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Title in English

Some remarks about the fusible property of noncommutative polynomial extensions

Titulo en espainol

Algunas observaciones sobre la propiedad fusible de extensiones polinomiales no conmu-
tativas

Abstract: In this work, we focus on three objectives: first, we investigate fusible prop-
erty on skew PBW extensions, recognizing conditions that guarantee the property for this
family of algebras. Later, we turn our attention to the study of two very important ring
families: the weak 3-rigid rings defined in [RS18b] and (X, A)-compatible rings introduced
in [HKA17] and [RS18a], respectively. We establish several results that characterize some
important elements such as units, nilpotents, idempotents and zero divisors in skew PBW
extensions over (X, A)-compatible rings. We extend some descriptions of these elements
presented for skew polynomial rings in [HHA17]. The study of these elements leads us
to find a more general notion of annihilator, for which we investigate analogous proper-
ties to those that define the Baer, quasi-Baer, p.p and p.q.-Baer rings, extending some
results presented in [OB12]. Finally, having in mind a more general concept of associated
prime ideal presented in [OB12], we study this generalization of the associated primes and
eventually characterize these ideals in skew PBW extensions over (X, A)-compatible rings.

Resumen: En el presente trabajo, nos enfocamos en tres objetivos: primero, investigamos
acerca de la propiedad fusible sobre extensiones PBW torcidas, reconociendo condiciones
suficientes que garanticen dicha propiedad para esta familia de dlgebras. Después, cen-
tramos nuestra atencion en el estudio de dos familias de anillos muy importantes: los
anillos débil X-rigidos definidos en [RS18b] y los anillos (X, A)-compatibles introducidos
en [HKA17] y [RS18al, respectivamente. Establecemos resultados que caracterizan algunos
elementos importantes como unidades, nilpotentes, idempotentes y divisores de cero en
extensiones PBW torcidas sobre anillos (X, A)-compatibles. Extendemos de esta forma
algunas descripciones presentadas de estos elementos en anillos de polinomios torcidos en
[HHA17]. El estudio de estos elementos nos lleva a encontrarnos con una nocién mas
general de anulador para la cual investigamos propiedades analogas a las que definen a los
anillos de Baer, quasi-Baer, p.p and p.q.-Baer en extensiones PBW torcidas, extendiendo
algunos resultados presentados en [OB12]. Finalmente, teniendo en mente un concepto
més general de ideal primo asociado presentado en [OB12], estudiamos esta generalizacién
de los primos asociados y eventualmente caracterizamos dichos ideales en extensiones PBW
torcidas sobre anillos (X, A)-compatibles.

Keywords: Fusible property, skew PBW extension, weak Y-rigid ring, (X, A)-compatible
ring, unit, nilpotent, zero divisor, idempotent, weak annihilator, associated prime ideal.

Palabras clave: Propiedad fusible, extension PBW torcida, anillo débil Y-rigido, anillo
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Introduction

In 1990, Faith and Pillay [FP90] studied the commutative rings for which the FPF property
is satisfied (every finitely generated faithful module is a generator for the category R-
Mod of all right R-modules) and as a consequence, they showed a characterization of the
commutative rings for which the set of zero divisors of a commutative ring R is an ideal.
In [GM16], the following important statement is made: if the set of zero divisors is not an
ideal in the ring R, it must be because some zero divisor element can be written as the
sum of a zero divisor element and a nonzero divisor element. These rings that accept a
type of decomposition as we mentioned previously are called Fusible rings. Great variety
of results that relate fusible rings with structures studied in the theory of noncommutative
algebra. As examples of these structures that are related, we have the p.p. rings and p.q.
Baer rings.

Kaplansky [Kap65] introduced the Baer rings which satisfy that the right (left) anni-
hilator of every nonempty subset is generated by an idempotent. Closely related to Baer
rings are the p.p. rings. A ring R is called a right p.p. ring, if the right annihilator of
each element of R is generated by an idempotent. Birkenmeier [BKPO01] defined a ring to
be called a right (left) principally quasi-Baer (or simply right (left) p.¢.-Baer) ring, if the
right annihilator of each principal right (left) ideal of R is generated by an idempotent.

These concepts have their roots in functional analysis, having close links to C*-algebras
and von Neumann algebras. Large classes of rings satisfying the Baer property examples
include von Neumann algebras and the endomorphisms rings of semisimple modules. Ex-
amples of p.p. rings also include large classes, such as all Baer rings (see [Ber10]). The
previous observation shows the importance of the study of the idempotent elements and
the notion of annihilator to know the structure of a ring. Motivated by all of the above and
following the same ideas, Ouyang [Ouy10] introduced the notion of nilpotent annihilator
as a generalization of annihilators and the notion nilpotent p.p. rings. A ring R is said to
be a nilpotent p.p. ring, if the nilpotent annihilator of each element of R does not equal
R, then it is generated as a right ideal by a nilpotent.

The study of fusible property and rings Baer, p.p. rings, and right p.q. Baer is related
to the identification of some important elements in a ring such as units, idempotents,
nilpotents, etc. In the literature, we can find that an important work has been to charac-
terize the elements in a polynomial ring. In the commutative case, Atiyah and Macdonald
[AMG69], p. 10-11, presented a complete characterization of these elements for polynomial
rings. In [HHA17], the authors characterize some elements in a skew polynomial ring on
a right duo ring.

11



INTRODUCTION IV

In the works mentioned above, we note that the compatibility condition on the co-
efficient ring and some conditions on the set of nilpotent elements are a key part in the
development of these investigations.

In [OB12], some results were presented which established sufficient conditions to guar-
antee that properties analogous to those of rings Baer, p.p. rings, and right p.q. Baer are
stable on skew polynomial rings. Additionally, in this work a very important concept in
algebra is studied, such as the notion of associated prime ideal. More generally, based on
the notion of weak annihilator, a more general concept of associated prime ideal is defined
and, as a main result, these ideals for skew polynomial rings are characterized.

The main objects of study in this work are skew PBW extensions. This family of rings
was introduced by Lezama and Gallego [GL11] with the intention of studying a broader
family of algebras and constructing a Grdebner bases theory for its ideals. Skew PBW
extensions are an interesting generalization of the PBW extensions introduced by Bell and
Goodearl [BG88] and the skew polynomial rings of injective type defined by Ore [Ore33].

We establish the structure of our work as follows: In Chapter 1, Section 1.1, we study
fusible property by doing a detailed study of some notions and propositions initially stated
in a commutative context. Next, we study fusible property and its different connections
in noncommutative algebra. Many of these definitions and facts are introduced in [GM16]
and [KM19]. In Section 1.2, we mention skew polynomial rings, investigating their most
important properties and relations with fusible rings. Finally, in Section 1.3, we study
PBW extensions as a motivation to study our objects of interest.

In Chapter 2, we present some of the main results. In Section 2.1, we introduce skew
PBW extensions, carrying out a study of some of their properties and interesting results
that relate the filtration-graduation technique and the Goldie’s theory. In this section, we
also present some results obtained that relate the fusible property with this family of rings.
In Section 2.2, we study the X-rigid and weak ¥-rigid rings. These rings were introduced in
[Rey15] and [RS18b], respectively. We investigate some of their properties and characterize
some elements in these extensions. In Section 2.3, we study (X, A)-compatible rings. This
family of rings has been studied in [HKA17] and [RS18a]. We present some properties
already known in the literature and carrying out a similar treatment to characterize certain
elements of the skew PBW extensions on these rings. Our original results contribute to
the study developed in [HHR20], [RS19b], [LR20b] and [RS20].

Later, in Chapter 3, we present the notion of weak annihilator, which was introduced
in [OB12]. We study some important properties of this concept and extending several
results that relate this notion to skew PBW extensions. Finally, we investigate a more
general notion of associated prime ideals and characterize these ideals in a skew PBW
extension over (X, A)-compatible rings. The main result of this section extends the work
done in [OB12] for skew polynomial rings over (o, d)-compatible rings and also partially
generalizes the characterization of associated prime ideal for skew PBW extension over
(3, A)-compatible modules presented in [Raml19]. Again, the results presented in this
section are new for skew PBW extensions, and coincide with results presented in [OB12].

All results are new for skew PBW extensions and all they are similar to others existing
in the literature. It is important to say that all new results established in this work have
been submitted for publication.



INTRODUCTION A\

Notations and conventions. Throughout this document, all rings are supposed to be
associative with identity and unless stated otherwise, noncommutative. Further, k denotes
a field and M, (R) denotes the set of matrices of size n x n with entries in a ring R. The
symbols N, Z, Q,R and C denote the usual numerical systems.

Further, if we consider an element r of a ring R, the subsets [r(r) = {a € R | ar =0}
and rr(r) = {a € R | ra = 0}, denote the left annihilator and the right annihilator of r in
R, respectively. If rr(r) # 0, we say r is a left zero divisor; otherwise, it is a left nonzero
divisor (similarly, the right case is defined). Let Z;(R) denote the set of left zero divisors
and Z;(R) denote the set of left nonzero divisors of R. Analogously, the right case is
defined and it is denoted by Z,(R) and Z(R), respectively. In a commutative ring, it is
satisfied that Z,(R) = Z(R) = Z,(R), where Z(R) denotes the set of zero divisors. We
use U(R), Idem(R), nil.(R), nil(R) to denote the set of all unit elements of R, the set of
all idempotent elements of R, the prime radical, the set of all nilpotent elements of R,
respectively. A ring R is called 2-primal, if nil,(R) = nil(R). In addition, a ring R is NI,
if nil(R) forms an ideal. Some of these notions are defined and studied in Appendix A.1.



CHAPTER 1

Fusible rings

In this chapter, our purpose is to study fusible rings and some families of polynomial
rings that are the object of study throughout this work. In Section 1.1, we investigate
fusible property in different algebraic objects. For this, we have organized and presented
some of the most important results that relate the fusible property in commutative and
noncommutative contexts. These facts are taken and adapted from the works [GM16] and
[KM19]. In Section 1.2, we introduce skew polynomial rings. This family of rings has as
examples a great variety of noncommutative rings of the polynomial type. We investigate
some of the most important algebraic properties that have been studied in the literature
on these objects. Finally, in Section 1.3, we present the PBW extensions which arise as a
generalization of certain families of algebras which satisfy the PBW theorem (see [BG88]).
These class of rings are an important motivation for us throughout this work.

1.1 Fusible rings

In this section, we present the notion of fusible ring, which was introduced by E. Ghashghaei
and W. McGovern in [GM16]. In addition, we also state a generalization of fusible rings
presented by M.T Kosan and J. Matczuk in [KM19]. We study important properties of
these two families of rings and their important relationships with different algebraic objects
presented in the literature. An interesting parallel is made between fusible property in
the commutative and noncommutative fields. The different results are taken and adapted
from [GM16] and [KM19].

We begin with the formal definition of the central concept of this work.

Definition 1.1.1 ([GM16], Definition 2.1). Let R be a ring. We call a nonzero element
a € R left fusible, if it can be expressed as the sum of a left zero divisor and a nonleft
zero divisor in R. We call a ring R left fusible, if every nonzero element of R is left
fusible. Right fusible rings are defined analogously. A ring R which is both right and
left fusible is called fusible ring.

The following examples are adapted from [GM16], Remark 2.2.
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Examples 1.1.2. We present below some examples of fusible rings.

(i) Recall that r € R is called regular, if r is not zero divisor. Thus, every regular
element has a trivial left fusible representation given by r = 0 + r. Therefore, it is
left fusible. Analogously, it is right fusible. A ring where every element is regular is
known as a domain. Thus, every domain is a fusible ring.

(ii) An element e € R is said to be idempotent, if €2 = e. Every idempotent element
has a left fusible representation given by e = (1 — e) 4+ (2¢ — 1). Therefore, every
Boolean ring is a fusible ring. Recall that R is called Boolean ring, if > = a, for
all a € R.

(iii) Recall that a ring R is said to be special almost clean, if each element a can be
decomposed as the sum of a regular element r and an idempotent e with aRNeR = 0
(see [AV13], p. 851). Thus, every special almost clean ring is fusible.

Remark 1.1.3. L. Gillman and M. Jerison [GJ60] studied algebraic properties of the ring
of continuous functions at real value C'(X,R), and the ring of continuous functions and
bounded to real value denoted as C*(X,R), both rings defined on a topological space X
arbitrary. Following the ideas presented in [GJ60], it was shown that for any topological
space X, C(X,A) is a fusible ring, where A subring of R (see [GM16], Theorem 4.3).

Now, we introduce the notion of unit fusible ring. This family of rings is contained in
the class of fusible rings. The following definition is adapted from [GM16], Definition 5.1.

Definition 1.1.4 ([GM16], Definition 5.1). A nonzero element of a ring R is called left
unit fusible, if it can be expressed as the sum of a left zero divisor and an unit in R. A
ring R is called left unit fusible, if every nonzero element of R is left unit fusible. A ring
which R is both right unit and left unit fusible is called unit fusible.

Examples 1.1.5. We present below some examples of unit fusible rings.

(i) Every unit element has a trivial unit fusible representation given by u = 0 + w.
Therefore, it is unit fusible. A ring where every element is unit is known as a
division ring. Hence, every division ring is a unit fusible ring.

(ii) Every idempotent element unit fusible: for each e € R, we get e = (1 —e) + (2e — 1)
is an unit fusible representation. Hence, every Boolean ring is a unit fusible ring.

Now, we introduce the notion of reqular fusible ring. This class of rings is introduced
in [KM19], in order to continue studying the fusible property and its relationship with
different algebraic objects. Additionally, a new description of semiprime left Goldie rings is
presented (see Appendix A.3). Later, we study several results that are of great importance
in this work.

Definition 1.1.6 ([KM19], Definition 2.1). A ring R is said to be regular left fusible, if
for any nonzero element r € R, there exists a regular (i.e., left and right regular) element
s € R such that the element sr is left fusible, i.e. sr = ¢+ w, where c is a left zero divisor
and w is left regular. Regular right fusible rings are defined analogously. A ring R
which is both right and left regular fusible is called regular fusible ring.
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Remark 1.1.7. Since every left regular element is left fusible, it is enough to observe
that for every nonzero left zero divisor, there exists a regular element s in R such that the
element sa has a left fusible representation.

We present some examples of regular left fusible rings.

Examples 1.1.8. Every left fusible ring is regular left fusible ring. If r = a 4+ w is a left
fusible representation, in particular is a left regular fusible representation taking s = 1.
From the above, it follows that the examples presented in Examples 1.1.2 and Examples
1.1.5 are also left regular fusible rings.

The following example shows that the class of left fusible rings is strictly smaller than
the class of regular left fusible rings.

Example 1.1.9 ([KM19], Example 2.2). Let k be a field and consider the k-algebra
R =k (z,y) subject to the relations 2 = 0 and zy — yz # 0. Cohn [Coh73] showed that
the set of all left zero divisors of R is equal to xR and hence, the sum of any two left
zero divisors is a left zero divisor. Thus R is not left fusible. Furthermore, y is a regular
element of R and ry = 04y is a left fusible decomposition of ry, for any nonzero element
r € R. Thus R is a regular left fusible ring.

1.1.1 Commutative algebra

Our purpose is to study and present some interesting facts in commutative algebra that are
related to fusible rings, unit fusible rings and regular fusible rings. The different definitions
and results that we present below are adapted from [GM16] and [KM19]. We start with
the notion of prime ideal, which is a very important concept in algebra and geometry.

Definition 1.1.10 ([GWO04], p. 47). A prime ideal in a ring R is any proper ideal P of
R such that, whenever I and J are ideals of R with IJ C P, either I C Por J C P. A
prime ring is a ring in which 0 is a prime ideal.

Definition 1.1.11 ([GWO04], p. 49). A minimal prime ideal in a ring R is any prime
ideal of R that does not properly contain any other prime ideals. The set of all minimal
prime ideals of R is denoted by Min(R)

First, let us recall some interesting and familiar facts from the study of prime ideals
in a commutative context. It is known that Z(R) = |JMin(R). Also, for R to be reduced
it is equivalent to saying that (| Min(R) = 0 (see [AM69], Proposition 4.7). The following
result is very interesting since it provides conditions on Min(R) that guarantee the fusible
property in the class of reduced rings.

Proposition 1.1.12 ([GM16], Theorem 3.7). A commutative ring R with only finitely
many minimal prime ideals is reduced if and only if R is fusible.

Proof. Suppose that R is reduced. First, let us show that Z(R) = |J;_, P;, where P; are
all minimal prime ideals of R. Let x € R be a zero divisor. The idea is to show that x
belongs to a minimal prime ideal P;. Let y € R such that xy = 0 with y # 0.
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If z does not belong to any minimal prime, then from zy = 0 € P;, for P; a minimal
prime, we get y € P;, so y € ()i; P; = nil(R). Hence, y is nilpotent element and thus
y = 0, since R is reduced. This is a contradiction. Therefore, x € P; C |J;'_| P;, for some
P; with 1 < i < m. The other containment follows from the well known fact that every
minimal prime consists of zero divisors (see [AM69], Proposition 4.7).

Let = € Z(R). We can assume that {P;}, have been indexed in such a way that
there exists an integer m where 1 < m < n such that € (|2, P; and = ¢ J;_,, 1 Pi.
Since {P;}, are minimal prime ideals then (", P; # 0 and by Prime avoidance lemma,
which states that if an ideal I is contained in a union of finitely many prime ideals {F;},
then it is contained in P;, for some i. We have (_, . P; € U2, P;. Thus there exists
y € M1 P\ UL, P;. Hence, z 4 y is regular and y € Z(A), which implies that
x = (—y) + (z +y) is a fusible representation. This means that R is fusible.

Now, suppose that R is fusible. Let us see that R is reduced reasoning by the method
of reduction to the absurd. Consider an element a € R such that a? = 0 with a # 0. Since
R is fusible and a # 0, there exists z a zero divisor of R and r a nonzero divisor of R, such
that a = z+r. This means that 0 = a® = (r+2)? = r?42rz+22. Now, as z is a zero divisor,
there exists 2/ € R, such that zz' = 2’z = 0, whence 0 = (72 + 2rz + 2%)2’ = r22/, which
implies that r is zero divisor, a contradiction. Thus, ¢ = 0 and hence R is reduced. O

Next, we introduce the notion of a potent ring and study its relationship with fusible
rings. Some properties of these rings were studied in [Jac56].

Definition 1.1.13 ([CS17], p. 136). A ring R is called potent, if for each r € R there
exists an integer 1 < n, for which r™ =r.

Proposition 1.1.14 ([GM16], Proposition 3.1). Let R be a potent ring. Then R is a
fusible commutative ring.

Proof. Suppose that R is potent. Let r € Z(R) be nonzero element and n € N such that
r™ =r. Since (r+1—r""1)(r?»341—r""1) = 1, then r+1—r""! is an unit element of R .
On the other hand, r"~!—1 € Z(R). Therefore, we have that r = (r"~!—1)+(r+1—r""1)
which is a fusible representation. The proof that every potent ring is commutative can be
found in [Jac56], p. 217. Thus, we conclude that R is a fusible commutative ring. O

Now, we recall that a ring R is called periodic, if for every element a € R there exist
n,m € N with n < m such that a™ = a™ (see [CS17], p. 134). A periodic ring is potent
if and only if it is reduced (see [Bel76], Lemma 1 (b)). From the previous observation,
we can note that periodic rings are not necessarily commutative. The following result
characterizes the periodic rings that satisfy the fusible property.

Proposition 1.1.15 ([GM16], Corollary 3.2). The periodic ring R is fusible if and only
if R is potent.

Proof. Every potent ring is a fusible ring by Proposition 1.1.14. Let R be a periodic
ring and suppose that R is fusible. Let us show that R is potent. Since R is fusible, by
Proposition 1.1.12, we get that R is a reduced ring. Finally, we have that R is reduced
and periodic by hypothesis. Therefore, the previous observation guarantees that R is a
potent ring. This concludes the proof. O
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Next, we study some very important facts that relate unit fusible rings to algebraic
objects in a commutative context. Before, we remember some important notions. If R
is a commutative ring, then R[z] denotes the polynomials ring in an indeterminate x,
where the variable commutes with the coefficients (see [Hun80], p. 149).

Analogously, the ring R[[z]] denotes the ring of formal power series in an indeter-
minate x, where the variable commutes with coefficients. Its elements are called power
series (see [Hun80], p. 154). On the other hand, given R a commutative ring, we define
the Laurent power series ring R[[z,z~!]] in which each element has a unique represen-
tation as ),y a;z" with a_,, = 0, for all but finitely many n € N, and where az = za (see
[MRO1], p. 22).

The following result is taken and adapted from [GM16], Proposition 5.10.

Proposition 1.1.16 ([GM16], Proposition 5.10). Let R be a commutative ring. Then the
following assertions hold:

(i) The rings R[z] and R[[x]] are never unit fusible.

(ii) The ring R[[z,x~1]] is unit fusible if and only if R is unit fusible.
Proof. We follow the ideas presented in [GM16], Proposition 5.10.

(i) Let us denote nil(R) the set of nilpotent elements of the ring R. Now, we recall the
characterization of the units in the following rings (see [AM69], p. 11).

U(R[z]) ={ro+rz+- - +mrz™ | 7o € UR), r; € nil(R), for 1<1i<n},
U(R[[z]]) = {ro+rz+rx? - | ro € U(R)}.

Now, if z = f(z) + g(x) is a fusible representation in R[[z]] with f(x) € U(R[[z]]),
then f(z) = ro + ma + --- with ro € U(R). Hence, g(z) = —19 — (r1 — 1)z —
rox? — -+ where —rg € U(R). Therefore, g(x) € U(R[[x]]) which is a contradiction.
Additionally, it is known that every zero divisor of R[z] is annihilated by an element
of R. Hence, using an argument similar to the previous, if x = f(z) 4 g(x) is a unit
fusible representation in R[z] with f(z) € U(R[z]) and f(z) = ro+rixz+--- + rpa”
with g € U(R), then g(z) = —rg— (r1 — 1)z —roz? — - - - — 12" with g(z) € Z(R[X])
which is a contradiction, since there exists b € R such that g(z)b = 0. In particular,
—rgb = 0, which is not possible. Therefore, we have that x is not unit fusible in
R[z]. Thus, both R[x] and R][[z]] are not unit fusible rings.

(ii) Suppose R is unit fusible. Let f(z) = fopma ™+ -+ fo+ -+ fmaz™ € R[[z,z71]]
and let n € Z the least integer such that f, # 0 with —m <n < m. Now, since R is
unit fusible ring, then f, = u, + 2, where u,, € R and z, € Z(R). Let us consider
g(z) replacing f, with u,, i.e, g(z) = upa™ + -+ + fra™ € U(R|[[z,271]]). Since
1) — g(z) = 2" € Z(R[lz,2~1]), we have f(z) = g(x) + (f(z) — g(z)) is unit
fusible representation in R[[z,z~!]]. Hence, R[[x,z~!]] is unit fusible.
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Let z € Z(R) and suppose that R[[x, '] is unit fusible. Let us show that R is unit
fusible. Write z = f(x) + g(z) with f(x) € U(R|[[z,2]]) and g(z) € Z(R|[[z,z])),
where f(x) = fu2™ + for12™ + -0 and g(2) = gma™ + gmap12™ T + .- First,
if n < 0, then m = n and g, = —f, € U(R). Moreover, this argument shows that
m < n. Thus, it follows that 0 < m <n. If n =0, then z = fy + go is a unit fusible
representation of z in R.

Now, assume that n > 0 and m = 0. Observe that g(z) = z — f2™ — fpi12" ™t —- .-,
Since g(x) is a zero divisor, there exist t(z) = to + t12 + tox? + - - such that to # 0
and g(z)t(x) = 0. In particular, zt" — f,tox™ = 0 this means that zt, — f,tog = 0.
Multiplying both sides by to, we get zt,to = fntZ and using that f, € U(R), we
obtain t% =fr Latoto = fn t,2ty = 0 which means that tq is a nilpotent element of
R[[z,z1]], and since R is reduced, it follows that ¢ty = 0, a contradiction. Therefore,
n =m = 0 and so, z = fp + go is a unit fusible representation in R, that is, R is
unit fusible.

O]

In order to present the following result, we remind the reader some important notions
about rings. The following notions can be consulted in [GWO04], p. 106.

Remark 1.1.17. We recall that, if R is a ring and S is the set of regular elements of R,
then Q;(R) is called the classical ring of left quotients of R: if d is invertible in @, for
every d € S, each ¢ € Q can be factored ¢ = d'a, for some d € S and a € R. Classical
ring of right quotients are defined similarly and it is denoted @, (R). If a ring R has
a left or right classical ring of quotients, then it is unique up to isomorphism and it is
denoted by Q(R). Finally, a ring R is said to be classical, if R = Q(R).

Next, we present some important results that characterize the fusible property on
certain structures well known in the literature. The following result is taken and adapted
from [GM16], Proposition 5.11.

Proposition 1.1.18 ([GM16], Proposition 5.11). Let R be a commutative reduced ring.
Then the following assertions hold:

(i) If R is local, then R is unit fusible if and only if R is a field.

)

(ii) If R is a domain, then R is unit fusible if and only if R is a field.

(iii) If R is classical, then R is fusible if and only if R is unit fusible.
)

(iv) If R is a fusible ring, then Q(R) is unit fusible.
Proof. We follow the ideas established in [GM16], Proposition 5.11.

(i) If R is a field, then every element in R is invertible. Hence, r = 0 + r is an unit
fusible representation, for all » € R, so R is unit fusible. Suppose R is unit fusible
and let r € R. Since R is unit fusible, » = s + w is an unit fusible representation
with s a zero divisor of R and u an unit of R. Since R is local, so the sum of any
two non units in R is a non unit. Hence r — s = u ¢ U(R) which is a contradiction.

Thus, R is a field.
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(ii) Again, every field is an unit fusible ring. Now, let » € R. Suppose R unit fusible
and let r = s + w an unit fusible representation with s zero divisor of R and u an
unit of R. As s is a zero divisor, there exists s’ € R with s’ # 0 such that ss’ = 0.

Hence, multiplying right by s’, we have rs’ = (s + u)s’ = ss’ + us’ = us’ and since
w is a unit, there is u’ € A such that uu’ = v/u = 1. So, multiplying left by v/, we
have u'rs’ = v'us’ = §'. Therefore, (u'r —1)s’ = 0. This implies u'r — 1 = 0 since R
is domain and s’ # 0. Thus, «/r = 1 and analogously it shows that ru’ = 1. Hence
r is unity, so R is a field.

(iii) Let » € R. Suppose R unit fusible and let 7 = s + u an unit fusible representation
in R which is also a fusible representation in R. Since s is a zero divisor of R and u
is an unit of R. In particular, w is not a zero divisor, so R is fusible.

(iv) Suppose R is a fusible ring and let s~!r € Q(R). Since r € R and R is fusible,
r = a + w is a fusible representation in R with a zero divisor and w non zero
divisor. Hence, s™'r = s71(a + w) = s7ta + s~ lw. Let us show that s~!r =
s Ya +w) = s7'a + s~ 'w is an unit fusible representation in R. As a is a zero
divisor of R, there exists ¢ € R with ¢ # 0 such that ca = 0. Then, we have
cs™ta = s"'ca =0, so s~ ta is a zero divisor in Q(R). Now, if s~ w is a zero divisor,
there is 57 't € Q(R) such that sy 'ts™ w = (s18) 'tw = 0, so w is a zero divisor,
which is a contradiction. Hence, s~!w is a regular element in Q(R) and thus s 'w
is unit. Then, s~ = s71(a +w) = s71a + s~'w is an unit fusible representation in
R and Q(R) is unit fusible.

O]

Next, we study some very important facts that relate regular fusible rings to algebraic
objects in a commutative context. The following results are adapted from [KM19]. The
next proposition provides conditions for a commutative ring to be reduced.

Proposition 1.1.19 ([KM19], Lemma 2.11). Every commutative reqular fusible ring is
reduced.

Proof. Suppose that R is a commutative regular fusible ring. Let us see that R is reduced,
reasoning by contradiction. Consider an element a € R such that a®> = 0 with a # 0.
If R is regular fusible and a # 0, then there exists s, a regular element, such that sa is
fusible, that is, there exists z a zero divisor of R and r a nonzero divisor of R such that
sr = z+ 7. Since a® = 0, we get that 0 = (sa)? = (z + 1) = 22 + 22r + r2. Now,
if 2z is a zero divisor, there exists 2/ € A so that 22’ = 2’z = 0. Hence, we have that
0= (224 2z2r +r2)2' = 22 + 222'r + 1?2’ = r22/, which implies that 0 = 722, This means
that r is a zero divisor, which is a contradiction. Therefore, we conclude that a = 0 and
thus R is reduced. O

In [KM19], the following equivalence of the notions of fusible ring and regular fusible
ring is presented. Note the importance of the reducibility of R and the existence of finitely
many minimal primes ideals.
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Proposition 1.1.20 ([KM19], Proposition 2.12). Let R be a commutative ring with only
finitely many minimal prime ideals. The following conditions are equivalent:

(i) R is fusible.
(ii) R is regular fusible.
(iii) R is reduced.

Proof. We follow the ideas developed in [KM19], Proposition 2.12.

e (i) = (ii) Every left fusible ring is a regular left fusible ring by taking s = 1.
e (ii) = (iii) This implication follows from Proposition 1.1.19.

e (iii) = (i) The proposition follows from Proposition 2.3.24.

1.1.2 Noncommutative algebra

In this section, our goal is to study some interesting facts in noncommutative algebra that
relate to fusible property. At the end of this part, we present a very important description
of semiprime left Goldie rings. The reader may refer to Appendix A.3 to recall some key
notions. Again, the following results are adapted from [GM16] and [KM19].

We begin by studying some results related to left (right) fusible rings.

Proposition 1.1.21 (|[GM16], Proposition 2.4). Let R be a ring with comparability rela-
tion between right annihilators of its elements. Then R is left fusible if and only if R is a
domain.

Proof. In Example 1.1.2, we observe that every domain is left fusible. Suppose that
R is left fusible and let us consider a nonzero element a € Z;(R). If A is left fusible
and a # 0, then there exist z € Z;(R) and s € Z/(R) such that a = z 4+ s. Now, by
assumption rr(a) C rg(z) or rr(z) C rr(a). If we consider that rg(a) C rgr(z), then
rr(a) N rr(z) C rr(s), since a — z = s. In addition, rr(a) N rr(z) # {0}, because
a,z € Z)(R) and rr(a) C rr(z). Hence, we have that rr(s) # {0}, that is, s is a left zero
divisor, which is a contradiction. Similarly, if we assume that rr(z) C rr(a), we get the
same contradiction. Thus, we conclude a = 0, whence Z;(R) = {0}. This means that A is
a domain. O

Remark 1.1.22. A ring R is said to be right (left) uniserial if and only if its right
(left) ideals are totally ordered under inclusion (see [Fai76], Definition 25.1.12). From the
previous result, it follows that a right uniserial ring is left fusible if and only if it is a
domain.
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A right ideal I of a ring R essential (or large), if J NI # 0, for every nonzero
right ideal J of R, and it is denoted by I <. R. The right singular ideal of a ring R is
Sing(Rr) = {z € R | rr(z) <. Rpg}. It is well known that Sing(Rp) is a two sided ideal
of R (see [GWO04], p. 91). A ring R is called right nonsingular, if Sing(Rg) = 0.

Proposition 1.1.23 ([GM16], Proposition 2.11). If R is a left fusible ring, then R is a
right nonsingular.

Proof. Let R be a left fusible ring and = € Sing(Rp) with  # 0. Thus, there exists
z € Z)(R) and r € Z/(R) such that = z + r is a fusible decomposition. Since z —z =17,
it follows that rr(z) Nrr(2) C rr(x — z) = rr(r) = {0}. Hence rg(z) Nrr(z) = {0}. But
rr(z) <. R and rr(z) # {0} which is a contradiction. Therefore, we conclude that x = 0
and so Sing(Rgr) = {0}. O

Now, we study some interesting properties related to left (right) unit fusible rings.

Definition 1.1.24 ([Azub4], p. 34). A ring R is called unit regular, if for each a € R
there exists u, a unit element of R, such that aua = a.

In [CKO1], a characterization of this class of rings is presented. This important result
states that a ring is unit regular if and only if every element a of R can be written as
a = e + u such that aR NeR = 0, where e is an idempotent and v a unit in R. The proof
of this claim is extensive. The reader may check the proof of this fact in [CKO01], Theorem
1. From the previous observation, an immediate result is the following:

Proposition 1.1.25 ([GM16], Proposition 5.3). Every unit reqular ring is unit fusible.

Next, we introduce the concept of the strongly w-reqular ring. We study some previous
results and present an interesting relationship with the unit fusible rings.

Definition 1.1.26 ([Nic99], p. 3584). An element a € R is said to be strongly m-regular
in R, if there exist a positive integer n and r € R such that a” = a"T!r. A ring R is called
strongly w-regular, if every element is strongly w-regular

The following proposition characterizes the strongly m-regular elements.

Proposition 1.1.27 ([Nic99], Proposition 1). Let R be a ring. For an element a € R,
the following conditions are equivalent:

(i) a is strongly w-regular.

2

(ii) There exists n > 1 such that a™ = eu = ue, where e* = e, u is a unit of R and a,e

and v commute with each other.

The following statement describes the strongly m-regular elements in a similar way to
Proposition 1.1.27 with a very interesting additional property.

Proposition 1.1.28 ([Nic99], Theorem 1). Let R be a ring. If a is strongly m-regular
then a = e + u, where €2 = e, u is a unit element of R and eu = ue.
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The next result characterizes the strongly m-regular non nilpotents elements in terms
of the unit fusible elements. We follow the ideas presented in [GM16], Proposition 5.4

Proposition 1.1.29 ([GM16], Proposition 5.4.). Let R be a ring. If a is strongly m-reqular
and non nilpotent, then a is unit fusible.

Proof. Let us consider a € R a nonzero element. Since a # 0 is strongly m-regular, there
exists n > 0 such that a™ = eu where e? = e, u is a unit element of R and e, u and a all
commute, by Proposition 1.1.27. If a is a zero divisor, then e # 1. Now, let z =1 —e and
r =a— (1 —e). Hence, by Proposition 1.1.28, it follows that z € Z(R) and r is a unit of
R. This means that a = r + z is unit fusible. O

Before presenting the following result, we want to recall an important notion. In
any ring R, the ideal defined by the intersection of all maximal ideals of R is called the
Jacobson radical of R, denoted J(R) (see [GWO04], p. 61). A ring R is said to be
Jacobson semisimple provided that J(R) = 0 (see [GWO04], p. 62).

The following result shows that being unit fusible is a sufficient condition to be a
Jacobson semisimple ring.

Proposition 1.1.30 ([GM16], Proposition 5.5). Let R be a unit left fusible ring. Then R
is a Jacobson semisimple ring.

Proof. Suppose that that a € J(R) with a # 0. If A is left unit fusible, then there exists
z € Z;(R) and u an unit element, where a = z + u. Since z is not a unit, it belongs to a
left maximal M ideal of R, that is, z € M, for some left maximal ideal M. But J(R) is
the intersection of all left maximal ideals and this means that a — z € M. Hence u € M,
a contradiction. O

Now, we study some important properties and results related to regular left fusible.
These facts relate commonly studied objects of algebra to fusible property. Finally, we
present an interesting relationship of left regular fusible rings with Goldie’s theory. The
following statements are taken from [KM19].

Definition 1.1.31 ([GW04], p. 81). A multiplicative set in a ring R is a subset S C R
such that 1 € S and S is closed under multiplication.

The following notions can be consulted in [GWO04], p. 62 and 167.

Remark 1.1.32. Let S € R be a multiplicative set. Then S is a left Ore set, if it
satisfies that for all r; € R, s1 € S, there exist r9 € R and s € S such that 1189 = 5179
(the above property is commonly known as the Ore’s condition). If S is a left Ore set,
then ST R is called the left Ore localization of R by regular element. The operations

of ST'R are given by as + bt := %db , where u := ¢s = dt € S, for some ¢, d € R (the
cb

o2, where ua = ct, for some u € S and

Ore’s condition applied to s and t), and %% =
¢ € R (the Ore’s condition applied to a and t).
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Proposition 1.1.33 ([KM19], Proposition 2.8). Let R be a ring. Then the following
assertions hold:

(i)
(i)
(i)
)

(iv

If R is left fusible, then so is ST R.
If R is reqular left fusible, then Q(R) is left fusible.
If STIR is reqular left fusible, then R is reqular left fusible.

Suppose every regular element of R is invertible. Then R is reqular left fusible if and

only if R is left fusible.

Proof. We follow the ideas presented in [KM19], Proposition 2.8.

(i)

(i)

(iii)

Suppose R is left fusible and let s™!7 € S™'R. Then r has a left fusible decom-
position, say r = a + w. Therefore, s~ 'r = s7!(a + w). In addition, we have
s Ya +w) = s~ la + s 'w, since by definition s~la + s7lw = (s's) 7 (s'a + r'w),
where s’ € S, v’ € R and also s's = r’s. It is clear that " = s’ = 1 and therefore
s Y a+w) = s~ = s7la + s7'w. Let us show that s™'r = s7la + s lw is a
left fusible representation of s~'r. Since a € R is zero divisor, there exists ¢ € R
such that ca = 0 with ¢ # 0. Thus, (es)s ta = c(ss™1)a = ca = 0, so s~ ta is
a left zero divisor in S~™'R. On the other hand, if s~'w is a zero divisor, there
exists sl_ltl € S7'R such that sl_ltls_lw =0 but sl_ltls_lw = (8's1)'t'w where
s’ € S, t € Rand s't; = r's. Hence (s's1)"''w = 0 which implies tw = 0, so w
is zero divisor which is a contradiction. Therefore s~'w is not zero divisor. Thus,
s7lr = s la + s~ 1w is a left fusible representation.

Suppose R is regular left fusible and let s~ € Q;(R). Then, there exists a regular
element ¢ € R such that ¢r has a fusible representation, i.e., tr = a + w. Since t is
a regular element, ts is a regular element and hence (ts)~! exists. Then, we have
(ts)~L(tr) = (ts)"}(a+w). In addition, (ts)~1(tr) = s~ 't~ 1(tr) = s~'r and therefore
s7lr = (ts)7}(a + w). On the other hand, similar to the part (i), (ts)~*(a + w) =
(ts)"ta + (ts)~'w. So, s~lr = (ts)"la + (ts)"'w. Analogous to the previous proof,
it is possible to verify that s~!r = (ts)"la + (ts)"lw is a left fusible representation.
Thus, Q;(R) is left fusible.

Suppose ST'R is regular left fusible and let 7 € R. Then, there exists a regular
element sl_ltl € SR such that the element z = sl_ltlr has a left fusible decom-
position, i.e., sl_ltlr = 82_1(12 + sglwg. Taking the left common denominator, it is
possible write z = s~ r = s7la 4+ s~ lw for suitable s € S, t,a,w € R. Let us show
that tr = a+w is a left fusible decomposition. If ¢ is zero divisor, there is ¢ € R such
that ¢t = 0, so (cs)s~'t = ¢t = 0 which is a contradiction, since s~'t is a regular
element. Additionally, since s~'a is zero divisor, there is sl_ltl € S7'R such that
0=s;"t1s7'a = (s's1)""'a = 0, for s € S, r' € R where s't; = r's. Therefore,
r’a = 0, so a is a zero divisor of R. Similarly, we can show that w is not zero divisor.
Hence, this implies that the element ¢r has a left fusible representation in R, so R
is regular left fusible.
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(iv) We have observed previously that every left fusible ring is regular left fusible ring.

Now, suppose R is regular left fusible and let » € R. Since R is regular left fusible,
there exists a regular element t € R such that tr has a fusible representation, i.e.,
tr = a+w. Also, since every regular element of R is invertible, there is t = € R such
that t~1(tr) = t71(a + w). We have t~1(tr) = r and similar to what has been done
before, we can see that t1(a +w) =t ta+t"tw, so r =t la + ¢t lw. Analogously
to the proof presented above, it can be seen that r = t~1a + t~lw is a left fusible
representation in R, and so R is left fusible ring.

O]

The following result provides an interesting equivalency of the notions fusible and
regular fusible on the left quotient ring Q;(R).

Proposition 1.1.34 ([KM19], Corollary 2.9). Suppose R has the left quotient ring Q;(R).
The following conditions are equivalent:

(i)
(ii)
(iii)

R is regular left fusible.
Qi(R) is left fusible.
Qi(R) s regular left fusible.

Proof. It is an immediate consequence of the previous proposition. O

Two important concepts in the study of Goldie’s theory are related to this new class
of regular fusible rings. The following facts are presented in [KM19].

Proposition 1.1.35 ([KM19], Lemma 2.11 and Proposition 2.13). Let R be a ring. Then
the following assertions hold:

(i)
(i)

FEvery unit-regular ring is regular left fusible.

FEvery regular left fusible ring R is left nonsingular.

Proof. We follow the ideas established in [KM19], Lemma 2.11 and Proposition 2.13.

(i)

(i)

Let R be a unit regular ring and r € R, i.e., r = rur where u € U(R). Then e = ur
is an idempotent since €2 = (ur)? = wrur = ur = e. Therefore, if follows that
ur =e = (1—2e)+ (e—1) is a left fusible decomposition. This fact shows that R is
regular left fusible. Now, since every regular element in R is invertible this implies
R is a left fusible.

Suppose a € Sing(Rr) with a # 0. Since R is regular left fusible, there exists
an element s € R such that sa is left fusible, i.e., sa = r + w with r € Z;(R)
and w ¢ Z;(R). Since Sing(Rp) is a two sided ideal, sa € Sing(Rgr). Hence,
rr(sa) Nrg(r) # 0 since rr(r) # 0. Thus, there is z € rr(sa) N rr(r) such that
0 = (sa — 1)z = wz, and so w is a zero divisor, which is a contradiction. Therefore,
a = 0, that is, R is left nonsingular.
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O]

As a result of the propositions presented above and the important Goldie’s theorem,
a characterization of semiprime left Goldie rings in terms of regular left fusible rings is
presented. The reader can find the notion of semiprime ring in Definition A.3.11 and the
concept of Goldie’s ring in Definition A.3.14. Newt, we recall the definition of Artinian
ring.

Definition 1.1.36 ([GW04], p. 73). A module A is Artinian provided A satisfies the
descending chain condition (or DCC) on submodules, i.e., there does not exist a properly
descending infinite chain A; > Ay > .-+ of submodules of A. A ring R is right (left)
Artinian provided the right module Rp (left module rR) is Artinian. If both conditions
hold, R is called an Artinian ring.

Proposition 1.1.37 ([KM19], Theorem 2.14). For a semiprime ring R, the following
conditions are equivalent:

(i) R is left Goldie.

(ii) R is regular left fusible and has finite left Goldie dimension
Proof. We follow the ideas developed in [KM19], Theorem 2.14.

e (i) = (ii) Suppose R is a left Goldie ring. Then, by Proposition A.3.19, it follows that
Q;(R) is a semisimple Artinian ring. Since, every semisimple ring is unit regular ring,
then @Q;(R) is a unit regular ring. Hence, we get that Q;(R) is regular left fusible,
by Proposition 1.1.35. Thus, we have that R is regular left fusible, by Proposition
1.1.34.

e (ii) = (i) Let R be a regular left fusible with finite left Goldie dimension. Then, by
Proposition 1.1.35, R is left nonsingular. Therefore, by Proposition A.3.19, we have

R satisfies the ascending chain condition in left annihilators. Hence, we conclude
that R is left Goldie.

1.2 Skew polynomial rings

Introduced by Ore [Ore33], skew polynomial rings are a generalization of the classic poly-
nomials ring. The important detail is that not necessarily the variable commutes with
coefficients. For these rings, a rule of commutation between the variables and the coeffi-
cients is defined, which gives rise to the existence of an endomorphism and a derivation on
the coefficient ring of this new ring of polynomials. In this section, we remember the def-
inition of skew polynomial extension and state some interesting properties and highlight
important examples in the literature.
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Definition 1.2.1. ([GWO04], p. 26). Let R be a ring and o : R — R an endomorphism.
An additive map 6 : R — R is called a o-derivation of R, if the following identity is
satisfied: d(rs) = o(r)d(s) + d(r)s, for all r,s € R.

Note that 6(1) =0(1-1) = (1)1 + 16(1) = 26(1), whence 6(1) = 0.

Definition 1.2.2. ([GWO04], p. 34). Let R be a ring, ¢ a ring endomorphism of R, and §
a o-derivation of R. We write R[z;0,0] provided that,

(i) R[x;0,0] is a ring, containing R as a subring,
(ii) « is an element of R[z;a, ],
(iii) R[z;0,d] is a free left R-module with basis {1,z,2?,...},
)

(iv) r =o(r)x + 6(r) for all r € R.

A ring R[x;0,0] is called a skew polynomial ring over R, or an Ore extension of R

Remark 1.2.3 ([LLM77], Lemma 2.1). Let ¢ : R — R be an endomorphism on R and §
be an o-derivation of R. For integers ¢, j with 0 < i < j, fJ’-' € End(R,+) will denote the
map which is the sum of all possible words in o, built with i letters o and j — ¢ letters
§. For instance, f§ =1, f]J- = o, f]o =67 and f]]fl =0/ 6+ 077250+ -+ 60771 In the
general case, if r € R and n € N, the following formula holds:

(ra")(sz™) = erZ‘(s)x”’" (1.2.1)

Now, we review some examples. These evidence that skew polynomial rings are, indeed,
a generalization of the classic polynomials ring. They were adapted from [GWO04], [Lez15]
and [MRO1].

Example 1.2.4. If 0 = igr, where ig is the identity homomorphism and § = 0, then
Definition 1.2.2 (iv) reduces to zr = rz, for all » € R. This is simply the classical
univariate polynomials ring over R, and we write R[x;ig, 0] = R[z]. Moreover the formula
(1.2.1) corresponds to usual multiplication of monomials.

Example 1.2.5. If § = 0, then Definition 1.2.2 (iv) becomes zr = o(r)x, for all r € R.
In this case we write R[x;0,0] = R[x;o]. The expression (1.2.1) reduces to (rz")(sz™) =
ro™(s)z™t™ for all r,s € R and n,m € N. An interesting case studied extensively in the
literature is when o is an automorphism of R. R[z, o] is known as the polynomials ring
of endomorphism type.
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Example 1.2.6. If 0 = ip, then Definition 1.2.2 (iv) becomes zr = rz+4(r), for all r € R.
In this case we write R[x;iR, d] = R[z;d]. Moreover, the expression (1.2.1) simplifies to

(ra")(sx™) = rz <Z> ok (s)a™tm=F for all r,s € R and n,m € N.
k=0

R[z,d] is known as the polynomials ring of derivation type.

Example 1.2.7. The polynomial ring of endomorphism type shown in Example 1.2.5
can be considered in general for n variables. If §; = 0, for all 1 < i < n, we write
R[z1;01] -« [xn, 0p] to denote the polynomials ring iterated of endomorphism type.
Where o; is defined as follows:

o; : Rlzy;01] -+ [wi—1;0i-1] = R[z1;01] -+ [x-1;04-1] for each 1 <7< n.

Example 1.2.8. Similarly, the polynomials ring of derivation type shown in Example
1.2.6 can be considered in general for n variables. If o; = ig, for all 1 < ¢ < n, with S =
R[zy1;01] -+ [xi—1;0;—1] and ig the identity homomorphism, we write R[x1;01] - [zn, O]
to denote the polynomials ring iterated of derivation type, where §; is defined as
follows:

5,‘ . R[:L’l; (51] cee [a:i_l; (51'_1] — R[Q?l; (51] L [aci_l; 5,‘_1], for each 1 S ) S n.

We present some concepts of great importance in the study of skew polynomial rings.

Definition 1.2.9. ([GWO04], p. 36) Let R[z;0,0] be a skew polynomial ring over R.
Any nonzero element p in R[x;«,d] can be uniquely expressed in the form p = r,a" +
rp_12” Y+ 47z + 1o, for some non negative integer n and some elements 7; € R with
rn 7 0. We define lm(p) := z", the leading monomial of p; lc(p) := 7, the leading
coefficient of p; 1t(p) := r,z™, the leading term of p; deg(p) := n, the degree of p. If
p =0, then Im(0) := 0, lc(0) := 0, 1t(0) := 0 and deg(0) := —oc.

The next result states the universal property for skew polynomial rings.

Proposition 1.2.10 ([GW04], Proposition 2.4). Let R[x;0,d] be a skew polynomial ring.
Suppose that we have a ring T, a ring homomorphism ¢ : R — T, and an element
y € T such that yo(r) = ¢(a(r))y + ¢(6(r)), for all v € R. Then there is a unique ring
homomorphism 1 : Rlx;0,] — T such that 1|r = ¢ and (x) = y.

Proof. Since R[z;0,0] is a left free R-module with basis {x;},~, and T is also a left R-
module with product given by a-b:= f(a)b, a € R, b € T, then we can define a morphism
of left R-modules 1 : R[z;0,6] — T defined by z° — ', through which " ja;z’ —
S o f(ai)y'. In [GWO04], it was shown that the application ¢ is a homomorphism ring,
which is unique and satisfies that ¥|gr = ¢ and ¥(z) = y. O

We recall that R is a principal right ideal domain, if R is a domain in which all
right ideals are principal. Principal left ideal domains are defined analogously (see
[GWO04], p. 39).

Some basic properties are established in the next result.
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Proposition 1.2.11 ([GW04], Theorem 2.9). Let R be a ring and R[z;0,0] be a skew
polynomial ring. Then the following assertions hold:

(i) If o is injective and R is a domain, then R[x;0,d] is an integral domain.
(ii) If o is an automorphism and R is a prime ring, then R[x;o,d] is a prime ring.

(iii) If o is injective and R is a division ring, then R[x;0,d] is a principal right ideal
domain.

Proof. We follow the ideas presented in [GW04], Theorem 2.9.

(i) Let p(z) =po +p17 + -+ pma™ # 0 and q(z) = qo + 1@ + - - - + gu2™ # 0 be two
elements of R[x;0,d] such that p,, ¢, # 0. Then 1t(pq) = pro™(gn)x™ ™ # 0, by
the injectivity of o. Hence, we have pg # 0.

(ii) Let p(z) = apz™ + -+ + a1 + ap and q(z) = bpa™ + -+ + byjz + by be elements
in R[z;0,0] with a,, b, nonzero. Since o in injective, it follows that o™ (by,,) # 0.
On the other hand, R is prime and so a,Ro"(b,,) # 0. In addition, o is surjective,
which implies that each element of this set is the leading coefficient of some element
of p(z)Rq(z). Hence p(z)Rq(x) # 0 and so p(z)R[z;0,0]q(z) # 0.

(iii) Let I be a left ideal of R[z;0,d]. If I = 0 the result is immediate. Suppose that
I # 0 and let ¢ € I with ¢ # 0. Let gqo € I be such that gy # 0 and deg(qp) be
minimal; then, given p € I, p = cqp + r for certain ¢,r € R[x;0,6] with » = 0 or
deg(r) < deg(qp). Note that if this last inequality is true, it would contradict the
minimality of g, therefore r =0, p = cqo and I = {qp).

O

Recall that a ring R is said to be left Noetherian, if any ascending chain of left ideals
stabilizes ([GWO04], Proposition 1.1). We mention a theorem of great importance which
generalizes the known Hilbert’s Basis Theorem for the commutative case. Its proof can
be found in [GWO04], Theorem 2.6 and [Lez15], Theorem 1.2.6.

Proposition 1.2.12 ([GWO04], Theorem 2.6). If o is an automorphism and R is right
Noetherian, then R|x;o,0] is right Noetherian. Analogously for the left case.

Proposition 1.2.13 ([GW04], Corollary 2.7). Let R[x1;01,61] - [Tn; an, dp] be an iter-
ated skew polynomial ring, where each o; is an automorphism. If R is right Noetherian,
then R[x1;01,01] - [Tn; an, 0] is right Noetherian. Analogously for the left case.

The following result is adapted from [LMO05], Theorem 3.6, and it is very important in
the study of skew polynomial rings since it gives sufficient conditions for R[z;c,d] to be
semiprime (resp. prime) ring (see Definition A.3.11).

Proposition 1.2.14 ([LMO05], Proposition 3.6). Suppose that the ring R satisfies the ACC
on left annihilators. Let o be an injective endomorphism and § a o-derivation of R. Then
the skew polynomial ring R[x; 0, ] is prime (semiprime), provided R is prime (semiprime).
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Under the conditions of the previous proposition, it can be shown that the uniform
dimension of the ring R coincides with the dimension of the skew polynomial ring R[z; o, d]
(see [LMO5], Theorem 3.4). With the help of the Proposition 1.2.14 and the previous
observation, the following result is obtained, which gives sufficient conditions so that the
property of being a Goldie’s ring is transferred to R[z;0,d]. The reader can find Goldie’s
ring in Definition A.3.14 and uniform dimension in Definition A.3.6.

Proposition 1.2.15 ([LMO05], Theorem 3.8). Let R be a semiprime left Goldie ring, o, §
an injective endomorphism and a o-derivation of R, respectively. Then R[z;0,9] is also a
semiprime left Goldie ring.

Next, we present a very interesting fact that relates the fusible property with the
skew polynomial rings. In addition, analogously this relation with the fusible property
is also presented for the skew power series ring. Before, we recall that, if R is a ring
and o an endomorphism of R, then R[[z;0]] is called the skew power series ring in an
indeterminate x and multiplication is defined with respect to the relation z‘a = o%(a)z?,
for all i € N (see [MRO1], p. 22).

Proposition 1.2.16 ([GM16], Proposition 2.9). If R is a left fusible ring and o is a ring
automorphism of R, then the following assertions hold:

(i) R[z;o] is left fusible ring.
(ii) R[[z;o]] is left fusible ring.

Proof. We follow the ideas in [GM16], Proposition 2.9

(i) Let R be a left fusible ring and f(z) = ap + a1z - - - + apz™ € Zj(R[z;0]). Let k € N
be the least natural number such that a; # 0 with 0 < k < n. Since R is left fusible,
then there exist 2z, € Z;(R) and ny, € Z(R) such that a; = 2, + n, and therefore,
f(z) = (z2®) + (mpa® + app12" + - + a,2™). Now, we define g(z) = zpa®
and h(z) = npa® + ap 2 + -~ + a,2™. Let us show that g(x) € Zj(R[xz;0]) and
h(z) € Z/(R[x.0]). Since 2, € Z;(R) there exists d € R with d # 0 such that z,d = 0.
Further, o is an surjective homomorphism, so that there exists e € R with e # 0 such
that o¥(e) = d. Therefore, g(x)e = zFe = zpo¥(e)a* = zzdx* = 0 and this implies
g(x) € Zj(R[x;0]). Now, let us show that h(x) € Z(R[z;0]). If h(x) € Z)(R[x;0])
then there exists b € R such that nzz*b = 0. Thus, nyo”*(b)z* = 0. On the other
hand, o is an injective homomorphism and therefore o*(b) # 0, and hence ny, is
a left zero divisor, which is a contradiction. Thus, f(z) = g(z) + h(z) such that
9(z) € Z)(R[z;0]) and h(z) € Z;(R[z;0]), that is, R[z; 0] is a left fusible ring.

(ii) This proof is completely analogous to that presented in the case of skew polynomial
rings R[z;0].

O]

The following example shows that Proposition 1.2.16 need not to be true for any skew
polynomial and shows that there exist right fusible elements which are not left fusible.
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Example 1.2.17 ([GM16], Example 2.10). Let R be a domain and o be a ring endo-
morphism of R which is not injective. Let r € R satisfies o(r) = 0, with  # 0. Then
xzr = o(r)x = 0. In [GM16], Example 2.10 one can see that (z) = Z;(R[z,o]). Since
Zi(R[x,0]) is a left ideal, then R[z,o] is not a left fusible ring. By definition, it follows
that x is a non right zero divisor element and hence z is a right fusible element while it is
not a left fusible element.

Finally, we review some very important and well studied examples in the literature of
skew polynomial rings. These are adapted from [GWO04], [Lez15] and [MRO1].

Example 1.2.18. A skew polynomials ring iterated A = R[x1;01,01] - [Zn; On, Ip] that
satisfies the following conditions:

oi(z;) =z, J<i,

di(xz;) =0, j<i,
o001 =010, 1 <1< n,
0;01 = 016;, 1<i<n,

where the two last relations are restricted to R. A is know as extension of Ore of R. In
[Lez15], Proposition 1.3.2, an equivalence between the relationships described above and
the following relationships is presented:

UAR),(L(R) Q R, 1 S ) S n.

Therefore, under these conditions, the maps o;,9; can be seen as 0;,0; : R — R. In
addition, if k[t1,...,t,] be a classical multivariate polynomial ring over k, oy, d; are k-
linear and A = klt1,...,tn|[x1;01,01] -« [Tn; 0n, dp] is an iterated Ore extension, then A
is called an Ore algebra. We present concrete cases of the above.

Example 1.2.19. Let k[t] be the classical univariate polynomial ring over a field k. If
oy, : k[t] — k[t] is the endomorphism defined by oy, (p(t)) = p(t —h), for all p(t) € k[t], then
the skew polynomial ring Sy, = Kk[t][xp; on] over k[t] is known as the algebra of shift
operators. If p(t), ¢(t) € k[t], the expression (1.2.1) becomes

p(t)z"q(t)x™ = p(t)q(t — nh)z™ ™™, for all n,m € N.

Notice that S, is an Ore algebra.

Example 1.2.20. Let k[t] be the classical univariate polynomial ring over a field k and
denote by % the derivate operator with respect to t. The skew polynomial ring A; (k) =
k[t][x; %] over k[t] is known as the first Weyl algebra. If p(t),q(t) € k[t] the formula
1.2.1 becomes

"L (n\ OF
p(t)x"q(t)z™ = p(t) Z <k> a(q(t))x"'””_k, for all m,n € N.
k=0

More generally, the Ore algebra A, (k) := k[t1, ..., tn][x1; 8%1] N fr %] is know as the
n-th Weyl algebra.
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Example 1.2.21. Let k[t] be the classical univariate polynomial ring over a field k. For
every h € k, we define Dy, := k[t][x; %][:ch; op), where oy, : k[t] — k[t] is the endomorphism
defined by oy (p(t)) = p(t — h). Notice that Dy = A;(k)[xp; 0] and hence it is an Ore
algebra which is known as the mixed algebra (also known as the algebra of delay
differential operator).

Example 1.2.22. The Ore algebra defined as D := k[t ...t,][z1;01] - - [xn; 0n], where
Ji(p(tl, ce ;tn)) = p(tl, e tio, b+ Lt .. ;tn>7 for 1 <i<n,

it is known as the algebra for multidimensional discrete linear systems.

1.3 PBW extensions

Next, we recall the PBW (Poincaré-Birkhoff-Witt) extensions defined by A. D. Bell and
K. R. Goodearl [BG88] in [BG88]. As we mention in the previous section, skew polynomial
rings describe a large number of algebras of polynomial type. However, some important
examples, such as the enveloping algebra of a finite dimensional Lie algebra, are left out
of this description. In [BG88], a new ring family was defined with the aim of generalizing
rings of polynomial type that satisfy the PBW property and extend universal enveloping
algebras.

Definition 1.3.1 ([BG88], p. 27). Let R and A be rings. We say that A is a Poincaré-
Birkhoff-Witt (PBW) extension of R, if the following conditions hold:

1. A contains R as a proper subring,

2. There exist finitely many elements x1,...,z, € A such that A is a free left R-module
with basis Mon(A) := {z{* - 20" : a == (a1, ..., a,) € N}

3. For each r € R and every 1 <1t < n, x;7r —rx; € R.

4. For every 1 <1i,j <n, z;x; —xjz; € R+ Rrq + -+ - + Ray,.

We write A = R{(z1,...,2y), and R is called the ring of coefficients of the extension
A.

Next, we present some examples of PBW extensions. Some of these noncommutative
rings cannot be expressed as iterated Ore extensions. These examples are adapted from
[BG8S8], [Pas87], [McC74] and [Rin63].

Example 1.3.2. Let k be a commutative ring and g a finite dimensional Lie algebra over
k with basis {z1,...,2,}. The universal enveloping algebra of g, denoted U(g), is
a PBW extension over k, since, for all k¥ € k and z;,z; € X, 2k — kx; = 0 € k and
xir; — xjr; = [z;,x;] € g where [x;, ;] = kay + - - + kay, € k+ ka; + - -+ + kay,, for all
1 <i,j <n. In [Dix77], Theorem 2.1.11, it was shown that U(g) satisfies the property
PBW. Hence, U(g) is a PBW extension.
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Examples 1.3.3. Let k be a field, g a finite dimensional Lie algebra over k with basis
{z1,...,2,} and U(g) be as in the previous example. let R be a k-algebra containing k.
The tensor product A := R ®y U(g) is a PBW extension of R and it is a particular case
of the crossed product R * U(g) of R by U(G), which is a PBW extension of R.

Examples 1.3.4. The differential operator rings V(R, L), where L is a Lie algebra,
which is also a free R-module equipped with a suitable Lie algebra map to derivations
on R. In [Rin63], Theorem 3.1, it was shown that V (R, L) satisfies the property PBW.
Hence, V(R, L) is a PBW extension.

Example 1.3.5. The twisted or smash product differential operator ring R#,U(g),
where g is a finite dimensional Lie algebra acting on R by derivations, and ¢ is Lie 2-
cocycle with values in R. In [McC74], Theorem 2.8, it was shown that R#,U(g) satisfies
the property PBW. Therefore, R#,U(g) is a PBW extension.

Examples 1.3.6. The universal enveloping ring U(V, R, k), where R is a k-algebra,
and V is a k-vector space which is also a Lie ring containing R and k as Lie ideals with
suitable relations. The enveloping ring U(V, R, k) is a finite skew PBW extension over R,
if dimy(V/R) is finite. In [Pas87], Theorem 1.3, it was proved that U(V, R, k) satisfies the
property PBW. Hence, U(V, R, k) is a PBW extension.
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Fusible property over skew PBW extensions

In this chapter, we present interesting results relating fusible rings to skew PBW extensions
characterizing some important elements in a ring. In Section 2.1, we study some proper-
ties of PBW extensions and present interesting results that provide sufficient conditions
to guarantee fusible property in this family of noncommutative rings. The fundamental
tool in these results is Goldie’s theory and the filtration-graduation technique. In Section
2.2, we study X-rigid rings and weak Y-rigid rings, highlighting some of their properties
and characterizing some important elements in a skew PBW extension over weak X-rigid
rings. In Section 2.3, we study (3, A)-compatible rings, looking at some interesting prop-
erties of these rings. Also, we present an interesting result that relates these rings to
the fusible property and characterize important elements of a skew PBW extension over
(3, A)-compatible rings. All these new results have been submitted for publication as a
contribution to the theory of fusible rings of noncommutative rings of polynomial type.

2.1 Skew PBW extensions

Skew PBW extensions, also known as c-PBW extensions, are a wide class of noncommuta-
tive rings which include many rings and algebras arising in quantum mechanics and many
areas in mathematics, such as the PBW extensions, Weyl algebras, enveloping algebras of
finite dimensional Lie algebras, iterated Ore extensions of injective type and many others.
Skew PBW extensions were introduced in [GL11], and since then several ring theoretical
and homological properties of these objects have been studied by different authors. Some
examples and results can be consulted in [GL11],[LR14],[RS17],[Rey15],[RS18a],[RJ18] and
[LAC™13]. In this section, we study some very important and well known facts in the lit-
erature such as the relationship of skew PBW extensions with semiprime Goldie’s rings
and the filtration-graduation techniques used on them. The reader may see Appendix A.3
and Appendix A.2 to recall some basic concepts from these two areas. These results are
adapted from [LACT13] and [LR14]. We also present new results that provide sufficient
conditions to guarantee fusible property in a skew PBW extension. Finally, we present
a large number of noncommutative type algebras that satisfy these new results satisfying
the fusible property.

21
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Definition 2.1.1. ([GL11], Definition 1). Let R and A be rings. We say that A is a
skew PBW extension (also known as c-PBW extension or SPBW) over R, which
is denoted by A := o(R)(x1,...,xy,), if the following conditions hold:

(1)
(i)

(iii)

(iv)

R is a subring of A sharing the same identity element.

There exist finitely many elements x1,...,z, € A such that A is a left free R-
module, with basis Mon(4) := {z* = z{*---2%" | a = (a1,...,a,) € N'} and
2% :=1 € Mon(A).

For each 1 <i <n and any r € R\ {0}, there exists an element ¢; , € R \ {0} such
that x;r — ¢;rx; € R.

For any 1 < 4,j < n, there exists an element d;; € R \ {0} such that z;z; —
dijrix; € R+ Rxy + -+ + Rxy, (i.e., there exist elements r(()z’]),rgm), e ,rﬁf’y) of R
with x;2; — d; jzix; = TéZ’J) + 2?21 Tl(l,])xl.

Proposition 2.1.2 ([GL11], Proposition 3). Let A = o(R)(x1,...,%n) be a skew PBW
extension. For each 1 <1 < n, there exist an injective endomorphism o; : R — R and an
o;-derivation §; : R — R such that x;r = o;(r)x; + 0;(r), for each r € R. From now on,
we will write ¥ := {o1,...,0n}, and A :={1,...,0n}.

Definition 2.1.3 ([GL11], Definition 4 and [LAR15], Definition 2.3). Let A be a skew
PBW extension over R.

(i)

(i)

(iii)

A is called quasi-commutative, if the conditions (iii) and (iv) in Definition 2.1.1
are replaced by the following: (iii’) for each 1 < i < n and all r € R \ {0}, there
exists ¢;,» € R\ {0} such that x;r = ¢;,2;; (iv’) for any 1 < 4,5 < n, there exists
¢ij € R\ {0} such that z;z; = ¢; jx;z;.

A is called bijective, if o; is bijective for each 1 < i < n, and ¢;; is invertible, for
any 1 <14,5 <n.

A is called of endomorphism type, if §; = 0, for every i. In addition, if every o;
is bijective, A is a skew PBW extension of automorphism type.

Remark 2.1.4 ([GL11], Section 3). Let A = o(R)(z1,...,x,) be a skew PBW extension.

(1)

(i)

Consider the families ¥ and A in Proposition 2.1.2. Throughout the work, for any
element o = (a,...,a,) € N, we write 0* := of" 0--- 004", §* = 07" 0+ 05",
where o denotes composition, and |a] :== a; + -+ ay. If 5= (B1,...,0,) € N,
then a+ f := (a1 + B1,- .., an + Bn).

Let > be a total order defined on Mon(A). If z® > z7 but 2 # 2%, we write
x® = xf. If f is a nonzero element of A, then f can be expressed uniquely as
f=a+a1 X1+ +anXy, with a; € R, and X,;, > --- > X3 (eventually, we use
expressions as f = ag+ a1Y1 + - + an Yy, with a; € R, and Yy, > -+ - = Y7). With
this notation, we define Im(f) := X,,, the leading monomial of f; lc(f) := am,
the leading coefficient of f; lt(f) := a,, X, the leading term of f; exp(f) :=
exp(Xy,), the order of f. Note that deg(f) := max{deg(X;)}",. Finally, if f =0,
then Im(0) := 0, 1c(0) := 0, 1t(0) := 0. We also consider X > 0 for any X € Mon(A).
Thus, we extend > to Mon(A4) U {0}.
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Definition 2.1.5 ( [GL11], Definition 11). If > is a total order on Mon(A), we say that
> is a monomial order on Mon(A), if the following conditions hold:

(i) For every %, 2% 27, 2> € Mon(A), 27 = 2® = Im(z722*) = lm(z72%2*) (the total
order is compatible with multiplication).

(ii) «® = 1, for every x® € Mon(A).

(iii) > is degree compatible, i.e., |3| = |a| = z = z°.

The following are examples of total orders which are compatible. These were adapted
from [CLO15], Definition 5 and 6.

Examples 2.1.6. Lexicographic Order. Let o, € Z,>0 with o = (a1,..., ) and
B = (B1,-..,0n). We say that % >gep 2P if 2% = 2 or * # 2P but |a| = |B] or
z® # 28, |a| = |B], and there is 0 < i < n such that a; = bj, for all 0 < j < i and a; > b;.

Examples 2.1.7. Graded Reverse Lex Order. Let a, f € Zp>o with a = (aq, ..., )
and = (B1,...,0n). We say that 2% > epler 2P if 2% = 28 or z® # 28 but la| = |5 or
x% # 27, |a| = |B], and there is 0 < i < n such that a; = bj, for all i < j < n and a; < b;.

Proposition 2.1.8 ([GL11], Theorem 7). If A is a polynomial ring with coefficients in R
with respect to the set of indeterminates {x1,...,x,}, then A is a skew PBW extension of
R if and only if the following conditions hold:

(i) For each z* € Mon(A) and every 0 # r € R, there exist unique elements rq =
o%(r) € R\ {0}, par € A, such that z%r = rox% + par, where po, = 0, or
deg(pa,r) < |a| if pay # 0. If 1 is left invertible, so is rq.

(ii) For each x®,z” € Mon(A), there exist unique elements Ca,p € R and pop € A such
that x%azP = ca,gw‘“‘ﬁ + Pa,g, where cq g is left invertible, po g = 0, or deg(pa,s) <
la + B if pap # 0.

Remark 2.1.9. ([Reyl15], Proposition 2.9 and Remark 2.10 (iv)). Let A = o(R)(z1,...,Zn)
be a skew PBW extension. Then the following assertions hold:

(i) If a = (a1,...,ap) € N” and r is an element of R, then
Qp
O = lehxgz .. 553 1 xanr — xl ...mzi—ll (Z x%n—_](sn(o_%—l(,r,))x_zl—1>
Jj=1

QAp—1
et ey (ot o ) o

Ap—2

+ gty 3(2 20 6o (0 T (0 (o0 (1))l )xr

oo (o o o (o ) Jaage e g
j=1
+ o7 (052 (- (opm(1))))a]t - anr, O’? :=idg for 1 <7< n.
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(i) If X; := af™ - afin Y; = :):fj1 -'-xgj", and a;,b; are elements of R, when we
compute every summand of a;X;b;Y; we obtain products of the coefficient a; with
several evaluations of b; in o’s and ¢’s depending of the coordinates of ;. This
assertion follows from the expression:

a; X;b;Y; = a;o® (bj)x*ia’ + QiPay,o52 (-

) a2 Qin .05
"1? .-;a’/‘ a’/‘
e (opin (b)) 2 n

751 ) ) Qi3 | Qin B
T Q%1 Py 608 (- (0% (b)) 3 e
e 75 e 7)) ) ) Qig | Qi B
O Pagy oA (o ) TaT T I

e il iz %i(n—2) . Qin B;
+ + aszl 1‘2 xi(n—Q) pa’i(nfl)vafxn (bj)l'n s

o Qj(n—1) .
@y 2 Py 2

The next result states the universal property for skew PBW extensions; its proof is
presented in [AL15], Theorem 3.1.

Proposition 2.1.10 ([AL15], Theorem 3.1). Let A = o(R) (z1,...,%n) be a skew PBW
extension with parameters o;,d;, cij,dij,agc), 1<14,7 <n. Let B be a ring with homomor-
phism ¢ : R — B and elements y1,...,yn, € B such that

(i) yiod(r) = ¢(oi(r))y; + ¢(6:(r)), for every r € R.
(i) yim = bleip)yays + Blal yr + -+ + dlal Yyn + dij.

Then, there exists an unique ring homomorphism @ : A — B such that ¢v = ¢ and
&(xi) = yi, where ¢ is the inclusion of R in A.

We present the Hilbert’s Basis Theorem in its version for skew PBW extensions. The
proof of this important fact can be consulted in [LR14], Corollary 2.4.

Proposition 2.1.11 ([LR14], Corollary 2.4). Let A = o(R) (z1,...,x,) be a bijective
skew PBW extension of R. If R is a left Noetherian ring then A is also a left Noetherian
ring. Analogously the right case.

We mention some examples of noncommutative rings of interest in theoretical physics.
All these algebras are examples of skew PBW extensions (see [Rey13b], [RJ18] and [RS17]
for a proof of this assertion). A detailed list of skew PBW extensions can be found in
[GL11], [LR14] and [RS17]. The next example shows that under certain conditions, an
iterated skew polynomial ring can be seen as a skew PBW extension.

Example 2.1.12. Any iterated skew polynomial ring R[x1;01,01] - [xn;0p,0,] is a
skew PBW extension, if it satisfies the following conditions:

1. o; is injective, for all 1 <7 < n;
2. 0i(r),di(r) € R, for every r € Rand 1 <i <m;
3. 0j(z;) = cx; +d, for i < j with ¢,d € R and ¢ has a left inverse;

4. 5j($i)€R+RJ}1—|—'--+RZ‘, for i < j.
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Under these conditions, we have R[z1;01,01] - [Tn; 0n, 0n] = 0(R) (z1,...,2,). Note that
skew PBW extensions are more general that skew polynomial rings of injective type (see
[Rey13b] and [SualT]).

Next, we present some examples of skew PBW extensions known as quantum algebras,
which are of interest in theoretical physics. In [RJ18], some interesting algebraic properties
are studied for this class of algebras. Furthermore, classical results on Ore extensions are
extended to these families of quantum algebras. A detailed list of examples can be found
in [LR14] and [Rey13a].

Example 2.1.13. Weyl algebra and extended Weyl algebra: Let k be a field.
The Weyl algebra A, (k) = k[t;---t,][z1; (%] N fr %]. The extended Weyl algebra

B, (k) = k(t1,- -+ ,tn)[z1; 8%1] R e %], where k(t1,- - ,t,) is the field of fractions of
k[t1, -+ ,ty], is also a PBW extension.

Example 2.1.14. Additive analogue of the Weyl algebra: Let k be a field. The
k-algebra A, (q1,...,q,) is generated by z1,...,xy, t1,...,t, and subject to the relations:

Tjr; = xivy, it =lit;, 1<1,7<n.
:thi = ti:Ej, /) 75 ]
Titi = qitizi +1, 1 <1< n.

where ¢; € k\ {0}. Thus, A,(q1,...,q) = o(k[t1,...,tn]) (z1,...,2Tn)

Example 2.1.15. Multiplicative analogue of the Weyl algebra: Let k be a field.
The k-algebra Oy (\;;) is generated by 1, ..., z, subject to the relations:

TjT; = )\jixixj, 1 <<y <n,

where \j; € k — {0}. If n = 2 then Oz(\j;) is called the quantum plane. We note that
On(Msi) = oK) (a1, .. 0) = o (k) {mn .. ).

Example 2.1.16. Quantum algebra U’'(s0(3,k)): Let k be a field. The k-algebra
U'(s0(3,k)) is generated by Iy, I5, I3 subject to the following relations:

LI —qhl, = —¢"?I3, L —q 'Ly = q V2, I3l — ql Iy = —q'/%1,

where ¢ € k — {0}. In this way, U'(s0(3,k)) = o(k) (11, I2, I3).

Example 2.1.17. Diffusion algebras: Let k be a field. The diffusion algebra A is
generated by {D;,z; | 1 <i < n} over k with relations

rix; = xjx;, v;Dj=Djr;, 1<1i,5<n.
CijDiDj — CjiDjDi = ijDi — CCZ'DJ‘, 1< 7, Cij, Cji € k*.

Thus, A = o(k[z1,...,2z,]) (D1,...,Dy). This is an example of a skew PBW extension
which we cannot see as a skew polynomial ring over k[zy, ..., x,].
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Example 2.1.18. ¢-Heisenberg algebra: Let k be a field. The k-algebra H,(q) is
generated by the set of variables x1,...,Zn,y1,...,Yn, 21, - - -, 2n, Subject to the relations:

o xjx; = xixj, zjz = 2%j, forall 1<1i,j<n.
® 2y = YiZj, 2T = TiZj, YjTi = Ty, 1 F .

© iy = qYizi, ZiTi=q ‘Tz + Y, Yivi = quiyi, forall 1<i<mn, ¢ek—{0}.

Thus, H,(q) Z 0(K) (X1, -, T Yty Yni 21y -+ 2n) -

The family of 3-dimensional skew polynomial algebras is an interesting example of
skew PBW extensions. This fact can be appreciated from its definition (see also [RS17]
and [Rey13b] for more details).

Definition 2.1.19 ([Ros95], Definition C.4.3). Let k be a field. A 3-dimensional skew
polynomial algebra A is a k-algebra generated by x, ¥, z subject to the relations yz —
azy = A, zx — Bxz = u, xy — yyr = v, such that A\, u,v € k + kx + ky + kz, and
a,B,v € k — {0} and the standard monomials {a:iyjzl |0 < i,j,l} are a k-basis of the
algebra.

Next proposition establishes a classification of 3-dimensional skew polynomial algebras,
according to the values of their parameters.

Proposition 2.1.20 ([Ros95], Theorem C.4.3.1). If A is a 3-dimensional skew polynomial
algebra, then A is one of the following algebras:

(i) If « # B # v and « # =, then A is defined by the relations yz—azy = 0, zx—pxz = 0,
and zy — yyxz = 0.

(ii) If 8 # a =~ =1, then A is one of the following algebras:

® Yz —2y=2,2C—Prz=Y,TY —Yr==2a

e yz—z2y=2z,2¢—fPrz=b,xy—yr==x

e yz—z2y=0,ze—Prz=y,xy—yr =20

o yz—2y=0,z0—Prz=b,zy—yr =20

e yz—zy=az,2x—Prz=0,zy —yxr ==z

e yz—z2y=2z,zx— Prz=0, 2y —yr =0,

where a, b € k are arbitrary and all nonzero values of b give isomorphic algebras.

(iii) If 8 # a =y # 1, then A is one of the following algebras:

o yz—azy=0,ze—Prz=y+b, xy—ayr =0

e yz—azy=0, zx — frz=0b, xy — ayx =0,

where b € k is arbitrary and all nonzero values of b give isomorphic algebras as well.
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(iv) If a = B = # 1, then A is defined by the relations yz —azy = a1z + b1, zx — frz =
agy + ba, Ty — ayxr = azz + bs. If a; =0, for ¢ = 1,2, 3, then all nonzero values of b;
give isomorphic algebras.

(v) If « ==+~ =1, then A is one of the following algebras:

O Y —ZY=T,2T—TZ =Y, TY —Yr =2
o yz—zy=0,20—22=0,2y —yr ==z
e yz—zy=0,zc—xzz=0,xzy —yr=2>
o yz—zy=—y,2x—xz=x+y, xy—yr=>0

o yz —zy=az, zx —xrz =2, xy —yxr =0,

where a,b € k are arbitrary and all nonzero values of b give isomorphic algebras.

Example 2.1.21. The next algebras are particular cases of 3-dimensional skew polynomial
algebras, and therefore, these are skew PBW extensions:

(i) Dispin algebra. Let k be a field. Let U(osp(1,2)) be the algebra generated by
x,1, z together with the relations: yz — zy = 2, 2o + 2 = y, vy — yx = x. Then
U(osp(1,2)) = o(k) (z1, 22, 23). Due to relations, this algebra cannot be seen as a
skew polynomial ring.

(ii) Woronowicz algebra W, (sl(2,k)): Let k be a field. The k-algebra W, (s(2,k)) is
generated by z,y, z subject to the relations xz — vtzz = (1 + v?)x, vy — v2yz = vz,
zy —vtyz = (1 + v?)y, where v € k — {0} is not a root of unity.

Next, we study some results which seek to characterize quasi-commutative skew PBW
extensions and also find interesting relationships between a skew PBW extension and
its corresponding graduated ring. The graduation-filtration technique has been a very
important tool to test some algebraic properties. Some of the following results are evidence
of this fact. The reader may see Appendix A.2 to become familiar with this terminology.

The following proposition states that one can construct a quasi-commutative skew
PBW extension from a given skew PBW extension of a ring R.

Proposition 2.1.22 ([LR14], Proposition 2.1). Let A be a skew PBW extension of R.
Then, there exists a quasi-commutative skew PBW extension A° of R in n wvariables
Z1,...,2n defined by zir = c¢;,rz; and zjz; = ¢ %z, for all 1 < 4,5 < n, where ¢,
cij are the same constants that define A. Moreover, if A is bijective then A% is also
bijective

Proof. Let z1,..., 2, be n indeterminates and we consider the set of standard monomials
M = {z"... 20" | ¢; € N",1 <i <n}. Let A% be the free R-module with basis M. The
product in A it defined by the distributive law and the rules rz®sz? := raa(s)caﬁzo‘Jrﬁ,
where the o’s and the constants ¢’s are as in Proposition 2.1.8. The reader may see [LR14],
Proposition 2.1 to check that this product is associative, and also that R C A?. Hence,
A? is a quasi-commutative skew PBW extension of R O
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Proposition 2.1.23 ([LR14], Theorem 2.2). Let A be an arbitrary skew PBW extension
of R. Then, A is a filtered ring with filtration given by

F(A) = R, ifm=0
T {f e Al deg(f) <m},  ifm>1,

and the corresponding graded ring Gr(A) is a quasi-commutative skew PBW extension of
R. Moreover, if A is bijective, then Gr(A) is a quasi-commutative bijective skew PBW
extension of R.

Proof. Let A :=o(R) (z1,...,zy), with ; as in Proposition 2.1.2, and let ¢;; be the system
of constants as in Definition 2.1.3 (i). Let A be the associated quasi-commutative skew
PBW extension defined in Proposition 2.1.22. Associated to the filtration {F,,(A4)},,cn
we define the graded ring Gr(A) by Gr(A) := @,,cn Fin/Fm-1 (see Proposition A.2.6).
The reader may see [LR14], Theorem 2.2 to check that Gr(A) = A?. Therefore, by
Proposition 2.1.22, we have that Gr(A) is a quasi-commutative skew PBW extension. [J

The next theorem characterizes the quasi-commutative skew PBW extensions.

Proposition 2.1.24 ([LR14], Theorem 2.3). Let A be a quasi-commutative skew PBW
extension of a ring R. Then, we have the following assertions:

(i) A is isomorphic to an iterated skew polynomial ring of endomorphism type.

(ii) If A is bijective, then each endomorphism is bijective.

Proof. We follow the ideas presented in [LR14], Theorem 2.3.

(i) Let A:=0o(R)(x1,...,xn), with 0; as in Proposition 2.1.2, and let ¢;; be the system
of constants as in Definition 2.1.3 (i). The idea of the proof is to build a skew
polynomial ring B and by universal property (see Proposition 1.2.10), to show that
A = B. The skew polynomial ring we need is B := R[z1;601] - - - [2zn; 0] where,

01 = 01
0 : Rlz1;61] - R[zj—1;0;-1] = R[z1;61] - - R[zj—1;6;_1]
0j(z) == cijzi, 1 <i<j<m, 0i(r):=04(r), forr e R,

The argument of the proof consists of making induction on the number of variables
zj. This proof is extensive and therefore we omit it. The reader can see [LR14],
Theorem 2.3 to check that, indeed, A = B.

(ii) First, we show that each 6; is surjective: if r € R, then r = Hj(aj_l(r)), since
Hj(aj_l(r)) = aj(aj_l('r)). Now, let ¢ := oj_l(ci_,jl), for 1 <i¢ < j—1. Then, we get
that Gj(ajfl(c;jl)zi)) = O'j(U;l(C;]-l))Ci7jZi = c;jlc;jlzi = z;. Therefore, by linearity
we can affirm that 0; is surjective, for every 1 <1i < n.
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Now, let us show that 6; is injective, for each 1 < ¢ < n. Consider an element
p(21s...,2j—1) € Rlzn;61]---[2j-1;6-1] such that 6;(p(z1,...,2j—1)) = 0. Since

p(z1,...,2j-1) is a finite sum of terms as rz{" - -'zg::i, the idea is to prove that
each coefficient r es zero, and so p(z1,...,2j—1) = 0. For this, we show first that
0;(rz" zj:ll) = aj(r)uzf‘l---zgj, where u € R*. Note that, 0;(z) = ¢ jz

and v = ¢;; € R*; for 0j(z;2;), we get that 6;(z;2z;) = ¢ jzicijzi = ci,jaj(cm)z?,
where ¢; jo;(cij) € R*. Thus, we have 6;(25%) = 0;(22)0;(z) = u'2{¢; 2,
where «’ is invertible and constructed by induction for the case 0;(z;""). Hence
0;(20) == W% (c; )2 = wz T where u := w0 (c;;) € R*. Finally, by
induction on the number of factors there exists u’ € R* such that

0;(rz - 271) = 05(r)0;(2 -+ 2757052 7))
=oj(r)u'z" - z?iggu”z?jl

o loar o J=20 a1 Q51 . " *
=oj(r)uo] Uj_g(u )21 274 with u" € R*.

Then, we conclude that v := v/o{" - - zjai 52 (u") € R*. By the previous observation,
i—1 i1 .

we get 6;(rz{" - 25—1) =oj(r)uzyt - 'z;_l, with u € R*. If 0;(p(21,...,25-1)) =0,

then 0;(rz{"--- zgj) = oj(r)juz - - zgill = 0, which implies that o;(r)u = 0 and

since u € R*, it follows that o;(r) = 0. Therefore, r = 0, by injectivity of o;. This

guarantees that p(z1,...,2;—1) = 0 whence 6§, is injective, for each 1 < j < n.

O

We present the following result which has been product of this work, where we establish
sufficient conditions to guarantee that a skew PBW extension is a left regular fusible ring.

Theorem 2.1.25. Let A be a skew PBW extension of R and suppose that o; is bijective,
for every 1 < i < n. If R is semiprime Noetherian ring then A is a left reqular fusible
Ting.

Proof. Let A be a skew PBW extension. By Proposition 2.1.22, we have that the graded
ring of A is isomorphic to A7, that is, Gr(A) = A?. Now, we saw that A7 is a quasi-
commutative skew PBW extension using Proposition 2.1.22. Thus, by characterizing of
the quasi-commutative skew PBW extensions in Proposition 2.1.24, we obtain that A7 &
R[z1;01] -+ [xn; 0p], whence Gr(A) = R[xy1;01] - [xp;0n). Since R is Noetherian and o;
is bijective, for every 1 < i < n, by Proposition 1.2.13, we have that R[x1;01] - [zp; 0p] is
a Noetherian ring, and hence Gr(A) is Noetherian. By Proposition A.2.7 (iii), we get that
A is a left Noetherian ring. More generally, A is a left Goldie ring. On the other hand, as
R is semiprime and Noetherian, this implies that R[x1;01] - [2p;0p] is & semiprime ring,
using Proposition 1.2.15. That is, Gr(A) is semiprime, which implies that A is semiprime,
by Proposition A.2.7 (iv). Finally, since A is a semiprime left Goldie ring, by Proposition
1.1.37, we conclude that A is left regular fusible. O

Example 2.1.26. Let k be a field. We consider R = k(z,y]/ (z?) which is a Noetherian
ring since k[z,y] is also. Furthermore, R is a semiprime ring, since for any two nonzero
elements r, s € R, we have rys # 0. Thus, by Theorem 2.1.25, we conclude that any skew
PBW extension A = R (z) with o; bijective is a left regular fusible ring.
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The following result which establish sufficient conditions to guarantee that a quasi-
commutative skew PBW extension over semiprime left Goldie rings is a left regular fusible
ring. The notions of semiprime ring and Goldie’s ring can be consulted in Appendix A.3
(see Definitions A.3.11 and A.3.14).

Theorem 2.1.27. Let R be a semiprime left Goldie ring and A a quasi-commutative skew
PBW extension of R. Then A is a left reqular fusible ring.

Proof. Let R be a ring and A a quasi-commutative skew PBW extension over R. By
Proposition 2.1.24 (i), which characterizes this particular type of skew PBW extensions,
it follows that A = R[x1;01] -+ [zn; 0] where o; is an injective endomorphism, for each
1 < i < n (see Proposition 2.1.2). Now, since R is a semiprime left Goldie ring, this
implies that R [z1;01] - [2n; 0p] is semiprime left Goldie as a consequence of Proposition
1.2.15. Therefore, we have that A is a semiprime left Goldie. In particular, A has finite
uniform dimension which implies that A is regular left fusible, by Proposition 1.1.37. [

In [LACT13], two important facts presented in the literature are studied, such as Ore
and Goldie’s theorems, both well known and studied for skew polynomial rings. These
results are extended to an even more general family of noncommutative rings of polyno-
mial type such as skew PBW extensions. An interesting application of the article is the
quantum version of the Gelfand-Kirillov conjecture for the skew quantum polynomials (see
[LAC*13], Corollary 5.1). Next, we remember the following result which describes the Ore
localization by regular elements of the ring R on a skew PBW extension. The results that
we present below, allow us to study the fusible property in bijective skew PBW extensions.

Proposition 2.1.28 ([LAC*13|, Lemma 2.6). Let R be a ring and A a skew PBW ex-
tension of R. Let S be the set of reqular elements of R such that 0;(S) = S, for every
1 <i <n, where o; is defined by Proposition 2.1.2.

(i) If ST'R exists, then S~ A exists and it is a bijective skew PBW extension of ST'R
with

ST1A =0o(S7IR) (2],...,2)),

n

with x := %t and the system of constants of STLR is given by CéJ ==

foralll <i,j <n.

(i) If RS™! exists, then AS™! ewists and it is a bijective skew PBW extension of RS™!
with

AS™L =o(RS™Y (z),...,2)),

with & := 2t and the system of constants of ST'R is given by cij= g e =

28, foralll<i,57<n.
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Proposition 2.1.29 ([LAC*13], Proposition 4.6). Let R be a ring such that any left
reqular element is reqular. Let S be the set of reqular elements of R such that S™'R exists.
Then,

(i) Qi(R) ewists if and only if Q;(S™'R) ewists. In such case, we have that Q;(R) =
Qu(ST'R).

(i) R is semiprime left Goldie if and only if S™'R is semiprime left Goldie.

The right side version of the proposition holds.

Proposition 2.1.30 ([LAC'13], Proposition 4.7). Let R be a positive filtered ring. If
Gr(R) is semiprime, then R is semiprime.

Next, we present a result of great interest that relate skew PBW extensions with the
property of being left regular fusible. This result is a consequence of the statements
previously presented and of the characterization of semiprime left Goldie rings in terms of
regular fusible rings presented in Proposition 1.1.37.

Theorem 2.1.31. Let R be a semiprime left Goldie ring and A a bijective skew PBW
extension of R. Then A is a left regular fusible ring.

Proof. Let S be the set of regular elements of R. By Goldie’s classical theorem, we have
that Q;(R) = S™'R exists and it is left Artinian. Making use of Proposition 2.1.28,
it follows that S~!A exists and it is a bijective extension of @Q;(R), which means that,
S71A = 0(Qi(R)) (x1,...,7,). Since Q;(R) is left Artinian, we have that Q;(R) is left
Noetherian and so by Proposition 2.1.11, we get that S~!A is left Noetherian and hence left
Goldie. On the other hand, we get that Gr(o(Q;(R)) (x1,...,zy)) is a quasi-commutative
extension of the semiprime left Goldie ring @Q;(R). This implies that Gr(S~!A) is a
semiprime ring and by Proposition 2.1.30, it follows that S~!'A is semiprime. Thus S~'A
is semiprime left Goldie and hence, we conclude that A is a semiprime left Goldie ring, by
Proposition 2.1.29 (ii). Finally, since A is a semiprime left Goldie ring, we obtain that A
is a left regular fusible ring as a consequence of Proposition 1.1.37. 0

In the following tables, we mention some noncommutative algebras that are particular
cases of skew PBW extensions. It is important to note that these algebras are skew
PBW extensions on reduced rings, which are semiprime rings. The following examples are
adapted from [LR14], [RJ18], [Reyl3a] and [Sual7]. We use the symbol v' to mean the
result holds; in other case, we use the symbol x. We note for RF-QC Theorem 2.1.27 and
RF-B Theorem 2.1.31.
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Noncommutative ring

R

&

B

RF-QC

Polynomial ring k[z1, ..., z,]

Skew polynomial ring of derivation type
Universal enveloping algebra of Lie algebras
Universal enveloping rings U(V, R, k)
Differential operator rings V (R, L)

Tensor product R ®k U(g)

Crossed product R * U(g)

Twisted or smash product differential operator ring R#,U(g)

SN N NENENENEN

b R S S D S

Table 2.1: PBW extensions.

Noncommutative ring

=
&
t

RF-QC

Weyl algebra A, (k)

Quantum plane

Algebra of g-differential operators

Algebra of shift operators Sy,

Mixed algebra Dy,

Algebra for multidimensional discrete linear systems

ENENENENENEN

N NN

Table 2.2: Ore extensions of derivation type.

=

Noncommutative ring R

B

RF-QC

Algebra of linear partial differential operators
Algebra of linear partial shift operators
Algebra of linear partial difference operators
Algebra of linear partial g-dilation operators
Algebra of linear partial g-differential operator

ASENENENEN

M N N

Table 2.3: Operator algebras.

Noncommutative ring R

&

B [ RF-QC

Additive analogue of the Weyl algebra
Multiplicative analogue of the Weyl algebra
Quantum algebra U’ (so(3,k)

Dispin algebra U(osp(1,2)

Woronowicz algebra W, (sl(2, k)

Algebra U

The Complex algebra V,(sl(3,C))

Manin algebra O,Ms(k)

g-Heisenberg algebra H,,(q)

Quantum enveloping algebra U, (s((2,k))
Hayashi’s algebra W, (J)

Differential operators on a quantum space Dq(Sq)

N N N N N NN NEN

S . i S S NG

Table 2.4: Quantum algebras.



CHAPTER 2. FUSIBLE PROPERTY OVER SKEW PBW EXTENSIONS 33

2.2 >-Rigid and weak X-Rigid rings

Krempa [Kre96] defined o-rigid rings. Recall that R is called o-rigid ring, if there exists
an endomorphism o of R such that ac(a) = 0 implies a = 0, for a € R. It is known that
o-rigid rings are reduced (see Hong et al [HKKO00]). Several properties of o-rigid rings
have been established in the literature (see [Kre96] and [HKKO00]). With this definition
in mind, Ouyang [Ouy08] defined weak o-rigid rings which are a generalization of o-rigid
rings. More precisely, R is said to be weak o-rigid, if ac(a) € nil(R) < a € nil(R), where
nil(R) is the set of nilpotent elements of R and o is an endomorphism of a ring R. In
[Ouy08], it was shown that R is o-rigid if and only if R is weak o-rigid and reduced. In this
way, weak o-rigid rings are a generalization of o-rigid rings deleting the condition to be
reduced. In this section, we study the notion of a weak ¥-rigid ring as a generalization of
Y-rigid rings, which have been extensively studied in the literature (see [Rey15], [RS18a,
and [RS18b]). This generalization is particularly interesting since it allows to characterize
types of elements in skew PBW extensions.

Since Ore extensions of injective type are particular examples of skew PBW extensions,
in [Reyl5] it was introduced the following definition with the purpose of studying the
notion of rigidness in this more general setting.

Definition 2.2.1 ([Reyl5], Definition 3.2). Let R be a ring and ¥ a family of endomor-
phisms of R. ¥ is called a rigid endomorphisms family, if ro®(r) = 0 implies r = 0,
where r € R and a € N". A ring R is called X-rigid, if there exists a rigid endomorphism
family ¥ of R.

Remark 2.2.2. Note that if R is Y-rigid, then o is a injective homomorphism, for all
a € N, Let r € R such that o®(r) = 0. Then, we get that ro®(r) = 0. Now, since R is -
rigid, we have ro®(r) = 0 which implies that » = 0. Thus, 0® is a injective homomorphism.
Furthermore, an ¥-rigid ring R is reduced: Let 7 € R such that r?> = 0. Then, we have
0 = ra®(r?)o®(o(r)) = ro®(r)o®(r)o*(c®(r)) = ro®(r)o*(ra®(r)) whence ra®(r) = 0,

and thus r = 0 since R is Y-rigid.

With this in mind, we consider the family of injective endomorphisms > and the
family A of ¥-derivations in a skew PBW extension A of a ring R (see Proposition 2.1.2).
The following proposition generalizes properties for o-rigid rings and it is also of great
importance throughout this work.

Proposition 2.2.3 ([Reyl5], Lemma 3.3). Let R be a ¥-rigid ring and a,b € R. Then:

(i) If ab =0 then ac®(b) = 0%(a)b =0, for o € N™.
(ii) If ab =0 then ad®(b) = 6%(a)b =0, for f € N".
(iii) If ab = 0 then ac®(6°(b)) = ad®(a®(b)) = 0, for every o, B € N™.
(iv) If ao?(b) = 0%(a)b = 0 for some 6 € N, then ab = 0.
We present two interesting facts which are an important tool to study certain elements

in a skew PBW extension. Theorems 2.2.4 and 2.2.5 generalize some properties of the
>-rigid rings and both are results obtained during the realization of this work.
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The following result generalizes [HHA17], Lemma 2.2.

Theorem 2.2.4. Let A be a skew PBW extension of a 3-rigid ring R. If f = ag+a1 X1+
oo+ ap Xy € A, e,r € R. Then fr = c if and only agr = ¢ and a;r = 0, for every
1<1<n.

Proof. Let r € R such that fr = ¢. The idea is show that agr = ¢ and a;r = 0, for
every 1 < ¢ < n, by using induction on n. For n = 0, f = ag whence ¢ = fr = aor.
Now, we suppose that the result is true for all the smaller values than n > 1. Let
f=ay+a1 X1+ --+a, X, € Asuch that fr=c. If, c= fr = aor +a1 X1r+---+a, X,r,
this means that lc(fr) = ac® (r) = 0. Thus, a,r = 0, by Proposition 2.2.3 (iv). Again,
by using Proposition 2.2.3 (iii) and Remark 2.1.9, we have a, X,,r = 0. Hence, we have
that ¢ = fr = (aor + a1 Xqr + -+ + anXpr) = (a0 + a1 X1 + -+ + ap—1Xp—1)r whence
agr = c and a;r = 0, for all 1 <7 < n — 1 since we assume the result is true for all the
smaller values than n > 1. On the other hand, if agr = c and a;r = 0, for every 1 <i < n,
we have fr = ¢ by Proposition 2.2.3 and Remark 2.1.9.

O]

The following result generalizes [HHA17], Lemma 2.3.

Theorem 2.2.5. Let A be a skew PBW extension of a X-rigid ring R and also f =
ao+ a1 X1+ -+ apX, and g = by + b1Y1 + - 4+ b Y, be nonzero elements of A such
that fg =c € R. Then apgby = c and a;b; =0, for each i,j with i +j > 1.

Proof. Let f,g € Awith f =ap+ a1 X1+ +a, X, and g =bg+b01Y1 + -+ b Y
such that fg = ¢. We have fg = (ap + a1 X1 + -+ + anXp)(bo + 01Y1 + -« + b Yin) =

g (Ziﬂ:k a,-Xiijfj). We proceed by induction. If m = 0 or n = 0, then the result
follows from Theorem 2.2.4. Now, let m,n > 1 and suppose that the result is true for all
the smaller values than m +n > 1. If fg = ¢, we get lc(fg) = ano® (by,) = 0, and hence
anby, = 0 by Proposition 2.2.3. In addition, a,b,, = ba, = 0, due to the reducibility
of R. Thus, we have by,c = by, fg = (bpao + bpa1 X + -+ - + bpan—1Xn-1)g = fi1g. Since
f19 = bpcand 1t(f19) = bman—1Xn—1bmYm, by induction hypothesis, we get the statement
is true for fig, that is, b,a0by = -+ = bpap—1by, = 0 which means that b,,a;b,, = 0,
for every 1 < i < n — 1. Hence, a;(bpnaiby) = (a;iby,)? = 0 and so a;b,, = 0, since R is
reduced. Then, we have that a;X;b,,Y,, = 0, for every 0 < ¢ < n, by Proposition 2.2.3
and Remark 2.1.9. Thus, ¢ = fg = f(bo + 01Y + -+ + bypy—1Ym—1) = fg1. Again, fg1 = ¢
and It(fg1) = anXnbm—1Ym—1, by induction hypothesis, we get the statement is true for
fg1, that is, apbg = c and a;b; = 0, for every 1 <7 <n and 1 < j < m — 1. Therefore,
apbg = c and a;b; = 0, for each 1 < i+ j < m +n, and the proof is complete. O

In [Ouy08], the notion of weak o-rigid rings was introduced for Ore extensions, which
generalizes also the concept of o-rigid ring. Following these ideas, in [RS18b] the notion
of weak X-rigid rings for skew PBW extensions was considered, notion that also extends
to X-rigid rings. These families of rings are a very important tool for studying skew PBW
extensions. We focus our attention on these rings and some of their algebraic properties.
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Definition 2.2.6. ([RS18b], Definition 3.2). Let ¥ = {o1,...,0,} and A = {01,...,,}
be a family of endomorphisms and 3-derivations of R, respectively. R is called a weak
Y-rigid ring, if ao?(a) € nil(R) < a € nil(R), where a € R and 0 € N,

It can be proved that every Y-rigid ring is a weak Y-rigid ring. However, the converse
is false (see [Ouy08], Example 2.1). The next Proposition gives an equivalence between
the notions of Y-rigid rings and weak Y-rigid rings.

Proposition 2.2.7 ([RS18b], Theorem 3.4). Let ¥ = {o1,...,0,} and A = {01,...,0n}
be a family of endomorphisms and X-derivations of R, respectively. R is ¥-rigid if and
only if R is weak X-rigid and reduced.

Proof. Suppose that R is X-rigid ring. Then R is reduced by the previous observations.
Thus, let us show that R is weak o-rigid weak. If a € nil(R), then a = 0, since R is reduced.
Therefore ac®(a) = 0, for all & € N™; in particular, we obtain that ac®(a) € nil(R). Now,
if ac®(a) € nil(R), then ac®(a) = 0, since R is reduced, but this implies that a = 0, since
we are assuming that R is 3-rigid.

On the other hand, suppose R is weak Y-rigid and reduced. Let us show that R is
Y-rigid. Let a € R such that ac®(a) = 0, for all « € N, so ac®(a) € nil(R) and therefore
a € nil(R), since R is weak X-rigid ring, but this implies that a = 0, because we are
assuming that R is reduced. Therefore R is a Y-rigid ring O

We consider the finite family of injective endomorphisms 3 in a skew PBW extension
A of aring R. The following fact generalizes properties for weak o-rigid rings (see [Ouy08],
Proposition 2.3), and it also generalizes the properties of the »-rigid rings established in
Proposition 2.2.3.

Proposition 2.2.8 ([RS18b], Proposition 3.5). If R is a NI ring which is weak X-rigid,
then we have the following assertions:

(i) If ab € nil(R), then ac®(b),o”(a)b € nil(R), for every elements o, 3 € N™.
(ii) If 0*(a)b € nil(R), for some element o € N, then ab,ba € nil(R).

(iii) If ac®(b) € nil(R), for some element o € N", then ab,ba € nil(R).

Next, we present remarkable examples of skew PBW extensions over weak X-rigid
rings. The examples described are adapted from [RS18al,[LR14] and [Rey15].

Examples 2.2.9. The algebra of ¢-differential operators D, [z,y]: Let ¢,h € k,
g # 0. We consider k[y][z;0,d] with o(y) := qy and §(y) := h. By definition of skew
polynomial ring we have zy = o(y)z + 6(y) = qyx + h, and hence zy — gyx = h. We can
prove that D, plz,y] = o(k[y]) (x). Thus, Dy plz,y] is a skew PBW extension over k[y]
which is Y-rigid where ¥ = {o}. Furthermore, k[y| is clearly a weak Y-rigid ring.

Examples 2.2.10. The algebra of shift operators S;: Let k be a field. Consider
h € k. This algebra is defined by Sy, := k[t][zp; on, 0], where op(p(t)) := p(t — h) and
0n, = 0. We can show that, Sj, = o(k[t]) (xzp). In particular, Sy is a skew PBW extension
over k[t] which is ¥-rigid with ¥ = {0}, }. Furthermore, k[¢] is trivially a weak ¥-rigid ring.
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Example 2.2.11. ¢-Heisenberg algebra: Let k be a field. The k-algebra H,(q) is
generated by the set of variables x1,...,Zn,y1,...,Yn, 21, - - -, 2n, Subject to the relations:

o xjx; = xixj, zjz = 2%j, forall 1<1i,j<n.

® ZjVi = YiZj, ZTi=TiZj, YT =TYj, 1 F ]

© ZiYi = QYizi, Zi%i =q ‘Tz +Yi, Y% = quiy;, forall 1<i<n, qe€k—{0}.
We can prove that H,(q) = o(k) (X1, .., Tn; Y1, -« Yn; 21, - - -, 2n). Additionally, H,(q) is

a skew PBW extension over k which is ¥-rigid where ¥ = {0;} with o; = i, for every
1 <¢ < n. Moreover, k is trivially a weak X-rigid ring.

We recall that the following algebras are examples of skew PBW extensions which
cannot be expressed as a skew polynomial rings.

Example 2.2.12. Let k be a commutative ring and g a finite dimensional Lie algebra
over k with basis {x1,...,z,}. The universal enveloping algebra of g, denoted U(g),
is a PBW extension over k, which is ¥-rigid, where ¥ = {o} with o = .

Example 2.2.13. Diffusion algebras: Let k be a field. The k-algebra A generated by
{Di,z; | 1 <i<n} over k is a skew PBW extension over k[zy,...,z,] which is a ¥-rigid
ring, with ¥ = {0}, where 0;(z;) = x;, for every 1 <1i,j < n.

We build the following example of a skew polynomial ring on a weak o-rigid ring.

Example 2.2.14. Let Zs be the ring of integers modulo 2 and consider Zs & Zo with the
usual addition and multiplication. We consider o((a,b)) = (a?,b*). We can show that
Zo & Zso is o-rigid ring. Now, let us define ring B as follows:

B:{(Eggg EZZD |(a,b),(c,d)€ZQ@Z2}.

The endomorphism o of B is extended to the endomorphism ¢ : B — B, defined by
((aij)) = (o(asj)). We note that the skew polynomial ring Blx;5| is a skew PBW
extension over B which is weak &-rigid.

The following definition is adapted from [AHK19], Definition 3.1.

Definition 2.2.15 ([AHK19], Definition 3.1). Let R be a ¥-rigid ring and A a skew PBW
extension over R, where ¥ := {01,...,0,} is a finite family of endomorphisms of R and
A :={01,...,0,} is a finite family of X-derivations of R.

(i) Anideal I of R is a Y-ideal, if 0*(I) C I; I is A-ideal if 0%(I) C I, a € N".

(ii) For a Y-ideal I, it is said that I is X-rigid, if ac®(a) € I implies a € I, for each
a € Rand a € N".
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Motivated by the above facts, for a finite set of endomorphisms ¥ := {o1,...,0,} of a
ring R, we first define weak Y-rigid ideals in R which are a generalization of ¥-rigid ideals.
This notion gives a characterization of the weak Y-rigid rings in terms of left principal
ideals generated by idempotent elements (see [RS18b], Proposition 3.7).

Definition 2.2.16 ([RS18b], p. 8). Let R be a weak X-rigid ring and I a Y-ideal. It is
said that I is weak Y-rigid ideal, if it follows that ac®(a) € nil(R) < a € nil(R) for
each a € 1.

A very important example of ¥-rigid ideal is the following:

Example 2.2.17. If R is a weak Y-rigid ring and nil(R) is the set of nilpotent elements of
R, then nil(R) is a weak Y-rigid ideal. This fact is a consequence of the properties stated
in Proposition 2.2.8.

The following proposition extends some properties of Proposition 2.2.3.

Proposition 2.2.18 ([AHK19], Proposition 3.3). Let I be a weak X-rigid ideal of R and
a,b € R. Then we have the following:

(i) If ab € I, then ac®(b) € I and 0*(a)b € I, for each o € N™.
(ii) If ab € I, then 0%(a)6”(b), 6" (a)o®(b) € I, for each o, 3 € N™.

(iii) If ac?(b) € T or o%(a)b € I, for some 6 € N*, then ab € I.

2.2.1 Elements in SPBW extensions over Y-rigid and weak Y-rigid ring

The description of some elements in skew PBW extensions has been a recent topic of great
interest given the relationship of these elements with some algebraic notions investigated
in the literature (see [Rey15],[RS19b] and [LR20b]). In this section, we characterize some
types of elements of great importance in skew PBW extensions over Y-rigid and weak -
rigid N1 rings. The results that we present contribute precisely to the investigation of some
notions and algebraic properties of skew PBW extensions. First, we study the nilpotent
elements of a skew PBW extensions, and as a result, we present a characterization of the
nilpotent elements of a PBW extension in terms of the set of nilpotent elements of its ring
of coefficients R. We denote nil(R)A:={f € A| f =", aiX;, a; € nil(R)}.

Theorems 2.2.19 and 2.2.20 characterize the nilpotent elements in a skew PBW exten-
sion over X-rigid and weak Y-rigid rings. Furthermore, both are facts that were obtained
during the realization of this work.

Theorem 2.2.19. Let A = o(R) (x1,...,zy) be a skew PBW extension, where R is a weak
Y-rigid NI ring. Then f = ap+ a1 X1 + -+ + anX,, € nil(A) if and only if a; € nil(R),
for all0 < i <n.

Proof. First, Let us show that nil(A) C nil(R)A. Let f = ap+ a1 X1 + -+ + ap X, € A,
where a; € R, for every 1 < i < m, a,, # 0, with X,, = X,,—1 > -+ > X1 such that
f € nil(A). This means that there exists r # 0 such that f" = 0.
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It can be shown that lc(f7) = amno®™ (am )02 (ap) - 0T~ Dm (a,,) = 0 € nil(R).
Since R is weak Y-rigid ring, we have aj, € nil(R) and hence a,, € nil(R). Now, let us
write [ = Q+ay, X, with Q = Z?:ol a;X; € Aand deg(Q) < |ay|. Then 0 = f! = Q'+h,
for some h € A. We observed that when we compute every summand of h we obtain
products of the coefficient a,, in ¢’s and ¢’s depending of the coordinates of «,,. Since
am € nil(R) and nil(R) is ¥-ideal, we have h € nil(R)A. Hence, Q" € nil(R)A whence
U107 (Ap_q) - - - ot Dem=1(g, 1) € nil(R) and by using Proposition 2.2.18, we get
am—1 € nil(R). Following this process, we obtain a; € nil(R), for each 1 < i < m and
therefore f € nil(R)A.

Now, let us prove that nil(R)A C nil(A). Let f = > " a;X; € A, where a; € R,
am # 0, with X, > X;,—1 > -+ = X such that f € nil(R)A. Then, we have a; € nil(R),
for every 1 < ¢ < n. Now, Let k; be the minimum integer positive such that af" =0, for
every 1 < i <n and k := max {k; | 1 <i <n}. Let us show that f(m+Dk+1 — 0 whence
f € nil(A). Since the expression for f have m + 1 terms, when we realize the product
fmADEFL “oach term of the sum that forms the polynomial is a product of (n+1k+1
factors of the form Zﬁfgl)kﬂ a;;X; ;. Hence, when we compute f(" D51 every product
involves at least k elements a;, for some 7. Thus, we obtain that every one of these products
is equal to zero and therefore each sum is equal to zero by using Proposition 2.3.9 and
Remarks 2.1.9. Thus, every term of f(m+tDF+1 is equal to zero and hence f € nil(A),
whence nil(R)A C nil(A). O

Theorem 2.2.20. Let A = o(R) (z1,...,x,) be a skew PBW extension, where R is a
Y-rigid NI ring. Then nil(A) = {0}.

Proof. This fact follows from Theorem 2.2.19 and Proposition 2.2.7. O

Remark 2.2.21. The following examples illustrate the previous results.

(i) The algebra of ¢-differential operators D, [z,y]: The k-algebra D, [z, y] is
a skew PBW extension over k[y|] which is ¥-rigid (see Example 2.2.9). Hence, by
Theorem 2.2.20, we get that nil(Dg 5[z, y]) = nil(k[y])[z; o, 6]. Since k[y] is a reduced
ring, it follows that nil(k[y]) = {0}, and hence nil(Dg [z, y]) = {0}.

(ii) The algebra of shift operators Sj,: The k-algebra Sj, is a skew PBW extension
over k[t] which is ¥-rigid (see Example 2.2.10). Hence, by Theorem 2.2.20, we
get that nil(Sy) = nil(k[t])[xn; on,0n]. Since k[t] is a reduced ring, it follows that
nil(k[t]) = {0}, and hence nil(Sy) = {0}.

(iii) g-Heisenberg algebra: The k-algebra H,(q) is a skew PBW extension over k
which is Y-rigid (see Example 2.2.11). Therefore, by Theorem 2.2.20, we get that
nil(Hy(q)) = nil(k)H,(q). It is clear that nil(k) = {0}, so nil(H,(q)) = {0}.

(iv) Let k be a commutative ring and g a finite dimensional Lie algebra over k with
basis {z1,...,z,}. The universal enveloping algebra of g, denoted U(g), is a
PBW extension over k, which is ¥-rigid (see Example 2.2.12). Thus, it follows that
nil(U(g)) = nil(k)U(g), by Theorem 2.2.20. Hence, as nil(k) = {0}, this implies that

nil(t(g)) = {0}.
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(v) Diffusion algebras: The k-algebra A generated by {D;,z; | 1 <i <n} over k is a
skew PBW extension over k[z1, ..., z,] which is a ¥-rigid ring (see Example 2.2.13).
Thus, by Theorem 2.2.19, we have that nil(A4) = nil(k[z1, ..., z,])A. Having in mind
that nil(k[z1,...,2,]) = {0} since k[z1, ..., z,] is reduced, we obtain nil(A) = {0}.

(vi) In the Example 2.2.14, we have that B[z;5] can be seen as a skew PBW extension
over B which is a weak X-rigid ring. Therefore, by Theorem 2.2.19, we obtain
that nil(B[z;7]) = nil(B) (z). Furthermore, the set of nilpotent elements of B is
represented as follows

i) = (00 ©0Y | o ezoz)

Thus, the set of nilpotent elements of B|x; 7] is as follows

nil(B[z;7]) = {z (Eg:g; gg"g%) 2| (c,d) € Zy @Zg}.

=0

Now, we study the idempotent elements of skew PBW extensions over weak -rigid
NI rings. First, we recall that an ideal I of a ring R is called nil ideal, if every element
of I is nilpotent (see [Lam01], Definition 4.9). Next, we enunciate a result that describes
the idempotent elements of a quotient ring by a nil ideal.

Proposition 2.2.22 ([Lam01], Theorem 21.28). Let I be a nil ideal in R and a € R be
such that @ € R = R/I is an idempotent. Then there exists an idempotent e € aR such
thate =a € R.

Proof. We follow the ideas presented in [Lam01], Theorem 21.28. Let a,b € R such that
b=1—a. Thus, we have ab = ba = a — a? € I, so (ab)™ = 0 for some integer n > 1 since
I is a nil ideal. Now, as ab = ba for b = a — 1, we have:

2n
- 2n
1= b = ik ith 75, = cZ*
(a+b) 2 LG with 7y i

Now, let us write e = rga®® + - -- + rpa™” and f = Pppra” 1ot 44 ronb?™. Since
a™b™ = b™ma™ = 0 because ab = ba and (ab)” = 0, it follows that ef = 0 and so
e =e(e+ f) = €%. Therefore, ab € I implies that & = a?" = a. O

The following theorem gives a partial description of the idempotent elements in a
skew PBW extension over weak Y-rigid rings. Theorem 2.2.23 has not been found in the
literature and hence, we consider it as a result of this work.

Theorem 2.2.23. Let A = o(R) (x1,...,T,) be a skew PBW extension, where R is a
weak X-rigid NI ring. Let f = ap + a1 X1 + -+ + a, X, be an idempotent element of A.
Then a; € nil(R), for each 1 < i < n, and there exists an idempotent element e € R such
that ag =€ € R = R/nil(R).
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Proof. Since R is a weak Y-rigid NI ring, we have nil(R) is a weak X-rigid ideal of R.
Now, as R = R/nil(R) is reduced and weak Y-rigid it follows that R is a X-rigid ring,
by using Proposition 2.2.7. On the other hand, if f2 = f in o(R) (z1,...,2,), we have
(T1—f)f = 0 which implies that f = ag in o(R) (z1,...,2,) and @ = 0, for each 1 <i < n,
by Proposition 2.2.5. Hence, by Proposition 2.2.22, we conclude ag = € in R/nil(R), for
some idempotent e € R. O

The following theorems describe the idempotent elements in skew PBW extension over
>-rigid and weak Y-rigid rings, respectively. Theorems 2.2.24 and 2.2.25 are presented as
results obtained during the realization of this work.

Theorem 2.2.24. Let A = o(R) (z1,...,%,) be a skew PBW extension, where R is a
weak Y-rigid NI ring. Let f = ag+ a1 X1+ +apnX, € A. If f2=f, then f =e+h
with e € Idem(R) and h € nil(A).

Proof. Let f =" a;X; € Asuch that 2 = f. By Theorem 2.2.23, we have a; € nil(R),
for each 1 < i < n and also, there exist an idempotent element e € R and a nilpotent
element b € R such that ag = e +b. Let us denote h = b+ a1 Xy + --- + a, X, € A.
Then, we have that f = e+ h. Since R is a NI ring which is weak Y-rigid, it follows that
nil(R) (z1,...,x,) = nil(A), by Theorem 2.2.19. Hence, we conclude h € nil(A). O

Theorem 2.2.25. Let A = o(R) (1,...,%,) be a skew PBW extension, where R is a
Y-rigid NI ring. Let f = ag+ a1 X1 + -+ ap X, € A. If f2 = f if and only if f = ag
with ag € Idem(R).

Proof. This fact follows from Theorem 2.2.24 and Proposition 2.2.7. O

Remark 2.2.26. We observe at some interesting examples that illustrate the previous
result.

(i) The algebra of ¢-differential operators D, [z,y]: The k-algebra Dg [z, y] is
a skew PBW extension over k[y|] which is ¥-rigid (see Example 2.2.9). Hence,
by Theorem 2.2.25, we get that Idem(Dy p[z,y]) = Idem(k[y]). This implies that
Idem(Dg p[z, y]) = Idem(k[y]) = {0,1}.

(ii) The algebra of shift operators Sj,: The k-algebra S), is a skew PBW extension
over k[t] which is ¥-rigid (see Example 2.2.10). Hence, by Theorem 2.2.25 it follows
that Idem(Sy,) = Idem(k][t]) and so, we obtain that Idem(S;,) = Idem(k]t]) = {0, 1}.

(iii) g-Heisenberg algebra: The k-algebra H,(q) is a skew PBW extension over k
which is Y-rigid (see Example 2.2.11). Thus, by Theorem 2.2.25, we get that
Idem(H,(q)) = Idem(k), whence Idem(H,(q)) = Idem(k) = {0, 1}.

(iv) Let k be a commutative ring and g a finite dimensional Lie algebra over k with basis
{z1,...,2,}. The universal enveloping algebra of g, denoted U(g), is a PBW
extension over k, which is ¥-rigid (see Example 2.2.12). Thus, by Theorem 2.2.25, it
follows that Idem(U(g)) = Idem(k). Hence, we conclude that Idem(U(g)) = {0, 1}.
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(v) Diffusion algebras: The k-algebra A generated by {D;,z; | 1 <i <n} over k is a
skew PBW extension over k[z1, ..., z,] which is a ¥-rigid ring (see Example 2.2.13).
Thus, by Theorem 2.2.25, we have that Idem(A) = Idem(k[z1, ..., z,]) which implies
that Idem(A) = {0, 1}.

(vi) In the Example 2.2.14, we have B[z;7] can be seen as a skew PBW extension over
B which is a weak XY-rigid ring. Therefore, by Theorem 2.2.24, we obtain that
nil(B)[z; 7] X + Idem(B) C Idem(B|z;7]). Furthermore, the set of idempotent ele-
ments of B is represented as follows

Idem(B) = {(Egg; Eg 2;) | (a,b) € Zo @ 22}.

Thus, we have the following inclusion

L= - (070) (C,d) % (avb) (070)
Idem(B[x’””Q{Z((o,m o) =+ (o (a,b>)}’

=1

where (a,b), (¢,d) € Zy & Zs.

Next, we present an interesting property that allows us to describe the unit elements
in a skew PBW extension. Theorem 2.2.27 is a result obtained from this work.

Theorem 2.2.27. Let A = o(R) (x1,...,zy,) be a skew PBW extension, where R is a
weak X-rigid NI ring. Let f =ag+a1 X1+ +apn Xy, and g =by+b1Y1 + -+ b, Yo, be
nonzero polynomials of A such that fg = c € R. If by is a unit in R, then a1, as,...,an
are all nilpotent.

Proof. Assume that by is a unit in R. Let us show that aq,as,...,a, are all nilpotent.
Since R is NI ring, so nil(R) is an ideal of R. Hence R = R/nil(R) is a reduced ring. Since
R is weak Y-rigid, nil(R) is weak Y-rigid ideal. Then R is X-rigid, by Proposition 2.2.7.
Now, fs fg = c € R, we have fg =¢ in o(R) (z1,...,2,). Thus agby = ¢ and a;b; = 0, for
each i + j > 1, by Theorem 2.2.5. Hence @; = 0 for each ¢ > 1, since by is unit. Therefore,
we conclude a; is nilpotent for each 7 > 1. O

As a consequence of the previous theorem, we can describe the idempotent elements in
a skew PBW extension on ¥-rigid and weak Y-rigid rings. Theorem 2.2.28 and Theorem
2.2.29 are presented as results obtained during the realization of this thesis.

Theorem 2.2.28. Let A = o(R) (z1,...,x,) be a skew PBW extension, where R is a
weak Y-rigid NI ring. If a polynomial f € A is unit, then its constant term is a unit and
the other coefficients are nilpotent.

Proof. Suppose R is a NI ring and weak Y-rigid. Then, we get that nil(R) is a weak
Y-rigid ideal of R whence R = R/nil(R) is a reduced ring and weak Y-rigid. Hence, R is
Y-rigid, by using Proposition 2.2.7. Now, let f = >""  a;X; € A such that f is an unit.
Then, there exists g = > 7" (b;Y; € A such that fg =1 = gf. Hence, we have fg=1
in o(R) (x1,...,2,) and so agby = 1 and @;b; = 0, for every i + j > 1, by Theorem 2.2.5.
Then, we get that @g is a unit element of R and aq, . .., a, are nilpotent, by using Theorem
2.2.27. Since nil(R) C J(A) and @p is a unit element of R, we get ag is a unit of R. [
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In [AMG69], p. 11, units for polynomial rings over commutative rings with identity are
characterized. Given a commutative ring R with unity and R[z| the ring of polynomials
with coefficients in R, a polynomial f(z) = ap+aix+---+apz™ € R[] is a unit if and only
if ag is unit and a; are nilpotent elements. In particular, if R is a reduced commutative
ring, it follows that U(R[z]) = U(R). The following result generalizes this particular
case since the rigidness condition forces the ring of coefficients to be reduced (see Remark
2.2.2). This shows the importance of the reducibility condition.

Theorem 2.2.29. Let R be a NI ring which is 3X-rigid and A a skew PBW extension
over R. Then a polynomial f € A is unit if and only if its constant term is a unit and the
other coefficients are zero.

Proof. This fact follows from Theorem 2.2.28 and Proposition 2.2.7. O

Remark 2.2.30. We illustrate the previous results with some examples.

(i) The algebra of ¢-differential operators D, [z,y]: The k-algebra D, [z, y] is
a skew PBW extension over k[y|] which is ¥-rigid (see Example 2.2.9). Hence, by
Theorem 2.2.29, we get that U(Dy [z, y]) = U(kly]). Since k[y| is a reduced ring. it
follows that U (k[y]) = k* and therefore U(Dyn(z,y]) = U(kly]) = k*.

(ii) The algebra of shift operators Sj,: The k-algebra Sj, is a skew PBW extension
over k[t] which is ¥-rigid (see Example 2.2.10). Hence, by Theorem 2.2.29, we
get that U(Sp) = U(k[t]). Having in mind that k[¢] is a reduced ring, we obtain
U (k[t]) = k* and thus, we conclude U(Sy) = U(k[t]) = k*.

(iii) g-Heisenberg algebra: The k-algebra H,(q) is a skew PBW extension over k
which is 3-rigid (see Example 2.2.11). Therefore, by Theorem 2.2.29, we obtain that
U(Hn(q)) = U(k). Since k is a field, this means that U(k) = k* and hence, we have
that U(H,(q)) = U(k) = k*.

(iv) Let k be a commutative ring and g a finite dimensional Lie algebra over k with basis
{z1,...,2,}. The universal enveloping algebra of g, denoted U(g), is a PBW
extension over k, which is ¥-rigid (see Example 2.2.12). Thus, by Theorem 2.2.29,
it follows that U(U(g)) = U(k). Hence, we conclude that U(U(g)) = k*.

(v) Diffusion algebras: The k-algebra A generated by {D;,z; | 1 <i <n} over k is a
skew PBW extension over k[z1, ..., 2,] which is a ¥-rigid ring (see Example 2.2.13).
Thus, by Theorem 2.2.29, we have that U(A) = U(k[z1,...,x,]) which implies that
U(A) =k*.

(vi) In the Example 2.2.14, we have B[z;7] can be seen as a skew PBW extension over
B which is a weak X-rigid ring. Therefore, by Theorem 2.2.28, we obtain that
nil(B)[z,7]X +U(B) C U(B[z;7]). Furthermore, the set of units of B is represented

as follows
o) ={({ro) 1) | edezom).



CHAPTER 2. FUSIBLE PROPERTY OVER SKEW PBW EXTENSIONS 43

Thus, the set of units of B[x;7] is as follows

LT - (070) (T>S) 1) (1>1) (Cvd)
U<B[x"’”9{z<<o7o> o)+ (60 <L1>>}’

i=1
where (r,s), (¢,d) € Zy & Zs.

Theorem 2.2.31. Let R be a NI ring which is weak ¥-rigid and A a skew PBW extension
over R. If fg =0, then there exists s € R\ {0} such that a;s € nil(R), for all 0 <i < n.

Proof. Since R is NI, then nil(R) is an ideal of R. Furthermore, we have that nil(R) is
a weak Y-rigid ideal, since R is a weak X-rigid ring. Thus, R = R/nil(R) is X-rigid, by
using Proposition 2.2.7. Let f = 37" ja;X;, g = > 7" b;Y; # 0 such that fg = 0. If we
denote by f, g their corresponding polynomials in o(R) (z1,...,z,), then we have fg = 0.
Since R = R/nil(R) is Y-rigid, there exists 5 € R\ {0} such that @;5 = 0, for all 1 < i < n.
Therefore, we conclude a;s € nil(R), for all 1 <i <mn. O

Theorem 2.2.32. Let R be a NI ring which is 3X-rigid and A a skew PBW extension
over R. If fg =0, then there exists s € R\ {0} such that a;s = 0, for all 0 < i <mn.

Proof. This fact follows from Theorem 2.2.31 and Proposition 2.2.7. 0

Remark 2.2.33. We observe some interesting examples that illustrate the previous result.

(i) The algebra of ¢-differential operators D, [z,y]: The k-algebra Dg [z, y] is
a skew PBW extension over k[y|] which is ¥-rigid (see Example 2.2.9). Hence, by
Theorem 2.2.32, we get that Z(Dg [z, y]) = Z(k[y]), and since k[y] is a domain, it
follows that Z(kly]) = {0} and thus Z(Dgy4[z,y]) = Z(k[y]) = {0}.

(ii) The algebra of shift operators S;: The k-algebra S}, is a skew PBW extension
over k[t] which is ¥-rigid (see Example 2.2.10). Hence, by Theorem 2.2.32, it follows
that Z(Sp) = Z(k[t]). Since k[t| is a domain, we have that Z(k[t]) = {0} which
implies that Z(Sp) = Z(k[t]) = {0}.

(iii) ¢-Heisenberg algebra: The k-algebra H,,(q) is a skew PBW extension over k which
is Y-rigid (see Example 2.2.11). Hence, by Theorem 2.2.32, we get Z(H,(q)) = Z(k).
Since k is a field, we have that Z(k) = {0}, which implies that Z(H,(q)) = {0}.

(iv) Let k be a commutative ring and g a finite dimensional Lie algebra over k with basis
{z1,...,2,}. The universal enveloping algebra of g, denoted U(g), is a PBW
extension over k, which is ¥-rigid (see Example 2.2.12). Thus, by Theorem 2.2.32,
it follows that Z(U(g)) = Z(k). Hence, we conclude that Z(U(g)) = {0}.

(v) Diffusion algebras: The k-algebra A generated by {D;,z; | 1 <i <n} over k is a
skew PBW extension over k(z1, ..., z,], which is a ¥-rigid ring (see Example 2.2.13).
Thus, by Theorem 2.2.32, we have that Z(A) = Z(k[z1,...,xy]), which implies that
Z(A) ={0}.
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(vi) In the Example 2.2.14, we have B[z;7] can be seen as a skew PBW extension over
B which is a weak Y-rigid ring. Therefore, by Theorem 2.2.28, we obtain that
flz) = 3" yaia* € Z(Blx;a)), if there exists s € B such that a;s € nil(B), with
s € Band a; € B, for all 0 < i < n. Now, since nil(B) is an ideal of B, it follows
that

o= () i) (6 6.0) <

for all a; € B with 0 < i < n. Thus, we conclude that Z(B[z;7]) = nil(B)[z;7].

2.3 (2,A)-Compatible rings

With the aim of generalizing the o-rigid rings in the context of Ore extensions, Annin
[Ann04] introduced the notion of compatibility: a ring R is called o-compatible, if for
every a,b € R, we have ab = 0 if and only if ac(b) = 0; R is called é-compatible, if for
each a,b € R, ab= 0= ad(b) = 0. If R is both o-compatible and §-compatible, R is called
(0,0)-compatible. As an interesting result, (o, d)-compatible rings generalize the o-rigid
rings for the case of Ore extensions. Reyes and Sudrez [RS18a] and Hashemi, Khalilnezhad
and Alhevaz [HKA17] introduced independently the (3, A)-compatible rings which are a
natural generalization of (o, d)-compatible rings, since skew PBW extensions generalize
Ore extensions of injective type. Some examples of this type of rings and important
results can be found in [HKA17], [RS18a] and [Ram19].

Next, we present some interesting results that relate this interesting class of rings and
we also present a detailed description of some types of elements in skew PBW extensions
over (3, A)-compatible rings.

Definition 2.3.1 ([RS18a], Definition 3.2). Consider a ring R with a finite family of
endomorphisms ¥ and a finite family of X-derivations A. Then,

(1) R is said to be X-compatible, if for each a,b € R, ac®(b) = 0 if and only if ab = 0,
where o € N* and 0%(a) = 0* (0*2(0*3(- - - (6“(a))), for all a € R;

(2) R is said to be A-compatible, if for each a,b € R, ab = 0 implies a6’ (b) = 0, where
B € N" and 6°(a) = 651(652(653 (- - - (57 (b))), for all b € R.

If R is both ¥-compatible and A-compatible, R is called (2, A)-compatible.

Next, we present remarkable examples of skew PBW extensions over (3, A)-compatible
rings. The examples described are adapted from [RS18a],[LR14] and [HKA17].

Examples 2.3.2. Multiplicative analogue of the Weyl algebra: The k-algebra

On(Aji) is generated by 1, ..., zy subject to the relations: xjz; = A\jziz; , 1 <i<j<n,
where \j; € k'\ {0}. We note that O, (\;;) is isomorphic to the iterated skew polynomial
ring k[z1][xe, 02] - - - [y, 0] Where 0j(z;) = A\jiz; 1 <i < j <n. Thus, we conclude that

On(Nji) 2 o(k) (z1,...,2n) = o(klz1]) (x2,...,2,). In addition, Op(Aj;) is a skew PBW
extension over k[zi] which is (X, A)-compatible where ¥ = {0} with o;(z1) = A\j121, for
every 1 < j <nand A = {;}, where §; =0, for every 1 <i < n.
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Example 2.3.3. Quantum algebra U’'(so(3,k)): Let k be a field. The k-algebra
U'(s0(3,k)) is generated by Iy, I, Is subject to the relations

LI —qhly = —¢"?I;, L —q ' I3 = ¢V D, L1, — qlbIy = —¢"/214,

where ¢ € k—{0}. We can prove that U’(s0(3,k)) = o (k) (11, I2, I3). Moreover, U’ (so(3,k))
is a skew PBW extension over k which is (X, A)-compatible where ¥ = {o;} with o; = i,
for all 1 <i <3, and A = {§;} with §; =0, for every 1 <1i < 3.

Example 2.3.4. 3-dimensional skew polynomial algebra A: Let k be a field. The
k-algebra A is generated by z,y, z subject to the relations: yz — azy = A, zx — frz = p
and xy — yyx = v, such that \, u,v € k + kz + ky + kz, and «, 5,7 € k — {0}. We can
show that A = o(k) (x,y, z). Furthermore, A is a skew PBW extension over k which is
(3, A)-compatible with ¥ = {o0;} where o; = iy, for every 1 <i < 3 and A = {0;} where
6; =0, for every 1 <4 < 3.

Example 2.3.5. The algebra of differential operators D,(.S,) on a quantum space
Sy Let ¢ = [gi;] be a matrix with entries in k* such that ¢;; = 1 = ¢;5qj;, forall 1 <i,j < n.
The k-algebra S, is generated by x;, 1 < ¢ < n, subject to the relations x;x; = g;;x;x;.
The algebra Dg(S,) of ¢-differential operators on S, is defined by 0;x; — g;;2;0; = d;5, for
all 4,j. The relations between 0;, are given by 0;0; = ¢;;0;0;, for all 4, j. Thus, we can
show that Dy(S,) = o(o(k) (x1,...,2n)) (01,...,0,). Note that D,(S,) is a skew PBW
extension over o(k) (x1,...,z,) which is a (3, A)-compatible ring, where ¥ = {o;} with
oi(z;) = gijzj, for all 1 < 4,5 <n and A = {6;} with §;(x;) = d;5, for all 1 < 4,5 <n and
0;; is the Kronecker’s delta.

We recall that the following algebra is an example of a skew PBW extension which
cannot be expressed as a skew polynomial ring.

Example 2.3.6. Diffusion algebras: Let k be a field. The diffusion algebra A is
generated by {D;,x; | 1 <1i <n} over k with relations

Til; = TjTq, CCZ'DJ‘ == Djﬂ?i, 1 < i,j <n.
Cz'jDiDj — CjiDjDi = iji — .Z‘Z'Dj, 1< 7, Cij, Cji € k*.

Thus, we can prove that A = o(k[z1,...,2,]) (D1,...,D,). In addition, A is a skew PBW
extension over k[z1,...,z,] which is (3, A)-compatible with ¥ = {o;} where o;(z;) = 5,
for every 1 <i,j <mn and A = {4;} where d;(z;) =0, for every 1 <i,j < n.

We build a skew polynomial ring over a (3, A)-compatible ring which is non reduced.

Example 2.3.7. Let k be a field and k[t] the polynomial ring over k. We consider
o(p(t)) = p(t), the identity homomorphism and §(¢) = 1. Since k[¢] is reduced, it can be
shown that k[t] is (o, d)-compatible ring. Now, let us define ring B as follows:

s={(*9 “0) o000 € xia}.

p(t)
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The endomorphism o of B is extended to the endomorphism @ : B — B, defined by
7((aij)) = (o(ai;)) and the o-derivation § of B is also extended to § : B — B defined
by §((ai;)) = (6(ai;)). We note that the skew polynomial ring B[z;7,d] is a skew PBW
extension over B which is (7, §)-compatible.

Proposition 2.3.8 ([RS18a], Proposition 3.4). Let ¥ be a family of endomorphisms of
a ring R and let A be a family of ¥-derivations of R. If R is ¥-rigid, then R is (X, A)-
compatible.

We follow the ideas in [RS18a], Proposition 3.4.

Proof. Suppose R is a >-rigid ring. Since every Y-rigid ring is reduced then R is reduced.
Moreover, R is a reversible ring (see Definition A.1.1). Let a,b € R such that ab = 0. Since
0; is a injective endomorphism, for every i, then o®(ab) = 0, for all & € N"™. Therefore,
we have ac®(b)o*(ac®(b)) = ac®(ba)c*(c*(b)) = 0 and as R is X-rigid, so ac®(b) = 0.
Similarly, if ba = 0, then 0®(a)b = 0. Conversely, let a,b € R such that ac®(b) = 0.
We have bac®(b)o®(a) = bac®(ba) = 0, whence ba = 0. Now, as R is reversible then
ab = 0. Finally, let a,b € R such that ba = 0. Then, as d;(ab) = 0 this implies that
0 = d;(ba) = d;(b)a + 04(b)d;(a), for all 1 < i < n. Hence, multiplying right by o;(b)d;(a),
we have (0(b)d;(a))? = —6;(b)ac;(h)d;(a) = 0, since ao;(h) = 0. Now, as R is reduced, so
0i(b)o;i(a) = 0, i.e., §;(b)a = 0 whence ad;(b) = 0 by the reversibility condition of R. [

Proposition 2.3.9 ([RS18a], Proposition 3.8). Let R be a (X, A)-compatible ring. For
every a,b € R, we have:

(i) if ab =0, then ac?(b) = 0%(a)b = 0, for each 6 € N".

(ii) If o®(a)b = 0 for some B € N", then ab = 0.

(iii) If ab =0, then o%(a)6”(b) = 5% (a)a®(b) = 0, for every 0, 3 € N™.
(iv) If ac®(b) = o%(a)b = 0, for some 6 € N*, then ab = 0.

We know that if ¥ is a family of endomorphisms of a ring R and A is a family of -
derivations of a ¥-rigid ring, then R is (X, A)-compatible ring. However, the reciprocal is
false (see [RS18a], Example 3.6). However, we present the following result that establishes
an equivalence between these notions under the condition of reducibility.

Proposition 2.3.10 ([RS18a], Theorem 3.9). If A is a skew PBW extension of a ring R,
then the following statements are equivalent:

(i) R is reduced and (X, A)-compatible;
(ii) R is X-rigid;
(iii) A s reduced.

Proof. We follow the ideas in [RS18a], Proposition 3.9.
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e (i) = (ii) Suppose that R is a reduced and (3, A)-compatible ring. Let r € R such

that ro®(r) = 0, for all @« € N". Let us show that » = 0. From Proposition 2.3.9
(i) it follows that (0%(r))? = o%(r)o(r) = 0, for every a € N™. Now, since R is
reduced, we have o%(r) = 0, and using the injectivity of %, we have r = 0.

(ii) = (i) It follows from Proposition 2.3.8 and Definition 3.1 in [RS18a].

(ii) = (iii) Let R be X-rigid ring and suppose that A is not a reduced ring. Let
f=a+a1 X1+ +apXm € Awitha; € R, 4y #0and Xy < -+ < Xpo1 < X
such that f2 = 0. Then, f2 = (X +- - +a1X1 +ao)(amXm+- - +a1 X1 +ag) =
am ™ (@m) [Canm am 2™ + Do .am) + GmPam am Xm~+ other terms of order less than
XmXm , where pa,, a,, = 0 or deg(Paym.am) < |m| if Par.am # 0, and pa,,.a,m = 0
or deg(pozm,am) < ‘O‘m + am’ if Pap,am # 0. Since IC(fQ) = apo’m (am)cam,am =0
and ¢; ; is invertible, we have a,,0%"(am) = 0 . Now, as ano®™(ay,) = 0, then
0% (@) 0 (am) = 0 from Proposition 2.3.9 (i). Thus, 0% (a2,) = 0 and since o®
is injective, for all & € N, we obtain a2, = 0. Finally, since R is reduced, so a,, = 0
which is a contradiction. Hence, A is reduced, as desired.

(iii) = (ii) If A is a reduced ring, then R is also reduced as a subring. Let us
show that that R is a Y-rigid ring. Let a € R such that ac®(a) = 0, for all
a € N™. Multiplying to right by x“a and multiplying to left by c®(a)z®, we obtain
(0%(a)r%a)? = 0% (a)x%ac®(a)r®a = 0 and so 0%(a)r%a = 0 since A is reduced.
Thus, 0 = 0%(a)x% = 0%(a)[0%(a)z* + Pa.a] = (0%(a))?2* + 0%(a)pa.a, With paq =
0, or deg(Pa.a) < |a| if paa # 0. Therefore (¢%(a))? = 0 whence 0%*(a) = 0. Now,
since o is injective, for all @ € N”, we have a = 0. Thus, R is a X-rigid ring.

O]

Motivated by the above facts, for a set of endomorphisms ¥ := {o1,...,0,} of a ring
R, we recall the (3, A)-compatible ideals in R which are a generalization of Y-rigid ideals.

Definition 2.3.11 ([AHK19], Definition 3.1). Let R be a (X, A)-compatible ring and
A=0(R)(x1,...,x,) a skew PBW extension over R, where ¥ := {01,...,0,} is a finite
family of endomorphisms of R and A := {1,...,0,} is a finite family of X-derivations of

R.

(1)

(i)

It is said that an ideal I of R is ¥-ideal, if 0®(I) C I, for each o € N"; I is A-ideal,
if 0*(I) C I, for each a € N"; [ is ¥-invariant if c7%(I) = I, for each o € N". If |
is both ¥ and A-ideal, we say that I is a (2, A)-ideal.

For an ideal I, we say that I is Y-compatible, if for each a,b € R and o € N”,
ab € I & aoc®(b) € I. Moreover, I is said to be A-compatible ideal, if for each
a,b € Rand o € N* ab € I = aé*(b) € I. If I is both ¥-compatible and A-
compatible, then we say that I is (X, A)-compatible.

A very important example of (X, A)-compatible ideal is the following;:

Example 2.3.12. If R be a (X, A)-compatible ring and nil(R) the set of nilpotent elements

of R.

Then, nil(R) is a (3, A)-compatible ideal. This fact is a consequence of the properties

stated in Proposition 2.3.9
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It is not difficult to observe that R is a X-rigid ring if and only if {0} is X-rigid ideal of
R. Also, R is a ¥-compatible (resp., A-compatible) ring if and only if {0} is 3-compatible
(resp., A-compatible) ideal of R.

Remark 2.3.13. Some important observations about Y-ideals are the following;:

(i) Let I € R. We denote the set of all elements of A with coefficients in I by
I(z1,...,2p). If Ais a skew PBW extension of a ring R and [ is a (3, A)-ideal
of R, then one can show that I (x1,...,x,) is an ideal of A.

(ii) If I is a (3, A)-ideal of R, then for every 1 < i < n, 0; : R/I — R/I defined
by @i(a + I) = oi(a) + I, is an endomorphism and ¢; : R/I — R/I defined by

di(a+1I) = di(a) + I, is a 7;-derivation.

Proposition 2.3.14 ([AHK19], Lemma 3.2). Let I be a ¥-compatible ideal of a ring R.
Then I is Y-invariant.

Proof. Let us show that o; *(I) = I, for every 1 <4 < n. Let a € o; *(I), then o;(a) € I.
Since [ is ¥-compatible ideal, we have 1o;(a) € I, whence a € I. Hence, I is a ¥-invariant
ideal of R, as desired. O

Proposition 2.3.15 ([AHK19], Proposition 3.3). Let I be a (X, A)-compatible ideal of R
and a,b € R. Then we have the following:

(i) If ab € I then ac®(b) € I and 0®(a)b € I, for each ov € N™.
(ii) If ab € I then 0“(a)d?(b), 6" (a)o®(b) € I, for each o, 3 € N™.
(iii) If ac®(b) € T or o%(a)b € I, for some 6 € N", then ab € I.

Proof. We follow the ideas in [AHK19], Proposition 3.3.

(i) Let a,b € R such that ab € I. Let us show that ac;(b) € I and o;(a)b € I, for every
1 <i<n. Ifab € I, then o;(ab) = o,(a)o;(b) € I, since I is a ¥-ideal. Therefore,
oi(a)b € I, for every 1 < i < n by Y-compatibility of I. On the other hand, since I
is (X, A)-compatible ideal, if ab € I, then ao;(b) € I.

(ii) Let a,b € R such that ab € I. Let us show that o;(a)d;(b) € I and d;(a)o;(b) € 1.
If ab € I, then by (i) and A-compatibility of I, we have o;(a)d;(b) € I, for every
1 < i < n. Additionally, §;(a)b = 6;(ab) — 04(a)d;(b) € I, for each 1 < i < n,
since d;(ab),0;(a)d;(b) € I. Hence, §;(a)b € I, for every 1 < i < n. Since I is an
Y-compatible ideal, so d;(a)o;(b) € I, for each 1 <i < n.

(iii) Let a,b € R such that ao;(b) € I or g;(a)b € I, for every 1 < i < n. Let us show
that ab € I. Suppose o;(a)b € I, for each 1 < i < n. Then, o;(a)o;(b) € I by
Y-compatibility of I and so o;(ab) € I, for every 1 < i < n. Hence, ab € o; *(I) = I,
since [ is Y-invariant, by Lemma 2.3.14. Thus, ab € I, as desired.

O
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Next, we present two interesting results with the aim of providing sufficient conditions
to guarantee fusible property for skew PBW extensions over (3, A)-compatible rings. Be-
fore, we present some definitions and results that are used for our purpose.

Definition 2.3.16 ([RS16], Definition 3.1). Let A be a skew PBW extension of a ring R.
R is called a ¥-skew Armendariz ring, if for elements f =3 ", a;X; and g = Zle b;Y;
in A, the equality fg = 0 implies a;0% (b;) = 0, for all 0 < i < m and 0 < j < ¢, where
a; = exp(X;).

With the aim of establishing the next proposition, consider the following notation. For
a skew PBW extension over a ring R, we define Ann,(27) = {rg(U) | U C R}, for any
subset U of R and Ann,(24) = {rs(V) | V C A}, for any subset V of A. Analogously,
Ann;(2%) and Ann;(24) are defined for the left case.

Proposition 2.3.17 ([RS19a], Theorem 3.21). If A is a skew PBW extension over a
(3, A)-compatible and ¥-skew Armendariz ring R, then:

(i) ¢ : Ann,.(2%) — Ann,(24); C +— CA is bijective.
(i) ¢ : Anny(27) — Anny(24); D — AD is bijective.

Proof. We follow the ideas presented in [RS19a], Theorem 3.21].

(i) Let ¢ : Ann,(2%) — Ann,(24) defined by C + CA, for every C' € Ann,(2F). The
sketch of the proof is as follows: We consider ¢’ : Ann,(24) — Ann,(27) defined
by B — BNR, for all B € Ann,(24). We can verify that ¢ is well defined and
assuming (X, A)-compatibility of R. In addition, it can be proved that ¢’ is well
defined with which ¢ and ¢’ are well defined functions that satisfy that ¢'¢ = ig,
and so ¢ is injective. Now, if B € Ann,(24), then B = ra(J), for some J C A.
Let us show that ¢(By) = B, where Bj is the set of coefficients of elements of B.
Let f =" a;X; € Jand g = ZE-:O b;Y; € B. Then fg = 0, and using that
R is ¥-skew Armendariz and (X, A)-compatible, it follows that a;b; = 0, for every
a; and bj. This means that J;B; = 0, and so By C rr(J1), where J; is the set
of coefficients of elements of J. On the other hand, The (3, A)-compatibility of R
implies that rg C B1R whence rr(J1) = B1R, that is, r4(J) = B1A which shows
that ¢ is surjective. Therefore ¢ is bijective.

(ii) The proof is similar to the established in (i).

O]

Proposition 2.3.18 ([RS19a], Corollary 3.22). If A is a skew PBW extension over a
(X, A)-compatible and X-skew Armendariz ring R, then R satisfies the ascending chain
condition on right (left) annihilators if and only if so does A.

Proof. 1t follows from Proposition 2.3.17. O
We present the following theorem which establishes conditions for a skew PBW ex-

tension over a prime left Goldie ring to have the fusible property. This result has been
obtained as a consequence of this work.
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Theorem 2.3.19. Let R be a prime left Goldie ring which is (3, A)-compatible ¥-skew
Armendariz ring and A a skew PBW extension over R with o; injective endomorphism,
for each 1 <i<n. If A is semiprime, then A is a left reqular fusible ring.

Proof. Suppose that R is a prime ring and let A be a skew PBW extension over R. Consider
Gr(A) the associated graded ring of A. First, we get that Gr(A) = R[z1;01] - [2n; 0n],
by Proposition 2.1.23, and Proposition 2.1.24. Now, since R is a semiprime left Goldie
ring, by Proposition 1.2.14, we have R[xi;01]---[zn;0,] is semiprime left Goldie and
udim(R) = udim(R[z1;01] - - [xn; 0p]) = udim(Gr(A)). In addition, by Proposition A.3.6,
it is satisfied that udim(A) < udim(R) and since udim(R) < oo, then A has finite uniform
dimension. On the other hand, since R is (2, A)-compatible and ¥-skew Armendariz ring,
by Proposition 2.3.18, there is a bijective correspondence between the annihilators of R
and the annihilators of A. Therefore, since R is a left Goldie ring, in particular satisfies
the ascending chain condition on left annihilator, then A also satisfies ACC. Thus, since
A has finite uniform dimension and also satisfies ACC, then it follows that A is a regular
fusible ring by using Proposition 1.1.37. O

2.3.1 Elements in skew PBW extensions over (X, A)-compatible rings

The search to characterize some elements in a noncommutative ring of polynomial type is
a research topic of great interest given the connections of these descriptions with different
concepts. In the case of skew polynomial rings, in [HHA17| the authors characterized
different elements in this class of rings. For skew PBW extensions, different works have
been developed in relation to this topic (see [HHR20|, [LR20a] and [RS20]). In this
section, we describe some types of elements of great importance in skew PBW extension
over (X, A)-compatible NT rings. First, we study the nilpotent elements of a skew PBW
extensions, and as a result, we present a characterization of the nilpotent elements of a
PBW extension in terms of the set of nilpotent elements of its ring of coefficients R.

In [OB12], Lemma 2.6, the nilpotent elements for skew polynomial rings over (o, d)-
compatible rings were characterized. We present a generalization of this result.

Theorem 2.3.20. Let A = o(R) (z1,...,x,) be a skew PBW extension, where R is a
(X, A)-compatible NI ring. Then f = ap + a1 X1 + -+ + ap Xy, € nil(A) if and only if
a; € nil(R), for all 0 <i < n.

Proof. Let us show that nil(A) C nil(R) (z1,...,2n). Let f = > " a;X; € A, where
a; € R, for every 1 < i < m, a,, # 0, with X;,, = X,,_1 = --- = X1 such that f €
nil(A). Then, there exists r # 0 such that f© = 0. It can be shown that lc(f") =
Um0 (A )02 (ary) - - - 0"~V (@) = 0. Since R is Y-compatible ring, we have af, = 0
and hence a,, € nil(R). Now, let us write f = Q + a;, X, with Q = Z:‘i_ol a;X; € A
and deg(Q) < |au,|. Then 0 = f! = Q' + h, for some h € A. We observe that, when
we compute every summand of h we obtain products of the coefficient a,, in ¢’s and ¢'s
depending of the coordinates of a,,. Since a,, € nil(R) and nil(R) is (X, A)-ideal, we have
h € nil(R) (z1,...,z,). Hence, we have that Q" € nil(R) (x1,...,z,) whence it follows
that am,—10% 1 (am_1) -a(tfl)am—l(am_l) € nil(R) and by using Proposition 2.3.9, we
get ap,—1 € nil(R). Following this process, we obtain a; € nil(R), for each 1 < i < m, and
therefore, f € nil(R) (x1,...,2p).
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Now, let us prove that nil(R) (x1,...2,) C nil(4). Let f = > a;X; € A, where
a; € R, ap, # 0, with X, = X;,—1 = --- = X; such that f € nil(R) (x1,---z,). Then,
we have a; € nil(R), for every 1 < ¢ < n. Now, Let k; be the minimum integer positive
such that afi =0, for every 1 < i <n and k := max{k; | 1 <i <n}. Let us show that
fm+Dk+1 — 0 whence f € nil(A). Since the expression for f have m + 1 terms, when
we realize the product f(m“)k“, each term of the sum that forms the polynomial is a

product of (n + 1)k + 1 factors of the form Z§1461)k+1

k4L oyery product involves at least k elements a;, for some 7. Thus, we obtain that
every one of these products is equal to zero and therefore each sum is equal to zero by

using Proposition 2.3.9 and Remarks 2.1.9. Thus, every term of f(™+tD*+1 ig equal to zero
and hence f € nil(A), whence nil(R) (z1,...x,) C nil(A). O

a; ;j X; ;. Hence, when we compute

Next, we generalize [OB12], Corollary 2.2.

Theorem 2.3.21. Let A = o(R) (z1,...,2,) be a skew PBW extension, where R is a
(3, A)-compatible NI ring. Then:

(i) nil(A) s an ideal of A.
(i) nil(A) = nil(R) (z1,...,2p).

Proof. This fact follows from Theorem 2.3.20. 0

The following result is obtained during the realization of this work. In addition, the
following theorem generalizes [OB12], Corollary 2.3. We need to assume that the elements
¢;,j of Proposition 2.1.8 (ii) are central and invertible in R.

Theorem 2.3.22. Let A = o(R) (z1,...,x,) be a skew PBW extension, where R is a
(X, A)-compatible NI ring, and f=>71"1 a;Xi, g =377, b;Y; € A. Then fg € nil(A) if
and only if a;b; € nil(R), for alli,j with1 <i<m and1<j<n.

Proof. Let f,g € A given by f = 37" ja;X; and g = 377" (b;Y; such that fg € nil(A).
We have that, fg = > 720" (Ziﬂ-:k aiXiijj) € nil(A) = nil(R)A. It can be shown that
le(fg) = ano® (bm)ca, 8, € nil(R), and since the elements ¢; ; are in the center of R,
then c,,, g,, are also in the center of R, whence a,0%"(b;,) € nil(R), and by Proposition
2.3.9 (iv), it follows that anb,, € nil(R). The idea is to prove that apb, € nil(R), for
p+q > 0. The proof of this fact is by induction. Suppose that a,b, € nil(R), for
ptgq=n+m,n+m—1,n+m—2,---  k+1, for some k > 0. By Proposition 2.3.9 (iii),
we obtain a,X,b,Y, € nil(R)A, for these values of p+ ¢. In this way, we consider the sum
of the products a, X, b,Y,, where u+v =k, k—1,k—2,...,0. Using a similar reasoning as
[Rey15], Proposition 3.6, we can see that the element a,0%*(by)cq,, 3, belongs to nil(R).
Again, since the elements ¢; ; are central and left invertible, a,0%*(b,) € nil(R), and by
Proposition 2.3.9 (iii), we have, a;b; € nil(R), for 0 <i <nand 0 < j <m.
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Conversely, for the elements f, g previously defined, suppose that a;b; € nil(R). When
we compute every summand of a;X;b;Y;, we obtain products of the coefficient a; with
several evaluations of b; in 0’s and ¢’s depending of the coordinates of a; by Remark 2.1.9,

and since ac®(67(b)) and ad”? (o (b)) are elements of nil(R) by Proposition 2.3.9 (iii), then

every coefficient of each term of the expansion fg given by fg = ZZ)t D it ik aiXiijj> ,

is an element of nil(R). Therefore, by Theorem 2.3.20, we conclude that fg is an element
of nil(A). O

Remark 2.3.23. We study some examples that illustrate the previous theorem.

(i) Multiplicative analogue of the Weyl algebra: The k-algebra O, ()\;;) is a skew
PBW extension over k[z;] which is (£, A)-compatible (see Example 2.3.2). Hence,
by Theorem 2.3.20, we get that nil(O,();;)) = nil(k[z1])Op,(Aj;). Since klzq] is a
reduced ring, it follows that nil(k[z1]) = {0}, and hence nil(O,(\;;)) = {0}.

(ii) Quantum algebra U’'(so(3,k)): Let k be a field. The k-algebra U'(so(3,k)) is a
skew PBW extension over k which is (X, A)-compatible (see Example 2.3.3). By
Theorem 2.3.20, it follows that nil(U'(so(3,k))) = nil(k)i/'(so(3,k)). Having in
mind that k is a reduced ring, we obtain that nil(k) = {0}. Hence, we conclude that
nil(U’'(s0(3,k))) = {0}.

(iii) 3-dimensional skew polynomial algebra A: The k-algebra A is a skew PBW
extension over k which is (2, A)-compatible (see Example 2.3.4). Hence, by Theorem
2.3.20, it follows that nil(A) = nil(k)A, and as k is a reduced ring, this implies that
nil(k) = {0}. Therefore, we conclude that nil(A) = {0}.

(iv) The algebra of differential operators D,(S;) on a quantum space S,. The
algebra Dgy(Sy) of g¢-differential operators on S, is a skew PBW extension over
o(k) (x1,...,zy) which is a (X, A)-compatible ring (see Example 2.3.5). Hence,
by Theorem 2.3.20, it follows that nil(Dy(S,)) = nil(o(k) (x1, ... 2n))Dy(S,). Again,
considering Theorem 2.3.20, we get that nil(o(k) (x1,...,2,)) = nil(k) (z1,...z,).
Since nil(k) = {0}, this implies that nil(o (k) (x1,...,zy)) = 0 which guarantees that
nil(Dy(Sy)) = nil(o(k) (x1, ..., 2n))De(Sy) = {0}.

(v) Diffusion algebras: The k-algebra A is a skew PBW extension over k[z1,. .., 2]
which is (¥, A)-compatible (see Example 2.3.6). By Theorem 2.3.20, we get that
nil(A) = nil(k[z1, ..., z,])A. Considering that k[xy,...,z,] is reduced, this guaran-
tees that nil(k[z1,...,z,]) = {0}. Hence, we obtain that nil(A) = {0}.

(vi) Inthe Example 2.3.7, B[x;7, 0] can be seen as a skew PBW extension over B which is

(33, A)-compatible. It follows from Theorem 2.3.20 that nil(B[z;7, d]) = nil(B) (x).
Furthermore, the set of nilpotent elements of B is represented as follows

nil(B) = {(8 pg)> | p(t) € k[t]}.

Thus, the set of nilpotent elements of B[z;7, ] is as follows

nil(B[z;7,]) = {Z <8 pg)) | p(t) € k[t]}.

1=0
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We investigate the idempotent elements in skew PBW extensions over (X, A)-compatible
rings. Before, we presented the following characterization of the idempotent elements. Our
next theorem generalizes [HHA17], Proposition 3.2.

Theorem 2.3.24. Let A = o(R) (x1,...,zy,) be a skew PBW extension, where R is a
(X, A)-compatible NI ring. Let f = Y 1" ja;X; be an idempotent element of A. Then
a; € nil(R), for each 1 < i < n and there exists an idempotent element e € R such that
ap =€ € R/nil(R).

Proof. Since R is a NI ring and (X, A)-compatible, we have nil(R) is a (£, A)-compatible
ideal of R. Now, as R = R/nil(R) is reduced and (%, A)-compatible whence R is a -rigid
ring, by using Proposition 2.3.10. On the other hand, if f2 = f in o(R) (z1,...,zn),
we have (I — f)f = 0 which implies that f = @ in o(R) (z1,...,7,) and @ = 0 for
each 1 < i < n, by Proposition 2.2.5. Hence, by Theorem 2.2.22; we conclude @y = € in
R/nil(R), for some idempotent e € R. O

The following theorem describes the idempotent elements in skew PBW extensions
over (X, A)-compatible rings. This characterization has been obtained in carrying out this
work and generalizes [HHA17], Theorem 3.3.

Theorem 2.3.25. Let A = o(R) (z1,...,2,) be a skew PBW extension, where R is a
(2, A)-compatible NI ring. Let f = "  a;X; € A If f> = f, then f = ag with
ag € Idem(R).

Proof. Let f =3I ;a;X; € Asuch that f2 = f. By Theorem 2.3.24, we have a; € nil(R),
for each 1 < ¢ < n and also, there exist an idempotent element e € R and a nilpotent
element b € R such that ag = ¢ +b. Let us denote h = b+ a1 X7 + -+ + a, X, € A.
Then, we have that f = e+ h. Since R is a NI ring which is (X, A)-compatible, this
guarantees that nil(R) (z1,...,2,) = nil(A), by Proposition 2.3.20. Hence, we conclude
h € nil(A). Let us show that h = 0. If h # 0, then there exists an integer n > 2 such that
h" = 0 # h"~!. Now, since e is an idempotent element of R and R is (3, A)-compatible
ring, we have §°(e) = 0, for all 8 € N” and 0%(e) = e, for all & € N?, which implies that
he = eh. Thus, if f2 = f, we have that 0 = (e + h)(1 —e —h) = —eh +h — he — h? =
h — 2eh — h?. Hence, h? = (1 — 2e)g. By multiplying right by h"~2 to h? = (1 — 2e)h,
we get 0 = " = (1 — 2e)h™ ! and since 1 — 2e is invertible, then A"~! = 0, which is a
contradiction. Therefore h = 0 and so f = ag. O

Remark 2.3.26. We consider some examples that illustrate the previous result.

(i) Multiplicative analogue of the Weyl algebra: The k-algebra O, ()\;;) is a skew
PBW extension over k[z;] which is (£, A)-compatible (see Example 2.3.2). Hence,
by Theorem 2.3.25, we get that Idem(O,,()\j;)) = Idem(k|[z;])). In addition, we have
that Idem(k[z1]) = {0,1} which implies that Idem(O,,()\;;)) = {0, 1}.

(ii) Quantum algebra U’'(so(3,k)): Let k be a field. The k-algebra U'(so(3,k)) is a
skew PBW extension over k which is (3, A)-compatible (see Example 2.3.3). Thus,
by Theorem 2.3.25, it follows that Idem(U’(s0(3,k))) = Idem(k). On the other hand,
Idem(k) = {0,1} which guarantees that Idem (U’ (so(3,k))) = {0,1}.
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(iii) 3-dimensional skew polynomial algebra A: The k-algebra A is a skew PBW
extension over k which is (£, A)-compatible (see Example 2.3.4). Hence, by Theorem
2.3.25, it follows that Idem(A) = Idem(k). Clearly Idem(k) = {0, 1}, which implies
that Idem(A) = {0, 1}.

(iv) The algebra of differential operators D,(S;) on a quantum space S,. The
algebra D,(S;) of g-differential operators on S, is a skew PBW extension over
o(k) (x1,...,zy) which is a (X, A)-compatible ring (see Example 2.3.5). Hence,
by Theorem 2.3.25, it follows that Idem(D,(S,)) = Idem(o (k) (z1,...,z,)). Again,
considering Theorem 2.3.25, we get that Idem(o (k) (x1,...,2,)) = Idem(k). Since
Idem(k) = {0, 1}, it follows that Idem(o (k) (z1,...,2,)) = {0,1}, which guarantees
that Idem(Dy(S,)) = Idem(o (k) (z1,...,zn)) = {0,1}.

(v) Diffusion algebras: The k-algebra A is a skew PBW extension over k[z1,. .., x,]
which is (X, A)-compatible (see Example 2.3.6). It follows from Theorem 2.3.25 that
Idem(A) = Idem(k[z1,...,x,]). Futher, we know that Idem(k[x1,...,z,]) = {0,1}
which implies that Idem(A) = {0, 1}.

(vi) In the Example 2.3.7, B[x;7, d] can be seen as a skew PBW extension over B which is

(3, A)-compatible. It follows from Theorem 2.3.25 that Idem(B[z; 7, d]) = Idem(B).
Furthermore, the set of idempotent elements of B is represented as follows

Idem(B) = {(pg) q<t)) | p(t) € {0,1} and p(t)g(B)p(t) = 0}.

Thus, the set of idempotent elements of B|x;7,0d] is as follows

Idem(B[z;7,0]) = {(g qg)> | a € {0,1} and aq(t) = 0}.

Next, we study the unit elements in a skew PBW extension over a (X, A)-compatible
ring. Before, we present two preliminary results which we have obtained in carrying out
this work. The following fact generalizes a result presented in [HHA17]

Theorem 2.3.27. Let A = o(R) (z1,...,2n) be a skew PBW extension, where R is a
(X, A)-compatible NI ring. Let f = " ja;X; and g = Z;n:o b;Y; be nonzero polynomials
of A such that fg =c € R. If by is a unit in R, then ai,as,...,a, are all nilpotent.

Proof. Assume that by is a unit in R. Let us show that ai,as,...,a, are all nilpotent.
Since R is NI ring and (X, A)-compatible, we have nil(R) is an (3, A)-compatible ideal
of R. Hence R = R/nil(R) is a reduced ring and also (X, A)-compatible. With this in
mind, by using Proposition 2.3.10, we obtain that R is a Y-rigid ring. Since fg = c € R,

we have fg = ¢ in o(R) (z1,...,7,) and hence agby = ¢ and @;b; = 0, for each i + j > 1,
by using Theorem 2.2.5. Therefore, we get a; = 0 for each ¢ > 1, since by is unit whence
a; is nilpotent for each ¢ > 1. O

The definition of Levitzki radical and weakly 2-primal ring can be found in Definition
A.1.33 and Definition A.1.34, respectively. We recall that Levitzki radical is denoted as
L-rad(R).
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Theorem 2.3.28. Let A = o(R) (x1,...,x,) be a skew PBW extension, where R is a
(3, A)-compatible 2-primal ring. Then we have nil(R)A = L-rad(A) = nil(A).

Proof. Since R is 2-primal, then A is a 2-primal ring, by [AHK19], Theorem 11. On
the other hand, every 2-primal ring is a weakly 2-primal ring, thus nil(A) = L-rad(A)
and nil(R)A = nil(A), since R is a 2-primal ring which is (X, A)-compatible. Therefore
nil(R)A = L-rad(A). O

We establish the following characterization of the units in a skew PBW extension on
a (3, A)-compatible ring. This result has been obtained in carrying out this work and
generalizes [HHA17], Theorem 2.8.

Theorem 2.3.29. Let A = o(R) (z1,...,2,) be a skew PBW extension, where R is a
(X, A)-compatible 2-primal ring. Then f € A is unit if and only if its constant term is a
unit and the other coefficients are nilpotent.

Proof. Suppose R is a 2-primal and (3, A)-compatible. Then, nil(R) is a (X, A)-compatible
ideal of R whence R = R/nil(R) is a reduced ring and (3, A)-compatible. Hence, R is
Y-rigid, by using Proposition 2.3.10. Now, let f = >  a;X; € A such that f is an
unit. Then, there exists g = Z;-"ZO b;Y; € A such that fg = 1 = gf, this implies that
fg=T1in o(R)(x1,...,2,) and so aghy = 1 and @;b; = 0, for every i + j > 1, by using
Theorem 2.2.5. Then, we get that ag is a unit element of R and ay,...,a, are nilpotent,
by Theorem 2.3.27. Since nil(R) C J(A), by Theorem 2.3.28 and ag is a unit element
of R, we have that ap € U(R). Reciprocally, let ap be a unit element and ay,...,a, be
nilpotent elements of R. Then f =a1X; + -+ a, X,, € nil(R) (x1,...,2,) = L —rad(A)
by Theorem 2.3.28. Also, we get that L — rad(A) C J(A) by [Lam01], Lemma 10.31, so
anXp + -+ a1 Xy € J(A). Therefore, we conclude f = a, X, + -+ + a1 X1 + ag is a unit
element of A. O

Remark 2.3.30. We observe at some interesting examples that illustrate the previous
result.

(i) Multiplicative analogue of the Weyl algebra: The k-algebra O, ()\;;) is a skew
PBW extension over k[z1] which is (X, A)-compatible (see Example 2.3.2). Hence,
by Theorem 2.3.29, we get that U(O,(\ji)) = nil(k[z1])On(Aji) + U(k[z1]). In this
way, since k[z1] is a reduced ring, it follows that nil(k[z1]) = {0} and therefore
U(On(Nji)) = Ulkla]) = k.

(ii) Quantum algebra U'(so0(3,k)): Let k be a field. The k-algebra U'(s0(3,k)) is
a skew PBW extension over k which is (X, A)-compatible (see Example 2.3.3). It
follows from Theorem 2.3.29 that U (U’ (s0(3,k))) = nil(k)U'(s0(3,k)) + U(k). Now,
considering that k is a reduced ring, this implies that nil(k) = {0}. Thus, we
conclude that U (U’ (s0(3,k))) = U(k) = k*.

(iii) 3-dimensional skew polynomial algebra A: The k-algebra A is a skew PBW
extension over k which is (X, A)-compatible (see Example 2.3.4). Hence, by Theorem
2.3.29, it follows that U(A) = nil(k)A + U(k). As k is reduced, this implies that
nil(k) = {0}. Therefore, we obtain that U(A) = U(k) = k*.
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(iv) The algebra of differential operators D,(S;) on a quantum space S;. The
algebra D,(S,) of g-differential operators on S, is a skew PBW extension over
o(k) (x1,...,z,) which is a (X, A)-compatible ring (see Example 2.3.5). Hence,
by Theorem 2.3.29, it follows that U(D,(Sy)) = nil(Dy(Sq)) + U(o(k) (z1,...zn)).
Now, considering again Theorem 2.3.29 and Remark 2.3.26 (iv), we obtain that
U(Dy(Sy)) = nil(k) (z1,...2,) + U(k). Having in mind that k is a reduced ring, we
conclude that U(Dg(S,)) = U(k) = k*.

(v) Diffusion algebras: The k-algebra A is a skew PBW extension over k[z1,. .., z,]
which is (2, A)-compatible (see Example 2.3.6). It follows from Theorem 2.3.29 that
U(A) = nil(k[z1,...,z,]))A+U(k[z1, ..., z5]). Again. k[z1, ..., z,] is a reduced ring,
and so nil(k[z1,...,2,]) = {0}. Hence, we obtain U(A) = U(k[x1,...,x,]) =k*.

(vi) In the Example 2.3.7, Blx;7,d] can be seen as a skew PBW extension over B
which is (3, A)-compatible. As a consequence of Theorem 2.3.29, we have that
U(B[x;7,6]) = nil(B)[x;7, 6] + U(B). Furthermore, the set of unit elements of B is
represented as follows

U(B) = {(g q?) | p(t) € k and g(t) = —a?r(#), for some r(t) € K[, }

Thus, the set of unit elements of Blx;7, 0] is as follows

n
= F]) — 0 s@)\ i, (a qt) a q(t)
U(Blz;7,0]) = {2 <0 0 ) x4 <0 ) Ls ek, (77 ) €UB) g
1=
The following theorem characterizes the zero divisors in a skew PBW extension on a
(3, A)-compatible rings. This result has been obtained in carrying out this work.

Theorem 2.3.31. Let A = o(R) {(x1,...,2y) be a skew PBW extension, where R is a
(3, A)-compatible NI ring. If fg =0, then there exists s € R\ {0} such that a;s € nil(R)
for all 0 < i <n.

Proof. Since R is a NI ring, then nil(R) is an ideal of R. In addition, we have that nil(R)
is an (3, A)-compatible ideal, since R is a (3, A)-compatible ring. There, R = R/nil(R)
is X-rigid, by using Proposition 2.3.10. Let f =Y. ja;X;, g = > j—00;Yj # 0 such that
fg = 0. If we denote by f, g their corresponding polynomials in o(R) (z1,...,z,), then
we have fg = 0. Since R = R/nil(R) is X-rigid, there exists 5 € R\ {0} such that @;s =0
for all 1 <14 < n. Hence a;s € nil(R) for all a;, 1 <i < n. O

Remark 2.3.32. The following examples illustrate the above theorem.

(i) Multiplicative analogue of the Weyl algebra: The k-algebra O, ()\;;) is a skew
PBW extension over k[z;] which is (X, A)-compatible (see Example 2.3.2). Hence,
by Theorem 2.3.31, we get that Z(Opn()\;ji)) = Z(k[x1]). In this way, since k[z1] is a
domain, it follows that Z(k[z1]) = {0} and therefore Z(O,()\;;)) = Z(k[z1]) = {0}.
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(ii) Quantum algebra U’'(s0(3,k)): Let k be a field. The k-algebra U'(so(3,k)) is a
skew PBW extension over k which is (3, A)-compatible (see Example 2.3.3). Hence,
by Theorem 2.3.31, it follows that Z(U'(s0(3,k))) = Z(k). Considering that k is a
domain, this implies that Z(k) = {0}. Thus, we obtain Z(U'(s0(3,k))) = {0}.

(iii) 3-dimensional skew polynomial algebra A: The k-algebra A is a skew PBW
extension over k which is (X, A)-compatible (see Example 2.3.4). It follows from
Theorem 2.3.31 that Z(A) = Z(k). Again, k is a domain, this guarantees that
Z(k) = {0}. Therefore, we conclude that Z(A) = Z(k) = {0}.

(iv) The algebra of differential operators D,(S;) on a quantum space S,. The
algebra D,(S,) of g-differential operators on S, is a skew PBW extension over
o(k) (x1,...,zy) which is a (X, A)-compatible ring (see Example 2.3.5). Hence,
by Theorem 2.3.31, it follows that Z(Dy(S,)) = Z(o(k) (z1,...xy)). Again, consid-
ering Theorem 2.3.31, we get that Z(o(k) (z1,...2,)) = Z(k). Since Z(k) = {0},
this means that Z(o (k) (z1,...2,)) = {0}, which guarantees that Z(D,(S,)) = {0}.

(v) Diffusion algebras: The k-algebra A is a skew PBW extension over k[z1,. .., 2]
which is (¥, A)-compatible (see Example 2.3.6). Hence, by Theorem 2.3.31, we get
that Z(A) = Z(k[z1,...,z,]). Since k[zi,...,zy] is a domain, this means that
Z(klz1,...,z,]) = {0} and hence, it follows that Z(A) = Z(k[z1,...,z,]) = {0}.

(vi) Inthe Example 2.3.7, B[x; 7, 0] can be seen as a skew PBW extension over B which is
(X, A)-compatible. Therefore, by Theorem 2.3.31, we have that f(z) = > 1, a;z’ €
Z(Blz;7,0]), if there exist s € B such that a;s € nil(B), with s € B and a; € B,
for all 0 < ¢ < n. Now, since nil(B) is an ideal of B, this means that

o (pi) @)\ (0 r(t) :
a;s = ( 0 m)) o 0 € nil(B),
for all a; € B with 0 < i < n. Thus, we conclude that Z(B[z;7,4]) = nil(B)[z; 7, d].

2.3.2 Examples

An important observation is that many algebras polynomial type of great importance in
the literature can be seen as skew PBW extensions over rings that are usually reduced.
We have seen previously that under reducibility conditions over R, the notions weak -
rigid and (X, A)-compatible coincide. For this reason, we want to present the following
examples that particularly cover the results obtained for both rings. We clarify again that
this is possible thanks to the reducibility condition on the ring coefficients.
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Noncommutative ring nil(A) | U(A) | Idem(A) | Z(A)
Skew polynomial ring of derivation type {0} k* {0,1} {0}
Universal enveloping algebra of lie algebras | {0} k* {0,1} {0}
Universal enveloping rings U(V, R, k) {0} k* {0,1} {0}
Differential operator rings V (R, L) {0} k* {0,1} {0}
Tensor product R ® U(g) {0} k* {0,1} {0}
Crossed product R * U(g) {0} k* {0,1} {0}
Twisted or smash product differential .
operator ring R#,U(g) {0} k {0.1} {0}
Table 2.5: PBW extensions.
Noncommutative ring nil(A4) | U(A) | Idem(A) | Z(A)
Weyl algebra A, (k) {0} k* {0,1} {0}
Quantum plane {0} k* {0,1} {0}
Algebra of ¢-differential operators {0} k* {0,1} {0}
Algebra of shift operators Sp, {0} k* {0,1} {0}
Mixed algebra Dy, {0} k* {0,1} {0}
Algebra for multidimensional discrete N
linear systems {0} K {0.1} {0}

Table 2.6: Types of elements in Ore extensions of derivation type.

Noncommutative ring nil(A) | U(A) | Idem(A) | Z(A)
Algebra of linear partial differential operators {0} k* {0,1} {0}
Algebra of linear partial shift operators {0} k* {0,1} {0}
Algebra of linear partial difference operators {0} k* {0,1} {0}
Algebra of linear partial g-dilation operators {0} k* {0,1} {0}
Algebra of linear partial g-differential operator | {0} k* {0,1} {0}

Table 2.7: Types of elements in operator algebras.



CHAPTER 3

Weak annihilator over skew PBW extensions

In this chapter, our purpose is to study a weaker notion of annihilator about an important
family of rings such as skew PBW extensions. In Section 3.1, we study some interesting
properties that relate this concept of weak annihilator to skew PBW extensions. In Section
3.2, taking advantage of this weak notion of annihilator, we study a more general concept
of associated prime ideals. Finally, we present a result of great importance in which we
characterize these new associated prime ideals in a skew PBW extension under certain
conditions on the ring of coefficients. Some important definitions in this section are taken
from [OB12]. The results of this chapter are all product of this work. Given the great
importance of the notion of weak annihilator and the characterization of certain associated
prime ideals, these results have been submitted for publication.

3.1 Weak annihilator

Ouyang and Birkenmeier [OB12] introduced the notion of weak annihilator which is a
generalization of annihilator. They described sufficient conditions to ensure that the weak
annihilator over Ore extensions are generated as left ideals by nilpotent elements of the
ring R. Motivated by the results in [OB12], in this section, we first study the notion of
weak annihilator, which are a generalization of annihilator. We present a generalization
of these results in the case of a skew PBW extension on a ring R.

We begin with the central concept of this chapter.

Definition 3.1.1. ([OB12], Definition 2.1). Let R be a ring. For X C R, It is defined
Nr(X) = {a € R | za € nil(R) for all x € X}, which is called the weak annihilator of
X in R. If X is singleton, say X = {r}, we use Ng(r) to denote Nr({r}).

Remark 3.1.2. Let R be a ring. For any subset X of a ring R, it can be shown that
Nr(X)={a € R | za€nil(R)} ={be R | bx €nil(R)}, for all x € X, and also it follows
that {p(X) € Nr(X) and rr(X) € Ngr(X). If R is a reduced ring, then nil(R) = 0 and
so rr(X) = Ngr(X) = [r(X), for any subset X of R. In addition, for any subset X C R,
we have that Np(X) is an ideal of R in case nil(R) is an ideal.

99
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Now, we present some examples which show that the notion of a weak annihilator is not
a trivial generalization of annihilator.

Example 3.1.3 ([OB12], Example 2.1). Let Z be the ring of integers and T5(Z) the 2 x 2
upper triangular matrix ring over Z. Let X = {(29)} C T2(Z). Then, we have that
r1yz)(X) = 0 and Np,(zy(X) = {(8 T('f) | m e Z}. Therefore, r7,(z)(X) # Np,(z)(X).

Now, we present some properties of the weak annihilator.

Proposition 3.1.4 ([OB12], Proposition 2.1). Let X,Y be subsets of R. Then we have
the following:

(i) X CY implies Nr(Y) C Nr(X).
(ii) X C Ng(Nr(X))).
(iii) Nr(X) = Nr(Nr(Nr(X))).

For a skew PBW extension over a ring R, we define NAnng(R) = {Nr(U) | U C R}
and NAnny(A) = {Na(V) | V C A}. The following theorem establishes a bijective corre-
spondence between weak annihilators of a skew PBW extension and weak annihilators of
its ring of coefficients. Our theorem generalizes Proposition 2.3.17.

Theorem 3.1.5. Let A = o(R) (z1,...,zy) be a skew PBW extension, where R is a
(3, A)-compatible NI ring. The correspondence ¢ : NAnng(R) — NAnng(A), given by
©(Ngr(U)) = Nr(U)A, for every Nr(U) € NAnngr(R), is bijective.

Proof. First, let us show that ¢ is well defined. The idea is show that p(Ng(U)) = Na(U),
i.e. Ny(U) = Ngr(U)A, for every subset U of R. Let f = ap+a1 X1+ -+a, X, € Nr(U)A
and r € U. Since a; € Ngr(U), for all 0 < i < n, this implies that ra; € nil(R). Thus,
by Theorem 2.3.20, we get that rf = rag + ra1 Xy + -+ + ra, X, € nil(R)A = nil(A).
Hence, we conclude Ni(U)A C N4(U). Now, let us prove that No(U) C Nr(U)A. If f =
ap+a1 X1+ +amXm € No(U), thenrf = rag+ra1 X1+- - -+ram Xy, € nil(A) = nil(R)A,
for every element r of U. This means that ra; € nil(R), for all 0 < i < n, and so we have
a; € Nr(U), for all 0 <i < n, whence f € Nr(U)A. Therefore, Ny(U) = Nr(U)A. Now,
let U,V C R such that ¢(Nr(U)) = ¢(Ng(V)). This implies that Na(U) = Na(V). In
particular, we obtain Nr(U) = Ng(V). Thus, ¢ is injective. Finally, let us prove that
¢ is surjective. Let Ng(V) € NAnny(A), and g = by + b1 Y1 + -+ + b, Y, € Na(V), for
a subset V of A. Then fg € nil(A), for all f = ag+ a1 X7 + -+ a,X,, € V, and by
Theorem 2.3.22, a;b; € nil(R), for each 7, j. Thus, b; € Nr(Cy), for all 0 < j <t, whence
g € Nr(Cy)A, and so No(V) C Nr(Cy)A. Now, since that Nr(Cy)A C N4(V), we have
that Na(V) = Nr(Cv)A = ¢(Ngr(Cv)), which means that ¢ is surjective, and hence ¢ is
bijective. ]

Given A a skew PBW extension over a ring R, the following fact provides sufficient
conditions to guarantee that N4(U) is generated by a nilpotent element, for all U C A.
Our theorem generalizes [OB12], Theorem 2.1.
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Theorem 3.1.6. Let A = o(R) (x1,...,2,) be a skew PBW extension, where R is a
(2, A)-compatible NI ring. If for each subset X ¢ nil(R), Nr(X) is generated as an ideal
by a nilpotent element, then for each subset U ¢ nil(A), Na(U) is generated as an ideal
by a nilpotent element.

Proof. Let U be a subset of A with U ¢ nil(4). Then by Corollary 2.3.21, we have
Cy ¢ nil(R). Therefore, there exists ¢ € nil(R) such that Nr(Cy) = cR. Let us show
that No(U) = cA. Let f=ao+ -4+ a, X, €U and g =bg+ -+ + b, Y, € A. We see
that fcg € nil(A). First, observe that cg = ¢bg + - - - + ¢by,, Yy, and, on the other hand, we
have that

m4+n m4+n
feg= Z Z a; X;cb;Y; | = Z Z a;0" (cb;) X;Y; + @iPay cb; Y;
k=0 \i+j=k k=0 \i+j=k

Since a;cb; € nil(R), for every i,j, Proposition 2.3.15 implies that a;0%(cb;) € nil(R).
Furthermore, a;0%(6°(cb;)) and a;6°%(0%(cb;)) are elements of nil(R), for every a, 3 € N™.
In addition, by Remark 2.1.9, the polynomial p,, b, involves elements obtained evaluating
o’s and ¢’s (depending on the coordinates of ;) in the element cb;. Thus, by the previous
observation a;pq, b, € nil(R), for every i,j and therefore, fcg € nil(R)A = nil(A4). Hence,
cg € Na(U). Now, let us consider f = ap + a1 X1 + -+ + an X, € N4(U). By definition,
for all g = by + b1Y1 + -+ + by, Yo, it is satisfied that fg € nil(A). By Corollary 2.3.21,
fg € nil(R)A, whence

m+n m-+n
Fo=> | D aixibVi | =Y | D) aioc®™ (b)) XiYj + pa,s,Y; | €nil(R)A
k=0 \i+j=k k=0 \i+j=k

Given that a;0%(b;) € nil(R), for every i, j. Proposition 2.3.15, guarantees a;b; € nil(R).
Therefore, a; € Nr(Cy) = c¢R for each 0 < i < n. This means that there exists r; € R
such that a; = cr;. Hence, f =ap+ a1 X1+ +an Xy =clro+m X1+ -+, X,) € cA.
Therefore, we obtain that f € cA. O

Remark 3.1.7. We present two examples that illustrate the above theorem.

Example 3.1.8. Diffusion algebras: Let k be a field. The diffusion algebra A is
generated by {D;,z; | 1 <1i < n} over k is a skew PBW extension over k[x, ..., z,] which
is (3, A)-compatible. Since k[x1, ..., zy,] is reduced, it follows that nil(k[z1,...,z,]) = {0}
and Ny, . 2.(X) = Tkzy,. 2, (X), for any subset X C k[z1,...,2,]. This means that
for any subset {0} # U C k[z1, ..., 2], we get that Nyjz,  2.1(U) = Tja,,...2,] (U) = {0}.
Thus, by Theorem 3.1.6, we have that N4 (V') is generated by a nilpotent element for any
subset V C A with V' ¢ nil(A)

Example 3.1.9. Let k be a field and k[t] the polynomial ring over k. We consider
o(p(t)) = p(t), the identity homomorphism and 6(¢) = 1. Having in mind that k[¢] is
reduced, we can show that k[t] is a (o, d)-compatible ring. Now, let us define ring B as

follows:
s={(" 1) 100000 < i}
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The endomorphism o of B is extended to the endomorphism @ : B — B, defined by
7((aij)) = (o(ai;)) and the o-derivation § of B is also extended to § : B — B defined
by §((ai;)) = (6(ai;)). We note that the skew polynomial ring B[z;7,d] is a skew PBW
extension over B which is (7, §)-compatible (see Example 2.3.7). We can prove that for any
subset X C B with X ¢ nil(B) it is satisfied that Ng(X) = rB, where r € nil(B). Thus,

it follows from Theorem 3.1.6 that NB[x,E TU = wB[x;7, ], for any subset U C Blz;7, ],

where U ¢ nil(B[z;7,0]) and w € nil(B[z;7, d]).

The following theorem is a consequence of Theorem 3.1.6, considering skew PBW
extensions of the endomorphism type. Our theorem characterizes skew PBW extensions
for which every weak annihilator of a subset U of A is generated by a nilpotent element.
This result generalizes [OB12], Theorem 2.2.

Theorem 3.1.10. Let A = o(R) (z1,...,zy) be a skew PBW extension of endomorphism
type, where R is a X-compatible NI ring. Then the following statements are equivalent:

(i) For each subset X ¢ nil(R), Ngr(X) is generated as an ideal by a nilpotent element.

(ii) For each subset U ¢ nil(A), N4(U) is generated as an ideal by a nilpotent element.

Proof. By Theorem 3.1.6, it suffices to show (ii) = (i). Let X be a subset of R with
X ¢ nil(R). Then X ¢ nil(A). So there exists f(z) = ap + a1 X1 + -+ + @ Xy, € nil(4)
such that Ns(X) = f(z)A. Note that f(z) = ap + a1 X1 + -+ - + an Xy € nil(A), whence
a; € nil(R), for all 0 < i < m by Corollary 2.3.21. We may assume that ag # 0. Now,
let us show that Np(X) = agR. Since ag € nil(R) and nil(R) is an ideal of R, we obtain
papR C nil(R), for each p € X whence agR C Nr(X). If m € Ng(X), then m € Na(X).
Thus, there exists g(x) = by + b1Y1 + -+ - + b,Y;, € A such that

m+n m+n
m = fg = Z Z aiXiij} = Z Z aiaai(bj)Xin
k=0 \it+j=k k=0 \i+j=k

Therefore, we conclude that m = agby € apR, and thus Nr(X) C agR. This means that
Npr(X) = apR, where ag € nil(R).

O]

Next, we present a theorem which follows the ideas of the previous results, but this
time interested in studying weak annihilators of principal right ideals. Our following result
generalizes [OB12], Theorem 2.3.

Theorem 3.1.11. Let A = o(R) (x1,...,zy,) be a skew PBW extension, where R is a
(3, A)-compatible NI ring. If for each principal right ideal pR ¢ nil(R), Ngr(pR) is
generated as an ideal by a nilpotent element, then for each principal right ideal fA ¢
nil(A), Na(fA) is generated as an ideal by a nilpotent element.

Proof. Let f = ap+ a1 X1+ -+ + apX,, € A with fA ¢ nil(A). We show that N4(fA)
is generated as an ideal by a nilpotent element. If a;R C nil(R), for all 0 < i < n, by
Corollary 2.3.21, we have that fA C nil(A), which is a contradiction.
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So, there exists 0 < ¢ < n such that a;R ¢ nil(R). Thus, there exists ¢ € nil(R) such
that Ngr(a;R) = cR. Let us show that Ny(fA) = cA. Let g =bog+b1Y1+ -+ bpYm
and h = co + c1Z1 + -+ + ¢ Z; elements of A. By Theorem 3.1.6, gch € nil(R)A =
nil(A) and by Corollary 2.3.21, for every f € A, fgch € nil(A) = nil(R)A, since that
nil(A) is an ideal. Therefore, we obtain that ch € Na(fA), that is, cA C Na(fA).
Let p = po + ;Y1 + -+ + pmYm € Na(fA). Then, we have fAp C nil(A), for every
f=ao+a1 X1+ -+ a,X, € A. In particular, we have fRp C nil(A). Let r € R. Then,
we get rp =rpg + rp1Y1 - + "pmYm, thus we obtain that

m+n m+n
frp= Z Z a; Xirp;Y; | = Z Z a;o% (rpj) X;Yj + aipa, rp;Y; | € nil(R)A
k=0 \itj=k k=0 \it+j=k

Therefore, a;0% (rp;) € nil(R) and so a;rp; € nil(R), for every 0 < i <nand 0 < j < m.
In particular, we obtain that p; € Ngr(a;R) = cR and thus there exists r; € R such that
pj = crj Hence, p=po+p1Y1+ - +pmYm = c(ro+mY1 + -+, Yn) € cA. Therefore,
we conclude that p € cA and so Na(fA) C cA. O

Remark 3.1.12. We study two examples that illustrate the previous theorem.

Example 3.1.13. Diffusion algebras: Let k be a field. The diffusion algebra A is gen-
erated by {D;,z; | 1 <i <n} over k is a skew PBW extension over k[z1,...,z,] which
is (X, A)-compatible. Having in mind that k[z1,...,x,] is a reduced ring, it follows
that Nigey, .o (P@K[E1, -+ 2a) = Tifer....on) P@KLL, - 2a]), for any principal right
ideal, where p(x) € k[z1,...,2,]. Since k[z1,...,2,] is a domain, this guarantees that
Niey .z P@K[T1, - T0]) = Tiy 2 (P(2)K[21, .. 25]) = {0}. Thus, by Theorem
3.1.6, we have that Na(fA) is generated by a nilpotent element for any principal right
ideal fA ¢ nil(A) with f € A.

Example 3.1.14. Let k be a field and k[t] the polynomial ring over k. We consider
o(p(t)) = p(t), the identity homomorphism and §(¢) = 1. Since kJt] is reduced, we can
prove that k[t] is a (o, 0)-compatible ring. Now, let us define ring B as follows:

2={("0 90 | pi0ate) € o

p(t)

The endomorphism o of B is extended to the endomorphism ¢ : B — B, defined by
7((aij)) = (o(ai;)) and the o-derivation ¢ of B is also extended to 6 : B — B defined
by §((ai;)) = (6(ai;)). We note that the skew polynomial ring B[z;@,d] is a skew PBW
extension over B which is (7,d)-compatible (see Example 2.3.7). Let p € B, such that
pB ¢ nil(B), where p = (p(ot) Iq)g;), for some p(t), q(t) € k[t] and p(t) # 0. By a routine
calculations, we obtain

va) = { (5 ) Tawewin = () o) 2

where (§}) € nil(B). Therefore, it follows from Theorem 3.1.6 that N5 (fB[z;7,

[z;5,0]

is generated by a nilpotent element for any principal right ideal fB[z;, 6] € nil(B[z;7,

with f € Blz;7,0].
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For skew PBW extensions of endomorphism type, we characterize such extensions for
which every weak annihilator of a principal right ideal is generated by a nilpotent element.
The following result generalizes [OB12], Theorem 2.4.

Theorem 3.1.15. Let A =o(R) (z1,...,zy,) be a skew PBW extension of endomorphism
type, where R is a X-compatible NI ring. Then the following statements are equivalent:

(i) For each principal right ideal pR ¢ nil(R), Ng(pR) is generated as an ideal by a
nilpotent element.

(ii) For each principal right ideal fA ¢ nil(A), Na(fA) is generated as an ideal by a
nilpotent element.

Proof. By Theorem 3.1.11, it suffices to show (ii) = (i). Let pR be a principal right
ideal of R with pR ¢ nil(R). In particular, we have that pR ¢ nil(A). Therefore, there
exists f = ap + a1 X1 + -+ + Xy € nil(A) such that Ny(pR) = fA. With this in
mind, let us note that f = ag + a1 X1 + -+ + @ Xy, € nil(A), whence a; € nil(R), for
all 0 < ¢ < m by Corollary 2.3.21. We may assume that ay # 0. Let us show that
Nr(pR) = agR. Since ag € nil(R) and nil(R) is an ideal of R, we obtain pragR C nil(R),
for each r € R. Thus apR C Nr(pR). If m € Nr(pR), then m € Na(pR). Thus, there
exists g =bg+ b01Y1 + - - - + b,Y, € A such that

m+n m+n
ner= 3 (8w ] =55 [ 5 woron
k=0 \itj=k k=0 \itj=k

Hence, we have m = apby € agR, whence Ng(pR) C agR. Therefore, we conclude that
Nr(pR) = apR where ag € nil(R). O

Finally, we study the weak annihilator of an element. The following theorem establishes
conditions for which the weak annihilator of an element in a skew PBW extension is
generated by a nilpotent element. Our result generalizes [OB12], Theorem 2.5.

Theorem 3.1.16. Let A = o(R) (x1,...,zy,) be a skew PBW extension, where R is a
(3, A)-compatible NI ring. If for each p ¢ nil(R), Ngr(p) is generated as an ideal by a
nilpotent element, then for each f ¢ nil(A), Na(f) is generated as an ideal by a nilpotent
element.

Proof. Let f = ap+ a1 X1 + -+ + apnX, € A with f ¢ nil(A). We show that Na(f) is
generated as an ideal by a nilpotent element. If a;R C nil(R) for all 0 < i < n, the
by Corollary 2.3.21, we see that f € nil(A), which is a contradiction. Hence, there exist
0 < i < n such that a; ¢ nil(R). Thus, there exists ¢ € nil(R) such that Ng(a;) = cR.
The idea is to show that N4g(f) =cA. f h=cy+c1Z1 + -+ e Z; € A, by Proposition
3.1.6, we have fch € nil(R)A = nil(A). Therefore, we obtain that ch € N4(f).
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Let p=po+p1Y1i+- 4+ pmYm € Na(f). Then, fp € nil(A) for f =ap+---+a, X, € A.
Thus, we obtain that

m+n m-+n
fp= Z Z a; Xip;Yj | = Z Z a;o® (p;) XiYj + aipa, p,Y; | € nil(R)A
k=0 \i+j=k k=0 \i+j=k

Therefore, a;0%(p;) € nil(R) and so a;p; € nil(R) for every 0 < i < nand 0 < j < m.
In particular, we obtain that p; € Ng(a;) = cR and thus there exist 7; € R such that
pj = crj. Hence, p=po+p1Yi+- - +pmYm = c(ro+rmYi+---+rnYy) € c- A. Therefore,
it follows that p € cA. O

Remark 3.1.17. We establish the following examples that illustrate the previous results.

Example 3.1.18. Diffusion algebras: Let k be a field. The diffusion algebra A is
generated by {D;,x; | 1 <i<n} over k is a skew PBW extension over k[zi,...,zy]
which is (X, A)-compatible. Having in mind that k[z1,...,2,] is reduced, we have that
Nizroooian] (P(T)) = Tifay,...20] (P(7)), for any p(x) € k[z1,...,25]. Since k[z1,...,25] is a
domain, this guarantees that Nyp, . 2.1(P(7)) = iz, 2. (P(x)) = {0}. It follows from
Theorem 3.1.6 that N4(f) is generated by a nilpotent element for any f € A, where

f ¢ nil(A).

Example 3.1.19. Let k be a field and k[t] the polynomial ring over k. We consider
a(p(t)) = p(t), the identity homomorphism and §(¢) = 1. Since klt| is reduced, we can
show that klt] is (o, d)-compatible ring. Now, let us define ring B as follows:

2={ (") 9 o000 < et}

The endomorphism o of B is extended to the endomorphism @ : B — B, defined by
7((aij)) = (o(ai;)) and the o-derivation & of B is also extended to 6 : B — B defined
by 6((aij)) = (6(aij)). We note that the skew polynomial ring Blz;7, 4] is a skew PBW
extension over B which is (7, 8)-compatible (see Example 2.3.7). Let p € B, such that
p ¢ nil(B), where p = (pg) Zgg), for some p(t),q(t) € k[t] and p(t) # 0. Again, we can
prove that

va) ={ (5 V) 1aw exn f= (7 5)

where (§§) € nil(B). Hence, it follows from Theorem 3.1.6 that N Ble5 (f) is generated
o,

by a nilpotent element for any element f € B[z;7, 0], where f ¢ nil(B|x;7,0]).

Given a skew PBW extension of endomorphism type over a ring R, the following the-
orem characterizes extensions for which every weak annihilator of an element is generated
by a nilpotent element. Our result generalizes [OB12], Theorem 2.6.
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Theorem 3.1.20. Let A =o(R) (z1,...,2,) be a skew PBW extension of endomorphism
type, where R is a X-compatible NI ring. Then the following statements are equivalent:

(i) For each p ¢ nil(R), Ng(p) is generated as an ideal by a nilpotent element.

(ii) For each f ¢ nil(A), Na(f) is generated as an ideal by a nilpotent element.

Proof. By Theorem 3.1.16, it suffices to show (ii) = (i). Let p € R with p ¢ nil(R),
whence p ¢ nil(A). Thus, there exists f = ag + a1 X7 + -+ + @ Xy, € nil(A) such that
Na(p) = fA. We note that f = agp + a1 X1 + -+ + an X, € nil(A) and so a; € nil(R),
for all 0 < i < m by Corollary 2.3.21. We may assume that ag # 0. Now, we show that
Nr(p) = apR. Since ap € nil(R) and nil(R) is an ideal of R, we obtain pagR C nil(R),
that is, ap - R C Ng(p). If m € Ng(p), then, we get that m € Na(p). Thus, there exists
g=by+b1Y1+---+b,Y, € A such that

m+n m+n
m=fo=Y | X axoy | =Y | X ot
k=0 \i+j=k k=0 \i+j=k

Hence, we have m = agby € agR, and thus Nr(p) C agR. Therefore, we conclude that
Nr(p) = apR where ap € nil(R). O

3.2 Nilpotent associated primes

Over the years, the study of associated prime ideals has been an important tool in the study
of results and properties in areas such as algebra and geometry. Given a right R-module
Np, we recall that the right annihilator of Ny is denoted by rgr(Ng) = {a € R |[Na = 0}.
We say that Ng is prime, if Ny # 0 and rg(Ng) = TR(N]/%), for every nonzero submodule
Ny C Ng (see [Ann04], Definition 1.1). Let Mg be a right R-module. An ideal & of
R is called an associated prime of Mpg, if there exists a prime submodule Np C Mg
such that & = rg(Npg). The set of associated primes of My is denoted by Ass(Mg) (see
[Ann04], Definition 1.2). Associated primes are well known in commutative algebra for
their important role in the primary decomposition. Brewer and Heinzer [BH74] proved
that, over a commutative ring R, the associated primes ideals of the polynomial ring R[z]
are all extended: that is, every & € Ass(R|[x]) may be expressed as & = Pyx|, where
Py = P NR € Ass(R). Faith [Fai00] presented proof of this same fact using different
tools.

Annin [Ann04] extended the result presented by them, making a description of the
associated prime ideals for skew polynomial modules. Ouyang and Birkenmeier [OB12]
introduced the notion of nilpotent associated primes, which are a generalization of asso-
ciated primes. They describe all nilpotent associated primes of the Ore extension ring
R[z;0,6] in terms of the nilpotent associated primes of the ring R. Finally, Ramirez
[Ram19] and [NRR20] investigated these ideals in a more general structure, establishing a
characterization of the associated prime ideals in a skew PBW extension over an R-module,
generalizing several important results presented by Annin [Ann04].
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We note that the characterization of the associated primes ideals presented by [Ram19]
is performed for polynomial type structures on two classes of rings: weak Y-rigid and
(3, A)-compatible rings.

As we saw earlier, the study of associated prime ideals in noncommutative polynomial
type structures has been of great interest. Motivated by the results in [BH74],[Fai00],
[Ann04] [OB12] and [Ram19], we first study the notion of nilpotent associated primes,
which are a generalization of associated primes. We next describe all nilpotent associated
primes of a skew PBW extension in terms of the nilpotent associated primes of its ring of
coefficients. This part of the work has the purpose of giving a description of the nilpotent
associated prime ideals in skew PBW extensions, generalizing the results presented by
[OB12] and, in a certain sense, also the results presented in [Ram19].

Now, we present two central concepts of this part of our work.

Definition 3.2.1. ([OB12], Definition 3.1) Let I be a right ideal of a nonzero ring R. We
say that I is a right quasi-prime ideal, if I ¢ nil(R) and Ng(I) = Ng(I'), for every
right ideal I’ C I and I’ € nil(R).

Definition 3.2.2. ([OB12], Definition 3.2) Let nil(R) be an ideal of a ring R. An ideal
& of R is called a nilpotent associated prime of R, if there exist a right quasi-prime
ideal I such that &2 = Ng(I). The set nilpotent associated primes of R is denoted by
NAss(R).

Let m = mo+m1 X1+ - -+mi Xgp+- - -+m, X, ¢ nil(R)A. Let be 2% leading monomial
of X, with X, = X,—1 > -+ = X1 and leading coefficient my, # 0. If my ¢ nil(R) and
m; € nil(R), for all i > k, then we say that the nilpotent degree of m is k. To simplify
notations, we write Ndeg(m) for the nilpotent degree of m. If m € nil(R)A, then we define
Ndeg(m) = —1.

Now, we present a new definition following the ideas of [OB12], Definition 3.3, where it
is established for skew polynomial ring over (o, d)-compatible rings. This for the purpose
of studying this notion in skew PBW extension.

Definition 3.2.3. Let R be a (X, A)-compatible ring and A a skew PBW extension of
R. Let m=mo+m1 X1+ +mp X+ - +mpX, ¢ nil(R)A and the nilpotent degree
of m be k. If Ng(my) € Ngr(m;), for all ¢ < k, then we say m is a nilpotent good
polynomial.

The following result extends [OB12], Lemma 3.1.

Theorem 3.2.4. Let A = o(R)(x1,...,z,) be a skew PBW extension, where R is a
(2, A)-compatible NI ring. For any m = mo+m1 X1+ -+mpXi+---+mpX, ¢ nil(R)A,
there exists r € R such that mr is a nilpotent good polynomial.

Proof. Let us assume the result is false and let m = mo+- - -+mp X+ - - +mpX,, ¢ nil(A)
be a counterexample of minimal nilpotent degree Ndeg(m) = k, that is, mr is not a
nilpotent good polynomial. In particular, if » = 1, we have that m is not a nilpotent good
polynomial. Hence, there exists ¢ < k such that Ng(my) € N,(m;). Thus, we can find
b € R such that b € Nr(my) and b ¢ Ng(m;), whence m;b ¢ nil(R) and myb € nil(R).
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Note that the degree k coefficient of mb is mpo®*(b) + > 1, | MiPa, b Now, mpo®*(b) €
nil(R) due to the (X, A)-compatibility of R. On the other hand, we have Ndeg(m) = k,
thus m; € nil(R), for all ¢ > k. This means that m;p,,, € nil(R), for all @ > k and so
Y i1 MiPayp € Nil(R), since nil(R) is an ideal of R. Therefore, mb has nilpotent degree
at most k — 1. Since m;b ¢ nil(R), we have mb ¢ nil(R)A. By the minimality of k, we
have that there exist ¢ € R with mbc nilpotent good polynomial. But this contradicts the
fact that m is a counterexample, since bc € R and m(bc) is nilpotent good polynomial
which is a contradiction. O

The following theorem characterizes the nilpotent associated primes ideals in a skew
PBW extension over a (X, A)-compatible ring. This result was obtained in the realization
of this work and generalizes [OB12], Theorem 3.1.

Theorem 3.2.5. Let A = o(R) (x1,...,zy) be a skew PBW extension, where R is a
(3, A)-compatible NI ring. Then

NAss(A) = {ZA| & € NAss(R)}.
Proof. With the aim of establishing the desired equality, we proof the two implications.

e Let & € NAss(R). By Definition 3.2.2, there exists a right ideal I ¢ nil(R) with T
a right quasi-prime ideal of R and & = Ng(I). Let us show that A = N4(IA)
and also that IA is a quasi-prime ideal. We show first that A = N4(IA). Let
i=agt+a1 X1+ - +apXym € [Aand let f =by+b1Y1 +---+b,Y, € PA. Then,

m+n m+n
if =Y D0 aXibyy | =3 [ Y aio™(0) XY + aipa, s,V
k=0 \i+j=k k=0 \i+j=k

Since a;b; € nil(R) for every 1, j, Proposition 2.3.15 implies that a;0%(b;) € nil(R),
Furthermore, the polynomial p,, 5, involves elements obtained evaluating o’s and d0’s
(depending on the coordinates of ¢;) in the element b; by Remark 2.1.9. This means
that a;pa,p, € nil(R) for every 7, j and therefore, we obtain if € nil(R)A = nil(4).
Hence, ZA C N4(IA). Conversely, let f = by + b1Y1 + -+ 4+ by Yy € Na(IA),
then if € nil(4) = nil(R)A, for all i = ap + a1 X1 + -+ + a, X, € IA, whence
a;0%(b;) € nil(R), which implies that a;b; € nil(R), by Proposition 2.3.15. Since
a; € I, we have b; € Ng(I) = &. Therefore, f € ZA and thus Ny([A) C ZA.
Hence, we conclude that A = N ([A).

Since the ideal I is a right quasi-prime ideal, we have I ¢ nil(R). Thus, IA ¢ nil(A).
Let us show that for any right ideal U of R it is satisfied that, if U ¢ nil(A) and
U C I-A, then Ngy(U) = N4(IA). Let us see first that Ngy(IA) € Na(U). If
f=ao+a1 X1+ +anX,, € Ng(IA), this means that if € nil(A), for all i € T A.
In particular, since U C IA, then if € nil(A), for all i € U, whence f € Na(U).
Hence, we have Ns(IA) C N4(U).
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Conversely, let Cy C R consisting of all coefficients of elements of U. Let us first
consider &’ the right ideal of R generated by Cy. Since U ¢ nil(A) = nil(R)A,
this means that Cy ¢ nil(R), and hence &' C I and &' ¢ nil(R). Thus, as
I is a right quasi-prime ideal this implies that Nr(Z') = Nr(I) = &2. Now, if
f=ar+a1 X1+ -+ anXm € Na(U) and v = up + w1 Y1 + - + u, Yy, € U, then
uf € nil(A), whence u;0% (a;) € nil(R) and therefore u;a; € nil(R), for all0 < i < n,
0 < j < m. Since nil(R) of NI ring is an ideal, u;a; € nil(R) implies a;ju; € nil(R)
and thus u;Ra; € nil(R) gives that (u;Ra;)? € nil(R). Therefore, we obtain

aj € Np(2') = Ng(I)= 2 forall 0<j<m.

Let i@ = bg + 01Z1 + -+ + byZ, € TA. Then, we have that b,a; € nil(R) and
thus b,,0%(6(a;)) and a,,,6°(0%(a;)) are elements of nil(R), for every a, € N™.
Therefore, if € nil(R)A = nil(A), this means that f € Na(/A). Hence, we conclude
NA(U) € Ny(IA). Thus, we have proved that A = N4(IA) and also that A is a
quasi-prime ideal.

Let I € NAss(A). By Definition 3.2.2, there exists a right ideal J € nil(A) with J a
right quasi-prime ideal of A and I = Ny(J). Let m = mo +m1 X1 + -+ + mp Xi +
<+ mpX, ¢ nil(A) = nil(R)A and m € J. Since J ¢ nil(A), we may assume that
m is nilpotent good and Ndeg(m) = k, by Theorem 3.2.4. We consider Jy = mA the
principal right ideal of A generated by m. Since m ¢ nil(A) = nil(R)A this implies
that Jo = mA ¢ nil(R)A = nil(A4), whence Na(J) = Na(Jo) = Na(mA) =1
because J is quasi-prime ideal. Now, we consider the right ideal myR, and let us
denote U = Nr(myR).

Let us prove first that I = UA. Let g = by + b1Y1 +--- + b)Y, € UA. Since b; € U,
then myRb; € nil(R) for all 0 < j < [. Furthermore, m is nilpotent good polynomial
and Ndeg(m) = k, hence m;Rb; € nil(R), for all 0 <i <k, and 0 < j < [. On the
other hand, for all i > k, m; € nil(R). Thus, we get m; Rb; € nil(R), forall0 <i<n
and 0 < j < [. Now, for any element h € A where h = hg + h1Z1 + --- + hpZp,
it is satisfied that m;hqb; € nil(R), for all 0 < i <n, 0 <d <pand 0 < j < L
Therefore, by (X, A)-compatibility of R, we obtain mhg € nil(A). This implies that
g € Na(mA) =1, and so UA C I. Conversely, let g = by + b1Y1 +--- + b)Y, € I.
Since mRg € nil(A), it follows that m;Rb; € nil(R), for all 0 < ¢ <mn,and 0 < j <.
Thus, we have that b; € Np(miR), for all 0 < j <[, and so g € UA. Hence, we
conclude I C UA which implies that I = U A.

Now, let us show that myiR is a quasi-prime ideal. Let myR the principal right
ideal of A generated by my. Since my ¢ nil(R), we have miR ¢ nil(R). The
idea is to show that for any right ideal @ C m;R with @ ¢ nil(R), it follows that
Ngr(Q) = Nr(myR). Assume that a right ideal @ C myR, and Q ¢ nil(R). Then
Nr(miR) C Ng(Q) by Proposition 3.1.4. Now, we show that Ng(Q) C Nr(miR).
Let # be the following set # = {mr | r € Q}, and let # A the right ideal of A
generated by #.
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First, we note that # A C mA. Since Q ¢ nil(R), there exists a € R such that
mra € Q and mia ¢ nil(R). If myg(mga) € nil(R), then we have mypa € nil(R)
which contradicts to the fact that mga ¢ nil(R). Thus my(mga) ¢ nil(R), and hence
m(mga) ¢ nil(A), by Corollary 2.3.22. This implies that # A ¢ nil(A4). Since J is
quasi-prime ideal, we obtain Ng(# A) = Na(mA) = 1.

Suppose ¢ € Nr(Q). Then rq € nil(R), for each r € Q. Now, for any mrf € # A
where f =ag+a1Y1 + -+ qY; € A, the term of mrf is m; Xjra;Y;. The idea is to
show that m;X;ra;Y; € nil(R). Since rq € nil(R) and nil(R) is an ideal, it follows
that

rq € nil(R) = ¢r € nil(R) = ra;(qr)a;q € nil(R) = rajq € nil(R).

If rajq € nil(R), then m;rajq € nil(R). Thus, due to the (X, A)-compatibility of R,
we have that m;X;ra;Y;q € nil(R)A which implies that mr fq € nil(R)A = nil(A4).
Hence, for any > mr;f; € # A it follows that Y (mr;fi)q € nil(A). Therefore,
q € NaA(WA)=1=UA, and so q € U = Nr(miR). So Nr(Q) € Nr(myR), and
this implies that Nr(Q) = Nr(miR). Hence, we conclude that m R is quasi-prime
ideal.

Remark 3.2.6. We present two examples that illustrate the above theorem.

Example 3.2.7. Diffusion algebras: Let k be a field. The diffusion algebra A is
generated by {D;,z; | 1 <1i < n} over k is a skew PBW extension over k[x, ..., z,] which
is (X, A)-compatible with ¥ = {o;} where oj(x;) = w;, for every 1 < 4,5 < n and
A = {4;} where §;(x;) = 0, for every 1 < ¢,j < n. From Theorem 3.2, it follows that
NAss(A) = NAss(k[z1, ..., z,])A. Now, we must study the nilpotent associated primes of
k[z1,...,z,]. Note that k[z1,...,x,] is a skew PBW extension over k which is trivially
(3, A)-compatible. Thus, NAss(k[z1,...,zy,]) = NAss(k)[z1,...,z,]. Since k is a field,
we have nil(k) = {0} and so the only quasi-prime ideal of k is the same. Hence, if
2 € NAss(k), then the following equalities are satisfied: &2 = Ni(k) = (k) = {0}.
This implies that NAss(k[z1,...,2,]) = NAss(k)[z1,...,z,] = {0} whence it follows that
NAss(A) = NAss(k[z1,...,2,])A = {0}.

Example 3.2.8. Let k be a field and k[t] the polynomial ring over k. We consider
o(p(t)) = p(t), the identity homomorphism and §(¢) = 1. Since k[¢] is reduced, it can be
shown that k[t] is (o, d)-compatible ring. Now, let us define ring B as follows:

s={("5 40 10.a0 exta

p(t)

The endomorphism o of B is extended to the endomorphism @ : B — B, defined by
5((aij)) = (o(ai;)) and the o-derivation ¢ of B is also extended to § : B — B defined
by §((ai;)) = (6(ai;)). We note that the skew polynomial ring B[z;@,d] is a skew PBW
extension over B which is (7, )-compatible (see Example 2.3.7).
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It follows from Theorem 3.2 that NAss(Blx;7,d]) = NAss(B)[z;7,5]. We can prove that
the different right ideals of B are:

S S OISR

for some p(t),q(t) in k[¢]. Additionally, we can see by doing routine calculations that the
only quasi-prime ideals of B are: I, Iy, I5 and Ig. Furthermore, it is not difficult to see
that the following equalities are satisfied Ngr(l2) = Ngr(Is) = Ng(I5) = Nr(ls) = I,
where I3 = nil(B). Thus, it follows that NAss(B) = {nil(B)} = {I3}. Therefore, we

conclude that NAss(Blz;7,4]) = nil(B)[z;7, 0] = I3]z;7,0].
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Appendix

A.1 Classes of rings

In this section, we study some classes of rings that have taken great importance recently in
the study of noncommutative rings of polynomial type. We also study Armendariz rings
introduced in [CR97] which generalize fields and integral domains. These notions are of
great importance throughout our work. In this section R is considered as an associative
ring with unity. The following definitions are adapted from [Mar03].

Definition A.1.1 ([Szal9], Definition 2.1). Let R be a ring. We say that R is:

(i) Reduced, if for all a € R, a®> = 0 implies a = 0.

(ii) Symmetric, if for all a,b, ¢ € R, abc = 0 implies bac = 0.

)

)
(iii) Reversible, if for all a,b € R, ab = 0 implies ba = 0.
(iv) Semicommutative, if for all a,b € R, ab = 0 implies aRb = 0.
)

(v) Abelian, if each idempotent of R is central (an element a € R is central, if ab = ba,
for all b € R).

Next, we present some results that relate these different classes of rings. The details
of these results and interesting examples can be found in [Mar03].

Proposition A.1.2 ([AC99], Theorem 1.3). Let R be a ring. If R is a reduced ring, then
R is symmetric.

Proof. Suppose that R is reduced and let a,b,c € R such that abc = 0. Let us show that
bac = 0. Since abc = 0, we have c(abc)ab = 0; then (cab)? = 0, and since R is reduced,
cab = 0. Again, since cha = 0, we have aba(cab)ac = (abac)* = 0 and so abac = 0, using
the reducibility if R. Now, since abac = 0, then bacb(abac)ba = (bacba)?> = 0 and so
(bacba) = 0. And finally, since bacba = 0, we have (bacba)c = (bac)? = 0 and as R is
reduced, we have bac = 0. ]

72
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The class of symmetric rings contains properly the class of reduced rings. The following
example can be found in [HKKLO05], Theorem 2.3.

Example A.1.3. Let R be a ring and n any positive integer. According to [HKKLO05],

Theorem 2.3, if R is reduced, then fi[f; is a symmetric ring, where (z™) is the ideal
generated by z". In particular, if k is a field, % is symmetric but is not reduced, since

T is a nilpotent element with Z # 0.

Proposition A.1.4 ([Kwa07], Corollary 2.6). Let R be a ring. If R is a symmetric ring,
then R is a reversible ring.

Proof. Suppose R is a symmetric ring and consider ab = 0 with a,b € R. Let us show that
ba = 0. Since ab = 0, then (ab)r = abr = 0, for all r € R. As R is symmetric, this implies
bar = 0. In particular, for r = 1, we have ba = 0. Therefore, R is a reversible ring. O

Reversible rings contains properly the class of symmetric rings. The following example
can be found in [Mar03] and [Mar02].

Example A.1.5 ([Mar02], Example 5). Let k be a field. We consider the k-algebra free
F =k(z,y,z), and let
I = (FaF)? + (FyF)*>+ (FzF)* + FoyzF + FyzaF + FzzyF C F.

In [Mar02], it is shown that R = F'/I is a reversible ring which not symmetric ring.

Proposition A.1.6 ([KLO03], Lemma 1.4). Let R be a ring. If R is a reversible ring, then
R is a semicommutative ring.

Proof. Suppose R is a reversible ring and let ab = 0. Let us show that aRb = 0, i.e,
arb =0, for all r € R. Since ab = 0 and R is reversible, we have ba = 0. Now, r(ba) = 0,
for all » € R, and hence (rb)a = r(ba) = 0. Thus, we have a(rb) = arb = 0, since R is
reversible. Therefore, aRb = 0, i.e, R is semicommutative ring. ]

The class of semicommutative rings contains properly the class of reversible rings. The
following example can be found in [Mar03].

Example A.1.7 ([Mar03], Example 3.11). Let S be any reduced ring, and fix any n € N.
Let

R =85 (z,y) /(a1 y" T yzx).

In [Mar03], it is shown that R is a semicommutative ring which is not reversible ring.
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Proposition A.1.8 ([BK10], Corollary 3.6). Let R be a ring. If R is a semicommutative
ring, then R is Abelian.

Proof. Suppose that R is a semicommutative ring and let e be an idempotent element of R.
Since e(e—1) = €2 —e = 0, we have er(e—1) = 0, for all » € R, by the semicommutativity
of R, i.e, ere = er. Also, since 1 — e is an idempotent element, then (1 —e)? — 1+ e = 0.
Hence, we have (e — 1)e = 0, and therefore (e — 1)re = 0, for all r € R, i.e, ere = re.
Thus, er = ere = re, and so e is central. O

The class of Abelian rings contains properly the class of semmicommutative rings. The
following example can be found in [HLS02].

Example A.1.9 ([HLS02], Example 14). Let k be a field and R = k (z,y, z) be the free
algebra of polynomials with zero constant terms in indeterminates x, y, z over k subject to
relations xy —yx # 0, zz—zx # 0 and yz — zy # 0. Since there are no constant terms, R is
a ring without identity and so we consider an ideal of k de R, say I = (zz,xz, zrz), for all
r € R. Let S = (k+R)/I. We claim that S is an Abelian ring which not semicommutative
ring.

Given the propositions studied above, we obtain the following implications that repre-
sents the relations between these rings.

Reduced = Symmetric = Reversible = Semicommutative = Abelian.

Now, we show an interesting connection between these different classes of rings and
the Armendariz rings introduced in [CR97].

Definition A.1.10 ([CR97], Definition 1.1). A ring R is an Armendariz ring, if when-
ever polynomials f(z) = > 1" a;z’, g(z) = > =0 bjxl € R[z] satisfy f(z)g(x) = 0, we
have a;b; = 0, for every ¢ and j.

Now, we present the relation between reduced and Armendariz rings.
Proposition A.1.11 ([Arm74], Lemma 1). Let R be a ring. If R is a reduced ring, then

R is Armendariz.

Proof. Let f(x) = > i%gaix’, g(x) = Yi_obja’ € Rlz]. Suppose that f(z)g(z) =0 and R
a reduced ring. Moreover, we can assume that n = m. Making the usual product of f(x)
with g(x), we obtain the system of equations:

aobo =0
aibg + agb; = 0

anpbo + -+ + agb, = 0.
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Since R is a reduced ring, we have agbg = 0, and so byag = 0. Now, left multiplying the
second of these equations by by, we have bga1by = 0 and so (a1bg)? = 0, and this implies
a1bg = 0. Analogously, we have a;bp = 0, for all 1 < ¢ < n. Therefore, the previous system
of equations is reduced to the following:

aobl =0
arbr + apba = 0

ap—1b1 + - -+ + apb, = 0.

Again, since agb; = 0, then bjag = 0 by using reducibility of R. We conclude from the
second equation that a;b; = 0. Repeating this process, we have a;b1 =0, for all 1 <i <n.
Finally, we can conclude that a;b; =0, for all 1 <i,5 < n. ]

The class of Armendariz rings, contains properly the class of reduced rings. The details
of the following example can be consulted in [CR97].

Example A.1.12 ([CR97], Proposition 2.1). For each integer n, Z/nZ is an Armendariz
ring, which is not reduced whenever n is a natural number which is not square free.

Now, we present the relation between Armendariz rings and Abelian rings.

Proposition A.1.13. Let R be a ring. If R is an Armendariz ring, then R is an Abelian
Ting.

Proof. Let a € R and e an element idempotent of R. Consider the polynomials f;(z) =
e—ea(l —e)x, gi(x) = (1 —e€)+ea(l —e)z, fa(r) = (1 —e) — (1 — e)aex and g2(x) =
e+ (1 —e)aex € Rlz]. Then fi(z)g1(z) = e(1 —e) + ea(l — e)z — ea(l — €)%z — ea(l —
e)ea(l — e)x? = 0. Similarly, fo(z)ge(x) = 0. Now, since R is an Armendariz ring, we
have e(ea(l —e)) = ea(l — e) = ea — eae = 0 and so ea = eae. On the other hand, since
fao(x)ga(z) = 0, then (1 —e)(1 — e)ae = (1 — e)ae = ae — eae = 0 and so, ae = eae.
Therefore, R is Abelian ring. O

The previous results allow us to determine relationships between reduced, Armendariz
and Abelian rings:

Reduced = Armendariz = Abelian.

In this part, we consider a skew version of some classes of rings, with respect to a ring
endomorphism «. When « is the identity endomorphism, this coincides with the notion
of ring. These rings arise as a natural generalization of the rings studied previously.
Many of its properties have been described in the following articles: [Kwa07], [BK10],
[BHKO09], [KL03] and [CR97]. In addition, they have been a great tool for the study of
noncommutative rings of polynomial type.

Definition A.1.14 ([Kre96],p. 7). An endomorphism « of a ring R is called rigid, if for
r € R the condition ra(r) = 0 implies 7 = 0. A ring R is called a-rigid, if there exists a
rigid endomorphism « of R.
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Remark A.1.15. Note that if R is a-rigid, then « is a injective homomorphism: Let r € R
such that a(r) = 0. Then, we get that ra(r) = 0. Now, as R is a-rigid, we have ra(r) =0
which implies that » = 0. Thus, « is a injective homomorphism. Furthermore, an a-rigid
ring R is reduced: Let r € R such that r?> = 0. Then, we have 0 = ra(r?)a(a(r)) =
ra(r)a(r)a(a(r)) = ra(r)a(ra(r)) whence ra(r) = 0, and thus r = 0 since R is a-rigid.

In [Kwa07], the notion of a-symmetric ring is introduced as a generalization of symmet-
ric rings and a-rigid rings. These rings are of great importance in the study of algebraic
properties of polynomial type rings.

Definition A.1.16 ([Kwa07], Definition 2.1). An endomorphism « of a ring R is called
right (resp., left) symmetric, if abc = 0 implies aca(b) = 0 (resp., a(b)ac = 0), for
a,b,c € R. A ring R is called right (resp., left) a-symmetric, if there exists a right
(resp., left) symmetric endomorphism « of ring R. A ring R is a-symmetric, if it is
right and left a-symmetric.

Proposition A.1.17. An a-rigid ring is a-symmetric.

Proof. Assume that abc = 0 for a,b,¢c € R. Then, we obtain bac = 0, since R is reduced
and hence symmetric. Thus, we get that aca(b)a(aca(b)) = aca(bac)a?(b) = 0. Since R
is a-rigid, we have that aca(b) = 0 and thus R is right a-symmetric. Now, suppose that
abc = 0, for a,b,c € R. Since R is right a-symmetric, we get that aca(b) = 0 and so
laca(b) = 0 which implies that a(b)a(ac) = 0 where a(b)a(ac) = a(bac) = 0. Now, as «
is a injective homomorphism, then bac = 0 whence 0 = ac(bac)b = (acb)?. Hence, if R is
a-rigid (in particular, R reduced), then acb = 0. Thus, R es symmetric. More generally,
R is a-symmetric. O

In [BHKO09], the notion of a-reversible ring is introduced as a generalization of a-rigid
rings as well as an extension of reversible rings. This class of rings is of great importance
in literature. Much research has been done on type of rings.

Definition A.1.18 ([BHKO09], Definition 2.1). A ring R is called right (respectively, left)
a-reversible, if whenever ab = 0, for a,b € R, then ba(a) = 0 (respectively, a(b)a = 0).

The ring R is called a-reversible, if it is both right and left a-reversible.

Proposition A.1.19 ([Kwa07], Theorem 2.5). An a-symmetric ring is a-reversible.

Proof. Suppose that ab = 0, for a,b € R. Hence rab = 0, for all r € R. In particular,
if » = 1, we have lab = 0. Since R is right a-symmetric, then 1ba(a) = ba(a) = 0.
Therefore, R is right a-reversible. Similarly, if ab = 0, then abl = 0. Since R is left
a-symmetric, then a(b)al = «(b)a = 0. Therefore, R is left a-reversible. Hence R is
a-reversible. O

In [BK10], the notion of a-semicommutative ring with the endomorphism « is defined
as a generalization of a-rigid ring and an extension of semicommutative ring.

Definition A.1.20 ([BK10], Definition 2.1). An endomorphism « of a ring R is called
semicommutative, if ab = 0 implies aRa(b) = 0, for a,b € R. A ring R is called
a-semicommutative, if there exists a semicommutative endomorphism « of R.
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Next, we present the relation between a-reversible rings and a-semicommutative rings.
It is appropriate to note that the condition on R of being a reduced ring plays an important
role in the following result.

Proposition A.1.21 ([BK10], Proposition 3.1). Let R be a ring. If R is a reduced -
reversible ring, then R is a-semicommutative.

Proof. Suppose that ab = 0, for a,b € R, and let R be a reduced a-reversible ring. Let
r € R. Then a(b)a = 0 since R is a-reversible, and so a(b)ar = 0. Thus, (ara(b))? =
ar(a(b)ar)a(b) = 0, and hence aca(b) = 0 by reducibility of R. Therefore R is a-
semicommutative. d

Finally, we present the relation between a-semicommutative rings and Abelian rings.

Proposition A.1.22 ([BK10], Theorem 3.5). Let R be a ring. If R is an a-semicommutative
ring R with (1) = 1, then R is Abelian.

Proof. Let e be an idempotent element of R and suppose R an a-semicommutative ring.
Then, we have e? = e since e is an idempotent element. This implies e —e? = e(1 —¢€) =0
and so eRa(1 — e) = 0, by using a-semicommutativity of R. Now, (1 — e)e = 0 implies
(1 —e)Ra(e) = 0, since R is a-semicommutative. Therefore, er(1 —e) = (1 —e)re = 0, for
all r € R. This implies that er = re, for all r € R, and hence R is Abelian.

O]

By the previous results, we obtain the following implications that represents the rela-
tions between these rings in their skew version.

- . . Reduyced . . al)=1 .
a-rigid = a-symmetric = a-reversible = = . a-semicommutative ($ Abelian.

In [HKROG6] the notion a-Armendariz ring is defined analogously to the Armendariz
ring concept, this time for the purpose of studying the ring R[z; «]. A number of properties
of this generalization are established, and connections of properties of an a-Armendariz
ring R with those of the ring R[z; «] are investigated. We recall that a ring R with a ring
endomorphism « : R — R, a skew polynomial ring R[x;a| of R is the ring obtained by
giving the polynomial ring over R, the new multiplication xr = «(r)x for all »r € R. The
a-Armendariz rings are a generalization of the a-rigid rings and the Armendariz rings.
Several authors have defined more general notions of property of Armendariz. Later, we
mention a property of an Armendariz on an ring R whose associated polynomial ring is
endowed with a family of endomorphisms.

Definition A.1.23 ([HKRO06], Definition 1.1). Let o be an endomorphism of a ring R. R
is called a-Armendariz, if for f(z) = Y1 ;a;2"% and g(z) = >0 bjzl € R[z;al, pg =0
implies a;b; =0, forall 0 <7 <mand 0 < j < n.
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Proposition A.1.24 ([HKRO06], Proposition 1.3). Let R be an a-Armendariz ring. For
a,b € R, we have the following:

(i) If ab =0, then a™(a)b = 0, for any positive integer n.

(ii) If aa™(b) = 0 for some positive integer m, then ab = 0.
Proof. We follow the ideas presented in [HKRO06], Proposition 1.3.

(i) Suppose ab = 0. Let us show that a(a)b = 0. Let p(z) = a(a)r € R[z;a] and
q(xr) = br € R[x;a]. Then p(x)q(z) = a(a)a(b)x® = a(ab)z? = 0. Since R is
a-Armendariz, it follows that a(a)b = 0.

(ii) Suppose aa™(b) = 0, for some positive integer m. Let p(x) = az™ € Rz;«] and
q(x) = bx € R[z;a]. Then p(x)q(z) = aa™(b)z™*! = 0, which implies that ab = 0,
since R is an a-Armendariz ring.

Next, we present the relation between a-rigid and a-Armendariz rings.

Proposition A.1.25. Let R be a ring. An a-rigid ring R is an a-Armendariz ring.

Proof. Let f(z) = > aixt, g(x) = > i=0 bjz? € R[z,a]. Suppose that f(z)g(z) = 0
and that R is an a-rigid ring. Moreover, we can assume that n = m. Making the usual
product of f(z) with g(z), we obtain the equalities,

apbp = 0
ara(by) + apby = 0
a2042(b0) + ala(bl) + agby = 0

ana(bo) + -+ + agb, = 0.

Since R is a reduced ring, if agby = 0, then bgag = 0. Now, left multiplying the sec-
ond of these equations by by and right multiplying by «(a1), we have byaia(bg)a(ar) =
boaja(bpar) = 0, and this implies bpa; = 0, since R is an a-rigid ring. By reducibility
of R and Proposition A.1.24, we have aja(bg) = 0. Analogously, we have a;bp = 0 and
a;a’(bg) = 0, for all 1 < i < n. Therefore, the previous system of equations is reduced to
the following:

aobl =0
ala(bl) + apgby = 0

an_loa"_l(bl) + -4+ apb, = 0.
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Again, agb; = 0 implies bjag = 0, by using reducibility of R. We conclude from the
second equation that a1by = 0. By using reducibility of R and Proposition A.1.24, we
have aja(by) = 0, and repeating this process, we have a;b; = 0, for all 1 < i < n. Finally,
we obtain that a;b; =0, for all 1 <1¢,5 <n. O

We present the relation between the a-Armendariz rings and Abelian rings.

Proposition A.1.26 ([HKRO06], Corollary 1.4). Let R be an a-Armendariz ring. Then
a(1) = 1, where 1 is the identity of R. In this case, a(e) = e, for any e = €? € R.

Proof. Let R be an a-Armendariz rings. Since (1 — «(1))a(l) = 0, let us show that
a(l—a(l))a(l) =0. Let p(z) = a(l—a(l))x € R[z,a] and q(z) = a(l)z € R[x,a]. Then,
p(z)q(z) = a(l — a(1))za(l)z = a(l — a(1))a?(1)2? = a((1 — a(1))a(1))z? = 0. Since R
is an a-Armendariz ring, so o(1 — a(1))a(l) = 0. Now, we have 0 = a(1 — a(1))a(l) =
a((l —a(1))l) = a(l — a(1)), and since « is injective, we have a(1) — 1 = 0. Therefore,
we obtain that «(1) = 1.

Similarly, let e € R such that e = e. This implies e(1 — e) = 0 and (1 — e)e = 0.
Let us show that a(e)(1 —e) = 0 and a(l —e)e = 0. Let p(z) = a(e)xr € Rz, q]
and q(z) = (1 — e)z € R[r,a]. Then p(x)q(z) = a(e)z(l — e)z = ale)a(l — e)a? =
a(e(l — e))z? = 0 since e(1 — €) = 0. Therefore, a(e)(1 — €) = 0. Likewise, if we have
p(z) = a(l — e)x,q(x) = ex € Rz, a], then p(x)q(x) = 0 and thus a(l — e)e = 0. Now, if
a(e)(1 —e) = 0 then a(e) = a(e)e. On the other hand, if (1 — e)e = 0, then e = a(e)e
since (1) = 1. Hence, a(e) = ale)e = e, i.e, a(e) =e. O

Proposition A.1.27 ([HKRO06], Lemma 3.1). Let R be a ring. If R is an a-Armendariz
ring, then R is an Abelian ring.

Proof. Let a € R and e an idempotent element of R. Let fi(z) =e —ea(l — e)z, fa(z) =
(1—e)—(1—e€)aex,gi1(x) = 1—e+ea(l—e)x, ga(x) = e+ (1—e)aex € R[x, ], where e is an
idempotent in R. Then fi(z)g1(x) =0 and fa(z)g2(x) = 0. Since R is a-Armendariz, we
have ea(l —e)a(1 —e) = 0. By Proposition A.1.26, a(1 —e) =1 —e and so ea(l —e) = 0.
In the same way, fa(z)g2(x) = 0 implies that (1 — e)ae = 0. Then ae = eae = ea, so R is
Abelian. O

Next, we study the concept of 2-primal ring. This concept and other nearby concepts
are of great importance in our work. The study of 2-primal rings was initiated Shin
[Shi73]. He proved that a ring R is 2-primal if and only if every minimal prime ideal of
R is completely prime. The study of 2-primal condition was continued by Birkenmeier,
Heatherly and Lee [BHL92]. They provided various examples relating to this equivalent
condition. Shin also showed that every proper ideal of a ring R is 2-primal if and only
if every prime ideal of R is completely prime. Some of the fundamental properties of
2-primal rings are presented in [Sun91], [Shi73], [Mar03] and [BHL92]. Given a ring R,
we use the symbol nil(R) to denote the set of all nilpotent elements in R, the symbol
nil, (R) denotes the prime radical of a ring R, nil*(R) its upper nil-radical, and L-rad(R)
its Levitzki radical, respectively.
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Definition A.1.28 ([BHL92|, Definition 1.1). An ideal I of R is a 2-primal ideal, if
nil,(R/I) = nil(R/I). If the zero ideal of R is a 2-primal, the R is a 2-primal ring.

Proposition A.1.29. A ring R is 2-primal if and only if the factor ring R/nil,R is
reduced.

Proof. Suppose R is 2-primal ring and @* = 0 where @ € R/nil,(R). Since a* = 0, then
a?® € nil,(R), for some 1 < n. Also, nil,(R) is a nil ideal, hence we have (a?")™ =
a*™m = 0, for some 1 < m. Thus, a is nilpotent and so a € nil,(R). Therefore @ = 0
in R/nil,(R), so R/nil,(R) is reduced. Conversely, if R/nil.(R) is reduced, then for any
nilpotent element a € R, a is nilpotent in R/nil,R. Thus, we have a € nil,R, so R is

2-primal ring. O

We present some interesting examples that are of great importance throughout this
work. Recall that a ring R is right duo (respectively left duo), if any right (resp. left)
ideal of R is a two sided ideal. If R is left and right duo, then we say that R is a duo
ring.

Example A.1.30. Every right duo ring is a 2-primal ring.

Proof. By Proposition A.1.29, it is sufficient to show that @> = 0= a@ = 0, where @ € R =
R/nil,(R). Since aR is an ideal in R, we have Ra C aR. Therefore, (aR)?> = aRaR C
a(@aR)R = 0. Since R is reduced, then R is a semiprime ring. It follows that @R = 0, and
soa =0 € R, as desired.

O

Example A.1.31. Every reversible ring is 2-primal ring.

Proof. Let R be a reversible ring, and let a € R be a nilpotent element, say with a™ = 0.
By reversibility, a"z1a® = 0 whenever r + s = n where 1 € R. Another application of
reversibility, we have a"ziaxrea’ = 0 whenever r 4+ s +t = n where 29 € R. Following
this process repeatedly, it follows that ziazs - z,_1ax, = 0 with x1,...,x, € R. This
implies that (RaR)" = 0, so RaR C nil,(R). In particular, a € nil,(R). O

Example A.1.32. From the examples above, it follows that commutative, reduced, sym-

metric and semicommutative rings are example of 2-primal rings.

Now, we study a more general notion of 2-primal rings which we called weakly 2-primal
rings. In [CC11], this notion is introduced which is of great importance in the study of a
more general concept of semiconmutativity in skew polynomial rings.

Definition A.1.33 ([Lam01], p. 177). The Levitzki radical is defined as the largest
locally nilpotent ideal, and is denoted as L-rad(R).

Definition A.1.34 ([CC11], Definition 3.1). A ring R is called weakly 2-primal, if the
set of nilpotent elements in R coincides with its Levitzki radical, i.e, nil(R) = L-rad(R).

Example A.1.35 ([CC11], Example 3.1). Every 2-primal ring is a weakly 2-primal ring.
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A.2 Graded and filtered rings

Since the filtration-graduation technique was used in this work, in this Appendix we review
the basic notions regarding filtered and graded rings and algebras. Definitions and results
are adapted from [Lez15] and [MRO1].

Definition A.2.1 ([Lez15], Definition 2.1.1). A ring R is said to be Z-graded, if it has a
family of {R,} peZ subgroups of its additive group R satisfying the following conditions:

(i) RyRy C Rpyy, for any p,q € Z.

For p € Z, R, is called the homogeneous component of degree p and the elements R,
are said to be homogeneous of degree p. The {Rp}pEZ family is denotes a graduation
of R. If R, =0 for p <0, that is, R = ®pEN R,, R is said to be a positively graded
ring. Let k be a field, if R is a k-algebra, R is said to be Z-graded, if in addition to the
above conditions we have that R, is a k-subspace of R. Let R and T be Z-graded rings
with graduations {R,} ez, and {T,} ez Tespectively. A ring homomorphism f: R — T,
is called graded, if f(R,) C T}, for every p € Z.

Proposition A.2.2 ([Lez15], Proposition 2.1.4). Let R = @,z Ry be a Z-graded ring
and I an ideal of R. Then, the following assertions are equivalent:

(i) I @peZ(Rp NnI).

(ii) Ifa € I , then every homogeneous component of a is also an element of I.
i)
)

(iii) I is generated (as ideal) by homogeneous elements.

(iv) The quotient R/I is Z-graded, with (R/I), = (R, +I))/I, for every p € Z.

We now define filtered rings.

Definition A.2.3 ([Lezl5], Definition 2.2.1). A ring R is said to be Z-filtered, if there
exists a family of subgroups {£},(R)},c;, of its additive subgroup R™ which satisfies:

(i

) Fp(R)Fy(R) C Fpiq(R), for every p,q € R
(i) Upez Fp(R) = R

i)

)

(iii) For p <gq, F,(R) C Fy(R)

(iv) 1 € Fy(R)

The family {F,(R)},; is called a filtration of R. The filtration is called separated,
if ﬂpGZ Fo(R) =0. If F-1(R) =0, R is a positively filtered ring. If k is a field and
R is a k-algebra, then R is Z-filtered, if it further satisfies F,(R) being a k-subspace of
R. Let R and T be two filtered rings (resp. k-algebras) with filtrations {Fj(R)} ., and
{Fp(T)}pGZ, respectively. A ring (resp. k-algebras) homomorphism f : R — T is called
filtered, if f(F,(R)) C F,(T), for every p € Z.
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Remark A.2.4. From the previous definition, it follows that Fy(R) is a subring of R.
First, the sum is closed since Fy(R) is an Abelian group. By Definition A.2.3 (i), we
have that Fy(R)Fy(R) C Fy(R), and thus the product is closed. Finally, 1 € Fy(R) by
the definition. Note that all positive filtering is separate. Also, composition of filtered
homomorphisms is again a filtered homomorphism.

Proposition A.2.5 ([Lezl5], Proposition 2.2.2). Every graded ring R is filtered.

Proof. Let R be a graded ring with graduation {Rp}pEZ' Then R is filtered, with filtration
given by {Fj(R)} .z where F(R) := B, <, Rn. O

Proposition A.2.6 ([Lezl5|, Proposition 2.2.3). If R is a filtered ring, then there exists
a graded ring Gr(R) associated to R.

Proof. Let R be a filtered ring with filtration { F,(R)} pez- We define the collection Abelian
groups Gr(R), := Fy(R)/Fp—1(R), with p € Z. Now, we consider Gr(R) := D,z Gr(R)p,
which is also an Abelian group. The product in Gr(R) is defined by distributivity and
multiplication of homogeneous elements as follows:

FP(R)/prl(R) X Fq(R)/qul(R) - Fp+q(R)/Fp+qfl(R)
(a+ Fp—1(R),b+ Fy—1(R)) = ab+ Fpiq-1(R)

In [Lez15], Proposition 2.2.3, it is verified that this product is well defined. Hence, given
the construction, Gr(R) is a graded ring. In addition, if R is a k-algebra, every Gr(R), is
a quotient of k-subspaces.

O]

The following proposition shows the importance of the filtration-graduation technique.
A large number of facts have been presented in the literature, which show how graded and
filtered rings are a great tool in studying some properties of rings, modules, and algebras.
It is interesting to note that if a graded ring has a certain property, see that the associated
ring also has that property.

Proposition A.2.7 ([Lezl5], Theorem 2.4.4; [LACT13], Proposition 4.7). Let R be a
filtered ring. Then, the following statements are satisfied:

(i) If Gr(R) is a domain, then R is a domain.

(ii) If Gr(R) is a prime ring, then R is a prime ring.

(iii) If Gr(R) is a semiprime ring, then R is a semiprime ring.
) (R)

(iv) If Gr(R) is right Noetherian, then R is right Noetherian.



APPENDIX A. APPENDIX 83

A.3 Goldie’s theory

Goldie’s theory has played a fundamental role being a very important tool in the study of
noncommutative algebraic objects which are mainly Noetherian. In this section, we recall
some concepts and properties of Goldie’s theory, as well as present some interesting facts
that relate Goldie’s theory to skew PBW extensions. We follow the ideas presented in
[GW04], [Reyl4] and [Lezl5].

Definition A.3.1. ([GW04], p. 89). Let R be a ring. If N is a submodule of a right
R-module M such that, for all nonzero submodules X of M, one has N N X # 0, then
N is an essential submodule of M, and M is an essential extension of N. We write
N <. M.

Example A.3.2 ([GW04], Proposition 5.6). The classic example of an essential submod-
ule is Z C Q (considered as Z-modules), or more generally a domain R considered as a
submodule of its field of fractions (again as R-modules).

Next, we recall some interesting properties related to essential submodules.

Proposition A.3.3. Let R be a ring. The following statements are satisfied:

(i) Let M be a nonzero R-module and 0 # N <, M. If N < N' < M, then N' <. M.

(ii) Let M be a nonzero R-module. If N < M, then there exists N' < M such that
NNN =0and N N' <. M.

(iii) If Ny <. My, for every 1 <i <t, then Ny@ - - P Ny <. M1 P --- P M,.

Definition A.3.4 ( [GWO04], Proposition 4.2). An R-module M is called semisimple, if
every submodule of M is a direct summand of M. A ring R is called semisimple, If R is
semisimple as an R-module.

We present a characterization of the semisimple modules in terms of their essential
submodules.

Proposition A.3.5 ([GWO04], Corollary 5.9). An R-module M # 0 is semisimple if and
only if M possesses no proper essential submodules.

Proof. Suppose that M is semisimple. If N is any proper submodule of M, according to
Proposition 4.2, [GWO04], which states that M is semisimple if and only if every submodule
of M is a direct summand of M, we have that M = N @ N’ for some nonzero submodule
N’. Since NN N = 0, we obtain that N <., M. Now, if M has no proper essential
submodules, then according to Corollary 5.8, [GWO04], which states that any submodule
of a module M is a direct summand of an essential submodule of M, in particular we
have that every submodule of M is a direct summand. Therefore, using Proposition 4.2,
[GWO04] again, we conclude M is semisimple. O

Definition A.3.6 ([GW04], p. 96). A module U is uniform, if U # 0 and each nonzero
submodule of U is an essential submodule. This is equivalent to U not containing a direct
sum of nonzero submodules. We recall that a module M is said to have finite uniform
dimension, if it contains no infinite direct sum of nonzero submodules.
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Proposition A.3.7. Let M be an nonzero R-module of finite uniform dimension. Then
M has a uniform submodule.

The following theorem allows defining the uniform dimension of a module of finite
uniform dimension.

Proposition A.3.8 ([Lezl5], Theorem 3.2.5). Let M be a module of finite uniform di-
mension. So, there is an integer n > 1 such that:

(i) M contains a finite direct sum Uy @@ - -- @ U, of uniform submodules of M which is
essential in M.

(ii) Any direct sum of nonzero submodules of M has at most n summands.

(iii) A direct sum of uniform submodules of M is essential in M if and only if it has
precisely n summands.

Remark A.3.9. The integer n > 1 of the previous proposition is called the uniform
dimension or Goldie dimension of M, noted rudim(M) = n.

Next, we present some important statements that characterize or relate the uniform
dimension of a skew PBW extension and its corresponding ring of coeflicients. These
propositions are part of a research on uniform dimension in skew PBW extensions in
[Rey1l4]. The following result characterizes the uniform dimension of a bijective skew
PBW extension over a right Noetherian domain ring. We recall that, if R is a right
Noetherian domain, then rudim(R) = 1 (see [Lez15], Corollary 3.2.11).

Proposition A.3.10 ([Reyl4], Proposition 3.2). If A is a bijective skew PBW extension of
a right Noetherian domain R, then the uniform dimension of A is 1, that is, rudimA = 1.

Proof. Since R is Noetherian, so is A by using Proposition 2.1.11. In addition, we obtain
that A is also a domain, by Proposition 4.1, [LR14], which states that if R is a domain,
so is A. Therefore, we conclude rudim(A) = 1. O]

Next, we recall the notion of semiprime ideal and semiprime ring which arise as gener-
alizations of prime ideal and prime ring. Semiprime rings are of great importance in the
study of noncommutative algebra.

Definition A.3.11. ([GWO04], p. 51). A semiprime ideal in a ring R is any ideal of R
which is an intersection of prime ideals. A semiprime ring is any ring in which 0 is a
semiprime ideal. Note that an ideal P in a ring R is semiprime if and only if R/P is a
semiprime ring.

Example A.3.12. Subrings, products, and localizations of reduced rings are semiprime
rings. The ring of integers Z is a semiprime ring. Every field and every polynomial ring
over a field (in arbitrarily many variables) is a semiprime ring.

We present an important characterization of semiprime ideals.
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Proposition A.3.13 ([Lezl5], Proposition 3.3.2). Let I be a bilateral ideal of a ring R.
The following statements are equivalent:

(i) I is semiprime.

(ii) If x € A is such that xRx C I, then x € I.

iii) If J is a bilateral ideal of R such that J?> C I, then J C I.
(

)
)
)
(iv) If J is a right ideal of R such that J*> C I, then J C I.
(v) If J is a left ideal of R such that J*> C I, then J C I.

)

(vi) If J is a bilateral ideal of R such that J> C I and I C J, then I = J.

We present the central notion of this appendix.

Definition A.3.14. ([GWO04], p. 115) A right Goldie ring is any ring R such that Rp
has finite uniform dimension and R has the ascending chain condition on left annihilators.

Example A.3.15 ([GWO04], Proposition 6.9). If R is a right Noetherian ring, then R is
right Goldie ring. Analogously for the left case.

The following proposition provides an upper bound for the uniform dimension of a
skew PBW extension over prime right Goldie rings.

Proposition A.3.16 ([Reyl4], Theorem 3.5). Let R be a prime right Goldie ring. If A is
a bijective skew PBW extension of R, then uniform dimension of A is less or equal than
uniform dimension of R.

In [GWO04] is presented the following proposition, which is a characterization of the
essential ideals in a semiprime right Goldie ring.

Proposition A.3.17 ([(GWO04], Proposition 6.13). (Goldie’s Regular Element Lemma)
Let R be a semiprime right Goldie ring. Then, a nonzero right ideal I of R is essential if
and only if it contains a reqular element.

Proposition A.3.18 ([Lezl5], Proposition 3.3.13 and Proposition 3.3.14). Let R be a
ring and S be a set of elements which are not zero divisors such that S satisfies the right
Ore condition. then:

(i) If RS~ is right Goldie, then R is right Goldie.
(ii) If I <¢ Rg, then IS7' <. (RS~ ')pg-1.
(iii) If J <¢ (RS ')pg-1 , then I <. Rp with [ ={r e R| { € J}.
In [GWO04], Proposition 6.9 says that any ring which has a semisimple classical right

quotient ring must be a semiprime right Goldie ring. The converse statement is the main
content of famous Goldie’s Theorem.
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Proposition A.3.19 ([Lez15], Theorem 3.3.15). (Goldie’s Theorem) Let R be a ring.
Then, the following statements are satisfied:

(i) Qr(R) exists and it is semisimple if and only if R is semiprime right Goldie.
(ii) Let R be semiprime right Goldie. Q,(R) is simple if and only if R is prime.

(iii) Qr(R) exists and it is simple right Artinian if and only if R is prime right Goldie.



Conclusions and future work

In this work, we have presented some results which provide sufficient conditions for a skew
PBW extension to have fusible property. A future work is to investigate the geomet-
ric meaning of this decomposition that characterizes the fusible property, and how that
geometric notion is represented in families that satisfy this property. More exactly, the
concept of zero divisor has been studied in the literature and a good part of this research
has focused on the study of graphs associated with the set of zero divisors. In [NA0O], for
example, the set of zero divisors was studied, but a more general notion of annihilator was
suggested. The definition of annihilator that is specifically considered in the study of the
graph associated with the set of zero divisors is the notion of weak annihilator defined in
[Ouy10]. A work in mind is to define a more general notion of fusible ring based on the
notion of weak annihilator.

The study of the elements in a ring showed the importance of the study of certain rings
that satisfy conditions of compatibility or weak rigidness. An interesting research topic is
to extend and to study these notions for modules (e.g., [RS20]). This has already been
done in works such as [Ram19], [NRR20] and [Rey19], where the compatibility condition
on modules was studied, and recently, in works as [LR20a] where the notion of o-rigid on
modules was introduced.

Drawing a parallel between the research carried out on the associated prime ideals and
descriptions presented in [Ram19] and [NRR20] about these ideals, we see that our work
is more general regarding the notion of associated prime but not in the structure, given
that the above works presented a characterization of associated prime ideals in skew PBW
extensions over modules. Other possible work future is to study under which conditions
it is possible to describe nilpotent associated primes ideals in skew PBW extensions over
modules. Likewise, an interesting question we can ask is how are characterized these
nilpotent associated prime ideals in skew PBW extensions over (2, A)-compatible modules.

87



Bibliography

[AC99)

[AHK19]

[AL15]

[AM69]

[Ann04]

[Arm74]

[AV13)

[Azub4]

[Bel76]

[Ber10]

[BG8S]

[BHT74]

[BHK09]

D. D. Anderson and V. Camilo. Semigroups and rings whose zero products
commute. Comm. Algebra, 27:2847-2852, 1999. 72

A. Alhevaz, E. Hashemi, and KH. Khalilnezhad. Extensions of rings over
2-primal rings. Matematiche, 74(1):141-162, 2019. 36, 37, 47, 48, 55

J. P. Acosta and O. Lezama. Universal property of skew PBW extensions.
Algebra Discrete Math., 20(1):1-12, 2015. 24

M. F. Atiyah and I. G. Macdonald. Introduction to Commutative Algebra.
Addison-Wesley Series in Mathematics. Westview Press, Boulder, 1969. 111, 3,
4,5, 42

S. Annin. Associated primes over Ore extension rings. J. Algebra Appl.,
3(2):193-205, 2004. 44, 66, 67

E. P. Armendariz. A note on extensions of Baer and p.p.- ring. J. Austral.
Math., 18(4):470-473, 1974. 74

E. Akalan and L. Vas. Classes of almost clean rings. Algebr. Represent. Theory,
16(3):843-857, 2013. 2

G. Azumaya. Strongly m-regular rings. Canad. J. Math, 13(1):034-039, 1954.
9

H. E. Bell. Some commutativity results for periodic rings. Acta Math. Hungar.,
28(3-4):279-283, 1976. 4

S. K. Berberian. Baer*-rings. Springer Science and Business Media, 2010. 111

A. D. Bell and K. R. Goodearl. Uniform rank over differential operator rings
and Poincaré-Birkhoff-Witt extensions. Pacific J. Math., 131(1):13-37, 1988.
IV, 1, 19

J. W. Brewer and W. J. Heinzer. Associated primes of principal ideals. Duke
Math. J, 41:1-4, 1974. 66, 67

M. Bager, C. Y. Hong, and T. K. Kwak. On extended reversible rings. Algebra
Collog., 16(1):37-48, 2009. 75, 76

88



BIBLIOGRAPHY 89

[BHLO2]

[BK10]

[BKPO1]

[CC11]

[CKO1]

[CLO15]

[CohT73]

[CR97]

[CS17]

[Dix77]

[FaiT6]

[Fai0o]

[FP90]

[GJ60]

[GL11]

[GM16]

G. F. Birkenmeier, H. E. Heatherly, and E. K. Lee. Completely prime ideals
and associated radicals. S. K. Jain and S. T. Rizvi eds, Proc. Biennial Ohio
State-Denison Conference 1992, World Scientific., 101(6):102-129, 1992. 79,
80

M. Bager and T. K. Kwak. Extended semicommutative rings. Algebra Collog.,
17(2):257-264, 2010. 74, 75, 76, 77

G. F. Birkenmeier, J. Y. Kim, and J. K. Park. Principally quasi-Baer rings.
Comm. Algebra., 29(2):639-660, 2001. III

W. X. Chen and S. Y. Cui. On weakly semicommutative rings. Comm. Math.
Res., 27(02):179-192, 2011. 80

V. P. Camilo and D. Khurana. A characterization of unit regular rings. Comm.
Algebra, 29(5):2293-2295, 2001. 9

D. Cox, J. Little, and D. O’Shea. Ideals, Varieties, and Algorithms: An In-
troduction to Computational Algebraic Geometry and Commutative Algebra.
UTM 2015. Springer, Cham., 2015. 23

P. M. Cohn. Prime rings with involution whose symmetric zero-divisors are
nilpotent. Proc. Amer. Math. Soc., 40(1):91-92, 1973. 3

S. Chhawchharia and M. B. Rege. Armendariz rings. Proc. Japan. Acad. Ser.A
Math. Sci., 73(1):14-17, 1997. 72, 74, 75

H. Chen and M. Sheibani. Rings in which the power of every element is the
sum of an idempotent and a unit. Inst. Math. Publ., 102(116):133-148, 2017.
4

J. Dixmier. FEnwveloping Algebra. 14. North-Holland Mathematical Library, 1
edition, 1977. 19

C. Faith. Algebra II. Ring Theory: Ring Theory, volume 2 of Grundlehren Der
Mathematischen Wissenschaften. Springer-Verlag GmbH, 1976. 8

C. Faith. Associated primes in commutative polynomial rings. Comm. Algebra,
28(8):3983-3986, 2000. 66, 67

C. C. Faith and P. Pillay. Classification of commutative F'PF rings., volume 4.
Editum., 1990. III

L. Gillman and M. Jerison. Rings of continuous functions. D. Van Nostrand
Company, Inc, 1 edition, 1960. 2

C. Gallego and O. Lezama. Grobner bases for ideals of
o-PBW  extensions. Comm.  Algebra, 39(1):50-75, 2011.

https: //doi.org/10.1080,/00927870903431209. IV, 21, 22, 23, 24

E. Ghashghaei and W. McGovern. Fusible rings. Comm. Algebra, 45(3):1151—
1165, https://doi.org/10.1080,/00927872.2016.1206347 2016. 111, IV, 1, 2, 3, 4,
5,6, 8,09, 10, 17, 18



BIBLIOGRAPHY 90

[GWO04]

[HHA17]

[HHR20]

[HKA17)

[HKKO00]

[HKKLO5]

[HKROG]

[HLS02]

[Hun80]

[Jach6]

[Kap65]

[KLO03]

[KM19]

[Kre96]

[Kwa07]

[LAC+13]

K. R Goodearl and R.B Warfield. An Introduction to Noncommutative Noethe-
rian Rings, volume 61. Cambridge University Press, 2004. 3, 6, 9, 10, 13, 14,
15, 16, 18, 83, 84, 85

E. Hashemi, M. Hamidizadeh, and A. Alhevaz. Some types of ring elements in
Ore extensions over noncommutative rings. J. Algebra Appl., 16(11):p. 1750201,
2017. 0, II1, 34, 50, 53, 54, 55

M. Hamidizadeh, E. Hashemi, and A. Reyes. A classification of ring elements
in skew PBW extensions over compatible rings. Int. FElectron. J. Algebra,
28:75-97, 2020. IV, 50

E. Hashemi, KH. Khalilnezhad, and A. Alhevaz. (2, A)-compatible skew PBW
extension ring. Kyungpook Math. J., 57(3):401-417, 2017. 0, IV, 44

C.Y. Hong, N. K. Kim, and T. K. Kwak. Ore extensions of Baer and p.p-rings.
J. Pure Appl. Algebra., 151(3):215-226, 2000. 33

C. Huh, H. K. Kim, N. K. Kim, and Y. Lee. Basic examples and extensions of
symmetric rings. J. Pure Appl. Algebra, 202(1-3):154-167, 2005. 73

C.Y.Hong, T. K. Kwak, and S. Y. Rizvi. Extensions of generalized Armendariz
rings. Algebra Collog., 13(2):253-266, 2006. 77, 78, 79

C. Huh, Y. Lee, and A. Smoktunowicz. Armendariz rings and semicommutative
rings. Comm. Algebra., 30(2):751-761, 2002. 74

T. W. Hungerford. Algebra. Graduate Texts in Mathematics 73. Springer-
Verlag New York, 1 edition, 1980. 5

N. Jacobson. Structure of rings. American Mathematical Society., 1956. 4

1. Kaplansky. Rings of Operators. Mathematics Lecture Notes Series, Ben-
jamin, New York, 1965. III

N. K. Kim and Y. Lee. Extensions of reversible rings. J. Pure Appl. Algebra.,
185(1-3):207-223, 2003. 73, 75

M. T. Kosan and J. Matczuk. On fusible rings. Comm. Algebra, 47(9):3789—
3793, 2019. https://doi.org/10.1080/00927872.2019.1570236. 1V, 1, 2, 3, 7, 8,
10, 11, 12, 13

J. Krempa. Some examples of reduced rings. Algebra Collog, 3(4):289-300,
1996. 33, 75

T. K. Kwak. Extensions of extended symmetric rings. Bull. Korean Math.
Soc., 44(4):777-788, 2007. 73, 75, 76

O. Lezama, J. P. Acosta, C. Chaparro, I. Ojeda, and C. Venegas. Ore and
Goldie theorems for skew PBW extensions. Asian-FEur. J. Math., 6(04):p.
1350061, 2013. 21, 30, 31, 82



BIBLIOGRAPHY 91

[LamO01]

[LAR15]

[Lez15]

[LLM?77]

[LMO5]

[LR14]

[LR20a]

[LR20b)]

[Mar02]

[Mar03]

[McC74]

[MRO1]

[INAOO]

[Nic99]

[NRR20]

Y. Lam. A First Course in Noncommutative Rings, volume 131. Graduate
Texts in Mathematics, Springer-Verlag New York, 2001. 39, 55, 80

O. Lezama, J. P. Acosta, and A. Reyes. Prime ideals of skew
PBW extensions. Rev. Un. Mat. Argentina, 56(2):39-55, 2015.
https://doi.org/10.1080,/00927870903431209. 22

0. Lezama. Cuadernos de Algebra, No. 9: Algebra no conmutativa. SAC,
Departamento de Matematicas, Universidad Nacional de Colombia, sede de
Bogota, sites.google.com/a/unal.edu.co/sac2, 2015. 14, 16, 18, 81, 82, 83, 84,
85, 86

T. Y. Lam, A. Leroy, and J. Matczuk. Primeness, semiprimeness and prime
radical of Ore extensions. Comm. Algebra, 25(8):2459-2506, 1977. 14

A. Leroy and J. Matczuk. Goldie conditions for Ore extensions over semiprime
rings. Algebr. Represent. Theory, 8(5):679-688, 2005. 16, 17

O. Lezama and A. Reyes. Some Homological Properties of Skew PBW
Extensions. Comm. Algebra, 42:1200-1230, 2014. 21, 24, 25, 27, 28, 31, 35, 44,
84

M. Louzari and A. Reyes. Generalized Rigid Modules and Their Polynomial
Ezxtensions. In: Siles Molina M., El Kaoutit L., Louzari M., Ben Yakoub L.,
Benslimane M. (eds) Associative and Non-Associative Algebras and Applica-
tions. MAMAA 2018. Springer Proceedings in Mathematics and Statistics, vol
311. Springer International Publishing, Cham, 2020. 50, 87

M. Louzari and A. Reyes. Minimal prime ideals of skew PBW extensions over
2-primal compatible rings. Rev. Colombiana Mat., 54(1):27-51, 2020. IV, 37

G. Marks. Reversible and symmetric rings. J. Pure Appl. Algebra, 174(3):311—
318, 2002. 73

G. Marks. A taxonomy of 2-primal rings. J. Algebra., 266(2):494-520, 2003.
72, 73, 79

J. C. McConnell. Representations of solvable Lie algebras and the Gelfand-
Kirillov conjecture. Proc. Lond. Math. Soc. (3), 3(3):453-484, 1974. 19, 20

J. C. McConnell and J. C. Robson. Noncommutative Noetherian Rings, vol-
ume 30. American Mathematical Society, 2001. 5, 14, 17, 18, 81

M. J. Nikmehr and A. Azadi. Nilpotent graphs of skew polynomial rings over
non-commutative rings. Trans. Comb., 9(1):41-48, 2000. 87

W. K. Nicholson. Strongly clean rings and fitting’s lemma. Comm. Algebra,
27(08), 1999. https://doi.org/10.1080/00927879908826649. 9

A. Nino, M. Ramirez, and A. Reyes. Associated  prime
ideals over skew PBW extensions. Comm. Algebra,  2020.
https://doi.org/10.1080,/00927872.2020.1778012. 66, 87



BIBLIOGRAPHY 92

[OB12]

[Ore33|

[Ouy08]

[Ouy10]

[Pas87]

[Ram19]

[Rey13a]

[Rey13b]

[Rey14]

[Rey15]

[Rey19]

[Rin63)

[RJ1S]

[Ros95]

[RS16]

[RS17]

L. Ouyang and G. F. Birkenmeier. Weak annihilator over extension rings. Bull.
Malays. Math. Sci. Soc., 35(2):345-357, 2012. 0, IV, 50, 51, 59, 60, 62, 64, 65,
66, 67, 68

. Ore. Theory of non-commutative polynomials. Ann. of Math (2),
34(3):480-508, 1933. 1V, 13

L. Ouyang. Extensions of generalized a-rigid rings. Int. Electron. J. Algebra,
3(13):103-116, 2008. 33, 34, 35

L. Ouyang. Extensions of nilpotent p.p. rings. Bull. Iranian Math. Soc.,
36(2):169-184, 2010. III, 87

D. S. Passman. Prime ideals in enveloping rings. Trans. Amer. Math. Soc.,
302(2):535-560, 1987. 19, 20

M. C. Ramirez. Associated prime ideals of noncommutative rings of polyno-
mials type. Master’s thesis, Universidad Nacional de Colombia, Sede Bogota,
2019. 1V, 44, 66, 67, 87

A. Reyes. Gelfand-Kirillov dimension of skew PBW extensions. Rev. Colom-
biana Mat., 47(1):95-111, 2013. 25, 31

A. Reyes. Ring and Module Theoretical Properties of Skew PBW FExtensions.
Ph.D. Thesis, Universidad Nacional de Colombia, Sede Bogota, 2013. 24, 25,
26

A. Reyes. Uniform dimension over skew PBW extensions. Rev. Colombiana.
Mat, 48(1):79-96, 2014. 83, 84, 85

A. Reyes. Skew PBW extensions of Baer, quasi-Baer and p.p. and p.q.-rings.
Rev. Integr. Temas Mat., 33(2):173-189, 2015. 1V, 21, 23, 33, 35, 37, 51

A. Reyes. Armendariz modules over skew PBW extensions. Comm. Algebra,
47(3):1248-1270, 2019. 87

G. S. Rinehart. Differential forms on general commutative algebras. Trans.
Amer. Math. Soc., 108(2):195-222, 1963. 19, 20

A. Reyes and J. Jaramillo. Symmetry and reversibility properties for quantum
algebras and skew Poincaré-Birkhoff-Witt extensions. Ingenieria y Ciencia,
14(27):29-52, 2018. 21, 24, 25, 31

A. L. Rosenberg. Noncommutative Algebraic Geometry and Representations of
Quantized Algebras. Mathematics and Its Applications 330. Springer Nether-
lands, 1 edition, 1995. 26

A. Reyes and H. Suarez. Armendariz property for skew PBW extensions and
their classical ring of quotients. Rev. Integr. Temas Mat., 34(2):147-168, 2016.
49

A. Reyes and H. Suarez. PBW bases for some 3-dimensional skew polynomial
algebras. Far Fast J. Math. Sci. (FJMS)., 101(6):1207-1228, 2017. 21, 24, 26



BIBLIOGRAPHY 93

[RS18a]

[RS18b]

[RS19a]

[RS19b)]

[RS20]

[Shi73]

[Sual7]

[Sun91]

[Szal9]

A. Reyes and H. Sudrez. A notion of compatibility for Armendariz and Baer
properties over skew PBW extensions. Rev. Un. Mat. Argentina, 59(1):157—
178, 2018. 0, TV, 21, 33, 35, 44, 46, 47

A. Reyes and H. Sudrez. Skew Poincaré-Birkhoff-Witt extensions over weak
Y.-rigid rings. Far East J. Math. Sci. (FJMS), 106(2):421-440, 2018. 0, IV, 33,
34, 35, 37

A. Reyes and H. Sudrez. Radicals and Ko&the’s conjecture for skew PBW
extensions. Commun. Math. Stat., 2019. https://doi.org/10.1007/s40304-019-
00189-0. 49

A. Reyes and H. Sudrez. Skew Poincaré-Birkhoff-Witt extensions over weak
zip rings. Beitr. Algebra Geom, 60(2):197-216, 2019. 1V, 37

A. Reyes and H. Sudrez. Skew  Poincaré-Birkhoff-Witt  ex-
tensions over weak compatible rings. J.  Algebra Appl., 2020.
https://doi.org/10.1142/S0219498820502254. IV, 50, 87

G. Shin. Prime ideals and sheaf representation of a pseudo symmetric rings.
Trans. Amer. Math. Soc., 184:43-60, 1973. 79

H. J. Suarez. N-Koszul algebras, Calabi-Y au algebras and skew PBW ezten-
sions. Ph.D. thesis, Universidad Nacional de Colombia, Sede Bogotd, 2017.
25, 31

S. H. Sun. Noncommutative rings in which every prime ideal is contained in a
unique maximal ideal. J. Pure Appl. Algebra., 76(2):179-192, 1991. 79

S. Szabo. Some minimal rings related to 2-primal rings. Comm. Algebra,
47(3):1287-1298, 2019. 72



	Contents
	Introduction
	1. Fusible rings
	1.1 Fusible rings
	1.1.1 Commutative algebra
	1.1.2 Noncommutative algebra

	1.2 Skew polynomial rings
	1.3 PBW extensions

	2. Fusible property over skew PBW extensions
	2.1 Skew PBW extensions
	2.2 -Rigid and weak -Rigid rings
	2.2.1 Elements in SPBW extensions over -rigid and weak -rigid ring

	2.3 (, )-Compatible rings
	2.3.1 Elements in skew PBW extensions over (, )-compatible rings
	2.3.2 Examples


	3. Weak annihilator over skew PBW extensions
	3.1 Weak annihilator
	3.2 Nilpotent associated primes 

	A. Appendix
	A.1 Classes of rings
	A.2 Graded and filtered rings
	A.3 Goldie's theory

	 Conclusions and future work

