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Introduction

Mathematical models are often considered to describe and solve a real-world problem
because they are “simple and precise” frameworks that give a “good approximation of
reality”. In practice, it is common to deal with complexity and uncertainty when we start
the task of translating the “real world” phenomena into the language of mathematics.
Setting variables or relationships is one of the first steps to model a situation but in several
cases, they are subject to change at the point of becoming ambiguous, unpredictable or
vague. Reducing this type of uncertainty leads to increase the complexity but, at the same
time, this increment makes our ability to be precise to decrease. In order to shorten this
uncertainty, words, expressions even subjective judgements are more appropriated than
figures, however, lots of these linguistic terms cannot be formally treated by traditional
approaches.

In 1965, with the purpose of dealing with phenomena related to human thinking, Lofti
Zadeh proposed a mathematical object called fuzzy set [79] which provides a natural
relation between linguistic representations and numerical ones. Zadeh said that getting
a better understanding implies to explore the use of variables whose values are words
or sentences expressed in a natural language instead of figures [81, 85]. Thus, Fuzzy
Set Theory (FuSeTh) arose not only as a natural but mathematical way to handle the
uncertainty tied to vagueness [21], approximate reasoning [12] and human thinking like
common sense, judgements or concepts expressed in natural language. This idea has
made FuSeTh an interesting research area since the use of linguistic variables reduces the
complexity of the models in a wide variety of cases [12} 25, 45 95, 96] and even, fuzzy sets
can be considered suitable to process data derived from vague sources [74].

Although FuSeTh has never been an invitation to fuzzy thinking [97], people often joke
when they hear of words like fuzzy logic, fuzzy algebra, fuzzy analysis. They probably
think that it is fuzzy indeed. However, this branch of mathematics is an effort to formalize
the way we deal with the uncertainty due to vagueness or concepts expressed in natural
languages [21I]. In addition, fuzzy sets can be considered as a generalization of the classical
notion for the word set since they catch the idea of partial membership but, the idea of
partial membership, makes people confuse FuSeTh with the probability theory. It is worth
indicating that fuzziness is both conceptually and formally different from the concept of
probability. Fuzzy sets are membership functions whereas probability is a set function.
Fuzzy sets are used in Possibility theory to say whether an event may occur and with what
degree; on the contrary, the probability is about whether an event will occur. Moreover,
we highlight that FuSeTh provides a way for handling uncertainty that escapes from the
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INTRODUCTION VII

scope of the stochastic models, that it is a suitable tool for handling uncertainty due to
imprecision and vagueness instead of randomness and also, that a linguistic variable can
be interpreted as a dictionary in the sense it translates linguistic terms, which may be
composed of a sentences whose meaning can contain ambiguity and modifiers that change
the meaning of predicates, into mathematical objects known as fuzzy sets [6].

This document is thought of as an introduction to three branches of fuzzy mathematics:
Fuzzy logic, Fuzzy measure theory and the theory of fuzzy computation. To achieve this
objective we read and collected several ideas from different authors in order to present a
self-contained work that intends to motivate readers to explore and research in this new
branch of mathematics. Unfortunately, the mathematical representation and processing of
the vagueness in language, which is one the main areas of study in FuSeTh, do not have a
standard notation, and indeed, we found that the notation is very different in almost every
document that one tries to read. This reason motivates us to make more of an effort to
present an accurate notation to be used for the study of the concepts of the FuSeTh. The
document is divided into four parts. The first one is devoted to the basic mathematical
objects, concepts and notation related to the FuSeTh. In the other three parts, readers
will find some mathematical ideas and some examples of Logic, measure theory and the
theory of computation but from the FuSeTh perspective. The required prerequisites for
this work are the basic concepts of the classical (crisp) set theory, crisp logic, measure
theory and the theory of computation.

As a result of this work a paper, titled Fuzzy sets. A way to represent ambiguity and
subjectivity arose and was published in Boletin de Mateméticas in 2017 [46]. We were
motivated to give in this paper some of the basics notions of Fuzzy Mathematics, a branch
of mathematics which has been in a continuous development for the latest fifty years.
Also, we intend to present in the future more works on fuzzy mathematics focused on
the understanding of fuzzy integrals, fuzzy derivatives and the topology of the set F(X),
particularly Fo(R).



Cha pter

Basic Notions

1.1 Fuzzy Sets

One of the most important mathematical notions which is frequently used in every day life
is the concept of set [85]. Due to this, it is important to understand what a fuzzy set is.
Fuzzy sets are based on Crisp sets (i.e., classical sets); the term “crisp” was introduced
by Buckley to mean “not fuzzy” [9]. In this text, hereinafter, a crisp number means just
a real number, a crisp matrix is a matrix whose elements are real numbers and a crisp
solution to a problem is a solution involving crisp sets, crisp numbers, crisp functions and
SO on.

Example 1.1.1 (Crisp Sets). Let X := [0,10] be the referential universe. Then, the
following are (crisp) subsets of X

o A:=3,5]. e C:=[0,10]NN.

e B:={2, 3, 5, 7}. o D:= [O,g] U{%ﬂ', gﬂ'}

In order to define a fuzzy set, it is necessary to consider a referential universe and a
function.

Definition 1.1.1. Let X be a referential universe. We say that the pair (A, A(x)) is a
fuzzy (sub)set of X if A is a subset of X endowed with a

A: X —10,1] (1.1)

The function A is usually called membership function and also, in literature, it can be
found denoted by p,. The grade of membership of x in the fuzzy set A is denoted by
A(z) and the collection of all fuzzy subsets of X by F(X).

The collection F(X) is an analogous of the crisp power set, indeed, F(X) = [0,1]%. The
value A(z) classify the element x as: A total included member (if A(x) = 1), a non-
included member (if A(z) = 0) and a fuzzy member (if 0 < A(z) < 1). To illustrate
the previous definition and this observation, the following example is given.

1



CHAPTER 1. BASIC NOTIONS 2

Example 1.1.2 (Fuzzy Sets). Let X := [0,10] be the referential universe. Then, the
following are (fuzzy) subsets of X

e The pair (A, A(z)), where

A :=[3,5] and
0.3 =3
0.2 x € (3,4)
- 0.7 =4
A(z) == v
0.5 x € (4,5)
0901 z=5
0 otherwise.
- {8 e
1 Aim,ﬂ‘?) c
E . *
[ ]
o0s O ——)

FIGURE 1.1. Graph of fl(x)

e The pair (B, B(z)) where
B:={2, 3, 5, 7} and

- 1 z€B
B(x) == .
0 n other case.
A=(2,1)
A B C D B=(3,1)
1 ® ® L ] * C=151)
D=(7,1)

FIGURE 1.2. Graph of B(z).

e The pair (C,C(z)) where

C:=[0,10]NN and
z=0
(0,10] NN

in other case.

S g8l= =
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® A-(0,1)
B ® B-(1,1)
® C-(2,05
® D-(3,033)
® E-(4,025)
2 ® F=(502)
® G-(5,017)
® H-(7,014)
” B ® 1-(8,0.13)
T o Kiinan
o ! .D .E ‘F .G 3 .‘ .J .‘Kl
FIGURE 1.3. Graph of C(x).
e The pair (D,D(:p)) where
D= [0, %] {%ﬂ', 27r} and
i 1 rel0,3)
D(x) := { |sin(z)| € D\|0,%)
0 i other case.

cos(x) ix=10

. f(x):j 1 :(x:>ﬂ).f\|'\x5’2)

10+ { lsen(x)| :(x < 10) A ';% <x)
® A=(0,1)
® B=(157,1)
® Cc=(m0)

[s]

A
5} 1 2 El 4 H 8 7 8 El 10 1

FIGURE 1.4. Graph of D(z).

Remark 1. The domain of a fuzzy set can be any class and its codomain can
be extended to any lattice or poset (L, =), in this case the fuzzy set is termed L—set.
When L = [0,1] is endowed with the linear order of the unit interval, the L—set is a
“classical” fuzzy set. If L ={a+bi|a,be [0,1]} and it is endowed with the partial order

a+bic+disa<candb<d,

the L—set is known as complex fuzzy set [0, [65].

Remark 2. The notation (A, A(x)) was employed by Zadeh [79] in order to refer to a fuzzy
subset A but {(x, A(x))},. can be used too. Additionally, if it is wanted to emphasize
the cardinality of the referential universe use the following notation:

A finite set An enumerable set A continuous set

A A A(z,) A(x)
() ., Al s Alm), |
x, z, neny En €

In practice, the membership function might change from one person to another so, the
aim behind fuzzy sets is to capture the idea of partial membership. What is
really important is to represent correctly the knowledge provided by an expert and capture
the meaning he intends to give to his own words but its accuracy is improved by trial and
error [211, 31].
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Remark 3. Fuzzy sets can be characterized by its membership function. Here-
inafter, fuzzy sets will be dealt as functions A : X — [0,1], where X is the referential
universe. In this text, a fuzzy set will be denoted simply by A and, to refer to its member-
ship function, the symbol A(x) will be used. The empty set is defined by the map O(x) =0
and we will denote it by () and the total set X is defined by the map X(x) =1 and will be
denoted by X.

Remark 4. Every crisp set is also a fuzzy set! (see Example . So, it is natural
to think that fuzzy sets are a kind of generalization of the crisp ones and the membership
functions might be treated as generalizations of the traditional characteristic function of a
crisp subset of X.

The following are useful concepts to work with fuzzy sets.

Definition 1.1.2. Let A be a fuzzy set of X and a € [0,1] fized, then:
An a—cut of A is defined as the crisp set

Ay ={z e X | Alz) > a}
and, a strong a—cut of A as the crisp set
Ay i={x e X | A(z) > a}.
The support of A is defined as the crisp set Ag+ and the core of A as the crisp set A,.

Note that we have that A, C A, C Ag whenever 1 > 3> a > v > 0, as it can be seen in
FIGURE[L5| but this contention does not imply that the a—cuts must be connected as it is
shown in FIGURE[Ld

o

Y

A,

L

FIGURE 1.5. Fuzzy set a—cuts.

The following example shows another difference between crisp sets and fuzzy ones.

Example 1.1.3. Considering the sets given in Example and Ezample[1.1.9, we have
that in the crisp case the core, the support and all the a—cuts coincide but, in the Fuzzy
case:

e The 0.5 — cut 1is:
Aps = [4,5].
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A(x)

I 1 I
! | I
I | |
| L |

disconnected

FIGURE 1.6. Non connected fuzzy set a—cuts.

Bys ={2,3,5,7}.
Cos ={0,1,2}.
Dos = [0, 5] U [§m, gr] U [Fm, ] U [§r. 10].

o Support:
Ag+ = [3,5].
By+ ={2, 3, 5, 7}.
Co+ =10,10] N N.
Dy+ =1[0,10] \ {m, 27, 37}.

o Core:
A = 0.
By ={2, 3, 5, 7}.
C, =40,1}.

Dy =[0,3]U {3, Sn}.

1.2 Fuzzy Operators

From the membership functions, crisp set operations can be extended. Connectives over
fuzzy sets are defined and studied through pointwise operations over the closed interval
[0, 1], but defining this kind of operators depends on the nature of the membership func-
tions. The following definition presents the first fuzzy operations between fuzzy sets which
were considered as generalizations of those in crisp sets. Afterwards, these operators were
extended through the concepts of fuzzy negations, T-norms and T-conorms as we will
present further.

Definition 1.2.1. Let A, B € F(X), the following are operations over fuzzy sets of X.

o Fuzzy Inclusion For all x € X,

—_— -

AC B :=A(z) < B(a).

The equality among two fuzzy subsets A, B is valid if and only if for all x € X,
A(z) = B(z).

o Fuzzy Intersection For all x € X,

AN B(z) := min{A(z), B(z)}.
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o Fuzzy Union For allx € X,

e

AU B(z) := max{A(x), B(x)}.
o Fuzzy Complementation For all z € X,
Ac(z) :=1— A(z).

The following example can help the reader to understand the latest definition.

Example 1.2.1. Considering again the sets given in Ezample and Example
we have that in the Crisp case: B C C, ANB = {3,5} and AUB = [3,5] U {2,7}.
However, in the Fuzzy case: B ¢ C because C(2) = 0.5 < 1= B(2).

o Intersection.

0.3 =3
ANB(z)=¢0901 z=5
0 in other case.

e Union.

1 z€{2,35,7

02 z€(3,4)
AUB(z)=¢0.7 z=4
0.5 € (4,5)

0 otherwise.

We can observe that many properties for the crisp sets are preserved for fuzzy ones but
the laws of contradiction and excluded middle (”tertio non datur”) do not hold for fuzzy
sets [0], i.e.,

ANAC £ and AU A #£ X.

For example, if we take in account the fuzzy set A from the Example we can observe
that ) # AN A° because AN A¢(3) = 0.3 and, X # AU A€ since that AU A¢(3) = 0.7.

In general, it is no difficult to see that are true for every fuzzy set:

0< AN A¢(z) =min{A(z),1— A(z)} <0.5

and

0.5 < AUA¢(z) = max{A(z),1 — A(z)} < 1.
Additionally, there are operations that depend on the membership function. These oper-
ations are unary operations that modify the membership function of the Fuzzy Set, see
FIGURHL7 In practice, they are known as hedges and the most common are Concentra-
tion type and Dilatation type. The first one can be related to words like very ..." and
reduces the membership grades like A, (z) := A(x)? does; the second one can be related
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i

to words like 'probably ...’ and increases the membership grades like ;1:)(30) =1/ A(x)

' PN

[1a(x [1a(x) [pra(x I.HA X)] HA
Sllghtly the Very Extremely Much
Via(x) 2[ palx ifO<pua<05
More or Less 1- 2[1 —pa(x))? fOB<pa<1
In Fact

FIGURE 1.7. Taken from internet and modified.

By far, the most common operations are the those defined pointwise: the Fuzzy comple-
ment, the Fuzzy intersection and the Fuzzy union which are known as the standard fuzzy
operations. The objective of this section is to present the main type of operators used on
fuzzy sets which are: the N-complements, the T-norms, the T-conorms and the averaging
operations. The first three types of operators extend the notions given previously for the
complement, intersection (max) and union (min) operators, respectively. The last three
ones are known as aggregation operators.

1.2.1 N-Complement

N-complements are also known as fuzzy negations, fuzzy complements and for a given fuzzy
set, A, we denote this type of operator by A° where ¢ denotes a function, N : [0,1] — [0, 1]
which satisfy the following axioms [74]:

N(1) Membership dependency. The membership grade of  in the N-complement of
A depends only on the membership grade of x in A. That is, for all x € X:

Ac(z) = N(A(x)).

N(2) Boundary condition. The function of the N-complement, N, accomplishes
N(0) =1 and N(1) = 0.

N(3) Monotonicity The function N is monotonic nonincreasing, i.e., N fulfills that for
all a,b € [0,1], if a < b then N(b) < N(a).

Also, it is desirable to consider the next two conditions:

N(4) Continuity. The function N is continuous.
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N(5) Involution. The function N satisfies that for all x € [0,1], N(N(z)) = z.

When the function is strictly decreasing in condition N(3), it is called a strict negation
and if the condition N(5) is added then it becomes in a strong negation.

Some N-complements for the fuzzy set A are:

* Standard Negation:

N(A(z)) =1 — A(z).

N(1) Direct from the definition.
N(2) N(0)=1—-0=1and N(1)=1—1=0.
N(@3) Let 0<a<b<1,then Nb)=1-b<1—a= N(a).

* A—Complement (Sugeno complement): For A € (—1, 00),

1— A(z)
14+ MA(z)

Nx(A(x)) =

N(1) Direct from the definition.

N(2) N(O):%Z%:landN(l):%:H%:().

N(3) Let 0<a<b<1land X € (—1,00), then

a(l+X) < b(1+2XN)
I1—Xab+a(l+X) < 1—=Xab+b(l1+\)
(I4+X)(1-0) < (1+A)(1—a)
1-5 1—a
< .
14+ Ab 1+ Aa

Thus, N(b) < N(a).

* Yager complement: For w € RT,

gl

Nu(z) = (1 - A(x))

N(1) Direct from the definition.

N(2) N(0)=(1-0)v =1w =1 and N(1) = (1 — 1)w = 0w = 0.

N(3) Let 0 <a <b<1andw e R*]. By monotonicity of the function n'*—root
we obtain N(b) = (1 — b)% <(1- a)i = N(a).

* Threshold complement: For t € [0,1],

M) = {1 P

o

N(1) Direct from the definition.
N(2) Direct from the definition.

N@3) Let 0 <a<b<landte[0,1. Ift <a <bthen N(b) =0<0
If a <b<tthen Nb) =1 <1= N(a) and N(b) =0 <1 = N(a) when
a<t<b.
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An example is given below.

Example 1.2.2. Let A be a fuzzy set whose membership function is defined as follows:

cos T —g <z<0
fl( ) 1 0<z<3
X)) = 1 .
g—sinz| o
2 3 ST<D
0 Otherwise.
Afx) I
05 /’/-)
o D -KH\
2 15 1 05 o os 1 15 2 25 3 35 4 45 5

FIGURE 1.8. Fuzzy set A.

Then, its graph is shown in FIGURE[1.d and its standard negation, its Sugeno complement

or \=1,—1 1) and its Yager complement (for w=1,2,% L) are shown in FIGURE|1.9
20 20

FIGURE[1.1d and FIGURE|i.11], respectively.

Standard

o

FIGURE 1.10. (Lambda) Sugeno complement.

1.2.2 Triangular norms (T-norm)

These type of operator are characterized by a function 7" : [0, 1] x [0, 1] — [0, 1] such that
satisfies, for all w, z,y,z € [0, 1]:

T(1) Identity T(1,w) = w.

T(2) Monotonicity 7 satisfies that if w <y and x < z then T(w,z) < T'(y, 2).

T(3) Commutativity 7'(z,y) = T(y, ).

T(4) Associativity T(z,T(y,z)) =T(T(x,y), 2).
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Yager‘ —
Yager,

‘r’ager“.2

Yagery,; 05

FI1GURE 1.11. Yager Complement.

From the above conditions we can claim that

0< T(2,0)=T(0,2) <T(0,1) =T(1,0) =0

Given a fuzzy set A, some T-norms used for applications are:

* Standard:

T(z,y) = min{z, y}.

T(1) T(1, A(z)) = min{1, A(z)} = A(x).

T(2) Let w <y and = < z then T(w, ) = min{w, z} < min{y, z} = T(y, 2).

T(3) T(w,z) = min{w, z} = min{z, w} = T(z, w).

T(4) T(x,T(y,x)) = min{z, min{y, z}} < min{z, min{y,z}} = T(y, 2).

following cases must be considered:

(1) =
(2) =

)
z

INIA
IA A

zZ.
Y.

Here only the first case are shown because the others are similar.
min{z, min{y, z}} = min{z, y} = x = min{z, y} = min{min{z, y}, z}.

* Drastic product:

T(1) By definition of the function it is obtained that Ty(1, A(x)) = A(z).

z y=1

Ty(w,y) =qy x=1

0 otherwise.

T(1,1) = 1.

Just the

T(2) Let A € F(X) and w,x,y,z € range(A) such that w < y and = < z. Then,
just consider the following cases:

—w<y=landzx=z=1:

Ty(w,z) =w <y =Ty(y, 2).

—w=y=landx <z=1:

Td(w7x) =r<z= Td(ya Z)

—wly<landax<z<1:

Td(w7x) =0< y= Td(y,Z)-
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—w<ly<landzx<z<1:
Ta(w,z) =0 <z =Tyuy, 2).
T(3) It is immediate due to Ty(z,y) and Ty(y, =) produce the same result, i.e.,

z y=1
Ta(z,y) =Sy z=1 = Ty(y, z).

0 otherwise

T(4) It is direct because Ty(x, Ty(y, z)) and Ty(Ty(x,y), z) produce the same result,
ie.,

T =z=1
x Ty(y,z) =1 Y .
Yy r=2z=
To(z,Ta(y,2)) = Taly,z) z=1 -
) z z=y=1
0 otherwise )
\O otherwise
)
T =z=1
Td(l‘,y) z=1 Y
y r=2z=1
= 4z Ty(z,y)=1=
. z x=y=1
0 otherwise )
0 otherwise

= Td(Td(x7 y)? Z)

* Algebraic product:
T(z,y) = vy.

T(1) By definition of the function it is easily obtained that 7'(1, /Nl(x)) = /Nl($)
T(2) Let 0 <w <yand 0 <z <z then T'(w,x) = wr <yz=T(y, 2).
T(3) T(w,x) = wx = zw =T (z,w).
T(4) T(x,T(y,x)) = T(z,yz) = vyz = T(vy,2) = T(T(x,y), 2).
*x Bounded difference:
Ty(z,y) = max{0,z +y — 1},
T(1) Ty(1, A(z)) = max{0,1 + A(z) — 1} = max{0, A(x)} = A(z).
T(2) Let 0 <w <y and 0 <z < z then

Ty(z,w) = max{0,x + w — 1} <max{0,y + z — 1} = Tp(y, 2).

T(3) Tp(r,w) = max{0,z +w — 1} = max{0,w + z — 1} = Tj(w, x).
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T(4) Let x,y,z € [0,1]. Then Tp(x, Ty(y, 2)) and Tp(Tp(x, y), 2) are equal since:

Ty(z, Tp(y,2)) = max{0,z+ Tp(y,z) — 1}
= max{0,z + max{0,y + 2z —1} — 1}
max{0,z —1} =0
{max{(),:c +y+z—2}
max{0,z —1} =0
{maX{O,:L‘ +y+2z-—2}
= max{0,max{0,z +y— 1} +2z—1}
= max{0,Ty(z,y) + 2z — 1}
= Ty(Tp(z,y), 2).

Example 1.2.3. Let B and C be a fuzzy set whose membership functions are defined by:

cos® -2 <x<0 —\sinx]%—i—l -2 <x<0

2 =7 = 9 >4 >

B(z) = 1 —sind a 0<zx< 7§ C(z) =< cos” x 0<zx<§
0 Otherwise. 0 Otherwise.

dix)

15 -1 05 o os 1 15

FI1GURE 1.12. Fuzzy sets B and C.

Then, their graphs are shown in FIGURE|[i.14 and their standard, algebraic and bounded
T-norms are shown in FIGURE[1.13, FIGURE|[i.1j] and FIGURE[1.15 respectively.

min{B(x),C(x))}

-15 -1 -0.5 o 05 1 15

FiGURE 1.13. Standard T-norm, min.

In addition if 7" is any T-norm then for any x,y € [0, 1]:
Tmin(xa y) S T(.CC, y) S min{x, y}:
and the basic T-norms have the following order

Tmin(way) S maX{O, T+ Yy — 1} S zry S mln{x7y}
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Bx)Cx)

FIGURE 1.14. Algebraic T-norm.

max{0,B(x)+C(x)-1}

05

-18 -1 0.5 0 08 1

FIGURE 1.15. Bounded T-norm.

Since it is desirable to think in T-norms as binary operators, we denote T-norms by the
symbol A; so, z Ay means T (z,y).

1.2.3 Triangular conorms (T-conorms or S-norms)

These type of operator are characterized by a function S : [0, 1] x [0, 1] — [0, 1] such that
for all w,z,y,2 € [0,1]:

S(1) Identity S(w,0) = w.

S(2) Monotonicity S satisfies that if w <y and 2 < z then S(w,z) < S(y, 2).

S(3) Commutativity S(z,y) = S(y,z).

S(4) Associativity S(z,S(y,z)) = S(S(z,y), 2).

From the above conditions we can claim that

1=5(1,0) < S(1,z) = S(x,1) <1 and S5(0,0) = 0.
Some examples of T-conorms are:

* Standard:
S(x,y) = max{z,y}
S(1) S(A(z),0) = max{0, A(z)} = A(x).
S(2) Let w <y and z < z then S(w,z) = max{w,z} < max{y, z} = S(y, 2).
S(3) S(w,z) =max{w,z} = max{z,w} = S(z,w).
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S(4) Let z,y,z € [0,1] then

S(z,S(y,z)) = max{x,max{y,z}}

max{z,y} =max{y,z} z<z<yorz<z<y
max{z,y} = max{z,z} z<y<uz

max{z, z} = max{y,z} z<y<z

max{z, z} y<uz
= max{max{z,y},z}

= 5(5(x,y), 2)-

*x Drastic union:
r y=0
Sa(z,y) =<y =0
0 otherwise.

S(1) By definition of the function it is obtained that Sy(A(z),0) = A(z).

S(2) Let A€ F(X) and w,z,y, z € range(A) such that w <y and = < z. Then,

w =0 y 2=0
Sg(w,z) =<z w=0 <49z y=0 = S4(y, z).
0 otherwise 0 otherwise

S(3) It is immediate due to Sg(z,y) and S4(y, z) produce the same result, i.e.,

r y=0
Sd(:l:ay) =Ny XT= 0 = Sd(ya ‘T)

0 otherwise

S(4) It is direct because Sq(z, Sq(y, 2)) and Sq(Sq(z,y), z) produce the same result,
ie.,

x =z=
€T Sd(y7 Z) =0 Y
Yy r=2z=
Sa(z,Sa(y,z)) = Sa(y,2) =0 =
) z z=y=0
0 otherwise )
0 otherwise
.
T =2z=0
Sd(aja y) z=0 Y
y x=2=0
= {z Sa(z,y) =0 =
) z z=y=0
otherwise )
0 otherwise

= Sd(Sd(SUa y)v Z)'

* Algebraic sum:
S(z,y) =z +y—uzy.

S(1) By definition of the function it is easily obtained that S(A(z),0) = A(z)+0—

Ax)- 0= A(x).
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S(2) Let 0 <w <yand 0 <z < zthen S(w,z) = w+r—wzr < y+z—yz = S(y, 2).
S3) S(x,y)=r+y—=ay=y+z—yx=>5y 1),
S(4)

S(l’,S(y,Z)) = ZL‘—|—S(y,Z)—IL‘S(y,Z)
r+y+z—yz—z(y+z—yz2)

rT+Y+2—Yz— Yy — T2+ ITY2

r+y—azy+z—z(z+y—axy)
= S(S(=,y),2).
* Bounded sum:
Sp(z,y) = min{l,z + y}.
S(1) Sy(A(z),0) = min{1, A(z) + 0} = min{1, A(x)} = A(z).
S(2) Let 0 <w <yand 0 <z <z then

Sp(z,w) = min{l,w + z} < min{l,y + z} = Sp(y, 2).

S(3) Sp(z,y) = min{l,z +y} = min{l,y + z} = Sy(y, z).
S(4) Let x,y,z € [0,1]. Then Sy(z, Sp(y, z)) and Sp(Sp(x,y), z) are equal since:

Sp(z, Sp(y,2)) = min{l,z+ Sp(y,2)}
= min{l,z + min{l,y + z}}
min{l,z + 1}
- {min{l,x—l—y+z}
min{1,1+ z}
B {min{l,x—l—y+z}
= min{l, min{l,z +y} + 2}
= min{1, Sy(z,y) + 2}
= Sy(Sp(x, ), 2)-

Example 1.2.4. Let B and C be a fuzzy set as in the Example[1.2.3. Then, the graphs
of their standard, algebraic and bounded T-conorms are shown in FIGURE[i.14, FIGURE[1.17]
and FIGURE(1.18, respectively.

max{B(x),C(x)}

FI1GURE 1.16. Standard T-conorm, max.

In addition if T is any T-norm then for any z,y € [0, 1]

maX<x7y) < S(x7y) < Sd(x7y)7
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B(x)+C(x) - Bix)Cfx)

.15 -1 -0.5 ‘U 0s 1 15

FIGURE 1.17. Algebraic sum.

min{l, B(x)+C(x)}

15 -1 05 o o0s 1 16

FIGURE 1.18. Bounded sum.

and the basic T-conorms have the following order
Sa(z,y) > min{l, z + y} > = +y — 2y > max{z, y}.

Again, it is desirable to think in T-conorms as binary operators, then we denote T-conorms
by the symbol V; so, x V y means S(z,y).

Triangular conorms are dual operator of T-norms and only certain combinations of T-
norms, T-conorms and fuzzy complements satisfy the duality [74]. We say that a T-norm
A and a T-conorm V are dual with respect to the N-complement N if and only if

N(T(z,y)) = S(N(x), N(y))

and
N(S(z,y)) = T(N(z), N(y)).

For instance, the following T-norms and T-conorms are dual with respect to the standard
fuzzy complement

* min{z, y} and max{z,y}.
* aband a + b — ab.

* max{0,z +y — 1} and min{1,z + y}.

1.2.4 Averaging Operator (Aggregation Operator).
These operators have the property of taking two arguments and produce a result greater
than or equal to the min{z,y} and less than or equal to max{z,y}.

An averaging operator is a function h : [0,1] x [0,1] — [0, 1] such that for all z,y,z,w €
[0, 1]:



CHAPTER 1.

BASIC NOTIONS

17

(A1) Idempotency h(z,z) = x.

A2) Monotonicity h(w,z) < h(y,z) whenever w <y and x < z.
Y Y

(A3) Commutativity h(z,y) = h(y,z).

(A4) Continuity h is a continuous function.

Also, it is desired that such operators satisfy:

(A5) Extremes h(0,0) =0 and h(1,1) = 1.

(A6) Boundary conditions min{z,y} < h(z,y) < max{z,y}.

The following are some examples of averaging operators:

| Name \ Operator ‘
Arithmetic Mean xTer
Generalized p-Mean %
i 2xy
Harmonic Mean P
Geometric Mean VY
Dual if Geometric Mean | 1 — /(1 — z)(1 — y)

TABLE 1.1. Averaging operators.

Example 1.2.5. Let B and C be a fuzzy set as in the Example[1.2.3. Then, the graphs
of their arithmetic, generalized p—mean (p = 2,3,5), harmonic, geometric and dual IF-

Geometric mean are shown in FIGURE[1.14, FIGURE1.2d, FIGURE[1.21, FIGURE[1.24 and FIGURE

respectively.

GeneralMean,
GeneralMean,

GeneralMean,

Arithmetic Mean

2

FIGURE 1.20. Generalized P-Mean.
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Harmonic Mean

FIGURE 1.22. Geometric Mean.

There are other types of aggregation operators: the Ordered Weighted Averaging (OWA)
operators and the Fuzzy measures and Fuzzy integrals. The first type of operators has been
widely used in computational intelligence because of their ability to model linguistically
expressed aggregation instructions. About the second type we can say that fuzzy measures
and fuzzy integrals give a distinct treatment for aggregation and give rise to another class
of aggregation operators which are used for computer vision, prediction, assessment of
human reliability and, multi-attribute decision-making.

The Ordered Weighted Averaging (OWA) operator was introduced by Yager [75] and it is
a weighted sum whose arguments are ordered. A formal definition is given as follows.

Definition 1.2.2. Let w = (w1, ...,wy), w; € [0,1], be weights such that
n
>
=1

and let {fl(ml)} be a finite sequence of increased ordered membership values of the fuzzy
set A, i.e.,

Alzy) < - < Alzy).
The OWA average of A is defined as

i=1

The OWA operator behaves as a compensatory operator similar to the generalized mean
[48] and, although it seems very artificial, some special cases are:

1. w=(1,0,...,0) then

OW Ay (A) = A(z,) = [nax A(x;).
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>« Dual IF-Geometric Mean

FIGURE 1.23. Dual IF-Geometric mean.

2. w=1(0,...,0,1) then

OW Ay(A) = A(z1) = lrgninnA(xi).

3. w=(%,...,1) then

OW Ay (A) = -

The OWA operators are monotonic, bounded, continuous, symmetric and idempotent [48]
and if the readers want to know more about the development of the OWA field, they are
invited to consult the literature survey made by Emrouznejad [23].

Fuzzy measures come with an interesting interpretation in the context of sensor fusion and
systematic diagnosis due to the sensor information is rarely precise and some uncertainty
always remains [48]. We have devoted all the Chapter 2 to present the theory of fuzzy
measures and present the notion of fuzzy integral which, in the context described above,
is interpreted as a nonlinear aggregation of readings of the sensors.

Additionally, Zadeh proposed a way to extend crisp functions and it has become in an
important tool for the FuSeTh and its applications. This extension principles are presented
in the following subsection.

1.2.5 Zadeh’s Extension Principle

Zadeh’s extension principle serves for extending a real-valued functions into a correspond-
ing fuzzy function [6].

Definition 1.2.3 (First Zadeh’s Extension Principle of f). Given a function f :
X — Y, where X and Y are crisp sets, it can be extended to a (fuzzy) function
F:F(X)— F() such that V = F(U), where

(1.2)

0 otherwise.

V) = {sup{U(sc) (2 € X and f() =y} S7'y) #0,

Some examples are presented to clarify how the ZEP-1 works.

Example 1.2.6. Let X = {a,b,c,d} and Y = {1,2,3}. Now, consider the function
f:X =Y given by f(a) = f(b) =1, f(c) = f(d) = 2. Then the fuzzy set B(x) =
1404414 07 in F(X) is extended to the fuzzy set F(B) € F(Y) with values:

- F(B)(1) = max{B(z) | z € f1(1)} = max{B(a), B(b)} = max{1, 0.4} =1,
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- F(B)(2) = max{B(z) | z € f~1(2)} = max{B(c), B(d)} = max{1, 0.7} =1,
- F(B)(3) = 0, because f~1(3) = 0.

Hence,

F(B)= 1+

that corresponds to the crisp subset {1, 2} of Y.

)

N

Example 1.2.7. Let f : [0,10] — [0, 1] given by f(x) = 1— {5 and the fuzzy set A(z) = {5
in F([0,10]). Then, for all z € [0,1],

F(A)(2) = sup{A(z) | f(z) = 2} = sup {1% 11— 1% - z} — 12

The second Zadeh’s extension principle is a two dimensional case of the first one, i.e.,
it allows a crisp mapping f : X x Y — Z, where X, Y, and Z are nonempty sets, to
be extended to a mapping on fuzzy sets and it is very important because it allows us to
extend operations between real numbers to the fuzzy case [6].

Definition 1.2.4 (Second Zadeh’s Extension Principle of f). Given f : X xY — Z
and A and B fuzzy sets, of X and Y, respectively, it is possible to build a function f :
F(X)x F(Y)— F(Z) by:

sup min{A(z),B(y)} =z € Ranf,
g(A, B)(z) := < =f(z.y) (1.3)
0 z ¢ Ranf.

Remark 5. Zadeh’s extension is well defined for any fuzzy set A € F(X). Indeed, when
f~Yy) #0, the set {A(x) | x € X, f(z) = y} is non-empty and bounded and so, it has a
least upper bound [6].

In the next section we give the most important example of a fuzzy subset: the fuzzy
numbers. This type of fuzzy subsets of the set of the real numbers are defined, described
and characterized below.

1.3 Fuzzy Numbers

Fuzzy numbers are special fuzzy subsets of the real numbers which are of great importance
in fuzzy systems. That is why in this section the fuzzy numbers are defined, described and
characterized. In applications, continuous fuzzy numbers are used and, among various
shapes of them, triangular (shaped) fuzzy numbers and the trapezoidal (shaped) fuzzy
numbers are the most popular ones.

Definition 1.3.1. A fuzzy number is an element of F(R) whose membership function
U :R — [0,1] satisfies the following:

1. Exists x, € R such that U(xz,) = 1. (Normality).

2. Givenz, y€R andt € [0,1]

U(tx + (1 —t)y) > min{U(z),U(y)}. (Fuzzy Convexity).
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3. For any x, € R, it holds that

U(z,) = lim U(z). (Upper Semi-Continuity).

I‘)CL‘O

4. The crisp set

U, ={zeRU(x) >0}
is a compact set. (Compact Support).

The set of all fuzzy numbers will be denoted by Fo(R)

According to the definition of fuzzy number given above, the fuzzy set represented by
the FIGURE[1.24 is a fuzzy number. To see an example of a fuzzy set which is not a fuzzy

number see FIGURE L4 in Example

ix < —4 | i i

4 ! ¢— 0 !
= i—4<x< -3 | i i '
200 x . T | |

) = > i—3<x< -2 ./Q | |
—2<x< -1 ! ! h s

i—1<x< —05 | | |
ix > —0.5 | | | o

O
-45 4 T -3 35 -2 s -1 | 05 o 0s

W x y z
FIGURE 1.24. Fuzzy Number.

me -

B
|
|
|1
|
t

Remark 6. Other ways to define the upper-continuity are [19]:

o For any non-decreasing sequence o, < o, < --- <, < ... whose limit is o,

—_— n

U, = lim ﬂU In particular,U,, = ﬂ U,.

n%oo
B<a

o For all e > 0, exists 6 > 0 such that if |v — x| < 0 then U(x) — U(zp) < €

Remark 7. Every real number is a fuzzy number, i.e. R C Fo(R), In effect, R can
be identified as

1 —
R={x, |z eR} where X, (y) == =Y
0 z#uy.

Furthermore, fuzzy numbers generalize closed intervals and the following set may be taken
into account:
L. = {X4y | [a,0] is an usual closed interval in R}.

Before giving the characterizations of fuzzy numbers, the following lemma is presented.

Lemma 1.3.1. If U is fuzzy convex, then Uy, is convex for each o € I.
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Proof. [21] Let U be fuzzy convex and z,y € U, for some a € (0,1], so U(z) > « and
U(y) > a. Then, for any A € [0,1],

UMz + (1 —=XNy)>min{U(z),U(y)} > «a.

So, Az + (1 — A)y € U,. Hence, for all a € (0, 1], U, is a convex subset of R. O

Now we are going to study some theorems used to characterize fuzzy numbers.

1.3.1 Characterization of Fuzzy Numbers Theorems

The following theorems are employed to characterize the fuzzy numbers and their proofs
can be seen in the Bede’s book [6].

Theorem 1.3.1 (Stacking Theorem). IfU € F¢(R) is a fuzzy number and for o € [0, 1]
the sets Uy are its a—cuts, then:

(i) Uy is a closed interval, i.e., for any a € [0,1]:
Ua = [Ua . Ual,
where U,, := inf Uy and U, := sup U,.
(1) If 0 < a < B <1, then Ug C U,.

(iii) For any sequence o, which converges from below to v € (0,1] we have:

(U, = Us.

n>1

(iv) For any sequence oy, which converges from above to 0 we have:

Proof. Let U € Fc(R) be a fuzzy number and U,, for a € [0, 1], its a—cuts, then:

(i) First, note that every set U, is nonempty and bounded since U, # () and the fact
Us is a compact set in R implies Uar is bounded. Let U be a fuzzy number and
€ (0,1). Ifa,b € Uy, then U(a) > o and U(b) > «. Then from the fuzzy convexity,

if x € [a,b] the z € U, since

U(z) > min{U(a),U(b)} > a.

As a conclusion U, contains any closed interval [a,b] and so U, is a convex set. All
is left to be proven is that U, is closed.

From Upper Semicontinuity, if U(z,) < « then there is an open interval W with
x, € W such that U(z) < «, for all z € W. Then, the set {z | U(z) < a} is open
and then its complement is a closed set, i.e., U, is closed. Therefore, U, is a closed
interval for any a € [0,1] because on the real line, closed convex sets are closed
intervals.
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(i)

(iii)

if 0 <o <ag <1 then, if z € Uy, then U(z) > ag > ay and so, x € Ualpha, - On
the other hand, if o, = 0 or o, = 0, the the result is immediate.

Consider a non-decreasing sequence (a,,) such that converges to . Then U, C
Ua, . 1s a descending sequence of closed intervals Uy, = [U;n, U;n]. By the Nested

Interval Theorem[63], we can achieve U;n,U;rn converge that is U;n — a, U;rn — b
and consequently
[a,0] = (U, -

neN

So, it is enough to show that U(a) > a and U(b) > a. Suppose that U(a) < «,
then since U is upper semicontinuous, there is a neighbourhood W of a, such that
U(z) < a. This implies the existence of a rank N € N with U(U, ) < « for any

n

n > N. Then since a;, — r we obtain that there exists n € N such that U(U,, ) < an
which is a contradiction. Then it follows that U(a) > «. Similarly we can show that
U() > a so, U(x) > « and then [a,b] C U,. Additionally, from (i), we have
Us € U,, and it applies U, C [a,b]. Then finally we get [a,b] = U,, that is,

Us = [\Ua,-

neN

Since U, is a closed set and |J U,, € U,, we have that |J U,, C U,. Reciprocally,
n>1 n>1
x € U, implies that there is a sequence {z,}ney C {x € R | U(z) > 0} that
converges to z. Without loss of generality we may assume that x, € Uy, € |J Us,,, .
n>1

Then, we obtain z € |J U,
n>1

So, we have completely proved the Stacking Theorem. O

The following theorem is the reciprocal of the Theorem [1.3.1

Theorem 1.3.2 (Negoita - Ralescu Characterization Theorem). Given a family of
subsets of R, {Ma}aeo,1), that satisfies the following conditions:

(i) My is a non-empty closed interval for any o € (0,1].

(i1) If 0 < a < B <1, then Mg C M,.

(iii) For any sequence o, which converges from below to a € (0,1]:

(Mo, = M.

n>1

(iv) For any sequence «,, which converges from above to 0:

U M,, = My+.

n>1

Then there exists a unique U € Fo(R), such that U, = M,, for any « € [0, 1].



CHAPTER 1. BASIC NOTIONS 24

Proof. [6] Let {Ma}acjo,1) @ family of subsets of R that fulfills the properties (i) — (iv).
Define:
0 if x Qé M0+

sup a if v € My+.
rzeM,

U(z) =

Then U has the following features:

1. Since M, is nonempty, for some xg € M, we have U(xg) = sup a = 1. Thus, U is
roGMa

normal.

2. Let x € [a,b] C Mg be a fixed element. Suppose that

U(a) = sup a = a4
ac M,
and
U(b) = sup o = .
beMq
Note that a € M,, and b € M,,. Now suppose that a, < . Then, from the
property (it), we have M,, C M,, and then b € M,,. Furthermore, for all z € (a,b),
{a]ae M,} C{B|ae Mg}. Hence,

U(z) > ag =U(a) = min{U(a),U(d)}.

A symmetric reasoning can be followed in the case o, > ap. Thus, U satisfies the
fuzzy convexity.

3. Forall a € (0,1], Uy = {x | U(z) > a} = M,.
In fact, let ap € (0,1] be fixed and = € M,, then o € {a | z € M, } and

U(z) = sup a > ayp.
IGMa

This implies that z € U,,. So, we have obtained M,, C U,,. For the symmetric
inclusion we consider x € Uy, i.e., U(x) > ag. Now let us suppose that strict

inequality U(z) > o holds. Then sup o > ag and there exists a; > ag with
TEMo,

x € M,,. Since M,, C M,,, according to the property (ii), we obtain z € My,
which completes the reasoning in this case.

If we suppose U(z) = sup « = oy then there exists a sequence (ay,) that converges
Mo

from below to ag such that x € M, , n > 1. From property (iii) we have

z€ [\ Ma, = M,,.

n>1

As a conclusion we obtain Uay, © Ma,- So, Ua, = Ma,-
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4. Since U, = M, for all a € [0,1], let (o) be a non-decreasing sequence such that
oy — . Observe that M, , € M,, and then

n+1

N
%zk@zfﬂ@ﬁ:ﬂU%zﬁgéle

n>1 n>1

Thus, U is upper semicontinuous.

5. It is easy to observe that U , =M .. In fact,

U, ={z|U@)>0=|J{z|U@)>an} = Mo, =M.

nez n>1

In addition, we obtain that U , is a bounded subset of the real line. Then, it is
compact.

Note that for all z € R, 0 < U(z) < 1 and since U is a normal, fuzzy convex, upper
semicontinuous and a compactly supported fuzzy set then we conclude that U is a fuzzy
number whose av—cuts are of the form U, = M,,. O

The following is a characterization through monotonous functions.

Theorem 1.3.3 (Representation Theorem.). Let U be a fuzzy number and let U, =
(U, U] ={z | U(z) > a}. Then the functions L, R : [0,1] — R, defining the endpoints
of the a—cuts, satisfy the following conditions:

(i) L(a) := U, € R is a bounded, non-decreasing, left-continuous function in (0,1] and
1t 1s right-continuous at 0.

(ii) R := Ug € R is a bounded, non-increasing, left-continuous function in (0,1] and it
1s right-continuous at 0.

- +
(iii) U, < U, .

Proof. For a given U € F¢(R), and given 0 < o < 5 < 1, from the Stacking Theorem we
obtain Ug C U,. Then we have, forall 0 <a <3< 1:

- - - + + +
U, <Us <U, <U <Uz <U,.

Hence,
L(a) < L(B) and R(B) < R(a).

therefore, the monotonicity properties and the third property are immediately satisfied.

Left continuity at « € (0, 1] follows from property (iii) of the Stacking Theorem. Indeed,
let v € (0, 1] be fixed and («,,) an increasing sequence converging to 7, i.e., &, — . Then
from the property (iii) of the Stacking Theorem it is obtained that

ﬂ%F%,

n>1
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which immediately implies U, — Uy and U;n — Ug , Le., L(ay) — L(B) and R(aw,) —
R(f). Thus, both functions are left continuous at arbitrary ¢, € (0, 1].

In order to prove right continuity at 0, we consider a decreasing sequence («, ) such that
converges to 0, i.e., a,, — 0 and

U, ={z[U@)>0}=|J{z|U@) > an} = |JUa,.

n>1 n>1

The reciprocal of the Representation Theorem is presented in the next theorem.

Theorem 1.3.4 (Goetschel - Voxman Characterization Theorem). Let L, R :
[0,1] — R be functions that satisfy the following conditions:

(i) L(a) := U, € R is a bounded, non-decreasing, left-continuous function in (0,1] and
1t 1s right-continuous at 0.

(ii) R(a) :=U, € R is a bounded, non-increasing, left-continuous function in (0,1] and
it 1s right-continuous at 0.

g +
(iii) U, <U, .

U+

Then there is a fuzzy number U € Fo(R) that has U, , as endpoints of its a— cuts,
Uy
Proof. [6] We will prove that the sets M, = [U,,, U, | satisfy the conditions of the Negoita-
Ralescu characterization Theorem and so, this family of subsets defines a fuzzy number
U € Fo(R). From the monotonicity properties and from property (iii) we immediately
obtain that for any v < g,

U, <U; <U, <U,

1 1

<Uy; <U;,

and this implies M, = [U,,, Uof ] are non-empty, closed intervals and that Mgz C M,.

Let us consider now a sequence («,, ) which converges from below to o € (0,1]. Then from
the left continuity properties we obtain U, — U, and U;n — U, and then we have

(Mo, = M,.

n>1

From the right continuity at 0 we obtain

U,={zeR|U@)>0}=M,.
Then there exists U € F¢(R), such that U, = M, = [U,,, U, ], for any « € [0, 1]. O

1.3.2 Types of Fuzzy Numbers

Several types of fuzzy numbers which are often used in applications are described below, we
start by giving the most general fuzzy number then particular cases of them are presented.
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Definition 1.3.2. A L-R Fuzzy Number is a fuzzy set U : R — [0, 1] whose membership
degree fulfills the following rule:

0 T < ag
T—ag - < _
L(a;—a0‘> ay <z <a
Ulx)=<1 a; <z <af (1.4)
R (M) o <z <a
a0+7(l<1‘_ 1 = o+
0 ap+ <z,

where L, R : [0,1] — [0,1] are two continuous, increasing functions fulfilling L(0) =
R(0)=0, L(1) = R(1) =1 and a5 < a] <af <ag are real numbers.

o~

L(x) R(x)

>

E— = -
ag ay +al” () ay af  af —aR o) af

FIGURE 1.25. Graphical representation of a L-R fuzzy number.

The a—cuts of a L-R Fuzzy Number are given by

Us = [a; +aL ™ (a),af —aR ()], where a € [0,1]

where a = a] —ag and a = aa' — af. this values are called left spread and right

spread, respectively [6].

L-R fuzzy numbers are considered important in the theory of fuzzy sets and they are very
useful in applications. Symbolically, we write U = (ag ,a; ,af,ag), where [ay,a]] is the
core of U.

Particular cases of L-R fuzzy numbers are trapezoidal, triangular and Gaussian fuzzy
numbers. Reader can see their shapes in FIGURE[L.26}

Definition 1.3.3. A Trapezoidal Fuzzy Number (TrFN) is characterized by the mem-
bership function:

0 t<a
=4 a<t<b
Ux)=11 b<t<ec (1.5)
=t c<t<d
0 d<t.

\

It is noted by four numbers a < b < ¢ < d where the base of the trapezoid is the interval
[a,d] and its top is over [b,c] and the endpoints of the a—cuts are given by

U, =a+alb—a) and U;r =d—a(d—c).
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Definition 1.3.4. A Triangular Fuzzy Number (TFN) is characterized by the mem-
bership function:

0 t<a
i=a <
Ug) = { oo @ST<D (1.6)
“ b<t<c
0 c<t.

It is noted by three numbers a < b < ¢ where the base of the triangle is the interval [a, ]
and its vertex is at x = b and, the endpoints of the a—cuts are given by

U, :=a+alb—a) and U; =c—a(c—0b).

Definition 1.3.5. A Gaussian Fuzzy Number (GFN) is characterized by the mem-
bership function:

0 r < T, —ao,

2
exp{—%} z, —ao, <z <z
exp{—Tg} z, <z <z +ao,
0 r, +ao, <z,

where x, is the core of the fuzzy number, o,, o, are the left and right spreads and a > 0 is
a tolerance value.

Gaussian fuzzy numbers often are used in fuzzy control systems.

1 1 1

|
I
I
I
|
|
I
I
—t—1 17—ttt 0+ttt
3 a0 a3

0 —t——t—t—
40 45 50 55 ] 65 40 45 50 55 60 65 40 45 30 3

Triangular Fuzzy Number Trapezoidal Fuzzy Number Gaussian Fuzzy Number

FI1GURE 1.26. Types of fuzzy numbers used for applications.

Remark 8. It does not matter if the universe of discourse is restricted to a closed com-
pact interval, because all the fuzzy sets that fulfill normality, fuzzy convexity and upper-
semicontinuity become in a fuzzy number.

1.3.3 Defining an order in F¢(R)

When the symbol < appears, it should be clear which meaning is attached to it if the
meaning is not stated but, in the context of the fuzzy sets, this symbol is used to indicate
whether U is a fuzzy subset of V, i.e., U(x) < V(z) for all x € R [9]. In this section we
will use some methods to define an order U < V', when U and V are fuzzy numbers.

Definition 1.3.6. A partial order < on Fc(R) must satisfy the following three proper-
ties:

Reflexivity U < U.
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Transitivity U <V and V < W, implies U < W.

Skew-Symmetry U <V and V < U impliesU = V.

If < additionally satisfies that for U, V fuzzy numbers, U <V or U <V then, the relation
< is called a total (linear, complete) order on Fc(R).

The symbol < is made up of two parts < and =. Here, if U and V are fuzzy numbers,
we will use < to indicate that U(x) < V() for all x € R but we will not use = because
U =V implies that the membership functions of U and V are identically equal. Instead of
= we will use ~ to mean that the two fuzzy numbers are approximately equal or identical,
ie. U(x) = V(x) for all z € X except a finite number of points. Thus, we have chosen
the symbol Stomean U <V orU V.

Let us now look at some definitions of < on the set of fuzzy numbers.

Definition 1.3.7 (fuzzy-)maximum). Let U and V be fuzzy numbers, by the Zadeh’s
FEaxtension Principle:

max{U,V}:= sup min{U(z),V(y)}.

max{z,y}=z

Note this is simply a fuzzification of x < y if and only if max{z,y} = y for real numbers
x and y.

Definition 1.3.8 (Hamming inequality). Let U and V be fuzzy numbers, then U <,
V' is true whenever d(V,max{U,V}) < d(U,max{U,V'}), where d(U,V) is the Haming
distance of two fuzzy numbers [0] U and V that belong to the space of continuous
fuzzy numbers, i.e.,

dU,V) = /OO |U(xz) — V(x)|dx.

—0oQ
Another definition for U <V in terms of the a—cuts is the next one.

Definition 1.3.9. Let U and V be fuzzy numbers, U, = [U,,U.] and Vy = [V, ,V.))]
their a—cuts, then U <_ V is true if for every a € [0,1], U, <V, and U, < V...

1.4 Fuzzy Functions

Fuzzy functions are important in fuzzy modeling as crisp function are important in math-
ematical modeling [9]. Given referential universes X and Y, a fuzzy function F' is simply
a function mapping that maps elements from F(X) into elements of F(Y). The set of
all fuzzy functions from F(X) to F(Y) is denoted by Q(X;Y).

1.4.1 How to get a fuzzy function?

An usual way to get a fuzzy function is to extend a crisp function to map fuzzy sets to
fuzzy sets [33], and two methods to do it in the universe of fuzzy numbers are presented.
The first method is based on the extension principle and the second one is based on the
a—cuts and the interval arithmetic.
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The following result let us characterize how the fuzzy extension of a crisp real function f
is through the a—cuts of its argument.

Theorem 1.4.1 (ZEP-1 a—cuts Theorem). Let f : R — R be a continuous function.
It can be extended to a fuzzy function F : Fo(R) — Fo(R) such that a given U € Fo(R)
can determine V. = F(U) € Fc(R) by means of its a—cuts, i.e., Vo, = f(Uy), for all
a € [0,1].

Observe that, for all a € [0,1], U, denotes the a—cuts of U and:

Vo =1[V, ,Va]=| inf f(z), sup f(z)|.
:BGU@ LBGUQ

Proof. First, let us prove that if U, and V,, are the a—cuts of the fuzzy sets U and
V = F(U), respectively, then V, = f(U,).

The case f~!(y) = () is obvious. If f~!(y) # (), by ZEP-1, we have V = F(U) given by

V(y) := sup U(x).
reX
flz)=y

Let a € (0,1] fixed and y € f(Uy,), then there exist x € U, such that y = f(z). Thus,
V(iy) >U(x) > aand y € Vg, ie., f(Uy) C V,. On the other hand, if y € V,,, V(y) > «
and for any € > 0 there exists an z € f~!(y) such that « — e < V(y) —e < U(x). This
implies that U(x) > «. Hence, the Zadeh’s extension of f satisfies that V,, C f(U,). Thus,
Vi, = f(Uy) has been proved. In addition, if V, = [V,,,V, ], we obtain that

V, = inf f(x) and V., = sup f(x).

(7
z€Uq €U,

Now, let us prove now that if U, are the a—cuts of a fuzzy number U € F¢(R)
then V, = f(U,) define the a—cuts of a fuzzy number V € Fo(R) such that
V = F(U). To do it, it will be proved that the family {Va}4c(0,1) satisfies the hypotheses
of the Negoita-Ralescu characterization.

(i) Note that the U, are compact convex intervals in R and, since f is continuous, we
obtain that all the V,, = f(U,) are compact convex. Hence, V,, is a closed interval
for any « € [0,1].

(i) If o < B then Uy € Uy and Vi = f(Us) C f(Us) = Va.

(iii) Let us consider the sequence (o) that converges from below to a € (0, 1]. Then, by
Stacking Theorem,

(Ua, = Ua.

n>1

Hence,

Vo= FfUa)=f | (Van | € () Ua,) = [ Van-

n>1 n>1 n>1

On the other hand, let y € (| Va,, = () f (Ua,). Then, for alln € Z*, y € f (Uy,)-
n>1 n>1

Thus, for all n € Z* there exists x,, € U,,, such that y = f(z,). But the sequence
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() is a bounded one because {zp},cz+ C U,,. Since U is a fuzzy number, U |

is compact crisp set, then there exists a subsequence (z,,) which converges. Let

T = klim Zp, then x € U,. Indeed, note that U, C U,,, and if = ¢ U, then for some
—00

k, x ¢ Uy, but,  := lim z,,, we obtain a contradiction. Thus, if y € (] V4, then
k—o0 n>1

y= limy= lim f(z,,)=f (lim xnk> = f(z) € f(Ua) = Va.
k—o0 k—o00 k—o0
Now, combining the two inclusions we obtain

Ve, = Va.

n>1

(iv) Let us consider a sequence (v, ) that converges from above to 0. Note that, |J V., C

n>1
V... On the other hand, since U is a fuzzy number, by the Stacking theorem,

U Ua, = U,+. The continuity of f implies f(A) C f(A) then
n>1

Vi, =fW0,)=f| UUa, | CUIU,) = Ve,
n>

n>1 n>1

Therefore, V, = U V;,

n>1

The hypotheses of Negoita-Ralescu characterization Theorem are fulfilled then V, are
a—cuts of a unique fuzzy number. Since then the V,, are a—cuts of V, it is concluded that
V e Fe(R). O

Also, it is possible to extend this idea to functions of many independent variables. Unfor-
tunately, an extension principle based on compact convex subsets of R? is not possible [6]
but the following result allows us to extend real operations to the fuzzy number’s case.

Theorem 1.4.2 (ZEP-2 a—cuts Theorem). Let f : R x R — R be a continuous
function. Then it can be extended to a function F : Fo(R) x Fo(R) — Fo(R) such that,
for any U,V € Fo(R), the a—cuts of W := F(U,V) are of the form

Wao ={f(z,y) | € Ua,y € Va}
where, if Wy = [W,,,W.] then

W, = inf  f(z,y) and W = sup  f(x,y).

(0%
(z,y)€UaXVa (z,y)€UaxVa

Proof. First let us prove that if U,, V, and W, are a—cuts of the fuzzy sets U, V and
W := F(U,V), respectively, then W, = f(Uy, Va).
The case f~1(z) = 0 is easy to check. If f~1(z) # 0 then, by ZEP-2, W = F(U,V) is

given by
W(z) :=sup{min{U(z),V(y)} |z € X,y €Y, f(z,y) = z}.
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If 2 € Uy, y € Vo then U(z) > «, V(y) > « and, for z := f(z,y), it implies also that
W(z) > a, i.e., f(Uy, Vo) € Wy. On the other hand, if W (z) > « then for any € > 0 there
exists an (z,y) € f~1(z) such that

W(z)—e<U(z) and W(z)—e < V(y)

which implies U(z) > « and V (y) > a. So, we obtain W, = f(Uy, Va).

Since U,, V, are compact convex intervals in R and since f is continuous, we get W, =
f(Uq, Vo) compact convex.

If @ < 8 then, Ug C U, and Vg C V,,. This implies Wy = f(Up, V) C f(Uq, Vo) = Wa.

Let now () be a sequence that converges from below to a and (,,) converges from above
to 0. Then, in a similar way as in the proof of Theorem [I.4.1} the relations

(W, = Wa and W, =Jws,

n>1 n>1

can be obtained.

Since the hypotheses of Negoita-Ralescu characterization Theorem are fulfilled, finally we
obtain W € F¢(R). O

A fuzzy function derived from the extension principle will be denoted by F, .

For all the functions we usually use in engineering and science we have an algorithm, using
a finite number of additions, subtractions, multiplications and divisions, to compute the
function with the desired accuracy [48]. Such functions can be extended to fuzzy functions
by using a—cuts and interval arithmetic.

Definition 1.4.1 («—Cuts and Interval Arithmetic Procedure). Let y = f(x) be
such a function. We compute a—-cuts of V.= F(U) as

Vo= Vo Val=f(Ua Ua))- (1.8)
That is, we input the interval Uy, := (U, , U;r] into f and perform the arithmetic operations
needed to evaluate f on this interval in order to obtain the interval V, = [V;,VJ]. We

must note that this does NOT necessarily mean
f(Aa) ={y |y = f(2),r € Au}.

For this procedure, only those crisp functions where the algorithm provides exact values
with no approximation are considered. If the algorithm does not provide exact values for
the function, then it is explicitly pointed out that we are using an approximation in the
same way is done in the Buckley’s book [9]. A fuzzy function derived from the Interval
Arithmetic Procedure will be denoted by F,.

Remark 9. For all the usual functions of engineering and science and for all continuous
fuzzy numbers U in D interval of R we get

Fp(U) < F(U).

A suggestion found given by Buckley [9] is always try the extension principle method first,
and if it is too difficult to evaluate F,, then use F, as an approzimation to F,.
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1.4.2 Fuzzy Arithmetic

Let U and V be two fuzzy numbers then, it is natural to think about their arithmetic.
Fuzzy numbers would be little use if there are no answer for questions related to these
issues [74]. Fortunately, from the Zadeh’s extension principle we can connect fuzzy sets
with operations and tools of the classical mathematics.

Thus, to define the membership grade of x of the fuzzy arithmetic operations, from the
ZEP, the following formula arises:

U(x)*V(y) = sup min{U(x),V(y)},

THY=2

where x € {4, —, X, =+, V(max), A(min)}. It is necessary to keep in mind that these fuzzy
operations are not just pointwise operations. The ZEP is a very general result which
helps to define a fuzzy arithmetic of fuzzy numbers but it can be applied to many other
situations, in fact, it can be applied to any crisp relation or function in mathematics to
provide an analogous fuzzy one [74].

Since a fuzzy number U is characterized by having a closed interval as support, i.e. Uy =
Uy, U(T] and by using a quadruple (U, ,U;, U1+, UJ) to represent itself, it is possible to
combine both ideas with interval arithmetic in order to give a best understanding for fuzzy
arithmetic.

From the interval analysis we have the following definitions.

Definition 1.4.2 (Arithmetic of Interval Operations). Given [a,b] and [c,d] in the
set I, and A € R,then [T}):

1. [a,b] + [¢,d] :==[a+ ¢, b+ d].
2. [a,b] — [¢,d] :=[a—d,b—¢].

5 Al Ma,Ab] A >0
. A-la, bl =
[Ab,Aa] A <0

>

[a,b] X [¢,d] :== [min A, max A|, where A := {ac,ad,be,bd}.

R

[a,b] + [e,d] := [a,b] x [é, %] = [min B, max B], where B := {%, 9, g, g}.
As long as zero does not belong to [c,d] when we divide by this interval.

Hence, we can now characterize W = U %V through their a—cuts, that is, for all « € [0, 1],
Wo = Uy x Vi, where x = {4, —, X, +} is an arithmetic operation between intervals. The
following example explains how fuzzy arithmetic works.

Example 1.4.1. Let A,B € Fc(R) be TEN characterized by the following membership
functions

0 r<—1; >3 0 xr<1;x>5
Ulx) =2 ze[-1,1] Viz) =45t ze(1,3]
r gz e (1,3 r gy e (3,5

Graphically, this two fuzzy sets are

Their a—cuts are of the form:
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'S

U v

[ /NN

10 1 3 4 8
FIiGure 1.27. TFN A and B.

Up :=[2a — 1,3 — 20] and Vo :i=[2a+ 1,5 — 2qa].
Hence:

x Addition is given by:
Ua + Vo = [4a, 8 — 4al.

U v

—

U+v

LAN NN

FIGURE 1.28. Adition of TFN.

u=0.5

* Subtraction is given by:

Uy — Vo = [4da — 6,2 — 4al.

0 3 5

FIGURE 1.29. Subtraction of TFN.

x Multiplication is given by:

Ug % Vo = [—40” + 12 — 5,40% — 16 + 15].
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A
U V
I U
e
0,:0.5 \
7 /N \ :
5 21012 5 15

FicURE 1.30. Multiplication of TFN.

x and, division is:

20 —1 3—2a
Ug + Vo = —.
ar e [204—1—1’2044—1]
U V
1
UV —s
a=0.5
AN N
-5 2 -1 01 2 5

F1GURE 1.31. Division of TFN.

Remark 10. Addition of fuzzy numbers satisfies commutativity, associativity, the exis-
tence of a neutral element but None of U € Fc(R) — R has an opposite in Fc(R)
(with respect to - w.r.t. - the operation +). Then, a conclusion is that the space of fuzzy
numbers is not a linear space.

The next definitions are alternative forms to define the subtractions and are very useful
to define differentiability in F¢(R).

Definition 1.4.3. The Hukuhara difference (H-difference ©p ) is defined by
UoygV=W=U=V+W,

being + the standard fuzzy addition.

The Hukuhara difference rarely exists, so several alternatives and generalizations were
proposed like the generalized Hukuhara differentiability [6].

Definition 1.4.4 ((gH —difference)). Given two fuzzy numbers U,V € Fo(R), the gen-
eralized Hukuhara difference (gH—difference) is the fuzzy number W, if it exists,
such that

UeguV=W=U=V+WorV=U-W.

Another type of difference used is the next one.
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Definition 1.4.5 ((g—difference)). The generalized difference (g—difference) of
two fuzzy numbers U,V € Fo(R) is given by its a—cuts as

(U @g V)a = U Uﬂ @gH VYg?
B>a

for all o € [0, 1] where the gH—difference, Sy, is with interval operands U, and V, and
it is well defined in this case.

We must note that for any fuzzy numbers U,V € F¢(R) the g—difference U &4 V' exists
and it is a fuzzy number.

1.4.3 Types of Fuzzy Function

In this section all fuzzy sets and inputs to all fuzzy functions will be continuous fuzzy
numbers. We will consider various types of elementary fuzzy functions. We again will
use subscript “E” if the extension principle is used and subscript “I” when a—cuts and
interval arithmetic were used to fuzzify the crisp equation.

The following are some fuzzy functions which can be found in literature.

1. In order to fuzzify y = f(x) = ax 4+ b, we can

(a) make z fuzzy and have a and b crisp
(b) make a and b fuzzy and have z crisp; or

(¢) make a, b and x fuzzy (the fully fuzzified linear function).
The fully fuzzified linear function is
Y=FX)=AxX+B

where X, Y, A, B are all continuous fuzzy numbers. If X # A, then Y, =Y, but
if X = A, then Y = A%2 + B and Y,, may not equal Y, [9].

2. The general fully fuzzified polynomial of grade n is
n
Y = F(X):= ZAn_k * X"k
k=0
for continuous fuzzy numbers A,,---, Ag, X. It is expected Y, <Y, and Y, #Y,.

Fuzzy rational functions are quotients of fuzzy polynomials.

3. The fuzzy exponential is also easy to compute because y = exp(z) is monotonically
increasing. Consider for A > 0, X > 0 but B <0

Y=F(X):=Axexp(B*x X +C).

Then a—cuts of Y, are Y, , = [V Y;a], where

B

— — — + —
YEa - Aa eXp(Ba Xa + Ca)
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and
+ + + o +
Y, o =Asexp(B, X, +C,).

4. The fuzzy logarithmic function is
Y=FX)=AxIn(BxX + (),

is also easy to evaluate since y = In(x), z > 0, is monotonically increasing. To
simplify things assume that B > 0, X > 0, C' > 0 so that B*x X + C' > 1 and then
In(B* X + C) > 0. Then a—cuts of Y are

Y, =A, In(B, X, +C,)

and
Y, =

«

Al In(BL X, +C).
In this case we have Y, =Y.

5. Let X be a continuous fuzzy number. Let F' and G be fuzzy functions then F' and
G are inverses of each other, written G = F~! | if for all X for which these
equations are defined

F(G(X)) =X and G(F(X)) = X.

Other special fuzzy functions may be discussed like fuzzifying f(z) = |z|, {/z, etc. In par-
ticular, since &z, > 0 is monotone increasing we easily find that /X, = [/ X,,, VX, ]
where X, = [X,, X_].

Also it is natural to want to fuzzify functions like y = sin(z), y = cos(z) and y = tan(x)
where it is used radians (real numbers) for = since that is what is needed in calculus. So,
let X be a continuous fuzzy number and set Y = F(X) := sin(X) (the other trigonometric
functions work similarly [9]).

From the extension principle we may find the a—cuts of Y = sin(X) as follows:

- ot o .
YOé - [Ya 7Ya ] - [Inel}a SIH(IL’), :l?el%(}i SIH(LU)]

for 0 < a < 1. Since y = sin(z) is periodic with period 2, it is possible toobtain very
different results for Y depending on the size of the support and core of X [9].

We can not expect crisp trigonometric identities like sin?(x)+cos?(z) = 1 and tan?(z)+1 =
sec?(r) to hold for fuzzy trigonometric functions. For instance, sin?(X) + cos?(X) # 1
because the left side of this equation is a fuzzy subset of the real numbers and the right
side is not fuzzy, it is the crisp number one. But it is expected that number one belongs
to the core of sin?(X) 4 cos?(X) [9]. Although the fuzzy trigonometric identities do not
hold exactly, the fuzzy trigonometric functions are still periodic and we have [9]:

sin(X 4+ 27) = sin(X),

cos(X +2m) = cos(X),
tan(X +7) = tan(X).
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1.5 Fuzzy Relations

Relations are important in mathematics as well as in the real world since they provide a
way to capture and describe interactions, associations or interconnectedness between vari-
ables or elements of two or more sets. They are involved in logic, approximate reasoning,
classification, rule-based systems, pattern recognition and control. On the other hand,
fuzzy relations generalize the concept of relation by admitting the notion of partial asso-
ciation and are instrumental in problems of information retrieval, pattern classification,
control and decision-making [48] [62].

A relation R is defined over the Cartesian product of X and Y can be represented by a
mapping R : X xY — {0,1} such that if z and y are related, R(x,y) = 1 and R(z,y) =0
otherwise. In the fuzzy case, a fuzzy relation on X xY is represented through a function
R: X xY — [0,1] such that for some pair (z,y), R(z,y) = 0 means that these elements
are unrelated, if R(z,y) = 1 then they are fully related and when 0 < R(z,y) < 1 it means
that x and y are partially associated. We use R to indicate that a relation R is a fuzzy
one; also we say that R = {(z,y), R(m,y)}(ny)eXXy.

The domain of a fuzzy relation R defined on X x Y is a fuzzy subset whose membership

function is dom|[R](z) = supR(z,y) while its codomain has as membership function
yey
to cod[R|(x) = supR(x,y). A fuzzy relation can be represented through their a—cuts
rzeX

too like R = |J aR, or, in terms of the membership function R(zx,y) as R(z,y) =
a€l0,1]

sup min{o, R(z,y)}. Additionally, given A € F(X) and B € F(Y) then A x B is a fuzzy
a€(0,1]

relation R contained in X x Y whose membership function R(z,y) = min{A(z), B(y)}.

Two fuzzy relations R and S defined over the same Cartesian product X x Y are equal if
and only if for all (z,y) € X x Y, R(x,y) = S(x,y) and we say that R is included in S
if and only if for all (z,y) € X XY, R(z,y) < S(z,y); it is denoted R C S. The shadows
or projections of a fuzzy relation R on X and Y are, respectively, the fuzzy sets defined

upon X and Y with the membership functions given by

R, (z) = sup R(z,y) and }’fj,(y) = sup R(z,y).
yey rzeX

Also, we can define operations among two fuzzy relations through their membership func-
tions as follows:

Union o ) }
RUS(z,y) = max{R(z,y), S(z,y)}.
Intersection o . .
RN S(z,y) = min{R(z,y), S(z,y)}.
Complement . )
Re(x,y) =1— R(x,y).
Containment

RC S = R(z,y) < S(z,y).
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Transpose s
RT(y,z) = R(z,y).

As a consequence of the definitions provided above: (I/%\EF )T = R and (]/%E)T = (I/%\EF )€.

Let R, S and T be fuzzy relations on X x Y, Y x Z and X x Z, respectively, we define
two types of composition.

Fuzzy max - min composition (T = S o R)

T(z,z) = r;lg;( min{R(x,y), S(y, 2)}.

Fuzzy max - product composition (T'= 5 © R)

T(x,z) = ma R(z,y)S(y, 2).

Remark 11. The composition R and S is similar to the classic product of the matrices,
the difference is that we use max and min instead of the addition and the multiplication
[62)].

A fuzzy relation on X x X, R is:

Reflexive Whether for all x € X,

R(z,z) =

Symmetrical If for all z,y € X,

R(z,y) = Ry, z).
sup — min Transitive When for all x,y,z € X,

21612 min{R(z, z), R(z,y)} < R(z,v).

Irreflexive Whether there exists € X such that R(x,z) # 1.
Anti-reflexive Whether for all z € X, R(z,z) # 1.

e—reflexive Whether for all z € X, R(z,z) > e.

Asymmetric If there exist x,y € X such that R(z,y) # R(y, ).
Antisymmetric When R(z,y) > 0 and R(y,z) > 0 implies that = = y.

Similarity (or a Fuzzy Equivalence Relation (FER)) whether R is a reflexive, sym-
metric and sup — min transitive fuzzy relation.

Compatibility (or proximity relation) if R is reflexive and symmetric.
Fuzzy Pre-Order If R is reflexive and sup — min transitive.

Fuzzy Order If R is reflexive, antisymmetric and sup — min transitive.
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Remark 12. We can extend the previous definitions by replacing the operator min by
another t—norm in the max — min composition and the sup — min transitivity [68].

Fuzzy relations can be represented through both fuzzy matrices and fuzzy graphs. A
fuzzy graph G is a pair G = (V, E) where V is the set of vertices (nodes or elements)
and FE is the set of fuzzy edges which are elements of the fuzzy set F : X x Y — [0, 1].
In other words, a fuzzy graph is essentially a weighted graph whose weights belong to the
unit interval. A fuzzy graph is frequently expressed through a fuzzy matrix.

Example 1.5.1. Let R be a fuzzy relation on X x Y defined by the matriz

0 03 04
0.2 05 0.3
0.8 0 0
0.7 0.7 0.9

has as graph

0.9

FIGURE 1.32. Graph of the fuzzy relation R.

1.6 Fuzzification and Defuzzification

Fuzzification is a kind of scientific permissiveness [88], it is the process of changing a
real scale value into a fuzzy value (that is to give a membership function to a crisp set)
and it is usually done by experience and analysis; so, a wrong fuzzification of the input
variables might cause instability and error of the modeled system [69]. Types of fuzzifiers
are singleton fuzzifier, characteristic fuzzifier, Gaussian fuzzifier, trapezoidal
fuzzifier, triangular fuzzifier.

A fuzzyfication function f is a function that transforms every real number within the
range of a given variable into a fuzzy quantity (fuzzy number) that approximates the real
number. The following are some fuzzification approaches:
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e Gaussian fuzzification: Let a,7 € R, a > 0, A(z) = exp{—Z"}2.

e Triangular fuzzification: Let b,r ¢ R, b >0, A= (r — b,r,r +b).

The motivation of fuzzification is that it may be more realistic to replace a crisp measure-
ment x by a function which means “around x” in considering the measurement uncertainty
due to the degrading sensors, environment disturbances or other reasons [71].

Since the results in fuzzy inferences are fuzzy sets which present an imprecise description
of the system, defuzzification is thought to reduce such a fuzzy sets to “summarizes” the
fuzzy set. To evaluate a defuzzification operator the following criteria are suggested [71]:

Let A, B be fuzzy sets of a subset X of R.

1. Core Selection: D(A) € A;.

2. Scale Invariance: D(aA + B) = D(A) where (aA + B)(z) = aA(z) + b (Interval
Scale Invariance). D(aA) = D(A) (Ratio Scale Invariance). D(A + b) = D(A)
(Relative Scale Invariance).

3. Monotonicity B(D(A)) = A(D(A)), B(zx) < A(z) for all z < D(A) and B(z) >
A(z) for all x > D(A) imply D(B) > D(A).

)
4. T—conorm Criteria: D(A) < D(B) implies D(A) < D(S(A, B))D(B) where S is

a T'—conorm.

The most frequently used one is the center of gravity method (also known as centroid
method) however it just satisfy the monotonicity property described above [71].

On the other hand, defuzzify consists of replacing the fuzzy variable for a crisp one [50].
We can use different techniques, the most useful are:

e Maximum Defuzzification Technique (MDT): This method gives the output
with the highest membership function. If the fuzzy set has membership function
A(z) then the picked element z* satisfies for all z in the universe:

n(a®) > p(a).

X 0 a x* b X

FIGURE 1.33. a is the smallest of max, b is the largest of max and x* is the mean of max.

e Centroid Defuzzification Technique (CoG - Center of Gravity): This
method purposed by Sugeno in 1985 is the most commonly used technique because
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it is very accurate [50]. If A € F(X) then

/U A(z)zdx
B /U A(z)dx '

X

x* X

FIGURE 1.34. Centroid defuzzication point.

e Weighted Average Defuzzification Technique (WAD): It is other of the most
frequently used in fuzzy applications since it is one of the more computationally ef-
ficient methods. Unfortunately, it is usually restricted to symmetrical output mem-
bership functions [50]. We can defuzzify by doing:

. Z A(z)zdx
ZA(w)dm

I Bix)

FIGURE 1.35. Weighted average defuzzication point for the fuzzy sets A and B.

e Center of Area Defuzzification Technique (CoA):. If A € F(X) then this
number is defined as the point of the support of A that divides the area under the
membership function into two equal parts. If that number is a then it satisfies:

/_ OO Alw)da = / A

e Expected value and expected interval (EV and EVI). If U is a continuous
fuzzy number then the expected value is given by

1t
EV(U) = 2/0 U+ U dr.
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0
x* X

F1GURE 1.36. Center of Area defuzzication point.

and the expected interval is

1 1
EVI(U) := [/ Uadr,/ U;dr].
0 0

The expected value is the midpoint of the expected interval [6].

1.7 Some Notation

In this section we present some abbreviations we use in the document and the more
common symbols used to represent some of the concepts in the Fuzzy Set Theory.

FuSeTh . ... Fuzzy Set Theory
ZEP Zadeh’s Extension Principle
TN Triangular Fuzzy Number
TrE N Trapezoidal Fuzzy Number
GEFN Gaussian Fuzzy Number
MDD T Maximum Defuzzification Technique
CoG . Centroid Defuzzification Technique
WAD ... Weighted Average Defuzzification Technique
CoA . Center of Area Defuzzification Technique
A, B, O o Crisp Set
A, (A A@)), {2, AT} o Fuzzy Set
> Aff) ................................................. A is a Countable Fuzzy Set
zeX

/ A A is an Uncountable Fuzzy Set
zex T

A(z), palz), A(z) oo Membership function of the Fuzzy Set A
Aa, [A]S o a—cut of the Fuzzy Set A
A Support of the Fuzzy Set A
A Core of the Fuzzy Set A
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F(X ) e Collection of all Fuzzy Subsets of X
A€ F(X) o A is a Fuzzy Subset of X
N() o N —Complement, Fuzzy Complement, Fuzzy Negation
T T'—norm, norm
o P S—norm, conorm
U= (U, Um, UF, UF) oo L — R Fuzzy Number
FoR), Rp cooi Collection of the all Fuzzy Numbers
U € Fo(R) oo U is a Fuzzy Number
U, =[U_, U a—cut of a Fuzzy Number
U e inf U,,
U sup U,
F, G, H s e e Fuzzy Function
R, 5', T, ........................................................... Fuzzy Relation



Cha pter

Fuzzy Logic

The nature of uncertainty in a problem is a very important point to select an appropriate
method to represent vagueness. Probability is a theory for reasoning and decision making
in environments with lack of certainty; on the other hand, it has been proved that FuSeTh
is a mathematical way to represent, understand or approximate system behaviour when
analytic functions or numerical relationships do not exist because the original system is
involved with lack of data or human condition like those found in biological, medical,
social, economic, political contexts [50].

In fact, from the theory arised from the Stone - Weierstrass approximation theorem [50],
fuzzy systems can be successfully applied in contexts like highly complex systems whose
behaviour are not well understood and, where a fast approximated solution is warranted.
In this chapter we focus our attention in the understanding of the approximate reasoning
and fuzzy inference in order to apply their concepts in the branch of fuzzy modeling.

2.1 Approximate Reasoning

Classical logic is a branch of mathematics which helps to make clear sentences and clas-
sical set theory provides a way to use these sentences which can be derived from objects
that satisfy precise properties of membership [50]. However, in practical applications the
propositions are usually assumed to be true or false and it is hard to precise how to use
a sentence in a determined context since natural language and human communication are
closely related. This is one of the reasons why multivalued logics are considered instead of
the classical binary one. Fuzzy sets were introduced in order to be able to make calculus
and computations with the interpretations of language. Roughly speaking, any function
onto the unit interval can be used to approximate the membership in a set but it indeed
characterizes a fuzzy set when some semantic description is associated to it. Thus, a
method to formalize imprecise reasoning arises.

In first order logic, the simplest propositions are of the form subject-predicate. They are
sentences for which it is possible to say if they are true or false without any doubt. Two
simple propositions P and ) can be combined or modified by using one of the logical
connectives, namely: conjunction (A), disjunction (V), negation (- or ~), implication
(—) and equivalence (+). By considering T': U — {0, 1} as a truth function, in the sense

45
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that T'(P) = 0 means that the proposition P is false and T'(P) = 1 when P is true, we
have:

ren = {y oo 21)
T(PAQ) = min{T(P), T(Q)}. (2.2)
T(PVQ) = max{T(P),T(Q)}. 2.3

reg) - ] p - mT@ = 24)
1T =7(Q)
free = {o T(P) £ T(Q) 29

From the previous ideas, we can find the tautologies which are compound propositions
that are always true no matter the truth value of their components and the contradictions
which are compound propositions which are always false, no matter the truth value of their
components. Other two interesting compound propositions are exclusive or and the
exclusive nor, the former is of interest because it arises in a lot of contexts that involve
natural language or human reasoning; the last one, denoted as XOR, is the complement
of the exclusive or. Tautologies are useful for making deductions and reasoning and two
of the most common tautologies are the Modus Ponens and the Modus Tollens which
are used in forward-chaining rule-based expert systems and in backward-chaining expert
systems, respectively [50]; proofs by Reductio Ad Absurdum exploit the fact that
P — Q is true if P A ~Q is false. Another fact to focus in is the paradox because the
restriction of classical propositional calculus to two-valued logic reduce it to half-truths
but such conditions are not allowed since only T'(P) =1 or 0 is valid [50].

In real life, a variable is frequently described by words or sentences in natural language
instead of numerical values. Linguistic statements tend to express subjective ideas and
since natural language is fuzzy, because it involves vague and imprecise terms, linguistic
variables become fundamental in most applications of fuzzy sets. Fuzzy logic seeks to form
theoretical foundation for reasoning about imprecise propositions; such reasoning known as
approximate reasoning is considered as an extension of classical propositional calculus
which deals with partial truths and ilustrates the power of using fuzzy sets in the reasoning
processes; also, this term is used to refer to logic inference based in a fuzzy version of the
classic Modus Ponens [9], 50, (68, [94], 93].

The Modus Ponens deduction is used for making inferences in ruled-based systems but
Buckley [60] comments that Modus Ponens is not useful in a fuzzy expert system as it does
in classic logic. Therefore, approximate reasoning for fuzzy inference from IF-THEN rules
like “if X is A, then Y is B” uses the Generalized Modus Ponens which is formulated
as follows:

If X is A then Y is B.
From X = A’,
infer that Y = B’.

The elements A, A’, B and B’ are fuzzy sets. In fuzzy control, such elements are fuzzy
numbers. Also, we can choose between many fuzzy implication operators but it depends on
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the application and this approximate reasoning may or not be consistent, that is, whenever
A" = A we can obtain B’ = B [9].

Natural language is a form of transmitting information for any problem or situation that
requires to be reasoned or solved despite of its vagueness and ambiguity; therefore, the
concept of linguistic variable plays an important role in representing imprecise human
knowledge and it is a key notion to construct fuzzy systems in application areas like
data analysis [48]. If a variable can assume linguistic terms as values, then it is called
a linguistic variable [81] and it has associated a function which maps such a linguistic
value into a fuzzy set in order to give it an “interpretation” for it. A linguistic value is a
fuzzy set in nature!

In general, linguistic terms may be composed of a fuzzy predicate (also known as primary
term [71] or atomic term [50]) which is a word or sentence whose meaning can contain
ambiguity like young smart, small, slow, medium young, beautiful, so on; and composite
terms which are collections of atomic terms built from atomic ones by using hedges
(linguistic modifiers, adjectives or adverbs) to change the meaning of the predicative or
by combining linguistic connectives (and, not, or) and their interpretation can be defined
through set theoretic operations involving max, min or differences [50] [71], 81, 82 [83];
some examples of hedges are: very, likely, unlikely, extremely, almost, quite, more or less,
mostly, few, all, usually, so on and, very slow, few dangerous, too young, beautiful and
awesome, etc. are composite terms.

Based on both the Zadeh’s definition [81), 82] [83] and the definition given by Bede [6], we
present a the following mathematical definition for the concept linguistic variable.

Definition 2.1.1. A linguistic variable x is a linguistic term characterized by the quin-
tuple
x:=(x,U,T(x),M,G)

where,
e z is the name of the linguistic variable (linguistic term).

e U is the universe of discourse, that is, where the characteristics of the variable
can be defined (Also it is denoted by X ).

T(x) is the set of labels of linguistic values of x.

M : T(z) — F(U) is a function called semantic rule (This function assigns to
each label in T'(x) a mathematical object which will be called a fuzzy (sub)sets of U).

G is named syntactic grammar. It produces linguistic values for x from composi-
tion of fuzzy sets and a certain type of functions called hedges.

The following example clarifies the previous definition.

Example 2.1.1. The linguistic term “Human age” can be transform in a linguistic vari-
able if the quintuple (Humanage, T, U, G, M) is considered. Here:

x = 1is Human age.

U = [0,120] is the universe of discourse for Human age.

T(x) = {old, young, very old, very young, very very young, ...} is the set with the linguis-
tic values taken into account for Human age.

M : T(x) — F(U) is a function such that M(young) =Y and M(old) = O, where
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Y = (0,18,40) and O = (35,60,80) (These representation correspond to fuzzy triangular
numbers and will be discussed later).

G : The syntaz rules can be expressed as follows: If y € T'(z) and very has associated the
function h = 2%, then very young, with membership function h(M(y)), belongs to T(x).

Remark 13. From Definition[2.1.1 and Example[2.1.1 we can see that a linguistic variable
works as a kind of translator or interpreter that assigns to linguistic terms fuzzy sets.
In addition, fuzzy sets offer a natural interaction between linguistic representations and
numerical ones and provide a suitable tool for handling imprecise or ambiguous words; for
instance, hedges may be interpreted as a composition between a given function and a basic
membership function since they are formalized through functions h : [0,1] — [0,1] that
satifies h(0) = 0 and h(1) =1 [6, [21].

There exist two types of predicates: imprecise and precise ones. A characteristic that
linguistically distinguishes them is that in the fuzzy case once a linguistic term A and a
hedge h are given, h(P) is immediately understood but if P is precise, h(P) might need a
new definition to be understood. Example if P is to be odd in the set of natural numbers
and h in very then h(P) is very odd and we need to define what is understood by very odd
[68].

Hedges are modifiers, adjectives, adverbs which change truth values of the fuzzy predicates
and are fundamental to build fuzzy expert systems in the real world since they make writing
rules easier and make programs more understandable for users and domain experts [9].
A linguistic hedge is mathematically defined as a unary operation on the unit interval
which is biyective and satisfies that A(0) = 0 and h(1) = 1 in order to indicate that crisp
predicates are not modified by the hedge [71]. There are several types of hedges but two
are the most used in applications [60]:

1. Hedges that changes scalar numbers to fuzzy numbers with dispersion depending on
the particular term used. The precise meaning of the hedge term will vary from one
expert to another. The following table shows the most used hedges that create fuzzy

numbers.
Spread +% of central
Hedge | value at membership 0.5
Nearly 5%
About 10%
Roughly 25%
Crudely 50%

TABLE 2.1. (Taken from [60]).

2. Hedges that modifies the truth value or membership function of a basic atomic term.
They can be used to modify clauses in fuzzy propositions. They can be clasified in
concentrations, dilations and intensification [80].

(a) Concentrations reduce the degree of membership of all elements that are only
“partly” in the set. Examples of concentrations are very (u?), extremely (u3)

and plus (u%).



CHAPTER 2. FUZZY LOGIC 49

(b) Dilations increase the degree of membership of all elements that are only
“partly” in the set. Examples of dilations are slightly (,u%), somewhat (,u%)
and minus (u%)

(c) Intensifications are combinations of concentrations and dilations. Intensifica-
tion increases the contrast between the element of the set that have more than
half-membership and those which have less than half-membership [60] and they
increase the degree of membership of all elements in the set with original mem-
bership values greater than 0.5 and they decrease the degree of membership
of all elements in the set with original membership values less than 0.5. An
example of intensifier is:

2u(z)? 0<p(z)<o0

1-2[1—pu* 05<p(x)<1.
The use of a membership function gives the flexibility of an elastic meaning to a linguistic
term. Composite terms can be formed from one or more combinations of atomic terms,
logical connectives and linguistic hedges [60]. The implementation of linguistic hedges
and logical connectives is manifested as function-theoretic operations on the values of the
membership functions.

In literature, the following preferece table has been suggested for Standard Boolean Oper-
ations [60], parenthesis can be used to change the preceding order and ambiguities may be
solved by the use of association to the right. For instance, “plus very minus very small”
should be interpreted as

plus(very(minus(very(small)))).

Precedence | Operation
First Hedge, not
Second And
Third Or

TABLE 2.2. Taken from [80].

In classical logic we have that a proposition is a sentence which is either true or false but
not both. Nevertheless, if this sentence contains a fuzzy term, it becomes that proposition
in a fuzzy one. For example the sentence “This dog smells stinky”, the word “stinky”
is a fuzzy term and makes a bit difficult the truth or falsity of the proposition [71]. A
proposition with its truth value among 0 and 1 is called a fuzzy proposition. Note that
a classical proposition is a special case of fuzzy proposition. There are two types of fuzzy
propositions:

e Atomic propositions: They are sentences of the form “x is A” where x is a linguistic
variable and A is a linguistic value of x.

e Compound fuzzy propositions: They are composition of atomic propositions through
one or several logical connectives like and, or and not. In this type of fuzzy proposi-
tions may appear multiple linguistic variables and its truth value can be computed
as follows [71]:
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Let A, and B be linguistic values which are fuzzy sets on X and Y, respectively,

1. “xis NOT A”, N(A(x)), N is the fuzzy negation.
2. “zis AAND y is B”, T(A(z), B(z)), T is a T—norm.
3. “zis AOR yis B”, S(A(x), B(x)), S is a T—conorm.

In the book written by Klir and Yuan [33] we can find four types of fuzzy propositions
which are of the form:

e “ris A”. Example, Temperature is Low.
e “xis h(A)”, where h is a hedge or modifier. Example, T'emperature is Very low.

e “IF z is A THEN y is B” (Generalized Modus Ponens). Example, IF Temperature
is Low THEN Lettuce are Fresh.

e “IF z is A THEN y is h(B)” Example, IF Temperature is Low THEN Lettuce are
QuiteFresh.

Although the number of terms in a linguistic variable can be large, usually it is considered
between five and nine since, in a lot of cases, less than five is poor and more than nine
is excessive. Anyway in a good number of applications there only appear three terms P,
its opposite aP and M P, where M P is equivalent to NOT P AND NOT aP, i.e., MP
satisfies [68]:

puyp(x) = min{—-P(x), -aP(x)}.

To define aP a symmetry on X, A : X — X, is needed. That is A satisfies:

(i) If z <y then A(y) < A(z).
(i) Ao A=idx.
Note that aP(z) := Po A(z) = P(A(z)) for all z € X. Thus, a(aP)(z) = aP(A(z)) =

P(A(A((z))) = P(z). When modeling aP = Po A and =P = N o P with a symmetry A
on X and a strong negation N in [0, 1], it results the condition of coherence [68]:

PoA<NoP.

Thus, if A is know, N should be chosen to satisfy this coherence condition and vice versa.

To end this section up, we will introduce the concept of IF-THEN rule from a set theorical
approach [68]. A logic is a triplet (X,.A,C) where X is a crisp set, A C p(X) and
C: A— Ais a function which is:

*» Extensive: For all P € A, P € A implies P C C(P).
* Monotonic: For all P,Q € A, P C @ implies C(P) C C(Q).

x Closure: For all P € A, C(C(P)) = C(P), ie., C?=C.

The following examples were taken from Trillas’s book [6§].
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Example 2.1.2. Let (X,-,+,0,1) be a finite lattice. A = po(X) =

{P=A{p1,....,on} C X | pr:=pip2---pn # 0} and Cons : po(X) — po(X) defined by
Cons(P) = {q € X | pr < q} where the partial order < is given by x <y < -y = x.
Thus, Cons is a consequence operator.

Example 2.1.3. Let us take the set [0,1]% endowed with a fuzzy T—norm

pa =1 pn =T o (1 X -+ X fin),

the partial order p < o < p(x) < o(x) for all x € X and the empty set py = u(0).
Consider the set

Po ([0,1]%) := {P = {1, ot} [0, 1% | pr # o} -
The definition
Cons(P) = {0 € [0,1]* | upr < o}

The process to pass from a set of premises P = {pu1, -, u,} to a “conclusion” o is
known as conclusive reasoning and it is symbolized by P - 0. We say that it is a
deductive reasoning when there exists an operator of consequences C sucha that P+ o
is equivalent to o € C(P) but, not all conclusive reasoning are deductive; additionally,
the most common are not deductive but conjectural, i.e., there exists an operator of
consequences C such that P+ o < N oo ¢ C(P) for some strong negation N [68].

If we consider the operator Cons(P) = {0 | un = o} provided ux (like in Example [2.1.3))
then, the reasoning is named a not self-contradictory (i.e., un A N o un). Notice that
the par (T, N) is necessary to the definition of Conj(P), where

Conj(P) := Cons(P) U Hyp(P) U Sp(P),
where the set of hypothesis of P is

Hyp(P) := {0 € Conj(P) | po < o < pr}
and the set of speculations is

Sp(P) :={o € Conj(P) | ua is not comparable under < with o}.

This union is a disjoint union; speculations are the conjetures for which it is neither us < o
nor o < pa. In addition [68],

e Pt o is a guessing if o € Conj(P).
e P o is a deduction if o € Cons(P).
e P o is a abduction if o € Hyp(P).

e P is a speculation if o € Sp(P).

Carrying on this treatment, a conditional statement is a sentence of the form “IF p
THEN ¢”, where p and q are propositions, and it is denoted p — q. We are talking about
them because imprecise conditions (rules) are useful in common life and in technology
[68]. That is why is necessary to give a representation for them.
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In order to represent a conditional statement like “IF x is P THEN y is O, it is required
to translate it in fuzzy terms with adequate fuzzy sets. In fuzzy logic, it is always be done
by using a function J : [0, 1] x [0,1] — [0, 1] such that for all z € X and y € Y:

(P = Q)(z,y) = P(x) = Q(y) := J(P(x), Q(y)) € [0,1].

This function depends on the “meaning” of the conditional statement and requires to look
at what happens in general [68] in order to take premises “z is P” and “IF z is P THEN
y is Q7 and conclude “y is Q7. Formally, it should exist a continuous T'—norm Ty such
that for all z € X and y € Y:

To(P(x), J(P(x),Q(y))) < Qy)-

This inequatilty is called Modus Ponens Inequality (MP-Inequality) and J will be
named 7p—conditional function [68].

Remark 14. The function J is called Q—conditional, if it can be expressed as J(a,b) =
S(c(a), T(a,b)) where S is a continuous T—conorm, T is a continuous T—norm and c is
a strong negation; if J(a,b) = S(c(a),b) for all a,b € [0,1] and some T—conorm S then J
is an S—implication.

These rules are also known as IF-THEN rules because they are commonly represented by
using fuzzy implications operators [71]. Some operation that represent the fuzzy IF-THEN

rules are:
Dienes-Rescher  max{l — P(x),Q(y)}. (2.6)
Lukasiewicz ~ min{l,1 — P(x) + Q(y)}. (2.7)
1
Gédel Pl) = QW) (2.8)
Q(y) Otherwise.
Mamdani  min{P(x),Q(y)}. (2.9)
Zadeh  max{min{P(z),Q(y)},1— P(z)}. (2.10)
2.2 Fuzzy Inference
In classic logic, there are three important fuzzy inference rules [6], namely:
e Modus Ponens e Modus Tollens e Hypotetical Sylogism
A — B A —- B A — B
A -B B - C
B —A A = C

In practice, we frequently make imprecise reasoning and to be able to model expert
opinions or common sense knowledge we must think in rules which deal with them and
linguistic terms: Fuzzy rules (also known as Fuzzy IF-THEN rules).
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A fuzzy rule is a triplet (A, B, R) that consist of an antecedent A € F(X), a consequence
B € F(Y) which are linguistic variables linked through a fuzzy relation R € F(X x Y).
for example from “IF x € A THEN y € B”, we can define it as a fuzzy relation as follows:

(i) Mamadani Rule:
Rar(z,y) := A(z) A B(y).

(ii) Larsen Rule:
Ri(z,y) == Az)B(y)-

(iii) T—norm Rule: Let T be a T—norm,

(iv) Godel Rule:
Ra(z,y) == A(z) — B(y).

Remark 15. In practical problems, having not a unique way to interpret a fuzzy rule is an
advantage because we have more flexibility to select the method that best fits our problem
out [6]].

In fuzzy logic, inference rules are generalized as follows [71]:

e Generalized Modus e Generalized Modus e Generalized Hypoteti-
Ponens (GMP) Tollens (GMT) cal Sylogism (GHS)
A — B A —- B A —- B
A B’ B — C
B’ A A =

To calculate the fuzzy set B’ in the GMP let A € F(X) and B € F(Y). The proposition
“IF x € ATHEN y € B” is expressed as a fuzzy relation R € F(X xY'). Then, finding the
T—composition of A" and R in order to obtain the conclusion B’, i.e., if T'is a T — norm,
forall y e Y:
B'(y) = max T(B'(y), R(z,y)).
zeX

For the GMT, the mathematical representation of reasoning is similar. Firstly, “IF = € A
THEN y € B” is expressed as a fuzzy relation R € F(X xY). The B’ and R are combined
by T—composition to obtain the conclusion A’ as follows:

Al(x) = max T(B'(y), R(z,y)).

zeX

To end, let us turn to the GHS. The implications “IF x € A THEN y € B” and “IF y € B’
THEN 2z € C” are expressed by fuzzy relations R and Ro; then, the fuzzy proposition
“IF x € A THEN 2 € C"” is represented by the composition R := Ro o Ry.

A property which is required for a fuzzy system is the interpolation property. It says
that when the input of the system coincides with the antecedent then the output has to
be coincident with the consequence, i.e., if A’ = A then B’ = B [d].
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Proposition 2.2.1. The Mamdani inference with T—norm rule

B'(y) = maxmin{A'(z), A(z) A B(y)}

such that there exists an xy € X with A(xzg) = 1, satisfies the interpolation property,
i.e., IFA' = A THEN B’ = B.

Proof. From the properties of T—norm we have that A(z) A B(y) < A(z). Thus,
B'(y) = max min{A'(z), A(x) A B(y)}
re
= max min{A(z), A(z) A B(y)}
e

= max A(x) A B(y)

- <max A(x)) A B(y)

reX
= 1A B(y)

= B(y).

O

To end this section up, we present the three types of rule-based inference found in the
Pedrycz’ book [48]:

* Monotonic: The consequent truth values may increase but not decrease by any
new information.

* Non-Monotonic: The consequent truth values may increase or decrease; the new
information supplied is more reliable than any existing information.

* Downward Monotonic: The consequent truth values may decrease but not in-
crease. This type of inference is useful when modifying multivalued data, necessary
when defuzzifying.

For any linguistic variable, we can use three different general forms to create canonical
rules [62]. They are:

* Assigment statement: Here the variable has assigned a value which can be a
linguistic term; this values is restricted to a especific equalty. For example, y = high,;
climate = warm; a = 5.

* Conditional statement: They are fuzzy conditional statements. For example, “IF
Mark > 50 points THEN pass.

* Unconditional statement: There is no specific condition to be satisfied. For
example, stop; Push the valve.

The process of obtaining a conclusion from all consequences in the fuzzy rules is known as
aggregation (of the rule). The two methods for determining them are: Conjuctive and
Disjuctive Systems. The former are connected by AN D, the latter with O R connectives.
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Fuzzy inference is a process where a conclusion is obtained from a given input. The basic
rule for a inference system is the compositional rule of inference which is based on the
classical rule of Modus Ponens [62].

Given for a fuzzy rule R € F(X xY), the compositional rule of inference is a function

F:F(X) — F() (2.11)
A s FA)Y=AoR (2.12)

where o : F(X) x F(X xY) = F(Y) is a composition of fuzzy relations. The relation
R(x,y) is a fuzzy relation which is used for interpretating the fuzzy rule in the premise
[6].

2.3 Fuzzy Modeling

Why do we need fuzzy systems when we have a crisp relationship, crisp input and also
a crisp output for a classical system? Because it is often in practical applications and
systems to find uncertainty due to relationships that are unknown or partially known to us
and whose analysis could require the understanding and implementation of common sense
knowledge. Fuzzy systems can fill the gaps in and approximate any desired output with
arbitrary precision by combining approximation properties of the fuzzy systems with the
ability to model linguistic expressions [68]. The subjectivity that exists in fuzy modeling
is “a blessing rather that a curse” [50] and fuzzy systems are tools which provide a means
of sharing, communicating and transferring this human subjective knowledge of systems
and processes. The results in the form of fuzzy sets are benefical for the interpretation
purposes of fuzzy modeling [48]. Thus, we find a very interesting field to study which can
be efficient to applications.

Fuzzy inference systems (FIS), also known as fuzzy rule-based systems, fuzzy models or
fuzzy expert systems, are mainly based on some concepts of the fuzzy set theory like
linguistic variables, fuzzy rules and fuzzy inference methods. The linguistic variables
allow us to interpret linguistic expressions in terms of fuzzy mathematics, the fuzzy rules
(like fuzzy IF-THEN rules) are a set of laws that associate inputs with outputs and, the
inference mechanism is a tool to model the process of approximate reasoning through
fuzzy rules. A fuzzy rule base is a finite collection of fuzzy rules whose elements are
naturally translated into fuzzy relations by composition of the type max — min or min —
[6].

A fuzzy system consists of a fuzzification interface, a rule base, a database, a decision
making unit (DMU) and a defuzzification interface. In the FIGURE [2.1]it is illustrated the
basic structure of a fuzzy inference system where the rule base contains [F-THEN rules,
the database defines the membership functions of the fuzzy sets used in the fuzzy rules,
The DMU performs the inference operations on the rules and the fuzzification interface
transforms crisp inputs into fuzzy sets in order to construct the processing core of the
model and so they become more informative and comprehensible than a single numeric
quantity. The defuzzification interface transforms the fuzzy results into crisp outputs.

The steps of fuzzy reasoning performed by a fuzzy inference system are [62]:

1. Fuzzification: Obtain the membership values of each linguistic label.
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Knowledge base

Fuzzification
interface
(crisp)

(fuzzy)

| Database | | Rule base|

———— | Decision-making unit

|

}

Defuzzification

interface

(fuzzy)

output

(crisp) :

FIGure 2.1. [62].

2. To get the “Firing Strength” of each rule: By using T'—norms combine the
membership values and the premise in order to obtain the degree that satisfies a

fuzzy rule.

3. Generate the qualified consequent.

4. Defuzzification: Combine (Aggregate) the consequent of each input to produce a

crisp output.

The working of a Fuzzy Inference System can be summarizes as follows: First the crisp
input is transformed in a fuzzy one by some fuzzification method then, the rule base
and the data base are defined in order to do fuzzy reasonings. Finally the fuzzy output
is converted into a crisp one by using a deffuzzification method [48]. Now we present
some ideas about categories of fuzzy models. In literature, it is possible to find different
architectures in the area of fuzzy modeling and some of them are:

1. Tabular Fuzzy Model (TFM). It is formed by tables of relationships between the

variables of the system. This type of model produce a compact suite of relationships
represented at the level of information granules. The evident advantage of them
resides with their evident readability.

Ay

As

2. Rule-based Systems.

B B B; B,

Bs

C3

Ch

FIGURE 2.2. [48].

They are composed of a family of fuzzy conditionals or

IF-THEN statements (called rules) where fuzzy sets occur in their conditions and
conclusions. Thys type of model is very important, that is why it is exposed in other

place of this text.
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3. Fuzzy Relational Models (FRMs). They are examples of ideas whose computing
let us encounter a wealth of architectures due to the variety of composition operators.
The FIGURE shows a general taxonomy of fuzzy relational equations (modeling
structures) presented with respect to the combination of composition operators used
in their realization.

Infimum (min)

Nullnorms

Uninorms
f-conorms /
\ Min-uninorm composition
t-norms

Inf-s composition

Ordinal sum ‘ max—min composition ‘ /
/ “ Sup-min composition ‘

Supremum (max)

Implications

‘ Sup-t composition ‘

FIGURE 2.3. [48].

4. Fuzzy Decision Trees (FDTs). They benefit from the inductive learning approach
that underpins their construction, to aid in the classification of objects based on their
values over different attribute. Their construction in a fuzzy environment allows for
the potential critical effects of imprecision to be mitigated through the decision rules
defined.

5. Fuzzy Neural Networks (FNNs). It is also know as neuro-fuzzy system and it is a
learning machine that finds the parameters of a fuzzy system through approximation
techniques from neural networks.

Fuzzy inference systems are the most important tool based on fuzzy set theory. They
are built by domain experts and used in automatic control, decision analysis and various
other expert systems [50]. To finish this part of the document devoted to Fuzzy Logic, we
talk about the most important types of fuzzy inference methods (FIM): The Mamdani
FIM and the Takagi-Sugeno-Kang Method (TSK Method). The main difference between
them lies in the consequences of fuzzy rules. Mamdani fuzzy systems use fuzzy sets as rule
consequent whereas TST fuzzy systems employ linear functions of input variables as rule
consequent. Among their advantages Sugeno’s method is computationally efficient because
its well suited mathematical analysis makes it to work well with linear, optimization
and adaptive techniques; On the other hand, Mamdani is intuitive, with a widespread
acceptance and it is well suited to human inputs.

The result of Sugeno Reasoning is an exact number. In Sugeno reasoning the consequence
is deterministic. The input data is a finite set {(x;,y:)}i—,. The rules are often of the
form IF z is ; THEN y = y; where the product is used for THEN-implication. Sugeno
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reasoning allows us to use functions of input x not only constants. Thus, the rules would
like of the form IF z is z; THEN y = f;(x) where each function f; can be different nonlinear

mapping.

2.3.1 Mamdani Fuzzy Inference System

This method was proposed by Mamdani in 1975 and it was based on a Zade’s paper [80].
To compute the output a fuzzy inference system with Mamdani method, the following
steps has to be followed [62]:

1. Determine a set of fuzzy rules.

2. Fuzzify the inputs by using some fuzzification method.

3. Combine the fuzzy inputs according to the fuzzy rules.

4. Find the consequence of the rule.

5. Combine the consequence.

6. Defuzzify the output by using Center of Mass, Mean of Maximum.

Remark 16. The Mamdani method has several variations. There are different T'—norms
to use for the connectives of the antecedents, different aggregation operators for the rules
and numerous defuzzification methods that could be used [50)].

2.3.2 Sugeno Fuzzy Inference System

It was proposed by Takagi and Sugeno in 1985 to generate fuzzy rules from a given input-
output data set [50]. A typical rule in a Sugeno model has the form

IF x € A AND y € B THEN z = f(z,y)

where f is a crisp set function usually it is a polynomial function in the outputs z and
y, when f(z,y) is a constant, the inference system is called zero — order Sugeno model,
which is a special case of the Mamdani system in which each rule’s consequent is especified
as a fuzzy singleton. In a Sugeno model, each rule has a crisp output, given by a function.

Input the crisp value zg.
Compute the firing strenght of each fuzzy rule

a; = Ai(xp).
Compute the rules ouputs
Zp = QX0 + bi.

The system output is
iy iz

20 = .
D1

Other case:
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Input the crisp value zg and yp.
Compute the firing strenght of each fuzzy rule

oy = AZ(ZL‘()) VAN Bl(aj‘o)

Compute the rules ouputs
z; = a;xo + biyo + ¢;.

The system output is
s 1= 2z i
D i Qi
Remark 17. Sugeno systems that use constants or linear functions in the consequence
are parametrized maps. Hence, it is possible to use optimization techniques to find the best
parameters to fit data. The structure is similar although the expression depends on the
choice of the T—norm and the defuzzification.

2.3.3 Mamdani vs Sugeno

In data mining clustering techniques are employed through a large volume of data to ac-
quire relevant and significant data in pattern recognition; i.e., one of the goals of data
mining is data pattern recognition. According to Moreno et al, the subtractive cluster-
ing technique within the Takagi-Sugeno-Kang FIS method, applied on specific databases,
presents a better performance than any other technique because it best optimizes the
objective function and the value of the root mean square error is minimized enormously;
although, in terms of handling linguistic variables, Mamdani is a better choice and its
respective error values are very good too [43].

Saepullah et alia analysed and compared Mamdani, Sugeno and Tsukamoto methods on
FIS to find a best method in terms of reduction in electrical energy consumption of air
conditioner by using Room Temperature and Humidity as input variables and Compressor
speed as output variable. He concluded that although the results were varied, not only the
best method in terms of reduction of electrical energy consumption is Tsukamoto method
but the Mamdani method is better than the Sugeno one [52].

Zaher et alia presented a comparison between FIS for prediction with application to prices
of fund (in Egypt) because he says that the Fuzzy logic is a relatively modern method closer
to human thinking and natural language. He remarked that, in this context, the Sugeno
FIS is more flexible because it allows more parameters in the output, computationally
is more effective and its structure for the rule outputs is more convenient for functional
analysis than a Mamdani FIS [24].

In the comparison of Mamdani and Sugeno FIS for a satellite image classification, made
by Salman and Seno, four types of fuzzy membership function generation methods that
generate fuzzy IF-THEN rules directly from training data were considered. The research
showed that, for this case study, Mamdani FIS does not only works better but also shows a
more robust structure in the presence of noisy input data while a Sugeno FIS often require
a cumbersome and time consuming task due to it implies th fact of dividing a multiple
input multiple output system (MIMO)into as many multiple input single output systems
(MISO) as the number of output variables [53].

To end, it can be concluded that Mamdani-type FIS and Sugeno-type FIS perform quite
similar, but Sugeno-type FIS allows the evaluation of Breast cancer risk to work at its full
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capacity with smooth operational performance. Sugeno-type FIS has also an advantage
that it can integrated with neural networks and genetic algorithm or other optimization
techniques so that the system can adapt to system characteristic efficiently [59].



Cha pter

Fuzzy Measure Theory

As we have mentioned before, FuSeTh is an appropiate tool which helps us to represent
and communicate information, opinions and human decision making. The fuzzy measures
were introduced by Michio Sugeno in 1974 (see [64]) in order to measure uncertainty that
depends mainly on human subjectivity or by hesitation [3] but, in the literature, this
term does not imply to apply a measure to fuzzy sets neither it deals with fuzzy measures
in the sense of the FuSeTh but to non-negative monotonous functions called generalized
measures [72].

Fuzzy measures have started to be accepted by researchers and, for the scientific com-
munity it has become an interesting branch of mathematics where we can find things to
explore and applicate in disciplines like artificial intelligence, psychology, decision theory,
economics, image processing, etc [3]. Fuzzy measure theory is a field of research which lies
at the intersection of measure theory, aggregation functions theory, theoretical computer
science among others [28]. In this part of the document, we present some of the most rele-
vant concepts and results about fuzzy measures developed to this day in order to support
the theory of possibility which is considered as a complement of the probability theory to
measure uncertainty.

3.1 Why fuzzy measures?

The Classic Measure Theory (CMT) is one of the biggest areas of the mathematical analy-
sis and the notion of measure let us generalize concepts like length, area, volumen, even it
has been applied in different contexts including the modeling of uncertainty based on ran-
domness [3]. The main feature of the classic measures is the o—additivity which is useful
in several applications of economics and statistics; however, there are contexts related to
artificial intelligence, neural networks, decision making where the property of additivity,
which characterize the classic measures, limits the power of this theory because it can be
inflexible in the sense of it implicitly assumes that there are not any interaction between
the elements of a set and their measurements [3}, [77].

There are various types of measures: Counting measure, Lebesgue measure, Monotone
measure, Probability measure, so on and, one of the most known applications of the CMT

61
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is in the probability theory which allows us to measure the change of occurrence of an
event with a number [15]. Nevertheless and in spite of the probability measure is useful
when uncertainty is based on randomness, the no random uncertainty of a real situation
like uncertainty by vagueness and uncertainty by hesitation which are subjective makes
probability be unable to give an accurate measurament. So, a fuzzy measure u arises as a
flexible extension of probability measure in the following sense: The additivity property is
weakened by considering a condition of monotonicity, namely, If A, B € F and A C B then
1(A) < u(B). We will refer this extension as non-additive measure like in [39]. Sugeno was
the first in proposing a definition for fuzzy measure but nowdays this concept is associated
to generalized measures; when these measures are defined on fuzzy sets they are called
fuzzified monotonous measures [72]. In this chapter we study the theory proposed by
Sugeno.

3.2 Fuzzy measures

In order to define a fuzzy measure, it is necessary to consider a measurable space
(X, F) where X is a crisp set and F C p(X) is a o—algebra. This family of subsets of
X, according with Bartle [5], must satisfy:

1. e F;
2. A € F whenever A € F; and
3. Whether {A,},cz+ € F then |J A, € F.

nezZ*

Fuzzy measures, also termed non-additive measures [I§], capacities [I3] or monotone mea-
sures [72], are a generalization of classical ones because they are characterized by making
o—additivity more flexible. This property is replaced by a weaker one known as monotony.
Thus, the following definition for a fuzzy measure is presented.

Definition 3.2.1. Let (X, F) be a measurable space. A fuzzy measure is a function
p: F —[0,00) that accomplishes:

(FM1) u(d) =0. (Boundary condition).
(FM2) Forall A,B € F, if AC B then u(A) < u(B). (Monotony).

With this definition, every crisp measure can be treated as a fuzzy measure. When
u(X) = 1, the fuzzy measure is called normalized fuzzy measure. If the condition
(FM1) is skipped, the function p is termed non-monotonic fuzzy measure (also, it is
known as game and denoted by the Greek letter v [28]). Sometimes it is desirable that p
can satisfy one or both of the following conditions:

(LC) If {B,},ez+ C F and By C By C -+ then

i U B, | = lim p(B,). (Lower Continuity)
n—oo
nezZ+
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(UC) If {Bp}pez+ € F, B1 DBy D -+ and pu(B;) < oo then

p| [ ] Ba| = lim pu(By). (Upper Continuity)
n—0o0
nezt

A fuzzy set that satisfies (FM1), (FM2), (LC) and (UC) is termed Sugeno’s Fuzzy
Measure (SuFuMe) (also it is known as Continuous Fuzzy Measure). The SuFuMe
is useful fuzzy measure to characterize uncertainty but be aware of saying that fuzzy
measures are SuFuMes.

Example 3.2.1. (Fuzzy measure that is not a SuFuMe) Let X =R, F = p(X) and
p: (X)) —[0,1] be a function defined by:

an={5 450

Note that, because of its definition, p satisfies (MF1) and (MF2). Hence, p is a fuzzy
measure but not a SuFuMe because if we consider the sequence defined by B, = (O ! )

'
then 1 ( N Bn> = (D) = 0 but, 1Lm u(Bp) = 1.

neZ*

Since By, # 0 for allm € Z7", then pu does not hold the condition (UC).

Other definitions related to fuzzy measures are presented below.

Definition 3.2.2. A fuzzy measure p is said to be:

e Convex (Supermodular) whether for all A,B € F,

1(A) + p(B)lequ(AU B) + n(AN B).

Concave (Submodular) whether for all A,B € F,
u(AU B) + p(AN B) < p(A) + u(B).
e Maxitive whether for all A,B € F,

H(AU B) = max{u(A), u(B)}.

Minitive whether for all A,B € F,

#(AN B) = min{u(A), u(B)}.

Symmetric when for all A, B € F, |A| = |B| implies p(A) = u(B).

When | X| = n, we have a finite fuzzy measure and it is said to be:
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e k—alternating (2 < k < n) whether for any family of k sets Ay, Ag, ..., Ax € F,

k
(), 2 con(Ys)
i=1 IC{1,2,...k } el

1#0

e k—monotonic (2 <k <n) if for any family of k sets Ay, Ag, ..., Ax € F,

k
(Un)z & comn(e)
i=1 IC{1,2,...k } el

1#0
e Totally monotone when for all 2 < k < n, p is k—monotonic.

Finite fuzzy measures are important since most practical applications involve finite sets
[3].In addition, When X is a finite set, i.e. |X| = n, any fuzzy measure is a
SuFuMe since any monotonous sequence of its subsets becomes in a stationary one and
therefore the conditions (UC) and (LC) are immediately satisfied and some additional
properties for p can be found. The next proposition gives two properties that every fuzzy
measure satisfies.

Theorem 3.2.1. Let p be a fuzzy measure on (X, F), then

1. For all A e F, u(A) > 0.
2. Forall A,B e F,

u(AN B) < min{u(A), u(B)} < max{u(A), u(B)} < p(AU B).

Proof. Let p be a fuzzy measure on (X, F).
1. Let A € F. Since ) C A and p is monotonous then 0 = p(0) < u(A).
2. Let A, B € F. Since p is monotonous and
ANBCACAUB and ANBCBCAUB,
then, it is obtained that

(AN B) < u(A) < p(AU B) and (AN B) < pu(B) < (AU B).

Hence,

u(AN B) < min{u(A), u(B)} < max{u(A), u(B)} < p(AU B).

O

Remark 18. The understanding of the fuzzy measures properties is useful in applications
because when a fuzzy measure is used to define a function such as the Sugeno integral
or Choquet integral (they will be define further) these properties will be crucial in under-
standing the function’s behavior [07]]; for instance, the Choquet integral with respect to an
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additive fuzzy measure reduces to the Lebesgue integral [3], submodular fuzzy measures re-
sult in convex functions while supermodular fuzzy measures result in concave functions[28)].

A method to build examples of fuzzy measures from a crisp one is given by the following
result.

Theorem 3.2.2. Let a be a crisp measure and T : [0,00) — [0,00) a real and
monotonously increasing function such that T'(0) = 0. then, the composition p, =T o «
defines a fuzzy measure.

Proof. Note first that
t1a(0) i= T(a(0)) = T(0) = 0.

Then, if A,B € F and A C B, since « is a crisp measure, a(A4) < a(B) but T is a
monotonously increasing function, thus

pa(A) = T(a(A)) < T(a(B)) = pa(B).

Therefore, uo, =T o « is a fuzzy measure. O

3.2.1 Types of fuzzy measures

Fuzzy measures can be classified in three groups based on the interaction between disjoint
subsets. Let p: F — R be a set function and let A, B € F such that AN B = (), then p
is said to be [3]:

e A subadditive fuzzy measure, if
(AU B) < pu(A) + u(B).
It describes a positive interaction, i.e., cooperation or improvement.
e A superadditive fuzzy measure, if
1(A) + p(B) < p(AU B).
It describes a negative interaction, i.e., rivalry or incompatibility.
e An additive fuzzy measure, if
1(AUB) = pu(A) + u(B).
It describes a Non- interaction, i.e., there are not any interaction between the

elements of a set and their measurements.

The most common type of monotone measure in literature is the A—measure, also known
as Sugeno A—fuzzy measure, which can be used to compute the interdependency among
the selection criteria in decision making problems [39]. Its definition is given below.

Definition 3.2.3. Let (X, F) be a measurable space and A € (—1,00). A A—measure is
a non-negative set function uy : F — [0, 00| that satisfies:
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(A1) pa(X) =1.
(A2) Forall A,B e F,if ANB =10 then

tA(AU B) = pa(A) + pa(B) + Aua(A)pua(B) (A — Additivity).
Note that p) is a normal a fuzzy measure for each A € (—1,00). The next proposition
shows this fact and other properties.

Proposition 3.2.1. Let uy be a A—measure on (X, F) with A > —1, then the following
properties hold

1. py is a fuzzy measure.

2. pa(A) + pa(A9) =1 = Aua(A)pa(A°).

3. un(AUB) = “A(A)’L/”(B)lll;ﬁﬁaﬁ);)/\m(fl)m(B).

Proof. Let A > —1 and let p) be a A—measure.

1. Since py is a A—measure then py(X) = 1. Thus,

0 = 1-1=mX)—-1=mXUud) -1
= (X)) + pa(0) + M (X)pa(0) — 1
= 1+ () + (@) — 1
= m@) 1+ N).

But A > —1; thus, u\(0) = 0.

Additionally, if A,B € F such that A C B then there exist C' € F such that
B =AUC then

N

pA(B) = pn(AUC) = pa(A) + pa(C) + Aua(A)pa(C)
= a(A) + A (C) (1 + Aur(A))
> ua(A).

b

The last inequality is due to px(C)(1 + Auxr(A)) > 0.
In effect, by definition 0 < py(A) < 1 then 1 — py(A) > 0, but A > —1, thus
1+ Aux(A) > 1= pa(A) > 0. Therefore, puy(C)(1+ Aur(A)) > 0.

Based on this, u) is monotonous and it is concluded that uy is a fuzzy measure.
2. Since for all A€ F, AUA®= X and AN A° = (). Then
1= pr(X) = pA(AU A°) = pa(A) + pa(A°) + Aua(A) pa (A°).

Hence,
pa(A) 4 pa(A%) = 1 = Aux(A) pa(A°).
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3. Note that, for all A, B e F, AUB = (AN B°)U B where (AN B°)N B ={. Thus,

pA(AU B) = pa(A N B) + pa(B) + Aua(A N B)pua(B). (3.1)

Also, it is true that A = (AN B) U (A N B€) where this is a disjoint union for all
A, B € F. Then,

pa(A) = (AN B) + px(AN B + Aua(AN B)uxn(AN BF)
= (AN B) 4+ (AN B (14 Aur(AN B)).

Thus,
pA(A) — pn(ANB)
AN B = . 2
HA(A N BY) 1+ (AN B) (3:2)

Replacing (3.2)) in (3.1)) we conclude that

L 1 20

pA(A) + pa(B) = pa(AN B) + Apa(A4) pa(B)
1+ Aup(ANB) ’

(AU B)

Remark 19. Note that from the property 2 of the Proposition|3.2.1

i.e., ua(A€) = Nx(u(A)) where Ny is the A—complement.

The following theorem gives a method to calculate the parameter A that makes uy be a
fuzzy measure if the values of basic elements are given [72].

Theorem 3.2.3. Let X be a finite set, i.e., X = {x1,...,x,} where n > 2 and let uy
be a A—measure on p(X). Assume that 1 > uy(xz;) > 0 with at least two of them being
non-zero. Then the value of A can be uniquely determined by

n

A1 =[]0+ palx). (3.3)
i—1

and

e A >0 when > i () < 1.
o A=0 when > ;| pr(z) = 1.

o —1 <A<O0 when Y i pa(z;) > 1.

Proof. To simplify the notation, let a; := py(z;) for i = 1,...,n and, for k = 2,...,n,

define
k

fr) =TT+ an).

=1
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Note that 1 4+ a;A > 0 since a; € [0,1] and A > —1. Furthermore, there is no loss of
generality in assuming a; > 0 and as > 0.

Also, note that fi(\) = (1 + axA) fx—1(A). Hence,

frQ) = arfur (N +(1+ard) fr_1(A)

Thus, for any k = 2,...,n and any X € (—1,00), if f,_;(A) > 0 and f;/ ;(A) > 0 then so
are f;.(A) and f;/(A\). In particular, since that

and ]/C/(/\) = Qakf,'ffl()\)—i—(l—i-ak)\) ]/6/71()\).

1

f5(N) = a1 (1 4+ as\) +az(1 +a1X) >0 and 5 (A) = 2ajay > 0,

the function f,(\) is concave in (—1,00). From the derivative of f,()\),

n

S ai

=1

fn(0) =
Now, observe that ILm fn(A) = 0o but:

o If > 1 a; < 1, the curve of f,()\) has a unique intersection point with the line
f(A) =1+ Xonsome >0

o If Y, a; = 1, then the line f(A\) = 1+ X is just the tangent of f,()) at point A =0
and therefore, the curve of f,,(\) has no intersection point anywhere else with the
line f(A\) =1+ A

o If 7" a; > 1, since f,(A) > 0 and f(A\) = 14+ X < 0 when A < —1, the curve
of fn(A\) must have a unique intersection point with the line f(\) =1+ A on some
A€ (—1,0).

0

The FIGURE illustrates the reasoning done in the proof of the Theorem and the
example that follows illustrates its power.

1 fnld)

=1+

(a)

1

Talh}

=140

(b)

oo

=140

(c)

FIGURE 3.1. (modified from [72]).
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Example 3.2.2. Let X = {x1,x2, x5} with px(z1) = 0.8; pux(z2) = 0.6 and py(z3) = 0.4.
The the value of X can be calculated by using equation as follows:

3
A+1 = H + ()

=1

= (1+0.8\)(140.6\)(1+0.4))
= 1+ 1.8)\+ 1.04)\% + 0.192)3.

Thus,
0 = A(0.8 + 1.04)\ + 0.192)2),

and then conclude that
A€ {—4.448,-0.9283,0}.

Since X € (—1,00), when A = 0 we obtain an additive measure.

If A = —0.9283, px(z1) = 0.8; pr(z2) = 0.6 and px(x3) = 0.4 then

un({z1,z2}) = 0.8+ 0.6+ (—0.9283)(0.64) = 0.9554, (3.4)
prn({z1,23}) = 0.8+ 0.4+ (—0.9283)(0.32) = 0.9029, (3.5)
prn({ze, 13}) = 0.6+ 0.4+ (—0.9283)(0.48) = 0.7772, (3.6)

mX) = 1 (3.7)

Since uy has satisfied all conditions of fuzzy measure, for A = —0.9283, the uy is a fuzzy
measure.

Remark 20. From these definitions, if A < 0, the A—measure py is subadditive, whether
A > 0 then uy s superadditive and py s additive whenever A = 0. The FIGURE
shows the relationship between A—measures and the additive, subadditive and superadditive
measures.

Fuzzy Measures

0<X

FIGURE 3.2. (modified from [3]).

The following are examples of fuzzy measures which have become an important basis for
some mathematical theories like: probability theory, evidence theory and necessity theory.
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3.2.1.1 Probability Measure (Additive Fuzzy Measure)

A probability is just a real function whose domain is a set of sets and satisfies some
properties of a crisp measure itself.

Definition 3.2.4. Let (X, F) be a measurable space. A probability measure is a func-
tion P : F — R satisfying:

1. P(A) >0, for all A€ F.

2. P(X)=1.

3. Whether {Epn}pecz+ C F is a disjoint family, then

P | En| =) _P(E).(0 — additivity).
n=1

nezt
We denote the probability space by (X, F, P).

We affirm that every probability measure P is an additive fuzzy measure.

Proposition 3.2.2. Let P be a probability measure then P is a fuzzy measure; indeed, P
is an additive fuzzy measure.

Proof. We must show that P()) = 0 and P(A) < P(B) whenever A C B.
Note that X = X U (), then

1=P(X)=P(XUD)=P(X)+ PO =1+ P().

Hence, P(0)) = 0.

On the other hand, if A C B then B =AU (B \ A), then P(B) = P(A) + P(B\ A) but,
P(B\ A) >0, hence P(B) > P(A).

Therefore, P is an additive fuzzy measure since it satisfies the oc—additivity. O

The following two examples of fuzzy measures are the basis of the theory of evidence,
which was developed by Dempster [I7] and extended by Shafer [57] in order to represent
ignorance. This theory focuses in the believability assigned to an event by keeping the
experience and point of view of the decision maker in mind; in contrast with probability
theory which assumes the existence of values associated to some events, whether or not
the observer knows the real value of the probability [4].

3.2.1.2 Plausibility Measure (Subadditive Measure)

Plausibility measure is an important example of subadditive measure which is used to
measure grades of verosimilitude (i.e., what seems to be true and believable) since they
represent the maximum belief in an hipotesis as a result of an evidence [3].

Definition 3.2.5. Let (X, F) be a measure space. A plausibility measure is a function
pp o F — [0, 1] satisfying
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(P11) 1, () = 0.
(P12) oy (X) = 1.
(P13) If{A;} | C F then

pe | () A S D0 (A =D pp(Aj U A+ (1) | A

1<i<n 1<i<n <k 1<i<n

We affirm that every plausibility measure is a fuzzy measure but the proof of this sentence
will be given further. Another thing to keep in mind is that when n = 2, the property
(P13) can be written as

pp (A1 N Az) < pup(Ar) + pp(A2) — p1p (A1 U Ag).
Hence, whether A1 N Ay = 0),
pp(A1 U A2) < pip(Ar) + pp(A2).

Thus, pp is an subadditive fuzzy measure such that for all A € F,

1= MP(X) = MP(AUAC) < MP(A) +MP(AC)'

3.2.1.3 Believability Measure (Superadditive Measure)

The believability measure is an example of superadditive measures which is important in
the evidence theory. This theory assigns, from the point of view and experience of the
decision-maker, believability (credibility) to an event that occurs or that had occurred [3].

Definition 3.2.6. Let (X,F) be a measure space. A function p, : F — [0,1] is a
believability measure when it accomplishes

(Bel 1) p,(0)=0.

(Bel 2) p,(X)=1.
(Bel 3)

Hp U Ai | = Z MB(AJ‘)—ZﬂB(AjﬂAk)+"'+(—1)n+1ﬂg ﬂ A

1<i<n 1<j<n <k 1<i<n

The image of an element A € F, u,(A), is called belief degree in A and represents
the minimum belief in the hipotesis A as a result of a test and, u,(A°) is termed doubt
degree in A and represents the minimum belief in the negation of hipotesis A as a result
of a test [3]. When n = 2, the property (B3) can be written as

P (A1 U Ag) > i (A1) + py (A2) — pp (A1 N Ag).
Hence, whether A1 N Ay = (),

1 (A1 U Az) > 11y (A1) + pg (Az).
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Thus, pp is a superadditive fuzzy measure and for each A € F
1> pp(A) + pp(A9).

Remark 21. Another way to define a believability measure is as follows. First, given a
non-empty set X, let p be a discrete probability measure on (p(X), p(p(X))) such that
p({0}) =0 and consider a basic probability assignment m defined as the function

m:p(X) — [0,1]
E — p({E}).

If this function satisfies that m(0) = 0 and Y pe,x) = 1 then, for all E € p(X), the
formula

FCE

determines a belief measure. Also, for E € p(X), a plausibility measure can be
determined by the formula

FNE#0D

Now, it will be shown that a believability measure p,, is a fuzzy measure.

Proposition 3.2.3. Every believability measure i, is a fuzzy measure.

Proof. By definition u,(0) = 0. To prove the monotonicity, let A, B € F such that A C B
and let C' := B\ A, then

,UB(B) = MB(AUC) > :UB(A) +/’LB(C) > MB(A)'

For each fuzzy measure p we can define its dual ;, through the following relation
py(A) == pu(X) — p(A°), forall A e F.

In particular, we have the following equality between plausibility measures j,, and believ-
ability measures.

Proposition 3.2.4. Let u, be a plausibility measure and let i, be a believability measure
on (X, F), then:

1. For all A € F,
pp(A) =1 = pg(A°).

2. orall Ae F,
tp(A) = py(A),

Proof. Let 11, be a plausibility measure on (X, F), i, be a believability measure on (X, F)
and A € F, then:
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1. From the alternative definition of believability measure and plausibility measure,

pp(A) = Y m(F)

FCcA
= Y m(F)= Y m(F)
FCX FZA
= 1- > m(F)
FNAc#D
= 1—pp(A9).
2. Since
o (A) +pp(A) 21 and 1 pp(A9) = py(4)
then
i (A) > 1 1, (A°) = 1, (A).
Hence,

pp(A) > pug(A), for all A e F.

As a consequence of the Proposition the following result arises.

Corolary 3.2.4. Every plausibility measure p, is a fuzzy measure.

Proof. Let u, be a plausibility measure. By definition, u,(0) = 0. Also if A € F then
0<l=pp(X)=pp(XUA) < p,(X)+p,(A); hence, 1, (A) > 0. Now, if A, B € F and
A C B then:

pp(A) =1—pg(A°%) <1 —pg(A°) = pp(B).

Hence, 1, is a fuzzy measure. ]

To finish this section, an example for these last measures is given.

Example 3.2.3 (Believability and Plausibility measure). Let X = {a,b}, F = p(X)
and p: p(X) — [0,00) be a function defined by

0 A=0
pA) =gt A€ {{a}, {b}}
1 A=X

where t € (0,1) fized. Then, p is monotonous and a fuzzy measure too. Note that u is a
believability measure whenever t € (0, %) and it is a plausibility measure when t € (%, 1).
Ift = 1, then we obtain a probability measure [3].

3.2.2 Transformations for fuzzy measures

In order to define two useful transformations, we are going to deal with the vector space
of set functions. First we will say that a transformation is a mapping V¥ : R2Y 5 R2Y
that assigns to a set function p another set function W#. If the transformation is linear
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and invertible then it induces a basis of the vector space of the set functions; conversely,
each basis induces a linear invertible transformation [28§].

The first transformation of interest is known as the Interaction transform which enables
the interpretation of fuzzy measures in multicriteria decision making context [28]. The
interaction transform of p can be expressed through its Mobius transform as follows:

)y =3 b_iﬂm“(B) A e p(X).

where a and b are cardinalities of subsets A and B, respectively and,

m(B) = Y (-1))P\PIu(D),  Be p(X).
DDB

The second transform of interest is the Fourier transform which is known in computer

science and defined by
1
FrA) = oo 3 (- (x);

KCX

where, |X| = n, A € p(X). The elements of the basis formed by this transformation
are called parity functions and form an orthogonal basis of the set of square integrable
functions on [0, 1] [28], where the inner product is defined by

(1.6) = 5 > HAYE(A);

ACX

where u(A) = > pcamt(B) and pu(A) = > pca m&(B). The convolution product
turns into an ordinary product, i.e.,

€ — RS :

where the convolution of two set functions is defined by

preim = S p((AUT)\ (ANT)ED).

A fuzzy measure p is k—additive (1 < k < n) if its interaction transform I* vanishes for
subsets of more than k elements and there is B C X such that |B| = k and I#(B) # 0.
The interaction transform has a clear interpretation in the context of multicriteria decision
making, therefore k—additive fuzzy measures are of particular interest. Indeed, k—additive
fuzzy measures are families of fuzzy measures which are of polynomial complexity instead
of the exponential complexity of general fuzzy measures [2§].

3.2.3 Another issues on Fuzzy Measures

In the context of decision making, by assuming we have a collection of criteria of interest,
we can use aggregation functions to combine several numerical values into a single one.
Common aggregator operators like the Arithmetic mean, the Weighted mean or the mode
are not capable to find interaction between criteria but, through t-norms and t-conorms
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like max or min we can express the structural relationship between criteria [3) 27, [39).
Also, we can obtain a very general formulation with the aid of fuzzy measures to represent
these relationships. The following theorem supports this last sentence.

Theorem 3.2.5 (Fundamental Theorem on Aggregation Measures [70]). Assume
that py, pa, - .., by are fuzzy measures on the measurable space (X, F). If Agg : [0,1]" —
[0,1] is an aggregation function, that is, Agg satisfies:

1. Agg(0,...,0)=0.
2. Agg(1,...,1)=1.

3. Agg(ai,...,an) > Agg(by,...,b,) whenever a; > b; for alli=1,2,... n.
Then, the set function p: o(X) — R defined by

u(A) == Agg(u1(A), j2(A), ... (). for all A€ p(X)

1s itself a fuzzy measure.

3.2.3.1 The Fuzzy Integral

Some of the applications of fuzzy measures and fuzzy integrals lay on branches of engineer-
ing or social sciences like: decision making, information recovery, data modeling, analysis
of patterns and attitudesand, classification [3]. Fuzzy integrals are integrals of a real func-
tion with respect to a fuzzy measure, by analogy with Lebesgue integral which is defined
with respect to an additive measure. There are several definitions of fuzzy integrals, among
which the most representative are the Sugeno’s integral [64] and Choquet’s integral [13].
The former is based on linear operators and has been applied in the subjective evaluation
of phenomena meanwhile the latter is based on no linear operators and has been used to
represent statistical measures like mean, median and L—estimations [3].

Let (X, F) be a measurable space and p : F — [0, 00) a continuous fuzzy measure then
we say that G represents the class of all finite non-negative measurable functions
defined on (X, F) and that f : (X, Fx) — (Y, Fy) is a measurable function whether
f~YB) € Fx for all B € Fy, ie., f~1(Fy) C Fx [5]. Additionally, for each f € G we
define, for o € (0, 00):

fa=f{e e X | fz) > a}, (3.8)
Jor ={z € X | f2) > 0} (3.9)

Since the rank of the considered functions is [0, 00), it is convenient the following notation
used in Arenas’ paper [3]:

inf f(x) = oo.

z€P
Definition 3.2.7. Let A € F and f € G. The Sugeno’s integral of f on A with
respect to p is defined by

/Afdu ;= sup min{a, (AN fa)}. (3.10)

a€[0,00)
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Fuzzy measures are considered to be a generalization of classical measures. The Sugeno’s
integral has been used to obtain the expected value of a random variable with respect
to a probability measure meanwhile the Choquet’s integral was proposed in 1954 as a
functional with respect to a fuzzy measure in order to study some problems in mechanics
[15, 28]. The Choquet’s integral arises in natural way from Lebesgue’s integral and has
been successfully applied in practical problems related to classification, image processing,
decision making under uncertainty and data modeling [3].

Definition 3.2.8. Let (X, F) be a measurable space and f € G, the collection of all finite
non-negative measurable functions defined on (X, F). The Choquet’s integral of f with
respect to the fuzzy measure p in a measurable set A is defined by

/Afdu—/ooou(Amfa)da. (3.11)

In order to show that if u is the Lebesgue measure, we must make that Choquet integral
coincide with the Lebesgue integral and we need the following alternative definition of the
Choquet integral.

Definition 3.2.9 (Alternative definition of the Choquet integral). Let 0 = ag <
ap < ag < - < ay and A; = {z | f(x) > a;}, fori = 1,2,...,n. We have that
A, C A, 1 C--- CA. Wedefine the Choquet integral of a function of the form

n

s=> (ai—ai_1)xa,

i=1

/sdu :sup/sdu. (3.12)
s€S

s<f

as

The following proposition says that both definitions given for Choquet integral are equiv-
alent.

Proposition 3.2.5. Let p be a fuzzy measure and f be a measurable function on (X, F),
then:

/OOO p({z | f(z) > a})do = Sup/sdu_

seS
s<f
Proof.
sup/sd,u = supZ,u(Ai)(ai —a;—1) (3.13)
sES s<fi21
s<f
= [ ulte | £@) > apyda (3.14)
The latter equality is because of being a Riemann integral. O

Now, the result mentioned above can be proved.

Theorem 3.2.6. If i is the Lebesgue measure then the Choquet’s integral coincides with
a Lebesgue integral.
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Proof. If 1 is the Lebesgue measure then, from the alternative definition we have that

p(Ai) = p(Aig1) + p(Ai \ i)

Then,

/sd,u = Z(ai—ai,l)u(Ai) (3.15)

=1

= Z%‘(M(Ai — 1(Aiv1) (3.16)
=1

= 3 a4\ Aigr) (3.17)
i=1

which converges to the Lebesgue integral and we get
/ sdy = / fdu.

Remark 22. The Choquet’s integral is similar to the Sugeno’s one because, in spite of p
1s not necessarily additive, it is generally nonlinear with respect to its “integrand”.

O]

There are other kinds of integral defined with respect to fuzzy measures. The Pseudo-
additive integrals and fuzzy {—conorm integrals which basically use as basis opera-
tors a continous t—conorm S and a uninorm U which is distributive with respect to S in
the following sense [28]:

U(wv S(ya Z)) = S(U(x7y)7 U(‘Tv Z));

for all z,y, z € [0,1] such that S(y,z) < 1.

The universal integral is a functional Z : M (X, F) x A(X,F) — [0, co], where M (X, F)
is the set of all fuzzy measures on (X, F) measurable space and, A(X, F) is the collection
of F—measurable applications (functions), satisfying the following axioms:

1. For any measurable space (X,F), its restriction to D := M(X,F) x A(X,F) is
nondecreasing in each place.

2. There exists a pseudo-multiplication ® such that for all (u,cZ24) € D, Z(u,cZ4) =
c® u(A).

3. If G,u,f = G,u’,f/ then Z(p, f) =Z(, f).

Sugeno’s and Choquet’s integrals are universal integrals [28].

3.3 Possibility Measure

In the stochastic theory, the available information is treated by means of probability
density functions; whereas in FuSeTh, this information might be modeled through mem-
bership functions which can be built by experts who indicate which elements have the
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highest or the lowest weight according to each expert’s knowledge or judgement [I5]. In
FuSeTh, a concept which has been widely studied is the possibility [3, [15] since Zadeh
introduced it but, due to its comparisons with probability theory, it has been frequently
questioned to this day. As we mentioned before, Shafer in 1976 introduced believability
and plausibility measures to support its evidence theory where one branch of it is the
possibility theory which was studied by Zadeh [93]. In the possibility theory possibility
measure and necessity one are defined as follows:

(AU B) = max{m(A),n(B)} (possibility).

n(AUB) =1-TI(A°) (necessity).

Also, it is remarked that n(A N B) = min{n(A),n(B)}; in other words, a possibility
measure is a plausibility measure with the condition n(A U B) = max{n(A),n(B)} and

a necessity measure is a believability measure with the additional condition 7(A N B) =
min{7(A),7(B)}.

Fuzzy Measure Theory is the mathematical theory for possibility distributions and a pos-
sibility distribution is a normal fuzzy subset of a crisp set X which is adopted as the
universe of discourse [6]. One of the discussions is related to the naive sentence “such
a fact is possible but unlikely” which suggest that a notion for possibility measure must
satisfy the principle of consistence [15]: “If (X, F) is a measurable space, A € F, w is a
possibility measure and P is a probability measure; then: w(A) > P(A)”.

Definition 3.3.1 (Possibility distribution). A possibility distribution © of a fuzzy vari-
able © on a set of possible situations X is a fuzzy set m : X — [0,1] such that exist an
element xo € X with m(xg) = 1.

A possibility distribution is a function that represents the knowledge of an expert in a
flexible way and aims to distinguish between what is expected and what is surprising,
what is the normal course of things from what is not. Thus, m(u) means the degree of
possibility of the assignment x = u which can be rejected as impossible when 7(u) = 0 or
can be totally possible whenever 7(u) = 1.

Let us consider a crisp set A C X then we can ask about what is the possibility degree of
x € A. Indeed, a natural question that arises is: Does z necessarily belongs to A7 Well,
the following definition aims to help us to answer it.

Definition 3.3.2. The possibility degree of x to belong to A is

m(A) := supm(z),
z€A

and, the necessity degree is

n(A) := IllelgN(ﬂ'(l')) = ;relg 1—7(A).

Note that in this case N(-) is the Standard negation.

As we said in the previous section, possibility theory involves two concepts: possibility
measure and necessity measure. They are defined below.

Definition 3.3.3. Let (X, F) be a measurable space. A possibility measure is a function
7 F — [0,1] satisfying:
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(Poss 1) ©(0) = 0.

(Poss 2) n(X) =1.

(Poss 3) A C B implies m(A) < 7(B).

(Poss 4) Let I ={1,2,...,n} be a set of indexes, then

(UA> =sup m(4;) = ax m(Ai).

il el

The previous definition and the next one were given by Garmendia in his work, we suggest
to read [26] for more details.

Definition 3.3.4. Let (X, F) be a measurable space. A necessity measure is a function
n:F — [0,1] satisfying:

(Nec 1) n(0) = 0.

(Nec 2) n(X)=1.

(Nec 3) A C B implies n(A) < n(B).
(Nec 4) Let I be a set of indexes, then

(ﬂA ) inf n(4;) = min n(4;).

el

Possibility measures and necessity measures are fuzzy measures, the former satisfies the
subadditivity property and for the latter it holds the superadditivity property.

Proposition 3.3.1. Let (X, F) be a measurable space and 7 : F — [0,1] andn : F — [0, 1]
be a possibility and necessity measure, respectively, then

1. 0(A) + 1(A9) < 1< m(A) + m(A°).
2. n(A) =0 implies m(A) = 1.
3. n(A) = 0 whenever m(A) > 1.
Proof. 1. Since 0 = min{n(A4),n(A¢)} and max{n(A4),n(A%)} < n(X), then
min{rn(A4), n(A%)} + max{n(A4),n(A°)} <nX =1.

Hence,

n(A) +n(A%) <1
On the other hand,

1 = max{n(A), 7(A°)} < max{m(A), 7(A°)} +min{m(A), 7(A°)} = 7(A) + 7(A°).

Thus, we have proved the desired.



CHAPTER 3. FUZZY MEASURE THEORY 80

2. Since, 0 = min{n(A),n(A°)} and ( ) > 0 we can conclude that n(A¢) = 0 but,
n(A°) =1—7(A). Hence, m(A) =

3. Since, 1 = max{m(A),7(A°)} an ( ) > 1 we can conclude that w(A¢) = 1 but,
m(A€) =1 —n(A). Hence, 77(A) =
O

Remark 23. Whether it is given a possibility measure w then, it introduces a possibility
distribution function ®, on X through its constraint to the elements of X, i.e.,

Or(2) = m({x}).

In fact, since 7(X) = 1 and since we can write X = |J {x}, we obtain 7(X) =
zeX

supm({x}) = 1. So there exist xg € X with m({zo}) =1 or equivalently, m(xg) =1

reX

Remark 24. Note that if A € F then:
1=7n(X)=n(AU A°) = max{m(A), m(A°)}.

0 =n(0) = m(ANA%) = min{n(A),n(A)}.

Another thing to remark is that a necessity measure can be obtained from a possiblity
measure by means the following equation [95]:

n(A) =1 — m(A°).
m(A%) = N(n(A)).

Proposition 3.3.2. Let ® : X — [0,1] be a possibility distribution then, it introduces a
possibility measure on X as follows:

For all A € F,
sup®(z) A#0
m(A) ;= { z€A
0 A=10.

Proof. For the proof, we adopt the convention 7(()) = 0 and because 7 is a distribution of
possibility then 7(X) = supw({z}) =1 [15].
zeX

Let {A;}ier C F then

v (UAZ> = sup{n(x) |z € UAl}
iel iel
= supsupm(z)
i€l x€A;
= supm(4;).
el

O]

In many practical problems is essential the existence of a way of transform probabilities
in possibilities and vice versa. All adopted methods to do it have in common that they
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satisfy the consistency principle, i.e., for all A € F, P(A) < 7w(A).

The simplest transformation given in literature are [15]:

m(x;) = )

and
m(w;)

Plo) = s oy

where X = {x1,22,...,2,} such that
l=m(z1) 2 7w(w2) =2 -+ = m(an)

and
1=P(x1) > P(z2) > -+ > P(zy).

3.3.1 Possibility Theory vs Probability Theory

Uncertainty-based information has been represented and dealt with terms of classical set
theory or probability theory; however there are some limitations and disadvantages with
the probabilistic method but now it can be well understood in terms of FuSeTh and tools
of Evidence theory (also know as Dempster-Shafer theory) like possibility and necessity
measures.

Fuzzy measure theory is interesting due to its three special branches: Probability theory,
Evidence theory and Possibility theory. Probability theory is a tool for formalizing un-
certainty in situations where frequencies are known or where evidence is based on results
of series of independent random experiments, provides a method for representing incom-
plete information but the probabilistic method has some disadvantages, for instance, the
probabilistic methods always require prior probabilities which are very hard to find out a
priori [33]. Evidence is often associated with only one possible event. Possibility theory
is a mathematical theory for dealing with uncertainty associated with the handling of
incomplete information and Zadeh introduced it to give a formal reasoning on imprecise
knowledge and make possible to deal with uncertainties related to. Possibility theory is
comparable to probability one since both are based on set functions. If we have enough
information about uncertainties and accurate predictive models, then probability is advan-
tageous. When making decisions under limited information it may be useful to consider
both probability and possibility of failure of the system. This section compiles some of the
main ideas given by Nayal [1] whose document discusses several differences and similarities
between probability measures and possibility.

Among the similarities we find that both probability and possibility measures are defined
on a set F C p(X) and they are used to model uncertainty. On the other hand, their
differences are much more visible; the Probability is a tool for formalizing incomplete
information since it is a measure of the frequency of occurrence of an event where the value
of each probability distribution are required to add to 1, it makes probability measure be
an additive one meanwhile the possibility is a tool for formalizing uncertainty due to it is
a measure used to quantify the meaning of an event whose its distribution requires that
the largest values be equal to 1, it makes possibility measures be subadditive ones.
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The table presents some of the more representative mathematical properties of prob-

ability and possibility theory.

Probability Theory

Possibility Theory

One type of measure as basis:
Probability measure (P).

It is held additivity, i.e.,

Unique representation of P by

P: X — [0,1] via the formula
P(A) = erA'
It is normalized by
D ex P(x) = 1.
Total ignorance: For all x € X
(@) = z7.
P(A)+ P(A°) =1

P(AUB) = P(A) + P(B) — P(AN B),

a probability distribution function

Two types of measures as basis:
Possibility measure (7) and
Necessity measure (7).

(AU B) = max{mr(A), n(B)}.
n(AU B) = min{n(A),n(B)}.

Unique representation of 7 by
a possibility distribution function
m: X — [0,1] via the formula

A) = .
m(A) = maxn(x)

It is normalized by
maxm(z) = 1.

zeX
Total ignorance: For all x € X
m(x) = 1.

m(A) + 7(A°) > 1,
n(A4) +n(A°) <1,
max{m(A), 7(A)} =1
min{n(A4),n(A%)} = 0.

TABLE 3.1. Basic mathematical properties of the probability theory and the possibility theory.



Cha pter

Theory of Fuzzy Computation

Numbers have played an important role in our culture and language but there are situations
where we might have to do complex computations that we cannot perform in our heads.
It motivates the invention of computing devices like the Turing machine, which is not only
considered the archetypal conceptual computing device but it has become in the basis of
modern computability theory [65]. Here we pretend to present these type of devices in
terms of the language of FuSeTh due to many researchers tend to confuse the notion of
fuzzy computation with fuzzy expert systems or other applications of the FuSeTh; see [65]
for more details about.

The main purpose of a given field of study is to contribute to knowledge [58] but a new
theory should not ignore the predictions or the results delivered by older theories [66].
Fuzzy sets were introduced to model cases or objects from another perspective and so, a
theory of fuzzy computation (TFC) is a theory whose purpose is to allow us to compute
in environments where one cannot precisely measure and it should enrich current theories
by including vagueness into them [65], in this part of the document we intend to seed the
idea that fuzzy computation should be considered an interesting field of study.

Fuzziness is not a linguistic phenomenon but a mathematical model of vagueness and the
fusion of computability theory with FuSeTh demands a good knowledge of both theories
[65]. In Chapter 1, the main concepts and results of FuSeTh are presented but here we
deal only with a model of computation where vagueness is described using FuSeTh: The
Fuzzy Turing Machine.

4.1 The Classical Turing Machine

In this section, we present some definitions and results that we reckon that help us to
understand the theory related to Turing machines.

We start by saying that an alphabet X is a nonempty finite set whose elements are called
symbols. Over the alphabet ¥, any finite sequence of symbols will be called string (or
word), the empty word will be denoted by A and the set of all strings over the alphabet
Y (including the empty string) will be denoted by ¥*. The concatenation of u,v € ¥*,

83
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denoted uw, is defined as follows:

U v=A,
uv =
ULUL * * * U V1V * ** Uy U = ULU * * * U, U = V1V * + * Up.

From this, for each n € N we can define the powers of a string recursively as:

A n =0,
n_
U =9uu---u n>1.
~——
n times

Also, over an alphabet 3, any finite or infinite subset L of ¥* (i.e., L C ¥*) is termed
language. Some operators over languages are based on set operations such that the union,
the intersection, the difference and the complement; others like concatenation, power and
the Kleene star are extensions of the string operations to languages and they are termed
linguistic operations.

Given an alphabet X, we can find the regular languages which are languages gener-
ated from the basic languages (), {\}, {a}, a € ¥ and the regular operations: union,
concatenation and Kleene star. It is important to observe that every finite language
L = {wy,ws,...,w,} is regular. In order to simplify the description of the regular lan-
guages, we use regular expressions which may not be unique. They are defined as
follows:

1. Basic regular expressions:
() is a regular expression that represents the language (.
A is a regular expression that represents the language {A}.
a is a regular expression that represents the language {a}, a € X.

2. Whether R and S are regular expressions over ¥, then their union (R U S), their
concatenation (RS or SR) and their closure (R* or S*) are regular expressions too.

The following examples let to understand some of the previous definitions.

Example 4.1.1. When it is considered the alphabet ¥ = {0, 1}, the language whose ele-
ments are all the even length strings and alternating zeros and ones is L = (01)" U (10)*.

Example 4.1.2. If we consider the alphabet ¥ = {0, 1,2}, the language whose elements
are all the strings not having two ones consecutive is L = ((0U2)*1(0U 2)T1(0 U 2)*)*.
The following result can be used to determine if a language L is or not regular.

Lemma 4.1.1 (Pumping Lemma). For every regular language L there exists a constant
n € Z* (depending only on L) such that every string w € L of length at least n (n is
called the “pumping length”) can be written as w = wvx (i.e., w can be divided into three
substrings), satisfying the following conditions:

1. |uv| < n, where |z| is the length of the string z, i.e. the number of symbols in the
string z.

2. v# A
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3. For alli € N, w'z € L.

Example 4.1.3. Let ¥ = {a, b} be the alphabet, a palindrome is a chain w such that
wf = w; for example, if we consider w = ababa and v = baba then w is palindrome
because w = ababa = wt but v does not since v = baba # abab = v*. So, the language L
of palindrome is not a regular one.

In effect, if L was reqular, there exists a pumping constant n. Let w = aba™ € L. Then,
we can rewrite w = uvxr where |v| > 1, |uv| < n and for all i € N, wviz € L. Thus, u and

v only have aes, i.e., there are r > 0 and s > 1 such that:

Then,
r = an—(r—i—s)ban — a" " 5ha".

By taking i = 0, it is concluded that ux € L, but
ur =a a" " *ba" = a" " *ba”.

Because s > 1, ur = a™%ba™ is not palindrome. This contradiction shows that L cannot
be a regular language.

An homomorphism is a function

h:¥ — I*
A=A
ayay---an +—  h(ay)h(az)---h(ay)

In other words, h transforms each symbol of the alphabet ¥ in a string of I'* where I is
another alphabet. If A : ¥* — I'* is an homomorphism then, for u,v € ¥* and A, B C ¥*
we have the following:

e o
> S
NN
=
L)
=
E =
=
=

Whether L is a regular language over ¥ then h(L) is a regular language over T

A finite automaton is an abstract machine that processes strings in order to accept or
reject them. It works by reading the symbols of a string one by one, from left to right.
This device has a control unit which has a finite number of internal configurations called
states (initial, halted or acceptance) and that always moves to the right. Formally a finite
automaton M is defined through five parameters as follows.

Definition 4.1.1. A deterministic finite automaton (DFA) M is a device charac-
terized by a quintuple M = (X, Q, q,, F, 6) that consists of the following elements:
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Y, the input alphabet. All the strings that M processes belong to 3*.
Q, a finite set of internal states (of the control unity).

q, € Q, the initial state.

0 £ F CQ, the set of halting (or accepting and rejecting) states.
0:Q x X — Q, the transition function (of the machine).

A non-deterministic finite automaton (NFA) is a finite automaton such that its
transition function is a mapping A : Q X ¥ — p(Q).

A string w is accepted if there exists a labeled path with the symbols of w such that starts
in g, and end ends up in an acceptance state. The language accepted by M is denoted
by L(M). The empty word A is accepted by a finite automaton M if and only if ¢, € F
and M accepts the string w = ajas - - - a,, if a sequence of states, rg,71, ..., ry, exists in @
with the following conditions:

1. rg = g,.

2. Fori=1,2,...,n—1,

' N (5(7“1', ai+1) if M is a DFA,
i q < A(Ti,ai+1) if M is a NFA.

3. r, € F.

We remark that DFA and NFA are computationally equivalent [16]. Additionally, finite
automaton can be represented through a diagram of transitions which is a labeled
digraph such that only acceptance paths are indicated and that follows the conventions of
the TABLE[L1

Figure Description

@ The state r. The vertices or nodes are the automaton states.

start H
The initial state g,.
The final state ¢, .
OO0
The transition 6(q, s) = p.

TABLE 4.1. Conventions to represent finite automaton.

Example 4.1.4. Given the alphabet ¥ = {a,b} and the language L = {a®*b¥ | i,j > 0}.
The FIGURE[;.1] shows an automaton M that accepts the language L.
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FIGURE 4.1. Automaton M that accepts the language L.

Another useful result to build an automaton that accepts two regular languages over the
same alphabet is the next one.

Theorem 4.1.1. Fori=1,2, let M; = (X, Qi,q,,, Fi, di) be DFA, then the DFA

M = (E)Ql X QQ’(qO1aqO2)7Fl X F275)

where

0:Q1 xQ2xXE — Q1 xXQ2
5(Qia‘]jaa) = (61(qiaa)352(Qjaa))

satisfies
L(M) = L(My) N L(My).

The word algorithm is a combination of the Latin word algorismus and the Greek word
arithmos. Algorithms help us to process data or information in a finite number of steps
which should be rigorously defined by specifying all possible circumstances that could arise
and making clear (and computable) the criteria for each case. Because an algorithm is a
precise list of precise steps, the order of computation and instructions are usually assumed
to be listed explicitly and are described as starting “from the top” and going “down to
the bottom” like in a flowchart. When there exists a decision algorithm, a problem is said
to be decidable or resolvable; if not then undecidable or unsolvable.

A generative grammar is a finite set of production rules summarized by the quadruple
G = (V,%, S, P) where V is a finite alphabet whose elements are termed variables or
nonterminal symbols (indicating that some production rule can be applied yet), ¥ is
another alphabet such that V N'Y = () and whose elements are called terminal symbols
(indicating that no production rule can be applied), S is an element of V' called start
symbol. Nonterminals are often represented by uppercase letters, terminals by lowercase
letters, and the start symbol by S. P is a finite subset of (VUX)* x (VUX)* of production
rules or re-writing rules; an element (v,w) € P is denoted v — w and means that v
can be replaced by w.

The language generated by a grammar G is the set L(G) = {w € ¥* | S == w}, where

u == v means that v is obtained from u through one or more production rules. Grammars
can be expressed by means of a derivation tree (parse tree); an ambiguous grammar
is a context-free grammar for which there exists a string that can have more than one
leftmost derivation or parse tree. The TABLE [.2] summarizes each of Chomsky’s types of
grammars, the generated language, the type of automaton that recognizes it, and the form
its rules must have.
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Grammar Languages Automaton Production rules
Type-0 Recursively enumerable Turing machine a—
(no restrictions)
Linear-bounded
Type-1 Context-sensitive non-deterministic aAB — avyp
Turing machine
Type-2 Context-free Non-deterministic A—
pushdown automaton
A—a
Type-3 Regular Finite state automaton and
A—aB

TABLE 4.2. The meaning of symbols is as follows:
a = terminal; o = terminal, non-terminal, or empty; 5 = terminal, non-terminal, or
empty; v = terminal or non-terminal; A = non-terminal; B = non-terminal.

For natural languages, like Spanish or English, it can be presented as phrases or sentences
allowed in written and spoken communication. The variables appear bounded into angular

parenthesis (), (Sentence) is the start variable of the grammar and the terminals are the

words of the language. Natural languages are almost ever ambiguous because there exist
many production rules and it causes that sentences can have several parse trees.

Example 4.1.5. A grammar for Spanish language is:

(Sentence(S))

(Subject)
(Direct Complement (DC))

(Indirect Complement (IC))
(Adverbial Complement (AC))

(Noun)

(Adjective (Adj))
(Preposition (Prep))
(Article (Art))
(Adverb (Adv))
(Verb)

_)

Ll

o~ o~ o~ o~ o~~~ o~ o~ o~ o~~~

1

A A A

Verb)(DC)(AC) |
Subject)(Verb)(IC)(AC)

Noun) | Juan | Omar | Ana | - -
Prep)(Art)(Noun) |
Prep)(Article) (Noun)(Prep)(Art)(Noun) |
rep) (Art)(Noun)(Prep)(Noun)(Adj)
Prep)(Art)(Noun) |
Prep)(Art)(Noun)(Adj) |
Prep)(Noun){Prep)(Noun)
rep)(Art)(Noun) |
rep)(Art)(Noun)(Adj) | (Adv)
Prep)(Art)(Noun)(Prep)(Art)(Noun)
house | dog | book | pencil | A | ---

R

red | blue | intelligent | evil | useful | X | ---
to | before | under | with | in | into | A | ---

the | a| an | some | A

very | much | many | few | slowly | fast | A | ---

write | wrote | written | close | closed | A | - -
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Definition 4.1.2. A pushdown automaton M is an septuple M = (Q, q,, F, X, T, z,, A)
that consists of the following elements:

Q, a finite set of internal states (of the control unity).

qo, the initial state.

0 £ F CQ, the set of halting (or accepting and rejecting) states.

>, the input alphabet.

I, the working of tape alphabet. It satifies (X CT').

z, € '\ X, the initial stack symbol.

0:Qx (BU{A}) xT' = Q x T, the transition function (of the machine).

A non-deterministic pushdown automaton (NPA) is a pushdown automaton such

that its transition function is a function A : Q x ¥ — ©,.(Q x '), where . (Q x I'*) is
the set of finite subsets of the Cartesian product (@ x I'*.

A pushdown automaton reads a given input string from left to right. In each step, it
chooses a transition by indexing a table by input symbol, current state, and the symbol
at the top of the stack. A pushdown automaton can also manipulate the stack as part
of performing a transition. The manipulation can be to push a particular symbol to the
top of the stack, or to pop off the top of the stack. The automaton can alternatively
ignore the stack, and leave it as it is. The FIGURE [1.9] illustrates the working of this type
of automaton.

finite top
control |0
— CH
state .
A :
input tape
stack

FIGURE 4.2. A diagram of a pushdown automaton.

Turing machines form the core of computability theory or recursion theory [65] and are
models of automata with maximal computability ability: the control unity can move at
the left or at the right and overwrite symbols in the input tape. The definition that follows
is taken from De Castro’s book [16].

Definition 4.1.3. A Turing machine M is a device characterized by a heptuple M =
(Q,q,, F,2,T,_,0) that consists of the following elements:

Q, a finite set of internal states (of the control unity).

qo, the initial state.
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0 # F CQ, the set of halting (or accepting and rejecting) states.

>, the input alphabet.

T, the working of tape alphabet. It satisfies (X C T).

- €T\ X, the blank symbol.

0:QxTI'—=Q xT x D, the transition function (of the machine), where D := {<, —}.
A Turing machine M processes input strings w € X* and to perform such a process, the
control unity of M is in the initial state ¢, scanning the first symbol of w. The Turing

machine M decides a language L if for any word w € ¥* either w € L and M accepts w
or w ¢ L and M rejects w. Thus, the formal language decided by some Turing machine is

L(M) :{w e X" | M accepts w}.

The transition function ¢ of a Turing machine M can be represented through a labeled
digraph. For instance, the representation of the transition d(¢q,a) = (p,b,—) is shown in
the FIGURE [L3

alb—

()

FIGURE 4.3. Transition.

In the following example (taken from [16]) a Turing machine M is built in order to accept
a language and to stop up to every input is processed.

Example 4.1.6. Let L = {a’b'c’ | i > 0} be a language. It is a recursive language
and It cannot be accepted for any pushdown automata. let M be a Turing machine with
parameters

{a,b,c}
= {a'7 b: C7X7 Y7 Z7 u}
{q0> q1,492, 43, 44, CI5}

= {as}

and whose transition function is represented in FIGURE|4.4

HO H M
1

Since Turing machines have the ability of transform the input strings by erasing or over-
writing symbols, they can be used as devices to compute functions [16]. Formally, a
Turing machine M = (Q, q,,q,,%,T’,-,d) computes a function h : ¥* — I'* whether for
all w € ¥* we obtain g,w F* gq,v whenever v = h(w). If there is a Turing machine
that computes the function h, we say that h is a Turing-computable function. This
notion can easily be extended to functions of several arguments. Specifically, a function
h of k arguments is Turing-computable if for each k—uple (w,,w,,...,w,) we have that
QoW, W, ... 2w, ¥ gqv whenever v = h(w,,w,,...,w,).

Another important point of view of the Turing machines is its ability to generate languages.
A Turing machine M = (Q, q,, F, %, T, _,0) generates the language L C ¥* whether:
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YY—
Z\Z—
h -
J] ala+
J\ b|b—
ala— blb— Y|Y+
VY — Y|y — 7|2 7|2

start —( 4

al X — //Cl\ b|Y —
D ”

X|X—

FI1GURE 4.4. Turing machine.

1. M starts to operate with the blank tape in the initial state g,.

2. Each time that M returns to its initial state g,, there exists a string v € L written
in the tape.

3. All the strings of L are generated by M.

The next example presents a Turing machine that generates all the strings of zeros and
ones in lexicographic order.

Example 4.1.7. A Turing machine M such that gener-
ates  the  strings of zeros and ones in  lexicographic  order, i.e.,
0, 1, 0o, 01, 11, 000, 001, 010, O11, 100, 101, 110, 111,0000, 0001, ... s

presented in FIGURE[4.5,

Note that designing a Turing machine is similar to writing a computer program since
transition function of a Turing machine is just a set of instructions. The Church-Turing
thesis says that every algorithm can be described through a Turing machine.

4.2 Extensions of the Turing Machine

In this subsection, we will briefly present three standard extensions of the Turing machine:
nondeterministic and probabilistic; see [65] for more details.

Definition 4.2.1. A nondeterministic Turing machine N is a Turing machine where
the transition function § is replaced by a function A : Q@ x T' = p(Q x I' x D), where
D = {«, t, —}. The accepted language by this device is

L(N)={w € X" | N accepts w}.

Remark 25. There are several ways to process a string and it is accepted whenever there
exists a string processing which ends up in acceptance state.
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FI1GURE 4.5. Turing machine M such that generates the strings of zeros and ones in lexicographic
order.

Santos introduced the probabilistic Turing machine as a probabilistic extension of ordinary
Turing machines [54]. Here we give the generalized definition of a probabilistic Turing
machine presented by Santos in [56].

Definition 4.2.2. A probabilistic Turing machine (PTM) P is a quintuple P =
(S,B,Q,p,h), where:

S, the set of symbols that the machine can print (printing alphabet);
B, an auxiliary alphabet;
Q, the set of internal states. It satisfies SNQ = 0;

p:QxUxVxQ—[0,1], a function that gives the probability of the next action, where
U=SUB,V=UUQUD, -¢UUQ,T¢UUQ and +¢ U UQ.

h:Q — [0,1], a function that gives the probability that the initial state is q.

Additionally, the functions p and h must satisfy the following conditions:

(i) For every g € Q, u €U, 37 v > yeqP(q,u,v,q") = 1; and
(it) 3 geq la) = 1.

The function p s called the transition function and h is termed the initial distribu-
tion.

An expression of this machine is an element of the set (SUBUQ)*. A PTM is deterministic
if and only if the range of p and h is the set {0,1}. For a PTM P, we take a similar approach
likewise a deterministic Turing machine by generalizing the idea as follows.
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Let ay,a9,b € S and y,z € S*. Then, a configuration C; probabilistically yields
Cy with probability p if C1 = yqiaiasz, Cy = ybgeasz and p(q1,a1,q2,b,—) = p or if
C1 = yasqrarz, Cy = yqeagbz and p(qi,a1,q2,b,<) = p, i.e., a configuration Cy prob-
abilistically yields a configuration Cy with probability p if the probabilistic transition
function maps the two configurations to p. Let T' = {Ty,T%,...,T,} be the set of all
possible computational paths of P on input w and let a path T; consist of a sequence of
configurations C; 1, Cj2, ..., C;1,. We say that path T; accepts w with probability pr, if

1. C; 1 is the start configuration of P on input w,
2. each C; ; probabilistically yields C; ;11 with probability p;,

3. (i, is an accepting configuration,
4 pr, =11, 05

Let A C T be the set of accepting paths of P. Then, we say that PTM P accepts string
w with probability p(w) =" c 4 pe-

4.3 The Fuzzy Turing machine

A number of everyday activities can be viewed as fuzzy algorithms which might contain
fuzzy commands. For instance, instructions on how to treat a disease or cooking recipes.
Executing fuzzy commands can be done by associating their fuzzy sets with collections
of probabilities which are proportional to membership degrees and then to employ some
probabilistic method to execute these commands [65].

Zadeh suggested that a fuzzy variant of Turing machine should be defined in order to char-
acterize fuzzy algorithms since the identification of an algorithm with a Turing machine
restricts the applicability of the notion of an algorithm. Since Turing machines accepts
a formal language, any fuzzy Turing machine should be able to accept a fuzzy language.
But, what a fuzzy language is? The following definition gives the answer.

Definition 4.3.1. A fuzzy language A over an alphabet ¥ is a fuzzy subset of X*.
Hence, if w € ¥*, then A(w) is the grade of membership that indicates how much w is a
member of the language.

The following example helps to understand the previous definition.

Example 4.3.1. Consider the set that includes all the sequences of zeros followed by one
L={0'1|i#j andi,j > 0}

and the following function

<.

1> 7,

otherwise.

A(0°17) = {ﬁ

S

Both defines a fuzzy language.
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Now, let A1 and As be two fuzzy languages over X, for all w € ¥* the union, intersection
and concatenation of A; and Ay are defined by

A UA(w) = max{A;(w), As(w},
A NAy(w) = min{A;(w), As(w},
A As(w) = max {Ifrellzrl{Al(u), Ay(v} |w = uv}

respectively; see [65]. Also, if A is a fuzzy language in X, then, the Kleene clousure of
A is the fuzzy subset A* of ¥* defined by

A" := maxA"(w),
neN

n—times
HR
where A"(w) := A--- A(w).

A fuzzy grammar is a cuadruple G = (£,,%,, P,s) where ¥, and ¥, are disjoint sets
of symbols; P is a set of fuzzy production rules and s € ¥ is the starting symbol. The

elements of P are expressions of the form o % 3, with p > 0 and «, 8 € (X, UX,)*" and
p is the plausibility degree that « can generate (3.

Santos was the first researcher to give a formal definition of a fuzzy Turing machine; see
[55]. In this text, we present the most general version of the definition o a fuzzy Turing
machine: the Turing W-machine.

Definition 4.3.2. A Turing W-machine M is a device characterized by an heptuple
M = (E7V7F7Q7Faq07p)7
where:

>, the set of input symbols.

V, the set of output symbols.

I’y the set of tape symbols.

Q, the set of states.

F CQ, is the set of terminal states.
qo, tnitial state.

p: FxQ—Qx(TUD), a W—function where D := {«+, t, —}; neither <, 1, and —
belongs to T'; and, for every s €T and ¢’ # q, p(¢', 7] s,q) = 0.

In general, p(q’, 2 | ¢, q) expresses the plausibility of what happens next provided that the
machine is in state ¢ and the tape symbol ¢ is scanned.

A w—function from A to B, where A and B are nonempty sets, is a function from A x B
to an ordered semiring W; such a ordered semiring is a cuadruple W = (W, ®, ®, <)
where W is a nonempty set, ® and ® are binary operations on W and, < is a partial
ordering relation on W safisfying the following conditions:
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(i) For all z,y,z € W

rPy = yoduz,

rRYy = Yy,
P (ydz) = (zDy) Dz,
rR@YRz) = (Ty)Q 2z,
t®(Yydz) = (Y & (E®a2).

(ii) There are 0,1 € W such that for all x € W

r®0 =

r®1l =
(iii) For all z,y € W

r < @y

y < TDy.

Whether f is a W —function from A to B. Then, f is computable if and only if there
is a Turing W —machine M = (3, V,T',Q, F, q,,p) such that A = ¥*, B = V* and, for all
x€Aandy € B, f(y|x) = M(y | ). In addition, we say that f is computable by M
or, equivalently, M computes f.

On the other hand, Claudio Moraga proposed a machine with fuzzy states and symbols
[40].

Definition 4.3.3 (Moraga’s fuzzy Turing Machine). A fuzzy Turing Machine M
s a sextuple

MZ(szv(sauaqmF)

where

Y : U, — [0,1], is a normal fuzzy subset of symbols, where U, is a universe of symbols
and h € Uy, is a special symbol such that ¥(h) = 1.

Q:U, — [0,1], is a fuzzy subset of states, where U, is a finite universe of states.
_ 18 the blank symbol.
q, 15 the initial state.
F C Q, is the set of halting or accepting and rejecting states; and

0:Q XX —Q, xX, x D is the transition function, where D := {«+, t, —}.

Because of a fuzzy set A : X — [0, 1] can be charcterized by a subset of the Cartesian
product A, x [0, 1], the function ¢ is alternatively expressed like:

d:(Q, x[0,1]¢) x (£, x[0,1]¢) = Q, X ¥, x D

where [0, 1]¢ C [0, 1] includes only the classical computble numbers [65].
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We remark that by replacing § with the relation
AC(Q, x[0,1]¢) x (3, x[0,1]¢) x Q, X 3, x D

one can obtain a nondeterministic version of the fuzzy Turing machine [65]. Unfortunately,
this model is unrealistic [65] nevertheless, Moraga introduced another form of fuzzy Turing
machine which is described below.

Definition 4.3.4 (Moraga’s fuzzy Turing W-—-Machine). A fuzzy Turing
W —machine M is a sextuple

M:(QaEa&u’qan)

where

Y., the input alphabet.

Q, a finite set of states such that XN Q = ().

q, € Q, the initial state.

F C Q, is the set of halting or accepting and rejecting states,

0 C(QxX)x(QxXx D) is the transition function, where D := {<, 1, —}; and

Oy (@ xX) x (Qx X xD)—[0,1]¢ is a function that assigns a plausibility degree to
each transition of the machine.

The definition that follows was proposed by Wiedermann [73] and it is considered the
most complete and general definition of a fuzzy Turing machine [65].

Definition 4.3.5 (Wiedermann’s Fuzzy Turing Machine). A nondeterministic
fuzzy Turing machine with a unidirectional tape is a nonuple

§=(Q, I, 1,A, ., q,qf, 1, \)

where,

Q is a finite set of states.

I' is a finite set of tape symbols.

I is a set of input symbols, i.e., I CT.

A is a transition relation, i.e., A C Q xI'x Q@ xI' x D, where D := {«+, {, —}.
- € I\ is the blank symbol.

q, nitial state.

q; final state.

W is a fuzzy relation on A, that is, p: A — [0,1], and

A 18 a T-norm.
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When 7y is a fuzzy subset of Q and p is a partial function from Q xI'x D, then the resulting
machine is o deterministic fuzzy Turing machine.

When a machine starts with input some string w, the characters of the string are printed
on the tape starting from the leftmost cell; the scanning head is placed atop the leftmost
cell, and the machine enters state ¢,. If

a9 Qp—1

SoE S E Sk S,

then S, is reachable from Sy in n steps. Assume that S, is reachable from Sy in n steps,
then the plausibility degree of this computational path is

1 n=2~0
D((S0, 81, ..., Su)) =14
(50, 51 ) {D((So,Sl,...,Sn_l*an_l)) n > 0.

Obviously, the value that is computed with this formula depends on the specific path that is
chosen. Since the machine is nondeterministic, it is quite possible that some configuration
S, can be reached via different computational paths. Therefore, when a machine starts
from Sy and finishes at 5, in n steps, the plausibility degree of this computational path,
which is called a computation, should be equal to the maximum of all possible computation
paths:

d(Sn> = max D ((S(), Sl, ces 7Sn)) .

In different words, the plausibility degree of the computation is equal to the plausibility
degree of the computational path that is most likely to happen.

Assume that a machine starts from configuration Sy with input the string w. Then, a
computational path Sy, S1,..., Sy, is an accepting path of configurations if the state of
Sm is ;. In addition, the string w is accepted with degree equal to d(Sp).

Definition 4.3.6. Assume that § is a fuzzy nondeterministic Turing machine. Then, an
input string w is accepted with plausibility degree e(w) by § if and only if

e There is an accepting configuration from the initial configuration Sy on input w; and

e ¢(w) = maxg {d(S) | S is an accepting configuration reachable from Sp}.

Also,

Definition 4.3.7. The fuzzy language accepted by some machine § is the fuzzy set that
is defined as follows:

L(F) = {(w,e(w)) | w is accepted by § with plausibility degree e(w)} .

The class of all fuzzy languages accepted by a fuzzy Turing machine, in the sense just
explained, with (classically) computable T—norms is denoted as ®.

To end this chapter, we mention that a fuzzy algorithm is a collection of fuzzy instructions
which are orderly executed to yield an approximate solution to a given problem. For Zadeh,
an algorithm is fuzzy when its variables range over fuzzy sets, regardless of whether they
are finite or uncountable infinite sets and, he suggests that a fuzzy variant of the Turing
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machine should be defined in order to characterize fuzzy algorithms. He noted that the
state of a Turing machine at time n+1 depends on the state and the symbol being scanned
at time n, that is,

where ¢ and S™ are variables ranging over the set of states and the set of tape symbols,
respectively. This implies that (¢"!,¢", S") is an element of a subset of @ x @ x I'.
In the fuzzy setting, this relation should be replaced by a fuzzy one. Thus, each triple
(g™t ¢", S™) is associated with a factual degree. In different words, there is a feasibility
degree to which the machine will enter state ¢"*! when in state ¢” and the scanning device
has read the symbol S™ [65]. This leads to think that every fuzzy Turing machine defines
a fuzzy algorithm.



M

Conclusions.

e This document can be seen as an introduction to three branches of fuzzy math-
ematics: Fuzzy logic, Fuzzy measure theory and the theory of fuzzy computation.
Several ideas from different authors were collected in order to present a self-contained
work that intends to motivate readers to explore and research in this new branch of
mathematics.

e Fuzzy sets theory is a very important field of investigation, as much its mathematical
implications as their practical applications. Fuzzy math is not fuzzy as it is believed
and it is suitable for imprecision and approximate reasoning inasmuch as it tries
to formalize, for instance through the fuzzy numbers, the capability to perform
a wide variety of physical and mental tasks without any measurements and any
computations.

e Fuzzy sets have been successfully applied in a huge number of applications in the
world since they let us deal with a wide variety of phenomena by letting us convert
complex systems into simpler ones. Fuzzy models do not have the purpose of replac-
ing stochastic methods but to provide another way of handling uncertainty because
of lack of data or the use of linguistic variables.

e As a result of this work a paper, titled Fuzzy sets: A way to represent ambiguity
and subjectivity arose and was published in Boletin de Matematicas in 2017 [46]. In
that paper the author exposes some of the basics notions of Fuzzy Mathematics, a
branch of mathematics which has been in a continuous development for the last fifty
years.
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Future work.

e Study and develop applications of the fuzzy sets in fields like: Decision Making
Problems, Fuzzy Logic, Fuzzy Control, Fuzzy Analysis, Fuzzy Algebra and so on.

e In the field of Mathematical Analysis, study and to develop methods that approx-
imate the solution of Fuzzy Differential Equations (FDEs) like FDEs with Delay,
Hybrid FDEs, Fuzzy Stochastic Differential Equations or Fuzzy Differential Inclu-
sions. Also, the solutions of Partial Differential Equations via fuzzy methods like
the adaptative ones.

e Study and develop ways to use fuzzy systems to model real-world problems.
e Develop ways of constructing automata that generate fuzzy languages.
e Study the topology of the collection of the fuzzy numbers, o (R).

e Study the Fuzzy integral and its applications to solve real-world problems.
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