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Abstract

Geotechnics is subject to two major types of uncertainty: aleatory and epistemic. Aleatory un-
certainty refers to the inherent variability of materials and their external agents, while epistemic
uncertainty refers to the lack of information and knowledge. A comprehensive geotechnical model
should take into account these two types of uncertainties in light of a reliability analysis. However,
the reliability analyses that are conventionally performed in geotechnical engineering have a series
of gaps and approximations that may diverge model estimations from reality. In the first place,
reliability analyses have been commonly based on probability theory, which is capable of model-
ing aleatory but not epistemic uncertainty, so the latter is usually ignored. Second, assumptions
are made about the dependence between the basic variables of the models, which are not validated
and in most cases are unfounded. Third, obtaining accurate modeling results requires excessive
computational costs, which in many cases are unfeasible.

In order to fill these gaps in the state-of-the-art, this thesis proposes a methodology for the evalua-
tion of reliability in geotechnics, which is computationally efficient, takes into account the depen-
dence between the basic variables and also their aleatory and epistemic uncertainty. Specifically,
subset simulation is employed for efficient and accurate calculation of probabilities of failure, cop-
ula theory is used to model dependence among basic variables, and random set theory is employed
to model both epistemic and aleatory uncertainties.

The proposed methodology manages to integrate the three aforementioned developments in a sin-
gle approach for the analysis of the reliability in geotechnical models. The applicability of this
procedure is proved through different practical examples of geotechnical engineering. The re-
sults show the efficiency of the proposed algorithm, the importance of dependence in reliability
analyses, and the impact that aleatory and epistemic uncertainties have on the final results of the
modeling. In conclusion, the proposed method proves to be a fairly complete tool with a very wide
application range, so that geotechnical engineers will have the possibility of implementing it in
their designs and modeling (in fact, they should).

Keywords: uncertainty; reliability analysis; monte carlo simulation; subset simulation; copulas; ran-
dom sets theory; imprecise probabilities; lower and upper probabilities of failure.



Resumen

La geotecnia estd sujeta a dos grandes tipos de incertidumbre: aleatorias y epistémicas. La in-
certidumbre aleatoria se manifiesta a través de la variabilidad inherente de los materiales y de sus
agentes externos, mientras que la incertidumbre epistémica se manifiesta a través de la escasez de
la informacién y de la falta de conocimiento. Un modelo geotécnico integral deberia de tener en
cuenta estos dos tipos de incertidumbre a la luz de un andlisis de confiabilidad. No obstante, los
andlisis de confiabilidad que se desarrollan convencionalmente en la ingenieria geotécnica tienen
una serie de vacios y aproximaciones que pueden generar que los resultados de los modelos disten
de larealidad. En primer lugar, los andlisis de confiabilidad se han basado comtinmente en la teoria
de la probabilidad, la cual es capaz de modelar la incertidumbre aleatoria pero no la epistémica,
por lo que esta dltima se suele obviar. En segundo lugar, se realizan supuestos sobre la dependen-
cia entre las variables basicas de los modelos, las cuales no son validadas y en la mayoria de los
casos carecen de fundamentos. En tercer lugar, obtener resultados precisos requiere de un costo
computacional excesivo, que en muchos casos puede ser inviable.

Con el objetivo de suplir estos vacios en el estado del arte, esta tesis propone una metodologia para
la evaluacién de la confiabilidad en geotecnia, la cual es eficiente computacionalmente, tiene en
cuenta la dependencia entre las variables bdsicas y también su incertidumbre aleatoria y epistémica.
Especificamente, se usa el algoritmo subset simulation para el cédlculo eficiente y preciso de las
probabilidades de falla, se hace uso de la teoria de copulas para modelar la dependencia entre
las variables, y se emplea la teoria de random sets para modelar la incertidumbre epistémica y
aleatoria.

La metodologia propuesta logra integrar los tres desarrollos anteriormente mencionados en un
unico enfoque para el anélisis de la confiabilidad de modelos geotécnicos. La aplicabilidad de este
enfoque se demuestra a través de diferentes ejemplos practicos de la ingenieria geotécnica. Los
resultados evidencian la eficiencia del algoritmo propuesto, la importancia de la dependencia en
los andlisis de confiabilidad, y el impacto que las incertidumbres aleatorias y epistémicas tienen
en las modelaciones. En conclusion, el enfoque propuesto es una herramienta bastante completa y
con una aplicacion muy amplia para realizar andlisis de confiabilidad, por lo que los geotecnistas
tendran la posibilidad de implementarla en sus disefios y modelaciones (de hecho, ellos deberian
usarla).

Palabras clave: incertidumbre, analisis de confiabilidad, simulaciéon monte carlo, simulacion de sub-
conjuntos, copulas, teoria de conjuntos aleatorios, probabilidades imprecisas, probabilidades de falla

superior e inferior.



Contents

Acknowledgements

Abstract

1 Introduction

1.1 Motivation. . . .. .. ...
1.2 Problem statement . . . . .
1.3 Aim and objectives . . . . .
1.4 Document outline . . . . . .

2 Fundamentals of probability and reliability

2.1 Some concepts of probability theory . . . . . .. ... ...
21,1 AXIOMS . . . L e e e e e e e e e e e e e e

2.1.2 Randomvariables. . . . . . . . . . ... e

2.1.3 Distribution functions . . . . . . . ... Lo e e e

2.1.4 Joint distribution functions . . . . . . . ... ... L oL

2.1.5 Correlation among random variables . . . . . . .. ... ... ... ....

2.1.6  Autocorrelation . . . . . ... L.

2.1.7 MarkovChains . . . . . . . . . . e e e e

2.2 Introduction to reliability analysis . . . . . . ... ... ... .. .. ... ...,
2.2.1 Thesafetychallenge . .. ... ... ... ... ... ... ...
2.2.1.1 Deterministic analysis . . . . . . . ... ... ... ...

2.2.1.2  Semi-probabilistic analysis . . . . ... ... ... L.

2.2.1.3  Probabilisticanalysis . . . .. ... ... ... .0 0.,

2.2.2  Computing probability of failure . . . . . ... ... ... ... .. ...,
2.2.2.1 Numerical integration . . . . . . . . . .. ...

2.2.2.2 Transformationmethods . . . . . .. ... ... ... ......

2.2.23 Simulationmethods . . .. .. ... ... ... ... .. ... .

3 Subset simulation for assessing geotechnical reliability

3.1 Basicideaof subset simulation . . . . . .. ... ... L L oL
3.2 Markov-Chain Monte Carlomethods . . . . . . . ... ... ... .........
3.2.1 Metropolis algorithm . . . . . .. ... ... ... oL

vii



xii Contents
3.2.2 Metropolis-Hastings algorithm . . . . . . . ... ... ... ........ 35
3.2.3 Techniques to improve Markov Chains . . . . . ... ... ... ..... 37
3.23.1 Chainstartingvalue . . . .. ... ... ... ... ....... 37
3.2.3.2  Definition of the proposal distribution. . . . . . ... ... ... 37
3233 Lengthofthechain . ... ... ................. 38
3234 Burn-inperiod . . ... ..o o 38
3.23.5 Thinningorlagperiod . . . . ... ... ... ... ... 38
3.23.6 Testforconvergence . . . . . . . ... . ... ... 39
3.3 Subsetsimulation . . . . . . . ... e e e e e e 42
3.3.1 Choice of intermediate failureevents . . . . ... ... ... ... .... 43
3.3.2 Modified Metropolis algorithm . . . . . . .. .. ... ... ........ 44
3.3.3 Estimation of the probability of failure . . . . . .. ... ... ... .... 47
3.4 Practical examples of subset simulation . . ... ... ... ............ 48
3.4.1 Parabolic performance function . . . ... ... ... ... ... ... . 49
3.4.2 Shallow footing with variable width . . . . . . ... ... ... ...... 51
4 On the dependence and the use of copulas in geotechnics: a state-of-the-art

review 55
4.1 Contextualization . . . . . . . . . .. e e e e e e e e 55
4.2 Introductiontocopulatheory . . . . . . ... ... ... L oL 58
4.2.1 Preliminary CONCEPLS . . . . . v v v v v v e e e e e e e e e e e 58
42.1.1 Increasing functions . . . . . .. .. ... ... ... ... 58

42.1.2  Quasi-INVEISES . . . v v v v v e e e e e e e e e e 58

4213 Vg-volume . . . . . . . e 58

4.2.1.4 Multivariate cumulative distribution functions . . . . . ... .. 59

42.1.5  k-margins . . ... ... e e e e e e e e e e e e e 59

422 Copulafunctions . . . . . . . . . . . e 60

423 Sklar’stheorem . . . . . . .. ... e 61

4.2.4 The Frechét-Hoeffdingbounds . . . . . . ... ... ... ... ...... 62

4.2.5 Somecopulaproperties . . . . . . .. ... oo 63
4.2.5.1 Rangeof dependence values . . . . . . ... ... .. ... ... 63

4252 Radialsymmetry . . . . . . . .. ... e 64

4253 Taildependence . . .. .. ... .. .. ... ... ... 65

42.6 Empiricalcopulas. . . . . . . . . ... e 65

427 Vinecopulas . . . . . . . e e 66

4.3 Some remarks about dependence in geotechnics . . . . . . .. ... ... ... .. 70
4.3.1 The Nataf transformation . . . . . . . ... ... ... ... ... ..., 72

4.4  Construction of copulas for modeling dependence among geotechnical variables . . 74

4.4.1 Selection of marginal distributions . . . . . .. ... ... 75



Contents xiii
442 Measuresof correlation. . . . . . . ..o Lo 76
4.42.1 Linearcorrelation . . . ... ... ... ... ... ..., 77
4422 Concordance . . . . . . . . . . ..o 78
443 Popular familiesofcopulas . . . . . .. ... oL o Lo oL 80
443.1 Ellipticalcopulas . . . .. ... ... ... ... ... ..., 80
4432 Archimedeancopulas . .. ... ................. 83
4433 Plackettcopula. . . .. ... ... 87
4.4.4 Estimation of the parametersof acopula. . . . . .. ... ... ... ... 88
4.44.1 Method of moments based on rank correlations . . . . . ... .. 88
4.44.2 Maximum Likelihood Estimator . . . . ... ... ... .... 90

4.4.4.3 The inference functions from margins and the canonical maxi-
mum likelthood methods . . . . ... ... ... ... ..... 92
4.4.5 Tests of goodness-of-fit forcopulas . . . . . ... ... ... .. ..., 93
4.4.5.1 Goodness-of-fit test based on Empirical Copula . . . . ... .. 95
4.45.2 Akaike and Bayesian information criterion . . . . . . .. .. .. 96
4.5 Some applications of copula theory in geotechnical engineering . . . . . .. . .. 97
4.5.1 Shear strength parameters of the Mohr-Coulomb failure criterion . . . . . . 97
452 Settlement . . . . . . ... e e e 106
4.5.3 Geotechnical earthquake parameters . . . . . . . . ... ... ... .... 115
454 Soil spatialmodelling . . . . .. ... ... .. oo 117
4.5.5 Other uses of copulas in geotechnics . . . . . . ... ... ... ... ... 120
4.5.5.1 Landslide hazard assessments . . . . . ... ... .. ...... 120
4.5.5.2 Earthquake early warning . . . . . ... .. ... .. ...... 121
4553 Studiesonsamplesize . . . . . ... ... oL 122
4.6  Uncertainties in the construction and definition of copula for geotechnical variables 122
4.7 Reliability analysis in geotechnics considering dependence through copulas . . . . 128
4.7.1 The copula based sampling and copula direct integration methods. . . . . . 129
4.7.1.1  Direct integration method incopulas . . . . ... ... ... .. 129
4.7.1.2  Monte Carlo Simulationincopulas . . . ... ... ... .... 131
4.7.2 Results of reliability analysis . . . . . . . ... ... ... oL 132

4.7.3 Efforts to unify results of reliability analysis of geotechnical structures
when dependece is considered. . . . . ... ... oL Lo L. 138
5 Random sets and evidence theory in geotechnical engineering 144
5.1 Dempster-Shafer evidence theory . . . . . . . . . . ... .. ... ... ..., 145
5.1.1 Belief and Plausibility measures . . . . . .. .. ... ... ........ 147
5.2 Succinct introduction to random sets theory . . . . . . ... ... oL L. 149
5.2.1 From random variables torandomsets . . . . . ... ... ... ... ... 149



Xiv Contents
5.2.2  Some representations of the state of knowledge and their relationship with

random setstheory . . . . . . . . . ... e 150

5.2.2.1 Possibility distributions . . . .. ... oL 151

5.22.2 Probabilityboxes . . ... ... ... oL 152

5.223 Familiesofintervals . . . . ... .. ... .. ... ... 155

5.2.2.4 Probability functions . . . ... ... ..o 0oL 155

5.2.3 Combinationofevidence . . . . . . . .. ... ... o 156

5.2.4 Random relations forrandomsets . . . . . .. .. ... ... ... ..., 156

5.2.5 Dependence considerations . . . . . . . .. ... L0 0o 157

5.2.6  Extension principle for randomsets . . . . . ... ... ... ... ... 158

5.2.6.1 Method of optimization . . . . ... ... ... ... ...... 159

5.2.6.2 Methodofsampling . . . . ... ... ... ... ... 159

5.2.6.3 Methodofvertices . . . . ... ... .. ... ... ... ... 160

5.2.6.4 Method of function approximation . . . .. ... ... ..... 160

5.3 Employability of random sets theory in geotechnical engineering . . . . . . .. .. 160

5.3.1 Practical example on the use of random sets in a geotechnical model . . . . 161

6 Proposed approach for rigorous and efficient geotechnical reliability analyses 171

6.1 Theoretical basis of the procedure . . . . . . ... ... ... o oL 171
6.1.1 Indexation and sampling from a randomsets . . . .. ... ... ... .. 172

6.1.1.1  Indexation and sampling from a possibility distribution . . . . . 174

6.1.1.2  Indexation and sampling from a distribution-free probability box 174

6.1.1.3  Indexation and sampling fromaCDF . . . . .. ... ... ... 175

6.1.1.4  Indexation and sampling from a finite family of intervals . . . . 175

6.1.2 Bounding of the probability of failure using randomsets . . . .. ... .. 176

6.1.3  Monte Carlo simulation for the estimation of P and P_f .......... 177

6.2 Proposed approach: efficient estimation of P and P using subset simulation . . . 179
6.3 Numerical examples . .. ........ I R 180
6.3.1 Example 1: Rotational failure of an homogeneous soil slope . . . ... .. 180

6.3.2 Example 2: Toppling failure of arockslope . . . . . . ... ... ... .. 183

6.3.3 Example 3: Plane failure of arockslope . . . . . . .. ... ... ..., 190

7 Conclusions and final considerations 195
7.1 Comments on the use of subset simulation in geotechnics . . . . ... ... .. .. 197
7.2 Comments on the dependence and copula theory in geotechnics . . . . . . ... .. 198
7.3 Comments on the applicability of random sets theory in geotechnical engineering . 200
7.4 Conclusions on the proposed methodology for reliability analyses in geotechnics . 202
7.5 Open issues and directions for future research . . . . . . . ... ... ... ... 203
Bibliography 221



1 Introduction

1.1 Motivation

Every civil construction and intervention is related, to a greater or lesser extent, with soils or
rocks. Some structures are supported on these materials (e.g. buildings or bridges), some others
support them (e.g. retaining walls or tunnels), and even some others are made up with them (e.g.
embankments and slopes). This fact is indicative of the importance of soils and rocks in the current
civil engineering practice, since the stability and correct performance of the different structures is
conditioned by the understanding of these natural materials (Lambe and Whitman, 1991; Mitchell
et al., 2005).

However, unlike man-made materials, whose elaboration is outlined and hence their properties are
known within narrow limits, engineers do not control the genesis of soils and rocks (Mitchell et al.,
2005). These natural materials result from a great variety of physical and chemical processes and
through their history have been subjected to several internal and external agents that condition their
behavior (see e.g. Blyth and De Freitas, 2017; Tarbuck et al., 2005). Consequently, soils and rocks
exhibit significant randomness in their properties and loads, and their behavior has an implicit
degree of uncertainty, even for the same type of material or deposit.

To understand the implications of the inherent nature of these materials, it is important to define
what the terms random and uncertain mean. In the Merriam-Webster dictionary both words are
defined as

Random (adjetive). Date: 1565. 1. a: lacking a definite plan, purpose, or pattern b:
made, done, or chosen at random; 2. a: relating to, having, or being elements or events
with definite probability of ocurrence. b: being or relating to a set or to an element of
a set each of whose elements have equal probability of ocurrence. (Staft, 2004)

Uncertain (adjetive). Date: 14th century. 1: Indefinite, indeterminate 2: not certain
to occur: Problematical 3: not reliable: Untrustworthy 4: a: not known beyond doubt:
Dobious b: not having certain knowledge: Doubtful c: not clearly identified or defined
5: not constant: Variable, Fitful. (Staff, 2004)

In this sense, randomness is associated with a lack of patterns or with unpredictable events caused
by change, states that are innate to nature and independent of anyone’s knowledge. Meanwhile,
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uncertainty refers to the lack of total certainty, or to a limited knowledge, which makes it impos-
sible to exactly describe a current state or a future outcome, even though it is possible to predict it
(Baecher and Christian, 2005).

Helton (1997) classified uncertainty in two major categories, namely aleatory and epistemic. On
the one hand, aleatory uncertainty (also known as stochastic uncertainty, irreducible uncertainty,
or variability) refers to the natural variability or randomness of a system and its variables. On
the other hand, epistemic uncertainty (also known as subjective uncertainty, reducible uncertainty,
state of knowledge uncertainty, or ignorance) alludes to a lack of knowledge about data or a system.
Note that while aleatory uncertainty is typical of materials and loads that make up the system, and
therefore it can not be reduced, epistemic uncertainty is inherent to the available knowledge, and
therefore it can be reduced by gathering more and better information. In this way, these two
concepts encompass what has been previously defined as randomness and uncertainty, and hence,
the two categories defined by Helton (1997) will also be adopted hereinafter in this document.

Particularly in the context of geotechnics, Baecher and Christian (2005) alluded to these two main
categories of uncertainty and disaggregated them into their respective components according to
risk analyses conducted in geotechnical engineering. Figure 1-1 shows a concept map that breaks
down the main categories of uncertainty in geotechnics.

Risk Analysis
| |
Natural variability Knowledge uncertainty Decision model uncertainty
Temporal - Model - Objectives
Spatial — Parameters — Values
 Site characterization { Time preferences

Figure 1-1: Categories of uncertainties in geotechnical risk analysis (adapted from Baecher and
Christian, 2005)

According to Baecher and Christian (2005), uncertainty in risk analysis is divided into natural
variability (i.e. aleatory uncertainty), knowledge uncertainty (i.e. epistemic uncertainty), and de-
cision model uncertainty. Natural variability refers to the inherent randomness and is made up of
(1) temporal uncertainty and (2) spatial uncertainty, in the sense that soils and rocks are variable
over time (at a single location) and over space (at a single time). Knowledge uncertainty refers to
a lack of data and/or knowledge that is reflected in: (1) model uncertainty since models are just
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approximations that mimic reality, may vary over time, and sometimes the best model is difficult to
define, (2) parameter uncertainty since the parameter’s estimates depends on both the quality and
quantity of information, and (3) site characterization uncertainty that alludes to the suitableness of
the interpretations about the surface geology, and results from explorations uncertainties such as
measurement errors, the inconsistency of data, data handling and transcription errors and inade-
quate samples that may not adequately represent the soil/rock. Finally, decision model uncertainty
has to do with social, economic, and operational issues, and hence it will be obviated hereinafter
in this document since it does not concern the focus of this research.

In this sense, when constructing geologic-geotechnical models, analysts are faced with these two
main types of uncertainties, which represent a formidable challenge for guaranteeing the correct
performance of the geotechnical systems. Unfortunately, civil engineering has traditionally been
taught and applied from a very deterministic point of view, as a precise science that can describe
any current state and anticipate any future outcome. However, engineering is not a science but
rather an art and, under randomness and lack of knowledge, it only leads to vague approximations
of reality (Phoon, 2020).

This is how it is necessary to complement the purely deterministic analyses with concepts such
as the factor of safety (FS), that seeks to obtain safer structures and systems. In its most general
form, the factor of safety is defined as the ratio of the applied load over a system to its resisting
forces. Thus, from a purely theoretical perspective, a geotechnical model will be stable if F'S > 1,
will fail if F'S < 1, and will be in limit equilibrium if /S = 1. However, as in practice there are
implicit uncertainties in the deterministic designs, codes and norms require the minimum factors of
safety to be greater than 1, and whose value depends on the nature of the system, the riks involved,
and the type of analysis conducted. The magnitude of the minimum factor of safety stems from
past experiences in similar systems, but in turn, they are conditioned by economical aspects, social
factors, and particular conditions of each region or country.

Despite that the use of factors of safety is widely extended, and even some countries require their
mandatory use in practice, these factors have several disadvantages, many of them related to the
handling of uncertainty. A factor of safety does not give information about uncertainties, their
sources, where they are concentrated, and how to handle or reduce them. So, when things go
wrong in a purely deterministic design, this may take the analyst by surprise. Thus, in some
situations where the uncertainties are many, a very large factor of safety must be employed, which
may be too conservative and leads to expensive constructions. Due to this, other complementary
methods have appeared in geotechnics, such as the popular observational method (see Peck, 1969;
Terzaghi et al., 1996).

The observational method consists of continuous monitoring before, during, and even after geotech-
nical constructions or interventions. In this continuous monitoring, some crucial parameters in de-
signs must be measured, such as settlements, water pressures, presence of cracks or weak layers,
etc. If some of these parameters deviate from the conditions initially stated in the original design,
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this design must be revised and modified as new information appears. Thus, the observational
method avoids the use of too large factors of safety, since the original model is getting refined
as new real-time information is obtained. Although this method has many advantages and should
be employed whenever possible, it also has some drawbacks. Some of its disadvantages are the
extension of the intervention times, inasmuch as the designs may be modified and the construction
reevaluated several times, or that some modifications, in light of new information, are unfeasible
contractually (see Peck, 1969, for more details).

None of the two forementioned methods manage to quantify and propagate uncertainties in the
geotechnical models. On the one hand, fully deterministic analyses implicitly handle uncertainty
with a factor of safety that may be quite large. On the other hand, the observational method
gives better handling to uncertainty through continuous monitoring, but again, uncertainty is not
quantified nor propagated in models at any moment. In this way, if the engineers want to as-
sess uncertainties and study their implications in the models and design, they have to use other
methodologies. In particular, reliability analyses must be carried out, most of which are based on
probability theory.

A reliability assessment, based on probability theory, aims to estimate the probability of failure
Py, that is, the probability of an undesirable performance of a system (Melchers and Beck, 2018;
Ditlevsen and Madsen, 1996). Unlike deterministic methods, a probabilistic analysis models the
variables involved in the systems as random variables instead of constant values. In this way,
analysts can explicitly handle uncertainty, propagate it through the system, and evaluate its im-
plications in the final designs. However, despite this possibility and its benefits, engineers have
been reluctant to apply probabilistic analysis in geotechnical practice for two main reasons: (1)
it involves some concepts and terminology which are not familiar to many engineers, and (2) it
is wrongly supposed that this type of assessments requires more data, time and effort (Phoon and
Ching, 2014, chap. 3). Nonetheless, none of these arguments is valid to avoid explicit handling of
uncertainty.

Probabilistic analysis does not add and significant complexity to models, neither needs more data
nor time nor effort in constrast to the commonly employed deterministic analysis; therefore, it is a
tool which all geotechnical engineers should be aware of. However, reliability assessments based
on purely probabilistic analysis have some disadvantages or obstacles in its aplication. Among the
main difficulties in probabilistic analysis for purposes of reliability assessments, there are:

1. After identifying the random variables involved in the system and constructing their mul-
tivariate probability function, it is regularly found that the failure domain is on the tails
of this distribution. That is to say, the respective P is associated with rare or infrequent
events represented by the tails of the probability distribution. Commonly employed simula-
tion methods, such as Monte Carlos simulation (MCS), hardly manage to sample the tails of
distributions, so in order to obtain relative accurate approximations of P too large sample
sizes must be employed. Consequently, computation times may be extremely large and even
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so the Py may be not accurately defined.

2. Although defining univariate probability models for the random variables is relatively straight-
forward, this is not the case of multivariate probability models, i.e. models that relate all the
random variables involved in the system. Independence among random variables is fre-
quently assumed in order to simplify calculations, but this assumption is neither justified nor
corroborated. In other cases, the multivariate normal distribution is assumed, again neither
with justification nor validation, to represent the relation of all the random variables. These
two assumptions are quite frequent in probabilistic analysis, but both are too restrictive and
may lead to failure probabilities that do not represent reality.

3. Probability theory has proven to be a good tool to model aleatory uncertainty but not epis-
temic uncertainty. Sometimes, efforts are made to express epistemic uncertainty in terms
of aleatory uncertainty in order to propagate it through the models, but these efforts are not
fruitful at all, as wil be explained later. In light of scarce information, as it is common
in geotechnics, epistemic uncertainty may play a role of equal or higher importance than
aleatory uncertainty. Therefore, a framework is needed to represent and propagate epistemic
uncertainty in the models, in conjunction with aleatory uncertainty.

A comprehensive reliability analysis has to overcome these obstacles, so it must include epistemic
and aleatory uncertainty, have a wide range of multivariate models from which to chose from and
be computationally efficient when computing the failure probability. Thankfully, in the last decades
there have been developments of some methodologies that can face these issues. Particularly,
some of these developments are suitable to be applied in practice in order to complement standard
probability analysis.

In the case of an efficient and accurate way to compute probabilities of failure given a certain
model, Subset simulation (SubSim) has proven to be an appropriate methodology for this end.
Subset simulation is a methodology that follows the nature of the MCS, but unlike this one, it is
especially appropriate to sample the tails of the distributions, where the domain of failure is found.
This methodology is of general applicability just like MCS, so it can be employed in geotechnical
engineering to compute the probability of failure of any model. In general, SubSim has the same
benefits and applicability of MCS, but it is considerably much less computationally expensive.

On the other hand, copula theory has demonstrated to be the theory of choice for constructing
multivariate probability models. Copula theory splits multivariate probability distributions into its
marginals distributions (univariate) and a structure of dependence (the so-called copula). Thus, the
problem of defining a multivariate model is broken down into the selection of suitable univariate
distributions for each random variable and the selection of a copula that groups all variables. There
exists a lot of copula functions in the literature, each one with its peculiarities, advantages, and
disadvantages when representing a certain group of random variables. So, this theory offers a great
variety of multivariate probability models, and of course encompass the common assumptions of
independence or gaussian dependence.
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Finally, there are plenty amount of theories that aim to treat epistemic uncertainty, but among
all of them the random set theory excels as a well suited theory to jointly handle epistemic and
aleatory uncertainty. This theory is a generalization of the conventional probability theory, where
a realization of a random variable is a subset of a given domain, instead of a single value. This
structure manages to include both aleatory and epistemic uncertainty in the representation of a
random variable. Additionally, random set theory is also able of handling different types and
structures of information such as intervals, possibility distributions, probability boxes, Dempster
Shafter structures and probability density functions. Thus, the geotechnist will be able to take into
account different sources of information such as laboratory or field tests, data from other nearby
projects, and even the opinion of local experts expressed as intervals or in linguistic terms.

It is worth noting that the above three methodologies are independent, and hence any of these
could be applied in solitary to a reliability assessment. However, by implementing in conjunction
the above three methodologies, the geotechnical reliability assessments will be comprehensive,
and it will overcome the limitations of the conventional probabilistic analyses.

1.2 Problem statement

Currently, geotechnical engineers aware of uncertainties in their designs and constructions must
appeal to reliability assessments, conducted through a probability approach, in order to propagate
uncertainty and to estimate the probability of failure. However, probabilistic methods have some
drawbacks and assumptions that may lead to a reliability assessment far from reality, either with
conservative or unconservative estimates.

In the last decades, there have been some developments that allow analysts to overcome some
of these pitfalls and assumptions. Particularly, SubSim overcomes the main issues of a MCS by
efficiently sampling the tails of the distributions and accurately estimating probabilities of fail-
ure. Copula theory offers a new framework for constructing multivariate probability distributions,
where the commonly applied assumptions of independence or gaussian dependence are just one
option of the wide spectrum of possibilities. Finally, random set theory allows to include epis-
temic uncertainty in the estimates of probabilities of failure, thus overcoming one of the major
disadvantages of reliability assessments conducted through a purely probabilistic approach.

Although the theory of the above mentioned three developments is well documented, their imple-
mentation in geotechnical engineering has been rather scarce, mainly because some of its concepts
are not well understood by practitioners. In this way, there exists the need of a work that eluciates
the theory behind these methodologies, and that serves as a framework for future applications of
them in geotechnical engineering.
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1.3 Aim and objectives

The main aim of this document is to elucidate a framework for conducting reliability assessments
of geotechnical models, where epistemic and aleatory uncertainties can be propagated through the
system and the probability of failure is computed in an accurate and efficiently way, employing
techniques of the current state-of-the-art.

To achieve this aim, the following objectives must be met:

e Learn the different representations of aleatory and epistemic uncertainty that can be used to
model unknown geotechnical parameters, specially when the available information is scarce.

e Employ copula theory in order to model dependence among different geotechnical or engi-
neering parameters.

e Learn state-of-the art methods for the estimation of small probabilities of failure as an al-
ternative to the costly Monte Carlo simulation method; in particular, a well-known method
called subset simulation will be employed.

o [llustrate the applicability and advantages of the proposed methodology using several exam-
ples of the geotechnical engineering practice.

1.4 Document outline

The remaining of this document is organized as follows:

Chapter 2 presents some notions of probability theory and reliability theory that will be needed
to understand the subsequent chapters. Chapter 3 is devoted to elucidate a new appealing simula-
tion method for computing probabilities of failure, and exposes its role in geotechnical reliability
analysis. Chapter 4 introduces copula theory and its role in dependence of random variables, with
a practical emphasis on constructing multivariate probability models in geotechnics. Chapter 5
contains a succint introduction to random set theory and to the different structures of information
that it can handle in order to model aleatory and epistemic uncertainties. Chapter 6 groups the
concepts of chapters 3, 4 and 5 to elucidate a comprehensive framework of reliability assessments
of geotechnical models, which is illustrated through several examples. Finally, chapter 7 ends this
document with the respective remarks and conclusions of this work.



2 Fundamentals of probability and
reliability

The present chapter is devoted to expose some basic notions of probability theory and reliability
analysis theory that will be needed hereinafter. In this way, this chapter is divided into two main
sections. Section 2.1 deals with probability theory and is mainly based on Ang and Tang (2007)
and Kottegoda and Rosso (2008). On the other hand, section 2.2 deals with reliability analysis
theory and is mainly after Melchers and Beck (2018), Ditlevsen and Madsen (1996), Lemaire
(2013) and Ang and Tang (1984).

2.1 Some concepts of probability theory

2.1.1 Axioms

Let us initially consider a probability space (Q,.%#, P) where, Q is the sample space, .% is a
o-algebra of subsets &7 of Q' , and P is a probability measure of the form P : .% — [0, 1],
such that:

Axiom 2.1.1. The probability of the event <7 is a non-negative real number, for all o/ € F:
P()>0 Vo e F
Axiom 2.1.2. The probability of occurrence of at least one of all the possible events in the sample
space is of 1.0:
P(Q)=10

Axiom 2.1.3. If ), o, o5, . .. are mutually exclusive events, that is <7;Na/; = O for all i # j, then
the probability of their joint occurrence is the sum of the individual probabilities of occurrence of

(o) Sorn
i=1 i=1

'A o-algebra on the sample space Q is the collection of subsets .7 of Q, which also includes Q itself and the empty
subset. By definition, a o-algebra is closed under complement, countable unions and countable intersections.

each event:
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Axioms 2.1.1 to 2.1.3 are the basis of probability theory and are popularly known as the Kol-
mogorov’s axioms after Andrey Nikolaevich Kolmogorov, > who stipulated them in 1933.

2.1.2 Random variables

Let (Q,.%#, P) be a probability space. A random variable (r.v.) X is defined as a measurable
function that maps the sample space €2 to a measurable space, in most cases the real line R:

X: Q>R

such that for each element w € Q is associated an element x € R, that is w — x.

By mapping Q to R, it is constituted a measurable space of the form (R, Z (R)), where R is the
real line and 2 (R) is the Borel o-algebra’. Furthermore, for each event F € % (R) a probability
measure function Py may be associated with the probability measure of the original space P, as:

Py (F)=Po X ' (F)
:P(X—I(F))
=PlweQ:X(w)EF}

The triple (R, Z (R), Px) conforms a new probability space which is the mathematical description
of a random experiment £. Thus, a random variable is a function that maps an abstract probability
space into a new probability space that mathematically describes the random experiment &, i.e.

Q,P) LN (R, Px), where mathematical tools such as Riemann integration are well defined.
Figure 2-1 schematically depicts the transformation given by a random variable X.

Based on their range, random variables can be grouped in three major categories: discrete, contin-
uous and mixed random variables. When the image of X is a countable finite set, then the random
variable is said to be a discrete random variable; examples of them are the number of piles with
excessive settlement after a load test or the number of failed slopes in a given area after an earth-
quake. On the other hand, when the image of X is an uncountable infinite set, then the random
variable is said to be a continuous random variable; examples of them are the values of cohesion
and friction angle of a given soil or the depth of the water table in a terrain. Finally, when X is
neither discrete nor continuous, but rather a mixture of both, then the random variable is said to be
a mixed random variable.

2Soviet mathematician (1903 - 1987) who devoted his life to the mathematics of probability theory, topology, intu-
itionistic logic, turbulence, classical mechanics, and computational complexity. In his book, Foundations of the
theory of probability, published in 1933, lays the foundations of probability theory by the definition of the three
basic statements of the discipline.

3The Borel algebra on R is the smallest o-algebra that contains all open sets (or all closed sets) of R
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X (w)
° x R
w

N/

Q

Figure 2-1: Random variable mapping from Q into R

2.1.3 Distribution functions

Let (Q, .#, P) be a probability space and X : Q — R a random variable, which represent a random
experiment &. Bearing this in mind, the following definitions are presented:

Distribution function: A function of the form F (x) = P (X < x), which meets the following
properties:

1. F has limit at plus infinity, such that it satisfies: lim F (x) = 1

X—00

2. F has limit at minus infinity, such that it satisfies: lim F(x) =0
3. F is monotonically non-decreasing, that is, x < y implies that F (x) < F (y)
4. F is right continuous, that is, lim+ F (x) = F (a").

is known as the cumulative distribution function (CDF) of X or just the distribution function of X.

Probability mass function: A probability mass function (PMF) is defined as a function f (x) :
R — R that satisfies:

I. f(x)>0 forall xeR
2 Y ) =1,

If X is a discrete random variable, then F (x) will be a piecewise constant function. Furthermore,
PMFs and CDFs are related by the following relation:

F)=P(X<x)= ) f(x).

Xi<x
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Probability density function: A probability density function (PDF) is defined as a function
f(x) : R — R that satisfies:

I. f(x)>0 forall xeR
2. ff(x)dle.

if X is a continuous random variable, then F (x) is a continuous function. Furthermore, PDFs and
CDFs are related by the following relation relation:

F(x)=P(X<x)= ff(xi)dx.

To illustrate the above definitions, figure 2-2 depicts two random variables and their functions,
either CDF or PMF/PDF.

F(x) L F (%)
1 ! 1
+ + » X » X
o1 2 3 4 ; 0 1 2
f(x) L)
1 : 1
r
5 ! i T > x ! i/ : : : —> X
0 1 2 3 4 ! 0 1 2

Figure 2-2: Examples of discrete and continuous distributions. On the left side there is a discrete
random variable represented by a CDF F (x) and a PMF f (x). Right side of this figure
contains the representation of a continuous random variable with a CDF F (x) and a
PDF f (x).

There exists a great variety of distribution functions in the literature. For a discrete case, it is
worth mentioning some distributions such as the Bernoulli, Geometric and Poisson distributions.
For a continuous case, it is worth mentioning some distributions such as the Normal, Log-normal,
Gamma, Beta, Weibull, and Gumbel. In any case, an adequate introduction to these distributions
may be found in standard references of probability theory, such as Montgomery and Runger (2010),
Ang and Tang (1984), or Kottegoda and Rosso (2008).
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2.1.4 Joint distribution functions

The concept of a random variable, as well as the concepts of distribution function and probability
functions (either discrete, continuous or mixed) can be extended to several dimensions. Let us start
by defining the function X = (Xi, X5, ..., X;) known as a random vector, such that X : Q — R?
and d > 2.

In this way, each coordinate of a random vector X corresponds to a random variable. Random vec-
tors can be composed either of solely discrete, continuous, mixed random variables, or a mixture
of all of them, although the latter case is rarely seen in geotechnical engineering practice. Addi-
tionally, it is worth mentioning that each random variable in X may be independent of the others or
has some degree of dependence with any, some, or all of the other random variables (this concept
will be the main subject of section 4).

For the following definitions, let X = (X, Y) be a bivariate random vector. Note that although a
bivariate case is presented from simplicity, these definitions are easily extendable to more than two
dimensions (d > 2).

Joint distribution function: A function F (x,y) : R?> — [0, 1], where F (x,y) = P(X < x,Y < y),
that satisfies the following properties:

1. F has limit at plus infinity, such that: xlyiinoo F(x,y)=1
2. F has limit at minus infinity, such that: xl_i)r_nm F(x,y) = yl_l)r_llo F(x,y)=0
3. F is monotonically non-decreasing in each variable, that is:

F (x1,y) £ F(x2,y) when x; < x,

F(x,y1) < F(x,y;) wheny; <y,

4. F is right continuous in each variable, such that: lim F (x,y) = F (a*,y) and 1ir11]’1 F(x,y) =
x—at y—b*

F(x,b")

is known as the joint cumulative density function of X, or just the joint distribution function of X.

Joint probability density function: A function f (x,y) : R? = [0, o), non-negative f (x,y) > 0

and integrable over R? as follows
fff(x,y) dxdy =1,

—00 —00
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is known as the joint probability density function of random vector X = [X, Y] of continuous
random variables. The following relations holds:

X y
F(x,y):fff(u,v) dudv

—00 —00

fxy) =

2

0xdy

F(x,y)

Marginal distribution function: Functions F (x) and F (y), defined as

F(x)=1lmF (x,y) and F(y)=Ilim F(x,y)
y—00 X—00

are known as the marginal distribution functions of the random variables X and Y, respectively. In
general F (x) and F (y) are different and turn out to be the individual distributions of the random
variables X and Y. Note that, although it is possible to obtain F (x) and F (y) from F (x,y), the
opposite does not hold since from F (x) and F (y) there is no an unique definable F (x, y).

Marginal density function: Functions f (x) and f (y), defined as

f(x)sz(x,wdy and f<y>=ff<x,y>dx

are known as the marginal density functions of the random variables X and Y, respectively. Ad-
ditionally, although from f (x,y) is possible to obtain f (x) and f (y), the opposite does not hold,
since from f (x) and f (y) there is no an unique definable f (x,y); this concept will be deepened in
chapter 4.

Conditional probability density function: Let f (x,y) be the joint probability function of the
random variables X and Y, and f (y) the marginal density function of Y, such that y € R and
f () # 0. Then, the conditional density function of X given Y =y, can be defined as follows:

fGy)
f

leY (xly) =

Note that in the above definitions X is a vector of continuous random variables X and Y. If X were
a vector of discrete random variables X and Y, summations must be employed instead of integrals
to define the joint probability mass function, marginal probability mass function or the conditional
probability mass function.
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2.1.5 Correlation among random variables

In the previous section, it was mentioned that the random variables that constitute a random vector
X may be independent or have some degree of dependence to each other. A first approximation
to this degree of dependence is given by the correlation. This property refers to degree to which
a pair of random variables are related, and it is quite useful since it can indicate a predictive
relationship between the variables of a model. In this way, correlation is a concept useful for
describing simple relationships between basic variables of a model, without making a statement
about cause and effect. Nonetheless, it is worth mentioning that dependence is a more general
concept than correlation, since this latter represents just a first approximation to the dependence
between two random variables.

Dependence is one of the most important and studied concepts for reliability assessments and
probabilistic analyses (Jogdeo, 1982; Nelsen, 2007). Geotechnical engineering is not alien to this
fact, and in practice, there exist different structures of dependence between many geotechnical
parameters. For instance, there are relationships between shear strength parameters of the Mohr-
Coulomb failure criterion (¢ — ¢), between undrained shear strength (S ,) and over-consolidation
ratio (OCR), or even between ground motion parameters (GMPs). However, engineers may be
more familiar with the concept of correlation than with the concept of dependence. In fact, geotech-
nical engineering is full of correlations among parameters, like those based on blow count of the
SPT (N1)gp-

The issue of correlation and dependence will be covered in more detail in chapter 4 of this docu-
ment. In this chapter several measures of correlation are introduced.

2.1.6 Autocorrelation

In statistics, autocorrelation is the description of the relationship between observations of a random
process over specific time periods. Informally, it is defined as the likeness between observations of
the same process, as a function of the time difference or lag between them. Thus, autocorrelation
constitutes a mathematical tool for finding repeated patterns or identifying the missing fundamental
frequency in a signal (Wikipedia contributors, 2021a).

Let us consider X to be a random process, and i to be any point in time after the start of that process
( might be an integer or a real number considering whether a discrete-time or a continuous-time
process, respectively). Then, X; is the value (or realization) of the random process X at a time i. If
the mean y; and variance O'i2 of the process at a time i are known, for each i, then the autocorrelation
function between times i; and i, is:

E [(Xil - ,U) (Xi2 B /’l)]

R(iy,1) =

where E[-] is the expected value.



2.1 Some concepts of probability theory 15

If the autocorrelation of a random process is measured as zero, it indicates that there is no corre-
lation, and so, each of the observations is independent of the others. Conversely, if the autocorre-
lation of a random process tends to one, it indicates that the observations are serially correlated,
and in consequence, future measurements are affected by past values. Essentially, a process that is
serially correlated is not random, since it has a pattern.

2.1.7 Markov Chains

A Markov Chain is a mathematical system with a finite or countable number of states subject
to transitions from one state to another, thus following a chain-like structure. It is defined as a
stochastic process (Markov process) at a discrete-time, with a discrete space state, and fulfills the
first order Markov property:

P(Xis1 = xi011Xo = x0, X1 = x1,..., Xi = x) = P(Xi|Xi = X))

that is to say, the next state (x;;;) depends only on the current state (x;) and not on the other past
events. In this sense, the prediction of the immediately following state depends only on the present
event, and further information about past events does not lead to more accurate predictions.

Markov processes are named after its pioneer, Andrey Markov”, and they have been applied in
many fields of knowledge, such as physics, biology, economy, engineering, statistics and among
others (Wikipedia contributors, 2021c).

Transitions between states of a Markov chain are defined by the transition probabilities, denoted
by P(s,t), P(s — t) or simply P. Thus, a transition probability is defined as the probability of
being at state ¢ at time i + 1, given the current state s at time i.

When the transition probabilities are arranged in a stochastic matrix, then the transition matrix P
is consolidated. Each element of the transition matrix is nonnegative and the sum of each row is
equal to one, that is ), P, = 1 for all s. Thus, a Markov chain is completely characterized by the
set of all its states and the respective transition probabilities.

Now, it is in our interest to know the probability of being in the state ¢ at time i + 1. For this
purpose, let

Tt (l) =P(X; = x,)

denote the probability of state s at time i, and also let mr (i) denote the row vector of the state
transition matrix at the step i.

Additionally, every chain has to initialize by specifying a starting vector 7z (0), where all its ele-
ments have a probability of occurrence equal to zero, except one element that has a probability of
occurrence equal to 1, which corresponds to the initial state.

4Russian mathematician (1856 - 1922) widely known by his contributions on the theory of stochastic processes. His
first results on Markov processes and Markov chains were published in 1906.
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In this way, the total probability theorem can be applied to obtain the probability of the chain being
at state value x; at time i + 1, as follows:
m(i+1)=PXi1 = x)
= > P(X; = x) P (Xir1 = %X, = x,)

= i”r(i)Prz

By employing the transition matrix P, a more compact expression can be obtained, as follows:

n(i+1D)=nxG)P

Analogously, using the last state:

@) =x(i-1D)P=x(G-2)P)P=n(i-2)P?

And by continuing with this sequence:

x(i)=n(0) P (2-1)

Finally, when the probabilities of being in any particular state are independent of the initial con-
dition, the Markov chain is said to has achieved a stationary distribution m*. In other words, a
stationary distributions of a Markov chain is some vector zr* such that #* = " P. Thus, over a long
run, no matter the starting state mr (0), the probability of being at state s is r; for all s of the Markov
Chain.

At this point, it is worth mentioning some properties that will be needed later and which also help
to clarify the above concepts. Let us consider the following definitions (Uribe, 2011):

Definition 2.1.1. A Markov chain is said to be stationary when the time has no implications on
the random nature of the stochastic process (Markov process), so all states x; are independent of
time. Thus, a Markov chain has reached the stationary distribution when the probabilities of all its
states are independent of the actual starting value.

Definition 2.1.2. A Markov chain is said to be ergodic when the number of iterations on the chain
tends to infinity (i — oco). Note that a Markov chain can only have one stationary distribution, and
additionally, all ergodic process are stationary.

Definition 2.1.3. A Markov chain is said to be homogeneous when the transition probabilities do
not change in the progression of state transitions. In other words, a Markov chain is homogeneous
if P is constant in time.
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Definition 2.1.4. A Markov chain is said to be irreducible when for two states s and ¢ of it, there
exists a probability of not entering to state ¢ given the current state s. Thus, all states of the chain
are connected with each other.

Definition 2.1.5. A Markov chain is said to be aperiodic when the chain does not fall into some
kind of periodic cycle, i.e. the number of steps to move from a state s to a state ¢ is not necessary
to be multiple of some integer.

Definition 2.1.6. A Markov chain is said to be reversible when it satisfies the so called reversibility
condition:

3k 3
P,n; = P,m,

In this sense, if a certain time i the direction of the Markov chain is reversed, the process behavior
will be preserved, i.e. the resulting chain will be statistically indistinguishable from the original
one.

To illustrate these, the example presented by Uribe (2011) will be replicated below. On the other
hand, readers interested in a more comprehensive introduction to the theory of Markov chains,
and in further examples, can refer to Walsh (2004), Ash (2008), Benjamin and Cornell (1981) or
Wikipedia contributors (2021b), and the references therein.

Example 2.1.1. (adapted from Uribe (2011)) Let us consider three weather conditions, namely
sunny (S), cloudy (C) and rainy (R) and the probabilities of transition among them, as stated in
figure 2-3.

Figure 2-3: Possible weather states and probabilities of transition among them

Based on figure 2-3 the following transition matrix can be constituted. In this matrix state 1 is
sunny, state 2 is cloudy, and state 3 is rainy:
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0.6 02 0.2
P={02 06 0.2
0.0 00 1.0

Bearing this information in mind, the following questions are required to be solved:

e Given a sunny initial state (state 1) at time zero, what is the probability of the rainy state
(state 3) at time 2

e For a long time, what is the probability of the condition being in each one of the three states
By employing the equation (2-1), the first question can be solved as follows:
7 (i) =n(0) P
7 (2) = x(0) P?

but since w(0) = [1 0 0] because sunny (S) is the initial state, equation (2-1) can be solved as
follows

06 02 021
7(2)=[100]{02 0.6 02
00 0.0 1.0

m(2) =1[0.40.24 0.36]

Then, the probability of being at state 3 (rainy) at time 2 is equal to 36%.

With respect to the second question, let us find the probabilities of each state at times 5, 15 and 30,
as follows

Fori = 5:
7 (5) = x(0) P°
7 (5) =1[0.17 0.16 0.67]
fori = 15:
7 (15) = 7 (0) PP
7 (15) =[0.0176 0.0176 0.9648]
and for i = 30:

7 (30) = 7 (0) P
7 (30) = [0.00062 0.00062 0.99876]



2.2 Introduction to reliability analysis 19

It is evident that for a long run, the probabilities of states 1 and 2 (sunny and cloudy, respectively)
will be zero, and the probability of state 3 (rainy) will be one. Note that for a long time the chain
will reach its stationary distribution, which is obviously independent of the initial state ar (0).

2.2 Introduction to reliability analysis

2.2.1 The safety challenge

Bearing in mind the inherent uncertainties in all geotechnical designs-interventions, as stated in
section 1.1, the question now is how to ensure their safety. In other words, despite both aleatory
and epistemic uncertainties, all geotechnical designs must guarantee a suitable performance during
its estimated service life, preserving goods, services, and above all, human life.

Recall that in geotechnical engineering aleatory uncertainty is considerable and non-reducible and
although epistemic uncertainty may be reduced with additional information, the truth is that data
is limited due to reduced budgets or haste in the project schedule. Under these circumstances, all
designs must be evaluated in light of a safety margin or reliability as a measure to ensure their
faultless performance.

There exist several perspectives with which the challenge of structural safety can be addressed.
Most of these approaches are based on limit states, i.e. the state of impending failure, beyond
which the structure serviceability ceases. Figure 2-5 shows a conceptual map that, in a general
way, summarizes the type of analyses and methodologies that can be employed to evaluate the
reliability of a design.

It is worth mentioning that a limit state does not necessarily imply failure. Limit states can be
divided into ultimate and serviceability limit states. On the one hand, ultimate limit states do
imply failure, collapse, or a loss of integrity of the structure, and hence they are not reversible; an
example of its violation is the collapse of the Nicoll Highway in Singapore (see Puzrin et al., 2010;
Whittle and Davies, 2006). On the other hand, serviceability limit states refer to the threshold
between an acceptable and an undesirable state of the structure under normal use, and most of the
time they are reversible or remediable; an example of its violation are excessive settlements, such
as the ones reported in the Palacio de Bellas Artes in Mexico City (see, e.g., Lambe and Whitman,
1991)

In the remaining of this section, the different safety analysis exposed in figure 2-5 will be briefly
introduced.
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Based on Analysis Methodology
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Figure 2-4: Structural safety approaches (adapted from Hurtado (2004) and Marek et al. (1996)).

2.2.1.1 Deterministic analysis

Traditionally, deterministic analysis has been the most employed analysis for evaluating safety of
structures, given its simplicity and familiarity for many engineers. Deterministic analysis is based
on the concept of safety factor, which is defined as the following ratio (Ditlevsen and Madsen,
1996):

R
FS = — 2-2
3 (2-2)

where R is the calculated carrying capacity (resistance), and S the corresponding load effect
(stress). Note that § is made up of the effects of one or more applied loads, such as dead loads,
water loads, earthquakes loads, etc.

Theoretically, a geotechnical structure can be classified into one of three different states from a
deterministic analysis. If F'S > 1.0 then R > S, and therefore the design is safe. If FS < 1.0
then R < §, and therefore there is failure. And finally, if 'S = 1.0 then R = §, and therefore the
structure is in a state of imminent failure.

At first glance, one can expect that the greater F'S in equation (2-2), the greater the reliability of
the model. Naturally, for a given definition of R, and hence of §, an increase of F'S reflects an
increase of safety. Nonetheless, the safety factor highly depends on the definition of the resistance
R, which may contain a certain degree of arbitrariness. This arbitrary nature of the definition of R
makes minimum values of F'S difficult to define in the context of codes and norms. Necessarily,
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a specification of the value of a safety factor F'S in a code or norm must be accompanied by
specifications of its derivations, or the formulas for defining its respective resistance. Even so, in
some problems such as the ones of soil mechanics, the resistance is not definable in a clear way as
a single scalar quantity (see Ditlevsen and Madsen, 1996, chap. 2). This problem is known as lack
of invariance of the safety measure. Ideally, a safety measure should not be dependent on the way
the resistance R and the load S are defined (Melchers and Beck, 2018).

Codes and norms contain specifications of the minimum value of F'S for common and simple
models in geotechnics, which do not have a high degree of uncertainty. The magnitude of the
minimum safety factors stems from past experiences in similar models and structures, but in turn,
it is conditioned by social factors, economy, and in general, particular conditions of each region
or country. Extremely high values of F'S will lead to too conservative models that will be too
expensive and whose execution time is quite long. Contrarily, low values of FS that tend to
1.0 will lead to unconservative models and structures that will probably fail if the uncertainty is
considerable. Consequently, the selection of the minimum values of F'S is the responsibility of a
code committee that must take into account all these considerations (Ditlevsen and Madsen, 1996).

Note that safety factors ignore much information that may be available about uncertainties in R
and S. In essence, the deterministic analysis does not consider uncertainty explicitly, and the final
value of a factor of safety will be the result of the assumptions and considerations made for its
computation. Some other approaches can be employed to integrate uncertainties with determinis-
tic analysis, such as the partial safety method (see, e.g., Ditlevsen and Madsen, 1996; Melchers
and Beck, 2018), or an approach in which fractiles of R and S are taken for computing the fac-
tor of safety. Nevertheless, in any case, explicit handling of uncertainty is only achieved with
other approaches of structural safety, especially those focused on reliability estimates such as the
probabilistic analysis.

2.2.1.2 Semi-probabilistic analysis

Semi-probabilistic analysis can be understood as a combination of a deterministic analysis and a
probabilistic analysis. In a semi-probabilistic approach, randomness is included in the definition
of a design load and-or a reduced capacity, and the rest of the study is carried out as deterministic,
so the safety factor is computed as usual. In this sense, semi-probabilistic analyses constitute an
improvement over deterministic analyses, but at the same time, randomness is not considered in
its entirety, and it is not propagated in the model, so this approach is only partially probabilistic.

One example of semi-probabilistic approaches are those based on the methodology of the return
period. In this methodology, loads due to natural phenomena, e.g., winds, waves, storms, floods,
earthquakes, etc. are taken as a random process in time, characterized by the return period. This
return period refers to the expected time between two successive independent events. In this sense,
a design load can be stated as the load corresponding to a given return period, e.g., the peak
ground acceleration for a 475 years earthquake. Nonetheless, the methodology of the return period
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depends on the time scale, the possible occurrence of more than one event within a time period
is ignored, and the probability distribution of the load given by the natural phenomena is not
considered. Thus, the return period is a probabilistic measure only in terms of time, but the actual
magnitude of the loadings and their interaction with resistance is ignored (Melchers and Beck,
2018).

Other examples of semi-probabilistic approaches are the ones based on the methodology of Load
Resistance Factor Design (LRFD). In this methodology, the magnitude of each load and the value
of the resistance are affected by factors of design, which in turn depend on the variance of the
loads and resistance, respectively. Values of the factors of design are based on statistical records
and past experiences, and usually they are already formulated in the different codes and guides.
After applying these factors to the loads and resistance, the rest of the analysis is carried out
deterministically.

2.2.1.3 Probabilistic analysis

Probabilistic analysis is a reliability approach intended to estimate the probability of either an
ultimate or a serviceability limit state violation for a structure or model, at any stage during its
life. Probabilistic assessments of reliability are an extension of deterministic analysis, where any
uncertainty about a deterministic quantity is taken into account explicitly. While in deterministic
analysis the strength and applied loads are assumed to be known and there is no place for uncer-
tainty, in probabilistic analysis both resistance and applied loads are taken as random variables that
can be represented by a distribution function (Melchers and Beck, 2018).

At this point, it is important to introduce the limit state function G, also known as the performance
function. This function represents the limit state of the models and divides the entire domain of
the vector of random variables X € R into two subdomains, the failure domain F, and the safe
domain S p, defined as follows:

FD:{xeRd:G(x)SO}
SD:{xeRd:G(x)>O}

In this way, the main aim of the probabilistic assessment of reliability is to compute the probability
of limit state violation, or the probability of Fp, which is better known as the probability of failure
Py. This probability will be the probability of an undesirable behavior and it considers the aleatory
uncertainty of the basic variables of the studied model.

When the model can be reduced to a resistance and load effects, the probability of failure Py is
computed by the following integral (Melchers and Beck, 2018):

P;=P(G(R,5)<0)= f frs (r,5) dr ds (2-3)

Fp
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where R is the random variable that represents resistance, S the random variable that represents
load effects, F'p is the failure domain, and fxgs (, 5) the bivariate probability density function of R
and S.

Note from equation (2-3) that G (R, §) requires an expression for its evaluation. In most cases, the
performance function is presented as the difference of the resistance and load effects, that is to say

GR,S)=R-S;

nonetheless, this is not the unique expression and other equations can be employed, for example
(Melchers and Beck, 2018):

R
G(R,S) = 3 1.0,

which is the way of express the factor of safety F'S = R/S in a probabilistic way.

For a better understanding, equation (2-3) is schematically represented in figure 2-5. Note in fig-
ure 2-5 that the marginal density functions of R and S are also plotted, fz (r) and fs (s), respectively.
Additionally, ug and ug represent the expected values of R and §, respectively. These two values
will lead to the basic safety factor by replacing them in equation (2-2). However, it is evident from
figure 2-5 that by employing a fully deterministic analysis much uncertainty is being ignored, and
the final factor of safety may not reflect the true state of safety of the analyzed structure.

Nevertheless, most of the time, equation (2-3) is mathematically untractable. In the first place, it
is not always possible to reduce a system to be represented by its resistance R and load effects S,
being this problem particularly evident in soil and rock mechanics. In this regard, note that resis-
tance R depends on material properties and dimensions, while load effects S depend on the applied
loads, material densities, and perhaps structural dimensions. On the other hand, to solve equa-
tion (2-3) some assumptions are made, such as the independence of R and S or its Gaussianity, but
these assumptions are almost always unsubstantiated. For example, R and S are not independent
when some loads act opposite to failure, or when some parameters affect both R and S. This is the
case of the overturning analysis of a retaining wall, where the soil unit weight affects both R and
S, or in the case of an isolated footing with an overload adjacent to it. Under these circumstances,
a more general formulation is required to compute the probability of failure of a system. In this
regard, performance function G has to be expressed in terms of the basic variables of the analyzed
system.

Basic variables refer to the fundamental variables that control the behavior of the studied system,
and additionally, these are taken as random variables when there is randomness in their character-
ization. Examples of basic variables that can be considered random are soil shear strength param-
eters, undrained shear strength, strike and dip, etc. Therefore, when the geotechnical models are
expressed through their basic variables, then the generalized limit state function G (X) must be em-
ployed, where X is the vector of basic variables that compound the problem. Unlike G (R, S) that



24 2 Fundamentals of probability and reliability
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Figure 2-5: Scheme of the bivariate probability function of a model reduced to resistance forces
R and load effects S, with the details of the univariate PDF of R and S, the limit state
function G, and the safe and failure domains.

can be expressed as R — S (or any of its alternatives), G (X) is expressed in terms of the equations
that represent each problem and particular analysis.

When the generalized limit state function G (X) is employed, the probability of failure P is defined
as (Alvarez et al., 2018):

P;= f f 1[G (X) < 0] dFy (x) (2-4)
Rd

where Fx (x) is the CDF of the input variables, and I[-] stands for the indicator function, which
is a function that takes a value of 1 if its respective condition is meet, or O otherwise. Note that
X represents the d-dimensional vector of random variables and x is a d-dimensional point in the
basic variable space.

If Fx (x) is sufficiently differentiable, then the joint PDF fx (x) exits, and hence equation (2-4) can
be written as (Melchers and Beck, 2018):

P;=P(G(X)<0)= f . f Jfx (x) dx, (2-5)
G(X)<0
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which can also be expressed as:
P_,»:f---fd]l[G(X)sO]fX(x)dx (2-6)
R

Although equation (2-5) is more general and explicit than equation (2-3), its solution is rarely
obtained analytically. Furthermore, complexity of equation (2-5) increases when the number of
random variables d increases, when there is some dependence among the random variables of
X, or when the performance function G (X) is strongly non-linear. It is also worth mentioning
that equation (2-5) only takes into account aleatory uncertainty (randomness) but not epistemic
uncertainty, which may be transcendental in some problems with limited knowledge/data, such as
the ones of geotechnical engineering.

Next section introduces some methodologies to approximate P, but the main approach to this end
is explained in chapter 3, which is dedicated to simulation methods and in particular to a novel
methodology called the subset simulation algorithm

2.2.2 Computing probability of failure

The main aim of reliability analysis is to characterize all the uncertainties of a system and compute
its probability of failure through equation (2-5). However, equation (2-5) seldom has an analytical
solution due to its complexity, which is increased with models in high dimensions, when there is
dependence between the basic variables, and/or when there is non-linearity on the performance
function. Under these circumstances, analysts must appeal to methods that accurately approximate
equation (2-5).

This section introduces the basic concepts of some popular methods that approximate equation (2-5).
These methods are classified into three major categories: numerical integration methods, transfor-
mation methods, and simulation methods. Our principal interest is in simulation methods, although
in this section only Monte Carlo simulation is introduced. A modern and appealing simulation
method called subset simulation will be the main subject of chapter 3.

2.2.2.1 Numerical integration

Analytical solution of equation (2-5) is possible only for some particular cases of limited practical
interests. However, there exist some numerical integration methods in the literature for the ap-
proximation of problems of this nature that work in low dimensions such as the trapezoidal rule,
Simpson’s rule, Laguerre-Gauss or Gauss-Hermite quadrature formulae (see, e.g., Chapra et al.,
2012). Nonetheless, with large dimensions (say d > 5) numerical integration methods are seldom
useful due to the growth of round-off errors and excessively long computation times.

Sometimes, it possible to reduce the complexity of equation (2-5) and apply a numerical integra-
tion method. For example, if the performance function G (X) is a linear function, it is possible to
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express equation (2-5) as a series of single integrals and apply some numerical integration to ap-
proximate them. Nonetheless, the approximation still requires extensive numerical work or further
simplifications to be practical.

Thus, although at first glance numerical integration methods would be suitable for computing equa-
tion (2-5), the reality is that their applicability is rather limited. Instead, some other approaches
based on transformations or simulations should be employed.

2.2.2.2 Transformation methods

Transformation methods seek to sidestep the multiple integrals of equation (2-5) by applying a
transformation that directly allows assessing reliability. Specifically, these methods transform the
original probabilistic space into a standardized normal probability space. Working in this new
space has many advantages related to the remarkable properties of the standardized multivariate
normal distribution.

In general, all methods that employ this class of transformation follows a similar procedure to
assess reliability. Basically, these methods transmute the original random variable X into the
standard normal random variable Y. Evidently, if the probability space is transformed, so must
be the performance function; thus, the original limit state function G (X) = 0 must be transformed
into a new function given by g (Y) = 0. Figure 2-6 illustrates this procedure. It is worth noting that
in Figure 2-6, ® represents the standard normal CDF, and ¢ represents the standard normal PDF,
so it must not be confused with soil friction angle, which usually represented by the same symbol.

Transformation methods have a major drawback: the joint probability function of the random vari-
ables involved in the model must be known with certainty. This level of accuracy is rarely achieved
in geotechnical engineering practice due to the lack of information, and hence, approximations to
the joint probability functions must be made. Many of these approximations employ the marginal
probability function of each random variable and the correlation matrix that relate them, which is
more feasible in practice. A good introduction to these methods, and their assumptions, can be
found in Der Kiureghian and Liu (1986).

In this sense, although transformation methods have been quite popular for assessing reliability,
their use implies several approximations that the analyst should be aware of. When these methods
are employed without knowing their hypothesis, estimates of reliability may be misleading. In
several cases, these methods constitute a rough estimative of equation (2-5), so it is evident the
need for a more general and accurate procedure.

Further details about the theory of transformation methods, and their algorithms, can be found
in other specialized references, such as Melchers and Beck (2018). An introduction of the em-
ployability of transformation methods in geotechnical engineering can be found in Baecher and
Christian (2005).
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Figure 2-6: Graphical representation of reliability assessments based on the approach of transfor-
mation to the standard normal space.

2.2.2.3 Simulation methods

Simulation can be defined as a numerical technique for conducting experiments on a computer,
where the behavior of real systems is represented through certain types of mathematical and logical
models (Naylor et al., 1966). In most cases, simulation methods may be appropriate to study
complex problems without an analytical solution, such as in equation (2-5). Thus, in our context,
simulation methods can be employed to assess the reliability of geotechnical systems by computing
their probability of failure. Particularly, Monte Carlo simulation (MCS) is widely accepted, since
it can solve multidimensional integrals with complicated boundary conditions.

Monte Carlo Simulation was originally applied by John Von Neumann, Stanislaw Ulam, and
Nicholas Metropolis as a practical solution to complex problems while they were working on
nuclear weapon projects during the second world war. Monte Carlo method was initially a code
name that comes from an analogy to the gambling casinos in the city of Monte Carlo at Monaco,
but after the war finished, this methodology became popular, and so its initial name. MCS is mainly
useful for solving three types of problems: optimization, numerical integration, and sampling from
a probability distribution. It is considered a fairly general and robust methodology, valid in many
areas of knowledge, such as chemistry, physics, mathematics, engineering, etc.

In the context of reliability analysis, MCS serves to propagate uncertainties through a mechanical
system, in order to obtain an estimative of its behavior. In this sense, MCS serves to approximate
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the P of a model, and hence its reliability. For this purpose, MCS employs an unbiased estimator’
of equation (2-6), which is expressed through the following equation (Melchers and Beck, 2018,
chap. 3):

N
Pr~ ;H[G (x;) <0 (2-7)

which is known as the crude Monte Carlo approximation.

In equation (2-7), x; is a realization of the random vector X, and N is the number of runs of
the simulation. Thus, the Isf estimate through equation (2-7) can be interpreted as a statistical
averaging of the indicator function, such that for every x; with j = 1,2,..., N, the following
condition is evaluated.

Failure region: I[[x jEF ] =1 since G (x j) <0
Safe region: I[[xj € F] =0 since G (xj) >0

From equation (2-7), it is worth highlighting two important remarks, one related to the sampling
and another related to the accuracy of the approximation of P;.

On the one hand, x; is termed as a pseudo-random sampling since it is not totally random. There
is an underlying formula or algorithm which generates x;. However, for most practical situations
x; is indistinguishable from a true random sample from X. In the literature, there exist several
algorithms for sampling random numbers from a probability distribution, such as the inverse trans-
form, acceptance-rejection, Box-Muller, Latin hypercube sampling, ziggurat, etc. Exposure of
these methods is out of the scope of this document, so readers are referred to Ross (2012) or Ru-
binstein and Kroese (2016) for a detailed description. Furthermore, most programming languages
have routines for sampling pseudo-random numbers from the most common probability distribu-
tions. Additionally, note that there may be some dependence among the random variables of X,
that must be considered when sampling.

On the other hand, the number of simulations N is directly related to the accuracy of the final
estimate of Ps. As N approaches to infinity, P + converges to its true value, P. But on the contrary,
when N is not large enough then the estimate of Py may be a vague approximation to the real
value. Even nowadays, the minimum sample size N,,;,, of a MCS is a widely debated issue. In the
literature, there are several equations aimed to obtain an initial estimate of the minimum sample
size of a MCS, such as:

100

Nmin ~ = 2-8
5 (2-8)

>The bias of an estimator refers to the difference between the expected value of the estimator and the true value of
the parameter that is being estimated. Thus, an unbiased estimator is an estimator with bias equal to zero
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or many other found in specialized references (see, e.g., Ang and Tang, 1984; Marek et al., 1996).
However, although rules of this nature are often useful, they say little or nothing about the achieved
accuracy of any particular MCS.

In any case, it is a good practice to plot progressive results of the estimate P, obtained through
equation (2-7), and their estimated coefficient of variation (c.o.v.), defined as (Zuev et al., 2012):

A 1-Py
5 (Pf) =
NPy
Thus, it will be noted that as the number of simulations increases, the values of 13f (and hence

their 6 (13 f)) reach a stationary value. At this point, it could be said that the number of samples is
sufficient; otherwise, the number of samples should increase.

Nonetheless, a significantly large number of simulations leads to one of the major disadvantages
of MCS. Although MCS is a robust methodology to face problems in high-dimensions and with
complex limit state functions, it is excessively costly in terms of computer resources. In other
words, MCS is not an efficient methodology to compute equation (2-5). Running a complex model
many times is quite demanding, and it may exceed even the current computational capacities.

The drawback of efficiency becomes more evident when the failure probabilities to be computed
are too small (say P; < 107%) since these require a large number of simulations to achieve an
accurate estimate. This is the case of probabilities of failure associated with rare events, such as
earthquakes or extraordinary rains. By employing a crude MCS, a sample from the failure domain
is only obtained after obtaining a large number of samples in the safe set.

However, a process of this nature is quite inefficient since our real interest is the failure domain.
Thus, for complex models associated with a small probability of failure, a crude MCS may be
unfeasible. Due to this, other simulation methods, mostly based on the concept of MCS, have
been developed seeking to overcome the drawback of efficiency of the crude MCS. Among all
these methods, it is worth mentioning the importance sampling and the directional simulation.
An explanation of these alternatives is out of the scope of this document, but interested readers
are referred to Melchers and Beck (2018). Nonetheless, we are interested in a relatively new
simulation methodology that has all the advantages of the MCS, but at the same time overcomes
the drawback of efficiency. This methodology will be the main issue of chapter 3.



3 Subset simulation for assessing
geotechnical reliability

As stated in section 2.2.2, the main aim of a reliability analysis is to accurately estimate P, from
equation 2-5. Nonetheless, this computation is not trivial since, in most practical cases, equation 2-
5 has no analytical solution. In this regard, a direct numerical integration of equation 2-5 is seldom
feasible, and a transformation of its multiple integrals to a standardized normal space carries out
several hypotheses and approximations that, in most cases, have no foundations.

Under these circumstances, the only practical solution to accurately approximate equation 2-5
is through simulation methods. Particularly, Monte Carlo simulation has proven to be robust to
the dimension of the problem and the complexity of the limit state function. However, the main
drawback of MCS is its efficiency, especially when computing small probabilities of failure (e.g.,
P; < 107%). MCS needs a large number of simulations to ensure an acceptable accuracy in small
probabilities of failure estimates, and this is computationally expensive. For this reason, alternative
computations methods to avoid costly MCS have appeared, such as the subset simulation algorithm
proposed by Au and Beck (2001).

The present chapter is devoted to elucidate the concepts and theory behind this procedure, and its
role when computing small probabilities of failure.

3.1 Basic idea of subset simulation

The subset simulation algorithm, abbreviated as SubSim or SS, is an adaptive stochastic simulation
that efficiently computes small probabilities of failure, but which in turn conserves robustness of
MCS (Au et al., 2007). In this approach, the original problem of computing a small probability
of failure is expressed as the product of larger values of conditional probabilities of intermediate
failure events b;. In other words, the original problem related to a rare event is converted into a
sequence of simulations involving more frequent events.

Let F denote the failure event, and let F; D F, D --- D F,, = F be a decreasing nested sequence
of failure events, such that F; = ﬂ']‘.zl F;for k = 1,2,...,m. This sequence is schematically
represented in figure 3-1.
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X,

>

Xi

Figure 3-1: Scheme of a progressive sequence of failure regions (b; > b, > --- > b,, = 0) for the
subset simulation method, considering two random variables X; and X, (adapted from
Uribe, 2011).

Now, by definition of conditional probability, the probability of F' can be expressed as:

P;=P(F,) = P[ﬂ F,-)

j=1
= P[Hﬁ F,)P[FMﬁ Fj]
=1 =1

=P(Fu ) P(FulFpy) = ...

=PF) | | P(FiF;) (3-1)

j=2

Equation (3-1) states that probability of failure F' can be expressed as a product of a sequence of
conditional probabilities {P (F iIF j—l) 1 Jj=2,3,... ,m} and P (F). In other words, the probability
of failure is equal to the probability of the final subset F,, given that in the previous step the event
belongs to the subset F,,_;, but in turn the probability of F,,_; is conditioned by the event F,,_,,
and so sequently until F; (Au and Beck, 2001).

In this way, even if a probability of failure is too small, by choosing the intermediate failure events
{F iiJj=2,3,... ,m} conveniently, the conditional probabilities of equation (3-1) can be made
sufficiently large to be efficiently computed through simulation methods. Thus, the initial problem
of simulating a rare event in the original probability space becomes a sequence of more frequent
events in the conditional probability space which are much easier to simulate.
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For estimating P, through equation (3-1) is necessary to compute the probabilities P (F;) and
{P (F]-|Fj_1) j=2,3,..., m} The former can be easily estimated by the crude MCS:

1 &
P(F)~ 5 ) ln x € Fi] (3-2)

k=1
where {x; : k = 1,2,..., N} are independent and identically distributed (i.i.d.) samples drawn from

the joint PDF fy (x).

The conditional probabilities P(F iIF j—l) are computed based on a estimator similar to equa-
tion (3-2). However, in this case, the samples must be simulated according to the conditional
distribution of X given that it lies in F;_;. This task could be carried out employing MCS, but it
would be inefficient, and the simulation would fall into the same original problem. Fortunately,
this task can be efficiently done by employing the Markov chain Monte Carlo MCMC. Particularly,
a customized version of the Metropolis-Hastings algorithm is used for this purpose.

The following sections proceed as follows: Section 3.2 gives an overview of Markov Chain Monte
Carlo (MCMC) methods, with an emphasis on the Metropolis and Metropolis-Hastings algorithms;
on the other hand, the bulk of the subset simulation algorithm is explained in section 3.3; finally,
the application of SubSim in geotechnical engineering is presented in section 3.4 by means of two
practical examples.

3.2 Markov-Chain Monte Carlo methods

Markov Chain Monte Carlo (MCMC) methods comprise a series of algorithms aimed to draw
samples from complex probability distributions, usually multidimensional, that cannot be directly
sampled, at least not in an efficient way. Thus, these algorithms are especially useful for evaluating
multi-dimensional integrals or constructing histograms of complex probability distributions.

Essentially, MCMC is a Monte Carlo simulation that relies on Markov Chains. These methods
are based on constructing a Markov chain whose stationary distribution coincides with the prob-
ability distribution of our interest (Zuev et al., 2012). Thus, while MCS draws samples from the
desired distribution for obtaining sample averages in order to approximate expectations, MCMC
methods draw these samples from the long time run of an appropriated Markov Chain whose
stationary distribution is equivalent to the distribution of our interest (Gilks et al., 1995). Nonethe-
less, whereas random samples obtained through MCS are statistically independent, samples drawn
through MCMC methods are auto-correlated, which is an undesirable property that must be tack-
led.

There are several MCMC algorithms available in the literature. However, this document is focused
in the Metropolis and the Metropolis-Hastings algorithms. The concepts of these two algorithms
will serve to understand the Modified Metropolis algorithm (MMA) employed by the SubSim
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procedure. More details of MCMC methods, and their algorithms, can be found in specialized
references, such as Gilks et al. (1995) or Walsh (2004).

3.2.1 Metropolis algorithm

The Metropolis algorithm was proposed by Metropolis et al. (1953) for the specific case of ap-
proximating the Boltzmann distribution, but given its generality, it was posteriorly applied to other
probability distributions. This procedure is considered the first MCMC method and receives its
name after its main author, Nicholas Metropolis. It is specially useful for approximating and com-
puting integrals of multi-dimensional distributions.

The Metropolis algorithm employs an ergodic Markov Chain that meets the reversibility property
(see definition 2.1.6) with respect to the desired distribution. Its power lies in the ability to draw
samples from the target distribution 7 (x) by only knowing its shape, or a function proportional to
its shape. Thus, Metropolis algorithm avoids the computation of the normalization factor, which is
usually extremely tedious in practice.

When employing the Metropolis algorithm, samples are generated iteratively following a Markov
chain structure, such that the distribution of the next sample x;,; depends only on the current sam-
ple x;, and not in the previous ones. This procedure is performed through a proposal distribution
q (+|x;), symmetric per definition (e.g., normal or uniform distributions), that proposes a new sam-
ple & based on the current x;. However, not all generated samples are accepted, but rather are
accepted or rejected depending of a comparison. The candidate sample is accepted when a random
number u drawn from the standard uniform distribution U (0, 1) is less or equal to the following
value:

(3-3)

a(x;, €)= min(&f) 1)

m(x;)’
otherwise the candidate sample is rejected.

If the candidate sample £ is accepted, then x;;; = &; otherwise, the next sample is equal to the
current one x;;; = X;. In this way, sometimes the chain will move from one state to another, and
sometimes it will remain in the same state. Note that when the proposed sample & is of more
likelihood than the current, it will be accepted. Nonetheless, when the proposed sample is of less
likelihood than the current, it can be either accepted or rejected. The less the likelihood of €, the
more likely to reject the proposed sample. Therefore, the chain will tend to stay in the high-density
regions of 7 (x), while occasionally it will visit low density regions of the target distribution.

For a better understanding of the methodology, algorithm | summarizes the procedure for drawing
samples from a probability distribution by employing the Metropolis algorithm. This algorithm
will be also applicable to the Metropolis-Hastings procedure that will be introduced in the next
section.
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Algorithm 1 Metropolis and Metropolis-Hastings Algorithm (adapted from Uribe, 2011)
Input:

1: » Initial state of the chain x;
2: > Total number of states-samples N
3: > Target distribution 7

4: » Proposal distribution g (-|x;)

Algorithm:

5: Initialize x;

6: fori=1to N do

7: Sample u ~ U (0, 1)

8: Sample & ~ g (+|x;)

9: if u < a(x;, &) then
10: Xiy1 = f
11: else
12: Xyl = X;
13: end if
14: end for
15: return x

Output:
16: » x states of the Markov chain with stationary distribution 7

Despite the robustness and the advantages of the Metropolis Algorithm, this methodology has
several disadvantages or rather considerations that must be taken into account. In the first instance,
proposal distributions are restricted to symmetrical distributions, which in some cases may be
inconvenient if an asymmetric distribution performs better. On the other hand, drawn samples
suffer from autocorrelation, which is an undesirable property that must be avoided. Furthermore,
the initial value of the chain has a strong incidence on the first section of the chain, i.e. all the
early values before the chain approaches its stationary distribution. Finally, this algorithm is not
recommended for problems in very high-dimensions because of the slow convergence, since for
larger the dimensions, the acceptance probability o becomes very small, and hence many repeated
samples appear (Katafygiotis and Zuev, 2008).

Fortunately, all the above issues can be solved by implementing different actions. For example,
the autocorrelation may be mitigated by using a thinning or lag period; whereas the issue of the
chain initial value is solved by implementing the burn-in period, i.e. by discarding the early values
obtained before the chain converges to its stationary distribution. These actions carry a compu-
tational cost, but in contrast to the benefits of the algorithm this is only a trifle. Additionally,
Metropolis algorithm can be extended to implement asymmetric proposal distributions, in the so-
called Metropolis-Hastings algorithm. The above concepts will be discussed in the next section
when explaining the Metropolis-Hastings algorithm. Finally, Au and Beck (2001) tackled the issue
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of convergence in high-dimensions, developing thus the Modified Metropolis-Hastings algorithm
that will be described in section 3.3 for order purposes.

Finally, it is worth presenting a toy example to consolidate all these concepts. In the following
exercise, none of the above actions to improve sampling will be implemented, so the best Markov
chain is not expected. Later, after explaining in more detail the actions to improve Markov chains,
a new example will be presented in which all these techniques are applied. A comparison of these
two examples will highlight the importance of implementing different actions to improve sampling.

Example 3.2.1. Let us consider the following probability distribution:

sin(x) + 1 5

3n ’

() = f: sin (x) + 1 dx

2

N
3

<x<?3

N
N

0, otherwise

from which it is required to obtain N = 1000 samples, plot the respective histogram in contrast
with the theoretical function, and plot the Markov Chain trajectory.

Note that by virtue of the Metropolis algorithm, the scaling factor of 7 (x), i.e. the integral on the
denominator, does not need to be computed. Instead, only the shape of the distribution is required,
that is 7 (x) « sin (x) + 1.

To solve this problem, the procedure described by the algorithm 1 is followed. The proposal
distribution g (-|x;) is taken as an uniform distribution centered at x;, with a dispersion equal to 3,
ie. g (xi1lx;) ~ U (x; — 3, x; + 3). Furthermore, the chain initial state is defined as x; = 0, and a
total number of N = 1000 samples are drawn from the procedure.

After applying the Metropolis algorithm with these considerations, N = 1000 samples are obtained
from 7 (x), with an acceptance rate of 0.554. The histogram and the chain trajectory of the samples
are presented in figure 3-2. It is evident from figure 3-2 that the chain has long flat periods (i.e.,
it is poorly mixing), and that the histogram does not perfectly match the theoretical distribution.
These drawbacks are due to not implementing the burn-in period and a not sufficient number of
iterations to achieve the stationary distribution, furthermore, the spread of the proposal distribution
may not be the most appropriate.

3.2.2 Metropolis-Hastings algorithm

The Metropolis-Hastings algorithm is an extension, proposed by Hastings (1970), of the Metropo-
lis algorithm. Both algorithms have the same concept and follow a similar procedure, but the
Metropolis-Hastings algorithm has the advantage of including asymmetric distributions as an op-
tion of proposal distributions.
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Figure 3-2: Sampling a probability distribution employing the Metropolis Algorithm. Top: nor-
malized histogram and target distribution 7 (x). Bottom: Markov chain trajectory.

In this way, by employing the Metropolis-Hastings algorithm the next sample x;,; is defined
based on the proposed sample &, which is obtained though a transitional distribution g (€|x;) =
P (x; — &). In this case, the proposal distribution does not need to be symmetrical, so the range
of options is expanded and the sampling form the target distributions could be better and faster.
Finally, the candidate sample £ is accepted when a random number u drawn from the standard
uniform distribution U (0, 1) is less or equal to:

(3-4)

Mx&:mm«@Muﬁ>q

m(x;) q (lx:)’
and rejected otherwise.

Evidently, Metropolis-Hastings algorithm is the same Metropolis algorithm but including asym-
metric distributions and implementing equation (3-4) instead of equation (3-3). Therefore, algo-
rithm 1 also holds for the Metropolis-Hastings case, and only the way of computing a (x;, §), in line
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9, changes. Note that when using a symmetrical proposal distribution in the Metropolis-Hastings
algorithm, equation (3-4) is equivalent to equation (3-3).

Nonetheless, although the Metropolis-Hastings algorithm allows to include asymmetric proposal
distributions in the procedure, it has the same other disadvantages of the original Metropolis algo-
rithm. Again, random samples are auto-correlated, and the starting value has a strong incidence in
the first section of the chain. Fortunately, these pitfalls can be solved through several techniques
and recommendations, some of which will be described below.

3.2.3 Techniques to improve Markov Chains

This section explains some techniques for improving sampling when using the Metropolis and the
Metropolis-Hastings algorithms.

3.2.3.1 Chain starting value

The stationary distribution of the Markov chain is not affected by its initial value x; when the chain
is irreducible (definition 2.1.4). Nonetheless, an inappropriate initial value may lead to a lengthy
burn-in period, that is many samples have to be obtained before the Markov chain approaches its
stationary distribution. If the proposal distribution is suitable for the Markov chain (well-mixing),
that is the Markov chain has a good initial distribution in the sampling distribution, it will quickly
approach its stationary distribution regardless of its starting value. However, if the sampling dis-
tribution is not adequate for the chain (not well-mixing), then the burn-in period will be lengthy if
extreme initial values are employed. A good practice would be to start the chain the closest to the
center of the target distribution, e.g. at the mode of the distribution (Walsh, 2004).

3.2.3.2 Definition of the proposal distribution

As stated before, the choice of the proposal distribution g (+|x;) will directly affect the rate of con-
vergence of the chain to its stationary distribution r* (Gilks et al., 1995). In this sense, by adjusting
the proposal distribution parameters, the sampling of the target distribution will be improved. To
this end, the suitable parameters of the proposal can be defined by examining the relationship
between the acceptance probability and the k-order auto-correlations R (k) of the samples. This
relationship can be plotted to show the variation of the auto-correlation for different values of
acceptance probability. In this way, the optimal parameters of the proposal distribution can be
defined as those for which the auto-correlation is minimum. Nonetheless, optimal parameters ob-
tained through this procedure must be treated carefully, since they only guarantee a decrease of the
auto-correlation but not a faster convergence of the chain. For this latter purpose, it is necessary to
employ other techniques to improve sampling.
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3.2.3.3 Length of the chain

There exist several opinions about the suitable Markov chain length, some of them contradictory
(Gilks et al., 1995). Nonetheless, as a general rule, a very long run of one or several chains will
increase the probability of populating (sampling) the entire region of the target distribution. In
essence, the Markov chain length mostly depends on the stage of burning, the required amount of
random samples, and the dimension of the target distribution.

3.2.3.4 Burn-in period

As stated before, the burn-in period is the number of samples until the Markov chain approaches to
its stationary distribution. The definition of this period is a fundamental aspect when performing a
Metropolis or Metropolis-Hastings algorithm. It depends on the chain starting value x,, on the rate
of convergence to stationary distribution, on the desired similarity between the simulated chain and
the stationary distribution, and on the suitability of the proposal distribution (Gilks et al., 1995).
All these aspects may increase the length of the burn-in period, and therefore have an impact on
the algorithm efficiency.

In the literature, there exist several alternatives to estimate the burn-in period length. The most
common method to identify the burn-in period is by plotting the chain trajectory to inspect the
number of samples until the Markov chain becomes stationary. Another interesting alternative
to estimate the burn-in period was employed by Uribe (2011). In this latter approach, the auto-
correlation of the initial samples is computed, and when it starts to decrease the corresponding
number of samples is set as the burn-in period. Furthermore, other authors have argued that the
computation of the burn-in period length is unnecessary since this is likely to be equal or less than
1% or 2% of the total length of a Markov chain sufficiently long (Gilks et al., 1995); typically, this
number corresponds to the first 1000 to 5000 samples.

3.2.3.5 Thinning or lag period

In some cases, the Metropolis, or the Metropolis-Hastings algorithm, draws highly auto-correlated
samples from the target distribution. This is especially evident when the proposal distribution
is not the appropriated one, and hence the rate of acceptance is slow. Under this situation, the
Markov chain gets stuck in one location for long periods, corresponding to all the rejected &. To
avoid this undesirable property, one strategy is to implement the thinning or lag periods. This
strategy consists in carrying out multiple iterations of the algorithm, after the burn-in period, and
between successive samples each lag-th position is stored and the rest are discarded. Note that
implementing the lag period saves computer memory but increases the chain length for a required
number of random samples (Walsh, 2004).
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3.2.3.6 Test for convergence

The tests for convergence are more formal diagnostics to assess whether the Markov chain has
reached its stationary distribution, or in other words, that the burn-in period has been well-defined.
There exist several tests of this type in the literature, but this is actually an active area of study that
needs a lot of research, especially in the case of high dimensions or when the rate of convergence
is slow (Gilks et al., 1995). Bearing these considerations in mind, the utilization of the Geweke
test is proposed in this work.

The Geweke test consists in comparing the first 10% and the last 50% sections of the chain, after
the burn-in period. If the chain is stationary, the respective means of these two sections are ap-
proximately equal; otherwise, the chain has not reached its stationary distribution, and hence the
burn-in period is not well applied and then it must be redefined (Walsh, 2004).

The following example illustrates the improvements achieved by implementing the aforementioned
strategies when conducting a Metropolis or Metropolis-Hastings algorithm.

Example 3.2.2. (adapted from Stansbury, Dustin (2012)) Let us consider the following probability
density function:

Ax
— B! exp‘AB sin (x7,)
I (x) x>0
in‘l exp B sin (x7r.) dx
m(x) = I (x) ¢
0
0 otherwise

where I' is the Gamma function, A = 1.0 and B = 1.5 are adjustment parameters, and 7. is the
ubiquitous mathematical constant equal to 3.141592 ... and must not be confused with the target
distribution 7.

It is required to obtain N = 3000 samples from x (x) using the Metropolis or Metropolis-Hastings
algorithm. Additionally, it is needed to plot the histogram of the samples and compare it with
the theoretical function, plot the Markov chain trajectory, and plot the correlogram of the first
and last 10% sections of the chain. Techniques for a better sampling previously stated must be
employed, and the Gekewe test has to be performed to validate the chain stationarity. Note again
that, by virtue of the Metropolis and the Metropolis-Hastings algorithms, the scaling factor of 7 (x)
(that is the integral on the denominator) does not need to be computed, and only the shape of the

distribution is required, that is, 7 (x) o %Bx‘l exp 8 sin (xr.).

The next step is to define the chain starting value x; and the proposal distribution. After examining
the target function, x; = 3 is defined as a good starting value since it is approximately in the middle
of the function. On the other hand, a normal distribution centered in the current sample is selected
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as the proposal distribution. Additionally, several standard deviations were evaluated to improve
the sampling, and it was defined that o = 4 is a good value. This examination was done visually
employing several standard deviations; however, all these graphs are not presented here for not
saturating the document. Thus, the proposal distribution is defined as g (§|x;) ~ N (x;,4), where
N stands for the normal distribution.

Furthermore, a lag period equal to 10 will be employed to reduce samples auto-correlation, and a
burn-in period of 2% of the total length of the chain will be adopted, hoping that all the samples
are drawn from the stationary distribution. The autocorrelation and the stationarity will be corrob-
orated after the sampling through the correlograms and the Geweke test, respectively. Note that
for obtaining 3000 samples, it is required to first draw 30600 samples from the algorithm, in order
to throw out the first 600 samples (burn-in period) and apply the lag period of 10.
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Figure 3-3: Samples drawn in example 3.2.2 through the Metropolis-Hastings algorithm using
techniques for better Markov chains. Top: normalized histogram of the samples and
target distribution. Bottom left: Trajectory of the first 100 samples of the chain. Bot-
tom right: Trajectory of the last 100 samples of the chain
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Bearing these consideration in mind, algorithm 1 is applied to obtain the required random samples
from the target distribution 7 (x). The resulting samples are represented by the histogram in fig-
ure 3-3, where the theoretical curve is also plotted. Additionally, figure 3-3 also plots the Markov
chain trajectory for the first 100 samples and the last 100 samples.

From figure 3-3 it is evident that the shape histogram fits very well to the target distribution. The
chain trajectory indicates that the chain is well-mixed, and flat periods are negligible. At first
glance, it could be said that the chain reached its stationary distribution and that the samples are
obtained according to the target distribution. These results contrast with those obtained in the
example 3.2.1 and presented in figure 3-2, where the histogram of the drawn samples does not cor-
rectly fit the theoretical curve. By comparing figure 3-3 and figure 3-2, it is evident the superiority
of the sampling when techniques for better Markov chains are implemented, demonstrating thus
its importance.

Now, the other issue corresponds to the auto-correlation of the obtained samples. To analyze this
property the correlograms of the first and last 100 samples are plotted in figure 3-4. From this figure
is evident the low rate of auto-correlation of the analyzed samples. The correlogram of the first
100 samples shows that these are rather independent, which indicates that the burn-in period is well
defined and that the chain has already reached its stationary distribution. On the other hand, the
correlogram of the last 100 samples also shows that these samples are rather independent, which
indicates stationarity and that the chain length is adequate. So, the auto-correlation is satisfactorily
mitigated by implementing the burn-in and lag periods.

Futhermore, it is found that the acceptance rate of this example is equal to 0.24. This value in-
dicates that 24% of the time the proposed samples are accepted, and hence the other 76% are
rejected. This acceptance rate is in concordance with the values recommended by the literature,
which oscillate close to an acceptance rate between 23%-25% (see Gelman et al., 1996; Zuev et al.,
2012).

Finally, the Geweke test is performed to corroborate the suitability of the chain. In this regard,
the mean of the first 10% samples of the chain is estimated equal to 2.47448 and the mean of the
last 50% samples of the chain is estimated equal to 2.472166, so the suitability of the chain is
approved in light of the Geweke test (< 3% error). This result shows that the chain reached its
stationary distribution and that the drawn samples correctly follow the target distribution. Note
that this example and example 3.2.1 employ algorithm 1; however, the sampling is drastically
improved by implementing the above techniques for a better Markov chain. These techniques will
carry an additional computational cost, but in contrast to the advantages of the algorithm and the
improvements achieved, this computational cost is only a trifle.
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Figure 3-4: Correlograms of the samples obtained in figure 3-3. Top: Autocorrelation between the
first 100 samples of the chain. Bottom: Autocorrelation between the last 100 samples
of the chain

3.3 Subset simulation

As stated before, subset simulation express the probability of failure of a geotechnical model, or
any mechanical system, through equation (3-1). For solving this equation, it is needed to define a
decreasing nested sequence of failure events F; O F, D --- D F,, = F, obtain the probability of
occurrence of the first subset (P (F)) and the subsequent sequence of conditional probabilities for
each subset {P (FjIFJ-_l) j=2,3,..., m}

The probability of occurrence of the first failure event p; = P (F|F) = P (F) is straightforward
to approximate by a crude MCS, that is equation (3-2), since samples are directly drawn from
the joint PDF x of the model. However, two main issues appear when computing the conditional
probabilities {P (F iIF j—l) j=2,3,..., m} The first one concerns to the choice of the intermediate
failure events. Most of the algorithm efficiency depends on this selection. The second issue deals
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with the sampling from the conditional distributions 7 (-IF j_l), i.e. to only draw samples from 7 (-)
under the threshold b;_; that defines F';_;, such that

Fii={xeR':Gx)>by,

in order to obtain the conditional probabilities P (F iIF j—l)-

This section is devoted to explain the subset simulation algorithm for computing equation (3-1),
but for this purpose, the above two issues will be firstly addressed. In particular, it will be ex-
plained how intermediate failure events can be adaptively selected, and a modified version of the
Metropolis-Hastings algorithm will be introduced for the task of drawing conditional samples.

3.3.1 Choice of intermediate failure events

The definition of the intermediate failure events {F iij=1,..., m} plays an important role in the
subset simulation algorithm. In this regard, it is necessary to consider two main issues. Firstly, the
parametrization of the target failure domain F, which allows generating intermediate domains by
varying a defined parameter. Secondly, the choice of the sequence of values of the defined param-
eter, which greatly affects the the conditional probabilities P (F iIF j—l) and hence the efficiency in
the convergence of the algorithm (Au and Beck, 2001).

Regarding the first issue, subset simulation employs the performance function G to parametrize
the model domain. In this sense, the failure domain can be defined as the exceedance, through the
performance function, of some prescribed critical threshold or limit capacity b:

F:{xeRd:G(x)>b}
and therefore, the sequence of intermediate failure events can be expressed as:
Fj:{xeRd:G(x)>bj}

where by > b, > --- > b,, = b is an increasing sequence of threshold values that leads to the
system failure ' when the critical threshold b,, = b is exceeded.

The second issues deals with the selection of the sequence of intermediate thresholds, that is
{b iii=1,..., m} which define the nested failure events. Note that if the sequence of intermediate
thresholds increases slowly (i.e. b; = bj_;), then the conditional probabilities will be larger and,
in principle, would require fewer samples N for their computation. Nonetheless, a slow sequence
will require more levels of simulation () to reach the final failure domain, increasing thus the total
number of samples in the whole procedure (N = mN). Conversely, if the sequence of intermediate
thresholds increases too quickly (i.e. b; > b;_;), then the conditional failure events become rarer
and hence their probability smaller, increasing thus the number of samples per each intermediate
level N and the total number of samples in the whole procedure Ny. Therefore, the choice of the



44 3 Subset simulation for assessing geotechnical reliability

intermediate threshold is a trade-off between the number of samples required in each level and the
number of levels required to reach the final failure domain (Au et al., 2007).

In most practical applications, it is quite difficult to define the optimal intermediate threshold val-
ues in order to obtain reasonable estimates of the conditional probabilities. In other words, it is
difficult to control conditional probabilities by choosing intermediate threshold values a priori. An
alternative is then to define b; values adaptively, based on a prescribed conditional probability
po € (0, 1), common to all intermediate levels. In this latter approach, the intermediate threshold
value b; is defined as the [(1 — py) N]-th largest value among {G (Xi.i)) ci=1,...,N } where Xj. are
the Markov chain samples obtained at the j-th conditional level for j = 1,...,m, and x|, are the
samples obtained in the initial MCS. In this way, the choice of the intermediate threshold values
will depend on the prescribed conditional probability py, and hence on the conditional samples, so
b; will vary in different simulation runs.

Much has been discussed in the literature about the optimal value of p, for improving the algorithm
efficiency. Nonetheless, Zuev et al. (2012) demonstrated that choosing py € [0.1,0.3] will lead to
a similar efficiency as that obtained by the optimal value of py, so there is no need to refine its
definition as long as subset simulation is implemented properly. Furthermore, it is desirable to
set a py value so that poN and hence (1 — py) N are positive integers, although it is not strictly
mandatory. Finally, it is worth noting that P (F iIF j—l) is not actually equal to py, since it is an
estimate of the conditional probability that depends on the number of samples N in each level.
Thus, N must be large enough so that the error in the approximation P(F iIF j—l) X~ po can be
guaranteed.

3.3.2 Modified Metropolis algorithm

Subset simulation algorithm requires the generation of independent samples according to the con-
ditional distribution 7 (~|F j—l) in order to populate the intermediate failure regions and reach the
failure domain. The MCMC methods, in particular, the Metropolis and the Metropolis-Hastings
algorithms, were previously introduced as useful tools to simulate samples from conditional or
complex probability distributions. At first sight, any of these two algorithms could be employed;
however, there are two considerations to take into account for their implementation. Firstly, the
efficiency of the MA and MHA is reduced in high-dimensions because of the low rate of conver-
gence of the chain, which may lead to ergodicity problems. Secondly, simulated samples must lie
below the intermediate threshold b;_;. To overcome these two issues, Au and Beck (2001) pro-
posed a new version of the original Metropolis algorithm, especially useful for the procedure of
SubSim, and called it the modified Metropolis algorithm (MMA).

MMA differs from the original MA (and MHA) in two main aspects: first, unlike MA, that uses
a multivariate proposal PDF on R? to obtain a candidate state & = 61,6, ... &, .., Eq], MMA
employs a sequence of univariate proposal PDFs. In other words, in a MMA each coordinate &
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of the candidate state is obtained separately using a univariate proposal distribution conditioned
to the current state g (-|x;). Second, MMA has an additional step to the original MA, in which it
checks whether the candidate state lies in the intermediate failure region F';_;. If so, the candidate
state is accepted; otherwise, the candidate state is rejected, and the current MCMC is repeated.

The MMA proceeds as follows: let g; (&lxi), with k = 1,...,d, be a one-dimensional proposal
PDF for &, centered at x; and with the symmetry property gi (&xlxx) = qi (xx|€x), then:

1. Generate a candidate state &.: For each element k = 1,...,d generate a precandidate &, ~
qr (-lx,((’)), and compute the acceptance ratio:

(3-5)

and then set the candidate state & = & with a probability min (1, r) or set & = x,(f) with a
probability 1 — min (1, r)

2. Accept or reject &: 1If € € F; accepted it as the next sample, x™1 = £; otherwise, reject &
and take the current sample as the next sample, x*D = x@.

Note that asymmetric univariate proposal distributions could also be implemented in this pro-
cedure, generating a generalized version that can be named as the modified Metropolis-Hastings
algorithm (MMHA). In this case, equation (3-5) is rewritten in an analogous way to equation (3-4).

The first step of the MMA can be seen as a local random walk in the neighborhood of the current
state xl(f), while the second step guarantees that the next sample lies in the intermediate failure
domain F;_;. Note that the proposal distributions play a key role in the procedure since these
affect the deviation of the candidate state from the current state and hence impact the efficiency of
the Markov chain. Nonetheless, it has been demonstrated that the type of proposal distributions do
not affect the algorithm efficiency, but their spread does (Zuev et al., 2012). Therefore, there is no
need to employ the MMHA since easily-handling symmetric proposal PDFs are sufficient. Small
spreads increase the acceptance rate but also the dependence between successive samples due to
their proximity, generating thus ergodicity problems, i.e. the failure regions may not be properly
populated. Large spreads reduce the acceptance rate and hence increase the number of samples
repeated, slowing down the convergence. Although the optimal choice of the proposal distribution
spread depends on each particular case, in most cases a good choice is the uniform distribution
centered at the current sample with a width equal to two times the standard deviation of the target
distribution (Au and Beck, 2001). A more detailed discussion about this choice is given by Zuev
et al. (2012).

To finalize this section it is worth highlighting some properties of the MMA. Firstly, given that the
seed x' ~ 7 (-|F)), then all the subsequent states x will be automatically distributed according
to the target distribution, i.e. x® ~ 7 (-IF j), which leads to a perfect sampling property (see, e.g.,
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Robert and Casella, 2013). Secondly, by virtue of the previous property, MMA does not need
to implement the burn-in period since the seeds are already distributed according to the target
distribution. Thirdly, a Markov chain starting at a single point may have ergodicity problems
due to the existence of disconnected failure regions separated by safe regions whose size is large
in contrast to the spread of the proposal PDF. However, this problem is solved by using several
Markov chains starting at different points, as it does the MMA, since it is expected that different
seeds lead to populate all the isolated failure regions. Algorithm 2 summarizes the MMA.

Algorithm 2 Modified Metropolis algorithm (MMA) (adapted from Zuev et al., 2012)
Input:
> Initial state of the chain x;

1:
2: » Total number of states-samples (N)
3: > Target distributions 7y (+), ..., (-), i.e. marginal PDFs of xy, ..., x4
4: » Univariate proposal PDFs depending on a current state q; (+|x;1), ..., qq (1Xi4)
Algorithm:
5: fori=1,..., N-—1do
6: fork=1,...,ddo
7: Sample u ~ U (0, 1)
8: Sample & ~ g (-|xix) (~ )
N &k
9: Compute a(x,((’),fk) = min 2 )
10: if u < a(x,(f),szk) then
11: Set & =&
12: else
13: Set & = xV
14: end if
15: end for
16: if £ € F then
17: Setx;,; =&
18: else
19: Set x(*D = x®
20: end if
21: end for
22: return xV, ... x™

Output:
23: » xD, ..., x™ states of the markov chain with stationary distribution 7 (-|F)
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3.3.3 Estimation of the probability of failure

After discussing the two key issues of the SubSim procedure, i.e. the choice of the intermediate
failure regions and the sampling through MMA, we can proceed to explain the main body of
the algorithm. This section is devoted to this end, and the next section presents some practical
examples.

As stated before, the subset simulation algorithm expresses the probability of failure of a system
through the equation (3-1), so it is necessary to estimate the probability of occurrence of the first
failure subset P (F';) and the conditional probability of occurrence of the subsequent failure subsets
P(F iF j—l)- Thus, it is required to first define the number of random variables involved in the
problem d, the number of samples N per each conditional level, and the prescribed conditional
probability py.

The unconditional probability of occurrence of the first failure subset P (F;) is approximated by
the crude MCS as:

P(Fl)%ﬁlz

M=

1 U]

N2 I[x) € Fi| (3-6)
where x(’) i=1,...,N arei.i.d. samples drawn from the probability distributions of each param-
eter, 1 (-). In this case, the failure domain F, is delimited by the first threshold value b, which is

obtained as the pyN-th position in the descending list of G (xg)) values.

Based on the initial pyN samples that lie in F|, the MMA is employed to generate [N (1 — py)]
additional samples in order to obtain a total of N samples distributed according to 7 (:|F;) (Au
and Beck, 2003). This samples are used to estimate P (F,|F) by defining b,, and hence F3, in
the same way as for the first failure subset, i.e. ordering the G(x(li)) values. Samples that lie
in F, provide the seeds for simulating more samples, according to n (-|F,), which are employed
to estimate P (F3|F,) (Au and Beck, 2001). This process is repeated until the failure domain of
interest F' = F, is reached. The probability of occurrence of these intermediate failure regions is

estimated as:
N

P(FlFi1) ~ A-:%ZI[ O eF, (3-7)

i=1

Finally, by combining equations (3-6) and (3-7), the probability of failure can be expressed as:

|
— =
~

J=1

Note that the computational efficiency of the SubSim algorithm relative to the crude MCS increases
with decreasing probability of failure (Au and Beck, 2003). Consequently, the true advantages of
using the SubSim algorithm appears when computing small probabilities of failure. Algorithm 3
details the SubSim method.
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Algorithm 3 subset simulation algorithm (adapted from Zuev et al., 2012)

10:
11:
12:
13:

14:
15:
16:

17:
18:
19:
20:
21:
22:
23:
24:
25:
26:

27:

D A U

Input:

: > Conditional failure probability value, p

> Number of samples per conditional level, N
Algorithm:
Set j=0
Set Nr (j) = 0, where Np () stands for the number of failure samples at level j
Sample xf)l), .. ,ng) ~ 7 (x)
fori=1,...,Ndo

if G = G () > b then

Ny (j) e Ny () + 1

end if
end for
while Nz (j) /N < po do

je—j+1

Sort {Gm} LG < G < ... < GV

Giv-vpy) 4 Gin-npo+1)

Define b; = >
fork=1,...,Npy,do

Starting from x\V* = xVVro

J J-1
x§1)’k, xR (-IFj), employing the MMA

J
end for

~ n('IF j), generate 1/p, states of a Markov chain

Renumber: {xi.i)’k}kafi/fo - x}l), e, xg.N) ~ 7T('|F j)
fori=1,...,Ndo
if G'= G (x) > b then
Nr (j) « Ny (j) + 1
end if
end for
end while
Set Py = p{~5t
return Py
Output:
» Probability of failure obtained through the SubSim algorithm, P ¢

3.4 Practical examples of subset simulation

This section illustrates the employability of the subset simulation algorithm in geotechnical engi-
neering through two practical examples. Firstly, a parabolic performance function of two random
variables is analyzed. This example will show how the SumSim algorithm propagates samples
towards the domain of failure. Secondly, a practical geotechnical example is studied. In particular,
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the reliability of a square shallow foundation is analyzed. Both examples contrast the results and
efficiency of both SubSim algorithm and MCS.

3.4.1 Parabolic performance function

Let us consider the following parabolic performance function (example adapted from Phoon,
2008):

g(R,S)=R-11)>- (S -6)

where R denotes the resistance force, such that R ~ N [8.5,0.707], and S denotes the external
force, such that § ~ N'[5,0.707], and N stands for the normal probability distribution. The system
fails when the output of the performance function is equal or less than zero, i.e. g(R,S) < 0. Itis
required to compute the system probability of failure through MCS and SubSim methods.

To develop this example, MCS is directly applied to the performance function with 10° samples
drawn from R and §. It is expected that this number of runnings guarantees a good level of
accuracy. On the other hand, the SubSim algorithm will employ 1000 samples in each simulation
level. Additionally, the intermediate thresholds are defined adaptively for a conditional probability
equal to po = 0.1. Finally, a uniform distribution centered at §; with a width equal to 2.0 is selected
as the proposal distribution.

Taking into account these considerations, MCS and SubSim algorithms are executed. The prob-
ability of failure obtained by MCS was equal to 3.38 x 107, and the respective elapsed time to
compute it was equal to 170.96 seconds. On the other hand, the probability of failure obtained
by the SubSim algorithm was equal to 3.14 x 107, the total number of samples employed equal
to N = 4x10°, and the respective elapsed time to compute it was equal to 14.94 seconds. It is
worth noting that the SubSim algorithm defines three intermediate thresholds equal to b; = 3.39,
b, = 1.41, and b3 = 0.36, and hence four intermediate failure events, each one with 10° samples.

From this toy model, the advantages of the SubSim algorithm over the conventional MCS are evi-
dent. Both probabilities of failure estimates are on the same order of magnitude, and for practical
purposes are equal. Nonetheless, the SubSim algorithm demonstrates to be approximately 11.5
times faster than the crude MCS in this particular example.

To complement these results, figure 3-5 presents a graphical comparison of the probabilities of
failure obtained using SubSim and MCS algorithms for different critical thresholds » € [0, 15].
The similarity between the two curves is evident. There are some minor discrepancies between
these two methodologies when the probability of failure is quite small. However, this behavior is
expected and do not represents any drawback for practical purposes. Therefore, the accuracy of
the SubSim algorithm is demonstrated.

Additionally, figure 3-6 shows how subset simulation propagates samples in the model domain.
Unlike MCS, samples generated by the SubSim procedure are routed to the failure domain. There-
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Figure 3-5: Example 3.4.1: evolution of the probabilities of failure obtained for the parabolic per-
formance function from equation 4.2.1.3, with details of the intermediate thresholds
by =3.39, b, = 1.41 and b3 = 0.36.

fore, the bulk of the simulation is not wasted in the safe domain, such as in MCS, but rather efforts
are focused on characterizing the failure region. Note that intermediate threshold are also plotted
in figure 3-5 and figure 3-6. By defining these threshold adaptively, intermediate failure regions F;
are not equal, but rather are adjusted in a way that favors the efficiency of the algorithm.

Finally, it is worth mentioning that the problem of efficient may not be evident in a simple model
with few random variables or with a simple limit state equation, such as the studied in this example.
In this particular case, it may seem a trifle that Monte Carlo simulation takes approximately 2.6
minutes more than the methodology of the subset simulation. However, when the complexity of the
problem increases, so the computational efforts, and hence efficiency begins to play a fundamental
role. For this cases, subset simulation is a specially useful algorithm and it must be employed
whenever possible.
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Figure 3-6: Failure regions and samples propagation for the SubSim algorithm in the exam-

ple 3.4.1

3.4.2 Shallow footing with variable width

Let us consider a square shallow footing resting on a cohesive soil of stiff consistency. The foun-
dation is located in a horizontal terrain with no groundwater table present. The material adjacent

to the footing follows the Mohr-Coulomb failure criterion, i.e. it is a ¢ — ¢ soil. Finally, an unique
concentric vertical load P is applied to this foundation. A scheme of this model is presented in

figure 3-7.
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From figure 3-7, the depth of the footing D/ is equal to 2.0 meters and the width of the footing
B will be variable between 1.0 meter and 3.5 meters, i.e. B € [1.0 m,3.5 m]. The remaining
parameters are considered as random variables. The applied load P follows a triangular distribu-
tion 7 bounded on [900 kN, 1500 kN], and with a mode of 1100 kN. Soil cohesion ¢ follows a
log-normal distribution LA with g = 10 kN/m?* and 0. = 5 kN/m?. Friction angle ¢ follows a
log-normal distribution LN with s = 15° and o, = 4.5°. Soil unit weight y follows a normal dis-
tribution N with u,, = 18 kN/m® and oy, =1.0 kN/m>. All these random variables are considered
independent.

Taking these considerations into account, it is required to estimate the probabilities of failure for
the footing when varying its width B. For this purpose, MCS and SubSim algorithms must be
employed, and their results contrasted.

_Jl/__

(AR

Figure 3-7: Square shallow footing scheme (example 3.4.2)

To solve this problem, the equations postulated by Terazaghi (1943) will be employed to estimate
the ultimate bearing capacity of the foundation g.. Thus, the system performance function is
expressed as follows:

g(c,¢',v) =5

Such that g,, for square shallow footings, is equal to:

qu = 1.3¢'N. + yDyN, + 0.4yBN,



3.4 Practical examples of subset simulation 53

where N,, N. and N, are the Terzaghi’s bearing capacity factors, defined by (Terazaghi, 1943):

612

No= S o /i o 2)

a=exp[(3n/4 - ¢'/2)tan (¢")]

N, = cot(¢') [Nq - l]
tan(¢) [ K :
Ny =— [coszlz¢’) - 1] ; K, = tan® (/4 + ¢ /2)

Considering this information, we can proceed to apply SubSim and MCS algorithms. In the first
instance, MCS will be directly applied to the performance function using 10° samples. On the other
hand, SubSim algorithm will employ 1000 samples on each simulation level, and its intermediate
thresholds are defined adaptively for a conditional probability of py = 0.1. Additionally, the
uniform distribution centered at ; with a width equal to 2 is selected as the proposal distribution
for the SubSim procedure.

After executing both algorithms for values of B in [1, 3.5], figure 3-8 is obtained. In this figure, the
probabilities of failure obtained applying MCS and SubSim are represented by a blue curve and a
red-dotted curve, respectively.

From figure 3-8, the similarity of the two curves is evident. Although there are some minor dis-
crepancies when the probability of failure approaches to its smaller values, this is only a trifle in
practice and do not constitute any drawback of the method. On the other hand, the efficiency of
the SubSim algorithm is overwhelming. While subSet simulation required 165.26 seconds to carry
out all the computations of the probability of failure for the different footing widths, MCS required
2310.78 seconds. Therefore, for this particular example SubSim was approximately 14 times faster
than MCS.

For the particular width of B = 3.5 m, which leads to the higher reliability, the probability of
failure obtained by means of SubSim algorithm is equal to 8.0x 1073, while the one of MCS is
7.9x1073. So, the discrepancy between these two values is less than 1.00%, which corroborates
the SubSim accuracy. Furthermore, SubSim required only 3 x 10° samples and 17.2 seconds for
the computation of this probability of failure, while MCS required 1x 10° samples and 171.41
seconds. This latter fact highlight again the efficiency of the subset simulation algorithm.

It is worth mentioning that it is also possible to further improve the accuracy of the subset simu-
lation algorithm. For this purpose, some authors take advantage of the efficiency of the algorithm
and execute it N;,, number of times and then average the result of these simulations. The number
Ny 1s variable and it will depend on the particular conditions of each model; however, it is found
in the literature that a value of N, = 50 is usually adopted (Zuev et al., 2012; Alvarez et al.,
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Figure 3-8: Probabilities of failure of example 3.4.2 computed for different footing widths (B)

2018). Finally, this procedure allows obtaining an expected value of the probability of failure and
also computing some statistical parameters such as covariance of the results.

Note that in this example the simulations take longer than in the example 3.4.1. This is mainly
due to the number of random variables and the complexity of the limit state equation. It is worth
highlighting again that the major advantages of the SubSim algorithm appear when computing
small failure probabilities or/and when the models are complex or in high-dimensions. Addition-
ally, note that the SubSim algorithm is quite general and can be applied to any geotechnical model
for estimating its reliability. This document presents the example of a simple shallow footing only
for simplicity purposes, but the algorithm can be extended to more complex geotechnical systems
with no problem.



4 On the dependence and the use of
copulas in geotechnics: a
state-of-the-art review

Copulas are functions that couple several marginal distribution functions through a dependence
structure, in order to generate joint probability distribution functions. Copulas have been used
extensively in financial applications for evaluating dependence among random variables. Re-
cently, copula theory has been widely studied from an engineering perspective, and several ap-
plications have been found in areas like hydrology, structures or reliability. Particularly in the
field of geotechnical engineering, copula theory has drawn the attention of researchers due to its
advantages when modeling random variables and their dependence. In fact, several studies have
been conducted in recent years evaluating the applicability of copula theory in geotechnics, and
the results are conclusive about the importance and the need of its use. Therefore, this chapter is
aimed to review the state-of-the-art of copula theory in geotechnical engineering, while discussing
its advantages, disadvantages, limitations, applications, among other aspects, based on the existing
literature.

4.1 Contextualization

Efforts have been made to include a probabilistic approach in the daily work of geotechnical en-
gineering. Methodologies like load and resistance factor design (LRFD) and nominal factors of
safety have been developed to integrate uncertainty into design (see, e.g., Orr, 2000; Forrest and
Orr, 2010). Nevertheless, complete probabilistic handling of uncertainty has not been extensively
used due to two main factors: the first one is that most codes and standards are still based on de-
terministic factors of safety, and the second one is that a probabilistic assessment of geotechnical
systems requires an exhaustive characterization of the involved variables, which is rarely achieved
in practice due to high costs or lack of time.

Additionally, when a probabilistic description of the system is employed, all variables involved
in the system, such as shear strength, unit weight or peak ground acceleration, among others,
must be modelled as random variables. Those random variables are grouped into a vector X =
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[X1, X5, ..., X,] and represented either by a cumulative distribution function (CDF) Fy or by a
probability distribution function (PDF) fy.

For a complete probability description of uncertainty in geotechnical problems and designs, it is
necessary to have a well specified joint cumulative distribution function (JCDF), Fy (X), or a fully
described joint probability density function (JPDF), fX (X), that relate all the random variables
X =[X1, X, ..., X,] involved in the system.

Nonetheless, this level of accuracy is not generally achieved in geotechnical engineering practice,
where scarce information is common. In fact, it is usual that the only probabilistic description of
the involved random variables are their marginal PDFs and a correlation matrix. Hence, a joint
probability distribution cannot be determined uniquely (see, e.g., Der Kiureghian and Ditlevsen,
2009; Beer et al., 2013).

This lack of information and accuracy lead to assumptions that are not always well supported and
that generate errors and dispersions in results, which represent a great disadvantage of probabilistic
methods in practice. Some of the most usual assumptions that are chosen in order to simplify cal-
culations are: the modelation of variables as gausssian without any evidence, the assumption that
Pearson’s rho coefficient can accurately model the correlation between variables, or that the vari-
ables are independent even if these are obtained from the same sample or/and the same laboratory
test (e.g., shear strength parameters, ¢ and ¢).

Such problems widen the gap between theoretical and practical applications of probabilistic meth-
ods in the framework of geotechnical engineering. It is impossible to appropriately describe a set of
geotechnical random variables when there is only one or two options of JPDFs available, e.g. mul-
tivariate normal or independence. Attempts to overcome this disadvantage have been developed,
being one of the most notable the Nataf transformation (Nataf, 1962), which will be introduced in
section 4.3.1.

However, most of these alternatives are quite restrictive and are based on assumptions and simpli-
fications that affect the accuracy of the final model and that do not represent the real conditions.
It was not until the emergence and popularization of copula theory that it was possible to have
a comprehensive framework on dependence and construction of multivariate probability models.
Copula theory managed to encompass many of the dependence methodologies that were previously
employed, and it is currently consolidated as the dependence theory par excellence.

The term copula was first employed in the context of math and probability theory by Sklar (1959),
although in reality these functions appear in earlier works that named them in a different way. A
copula is a function that joins or “couple” several marginal distribution functions with the aim of
constructing a multivariate probability distribution. Thus, a copula contains all the dependence
information from a JPDF-JCDF, and for that reason it is also common to hear that it is called a
dependence function.

In this way, by employing copula theory it is possible to construct multivariate probability dis-
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tributions, where marginal distributions and dependence can be studied separately. This means a
breakthrough when modeling the dependence of two or more random variables since there is a
wide range of copula functions (i.e., dependence structures), and hence a wide range of multivari-
ate models can be built. Copulas have been widely applied in areas like actuary and finance (see,
e.g., McNeil et al., 2015; Cherubini et al., 2004), hydrology (see, e.g., Chen et al., 2013; Ghosh,
2010; Zhang and Singh, 2006), structural engineering (see, e.g., Goda, 2010), and more recently,
in geotechnics. For instance, copulas have been used in geotechnical engineering for modeling de-
pendence among shear strength parameters, to estimate settlement of foundations, or representing
different soil properties.

Nonetheless, although copula theory has been used in different contexts and problems of geotechni-
cal engineering, these works have been rather sparse and independent. Therefore, there is currently
no methodology or framework that guides students, researchers, or consulting engineers in the area
of geotechnics on the application of copulas in their particular problems. There is then the need
to carry out a work that compiles the findings and conclusions of all the previous investigations
on the use of copula theory in geotechnics, and that in turn serves as a basis for future practical
applications and investigations of this theory in our area.

Thus, this chapter is aimed to fill this gap in the state-of-the-art by introducing copula theory and
highlighting its potential, scope, and use in geotechnical engineering. For this purpose, it will be
explained what copula functions are, when they are used, how they can be built, how they have
been used in geotechnics, and what implications their use has. Obviously, this procedure involves a
thorough review of the current state-of-the-art on the theory of copulas and its use in geotechnics.

After finalizing this chapter, questions like: do we necessarily have to model dependence in
geotechnics?, what the applications of copula functions in geotechnics are there?, do copula mod-
els perform better than the traditionally Nataf transformation?, how do the gaussianity or indepen-
dence assumptions perform concerning copula functions?, is there “the most suitable” copula for
most geotechnical models?, can copulas be used hereinafter in geotechnical engineering practice?,
what enhancements can be performed by their use?, is there any future work of the framework of
copulas in geotechnical engineering?, will be answered.

The remaining of this document is organized as follows: section 4.2 introduces the mathemat-
ical concepts behind copula theory; section 4.3 exposes how dependence has been commonly
addressed in geotechnics, and how traditional approaches to deal with dependence have been ap-
plied; section 4.4 explains the basis for the construction of copula functions with an emphasis in
geotechnical models; in section 4.5, an state-of-the-art on the applicability of copula theory in
geotechnical engineering is presented; section 4.6 deals with the topic of uncertainties in the cop-
ula construction and selection; in section 4.7, the applicability of copulas in reliability analysis of
geotechnical models is studied and a practical example is conducted.
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4.2 Introduction to copula theory

This section aims to introduce the basic concepts of copula theory, mainly focused on practical
concepts that are needed in order to apply copula functions in the context of geotechnical engi-
neering, after Nelsen (2007), Embrechts et al. (2001), Embrechts et al. (2002) and McNeil et al.
(2015).

4.2.1 Preliminary concepts

This section presents some preliminary concepts that will help us later when the copula functions
are formally defined.

4.2.1.1 Increasing functions

A function f : R — R is called increasing if for all x <y the relationship f (x) < f (y) is satisfied.
Sometimes these functions are also referred as non-decreasing. Furthermore, the function f is said
to be strictly increasing if for all x < y the relationship f(x) < f(y) holds. Analogously, these
function are also referred as strictly non-decreasing function.

On the other hand, if the increasing (or strictly increasing) function f is differentiable on the
interval (a, b), then the function f is also said to be monotonic.

4.2.1.2 Quasi-inverses

The concept of quasi-inverse is a generalization of the concept of the inverse of a function, in
which the inverse is defined even when the function has jumps or discontinuities. Let us consider
a non-decreasing function F : R — R with R C R, and the extended real line R = [—o0, c0]. Then,
a quasi-inverse of F is any function F©" : R — R, such that:

e Ift € R, then F"V (¢) is any number x in R such that F (x) = ¢.
o If £ ¢ R, then F°V (1) = inf {x € RIF (x) 2 1}.

Note that the concept of quasi-inverse and inverse of a function coincide when F' is a strictly
monotonically increasing function. In this case, the inverse is denoted as F~!.

4.2.1.3 Vy-volume

LetS,; = [a;,b;]] withi =1,2,...,d, be a non-empty subset of R, and let H be a mapping H : § —
R. Furthermore, let B = X% S, be a d-dimensional box whose vertices belongs to S. Then, the
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H-volume of B, Vi (B), is defined as the dth-oder difference of H on B, as follows:

Vi (B) = AXAY- AV H

aq—dd-1

where the first order differences of H are defined as:
b
Aaf =H(@,....t1,bi, teers . 1) = H (81, oo e, Qi Bt s -+ - 1)

fork=1,...,d.
The above expression can be rewritten more explicitly as:

2

2
Vi (B) = Z . Z (=) H (xy,, . . Xai,)

=1 =l
where x;; = ajand xj, = b;forall j=1,...,d (see, e.g., Embrechts et al., 2002).

For instance, in a bidimensional case, d = 2 and B = [a;, b;] X [aa, b»], and hence the H-volume
of the rectangle B is the second order difference of H on B:

Vi (B) = H(as,by) — H(ay,b,) — H(as,by) + H(ay,b)

Note that the d-dimensional function H is d-increasing if Vi (B) > 0 for all d-boxes whose vertices
fall in the domain of H.

4.2.1.4 Multivariate cumulative distribution functions

A d-dimensional cumulative distribution function (d-dimensional CDF) is defined as a function
H : R [0, 1] that fulfills the following properties:

e H is d-increasing.
e H(t)=0ift = [t;,...,t,...,1;] € R has any element t;, = —co, fork = 1, ..., d.

e H(co,...,00) =1

4.2.1.5 k-margins

Let us consider the joint cumulative distribution function H : §; X S, X --- x S; — [0, 1]. Then,
the function

H;(x) = H(supSl,...,suij_l,x,suijH,...,sude)

is a univariate margin of H, or simply a margin of H. Note that higher dimensional margins
(k-margins, k > 2) can be defined by fixing less positions in the previous equation.
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4.2.2 Copula functions

Copulas are functions that couple several CDFs through a dependence structure in order to repre-
sent a multivariate CDF. In this sense, one can characterize and define a marginal CDF for each
random variable, and then model their dependence with copulas.

Mathematically, a copula C is a d-dimensional CDF whose domain is [0, 114 and whose range is
[0, 1], specifically C : [0, 1]¢ + [0, 1]. In this regard, every marginal of a d-dimensional copula is
uniform in the interval [0, 1]. Furthermore, any copula function C has the following properties:

1. Cis grounded. That is to say, for all u € [0, 11¢, then C (u) = 0 if there exists any u; = 0, for
i=1,...,d.

2. Chas margins. That is to say, for all u € [0, 11¢, then C (u) = u; if all coordinates of u are 1
except u;.

3. Cis d-increasing. That is to say, for all [ay,...,a;,...,a4],[b1,...,bis...,b4] € [0, 11, and
taking into account that ¢; < b; fori = 1,...,d, then V, (xdzl [a;, b,«]) >0

For instance, if the copula is bidimensional (d = 2) then B = [a;,b;] X [as,b;] and hence the
condition to be 2-increasing becomes:

C(az, by) — C(ay, by) — Claz, by) + C(ai,by) 20

Furthermore, by virtue of the Lebesgue’s decomposition theorem, every d-dimensional copula can
be decomposed as follows (see, e.g., Nelsen, 2007):

C(ul,...ud):Ac(u],...,ud)+Sc(u],...,ud)

where

i U ad
Ac(u1,...,l/ld):f f a—C(Ll],...,I/td)dS]...de
0 0 ul,...aud

and
Scuy,...;ug) =Cuy,...uq) —Ac (U, ..., uq)

such that A, is an absolutely continuous component and S .. is a singular component of the copula.

When S, = 0 on [0, 1], then the copula C is said to be absolutely continuous, its joint PDF exists
and it is given by:
ad

C(M],...Md):mC(ul,...Md) (4-1)
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On the other hand, when A, = 0 on [0, 1]%, then the copula is said to be singular and equation (4-1)

is equal to zero, c')ul(?fjﬂudc (uy,...uy) = 0 almost everywhere' in [0, l]d (see, e.g., Embrechts et al.,
2001).

Nonetheless, when a copula has both an absolutely continuous component and a singular compo-
nent, then its joint PDF cannot be easily obtained and it is sometimes undefined.

4.2.3 Sklar’s theorem

It was previously mentioned that copulas have the function of grouping a set of marginal CDFs in
order to constitute a multivariate CDF. This characteristic is given, in fact, by virtue of the Sklar’s
theorem.

Let us consider a multivariate distribution function Fy, x, x, with marginal distributions Fy, for
i=1,...,d. Then, the Sklar’s theorem dictates that there exists a copula C such that:

Fx, x,..x, (X) = C(Fx, (x1), Fx, (x2), ..., Fx, (x4)) 4-2)

for all x := [x|, x2,...x4] € R?. This copula is unique if all marginal distributions Fy, are con-
tinuous; otherwise, the copula C is uniquely defined on the cartesian product of the range of each
marginal distribution, that is range (F';) X range (F,) X ... X range (F).

Analogously, by knowing a copula C and a group of one dimensional CDFs Fy,, then the d-
dimensional distribution function Fy, x, . x, can be defined by the equation (4-2). The proof of
the equation (4-2) for a bidimensional case is given by Sklar (1959), while the proof is extended
to a multivariate case in Sklar (1996).

Note that equation (4-2) can be rewritten in order to obtain the inverse relation, which is given by
Cw) = Fx, x,.x, (F;U (u1), F§{2” (w2, ..., Fg,l) (Md))
forany u = [uy, u,, ..., uy] € [0, 114, and where F;ll) is the quasi-inverse of Fx,, fori = 1,2,...,d.

In this way, Sklar’s theorem states that a continuous multivariate probability function can be ex-
pressed through its one dimensional marginal distributions and a multivariate dependence struc-
ture. This multivariate dependence structure is in fact a copula function.

Furthermore, if the copula is absolutely continuous, then the copula PDF can be defined and the
d-dimensional PDF of the random variables X, X», - - - X; can be expressed as:

Sxixox, () = cuy, ... uq) fx, (x1) fx, (x2) - fx, (xa) (4-3)

where c (uy, ..., u,) is given by the equation (4-1), and fx, fori = 1,...d, are the marginal distri-
butions functions.

'Tt is said in a probabilistic context that a property holds almost everywhere when the set on which this property
applies encompasses nearly all possibilities.
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4.2.4 The Frechét-Hoeffding bounds

Based on the previously described properties, it can be demonstrated that any copula, regardless
of its family or even its particular properties, is bounded by an upper and a lower limit, which are
known as the Frechét-Hoeffding bounds. In this way, any copula satisfies the following inequality:

W) <C(u) < M; )

where the lower limit W, represents countermonotonicity, 1.e. perfect negative dependence, and
the upper limit M, represents comonotonicity, i.e. perfect positive dependence.

In a bivariate case, W (u;, u,) and M (u;, u,) are expressed as (see, e.g., Nelsen, 2007, p. 11):

W(Ml,uz) = maX(ul + u; — 1,0)

M (uy, up) = min (uy, up)
and in the d-dimensional case they are given by:

Wy,(m) =max(u; +u, +...+u;—d+1,0)

M, (w) = min (uy, uy, . . ., ug)

Another structure of dependence worth mentioning is in fact the one that represents independence.
From probability theory, it is well known that the probability of occurrence of independent events
is equal to the product of the probability of each particular event. Thus, by extending this concept
to copula theory, independence is represented as:

d

Hd(u)=l_[bti=M1M2"'Md

i=1

Note that both M; and I, are copulas for two or higher dimensions, and these are known as
the comonotonic and the product/independence copula, respectively. On the other hand, W, can
only be considered a copula in a two-dimensional case, and it is known as the countermonotonic
copula W, since for higher dimensions it does not fulfill the requirements to be a copula function.
Nonetheless, the Fréchet-Hoeffding lower bound still holds for three and more dimensions, even if
the countermonotonic copula W does not exists (see Nelsen, 2007, p. 47).

For a better understanding of these structures, figure 4-1 presents the Fréchet-Hoeffding bounds in
a two-dimensional case, as well as the independence copula.

In this sense, any copula function must lie inside the polyhedron formed by the Fréchet-Hoeftding
bounds. There are some copulas capable of approaching both countermonotonicity and comono-
tonicity, thus covering a wide spectrum of dependence values. These copulas are known as com-
prehensive copulas and are especially useful to model random variables whose dependence is
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Figure 4-1: Fréchet-Hoeffding bounds and independent copula in two dimensions. (a) counter-
monotonic copula W, (b) independence copula I1, (c) comonotonic copula M.

strongly positive or negative. Some examples of comprehensive copulas are the Gaussian Copula,
the Plackett copula, or the Frank copulas.

Finally, although there are certain restrictions for a function on [0, 1]? to be considered as a copula
function, there are actually many options of copulas reported in the literature. Each copula has
its particular properties and is suitable for different conditions. Furthermore, some copulas share
certain properties or are derived in a similar way, so it is common to group them in some families or
classes. The fact that there are many copulas in literature is a great advantage in comparison to the
independence or gaussianity assumption. With copulas it is possible to model different dependence
structures where, as a plus, marginal distribution functions can be selected independently.

4.2.5 Some copula properties

In this section, some properties of the copula functions are discussed, in particular the range of
dependence values, radial symmetry and tail dependence. These copula properties are useful when
evaluating the suitability of a copula for modeling different dependence structures between random
variables.

4.2.5.1 Range of dependence values

As stated before, any copula function is bounded by the Fréchet-Hoeftding bounds. However, not
all copulas have the ability to approach both limits, but are restricted to a narrower range. In other
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words, every copula is capable of modeling a certain spectrum of dependence, which will never be
outside the Fréchet-Hoeffding bounds but will be a subset of them.

Copula functions with the property of approaching both limits are known as comprehensive copu-
las. Some examples of copulas with this property are the Gaussian, Student-¢, Plackett, or Frank
copulas. On the other hand, some other copulas can only approach one of the two limits; for in-
stance, Gumbel or Joe copula can approach the comonotonic copula M,;, meanwhile the bivariate
Nelsen No. 16 copula can approach the countercomonotonic copula W. Finally, some other copu-
las are not capable approaching any of the Fréchet-Hoeffding bounds, such as the Ali-Mikhail-Haq
copula, which is restricted to a narrow range of weak dependence structures (Nelsen, 2007; McNeil
et al., 2015)

In this way, it is important to take this property into account when evaluating the suitability of a
copula to model certain dependence structures. For example, if the dependence between random
variables is known to be strongly negative, the Gumbel, Joe, or Ali-Mikhail-Haq copulas would
not be a good choice for modeling this dependence. More details of these characteristics for certain
copulas of interest will be presented in section 4.4.

4.2.5.2 Radial symmetry

It is said that a random vector X € R? (or its distribution function) is radially symmetric about
a € RYif:

X-ala-X
where £ stands for the equality in distribution property”.

Analogously, a copula is said to be radially symmetric if the random vector U € [0, 1]¢, where U
has a distribution function C, has the following property (McNeil et al., 2015, chapter 5):

Examples of radially symmetric copulas are Gaussian and Student-¢ copulas, while examples of
non-radially symmetric copulas are Gumbel and Clayton copulas.

There are other concepts of symmetry in copula theory, such as the marginal symmetry or the joint
symmetry; however, these properties are not exposed in this document, so readers interested in
these concepts are referred to Nelsen (2007).

2If the sample space is a subset of the real line R, then two random variables X and Y are said to be equal in
distribution X 4 Y when they have the same distribution function, thatis P (X < x) = P (Y < x) for all x.



4.2 Introduction to copula theory 65

4.2.5.3 Tail dependence

Let us consider two random variables, X and Y, with marginal CDFs Fy and Fy, respectively; these
two random variables are associated through a copula C. Coefficient of upper tail dependence Ay
and coefficient of lower tail dependence A;, are defined as follows (Nelsen, 2007):

Ay = qlir{{ P(Fy(y) > qlFx (x) > q) (4-4)
AL = qlgg P(Fy(y) < qlFx(x) <q) (4-5)

Conceptually, upper tail dependence coefficient Ay is the conditional probability that ¥ exceeds
the quantile g given that X also exceeds the same quantile g, as the quantile approaches to 1.
Analogously, lower tail dependence coefficient Ay is the conditional probability that Y be inferior
to the quantile g given that X also is smaller then the same quantile ¢, as the quantile approaches
to 0.

Assuming that both X and Y are continuous, equations (4-4) and (4-5) can be expressed as (Nelsen,
2007):

. 1-2g+C(q,q)
Ay =1 4-6
v = lim 1= (4-6)
2, = lim 229 @7
q—0+ q

Equations (4-6) and (4-7) show that the coefficients of tail dependence are sole properties of the
copula, and not of the marginal distributions. Furthermore, the existence or absence of one of these
coeflicients does not imply the existence or absence of the other. In other words, a copula C may
have both upper and lower tail dependence, only one of those coefficients or none.

It is important to evaluate the dependence structure in the tails of the distributions since the failure
domain is usually located there, and hence tails have a great impact on the probability of failure
(Ditlevsen and Madsen, 1996).

For this reason, coeflicients of tail dependence are key measures of dependence in copula theory.
Coefficients of tail dependence aim to quantify the associativity between random variables in the
upper-right or lower-left quadrant of the d-dimensional box; or in other words, when all random
variables take extreme values simultaneously.

4.2.6 Empirical copulas

In practice, and specifically in geotechnical engineering practice, it is common to have a small
sample available from a population that is considerably much larger in the number of elements.
Under these circumstances, the underlying copula (or dependence structure) of the variables is
unknown, and the usual practice is to try to infer the true function from the available information.



66 4 On the dependence and the use of copulas in geotechnics: a state-of-the-art review

Thus, as the amount of data in the sample increases and approaches the size of the population, the
inferred copula also converges to the real copula of the analyzed multivariate data.

However, instead of inferring a copula from a reduced sample, it is also possible to construct an
empirical copula from these multivariate data, as follows:

Let us consider a set of N observations {(x"l, xh, ... x;) ci=1,...,N } from a d-dimensional ran-
dom vector X = (X;, X», ..., X;). The pseudo-copula samples can be defined as follows:
U, at (4-8)
kTN -

where R;'( is the rank of the observation x}'{:
R = Y1(xd < x) (4-9)
j=1

Hence, the corresponding empirical copula is then defined as

N

CN(ul,...,ud):%ZI[(lA]iSul,...,AZSud) (4-10)

i=1

In this sense, the empirical copula can be understood as the empirical distribution of the rank
transformed data. In the same way, as the sample size increases the empirical copula will approach
to the true underlying copula of the multivariate data.

4.2.7 Vine copulas

Constructing copulas in high dimensions is not a trivial problem. Although there is a large number
of copula functions in the literature, most of them are bivariate or applicable in low-dimensions. In
practice, the group of copula functions in high dimensions is rather small and their properties are
limited. There are mainly two drawbacks when trying to implement copulas in high dimensions:

1. There is no analytical solution for the extension to high-dimensions of the copula function,
or their extension may become unfeasible.

2. The dependence structure becomes too restrictive and it is not possible to evaluate different
dependence structures between pairs of variables.

For example, if one wants to build a geotechnical model with 5 random variables, there would have
few copula options to choose from and one would have to assign the same dependence structure to
all variables, which may be different from reality.

Fortunately, in recent years this problem has been circumvented by the so called vine copula theory
(Bedford and Cooke, 2002). In this section, we briefly introduce it mostly based on Czado (2019)
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and Aas et al. (2009). Nonetheless, it is worth clarifying that the explanation given here is only
introductory, and an in-depth presentation can be found in Joe (1996), Bedford and Cooke (2001)
and Bedford and Cooke (2002).

Vine copula theory states that it is possible to express a multivariate probability density function
as a product of pair-copula densities and marginal densities. Vine copula theory employs bivariate
copulas as building blocks for elaborating higher-dimensional distributions, where the dependence
is determined by these bivariate copulas in a nested set of trees. In this way, vine copulas allows
to construct models in high dimensions, in which it is possible to evaluate different structures of
dependence between each pair of variables.

To clarify the above concepts, let us consider a vector of d random variables X = [X|, ..., X,;] with
a joint density function f (xy,...,x,). It is possible to decompose this joint density function as
follows:

f s x0) = f(xa) f (Xae1lxa) | (xaalXa—1, Xa) -« f (ealxa, -+, Xa) s 4-11)

this decomposition is unique up to a relabelling of the variables (Aas et al., 2009).

Now, observe that equation (4-3) could be expressed for a bivariate case as:

f L x0) = cp(Fr(x1), Fa(x2)) f(x1) f(x2)

and hence the conditional densities as:

fxilxn) = cio(Fi (x1), Fa (x2)) fi (x1) (4-12)

The copula conditional density of equation (4-12) can be employed in equation (4-11) replacing
each conditional term. In this way, a joint PDF can be decomposed into pair-copulas times condi-
tional marginal densities. For instance, one possible decomposition for a three-dimensional PDF

would be:
f G, x2, x3) = fi Cap) fon (alxy) fan2 (eslxy, x2)
where
Fon Cealxy) = cip (F1 (x1), F2 (x2)) f> (x2)
Sz (xalx, x2) = ciap (Fip (x11x2) , Fap (x31x2)) fap (x31x2)
fap (x31x2) = o3 (F2 (x2) , F3(x3)) f3 (x3)
and hence:

S (x1, x2,x3) = f1(x1) f2(x2) f3 (x3)
X Cio (F1 (x1), F2 (%)) €23 (F2 (x2) , F3 (x3))
X Ci3p (Fip (x11x2) , F3p (x31x2))
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Nonetheless, as stated before this decomposition is not unique, and as the number of variables
in the model increases, the number of possibilities of pair-copula constructions also increases.
For instance, a model of three variables has 6 possibilities of decomposition, a model of four
variables has 24 possibilities of decomposition, and a model of five variables has 240 possibilities
of decomposition (Aas et al., 2009).

For the sake of organizing all these options of decomposition, Bedford and Cooke (2001) intro-
duced a graphical tool denominated the regular vine. A regular vine is a graphical aid for labeling
bidimensional constraints in high-dimensional probability functions. When regular vines are com-
bined with bivariate copulas, vine copulas are established.

A regular vine of d variables can be seen as a nested set of connected trees, in which the edges of
the tree T'; are the nodes of the tree 7., and the edges of the tree T, are the nodes of the tree
T';», and so on. Furthermore, two edges in the tree T'; are joined in the tree 7', if and only if the
edges share a common node. In a regular vine copula, the nodes in the first tree are the random

variables, and from then on each edge and node is a conditional copula density.

Regular vines is still a quite general category that embraces several classes of pair-copula decom-
positions. Among all the variants of the regular vines, it is worth mentioning two special cases:
the D-vine and the canonical vine. Each one of these two classes of regular vines has a specific
way of describing the decomposition of a density function.

In a D-vine, each tree is a path. Therefore, a D-vine of d variables would have T'; trees, with
j=1,...,d -1, and each tree would have d + 1 — j nodes and d — j edges. Note that each edge
corresponds to a pair-copula density, and each edge label corresponds to the subscript of the pair
copula density. Figure 4-2 presents an example of a D-vine with 5 variables.

From figure 4-2 the decomposition of the 5-dimensional probability model can be expressed as:

Sfi23as = fifaf3[afs C12€23C34Cu5 C132C243C3514 C1423C25134 Cis[234

The general equation in which a d-dimensional probability density function is expressed through
a D-vine is given by:

d
Fx, ., x9) = ]—[f(xk)x
k=1

~1 d-j
| | Cijit jli1,.. it j—1 (F (Xi|xi+1,~--,Xi+j—1,)F(Xi+j|Xi+1,'--,xi+j—1))

i=1

U

1l
—_

J

In a canonical vine, each tree T'; has an unique central node that connects to the other nodes through
d — j edges. This type of structure is advantageous when one knows that a particular variable is the
key variable that governs the interactions in the dataset. For instance, it is typical in geotechnical
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Figure 4-2: Example of a D-vine with 5 variables, 4 trees and 10 edges. Each edge (represented
as a line) is associated with a pair-copula conditional density.

engineering to relate the (N;)¢, of the SPT to multiple parameters and variables of soils; then, it
would be desirable to recreate a multivariate model where (N;)q, was at the root of the canonical
vine.

Figure 4-3 presents an example of a canonical vine with 5 variables.

From figure 4-3 the decomposition of the 5-dimensional probability model can be expressed as:

fi23as = fiof3fafs Cr2C13C14CH5 C23)1C241C25)1 C34/12C35)12 C45)123

The general equation in which a d-dimensional probability density function is expressed through
a canonical vine is given by:

d-1 d-j

fOo, o xg) = nf(xk) X l—[ l—[ Cjjtill,... (X]|x1,---,Xj—l),F(Xj+i|X1,.--,Xj—1)>

Jj=1 i=1

Constructing vine copulas from a dataset encompass three general steps. First, the structure of the
vine must be specified. That is to say, the type of the vine and the interaction of the nodes (and
variables) on each tree. Second, a bivariate copula function must be established for each edge on
each tree. A wide range of bivariate parametric copula functions exist in the literature and can be
employed. Third, each copula must be adjusted to the available data. Several methodologies exists
in the literature for this last purpose.
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Figure 4-3: Example of a canonical vine with 5 variables, 4 trees and 10 edges. Each edge is
associated with a pair-copula conditional density.

Some of these concepts will be discussed in more detail in this document. In particular, sec-
tion 4.4.3 presents several families of copulas and copula functions that are popular in geotech-
nics, section 4.4.4 explains different methodologies for adjusting copulas to data, and the issue of
defining the best copula for a dataset is treated in section 4.4.5.

Nonetheless, it is recalled that the exposition of vine copulas given here is only introductory. More
details of this theory must be consulted in the specialized references. The applicability of vine
copulas in geotechnics has a great potential that is just beginning to be explored, so more detailed
investigations must be carried out.

4.3 Some remarks about dependence in geotechnics

In order to understand the essence of copulas and their applicability in geotechnical engineering,
it is necessary to clarify what dependence and correlation are, and how they are related to multi-
variate probability distribution functions. Although these two concepts are sometimes assumed as
synonyms, from a statistical perspective they have different meanings.

On the one hand, dependence can be better approached from the concept of statistical indepen-
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dence: two random variables X and Y are said to be statistically independent when the occur-
rence (or non-occurrence) of an event associated with X does not affect the occurrence (or non-
occurrence) of an event associated with Y. In other words, two random variables are statistically
independent if the occurrence of one event X does not have implications on the probability distri-
bution of another event Y. This can be mathematically written through conditional probabilities
as:

PX|Y)=P(X) or PYIX)=P(Y)

thus, two random variables are considered dependent if the conditions to be statistically indepen-
dent are not satisfied.

On the other hand, correlation is a statistical measure of association between two random variables.
It must bear in mind that the term correlation is sometimes understood as a measure of linearity
between two random variables, such as the Pearson’s rho correlation coefficient does (see, e.g., Ang
and Tang, 2007), although this term is also applicable to other non-linear measures of dependence,
such as the rank measures that we will study in section 4.4.2.

In this way, dependence is a more general concept than correlation, and in fact, it encompasses all
types of statistical correlations. Thus, correlation implies dependence, but dependence does not
necessarily implies correlation, e.g. a Pearson’s rho correlation coefficient equal to zero does not
mean statistical independence between two random variables, since there could be other structures
of dependence different from linearity.

Following these concepts, there are many variables in geotechnics that can be considered depen-
dent, such as the shear strength parameters of the Mohr-Coulomb failure criterion, Atterberg limits,
parameters of the soil-water characteristic curves, foundation settlement parameters, among others.
Geotechnical literature is full of correlations and equations to predict values of some parameters
based on some others that are easier to obtain. For instance, the (N;)g, of SPT is commonly related
to many other parameters such as the unconfined compressive strength ¢, cone tip resistance g,
soil friction angle etc. Readers interested in some of these correlations are referred, for instance,
to Ameratunga et al. (2016).

Additionally, it is found that the most used measure of correlation in geotechnical engineering
corresponds to the Pearson’s rho coefficient; this is expected given its popularity, simplicity, and
that it is the canonical measure of dependence of the widely used multivariate normal distribution.
This coeflicient and its implications will be further studied in section 4.4.2.

Now, starting from the concept of dependence, it is necessary to construct multivariate probability
distribution functions that indicate the probability of occurrence of two or more dependent events.
These functions are essential to simulate random values with certain dependence structures or to
carry out reliability analysis and compute probabilities of failure of geotechnical models. However,
in practice there are few multivariate distribution functions that are easy to construct and extend to
high dimensions, which narrows the range of possibilities when representing dependence through
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a probability distribution.

Furthermore, it is unfortunately usual in geotechnical engineering practice to have a reduced
amount of data due to quite limited budgets or lack of time. With this scarce information at hand,
it is only possible to define marginal distributions, i.e. univariate distribution functions for each
random variable, and a correlation matrix, which is commonly constructed through Pearson’s rho
coefficients among random variables. This condition is known as incomplete probability infor-
mation, and a basic introduction to its characteristics could be found in Der Kiureghian and Liu
(1986).

Under these circumstances, the multivariate normal distribution is commonly adopted, without
validation, for representing probabilities of the joint occurrence of the dependent random variables.
It is well known that this distribution has many advantages since it has been widely studied, its
extension to high dimensions is straightforward, it only requires the definition of a covariance
matrix based on Pearson’s rho coeflicients, and in general, its application is quite simple. The
probability density function of a d-dimensional normal distribution is given by:

exp[-1 (- 7 (x - )|

V) detX

where x is a random vector in R?, u € R is the mean vector, and £ € R is the covariance matrix

fx(x) =

constructed through Pearson’s rho correlation coefficients.

However, equation 4.3 is too restrictive since all random variables are assumed to be normally
distributed, and dependence is limited uniquely to a Gaussian type. This results in drawbacks that
appear when modeling joint occurrences of some geotechnical random variables, such as shear
strength parameters, where physically both cohesion and friction angle cannot be negative, and
this restriction can not be modeled using the multivariate Gaussian distribution of equation 4.3.

In consequence, there is a need of exploring other alternatives in this regard. Some early works,
such as Der Kiureghian and Liu (1986), studied the issue of the representation of random vec-
tors and the computations of the probabilities of failure under incomplete probability information.
However, although there are several possibilities for this purpose, the truth is that very few are
applicable in practice since the majority are restricted only to a bivariate case and/or only are ca-
pable of representing small correlations between random variables. One of the most widely used
alternatives, until recent years when copula theory was developed, was the Nataf transformation.
This transformation we will be introduced next.

4.3.1 The Nataf transformation

The Nataf transformation (Nataf, 1962) is an approach that appears as a solution to the problem
of modeling dependence when probability information is reduced to marginal distributions of all
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random variables and linear correlation coefficients among them all, which is the usual case in
engineering practice, and particularly in geotechnical engineering.

Following Liu and Der Kiureghian (1986) and Li et al. (2008), the Nataf transformation can be
defined as a transformation of random variables from the original/physical space to a mutually
independent standard space. In this sense, a d-dimensional vector of dependent random variables
X, with marginal distributions F, (x;), is transformed into a vector of independent random vari-
ables Z that follows a standard normal probability function, Z ~ N (0, I), where I stands for the
d-dimensional identity matrix, as follows: ® (Z) = Fx (x), such that

Zi=®'[Fx (x)] i=1,...,d (4-13)

where F, are the continuous marginal CDFs, and @ is the standard normal CDF.

Additionally, based on the Nataf transformation, the joint PDF of random vector X in the origi-
nal/physical space can be expressed as:

¢n (Z’ PO)
¢ (z1) P (22) ... P (2,)

fx (%) = fx, () fx, (2) .. fx, (X) (4-14)

where

a7

EXp|—352 PoZ

(2m)" det (po) 2

is the d-dimensional standard normal PDF with correlation matrix py. In general, equation(4-14)
is known as the Nataf distribution.

On (Z’ PO) =

It is worth noting that the correlation matrix py is different from correlation matrix p, since the
former corresponds to the standard normal random vector Z of equation(4-13), and the latter cor-
responds to the original vector X. The correlation matrix p will not remain constant after a non-
linear transformation of the original random variables (more of this behavior is explored in section
4.4.2). However, py can be obtained from p by applying the following equation, which is presented
for a two dimensional case but it can be extended to more dimensions (Der Kiureghian and Liu,
1986):

o oo [ - W=y \FH(D(z:) - u;
Py = I I (Fﬂ(d)ﬁ)) u)[ j ( (ZJ)) #J) ¢Zi’zj(Z,.,zj,po,’j)dzidzj (4-15)

o

Equation(4-15) can be solved iteratively through numerical methods. Nonetheless, some semi-
empirical formulas for approximating py from p, under different conditions, were presented by
Der Kiureghian and Liu (1986). Additionally, a more general Gauss-Hermite-Quadrature method
was presented by Li et al. (2008), which leads to better approximations of py than the semi-
empirical formulas of Der Kiureghian and Liu (1986).
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As we can observe, with the use of the Nataf transformation we can couple dependent random
variables with different univariate probability distributions, which is more flexible than the mul-
tivariate normal distribution of equation 4.3. Additionally, Nataf transformation integrates very
well with popular reliability methods, such as the First Order Reliability Method (FORM) or the
Monte Carlo simulation (MCS) (see, e.g., Li et al., 2008). Due to this, the Nataf transformation
has been the preferred method for many years to handle dependent random variables with different
univariate distributions.

However, Nataf transformation has several implicit hypotheses, and the most notable is the one of
the dependence structure. In recent years, copula theory has given new insights into dependence,
and it has allowed to elucidate the hidden dependence hypothesis behind Nataf transformation. In
this regard, it was demonstrated by Lebrun and Dutfoy (2009b), in the light of copula theory, that
Nataf transformation is nothing but a particular case of the Gaussian copula.

Now, what are the implications of Nataf transformation being a particular case of Gaussian copula?
In fact, in the light of copula theory, Gaussian copula is just one structure of dependence that
belongs to the wide range of dependence structures than can be modeled through copulas. In this
way, Gaussian copula, or Nataf transformation, is one of many options and perhaps it may not
be the best structure of dependence for representing a dataset, leading thus to misleading models.
This topic is further explored in subsequent chapters of this document.

It is worth mentioning that, in addition to the work of Lebrun and Dutfoy (2009b), a generalization
of the Nataf transformation to all kind of elliptical copulas was exposed by Lebrun and Dutfoy
(2009a). In this sense, Nataf transformation was extended to represent any elliptical copula, not just
a Gaussian copula. Besides this, the popular FORM/SORM were also extended to this generalized
Nataf transformation.

The advantage of copulas is evident since, without them, there is only a narrow range of mul-
tivariate distribution functions in practice and those are too restrictive in terms of dependence.
Additionally, copula theory is more general than the widely used Nataf transformation, and hence
its range of possibilities is larger. Its multiple advantages have led copulas to be applied in many
fields, being geotechnics one of them.

4.4 Construction of copulas for modeling dependence
among geotechnical variables

As indicated above, there is a great variety of copula functions in the literature, each with its own
particular properties and special characteristics that make them suitable for different dependence
conditions. However, considering this wide range of possibilities, the question arises as to which
is the best choice of copula to model our variables of interest, and in particular, their dependence.
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Therefore, this section will be dedicated to elucidate, from a practical perspective, how this ques-
tion can be solved in the best way possible based on the available information. In other words,
the concepts of the construction of copulas to model geotechnical parameters will be introduced in
this section, based on the latest postulates of the state-of-the-art. Nonetheless, it is worth mention-
ing that the methodology presented here is not a straitjacket and different variants can be applied
depending on the particular conditions of the problem of interest. In this way, the content of this
section is a guide that readers can adopt as a basis for their particular problems.

In this way, five general steps are identified in the construction and definition of a copula function
for the purposes of modeling geotechnical variables. They are listed in the followings:

1. Define and fit the marginal PDF of each random variable involved in the model.
2. Estimate the strength and direction of the existing dependence among the random variables.

3. Define a set of copula functions C that could fit the dependence characteristics of the random
variables of interest.

4. Fit the candidate copula functions in C to the available information.

5. Select the most suitable copula function from the set of candidate copulas C through some
goodness-of-fit test.

Each of these steps will be covered in more detail later. In particular, section 4.4.1 provides some
references on the adjustment of random variables to one-dimensional PDFs. Section 4.4.2 intro-
duces the concept of correlation, and explains its role as a first approximation to the magnitude
and direction of dependence. Section 4.4.3 introduces some of the copula functions that, after re-
viewing the state-of-the-art, were identified as the most popular to model geotechnical parameters.
Section 4.4.4 explains how to fit copula functions to the available data or dependence information.
Finally, section 4.4.5 introduces some practical techniques for the definition of the most suitable
copula among a set of candidate copulas C that seek to model the dependence of the random
variables studied.

4.4.1 Selection of marginal distributions

There is a wide variety of univariate distribution functions in the literature, both continuous and
discrete. All of these functions can be used as marginal distributions, but in particular, we will
be interested in continuous probability functions. Exposing all of these distributions, or a large
number of them, is outside the scope of this document, so readers are referred to specialized
references such as Montgomery and Runger (2010), Ang and Tang (2007) or Kottegoda and Rosso
(2008). However, it is noted that some of these continuous distributions have been quite popular
in geotechnics, such as the normal, lognormal and uniform probability functions. Some other
continuous distributions have also shown a great potential for modeling geotechnical parameters,
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such as the exponential, gamma, beta, weibull or Gumbel probability functions.

In general, the process of fitting and selecting a marginal distribution is simple and straightfor-
ward to implement. Firstly, a set of candidate distributions must be proposed to model the data
set. These distributions should be fitted to the data set by means of standard techniques, such
as the method of moments or the maximum likelihood method (see, e.g., Ang and Tang, 2007).
Subsequently, the best fit distribution will be selected and for this purpose, different goodness of
fit techniques can be employed. Among all the existing goodness of fit techniques, some widely
used are worth mentioning, such as the Kolmogorov-Smirnov test, Cramér—von Mises criterion,
Anderson—Darling test or the Akaike Information Criterion (AIC) or the Bayesian Information
Criterion (BIC). These last two techniques, AIC and BIC, will be discussed in more detail later in
this document, while the others techniques can be consulted in the standard references cited above
or in other probability texts.

4.4.2 Measures of correlation

Dependence is one of the most studied and important concepts in probabilistic and statistic anal-
ysis, and hence in reliability studies. Stochastic dependence has a great impact not only in the
construction of a joint density function but also in the estimation of the probability of failure
(Jogdeo, 1982; Nelsen, 2007).

In practice, there is a wide range of degrees of dependence among geotechnical random variables.
However, dependence in geotechnics is commonly characterized by a simple scalar number that
varies between [—1, 1] and that evaluates the strength and direction of this property. These kind of
coeflicients are commonly known as measures of correlation, and although they are quite useful
and easy to calculate, correlation coeflicients serve only as a first approximation to the whole
structure of dependence of two random variables.

There is a wide variety of correlation measures in the literature, each with its own aims, scopes, and
particular properties (see, e.g., Kotz and Drouet, 2001). However, in this document, we are mainly
interested in two categories, the linear correlation measures, and the measures of concordance.
Linear correlation measures are important as they are the most popular in practice, and they are also
the basis for elliptical distributions (a concept that will be discussed later), such as the multivariate
Gaussian distribution. However, their use in non-elliptical distributions is misleading, erroneous
and sometimes useless (Dutfoy and Lebrun, 2009; Embrechts et al., 2001). On the other hand, the
concordance measures are important since they are the most suitable correlation measures to be
used in conjunction with copula theory.

The concepts of linear correlation and concordance will be discussed in more detail below. And,
in particular, the Pearson’s rho correlation coefficient will be introduced as a measure of linear
correlation, and the Spearman’s rho and Kendall’s tau coeflicients will be introduced as measures
of concordance.



4.4 Construction of copulas for modeling dependence among geotechnical variables 77

4.4.2.1 Linear correlation

Linear relationship between two random variables, X and Y, can be expressed by the following
equation:
EYX=x)=a+px (4-16)

where «a is the intercept and S8 the slope of the straight line that relate the random variables.

In this way, equation (4-16) states that by having X, one could predict the values of ¥ by employing
a direct linear relationship. Nonetheless, two random variables are seldom perfectly associated in
a linear way. Conversely, the straight line that relates the variables must be fitted to the available
information, and even so the dispersion of the data may not allow a good adjustment. Thus, it is
necessary to evaluate the suitability of the linear relationship between two random variables, and
for this purpose the coeflicients of linear correlation are employed. According to Embrechts et al.
(2001) and Ang and Tang (2007), linear correlation can be defined as a measure of suitability of
linear dependence. In particular, Pearson’s rho correlation coefficient is introduced below.

Pearson’s rho This is one of the most popular and extensively used measures of dependence,
given its simplicity and its intrinsic relationship with multivariate gaussian distributions. Pearson’s
rho correlation coefficient is a measure of linear dependence between two random variables. This
measure is expressed in terms of the covariance between the two variables and their respective
variance, as follows.

cov (X1, X»)

X1, Xp) =
P = S Ve

4-17)

Note that an extension to more than two dimensions (d > 2) is straightforward, since the correlation
is evaluated pairwise and a d X d square correlation matrix is formed. For example, given three
random variables, X;, X, and X3, the correlation matrix is expressed as:

1 p (X1, X2) pX1,X3)
o= |p(X3, X)) 1 p (X2, X3)
(X3, X)) p(X3,X5) 1

It can be shown from equation (4-17) that p (X;, X3) € [—1, +1]; here, —1 or +1 would mean a per-
fect linear relationship between the given two variables, either positive or negative, and 0 would
mean linear uncorrelatedness. It is worth noting that linear uncorrelatedness does not mean inde-
pendence, since two variables may have no linear relationship but rather other types of relationships
(see, e.g., Ang and Tang, 2007).

Nonetheless, equation (4-17) expresses that Pearson’s rho correlation between two random vari-
ables depends not only on the covariance of these variables, but also on their variance, and conse-
quently on their marginal distributions. In this sense, we can extract two important remarks.
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1. The range of values that p (X, X;) can adopt will be bounded between p,,;,, and p,... (i.e.,
[Omins Pmax] € [—1, +11), where p,,;, and p,,., are functions of the standard deviation o of the
marginal distributions.

2. Pearson’s correlation coefficient p depends on both, joint distribution and marginal distribu-
tions of the random variables. This behavior is against the nature of copula theory, where
marginal distributions and dependence are isolated.

Since Pearson’s correlation coefficient is only invariant in strictly increasing linear transformations,
but not in strictly increasing transformations, it is necessary to explore other measures of depen-
dence that better agree with the nature of the copulas; the measures of concordance are especially
suitable for this purpose.

4.4.2.2 Concordance

Before introducing the two main rank correlation coefficients, namely Spearman’s rho and Kendall’s
tau, it is important to explore the concept of concordance.

Following Nelsen (2007), let us assume two independent observations (x;, y;) and (xj, y J-) from a
vector of continuous random variables (X, Y). The pair of observations are said to be concordant
if x; < x; whenever y; < y;, orif x; > x; whenever y; > y;. In the same way, these two observations
are said to be discordant if x; < x; whenever y; > y; or if x; > x; whenever y; < y;. Alternatively, it
could be formulated that two observations (x;, y;) and (x iy j) are concordant if (x,- -x j) (y,- -y j) >

0, or discordant if (x,- - X j) (y,- -y j) < 0. In this sense, concordance is a measure of associativity
between large or small values of two random variables.

Rank correlations are native measures of concordance for two random variables (McNeil et al.,
2015). Essentially, a rank correlation is a scalar measure that is based on the ranks of the data
instead of the actual numerical values. From copula theory viewpoint, rank correlation coefficients
only depend on the copula and not on the marginal distributions, which contrasts with Pearson’s
rho correlation coeflicient that depends on both. This fact makes rank correlations the natural and
most appropriate measure of dependence for copulas (McNeil et al., 2015).

With this context, the two well-known nonparametric measures of dependence, namely Spear-
man’s rho rank correlation and Kendall’s tau rank correlation, can be defined as follows.

Spearman’s rho Informally, Spearman’s rho coefficient (p;) could be defined as the linear cor-
relation of the transformed random variables. In this way, given two random variables X and Y,with
CDFs Fy and Fy, respectively, Spearman’s rho coefficient is defined as

ps =p(Fx(x),Fy ()
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When the probability distribution of the random variables is not certainty known, it is convenient
to define Spearman’s rho coeflicient in terms of the ranks of the data. These ranks, denoted as R;
and §;, result from the ordering of the sample of the two random variables, X and Y (see Ang and
Tang, 2007, for details). Then, Spearman’s rho can be defined as:

3. (R~ R)(s. - 5)

ps(RaS): - — 7 —
\/i:l(R,-—R) gl(sl—s)
where
I 1 < n+1
R=S==-Y R=-) §;=
n n 2

Kendall’s tau Conceptually, Kendall’s tau coefficient (7) is defined as the probability of concor-
dance minus the probability of discordance

TX.V)=P(Xx-X)(r-7)>0)-P((x-X)(r-7)<0)

where X and Y are an independent copies of X and Y, respectively, i.e, a second version with the
same distribution but independent of the first.

Analogously, a sample version of Kendall’s tau coefficient is expressed in the following equation:

_Pn_Qn_ 4
B (;) _n(n—l)P"_1

where P, is the number of concordant pairs and Q, the number of discordant pairs of the sample.

Both Spearman’s rho and Kendall’s tau, as well as Pearson’s rho correlation coefficient, are easily
calculable in two dimensions. Furthermore, extensions of these coefficients to more than two di-
mensions are straightforward, since only pairwise evaluations of the variables are required to form
a correlation matrix, as described above for the correlation matrix of Pearson’s rho coeflicients.

Rank measures of dependence, such as Spearman’s rtho and Kendall’s tau, have several properties
that make them especially suitable for their use in copula theory. For instance:

1. Both Spearman’s rho and Kendall’s tau are symmetric and take values within [—1, 1], regard-
less the marginal distributions.

2. A value equal to zero in either of these two rank coeflicients is a stronger indicator of in-
dependence than Pearson’s rho coefficient; however, such hypothesis must be corroborated
with other tests.

3. Rank correlation values of +1 or —1 indicate comonotonicity and countermonotonicity re-
spectively (see, e.g., Embrechts et al., 2002).
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4. Both rank correlations do not depend on marginal distributions, but rather solely on the
adopted copula.

5. Both rank coefficients, unlike linear correlation, are invariant under strictly increasing trans-
formations and are also less sensitive to outliers.

So, rank measures, either Spearman’s rho or Kendall’s tau, are the most suitable and natural mea-
sures to be used in the representation of the strength and direction of dependence between two
random variables, in copula theory.

4.4.3 Popular families of copulas

A great variety of copula functions could be found in the literature, each one with its properties and
dependence structure. Also, it is common to group these copulas into some families or categories,
taking into account some similarities in their properties or in how these copulas are constructed.

Particularly in the geotechnical engineering framework, and after a review of the state-of-the-art,
three families of copulas are mainly used, namely Elliptical, Archimedean, and Plackett copulas.
These families/classes contain a wide range of copula functions, each one with its properties,
advantages, and limitations to represent certain dependence structures.

In this section, we will review the aforementioned three families of copulas. Some theoretical
background and explanation of their properties will be exposed. For an in deep explanation, the
reader is referred for example, to Nelsen (2007), Joe (1997) or Embrechts et al. (2001).

There exist other families of copulas, or copulas functions, widely used and quite studied in sev-
eral fields, such as the Farlie-Gumbel-Morgenstern (FGM), Ali-Mikhail-Haq (AMH) or Marshall-
Olkin copulas. However, the utility of these particular copulas has been rather scarce in geotech-
nics, mainly due to the reduced range of degrees of dependence that they are able to handle.

4.4.3.1 Elliptical copulas

Elliptical copulas stem from elliptical distributions as a consequence of the Sklar’s theorem. The
shape of these distributions is symmetric and from here stems their name, since the isocurves of
their density functions are ellipse-like forms in R".

An elliptical distribution, which is denoted as E, (u, X) in R”, mainly consists of two parameters,
as follows:

1. A localization vector u € R”.

2. A scatter matrix X € M*

oo Symmetric and positive semi-definite (see, e.g., Ang and Tang,
2007).
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These distributions/copulas are radially symmetric around their respective localization vector, and
their scatter is represented by the scatter matrix. Another important remark about these distribu-
tions is that linear correlation coeflicient is their natural measure of dependence, so for a random
vector, each element R;; of the correlation matrix R can be defined as:

Disadvantages regarded to linear correlation have already been studied before in this document.

Rij :p(X,‘,Xj) =

Furthermore, elliptical multivariate distributions, and the definition of their correlation matrix R,
require that all marginal distributions be elliptical (Embrechts et al., 2001). Nonetheless, these two
pitfalls are solved using copula theory.

As in practice we may need a elliptical dependence structure with marginal distributions that are
not the same and that are not necessarily elliptical, other alternatives must be explored. In this
regard, robust linear correlation estimators were proposed by Embrechts et al. (2001). Further-
more, with the support of copula theory, an elliptical copula can be used in conjunction with
non-necessarily elliptical marginal distributions.

In order to apply robust linear correlation estimators, rank measures of dependence have to be
used. Specifically, the relation between Kendall’s tau and Pearson’s rho is suitable for this pur-
pose. In this way, copula parameters of dependence of elliptical copulas, and hence their matrix
of correlation, can be computed through the respective Kendall’s tau coeflicients between pairs of
random variables. This relation is given by the following equation (Frees and Valdez, 1998):

T (X,-, Xj) = 7% arcsin (Rij) (4-18)

where i and j are the indices of the correlation matrix R. Note that if i = j then R;; = 1.

With this brief introduction to elliptical distributions, we are now in a position to present two of
the most used elliptical copulas in geotechnical engineering, namely the Gaussian copula and the
Student-¢ copula. Readers interested in more details about theory of elliptical distributions and
elliptical copulas can find a good exposure of this topic in Embrechts et al. (2001).

Bivariate equations of both Gaussian copula and Student-f copula are presented in table 4-1. Both
copulas are comprehensive copulas, i.e. they both can approach to countermonotonicity W and
comonotonicity M,. Furthermore, equation(4-18) holds for these two copulas as a way of fit-
ting them to a given Kendall’s tau. Extending these two copulas to more than two-dimensions is
straightforward, and this fact is one of the reasons of their popularity.

Although the copula dependence parameter of both copulas can be fitted by equation(4-18), Student-
t copula has an additional parameter of adjustment, namely degrees of freedom v. While Gaussian
copula is a one-parameter copula, the Student-f copula is a two-parameter copula. The number of
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Table 4-1: Bivariate copula function C and copula density function ¢ for Gaussian and Student-¢
copulas
Copula C(u,v;0) c(u,v;0)
1 £16°-20616+86
Vig P [_ I 2(1-6%) : J
£ =07 ;6 =07 ()
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T,+1 = univariate Student’s t CDF with v + 1 degrees of freedom

I' = Gamma function.

Table 4-2: Tail dependence of Gaussian and Student-¢ copulas

Copula A A
Gaussian 0 0
Student-r | 27,4 (—%ﬁ) 2T (_ %\/ﬁ)

T,+1 = univariate Student’s t CDF with v + 1 degrees of freedom

degrees of freedom of a Student-¢ copula controls the strength of both tail dependence coefficients,
i.e. 4, and A;, as stated in the equations presented in table 4-2.

Note that as a consequence of the radial symmetry property of elliptical copulas, both coefficients
of tail dependence of the Student-# copula are equal. Additionally, as v increases, the tail depen-
dence of the Student-¢ copula becomes weaker, and vice versa, as v decreases, the tail dependence
of the Student-¢ copula becomes stronger. In this way, when v tends to infinity, both 4, and 4,
approach to zero.

It is worth mentioning that the Gaussian copula does not have tail dependence, i.e. 4, = 4; = 0.
However, what is truly interesting here is that the Gaussian copula is a particular case of the
Student-¢ copula. Student-7 copula becomes a Gaussian copula when its tail dependence is equal
to zero, i.e., when v tends to infinity. Therefore, Student-# copula has more general dependence
structure than Gaussian copula. Some authors, such as Embrechts et al. (2001), support the use of
the Student-7 copula as an alternative to the commonly used Gaussian dependence structure.

The number of degrees of freedom of a Student-f copula can be estimated from data using fitting
methods based on the concept of maximum-likelihood-estimation, like the ones presented in sec-
tion 4.4.4. When no data is available and just the rank measure of dependence is known, some
authors such as McNeil et al. (2015) recommend to adopt a value of 4 for the degrees of freedom.

Algorithms for modelling both Gaussian and Student-f copulas can be found in Embrechts et al.
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(2001) or McNeil et al. (2015). For illustrative purposes, we construct the Figure 4-4 in order
to show the shape of the resulting bivariate distribution when these two copulas are employed.
Figure 4-4 corresponds to two random variables that follow a standard normal distribution and
that are related with a Kendall’s tau coefficient of 0.3. Three degrees of freedom are used for the
Student-¢ copula.

(a) b)

> 0 = 0
-1 4 —1 1
-2 -2 4
_3 T T T T T _3 T T T T T
-3 -2 -1 0 1 2 3 -3 -2 -1 0 1 2 3
X X

Figure 4-4: Contour plots of two bivariate elliptical copulas with standard normal marginal distri-
butions. (a) Gaussian copula (7 = 0.3), and (b) Student-# copula (r = 0.3 and v = 3)

Note in figure 4-4 that even though Gaussian copula and Student-7 copula are radially symmetrical
and have the same dependence parameter, their shape is different thanks to the tail dependence
of the Student-f copula. Tail dependence will play a key role in reliability analysis, as shown in
section 4.7.

4.4.3.2 Archimedean copulas

Before defining Archimedean copulas, the concept of generator function must be introduced. Fol-
lowing Nelsen (2007) and Embrechts et al. (2001), a generator function ¢ (t) can be defined as a
continuous strictly decreasing function that maps from [0, 1] to [0, co], such that ¢ (1) = 0.

A generator function has a quasi-inverse ¢~ that maps from [0, co] — [0, 1], as follows:

oD = e (1), 0<1r<¢p(0)
0, 0(0)<t< o
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Clearly, ¢V is continuous and decreasing on [0, oo], and it is also strictly decreasing on [0, ¢ (0)].
Thus, on the interval [0, 1], ¢V (¢ (v)) = v. In this way:

o6 0<i<0©
ole (I))_{so(O), p(0) <1< oo

A bivariate Archimedean copula is defined in the following way:

Clu,v) =" (@) + ()

where C is a copula if and only if ¢ is convex. Note that if ¢ (0) = oo, then ¢ is a strict generator,
and thus, ¢! = ¢!, which constitutes a strict archimedean copula C (1, v) = ¢! (¢ (1) + ¢ (v)).

Archimedean copulas constitute one of the most popular and flexible classes of copulas. The ease
to construct these copulas, the ease to sample from them, and the wide variety of dependence
structures, make this class of copulas a suitable option to model dependence in geotechnical engi-
neering.

Although Archimedean copulas overcome some limitations of Elliptical copulas we introduce in
the previous section, there are some disadvantages. Unlike Elliptical copulas, Archimedean cop-
ulas are not derived from the Sklar’s theorem, have closed-form expression, and can model both
radial and non-radial symmetry. However, despite Archimedean copulas are especially suitable
for modeling dependence of two random variables, their extension to more dimensions is not as
straightforward as in the case of Elliptical copulas. Actually, for extending this class of copulas
to more than two dimensions some requirements must be fulfilled, and even so, there are some
limitations over these kinds of procedures.

However, the complexity of the final Archimedean copula increases as the dimension grows. Ad-
ditionally, these extensions are too restrictive since the same dependence structure is applied to all
random variables, which may be different from reality. In this regard, some modern techniques
such as vine copula theory (see section 4.2.7) overcome these types of disadvantages and are more
suitable for modeling high-dimensions dependence structures when using Archimedean copulas.
Readers interested in a succinct review of the extension of Archimedean copulas to more than two
dimensions are referred to Joe (1997) and the references cited therein.

Many generator functions can be found in the literature, and hence many Archimedean copulas
can be constructed. Among all Archimedean copulas, there are four widely used in geotechnical
engineering for modeling dependence, namely Frank, Gumbel, Clayton, and Nelsen No 16 copu-
las. Among other similarities, the aforementioned four copulas have in common the capacity of
modeling a wide spectrum of dependence, which is especially desirable in a copula to be used in
geotechnics.

In particular, Frank copula is a comprehensive copula, Gumbel and Clayton copulas can model a
complete spectrum of positive dependence, and No 16 copula can model a complete spectrum of
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negative dependence and even a weak positive dependence. Additionally, there are some variants
of these copulas, which extend their applicability to other structures of dependence. For example,
Clayton copula can be modified to model both positive and negative dependence, survival copulas
can be used or even a rotated version of the original copulas can be applied. These variants are not
covered here, but readers interested in this topic are encouraged to refer to Nelsen (2007).

As the generator function is the keystone of Archimedean Copulas, it can be used to estimate some
of the copula properties. For example, copula parameter of dependence can be estimated from
Kendall’s tau using the respective copula generator function, and the same for the coefficients of
tail dependence. Thus, complex equations such as the ones of tail dependence (equations (4-6) and
(4-7)), or the one that relates Kendall’s tau and the copula parameter of dependence (see section
4.4.4) can be simplified.

When the first derivate of ¢! is equal to minus infinity, i.e. ¢~ (0) = —oo, coefficients of tail
dependence for archimedean copulas can be defined as:

_]/
A =2 —2lim| £ 2
5—0 (p—l (s)
and
-1 o)
A;zzhm[‘o R S)}
s | @7 (8)

Conversely, if ¢! (0) is finite, then both coefficients of tail dependence will be equal to zero.
Proofs of these formulas are exposed by Genest and MacKay (1986), Joe (1997) and Embrechts
et al. (2001).

Table 4-3 presents some useful information about the most common Archimedean copulas in
geotechnical engineering, namely Frank, Gumbel, Clayton, and Nelsen No. 16 copulas. Further-
more, there are several algorithms reported in the literature for sampling from different archimedean
copulas. A good exposure of these algorithms can be found in Nelsen (2007), Embrechts et al.
(2001) or Phoon and Ching (2014).

Coefficients of tail dependence of the studied Archimedean copulas are summarized in table 4-4.

For comparative purposes, contour plots of the bivariate PDFs generated through these four copulas
are presented in figure 4-5. A coefficient of Kendall’s tau 7 = 0.3) is used to calibrate these copulas,
which is the same used for calibrating Gaussian and Student-z copulas of figure 4-4. Furthermore,
the same marginal distributions, i.e. standard normal, are also for constructing figure 4-5.

Note that the contour plots of the different copulas in figure 4-5 differ considerably, and these in
turn differ from those of figure 4-4. These differences will be reflected in the probabilities of failure
for any performance function, as we will see in section 4.7.
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(a) (b)

Figure 4-5: Contour plots of four bivariate archimedean copulas with standard normal marginal
distributions. (a) Frank copula (v = 0.3), (b) Nelsen No 16 copula (r = 0.3), (c)
Gumbel copula (7 = 0.3), and (d) Clayton copula (7 = 0.3)
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Table 4-3: Generator function ¢, copula function C, and copula density function c in a bivariate

case for some popular Archimedean copulas used in geotechnics.

Copula C(u,v;0) c(u,v;0) w(?)
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Table 4-4: Coefficients of tail dependence for some popular Archimedean copulas used in geotech-

nics.

4.4.3.3 Plackett copula

Copula A Ay
Frank 0 0

Gumbel | 0 |2-2°

Clayton | 271/¢ 0
No 16 0.5 0

Plackett copula is another widely applied copula in geotechnical engineering. This copula belongs
to a family of its own, and it is a particular example of copulas constructed through algebraic
methods. As the theory of the algebraic methods for constructing copulas is out of the scope of
this document, readers are encouraged to refer to Nelsen (2007), where a good introduction to this

topic is presented.

A bivariate Plackett copula has the advantage of being a comprehensive copula, which is quite
useful for modeling the dependence of geotechnical random variables. Additionally, among other
properties, Plackett copula does not have tail dependence, either positive or negative, and is radially-

symmetric, just like the Gaussian or Student-¢ copulas.

However, the extension of Plackett copula to more than two dimensions is not as simple as in
the case of elliptical copulas, and this fact constitutes one of its disadvantages. Although some
researches such as Zhang and Singh (2019) have presented an extension of Plackett copula to
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three-dimensions, its complexity increases significantly, like its limitations. In this regard, it is
worth mentioning again that vine copula theory is especially helpful for modeling dependence in
high-dimensions, and we recommend its use whenever necessary.

Additionally, there is no closed-form expression in the relation between rank coefficients and the
Plackett copula parameter of dependence. Therefore, when adjusting a Plackett copula to a dataset,
the parameter of the copula must be approximated through numerical methods. More of this ad-
justment will be explained in section 4.4.4.

Table 4-5 presents the equations of the bivariate Plackett copula and its associated PDF.

Table 4-5: Bivariate copula function C and copula density function c for the Plackett copula.

Copula C(u,v;0) c(u,v;0)
5= \/52—4uv0(9—1)
Plackett T 20-1D) O[1+(0—1)(u+v—2uv)]
S= 14+ (0= 1) (u+y) | (HE-DumPdmoe-n}"

Coefficients of tail dependence of the Plackett copula are summarized in table 4-6.

Table 4-6: Coefficients of tail dependence for the Plackett copula
Copula | 4 | 4,
Plackett | O | O

Algorithms for sampling from a bivariate Plackett copula can be found in Nelsen (2007) or Li
et al. (2013). Additionally, as it has been done with the other copulas of the different families,
the contour plot of the bivariate PDF generated from of a Plackett copula are presented. For
comparative purposes, figure 4-6 is constructed using a Kendall’s tau coefficient equal to 0.3 for
two random variables distributed as standard normal probability functions.

4.4.4 Estimation of the parameters of a copula

A copula may be specified in terms of one or several parameters that are gathered in a vector 6.
In practice, € is adjusted to a dataset using one of many available methods. In the following, an
introduction to these methods is given, after McNeil et al. (2015), Genest and Favre (2007), and
Durrleman et al. (2000). In particular, the method of moments and the maximum likelihood (with
two of its variants: the IFM and the CML) will be explained.

4.4.4.1 Method of moments based on rank correlations

As stated in section 4.4.2, rank correlation statistics, like Kendall’s tau or Spearman’s rho, are the
natural measures of dependence in copula theory. Even, it is possible to relate both Kendall’s tau
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Figure 4-6: Contour plots of a bivariate Plackett copula for 7 = 0.3 with standard normal marginal
distributions.

or Spearman’s rho to the parameter of dependence of a copula.

When a copula C is absolutely continous, then Kendall’s tau correlation coeflicient 7, between two
random variables X and Y, is defined using the Stieltjes integral (Schweizer et al., 1981; Nelsen,
2007):

1 pl
T(X,Y)=1(u,v) = 4f f C(u,v)dC(u,v) —1 (4-19)
0o Jo

In the same way, Spearman’s rho correlation coeflicient p; between two random variables X and Y
can be defined in terms of an absolutely continuous copula C, as (Schweizer et al., 1981):

1 pl
ps (X, Y)=1(u,v) =12 f f (C(u,v) —uv)dudyv (4-20)
0o Jo

Observe that a reverse procedure is also possible in equations (4-19) and (4-20). That is to say, from
a given Kendall’s tau or Spearman’s rho, the dependence parameter of a copula could be estimated.
However, it is not usual to have the exact value of the rank measure but rather an approximation
so, in this case, the dependence parameter defined through equation (4-19) or (4-20) is also an
approximation.

In some cases, there exist simplifications of equations (4-19) and (4-20). Nonetheless, unfortu-
nately in some other cases, these simplifications are not possible, and even equations (4-19) and
(4-20) may not have an analytical solution.

In the case of Archimedean copulas equation (4-19) can be simplified as a one-dimensional integral
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in terms of the generator function and its derivate, as (Genest and MacKay, 1986):

r:1+4f1"0,—(t)dz (4-21)
0o ¢ @

Furthermore, for some archimedean copulas, such as Gumbel and Clayton copulas, equation (4-21)
can be further simplified, obtaining a quite simple algebraic expression (see table 4-7). Nonethe-
less, not all Archimedean copulas achieve this level of simplification, such as in the case of Ali-
Mikhail-Haq copula (see, e.g., Nelsen, 2007), so numerical methods have to be employed over
equation (4-21) or equation (4-19).

Regarding elliptical copulas, Pearson’s rho correlation coeflicient is their main descriptor of de-
pendence, i.e. their copula parameter of dependence. However, as stated in section 4.4.2, this
coeflicient has many disadvantages from the copula’s theory viewpoint. To overcome these disad-
vantages, relationships between Pearson’s rho and rank measures of dependence can be used, such
as the ones of equations (4-19) or (4-20).

These estimates lead to the already presented equation (4-18), that relates Kendall’s tau and the
parameter of dependence of elliptical copulas. Additionally, there also exists a direct estimation of
the elliptical copula parameter of dependence from Spearman’s rho coefficient, which is given by
(McNeil et al., 2015):

6 . (Rij
Ps (Xi, X,-) = _arcsin (TJ) (4-22)

where R;; is the ij-th element of the correlation matrix that contains the copula parameters of
dependence.

However, it is worth saying that equation (4-22) results in good approximations for Gaussian cop-
ulas, but this is not the case of other elliptical copulas such as the Student-# (Hult and Lindskog,
2002). In this sense, it is preferable to employ the relationship 7 — p, given by the equation (4-18),
since it is more robust and applicable to all elliptical copulas (McNeil et al., 2015).

As stated before, not all copulas have a closed-form solution of equations (4-19) or (4-20), such
as the Plackett copula. In these cases, numerical methods have to be employed to approximate the
copula parameter of dependence by employing rank measures.

Table 4-7 summarizes the simplified equations that relate 7 and the copula parameter 6 for the most
commonly used copula functions in geotechnics. When the relationship is not specified, it means
that equation (4-19) must be solved using numerical methods. Additionally, table 4-7 also presents
information on the range of 7 values that the studied copulas in section 4.4.3 can model, as well as
the range of values that their respective dependence parameter can adopt.

4.4.4.2 Maximum Likelihood Estimator

A well-known alternative to the method of moments is the method of maximum likelihood esti-
mation (MLE), which may be more robust and suitable than the method of moments when the
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Table 4-7: Simplified relationships between 7 and 6 for some widely employed copulas in geotech-

nics.

Copula | Range of 7 | Relationship 7 — 6 | Range of 6
Gaussian | [-1,1] 7= 2sin"' () [-1,1]
Student- | [-1,1] T =2sin"' () [-1,1]
Plackett [-1,1] - (0, 00) \ {1}

Frank® | [-1,11\{0} | 7=1- %+ 42 | (—c0,c0)\ {0}
Gumbel [0,1] T=1-1 [1,00)
Clayton | [-1,1]\{0} T=5% [—1, 00)\ {0}
No. 16 [-1,1/3) - [0, o)
“Debye function D; (8) = [’ 2% dx

information is scarce (Ang and Tang, 2007; Genest and Favre, 2007). This method allows to es-
timate parameters of a probability distribution by maximizing its likelihood function based on the
available data.

In the framework of copula theory, the MLE maximizes concurrently both marginal distributions
parameters and copula parameters. In other words, by a single optimization, the most probable
points in the parameter space for both structures are obtained.

Following Durrleman et al. (2000), consider a continuous case for both the copula function C
and all marginal distributions Fx,, where i = 1,2,...,d, and d stands for the number of random
variables. Now, assuming that the copula density c exists, and hence the joint PDF is given by
equation (4-3), the expression of the log-likelihood can be written as (Joe and Xu, 1996):

N N d
1O) = > Inc(Fi(x:61), F2 (x4:6) ... F; (¥ 00);@) + > > In fi (x:6) (4-23)
=1

=1 i=1

where x! is the d-dimensional sample of size N, 6, and « are the vectors of parameters of the
marginal distributions and the copula function, respectively, and 6 = (6., 0., ... ,60,; @).

By maximizing equation (4-23), the parameter vector @ is obtained, which corresponds to the max-
imum likelihood estimative. That is to say, € is the parameter vector, from both copula functions
and marginal distributions, that maximizes the likelihood function of the model.

It is worth mentioning that the availability of the data is mandatory to carry out the MLE method
since otherwise there is no way to maximize equation (4-23). By contrast, the method of moments
based on rank correlations can be carried out by using the data or directly by a known Kendall’s
tau / Spearman’s rho. Furthermore, note that both MLE method and moments method are strongly
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influenced by the amount and quality of data, since the greater amount/quality of data the more
accurate estimates are obtained.

In some cases, the MLE method may seem less attractive than the method of moments, since it
may involve a higher computational calculation cost over the copula density function and marginal
distributions at the same time. However, this should not be a problem considering current compu-
tational capabilities.

On the other hand, the applicability of the MLE method is greater than the one of the method of
moments, since the MLE method is especially useful when the copula has more than one fitting-
parameter (Genest and Favre, 2007). In this way, the degrees of freedom of a Student-# copula
can be adjusted using the MLE, which is not possible using the method of moments. Thus, the
MLE is a more comprehensive strategy than the method of moments, since the latter only adjusts
the copula parameter of dependence and needs the help of other methods to adjust the rest of the
parameters, in case they exist.

4.4.4.3 The inference functions from margins and the canonical maximum likelihood
methods

Although the MLE is a quite robust and widely applicable method, it may become unfeasible in
very high dimensions. The MLE method estimates both parameters of the marginal distributions
and parameters of the copula function at the same time, and therefore it may be too computation-
ally expensive. In this way, following the nature of the maximum likelihood methodology, it is
necessary to explore other methodologies that are computationally more efficient but at the same
time more robust and widely applicable.

The inference functions for margins method (IFM), appears as an alternative for estimating both
copula function parameters and marginal distributions parameters (Joe and Xu, 1996). The IFM
method differs from the MLE method in the sense that the optimization is not done at the same
time for the copula function and the marginal distributions. Instead, this procedure splits the MLE
method into two stages. The first one fits the parameters of the univariate marginals distributions

A

0, using
N
. g
0, = arg max Zl In f; (x};60;)
=

and in the second one, the copula vector of parameters « is computed based on 8;, as follows

N
& = arg max Z: Inc (Fl (x’l ; 01) ,F, (xtz; 02) ...Fy (xi,; Od) ;a)
=
As we can see, the IFM method follows the same nature of the MLE method, so they both share the

same advantages over the method of moments. However, the IFM method is less computationally
expensive than the MLE method, so its use in practice is sometimes preferred.
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Additionally, following the idea of maximum likelihood estimation, there is a third technique
known as the canonical maximum likelihood (CML) method. In this method, copula parame-
ters are estimated without specifying marginal distributions, and for this purpose, empirical dis-

n
tributions are used to transform the original data {(x’l, . .x&)}l_l into values in the uniform space

n
{(ufl, ... “iz)} . In this sense, we can rewrite equation (4-23) as follows:
t=1

N
& = argmaxZ:lnc(ifl,it’2 L)
a
=1

where i/, is obtained through the empirical marginal distribution as follows:

At Rl
u. =
" ON+1

(4-24)

in which R; is the rank of the sample ¢ and N is the total number of samples.

As a remark, these three maximum likelihood based methods (i.e. MLE, IFM and CML) result
in quantities quite similar but with some degree of discrepancy. Especially, differences are more
pronounced between the CML method and the other two methods, since the MLE and IFM meth-
ods do take into account a parametric function for the marginal distributions and the CML method
does not. According to Durrleman et al. (2000), if there exists a considerable difference between
the results of the CML method and the ones of the MLE-IFM methods, these discrepancies may
be indicative that marginal distributions are not well defined. In this case, the criteria for adjust-
ing/selecting marginal distributions must be checked.

4.4.5 Tests of goodness-of-fit for copulas

Let us consider a sample ¥ = {xi eRI:i=1,2,... ,N}, and a set of copulas C fitted to that
sample through any method exposed in section 4.4.4. The question that arises is which copula in
C provides the best representation of dependence for the sample? In this regard, it is necessary to
apply some criteria to evaluate which copula among the candidate copulas C is the most suitable.

In the case of marginal distributions, there are several popular goodness-of-fit tests, such as the
Chi-Square (y?), the Kolmogorov-Smirnov (K-S), or the Anderson-Darling (A-D) tests (see, e.g.,
Ang and Tang, 2007, for more details). However, in the case of copula functions, there are no
widely used and accepted methods such as in the selection of the marginal distributions. Attention
has been commonly focused on how to fit copulas to data (as seen in section 4.4.4) and not on
how to choose the most appropriate copula for a data set. For this reason, the selection of the best
fit copula, especially when the information is scarce, is an open question in the state-of-the-art
(Genest et al., 2009).

Following Genest et al. (2009), methods that seek to select the most appropriate copula for repre-
senting the dependence of a d-dimensional sample can be divided into four categories:
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e Special procedures for a certain family of copulas, like in the case of archimedean or Gaus-
sian copulas (see, e.g., Malevergne et al., 2003; Genest and Rivest, 1993; Barbe et al., 1996).

e Procedures applicable to any type of copula, but whose implementation require an arbitrary
parameter, kernel-weight functions or ad hoc categorization of the data in order to apply an
analogous of the chi-square test.

e Procedures applicable to any type of copula, in which it is not required the adoption of any
parameter or special strategy. These methods are called blanket tests, and their application is
based on some transformations such as the Kendall’s transform, the Rosenblatt’s transform
or the empirical copula (see Genest et al., 2009).

e Standard goodness-of-fit tests, whose implementation is aimed at choosing the most appro-
priate copula in a set of candidate copulas C, but not to test whether the selected model is
suitable in the light of some measure such as the P-value (see, e.g., Ang and Tang, 2007;
Kottegoda and Rosso, 2008, for its definition).

During the review of this state-of-the-art, we found that the most used tests for selecting the best
copula, and almost the only ones employed, belong to this last category. Thus, standard goodness-
of-fit tests, specifically the Akaike-Information-Criterion (AIC) and the Bayesian-Information-
Criterion (BIC), are widely used for selecting the better copula in C when representing the de-
pendence of geotechnical variables. However, these two tests do not validate the choice of the
copula.

To clarify this concept, take into account that standard goodness-of-fit-tests seek to define the cop-
ula, within a set of candidate copulas C, that best represents the available information. However,
if all copulas in C are poor representatives of the sample dependence, the least poor representa-
tion of dependence (i.e., copula) will be selected. Therefore, all copulas in C must be responsibly
proposed, taking into account some characteristics such as the range of dependence values that the
copula can handle, tail dependence, symmetry, etc. For example, if two random variables have a
negative correlation, C must contain copulas that can model negative dependence, and not copulas
that are only restricted to positive dependence.

Other methods worth delving are the blanket tests, since these validate the suitability of a copula
through some criteria such as the P-value. An excellent exposure of these methods is given by
Genest and Favre (2007) and Genest et al. (2009), so readers are encouraged to consult these
references. In this document we will introduce two blanket tests based on the empirical copula and
the statistics the Cramér-von Mises and Kolmogorov-Smirnov tests.

In this way, section 4.4.5.1 is devoted to two goodness-of-fit tests based on the empirical cop-
ula, specifically the Cramér-von Mises and Kolmogorov-Smirnov goodness-of-fit tests. On the
other hand, section 4.4.5.2 is devoted to two standard goodness-of-fit tests, specifically the Akaike
Information Criterion and the Bayesian Information Criterion.
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4.4.5.1 Goodness-of-fit test based on Empirical Copula

Starting from the concept of empirical copula already introduced in section 4.2.6, it is possible
to apply analogous methodologies to the univariate Cramér-von Mises and Kolmogorov-Smirnov
goodness-of-fit tests in order to evaluate the suitability of a copula function when modeling the
dependence of a data sample. For this purpose, it is necessary to compare the distance between the
empirical copula C, and the parametric copula C, under the null hypothesis Hy, i.e., the evaluated
copula model cannot be rejected.

In this way, Cramér-von Mises test statistic S ,, employing an empirical copula, is defined as:

S, = VN (C, () - Cy (w)) dC, (u) (4-25)

(0,11

Analogously, Kolgomorov-Smirnov test statistic (7)) can be expressed as:

T, = sup [VN(C, () - C@))|. (4-26)

uel0,11¢
In the above equations, N is the sample size and C, (u) is the empirical copula constructed through
equation (4-10).

When Cy has an analytical expression, then S, and T, can be directly computed using equa-
tions (4-25) and (4-26), respectively; otherwise, a Monte Carlo simulation with m trials would
have to be applied:

1. Draw a d-dimensional random sample U7, ..., U,, from Cy, with m > n.

2. Approximate C,, by:

1 m
B (u) = EZI{(U?‘ <u), uelo,1]"
i=1

3. Compute S, and/or T, by:

n

S, {C, (U) - B, (UpY (4-27)

i

=1
sup |V (C, (U) - B, (U))| (4-28)

uel0,11¢

T,

After fitting the copula function, the P-value can be approximated from both tests using a para-
metric boostrap simulation conducted N times, being N some larger integer, as follows:

1. Draw a random sample X}, ..., X, , from the copula Cy,, and compute the respective rank
vectors R;f‘,k, ..., R}, using equation (4-9).
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2. Compute U,k, fori =1,...n, using equation (4-8).

3. Let
G =1y w <
u) =— "<u
n nizl i =

4. For the evaluated copula, estimate the fitting paremeters from U;. This can be done using
any of the methods described in section 4.4.4.

5. Compute the tests statistic either directly through equations (4-25) and (4-26), or approxi-
mately through equations (4-27) and (4-28).

6. Approximate the P-value of the tests statistic employing any of the following equations:

1

= ]I k>S

val ue

Pyaue =

- uMZ

I[(T:’k >T,)

2=

1

4.4.5.2 Akaike and Bayesian information criterion

The Akaike Information Criterion (Akaike, 1974), and the Bayesian Information Criterion (Schwarz
et al., 1978), hereinafter referred to as AIC and BIC correspondingly, are criteria of model selec-

tion within a finite set of candidate models. That is to say, both AIC and BIC evaluate the quality

of a model and compare it with the quality of the other candidate models that represent the data

set. In practice, these two criteria are closely related, although their origin and nature is different

(Burnham and Anderson, 2004; Vrieze, 2012).

Akaike information criterion is defined as:
AIC =2k - 2I (4-29)
meanwhile Bayesian information criterion is given by:
BIC =kInN -21Inl;, (4-30)

here k represents number of model/copula fitting parameters (for a parametric copula where 6 is a
one-dimensional vector, then k = 1), / stands for the value of the likelihood function of the copula
density function adjuted with ; N is the sample size, equivalent to the number of observations or
measures.

In both cases, the copula C with the smallest AIC/BIC in the set C must be the preferred copula.
Equations (4-29) and (4-30) can be divided into two parts, one that corresponds to the adjustment
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of the model to the available data, represented by the likelihood function L, and the other corre-
sponding to the number of parameters used by the model, represented by k. Thus, both tests have a
preference for the models that best fit data, but in turn, penalize the complexity of the model given
by the number of adjusted parameters. Therefore, the both tests look for models that neither overfit
nor underfit the true model.

Although these two tests are quite similar, and even the AIC can be derived from a Bayesian
framework just like the BIC (Burnham and Anderson, 2004), there are several differences between
them. For example, penalty for the number of parameters is greater in the case of the BIC test in
comparison to the AIC test. Additionally, some authors argue that the use of the AIC or BIC tests
must be evaluated depending of the target task (Burnham and Anderson, 2002, 2004).

Particularly, the BIC test is argued as especially useful for selecting the “true model”. Thus, if the
true model is in the set of candidate models, the BIC test will select it with a probability of one
when the sample size tends to infinity. Nonetheless, in geotechnical engineering practice, there is
no true or perfect model since these are just approximations of reality, and as an aggravating factor,
sample sizes are usually small. Therefore, under these circumstances, the AIC has shown a better
performance than the BIC.

Nonetheless, as the formulas of AIC and BIC tests are easily calculable, it is a good practice to
compute both and compare the selected best model within the candidate models set. Usually, the
best model will be the same independently of the used test. A detailed comparison between these
two methods is exposed by Burnham and Anderson (2002, 2004); Vrieze (2012).

4.5 Some applications of copula theory in geotechnical
engineering

This section is devoted to present several uses of copula theory in geotechnical engineering, in
concordance with the current state-of-the-art. Section 4.5.1 describes how they have been em-
ployed to model the dependence between shear strength parameters. Section 4.5.2 discusses the
applicability of copulas for modeling settlement parameters. The uses of copulas in geotechni-
cal earthquake engineering and soil spatial interpolation are presented in section 4.5.3 and section
4.5.4, respectively. Other uses of copulas in relation to geotechnics are presented in section 4.5.5.
Since reliability analysis is one of the main applications of copulas in geotechnics, section 4.7 will
be devoted to discuss this topic.

4.5.1 Shear strength parameters of the Mohr-Coulomb failure criterion

In geotechnical engineering, Mohr-Coulomb failure criterion is a popular mathematical model
that describes the respose of soil and rock materials to shear and normal stresses. This model
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is represented by a linear envelope that relates the shear strength of the material and the applied
normal stress, as:

T=0tan¢ +c 4-31)

where 7 is the shear strength, o is the normal stress, and ¢ and ¢ are the shear strength parameters,
cohesion and friction angle, respectively. Note that in equation (4-31), cohesion is the intercept of
the envelope with the 7 axis, and tan ¢ is the slope of the envelope. Furthermore, depending on the
loading conditions both ¢ and ¢ can be either total stress parameters or effective stress parameters.

Both cohesion and inner friction angle are commonly obtained from the same laboratory test, either
by a direct shear test or by a triaxial test (see Lambe and Whitman, 1991; Mitchell et al., 2005,
for details of these two tests and their modalities). For this reason, and since both parameters
come from the same soil or rock sample, there exists an intrinsic relation between them that can be
studied from a probabilistic perspective. Some researches have pointed out a negative dependence
between cohesion and friction angle (see, e.g., Low, 2007; Li et al., 2011; Tang et al., 2012), and
others a positive one (see, e.g., Lumb, 1970; Wolff, 1985). Whatever the case, this dependence
exists and cannot be neglected, as stated by Lumb (1970), Matsuo and Kuroda (1974), Cherubini
(2000), Fenton and Griffiths (2003) or Fellin and Oberguggenberger (2012). Nonetheless, some
researches have worked with cohesion and friction angle as independent parameters (see, e.g.,
Alonso, 1976; Tobutt and Richards, 1979; Li and Lumb, 1987; Lee and Chi, 2011; Nguyen and
Chowdhury, 1984), although this is an unwarranted assumption.

A rudimentary approximation to the dependence between cohesion and inner friction angle is ex-
pressed in terms of Pearson’s rho correlation coefficient (employed by, e.g., Lizarraga and Lai,
2014; Parker et al., 2008; Hata et al., 2008). However, this approximation is not adequate con-
sidering the large dispersion between values of these two parameters and the disadvantages of
Pearson’s rho correlation coefficient that have already been exposed in section 4.4.2. Nonetheless,
since Pearson’s rho coefficient is quite simple to compute and is the basis of the popular multivari-
ate normal distribution, it has been widely employed in geotechnical engineering (see Baecher and
Christian, 2005; Soubra and Mao, 2012, for further details).

Given that the multivariate normal distribution is quite restrictive and in general has several disad-
vantages (see section 4.3), other alternatives had to be explored to model the dependence between
soil shear strenght parameters. The Nataf isoprobabilistic transformation was one of these alter-
natives, and in particular, this transformation was one of the most widely used approaches for
modeling dependence before the development of copula theory. However, as exposed in section
4.4.2, the Nataf transformation is indeed a particular case of the Gaussian copula. Thus, in light of
copula theory, soil shear strength parameters have been modeled employing only one dependence
structure, the one given by the bivariate Gaussian copula.

To fill this gap, some researches have evaluated other alternatives to the Gaussian copula to model
the dependence between shear strenght parameters, such as the Plackett, Frank, or Nelsen No. 16
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copulas (see, e.g., Tang et al., 2015; Xu et al., 2016a; Tang et al., 2017; Wu, 2013a,b). Note that
the aforementioned copulas can handle a wide spectrum of negative and positive dependence. This
property is needed since the dependence between soil shear strength parameters varies in a wide
spectrum of negative values, and even sometimes positive values are reported in literature. Some
popular copulas such as the Farlie-Gumbel-Morgenstern (FGM) or the Ali-Mihkail-Haq (AMH),
which are restricted to a relatively weak dependence (Nelsen, 2007; Sriboonchitta and Kreinovich,
2018), may not be suitable to model the dependence of soil and rock shear strength parameters.

Furthermore, it is worth mentioning that the copulas in the set of candidate copulas C, for repre-
senting a dataset of soil shear strength parameters, must be varied and have different properties
such as asymmetry, tail dependence, range of dependence values, etc. These differences allow to
evaluate several possibilities in order to select the one that best fits the structure of dependence of
the dataset.

As an illustrative example, in this section we are carrying out the exercise of defining a copula
model for a effective shear strength dataset. This exercise will be executed based on the procedure
studied in section 4.4 and it is in concordance with the current state-of-the-art on the construction
of copula functions for soil/rock shear strength parameters. Comparisons with other investigations
of the same nature, and some remarks, that in the judge of the authors are worth highlighting, are
also presented. It is worth mentioning that this exercise can be extended to other geotechnical
parameters, so it is not limited to soil/rock shear strength parameters.

For this example, the effective shear strength dataset from the Xiaolangdi Hydropower Station
is employed (readers can consult this dataset in Zhang et al., 2013). In particular, the measures
obtained from two loading conditions of triaxial tests, namely consolidated-drained test (CD) and
consolidated-undrained test (CU), are used. The sample size of each one of these datasets is equal
to 63 and 64 respectively.

This dataset is particularly useful since it has already been studied from a probabilistic perspective,
and even from copula theory framework, in other works (see, e.g., Phoon and Ching, 2014; Liet al.,
2015b). A comprehensive soil description and a probabilistic description of the data can be found
in Yu (2006) and Zhang et al. (2013).

As a preliminary step, it is necessary to study the type of dependence between cohesion and friction
angle of each triaxial test modality. For this purpose, dependence can be isolated of the effect of
marginal distributions by applying the empirical distribution over the original dataset.

Following this guideline, figure 4-7 contains two scatter plots in the uniform space for each loading
condition of triaxial test. This scatter plots are obtained after applying the transformation given by
the empirical distribution, equation (4-24).

Scatter plots of figure 4-7 show that there exists a negative trend between cohesion and friction
angle for both modalities of triaxial tests. Points of all the scatter plots of the figure 4-7 are located
next to a —45° slope line, which represents a perfect negative dependence.
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Figure 4-7: Scatter plots in the standard uniform space of ¢ vs ¢, from the dataset of the Xiaolangdi
Hydropower Station after employing the tranformation given by the empirical distri-
bution. (a) CD dataset, (b) CU dataset.

The negative correlation between cohesion and friction angle for both triaxial test modality is val-
idated through the respective Pearson’r rho and Kendall’s tau coefficients. The resulting Pearson’s
rho coefficients for the CD test and CU test are equal to —0.544 and —0.702, respectively. The
resulting Kendall’s tau coefficients for the CD test and CU test are equal to —0.384 and —0.544,
respectively.

Considering this negative dependence, one might already have some candidate copulas in mind to
model the dataset. For instance, the Gaussian, Plackett, Frank and Nelsen No. 16 would be good
options. Furthermore, some other copulas that have not been extensively used, so far, to model
shear strength parameters can be proposed. For instance, the Student-¢ Copula is a suitable option,
although it has been only used in a few works of copulas in geotechnics (e.g., Wu, 2015, 2013a).
Some researchers point out that the Student-# copula is more general than the Gaussian copula, and
should be used instead of this last one when possible (see, e.g., Embrechts et al., 2001).

It is worth mentioning that some other authors have even worked with copulas that are not suitable
to model negative dependence in a first instance, such as the Gumbel or Clayton copulas (e.g. Wu,
2015; Xu et al., 2016a). For this purpose, they transform one of the random variables to force a
positive dependence. This operation is also valid and allows to take advantage of the particular
properties of interest of some copulas. Details of this transformation can be found in the above
references or in Nelsen (2007).

Now, the next step is to adjust the candidate copulas to the available data. Recalling section 4.4.4,
there exist four practical methods to adjust the candidate copulas to the available information. The
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MLE method calibrates both copula function and marginal distributions at the same time, while
the IFM, CML, and moment methods, calibrate marginal distributions and the copula function
separately.

In the literature, these four fitting methods have been indiscriminately used for adjusting copulas
to shear strength parameters. The MLE method was employed by Zhang et al. (2014) to adjust
marginal distributions and copulas at the same time. On the other hand, Huang et al. (2014),
Phoon and Ching (2014), and Wu (2015) employed the IFM method to firstly adjust marginal
distributions and posteriorly copula functions. The CML was exposed in the work of Tang et al.
(2017). Finally, the method of moments has been used by Xu et al. (2016a), Wu (2013a), or Tang
et al. (2013).

It is possible to conclude that the most used methods for fitting copula functions to datasets of shear
strength parameters correspond to the IFM method and the method of moments. Note that unlike
the IFM method, the method of moments only estimates the copula parameter of dependence, so
other copula parameters and marginal distributions must be adjusted independently.

However, the importance of fitting copula functions and marginal distributions at the same time,
i.e., of using the MLE method to adjust copulas to data, was pointed out by Zhang et al. (2014).
In this regard, Zhang et al. (2014) expresses that copulas affect the fitting values of the marginal
distributions, so for a robust estimation of the models, the MLE method must be used instead of
the other methods.

We agree with Zhang et al. (2014) at considering the MLE method as the most robust method for
fitting copula functions to data; some other researches, such as Durrleman et al. (2000), support
this postulate. This consideration is based on the fact that data is obtained as samples and not
as populations, so there will be discrepancies among the results of the four fitting methods. The
scarcer the information, the greater the discrepancies between results of the methods; and vice
versa, the more information, the smaller the differences among results of the methods. The MLE
method, by fitting marginal distributions and copula at the same time, maximizes the likelihood
function of the model and may lead to the best model estimative based on the available data; this
in comparison to other methods that adjust separately marginal distributions and copulas.

Nonetheless, when fitting copula models to data, Zhang et al. (2014) allows negative values of soil
cohesion, which is physically impossible. In this way, the work of Zhang et al. (2014), and its
conclusions, must be reviewed in light of this physical restriction. It is important to be aware of
the physical restrictions of the random variables, since they has a direct impact on the final results.
Thus, further studies should be carried out to quantify the discrepancies between the fit values of
models, obtained through all the different methods used for this purpose.

As an example in this document, several marginal distributions will be adjusted to the data max-
imizing their likelihood function. These marginal functions are the truncated normal below zero,
lognormal, gamma, beta, and weibull distributions. Then, the suitability of each marginal distribu-
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tions will be compared through goodness-of-fit-test.

There are several goodness-of-fit tests for univariate distributions (see e.g. Ang and Tang, 2007;
Kottegoda and Rosso, 2008), and some of these have been widely applied to model the distributions
of the shear strength parameters. In the copula framework for modeling shear strength parameters,
the Kolgomorov-Smirnov test has been used by Huang et al. (2014) or Xu et al. (2016a), and the
Anderson-Darling was used by Wu (2013a,b). Even the AIC and BIC methods have been used
as means of model selection of univariate distributions (e.g. Phoon and Ching, 2014; Tang et al.,
2017), although these do not constitute a formal goodness-of-fit test (see section 4.4.5.2).

In most cases, the Kolmogorov-Smirnov test is enough to assess the feasibility of a univariate
probability model, and no other tests are needed. Thus, the K-S test is applied in this document
to define the best-fit marginal distributions at a significance level of 0.05 (@ = 0.05). Results are
summarized in table 4-8.

Table 4-8: K-S values of the different marginals distributions. Here D,,,, stands for K-S test statis-

tic.
Triaxial test | Parameter | truncated normal | lognormal | gamma | beta | weibull | D,
c 0.072 0.127 0.102 | 0.06 | 0.067 | 0.171
CD 10) 0.109 0.093 0.098 | 0.146 | 0.151 | 0.171
CU c 0.056 0.173 0.127 | 0.092 | 0.076 | 0.17
1) 0.082 0.111 0.1 0.103 | 0.091 0.17

Note: Bold value in each row indicates the best-fit distribution according to the K-S test.

On the other hand, AIC/BIC values of all the marginal distributions were computed and used in
the original work of Phoon and Ching (2014, chap. 2) to define the best fitting model to data. As
a comparative exercise, it is interesting to contrast best-fit marginal distributions obtained through
these two methodologies, i.e. K-S test and AIC/BIC test. Table 4-9 presents the AIC/BIC values
for all the parameters and marginal distributions.

Table 4-9: AIC/BIC values of different marginals distributions

o truncated normal lognormal gamma beta weibull
Triaxial | Parameter A1~ T BIc | AIC | BIC | AIC | BIC | AIC | BIC | AIC | BIC

c 568.6 | 572.89 | 589.77 | 594.06 | 579.83 | 584.11 | 567.93 | 572.22 | 568.94 | 573.23
cb () 300.86 | 305.14 | 300.26 | 304.55 | 300.15 | 304.44 | 307.77 | 312.05 | 310 | 314.29
cuU c 613.14 | 617.46 | 645.97 | 650.28 | 627.48 | 631.79 | 617.58 | 621.9 | 617.01 | 621.33
() 340.34 | 344.66 | 342.11 | 346.43 | 341.03 | 345.35 | 341.75 | 346.07 | 343.85 | 348.16

Note: Bold values in each row indicate the preferred distribution according to the AIC and BIC tests.

In the first instance, it is evident that there are some minor discrepancies between some AIC/BIC
values reported in this document compared with those reported by Phoon and Ching (2014, chap. 2).
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These discrepancies are mainly due to two reasons: the fitting method and the limits of the trun-
cated functions. While the method of moments was used by Phoon and Ching (2014, chap. 2), in
this document the likelihood of each distribution was maximized. Therefore, it is expected that
different fitting parameters were obtained, although close.

As an interesting remark, note that AIC/BIC values reported in this document are in all cases
smaller than those reported by Phoon and Ching (2014, chap. 2). This fact indicates that maximiz-
ing the likelihood functions lead to better-fit models than those obtained by the method of moments
used by Phoon and Ching (2014, chap. 2).

Regarding best-fit marginal distributions, both methodologies agree on their definition in the ma-
jority of cases. Note that in this particular example, most suitable marginal distributions differ in
the case of inner friction angle of the CD triaxial test. Nonetheless, in this case the best-fit dis-
tributions obtained through both methodologies have quite similar values of AIC/BIC or K-S, so
their data representation is similar and their differences are minor, in practice.

Additionally, the present work includes two marginal distributions that were not evaluated in the
study of Phoon and Ching (2014, chap. 2), namely the gamma and beta probability distributions.
Particularly, these two distributions are found suitable to model both shear strength parameters
of the consolidated drained triaxial test. This find is a motivation to include different types of
univariate distributions within the set of candidate distributions to represent cohesion and friction
angle, or other geotechnical parameters.

After defining marginal distributions, the next step is proposing a set of copulas, adjust them to
data, and select the most suitable one. For this purpose, the same copulas proposed by Phoon and
Ching (2014, chap. 2) are evaluated in this document, i.e. Gaussian, Plackett, Frank, and Nelsen
No. 16 copulas. Additionally, Student-# copula is also evaluated since it is a more general copula
than the Gaussian copula, and its use is recommended by some researches such as Embrechts et al.
(2001).

The parameter of the dependence of each copula is fitted through the method of moments, i.e.,
using equation (4-19) or its simplifications. Furthermore, the number of degrees of freedom of the
Student-¢ copula is assumed to equal to 4.0 as recommended when it is not possible to estimate it
(McNeil et al., 2015).

Although in this case a maximum likelihood estimation can be carried out to compute the number
of degrees of freedom of the Student-¢ copula, for illustrative purposes v is assumed in order to
represent tail dependence and compare the Student-# copula with the Gaussian copula.

Figure 4-8 presents scatter plots for the CD triaxial test of the Xiaolangdi Hydropower Station,
in conjuction with 300 points simulated through the aforementioned 5 copulas, after their respec-
tive adjustment to the data. It is worth mentioning that for this simulation the best-fit marginal
distributions defined in table 4-8 were employed.
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Figure 4-8: Simulation of CD data from different copulas. Cohesion modeled as a beta distrubu-
tion and friction angle modeled as a lognormal distribution (a) Gaussian copula, (b)
Student- copula, (c) Plackett copula, (d) Frank copula, (e) Nelsen No 16 copula
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It seems that all copulas well-fit to data, but evidently their suitability must be validated through
goodness-of-fit tests. For this purpose, the AIC or BIC values were computed for each copula and
triaxial test. The results of these calculations are summarized in table 4-10.

Table 4-10: AIC and BIC values for all the studied copulas in the example of shear stenght param-

eters
Gaussian Student-¢ Plackett Frank Nelsen No. 16
Triaxial Test ™"A1c [ BIC | AIC | BIC | AIC | BIC | AIC | BIC | AIC | BIC
CD 21965 | -17.51 | -13.72 | -9.44 | -18.05 | -15.91 | -20.22 | -18.07 | -15.4 | -13.26
Cu 43.62 | -41.47 | -39.72 | -35.4 | -43.12 | -40.96 | -44.22 | -42.07 | -32.46 | -30.3

Note: Bold values in each row indicate the preferred Copula according to the AIC and BIC tests.

From table 4-10, Frank copula is defined as the most suitable copula for the datasets of CD and
CU triaxial tests. This means that the Gaussian copula is not the best representation of dependence
between soil shear strength parameters of the Xiaolangdi Hydropower Station.

Gaussian dependence structure is commonly adopted without validation in practice, but in the light
of copula theory, this is just one of several dependence structures. Therefore, the suitability of the
Gaussian copula for modeling dependence of a dataset must be evaluated and contrasted with other
copulas. The same conclusion is found in the many studies of dependence between soil/rock shear
strength parameters from the framework of copula theory.

Additionally, note that in this particular case Gaussian copula performs better than Student-¢ cop-
ula, as observed in the AIC/BIC values of table 4-10. These differences between the AIC/BIC
values of the Gaussian and Student-# copula are due to the assumed degrees of freedom. In this
way, shear strength parameters from the Xiaolangdi Hydropower Station are better represented
with no tail dependence. This is corroborated with the best fit copula since the coefficient of tail
dependence is equal to zero for Frank copula.

There exist other shear strength datasets that have been studied from a copula theory perspective.
For instance, it is worth mentioning the datasets of the Ankang Hydropower station (see Tang et al.,
2013; Zhang et al., 2014), the dataset of the Jiangkou, Shuikou, and Ertan hydropower stations (see
Tang et al., 2013), the dataset of the Shicuan hydropower station (see Huang et al., 2014), a shear
strength dataset of soils from Shanghai (see Chao and Lin-de, 1998; Zhang et al., 2013), among
other. Nonetheless, similar results and conclusions were obtained in all these works.

Furthermore, Wu (2015) conducted a study, from copula theory perspective, in which several
dataset of shear strength parameters were employed. For all these datasets, Wu (2015) constructed
copulas and found similar results and conclusions to those obtained in here. In general, there
is no universal accepted copula for modeling shear strength paramters of soil and rocks. Each
problem has its particular conditions, so copulas must be fitted to data and the best fit copula se-
lected through the methods explained here in order to obtain the best possible representation of
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dependence.

Finally, it is worth mentioning that procedures described in this section are based on the current
state-of-the-art. So, these procedures could be replicated to model any dataset of shear strength
parameters or even any bivariate dependence in geotechnical engineering.

4.5.2 Settlement

In the framework of settlement analysis, copula theory has been mainly employed for the study of
model uncertainty of different equations that are used for serviceability-limit-state designs. Most
of these equations relate, for different types of foundations, the applied load and the consequent
displacement. To this end, these relations are commonly expressed in terms of a normalized load
Q and a normalized displacement . Commonly, the normalized load is obtained through a load of
reference, and the normalized displacement is obtained through some geometrical factor. After the
normalization, the final scatter in the curves is significantly reduced, as shown by Dithinde et al.
(2011), Huffman et al. (2015) or Uzielli and Mayne (2011, 2012). In this regard, copulas have
been used to model the final scatter of these curves, represented by the fitting parameters of their
equations (i.e., model uncertainty).

Foundation load-displacement relationships can be evaluated through several equations reported in
literature. In particular, two equations have been mostly employed, which are known as the hyper-
bolic equation and the power law equation. Hyperbolic equation can be expressed in normalized

terms as:

__n ]
Q_a+b77 (4-32)

while the power law equation can be expressed in normalized terms as:
Q=cr’ (4-33)

where Q is the normalized load, n represents the normalized displacement, and a, b, ¢, and d, are
model fitting parameters.

To normalize load-settlement curves several methodologies have been applied. In the case of the
induced settlement, this is mostly normalized by a foundation geometry factor, commonly known
as B. The parameter B can represent the diameter of the foundation, the width of the foundation,
or even the equivalent footing diameter, i.e. the diameter that produces the same area as that of a
square footing (see, e.g., Mayne and Poulos, 1999). The normalized settlement is hence computed
as 7 = s/B, where s is the measured settlement and B the geometry normalization factor.

On the other hand, normalized load Q employs a reference capacity q,.r to normalize the applied
load g. Reference capacity is not necessarily the true foundation capacity, but rather a known
capacity, preferably obtainable through a deflection criterion (Huffman et al., 2015).
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For example, following Briaud (2007), in-situ cone net tip resistance ¢, ,.;, from the cone penetra-
tion test (CPT), was employed by Uzielli and Mayne (2011, 2012) as g,. for normalizing applied
loads on shallow footings on sand. On the other hand, following Phoon et al. (2003, 2006), the
slope tangent capacity Qgrc was employed by Li et al. (2012, 2013) as g, for normalizing the
applied load on static piles, or by Huffman et al. (2015) over spread footings on clays. Details of
the cone penetration tests (CPT) and in-situ cone net tip resistance g, ,., are found in Robertson and
Cabal (2015) and Briaud (2007). More details about the slope tangent capacity Qg7 are found in
Phoon et al. (2003, 2006).

It is worth mentioning that a normalized displacement is not always employed in equations (4-32)
or (4-33) before modeling the fitting parameter of the curves through copulas. For example, only
the applied load was normalized by Dithinde et al. (2011) and Li et al. (2012, 2013) when em-
ploying equation (4-32) for representing load-displacement curves of static piles. In this case, n
in equations (4-32) and (4-33) is replaced by the crude settlement measure s. Conversely, unlike
normalized displacement, normalized load is always employed in equations (4-32) or (4-33) before
modeling fitting parameters through copulas.

Copula theory has been employed for modeling the remaining scatter after normalizing the load-
displacement curves dataset. In this way, dependence between parameters a and b from equa-
tion (4-32), or ¢ and d from equation (4-33), has been studied under copula theory framework.

For instance, Uzielli and Mayne (2011) used a load-displacement database of 30 shallow footings
in different sands to calibrate equation (4-33). After the calibration, they proposed a methodology
to estimate the design load for different threshold settlements in shallow footings on sands, based
on the CPT and for a given reliability level.

It was demonstrated by Uzielli and Mayne (2011) that the parameters ¢ and d of equation (4-33)
are dependent on each other and independent of other variables such as B or ¢,,,. They employed
a lognormal distribution to model both ¢ and d parameters, and different copula functions were
evaluated to represent their dependence. Frank copula was found to be the best-fit copula for ¢
and d, and additionally, other variables such as foundation width B, g, or q,,, were also adopted
as random variables but without dependence for the analysis. Thus, a probabilistic approach was
presented by Uzielli and Mayne (2011) to design vertically loaded shallow footings on sand based
on the CPTu test, and taking into account model uncertainty of equation (4-33) with the support of
copula theory.

Later, Uzielli and Mayne (2012) delve into the importance of taking into account the dependence
between fitting parameters of the power law model (equation (4-33)). The same load-displacement
database of Uzielli and Mayne (2011) was employed by Uzielli and Mayne (2012) for calibrat-
ing equation (4-33). They evaluated three procedures for modeling load-displacement curves of
shallow footings on sand, namely the fully probabilistic MP, the parametric uncertainties PO, and
the deterministic DT approaches. MP aproach consists of a fully probabilistic method, where B,
Qapp» and g,.; parameters are modeled as independent random variables; additionally, both ¢ and d
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parameters from equation (4-33) are modeled as random variables through a Frank copula and beta
marginal distributions. The PO method comprises in a probabilistic method where B, g, and g,
are independent random variables, but ¢ and d in equation (4-33) are taken as deterministic values.
Finally, DT approach involves a fully deterministic method where B, q,,, and g, just like the
parameters ¢ and d, are taken as deterministic values.

In this way, Uzielli and Mayne (2012) highlights the importance of probabilistic analysis when
modeling load-displacement curves; in particularly, the importance of the dependence between ¢
and d parameters of equation (4-33) is highlighted. They pointed out that the MP approach showed
to be the most appropiate one, and neglecting the inherent uncertainty and dependence will result in
inaccuracies. Settlement is overestimated in low loading levels and underestimated in high loading
levels when the MP methodology is not employed.

Similar works were conducted by Huffman and Stuedlein (2014) and Huffman et al. (2015). The
former studied, from a reliability-based point of view, the limit state design of spread footings on
aggregate pier reinforced clay. The latter, studied, again from a reliability-based point of view,
the immediate settlement of spread footings on clays. These two works used copulas to model
the dependence between two power-law parameters, i.e. ¢ and d from equation (4-33), in order to
incorporate uncertainties into the methodologies of study. We do not delve into these works, since
the use of copulas is quite similar to that employed by Uzielli and Mayne (2011, 2012). Readers
are referred to Uzielli and Mayne (2011), Uzielli and Mayne (2012), Huffman and Stuedlein (2014)
and Huffman et al. (2015) for further information.

On the other hand, several investigations that employ copula theory have been applied to the pile
load-displacement database collected, organized, and categorized by Dithinde et al. (2011). The
data was collected from various piling companies that operate in the Southern Africa countries,
and it was grouped into four subsets of pile load tests, as follows: driven piles in non-cohesive
soils (D-NC), bored piles in non-cohesive soils (B-NC), driven piles in cohesive soils (D-C), and
bored piles in cohesive soils (B-C). The sample size of each cateory of pile load test is equal to 28,
30, 59 and 53, respectively. In addition to the load-displacement data, the properties of the soil and
the geometric characteristics of the foundations are reported.

Dithinde et al. (2011) demostrated that the scatter in the original load-displacement curves can be
substantially reduced when the applied load is normalized by the interpreted capacity of the pile
(see Phoon et al., 2006). This procedure leads to normalized curves that can be correctly fitted
through the hyperbolic model. However, it is worth noting that they do not normalize settlement
measures, so equation (4-32) is rewritten as:

N

Q_

= 4-34
a+ bs ( )

where Q is the normalized load, s the pile top displacement, and a and b are curve fitting parame-
ters.
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Curve fitting parameters from equation (4-34), a and b can be interpreted as the reciprocals of
the initial slope and asymptotic value of the normalized curves. The procedure to obtain the in-
terpreted capacity Q; is detailed in the work of Dithinde et al. (2011), where a conjugation of
Chin’s extrapolation procedure (Chin, 1970) and Davisson’s failure criterion (Davison, 1972) was
employed.

After normalizing the applied load of the datasets, there is a remaining model uncertainty that
can be represented modeling both curve fitting parameters. Particularly, a and b parameters of
equation (4-34) are found to be mutually dependent and independent of other variables.

Figure 4-9 presents scatter plots in the standard uniform space, for each category of piles, after ap-
plying the transformation given by the empirical distribution over the pile curve-fitting-parameters.
There is an evident negative trend between the two curve fitting parameters for all categories of
pile load tests. Thus, copulas that model negative dependences have to be employed.
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Figure 4-9: Scatter plots of pile curve fitting parameters from the dataset of Dithinde et al. (2011)
in the standard uniform space after applying the transformation given by the empirical
distribution. (a) D-NC, (b) B-NC, (c) D-C, (d) B-C

Dithinde et al. (2011) demonstrated the inherent dependence between a and b parameters of equa-
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tion (4-34), and employed a simple translation lognormal model to represent it, following the
procedures described by Phoon et al. (2006, 2007) or Phoon (2008, chapter 10). On the other
hand, Li et al. (2012) modeled the dependence between a and b using a Gaussian copula. Later,
Li et al. (2013) conducted a comparison between not only two types of Gaussian copulas (the one
adjusted to data through a direct computation of the Pearson’s rho coefficient and the one fitted
to data through Kendall’s tau coefficient) but also with other three copulas capable of handling
a wide range of negative dependence, namely Plackett, Frank, and Nelsen No. 16. They used a
methodology to adjust copulas analogous to the one employed to fit copulas for soil shear strength
parameters of section 4.5.1.

In this section an analogous modeling to that of Li et al. (2013) is performed in order to present
some worth mentioning results and remarks, obtained from the dependence of the dataset of
Dithinde et al. (2011). In addition to the original four families of copulas proposed by Li et al.
(2013), this work also includes the Student-# copula in the analysis, following the recommenda-
tions of Embrechts et al. (2001). Concerning the fitting parameters of the Gaussian copula, only
the Gaussian copula based on Kendall’s tau will be taken into account, and not the one based on
a direct computation of Pearson’s rho. As stated by Li et al. (2012, 2013), the Gaussian copula
adjusted by Kendall’s tau coefficient performs better than the Gaussian copula fitted by a directly
computed from data Pearson’s rho coefficient.

Table 4-11 presents the fitting parameters of the five different studied copulas. All the dependence
parameters are defined through the method of moments by relating Kendall’s tau and the copula
parameter of dependence. When there is no analytical solution of the relation between Kendall’s
tau and the copula parameter of dependence, such as in the case of the Plackett copula, a numerical
approximation is applied over equation (4-19). On the other hand, the second parameter of the
Student-¢ copula corresponds to the number of degrees of freedom, which is defined through a
maximum likelihood procedure using the available data.

Table 4-11: Fitting parameters of the studied copulas for the pile curve fitting parameters.

Gaussian Student-¢ Plackett | Frank | Nelsen No 16
Pile Test 0 0 v P 9 0
D-NC -0.806 | -0.806;1.97 | 0.048 -7.85 0.008
B-NC -0.924 | -0.924;1.50 | 0.015 | -14.139 0.002
D-C -0918 | -0.918;3.50 | 0.016 | -13.512 0.003
B-C -0.927 | -0.927;2.29 | 0.014 | -14.471 0.002

A graphical contrast between the measured and the simulated data from all these copulas, for the
driven piles in cohesive soils dataset, is shown in figure 4-10. Following Li et al. (2012, 2013),
a lognormal marginal distributions are adopted for representing both a and b parameter. Similar
scatter plots can be obtained for the other pile load test categories.
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Figure 4-10: Simulation of the D-C datatset from different copulas using lognormal marginal dis-
tributions. (a) Gaussian copula, (b) Student-f copula, (c) Plackett copula, (d) Frank
copula, (e) Nelsen No 16 copula

As stated in section 4.5.1, it is impossible to define the best-fit copula model by a simple visual
inspection of the simulated data, such as in the scatter plots of figure 4-10. For instance, the best-
fit copulas must be defined quantitatively based on some criteria. For example, Li et al. (2012,
2013) employed the widely applied AIC/BIC methodologies to determine the best-fit models. This
methodology is also adopted in this document. Then, AIC and BIC coefficients are computed and
presented in table 4-12 for all the studied copulas and all the pile tests categories.
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Table 4-12: AIC and BIC values for the different studied copulas in the example of pile curve
fitting parameters.
Gaussian Student-¢ Plackett Frank Nelsen No 16
PileTest A7 [ BIC | AIC | BIC | AIC | BIC | AIC | BIC | AIC | BIC
D-NC | -26.07 | -24.73 | -26.33 | -23.67 | -23.32 | -21.99 | -22.03 | -20.70 | -16.28 | -14.95
B-NC | -42.00 | -40.60 | -50.60 | -47.80 | -49.98 | -48.58 | -42.99 | -41.59 | -44.23 | -42.83
D-C -81.64 | -79.56 | -86.93 | -82.78 | -90.27 | -88.20 | -90.04 | -87.96 | -83.62 | -81.54
B-C -73.94 | -71.97 | -87.83 | -83.89 | -88.97 | -87.00 | -81.79 | -79.81 | -84.83 | -82.86

Note: Bold values in each row indicate the preferred Copula according to the AIC and BIC tests.

From table 4-12, there can be extracted some important observations worth mentioning. Firstly,
note that although the dataset is the same, there are some minor discrepancies between the AIC/BIC
values reported in this document and the ones reported by Li et al. (2013). These minor discrep-
ancies are due to the number of decimals employed for the computation of the AIC/BIC values.
Nonetheless, these minor discrepancies do no have a relevant impact on the final results since the
same best-fit copulas are obtained.

Second, observe in table 4-12 that AIC/BIC values in bold highlight the best-fit copulas. Although
both selection criteria mostly agree in the determination of the best-fit copula, there are some cases
where they disagree. Particularly, this situation is evident in the copula definition of the D-NC and
B-NC datasets, and most specifically concerning the Student-¢ copula.

While the AIC defines the Student-7 copula as the best-fit one for the D-NC and B-NC datasets,
the BIC defines the Gaussian and the Plackett copulas, respectively. These discrepancies are due
to the number of parameters of the Student-¢ copula, and to the penalty that the BIC assigns to it.
BIC penalty for the number of model parameters is greater than the one of AIC. Then, taking into
account that the Student-7 copula is a two-parameter copula, its penalization in the BIC is higher.
In this way, as the adjustment of the Student-#, Gaussian, and Plackett copulas are quite similar
for these two datasets, a greater penalty may lead to changes in the best-fit copula selection, as it
happens in this case.

Third, observe from table 4-12 that, for the same dataset, some AIC values from different copulas
are quite close, likewise some BIC values. Specifically, this is evident for the Student-¢ copula
and Gaussian copula from the D-NC dataset, Student-¢ copula and Plackett copula from the B-NC
dataset, or the Plackett copula and Frank Copula from the D-C dataset. These close values indicate
that both copulas may be suitable for modeling the dataset since their adjustment is quite similar.
As stated by Li et al. (2013), for the D-C dataset case where the Plackett copula is defined as the
best-fit copula, Frank copula may be also a suitable copula for modeling the dependence between
a and b parameters. In this sense, when the discrepancies between AIC/BIC values of two copulas
are quite small, no major differences are expected in their behavior when modeling dependence
between random variables.
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To be in concordance with Li et al. (2013), the same best-fit copulas will be adopted in this work
since this change does not have a major impact on the final curves.

Now, it is interesting to show a graphical comparison among the measured, simulated from the
best-fit copula, and simulated without dependence, hyperbolic curves. Figure 4-11 shows the
curves for the D-NC dataset, figure 4-12 for the B-NC dataset, figure 4-13 for the D-C dataset and
figure 4-14 for the B-C dataset. Similar comparatives were performed by Dithinde et al. (2011);
Lietal. (2012, 2013).
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Figure 4-11: Hyperbolic curves of driven piles in noncohesive soils (D-NC). (a) measured, (b)
simulated from a Gaussian copula, (c) simulated without dependence
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Figure 4-12: Hyperbolic curves of bored piles in noncohesive soils (B-NC). (a) measured, (b)
simulated from a Plackett copula, (c) simulated without dependence

Similarities between measured and simulated with dependence hyperbolic curves are evident. Un-
like assuming independence between a and b parameters of equation (4-34), copula theory can
adequately represent their dependence and capture the remaining scatter of the normalized hyper-
bolic curves. In this way, copula theory demostrates to be a suitable tool when capturing model
uncertainty of normalized pile load-displacement curves. This applicability could be evaluated and
extended to other types of geotechnical models where there may be dependence between the fitted
parameters.

Nonetheless, it is worth mentioning that since the work conducted by Dithinde et al. (2011) the
lognormal probability function has been adopted to represent both curve fitting paramters, a and
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Figure 4-13: Hyperbolic curves of driven piles in cohesive soils (D-C). (a) measured, (b) simulated
from a Plackett copula, (¢) simulated without dependence
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Figure 4-14: Hyperbolic curves of bored piles in cohesive soils (B-C). (a) measured, (b) simulated
from a Plackett copula, (c) simulated without dependence
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b, without having evaluated other PDF. This assumption was replicated without validation by Li
et al. (2012), and later by Li et al. (2013). Therefore, other univariate probability distributions
have not been evaluated till the moment to model these two parameters. In this regard, Li et al.
(2015a) demonstrated that other univariate probability distributions, different from the lognormal,
such as weibull or gumbell truncated below zero distributions, are more suitable to represent the
two hyperbolic curve fitting parameters of equation (4-32) or (4-33) in most cases. In this sense,
by evaluating other marginal distributions, simulated curves of the figures 4-11, 4-12, 4-13, and
4-14, can get a better approximation to the measured data.

4.5.3 Geotechnical earthquake parameters

Earthquakes are one of the most destructive forces in nature and have a direct impact on civil
structures and human life, so it is important to adequately characterize their properties in order to
consider them in designs. From the geotechnical perspective, several ground motion parameters
(GMP) have been documented, studied, and measured. Examples are peak ground acceleration
(PGA), peak ground velocity (PGV), pseudo-spectral acceleration (PSA), cumulative absolute ve-
locity (CAV), among others (see Kramer et al., 1996, for more details).

Furthermore, it is common in practice to employ a ground motion prediction equation (GMPE) in
order to predict peak ground motions parameters and response spectra of an earthquake, as func-
tions of its magnitude, distance, and other properties. As noted by Cornell (1968) and McGuire
(2004), GMPEs are critical elements when conducting probabilistic seismic hazard and risk anal-
ysis. Thus, quite a few GMPEs have been developed for different seismic regions and different
GMPs, such as the PGA, PSA, CAV, etc.

In practice, it is common to independently predict the GMPs using GMPEs, and to assume that
the GMPs are lognormally distributed (Goda and Atkinson, 2009a). That is to say, from the same
seismic event, each GMP has its respective equation and the resulting parameters are assumed to
follow a lognormal probability distribution. Nonetheless, a single GMP is not sufficient to cor-
rectly represent the behavior of ground motions, so multiple GMPs are needed to capture different
features of an earthquake (Xu et al., 2016b). Additionally, given that the GMPs have a common
source, attenuation and site attributes, these GMPs are indeed interrelated, and therefore, cannot
be modeled as independent entities (Goda and Atkinson, 2009a).

In this sense, attempts have been made to characterize correlation among some GMPs. For this
purpose, early works such as the one conducted by Baker and Cornell (2006) have employed the
popular linear correlation coefficient. The application of Pearson’s rho correlation coefficient was
to be expected, given its simplicity and popularity, so several works have also employed it. For
instance, the linear correlation among the spectral acceleration (SA), Arias intensity (Al), and
PGA, was studied by Baker et al. (2007), while the linear correlation between the SA values at
different periods of vibration was studied by Baker and Jayaram (2008), Goda and Hong (2008)
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and Goda and Atkinson (2009b).

Disadvantages regarding linear correlation coefficients, and specifically Pearson’s rho correlation
coeflicient, have already been exposed in this document. Furthermore, the multivariate normal
distribution has been commonly employed for representing the dependence of multivariate ground-
motion parameters (Goda and Atkinson, 2009a). From copula theory viewpoint, the multivariate
normal model is not the only dependence structure available, and indeed it may not be the most
adequate, so other dependence structures have to be assessed.

Although the importance of copula theory to model GMPs is evident, its use has been not so popu-
lar. One of the pioneering works was presented by Goda and Atkinson (2009a), where dependence
between PGA and PSA parameters was studied for different vibration periods, employing cop-
ula theory. At the same time, Goda and Atkinson (2009a) validated the conventional approach,
1.e., to fit lognormal distributions to the GMPs and to characterize their dependence through a lin-
ear correlation coefficient, by comparing it to the approach of copula theory. They employed a
strong-ground-motion database, obtained from the Pacific Earthquake Engineering Research-Next
Generation Attenuation of ground motions (PEER-NGA). Two elliptical copulas were initially
considered, namely the Normal copula and the Student-t copula. Goda and Atkinson (2009a)
demonstrates through lognormal-probability-papers (Ang and Tang, 2007) and the AIC, that the
lognormal probability distribution is suitable as the marginal distribution for both parameters, and
also that the Normal copula is appropriate to represent their dependence. Furthermore, Goda and
Atkinson (2009a) emphasizes in the benefits of using Kendall’s tau coefficient to compute Pear-
son’s tho through equation (4-18), instead of directly calculate Pearson’s rho correlation coeffi-
cient. In this way, although the two-step approach was validated from the copula perspective, the
benefits of using Kendall’s tau coeflicient are highlighted.

Another work in this framework was conducted by Xu et al. (2016b), in which the PGA and CAV
ground motion parameters are studied and modeled as dependent parameters through copula the-
ory. For this purpose, the Taiwan Strong Motion Instrumentation Program database was employed,
and unlike Goda and Atkinson (2009a), several marginals distributions and copula functions were
evaluated. However, Xu et al. (2016b) came to a similar conclusion to that of Goda and Atkinson
(2009a), since it was found that the lognormal distribution is suitable as the marginal distribution
for the GMPs and their dependence can be represented through a Gaussian copula. Thus, both
studies validate the common two-step approach for their respective GMPs and database.

Additionally, Xu et al. (2016b) also constructed a copula model subject to a given magnitude
and distance from a seismic event, using GMPEs for both PGA and CAV parameters. Normal-
ized residuals between the predicted PGA and CAV parameters subject to a given magnitude and
distance were also modeled through copula theory. Again, Gaussian copula and the lognormal
distribution were also found suitable to model residuals of the PGA and CAV parameters, which is
in concordance with the commonly used two-step approach.

More recently, Cheng et al. (2020) employed the vine copula theory to generate a multivariate



4.5 Some applications of copula theory in geotechnical engineering 117

joint probability function of ground pseudo-spectral acelerations at different vibrations periods.
The advantages of using vine copulas for the model were evident. Vine copulas not only better
capture the multivariate dependence, but also manages to capture tail dependence between pairs
of variables. The methodology proposed by Cheng et al. (2020) performs much better than the
commonly employed multivariate normal distribution.

Finally, it is worth mentioning that the studies of ground-motion-parameters are characterized by
having a substantial amount of data. It has already shown that the amount of data when study-
ing shear strength parameters or settlement measures is commonly scarce; indeed, just on unusual
occasions this amount of data exceeds a hundred. However, this is not the case of the GMPs,
since in recent years the interest in earthquakes has grown by engineers, researchers, and espe-
cially, governments. For this reason, several programs around the world have been implemented
to measure data related to GMPs in real-time, which allows having a large amount of information.
One good example is the labor conducted by the Pacific Earthquake Engineering Research Center,
where a large amount of geotechnical information (and of different kinds) on earthquakes has been
compiled, analyzed and shared.

4.5.4 Soil spatial modelling

Variability soils and rocks is evident and cannot be neglected. In fact, their properties may vary
significantly, even for the same deposit. This variability is derived from different internal and
external agents such as the deposition, post-deposition, weathering processes, anthropic actions,
etc (Zhu et al., 2017). Thus, as it is impossible to exactly know the soil or rock properties in
every single point of a deposit (or domain, mathematically speaking), and there will be intrinsic
uncertainties associated with their characterization. So, it becomes mandatory to model soil or
rock spatial variability and predict their properties to obtain a better description of their behavior
under different circumstances.

Several methodologies are found in the literature for characterizing the spatial variability of mate-
rials, in this case soils or rocks. Nonetheless, not all these methodologies include the dependence
among soil-rock parameters in their predictions, so they assume independence or in the best case
a Gaussian dependence structure. Most recently, the applicability of copula theory for modeling
spatial variability with dependent parameters has been evaluated by some pioneering works. So,
the present section aims to review these particular methodologies and the role that copulas have
performed.

Random field theory (see, e.g., Vanmarcke, 2010) constitutes one of the most comprehensive and
popular methodologies applied for studying spatial fluctuation of material properties, such as the
ones of soils and rocks. Succinctly, a random field is a function that defines random quantities of
some variables over an arbitrary domain, which can be a multi-dimensional space. Thus, a random
field is a function of the form H (x, w), which associates a random quantity with a continuous index



118 4 On the dependence and the use of copulas in geotechnics: a state-of-the-art review

x € X, and a coordinate w in the sample space Q. Note that X ¢ R, for d € {1, 2, 3}, is a bounded
domain that represents the physical space.

Regarding dependence in the theory of random fields, two main types of correlations among vari-
ables are defined, namely the cross-correlation and the auto-correlation. The former describes the
relationship between values of two (or more) random variables at the same point of the physical
domain X. The latter describes the relationship among values of one random variable at two differ-
ent locations in the domain X. Accordingly, observe that based on these definitions the dependence
between shear strength parameters modeled in section 4.5.1 corresponds to a cross-correlation de-
pendence.

Commonly, cross-correlation in geotechnical random fields is either obviated or taken into ac-
count through a cross-correlation matrix M., where each term represent the correlation coefficient
between the random variables. However, the importance of dependence has been elucidated in pre-
vious sections, so assuming independence may be misleading and lead to mistakes. Furthermore,
cross-correlation matrixes M, have regularly implied the use of the Pearson’s rho correlation co-
efficient and so, the multivariate Gaussian distribution. From copula theory perspective, to assume
independence or Gaussian dependence, are just two of the many options of dependence structures
available. In this regard, it is necessary to explore other dependence structures when modeling
cross-correlated random fields. Two early studies have recently explored the use of copulas for
this purpose.

After identifying these gaps, Zhu et al. (2017) proposed a new methodology based on copula the-
ory to deal with the cross-correlation dependence among variables in geotechnical random fields.
In the first instance, this early work generates independent multivariate anisotropic random fields
through auto-correlation coefficients p; obtained by a formulation of an elliptical scale of fluctu-
ation. These auto-correlation coefficients serve to create an auto-correlation matrix M,, whereby
some transformations, like the Cholesky decomposition, generate an independent random field.

Consequently, Zhu et al. (2017) proposed some procedures to transform the originally independent
random field into a cross-correlated random field that follows the dependence structure of a given
copula. Specifically, they incorporated the dependence structure of the Gaussian, Student-¢, Clay-
ton, and Frank copulas into the cross-correlated random fields. The study performed a comparison
between a copula-based cross-correlated random field of liquid limit, plasticity index and natural
moisture content, and the original dataset of the same parameters. As a result of this comparison,
Zhu et al. (2017) validated the proposed methodology since the statistics of both agree and, after
the calibration, the copula-based cross-correlated random field generates a good representation of
reality.

Finally, Zhu et al. (2017) also studied some incidences of the dependence parameter and type of
selected copula over the final random fields. However, the scope this work is rather limited, so
other studies complement it. Wang et al. (2020) further studied the incidences of copulas over the
probabilities of failure of a homogeneous slope, under different conditions, modeled through the
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copula-based cross-correlated random field proposed by Zhu et al. (2017). In this sense, Wang
et al. (2020) employs the subset simulation algorithm (Au and Beck, 2001) to estimate the slope
probabilities of failure by varying the copula selection, covariance of marginal distributions, the
scale of fluctuation of the random field, and the cross-correlation coefficient.

Further details about the incidence of copulas in the final probability of failure of geotechnical
structures are exposed in section 4.7. For the moment, what is truly important in this section
is to highlight that cross-correlation plays a crucial role when modeling soil spatial properties.
As noted by Zhu et al. (2017) and Wang et al. (2020), the independence assumption or a cross-
correlation given by a Gaussian distribution leads to mistakes. So, it is necessary to evaluate
different structures of dependence for modeling cross-correlated random fields, and copula theory
shows to be suitable for this purpose.

Now, regarding the auto-correlation in the theory of geotechnical random fields, a new approach
for its modeling based on copula theory was recently proposed by Wang and Li (2018). Note
that auto-correlation is a different dependence concept from those studied so far in this document.
Auto-correlation dependence is expected to be almost perfect for quite close points in the random
field domain but simultaneously approaches zero for distant locations. In this sense, a copula
parameter of dependence will be variable on the domain, and the selected copulas must be able to
model from almost perfect dependences to almost null dependences.

The auto-correlation dependence structure of random fields has commonly been based on the as-
sumption of gaussianity. However, this assumption is not always verified, and in the light of copula
theory, Gaussian dependence is not the only option. Thus, Wang and Li (2018) evaluated the use
of different dependence structures for a one dimensional random field, supported on copula theory.
To this end they employed several copulas, including vine copulas.

Wang and Li (2018) emphasizes that the use of different dependence structures has a strong impact
on the random field, except when this last one is highly ragged or highly smooth. Thus, a correct
characterization and selection of the dependence structure (copula) is highly important when rep-
resenting auto-correlation of a random field. Additionally, as the copula dependence parameters
vary on the domain, candidate copulas to represent the auto-correlation dependence must be able

to handle a wide range of dependence values, such as the comprehensive copulas (Wang and Li,
2018).

On the other hand, there are some methodologies worth mentioning related to the approaches of
geospatial interpolation, such as the kriging prediction method. The majority of these approaches
are based on some assumptions, such as a Gaussian dependence structure given by a variogram.
However, this particular assumption has to be validated since it may not be an accurate represen-
tation of reality and leads to mistakes, as stated before.

Some pioneering works have explored the use of copulas in this regard. For example, Marchant
etal. (2011) employed a Gaussian copula with generalized extreme value marginal distributions to
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spatially model observations of soil cadmium concentrations, whose dataset exhibits outliers and
tails. On the other hand, Kazianka and Pilz (2010) proposed three methodologies based on the
kriging approach and copula theory to model a strongly skewed soil radioactivity measurements.
They demonstrated that the proposed methodologies generalize some of those already existing in
the state-of-the-art. Later, Kazianka and Pilz (2011) employed a Bayesian spatial interpolation
method, in conjunction with copula theory, to model the same datased employed in Kazianka and
Pilz (2010), also exploring incidences of the uncertainties in fitting parameters.

There are other studies in the literature regarding the use of copulas in geospatial interpolation. An
exposition of these works is out of the scope of this document, taking into account that their frame-
work moves away from the geotechnical context. However, it is worth mentioning that a general
observation of these studies is the transcendence of the dependence structure when interpolating
geospatially. Outliers and skewness are common in geostatistics datasets, so their dependence
structures are not correctly captured by the assumption of Gaussianity. Thus, it is necessary to
evaluate other dependence structures, and copula theory is especially suitable for this end.

Finally, it is worth highlighting that the use of copulas in the modeling of soil spatial properties has
not widely been studied, and further investigations must be carried out in this regard. Particularly,
in the case of random fields, there are gaps in the state-of-the-art that can be explored through cop-
ula theory. For example, the auto-correlation in two or more dimensions considering copulas can
be studied, or the implementation of the auto-correlation and cross-correlation in random fields,
each one represented by copulas.

4.5.5 Other uses of copulas in geotechnics

Copulas have been mostly employed in geotechnical engineering to model some types of depen-
dence such as the one of shear strength parameters (section 4.5.1), settlement parameters (section
4.5.2), GMP (section 4.5.3) or spatial interpolation (section 4.5.4). However, there have been other
applications of copulas in geotechnics that have not been as widely explored, and that will be
mentioned in the following.

4.5.5.1 Landslide hazard assessments

Motamedi and Liang (2014) evaluated the applicability of copulas for performing landslides hazard
assessments in a regional scale. These assessments are characterized by three elements, namely
magnitude M, frequency 7 and location (also called susceptibility) S. Assuming that these three
elements are independent variables, which is the common practice, the following equation for
hazard assessments is obtained (Motamedi and Liang, 2014):

H=P,P,S (4-35)
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where H is the landslide hazard, P, is the probability of a landslide magnitude, P, is the probability
of a landslide recurrence, and § is the susceptibility or spatial probability.

Using a recorded landslide dataset at the Western Seattle area Motamedi and Liang (2014) vali-
dated instead the following equation:

H=P,-P(MNS)

in which 7 is modeled as an independent variable, but in turn M and S are modeled as dependent
variables through the theory of copulas.

Motamedi and Liang (2014) evaluated a total of 14 families of copulas for the modelation of the
dependence between M as S. They found that for this dataset the gumbell copula bests represents
the structure of dependence between M and S. Furtheremore, they performed a contrast between
the results of the proposed methodology and the ones from equation (4-35), thus finding that the
proposed approach makes a better representation of reality. Dependence, and hence copula theory,
is suitable and even necessary in landslide hazard assessment on a regional scale (Motamedi and
Liang, 2014).

4.5.5.2 Earthquake early warning

Earthquake early warning (EEW) methodologies aim to detect earthquakes as soon as possible in
order to disseminate alerts and prevent people before the peak ground motions arrival. For this
purpose, the relationship between soil early motions (SEM) and peak ground motions (PGM) must
be defined.

Nonetheless, there are uncertainties in this relationship, which lead to missed or false alarms.
Missed alarms are defined as the event of SEM less than a prescribed threshold, but PGM greater
than a triggering threshold. On the other hand, false alarms are defined as the event of SEM greater
than a prescribed threshold, while the PGM is smaller than a triggering threshold.

Looking to model these uncertainties, Wang et al. (2018) employed a dataset of peak ground
displacements within the first three seconds after P-waves arrives (as SEM parameter) and peak
ground velocities (as PGM parameter), which are hereinafter referred to as PD; and PGV, respec-
tively. They evaluated six copula function to model the dependence between these two parameters,
and found in the Frank copula its best representantion. Thus, this copula was calibred from the
dataset, and it was used to quantify the probability of missed and false alarms.

This copula model was compared with the conventional approach, which assumes independence
between the parameters, and a better fit to the dataset and better results were found. In this way,
taking into account the dependence between PD; and PGV, Wang et al. (2018) showed that the
probabilistic model of these two variables can be better characterized.

Additionally, Wang et al. (2018) proposed a copula-based methodology to optimize the selection of
the triggering P D3, thus reducing the probability of missed alarms (PGV greater than the threshold)
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and false alarms (PGYV less than the threshold). It is worth noting that, although it has not been yet
done, this methodology could be extended to other types of geotechnical early warnings, such as
the ones of debris flows or landslides.

4.5.5.3 Studies on sample size

Tang et al. (2017) studied the impact of the sample size on the uncertainties in the definition of
probabilistic geotechnical models. They assumed a true probabilistic model, which consists of a
bivariate copula with two marginal distributions. From this model several samples of different size
were drawn. For each sample size, a set of marginal distributions and copula functions are fitted
to data and the best-fit marginal/copula functions were defined through the AIC methodology.
Variation of the fitting parameters of each model are studied, and since the true model is known, it
is possible to compare it with those models defined on each sample size.

As expected, the larger sample size the greater the probability of selecting the true copula functions,
marginal distributions, and their parameters of adjustment. Furthermore, Tang et al. (2017) also
found that the correlation coefficient has a great impact on the selection of the correct copula
model. The stronger the dependence, the smaller the amount of data needed to correctly select true
copula model, and vice versa, i.e. the weaker the dependence, the larger amount of data will be
needed.

Furthermore, Tang et al. (2017) pointed out that another useful way to select the best copula and
marginal distributions, for a dataset, is by comparing the variation of their AIC scores. As they
pointed out, the best copula and best marginal distributions have less variation in their AIC scores.
In order to obtain the AIC scores of the evaluated probabilistic models, and hence their variation,
Tang et al. (2017) recommended the use of the Bootstrap method (see, e.g., Efron, 1992).

4.6 Uncertainties in the construction and definition of
copula for geotechnical variables

It is quite unusual in geotechnical engineering to have a large amount of data to characterize soil
and rock materials; thus, it is theoretically impossible to determine true probabilistic models. For
this reason, in many cases, the statistics and models obtained from a sample, usually small, are
assumed as obtained from populations. This assumption leads to uncertainties in modelling, which
will be a function of the quantity and quality of information. These uncertainties have a direct
impact on the veracity of the model and its results, such as the probability of failure.

Dealing with these uncertainties is not a trivial task, specially when the information is scarce. In
any case, when it is not possible to reduce uncertainty, by collecting more and better information,
a good practice is to characterize this uncertainty. Several investigations have been carried out
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with the aim of characterizing uncertainty when constructing and selecting copula models that
represent dependence among geotechnical random variables. An example of these methodologies
is the work of Tang et al. (2017), who studied of the impact of sample size in the copula model
definition.

In this section, we will study the work of Li et al. (2015a), who proposes an interesting method-
ology for characterizing model uncertainty in the construction and definition of multivariate prob-
ability models when the information is scarce. This methodology focuses on the characterization
of uncertainty for the different probabilistic models employed by Li et al. (2013) for representing
the pile load-displacement datasets of Dithinde et al. (2011). Recall that the works of Dithinde
etal. (2011) and Li et al. (2013) were already introduced in section 4.5.2. Furthermore, it is worth
mentioning that the procedures and remarks of this section can be extended to other examples of
dependence of geotechnical random variables when the information is scarse.

For this purpose, the bootstrap method (Efron, 1992) was employed by Li et al. (2015a) for study-
ing uncertainties in both copulas and marginal distributions. Bootstrap method belongs to the
so-called resampling techniques, which are useful for deriving sampling distributions of statistics
from the measured data.

Briefly, the idea behind the bootstrap method consists of creating N, sets of bootstrap samples with
the same sample size N of the original dataset. Each bootstrap sample is constructed by random
sampling with replacements from the original dataset; that is to say, every single observation can
appear once, more than once, or not at all. For each bootstrap sample, estimates such as the mean,
standard deviation, copula parameter of dependence, and even AIC/BIC values, are computed. Af-
ter obtaining all values of the desired measure, every estimative can be associated with a sampling
distribution, which represents its uncertainty. Readers are referred to Most and Knabe (2010) and
Luo et al. (2013) for additional applications of the bootstrap method in geotechnical engineering.

According to Li et al. (2015a), there are two kinds of uncertainty when constructing copula models:
one related to the adjustment of the parameters of the marginal distributions and copula functions,
and another related to the definition of the best-fit marginal distribution and copula function. Li
et al. (2015a) employed the bootstrap method to characterize the uncertainty of the sample statis-
tics of the marginal distributions for different pile load-displacement databases, i.e. mean and
standard deviation. Furthermore, this work also characterizes, throught the bootstrap method, the
uncertainty in the AIC scores when defining the best-fit models for both marginal distributions and
copula functions.

Uncertainty in the copula dependence parameter was mentioned, but not explicitly studied, by Li
et al. (2015a). Therefore, this uncertainty will be explored in this document for illustration of the
bootstrap procedure and in order to complement the original work of Li et al. (2015a). In this
way, the database of Dithinde et al. (2011) is adopted for adjusting a set of copula functions and
to conduct a bootstrap procedure in order to characterize the uncertainty in the definition of the
fitting parameters of these copulas. The copulas to be used in this procedure will be the Gaussian,
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Plackett, Frank, and Nelsen No. 16.

Note that the Student-f copula is not included in the analysis since, by employing the method
of moments for the adjustment, its parameter of dependence is the same as the Gaussian copula.
Therefore, results obtained for the Student-¢ copula would be the same of those of the Gaussian
copula.

As recommended by Most and Knabe (2010) and Luo et al. (2013), N; = 10000 is adopted in the
bootstrap procedure conducted for the evaluation of the uncertainties in the dependence parameter
of each copula. For each bootstrap sample, copula dependence parameters are computed by the
method of moments, i.e., employing respective Kendall’s tau coefficient and equation (4-19) or the
corresponding simplifications exposed in section 4.4.4. So, at the end of the procedure there will
be 10000 estimations of the dependence parameters to construct every sampling distribution.

Resulting sampling distributions for the parameters of dependence of this example can be observed
in figure 4-15, where each graph corresponds to a copula, and each curve to a pile test category.
Statistics from the estimated distributions are computed and summarized in table 4-13.

Table 4-13: Mean and coefficient of variation C.O.V. from the obtained sampling distributions for
the copula dependence parameters in the different pile tests of Dithinde et al. (2011).

Gaussian Plackett Frank No 16

Pile Test | N Myfean C.0.V. | Mean | C.O.V. Mean | C.O.V. | Mean | C.O.V.
D-NC 28 | -0.795 | 0.135 | 0.068 | 0.797 | -8.643 | 0.395 | 0.010 | 0.842
B-NC 30 | -0.914 | 0.068 | 0.029 | 0.961 | -16.720 | 0.519 | 0.003 | 0.992
D-C 59 | -0916 | 0.030 | 0.017 | 0.418 | -13.964 | 0.200 | 0.003 | 0.402
B-C 53 1-0.923 | 0.040 | 0.020 | 0.583 | -15.408 | 0.291 | 0.003 | 0.600

From figure 4-15 and table 4-13 some important remarks can be extracted. Firstly, by comparing
tables 4-11 and 4-13, it is concluded that the bootstrap mean estimates of copula parameters of
dependence are quite similar to those obtained from the original dataset. This fact indicates that
distributions obtained through the bootstrap method can appropriately capture the characteristics
of the data set.

Additionally, it is evident that the larger the dataset, the lower the dispersion of the models. This
fact is noticeable by comparing, in figure 4-15, the curves of the D-NC data set (28 samples), with
the ones of the D-C dataset (59 samples). Furthermore, these comparisons are quantified in table
4-13 where the coefficient of variation C.O.V. of the sampling distributions is higher when the
dataset is smaller. Thus, the highest C.O.V. corresponds to the D-NC dataset, and the B-NC, B-C,
and D-C data sets follow in order, which coincides with the amount of information of each pile
load-displacement test. Therefore, this fact constitutes a motivation to collect more information,
in order to obtain more accurate results.
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Figure 4-15: Sampling distributions for the parameters of dependence of different copulas and for
the different pile tests of Dithinde et al. (2011). (a) Gaussian copula, (b) Plackett
copula, (¢) Frank copula, and (d) Nelsen No 16 Copula

On the other hand, uncertainty when selecting the best-fit marginal/copula models was also studied
by Li et al. (2015a) through the computation of the AIC values for each copula in each pile dataset.
It is interesting summarize some of these results here. Again, using Ny = 10000, a bootstrap
procedure over the dataset of Dithinde et al. (2011) is conducted. For each bootstrap sample, AIC
scores for each copula are computed and the corresponding best-fit copula is defined. So, there
will be 10000 AIC scores for each copula and 10000 best-fit copulas for each load-displacement
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test at the end of the procedure.

Figure 4-16 presents the sampling distribution of the AIC values for different copulas and pile
tests. Additionally, table 4-14 contains the number of times that each copula is identified as the
best-fit copula for each pile test.
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Figure 4-16: AIC probability density functions of different copulas for different piles. (a) D-NC
dataset, (b) B-NC dataset, (¢) D-C dataset, and (d) B-C dataset

Figure 4-16 demonstrates that the bootstrap mean estimates of the AIC scores match well with

those values obtained from the original dataset. However, AIC bootstrap sampling distributions
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Table 4-14: Number of times that each copula is defined as the best fit copula for each pile test
category
Pile test | Gaussian | Student-¢ | Plackett | Frank | No 16
D-NC 5511 3610 750 48 81
B-NC 1600 3216 4204 364 616
D-C 861 1470 3327 4207 | 135
B-C 390 2188 5589 222 | 1611

for each copula are broad, which means that there may be large uncertainties when identifying
the best-fit copula to represent the dependence between a and b parameters. Again, uncertainties
(which are related to coeflients of variation C.O.V. values) are a function of the amount of data.
Thus, the more available information the smaller coefficient of variation., and therefore the lower
uncertainty.

Table 4-14 shows that no copula can be identified as the best-fit copula with total certainty, that
is to say, with a probability of one or almost one. There are copulas with a higher probability of
being the best-fit copula, such as the Gaussian in the D-NC pile test, the Plackett in the B-NC and
B-C pile tests, or the Frank in the D-C pile test. However, there is no total certainty in the copula
selection, and therefore this uncertainty must be considered in the models.

Additionally, note from table 4-14 that copulas with a major probability of being the best-fit copula
mostly agree with those defined in table 4-12. However, interestingly this is not the case of the D-C
pile dataset, where Frank copula has the major probability of being the best-fit copula. Li et al.
(2013) pointed out that the Frank copula, instead of the Plackett copula, may also be suitable to
model the D-C dataset, and this fact is verified by this bootstrap procedure of the present section.
Thus, the bootstrap method also demonstrates to be quite useful to define best-fit copula by taking
into account model selection uncertainties.

Li et al. (2015a) emphasizes the importance of the bootstrap method to perform reliable judgments
when selecting best-fit copulas, especially when the sample size is small, and therefore the uncer-
tainties large. Uncertainties must be incorporated on the selection of the best-fit copulas and the
estimation of model parameters. Hence, the bootstrap method proves to be an adequate tool.

Finally, it is worth mentioning again that although the work conducted by Li et al. (2015a) is
applied to the database collected by Dithinde et al. (2011), it could also be extended to other
geotechnical parameters. Concepts of model uncertainties are quite general, and so also the results
presented in this section.
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4.7 Reliability analysis in geotechnics considering
dependence through copulas

Copulas have been employed in the reliability analysis of different geotechnical structures and
models. Some examples are infinite slopes (Wu, 2015; Zhang et al., 2014), slopes with a circular
failure mechanism (Xu et al., 2016a; Wu, 2013a), foundations (Wu, 2015, 2013b), rock wedge
slopes (Li et al., 2015b), retaining walls (Tang et al., 2013; Phoon and Ching, 2014; Li et al.,
2015b), among others. However, even though all these studies employ copulas, and indeed have
several similarities, they have different methodologies and scopes that nurture the state-of-the-art.

It is necessary to explore and expose these works and their implications on the state-of-the-art about
the use of copulas in reliability analysis in geotechnical engineering. Thus, this chapter presents
the most crucial remarks and findings in this framework so far. Some examples and graphs will be
replicated to highlight some cornerstones in the reliability analysis using copulas in geotechnical
engineering.

Let us recall that a probability of failure can be understood as the probability of exceeding a
given threshold or limit state, which leads to unwanted behaviors or instability. Mathematically
speaking, the probability of failure is defined as the probability measure of a failure domain, which
is delimited by a limit state function G (X1, ..., X,;). Some examples of limit state functions are:
G = FS — 1.0, where F'S is the factor of safety, or G = R — §, where R are the resistance forces
and S the applied forces.

In a general case, the probability of failure can expressed through the following equation:

P = f fGerre s xdxy g (4-36)
G(X1,...X)<0
where f (.) is the probability density function of the random variables xi, ... x;, and G < 0 is the

failure region.

In a bivariate case, and considering that the random variables of the model are the shear strength
parameters of the Mohr-Coulomb failure criterion, i.e., cohesion and friction angle, the probability
of failure (Pf) of the geotechnical model can be expressed as:

Py = f f(c,¢)dcdg (4-37)
Glc,$)<0

where f (c, ¢) is the bivariate probability density function of cohesion and friction angle, and G < 0
represents the failure domain.
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4.7.1 The copula based sampling and copula direct integration
methods.

In order to conduct reliability analysis, considering dependence through copula theory, two major
procedures have to be conducted. First, it is necessary to define the random variables involved
in the geotechnical system, evaluate their dependence, and construct the multivariate probability
distribution using copula functions. Details of these procedures are shown in section 4.4, and
examples are presented in section 4.5. Second, a methodology must be employed to compute the
probability of failure of the geotechnical model in order to assess its reliability.

There exist several methodologies in the literature to address this second step. Some of them are
direct integration, transformations, or simulations. Each one of these alternatives has its partic-
ularities, advantages, and disadvantages. For instance, direct integration is accurate but may be
unfeasible in very high dimensions or in very complex models, meanwhile simulation can be em-
ployed for complex models but may be too computationally expensive when the probability of
failure is low, and inaccurate when the number of simulations is not enough.

In the state of the art, two main techniques are used to estimate the probability of failure of geotech-
nical models when dependence through copula theory is considered: the direct integration method
and the Monte-Carlo simulation. It is worth mentioning that these techniques have been renamed
by some works as the copula direct integration method (CDIM) (see, e.g., Tang et al., 2013, 2015;
Xu et al., 2016a) and the copula based sampling method (CBSM) (see, e.g., Wu, 2013a,b; Xu and
Zhou, 2018), respectively, this considering that the direct integration and the Monte-Carlo sim-
ulation are applied on a PDF defined through copulas. Nonetheless, in this document we will
continue using the conventional names of these methodologies, since the CDIM and the CBSM
may be misleading.

4.7.1.1 Direct integration method in copulas

Let us recall that the probability of failure P, can be computed through the Riemann—Stieltjes inte-
gral of equation (2-4). When the random variables of the model are just soil cohesion and friction
angle, and its structure of dependence is given by a copula C, equation (2-4) can be expressed as

Py = f f I[G (c,¢) < 0]dC(c, ¢;6) (4-38)

[0,17?
where G is the limit state function of the model.

If C is sufficiently differentiable and the copula density function c exists, then equation (4-3) can
be replaced in equation (4-38), and hence, the latter can be rewritten as:

P, = f £ fs @ ¢ (Fe(c), Fy (¢):6) dedo (4-39)

G=<0
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Thus, in this case the direct integration method aims to directly integrate equation (4-39) in order
to obtain the probability of failure of the given geotechnical model. Until this moment, the direct
integration method has only been applied over bivariate copulas constructed to represented depen-
dence of the shear strength parameters (see, e.g., Tang et al., 2013; Phoon and Ching, 2014; Tang
et al., 2015; Xu et al., 2016a). However, its applicability could also include other geotechnical
parameters, such as the unit weight, or other constitutive models.

This methodology was initially applied in geotechnics by Tang et al. (2013) for the reliability
analysis of an infinite slope and a retaining wall. Subsequently, other works such as the ones
conducted by Phoon and Ching (2014), Tang et al. (2015) or Xu et al. (2016a) have employed it,
also in a geotechnical context. Its concept is quite straightforward and can be applied in many
geotechnical models. However, the direct integration method has some limitations related to the
complexity of the model or the number of random variables.

Note that the double integral of equation (4-39) can become too complex, reason why the first
derivate of the copula function is employed by some researches in order to simplify its computa-
tion, that is to say:

oC (uy,ur; 0
M (w1, 23 6) = % (4-40)
2

So, by replacing equation (4-40) in equation (4-39), this latter can be rewritten as (see more details
at Tang et al., 2013):
Pr=| £, @) M(Fe(c(e),Fy(¢);0)dg

FS<1

Note that for further derivation, the expression of ¢ in terms of ¢ must be known, or vice versa,
according to the case and with which variable is being integrated. This expression must be derived
from the performance function, and it is here where some complications may appear. In some
cases, this derivation is straightforward, such as in an infinite slope model, but in some others, this
expression is untractable and some approximations must be applied.

An example of these approximations is the g-line, proposed by Klar et al. (2011). The g-line is
basically a simplified mathematical approximation to a complex performance function G whose
analytical expression is unknown or untractable. By using the g-line, the complexity of the model
can be significantly reduced and, therefore, the computation of the probability of failure simplified.

In geotechnical engineering, Xu et al. (2016a) employed the g-line in order to represent the limit
state function of a homogeneous slope with a circular failure surface. Xu et al. (2016a) found in a
quadratic polynomial equation a good approximation to the g-line, so the expression of ¢ in terms
of ¢ was derived from it. In other example, the Shengjin’s formulas (Fan, 1989) were employed
by Phoon and Ching (2014) and Tang et al. (2013) to solve the cubic equations of a retaining wall
model and to express ¢ as a function of ¢ in order to conduct the direct integration.
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In this way, equation (4-39) has the advantage of computing the probability of failure in an accurate
manner, but its applicability is not that wide. There are no errors regarding the linearization at the
design point, such as in FORM and SORM, or statistical errors regarding small sample sizes such
as in the MCS, which are aggravated in small probabilities of failure calculations (see Tang et al.,
2013; Phoon and Ching, 2014). However, some complications emerge when the performance
function is strongly non-linear, or when it depends on more than two variables, which increases
the complexity of the equation (4-37), since its dimension increases.

From our point of view, the approximation to the g-line applied by Xu et al. (2016a) is a good and
practical alternative for complicated geotechnical models where the direct integration method is
wanted to be applied. Nonetheless, this approximation requires hundreds of runs of the geotech-
nical system to search the critical state (e.g., where 'S = 1 or R = §). On the other hand, the
coefficient of determination R? of the fitted g-line equation is generally far from perfect, leading
to a loss of accuracy in the final estimates of P;. Finally, this methodology is difficult to apply in
larger dimensions. Consequently, the direct integration method requires more investigation to be-
come a more general methodology, that can be applied in more complicated geotechnical models.

4.7.1.2 Monte Carlo Simulation in copulas

In our context, Monte Carlo Simulation MCS aims to approximate equation (4-36) or (4-37)
through a repeated random sampling. Specifically, MCS draws samples from the copula that repre-
sents the dependence structure of the model, after that, these samples are transformed to the space
of the basic variables through some method for estimating the inverse of the CDF of the marginal
distributions. Then, the performance function G is evaluated for each one of these samples, and
finally the probability of failure is computed as the ratio between the number of samples that leads
to failure over the total number of samples.

Some researches, have highlighted the statistical error due to the number of samples underlying
MCS in geotechnical reliability analyses (e.g., Tang et al., 2013; Phoon and Ching, 2014). This
statistical error is aggravated in too small probabilities of failure since more samples are needed
for accurate calculations. In this regard, it is true that the lower the probability of failure, the larger
the sample size must be to avoid inaccuracies, and this may be time consuming.

This issue has been subject to an extensive discussion by different researchers since the number of
samples of a MCS considerably affects the accuracy of the reliability analyses. In this regard, there
exists several methodologies and equations to estimate the minimum sample size in a MCS. For
example, equation (2-8) is one of these estimates, and it is particularly one of the most straightfor-
ward.

It is beyond the scope of this document to further discuss the minimum sample size of a MCS and
the repercussions of insufficient samples. So, readers interested in this topic are referred to Ang and
Tang (1984), and the references therein cited, for a more comprehensive introduction and details.
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Additionally, it is worth mentioning that there are currently other methodologies of simulation
especially useful for too small probabilities of failure, such as subset simulation (see Au and Beck,
2001) or line sampling (Schuéller et al., 2004). Some pioneering works have already integrated
some of these methods of simulation on the reliability analyses of geotechnical structures that
employ copulas (see e.g. Wang et al., 2020).

Despite this fact, the MCS constitutes a straightforward method with many advantages, even over
the direct integration method exposed by Tang et al. (2013). The MCS is perhaps one of the best
current alternatives to conduct reliability analysis in the framework of geotechnical engineering
when considering dependence through copula theory. The MCS does not need a linearization
at the design point such as the FORM and SORM, neither an approximation to the limit state
function for complex geotechnical problems such as the direct integration. Additionally, it can
handle systems with many random variables, i.e., geotechnical systems of high dimensions.

From our point of view, the MCS is currently a very good alternative to conduct reliability analyses
of geotechnical models where the dependence is considered. However, this metodology may be
computationally expensive, especially for high dimensions and fairly small probabilities of failure.
More advanced methodologies, such as subset simulation (see Au and Beck, 2001) or line sam-
pling (Melchers and Beck, 2018), exists. Alvarez et al. (2018) presents a framework that allows
to use subset simulation with copulas and random set theory, in order to conduct efficient reli-
ability analysis where dependence and both aleatory and epistemic uncertainties are considered.
Particularly in geotechnical engineering, Wang et al. (2020) employed copulas in conjunction with
subset simulation, in order to conduct reliability analysis of geotechnical structures. Furthermore,
chapter 6 is dedicated to present a methodology in which subset simulation can be employed in
conjunction with copula theory.

4.7.2 Results of reliability analysis

Copulas have been used to estimate the probability of failure of several geotechnical structures and
systems, for instance, infinite slopes, foundations, retaining walls, among others. So, it is important
to summarize some of these results and remarks, which help us to understand how copulas impact
reliability analysis of geotechnical models.

For this purpose, the infinite slope example studied by Tang et al. (2013) is replicated in this
document. This model is selected given its simplicity and that the incidence of copulas in the
probability of failure has already been studied by Tang et al. (2013) and Tang et al. (2015) under
different conditions.

Similar outcomes and conclusions, from this infinite slope example, are obtained from other
geotechnical structures, such as retaining walls (Phoon and Ching, 2014; Tang et al., 2013), slopes
with a circular failure mechanism (Wu, 2013a; Xu et al., 2016a) and three dimensional slopes (Xu
and Zhou, 2018). Also, similar conclusions appear when there are more than two dependent ran-
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dom variables (Wu, 2013b), or when evaluating not just one failure mode but the failure of the
entire geotechnical system (Li et al., 2015b).

Figure 4-17 presents a scheme of the infinite slope model to be analyzed. Here, H stands for the
thickness of the unstable layer, y represents the soil unit weight, @ is the slope angle relative to
the horizontal plane, and ¢ and ¢ are soil cohesion and friction angle, respectively. Note that the
groundwater table is assumed to be under the failure surface, and is not considered in the present
analysis. Additionally, neither overload nor seismic loads are considered in this slope model.

Figure 4-17: Infinite slope model

The factor of safety of the infinite homogeneous slope shown in figure 4-17 is given by

¢ +vH cos* atan ¢

FS = (4-41)

vH sin @ cos a
The performance function for carrying out the reliability analysis will be of the form G = F'S — 1,
where the F'S is the factor of safety obtained from equation (4-41).

In equation (4-41), both ¢ and ¢ will be taken as random variables, and their dependence will be
modelled through a copula. The other parameters of equation (4-41) are adopted as deterministic.

We will do three modifications to the original work of Tang et al. (2013) related to the copula
dependence parameter, the procedure to compute the probability of failure, and the evaluation of
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an additional copula. Pearson’s rho correlation coefficient was employed by Tang et al. (2013)
and Tang et al. (2015) to estimate the dependence parameter of the different copulas used in the
reliability analysis. However, in this document Kendall’s tau coefficient is employed, given that it
is a more suitable measure to represent the dependence in copula theory (see section 4.4.2). On the
other hand, the direct integration was employed in the original example to compute the probability
of failure. Nonetheless, the MCS will be employed for this purpose in this document, since it is
a more general methodology, and it is also interesting to explore its performance and compare it
with direct integration. Finally, in addition to the four copulas proposed by Tang et al. (2013), the
Student-¢ copula is evaluated, following the recommendations of Embrechts et al. (2001). In this
way, the Gaussian, Student-¢, Plackett, Frank, and Nelsen No. 16 copulas, will be employed in this
example.

Regarding the other aspects from the original example of Tang et al. (2013), these will be addressed
without modifications. Thus, the lognormal probability distribution is adopted to model both ¢ and
¢, where the mean and coeflicient of variation C.O.V. of ¢ are taken as 12 kPa and 0.4 respectively,
and the mean and coefficient of variation C.O.V. of ¢ are taken as 30° and 0.2 respectively. On
the other hand, the deterministic parameters are taken as H = 5 m, = 30° and y = 17 kN/m?>.
Finally, the Kendall’s tau correlation coefficient 7 between ¢ and ¢ is —0.5.

Following the procedure of Tang et al. (2013), the incidence of copulas in the probability of failure
is studied under three conditions, namely: (1) geometry (H and «), (2) C.O.V. scaling factor of the
marginal probability distributions (C.0.V./A.4) and (3) correlation between ¢ and ¢ (7).

Changes in each condition will be represented as changes in the nominal factor of safety FS,, (Tang
et al., 2013). The F'S, are computed following the algorithm presented by Tang et al. (2013) or
Phoon and Ching (2014). In this algorithm, Plackett copula is employed to simulate random values
of the shear strength parameters, which in turn serve to compute as many F'S as random samples.
Each FS, is taken as the 5% fractile of all the obtained F'S for the fixed condition. More details
about F'S ,, and the algorithm to compute it, can be found in the aforementioned two references.

The nominal factor of safety has the advantage of taking into account the coefficients of variation
of the distributions of the shear strength parameters, and also the correlation between these two
variables. This fact contrasts with a simple factor of safety, where only the mean values of the
random variables are employed, so there is no room for uncertainty in the estimates of the factor
of safety.

Unlike Tang et al. (2013), in this document nominal factors of safety will vary between 1.0 and
1.16. That is to say, when plotting F'S, against the probability of failure of each copula, the
horizontal axes (F'S,) for all the conditions are the same (i.e., F'S,, € [1.0, 1.16]), and their values
are due variations of each particular condition. Specifically, H € [3.84m, 6.27m], a € [27.7°,32°],
Acy €10.67,1.64] and 7.4 € [-0.78,-0.26], and all these variations will lead to the same horizontal
axis of F'S,,.
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Additional to the four copulas initially evaluated by Tang et al. (2013), namely Gaussian, Plackett,
Frank and Nelsen No. 16 copulas, Student- copula is also studied in this document. Note that
the aforementioned copulas are able to be adjusted to the Kendall’s tau coefficient assumed in this
example.

Then, MCS is performed for each copula, thus defining the probabilities of failure for aforemen-
tioned conditions. A total number of 107 samples will be simulated and employed by each MCS.
The above number is not arbitrary since, from Tang et al. (2013), the orders of magnitude of the
probabilities of failure of the infinite slope example are known. So, by applying equation (2-8), a
minimum sample size of 107 is obtained for the smallest probabilities of failure.

After applying the above procedure with all the studied copulas the probabilities of of failure are
obtained and presented in figure 4-18. In this figure, each plot corresponds to the variation of a
particular parameter, and each curve corresponds to a copula.

Additionally, table 4-15 presents a comparison of the probabilities of failure obtained through all
the copulas, for all the studied failure mechanisms. For constructing table 4-15, probabilities of
failure from the Gaussian copula are taken as reference, and the ratio P/Py,,, ... 1S computed, in
which P/ is the probability of failure obtained from each respective copula. Thus, all computed
ratios are summarized in table 4-15.

Table 4-15: Comparison of the P, obtained from different copulas for the infinite slope exam-
ple, and taking the P, of the Gaussian copula as reference for computing the ratio

PrlPrrssian-

H = [6.27,3.84] a = [32,27.7] 1=1[0.67,1.64] 7 = [-0.26,—0.78]
Copula 1700 71.08] 1.16 | 1.00 | 1.08 | 1.16 | 1.00 | 1.08 | 1.16 | 1.00] 1.08 | 1.16
Gaussian 1 1 1 1 1 1 1 1 1 1 1 1

Student-f | 0.94 | 1.69 | 435 | 098 | 1.57 | 3.78 | 0.98 | 1.69 | 21.37 | 0.98 | 1.68 | 90.00
Plackett | 1.13 | 2.26 | 5.81 | 1.12 | 2.17 | 552 | 1.11 | 240 | 29.02 | 1.06 | 2.56 | 395.89
Frank | 1.18 | 1.89 | 3.73 | 1.13 | 1.88 | 4.05 | 1.11 | 2.00 | 17.20 | 1.06 | 2.18 | 215.11
Nol6 | 133|451 | 19.15 | 1.32 | 427 | 1848 | 1.29 | 479 | 236.85 | 1.49 | 497 | 1144.33

In the first instance, it is worth mentioning that the probabilities of failure found in this document
are in the same order of magnitude to those obtained by Tang et al. (2013), but they are not equal.
There are minor discrepancies due to the modifications applied; specifically, the use of Kendall’s
tau coefficient instead of Pearson’s rho coefficient to compute the copulas dependence parameter
contributes significantly to these differences. It is emphasized again that the use of Pearson’s
rho coefficient must be avoided as a measure to characterize the dependence in copula theory.
Rank measures of dependence are more suitable for this purpose. Futhermore, when the dataset is
available, the methods exposed in section 4.4.4 are also appropriated to fit copulas to data.

Nonetheless, it is worth noting that for the same dataset, and for the same copula, methods exposed
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Figure 4-18: Probabilities of failure associated with different copulas for an infinite slope analysis.
(a) H varying from 6.27m to 3.84m, (b) a varying from 32° to 27.7°, (c) 4.4 varying
from 0.67 to 1.64, and (d) 7.4 varying from —0.26 to —0.78

in section 4.4.4 may also lead to a different copula dependence parameters, although quite similar.
These minor discrepancies in the dependence parameter of a given copula will result in different
probabilities of failure. Further studies are necessary to explore the repercussions of the copula
fitting methods on the probability of failure of geotechnical structures.

Regarding the results presented in figure 4-18 and table 4-15, it is important to present some
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conclusions that help to understand the implications of using copulas when performing reliability
analysis in geotechnical engineering. More details and remarks in this regard are presented by
Tang et al. (2013) and Tang et al. (2015) for the infinite slope example, or by Phoon and Ching
(2014), Xu et al. (2016a), Li et al. (2015b) and Xu and Zhou (2018) over other structures and
conditions. Thus:

e As it was expected, as H or « decreases, the probability of failure becomes smaller, and
consequently, the factor of safety increases. This conclusion is easily extendable to other
geotechnical models by saying that as the geometric parameters become more adverse for
the stability of the geotechnical system, the probability of failure will be greater, and vice
versa.

o As the coefficient of variation C.O.V. decreases (or A., increases), the probability of fail-
ure obtained through all the copulas becomes smaller. This behavior makes sense since
a decrease in the C.O.V. means a decrement of the standard deviation (keeping the mean
unchanged), and this leads to less heavy-tailed multivariate distributions.

e As Kendall’s tau coeflicient approaches to —1, the probability of failure decreases. This be-
havior is expected since the closer the dependence approaches perfection, the less dispersion
is in the final distribution, which leads to smaller probabilities of failure.

e For the same geotechnical model and dependence value between random variables, different
copulas lead to different probabilities of failure. Discrepancies among their results are more
pronounced when the reliability of the model is high, i.e. for small probabilities of failure.
In contrast, it is seen that probabilities of failure obtained from different copulas approach to
a same value when the reliability of the model is low, i.e. for high probabilities of failure.

¢ Differences among probabilities of failure are more sensitive to changes in statistical param-
eters than in geometric parameters. That is to say, the highest discrepancies among proba-
bilities of failure are found when the C.O.V., or the dependence parameter 7 of the random
variables change.

e Note from figure 4-18 that the Gaussian copula leads to the smallest probabilities of fail-
ure for all the evaluated conditions. Different studies agree that the lowest probabilities of
failure, or the highest reliability indexes (Zhang et al., 2014), are always obtained from the
Gaussian copula for each particular geotechnical model analyzed. This fact indicates that
the use of this copula, or the commonly employed multivariate normal distribution, overes-
timates the reliability, and hence, it may be too unconservative.

e Among all the studied conditions and parameters, changes in Kendall’s tau are the ones that
lead to the highest discrepancies in the probability of failure obtained from different copulas.
This fact shows the importance of correctly fitting the copulas since the probability of failure
is quite sensitive to this parameter.
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e Note that all the studied copulas can approach both a perfect negative dependence and in-
dependence. Thus, when 7 approaches to 0, all the obtained probabilities of failure should
converge to the same value, corresponding to the one obtained from the independence cop-
ula II (%, v). On the other hand, when 7 approaches to —1, all probabilities of failure should
approach the same value, given by the countermonotonicity copula W (u, v). Although this
behavior was not explicitly evidenced in this document, it was pointed out by other investi-
gations, such as Tang et al. (2015).

e Although both Student-r and Gaussian copulas are elliptical copulas, their probabilities
of failure differ significantly, especially in high reliability levels. These discrepancies are
mainly due to the tail dependence of the Student-z copula. In this way, tail dependence plays
an important role when performing reliability analyses, since the computed probabilities of
failure may vary in several orders of magnitude by taking it into account or not.

e In this particular infinite slope example, the MCS performs well in comparison to the direct
integration method applied by Tang et al. (2013). However, the true benefits of the MCS over
the direct integration method appear when the performance function is highly non-linear or
when there are more than two random variables involved in the reliability analysis. In this
way, the MCS is a more general methododoly than the direct integration method, and its use
is recommended for the computation of probabilities of failure.

Finally, it is worth mentioning that some studies such as Wu (2013b), Wu (2015), or Zhang et al.
(2014), prefer to express the reliability in terms of reliability indexes instead of probabilities of
failure. Particularly, Zhang et al. (2014) noted that it is preferable to employ the reliability index
when performing a weighting of the results, in order to avoid disproportional effects given by
the large differences between probabilities of failure. Unlike probabilities of failure of different
copulas, where the discrepancies between them may be of several orders of magnitude, differences
in reliability indexes are not as pronounced. Commonly, all the reliability indexes of a geotechnical
model obtained through different copulas are in the same order o magnitude, which makes their
discrepancies minor.

4.7.3 Efforts to unify results of reliability analysis of geotechnical
structures when dependece is considered.

In the last section, it was demonstrated through an infinite slope example that different copulas
lead to different values of probabilities of failure. Particularly, for a case of very low probabilities
of failure, the results obtained from different copulas may differ by several orders of magnitude.
Based on this, the question that arises is which is the true or real reliability of the geotechnical
system? or which of all these probabilities of failure better represent the reliability?.

Firstly, one could think about selecting the probability of failure given by the copula that best fits
data, which in turn is chosen through one of the methods of section 4.4.5. However, although
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this is a valid option, it was demonstrated in section 4.6 that defining the best-fit copula could be
misleading, especially when no sufficient data is available. In other words, there is not a complete
certainty of choosing the best-fit copula when the amount of data is small, which is quite common
in geotechnical engineering practice.

As noted by Zhang et al. (2014), there would not be model selection uncertainty if the probability
of one model being the real one were 1.0, while the probabilities of the others were zero. This fact
seldom occurs, but what is certain is that there are models more likely to be the correct ones in
contrast to the others. Nonetheless, it can not be said under these circumstances that these high-
likely models have the final word regarding the probability of failure since the inherent model
uncertainty would be denied.

A good estimative of the uncertainty when selecting models is through the ratio P (M,|D) / P (M,|D),
where P (M|D) is the probability of model M being the true one, given the data D. If this ratio is
equal or larger than 20, the hypothesis of M; being overwhelmingly better than M, is correct. On
the contrary, if this ratio is between 1.0 and 3.0 this hypothesis becomes only a vague evidence in
favor of M, (see, e.g., Kass and Raftery, 1995).

The previous estimative was employed by Zhang et al. (2014). In this work several bivariate
copula models were fitted to a shear strength dataset, and each model probability was computed
based on a bayesian approach. As expected, some copula models (with their respective marginal
distributions) give a better fit to data than other copulas. However, no model overwhelmingly fits
better with data in comparison to the others. In particular, the ratio between the probabilities of the
most likely models is just 1.1, which indicates that model uncertainties can not be neglected.

In order to characterize the dispersion between the probabilities of failure obtained through differ-
ent copulas, the global dispersion factor r (see Dutfoy and Lebrun, 2009), was employed by Tang
et al. (2015) in an example of an infinite homogeneous slope. The formula of the global dispersion
factor is given by:

where Py = max {Pf (C)}, and Py, = min {Pf (C)}, where C € C is a copula function, C is the
subset of all the studied copulas, and p (C) is the probability of failure obtained through the copula
C.

A small r indicates that the probabilities of failure vary in a narrow range, while a large r means
a substantial dispersion between the probabilities of failure. As stated by Tang et al. (2015), if
1.0 < r < 1.5, the probability of failure can be evaluated quantitatively. On the other hand, if
1.5 < r < 10.0, the probability of failure can be evaluated qualitatively. And finally, if r > 10.0,
then the estimated probability of failure may exceed the real probability of failure by at least one
order of magnitude, which may be too inaccurate and dangerous when defining the reliability of a
geotechnical structure.
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Other good estimate of the dispersion in the results obtained from different copulas is the local
dispersion factor ry. The local dispersion factor refers to the relation between the P, (or Py, )
and the probability obtained from certain copula C in C. Its formula is expressed as follows:

rp = max { ————,

Note that the global dispersion factor quantifies the maximum dispersion in the probabilities of
failure obtained from the copulas of C, whereas the local dispersion factor quantifies the maximum
dispersion concerning a reference copula in C.

It is interesting to compute and plot the global dispersion factors from the homogeneous infinite
slope example of section 4.7.2. This procedure was performed and figure 4-19 presents a curve for
each condition studied in the last section that represents the global dispersion factor.

As exposed previously, differences among the probabilities of failure obtained through each copula
(i.e., P;(Q)), are more sensitive to changes in 7 or A than to changes in geometric parameters. This
behavior is evident in figure 4-19, since global dispersion factors are greater for these probabilistic
parameters, and particularly, they are greater for changes in 7.

Now, it is interesting to compare, with help of the figure 4-19, the obtained global dispersion factors
with the intervals defined by Tang et al. (2015). Following this guideline, it is found that for all
the studied conditions the probability of failure can be evaluated quantitatively just for the smallest
factor of safety, close to 1.0. For larger factors of safety (= 1.02 or higher) the probability of
failure must be evaluated qualitatively. And, for the highest factors of safety (= 1.12 or higher), the
estimated probability of failure may exceed the real probability by at least one order of magnitude.
These comparisons show great dispersions between results obtained through different copulas.

The above justifies the need for a more consistent estimative of the probability of failure, which has
to take into account the inherent uncertainty. For this purpose, several methodologies have been
employed in the literature on copula theory in geotechnical engineering. Specifically, we found
interesting three methodologies presented by Tang et al. (2015) to overcome this issue, which in
turn are based on the postulates of Dutfoy and Lebrun (2009).

Taking into account that the three methodologies exposed by Tang et al. (2015) serve to understand
other methodologies and approaches that complement them, these will be briefly presented below.
Subsequently, comparisons are made with the approaches and modifications presented in other
studies, such as Zhang et al. (2014) or Xu et al. (2016a). Thus, the three methodologies of Tang
et al. (2015) are summarized as follows:

1. The first approach consists of, conservatively, taking the copula in C which leads to the high-
est estimative of the probability of failure. It is common to see this practice in geotechnical
engineering, especially when the amount of data is scarce, and hence there is high uncer-
tainty. However, its major disadvantage is that it could be too conservative, which increases
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Figure 4-19: Global dispersion factors of the studied infinite slope in section 4.7.2. (a) H varying
from 6.27 to 3.84, (b) a varying from 32° to 27.7°, (¢) A.4 varying from 0.67 to 1.64,
and (d) 7.4 varying from —0.26 to —0.78

the robustness of the designs/solutions, and hence their price significantly.

2. The second approach is based on the local dispersion factor defined by the equation 4.7.3.
Briefly, the copula belonging to C that leads to the smallest local dispersion factor must be
selected, and hence, its probability of failure must be adopted. This approach minimizes
local dispersions in the final probability of failure and provides more reasonable estimates.
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3. The third approach, and perhaps the most appealing, consists of a weighted average of all
the copulas belonging to C. With this approach, a new copula is constructed in the form of:

Cu,vi0) = ) piCi(u,v,6) (4-42)
i=1

where p; is the probability of each copula to be the correct one, so )7, p; = 1.0, and C; is
the copula i in C, with its respective fitting parameters represented by the vector 6;.

This approach has the advantage of being straightforward but, at the same time, robust. It
allows taking into account every copula of C and to make estimates of, e.g., the probability of
failure of the model. In the final estimates, each candidate copula has a certain incidence that
may be greater or less, in concordance with the respective probability of being the correct
copula.

Regarding the probability of each copula being the correct one (p; in the equation (4-42)), there
have been exposed several methodologies in the literature to address the computation of this value.
For example, the procedure presented by Tang et al. (2015) for this purpose is based on a bootstrap
approach, quite similar to what was done in section 4.6. In this sense, Tang et al. (2015) employed
the shear strength dataset, reported by Tang et al. (2013), to conduct a bootstrap procedure. A total
of ten thousand bootstrap samples (N; = 10000) were recreated by Tang et al. (2015), and for each
one, the AIC value of the different copulas was computed. Finally, the number of times that each
copula is defined as the best fit copula is divided by the number of bootstrap samples (N,), which
leads to the probability of each copula being the correct one (p;).

Another way to compute p; values from equation (4-42) was presented by Zhang et al. (2014),
which in turn was applied over a shear strength dataset to demonstrate the procedure. In this work,
the Bayes’ theorem, based on a set of observed data (D), is employed to calculate the posterior
probability of copula model M; being the correct one, as follows:

P (DIM;) P (M)

P(M;|D) =
>y P(DIM;) P(M;)

(4-43)

where P (M;|D) is posterior probability of M; being the true model, P (D|M;) is the probability of
observe D given that the model is M;, and P (M;) is the prior probability that the model M; is the
true one. If no prior probability is specified, then it could be assumed that P (M;) = % where r is
the number of candidate models in C.

Note that P (M;|D) in equation (4-43) is the same p; of equation (4-42). Additionally, after some
approximations, and based on Kass and Raftery (1995), equation 4-43 can be rewritten as follows
(see Zhang et al., 2014):

exp[~A, (BIC) /2]

P(M;|D) ~
SV exp|-A; (BIC) /2|
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where BIC is the Bayesian Information Criterion exposed in section 4.4.5.2. This approxima-
tion makes it easier to compute the probability of each model (p;), which makes this method as
straightforward and easily-applicable, just like the bootstrap approach employed by Tang et al.
(2015).

Another approach to compute p; that is worth mentioning is the entropy weights (Zou et al., 2006).
This approach was applied in geotechnics by Xu et al. (2016a) to weigh the results of different
copulas, applying equation (4-42), when calculating the probability of failure of a slope with a
rotational failure mechanism. Note that all the aforementioned weighting methods vary only in the
manner of computing p;. Thus, the principle by itself is equal, since the calculated p; are replaced
in the equation (4-42) to weight the results obtained through all the copulas.

In this way, equation (4-42) has been applied by several studies to weigh results obtained from
different copulas, specifically when these are employed to conduct geotechnical reliability analysis.
The main difference of some studies when applying equation (4-42) is the way in which these
compute the probability of each model to bethe correct one p;.

In conclusion, from our point of view the second and third methods, presented by Tang et al.
(2015), are the most adequate to take into account the model uncertainty in the estimates of the
final probability of failure. Between these two methods, the one based on the weighted average may
be more appealing than the one based on the local dispersion factor. The first method presented
by Tang et al. (2015), although it is a common practice in geotechnical engineering, it is also too
conservative and must be avoided whenever it is possible.

However, even though the aforementioned approaches serve to take into account the model un-
certainties, and certainly these compute more robust estimates of the probability of failure, they
are not perfect methodologies. In fact, more investigation is needed in this regard, since model
uncertainty, especially when the amount of data is small, is still a challenging problem.



5 Random sets and evidence theory in
geotechnical engineering

So far, two key developments to geotechnical reliability analyses have been postulated. Firstly,
the subset simulation algorithm allows obtaining an accurate estimate of the probability of failure
of a geotechnical model, being computationally efficient but keeping the robustness of the MCS.
Secondly, copula theory allows to evaluate and include dependence among geotechnical param-
eters. This dependence is commonly obviated or assumed without grounds, but as demonstrated
before, it has many implications in the final reliability estimates. The issue now is how to include
epistemic uncertainty in reliability analyses, specifically in geotechnical engineering where this
type of uncertainty has such a significant impact.

In our practice, it is usual to have incomplete and insufficient information, which makes it impossi-
ble to define with complete certainty the limit state function G and the joint PDF fx of the models.
Under these circumstances, the purely probabilistic approach that assesses reliability through equa-
tion (2-5) lose applicability (Blockley, 1980, 1999). Let us keep in mind that imprecise information
cannot give precise conclusions, and hence, the final probability of failure is not known with total
certainty (Bernardini and Tonon, 2010). For instance, Oberguggenberger and Fellin (2002, 2004)
demonstrated that the probability of failure of a shallow foundation may vary in several orders
of magnitude when using different likely probability distributions associated with soil parameters,
even if these distributions are defined based on a relatively large number of samples. Further-
more, sometimes it is even impossible to gather field or laboratory data, and the only available
information is the judgement and opinion of local geotechnical professionals, which is commonly
expressed in terms of intervals or linguistic terms'.

There exists several techniques to represent uncertainty in practical applications (see, e.g., Joslyn
and Booker, 2004, for an overview of these approaches). Traditionally, probability theory has been
the standard approach to deal with aleatory uncertainty. But on the other hand, several approaches
have lately emerged to address the issue of epistemic uncertainty. However, when both aleatory and
epistemic uncertainties are present in an engineering system, some of these methodologies treat to
convert one type of uncertainty into another. This procedure carries out several assumptions which
are mostly not justified, and hence it may lead to mistakes.

'For instance, Rackwitz (2000) presents interval ranges for the means and standard deviations of some soil properties
from several common types of cohesive and non-cohesive soils.
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Fortunately, among all these approaches, random sets theory stands out for being a theory that
manages to integrate several methodologies in order to create an unifying framework that allows
working with aleatory and epistemic uncertainties without any assumption. Random sets theory
emerges from the independent works of Kendall (1974) and Matheron (1974), who studied the
behavior of random variables valued in closed bounded sets of R?. This approach can be seen as
an extension of the point-valued probability theory to a set-valued probability theory. Furthermore,
this approach is also capable of integrating several structures of uncertainty representation such as
intervals, possibility distributions, probability boxes and, of course, probability functions (all these
structures will be further explained later).

Therefore, this chapter introduces random sets theory and its potential role when conducting
geotechnical reliability analysis considering both aleatory and epistemic uncertainties. This chap-
ter starts elucidating Dempster-Shafer evidence theory, which is closely related to random sets
theory. Later, random sets theory is introduced, and also its relationship with several structures
for representing uncertainty. Finally, the propagation of both epistemic and aleatory uncertainty
through an engineering model is explained. The chapter ends with a practical example on the use
of random sets theory in geotechnical engineering. After finalizing this chapter, the importance of
epistemic uncertainty will be evident, especially in the particular case of geotechnical engineering,
where information is scarce.

5.1 Dempster-Shafer evidence theory

Dempster-Shafer evidence theory (DST), also known as evidence theory, is a mathematical theory
for representing both aleatory and epistemic uncertainties. The early work conducted by Demp-
ster (1967) was later expanded in the seminal work of Shafer (1976) to what is known today
as Dempster-Shafer evidence theory. In essence, this theory can be seen as an extension of the
conventional probability formulation, where probabilities are assigned to sets as opposed to mutu-
ally exclusive singletons (Sentz et al., 2002). In other words, while traditional probability theory
associates evidence with one possible event, DST is capable to associate evidence with multi-
ple possible events, e.g., sets of events. In this sense, as a generalization of probability theory,
Dempster-Shafer theory collapses to the traditional probabilistic formulation when the evidence is
sufficient enough to assign probabilities to single events. Thus, DST allows a direct representa-
tion of both epistemic and aleatory uncertainties since the methodology is designed to cope with
varying levels of precision and information.

Following the definition of Dempster-Shafer structures given by Dubois and Prade (1991), let us
consider an universal non-empty set X, and its power set & (X). Furthermore, let

y = {AI’AZ’---’An}

be a family of several different non-empty sets of X, such that A; € &2 (X)\0 and A; # A; for all
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i,j=1,2,...,nand i # j. Also let
m:.% — [0,1]

be a mapping from .# to the unit interval.

Every set A; € .7 is called a focal element, and all of them have an associated basic mass assign-
ment m(A;) > 0. Furthermore, the collection of focal elements A; is known as the focal set .7 .
Thus, the tuple (%, m) is known as a Dempster-Shafer body of evidence, or simply a Dempster-
Shafer structure on X. Furthermore, some researches have coined the term evidence space for the
tripla (X, .%,m) (e.g., Helton et al., 2006). Note that every A; contains the possible values of the
variable x € X and m (A;) is the probability of A; being the true range of x. In this order of ideas,
the probability mass assignment has the following properties:

m: % — [0,1]
m@ =0
Zm(A):l
AeF

It is worth mentioning that the probability mass assignment of A; expresses the extend to which
the available information supports the claim that a particular element of X belongs to A;, but it says
nothing about the element being within the subsets of A; (Klir, 1995). Any further information
about the particular element being within a subset of A; must be represented by another focal
element and its respective mass assignment (Bernardini and Tonon, 2010). To illustrate the above
concepts, let us consider the following toy example.

Example 5.1.1. (adapted from Alvarez, 2007) Let us suppose we are interested in defining the
inner friction angle of some soil, and for this purpose we gather information from different sources
(e.g., books, experts, previous analysis, etc.). Employing these sources of information, we de-
fine four focal elements A;, which constitute our focal set .%#. For this hypothetical case, .# =
{A; = [20°,22°],A, = [22°,24°],A3 :=[18°,21°], A4 := [20°,25°]}. Furthermore, we set the ba-
sic mass assignment for every element of our focal set, in concordance to the evidence of the
investigation and the importance of the sources of information in the assessments. In this exam-
ple, m(A;) = 0.4, m(Ay) = 0.20, m(A;) = 0.15, and m(A4) = 0.25. Then, the tuple (%, m)
is constituted and it defines our Dempster-Shafer structure. Note that some focal elements share
information (e.g., A; and A4) and some others contains conflicting information (e.g., A, and Aj).
The issue of conflicting information will play a key role when combining different sources of in-
formation (Sentz et al., 2002). Figure 5-1 illustrates the Dempster-Shafer structure obtained in this
example.
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Figure 5-1: Illustration of the Dempster-Shafer structure from example 5.1.1

Note that from our hypothetical information gathered, the soil friction angle from this example
is enclosed by two bounds, as represented in figure 5-1. In other words, it is expected that any
realization of a given value of the friction angle will be within these two bounds, and never outside
of them. The concept of these two measures will be explained below.

5.1.1 Belief and Plausibility measures

Dempster-Shafer theory states that, in the light of imprecise information, the probability that an
element x belongs to a set F, such that F' € .%, cannot be expressed by a single value, but rather it
is bounded by two thresholds, as follows:

Bel(z m (F) < P(F) < Pliz ) (F)
where Bel(z ) (F) is called the belief function, and Pl z ., (F) is called the plausibility function.

These two measures are defined respectively by:

Bz (F) = ) T[A; € Flm(A)) (5-1)

i=1



148 5 Random sets and evidence theory in geotechnical engineering

and

Plizm (F) = Y T[A; N F # 0] m(A) (5-2)

i=1
forall A; € ..

In this way, the belief measure of F is the sum of all the basic mass assignments of those focal
elements contained in F' whose realization implies that x € F. On the other hand, the plausibil-
ity measure of F is the sum of all the basic mass assignments of those focal elements that share
some element in common with F, and whose realization may imply that x € F. Note that when
Bel(z m) (F) = Pl z ) (F), then DS theory collapses to the conventional probability theory (Al-
varez, 2007).

The degree of ignorance about the statement of x € F is expressed as the difference between the
plausibility and belief measures, that is to say, by the quantity Pl z,, (F) — Bel(z ;) (F). This
gap represents the epistemic uncertainty, and it will decrease as more and better information is
available.

When X is a finite set, then the basic mass assignment of F can be restored from the belief or
plausibility measured using the Mobius transform (Bernardini and Tonon, 2010):

d
m(F) = Y T1A; € F1 (=" Beliz (A)
i=1

Furthermore, the belief and plausibility measures on F can be related as follows (Wang and Klir,
1992):

Bel(y’m) (F) = 1 — Pl(y,m) (FL)

Pliz m (F) = 1 = Bel .z ) (F°)

and the following properties are meet:
e Super-additivity: Bel (A U B) > Bel (A) + Bel (B) — Bel (A N B)
o Sub-additivity: PI(A U B) > P1(A) + P1(B) —PI(AN B)

Therefore, unlike probability theory where the additivity property P(A) + P(A°) = 1 holds, in
Dempster-Shafer evidence theory Bel (A) + Bel (A°) < 1 and P1(A) + P1(A°) > 1.

Example 5.1.2. Based on example 5.1.1, what would be the probability of the inner friction an-
gle lying in the interval F = [22°,23°] ?. By using the DST, it could be easily defined that
Bel(z ) (F) = 0.25 and Pl z ) (F) = 0.4 + 0.2 + 0.25 = 0.85. In this way, the probability of the
friction angle being within [22°,23°] is bounded by a probability between [0.25, 0.85].
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5.2 Succinct introduction to random sets theory

This section presents a brief introduction to random sets theory, mostly based on the works of
Alvarez (2007), Bernardini and Tonon (2010) and Bertoluzza et al. (2002). So, readers interested
in delving into these concepts can consult the aforementioned works and the references contained
therein.

5.2.1 From random variables to random sets

Let us recall that a random variable is a function that maps the sample space into the measurable
space, i.e., X : Q — R. This transformation allows to mathematically describe a random experi-
ment. Furthermore, note that this mapping associates any event w € € to a singleton (point) x € R
(see figure 2-1).

However, in the presence of epistemic uncertainty a single point in R may not be enough to rep-
resent an event of Q. Fortunately, random sets theory manages to be an alternative by generating
this mapping including both epistemic and aleatory uncertainties.

For RS definition, let us consider an universal non-empty set X and its respective power set & (X).
Additionally, let (Q,0q) be a probability space and (%, 0 #) be a measurable space. Then, a
random set I' is a function whose domain is defined on Q and its range on .%, i.e., ' : Q — .%. As
in the conventional probability theory, this mapping serves to generate a probability measure on
(Z,0 %), such that Pr := Pg o I'"!. In this way, an event F has the probability:

Pr(F) = Pqo({w:T'(w) € F}) (5-3)
In other words, a random set is a set-valued random variable. To understand these concepts, fig-
ures 5-2 and 2-1 can be compared. Futhermore, note that when all elements of .% are singletons

(no epistemic uncertainty), then the random set becomes a random variable, i.e., I'(w) = X (w),
and in this case .Z is said to be specific.

Random sets theory states that, in presence of epistemic uncertainty it is not possible to know the
exact value of Py (F) but its upper and lower bounds. These upper and lower probabilities are
defined as (Dempster, 1967):

LP.7 py) (F) = Po({w : T (w) C F, T (w) # 0}) (5-4)
and

UP s py) (F) = Po ({w : T (w) N F # 0}) (5-5)

In this sense, Px (F') is bounded by the following inequality:

LP(fZ,Pr) (F) < Py (F) < UP(?/\,PF) (F)
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Figure 5-2: random set mapping from Q into .# (adapted from Tonon et al., 2000a)

and when the equality holds, then .7 is specific and the random set collapses to a random variable.
Furthermore, note that equations (5-4) and (5-5) are a generalization of the belief and plausibil-
ity measures (equations (5-1) and (5-2), respectively) defined by Dempster (1967) for Dempster-
Shafer theory.

In this way, random sets theory is closely related to Dempster-Shafer evidence theory. Specif-
ically, when the cardinality of the evidence is finite, Dempster-Shafer structures are mathemat-
ically isomorphic to (finite) random sets, although with somewhat different semantics (Alvarez,
2007). In other words, given a body of evidence (.%,m) where .%, = {A,A,,...A,}, and a ran-
domsetI' : Q — .#, then the following relationship holds: .# = .%,, ie. A; = F(a)j), and

m(Aj) = Pr(I'(wy), for j=1,2,...,n.

5.2.2 Some representations of the state of knowledge and their
relationship with random sets theory

Dempster-Shafer structures were previously introduced as a tool for representing epistemic and
aleatory uncertainties of a quantity of interest. Furthermore, its relationship with random sets
theory was also exposed. Nonetheless, the state of knowledge may not be necessarily represented
by a DS but by other structures of a similar nature but somewhat different. Among all these
representations we are interested in those with a practical application and that can be generalized by
random sets theory. In particular, families of intervals, possibility distributions, probability boxes,
and CDFs will be introduced since they may have a wide application in geotechnics. Additionally,
the relationships of these structures with RS theory will be elucidated.
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5.2.2.1 Possibility distributions

A possibility distribution, or a normalized fuzzy set, is a mapping A from a set X to the unit interval,
re.,A: X — [0,1], where sup,_y A (x) = 1. Here, A (x) for x € X, represents the degree in which
the concept represented by A is compatible with x. Futhermore, the @-cut of a membership function
is depicted by the so-called crisp set A, = {x € X : A(x) > a} where a € [0, 1].

Now, let us consider a measurable space (%, 0 #), in which .% C & (X). If there exists a family
of subsets 63 := {C : BC C € .%} for every B € .%, where %3 € 0 #, then the function

cr(B) = Pr(63) = Polw : T (w) € 63} = Polw : BC T (w)} (5-6)

constitutes a measure on X for every B C X called the subset coverage function. It is worth
noting that when B = {x}, then €|, = {C : x € C € .#}, and hence equation (5-6) becomes cr (x) =
Po{w : x € I'(w)} for every x € X, such that it constitutes the so-called one point coverage function
of the random set I'. Furthermore, note that based on equation (5-5), cr (x) = UP ({x}).

Let A be a possibility distribution on X, and let @ : @ — (0, 1] be a uniformly distributed random
variable for some probability space (Q, oq, P), that is to say, P{a : @ (@) < z} = z for z € (0, 1].
In this way, @ induces a random set I'y (@) = {x € X : A(x) > @ (@)}, which is equivalent to the
randomized a-cut set Az). Therefore, this is the approach to represent a possibility distribution
using a random set (see Goodman and Nguyen, 2002). The associated random set I" will have the
following one point coverage function:

cry(x) =Pla:xely(w))
=Pla:A(x)>a(@)}=A() (5-7)

In other words, the random set I'y in X has a point coverage function that coincides with the
possibility distribution A. The possibility measure Pos, : X — [0, 1] is defined by the one point
coverage function (equation (5-7)), as follows:

Posy (K) = sullg {er, (0}

= sup {A (x)}

xeK

for K € X. Furthermore, let us recall that the necessity measure Necy is defined by Necy (K) =
1 — Pos, (K°).

Note that the generated random set is nested, in the sense that I'y = {A, : 0 < @ < 1} is totally
ordered by set inclusion and that the respective possibility distribution is unimodal.

Based on this, Dubois and Prade (1991) stated that a possibility distribution A : X — [0, 1] can be
inner approximated by a finite nested random set (.%#,, m) of n focal sets. Thus, let us consider a set
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{al =lLa,az...,0,1 =0:a; >0, i > j} of a-cut levels, then the nested random set (.%,,, m)
defined by:
F={A, li=1,...,n}

and

o — aj i=1,....,n—-1

m (Afli) = !

a, i=n
where A,, = {x: A(x) > @;} is the a-level cut, is equivalent to the possibility distribution A (x).
Commonly, the a-levels are regularly distributed, and hence, m (A;) = 1/n. In an analogous way,
the outer approximation can be defined.

5.2.2.2 Probability boxes

Let us consider two non-decreasing functions, F and F, that map the real line into the unit interval,
i, F, F:R — [0,1], and that fulfill F(x) < F (x) for all x € R. Now, let |F, F| be the set of
all non-decreasing functions F, where F' : R — [0, 1], such that F (x) < F(x) < F (x). Thus,
when the pair of functions F and F circumscribe an imprecisely known probability distribution,
then [f, F ] is called a probability box or simply a p-box (Ferson, 2002; Ferson et al., 2003).

Informally speaking, a p-box groups all the possible distributions F, that in light of lack of knowl-
edge, can represent a random variable X. In this sense, although the exact distribution of X can not
be defined, it is known that it falls within [f, F ] Hence, F (x) and F (x) are the lower and upper
bounds of F (x), respectively. Note that the more and better information obtained, the narrower the
space between both bounds. F and F will converge to the random variable real distribution as the
quantity and quality of information improves. Figure 5-3 presents a scheme of a p-box.

Cumulative probability

0 X

Figure 5-3: Scheme of a probability box (adapted from Ferson et al., 2003).

P-boxes may be derived from a variety of states of incomplete knowledge about a quantity, and
hence, there exist several ways to construct these structures from analytical judgement and data.
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According to Crespo et al. (2013), p-boxes can be classified in two major and disjoint categories:
the distributional and the distribution-free p-boxes, as explained below.

In a distributional p-box, also known as a parametric p-box, the shape (distribution) of the random
variable is known with certainty, but not its parameters. Thus, although the parental distribution
is known, its parameters can only be specified by intervals. In this way, the p-box is obtained
by enveloping extreme distributions based on the possible parameters. For instance, if the liquid
limit of certain soil is known to follow a lognormal PDF with a mean ranging between [5%, 10%]
and a standard deviation ranging between [0.1%, 0.3%], then its probability box can be generated
based on this information; observe that it represents both aleatory and epistemic uncertainty of the
parameter.

On the other hand, in a distribution-free p-box, also known as a non-parametric p-box, the parental
family of the distribution that specifies the p-box is unknown. In this case, it is required that the
CDF of the bounds, F and F, are clearly and explicitly stated, without assumption of the parental
distribution. In this sense, distribution-free p-boxes do not have information about the internal
structure within the bounds F and F, and hence, they do not state which distribution is the most
likely. When additional information is available, then the p-box can be tightened.

In the literature, there is a wide variety of methods for constructing p-boxes from empirical and
theoretical information. These methods range from direct assumptions, modeling, robust Bayes
approaches, constraint propagation, and observation of measurements. Further details about all the
approaches for constructing p-boxes are out of the scope of this document, but readers are referred
to Ferson et al. (2003), and the references therein. The choice of the most appropriate method will
depend on the type of information available on the parameter of interest. For instance, if only a few
samples from a large population are available, then experimental measurements methods may be a
right choice, and particularly, the Kolmogorov-Smirnov (K-S) confidence limits may be employed
(Kolmogoroff, 1941; Smirnov, 1939). An example of this construction is presented below:

Example 5.2.1. (adapted from Alvarez, 2007) Let us consider the following dataset consisting
of twenty inner friction angles obtained from shear tests over the same soil and under the same
conditions (Oberguggenberger and Fellin, 2005, 2008).

b () = 22.0, 23.2, 23.4, 24.0, 24.0, 24.0, 24.1, 24.3, 24.4, 24.9,
- 25.0, 25.3, 25.5, 25.6, 26.0, 26.5, 27.0, 28.5, 29.5, 30.0

In the light of conventional probability approach, the common practice would be to choose a
CDF, that fulfills some goodness-of-fit hypothesis test (e.g., the Kolmogorov-Smirnov test, the
Anderson-Darling test, etc.), for representing the dataset. Nonetheless, a single CDF would deny
the inherent epistemic uncertainty of the model, which is quite significant when the available in-
formation is scarce.

On the other hand, from this dataset one can employ the Kolmogorov-Smirnov confidence limits
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methodology to construct a p-box that takes into account both aleatory and epistemic uncertainty.
Figure 5-4 shows the results of this procedure for a confidence level of 90%, provided that the sam-
ples are independent and identically distributed. Furthermore, figure 5-4 also shows the empirical
CDF for the dataset of this example.

1.0 A

o

emp

0.8 1

Probability
=)
=N

o
~
1

0.2

0.0

Figure 5-4: Empirical CDF (F emp) and the probability box [f, F ] for ¢, obtained by using the K-S
test for a confidence level of 90% and the dataset from the example 5.2.1

Observe that by using the K-S confidence limits methodology one obtains a distribution-free p-box
about an empirical CDF. Furthermore, it is worth mentioning that the bounds from a K-S test are
not certain bounds, but statistical ones. In other words, the associated statistical statement is that
90% (or any other confidence level) of the time the true distribution will lie inside these bounds.

Now, the issue is how to associate probability boxes with random sets theory. In fact, there is a
close relationship between both structures. Every RS generates an unique p-box, and every p-box
generates an equivalent class of random intervals. More specifically, every p-box can be discretized
to obtain a finite random set (see, e.g., Ferson et al., 2003). In this regard, Alvarez (2006) showed
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that a distribution-free p-box can be related to a random set as follows:
M =|F, @).F @) (5-8)

for w € Q.

However, equation (5-8) is not directly applicable to distributional p-boxes. These kinds of p-
boxes must be first converted into a distribution-free p-box in order to specify a RS through equa-
tion (5-8). This is mainly due to the inherent inability of RS theory to take into account the parental
CDF that defines the distributional p-box. This transformation may lead to a loss of information.
Nonetheless, Alvarez et al. (2017) explains how to deal with distributional p-boxes without loosing
information.

5.2.2.3 Families of intervals

An interval I = [a,b] is a range of values between a lower limit a and an upper limit . This
structure do not involve any knowledge about the CDF or shape of the values between the two
limits, and hence, all CDFs are possible. In this sense, an interval should not be confused with an
uniform CDF in [a, b], since the former is an expression of the lack of knowledge and the latter is
a representation of randomness.

Intervals are widely employed in geotechnical engineering practice. Many books and references
present intervals for different parameters of common soil/rock materials. Furthermore, it is quite
common that when asking a local geotechnician about some parameter, she/he expresses it in terms
of an interval or in linguistic terms that can be later transformed into intervals.

The relationship between intervals and random sets is straightforward. A single interval can be
seen as a RS with an unique focal element A with m (A) = 1. When there is a family of equally
probable n intervals, each one of these is considered to be a focal element A; with a corresponding
m(A;) = 1/n. Furthermore, if the intervals of a family are not equiprobable, then a Dempster-
Shafer body of evidence can be constituted and directly related to a random set.

5.2.2.4 Probability functions

A probability function can be approximated by a histogram with n discrete intervals. Each one
of these intervals constitutes a focal element of a random set, and the height of each interval in
the histogram constitutes the basic mass assignment. It is worth noting that when the probability
function has an unbounded domain (e.g., normal distribution), it is required to impose upper and
lower bounds in order to stablish the RS. These bound, for instance, can be taken as the 0.005 and
0.995 percentiles of the probability function (Alvarez, 2007).
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5.2.3 Combination of evidence

In some situations, it may be possible to have multiple bodies of evidence, obtained from dif-
ferent sources, for the same uncertain quantity of interest. For instance, two geotechnists can
have different opinions about some soil property, say (%4, m4) and (%, mp), respectively. Under
these circumstances, it may be necessary to mix all these sources into a new body of evidence
(ﬁ Joints M jo,-,,,) that combines all the opinions.

However, this procedure is not a trivial task and there are multiple strategies reported in the liter-
ature to face this labor. A comprehensive exposure of several of these methods, and their appli-
cability, is given by Sentz et al. (2002). Furthermore, Ferson et al. (2003) also explained some of
these techniques and gave some remarks and guidelines on choosing the most suitable approach as
a function of particular conditions. Nonetheless, the combination of evidence is still an open and
unsolved problem, especially when there are large discrepancies between the different bodies of
evidence (Sentz et al., 2002).

Among all the strategies that exist to combine evidence, the Dempster’s rule of combination
(Dempster, 1967; Shafer, 1976) is worth mentioning, since many other approaches are derived
from it. Dempster rule states that bodies of evidence can be combined as follows:

ﬁjoim‘ = ﬁA U <?fB (5'9)
and
i %A my (A) mg (B)
NB=A;
M joins (Aj) = 1-K (5-10)
where

K=Y my(A)mg(B)
ANB#0
forall A; # 0, A € F4, B € Fp and mj,; (0) = 0. Note from equation (5-10) that K accounts for
the contradictory of conflicting information among the sources. The normalization factor (1 — K)
on the denominator of equation (5-10) has the effect of completely ignoring conflicting evidence
and attributing any mass assignment associated with conflict to the null set (Yager, 1987). There-
fore, one of the disadvantages of Dempster rule is that it loses its applicability when the degree
contradiction between sources of information significantly increases.

5.2.4 Random relations for random sets

Random relations for random sets is a concept that appears when dealing with a function of several
variables. These functions require to associate the different variables of the model in order to
conduct the analyses. But, how different random sets can be associated?
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To answer this question, let X = x? X; be a multivariate space in R?. Thus, a random relation

for a finite RS (%, m) is defined as the cartesian product on X given by the combination of the

marginal randoms set (ﬁ",m"), where Z' = {A;l_ =1, ni} fori=1,...,d, such that:
(F.m) = (A,,..j, = XL AL my, o= f(ml.. . md)) (5-11)

k4 : Jlsees]d * i=1“"ji> "0 ad 0 Ji>t 2" a))

From equation (5-11) it is worth mentioning that the function f is the multivariate probability

function that associates the basic mass assignments of the different variables. In this sense, this

function takes into account the dependence relation between the marginal random set. For in-

stance, if there is certainty that the variables are independent, then random set independence can
be employed (Oberkampf et al., 2004), and hence the basic mass assignment for the multivariate

EIEE) =17 \" ") 7T T T s

However, as stated in chapter 4, dependence plays a key role when propagating uncertainty, and
so in the final computations and reliability estimates. Therefore, it is not good practice to make
assumptions when there is not enough evidence that supports some claims about the dependence
relationship. In this regard, when nothing is known about the dependence between variables, un-
known interaction may be a conservative but suitable choice (Fetz and Oberguggenberger, 2004).
More about dependence in random set will be further faced in the subsequent section.

5.2.5 Dependence considerations

Chapter 4 of this document was entirely dedicated to the subject of dependence in geotechnical
engineering, and for this purpose, copula theory was introduced and its role when modeling rela-
tionships between different variables explained. However, although this theory opens a wide range
of possibilities for modeling dependence, it is a fact that it is difficult to define the best copula
function for a set of parameters when information is scarce. In this order of ideas, there is also un-
certainty when defining the best copula for modeling any dependence in geotechnical engineering,
and the degree of uncertainty will depend mostly on the availability of information for defining the
structure of dependence.

Uncertainty in the definition of dependence for a set of parameters can also be addressed from
random set theory. Fetz and Oberguggenberger (2004) and Couso et al. (1999) defined several
kinds of dependence from the perspective of RS theory, which result from the combination of the
marginal random sets. Furthermore, Oberkampf et al. (2004) expose the role of dependence when
dealing with p-boxes and Dempster-Shafer structures, and also multiple conditions of dependence
were introduced. A common conclusion from these works is that dependences should not be
assumed so lightly, and the usual assumption of independence can be dangerous when conducting
reliability analysis. This conclusion agrees with what was evidenced in chapter 4 of this thesis.

It is out of the scope of this document to enter in details of the kinds of dependences defined by
Fetz and Oberguggenberger (2004) and Couso et al. (1999), but it is worth mentioning some of
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these structures, particularly random set independence and unknown interaction. Therefore, in the
remaining of this document we will consider an arbitrary dependence for the combination of those
marginal focal elements. In this sense, one should work with the better fit copula defined by the
methods exposed in chapter 4. More about the employability of copulas in p-boxes and DSS can
be found in Oberkampf et al. (2004).

The concept of random set independence states that for a given random set (%, m) = szl (35 | mi)

the basic mass assigments are defined as m (A jt. jz,,,,,jd) = 0L, m' (Ai‘,-)’ while dependence selections

=
are allowed for the probability measures inside A It is worth mentioning that the criteria for

Jisj2seja*
employing random set independence must be quite well founded since otherwise its assumption

may be harmful.

On the other hand, the concept of unknown interaction appears when nothing is known about
dependence for assigning the basic mass assignments to the set Aj, ;, ;. In this criteria the prob-
ability measures on A; ;, ;. are allowed to vary freely between the Frechet-Hoeffding bounds,
1.e. between perfect dependence and perfect opposite dependence. Fetz and Oberguggenberger
(2004) developed a linear programming approach for estimating the bounds of m when unknown

interaction in random set is employed.

It is worth mentioning that when more information about dependence is available, the range in
which it varies could be narrowed. For example, this would be the case of physical conditions
that make certain dependence values impossible. Another case would be when it is known with
complete certainty that the dependence is positive or negative. Finally, another example could be
when it is known for sure that the dependence range is between two limits that are narrower than
the Frechet-Hoeffding bounds. A complete discussion on this issue is provided by Oberkampf
et al. (2004) and the references cited therein.

5.2.6 Extension principle for random sets

After establishing the variables of interest and defining the structures that best represent them, e.g.,
probability boxes, intervals, probability functions, etc., the issue is then how to propagate them
through the models. In other words, given the function G : X — Y and the random set (.%, m), one
may be interested in the image that (%, m) projects through G, i.e. (#Z, p). This concept is useful,
for example, for knowing how uncertainties are propagated through the limit state function G and
how they affect the final reliability estimate.

This mapping can be carried out by the application of the extension principle, such as follows
(Dubois and Prade, 1991):

Z:={R;=G(A): A € F) (5-12)
p(R;) =D 1[R; =G A)]|m(A)

i=1
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Conventionally, X € R? and hence every A; € .% corresponds to a d-dimensional box with 2¢
vertices, obtained applying the cartesian product explained in section 5.2.4. Furthermore, note that
equation (5-12) requires the definition of the image that a focal element A; projects through G.
Thus, it is required to solve two global optimization problems, such that:

G (A) = [l;, 1]
where
[, = IL}&I}G (u)

r; = max G (u)
UEA;

The process of propagating the focal elements through the function G, i.e. conducting equa-
tion (5-12), when ¥ C R, can be performed by one of the following methodologies: the opti-
mization approach, the sampling approach, the vertex approach, and the function approximation
approach (Alvarez, 2007).

5.2.6.1 Method of optimization

The optimization method consists in performing a numerical optimization using the values x within
the focal element A;, finding thus the values that minimize and maximize the performance function,
i.e. [minyes, G (x), max,eq, G (x)]. This procedure is applicable when the focal elements A; are
compact and the performance function G is continuous. Furthermore, this approach is quite useful
when the performance function G is a nonlinear function of the system parameters. However,
the main drawback of this methodology is its complexity and the excessive computational effort
required for complex and large scale systems.

5.2.6.2 Method of sampling

The sampling method consists of, as its name states, drawing samples within the domain that con-
stitutes the d-dimensional box formed by the marginal random set. For this purpose, an arbitrary
probability density function can be employed for drawing samples from each focal element (e.g.,
uniform PDF is a good option given its simplicity). Subsequently, the performance function G is
evaluated for each drawn point, in order to define the belief and plausibility measures that projects
the random set through the model.

If the number of samples is large enough, then this method achieves an acceptable approximation
to min,es, G (x) and max,c4, G (x); otherwise, the approximation may be vague and coarse. In this
way, as the number of samples increases, the better the approximation to the belief and plausibil-
ity measures. This procedure is quite demanding computationally speaking, and it may even be
unfeasible if great accuracy in the evaluation of R; is required.
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This method is not computationally efficient in high-dimensions because an acceptable estimate of
R; would require a large number of samples. In this way, the sampling method suffers the curse
of dimensionality since the number of points required to populate the space increases dramatically
as the dimension of the problem increases. Furthermore, when the configuration of the problem is
not advantageous (i.e. complex nonlinear performance functions) then the method may also lead
to wrong approximations of R;.

5.2.6.3 Method of vertices

The vertex method (Dong and Shah, 1987) consists of evaluating the performance function only
for the vertices of the d-dimensional box generated by the marginal random set, in order to find
the maximum and minimum responses generated by the performance function. Evidently, this
methodology is more efficient than the optimization method or the sampling method. However,
the application of this approach is only valid when the performance function is monotonic and
continuous concerning each variable; otherwise, this method would provide erroneous results.
It is worth mentioning that as the discretization of the information structures becomes finer, the
approximation of R; given by this methodology will be much more accurate (see, e.g., Tonon,
2004). Furthermore, in the case of a non-monotonic performance function, the vertex method can
be employed as an approximation to R; that gets closer to the true result as the size of the focal
elements decreases.

5.2.6.4 Method of function approximation

The idea behind the function of approximation (Hurtado and Alvarez, 2000) consists of improving
the efficiency of the above methods by fit the performance function G to a more simple surrogate
function G, called the response surface. The function G must approximate G up to some degree
of accuracy and also be more tractable computationally than G. In this way, the efficiency of the
above algorithms can be enhanced since there is no need to call the complex function G but the
response surface. Nonetheless, it is worth mentioning that the chosen surrogate function largely
affects the accuracy of the algorithm, so it must be selected wisely.

5.3 Employability of random sets theory in geotechnical
engineering

Random sets theory has been successfully applied in many areas of knowledge, such as big data,
artificial intelligence, medicine, natural hazard risk assessments, structural reliability, hydrology,
etc. However, although its applicability in geotechnical engineering has great potential, the reality
is that its use has been rather scarce. Nonetheless, there are pioneering works that have successfully
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used the methodology in soil and rock engineering, in addition to the fact that the interest of
geotechnicians in this theory has been increasing in recent times.

Among all the pioneering works that have used random sets theory in geotechnical engineering
some of them are worth mentioning. For instance, the early work of Tonon et al. (1996) employed
random sets theory to evaluate the response of rock mass within a tunnel excavation. On the other
hand, Tonon et al. (2000a) relied on random sets theory to propose a methodology for estimating
the rock mass parameters (RMP) of a rock mass and presented some examples of its applicability.
Furthermore, Tonon et al. (2000b) employed Dempster-Shafer evidence theory and Monte Carlo
simulation to perform some estimations of plane failure and tunnel lining designs.

Other interesting works in this framework integrate random sets theory with the finite element
method. This approach is commonly known as random sets finite element method (RS-FEM). For
instance, Peschl (2004) developed a methodology in which the inputs of a finite element geotech-
nical model are a random set, and hence the probability of the model is bounded. Furthermore,
later works have also employed RS-FEM in geotechnical engineering, for example, Schweiger
and Peschl (2004) in deep excavations, Schweiger and Peschl (2005) in slopes and anchored sheet
piles, or Peschl and Schweiger (2004) in geotechnical reliability problems general in practice. This
methodology has also been applied to the study of tunnel excavations Nasekhian and Schweiger
(2011).

All the aforementioned publications are good examples of the applicability of random sets the-
ory in geotechnical engineering. Therefore, readers are encouraged to consult and study them.
Additionally, it is worth mentioning that, although these works have used RS theory in certain
particular problems, its applicability has not been widely extended. That is to say, this theory can
be employed in many other problems related to soils and rocks, so there is still much to explore
regarding its use in geotechnics.

In this document, in order to expose the applicability of random sets theory for propagating uncer-
tainties in a geotechnical model, a practical example is performed. This example consists in the
estimation of the convergence of a tunnel, subject to hydrostatic pressure, for which there are both
epistemic and aleatory uncertainties in its input parameters that must be propagated through the
model.

5.3.1 Practical example on the use of random sets in a geotechnical
model

Let us consider a circular tunnel excavated in a continuous, homogeneous, and isotropic rock mass,
as schematized in figure 5-5.

The tunnel has a radius of excavation R, a radial uniform support pressure of p;, and it is subject to
a pressure p, given by the hydrostatic stress field. With these conditions, the inward displacement
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Figure 5-5: Circular tunnel in a homogeneous, continuous, and isotropic rock mass, subject to a

hydrostatic stress field.

of the tunnel lining u;, can be computed as follows (see, e.g., Hoek, 2000):
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where u is the Poisson ratio, E is the Young’s modulus, and R, is the radius of the plastic zone.
The parameters p.. and R, can be computed as:
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where ¢ and c are the friction angle and the cohesion of the rock mass, respectively. Furthermore,
note that a plastic yielding occurs if p.,. > p;.

It is known with certainty that py = 3.0 MPa and p; = 0.8 MPa. Nonetheless, the parameters y, E,
¢, and ¢, have both aleatory and epistemic uncertainties in their definition.

Under these conditions, it is required to estimate the uncertainties in the calculation of the ratio of
the inward displacement of the tunnel lining to the tunnel radius, i.e. u;,/R from equation (5-13).
The information available about the uncertain parameters is as follows:

e The four uncertain parameters (i.e., ¢, ¢, E and u) are assumed to be independent. That is
to say, the knowledge of the value of one parameter implies nothing about the values of the
other parameters.

e The Poisson ratio u of the rock mass is given by a triangular probability distribution, with a
limit value of w,,;,, = 0.30, a mode of y,,,, = 0.35, and an upper value of u,,,, = 0.40.

e The Young’s modulus E of the rock mass is given by three independent and equally cred-
ible sources of information. Each source establishes a closed interval E; of possible val-
ues that £ can adopt. Thus, E; = [325MPa,350 MPa], E, = [360 MPa, 375 MPa], and
E5 = [395MPa, 395 MPa]

e The cohesion ¢ of the rock mass counts with three independent and equally credible sources
of information for its definition. All three sources agree that c is given by a triangular distri-
bution; however, each source states different closed intervals in which the fitting parameters
of the distribution lie, such as follows:

— First source: ¢y, = [0.11 MPa, 0.14 MPa], c¢,0q, = [0.15MPa, 0.16 MPa], c,eyx, =
[0.18 MPa, 0.20 MPa]

— Second source: ¢y, = [0.10 MPa, 0.13 MPa], ¢4, = [0.14 MPa, 0.17 MPal, ¢pux, =
[0.19 MPa, 0.21 MPa]

— Third source: cpi, = [0.09 MPa, 0.12MPa], c¢pq, = [0.13MPa, 0.17 MPa], cpur; =
[0.19 MPa, 0.22 MPa]

furthermore, for any combination of values, the relationship ¢, < Ciod < Cimax holds.

e The friction angle ¢ of the rock mass is given by a triangular probability distribution whose
lower limit value lies in the interval [15°, 18°], whose upper limit value lies in the interval
[25°,27°], and whose mode lies in the interval [20°, 24°]. For any combination of values the
relationship @i < Gmod < Pmax holds.

In order to solve this problem, it is necessary to identify the type of information available for each
parameter and relate it to random sets theory. For this purpose, the structure of information of
each parameter is discretized (when required) into n = 10 elements. This number of elements is
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convenient for the clarity of the graphs. Nonetheless, it is worth mentioning that better results are
expected if finer discretizations are employed.

The discretization of each one of the basic variables of the model is explained below, and the result-
ing structure is also presented graphically. Numerical values of the resulting focal elements, and
their respective mass assignments, are not presented nor listed in tables, this for the sake of read-
ability since they are too many elements. Nonetheless, readers can easily perform the discretization
and obtain the numerical values of the focal elements, following the procedure outlined.
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Figure 5-6: Example 5.3.1: cumulative distribution function of u (F #) and its upper CDF F,;,, and

lower CDF F),, after the discretization of F, into n = 10 focal element.

The Poisson ratio u has only aleatory uncertainty in its definition, so it is simply modeled as a
triangular CDF with the parameters mentioned above. Therefore, the discretization of u into a
random set is conducted for computational purposes only. This procedure is straightforward since
the CDF of u can be simply divided into n = 10 equally spaced sub-intervals A,.; = [a;, b;] (see,
e.g., Tonon et al., 2000b). Figure 5-6 presents the final result after the discretization of the CDFE.

The Young’s modulus E is affected by both aleatory and epistemic uncertainty. However, since the
information is given by intervals, then the relationship with random sets theory is straightforward.
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Each interval constitutes a focal element, and since the three sources of information are indepen-
dent and equally credible, the basic mass assignment for each element is defined just as my = 1/3.
Figure 5-7 depicts structure of evidence for the parameter E.
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Figure 5-7: Example 5.3.1: Upper (F,,,) and lower (F},,,) CDFs of the Young’s modulus.

Regarding the cohesion c, there is information provided by three independent and equally credible
bodies of evidence, each of which establishes that the parameter has both aleatory and epistemic
uncertainty, and that it is represented by a triangular distribution. In this sense, it is necessary to
first define the structure that represents each body of evidence and then combine them all to obtain
the final uncertainty structure of c.

Since each body of evidence assigns compact intervals to the minimum, median and maximum
values of the distribution, there is an envelope of triangular CDFs compatible with the given infor-
mation. Such a set of envelopes are bounded by an upper CDF, U, ;, and a lower CDF, L, ;, where
the subscript ¢ refers to the cohesion and the subscript i refers to the i-th source of information.
The upper bound, U.;, can be defined by a triangular distribution in the interval [min;,,, MaXmay, |,
with a mode min,,,,;,. Furthermore, the lower bound, L. ;, can be defined by a triangular distribu-
tion in the interval [maxmin[, maxmax_/] with a mode max,,,;,. In this way, an analogous structure to
a distributional p-box can be constituted from each source of information.
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Figure 5-8: Example 5.3.1: upper (U,,;) and lower (L.;) CDFs of ¢, and their discretization into
F.pp and Fy,,, respectively. (a) first source of information, (b) second source of infor-
mation, and (c) third source of information.

Subsequently, it is required to discretize U,; and L.; in order to obtain the belief and plausibility
functions of an equivalent random set. For this purpose, a total of n = 10 equally probable sub-
intervals, i.e., m; = 1/n, are generated employing the Averaging Discretization Method (ADM)
(Tonon, 2004, see). This method produces a random set in which its plausibility averages U,; and
its belief averages L.;. Therefore, this approach is quite effective for computing the expectation
of a parameter or the expectation of its image through a function. Equations and further details
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about the ADM can be found in Tonon (2004). Thus, by following this procedure the discretization
depicted in figure 5-8 is obtained.

Now, the final step for obtaining the resulting body of evidence for c is to combine the information
given by the three sources. This procedure can be performed by, e.g., employing Dempster’s
rule. That is to say, the resulting focal elements can be obtained by the equation (5-9), and their
respective mass assignments by the equation (5-10). Nonetheless, it is worth highlighting again
that, within RS theory, the combination of two or more bodies of evidence is still an open and
unsolved problem. Dempster’s rule performs well in this example since the conflict between the
three sources of information is small; but otherwise, Dempster’s rule would lose its applicability.
Furthermore, other rules of combination could also be employed in this case. For instance, Alvarez
(2007) used the intersection rule for aggregation of p-boxes (see, e.g., Ferson et al., 2003).

After performing the combination of the three sources of information, a less imprecise body of
evidence is obtained. Figure 5-9 presents the F,,, and Fy,, CDFs of the resulting structure of
information. It is worth mentioning that by discretizing each body of evidence in n = 10 focal
elements, and after combining them all using Dempster’s rule, the final random set contains 146
focal elements.
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Figure 5-9: Example 5.3.1: upper (F upp) and lower (F,,) CDFs of ¢ after applying Dempster’s

rule for combining the initial three sources of information.
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Finally, the friction angle ¢ of the rock mass is also affected by aleatory and epistemic uncertainty.
It is known with certainty that ¢ follows a triangular CDF, but its adjustment parameters are un-
certain and expressed by means of intervals. Therefore, there is an envelope of triangular CDFs
compatible with the given information. Note that this is the same case of the parameter ¢ but
considering only one source of information, so it is not necessary to perform the combination of
evidence. Thus, following the same procedure described for ¢, the upper Uy and lower L, CDFs
are obtained for ¢, and subsequently, they can be discretized into n = 10 focal elements thus ob-
taining F,,, and F,,, respectively. Figure 5-10 shows the upper and lower CDFs for ¢, and also
their discretization into F,,, and Fj,,.
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Figure 5-10: Example 5.3.1: upper (U¢,) and lower (L¢) CDFs of the parameter ¢ of the rock mass,
and their discretization F,, and Fy,,,, respectively

At this point, each uncertain parameter of equation (5-13) is constrained by a random set. There-
fore, the next step is to define the random relation of them all. For this purpose, the concepts
seen in section 5.2.4 are applied, taking into account that all the parameters are assumed to be
independent. In our particular case:

FAAY = {Aui X Ap; X Ach X Ay}
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and

m(A) = m (A X Apj X Ay X Ayy)
= mﬂ (A/l,i) meg (AE]) me. (Ac,h) m¢ (A¢»l)

for all combinations of i, j, A, L.

Consequently, the random relation (%, m) is formed. Note that each element of .% is a four-
dimensional box with 2* vertices, since they result from the cartesian product of four intervals.

Given that the random relation now is established, it is then the time to map (%, m) to the me-
chanical system response through function u;,/R (equation (5-13)). For this purpose, the extension
principle has to be applied (see section 5.2.6). In particular, the vertex method is employed here
for this purpose, and hence the function of u;,/R is calculated 16 times for each A; € .%# (one for
each vertex of the four-dimensional box). Then, for each multidimensional box the local maxima
and minima of the function u;,/R are defined. Hence, the image that (%, m) project to u;,/R, i.e.
(Z, p), can be established.

According to Tonon (2004), it is more efficient to increases the fineness of the parameter dis-
cretizations above explained, e.g. by employing much more than n = 10 focal elements, than to
invoke a global optimization tool or the sampling method. Indeed, by increasing the number of
focal elements in the parameter discretizations one achieves a better approximation to the assigned
structure of information for the parameter, a finer granularity of the CDFs of u;,/R, and a better
approximation to the global minima and maxima of u;,/R.

By applying the extension principle to map the random relation to the mechanical system response,
both aleatory and epistemic uncertainties of the input parameters are propagated through the equa-
tion (5-13). Therefore, although the CDF of u;,/R is not unique, it is known that it is bounded
between a lower and an upper CDFs. In this way, (#) is used in equation (5-4) and equation (5-5)
to define these two bounds. Figure 5-11 shows the resulting limit CDFs, F,,, and F/,,, obtained
from the uncertain input parameters and after following all the procedures described in this section.

Furthermore, it is possible to compute the expected value of u;,/R based on the obtained results.
For this purpose the following equation must be employed (Tonon, 2004):

N N
= Z} myinf (A;), Z} m; sup (A;)

For our case, it is found that the expectation of u;,/R is in [1.265 x1072,1.674x 10‘2]. Note that
the expectation of u;,/R is an interval rather than an unique value. This is because there are
both aleatory and epistemic uncertainties in the definition of the parameters employed in equa-
tion (5-13), and hence there could not be defined an unique value.
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6 Proposed approach for rigorous and
efficient geotechnical reliability
analyses

So far, we have exposed three different methodologies that complement the conventional proba-
bilistic analyses carried out in geotechnical engineering. In the first instance, subset simulation
algorithm was introduced, which allows the probability of failure of geotechnical models to be
calculated efficiently. On the other hand, copula theory and its applicability in geotechnical engi-
neering were exhaustively exposed, thus demonstrating the importance of dependence in our area
of study and its impact on probabilistic models and analyses. Finally, random sets theory was in-
troduced, as a method that includes both aleatory and epistemic uncertainty in the calculations of
probabilities of failure. This chapter will show how these three methodologies can be integrated,
thus generating an integral procedure with which efficient reliability analyses can be carried out
considering both aleatory and epistemic uncertainties, as well as the dependence between the vari-
ables of the models. Most of this chapter is based on the postulates of Alvarez and Hurtado (2014);
Alvarez et al. (2018) and Alvarez (2007).

6.1 Theoretical basis of the procedure

By using random sets theory, it is not possible to compute an exact value of the probability of failure
Pyx (F) of a geotechnical model but only its upper and lower bounds, since the exact multivariate
CDF of the input variables is not known with total certainty. Recalling equations (5-5) and (5-4),
these bounds can be estimated as follows (Dempster, 1967):

Pr(F):=Pq(la €Q:T(a) CFT(a)# 0} (6-1)
Pr(F)=Po(aeQ:T(@)NF +0}) (6-2)
where Pr (F) < Px (F) < Pr(F).

The evaluation of the equations (6-1) and (6-2) is not straightforward, and it is required other
representation for this equations. However, this definition can be particularized depending on
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the characteristics of the probability space we want to model. By correctly particularizing the
probability space, the evaluation of equations (6-1) and (6-2) can be easier.

In this way, and considering that ;¢ denotes the Lebesgue-Stieltjes measure associated to the copula
C, which generalizes the V¢-volume to sets in [0, 1]¢ that are not d-boxes, Alvarez (2006, 2007)
proved that a probability space can be particularized as,

o Q:=(0,1]%
o 0 = A (Q), where Z (Q) is the Borel o-algebra on Q,

e P = uc for some copula function C which contains the dependence information within the
joint random set,

e d-boxes as elements of %,

in order to model the different representations of uncertainty introduced in section 5.2.2, i.e., pos-
sibility distributions, probability boxes, families of intervals, and probability functions. Note that
uc (F) is the probability measure of the region F € [0, 1]¢ under the copula C (see Alvarez, 2009,
for further details).

This particularization allows to introduce a new representation of the space of the basic variables
(2 -space), which will be called from here on the Q-space. In the Q-space, every focal element
from the 2 -space can be represented as a single point, and hence, the computation of equa-
tions (6-1) and (6-2) can be simplified. Furthermore, the Q-space allows a more direct integration
with the dependence of the basic variables than the 2 -space. In fact, the Q-space contains all the
dependence information within the joint random set.

The Q-space plays a key role for integrating random sets theory, copula theory, and subset simula-
tion, in a robust methodology for estimating reliability of geotechnical models. Next, the previous
concepts will be deepened and their usefulness in the reliability analyses carried out in geotechnics
will be explained.

6.1.1 Indexation and sampling from a random sets

Let us consider an universal non-empty set X C R, its power set & (X), and the particularization of
the probability space given by Alvarez (2006, 2007), i.e., Q = (0, 114, 0q = Z(Q), and Pq = Uc.
Under this particularization, to every focal element of a random set defined in the 2 -space, it can
be associated an unique number « € (0, 1] that exclusively represents that focal element, and that
induces an indexing in the random set.

With the previous particularization, it could be introduced a new concept in the construction and
handling of random sets, which Alvarez (2007) called infinite random sets. An infinite random set
is an approximation to a random set through the indexation given by @ € (0, 1]. The greater the
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number of @ sampled, and associated with focal elements in the 2 -space, the better the approxi-
mation to the random set (%, Pr).

Thus, the lower and upper probability measures of a finite sample (.%,, m) will converge almost
surely to the lower and upper probability measures of the random set (%, Pr) as N — co. Unlike
a finite random set, in which the discretization tends to alter or generate a loss of the information,
an infinite random set with an adequate amount of samples overcomes the drawback of loss of
information.

In this subsection, we will describe this indexing for four representation of uncertainty, namely
possibility distributions, probability boxes, cumulative density functions, and families of intervals.
Furthermore, it will also be explained how focal elements can be drawn from each one of these
representations of uncertainty through a direct relation with the number « € (0, 1].

In the following, & will denote the random variable, meanwhile « will denote a realization of that
random variable. Furthermore, U; (@) := Pq (& < ), with a € (0, 1], defines a CDF on (0, 1]. All
the proof of the concept of this section are contained in (Alvarez, 2007).

(a) A(x) B 4 @ =|Fy @, F" @)
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Figure 6-1: Sampling of focal elements. (a) from a possibility distribution, (b) from a probability
box, (c) from a CDF, and (d) from a family of intervals. (adapted from Alvarez, 2007)
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6.1.1.1 Indexation and sampling from a possibility distribution

Let A be a possibility distribution with a membership function A (x) on X € R, and .# be the
family of all a-cuts A,, i.e., # = {I'(a) = A, : a € (0, 1]}. Then, the possibility distribution can
be represented by a RS (%, Pr), where I'(a) = A, and Pr : o — [0, 1] is obtained through
equation (5-3).

Thus, for every a drawn from U,, there is an unique a-cut, and viceversa. In this way, there is a
one to one relationship between A, and @. Note that « induces an ordering in .%, such that ; < «;
if A; 2 A;. Further details of this indexation can be found in Alvarez (2007).

Considering this indexation, sampling a focal element from a possibility distribution is straightfor-
ward. Basically, a focal element from a possibility distribuiton is obtained by drawing a realization
of & from U, and relating the corresponding a-cut A,. Note that as the number of focal elements
drawn approaches to infinity (N — o0), then the lower and upper probability measure of the finite
sample (.%,, m) will converge almost surely to the necessity and possibility of the set F' with respect
to the possibility distribution A. An illustration of the sampling from a possibility distribution set
is presented in figure 6-1a.

6.1.1.2 Indexation and sampling from a distribution-free probability box

Let us consider the distribution-free probability box (F, F) defined on a subset of R. Based on it,
let us define the focal element

F = {r @ = (E,Fy" (@ = |F (@), F" (a/)] Ca e, 1]}

where F©V (@) and f(_l) (@) are the quasi-inverses of F and F, respectively. In this way, the
probability box (F, F) can be represented by a random set (%, Pr), such that I (@) = (F, FY (o)
and Pr is obtained through equation (5-3).

Thus, for every a randomly drawn from U, there is an unique focal element (F, F) (@), and this
relationship is one to one if the subindex (., .) (@) is preserved.

Futhermore, note that in this particular case « induces a partial ordering in .# in the sense that
if [ay, b1],, and [ay, by ],, belong to .7, then it follows that if a; < a, then a; < a, and b; < b,.
Further details of this indexation can be found in Alvarez (2007).

Considering this indexation, sampling a focal element from a probability box is straightforward.
Basically, a focal element from a probability box is obtained by drawing a realization of & from
U, and then retrieve the associated interval (F, F) (@). This interval will contain the samples for
all the CDFs contained in the probability box, i.e., (F, F) () = {x : F (x) = a, F € (F, F)}.

Note that as the number of focal elements drawn approaches to infinity, that is N — oo, the lower
and upper measures of (—co, x] from the sampled RS will converge almost surely to F («) and F (),
respectively. An illustration of the sampling from a probability box is presented in figure 6-1b.



6.1 Theoretical basis of the procedure 175

6.1.1.3 Indexation and sampling from a CDF

The probability law of a continuous random variable (X € R) can be expressed through a cumula-
tive density function, which is given by Fx (x) = Pr (X < x) such that x € X has some probability
measure Pr. The CDF of the random variable X, i.e. (Fx) will have a quasi-inverse given by F ;{1).
Now, considering & as an uniformly distributed random variable in (0, 1], then X = F;l) (@) will
be distributed as Fx. Analogously, if X is a random variable with a continuous CDF FY, then a

realization of that random variable Fx (x) is uniformly distributed in (0, 1]. Therefore, if
F = {x| X = F;l)(a),a € (0, 1]}

then the random variable X can be associated with a RS (%, Pr), such that I' () = F ;1) (@) and
Pr = a. Furthermore, note that if @ has an associated x;, then x; < x, if @1 < ap, fori =1, 2.

In this way, sampling a focal element from a CDF is straightforward. Basically, it is just needed
to sample @ from an uniform CDF on (0, 1], i.e., from U,, and then select the associated focal
element from .%. Note that as the number of focal elements drawn N approaches to infinity, the
sampled RS will converge almost surely to F (X). An illustration of the sampling from a CDF is
presented in figure 6-1c.

6.1.1.4 Indexation and sampling from a finite family of intervals

In order to index a finite family of intervals (%, m’) by a, it is necessary to induce a reproducible
and unique ordering. For this purpose, if {[a;, b;], fori = 1,..., s} are the enumeration of the focal
elements from .7, then the family of intervals can be sorted by the criteria: [a;, b;] < [a.,-, b.,-] if
a; < ajor b; < b; when a; < a;. This sorting can be performed using a standard sorting procedure
(e.g., the quicksort algorithm) by employing an adequate comparison function. More details can
be found in Alvarez (2007).

In this way, a finite random set (%, m’) can be represented by F (@) = A" (o), for a € (0, 1]. Note
that A* (@) is the focal element for which ZZ;;.I m (A) <a < Z;f: .M (Ay), considering that k takes
successively values from the list iy, iy, . . . i;. Note that by convention 22:1.1 m’ (A;) = 0.

Now, a focal element of .% can be obtained (in order to form the RS (%, m)) by drawing an a from
a uniformly distributed CDF on (0, 1], i.e., Uy, and then selecting the respective element I' (@).
Note that as the number of focal elements drawn approaches to infinity (N — o0), then the lower
and upper probability measures with respect to the constructed RS (.%,, m) will converge almost
surely to the belief and plausibility measures of the DS structure (.#;, m’). An illustration of the
sampling from a finite family of intervals is presented in figure 6-1d.
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6.1.2 Bounding of the probability of failure using random sets

Under the particularization of the probability space stated by Alvarez (2006, 2007), and consider-
ing a failure region in the .2 -space, the sample space Q will contain two subregions given by:

Fip = {QGQF(Q)QF,F(Q)?&@}
Fyp ::{QEQIF(Q)OFi(D}

where F;p and Fyp are formed by all those points in the Q-space that are either completely con-
tained in the set F or have at least one point in common with the set F' of the .2 -space, respectively.
It is worth nOtil’lg that FLP c FUP~

For a bidimensional case, an illustration of the 2 -space and the Q-space, as well as the failure
region previously defined, is presented in figure 6-2 a and b, respectively. Note that the realiza-
tions of the basic variables in the .2 -space are focal elements depicted as boxes, meanwhile these
realizations are points in the Q-space, which are part the copula C that defines this space.

In this case, equation (6-1) and (6-2) can be computed using the Lebesgue-Stieltjes integral, as
follows (Alvarez, 2006, 2009):

Py = f I, [0]dC (@) = e (Fyp) (63)
Q

P_f = LHFUP [a] dC(@) = uc (Fyp) (6-4)

considering that F;p and Fyp are uc-measurable sets.

In this way, it is possible to estimate the lower and upper probabilities of failure using equa-
tions (6-3) and (6-4), as follows:

Pr=Pr(F),  P;=Pr(F) (6-5)

Furthermore, it can be seen that the following relations hold, as stated by Alvarez et al. (2018):

I[T (a) € F1=1p, [e] =1[G (@) < 0]
I[T (@) UF # 0] = Ip,, [e] =I|G () < 0]

Therefore, as stated by Alvarez and Hurtado (2014), the bounds of the probability of an event of
failure (equations (6-5)) can be expressed as:

= f [G(a/)<0] dC (@) (6-6)

G (@) < O dC (@) (6-7)

=
Il
h
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Equations (6-6) and (6-7) state that the computation of P, and P_f can be expressed through the

estimation of two different limit state functions in the Q-space, namely G and G. This fact is a
great advantage since it allows us to employ the already existing methods for the computation of
probabilities of failure (see section 2.2.2) with some minor modifications.

X2 A A Q2

S:%

(a) X — space

(¢c) % - space

Figure 6-2: The three spaces used to solve the interval reliability problem. (a) 2 -space, or space
of the basic variables, in which the focal elements are depicted as boxes (b) Q-space,
in which the dependence of the basic variables is defined by the copula function C, and
where each point depicts a focal element, and (c) % -space, or the standard Gaussian
probability space, where the subsim algorithm is carried out. (adapted from Alvarez
and Hurtado, 2014)

6.1.3 Monte Carlo simulation for the estimation of P, and P,

In this section, we will explain how Monte Carlo simulation can be employed for estimating Py
and P through equations (6-6) and (6-7). In fact, the principle of the Monte Carlo simulation does
not change, and the minor discrepancies with the conventional method are due the particularization
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of the probability space given by Q := (0, 11, o := Z (Q), and Pq, = uc.

In this regard, Alvarez (2006, 2007, 2009) showed that the equations (6-6) and (6-7) can be com-
puted using the consistent and unbiased estimators:

N N
by = Z poe 0] = %ZH[E(&,-)<O] (6-8)
— 1 " 11;”1
szﬁz FUPa]—NZI[G(al)<O (6-9)
i=1 i=1

where a; is a sample from the d-dimensional copula C.

Note that « is obtained by sampling it from the copula function C that defines the Q)-space. There
are multiple algorithms in the literature to obtain samples of a given copula (see, e.g., Nelsen,
2007; Embrechts et al., 2001). Furthermore, it is worth mentioning that every component «;, with
j=1,...,d, from the vector «;, is associated with a focal element in the 2 -space, as explained
in section 6.1.1. The combination of these focal elements conforms a joint focal element, which is
given by the cartesian product xj{: I (a j), where I'; (a j) are the sampled focal elements from each
basic variable. This relationship is schematized for a two dimensional case in figure 6-2 a and b. It
is worth mentioning that all possible realizations of the input variables for a given a; are contained
in this joint focal element.

Now, according to equations (6-8) and (6-9), G (@) > 0is an equivalent expression to I' (@) € F,
and also G(@) > 0 and I'(@) N F = 0 are equivalent expressions. Additionally, note that if
I'(@)N F = 0, it implies that I'(@) € F, and hence, G (o) > 0 entails G (@) > 0. In this
way, the number of evaluations of the function G can be significantly reduced by considering this
principle. In other words, when a sample a; from the copula C is employed in the evaluation of
the equations (6-8) and (6-9), and it satisfies I [Q (a;) < O], then it is not necessary to evaluate
G. Therefore, equation (6-9) must be evaluated first, and only those samples a; that fulfill G («;)
would have to be employed in the evaluation of G through the equation (6-8).

On the other hand, it is worth emphasizing again that the larger the sample size N in equations (6-8)
and (6-9), the better the approximation to the bounds of the probability of failure, such as in a
conventional Monte Carlo simulation. In this way, if the expected bounds of the probability are
small (especially in the case of Py), more samples would be required in order to guarantee a good
accuracy in the estimates. o

Finally, note that equations (6-8) and (6-9) can also be computed by any advance Monte Carlo
Simulation method, such as importance sampling, line sampling, adaptive sampling, or subset
simulation. This latter in particular will be the method we will address below.
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6.2 Proposed approach: efficient estimation of P, and P_f
using subset simulation

It was previously explained how the Monte Carlo simulation can be used to estimate the bounds of
the probabilities of failure through the equations (6-8) and (6-9), thus integrating random sets the-
ory with copula theory. However, as discussed in section 3, this simulation can be quite expensive,
computationally speaking, and it is inefficient when the probability of failure is small. Therefore,
more efficient but precise methods should be used, such as the subset simulation algorithm, which
was introduced in section 3.

To integrate the subset simulation algorithm with random sets theory and copula theory, in order
to generate a robust but efficient method for reliability analysis in geotechnics, it is necessary to
carry out the algorithm in a new probability space. For this purpose, a wise option is the standard
Gaussian space % € R?, which is widely used by many methods that seek to estimate probabilities
of failure (Alvarez et al., 2018).

In this way, it is required to perform a transformation of variables between the Q-space and the
% -space. This isoprobabilistic transformation can be carried out by means of a bijective function
T that maps the point @ € Q, defined by the copula C, to an independent point in (0, 1]%, as
explained by Lemaire (2013, chapter 4) or Ditlevsen and Madsen (1996, chapter 7). So, by defining
a =T~ (® (u)), equations (6-6) and (6-7) become

Pf:fl[[é(u)SO]d(DU(u) (6-10)

I 4

P_f:f]l[g(u)SO]dd)U(u) (6-11)
w

where the limit state functions, G and 5 are given by

G =G(T™" (@)
G@) =G (I (@)

such that @, represents the standard Gaussian joint CDE, ® (u) = [D (1), ... D (u,)], and O is the
one-dimensional standard Gaussian CDF.

These two limit state functions are schematized, for a bidimensional case, in figure 6-2c. In this
figure, the concentric circles represent the contours of the bivariate standard Gaussian distribution.
Furthermore, it is worth mentioning again that each point in the %/ -space (figure 6-2c) is related
to a point in the Q-space (figure 6-2b), and these in turn are related to a joint focal element in the
2 -space (figure 6-2a).

In this way, the standard Gaussian variables in the %/ -space are transformed to the independent
space [0, 1]¢ through the operation @ (u). Afterwards, the inverse transformation 7! is employed
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to map each independent point in [0, 1]¢ to a dependent one in the Q-space, according to the copula
C.

Finally, it is worth mentioning that there are many algorithms in the literature for transforming a
vector of independent points [0, 1]¢ into a vector of points that follow the structure of dependence of
a copula function. For instance, one option would be to perform the transformation of 7" using the
Rosenblatt transformation Ty,,,, as explained by Lemaire (2013, chapter 4). Readers are referred
to Nelsen (2007) or Embrechts et al. (2001) for an introduction to these algorithms.

6.3 Numerical examples

The applicability of the approach proposed in this thesis will be illustrated in this section through
three examples of geotechnical models, quite common in practice. These three examples integrate
both aleatory and epistemic uncertainties (through random sets theory), take into account the de-
pendence between the variables (through copula theory), and the simulation of them is accurate
and efficient thanks to the subset simulation algorithm.

For the subset simulation algorithm, a conditional probability of p, = 0.1 is employed for defining
each intermediate level, in each of which the image of N = 1000 focal elements are computed.
Furthermore, a uniform proposal distribution with width 2 is employed in the algorithm.

Regarding random sets case, it is necessary to use of the extension principle in order to obtain
the lower and upper LSFs. In the examples of this section, the image of each focal element I' (@)
through the LSF G is found employing the sampling method explained in section 5.2.6. For this
method, a sample of 100 elements is drawn from the domain of the focal element using a uniform
probability distribution. This method, and this sample size, are used in the following examples
since better precision is achieved than in the vertices method, but at the same time the computa-
tional cost is lower than the optimization method.

6.3.1 Example 1: Rotational failure of an homogeneous soil slope

Let us consider the finite homogeneous slope of figure 6-3, for which a rotational failure mech-
anism was established. This slope is constituted by a soil that follows a Mohr-Coulomb failure
criterion, that is to say, it is characterized by a cohesion ¢, an inner friction angle ¢, and a unit
weight y. However, although it is known the unit weight is a deterministic parameter equal to
20kN/m?, cohesion and inner friction of the soil are uncertain parameters.

Nonetheless, it is defined that ¢ and ¢ can be modeled as the distributional p-boxes N ([15,20], 3)
and N ([22,26],4), respectively, where N stands for the Normal distribution. Furthermore, it is
also known that the Kendall’s tau correlation coefficient between these two variables is equal to
—0.5, and that the structure of dependence of them is given by a Nelsen No. 16 copula.
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Taking into account these particularities, it is required to compute the bounds of the probability of

failure (Pf, P_f) of the slope using an ordinary method of slices, specifically the Fellenius method.

Slip surface equation:
(x—20.11)% + (y — 26.93)> = 172

C(37,25)

A (23.4,20)

B (28.4,20)

S5m 5m ‘
WT
v

8,15) (14.7,15)
Unit weight = 20 kN/m?>

¢ =N([15,20],3) kPa
¢ = N([22,26],4)°

Figure 6-3: Example 1 of the proposed approach: an homogeneous soil slope with a rotational
failure mechanism.

In this way, the limit state function (LSF) of this model can be expressed as:
G(,¢)=FS -1 (6-12)

where F'S is computed using the Fellenius formula, as follows (see, e.g., Fredlund and Krahn,
1977, for further details):

N

[c:Li + (W, cos (¥;) — K, W; sin (y;) — U;) tan (¢;)]

i=1

FS =

(6-13)

M=

[W; sin () + K, W; cos ()]

i=1

The Fellenius method discretize the domain of the slope into a series of slices, i = 1,...,n, for
each of which a limit equilibrium analysis is performed. In this way, each subindex i from the
equation (6-13) stands for a slice. The rest of parameters of the equation (6-13) are defined as
follows: ¢ and ¢ are the cohesion and the inner friction angle at the base of the slice, respectively,
L is the length of the base of the slice, W is the weight of the slice, U is the water pressure at
the base of the slice, ¥ is the angle between the vertical and the line that joins the middle point
at the base of the slice with the center of the circle of failure, and K}, is the coefficient of seismic
acceleration (taken as 0.00 for this example).



182 6 Proposed approach for rigorous and efficient geotechnical reliability analyses

Figure 6-4: Example 1 of the proposed approach: details of the slices employed for the Fellenius
method applied in the slope of figure 6-3

For this example, a total number of 11 slices are employed, each one with a width b; = 29/11 m.
These slices are shown in figure 6-4, where a detail of their geometry is also presented. Further-
more, the deterministic properties of each one of these slices are summarized in table 6-1.

On the other hand, note that the distributional p-boxes that describe the parameters ¢ and ¢ must be
converted to distributional-free p-boxes, in order to use them in the simulation. For this purpose,
the method described in Alvarez et al. (2017) can be employed.

Table 6-1: Example 1 of the proposed approach: properties of each one of the 11 slices of the
homogeneous soil slope presented in figure 6-4

Slice | Area (m) | L, (m) | A, (m) | v () | W (KN/m) | u, (kN/m?) | U (kN/m)
1 3.08 343 | 1.16 | —=39.65° | 61.60 11.38 39.03
2 7.81 301 | 297 | -28.80°| 156.20 29.14 87.70
3 1131 | 279 | 414 | -19.01° | 226.20 40.61 113.31
4 1650 | 2.68 | 4.82 | —9.80° | 330.00 47.28 126.72
5 21.14 | 264 | 51 | -0.84° | 422.80 50.03 132.08
6 2664 | 267 | 49 | 811° | 532.80 48.07 128.34
7 2450 | 276 | 431 | 17.26° | 490.00 42.28 116.70
8 21.81 | 296 | 3.23 | 2690° | 436.20 31.69 93.79
9 2038 | 333 | 1.56 | 37.50° | 407.60 15.30 50.96
10 | 1776 | 412 | 000 | 50.04° | 355.20 0.00 0.00
11 10.00 | 7.86 | 0.00 | 70.23° | 200.00 0.00 0.00
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With these considerations, it is possible to compute equations (6-10) and (6-11) through the pro-
posed methodology. Following the proposed procedure, it is obtained that the estimates of the
probability bounds are [PfP_f] = [6.7 x1073,4.38x 10‘4]. That is to say, considering epistemic
and aleatory uncertainties in the definition of the soil shear strength parameters, and also their de-
pendence, the probability of failure of the homogeneous slope depicted in figure (6-3) is bounded
by the above two limits.

Additionally, taking advantage of the fact that this is a two-dimensional model, it is interesting
to illustrate how the samples are distributed in each of the three workspaces. That is to say, the
idea is to analyze how the samples are distributed in: a.) the original space of the basic variables
(A -space), where the focal elements of the random sets will be boxes in 2 dimensions (rectan-
gles), b.) the copula domain (€2-space), which contains the structure of dependence between the
basic variables and where each focal elements is specified as a point «;, and c.) the standard Gaus-
sian domain (% -space), in which the reliability problem is solved through the subset simulation
algorithm.

Figure 6-5 shows the distribution and propagation of the SubSim samples in each one of these three
spaces. Furthermore, the failure surface given by G (c, ¢) from equation (6-12) is also presented in
the 2 -space of this figure.

Note from figure 6-5 that the computation of the upper probability of failure (P_f) employed three
intermediate failure levels, meanwhile the computation of the lower probability of failure (Py)
employed four intermediate failure regions. From this figure it is also evident how the subset
simulation algorithm redirects the simulation to the failure domain, thus considerably improving
the efficiency in the calculation of the bounds of the probability of failure.

6.3.2 Example 2: Toppling failure of a rock slope

It is planned to make a cut in a rocky mass, in such a way that the face of the resulting slope has
an inclination of ¢/, with the horizontal. Given the conditions of the rocky mass, it is identified
that the resulting slope has a toppling-type failure mechanism. Figure 6-6 schematizes the rock
slope of this example and shows geometric details of its discontinuities and exposed blocks. The
numeric values of the geometric parameters from figure 6-6 are presented in table 6-2.

Table 6-2: Example 2 of the proposed approach: geometric details of the rock slope presented in
figure 6-6

Uy =175 | wp=50° | Ax=] 1.5m
lf//s = 9° l//p = | 30° vy = 1.5m

As an action to stabilize the slope, it is proposed to use horizontal active anchors, with a tension
T, in the first block of the slope (see figure 6-6). It is then necessary to estimate the bounds of the
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Figure 6-5: Evolution of the SubSim samples in the 2 -space, the Q-space, and the % -space, for
the computation of the lower bound P (graphs in the left column) and the upper bound

P_f (graphs in the right column) of the probability of failure of the model studied in the
example 1 of the proposed approach.
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Figure 6-6: Example 2 of the proposed approach: scheme of a rock slope with a toppling-type
failure mechanism.

probability of failure of this model (Pf,}Tf), for different values of T = [0, 600] kN, taking into

account the following considerations:

e The friction angle of the rock mass (¢) is given by the distributional p-box LN ([25, 30], [3,5]),
where LN stands for the Lognormal probability distribution.

e The unit weight of the rock mass (y) counts with two independent and equally credible
sources of information for its definition. Each source defines a closed interval y; for the
values that y can adopt. Thus, y; = [17,20] kN/m?, and v, =[19,22] kN/m?.

e An earthquake, characterized by a horizontal coefficient of seismic acceleration K}, is ex-
pected to impact the slope. The coeflicient K, can be modeled as a triangular probability
distribution 7~ with a lower limit of 0.05, an upper limit of 0.20, and a mode of 0.10.

e [t is known that ¢ and 7y are related by a Gumbel copula adjusted by a Kendall’s tau coeffi-
cient of 0.75. This leads to the copula Coumper = (a1, @2;4.0), where @, and a, represent the
variables ¢ and 7y in the Q-space, respectively. The horizontal coefficient of seismic accel-
eration is independent of the rest variables. Therefore, the copula that relates of the implied
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variables of the model is:
C(@) = Coumpber = (a1, @2;4.0) - a3

where @, and @, were previously defined, and a; represents the variable K, in the Q-space.

In order to conduct the reliability analysis of this problem it is required to define the limit state
function (LSF) of the model, which can be expressed as:

G(p,v,Kp)=FS -1 (6-14)

where F'S is obtained following the procedure described by Hoek and Bray (1981, chapter 10) or
Whyllie (2017, chapter 10).

This procedure is based on a limit equilibrium analysis for each of the blocks that are part of the
slope, starting with the highest block and ending with he lowest block. Figure 6-7 presents a typical
block (i) and the forces involved in its limit equilibrium analysis.

Si = R;tan(¢)

R;

Figure 6-7: Example 2 of the proposed approach: limit equilibrium analysis of toppling on a
steeped base, forces acting in the ith block.

In figure 6-7, Q; and Q,_; are the shear forces transmitted by the adjacent blocks, P; and P;_; are
the normal forces transmitted by the adjacent blocks, and R; and S; are the normal and shear forces
developed on the base of the block. The distances M; and L; are the points of application of the
normal forces P; and P;_j, respectively, y; is the block height and Ax is the block width.

The numerical values of y;, M; and L;, for each block, can be found by simple trigonometry or
following the procedure and equations presented in Wyllie (2017, chapter 10), it is also necessary
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to consider the following values (see figure 6-6):

a; = Axtan (¥, - ¢,) = 1.50m
a, = Axtan (g, — ¢,) = 0.58m
b= Axtan (y, —¢,) = 0.55m

for an irregular array of blocks, y;, M; and L; can be found graphically.

Table 6-3 shows the values of y;, M; and L;, as well as the area, of each block of the example
studied in this section.

Table 6-3: Example 2 of the proposed approach: heights, areas and point of application of forces
for each block in the figure 6-6.
Block | y; (m) | M; (m) | L; (m) | Area (m?)
1 1.5 1.5 1.5 2.25
2.45 2.45 0.95 3.68
341 341 1.91 5.12
4.36 4.36 2.86 6.54
5.32 4.74 3.82 7.98
4.19 3.62 4.19 6.29
3.07 2.5 3.07 4.61
1.95 1.38 1.95 2.93
0.83 0.25 0.83 1.25

O[O0 AN Nn| =Wl

Now, for each block of the rock slope two failure mechanism are studied: sliding and toppling.
Sliding is studied taking the sum of forces in the direction of §S;, and toppling is studied taking the
sum of moments in the point A (see figure 6-7). In this way, the force P,_; ; to guarantee stability
against sliding and the force P;,_;, to guarantee stability against toppling are computed for each
block. The equations of these two analyses are (see, e.g., Hoek and Bray, 1981; Wyllie, 2017):

K,W; (sin (wp) tan (¢) + cos (w,,)) - W, (cos (zp,,) tan (¢) — sin (z//,,))

Piys=P;+
’ 1 — tan? (¢)

(6-15)

P;(M; — Axtan (¢)) + (%) (y,- sin (w,,) — Axcos (z//)) + (Kh%) (yl- cos (w,,) + Axsin (wp))
L;

Pi—],t =
(6-16)

The greater force between P;_; ; and P;,_;, will be the force P; of the next block to analyze. This
procedure is performed starting in the highest block (in this case the block 9) and ending in the
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lowest block (in this case the block 1), finding thus the force P, for this latter block. Note that for
the block 1 the force transmitted by the anchor must be taken into account in the equations (6-15)
and (6-16).

Finally, if Py < 0.0 then the slope is stable, otherwise the slope is unstable. Now, following this
procedure, the expression of F'S from equation (6-14) can be written as follows:

tan (¢)
tan (¢required )

where ¢ is the available friction angle, i.e. the friction angle of the rock mass, and ¢,cquireq 15 the
friction angle that leads to a Py = 0.00, i.e. the friction angle that generates a limit equilibrium in
the system. Note that ¢,.guir.s must be found iteratively or using numerical methods.

FS =

Now, by applying the proposed approach considering this procedure and the conditions already
established for the model, it is possible to compute the bounds of the probability of failure of the
system, for different loads 7' € [0,600] kN in the anchor of the first block. Figure 6-8 presents
the evolution of these bounds as the magnitude of 7 increases. Furthermore, table 6-4 shows the
numerical values of the bounds on the probability of failure of the system, for values of T within
[0, 600] kN in intervals of 50 kN.

Table 6-4: Example 2 of the proposed approach: results of the bounds on the probability of failure
in the rock slope from figure 6-6, considering values of T within [0, 600] kN in intervals

of 50 kN.

T (kN) Py P T (kN) Py P;

0 [9932x10" | 1x10° 350 | 1.478x10°" | 6.788x10""
50 | 9.630x10~" | 9.998x10"! 400 | 7.796x1072 | 5.470x10~"
100 | 8.802x10" | 9.944x10~! 450 | 3.554x102 | 4.256x10"!
150 | 7.632x10" | 9.774x10~" 500 | 1.526x1072 | 3.228x10"!
200 | 6211x10°" | 9.464x10°" 550 | 5.676x1073 | 2.394x10""
250 | 4.474x10"" | 8.848x10°" 600 | 1.964x107 | 1.721x10°"
300 | 2.818x10°" | 7.924x10°!

By observing figure 6-8 and table 6-4, it is evident that the system requires an anchor for its
stability. When there is no anchor in the system, or when the load transmitted by it is low (say
T < 250 kN), the rock slope will fail almost surely. As the load transmitted by the anchor increases
the probability of failure is reduced; this is to be expected according to the physical sense of the
system.

Now, what is really interesting here is how the bounds of the probability of failure evolve as the
load on the anchor increases. It can be seen in figure 6-8 that as the load on the anchor increases,
the gap between the bounds of P, also increases. This means that epistemic uncertainties have a
greater impact when the probability of failure is small, that is, when the system is reliable.
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Figure 6-8: Example 2 of the proposed approach: evolution on the bounds of the probability of
failure in the rock slope from figure 6-6, considering different loads T € [0, 600] kN
transmitted by an anchor in the first block of the slope.

Based on the values of table 6-4, it could be observed that when T < 350 kN the bounds on
the probability of failure are in the same order of magnitude; nonetheless, for 7 > 400 kN these
bounds are in a different order of magnitude, reaching for example a difference of 2 orders of
magnitude when 7" = 600 kN. If the epistemic uncertainty in the definition of parameters were
reduced, the gap between these bounds would also be reduced, thus converging to a single value
when the epistemic uncertainty is zero.
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6.3.3 Example 3: Plane failure of a rock slope

For the construction of a new highway, it is necessary to carry out an excavation in a rock mass;
this procedure will generate a twenty meters high slope (H = 20 m) at a face angle of ¢, = 60°.
The rock mass where the excavation will take place contains persistent bedding planes that dip at
an angle of ¢, = 35° into the excavation. It is also known that behind the crest there will be a
tension crack with depth Z, and which will be filled with water to a height of Z,, above the sliding
surface.

It is defined that the rock mass follows a Mohr-Coulomb failure criterion. In other words, the
failure of the rock slope can be modelled by a cohesion ¢, an inner friction angle ¢, and a unit
weight y.

Furthermore, it is desired to take into account in the model the impact of an earthquake that would
generate a horizontal acceleration in the terrain of K,g, where Kj, is the horizontal coefficient of
seismic acceleration and g is the gravity. Taking into account this adverse load, the use of active
horizontal anchors is proposed, which transmit a load 7" to the wedge, in order to guarantee the
stability of the slope.

Figure 6-9 presents an scheme of the rock slope studied in this example. It is worth noting that in
this figure the forces U and V are the resultant of the distributed forces due to hydrostatic pressures
in the sliding plane and the tension crack, respectively. Furthermore, note that ¥ = 0 since the
anchor is said to be horizontal.

Tension crack

Figure 6-9: Example 3 of the proposed approach: two-dimensional stability model of a rock slope
with a plane failure mechanism.
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In a conventional approach, the factor of safety (FS) of the slope can be formulated as follows (see,
e.g., Hoek and Bray, 1981; Wyllie, 2017, chapter 7):

where

and

cA + N’ tan (¢)

FS =
w (sin (gl/p) + K, cos (wp)) + Vcos (zpp) — T cos (wT + wp)

(6-17)

_H-2)
sin (w,,)
N = W eos(0) - i) U =V sin(0) + Tos(r )

W = 0.5yH* ((1 —~ (%)2) cot (wp) — cot (lﬁf))

A

U =0.5y,rZA
V = 0.5y, r* 2>
Z,
r=—
Z

Nonetheless, a deterministic analysis is not recommended in this case since some of the parameters

of the
tainty,

model have uncertainties in their definition, whether aleatory uncertainty, epistemic uncer-
or both. In this regard, it is then required to estimate the bounds of the probability of failure

(Pf,P_f) of the system, for different values of T within [0, 700] kN, considering the following

information:

The unit weight y of the rock mass that compounds the slope is set as a deterministic value
equal to 26 kN/m>.

The cohesion of the rock mass (¢) is given by the distributional p-box LN ([15,20], 3) kN/m?,
where LN stands for the Lognormal probability distribution.

It is defined that the friction angle of the rock mass (¢) is given by the distributional p-box
N (35,[4,6])°, where N stands for the Normal probability distribution.

The depth of the tension crack (Z) counts with three independent and equally credible
sources of information for its definition. Each source sets a closed interval Z;, within which
the values of Z are considered to lie. Thus, Z; = [1,6] m, Z, = [5,8] m, and Z; = [7, 10] m.

The ratio of water depth filled in the tension crack to tension crack depth (r) can be modeled
as a triangular probability distribution 7~ with a lower limit of 0.00m, an upper limit of
1.00m, and a mode of 0.33m. Note that r = 0.00 means that the tension crack is dry, and
r = 1.00 means that the tension crack is completely full of water.
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e The horizontal coefficient of seismic acceleration is modeled as a uniform probability distri-
bution U with a lower limit of 0.05 and an upper limit of 0.15.

e The structure of dependence between ¢ and ¢ is given by a Frank copula fitted through a
Kendall’s tau coefficient of —0.75. This leads to the copula Cg, 4 (@1, @2; —14.138), where
a; and a, represent the variables ¢ and ¢ in the Q-space, respectively.

e The structure of dependence between Z and r is given by a Plackett copula fitted through a
Spearman’s rho coefficient of —0.5. This leads to the copula Cpjyererr (@03, @45 0.195), where a3
and a4 represent the variables Z and r in the Q-space, respectively. Note that this relationship
is negative, which means that a tension crack with a shallow depth is more likely to be
completely filled with water, meanwhile a tension crack with a greater depth is more likely
to be less full of water.

e [t is set that K}, is independent of the rest of variables of the model. Furthermore, it is known
that ¢ and ¢ are independent of Z and r. In consequence, the copula that relates all the implies
variables is:

C (a) = Crrank (a]’ as; _14138) * Cplackert (a37 (07 0195) * s
where a4, ... a4 were previously defined, and a5 represents the variable K, in the Q-space.

In order to conduct this reliability analysis it is required to define the limit state function of the
model, which can be formulated as follows:

G(c,9,Z,r,Ky) =FS — 1
such that F'S is obtained through equation (6-17).

In this way, by applying the approach proposed in this document it is possible to compute the
bounds of the probability of failure of the rock slope presented in figure 6-9, taking into account
the conditions already established for it. The bounds on the probability of failure of this model are
computed for different loads 7 € [0, 700] kN, in intervals of 50 kN.

Results of this procedure are presented in figure 6-10 and table 6-5. From these results, it is
evident the need for an anchor, or other stabilization measures on the slope since the bounds on the
probability of failure are very high when the anchor is not used or when a low load is transmitted
by it. As expected, as the load on the anchor increases, both bounds of the probability of failure
decrease.

Furthermore, it is worth noting again that as the probability of failure of the slope decreases, the
gap between the bounds of the probability of failure increases. This behavior had already been
observed in the previous example of this section, and it is mainly due to epistemic uncertainties in
the definition of the basic variables of the model. In this way, the impact of epistemic uncertainties
becomes more noticeable when high reliability is desired in the geotechnical model, since P, and

P can even differ by several orders of magnitude.
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Therefore, if models with high reliability are desired, it is necessary to collect more and better
information in order to reduce the final uncertainty in the results. This is how the methodology
proposed in this thesis demonstrates its usefulness by quantifying this final uncertainty.

With the proposed approach, designers obtain the tools to, at their discretion, define if the uncer-
tainties given by the bounds of the probability of failure are acceptable or if more information is
required to reduce the gap between P and P_f For the model studied in this section, the designers

could conclude, for example, that a difference of one order of magnitude between P, and P_f when
T = 600 kN is unacceptable, and therefore more information is needed in order to ensure good
reliability of the rock slope.

Table 6-5: Example 3 of the proposed approach: results of the bounds on the probability of failure
in the rock slope from figure 6-9, considering values of 7" within [0, 700] kN in intervals

of 50 kN.

T (kN) Py Py T (kN) Py P

0 | 6.244x107" | 9.009x10" 400 | 1.360x107" | 4.122x10
50 | 5.646x107" | 8.606x10™" 450 | 9.878x1072 | 3.544x10"!
100 | 5.016x107" | 8.106x107! 500 | 6.810x1072 | 2.884x107!
150 | 4.294x10" | 7.545x107! 550 | 4.793x1072 | 2.318x10"!
200 | 3.658x107" | 6.881x10"" 600 | 3.078x1072 | 1.896x10""
250 | 2.986x107" | 6.220x10"" 650 | 1.921x1072 | 1.489x107!
300 | 2.346x107! | 5.508x107! 700 | 1.262x1072 | 1.154x107!
350 | 1.878x107" | 4.769x107!
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Probability of failure
3

0 50 100 150 200 250 300 350 400 450 500 550 600 650 700
T (kN)

Figure 6-10: Example 3 of the proposed approach: evolution on the bounds of the probability of
failure in the rock slope from figure 6-9, considering different load 7" € [0, 700] kN
transmitted by an anchor to the sliding plane.
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Throughout this document, the issue of uncertainty in geotechnical engineering was addressed in
a broad and comprehensive manner. Two major sources of uncertainty were identified: aleatory
uncertainty and epistemic uncertainty. Aleatory uncertainty refers to the inherent randomness of
phenomena, and it is manifested in geotechnical engineering through the spatial and temporal
variability of materials and their properties, as well as, the loads and other external agents that
act on them; this uncertainty is irreducible and is characterized through probability theory. On
the other hand, epistemic uncertainty refers to the lack of knowledge, which is manifested in
geotechnical engineering through limited information or lack of certainty in the models. This
uncertainty can be reduced, but it requires obtaining more and better information, which is usually
not achieved in geotechnics due to limited budgets or time. These two great sources of uncertainty
play a key role in the stability of geotechnical structures and interventions.

However, it is evidenced that the approach with which geotechnical uncertainties have mostly been
handled corresponds to a purely deterministic approach. Thus, uncertainties are never character-
ized or propagated through the models. On the contrary, uncertainties are obviated and, in order to
guarantee the stability of the structures, factors of safety are employed. Factors of safety, although
are the result of years of experience, may be too excessive, involve many approximations, and in
no case provide information on the reliability as a function of uncertainties.

In order to consider uncertainties in geotechnical models, it is necessary to resort to another type
of analysis: the reliability analysis. Reliability analysis seeks to characterize all the uncertainties,
propagate them through the models, and quantify their impact on the safety by estimating a proba-
bility of failure P;. However, in this master’s thesis three fundamental gaps were identified in the
reliability analyses commonly carried out in geotechnical engineering:

1. Reliability analyses have traditionally been based on probability theory. As previously
stated, with this theory it is possible to characterize and handle aleatory uncertainty; nonethe-
less, probability theory fails in handling epistemic uncertainty. In this way, the reliability
analyses commonly performed in geotechnics only consider aleatory uncertainty. Unfortu-
nately, in geotechnical engineering, where information is so scarce, epistemic uncertainty
has a large component and impact on designs and models. Not considering epistemic un-
certainty is a great disadvantage and can be risky, since epistemic uncertainty has a role of
equal importance (or in some cases of more importance) than aleatory uncertainty.
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2. In a probabilistic approach, the probability of failure P, is computed by means of equa-
tion (2-5). This equation rarely has an analytical solution, so specialized methods must be
used to approximate it. Among all the methods that exist for its approximation, simula-
tion methods stand out, and in particular Monte Carlo simulation MCS, which is widely
employed for conducting reliability analyses in geotechnics. However, MCS has a great dis-
advantage: its accuracy carries out to a computational cost that, in many cases, is excessive.
Monte Carlo simulation falters when the failure region, associated with the tails of the prob-
ability distributions, is too small. In this case, Monte Carlo simulation requires an excessive
number of runs to guarantee an acceptable accuracy, since otherwise, its estimates would be
misleading.

3. Due to lack of theoretical support or to simplify its calculation, equation (2-5) is subjected
to approximations and hypotheses that in many cases are not well-founded. One of the
major approximations has to do with the dependence of the basic variables of the model, and
therefore with the multivariate probability function that groups all of them. In geotechnics,
the practice of assuming independence or gaussian dependence between basic variables is
widely extended. However, this assumption is seldom validated or verified, so it can lead to
estimates of the probability of failure far from reality.

Fortunately, currently there exist theories and methodologies in concordance with the latest postu-
lates of the state-of-the-art that, although have not been widely implemented for reliability analysis
in geotechnical engineering, serve to fill the aforementioned gaps. In particular, this document
presents random sets theory, subset simulation algorithm, and copula theory. Random sets the-
ory establishes a framework for the analysis of aleatory and epistemic uncertainties, in the light of
which the probabilities of failure of a model are not obtained as a unique value but as lower and up-
per bounds, P, and P_f, that converge to a unique value when the epistemic uncertainty disappears;
on the other hand, subset simulation algorithm serves to obtain efficient but accurate estimations of
P/; this by introducing intermediate failure events in the domain of the basic variables; finally, cop-
ula theory provides a framework for the characterization and handling of dependence among basic
variables, as well as for the construction of a great variety of multivariate distribution functions in
a flexible manner.

The fundamental contribution of this thesis was to apply the aforementioned three theories into
a reference framework for carrying out reliability analyses in geotechnical engineering. The pro-
posed approach overcomes the major disadvantages of the purely probabilistic reliability analyses,
given that: it is efficient and accurate thanks to the subset simulation algorithm; it allows character-
izing dependence and having a wide range of dependence structures to model the basic variables,
which is translated into a wide range of multivariate models, thanks to copula theorys; it allows to
take into account aleatory and epistemic uncertainties in reliability analyses, so that the impact of
randomness and lack of information in the estimates of the probability of failure can be evaluated.

Next, some comments and conclusions for each of the methods studied in this document are pre-
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sented. Additionally, further conclusions on the results and applicability of the proposed approach
for reliability analysis in geotechnics are presented. This thesis ends with some comments about
open issues and directions for future research.

7.1 Comments on the use of subset simulation in
geotechnics

Subset simulation was introduced, in a theoretical but also practical way, in chapter 3 of this
document. Also, a keystone in this method, the Markov Chains and Markov Chain Monte Carlo
methods, were also presented in chapters 2 and 3, respectively. Finally employability of subset
simulation algorithm in geotechnical engineering was evaluated through two practical examples.
Based on this postulates, the following conclusions are obtained:

1. By employing subset simulation, the issue of estimating a small probability associated with
a rare event is solved by expressed it as the product of conditional probabilities associated
with intermediate events, which are more frequent. Informally speaking, subset simulation
redirects the simulation to the failure regions instead of spending efforts in the safe regions.

2. For the task of estimating the conditional probabilities associated with the intermediate fail-
ure events, subset simulation employs an algorithm based in Markov chain Monte Carlo
MCMC methods for generating conditional samples in the intermediate failure regions. In
particular, two major algorithms for constructing Markov Chains were presented in this
document: the Metropolis algorithm MA and the Metropolis-Hastings algorithm. These
two algorithms are the base of the Modified Metropolis algorithm MMA (or the modified
Metropolis-Hastings algorithm MMHA), which is employed by SubSim for populating the
intermediate failure regions.

3. The modified Metropolis algorithm MMA overcomes some of the disadvantages of other
MCMC methods, e.g. Metropolis or Metropolis-Hastings algorithms. Specifically: (1) in
the MMA the initial values of the chains are selected implicitly and they will always be
adequate for the region to be populated; (2) the type of proposal distribution does not affect
the efficiency of the algorithm (although its spreads does); (3) the MMA has the property
of perfect sampling (seeds are already distributed according to the target distribution), and
hence MMA does not need a burn-in period; (4) MMA does not suffer ergodicity problems,
since the algorithm runs several chains at the same time, and then it is expected that the
isolated failure regions are populated.

4. The stationarity of the chain generated by the MMA must be guaranteed in order to improve
the convergence of the subset simulation algorithm. Furthermore, it is also necessary to
avoid auto-correlation on the samples generated through MMA. The spread of the proposal
distribution has a great impact on these properties, so it must be defined wisely. Furthermore,
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there exists some techniques for evaluating the stationarity and the auto-correlation of the
chains generated by the MMA, such as the percentage of acceptance-rejection or the Geweke
test, which were presented in this document. Other techniques such as the thinning or lag
period can also be implemented.

. Subset simulation algorithm demonstrated to be robust to the dimension of the models and

to the complexity of the limit state functions. Furthermore, it overcomes one of the major
drawbacks of the widely employed Monte Carlo simulation: the efficiency. It was demon-
strated through theory and practical examples that when probabilities of failure are small,
subset simulation algorithm requires much fewer runs of the models, and much less time,
than the commonly used Monte Carlo simulation, this without sacrificing accuracy.

Subset simulation algorithm proves to be especially suitable to populate and characterize
tails of the distributions, where failure regions are commonly located, specially in rare
events. This same task would carry a much higher computational cost with the traditional
Monte Carlo simulation, particularly when the failure regions are small.

. Although the advantages in efficiency of subset simulation algorithm were demonstrated

in this document by means of a pair of basic examples, the truth is that these advantages
are much more noticeable when the complexity of the models increase. In these cases, the
difference in time between SubSim and MCS will of several order of magnitude.

. By taking advantage of the efficiency of the subset simulation algorithm, it is possible to

further improve the accuracy of the estimates of P;. For this purpose, it is enough to run
the algorithm several times and average all the results obtained from each simulation. Some
authors have used a total of 50 runs for this purpose; however, this value will depend on the
particularities of each model and the covariance found in the results.

7.2 Comments on the dependence and copula theory in

geotechnics

Copula theory and concepts of dependence in geotechnical engineering were introduced from a
theoretical and a practical perspective in chapter 4 of this document. Furthermore, uncertainties
in the construction and definition of copula functions, as well as their impact on models, were
also included in the state-of-the-art presented in this master’s thesis. Finally, the role that copula
functions have in geotechnical reliability assessments was also evaluated. Based on this work, the
following conclusions can be drawn:

1.

Dependence plays a key role in geotechnical engineering and, therefore, it should not be
taken lightly, much less overlooked. Dependence on geotechnical parameters will impact,
directly or indirectly, the constructed models in a significant way.
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2. The practice of geotechnics is full of equations that seek to correlate different parameters and
properties of soils and rocks. However, using these equations leads to many uncertainties in
the estimates sought and, therefore, in the models built.

3. It is necessary to migrate, in geotechnical engineering, from the concept of correlation to
the concept of dependence, which is much broader and, in fact, encompasses correlations.
Starting to consider dependence will allow a much better understanding of how geotechnical
parameters are related.

4. Copula theory is especially suited for modeling dependence. By means of this theory, a mul-
tivariate distribution function can be separated into marginal distributions and a function that
groups them together, known as the copula function. This fact is quite useful since it opens
up a fairly wide range of possibilities when it comes to modeling multivariate distribution
functions and studying the dependence structures between random variables.

5. It is quite common in geotechnics to find that soils and rocks parameters, and in general all
random variables, are related in pairs. In many cases, it is enough to use bivariate copulas
to model the pairs of random variables. If it is necessary to build models of more variables,
they could also be constructed with the conventional copula theory, although this has certain
disadvantages related to the assignment of the same dependence structure for all the vari-
ables, and that the range of available copula functions is reduced. In this case, it would be
much more convenient to make use of vine copulas.

6. There is no ideal copula to model dependence on geotechnics. Actually, there are multiple
copula functions in the literature, of which a reduced set must be selected based on the
dependence characteristics that we must model. In any case, each copula must be adjusted
to the information and the most suitable copula must be chosen through a goodness-of-fit
test. However, there will always be some uncertainties in the construction and selection of a
copula function, especially when the information is limited.

7. There will always be uncertainties in the construction and selection of copula functions for
modeling dependencies in geotechnical engineering. These uncertainties will be greater as
the quality and quantity of the information decreases. Thus, the uncertainties will be trans-
mitted to the created models and the results obtained from them. Therefore, it is necessary
to build and select copula functions responsibly, in order to obtain models that truthfully
represent reality.

8. When conducting geotechnical reliability analysis, different copula functions will lead to
different results in the computed probability of failure. As it was demonstrated, probabilities
of failure obtained from different copula functions can vary by several orders of magni-
tude, especially when P, is small. This is one more example of the impact of epistemic
uncertainty, and it highlights the importance of selecting copulas responsibly. More research
should be carried out on the correct construction and selection of copula functions to model
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geotechnical variables.

9. Gaussian dependence structure, commonly assumed in geotechnical probability models with-
out any validation, is not always the most suitable copula function. In reality, this depen-
dence structure is only one of many that can be employed in light of copula theory. In the
case of reliability analyses, it was shown that Gaussian copula may lead to overestimations of
the probability of failure, which becomes too conservative, especially when the probability
of failure is small.

10. Currently, Monte Carlo simulation is one of the best alternatives to carry out reliability anal-
yses in geotechnics within the framework of copula theory. It is important to be careful with
the number of simulations employed in this technique since an insufficient number would
lead to incorrect reliability estimates.

11. Currently, there are simulation techniques, much more advanced than Monte Carlo simula-
tion, which could be used together with copula theory. In particular, subset simulation is
a modern technique that allows to calculate small probabilities of failure in a much more
efficient way than Monte Carlo simulation. Some studies have already been carried out that
integrate subset simulation with copulas. Nonetheless, in this thesis it was demonstrated
how these two tools can be incorporated.

7.3 Comments on the applicability of random sets theory in
geotechnical engineering

Chapter 5 introduced a methodology for the characterization and handling of both aleatory and
epistemic uncertainties: random sets theory. The applicability of this theory in geotechnical en-
gineering was demonstrated through practical examples. Based on this chapter, the following
conclusions and comments can be drawn:

1. Random sets theory manages to integrate aleatory and epistemic uncertainties into a sin-
gle methodology of analysis. This theory constitutes a generalization of probability theory,
where instead of using random variables, random sets are employed, which are basically set-
valued random variables. In this regard, when epistemic uncertainty disappears, a random
set collapses to a random variable.

2. Through random sets theory it is possible to manipulate different structure of information. In
particular, possibility distributions, probability boxes, families of intervals, and CDFs, were
introduced in this work, and their relationship with random sets theory was exposed. With
these four structures of information it is possible to describe both aleatory and epistemic
uncertainties in the definition of parameters and variables in geotechnics. Additionally, it is
also possible to include in the modeling the estimates of parameters and values expressed by
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means of linguistic terms or intervals, given by reliable sources such as highly experienced
geotechnical engineers. This last type of information is quite valuable, and thanks to random
sets theory it can be included in the modeling.

3. It is possible to combine different sources information, which would be done to improve the
approximations of the structures of information. An example of a methodology of combi-
nation of evidence is the Dempster rule of combination, which was introduced in this docu-
ment. Nonetheless, combination of evidence lead to several approximations, specially when
there is strong conflicts between sources. This issue is an open problem in the state-of-the-art
that needs more research.

4. In the light of aleatory and epistemic uncertainties, random sets theory states that the prob-
ability of an event F, i.e. Px (F), cannot be computed as an exact value, but rather as an
interval with an upper bound and a lower bound. In this regard, a geotechnical model with
aleatory and epistemic uncertainties in the definition of its parameters will lead to an upper
probability of failure P_f and a lower probability of P,. As the epistemic uncertainty in the

model decreases, the gap between P_f and P, also decreases, and both bounds converge to
P; when the epistemic uncertainty approaches to a null value.

5. Using copulas, it is possible to include dependence when studying the association between
different random sets.

6. The issue of propagating both aleatory and epistemic uncertainties in the models was ad-
dressed through the extension principle. In particular, four different methods were intro-
duced for this purpose, namely the optimization method, the sampling method, the vertex
method and the method of function approximation. Each of these methods has its advantages
and disadvantages. For instance, the optimization method and the sampling method (with
an adequate number of samples) can be very accurate but at the same time computationally
expensive; on the other hand, the vertex method and the functions approximation method
can be efficient but involve approximation in their estimates. Selection of the most suitable
method will depend on the particular conditions of each problem.

7. The discretization of a finite random set has a great impact on the results of the modeling. A
fine discretization can guarantee good accuracy but carries a heavy computational cost, while
a coarse discretization is efficient but may be imprecise. Therefore, a midpoint between
these two extremes must be chosen, which guarantees acceptable accuracy but not excessive
computational cost.

8. It was demostrated that both aleatory and epistemic uncertainties have a great impact in the
models. By considering only aleatory uncertainty in the geotechnical models, or in the relia-
bility analyses, one would be incurring in approximations that can lead to misleading results.
With random sets theory it is possible to consider both types of uncertainty and evaluate their
impact on the models, thus obtaining results according to the state of knowledge. Recall that
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imprecise information cannot lead to accurate results, and this is the main motivation for
using a theory such as random sets theory.

7.4 Conclusions on the proposed methodology for

reliability analyses in geotechnics

The major contribution of this master’s thesis consists in the integration of subset simulation algo-

rithm, copula theory, and random sets theory, in a comprehensive methodology for the reliability

analysis of geotechnical models. This methodology was exposed in chapter 6 of this document,
where different examples were also presented for demonstrating its applicability and usefulness.

In this sense, the same conclusions obtained for subset simulation, copulas and random sets, are

also applicable to the proposed approach. Furthermore, the following additional conclusions are

drawn:

1. The proposed approach is a comprehensive methodology for conducting reliability analysis

of geotechnical models, in the sense that it considers dependence among the basic variables,
both aleatory and epistemic uncertainties, and it is efficient and accurate. This approach
overcomes the major drawback of the reliability assessments based uniquely on the proba-
bility theory.

The proposed approach employs three different spaces for the development of reliability
assessments, namely .2 -space Q-space, and % -space. The 2 -space is the space of the
input variables, where the focal elements of the random sets are contained. The Q-space is
the space that contains all the dependence information of the model, and it is represented by
a copula function. The % -space is the standard gaussian space, where the subset simulation
algorithm is conducted. It was explained in this thesis how these three spaces are interrelated
and how some transformations can be carried out to move from one of these spaces to the
others.

. It was demonstrated how different structures of information from the .2 -space can be in-

dexed in the Q-space. In particular, this explanation was conducted for possibility distribu-
tions, probability boxes, families of intervals, and CDFs. This indexing allows the introduc-
tion of an innovative concept: infinite random sets. Instead of discretizing a finite random
sets, infinite random sets propose a sampling from the Q-space for then using the indexing
in order to relate these samples with focal elements in the 2 -space. This operation allows
to overcome drawbacks of the discretizations that are carried out for finite random sets.

The Q-space allows a direct and dynamic handling of dependence. Recall that the structure
of dependence of this space is defined by the copula function that represents the relationship
between the basic variables.
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5. With the proposed approach, the upper and lower bounds on the probability of failure of
geotechnical models are obtained, P_f and Py, respectively. The gap between these two
bounds is directly related to the epistemic uncertainties in the model. The greater the epis-
temic uncertainty, the greater the gap expected between these two bounds. This gap evi-
dences the danger of neglecting epistemic uncertainty just for the sake of obtaining a unique
value of the probability of failure. Futhermore, it is found that the epistemic uncertainties
have a greater impact when the expected probabilities of failure are small; in this case, it is
seen that, in the selected examples, the gap between P_f and Py increases as the probability
of failure decreases. o

6. The proposed methodology is not intended to invalidate the use of the factor of safety em-
ployed for evaluating the stability of geotechnical designs. On the contrary, the proposed
approach allows a full understanding of the uncertainties behind each model and can be
complemented with the use of factors of safety. With the present methodology, the geotech-
nical engineers will have the tools to evaluate if the probability of failure in their models is
acceptable, or if on the contrary, it should be reduced to have greater reliability.

7.5 Open issues and directions for future research

From the work carried out in this document, it is possible to identify some ideas, issues, or prob-
lems that require further investigation in the future. These are listed below:

1. Combination of evidence in imprecise probability theory and random sets theory is still an
open issue in the state-of-the-art. There are some developments in relation to this issue, such
as the Dempster’s rule, which was introduced in this document. Nonetheless, up to now,
there is no a definitive method to integrate several sources of information.

2. There are multiple uses that copula theory may have in geotechnical engineering, and those
studied here are just some of them. In this way, the concepts presented in this document
can be applied in many other contexts of geotechnics. For example, copula theory can be
evaluated in the study of dependence between parameters of different constitutive models
and failure criteria, it could be employed in many of the already existing correlations (e.g.,
those of the SPT with different geotechnical parameters), and it might even be employed in
the study of the relationships between rains, earthquakes, and landslides, among many other
uses. The applications of copulas presented in this document are just a hint of the great
potential that copulas have in geotechnics. Thus, there is still much to investigate in relation
to copula theory and its uses in geotechnical engineering.

3. Vine copula theory has great potential that should be explored in future works. This theory
allows to generate high-dimensional models through two-dimensional copulas. By using this
theory, it is possible to assign particular dependence structures for each pair of random vari-
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ables and, as bivariate copula functions are employed, construct flexible high-dimensional
dependence models.

Thanks to the subsim algorithm, the proposed approach reduces the number of focal element
images needed to compute P; and P;. Nonetheless, although this number is considerable
reduced, it is still a large number that should be diminished.
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