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Abstract: A special question for noncommutative algebras is Zariski cancellation
problem. In this thesis we establish cancellation for some special classes of algebras
such as skew PBW extensions, some Artin—Schelter regular algebras and universal
enveloping algebras of dimension three. In addition, we provide general properties
for cancellation and we present a noncommutative analogues of a cancellation
theorem for algebras of Gelfand-Kirillov dimension one.

Resumen: Una pregunta especial para dlgebras no conmutativas es el problema
de cancelacion de Zariski. En esta tesis, establecemos cancelacion para algunas
clases especiales de algebras como extensiones PBW torcidas, algunas algebras
Artin—Schelter regulares y algebras envolvente universal de dimensién tres. Adi-
cionalmente, proveemos propiedades generales para cancelacién y presentamos un
analogo no conmutativo del teorema de cancelacién para algebras de dimension
Gelfand-Kirillov uno.
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Introduction

Let k be a field. An algebra A is called cancellative if any algebra isomorphism A[t] =
Bt] of polynomial algebras, for some algebra B, implies that A is isomorphic to B.
In the commutative case, the famous Zariski Cancellation Problem (abbreviated as
ZCP) asks if the commutative polynomial ring k[z1, ..., x,] is cancellative for all n >
1 [Kr, BZ1, Gu3]. It is well-known that k[z,] is cancellative by a result of Abhyankar-
Eakin-Heinzer [AEH], while k[z, xs] is cancellative by Fujita [Fu] and Miyanishi-
Sugie [MS] in characteristic zero, and by Russell [Ru] in positive characteristic.
The ZCP for n > 3 has been open for many years. A major breakthrough in this
research area is a remarkable result of Gupta in 2014 [Gul, Gu2] which settled the
ZCP negatively in positive characteristic for n > 3. The ZCP in characteristic zero
remains open for n > 3. Some examples of non-cancellative algebras were given by
Hochster [Ho|, Danielewski [Dal], Gupta [Gul, Gu2] and Lu, Wu and Zhang [LuWZ].

A noncommutative version of the Zariski Cancellation Problem was investigated
in as early as 1970s, see papers by Coleman-Enochs [CE] and Brewer-Rutter [BR],
and was re-introduced by Zhang and Bell in 2017 in [BZ1]. In recent years, increased
attention has been paid to the noncommutative analogue of the ZCP and invariants
related to its study [BZ1, BZ2, BY, CPWZ1, CPWZ2, CYZ1, CYZ2, Gad, GKM,
GWY, LY, LeWZ, LuWZ, LMZ, NTY, Tal, Ta2, WZ]. Recently, ZCP was intro-
duced for commutative Poisson algebras by Gaddis-Wang [GW]. In addition, two
new problems has been introduced: The Morita cancellation by Lu, Wu and Zhang
in [LuWZ] and the skew cancellation by Bell-Hamidizadeh-Huang and the named
author in [BHHV].

An algebra A is called Morita cancellative if the statement that M (A[t]) is equiv-
alent to M (B]t]) for another algebra B implies that M (A) is equivalent to M(B),
where M(A) denote the category of right A-modules. This Morita version of the
cancellation property is one of the natural generalizations of the original Zariski
cancellation property when we study noncommutative algebras. Another general-
ization involves the skew polynomial extensions. Let o be an automorphism of
the ring R and 0 : R — R a o-derivation. We say that R is skew cancellative if
Rlz;0,6] = S[x;0',4d'] implies R = S. The derivation type is a special case when o
is the identity, and it was considered in [AKP, Be].

1Y



INTRODUCTION AY

This thesis had been motivated by the following question: What kind of al-
gebras are cancellative? In particular, we are interested in the cancellation prop-
erty for two groups of important noncommutative algebras: skew PBW extensions
(Poincaré-Birkhoff-Witt) and Artin—Schelter regular algebras (abbreviated as AS-
regular algebras). Morita cancellation and skew cancellation are considered too.

The skew PBW extensions were introduced by Lezama and Gallego in [GL1] and
represent a generalization of PBW (Poincaré-Birkhoff-Witt) extensions defined by
Bell and Goodearl [BG]. Many ring-theoretical and homological properties of skew
PBW extensions have been studied in the last years (Hilbert’s basis theorem, global
dimension, Gelfand-Kirillov dimension, Krull dimension, Goldie dimension, prime
ideals, Auslander regularity, etc., see [LR], [ACLOV], [ALR], [LV3]), as well as its
Grobner theory (see [GL1], [GL2]). Some prominent algebras that can be covered by
the skew PBW extensions are: The algebra of g-differential operators, the algebra of
shift operators, the algebra of linear partial g-differential operators, skew polynomial
rings of derivation type and Ore extension of derivation type, the additive and
multiplicative analogues of the Weyl algebra, the quantum algebra U’(so(3, K)), the
3-dimensional skew polynomial algebra, the dispin algebra, the Woronowicz algebra,
the g-Heisenberg algebra, the Witten’s deformation of U (sl(2, K'), algebras diffusion
type, some quadratic algebras, among others.

Artin—Schelter regular algebras were defined by Michael Artin and William
Schelter in [AS] and their classification in dimension three had been completed by
Artin, Tate and Van den Bergh [ATV1, ATV2|. Also, general ring-theoretic prop-
erties such as Auslander regularity and Cohen-Macaulay property are well known
[BRSSW, Le, LMZ, St|. Cancellation holds for several classes of these algebras. Re-
markable results of Bell and Zhang pointed out that algebras with trivial center and
algebras 2-dimensional over a base field algebraically closed are cancellative [BZ1,
Proposition 1.3, Theorem 0.5]. Also, Lii, Mao and Zhang showed that several classes
of AS-regular algebras of global dimension three are cancellative ([LMZ, Corollary
0.9], Example 1.4.7).

In this thesis we follow the ideas of [BZ1, LeWZ, LuWZ]| to deal with the ZCP.
In particular, we had used the center, the Makar-Limanov invariant and some mod-
ifications, and the P-discriminant methods. Besides, we have introduced a non-
commutative version of the slice theorem. However, determine new invariants or
properties that controls cancellation is an interesting problem.

The thesis is divided into five chapters. In the first chapter, we recall some
definitions and fundamental properties about cancellation and Morita cancellation
that are necessary in the subsequent sections. Also, we mention some basic prop-
erties and key examples of skew PBW extensions whose centers will be studied
further. Artin—Schelter regular algebras and some properties are considered in the
last section.

The center of an algebra plays a crucial role in whether the cancellation property
holds for that algebra. Therefore, in the second chapter we compute the center and
some central elements of many noncommutative algebras that can be interpreted as
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skew PBW extensions. The question about the center of the total ring of fractions
is considered.

We show that, under some natural assumptions on the parameters that define the
extension, either the center is trivial, or, it is of polynomial type. In the first section
we describe the center of some general subclases of skew PBW extensions, grouped
according to some conditions imposed to the parameters that define the extensions.
The technique that we use in this part for computing the center is very simple: we
use the parameters and relations that define the extension, and, taking an element
f of the center of the algebra we deduce some formulae from the basic equation
x;f = fx;, where x; is any of the variables that define the extension. Thus, One of
the most important result of this chapter is Theorem 2.1.5 that establishes trivial
center for a wide class of skew PBW extensions, therefore cancellation. Theorem
2.1.6 determines center for operator algebras. In the second section, we treat others
algebras that can not be covered by the theorems of the first section. Corollary
2.2.14 summarize the list of cancellative skew PBW extensions.

Finally, in the third section we study the isomorphism Z(Q,.(A)) = Q(Z(A)),
with @,(A) the right total ring of fractions of A. This isomorphism became impor-
tant after the formulation of the Gelfand-Kirillov conjecture: Let G be an algebraic
Lie algebra of finite dimension over a field k, with char(k) = 0. Then, there exist
integers n,l > 1 such that

QU(9)) = Q(An(Ks1, - -, s1])),

where U(G) is the enveloping algebra of G and A, (k[s1, ..., si]) is the general Weyl
algebra over k. In the investigation of this famous conjecture the isomorphism
between the center of the total ring of fractions and the total ring of fractions of the
center occupies a special key role. In Theorem 2.3.3 we prove that if A is finitely
generated and GKdim(A) < GKdim(Z(A)) + 1, then Z(Q,(A)) = Q(Z(A)). This
result can be interpreted as a way of computing the center of @,(A). Results of this
chapter will appear in [LV1, LV2].

In Chapter 3, we focus on the study of cancellation for algebras with Gelfand-
Kirillov dimension one when the characteristic of the base field is zero or positive.
An important part of this work is motivated by the question of Lezama, Wang, and
Zhang [LeWZ, Question 0.5]: Is every affine prime k-algebra of Gelfand-Kirillov
dimension one cancellative? Then we answer this question in the case when the
base field has characteristic zero in the domain case. We present a noncommu-
tative analogue of the Abhyankar, Eakin and Heinzer theorem; if A is a finitely
generated algebra that is an integral domain of Krull dimension one, then A is
strongly cancellative. However we do not know whether this conclusion holds for
not-necessarily commutative domains. Thus, Theorem 3.2.4 establishes that affine
domains of Gelfand-Kirillov dimension one are cancellative. Since Krull dimen-
sion and Gelfand-Kirillov dimension coincide for finitely generated commutative
k-algebras, then this result specializes to the classical cancellation results of Ab-
hyankar, Fakin and Heinzer in the characteristic zero base fields when one takes A
to be commutative. In addition, Theorem 3.2.6 provides examples that show affine
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domains of Gelfand-Kirillov dimension one need not be cancellative when the base
field has positive characteristic, giving a counterexample to a conjecture 4.5.5 of
Tang, the named author, and Zhang. We noted that well-known non-cancellative
algebras examples have dimension at least two ([Ho, Da, Gul, Gu2]), and our ex-
ample has dimension one.

We have organized this chapter as follows, in the first section we introduce a
new invariant when we work with weak locally nilpotent Hasse-Schmidt derivations.
And, we generalize Theorem 1.1.8 and Lemma 1.1.13 in Proposition 3.1.4 when one
works with affine prime left Goldie k-algebras of finite Gelfand-Kirillov dimension.
Moreover, in Proposition 3.1.6 we prove a result that is related to a conjecture of
Makar-Limanov. In the second section, in order to prove the main result of the
chapter, Theorem 3.2.4, we introduce a noncommutative version of slice theorem.
That is, suppose that the characteristic of k is zero. If § is a locally nilpotent
derivation, and there exist exists € Z(A) such that d(z) = 1, then the sum
> iso Ao is direct and A = Ag[x] where Ay is the kernel of . In commutative case,
the slice theorem has been used to decide cancellation [Fr, vdE]. Finally, in the
third section we prove a result in a different direction; namely, skew cancellativity:
that is, if R[z;0,d] = S[z;0’,0'] when do we necessarily have R = S?7 In Theorem
3.3.7, we show that this holds in the two cases: skew polynomial extensions of
automorphisms type and derivations type when the coefficient ring R is an affine

commutative domain of Krull dimension one. Results of this chapter will appear in
[BHHV].

In Chapter 4 our main goal is to study the cancellation for noncommutative
noetherian connected graded Artin—Schelter regular algebras of global dimension
three. Our main result settles that such algebras are cancellative when they are gen-
erated in degree 1 and do not satisfy a polynomial identity (PT for short). This result
covers [LMZ, Corollary 0.9] where authors showed that several classes of AS-regular
algebras of global dimension three are cancellative. However, as in the commutative
case, the PI case remains open. For AS-regular of higher global dimension Theorem
4.1.7 establishes cancellation.

This chapter is organized as follows. In the first section, we show that under
certain conditions a k-algebra A with center Z(A) of Gelfand-Kirillov dimension at
most one is either k or k[t]. In the former case, the algebra is cancellative by Propo-
sition 1.1.4, and if Z(A) = kl[t] then we can consider the P-discriminant method.
Consequently, we can prove the main results of this section: Lemma 4.1.6 and Theo-
rem 4.1.7. In the next section, we complete some details for proving Theorem 4.2.5.
Next, we collect some results that involve cancellation properties. As an applica-
tion, in Section 3 we establish cancellation for fixed subrings of generic 3-dimensional
Sklyanin algebra. In Section 4, Example 4.4.2 establishes cancellation for universal
enveloping algebras of 3-dimensional non-abelian Lie algebras. And, in Section 5,
we present a result similar to Theorem 4.1.7 for graded isolated singularities which
have infinite global dimension. Results of this chapter will appear in [TVZ].
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Finally, in Chapter 5, we collect some important issues about cancellation and
related subjets. We follow the line of work presented in the main papers [BZ1,
LeWZ, LuWZ] and recent advances in [TVZ, BHHV].

In this thesis, k denote a field, non necessarily algebraically closed. All rings are
with unity and A, B and R denote arbitrary rings, all modules are right modules and
M (A) denote the category of right A-modules. Vector spaces are k-vector spaces,
the tensor product ® is over k, ®;, and algebra always means a k-algebra. We say
that A is an affine algebra over k, or simply an affine algebra when the base field is
undertood, if A is finitely generated k-algebra. Z(A) or simply Z denote the center
of the algebra.



CHAPTER 1

Preliminaries

In this first chapter, we recall some definitions and fundamental properties about
cancellation and Morita cancellation from [BZ1, LeWZ, LuWZ] that are necessary
in the subsequent sections. Also, we mention skew PBW extensions or o-PBW
extensions introduced by Lezama and Gallego in [GL1|. Artin-Schelter regular
algebras are considered.

1.1 Cancellation property

Recall that k£ denote a field and A, B are k-algebras, that is a ring A with identity
which has a copy of k as a subring of its center. Thus, A is also a k-vector space
such the multiplication satisfies (A-a)b = \- (ab) = a(A-b) for all A € k, a,b € A.

Definition 1.1.1. [BZ1, Definition 1.1] Let A be an algebra.

(1) We call A cancellative if any algebra isomorphism A[t] = B([s] for some algebra
B implies that A & B.

(2) We call A strongly cancellative if, for each n > 1, any algebra isomorphism
A[th”' 7tn] = BI:SIJ'.. 7Sn]
for some algebra B implies that A = B.

(3) We call A universally cancellative if, for any finitely generated commutative
domain R such that R/I = k for some ideal I of R, and any k-algebra B

A9 R=B® R=A=D.

It is clear that
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Universally cancellative = strongly cancellative = cancellative.

But, it is not clear whether any two of them are equivalent.

Example 1.1.2. k[z;] is cancellative by Abhyankar-Eakin-Heinzer [AEH], (We will
discuss this result later), k[z1, 5] is cancellative by Fujita [Fu], Miyanishi-Sugie [MS]
in characteristic zero and by Russell in positive characteristic [Ru].

Example 1.1.3. 1. Let k be the field of real numbers R. Hochster showed that
klz,y, 2]/ (x* + y* + 2% — 1) is not cancellative [Ho].

2. The Danielewski’s surface [Da]. Let n > 1 and let B,, be the coordinate ring of
the surface 2"y = 22 — 1 over k = C. Then B; % B, if i # j, but B;[t] & B;|s]
for all 4,5 > 1. Therefore, all the B] s are not cancellative.

3. Suppose char k > 0. Gupta showed that k[z1, ..., x,] is not cancellative for ev-
ery n > 3 [Gul],[Gu2|. However the cancellation in characteristic zero remains
open for n > 3.

We noted that these non-cancellative examples all have dimension at least two.
An early result for noncommutative algebras is the following proposition.

Proposition 1.1.4. [BZ1, Proposition 1.3] Let k be a field and A be an algebra with
center being k. Then A is universally cancellative.

Proof. For any algebra A, let Z(A) denote the center of A. Let R be an affine
commutative domain such that R/I = k for some ideal I C R and suppose that
¢: A® R — B® R is an algebra isomorphism for some algebra B. Since Z(A) = k,
we have Z(A® R) = R. Since Z(B® R) = Z(B) ® R and since ¢ induces an
isomorphism between the centers, we have

R~ Z(B)®R.

Consequently, Z(B) is a commutative domain. By considering the Gelfand-Kirillov
dimension of both sides of the last expression, one sees that GKdim(Z(B)) = 0,
when regarded as a k-algebra. Hence Z(B) is a field. Since there is an ideal I such
that R/I = k, Z(B) = k. Consequently, Z(B ® R) = R. Now the induced map ¢ is
an isomorphism between Z(A® R) = R to Z(B® R) = R, so we have R/¢(I) = k.
Finally, ¢ induces an automorphism from A= AQ R/(I) 2= B R/(¢(I)) = B. O

1.1.1 Makar-Limanov invariants

The Makar-Limanov invariant was introduced by Makar-Limanov [Mal], who called
the invariant AK, and they are a powerful tool when dealing with the cancellation
problem. The effective computation of these invariants is a difficult task. However,
it is possible under certain conditions. In particular, Corollary 1.1.11 is a nice result
for classification of cancellative algebras.
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Definition 1.1.5. Let k be a field and let A be a k-algebra.

10.

. We let Der(A) denote the collection of k-linear derivations of A.

. We let LND(A) = {6 € Der(A) | ¢ is locally nilpotent}, § € Der(A) is locally

nilpotent if given a € A there exists n > 1 such that 6" (a) = 0.

. A Hasse-Schmidt derivation (or higher derivation) of A is a sequence of k-

linear maps 0 := {0;};>o such that:
0o = ida, and 9,(ab) = > i(a)d—i(b)
i=0

for a,b € A and n > 0.
A Hasse-Schmidt derivation 0 = (0,) is called locally nilpotent if

(a) for each a € A there exists an integer N = N(a) > 0 such that 9,(a) =0
for all n > N, and

(b) the k-algebra homomorphism A[t] — A[t] given by ¢ +— t and a +—
> iz0 Oi(a)t’ is a k-algebra isomorphism.

. A Hasse-Schmidt derivation 0 = (0,,) is called iterative if 0; 0 9; = (itj)@-ﬂ

for all 7, 7 > 0. The collection of Hasse-Schmidt derivations of an algebra A is
denoted Der” (A) and the collection of iterative Hasse-Schmidt derivations is
denoted Der’(A). The collection of locally nilpotent Hasse-Schmidt derivations
(resp. iterative Hasse-Schmidt derivations) of A is denoted LND(A) (resp.
LND(A)).

Given 0 := (0,) € Der” (A), the kernel of J is defined to be

ker(0) = () ker(9)).

i>1
The Makar-Limanov* invariant of A is defined to be

ML*(A) =[] ker(d).

SELND*(A)

. The Makar-Limanov* center of A is defined to be

ML (A) = ML*(A) N Z(A).

. We say that A is LND*-rigid (respectively strongly LND*-rigid) if ML*(A) = A

(respectively ML*(A[tq,...,tq]) = A, for d > 1).

We say that A is LND7,-rigid (respectively strongly LND7,-rigid) if ML7, (A[t])
is equal to Z(A) (respectively ML7 (Alty, ..., t4]) = Z(A), for d > 1).
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In items (7)—(10), * is either blank, I, H.

Remark 1.1.6. Let k be a field and let A be a k-algebra. We recall some basic facts
about derivations and Hasse-Schmidt derivations.

1. If 0 := (0,) is a locally nilpotent Hasse-Schmidt derivation of A then by
definition the map Gy, : A[t] — A[t] defined by

a Z&;(a)ti, foralla e At —t (1.1)
i=0

extends to a k-algebra automorphism of A[t].

2. Conversely, if one has a k-algebra automorphism (resp. endomorphism) G :
Alt] — A[t] such that G(t) =t and G(a) — a € tAt] for a € A, then fora € A
we have

Gla) = Z d;(a)t,

and (0,,) is a locally nilpotent Hasse-Schmidt derivation of A (see [BZ1, Lemma
2.2 (3)]).

3. If the characteristic of k is zero and § : A — A is a k-linear derivation, then
the only iterative Hasse-Schmidt derivation (9,) of A with d; = § is given by

R

On, (1.2)
for n > 0. This iterative Hasse-Schmidt derivation is called the canonical
Hasse-Schmidt derivation associated to 6. If, moreover, 9 is locally nilpotent,
then by [BZ1, Lemma 2.2(2)], the map Gy, defined in item (1.1) is an auto-
morphism and (d,) is a locally nilpotent iterative Hasse-Schmidt derivation,
and conversely if (0,) is locally nilpotent then so is §. Thus locally nilpotent
iterative Hasse-Schmidt derivations correspond naturally to locally nilpotent
derivations in the characteristic zero case and so ML’ (A) = ML(A) for algebras
with characteristic zero base field.

4. [MS, §1.1] If the characteristic of k is a positive integer p, then for an iterative
derivation 0 = {0;};>0, 0; can be explicitly described as

(81)° (9,)" - (8pr)"
(io)! (@) ... (i)l

where i = ig+1;p+- - - +1,p" is the base-p expansion of 7. In this case, an iter-
ative Hasse-Schmidt derivation 0 is completely determined by 0y, 0p, 0,2, . . ..

82-:

5. Let T' be the polynomial ring A[ty,...,t4 over a k-algebra A. We fix an
integer 1 < ¢ < d. For each n > 0, we can define a divided power A-linear



CHAPTER 1. PRELIMINARIES 5}

differential operator A} as follows:

i m;—n m :
(M iy >

0 otherwise, (1.3)

A?:t’fl---tg”—>{

where (™) is defined in Z or in Z/(p). Then {A?} 'is a locally nilpotent
iterative Hasse-Schmidt derivation of T'. We can also extend an element (9,,) €
LND*(A) to an element of LND(T") by declaring that t,...,t; are in the
kernel of (0,,); moreover, the extension is iterative if the original Hasse-Schmidt
derivation is iterative, and it is in LND(T’) if the original locally nilpotent
Hasse-Schmidt derivation is in LND*(A). Combining this observation along
with data from the maps A}, we see

ML*(Alty, ..., tq]) € ML*(A),
where x is either I, H.

Recall that if A is a k-algebra, then the Gelfand-Kirillov dimension of A is
defined by
GKdim(A) := suplL_mlogn dimg V", (1.4)
Vv n—oo
where V ranges over all frames of A and V" := (v ---v,|v; € V) (a frame of A is
a finite dimensional k-subspace of A such that 1 € V; since A is a k-algebra, then
k < A, and hence, k is a frame of A of dimension 1). For more information about
Gelfand-Kirillov dimension, we refer the reader to the book of Krause and Lenagan
[KL].

The following results show the relationship between LND-rigidity and cancella-
tion.

Lemma 1.1.7. [BZ1, Lemma 3.2] Let Y := @, Y; be an N-graded domain. If Z
is a subalgebra of Y containing Yy such that GKdim(Z) = GKdim(Yy) < oo, then
Z =Y.

Theorem 1.1.8. Suppose A is an affine domain of finite Gelfand-Kirillov dimen-
sion. Let x be either blank, H, or I. When % 1is blank we further assume k has
characteristic zero.

1. If A is strongly LND*-rigid, then A is strongly cancellative.
2. If ML*(AJt]) = A, then A is cancellative.

Proof. Let ¢ : Alty,...,t,] — Blt1,...,t4] be an isomorphism for some algebra B.
By [KL, Proposition 3.11] GKdim B = GKdim A < co. For each i, let 0; := a% when
* is blank and 0; := {A'}>°, as in Remark 1.1.6(5) when x is either H or I. We
have that ML*(Blt,...,t4]) is contained in B since 0;, for i = 1,--- | d, are locally
nilpotent (higher) derivations of Blty,..., 4] and the intersection of the kernels of
these maps is exactly B. On the other hand, we have that ML*(A[t,...,ts)) = A
by hypothesis.
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If 9 is a locally nilpotent derivation of Blty,...,t4] then ¢~ 0 do ¢ is a locally
nilpotent derivation of Alty, ..., t4]. Similarly if 0" is a locally nilpotent derivation
of Alty,...,tq) then ¢ o @ o ¢~1 is a locally nilpotent derivation of Blty,...,t4].
Similarly, the higher derivations of A[t,...,ts] and Blty,...,t4] correspond. Thus
¢ induces an algebra isomorphism

ML*(A[t1,. ... ta) = ML*(B[t1, .. ., td).

In particular ¢ maps A into B. Let Y = At;, ..., t4] with degt; =1 and Yy = A
and Z = ¢~'(B). Then Lemma 1.1.7 implies that ¢~'(B) = A. So A and B are
isomorphic. The result follows. O]

The previous Theorem will be used in Chapter 3, where we generalize it for affine
prime left Goldie k-algebras.

Lemma 1.1.9. [BZ1, Lemma 3.5] Let A be a finitely generated Ore domain over k
that contains Z. If A is LND-rigid, then ML(AJt]) = A.

Proof. Let C' = ML(A[x]). Note that C' C A since differentiation with respect to x
gives a locally nilpotent derivation of A[x] and the kernel of this map is exactly A.
It suffices to show that C' © A. Suppose that there is a locally nilpotent derivation
of A[z] that does not send A to zero. Suppose ay,...,as generate A as a k-algebra.
Then 6(A) C Ad(a;)A+---+ Ad(as)A and so there exists some smallest m > 0 such
that 0(A) C A+ Ax +---+ Az™. If m = 0, then §(A) C A. Since A is LND-rigid,
d(A) = 0. This yields a contradiction and therefore m > 1. We write

d(a) = p(a)z™ + lower degree terms

for some derivation p of A. We now consider the following three cases.
Case I: 6(x) € A+ Az +--- 4+ Az™. In this case we have d(z") C Sl Agn
and 6(Az') C S0 Az™ for all 4. Thus for every a € A we have
6%(a) = p?*(a)x®™ + lower degree terms.
More generally, we see that
8 (a) = p (@)™ + lower degree terms.
Thus p is a locally nilpotent derivation and so u(A) = 0, contradicting the mini-
mality of m. Thus §(A) = 0 in this case.
Case II: §(x) = bx™ '+ lower degree terms for some b # 0 in A.

Applying ¢ to the equation [z,a] = 0, one sees that b commutes with every a
in A, and so b is in the center of A. Now we define a new derivation §' to Alx]
by declaring that ¢’(a) = p(a)z™ for a € A and §'(x) = bx™"!. Then we see that
§ sends Az’ to Ax'™™ for every i > 0. We can view &' as an associated graded
derivation of 4. Since 0 is locally nilpotent, ¢’ is a locally nilpotent derivation
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of Alx] [CPWZ2, Lemma 4.11]. Applying [BZ1, Lemma 3.4] to the algebra A[z],
Alz] embeds in E[y; ] where dq is a derivation of E. Moreover, ¢’ extends to a
locally nilpotent derivation of E[y;dy] by declaring that §'(E) = 0 and ¢'(y) = 1.
Under this embedding = p(y) for some nonzero polynomial p. Let d denote the
degree of this polynomial. Then bx™*! gets sent to q(y)p(y)™ ™ for some nonzero
polynomial ¢(y). But since ¢’(x) is nonzero, it has degree exactly d — 1 and so we
have (m + 1)d + deg q(y) = d — 1, which is impossible.

Case III: §(x) = bz'+ lower degree terms for some b # 0 in A and some i > m+1.
In this case we see that, for each n > 2,

n—1
N (x) = {H((z —1)s+ 1)} bzt 1 Jower degree terms,

s=1
so 0 cannot be locally nilpotent, which contradicts the hypothesis.
Combining these cases, we see that 6(A) = 0. The result follows. O

Theorem 1.1.10. /[BZ1, Theorem 3.6] Let A be a finitely generated domain con-
taining Z and suppose that A has finite GKdim. If A is LND-rigid, then A is
cancellative.

Proof. Since A is a domain of finite GKdim, it is an Ore domain. By Lemma 1.1.9,
ML(A[z]) = A. The assertion follows from Theorem 1.1.8. O

Corollary 1.1.11. /[BZ1, Corollary 3.7] Let A be a domain of GKdim two over an
algebraically closed field k of characteristic zero.

1. If A is PI and not commutative, then A is LND-rigid. As a consequence, if we
assume in addition that A is finitely generated over k, then A is cancellative.

2. If A is not PI, then A is universally cancellative.

Quantum plane, Jordan plane and the unique universal enveloping algebra of
2-dimensional non-abelian Lie algebra are remarkable cancellative algebras by the
previous Corollary.

1.1.2 Retractability and detectability

Retractable property was studied in a paper of Abhyankar-Fakin-Heinzer [AEH], it
was called strongly invariant property. But in [LeWZ] it was changed by strongly
retractable. Also, we mention Z-retractability and detectability. Hopfian algebras
are considered.

Definition 1.1.12. [LeWZ, Definition 2.1, Definition 2.5]
(1) We call A Z-retractable, if for any algebra B, any algebra isomorphism ¢ :

Alt] = Bls| implies that ¢(Z(A)) = Z(B). If further ¢(A) = B, we just say A
is retractable.
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(2) We call A strongly Z-retractable, if for any algebra B and integer n > 1, any
algebra isomorphism ¢ : Afty,...,t,] = Blsi,...,s,| implies that ¢(Z(A)) =
Z(B). If further ¢p(A) = B, we just say A is strongly retractable.

Every strongly retractable algebra is retractable, and hence cancellative. And
(strongly) retractable algebras are (strongly) Z-rectractable. Since LND-rigidity
control cancellation, they control retractable property. So with the hypothesis of
Theorem 1.1.8, the algebra is retractable. However we copy the following lemma for
Z-retractability.

Lemma 1.1.13. [LeWZ, Lemma 2.6] Let A be an algebra such that the center Z(A)
s an affine domain.
1. Suppose MLy (A[t]) = Z(A) or MLY (A[t]) = Z(A). Then A is Z-retractable.
2. Suppose that A is strongly LND z-rigid (or strongly LNDY -rigid). Then A is
strongly Z-retractable.

If Bis asubring of C'and fi, ..., f,, are elements of C', then the subring generated
by B and the set {f1,..., fi} is denoted by B{f1,..., fm}

Definition 1.1.14. Let A be an algebra.

>~

1. We call A detectable if, for any algebra B, an algebra isomorphism ¢ : A[t]
Bls] implies that B[s] = B{¢(t)}, or equivalently, s € B{¢(t)}.

2. We call A strongly detectable if, for any algebra B and any integer n >
1, an algebra isomorphism ¢ : Alty,...,t,] = B[s1,...,s,] implies that
Blsi,...,s:) = B{o(t1),...,6(tn)}, or equivalently, for each i = 1,--- n,
5 € B{o(t), .., (ta)}.

In the above definition, we do not assume that ¢(t) = s. Every strongly de-
tectable algebra is detectable. The polynomial ring k[x] is cancellative, but not
detectable.

Lemma 1.1.15. [LeWZ, Lemma 3.2] If A is Z-retractable (resp. strongly Z-
retractable), then it is detectable (resp. strongly detectable).

Definition 1.1.16. Let A be a k-algebra.

1. We say A is Hopfian if every k-algebra epimorphism from A to itself is an
automorphism.

2. We say A is strongly Hopfian if Alt, ..., t,] is Hopfian for every n > 0.

Luckily, there exists enough algebras with this property.



CHAPTER 1. PRELIMINARIES 9

Lemma 1.1.17. The following algebras are strongly Hopfian.

1. Left or right noetherian algebras.
2. Finitely generated locally finite N-graded k-algebras.
3. Prime affine k-algebras satisfying a polynomial identity.

4. Prime Goldie algebras of finite Gelfand-Kirillov dimension.

Proof. (1-3) corresponding to [LeWZ, Lemma 3.5] and (4) is a consequence of [KL,
Proposition 3.15]. O

Detectability implies cancellation under some conditions.

Lemma 1.1.18. [LeWZ, Lemma 3.6] Suppose A is strongly Hopfian.

1. If A is detectable, then A is cancellative.
2. If A is strongly detectable, then A is strongly cancellative.

Theorem 1.1.19. [LeWZ, Theorem 4.1] If A is left (or right) artinian, then A is
strongly detectable. As a consequence, A is strongly cancellative.

With the previous definitions we can enunciate the theorem of Abhyankar, Eakin
and Heinzer. We will give a noncommutative version of this Theorem in Chapter 3.

Theorem 1.1.20. [AEH, Theorem 3.3, Corollary 3.4] Let A be an affine domain

of GKdimension at most one.

(1) If A =k, then it is trivially strongly retractable and strongly cancellative.
(2) If A = Eklt], then it is strongly cancellative.

(3) If A 2 k[t], then it is strongly retractable, and consequently, strongly cancella-
tive.

1.1.3 Slice theorem

The slice theorem is a powerful tool when working on the Zariski cancellation prob-
lem. Roughly speaking, it says that if one has a locally nilpotent derivation ¢ of a
commutative algebra R of characteristic zero and a regular element r € R such that
d(r) = 1, then R = S[t] where S is the kernel of §. The theorem has been used in
commutative case to decide cancellation [Fr, vdE].

Definition 1.1.21. Let R be an k-algebra and 6 € Der(R). Any element r € R
with 0(r) = 1 is called a slice for 0.
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Theorem 1.1.22. [Fr, Corollary 1.22] Suppose 6 € LND(R) admits a slice r € R,
and let A =kerd. Then:

1. R=A[r] and § = £.
2. If R is affine, then A is affine.

A close problem to the cancellation in the commutative case is the kernel con-
jecture:

2-nd Kernel problem: Let ¢ be a locally nilpotent derivation on Clz, ..., z,]
having a slice. Does it follow that ker(d) = C[Fy,..., F, 4] for some F; €
Clx, . .., x,| algebraically independent over C?

Proposition 1.1.23. [vdE, Proposition 3.8] The cancellation problem is equivalent
to the 2-nd Kernel problem.

Proof. Let ¢ be a locally nilpotent derivation on Cl[zy,...,x,] with a slice s. Then
by slice theorem Clx,...,z,] = ker(d)[s]. So, if the cancellation problem is true,
then ker(§) = C[F}, ..., F,—1] for some F; € Clxy,...,z,] algebraically independent
over C.

Conversely, let C[z1, ..., z,] = A[T], where A is a C-algebra. Then the derivation

% is locally nilpotent on A[T] and has a slice, T. Furthermore ker(%) = A. So if
the 2-nd Kernel problem is true, then A = C[F}, ..., F,_;] for some F; algebraically
independent over C, which shows that the cancellation problem is true. U

1.2 Morita cancellation

For any algebra A, let M (A) denote the category of right A-modules. The following
Morita version of the cancellation property is a natural generalization of the orig-
inal Zariski cancellation property when we study noncommutative algebras. The
definitions and results are copied of [LuWZ].

Definition 1.2.1. [LuWZ, Definition 1.2] Let A be an algebra.

>~

(1) We call A m-cancellative if any equivalence of abelian categories M (A[t])
M (B]s]) for some algebra B implies that M (A) = M(B).

(2) We call A strongly m-cancellative if, for each n > 1, any equivalence of abelian
categories
M(A[tb o ’tn]) = M(B[slv te 73n])

for some algebra B implies that M (A) = M(B).
The letter m here stands for the word “Morita”.

The Makar-Limanov invariant was generalized as following.
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Definition 1.2.2. [LuWZ, Definition 1.7] Let A be an algebra and d a nonzero
element in A.

1. The Makar-Limanov! invariant of A is defined to be

MLJ(A):= () ker(d),

SeLNDIH (A)

with
LNDY(A) = {0 € LND#(A) | d € ker(0)}.

2. We say that A is LNDY-rigid if MLY (A) = A.
3. A is called strongly LNDX -rigid if MLY (A[t1, ..., t,]) = A, for all n > 1.
4. The Makar—Limanovgf center of A is defined to be

MLY,(A) = MLJ(A) N Z(A).
5. Ais called strongly LNDY ,-rigid if MLY ,(Alt, ..., t,]) = A, for all n > 1.

Let Z be a commutative k-algebra , which is usually the center of a noncommu-
tative algebra. We now recall the definition of P-discriminant for a property P. Let
Spec Z denote the prime spectrum of Z and

MaxSpec(Z) := {m | m is a maximal ideal of Z}

is the maximal spectrum of Z. For any S C Spec Z, I(S) is the ideal of Z vanishing

on S, namely,
I(S) = (.

pesS

For any algebra A, A* denotes the set of invertible elements in A. A property
P considered in the following means a property defined on a class of algebras that
is an invariant under algebra isomorphisms.

Definition 1.2.3. [LuWZ, Definition 2.3] Let A be an algebra, Z := Z(A) be the
center of A. Let P be a property defined for k-algebras (not necessarily a Morita
invariant).

(1) The P-locus of A is defined to be
Lp(A) :={m € MaxSpec(Z) | A/mA has the property P}.

(2) The P-discriminant set of A is defined to be

Dp(A) := MaxSpec(Z) \ Lp(A).
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(3) The P-discriminant ideal of A is defined to be

Ip(A) := I(Dp(A)) C Z.

(4) If Ip(A) is a principal ideal of Z generated by d € Z, then d is called the
P-discriminant of A, denoted by dp(A). In this case dp(A) is unique up to an
element in Z*.

(5) Let C be a class of algebras over k. We say that P is C-stable if for every
algebra A in C and every n > 1,

[p(A@ k[tl, to ,tn]) - IP(A) ® k[tl, Tt ,tn]

as an ideal of Z ® k[ty,--- ,t,]. If C is a singleton {A}, we simply call P
A-stable. If C is the whole collection of k-algebras with the center affine over
k, we simply call P stable.

In general, neither Lp(A) nor Dp(A) is a subscheme of Spec Z(A).

Recall from the Morita theory that if A" := Aty,--- ,¢,] is Morita equivalent
to B’ := Blsy, -, Sy, then there is an (A’, B’)-bimodule 2 that is invertible and
induces naturally algebra isomorphisms A’ = End(Qp/) and (B')” = End(4€?) such
that

Z(A,) = HOIH(A/7B/)(Q, Q) = Z(B/)

The above isomorphism is denoted by

w: Z(A) —s Z(B). (1.5)

Morita equivalences have been studied extensively for decades. For more details
about this topic the reader can see the books [AF, We]. Z-retractability and de-
tectability have been generalized to the Morita setting, and they are closely related
to the m-cancellative property.

Definition 1.2.4. Let A be an algebra.

(1) [LuWZ, Definition 2.6(3)] We call A m-Z-retractable if, for any algebra B, any
equivalence of categories M (A[t]) = M(B[s]) implies that w(Z(A)) = Z(B)
where w : Z(A)[t] — Z(B)]s] is given as in (1.5).

(2) [LuWZ, Definition 2.6(4)] We call A strongly m-Z-retractable if, for any al-

[

gebra B and any n > 1, any equivalence of categories M(A[ty,--- ,t,]) =
M(B]s1,- -+ ,sy]) implies that w(Z(A)) = Z(B) where

Wi Z(A)ft, - t] = Z(B)s1, -, 5]

is given as in (1.5).
Proposition 1.2.5. [LulWZ, Proposition 2.7] Let A be an algebra whose center Z =

Z(A) is an affine domain. Let P be a stable Morita invariant property (respectively,
stable property) and assume that the P-discriminant of A, denoted by d, exists.
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1. Suppose MLI(Z[t]) = Z. Then A is m-Z-retractable (respectively, Z-
retractable).

2. Suppose that Z is strongly LNDg—m’géd. Then A is strongly m-Z-retractable
(respectively, strongly Z-retractable).

Corollary 1.2.6. [LuWZ, Corollary 2.11] Let A be an algebra such that the center
of A is k[z]. Let P be a stable Morita invariant property (respectively, stable prop-
erty) such that the P-discriminant of A, denoted by d is a nonzero non-invertible
element in Z(A) = klz]. Then Z(A) is strongly LNDY -rigid and A is strongly
m-Z -retractable (respectively, strongly Z-retractable).

Definition 1.2.7. [LuWZ, Definition 3.3] Let A be an algebra and let w be the map
given in (1.5).

1. We call A m-detectable if any equivalence of categories M (A[t]) = M(B]s]) for
some algebra B implies that

Alt] = A{w™'(s)},
or equivalently, t € A{w™'(s)}.

2. We call A strongly m-detectable if for each n > 1 and any equivalence of

~Y

categories M (Alty, ..., t,]) = M(B[s1,...,8,]) for some algebra B implies
that
Alty, ...t = A{lw ™ (s1), ..., w0 (s0)},

or equivalently, t; € A{w™(s1),...,w  (sn)}-

The following result is analogous to Lemma 1.1.15.

Lemma 1.2.8. [LuWZ, Lemma 3.4] If A is m-Z-retractable (respectively, strongly
m-Z-retractable), then it is m-detectable (respectively, strongly m-detectable).

As in Lemma 1.1.18, m-detectability with Hopfian implies m-cancellative.

Lemma 1.2.9. [LuWZ, Lemma 3.6] Suppose A is strongly Hopfian.

1. If A is m-detectable, then A is m-cancellative and cancellative.

2. If A is strongly m-detectable, then A is strongly m-cancellative and strongly
cancellative.

The following theorem is a consequence of Corollary 1.2.6 and Lemma 1.1.17.

Theorem 1.2.10. Let A be a noetherian algebra such that its center Z(A) is k[z].
Let P be a Morita invariant property (respectively, stable property) such that the P-
discriminant of A, denoted by d, is a nonzero non-invertible element in Z(A). Then
A is strongly m-Z-retractable (respectively, strongly Z-retractable) and strongly m-
cancellative (respectively, strongly cancellative).
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Proof. By [LuWZ, Lemma 5.1], P is stable (when k is algebraically closed). The
assertion follows from Corollary 1.2.6 and Lemma 1.1.17. U

In general, when A is noncommutative, it is not clear what are the relationship
between both versions of cancellation property.

1.3 Skew PBW extensions

In this section we remembered some definitions and elementary properties of skew
PBW extensions. Examples of these algebras are presented. However, in chapter
2, we will extend the list and we determine the center for particular classes of these
algebras.

Definition 1.3.1 ([GL1]). Let R and A be rings. We say that A is a skew PBW
extension of R (also called a o-PBW extension of R) if the following conditions

hold:

(i) RC A.

(ii) There exist finitely many elements xy,...,z, € A such A is a left R-free
module with basis

Mon(A) :={z* =27 - 2% | a = (ay, ..., a,) € N}, with
N:=1{0,1,2,...}.

The set Mon(A) is called the set of standard monomials of A.
(iii) For every 1 <i <mn and r € R — {0} there exists ¢;,, € R — {0} such that

T — ¢y € R. (1.6)

(iv) For every 1 <i,j <n there exists ¢;; € R — {0} such that
xx; — ¢ jT;x; € R+ Rxy + -+ 4+ Rxy,. (1.7)

Under these conditions we will write A := o(R)(x1,...,x,).

Associated to a skew PBW extension A = o(R)(z1,...,x,), there are n injec-
tive endomorphisms o7, ..., 0, of R and o;-derivations, as the following proposition
shows.

Proposition 1.3.2. Let A be a skew PBW extension of R. Then, for every 1 <
1 < n, there exist an injective ring endomorphism o; : R — R and a o;-derivation
0; : R — R such that

xir = oi(r)x; + 6;(r),
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for each r € R.
Proof. See [GL1, Proposition 3]. O

A particular case of skew PBW extension is when all derivations §; are zero. An-
other interesting case is when all o; are bijective and the constants ¢;; are invertible.
We recall the following definitions.

Definition 1.3.3. Let A be a skew PBW extension.

(a) A is quasi-commutative if the conditions (iii) and (iv) in Definition 1.3.1 are
replaced by

(iii’) For every 1 <i <nandr € R— {0} there exists ¢;,, € R— {0} such that
T = €y (1.8)

(iv’) For every 1 <i,j < n there exists ¢; ; € R — {0} such that
TT; = C LT (1.9)

(b) A is bijective if o; is bijective for every 1 < i <n and ¢;; is invertible for any
1<4,j<n.
(c) A is constant if for every 1 < i <n and r € R,
xTr =Ty, (1.10)

ie., 0, =1ir and 9; = 0 for every 1 < i < n.

If A=o(R){x1,...,2,) is a skew PBW extension of the ring R, then, as was
observed in Proposition 1.3.2, A induces injective endomorphisms o3 : R — R and
op-derivations 0, : R — R, 1 < k < n. Moreover, from the Definition 1.3.1, there

exists a unique finite set of constants c¢;;, d;;, ag?) € R, ¢;j # 0, such that

T = Cijxixj + ag;)asl + - al(-?)xn +d;j, forevery 1 <i < j<n. (1.11)

Definition 1.3.4. Let A = o(R)(x1,...,2,) be a skew PBW extension. R, n,

Ok, Ok, Cij dij,agf), with 1 <i < j <n,1 <k <n, defined as before, are called the

parameters of A.

Definition 1.3.5. Let A be a skew PBW extension of R.

(i) For a = (e, ..., ) €N || := g + -+ + .
(ii) For X = 2* € Mon(A), exp(X) := a and deg(X) := |a.

(iii) Let 0 # f € A, t(f) is the finite set of terms that conform f, i.e., if f = ¢, X; +
o+ Xy, with X; € Mon(A) and ¢; € R—{0}, then t(f) := {a1 Xy, ..., X}
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(iv) Let f be as in (iii), then deg(f) := max{deg(X;)}._;.

The next result is an important property of skew PBW extensions that will be
used later.

Theorem 1.3.6 ([LR]). Let A be an arbitrary skew PBW extension of the ring R.
Then, A is a filtered ring with filtration given by

o R, ifm=20
"T{f €Al deg(f) <m},  ifm>1,

and the graded ring Gr(A) is a quasi-commutative skew PBW extension of R. If
the parameters that define A are as in Definition 1.3.4, then the parameters that
define Gr(A) are R, n, ok, ¢ij, with 1 <i < j<n, 1<k <n. Moreover, if A is
bijective, then Gr(A) is bijective.

Remark 1.3.7. Additionally in this thesis we will assume that if A = o(R)(z1,...,2,)
is a skew PBW extension, then R is k-algebra such that o;(c) = ¢ and 6;(c) = 0 for
every ¢ € k and 1 <1 < n. Therefore, A is also a k-algebra. In particular, if R = k,
then A is constant.

1.3.1 Examples

In this subsection we review some examples of skew PBW extensions. In addition
we mentioned the center of some algebras that has been computed before in the
literature. For more details about the precise definition of the next algebras and its
homological properties see [LR] and [Re|. Recall that £ is a field with char(k) = 0.

Example 1.3.8 (PBW extensions). Any PBW extension (see [BG]) is a bijective
skew PBW extension since in this case 0; = iy for each 1 <7 < n, and ¢; ; = 1 for
every 1 <i,7 < mn. Thus, for PBW extensions we have A = i(R)(zy,...,T,). Some
examples of PBW extensions are the following:

(a) The wusual polynomial algebra A = klty,...,t,], tit; = t;t;, so Z(A) =
k[t ... ta].

(b) The Weyl algebra A,(k) = klt1,..., t,|[x1;0/0t1] - [xn;0/0t,]. The ex-
tended Weyl algebra By(k) = k(ti,...,t)[x1;0/0t] - [x,;0/0t,], where
k(ty, ..., t,) is the field of fractions of k[t, ..., t,]. It is known that Z (A, (k)) =
k = Z(B,(k)) (see [Dil]).

(¢) The universal enveloping algebra of a finite dimensional Lie algebra U(G). In
this case, ;7 —rz; = 0 and x;0; — xjx; = [v5,75] € G = k+kx1+- - -+ kx,, for
any r € k and 1 <14,j < n. The center of some of these algebras was studied
in [Lev] and [MR]:
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o The universal enveloping algebra U(s\(2, k)) of the Lie algebra sl(2, k) is
the k-algebra generated by the variables x, ¥y, z subject to the relations

[z, y] = z, [x,2] = =2z, [y, 2] = 2y.

Then Z(U(sl(2,k))) = k[dzy + 2* — 22].  If chark = 2, then
22, ) = K2, o2, ).

e U(s0(3,k)) is the k-algebra generated by the variables x,y, z subject to
the relations

[$7y] =z, [% Z] = —v, [y,z] =z

So, Z(U(s0(3,k))) = k[x? + y* + 22].

e Let G be a three-dimensional completely solvable Lie algebra with basis
x,1y, z such that

[y,l‘] =Y, [Z,:IZ‘] = \z, [y, Z] =0.

With A € k — {0}. Then, if either A € k — Q, or, A € Q and A > 0, then
Z(U(G) = k. It A€ Q and A < 0 then Z(U(G)) 2 k.

Example 1.3.9 (Ore extensions of bijective type). Any skew polynomial ring
Rlx; 0, 4] of bijective type, i.e., with o bijective, is a bijective skew PBW extension.
In this case we have R[z;0,d] = o(R)(z). If additionally 6 = 0, then Rlz;0]
is quasi-commutative. More generally, let R[z1;01,01] - [2n; 00, 0,] be an iterated
skew polynomial ring of bijective type, i.e., the following conditions hold:

for 1 <i < n, o; is bijective;
for every r € Rand 1 <i <n, o;(r) € R, §;(r) € R;
for i < j, 0;(z;) = cx; +d, with ¢,d € R and ¢ has a left inverse;

for i < j, d;(z;) € R+ Rx1 + -+ Ruy,

then R[xi;01,01] - [Tn; 00, 0,] is a bijective skew PBW extension. Under those
conditions we have

R[$1;0'1,51} e [xn;gn76n} = O'(R)<l‘1, s 7xn>'

Some concrete examples of Ore algebras of bijective type are the following:

(a) The algebra of q-differential operators Dyylx,y]: Let ¢, h € k,q # 0; consider

klyl[x; 0,0], o(y) := qy and 6(y) := h. By definition of skew polynomial ring
we have xy = o(y)z + 6(y) = qyz + h, and hence zy — qyx = h. Therefore,
D,y = o(k[y])(x). Then, Z(D, ) = k if ¢ is not a root of unity, and Z (D, ;) =
k[xz™,y"] if ¢ is a primitive n-th root of unity (see [CYZ1]).
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(b)

()

The algebra of shift operators Sp,: Let h € k. The algebra of shift operators is
defined by Sy, := k[t][xp; on, On], where o, (p(t)) := p(t —h), and J;, := 0. Thus,
Sy, = o(k[t]){xp) and it is easy to check that Z(S) = k (see also [Jak]).

The mized algebra Dp: Let h € k. The algebra Dy is defined by D, :=

k[t][x; iy, ][xp; on, 6n), Where op(z) := 2. Then Dy = o(k[t])(z,z;) and

Z(Dy) = k ([Jak)).

Example 1.3.10 (Quantum algebras). Some important examples of quantum
algebras are the following:

(a)

Quantum algebra U'(s0(3, k)). It is the k-algebra generated by I, I5, I3 subject
to relations

LI —qhl, = —¢'?L, LI —q 'LI;=q"?L, Ll,—qll;=—¢"I,

where g € k — {0}. Then, U'(s0(3,k)) = o(k)(l1, I, I3) and it is known that
Z(U'(50(3,k))) = k[—q"*(¢* — V)L I, I3 + ¢*I? + 12 + ¢*12] for q generic, and
if ¢ is a root of unity, Z(U'(s0(3,k))) = k[—q¢"/*(¢* — 1)1 I, 15 + ¢*I? + 12 +
QPI2,CH C2 O3], where C!, = 2T,(I)(q¢ — ¢71)/2) for I = 1,2,3 and T,(z) is a
Chebyshev polynomial of the first kind ([Lev]).

Quantum enveloping algebra of s((2,k).  U,(sl(2,k)) is defined as the algebra
generated by z,y, z, 2! with relations

z—2z7t
¢—q"

2zl =271 = 1, zz= q_zzf,yz = 922% Y —Yr =

where ¢ # 1,—1.  The above relations show that U,(sl(2,k)) =
o(k[z,27Y){x,y). Then for q generic, its center is generated by the Casimir
element Cy = (¢*> — 1)%zy + qz + ¢®271, and if ¢" = 1 for some n > 2, then
Z(sl(2,k)) = k[Cq, x™, y™, 2", 27" ([Lev]).

Quantum symplectic space O,(sp(k*")). Tt is the algebra generated by zy, .. .,
Top, satisfying the following relations:

wimi = quirg, 1<j, i #j  wemi=Cnze+ (@0 -1) Y ¢ Faae, i<d,
1<k<i
where i/ = 2n — ¢+ 1 for 1 <1 < 2n. From the relations above we have that
O, (sp(k*™)) is isomorphic to a bijective skew PBW extension,

Oy(sp(k™)) 2 o (o (- (0 (k) {1, 220)) (T2, T2n-1)) -+ ) (T, Tg).

In [Zh], Zhang studied the irreducible representations of O,(sp(k**)), where
the main step is the computation of the center, thus in Theorem 4.3 therein
is proved that if m is an odd positive integer and if ¢ is a primitive m-th
root of unity, then the center is generated by z!" for all ¢ = 1,2,...,2n.
However, by [Zh, Lemma 4.2], 27" are central elements if ¢ is a m-th root of



CHAPTER 1. PRELIMINARIES 19

unity, and it is possible to show from their relations that if ¢ is generic then
Z(0,(sp (k")) = k.

Quantum Weyl algebra of Maltsiniotis A2*. Let q = [g;;] be a matrix over
k such that ¢;;q;; = 1 and ¢; = 1 for all 1 < 4,7 < n. Fix an element
A= (Aq,..., Ay) of (k*)". By definition, this algebra is generated by x;, y;, 1 <
1,7 < n subject to the following relations: For any 1 <7 < j < n, z;x; =
N T, Yili = QiiVYiYi, Ti¥j = QiYjTis Yil; = )\i’lqjia:jyi. And for any 1 <
i <mn, Ty — Ny = 1+ Zl§j<z’(>\j — 1)yjz;. From these relations we have
that A%* is isomorphic (see [LR]) to a bijective skew PBW extension

A = o(o(- - o(o(k) (1, y1)) (w2, 42) - ) Tna1, Yn-1)){Zn Y).

If none of \; is a root of unity, the quantum Weyl algebra of Maltisiniotis has
trivial center k ([Tal, Theorem 1.4]).

Multiparameter quantized Weyl algebra A9 (k). Let Q := [q1,...,q.] be a
vector in k" with no zero components, and let I' = [v,;;] be a multiplica-
tively antisymmetric n X n matrix over k. The multiparameter Weyl algebra
A@T(k) is defined to be the algebra generated by k and the indeterminates
Yi,- -3 Yn, T1,-.., Ty subject to the relations: v;y; = vijyv, 1 < 4,5 < n,
Tily = QiYigTiTi, TiYy = VjiliTi, L <0 <J <n, 2y = q5v50y06, 1 < J < <o,
ry; = qy;x; + 1+ Zl<j(ql — Dy, 1 < j < n. From these we have that
A@T (k) is isomorphic to a bijective skew PBW extension,

AL (k) = o(o(- - o(o(k) {1, y1){@2,92)) -+ ) {@nt; Yn-1)) (T, Y.

In [Tal] was studied the multiparameter quantized Weyl algebra of “symmetric
type”, where the relations are:

YiYi =Yij¥;Yis TiTj = YTy, 1<i<j<n,
TiYj ="5iY;j%i, XY = VY %i, 1< <1 <n,
T5y; =q;y;05 + 1 1<j<n.

If none of ¢; is a root of unity, then this algebra has a trivial center k ([Tal],
Corollary 1.1).

n-multiparametric skew quantum space over R. Let R be a ring with a fixed
matrix of parameters q = [g;;] € M,(R), n > 2, such that ¢; = 1 = g;;q;;
for every 1 <i,5 < n, and suppose also that it is given a system oy, ..., 0, of
automorphisms of R. The quasi-commutative bijective skew PBW extension

R, s|x1,..., sy, defined by
TT; = qirivy,  wr = o)z, reR, 1<i,5<n,

is called the n-multiparametric skew quantum space over R. When all auto-
morphisms of the extension are trivial, i.e., 0, = ig, 1 < i < n, it is called n-
multiparametric quantum space over R. If R = k is a field, then k, ,[z1, ..., ;)
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is called the n-multiparametric skew quantum space, and the case particular
case when n = 2 it is called skew quantum plane; for trivial automorphisms we
have the n-multiparametric quantum space and the quantum plane (see [LR]).
Shirikov studied the center of the quantum plane; if ¢ is not a root of unity, then
its center is k, if ¢ is a root of unity of the degree m, m € N, then the center is
the subalgebra generated by =™, y™ ([Sh, Theorem 2.2]). A more general case
was studied extensively in [CYZ1] assuming that k is a commutative domain
and the parameters are roots of the unity, so if ¢;; = exp(2mv/—1k;;/d;;), where
dij = o(qi;) < oo, |kij| < dij, and med(k;j,d;j) = 1, then if L, := lem{d;; |
j=1,...,n} and P := k[z{",...,xk], the center Z(k,[z1,...,x,]) = P if

and only if Z(ky[z1,...,x,]) is a polynomial ring ([CYZ1, Lemma 4.3]).

Example 1.3.11. The Jordan plane is the k-algebra defined by J = k{xz,y}/{yx —
ry — x?); it is a skew PBW extension of k[z]. In fact, J = o(k[z]){y), with
multiplication given by yz = xy — 2. Then Z(J) = k (if char(k) = p > 0, then
Z(J) is the subalgebra generated by z?,y”, (see [Sh, Theorem 2.2])).

1.4 Artin—Schelter regular algebras

Artin—Schelter regular algebras are considered as a noncommutative generalization
of the commutative polynomial rings. We study Zariski Cancellation problem for
these algebras with Gelfand Kirillov dimension three in Chapter 4. In this section we
provide the basic background on Artin—Schelter regular algebras. These definitions
and properties can be found in [BRSSW, Le, LMZ, St].

Definition 1.4.1. A k-algebra A is graded if it has a k-vector space decomposition
A=, An such that A;A; € Ay for all i, j € Z. We say that A is positively
graded or N-graded if A,, = (0) for all n < 0, and, A is connected if Ay = k, then we
write A=k® A & Ay P ---. An element x € A is homogeneous if z € A,, for some
n. A right or left ideal I of A is called homogeneous or graded if it is generated by
homogeneous elements, or equivalently if I = @, .,(/ N A,).

For example, the free algebra A = k(xy,...,x,) is connected N-graded, where
A; is the k-span of all words of length i. For a more general grading, one can put
weights d; > 1 on the variables z; and define A; to be the k-span of all words
Ti,...,x; such that 27:1 di; = i.

m

Definition 1.4.2. Let A be an N-graded k-algebra. A right A-module M is graded
if M has a k-space decomposition M = €, _, M,, such that M;A; C M, for all
i€7Z,j€N.

ne”L

Given a graded A-module M, we define M (i) to be the graded module which is
isomorphic to M as an abstract A-module, but which has degrees shifted so that
M (i), = M;y,,. Any such module is called a shift of M.
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For graded A-modules M which are finitely generated, it is possible to find set
of homogeneous generators of M, say my,...,m, with m; € M;,, and thus define a
surjective graded right A-module homomorphism @;_, A(—d;) — M, where the 1 of
the i-th summand maps to the generator m;. This shows that any finitely generated
graded A-module M over a finitely graded algebra A has dim;M, < oo for all n
and dim;M,, = 0 for n < 0, and so the following definition makes sense.

Definition 1.4.3. Let A be finitely graded. If M is a finitely generated graded
A-module, then the Hilbert series of M is the formal Laurent series

har(t) = (dimy M,)t".

ne”

Example 1.4.4. The Hilbert series of the commutative polynomial ring k[x] is
1/(1 —t). More generally, if A = k[zy,...,2,] then ha(t) = 1/(1 — t)™. The
Hilbert series of the quantum plane and Jordan plane (Example 1.3.10(f), 1.3.11
respectively) is the same h(t) = 1/(1 — t)2.

Now we can define Artin—Schelter regular algebras.

Definition 1.4.5. A finitely generated connected graded algebra A is called Artin-
Schelter Regular (or, AS Regular, for short) if the following conditions hold:

(i) A has (graded) finite global dimension d.
(i) GKdim(A) < oo; and

0, ifi #£d,
E(l)a ifi=d.
for some shift | € Z.

(iii) BExt’y(ak,4 A) = {

The interpretation of regular algebras is that they are the noncommutative
graded algebras most analogues to commutative polynomial ring. The classifica-
tion is a difficult task. The only AS-regular algebra of global dimension one is the
polynomial ring k[z]. In dimension two, there are three types of AS-regular algebras,
k[x1, x|, the Jordan plane J and the quantum plane ([BRSSW, Theorem 2.2.1]).
More generally, the quantum polynomial ring in n variables is AS-regular.

The classification in dimension three was more difficult and included geometric
techniques. Thus, every AS-regular algebra surjects onto a twisted homogeneous
coordinate ring B. However, according with the next lemma there are only two cases
to consider: either A is generated by two elements satisfying two cubic relations, or
else by three elements with three quadratic relations. This result will be useful in
the proof our main result in Chapter 4, Theorem 4.2.5.

Lemma 1.4.6. [BRSSW, Lemma 2.3.1] Let A be an algebra of global dimension 3
which is generated in degree 1. Then exactly one of the following holds:
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1. A k{xy, 29, 23)/(f1, fo, f3), where the fi have degree 2, and ha(t) = 1/(1—t)3;

or

2. A2 k(xy,29)/(f1, f2), where the f; have degree 3, and ha(t) = 1/(1 —t)*(1 —
t%).

The next example presents some AS-regular algebras of dimension three (see [LMZ]).

Example 1.4.7. The following algebras are pair-wise non-isomorphic noetherian
AS-regular algebras of global dimension three:

1. A(2) is generated by t1,ts,t3 and subject to the relations
tity — toty = tily — st = tsly — platy — 11 =0,
where p € k*.
2. A(3) is generated by ti,ts, t3 and subject to the relations
(ta +t1)ty — tity = tsty — qlats = tasta — q(ta +t1)t3 = 0,
where ¢ € £*.
3. A(4) is generated by ti,t9, t3 and subject to the relations
(t2 + 1)ty — ity = t3ty — ptits = tzty — ptaty = 0,
where p € k*.

4. A(6) is the graded down-up algebra A(cq, ) which is generated by x,y and
subject to the relations

2%y — axyr — Py’ = ay® — ayry — By’
where o € k and 8 € k*.
5. A(7) := S(p) is generated by z, y and subject to the relations
2’y — pya® = xy® + py’xr =0,
where p € k*.

By [LMZ, Corollary 0.9], these algebras are cancellative when p, ¢, § are not roots
of unity. We will show a general result in section 4 (Theorem 4.2.5) that covers the
Corollary mentioned.

It is well known that AS-regular algebras in low dimension (< 4) are domain,
noetherian satisfied other good homological properties, such as the Aulander condi-
tions and Cohen-Macaulay property.

Definition 1.4.8. Let A be a ring.
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(i) The grade j(M) of a left (or right) A—module M is defined by
F(M) = min{i | Ext'y(M, A) # 0}
or oo if no such 7 exists.

(ii) A satisfies the Auslander condition if for every Noetherian left (or right)
A—module M and for all i >0

§(N) > i for all submodules N C Ext’, (M, A).

(i) A is Auslander-Gorenstein (AG) if A is two-sided Noetherian, satisfies the
Auslander condition, id(4A) < oo and id(A) < co.

(iv) Ais Auslander regular (AR) if it is AG and gld(A) < oo.

(v) Let A be an algebra over a field k, we say that A is Cohen-Macaulay (CM)
with respect to the classical Gelfand-Kirillov dimension if:

GKdim(A) = ja(M) + GKdim(M)
for every non-zero noetherian A-module M.

Corollary 1.4.9. [Le, Corollary 6.2] Let A be an AS-Regular of global dimension
three. Then A is Auslander-reqular and satisfies the property Cohen-Macaulay.

A ring A is called stably free if, for every finitely generated projective A-module
P, there exist integers n and m such that P & A®" = A®™  Connected graded
algebras are automatically stably free [St].

Definition 1.4.10. An Ore domain A is called a mazimal order if A C B inside the
quotient division ring Q(A) of A for some ring B with the property that aBb C A,
for some a,b € A — {0}, then A = B.

Theorem 1.4.11. [St, Theorem] Let A be a noetherian algebra that is Auslander
reqular, Cohen-Macaulay and stably free. Then A is a domain and a maximal order
in its quotient division ring Q(A).

To conclude this section we list two well-known results.

Lemma 1.4.12. [LPWZ, Lemma 7.6] Let A be a connected graded algebra and t be
a central element of degree 1. If A/(t) has finite global dimension, then so does A.

Lemma 1.4.13. [SmZ, Corollary 2] Let A be a finitely generated Ore domain that
is not PI. Let Z be the center of A. Then

GKdim Z < GKdim A — 2.
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Center of skew PBW extensions

The center of an algebra plays a large role in whether the cancellation property
holds for that algebra. Therefore, in this chapter we compute the center and some
central elements of many noncommutative algebras that can be interpreted as skew
PBW extensions. The question about the center of the total ring of fractions is
considered. We show that, under some natural assumptions on the parameters that
define the extension, either the center is trivial, or, it is of polynomial type.

In the first section we describe the center of some general subclases of skew PBW
extensions, grouped according to some conditions imposed to the parameters that
define the extensions. One of the most important result of this chapter is Theorem
2.1.5 that establishes trivial center for a wide class of skew PBW extensions, there-
fore cancellation. Theorem 2.1.6 determines center for operator algebras. In the sec-
ond section, we deal others algebras that can not be covered by the theorems of the
first section. Corollary 2.2.14 summarize the list of cancellative skew PBW exten-
sions. Finally, in the third section we study the isomorphism Z(Q,.(A4)) = Q(Z(A)),
with @Q,(A) the right total ring of fractions of A. The Theorem 2.3.3 can be in-
terpreted as a way of computing the center of (),.(A). Results of this chapter will
appear in [LV1, LV2].

2.1 Centers of some skew PBW extensions

In this section we consider some algebras that can be described as skew PBW
extensions and we compute the center of these algebras. We classify these algebras
according to the parameters that define the extension. We start with extensions of
two variables. Let A be the k-algebra generated by z,y subject to relation

YT = Q1Y + @ + g3y + qa, (2.1)

24
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with ¢; € k, i = 1,2,3,4 and ¢; # 0. Note that A is a skew PBW extension of k
with trivial endomorphisms and derivations (see Remark 1.3.7).

Lemma 2.1.1. Forn > 2, in A the following rules hold:

1.
n n o n—1 n—1 n—2 i1
yx" = <')q?7]q§xn Iy + g2 <Z q1>m + < q > +q2q3( ( 1 ) i>:| ey
j=0 J i=0 i=0 i=0
n—j . . n—j—1 . .
. P i—1\ . i+ ) .
| ( - 1 )qi +aod| D ( ‘J)qi "
i=0 J= i=0 J
2.
n n o ) n—1 ) n—1 n—2 n+1
= (.)q;l_iq;:(:ynf] +4q3 <Z qf) y" + |qa <Z lﬁ) + 4243 <Z ( 1 ) i>:| g
i=0 J i=0 i=0 i=0
n—j . . n—j—1 . .
i i+ -1\ i i+ 7\ ; s
| Z( T )qi +aa | > ( , )qi y" .
i=0 = J 7 i=0 J

Proof. We proceed by induction on n. For n = 2 the equalities hold trivially. Then
we assume the formulae for n and we will prove them for n + 1. To simplify, we can
write the product as yz™ = (b,a™ + -+ + b1z + by)y + (anx™ + - -+ a1z + ag), where

buj= (070 an =000 4 s a1 = aa (T10) 4)) + 00 (Z" ; ("1")di), and
=G5 4 <Z?§J (iﬁf)qi) + 4203 (Z" ! (ZJ;J)%). Then,

n

ya"t =(ya")z
=(bpa™ 4 -+ by + bo)yx + (anz™ ™ + - + ar2® + apx)
(bna™ + -+ biz + bo) (ray + q2x + g3y + q1) + (anz™ ' + -+ + a12” + agz)
= [bn@12™ ™ + (bn-1q1 + bpga)z™ + -+ (bu—jq1 + bpy1—53) ™ T + -+ bogs] y
+ (an + bn@2) ™ + (an_1 + bp_1q2 + buqa)z™ + -+
(@n—j + bn—j@z + bp1—jga)a" 77 4 -+ boga.

Now we compare coefficients: For "™y, b, ;q1 + bpi1-jq3 = (7)q?7jq§q1 +

(] D b= l)qé’lqg = [(?) +( )] g = (”H)q?Jrl g} is the coefficient

of "™ Iy in the expansion of yz"*'. For z"*'J we have: a,_; + by_jq2 +
bni1js = @4 (z?:g (’?f)qi) + 00 <Z?_‘5‘1 (”])ql) + (N we +
(")a e = g (Z"H T 1)ql) + 243 (Z" / (Z”)ql) Similarly

7j—1
for 2" y 2". So,

n+1 n+1 n
pa =30 (") e Iy (Y ah)e !

n+l—j3 . . n—j . .
o i+i—1y . . i\ »
ot {qé 1914( > ( i )qi>+qzq§( ( i )d)]r”“ .

=0
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This completes the proof of the first equality. The second equality can be proved
similarly. 0

In particular, if ¢; = g3 = 0, then
n—1
ya" =qiz"y + q <Z Qi> "
i=0
n—1
y'r =qlay" +q (Z fﬁ) y"

1=0

Theorem 2.1.2. Let A = o(k)(z,y) be the skew PBW extension of k defined as in
(2.1).

(i) If g2 = g3 =0, then
Z(A) = k if q1 1s not a root of unity, or, 1 = 1 and q4 # 0;
a k™ y™]  if q1 is a root of unity of degree n > 2.

(ii) If g2 # 0, or, g3 # 0, then
k if q1 is not a root of unity, or, 1 = 1;
Z(A) = k[f(2),9(y)] if q1 is a root of unity of degree n > 2,
with deg(f) = deg(g) =

Proof. (i) Tt is clear that k C Z(A); let f = Y'_ cix®iy®2 € Z(A), with ¢; € k.
Since xf = fx, then ZZ LG spcintlyci — ZZ ) cz:c"‘“yo‘”a: = Z: 1 ciqyiRponTlycn 4

t aiz—1 « « 1
Siyeian (55 ) ey,

From this we get that ¢; = ¢;¢{"® and Y_/_, ciqu (Z‘Jmo ! q{) @irgi2=l — () g0:

1. If ¢; is not a root of unity, then a;, = 0, thus f = Zle cix® but fy=yf,
then

a;1—1
Zcxauy ch ;1 az1y+ZCZQ4 (Z ql) )

whence ¢; = ¢;¢7", and this is valid if i = 0, so f = ¢g € k. Therefore,
Z(A) CkCZ(A).
Q2

2. If ¢; is a root of unity of degree n > 2, ¢; = Ciqy implies that a;o = nl with
in n
l €N, also ), 01 ¢ =0,50 f=> §=1,120 cixiy™. But fy =yf, then
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t t

a;1—1
Z Ci xauynl-i-l Z Czlqzwa“ynl—&-l + Zczlq4 (i: q1> k—1 nl

i=1 i=1

nr—1

Now, ¢; = ¢uq;, thus i = nr, with r € N, in this case > "~ ¢4 = 0, and hence
f=>>"calz™)"(y")!, whence k[z",y"] C Z(A). Finally, since 2™, y" are central
elements of A, then k2™, y"] = Z(A).

(ii) From the basic conditions of commutation zf = fz,yf = fy, the proof of this
part is similar and it is possible to find the desired polynomials f(x) and g(y). O

Remark 2.1.3. 1. The precise description of polynomials f(z) and g¢(y) in the
previous Theorem it is in general difficult. However, in some particular cases
the computation is possible: If ¢; is a root of unity of degree n, g3 = 0 and

¢2 # 0, then f(x) = 2", and if g3 # 0 and ¢, = 0, then g(y) = y".

2. Some known results can be obtained as particular cases of the previous The-
orem:

(a) If ¢ = q4 = 1 and go = g3 = 0, then A is the Weyl algebra and Z(A) = k.

(b) If g2 = g3 = 0 then A is the ¢;-quantum Weyl algebra; if ¢; is a primitive
n-th roof of unity for some n > 2, then Z(A) = k[z",y"]. In [CYZ1],
section 2, it is proved that A is free over Z(A) of rank n?, with basis
B={z'y|0<1i,j<n-—1}.

(c) If L is a two-dimensional solvable algebra generated by z,y, with [z,y] =
x, then for its universal enveloping algebra we get Z(U(L)) = k. This
particular case was considered in [Mal].

Now we pass to study the center of extensions with n > 3 variables. Related to
Example 1.3.10 (f), we have the following easy result.
Lemma 2.1.4 (n-multiparametric quantum space). For q; = IZC’TJJ € k — {0},
(Lij, kij) =1, 1 <i,j <n (q; = 1), let A be the k-algebra defined as the quasi-
commutative skew PBW extension given by x;x; = q;x;xj, for all 1 <i < j < n.
If gi; is mot a root of unity and (l;j,lys) = (kij, krs) = (lij, krs) = 1 for i, j,r,s €
{1,2,...,n}, then Z(A) = k.

Proof. In this case we have the rule:

I L 1 Lily 1l 1 Lo 1
rfr = (¢, )

ij ik q]k Tiw) xy
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Let f = ZZ 0 GiZ O‘”...xgm € Z(A), with a;; > 0and ¢; € k—{0}, fori =0,1,...,1,
and 7 =1,2,...,n. Since x1f = fzq, ..., x,f = fx,, then

l l

i1+1 ; 1 )
g ittt a%in = g ciqym . qatn T gt
i=0 i=0

l
Qj(n—1) Qi1 L 0G1 i, 011 a +1
g Cilp—1m - iy T X = g (GTH AR

gl Qj(n—1)

From this we get that ¢; = ¢y ... ¢1s%, -, & = gy ¢, 1, , so 1 =
@ gy, L=qiir o gy for i =0,1,2, ..., 1. Since g;; is not a root of unity
and by hypothesm, then necessarily o;; = 0 for ¢ = 0,1,...,{, and 7 = 1,...,n
Thus, f = ¢y € k. Therefore, Z(A) C k C Z(A). O

Theorem 2.1.5. Let A =o(k){(xy,...,x,) be a skew PBW extensions of k defined
by

TjT; = Qi TiTj + a( )x 4+ az(;‘l)xn + dij,

U)Zthl<l<]<n andqij:li—j, (lij,l )—(”, ) (Z]y rs)—lfOT”l j,?”Se

{1,2,...,n}. If g;; is not a root of unity, then Z(A) = k.

Proof. According to Theorem 1.3.6, Gr(A) is a quasi-commutative skew PBW

extension with relations z;z; = ¢ uiz;, 1 < i < j < n (since A is a k-
algebra, o; = ig and §; = 0, see Remark 1.3.7). Then, by the previous Lemma,
k= Z(Gr(A)) 2 Gr(Z(A)). Thus Gr(Z(A)) = k and therefore Z(A) = k. O

The following Theorem allows us to give a wide list of algebras which center
probably has not been computed before.

Theorem 2.1.6. Let A = o(k[z1,...,2,]) (Y1, ..., yn) be the skew PBW extension
defined by

viy; =iy 1 <i<j<n,
YiTi = Ty 1 F ],
Vi = ¢y + diy; +a;, 1 <0< n.

Then,
1. Z(A) = k in any of the following cases:

(a) For1 <i<m, g is not a root of unity.
(b) If for some i, g; =1, then d; # 0 or a; # 0.

2. If for every 1 < i < n, q; is a primitive l;-th root of unity of degree l; > 2,
then the elements y'* are central and k C Z(A).
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Proof. Step 1. For k=1,...,n,in A the following relations hold for every m > 1:
way = N (D@l e+ a (g d) et + o+
- i i
. ay, (Zi:OJ (?—11>Qk> -,
yion = gloyp +de (S a) i+ o (S ai) v

Hence, the elements yfc’“ are central, assuming that g, is a [-th root of unity.

We verify the first equality by induction. The proof of the second identity is
similar. The case m = 1 is (2.4). Then we assume it is valid for m. So,

yerp T =(yra)ay,
™ m o . ) m—Jj i+j—1\ . )
5 (o o (5 ) ot (5 (k) e
j=o0 7 i—0 -~ J
m—1 )
—Z() ] (Qkxkyk+dkyk+ak)+ak<ZQL>I?+"'+
i=0
m—j . .
- i+ =1\ ; —j
4o, (Z( o )qi) s+,
i=0
=3 (D) el z( ) A s Y (7)o e
j=0 j=0 Jj=0

m—1
. — 1N .
ak< qL>a:gL+ +di (5 e |,
i=0 J-

m+41 m+1 m
o o )
=3 (")t ey T+ an (Zqz>x$+~~-+
=0 J i=0
m+1—j
- i i—1N o
& ay ( T )qlk e
i=0 Y
1
=yt

Step 2. Let f = Y1 P(X)y{t - y2in € Z(A), with ay; > 1 and Py(X) €
klxy,...,z,) — {0} fori=1,...,t and j =1,2,...,n. Since x1f = fxy, then

t
Zpi(X)xlyl"‘il CyQin 7213()( gy Qingy
i=1

,ZP(X yPilpy - yQin
i=1

t a1 —1
=Y P(X)(g7 iyt +du | Y af |yt +
i=1 1=0
1=0

a;1—1
a1 ( > qi) Yt T hys Ly
t t a1 —1
Qi1 g1 Qin : 7 751
=Y qr P P(X)ziyfit - yin + Y Pi(X)(da ( > ql) Y1

i=1 =1

a;1—1
to [ 3 @ | tuge g,
1=0
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Since z1f — fxr; = 0 and A is a left k[zy,...,z,]—free module with canonical
basis {yys™ yf:”; | (qit,...,4,) € N} then Py(X) = ¢ Pi(X), and
Vi b P(X )(Zf‘“o Qi)y?“yg""- Ypn ot
Z 1 (Zf‘lo ql) yoirlydiz - gein — (. Thus, if ¢, is not root of unity, then the
first equality implies that a;; = 0 for 1 < ¢ < t. If ¢4 = 1, then we compare the
leader monomial of
Y B (T ) iyt i d - 0.  or
Z::l ay (Zf‘:lof ql) Yy 1y§“2...y${m otherwise. Since A is a domain and
char(k) = 0, then necessarily o;; = 0 for 1 < ¢ < ¢, ie., f does not have
powers of ;.  Repeating this procedure with x,...,x, we conclude that

f=P(X)= " kai™ .. abm € klzy,... 2,) — {0}, but y f = fyi, so
Z kit aPimy =g Z N e
i=1 i=1
r Bi1 i Pl
_Zk Z( 11> Bi1 del:EfH jy1 +ay (Z q{> mfu—l_i_

§=0
6117.]' -
i [+7—-1 .
+da | ) ( 1 )ql 2y g
1=0 J =
then comparing terms, k; = k;qu“ implies 3; = 0 if ¢, is not root of unity. If

¢ = 1 and d; # Othenk’(ﬁ”) bu=igi = 0, or alzﬁ“o ¢ = 0if d, = 0; in

any case, it is only possible if 3; = 0,1 < i < r, ie., f =D kay? - b
Performing the same procedure with vs,...,y,, we conclude that f = ky € k.

Therefore k C Z(A) C k.
In the case when each g; is a root of unity of degree [;, then q = 1and Zj N ql = 0.

Thus the relation yz; = ¢/ 4 d; (ijo qi> Yo +a, <ijo qi> yi~t = b and
since y;y; = Y;Yi, ¥i®; = T;V;, then for 1 <7 < n, yi is a central element of A.
Therefore, k C Z(A). O

Remark 2.1.7. In (2.4), if dj, = 0, then ypa* = ¢' a7 yx + ax (Z;nol q,) zi'", and if
¢; is a root of unity of degree [; for 1 <7 < n, then x,i are central elements. Thus,
Z(A) = k:[xl R yil, ..., y!»]. Finally, if some ¢; is not a root of unity, then we
exclude the variables z;, y; from the previous center.

Examples 2.1.8. According to Theorem 2.1.6, the following algebras have trivial
center:

1. Operator algebras. Some important well-known operator algebras can be de-
scribed as skew PBW extensions of k[ty, ..., t,].

(a) Algebra of linear partial differential operators. The n-th Weyl algebra
An(k) over k coincides with the k-algebra of linear partial differential
operators with polynomial coefficients k[ty,...,t,]. The generators of
A, (k) satisty the following relations t;t; = t;t;, 0,0; = 0;0;, 1 <i < j <
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n, 0jt; = ;0;+0;5, 1 <1i,7 < n, where §;; is the Kronecker symbol. Thus,
¢=1,d;=0and a; =1for 1 <17 < n.

(b) Algebra of linear partial shift operators. The k-algebra of lin-
ear partial shift (recurrence) operators with polynomial, respec-
tively with rational coefficients, is k[ty, ..., t,|[F1, ..., E,], respectively
k(t1,...,ty)[En, ..., E,], subject to the relations: ¢;t; = t;t;, E;E; = E,E;
for1 < i< j < n, and E;t; = (tz—i‘l)EZ = tzEZ—FEZ, 1 <1 < n,
EjtZ:tZE],Z#j Soqzzl, dlzlandazzoforlgzgn

(c) Algebra of linear partial difference operators. The k-algebra of linear par-
tial difference opertors with polynomial, respectively with rational coef-
ficients, is k[t, ..., ta)[A1, ..., Ay], respectively k(t1, ..., tn)[A1, ..., Ayl
subject to the relations:

Aty =0, 1 # 5, AN =ANA; 1 <i<j<n Thusg=1,d =1
and a; =1 for 1 <i<n.

(d) Algebra of linear partial q-dilation operators.  For a fixed ¢ €
k — {0}, the k-algebra of linear partial g¢-dilation operators with
polynomial coefficients, respectively, with rational coefficients, is
K[t ... t[H, ... H], respectively k(ty, ..., t)[H?, ..., H{?], sub-
ject to the relations: t;t; = tit;, 1 < i < j < n, HV% = qt;H?,
1<i<n H% =407 i+ j H'H?Y = H'HY 1<i<j<n
Thus ¢; = ¢, d; =0 and a; =0 for 1 <7 < n.

(e) Algebra of linear partial q-differential operators. For a fixed
g € k — {0}, the k-algebra of linear partial ¢-differential
operators with polynomial coefficients, respectively with ratio-
nal coefficients is k[t1,...,t,][D\?,..., DY), respectively the ring
k(tl,...,tn)[D§Q),...,D£Lq)], subject to the relations: t;t; = t;t;, 1 <
i<j<n D% =qD”+1,1<i<n D =tDY, i# 7
D](-Q)ng) = ng)Dj(-q), 1<i<j<n Soqg=gq,d;=0anda; =1 for
1< <n.

2. The algebra D for multidimensional discrete linear systems. This alge-
bra is a quasi-commutative bijective skew PBW extension of k[ty,...,t,],
D = o(k[t1,...,ty]){(x1, ..., 2,). In fact, by definition, D is the iterated skew
polynomial ring D := k[tq, ..., t,][z1;01] - - [2n; 00, where o;(p(tq, ..., t,)) ==
p(tl, ey tiog, t 1,ti+1, < v 7tn)7 O'z(ZEZ) = Ty, 1< <n. Thus, q; = 1, dz =1
and a; =0 for 1 < i <n.

3. Additive analogue of the Weyl algebra. The k-algebra A, (q1,...,qn) is gener-

ated by x1,..., 2, Y1, ..., Yn subject to the relations: x;x; = z,2;, y;u; = viy;,
1<i,j <n,yxj = x9;, 0 # J, yivi = qiriyi+1, 1 <i <n, where ¢; € k—{0}.
From these relations we have A, (q1,...,qn) = o(k){@1, ..., Tn; Y1,y Yn) =

o(klxy, ..., z.)){y1, .. Yn). S0 q; #0,d; =0 and a; = 1 for 1 < i < n.
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4. The Weyl algebra A, (k) (Example 1.3.8 (b)), ¢; = 1, d; = 0 and a; = 1 for
1< <n.

5. The algebra of g-differential operators D, [z, y] (Example 1.3.9(a)), ¢1 = ¢,
d; =0 and a; = h.

6. The algebra of shift operators S;, (Example 1.3.9(b)), ¢1 = 1, d; = —h and
a; = 0.

Examples 2.1.9. We have computed the center of the following algebras (our com-
putations of course are agree with Theorem 2.1.6, where the parameters ¢; are roots
of unity of degree [;):

1. The algebra of g-differential operators Dy [z, y], ¢1 = ¢, d; = 0 and a; = h,
Z(A) = kl',y'].

2. Additive analogue of the Weyl algebra, ¢; # 0, d; =0 and a; = 1 for 1 <i < mn,
Z(A) = k[zlt, .. al by

3. Algebra of linear partial ¢-dilation operators, ¢; = ¢, d; = 0 and a; = 0 for
1<i<mn, Z(A)=k[t},... .t H ... H'] | =degree(q).

4. Algebra of linear partial g-differential operators, ¢; = ¢, d; = 0 and a; = 1 for
1<i<n. Z(A)=k[t, ... &, D} ... D] | =degree(q).

Y Uno

2.2 Central subalgebras of other remarkable
quantum algebras

In this section we consider other noncommutative algebras of quantum type that
can be interpreted as skew PBW extensions, and for them, we compute either the
center or some central key subalgebras. These algebras are not covered by Thereom
2.1.6. The proofs of the next theorems are based in some lemmas which proofs we
avoid since they can be realized by direct computations.

2.2.1 Woronowicz algebra W, (sl(2, k))

This algebra was introduced by Woronowicz in [Wo| and it is generated by x,y, z
subject to the relations

vz —q'ze = (1+¢*)z, ay—q’yr=qz, 2y —q'yz=(1+)y,
where ¢ € k — {0} is not a root of unity. Then W, (sl(2,k)) = o(k)(z,y, 2).

Lemma 2.2.1. Let m > 1, then in W,(sl(2,k)) the following identities hold:

Z'(r;fl q2i _ ZT'171 iq2(z‘71)+22272((2m_1_i)q2(i71) _
1. ymx:qQmeym——( 12 )ym 1z—< =1 q;,,ﬁl )ym L
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1 —1 . i — 2m—2 . P —
9 yam = ) oy (Z:no qu) xm_lz+ (Z;r;l i 43722 (91 —4)¢2(i 1))xm_1
. — g2m 4m—3 4m—3 .
q q q
S (D7) (@2 +1) e
3. My === (;4)m .

4. 22" = a4 G (o7t gy o
5. 2y =ylg'z+ (¢* + 1))
6. 2y™ = ¢*my"z + S gy
Theorem 2.2.2. The Woronowicz algebra has trivial center, Z(W,(sl(2,k))) = k.

Proof. Let f(z,y,2z) = >, Ciax®iry®22%3 € Z(W,(sl(2,k))), with oy; € N, j =
1,2,3. Since zf = fz, then

ZC g®ily®iz pis Tl — ZZC il y®i2 zis (2.5)
=0 1=0
n 1 C. 2c51—1
= Z C; ( — il gy iz Zam) 4 4;. q2J p&ilyi2 zis (2.6)
< q il q il —
=0 7j=0
n C, 200—1 ) 2c51—1 )
= 4021 il q4az‘2yaz‘2z + Z qQJ y¥iz | 28 | 4 q2J il y®i2 y%is
i—0 9 i=0 =0
(2.7)
n q4ai2 L 0 2c51—1
= Z Ci qhoit gyt 4 4a i1 Z T+ Z q* | xiry®izz®is, (2:8)
i=0 i=o )

Equations (2.6) and (2.7) are the relations 4 and 6 in the previous lemma, re-

spectively. From this, Cj C’Zqizzf nd 4(;:“ <Z§a102 ! 2~7+220‘11 1 21) =0,

so 1 = 4% — 0, whence a;y = aj, and since char(k) = 0, C; = 0, o,
q il
23%01 "¢% =0, but ¢ is not a root of unity, then ZM“ Y% # 0, thus C; = 0 for

i1, 050 > 0, 1e., f=3" Ciz%. But yf = fy,so > OC'yz"”?’ =y, Ciztvy =
S, Ciy(g*z + (q +1))23, then C; = C;¢**# and Z (a13)q4(°‘i3*j)(q2 +1)7 =0,
whence ¢%*# = 1, thus a;3 = 0 and therefore f = Cj € k. Finally, Z(W,(sl(2,k))) C
K C Z(W,(s1(2, k). O

2.2.2 The algebra U

Let U be the algebra generated over the field & = C by the set of variables x;, y;, 2;,
1 <1 < n, subject to relations:

Tjr; = Ty, YiYe = YiYy, 2z = 2z, 1 < 4,5 <n,
5is I .o
YijTi =g inyj7 2Ly = (d inzja 1 S (2W) S n,
D 2 2,2 '
2iYi = Yizj, VF Jy wYi = ¢ yizi—qx;, 1<i<n,

where ¢ € C—{0}. Note that U is a bijective skew PBW extension of C|xy, ..., z,],
that is, U = o(Clz1, ..., 20]) Y1y -y Uni 215 - - - Zn)-



CHAPTER 2. CENTER OF SKEW PBW EXTENSIONS 34

Lemma 2.2.3. Form > 1 andi=1,...,n, in U the following relations hold:

m __ . 2m,m 2.2, m—1
1. ZiY, = q7Y; Z— MqTrYy; ’

m _ 2m 2m .2 ,m—1
2. 2"y = "Myt — mqT ez

3.yt = q" gy,

.~

4. Z'ry =q "xiz

Theorem 2.2.4. If q is not a root of unity, then the algebra U has a trivial center

k. If q is a root of unity of degree | > 2, ', ... xl are central elements in U and

klat,... 2] € 2(U).

Proof. Let f = S0, malt -y - yiozlit 2 € Z(U), vy g By 2 0,
j=1,...,n. Then z1f = fx1, and hence

t Yirt+1l in o OG1 ain »Bi1 in —
I T (e A iy
t ai1—Bi1 i1+l Yin g, il o i1 Bi
Zi:l gt Tty XYL YR 2

Thus, 1 — qo‘“_ﬁi1 =0, so a;; = Bi1. Repeating this for xo, ..., x, we conclude that
i = Bij, 5 =1,...,n. Therefore, f = >\ rix]® - a)myd™ ... yQn ... 2%n But
fz1 =2z f, then

Zf 17’zx¥d‘ x%nyl .. yamzau-i-l . Z@m — Zt lrtiOJil—%lx’Yil, :t:%'"y?“

yom i LS agrgPen it g et e et e
so necessarily 1 — qQCY“_W1 = 0 and ayi7; qQa“_“ﬁ1+2 = 0, whence 20;; = v;; and
ainp =0 =r1,s0 f = ZZ L TiXg2 e piny 52 L yQim B2 L 0in s repeating this for
Za, ..., %, then we obtain that f =r € k. Therefore, k C Z(U) C k.

If ql =1, then yja;é = xéyj, 2505 xl = a:lzj, and yza: = q :(:lyZ = :L‘zyz, 2i%; = q l:r:lzl =

wlz;, for 1 <4 < n. Thus, k[xll,..., 7t] C Z(U). O

l

2.2.3 Dispin algebra U(osp(1,2))
It is generated by x,y, z over k satisfying the relations:
yr = xy — x, 2r = —xz+vy, 2y = yz — 2.
Then, U(osp(1,2)) is a skew PBW extension of k, U(osp(1,2)) = o(k){x,y, z). Us-

ing the defining relation of the algebra U (osp(1,2)) we get the following preliminary
result.

Lemma 2.2.5. Forn,m > 1,

1. yx" = a2y — na™.
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2. yrr =z(y—1)".

3. yta™ =a™(y —m)".

4- 2y = (—1)”![‘2;” — %anl + (1+(—21)n_+1> yzn—l

4.1 If n =2, 2%z = x22 — [2%71,

4.2 If n =20 + 1, 22y = 2240 422 — 22,
5. zyt = (y—1)"z.
6. 2"y =(y—mn)z".
7. 2"y = (y —n)m",

Theorem 2.2.6. The element f = 4x22% — y*> — 222 — y is central in U(osp(1,2))
and K] € Z(U(osp(1,2))).

Proof. Since fz = 4222 v —y*r—2xzr—yr = 4o (222 —2) —2(y—1)* 22 (—z2+y) —
(ry—z) = 42322 —dAx?z— 2y’ + 20y — w4202 2 — 2wy —xy+u = 4322 —xy? — 20—y =
xf. yf = dyx?2? —y3 —2ywz —y? = 4(2%y —222)22 — P - 2(wy —x)z —y? = daPy2? —
8x22% — 1 — 2wyz — 2wz — y?. Whereas fy = 4a?2%y — y® — 2xzy — y? = 4a?(y2% —
222) —y? —2x(yz — 2) — y* = daPyz? — 8x22% —y® — 2ayz — 2xz —y?. Thus, yf = fy.
2f =4zt —2y? —2zw2—2y = 4(2%2—2) 22— (P2 —2yz+2)—2(—w24y)z—(yz—2) =
4223 —da® — P24+ 2yr — 2+ 22022 — 2yr —yzr + 2 = 42223 —y?r — 202 —yz = fz.
Therefore, f € Z(U(osp(1,2))). O

2.2.4 ¢-Heisenberg algebra H,(q)

This algebra is generated by 3n variables, x1,...,2Zn, Y1, Yn, 21,---, 2, With re-
lations:
T;T; =TTy, YiYi =Y:Y;, ZjRi =ZiZj, i #J.
YT =T3Y;, 2iY; =YjZis 2T =X;2; 1<i<y<n,
-1
YiTi =qT;Y;, 2ilYi =qYiZi, 2iTi =q  TiZi + Yi,

with ¢ € k — {0}. Note that

H,(q) Zo(k){x1, . Ty Y1y s Yni 21 -5 2n) Zo(k[yr, -y ) (@1, ooy s 21, oo Z0)-

Theorem 2.2.7. Let C; = (¢* — 1)xy;z; — y?, fori=1,...,n. Then

1. If q is not a root of unity, then the elements C; are central, 1 <1 <mn, and
k[Cili<i<n © Z(Ha(q))-

2. If q is a root of unity of degree l, the following elements are central, C;, xt, yl, 2¢,
i=1,....n, and k[C;, 2}, y}, z]1<icn © Z(Hu(q)).
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PT’OOf. It is clear that ZL’jOZ' = CZ'ZL’j, y]CZ = Oiyja ZjCi = CZ'ZJ‘, for ¢ 7é j Czl’z =
(= Vayiziw; —yie; = (¢ — Dawi(g ezt yi) —vigriys = ¢ H® — Dai(qry:) 2+
(C.I2 - 1)931',%2 - szi?/? = (C]2 - 1)%2.%21' - ﬂfiyzz =x,C;. z,C; = (C.I2 - 1)21%%2’1 - Zz?/? =
(* = V(¢ 'z + vi)yizi — Pyiz = (@ — Vg tai(qyizi)z + (62 — Dylz — ¢Pyiz =
(QQ - 1)%3/1'21‘2 - Z/?Zz' = (2, and ;C; = (QQ - 1)3/1'3712/1% - %3 = (q2 - 1)q$iyi22¢ - Z/?a
whereas Cyy; = (¢® — Dawyizays — v = (¢* — Dz — 3, so y,C; = Cyy;, and
therefore, C;, 1 < i < n are central elements in H,(q). O

2.2.5 The coordinate algebra of the quantum matrix space,

Mqy(2).
This is the k-algebra generated by the variables x, y, u, v satisfying the relations:
TU = quT, yu = q luy, VU = U, (2.9)
and
v = qur, vy = qyu, yr —xy = —(q — ¢ Huw, (2.10)

with ¢ € k — {0}. Thus, O(M,(2)) = o(k[u])(x,y,v). Due to the last relation in
(2.10), we remark that it is not possible to consider O(M,(2)) as a skew PBW
extension of k. This algebra can be generalized to n variables, O (M, (k)), and
coincides with the coordinate algebra of the quantum group SL,(2), see [BGV] for
more details.

Lemma 2.2.8. In O(M,(2)) the following relations hold:

1. yrt =2y — (¢ — ¢ ) (@ + P22 oo+ @+ Duwa! =Y. In particular, if q
is a root of unity of degree | > 3, then ¢*=V +@?2 4 ... 4+ >+ 1 =0 and
l !
yr' = x'y.

2. yr=ay —(q—¢ " )A+q 2+ +¢ 2D 42wyt Where 14¢72 +
o722 4 2050 = 0 4f ¢ ds a root of unity of degree L.

With the previous relations it is possible proof the following theorem.

Theorem 2.2.9. Let A = M,(2), then

1. k[zy — quv] C Z(A) if q is not a root of unity.

2. o'yl vy — quu,u?, with i + j = 1, are central elements if q is a oot of unity
of degree 1, and k[z',y', vy — quv, u'v’] C Z(A).

Proof. Let f = xy — quv, then fu = (zvy — quv)u = zyu — quou = xq ‘uy — quv =
q lqury — qu?v = ury — quv = uf. vf = v(zy — quv) = VY — QUUV = VIY — qUV?,
and fv = (zy—quv)v = xyv—quv? = 2q vy —quv? = ¢ Lquay —quv? = vy —quo?,
so vf = fv. Also, zf = 2%y — qruv = 2%y — q(qur)v = 2%y — Puvr, fr =
ryr — quuz = x(zy — (¢ — ¢ Huw) — quur = 2%y — (¢ — ¢ H)zuww — quoxr = 2%y —
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(¢ —q Y Puwvr = 2%y — Puvr + quur — quur = 2%y — Puve = o f; fy = xy? — quoy,
yf = yzy — qyuov = zy® — (¢ — ¢ M uvy — ¢ tuvy = xy® — quuy + ¢ uvy — ¢ luoy =
zy® — quuy = fy.

For the second part it is clear from the previous relations that yz! = 2'y and
y'r = zy' if ¢ is a root of unity of degree I. Also, y'u = ¢ 'uy! = wyt, y'v =
g vyt = vyt and slu = ¢uxt = uat, 2'v = ¢va! = val, thus 2!, 3 are central
elements in A. For v’ with i +j = [ we have, zu'v’ = ¢'u'zv’ = ¢'¢u'v’x = vz,
yuv! = ¢ uiyr? = ¢ g utvly = uiv’y, so utv? are central for i + j = I. O

2.2.6 Quadratic algebras in 3 variables

For quadratic algebras in 3 variables the relations are homogeneous of degree 2.
More exactly, a quadratic algebra in 3 variables A is a k-algebra generated by z, v, z
subject to the relations

yr = 2y + axz + axy’ + asyz + &2,
2 =22 + &y + asyz + ag??,

2Y =Yz + a422.
If a1 = a4 = 0 we obtain the relations

yr = 2y + asy® + asyz + &2
2 = 12 + &7 + asyz + ag??,
zy = yz.

One can check that A; = o(kly, z])(z). If a3 = a5 = 0, which implies as = ag = 0,
and thus, there is a family of algebras with relations

yr = 2y + axz + 22,
2r = 12,
2Y = Yz + a422.
These algebras are skew PBW extensions of the form Ay = o(k[x, z])(y). If a; =
az = & = 0, then a4 = a5 = ag = 0 and thus there is a family of algebras with
relations
yr =y + asy’,
zx = zz + &1,
2y = yz.
These algebras are skew PBW extensions of the form Az = o(k[z,y])(z).

Lemma 2.2.10. Assume that in the previous algebra Ay, a1 = a, & = b and ag = c.
Then for m > 1

1. ya™ = 2™y + max™z + mbax™ 122,
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m _ m ml i 14
2. Yy = Zi:o mC Yy z .

3. 2™y = y2™ + mez™ L

Theorem 2.2.11. The quadratic algebra As generated by x,y, z with relations yxr =
Ty + arz + b2%, 2x = 1z, 2y = yz + 2%, a,b,c € k — {0} and ac < 0 has trivial
center.

Proof. Let  f(x,y,z) = Y., Cutiy®2z®s € Z(Ay), with oy €
N, 5 = 1,2,3. Since zf = fz, then > I Ciziy*ezesth =
ZZL Oo.xaﬂyamzaisﬁ-l + ZZ OC Z a;z)])'cha“y i2 jzais-l—l—j’ S0
> im0 Cid i (Cio;”)]),cjxa“yaﬂ Jzenstl=i = 0, but char(k) = 0, then C; = 0

for ays 7& 0, ie. f= ZZZOOQEQ“ZQ“ Also, yf = fy, this is Z?:o Ciaxity 23 4
Ciailaxo‘“za”’“ + Cia bron—lzs+2 — ZZL:O Ciz&yzs + Ciazcr® z3T Thus,

Cilana — age)r®nzost 4 Cianbrn=12%872 = (0 for ¢+ = 0,1,...,n. Since
a;1a — aizc < 0 or aa — aze > 0, then a;p = 0, a3 = 0 and f = ¢y € k, therefore
kC Z(Ay) Ck. O

For Aj; it is not difficult to prove the following result.

Theorem 2.2.12. The element &y — asz is central in the quadratic algebra As.

2.2.7 Algebra D of diffusion type

In [IPR] were introduced the diffusion algebras; following this notion we define for
n > 2 the algebra D which is generated by {D;, z; | 1 < i < n} over k with relations:

rix; = xjx;, x;D; = Djx;, 1<14,75 <n;

CiJ‘DiDj — Cj,iDjDz‘ = Zliji — l'iDj, 1< j,

¢ijsCji € k*. Observe that A = o(k[xy,...,2,])(D1,...,D,) is a bijective skew
PBW extension of k[xy, ..., z,], and of course we obtain the following trivial result.

Theorem 2.2.13. k[z,...,z,| C Z(D).

2.2.8 Tables

In this subsection we summarize in tables the description of the center of some
remarkable examples of skew PBW extensions studied in the previous sections.
Recall that k is a field with char(k) = 0.
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Algebra Z(A)

Weyl algebra A,, (k) k
Extended Weyl algebra B, (k) k
Universal enveloping algebra of s[(2, k) kldzy + 2% — 22]
Universal enveloping algebra of So(3, k) k[z? + y? 4 22]
Tensor product R ® U(G) Z(R) ®) Z2(U(G))
Algebra of g-differential operators Dy p[z, y]

Algebra of shift operators Sy,

Mixed algebra Dy,

Discrete linear systems k[t1,...,tn][T1,01] - [Tn;on]
Linear partial shift operators k[t1, ..., tn][E1, ..., En]
L.P. Differential operators k[t1,...,%n][01,...,0n]

L. P. Difference operators k[t1, ..., tp][A1, ..., Ay]

L. P. g-dilation operators k[t1,..., tn][H1((I), e, Hi,g)]

L. P. g-differential operators k[t1,..., tn][ng), e, Dif{”]
Additive analogue of the Weyl algebra A, (q1,...,qn)
Multiplicative analogue of the Weyl algebra On(kﬂ)
n—multiparametric quantum space

Quantum algebra U’ (s0(3, k)) k[—ql 2(q2 — 1)1 I>1
Woronowicz algebra W, (s[(2,))
Algebra U

Quantum enveloping algebra of sl(2, k), Uq(s1(2, k)) k[(¢*> — 1)?’EF
Differential operators on a quantum space Sq, Dq(Sq)
Particular Witten’s Deformation of U (s[(2, k)
Quantum Weyl algebra of Maltsiniotis Ag’
Multiparameter Weyl algebra Aﬁ’l (k)

Quantum symplectic space Oq(sp(k"’"’))

Jordan plane J

Quantum plane

Quadratic algebras in 3 variables, Ag

By ey o Rl Il Iy o [y o Iy oy ey

+d° 13 + 15 + q°I5]

3

9K, +qJKf]

??‘?T‘?T‘??‘R‘?T‘R‘K‘+K‘R‘

TABLE 2.1. Center of some bijective skew PBW extensions which parameters ¢’s are not
roots of unity.

[ Algebra [ Z(A)
Quantum plane k[z™, y"]
Algebra of g-differential operators Dy [z, Y] k[z™, y™]
L. P. g-dilation operators k[t1, ..., tn][HYZ), R Hﬁ,;’)] k[tl17 FN tln, H{, ey, Hin]
L. P. g-differential operators k[tq, ..., tn][Diq), R D,(,?] k[tl . tln, Dll, e, ng]
Additive analogue of the Weyl algebra A, (g1,...,49n) k[z;kl s y;l Lo, Tan Yo
Multiplicative analogue of the Weyl algebra Oy (X;4) k[xil N acf;"]
n—multiparametric quantum space klz] ..., zﬁ"]
Quantum algebra U’ (s0(3, k)) k[C, C»f,l), 07(12) 5 C’Sbs)]
Quantum enveloping algebra of sl(2, k), Uq(s1(2, k)) k[(qz —1)?EF + qK. + quf, E"™, F", K?, K}l]
Quantum symplectic space (’)q(sp(an)) klz", ..., x5 ]

TABLE 2.2. Center of some bijective skew PBW extensions which parameters ¢’s are
roots of unity.

Algebra C Z(A)

Algebra D of diffusion type klzy, - an]

Dispin algebra U (osp(1, 2)) kl4z“z® — y° — 2xz — y]
Algebra U (¢f = 1) k[zll’ . 712]

Coordinate algebra of the quantum group SL4(2) klzy — quv]

Coordinate algebra of the quantum group SL4(2), ql =1 klzy — quuv, wl, yl, u'v?], with i +j5 =1
g-Heisenberg algebra H,, (q) k[C;], Cs = (¢° — Dxiyizi — Y5
g-Heisenberg algebra H,, (q), ¢' = 1 k[zi, yé, BN

Quadratic algebras in 3 variables, Ag k[E2y — azz]

TABLE 2.3. Central subalgebras of some bijective skew PBW extensions.

According to the conditions presented in the Table 2.1 and Proposition 1.1.4, we
have the following Corollary.

Corollary 2.2.14. The following skew PBW extensions are universally cancella-
tive, and hence, cancellative:

1. Weyl algebra A, (k).
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~
S

11.
12,
13,
1.
15,
16.
17,
18.
19.
20.
21.
22.
23.

24.

© 2 RS ™ e

Extended Weyl algebra By, (k).

Algebra of g-differential operators D p[x,y].

Algebra of shift operators Sy,.

Maxed algebra Dy,.

Discrete linear systems k[ty, ... to)[z1,01] -+ - [Xn; 00
Linear partial shift operators k[ty, ... t,]|[F1, ..., Ey] .
L.P. Differential operators k[ty, ... ,t,][01,. .., 0n).

L. P. Difference operators k[ty, ... t,|[A1, ..., Ay].

L. P. q-dilation operators klty, ... t,]|[H?, ... H"].
L. P. q-differential operators k[ty, ..., t,] [D§q), . D,(f’)].
Additive analogue of the Weyl algebra A, (q1, - .., qn)-
Multiplicative analogue of the Weyl algebraO,,(\;;).
n-multiparametric quantum space.

Woronowicz algebra W, (sl(2, k)).

Algebra U.

Differential operators on a quantum space Sq. Dg(S,).
Particular Witten’s Deformation of U(sl(2, k).
Quantum Weyl algebra of Maltsiniotis. A%
Multiparameter Weyl algebra AT (k).

Quantum symplectic space O, (sp(k*)).

Jordan plane J .

Quantum plane.

Quadratic algebras in 3 variables, As.
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2.3 The center of the total ring of fractions

Given an Ore domain, it is interesting to know when Z(Q(A)) = Q(Z(A)), where
Q(A) is the total ring of fractions of A. This question became important after
the formulation of the Gelfand-Kirillov conjecture in the paper [GK]: Let G be an
algebraic Lie algebra of finite dimension over a field k, with char(k) = 0. Then,
there exist integers n,l > 1 such that

QU(9)) = Q(An(Ks1, - -, s1])),

where U(G) is the enveloping algebra of G and A, (k[s1,...,s]) is the general Weyl
algebra over k. In the investigation of this famous conjecture the isomorphism
between the center of the total ring of fractions and the total ring of fractions of

the center occupies a special key role. In this section we prove that if A is finitely
generated and GKdim(A) < GKdim(Z(A)) + 1, then Z(Q,(A4)) = Q(Z(A)). Some
examples are included.

We start with the following easy proposition.

Proposition 2.3.1. Let A be a right Ore domain.
(i) If £ € Z(Q,(A)) then

(a) pg = qp.
(b) For every s € A— {0}, psq = qsp.
(c) pe Z(A) if and only if g € Z(A).

(ii) Let p € A. Then, ® € Z(Q.(A)) if and only if p € Z(A). Thus, Z(A) —
Z(Qr(A)).

(i) If k is a field and A is a k-algebra such that Z(Q,.(A)) = k, then Q(Z(A)) =
= 2(Q,(A)).

Proof. (i) (a) We have B% = %’a’ so ' = %, whence 24 = %%, ie., B = % thus
pq = qp-
_ P _
(b) Let s € A — {0}, then £

(c) If 2= 0, then £ = 2 and the claimed trivially holds. We can assume that
p # 0; by (b), for every s € A — {0}, psq = ¢sp, hence if p € Z(A), then sqp = qsp,
whence sq = gs, i.e., ¢ € Z(A). On the other hand, since € Z(Q,(A)), then if

q€ Z(A) we get p e Z(A).
(i) If 2 € Z(Q,(A)), then by (i), ps = sp for every s # 0, whence p € Z(A).
{

Conversely, let p € Z(A) —{0} (for p =0, ¥ € Z(Q,(A))), then for every ¢ € Q,(A)
we have 22 = B2 gand 28 = 2¢ = 22 where sc = pr = rp, with ¢,r # 0. From this

1ls s P rp?
= le, 7 € Z(Qr(A)).

we get 7 = ¢ = L =2
(ili) From (ii), k € Z(A) C Z(Q,(A)) =k, so Z(A) = k, and hence Q(Z(A))
= Z(Q:(A)).

so by (a), psqs = qsps, whence psq = qsp.

QS’

Ol
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The next example illustrates the part (iii) of Proposition 2.3.1.

Example 2.3.2. We consider the quantum plane A := ky[z1, z2|, where ¢ is not a
root of unity. We will show that Z(Q,(A)) = k. Let £ € Z(Q.(A)) — {0}, where

pi=3 ey and s = 23':1 uj:c?jx;j, with 7;, u; E k—{0}. From pxis = sx1p
and since ¢ is not a root of unity, we get 3; + 3;0; = ; + v, for every 1 < ¢ <t and
1 < j <. Similarly, from pzss = sxep we obtain 0;8; + 0; = a;y; + o, for all 4, 7,
whence 8; + o = v; + 0, so fixing ¢ and then fixing j we conclude that p and s are
homogeneous of the same degree (this condition is not enough since I+ ¢ Z(Q,(4))).
Now,

t i Bi t a;+1 Bl
Pz _ z1P ie Zz‘ﬂ”% To' _ Do Tity !
s 1 1 s 777 051 7 l GJ"YJ’
Z] 1 UjTy Tg ZJ 1 UjTy" Ty

hence there exist ¢ i= a7y, (v2) &+ -+ po(r2), d := whqu(ws) -+ qo(w2) € A—{0}
such that

(Zi L 7Ty xg) = (Zi 1”3;11#1 5i)da

l 0;—1 l 0
(Zg ujay’ g )e = (Z; L ujay’ xy’ )d.

Since p and ¢ are homogeneous, we can assume a7 > -+ > «a; and 01 > --- > 0,
whence ; < --- < [y and 71 < -+ <. Then,
(a2 ) (27 D (22)) = 11 25 2 Py (2),

a1+1 51 _ k
ras ey kg (1) = rig le

ai+1+k qu ( )

whence a;+m = ay+1+k, i.e., m = k+1. Moreover, let p,, be the leader coefficient
of pm(z2) and g, be the leader coefficient of qi(x3), then ¢*'p,, = q. Similarly, we
can prove that ¢"'p,, = qr, but since ¢ is not a root of unity, 5y = ~;. From
ay + B1 = 01 + 71 we get that a; = 0 (considering instead the identity 222 = 22
we obtain the same result). Thus, we have

ap =0, and By =7
Notice that

-1
L= puyt + B with rup ! € k C Z(Q(A)),
1 -1

hence =22 € Z(Q,(A)). But observe that *—~=— = 0, contrary, we could
repeat the previous procedure and find that there exists, either ¢ > 2 such that
a; =0 = o, B = 71 = Bi, or j > 2 such that 0; = 01,7; = 71, a contradiction.
Thus, 2 = ryu; " € k, and hence, Z(Q,(A)) = k.

The previous example shows that the proof of the isomorphism Z(Q,.(A)) =
Q(Z(A)) by direct computation of the center of the total ring of fractions is tedious.
An alternative more practical method is given by the following theorem.
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Theorem 2.3.3. Let k be a field and A be a right Ore domain. If A is a finitely
generated k-algebra such that GKdim(A) < GKdim(Z(A)) + 1, then

Z2(Qr(A)) = {5 | p.g € Z(A),q # 0} = Q(Z(A)).

Proof. We divide the proof in three steps.
Step 1. As in the proof of Theorem 4.12 in [Kr|, we will show that

Q.(A) = A(Z(A)y) ! = {§ |pe A qge Z(A)}, with Z(A)y := Z(A) — {0}.

First observe that Z(A)y is a right Ore set of A, so A(Z(A)y)~! exists. From
the canonical injection Q(Z(A)) — A(Z(A)y)™?, £ £, we get that A(Z(A)g)™?
is a vector space over Q(Z(A)), moreover, A(Z(A)g)™' = AQ(Z(A)). We will
show that the dimension of this vector space is finite. Let V be a frame that
generates A. Since {V"},>¢ is a filtration of A, then A =J,-, V" and AQ(Z(A)) =
U, >0 V"Q(Z(A)). Arise two possibilities: Either there exists n > 0 such that
VrQ(Z(A)) = VHQ(Z(A)), or else

—=

Q(Z(A) CVQ(Z(A) S V?*Q(Z(A)) & -+

In the first case AQ(Z(A)) = V"Q(Z(A)) and we get the claimed. In the second

case,
dimgz(a)) Q(Z(A)) 5 dimgz(a)) VQR(Z(A)) < dimgz(a)) V?Q(Z(4)) < -
and we will show that this produces a contradiction. In fact, for every n > 0,
dimgz(ay V"Q(Z(A)) =2 n +1;

let ui, ..., uqm) be a Q(Z(A))-basis of V"Q(Z(A)), thus, d(n) > n + 1; we can
assume that u; € V" for every 1 < ¢ < d(n); let W be an arbitrary k-subspace of
Z(A) of finite dimension, then

(V+ W)Qn VW D u WD - - @ ugyW"

(the sum is direct since the elements u; are linearly independent over Z(A)); from
this we get

dimg (V + W) > d(n) dimy (W) > (n + 1) dimg (W™),

but since V + W is a frame of A, then GKdim(A4) > 1 4+ GKdim(Z(A)), false.

Now we can prove the claimed isomorphism. For this consider the canonical

injective homomorphism g : A — A(Z(A)y)™", a — &. If a € A— {0}, then ¢ is
invertible in A(Z(A)y)~!. In fact, the map h: A(Z(A)y)™' — A(Z(A)) ", P g8,
is an injective Q(Z(A))-homomorphism since A is a domain, but as was observed
above, A(Z(A)o)™! is finite-dimensional over Q(Z(A)), therefore h is surjective,

whence, there exists £ € A(Z(A)o)™"! such that 1L = 1. Observe that £t = i In
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. . /. -1 1 . _ 1
iict, since p # 0, there exists £ in A(Z(A)o) ™" such that £ = 1, and since £ = %,
en

In order to conclude the proof of the isomorphism A(Z(A)y)~! = QT(A), observe
that any element £ € A(Z(A)y)~! can be written as E=yg(p)glq )t

Step 2. Let C:={L | p,q € Z(A),q # 0}. If £ € Z(Q,(A)), then by the first step
we can assume that ¢ € Z(A)g, and from the part (i)-(c) of Proposition 2.3.1, we
get p € Z(A). Therefore, Z(Q-(A)) € C. Conversely, let £ € C, then p,q € Z(A),
with ¢ # 0, whence, by the part (ii) of Proposition 2.3.1, 2,1 € Z(Q,(4)), so

L€ Z(Q,(A)), and hence, £ = 21 € Z(Q,(A)). Thus, C C Z(Q,(A)).

Step 3. According to the part (ii) of Proposition 2.3.1, we have the canonical
injective homomorphism Z(A) = Z(Q,(A)), p — £, that sends invertible elements
of Z(A) in invertible elements of Z(Q,.(A)), moreover, by the step 2, every ele-
ment 2 € Z(Q,(A)) can be written £ = t(p)e(q)~t. This proves the isomorphism

Z(Qr(A)) = Q(Z(A)). [

Example 2.3.4. Next we present some k-algebras that satisfy the hypotheses of
Theorem 2.3.3.

1. Any commutative ﬁnitely generated domain. In particular, k; k[z1, ..., x,]/P,
P prime ideal; k[z{', ... 2 2y, .. 2], 1< < n.

2. Any domain A such that dim; A < oco. For example, the real algebra H of
quaternions since dimg (H) = 4.

3. Consider a skew polynomial ring A := R[z; 0| with R a commutative domain
that is a k-algebra generated by a subspace V' of finite dimension such that
(V) CV, o is k-linear of finite order m, R’ = k and GKdim(R) = 0. Then,
GKdim(A) = 1, and Z(A) = k[z™], and hence, GKdim(Z(A)) = 1. Thus,
Z(Q.(A)) 2 Q(Z(A)) = k(z™). A particular case of this general example is
A := Clz; 0] as R-algebra, with o(2) :=Z, z € C (here C and R are the fields
of complex and real numbers, respectively). In this case the order of o is two
and GKdim(C) = 0 since dimg(C) = 2.

4. Let char(k) = p > 0 and A := S), := k[t][z); 04] be the algebra of shift op-
erators, GKdim(A) = 2. Moreover, for every n > 0, o}'(t) = t — nh, then
op(t) = t, i.e., the order of oy is p, therefore, Z(A) = Ek[t]”»[z}]. Note
that k[t?] C k[t]o» C k[t], and k[t] is finitely generated over k[t?], then
GKdim £[t?] = GKdim k[t] = 1, then GKdim k[t]" = 1, so GKdim(Z(A)) = 2.
Thus, Z(Q,(A)) = Q(Z(A)) = Q(K[t]"") ().

5. Let char(k) = p > 0 and A := k[t][z; £][x; 04] be the algebra of shift differ-
and Z(A) = k[az?, 22, t** — t?]. Since
(A

ential operators. Then GKdim(A) = 3
) = Q(Z(A)) = k(a?, zy, 17 — 7).

GKdim(Z(A)) = 3, then Z(Q,(A)
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6. Let char(k) = p > 0 and A := A,(k) be the Weyl algebra. Since
GKdim(A) = 2n and Z(A) = k[t],...,t2,a},...,aP] (see [Lev], ejemplo

1.3.), then GKdim(Z(A)) = 2n. Therefore, Z(Q,.(A)) = Q(Z(A)) =

P p
k(... th ol ... aP).

7. Let char(k) = p > 0 and A := J := k{x,y}/{yz — vy — 2*) be the Jordan
algebra. Since GKdim(J) = 2 and Z(A) = k[zP,y?] (Example 1.3.11), then
GKdim(Z(A)) = 2, whence Z(Q,.(A)) = Q(Z(A)) = k(aP,yP).

8. Consider the n-multiparametric quantum space kq[x1, . .., z,]|, with matrix of
parameters q = [¢;;] and ¢;; are roots of unity that satisfy the conditions of
Example 1.3.10-(f), then Z(A) = k[z}", ..., zL"]. Therefore, GKdim(Z(A)) =
n = GKdim(kq[z1, ..., 2,]) and hence

Z(Q,(A)) = Q(Z(A)) = k(ay",... zy").

The particular case when n = 2 and ¢ is a root of unity of degree m > 2, then
Z(Qr(A) = Q(Z(A)) = k(a7", z3").

9. By example 2.1.9, we have the following algebras when the parameters ¢’s are
root of unity of degree [ > 2, or [; > 2, appropriately:

(a) Algebra of g¢-differential operators, then Z(A) = k[z!,¢!] and
GKdim(A) = 2, so Z(Q,(A)) 2 Q(Z(A)) = k(«', ).

(b) Additive analogue of the Weyl algebra, Z(A) = k[z!, ...zl b . yin]
and GKdim(4) = 2n, so Z(Q.(4) = QZA) =
E(xlt, o ol ylt oy,

(c) Algebra of linear partial g¢-dilation operators, in this case we have
GKdim(A) = 2n and Z(A) = k[t},....¢ H. ... H']. Therefore,

Z(Q:(A) = Q(Z(A)) = k(ty, ... .ty Hi, ... . H}).
(d) Algebra of linear partial g-differential operators, in this case we have
GKdim(A) = 2n and Z(A) = k[t},....tL, D! ... D!].  Hence,

Z(QT<A>) = Q(Z(A)) = k(tlh s 7tfw Dllv s "Df’b>

10. Let sl(2, k) be the Lie algebra of 2 x 2 matrices with null trace. By exam-
ple 1.3.8-(c), if char(k) = 2, then Z(U(sl(2,k))) = k[z? y? z]. Moreover,
GKdim(U(sl(2, k))) = 3. Thus, Z(Q,(4)) = Q(Z(A)) = k(z?,y?, 2).

Remark 2.3.5. If the hypotheses of Theorem 2.3.3 fail, then the isomorphism
Z(Q.(A)) = Q(Z(A)) could hold or fail. Thus, the hypotheses are not necessary

conditions. For example,

(a) H is not finitely generated as Q-algebra, however Q,.(H) = H and Z(Q,(H)) =
R = Q(Z(H)).

(b) Let k be a field with char(k) = 0, and let G be a three-dimensional completely
solvable Lie algebra with basis x,y, z such that [y,z] = y, [2,2] = Az and
[y,2] =0, A € k— {0} (Example 1.3.8-(c)). If A\ € k — Q, then Z(U(G)) = k
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and GKdim(U(G)) = 3, thus, in this case GKdim(U(G)) £ GKdim(Z(U(G)))+
1 and GKdim(U(G)) # GKdim(Z(U(G))), and 14.4.7 in [MR] shows that
Z(Qr(U(G))) 2 Q(ZU(G))).

Let A := U/ (sl;,) be the quantum enveloping algebra of the Lie algebra of
strictly superior triangular matrices of size m x m over a field k, where ¢ €
k — {0} is not a root of unity. In [AD] was proved that Z(A) is the classical
polynomial algebra over k in n variables, with m = 2n or m = 2n+ 1, whence,
GKdim(Z(A)) = n. On the other hand, according to [AD], A is an iterated
skew polynomial ring of k of W variables, hence GKdim(A4) = ™m=b,
Thus, GKdim(A) £ GKdim(Z(A)) + 1, however, Z(Q,(A)) = Q(Z(A)).



CHAPTER 3

Cancellation for algebras of Gelfand
Kirillov dimension one

In this third chapter we consider cancellation for finitely generated (not-necessarily
commutative) domains of Gelfand-Kirillov dimension one when the characteristic
of the base field is zero or positive. We settled a non-commutative analogues of
the result of Abhyankar, Eakin, and Heinzer (Theorem 1.1.20). Their theorem,
when one works in the category of commutative algebras, says that if A is a finitely
generated algebra that is an integral domain of Krull dimension one, then A is
strongly cancellative.

As we saw in Section 1.1.1, the Makar-Limanov invariants help to treat with
cancellation problem. Then, in the first section we introduce a new invariant when
we work with weak locally nilpotent Hasse-Schmidt derivations. And, we gener-
alize Theorem 1.1.8 and Lemma 1.1.13 in Proposition 3.1.4 when one works with
affine prime left Goldie k-algebras of finite Gelfand-Kirillov dimension. Moreover, in
Proposition 3.1.6 we prove a result that is related to a conjecture of Makar-Limanov.
In the second section, we will introduce a noncommutative version of slice theorem
for proving the main result of the chapter, Theorem 3.2.4. In addition, Theorem
3.2.6 provide examples that show affine domains of Gelfand-Kirillov dimension one
need not be cancellative when the base field has positive characteristic, giving a
counterexample to a conjecture of Tang, the named author, and Zhang. Finally,
in the third section we prove a result in a different direction; namely, skew can-
cellation: that is, if R[x;0,0] = S[z;0',0'] when do we necessarily have R = S?
We show that this holds in the following two cases: skew polynomial extensions of
automorphisms type and derivations type when the coefficient ring R is an affine
commutative domain of Krull dimension one. Results of this chapter will appear in

[BHHV].

47
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3.1 Weak rigidity

This section is analogous to section 1.1.1 ([BZ1, Section 3]), we introduce a weak
locally nilpotent Hasse-Schmidt derivation modifying the condition in Definition
1.1.5-(4) and proving that weak LND-rigidity controls cancellation.

Definition 3.1.1. A Hasse-Schmidt derivation 0 := (09,) is called weakly locally
nilpotent Hasse-Schmidt derivation if for each a € A there exists an integer N =
N(a) > 0 such that 0,(a) = 0 for all n > N. The collection of weakly locally
nilpotent Hasse-Schmidt derivations of an algebra A is denoted LND* /(A).

The following remark is similar to 1.1.6.
Remark 3.1.2. Let k be a field and let A be a k-algebra.

1. If 0 := (0,) is a weakly locally nilpotent Hasse-Schmidt derivation of A then
the map Gy, : A[t] — Alt] defined by

a Z@i(a)ti, forallae At —t (3.1)
i=0

extends to a k-algebra injective endomorphism of At].

2. Conversely, if one has a k-algebra endomorphism G : A[t] — AJt] such that
G(t) =t and G(a) — a € tA[t] for a € A, then for a € A we have

G(a) =Y di(a)t!,
=0
and (0,,) is a weakly locally nilpotent Hasse-Schmidt derivation of A (see [BZ1,

Lemma 2.2 (3)]).

3. As in Remark 1.1.6-(5), {A?}>°, is a weak locally nilpotent Hasse-Schmidt
derivation, with Al" differential operator. So we can see

where * is either I, H, or H'.

We begin by proving a lemma, which is the counterpart of Lemma 1.1.7.

Lemma 3.1.3. Let Y := ;2 Y; be an N-graded k-algebra and suppose that YoyYy
contains a reqular element whenever y is a nonzero homogeneous element of Y. If
Z is a subalgebra of Y containing Yy such that GKdim(Z) = GKdim(Yy) < oo, then
Z =Y.

Proof. Suppose that Z strictly contains Yy as a subalgebra. Since Y is a graded
algebra, Z is an N-filtered algebra with FyZ = Y,. By [KL, Lemma 6.5],
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GKdim(Z) > GKdim(gr(Z)), where gr(Z) is the associated graded ring of Z with
respect to the filtration induced by the N-grading on Y. Then gr(Z) is an N-graded
subalgebra of Y that strictly contains Y, as the degree zero part, and so gr(Z) con-
tains some nonzero homogeneous element y € Yy for some d > 1. Then it contains
the Yy-Yp-bimodule YyyYy C Y. In particular, there is some regular homogeneous
element a € Z of positive degree and so by considering the grading we have

Yo+ Yoa+---
is direct and is contained in gr(Z). From this one can easily show that
GKdim(gr(Z)) > GKdim((gr(2))o) + 1 > GKdim(Yy) + 1.
Combining these inequalities gives
GKdim(Z) > GKdim(Yp) + 1,
a contradiction. Thus Z =Y. ]

We will use Lemma 3.1.3 in the case when A is a prime left Goldie algebra and
Y = Alty,...,tq], where we declare that elements of A have degree 0, and ¢y,...,t4
are homogeneous of degree 1. Observe that if p(¢y, ..., ;) is a nonzero homogeneous
polynomial of degree m in Y, then we can put a degree lexicographic order on the
monomials in ty, . .., t; by declaring that t; > t; > --- > t;. Then we let tlf . -tff de-
note the degree lexicographically largest monomial that occurs in p(ti, ..., ts) with
nonzero coefficient and we let a € A denote this coefficient. Then since A = Yj is
prime Goldie, YpaYy contains a regular element, and so Yyp(ty,...,tq)Yy contains a
nonzero homogeneous polynomial ¢ = ¢(t1, . .., t4) such that the degree lexicograph-
ically largest monomial that occurs in ¢(ty,...,t;) with nonzero coefficient has the
property that this coefficient is regular; moreover, this monomial is again tlf = -tif,
and we let ¢ € A denote this coefficient. We now claim that ¢ must be regular. To
see this, let h be a nonzero polynomial in Y. Then let tjf x ~tfld denote the degree
lexicographically largest monomial that occurs in h with nonzero coefficient, and let
b € A denote this coefficient. Then by construction the coefficient of i *7! . .. ¢+
in gh is ¢b and since b is nonzero and c is regular, gh # 0; similarly, hq # 0 and
so q is regular. In particular, Y satisfies the hypotheses of Lemma 3.1.3, in this
case, which we will now apply in the following proposition that is more general that
Theorem 1.1.8 and Lemma 1.1.13.

Proposition 3.1.4. Let A be an affine prime left Goldie k-algebra of finite Gelfand-
Kirillov dimension. Let x be either blank, H, H' or I. When x is blank we further
assume k has characteristic zero.

1. If ML*(A[tq,...,t,]) = A, then A is strongly-retractable and so is strongly
cancellative.

2. If ML*(AJt]) = A, then A is retractable and so is cancellative.
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3. Suppose Z(A) is affine and MLz(A[t]) = Z(A) or MLY (A[t]) = Z(A) or
MLA"(A[t]) = Z(A). Then A is Z-retractable.

4. Suppose Z(A) is affine and A is strongly LND?,-rigid where x is either blank,
H, or H'. Then A is strongly Z-retractable.

Proof. The proof is identical to the proof given in Theorem 1.1.8, with the one
exception being that we invoke Lemma 3.1.3 with Y = A[ty,...,t4] (with elements
of A having degree 0 and ty,...,t; having degree 1) as a replacement for Lemma
3.1.4. We point out that [LeWZ] do not use H' in their paper, but the argument in
the H' case goes through in the same manner as it does for H. 0

The Makar-Limanov conjecture asks when ML(AJty, ..., t4]) = ML(A) if A is a
commutative domain over a field of characteristic zero (See [Mal, p. 55]). This is
the case when one works with algebras of Gelfand-Kirillov dimension one (remark
3.3.4), so that in Proposition 3.1.6 below, we give a result that is related to this
conjecture, which has interesting implications in terms of cancellation. We first
need a basic result about vanishing of polynomials in noncommutative rings.

Remark 3.1.5. Let A be a prime ring and let p(x) € A[z] be a nonzero polynomial
of degree d. If there are d + 1 distinct central elements z € A such that p(z) = 0
then p(x) is the zero polynomial.

Proof. Write p(x) = ag+ayx+ - -+ aqr?. Let Z denote the center of A, which is an
integral domain since A is prime. Suppose that there exist distinct zq1,..., 2441 € Z
such that p(z;) = 0 for i = 1,...,d + 1. Let M be the (d + 1) x (d + 1) matrix
whose (1, j)-entry is z;-_l. Then considering A% as a right My, 1(Z)-module, we
see [ag, a1, ...,aq)M = 0. Then right-multiplying by the classical adjoint of M we
obtain a; det(M) =0 for i = 0,...,d. Then M is a Vandermonde matrix and since
Z is an integral domain and the z; are pairwise distinct, det(M) is a nonzero central
element of A, and hence is regular since A is prime. It follows that ag =+ =a4 =0

and p(zx) is the zero polynomial. O

Proposition 3.1.6. Let A be a prime finitely generated k-algebra with infinite cen-
ter. Then MLH'(A) = ML™ (Alxy, 29, ,x4]). In particular, if, in addition, A
is left Goldie, has finite Gelfand-Kirillov dimension, Z(A) is affine, and either
MLA (A) = Z(A) or ML#'(A) = A, then A is strongly cancellative.

Proof. Remark 3.1.2 gives that ML (A[z1,20,...,24) € ML#'(4) C A for all
d > 1. Tt thus suffices to show that ML#'(A) € ML? (A[xy, 2o, . . ., 24)).

We show that ML (4) € ML (A[z]). Once we have proved this, it will imme-
diately follow by induction that ML (4) € ML (A[z1, . .., 24)) and we will obtain
the result. Let @ := {9, }n>0 be an element of LND'(A[z]). As in Equation (3.1),
we have an induced k-algebra homomorphism ¢ : A[t] — Alx][t], given by

$la) =Y Ou(a)t" forac A, ¢(t) =t

n>0
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In particular, if a € MLHI(A), then ¢(a) = a+tp(z,t), for some polynomial p(z,t) €
Az, t]. We now fix z € Z(A) and consider the map e, : A[z,t] — AJt], defined by
e.(g(x,t)) = g(z,t). Then the composition ¢, := e, 0 ¢ gives a homomorphism from
Alt] to A[t] and by construction ¢,(a) = a (mod (t)), and ¢.(t) = t and so this
homomorphism is injective. Thus, there are maps p; : A — A with pp = id4 such
that ¢.(a) = 3", pi(a)t! for a € A. In particular, for a € A, p,(a) = 0 for n
sufficiently large, and so (i, ) is a weakly locally nilpotent Hasse-Schmidt derivation
of A. Thus, for a € ML# (4) we have p;(a) = 0 for every ¢ > 1; that is, for i > 1,
0i(a)|y=. = 0 for every z € Z(A). Since Z(A) is infinite and 0, (a) is a polynomial
in A[z], Remark 3.1.5 gives that d,(a) = 0 for n > 1 and hence a € ML*'(A[z]).
Thus ML (A) € ML (A[z]) as required.

Now suppose that Z(A) is infinite and affine and that A is prime left Goldie
and has finite Gelfand-Kirillov dimension. It follows that if ML (4) = Z(A) then
from the above MLY (A[z1, ..., 24)) = Z(A) and so A is strongly LND# -rigid and
hence strongly Z-retractable by Proposition 3.1.4. Thus, by Lemma 1.1.15, A is
strongly detectable, and so is strongly cancellative by Lemma 1.1.18, since A is
strongly Hopfian by Lemma 1.1.17-(4). On the other hand if ML (A) = A then A
is strongly LND# ,—rigid and so by Proposition 3.1.4, A is strongly cancellative. [

3.2 The noncommutative slice theorem

We shall prove a noncommutative analogue of slice theorem. We make use of the
fact that for a k-algebra A with a locally nilpotent derivation d, the map 0 restricts
to a locally nilpotent derivation of the center of A. We first make a basic lemma.

Lemma 3.2.1. Let k be a field, let A be a prime k-algebra, let 0 == (9,,) € LND!(A),
and let B = ker(0). Then the following hold:

1. If there is x € A and m > 1 are such that Op,4i(x) =0 fori > 1 and Op(x) is
a reqular element of A, then the sum

B+ Br+ Ba* + -+
18 direct;
2. If A is a field and A is algebraic over B then A = B;

3. If GKdim(A) < oo and A is an affine domain and B # A then GKdim(B) <
GKdim(A) — 1;

4. If GKdim(A) = 1 and A is an affine domain and B # A then B is finite-

dimensional.

Proof. Suppose there exist x € A and m > 1 such that 9,,,4(x) = 0 for i > 1 and
Om(x) is a regular element of A. A straightforward induction shows that d,,s(z") =
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0 for i < s and Ops(2®) = Opn(2)®. Suppose that there is a non-trivial relation
bo + bix + -+ + byx® = 0 with bg,...,b, € B and by nonzero. Then applying 9,,,
to this dependence gives bs0,,(x)* = 0, which is impossible as by # 0 and 0,,(z) is
regular. This establishes (1). Next, to prove (2), observe that if A is a field, then B
is a subfield of A. We have just shown that for x € A\ B, the sum B+ Bx +--- is
direct, and so if A is algebraic over B then we must have A = B.

We next prove (3). Suppose that A is a domain of finite Gelfand-Kirillov dimen-
sion and that B # A and that

GKdim(B) > GKdim(A) — 1.

Then there exists a > GKdim(A) — 1 and a finite-dimensional k-vector subspace
W of B that contains 1 and such that dim(W"™) > n® for n in an infinite set
T of natural numbers. Pick z € A\ B. Then by (1), B+ Bx + Bz* + --- is
direct. Now let V. = W + kx. Then V> DO W™ 4+ W"x + --- + W"z" and so
dim(V?") > (n+1)n® > n®*! for n € 7. Thus GKdim(A) > a+ 1, a contradiction.
Thus we obtain (3).

We now prove (4). Suppose that A is an affine domain of Gelfand-Kirillov di-
mension one and that B # A. We claim that dim(B) < co. Pick z € A\ B. By
part (1), the sum B + Bz + Bz? + - -+ is direct. Now suppose towards a contradic-
tion that dimy(B) is infinite and let V' be a finite-dimensional subspace of A that
contains 1 and z and which generates A as a k-algebra. Then since -, V' 2 B,
we have W, := V" N B has the property that dim(W,) — oo as n — oo. Since A
has Gelfand-Kirillov dimension one, by a result of Bergman (see the proof of [KL,
Theorem 2.5]) there is some positive constant C' such that dim(V"™) < Cn for n
sufficiently large. On the other hand, for each d > 1 we have

dim (V") > dim(WV™) > dim(Wy + Wyz + - - - 4+ Wy2") = dim(Wy)(n + 1).

Thus dim(W,) < C(n+d)/(n+ 1) for all n sufficiently large and so dim(W,) < C
for every d > 1, a contradiction. Thus B is finite-dimensional. 0

This following theorem is an extension of the slice theorem for a (not necessarily
commutative) k-algebra.

Theorem 3.2.2. (Noncommutative slice theorem) Let k be a field and let A be a
k-algebra. Then the following statements hold.

1. Suppose that the characteristic of k is zero and § € LND(A). If there exists
x € Z(A) such that 6(x) = 1, and if Ay is the kernel of §, then the sum
> iso Ao’ is direct and A = Aolx].

2. Suppose that 0 := {0, }ns0 € LND(A). If there evists v € Z(A) such that
O1(x) =1 and 0;(x) =0 for i > 2, and if Ay is the kernel of O, then the sum
> iso Ao’ is direct and A = Aglz].
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Proof. 1t suffices to prove part (2) by Remark 1.1.6. We let
Ag={a€ A|0,(a) =0 for n > 1}.

We claim that A = Ag[z]. By Lemma 3.2.1, > Agz’ is direct. Thus, Ay and =
generate a polynomial ring and A O Ag[z]. We next claim that A C Ap[z]. To see
this, suppose that there exists some a € A\ Ag[z]. Then there is some largest m > 1
such that 0,,(a) # 0. Among all a € A\ Ap[x], we choose one with this m minimal.
Since 0;(Om(a)) = (""" d;1m(a) = 0 for i > 1, d,(a) is in the kernel of 9 and hence
in Ag. Let ¢ = 0,5(a) € Ap and consider @’ = a — caz™. Observe that 0;(a’) = 0 for
j > m and Op,(a’) = 0 by construction. Thus, by minimality of m, a’ € Ag[z]| and
hence so is a, a contradiction. The result follows. O

Proposition 3.2.3. Let k be a field of characteristic zero and let A be a prime
finitely generated k-algebra of finite Gelfand-Kirillov dimension, and suppose that
Z(A) is an affine domain of Gelfand-Kirillov dimension at most 1. Then one of the
following alternatives must hold:

1. MLz(A) = Z(A); or
2. there is a prime k-subalgebra Ao of A such that A= Ag[t].

Proof. If MLz (A) # Z(A), then there is some 6 € LND(A) and some z € Z(A) such
that §(2) # 0. We now pick the largest j such that §7(z) # 0 and we replace z by
8’71(z). By construction, 6*(z) = 0 for i > 2 and ¢ := §(z) # 0. Then ¢ € AyNZ(A).
Now Ay N Z(A) is a subalgebra of Z(A) and since Z(A) has Krull dimension one
and Ay C Z(A), Ao is finite-dimensional by Lemma 3.2.1 and thus is a field. Thus
c is a unit and so if we replace z by ¢ 'z then we have §(z) = 1 and we may invoke
Theorem 3.2.2 to get that A = Agy[t]. Since A is prime, Ag is necessarily prime
too. U

In general, the proof of Proposition 3.2.3 shows that if A is an affine prime
k-algebra of finite Gelfand-Kirillov dimension over a field k& of characteristic
zero, then either MLy (A) = Z(A) or there is a prime subalgebra Ay of A and
some ¢ € Z(A) N Ag such that Alc™'] = Aglc7|[t]. In the case, that Z(A) is
affine of Gelfand-Kirillov dimension one we are able to deduce that ¢ is invertible
in the proof, which gives us part (2) in the dichotomy occurring in Proposition 3.2.3.

The following theorem answers a question of Lezama, Wang, and Zhang about if
every affine prime k-algebra of Gelfand-Kirillov dimension one is cancellative? We
consider the domain case when the base field has characteristic zero. Moreover, The-
orem 3.2.4 specializes to the classical cancellation result of Abhyankar-Eakin-Heinzer
in the case of characteristic zero base fields when one takes R to be commutative.
Therefore, the result can be considered as a noncommutative version of the Theorem
1.1.20.

Theorem 3.2.4. Let k be a field of characteristic zero and let A be an affine domain
over k of Gelfand-Kirillov dimension one. Then A is cancellative.
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Proof. We recall that affine prime algebras of Gelfand Kirillov dimension one are
noetherian and hence left Goldie [SW]. If ML(A) = A then ML(A[z]) = ML(A)
by Lemma 1.1.9, then A is cancellative by Proposition 3.1.4. If ML(A) # A, then
there is a nonzero locally nilpotent derivation é of A. Let Ay denote the kernel of
0. Then by Lemma 3.2.1 Ay is finite-dimensional and since it is a domain, it is a
division ring.

In particular, Z(A) € Ay since Z(A) has Gelfand-Kirillov dimension one [SW].
We let E = AyN Z(A). Then E is a commutative integral domain that is finite-
dimensional over k and hence F is a field. Since § is not identically zero on Z(A)
and is locally nilpotent on A, there exists some z € Z(A) such that z ¢ E and
c:=9(z) € E\{0}. As E is a field and is contained in the kernel of §, z :=
c 'z € Z(A) satisfies 6(z) = 1 and so by the noncommutative slice theorem, we get
A = Ag[z]. Then by the same analysis as above if A[t] = B[t] then we necessarily
have ML(B) # B and so B = By[z] for some finite-dimensional division ring By.
Since Ay is a finite-dimensional division algebra, it follows from Theorem 1.1.19 that
Ay is strongly cancellative, therefore Ag = B and hence A is cancellative. Thus we
obtain the result in this case. U

Remark 3.2.5. We point out that Lezama, Wang, and Zhang [LLeWZ, Theorem 0.6]
proved that for algebraically closed base fields k, affine prime k-algebras of Gelfand-
Kirillov dimension one are cancellative. The algebraically closed property is needed,
because the authors invoke Tsen’s Theorem at one point in their proof. However, our
Theorem is somewhat orthogonal to this result, since domains of Gelfand-Kirillov
dimension one over algebraically closed fields are commutative by an application of
Tsen’s Theorem to a result of Small and Warfield [SW] and hence the only part
of the previous theorem covered by [LeWZ, Theorem 0.6] is the commutative case,
which was previously known from the result of Abhyankar-Eakin-Heinzer.

Now we consider the positive characteristic case, the following Theorem gives a
family of counterexamples to a conjecture 4.5.5 ([TVZ, Conjecture 0.3]).

Theorem 3.2.6. Let p be prime. Then there exists a field k of characteristic p and
an affine domain A of Gelfand-Kirillov dimension one that is not cancellative.

Proof. Let p be a prime, and let K = Fp(x1,...,x,2_1). Welet k =F, (a7, ... ,:U§2_1)
and we let § be the k-linear derivation of K given by 0(x;) = #4q fori =1,... pr—1,
where we take z,2 = 1. Since k has characteristic p > 0, we have ”' is a k-linear
derivation for every ¢ > 0, and since 51”2(951-) = §(x;) = @yyq for i =1,...,p* — 1,
then 67" = 6” for every j > 0. We let &' := 67, which as we have just remarked
is a k-linear derivation of K. We let A = K{z;d] and we let B = K|[z/;§']. Since
ad? = ad, for u in a ring of characteristic p, we have z 1= 27’ —x and 2’ := (2/)*" —2’
are central by the above remarks. We claim that A and B have Gelfand-Kirillov

dimension one, A % B, and A[t] = BJ[t'].

Since [K : k] < 0o, A and B are finitely generated k-algebras of Gelfand-Kirillov
dimension one [KL, Proposition 3.5]. We construct an isomorphism & : A[t] — B[t/]
as follows. We define ®(a) = a for o € K, ®(z) = (2/)? +t' and ®(t) = (2')?" —
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x’ + (t')P. Then to show that ® extends to a k-algebra homomorphism from A[t] to
B[t'], it suffices to show that

6(a) = &([z,a]) = [®(z),a]

for « € K and that ®(¢) is central. For o € K,

2

[@(1), 0] = [(«')"" = ('),a] = (&' (@) = () = 0
and since ®(t) also commutes with 2/, ®(t) is central. To show that
() = ®([z,a]) = [@(z), o]

for a € K, observe that ®([z,a]) = ®(d(a)) = 0(«) and

2

[@(z), ®(a)] = [(«)" + 1, ] = ()" (@) = 0" (a) = 6(av).

Thus, ® induces a homomorphism from A[t] to B[t']. We claim that ® is onto. We
have ®(z) = (2/)? + (¢')?° —t' and ®(t) = 2/ 4 (t')*. In particular,

2

Bz =) = (P + (P~ = () = () =~

and so ®(t + (z — t?)P) = 2. Thus, K, t' and z’ are in the image of ®. Since
®(x) = (/) 4 ' we also have (2)? € Im(®). Finally, observe that 2/ = (z/)?" —
and since 2z’ and (2/)? are in the image of @, so is

Hence 2/, 2/, t' and K are in the image of ® and so ® is onto. Let I denote the kernel
of ®. Then since ® : Alt] — BJt] is onto, we have A[t]/I = B[t]. But Aft] and B][t]
are both affine domains of Gelfand-Kirillov dimension two, and so [ is necessarily
zero [KL, Proposition 3.15]. Thus ® is an isomorphism and so A[t] = Blt].

Therefore, it only remains to show that A 2 B as k-algebras. To see this,
suppose that ¥ : A — B is a k-algebra isomorphism. Then since the units group
of A and B are both K*, ¥ induces a k-algebra automorphism of K; furthermore,
every a € K satisfies of € k and for § € k there is a unique o € K such that
a? = [. Since ¥ is the identity on k, ¥ is the identity on K. Thus ¥(x) = p(z’)
for some p(z’) € K[a2';0'] \ K. Let d > 1 denote the degree of p(z) as a polynomial
in /. If d > 1, it is straightforward to show that ¥ cannot be onto, as every
element in the image of ¥ necessarily then has degree in 2’ equal to a multiple of
d. Since V(z) € K, we see ¥(z) = az’ +  with « € K* and § € K. Since V¥ is an
isomorphism, for ( € K we have

0(¢) = W(6(¢)) = ¥([z,¢]) = [¥(x), ¥(Q)] = [aa’ + B, (] = af2’, (] = ad'(().
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But by construction, §(x;) = z2 and §'(z1) = xp41 and so o = x2/xp41. We also have
0(z2) = x3 and §'(z3) = Tpy9, and so o = x3/x, 49, Which gives w9z, 10 = 237,41,
where we take x,;9 = 21 when p = 2. This is a contradiction. Thus A 2 B. O

3.3 Skew cancellation

We now consider the case when an isomorphism of skew polynomial extensions
Rlz;0,6] = S[x;0';¢'] implies that R and S are isomorphic. We consider the case
when R and S are finitely generated commutative integral domains of Krull di-
mension one over a field. We observe that when o, ¢’ are the identity maps and
0,0" are zero, the question reduces to the classical cancellation problem for affine
curves, answered by Abhyankar, Eakin, and Heinzer (Theorem 1.1.20). To prove
the main Theorem, we must consider two types of extensions: skew extensions of
automorphism type and skew extensions of derivation type. We first look at the
automorphism type case, in which the analysis is more straightforward.

Lemma 3.3.1. Let k be a field, R be an affine commutative domain over k of Krull
dimension one, and o be a k-algebra automorphism of R that is not the identity. If
A 1s a commutative domain of Krull dimension one that is a homomorphic image of
Rz; 0], then either A= R or A= K|z| for some finite extension K of k; moreover
R occurs as a homomorphic image of R|x;o].

Proof. We consider prime commutative homomorphic images of 7' := R[z; o] of Krull
dimension one. Observe that if P is a prime ideal of T" such that T'/ P is commutative,
then since T'/P is an integral domain and R/(P N R) embeds in T'/P, R/(P N R)
is also an integral domain. Since R is an integral domain of Krull dimension one,
either PN R = (0) or PN R = I, with [ a maximal ideal of R. In the former
case, observe that since zr = o(r)r = zo(r) (mod P), we have z(r — o(r)) € P.
Moreover, since o is not the identity and P is completely prime, we necessarily have
x € P. Thus T'/P is a homomorphic image of R[z;0]/(z) = R. Since T'/P and R are
both integral domains of Krull dimension one, we then have 7'/P = R in this case.
In the case where PN R = I, with I a maximal ideal of R, we claim that [ = I?. To
see this, suppose that this is not the case. Then since [ is maximal, I + o(I) = R.
In particular, there are a,b € I such that a + o(b) = 1. Then ax,zb € P and so
ax +xb € P. But ax +2b = (a + o(b))r = = and so x € P. Thus T/P is a
homomorphic image of R/I, which contradicts the assumption that 7'/ P has Krull
dimension one. Hence I = o(I). Then by the Nullstellensatz K := R/I is a finite
extension of k and ¢ induces a k-algebra automorphism of K. We next claim that
o is the identity on K if not, there is some A € K such that A # o(\) (mod P).
But since [\, z] = (A — o(A))x € P and since P is completely prime, we again have
x € P, which gives T/P = K, a contradiction. Thus o induces the identity map
on R/I = K and so T/IT = KJz|. Since P contains IT, we then see that 7'/P
is a homomorphic image of K[z| and since 7'/P has Krull dimension one, we have
T/P = K[z]. The result follows. O
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Proposition 3.3.2. Let k be a field and let R be an affine commutative domain

over k of Krull dimension one. If R[zx;o] = S[x;0’'], with S an affine commutative
domain of Krull dimension one, then R = S.

Proof. 1f o is the identity then both R[z; o] and S[z; ¢'] are commutative and so ¢ is
also the identity and the result follows from Theorem 1.1.20. Hence we may assume
that o and o’ are not the identity maps on their respective domains. By Lemma
3.3.1, the set of isomorphism classes of prime commutative images of R[x; o] of Krull
dimension one is contained in {K[z]: [K : k] < oo} U{R}, with R occurring on the
list. Similarly, the set of isomorphism classes of prime commutative images of S|x; o]
of Krull dimension one is contained in {K[z]: [K : k] < co}U{S}, with S occurring
on the list. It follows that either R = S or R = K|[x] for some finite extension K
of k. Similarly, either S = R or S = K'[z] for some finite extension K’ of k. Thus
we may assume without loss of generality that R = K|t] and S = K'[t] with K, K’
finite extensions of k. Then the k-algebra isomorphism R[z;o] — S[z;0'] restricts
to an isomorphism of the units groups. Since the units groups of R[z;0] = K* and
the units group of S[x; 0’| is (K’)*, we see the isomorphism restricts to a k-algebra
isomorphism between K and K’. Thus K = K’ and so R = S. O

We now prove a lemma, which is a straightforward extension of Lemma 1.1.9.

Lemma 3.3.3. Let k be a field of characteristic zero and let A be a finitely generated
Ore domain over k. If ML(A) = A then ML(A[x;0]) = ML(A).

Proof. Let u be a locally nilpotent derivation of A. Then u extends to a locally
nilpotent derivation of A[z;d] by declaring that p(z) = 1. Then the kernel of this
extension of u is equal to ker(u|4) and hence ML(Az; d]) € ML(A). Now we show
that the reverse containment holds. Let u be a locally nilpotent derivation of A[z; ]
and suppose that u is not identically zero on ML(A). Since A is finitely generated
there is some largest m > 0 such that for r € A we have

p(r) = 0(r)z™ + lower degree terms,

with 0 a derivation of A that is not identically zero on ML(A). If m = 0 then 0 is
a locally nilpotent derivation of A and hence vanishes on ML(A), a contradiction.
Thus we may assume that m > 0. We now argue as in the three cases given in

Lemma 1.1.9. ]

The following result is due to Crachiola and Makar-Limanov [CM, Lemma 2.3].

Remark 3.3.4. Let k be a field of characteristic zero and let R be an affine commu-
tative domain of Krull dimension one. Then, either ML(R) = R or R = K'[t] for
some finite field extension k'’ of k.

Proof. Suppose that ML(R) # R. Then there is a locally nilpotent derivation § of
R that is not identically zero on R. In particular, the kernel of ¢ is a subalgebra
Ry of R. By Lemma 3.2.1, Ry is finite-dimensional and hence a finite extension &’
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of k. Then pick x € R such that 6(z) # 0 and 6*(x) = 0. Then §(z) € (k¥')* and
so we may rescale and assume that §(z) = 1. Then by Lemma 3.2.2, R = k/[z], as
required. U

Combining Lemma 3.3.3 and Remark 3.3.4, we have the following result.

Corollary 3.3.5. Let k be a field of characteristic zero, let R be a finitely generated
k-algebra that is a commutative domain of Krull dimension one, and let 6 be a k-

linear derivation of R. Then either R = k'[t] for some finite extension k' of k or
ML(R[z;0]) = R.

Proposition 3.3.6. Let k be a field of characteristic zero and let R and S be affine
commutative domains over k of Krull dimension one. If 5 and §' are respectively
k-linear derivations of R and S and R[x;d] = Slx; '], then R = S.

Proof. If neither R nor S is isomorphic to an algebra of the form ko[t], with ko a
finite extension of k, then by Corollary 3.3.5,

R = ML(R|z;0]) & ML(S[xz;d") = S,

as desired. If precisely one of R and S is isomorphic to an algebra of the form
ko[t], then without loss of generality we may assume that R = ko[t]. Then again by
Corollary 3.3.5

S = ML(S[z; 8]) 2 ML(R[z; 9)) = kb,

which is impossible. Thus we may assume that R = kg[t] and S = kj[t], where kg
and kj, are finite extensions of k. But now the units group of R[x;d] is (ko)* and the
units group of S[x; '] is (kj)* and so the isomorphism from R[z;d] to S|x; '] restricts
to a k-algebra isomorphism between ky and k{, and so R = S in this case. U

We do not know whether Proposition 3.3.6 is true when the base field k has
positive characteristic. We compare the examples from Theorem 3.2.6 with the
positive characteristic case of Proposition 3.3.6. In positive characteristic, there
exists a field k and a finite extension K of k& and k-linear derivations §, 0" of K such
that K|[t;0][z] = K[t;d][z] but K[t;d] 2 K][t;0’]. But we can extend 6 and ¢ to
K|[z] by declaring that §(z) = §'(x) = 0 and we have

KIt; 0][x] = Klx][t; 6] = Klx][t; 8] = K[t; 8'[x].

So the algebra K|t;d][z] = Klz|[t;d] is cancellative with respect to the variable ¢
but not with respect to the variable . Thus these examples do not give rise to
counterexamples to the positive characteristic of Proposition 3.3.6.

Theorem 3.3.7. Let k be a field, let A and B be affine commutative integral
domains of Krull dimension one, and let 0,0’ be k-algebra automorphisms of A
and B respectively and let 6,0 be k-linear derivations of A and B respectively. If
Alz;o] = Bla';0'] then A = B. If, in addition, k has characteristic zero and if
Alz; 6] = Bl2'; '] then A = B.
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Proof. This follows immediately from Propositions 3.3.2 and 3.3.6. U

We do not know whether cancellation holds for skew polynomial extensions of
mixed type with coefficient rings being domains of Krull dimension one.

Remark 3.3.8. 1. A special case of Theorem 3.3.7 was proved by Bergen [Be] in
the derivation case. Specifically, he proved that if k is a field of characteristic
zero and R[t; ] is isomorphic to k[z][y; '], with §'(x) € k[x] having degree at
least one, then R = k[x].

2. In [AKP], the ring A is called Ore invariant whenever Alx;d;] = Bly;da]
implies A = B. If, furthermore, the isomorphism o carries A onto B then
A is said to be strongly Ore invariant. In this paper, the authors established
that regular self-injective rings with a polynomial identity and no Z-torsion
are Ore invariant. Also, they proved that Abelian regular rings are strongly
Ore invariant.

3. ([AKP, Example 11]) Let A be the ring Zs[x]/(2?) with the derivation ¢ such
that 6(Z) = 1 where T = z + (2?). Consider the Ore extensions Aly;d] =
(Zy[z)/(2?))[y; 0] If we set €1y = Ty, €19 = T, e = Ty> + vy, e = 1 + Ty,
then they form a system of matrix units in Afy;d]. Now the centralizer of
these matrix units in Afy;d] is Zs[y?]. Therefore, Aly;d] = My(Zs[y?]) =
My(Zy)[t]. But My(Zy) 2 Zs|x]/(x?). Hence My(Zy) is a simple Artinian
ring of characteristic 2 which is not Ore invariant. Therefore, this example
and the constructions given in Theorem 3.2.6 show that skew cancellation and
cancellation can behave strangely with skew extensions of derivation type in
positive characteristic.



CHAPTER 4

Cancellation for AS-Regular algebras of
dimension three

In this chapter we study cancellation and Morita cancellation for noncommutative
noetherian connected graded Artin—Schelter regular algebras of global dimension
three. AS-regular algebras are considered as a noncommutative analogue of the
commutative polynomial rings. It is well-known that the only AS-regular algebra of
global dimension one is the polynomial ring k[z|, which is cancellative by Theorem
1.1.20. Combining Example 1.1.2 with Corollary 1.1.11, every AS-regular algebra of
global dimension two (over a base field of characteristic zero) is cancellative. On the
other hand, by the Gupta’s results not every AS-regular algebra of global dimen-
sion three or higher are cancellative when the base field has positive characteristic.
However, in [LMZ] the authors showed that several classes of AS-regular algebras
of global dimension three are cancellative. Therefore it is natural to ask which
AS-regular algebras of global dimension three are cancellative.

Algebras with center trivial were considered in the previous chapters. In the first
section, we show that under certain conditions a k-algebra A with center Z(A) of
Gelfand-Kirillov dimension at most one is either k or k[t]. Next, considering the P-
discriminant we prove one of the most important result of this chapter: Lemma 4.1.6.
Then we can establish cancellation for AS-regular algebras of higher global dimension
in Theorem 4.1.7. In the second section, we show that connected graded Artin-
Schelter regular algebras of global dimension three that not satisfies polynomial
identity are cancellative.

Next, we collect some results that involve cancellation properties. As an applica-
tion, in Section 3 we establish cancellation for fixed subrings of generic 3-dimensional
Sklyanin algebra. In Section 4, Example 4.4.2 establishes cancellation for universal
enveloping algebras of 3-dimensional non-abelian Lie algebras. And, in Section 5, we
present a result similar to Theorem 4.1.7 for graded isolated singularities which have
infinite global dimension. In this chapter let & be a base field that is algebraically
closed. Results of this chapter will appear in [TVZ].

60
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4.1 Center Z(A) = klt]

By Proposition 1.1.4, algebras with trivial center are cancellative. Now we begin to
consider algebras with center klt].

Lemma 4.1.1. Let Z be a connected graded domain of GKdimension one.

(1) It is noetherian and finitely generated over k.

(2) If Z is normal, then Z is isomorphic to kt].

Proof. Note that every domain of GKdimension one is commutative (See [SW]).

(1) Since Z is connected graded and k is algebraically closed, Z is a subring of k[t]
where degt = 1. Now, let p(¢) be a polynomial of smallest degree in Z, we denote
n = deg(p(t)) > 1 and let k[p(t)] denote the subalgebra generated by p(t) and k in
k[t]. We claim that k[t] is a module over k[p(t)] with generators 1,¢,...,t""!. To see
this, let ¢ € k[t], then by induction on the degree of ¢, we show that ¢ = Z?:_()l rit?,
with r; € k[p(t)]. Since by the Euclidean algorithm ¢ = ap + 37~ ayt* and a; € k,
and by induction hypothesis a = 31" i’ with r; € k[p(t)], 50 ¢ = Sy (rip-+a)t'.
Now k[p(t)], being an algebra on one generator over k is a principal ideal ring. Thus,
k[t] is a module with n generators over k[p(t)], and, since Z is a k[p(t)]-submodule
of k[t], it follows from theorem on modules over a principal ideal ring that Z has a
set of generators, g1, ..., g, with m < n. Thus, every element of Z can be written
in the form )" r;g; where r; € k[p(t)], and hence Z is generated by the elements
Dy 91y, 9m- The second part is clear (for more details see [Ga, Theorem|, [No,
Theorem 2.1J).

(2) First of all, Kdim Z = GKdim Z = 1. By part (1), Z is noetherian. Every
noetherian normal domain Z of Krull dimension one or zero is regular (namely, has
finite global dimension). So Z is regular of global dimension no more than one.

Since Z is connected graded, its graded maximal ideal is principal, which implies
that Z = k[t]. O

Note that a noetherian commutative maximal order is a normal domain.

Lemma 4.1.2. Let A be a domain that is a mazimal order.

(1) Its center Z(A) is a maximal order in the field of fractions Q(Z(A)).

(2) If A is connected graded and GKdim Z(A) < 1, then Z(A) is either k or kl[t].

Proof. (1) Let B be a subring of Q(Z(A)) containing Z(A) such that aBb C Z(A)
for some a,b € Z(A). Let C = AB the subring generated by A and B. Then
aCb C AZ(A) = A. Since A is a maximal order, C' = A. As a consequence,
B = Z(A). The assertion follows.

(2) The assertion follows from part (1) and Lemma 4.1.1. O
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Note that if GKdim Z(A) = 2, then Z(A) may not be regular. For example let

A = ky, |71, 12, 13, 14] Where

Pbij = —1 (Zvj) = (173)7 (2’3)7 (174)7 (274)’
q (Za]) = (374)

where ¢ is not a root of unity. Then it is easy to see that Z(A) is the second Veronese
subring k[z1, 22]® of the commutative polynomial ring. Hence Z(A) is not regular.

Proposition 4.1.3. Let A be a noetherian connected graded Auslander reqular
Cohen-Macaulay algebra. If GKdim Z(A) < 1, then Z(A) is either k or k[t].

Proof. By Theorem 1.4.11 A is a domain that is a maximal order in its quotient
division ring Q(A). The result follows from Lemma 4.1.1. O

Lemma 4.1.4. Let A be a connected graded domain and t be a central element in

A of positive degree d.

(1) For every o € k*, A/(t — a) contains (A[t™'])o as a subalgebra.

(2) Suppose that A is generated in degree 1 and that d # 0 in k. Then

gldim A/(t — o) = gldim(A[t™1)o.

(3) Suppose that A is generated in degree 1 and that d # 0 in k. If A has finite
global dimension, then so does A/(t — «) for all a € k*.

Proof. (1) Let T denote the dth Veronese subalgebra of A where d = degt. So, in
T, t can be treated as an element of degree 1. Now

T/(t—a)=T/(a" "t —1) = (T[(at) ) = (T[t""])o = (A}t o (4.1)

where the second = is due to [RSS, Lemma 2.1].

Note that A/(t—«) is a Z/(d)-graded algebra with the degree 0 component being
T/(t —«). By (4.1) A/(t — ) contains (A[t™!])y as a subalgebra.

(2) Since A is generated in degree 1, A/(t —«) is a strongly Z/(d)-graded algebra
with the degree 0 component being (A[t™!]). Since we assume d # 0 in k, by [Yi,
Lemma 2.2(iii)],

gldim A/(t — o) = gldim(A[t™1))o.

(3) By part (2) it suffices to show that (A[t~'])o has finite global dimension.
Since A has finite global dimension, A has finite graded global dimension. Then
A[t™Y] has finite graded global dimension. As a consequence, (A[t™!])y has finite
global dimension as required. U

Lemma 4.1.5. Let A be a noetherian domain with Z(A) = k[t]. Let P be a property
such that the P-discriminant is t.
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(1) A is strongly Z-retractable and strongly cancellative.

(2) If P is a Morita invariant, then A is strongly Z-retractable, strongly m-Z -
retractable, strongly cancellative and strongly m-cancellative.

Proof. We only prove (2).

t is an effective element in k[t] by [LeWZ, Example 2.8]. By [LuWZ, Theorem
2.10], Z is strongly LND/-rigid. By Proposition 1.2.5(2), A is both strongly Z-
retractable and strongly m-Z-retractable. Since A is noetherian, it is Hopfian by
Lemma 1.1.17. By Lemmas 1.2.8 and 1.2.9, A is strongly cancellative and strongly
m-cancellative. 0

Next we consider the connected graded case, this lemma is important for the
main theorems.

Lemma 4.1.6. Let A be a noetherian connected graded domain.

(1) If Z(A) has GKdimension < 1 and Z(A) is not isomorphic to k[t], then A
1s strongly Z-retractable, strongly m-Z-retractable, strongly cancellative and
strongly m-cancellative.

For the following parts, we assume that A is generated in degree 1, that Z(A) = klt]
and that char k = 0.

(2) If gldim A/(t) = 0o and gldim A/(t—1) < oo, then A is strongly Z-retractable,
strongly m-Z-retractable, strongly cancellative and strongly m-cancellative.

(3) Suppose the global dimension of A is finite and gldim A/(t) = oo. Then A
s strongly Z-retractable, strongly m-Z-retractable, strongly cancellative and
strongly m-cancellative.

(4) Suppose A is AS-reqular and gldim A/(t) = oo. Then A is strongly Z-
retractable, strongly m-Z-retractable, strongly cancellative and strongly m-
cancellative.

Proof. (1) By Lemma 4.1.1(1), Z is an affine domain. By Lemma 1.1.20, Z is
strongly retractable. By taking P to be a trivial property, say being an algebra,
the P-discriminant is 1. By [LeWZ, Remark 3.7(6)], Z is strongly LND¥-rigid. By
Proposition 1.2.5(2), A is both strongly Z-retractable and strongly m-Z-retractable.
Since A is noetherian, it is Hopfian by Lemma 1.1.17. By Lemmas 1.2.8 and 1.2.9,
A is strongly cancellative and strongly m-cancellative.

(2) Let P be the property of having finite global dimension. By Lemma 4.1.4,
for every 0 # « € k,

gldim A/(t — o) = gldim(A[t ')y = gldim A/(t — 1) < oo
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and by the hypothesis, we have that
gldim A/(t) = oo.

Hence P-discriminant is t. The assertion follows from Lemma 4.1.5(2).

(3) By Part (2), it suffices to show that gldim A/(t — 1) < oo. Since A has finite
global dimension, so does A[t™!]. Then A[t~!] has finite graded global dimension.
Since A is generated in degree 1, A[t™!] is strongly Z-graded. Hence gldim(A[t™])o
is finite. By Lemma 4.1.4,

gldim A/(t — 1) = gldim(A[t™!])o < o0

as required.

(4) The assertion follows from part (3) and the fact that an AS-regular algebra
has finite global dimension. 0J

The following theorem establish cancellation for AS-regular algebras of higher
global dimension.

Theorem 4.1.7. Suppose chark = 0. Let A be a noetherian connected graded
domain of finite global dimension that is generated in degree 1. Suppose that

(a) GKdim Z(A) <1, and

(b) gldim A/(t) = oo for every homogeneous central element t in Z(A) of positive
degree.

Then A is cancellative.

Proof. 1f Z(A) is not isomorphic to k[t], the assertion follows from Lemma 4.1.6(1).
If Z(A) is isomorphic to k[t], the assertion follows from Lemma 4.1.6(3). O

4.2 Cancellation for AS-Regular algebras of di-
mension three

In this section we complete the study of cancellation for AS-regular algebras of
dimension three as a particular case of Theorem 4.1.7. However, we need some
previous results.

The following lemma concerns cancellation properties for a tensor product A® R
where R is commutative. An opposite result was proved in [LuWZ, Lemma 1.4].

Lemma 4.2.1. Let A be an algebra with trivial center and let R be a commutative
algebra that is cancellative (respectively, strongly cancellative). Then the tensor prod-
uct A® R is both cancellative (respectively, strongly cancellative) and m-cancellative
(respectively, strongly m-cancellative).
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Proof. The proofs for the assertions without the word “strongly” are similar by
taking n = 1 in the following proof. So we only prove the “strongly” version.

First we show that A ® R is strongly cancellative assuming that R is strongly
cancellative. Let B be an algebra such that

¢ (AQR)[tr, - ,tn] = Blsy, -, Snl

is an isomorphism of algebras. Taking the center on both sides, we obtain an iso-
morphism

¢Z : R[tlv e 7tn] i Z(B)[Sla e 7sn]
where ¢ is a restriction of ¢ on the centers. Since R is strongly cancellative,
R=Z(B). Let
fi= 7' (si) = ¢7'(si) € Rltr, -+ ]
for i =1,--- n. Let I be the ideal of Z(B)][s1,- -, s,| generated by {s;}!;. Then
J := ¢~ 1(I) is an ideal of R[ty,--- ,t,] and
A® (R[ty, -+ ,tn]/J) = B® (kl[s1, -+ ,s,]/I) = B.

Taking the center on both sides of the above isomorphism and using the fact that
Z(A) =k, we have
Rlty, -+ ,t,])/J = Z(B) = R.

Therefore
B=A® (R[t1,-- ,tn]/J) Z=A®R

as required.

Next we show that if R is strongly cancellative, then A ® R is strongly m-
cancellative. Let B be an algebra such that

A":= (A® R)[t1, -+ ,t,] is Morita equivalent to B[sy,--- ,s,] =: B

By [LuWZ, Lemma 2.1(3)], there is an invertible (A’, B’)-bimodule © and an iso-
morphism

w: Z(A) = Rty, - ta] = Z(B)[s1, - ,sa] = Z(B')

such that the left action of x € Z(A’) on Q agrees with the right action of w(z) €
Z(B') on Q. Since R is strongly cancellative, R = Z(B). Let

fi = wil(si) € R[tla e 7tn]

fori=1,--- n. Let I be the ideal of Z(B)]s1,--- , s,| generated by {s;}!,. Then
J :=w™(I) is an ideal of R[t,- - ,t,], and by [LuWZ, Lemma 2.1(5)],

A® (R[ty, -+ ,t,)/J) 1is Morita equivalent to B ® (k[s1, - ,s,]/I) = B.
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Taking the center of the above Morita equivalence and using the fact that Z(A) = k,
we have

Rt1,-- ,t,]/J = Z(B) = R.

Hence
A® (R[ty,--- ,t,]/J) = AR R.
Therefore
A® R is Morita equivalent to B
as required. O

Corollary 4.2.2. Let k be of characteristic zero and A be a commutative algebra.
Let 0 be a locally nilpotent derivation of A with §(y) = 1 for some y € A. Sup-
pose that ker(0) is cancellative (respectively, strongly cancellative). Then Alz;d] is
cancellative (respectively, strongly cancellative).

Proof. Let C' = ker(9). By [MR, Lemma 14.6.4] A[z;d] = C® A, (k). By hypothesis,
then C' is cancellative and Z(A;(k)) = k. The assertion follows from Lemma 4.2.1.
U

With a slight modification to the previous Lemma we can consider the case in
which R is a (noncommutative) Z-retractable algebra.

Lemma 4.2.3. Let A be an algebra with trivial center and let R be a Z-retractable
algebra (respectively, strongly Z-rectractable). Then the tensor product A ® R is
Z-rectractable (respectively, strongly Z-retractable).

The proof of Lemma 4.2.3 is similar to the proof of Lemma 4.2.1, so it is omitted.
We call an algebra R universally right noetherian if A ® R is right noetherian for
every right noetherian k-algebra A. This property was studied in [ASZ]. Thus, if
in the previous Lemma, we suppose that A is right noetherian algebra and R is
universally right noetherian, then A ® R is Hopfian, and by Lemma 1.1.18 A® R is
cancellative (respectively, strongly cancellative).

Lemma 4.2.4. Let k be a field of characteristic zero and q # 1 be a nonzero scalar
in k. The following hold.

(1) Algebras k(z,y)/(vy — yz), k{z,y)/(xy —yz — 1) and k(z,y)/(ry — yz — x)
are pairwise not Morita equivalent.

(2) If q is not a root of unity, k(x,y)/(zy — qyz) is not Morita equivalent to
k(e y)/(y — qyr — 1).

(3) The Jordan algebra k(x,y)/(zy — yx + x*) is not Morita equivalent to
k(z,y)/(zy — yx + 2% - 1).

(4) The Jordan algebra k{x,y)/(zy — yxr + x?) is not Morita equivalent to
k(x,y)/(zy — yx + 2% — x).



CHAPTER 4. CANCELLATION FOR AS-REGULAR ALGEBRAS OF DIMENSION THREE 67

(5) The Jordan algebra k(x,y)/(zy — yx + x?) is not Morita equivalent to
k(z,y)/(xy —yo + 2% —y).

Proof. (1) First of all k(z,y)/(zy —yz) and k(x,y)/(xy —yx — ) have global dimen-
sion two while k(x,y)/(ry —yx — 1) has global dimension one. So either the algebra
k(x,y)/(xy — yx) or the algebra k(x,y)/(zy — yx — x) is not Morita equivalent to
k(x,y)/(xy—yx—1). Second, the centers of k(z,y)/(zy—yz) and k({z,y)/(zy—yzr—1)
are non-isomorphic, so these algebras are not Morita equivalent.

(2) Let A := k(x,y)/(xy — qyz) and B := k(z,y)/(zy — qyx — 1). Suppose on
the contrary that A is Morita equivalent to B. Let J be the height one prime ideal
of B generated by (1 — ¢)zy — 1 such that B/J = k[z*!] (with the image of y being
(1—¢q)~'z™1). Since A is Morita equivalent to B, there is an ideal I of A such that
A/I is Morita equivalent to k[z*!]. Since every projective module over k[z*!] is
free, A/I is a matrix algebra over k[z*']. When ¢ is not a root of unity, the only
height one prime ideals I of A are (z) or (y) [BrG, Example I1.1.2]. In both cases,
A/I is isomorphic to k[t], which is not a matrix algebra over k[z*!]. This yields a
contradiction and therefore A is not Morita equivalent to B.

(3) Let A := k(z,y)/(zy — yx + 2?) and B := k(z,y)/(zy — yx + 2> — 1) by
recycling notation from the proof of part (2) and suppose on the contrary that A is
Morita equivalent to B. Let Ji be the height one prime ideals of B generated by
(xy —yx,z £ 1). Since A is Morita equivalent to B, there is an ideal I+ of A such
that A/IL is Morita equivalent to B/.Jy. Since char k = 0, A has only a single height
one prime that is (z) [Sh, Theorem 2.4]. This yields a contradiction. Therefore A
is not Morita equivalent to B.

(4) The assertion follows from part (3) because k{x,y)/(vy — yz + 2> — 1) =
k(z,y)/(vy — yz +2° — ).

(5) Let A := k(x,y)/(xy—yr+2?) and B := k(z,y)/(ry—yz+z*—y) by recycling
notation from the proof of part (2) and suppose on the contrary that A is Morita
equivalent to B. Let y' = y — 22. Then the relation in B becomes zy’ —y'z —y’ = 0.
Exchanging = and ¢/, one sees that B is isomorphic to k(z,y)/(xy — yx + x). Let I
be the unique height one prime ideal of B generated by x. Then B/I = k[y|. Since
A and B are Morita equivalent, there is a height one prime J of A. Since the only
height one prime of A is (z). Let J = (), then I? corresponds to J2. This implies
that B/I? = k(z,y)/(zy — yx + z,2%) is Morita equivalent to A/J? = k[x,y]/(x?).
Since the center is preserved by Morita equivalence,

klo,y)/(2%) = Z(k(z,y)/(zy — yo + 2,27)) = k

yielding a contradiction. Therefore A and B are not Morita equivalent. U

The central result of this section. Thus we establish cancellation for special
AS-regular algebras of dimension three that are non PI,

Theorem 4.2.5. Suppose chark = 0. Let A be an AS-regular algebra of global
dimension three that is generated in degree 1. If A is not PI , then it is cancellative.
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Proof. Note that every AS-regular algebra has finite global dimension. If A is not
PI, then by Lemma 1.4.13,

GKdimZ < GKdimA -2=3-2=1.

If Z(A) is not isomorphic to k[t], the assertion follows from Lemma 4.1.6(1). If Z(A)
is isomorphic to k[t] and if gldim A/(t) = oo, the assertion follows from Lemma
4.1.6(3). For the rest of the proof we assume that Z(A) = k[t] and A/(t) has finite
global dimension.

By Rees lemma, gldim A/(t) < 2. By the Hilbert series computation, we obtain
that GKdim A/(t) = 2. This implies that A/(¢) is AS-regular of global dimension
two. Since we assume that k is algebraically closed, A/(t) is either k,[z, y] or k,[z, y].
In particular, the Hilbert series of A/(t) is ﬁ Since A is AS-regular of global
dimension three, it is generated by either 3 elements or 2 elements. Next we consider
these two cases.

Case 1: A is generated by two elements. Then the Hilbert series of A is
m. It forces that degt = 2. If A/(t) = ky[z,y], then t = 2y — qyz and
A/t —1) = k(z,y)/(zy — qyx — 1). If ¢ = 1, let P be the property of not being
Morita equivalent to A/(t). Then the P-discriminant is ¢ by Lemma 4.2.4(1). Now

the assertion follows from Lemma 4.1.5(2).

If ¢ # 1, we claim that ¢ is not a root of unity. If g is a root of unity, then A/(t—1)
is PI. By Lemma 4.1.4(1), (A[t™']) is PI. Note that A®[t71] = (A[t™)[tT']. So
A®@[t71 is PL. Consequently, A® is PI and whence A is PI, a contradiction. Then
by the argument with Lemma 4.2.4(2) being replaced by Lemma 4.2.4(1), one sees
that A is strongly cancellative and strongly m-cancellative.

If A/(t) = kslz,y], then t = vy — yzr + 2% and A/(t — 1) = k(z,y)/(zy — yz +
r?—1). Let P be the property of being Morita equivalent to A/(t —1). Then the P-
discriminant is ¢ by Lemma 4.2.4(3). By Lemma 4.1.5(2), A is strongly cancellative
and strongly m-cancellative.

Case 2: A is generated by three elements. Then the Hilbert series of A is ﬁ
If A is isomorphic to A’ ® k[t] for some algebra A’, then Z(A’) is trivial and the
assertion follows from Lemma 4.2.1. So we further assume that A is not a tensor
product of two nontrivial algebras. In this case A is generated by x,y,t subject to

three relations
rt —txr =0,
yt —ty =0,
vy —qur = ft+et?, or wzy—yx+at = ft+et?

where € is either 0 or 1 and f is a linear combination of x and .

Again we have three cases. If ¢ = 1, using Lemmas 4.2.4(1) and 4.1.5(2), one
sees that A is strongly cancellative and strongly m-cancellative. If ¢ # 1, then we
can assume that f = 0 and e = 1 after a base change. Since A is not PI, ¢ is not a
root of unity. Then we use Lemma 4.2.4(2) instead of Lemma 4.2.4(1). Otherwise



CHAPTER 4. CANCELLATION FOR AS-REGULAR ALGEBRAS OF DIMENSION THREE 69

we have the relation

xy —yx + x> — ft —et? = 0.
Up to a base change, we may assume that ¢ = 0. Then we have either zy — yx +
22 —at =0 or vy — yx + 22 — yt = 0. In the case of 2y — yx + 2? — 2t = 0, using
Lemmas 4.2.4(4) and 4.1.5(2), one sees that A is strongly cancellative and strongly

m-cancellative. In the case of xy — yz + 2% — yt = 0, using Lemmas 4.2.4(5) and
4.1.5(2), one sees that A is strongly cancellative and strongly m-cancellative. 0

Remark 4.2.6. In [LMZ, Corollary 0.9] (Example 1.4.7) and [BZ1, Example 4.8], the
authors showed that several classes of AS-regular algebras of global dimension three
are cancellative. However, Theorem 4.2.5 covers these results.

4.3 Cancellation for 3-dimensional Sklyanin alge-
bra

By Lemma 4.1.6(1), the case of GKdim Z(A) = 1 is covered except for Z(A) = k[t].

Lemma 4.3.1. Let A be a noetherian connected graded algebra.

(1) Suppose Z(A) = k[t] for some homogeneous element t of positive degree. If
(A[t™1)o does not have any nonzero finite dimensional left module, then A
15 strongly Z-retractable, strongly m-Z-retractable, strongly cancellative and
strongly m-cancellative.

(2) Suppose B is a connected graded subalgebra of A satisfying

(i) Z(B) = k[t] for some homogeneous element t € B of positive degree.
(ii)) Z(A)NZ(B) # k.

(iii) (A[t=4])o does not have any nonzero finite dimensional left module for
some t4 € Z(B) N Z(A), where d is a positive integer.

(iv) Ap is finitely generated and B is noetherian.
(v) A= B&C as a right B-module.

Then B is strongly Z-retractable, strongly m-Z-retractable, strongly cancella-
tive and strongly m-cancellative.

Proof. (1) Let P be the property of not having nonzero finite dimensional left module
over an algebra. Since A is connected graded, P fails for A/(t). We claim that P
holds for A/(t — «) for all a € k*. By the hypothesis, (A[t™!])y does not have any
nonzero finite dimensional left module. Since A/(t—«) contains (A[t™!])o by Lemma
4.1.4(1), A/(t — a)) does not have any nonzero finite dimensional left module. So
the claim holds. Therefore the P-discriminant of A is t. Now the assertion follows
from Lemma 4.1.5(2).
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(2) By part (1) it suffices to show that (B[t7!])y does not have any nonzero
finite dimensional left module. Note that B[t™!] = B[t79]. So it is equivalent
to show that (B[t™4])y does not have any nonzero finite dimensional left module.
We prove this claim by contradiction. Suppose otherwise M is a nonzero finite
dimensional left (B[t~¢])o-module. By hypotheses (iii)-(iv) and by inverting t¢,
Alt7 = Ct79 @ B[t~ and A[t9] is a finitely generated right B[t~¢]-module.
Then (A[t™4)y = (C[t7Y)o & (B[t™%])o and (A[t™9]), is a finitely generated right
(B[t~ d])o module. Hence (A[t™)o ®py-a), M is a nonzero finite dimensional left

(A[t~%)p-module. This yields a contradiction. At this point, we have proved that
(B[t™'])o does not have any nonzero finite dimensional left module. The assertion
follows from part (1). O

Lemma 4.3.1 can be applied to many examples. Here is an easy one.

Example 4.3.2. Suppose chark = 0. Let A be a generic 3-dimensional Sklyanin
algebra generated by {x,y, 2z}, see [GKMW, Introduction] for the relations. Then
Z(A) = k[g] where g is a homogeneous element of degree three. Let G be any
finite group of graded algebra automorphisms of A. Let B be the fixed subring A%.
Then we claim that B is strongly Z-retractable, strongly m-Z-retractable, strongly
cancellative and strongly m-cancellative. It is easy to see that hypotheses (ii), (iii),
(iv) and (v) in Lemma 4.3.1(2) hold. If hypothesis (i) in Lemma 4.3.1(2) fails, then
the claim follows by Lemma 4.1.6(1). If hypothesis (i) in Lemma 4.3.1(2) holds,
then the claim follows by Lemma 4.3.1(2).

4.4 Cancellation for universal enveloping algebras
of dimension three

The following lemma is useful in some situations.

Lemma 4.4.1. Let A be a noetherian algebra such that

(1) its center Z(A) is the commutative polynomial ring k[t] for some t € A, and

(11) t is in the ideal [A, A] of A generated by the commutators and [A, A] # A.

Then A is strongly Z-retractable and strongly cancellative.

Proof. Let P be the property that the commutators generate the whole algebra. By
(ii) the property P fails for the maximal ideal (t) in k[t] since [A, A] # A where
A = A/(t). By (ii) again, (t — a) + [A,A] = A for all & # 0. This means that
the property P holds for the maximal ideal (¢ — «) in k[t] for all @ # 0. Thus the
P-discriminant of A is . The assertion follows from Theorem 1.2.10. U

To conclude this section we give some examples of non connected graded algebras
that are cancellative.
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Example 4.4.2. Suppose chark = 0. Let A be the universal enveloping algebra
U(g) where g is a 3-dimensional non-abelian Lie algebra. One can use Bianchi
classification to list all 3-dimensional non-abelian Lie algebras [Ja, Section 1.4] as
follows (Example 1.3.8-(c)).

g is the Heisenberg Lie algebra

g = L @ kz where L is the 2-dimensional non-abelian Lie algebra.

)
)
)
4) g has a basis {e, f, g} and subject to the following relations

[evf]:07 [e,g]:e, [f;g]:af
where a # 0.

(5) g has a basis {e, f, g} and subject to the following relations

e, /1 =0, e, 9] = e+ Bf, [ 9] =f
where 5 # 0.

For each class, one can verify that A is strongly cancellative.
(1) See [LuWZ, Example 5.11].

(2) The universal enveloping algebra of the Heisenberg Lie algebra has the center
Z = kl[t] with ¢ in the ideal generated by the commutators, then the assertion follows
from Lemma 4.4.1.

(3) In this case U(g) = U(L) ® k[z] with Z(U(L)) = k. The assertion follows
from Lemma 4.2.1.

(4,5) In both cases, one can write A := U(g) as an Ore extension kle, f][g; 0] for
some derivation § of the commutative polynomial ring k[e, f]. If the center of A is
trivial, then A is strongly cancellative by Proposition 1.1.4. For the rest of proof we
assume that Z(A) # k. Note that the derivation 0 of ke, f] is determined by

b: e— —e, f— —af (4.2)

in part (4), and by
d: e— —(e+pf), f——f (4.3)

in part (5). By an easy calculation, one sees that
Z(A) ={z € kle, f] | 6(x) = 0}

which is a graded subring of ke, f] (which is inside A). Since A contains U(L) as
a subalgebra where L is the 2-dimensional non-abelian Lie algebra, A is not PI. By
Lemma 1.4.13, GKdim Z(A) < 1. Since Z(A) # k and k is algebraically closed,
GKdim Z(A) > 1. Thus GKdim Z(A) = 1. By Lemma 4.1.1, Z(A) is a domain
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that is finitely generated over k. If Z(A) is not isomorphic to k[t], then Z(A) is
strongly retractable by Lemma 1.1.20(3). (The next few lines are copied from the
proof of Lemma 4.1.6(1).) By taking P to be a trivial property, say being an algebra,
the P-discriminant is 1. By [LeWZ, Remark 3.7(6)], Z is strongly LND-rigid. By
Proposition 1.2.5(2), A is both strongly Z-retractable and strongly m-Z-retractable.
Since A is noetherian, it is Hopfian by Lemma 1.1.17. By Lemmas 1.2.8 and 1.2.9,
A is strongly cancellative and strongly m-cancellative. For the rest, we assume
that Z(A) = k[t] for some homogeneous element ¢ in ke, f]. By the form of § in
(4.2)-(4.3), the degree of t is at least 2. This implies that ke, f]/(¢) has infinite
global dimension. On the other hand, if a # 0, then kle, f]/(t — «) has finite
global dimension (applying Lemma 4.1.4 to the algebra ke, f]). Therefore A/(t) =
(kle, f1/(t))[g; 6] has infinite dimensional dimension and A/(t — «) = (kle, f]/(t —
«))[g; 9] has finite global dimension. Then the argument similar to the proof of
Lemma 4.1.6(2) shows that A is strongly cancellative. By the way, the center of
U(g) can explicitly be worked out, see [MR, Example 14.4.2] for some hints.

4.5 Cancellation for graded isolated singularities

We study cancellation property for some graded isolated singularities. In noncommu-
tative algebraic geometry, Ueyama gave the following definition of a graded isolated
singularity.

Definition 4.5.1. [Ue, Definition 2.2] Let A be a noetherian connected graded
algebra. Then A is called a graded isolated singularity if

(1) gldim A is infinite.

(2) The associated noncommutative projective scheme Proj A (in the sense of
[AZ]) has finite global dimension.

Examples of graded isolated singularities are given in [CYZ3, GKMW, MUI,
MU?2, Ue]. One nice example of graded isolated singularities is the fixed subring of
the generic Sklyanin algebra under the cyclic permutation action [GKMW, Theorem
5.2] which is cancellative by Example 4.3.2.

Lemma 4.5.2. Suppose chark = 0. Let A be a graded isolated singularity generated
in degree one and t € B be a central regular element of positive degree. Then
A/(t — ), for every 0 # o € k, has finite global dimension.

Proof. By Lemma 4.1.4(2) it suffices to show that (A[t™!])o has finite global dimen-
sion. Since there is a localizing functor from Proj A to GrMod A[t™1],

gldim GrMod A[t™'] < gldim Proj A < oo.
It is well-known that

gldim(A[t™])o = gldim GrMod A[t™"]
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as A[t™'] is strongly Z-graded. The assertion follows. O

The following result is similar to Theorem 4.1.7 for graded isolated singularities
which have infinite global dimension.

Theorem 4.5.3. Let A be a noetherian connected graded domain generated in degree
1. Suppose

(1) chark =0, and
(2) GKdim Z(A) <1, and

(3) A is a graded isolated singularity.

Then A is strongly cancellative and strongly m-cancellative.

Proof. It Z(A) % klt], then the assertion follows from Lemma 4.1.6(1). Now we
assume that Z(A) = k[t] where ¢t can be chosen to be a homogeneous element of
positive degree. Since A has infinite global dimension, so does A/(t) by Lemma
1.4.12. For every 0 # « € k, by Lemma 4.5.2, A/(t — «) has finite global dimension.
The assertion follows from Lemma 4.1.6(2). O

Now we are ready to prove the following Corollary.

Corollary 4.5.4. Suppose chark = 0. Let A be a noetherian connected graded AS-
reqular algebra of global dimension three that is generated in degree 1. If A is not
PI | then the dth Veronese subring AY of A is cancellative for every d > 1.

Proof. 1f d =1, then it follows from Theorem 4.2.5.
Next we assume that d > 1. Note that the Hilbert series of A is either ﬁ

or m By an easy computation, the Hilbert series of A can not be of the

form + for some polynomial f(s). By [StZ, Theorem 2.4] and the argument before

f(s)
it, AY does not have finite global dimension. By [AZ, Proposition 5.10(3)], A@ is
a graded isolated singularity. Since A is not PI, GKdim Z(A) < 1 by Lemma 1.4.13.

The assertion follows from Theorem 4.5.3. [l

Finally, we have the following conjecture for a general noncommutative algebra.
Theorem 3.2.6 established that it is false when the characteristic of the base field is
positive. However, it remains open for characteristic zero.

Conjecture 4.5.5. [TVZ, Conjecture 0.3] Let A be a noetherian finitely generated
prime algebra.

(1) If GKdim Z(A) < 1, then A is cancellative.
(2) If GKdim A = 3 and A is not PI, then A is cancellative.
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Future work

Following the line of work presented in the main papers [BZ1, LeWZ, LuWZ] and re-
cent advances in [TVZ, BHHV], we collect some important issues about cancellation
and related subjets.

In Conjecture 4.5.5 we posed for algebras with center Z(A) = k[t|] and good
properties these algebras are cancellative. Also, in Theorem 3.2.6 we showed that
this affirmation is false when the base field has positive characteristic, so it shows
that under certain conditions the center of an algebra is sufficiently rigid then the
algebra is strongly cancellative. Then a new version of this conjecture suggests that
over nice base fields the center completely determine cancellation.

Question 5.0.1. [BHHV, Conjecture 2.10] Let k be an uncountable algebraically
closed field of characteristic zero and let A be an affine noetherian domain over
k. Suppose that Z(A) is affine and cancellative (respectively strongly cancellative).
Then A is cancellative (resp. strongly cancellative).

Following this line, the next question is obvious.

Question 5.0.2. [TVZ, Question 0.6] Let A be a noetherian connected graded
Auslander-reqular algebra. If GKdim(Z(A)) = 2, what can we say about the center
Z(A)? For example, is Z(A) always noetherian in this case?

As in the commutative case, it is usually difficult to determine whether or not
an AS-regular algebra is cancellative. In particular the PI case remains open, even
for the following algebra.

Question 5.0.3. [TVZ, Question 0.7] Let ¢ € k\ {0,1} be a root of unity. Is
the skew polynomial ring of three variables kq|x1, x2, 3] (or of odd number variables
kolz1, z0, -+ xonys]) cancellative?

When ¢ = 1 and chark = 0, the above question is the classical Zariski Can-
cellation Problem which has been open for many years. Note that if ¢ = 1 and
chark > 0, then k[xy,...,z,] for n > 3 is not cancellative by [Gul, Gu2].

74
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We have been studying cancellation for different kind of algebras of polynomial
type. By Corollary 1.1.11 every noncommutative domain of Gelfand-Kirillov dimen-
sion two is cancellative. In particular, the unique universal enveloping algebra of
a 2-dimensional non-abelian Lie algebra. And, by Example 4.4.2 this happens for
3-dimensional. So the next question is natural.

Question 5.0.4. Is every universal enveloping algebras of a 4-dimensional non-
abelian Lie algebra cancellative?

In light of the Zariski cancellation problem, in section 3.3 we studied skew can-
cellation, that is, if R[x;0,0] = S[x’;0’,d'] implies R = S. And we proved that this
holds in the derivation and automorphisms case when the coefficient ring is an affine
conmutative domain of krull dimension one. But the mixed case is more difficult,
even for usual ZCP. So we posed the following question.

Question 5.0.5. [BHHV, Question 5.7] Let k be a field, let R be an affine com-
mutative domain over k of Krull dimension one, and let o and 0 be respectively a
k-algebra automorphism and a k-linear o-derivation of R. Is R[z;0,d] cancellative?

Several new methods were introduced to deal with the noncommutative versions
of the ZCP. For example, we worked with center, retractability and detectability, the
Makar-Limanov invariants, Slice theorem, Azumaya locus and P-discriminant. In
addition, [LMZ] used the Nakayama automorphisms and the discriminant method
was studied in [BZ1, CPWZ1, CPWZ2|. Thus one should continue to look for new
invariants and methods to handle with different kind of algebras. So the following
question is sufficient valid.

Question 5.0.6. Determine new invariants or properties that controls cancellation?

In [LuWZ| Morita cancellation was studied. Another generalization involves
the derived category of modules. Let D(A) denote the derived category of right
A-modules for an algebra A.

Definition 5.0.7. [LuWZ, Definition 0.2] An algebra A is called derived cancellative
if the statement that

D(A[t]) is triangulated equivalent to D(B]t]) for an algebra B

implies that
D(A) is triangulated equivalent to D(B).

The authors proved that if Z is a commutative domain, then Z is Morita can-
cellative if and only if Z is cancellative if and only if Z is derived cancellative.
However, when A is noncommutative, it is not clear what are the relationship be-
tween these three different versions of cancellation property. An interesting problem
is if the following question is true:

Question 5.0.8. Let A be a noetherian domain k-algebra that is cancellative. Is
cancellation equivalent to Morita cancellation and derived cancellation?
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Others interesting questions include to study cancellation for especial kind of
algebras such as: Yang Mills, Hopf algebras, Koszul, skew Calabi Yau and Calabi
Yau or even the invariant ring.
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