (3-29a)

� ij = jj I �
ij jj2 (3-29b)

Sij = Vi I �
ij (3-30a)

jjSij jj2 = ( jjVi jj jj I �
ij jj )2 (3-30b)

jjSij jj2 = jjVi jj2jj I �
ij jj2 (3-30c)

jjSij jj2 = � i � ij (3-30d)

P2
ij + Q2

ij = � i � ij (3-30e)

Then, the current passing through a line -including the line shunt admittance ysh - is transformed into the
expression in(3-32d) by implementing a parameter relating the line impedance and shunt admittance(3-31).

� ij = 1 + zij ysh
ij (3-31a)

ysh
ij =

� ij � 1
zij

(3-31b)

I ij = yij (Vi � Vj ) + ysh
ij Vi (3-32a)

I ij =
Vi

zij
�

Vj

zij
+ Vi

� ij � 1
zij

(3-32b)

I ij zij = Vi � ij � Vj (3-32c)

Vj = Vi � ij � I ij zij (3-32d)

The squared magnitude of (3-32d) is thoroughly evaluated in the Appendix A.1, obtaining the expres-
sion (3-33).

� j = � i jj � ij jj2 + � ij jj zij jj2 � 2 real(� ij Sij z�
ij ) (3-33)

If the parameter � ij = 1 , i.e. ysh
ij = 0 , the equation (3-33) is transformed into equation (3-34).

� j = � i + � ij
�
(zre

ij )2 + ( zim
ij )2�

� 2(zre
ij Pij + zim

ij Qij ) (3-34)
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3. Optimal Power Flow 3.3. Relaxations

where Pij and Qij are two new variables corresponding to the active and reactive power flows for each line,
respectively (See equation(3-30e)). The power flow equations can be rewritten as the balance between
incomming, outgoing, and line (losses) flows, as displayed in Equation (3-35).

Pg
i � Pd

i =
X

j 2 N i

Pij �
X

k2 N i

(Pki � zre
ki �ki ) : 8i 2 N (3-35a)

Qg
i � Qd

i =
X

j 2 N i

Qij �
X

k2 N i

(Qki � zim
ki �ki ) : 8i 2 N (3-35b)

where the pair ij represents a line whose power flow is injected to the nodej from i , and the pair ki
represents a line whose power flow is received at the nodei from the adjacent nodek.

Algorithmically, the assignments in (3-35) can be performed for active and reactive powers as follows:

Pii  Pii + Pij : 8ij 2 L (3-36a)

Pjj  Pjj + zre
ij � ij � Pij : 8ij 2 L (3-36b)

Pg
i � Pd

i = Pii : 8i 2 N (3-36c)

The power flow equations shown in(3-35) are constrained by equations(3-34) and (3-30e). The BF
formulation presents linear power flow equations (thus convex) and a linear constraint(3-34). However, the
constraint (3-30e) represents a non-convex rotated second order cone equation. Therefore this formulation is
non-convex regardless of the objective.

Similar to the procedure for BIM, node voltages and line currents are retrieved by applying the square root
to the variables � and � , respectively.

jjVi jj =
p

� i : 8i 2 N (3-37a)

jj I ij jj =
p

� ij : 8ij 2 L (3-37b)

The expression for the phase angle difference can be obtained from operating on Equation(3-32d) (See
details in Appendix A.1). If � ij = 1 , the angle of the receiving-end node can be computed for each line as
follows:

� j = � i � tan � 1

 
Qij zre

ij � Pij zim
ij

� i � Pij zre
ij � Qij zim

ij

!

: 8ij 2 L (3-38)

3.3 Relaxations

As seen in the previous section, all the formulations of the power flow constraints result in non-convex
representations, due to the usage of quasi-convex functions and the established relationship between the
functions and the resulting constraint set, e.g., the difference of quadratic functions, the non-convex set
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3.3. Relaxations 3. Optimal Power Flow

obtained from quadratic equalities. However, most of those conflicting constraints in the reformulated
problems can be relaxed to make the problem convex. Since most of the conflicting constraints are quadratic,
in this section only second-order cone relaxations are overviewed. For other relaxations applied to OPF, the
following reading is recommended [184].

For the RCM problem, constraints (3-10b) and (3-10c) can be rewritten into the semi-definite positive (SDP)
and rank constraints [185] shown in (3-39).

W � 0 (3-39a)

rank (W ) = 1 (3-39b)

This reformulation is equivalent to the constraints above mentioned as long as the problem is feasible and
bounded [186]. Since equations(3-10c) and (3-39b) are non-convex, the relaxation is performed on the
quadratic constraint, resulting in a SDP, second-order cone (SOCP) constrained problem.

W � 0 (3-40a)

(W re
ij )2 + ( W im

ij )2 � Wii Wjj : 8i; j 2 N (3-40b)

where the relation X � 0 represents semi-definite positiveness of the matrixX . Constraint (3-10b) can be
seen as a relaxed version of(3-40a), since an Hermitian matrix is SDP only if its eigenvalues are non-negative.
The Relaxed-RCM constraints (RERCM) are now convex, and overviewed in (3-41).

Pg � Pd = real(diag(WY � )) (3-41a)

Qg � Qd = imag(diag(WY � )) (3-41b)

W � 0 (3-41c)

(W re
ij )2 + ( W im

ij )2 � Wii Wjj : 8i; j 2 N (3-41d)

A similar transformation can be performed over the constraints(3-16c), and (3-17c) on RPM and RRM
problems, as proposed in [187]. The relaxed OPF constraints for RPM or RRM (RERRM) are shown
in (3-42).

Pg
i � Pd

i =
X

j 2 N

Cij Y re
ij + B ij Y im

ij : 8i 2 N (3-42a)

Qg
i � Qd

i =
X

j 2 N

� Cij Y im
ij + B ij Y re

ij : 8i 2 N (3-42b)

C2
ij + S2

ij � Cii Cjj : 8i; j 2 N (3-42c)

Either SDP or Hermitian constraints could be enforced by adding a complex variable and assigning its real
and imaginary parts to the existing variables.
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3. Optimal Power Flow 3.4. Additional Constraints

W 2 C (3-43a)

W � 0 _ W = W H (3-43b)

Wii = Cii 2 R : 8i 2 N (3-43c)

real(Wij ) = Cij : 8i 6= j 2 N (3-43d)

imag(Wij ) = Sij : 8i 6= j 2 N (3-43e)

For BIM and BF reformulations, the same SOCP relaxation can be immediately applied for Equations(3-27c)
and (3-30e), respectively.

3.4 Additional Constraints

Multiple additional constraints can be added to the OPF besides power balance equations to ensure a
safe operation of the power system. Voltage magnitude constraints are included in the formulation, and
have static limits whose levels depend on the particular regulations for the network, i.e. grid code. For
each formulation presented in the previous section, voltage constraints are modified accordingly. For polar
representations PM and PBIM, voltage constraints are shown in (3-44).

V �jj Vij jj � V : 8i; j 2 N (3-44)

For sparse networks the constraints can be modified to fix elements outside the diagonal and the line set to
be zero, as in (3-45).

jjVij jj = 0 : 8i; j 2 N ^ ij =2 L (3-45)

Equations (3-44) and (3-45) represent box constraints, and are convex.

For RM and RBIM formulations, the constraints should be modified to include the rectangular components
of the voltage.

V 2 � (V re
ij )2 + ( V im

ij )2 � V
2

: 8i; j 2 N (3-46)

As observed, the upper bound constraint is convex, but the lower bound constraint is concave. To fix
this issue, the constraints are relaxed and separated into real and imaginary components, keeping voltage
magnitude bounded as in (3-46) with convex expressions.

V � V re
ij � V : 8i; j 2 N (3-47a)

� V � V im
ij � V : 8i; j 2 N (3-47b)
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3.4. Additional Constraints 3. Optimal Power Flow

For the CM and CBIM formulations, constraints (3-47) can be applied separating the real and imaginary
components, and creating upper and lower bound matrices.

V � real(V ) � V (3-48a)

� V � imag(V ) � V (3-48b)

With the BF formulation, all the reformulations and relaxations would implement voltage constraints with its
square magnitude as in(3-48) considering that variable W can be constructed withC and S like W = C + iS
and with � variable in BF like diag(W ) = � .

V 2 � real(W ) � V
2

(3-49a)

� V
2

� imag(W ) � V
2

(3-49b)

Similarly, generators power can be bounded, but minding that in complex form apparent power constraints
have concave lower bound expressions. Thus, apparent power must be bounded for its real and imaginary
components separately.

P � (real(S) = P) � P (3-50a)

Q � (imag(S) = Q) � Q (3-50b)

Indirectly, the power factor can also be constrained to a fixed value by setting upper and lower bounds of
active and reactive power accordingly.

BF formulation allows to constraint line current/power flows directly, by setting squared bounds on the
variable � (3-51). For non-reformulated and non-relaxed CM and BIM problems, these bounds are defined as
in (3-52).

I 2 � � � I
2

(3-51)

I � (Vi � Vj )yij � I : 8ij 2 L (3-52)
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Methodology for the formulation and solution of optimization problems regarding the operation of
distribution networks with battery storage systems.

4 Modelling Distributed Energy Resources

In this section, the modelling of two DER technologies is discussed and the analysis for the demand is
included.

4.1 Solar Photovoltaic Generation

In steady-state applications such as OPF, photovoltaic units (PV) are typically modelled as linear irradiance-
controlled power source. For ease of implementation, the power output is computed from the maximum
capacity and the rate indicated by the manufacturer at standard test conditions (STC). However, if
environmental data are available, additional operational considerations can be included such as temperature
and overall system efficiency (including losses within the PV system, MPPT mismatch, tracking efficiency,
converter and transformer efficiencies, or temperature effects on each component). For the simulations in
this thesis, the overall efficiency of the PV system is assumed constant and the PV generator is only capable
of supplying active power. A PV generator is included in the OPF with the following equation:

ppv(h) = I pv (h)� sys CP (4-1)

where CP is the capacity of the PV system at STC, I pv is the average irradiance for the periodh, and � sys

is the overall efficiency of the PV system.

From the perspective of OPF applications, either the capacity, the irradiance, or both must be included in
the formulation as variables. When only one of them is a variable, the constraint represents linear function
which is convex. However, if both variables (or more if additional parameters are included as variables) are
present as variables in the formulation, the problem becomes non-convex. The product of two variables in
an equality constraint is called a bilinear constraint, and is addressed by transforming the constraint into an
integer sub-problem aiming to interpolate piece-wise linear functions approximating the non-linear function.
See the Appendix A.3 for further details on the optimization of piece-wise linear approximated functions.

The limits for the variables are implicit in the piece-wise approximations when the bilinear formulation is
considered. Otherwise, the bounds can be included in the OPF with box-constraints (4-2).

0 � ppv � CP (4-2a)

CP � CP � CP (4-2b)

I pv � I pv � I pv (4-2c)
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4.2. Battery Energy Storage Systems 4. Modelling Distributed Energy Resources

4.1.1 Irradiance

Irradiance is often found modelled from cumulative global horizontal irradiance measurements. This method,
although easy for implementation, carries inaccuracies derived from the design of the PV system, such as
location, tilt angle, tracking strategy, and others. Nevertheless, such inaccuracies can be compensated by
underestimating the system overall efficiency. Typically, in multi-period OPF, the irradiance is assumed to
be the average of the historical measurements for each period of analysis. However, for long-term analysis
considering OPF, it is necessary to reduce uncertainty at decision-making stages. Hence, it is proposed to fit
irradiance measurements to a continuous probability density function and maximize probabilities using the
cumulative distribution function. The STC irradiance and irradiation are 1000W

m 2 and 1000W h
m 2 , respectively,

and are used as base values for per-unit transformations.

For stochastic analyses, the irradiance coefficient variable is bounded by the maximum and minimum
coefficient found in the data for each hour, to avoid numerical problems or infeasibilities during optimization.

I pv (h) � I pv (h) � I pv (h) (4-3)

4.2 Battery Energy Storage Systems

The non-convex (bilinear) Equation (2-2) describes mathematically the modelled behavior of a BESS unit
based on State of Charge (SOC). In the ideal case, efficiencies are set to one, whereas for the non-ideal case
a more accurate modelling of BESS charge and discharge efficiencies can be performed using the internal
resistance model [84, 98], displayed in Equation (4-4)

� ch (h) =
3
2

�
1
2

q
1 � pf (h) : pf (h) < 0 (4-4a)

� dch (h) =
1
2

+
1
2

q
1 � pf (h) : pf (h) � 0 (4-4b)

where pf (h) is the power fraction of the capacity delivered or supplied to/by the BESS unit in the period h.
It is computed as the ratio between the rated powerpB (h) and the capacity CB.

pf (h) =
pB (h)
CB

(4-5)

The charging power is considered negative and the discharging power positive, agreeing with the power
conventions in the OPF, namely power injections to the grid are positive and power loads are negative.
Power fractions can be translated into SOC differences as follows:

pf (h) = SOC(h � 1) � SOC(h) : h 6= 1 (4-6a)

pf (h) = SOC0 � SOC(h) : h = 1 (4-6b)

whereSOC0 is the initial state of charge. From Equations (4-4) and (4-6) can be observed that the efficiencies
transform ideal SOC differences into effective SOC differences, indicating that charging the unit to the
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4. Modelling Distributed Energy Resources 4.2. Battery Energy Storage Systems

level suggested by the ideal SOC difference should require additional power injections, or at discharge, the
unit delivers less power than what the ideal SOC difference would suggest. The ratio between effective
(PB (h)) and rated power (pB (h)) is called effective power fraction (P f (h)), and is constrained by a bilinear
relationship between the effective powers and efficiency calculations.

P f (h) =
PB (h)
pB (h)

(4-7a)

P f (h) =

(
1

� ch (h) : pf (h) < 0

� dch (h) : pf (h) � 0
(4-7b)

Compared to (2-2), Equation (4-7) changes the effect of the efficiencies in the rated power injected to or
withdrawn from the grid. As can be observed, the charge efficiency is inversely proportional to the effective
power fraction, indicating that the effective power fraction is greater than one, thus also the ratio between
effective and the rated power. In other words, to fully charge an empty BESS at the nominal energy rate
the grid must to supply around 20 % more power to overcome efficiency effects. Conversely, the discharge
efficiency is proportional to the effective power ratio with values below one, indicating that the effective
power is lower than the rated one. In the practice, discharging the battery system at full capacity should
represent an effective injection of the half of its capacity into the grid. For this formulation, the SOC is a
real positive variable bounded above to the unit. Following the strategy in [5, 84], the state of charge at the
last period should be the same as the initial SOC, to optimize the amount of charge that must be conserved
under any circumstance.

0 � SOC(h); SOC0 � 1 (4-8a)

SOC0 = SOC(H ) (4-8b)

The power PB can be bounded by the capacity and the maximum and minimum efficiencies as shown
in (4-9).

� 2CB

3 �
p

2
� PB � CB (4-9)

The non-linear models shown in(4-4), (4-5) and (4-6) can be introduced to the convex optimization framework
by implementing piece-wise linear approximations, as in A.3, where their bounds are implicit within its
formulation.

A convex alternative formulation to the ideal BESS operation problem is considered by transforming the
SOC into available capacity. The SOC is translated into available capacity by multiplying any SOC and
the capacity of the unit. Equations (4-6)and (4-8) are transformed in the following expressions.

CAP (h) = CAP (h � 1) � pB (h) : 8h > 1 2 H (4-10a)

CAP (h) = CAP 0 � pB (h) : 8h = 1 2 H (4-10b)

CAP 0 = CAP (H ) (4-10c)

0 � CAP (h) � CB : 8h 2 H (4-10d)
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4.3. Location 4. Modelling Distributed Energy Resources

Since efficiencies are set to one, the rated power is the same effective power. To include efficiencies in the
available capacity model, the expressions for rated and effective power fraction ((4-5) and (4-7a)) must
remain in the constraint set.

In both formulations (SOC or available capacity), the effective power is included into the power flow balance
equations, whereas the rated power is used to constraint the available capacity or rated SOC difference as
shown in (4-5), (4-6), and (4-10). When efficiencies are included both formulations are non-convex, thus
involving bilinear and/or PWLA constraints.

4.3 Location

If in the OPF analysis the location is to be considered, the equations describing PV and BESS power should
be adjusted to include integer variables representing the location of the respective system, as in (4-11).

PPVi (h) = ppvi (h) � zpv
i : 8i 2 N ^ zpv

i 2 Z j 0 � zpv
i � 1 (4-11a)

PB i (h) = PB
i (h) � zB

i : 8i 2 N ^ zB
i 2 Z j 0 � zB

i � 1 (4-11b)

These constraints represent a non-convex bilinear expression. To linearize them, each constraint is deployed
into a set of constraints bounding the original constraint set, as seen in(4-12) for PV power and (4-13) for
BESS power.

PPVi (h) � zpv
i CP : 8i 2 N ^ 8 h 2 H (4-12a)

PPVi (h) � ppvi (h) : 8i 2 N ^ 8 h 2 H (4-12b)

PPVi (h) � ppvi (h) � CP(1 � zpv
i ) : 8i 2 N ^ 8 h 2 H (4-12c)

In the context of MBESS, the indicator variable zB
i must be expanded to in the time dimension, to show the

location in the node and the period, e.g.,zB
i (h)

� 2CB

3 �
p

2
zB

i (h) � PB i (h) � zB
i (h)CB : 8i 2 N ^ 8 h 2 H (4-13a)

PB
i (h) � CB(1 � zB

i (h)) � PB i (h) � PB
i (h) + CB(1 � zB

i (h) : 8i 2 N ^ 8 h 2 H (4-13b)

The capacity must be constrained similarly:

CB i � zB
i (h)CB : 8i 2 N ^ 8 h 2 H (4-14a)

CB i � cbi : 8i 2 N ^ 8 h 2 H (4-14b)

CB i � cbi � CB(1 � zB
i (h)) : 8i 2 N ^ 8 h 2 H (4-14c)

The number of DER installations, and their capacity are constrained as follows:
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NX

i =0

zpv
i = Npv (4-15a)

NX

i =0

zB
i (h) = Nb (4-15b)

NX

i =0

PPVi (h) = CP : 8h 2 H (4-15c)

NX

i =0

CB i = CB (4-15d)

If a single BESS unit is to be operated, the node index (i ) in variables PB
i (h), CB i , cbi can be discarded.

4.4 Demand

In single-period OPF analyses, demand is considered static, and depending on the objectives of the analysis
it is assumed maximum, e.g. robust optimization, or usually averaged if it can be inferred that the mean
is the expected value. In multi-period analyses, is common to find demand curves following the average
measured values. However, along any given distribution network, certain areas could agglomerate particular
demand behaviors, thus displaying heterogeneous consumption patterns. To identify such patterns, an
standard k-means clustering process is applied after available data is processed to remove invalid data or
zero consumption registers. The data fed to the clustering stage is normalized by scaling it in the range
between zero and one over (max-min normalization) for each register. The clustering stage is parameterized
to return five clusters. The output clusters are then built with the normalized data within a cluster radius
distance, which is defined as the geometric mean of the distances between the original points in the cluster
and its centroid. For instance, in Figure 4-1 the two-dimensional data assigned to a cluster is further filtered
according to the distance limit defined by the cluster radius.

Finally, an offset is added to the data in each cluster to remove zero data values. To compute the offset,
the original data is normalized by dividing each register over its maximum (max-normalization), then the
minimum for each max-normalized register is extracted, averaged over the registers belonging to each cluster
and added to the corresponding cluster. In addition, the weight of each centroid is calculated as the ratio
between the whole consumption (not normalized) within each cluster over the sum of cluster consumptions.
Once the clusters have been defined, the hourly demand is fitted to continuous probability function for
uncertainty analyses, similar to the procedure for the solar irradiance. The cluster analysis is detalied in A.4.

Since the simulations are carried out on different test systems, the demand levels predefined for each system
are modulated by the coefficients of the demand cluster, as shown in (4-16).

Pd
i (h) = DEM i � DCcluster ( i ) (h) (4-16)

whereDEM i is the predefined demand level at the nodei in the system, andDCcluster ( i ) (h) is the modulating
demand coefficient obtained from the cluster behavior assigned to the nodei at the period h,

for stochastic analyses, the demand coefficient is bounded within the maximum and minimum values found
in the data for each cluster and period.
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Figure 4-1 : Cluster radius data selection

DCcluster ( i ) (h) � DCcluster ( i ) (h) � DCcluster ( i ) (h) (4-17)

4.5 Uncertainty

Irradiance and demand are the main sources of uncertainty considered for the OPF analyses. The hourly
mean values have been widely used for daily operation of distribution systems. However, it is proposed to fit
the measurements to probability distribution functions (PDF) and augment the cost function to optimize
the probabilities as well (reduce uncertainty), providing a more robust framework for decision making.

However not every probability distribution is applicable into a convex OPF framework. Hence some of them
are hereby discussed.

4.5.1 Normal Distribution

The normal distribution is a two parameter continuous distribution with the cumulative distribution function
(CDF) shown in (4-18)

p(X � x) = �
�

x � �
�

�
=

1
2

�
1 + erf

�
x � �

�
p

2

��
(4-18)

where � and � are the parameters of the distribution, namely mean and standard deviation respectively, and
erf is the error function. The � function can be approximated with Taylor's series expansion.
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p(X � x) �
1
2

+
1

p
2�

nX

k=0

(� 1)k y2k+1

2k k!(2k + 1)
(4-19a)

y =
x � �

�
(4-19b)

where y is the standardized random variable andn is the order of the approximations. Equation (4-19a)
results in a sum of convex and concave expressions that cannot be included directly in the objective function.
Therefore, the cumulative probability should be linearized using the piece-wise linear approximations approach
(PWLA).

When the logarithm of the random variable follows a normal distribution, the distribution is called log-normal.
The approximation in (4-19) is applicable when the random variable is modified, as shown in (4-20)

p(X � x) �
1
2

+
1

p
2�

nX

k=0

(� 1)k y2k+1

2k k!(2k + 1)
(4-20a)

y =
ln (x) � �

�
(4-20b)

4.5.2 Weibull Distribution

Weibull distribution is a two parameter continuous distribution, whose cumulative distribution function
shown in (4-21).

p(X � x) = 1 � e� ( �x ) �
(4-21)

where � and � are positive scale and shape parameters. Further simplifications of the CDF are performed
in (4-21), resulting in an expression for the probability of X taking values greater than x.

p = 1 � e� ( �x ) �
(4-22a)

� p = e� ( �x ) �
� 1 (4-22b)

1 � p = e� ( �x ) �
(4-22c)

ln(1 � p) = � (�x ) � (4-22d)

If the objective in the optimization requires the maximization of the probability p as in (4-21), then the
probability of ln(1 � p) as in (4-22d) is required to be minimized. Only when parameter� is between zero and
one, the expression at the right hand side (RHS) of the equal in(4-22d) is convex, therefore its minimization
is straightforward. Otherwise, piece-wise linear approximations can be implemented for either the original or
the simplified functions.

If the logarithm is again applied to (4-22d), after simplifications, a concave, monotonically increasing inp
function is obtained, as shown in (4-23).
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� ln(1 � p) = ( �x ) � (4-23a)

ln( � ln(1 � p)) = ln(( �x ) � ) (4-23b)

ln( � ln(1 � p))
�

= ln( � ) + ln( x) (4-23c)

The derivative of the left hand side (LHS) in (4-23c) over p in the interval (0; 1) shows that the slope of
the function is always positive, i.e., the logarithm takes always negative values and the expression1 � p is
always positive in the interval.

d
dp

(ln( � ln(1 � p))) = �
1

ln(1 � p)(1 � p)
(4-24)

Hence, by maximizing the logarithm of x as shown in the RHS of Equation(4-23c), the maximization of
p(X � x) under a Weibull distribution is achieved.

4.5.3 Rayleigh Distribution

Rayleigh distribution is single parameter continuous distribution, whose cumulative distribution function
shown in (4-25).

p(X � x) = 1 � e� x 2

2 � 2 (4-25)

where � is the scale parameters. Similar to the simplification for the Weibull distribution, a concave,
monotonically increasing function on p is obtained for maximization under the Rayleigh distribution,
following (4-26).

p = 1 � e� x 2

2 � 2 (4-26a)

� p = e� x 2

2 � 2 � 1 (4-26b)

1 � p = e� x 2

2 � 2 (4-26c)

ln(1 � p) = �
x2

2� 2 (4-26d)

� ln(1 � p) =
x2

2� 2 (4-26e)

ln( � ln(1 � p)) = 2 ln( x) � ln(2� 2) (4-26f)

From (4-26d) one can observe that the minimization ofln(1 � p) can't be achieved since the RHS part of
the equation is concave. In Equation(4-26f), the maximization of a function monotonically increasing overp
is achieved by maximizing the concave expression on the RHS.

Otherwise, piece-wise linear approximations can be implemented to include its probabilities in the optimiza-
tion.
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4.5.4 Logistic Distribution

The logistic distribution is a two parameter distribution with the following CDF:

p(X � x) =
1

1 + e
� x + �

s

(4-27)

where � and s are the location and scale parameters. By applying the logarithm to(4-27), a concave,
monotonically increasing function over p is obtained, which makes the maximization of the probability
straightforward.

ln(p) = ln(1) � ln(1 + e
� x + �

s ) (4-28a)

ln(p) = � ln(1 + e
� x + �

s ) (4-28b)

4.5.5 Log-Logistic Distribution

The log-logistic distribution, also known as Fisk distribution, is a two parameter distribution with the
following CDF:

p(X � x) =
1

1 +
�

x
�

� � � (4-29)

where � and � are positive scale and shape parameters. To transform(4-29) into a straightforward expression
for probability maximization, the probabilities p and 1 � p are firstly computed.

p =
1

1 +
�

x
�

� � � (4-30a)

1 � p =

�
x
�

� � �

1 +
�

x
�

� � � (4-30b)

The ratio between p and 1 � p results in a power expression whose convexity depends on the value of
the exponent � . If � 2 (0; 1), the expression(4-30b) is concave, and can be included directly in the
objective function to maximize the probability p. To generalize, the natural logarithm is applied to the
expression(4-31a), resulting in a concave, monotonically increasing function overp. The derivative of (4-31b)
shows a positive slope for everyp in the interval (0; 1), as shown in (4-31c).
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p
1 � p

=
1 +

�
x
�

� � �

�
1 +

�
x
�

� � �
� �

x
�

� � �
=

� x
�

� �
(4-31a)

ln
�

p
1 � p

�
= � [ln(x) � ln( � )] (4-31b)

d
dp

�
p

1 � p

�
=

1
(1 � p)2 (4-31c)

4.5.6 Exponential Distribution

The exponential distribution is a single parameter distribution with the following CDF:

p(X � x) = 1 � e� �x (4-32)

where � is the rate parameter. The CDF shown in (4-32) is concave, and can be implemented directly in the
objective function for probability maximization.

4.5.7 Stochastic implementations in OPF

The random variables considered (irradiance and demand coefficients) are implemented in the OPF simulations
as deterministic variables whose probabilities are maximized. As could be observed in the formulation
of CDFs in a convex optimization framework, the maximization of the probabilities can be achieved by
maximizing the random variable directly, leading to triviality. To avoid this, the probabilities should be
incorporated in the OPF by regarding the main objective of the optimization. For instance, if the main
objective is to minimize power losses, then both the demand coefficients and corresponding probabilities
p should be maximized (or minimize1 � p). By doing so, when the coefficients are near the lower bound,
their probabilities reach near minimum values. Therefore, the solution for the demand is no longer trivial,
and is found halfway between the minimum and the maximum values. Similarly, PV power (which is a
function of irradiance) should be maximized to reduce losses, but if the probabilityp for the irradiance is
also maximized, then the solution is trivial. Therefore, the probabilities for irradiance should be computed
as the maximization of 1 � p (or minimization of p) which, achieve maximum 1 � p probability values when
the irradiance is low, thus removing the triviality.

However, the expressions derived in previous sections could not always be included in the convex framework
when maximizing 1 � p. Here the formulation of 1 � p for the aforementioned distributions is discussed.

Normal and log-normal probabilities must be approximated via piece-wise segments, therefore no further
transformations are applied to the calculation of p or 1 � p.

Equation (4-22d) computes the logarithm of the probability 1 � p for the Weibull distribution, and it is
concave only if � =2 (0; 1). Nevertheless, the inverse of1 � p (as defined in (4-30b)) results in a convex
expression that minimizesp, thus maximizes 1 � p when � � 1.
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1
1 � p

=
1

e� ( �x ) � = e( �x ) �
(4-33)

For the Rayleigh distribution, the concave expression in Equation(4-26d) maximizes directly the probability
1 � p. For the logistic distribution, the probability 1 � p is expressed as a concave expression as shown
in (4-34b).

1 � p = 1 �
1

1 + e
� x + �

s

=
e

� x + �
s

1 + e
� x + �

s

(4-34a)

ln(1 � p) =
� x + �

s
� ln

�
1 + e

� x + �
s

�
(4-34b)

The Equation (4-31a) shows the ratio betweenp and 1� p as a convex function for the log-logistic distribution
as long as� =2 (0; 1), thus maximizing 1 � p by minimizing p. Conversely, the inverse of Equation(4-31a)
would be concave when� =2 (� 1; 0), thus maximizing 1 � p.

1 � p
p

=
� x

�

� � �
(4-35)

The concave expression(4-32) that maximizes p under the exponential distribution can be transformed into
the convex expression (4-36) that maximizes1 � p, by using the ratio 1=1 � p.

1
1 � p

= e�x (4-36)

Detailed information on the data used and its fitting to distributions is presented in the Appendix A.5.

An overview of the distributions applicable for the OPFs in the sense of power loss minimization is presented
in Table 4-1

Distribution Approach Equation Curvature Objective Effect Applicable x

Exp
Equation (4-32) - max p " x DC
Equation (4-36) + min p # x IC
PWLA - Affine min=max p # x= " x DC; IC

Fisk*

Equation (4-31a) - (� 2 (0; 1)) max p " x DC
Equation (4-31a) + ( � > 1) min p # x IC
Equation (4-31b) - max p " x DC
PWLA - Affine min=max p # x= " x DC; IC

Logistic
Equation (4-28b) - max p " x DC
Equation (4-34b) - min p # x IC
PWLA - Affine min=max p # x= " x DC; IC

Continued on next page
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Distribution Approach Equation Curvature Objective Effect Applicable x

Lognorm**
Equation (4-19b) NC min=max p # x= " x DC; IC
PWLA - Affine min=max p # x= " x DC; IC

Normal**
Equation (4-19b) NC min=max p # x= " x DC; IC
PWLA - Affine min=max p # x= " x DC; IC

Rayleigh
Equation (4-26d) - min p # x IC
Equation (4-26f) - max p " x DC
PWLA - Affine min=max p # x= " x DC; IC

Weibull*
Equation (4-23c) - max p " x DC
Equation (4-33) + ( � > 1) min p # x IC
PWLA - Affine min=max p # x= " x DC; IC

Table 4-1 : Overview of the proposed stochastic implementations in OPF

where "+" means convex, "-" concave, and "NC" non-convex. The equations of distributions marked with *
aren't suitable for every case. For instance, if the irradiance is modeled after Fisk's or Weibull's distributions,
its probability could only be included in the OPF when � � 1 (minimizing the probability p (convex), would
reduce the IC value and increase losses. This trade-off is desired to avoid triviality). The distributions
marked with ** (namely Log-Normal and Normal) can be included in the convex OPF using the CVXPY
function log_ normcdf(x) resulting in a concave expression that maximizesp, thus can only be included to
model demand.
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Methodology for the formulation and solution of optimization problems regarding the operation of
distribution networks with battery storage systems.

5 Applications

In this chapter, the methodology proposed is deployed to simulate different OPF applications, starting
from PF analysis, deterministic and stochastic DER allocation and BESS operation under static and mobile
frameworks.

5.1 Test systems

The different OPF formulations and DER models are implemented over four test systems, the IEEE33-
bus, 69-bus systems (I33-I69) and SA-CA141 distribution networks. The former two have been reported
extensively in the literature, whereas the latter two are modeled after real distribution networks in San
Andrés island (Colombia) and Caracas (Venezuela), respectively. The network data for the systems is found
in [188] (I33 and I69), [17] (SA), and [189] (CA141). The data of the latter is also found in MATPOWER.
The I33 network has 33 nodes in a radial configuration, with 3715kW and 2300kV Ar static demand and
210.9876kW active power losses operating at 12.66kV . The SA network has 43 nodes in a radial/ring
configuration, with 1302 kW and 593 kV Ar in demand and 31.30kW active power losses operating at
13.6 kV . The I69 network has 69 nodes in a radial configuration, with 3890.7kW and 2693.6kV Ar static
demand and 225.0718kW active power losses operating at 12.66kV . The CA141 network has 141 nodes in a
radial configuration, with 11944.6 kW and 7402.6kV Ar static demand and 632.6955kW active power losses
operating at 12.47kV . The base values for every network are their respective operating voltage and 1MW .

In multi-period and stochastic simulations, the static demand is modulated by either the average coeffi-
cients A.4, or by the optimal coefficients resulting from the probability maximization. The behavior observed
in the clusters is assigned to the nodes in the network proportionally to the weight of the cluster. The cluster
to node assignation process is explained in Algorithm 1.

The distribution of the clusters for every network is displayed in Figures5-1, 5-2, 5-3, and 5-4.

The computational resources used for the implementation of the simulations consist of a desktop computer
with a 6-core (12 threads) processor (3.6 GHz) and 16 GB of DDR4 RAM memory (2x8 GB @ 2133 MHz).
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Algorithm 1: Cluster to node assignation algorithm

Data: wc; Sd
i ; N

Result: Node to cluster assignment:cn
Sort Sd

i in ascending order and get the sorted indices:idx 1;
Sort wc in descending order and get the sorted indices:idx 2;

Compute the share of demand for each node (unsorted):%D i  Sd
iP

i 2 N
Sd

i
;

Create a zero arrayN � 1 to store the cluster assignation for each node:cn  zeros(N; 1);
Initialize a variable to store the number of clusters: nc  size(w);
Initialize a variable with zero to store the share of demand for each cluster:share  0;
Initialize a variable with N to count the remaining nodes to be assigned to a cluster:rem  N ;
for i=1 to nc do

Reset the share:share  0;
while share � widx 2( i ) AND rem > 1 do

Increment share with the share of the remaining node with greatest demand:
share  share + %D idx 1( rem ) ;

Assign the current cluster idx 2(i ) to the node idx 1(rem): cnidx 1( rem )  idx 2(i );
Decrement rem by one: rem  rem � 1

end
end

(a) Cluster distribution in Bogotá (b) Cluster distribution in Jamundí

(c) Cluster distribution in Popayán

Figure 5-1 : IEEE 33 cluster to node distribution.
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(a) Cluster distribution in Bogotá (b) Cluster distribution in Jamundí

(c) Cluster distribution in Popayán

Figure 5-2 : SA cluster to node distribution.
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(a) Cluster distribution in Bogotá (b) Cluster distribution in Jamundí

(c) Cluster distribution in Popayán

Figure 5-3 : IEEE 69 cluster to node distribution.
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(a) Cluster distribution in Bogotá (b) Cluster distribution in Jamundí

(c) Cluster distribution in Popayán

Figure 5-4 : CA141 cluster to node distribution.
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5.2 Solvers and Interpreters

Throughout the simulations, the formulations are implemented for different interpreters that translate
the problem to the language of the solver. The interpreters used are CVXPY(1.4.2) [190], GURO-
BIPY(11.0.1) [191], and AMPLPY (0.13.3) [192]. These interpreters are imported in a python distribution.
CVXPY allows the usage of different solvers as long the problem match the capabilities of the solver, and
it is reserved exclusively for convex problems, It also allows formulations with complex variables. With
CVXPY, either MOSEK (10.1) [193] or GUROBI(11.0.1) solvers are used. When the first interpreter/solver
pair is used, the abbreviation CM (CVXPY/MOSEK) is used to identify the source of the results. For the
second one the abbreviation is CG (CVXPY/GUROBI).

GUROBI's tool works as both interpreter and solver, and its results are identified with the abbreviation
(G). Contrasting with CVXPY, GUROBI allows non-convex formulations in constraints, by realizing
PWL approximations internally (tuned with parametrization), or if the constraint is quadratic by using
branch-and-bound tree and a dynamic outer-approximation approach.

AMPLPY translates the problem directly to the solver's language without any concern on convexity. However,
it allows the usage of solvers that only solver convex problems, such as MOSEK, therefore special care
must be taken when choosing the solver. Therefore, AMPLPY is used to translate mainly non-convex
formulations, and convex problems when GUROBI or CVXPY implementations fail to solve the problem.
Among the solvers paired with AMPLPY are IPOPT (3.12.13) [194] for continuous problems, and SCIP [195]
and BONMIN [196] for mixed-integer problems (BONMIN implements IPOPT for the continuous problem
and CBC for integer branching). The abbreviations that link the interpreter/solver and the solution are the
following: AI (AMPLPY/IPOPT), AS (AMPLPY/SCIP), and AB (AMPLPY/BONMIN).

5.3 Power Flow Analysis

Firstly, the different power flow formulations (PF) shown in section 3 are optimized minimizing the power
losses to compare the resultant operating point against the results obtained using MATPOWER (7.1) [197]
with MATLAB (2023b) [198]. Both single and MPF analyses are carried out on each test system. As a
result, the most computationally efficient formulations are used for further analyses.

The variables in non-convex complex formulations are expressed in their rectangular components, since most
of the interpreters or solvers don't realize operations in the complex domain, whereas for the convex cases, it
is possible to define complex variables and equality constraints containing complex variables on CVXPY.
Hence, the non-convex formulations with complex variables (CM, RCM, CBIM and RCBIM) are not directly
optimized, but their rectangular representations (RM, RRM, RBIM and RRBIM). The polar and rectangular
representations of reformulated power flow equations under matrix and BIM frameworks share the same
formulation, thus their results are presented as a single one for each framework, namely RRM and RRBIM.
The relaxed reformulation of the power flow equations under polar and rectangular frameworks are as well
presented as a single one (RERRM,RERRBIM).

Voltages are bound to be� 10% unless otherwise mentioned. Line flows are unbounded. The reference node
in all networks is the first one. All decision variables, their bounds and parameters are defined in per-unit
using the base values aforementioned.

The objective function f o consists on the minimization of the losses (active and reactive). This can be
formulated by expressing the both losses as variables whose value is computed with the right hand side (RHS)
of the power flow balance equation. For this case, the objective can be also reformulated by minimizing the
slack apparent generation (or the sum of its rectangular components).
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Secondly, each PF system is modified to include the mean cluster demand coefficients for each city. Since
the mean coefficients reach higher values than the unity, the upper and lower bounds for the voltage are
increased to� 20% to avoid infeasibility. The objective function remains unmodified from the previous case.

Finally, the multi-period power flow MPF analysis is carried out considering the mean hourly demand
for each cluster in each city. Typically, the MPF formulation expands the dimension of each variable to
include each period, but occasionally due to the increased size, the PF problem is solved iteratively for each
period using the demand for the period as a changing parameter. When this is performed, the solver has
the suffix -H in the results. The objective function is modified to consider the sum of power losses over the
period. Similarly, the objective function can be rewritten as the minimization of sum of the generation at
the reference node.

5.3.1 Results

The results for each PF and MPF problem is assessed using five criteria (x): the average of the sum of
the squared errors (SSE), the solving time (t), two infeasibility computations, and the product between
these measures (� x). The error is defined as the difference between the solution obtained using any
combination of formulation/solver, and the solution obtained from MATPOWER. These measures are shown
in Equation (5-1). The solution then considers errors for voltage, phase angle, active and reactive power
generation and losses. The detailed results for each system are shown in the Appendix A.6. For the MPF,
the sum of squared errors and the infeasibilities are computed for each period and then added.

x1 = SSE =
P

(�v )2 + ( �� )2 + ( �P g)2 + ( �Q g)2 + ( �P loss )2 + ( �Q loss )2

6
(5-1a)

x2 = t (5-1b)

x3 = Inf 1 =
X

i 2 N

jPg
i � Pd

i � Ppf
i j +

X

i 2 N

jQg
i � Qd

i � Qpf
i j (5-1c)

x4 = Inf 2 =
X

i 2 N

jPg
i � Pd

i � real(
X

j 2 N

Vi Y �
ij Vj )j +

X

i 2 N

jQg
i � Qd

i � imag(
X

j 2 N

Vi Y �
ij Vj )j (5-1d)

x5 =
Y

x =
4Y

i =1

jx i j (5-1e)

where Ppf
i and Qpf

i are the respective power flow values for thei th node computed by the respective
formulation. In other words, Inf 1 measures the infeasibility of the obtained solution within the formulation,
and Inf 2 measures the infeasibility of the solution when transformed into the variables of the original
problem (CM). Largely infeasible results (> 1e � 3) or wrong results (negative losses) are penalized, and
therefore should not appear in the following overviews. Since MATPOWER results are used as reference,
they are filtered to be only the best at execution time or infeasibility.

Power Flow

The solution given by MATPOWER for every system is shown in Table 5-1.
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System Vmax Vmin jj � jjmax jj � jjmin Pg Qg Ploss Qloss

I33 1:e+ 00 9:04e � 01 1:21e � 02 0:e+ 00 3:93e+ 00 2:44e+ 00 2:11e � 01 1:43e � 01
I69 1:e+ 00 9:09e � 01 2:00e � 02 0:e+ 00 4:12e+ 00 2:8e+ 00 2:25e � 01 1:02e � 01
SA 1:e+ 00 9:97e � 01 5:30e � 04 0:e+ 00 1:27e+ 00 5:81e � 01 3:68e � 03 2:41e � 03

CA141 1:e+ 00 9:28e � 01 5:18e � 03 0:e+ 00 1:26e+ 01 7:87e+ 00 6:33e � 01 4:68e � 01

Table 5-1 : Reference PF results from MATPOWER

SYS x F I/S SSE t[s] Inf1 Inf2 � x

I33

SSE RRM AI 1:91e � 25 1:25e � 01 2:14e � 12 2:17e � 12 1:11e � 49
t[s] MAT * 0:e+ 00 2:35e � 03 6:96e � 12 6:96e � 12 0:e+ 00
Inf1 RRM AI 1:91e � 25 1:25e � 01 2:14e � 12 2:17e � 12 1:11e � 49
Inf2 RRM AI 1:91e � 25 1:25e � 01 2:14e � 12 2:17e � 12 1:11e � 49
� jxj RRM AI 1:91e � 25 1:25e � 01 2:14e � 12 2:17e � 12 1:11e � 49

I69

SSE RRM AI 7:02e � 22 2:59e+ 00 1:67e � 10 2:10e � 10 6:38e � 41
t[s] MAT * 0:e+ 00 1:90e � 03 3:79e � 10 3:79e � 10 0:e+ 00
Inf1 RRM AI 7:02e � 22 2:59e+ 00 1:67e � 10 2:10e � 10 6:38e � 41
Inf2 RRM AI 7:02e � 22 2:59e+ 00 1:67e � 10 2:10e � 10 6:38e � 41
� jxj RRM AI 7:02e � 22 2:59e+ 00 1:67e � 10 2:10e � 10 6:38e � 41

SA

SSE PBIM AI 1:8e � 16 3:1e � 02 8:81e � 08 8:81e � 08 4:32e � 32
t[s] MAT * 0:e+ 00 1:16e � 03 7:73e � 08 7:73e � 08 0:e+ 00
Inf1 PM AI 3:48e � 16 3:1e � 02 1:43e � 10 1:68e � 10 2:6e � 37
Inf2 PM AI 3:48e � 16 3:1e � 02 1:43e � 10 1:68e � 10 2:6e � 37
� jxj RM AI 3:48e � 16 1:6e � 02 1:99e � 10 1:87e � 10 2:07e � 37

CA141

SSE PBIM AI 6:7e � 16 7:8e � 02 1:46e � 07 1:46e � 07 1:12e � 30
t[s] MAT * 0:e+ 00 2:50e � 03 2:7e � 09 2:7e � 09 0:e+ 00
Inf1 RRBIM AI 1:36e � 15 1:72e � 01 2:32e � 09 1:57e � 07 8:48e � 32
Inf2 MAT * 0:e+ 00 2:50e � 03 2:7e � 09 2:7e � 09 0:e+ 00
� jxj RRBIM AI 1:36e � 15 1:72e � 01 2:32e � 09 1:57e � 07 8:48e � 32

Table 5-2 : Overview of the PF results

Power Flow with Mean Cluster Demand

The solution given by MATPOWER for every system in Bogotá is shown in Table 5-3.

System Vmax Vmin jj � jjmax jj � jjmin Pg Qg Ploss Qloss

I33 1:e+ 00 9:28e � 01 7:90e � 03 0:e+ 00 3:05e+ 00 1:93e+ 00 1:27e � 01 8:60e � 02
I69 1:e+ 00 9:28e � 01 1:60e � 02 0:e+ 00 3:19e+ 00 2:18e+ 00 1:41e � 01 6:42e � 02
SA 1:e+ 00 9:97e � 01 4:17e � 04 0:e+ 00 9:96e � 01 4:54e � 01 2:26e � 03 1:49e � 03

CA141 1:e+ 00 9:44e � 01 4:07e � 03 0:e+ 00 9:68e+ 00 6:05e+ 00 3:75e � 01 2:78e � 01

Table 5-3 : Reference PF results from MATPOWER in Bogotá
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SYS x F I/S SSE t[s] Inf1 Inf2 � x

I33

SSE RRM AI 2:52e � 25 1:88e � 01 1:79e � 12 2:45e � 12 2:09e � 49
t[s] MAT * 0:e+ 00 8:83e � 03 1:11e � 11 1:11e � 11 0:e+ 00
Inf1 RRM AI 2:52e � 25 1:88e � 01 1:79e � 12 2:45e � 12 2:09e � 49
Inf2 RRM AI 2:52e � 25 1:88e � 01 1:79e � 12 2:45e � 12 2:09e � 49
� jxj RRM AI 2:52e � 25 1:88e � 01 1:79e � 12 2:45e � 12 2:09e � 49

I69

SSE RRM AI 9:32e � 23 1:41e+ 00 9:90e � 11 1:89e � 10 2:45e � 42
t[s] REBF G 1:72e � 03 2:20e � 02 9:46e � 07 1:49e+ 01 5:33e � 10
Inf1 RRM AI 9:32e � 23 1:41e+ 00 9:90e � 11 1:89e � 10 2:45e � 42
Inf2 RRM AI 9:32e � 23 1:41e+ 00 9:90e � 11 1:89e � 10 2:45e � 42
� jxj RRM AI 9:32e � 23 1:41e+ 00 9:90e � 11 1:89e � 10 2:45e � 42

SA

SSE PBIM AI 1:04e � 12 3:1e � 02 3:05e � 06 3:05e � 06 2:98e � 25
t[s] MAT * 0:e+ 00 1:94e � 03 2:97e � 08 2:97e � 08 0:e+ 00
Inf1 MAT * 0:e+ 00 1:94e � 03 2:97e � 08 2:97e � 08 0:e+ 00
Inf2 MAT * 0:e+ 00 1:94e � 03 2:97e � 08 2:97e � 08 0:e+ 00
� jxj RBIM AI 1:16e � 12 1:6e � 02 3:44e � 06 3:44e � 06 2:20e � 25

CA141

SSE PBIM AI 1:16e � 12 6:2e � 02 3:31e � 06 3:31e � 06 7:83e � 25
t[s] MAT * 0:e+ 00 1:84e � 02 4:17e � 08 4:17e � 08 0:e+ 00
Inf1 RRBIM AI 3:04e � 12 1:09e � 01 3:13e � 09 3:02e � 06 3:13e � 27
Inf2 MAT * 0:e+ 00 1:84e � 02 4:17e � 08 4:17e � 08 0:e+ 00
� jxj RRBIM AI 3:04e � 12 1:09e � 01 3:13e � 09 3:02e � 06 3:13e � 27

Table 5-4 : Overview of the PF results for mean cluster demand in Bogotá.

The solution given by MATPOWER for every system in Jamundí is shown in Table 5-5.

System Vmax Vmin jj � jjmax jj � jjmin Pg Qg Ploss Qloss

I33 1:e+ 00 9:18e � 01 1:02e � 02 0:e+ 00 3:35e+ 00 2:09e+ 00 1:54e � 01 1:04e � 01
I69 1:e+ 00 9:22e � 01 1:71e � 02 0:e+ 00 3:51e+ 00 2:39e+ 00 1:64e � 01 7:47e � 02
SA 1:e+ 00 9:97e � 01 4:56e � 04 0:e+ 00 1:09e+ 00 4:98e � 01 2:71e � 03 1:78e � 03

CA141 1:e+ 00 9:39e � 01 4:42e � 03 0:e+ 00 1:07e+ 01 6:67e+ 00 4:56e � 01 3:37e � 01

Table 5-5 : Reference PF results from MATPOWER in Jamundí

SYS x F I/S SSE t[s] Inf1 Inf2 � x

I33

SSE RRM AI 6:77e � 26 1:25e � 01 2:63e � 12 2:76e � 12 6:13e � 50
t[s] MAT * 0:e+ 00 2:27e � 03 7:18e � 12 7:18e � 12 0:e+ 00
Inf1 RRM AI 6:77e � 26 1:25e � 01 2:63e � 12 2:76e � 12 6:13e � 50
Inf2 RRM AI 6:77e � 26 1:25e � 01 2:63e � 12 2:76e � 12 6:13e � 50
� jxj RRM AI 6:77e � 26 1:25e � 01 2:63e � 12 2:76e � 12 6:13e � 50

I69

SSE RRM AI 3:15e � 22 2:52e+ 00 1:55e � 10 1:16e � 10 1:44e � 41
t[s] MAT * 0:e+ 00 1:90e � 03 4:94e � 10 4:94e � 10 0:e+ 00
Inf1 RRM AI 3:15e � 22 2:52e+ 00 1:55e � 10 1:16e � 10 1:44e � 41
Inf2 RRM AI 3:15e � 22 2:52e+ 00 1:55e � 10 1:16e � 10 1:44e � 41
� jxj RRM AI 3:15e � 22 2:52e+ 00 1:55e � 10 1:16e � 10 1:44e � 41

Continued on next page
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SYS x F I/S SSE t[s] Inf1 Inf2 � x

SA

SSE PBIM AI 8:01e � 13 3:1e � 02 2:66e � 06 2:66e � 06 1:75e � 25
t[s] MAT * 0:e+ 00 1:24e � 03 4:22e � 08 4:22e � 08 0:e+ 00
Inf1 MAT * 0:e+ 00 1:24e � 03 4:22e � 08 4:22e � 08 0:e+ 00
Inf2 MAT * 0:e+ 00 1:24e � 03 4:22e � 08 4:22e � 08 0:e+ 00
� jxj RM AI 9:16e � 13 1:6e � 02 3:03e � 06 3:03e � 06 1:34e � 25

CA141

SSE RRBIM AI 4:76e � 17 1:41e � 01 2:32e � 09 1:31e � 08 2:05e � 34
t[s] MAT * 0:e+ 00 2:24e � 03 8:30e � 08 8:30e � 08 0:e+ 00
Inf1 RRBIM AI 4:76e � 17 1:41e � 01 2:32e � 09 1:31e � 08 2:05e � 34
Inf2 RRBIM AI 4:76e � 17 1:41e � 01 2:32e � 09 1:31e � 08 2:05e � 34
� jxj RRBIM AI 4:76e � 17 1:41e � 01 2:32e � 09 1:31e � 08 2:05e � 34

Table 5-6 : Overview of the PF results for mean cluster demand in Jamundí.

The solution given by MATPOWER for every system in Popayán is shown in Table 5-7.

System Vmax Vmin jj � jjmax jj � jjmin Pg Qg Ploss Qloss

I33 1:e+ 00 9:39e � 01 6:47e � 03 0:e+ 00 2:56e+ 00 1:62e+ 00 9:33e � 02 6:31e � 02
I69 1:e+ 00 9:39e � 01 1:35e � 02 0:e+ 00 2:70e+ 00 1:86e+ 00 9:99e � 02 4:58e � 02
SA 1:e+ 00 9:98e � 01 3:59e � 04 0:e+ 00 8:56e � 01 3:90e � 01 1:68e � 03 1:10e � 03

CA141 1:e+ 00 9:52e � 01 3:45e � 03 0:e+ 00 8:24e+ 00 5:14e+ 00 2:72e � 01 2:01e � 01

Table 5-7 : Reference PF results from MATPOWER in Popayán

SYS x F I/S SSE t[s] Inf1 Inf2 � x

I33

SSE RRM AI 1:73e � 18 2:34e � 01 2:76e � 12 2:43e � 12 2:71e � 42
t[s] MAT * 0:e+ 00 1:39e � 03 2:15e � 08 2:15e � 08 0:e+ 00
Inf1 RRM AI 1:73e � 18 2:34e � 01 2:76e � 12 2:43e � 12 2:71e � 42
Inf2 RRM AI 1:73e � 18 2:34e � 01 2:76e � 12 2:43e � 12 2:71e � 42
� jxj RRM AI 1:73e � 18 2:34e � 01 2:76e � 12 2:43e � 12 2:71e � 42

I69

SSE RRM AI 6:5e � 18 1:31e+ 00 1:48e � 10 1:30e � 10 1:65e � 37
t[s] MAT * 0:e+ 00 1:85e � 03 2:02e � 08 2:02e � 08 0:e+ 00
Inf1 RRM AI 6:5e � 18 1:31e+ 00 1:48e � 10 1:30e � 10 1:65e � 37
Inf2 RRM AI 6:5e � 18 1:31e+ 00 1:48e � 10 1:30e � 10 1:65e � 37
� jxj RRM AI 6:5e � 18 1:31e+ 00 1:48e � 10 1:30e � 10 1:65e � 37

SA

SSE PBIM AI 1:51e � 12 3:1e � 02 3:71e � 06 3:71e � 06 6:45e � 25
t[s] MAT * 0:e+ 00 1:3e � 03 1:66e � 08 1:66e � 08 0:e+ 00
Inf1 MAT * 0:e+ 00 1:3e � 03 1:66e � 08 1:66e � 08 0:e+ 00
Inf2 MAT * 0:e+ 00 1:3e � 03 1:66e � 08 1:66e � 08 0:e+ 00
� jxj PBIM AI 1:51e � 12 3:1e � 02 3:71e � 06 3:71e � 06 6:45e � 25

CA141

SSE PM AI 7:64e � 13 7:80e � 02 2:74e � 06 2:74e � 06 4:46e � 25
t[s] MAT * 0:e+ 00 2:2e � 03 1:88e � 08 1:88e � 08 0:e+ 00
Inf1 MAT * 0:e+ 00 2:2e � 03 1:88e � 08 1:88e � 08 0:e+ 00
Inf2 MAT * 0:e+ 00 2:2e � 03 1:88e � 08 1:88e � 08 0:e+ 00
� jxj PBIM AI 7:64e � 13 6:3e � 02 2:74e � 06 2:74e � 06 3:61e � 25

Table 5-8 : Overview of the PF results for mean cluster demand in Popayán.
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Multi-Period Power Flow

The solution given by MATPOWER for every system in Bogotá is shown in Table 5-9.

System Vmax Vmin jj � jjmax jj � jjmin Pg Qg Ploss Qloss

I33 1:e+ 00 8:85e � 01 1:26e � 02 0:e+ 00 7:35e+ 01 4:65e+ 01 3:45e+ 00 2:33e+ 00
I69 1:e+ 00 8:83e � 01 2:58e � 02 0:e+ 00 7:70e+ 01 5:25e+ 01 3:84e+ 00 1:74e+ 00
SA 1:e+ 00 9:96e � 01 6:51e � 04 0:e+ 00 2:39e+ 01 1:09e+ 01 5:99e � 02 3:93e � 02

CA141 1:e+ 00 9:1e � 01 6:33e � 03 0:e+ 00 2:33e+ 02 1:46e+ 02 1:01e+ 01 7:47e+ 00

Table 5-9 : Reference MPF results from MATPOWER in Bogotá

SYS x F I/S SSE t[s] Inf1 Inf2 � x

I33

SSE RRM AI 1:4e � 17 6:03e+ 01 5:03e � 11 5:7e � 11 2:42e � 36
t[s] MAT * 0:e+ 00 3:51e � 02 9:99e � 08 9:99e � 08 0:e+ 00
Inf1 RRM AI 1:4e � 17 6:03e+ 01 5:03e � 11 5:7e � 11 2:42e � 36
Inf2 RRM AI 1:4e � 17 6:03e+ 01 5:03e � 11 5:7e � 11 2:42e � 36
� jxj RRM AI 1:4e � 17 6:03e+ 01 5:03e � 11 5:7e � 11 2:42e � 36

I69

SSE RRM AI 1:19e � 13 2:35e+ 02 3:65e � 09 1:31e � 06 1:33e � 25
t[s] MAT * 0:e+ 00 3:69e � 02 3:49e � 08 3:49e � 08 0:e+ 00
Inf1 RRM AI 1:19e � 13 2:35e+ 02 3:65e � 09 1:31e � 06 1:33e � 25
Inf2 MAT * 0:e+ 00 3:69e � 02 3:49e � 08 3:49e � 08 0:e+ 00
� jxj RRM AI 1:19e � 13 2:35e+ 02 3:65e � 09 1:31e � 06 1:33e � 25

SA

SSE PM AI 4:16e � 10 2:97e � 01 2:86e � 04 2:86e � 04 1:01e � 17
t[s] MAT * 0:e+ 00 2:39e � 02 8:01e � 07 8:01e � 07 0:e+ 00
Inf1 MAT * 0:e+ 00 2:39e � 02 8:01e � 07 8:01e � 07 0:e+ 00
Inf2 MAT * 0:e+ 00 2:39e � 02 8:01e � 07 8:01e � 07 0:e+ 00
� jxj PBIM AI 4:16e � 10 2:65e � 01 2:86e � 04 2:86e � 04 9:01e � 18

CA141

SSE RRM AI 7:24e � 13 2:83e+ 02 6:67e � 08 3:75e � 06 5:13e � 23
t[s] MAT * 0:e+ 00 4:84e � 02 1:09e � 06 1:09e � 06 0:e+ 00
Inf1 RRM AI 7:24e � 13 2:83e+ 02 6:67e � 08 3:75e � 06 5:13e � 23
Inf2 MAT * 0:e+ 00 4:84e � 02 1:09e � 06 1:09e � 06 0:e+ 00
� jxj RRM AI 7:24e � 13 2:83e+ 02 6:67e � 08 3:75e � 06 5:13e � 23

Table 5-10 : Overview of the MPF results for average cluster demand in Bogotá.

The solution given by MATPOWER for every system in Jamundí is shown in Table 5-11.

System Vmax Vmin jj � jjmax jj � jjmin Pg Qg Ploss Qloss

I33 1:e+ 00 8:71e � 01 1:63e � 02 0:e+ 00 8:09e+ 01 5:05e+ 01 4:14e+ 00 2:81e+ 00
I69 1:e+ 00 8:76e � 01 2:75e � 02 0:e+ 00 8:47e+ 01 5:76e+ 01 4:5e+ 00 2:04e+ 00
SA 1:e+ 00 9:96e � 01 6:88e � 04 0:e+ 00 2:62e+ 01 1:2e+ 01 7:16e � 02 4:7e � 02

CA141 1:e+ 00 9:05e � 01 6:86e � 03 0:e+ 00 2:57e+ 02 1:61e+ 02 1:22e+ 01 9:04e+ 00

Table 5-11 : Reference MPF results from MATPOWER in Jamundí
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SYS x F I/S SSE t[s] Inf1 Inf2 � x

I33

SSE RRM AI 1:78e � 17 3:45e+ 00 5:44e � 11 5:73e � 11 1:92e � 37
t[s] MAT * 0:e+ 00 3:21e � 02 1:43e � 07 1:43e � 07 0:e+ 00
Inf1 RRM AI 1:78e � 17 3:45e+ 00 5:44e � 11 5:73e � 11 1:92e � 37
Inf2 RRM AI 1:78e � 17 3:45e+ 00 5:44e � 11 5:73e � 11 1:92e � 37
� jxj RRM AI 1:78e � 17 3:45e+ 00 5:44e � 11 5:73e � 11 1:92e � 37

I69

SSE RRM AI 7:1e � 16 2:74e+ 02 3:50e � 09 1:36e � 07 9:28e � 29
t[s] MAT * 0:e+ 00 3:6e � 02 5:73e � 08 5:73e � 08 0:e+ 00
Inf1 RRM AI 7:1e � 16 2:74e+ 02 3:50e � 09 1:36e � 07 9:28e � 29
Inf2 MAT * 0:e+ 00 3:6e � 02 5:73e � 08 5:73e � 08 0:e+ 00
� jxj RRM AI 7:1e � 16 2:74e+ 02 3:50e � 09 1:36e � 07 9:28e � 29

SA

SSE PBIM AI 7:21e � 12 2:81e � 01 3:71e � 05 3:71e � 05 2:79e � 21
t[s] MAT * 0:e+ 00 2:22e � 02 8:72e � 07 8:72e � 07 0:e+ 00
Inf1 MAT * 0:e+ 00 2:22e � 02 8:72e � 07 8:72e � 07 0:e+ 00
Inf2 MAT * 0:e+ 00 2:22e � 02 8:72e � 07 8:72e � 07 0:e+ 00
� jxj PBIM AI 7:21e � 12 2:81e � 01 3:71e � 05 3:71e � 05 2:79e � 21

CA141

SSE RRM AI 1:08e � 13 2:07e+ 02 6:53e � 08 2:28e � 06 3:32e � 24
t[s] MAT * 0:e+ 00 5:38e � 02 4:53e � 07 4:53e � 07 0:e+ 00
Inf1 RRM AI 1:08e � 13 2:07e+ 02 6:53e � 08 2:28e � 06 3:32e � 24
Inf2 MAT * 0:e+ 00 5:38e � 02 4:53e � 07 4:53e � 07 0:e+ 00
� jxj RRM AI 1:08e � 13 2:07e+ 02 6:53e � 08 2:28e � 06 3:32e � 24

Table 5-12 : Overview of the MPF results for average cluster demand in Jamundí.

The solution given by MATPOWER for every system in Popayán is shown in Table 5-13.

System Vmax Vmin jj � jjmax jj � jjmin Pg Qg Ploss Qloss

I33 1:e+ 00 8:88e � 01 1:26e � 02 0:e+ 00 6:19e+ 01 3:93e+ 01 2:68e+ 00 1:81e+ 00
I69 1:e+ 00 8:86e � 01 2:52e � 02 0:e+ 00 6:53e+ 01 4:48e+ 01 2:91e+ 00 1:33e+ 00
SA 1:e+ 00 9:96e � 01 6:35e � 04 0:e+ 00 2:06e+ 01 9:37e+ 00 4:70e � 02 3:09e � 02

CA141 1:e+ 00 9:14e � 01 6:23e � 03 0:e+ 00 1:99e+ 02 1:24e+ 02 7:77e+ 00 5:74e+ 00

Table 5-13 : Reference MPF results from MATPOWER in Popayán

SYS x F I/S SSE t[s] Inf1 Inf2 � x

I33

SSE RRM AI 2:01e � 17 7:14e+ 01 5:55e � 11 5:96e � 11 4:75e � 36
t[s] MAT * 0:e+ 00 3:17e � 02 1:3e � 07 1:3e � 07 0:e+ 00
Inf1 RRM AI 2:01e � 17 7:14e+ 01 5:55e � 11 5:96e � 11 4:75e � 36
Inf2 RRM AI 2:01e � 17 7:14e+ 01 5:55e � 11 5:96e � 11 4:75e � 36
� jxj RRM AI 2:01e � 17 7:14e+ 01 5:55e � 11 5:96e � 11 4:75e � 36

I69

SSE RRM AI 1:07e � 12 2:84e+ 02 4:20e � 09 5:41e � 06 6:90e � 24
t[s] MAT * 0:e+ 00 3:45e � 02 1:06e � 07 1:06e � 07 0:e+ 00
Inf1 RRM AI 1:07e � 12 2:84e+ 02 4:20e � 09 5:41e � 06 6:90e � 24
Inf2 MAT * 0:e+ 00 3:45e � 02 1:06e � 07 1:06e � 07 0:e+ 00
� jxj RRM AI 1:07e � 12 2:84e+ 02 4:20e � 09 5:41e � 06 6:90e � 24

Continued on next page
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SYS x F I/S SSE t[s] Inf1 Inf2 � x

SA

SSE RM AI 5:35e � 10 2:81e � 01 3:37e � 04 3:37e � 04 1:70e � 17
t[s] MAT * 0:e+ 00 2:21e � 02 5:22e � 07 5:22e � 07 0:e+ 00
Inf1 MAT * 0:e+ 00 2:21e � 02 5:22e � 07 5:22e � 07 0:e+ 00
Inf2 MAT * 0:e+ 00 2:21e � 02 5:22e � 07 5:22e � 07 0:e+ 00
� jxj PBIM AI 5:42e � 10 2:5e � 01 3:17e � 04 3:17e � 04 1:37e � 17

CA141

SSE RRM AI 2:28e � 16 3:28e+ 02 4:96e � 08 9:42e � 08 3:50e � 28
t[s] MAT * 0:e+ 00 4:4e � 02 5:95e � 07 5:95e � 07 0:e+ 00
Inf1 RRM AI 2:28e � 16 3:28e+ 02 4:96e � 08 9:42e � 08 3:50e � 28
Inf2 RRM AI 2:28e � 16 3:28e+ 02 4:96e � 08 9:42e � 08 3:50e � 28
� jxj RRM AI 2:28e � 16 3:28e+ 02 4:96e � 08 9:42e � 08 3:50e � 28

Table 5-14 : Overview of the MPF results for average cluster demand in Popayán.

5.3.2 Discussion

From the results of single-period PF analyses it is possible to observe that most formulations have very low
average SSE scores, showing that it is possible to obtain similar results using any of them, compared to
MATPOWER. The best scores were achieved mostly by non-convex formulations using AI or MATPOWER.
BF, RERRM, and REBF have shown good scores exceptingINF 2, in which they have very bad scores
(around 11 orders of magnitude greater than the best), andSSE, which has been up to21 orders of magnitude
greater than the best. RegardingSSE, these differences are explained by the result of�� . This means that
either these reformulations doesn't represent the original formulation completely, or the relaxations are not
tight and the problem should be further constrained. This is also reflected in the difference of orders of
magnitude in INF 2.

In the CA141 case, most of the convex formulations and RRM, have shown a poorSSE performance that
can be explained, in addition to the same reasons mentioned before, by the ill-conditioning of the problem
from the case data. For instance, the line 120 linking nodes 119 and 122 in the CA141 has zero resistance
and a very low reactance (6e � 8), this increase the chances for the solver to make this parameter zero
during presolve, or to fall into precision errors during the optimization due to scaling. The exception was
RERRBIM, that achieve the best overall results for convex problems, although very far from the best (18
orders of magnitude).

This behavior is also found in the single period case with mean demand coeffiecients and in MPF , but
magnified. Most of the convex formulations fail on any infeasibility score by registering scores greater than 1.
For instance, the MPF with BFBF ( INF 2), RERRM ( INF 2), and REBF ( INF 2) formulations in Bogotá
(See TableA-73 ). In some cases, it was not possible to obtain a solution when the multi-period problem was
defined as a whole. In such cases, one optimization for each period was performed. This was implemented
mostly on convex formulations, namely RERCM, RERRMRERRM, and RERRBIM, in J23 and CA141
systems.

Comparing infeasibility measurements between the formulations and MATPOWER it is possible to observe
that only RRM and PM have shown better scores in both measurements for the single period case, whereas
in the multi-period analyses, only the RRM did.

Considering the optimization time as a measure of computational efficiency, MATPOWER has shown the
best scores in PF and MPF analyses. From the set of formulations considered, BFBF, REBF,PBIM and RM
have shown the best scores in PF, where REBF is the most frequent. On the MPF, REBF, BF, RERRBIM,
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RERCBIM, show the best scores, where REBF is the most frequent.

Regarding the product of the measurements� x, RRM, RM, and RRBIM have the best scores in PF, whereas
RRM and PBIM excel in MPF.

From Tables 5-15 and 5-16, it is possible to observe which I/S and formulations achieved the best results
for PF, MPF problems.

Group F SSE Time Inf1 Inf2 �

Convex REBF 0 1 0 0 1
RERCBIM 0 0 0 0 0
RERCM 0 0 0 0 0

RERRBIM 0 0 0 0 0
RERRM 0 0 0 0 0

MAT MAT 0 27 7 14 48
Non-Convex BF 0 0 0 0 0

PBIM 7 0 0 0 7
PM 2 0 1 1 4

RBIM 0 0 0 0 0
RM 1 0 0 0 1

RRBIM 1 0 3 1 5
RRM 17 0 17 12 46

Table 5-15 : Frequency of appearance for each formulation as the best in any performance criteria

Group F SSE Time Inf1 Inf2 �

Convex G 0 1 0 0 1
MAT MAT 0 27 7 14 48

Non-Convex AI 28 0 21 14 63

Table 5-16 : Frequency of appearance for each interpreter/solver as the best in any performance criteria

By implementing mean demand coefficients in single period PF, power losses were reduced around 39%
in Bogotá, 27 % in Jamundí, and 55 % in Popayán for every system. If the active power losses for the
single-period PF with mean coefficients were extrapolated to a 24 hour period, they would total approximately
3.048MW , 3.384MW , 54.24kW , and 9 MW in Bogotá, 3.696MW , 3.936MW , 65.04kW , and 10.944
MW in Jamundí, and 2.2392MW , 2.3976MW , 40.32kW , and 6.528MW in Popayán, for the I33, I69, SA,
and CA141 systems respectively. Comparing these values with the results in the MPF, the losses increase
approximately 11 % in Bogotá and Jamundí, and 15% in Popayán.

These figures show that the single period approach without coefficients is the most conservative structure,
thus adequate for long term decision making (planning). This approach, however, could lead to overestimated
results, and consequently, overcosts. The MPF has a more accurate dynamic representation of the problem.
For the given data, its solution stays in between single period representations (with and without coefficients),
meaning that MPF results are farthest to be under- or overestimated than single period approaches. However,
how good the mean values represent the demand behavior can´ t be answered from these analyses. That is
discussed in stochastic DER allocation.
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5.4 DER Allocation

Using the previous formulations/solvers of PF and metaheuristic techniques, namely GA, PSO, GWO and
WOA, the deterministic and stochastic allocation of PV systems are optimized. GA and PSO are included in
MATLAB's optimization toolbox [198], whereasGWOand WOA implementations in MATLAB are retrieved
from [199, 200]. One should notice that the allocation of PV systems is in practice a problem strongly
constrained by area, and the availability of space within distribution networks is very limited. However, for
practical reasons it is assumed that every node has unlimited available area for PV installations. Additionally,
because of the space occupied by a PV system, it is fair to assume that once installed it cannot be easily
decommissioned or displaced to other locations. Therefore, PV allocation is considered a long-term decision
(planning) even if the problem is solved under uncertainty or not.

When considering uncertainty in optimization problems, a two-stage stochastic problem is formulated by
defining the long-term objective for the first stage and feeding its results into the second stage which has
medium-short term objectives. Hence, PV allocation is a first stage optimization problem that feeds its
results to the second stage problem (e.g., MBESS operation).

The deterministic allocation of DER consists of two OPF evaluations. The first one finds the optimal
allocation of PV constrained to the single period power flow PF, where demand at each node and PV power
are modulated by the 24-hour mean value for each cluster, and the irradiance respectively. The second one
finds the multi-period solution constrained to the different MPF formulations, using hourly mean demand
and irradiance coefficients. These simulations are intended to provide comparing results for stochastic
simulations, and assess the formulation/solver pair for mixed-integer problems.

Average demand coefficients are displayed in TablesA-2 , A-3 , A-4 , whereas mean irradiances are0:1579kW h
m 2

for Bogotá, 0:2163kW h
m 2 for Jamundí, and 0:1486kW h

m 2 for Popayán, respectively.

For the multi-period case, the probability p for the random variable with mean values are50% when it
follows normal, log-normal, and logistic distributions, greater than a half for Rayleigh and Exponential(86%
and 63%, respectively), and parameter depending for Weibull and Fisk.

The objective function is kept unchanged from the PF. However, if the objective is based on the minimization
of generation in the reference node, its active power should be bounded positive.

The stochastic allocation of DER consists in a single OPF multi-period evaluation. Besides the set of variables
contained in the MPF constraints and the PV variables in the deterministic OPF (Locations and capacities),
the stochastic OPF includes hourly cluster demand and irradiance coefficients as variables. The objective
function now minimize losses, minimizes irradiance probabilitiesp and maximizes demand probabilitiesp.
This problem can be formulated in different ways: If it is possible to model the probability for every variable
with the equations in 4.5.7 keeping the formulation convex, then the only piece-wise approximation required
is (4-1), and the problem can be solved using convex formulations an adequateI=S.

If by modeling the probability after the equations in 4.5.7 the formulation results non-convex, probabilities
can still be modeled using PWLA in convex formulations when implemented in GUROBI. In this case, the
bilinear constraint (4-1) is formulated as it is, and the parameter "NonConvex" within GUROBI is set to 2,
so that the solver handles the bilinear constraint using spatial branching. The PWLA within the solver is
implemented using the function "Model:addGenConstrPWL(x; y; x k ; yk )".

Otherwise, the problem is implemented on a non-convex formulation, with the original formulas for proba-
bilities and (4-1). Alternatively, it is also possible to model probabilities with PWLA within non-convex
formulations, although unnecessary.

Although the distributed allocation of DER has shown better results than installations with low granularity [5],
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both deterministic and stochastic allocations consider a fixed number of PV installations (10% of the number
of nodes (rounded to the integer below) with aggregated capacity of50% of the whole active power demand).
Therefore, the systems (I33, SA, I69 and CA141) should have3; 4; 6, and 14 PV installations with an
aggregated capacity of1:85MW; 635kW; 1:94MW , and 5:97MW respectively. The efficiency of every PV
installation is defined at 80%.

5.4.1 Metaheuristics implementations

The deterministic optimal allocation of PV is implemented in the metaheuristic algorithms in two stages.
Each algorithm has two sets of decision variables, the location and capacity of PV installations, hence the size
of the decision variable vector is different for each test system. The objective (fitness function) is computed
through a function that modifies the MATPOWER's case for each system based on the decision vector
(each PV generator is introduced into the case by substracting the PV capacity modulated by the irradiance
coefficient and PV efficiency to the demand of the node instructed from the decision vector), and solves the
PF from the resultant case using MATPOWER. The decision vector is always initialized using a permutation
function for the location, that outputs an unique vector of integer locations from 2 until N , and a simplex
function for the PV capacity that outputs a vector of capacities that sums one. Both vectors (location and
capacity) have sizeNpv . The simplex vector is multiplied by CP to comply with constraint (4-15c). Within
the fitness function, penalties are added to the objective function when the following constraints are not
satisfied: The simplex vector doesn't sum up the unity, the losses are negative, the voltages are outside
bounds, and the location vector is not unique (two generators are located in the same node).

The GA algorithm is the only algorithm that allows integer decision variables. For the remaining algorithms,
these variables are real and rounded when introduced into the case file.

The stochastic allocation is implemented into the metaheuristics by increasing the solution vector size to
include the irradiance and cluster demand coefficients. The MATPOWER case is modified similarly as in
the deterministic case, and the fitness function now includes probabilities.

The metaheuristics were parameterized to run twenty trials (NT = 20), each trial with one hundred iterations
and population size (N I = NP = 100). Other than these, the default parameters were implemented. For GA
and PSO algorithms, the parameters of early convergence were overrun to keep every algorithm doing the
complete defined iterations.

These implementations are modified to run using parallel computing capabilities. For GA and PSO this
is configured directly by setting the parameter "UseParallel" , whereas forGWOand WOA the objective
function is evaluated during the execution of the algorithm using"parfeval" , which schedules the evaluation
of the objective function in a pool of workers (one CPU core per worker). Once all the evaluations have been
performed, the objective value is retrieved using a common for loop. The parallel variant of these algorithms
is denoted with the suffix -P (e.g. GA-P).

5.4.2 Deterministic Allocation Results

Single-period OPF

The best obtained solution from the single-period OPF for each case in Bogotá is displayed in Tables5-
17, 5-18, 5-19, and 5-20.
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Variables Values

Ploss 1:0474e � 01
(Loc1; Cap1) (16; 6:6569e � 01)
(Loc2; Cap2) (18; 7:6057e � 01)
(Loc3; Cap3) (33; 4:3124e � 01)
�( zpv

i ; CPi ) (3; 1:8575e+ 00)
Vmax 1:e+ 00
Vmin 9:3966e � 01

Table 5-17 : Best PV allocation (single-period) for the I33 system in Bogotá

Variables Values

Ploss 1:1293e � 01
(Loc1; Cap1) (27; 4:2069e � 09)
(Loc2; Cap2) (61; 1:7773e � 04)
(Loc3; Cap3) (62; 1:6513e � 01)
(Loc4; Cap4) (63; 2:9301e � 03)
(Loc5; Cap5) (64; 1:4413e+ 00)
(Loc6; Cap6) (65; 3:3584e � 01)
�( zpv

i ; CPi ) (6; 1:9453e+ 00)
Vmax 1:e+ 00
Vmin 9:3888e � 01

Table 5-18 : Best PV allocation (single-period) for the I69 system in Bogotá

Variables Values

Ploss 1:9465e � 03
(Loc1; Cap1) (22; 1:5751e � 01)
(Loc2; Cap2) (29; 4:0645e � 04)
(Loc3; Cap3) (31; 1:6624e � 01)
(Loc4; Cap4) (32; 3:1119e � 01)
�( zpv

i ; CPi ) (4; 6:3535e � 01)
Vmax 1:e+ 00
Vmin 9:9751e � 01

Table 5-19 : Best PV allocation (single-period) for the SA system in Bogotá

Variables Values

Ploss 3:1663e � 01
(Loc1; Cap1) (79; 3:5668e � 06)
(Loc2; Cap2) (80; 1:2109e � 06)
(Loc3; Cap3) (81; 1:0333e � 06)
(Loc4; Cap4) (82; 1:8662e � 06)
(Loc5; Cap5) (83; 1:1747e � 06)
(Loc6; Cap6) (93; 1:8517e+ 00)

Continued on next page
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Variables Values

(Loc7; Cap7) (95; 3:6003e � 06)
(Loc8; Cap8) (99; 2:2181e � 05)
(Loc9; Cap9) (109; 2:1042e � 01)

(Loc10; Cap10) (113; 4:4468e � 01)
(Loc11; Cap11) (115; 9:4235e � 04)
(Loc12; Cap12) (118; 3:7798e � 01)
(Loc13; Cap13) (122; 3:0865e+ 00)
(Loc14; Cap14) (126; 1:4023e � 07)

�( zpv
i ; CPi ) (14; 5:9723e+ 00)
Vmax 1:e+ 00
Vmin 9:5118e � 01

Table 5-20 : Best PV allocation (single-period) for the CA141 system in Bogotá

The overall results obtained for the single period allocation in Bogotá are shown in Table5-21.

SYS x F I/S Ploss t[s] Inf1 Inf2 � x

I33

Ploss RERCM CM 1:05e � 01 1:25e � 01 6:86e � 05 2:31e � 05 2:08e � 11
t[s] RERCM CM 1:05e � 01 1:25e � 01 6:86e � 05 2:31e � 05 2:08e � 11
Inf1 RRBIM AB 1:05e � 01 1:89e+ 00 3:33e � 10 3:34e � 10 2:20e � 20
Inf2 RRBIM AB 1:05e � 01 1:89e+ 00 3:33e � 10 3:34e � 10 2:20e � 20
� jxj RRBIM AB 1:05e � 01 1:89e+ 00 3:33e � 10 3:34e � 10 2:20e � 20

I69

Ploss PM AB 1:13e � 01 3:75e � 01 4:02e � 08 4:02e � 08 6:84e � 17
t[s] RM AB 1:13e � 01 3:44e � 01 4:72e � 08 4:72e � 08 8:65e � 17
Inf1 RRM AB 1:13e � 01 8:28e+ 00 1:47e � 10 4:22e � 08 5:82e � 18
Inf2 RRBIM AB 1:13e � 01 9:45e+ 00 1:53e � 10 6:8e � 09 1:11e � 18
� jxj RRBIM AB 1:13e � 01 9:45e+ 00 1:53e � 10 6:8e � 09 1:11e � 18

SA

Ploss PM AB 1:95e � 03 1:88e � 01 1:58e � 10 2:02e � 10 1:17e � 23
t[s] RBIM AB 1:95e � 03 1:87e � 01 1:42e � 10 1:69e � 10 8:76e � 24
Inf1 RBIM AB 1:95e � 03 1:87e � 01 1:42e � 10 1:69e � 10 8:76e � 24
Inf2 RBIM AB 1:95e � 03 1:87e � 01 1:42e � 10 1:69e � 10 8:76e � 24
� jxj RBIM AB 1:95e � 03 1:87e � 01 1:42e � 10 1:69e � 10 8:76e � 24

CA141

Ploss RBIM AB 3:17e � 01 3:42e+ 01 1:41e � 06 1:41e � 06 2:17e � 11
t[s] PBIM AB 3:17e � 01 1:67e+ 00 1:27e � 07 1:29e � 07 8:68e � 15
Inf1 RRBIM AB 3:17e � 01 6:50e+ 01 1:26e � 09 2:17e � 06 5:64e � 14
Inf2 Meta WOA-P 3:21e � 01 1:91e+ 01 2:10e � 08 1:66e � 08 2:14e � 15
� jxj Meta GA-P 3:17e � 01 8:14e+ 00 1:85e � 08 1:84e � 08 8:83e � 16

Table 5-21 : Overview of the deterministic allocation (single-period) of PV results for average irradiance
and cluster demand in Bogotá.

The best obtained solution from the single-period OPF for each case in Jamundí is displayed in Tables5-
22, 5-23, 5-24, and 5-25.
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Variables Values

Ploss 1:1929e � 01
(Loc1; Cap1) (16; 7:8012e � 01)
(Loc2; Cap2) (18; 6:5961e � 01)
(Loc3; Cap3) (33; 4:1777e � 01)
�( zpv

i ; CPi ) (3; 1:8575e+ 00)
Vmax 1:e+ 00
Vmin 9:3613e � 01

Table 5-22 : Best PV allocation (single-period) for the I33 system in Jamundí

Variables Values

Ploss 1:2323e � 01
(Loc1; Cap1) (58; 0:e+ 00)
(Loc2; Cap2) (61; 3:8444e � 01)
(Loc3; Cap3) (62; 1:4309e � 01)
(Loc4; Cap4) (63; 1:8139e � 03)
(Loc5; Cap5) (64; 1:1516e+ 00)
(Loc6; Cap6) (65; 2:644e � 01)
�( zpv

i ; CPi ) (6; 1:9453e+ 00)
Vmax 1:e+ 00
Vmin 9:3735e � 01

Table 5-23 : Best PV allocation (single-period) for the I69 system in Jamundí

Variables Values

Ploss 2:2427e � 03
(Loc1; Cap1) (1; 6:9066e � 09)
(Loc2; Cap2) (22; 1:4472e � 01)
(Loc3; Cap3) (31; 2:5263e � 01)
(Loc4; Cap4) (32; 2:3800e � 01)
�( zpv

i ; CPi ) (4; 6:3535e � 01)
Vmax 1:e+ 00
Vmin 9:9734e � 01

Table 5-24 : Best PV allocation (single-period) for the SA system in Jamundí

Variables Values

Ploss 3:6838e � 01
(Loc1; Cap1) (4; 0:e+ 00)
(Loc2; Cap2) (5; 0:e+ 00)
(Loc3; Cap3) (6; 0:e+ 00)
(Loc4; Cap4) (12; 0:e+ 00)
(Loc5; Cap5) (50; 0:e+ 00)
(Loc6; Cap6) (59; 0:e+ 00)

Continued on next page
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Variables Values

(Loc7; Cap7) (77; 0:e+ 00)
(Loc8; Cap8) (93; 2:1296e+ 00)
(Loc9; Cap9) (104; 0:e+ 00)

(Loc10; Cap10) (109; 5:2726e � 01)
(Loc11; Cap11) (113; 4:0569e � 01)
(Loc12; Cap12) (117; 0:e+ 00)
(Loc13; Cap13) (118; 3:2703e � 01)
(Loc14; Cap14) (122; 2:5827e+ 00)

�( zpv
i ; CPi ) (14; 5:9723e+ 00)
Vmax 1:e+ 00
Vmin 9:4802e � 01

Table 5-25 : Best PV allocation (single-period) for the CA141 system in Jamundí

The overall results obtained for the single period allocation in Jamundí are shown in Table5-26.

SYS x F I/S Ploss t[s] Inf1 Inf2 � x

I33

Ploss RERRBIM CM 1:19e � 01 3:28e � 01 1:11e � 04 2:56e � 05 1:11e � 10
t[s] RERCBIM CM 1:19e � 01 2:66e � 01 4:43e � 06 1:28e � 05 1:8e � 12
Inf1 RRBIM AB 1:19e � 01 1:89e+ 00 5:57e � 10 5:58e � 10 7:01e � 20
Inf2 RRBIM AB 1:19e � 01 1:89e+ 00 5:57e � 10 5:58e � 10 7:01e � 20
� jxj RRBIM AB 1:19e � 01 1:89e+ 00 5:57e � 10 5:58e � 10 7:01e � 20

I69

Ploss PM AB 1:23e � 01 3:6e � 01 9:46e � 08 9:46e � 08 3:97e � 16
t[s] RM AB 1:23e � 01 3:59e � 01 8:25e � 08 8:24e � 08 3:01e � 16
Inf1 RRBIM AB 1:23e � 01 8:73e+ 00 1:22e � 10 6:22e � 08 8:16e � 18
Inf2 Meta WOA-P 1:26e � 01 1:83e+ 01 3:01e � 10 1:94e � 10 1:35e � 19
� jxj Meta PSO-P 1:24e � 01 7:73e+ 00 2:97e � 10 2:09e � 10 5:93e � 20

SA

Ploss PM AB 2:24e � 03 1:88e � 01 9:75e � 09 9:75e � 09 4:01e � 20
t[s] RM AB 2:24e � 03 1:87e � 01 1:54e � 10 1:68e � 10 1:09e � 23
Inf1 RM AB 2:24e � 03 1:87e � 01 1:54e � 10 1:68e � 10 1:09e � 23
Inf2 RM AB 2:24e � 03 1:87e � 01 1:54e � 10 1:68e � 10 1:09e � 23
� jxj RM AB 2:24e � 03 1:87e � 01 1:54e � 10 1:68e � 10 1:09e � 23

CA141

Ploss PM AB 3:68e � 01 5:26e+ 01 5:99e � 07 5:99e � 07 6:95e � 12
t[s] RRM AB 3:68e � 01 3:47e+ 00 1:3e � 09 6:39e � 09 1:06e � 17
Inf1 RRM AB 3:68e � 01 3:47e+ 00 1:3e � 09 6:39e � 09 1:06e � 17
Inf2 RRM AB 3:68e � 01 3:47e+ 00 1:3e � 09 6:39e � 09 1:06e � 17
� jxj RRM AB 3:68e � 01 3:47e+ 00 1:3e � 09 6:39e � 09 1:06e � 17

Table 5-26 : Overview of the deterministic allocation (single-period) of PV results for average irradiance
and cluster demand in Jamundí.

The best obtained solution from the single-period OPF for each case in Popayán is displayed in Tables5-
27, 5-28, 5-29, and 5-30.
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Variables Values

Ploss 7:5711e � 02
(Loc1; Cap1) (16; 5:8600e � 01)
(Loc2; Cap2) (17; 7:1316e � 01)
(Loc3; Cap3) (32; 5:5833e � 01)
�( zpv

i ; CPi ) (3; 1:8575e+ 00)
Vmax 1:e+ 00
Vmin 9:4858e � 01

Table 5-27 : Best PV allocation (single-period) for the I33 system in Popayán

Variables Values

Ploss 7:8176e � 02
(Loc1; Cap1) (58; 0:e+ 00)
(Loc2; Cap2) (59; 0:e+ 00)
(Loc3; Cap3) (62; 2:3149e � 01)
(Loc4; Cap4) (63; 2:0697e � 03)
(Loc5; Cap5) (64; 1:4424e+ 00)
(Loc6; Cap6) (65; 2:6942e � 01)
�( zpv

i ; CPi ) (6; 1:9453e+ 00)
Vmax 1:e+ 00
Vmin 9:4926e � 01

Table 5-28 : Best PV allocation (single-period) for the I69 system in Popayán

Variables Values

Ploss 1:4242e � 03
(Loc1; Cap1) (1; 2:1518e � 08)
(Loc2; Cap2) (22; 1:5174e � 01)
(Loc3; Cap3) (31; 2:0161e � 01)
(Loc4; Cap4) (32; 2:8200e � 01)
�( zpv

i ; CPi ) (4; 6:3535e � 01)
Vmax 1:e+ 00
Vmin 9:9787e � 01

Table 5-29 : Best PV allocation (single-period) for the SA system in Popayán

Variables Values

Ploss 2:2555e � 01
(Loc1; Cap1) (1; 0:e+ 00)
(Loc2; Cap2) (79; 1:7117e � 07)
(Loc3; Cap3) (84; 1:0713e � 07)
(Loc4; Cap4) (90; 2:7645e � 07)
(Loc5; Cap5) (93; 2:1115e+ 00)
(Loc6; Cap6) (95; 1:731e � 07)

Continued on next page
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Variables Values

(Loc7; Cap7) (99; 1:1808e � 06)
(Loc8; Cap8) (107; 1:0666e � 05)
(Loc9; Cap9) (109; 4:1523e � 01)

(Loc10; Cap10) (113; 3:5749e � 01)
(Loc11; Cap11) (115; 4:7655e � 05)
(Loc12; Cap12) (118; 3:19e � 01)
(Loc13; Cap13) (119; 2:1732e+ 00)
(Loc14; Cap14) (122; 5:9582e � 01)

�( zpv
i ; CPi ) (14; 5:9723e+ 00)
Vmax 1:e+ 00
Vmin 9:5881e � 01

Table 5-30 : Best PV allocation (single-period) for the CA141 system in Popayán

The overall results obtained for the single period allocation in Popayán are shown in Table5-31.

SYS x F I/S Ploss t[s] Inf1 Inf2 � x

I33

Ploss RERCBIM CM 7:57e � 02 1:72e � 01 5:85e � 05 2:68e � 05 2:04e � 11
t[s] RERCBIM CM 7:57e � 02 1:72e � 01 5:85e � 05 2:68e � 05 2:04e � 11
Inf1 RRBIM AB 7:57e � 02 1:59e+ 00 2:73e � 10 2:73e � 10 9:01e � 21
Inf2 RRBIM AB 7:57e � 02 1:59e+ 00 2:73e � 10 2:73e � 10 9:01e � 21
� jxj RRBIM AB 7:57e � 02 1:59e+ 00 2:73e � 10 2:73e � 10 9:01e � 21

I69

Ploss PM AB 7:82e � 02 3:75e � 01 6:7e � 08 6:70e � 08 1:32e � 16
t[s] RBIM AB 7:82e � 02 3:59e � 01 9:11e � 09 9:14e � 09 2:34e � 18
Inf1 RRM AB 7:82e � 02 5:27e+ 02 1:88e � 10 1:01e � 07 7:78e � 16
Inf2 Meta WOA-P 7:94e � 02 1:79e+ 01 8:39e � 09 8:30e � 09 9:92e � 17
� jxj RBIM AB 7:82e � 02 3:59e � 01 9:11e � 09 9:14e � 09 2:34e � 18

SA

Ploss PBIM AB 1:42e � 03 2:03e � 01 6:79e � 09 6:83e � 09 1:34e � 20
t[s] PM AB 1:42e � 03 2:03e � 01 6:83e � 09 6:84e � 09 1:35e � 20
Inf1 RM AB 1:42e � 03 2:19e � 01 3:07e � 10 3:09e � 10 2:96e � 23
Inf2 RM AB 1:42e � 03 2:19e � 01 3:07e � 10 3:09e � 10 2:96e � 23
� jxj RM AB 1:42e � 03 2:19e � 01 3:07e � 10 3:09e � 10 2:96e � 23

CA141

Ploss RBIM AB 2:26e � 01 1:78e+ 00 5:3e � 07 5:26e � 07 1:12e � 13
t[s] RBIM AB 2:26e � 01 1:78e+ 00 5:3e � 07 5:26e � 07 1:12e � 13
Inf1 RRM AB 2:26e � 01 9:40e+ 01 2:19e � 09 5:94e � 07 2:76e � 14
Inf2 Meta GWO-P 2:27e � 01 1:91e+ 01 1:06e � 08 5:66e � 09 2:60e � 16
� jxj Meta PSO-P 2:27e � 01 8:35e+ 00 8:09e � 09 7:82e � 09 1:2e � 16

Table 5-31 : Overview of the deterministic allocation (single-period) of PV results for average irradiance
and cluster demand in Popayán.

Multi-period OPF

The best obtained solution from the multi-period OPF for each case in Bogotá is displayed in Tables5-
32, 5-33, 5-34, and 5-35.
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Variables Values

Ploss 2:9229e+ 00
(Loc1; Cap1) (14; 6:1592e � 01)
(Loc2; Cap2) (18; 4:2626e � 01)
(Loc3; Cap3) (32; 8:1532e � 01)
�( zpv

i ; CPi ) (3; 1:8575e+ 00)
Vmax 1:e+ 00
Vmin 8:8465e � 01

Table 5-32 : Best PV allocation (Multi-period) for the I33 system in Bogotá

Variables Values

Ploss 3:1707e+ 00
(Loc1; Cap1) (60; 2:7053e � 08)
(Loc2; Cap2) (61; 1:1103e+ 00)
(Loc3; Cap3) (62; 9:8405e � 02)
(Loc4; Cap4) (63; 1:0006e � 03)
(Loc5; Cap5) (64; 6:106e � 01)
(Loc6; Cap6) (65; 1:2501e � 01)
�( zpv

i ; CPi ) (6; 1:9453e+ 00)
Vmax 1:e+ 00
Vmin 8:835e � 01

Table 5-33 : Best PV allocation (Multi-period) for the I69 system in Bogotá

Variables Values

Ploss 5:2139e � 02
(Loc1; Cap1) (22; 1:2696e � 01)
(Loc2; Cap2) (29; 1:8066e � 01)
(Loc3; Cap3) (31; 1:8728e � 01)
(Loc4; Cap4) (32; 1:4046e � 01)
�( zpv

i ; CPi ) (4; 6:3535e � 01)
Vmax 1:e+ 00
Vmin 9:9579e � 01

Table 5-34 : Best PV allocation (Multi-period) for the SA system in Bogotá

Variables Values

Ploss 8:7355e+ 00
(Loc1; Cap1) (15; 1:9684e � 08)
(Loc2; Cap2) (91; 1:4305e � 01)
(Loc3; Cap3) (92; 2:5575e � 01)
(Loc4; Cap4) (93; 1:9299e+ 00)

Continued on next page
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Variables Values

(Loc5; Cap5) (94; 2:8111e � 01)
(Loc6; Cap6) (100; 5:4045e � 01)
(Loc7; Cap7) (109; 5:281e � 01)
(Loc8; Cap8) (113; 2:2698e � 01)
(Loc9; Cap9) (114; 3:1937e � 01)

(Loc10; Cap10) (116; 1:7185e � 07)
(Loc11; Cap11) (117; 3:4412e � 07)
(Loc12; Cap12) (118; 1:9644e � 01)
(Loc13; Cap13) (122; 1:5511e+ 00)
(Loc14; Cap14) (135; 2:3745e � 07)

�( zpv
i ; CPi ) (14; 5:9723e+ 00)
Vmax 1:e+ 00
Vmin 9:0991e � 01

Table 5-35 : Best PV allocation (Multi-period) for the CA141 system in Bogotá

The overall results obtained for the multi-period allocation in Bogotá are shown in Table5-36.

SYS x F I/S Ploss t[s] Inf1 Inf2 � x

I33

Ploss RERRBIM CM 2:92e+ 00 1:46e+ 01 1:99e � 04 7:64e � 04 6:48e � 06
t[s] REBF G 2:93e+ 00 1:10e+ 00 1:95e � 08 1:18e � 06 7:43e � 14
Inf1 REBF G 2:93e+ 00 1:10e+ 00 1:95e � 08 1:18e � 06 7:43e � 14
Inf2 Meta WOA-P 2:97e+ 00 9:64e+ 01 4:20e � 08 4:2e � 08 5:05e � 13
� jxj REBF G 2:93e+ 00 1:10e+ 00 1:95e � 08 1:18e � 06 7:43e � 14

I69

Ploss PM AB 3:17e+ 00 6:58e+ 00 1:47e � 06 1:47e � 06 4:51e � 11
t[s] REBF G 3:17e+ 00 1:94e+ 00 7:89e � 09 1:04e � 06 5:05e � 14
Inf1 REBF G 3:17e+ 00 1:94e+ 00 7:89e � 09 1:04e � 06 5:05e � 14
Inf2 RRBIM AB 3:17e+ 00 5:55e+ 00 3:34e � 08 3:27e � 08 1:92e � 14
� jxj RRBIM AB 3:17e+ 00 5:55e+ 00 3:34e � 08 3:27e � 08 1:92e � 14

SA

Ploss RM AB 5:21e � 02 3:29e+ 01 3:50e � 07 3:50e � 07 2:10e � 13
t[s] PBIM AB 5:21e � 02 3:18e+ 01 3:54e � 07 3:54e � 07 2:08e � 13
Inf1 PM AB 5:21e � 02 3:52e+ 01 3:42e � 07 3:42e � 07 2:15e � 13
Inf2 PM AB 5:21e � 02 3:52e+ 01 3:42e � 07 3:42e � 07 2:15e � 13
� jxj PBIM AB 5:21e � 02 3:18e+ 01 3:54e � 07 3:54e � 07 2:08e � 13

CA141

Ploss PBIM AB 8:74e+ 00 2:09e+ 03 9:32e � 05 9:32e � 05 1:59e � 04
t[s] REBF G 8:74e+ 00 1:52e+ 01 1:86e � 06 6:92e � 06 1:71e � 09
Inf1 RRM AB 8:74e+ 00 4:60e+ 03 3:11e � 08 3:09e � 05 3:86e � 08
Inf2 Meta PSO-P 8:81e+ 00 1:28e+ 02 1:84e � 07 7:62e � 08 1:58e � 11
� jxj Meta GA-P 8:77e+ 00 1:21e+ 02 1:8e � 07 7:81e � 08 1:49e � 11

Table 5-36 : Overview of the deterministic allocation (multi-period) of PV results for average irradiance
and cluster demand in Bogotá.

The best obtained solution from the multi-period OPF for each case in Jamundí is displayed in Tables5-
37, 5-38, 5-39, and 5-40.
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Variables Values

Ploss 3:7657e+ 00
(Loc1; Cap1) (11; 5:0231e � 01)
(Loc2; Cap2) (16; 5:2072e � 01)
(Loc3; Cap3) (31; 8:3446e � 01)
�( zpv

i ; CPi ) (3; 1:8575e+ 00)
Vmax 1:e+ 00
Vmin 8:7052e � 01

Table 5-37 : Best PV allocation (Multi-period) for the I33 system in Jamundí

Variables Values

Ploss 4:0712e+ 00
(Loc1; Cap1) (21; 1:336e � 01)
(Loc2; Cap2) (24; 4:3006e � 02)
(Loc3; Cap3) (27; 3:7213e � 02)
(Loc4; Cap4) (61; 1:3542e+ 00)
(Loc5; Cap5) (64; 3:0317e � 01)
(Loc6; Cap6) (65; 7:4193e � 02)
�( zpv

i ; CPi ) (6; 1:9453e+ 00)
Vmax 1:e+ 00
Vmin 8:7588e � 01

Table 5-38 : Best PV allocation (Multi-period) for the I69 system in Jamundí

Variables Values

Ploss 6:4841e � 02
(Loc1; Cap1) (20; 1:3243e � 01)
(Loc2; Cap2) (22; 7:3418e � 02)
(Loc3; Cap3) (32; 2:6361e � 01)
(Loc4; Cap4) (33; 1:6589e � 01)
�( zpv

i ; CPi ) (4; 6:3535e � 01)
Vmax 1:e+ 00
Vmin 9:9555e � 01

Table 5-39 : Best PV allocation (Multi-period) for the SA system in Jamundí

Variables Values

Ploss 1:1173e+ 01
(Loc1; Cap1) (31; 4:9323e � 01)
(Loc2; Cap2) (46; 3:9369e � 01)
(Loc3; Cap3) (56; 5:8243e � 01)
(Loc4; Cap4) (57; 3:2972e � 01)
(Loc5; Cap5) (80; 3:2973e � 01)
(Loc6; Cap6) (82; 6:39e � 01)

Continued on next page
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Variables Values

(Loc7; Cap7) (85; 4:7850e � 01)
(Loc8; Cap8) (89; 1:8692e � 01)
(Loc9; Cap9) (93; 5:3077e � 01)

(Loc10; Cap10) (99; 2:8629e � 01)
(Loc11; Cap11) (107; 6:443e � 01)
(Loc12; Cap12) (120; 3:6600e � 01)
(Loc13; Cap13) (121; 4:196e � 01)
(Loc14; Cap14) (137; 2:9213e � 01)

�( zpv
i ; CPi ) (14; 5:9723e+ 00)
Vmax 1:e+ 00
Vmin 9:0479e � 01

Table 5-40 : Best PV allocation (Multi-period) for the CA141 system in Jamundí

The overall results obtained for the multi-period allocation in Jamundí are shown in Table5-41.

SYS x F I/S Ploss t[s] Inf1 Inf2 � x

I33

Ploss RERCM CM 3:77e+ 00 1:39e+ 02 3:62e � 04 7:39e � 04 1:4e � 04
t[s] REBF G 3:80e+ 00 1:32e+ 00 7:23e � 08 2:96e � 06 1:07e � 12
Inf1 Meta GWO-P 3:87e+ 00 9:79e+ 01 1:49e � 08 1:49e � 08 8:44e � 14
Inf2 Meta GWO-P 3:87e+ 00 9:79e+ 01 1:49e � 08 1:49e � 08 8:44e � 14
� jxj Meta GWO-P 3:87e+ 00 9:79e+ 01 1:49e � 08 1:49e � 08 8:44e � 14

I69

Ploss RBIM AB 4:07e+ 00 1:11e+ 02 2:15e � 06 2:15e � 06 2:08e � 09
t[s] REBF G 4:09e+ 00 2:11e+ 00 2:34e � 06 1:14e � 05 2:29e � 10
Inf1 RRBIM AB 4:07e+ 00 9:03e+ 01 1:15e � 09 6:04e � 08 2:55e � 14
Inf2 Meta GA-P 4:08e+ 00 9:39e+ 01 1:27e � 08 1:26e � 08 6:09e � 14
� jxj RRBIM AB 4:07e+ 00 9:03e+ 01 1:15e � 09 6:04e � 08 2:55e � 14

SA

Ploss RM AB 6:48e � 02 5:77e+ 02 3:49e � 07 3:48e � 07 4:54e � 12
t[s] Meta GA-P 6:49e � 02 7:16e+ 01 6:1e � 07 6:07e � 07 1:72e � 12
Inf1 PM AB 6:48e � 02 2:e+ 02 3:24e � 07 3:24e � 07 1:36e � 12
Inf2 PM AB 6:48e � 02 2:e+ 02 3:24e � 07 3:24e � 07 1:36e � 12
� jxj PBIM AB 6:48e � 02 1:47e+ 02 3:76e � 07 3:77e � 07 1:35e � 12

CA141

Ploss REBF G 1:12e+ 01 1:20e+ 02 6:27e � 07 1:44e � 05 1:21e � 08
t[s] Meta GA-P 1:12e+ 01 1:2e+ 02 1:69e � 07 6:37e � 08 1:44e � 11
Inf1 Meta WOA-P 1:12e+ 01 1:42e+ 02 1:42e � 07 4:11e � 08 9:26e � 12
Inf2 Meta WOA-P 1:12e+ 01 1:42e+ 02 1:42e � 07 4:11e � 08 9:26e � 12
� jxj Meta WOA-P 1:12e+ 01 1:42e+ 02 1:42e � 07 4:11e � 08 9:26e � 12

Table 5-41 : Overview of the deterministic allocation (multi-period) of PV results for average irradiance
and cluster demand in Jamundí.

The best obtained solution from the multi-period OPF for each case in Popayán is displayed in Tables5-
42, 5-43, 5-44, and 5-45.
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Variables Values

Ploss 2:3172e+ 00
(Loc1; Cap1) (14; 9:7032e � 01)
(Loc2; Cap2) (17; 5:8087e � 01)
(Loc3; Cap3) (33; 3:0631e � 01)
�( zpv

i ; CPi ) (3; 1:8575e+ 00)
Vmax 1:e+ 00
Vmin 8:8785e � 01

Table 5-42 : Best PV allocation (Multi-period) for the I33 system in Popayán

Variables Values

Ploss 2:4829e+ 00
(Loc1; Cap1) (8; 9:433e � 09)
(Loc2; Cap2) (61; 5:8946e � 06)
(Loc3; Cap3) (62; 2:8723e � 05)
(Loc4; Cap4) (65; 1:9453e+ 00)
(Loc5; Cap5) (68; 2:2686e � 05)
(Loc6; Cap6) (69; 4:8313e � 06)
�( zpv

i ; CPi ) (6; 1:9453e+ 00)
Vmax 1:e+ 00
Vmin 8:8641e � 01

Table 5-43 : Best PV allocation (Multi-period) for the I69 system in Popayán

Variables Values

Ploss 4:1069e � 02
(Loc1; Cap1) (22; 2:2578e � 02)
(Loc2; Cap2) (25; 1:1531e � 01)
(Loc3; Cap3) (32; 4:5634e � 01)
(Loc4; Cap4) (33; 4:1115e � 02)
�( zpv

i ; CPi ) (4; 6:3535e � 01)
Vmax 1:e+ 00
Vmin 9:9589e � 01

Table 5-44 : Best PV allocation (Multi-period) for the SA system in Popayán

Variables Values

Ploss 6:7362e+ 00
(Loc1; Cap1) (80; 2:0294e � 01)
(Loc2; Cap2) (82; 4:4043e � 01)
(Loc3; Cap3) (85; 2:1179e � 01)
(Loc4; Cap4) (91; 2:1132e � 01)
(Loc5; Cap5) (92; 2:1141e � 01)
(Loc6; Cap6) (93; 1:5424e+ 00)

Continued on next page
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Variables Values

(Loc7; Cap7) (94; 2:1162e � 01)
(Loc8; Cap8) (100; 5:6002e � 01)
(Loc9; Cap9) (108; 1:0514e � 01)

(Loc10; Cap10) (109; 5:8751e � 01)
(Loc11; Cap11) (113; 1:8045e � 01)
(Loc12; Cap12) (114; 1:4577e � 01)
(Loc13; Cap13) (118; 1:0941e � 01)
(Loc14; Cap14) (119; 1:2521e+ 00)

�( zpv
i ; CPi ) (14; 5:9723e+ 00)
Vmax 1:e+ 00
Vmin 9:1385e � 01

Table 5-45 : Best PV allocation (Multi-period) for the CA141 system in Popayán

The overall results obtained for the multi-period allocation in Popayán are shown in Table5-46.

SYS x F I/S Ploss t[s] Inf1 Inf2 � x

I33

Ploss Meta GWO-P 2:32e+ 00 9:81e+ 01 2:14e � 08 2:14e � 08 1:04e � 13
t[s] Meta GA-P 2:38e+ 00 8:42e+ 01 3:26e � 08 3:25e � 08 2:12e � 13
Inf1 Meta GWO-P 2:32e+ 00 9:81e+ 01 2:14e � 08 2:14e � 08 1:04e � 13
Inf2 Meta GWO-P 2:32e+ 00 9:81e+ 01 2:14e � 08 2:14e � 08 1:04e � 13
� jxj Meta GWO-P 2:32e+ 00 9:81e+ 01 2:14e � 08 2:14e � 08 1:04e � 13

I69

Ploss Meta GA-P 2:48e+ 00 9:5e+ 01 3:04e � 08 3:09e � 08 2:21e � 13
t[s] Meta GA-P 2:48e+ 00 9:5e+ 01 3:04e � 08 3:09e � 08 2:21e � 13
Inf1 Meta GWO-P 2:49e+ 00 1:16e+ 02 2:98e � 08 3:05e � 08 2:62e � 13
Inf2 Meta GWO-P 2:49e+ 00 1:16e+ 02 2:98e � 08 3:05e � 08 2:62e � 13
� jxj Meta GA-P 2:48e+ 00 9:5e+ 01 3:04e � 08 3:09e � 08 2:21e � 13

SA

Ploss Meta GWO-P 4:11e � 02 8:31e+ 01 3:23e � 07 3:21e � 07 3:54e � 13
t[s] Meta PSO-P 4:11e � 02 6:89e+ 01 3:23e � 07 3:20e � 07 2:93e � 13
Inf1 Meta PSO-P 4:11e � 02 6:89e+ 01 3:23e � 07 3:20e � 07 2:93e � 13
Inf2 Meta PSO-P 4:11e � 02 6:89e+ 01 3:23e � 07 3:20e � 07 2:93e � 13
� jxj Meta PSO-P 4:11e � 02 6:89e+ 01 3:23e � 07 3:20e � 07 2:93e � 13

CA141

Ploss PM AB 6:74e+ 00 2:63e+ 03 3:11e � 06 3:10e � 06 1:71e � 07
t[s] REBF G 6:74e+ 00 1:21e+ 01 1:22e � 07 2:47e � 06 2:47e � 11
Inf1 RRM AB 6:74e+ 00 3:43e+ 03 4:58e � 08 3:38e � 06 3:58e � 09
Inf2 Meta PSO-P 6:77e+ 00 1:18e+ 02 1:7e � 07 5:58e � 08 7:55e � 12
� jxj Meta PSO-P 6:77e+ 00 1:18e+ 02 1:7e � 07 5:58e � 08 7:55e � 12

Table 5-46 : Overview of the deterministic allocation (multi-period) of PV results for average irradiance
and cluster demand in Popayán.

Discussion

The allocation of PV systems has effectively improved the losses compared to the base results from PF
analyses. By allocating the the best solutions obtained for the I33 system (See Table5-17 for Bogotá,
Table 5-22 for Jamundí and Table 5-27 for Popayán) the losses where reduced by17%, 22%, and 18%
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respectively. Similarly, for the I69 system (See solutions in Table5-18 for Bogotá, Table 5-23 for Jamundí
and Table 5-28 for Popayán) the losses were reduced by20%, 25%, and 21%. The losses in the SA system
were reduced by13%, 17% and 15% (See the solutions in Table5-19 for Bogotá, Table 5-24 for Jamundí,
and Table 5-29 for Popayán). Lastly, the optimal allocation of PV in the CA141 system reduces the losses
by 15%, 19%, and 17%with the solutions in Table 5-20 for Bogotá, Table 5-25 for Jamundí, and Table 5-30
for Popayán. The differences between maximum and minimum voltages were improved i every case, even
when in PF they never exceeded the� 10%. Although the number of PV systems was fixed to10% of the
number of nodes in the system, results for I69, SA, and CA141 show that constraint(4-15a) can be relaxed
into an inequality. For instance, in Bogotá the optimal allocation of PV for the I69 consists of 3 units
holding 99:8% of the total capacity. Similarly, the SA three of the four units hold the 99:93% of the total
capacity, and at the CA141 five units out fourteen aggregate99:98% of the whole capacity. In Jamundí, the
allocation was 4=6, 3=4, and 5=14 whereas in Popayán the allocation was3=6, 3=4, and 6=14 for the I69, SA
and CA141, respectively.

The location of the units is frequently assigned to nodes belonging to clusters with great weights, excepting
on the I33 system. For instance, in the I33 system the PV units were located at nodes from clusters 3 (2
units) and 4 in Bogotá (cluster 5 has the greatest weight), clusters 3,4 and 2 in Jamundí (cluster 5 has the
greatest weight) and clusters 5 (2 units) and 2 in Popayán (cluster 1 has the greatest weight). This means,
that the preference for this system is to locate the units towards the end of farthest branches with greater
demand, as can be expected. In every system the results behave similarly regarding the location of PV,
however, in SA and CA141 systems the analysis must be differentiated. The SA system has a radial/ring
configuration with very short branches, consequently, the PV units were located close to the nodes with
greater demand located in the middle of the ring (in between nodes 10 and 41). Whilst for the CA141, the
units were located at the end of a short branch, not that far from the root, but in an area where the demand
in heaviest clusters is concentrated.

The multi-period OPF showed similar results in power loss reductions. The I33 system had reductions of
15%, 10%, and 13% with the solutions shown in Table 5-32 for Bogotá, Table 5-37 for Jamundí, and 5-42
for Popayán. The I69 system had reductions of17%, 10%, and 14% with the solutions shown in Table 5-33
for Bogotá, Table 5-38 for Jamundí, and 5-43 for Popayán. The SA system had reductions of13%, 10%,
and 13% with the solutions shown in Table 5-34 for Bogotá, Table 5-39 for Jamundí, and 5-44 for Popayán.
Lastly, the CA141 system had reductions of13%, 8%, and 13% with the solutions shown in Table 5-33 for
Bogotá, Table 5-38 for Jamundí, and 5-43 for Popayán.

The location of the units had the same behavior previously mentioned. Although a variety of locations has
been observed, they fall on the same branches as in the single-period OPF. On the other hand, the CA141
located most of the PV units available by constraint (4-15a). In Bogotá it suggested the installation of 10
units, whilst in Jamundí and Popayán, the 14 units have considerable capacities. Nevertheless, all these
units are located in the same area as in the single period allocation. In other words, the granularity of PV
installations increase, but located within the same area.

As can be observed on the MPF results, the� 10% voltage bounds are exceeded (particularily below) on the
I33 and I69 systems, and with the implementation of PV units this issue was not remediated. This happened
because the peaks of demand for the clusters with the most weight occur mainly when PV doesn´ t operate.

Both deterministic OPFs have shown similar formulation behavior compared to PF: Convex formulations
have a poor� x score. In single period OPF, convex formulations only achieved the best score in losses and
time for the system I33 (RERCM in Bogotá, RERRBIM and RERCBIM in Jamundí, and RERCBIM in
Popayán). However, their � x score is much lower compared to the other formulations (from 8 to 10 orders
of magnitude) due to feasibility scores.

A different situation can be observed in the multi-period OPF, where convex formulations could achieve
the best score at any infeasibility, or � x score. For instance, in the (multi-period) OPF results for Bogotá,
RERRBIM achieved the best score in losses, and REBF in time,Inf 1, and � x at the I33 system, REBF
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was the best in time andInf 1 at the I69, and in time at the CA141. In the results for Jamundí, RERCM
and REBF have the best losses and time scores at the I33, REBF has the best time score at the I69, and the
best score in losses at the CA141 system. REBF formulation was the only convex formulation achieving a
best score (time) in the analyses for Popayán (CA141). Overall, convex formulations have more appearances
scoring the best at any measure in OPF than in PF analyses.

Additionally, metaheuristic techniques have achieved several best scores, mainly inInf 2 and � x (CA141 in
Bogotá, I69 in Jamundí, I69 and CA141 in Popayán at the single-period OPF; I33 and CA141 in Bogotá, I33,
I69, and CA141 in Jamundí, I33, I69, SA and CA141 in Popayán at the multi-period OPF). Unexpectedly, a
metaheuristic achieved the best time score in the multi-period OPF for the SA in Jamundí, when the best at
the rest were other formulations. In Popayán, the metaheuristic techniques have obtained the most best
scores. From TableA-158 can be observed that the solution of every convex an non-convex formulation at
the I33 system has greater infeasibility values than the results from any metaheuristic technique.

From Tables 5-47 and 5-48, it is possible to observe which I/S and formulations achieved the best results
for both deterministic PV allocation (OPF) problems.

Group F Ploss Time Inf1 Inf2 �

Convex REBF 1 6 2 0 9
RERCBIM 1 2 0 0 3
RERCM 2 1 0 0 3

RERRBIM 2 0 0 0 2
RERRM 0 0 0 0 0

Meta Meta-GA 1 4 0 1 6
Meta-GWO 2 0 3 4 9
Meta-PSO 0 1 1 3 5
Meta-WOA 0 0 1 5 6

Non-Convex BF 0 0 0 0 0
PBIM 2 2 0 0 4
PM 8 1 2 2 13

RBIM 3 3 1 1 8
RM 2 3 2 2 9

RRBIM 0 0 6 5 11
RRM 0 1 6 1 8

Table 5-47 : Frequency of appearance for each formulation as the best in any performance criteria

Group F Ploss Time Inf1 Inf2 �

Convex CM 5 3 0 0 8
G 1 6 2 0 9

Meta GA-P 1 4 0 1 6
GWO-P 2 0 3 4 9
PSO-P 0 1 1 3 5
WOA-P 0 0 1 5 6

Non-Convex AB 15 10 17 11 53

Table 5-48 : Frequency of appearance for each interpreter/solver as the best in any performance criteria
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5.4.3 Stochastic Allocation Results

The stochastic allocation considers the parameters of the best fitting probability distribution shown in A.5
for demand and irradiance. The PV installations have an80% efficiency. Evidently, every simulation is
based on multi-period analyses.

In order to reduce the computation cost of these analyses, the number of PV installations is reduced for I69
and CA141 cases by filtering the number of PV installations from previous simulations. Namely, I69 had
shown results with three PV installations, and CA141 with five. The aggregated capacity remains at the
same level. Voltage bounds are kept within� 20%.

Additionally, only the most frequent formulations and I/S are considered for each category. Therefore, the
convex formulation REBF with G, the non-convex formulation PM with AB, and the metaheuristic GWO-P.

The only option within convex formulations that returned a solution within reasonable time for every
system was to approximate probability functions using piece-wise linear segments, formulating the bilinear
constraint (4-1) as it is and setting the "NonConvex" parameter accordingly. The PWLA use 10 equidistant
points between the minimum and maximum values at each period/cluster. The non-convex formulation
was defined using the original CDF equations, excepting Normal and log-normal distributions that use
approximations (4-19a) and (4-20a) with k = 20.

In the following tables the optimal allocation is displayed for each system and city. The best obtained
solution from the stochastic OPF in Bogotá is displayed in Tables5-49, 5-50, 5-51, and 5-52.

Variables Values

Formulation PM
f o � 1:0678e+ 02

Ploss 5:2973e+ 00
� � p(DC ) � 1:1218e+ 02
� p(I pv ) 1:0982e � 01

(Loc1; Cap1) (16; 3:9966e � 01)
(Loc2; Cap2) (17; 6:7743e � 01)
(Loc3; Cap3) (18; 7:8041e � 01)
�( zpv

i ; CPi ) (3; 1:8575e+ 00)
Vmax 1:e+ 00
Vmin 8:7005e � 01

Table 5-49 : Best PV allocation (Stochastic) for the I33 system in Bogotá

Variables Values

Formulation PM
f o � 9:0749e+ 01

Ploss 3:6644e+ 00
� � p(DC ) � 9:4479e+ 01
� p(I pv ) 6:5767e � 02

(Loc1; Cap1) (27; 3:3524e � 09)
(Loc2; Cap2) (64; 1:3340e+ 00)
(Loc3; Cap3) (65; 6:1132e � 01)

Continued on next page
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Variables Values

�( zpv
i ; CPi ) (3; 1:9453e+ 00)
Vmax 1:e+ 00
Vmin 8:9783e � 01

Table 5-50 : Best PV allocation (Stochastic) for the I69 system in Bogotá

Variables Values

Formulation PM
f o � 1:1513e+ 02

Ploss 1:1267e � 01
� � p(DC ) � 1:1526e+ 02
� p(I pv ) 9:6488e � 03

(Loc1; Cap1) (22; 2:815e � 01)
(Loc2; Cap2) (30; 2:7613e � 06)
(Loc3; Cap3) (31; 9:9847e � 06)
(Loc4; Cap4) (32; 3:5384e � 01)
�( zpv

i ; CPi ) (4; 6:3535e � 01)
Vmax 1:e+ 00
Vmin 9:9546e � 01

Table 5-51 : Best PV allocation (Stochastic) for the SA system in Bogotá

Variables Values

Formulation Meta
f o � 8:3204e+ 01

Ploss 1:181e+ 01
� � p(DC ) � 9:6405e+ 01
� p(I pv ) 1:3913e+ 00

(Loc1; Cap1) (5; 1:3562e+ 00)
(Loc2; Cap2) (38; 1:1272e+ 00)
(Loc3; Cap3) (52; 1:9315e � 01)
(Loc4; Cap4) (68; 2:1652e+ 00)
(Loc5; Cap5) (107; 1:0783e+ 00)
�( zpv

i ; CPi ) (5; 5:9201e+ 00)
Vmax 1:e+ 00
Vmin 9:1701e � 01

Table 5-52 : Best PV allocation (Stochastic) for the CA141 system in Bogotá

The best obtained solution from the stochastic OPF for each system in Jamundí is displayed in Tables5-
53, 5-54, 5-55, and 5-56.
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Variables Values

Formulation PM
f o � 1:0371e+ 02

Ploss 5:7607e+ 00
� � p(DC ) � 1:0963e+ 02
� p(I pv ) 1:5847e � 01

(Loc1; Cap1) (16; 1:1031e+ 00)
(Loc2; Cap2) (17; 3:056e � 01)
(Loc3; Cap3) (18; 4:4877e � 01)
�( zpv

i ; CPi ) (3; 1:8575e+ 00)
Vmax 1:e+ 00
Vmin 8:6558e � 01

Table 5-53 : Best PV allocation (Stochastic) for the I33 system in Jamundí

Variables Values

Formulation Meta
f o � 9:6175e+ 01

Ploss 5:8592e+ 00
� � p(DC ) � 1:0270e+ 02
� p(I pv ) 6:6975e � 01

(Loc1; Cap1) (17; 2:0557e � 02)
(Loc2; Cap2) (26; 1:2221e � 02)
(Loc3; Cap3) (44; 1:9038e+ 00)
�( zpv

i ; CPi ) (3; 1:9366e+ 00)
Vmax 1:0060e+ 00
Vmin 8:6849e � 01

Table 5-54 : Best PV allocation (Stochastic) for the I69 system in Jamundí

Variables Values

Formulation PM
f o � 1:1430e+ 02

Ploss 1:2585e � 01
� � p(DC ) � 1:1446e+ 02
� p(I pv ) 3:6748e � 02

(Loc1; Cap1) (22; 1:6015e � 01)
(Loc2; Cap2) (27; 2:9581e � 07)
(Loc3; Cap3) (31; 1:0643e � 04)
(Loc4; Cap4) (32; 4:7509e � 01)
�( zpv

i ; CPi ) (4; 6:3535e � 01)
Vmax 1:e+ 00
Vmin 9:9518e � 01

Table 5-55 : Best PV allocation (Stochastic) for the SA system in Jamundí
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Variables Values

Formulation Meta
f o � 8:6096e+ 01

Ploss 1:3872e+ 01
� � p(DC ) � 1:0101e+ 02
� p(I pv ) 1:0467e+ 00

(Loc1; Cap1) (4; 1:6447e � 01)
(Loc2; Cap2) (14; 1:1693e+ 00)
(Loc3; Cap3) (19; 4:2796e � 01)
(Loc4; Cap4) (35; 0:e+ 00)
(Loc5; Cap5) (38; 4:1983e+ 00)
�( zpv

i ; CPi ) (5; 5:96e+ 00)
Vmax 1:e+ 00
Vmin 9:0598e � 01

Table 5-56 : Best PV allocation (Stochastic) for the CA141 system in Jamundí

The best obtained solution from the stochastic OPF for each case in Popayán is displayed in Tables5-57, 5-
58, 5-59, and 5-60.

Variables Values

Formulation PM
f o � 1:0855e+ 02

Ploss 4:4249e+ 00
� � p(DC ) � 1:1305e+ 02
� p(I pv ) 8:3581e � 02

(Loc1; Cap1) (16; 6:1473e � 01)
(Loc2; Cap2) (17; 5:0019e � 01)
(Loc3; Cap3) (18; 7:4257e � 01)
�( zpv

i ; CPi ) (3; 1:8575e+ 00)
Vmax 1:e+ 00
Vmin 8:7520e � 01

Table 5-57 : Best PV allocation (Stochastic) for the I33 system in Popayán

Variables Values

Formulation PM
f o � 1:0858e+ 02

Ploss 4:4102e+ 00
� � p(DC ) � 1:1307e+ 02
� p(I pv ) 7:7365e � 02

(Loc1; Cap1) (63; 7:0861e � 09)
(Loc2; Cap2) (64; 1:4583e+ 00)
(Loc3; Cap3) (65; 4:8703e � 01)
�( zpv

i ; CPi ) (3; 1:9453e+ 00)
Continued on next page
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Continued from previous page

Variables Values

Vmax 1:e+ 00
Vmin 8:8034e � 01

Table 5-58 : Best PV allocation (Stochastic) for the I69 system in Popayán

Variables Values

Formulation PM
f o � 1:1338e+ 02

Ploss 8:2883e � 02
� � p(DC ) � 1:1348e+ 02
� p(I pv ) 1:3849e � 02

(Loc1; Cap1) (1; 5:5707e � 06)
(Loc2; Cap2) (25; 4:2178e � 04)
(Loc3; Cap3) (31; 3:1793e � 02)
(Loc4; Cap4) (32; 6:0313e � 01)
�( zpv

i ; CPi ) (4; 6:3535e � 01)
Vmax 1:e+ 00
Vmin 9:9563e � 01

Table 5-59 : Best PV allocation (Stochastic) for the SA system in Popayán

Variables Values

Formulation PM
f o � 9:8541e+ 01

Ploss 1:1224e+ 01
� � p(DC ) � 1:1003e+ 02
� p(I pv ) 2:6807e � 01

(Loc1; Cap1) (115; 1:268e+ 00)
(Loc2; Cap2) (118; 9:796e � 01)
(Loc3; Cap3) (119; 3:7247e+ 00)
(Loc4; Cap4) (131; 1:5243e � 08)
(Loc5; Cap5) (140; 1:5291e � 08)
�( zpv

i ; CPi ) (5; 5:9723e+ 00)
Vmax 1:e+ 00
Vmin 9:0791e � 01

Table 5-60 : Best PV allocation (Stochastic) for the CA141 system in Popayán

The overall results obtained for the stochastic allocation in Bogotá, Jamundí and Popayán are shown in
Tables 5-61, 5-62, and 5-63.
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Discussion

It is possible to observe that the stochastic optimization shows an important increase in power losses at the
cost of increased probabilities compared to mean values, as shown in Figure5-5, where the mean irradiance
profile is drawn against the obtained coefficients together its probability profile, and in Figures5-6, and 5-7,
where cluster demand coefficient and probability profiles are plotted against the mean, respectively.

(a) Coefficients (b) Probabilities

Figure 5-5 : Resulting irradiance coefficients and probabilities in Bogotá

The best obtained solution for each system can be considered as point in the Pareto surface where the three
objectives have the same weight in the simplex, which is also the non trivial solution (if power losses had
a weight of 1, thus zero the others, irradiance and demand probabilities should have accordingly greater
and lower probabilities. In other words, demand coefficients would have to be maximum, and irradiance
coefficients minimum, hence trivial solution, likewise if the losses had zero weight and each probability a
half). The profiles found in simulations for Jamundí are shown in Figures5-8 for irradiance coefficient
and its probability profiles, and 5-9, 5-10 for demand coefficients and their probabilities. In Figure 5-11
the irradiance profile and its probability profile is shown, while in Figures 5-12 and 5-13 cluster demand
coefficients and their probability profiles are displayed for Popayán.

In Bogotá, near 60% of demand is represented by clusters 5 and 3, or80% if cluster 4 is included. For
these clusters the obtained demand coefficients are mostly above the mean. However, at peak hours the
optimization tends to get the the coefficient values to the minimum. In other words, the losses would worsen
the objective function value more than what the sum of the probabilities would, as can be observed in
Figure 5-6e. The results show that this behavior is modulated by the structure of the system, as in the SA
(the system with lower losses) where most of the obtained coefficients are at the maximum, but for the I69
several are at the minimum, and for the I33 only a few are at the maximum or the minimum. From the
standpoint of OPF sensibility to the system, the SA system shows more robustness because its losses are
much lower than the other cases.

On the other hand, clusters 1 and 2 have most coefficients attached to the maximum (maximum probability)
at peak hours. This means that having maximum values on these clusters have a great impact on probability,
but its impact on losses is lessened. Perhaps by increasing the importance of losses in the objective
function (increasing its weight in the simplex), better losses can be achieved while decreasing reasonably its
probabilities. The implementation of multi-objective problems would show the Pareto surface.
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5.4. DER Allocation 5. Applications

(a) Cluster 1 coefficients (b) Cluster 2 coefficients

(c) Cluster 3 coefficients (d) Cluster 4 coefficients

(e) Cluster 5 coefficients

Figure 5-6 : Resulting demand coefficients in Bogotá

In Jamundí, near 75% of the demand shows the behavior of clusters 5 and 4. The coefficients obtained for
these clusters are mostly above the mean, with a few at the maximum value. Likewise, in Popayán clusters
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(a) Cluster 1 probabilities (b) Cluster 2 probabilities

(c) Cluster 3 probabilities (d) Cluster 4 probabilities

(e) Cluster 5 probabilities

Figure 5-7 : Resulting demand probabilities in Bogotá

1 and 4 and 2 dominate around76% of the demand. For these clusters, almost every coefficient is above the
mean curve, although at peak hours coefficients are near the maximum.

Given the probabilistic approach of the OPF and the obtained results, it is possible to infer that the
probability of the losses being less or equal than the obtained value, is in average above80%, since the
probability of the demand being less than the obtained coefficients is greater than80%, and the probability
of the irradiance being less than the coefficients is below20% (or the probability 1 � p is greater than 80%).
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5.4. DER Allocation 5. Applications

This is a valid assumption for most cases except the I69 in Bogotá, where the heaviest cluster has most of it
coefficients near the minimum, thus near zero probability.

The allocation of PV in most systems was very similar to the deterministic multi-period case for every city,
where the PV units were located in the same (or nearest) branch where the most PV capacity is concentrated,
despite the obtained irradiance coefficients (very low values make its effects almost negligible). Additionally,
the location of the units under uncertainty was not at nodes with the heaviest cluster, but in the branches
or neighbouring branches that host them.

(a) Coefficients (b) Probabilities

Figure 5-8 : Resulting irradiance coefficients and probabilities in Jamundí

As a result of the overall increase in demand and the decrease in irradiance coefficients, power losses were
considerable increased compared to the deterministic allocation, despite the multiple near minimum demand
coefficients. For the I33 system, the losses increased1:81 times in Bogotá, 1:52 times in Jamundí, and 1:91
times in Popayán. For the I69 the losses increased like the I33 (1:15 times in Bogotá, 1:43 times in Jamundí,
and 1:77 in Popayán. For the SA system the losses increased more in comparison to the previous systems,
whereas for the CA141 the losses increased less (2:16 and 1:35 in Bogotá, 1:94 and 1:24 in Jamundí, and 2:01
and 1:66 in Popayán. Since the irradiance profiles in Jamundí are greater than in other cities, the increase
in losses is mitigated, except in the I69 case, where the losses ratio grew compared to other cities.

The best solutions were obtained mostly from PM (non-convex) and metaheuric GWO. This could be
expained by the points used for the PWLA in convex formulations, since they were implemented equidistant
and in some distributions most of these values can fall into the tails.

The convex approach (REBF) could only obtain results for the I33 system by reducing the number of PV
units to be installed to one, and by implementing the bilinear constraint (4-1) with three segments PWLA.
Their solutions are displayed in Tables5-64 (Bogotá), 5-65 (Jamundí), and 5-66 (Popayán).

Variables Values

f o � 1:0999e+ 02
Ploss 6:1925e+ 00

� � p(DC ) � 1:1632e+ 02
� p(I pv ) 1:3223e � 01

Continued on next page
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Continued from previous page

Variables Values

(zpv
i ; CPi ) (17; 1:8559e+ 00)
Vmax 1:e+ 00
Vmin 8:6917e � 01

Table 5-64 : PV allocation (Stochastic) for the I33 system in Bogotá, using distribution formulas

Variables Values

f o � 1:087e+ 02
Ploss 6:9553e+ 00

� � p(DC ) � 1:1584e+ 02
� p(I pv ) 1:8879e � 01

(zpv
i ; CPi ) (15; 1:8206e+ 00)
Vmax 1:e+ 00
Vmin 8:5715e � 01

Table 5-65 : PV allocation (Stochastic) for the I33 system in Jamundí, using distribution formulas

Variables Values

f o � 1:1148e+ 02
Ploss 4:8982e+ 00

� � p(DC ) � 1:165e+ 02
� p(I pv ) 1:1972e � 01

(zpv
i ; CPi ) (16; 1:8427e+ 00)
Vmax 1:e+ 00
Vmin 8:752e � 01

Table 5-66 : PV allocation (Stochastic) for the I33 system in Popayán, using distribution formulas

The overview of the OPF with convex formulation and probability formulas for the I33 system is shown in
Table 5-67.

City I/S Ploss � p(I pv ) 1=� p(DC ) t[s] Inf1 Inf2 � x

Bog CM 6:19e+ 00 1:32e � 01 8:6e � 03 2:42e+ 04 2:2e � 03 2:27e � 03 8:47e � 04
Jam CM 6:96e+ 00 1:89e � 01 8:63e � 03 7:38e+ 04 4:82e � 02 4:89e � 02 1:97e+ 00
Pop CM 4:9e+ 00 1:2e � 01 8:58e � 03 3:29e+ 04 1:75e � 02 1:8e � 02 5:21e � 02

Table 5-67 : Overview of the stochastic allocation of PV for the I33 with distribution formulas.

From these solution sets it is possible observe that the fitness function is improved in every city, compared to
the best stochastic solution for the same system at the previous section. The losses, irradiance and demand
accumulated probabilities increased a3; 20; 3:6% in Bogotá, 4:8; 19; 5:66% in Jamundí, and 2:7; 43; 3% in
Popayán, respectively. Although in every component there is an increase, the objective function is only
improved when the demand coefficient is increased, hence the minus sign, consequently, the absolute increase
in demand probabilities accounts stronger for the improvement of objective function. In Bogotá, the obtained
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5.4. DER Allocation 5. Applications

(a) Cluster 1 coefficients (b) Cluster 2 coefficients

(c) Cluster 3 coefficients (d) Cluster 4 coefficients

(e) Cluster 5 coefficients

Figure 5-9 : Resulting demand coefficients in Jamundí

demand coefficients on heavy clusters (5,3) had higher values than the mean, but around 5 (valley hours)
and 22 (peak hours) the values were capped at the maximum. In this simulation, the coefficients never
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(a) Cluster 1 probabilities (b) Cluster 2 probabilities

(c) Cluster 3 probabilities (d) Cluster 4 probabilities

(e) Cluster 5 probabilities

Figure 5-10 : Resulting demand probabilities in Jamundí

reach the minimum value, unlike the previous stochastic simulation. That explains partially the increase
in losses and demand probabilities. In Jamundí, the heaviest cluster (5) has maximum coefficients at one
peak (1-3 hours) and at the valley (around 10 hours), whereas the next heaviest cluster (4) has almost every
coefficient at the maximum, representing an important increase in demand probabilities, but seemingly not
so strong in losses. In Popayán, the coefficients for clusters 1 and 4 (heaviest) have maximum values around
valley hours (5),and at peak hours (22). Cluster 2, has almost every coefficient at the maximum.
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(a) Coefficients (b) Probabilities

Figure 5-11 : Resulting irradiance coefficients and probabilities in Popayán

Regarding irradiance, the obtained profile is very similar between simulations although the latter OPF results
show mitigated peaks in Bogotá and Popayán i.e., around15% in Bogotá and 20% in Popayán, explaining
the overall increase in probabilities (20% in Bogotá, 20% in Jamundí and 43% in Popayán).

The allocation of PV under these circumstances was the same as the last stochastic OPF.
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(a) Cluster 1 coefficients (b) Cluster 2 coefficients

(c) Cluster 3 coefficients (d) Cluster 4 coefficients

(e) Cluster 5 coefficients

Figure 5-12 : Resulting demand coefficients in Popayán
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