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Abstract

We derive and solve a linear stochastic model for the evolution of discharge and runoff in an
order-one watershed. The system is forced by a statistically stationary compound Poisson process
of instantaneous rainfall events. The relevant time scales are hourly or larger, and for large times,
we show that the discharge approaches a limiting invariant distribution. Hence any of its prop-
erties are with regard to a rainfall-runoff system in hydrological equilibrium. We give an explicit
formula for the Laplace transform of the invariant density of discharge in terms of the catchment
area, the residence times of water in the channel and the hillslopes, and the mean frequency and
the probability distribution of rainfall inputs. As a study case, we consider a watershed under a
stationary rainfall regime in the tropical Andes and test the probability distribution predicted by
the model against the corresponding seasonal statistics. A mathematical analysis of the invariant
distribution is performed yielding formulas for the invariant moments of discharge in terms of
those of the rainfall. The asymptotic behavior of probabilities of extreme events of discharge is
explicitly derived for heavy-tailed and light-tailed families of distributions of rainfall inputs. The
scaling structure of discharge is asymptotically characterized in terms of the parameters of the
model and under the assumption of wide sense scaling for the precipitation amounts and the
inverse of the residence time in the channel. The results give insights into the conversion of
uncertainty inherent to the rainfall-runoff dynamics, and the roles played by different geophysical
variables. The ratio between the mean frequency of rainfall events to the residence time along the
hillslopes is shown to largely determine the qualitative properties of the distribution of discharge.
Finally, a purely theoretical approach is proposed to reinterpret the hydrological concept of return
period in the context of time-continuous Markov processes.

Keywords: stochastic hydrology, rainfall-runoff modeling, Poisson precipitation.



Un modelo conceptual estocástico de
lluvia-escorrentía aplicado a cuencas

tropicales

Resumen

En este trabajo derivamos y resolvemos un modelo estocástico lineal para la evolución del caudal
y la escorrentía en una cuenca hidrográfica de orden uno. El sistema es forzado por un proceso de
Poisson compuesto, estadísticamente estacionario, de eventos de lluvia instantáneos. Las escalas
de tiempo relevantes son horarias o mayores, y cuando el tiempo tiende a infinito, mostramos que
el caudal se acerca a una distribución invariante límite. Por tanto, cualquiera de sus propiedades
está relacionada con un sistema de lluvia-escorrentía en equilibrio hidrológico. Damos una fór-
mula explícita para la transformada de Laplace de la densidad invariante del caudal en términos
del área de la cuenca, los tiempos de residencia del agua en el canal y las laderas, y la frecuencia
media y la distribución de probabilidad de los eventos de lluvia. Como caso de estudio, consider-
amos una cuenca bajo un régimen de lluvias estacionario en los Andes tropicales y evaluamos la
distribución de probabilidad predicha por el modelo con las estadísticas estacionales correspondi-
entes. Realizamos un análisis matemático de la distribución invariante obteniendo fórmulas para
los momentos invariantes del caudal en términos de los de la precipitación. El comportamiento
asintótico de las probabilidades de los eventos extremos del caudal se deriva explícitamente para
familias de distribuciones de lluvia de cola pesada y cola ligera. La estructura de escalamiento
del caudal se caracteriza asintóticamente en términos de los parámetros del modelo y bajo el
supuesto de escalamiento simple para la precipitación y el inverso del tiempo de residencia en el
canal. Los resultados dan una idea de la conversión de la incertidumbre inherente a la dinámica
lluvia-escorrentía y los roles que juegan las diferentes variables geofísicas. Mostramos que la
relación entre la frecuencia media de los eventos de lluvia y el tiempo de residencia en las laderas
determina en gran medida las propiedades cualitativas de la distribución del caudal. Finalmente,
proponemos un enfoque puramente teórico para reinterpretar el concepto hidrológico de período
de retorno en el contexto de procesos de Markov continuos en el tiempo.

Palabras clave: hidrología estocástica, modelo de lluvia-escorrentía, Precipitación de Poisson
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1. Introduction

Understanding and modeling the process by which rainfall is converted into runo� in watersheds is
a key problem in hydrology. The uncertainty related to occurrence and intensity of rainfall induces
uncertainty in the discharge in non-trivial ways that are mediated, in turn, by intertwined physical
processes constraining the �ow of water through the landscape. See for example Te Chow et al.
(1962); Gupta et al. (2007).

Traditionally, an empirical approach has been proposed to address this challenge. The mathemat-
ical models consist of a system of deterministic equations that can be implemented by calibrating
some parameters based on the response to a predetermined and well-known precipitation event so
that the simulated discharge matches thein situ measurements (Snyder, 1938; Nash, 1957, 1959;
James et al., 1987; Bhunya et al., 2011). Once calibration is achieved, responses to di�erent
precipitation events are studied under the assumption that the estimated parameters will remain
constant regardless of the new rainfall regime in the watershed. In spite that diverse models have
enriched the hydrological literature (Nguyen et al., 2015; Quintero et al., 2016; Hrachowitz and
Clark, 2017), multiple attempts to understand and predict rainfall-runo� processes have proven to
be a signi�cant source of uncertainty in hydrological design (Moradkhani and Sorooshian, 2009;
Beven, 2011).

However, a distinct body of literature has been developed within the framework of conceptual
stochastic models pioneered by Eagleson (1972). This new approach uses a probabilistic descrip-
tion of rainfall as input to a dynamical model of runo�, routing and discharge. In such models,
the watershed is considered as an ensemble of interconnected conceptual storages � hillslopes and
stream links � that dynamically respond to a randomly evolving precipitation �eld (Reggiani et al.,
1998). Unlike the traditional approach, conceptual stochastic models do not intend to focus on
the uncertainty associated with the response of the watershed to individual rainfall events. The
purpose is to understand the emergent properties of the dynamic system and its relation to the
probabilistic properties of the uncertainty.

This thesis aims at deriving and studying robust probabilistic properties of the rainfall-runo� pro-
cess, namely the equilibrium probability distribution of discharge and its dependence on both, the
geophysical properties of the watershed, and the probabilistic structure of rainfall. To achieve this
goal we consider a solvable, conceptual, mathematical model recently introduced by Ramirez and
Constantinescu (2020). There, the authors solve and analyze the linearized mass and momentum
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equations of Gupta and Waymire (1998) for the surface runo� and discharge at all streams and
hillslopes within the river network of a spatially heterogeneous watershed forced by a random
rainfall �eld. Here, we review and expand on some of the results of Ramirez and Constantinescu
(2020) within the context of the hydrological processes involved in runo� generation in an order-
one watershed, and the associated transfer of uncertainty.

In essence, the model considered here reduces the hillslope-channel system to a couple of con-
nected linear reservoirs under a random instantaneous forcing. The reservoirs track the evolution
of hillslope runo�R(t) and river dischargeQ(t) via coupled stochastic linear di�erential equations
driven by a random precipitation processp(t). Evapotranspiration is ignored, andp is assumed
to be net, runo� producing, rainfall. The time scales fort are of the order of hours or longer, and
we are in particular interested in the behavior ast ! 1 .

Net precipitation is considered in the model as a compound Poisson Process. What this means
is that the rainfall processp(t) is random, with rainfall events that are assumed instantaneous,
happening at an average rate of� events per unit time. The precipitation amount falling over
the hillslopes during each event is independent of anything else, and signi�cantly, of arbitrary
probability distribution densityf .

Under all these simpli�cations, one can solve the stochastic di�erential equations forR(t) and
Q(t) and readily simulate them. The model itself is fully derived from �rst principles and solved
in chapter 2, where we also highlight the speci�c hypothesis that allowed us to simplify the
rainfall-runo� equations into a linear system. A comparative review of previously proposed solv-
able mathematical rainfall-runo� models can be found there as well.

But the most important result is that the model yields an exact characterization for the invariant
probability densityg of the dischargeQ which we present in chapter 3. In the case of a watershed
with a single river,g is written in terms of the rate of rainfall events� , the probability density
of the rainfall amountf , the area of the watersheda, and two inverse time scales:H and K ,
determining the structure of travel times for sub-surface and river �ow, respectively. The result-
ing expression forg gives the uncertainty structure of discharge whenever subject to a climate in
statistical equilibrium.

The overarching objective of this work is to study the dependence of important features ofg on
all other parameters. Our main concern is the role played by each component of the system in
determining emerging qualitative properties of the distribution of discharge; therefore, our model
is not intended for quantitative predictions of discharge on any particular basin. Notwithstanding
this, we do include a case study in chapter 4, where some of the predictions of the model are tested
against real data with the following explicit purpose: illustrate that whenever a small catchment
is under a rainfall regime that approximately satis�es the hypotheses of the model, the probability
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distribution of discharge is in fact adequately approximated by the invariant distribution com-
puted via the model. This validation exercise also yielded the following interesting observation:
the constantH determining the distribution of hillslope travel times is very di�cult to statistically
identify, especially when compared toK . This is of course of relevance to our results listed above.

In chapter 5 we analyze the properties of the invariant distribution of discharge in relation to
the precipitation and the geomorphological features of the watershed. In section 5.1 we derive
the structure of the invariant moments of discharge, while in section 5.2 we study the asymptotic
properties of the probabilities of extreme events, namely, the behavior of the right tail of the invari-
ant distribution. We also provide a rigorous mathematical framework to study and analyze some
traditional concepts of the hydrology in the context of our model, such as the scaling properties
of the spatially averaged rainfall rates, residence times and river �ows, which we present in section
5.3, and the return period of extreme hydrological events that is reinterpreted for time-continuous
stochastic process in section 5.4.

Finally, the conclusions are drawn in chapter 6. Some relevant technical details about the math-
ematical techniques used in this work are included in the Appendix.



2. A conceptual stochastic rainfall-runo�
model

In this chapter we formulate and solve linearized versions of the mass and momentum conservation
equations for an order-one watershed forced by a stochastic precipitation process. We start by
performing a �rst-principle derivation where we highlight how the storage-discharge relationships
can be simpli�ed in order to arrive at a linear model. Then we pose a stochastic di�erential
equation for the rainfall-runo� system and its solution. Finally, we include a comparative review
of previously proposed solvable mathematical rainfall-runo� models.

Consider a watershed with a single river of length` [L] surrounded by hillslopes of total areaa [L2].
See Figure 1. We will derive linear versions of the mass and momentum conservation equations
for the dischargeQ [L3/T] at the end of the stream, and the total runo�R [L3/T] �owing into
the channel from its surrounding hillslopes. Time is denoted byt and refers to the evolution of
hydrological variables at hourly to daily time scales.

Figure 1.Schematic representation of the channel and the hillslopes, showing all the variables involved
in the formulation of the stochastic rainfall-runo� model.



2.1 Conservation of mass and momentum 5

Rain on the hillslope is assumed to be net, runo�-producing rainfall. Namely, we assume that the
watershed is subject to a precipitation intensity processp(t) [L/T] composed of a sequence of
random rainfall events, such that during then-th event, an amountPn [L] of water falls uniformly
over the hillslope. EachPn is assumed to be the total height of water (rainfall minus evapotran-
spiration) available for in�ltration and surface runo�.

The generated runo� per unit of cross-hillslope length isr (t; x; y ) [L2/T]. For simplicity we assume
that r includes both Hortonian and Dunnian overland and sub-surface �ow. Lateral �ows are
neglected, possibly preventing the extension of our framework to the case of steep mountain
basins, where lateral �ows play a decisive role in soil saturation dynamics during intense rainfall
events (Botter et al., 2007b). At a point with coordinatex [L] along the stream, the discharge is
q(t; x ) [L3/T]. Here we will arrive at a linear model for the total runo�R(t) :=

R`
0 r (t; x; L ) dx

and the discharge at the end of the riverQ(t) := q(t; ` ).

2.1. Conservation of mass and momentum

Conservation of mass for the hillslope-channel system can be written as equations for the time
derivative of the cross-sectional area of the channelA(t; x ) [L2] and the e�ective height of the
hillslopes runo�h(t; x; y ) [L], in terms of the �owsr andq:

@h
@t

= �
@r
@y

+ p(t);
@A
@t

= �
@q
@x

+ r (t; x; L ); (2-1)

along with the boundary conditions

r (t; x; 0) = 0; q(t; 0) = 0: (2-2)

A complete description of the model needs the appropriate equations of conservation of momentum
on the hillslopes and channel, or equivalently, the speci�cation of a relationship betweenh, A and
the �ows r , q respectively. The conservation of momentum equation is taken to be the simplest
possible and the hillslope is modeled as a linear reservoir under the assumption that the runo� at
each point is proportional to the total upstream storage,r (t; x; y ) = H

Ry
0 h(t; x;  ) d . Namely,

there existsH > 0 [1/T] such that @r
@y = Hh. Upon integration of the conservation of mass

equation on the hillslope one gets

1
H

@
@t

Z L

0

@r
@y

dy =
Z L

0

�
�

@r
@y

+ p(t)
�

dy;

which by (2-2) and after further integration with respect tox, yields

dR
dt

= H (� R + ap) : (2-3)
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The equation for conservation of mass in the channel can be integrated along the longitudinal
variable to obtain

@
@t

Z `

0
A(t; x ) dx = � Q(t) + R(t): (2-4)

The momentum conservation equation for the channel can be cast as a relationship between the
total storage

R`
0 A(t; x ) dx and the dischargeQ(t). For example, Menabde and Sivapalan (2001)

use Chezy's resistance lawq = C(S=W)1=2A3=2 (whereW [L] denotes the wet perimeter,S
denotes the stream slope andC [L1=2/T] is the Chezy coe�cient) along with the simpli�cation
@A
@x = @W

@x = @W
@t = 0 to obtain

@
@t

Z `

0
A(t; x ) dx = `

dA
dt

=
2
3

`

 
1
C

r
W
S

! 2
3

Q� 1
3

dQ
dt

=
1

K (Q)
dQ
dt

: (2-5)

Note that the assumption of uniform �ow implies the absence of pronounced topographic e�ects
and prevent from the use of more detailed models exploiting topographic properties (Botter et al.,
2007b). Equations (2-4) and (2-5) yields to

dQ
dt

= K (Q) (� Q + R) : (2-6)

Here we take one step further and supposeK (Q) � K is constant. This is equivalent to assuming
@A
@x = @v

@x = @v
@t = 0, wherev [L/T] is the water velocity along the channel.

2.2. Dynamical interpretation of H and K

Since the quantitiesH and K will play an important role in what follows, we now provide a
dynamical interpretation of them. We de�ne the residence time as the time spent by a water par-
ticle within the hillslope (or the channel), seen as the control volume for the underlying transport
process (Botter et al., 2007a).

We denote the position of a water particle �owing down the hillslope asy(t) [L] and its velocity
asw = dy

dt [L/T]. By continuity, r = wh. The assumption@r
@y= Hh is therefore equivalent to

@w
@y

= H;
@h
@y

= 0;

which along with the boundary conditions (2-2) yields tow = Hy. Thus,y(t) satis�es dy
dt = Hy(t)

andy(t) = y0eHt with y0 denoting the initial position of the water particle. The time it takes for
a particle with initial positiony0 to reach the channel aty(t) = L is

t =
1
H

log
�

L
y0

�
;
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and its mean can be computed by integrating over all the possible values of the initial positiony0

t =
1
L

Z L

0

1
H

log
�

L
y0

�
dy0 =

1
H

:

The constantH can therefore be interpreted as the inverse ofhillslope mean residence time.

Now, denote the velocity of the �ow down the channel asv [L/T]. By continuity and the as-
sumption that @v

@x = 0, we have thatQ = vA. Therefore, the assumption@v
@t = 0 is equivalent

to
@Q
@t

= v
@A
@t

:

Recall from (2-5) that

`
@A
@t

=
1
K

@Q
@t

;

then, the constantK [1/T] is then given by the inverse of the mean time it takes to transverse
the channel,K = v

` .

This results are equivalent to assuming that the catchment-scale runo� and discharge are char-
acterized by an exponential residence time distribution, and that all uncertainties related to the
transport processes occurring within the hillslopes and the channel are parametrized byH andK
respectively. See McGuire et al. (2005) and references therein.

2.3. Poissonian precipitation

The uncertainty in the model comes solely from the precipitation processp in (2-3) which, at
time scales of interest here, can be approximated as a random sequence of instantaneous events.
As noted in Botter et al. (2008), this implicitly postulates that the size of the considered basin
is smaller than the correlation scale of rainfall events and that the timescales of the process of
interest are greater than the characteristic duration of single rainfall events. We therefore writep
as a random sums of impulses occurring at random timesT1; T2; : : : , namely

p(t) :=
1X

n=0

Pn � (t � Tn ); (2-7)

wheref Pn : n = 1; 2; : : : g is the sequence of independent and identically distributed (i.i.d) rainfall
amounts, having common but arbitrary probability density function

f (y) dy = P(Pn 2 dy); n = 1; 2; : : :

The inter-arrival timesf T0; T1 � T0; T1 � T2; : : : g are assumed to be independent and identically
distributed with �xed exponential distribution with mean1=� > 0 [1/T]. The counting process

N (t) := max f n � 0 : Tn � tg;
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is a Poisson process, while
Rt

0 p(s) ds =
P N (t)

n=1 Pn is a compound Poisson process of intensity�
and jump distributionf .

The formulation above concerns the case in which an order-one watershed is subject to a random,
yet statistically stationary precipitation regimep(t) of instantaneous Markovian events. Namely,
we are interested in the hourly to daily evolution of the precipitation, runo� and discharge within
a months to year-long season where the statistical properties of precipitation and the geomorpho-
logical properties of the catchment can be assumed constant.

We are well aware that no precipitation event is instantaneous, however this assumption is reason-
able when the time scale of the storm event is much smaller than the timescale of other continuous
time processes. We thus regard a precipitation event as `instantaneous' if its duration is much
smaller than the the time scale of the hydrological response, de�ned as the mean water retention
time in the catchment (Botter et al., 2013).

Note also that the physical parametersH and K of the model are also assumed deterministic,
although in reality are highly uncertain, as illustrated in chapter 4. Botter (2010) consider a
similar model where the residence times are assumed random spatially. See also (Ramirez and
Constantinescu, 2020)

2.4. Solution

We now explicitly solve the2-dimensional system of equations given by (2-3) and (2-6) for the
two processes of interest:Q(t) denoting the total stream �ow at the most downstream point
of the river, andR(t) denoting the total runo� from the hillslopes into the river. The model is
succinctly written in terms of the following two-dimensional stochastic di�erential equation

dX (t) = M X (t) dt + d Y (t); (2-8)

where

X (t) =
�

Q(t)
R(t)

�
; M =

�
� K K

0 � H

�
; Y (t) =

N (t)X

n=1

�
0

HaPn

�
:

If � M is a matrix with non-negative eigenvalues, then the only solution to the stochastic di�er-
ential equation (2-8) is the stochastic process

X (t) = eM tX (0) +
Z t

0
eM (t � s) dY(s); t � 0:

The eigenvalues of� M are � 1 = K and � 2 = H , then by integration with respect toY as in
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(A-14), we obtain the explicit solution

X (t) = eM tX (0) +
N (t)X

n=1

eM (t � Tn )

�
0

HaPn

�
; (2-9)

whit

eM t =
1X

k=0

M k tk

k!
:

The stochastic processX belongs to the family ofpiecewise deterministic Markov process(Davis,
1984), which owes to the fact that the sample paths ofX evolve deterministically between precip-
itation events and are only perturbed at the storm timesf Tn : n � 1g: R(t) jumps by a random
amount at eachTn , whileQ(t) su�ers a discontinuity in the derivative as shown in Figure 6.X is
also a process of theOrnstein-Uhlenbeck typesince it satis�es the stochastic di�erential equation
(2-8) and is driven by the process of pure jumpsf Y (t); t � 0g.

Note that the assumption (2-7) for the rainfall �eld is a mathematical necessity: the exponential
distribution for the inter-arrival timesTn+1 � Tn ensures thatX is a Markov process and thus a
solution to a stochastic di�erential equation of the form (2-8).

2.5. Related approaches in the literature

The analysis of conceptual stochastic models in hydrology has a long history going back to the
seminal work of Eagleson (1972). Here we review some of the most signi�cant approaches that
have used solvable stochastic models for rainfall-runo� processes, and how they relate to the
model and results presented here.

One distinct approach, pioneered by Koch (1985), has used the classical concept of the unit
hydrograph (Dooge, 1959) for the probabilistic modeling of a catchment's response to random
precipitation �elds via `shot noise processes'. There, scaled versions of a prescribed deterministic
unit hydrograph are randomly aggregated according to a precipitation �eld modelled typically as
a compound Poisson process of instantaneous events (see Claps et al. (2005) for a review). Al-
though used mostly for simulation purposes as in Morlando et al. (2016), shot noise processes are
simple enough so that explicit mathematical results can be derived. For example, and with clear
relation to the work presented here, in Konecny (1992) the authors consider a shot noise process
with a unit hydrograph of �xed exponential decay and derive the invariant distribution of discharge
peaks. Shot noise models with instantaneous rainfall events and exponentially decaying hydro-
graphs are the one-dimensional version of model developed by Ramirez and Constantinescu (2020).

The Geomorphological Instantaneous Unit Hydrograph (GIUH) has provided hydrologists with a
framework to describe the response of a catchment in terms of the geomorphology of its river
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network (Rodríguez-Iturbe and Valdes, 1979; Gupta et al., 1980). The expression for the hydro-
graph in a GIUH model is interpreted as the sum over all possible paths leading to the basin's
outlet, of the probability densities of travel times associated with each path, times the probability
of the path. The travel time density of each path is, in turn, given by the convolution of densi-
ties of travel times of individual hillslopes and streams found along the path. See Gupta et al.
(1980, equations 15-16). As for the particular form of the travel time distribution, several explicit
mathematical models have been formulated (see Van der Tak et al., 1989; Rinaldo et al., 1991;
Saco and Kumar, 2002), including the original proposal by Rodríguez-Iturbe and Valdes (1979) of
exponentially distributed travel times. Our formulation is equivalent to the random aggregation
of GIUH specialized on the case of an order one catchment with exponentially distributed travel
times on the hillslope and the channel.

In the seminal work by Rodriguez-Iturbe et al. (1999), the authors derive equations for at-a-point
soil moisture dynamics driven by stochastic rainfall in the form of Poissonian instantaneous events
with exponentially distributed amounts. Following this line of research, in Botter et al. (2007a)
and Botter et al. (2007b), the authors derive and validate analytic expressions for the dynamics
of soil moisture and runo� at a point. As in here, the ultimate goal is studying the stationary
distribution of runo� and its relationship to the statistical properties of rainfall and as mediated
by the geophysical properties of the soil column. This particular model has been applied, extended
and generalized in Botter et al. (2008, 2009); Botter (2010); Suweis et al. (2010); Basso et al.
(2015). Under some scenarios, which we detail in chapter 5, some of the results found along this
impressive line of research, are validated by our approach. There are also important di�erences
and complementary aspects, which we now summarize:

i. The conceptual derivation of our model is based on the mass and momentum conservation
equations for the distributed hillslope-channel system. We thus arrive at a linear two-
tiered system, where the linearization can be traced back to hypotheses on the transfer of
momentum for hillslope and channel �ow.

ii. All of our mathematical derivations consider an arbitrary probability densityf of the rainfall
amount P, and we give necessary and su�cient conditions onf , for the existence of an
invariant distribution of discharge. We explicitly include results in what follows for three
very di�erent families of distributions.

iii. In Botter et al. (2007a), precipitation is considered at daily time scales, for which varia-
tions of river discharge only require the slow component of the hydrological response to be
resolved. Here, we explicitly keep track of fast and slow components, as encoded by the
inverse time-scalesH andK respectively, thus allowing for a detailed mathematical analysis
of the e�ect that the time scale separationH � K has on di�erent aspects of the model.
We show that, in fact, our formulation reduces to that of Botter et al. (2007a) in the limit
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as H=K ! 0. Furthermore, for a large range ofH=K , we show that the single-reservoir
model approximates very well the results of the two-reservoir system.

iv. Two key �ndings of Botter et al. (2007a) are mathematically demonstrated via our approach,
for arbitrary f and ratio H=K , in fact. First the existence of the threshold�=H = 1
controlling the shape of the invariant distribution of discharge, and second the analytical
relationship between the coe�cients of variation of discharge and rainfall.

v. The analysis of the extreme events and the scaling structure of discharge in sections 5.2
and 5.3 are, to the best of our knowledge, a novel contribution. We do it here applying
the mathematical results of Ramirez and Constantinescu (2020) to the case of an order one
watershed.

vi. The return period is one of the fundamental concepts for the applications of hydrology in
engineering, as it is used for hydrological design and risk analysis. In section 5.4 we provide
a mathematical interpretation of this concept by extending its de�nition for a sequence of
independent realizations of a random variable, to the context of a time continuous stochastic
process. We also propose a new expression to estimate it based on the results of chapter 3.

vii. Lastly, our model extends naturally to watersheds with arbitrary and heterogeneous river
networks via the framework of Gupta and Waymire (1998). The mathematical treatment
of this general case is the subject of Ramirez and Constantinescu (2020).



3. The invariant density

In this chapter we determine the invariant probability density of discharge at the watershed out-
let. Conditions for the existence and the characterization of invariant distributions for Ornstein-
Uhlenbeck type processes are given in Sato and Yamazato (1984, Theorems 4.1-4.2). We now
apply their result to X.

Theorem 3.1 (Sato and Yamazato (1984)). A necessary and su�cient condition for the existence
of a unique invariant density forX is

Z 1

1
log(y)f (y) dy < 1 : (3-1)

If (3-1) holds, then the distribution ofX (t) converges weakly to a distribution with Laplace
transform given by

~gX (s1; s2) = exp

(

�
�
H

Z 1

0

1 � ~f (aH(s2u + s1m(u))
u

du

)

; (3-2)

wheref is the common density of rainfall amounts,~f its Laplace transform and the function
m(u) is given by

m(u) :=
1

1 � �

�
u � u1=�

�
; � :=

H
K

: (3-3)

Moreover, the processX is ergodic, andgX is its unique invariant density. See also Konecny
(1992) and Ramirez and Constantinescu (2020).

Theorem 3.1 states that under suitable conditions onf , and for any initial conditionX (0) 2 R2
+ ,

the distribution ofX (t) converges to a limiting distribution ast ! 1 . Moreover, the limiting
distribution is invariant (also called stationary) in the sense thatX (0) is distributed as such, the
distribution ofX (t) will remain unchanged for allt � 0. Here and in what follows, the limit as
t ! 1 refers to the passage of enough days for the system to forget its initial condition and
achieve convergence in distribution. By invariant distribution, we thus mean seasonal invariance:
the statistical characterization of the hydrological response of the catchment to the seasonal con-
ditions of precipitation.

The random variable of most interest inX (t) is its �rst entry Q(t), the discharge at the wa-
tershed's outlet. While the distribution ofQ(t) evolves with time, and depends on the initial
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conditionQ(0), here we are concerned with the limiting invariant densityg of the processQ(t):

g(x) dx = lim
t !1

P(Q(t) 2 dx); x > 0; (3-4)

and its Laplace transform~g with respect to discharge, namely

~g(s) =
Z 1

0
e� sxg(x) dx; s > 0: (3-5)

Note that the Laplace transform in (3-2) is bi-dimensional,~gX (s1; s2) = Eges1Q+ s2R . The
invariant distribution ofQ is characterized by the following formula for~g, which is obtained as
~g(s) = ~gX (0; s):

~g(s) = exp

(

�
�
H

Z 1

0

1 � ~f (Has m(u))
u

du

)

: (3-6)

Some remarks are in order. Note �rst that~g(� s) is the moment generating function of the
invariant distribution ofQ and thus characterizes it. Once~g has been computed, the actual
densityg may be recovered by a numerical inversion algorithm. For all computations reported
here, we use the classical algorithm by Zakian (1969). The processX can also shown to be
ergodic, and thusg is the ergodic limit of the distribution ofQ(t) as t ! 1 (see Kallenberg,
2002). The signi�cance of this result is the implication that if the statistical properties of the
precipitation �eld are stationary for a su�ciently long period of time, the watershed will eventually
attain a statistical invariant regime determined byg. Furthermore, time averages of any functional
of Q can be approximated by corresponding ensemble averages with respect tog.

3.1. Dimensionless analysis of the invariant density

In order to perform further analyses on the invariant distributiong of Q, let us calculate the
invariant densities of the dimensionless precipitation amounts and discharge. Namely, consider
the common mean of rainfall amountsE[Pn ] =

R1
0 xf (x) dx. From now on we just writeE[P].

De�ne the normalized rainfall amountŝP = P=E[Pn ], having common probability density� .
Also, de�ne the normalized discharge processQ̂(t) = Q(t)=�a E[P], and denote
 its invariant
probability density.

P̂ =
P

E[Pn ]
; Q̂(t) =

Q(t)
�a E[P]

: (3-7)

Equation (A-9) in the Appendix relates the probability densities of the original and the normalized
random variables. Equation (A-10) do so for the Laplace transforms of the probability densities.
According to those formulas, for the precipitation we have

� (x) = E[P]f
�
x E[P]

�
; ~� (s) = ~f

�
s

E[P]

�
:
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For the Laplace transform of the discharge we have

~
 (s) = ~g
�

s
�a E[P]

�
;

then equation (3-6) for~g can be written in terms of the Laplace transforms of� and
 as follows

~
 (s) = exp

(

�
1
�

Z 1

0

1 � ~� (s� m (u))
u

du

)

; where� =
H
�

: (3-8)

Table 1. Families of probability distributions commonly used as models for the precipitation in the
tropics.

Pareto(�; � ) Type I Gamma(!; � ) Inverse Gaussian(�; � )

f (x) �� � x � � � 1; x � �
1

� ! �( ! )
e� x=� x ! � 1

r
�

2�x 3
exp

�
�

� (x � � )2

2x� 2

�

~f (s) �E 1+ � (�s ) (1 + �s )� ! exp

 
�
�

 

1 �

r

1 +
2� 2s

�

!!

E[P]
��

� � 1
�! �

� (x) �
�

� � 1
�

� �

x � � � 1; x �
� � 1

�
! !

�( ! )
e� x=! x ! � 1

r
�=�
2�x 3

exp
�

�
�=� (x � 1)2

2x

�

~� (s) �E 1+ �

�
� � 1

�
s
� �

1 +
s
!

� � !
exp

�
1 �

p
1 + 2s�
�

�
; � =

�
�

Parameters
2:3 < � < 11

0:028< � < 2:27
0:7 < ! < 100

0:5 � 10� 3 < � < 3:6
0:05 < � < 2:5

0:035< � < 250

Note. The Parameters column displays approximate ranges for the parameters of each distribution that would
�t the mean and the coe�cient of variation reported in Álvarez-Villa et al. (2011). On the expression for~f
of the Gamma distribution,En (z) denotes the generalized exponential integral function.

3.2. Qualitative analysis of the invariant density

In our subsequent analysis we will consider the invariant distributiong of the dischargeQ under
three di�erent parametrizations of the probability distributionf of the rainfall amount. These
are, the Pareto of type I, Gamma and inverse Gaussian. The Pareto distribution has heavy tails
and only �nitely many moments. The Gamma distribution is a generalization of the exponential
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distribution and features exponentially decaying tails. These two families, along with the lognor-
mal distribution, are commonly used as models for the precipitation in the tropics (Cho et al.,
2004; Salisu et al., 2010). Since equation (3-2) requires an explicit expression for the Laplace
transform off , we use the inverse Gaussian distribution instead of the lognormal. Chapter 4
shows an application of the former to a set of rainfall data in the Colombian Andes. The families
of distributions, along with typical parameter ranges are summarized in Table 1. In all cases,
condition (3-1) holds for the probability density functionsf and � .

Figure 2 shows plots of the invariant distribution
 for the non-dimensional dischargeQ� . Each
plot was obtained by numerically inverting its Laplace transform given by (3-8) with� equal to the
non-dimensional forms of the probability densities listed in Table 1. Two features are most notable.
First, changes of over at least three orders of magnitude for the value of� play an insigni�cant role
on the qualitative behavior of
 . Secondly and more interesting, is that� = � c = 1 represents
a threshold where
 (and thusg) changes from unimodal to a monotone decreasing function.
This important transition was observed by Botter et al. (2007a) in the context of soil moisture
and discharge dynamics for the case whenP is exponentially distributed. We show here that
this critical value holds also for our model regardless of the value of� , and extends to other
distributions.

Theorem 3.2. Suppose the distribution ofP satis�es (3-1) and letg be the probability density
of Q. Then, if 0 < � < 1, limx! 0+ g(x) = 0 .

Proof. It su�ces to prove that
 (x) ! 0 asx ! 0, which by the initial value theorem is equivalent
to provings~
 (s) ! 0 ass ! 1 (see for example Beerends et al., 2003). Since~� (s) = Ee� sP ,
Jensen's inequality ensures that~� (s) � e� s for all s. Moreoverm(u) � m0(u) := u

1� � for
0 � u � 1. We thus get the following bound

s~
 (s) � sexp
�

�
Z 1

0

1 � e� s�m 0 (u)

�u
du

�
(3-9)

= sexp
�

�
1
�

�

 e � Chi

�
s�

� � 1

�
+ Shi

�
s�

� � 1

�
+ log

�
s�
� �

���
; (3-10)

where
 e denotes the Euler gamma constant, and Shi and Chi are the hyperbolic sine and hy-
perbolic cosine integral functions, respectively. The function on the right hand side of (3-10)
converges to zero if0 < � < 1 and diverges to in�nity for� > 1.

In terms of hydrological processes,� can be understood as the ratio between the mean time
between precipitation events and the mean residence time on the hillslopes; it represents the link
between the precipitation regime and the geomorphology of the basin, and it is the most important
dimensionless number of the model. We now propose an explanation for the critical value� c = 1.
When � < 1, the mean time between rainfall events is less than the mean residence time on
the hillslopes. This implies that the rate of water deposition is greater than that of evacuation,
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Figure 2.Plots of 
 (x) for di�erent combinations of the parameters�; � , and each probability density
considered for� (s). The leftmost panels shows the transition of
 from a unimodal to a
monotone decreasing distribution at the critical� c = 1 . In the center and right panels, two
curves are plotted for each value of the varying parameter, the unimodal curves correspond to
� = 0 :5 while the monotone curves have� = 1 :5.
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therefore runo� can accumulate on the slopes before reaching the channel and the invariant density
of the discharge becomes more massive at higher values. Conversely, when� > 1, water on the
hillslopes reaches the channel faster than the �ow due to rain, therefore there is less accumulation
of runo� and the invariant density becomes more massive at the smaller values of the �ow.



4. A case study of the discharge
distribution

We now focus on presenting and discussing the results of the application of the conceptual model
described in chapter 2 to a speci�c case study of an order-one tropical watershed: La Gruta catch-
ment, located at the headwaters of the Pesca river, at Boyacá, Colombia, on the eastern mountain
range of the Andes. See Figure 3. Our aim is to illustrate that whenever a small catchment is
under a rainfall regime that approximately satis�es the hypotheses of the model, the probability
distribution of discharge is in fact adequately approximated by the invariant distribution given by
(3-6).

Figure 3.Location of the study watershed over Colombia. (a) National context, (b) regional context
and (c) local context delimiting La Gruta basin. The geographical location of the discharge
and rain gauges and the recorded time series were provided by IDEAM. The DEM and the
digital river network used to produce this �gure were downloaded from HydroSHEDS.
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La Gruta catchment has an estimated drainage area ofa = 103:79 km2, an average elevation of
3160m a.s.l., the length of the channel is` = 19:56 km, and the average slope of the Pesca River
is 3:72%. The predominant economic activities of the area are agriculture and livestock farming,
so the hillslopes are mainly used as pastures and croplands. The annual cycle of precipitation is
bimodal with wet seasons during March to May (MAM) and September to October (SON) (Urrea
et al., 2019), and the average precipitation is between800and1200mm/year (Álvarez-Villa et al.,
2011). The rain gauge Pesca is located right in the middle of the watershed (5:52 latitudinal dec-
imal degrees and� 73:08 longitudinal decimal degrees,2678m.a.s.l). The available precipitation
records comprise the period from January1968to December2001with hourly resolution. The
outlet of the watershed was chosen as the location of the stream �ow gauge La Gruta, (5:57
latitudinal decimal degrees,� 73:05 longitudinal decimal degrees,2500m a.s.l.) which recorded
discharge at daily resolution from February1968to December2010. Both gauges are operated
by the hydro-meteorological service of Colombia: Instituto de Hidrologia, Meteorologia y Estudios
Ambientales (IDEAM).

The model presented in chapter 2 is based on two assumptions to be veri�ed: the representation
of rain as a compound Poisson process, and the stationarity of rainfall and discharge processes.
For the precipitation processf P(t) : t � 0g to be represented as a compound Poisson process,
the duration of each rainfall event should be su�ciently short as to be regarded as instanta-
neous with respect to the time scale of the hydrological response, and the times between events
f T0; T1 � T0; T1 � T2; : : : g must be i.i.d. exponentially distributed. Additionally, the rainfall
amounts must come from a stationary random process and the probability density functionf of
eachf Pn : n = 1; 2; :::g must be parametrized. We validate the assumptions with hypothesis
testing techniques with a signi�cance level equal to0:05. For the �rst assumption, we perform
a Kolmogorov-Smirnov goodness-of-�t test for the null hypothesis that two distribution functions
are the same. The desired result is therefore not to reject the null hypothesis with a very high
p-value, bigger or equal than0:8, which have the weakest possible evidence against our statistical
�tting. On the other hand, in order to perform a stationarity test without contradicting the im-
plicit Markovian nature of the discharge and the precipitation processes of the model, we assume
that the corresponding time series are samples of an order-one autoregressive processes and we
perform a Dickey�Fuller F unit root test. Rejecting the null hypothesis allows concluding that the
data comes from a stationary time series. In this case, very smallp-values are preferred.

Considering the precipitation seasonality and to ensure large enough data samples and relaxation
into a stationary regime, we performed the hypothesis testing for time intervals of at least80
days. To that aim, we transformed the time series of hourly precipitation into a time series of
instantaneous precipitation events, by assuming that then-th event occurred during then-th
block of consecutive hours with rainfall records. We took the centroid of the consecutive hours as
the arrival timeTn and the sum of the corresponding rainfall records as the columnPn of water
uniformly dropped over the hillslopes around the stream. We did not reconstruct missing records
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of rainfall or discharge, but only considered time intervals with15%or less of missing data. The
following two time intervals, which we henceforth refer to asvalidation windows, were selected:

� June 11, 1968 - August 29, 1968 (JJA 1968). With a record length of80 days and no
missing data.

� September26, 1989- December23, 1989(OND 1989). With a record length of89 days
and13:62%of missing precipitation data.

Figure 4.Precipitation (mm) and discharge (m3/s) time series for the considered validation windows (a)
JJA 1968and (c) OND1989. Green points denote instantaneous precipitation events and red
points denote the non-instantaneous ones. The right panels show the comparison between the
discharge histogram and the computed invariant densityg which has the bestp-value obtained
in the validation windows (b) JJA1968and (d) OND1989. For JJA 1968the bestp-value is
0:9345and was obtained withK = 0 :92 hr� 1 and H = 0 :046 hr� 1. For OND 1989the best
p-value is1 and was obtained withK = 0 :92hr� 1 and H = 0.0058 hr� 1.

For the chosen validation windows, more than80% of the events recorded by the rain gauge
lasted for3 consecutive hours or less, and about50%of the events lasted for less than one hour.
Since the mean recession time of La Gruta watershed is of the order of few days, and in order to
maximize the rainfall sample, for this study case we regard a precipitation event asinstantaneous,
with respect to the daily time scale of the hydrological response, if its duration is less or equal to3
hours. The corresponding time series of precipitation events and daily discharge are shown in Fig-
ure 4(a,c). Green points denote the instantaneous precipitation events and red points denote the
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Table 2. Results for the the statistical tests and parameter estimation
JJA 1968 OND 1989

Test p-value Parameters p-value Parameters
f Tn+1 � Tng � exp(� ) 0.9987 � = 0:025hr� 1 0.8574 � = 0:018hr� 1

f Png is stationary 7:8600� 10� 7 6:4240� 10� 5

f Png � IG(�; b ) 0.7812
� = 1:07� 10� 3 m

0.5792
� = 1:45� 10� 3 m

b= 4:50� 10� 4 m b= 4:05� 10� 4 m
f Q(t)g is stationary 0:0224 0:0321

Q(t) � g(H; K ) 0.9345
H = 0:046hr� 1

1.0000
H = 0:0058hr� 1

K = 0:92 hr� 1 K = 0:92 hr� 1

non-instantaneous ones, which were discarded in what follows. Given that large discharge records
caused by those events were also related to some preceding instantaneous events, and that there
are instantaneous events with magnitudes comparable to those of the non-instantaneous ones, we
did not remove any discharge record.

The sequence of rainfall amounts was found to best �t inverse Gaussian (IG) distributions for both
validation windows. The results of the hypothesis testing are reported in Table 2. Note that the
hypothesis of a stationary precipitation regime implies via (5-1) that the watershed should attain
hydrological balance. In this regard we obtained that during JJA1968, �a EP = 0:757 m3=s
which approximates quite well the average discharge of0:762 m3=s reported during that period.
Similarly, for the OND1989period, we obtained�a EP = 0:741 m3=s and an average discharge
of 0:728m3=s.

The parametrization forf and the estimated values for the catchment areaa and the precipitation
frequency� , allowed us to compute~g in (3-6) as a function of the yet unknown inverse mean
residence timesH and K . The corresponding invariant distribution densityg of Q can be then
estimated by numerically inverting its Laplace transform~g via the classic algorithm in Zakian
(1969). The computations ofg were performed on a non-regular grid of the parameter space
(K; H ) constructed as follows: We consider an initial estimate of the formK = v=` wherev is
the average water speed in the channel assumed here to take values ranging from1 to 5 m/s in
steps of0:25 m/s. We then madeH = �K and considered equally spaced values of0 < � < 1.
Figure 5 shows, as a function of(K; H ), the p-values for goodness-of-�t tests between the invari-
ant distributiong calculated from (3-6) and the empirical distribution ofQ from the discharge
data. For the JJA1968period, we were able to identify acceptable �ts for� 2 [0:025; 0:2]; the
period OND1989required values one order of magnitude less than that,� 2 [0:0025; 0:02]. The
estimated parametersH; K for each validation period were taken as those from the analyzed grid
that produced the highestp-value. See last row of Table 2.
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Figure 5.p-values for goodness-of-�t tests between the invariant distributiong and the empirical distri-
bution of the discharge data, as a function of(K; H ), for the validation windows (a) JJA1968
and (b) OND 1989. The details about the non-regular grid for the parameter space(K; H )
can be found in chapter 4.

Figure 4(b,d) shows the comparison between the empirical and analytic probability density func-
tions corresponding to the chosenH; K parameters for each validation window. During the period
JJA 1968it rained on average1:39 times more often and with an average amount of0:74 times
that of OND 1989, however the mean residence time on the hillslopes was 8 times higher during
JJA 1968than in OND1989. This variations ofH led to changes of� = H=� large enough as to
completely change the behavior of the probability distribution of discharge. According to Botter
et al. (2013), when �ow-producing rainfall events are relatively frequent, such that their mean
inter-arrival is smaller than the mean residence time of the contributing hillslopes� > H , (� < 1),
the range of the discharge recorded by a stream�ow gauge between two subsequent events is re-
duced, and a persistent supply is guaranteed to the stream from the hillslopes. Therefore, the
discharge is weakly variable around the mean and quite predictable (See Figure 4(c,d)). When the
mean interarrival between �ow-producing rainfall events is larger than the mean residence time of
the hillslopes� < H , (� > 1), a wider range of stream �ows is observed between events because
the stream is allowed to dry signi�cantly before the arrival of new runo�. The temporal pattern
of discharge is thus more unpredictable and the preferential state of the system is typically lower
than the mean (See Figure 4(a,b)). The plots 4(b) and 4(d) suggest that our model was able to
reproduce the changes, both in the mean and the shape of the density function of discharge, and
to accurately capture both hydrological regimes.

Lastly, Figure 6 shows the comparison between the empirical and analytic recession curves of
discharge for a period of30 days of the OND1989validation window. The analytical model for
X in (2-9) was forced by the precipitation data of that period and by an initial value equal to
the �rst measured discharge. When comparing the processQ to the actual value of the discharge
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time series, we observe that the model reasonably captured both the magnitude of the increment
and the recession rate of the discharge after the precipitation events.

Figure 6.SimulatedQ(t) and R(t) (m3/s) for the order one watershed in Figure 3, during the time
period comprised from November20, 1989 to December20, 1989. The hillslopes area is
a = 103:79 km2 and the geomorphological parameters areH = 0 :0058 hr� 1 and K = 0 :92
hr� 1. Rainfall amountsPn (mm) and occurrence timesTn (hr) were taken from the time series
of instantaneous precipitation events in Figure 4, denoted by green points. The initial condition
for X (t) was taken to be the �rst measured discharge of the considered time period. The
orange diamonds denote the discharge data form the recorded time series at daily resolution.



5. Analysis of the invariant density

In this chapter we exploit the properties of the Laplace transform of the densityg to derive impor-
tant characteristics of the invariant distribution ofQ. We also provide a rigorous mathematical
framework to study and analyze some traditional concepts of the hydrology in the context of our
model.

5.1. Moments

The �rst characteristic we analyze is the relation between the moments of the discharge, the
moments of the precipitation and the geomorphological features of the watershed. In what fol-
lows, we will writePg or Eg to denote probabilities or expectations with respect to the densityg,
namely conditioned onQ(0) distributed as the invariant distribution ofQ(t), which means that
the discharge is under an invariant regime and guarantees that the stochastic processQ(t) is
stationary.

We start with taking expectations throughout the stochastic di�erential equation (2-8) and using
invariance in the formd

dt Eg[X (t)] = 0 , to compute the invariant mean of the discharge

Eg[Q] = �a E[Pn ]; (5-1)

whereE[Pn ] =
R1

0 xf (x) dx denotes the common mean of rainfall amounts. From now on we
just write E[P]. Equation (5-1) forEgQ makes explicit the fact that under a statistical invari-
ant regime forP, the discharge will remain in a state of hydrological balance with the precipitation.

For arbitrary moments, we consider the normalized dischargeQ̂. Recall that the Laplace transform
of 
 is closely related to the moment generating function of the random variableQ̂ (see equation
(A-8)), and that we can compute moments of any order by di�erentiating

E
 [Q̂n ] =
dn~
 (� s)

dsn

�
�
�
�
s=0

;

which yields to the following theorem.

Theorem 5.1. If P̂ hasn �nite moments, thenQ̂ also hasn �nite moments given by

E
 [Q̂n ] = Bn

�n
� i � 1 ci (� ) E[P̂ i ]

on

i =1

�
; n = 1; 2; 3; : : : ; (5-2)
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whereBn denotes then-th complete exponential Bell polynomial, and the constantsci (� ) are
given by

ci (� ) =
1
i

i � 1Y

k=1

k
k + � (i � k)

; i = 1; 2; 3; : : : (5-3)

We use the convention
Q i � 1

k=1 xk = 1 is i = 1, so that c1(� ) = 1 .

See section A.4 in the appendix for the de�nitions and properties of the Bell polynomials.

Proof. Denote the function inside the exponential in (3-8) by

h(s) := �
1
�

Z 1

0

1 � ~� (s� m (u))
u

du;

then, then-th invariant moment ofQ̂ is

E
 [Q̂n ] = ( � 1)n dneh(� s)

dsn

�
�
�
�
s=0

; n = 1; 2; 3; : : : (5-4)

Faa di Bruno's formula for then-th derivative ofeh(� s) , along with the property (A-18) of the
Bell polynomials gives

dneh(� s)

dsn
= ( � 1)n ~
 (� s)

nX

k=1

Bn;k

 �
dih(� s)

dsi

� n� k+1

i =1

!

; (5-5)

whereBn;k is the incomplete exponential Bell polynomial.

Calculating thei -th derivative ofh(� s) and replacings = 0, yields to

dih(� s)
dsi

�
�
�
�
s=0

= �
1
�

Z 1

0
�

1
u

di

dsi
~� (� �s m (u)) du

�
�
�
�
s=0

= �
1
�

Z 1

0
�

1
u

E[(� m (u)P̂) i ] du

= � i � 1E[P̂ i ]
� �( i )�

�
i�

1� �

�

(1 � � ) i �
�

i
1� �

�

= � i � 1E[P̂ i ] ci (� ): (5-6)

Note that i
1� � = i�

1� � + i . Sincei 2 N, the recurrence property of the gamma function (A-21)
gives

�
�

i
1 � �

�
= �

�
i�

1 � �

� i � 1Y

k=0

k + � (i � k)
1 � �

:
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Also, for natural numbers the gamma function is related to the factorial as follows

�( i ) = ( i � 1)! =
i � 1Y

k=1

k:

These two expressions yield to

ci (� ) =
� �( i )�

�
i�

1� �

�

(1 � � ) i �
�

i
1� �

�

=
�

(1 � � ) i
(i � 1)!

i � 1Y

k=0

1 � �
k + � (i � k)

=
1
i

i � 1Y

k=0

k
k + � (i � k)

; i = 1; 2; 3; : : :

Finally, replacing (5-6) ands = 0 in (5-5), and then replacing the result in the equation (5-4),
one arrives at the expression forEg[Q̂n ]

E
 [Q̂n ] = Bn

�n
� i � 1 ci (� ) E[P̂ i ]

on

i =1

�
; n = 1; 2; 3; : : :

For instance, the �rst four moments of the normalized dischargeQ̂ are:

E
 [Q̂] = 1;

E
 [Q̂2] = 1 +
� E[P̂2]

2(1 + � )
;

E
 [Q̂3] = 1 +
3� E[P̂2]
2(1 + � )

+
2� 2E[P̂3]

3(2 + � )(1 + 2 � )
;

E
 [Q̂4] = 1 +
3� E[P̂2]
(1 + � )

+
3� 2E[P̂2]2

4(1 + � )2
+

8� 2E[P̂3]
3(2 + � )(1 + 2 � )

+
3� 3E[P̂4]

2(3 + � )(2 + 2 � )(1 + 3 � )
:

The arbitrary moments ofQ can be easily found by multiplying the equation (5-2) by the discharge
mean

Eg[Qn ] =
�
a� E[P]

� n
E
 [Q̂n ]; n = 1; 2; 3; : : : (5-7)

An implicit result of equations (5-2) and (5-7) is that, under the limiting distribution, the discharge
will have exactly as many moments as the precipitation. This is re�ected in a direct relationship
between the weight of the tails ofg and those off as we deduce in section 5.2.

If the common distribution ofPn has �nite second moment, then we obtain the invariant variance
of Q as

Varg[Q] = �
a2HK

2(H + K )

�
Var[P] + E[P]2

�
: (5-8)
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The implication of (5-8) together with the corresponding equation forEgQ in (5-1), is that the
mean and variance ofQ are proportional to the corresponding statistics of the time averaged
rainfall 1

t

Rt
0 p(s) ds over any period of timet. Although not a very surprising conclusion from

a linear model, the fact that the proportionality coe�cients are explicitly given in terms of the
physical properties of the river network, might prove a useful �rst order approximation.

Finally, denote byCVg[Q] the coe�cient of variation ofQ with respect to the invariant distribu-
tion. The following expression relates the coe�cients of variation ofP andQ,

CVg[Q] =
r

�
2(� + 1)

(1 + CV[P]2); (5-9)

and generalizes the result of Botter (2010) to the case of non-zero� (except that their equation
(10) seems to have a misplaced factor of two). Note that the equation for the second moment
of Q̂ is equivalent toCVg[Q]2 = Var
 [Q̂].

Table 3 summarizes the results for the distributions of interest. For exponentially distributed
precipitation amounts, one hasCV[P] = 1 and CVg[Q] =

q
�

� +1 which equals
p

� in the limit

� # 0, as reported in Botter et al. (2013).

Table 3. Expressions for the the coe�cient of variation ofQ with respect to the invariant distri-
bution.

Distribution ofP CVg[Q]2

Pareto(k; � ), � > 2
�k (� � 1)2

2� (� � 2)(1 + � )

Gamma(!; � )
�� (1 + ! )
2! (1 + � )

Inverse Gaussian(�; � )
� (� + � )
2� (1 + � )

In Figure 7 we show qualitative di�erences in the invariant distribution of discharge across di�erent
cases that share the same� , CV[P] and CVg[Q]. Note from panel (a) on the right, that for
small values of� and CV[P], and hence ofCVg[Q], there is essentially no qualitative di�erence
in 
 for the three distributions ofP considered here. This similarity disappears specially asCV[P]
increases and even ifCVg[Q] is held constant with the Pareto distribution exhibiting the most
distinctive behavior (see panel d). Namely, the parametrization of the distribution ofP re�ects
signi�cantly on the distribution ofQ. Note for each plot on the right, the three curves for
 share
the same values for�; �; CV[P] andCVg[Q].




	Introduction
	A conceptual stochastic rainfall-runoff model
	Conservation of mass and momentum
	Dynamical interpretation of H and K
	Poissonian precipitation
	Solution
	Related approaches in the literature

	The invariant density
	Dimensionless analysis of the invariant density
	Qualitative analysis of the invariant density

	A case study of the discharge distribution
	Analysis of the invariant density
	Moments
	Asymptotics of extreme events
	Scaling of discharge
	Return period
	Return period in hydrology
	Marked Poisson Point Process
	Poisson Clumping Heuristic


	Conclusions
	Appendix
	Random variables
	Continuous-parameter Markov processes
	Poisson process
	Bell Polynomials and gamma function


