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Chapter 1

Introduction

The thesis is divided into two main sections. The first one is a monograph on the Atiyah-Singer
theorem. The second part is a research that aims to find a relationship between Morse theory
and the heat equation.

1 Atiyah-Singer index theorem

The Atiyah-Singer index theorem is one of the deepest and most beautiful results in modern
geometry. This theorem was announced by Michael Atiyah and Isadore Singer in 1963, and
states that for an elliptic differential operator on a compact smooth manifold, the analytical
index is equal to the topological index, giving a fundamental relationship between differential
geometry, partial differential equations, differential topology, operator algebras, and has links
to many others fields, including mathematical physics, number theory, etc.

The Atiyah-Singer index theorem has three main components, one analytical (the study of
differential operators on manifolds), a topological one (K-theory and the construction of the
characteristic class associated to a given differential operator) and a geometric one (by choosing
a representative for the characteristic class). The following diagram illustrates the interaction
among these components.

K — Theory Characteristic

Classes

Push
Forward

Elliptic Operators

Integration

Figure 1.1: Diagram

In order to explain each component of the diagram 1.1, the thesis is organized as follows:



In chapter 2 we will give a detailed introduction to real and complex vector bundles, starting from
the basic definitions and key examples, ending with the theorem of classification of them. This
theorem allows us to define characteristic classes in chapter 4. We end the chapter discussing
principal G-bundles and connections on them, with the aim of establishing the basic material
for discussing the Chern-Weil theory in Chapter 4.

In Chapter 3 we discuss the first constituent of the diagram 1.1, namely we define K-theory in
degree zero for a topological space X. In order to extend K-theory in degrees different from
zero, we will discuss the Bott periodicity theorem in complex K-theory and we will see that K-
theory defines a generalized cohomology theory. We discuss the Thom isomorphism theorem in
K-theory which together with the Whitney embedding theorem and the tubular neighborhood
theorem allow the definition of push-forward in K-Theory, giving the arrow from K-theory to
the integer numbers Z. Moreover, we will discuss the Atiyah-Bott-Shapiro construction, which
will allow us to establish the relationship between elliptic differential operators discussed in
Chapter 6 and the K-theory.

In Chapter 4 we discuss the Chern and Pontryagin characteristic classes defined respectively on
real and complex vector bundles, which intuitively measure the non-triviality of such bundles. In
addition, we define the Chern character Ch, which establishes a morphism of rings between the
K-theory and cohomology of a topological space X, establishing one of the arrows in diagram
1.1. Finally we interpret geometrically the Chern class and the Pontryagin class by the Chern-
Weil homomorphism, which is discussed in detail using material developed in chapter 2 on
connections on principal G-bundles. More precisely, given a complex (real) principal G-bundle
on a smooth manifold X, we rewrite the Chern (Pontryagin) class of such bundle in terms of
the curvature of a connection on the principal G-bundle.

To define the arrow between cohomology and the integer numbers Z shown in the diagram 1.1,
in Chapter 5 we define multiplicative sequences and genera in order to establish the Todd class
and the A class, which will appear as a ”correction” term for the commutativity of right side of
the diagram 1.1. Finally we will discuss Pontryagin numbers which allow us to discuss one of the
main instance of the Atiyah-Singer index theorem, namely the Hirzebruch signature theorem.

In Chapter 6 we will discuss elliptic differential operators on sections of vector bundles on smooth
manifolds, giving their basic properties and defining the principal symbol of those operators.
Also we define the analytical index of elliptic operators and we sketch the proof on the well def-
inition of the analytical index (see [Ban-Crainic] for more details). By the Atiyah-Bott-Shapiro
construction developed in Chapter 3, given the principal symbol of an elliptical differential op-
erator on a smooth manifold X, we can define a class in K-theory with compact support on the
cotangent bundle of X, and then sending that class by push-forward, we define an element in
the integer numbers Z; thus defining the topological index of an elliptic differential operator.
Finally we announced the Atiyah-Singer index theorem, which relates the analytical index with
the topological index of an elliptic differential operator on a smooth manifold X. This theorem
establishes the commutativity of the left side of the diagram 1.1.

The commutativity of the right side of the diagram 1.1 will be discussed in Chapter 7, giving
the cohomological formulation of the Atiyah-Singer index theorem. Finally we discuss some
instances of the Atiyah-Singer index theorem, namely, the Gauss-Bonnet’s theorem, the Chern-
Gauss-Bonnet’s theorem, the Hirzebruch’s signature theorem and the Hirzebruch-Riemann-
Roch’s theorem.



2 Minimal Morse functions in homogeneous Riemannian
spaces via the heat equation

Let (M, g) be an oriented, compact, connected smooth manifold, without boundary. In each
tangent space T,(M), g determines a bilinear map which we denote by (—, —) ;- Given a smooth
map f in M, remember that its gradient is defined as the vector field in T(M), the tangent
space of M, that satisfies (grad(f),¢), = C(f), for all ¢ € T'(M). We denoted by V¢ the
connection of Levi-Civita determined by the metric g. For all smooth vector fields X in M, the
divergence of X is defined as div(X)(p) = trace(¢ — VX), for { € T,,(M). The Laplacian of
a smooth map f: M — R is defined as Ay f = div(grad(f)). The heat equation in (M, g) is the
partial differential equation 0f /0t = A, f, where f : M x [0,00) — R denotes a smooth map in

M x (0,00), with initial condition fo: M x {0} — R of type L? in M x {0} [ch].

It is well known that solutions of this equation can be obtained as follows. First, it can be
seen that the eigenvalues of the operator A, are real numbers, non-negative and discrete [ch],
AN =0< A < -+ < )\ < ---. Moreover, for each \;, the associated eigenspace is of finite
dimension. Let B = UB; be an orthonormal basis for L?(M), which is obtained as the union of
basis B; = {¢i; : j = 1,...,m;} for the eigenspace of \;.

The general solution is written in the form
— it mi
f= Zizo e ijl (fo, i) 12 bi (1)

where f; denotes the initial condition, and (—, —);. denotes the inner product L2(M). As M is
compact, it can be shown that By is a space of dimension 1, formed by the constant functions.

Notice that when ¢ — 0o, from the general form of the solution it follows that e**f tends in
the metric C'**° to the orthogonal projection of f in the subspace generated by By U By; i.e., to
a map of the form h = ¢y + E;nzll cjd1,5 (2), where ¢; = (fo, ¢1,5) 2, called the first part of fy.
An initial condition fy is called generic, if their first part is a function of Morse.

We show that in the case M = S™, the n-dimensional sphere, with the metric that inherits from
R"+1 thus as in the n-torus 7™ with the plane metric (T = R"/Z"), for almost all m;-tuples
(c1y.-esCmy), h=co+ Z;n:ll cj$1,; is a Morse functon, which satisfies the following key results:

Theorem 1.1. With the above notation, the map h has a number of critical points equal to
the category of the manifold M, i.e., equal to the minor number of possible critical points for a
Morse function in M.

For the well-known Morse inequalities [Mi], this number must be greater than or equal to
b(M) = szi(M) dimg H'(M,R), the sum of the Betti numbers. [Ve-Cal.



Chapter 2

Fiber Bundles

In this chapter we will give a detailed introduction to real and complex vector bundles, start-
ing from the basic definitions and key examples, ending with the theorem of classification of
them. This theorem allows us to define characteristic classes in chapter 4. We end the chapter
discussing principal G-bundles and connections on them, with the aim of establishing the basic
material for discussing the Chern-Weil theory in Chapter 4.

1 Basic definitions

In this chapter we present a notion that will be central to this thesis: the concept of a fiber
bundle. This concept captures the intuition of topological spaces that are locally the product
of two topological spaces, but that generally do not present a global behaviour as the product
of two topological spaces. We will closely follow Hatcher’s book [Hat09] and [NashSen87].

Definition 2.1. By a fiber bundle or a locally trivial bundle we understand a triple of
topological spaces (E, X, F), where E, X and F are called respectively the total space, the
base space and the fiber, and a surjective continuous map p : E — X which satisfies the
following: around each point x € X there exist a neighborhood U of x and a homeomorphism
@ :p Y(U) = U x F called a local trivialization such that the following diagram commutes
(m is projection onto U)

p~1(U) L L UxF
U.

The set of trivializations {(U;, ¢;)} is called a trivialization cover of the bundle.

Remark 2.1.

e We note that the local behaviour of the topological space E as the product of two topo-
logical spaces is captured by the homeomorphism ¢ : p~*(U) — U x F.

e It follows from this definition that E, := p~!(x) is homeomorphic to the fiber F for all
zc X.

e For the category of smooth manifolds, a smooth fiber bundle is a fiber bundle where
the triplet (E, X, F') are smooth manifolds, the map p : E — X is a surjective submersion
and the local trivializations ¢; are diffeomorphisms.



Notation 1. We will use K to denote the real numbers field or the complex numbers field.
For our purposes we require a particular case of fiber bundles, namely, vector bundles.

Definition 2.2. A fiber bundle (E, X, F') with continuous map p : E — X is a real (complex)
vector bundle of rank k on X, if its fiber E, := p~!(z) C E is a real (complex) k-dimensional
vector space, and the local trivializations {(U;, ¢;)} are such that the map ¢ restricted to E, is
a vector space isomorphism E, — {z} x K™

By abuse of notation, from now on we will give just the function p : E — X of a vector bundle
to refer to it.

Below we will give some examples of vector bundles:

Example 2.1. The product bundle or trivial bundle £ = X x R"™ with p : F — X the
projection onto the first factor and fiber R™. The trivialization cover consist of the one unique
element, namely, the total space U = X with the identity map id : p~}(X) = E — X x R™.
This bundle is also denoted by n.

Example 2.2. The tangent bundle of the unit sphere
S" = {z € R"™| |z| = 1}

is the vector bundle p : E — S" with E = {(z,v) € S® x R""| z 1 v}, sends (z,v) — z, and
we think of v as a tangent vector to S™ by translating it so that its tail is at the head of =, on
Sr.

To construct local trivializations, choose any point xz € S™ and let U, C S™ be the open
hemisphere containing x and bounded by the hyperplane through the origin orthogonal to z.
Define
pr: pT'Uz) — Upxp l(z)2U, xR"
(yv) = (4, M2 (v))
where 7, is orthogonal projection onto the hyperplane p~!(z). Then ¢, is a local trivialization
since 7, restricts to an isomorphism of p~!(y) onto p~!(x) for each y € U,.

Example 2.3. The normal bundle to S in R"*!, is the bundle p : E — S™ with E consisting
of pairs (z,v) € S® x R"*! such that v is perpendicular to the tangent plane to S™ at z, or in
other words, v = tx for some t € R. Therefore the fiber F' of this bundle is the vector space R,
thus the normal bundle is a special case of line bundles, i.e., vector bundles whose fiber is the
vector space R.



The map p : E — S™ is again given by p(z,v) = . As in the previous example, local trivial-
izations ¢, : p~1(U,) — U, X R can be obtained by orthogonal projection of the fibers p~!(y)
onto p~t(z) for y € U,.

Example 2.4. Set I = [0,1] and let E = (I x R)/ ~ be the infinite Mdbius strip, where
(0,t) ~ (1,—t) for all t € R, and X = I/ ~ with 0 ~ 1 (X = S'). Notice that the projection in
the first coordinate I x R — I induces a morphism p : £ — X such that the following diagram
commutes

IxR—5 (I xR)/ ~

Lk

[— " 1) ~.

The map p : E — S! given by [z,t] — [z] is a continuous map and is a 1-dimensional vector
bundle or line bundle called the M6bius bundle, where the trivialization cover is given by two
overlapping open arcs Uy, Us in St with local trivializations o; : p~*(U;) — U; x R given by
[t,s] — ([t],s), for i =1,2.

°
[
~—
'U\
[ary
—~
X

()

(1a _t)

-

Example 2.5. The real projective n-space RP” is the space of lines in R®*! through the
origin. Since each such line intersects the unit sphere S™ in a pair of antipodal points, we can
also regard this space as the quotient space of S™ in which antipodal pairs of points are identified,
ie, RP*" = §"/ ~, with z ~ —z for all z € S”. The canonical line bundle p : E — RP" has as
its total space E := {(£,v) € RP" x R"*!| v € £} and send (¢, v) — £. Again local trivializations
can be defined by orthogonal projection.

Notice that we can change in this example the real numbers R by the complex numbers C
obtaining the complex projective n-space CP".
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The following example will be the most important for us, bearing in mind that one of our goals
is proving Bott’s periodicity Theorem.

Example 2.6. Taking in the previous example n = 1, we have the space CP' define as follows

CP' == (C*\ {(0,0)})/ ~

where (29, 21) ~ (Azg, Az1), A € C\ {0}. We denote the class of (2o, 21) by [z0, z1]-
The canonical line bundle on CP! is define as follow

H — CP!
(Lv) — ¢

where H := {({,v) € CP* x C?| v € £}. Notice that we can describe the points [zo, 1] € CP! as
2z = 29/z1 € CU{oo}, and by stereographic projection we have that C U {co} = S?, where S? is
the Riemann sphere. Thus the bundle H is a bundle on S2.

Now we will give the exact notion that will allow to compare the vector bundles.

Definition 2.3. Let p; : £ — X and ps : E5 — X be vector bundles on the same space
X. Then a bundle morphism (or bundle map) from E; to E2 over X is a continuous map
h : Fh1 — E5 such that the following diagram commutes

B —> B,

"

X

that is py o h = p1, or equivalently for any point € X, h maps the fiber (E), to the fiber
(F2)z; and furthermore we require the map h, : (F1), — (F2). to be a linear map for all z € X.
We denote by Homx (F1, E3) the vector space of bundle morphisms between the vector bundles
E; and F5 over X and when Fy = FE5 we set End(E,) := Homx (E4, Ey).

Definition 2.4. Let p; : F1 — X and py : E5 — X be vector bundles on the same space X.
A bundle morphism h : Ey — Es is a bundle isomorphism between these vector bundles if
there is an inverse I’ : F5 — E; of h which is also a bundle homomorphism. If there is a bundle
isomorphism h : £y — FEs then Ey and E5 are said to be isomorphic vector bundles, and we
use the notation F; = F5 to indicate that E; and Es are isomorphic. An isomorphism from a
vector bundle E to itself is called a bundle automorphism or gauge transformation of F,
and we denoted the set of automorphisms of E by Aut(E).
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Remark 2.2. Notice that if the bundle morphism h : E; — E5 has an inverse bundle morphism,
then the map h is a homeomorphism and h; : (E1), — (E2), is a linear isomorphism for all
r e X.

Lemma 2.1. A bundle morphism h : Eqy — FEs between vector bundles p; : £ — X and
p2 : Es — X over the same base space X is a bundle isomorphism if it takes each fiber (F;), to
the corresponding fiber (F5), by a linear isomorphism.

Proof. All we have to prove is that h~! is a continuous map. This is clear since if we restrict to
an open set U C X over which F; and Es are trivial, then composing with local trivializations
1| and oy of p; and p, respectively

p1lu w2lu

U x K» Eily —> Bo|y U x K»
;D2|U
T ™1
U

reduces to the case that h is a continuous map U x K* — U x K" of the form h(z,v) =
(z, g5 (v)), with g, € GL,,(K), and ¢, depend continuously on x. Therefore the inverse matrix
g, ! also depends continuously on z since g, * is 1/det(g,) times the adjoint matrix of g,. Hence
h=(z,v) = (x,g9;1(v)) is a continuous map. O

Some examples of isomorphic vector bundles are given next:

Example 2.7. The normal bundle of S™ in R is isomorphic to the product bundle S™ x R by
the map (x,tx) — (z,1).

Example 2.8. The tangent bundle to S! is also isomorphic to the trivial bundle S' x R, via
(€ ite??) s (e, 1), for ¢ € S and t € R.

In what follows we discuss an approach that will allow us to know when two vector bundles are
isomorphic. For this purpose we have the following definition.

Definition 2.5. Let p : E — X be a vector bundle. A section of p is a continuous map
s : X — E such that to each z € X a vector s(z) € E, is assigned, i.e po s = idx. We denote
by I'(E) the set of sections of the vector bundle E.

Every vector bundle p : E — X has a canonical section, namely, the zero section Og : X — F
whose value is the zero vector in each fiber. The zero section is identified with its image
Og(X), a subspace of E, therefore plo,(x) : Op(X) — X sending the zero vector of E, to
x is a homeomorphism. Let h : E; — FE5 be an isomorphism between two vector bundles
p1: By = X and py: Es — X, as hy : (F1)z — (E2), is a linear isomorphism for all € X,
then h sends the zero section O g, (X) of p1 to the zero section Og, (X) of po, and as h : E; — E»
is a homeomorphism we have the homeomorphism E; \ Og, (X) & Es \ Op,(X). Thus we can
distinguish non-isomorphic bundles comparing the complement of the zero section in both vector
bundles.

Example 2.9. Let p : E — S!' be the Mobius bundle, then the zero section of p is the set
0,(SY) :={[z,0] € E,| z € [0,1]}.
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E\ O,(S') is homeomorphic to a cylinder, which is a connected space. In the other hand, the
trivial bundle ¢ : S' x R — S! has zero section O4(S*) = S! x {0}, thus (S! x R) \ O4(S') is
the disconnected space (S! x Ry ) U (S! x R_), where R, and R_ are the positive and negative
real numbers respectively. Therefore, the trivial bundle on S' and the Mé&bius bundle are not
isomorphic.

Remark 2.3. For an isomorphism h : By — Es, as h, : (E1), — (E3), is an linear isomorphism
for all x € X, then h sends non-vanishing sections to non-vanishing sections.

Example 2.10. For a tangent bundle p : E — S", a section is a tangent vector field on S™.
By the hairy ball theorem if n is an even number with n > 0, then each continuous vector field
s on the real sphere S" vanishes at some point v € S”, i.e., s(v) = 0. As the trivial bundle
has a non-vanishing section and by the above theorem the tangent bundle p : E — S™ does not
have a non-vanishing section for n a positive even number, then these vector bundles are not
isomorphic.

Lemma 2.2. Let p: E — X be a vector bundle of rank n. The vector bundle p is isomorphic
to the trivial bundle if and only if it has n sections s1, ..., s, such that the vectors s1(x), ..., s, ()
are linearly independent in each fiber F,.

Proof. In one direction this is evident since the trivial bundle certainly has such sections and
an isomorphism of vector bundles takes linearly independent sections to linearly independent
sections. Conversely, if one has n linearly independent sections s;, the map h : X x R® — F
given by h(x,t1,...,t,) = D>, tisi(x) is a linear isomorphism in each fiber, and is continuous since
its composition with a local trivialization p~*(U) — U x R" is continuous. So by the latter
lemma h is an isomorphism. O

Remark 2.4. Notice that the previous lemma also makes sense for complex vector bundles.
Example 2.11. The tangent bundle on S! is isomorphic to the trivial bundle, since the tangent
bundle on S' has the section
S st — E
(x1,22) =  (—x9,21).

Example 2.12. The tangent bundle on S? is isomorphic to the trivial bundle, since the tangent
bundle on S? has the sections

S1 SS — E

(1'171'2,x3,$4) — (_$2,x17_3}'4,x3)7
S9 S3 — F

($17I271173,.T4) = (_‘T3?‘T47x17—x2)7
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S3 . Sg — E
(w1, 20,23, 24) +— (=24, —23,T2,21),
and s1, S2, s3 are linear independent everywhere.

Now we move to the category of smooth manifolds M.

Definition 2.6. A local frame of a vector bundles p : E — M over an open set U C X is an
ordered n-tuple s1, ..., s, of smooth section of E over U so that for each z € U, s1(x), ..., S, ()
form a basis of F,.

Remark 2.5. Notice that by the Lemma 2.2 we have a local frame on each local trivialization
of a vector bundle.

Using local frames, we can give the following criterion for the smoothness of sections.

Lemma 2.3. Let p: E — M be a vector bundle on a smooth manifold M. A section s € I'(E)
is smooth if and only if for any « € M, there is a neighborhood U of x and a local frame s1, ..., $p,
of E over U so that s = f1s1 + -+ + fns, for some smooth functions fi, ..., f, defined on U.

Proof. Let ¢|y : p~1(U) — U x K" be the local trivialization associated to the frame sy, ..., 5.
Then the smoothness of fi, ..., f, is equivalent to the smoothness of ¢|y o s|y. Since ¢|y is a
diffeomorphism, s|y is smooth. On the other hand, if s is smooth and ¢|y is a local trivialization,
we let s1,..., s be the frame corresponding to this local trivialization constructed as above in
Lemma 2.2. Then f1,.., f, are coefficients of |y o s|y in this basis. Since s and |y are both
smooth, f;’s are smooth. O

Finally we give the key observation, which is a simple consequence of Tietze’s extension theorem:

Lemma 2.4. Suppose that X is a compact hausdorff space, Y a compact subspace of X and
E, F vector bundles over X. If ¢ : E|y — F|y is an isomorphism the ¢ can by extended as an
isomorphism to an open U D Y.

Remark 2.6. Suppose that X = X; U X3 where all spaces are compact Hausdorff and set
A = XjUX5. Assume that F; is a vector bundle over X; and ¢ : E1|4 — Fs| 4 is an isomorphism.
Then we define a vector bundle £y U, Ey over X as follows. As a topological space Eq U, E» is
the quotient of the disjoint union of E; and Es modulo the equivalence relation v ~ ¢(v). There
is a natural projection 7 : £y U, E» — X and the fibers are naturally vector spaces. One can
prove that this family of vector spaces is in fact locally trivial and moreover, it has the following
properties:

1. If E is a vector bundle over X and E; = E|x,, then the identity map id : E1|4 — Fa|a is
an isomorphism and
FE = FEy Uyq Es.

2. The construction is natural in the sense that if there are isomorphisms 3; : E; — E; such
that B;0 = ¢’ B; then:
E1U, By & B Uy Ej.
3. If (Ey, ¢) and (E}, ¢') are two such data then:
(El Ucp EZ) S (El Uap E2) = (El 2 Ei) Ug&@<ﬁ/ (E2 SB) Eé)?

(E1 U, E2) ® (Ey Uy Ep) = (Ey @ By) Upxyr (B2 © Ey),
(E1 Uy E2)" = (E7) Uy B
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4. The isomorphism class of the vector bundle F; U, F» depends only on the homotopy class
of the isomorphism ¢.

2 Cocycles

Let p: E — X be a vector bundle and consider two local trivializations ¢, : p~1(Uy) — Uy x K™
and ¢g : p~1(Ug) — Ug x K™ such that U, NUg # 0.

(Ua NUs) x K" L By g, — (Ua NUp) x K™

N‘Uﬁal /

U, N Ug.
Then ¢, o @El is a continuous invertible map of the form
Paopy : (UaNUs) X K" = (Ua NUg) x K™

Now let x € U, NUg and v € K", then fix x and only allow v to vary, the map ¢, o @El for
fixed x is now just a invertible map from K" to K™. Therefore we have define a map called the
cocycle map

gap 1 Ua NUg — GL, (K) (2.1)

where GL, (K) is the general linear group of K, such that

(paogogl (U NUg) xK* —  (UyNUg) x K»
(z,v) — (@, gap(z)v).

This map is called a transition function. It is not hard to verify that the cocycle maps for a
vector bundle satisfy the following conditions:

¢ goo(z) =2z for all x € U,.

e gop(®)™! = gpala) for all x € U, N Up.

® 9op(2)gpy(x) = gavy(x) for all z € U, NUg N U,.
The last one is know as the cocycle condition.

Example 2.13. Let p: E — S! be the M&bius bundle, where the trivialization cover is given
by two overlapping open arcs U; and Us in S' with local trivializations ¢; : p~1(U;) — U; x R
given by [t,s] — ([t],s), for i = 1,2. Then the intersection of two open sets Uy and Us are two
disjoint open arcs A and B. By moving a fibre F' once round the Mobius strip, if we do this
we find that F' has been reflected in its midpoint, this reflection is a manifestation of the group
element —1 € R; clearly (—1)2 = 1 the identity element, so that we end up with the group
{1, -1} of just two elements. The point is that if one moves once round the Md&bius strip once,
the one must have passed through A and B once. Then in changing from coordinates in A to
coordinates in B, or vice versa, on must use the transition function g2 or go1 given by

1 Jifzed
920 =1 1 Gfeen
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g21(z) = g57 () and g11 = gao = 1.

The reason cocycles are important is that if one is given the base space X, the fiber K" and the
cocycles gop, then we can reconstruct the bundle E” to which these objects belong. For this we
need to find the trivializations ¢, the total spaces E’ and the continuous surjective map p. Set

B = (| (Ua xK")) /~,
acl
where ~ is given by: (z,v) ~ (y,v') iff z = y and v/ = gap(x)v, for all (z,v) € Uy x K* and
(y,v") € Us x K", and E’ carries the quotient topology. An element of E' is written by [z, v],
so we can now define the continuous projection map
p: FE = X
[,v] —
Finally we define
ot U xK* — p~HU,)
(z,0) = [(=z0)]
Clearly poy'(z,v) = z. We have hence constructed the bundle whose cocycles are gog, thus
from now on we can specify a bundle by giving only the base space X, the fiber K" and the
cocycles gog. Moreover, if {gag : Us N Us — GL,(K)} are the cocycles arising from a vector
bundle p : E — X with trivialization cover {U;, ¢;}, then the vector bundle E’ constructed in
the previous paragraph is isomorphic to E. To prove this, we define
f: E > E
v [pa(v)]
if p(v) € U,. If p(v) € U, NUg, then

[08(V)] = [Pap(Pa())] = [a(v)] € E'

thus the map fis well-defined. Clearly p’ o f: p. Let q: | ,¢; (Ua x K™) — E’ be the quotient
map and ¢, := q|y, xk», We note that

q;IOfocp_leaxK"%UaxK"

is the identity map, thus f is a continuous map. Since the restriction of ¢, and ¢, to every
fiber are vector space isomorphismes, it follows that so is f. Finally by the Lemma 2.1, the map
f is a vector bundle isomorphism between E and E’.
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Notation 2. We will refer to the vector bundle obtained by the base space X, the fiber K"
and the cocycles g, as the gluing cocycle and we will denote it by (X, U, ge, K™), where U is
the family on which the cocycles are defined.

The second important aspect of the cocycles of a vector bundle is that more than one set of
cocycles gop can induce the same bundle. To see this let p : E — X and p' : E/ — X be
two isomorphic vector bundles with fiber K and trivialization cover {U,, pq} and {Uy, o }
respectively. Then the map ¢, 095t : Uy x K® — U, x K" restricted to a fixed z € U, gives
rise to an invertible map from K" to K", therefore we have define the maps A, : U, — GL,(K)
given by x + (¢4 013 1)|,. Thus by definition for x € U, N Uz we have

251 (@) 0 gap(e) 0 Ag(@) = (a0 V5 ) (@) ™ o ((pa 0 95 ) () 0 (95 095 ) ()
= (1o 0 1p)(2)
= 9;5(1”)~

This discussion motivates the following definition.

Definition 2.7. We say that the cocycle sets {gas} and {g,,5} for the vector bundles p : ' — X
and p' : B — X respectively are equivalent, denote by {gas} ~ {g;,5}, iff there are continuous
maps {Ao : Us = GL,(K)} such that g, 5(z) = A\J" (@) 0 gap(x) 0 Ag(z) for all z € U, N Uy and
each «, f.

Thus we show that:

Proposition 2.1. The vector bundles p : F — X and p’ : E/ — X are isomorphic iff there
exist a cover {Us} of X such that {gas} ~ {g,5}

3 Operations on vector bundles

We first discuss the sum of vector bundles with the future goal of defining a semigroup on the
set of isomorphism classes of n-dimensional real (complex) vector bundles on the base space X,
denoted by Vectg(X) in the real case and Vect¢(X) in the complex case. Here we give some
important observations allowing us to define the sum operation between vector bundles:

e Given a vector bundle p : E — X and a subspace Y C X, then p: p~1(Y) — Y is clearly
a vector bundle. We call this the restriction of F over Y.

e Given vector bundles p; : E; — X; and ps : F5 — X, then the product p; X po :
E, x By — X1 x X5 is also a vector bundle with fiber the product pl_l(xl) X pgl(@), for
each z; € X, 22 € Xo. Note that ¢, X ¢g is a local trivialization for E; x E, where
Vo 1 p HUs) = Uy x K" and g : p~1(Ug) — Uz x K™ are local trivializations for F;
and Fs respectively.

If E; and E5 both have the same base space X, the restriction of the product E; x Ey over the
diagonal X = {(z,2) € X x X} is exactly

E1 EBEQ = {(1}1,1)2) c El X E2| pl(vl) :pz(vg)}.

Therefore by previous observations we have the following definition:

Definition 2.8. Let p; : £y — X and py : Fo — X be vector bundles over the same base space.
We define the vector bundle
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E1 &) E2 — X
(vi,v2) = pi(v1) = pa(v2).

The fibers of this bundle are the direct sums of the fibers of £y and E5. This vector bundle is
called the Whitney sum of the vector bundles p; and ps.

If {g4, : Ua NUp — GLy, (K)} are the cocycles for each F; and i = 1,2, then the cocycle
associated with the Whitney sum is the cocycle of the block diagonal matrix functions

9[13(1 &) g[%a : UsnNUg — GLy, 4n,(K)
T = gh (1) @ g5, (2).

Example 2.14. The direct sum of trivial vector bundles is again a trivial bundle.

But the direct sum of two nontrivial vector bundles may be trivial, as the following example
illustrates:

Example 2.15. Consider the tangent vector bundle and the normal vector bundle over S"
in R**!. The direct sum between these vector bundles is the trivial bundle S™ x R"*+1  since
elements of the direct sum are triples (z,v,tz) € S x R*"*! x R"*! with | v and the map
(x,v,tx) = (z,v + tz) gives an isomorphism of the direct sum bundle with S™ x R™*1.

In addition to direct sum, we can define tensor product over vector bundles.

Definition 2.9. Let p; : £ — X and py : F; — X be two vector bundles with cocycles
{gfaa : Uy, NUg — GL,, (K)} for each E; and ¢ = 1,2. Then the cocycles for the tensor bundle
denoted by Fq ® Fy are the tensor product function

9[1304 ® gga : Ua,NUsg — GLy,.n, (K)
x = ghe () ¥ g3 (2)

where * denote the Kronecker product of the two matrix géa () and gga(x).

It is routine to verify that the tensor product operation for vector bundles over a fixed base
space is commutative, associative, and has an identity element up to isomorphism, the trivial
line bundle. It is also distributive with respect to direct sum.

Another construction that will be used in this work is the conjugate bundle £ — X of a
complex vector bundle £ — X. As topological space, E and E are the same, but the scalar
multiplication on E is given by A(v) := v, where v is the scalar multiplication in E. So the
local trivializations for E are obtained from local trivializations for E by composing with the
map C" — C" given by z — Z in each fiber. The cocycles gg,, of E are the complex conjugates
of the cocycles gg,, of E. For line bundles, as 2z = 1, with |z| = 1, then F ® E is isomorphic to
the trivial line bundle.

Now we give another construction of vector bundle over two vector bundles p : E — X and
p': E' — X on X. We denote the space of continuous linear maps from the fiber E, to the fiber
E}, by Hom(E,, E},), for all z € X. We define the set Hom(E, E') := [[, . x Hom(E,, E}) and
define the projection ¢ : Hom(E, E’) — X given by Hom(E,, E!) — z for all x € X. Counsider
open subset U C X over which E|y and E’|y are trivial, with local trivializations given by
¢: Ely - UxK"and ¢ : E'|y — U x K™. Then we define the bijections ¢y : ¢~ (U) —
U x Hom (K™, K™) given on z fibers by the linear isomorphism Hom(E,, E/) — Hom (K", K"™)
given by f — o foe~t. We force ¢y to be a homeomorphism. Thus we have the vector
bundle ¢ : Hom(FE, E’') — X, called the hom-bundle, with fibers Hom(E,, F.).
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Remark 2.7. Is not difficult to see that the sections of the hom-bundle Hom(E, E’) is a bundle
morphism E — E, i.e.,
I'(Hom(E, E")) = Homx (E, E').

Finally, we discuss the inner products on vector bundles.

Definition 2.10. If E is a vector space over R, a positive-definite inner product on F is a
symmetric bilinear map

(w)y: ExXE — R
(v,w) +—  (v,w)
such that (v,v) > 0 for allv € E\ {0}.
If F is a vector space over C, a non-degenerate Hermitian inner product on F is a map

(w9: ExXE — C
(v,w) = (v, w)

wich is C-antilinear in the first input, C-linear in the second input and such that (v, w) = (w,v)
for all v € E'\ {0}.

From now on we will refer to inner product to discuss the real (positive-definite inner product)
and complex (non-degenerate Hermitian inner product) case.

Definition 2.11. An inner product on a vector bundlep: F — X isamap (-,") : EQE - K
such that for all 2 € X restricts to an inner product (-, ), : B, ® E, — K.

Proposition 2.2. If the base space X is paracompact space, then an inner product exists for
a vector bundle p: £ — X.

Proof. Let (-, )r : R" ® R™ — R be the standard inner product on R™, that is (e;,e;) = 0,
where {e;} is the standard basis for R™ and let {U,, ¢4} be a trivialization cover of X. Given
x € X, for all neighborhood U, of = we define

(Vo EpxxE, — R

(v, w) = (0, W)a = (Palz(v), Pals(w))r-

Finally, let {A3} be a partition of unity subordinate to {U,}, then we define

(,)V: ExE = X

(v,w) +— (v,w) = Zﬂ, v€U, A p(v) (v, w)g.
O

Definition 2.12. Let p: E — X be a vector bundle. The map p’ : E/ — X is a subbundle of
p if E' C E is a vector subspace of F which is itself a bundle with respect to the restriction of

p|E/.

Definition 2.13. If E is a subbundle of F over X, then the quotient bundle F/E is a vector
bundle with fiber F,/E,.

Proposition 2.3. Let p : E — X be a vector bundle on paracompact base space X and Fy C E
is a vector subbundle, then there is a vector subbundle Ej- C E such that Ey & Ey ~ E.
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Proof. With respect to a chosen inner product (-,-) on E, let Ef = {v € E| (v,w) =
0 for all w € Ey} be the orthogonal complement of Fy in E. We claim that the natural pro-
jection Ej- — X is a vector bundle. First we assume E is the trivial bundle X x R and that
FEy is a vector bundle of dimension m. Then for each point xy € X there is a neighborhood
Uy, such that the vector bundle Ey — X has m independent local sections z — (x, s;(x)) with
extended to set of n independent local sections of E by choosing the sections $;,11, ..., S, first
in the fiber F,,, then taking the same vectors for all nearby fibers, since s1, ..., Sm, Sm+1, -, Sn
are independent at xg they will remain independent for nearby x by continuity of the determi-
nant function. Using the given inner product, we apply the Gram-Schmidt orthogonalization
process to S1, ..., Sm, Smt1, .-, Sn i each fiber to obtain new sections s}, where the first m of
them are a basis for Ey in each fiber. The sections s} allow us to define a local trivialization
¢ :p Y U) — U x R* with ¢(x,si(x)) = (x,e;), where e; is the it" standard basis vector of
R™. Thus ¢ carries Ey to U x R™ and Ef- to U x R"™™ | so <p|E0¢ is a local trivialization of
Ey. Therefore By — X is a vector bundle and Ey @& Ej is isomorphic to E via the map
(v, w) — v 4+ w by the Lemma 2.1. O

Proposition 2.4. For each vector bundle p : F — X with X paracompact space there exist a
vector bundle ' — X such that E @ E’' is the trivial bundle.

Proof. Let {Ua, o} be a trivialization cover of the bundle p : E — X. Let U, be the neigh-
borhood of z over that E is trivial. By Urysohn’s lemma there is a map g, : X — [0, 1] that
is 0 outside U, and nonzero at x. Letting = vary, the sets g,
X. By compactness this has a finite subcover {U;, ¢;}i=1,... r say. We define f; : E — R" by
fi(v) :== gi(p(v)) (7 (v)), for all i = 1, ..., k, where m; is the projection of the local trivialization
i 1 p~H(U;) — U; x R™ to R™. Then f; is a linear injection on each fiber over g;l((), 1], so we
define a map f : E — R given by v — (f1(v), ..., fr(v)), then f is a linear injection on each
fiber. Finally we define the map F : E — X x RY given by v + (p(v), f(v)). Since projection of
RY onto the i-th RY factor gives the second coordinate of local trivialization over g; Lo, 1], the
image of F' is a subbundle of the product X x R™. Thus we have E isomorphic to a subbundle of
X xR¥, and by previous lemma there is a complementary subbundle E’ with E@® E’ isomorphic
to X x RV, O

1(0,1] form an open cover of

Remark 2.8. This construction can be made in the same way on C.

4 Pullback bundles

In this section we discuss the notion of a pullback bundle. The idea is that if we have a fiber
bundle on a topological space Y and a continuous map f : X — Y we get a fiber bundle whose
fiber over = € X is the fiber over f(x). The formalization of this is the following:

Definition 2.14. Let p: E — Y be a fiber bundle with fiber F and f : X — Y a continuous
map. Defining the space f*(E) by

fH(E) = A{(z,v) € X x E| f(z) = p(v)}

and amap p: f*(E) — X by (z,v) — z we get a fiber bundle with fiber F, called the pullback
bundle. Indeed, if (U;, ¢;) is a trivialization cover of E then (f~1U;,1);) where

Vi :p W) = (U)X F
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is given by ¢;(x,v) = (x, m2(pi(v))), is a trivialization cover of f*(E). So we have the following
commutative diagram

X———Y
where f: f*(F) — E is given by f(x, v) = .
Now we study the homotopy properties of the pullback.

Lemma 2.5. A vector bundle p : E' — X x [a, b] is trivial if its restrictions over By := E|x x[a,q
and Ey := E|x e are both trivial for some ¢ € (a,b).

Proof. Let @1 : By — X X [a,c] x R™ and @5 : B3 — X X [¢,b] x R™ be isomorphisms. For define
an isomorphism in all of E we need that the previous isomorphisms agree in p~!(X x {c}), so
we replace @y by its composition with the isomorphism X X [¢,b] x R® — X X [¢, b] x R™ which
on each slice X x {z} x R™ is given by ¢1¢5 " : X x {c} x R® = X x {c} x R™. Once ¢; and
2 agree on 1 N Ey, thus they define a trivialization of E. O

Lemma 2.6. For a vector bundle p: E — X x I, there exists an open cover {U,} of X so that
each restriction p~t(U, x I) — U, x I is trivial.

Proof. By compactness of [0, 1], for each z € X we can find open neighborhoods Uy 1, ..., Uy
in X and a partition 0 = ¢y < t; < --- < t; = 1 of [0,1] such that the bundle is trivial
on Uy; X [ti—1,t;]. Then by previous lemma the bundle is trivial on U, x I, where U, =
Ui N NUg k. O

Proposition 2.5. The restrictions of a vector bundle £ — X x I over X x {0} and X x {1}
are isomorphic if X is paracompact.

Proof. By the previous lemma we can choose an open cover U, of X so that E is trivial on each
Uy x I. As X is a paracompact space there is a countable cover {V;};>1 of X and a partition of
unity {\;} with \; support in V;, such that each V; is a disjoint union of open sets each contained
in some U, thus F is trivial on each V; x I. For ¢ > 0, let ¢; = A1+ - -+ \;, we set X, the graph
of ¢; the subspace of X x I consisting of points of the form (z,y;(z)), and let p; : E; — X;
be the restriction F|x,. Since E is trivial on V; x I, the natural projection homeomorphism
X; — X;_1 lifts to a homeomorphism h; : F; — E;_; which is the identity outside p~!(U;) and
which takes each fiber of E; isomorphically onto the corresponding fiber of E;_;. Since near
each point € X only finitely many \;’s are nonzero, so there is a neighborhood of x in which
all but finitely many h;’s are the identity. Therefore the infinite composition h = hihy--- is
then well-defined isomorphism from E|x {13 to E|xxo}- O

Theorem 2.1. Given a vector bundle p : E — X and homotopic maps fg, f1 : ¥ — X, then
the induced bundles fi(E) and f;(F) are isomorphic if Y is paracompact space.

Proof. Let F': Y x I — X be a homotopy from fy to fi. The restrictions of F*(FE) over Y x {0}
and Y x {1} are then fi(E) and f;(E) respectively, thus by previous proposition these bundles
are isomorphic. O

Using the characteristic property of a pullback we have the elementary properties of pullbacks:

o (f9)"(E)=g"(f"(E)).
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e id"(F)XE.
o [*(E1® Es) = f*(Er) @ [*(E2).
o [(E1® Es) = f*(E1) @ f*(E2).
Corollary 2.1. Let f,g: X — Y be two homotopic maps. Then f* = g*.

Proof. If H : X x I — Y is a homotopy from f to g and E’ is a vector bundle on Y, then
consider the bundle E = H*(E’). By above theorem E|x o} and E|x 1} are isomorphic. But
they are respectively equal to f*(E’) and g*(E"). O

Corollary 2.2. A homotopy equivalence f : Y — X of paracompact spaces induces a bijection
£ Veet™(X) — Vect™(Y). In particular, every vector bundle on a contractible paracompact
base space is trivial.

Proof. If g is a homotopy inverse of f then we have f*¢* =id* =id and g*f* =id* =id. [

5 Clutching functions

The idea of this part is to construct vector bundles E — S* over the sphere of dimension k
in RF*t1. We can write S¥ as the union of its upper and lower hemispheres Dﬁ and DF . with
Di ND* =S§*-1. Given amap f: S*1 — GL,(R), we define E; as the quotient of the disjoint
union

D xR"1I; DF xR"/ ~
obtained by identifying (z,v) € dD* x R™ with (z, f(z)v) € D% x R™. So the elements in Ey
are classes [(z,v)], with z € D%, v € R". We have the natural projection

Ef — Sk
[(z,v)] — =

which is a vector bundle. The map f : S*¥~! — GL,,(R) is called clutching function for E;.
Remark 2.9. This construction can be made in the same way on C.

Example 2.16. Let H be the canonical line bundle over the Riemann sphere CP' = S2. Points
of the form zy/z; = 2 in the disk D? inside the unit circle S C C, i.e. |z| < 1 which is in
correspondence with [29,21] € CP!, but (29,21) ~ (20/21,1) with A\ = z;, so we have that
[20/21] = [2,1], |z| < 1. On the other hand, points of the form w = zy/z; in the disk D%
outside of S, then 1/w = z = 21/2p belonging within S!, by the above this corresponds to
[21/20,1] = [21,20] = [1,20/21] = [1,27!] € CP!, and |z7!| > 1 since |w| > 1. Hence we can
write CP! = S2 = D2 U D2, with

D = {[=.1]] [« <1},

D3 ={,="1 |7 = 1}.

Over D2 and D2, we have respectively the trivializations
([2,1], (2, 1)) = [2, 1,

(L2711 27h) = 1,271,



21

of the canonical line bundle. Over D3 N D2, = S! spent from the trivialization of D2, to the
trivialization of DZ multiplying by 2. Hence the canonical line bundle on S? have the clutching
function f(z) = (2).

Lemma 2.7. If f and g are homotopic clutching functions then Ey and E, are isomorphic.

Proof. Let f,g:SF¥~1 — GL,(R) be clutching functions , since f ~ glet F': S*=1x I — GL,(R)
be a homotopy between f to g, i.e. F(x,0) = f(z) and F(z,1) = g(z). For the same previous
construction, we take S¥ x I = (D% UDF) x I, with (D¥ N D*) x I =S*~ x I. We define Ep
as the quotient of the disjoint union

DE x I xR"Ip DF x I xR"

obtained by identifying (z,a,v) € DX x I x R™ with (z,a, F(z,a)v) € 9D* x I x R", where
we denote the classes under ~ by [z, a,v]. Thus we have the vector bundle
Er — Sk x I
[(z,a,0)] = (z,0).
Note that Er on S* x {0} is such that (z,0,v) ~ (z,0,F(z,0)v) = (x,0, f(z)v), i.e. Ep
is restricted to E; over S¥ x {0} and the same form Ep is restricted to E, over S*¥ x {1}.
Therefore £y 2 E,; by the Proposition 2.5. O

Thus if we denote by [X, Y] the set of homotopy classes of maps X — Y, then the association
f — E; gives a well-defined map ¢ : [S*~1, GL,,(R)] — Vectg(S*). The same constructions are
obtained in the complex case.

Proposition 2.6. The map ¢ : [S¥=1, GL,(C)] — Vect?(S¥) given by f — E; is a bijection.

Proof. We define a inverse 9 : Vectg(S¥) — [S*~1, GL,(C)]. Let p: E — S¥ be a n dimensional
complex vector bundle, then p; : £ — fo_ and py : E_ — D¥ are trivial, since fo_ and D
are contractile. Thus we take trivializations 1 : By — th x C™, then
prpt: SElxCr - SElxC
(z,v) = (2, g(2)v)

induces a map g : S~ — GL,(C) such that its homotopy class is by definition an element in
[Sk=1, GL,(C)]. Therefore we define ¢(E) = g. O

Example 2.17. Let E; and E, be vector bundles on S¥ with clutching functions f, g : S¥~1 —
GL,(C). We show that Ef,®n = E;®E, where fg is the clutching function given by (fg)(z) =
f(z)g(z) for all x € S¥=1. The bundle E; & E, has clutching function f @ g : S¥~1 — GLa,(C)

where (f @ g)(z) is the matrix
( flx) 0 )
0 g(z)

for all z € S*~1. Also the bundle Ef, @ n has clutching function given by the matrix

( f(af)og(w) idfm )
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Since GLg2y,(C) is path-connected, we can find a path « : [0,1] — GL2,(C) such that «(0) =
idanxan and a(l) is the matrix which interchanges the two factors of C™ x C™

0 iann
idpyn 0 '

Then the matrix product (f @ idyxn)(t)(idpxn @ g)a(t) is such that:
e For t =0, (f @ idpxn)a(0)(idpxn ® g)a(0) is the matrix f @ g.

e For t = 1, we have that a(1)(id,xn @ g) is the matrix

(i 5

therefore a(1)(idyxn ® g)a(1) is the matrix g @ id,,xn, thus
(f @ idpxn)a(1)(idnxn ® g)(1)
is the matrix fg ® id,xn.
Then (f @ idyxn)(t)(idnxn ® g)a(t) gives a homotopy from f & g to fg P id,xn, thus by the
Lemma 2.7 we conclude that F¢, ®n = Er @ E,.

As a particular case, by the Example 2.16 the canonical line bundle H — S? has the clutching
function f : S — C given by f(2) = (). Hence the bundles (H ® H) ® 1 and H @ H has
clutching functions S' — GLy(C) given respectively by the matrix

(5 7)
(3 ")

By previous general argument we have that (H Q@ H)® 1>~ H ¢ H.

and

6 The universal bundle

The aim of this section is to show that if X is a paracompact space, then all n-dimensional
vector bundles p : E — X are obtainable as pullbacks of a special n-dimensional vector bundle.
First we define the objects on which we will work.

Definition 2.15. The Stiefel manifold V,,(C¥) is the space of n-tuples (called n-frames) of
orthonormal vectors in C*. The Grassmann manifold Gn((Ck), for 0 < n <k, as a set is the
collection of all n-dimensional C-linear subspaces of C*.

Note that V,,(C¥) is a subset of the product of n copies of the unit sphere S¥=1 C C¥, therefore
V,,(C*) has the subspace topology. An element in V,,(C¥) can be seen as a matrix X of dimension
k x n satisfying the algebraic equation X7 X = I, x,,, hence V,,(C¥) is a compact space since
is a closed space in the compact space given by n copies of S*~!. Now we consider the natural
surjection V,(C*) — G, (CF) sending an n-frame to the subspace it spans, therefore G, (C¥)
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is topologized by giving it the quotient topology with respect to this surjection. So G,,(C¥) is
compact as well.

Now fix & > 0 and consider the inclusions C* < CFt! < ... which induce the inclusions
V,,(CF) C V,,(CF+1) C - and inclusions G, (CF) € G,(CFY c ---.

Definition 2.16. The infinite Stiefel space and the infinite grassmannian space is define
respectively by
Vo (C™) = colimkﬁoovn((ck),

G (C%) := colimy,_, 0o G, (CF)

with the direct limit topology. So in the Grassmannian case, a set in G, (C*) is open iff it
intersects each G,,(C¥) in an open set.

Remark 2.10. Notice that the same constructions works for the real numbers R instead of
complex numbers C.

An important observation that will be used later is as follows:

Remark 2.11. The projection maps p : V;,(C*) — G,,(C*) sending an n-frame to the subspace
it spans, are fiber bundles. To show this, if we fix an n-plane ¢ € G, (C*) and choose an
orthonormal basis for ¢ | then we obtain continuously varying orthonormal bases for all n-planes
¢ in a neighborhood U of ¢ by projecting the basis for ¢ orthogonally onto ¢’ to obtain a non-
orthonormal basis for ¢ | then applying the Gram-Schmidt process to this basis to make it
orthonormal. The formulas for the Gram—Schmidt process show that it is continuous. Having
orthonormal bases for all n-planes in U , we can use these to identify these n-planes with C™ |
hence n-frames in these n-planes are identified with n-frames in C" , and so p~1(U) is identified
with U x V,,(C™). This argument works for k = oo as well as for finite k.

Define
E,(CF) := {(£,v) € Gn(C*) x CF| v € ¢}.

Again the inclusions C¥ ¢ Ck*+1 C ... give inclusions E,,(C¥) C E, (CF+!) C --- and we set
E,(C®):= colimkHOOEn((Ck)
with the direct limit topology.

Lemma 2.8. The projection p : E,(C*) — G,,(C*) given by p(¢,v) = ¢, is a vector bundle.

Proof. We take the orthogonal projection 7, : C¥ — ¢ for £ € G,,(CF), and set
Uy :={l' € G,,(C")| m¢(¢) has dimension n}.

Note that in particular ¢ € U,. We will show that Uy is open in G,,(C*) and the map

©: pil(Ug) — Upyxl~U,xC"
(v) = (&, me(v))

is a local trivialization of E,,(C¥). To show that Uy is open we show that its preimage in V,,(C*)
is open. It preimage consists of orthonormal frames vy, ...,v, such that m;(v1),...,m(v,) are
independent. In other words if we take a matrix A of my given by fixing the standard basis
in the domain C* and any basis in its range ¢, the previous condition on the frames is then
that the n X n matrix with columns Av, ..., Av,, has nonzero determinant. By continuity of the
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determinant map it follows that there exist an open set in V,,(C*) where the frames vy, .., v,
have nonzero determinant. So Uy is open in G, (CF).

It is clear that ¢ is a bijection which is a linear isomorphism on each fiber. Now we show
that ¢ and ¢!
map Ly : C¥ — CF restricting to 7, on ¢ and the identity on ¢+ € kerm,. We claim that
Ly regard as a k x k matrix, depends continuously on ¢. Namely, we can write Ly as a
product AB~! where B sends the standard basis to Vly ey Upy Uptl,y -y U With v, .. v, an
orthonormal basis for ¢ and v,41,...,v; a fixed basis for £+, and A sends the standard basis

are continuous. By definition for ¢ € U, there is a unique invertible linear

to me(v1), .oy me(Vn), Vg1, vy V. Both A and B depend continuously on vy, ..., v,. Since matrix
multiplication and matrix inversion are continuous operations , it follows that the product
Ly = AB~! depends continuously on vy, ...,v,. But since Ly depends only on ¢, not on
the basis vy, ..., v, for £, it follows that L, depends continuously on ¢ since G, (C*) has the
quotient topology from V;,(C¥). As we have o(,v) = (¢',m(v)) = (¢', Ly (v)), we see that ¢

is continuous. Similarly ¢~(¢',w) = (¢, L,"(w)) and L,"' depend continuously on ¢/, matrix

-1

inversion being continuous, so ¢~ is continuous. O

Corollary 2.3. The projection p : E,,(C*®) — G,,(C*) given by p(¢,v) = ¢, is a vector bundle.

Proof. Let Uy be the union of U,’s increasing k. The local trivialization ¢ constructed above for
finite k£ then fit together to give a local trivialization over this U,. Continuity being automatic
since we use the weak topology. O

Simplifying notation we will write G,, for G,,(C*>) and E,, for F,,(C*). Remember that we use
the notation [X, Y] for the set of homotopy classes of maps f: X — Y.

Definition 2.17. A vector bundle p: E — X is universal if:
e Given a vector bundle ¢ : F; — Y, then there is a continuous function f : Y — X such
that By = f*(E).
e If flg: Y — X are such that f*(E) = g*(F), then f and g are homotopic functions.
Finally we prove the main theorem of this section.
Theorem 2.2. For paracompact X, the map

[X,Gn] — Vect"(X)
1 = (B

is a bijection.

Proof. To show surjectivity first note that for a n-dimensional vector bundle p : £ — X, is
equivalent to finding maps f : X — G,, such that £ = f*(E,) and g : E — C* that is a linear
injection on each fiber. To show this, suppose first that we have a map f : X — G,, such that
E = f*(E,), then we consider the following commutative diagram

f

E——- f*(E,) — E, —=C>

S

Gn

where 7(¢,v) = v and f(z,w) = w. We define g : E — C* as the composition across the top
row in the diagram, so by definition of 7 and f we have that g is linear injection on each fiber.
Conversely, given a map g : E — C* that is a linear injection on each fiber, we define
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f: X - G,
r = glpH(x)

where g(p~!(z)) is the n-plane. f is well define since g is linear injection on each fiber. Note
that by definition for each 2 € X the fiber in f*(E,) is the n-dimensional plane ¢ such that
g(p~(x)) = £, so the map g gives us a correspondence between the fibers of E and f*(E,).
Therefore E = f*(E,). With this in hand for an n-dimensional vector bundle p : E — X, let
{U;} be a countable open covering of X such that E is trivial over each U; with trivialization
i : p Y U;) — U; x C", and let {\;} be a partition of unity with compact support in U;. Let
gi : p~H(U;) = C™ be the composition g; = m3 0 A;. We define f; : E — C" by

oy [ Ailp(v)gi(v) if p(v) € Ui,
filv) = { 0 otherwise.

Each fz is continuous and fz ~1(z) s lineal, so finally we define f : £ — C* given by v —

2
(f1(v), f2(v),...). This map is a linear injection on each fiber.

For injectivity, if we have isomorphisms F = fi(E,) and E = f(E,) for two maps fo, f1 : X —
G, then these give maps gg, g1 : £ — C that are linear injections on fibers. We claim gy and
g1 are homotopic through maps g; that are linear injections on fibers. Define
Ly : Ce> — C*>

(x1,22,...) +— (1 —=1t)(z1,22,...) + t(x1,0,22,0,...).
For each t this is a linear map whose kernel is easily computed to be 0, so L; is injective.
Composing the homotopy L; with g moves the image of gy into the odd-numbered coordinates.
Similarly we can homotope g; into the even-numbered coordinates. Keeping the notation gg
and g; for the new functions obtained, let g, = (1 —¢)go + tg1 . This is linear and injective on
fibers for each t since gy and g; are linear and injective on fibers. Thus fy and f; are homotopic

via fi(z) = g:(p~ (). .

By this theorem the vector bundles over a fixed base space are classified by homotopy classes
of maps into G,,. Because of this, G, is called the classifying space for n-dimensional vector
bundles and E,, — G,, is called the universal bundle.

7 Principal bundles and connections

This section contains the basic elements for discussing of the Chern-Weil construction in chapter
4. For our purposes we work in the category of smooth manifolds.

Definition 2.18. Let M be a smooth manifold and G a matrix Lie group, i.e., it is a closed
subgroup of some GL,,(K). A principal G-bundle over M is a fiber bundle p : P — M with
trivializing cover {U,} together with a smooth right action p: P x G — P of G on P, that for
simplicity we will denote p(q,g) = ¢ - g, satisfying

e p preserves p-fibers in the sense that p(q - g) = p(q), and acts freely and transitively on
them. Thus, the fibers are exactly the orbits of G.

e For every x € M there is a open neighborhood U, (of the trivializing cover) of z and a
diffeomorphism ¢, : p~1(U,) — U, x G such that

valq) = (9(q),94(q))
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for all ¢ € p~1(U,), where g, : p~*(U,) — G satisfies go(qh) = ga(q)h, for all h € G, i.e.,
Ja is a G-equivariant map.

Example 2.18. Let M be a smooth manifold. Then 7 : M x G — M is a principal G-bundle
called the trivial bundle.

Example 2.19. If G is a compact Lie group acting freely and smoothly on a compact smooth
manifold M, then 7 : M — M /G is a principal G-bundle.

Example 2.20. Let p: F — M be a principal G-bundle. Suppose that G acts on F' smoothly.
Consider the balanced product

ExgF:=(ExF)/~
where (e, f) ~(g-e,g- f)fore€ E, f € F and g € G. We define

m: FExgF — M
(e, /)]~ ple).

This function is smooth and 7~!(z) & F, for all # € M. Further 7 : E xg F — M is trivial
locally, i.e, there is an open cover U = {U, },, of M and diffeomorphism ¢, : 771 (Uy) — Uy x F
such that the following diagram commutes

N UL) 22 Uy x F

”w—lwa)l .
U,
Som: E xgF — M is a fiber bundle.

Definition 2.19. Let p: P - M and ¢ : Q — M be principal G-bundles. A morphism
between these principal G-bundles is a G-equivariant smooth function 7 : P — @ such that the
following diagram commutes

P—=Q

i

We say that 7: P — @ is an isomorphism if 7 is a diffeomorphism.
Proposition 2.7. Every morphism 7 : P — @ between principal G-bundles is an isomorphism.

Proof. We need only prove that 7: P — @ is a diffeomorphism. Suppose that P = M x G and
Q =M x @G, ie. P and Q are trivial principal G bundles (note that the general case is obtained
by local triviality). We note that 7(z,1) = (z, f(z)), where f(z) € G. By G-invariance

T(z,9) = 7((x,1) - 9) = 7(z,1) - g = (2, f(2)) - g = (2, f () - g)

Further, by the same argument
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Let p: P — M be a pricipal G-bundle and {(Uy, ¢a)taca a local trivialization of M. Consider
two local trivializations ¢, : 71 (Uy) — Uy X G and ¢g : 71 (Ug) — Ug x G such that
UaNUg # 0. Then ¢, o npgl is a diffeomorphism of the form

a0 95" (Ua NUp) x G — (Ua NU) x G.

Now let x € U, NUg and 1 € G be the identity element, then the map ¢, o <pg1 for fixed x is
now just a invertible map from G to G. Therefore we have define a cocycle map

gaganﬂUg%G

such that
gpaogpglz (UanNUg) x G — (UanUg)xG

This map is called a transition function. As ¢, o @51 is G-equivariant, then

Pa© 95 (T,9) = pa o @y ((x,1) - g)
= (pa 0 @5 (2,1)) - g
= (z,9pa(7)) - g
= (#,9pa(7) - 9)-

It is not hard to verify that the transition functions for a principal G-bundle satisfy the following
conditions:

¢ goo(z) =2 for all x € U,.
® gos(x)™! = gga(z) for all z € U, N Up.
® 9a3(2)gpy(2) = gary () for all z € U, NUg N U,.

The last one is known as the cocycle condition.

As in the vector bundle case, we can specify a principal G-bundle up to isomorphism by giving
only the base space M and the cocycles gog : Uag — G (Equation 2.1) satisfying the cocycle
condition. Let us see how this happens. First of all take

B (1 (U x ) )~

acA

where ~ is given by: (z,9) ~ (y,h) iff © = y and h = g gga(z), for all (z,9) € Uy x G and
(y,h) € Us x G. An element of P is written [z, g]. We can now define the projection
¢6: P = X
[x,9] — =

Is not difficult to see that P = P. We will denote the principal G-bundle obtained in this way
by (M, U, ge, G), where U is the family of open sets on which the cocycles are defined.

Example 2.21. Let p: E — M be a smooth vector bundle with gluing data (M, U, go, K").
We denote by Fr(K™) as the set of n-frames € = (eq, ..., e,,) of K™. We have a free and transitive
right action
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Fr(K") x Glo(K) — Fr(K")
((617627-~-7en)7g) = (617627"'76n) g = (Zz‘gieiw“ingzei)

where g = [g§]1§z‘,j§n7 with ¢ denote the rows and j denote the columns. In particular, the set
of frames Fr(K™) is naturally a smooth manifold diffeomorphic to Gl, (K).

Then to the vector bundle p : E — M we associate the fiber bundle Fr(E) — M with same
base smooth manifold M, trivializing neighborhood U and cocycles ge, but with fiber Fr(K")
and total space given by the disjoint union

Fr(E) := (|_| (Fr(K™) x Ua))/N

acl

via the equivalence relation ~ given by (€, %q) ~ (€3, x3) iff zo = 5 = = and ég = gga(T)En.
The right action makes this bundle a principal Gl,,(K)-bundle.

Definition 2.20. A section of a principal G-bundle p: P — M is a map s : M — P such that
pos=idy. A local section is a section s : U — P|y for an open subset U C M.

While vector bundles always have a section, i.e, the zero section, principal G-bundles only have
sections on open sets U on which the bundle is isomorphic to the trivial bundle U x G.

Proposition 2.8. Let p: P — U be a principal G-bundle with smooth right action p of G on
P. Then there exist a section s : U — P if and only if P 2 U x G as G-bundles.

Proof. Given a section s, by the Proposition 2.7 we only need define a map of G-bundles f :
P — U x G. We define [’ : U x G — P by setting f'(u,g) = p(s(u), g). Notice that f'(u,gh) =
p(s(u), gh) = p(p(s(u),g9),h) = p(f'(u,g),h). Thus f’ is a map of G bundles and thus an
isomorphism. We can let f = (f/)~!. On the other hand, if P = U x G via an isomorphism f,
we set s(u) = f~1(u, 1), where 1 € G is the identity element. O

Thus sections give us a way to locally find ”horizontal” copies of U in P.

Definition 2.21. Let P be a smooth manifold of dimension n. Suppose that for each x € P,
we assign a k-dimensional, k < n, subspace D, C T, P such that there exist an open set V,, C P
around z, and there exist k linearly independent smooth sections (vector fields) X7, ..., X such
that for any point y € V,, X1(y), ..., Xx(y) span D,. A smooth distribution D of dimension
k, is the collection of all the D, for all x € P.

Now we will give the most intuitive and geometric definition of a connection on a principal
G-bundle p: P — M.

Definition 2.22. Let p : P — M be a principal G-bundle. For z € P, let V, C T, P be the
kernel of p, : T, P — T,y M. We call V, the vertical vectors. A smooth distribution H on P
is a principal G-connection if:

e The distribution is horizontal, i.e, H, &V, = T, P.

e The distribution is G-equivariant, i.e, for any g € G, Hyy = Ry« H,, where Ry« is the
differential of the map R, : G — G given by h — hg.

For a better understanding of the vertical vectors we need the following Lie theory machinery.
For reference, can see the book [Hall].
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Given a matrix Lie group G with Lie algebra g, given X € g there exist a smooth group
homomorphism R — G given by ¢ — exp(tX) and such that

5 exp(tX) = X.

t=0

Since G acts on P to the right, for any « € P, z - exp(tX) is a smooth curve in P. So we define
the smooth fundamental vector field associated to X by

(X)) = 2

z - exp(tX).
t=0
For each A € G, we define the map ad4 : G — G given by X — AXA~!, then we have the map
Ady := (ada+)e : g — g in End(g) given by Ada(X) = AXA~!. Thus we define the smooth
map ad : G — End(g) as A — Ad 4 called the adjoint representation.

Thus we can understand the vertical vectors intuitively as follows.

Proposition 2.9. Let p: P — M be a principal G-bundle and H a principal G-connection on
P. A vector Y, € V, if and only if Y, = o(X)(x) for some X € g.

Proof. Let X € gand z € P be fixed. Let v(t) = z-exp(tX) be a curve. Note that Y, = 4/(0) by
the definition of the fundamental vector field. Since p(y(t)) = p(z) is constant by G-invariance,
we have that p-(7'(0)) is the vector zero in T},(;y M, hence Y, € V,.

In the other direction, notice that the rank of p- is the dimension of M. By the rank-nullity
theorem, the dimension of P is equal to the dimension of M plus the dimension of the kernel
of p«. By the first part of the proof we have already shown that the kernel of p- is at least the
dimension of G. Since the dim(P) = dim(G) + dim(M), we have that the kernel of p- is exactly
o(X) for some X € g. O

This definition of principal G-connection is geometrically intuitive, but is not necessarily the
easiest kind of data to deal with. Instead, we will try to find a more compact way of describing a
connection as a 1-form valued in the Lie algebra g. Before, let us state the following proposition.

Proposition 2.10. Let p : P — M be a principal G-bundle. Let X € g and o(X) be the
fundamental vector field associated to X. Then for any x € P and A € G we have

Ry-[o(X)(z)] = o(adg-1(X))(x - A).

Proof.

o(adg— (X)) (z-A) =c(A'XA)(z- A) = 0 (z - Aexp(tAT1 X A))

(- AA 'exp(tX)A)

(x - exp(tX)A)
t=0

ot
9
0t
9
at
0

(Ra(z - exp(tX))

ot),_,
= Ra-[o(X)(p)]-
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This proposition motivates the last condition in the following definition.

Definition 2.23. Let p : P — M be a principal G-bundle. A connection 1-form w, is a
1-form valued in the Lie algebra g of the Lie group G, such that for x € P, g € G, A € G and
Xeg,

e w is smooth,
e w,y(o(X)(z)) =X, and
e Wy A(RA-Y,) = ad(A™Y)w,(Ys).

We construct a smooth distribution H, out of w by setting H, := ker w,. We will show that
H, is a G-connection on P.

Theorem 2.3. Every connection 1-form w uniquely determines a G-connection on a principal
G-bundle p: P — M and vice-versa.

Proof. Let w be a 1-form, n the dimension of M and m the dimension of P. We will prove
that H, := ker w, is a G-connection. Let € P and choose a trivial coordinate neighbourhood
U of z. Let Y1,....Y,,....,Y,, be smooth vector fields spanning 7T, P for all z € U. Define
Y/ :=Y; — w(Y;)o(X;), where the X; is a basis of g and w’ are the coordinate functions of w
valued in g. Of course, w(Y;) = 0. We note that the Y; span H, since write any vector in H as
a linear combination of the Y;s and note that the same linear combination of the Y; equals the
chosen vector; hence Hj, is smooth. In order to show the second condition in the definition of
G-connection, we know that for all v, € ker p., v, = o(X)(z) for some X € g. Hence the rank
of w is equal to the dimension of the Lie algebra g. Thus the nullity of w equals the dimension
of H,. So it suffices to show that H, N ker p, is equal to the zero vector. However, this follows
from the fact that w(o(X)) = X. Lastly, Ra« is one to one since Ry is invertible. Let v, € H,.
Then wy.a(Ra-v,) = ad(A™Yw, (v,) = 0; hence Ra«(H,) C H,.4. But the same holds true for
R ,-1, hence we have equality.

In the other direction, given a connection H,, we need to define a 1-form w and show that it
is a connection 1-form. We define w as follows: If v, € ker p, and hence v, = o(X)(z) for
some X € g, we define w,(v,) = X. If v, € H,, define w,(v,) = 0 and extend this definition
linearly. Notice that this gives us a 1-form valued in g. Let w = w/ X j, where X; are a basis
for g and recall that near x, o(X1),...,0(X%) and Y7,...,¥; are a smooth basis for TP, and
Y1,..., Y] are smooth basis for H, so we have that w’(o(X})) = 6% and w?(Y}) = 0 and hence
w is smooth. By definition w(c(X)) = X. Finally, let Y, = o(X)(z), then wy.a(RaxYy) =
we.a(o(ad(A~)X)(z - A)). However, ad(A~1)X = ad(A~")w,(Y;), which is what we want.
Instead, if Y, € Hp, then Ra-Y, € H,.4 and hence w,(Yy) = 0 and wy.4(Ra-Y;) = 0, and the
result follows. O

This connection 1-form w is a global 1-form on P. Since for most purposes our data lives on M,
we would prefer that the data of a connection also lives on M. As our fiber bundle is locally
trivial, and a trivialization is equivalent to a section by the Proposition 2.8, locally we can find
a section s, : U, — P|y,,, then we can pull back w under s, to get a 1-form A, := s}w valued
in g and defined on U,. However, on the overlap two pullbacks do not agree, and this local
1-form does not transform under change of coordinates as a global 1-form, but this local 1-form
transforms in a way that is not too difficult to understand.
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Lemma 2.9. Let {(U,, o)} be a trivializing cover with cocycle maps gop and trivializations
defined by sections {sq : Uy = P|u,}. Then
S8 = Sa " YapB-
Proof. By the Proposition 2.8 we know that sg(u) = gpgl(u,l), where 1 € G is the identity
element. Hence
Pasp(u) = %sﬁgl(u» 1) = (u, gap(u))

= (1) - gap(u)

= Pa(sa(u)) - gap(u)

= pa(sa(u) - gap(u)).
Since ¢, is an isomorphism, we have the result. O

On G, there is a canonical g-valued 1-form 6 defined as 0x = Ly -1. In our context of matrix
Lie groups, this form is given by fx = X ~'dX. Since the left invariant vector field is smooth,
then this 1- form is smooth and further

LA*GX = 0X OLA* :LX"_l OLA* = LX—IA* :oA*1X~

Hence @ is left-invariant 1-form called the Maurer-Cartan form. Let p : P — M be a principal
G-bundle with cocycle maps gos : Uo NUg — G. We define 0,3 as the pullback of § under g.g,
ie., Oup = gia0-

Finally we have the central theorem in this section.

Theorem 2.4. The restriction of the connection one form w to Ply,, denoted by w, agrees
with
Wo = adg;1 op*Ay +gL0.

where g, : p~1(Us) — G (see Definition 2.18).

Proof. First we show that w, and w agree on the image of s,. Indeed, let © € U, and y = s4(x).
We have a direct sum decomposition

TyP =im(sqom), &V

so that every v € T, P can be written uniquely as v = (s4).7«(v) + 9, for a unique vertical vector
0. Since go(sa(z)) =1 and (gq © Sq)« = 0, applying w, on v we obtain

wa(v) = (P*sw)(v) + (9501)(v) =

Next we show that they transform in the same way under the right action of G. By equivariance
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of g, and since p o Ry = 7, we have

Ry (wa)ag = adg, (zg)-1 © Rgp*sqw + Ryga0
= ad(g, (2)g)-1 © Rgp” 5o + 9o g0
= adg-14,(2)-1 © P 5qw + g (adg-1 0 0)
=adg-1 0 (ady, (g1 o p*spw + g,0)

= ady-1 0 (Wa)z-

Therefore they agree everywhere on P|y, . O

Now since w is defined globally, we have that w, = wg on P|y, . This allows us to relate A, and
Ag on U, NUg by

Ay = Shwa = Spwg
= Sz(adggl Op*Aﬂ + g;§9)

=ady,, o Apg + 92a9~
For matrix groups this becomes the more familiar

Ao = 9apAs9.5 — (4908)925 = 9504980 + 950 Agsa- (2.2)

We are now interested in measuring the ”oscillations” of sections of vector bundles, i.e., the
particular case of connections on vector bundles. More precisely, let £ — M be a complex
vector bundle over a smooth manifold M, then we would like to have a procedure of measuring
the rate of change of a section s of E along a direction described by a vector field X over M.
This procedure is given by an operator

V:T(TM) xT(E) - T\(E),

given by (X,s) — Vxs. Moreover, if we think of the usual directional derivative, we expect
that after ”rescaling” the direction X the derivative along X should only rescale by the same
factor, i.e.,

Vixs= fVxs,

for all f € C*°(M). Finally, in order to measuring the rate of change of a section s of E along
a direction described by a vector field X, V is to be a derivation and it has to satisfy a sort of
Leibniz product rule. Since the only product rule that exist on an abstract vector bundle is the
multiplication of a section with a smooth function, we require that

Vx(fs) = (X[f)s+ fVxs,

for all f € C*°(M) and s € T'(E).

Definition 2.24. Let F — X be a complex vector bundle. A connection V on the vector
bundle F is map
V:T(TM)xT'(E)—=T(E)

given by (X, s) — Vxs, such that
Vsz = fVXS,

Vx(fs) = (X[f)s+ fVxs,
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for all f € C*°(M) and s € T'(E).

Example 2.22. Let p : F — M be a trivial bundle of rank k. Then by Lemma 2.2 there
exist global sections {s1,...,s;} of the bundle E such that {s;(x)} is a basis for E, for all
points z € M, i.e., {s;} is a frame of E. So for any s € I'(E), we have s = . f;s; for some
f; € C®(M), for all 1 < j < k. We define a bilinear map V : I'(TM) x I'(E) — T'(E) by

Vxs=Vx (Z fjsj> = X(fj)s;.
J J
We check that V is indeed a connection on E:

Vixs=Vysx (Z fj5j> =Y FX(f)s;=FY_X(fj)s; = fVxs,
i j i

V() =V (1 135y ) = S XU L5y = XUV S Sy £ X (s = X (st f T

Lemma 2.10. Any convex linear combination of two connections on a vector bundle £ — M
is a connection. More precisely, let V1, V2 be two connections on E and py,ps € C>°(M) be
two functions with p; + pa = 1. Then V := p; V! + p; V2 is a connection.

Proof.
V(fX,S) =p1 V}X‘9+p2 V?XS = fV(X, 5)3

V(X, fs) = p1 Vx(fs) 4+ p2 VX (fs) = p1(X(f)s+ f Vis) +p2(X(f)s+ f Vis)
= (p1 4 p2)X(f)s + f(p1 Vs + p2Vis)
=X(f)s+ f Vxs.

Corollary 2.4. Any vector bundle p : E — M has a connection.

Proof. Choose a cover {U,} on M such that F|y,_ is trivial. Let V* be a connection on E|y_, as
in the Example 2.22. Let {pg} be a partition of unity subordinate to {Ua}. Then supp pg C U,,
for some o = a(B). We define the map V: T'(TX) x I'(E) — I'(E) by

Vs =Y ps(Viyslu,).
B

This is indeed a connection, since a convex linear combination of any finite number of connections
is a connection by previous lemma. O

Now we will discuss another way to define connections.

Definition 2.25. Let ¥ — M and F — M be two vector bundles. We say that a map
T:T(E) — I'(F) is tensorial if T is R-linear and C*°(M)-linear, i.e., for any f € C*°(M) we
have that T'(fs) = f T(s), for all sections s € T'(E).

Lemma 2.11. Let E — M and F — M be two vector bundles. If T : T'(E) — T'(F) is tensorial
then there is a vector bundle map ¢ : E — F so that
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for all s € T'(E) and € M. And conversely, any vector bundle map ¢ : E — F defines a
tensorial map on sections Ty : I'(E) — I'(F) by Ty(s) = ¢ o s.

Proof. We first show that T is local. If s € I'(E) vanishes on an open set U C M then T'(s)
vanishes on U as well. Pick a point € U and a smooth function p € C°°(M) with supp p C U
and p = 1 on a neighborhood V of x, with V' C U. Then ps is identically zero everywhere.
Hence

0 = T(ps)(x) = p(a)T(s)(x) = T(s)(x).
Since z € U is arbitrary T(s)|y = 0.

Since T is local and E, F are locally trivial, we may assume that E and F are, in fact, trivial.
That is £ = M x R¥ and F = M x R!.. Moreover the sections of E and F are simply k-
tuples and [-tuples of functions. We want to define a vector bundle map ¢ : £ — F. Then
¢: M x R¥ — M x R has to be the form

qb(.%', U) = ($7 A(CL’)U)

where A : M — Hom(R¥, R!) is smooth, with the property that

T(f1, - fu) (@) = Al2)(fi(@), ., fro(@)"

for all z € M. To define A(z), define the jth column of A(x) to be the I-tuple of functions T'(e;),
where e; is the section of E that assigns to every point the jth basis vector (0, ...,0,1,0,...,0),
with 1 in the j-th position. O

Remark 2.12. The previous lemma generalizes furthermore. Let FE1,..., E; and F be vector
bundles over a manifold M and

T:T(Ey) x - x[(Ey) = T'(F)

a k-linear map which is tensorial in each slot, T(f1s1,..., fxsk) = f1 - fxT(s1, ..., sk), for all
s; € I'(E;) and f; € C°°(M). Then for every x € M there is a unique k-linear map Ty :
(B1)g X+ X (Br)g — Fy with Ty(s1(x), ..., sg(z)) = (T'(s1, ..., sx))(z). Globally this means that
there is a vector bundle map ¢ : E1®- - -®@Fy — F so that T(s1, ..., sx)(x) = ¢(s1(2)®- - -Qsk(x)),
for all z € M and all sections s; € T'(E;).

The Remark 2.12 and the Remark 2.7 give us the following proposition.

Proposition 2.11. Let F4, Es,...E; and F be vector bundles over a manifold M. Then there
is a bijection between k-linear tensorial maps

T:T'(Ey) x - xT'(Ey) = I(F)
and sections of the bundle £f ® --- ® £} ® F' — M.

In our particular case, let V : T'(T'M) x I'(E) — I'(F) be a connection on a complex vector
bundle F — M. For any s € I'(E), the map

V. :T(TM) - T(E)

given by X — Vxs, is C*-linear and so by the above proposition, we have that Vy € T(T*M ®
E). Summarizing, we can formulate the following definition.
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Definition 2.26. A covariant derivative or linear connection on a complex vector bundle
E, is a C-linear map
V:T'(E)>T(T"M ® E),

such that for all f € C°°(M) and all sections s € I'(E), we have
V(fs)=df ® s+ fVs.

For any vector bundle E over M we set

k
OF(E) :=T(\T*M @ E),

and we will refer to these sections as differential k-forms with coefficients in the vector bundle
E.

Proposition 2.12. Let E be a vector bundle. The space Conn(E) of linear connections on F
is an affine space modeled on Q! (End(E)).

Proof. By the Corollary 2.4 Conn(E) is not empty. To check that Conn(FE) is an affine space,
we consider two connections V° and V!. Their difference A = V! — V° is an operator

A:T(E) = T(T*M ® E),
satisfying A(fs) = fA(s), for all s € T'(F) and f € C*°(M). Thus
AeT(F*@T*" M@ FE) =T (T*"M ® E*® F) = Q'(F* ® E) = Q' (End(E)).
Conversely, given V? € Conn(E) and A € Q}(End(E)) one can verify that the operator
VA=V + A:T(E) = QYE)

is a linear connection. O



Chapter 3

K-Theory

In this chapter we discuss the first constituent of the diagram 1.1, namely we define K-theory
in zero degree of complex vector bundles on a topological space X. In order to extend K-theory
in degrees different from zero, we will discuss the Bott periodicity theorem in complex K-theory
and we will see that this K-theory defines a generalized cohomology theory. We discuss the
Thom isomorphism theorem in K-theory which together with Whitney embedding theorem and
the tubular neighborhood theorem allow the definition of push-forward in K-Theory, giving
the arrow from K-theory to the integer numbers Z. Moreover, we will discuss the Atiyah-Bott-
Shapiro construction, which will allow us to establish the relationship between elliptic differential
operators discussed in Chapter 6 and the K-theory.

1 The basic construction

The first generalized cohomology theory to be studied in detail was K-theory. It has been very
influential in algebraic topology and in particular in index theory. In this section we will study
some of the basic properties of K-theory, including Bott periodicity theorem and the Thom
isomorphism for K-theory. We will closely follow Atiyah [Ati67].

Convention 1. In this section all spaces are assumed to be compact Hausdorff spaces.

Definition 3.1. Let S be a commutative semigroup. The Grothendieck construction of 5,
denoted by G(S), is an abelian group together with a morphism of semigroups ¢ : S — G(S5)
such that given any group H and a morphism of semigroups ¢ : S — H there is a unique group
homomorphism ¢ : G (S) — H such that the following diagram commutes.

Notice that the above property clearly characterizes the map ¢ : S — G(.S) up to isomorphism.
On the other hand, in order to prove that a pair with this property exists we can construct it
explicitly. Let us define G(.5) to be the set of equivalence classes of pairs (z,y) € S x S subject
to the equivalence relation given by (z,y) ~ (u,v) if and only if there exists s € S such that
s+ax+v=s+u+y. The elements of G(S) are denoted by [z,y] and can be thought as the
formal subtraction z — y. The addition on G(S) is given by [z,y] + [u,v] = [ + u,y + v] and
the canonical map is given by
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v S = G((9)
s = (s,0).

The Grothendieck construction is of course functorial, i.e., a morphism of semigroups ¢ : S — H
induces in an obvious way a group homomorphism G(¢) : G(S) — G(H) such that the following
diagram commutes:

S —"=G(9)
¢ J{G(aﬁ)
H ——=G(H).
In case the semigroup S is a semiring, the abelian group G(S) inherits the structure of a ring,.
Example 3.1. If S = (N, +), then G(S) = Z.
Example 3.2. Let S be a group, then G(S) = S.

Definition 3.2. Let X be a compact Hausdorff space. We denote by Vectc(X) the semigroup
of isomorphism classes of complex vector bundles on X, i.e.

Vecte(X) = | J Vectg(X).

n>0
Notice that Vecte(X) have commutative semigroup structure with the Whitney sum

@: Vecte(X) x Vecte(X) —  Vecte(X)
(lE], [F]) = [EoF].

Thus we define the K-group or K-theory of X as:
K°(X) := G(Vecte(X)).

The element [E,F] € K°(X) is called a virtual bundle. In this case the neutral element is
represented by the class [E, E], and the inverse element for [E, F] is denoted by —[E, F| = [F, EJ.

Since the abelian semigroup Vectc(X) has a multiplication given by the tensor product of vector
bundles, the group K°(X) has the structure of a commutative ring. Notice that we are using the
convention that vector bundles over non connected spaces may have different rank in different
connected components.

Remark 3.1. The previous construction also makes sense for real vector bundles, in which case
KO"(X) := G(Vectg(X)).

Both the real and complex cases we denote the semigroup on the set of isomorphism classes of
n-dimensional real (complex) vector bundles by Vect(X).

Example 3.3. Let X be the space that consists of a unique point, say X = {*}, and n > 0 an
integer number. Notice that each vector bundle over {x} of rank n is isomorphic to {*x} x C",
then

Vect({*}) := U Vect" ({x}) N

n>0

Thereby K°({x}) = G(N) = Z.
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From now on we denote the n-dimensional trivial bundle by n.

Example 3.4. We will calculate the K-theory K°(S') by showing that for each n > 0, we have
that Vect”(S') = [n], in which case we have the isomorphism Vect(S!) = N given by [n] > n.
Therefore

K°(S') = G(Vect(S")) = G(N) = Z.

Let p : E — S! be an n-dimensional complex vector bundle on S!. Set U = S!\ {(1,0)}
and V = S'\ {(—1,0)} overlapping open sets of S!. As U and V are contractile, then by
the Corollary 2.2 the restrictions E|y and E|y are trivial, thus we can consider the cocycles
{guv : UNV — GL,(C)} corresponding to the trivialization open cover {U,V}. To show
that Vect™(S!) = [n], by the Proposition 2.1 we want to find maps Ay : U — GL,(C) and
Av 1 V — GL,(C) such that gyy = A;' o Ay. By path-connectedness of GL,,(C) we can find
the continuous functions v; : [7/2,7] = GL,(C) and ~, : [-m,—7/2] — GL,(C) such that
11 (7/2) = guv(e™/?), y1(n) = idpxn and yo(—7/2) = gUV(e_”i/Q)mg(—ﬁ) = id,xn. Thus we
define the continuous map Ay : U — GL,(C) given by

guv(z)™t x=exp(t), —m/2<t<7/2, t#£0,

Au(z) = n(t)  w=exp(ti), 7/2<t <,
Y2 (t) x =exp(t), -7 <t < —7/2,
—1
gi! guv
iann

-1

g
Y2 oV

and Ay : V. — GL,,(C)-given by

1 z = (1,0),

/\v(x):{ Mo (@)guv(z) x#(1,0), z # (~1,0).

By definitions of Ay and Ay is clear that gyy = )\{]1 oAy.

Given a vector bundle E on X, we will write [E] € K°(X), for its class in K-theory [E, 0], where
n denote the trivial vector bundle of rank n. When no confusion is possible, we will simply write
E for its class in K-theory.

Lemma 3.1. Any element in K°(X) can be written in the form [E] — [F], where E, F are
bundles over X.

Proof.

[E.F]=[E®0,F® 0] =[E,0+ 0, F]

= [£.0) - [F.0)
= [B] - [F).
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O

Given any [E] — [F] € K(X), by the Proposition 2.4 there exists some vector bundle G such
that FF @ G = n, therefore:

[E]-[Fl=[E0G] - [Fo G| =[E0G] - [n]

Thus any element in K°(X) can be written in the form [H] — [n], for some vector bundle H on
X. On the other hand, if £ and F are vector bundles over X such that [E] = [F] in K°(X), by
construction there exists a vector bundle G over X such that F® G = F @ G in Vect(X). Let
G’ be a vector bundle such that G & G’ = n, then
EeGeG =2FaGad
Edon=F®n.

This discussion motivate the following definition.

Definition 3.3. We say that two vector bundles E, F' over X are stably equivalent if and
only if
Edn=F®n,

for some natural number n.

So by the previous discussion two vector bundles E and F' are stably equivalent iff [E] = [F] in
K(X).

Example 3.5. The tangent bundle T'S? over S? is stably equivalent to 2, since TS? 1= 3 =
24 1.

Notice that if f : X — Y is a continuous map between compact Hausdorfl spaces, then the
pullback operation induces a morphism of semigroups

f*r Vect(Y) —  Vect(X)
E] = [fE]
and by functoriality of the Grothendieck construction this morphism induces a group homomor-

phism from K°(Y) to K°(X), denoted by abuse of notation f*: K°(Y) — K°(X)

Vect(Y) —— KO(Y)

f*l if*

Vect(X) — K°(X).
By the Corollary 2.1 and previous observations to this we see that this homomorphism is such
that:
o id* =id.
e (gof) =["oyg"
e The homomorphism f*: K(Y) — K(X) depends only on the homotopy class of the map
I

Thus, we conclude that the assignment X — K(X) defines a contravariant functor from the
category of compact Hausdorff spaces to the category of abelian groups.
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2 Bott periodicity

The central result in K-theory is Bott’s periodicity theorem which is essential in extending the
group K°(X) to a cohomology theory. In its simplest form it states that there is an isomorphism
between K°(X x S?) and K°(X) ® K°(S?).

We know by the Example 2.17 that the canonical line bundle H over CP! satisfies the relation
(H® H)® 1= H® H, which in K°(S?) can be written H2 + 1 = 2H or (H — 1)2 = 0. This
gives us a natural ring homomorphism Z[H|/(H — 1)?> — K°(S?) where Z[H]/(H — 1)? is the
ring of polynomials in H with integer coefficients, modulo the relation (H — 1) = 0.

On the other hand we define the external product by

p: KYX)@KY (YY) — K%XxY)
a®b —  wi(a)ms(b)

where 1 : X XY — X and 3 : X XY — Y are the projection maps. We will also write
axb:=p(a®b). uis aring homomorphism since

p(a®@b)(c®d)) = ulac @ bd) =

In particular notice that an additive basis for Z[H]/(H — 1)? is {1, H}. This means we can
define a homomorphism called p by abuse of notation

p:KY(X)®Z[H]/(H-1)? - K°(X) ® K°(S?*) = K°(X x §?) (3.1)

Where the second map is the external product. Our purpose is to demonstrate that this homo-
morphism g is in fact an isomorphism. We will divide the proof into the following steps:

e Showing that every vector bundle over X x S? is isomorphic to one of the form [E, f] where
E is a vector bundle over X and f is a clutching function.

e Reduce the clutching function f in [E, f] to a Laurent clutching function ¢ such that
[E,f] 2 [E,{] = [E,z™q] & [E,q] ® H™™ for a polynomial clutching function ¢ in the
variable z and where H~™ denotes the pullback of H" via the projection X x S§? — S2.

e Obtaining the decomposition [E,q] ® [nE,Id] = [(n + 1)E, L™q] for a linear clutching
function L™g. Which combined with the previous step gives

[E.q@H™™2=[(n+1)E,L"q)® H™™ — [nE,1d @ H™™.

e Given a linear clutching function a(x)z + b(z) and a bundle [F, a(x)z + b(z)], show that
there exist a splitting F = E, @ E_ such that [F,a(x) + b(z)] = [E4, Id] @ [E_, z]. Thus
we have that

[(m+1DE, L™= [(n+1)E), Id| & [(n+1)E)_, z].

e Proving that u is bijective.

In the proof of Bott periodicity theorem we follow closely Hatcher’s book [Hat09].
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First step: We will create vector bundles over X x S? by gluing together two vector bundles
over X x D3 keeping in mind the same idea used in the section of clutching functions.

Given a vector bundle p : E — X, consider the product vector bundle p x idg1 : ExS! — X xSt
and let f: E x S' — E x S' be an automorphism of this product vector bundle.

E><Sl—f>E><S1

pX idSl .
pXxidg1

X xSt

Thus for each x € X and z € S!, f specifies an isomorphism f(z,2) : p~1(z) — p~1(x). Taking
X x D% x F and X x D3 x E where D3 and D? are respectively the north and south hemisphere
of S2, then we glue these two spaces via f by

(X x 003 x B{JX x 9D x E) [~
!

where (z,2,v) € X x 9D? x E is identified with (z, z, f(z,2)(v)) € X x D3 x E. Define Ej
as the set of the classes under this relation, so the vector bundle over X x S? is

Ef — X x SQ
[x,2z,0] — (x,2).

We write this bundle as [E, f], and call f a clutching function for [E, f]. If f; : ExS! — ExS!
is a homotopy of clutching functions f; and f;, then using the same previous construction
we can construct a vector bundle over X x S? x I such that restricted to X x S? x {0} and
X x§%x {1} the vector bundles [E, fo] and [E, f1] are obtained respectively, thus by Proposition
2.5 [E, fo] = [E, f1]. Notice that when X is a point the previous construction is the particular
case of clutching functions over S¥. From construction it is evident that

[E1, f1] © [Ba, f2] = [E1 @ B2, f1 © fa]-
Example 3.6. By elementary calculation we have the following essential facts:

e [E,id] is the external product E x1 = u(E ® 1), or equivalently the pullback of E via the
projection X x S? — X.

e By the Example 2.17 we have that [1, 2] & H, where 1 is the trivial line bundle over the
space X consisting of a single point, z is multiplication by z in S! C C, and H is the
canonical line bundle over S? = CP'. More generally we have [1,2"] & H", the n-fold
tensor product of H with itself. The formula [1, 2"] = H™ holds also for negative n if we
define H~! = [1,271], which is justified by the fact that H @ H~! = 1.

o [E,2"|=FExH"=p(E®H") for n € Z.

e Generalizing this, [F,z"f] & [E, f] ® H™ where H™ denotes the pullback of H™ via the
projection X x S? — S2.
Notice that by the last two items we have [E,id]@ H" = [E, 2"] & ExH" and [E, 2| @ H"
[E, 2"t = E x H™"*. This observation will be used to prove the surjectivity of .

Now we give the main fact in this step.
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Proposition 3.1. Every vector bundle E/ — X x S? is isomorphic to the vector bundle [E, f]
for some vector bundle F — X and clutching function f : E x S' — F x S

Proof. Let $* = Dy U D_. We define E, := E'|xxp, for a = +,— and E = E'|x.(1}. As
D,, is contractible then the projection X x D, — X x {1} is homotopic to the identity map
X X Dy — X X Dy, therefore by the Theorem 2.1 E,, is isomorphic to the pullback of E by the
projection X x D, — X x {1}, and by elementary calculation this pullback is E x D,. Thus
we have the isomorphism h, : E, — E x D, which gives us the clutching function

fi=(hilpxst) o (h-|pxs) " ExS' = ExSh
Is a matter of calculation to show that E' = [E, f]. O

Second step: Now we show that any clutching function f : E x S' — E x S! can be ap-
proximated by a Laurent polynomial clutching function which have the form #(z,z) =
> lij<n @i (r)2* where a; : E — F restrict to a linear transformation a;(x) in each fiber p~1(z).
For this we approximate each continuous function f : X x S! — C for X a compact space by a
continuous Laurent polynomial function

(: XxSt = C
(@,2) = Yevan(@)", 2= e'?
where a,, : X — C is given by
1 2

T — f(z,e?)emag.
0

For » > 0 let

u(zx,r,0) E an ‘7L|ei"‘9.

nez

Notice that for 0 < r < 1 by compactness of X x S' we have that |f(z,e)| is bounded and
hence also |a, ()|, thus by comparison with the geometric series ) ", 0 < r < 1, this series
converges absolutely as (x,0) ranges over X x [0,27]. The following lemma will allow us to
conclude that sums of finitely many terms in the series for u(z,r, ) with r near to 1 will give
the desired approximations to f by Laurent polynomial functions.

Lemma 3.2. Asr — 1, u(x,r,0) = f(x,e?) uniformly in z and 0.

Proof. For r < 1 we have

> 1 21 ) _
u(zx,r,0) = Z g/O Tlnlem(eft)f(x,e”)dt

/27r 1 Z Inl gin(0—t)
r f(z, e’ )

n=-—oo

where the order of summation and integration can be interchanged since the series in the latter
formula converges uniformly, by comparison with the geometric series > ™. Define the Poisson

kernel -

1 n| in
P(T’,QO):% Z Tl ‘6 v

n=—oo
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for 0 <r <1 and ¢ € R. Then

2m
u(z,r,0) = / P(r,0 —t)f(z,e™)dt.
0

By summing the two geometric series for positive and negative n in the formula for P(r, ¢), one
compute that

1 1—r?
P =—|—.
(r:¢) 27 (1 — 2rcosyp + r2>
Three basic facts about P(r,¢) which we shall need are:

e As a function of ¢, P(r,¢) is even, of period 27, and monotone decreasing on [0, 7], since
the same is true of cosp which appears in the denominator of P(r,¢) with a minus sign.
In particular we have P(r,¢) > P(r,7) > 0 for all r < 1.

. 02” P(r,p)dp =1 for each r < 1, as one sees by integrating the series for P(r, ) term by

term.

e For fixed ¢ € (0,7), P(r,¢) — 0 as r — 1 since the numerator of P(r, ) approaches 0
and the denominator approaches 2 — 2cosp # 0.

Now to show uniform convergence of u(z,r,6) to f(z,e") we first observe that, using the second
point above, we have

2 2m
IU(Z‘, 7",9) - f(xa ei9)| = | / P(’I",9 - t)f(.l?, eit)dt - / P(T, 0 — t)f(l‘, eze)dﬂ
0 0
< P(r,0 —t)|f(z, ) — f(x,e?)|dt.

0
Given € > 0, there exist a § > 0 such that |f(x,e") — f(z,e?)| < & for |t — 0] < § and all
x, since f is uniformly continuous on the compact space X x S!. Let I5 denote the integral
[ P(r,0 —t)|f(z,e) — f(x,e?)|dt over the interval |t — ] < § and let I} denote this integral
over the complement of the interval |t — 8] < ¢ in an interval of length 27. Then we have

2
Iy < / Por0—tedt<c [ P(r0—t)dt ==
t—6|<s 0

By the first numeral in the previous properties of Poisson kernel the maximum value of P(r,0—t)
on |t —0| > ¢ is P(r,d). So

27
< P0d) [ 15 - fa e
0
The integral here has a uniform bound for all z and 6 since f is bounded. Thus by the last
paragraph we can make I§ < & by taking r close enough to 1. Therefore |u(z,r,0) — f(z,0)| <
Is + I, < 2. 0

Before showing the key result in this step, we state some facts:

e The endomorphisms of E x S! form a complex vector space End(E x S') with norm
||l = supj,|=1|a(v)| for a Hermitian inner product on E. By the triangle inequality, the
balls in End(E x S!) are convex.
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e The subspace Aut(E x S') of automorphisms is open in the topology defined by this norm
since it is the preimage of (0, 00) under the continuous map

End(E x§') - [0, 00)
« = inf(w,z)EXXSl|det(a(z7Z))|‘

Proposition 3.2. Every vector bundle [E, f] is isomorphic to [E, £] for some Laurent polynomial
clutching function ¢. Laurent polynomial clutching functions ¢y and ¢; which are homotopic
through clutching functions are homotopic by a Laurent polynomial clutching function homotopy

U(z,2) =, ai(x,t)2"

Proof. In order to show that every vector bundle [E, f] is isomorphic to [E, £] for some Laurent
polynomial clutching function ¢, notice that by previous observations it is enough to show that
Laurent polynomials are dense in End(E x S'), since a sufficiently close Laurent polynomial
approximation ¢ to f will then be homotopic to f via the linear homotopy ¢¢+ (1 —t) f through
clutching functions. Let {(U;,p;} be a trivialization cover of [E, f] with isomorphism ¢; :
p~t(U;) — U; x C™. Taking the standard basis {e;} of C" we can apply Gram-Schmidt process
to ;! (e;), in such way that ; takes the chosen inner product in p~*(U;) to the standard inner
product in C™. Now, let {\;} be a partition of unity subordinate to the covering {U;} and let
X; be the support of \;, a compact set in U;. Note that via ¢; for each (z,2) € X; x S! we have
the linear map f(z,z) : E, — E,, which can be viewed as a matrix, where the entries of this
matrix define functions X; x S! — C. By the previous lemma we can find Laurent polynomial
matrices ¢;(z,z) whose entries uniformly approximate those of f(z,z) viewed as matrix for
z € X;. It follows easily that ¢; approximates f in the norm || - ||. From the Laurent polynomial
approximations ¢; over X; we form by means partition of unity arguments the convex linear
combination £ = Y, \;¢;, a Laurent polynomial approximating f over all of X x S*. So ¢ and
f are homotopic via the linear homotopy t¢ 4+ (1 — t)f where the important fact is that this
homotopy is through clutching functions.

Finally, if ¢y and ¢; are homotopic Laurent polynomial clutching functions through clutching
functions, we can approximate by similar arguments a homotopy from ¢y and ¢;, viewed as an
automorphism of E x S! x I, by a Laurent polynomial homotopy ¢, then combining this with
linear homotopies from ¢y to £ and ¢, to ¢} to obtain a homotopy ¢; from ¢y to ¢;. O

The last basic observation in this part is that each Laurent polynomial clutching function

™q(x,z) for a polynomial

Uz, 2) = X jij<m a;(r)z* can be written in the form f(z,z) = 2~
clutching function q(,2) = am(x)2™ + -+ + ag(x). So we have [E, €] = [E,q] @ H~™ by the

Example 3.6. Thereby in short we have:

[E,f]=[E,q@H™™
for g = am(x)z2™+- - +ao(x) and H~™ denotes the pullback of H™ via the projection X x S —
S2.

Third step: In this step we reduce polynomial clutching functions to linear clutching functions
by the following result:

Proposition 3.3. Let ¢(z,2) = a,(z)z™ + -+ + ap(x) be a polynomial clutching function of
degree at most n, then
(B, q] @ [nE,id] = [(n+ 1)E, L"q]

for a linear clutching function L"q.
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Proof. 1t is clear that the matrix

1 0 0 0

0 1 0 0

0 1 0 0
A= .

0 0 O 1 0

0 00 0 q(x,2)

is a matrix representation of a clutching function for [nF,id] & [F,q]. On the other hand the
matrix

1 —z 0 . 0 0
1 -z e 0 0
0 0 1 0 0
B =
0 0 0 e 1 —z
an(z) ap—1(x) ap—o(x) -+ ai(z) ao(x)

defines an endomorphism of (n + 1)E by interpreting the (i, ) entry of the matrix as a linear
map from the j** summand of (n + 1)E to the i'* summand, with the entries 1 denoting the
identity £ — F and z denoting z times the identity, for = € S!. We can pass from the matrix
B to matrix A by a sequence of elementary row and column operations in the following way:

e In B, add z times the first column to the second column, then z times the second column
to the third. And general, add z times the it" column to the " column for 1 < i < n. So
we obtain the following matrix:

1 0 0 0

1 0 0

0 0 0 0

0 0 1 0
an(x) an(x)Z—l—an,l(x) T'((E,Z) q(ZL'7Z)

where 7(z,2) = an ()2t + ap_1(2)2" "2 + - + as(x)z + a1 (z).

e For each i < n, subtract the multiple a,, (2)2* = +a,_1(2)2" 2+ -+ an_ir2(T)2+an_i11(7)
of the i*" row from the last row to make all the entries in the last row 0 except for the
final ¢(z, z). Thus we obtain the matrix A.

Notice that these row and column operations are not quite elementary row and column opera-
tions in the traditional sense since the entries of the matrices are not numbers but linear maps.
However, by restricting to a fiber of E an choosing a basis in this fiber, each entry in the ma-
trices A and B becomes a matrix itself, so the expanded version of A has nonzero determinant,
and since each of the preceding row and column operations can be realized by a sequence of
traditional row and column operations on the expanded matrices and in addition this operations
preserve determinant, the expanded version of B is also invertible in each fiber. This means that
B is a automorphism of (n+ 1)E for each z € S, and therefore determines a clutching function
that have the form a(z)z+0b(z) and we denote by L™g, so it is a linear clutching function. As the
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elementary row and column operations can be achieved by continuous one-parameter families
such operations preserving determinant, then the matrices A and B define homotopic clutching
functions, producing isomorphic bundles, it is

[E,q] ® [nE,id] = [(n + 1)E, L"q].
O

Fourth step: The purpose of this part is to show that there is a splitting F = E, & E_ such
that [E,a(z)z + b(z)] = [E4,id] @ [E_, 2].

Lemma 3.3. Let b: E — E be an endomorphism having no eigenvalues on the unit circle S'.
Then there are unique subbundles £ and E_ of E such that:

a). E = E+ D E_.
b). b(Ei) C Fy.
¢). The eigenvalues of b|g, all lie outside S' and the eigenvalues of b|z_ all lie inside S*.

Proof. Consider first the algebraic situation of a linear transformation 7' : V' — V with char-
acteristic polynomial g(t). Assuming ¢(¢) has no roots on S' |, we may factor ¢(t) in C[t] as
q+ (t)g_(t) where g, (t) has all its roots outside S* and ¢_ (¢) has all its roots inside S' . Let Vi be
the kernel of g1 (T') : V' — V. Since ¢4 and g_ are relatively prime in C[t], there are polynomials
r and s with rqy +sq— = 1. From ¢4 (T)q—(T) = q(T) = 0, we have Imq_(T") C Kerg;(T'), and
the opposite inclusion follows from r(1")g+(T) + q—(T)s(T) = Id. Thus Kerg,(T) = Imqg_(T),
and similarly Kerq_ (T') = Imgy (7). From g4 (T)r(T)+q—(T)s(T) = Id we see that Img, (T') +
Img_(T) =V, and from r(T)q+(T)+s(T)q—(T) = Id we deduce that Kerq, (T)NKerq_(T) = 0.
Hence V.= VL @ V_. We have T(Vy) C Vi since ¢+ (T)(v) = 0 implies ¢+ (T)(T(v)) =
T(g+(T)(v)) = 0. All eigenvalues of T|Vy are roots of gt since ¢+ (7T) = 0 on Vi. Thus
conditions (a)-(c) hold for V; and V_.

To see the uniqueness of V4 and V_ satisfying (a)—(c), let ¢/, be the characteristic polynomial
of T|V4, so ¢ = ¢/.q"_. All the linear factors of ¢/, must be factors of ¢+ by condition (c), so
the factorizations ¢ = ¢/, ¢ and ¢ = g4q_ must coincide up to scalar factors. Since ¢, (7T') is
identically zero on Vi, so must be ¢4 (7'), hence Vi C Kerqy (T). Since V =V, @ V_ and
V = Kerq, (T') ® Kerq_(T'), we must have V. = Kerqy (T'). This establishes the uniqueness of
Ve

As T varies continuously through linear transformations without eigenvalues on S*, its charac-
teristic polynomial ¢(t) varies continuously through polynomials without roots in S! . In this
situation we assert that the factors g+ of ¢ vary continuously with ¢, assuming that ¢, ¢4 , and
q_ are normalized to be monic polynomials. To see this we shall use the fact that for any circle
C in C disjoint from the roots of ¢, the number of roots of ¢ inside C' , counted with multiplicity,
equals the degree of the map v : C — S | v(2) = ¢(2)/|q(2)|- To prove this fact consider first
the case of a small circle C' about a root z = a of multiplicity m, so ¢(t) = p(t)(t — a)™ with
p(a) # 0. The homotopy
_ plsa+(1—s)z)(z —a)™
P st -9 - 0]

gives a reduction to the case (t — a)m, where it is clear that the degree is m. As the circle C' is
gradually enlarged, the map v changes only by homotopy, leaving its degree unchanged, except
when C'is enlarged to enclose another root of g. In this case the new loop C' is homotopic to the
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composition of the old loop C' with a small loop about the new root, so the degree of « for the
new C' is the sum of the old degree plus the degree for the small loop. The result then follows
by induction.

For a small circle C' about a root z = a of g of multiplicity m, small perturbations of g to nearby
polynomials ¢’ produce small perturbations of the map ~ to nearby maps 4 which are therefore
homotopic to v, having the same degree, hence ¢’ also has m roots ay, ..., a,, inside C. Thus the
factor (z —a)™ of g becomes a factor (z—aq) - - (2 —ay,) of the nearby ¢’. Since the a;’s are near
a, the factor (z —a)™ of ¢ is close to the factor (z —ay) -+ (2 — am) of ¢’ since multiplication of
polynomials is a continuous operation. Taking the products of these factors for the roots inside
or outside the unit circle, we conclude that ¢/, is close to gy, so the factorization ¢ = g4g-
varies continuously with ¢, as claimed.

Next we observe that as T' varies continuously through transformations without eigenvalues in
St, the splitting V = V, @ V_ also varies continuously. To see this, recall that V, = Imq_(T)
and V_ = Imgq;(T). Choose a basis v1,...,v, for V such that ¢_(T)(v1),...,q—(T)(vg) is a
basis for V. and ¢4 (T)(Vk+1); ---, ¢+ (T)(vn) is a basis for V_. For nearby T these vectors vary
continuously, hence remain independent. Thus the splitting V' = Imq_(T") @ Imgy (T') continues
to hold for nearby 7', and so the splitting V' = V @ V_ varies continuously with 7. It follows
that the union E1 of the subspaces V4 in all the fibers V of E is a subbundle, and so the proof
of the lemma is complete. O

Proposition 3.4. Given a bundle [E,a(z)z + b(z)], there is a splitting £ = F, & E_ with
[E, alx)z + b(@)] = [Eyid) & [E_, 2).

Proof. The first step is to reduce to the case that a(z) is the identity for all z. Notice that the
substitution z > (2 +t)/(1 4 tz) for 0 <t < 1 takes S! to itself, since if |z| = 1 we have

z+t
1+tz

Z(z+1)
14tz

1+1tz
1+tz

w
-

w
So applying this substitution to a(x)z + b(x) and then multiplying by the nonzero scalar 1+ tz,
we obtain an invertible linear transformation

z+t
A(t) == (1 +tz) (a(x) e + b(:ﬁ))

for 0 <t < 1. Therefore A(t) defines a homotopy of clutching functions as ¢ goes from 0 to
to < 1, where for t = 0 this is equals a(z)z + b(z). This give us the isomorphism [E,a(z)z +
b(z)] = [E, A(tg)] for tg near to 1. But by elementary calculations we have A(z) = (a(z) +
th(x))z + ta(z) + b(x). Now notice that in this expression the term a(z) 4 tb(x) is invertible
for t = 1 since it is the restriction of a(z)z 4+ b(z) to z = 1, and as the continuous function
t — inf e x|det(a(x) + tb(x))| is nonzero for ¢ = 1, hence also for ¢ near 1. Thus a(z) + tb(x) is
invertible for ¢ = to near 1. Now we use the simple general fact that [E, f - g] = [E, f] for any
isomorphism g : E x St — E x S, to this specific situation taking f(z,z) = (a(x) + th(x))z +
ta(x) + b(z) and g(z,z) = (a(x) + tob(z)) !, allows us to replace the clutching function A(tg)
by the clutching function z + (tpa(x) + b(z))(a(z) + tob(z)) ™!, reducing to the case of clutching
function of the form z + b(x). Since z + b(x) is invertible for all z, b(z) has no eigenvalues on
the unit circle S', so by previous lemma we have the splitting

[E,z+b(x)] = [Ey, 2+ by ()] ® [E-, 2 + b (2)]
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where b, and b_ are the restrictions of b. Since b, (x) has all its eigenvalues outside S!, the
formula ¢z + by b(z) for 0 < ¢ < 1 defines a homotopy of clutching functions from z + b4 (z) to
by (x). Hence [E4, z+bi(x)] = [E4, by (z)] = [E4,1d]. Similarly, z+tb_(x) defines a homotopy
of clutching functions from z + b_(z) to z, so [E_,z + b_(z)] = [E_, z]. So we get the desired
result

(B, ale)z + ()] = [Ex,id] @ [E_, 2].
O

Note that the first step of reducing to the case when a(x) is the identity clearly respects sums,
and the other hand, the uniqueness of the +-splitting in Lemma 3.3 guarantees that it preserves
sums. Therefore the splitting

(B, a(x)z + b(a)] = [E-,id] & [E_, ]
constructed in the previous proposition preserves direct sums, in the sense that the splitting for
a sum [El ® Es, ((112’ + bl) &) ((IQZ + bg)] has (El D Eg)i = (El)i D (Eg)i.

Fifth step: Finally we can prove the Bott periodicity theorem.

Theorem 3.1. The homomorphism p : KY(X)®Z[H]/(H-1)? — K°(X xS?) is an isomorphism
of rings for all compact Hausdorff spaces X.

Proof. By previous propositions we have that each vector bundle on X x S? is isomorphic to
a vector bundle of the form [E, f] for some vector bundle E on S? and a polynomial clutching
function f. Further we have in K°(X x S?)

[E, f]=[E,z
= [BE,q @ H ™
[(n+1)E,L"q® H™ — [nE,id] @ H™™
[(n+1)E);,id| @ H™ +[(n+ 1)E)_, 2] @ H™ — [nE,id| @ H™
(n+DE) *H ™+ ((n+1)E)_«H'"™ —nExH ™

gl

Clearly this expression is in the image of u. Hence p is surjective.

For the injectivity of y we shall construct v : K°(X x §?) — K°(X)® Z[H]/(H — 1)? such that
= id. The following identities allow us to define u([E, f]). For deg g < n we have:

[(n+2)E,L" g = [(n+1)E,L"q @ [E,id].

The matrix representation of L"t1q is

1 -z 0 0 0
1 —z 0 0
0 0 0 1 —z

jen)
S
3
—
&
=
S
i
-
—
8
N
S
=
—
8
N
IS
S
—
8
N
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Add z times the first column to the second column we have

1 0 0 e 0 0

1 —z 0 0
0 0 0 1 —z
0 an(z) apn—1(z) - ai(zx) ao(z)

where the first row and column give the summand [E, id] while the rest of the matrix gives
[(n+1)E, L"q].

[(n+2)E, L"(g2)] = [(n + 1)E, L"q] & [E, 2].

The matrix representation of L"!(zq) is

1 —z 0 0 0

0 1 —z 0 0

0 0 0 1 —z
an(x) ap—1(x) ap—o(x) -+ ap(z) O

Add 27! times the last column to the next-to-last column and exchanging the last row
with the next-to-last row we have

1 —z 0 0 0

0 1 -z 0 0
an(z) ap—1(z) apn—2(x) -+ ap(z) O

0 0 0 e 0 —z

The first n+1 block in the matrix is the representation of summand [(n+1)E, L"q| and the
last row and column give the summand [F, —z]. But [E, —z] 2 [E, 2|, since the clutching

function —z being the composition of the clutching function z with the automorphism —1
of E.

3. For [E,id] the summand F_ is 0 and F, = E.

Applying the procedure at the beginning of the proof of before proposition in step fourth,
which replaces a clutching function a(z)z + b(z) by the clutching function z + (tpa(x) +
b(z))(a(z) + tob(z))~! with 0 < o < 1, in the case in that a(z)z + b(x) = id this yields
z+ talid. Since tglid has only the one eigenvalue tal > 1, we have E_ = 0.

4. For [E, z] the summand F; is 0 and E_ = E.
The clutching function z is in the form z + b(z) with b(x) = 0, so 0 is the only eigenvalue
of b(x) and hence E; = 0.
Suppose we define

v: KX xS§?) — K%(X)®Z[H]/(H —1)?
[E,27™q] +~ (n+1E)_®@H-1)+EH™.
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For n > deg ¢. Using the fact that the +-splitting preserves direct sums, by the formulas (1)
and (3) we have that ((n+ 2)E)_ = ((n+ 1)E)_, so the minus summand is independent of n,
thus v([E, 2~ ™¢]) does not depend on n. To see that it is independent of m we must see that
it is unchanged when z~™q is replaced by 2™ !(zq). By (2) and (4) we have the first of the
following qualities:

v([E, 2 " N 2g))=((n+D)E)-@(H-)+ExH-1)+ExH ™!
=((n+1)E)-@H-1)+E@H ™-H ™"
+E@H ™!
(n+1)E)-®@H-1)+E@H™
= v([E, 27" ().
The second equality uses the relation (H — 1)? = 0 which implies H(H — 1) = H — 1 and hence

iterating we have that H —1 = H~™ — H~™"! for all m. The third and fourth equalities are
evident operations.

Another choice which might perhaps affect the value of v([E, z7™(q)]) is the constant ¢ty < 1 in
the proof in the proposition in the before step. This could be any number sufficiently close to 1, so
varying to gives a homotopy of the endomorphism b in Proposition 3.4 in the previous step. This
has no effect on the +-splitting since we can apply the same proposition to the endomorphism
of E x I given by the homotopy. Hence the choice of ¢y, does not affect v([E,z7™(q)]). It
remains to see that v([E, 27 ™(q)]) depends only on the bundle [E, z~™¢], not on the clutching
function z~™gq for this bundle. We showed that every vector bundle over X x S? has the form
[E, f] for a normalized clutching function f which was unique up to homotopy, and we showed
that Laurent polynomial approximations to homotopic f’s are Laurent-polynomial-homotopic.
Applying propositions in steps third and fourth over X x I with a Laurent polynomial homotopy
as clutching function, we conclude that the two bundles ((n+1)E)_ over X x {0} and X x {1}
are isomorphic. So v([E, 2z~ (q)]) is well-defined.

As the + splitting preserves sums and L™(g1 @ ¢2) = L™q1 @ L™qo, then by definitions we have
that v takes sums to sums. It follows that v extends to a homomorphism K°(X x §?) —
K°(X)® Z[H]/(H — 1)~

We observe that the group Z[H]/(H — 1)? is generated by 1 and H, so in view of the relation
H + H~! = 2, which follows from (H —1)? = 0, we see that K°(S?) is also generated by 1 and
H~'. Thus in order to verify that vu = id it is enough to check the equation on elements of the
form E® H=™ for m > 0. We have

vpu(E @ H™™) = W([E,="™)
—FE_ @H-1)+E®H™
=FEQH™ ™

since E_ = 0, the polynomial ¢ being id so that (3) applies. O

3 Cohomological properties

The main reason that ordinary cohomology is computable is the Mayer-Vietoris principle, which
allows one to compute the cohomology of a space in terms of that of its pieces. Roughly, the
Mayer-Vietoris principle is a conservation rule for the total cohomology, and it is essential to
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this conservation rule that all cohomology groups are considered. In what follows, we will see
that Bott periodicity provides similar long exact sequences for K-theory. We will closely follow
Atiyah [Ati67] and [Ati62].

Definition 3.4. A compact pair (X,Y) is a pair of compact topological spaces where Y is a
subspace of X. A morphism f : (X,Y) — (X', Y”) is a morphism f : X — X’ which sends Y’
to Y.

If (X,Y) is a compact pair, we will denote by X/Y the quotient space of X where all the points
in Y are identified. We will denote by € the category of compact spaces, by CT the category
of compact spaces with a base point and G2 the category of compact pairs. There are natural
functors:

A= ;. X (X,9),
B:e*—=Ct ; (X,)Y)~ (X/Y,Y/Y).
For any X in € we denote by X the pointed space B(A(X)), which is just the disjoint union
of X and a point.

In what follows we denote the K-theory K simply by K.

Definition 3.5. The reduced K-group of a pointed space X, denoted K (X) is the kernel of
the map ¢* : K(X) — K({z}), where ¢ is the inclusion of the base point.

The pull back by the projection map 7 : X — {z} gives a splitting for ¢*, since applying the K
functor to
{2} = X 5 {z}

that is the identity map on {z}, we obtain
K({z}) = K(X) — K({z})
i.e. (iom)* =id*,so that there is a natural isomorphism:
K(X)2K(X)® K({z}) = K(X) & Z.

Where the last equality is by the Example 3.3. This decomposition is natural with respect
to based maps and therefore the reduced K-group defines a functor from pointed spaces to
commutative rings.

Definition 3.6. The relative K-group of a pair, denoted K (X,Y) is:

K(X,Y):= K(X/Y).

Notice that for any compact space there is a natural isomorphism K(X) = K(X ™), therefore
we have that in particular K (X, 0) = K(X). Furthermore, since K is a functor on €* it follows
that K(X,Y) is a contravariant functor of (X,Y) in €2.

Before we continue we will describe some other constructions we will need.

Definition 3.7. Suppose that X € €, the cone of X, denoted C'(X) is the space:

C(X):=XxI/X x{1}.
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X a(x)

We consider the cone to be a pointed space in the obvious way. The space X can be seen as a
subspace of C'(X) by identifying X with X x {0}.
Definition 3.8.

e The unreduced suspension of X is the space C(X)/X x {0}.

S5(X)

e The smash product of two pointed spaces (X, z) and (Y,y) is the pointed space:

XAY =X xY/(X x{y}U{z} xY).

The smash product is associative in the sense that there are natural homeomorphisms:
XANYANZ)Z2(XAY)AZ,
which we will use freely in what follows.

Example 3.7. The smash product of two circles is a sphere. To see this we first note that
St x S! gives the torus:
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and then quotienting by X x {y} U {z} x Y means identifying the edges of the square in the
above diagram, and so we obtain a sphere.

We denote by I the unit interval and consider the sphere S™ as a pointed space via the identifi-
cation S™ 2 ™ /JI. There is a natural homeomorphism

S*=StA-.-ASh
Definition 3.9. The reduced suspension of a pointed space is:
S(X):=S'AX.

By the associativity of the smash product, iterating the reduced suspension n times has the
effect of taking smash product with S”. We denote the iterated suspension of X by S™(X) and
thus:

S (X)=S80--08(X)=S'A-- - ASTAX ZS"AKX.

Definition 3.10. For n > 0:

K"(X):= K(S"(X)) if Xeet,
K ™X,Y):=K ™X/Y)=K(S"(X/Y)) if Xe¢?
K"(X):=K(S"(X") if XeC

It seems that our notation for the suspension of a pointed space is ambiguous, since we denote
by S(X) both the reduced and the unreduced suspension of X. This abuse of notation should
not be problematic from the point of view of K-theory. Suppose that (X, z¢) € C* then, by the
functoriality of the cone, there is a natural inclusion map:

I'=S5({zo}) = S(X),

such that the by collapsing I C S(X) to a point, one obtains the reduced suspension of X. The
following lemma justifies our choice of notation:

Lemma 3.4. Suppose that (X,Y) € €2 and Y is a contractible space. Then the quotient map
7m: X — X/Y induces an isomorphism 7* : K(X/Y) — K(X).

Proof. We will construct an inverse map 7,. Suppose that E is a vector bundle over X. Then,
since Y is contractible we know that F|Y is a trivial bundle and we fix an isomorphism ¢ :
E|Y =2 n . We observe that, since Y is contractible, any two such isomorphisms are homotopic.
We define the bundle 7. (E) over X/Y as follows: as a space it is the quotient of E by the
equivalence relation that identifies v € E, with v’ € E,/ if ¢(v) = ¢(v’). Since the identification
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is linear, the fibers of the projection 7, (F) — X/Y have the structure of vector spaces. We
only need to check local triviality of this bundle around the point Y/Y', for this we observe that
by the Lemma 2.4, ¢ can be extended to an open set open set U DY . It is immediate to check
that the function =, is an inverse to 7*. O

Definition 3.11. If (X,Y) € €2 we define the relative cone of of Y in X to be the space:
xXvey)=x[[cw)/ ~,

where ~ is the equivalence relation that identifies a point y € Y C X with a point (y,1) € C(Y).

(X,Y) xXucly)

We view the relative cone as a pointed space with base point that of C(Y"). There is an obvious
homeomorphism:

XUC(Y)/X = S8(Y).
We conclude that if Y € €1 then:
K(XUCY),X)=2K(CY)/Y)2KSY)) =K (Y).

Lemma 3.5. Suppose that (X,Y) € €2 and denote by ¢ : ¥ < X and 7 : X — X/Y the
obvious inclusion and projection maps. Then the sequence:

* *

K(X,Y) T K(X) ——= K(Y),

is exact.

Proof. In order to prove that (mo¢)* = t* o71* = 0 we observe that o ¢ factors through the
space Y/Y, whose reduced K group is zero. It remains to show that ker(¢*) C Im(n*). The
general element in the kernel of ¢* is of the form [E] — [n] and satisfies the property that

ElYem=n&m.

Since F @ m is trivial over Y, by Lemma 2.4 it is trivial over some open containing Y and
therefore the bundle E & n descends to the quotient X/Y, whose class in K(X,Y) we denote
by [E @M](X/Y)- Set

n:=[E®n)x/y)— mo&m] e K(X,Y),

then:
™) = [E®m] - [m&n] = [E] - [n].
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Corollary 3.1. If (X,Y) € €2 and Y € €*, then the sequence:

* ~ * ~

K(X,Y) T K(X)—“= K(Y),

is exact.
The following technical results will be essential in what follows.

Lemma 3.6. For any X € €T we view a function f: X — GL,(C) as a clutching data for the
trivial bundle over the north and south cones of S(X) and write E; for the associated bundle.
The map:

[X,GL,,(C)] — Vect,,(S(E)); f— Ey,

is an isomorphism of sets.

Proof. Let E be a vector bundle of rank k over S(X). Since the north and south cones of S(X)
are contractible, we know the restriction of F to those subspaces is trivial. We conclude that
the map above is surjective. In order to prove injectivity, suppose that there is an isomorphism
¢ : Ef — By, and denote by ¢, o~ the restriction of ¢ to the north and south cone. Since
these cones are contractible, ™, ¢~ are homotopic to the constant function equal to the identity.
Then we consider the commutative diagram of vector bundles over X:

Iy
l«pIX
45’)&.

Because ¢ ™, ¢~ are homotopic to the identity, so are there restrictions to X and we conclude

et|Xx

[~ <—— |

that f and g are homotopic. O

Lemma 3.7. Using the same notation as in the previous lemma, for any X € € the map:

lim [X, GL,(C)] — K(S(E)); f+~ [Ef] — [n],

n—oo
is an isomorphism of groups.

Proof. Let us first prove that the map above is a bijection of sets. In order to prove surjectivity,
we observe that the general element in K(S(X)) is of the form [E] — [n], where E is some
vector bundle of rank n. By the previous lemma, F is of the form E; for some f. Similarly,
injectivity is a consequence of the lemma above. Let us now check that the map is a group
homomorphism. For this it suffices to prove that the two maps GL,(C) x GL,(C) — GL,(C)

given by the formulas:
A 0
A B
() p)

(A,B) — ( Af (1))

and

are homotopic. A specific homotopy is given by the formula:

aam = (5 ) (ot w0 ) (6 2) (26 22
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where t € [0, T]. O
Corollary 3.2. Let T :S! — S! be defined by
Tt)=1-t.
For Y € €T we denote by TA1:S(Y) — S(Y) the induced map. Then, for any o € K(S(Y)):
(T A1) () = —au.

Proof. Under the isomorphism given by the Lemma 3.6, the map (T A 1)* corresponds to the
map f +— f~!, which is the inverse operation in the group K(S(Y)). O

We are now ready to prove the existence of a long exact sequence in K-theory.
Theorem 3.2. For any (X,Y) € €2 there is a long exact sequence:

S KUY S KMXLY) T KMX) S KTN(Y) - — KOY)

Proof. First we observe that it suffices to prove that for (X,Y) € €2 and Y € C*, there is an
exact sequence:

~ *

K Y(X) > KY(Y) —2> KO(X,Y) == K(X) ——> K°(Y) (3.2)

Indeed, for n > 0 one obtains the sequence above by applying sequence (3.2) to the pair
(S™(X),S8™(Y)). For n = 0 one applies (3.2) to the pair (X*,Y"). We will now prove the
existence of the sequence (3.2). Our first task is to define the connecting map 9 : I?_l(Y) —
K(X,Y). We will apply Corollary 3.1 to the pair (X UCY, X), so we obtain the exact sequence:

K(XUCQY,X) =KX UC(Y)) = K(X).
On the other hand, there is a natural homeomorphism
XUCY/X=2CY/)Y =5(Y),
which induces an isomorphism:
a: K71 S(Y) 2 K(XUCY,X).
Moreover, since C'Y is contractible then the quotient map
XUCY - XUCY/CY 2X/Y

induces an isomorphism:
B:K(X,)Y)— K(XUCY).
We define the map ¢ by the property that the following diagram commutes:

*

K(XUCY,X) = K(XUCY)) ™ K(X) (3.3)

T

K-1(Y) K(X)Y) —— K(X).
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It remains to prove that the sequence (3.2) is exact. Exactness at the last place is the content
of Corollary 3.1 while exactness at the second place follows from the isomorphism of sequences
(3.3). It remains to prove that the sequence is exact at the first place. We will again apply
Corollary 3.1, this time to the pair

(XUuCYuClCX,XuUcCy).
We obtain an exact sequence:
K(XUCYUCX,XUCY)“ > K(XUC(Y)UCX) == K(XUCY).
On the other hand, there is a natural homeomorphism
XUCYUCX/(XUCY)=(CX/X = 5(X),
which induces an isomorphism:
7: K HX)2 K(XUCYUCX, X UCY).
Moreover, since C'X is contractible then the quotient map
XUCYUCX - XUCYUCX/CX =2 S(Y)

induces an isomorphism:
0: K YY) = K(XUCY UCX).

In order to prove the exactness of the sequence (3.2) at the first place, it suffices to show that
the following diagram commutes up to a sign:

K(XUCYUCX,XUCY)™ = K(XUC(Y)UCX)"—= K(XUCY) (3.4)
] -k
K-1(X) ™ K YY) —2 S~ K(X,Y).

First let us consider the square on the right. In view of the definition of 4, it suffices to prove
that the following diagram commutes:

K(XUCY)UCX) L= K(XUCY)

] B

K(XUCY/X) —"—= K(X UCY).

This is true because it comes from a commutative diagram at the level of spaces. Finally, we
need to prove that the square on the left commutes up to a sign. We will denote by C; and Cy
the two types of cones that appear in the construction and note that there is a commutative
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diagram of spaces:

XUCYUCX T C1(Y))Y = SY
C1Y U CY
Co(X)/X CoY/)Y ——= SY.

In the above diagram, the maps denoted by 7 induce isomorphisms in the K-groups. In view of
Corollary 3.2, we know that the following diagram commutes up to a sign:

K(C1Y)Y)<~—— K(SY)

/

K(Cly U CQY)

T

K(CoY/)Y) <—— K(SY).
This implies what we had to prove. O

We will now see how the periodicity theorem allows to extend the short exact sequence to the
right.

Lemma 3.8. Suppose that (X,Y) € €2. A retraction p : X — Y induces an isomorphism:
K "X)2K "X, Y)a K "(Y)

Proof. Since the inclusion is a split map we know that .* is surjective and therefore the con-
necting maps are zero. The map p* gives a splitting for the resulting short exact sequences. [

Lemma 3.9. Suppose that X, Y are pointed spaces. Then, for all n > 0, the projections induce
isomorphisms:

K "X xY)2K "XAY)®a K "(X)e K ™(Y)

Proof. Since X has a base point then Y is a subspace of X x Y with a retraction given by the
second projection, thus by Lemma 3.8 there is an isomorphism:

KX xY)2K™XxY,Y)® K "™Y)
Also, since Y is pointed, X is a retract of (X x Y/Y") and therefore:
K "X xY/Y)2 K "XAY)® K "(X).
O

By the previous Lemma we see that for X,Y pointed spaces, there is a short exact sequence:

05 KOXAY) = KAX xY)—= KOX)® KO(Y) = 0,
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where the map on the right is the sum of the maps induced by the inclusions.

By definition, if a € K°(X) and b € K9(Y) then the external product is a * b = 7} (a)m5(b) €
K°(X x Y) and has 75 (a) restricting to zero in K°(Y') and p3(b) restricting to zero in K°(X),
thus 7} (a)m3 (b) restricts to zero in both K°(X) and K°(Y). In particular a*b lies in K°(X xY),
and by before short exact sequence a * b pulls back to a unique element of K 9(X AY), hence
we have define the reduced external product K°(X)® K°(Y) — K9(X AY). From Lemma
3.9 we get the following commutative diagram

K9(X)® K°»Y) — (K°(X) @ K°(Y)) & K°(X) @ K°(Y) & Z

| |

KY(XxY)——— = KX AY)® K'(X) & K°(Y) & Z.

Therefore the reduced external product is a ring homomorphism that is a restriction of the
unreduced external product. Thus, we obtain a pairing:

KY(X)® K°(Y) - KO (X AY).
Replacing X by X/Y and Y by X'/Y”’ we get to
KX, V) KX Y) - KX x X',]Y x X'UX xY) (3.5)

For (X,Y),(X",Y’) € €2

Since
S”X/\S”Y:S"AS’”AXAY:S’”+”(XAY),

we obtain also: N N N
KT"X) KT™(Y)—> K™ ™"XAY),

which when applied to X and Y becomes the pairing:
K (X)) K~"(Y) = K~ "(X AY),

for any two spaces X,Y.

By the periodicity Theorem 3.1 K°(S?) ® K(X) — K%(S? x X) is an isomorphism, so by the
previous commutative diagram the reduced external product K°(S?) @ K°(X) — K9(S2A X) is
an isomorphism, and by the Lemma 3.4 the quotient map S™X — S”AX induces an isomorphism
on K°. Hence, K°(S2AX) = K9($2X), therefore we obtain the isomorphism K°(S?)@ K (X) —
K°($2X). So we define the homomorphism 8 : K°(X) — K9(S2X) as the composition

K%(X) = K°(8?) @ K°(X) — K°(S%X)

where the first map define as a — (H — 1) % a is an isomorphism sice I?O(Sz) is infinite cyclic
generated by H — 1, and the second map is the previous isomorphism. Therefore we have proved
that:

Theorem 3.3. The homomorphism 8 : K9(X) — K°(S2X) given by a — (H — 1) * a is an
isomorphism for all compact Hausdorff space X.

Corollary 3.3. We have the following consequences of Bott periodicity theorem:
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o K(S2"t1) = 0 and K (S?") = Z, generated by the n-fold reduced external product (H —
)*---x(H—-1).

e The external product K(S?*) @ K(X) — K(S** A X) is an isomorphism since it is an
iterate of the periodicity isomorphism.

e The external product K (S?*) ® K(X) — K(S?** x X) is an isomorphism.

4 Atiyah-Bott-Shapiro construction

To adapt K-theory to the theory of elliptic operators, we will give an alternative definition
of the group K(X,Y). We will closely follow [Ati63]. We shall work in the category of finite
CW-complexes and pairs of complexes.

Definition 3.12. For Y C X a closed subspace and for each n > 0 we define the set £,(X,Y)
of sequences

On—1

E=0—E, "™ E, 1 "5 E, 9— % Ey—0)

where the E; are vector bundles on X, the o; are bundle morphisms defined on Y such that
0= Euly 2% Eyaly 25 - = Eily 25 Eoly — 0

is an exact sequence for the restriction to Y. These sequences are also denoted by

E=(E,,...Eyon,...,01)

Two such elements F = (E,, ..., Eo; 0y, ...,01) and E' = (E),, ..., Ej; 0),, ...,01) are said isomor-
phic if there are bundle isomorphisms h; : E; — E} on X so that the diagram

a4
£, ——F;_,

/ /
E; 7 Ei
i

commutes on Y for each i.

An elementary sequence in £,(X,Y) is one in which
e I, =FE; 1, 0; =id, for some 1.
o E; ={0},for j#iori—1.

The direct sum E @& F of two sequences in £,,(X,Y) is defined in the obvious way. We consider
now the following equivalence relation:

Definition 3.13. Two elements E, E’ € £,(X,Y) are defined to be equivalent, denoted by
E ~ FE', if there exist elementary elements E, ..., E;, F, ..., F; € £,,(X,Y) and an isomorphism

EQoE @ ®E~E&F & - @ F,.
The equivalence class of an element E = (E,, ..., Eo; oy, ...,01) will be denoted by

[Er, ..., Eo;ony .oy 01].
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The set of equivalence classes will be denoted by L,(X,Y). The operation @ induces on
L,(X,Y) an abelian semigroup structure. If Y = (§ we write L, (X) = L, (X, 0).

Consider the natural map £,(X,Y) = £,41(X,Y) given by
(Eny -y Eg; 00y ecy01) = (Bny ooy B9, 0500, .., 01, 0).
In this way we get inclusions
L1(X)Y) = Lo(X)Y) = - L X)Y) — - -
and we put £L(X,Y) = Lo(X,Y) = lim, 0L, (X,Y). These induce homomorphisms
LiX,Y) = Lo(X,Y) = - Ln(X,Y) = --- .

By an equivalence relation as above applied now to sequences of finite but unbounded length,
we obtain from £(X,Y)

L(X,Y) = Loo(X,Y) = limy_ye0 Ly (X, Y).
Definition 3.14. A space X with basepoint x¢ is said to be n-connected if m;(X, zg) = 0 for
1 <n.

Lemma 3.10. Let p: E — X and ¢ : F — X be vector bundles on a finite CW-complex X
and f: E — F a monomorphism on Y. Then if dim F' > dim FE + dim X, f can be extended
to a monomorphism on X and any two such extensions are homotopic.

Proof. Consider the sub-bundle Mon(E, F') of Hom(E, F') on X whose fibre at © € X is the
space of all monomorphisms FE, — F,. This fiber is homoeomorphic to GL,,/GL,,_,, where
n = dimF, m = dimFE, and so it is (n —m — 1)-connected. Hence cross-sections can be extended
and are all homotopic if

dimX <n-m—1=dimF — dimFE — 1.
But a cross-section of Mon(E, F) is just a global monomorphism F — F by the Remark 2.7. O

Lemma 3.11. The induced map L,(X,Y) — L,+1(X,Y) is an isomorphism for n > 1.

Proof. Let £,,11(X,Y) denote the subset of £,,;1(X,Y) consisting of sequences E such that
dim E,, > dim FE,,+1 +dim X (1)

If n > 1 then given any F € £,,41(X,Y’) we can add an elementary sequence to it so that it will
satisfy (1), hence £,1(X,Y) — L,4+1(X,Y) is surjective. Let

On41

E=0—-Ey —“5E, 2 E, 1 —---—=Fy—0)€Lly

then by the previous lemma 0,41 can be extended to a monomorphism o}, : E, 41 — E, on

the whole of X. Set
E,

L -
E, :=coker o, ; = ———,
im o},
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let P be the elementary sequence 0 — E,, 1 d, FEn+1 — 0 and let

On—1

E=0—E " FE, 2 %E, 3= —E—0) € Llp
where p!, is defined by the commutative diagram on Y’

En47T>E;L

,
x lpn

Enfl

Consider the diagram

Epp1 —%> Epy1 —2—>0
id On+1 0
,
Bppr B, — "
0 o o,

Is clear that each of the squares in this diagram commutes. We claim that E' € £,. For
the injectivity of pl,, let @ € ker p,, C E!, then there is «/ € E, such that n(z') = z, so
on(x') = pp(n(2')) =0, ie., 2’ € ker 0, = im 0,41, thus 2’ € im 0], on Y, therefore z =
m(z") = 0. For the exactness in E,_1, let x € im p], C F,,_1, then there is y € E/, and ¢ € E,,

such that pf,(y) = z and n(y') = y, thus on,_1(2) = on_1(p,(7(Yy"))) = on-1(on(y)) = 0,
ie., x € ker 0,,_1. Finally, if x € ker 0,1, then z € im o,, so there is y € FE, such that
z = 0y(y) = pp(7(y)), thus = € im pf,.

Therefore the splitting of the exact sequence on X
0= Enpr 25 B, B EL >0

define an isomorphism P ® E' =2 FE in £, 1(X,Y).

If o), is another extension of ¢, leading to a sequence E”, then by previous lemma E’ = E”
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and this isomorphism can be taken to extend the given one on Y, i.e., the diagram

’
P
/ n
E, "B, ,

Lk

1"
En — En

n

commutes on Y. Hence E' =2 E” in £,(X,Y) and so we have a well-defined map E — E’ from
the isomorphism classes in £,,41(X,Y) to the isomorphism classes in £,,(X,Y’). Moreover, if

Q=0—-Qn+1 2 Qrn—0), R=0—=R;, > R;_1 —0), i<n
are elementary sequences, then
(E®Q) =F, (E®&R/=FE &R

Hence the class of E’ in L,(X,Y) depends only on the class of F in L,41(X,Y). Since

Lnt1(X,Y) = L, 11(X,Y) is surjective it follows that E — E’ induces a map L,11(X,Y) —
L,(X,Y). From this construction it is immediate that its composition in either direction with
L,(X,Y) = L,+1(X,Y) is the identity. O

By induction on n and then passing to the limit we have:
Corollary 3.4. The homomorphisms Ly (X,Y) — L,(X,Y) are isomorphisms for 1 < n < oo.

Definition 3.15. An Euler characteristic for £,,(X,Y’) is a natural transformation of functors
X Ln(X,Y) = K(X,Y)

which for Y = (} is given by

Notice that if Y = 0, E — Y (—1)E; gives a well-defined map L, (X) — K(X). Our purpose
is to show that there exists a unique Euler characteristic.

Lemma 3.12. Let A be a semigroup with an identity element 1, B a group with identity
element e, ¢ : A — B an epimorphism with ¢~!(e) = 1. Then ¢ is an isomorphism.

Proof. If we prove that A is a group, then ¢(a) = ¢(b) implies that ¢(ab™!) = e, a = b, so
we have the injectivity of ¢. For any a € A, by surjectivity of ¢ there exist a’ € A such that
¢(a’) = ¢(a)~", hence e = p(a)p(a) " = p(a)p(a’) = d(aa’), s0 aa’ = 1. O

Lemma 3.13. Let x be an Euler characteristic for £1(X), then x : L1(X) — K(X) is an
isomorphism.

Proof. By the Lemma 3.1 x is an epimorphism. Suppose that for E = (E1, Ep;01) € L1(X),
X(E) = 0.Then [Ey] — [E1] = 0 in K-theory, thus by definition there exists F' in Vect(X)
such that FH @ F =2 Ey ® F. Hence if P : 0 — F — F — 0 is elementary sequence, then
EaP = (00— E1®F — Ey@F) is isomorphic to the elementary sequence defined by
Eiz¢F=(0—E,®F — FE,®F —0). Therefore E ~01in £;(X,Y) and so F =0 in L;(X).
So injectivity is a consequence of the previous lemma. O
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Lemma 3.14. Let x be an Euler characteristic for £1(X,Y), and let Y be the set consisting
of a point zg. Then x : L1(X,Y) — K(X,Y) is an isomorphism.

Proof. By the Lemma 3.5 and the two previous lemmas it will be sufficient to show the exactness
of the top line in the diagram

0= Li(X,Y) " = Ly(X) — 2 = Li(Y

| b

0—- KX, V) = KX)—>K(Y)=Z.

~

where o and [ are define such that the diagram commutes. Clearly Sa = 0, thus im o« C ker 5.
To show that ker 8 C im «, we note that for any vector bundle F' € K(X) we have that i*(F) =
F|z, = n € Z, where n determine the dimension of the bundle F|,,. So for E = (E1, E1;01) €
Li(X), B(E) = 0 implies that 0 = i*x(F) = [Folze] — [E1|xo], therefore dim E4|,, = dim Eyl,,.
Hence we can find an isomorphism o : 1|z, — Eplz,, showing that E € im «. Finally for show
the injectivity of «, we show that a~'(0) = 0. Let E = (0 — E; 2% Ey — 0) be an element of
£1(X,Y) and suppose that a(E) = 0 in L;(X). Then xa(F) = 0 in K(X), and if we suppose
dim F; > dim X as before for i = 0, 1, there is an isomorphism 7 : £; — Fj on the whole of X.
Then o171 € Aut(FEp|Y). Since Y is a point, this automorphism is homotopic to the identity
and thus can be extended to an element p € Aut(Fy). Then pr : E; — Ejy is an isomorphism
extending ;. Therefore E represents 0 in L1 (X,Y). O

Lemma 3.15. Let x be an Euler characteristic for £1(X,Y"), then x is an equivalence of functors
I, - K.

Proof. For any pair (X,Y’), we consider the following commutative diagram

Li(X/Y,Y]Y) —— K(X/Y,Y/Y)

‘| |

Li(X,Y) ——= K(X,Y).

By definition % is an isomorphism and x on the top line is an isomorphism by before lemma,
it will be sufficient by the Lemma 3.12 to prove that ¢ is an epimorphism. Now any element
¢ € Li1(X,Y) can be represented by a sequence E = (0 — E; 2 Ey — 0) where Ej is a trivial
product bundle. But we can define a bundle E] = Ej|s, on X/Y and a collapsed sequence
E' € L1(X/Y,Y/Y) defining an element ¢’ € L1 (X/Y,Y/Y). Then ¢(¢') = ¢ and so ¢ is an
epimorphism. O

Lemma 3.16. Let x, x’ be two Euler characteristics for £1(X,Y), then x = x’.

Proof. By the previous lemma we can define the natural automorphism 7' = x'x ! of K(X,Y)
which is the identity when ¥ = (). Replacing X by X/Y and considering the exact sequence for
(X/Y,Y/Y) we deduce that T = id, thus x' = x. O

Lemma 3.17. There is a bijective correspondence between Euler characteristics x; and x,
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1<n<oo, for L1(X,Y) and £,,(X,Y) such that the diagram

Li(X,)Y) —— L,(X,Y)

o A

K(X,Y)

commutes.

Proof. Follows directly from Corollary 3.4 and previous lemma. O

So, we have shown that there is at most one Euler characteristic. Now we show that it exist by
giving a direct construction.

Given a compact pair (X,Y"), we define for j = 0,1 the sets X; = X x {i}. Let A = X, Uy X;
be the set obtained by identifying y x {0} and y x {1} for all y € Y. Then by the Lemma 3.5
we get split exact sequence

0= K(A, X)) K(A) T K(X;) — 0,

where 77 1 K(X;) — K(A) is given by the retraction m; : A — X;. Taking the index j € Zy, the

natural map X — X gives an inclusion ¢, : (X,Y) — (4, X,41), which induces an isomorphism
&7 K (A, X;41) = K(X,Y).

Now let B = (0 = F; & Ey — 0) € £1(X,Y), then by the Remark 2.6 we construct a vector
bundle " on A by putting F; on X; and identifying on Y by o. Notice that the isomorphism
class of I depends only on the isomorphism class of £ in £;(X,Y). Set F; = 77(Ej), then
F|x, = Fj and so F'—F; € kerj. Therefore we define the difference element d(E) € K(X,Y))
by

pi(é5) 1 d(E) = F — Fy.

Notice that d is additive, i.e., d(EF @ E') = d(E) 4+ d(E"). Also if E is elementary, i.e., FF & F,
then d(E) = 0. Hence d induces a natural homomorphism

d: L1(X,)Y) > K(X,Y).
Moreover if Y =0, A= XqU Xy, F = Ey x {0}UE; x {1}, F; = E; x {0} U E; x {1}, then
d(E)=Ey — E;.

Thus by previous discussion d is an Euler characteristic and also:

Theorem 3.4. For any integer n with 1 < n < oo, there exist a unique natural homomorphism
X Ln(X,Y) = K(X,Y)

which for Y = 0 is given by
X(E) =) (-1)'E;.
i=0

Moreover x is a isomorphism. This unique y will be referred to as the Euler characteristic.
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By the Lemma 3.16 we may effectively identify the x for different n.

We say that two elements E,F € £,(X,Y) are homotopic if they are isomorphic to the
restrictions to X x {0} and X x {1} of an element in £,,(X x I,Y x I). So by previous theorem
and homotopy invariance of K(X,Y’) we have that:

Lemma 3.18. Homotopic elements in £,,(X,Y") define the same elements in L,,(X,Y"). There-
fore we could take L, (X,Y) for n > 1 as a definition of K(X,Y").

We shall now construct the inverse of j : L1(X,Y) — L,(X,Y). If E € £,(X,Y), then by
introducing metrics we can define the adjoint sequence E* with maps o} : E;_; — E;. Consider
the sequence

F=(0—F 5 Fy—0)

where FO = 692 EQZ', Fl = @i E2'i+1 and
7'(61, es, €5, ) = (0’1617 Ugeg + oses, 0163 + oses, )
Since on Y we have the descomposition
By = 09i41(FBaiy1) © 05;(E2i—1)

it follows that F' € £1(X,Y). If E € £1(X,Y) then E = F. Since two choices of metric in F
are homotopic it follows by the Lemma 3.18 that F will be a representative for j~!(E).

Hereinafter we consider complex of vector bundles, i.e., sequences
n Opn—
0-E, ™ E, 1 % - = Ey—0

in which o;_10;0 for all i.

Lemma 3.19. Let Ey, ..., F, be vector bundles on X, with X a finite CW-complex, and
0=FE, 2 E,1—--—E—0

a complex on Y. Then the 0;’s can be extended so that this becomes a complex on X.

Proof. By induction on the cells of X \ Y we consider when X is obtained from Y by attaching
one cell, say X =Y Uy eF, where f : S¥=1 — Y is the attaching map. Let DF be the unit
ball in R*, with boundary S¥=!, then X is the quotient of Y LI D* by an identification map
7 induced by f. Therefore the bundle 7*E; is then the disjoint sum of E;|y and a trivial
bundle D* x Ki"*. The homomorphism o; : E; — E;,_; on Y lifts to give a homomorphism
70 SE1 % K" — Sk—1 % K", i.e., a map SkF=1 — Hom(V;, V;_1). Extend each 7; to D* by
defining
mi(u) = |ulloi(u) u e D

This induces an extension of the o; to X preserving the relations o;_10; = 0. O

Definition 3.16. We denote by D,,(X,Y) the set of complex of length n on X exact on Y.
Two such complexes are homotopic if they are isomorphic to the restrictions to X x {0} and
X x {1} of a element in D, (X x I,Y x I). By restricting the homomorphisms to Y on a element
in D, (X,Y) we get a natural map

®:D,(X,Y) = L, (X,Y).
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Lemma 3.20. ¢ : D, (X,Y) — £,(X,Y) induced a bijective map of homotopy classes.

Proof. By the previous lemma & is surjective. Again by previous lemma applied to the pair
(X xI,Xx{0}UX x{1}UY x1I)

we see that if ®(F) is homotopic to ®(F'), then F is homotopic to F. O

KfEeD,(X,Y)and F € D,,,(X',Y’) then EQF is a complex on X x X’ exact on X xYUY x X’
so that
E®F€Dpim(X x X', X xY'UY x X').

This product is additive and compatible with homotopies. Hence it induces a bilinear product
on the homotopy classes. Thus by the previous Lemma 3.20 and Lemma 3.18 it follows that it
induces a natural product

Ly X, Y)Q Ly( X' YY) = Ly (X x X', X xY'UY x X').
Proposition 3.5. The tensor product of complexes induces a natural product
Lo(X,Y)® Ly (X',Y') = Ly (X x X' X xY' ' UY x X')

and x(ab) = x(a)x(b).
Proof. The formula is true if Y = Y’ = (). By the Equation 3.5 and the Theorem 3.4 the formula
x(ab) = x(a)x(b) is also true in the general case. O

Theorem 3.5. Let
E=(0—E 5 Ey—0)eDi(X,Y),

E'=(0—FE; 25 Ey—0) e Dy(X,Y)

and choose metrics in all the bundles. Let
F:(O—>F1l)F0—>O)GDl(XxX/,XxY'UYxX’)

be defined by
FI=Ey® E| & E, ® Ey,

Fo=FEy®E,®E ®E],

L, id® o’ oc®id
T\l o*id —-ided* )’

where o*, c’* denote the adjoints of o, ¢’. Then

Proof. By previous proposition x(E)x(E’) = x(E ® E’). By construction of the inverse of
Jo: L1(X,Y) = La(X,Y) turns E ® E’ into F and hence x(E ® E') = x(F). O
5 K- theory with compact support and Bott generator

We will discuss a modification of K-theory called the K-theory with compact support that is of
great importance.
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Definition 3.17. For a locally compact space X we define the K-theory with compact
support as
Kept(X) = K(XT),

where X+ = X U {x}, denotes the one point compactification of X in the point *.

Definition 3.18. Let p: E — X a vector bundle. We define the unit disk bundle and the
unit sphere bundle of E respect to some metric on F respectively by

D(E) :={ve E | |lv]| <1},

S(B) = D(E) = (ve B | [lo]| = 1}.

The Thom space Th(F) of the vector bundle p : E — X is the topological space defined by
Th(E) := D(E)/S(E).

Notice that for X compact, the Thom space of E is the one-point compactification of the total
space E, i.e., Th(E) = E*.

Now we show briefly that the Atiyah-Bott-Shapiro construction can be done in the context
of K-theory with compact support. A virtual bundle with compact support is a tu-
ple E = (Ey, F1, ..., E,;01,...,0,) where Ey, E1, ..., E,, are vector bundles over a space X and
01,...,0, are bundle isomorphisms o; : E;_1 — FE; outside a compact set Y C X which is
called the support of E. Such a triple is called trivial if the isomorphisms o;’s are defined
everywhere on X. Two triples E = (Ey,..., En;01,...,0,) and F = (Fo,...,Fy; 11, ..., 7) are
called isomorphic if there exist bundle isomorphisms ¢y, : E, — Fj with £k =0,1,...,n defined
everywhere on X such that 70,1 = @roy outside a compact. Two triples F and F' are called
stable isomorphic, E ~ F, if there are trivial triples G1, G5 such that £ ® G1 and F @ Gy
are isomorphic. The equivalence classes with respect to ~ form a group L, (X )y with respect
to direct sum. The element of L, (X)cp will be denoted by E = [Ey, ..., Ey; 01, ...,0,]. As in
the previous section there are natural isomorphisms

1w

Li(X)ept — Lo(X)ept — -+ —> Kepe(X).
In particular, any element of K, (X) can be represented by a triple [Ey, E1; 0], where o : Ey —
F is a bundle isomorphism defined in a neighborhood of infinity.

With the Atiyah-Bott-Shapiro construction in hand, we will discuss the Bott generator. Let
p: E — M be a complex n-dimensional vector bundle over a manifold M and choose any
Hermitian metric (-,-) on E. We consider the pullback bundle p*E of the bundle p : E — M on
itself and consider the bundle A E := A\(p*E) over the manifold E. The zero sectioni: M — F
of the bundle p : E — M gives an embedding of M in E, and the bundle p*E over E \ M
has a non-vanishing tautological section given by (z, z) — z, where (z, 2) is a point of the total
space E defined by a point z € M and a vector z € E,. We define a bundle homomorphism
€(z) : AE — A E acting as the exterior multiplication e(z)u = z A u. Let €*(z) be the adjoint
homomorphism with respect to the metric. It acts on u € E as €*(z)u = (z,u) and extends to
the whole A F as antiderivation

€"(2)(vp Nvg) = (€°(2)vp) A vg + (=1)Pvp A (€°(2)y),

where v, € A’ E and v, € A E. Thus,
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e (2)(e(2)u) = € (2)(z Au) = (€*(2)z Au) — 2 A (€5 (2)u) = |2[2u — 2 A €*(2)u,

so €*(2)e(z) + €(2)e*(2) = |2|2. We consider the homomorphism b : AE — AE given by
b(z) = €(2) + €*(2). Since ((€(2)))? = ((e*(2)))? = 0, we get (b(2))* = ||, so that b(z) is
invertible on E'\ M, where M is identified with the zero section.

Definition 3.19. We have defined an element in K(D(E),S(E)) = K(Th(F)), denoted by Ag
and called the Bott element or Thom class.

6 The Thom isomorphism and push forward in K-theory

We discuss first the Thom isomorphism in K-theory and next we define the push forward in
K-theory Kcpt(T'X) — Z, which is of fundamental importance in defining the topological index
of an elliptic differential operator.

Proposition 3.6. If X is a finite cell complex with n cells, then K*(X) is a finitely generated
group with at most n generators. If all the cells of X have even dimension then K!(X) = 0 and
KO(X) is free abelian with one basis element for each cell.

Proof. By induction on the number of cells, if X is obtained from a subcomplex A by attaching
a k-cell, for some k, then for the pair (X, A) we have and exact sequence K*(X/A) — K*(X) —
K*(A). Since X/A = S*, we have K*(X/A) = 7Z, and exactness implies that K*(X) requires at
most one more generator than K*(A).

The first term of the exact sequence K1(X/A) — K'(X) — K(A) is zero if all cells X are of
even dimension, so induction on the number of cells implies that K'(X) = 0. Then there is a
short exact sequence 0 — K%(X/A) — K9(X) — K°(A) — 0 with K9(X/A) = Z. By induction
K(A) is free, so this sequence splits, hence K°(X) = Z & K°(A). O

Example 3.8. If X is CP", as the cell structure of this space is given by one cell in each

dimension 0,2, 4, ..., 2n, then by the Proposition 3.6 we have that K!(CP") = 0 and K"(CP") =
VAR

Now we are interested in studying the ring structure of K(CP"). From the pair (CP",CP"~1)
we have the short exact sequence

0 — K(CP",CP" 1) - K(CP") & K(CP"1) — 0.

Lemma 3.21. (L, —1)" generates the kernel of the restriction map p, where L,, is the canonical
line bundle on CP".

Proof. The space CP" is the quotient of the unit sphere S?**! in C**! under multiplication by
scalars in S C C. Instead of S?®*! we could equally well take the boundary of the product
DZ x -+ x D2 where D? is the unit disk in the i*" coordinate of C"*1, and we start the count

with 7 = 0 for convenience. Then we have

O(Df x -+ x D) = JDF x -+ x D7 x -+ x D).

%

The action of S! by scalar multiplication respects this decomposition. The orbit space of DZ x
- x OD? x --- x D2 under the action is a subspace C; C CP™ homeomorphic to the product
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DZ x - x D2 with the factor D? deleted. Thus we have a decomposition CP" = |J, C;, with
each C; homeomorphic to D?” and with C; N C; =0C;NOC; for i # j.

Consider now Cp = D2 x - - - x D2. Its boundary is decomposed into the pieces 9;Cy = D3 x - - - x
OD? x -+ x D2. The inclusions (D%, dD?) C (Cy, 8;Cy) C (CP", C;) give rise to a commutative
diagram

K(D?,0D3) ® --- ® K(D?,0D?)

1R

o

o

K(Co,alco)®"'®K(Co7an00) K(Co,aCQ)

]

K(CP",C}) ® - ® K(CP",C,) — K(CP",C, U---UC,) — K(CP",CP"1)

L

K(CP") @ - ® K(CP") K(CP™)

Where the maps from the first column to the second are the n-fold products. The upper
map in the middle column is an isomorphism because the inclusion Cy — CP" induces a
homeomorphism Cy/0Cy = CP"/(Cy; U ---UC,,). The CP"~! at the right side of the diagram
sits in CP™ in the last n coordinates of CP"*!, so is disjoint from Cy. hence the quotient map
CP"/CP"~! — CP"/(Cy U---UC,) is a homotopy equivalence.

The element z; € K(CP", C;) mapping downward to L, — 1 € K(CP"), maps upward to
a generator of K(Cy,9;Co) = K(D?,0D?). By commutativity of the diagram, the product
X1+ Ty, then generates K(CP™, Cy; U---UC),). This means that (L, — 1) generates the image
of the map K(CP",CP"~!) — K(CP"), which equals the kernel of p. O

Proposition 3.7. K(CP") is the quotient ring Z[L,]/(L, — 1)" 1.

Proof. By induction on n. For n = 1 by the Bott periodicity Theorem 3.1 we have that
K(CP') = K(S?) = Z[L1]/(L1 — 1) Suppose that K(CP"~') = Z[L,_1]/(Lp,—1 — 1)" with
{1,(Lpy_1 —1),...; (Lp—1 — 1) '} as additive basis, where L,, is the canonical line bundle on
CP™. From the pair (CP",CP" 1) we have the short exact sequence

0 — K(CP",CP" ') =7 - K(CP") & K(CP" 1) =2Z" =0
By surjectivity of p and as pL,, = L,_1, then p([L, — 1]) = [L,—1 — 1]. By the Lemma 3.21,
(Ln —1)™ generates ker(p), thus {1, (L, —1), ..., (L, —1)"} is an additive basis of K(CP"). So as

p is a group homomorphism we have 0 = p([Ly,+1 — 1]"™1) = (p([Lps1 — 1)) = (L, — 1)+
Thus K (CP") 2 Z[L]/(Ln — 1)"*. 0

Proposition 3.8. The exact sequence

K*(X,A) —= K*(X)

|

K*(4)

is an exact sequence of K*(X )-modules, with the maps homomorphisms of K*(X )-modules.
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Proof. The K*(X)-module structure on K*(A) is defined by ¢ - a = i*(¢)o where i : A < X
is the inclusion and the product on the right side of the equation is multiplication in the ring
K*(A). To define the module structure on K*(X, A), observe that the diagonal map X —
X A X induces a well-defined quotient map X/A — X A X/A, and this leads to a product
K*(X)® K*(X,A) - K*(X, A).

To see that the maps in the exact sequence are module homomorphisms we look at the diagram

K(S7SA) K(57(X/A)) K(57X) K(S74)

| l | l

K(S'X ASISA) —= K(S'X A SH(X/A)) —= K(S'X NSIX) —= K(S'X A S7A)

! i l i

K(Sti5A) K(SH(X/A)) — = K(S™X) —— > K(S™ A).

where the vertical maps between the first two rows are external product with a fixed element
of K (S°X) and the vertical maps between the second and third rows are induced by diagonal
maps. What we must show is that the diagram commutes. For the upper two rows this follows
from naturality of external product since the horizontal maps are induced by maps between
spaces. The lower two rows are induced from suspensions of maps between spaces,

X/\SA<—X/\X/A<—X/\X<—X/\A

I O

SA X/A X A

so it suffices to show this diagram commutes up to homotopy. This is clear for the middle and
right squares. The left square can be rewritten

XANSA=——XAN(XUCA)

| |

SA XUCA

where the horizontal maps collapse the copy of X in X UCA to a point, the left vertical maps
sends (a, s) € SAto (a,a,s) € XASA, and the right vertical map sends x € X to (z,z) € XUCA
and (a,s) € CA to (a,a,s) € X AN CA. Commutativity is then obvious. O

We shall now present the Leray-Hirsch theorem for K-theory, which we will use in the proof of
the splitting principle.

Theorem 3.6 (Leray-Hirsch). Let p : E — X be a fiber bundle with X compact Hausdorff
and with fiber F' such that K*(F) is a free K*(X)-module. Suppose that there exist classes
€1, ..., cr € K*(E) that restrict to a basis for K*(F') in each fiber F'. If F' is a finite cell complex
having all cells of even dimension, then K*(E), as a module over K*(X), is free with basis

{Cl, “eey Ck}.

Proof. The K*(X)-module structure on K*(F) is defined by 8-y = p*(8)~ for § € K*(X) and
v € K*(E). For a subspace X’ C X, let E/ = p~1(X’). Then we have the diagram (x)
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- K*(X,X") ® K*(F) — K*(X) @ K*(F) —= K*(X') ® K*(F) —

X X X

o 5> K*E,E') —— > K*(E) K*(E') —

where the left-hand ® is defined by the same formula ®(3, b; ® i*(c;)) = Y, p*(b;)c;, but with
p*(b;)c; referring now to the relative product K*(E, E') x K*(E) — K*(E, E’). The right-hand
® is defined using the restrictions of the ¢;’s to the subspace E’. To see that the diagram ()
commutes, we can interpolate between its two rows the row

— K*(E,E)® K*(F) - K*(E)® K*(F) - K*(E') @ K*(F) —

by factoring ® as the composition ), b; ®i*(¢;) = >, p*(b;) ®i*(¢;) = >, p*(bi)c;. The upper
squares of the enlarged diagram then commute trivially, and the lower squares commute by
the Proposition 3.8. The lower row of the diagram is of course exact. The upper row is also
exact since we assume K*(F) is free, and tensoring an exact sequence with a free abelian group
preserves exactness, the result of the tensoring operation being simply to replace the given exact
sequence by the direct sum of a number of copies of itself.

Let us first prove the result for a product bundle £ = F' x X. In this case ® is just the external
product, so we are free to interchange the roles of F' and X. Thus we may use the previous
diagram with F' an arbitrary compact Hausdorff space and X a finite cell complex having all
cells of even dimension, obtained by attaching a cell " to a subcomplex X’. The upper row of
this diagram is then an exact sequence since it is obtained from the split short exact sequence
0— K*(X,X') - K*(X) - K*(X') — 0 by tensoring with the fixed group K*(F). If we can
show that the left-hand ® in the previous diagram is an isomorphism, then by induction on the
number of cells of X we may assume the right-hand & is an isomorphism, so the five-lemma will
imply that the middle ® is also an isomorphism.

To show the left-hand ® is an isomorphism, note first that X/X’ = S™ so we may as well
take the pair (X, X’) to be (D", S""1). Then the middle ® in the diagram is obviously an
isomorphism, so the left-hand ® will be an isomorphism iff the right-hand ® is an isomorphism.
When the sphere S"~! is even-dimensional we have already shown that ® is an isomorphism
by the Corollary 3.3, and the same argument applies also when the sphere is odd-dimensional,
since K of an odd-dimensional sphere is K of an even-dimensional sphere.

Now we turn to case for nonproducts. The proof will once again be inductive, but this time
we need a more subtle inductive statement since X is just a compact Hausdorff space, not a
cell complex. Consider the following condition on a compact subspace U C X: For all compact
V C U themap ® : K*(V)®@ K*(F) — K*(p~1(V)) is an isomorphism. If this is satisfied, let us
call U good. By the special case already proved, each point of X has a compact neighborhood
U that is good. Since X is compact, a finite number of these neighborhoods cover X, so by
induction it will be enough to show that if U; and Uy are good, then so is Uy U Us. A compact
V C Uy UUs is the union of V4 = V NU; and Vo = V N U,. Consider the diagram like before
for the pair (V, V). Since K*(F) is free, the upper row of this diagram is exact. Assuming Us
is good, the map @ is an isomorphism for V5 , so ® will be an isomorphism for V if it is an
isomorphism for (V,V32). The quotient V/V, is homeomorphic to V1/(V; NVa) so @ will be an
isomorphism for (V,V3) if it is an isomorphism for (V;,V; N V,). Now look at the diagram as
before for (V1, V1 NV3). Assuming U; is good, the maps ® are isomorphisms for Vi and V5 N Va.
Hence @ is an isomorphism for (V7, V7 N V3), and the induction step is finished. O
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Let p : E — X be a complex vector bundle with fibers C"™. We define the projectivisation
P(E) as the projective space of all lines through the origin in all the fibers of E, thus a point of
P(FE) is a line ¢, in the fiber E,. Factoring out scalar multiplication in each fiber of E minus
the zero section, we topologize P(E) as the quotient under this factorization. We consider the
natural projection P(p) : P(E) — X sending each line ¢, in E, to z € X, P(p)(¢;) = z. So
if U; is a trivialization of vector bundle p : E — X, with ¢; : p~1(U;) — U; x C", the above
factorization induce a quotient U x PC"~ 1, thereby P(p) is a fiber bundle over X with fiber
pcr1,

Example 3.9. Let E — X be a vector bundle with fiber C™ and compact base X, and let
p: P(E) — X be the associated projective bundle with fibers CP"~1. We have the canonical
line bundle over P(E), L — P(E). We know that K*(CP"!) = Z" and K*(CP"!) =
Z[L]/(L —1)". Under the restriction p(L) = L the subset {1,L —1, ..., (L —1)""'} of K*(P(E)

becomes a basis of K*(CP"~1!). Hence by Leray-Hirsch theorem, K*(P(FE)) is a free K*(X)-
module with basis 1, L, ..., L.

We can now present the splitting principle for K-theory.

Proposition 3.9 (Splitting principle). Given a vector bundle F — X of rank n with X compact
Hausdorff and let p : P(E) — X the projectivisation of E. Then there is a compact Hausdorff
space FI(F) and a map p : F(E) — X such that the induced map p* : K*(X) —» K*(F(E)) is
injective and p*(E) splits as a sum of line bundles.

Proof. We can construct the pullback bundle p*(E)

LCp'(E)—=E

|

P(E)——=X

and it contains the canonical line bundle L as a subbundle. Hence we can split p*(E) = L ¢ E’
where E’ is the subbundle of p*(E) orthogonal to L, with respect to some choice of inner product,
and has thus dimension n — 1. We can now repeat the process as follows

p/* (E/) El

|,

P(E') —— P(E)

until the pullback bundle has dimension 1. We then obtain the following diagram

LRL® - @ L2 ~5*F)——=EF

L,

F(E) X

PE)2L®L ®-- ® L™ 2 splits as a sum of line bundles and induced map p* = p* o p'* o
- o p*("=2) ig injective since it is a composition of injective maps. O

Let p: F — X be a complex vector bundle of dimension n and for each k, 1 < k < n, consider
the bundle /\k E. This operation on vector bundles has the properties
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) ANEDE) =@, ,(N B) & (N E),
XO(B) = [1],

A(E)=E,
(B

11

111

)
)
)
iv) A*(E) = 0, where in the last equality k is the greater than the maximum dimension of the
fibers of E.

Now we consider the ring K (X)[[t]] of formal power series with coefficients in K (X). Assigning
to a vector bundle E the element

k

M(E) = Z{/\E}tk,

k=0

where this is a finite sum by property (iv), and the property (i) says that
)\t(E D F) = )\t(E)At(F).

When E = L & - --® Ly, where L; are line bundles, this implies that A\¢(E) =[], A¢(L;), which
equals [],(1 + L;t) by (ii), (iii) and (iv).

Proposition 3.10. For a n-dimensional vector bundle p : E — X the ring K(P(F)) is isomor-
phic to the quotient ring
K[/ (0N e,

Proof. The pullback of E over P(E) splits as L@ E’ for some bundle E’ of dimension n— 1, and
the desired relation will be A"(E’) = 0. To compute \"(E’) = 0 we use the formula \'(E) =
M(L)N(E') in K*(P(E))[t], where to simplify notation we let E also denote the pullback of
E over P(E). The equation M\;(E) = M\ (L)X (E’) can be rewritten as A\ (E’) = A\ (E)A\(L)~?
where A\ (L)™' = 3", (=1)"Li" since A¢(L) = 1+ Lt. Equating coefficients of ¢" in the two sides
of M(E') = M(E)A(L)™1, we get \"(E') = > .(=1)"*AY(E)L""*. The relation \,(E’') = 0
can be written as Y ,(—1)""*A*(E)L"", with the coefficient of L™ equal to 1, as desired. [

Finally we can state the Thom isomorphism theorem.

Corollary 3.5 (The Thom isomorphism theorem). If p : E — X is a vector bundle, then
®: K*(X) — K*(Th(F)) defined by ®(z) = Agz is an isomorphism.

Proof. Let P = P(E® 1) and let H be the standard line bundle over P. By definition we have
a monomorphism H — 7*(E @ 1), where m : P — X is the projection. Hence tensoring with
H we get a section of H® 7*(E @ 1). Projecting onto the first factor gives therefore a natural
section s € I'(H ® 7*(E). Consider the exterior algebra A\*(H @ 7*(E)). Each component is
a vector bundle over P and exterior multiplication by s gives us a complex of vector bundles
acyclic outside the subspace where s = 0. But this is just the image of the natural cross-section
X — P. If we restrict to the complement of P(E) in P(E @ 1) then H becomes isomorphic to
1 and we recover the element which defines Ag, identifying P(F @& 1) — P(E) with E. Now, the
Thom space Th(E) may be identified with P(E @ 1)/P(E). This shows that the image of Ag
under the homomorphism K(Th(E)) = K(P(E & 1), P(E)) — K(P(E & 1)) is the alternating
sum

> (-1)'H'NE.
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Since this element generates as an ideal the kernel of K(Th(E)) = K(P(E @ 1), P(E)) —
K(P(E ® 1)) we have the desired result. O

Now we will discuss the push forward in K-theory. Let X and Y be a smooth manifolds, with X
compact, and let f : X < Y be a smooth embedding. We consider the subbundle TX C TY|x,
where TY|x is just the ambient tangent bundle restricted to points of X, i.e., the fiber of
TY|x — X is T,Y. Then the quotient bundle (see Definition 2.13) TY|x /T X is by definition
the normal bundle to X, denoted by N.X.

Definition 3.20. Let X C Y smooth manifolds. A tubular neighborhood of X in Y is a
vector bundle p : E — X together with a smooth map ¢ : E — Y such that

e 0oOp =i, where O : X — F is the zero section of the bundlep: F — X andi: X - Y
is the embedding.

e There exist open sets U C E and V C Y with Og(X) C U and X C V such that
ol : U — V is a diffeomorphism.

By abuse of notation we denote a tubular neighborhood of X C Y by the tuple (U, ¢).

By the tubular neighborhood theorem [Spivak], every submanifold X of Y has a tubular neigh-
borhood (U, ¢) with vector bundle the normal bundle NX — X of X, and in fact p : NX — V
is a diffeomorphism. So composing with the inclusion map V — Y we have the continuous map
NX — Y, therefore we have the induced map Kopi(NX) = Kepi(Y).

Assume now that X and Y are smooth manifolds and that f : X < Y is a smooth proper
embedding, and in addition we assume that the normal bundle N(f(X)) is equipped with a
complex structure, hence the rank of N is equal to dim(Y) —dim(X) is even. By taking the Thom
isomorphism, the Corollary 3.5 Kcpi(X) = Kqpi(IV) followed by the map Keops(N) = Kopt(Y)
obtained in the previous discussion, we have the push forward on K-theory

f! : cht(X) — cht(Y)- (36)

Now, the normal bundle to the associated proper embedding f. : TX — TY is the pullback
to TX of N @® N, where N is the normal bundle to X, and such normal bundle has complex

structure given by
0 —id
5= ( id 0 ) '

Therefore, by previous discussion, for any proper embedding of manifolds f : X < Y, there is
an associated map
fi i Kept(TX) = Kepo(TY).

By Whitney embedding theorem [Spivak], for a compact smooth manifold X there exist a integer
N and a smooth embedding f : X < RY_ hence we have the induced map

fi: Kept(TX) — Kepi(TRY). (3.7)

Now, let g : TRY — {x} be the canonical map taking TRY to a point. As TRY =R o RV =
CV, we can consider to ¢ : CN — {x} as a complex vector bundle, and again by the Thom
isomorphism theorem we have the isomorphism K ({x}) — K. (CY). Thus we consider the
inverse of the Thom isomorphism iy, g1 : Kept(TRY) — K ({*}) = Z. Finally we have the map

g!f! : cht(TX) — Z; (38)
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which is of fundamental importance in defining the topological index of an elliptic differential
operator.

Remark 3.2. We see that the map g1 fi : Kpi(TX) — Z is independent of the choice of
f. We consider f = jo f, where j : RV — RN*+N" s a linear inclusion. The induced map
it Kept (TRY) — Koot (TRY TN is just the Thom isomorphism for the bundle CN+N" — €V,
and one easily checks that g fi = ¢ f; where ¢ : TRN+N'" {*}. If we are given two embeddings
fo: X <= R and f; : X — RM, then the embeddings jofo : X — RNo+Nt and jif1 : X —
RNo+N1 - defined as above, are isotopic. That is, Fy = tj1 f1 + (1 —t)jofo, 0 < t < 1, is a smooth
family of embeddings. By homotopy invariance of K.y conclude that the topological index is
independent of the choice of f.

Finally, if we restrict the element Ag, of the Corollary 3.5, to the zero section, we recover the
element A_;(E) € K*(X).

Proposition 3.11. If X is compact, then for all £ € K(X) = K., (X), one has
i*i(§) = A1(E) - €,

where A_1(E) = [/\even E} - {/\“dd E] € K(X).



Chapter 4
Characteristic classes

We discuss the Chern and Pontryagin characteristic classes defined respectively on real and com-
plex vector bundles, which intuitively measure the non-triviality of such bundles. In addition,
we define the Chern character C'h, which establishes a morphism of rings between the K-theory
and cohomology of a topological space X, establishing one of the arrows in the diagram 1.1.
Finally we interpret geometrically the Chern class and the Pontryagin class by the Chern-Weil
homomorphism, which is discussed in detail using material developed in chapter 2 on connec-
tions on principal G-bundles. More precisely, given a complex (real) principal G-bundle on a
smooth manifold X, we rewrite the Chern (Pontryagin) class of such bundle in terms of the
curvature of a connection on the principal G-bundle.

1 Chern Classes

First we will give some definitions and elementary results without proof (see [Hat01]) that will
be useful to prove the Leray-Hirsch theorem.

Definition 4.1. A map f : X — Y is called a weak homotopy equivalence if it induces
isomorphisms 7, (X, xg) ~ m, (Y, f(x0)), for all n > 0 and all choices of basepoint xo. If X is a
CW-complex, then the weak homotopy equivalence f : X — Y is called a CW approximation
to Y.

Proposition 4.1. Every space X has a CW approximation.

Proposition 4.2. Let E — X be a fiber bundle with fiber F. Pick yo € E, let 2y = w(yo) € X,
and identify F' = m~!(zg). Then there is a long exact sequence

o= g1 (X 20) = (Foyo) = m(ELy0) = (X, 20) = m—1(Fyyo) — -+

Proposition 4.3. A weak homotopy equivalence f : X — Y induces isomorphisms f* :
H™(Y;G) - H"(X;G), for all n and all coefficient groups G.

Definition 4.2. A covering space of a topological space X is a space X together with a map
p: X X , called the covering map, satisfying the following condition: There exists an open
cover {U,} of X such that for each a, p~1(U,) is a disjoint union of open sets in X, each of
which is mapped homeomorphically onto U, by p. The empty disjoint union is allowed, so p
need not be surjective.
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Definition 4.3. Let p: X >3 Xbea covering map of the topological space X. A lift of a map
f:Y > Xisamap f:Y — X such that pf = f.

Proposition 4.4 (homotopy lifting property). Given a covering space p : XX , & homotopy
ft:Y = X, and amap fy: Y — X lifting fj , then there exists a unique homotopy f; : Y — X
of fo that lifts f; .

Lemma 4.1. Given a fiber bundle p : E — X and a subspace Y C X such that (X,Y) is
k-connected (see Definition 3.14), then (E,p~1(Y)) is also k-connected.

Proof. For a map g : (D%, 0D") — (E,p~Y(Y)) with i < k, there is by hypothesis a homotopy

fi : (D', 0D%) — (X,Y) of fy = pog to a map f; with image in Y. The homotopy lifting

property 4.4 then gives a homotopy g; : (D*,0D%) — (E,p~}(Y)) of g to a map with image in
—1

p H(Y). O

Theorem 4.1 (Leray-Hirsh). Let p: E — X be a fiber bundle with fiber F' such that for some
commutative coefficient ring R:

(a) H™(F;R) is a finitely generated free R-module for each n.

(b) There exist classes ¢; € H¥i (E; R) whose restrictions i*(c;) form a basis for H*(F; R) in
each fiber F', where i : F' — F is the inclusion map.

Then the map

®: H*(X;R)orH*(F;R) —  H(E;R)
i bi @1 (¢) = 2, PR(b) =g

is an isomorphism.

Proof. Notice first that the function ® is well defined, since by (b), to define the assignment on
an element of H*(X; R) ®r H*(F; R) is enough to defined this over the restrictions i*(c;) that
form a basis for H*(F'; R). For short notation we delete R from the notation for the cohomology
group.

We first prove the result for finite-dimensional CW-complex X by induction on their dimension.
The case that X is 0-dimensional is trivial. Now suppose that X has dimension n and the desired
result holds for all CW-complex of dimension less than n. We define X’ C X the subspace
obtained by deleting a point x,, from the interior of each n-cell e of X. Let E' := p~!(X’) and
consider the exact sequences

0= Co(X) S Cp(X) L Cu(X, X)) = 0

0= Co(E') % Co(E) L Cu(E,E') - 0
This sequences induce long exact sequences in the cohomology and tensoring with the free
module H™(F') preserves exactness, so the rows in the following diagram, with coefficients in R
understood, are exact

1" ®id
E——

— HY(X, X') @r H*(F] 2% 0 (X) 0p H*(F) H*(X') @ H*(F) —
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In the definition of the first ® in the diagram is being used the relative cup product. We have
that the two squares show in the previous diagram are commutative, by naturality of ®. In the
squares given by coboundary maps

—>H*(X’) QR H*(F) ﬂH*(X,X/) ®RH*(F) .

- |

> H*(E) H*(E,E') ——— -

we have the following: we take x ® i*(¢;) € H*(X') ®g H*(F') and map first this element
horizontally get dx ® i*(c¢;) which maps vertically to p*(dzx) — ¢;, whereas if we first map
vertically we get p*(z) — ¢; which maps horizontally to 6(p*(z) — ¢;) = 0p*(z) — ¢; =
p*(6x) — ¢; since dc; = 0.

The idea is to show that the functions of the left and right in the first diagram are isomorphisms,
then using the five-lemma we conclude that the center function is an isomorphism.

First we show that the map on the right is an isomorphism. The space X’ deformation retracts
onto the skeleton X"~! and the previous lemma implies that the inclusion p~1(X"~1) — E’ is
a weak homotopy equivalence, hence induces an isomorphism on all cohomology groups by the
Proposition 4.3.

For the left function, let U, C e}, with z, € U,, an open covering of X defining local triv-
ializations p~*(Uy) — U, X F. We define U := |J_,U, and U’ = U N X'. By excision we
have H*(X,X') ~ H*(U,U’), and H*(E,E") ~ H*(p~*(U),p~1(U’)). Therefore we have the
reduction to show that ® : H*(U,U’) @ H*(F) — H*(U x F,U’ x F') is an isomorphism. For
this we can argue again by induction, since U and U’ are deformation retract onto complexes
of dimension 0 and n — 1 respectively, and by lemma 4.1 we can restrict to the bundles over
these complexes, so the inductive step hold for U and U’, thereby applying the five-lemma to

the diagram with (X, X’) replaced by (U,U’), we obtain the desired result.

Now, in the case in that X is an infinite CW-complex, since (X, X™) is n-connected, the lemma
implies that the same is true of (E, p~1(X™)), so p~1(X") < E is a weak homotopy equivalence,
induces an isomorphism on all cohomology groups. Hence in the commutative diagram

H*(X) @r H*(F) —— H*(X") @ H*(F)

‘bi \L‘b
H(B) —————— H*(p 1 (X™)

the horizontal maps are isomorphisms below dimension n. Further we have shown in the previous
step that the right ® is an isomorphism, implies that the left-hand ® is an isomorphism below
dimension n. Since n is arbitrary, this gives the theorem for all CW complexes X.

Finally, if f : A —» X is a CW approximation to an arbitrary base space X, with A a CW-
complex, then by definition f is a weak homotopy equivalence, i.e., we have isomorphisms
7n(A) ~ 7, (X) for all n > 0. Consider the fiber bundles E — X and their pullback f*(E) — A,
and consider their homotopy fiber FF — F and F — f*F respectively. This bundles by the
Proposition 4.2 induce the long exact sequences of homotopy groups show in the rows of the
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following diagram

s T (X)) 7 (F) Tn(E) —— (X)) ——=7mp_1(F) = -+

S T T

o= Tt (A) Tn (F) T (f*(E)) —= mp(A) ——=mp_1(F) = -+

R

We can show that de square commutes, so by five-lemma we have the isomorphism m,(F) =~
T (f*(E)), for all n > 0. Therefore by definition f: f*(F) — Eis a weak homotopy equivalence,
hence by the Proposition 4.3 induces isomorphisms f, : H*(E) — H*(f*(E)). Thereby the
class ¢; pull back to classes in H*(f*(FE)) which still restrict to a basis in each fiber, and so the

naturality of ® reduces the theorem for E — X to the case of f*(E) — A. O

Note that H*(F; R) is a H*(X; R)-module under scalar multiplication zc = p*(z) — ¢, with
x € H*(X) and c € H*(E).

Corollary 4.1. H*(E;R) is a free H*(X; R)-module with basis {c;}.

Proof. We shown by easy computation that {c;} is linearly independent. Let z1,...,x; be
elements of H*(X; R) such that z1¢1 +x9co + -+ -+ xpcr, = 0, then p* (1) — ¢1 +p*(22) — 2 +
-+ «+p*(z) — ¢ = 0. By the previous isomorphism x1 ®i*(c1)+z2®i*(c2)+- - - +x,Ri*(cx) = 0,
hence t1 =22 =--- = x5, = 0. O

As an application of the Leray-Hirsch theorem, we will calculate the cohomology of Grassman-
nians. First some definitions that we need in the following theorem.

Definition 4.4. Define an n-flag in C* to be an ordered n-tuple of orthogonal 1 dimensional
vector subspaces of C*. Equivalently, an n-flag could be defined as a chain of vector subspaces
Vi C --- C V,, of C* where V; has dimension i. The set of all n-flags in C* forms a subspace
F,,(CF) of the product of n copies of PC*~! . There is a natural fiber bundle

F,(C") = F,(C* & G, (Cy)

where p sends an n-tuple of orthogonal lines to the n-plane it spans. The local triviality property
can be verified just as was done for the analogous map V,,(CF) — G,,(C¥) in the Remark 2.11.
The case k = oo is covered by the same argument.

Definition 4.5. For a graded free Z module A = €, A;, define its Poincaré series to be the
formal power series pa(t) = >, a;t* where a; is the rank of A; , which we assume to be finite
for all 1.

The basic formula we need is that pagp(t) = pa(t)ps(t), which is immediate from the definition
of the graded tensor product.

Theorem 4.2. Let G,,(C*>) be the Grassmann manifold of n-dimensional vector subspace of
C®°, then H*(G,(C>);Z) is a polynomial ring Z[cy, ..., ¢,] on generators ¢; of dimension 2i.

Proof. The plan of the proof is to apply the Leray—Hirsch theorem to a fiber bundle
F,(C") = F,(C®) & G, (C™)

The first step in the proof is to show that H*(F,,(C*>);Z) & Z|[x1, ..., 5] where x; is the pullback
of a generator of H2(PC®>;Z) under the map F,(C>®) — PC> projecting an n-flag onto its
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i-th line. This can be seen by considering the fiber bundle
PC>® — F,(C®) & F,_1(C®)

where p projects an n-flag onto the (n — 1)-flag obtained by ignoring its last line. The local
triviality property can be verified by the argument in the Remark 2.11. The Leray—Hirsch
theorem applies since the powers of x,, restrict to a basis for H*(PC>;Z) in the fibers PC*,
each fiber being the space of lines in a vector subspace C* of the standard C*>. The elements
x; for ¢ < n are the pullbacks via p of elements of H*(F,,_1(C*>);Z) defined in the same way.
By induction H*(F,,—1(C*);Z) is a polynomial ring on these elements. From the Leray—Hirsch
theorem we conclude that the products of powers of the x;’s for 1 < ¢ < n form an additive
basis for H*(F,,—1(C®);Z), hence this ring is the polynomial ring on the x;’s

There is a corresponding result for F,(C*), that H*(F, (C*);Z) is free with basis the monomials
zyt -+ alr with i; < k—j for each j . This is proved in exactly the same way, using induction on

n and the fiber bundle PC*~" — F,(C¥) — F,,_1(CF). Thus the cohomology groups of F,(CF)
are isomorphic to those of PCF~1 x ... x PCk—™,

Thus, using the fiber bundle
F,(C") = F,(C>*) & G, (C>)

the preceding calculations show that the Leray—Hirsch theorem applies, so H*(F,,(C*>);Z) is a
free module over H*(G,,(C>);Z) with basis the monomials ' - - - zin with i; < n — j for each
7 . In particular, since 1 is among the basis elements, the homomorphism p* is injective and
its image is a direct summand of H*(F,(C*);Z). It remains to show that the image of p*

exactly the symmetric polynomials.

To show that the image of p* is contained in the symmetric polynomials, consider a map 7 :
F,(C*®) — F,(C*>) permuting the lines in each n-flag according to a given permutation of the
numbers 1,...,n. The induced map ©* on H*(F,(C*);Z) = Z[x1,...,x,] is the corresponding
permutation of the variables z; . Since permuting the lines in an n-flag has no effect on the
n-plane they span, we have pom = p, hence 7* o p* = p* , which says that polynomials in the
image of p* are invariant under permutations of the variables. As the symmetric polynomials
o1 are algebraically independent in Z[zq, ..., x,] (see [Lang]), the symmetric polynomial form a
polynomial ring Z[o1, ..., 0,,] where o; has degree i. We have shown that the image of p* is a
direct summand, so to show that p* maps onto the symmetric polynomials it will suffice to show
that the graded rings H*(G,,(C>);Z) and Z[oy, ..., 0,] have the same rank in each dimension,
where the rank of a finitely generated free abelian group is the number of Z summands.

As all nonzero cohomology is in even dimensions, so let us simplify notation by taking A; to
be the 2i-dimensional cohomology of the space in question. Since the Poincaré series of Z[x] is
>, tt = (1 —t)~', the Poincaré series of H*(F,(C*);Z) is (1 —t)~™. For H*(F,(C");Z) the
Poincaré series is

n

17t1 .
L+t (L +t+t2) (Lt +---+t"1 1—t"T]a-1).
1—
=1 t=1

From the additive isomorphism H*(F,,(C*);Z) = H*(G,(C®); Z)@ H*(F, (C*>); Z) we see that
the Poincaré series p(t) of H*(G,,(C™);Z) satisfies

- [Ja-t)=01-t)"

i=1
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and hence
n

pt) =JJa-¢)"
i=1
This is exactly the Poincaré series of Z[oy, ..., 0,] since o; has degree i. As noted before, this
implies that the image of p* is all the symmetric polynomials.
O

Let p : E — X be a complex vector bundle. Recall that we define the projectivisation P(E)
of bundle E as the projective space of all lines through the origin in all the fibers of E, thus a
point of P(FE) is a line £, in the fiber F,. With this in hand we show the first key theorem in
this chapter.

Proposition 4.5 (Splitting principle). For each vector bundle p : E — X there is a space F(E)
and a map f : F(E) — X such that the pullback bundle f*(E) — F(FE) splits as a direct sum
of line bundles, and f*: H*(X;Z) — H*(F(E);Z) is injective.

Proof. Let m : P(E) — X be the projectivisation of n-dimensional vector bundle p : E — X
and we consider the pullback 7 (E) via 7.

By definition 7§ (E) = {(¢,v) € P(E) x E| m1({) = p(v)}, so Ly := {(¢,v) € P(E) x E| v € ¢}
is a one-dimensional subbundle of the pullback 77 (E), since for (¢,v) € P(E) x E we have
that £ is a line in some fiber F,, thus v € E,, hence 71 (¢) = 2 = p(v). Now, we know that
an inner product on F pull back to an inner product on the pullback bundle, so we have the
splitting 7} (F) = Fy ® L1, with E; the orthogonal subbundle of 7§ (E) having dimension n — 1.
As we have seen, by Leray-Hirsch theorem on the vector bundle m; : P(E) — X with fiber
PC" !, we have the isomorphism H*(X;Z) ®z H*(PC"~1;Z) — H*(P(E);Z), in particular
the homomorphism H*(X;Z) — H*(P(E);Z) is injective. So if n = 2, we are done. If n > 2,
let o : P(E1) — P(E) be of projectivisation of Ej.

75 (E1) EqC T (E) T
P(E,) ——> P(E) P(E) 2> X.

Then by the same argument on 75 (E;) — P(E;), we have the splitting 75 (E1) = Ea @ Lo, for
some subbundle Es — P(E;) of dimension n — 2. Therefore

(3 0 71)(E) = m3(By & Ly) = m3(By) @ m3(L1) = Ba & Lo @ wy(Ly)
After taking n — 1 projectivisations, we obtain a fibration

fi=mo-omp_q1:F(E):=P(E,_2) > X
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such that

[ (E) = (m,_qom,_g0--om;om)(E)
=E, 1® Ly 1©m, 1(Lr—2)® (7107, _o)(Lr—3)® -
@ (my_y0---omy)(L1)

is a sum of line bundles and the homomorphism f* : H*(X;Z) — H*(F(E);Z) is injective. O

We are now able to establish the central theorems in this section. We will assume that all
base spaces of vector bundles are paracompact, which is not an essential restriction since one
can always pass pullback over a CW approximation to a give base space, and CW complex are
paracompact.

Theorem 4.3. There is a unique sequence of functions ci,cs, ... assigning to each complex
vector bundle E — X a classes ¢;(E) € H*(X;Z), depending only on the isomorphism type of
FE, such that:

ci(f*(E)) = f*(c;(E)) for a pullback f*(E).
¢(Ey ® Eg) =c(Ey) — c(Ey) forec=1+c+--- € H(X;Z).
c(E) = 0if i > dimE.

For the canonical line bundle E — PC>, ¢;(E) is a generator of H?(PC>;Z) specified in
advance.

Proof. We will apply the Leray-Hirsch theorem to P(p) : P(E) — X with fiber PC"~!. To do
this we need classes x; € H?(P(E);Z) restricting to generators of H*(PC"~!;Z) in each fiber
PC" ! for 0 <i < n—1. Recall that given a vector bundle p : E — X we have via the bijection
[X,G,] — Vect"(X) that E = f*(E,,) for some map f : X — Gy, which is equivalent to have a
map g : £ — C* that is a linear injection on each fiber. Projectivizing the map g we have the
map P(g) : P(E) — PC® which in turn induces the map P(g)* : H*(PC*>;Z) — H*(P(E);Z).
Let a be a generator of H2(PC®;Z) and let x := P(g)*(a) € H*(P(E);Z). We assert that the
powers 2 for 0 <4 < n —1 are the desired classes x;. To show this, note that a linear injection
C" — C™ induces a embedding PC"~! — PC®, which in turn induce the homomorphism
H*(PC*>;7Z) — H*(PC"1,7Z), so a pullback to a generator of H?(PC"';Z), hence o’ pull
back to a generator of H'(PC"!;Z). Note that any two linear injections C* — C* are
homotopic through linear injections, so the induced embeddings PC"~! <+ PC> of different
fibers of P(F) are all homotopic. In the proof of the Theorem 2.2 that any two choices of g
are homotopic through maps that are linear injections on fibers, so the class z? are independent
of the choice of g. Thus we can apply the Theorem 4.1 we have that H*(P(FE);Z) is a free
H*(X;Z)-module with basis 1,x,...,2"" 1. Consequently, "
linear combination of these basis elements with coefficients in H*(X;Z). Thus there is a unique

can be expressed uniquely as a
relation of the form
2" —c (B2 4 (=1)"c,(E)-1=0

for certain classes ¢;(E) € H*(X;Z). Here ¢;(E)x" means P(p)*(c;(F)) — z¢, by the definition
of the H*(X;Z)-module structure on H*(P(FE);Z). By completeness we define ¢;(E) = 0 for
i>mn and ¢(E) = 1.

To prove property (a), consider a pullback f*(F) = E’ of the diagram
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L, b

X —X.

If g : E — C*™ is a linear injection on fibers then so is g o f, and it follows that P(f)* takes the
canonical class x = x(F) for P(F) to the canonical class 2(E’) for P(E’). Then

P(JE)*(ZP(}?)*(CZ(E)) ~ SC(E)nfz) _ ZP(JF)*P(P)*(Q(E)) _ P(f)*(:c(E)”ﬂ)
= Zp(p/)*f*(cz(E)) N l‘(E’)”fi

so the relation 2" —c1 (E)z" 1 +-- -+ (=1)"c,(E)-1 = 0 defining ¢;(E) pulls back to the relation
(B + f*(c1(E)z(E"" 1+ -+ f*(c,(E)) -1 = 0 defining ¢;(E’). By the uniqueness of this
relation, ¢;(E’) = f*(¢;(E)).

For the property (b), the inclusion of E; and Es into Ey @& Fy give inclusions of P(F;) and
P(EQ) into P(El D EQ) with P(El) N P(Eg) = @ Let U1 = P(E1 D Eg) - P(El) and UQ =
P(Ey @ E3) — P(E3). These are open sets in P(E; @ E») that deformation retract onto P(Es)
and P(E,), respectively. A map g : E; @ E2 — C* which is a linear injection on fibers restricts
to such a map on E; and Fa, so the canonical class * € H?(P(E; ® Ey);Z) for By @ E»
restricts to the canonical classes for E; and F». If E; and F> have dimension m and n, consider
the classes wy = >, ¢;(E1)2z™ 7 and wy = 7, ¢j(Ea)a™ 7 in H*(P(E; © Ey);Z), with cup
product wiws =37, [>7 ¢r(Er)cs(Ba)]z™ =3, By the definition of the classes ¢;(E1), the
classes wy restricts to zero in H™(P(E1);Z), hence w; pulls back to a class in the relative
group H™(P(E1 @ E»), P(E1);Z) =2 H™(P(FE1 ® E3), Us; Z), and similarly for we. The following
commutative diagram with Z coefficients, then shows that wiws =0

Hm(P(El (&) EQ),UQ) X Hn(P(El D Eg), Ul)v*> Hm+n(P(E1 D Eg), U, U UQ) =0

| |

Hm(P(El D Eg)) X Hn(P(El D EQ)) = Hm+n(P(E1 D Eg))

Thus y172 = 32,22, 4 o= &r(E1)es (E3)]z™*"=J = 0 is the defining relation for the Chern classes
of E1 [S3) Eg, and so Cj(El (&3] EQ) = ZTJrS:j CT(El)CS(EQ).

Property (c) holds by definition. For (d), recall that the canonical line bundle is E = {(¢,v) €
PC*> x C*®|v € £}. The map P(p) in this case is the identity. The map g : F — C* which is a
linear injection on fibers can be taken to be g(¢,v) = v. So P(g) is also the identity, hence z(E)
is a generator of H?(PC*;Z). The defining relation z(E) — ¢1(E) - 1 = 0 the says that c¢1(F) is
a generator of H2(PC>;Z).

Finally, property (d) determine c¢;(E) for the canonical line bundle £ — PC*. Property (c)
then determines all the ¢;’s for this bundle. Since the canonical line bundle is the universal line
bundle, property (a) therefore determines the classes ¢; for all line bundles. Property extend this
to sums of line bundles, and finally the splitting principle 4.5 implies that the ¢;’s are determined
for all bundles. O
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Definition 4.6. We call ¢;(E) € H*(X;Z) as the i-th Chern class of E and
(E) =1+c1(E) +ca(E) + -+

the total Chern class.

Remark 4.1. Let F be a complex vector bundle, then the Chern classes of its conjugate vector
bundle c;(E) is equal to (—1)¥c,(E), for all k > 1. Hence the total Chern class of E is

c(B)=1—c(E)+ca(E) — -+ (=1)"c,(E).

2 The Chern character

Let E be a complex vector bundle of rank n over a manifold M. By splitting principle we can
express the total Chern class of E as

c(B)=1+c (E)+ca(E)+ -+ cn(E H1+xk
k=1

so that ¢x = ok(x1,...,2,). Consider the expression

n 1 n
ch(B) =™+ b et =nt D at g Y ad b
i=1 i=1

The term of degree k in this expression is just the symmetric polynomial

1 n
k E k
Ch = Tf ] = ki' xl;"w n)

which can be rewritten as a universal polynomial expression in the elementary symmetric func-
tions ¢y, ..., ¢, by induction using Newton’s formulae

Sm — Sm—1€1 + Sm_2C2 + -+ + (=1)™ L s1¢pm_1 4+ (=1)" ¢y = 0,
and recall that ¢, = o (1, ..., ), we have that

chl(cl) =,
2 1 5
ch”(e1,c0) = 5(01 —2¢9),
3 1.3
ch®(eq,co,c3) = 6(01 —3c1e9 + 3c3),

1
—(ct —4c?co + deres + 2¢3 — dey).

h? =
C. (01702703) 24

In particular,
ch(E) = n+ ch'(E) + ch?(E) +

is a well-defined element of H**(M;Q).
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Definition 4.7. The element

1 1
ch(E) = n4ch'(E)+ch*(E)+- - =n+¢ —i—i(c? —2¢9) + g(c‘;’ —3cica+3c3) +--- € H*(M,Q)
is called the Chern character of E. The Chern character of M is defined to be the one of

TM.

The importance of the Chern character lies in the fact that it respects the ring structures on
the set of vector bundles.

Proposition 4.6. The Chern character is a ring homomorphism ch : K(X) — H?*(X,Q).

Proof. Due to the nature of the Grothendieck construction it suffices to show that ch(E® E') =
ch(FE) @ ch(E’) and ch(F ® E’) = ch(F)ch(E’) for complex vector bundles F, E’. These two
properties follow from an application of the splitting principle:

n

o(E & E') = (B)e(E) = [[(0+ ) [[(1+)).

(EQE)=cllh®  ®l,) @) d L) (Ze ®£’>

[ c(tit5)

I
’»’:1

N
<

I
=

(14 c1(ls) + (L))

ij

= (1+xl+m)

%

<.

where remember that ¢;(¢ ® £') = ¢1(£) + ¢1(¢'). Thus we obtain

ch(E® E") Z i —i—Ze i =ch(E) + ch(E'),

h(E® E') Zzex it = (Z ,) <Zz: 2) = ch(E)ch(E").

=1 j=1 i=1
O
Now let us compute the Chern characters of several bundles. Let F be a complex vector
bundle of rank n and consider the bundle /\k FE of k-th exterior powers, with 1 < k < n. Now

consider the ring K (X)[[z]] of formal power series in K(X). We define a group homomorphism
A+ K(X) = K(X)][[z]] on vector bundles by

k
Mmzthﬁ
e
This map then satisfies \i(E @ F) = A (E)A:(F) due to

/k\(E@F > (/\E) ® (/\F)

i+j=k
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which we derive from the corresponding equality of vector spaces.

Remark 4.2. For vector spaces we have that A\;(E) is a polynomial whilst for general elements
in K(X) this is false. For example,

A=) = A+ ea) "t = (=)™

as —[{] is the inverse of [¢], which is mapped to 1+ ¢t[¢], and due to the formula for the geometric
series.

Using the splitting principle we see from the homomorphism property that

n n

(E) = [[Aees) = [T +11e:)

from which we deduce the formula

In particular, this yields

n even odd

ch(A1E) = [](1 - te™) = ch( A E-N\ E) (4.1)

i=1
3 Pontryagin classes

We will make a short introduction to the Pontryagin classes with the aim of studying in the
next chapter the Pontryagin numbers.

For a real vector space V, its complexification is the tensor product V ®gr C, which is a
complex vector space with complex multiplication defined by a(v® ) := v® (af), for allv € V
and «, 8 € C. Let a + ib be a complex number and v € V, then v ® (a + ib) =a @ v + i(b @ v),
so every element in V ®g C can be written uniquely as a sum v + fw, with v, w € V', hence we
obtain the identification

VeorC=2VaiV. (4.2)

For a real vector bundle £ — X, we define its complexification as the tensor complex bundle
FEc := F ®g C, where C denote by abuse of notation the product bundle X x C. Note that
F ®g C is a typical fiber of E¢, so with the identification 4.2 we have that FF g C =2 F & iF,
thus the underlying real vector bundle E¢ is canonically isomorphic to the Whitney sum F & F
with fiber F' @ F. Conversely, given the Whitney sum E & E, we define over this sum the
complex structure (u,v) — (—v,u) (escalar multiplication by the complex number 7), given us
the complexification E¢.

Lemma 4.2. The complexification Ec of a real vector bundle E is isomorphic to its own
conjugate bundle E¢.

Proof. We define the map f : Ec — Ec given by z +iy + x —iy. Remember that as topological
spaces Ec and Ec are the same, so clearly f define a homeomorphism between these spaces.
Also f is R-linear in each fiber with

fli(z +iy)) = f(—y +iz) = —y — iz = —i(z —iy) = —if (z +iy).
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O
Now consider the total Chern class
c(Ec) =1+ ci1(Ec) + c2(Eg) + -+
and by the Remark 4.1 and before lemma this is equal to
o(Ec) =1 —¢1(Eg) + ca(Eg) — - --
hece
2¢9i+1(Fc) =0 (4.3)

i.e. the odd Chern classes co;41(E¢) are elements of order 2. Therefore in the following definition
we ignore the odd Chern classes.

Definition 4.8. For every real vector bundle £ — X and for every i > 1 we define the i-th
Pontryagin class of FE as the cohomology class

pi(E) == (—1)'cos(Ec) € HY(X;Z).

By property (a) in the Theorem 4.3 we deduce that for every continuous map f:Y — X, and
every real vector bundle £ — X we have

pi(f*(E)) = f*(pi(E))

for all ¢ > 1.

Notation 3. e For a group G, we denote by Torsion the torsion elements of G, i.e. the
elements of finite order in the group G. Let X be a topological space, we define

*

H (X):= H*(X;Z)/Torsion.

Note that the cup product on H*(X;Z) induces a cup product on F*(X)

e We define the commutative subring with respect to the cup product

HYN(X) .= @ H*(X;Z) ¢ H*(X;2Z).
k>0

Note that every Chern class ¢; belong to this ring.

Definition 4.9. e For every complex vector bundle E — X we denote by ¢;(F) € FZZ(X)
the image of the i-th Chern class of E via the projection H*(X;Z) — H (X). We
will refer to ¢; as the i-th reduced Chern class and we define the reduced Chern
polynomial of E by

Cp(t) =Y (B e H " (X)[t], co(E) =1
k>0

e For every real vector bundle £ — X we denote by p;(E) € HM(X) the image of the i-th
Pontryagin class of E via the projection H*(X;Z) — FM(X ). We will refer to p; as the
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i-th reduced Pontryagin class and we define the reduced Pontryagin polynomial
of E by

=3 BB € B (X)), po(E) =1
k>0

The next result all us to translate results from the properties of the Chern class.

Lemma 4.3. If F is a real vector bundle then

Pp(t) = Cp.(it) € Z[i| @z H " (X)[t]. (4.4)
Proof. By definition we have
GEC (it) ch Ec)( zt
k>0
= Z Moo (Ec)t?* + ZZ )¥Copir (Eg)t?H !
k>0 k>0
and
Pu(t) =) Pu(E)*
k>0
= (=1)¥ea(Ec)t*.
k>0

By the Equation 4.3 we have that €op41(E¢) = 0, therefore we obtain the desired result. O
Corollary 4.2. For any pair of real vector bundles Ey, E1 — X we have
TEO@EH (t) = ?Eo (t) ' §E1 (t)
Proof.
UJEo@El (t) = G(EO)C®(E1)C (Zt) = G(Eo)v(lw . 6(E1)Q (Zt) = ?Eo (t) : :PEI (t)
O

Corollary 4.3. The reduced Pontryagin classes are stable, i.e., for any real vector bundle
F — X and any n > 0 we have
Pi(E & n) =p,(E)

for any k > 1, where n is the n-dimensional trivial real bundle over X.

Proof.

Pren(t) = Cm)eam)e(it) = Cp).(it) - Cn).(it) = Pr(t).

Corollary 4.4. Let TS™ be the tangent bundle on S”, then Prgn (t) = 1.

Proof. Let n+ 1 and 1 be the trivial real bundles on S™ of dimension n + 1 and 1 respectively.
Then we have the isomorphism 7'S™ @ 1 = n + 1. Thus by stability of the reduced Pontryagin
classes we have the result. O
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Proposition 4.7. If £ — X is a complex vector bundle and Egr denotes the same bundle but

viewed as a real vector bundle, then

P (t) = Cp(it)Cp(—it)
=1—(c1(E)? = 2c2(E))t? + (2¢4(E) + co(E)* — 2¢1(E)es(E)t* +---).

Proof. By the Equation 4.2 we have

P, (t) = Cp(it)Cx(it) = Cp(it)Cr(—it).

O

Corollary 4.5.

Preen(t) = (1+ [H*)™, [H]™! =0.
Proof. We deduce that
Crepn (t) = (1+ [H]t)™*!
so that
fPT(C[Pn (t) - GTCP” (lt) . eTC]P"L (7115) == (1 + [H]Qtz)n+1.

O

4 Chern-Weil homomorphism

In the section 8 of chapter 1, we have three equivalent descriptions of a connection on a principal
G-bundle p: P — M:

e A G-invariant horizontal distribution H C TP.

e A G-invariant one-form w on P with values on the Lie algebra g of the Lie group G such
that w(o(X)) = X. We denote by Q(P; g) := Q}(P)® g the vector space of these 1-forms
w.

e A family of one-forms A, € Q'(U,;g) on open trivializing cover {U,} of M with values
on the Lie algebra g of the Lie group G satisfying 2.2 given by

Ao = 9apAs955 — (A905)90p = 950980 + G50 Asgpa- (4.5)

The last formulation of a connection on a principal G-bundle will be that we will use. As
equivalent gluing cocycles {gng} and {hag} both define on a refinement of trivializing open
cover {U,} of M, and describing the principal G-bundle p : P — M, define the same family
of one-forms A, then by simplicity we will denote by A(P) the set of connections on P up to
equivalent gluing cocycles.

Since A, € Q' (U,; g), we have that A, A Ay € Q2(Uy; g®g) and we define [A,, Ay] € Q3(Ua; g)
to be the image of A, A A, by the Lie bracket [-,-] : g® g — g sending X ® Y to [X,Y] for all
X,Y € g. Thus we define:

Definition 4.10. The curvature form of a connection is defined as the collection F, €
0%(U,; g) is define by the structural equation

Foi=dA, + %[AQ,AQ].
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Definition 4.11. Let p : P — M be a principal G-bundle. We denote by Ad(P) the vector
bundle with standard fiber g associated to P via the adjoint representation ad : G — End(g).
In other words, if {gas : Uy NUg — G} are the gluing cocycles of the principal G-bundle P,
then Ad(P) is the vector bundle defined by the open cover {U,}, and gluing cocycle Ad(gag) :
Ua NUg — GL(g) given by = — ad(gas(x)) : g — 0.

The bracket operation in the fibers of Ad(P) induces a bilinear map
[,] - Q" (Ad(P)) x Q' (Ad(P)) — Q"' (Ad(P)),

define by
W'e X' @ Y] = (WA @ [X,Y], (4.6)
for all Wk € QF(M), ot € QY (M), and X,Y € Q°(Ad(P)).

By easy calculation we have for any w,n,s € Q*(Ad(P))

w,n] = =1(=1) [, ], (4.7)
[fws ], ] = ([, <Jom] + (= 1) e, i, <]). (4.8)

and for any w,n € Q*(Uy; g)
dlw, ] = [dw, ] + (=1)*/[ew, dn]. (4.9)

Lemma 4.4. Let § = g~ 'dg be the Maurer-Cartan 1-form. Then
1
do + 5[9,9] =0 (4.10)

d(g~ " Aag) + 0,97 Aagl = 971 (dAu)g (4.11)
The first equation is called the Maurer-Cartan structural equation.

Proof. Let us first introduce a new operation. Let gl(n,K) denote the associative algebra of
K-valued n x n matrices. There exists a natural operation

N\ 4 (U) @ gl(n,K) x Q' (U,) @ gl(n, K) = Q& (Us) @ gl(n, K)

uniquely defined by

(W@ A) A ©B):= (" An)e (A B)
where w* € Q¥(U,), n' € QY(U,), and A, B € gl(n,K). The space gl(n,K) is naturally a Lie
algebra with respect to the commutator of two matrices. This structure induces a bracket

[, ] : Q¥(U,) ® gl(n,K) x Q4 (Uy) ® gl(n,K) — Q*(U,) @ gl(n, K)

defined as in the Equation 4.6. A simple computation yields the following identity

wAn = %[w,n} (4.12)

for all w,n € QY (U,) ® gl(n,K). The Lie group lies inside GL(n, K), so that its Lie algebra g
lies inside gl(n,K). We can think of the map g,s as a matrix valued map, so that we have by
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the Equation 4.12

do =d(g'dg) = (dg ") Adg=—(¢g7"-dg-g")dg

=—(g 'dg) A (9~ "dg)
——OA0

[0,0].

1
2

On the other hand, by the Equations 4.12 and 4.7 we have
d(g~" Aag) = (dg™"Aa) - g + ¢~ 1 (dAa)g + g~ Aady

=—g 'dg- g  NAL g+ 9 (dAa)g + (9" Aag) Ag N dg
= OANg TAug+ g T Ang N O+ g 1 (dAL)g

1 1 _
= —5lb.9 1Aag]+§[g 'Aag,0] + g7 (dAd)g
=—[0,97 " Aag] + g (dAs)g.
0

Proposition 4.8. Let p: P — M be a principal G-bundle described by gluing cocycles {gag :
Uy NUp — G}, then:

(a) The set A(P) of connections on P is an affine space modelled by Q!(Ad(P)).

(b) For any connection w given by the family of local connections {A, € Q'(U,;g)}, the collec-
tion {F,} of curvature 2-form defines a global Ad(P)-valued 2-form. We will denote it by
F4, and we will refer to it as the curvature of the connection w.

(¢) The Bianchi identity
dFy + [Aa, Fa] = 0 (4.13)

for all a.

Proof. (a) If {An},{Ba} € A(P), then their difference Cp = gBaC’agE;, so that it defines an
element of Q! (Ad(P)). Conversely, if {4, € A(P)}, and w € Q' (Ad(P)), then w is described
by a collection of g-valued 1-forms w,, € Q'(U,) ® g, satisfying the gluing rules

—1
wglua.nus = gsawalv.nus9sq -

The collection A/, := A, + wq is then a connection on P.

(b) We need to check that the forms F,, satisfy the gluing rules Fg = g~ F, g, where g = go5 =
g/g‘; We have by the Equations 4.5 and 4.7

1
Fg = dAg + §[A57Ag]
_ _ 1. _ _ _
=d(g'dg+g 1Aag)+§[g 'dg+9 ' Ang, g7 dg+ g Ang]

1 - - 1 _
= df+ 510,6] +d(g "4,9)+ 10,9 1Aag]+§[g 'Aag, 97 Aug)
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where § = g~'dg is the Maurer-Cartan form. Using Maurer-Cartan Equation 4.10 and the
Equation 4.11 we have

_ 1. _ _
Fg =g '(d4a)g + 5l Y409,9 " Auyl

as desired.

(¢) Using the Equalities 4.9, 4.7 and 4.9 we get

d(Fa) = %{[dAouAa] - [Aa;dAa]} = [dAoonz]

= [FaaAa] - [[AmAa]aAa]

1
2
= [Fa, Ad)-

0

Now we review some basic on invariant polynomials. Let V' be a K-linear vector space with basis
{e1,...,en}. Consider the dual vector space V* of V with basis {z1,...,z,} with z; : V = K
given by v = c1e1 + -+ + cpen = 2;(v) = ¢;. For k > 1, let Sk(V*) denote the vector space of
symmetric K-linear functions ¢ : V' x --- x V' —= K. For v; = ZZ_:l ci;eq; in V, we have

n n
cp(vl, ...,Uk) = (p(z Ci 1 €iqyeeny Z cikeik)
i1=1 =1
n
= Z 50(61'1%"761'1@)01'1 ©r Gy
e yip=1
n
= Y (e ei )T, (01) - wiy (v)-
i yenyip=1

Thus we can identify S*(V*) with the space of degree k homogeneous polynomials in n-variables
K[z, ..., 5]k = K[V]r. So we can define the map P : S*(V*) — K[V]i given by ¢ : Vx---xV —
K Py(21, ..., 20) = (v, ...,v) where v =Y | ¢;e;.

Now, assume that A is a K-algebra with unity 1. Starting with ¢ € S*(V*) we can produce
a K-multilinear map ¢ = 4 : (AR V) x -+ x (A® V) — A, uniquely determined by p(a; ®
U1y ooy G QVg) = @(V1, ..., 0 )aras - - - a € A. In addition, if the algebra A is commutative, then
¢4 is uniquely determine by the polynomial P,(x) = pa(z,...,z), withz € A® V.

Consider now a matrix Lie group G. The adjoint action of G on its Lie algebra g induces an
action on S*(g*) still denoted by Ad.

Definition 4.12. We denote by I*(G) the Ad-invariant elements of S*(g*). It consists of those
¢ € S*(g*) such that

gp(gXlg_l, ...,ngg_l) = (X1, .0, Xg).

for all Xq,..., X € g. Set
I°(G):=EPI1G)

k>0

The elements of I*(G) are usually called invariant polynomials.
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Proposition 4.9. Let ¢ € I*(G). Then for any X, X1, ..., X € g we have
@([Xa X1]7X2a an) et QO(X17X2’ ) [X7 Xk]) =0 (414)

Proof. The proposition follows immediately from the equality
d tX —tX tX —tX
%’t:o (,0(6 X1€ sy € Xke ) =0.

O

If P € I*(g), U is an open subset of R”, and F; = w; ® X; € Q% (U;g), A=w® X € Q4U;g),
then

P(Fy,....Fi_1,[A, Fi],Fiy1,...., F) = (=13t Fdion) ooy P(X, 0 (X, X  Xg).
In particular, if Fi, ..., F_1 have even degree, we deduce that for every i = 1,..., k we have
P(F‘l7 ...7Fi_1, [A, Fi]7Fi+l7 ,Fk) = Ww1q - Wk P(Xl, ceey [X, Xi], ,Xk)

Summing over 4, and using the Ad-invariance of the polynomial P, we deduce

k
ZP(Fla"'aFi—la[AaFi]5E+1a"'aFk):0 (415)

i=1

for all Fy,..., Fy_1 € QV™(U;g), Fr, A € Q*(U;g).

Theorem 4.4 (Chern-Weil construction). Let p: P — M be a principal G-bundle, then:
(a) The form ¢(F4) is closed for any connection A € A(P).

(b) If A, A" € A(P), then the forms ¢(F4) and ¢(F /) are equivalents. In other words, the closed
form ¢(F,) defines a cohomology class in H?*(M) which is independent of the connection
Aec A(P).

Proof. (a) By Bianchi identity 4.13 dF,, = —[Aq, Fs], by the Equation4.14 and the Leibniz’
rule

AG(Fopy vy F) = G(AF i, Fny s Fo) 4 -+ &(Finy orry oy dF)
= _QS([AaaFa]»Faa ~~aFa) - ¢(Fa7 -~'»Fou [AavFa])
=0.

(b) Let A, A" € A(P) be connections, defined by the collections of local 1-forms A,, A/ €
QY (Uasg). Set Cp := Al — A,,. For 0 <t <1 we define A!, € QY (Uy,;g) by AL := A, +tC,.
Thus the collection {A!} defines a connection B* € A(P), and ¢t — B' € A(P) is an path
connecting A to A’. Note that C' = {C,} = B'. We denote by F' := {F'} the curvature of
Bt. A simple computation yields

t2

Fl = FS + 4(dCa + [Aa; Cal) + 5 [Ca; Cal.

Hence,
F! = dC, + [Aa, Co] + t[Co, Co] = dC, + [AL,, Cs].
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Consequently
P(FL) — ¢(FO) = /{qs FLFL L FL) + -+ ¢(FL, . FLEL) Yt
{d)(dCa,F;,...,Fé)+---+¢(F£,...,Fé,d0a)}dt
0

1
+ / {¢([Afx7 Ca]a Fotu ceny F(ﬁ) +ee ¢(Fz§u ) szu [Aﬁw Ca])}dt'
0
Because the algebra Q°V*(U,,) is commutative, we deduce
¢(w0(1)7 "'7wa'(k)) = ¢(w17 ...,(.Uk),

for all permutation o of order k and any wy, ...,w, € Q°V*(U,; g). Hence
1

O(FD) = S(FD) = [ 9(FL, oo L dCa + (4L, Cal)dt.
0

We claim that
H(FL, ..., FL dC, + [AL,CL)) = do(FL, ..., FL,Cy).

Using Bianchi identity 4.13 and the Equation 4.15 we get

do(FL, ..., Ft,C,) = ¢(FL,...,F.,dC,) + ¢(dFL, ..., FL, Cy) + -+ ¢(FL, ...,dFL, Cy)
= ¢(FL,...,F! dC,) — ¢(Cq, [AL, FL,FL, ... Fi)—
— ¢(Ca, Fo, o, Fry [AG, Fy)
&(FL, ... F! dCa+[Ata,Ca])—gb(F;...,F;[Ata,Ca])
([At F!,Ft .. F. Cy)—---—@(FL, .., FL AL, F!],Cy)
(F! .FtdC +[AL, Cu))
(dC +[AL,CL)), FL, ..., FY).

Hence

1
O(EL) — B(F) = k / (AL, FL, .. FLdt.
0

We set L
Ty(AL, AL) ;:/ ko(AL, Ft, .. F!)dt.
0

Since Cg = g,gaCagﬁ_i and Fg = g/;aFagg; on U, NUg, we conclude from the Ad-invariance
of ¢ that the collection Ty (AL, A,) defines a global (2k — 1)-form on M which we denote
by T, (A’, A), and we name it the ¢-transgression from A to A’. We have thus established
the transgression formula

O(Far) — ¢(Fa) = dTy(A', A).
O

In conclusion, given a principal G-bundle p : P — M on a smooth manifold M defined by
gluing cocycles {gop : Uo NUs — G}, let A € A(P) be a connection defined by the collection
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Ay € QY(U,;g) satisfying the Equation 4.5, with curvature form defined by the collection
F, € Q%(U,;g), and given ¢ € I*(G), then the Chern-Weil construction give us a closed form
#(F(A)) € Q% (M), whose cohomology class is independent of the connection A. We denote
this cohomology class by ¢(P). Thus, the principal G-bundle P defines a map, called the
Chern-Weil correspondence

cop 1 I°(G) — H*(M)

defined by ¢ — ¢(P). In fact, ctop is a morphism of R-algebras.

Let G = U(n) be the Lie unitary group with Lie algebra g = u(n) consisting of skew-hermitian
matrices. The Lie group U(n) acts on u(n) by conjugation U(n) x u(n) — u(n) given by
(9,X) — gXg~!. We know that every skew-hermitian matrix is conjugate to a diagonal one,
and the space of diagonal skew-hermitian matrices forms a commutative Lie subalgebra of u(n),
namely the Cartan subalgebra denote by

Cartan(u(n)) := {Diag(iA1, ..., iAn) | (A1, ..., An) € R"}.

Notice that the group of permutations of n objects acts on Cartan(u(n)) by permutation of
its diagonal entries. Thus, we say that two diagonal matrices are conjugate if and only if we
can obtain one from the other by a permutation of its diagonal entries. Therefore and Ad-
invariant polynomial on u(n) is determined by its restriction to the Cartan algebra, i.e., we can
regard every Ad-invariant polynomial on u(n) as a polynomial function P = P(Aq, ..., A,). This
polynomial is also invariant under the permutation of its variables and thus can be described as
a polynomial in the symmetric quantities

Ck = E Liy iy

1 <o <ip
where the variables . \
i .
= (N =L
i 27T(Z J) 2

-

are called Chern roots. If we set D = D(\) = Diag(i\, ...,i\,) € u(n), then
1t 9 "
det 1—|—2—D =1+cit+cot + -+ e, t".
™

Instead of the elementary sums we can consider
Sp = E xy.
i

The elementary sums can be expressed in terms of the s,.’s via the Newton relation

r

_1)J P
E (=1)sp—jc; =0,
=1
in particular s; = ¢q, s9 = c% — 2¢9, S3 = c% — 3c1c3 + 3cs. Using again the matrix D we have

r it
E Srpr — gy exp “p).
d 2m

r>0
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There exist a general procedure of constructing symmetric elements in C[[A1, ..., A,]]. We con-
sider a formal power series

f=ao+aix+axx® + - € Cllxy, ..., z,]], ap = 1.
Then if we set & = (21, ..., z,) the function the function Gf(Z) = f(z1) - -- f(zn) € Cllz1, ..., T4]]

is a symmetric power series in & with leading coefficient 1. Then if D = Diag(iX) we have

(520 = Ding( 1) ),

so f(Z) = det f(;D). We thus get an element Gy € C[[u(n)]]Y (™ defined by
7T

G(X) := det f(ziﬂX).

It is called the f-genus or the genus associated to f.

Example 4.1. When f(x) = 1 + x we obtain the Chern polynomial. For ¢ € C[[u(n)*]]Y
and X € u(n) we have

o(X) = det (Idcn + ZX).
2w

Now the Chern character ch € C[[u(n)*]]V™,

i
h(X) =1t —X .
ch(X) =tr exp(%r )
Using the Newton formula

ch=n+c + %(cf —2c2) + %(cl —3c1co 4+ 3¢3) + -+
Consider now a rank n complex vector bundle £ — M on a smooth manifold M equipped with
a hermitian metric h. For each connection V € Conn(F), we can regard the curvature F(V) as
a n X n matrix with entries even degree forms on M. For any f =1+ ajz+--- € C[[z]], by the
Chern-Weil Theorem 4.4 we have a closed form with cohomological class is independent of the
metric h and the connection V

G (V) = det(F(V)) € Q7 (M). (4.16)

Example 4.2. When f(x) = 1 + 2 we obtain a non-homogeneous even degree form

7

(V) :=c(F(V)) = det (IdE + o

F(V)) € Qeven(M).

therefore ¢(V) is a topological invariant of E, and we recover the total Chern class of F in the
case in which M is a smooth manifold. It has a decomposition into homogeneous components

c(BE)=14c (E)+ -+ cu(E), cx(E) € H*(M,R).

We will refer to c;(F) as the k-th Chern class. Also we recover the Chern character of E as the
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cohomology class ch(FE) carried by the form
T

ch(V) =tr exp(ziF(V)) =rankF + 1 (F) + %(cl(E)2 —2c(E))+---. (4.17)

Due to the naturality of the Chern-Weil construction 4.4 we deduce that for every smooth map
f+ M — N and every complex vector bundle £ — N we have

o(f*E) = [*c(E).



Chapter 5

Multiplicative sequences and
genera

To define the arrow between cohomology and the integer numbers Z shown in the diagram 1.1,
in this chapter we define multiplicative sequences and genera in order to establish the Todd
class and the A class, which will appear as a ”correction” term for the commutativity of right
side of the diagram 1.1. Finally we will discuss Pontryagin numbers which allow us to discuss
one of the main instance of the Atiyah-Singer index theorem, namely the Hirzebruch signature
theorem.

1 Pontryagin numbers

Now we developed the facts that we need in order to state Hirzebruch’s signature theorem.

First we recall some basic definitions in differential topology. A manifold with boundary is
a topological pair (M, OM) satisfying the following conditions

e The set int(M) := M\OM is a topological manifold. Its dimension is called the dimension
of the manifold with boundary.

e The set OM is closed in M and it is called the boundary. It is a manifold of dimension
dim OM = dim int(M) — 1.

e There exists an open neighborhood N of OM in M and a homeomorphism

U:(-1,0] x OM — N

such that ({0} x OM). Such a neighborhood is called a neck of the boundary.

Let (M,0M) be a manifold with boundary with neck N of M, we can form the noncompact
manifold M, called a neck extension of the manifold with boundary, by attaching the cylinder
C = (—1,1) x OM to the neck along the portion (—1,0] x M.

Definition 5.1. A partition is a finite weakly decreasing sequence I of positive integers
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We say that [ is the length of the partition and w(I) := i1 + --- 4 ¢; is the weight of the
partition. We denote by Part the set of all partitions, by Part(k) the set of partitions of weight
k, and we denote by p(k) its cardinality.

Notice that given any finite non-necessarily monotonic sequence of positive integers (iy, ..., %),
we can associate a canonmical partition (iy,...,4;)\, obtained by rearranging the terms of the
sequence in decreasing order. Thus we can define the operation * : Part x Part — Part given by

(ila "'7il> * (jl, 7]m) = (ila "'ailajla 7]m)\

Notice that w(I * J) = w(I) + w(J), for any I, J € Part.
For every smooth manifold M we set

Pe(M) = Pp(TM), Pu(t) :=Prar(t).
Definition 5.2. The Kronecker pairing is a bilinear pairing (—, —) : H"(X) x H,(X) = Z
given by
([e], [a]) = (el [a]) == ¢().
Definition 5.3. For any smooth, compact oriented manifold M of dimension m and any par-
tition I = (41, ...,4;) € Part(k) we define the Pontryagin number of M as the integers

{ 0 m # dw(I),
(piy (M) -, (M), [M]) - m = 4w(I),

where (—, =) : H™(M)X Hp, (M) — Z denotes the Kronecker pairing and [M] € H,, (M) denotes
the orientation class.

Pr(M) =

Observe that if the dimension of M is not divisible by 4 then the Pontryagin numbers are trivial.

Proposition 5.1. If the smooth compact oriented manifold M is the boundary of a smooth
compact manifold with boundary M, then all the Pontryagin numbers of M are trivial.

Proof. We assume that M has dimension 4k. Choose an orientation class []\7] € H4k+1(1\/4\, 8]/\4\)
that induces the orientation [M] on M, ie., d[M] = [M]. Let M be a neck extension of
M. Observe that the normal bundle TMM is a trivial real line bundles so that (TM v =
Ty MaTM. By the stability of the reduced Pontryagin classes we deduce that p,(M) = j*p; (]T/[/ )
for all i > 0, where j : M — M denotes the natural inclusion. If I = (41,...,4;) € Part(k) then

Pr(M) = (p;, (M) - p;, (M), [M]) = (p;, (M) -- - ;, (M), O[M])
= (570, (M) - - - p;, (M), O[M])
where 01 : H¥% (M) — H*+1(M,dM) is the connecting morphism in the long exact sequence
of the pair (M,0M). Now observe that 97j* = 0 due to the exactness of the sequence

BT 25 5% () 2 5 (T, 00D)).

This proposition shows that we can regard the Pontryagin numbers as morphism of groups

P]IQI]C—)Z
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with I € Part(k). Note that by definition P; vanishes on the torsion elements of ij an thus
Pr is uniquely determined by the induced morphism

PI:QZk(X)Q—)Q.

The principal objective in this section is to show that the Pontryagin numbers (Pr)repart(k)
form a linearly independent subfamily of the Q-vector space

By = HomQ(QZk, ®Q,Q).

For this purpose it is convenient to think of the reduced Pontryagin polynomial of a manifold
M of dimension k as a product of elementary polynomials

k k
Ful) = Ym0 = [[( 472, 2= 12
1=0 i

Thus we can think of the Pontryagin classes as elementary symmetric polynomials in the vari-
ables r;, where we denoted by o; the j-th elementary symmetric polynomial in the variables
r;, 1 <14 < k. Thus any other polynomial in these variables is then a polynomial combination
of the elementary ones. For any partition I = (41,12, ...,4;) € Part we define the symmetric
polynomial

s1(01, ..., 0k) = Zr’f -~~rf’ € Zlo1, ..., 0k,

where the sum is over all monomials equivalent to ri* - - ~7‘f’, where two monomials are declared
equivalent if one can be obtained from the other by a permutation of the variables 71, ..., 7.

Example 5.1. For example we have the following polynomials

2
52,1:z:’l"i?“j20'10'2—30'37 31,1:ZTiTj202-
i#j i<j

From this construction, we have the immediate result:

Lemma 5.1. The polynomials (s7)repart(x) form a basis of the free abelian group space of
symmetric polynomials of degree d < k in the variables 71, ..., 7, with integral coefficients.

We denote by 8 the ring of symmetric polynomials with integral coefficients, and by Sg the
subgroup consisting of homogeneous polynomials of degree d. For any smooth manifold M of
dimension 4k and any partition I of weight k we set

SI(M) = SI(pl(M)w'"ﬁk(M))ﬂ Sp = <SI(M)7MM>a

where pps € Hyp (M) denotes the orientation class of M. Therefore for every I € Part(k) we
obtain morphisms of groups
S[ : Qik — 7

and thus Q-linear maps Sy : QZ,C ® Q@ — Q. Thus by the Lemma 5.1, the linear subspace
of Zj spanned by (S7)repart(k) is equal to the linear subspace spanned by the linear maps
Pr: Qik ®Q — Q. Therefore to show that the Pontryagin numbers (Pr)cpar (k) form a linearly
independent subfamily of the Q-vector space Zy it is suffices to show that the functionals Sy are
linearly independent. In fact we prove something stronger; for every I = (iy,...,4;) € Part(k)
we set

CP?! := CP?* x - .- x CP?"
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and we denote by §4k((@) the subspace of ij spanned by the cobordism classes of CP?!, with
I € Part(k). We will show that the vector space €24;(Q) has dimension p(k) and that the
functionals Sy, with I € Part(k), form a basis of

(1)

k= HomQ(SAhk (Q),Q).

Let 0y, 0},0 be the i-th elementary symmetric polynomials in the respective variables r1, ..., 7y,
! j > n. From the identities

1y Ty and 77, . rp with 77 equal to rj, j < n and equal to }_,,,

n n

iaiti = H(l +7it), ia;tj = H(l + r;t)
i=0 §=0

i=0 j=0

we deduce

o = E 007 (5.1)
i+j=l
As any monomial in the variables ] can be written in a unique way as a product between a

/
VR

si(of) = Y ss(00)sk(o’f), (5.2)

JxK=I

monomial in the variables r; and a monomials in the variables 7’;, we have the following identity

for any I € Part(2n).

Lemma 5.2. Suppose My and M; are smooth, compact oriented manifolds of dimensions 4k
and 4k respectively. Then for every I € Part(ko + k1) we have

Sp(My x My) = > S1,(My) - S, (M) (5.3)
(Io,I1)€Part (ko) x Partky , JoxI1 =1

Proof. Let n = kg + k1. We denote by m; the projection My x My — M;, with i = 0,1, and we
set p 1= p;(Mo x Mi), p; := m5p;(Mo), p; := mip; (M), then pi' = 3, ,_, pip;, and since the

variables o;, a;- are algebraically independent we deduce from Equation 5.2 that

si(Mo x My) = s1(p)) = > 55(p;)sk(p))
JxK=1I

SO

SH(Mo x My) = Y (ss(p;)sk(ph), aty X par,)

JxK=I

= Z (50(Ps)s 1ay) - (s1c(DR)s 1201y)
JxK=I

= > Sy(My)- Sy(0).
JxK=I

O

Now we prove that the p(k) x p(k) matrix [S;(CP”)]; jepare(k) is nonsingular. We define a
partial order > on Part(k) by declaring I = (i3 > --- >4, >0) = J = (j1 > -+ > jm > 0), with
1,J € Part(k), if I = I % --- x I,,,, with I, € Part(j,) for all 1 < a < m.
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From Equation 5.3 we deduce that S;(CP2?/) = 0 if J Z I. This shows that the matrix
[S1(CP)]1,separt(k) is upper triangular with respect to the above partial order on Part(k). An
inductive application of Equation 5.3 we show that

l
Siysooniny (CP? x - x CP?1) = T S, (CP*™).

v

v=1
Thus the matrix [S;(CP)]; jepart(k) 18 nonsingular if and only if S, (CP?™) # 0, for all n.

Lemma 5.3. Foralln >1
S, (CP?") = 2n + 1.

Proof. Let o; be the i-th elementary symmetric polynomial in the variables ry,...,ry, with
N >n. We set f(t) = Z?;O oit', with og = 1, so that

N

flz) =T +ri2).

i=1
We then have the Newton formula

r'e)
fz) ¢

(2

= 3 (D) s (M) 2™ (54)

N
= m>0

T
1 1+rz

If we let f(z) := 2,50 D;(CP?*")2, then by the Corollary 4.5 we have that

flz)= Zﬁi((c]pﬁn)zi = (14 [H]22)?*1, [H]2+ = 0.

i>0
Therefore ,
FE = ot DU+ U2 = 3 (1) s ()27
m>0
We deduce that s, (M) = (2n + 1)[H]*". O

Therefore we have the final result.

Corollary 5.1. The cobordism classes of the manifold CP?/, with I € Part(k) are linearly
independent in the Q-vector space QI,C ® Q.

2 Multiplicative sequences

Let A®* = @,,~,A™ be a commutative graded Q-algebra with grading A™ - A™ C A™™™. Then
we associate to A® the ring of formal power series A°®[[z]] with elements of the form ) ., pn2",
where p,, € A™ has degree n. The ring A®*[[z]] contains a multiplicative semigroup with 1,

A = { it € Al | =1
n>0

We consider the commutative, graded Q-algebra B := Q[p1, pa2, ...], where the variables p,, have
degree n. We can think of 8 as the ring of symmetric polynomials in an indefinite number of
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variables. Thus an element of B[[z]] is of the form

K= K((pn)nZh Z)

Since the variables p,, have degree n, we can write the element K as

K = Z Kn(p17p27 "'7pn)zn7
n>0

where K, (p1, ..., pn) is homogeneous of degree n.
Definition 5.4. A multiplicative sequence is an element

K = 1 + Z Kn(plap?a "'apn)zn e %[[ZHT

n>1
such that, for any graded Q-algebra A®, the map K : A*[[z]]" — A®[[z]]" given by
a(z) —1—|—Zanz &—>K —1—|—ZK A1y ey Qp) 2",
n>1 n>1

is a morphism of semigroups with 1.

As an immediate consequence of the definition, if K is an multiplicative sequence, then for any
commutative Q-algebra R with 1, and any sequences (pyn)n>0, (P})i>0 and (p;-’ )j>o0 in R such
that po = pj = pj = 1 and p,, = ZH] n PP} we have for all n

Kn(p17 apn) = Z Kl(plla ap;)Kj<p/1/a ap;/)
i+j=n
Now let K =1+ Zn21 K, (p1, .., pn)z"™ be a multiplicative sequence, then for every n > 1 the
polynomial K, (¢,0,...,0) € Q[¢] is homogeneous of degree n and thus it has the form

Ku(€,0,...,0) = knt™, ky € Q.

Definition 5.5. We define the power series

§ =1+ k" € Q[

n>1

called the symbol of the multiplicative sequence K.

Remark 5.1. By easy computation we have the identity
k(p12) = K(1 4 p12).

Proposition 5.2. A multiplicative sequence K is uniquely determined by its symbol ax ().

Proof. We consider the graded ring A®* = Q[t4, ..., t,] and we denote by oy, the k-th elementary
symmetric function in the variables t1, ..., t,, thus we have the identity in A®

n n

1+Zok :H (1+t12)
k=1

therefore
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1 —i—ZKj(oh..., 1+ZUJZ] = H 1+4t;2) HaK(tjz).
j=1 j=1 j=1 j=1

This uniquely determines the polynomial K; since the polynomials o are algebraically inde-
pendent. 0

Proposition 5.3. For any power series

=14 af" €Ql

n>1
there exists a multiplicative sequence K = K such that ax(§) = a(§).
Proof. We consider the product
n n
[Tetiz) =14+> Ajnlts,tn)? + > Analts, otn)2".
Jj=1 Jj=1 N>n

Observe that the polynomials A; ,, are homogeneous of degree j and symmetric in the variables
t1,...,tn, SO we can express them as polynomials in the elementary symmetric functions,

Aj,n(th 7tn) = Kj,n(al, ...,O’j)7 j S n. (55)
Moreover, for j <n < N we have
Kj,n(al7~-~70j) = Kj,N(Uly"'7Uj)'

For this reason we will denote by K;(o1,...,0;) any of the polynomials Kj ,, with j < n. If
instead of elementary symmetric polynomials o; we use the polynomials sy, with I € Part(j)
introduced in the previous section, then we have

Kj = E CL[S[((Tl,...,Uj), Ay = Q4q,... 4 = A4y Qg .
IcPart(j)

Now we define

K((pi)iz1,2) =1+ ZKj(ph N RER
Jj=1

where K; are the polynomials defined by the Equation 5.5, or equivalently,

Kij(p1,opi) = > arsr(p1,om)-
IePart(n)

If in some ring A°®[[z]] we have an equality of the form

1+ZPH TL:(1+ZpiZi)'(1+Zp;Zj)>

n>1 i>1 i>1

then p!! = ZiH:n pip, and from the Equation 5.2 we deduce

stP") = > ss(p)-sk(®).

JxK=I



Coupled with the identity a;.; = aja; for all I, J € Part, this implies
K.(p") = > Kilp)K;(p)
i+j=n

so that

IA((I—l—ZpZz") = IA((l—I—Zpizi)-IA((l—i-Zp;zj).

n>1 i>1 i>1

Now some examples.

Example 5.2. (a) The set Part(1) consist of single partition I =1 and we have

51(t1, e tn) =t + -ty = 01,

(b) The set Part(2) consist of two elements, namely, 2 and (1,1). Then

2 : 2 2 2 :
SS9 = ti =01 — 20’2, S1,1 = titj = 02.

1<j

(¢) The set Part(3) consist of three partitions, namely, 3, (2,1), and (1,1,1) and we have

3
$1,1,1 = 03, 83 = E t;
i

and

§2,1 = Zt?tj = thzt? = th(82 —t?) = S$201 — 83 = 0’% —20’102 — S83.

i#] J i#] J
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To express s3 in terms of the elementary symmetric functions we use Newton’s formula 5.4

n
7 m>0
we deduce o1 = 81,209 = —8o + 0181,03 = S3 — S182 + 0951, so that

S3 = 0:1)) - 30’10’2 +30’3

and
§2,1 = 0102 — 30’3.

Zjdjzj_l — <1+Zn:0jzj> . (Z(_l)msm-&-lzm
=1

(5.7)

(5.8)

Example 5.3. (a) Let a(z) = 1 + z, then the multiplicative sequence with symbol a is K =

14+ p1z+pez?+ -+ . Indeed,

n n n
1 +ZKj(Ul7~--70j)Zj = H(l +t]2) =1 +20'ij.
7j=1

Jj=1 Jj=1

(b) Consider the series
\/g 22k

(2k)' b2k§ka
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where b,, denote the Bernoulli numbers, that are defined by the recurrence relation

S

j=1

1
where by = 1,6, = —3 We have byj41 =0 for all j > 1. Equivalently

_1_2

n>0

Therefore ) ) 5 ) 5
l(2)=14+=2— — 3 — 6.
()=1+32- =+ 557 ~ o * a3mms” T O
we denote by /,, the coefficient of 2™ in the above expansion. If we denote by L the multi-

plicative sequence with symbol £(€), then we have

Lo= Y lrsi(p1, . pn)-

I€Part(n)

Here is the explicit description of L,, for n < 3. We have by the Equation 5.6

1
Ly =lis1(p1) = FILE
1 1 7 1
Lo=/ Psi1=——(p?—2 Py = —py — —p?
2 282 + £751,1 15 (pi p2) + 9272 45p2 45271
and finally by Equations 5.7, 5.8, we have
Ly = 111+ Lalysos + f383 = ——pp — ——( 3ps) + ——(p® — 3p1ps + 3ps)
3 = 415111 2t152.1 383 = 27 135 P1p2 — 9ps3 945 P1P2 D3
62 13 L2
= 045 T gusPPPr T gu5P

(c) Let a(§) = 14>",,5; an€™ € Q[¢] be a formal power series and let { K} be the multiplicative
sequence associated to this formal power series. To each complex vector bundle E over a
space X, we associate the total K-class

Kc(B) = K(c(E)) € H*(X;Q),

where ¢(E) is the total Chern class of the vector bundle E. Since ¢(E @ E') = ¢(E)c(E"),
this class has the property that for any two complex vector bundles E and E’ over X,

Kc(E® E') = Ke(E)Kc(E).
If we decompose by the splitting principle the bundle F as E =6, & l; & --- & £, then

(1 + .Tj)

n

J
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where z; = ¢1(¢;) for j =1,...,n. In particular, we find that
¢(E)=0(x1,...2pn), j=1,...,n

where o; denotes the jth elementary symmetric function of z1,...,2,. Thus we have that

Kc(E) = a(xy) - - alxy),

where z; = ¢1(¢;) for each j.

In particular, associated to the formal power series

T 1 1
td(z) = = :1+§x+ﬁx2+---

is the multiplicative sequence {Td,,} called the Todd sequence. The total Todd class is
denoted by Tdc. Its first few terms are:

1
le(cl) = 501

1
Tds(c1,¢2) = —(co + cf)

12
Tds(c1,c2,c3) = 516261
1 2 2 4
Tdy(c1,c2,c3,c4) = %(—04 + c3c1 + 3¢5 + deacy — )
Tds(c1,c2,c3,¢4,05) = @(—6401 + e3¢ + 3c5e1 — cac}).

By the Equation 4.16 the Todd sequence has the form

P
Td(V) := det 2m ™) . (5.9)

exp(;ﬂF(V)) — Idg

Let a(§) = 1+3_,,5; an€"™ € Q[¢] be a formal power series and let { K} be the multiplicative
sequence associated to this formal power series. To each real vector bundle E over a space
X, we associate the total K-class

K(E) := K(p(E)) € H*(X;Q),

where p(F) is the total Pontrjagin class of the vector bundle E. Since p(E®E') = p(E)p(E’),
this class has the property that for any two real vector bundles E and E’ over X,

K(E® E')=K(E)K(E').

Assume F is oriented and of dimension 2n. If we decompose by the splitting principle the
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bundle EQ C as 1 ®Llo @ --- D ¥, then

c(E®C)=

J

c(ty)e(l;) =[] - ),

n n
=1 j=1

and we find that

p(E) =[[(1+423),

j=1
where z; = ¢1(¢;). In particular, we have

py(E) = 0(a3, . 22) (5.10)
for each j. Thus

K(E) = a(a?)---a(a?), (5.11)

where z; = ¢1(¢;) for each j.

In particular, associated to the formal power series

V)2 1 7

sinh(vz/2) =~ 24 e

a(zr) =

is a multiplicative sequence {flm} called the A—sequence. The first few terms of the se-

quence are
p 1
Ai(pr) = ot
A 1 9
Az(p1,p2) = m(—‘k@ + 7p1)
. 1
A3(p1,p2,p3) = —WU@?S — 44pypy + 31p3).

Given a real bundle FE, the total A-class of E is the sum

-~ ~ ~

A(E) =1+ A1(p1(E)) + Aa(p1(E),p2(E)) + -+ .

If we write EQC =10, Bl B --- P {, as above, then by the Equation 5.11

where of course p;(E) = o;(z%,...,22).

The Todd class and the A-class are intimately related.

Proposition 5.4. For any oriented real vector bundle F it is true that

Tde(E ® C) = A(E)2.
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Proof. We may assume dimF is even and we consider a formal splitting EQC =, &l H---®
0, @ ¢, since in the case in that the dimension of E is odd, we can add a trivial line bundle
onto the previous decomposition. Then by definition

—x;)

l—e Ty l—eIJ

Tdc(F®C) =

H::]z

where z; = ¢1(¢;). Multiplying by e® /2¢=%i/2 in the denominator gives
n T 2
Tde(E®C —_—
c(E®C) = 1_[1[6%‘/2 — te/Q]

{Bj/2 :|2
n sinh(x;/2)

<
3

I
>0

(E)]Z-

3 Genera

Definition 5.6. A genus is a ring morphism v : QF — Q, where Q} denotes the oriented
cobordism ring.

Definition 5.7. For any formal power series u = ug + u; + -+ + upz™ + ---, we denote
by jlu == >, ., ukz® its n-th jet and by [2"]u the coefficient of 2" in the expansion of u,
[2]"u = .

Proposition 5.5. Let M be a compact, oriented manifold of dimension m. Any multiplicative
sequence K = (K, ),>1 defines a genus v = yx such that

{ 0 m # 4s,
(K(pi, (M) - - p;, (M)), [M])  m = 4s,

for some s and [M] denotes the orientation class of M. Moreover, if a(§) is the symbol of K,
then v(CP?") are the coefficients of €2 in the formal power series a(£2)27 L.

Y (M) ==

Proof. Suppose My, M; are two compact, oriented smooth manifolds. We set M = My x M;
and we denote by m; the natural projection M — M;, with ¢ = 0,1. We set

z)=1+4 nyk(Mi)zk, Pz) =1+ nyk(M)zk, i=0,1.

k>1 E>1

Then TM = 7§(TMy) @ w7 (TMy). From the product formula 4.2 we deduce
P(2) = 5P (2) - 7 P1(2).
Hence

(K(P(2)), [M]) = (K(P(2)), [Mo] x [Mi]) = (75 K (Po(2)) - 71 K(P1(2)), [Mo] x [Mi])
= (K(Po(2)), [Mo]) - (K (P1(2)), [M]).
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If we set z = 1 we deduce (Mo x M1) = v (My) - vk (M7). The linearity of 7 is obvious.
Notice that
Vi (CP?") = (K (p1 (CP?"), ..., pn (CP?™)), [CP?"))).

If we set

Po(z) =1+ Zﬁk(CPQ")zk

k>1

then R R
K = [2]"K(Pu(2)) = [2]" K (jIPu(2)).

On the other hand we deduce from the Corollary 4.5 that
Pu(z) =2 (1 + [H]?2)* !
so that

Ky = " K G2+ [H?2)2) = []"K (1 + [H]?2)?) = [2]"(K (1 + [H]2))*"
([e]"a(z)>" 1) [H]*
= [€2")(a (€)1 [H)>".

Then
11¢(CE") = [€27)(a(€2)){[H]?", [CE2")).

O

A genus 7 extends to a ring morphism v : O ® Q — Q. Remember that the subring ﬁf of QF
is generated by the cobordism classes CP?", for all n > 1.

Definition 5.8. To any ring morphism = : ﬁj‘ ® Q — Q we form the generating series

r(t) =1+ Z o, t2", ry, = y(CP?").

n>1
We also set

t Y
r
R” ::/ rY = Z —2n_gntl 0 =1,

Proposition 5.6. There exist a bijection between formal power series

r(t) =1+ > r2at? € Q[[])!

n>1

and ring morphisms ﬁj‘ RQ — Q.

Proof. By the Corollary 5.1 the collection {CP?"t x --. x CP?% | (iy,...,4;) € Part(n)} forms a
rational basis of (AZIn ® Q, therefore the sequence rj, completely determines the restriction to
ﬁf ® Q of the genus . Conversely, any sequence of rational numbers (72, ),>1 determines a
unique morphism -y : ﬁj‘ ® Q — Q such that

V(CP%) = T2n

for any n > 1. O
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By the Proposition 5.3 to every power series a € Q[[¢]]T we can associate a multiplicative
sequence K = K*“ whose symbol is a. We denote by v* the genus determined by K¢, and we
set

r(8) = 1+ S 77 (CP e € Q)T

n>0

Thus we obtain a correspondence Q[[¢]]T — Q[[t?]]" given by a(¢) + r?(t). We would like to
give a description of the inverse of this correspondence.

Definition 5.9. For any formal power series u =), -, unt" € R[[t]] we set

t
/ Un n+1
U= g —t .

0 o n—+1

We define the composition of two formal power series u o v, with [t']v = 0,

(uov)(t)qurul(Zvnt") +u2<Zvnt”>2+~~.

n>1 n>1

A formal power series u is called formally invertible if it has an expansion of the form
u(t) = urt +ugt> + -+, wuy #0.

In this case, a version of the implicit function theorem for formal series implies that we can find
a formal series v = vit 4+ v9t2 + - - -, called formal inverse, such that wov =t = vou. We
denote it by ul=!. The coefficients of v are found via Lagrange inversion formula. We write
u as a ratio u = t/q(t) and then we have

o =~ " a(e)"

Proposition 5.7. For any morphism = : (Alf ® Q — Q there exists a unique multiplicative
sequence K = K7 such that v = yx on QF ® Q. More precisely, K7 is the unique multiplicative
sequence whose symbol a, satisfies the equation

~ = (am)

t
2y _
a’Y(t ) - (R'y)[,l] .
Proof. Observe first that R” is formally invertible because [t°]JR” = 0 and [tJR” = 1. From the
Proposition 5.5 we deduce 73, = [t*"]a(t?)?"*!, then

Equivalently,

[t2n+1]R'y — 1 [tQ”]a(tQ)Q"H.

2n+1

Observing that

1
[th}Rfy =0 = %[t2n71]a(t2)2n

we deduce that 1
[t"RY = —[t" " a(t*)"
n
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for all n > 1. The Lagrange inversion formula implies that R” must be the formal inverse
t/a(t?). O

We have thus produced several bijections
e Q[[¢]]t — Multiplicative sequences, given by a ~ K,; inverse the symbol map K + ay.
. Hom(ﬁir ®Q,Q) — Q[[t?]]f, given by v+ 7 =1+ anl 7 (CP2m)¢2n,
e Multiplicative sequences — Hom(ﬁ;“ ® Q,Q), given by K +— ~vg; inverse K7 — ~.

At this point we want to invoke R. Thom’s results on the structure of the oriented cobordism
ring.

Theorem 5.1 (Thom cobordism theorem). If 4  n then € is a finite group. Moreover
the group QF /torsion is a finitely generated free Abelian group of rank p(n) = |Part(n)|. In
particular, we have

2 eQ=00Q

Putting together all the facts established so far we obtain the following result.

Corollary 5.2. For any genus v : 2 — Q there exists a unique multiplicative sequence K
such that for any smooth, compact oriented manifold M of dimension 4n we have

V(M) = (K (py (M), ..., P, (M), [M]).

The symbol a(&) of K is related to the generating series

r(t) =1+ Y y(CP*)e*"

n>1

via the equality

where R = fot r7.



Chapter 6
Elliptic operators

We will discuss elliptic differential operators on sections of vector bundles on smooth manifolds,
giving their basic properties and defining the principal symbol of those operators. Also we define
the analytical index of elliptic operators and we sketch the proof on the well definition of the
analytical index (see [Ban-Crainic| for more details). Also we will define the topological index of
an elliptic differential operator. Finally we announced the Atiyah-Singer index theorem, which
relates the analytical index with the topological index of an elliptic differential operator on a
smooth manifold X. This theorem establishes the commutativity of the left side of the diagram
1.1.

1 Differential operators on spaces of functions on a man-
ifold

We first discuss differential operators acting on spaces of functions on an open subset U C R",
then we extend on space of functions on a manifold and finally we will move to those acting on
spaces of sections of vector bundles. We also discuss the symbol of a differential operator.

For multi-indices a, 8 € N™ we use the following notation:

n n
la] := Zaj ;oal:= H a;l.
j=1 j=1

o We write « < 8 if and only if a; < B; forall 1 < j <n. If @« < 3 we put

e We put 9; := 9/0z; and
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Lemma 6.1. Let f,g € C°(U) and « € N”. then we have the Leibniz’ rule

o(fa) = X (5) @ Do)

Bl

Proof. We will proceed by induction over k = |a|. For k = 1, the statement is just the ordinary
product rule. If |a| = k + 1, there exist 1 < j < n such that a can be written as o =
a+(0,...,0,1,0,...,0) where the 1 is at position j and |&| = k. Using induction hypothesis we
calculate

0 (fg) = 0,05(fg) = 3 (g)@aﬁf)(a&-ﬁ) (07 F)(0,07Pg) = (1).

0<p<a

Adding summands with multi-indices 8 such that

(5)= I (5) ()

next making an index shift (0 < 3; < a; = a; — 1) = (1 < 3; < @), and adding summands

where §; = 0 and thus
Qy — 1)
(@‘ -1

= X [ 11 (5)(7)erne o+ ¥ (5o

1#7;,0<8; <a;0< 6, <ay i=1, 0<B<a

we have that

- ¥ I (3) ( ) @near 3 (5)@ne—2a

1#5;0<8; <ay;0< 8 <oy i=1,i#£]

S I Yene o 5 () )ene

0<B<ai=1,i#j 0<B<i=1,i#j

i 0§((§ ) i_g# <ﬁ> (@1 )
20%( ) 7&( 1)<8ﬁf><aa )

% Gy
0<B<L

O

Definition 6.1. A differential operator of order at most k¥ € N on open set U C R" is an
endomorphism P € End(C*(U)) of the form

P= Z co(x)0%,

|| <k

with coefficients ¢, € C°(U) for all a. The linear space of differential operators on U of order
at most k is denoted by Dy (U). The union of these, for k € N, is denoted by D(U).
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Remark 6.1. Let P € Dy (U) and Q € D;(U) be differential operators of the form

P= Z ca(z)0, Q= Z cp(x)0”

lo| <k 1Bl<i

then applying the Leibniz’ rule (Lemma 1), the composition of P and @Q is given by

Po(N@ =3 3 % (‘“)ca<x><mcﬁ>(x)(aﬂﬂﬂf)(x),

jal<k BI<t7Za N
then Po@ € Dy1;(U). Therefore, the set D(U) of differential operators is an algebra with unit.

In order to obtain a definition of differential operator on a smooth manifold M, let h : U C
R™ — U’ C R™ be a diffeomorphism, then h induces by pullback the bijection h* : C*(U’) —
C>(U) given by h*f(z) = f(h(z)) for any map f € C°°(U’). Thus we have an induced map
h. : End(C>(U)) — End(C>(U")) given by h.(F) = (h*)"! o F o h*.

Lemma 6.2. The map h, maps D(U) bijectively onto D(U’).
Proof. Is an immediate consequence of the Leibniz rule. O

In addition we need a local condition for the operators that will be under consideration. Given
a smooth function f € C*(M), the support of f, denoted by supp(f), is the closure of the
subset of M where f is non-zero.

Definition 6.2. Let M be a smooth manifold. A linear operator P € End(C*(M)) is called
local if for all f € C°°(M) we have that supp(P(f)) C supp(f).

Since the complement of the support of a function is the largest open on which the function
vanishes, the condition in the previous definition is equivalent to have that for any open set
UCM and f € C®(M), if fly =0, then P(f)|y =0.

Lemma 6.3. There is a unique way to associate to any local operator P € End(C*(M)) and
any open U C M, a restricted operator

Py = Ply € End(C*(U))
such that if V' C U. then (Ply)|v = P|v.

Proof. For f € C*°(U) and a point « € U, we choose a function f, € C°° (M) which coincides
with f in an open neighborhood V, C U of z. To satisfy the condition of the lemma, we are
forced to define

Po(f)(x) = P(fz)(@).

for checking the well definition of Py, let g, be another another election, then f, — g, vanishes
on a neighborhood of z, since P is local, we deduce that P(f,) — P(g.) = P(fs — ¢g.) vanishes
on that neighborhood, therefore also at x. O

Let {(U,¢)} be a family of coordinate charts whose domain cover M, then P|y can be moved
to ¢(U) using the pull-back map ¢* : C>®(p(U)) — C>(U), to obtain an operator P, :
C=(p(U)) = C=(p(U)) given by P, = . (Ply) = (¢*) ' o Ply o ¢".

Definition 6.3. Let M be a smooth manifold. A differential operator of order at most
k on M is a local operator P € End(C>°(M)) such that for any coordinate chart (U, ) of a
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family of coordinate charts whose domain cover M, P, € Dy(p(U)), i.e., for a coordinate chart
(U7 Y= (xlv ‘~~7xn))7 we have that

Ply =Y ca()d2,

la| <k

with ¢, € C*°(U) and 95 act on C*°(U) and are defined analogous to 9 but using the derivative
along the vector 0/0z; induce by the chart.

Next, we discuss the symbol of differential operators.

Definition 6.4. Let U C R™ be an open set and let P € Dy (U) be of the form

The full symbol of the operator P is the function o(P) : U x R™ — C defined by

o(P)(,&) = 3 calw)(i€)”.

| <k

The principal symbol of order k of P is the function o (P) : U x R™ — C defined by

or(P)(@,) = Y cal@)(i&)”.

|a|=k

Where we must remember that
n
a . a;
v = T
j=1

Remark 6.2. We can view the variable £ = (&1, ...,&,) € R™ as a set of variables ; in the dual
of R™, where by abuse of notation &; : R”™ — R is given by (&1, ...,&,) — &. Then we identify
U x R™ with the cotangent bundle T*U, where given (z,£) € U x R™ we associate the element
&1(dzy) g+ -+ &, (dey),. In other words, the principal symbol should be viewed as the function
or(P) : T*U — C given by

§1(dx1)w + Tt + (fndxn)l — Z ca(x)(lf)a

lel=k

Now we show that with this interpretation in hand, the principal symbol can be characterized
without reference to the coordinates.

Lemma 6.4. Let U C R™, P € D(U). For &, := (x,§) € T:R™, withx € U, choose f € C=(U)
such that (df), = &.. Then

or(P)(x,€) = lim t~Fe @) p(elth) (1),
— 00
Proof. Given P € Dy (U) of the form

P= Z Co ()0
|l <k
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applying the Leibniz’ rule we have

lim e~ () (2) = lim +7Fe ) 37 o ()07 (1)

t—o0 t—o0
loe| <k
_ 1 —k —itf(x) o ay |, an St f(x)
= Jim e ) S (1) () (E0) - (60, ) e
la| <k
_ : —kioa/: o\
= Y cale) Jim 10 (iE)
|| <K
=Y cala)(iO)™.
|a|=k

O

Now let h be a diffeomorphism from U C R™ onto a second open subset U’ C R™. It induces the
map T*h : T*U — T*U’ given by T*h(z,£) = (h(x),& o T,h™1). Therefore we have the map
hy : C*°(T*U) — C>°(T*U’) given by h,o = o o (T*h)~!. Thus,

hyo(x, &) = a(h™ (), & 0 T h).
Lemma 6.5. For all P € Dy (U), we have that
ok (hs(P)) = hu(ow(P)).

Proof. Fix (z,£) € U x R" 2 T*U. Put y = h(z) and n = £ o T,h~ . Select f € C°(U’) with
df(y) = n. Then by previous lemma
0w (P))(y,n) = lim t5e= 40 (1, P)(eT)(y)
— iy p—ka—ith* f(z) p(aith” f
—tlirrolot e P 7)(x)

:Uk(P)($,§)-

So we have the immediate consequence:

Corollary 6.1. Let M be a manifold and P € Dy (M). Then there is a well-defined smooth
function
op(P) : T*M — C

such that, for any coordinate chart (U, ¢ = (21, ...,2,)) of a family of coordinate charts whose
domain cover M, o (P) is given by

gl(dxl)ﬂ? +- gn(dxn)x — Uk(PLP)(xvglv 7£n)

Definition 6.5. Let P € Dy (M). The function o (P) : T*M — C from the previous corollary
is called the principal symbol of order k£ of the operator P.
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2 Differential operators on spaces of sections of vector
bundles

Now we extend the notion of a differential operator acting at the level of sections of smooth
vector bundles F and F. We begin with degree zero differential operators. Given a section
C e '(Hom(E, F)), i.e., a smooth map C : M — Hom(E, F) given by  — C, € Hom(FE,, F,),
we define a C°(M)-linear map C : T'(E) — T'(F) given by s — C(s)(z) = Cr(s(x)). This
construction identifies sections of Hom(E, F') with C*°(M)-linear maps I'(E) — I'(F).

As before we will begin in the situation in that M = U is the domain of a coordinate chart
(U, = (21,...,zp)) and E 2 U x C" is a trivial bundle with associated frame si, ..., s; (see
Lemma 2.2). Then in this case we have higher order derivatives operators d3 : I'(E) — I'(E)
given by s = fis1 + -+ fisi = 05 (f1)s1+ - + 05 (fi)si (see Lemma 2.3).

Definition 6.6. A differential operator of order at most k& from E to F' is a linear map
P:T(U,E) - T(U,F) of the form

P= Y Co00%

la| <k
with C,, € T'(U,Hom(E, F)). The space of such differential operators is denoted by Dy (U, E, F).

More explicitly, P : I'(U, E) — T'(U, F') is given by

s P(s) = Y 0*(fi(@)ca(s1(@)) + - + 0% (filx))calsi(x)).

lo| <k

Remark 6.3. Notice that £ = F = U x R, the sections of the bundle E are precisely the
continuous functions on U, so in this case we have the particular case of differential operators
acting on spaces of functions on an open set U. More generally note that if also F' is trivialized,
with trivializing frame {s/, ..., s/, }, then each C,, is uniquely determined by a matrix of smooth
functions on U, ¢(a); € C°(U), characterized by Co(s;) = > c(a)gs;». With respect to the
identification I'(U, E) = C*(U,C)", given by (fis1 + -+ fis1) = (f1, ..., fi), and similarly for
F, P becomes

flv' 7fl 26a f] VRN 763(](‘])6(0[);)

Now we will show that Dy (U, E, F) does not depend on the trivialization of E. Another
trivialization over U is associated with a vector bundle isomorphism ¢ : E — FE given by
(z,v) = (z,g(x)v), where g : U — GL(C") is a smooth map. The map ¢ induces a linear
isomorphism ¢, of I'(U, E) onto itself given by @.(s) = ¢ o s. Accordingly, we have an induced
linear isomorphism @, from Hom(I'(U, E),T(U, F')) onto itself given by ¢.(T) = T o ¢, . Ap-
plying Leibniz’ formula, we see that the map @, maps D (U, E, F) bijectively onto Dy (U, E, F).
Hence the space Dy (U, E, F') defined above not depend on the trivialization of E. Furthermore,
we can already proceed as in the previous section and show that it does not depend on the
choice of the coordinates on U either. Therefore the space Dy (U, E, F') only depends on the fact
that FE is trivializable.

As before, we have the following definition

Definition 6.7. A linear operator between spaces of sections of two vector bundles £ and F'
over a manifold M, P :T'(E) — I'(F), is local if, for any s € I'(E), supp(P(s)) C supp(s).
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By the same arguments as before, any such local operator can be restricted to arbitrary opens
U C M, obtaining new operators P|U from E|y to F|y. Also, for a coordinate chart (U, p),
we obtain an operator P, acting on the resulting bundles over ¢(U), from E, := ¢.(E|y) =
(¢™H*(E|v) to f, defined similarly.

Definition 6.8. Let E, F' be smooth vector bundles over a smooth manifold M. A differential
operator of order at most k from E to F is a linear local operator P : T'(E) — I'(F') with
the property that, for any coordinate chart (U, ) with the property that E|y is trivializable,
P, € Dy(E,, F,). The space of differential operators of order at most k from F to F' is denoted
by 'Dk(E, F)

We extend the definition of principal symbol as follows. Let m : T*M — M the canonical
projection. For a vector bundle p : E — M, let 7*E be the pullback of E to T*M via the map
m, where the fibers of 7*E are E, for {, € Ty M. For two vector bundles E and F' on M, we
consider the hom-bundle Hom(E, F') on M with fibers Hom(E,, F;), for € M, and its pull-
back to T* M obtaining the bundle 7*Hom(FE, F') 2 Hom(x*E, 7*F') with fiber Hom(E,, F) for
€n € THM.

Lemma 6.6. Let E and F be smooth vector bundles on M and let P € Dy (E, F). There exists
a unique section oy (P) of m*Hom(E, F), i.e., a smooth map o (P) : T*M — Hom(n*E,n*F)
given by TxM > &, — o,(P)(&,) € Hom(E,, F,), with the property that for each o € M and
all s e T'(F) and ¢ € C™(M),

o(P)((dg)s,)(s(20)) = lim t~Fe7 (0 P(el?5) ().
Moreover, for each € M the function & — o (P)(z,§) is a degree k homogeneous polynomial
function T)*M — Hom(E,, F,).

Proof. Uniqueness follows from the fact that for every (x,&) € T*M and v € E, there exist a
smooth section s € I'(E) such that s(z) = v and a function ¢ € C*°(M) such that dp(z) = &.
Let 9 € M be given and select a coordinate patch U with o € U on which F and F' admit
trivializations ¢g : E|ly — U X Ey and ¢p : F|y — U x Fy. Let (1, ...,x,) be a system of local
coordinates on U, then

$.(P) = Y Cod,

lor| <k

with Cy, € C*°(U,Hom(E)y, Fy)). It follows by application of Lemma 6.4 that

lim ¢~ Fe™1t(@0) p(eit@ ) (zg) = Z [¢5'] 0 Calzo)pr[s(zo)|n®.

t—o00
la|<k

Here we have used the multi-index notation with n; = 0;¢(z0), 01, ..., 9,, being the derivations
induced by the choice of coordinates. It follows that the limit on the left in the previous equality
depends on s and ¢ through the values s(zo) and d¢(zp). This implies the existence of a section
or(P) of Hom(n*E, n*F). O

For P € Dy(E1, Ey), with Ey, Es smooth vector bundles on M, by the Remark 2.7 the symbol
or(P) € T'(Hom(n*Ey,7* E3)) may be viewed as a homomorphism of bundles from the bundle
7*Ey to m*Ey. Thus, if E5 is a third vector bundle and @ € D;(Es, F3) then the composition
01(Q) o o (P) is a vector bundle homomorphism from E; and Ej.
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Lemma 6.7. Let Ey, E2, E3 be smooth vector bundles on M. Let P € Dy(FE;, Es) and
Q € D;(Es, E3). Then the composition @ o P belongs to Dy1;(E1, F3) and

op+1(Q 0 P) = 01(Q) o o (P).
Definition 6.9. A differential complex over a manifold M,
e:T(E") 1Y) & (B s
consist of:

1. For each k£ > 0, a vector bundle Ej, over M, with E}, = 0 for k large enough.

2. For each k > 0, a differential operator Py from Fjy to Ejy1, of some order d independent of
k such that, for all k, Py1q 0 P, = 0.

For a differential complex ¢, we define Z%(¢) = Ker(P.), B¥(¢) = Im(Py41) and the k-th coho-
mology groups
H*(e) := Z%(¢)/B*(e).

Note that, by the Lemma 6.7 it follows that for a complex of differential operators as above, the
associated sequence o4, (Py) of principal symbols is a complex of homomorphisms of the vector
bundles 7*Ej on T*M, i.e., for any &, € T; M, the sequence

E° 0a(Po)(&x) gl ga(P1)(&z)

T x

Eg oa(P2)(€),

is a complex of vector spaces. In turn, this means that the composition of any two consecutive
maps in this sequence is zero. Equivalently,

Im(04(Py)(&x)) C Ker(oa(Prt1)(Ez))-

Definition 6.10. Let P € Dy (E, F) be a differential operator between two vector bundles F
ad F over a manifold M. We say that P is an elliptic operator of order % if, for any &, € T M
non-zero,

0k (P)(&:) : By — Fy
is an isomorphism.

Definition 6.11. A differential complex e is called an elliptic complex if, for any &, € T/ M
non-zero, the sequence

o0 oa(Po)(€z) El oa(Pr)(€z) g2 o

x x x

5 (P)(&),

is exact, i.e.,

KeI‘(O'd(Pk+1)(§a:)) = Im(O—d(Pk)(ga:))

So, given an elliptic operator P : T'(E) — T'(F) of order k over a compact manifold M, by
the Atiyah-Bott-Shapiro construction over compactly supported K-theory its principal symbol
ox(P): 7 E — 7*F, where w : T*M — M is the projection, will induce an element

[7*E, 7" F, 0 (P)] € Kept (T M).
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Definition 6.12. Let P : I'(E) — I'(F) be an elliptic operator of order k over a compact
manifold M. The topological index of P is the integer

Top — Ind(P) := g1 fiox(P),
where g fi 1 Kept(TX) — Z (see Equation 3.8).
Remark 6.4. By the Remark 3.2, the topological index is well defined.

Definition 6.13. Let P : T'(F) — T'(F) be an elliptic differential operator over a compact
manifold M. The analytical index of P is defined by

Ind(P) := dim(Ker(P)) — dim(Coker(P)).
More generally, given an elliptic compex
e: T(E°) 2 1(BY) 25 n(E?) 2
its analytical index is the alternating sum

Ind(P) := Y (—1)'dim(Ker(P,)).

9

Remark 6.5. Now, we show that the analytical index is well defined, i.e., dim(Ker(P)) and
dim(Coker(P)) are finite dimensional, and depend only on the principal symbol o (P).

Now we can state the Atiyah-Singer index theorem:

Theorem 6.1. [Atiyah-Singer index theorem]
For an elliptic differential operator P : I'(E) — I'(F') of order d, its analytical index Ind(P) is
equal to the topological index Top — Ind(P), i.e.,

Ind(P) = Top — Ind(P).

For a proof of this theorem see the book [Law89).

The principal goal of this thesis is to prove the cohomological form of the Atiyah-Singer index
theorem, that states that for an elliptic differential operator P : I'(E) — I'(F) of order d, its
topological index Top — Ind(P) can be given in terms of cohomological data, i.e.,

Ind(P) = Top — Ind(P) = (—1)"{cho(P) - A(X)?}[TX].

3 Well definition of the analytical index

In this section we will discuss a sketch of proof of the well definition of the analytical index. for
a detailed discussion see [Ban-Crainic]. More precisely, if M is a compact smooth manifold and
let P:T(FE) — I'(F) be an elliptic differential operator on M, then we will show that Ker(P)
and Coker(P) are finite dimensional, and thus the analytical index Ind(P) := dim(Ker(P)) —
dim(Coker(P)) is well defined.

The general strategy to prove this is to replace the differential elliptic operator P € Dy (M, E)
by a general operator defined on certain Banach space of sections denoted by H,.(M, E) on which
the general operators acts, and then using the theory of Fredholm operators on Banach spaces we
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can prove that these general operators are Fredholm. Such spaces H,.(M, E) are Sobolev spaces
and are defined such that these are subspaces of the distributional space, denoted by D’(M, E),
and contained the space of compactly supported smooth sections, denoted by D(M, E), as a
dense subspace.

In order to define the spaces of particular interest we start with a discussion of topological vector
spaces.

Definition 6.14. A topological vector space is a vector space V over C together with a
topology 7, such that the vector space operations V x V — V and C x V — V given by
(u,w) = v+ w and (A, v) — Av respectively are continuous maps.

By continuity of the translations 7, : V. — V given by y — y + x, the topology 7 is uniquely
determined by 7(0) :={O € 7| 0 € O}, i.e., for O C V, O € 7 if and only if for all x € O there
is B € 7(0) such that z + B C O. Thus if we know a basis of neighborhoods B(0) C 7(0) of
0 € V, then we know the topology 7.

Definition 6.15. A locally convex vector space is a topological vector space (V,7) such
that
Teonvex(0) := {C € 7(0) | C is convex}

is a basis of 7(0).

Definition 6.16. A seminorm on a vector space V is a map p: V — [0, 00) satisfying for all
v,w €V and A € C
p(v+w) <p(v) +p(w), p(Av) = [Alp(v).

Notice that it is possible for p(v) = 0 for nonzero v.

The key observation is that locally convex vector spaces are associated to families of seminorms,
namely, given a family of seminorms P = {p;};c; on a vector space V, one has the notion of
balls

B; in :{U€V|plk(0)<r71§k§n},

.....

defined for all » > 0 and i1, ..., 4, € I. The collection of all such balls form a family B(0), which
will induce a locally convex topology 7p on V.

Theorem 6.2. A topological vector space (V,7) is a locally convex vector space if and only if
there exist a family of seminorms P such that 7 = 7p.

Remark 6.6. Notice that if Py C P is a smaller family of seminorms such that for any p € P
there exist pg € Py such that pg(v) < p(v) for all v € V, then Py and P defines the same locally
convex vector space.

Next, we have a criteria for continuity of linear maps between locally convex vector spaces in
terms of the seminorms.

Proposition 6.1. Let (V, P) and (W, Q) be two locally convex vector spaces and let A: V — W
be a linear map. Then A is continuous if and only if, for any ¢ € @, there exist p1,...,p, € P
and a constant C' > 0 such that

q(A(v)) < C-max{p1(v), ..., pn(v)},

forallve V.
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Definition 6.17. A Frechet space is a topological vector space V' such that it is complete,
and its topology is induced by a countable family of seminorms {py, ps, ...}

Notice that the topology of a Frechet space V' is induced by a complete metric

d(v,w) := Z L 719"(0 —w)

= 27 14+ p,(v—w)’

The important examples for us are the following.

Example 6.1. Any Hilbert space or Banach space is a locally convex vector space. In particular
we have the LP-spaces on an open {2 C R"

LP(Q)={f:Q— C| f is measurable, /Q\f|<oo},

1/p
1llze = (/Q |f|p> |

Example 6.2. For an open Q C R", r € Z, and K C Q2 compact, we consider the space

with the norm

Cr(Q)={p:Q—C| ¢isof class C",supp(¢) C K}.
This space becomes a Banach space with the norm
19l]rx = sup{|0®¢(z)| | z € K, |a] <r}.

In the case in that » = oo, then C¥ () should be considered with the family of seminorms
{1 Mz rez, -

In the other hand, we can induce a topology on the set of all smooth functions C*°(€2) by the
family of seminorms
{ llxr | K CQ compact,r € Z}.

It can be seen that this family of seminorms can be replaced by a contable one, namely

{I-1

and using the Remark 6.6 we have that both seminorms define the same topology on C'*° ().

K, | Kn CQ compact,n,r € 7.},

ny

For the following example, recall that a subset B C V is called bounded if, for any neighborhood
of the origin, there exist A > 0 such that B C AV. Thus, if the topology of V' is generated by a
family of seminorms P, this means that for any p € P there exist A, > 0 such that

B C By(rp) ={v eV |pv) <rp}.
Therefore by the Proposition 6.1 this implies that for any continuous linear functional u € V*,
pB(u) := supf{lu(v)| | v € B} < oo,

obtaining a family of seminorms {pp}p5, indexed by all the bounded sets B.

Example 6.3. Let V be a topological vector space. We can consider two topologies on the set

V*:i={u:V = R | uis linear and continuous}.
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The weak topology on V*, 7, induced by the family of seminorms {p, },ev with p, : V* - R
given by p,(u) = |u(v)|. The another topology, the strong topology, 7, is the topology
induced by the family of seminorms {pg}5.

Remark 6.7. We will be interested in the dual V* of a particular locally convex vector spaces
V', in which cases if we consider the convergence or continuity aspects on the topologies 7, or
Ty on V* it does not make a difference, i.e., the aspects of convergence and continuity are the
same for the two topologies 75 and 7.

In the previous examples, by the Theorem 6.2 locally convex vector spaces come with naturally
associated seminorms and the topology is just the induced one. But we will be interested in
a locally convex vector space in which the topology comes first. We now discuss the general
construction of locally convex topologies known as the inductive limit.

Let X be a vector space and X, C X vector subspaces such that X = J, X», where o runs
in an indexing set I. Moreover, assume that for each o € I, we have given a locally convex
topology 7, on X,. We want to associate to this data a topology 7 on X, namely, this is induced
by the basic neighborhoods

B(0) :={B C X | B is convex such that BN X, € 74(0) for all a € I'}.

This topology makes X a locally convex vector space, all inclusions i, : X, — X become
continuous and this topology is the largest one with this property.

Proposition 6.2. Let X be endowed with the inductive limit topology 7, let Y be another
locally convex vector space and let A : X — Y be a linear map. Then A is continuous if and
only if each A, := A|x, : Xo — Y is continuous.

For the following result we set I the set N of positive integers and we have the strict restrictions
X1 C Xy C -+ with X, closed in X, 41 and 7, = 7p41]x,, -

Theorem 6.3. In the case above, a sequence (x,),>1 of elements in X converges to x € X in
the inductive limit topology if and only if the following two conditions hold:

o There exists ng such that x, z,, € X,,, for all m.
oz, — xin X,,.

With the previous discussions and examples we now define the main functional spaces on any
open set ) C R", and summarize the main properties of these spaces.

1. We define £(2) := C*(Q), endowed with the locally convex topology induced by the
family of seminorms {|| - ||x,r} kca,rez,, with K compact (see the Example 6.2). The
properties of this space are the following:

e The convergence means that f,, — f if and only if for each multi-index o and each
compact K C Q, 0*f,, — 0“f uniformly on K.
e As a locally convex vector space, £(2) is a Frechet space.

e The continuous operation of multiplication of functions, makes this space an algebra
over C.

2. Let Q be a open set of R". For each K C Q we consider £ () := C3 () the space of
smooth functions with support inside K, endowed with the topology induced by the family
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of seminorms {|| - ||k, }rez,. The test functions or compactly supported smooth
functions are defined by D(Q?) := C2°, i.e., the space of smooth functions with compact
support, or equivalently

D(Q) = C° = | Jex(9),
K

where the union is taken over all compacts K C . Then we consider the topology on
D(Q) given by inductive limit topology. We have the following properties

e By the Theorem 6.3, convergence means that f,, — f in D(Q) if and only if there
exists a compact K such that f,, € Ex for all n, and f, — f in .

e As alocally convex vector space, D(2) is complete but it is not Frechet, since a space
(X, 7) with the inductive limit topology cannot be metrizable, but any Frechet space
are metrizable.

e With respect to pointwise multiplication, D(2) is also an algebra over C. Moreover,
since the product between a compactly supported smooth function and an arbitrary
smooth function is again compactly supported, then D(Q) is an ideal in £(£2).

3. The space of distributions on an open subset 2 C R” is defined as the topological dual of
the space of test functions (see the Example 6.3) D’(Q) := (D(Q2))*, with topology given
by the strong topology. An element on this space is called a distribution on 2. The
properties are the following.

¢ Equivalently, a distribution on € is a linear map u : C°(2) — C such that for any
compact K C €, there exist C = Cx > 0, r = rx € N such that

lu(@)] < Cllol ks

for all ¢ € C(Q).
e Convergence of sequences (u,) of distributions in the strong topology is equivalent

to simple pointwise convergence.

e Any smooth function f induces a continuous inclusion i : £(Q2) < D’(Q) given by
¢ — fR,,L f@. Thus any smooth function f induces a distribution u¢. For this reason,
distributions are often called generalized distributions.

e The multiplication on €(f2) extends to a &(Q)-module structure on D'(£2), E(Q) x
D'(Q2) — D'(Q) given by (f,u) — fu, where (fu)(¢) = u(fe).

4. The space of compactly supported distributions on 2 is defined as the topological

dual (see the Example 6.3) of the space of all smooth functions £'(Q2) := (£(€2))*, with the
strong topology. We have the following properties.

¢ Equivalently, a compactly supported distribution on {2 is a linear map u : C*°(2) — C
such that there exist a compact K C €, there exist C' > 0, r € N such that

lu(@)] < Cllollx.rs

for all ¢ € CE(Q).
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e The dual of the inclusion D(Q) — &() induces a continuous inclusion &'(Q) < E(N).
Hence the four distributional spaces fit into a diagram

D(Q) — £(Q)
i

&'(Q) — D'(Q)

in which all the arrows are continuous inclusions, and the spaces on the left are
topologically the compactly supported version of the spaces on the right.

The principal property of distributions is that one can talk about the partial derivatives of any
distribution.

Lemma 6.8. Let f € C°(Q) and let uy be the associated distribution. Let 0% f € C*(§) be
the higher derivative of f associated to a multi-index o, and let ug~ ¢ the associated distribution.
Then ug«y can be expressed in terms of us by

uge (@) = (—1)1*uy(07¢).

This motivates the following definition:
Definition 6.18. For a distribution u on 2 and a multi-index «, one defines the new distribution
0% on by
(0%u)(¢) = (=1)"u(0%9),
for all ¢ € C°(Q).
Definition 6.19. For any r € N, ) C R™ open, we define the Sobolev space on ) of order r

H,(Q) = {ueD(Q) | 0%(u) € L*(Q), |a| <},

endowed with the inner product

{u e, =Y (9% (w),0%(u))),

laf<r

thus H,.(Q) becomes a Hilbert space.

Now we extend the local definitions of the locally convex vector spaces €(2), E'(R2), D(2) and
D'(Q) to the arbitrary smooth manifold M, and more generally to arbitrary vector bundles
E over a smooth manifold M. Let M be an n-dimensional smooth manifold and let E be a
complex vector bundle over M of rank p.

1. We define the smooth sections as E(M; F) := I'(E), endowed with the following local
convex topology: Let {U;, ¢;} be a trivialization cover of the bundle F, with (U;, ¢;) local
charts of M. Then the trivializations ¢; : E|y, — U; x CP induce an isomorphisms of
vector spaces ¥; : I'(E|y,) — C(¢;(U;))P. Restricting sections of E to the various U;’s,
these define an injection

v:D(E) = H C=(¢:(Us))" = H &(¢i(Ui))"-

Endowing the right hand side with the product topology, the topology on T'(E) is the
induced topology via these inclusions. The space &(M; E') has the following properties.
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e &(M;E) is a Frechet space.

o A sequence (Sy,)m>1 converges to s if and only if, for any open U which is the domain
of a local chart ¢ for M and of a local frame {s1,...,s,} for E, and for any compact
K C U, writing s, = (fL,...., f2), s = (f1, .., f?) with respect to the frame, all the
derivatives 07 ( fE,) converge uniformly on K to 93 ( f%) when m — oco.

e When E is the trivial bundle over M, we use the notation E(M). E(M;E) is an
algebra with continuous multiplication and the multiplication of sections by functions

make E(M; E) into a module over &(M).

2. The space of compactly supported smooth sections is defined by D(M; E) :='.(E),
i.e., the space of all compactly supported smooth sections endowed with the topology as
in the local case. More precisely, D(M; E) = |J, Ex(M; E), where the union is over all
compacts K C M, and Ex(M; E) C Ex(M; E) is the space of smooth sections supported
in K, endowed with the topology induced from €k (M; E): on Dk (M; E) we consider the
inductive limit topology. When E is the trivial bundle we simplify the notation to D(M).

3. Let V be an n-dimensional vector space, we define the space of r-densities of V, D.(V),
as the set

Do(V)i={w: AV = C | w(A) = [A["w(&), for all £ € \V},

or equivalently

D, (V) :={w:Fr(V) = C | w(A(e)) = |det|"w(e), for all e € Fr(V) and A € G1,(C)}.

Intuitively, each frame e determines a hypercube, so we can think about a r-density of V'
as some rule of computing volumes of the hypercubes.

For a manifold M, we apply this construction to all the tangent spaces of M, TM, to
obtain a line bundle D,.(M) over M, whose fiber at © € M is D,.(T,M). In particular, for
r =1, D1(M) is simply denoted by D or Dy;. The compactly supported sections can be
integrated over M without any further choice, i.e., there is an integral

/M :Te(D) — C.

Now we consider the bundle £V := E* @ D = Hom(F, D) with pairing (—, —) : T(EY) x
I'(E) — T'(D) given by evaluation, and its respective version with supports. Then using
the integration of sections of D, we get canonical pairings [—, —] : T.(EY) x T'(F) — C
given by (s1,s2) — [,,(51,52). Thus we define the space of generalized sections of F
by D'(M, E) := (D(M, EV))*, endowed with the strong topology. When FE is the trivial
bundle, then we simplify the notation to D’(M). Some properties of the space D'(M, E).

e We have the canonical inclusions &(M; E) < D'(M; E), sending a section s to the
functional us := (-, s). As before, we identify s with the induced distribution wu.

e D'(M; E) is amodule over (M), with continuous multiplication E(M)xD'(M; E) —
D'(M; E) defined by (fu)(s) = u(fs).
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4. The compactly supported generalized sections of E is defined as &' (M;FE) :=
(&(M,EY))*. By the same pairing as before, one obtains an inclusion D(M;E) <
&' (M, E). Therefore we obtain a diagram of inclusions

D(M, E) — &(M, E)

l l

&' (M, E) — D'(M, E).

Given two vector bundles £ — M and F' — N, over smooth manifolds M and IV, an isomorphism
h: E — F of vector bundles induces isomorphisms between the four functional spaces &,&’, D
and D’ of E and those of F', denoted by the same letter h,.

With this space in hand we discuss the definition of operators on these spaces.

Definition 6.20. If F is a vector bundle over M and F' is a vector bundle over N, a general
operator from F to F' is a linear continuous map

P:D(M,E)— D'(N,F).
A smoothing operator is a general operator P : D(M, E) — D'(N, F) which
e P take values in E(N, F).
e P extends to a continuous linear map from &'(M, E) to E(N, F).
The set of smoothing operators is noted by U=°(E, F).

Remark 6.8. The extension of the general operator P : D(M, E) — D'(N, F) of a continu-
ous linear map from &'(M, E) to E(N, F) is unique, since we have the inclusions D(M, E) C
&'(M,E), E(N,F) C D'(N,F) and D(M, E) is dense in all other functional spaces that we have
discussed.

Now replacing the Sobolev space H,.(R™) defined in the Definition 6.19 by their local versions
denoted by H, 1o, we extend the definition of the Sobolev space H,(R™) on smooth manifolds or
on vector bundles over smooth manifolds. These local versions satisfy certain axioms (namely,
invariance under changes of coordinates) can be extended to all vector bundles over a manifold.
The resulting Sobolev space on vector bundles on smooth manifolds, denoted by H,. (M, E), is
the Banach space of sections that we want to obtain.

Next we explain in more detail the construction of the Sobolev space H,.(R").

Definition 6.21. A functional space on R" is a locally convex vector space F satisfying:
e D(R™) C F C D'(R™), where the inclusions are continuous linear maps.
e For all ¢ € D, multiplication by ¢ defines a continuous map my : § — J.

Similarly, given a vector bundle E over a smooth manifold M, we can define a functional space
on M with coefficients in E.

Notice that the space D(R™), E(R™), &'(R™) and D’(R™) are functional spaces.

Given a functional space F on R", we define the following functional spaces:
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e For any compact K C R" the set

Fg :={ue F|supp(u) C K},

endowed with the topology induced from F, and we also define

?comp = UKSI'K;

where the union is taken over all compacts in R™, endowed with the inductive limit topol-
ogy.

e The space
Froc . ={ueD'R") | ¢pueF, forall p € CZ[R™)},

with locally convex topology induced by the family {¢, 4 | p € P, ¢ € C°(R™)}, where P
is a family of seminorms defining the locally convex topology on J and the seminorm g, 4

on Fioc is given by g, ¢(u) = p(Pu).

Now we list the axioms that permit us to pass from the Sobolev space H,.(R™) to Sobolev spaces
on vector bundles over smooth manifolds:

1).

Banach axiom: Let F be a functional space on R™. We say that:

e J is Banach if the topology of J is a Banach topology.

e ¥ is locally Banach if, for each compact K C R™, the topology of i is a Banach
topology.

The same axiom applies for Frechet, locally Frechet, Hilbert and locally Hilbert
functional spaces on R™, or more generally, on a functional space on M with coefficients
in E. Notice that if F is Banach (Frechet, Hilbert) space, then it is also locally Banach
(Frechet, Hilbert) space. However, the converse is not true. For manifolds, we need this
axiom in order to preserve the property of H,.(R™) to be a Hilbert space when we pass to
manifolds.

. Invariance axiom: Let F be a functional space on R", we say that:

e F is invariant if for any diffeomorphism x : R — R™, we have a topological isomor-
phism v, : F — J.

e JF is locally invariant if for any diffeomorphism x : R” — R" and any compact
K C R"™, we have a topological isomorphism x. : Fx — Fy ().

Similarly, we talk about invariance and local invariance of functional spaces on vector bundles
over smooth manifolds. Notice that invariance implies locally invariant, but the converse is
not true. We need invariance of ¥ under changes of coordinates in order to pass to manifolds.

. Density axiom: Let F be a functional space on R™. We say that:

e J is normal if D(R") is dense in F.
e ¥ is locally normal if for any compact K C R™, Fg is contained in the closure of

D(R") in F.

Similarly, we talk about normal and locally normal functional spaces on vector bundles over
manifolds. Notice that normal implies locally normal.
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4). Locality axiom: We say that a functional space J is local if, as locally convex vector space
F = Floc. Similarly we talk about local functional spaces on vector bundles over smooth
manifolds. This axiom allow us to pass to open sets {2 C R™ without loosing the properties
of the functional space, since for any functional space F and for any compact K C R" we
have that (Fioc)xk = Fk, as locally convex vector space, thus F is locally Banach (or locally
Frechet, or locally Hilbert), or locally invariant, or locally normal if and only if Fjo is.

Therefore, if F is a local functional space on R"™, then we have the following equivalences:
e J is locally Frechet if and only if it is Frechet.
e F is locally invariant if and only if it is invariant.
e ¥ is locally normal if and only if it is normal.

A similar statement is not obtained for locally Banach spaces, since local spaces cannot be
Banach. In order to maintain the property of being a Banach space when we pass to manifolds,
we restrict to opens 2 C R”.

As any compactly supported distribution on an open set 2 C R™ can be seen as a compactly
supported distribution on R™, we have the canonical inclusions &'(Q) C &(R™) C D'(R™). On
the other hand we have that ¢u € &'(Q2) for all ¢ € C°(Q) and u € D'(). Hence the following
makes sense.

Definition 6.22. Given a local functional space F, for any open 2 C R", we define
FQ):={ueD(Q)| pued, foral ¢ € CX(Q)},

endowed with the same topology as in the case of the space JFoc.

Next we have the theorem that assures that the previous axioms are still fulfilled when we pass
to opens.

Theorem 6.4. For any local functional space F and any open 2 C R™, F() is a local functional
space on () and, as such,

e F(Q) is locally Banach (or Hilbert, or Frechet) if F is.
e F() is invariant if F is.
e F(Q) is normal if F is.

Corollary 6.2. Let F be a local functional space. If F is invariant then, for any diffeomorphism
X : Q1 — 2 between two opens in R™, we have a topological isomorphism x. : F(21) = F(Q).

Now we explain how to induce the functional space F(M, F), with F a local, invariant functional
space on R"™, for any vector bundle E over an n-dimensional smooth manifold M.

Given a vector bundle E — M of rank p, we say that the triple (U, ¢, 7) is a total trivialization
for E over U if U C M is an open set such that (U, ) is a coordinate chart for M and
7 : Ely — U x CP is a local trivialization for E. Thus in particular, the data (U, ¢, 7) defines an
isomorphism h between the vector bundle E|y over U and the trivial bundle ¢(U) x CP given
by h(ez) = (p(z),7(ez)), hence any total trivialization (U, ¢, 7) induces isomorphisms

hcp,r : D/(U,E|U) — D/(Q¢)P’ Q¢ = @(U) CR"

and the same for the other functional spaces.
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Definition 6.23. We define the functional space of generalized sections of F of type JF,
denoted by F(M, E), as the space of all u € D’'(M, E) with the property that for any domain U
of a total trivialization of E, hy (u|v) € F(Qg)P.

The topology of the functional space F(M, E) is given in the following way: Let {U;}; € I be a
open cover of the smooth manifold M, such that these are domains of total trivialization charts
(Ui, ¢4, 7). Then we have the inclusions

v F(ME) = [[F(Q0,)7,

icl
thus F(M, E) is endowed with the induced topology.
The key theorem is the following.

Theorem 6.5. For any vector bundle £ — M over an n-dimensional smooth manifold M,
F(M,E) is a local functional space on (M, E). Moreover, if F is locally Banach, or locally
Hilbert, or locally Frechet, or locally normal, then so is F(M, E). Finally, if F' is a vector bundle
over a another n-dimensional smooth manifold N and h : E — F' is an isomorphism of vector
bundles, then h, : D'(M,E) — D'(N, F) restricts to an isomorphism of locally convex vector
spaces h, : F(M,E) — F(N, F).

Corollary 6.3. If F is locally Banach (or Hilbert) and normal then, for any vector bundle
E over a compact n-dimensional smooth manifold M, F(M, E) is a Banach (or Hilbert) space
which contains D(M, F) as a dense subspace.

Definition 6.24. Let ¥, and J; be local, invariant functional spaces on R™ and R", respectively,
and assume that F; is normal. Let M be an m-dimensional manifold and N an n-dimensional
one, and let £ — M and FF — N be vector bundles. We say that a general operator P :
D(M,E) — D'(N,F) is of type (F1,F2) if it takes values in F and extends to a continuous
linear operator

P§17§2 : S’Pl(M, E) — 9'-2(N, F)

We apply the previous constructions to the Sobolev space on R™
H,(R") := {u € D'(R") | 8%(u) € L*(R"),|a| < 7}.

These spaces are Hilbert spaces, D is dense in H, and using pseudo-differential operators we
can prove that the H, are locally invariant (see reference [Ban-Crainic]). H,(R™) is not local,
but in general for any functional space F, Fioc is local. Thus we consider the associated local
spaces

Hiloc :={u €D | ¢u€ H,, forall € D},

and the theory that we have developed implies that these spaces are a functional spaces which
is locally Hilbert, invariant and normal. Hence these spaces extend to manifolds.

Definition 6.25. For a vector bundle E over an n-dimensional smooth manifold M.
e The resulting functional space H, 1oc(M, E) are called the local r-Sobolev spaces of E.
e For K C M compact, the resulting K-supported spaces are denoted H, x (M, E).

e The resulting compactly supported spaces are denoted

Hycomp(M E):= | )  Hpx(M,E),

K compact
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with the inductive limit topology.
If M is compact, we define the r-Sobolev space of F as
Hr(Ma E) = Hr,loc(M7 E) = Hr,comp(Ma E)
Definition 6.26. A linear map T : V — W between vector spaces is said compact if for any
bounded sequence {z,} in V, {T(z,)} has a convergent subsequence.
Corollary 6.4. For any vector bundle F — M over a smooth manifold M,
o H,1oc(M, E) are Frechet spaces.
e D(M,E) is dense in H, 1oc(M, E).

e For K C M compact, H, x (M, E) has a Hilbert topology and, for r > s, the inclusion
H, x(M,E) — H, (M, E) is compact.

Corollary 6.5. For any vector bundle £ — M over a compact smooth manifold M, H.(M, E)
has a Hilbert topology, contains D(M, E) as a dense subspace,

ﬂHr,IOC(M7 E) = F(E)v

and for r > s, the inclusion H,(M, E) — H,(M, E) is compact.

Finally we have the following propositions. The first one says that differential operators of order
k are also operators of type (H,, Hy_j).

Proposition 6.3. For r > k > 0, given a differential operator P € Dy (E, F) between two
vector bundles over M, the operator

P:D(M,E)— D(M,F)
admits a unique extension to a continuous linear operator
P, :Hyjoc(M,E) = Hy_j 10c(M, F).
And the second one says that smoothing operators on compact manifolds, viewed as operators

of type (H,, Hy), are compact.

Proposition 6.4. Let E and F be two vector bundles over a compact manifolds M and consider
a smoothing operator P € U~>°(E F) (see Definition 6.20). Then for any r and s, P viewed as
an operator

P:H.(M,E)— Hy(M,F)

is compact.

Remember that the principal goal in this discussion is to show the general strategy of proving
that the analytical index of an elliptic differential operator P € Dy (F, F) between two vector
bundles E and F' over a compact smooth manifold M is well-defined. We have finally produced
our Banach spaces of sections on which our operator will act, namely

P, : H.(M,E) — Hy,_,(M,F).

The plan is to use the theory of Fredholm operators between Banach spaces.
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Definition 6.27. Consider E and F Banach spaces and let £L(E,F) be the space of bounded
operators from E to F, i.e., continuous linear operators. Let

F(E,F) :={A4 € L(E,F)|dim(ker A) < oo, dim(coker A) < co},

denoted by the space of Fredholm operators. The index of a Fredholm operator A is defined
by
Index(A) := dim(Ker(A)) — dim(Coker(A)).

Proposition 6.5. Let E,F, G be Banach spaces and B: E — F, A : F — G bounded operators,
then:

1. If any two of A, B, A o B are Fredholm, then the third one is also Fredholm and

Index (Ao B) =ind (A) 4 ind(B).

2. F(E,F) is open in L(E,F) and Index : F(E,F) — Z is continuous (i.e. locally constant).

The relation between compact operators and Fredholm operators are given by the Atkinson
characterization theorem for Fredholm operators.

Theorem 6.6. Given a bounded operator A : E — F, the following are equivalent:
e A is Fredholm.

e A is invertible modulo compact operators, i.e., there exist an operator B € L(F,E) and
compact operators K7 and K5 such that

BA=1d+ K;, AB=1d+ Ks.

Thus to prove that P. : H.(M,E) — H,_;(M, F) is Fredholm, using the previous theorem
and the fact that all smoothing operators are compact, we would need some kind of inverse of
P, modulo smoothing operators, i.e., some kind of operator of order —k, Q : H,_x(M,F) —
H,.(M,E), going backwards, such that PQ — Id and QP — Id are smoothing operators. Such
operators () cannot be differential, so this brings us to pseudo-differential operators. For more
details on this topics see [Ban-Crainic].

Now the principal theorem.

Theorem 6.7. Let E and F' be vector bundles over a compact smooth manifold M. Let d € R
and let P : D(M,E) — D(M,F) be elliptic. For all s € R the operator Ps; : Hy(M,E) —
H,_4(M, F) is Fredholm and their index is independent of s. In particular, the operator P has
a well defined index.



Chapter 7

Atiyah-Singer index theorem and
applications

The commutativity of the right side of the diagram 1.1 will be discussed in this chapter, giving
the cohomological formulation of the Atiyah-Singer index theorem. Finally we discuss some
instances of the Atiyah-Singer index theorem, namely, the Gauss-Bonnet’s theorem, the Chern-
Gauss-Bonnet’s theorem, the Hirzebruch’s signature theorem and the Hirzebruch-Riemann-
Roch’s theorem.

1 The cohomological formula for the index

First we need some results on De Rham cohomology. For details and proofs the canonical
reference is [Bott-Tu].

Let X be an oriented n-dimensional manifold which is not necessarily compact. Remember that
a cochain ¢ has compact support if there is a compact subset K C X such that ¢(o) = 0 for any
chain o which does not meet K. Let Hy,(X) denote the cohomology of the complex of rational
singular cochains with compact support on X. We have Poincaré Duality given by

Dy : prt(X) — Hy—p(X).
Let Y be another m-dimensional manifold and f : ¥ — X be a continuous map. For each
p > m — n we define the integration over the fiber
(V) = HZ, ™ (x)

cpt

fi: HP

: cpt

given by f; = D;{1 f«Dy, where f, is the usual map induced on homology.

Let m : E — X be the oriented vector bundle of rank k given by the projection and denote
by i : X — FE the zero section. As 7 and i are homotopy equivalences, then 7, and i, induce
isomorphisms on homology with m.i, = Id. Therefore both 7 : Hf;k(E) — H{ . (X) and
i HE (X)) — Hf;k(E) are isomorphisms for all p. Using De Rham forms we remark that m
really is the integration over the fiber. We have m,i, = i,m, = id and

. -1 —1. . .
miy =Dy mDpDg i,Dx =id = i)m

and so m = (4,) L.
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(X) — HPT¥(E) is called the Thom isomorphism

Definition 7.1. The isomorphism i, : H? opt

cpt
of E for compactly supported cohomology.

We also have the following result.

Lemma 7.1. If X is compact, then for all u € H*(X) = Hcpe(X), one has
i*ir(u) = x(E) - u,

where x(E) is the Euler class of E.

We have defined the Chern character ch : K(X) — H®"*(X). This homomorphism has a direct

extension ch : Kepe(X) — Heyp™(X) to the case of compact supports. For any given complex

vector bundle 7 : E — X, we have also defined Thom isomorphisms given by the Corollary 3.5
and the Definition 7.1 '
KCpt(X) = KCpt(E)

and _
Hepe(X) 2 Hepe(E).

It is natural to ask whether i,ch = chiy, i.e., whether the following diagram commutes

1

KCpt(X) —_— Cpt(E)

Chi lch

Heven(X) i S Heven(E).

cpt cpt

This is not true in general and the resulting correction term is of basic importance. To each
complex vector bundle 7 : F — X, with X a compact manifold, we associated the class

j(E) = 7TgCh i!(l).
For each & € K., (X) we have that
7T!Ch i!f = W!Ch(i!(l) . 71'*5) = [Ch i[(l) 'Chﬂ'*f] = [7T!Ch ’i!(l)]chf,

and so, since m = (i)' on HZ (E), we have that

(ir) " 'ch(irg) = I(E)ch, (7.1)
so, J(F) is just the commutativity defect mentioned above. Notice that J(E) is natural, i.e.,
f*3(E) = 3(f*(F)) for the pull-back on any continuous map between manifolds. Moreover we

have that
le(E) = i!WICh i[(l) = Ch)\E

i.e., WJ(E) = chAg, where Ap is the Bott element (see Definition 3.19). With this in hand and
the Propositions 7.1 and the Proposition 3.11

X(E)3(E) = i*i3(E) = i*chAg = ch i*Ag = ch i*iy(1) = ch A_1(E).

Therefore
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If we split E as sum of line bundles, then ¢(E) = [[(1+ «;), and we find from the Equation 4.1
and using the fact that x(E) = z1 - - - ©,,, where zy := x(Ey), for all k,

J Tl
) =]
k=1
So, from the Equation 5.10 and the Remark 4.1 we can rewrite this as
J(E) = (-1)"Tdc(E) . (7.2)

Let X be a manifold, then the tangent bundle T°X is canonically an almost complex manifold
since T(TX) = m*TX @ m*TX = 7#*TX ® C. This gives TX a canonical orientation as a
manifold. A positively oriented basis of T'(T'X) is of the form (e, Jey, ea, Jea, ..., e,, Je, ) where
€1,...,€, 18 a basis of #*TX and J carries the horizontal to the vertical factor. With this
orientation we can evaluate any element u € HZ2%(TX) on the fundamental class [T'X] of the
manifold. The result is denoted by u[TX].

Theorem 7.1. Let P be an elliptic operator over a compact manifold X of dimension n. Then
indP = (—1)"{cho(P) - A(X)*}[TX],
where A (X) denotes the total A-class of X pulled back to T'X.

Proof. As the construction of the pullback in K-theory, we take the scrunch map g : TRV —
RY @ RV = CV — {x} viewed as a complex bundle and consider the the inclusion map i :
{¥} < CN as the origin. Fix an element £ € K.,(CY) and we apply the defect formula given
by the Equation 7.1 with u = #1¢. Recalling that gi = (41) !, notice that J(CV) = 1, and that

ch : K({*}) = H°({}) is an isomorphism, we have that gich u = giu. Since g; on H},; is just
the integration over the fiber, we find that
gru = chu[TR™M]. (7.3)

Consider now a real vector bundle p: v — X and let ¢ : X — v denote the inclusion as the zero
section. Taking derivatives gives the bundle 7 := dp : Tv — T X with zero section ¢ : TX — Twv.
Notice that the bundle p : Tv — TX is equivalent to 7*v @ 7*v = 7*r ® C. While TX is
not compact, the map ¢ is proper and the Equation 7.1 can be shown to hold for elements of
K pt(TX). Thus for any 0 € Kp(TX) we have

pich 40 = J(v ® C)ch o.
As py is integration over the fiber, evaluating on the fundamental class gives the formula
(ch io)[Tv] = {J(v @ C)ch o }[TX]. (7.4)

Consider now an embedding f : X < RY with normal bundle v. We identify v with an open
tubular neighborhood of f(X) in RY. Similarly we have an open embedding Tv C TR¥ as a
tubular neighborhood of f(TX). Given any o € K (TX), the class 410 has compact support
in Tv and naturally extends to TR™ under the open inclusion Tv C TRY. This extended class
is, by definition, the element fio € Kqpi(TRY) given in the Equation 3.7. In particular we have

ch(iyo)[Tv] = ch(fio)[TRY].
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Since Tv C TRY, by the Equations 7.3 and 7.4, by the Definition 6.12 and Theorem 6.1 we
have that
indP = {J(v ® C)ch o(P)}[TX].

It remains to identify J(v ® C). For this we note that since v is the normal bundle to X, we have
TX @ v is the trivial bundle. Since J is multiplicative, this means that v ® C = J(TX ® C)~L.
Applying Formula 7.2 we see that

J(TX®C)™ ' = (~1)"Tdce(TX ® C).
We have used here that T X ® C is self-conjugate. Finally by the Proposition 5.4 we have

indP = (—=1)"{ch o(P) - A(X)?}[TX].

2 Gauss-Bonnet theorem

We will now see how the Chern classes are related to the Euler characteristic of surfaces. Since
Chern classes are defined for complex vector bundles, we first have to see how to define the
Chern class of the tangent bundle to a surface.

Lemma 7.2. The classification of complex line bundles over a space X is equivalent to the
classification of oriented real bundles of rank 2. More precisely, the function:

F : {lso classes of complex line bundles overX} — {lso classes of rank 2 oriented bundles overX,}

which sends a complex line bundle to the underlying real bundle with the orientation such that
(v,iv) is an oriented basis, is bijective.

Proof. First, we need to prove that the function F' is well defined, that is, that the rule that
(v,iv) is an oriented basis is well defined. Suppose that we choose a different v/ = z - v =
(a+ bi)v = av + b(iv) then, iv' = —bv + a(iv). We see that the determinant of the change of
basis matrix is zZ > 0, so the orientation is well defined. Let us now construct an inverse G to
F'. Let E be an oriented rank two vector bundle over X and choose a riemannian metric g = (,)
on F. Then, g determines a complex structure on F by setting:

iv := the unique vector such that:|v| = |iv|, (v, iv) = 0,and (v, iv) is oriented.

This construction gives FE the structure of a complex vector bundle. We need to prove that the
isomorphism class of this bundle is independent of the metric. Suppose there are two metrics g
and ¢’, and denote by ¢; the metric:

ge=(1—t)g+tg"

Now consider the complex vector bundle 7*(F) over X x I whose fiber over a point (z,t) is the
real vector bundle E, with complex structure given by the metric g;. We have proved before
that in this situation the restriction of the vector bundle to X x {0} and X x {1} are isomorphic.
We conclude that the complex bundles associated to g and ¢’ are isomorphic. O
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By the previous lemma we can define the first Chern class of an oriented rank 2 vector bundle
to be the first Chern class of the corresponding complex line bundle.

Theorem 7.2 (Gauss-Bonnet). Let ¥ be a compact oriented surface. Then:

/ e1(TS) = X(5).
>

Proof. By the classification of surfaces [Gallier-Xu], we know that ¥ = 3, the surface of genus g
for some g > 0. This surface can be embedded into R?, let us consider an arbitrary embedding
t: % — R3. This embedding determines a function f, : ¥ — S? defined by the condition that
f.(p) is the unique vector which is normal to TX,, has norm one and (z,y,v) is an oriented
basis of R? whenever (a, b) is an oriented basis of TY. Clearly, this map has the property that:

fA(TS?) =T,
and therefore:

/ch(TZ):/ZfL*(cl(TSQ)), (7.5)

in particular, the right hand side is independent of the embedding ¢. In order to compute this
number we may choose a particularly simple embedding of 3. Let us choose the embedding in
the following picture:

Let us denote by N the north pole of the sphere. Then f,"'(NN) consists of g + 1 points: the
highest point in ¥ and the low sadle points in each of the wholes. Let us denote these points
by po,...,pg. The function f, is a local diffeomorphism around each of the points p;, therefore
we can choose neihgborhoods U; of p; such that f, : U; — U is a diffeomorphism to some
neighborhood U of N. Now in order to compute (Equation 7.5) we may use any differential
form w representing the Chern class of TS?. We have that:

/Sz c1(TS?) = /CPQ c1(TCP?) = 2.

Thus, we can choose w to be any form whose integral over the sphere is 2. Let us choose w to
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be supported on U. Then:

/Eff(f:l(TSQ)):/Eff(w)=§/l]iff(w)=§fi/Uw=2§Ti,

where 7; is plus or minus one depending on whether D,(f,) preserves of reverses the orientation.
On the other hand, it is clear that the orientation is only preserved at py and therefore:

g

227}» =2-2g=x(2).
=0

O

Now we connect the previous theorem to the Atiyah-Singer index theorem. Let M be closed
and oriented m-dimensional manifold. Choose a Riemannian metric (,), g. There is a volume
form Vol associated to g. Now, we define the *— Hodge operator as a map * : Q'(M) — Qm~*
satisfying that aAx3 = (a, 8)Vol. Let d : Q'(M) — Q1 (M) the deRham operator. The adjoint
of d is defined as

d* = & * dx,

where d* : QY (M) — Q*~1(M). The Hodge- Laplacian operator is defined as
A= (d+d*)? =dd* +d*d.

The Hodge theorem states the relation between the cohomology of the manifold and harmonic
forms (the kernel of the Hodge-Laplacian).

Theorem 7.3. (Hodge).

o QM) =K ®imd®imd*, where H' is the kernel of A.

e K" = ker(A) = kerd Nker d*.

e K and HY(M) are isomorphic.
Theorem 7.4 (Gauss-Bonnet’s theorem). Let ¥ be an oriented, closed surface and let g be a
Riemannian metric. Let x(M) = > .(—1)"dim(H*(M)). Consider the map d + d* : Q" —
Qodd, then

ind(d+d*) = x(M) = / KVol,
b

where K denotes the Gaussian curvature of the surface. In local coordinates, being x1, xo
coordinates for ¥ and e; := %, V,; = V., with V the Levi-Civita connection associated to ¢
and gij = <€ia €j>,

VoV — ViVaer,en

_
K - det(glg)

Proof. By Hodge’s theorem,

ind(d+d*) = dim(ker(d+ d")) — dim(coker(d+ d*))
= ) dim(H) = > dim(3H")
even odd
= x(M). O
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3 Hirzebruch’s signature theorem

We will now describe how the Pontryagin classes can be used to construct topological invariants
of manifolds.

Definition 7.2. A genus ¢ is a function:
¢ : {Isomorphism classes of closed oriented manifolds} — Q,

satisfying the following properties:

Lop(x) =

2. o(0) =

3. p(MIIN) = (M) +p(N)
4. p(M x N) = p(M)p(N)

5. o(OM) =

Proposition 7.1. Let f(z) be a power series. Then the function
I : {Isomorphism classes of closed oriented manifolds} — Q,

defined by:

is a genus.

Proof. The first three properties are obvious. In order to prove 4 we compute:

F(M x N) := /MXNF(T(M x N)) = /MXNF(TM)F(TN) - </M F(TM)> x (/N F(TN)>

Let us now prove property 5:

/a E@M) = /a F@M)eR) = | FTM) = /M d(F(TM)) = /A 0=0.

Example 7.1. The signature function:
M — o(M)

is a genus.
There is an important theorem of R. Thom that gives a criterium for comparing genera.

Theorem 7.5 (Thom). Given any sequence of rational numbers {a,},>1 there is a unique
genus ¢ such that:

o(CP™) = q,.

Assuming Thom’s theorem, we can now prove the signature theorem.
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Theorem 7.6 (Hirzebruch). Let M be a closed oriented manifold. Then:

o(M) = L(M).

Here the left hand side is the signature of M, and the right hand side is the L-genus associated
to the power series
NG

~ tanh(Vz)’

Proof. Since both ¢ and L are genera, it suffices to show that they coincide on CP?*". First note
that the cohomology of degree 2n is CP?" is generated by u” and

/ u" Au" =1,

(CIPQ”

so we conclude that o(M) = 1.

Let us now compute L(CP?"). We have already computed the total Pontryagin class of CP*":

f(x)

P(CP*") = 1+ p1(CP*") + pa(CP*") + - - = (1 + u?)*"+1.
By the multiplicative property of the sequence L we know that:

2n+1

L(T(CP*")) = Li(p1(T(CP*")),...,pp(T(CP*"))) = | Y Li(u?,0,...,0)

k>0 £>0

Using the Remark 5.1, we conclude that:

L(T(CP2")):< “ )2%1,

tanh(u)

and therefore the value

” 2n+1
L(CP*") := —
( ) /CPZn (tanh(u))
is equal to the coefficient of 22" in the power series (tanzhw)%ﬂ. By Cauchy’s theorem, this

number is equal to:

7{ dz
(tanh z)2n+1"

We use the change of variables y = tanh z to obtain:

]{( dz :%dy(1+y2+y4+...):1'

tanh Z)2n+1 y2n+1

O

Now we connect the previous theorem to the Atiyah-Singer index theorem. Let M be a closed,
oriented manifold of dimension 4k. The following symmetric form defined in cohomology

H*(M)® H*(M) — R
axpf — /Moz/\ﬁ
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by Poincare duality is non-degenerate; therefore H2* admits the decomposition
H? = B2 (M) ® B (M),

where
H3* = {a € H*(M)| i/ aAa>0}.
M

Now fix a Riemannian metric g on M. Define
o(M) =dim(Hy) —dim(H_)

and a map 7 := (—1)"0+D/2+k . QF(M) — Q™I(M), satisfying the property that 72 = id.
Consider now
Qc=TAN(T*M @) =E, & E_,

where E; are the eigenspaces of 7.
Observation 1. The following identities hold
T(d+d*) = 7(d-1d7r)=1d—dr
(d+d)r = dr—7d=—-7(d+d")
therefore d + d* can be understood as an operator from E4 to E_.
Now, we prove the following

Proposition 7.2.
Ind(d + d*) = o(M).

Proof: Observe that

ind(d + d*) dim(ker(d + d*)) — dim(coker(d + d*))
dim(ker(A) N E;) — dim(ker(A)N E_)
dim(E, N H?**) — dim(E, N K"
dim(E, N H?**) — dim(E_ N H?*)

= o(M).
Here, H' is the space of harmonic forms that are not in the middle dimension component.

Observation 2. The component coming from harmonic forms outside the middle dimension
part vanishes. This follows from the fact that, defining H* := Dicon J(¢, then the map

e:H — ErnH*
a — 1/2(atTa)
is an isomorphism that makes the contribution vanish.

Theorem 7.7. (Hirzebruch)

o(M) = Ind(d +d') = | m\/("fm(n).
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Finally we discuss briefly the Hirzebruch-Riemann-Roch’s theorem. Let M be a complex com-
pact manifold and E a holomporphic vector bundle over M. Define

X(M,E) = > (~1)" dim(H'(M, E)).

g

Consider the operator
J+d* QY — el
Then,
ind(0 + 0%) = x(M, E) = /M Ch(FE)Todd(M))

where Ch and Todd are the Chern and Todd class respectively.

4 The Euler class and Chern-Gauss-Bonnet

We will now prove a version of the Chern-Gauss-Bonnet theorem, which expresses the Euler
charactesistic of a compact oriented manifold as an integral.

Definition 7.3. A good cover on a manifold M is a cover {U,} such that all finite intersections
Ua, N---NU,, are diffeomorphic to R™. A manifold is of finite type if it admits a finite good
cover.

In the remaining part of this section we will assume all manifolds to be of finite type. Compact
manifolds are of finite type and the total space of a vector bundle over a manifold of finite type
is of finite type. By the Mayer-Vietoris principle, the cohomology ring of a manifold of finite
type is finite dimensional.

Definition 7.4. We will denote by .(M) the space of compactly supported differential forms
on a manifold M. The compactly supported cohomology is denoted by H.(M).

The fundamental fact about compactly supported cohomology is:

Proposition 7.3 (Poincaré Lemma). The natural pairing:
/ . H(R") ® HJ(R") - R,
given by:
a®p— a B,

Rn

is a perfect pairing.

Proposition 7.4. Let M be an oriented manifold of finite type, then the integration pairing:
/ :H(M)® H.(R") — R,

is perfect.

Proof. This can be proved by induction on the size of the finite good cover using the Poincaré
Lemma above. O
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The identification given by the previous proposition makes compactly supported cohomology
a covariant functor in the category of oriented manifolds of finite type. If f : M — N is a
smooth function between manifolds of finite type then the induced map in compactly supported
cohomology is denoted f, : H.(M) — H.(N). The pull-back of a compactly supported form is
not necessarily compactly supported, so compactly supported cohomology is not a contravariant
functor in general. Recall that a map f : M — N is called proper if f~!(K) is compact for
all compact K C N. Since Sup(f*(a)) = f~1(Sup(c)), the pull-back of a compactly supported
form along a proper map is compactly supported. Thus, compactly supported cohomology is
also a contravariant functor with respect to proper maps.

Remark 7.1. Suppose that f : M — N is a proper map between oriented manifolds of fi-
nite type. For any o € H(M) the push-forward of « denoted f.(«) is the differential form
characterized by the condition that for any compactly supported class 5 € H.(N):

/N fula) A = /M ().

This formula makes cohomology a covariant functor in the category of oriented manifolds of
finite type and proper maps. The push forward map f. : H(M) — H(INN) has degree equal to
n — m, where m and n are the dimensions of M and N.

Definition 7.5. Let M be an oriented manifold of finite type and N an oriented submanifold
of finite type which is closed as a subspace of M. The poincare dual class of N, denoted
Py (N) € H(M) is the unique cohomology class such that for any closed compactly supported

form o in M:
/L*(a):/ Py (N) A
N M

Note that the proposition above guaranties that this is well defined.

Lemma 7.3. Let M be an oriented manifold of finite type and N an oriented submanifold of
finite type which is closed as a subspace of M. Then:

1. The inclusion map ¢ : N — M is proper and

Pu(N) = 1.(1).

2. Given any neighborhood U of N in M, denote by ¢' and " the inclussions: ' : N — U
and ¢/ : U — M. Then ¢/ is proper and

(") (@) = i(a).

Proof. Suppose that K C M is compact, since M is Hausforff then K is closed in M and
therefore so is N N K = +~'K. Since a closed subspace of a compact space is compact we
conclude K NN is compact. For the other part of the first claim, we choose a closed 5 € Q.(M)
and compute:

/MFMW)AB:/NL*(@:/NL*mw.

For the second claim we choose a closed compactly supported form 5 € Q.(U). Since S is
compactly supported it can be extended by 0 outside of U and we denote by £’ the extension.
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Then:

/ (") (i) A B =
U

M

Lemma 7.4. Let p: E — M be an oriented vector bundle over an oriented manifold M. The
total space of F is an oriented manifold.

Proof. There is a natural short exact sequence of vector bundles over E:

0—p(E)—=TE —=p"(TM) — 0.

On the other hand, it is a general fact that for any short exact sequence of vector bundles:
0—+A—B—~C—0,
there is a natural isomorphism:
A'PB = A'P(A) @ AP (C),
Since the bundles E and T M are oriented, TE gets an orientation in this way. O

Remark 7.2. The usual convention is that the induced orientation on the total space of E
differs from the one described above by a sign equal to (—1)¢™, where e is the rank of E and
m is the dimension of M. This convention corresponds to the fact that one usually writes the
trivial bundle over M as M x R™ and not R™ x M.

Definition 7.6. Let E be an oriented rank k vector bundle over an oriented manifold of finite
type M of dimension m. The Euler class of F is defined by:

e(F) :=s"s.(1),
where s denotes the zero section of FE.

Lemma 7.5. Let ¢ : N — M be an embedding of compact manifolds and denote by E the
normal bundle to N. Then:
(1) = e(E).

Proof. By the tubular neighborhood theorem there exists an open neighborhood U of N which
is diffeomorphic to E. Let us write ¢/ and " for the inclusions ¢/ : N — U and /" : U — M.
Using Lemma 7.3 we compute:

14 (1)

I
—
<
~—
*
o]
—
o~
N
~—
*
—
o~
*
~—
—~
—_
~—
I
—
~
<
~—
=
%~
—~
—_
~—
I
@
—~
S
~

O

Theorem 7.8 (Chern-Gauss-Bonnet). Let M be a closed oriented manifold and denote by
A: M — M x M the diagonal map. Then:

/ (e(TM)) = / A*AL(1) = x(M).
M M
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Proof. Since the normal bundle to the diagonal is the tangent bundle, the previous lemma

guaranties that
e(TM) = A*AL(1).

It remains to prove that [, A*A, (1) = x(M).

Let aq,...,a, be a basis for the cohomology of M and fSi,..., 8k the dual basis in the sense

that:
/ Q5 1A\ Bj = (5”
M

We use Kunneth’s theorem to identify H*(M x M) = H*(M) ® H*(M). We claim that under
this identification:

A1) = Z(—l)‘a"lai ® Bi-

i

In order to prove this we compute:

/MxM (Z(—l)“i'ai ®ﬁi> (Br ® as) = /MXMZ(_l)\ammmr\(ai A B @ (Bs A as)

: — (B8 dima) (/ (e ABT))
i M

/M(Bi A Oés))

= ST (eI Bl dim ) 5,

X
RN

— (_1)|O‘<HBS|6TS
:/ A*(ﬂk@)as).
M

Thus:

* - * —1)leil gy, ) = —1)leilg, _ _1ylasl — )
MAA*(l) /MA (Z( 1) Z@@) Z:/M( Do A g = (~1) x (M)

4 %

O



Chapter 8

Heat kernel and minimal morse
functions

1 The Heat Equation

Our main objective in this section will be to define some basic concepts necessary to formulate
the heat equation in an arbitrary Rimannian Manifold.

1.1 Some Motivation: The heat equation over R"

Given a smooth function f: R™ — R we can define the Laplace operator
Af = —.
=2

Then, the heat equation over R" takes the form

_ 91

Af_at

A solution of this equation is a function f : R™ x (0,00) — R where for each t € (0,00),
fi(x) = f(z,t) is a smooth function.

In order to formulate this equation over an arbitrary Rimannian manifold, one needs to properly
define the Laplace operator. The following discussion sheds some light on how this can be done.

Consider the de Rham complex of R™
0/mpny @ 1/mny @ dn<2 yn—1/mny %<l n mn
0— Q°R") 2 QAR S SO HRY) ST QYR =0

We define operators xg : Q°(R") — Q*(R") and x; : Q'(R") — Q" 1(R") in the following
manner

*o(f) = (f)dzy A--- Ndzy,

*1 (Z(fz)dxz> = Z(—l)”fi(fi)dxl A ANdzi A Aday,

i=1 i=1

Operators xg and x; are easily seen to be isomorphisms, therefore we will denote their inverses
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by *,, and x,_1 respectively. With this operators defined it is readily checked that the Laplace
operator can be obtained as the composition

QOR") 4 QY(R™) B QIR 5T (RY) 2 QOR™)

Indeed

(*ndn—1*1 do)(f) = (xndn—1%1) ( of dﬂ?i)

"
i=1 Oz;

= (kpdp—_1) (Z(—l)”_l 8xfi dry A ANdzg A A dmn)

The star operators we just defined are called Hodge star operators. We will define this operators
over the terms of the de Rham complex of a Riemannian Manifold and its definition will depend
on the choice of metric for the manifold.

1.2 Riemannian Manifolds and the Hodge Star Operator

Definition 8.1. An inner product on a real vector space V means a symmetric bilinear map
w:V xV — R It is said to be positive definite if pu(v,v) > 0, for all v € V, and if u(v,v) =0
implies that v = 0.

Remark 8.1. Whenever we say an inner product from now on, we shall assume that it is
positive definite.

Definition 8.2. Let M be a smooth manifold of dimension n. If for each point p € M the
tangent space T),M is provided with an inner product

gp : TyM x T,M — R

in such a way that g, is of class C™° in p, i.e, for all differentiable vector fields X and Y on M,
we have that p — ¢,(X(p),Y(p)) defines a smooth function M — R. We say that the family
9 = {9p}pem is a Riemannian metric on M. We also say that the pair (M, g) is a Riemannian
manifold.

Now, given a Riemannian manifold (M, g) of dimension n, we aim to define the Hodge star
operators *;, : QF(M) — Q" F(M). For this purpose we will state some results from linear
algebra.

Proposition 8.1. Let V' be a real vector space of dimension n with an inner product (—, —).
V' is isomorphic to its dual space V* = Homg (V, R) via the application v — a,, = (v, —).

Given this map we can define an inner product on V* in a natural way (., a,,) = (v,w). This
inner product may be extended to A V* = @,_, A V™ as follows:

If n and w are O-forms or have different grades, then (n,w) = 0. If both 1 and w are k-forms,
letssay n =01 A--- Aag and w = 1 A--- A P, then (n,w) = det({a;, 5;)).
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Now, given an orthonormal basis for V*, one easily obtains an orthonormal basis for /\k V* as
stated in the next result.

Proposition 8.2. If 8,,--- , 6, is an orthonormal basis for V*, then
{01'1 /\--~/\01k|1§z’1 < e < g Sn}

is an orthonormal basis for /\l’C V.

Proof. Clearly we have that (6;; A--- A8; ,0;; A---AN0O; ) = det(l) = 1. Furthermore, let
n=2=0; N---AN0; and w=0; A---AB; where n # w. Then there is one 7; which differs from
all j’s, leading to the matrix ((¢;,,,6,,)) to have its I-th row equal to zero. So, we get that
(n,w) = det((0;,,,6;,.)) = 0. O

Having fixed the orthonormal basis 61, --- , 8, for V* we define the star operator %y, : /\k V* —
/\"7]“ V* on the basic elements as follows

*k(eil VANEEEA 0%) = sgn([, J)Hjl VANRIEEAN oj",k
where T = {iy, -+ i}, J={1,---n} — I, and (I, J) denotes de permutation
(7;17 e 7ik7jl o 'jn—k)-

Now we are ready to define the star operator over a Riemannian manifold (M, g) of dimension
n. Recall that for every open set U C M we have

k
QU) =8 w:U— |_| /\T;(M) :  w is locally coherent
peU

Local coherence of w means that for every point p € U there is a coordinate neighbourhood
(Up, !, -+, 2™) and smooth functions f;, ... ;) such that w|y, = D in e sin) S i) Az A A
da'®.

Notice that for each point p € U we have a star operator % p : A" Ty (M) — A"F Ty (M).
Then we can define Hodge’s star operator *; : Q¥(U) — Q" *(U) as (% (w))(p) = *ip(w(p))-

Let us check that *;(w) is indeed locally coherent. We know that for each p € U we have
wlu, = gy i) Flin i dx™ Ae o Adzte . Then xg(w) = 3200 o fiiy,o i sen(ds J)da?t A
- :AdxIm—* where I = {iy,--- i} and J = {1,--- ,n}—1. Then it is clear that x;(w) € Q"~*(U)
and we have a sheaf morphism *;, : QF — Qn=F,

1.3 The Laplace Operator and the Heat Equation

Definition 8.3. Let (M, g) be a Riemannian manifold of dimension n. Consider the de Rham
complex

0 QM) S Q') S .- L or () S QY (M) = 0.

We define the Laplace operator A, : Q°(M) — Q°(M) to be the composition A, = x,d *; d.

At this point it is convenient to write A, as the composition of other two operators which we
are already familiar with, the gradient and divergence operators. Let us denote the space of
smooth vector fields over M by Vect(M). We can identify Vect(M) with Q'(M) using the
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metric g in the following manner: we know that for each point p € M we have an isomorphism
gp  Tp(M) — T;(M). Now, given a smooth vector field x € Vect(M), we may define the

function w : M — || <5/ A Ty(M) given by w(p) = gp(wp). This gives the correspondence
G : Vect(M) — QY (M).

Definition 8.4. Let (M, g) be a Riemannian manifold of dimension n. The gradient operator
V : Q%(M) — Vect(M) is defined as the composition

QM) 4 Q' (M) S Vect(M)

and the divergence operator div : Vect(M) — Q°(M) is defined as the composition
Vect(M) % Q1 (M) 3 Qn=1(M) 4 Qn(M) 23 Q0 (M).

Notice that Ay = div(V).
Now we are ready to formulate the heat equation.

Definition 8.5. Let (M, g) be a Riemannian n-manifold which is oriented, compact, connected
and without border. The heat equation over M is the equation
of
A f ==
ol = 5
where f : M x (0,00) — R has the property that for every ¢ € (0,00), fi(z) = f(z,t) is a smooth
function.

1.4 Initial Conditions for the Heat Equation

Notice that the heat equation defined in the previous section may have multiple solutions. In
order to get a unique solution (if any), we wish to set an initial condition for the heat equation
which will lie in the space £2(M). This space is the completion of C°°(M) with an appropriate
norm. To define this norm we will need to integrate functions over M with respect to a certain
form called the volume form. First let us see how this form rises naturally in the case M = R"™.

Recall that 3 given linearly independent vectors in R? define a solid called a parallelepiped, and
the volume of this solid may be calculated using the determinant function.

In a little more general setting, given vy, --- ,v, € R", we denote
n
bOX(’Ul, e 7’()") = {Ztﬂ},|0 S ti S 1} .
i=1
The volume of a box is |det(A)| where A = [v1,- -+ ,v,] is the matrix with columns vy, -+ ,v,.
We say that {vy,---,v,} is a positive basis for R™ if det(A) > 0 and, if det(A) < 0, we say it

is a negative basis. Now, a volume form for boxes in R"™ is a multilinear, alternating function
Vol : R"*™ — R™ such that

0 if wy,---,v, is learly dependent
Vol(box(vy, -+ ,v,)) =< <0 if wy,---,v, is a negative basis
>0 if wy,---,v, is a positive basis

Now we aim to define a volume form in an arbitrary Riemannian manifold.
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Definition 8.6. Let V be real vector space of dimension n. An orientation for V' is a choice
of basis = {v1,--- ,v,} for V. We say that another basis {ws,--- ,w,} for V is positive basis
with respect to g if the linear transformation v; — w; has a positive determinant, otherwise we

say that {wy, -+ ,wy} is a negative basis with respect to S.
Proposition 8.3. Let (V,(—,—)) be a finite dimensional vector space with a positive definite,
bilinear product. Let 8 = {e, -+ ,e,} be a fixed orthonormal basis for V. There exist a unique

multilinear alternating form
V01<_7_> VP >R

such that Vol,_ _y(q1,---,¢n) = 1 for every orthonormal basis {q1---,¢,} which is positive
with respect to 5.

Proof. Recall that the inner product (—, —) defined in V induces an inner product in A"V
which we will also denote (—, —). Let us define

V01<_,_> VP =S R

by the formula Vol ._ _y(vi,--- ,v,) = i\/<v1 A=+« Avp,v1 A+ Avy). The sign on the formula
is 4+ if {vy, - ,v,} is a positive basis with respect to 8 and — otherwise. We know that if
{q1 -+ ,qn} is an orthonormal basis for V, then g; A --- A g, is an orthonormal basis for \" V,
therefore Vol(_ _y(q1,--- ,qn) = £1 depending on the sign of the basis with respect to 3. O

1.5 Finally, the Heat Equation and its Solution

Let (M, g) be a Riemannian manifold of dimension n which is oriented, connected, compact and
closed. The heat equation on M with respect to the metric g is

of

Agf:a f:Mx(0,00) >R

where fi(z) = f(x,t) € C*°(M) for each t € (0,00). Also we have an initial condition
f(2,0) = fo(x) € L2(M).

For this equation we have a solution as stated in the following theorem.

Theorem 8.1. The Laplace operator A, : £L2(M) — £%(M) has a discrete spectrum of the
form
A<M << Aj<ne

Each eigenspace E; associated to A; is finite dimensional, say dim(E;) = r;. For each E;
an orthonormal basis may be chosen E; = <¢)i7j|i =1,---,r;) such that B = U;.;o{¢i,j|i =
1,---,r;} is an orthonormal basis for £2(M). Then, the solution to the heat equation may be

=0 i=1

written in the form
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2 A note on Group Actions and Quotient Spaces

Most of the spaces we are interested in can be obtained as quotients of R™ by the action of a
group. So, in this section, we will study under what conditions a group action G x M — M
may be used to define a Riemannian manifold structure over the quotient M/G.

Definition 8.7. Let M be a manifold and G < Diff(M) a discrete subgroup. G acts on M
in the natural way (g,p) — ¢g(p). The action of G over M is called properly discontinuous if
for every p € M there is a compact space K, C M containing p such that g(K,) N K, = for
almost every g € G.

Proposition 8.4. If the action G x M — M is properly discontinuous, then the quotient M/G
has a smooth manifold structure.

Proof. See [Lee]. O

3 Searching for Morse Functions

Now we head for the really interesting part. We want to use the heat equation to find minimal
Morse functions over Riemannian manifolds. One of the main tools for doing so is Mather’s
Stability Theorem.

Theorem 8.2. Let M be a compact, smooth n-manifold and A : M — R a Morse function.
There exist € > 0 and r > 0 such that, if f € C®°(M) with ||f — ||, < ¢, then f is a Morse
function with the same number of critical points as h.

Lets see how this theorem may be used in some special cases.

3.1 Example: The n-Torus

Consider the group action Z" x R™ — R™ given by (z,z) — x + 2wz. The n-torus, which we
denote T™, is the quotient space R™/Z™. Notice that a fundamental domain for this action is
the n-cube [0,27)™. The next proposition gives us a big deal of information about the n-torus.

Proposition 8.5. The following are facts regarding 7.
1. T™ is a smooth n-manifold.
2. T™ is diffeomorphic to (S*)™.
3. The usual metric on R™ induces a metric in T™ called the flat metric of the torus.

4. If h € C°°(T™), then h is the projectién of a certain f € C°°(R™) that is invariant under
the action of Z", this is, for every z € Z" and = € R", f(z + 27z) = f(z). We denote
h=f.

5. The critical points of f : T — R are the projections of the critical points of f : R® — R.
Also, the non-degenerate critical points of f are the projections of the non-degenerate
critical points of f.

6. The Morse functions over T™ are the projections of Morse functions over R™.
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Now, the spectrum of the Laplace operator over the torus is 0 = Ag < Ay < -+ < Aj < -+
where ); is the j-th integer that can be written as

Nj=ki+- k2

with k; € Z. The eigenspaces are E; = (a(x),;, Bx),;) Where (k) denotes an n-tuple (k1,--- , kp)
with Y7 | k? = \; and

Qpy,; = cos(krwy + - + knxy) Bky,j = sin(k1z1 + - + kpp). (8.1)
Notice that for j = 1 we have that Ay =1 and

Eq = (cos(x1),sin(xq1), -+ ,cos(zy,),sin(z,)).

Lemma 8.1. A function h = ", (a; cos(z;) + b; sin(z;)) € E; is a Morse function if and only
ifa? +b? #0fori=1,--- ,n.

Proof. First we note that the partial derivatives

Oh
Ba:i

= —a;sin(z;) + b; cos(x;)

may be written in the form A; sin(x; 4 6;) where A; = \/a? + b? and cos(6;) = —a;/A;, sin(6;) =
b;/A; whenever A; # 0.

Also, note that Hess(h)(z1,- -+ ,x,) = [0?h/0x;0x;] is a diagonal matrix with 9%h/dx;0x; =
—(a; cos(z;) + b; sin(x;)). Therefore,

det(Hess(h))(z1, - ,z,) = (=1)"

3

n
(a; cos(x;) + b; sin(z;)).

=1

For h to be a Morse function we need that every solution (x1,- - ,,) of the system A;sin(z; +
0;)=0,i=1,---,n, satisfies det(Hess(h))(z1, - ,x,) # 0. If 4; =0 for some [ € {1,--- ,n},
then the determinant of the Hessian matrix is identically zero and every possible critical point
is degenerate. On the other hand, if A; # 0 for every i, then the critical points are easily seen
to be projections of points of the form (—6,---,—60,) + zm with z € Z™. It is readily checked
that these points are non-degenerate. Restricting ourselves to the fundamental domain for 7"
we find that, if A is a Morse function, then it has exactly 2" critical points. Note that the set
of Morse functions provided is dense in Fj. O

The previous lemma together with the next result allows us to state that the morse functions
found in E; are minimal.

Lemma 8.2. The minimal amount of critical points for a Morse function in 7™ is 2.

Proof. From Morse theory we know that the number of critical points for a Morse function is
bounded bellow by > dimg H*(M,R). Using Kiinneth’s formula we have that

H(T"R)= >  (H'(S'R)®-- ® H"(S"R)).
Jitetin=i

Since the cohomology H’(S',R) = R for j = 0,1 and is zero for any other j, we find that
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dimg (H'(T™,R)) = ("}). So we get

Y dimg H'(M,R) = (") = on,
1

=0 =0

The main result for this example, and the one we want to generalize (if possible) is this:

Theorem 8.3. There exists an open, dense subset S C L2(T)" such that for every initial
condition fp € S and its corresponding solution to the heat equation f there is Ty, € (0, 00)
with the property that if ¢ > T, then f; is a minimal Morse function.

Proof. We know that f; = Z;io e %ith; where h; is the projection of fy over E;. If hy is a
minimal Morse function, then we will show that e*!(f; — hg) is a minimal Morse function for
large enough t, it follows that f; is also a minimal Morse function. For this purpose we will use
Theorem 8.2.

Note that eM*(f; — ho) — hy = 3272, e~ 2) A, then

oo

o) =l =[SOy | = s[5 e,

i—o
T J T

For each j we have h; = Z(k) (aycr),; + by Bery,;) where aqyy j, Be),; are as in Equation 8.1.
Then, depending on r, we get one of these possibilities

5‘xlr . 8% an ki (Fagwyor),; 0 Bi.g)s

amz,. am“ Zku“ in (000 B4 £ bty @05

Notice that [k;, --- k;, | < A7. We find an upper bound for the partial derivative in either one of
the previous cases

ZI’%" i (Fam) g, £ by By,

89:1 . 6%
0"h; -
| <A | 22 lamam gl + D 1w Ba | - (8:2)
0x;, -+ 0xyy
" (k) (k)
Using Cauchy-Schwarz inequality bearing in mind that the number of n-tuples (k) = (k1,--- , kn)

such that Y kZ = ); is bounded above by A7, we get

1/2 1/2

Slagamgl < N3 6k | 0 Y bayBuysl < NP0 | (8.3)

(k) (k) (k) (k)

Now, since a(x) and b are the coefficients of the linear combination that gives the projection
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of fo onto E;, we have that

1/2 1/2

> aty <\ follezmy, | D0 < |l folle2(rmy.- (8.4)
(k) (k)

Combining Equations 8.2, 8.3 and 8.4 we find the upper bound

8Thj r+n/2
— | <2\ 2(nY.
s 0w | = 2N [ folle2(rm)
Then we can estimate
o) o0
e()\l—)\Q)t Z e()\Q_)\j)thj S 26()\1_>\2)t||f0||52(’1‘n) Z A;+n/2€(>\2_)\j)t~ (85)
j=2 j=2

T

;+"/26(>‘2’>‘J)t decays exponentially as j — 0o, the expression at the right side

of Equation 8.5 is convergent and can be made arbitrarily small by taking ¢ large enough.

Since the term A

Now we define S = {fo € L*(T")|projp, fo is Morse}. We have seen that this set of initial
conditions for the heat equation provide minimal Morse functions for large enough ¢. Let us
now see that S is dense. Take g € £2(T™) with orthogonal decomposition g = Z;io 95, 9i € Ej.
We can find some h; € E; that is Morse minimal and is “close enough” to g;. Then the function
go+ h1 + Z;OZQ g; € S and is “close enough” to g. O
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