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QST]:— = {ffl_T A ffz_T A (f1 <O) A (f2 <0)} (446)

The points of the 440, 444, 446 and 447 types belong to that classification.

For the following points, the sliding direction is not specified; instead, the individual
direction of the vectors is specified. Some of these vectors have equal length and direction

of components opposite to that of the DB, thereby resulting in a static point, where the
evolution over the DB stops.

Point @ (QSTT_,(_)
QSTT_,(_ = {ffliT A ffgiT A (f] >0) A (f2 <0)} (447)

The points of the 040, 044, 046 and 047 types belong to that classification.

Point € (Qsr")
QSTT<_—> = {ffl_T A ffz_T A (f] <0) A (f2 >0)} (448)

The points of the 400, 404, 406, and 407 types belong to that classification.

Null-null point

If both vectors become null or vanish.

Point @ (QSV\/)
Qsyy = {ff]_)( N ffz_x} (449)

The points of the 001, 041, 401, and 441 types belong to this classification.

Anti-collinear points

These are static points composed of vectors having opposite directions but equal length,
which means that they are anti-collinear. These points are common in the swaps of sliding
segments.

They are sub-divided into inclined and perpendicular vectors in relation with the tangent
vector to the DB. Further, they are attractive and repulsive.
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Some of this class of points are attractive and meets the condition required to be a sliding
point; however, these points are not sliding, and hence, they have a different expression.

Point @ (Qacs/)
Quacs/ = {AC A (fl_T> O)} (450)

The points of the 158 type belong to this classification.

Point @ (Qacs \)
Qacs\= {AC A (fl_T <0)} (451)

The points of the 378 type belong to this classification.

This class of points also meets the condition required to be a sliding point; however, these
points are not sliding points. Further, these points are repulsive.

Point @ (Qacu /)
Qacu/= {AC A (f]_T< 0)} (452)

The points of the 518 type belong to this classification.

Point @ (Qacu V)
Qacu\= {AC A (fz_T< 0)} (453)

The points of the 738 type belong to this classification.

The anti-collinear perpendicular points are common in dynamics where a sliding segment
changes its direction.

Point @ (QACS |)
Qacs|= {AC A (i 1=0) A (f; N> 0)} (4.54)

The points of the 260 and 265 type belong to this classification.

Point @ (QACU |)
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Qucu|= {AC A (fi 1= 0) A (i N<0)} (4.55)

The points of the 620 and 625 type belong to this classification.

Other important points.

These points are important because they are present in the union of two different dynamics
forming splitting curves.

Point £ (Qsyp)

Qsvp = {ffi x A ffh v A (£2<0)} (4.56)

Point @ (QUVP)

Quve = {ff1 x A fh x A (1>0)} (4.57)

4.4 Identification of the different dynamics over the DB

Once all the individual points are classified, the process of finding the relationship among
points located in the DB and the most significant dynamics of a system begins. We have the
following hypothesis: if each type of point has been coded and the border between two
regions is constituted by points that in turn have a relation with the dynamics of both vector
fields, then the DB curve has unique chains related to each class of dynamics. These unique
chains maintain the information of all the local dynamics in the sequence of its elements.

Classification of sequences of ternas of elements in the DB.

The most important dynamics within the DB are initially confirmed by the changes in the
types of segments that constitute the DB. In planar systems, the DB is a curve; in three-
dimensional systems, it is a surface; in n-dimensional systems, the DB is a hyper-surface of
(n — 1) dimensions.

When the DB boundary is tracked from one side to the other is found various types of
dynamics. Each dynamics has their respective classified points. Next we will recognize six

sets of dynamics. Each set constituted by two different dynamics.

The changes along the DB in the types of dynamics are (see also (82) (83):
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Change in the crossing direction from Z; to Z, or from Z, to Z;.

Start or end of an attractive sliding segment.

Start or end of a repulsive segment.

Change in the direction of an attractive sliding segment.

Change in the direction of a repulsive segment.

Change in the type of segment from attractive to repulsive or vice versa.

© Nk Wb =

These dynamics show a common characteristic: they are constituted by two types of
segments and between them, there is a point. The combination of segment-point-segment is
unique for each set, and hence, it can be coded. In order to use the codification, the DB is
tracked, and thus, the class of dynamics presented in the neighbourhood of the DB is
detected.

4.4.1 Crossing flow

In a nonsmooth dynamical system, it is possible to find over the DB a crossing dynamics
from the region Z; to the Z, and at the same time, next to the previous, other crossing
dynamic from the region Z, to the Z; See figure 18. In the analysis of the DB, when a
crossing segment is found next to another crossing segment of contrary direction, we say,
we have a change of direction of a crossing dynamics. An analysis of the types of points
found on the DB showed that in the position where the direction of the flow is changed, a
special point is found. By listing the classes of points of the segments and the special point,
we can obtain a sequence of the transition.

Note: since here, we will begin to use a graphics that takes three pictures over different
positions of a point on the DB. These points have associated a draw of the vector f; and f,,
Also the draw of the the trajectory of the evolution of each vector is included. The
difference of two vectors is achived using different colors and shapes; red- round and blue-
square.

A possible process of the change in the direction of the crossing dynamics from Z; to Z; is
as follows:

1. Left side of figure 18 with x = -1. Over the DB, on the left side of the point of change,
both vectors f; and f, point toward the region Z;.

2. As we advance over the DB, to the right (without getting the point of change), both
vector have a relatively small angle with the DB.

3. Center of figure, with x=0. At the point of the change, both vectors are parallel to the
DB. At this point, the point exhibits double tangency. In this case, f; r<0and f; 1> 0
but other cases are possible.
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4. Right side of the figure, with x = 1. On the right of the point of change, the vectors have
a rotated relative position by an angle superior to the tangency angle, and now, both
vectors point to the region Z,.
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Figure 18. Different shots in the DB of a change in direction in a system with crossing dynamics.

The detection of this phenomenon in the DB is confirmed when the next sequence of points
is found: 570/570////570/404/320////320. The duplication of the symbol /// means that are
presenting many points of the same type. The diagram of the flow corresponding with this
phenomenon will be coded in the next paragraphs as Sd)CDC(z),.

The sequence of the changes in the crossing dynamics will be coded because there are other
possibilities and the code is necessary to develop numerical tools to identify these
phenomena.

Sequence S(DCDC(U

The segments or the orbits are symbolized with the letter ® with —S” indicating sequence.
In this case, the symbol is accompanied with two numerical index indicating the region in
which begins the action and the region that the orbit crosses. For example, ®c, or ®c,;.
See figure 19. In order to indicate that there has been a change in direction, the letters DC
are added. The sequence is symbolized as

Shepc={ (@crn) (Qsr.7) (Peay) }or {© €9 &) (4.58)
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Figure 19. Flow of a system with change in the direction of a crossing-dynamics-type SCDCDCU)'

Note: the underline accompaning the symbol indicates that instead a point it is a segment.
Other dynamics related to the changes in the direction of crossing segments are as follows:
Sequence S(DCDC(Z)

The figure 20 shows an example of the sequence type SCDSH:(Z). In this, in the left side of the
DB, we have a crossing dynamics ®c;; from the region Z, to Z; . The point where the
dynamics change is a point of double tangency with a contrary direction Qstr . This
point have the following vectors associated: a vector f; tangential pointing to the left and a
vector f; tangential pointing to the right. Toward the right of the point of change, we have a

crossing dynamics ®c;, from Z,; to Z, . The equilibrium points (focus) of each vector field
are in their own region.

Figure 20. Flow of a system with change in the direction of a crossing-dynamics-type S(DCDC@)'

The sequence @ is symbolized as

SDcpe)= {(Peay) (Qsrr ") (Pci2)} or {Q < O (4.59)

Sequence Sd)CDC(3)
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The figure 21 shows an example of the sequence type SQDSIF@). In this, in the left side of the
DB, we have a crossing dynamics ®c;, from the region Z; to Z,. The point where the
dynamics change is a point of a double tangency of a contrary signal Qsrr. . This point
have the following vectors associated: a vector f; tangential pointing to the left and a
vector f, tangential pointing to the right. Toward the right of the point of change, we have a
crossing dynamics ®@c;; from Z; to Z; . The equilibrium points (focus) of each vector field
are in the contrary region.

Figure 21. Flow of a system with change in the direction of a crossing-dynamics-type SCDCDC@),

The sequence @ is symbolized as

SDcpe3) = {(Dc12) (Qstr ) (Pea)} or {QQ Q} (4.60)

Sequence S(I)CDC@).

The figure 22 shows an example of the sequence type SCDSIF(4). In this, in the left side of the
DB, we have a crossing dynamics ®c,; from the region Z, to Z;. The point where the
dynamics change is a point of a double tangency of a contrary signal Qsrr_,~. This point
have the following vectors associated: a vector f; tangential pointing to the right and a
vector f, tangential pointing to the left. Toward the right of the point of change, we have a
crossing dynamics ®@c;, from Z; to Z, . The equilibrium points (focus) of each vector field
are in the contrary region.
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Figure 22. Flow of a system with change in the direction of a crossing-dynamics-type S(IDCDC(4)_

The sequence @ is symbolized as

®epew = {(Pear) (Qstr—") (Pero)} or {Q & S (4.61)

Sequence S(I)CDC(5)

The figure 23 shows an example of the sequence type SCDSIF(5). In this, in the left side of the
DB, we have a crossing dynamics ®@c;, from the region Z; to Z,. The point where the
dynamics change is a point of a double tangency pointing to the right Qsrr_,. This point
have the following vectors associated: a vector f; tangential pointing to the right and a
vector f, tangential pointing to the rigth. Toward the right of the point of change, we have a
crossing dynamics ®c;; from Z; to Z;. The equilibrium points (focus) of the vector field
f, is the region Z; and the focus of the vector field f, is in the region Z;.

Figure 23. Flow of a system with change in the direction of a crossing-dynamics-type S(DCDC(S)

The sequence ® is symbolized as
SOcpcs =1(@e1) (Qsrro) (@ca )} or {O ) &y (4.62)
Sequence Sd)CDC(6)

The figure 24 shows an example of the sequence type SCDSIF@. In this, in the left side of the
DB, we have a crossing dynamics ®c;, from the region Z; to Z,. The point where the
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dynamics change is a point of a double tangency pointing to the left Qsrr_~. This point
have the following vectors associated: a vector f; tangential and a vector f, tangential. Both
vector point to the left. Toward the right of the point of change, we have a crossing
dynamics ®@c,; from Z; to Z;. The equilibrium points (focus) of the vector field f; is the
region Z, and the focus of the vector field f; is in the region Z,.

Figure 24. Flow of a system with change in the direction of a crossing-dynamics-type SCDCDC“,),

The sequence @ is symbolized as

SDepee =1(®e12) (Qstr) (Bea)t or {O O O (4.63)
Sequence Sd)CDC(7)

The figure 25 shows an example of the sequence type SCI)SIF(7). In this, crossing dynamics
from Z, to Z, Qs observed on the left side of the point of change. At the point of change,
a double tangency pointing to the right @ is found. On the right of the point of change,

crossing dynamics from Z; to Z, O is observed. The equilibrium points (focus) of the
vector fields are in the region Z,.

Figure 25. Flow of a system with change in the direction of a crossing-dynamics-type SCI)CDCU)

The sequence @ is symbolized as
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SDepee) =1(@ez1) (Qstr-) (@e)} or (& O Oy (4.64)

Sequence S(I)CDC(g)

The figure 26 shows an example of the sequence type Sd)sns(g). In this, crossing dynamics
from Z, to Z; (& is observed on the side of the point of change. At the point of change, a
double tangency pointing to the left ( is found. On the right side of the point of change,

crossing dynamics from Z; to Z, © is observed. The equilibrium points (focus) of the
vector fields are in the region Z;.

Figure 26. Flow of a system with change in the direction of a crossing-dynamics-type SCDCDC(S)‘

The sequence @ is symbolized as

SDcpes ={(Pca1) (Qstr) (Pci2)} 0 {Q © Q} (4.65)

Sequence Sd)CDC(g)

The figure 27 shows an example of the sequence type S®51p(9). In this, crossing dynamics
from Z; to Z, © is observed on the left of the point of change. At the point of change, a
double vanished vector & is found. On the right of the point of change, crossing dynamics
from Z, to Z,; @ is observed. The equilibrium points (focus) of both vector fields are
found on the DB.
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Figure 27. Flow of a system with change in the direction of a crossing-dynamics-type S(DCDC(g)‘

The sequence @ is symbolized as

SBenco{(@c ) (Qswy) (Dcr )} 0 {O & @y (4.66)

Sequence Sq)CDC(l())

The figure 28 shows an example of the sequence type SCI)SIF(lo). In this, crossing dynamics
from Z; to Z, @ is observed on the left of the point of change. At the point of change, a
double vanished vector & is found. On the right of the point of change, crossing dynamics
from Z, to Z; & is observed. The equilibrium points (focus) of both vector fields are found
on the DB.

Figure 28. Flow of a system with change in the direction of a crossing-dynamics-type SCDCDC“O)‘

The sequence @ is symbolized as

SDcpeioy= {(Dea) (Qsyy) (Pein)} or {Q & Q} (4.67)

4.4.2 Start and end of attractive sliding
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In a nonsmooth dynamical system, it is possible to find over the DB a crossing dynamics
and at the same time, next to the previous, an attractive sliding dynamics. In the analysis of
the DB, when a crossing segment is found next to an attractive sliding segment, we say, we
have the start or the end of a sliding segment. The direction adopted over the DB
determines whether it is the start or the end of the segment.

A possible process for identifying the start or the end of an attractive sliding segment
presents the following shots:

1. Left side of figure 29 with x = -1.5. Over the DB, on the left side of the point of
change, both vectors f; and f, point toward the region Z;.

2. As it advances over the DB, to the right, near the point of change, the vector f; has a
rotated relative position in the CCW direction.

3. Center of figure, with x=-1,0. At the point of the initialization of the sliding segment,
the vector f; is tangent to the DB, with direction to the left.

4. Right side of the figure, with x = -0,50. On the right side of the point of initialization of
the sliding segment, the vector f;, now points to the opposite region, the Z,.
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Figure 29. Different shots in the DB of a system with a starting sliding segment.

The detection of this phenomenon on the DB is confirmed when the next sequence of
points is found: 570/570////570/470/370////370. The flow diagram corresponding to this
phenomenon will be coded in the next paragraphs as SCDSIF(S).
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Figure 30. Flow of a system with a starting or an end of a sliding dynamics of the type S(DSIF(I)_

Sequence S(I)SIF(l)

The segments or the sliding orbits are symbolized with the letters ®@s. The letter _S°
accompanying the letter _@ means sliding. The second _S‘ means attractive or stable. The
other sub-index indicates the regions that are separated by the DB. For example, ®@s; . In
order to indicate whether the class of dynamics is a start or an end, the letters IF are added.
Thus, the sequence is symbolized as

SDgir(1) ={(Dcsp) (Qss—1) (Bss_y0)} or {& & & (4.68)

The other dynamics including starts or ends of sliding segments are as follows:

Sequence S(I)S]F(z)

The figure 31 shows an example of the sequence type Sq)S[F(Z). In this, in the left side of the
DB, we have an attractive or stable sliding segment ®ss.; » that moves toward the left. The
starting point of the sliding dynamics is the point Qss«—r. This point have the following
vectors associated: a vector f; tangential and a vector f, pointing toward the DB. Toward
the right of the starting point, we have a crossing dynamics from Z, to Z;, ®c,;, The
equilibrium point (focus) of the vector field f; is in region Z,.

The sequence @ is symbolized as

SDsirin) ={(Dss.1.2) (Qss—r)(Dc,)} or { @€ Q) (4.69)

Figure 31. Flow of a system with a starting or an end of a sliding dynamics of the type S(DSH:(Z).
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Sequence SQDSIF(3)

The figure 32 shows an example of the sequence type SQDSIF@). In this, crossing dynamics
®c;, from Z; to Z,, is observed on the left of the point of change. At the point of change
Qss—', we have a vector f, tangent to the DB joined to a vector f; pointing to the DB.
On the right of the point of change, we have an attractive sliding dynamics ®ss_,;»
moving to the left on the DB. The equilibrium point (focus) of the vector field f; is in
region Z;.

The sequence @ is symbolized as

SDgirs) ={(Dc1 ) (Qss— ) Dss10)} or { O O @y (4.70)

Figure 32. Flow of a system with a starting or an end of a sliding dynamics of the type S(IJSIFG)

Sequence S(DSIF(4)

The figure 33 shows an example of the sequence type S(DSIF(4). In this, an attractive or stable
sliding dynamics ®ss._;» moving to the left on the DB is observed on the left side of the
point of change. At the point of change Qss. ' a tangential vector f, joined to a vector f;
pointing to the DB is found. On the right side of the point of change we have a crossing
dynamics ®c;, from region Z; to Z,. The equilibrium point (focus) of the vector field f, is
in region Z,;.

The sequence ® is symbolized as

SDsiru) = {(Dssc_12) (Qss—")(Dey o)} or { @G Oy 4.71)
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Figure 33. Flow of a system with a starting or an end of a sliding dynamics of the type S(IJSIF(4)_

Sequence S®51p(5)

The figure 34 shows an example of the sequence type SCDSIF(s). In this, crossing
dynamics ®c,; from region Z, to Z; is observed on the left side of the point of
change. At the point of change Qss«—r, a tangential vector f; joined to a vector f,
pointing to the DB is found. On the right of the point of change we have an attractive
sliding dynamics ®ss.;, moving to the left on the DB. The equilibrium point
(focus) of the vector field f; is in the region Z;.

The sequence @ is symbolized as

SDsircs) ={(De2,1) (Qsse—n(@ss.12)} or {& © G (4.72)

Figure 34. Flow of a system with a starting or an end of a sliding dynamics of the type SGJSIF(S)A

Sequence Sd)SIF(@

The figure 35 shows an example of the sequence type S(DSIF@. In this, an attractive or stable
sliding dynamics ®ss_,; » moving to the right on the DB is observed on the left of the point
of change. At the point of change Qss—, a tangential vector in the f, joined to a vector f,
pointing to the DB is found. On the right of the point of change we have a crossing
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dynamics ®c,; from region Z; to Z;. The equilibrium point (focus) of the vector field f; is
in the region Z,;.
The sequence @ is symbolized as

S(I)SIF(6) ={((DSS_>1,2) (QSS—>T)(CDC2’1)} or {Q @Q} (473)

Figure 35. Flow of a system with a starting or an end of a sliding dynamics of the type SCDSH:@‘

Sequence SQ)SIW)

The figure 36 shows an example of the sequence type SCDsn:m. In this, crossing dynamics
®c,,; from region Z; to Z, 1s observed on the left of the point of change. At the point of
change Qss«', a tangential vector f, joined to a vector f; pointing to the DB is found. On
the right of the point of change, we have an attractive sliding dynamics ®ss. ;> moving to
the left on the DB. The equilibrium point (focus) of the vector field f, is in the region Z,.

The sequence @ is symbolized as

D17y ={(Dey2) (Qss—y(Dss._12)} or (O & -, (4.74)

Figure 36. Flow of a system with a starting or an end of a sliding dynamics of the type S(DSIFU)



Singular points in the identification of local and global bifurcations

Sequence Sq)sn:(g)

The figure 37 shows an example of the sequence type S(DSIF(g). In this, an attractive or stable
sliding dynamics ®ss_,;, moving to the right on the DB is observed on the left of the
point of change. At the point of change Qss—" , a tangential vector f, joined to a vector f;
pointing to the DB is observed. On the right of the point of change we have a crossing
dynamics ®c, ; from region Z; to Z,. The equilibrium point (focus) of the vector field f; is
in the region Z,.

The sequence @ is symbolized as

SDsir(s) ={(D55-1.2) (Qss—")(Dey )} or (B ) Oy (4.75)

Figure 37. Flow of a system with a starting or an end of a sliding dynamics of the type SCDSH:(S)‘
Sequence “®gr()
The figure 38 shows an example of the sequence type S(DSIF(9). In this, crossing dynamics
®c,; from region Z, to Z; is observed on the left of the point of change. At the point of
change Qssy—r, a vanished vector f; joined to a vector f; pointing to the DB is obseved.

On the right of the point of change we have an attractive sliding segment ®ss_,;» moving
to the right on the DB. The equilibrium point (focus) of the vector field f; is in the DB.

The sequence @ is symbolized as

S(DSIF(g) :{((I)Cz’l) (QSSV—>T)((D88_>1’2)} or {Q @ Q} (476)

RN

Figure 38. Flow of a system with a starting or an end of a sliding dynamics of the type S(DS]F(g)‘
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Sequence S(DSIF(IO)

The figure 39 shows an example of the sequence type S(DSH:(IO). In this, an attractive or
stable sliding dynamics ®ss._;» moving to the left on the DB is observed on the left of
the point of change. At the point of change Qssy<—t a vanished vector f; joined to a
vector f; pointing to the DB is found. On the right of the point of change we have a
crossing dynamics ®c,; from region Z; to Z;. The equilibrium point (focus) of the vector
field f; is on the DB.

The sequence @ is symbolized as

SDsir(10) = {(Ds5_1.2) (Qssyr)(Dez )} or { O &y (4.77)
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Figure 39. Flow of a system with a starting or an end of a sliding dynamics of the type S(I)sn:(lo),

Sequence SCDSIFU N

The figure 40 shows an example of the sequence type Sd)sm(n). In this, crossing dynamics
®c;, from region Z; to Z, is observed on the left of the point of change. At the of change
stv—>T , 1s found a vanished vector f, joined to a vector f; pointing to the DB. On the
right of the point of change we have an attractive sliding dynamics ®ss_,;» moving to the
right on the DB. The equilibrium point (focus) of the vector field f, is on the DB.

The sequence ® is symbolized as

S(DS}FU 1) :{((I)Cl,z) (.Q.SSV—>T)((DSS_>1,2)} or {Q @ Q} (478)
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77

Figure 40. Flow of a system with a starting or an end of a sliding dynamics of the type SCDSIF(“),

Sequence g,

The figure 41 shows an example of the sequence type S(DSH:(lz). In this, an attractive or
stable sliding dynamics ®ss. ;> moving to the left on the DB is observed on the left of the
point of change. At the point of change Qssy«' is found a vanished vector f, joined to a
vector f; pointing to the DB. On the right of the point of change we have a crossing
dynamics ®@c;, from region Z; to Z,. The equilibrium point (focus) of the vector field f; is
on the DB.

The sequence @ is symbolized as

Sir(12) ={(Dss._12) (Qssy—")(Dc )} or {6 E Oy (4.79)
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Figure 41. Flow of a system with a starting or an end of a sliding dynamics of the type SGJSH:(IZ)A

There are systems that instead of have a focus on the DB, they have a stable node and show
similar sequence within the DB as those described before. The node appears on the DB as a
vanished point. Figure 42 shows a group with this class of dynamics. In Section 4.7 will be
observed that sequences of the type “®sire.12) generates a different bifurcation pattern
compared with bifurcations of the systems as presented in Figure 4.30.
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Figure 42. Systems with start or end of sliding segment and nodes over the DB.

4.4.3 Start and end of a repulsive segment

In a nonsmooth dynamical system, is possible to find simultaneously, over the DB a
crossing dynamics, and and the same time, next to the previous, a repulsive or unstable
dynamic. During the analysis of the DB, when a crossing segment is found next to a
repulsive segment, it is said, we have the start or the end of a repulsive segment. The
direction adopted over the DB determines whether it is the start or the end.

A possible process for identifying the start or end of a repulsive segment presents the
following different shots:

1. Left side of figure 43 with x = -0.5. Over the DB, on the left side of the point of
initialization of the repulsive segment, both vectors f; and f, point toward the region Z;

2. As we advances over the DB, to the right, to the point of initialization of the repulsive
segment, the vector f, have a rotated relative position in the CCW direction.

3. Center of figure, with x=0. At the point of initialization of the repulsive segment, the
vector f; is tangent to the DB, with direction to the right.

4. Right side of the figure, with x = 0,5. On the right side of the point of initialization of
the repulsive segment, the vector f, points to its own region, the Z,.
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Figure 43. Different shots in the DB of a system with a starting repulsive segment.

The detection of this phenomenon in the DB is confirmed when the next sequence of points
is found: 770/770////770/700/710////710. The diagram of the flow corresponding to this
phenomenon will be coded in the next paragraphs as SCDSH:(5).

Sequence S(I)SU[F(l)

The segments or the repulsive orbits are symbolized with the letters ®sy. The letter _S*
accompanying the letter _® means sliding. The second letter, _U', means repulsive or
unstable. The other sub-index indicates the regions that are splitted by the DB (for example,
®sy;2). Letters _I° and _F* are added in order to indicate whether the class of dynamics
presented is a start or an end, respectively. Thus, the sequence is symbolized as

SOsutr) ={(@ear) (Qsu—") (Psy_10)} or {& D Oy (4.80)

Figure 44. Flow of a system with a start or an end of a repulsive dynamics type SCDSIF(])‘

The other dynamics, including starts or ends of repulsive segments, are as follows:

Sequence S(DSUIF(Z)



Singular points in the identification of local and global bifurcations

The figure 45 shows an example of the sequence type S@SUIF(Q). In this, a repulsive segment
®sy.12 observed on the left of the point of change. At point of change Qsy«", is found a
tangential vector f, joined to a vector f; pointing away from the DB, toward the region Z,;.
On the right of the point of change we have a crossing dynamics ®c,; from region Z, to
Z;. The equilibrium point (focus) of the vector field f, is in Z.

The sequence @ is symbolized as

SOsuirR) ={(Psuci2) (Qsy—"(Dcy )} or {Q 09} (4.81)

jj//-/
Figure 45. Flow of a system with a start or an end of a repulsive dynamics of the type S(DSUIF(Z),

Sequence S(DSUIF(3)

The figure 46 shows an example of the sequence type SCDSUH:@). In this, crossing dynamics
®c,, from region Z; to Z, 1is observed on the left of the point of change. At the point of
change Qsy— is found a tangential vector f; joined to a vector f, pointing away from the

DB, toward the region Z,. On the right side of the point of change we have a repulsive
dynamics ®sy_,; 2. The equilibrium point (focus) of the vector field f; is in Z;.

The sequence @ is symbolized as

Ssurra) ={(®c12) (Qsy—n(®su12)} or {O @ O (4.82)

N\

Figure 46. Flow of a system with a start or an end of a repulsive dynamics of the type SGDSUIF@)
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Sequence SQDSUIF(4).

The figure 47 shows an example of the sequence type S(DSUH:(4). In this, a repulsive
dynamics ®sy.;, is observed on the left of the point of change. At the point of change
Qsy«—r 1s observed a tangential vector f; joined to a vector f, pointing away from the DB,
toward the region Z,. On the right of the point of change we have a crossing dynamics
®c;, from region Z; to Z,. The equilibrium point (focus) of the vector field f; is in region
7.

The sequence @ is symbolized as

SOgurr 1) = {(Dsue1.2) (Qsy—r(Dcy )} or { O G Oy (4.83)

Figure 47. Flow of a system with a start or an end of a repulsive dynamics of the type SQDSUIF(M

Sequence SCDSUIF(s).

The figure 48 shows an example of the sequence type SGDSUIF@. In this, a repulsive
dynamics ®gy_,1 is observed on the left of the point of change. At the point of change t
Qsu—r 1s found a tangential vector f; joined to a vector f; pointing away from the DB,
toward the region Z,. On the right side of the point of change we have a crossing
dynamics ®c;, from region Z; to Z,. The equilibrium point (focus) of the vector field f;
is in the region Zo.

The sequence ® is symbolized as

SDsurr ) ={(Psu—1.2) (Qsu—1)(Pci2)} or {Q . Q} (4.84)
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Figure 48. Flow of a system with a start or an end of a repulsive dynamics of the type SQDSUIF(S)_
Sequence S(I)SU[F(6).

The figure 49 shows an example of the sequence type SCDSUIF(G). In this, crossing dynamics
®c, , from region Z; to Z, 1is observed on the left side of the point of change. At the point
of change Qgu«—r is found a tangential vector f; joined to a vector f, pointing away from
the DB, toward the region Z,. On the right side of the point of change we have a repulsive
dynamics ®sy_,1 2. The equilibrium point (focus) of the vector field f; is in the region Z,.

The sequence @ is symbolized as

SDguir ©) =1(Dc12) (Qsu—1)(Psy—i12)} or {Q © Q} (4.85)

Figure 49. Flow of a system with a start or an end of a repulsive dynamics of the type SQDSUIF((,),

Sequence S(DSU]F(7).

The figure 50 shows an example of the sequence type SCDSUIFG). In this, a repulsive
dynamics sy, is observed on the left side of the point of change. At the point of
change Qgy—" is found a tangential vector f, joined to a vector f; pointing away from the
DB, toward the region Z;. On the right side of the point of change, we have a crossing
dynamics @c,; from region Z, to Z;. The equilibrium point (focus) of the vector field f, is
in the region Z;.

The sequence @ is symbolized as

SDsurr (7) ={(Psu_12) (Qsu—"(Dea 1)} or {Q D 9} (4.86)
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Figure 50. Flow of a system with a start or an end of a repulsive dynamics of the type SCDSUIFW

Sequence S(DSUIF(g)

The figure 51 shows an example of the sequence type SCDSUH:(g). In this, crossing dynamics
®c;, from region Z; to Z, is observed on the left of the point of change. At the point of
change Qgsu«' is found a tangential vector f, joined to a vector f; pointing away from the
DB, toward the region Z;. On the right side of the point of change, we have a repulsive
dynamics ®sy. 1. The equilibrium point (focus) of the vector field f, is in the region Z;.

The sequence @ is symbolized as

SDguir ® ={(Dcy.1) (Qsue—"y(Psu12)} or {Q o Q} (4.87)

T

-

Figure 51. Flow of a system with a start or an end of a repulsive dynamics of the type S(DSU]F(g)'

Sequence S(DSUIF(g)

The figure 52 shows an example of the sequence type SCDSUIF(g). In this, a repulsive
dynamics ®sy_,;» is observed on the left side of the point of change. At the point of
change Qgyyv—x 1s found a vanished vector f; joined to a vector f, pointing away from the
DB . On the right side of the point of change we have a crossing dynamics ®c;, from
region Z; to Z,,. The equilibrium point (focus) of the vector field f; is on the DB.

The sequence ® is symbolized as

SOsurr 9) ={(Psu_1.2) (Qsuv—x)(Pca 1)} or {Q Q} (4.88)
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Figure 52. Flow of a system with a start or an end of a repulsive dynamics of the type SCDSUIF@)

S
Sequence "Dgsyir(io).

The figure 53 shows an example of the sequence type S(DSUIF(]()). In this, crossing dynamics
®c;, from region Z; to Z, is observed on the left of the point of change. At point of change
Qsuv<«—x 1s found a vanished vector f; joined to a vector f, pointing away from the DB. On
the right of the point of change, we have a repulsive dynamics ®sy.2. The equilibrium
point (focus) of the vector field f; is on the DB.

The sequence @ is symbolized as

SOsutr (10 = {(@ca.1) (Qsuvey) (Psur)} or { D © € (4.89)

Figure 53. Flow of a system with a start or an end of a repulsive dynamics of the type SCDSUIF(IO),

S
Sequence "Dgyr(i1

The figure 54 shows an example of the sequence type SCDSUIF(H). In this, a repulsive
dynamics ®sy_,1, is observed on the left side of the point of change. At the point of
change Qgyy—" is found a vanished vector f, joined to a vector f; pointing away from
the DB. On the right of the point of change, we have a crossing dynamics ®c; ; from region
7, to Zy,. The equilibrium point (focus) of the vector field f, is on the DB.

S(DSUIF(II) ={(Dsu—1,) (QSUV_’X)((DCZ,I)} or {Q 9} (4.90)
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Figure 54. Flow of a system with a start or an end of a repulsive dynamics of the type SCDSUIF(“)‘

Sequence SQ)SUIF(IZ)

The figure 55 shows an example of the sequence type SfDSUIF(lz). In this, crossing dynamics
®c,,; from region Z,to Z; is observed on the left side of the point of change. At the point
of change Qsyy«" is found a tangential vector f, joined to a vector f; pointing away
from the DB, to the region Z;. On the right of the point of change, we have a repulsive
dynamics ®gsy. 2. The equilibrium point (focus) of the vector field f, is on the DB.

The sequence ® is symbolized as

SOsuir (12 ={(®ca.n) (Qspve—(@syc 1)} or {& O © (4.91)

Figure 55. Flow of a system with a start or an end of a repulsive dynamics of the type Sd)SUIF(lz)A

There are systems that instead of have a focus on the DB, they have a stable node and show
similar dynamics within the DB as those described before. The node appears on the DB as a
vanished point. Figure 56 shows a group with this class of dynamics. In Section 4.7 will be
observed that sequences of the type Sdgyro. generates a different bifurcation pattern
compared compared with bifurcations of the systems as presented in the Figure
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Figure 56. Systems with start or end of repulsive segments and nodes over the DB.

4.4.4 Change from an attractive sliding segment to a repulsive segment

In nonsmooth dynamical systems is possible to find simultaneously, over the DB an
attractive sliding dynamics, and at the same time, next to the previous, a repulsive segment
or unstable segment. During the analysis of the DB, when an attractive sliding segment is
found next to a repulsive segment, we say, we have a change from an attractive dynamic to
a repulsive dynamic.

A possible process responsible for this change of an attractive sliding segment to a
repulsive segment has the following different shots :

1. Left side of figure 57 with x = -0,5. Over the DB, on the left of the point of change, the
vector f; points to the opposite region Z,, and the vector f, points to the opposite
region Z;. The calculation of the Filippov with f; and f, gives a vector G(x) with an
orientation toward the right.

2. As we advance over the DB toward the right, to the point of change, both vectors have a
rotated relative position in CCW direction.

3. Center of figure, with x=0. At the point of change, both vectors are tangent to the DB.
The f; vector has a negative direction, and f, vector has a positive direction. The
calculation of the Filippov gives a vector G(x)=0 because both the vectors have
different directions. Some cases both vectors have the same direction. This
characteristic is called a singular point in the terminology of the Filippov systems.
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4. Right side of the figure, with x = 0,5. On the right side of the point of change, the
vector f; points to its own region, the Z;, and the vector f, points to its own region, the
Z,. The calculation of the Filippov solution gives a vector G(x) with an orientation
toward the left.
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Figure 57. Different shots in the DB of a system with a change of attractive to repulsive segment.

The detection of this phenomenon in the DB is confirmed when the next sequence of points
is found: 370/370////370/404/510////510/510. The diagram of the flow corresponding to this
phenomenon has not been coded yet.

Sequence S(Dsm)
The segments or the sliding orbits are symbolized with the letters _®s°. In order to indicate

that there is the change from an attractive sliding segment to a repulsive segment, the letter
_I* is added. Thus, the first sequence is symbolized as

SDg; (1) ={(Pss—12) (Qstr —) (Psy—1.2)} or {Q © Q} (4.92)

— S
T

Figure 58. Flow of a system with a change of dynamics attractive to repulsive of the type *®g ).
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The other dynamics that include changes from attractive to repulsive segments are as
follows:

Sequence S(I)SI @)

The figure 59 shows an example of the sequence type S®g; ) In this, a repulsive dynamics
®sy12 1s observed on the left side of the point of change. At the point of change Qgrr «—
is found two tangential vectors with a negative direction. On the right side of the point of
change, we have an attractive sliding dynamics ®ss. ;1> moving to the left on the DB. The
equilibrium point (focus) of the vector field f; is in the region Z;, and the equilibrium point
of the vector field f, is in Z,.

The sequence @ is symbolized as

SDs;1 2) ={(Psuc12) (Qstr < )(Pss_1.2)} or {Q OQ} (4.93)

S

Figure 59. Flow of a system with a change of dynamics attractive to repulsive of the type *®g Q.

Sequence S(I)Sl 3)

The figure 60 shows an example of the sequence type “®g; @). In this, an attractive sliding
segment Ogs. ;> moving to the left on the DB is observed on the left side of the point of
change. At the point of change Qsyr x is found a tangential vector f, joined to a vanished
vector f;. On the right of the point of change, we have a repulsive segment ®sy. ;. The
equilibrium point (focus) of the vector field f; is on the DB, and the equilibrium point of the
vector field f, is in the region Z,.

The sequence ® is symbolized as

g1 3) ={(Dss12) (Qsvr x)(Psuc12)} or {Q @Q} (4.94)
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N

Figure 60. Flow of a system with a change of dynamics attractive to repulsive of the type S®g o).
Sequence SQDSI ).

The figure 61 shows an example of the sequence type “®g; @). In this, arepulsive dynamics
Dsy_,1, is observed on the left of the point of change. At the point of change Qgyr™ x is
found a tangential vector f joined to a vanished vector f;. On the right side of the point of
change, we have an attractive sliding dynamics ®ss_,;» moving to the right on the DB.
The equilibrium point (focus) of the vector field f; is on the DB, and the equilibrium point
of the vector field f, is in the region Z,.

The sequence @ is symbolized as

S(1331(4) ={(Psu—1.2) (Qsvr™ x)(Pss—1,2)} or {Q © Q} (4.95)

Figure 61. Flow of a system with a change of dynamics attractive to repulsive of the type S®g; @).
Sequence “dg; s

The figure 62 shows an example of the sequence type “®g 5. In this, an attractive sliding
dynamics ®gs. 1> moving to the left on the DB is observed on the left side of the point of
change. At the point of change Qgryv ™ is found atangential vector f; joined to a vanished
vector f,. On the right side of the point of change, we have a repulsive dynamics ®gy .
The equilibrium point (focus) of the vector field f; is in the region Z;, and the equilibrium
point of the vector field f; is on the DB.

The sequence ® is symbolized as

SDg1 (5 = {(Pss12) (Qstv ) DPsui12)} or {Q 5 Q} (4.96)
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7N

Figure 62. Flow of a system with a change of dynamics attractive to repulsive of the type S®g, o).

Sequence S(I)SI ).

The figure 63 shows an example of the sequence type “®g; ). In this, a repulsive segment
®sy_,12 1s observed on the left side of the point of change. At the point of change QSTV‘_X
is found a tangential vector f; joined to a vanished vector f;. On the right side of the point of
change, we have an attractive sliding dynamics ®gs_,;, moving to the right on the DB.
The equilibrium point (focus) of the vector field f; is in the region Z;, and the equilibrium
point of the vector field f, is on the DB.

The sequence @ is symbolized as

S(DSI(s) ={(Dsu-1.2) (QSTV(_X)(@SS—»IJ)} or {Q @Q} (4.97)

N

Figure 63. Flow of a system with a change of dynamics attractive to repulsive of the type S®g; ©).

4.4.5 Change in direction of attractive sliding segment

In nonsmooth dynamical system is possible to find simultaneously, over the DB, two
concurrent attractive sliding dynamics; one of them moving toward the right, and the other
moving to the left. During the analysis of the DB, when two attractive sliding segments
with different directions are found and one follows the other, we say, we have a change in
the direction of the attractive dynamics.
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A possible process that induces the change in the direction of an attractive sliding segment
has the following different shots:

1. Left side of figure 64 with x = -0,6. Over the DB, on the left side of the point of
change, both vectors f; and f, point to the opposite regions. The calculation of the
Filippov solution using f; and f, gives a vector G(x) with an orientation toward the
right.

2. As we advance over the DB, toward the right, to the point of the change, both vectors
have a rotated relative position: f; in the CCW direction and f, in the CW direction.

3. Center of figure, with x=-0,38. At the point of the change, both vectors become anti-
collinear, and the calculation of the Filippov solution gives a null vector G(x)=0, which
means that this is a static point where there is no sliding in spite of that fact that both
vectors point to opposite regions. This characteristic is called a pseudo-equilibria point
in the terminology of the Filippov systems.

4. Right side of figure with x = -0,2. Over the DB, on the right of the point of change, both
vectors point to the contrary region. The calculation of the Filippov solution gives a
vector G(x) with an orientation toward the left.
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Figure 64. Different shots in the DB of a system with a change of direction of a sliding segment.

The detection of this phenomenon in the DB is confirmed when the next sequence of points
is found: 370/370////370/378/370////370. The diagram of the flow corresponding to this
phenomenon will be coded in the next paragraphs as “®gsg Q)-

Sequence SGJSSE (1)-

The segments or the sliding orbits are symbolized with the letters _ds‘. The letter _S°
accompanying the letter _® means sliding. The second _S® means attractive or stable. In
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order to indicate that the class of dynamics is a change in direction, the letter _E* is added.
Thus, the sequence is symbolized as

SDssk (1) = {(Pss12) (Qucs/) (Pss—12)} or {Q@ Q} (4.98)

Figure 65. Flow of a system with a change of direction of an attractive dynamics of the type S®ggy .

The other dynamics, including starts or ends of sliding segments, are as follows:

Sequence SQ)SSE @)-

The figure 66 shows an example of the sequence type SCDSSE @- In this, an attractive
sliding dynamics ®ss_,1» moving to the right on the DB is observed on the left of the
point of change. At the point of change Qacs\ two anti-collinear vectors pointing to each
other, with an inclination in the range ® 51 is found. On the right of the point of change, we
have an attractive sliding segment ®gs. ;> moving to the left on the DB.

The sequence @ is symbolized as

SDssk 2) ={(Pss12) (Qacs\)(Pssc1.2)} or {Q@ Q} (4.99)

Figure 66. Flow of a system with a change of direction of an attractive dynamics of the type *®gg Q.

Sequence S<DSSE 3)-
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The figure 67 shows an example of the sequence type S(DSSE 3)- In this, an attractive
sliding dynamics ®ggs. 1> moving to the left on the DB in observed in the left side of the
point of change. At the point of change Qacs\ two anti-collinear vectors pointing to each
other, with an inclination in the range ® ,; is found. On the right side of the point of
change, we have an attractive sliding dynamics ®ss_,;» moving to the right on the DB.

The sequence @ is symbolized as

SDssk 3) ={(Psse12) (Qucs)(Pss—1.2)} or (8 & e (4.100)

Figure 67. Flow of a system with a change of direction of an attractive dynamics of the type S®ggy o).
Sequence *®gsi )

The figure 68 shows an example of the sequence type *®sge - In this, an attractive
sliding dynamics ®ss. 1> moving to the left of the DB is observed on the left side of the
point of change. At the point of change Qacs/ two anti-collinear vectors pointing to each
other, with an inclination in the range ® g is found. On the right side of the point of
change, we have an attractive sliding dynamics ®gs_,;» moving to the right on the DB.

The sequence @ is symbolized as

SDsse 4 ={(Psse12) (Qucs/ ) Dss—12)} or = E -, (4.101)

Figure 68. Flow of a system with a change of direction of an attractive dynamics of the type SGJSSE ).

Sequence “®ggp )
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The figure 69 shows an example of the sequence type “®sgg (5)- In this, an attractive sliding
dynamics ®gss. ;> moving to the left on the DB is observed on the left side of the point of
change. At the point of change Qacs| two anti-collinear vectors pointing to each other,
with a perpendicular inclination in the range ® o9 is found . On the right side of the point
of change we have an attractive sliding dynamics ®@ss_,; » moving to the right on the DB.

The sequence @ is symbolized as

Sk (5) =4(Pss 1) (Qacs ) Dss12)} or { € S & (4.102)

Figure 69. Flow of a system with a change of direction of an attractive dynamics of the type S®gg ).

Sequence *®ss (s,

The figure 70 shows an example of the sequence type Sd)ssg ©)- In this, an attractive sliding
segment Ogs_,;» moving to the right on the DB is observed on the left side of the point in
which the dynamics changes. At the point of change Qacs| two anti-collinear vectors
pointing to each other, with a perpendicular inclination in the range ® op1s found. On the
right side of the point of change we have an attractive sliding dynamics ®ss. ;> moving to
the left on the DB.

The sequence @ is symbolized as

SDssk (6) ={(Pss—12) (Qacs N Pssc12)} or {Q ®Q} (4.103)

Figure 70. Flow of a system with a change of direction of an attractive dynamics of the type *®gg ©).
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4.4.6 Change in direction in a repulsive segment

In nonsmooth dynamical system is possible to find simultaneously, over the DB, two
repulsive segments dynamics; one of them pointing toward the right, and the other pointing
to the left. During the analysis of the DB, when two repulsive segments with different
directions are found and one follows the other, we say, we have a change in the direction of
the repulsive dynamics.

A possible process that induces the change in the direction of a repulsive segment has the
following different shots:

1. Left side of figure 71 with x = 0,1. Over the DB, on the left side of the point of
change, both vectors f; and f, point to the opposite regions. The calculation of the
Filippov solution using f; and f,, gives a vector G(x) with an orientation toward the
right.

2. As we advance over the DB, toward the right, to the point of the change, both vectors
have a rotated relative position: f;in CW and f, in the CCW direction.

3. Center of figure, with x=0,37. At the point of the change, both vectors become anti-
collinear and the calculation of the Filippov solution gives in a null vector G(x).

4. Right side of figure with x = 0,6. On the right of the point of change, both vectors
continue point to the opposite regions. The Filippov solution gives a vector G(x) with
an orientation toward the left.
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Figure 71. Different shots in the DB of a system with a change of direction of a repulsive segment.
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The detection of this phenomenon in the DB is confirmed when the next sequence of points
is found: 510/510////510/518/510////510. The diagram of the flow corresponding to this
phenomenon will be coded in the next paragraphs as ®syp 1)-

Sequence S(I)SUD )

The segments or the sliding orbits are symbolized with the letters _@s‘. The letter _S
accompanying the letter _® means sliding. The second letter _U" means repulsive or
unstable. The other sub-index indicates the regions of both sides of the DB, (for example,
®s, 7). In order to indicate that the class of dynamics is a change in the direction, the letter
_I¥ is added. Thus, the sequence is symbolized as

SDsup (1) ={(@su12) (Qacu/) (Psu12)} or { D & Oy (4.104)

Figure 72. Flow of a system with a change of direction of a repulsive dynamics of the type *®gyp .

The other dynamics, including starts or ends of sliding segments, are as follows:

Sequence S(I)SUD ?)

The figure 73 shows an example of the sequence type “®syp @- In this, a repulsive
dynamics ®gy_,12 moving to the right on the DB and is observed on the left side of the
point of change. At the point of change Qacu\ two anti-collinear vectors pointing in
opposite directions, with an inclination in the range ® g is found . On the right of the
point of change we have a repulsive dynamics ®gsy. ;2 moving to the left on the DB.

The sequence ® is symbolized as

SDsup @) ={(Dsu-1.2) (Qacu\))(DPsu1.2)} or {Q @Q} (4.105)
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Figure 73. Flow of a system with a change of direction of a repulsive dynamics of the type *®gyp Q.
Sequence SQDSUD 3)

The figure 74 shows an example of the sequence type S(DSUD @) In this, a repulsive
dynamics ®sy.;» moving to left on the DB is observed on the left side of the point of
change. At the point of change Qacy two anti-collinear vectors pointing in opposite
directions, with an inclination in the range ® |r \1is found . On the right side of the point
of change we have a repulsive dynamics ®gy_,;» moving to the right on the DB.

The sequence @ is symbolized as

SDsup 3) = {(Psuet12) (Qact\)(Psu—12)} or {Q @Q} (4.106)

Figure 74. Flow of a system with a change of direction of a repulsive dynamics of the type S®gyp G).

Sequence ®gp

The figure 75 shows an example of the sequence type “®sup - In this, a repulsive
dynamics ®gy.;2 moving to the left on the DB and is observed on the left of the point of
change. At the point of change Qacy/ two anti-collinear vectors pointing in opposite
directions, with an inclination in the range ® ;. is found. On the right side of the point of
change we have a repulsive dynamics ®sy_,;» moving to the right on the DB.

The sequence @ is symbolized as

SDsup @) ={(@sue1.2) (Qacu)Psu—12)} or 8 © Oy (4.107)
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Figure 75. Flow of a system with a change of direction of a repulsive dynamics of the type S®gyp .

Sequence S(I)SUD )

The figure 76 shows an example of the sequence type SOsup ). In this, a repulsive
dynamics ®sy_,;» moving to the right on the DB is observed on the left of the point of
change. At the point of change Qacy| two anti-collinear vectors pointing in opposite
directions, perpendicular to the DB is found. On the right of the point of change, we have
a repulsive dynamics ®sy.;, moving to the left on the DB.

The sequence @ is symbolized as

Ssup (5 ={(Psu12) (Qacu )(@suc12)} or { D B O (4.108)

Figure 76. Flow a system with a change of direction of a repulsive dynamics of the type S®gp ).

Sequence S(DSUD 6)

The figure 77 shows an example of the sequence type S(DSUD ©)- In this, a repulsive
dynamics ®sy.;» moving to the left on the DB is observed on the left side of the point of
change. At the point of change Qacs| two anti-collinear vectors pointing in opposite
directions, perpendicular to the DB is found. On the right side of the point of change is a
repulsive segment ®gy_,1 » that moves toward the right of the DB.

The sequence ® is symbolized as

SDsup 6) ={(DPsuc1.2) (Qacs N(DPsu-1.2)} or { Q@) Q} (4.109)
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Figure 77. Flow of a system with a change of direction of a repulsive dynamics of the type S‘I)SUD ®).

Summarizing the last sections, with the synthesis method, we could define the first 52
forms of sequences over the DB of planar systems, but as the process continued other
dynammics containing other types of singular and special points, more DBs, sequences
with more elements and higher dimensions can be added. Thus, the database of sequences
(see table 4.1) will be bigger and more reliable. Meanwhile, we will use these sequences in
the next section to analyse standard forms of local bifurcations.
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Table 4.1. Database of sequences over the DB

Dynamics Sequence Text symbol Graphic
symbol
Change of crossing *Ocpeq) (Dcr2) (Qs1r5C) (Dca1) Q €y Q
dynamics
S(Dcoc(z) {(Dcy,1) (QSTTé%) (®c1,)} Q @ Q
ScDcoc(a.) {(Dci2) (Qsrr) (Pea )} Q@ Q
S(DCDC(4) {(Dca,1) (Qsrr-") (Dci2)} Q @ Q
>Depegs) {(Dc12) (Qstr-) (Do)} Q ) Q
*Depegs) {(Dc12) (Qst1) (PC21) S0Q
*Depee) {(@cz,1) (Qs11-) (Pe12)} QOO
*Depegs) {(Dc2,1) (Qs1) (D)} QOO
S(DCDC(9) {(Dc12) (Qsyy) (Pea1)} O D0
*Denc(io) {(@ca,1) (Qsvv) (Dci2)} Qe O
Start and end of Osir(1) {(Pcy,1) (Qss—t) (Pss12)} @D
attractive sliding -
segment
S(DSIF(z) {(Dss12) (Qss—1)(Dca1)} =0
S(DSIF(3) {(De2) (Qss— )N Dss_10)} S =
“Dsira {(Dss_1) (Qss—)(Dc1,)} =co
S(DSIF(S) {(Dca,1) (s (Dss—12)} CEe
*Dsir(s) {(Dss—1,2) (Qss—)(De2,1)} - O
“Dsirq) {(@ci o) (Qsse—y(Dss 1)} SEe
“Dsirgs) (Dssi0) (Qss— ) (@er)) | P S
>Dgir(9) {(Dca,1) (Qssy—1y(DPss_12)} @& =
S(DSIF(IO) {(Dss12) (Qssy—1)(Pc21)} 0
O 1) {(Dcy ) (Qssy— (Dss_1 )} S )=
S(DSIF(12) {(Dss.12) (Qssy— ) (D)} CICle
Start and end of a >Dgurr( {(®eay) (Qsu—) (Psu—12)} 9 @ Ju)
repulsive segment
Osurr() {(Dsucr2) (Qsu—"(Dc21)} COO
Sq)SUIF(3) {(Pc12) (Qsy—1)(Psu—1.2)} S
*Dsurra) {(Dsy12) (Qsy—T)(Pe12)} CcCoOS
>Osurrs) {(Psu—1,2) (Qsu—1)(Per2)} D295
>Dsurrs) {(Dc12) (Qsue—T)(DPsui12)} SO O
*Dsur(r) {(Dsu—1,2) (Qsu—(Deo )} DO
>Osurrs) {(@c1) (Qsue— ) (Psuei2)} QOO
>Osuir() {(Psu—-1,2) (Qsuv—x)(Pc2,) @) )
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‘ ‘ SOsur(10) ‘ {(Dca,1) (Qsuve—x) (Psu—i2)} ‘ S O ‘
‘ ‘ SOsuira) ‘ {(Dsu_1.2) (Qsuv—" ) (DPca)} ‘ O Q ‘
‘ ‘ SOsuir(12) ‘ {(@ca.1) (Qsuve—"(Psu12)} ‘ ] O ‘
Continuation of table
Dynamic Sequence Text symbol Graphic
symbol
Change from an S(DSI(I) {(Dss—1.2) (Qstr—) (Psu—12)} Q @ Q
attractive sliding
segment to a repulsive
segment
‘ ‘ g 2) ‘ {(Dsuci2) (Qstr <) (Pss—12)} ‘ C @Q ‘
‘ ‘ g 3) ‘ {(Dss12) (Qsvr x)(Psui12)} ‘ A= DO ‘
| | "D 4) | {(@su-12) (Qsvr ) Pss—12)} | D © & |
‘ ‘ g ) ‘ {(@ss12) (Qstv ) D@suci12)} ‘ A= SO ‘
‘ ‘ s (6) ‘ {(Psu—1.2) (Qsv N Dss1.2)} ‘ Q @Q ‘
Change in direction of | *®ssg (1) {(Dss—12) (Qacs) (Pssc12)} | = @ €=
attractive sliding
segment
‘ ‘ SDgs (2) ‘ {(Dss—1.2) (Qacs)(Pss—1.2)} ‘ - ) - ‘
‘ ‘ sk 3) ‘ {(Dss—12) (Lacs\)(DPss—1.2)} ‘ ) @Q ‘
‘ ‘ SOssE (4) ‘ {(Pss—1,2) (Qacs/)(Pss—1,2)} ‘ e @Q ‘
‘ ‘ sk (5) ‘ {(Dss—1,2) (Qacs ) DPss—12)} ‘ == ‘
‘ ‘ SOssk (6) ‘ {(Pss—1.2) (Qacs N Dss—1,2)} ‘ Q @Q ‘
Change in direction in | “®syp (1) {(Dsu—12) (Qacu /) (Psuc12)} | D& O
a repulsive segment
‘ ‘ SOsup (2) ‘ {(Dsu—1.2) (Qacu)(DPsu—12)} ‘ Q ) ‘
‘ ‘ SOsup (3) ‘ {(Dsuci2) (Qacu)(Dsu—12)} ‘ O @Q ‘
‘ ‘ SDsup (4) ‘ {(Dsuci1,2) (Qacu/)( Dsu—12)} ‘ C @Q ‘
‘ ‘ SOsup (5) ‘ {(Psu—1,2) (Qacu N Psuei2)} ‘ Q@ O ‘
| ©®D |

‘ SOsup )

‘ {(Psu12) (Qacs N(DPsu-1,2)}
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4.5 Analysis of the DB when there is a change of parameters

With the classification and codification done in the previous sections, it is possible to
develop a method to determine the dynamics which are present in the neighbourhood of the
DB, without the use of the integration process.

Now, this quick determination is used for detecting changes in the dynamics. When a
parameter is changed in the system equations, a change in the coding is possible and a
comparison with previous results too. Therefore, it is possible to detect bifurcations.

The procedure is as follows:

It is defined the length over the DB that will be analized.

It is defined the range of analysis of the parameter.

The size of the increment in the change of the parameter value is defined.

The procedure is initialized from an initial point through the DB by using each of the
parameter values.

AW N~

For each value of the parameter the result is a sequence of coded data that revels the
quantity, the class and the order of the points in the DB.

It is defined as equivalence between two systems if in from a change in the parameter are
no changes in:

1. The quantity of components on the DB; the points and the segments are considered
elements.

2. The class of each element in the sequence.

3. The order in the sequence of the components in the DB.

Contrary, are declared non-equivalence systems and a local bifurcation the event in which
the quantity or the class or the order of the sequence varies.

Before we continue with the explanation of the abovementioned method, we will check the
qualitative definition of local sliding bifurcation presented in (3) with the previously
presented concept of equivalence in terms of the procedure followed.

In (3), is presented a concept of topological equivalence of the vector fields for planar
systems. It is based in the presence of homeomorphism that maps the state portrait of one
system onto the state portrait of the other, preserving orientation of the orbits. Also are
included the mapping of the sliding segment and the discontinuity boundary from one
system to the other. After, in a qualitative way is defined local sliding bifurcation as result
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of various facts that conduce to nonequivalent topological between two systems as result in
a little change in the parameter. These are:

1. The appearance of disappearance of a sliding segment.

2. The collision of pseudo-equilibria and tangent points in a sliding segment.

3. The approaches and hit of standard hyperbolic equilibrium from one of the regions to
the discontinuity boundary.

Doing a comparison between the previous items of the definition of local sliding
bifurcation and the rules of the procedure of the method, the second ones are wide and
enough to detect all the cases presented due to each case breakes at least one of the three
rules of sequences.

Continuing, the results of the evaluation of the method can be presented in a graph or
diagram to visualize the dynamic of the bifurcations.

Parameter

Values of one of the variables in the DB

Figure 78. Bifurcation diagram associated to the change in the direction of a crossing segment.

Figure 78 is a bifurcation diagram that shows the types of points in different areas of the
diagram. These areas are built by plotting one of the state variables on one axis and the
parameter values on the other.

It should be noted that planar systems, the DB is a curve that may or may not be a straight
line and may or may not be parallel to one of the axes of the plane.

The result of a gathering of points are presented using a diagram due the method is being
tested using an software application, in which it is possible to determine the representation
of the change in the dynamics as a function of the position on the DB and the parameter
values.

The different areas of the bifurcation diagram are representing the presences of points of
the same classification. Colours are associated with the dynamics occupying the biggest
areas of the diagrams with the goal to determine easily the neighbourhoods.
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Figure 79. Colours associated with the dynamics.

For example, figure 78 shows a diagram of a DB where initially, for o< a;, we have
crossing dynamics ®c;; from region Z, to region Z;. When the parameter reaches o, for
some values of the variable, a double tangency point Qstr— appears. This point generates
a separatrix in the bifurcation diagram. Then, for values of parameter ;< o< o, the point
Qstr— can be continued. Additionally, next to the right of this point we have crossing
dynamics @c » If we further increase the parameter higher than ay, point Qsrtr— disappears
and we only have crossing dynamics of ®c, , type.

Parameter

Values of one of the variables in the DB

Figure 80. Bifurcation diagram associated to the change in the direction of an attractive sliding segment.

Another example is shows in figure 80 in which is illustrated diagram of a DB where
initially, for o< a;, we have sliding dynamics moving toward the right. When the parameter
reaches o, appears an anti-collinear point Qacs\. This point generates a separatrix in the
bifurcation diagram. Then, for values of parameter o;< o< o, the point Qacs\ can be
continued. Additionally, next to the rigth of this point we have a sliding dynamics moving
to the left. If we increase the parameter over o,, point Qacs/ appear but from the left side
of diagram. If we further increase the parameter over a3, point Qacs\ and Qacs/ disappears
and we only have a slidinig dynamic moving to left.
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Parameter

Walues of one of the variables in the DB

Figure 81. Bifurcation diagram associated to the change in the direction of a repulsive segment.

Another example is shows in figure 81 in which is illustrated diagram of a DB where
initially (for a< a;) we have a repulsive pointing to the left. When the parameter reaches a,
appears two anti-collinear points Qacy\ and Qacy/. This point generates a separatrix in
the bifurcation diagram. Then, for values of parameter a,;< o< o, the point separatrix can
be continued. Additionally, in the between the points we have a repulsive dynamics
pointing to the right. If we increase the parameter over o,, point Qacy\ disappear. If we
further increase the parameter over oz, point Qacy\  disappears and we only have a
repulsive dynamic pointing to rigth.

The diagram can have wider ranges in the DB and it can have simultaneously more than
two types of dynamics. Figure 82 shows an example in which for high values of o > a3 or
low values of a < a;, only one type of dynamics is observed, but for values between a,; and
a3, three types of dynamics are observed along with a strong change in when o = as,.

Figure 82. Bifurcation diagram with multiple types of segments in the DB.

The construction of diagrams for detecting bifurcations is not limited to one variable and
one parameter. It is possible to construct three-dimensional diagram with two variables and
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one parameter or one variable and two parameters, as is shown in Figure 83. In these cases,
the different regions are three-dimensional and contain specific dynamics identified by a
symbol.

Figure 83. Three-Dimensional Bifurcation diagram of one variable and two parameters.

4.6 Tracking the separatrix curve

The separatrix curve is also called border in this text, in the sections of bifurcation of 2-D
zones inside discontinuity boundaries. The diagrams presented in the previous paragraph
has been built using the method of brute force, for each value of the parameter, all the range
of the variable is scanned. Now, in the cases in which the analysis is complex or the system
is extremely large, another method that is more efficient in terms of the processing time
should be used. This method is a continuation method that tracks for a specific separatrix
curve and for that uses the same theory of ternas. In figure 84 is shown how from an initial
point an algorithm changes the values of the variable and the parameter and with
information of the database evaluates where the next point of the separatrix can be. In next

sections, this issue will be explained a little more. See chapter 5, —eontinuation of cycles”
(see also (84), (859)).
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Figure 84. Tracking process of a separatrix curve.

4.7 Validation of the method using the catalogue of local bifurcations

In order to test the results obtained in the previous section, it is necessary to use a
considerably large set of results obtained by other methods or tools and use it as problems
to be solved with the proposed method. A set of well-classified local bifurcations, including
normal forms, was presented by Kuznetsov et al. (3); this is one of the best options for the
abovementioned task (see also (83)).

4.7.1 Boundary-focus bifurcations

The classified BF bifurcations are related to the collision of a focus with the DB and to the
effect of change in the local dynamics.

BF,
The normal form of the BF bifurcations is

fne) X, =X, —2x,
(X, a)= .
x, =4x,
x, =0
fr(xa)=4 " (4.110)
x,=-1

HXx,a)=x,+t«
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The diagram associated with this dynamics is presented in Figure 85. In this diagram and
all the following diagrams in this section, the variable x will be analyzed in the range of (-
1.0, 1.0) and the parameter will be analyzed in the range of (-1.0, 1.0).

Figure 85. Bifurcation diagram of the form of the bifurcations type BF ;.

Analyzing this diagram, we find that the sequence in the DB is as follows:

Sa<0= {(cay) (Qss 1) (Pssc12) (Qacs|) (Pss_12)}

Sa=0= {(Pca) (Qsvp) (Pss_12)}

Sa>0= {(Peay) (Qss 1) (Dss_2)}

or

S0 (@ Ee 8,

Sa=0= (& © B

Sa>0= (& D & (4.111)

From a total of 19 local bifurcations, only two bifurcations posed difficulties in the process
of detection. This method is unable to distinguish between bifurcations BF; and BF;
because the differences are not within the DB; they are outside the DB. In order to
discriminate between these cases, it is necessary to use an additional process to the method
for local bifurcation. This additional process is discussed in the next chapter. This process
is also useful for analysing global bifurcations.

Space left intentionally blank.
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BF;

The normal form of the BF3 bifurcations is

Flra) = X, =—x, —2x,
1\ -

x, =4x, +2x,

fitna)={ " 0 (4.112)
x,=-1

HXx,a)=x,+a

The diagram associated with these dynamics is presented in figure 86.

Figure 86. Bifurcation diagram of the form of the bifurcations type BF;,

Analyzing this diagram, we find that the sequence in the DB is as follows:

Sa<0= {(Dcy,p) (Qss—r) (Pss«—;2)} 0

SG=OI> {((DCZ,]) (stp) ((I)SS<—1,2)} 0

SG>0:> {((DCZ,]) (QSSHT) ((DSS_>]’2) (QACS |) ((I)SS<—1,2)}
or

Sa<0= (@ & &
S0(=0:>{Q @Ql
LESIERS - o - (4.113)
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BF,

The normal form of the BF4 bifurcations is

X, =x —2x,

S(x,a) =
x, =3x,
L (x,a)= x.l=0 (4.114)
x, =1

HXx,a)=x,+«

The diagram associated with these dynamics is presented in figure 87.

Figure 87. Bifurcation diagram of the form of the bifurcations type BF,,

Analyzing this diagram, we find that the sequence in the DB is as follows:

Sa<0=> {(®syc1,2) (Qsu7) (Pci2)}
Sa=0= {(Dsuc12) (Qvp) (Dci2)}

Sa>0= {(Dsy12) (Qacul) (Dsu—ip) (Qsu~'1 ) (Dci2)}
or

Sa<0= {Q QQ}
Sa=0= (O B S
Sa0= (O ® D S (4.115)
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BF;s

The normal form of the BF5 bifurcations is

X, =—x, —2x,
Sixa)=y |
x, =4x, +2x,
x,=0
fr(x,a)=1"] (4.116)
x, =1

HX,a)=x,+a

The diagram associated with these dynamics is presented in figure 88.

Figure 88. Bifurcation diagram of the form of the bifurcations type BFs,

Analyzing this diagram, we find that the sequence in the DB is as follows:

Sa<0=> {(Dsu—12) (Qacu]) (Psuci2) (Qsu ) (e o) }
Sa=0= {(Dsu—12) (Quve) (Pci2)}
Sa>0= {(Dsu—1) (Qsu71) (Pci2)}

Sa<0= (DD O 0 O
Sa=0= {Q @Q}
Sa>0= (D D S 4.117)
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4.7.2 Boundary-node bifurcations

The classified BN bifurcations are related to the collision of a node with the DB and to the
effect of or change in the local dynamics.

BN,

The normal form of the BN; bifurcations is

X, ==3x, — X,
Sitxa)=y
X, =—x, —3x,
x,=0
fr(xa)=4 " (4.118)
x,=-1

HXx,a)=x,+a

The diagram associated with these dynamics is presented in figure 89.

Figure 89. Bifurcation diagram of the normal form of the bifurcations type BN
Analyzing this diagram, we find that the sequence in the DB is as follows:

Sa<0=> {(®ss_.12) (Q2ss7'1) (Peap)}
Sa=0= {(®ss_12) (Qsvp) (Do)}

Sa>0= {(Dss_12) (Qacs|) (Pss—12) (Qss 1) (Pca)}
or

Sa<0= (B DO
Sa=0= (@ S Q)
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Sas0= (W D @ & Q) (4.119)
BN;

The normal form of the BN, bifurcations is

fxa)= X, =-3x,— X,
X, =—x, —3Xx,
L] :0

fHL(x,a)= xl (4.120)
x, =1

HXx,a)=x,+a

The diagram associated with these dynamics is presented in figure 90.

Figure 90. Bifurcation diagram of the form of the bifurcations type BN,

By analyzing the diagram, we find that the sequence in the DB is as follows:

Sa<0= {(®ei,) (Qsur) (Dsu—in) (Qacu ) (Psuci2)}
Sa=0= {(®c1.2) (Quve) (Psy12)}

Sa>0= (Dci2) (Qsu™ 1) (Psy—12)}

or

Sa<0= (O D D ® O
Sa=0={O © ©
Sax0= (@ © O (4.121)
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4.7.3 Boundary-saddle bifurcations

The classified BS bifurcations are related to the collision of a saddle node with the DB and
to the effect of change in the local dynamics.

BS,

The normal form of the BS; bifurcations is

X, =—x, +3x,
fixa)=q,
x, =3x, —2x,
L] =0
finay={ " (4.122)
x, =-1

HXx,a)=x,+a

The diagram associated with these dynamics is presented in figure 91.

Figure 91. Bifurcation diagram of the form of the bifurcations type BS;.

By analyzing the diagram, we find that the sequence in the DB is as follows:

Sa<0=> {(Pcs,1) (Qss 1) (Pss12) (Qacs ) (Pssc12);
Sa=0= {(®ca) (Qsvp) (Dss 1)}

Sa>0= {(®cy1) (Qss 1) (Pss_i2)}

or

Sa<0= (@ D B QD 6

Sa=0= (@ S 6y
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Sa>0= (@ © 8 (4.123)
BS,

The normal form of the BS, bifurcations is

Flna)= X, =-2x,—X,

1\ -
X2:X1+X2
x =0

filx,a)=1 " (4.124)
x,=-1

Hx,a)=x,+a

The diagram associated with these dynamics is presented in figure 92.

Figure 92. Bifurcation diagram of the form of the bifurcations type BS,

Analyzing the diagram, we find that the sequence in the DB is as follows:

Sa<0= {(Dcyi(Qss 1) (Dss_12) (Qucs|) (Pss 1),
Sa=0= {(®cay) (Qsvp) (Pss12)}

SG>OI> {((DCZ,]) (Qss 1) (Dss—12)}

or

Su<0= (@ DB QD G
Sa=0= (& © 6
Sas0= (& & & (4.125)
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BS;

The normal form of the BS3 bifurcations is

X, =x, —3x,

filx,a) =
x, ==3x, +x,
%, =0
LHx,a)=
x, =-1

H(x,a)=x,+a

The diagram associated with these dynamics is presented in figure 93.

Figure 93. Bifurcation diagram of the form of the bifurcations type BS;,

By analyzing the diagram, we find that the sequence in the DB is as follows:

Sa<0= {(Dssc12) (Qss 1) (Dea)}
Sa=0= {(Dssc12) (Qsve)(Pca1)}

Sa>0=> {((Dss12) (Qacs (Pss_12) (Qss 1) (Pcay)}
or

Sa<0= (8 6 O
Sa=0= (8 & O
Se>0= (B @ D Q)

(4.126)

(4.127)
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4.7.4 Double-tangency bifurcations

The classified DT bifurcations are related to the presence of a point in the DB with two
associated vectors of type attractive and a tangent.

DT,

The normal form of the DT bifurcations is

x =1
Si(x,a)=
X, =a+4x
X =0
fi(x,a)=1 " (4.128)
x, =-1
H(Xx,a)=x,

The diagram associated with these dynamics is presented in figure 94.

Figure 94. Bifurcation diagram of the form of the bifurcations type DT}.

Analyzing the diagram, we find that the sequence in the DB is as follows:

SG<0:> {((I)Cz,l) (Qss™ 1) (DPss_12) (Qss 1) (@cy1)}
Sa=0= {(®cay) (Qss 1) (Pea)}

SG>0:> {((I)Cz,l)}

or

Sa<0= {Q @Q @Q}

Sa=0= {Q @Q}L
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Sa>0= (&) (4.129)
DT2
The normal form of the DT, bifurcations is
% =1

hxa)=1 |

x, =—a+4x]

.] _ O

Hxa)=1 . (4.130)

x,=-1
H(x,a)=x,

The diagram associated with these dynamics is presented in figure 95.

Figure 95. Bifurcation diagram of the form of the bifurcations type DT,

Analyzing this diagram, we find that the sequence in the DB is as follows:

Sa<0= {(Pss_12) (Qss 1) (Pcap) (Qss 1) (Dss_12)}
Sa=0= {(Dss_,12) (Qss 1) (DPss_12)}

Sa>0= {(Dss_12)}

or

Sa<0= (B DO DB,

Sa=0= (D D By

So>0= { = (4.131)
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4.7.5 Visible-visible bifurcations

The classified VV bifurcations are related to the presence in the DB of a point with two
associated vectors of the type tangential .

\ A%

The normal form of the VV bifurcations is

% =1
Hixa)=+ .
x, =—(a+x)
fi(x,a)= xl,zl_xl (4.132)
X, =X,
H(Xx,a)=x,

The diagram associated with these dynamics is presented in figure 96.

Figure 96. Bifurcation diagram of the normal form of the bifurcations type VV;.

Analyzing the diagram, we find that the sequence in the DB is as follows:

Sa<0= {(®ss_,12) (Qss~T) (Dc;2) (Qsu~r) (Dsy_1.2),;
Sa=0= {(®ss_12) (Qsvp) (Psy_12)}

Sa>0=> {(Pss_12) (Qss~1) (Peay) (Qsu”") (Osy_i2)}
or

Sa<0= (B PO D Oy
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Sa=0= {Q q, Q}
Sa>0= (S DD O (4.133)

VvV,
The normal form of the VV bifurcations is

x =-1
fix,a)=
x,=(a+x)
);] =1-x
fL(xa)=4 ", (4.134)
X =X
H(x,a)=x,

The diagram associated with these dynamics is presented in figure 97.

Figure 97. Bifurcation diagram of the form of the bifurcations type VV,.
By analyzing this diagram, we find that the sequence in the DB is as follows:

SG<0:> {(@Cz’l) (qu—>T) (@SUHLQ) (Qacu /) (q)SUHLz) (QSU(_T) (<Dc],2)}

Sa=0=> {(®cs,1) (Qsrr") (Pein)}
Sa>0=> {(@ca) (Qs5 1) (Dssc12) (Qacs ) (Pss_12) (Qss~T) (Pe2)}

or

BN {eld Ju o) B) Blw)
Sa=0= (@ @ O
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S0 (P EEH @ O, (4.135)

4.7.6 Visible-invisible bifurcations

The classified VI bifurcations are related to the presence of a point in the DB with two
associated vectors of the type vanished and tangent.

VI,

The normal form of the VI, bifurcations is

x =1-x
f(x,a)=
x,=(a+x)
x =1-x
HLxa)=1 (4.136)
X, =2x,
H(x,a)=x,

The diagram associated with these dynamics is presented in figure 98.

Figure 98. Bifurcation diagram of the form of the bifurcations type VI

Analyzing this diagram, we find that the sequence in the DB is as follows:

Sa<0= {(®cay) (Qsu™") (Osy_i12) (Qsu~7) (Pey2)}
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Sa=0= {(®Pcai) (Qsvr X (Dci2)}
Sa>0= {(Pea) (Qss 1) (Pss_z) (Qss™7) (Dcy2)}

Sa<0= (@ DD O
Sa=0= (& D O
S0>0= {Q @Q@Q}

VI,

The normal form of the VI, bifurcations is

x, =—1-x
ha)=q
x, =—(a+x)
x =1-x
f(xa)=
x, =2x,
H(x,a)=x,

The diagram associated with these dynamics is presented in figure 99.

Figure 99. Bifurcation diagram of the form of the bifurcations type VI,

Analyzing the diagram, we find that the sequence in the DB is as follows:

(4.137)

(4.138)
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Sa<0=> {(@ss_12) (Qss~7) (Pey ) (Qsur) (Psuci)}
Sa=0= {(Pss_12) (Qacs\) (Pss12) (Qsvr % (Psycio)}
Sa>0= {(Dss_12) (Qacs\) (Dss12) (Qss 1) (Peat) (Qsu™ ") (Osysi) (Qacu/) (Psycisn)

or

Su<0= (B D O Q O
Sa=0= (B & € I O
T XN X CISNE Ju JO Y B (4.139)

Figure 100. Zoom of the diagram in figure 99.

In this normal form, there are two analysis regions. The first one is used for negative values
for a that are far away from zero, and the second one is used for negative values for a close
to zero. The first case was already presented, but the second case shows a difference in the
first data element of the sequence.

S(]<0:> {Q@ Q @2 @Q c) Q}

As observed, the first five elements of this sequence are by themselves a bifurcation, that is,
there is double bifurcation (see the enlarged image in Figure 100).

Space left intentionally blank.
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VI3

The normal form of the VI3 bifurcations is

);1=1+x1
h(x,a)=
X, =—0a—2x
. =1_
finay={" T (4.140)
Xy, =X
H(x,a)=x,

The diagram associated with these dynamics is presented in figure 101.

Figure 101. Bifurcation diagram of the form of the bifurcations type VI;

Analyzing the diagram, we find that the sequence in the DB is as follows:

Sa<0=> {(Dss_12) (Qss~") (Dey,) (QsuTr) (Psuci2) (Qacu/) (Psu_i2)}
Sa=0= {(Dss_,12) (QSVTFX) (DPsu—12)}
Sa>0= {(Dss_12) (Qacs ) (Dss12) (QssT1) (Peay) (Qsu”") (Dsy_i )}

S0 (PO OO Oy
Sa=0= (@ & O
S0 (BB e e, (4.141)
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4.7.7 Invisible-invisible bifurcations

The classified II bifurcations are related to the presence in the DB of a point with two
associtated vectors of the type vanished.

I,

The normal form of the II; bifurcations is

x, =—-1-x
hx,a)=4 ",
X, ==X,
x =1
fix,a)=4 (4.142)
X, =a-—x
H(Xx,a)=x,

The diagram associated with these dynamics is presented in figure 102.

Figure 102. Bifurcation diagram of the form of the bifurcations type II;.

Analyzing the diagram, we find that the sequence in the DB is as follows:

Sa<0= {(Pss_12) (Qss 1) (Pca) (Qsu~") (Dsy_12)}
Sa=0=> {(®ss_12) (Qsyv) (Psy_12) }

Sa>0=> {(Dss_12) (Qss~ 1) (Dep o) (Qsu”1) (Psy—i2)}
or
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Sa<0= (B D D Oy
Sa=0= {Q & Q}
Sw0= (B P OD Oy (4.143)

I1,

The normal form of the I, bifurcations is

);1=1+x1
ﬁ(xaa):
X, =X,
b
fHxa)=1 " (4.144)
X, =0 —Xx,
H(Xx,a)=x,

The diagram associated with these dynamics is presented in figure 103.

Figure 103. Bifurcation diagram of the form of the bifurcations type II,.

Analyzing the diagram, we find that the sequence in the DB is as follows:

Sa<0=> {(®c,)) (Qs877) (Dss12) (Qacs/) (Pss_12) (Qss~T) (Dey 1)}
Sa=0= {(®cs1) (Qsvy) (Dc2)}

Sa>0= {(eay) (Qsu™") (Osyoiz) (Qacu) (Psuciz) (QsuTr) (Ocp o)}
or
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0= (PO P8P O
a=0= (& © O
el Ju ) B) Ble) (4.145)

As a Database of this section we have the table 4.2, which is used as source of
information by the method SPT to detect what class of bifurcation is presenting at the
moment that in the process of gathering, a terna of sequences over the DB is
registered.

Table 4.2. Database of the local sliding bifurcation.

Type | Text symbol Graphic symbol
BF; | {(®c21) (Qss™ 1) (Pss12) (Qacs |) (Pss—i12)} QEeeds
{(®ca1) (Qsvp) (Pss—12)} LE=
{(Dca1) (Qss 1) (Pss—i12)} [aF=T=Y

BF3 {(Dcy1) (Qsse—r) (Pss—12)} § @ E
{(®c2,1) (Qsvp) (Psse—12)} Qe e
{(Dca1) (Qss7 1) (Pss—i2) (Qacs [) (Psse—12)} [@F=Y=Yoek -
BF4 “a<0= {(Dsyc12) (Qsu™ 1) (Dcy2)} _Q C)—Q -
0=0= {(®sy—12) (Qsvp) (Pe12)} OO
*a>0= {(®suci2) (Qacu ) (@sumiz (Qsu”r |) o® 6 DS
(@cio)} —
BF5 | °a<0= {(®su_12) (Qacul) (Psucin) (Qsur) (Pei) ) Q ® Q © jw
Sa=0= {(Dsu—1.2) (Quve) (Pci2)} O‘ @' )
Sa>0= {(Dsy_1z) (Qsu7) (Peyo)} al=)e)
BN1 | °0<0= {(®ss_1.) (Qss 1) (Pca)} 890
Sa=0= {(®ss_12) (Qsvp) (Peap)} oS0
Sa>0=> {(®ss_.12) (Qacs |) (Pssc 1) (Qss 1) (Pea)} 20e60
BN, | °a<0= {(®@c;2) (Qsu 1) (Psu—i2) (Qucu)) (@su12)} | & D D ® O
Sa=0= {(®c1.) (Quve) (Psu12)} OS50
Sa>0= (Dci) (Qsu™ 1) (Psycin)} 6 ) 6
BS; | °a<0= {(®c2,) (Qss 1) (Ps5-12) (Qucs) (Pss1n);, | @ & @ D @&
°a=0= {(®c2,1) (Qsvp) (Pss12)} Qe e
Sa>0= {(Pcay) (Qss 1) (Dss_2)} Q e 6
BS, Sa<0= {(Dc2,1(Qss 1) (Pss_12) (Qacs ) (Dss—12); 9 S Q @ g
Sa=0=> {(®c2,1) (Qsve) (Pssci2)} ey
Sa>0= {(Pcay) (Qss 1) (Dss12)} -
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Qee
BS; | S0<0= {(®ss_12) (Oss 1) (Do)} e
Sa=0=> {(®ss1,) (Qsve)(Pc21)} eSO
Sa>0=> {((Dssc12) (Qacs (Pss12) (Qss 1) (Pea1)} e9 90
Continuacion of table 4.2
Type | Text symbol Graphic symbol
DT1 [ °a<0= {(®cy1) (Qss 1) (Pss—io) (s 1) (Per)} | (Q D@ DOy
Sa=0=> {(@cs,1) (Qss 1) (Pcz, )} OO
Sa>0= {(®cy)} )
DT2 | a<0=> {(Dss_;2) (Qss 1) (Pea) (Qss 1) (Psso0)} | (@ D QO D &y
Sa=0=> {(Dss_1,) (Qss77) (Pss—12)} (=) -
Sa>0= {(Pss_12)} {E}
VV, | %a<0= {(@ss_12) (Qss~") (Pci2) (Qsu~r) (Psy_1.); (= S, L= @) Q}
Sa=0=> {(®ss_.12) (Qsvp) (PSu_12)} = @) Q}_
Sa>0= {(®ss_12) (Qss 1) (Peayp) (Qsu™") {@— S JShE Ju |
(Dsu—12)} -
VV: | {(@c2) (Qsu 1) (@sui2) (Qacu/) (@suern) @su 1) | (@ D D © © ©
(Dci )} S
b O Fa ¥ Yo
Dcy 1) (Qss 1) (Pss12) (Qacs ) (Pss_12) (Qss™) €S &
@y Cee®9 0
)
VI [ Sa<0= {(Gen) @ ) (@) @i 1) (Goa)] | (@ D D D )
Sa=0=> {(®cs)) (Qsvr % (Pein)} {O S Sy
"0>0= {(Pez) (@ss ) (Pss-12) (57D (Pe)) | O D@ D A
VI, [%a<0=  {(@ssni2) (Qss”) (Do) Qsup) | (@ OO O,
(®sue12)} o 2De o,
o=0=> {((DSS_A,Z) (QACS\) ((DSS<—1,2) (QSVT X {9 @ e @ O o
(Dsuc12)} ODSC o
*a>0=> {(@ss_12) (Qacs ) (Pssi2) (Qss™7) (Do) | = =
(Qsu”") (Dsy_12) (Qacu/)
VI; {(Dss_12) (QSSHT) (Dcip) (Qsu™ 1) (Psy—1,2) (Qacu/) {Q @ Q o 0 @
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(Psy—12)}

{(Dss_12) (Qsvr ¥ (Psy—12)}

{(Dss_12) (Qacs\) (Dssc12) (Qss 1) (Pea) (Qsu~T)
(@su—1.)}

o

o
@@
o
P,
0
e

o

I, Sa<0=  {(@ss_1n) (Qss71)  (Pcay)  (Qsu”h)
(Psy—12)}

®a=0=> {(®ss_12) (Qsvv) (Psy—12) }

Sa>0= {(Dss_12) (Qss~ ) (Dci) (Qsu”r)
(DPsu—i10)}

¢ 00
0|0

OL @
o ©

O [plo®

11, Sa<0= {(cap) (QssT1) (Pssi2) (Qacs /) (DSs_12)
ngs_’T) (®c o)}

a=0= {((DCQJ) (QSVv) ((I)Cljz)}
SG>O:> {((I)Cz,l) (QSUHT) (Psu—1.2) (Qacu \) (Psyci12)
(QSUHT) ((Dclaz)}

&
®
&

0
QL @
oo |

(e
®
(v
3

O

4.8 Sliding dynamics in the DB of three-dimensional systems

Sliding (attracting and repulsive), and crossing segments in planar systems were presented
in the previous sections. Further, in three-dimensional systems, the segments become sectors
or areas. In n-dimensional systems, the segments become hyper-surfaces of (n — 1)
dimensions.

The results obtained in the previous sections are also useful for studying local sliding
bifurcations in higher dimensions. But higher-dimension systems have richer dynamics in
the DB than those of planar systems. Higher-dimension dynamic systems can in turn show
all types of bifurcations—smooth, nonsmooth, and sliding nonsmooth bifurcations.
Therefore, this is a big research area. In this section, we will introduce the effect of the
extension of the results previously obtained when they are applied to higher-dimensional
systems (see also (84) (85)).

Sliding hyper-surfaces capture the dynamics of an n-dimensional system in a hyper-surface
of (n — 1) dimensions. These sub-manifolds determine the dynamics of the full system, if we
are close enough to the sub-manifold. Moreover, for example in 3-dimensional systems, the
hyper-surface can contain a stable limit cycle in an attractive sliding region, which avoids
the orbits to return to the full-dimension state space (as a pseudo-equilibrium in planar
systems). This means that the hyper-surface is locally stable, which can be very useful in the
field of control systems.




Singular points in the identification of local and global bifurcations

System representation

In this section, we perform a generalization of the mathematical framework given in the
previous sections.

Let Xx=f;(x, a) (4.146)
n: order of the system withi=17,2, ..., n

me R: number of vector fields withj=1,2 3, ..., m

Z;: sub-regions where the vector fields are defined.

o the vector of parameters.

Let X ; ; be the symbol of a set of hyper-surfaces represented by the algebraic equation Hj ;
(x) = 0 that corresponds to the DB between the regions. We will assume that the set of
hyper-surfaces have no other intersections than a point.

The sub-indices j,j are used to introduce the possibility that a sub-region can have more
than one neighbourhood DB. Each region is defined in R®, and its border is limited by a
group of DBs (see figure 104 for a 2D example).

H\\“&—\T zZ L2 ﬁ“‘\v\;’m /m,8
Zs Zz 2\5 “im o 2
| - T
Atn T e

Figure 104. System with multiple sub-regions: (a) symbols for sub-region (b) symbols for the DBs.

In the simplest case, the shape of the DB can be a flat surface, perpendicular to one of the
axes of the state space. In the general case, the DB is a surface without flatness and with an
orientation that changes according to its nature.

x =1 (x, @) : such that x€Z; (4.147)
and
Z;- {xeR"such that (H j ; (x) <0)} (4.148)
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The equations to defines the DB in systems with multiple region can have various
inequalities and some of them can use condition different that —-minor than” and can be
assigned to other variable different that x;.

Dynamics of Zones

Assume a system with n = 3 and j = 2, described as earlier and with the DB X, as a surface
composed of two subsets or zones:

Y. is a zone of points such that x€ H; , (x); and we have a dynamic crossing from Z; to Z;
For these points we have:

{{(H_n),(f1 (x, @) )« ( (H_1), (F2(x, @))) } >0 (4.149)

W is a zone of points such that x€ H;, (x) and we have attracting sliding dynamics. For
these points we have:

HH_),(f1 (%, 0)) )« ( (H_1), (F2 (x, @))) § <0 (4.150)

H_r is a vector tangential to the DB at the analysis point, and ( , ) denotes the scalar

product.
In the study of the DB X, » between two regions Z; and Z,, it is necessary to analyse

1. Which are the changes generated for an orbit when it touches the DB as the value of
the parameters changes from a, to a, ?
2. What is the change in the size and the type of the dynamics of the zones Y. and s

when the value of the parameters changes from a, to a, ?

Figure 105. Bifurcation of an orbit crossing the DB without bifurcation of areas.
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The study of an orbit crossing a DB in which there is a sliding area has been recently
studied by Dibernardo et al. (20), (5), (6) but the relation between the size of the zones
and the presence of zones with sliding generated by a change in the parameter (which is
the topic of this section) has not received so much attention.

The difference between both classes of dynamics can be observed in figure 105. It
illustrates a DB X, of a system with two vector fields Z; and Z,. The DB has two areas
with different types of dynamics—attractive sliding Wss in the external part and crossing
Yc,, in the internal part (shown in grey). The difference between the left and right sides of
the figure is due to a change in the parameter value from a; to @, This change results also
in a change in the size of the areas in the DB.

crossing M slide

e
~o S -
~ I
-~ ——--
X2 e -
%1
. < N

Figure 106. Changes in zones of the DB without bifurcation of zones.

Let X;; be the DB described by H ; j (x) =0 and assume that it has different sets of points
(where the Filippov vector field has the same dynamics) such that can be represented by
the union of disjoint subregions

T:TCL2 v \PCZJ Y lPSS ) lPSU (WA ) (4151)

where Wgg are zones of stable (or attractive ) sliding points, Wsy are zones of unstable (or
repulsive) sliding points and Yo contains only the singular and special points as they were
defined in sections 4.1 to 4.3.

Then, a bifurcation of the areas in the DB X, of a three-dimensional nonsmooth system is
defined as a change in the type, distribution, or quantity of sub-zones of points composing
the DB as a consequence of a change in the value of a parameter.
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Remark: Three types of sliding bifurcations need to be considered when we deal with
systems of dimension three or higher:

1. Bifurcation of an orbit that has a first contact with a sliding region in the DB and after a

variation in a parameter has sliding segments in the DB (an example was illustrated in
figure 105).

2. Bifurcations of zones in the DB as it was just defined (see figure 107).

[ ] slide crossing

Aot e

X2
- -
= =
/ x1
o =~

Figure 107. Changes in zones of the DB with bifurcation of zones.

3. Bifurcation of an orbit that is entirely in the DB. Here, the bifurcation can be smooth or
nonsmooth. From figure 108, we observe two states of a system that illustrate the
change in the quantity and the stability of the equilibrium in the DB.

7 Limitcycle

Unstable point = .fa)?_'
. o e T
| Z= L‘:'T'_
. e

Yy
Stable point

Stable point
;”

Figure 108. Smooth bifurcation of an orbit in the DB.

DB with one type dynamics

Research of complex dynamics can be started with a list of the basic types of dynamics in

the DB, and then follow with the dynamics derived from an interaction among several
regions with different dynamics in the DB.
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The basic one-type dynamics are described in the following.

The vector fields in the discontinuity boundary can

1. Point to the same direction towards the DB (crossing). See figure 109.

Figure 109. Dynamics moving toward the DB from one side.

2. Point in the reverse direction, moving away from the DB (repulsive, escaping). See
Figure 110.

Figure 110. Dynamics moving away from the DB.

3. Point in the reverse direction, (attractively) sliding in the DB. See figure 111.
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Figure 111. Dynamics moving over the DB.

Thus we have the four possibilities shown in figures 108-111 with their respective symbols
derived on the basis of the theory developed in the previous sections.

Note: In planar systems, the DB is a curve that has a logical defined orientation toward one
side or toward the other side from a specific point on the DB. In three-dimensional systems,
the DB is a surface, and the direction of a trajectory over the DB can be defined by using a
four-direction system, as mentioned in section 4.1. However, as we deal with a higher
dimensional system, the orientation becomes a problem.

The table 4.3 shows the sysmbol adopted for the basics types of points in three dimensional
systems and it counterpart in 2D systems

Table 4.3 Symbols for points in the DB of 3D systems and their
counterpart in 2D systems.

Type of system or type of points. | Symbol | Possibilities in 2D

Crossing from Z, to Z,
Crossing from Z, to Z;
Attractive sliding
Repulsive

Double tangency

Ik K

<
>
<

-
)
T
T
Anti-collinear attractive =
Anti-collinear repulsive =
Attractive tangent ==
>
[
==
e
=
ol
[ aas]
=
—
=

< <
@09

Attractive tangent
Attractive null
Attractive null
Tangent null

Null tangent

Null null
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DB with more than two types of dynamics

The study of dynamical systems is useful for the comprehension of a phenomenon in the
range of values where a real system can operate. With this aim, it is possible to capture all
the states and behaviours of a system in order to approximately predict the performance of
the real system. If the DB has a high number of different symbols, it is possible to find
several types of dynamics in the DB which leads to complex behaviour.

Let ¥r and ¥, be two arbitrary zones in the DB with different dynamics. Since four basic
dynamics are available, there are eight combinations, which are the following:

Crossing from Z, to Z, in the area P'r and crossing from Z; to Z; in the area ‘¥,
Crossing from Z; to Z; in the area ¢ and crossing from Z; to Z; in the area Wg.
Repulsive in the area ¥y and attractive sliding in the area ‘¥,.

Attractive in the area Wt and repulsive in the area ‘¥,.

Crossing from Z; to Z; in the area W and attractive sliding in the area ‘P,.
Crossing from Z, to Z; in the area V¢ and attractive sliding in the area ‘P,
Crossing from Z; to Z, in the area ¥r and repulsive in the area ‘¥,

Crossing from Z, to Z; in the area Wr and repulsive in the area ‘¥,

XN R WD =

Figure 112 shows an example of a DB with a crossing zone next to another crossing zone
having opposite directions. Their common border (closed curve in fig.) has all points of
double-tangency type <== (or of one of the other groups of points).

In this case, the symbol has no directional information because the orientation varies
continuously. If we consider a curve of points in the DB starting inside the border and
ending outside the border we get the following sequence of symbols: =0

Figure 112. DB with dynamics of type Q and O



