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Master of science in mathematics

Universidad Nacional de Colombia
Facultad de Ciencias

Departamento de Matemáticas
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Title in English

Zariski cancellation problem for skew PBW extensions.

T́ıtulo en español

Problema de cancelación de Zariski para extenciones PBW torcidas.

Abstract: A special question for noncommutative algebras is Zariski cancellation
problem. In this thesis we establish cancellation for some special classes of algebras
such as skew PBW extensions, some Artin–Schelter regular algebras and universal
enveloping algebras of dimension three. In addition, we provide general properties
for cancellation and we present a noncommutative analogues of a cancellation
theorem for algebras of Gelfand-Kirillov dimension one.

Resumen: Una pregunta especial para álgebras no conmutativas es el problema
de cancelación de Zariski. En esta tesis, establecemos cancelación para algunas
clases especiales de álgebras como extensiones PBW torcidas, algunas álgebras
Artin–Schelter regulares y álgebras envolvente universal de dimensión tres. Adi-
cionalmente, proveemos propiedades generales para cancelación y presentamos un
análogo no conmutativo del teorema de cancelación para álgebras de dimensión
Gelfand-Kirillov uno.
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Bogotá, D.C., June 19 of 2020



Dedicated to

My parents.



Acknowledgements

The realization and culmination of this thesis would not have possible to do with-
out the support and guidance that I received from many people and institutions.
Firstly, I would like to express my sincere gratitude to my advisor Professor Os-
waldo Lezama, for sharing with me their knowledge and love for mathematics. His
patience, motivation and guidance helped me in all the time of research. I could not
have imagined having a better advisor.

Besides my advisor, I would like to thank to Prof. James Zhang and Prof.
Jason Bell. I feel fortunate to have had the opportunity to work with them, they
have taught me a lot about the Zariski cancellation problem and mathematics. I
appreciate the space that they opened for me in their respective universities and the
time they had spent with me, for their hospitality and help: thanks.

I am grateful with the Departament of Mathematics at the University of Wash-
ington in Seattle, for receiving me during the winter of 2019 and providing me with
a space to work during my intership. My thanks go out to Professor Xin Tang.
Also, I am thankful with my friends Susana Vasquez and Debbie Robinson for your
hospitality, help and motivation during this time in Seattle.

My sincere thanks also goes to the Departament of Mathematics at the Uni-
versity of Waterloo in Waterloo who provided me an opportunity to stay during
the spring in 2019. To my friend Hongdi Huang, I am very grateful for all the ad-
vice and discussions about mathematics, as well as to Maryam Hamidizadeh, Diana
Castañeda and Julian Romero for all their hospitality during my stay at Waterloo.

I must thank to Professor Blas Torrecillas at the university of Almeria for the
opportunity to share advances of my doctoral thesis at the seminary of algebra and
for his advice in order to future work.

I would like to thank my family: my parents, my brother and sister, my uncle
Benjamin and his wife Nury for supporting and motivation, as well as my friends
Miguel, Carolina, Andrés and partners of the doctoral office.

Finally, I want to express my grateful by the funding received from Colciencias,
doctoral scholarship 757, without your support I could not dedicate my efforts to
this work. Also, I thank my National University for so many years, as well as the
La Sabana University and my students for the support.



Contents

Contents I

List of Tables III

Introduction IV

1. Preliminaries 1

1.1 Cancellation property . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1

1.1.1 Makar-Limanov invariants . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.2 Retractability and detectability . . . . . . . . . . . . . . . . . . . . . . 7

1.1.3 Slice theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

1.2 Morita cancellation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 10

1.3 Skew PBW extensions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

1.3.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16

1.4 Artin–Schelter regular algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . 20

2. Center of skew PBW extensions 24

2.1 Centers of some skew PBW extensions . . . . . . . . . . . . . . . . . . . . . . 24

2.2 Central subalgebras of other remarkable quantum algebras . . . . . . . . 32

2.2.1 Woronowicz algebra Wν(sl(2, k)) . . . . . . . . . . . . . . . . . . . . . 32

2.2.2 The algebra U . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 33

2.2.3 Dispin algebra U(osp(1, 2)) . . . . . . . . . . . . . . . . . . . . . . . . . 34

2.2.4 q-Heisenberg algebra Hn(q) . . . . . . . . . . . . . . . . . . . . . . . . . 35

2.2.5 The coordinate algebra of the quantum matrix space, Mq(2). . 36

2.2.6 Quadratic algebras in 3 variables . . . . . . . . . . . . . . . . . . . . . 37

I



CONTENTS II

2.2.7 Algebra D of diffusion type . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.2.8 Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38

2.3 The center of the total ring of fractions . . . . . . . . . . . . . . . . . . . . . . 41

3. Cancellation for algebras of Gelfand Kirillov dimension one 47

3.1 Weak rigidity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48

3.2 The noncommutative slice theorem . . . . . . . . . . . . . . . . . . . . . . . . . 51

3.3 Skew cancellation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56

4. Cancellation for AS-Regular algebras of dimension three 60

4.1 Center Z(A) = k[t] . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 61

4.2 Cancellation for AS-Regular algebras of dimension three . . . . . . . . . . 64

4.3 Cancellation for 3-dimensional Sklyanin algebra . . . . . . . . . . . . . . . . 69

4.4 Cancellation for universal enveloping algebras of dimension three . . . 70

4.5 Cancellation for graded isolated singularities . . . . . . . . . . . . . . . . . . 72

5. Future work 74

Bibliography 77



List of Tables

2.1 Center of some bijective skew PBW extensions which parameters q’s
are not roots of unity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.2 Center of some bijective skew PBW extensions which parameters q’s
are roots of unity. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 39

2.3 Central subalgebras of some bijective skew PBW extensions. . . . . . . 39

III



Introduction

Let k be a field. An algebra A is called cancellative if any algebra isomorphism A[t] ∼=
B[t] of polynomial algebras, for some algebra B, implies that A is isomorphic to B.
In the commutative case, the famous Zariski Cancellation Problem (abbreviated as
ZCP) asks if the commutative polynomial ring k[x1, . . . , xn] is cancellative for all n ≥
1 [Kr, BZ1, Gu3]. It is well-known that k[x1] is cancellative by a result of Abhyankar-
Eakin-Heinzer [AEH], while k[x1, x2] is cancellative by Fujita [Fu] and Miyanishi-
Sugie [MS] in characteristic zero, and by Russell [Ru] in positive characteristic.
The ZCP for n ≥ 3 has been open for many years. A major breakthrough in this
research area is a remarkable result of Gupta in 2014 [Gu1, Gu2] which settled the
ZCP negatively in positive characteristic for n ≥ 3. The ZCP in characteristic zero
remains open for n ≥ 3. Some examples of non-cancellative algebras were given by
Hochster [Ho], Danielewski [Da], Gupta [Gu1, Gu2] and Lu, Wu and Zhang [LuWZ].

A noncommutative version of the Zariski Cancellation Problem was investigated
in as early as 1970s, see papers by Coleman-Enochs [CE] and Brewer-Rutter [BR],
and was re-introduced by Zhang and Bell in 2017 in [BZ1]. In recent years, increased
attention has been paid to the noncommutative analogue of the ZCP and invariants
related to its study [BZ1, BZ2, BY, CPWZ1, CPWZ2, CYZ1, CYZ2, Gad, GKM,
GWY, LY, LeWZ, LuWZ, LMZ, NTY, Ta1, Ta2, WZ]. Recently, ZCP was intro-
duced for commutative Poisson algebras by Gaddis-Wang [GW]. In addition, two
new problems has been introduced: The Morita cancellation by Lu, Wu and Zhang
in [LuWZ] and the skew cancellation by Bell-Hamidizadeh-Huang and the named
author in [BHHV].

An algebra A is called Morita cancellative if the statement that M(A[t]) is equiv-
alent to M(B[t]) for another algebra B implies that M(A) is equivalent to M(B),
where M(A) denote the category of right A-modules. This Morita version of the
cancellation property is one of the natural generalizations of the original Zariski
cancellation property when we study noncommutative algebras. Another general-
ization involves the skew polynomial extensions. Let σ be an automorphism of
the ring R and δ : R → R a σ-derivation. We say that R is skew cancellative if
R[x;σ, δ] ∼= S[x;σ′, δ′] implies R ∼= S. The derivation type is a special case when σ
is the identity, and it was considered in [AKP, Be].

IV



INTRODUCTION V

This thesis had been motivated by the following question: What kind of al-
gebras are cancellative? In particular, we are interested in the cancellation prop-
erty for two groups of important noncommutative algebras: skew PBW extensions
(Poincaré-Birkhoff-Witt) and Artin–Schelter regular algebras (abbreviated as AS-
regular algebras). Morita cancellation and skew cancellation are considered too.

The skew PBW extensions were introduced by Lezama and Gallego in [GL1] and
represent a generalization of PBW (Poincaré-Birkhoff-Witt) extensions defined by
Bell and Goodearl [BG]. Many ring-theoretical and homological properties of skew
PBW extensions have been studied in the last years (Hilbert’s basis theorem, global
dimension, Gelfand-Kirillov dimension, Krull dimension, Goldie dimension, prime
ideals, Auslander regularity, etc., see [LR], [ACLOV], [ALR], [LV3]), as well as its
Gröbner theory (see [GL1], [GL2]). Some prominent algebras that can be covered by
the skew PBW extensions are: The algebra of q-differential operators, the algebra of
shift operators, the algebra of linear partial q-differential operators, skew polynomial
rings of derivation type and Ore extension of derivation type, the additive and
multiplicative analogues of the Weyl algebra, the quantum algebra U ′(so(3, K)), the
3-dimensional skew polynomial algebra, the dispin algebra, the Woronowicz algebra,
the q-Heisenberg algebra, the Witten’s deformation of U(sl(2, K), algebras diffusion
type, some quadratic algebras, among others.

Artin–Schelter regular algebras were defined by Michael Artin and William
Schelter in [AS] and their classification in dimension three had been completed by
Artin, Tate and Van den Bergh [ATV1, ATV2]. Also, general ring-theoretic prop-
erties such as Auslander regularity and Cohen-Macaulay property are well known
[BRSSW, Le, LMZ, St]. Cancellation holds for several classes of these algebras. Re-
markable results of Bell and Zhang pointed out that algebras with trivial center and
algebras 2-dimensional over a base field algebraically closed are cancellative [BZ1,
Proposition 1.3, Theorem 0.5]. Also, Lü, Mao and Zhang showed that several classes
of AS-regular algebras of global dimension three are cancellative ([LMZ, Corollary
0.9], Example 1.4.7).

In this thesis we follow the ideas of [BZ1, LeWZ, LuWZ] to deal with the ZCP.
In particular, we had used the center, the Makar-Limanov invariant and some mod-
ifications, and the P-discriminant methods. Besides, we have introduced a non-
commutative version of the slice theorem. However, determine new invariants or
properties that controls cancellation is an interesting problem.

The thesis is divided into five chapters. In the first chapter, we recall some
definitions and fundamental properties about cancellation and Morita cancellation
that are necessary in the subsequent sections. Also, we mention some basic prop-
erties and key examples of skew PBW extensions whose centers will be studied
further. Artin–Schelter regular algebras and some properties are considered in the
last section.

The center of an algebra plays a crucial role in whether the cancellation property
holds for that algebra. Therefore, in the second chapter we compute the center and
some central elements of many noncommutative algebras that can be interpreted as



INTRODUCTION VI

skew PBW extensions. The question about the center of the total ring of fractions
is considered.

We show that, under some natural assumptions on the parameters that define the
extension, either the center is trivial, or, it is of polynomial type. In the first section
we describe the center of some general subclases of skew PBW extensions, grouped
according to some conditions imposed to the parameters that define the extensions.
The technique that we use in this part for computing the center is very simple: we
use the parameters and relations that define the extension, and, taking an element
f of the center of the algebra we deduce some formulae from the basic equation
xif = fxi, where xi is any of the variables that define the extension. Thus, One of
the most important result of this chapter is Theorem 2.1.5 that establishes trivial
center for a wide class of skew PBW extensions, therefore cancellation. Theorem
2.1.6 determines center for operator algebras. In the second section, we treat others
algebras that can not be covered by the theorems of the first section. Corollary
2.2.14 summarize the list of cancellative skew PBW extensions.

Finally, in the third section we study the isomorphism Z(Qr(A)) ∼= Q(Z(A)),
with Qr(A) the right total ring of fractions of A. This isomorphism became impor-
tant after the formulation of the Gelfand-Kirillov conjecture: Let G be an algebraic
Lie algebra of finite dimension over a field k, with char(k) = 0. Then, there exist
integers n, l ≥ 1 such that

Q(U(G)) ∼= Q(An(k[s1, . . . , sl])),

where U(G) is the enveloping algebra of G and An(k[s1, . . . , sl]) is the general Weyl
algebra over k. In the investigation of this famous conjecture the isomorphism
between the center of the total ring of fractions and the total ring of fractions of the
center occupies a special key role. In Theorem 2.3.3 we prove that if A is finitely
generated and GKdim(A) < GKdim(Z(A)) + 1, then Z(Qr(A)) ∼= Q(Z(A)). This
result can be interpreted as a way of computing the center of Qr(A). Results of this
chapter will appear in [LV1, LV2].

In Chapter 3, we focus on the study of cancellation for algebras with Gelfand-
Kirillov dimension one when the characteristic of the base field is zero or positive.
An important part of this work is motivated by the question of Lezama, Wang, and
Zhang [LeWZ, Question 0.5]: Is every affine prime k-algebra of Gelfand-Kirillov
dimension one cancellative? Then we answer this question in the case when the
base field has characteristic zero in the domain case. We present a noncommu-
tative analogue of the Abhyankar, Eakin and Heinzer theorem; if A is a finitely
generated algebra that is an integral domain of Krull dimension one, then A is
strongly cancellative. However we do not know whether this conclusion holds for
not-necessarily commutative domains. Thus, Theorem 3.2.4 establishes that affine
domains of Gelfand-Kirillov dimension one are cancellative. Since Krull dimen-
sion and Gelfand-Kirillov dimension coincide for finitely generated commutative
k-algebras, then this result specializes to the classical cancellation results of Ab-
hyankar, Eakin and Heinzer in the characteristic zero base fields when one takes A
to be commutative. In addition, Theorem 3.2.6 provides examples that show affine
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domains of Gelfand-Kirillov dimension one need not be cancellative when the base
field has positive characteristic, giving a counterexample to a conjecture 4.5.5 of
Tang, the named author, and Zhang. We noted that well-known non-cancellative
algebras examples have dimension at least two ([Ho, Da, Gu1, Gu2]), and our ex-
ample has dimension one.

We have organized this chapter as follows, in the first section we introduce a
new invariant when we work with weak locally nilpotent Hasse-Schmidt derivations.
And, we generalize Theorem 1.1.8 and Lemma 1.1.13 in Proposition 3.1.4 when one
works with affine prime left Goldie k-algebras of finite Gelfand-Kirillov dimension.
Moreover, in Proposition 3.1.6 we prove a result that is related to a conjecture of
Makar-Limanov. In the second section, in order to prove the main result of the
chapter, Theorem 3.2.4, we introduce a noncommutative version of slice theorem.
That is, suppose that the characteristic of k is zero. If δ is a locally nilpotent
derivation, and there exist exists x ∈ Z(A) such that δ(x) = 1, then the sum∑

i≥0A0x
i is direct and A = A0[x] where A0 is the kernel of δ. In commutative case,

the slice theorem has been used to decide cancellation [Fr, vdE]. Finally, in the
third section we prove a result in a different direction; namely, skew cancellativity:
that is, if R[x;σ, δ] ∼= S[x;σ′, δ′] when do we necessarily have R ∼= S? In Theorem
3.3.7, we show that this holds in the two cases: skew polynomial extensions of
automorphisms type and derivations type when the coefficient ring R is an affine
commutative domain of Krull dimension one. Results of this chapter will appear in
[BHHV].

In Chapter 4 our main goal is to study the cancellation for noncommutative
noetherian connected graded Artin–Schelter regular algebras of global dimension
three. Our main result settles that such algebras are cancellative when they are gen-
erated in degree 1 and do not satisfy a polynomial identity (PI for short). This result
covers [LMZ, Corollary 0.9] where authors showed that several classes of AS-regular
algebras of global dimension three are cancellative. However, as in the commutative
case, the PI case remains open. For AS-regular of higher global dimension Theorem
4.1.7 establishes cancellation.

This chapter is organized as follows. In the first section, we show that under
certain conditions a k-algebra A with center Z(A) of Gelfand-Kirillov dimension at
most one is either k or k[t]. In the former case, the algebra is cancellative by Propo-
sition 1.1.4, and if Z(A) = k[t] then we can consider the P-discriminant method.
Consequently, we can prove the main results of this section: Lemma 4.1.6 and Theo-
rem 4.1.7. In the next section, we complete some details for proving Theorem 4.2.5.
Next, we collect some results that involve cancellation properties. As an applica-
tion, in Section 3 we establish cancellation for fixed subrings of generic 3-dimensional
Sklyanin algebra. In Section 4, Example 4.4.2 establishes cancellation for universal
enveloping algebras of 3-dimensional non-abelian Lie algebras. And, in Section 5,
we present a result similar to Theorem 4.1.7 for graded isolated singularities which
have infinite global dimension. Results of this chapter will appear in [TVZ].
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Finally, in Chapter 5, we collect some important issues about cancellation and
related subjets. We follow the line of work presented in the main papers [BZ1,
LeWZ, LuWZ] and recent advances in [TVZ, BHHV].

In this thesis, k denote a field, non necessarily algebraically closed. All rings are
with unity and A, B and R denote arbitrary rings, all modules are right modules and
M(A) denote the category of right A-modules. Vector spaces are k-vector spaces,
the tensor product ⊗ is over k, ⊗k, and algebra always means a k-algebra. We say
that A is an affine algebra over k, or simply an affine algebra when the base field is
undertood, if A is finitely generated k-algebra. Z(A) or simply Z denote the center
of the algebra.



CHAPTER 1

Preliminaries

In this first chapter, we recall some definitions and fundamental properties about
cancellation and Morita cancellation from [BZ1, LeWZ, LuWZ] that are necessary
in the subsequent sections. Also, we mention skew PBW extensions or σ-PBW
extensions introduced by Lezama and Gallego in [GL1]. Artin–Schelter regular
algebras are considered.

1.1 Cancellation property

Recall that k denote a field and A, B are k-algebras, that is a ring A with identity
which has a copy of k as a subring of its center. Thus, A is also a k-vector space
such the multiplication satisfies (λ · a)b = λ · (ab) = a(λ · b) for all λ ∈ k, a, b ∈ A.

Definition 1.1.1. [BZ1, Definition 1.1] Let A be an algebra.

(1) We call A cancellative if any algebra isomorphism A[t] ∼= B[s] for some algebra
B implies that A ∼= B.

(2) We call A strongly cancellative if, for each n ≥ 1, any algebra isomorphism

A[t1, · · · , tn] ∼= B[s1, · · · , sn]

for some algebra B implies that A ∼= B.

(3) We call A universally cancellative if, for any finitely generated commutative
domain R such that R/I ∼= k for some ideal I of R, and any k-algebra B

A⊗R ∼= B ⊗R⇒ A ∼= B.

It is clear that

1



CHAPTER 1. PRELIMINARIES 2

Universally cancellative ⇒ strongly cancellative ⇒ cancellative.

But, it is not clear whether any two of them are equivalent.

Example 1.1.2. k[x1] is cancellative by Abhyankar-Eakin-Heinzer [AEH], (We will
discuss this result later), k[x1, x2] is cancellative by Fujita [Fu], Miyanishi-Sugie [MS]
in characteristic zero and by Russell in positive characteristic [Ru].

Example 1.1.3. 1. Let k be the field of real numbers R. Hochster showed that
k[x, y, z]/(x2 + y2 + z2 − 1) is not cancellative [Ho].

2. The Danielewski’s surface [Da]. Let n ≥ 1 and let Bn be the coordinate ring of
the surface xny = z2 − 1 over k = C. Then Bi � Bj if i 6= j, but Bi[t] ∼= Bj[s]
for all i, j ≥ 1. Therefore, all the B′ns are not cancellative.

3. Suppose char k > 0. Gupta showed that k[x1, . . . , xn] is not cancellative for ev-
ery n ≥ 3 [Gu1],[Gu2]. However the cancellation in characteristic zero remains
open for n ≥ 3.

We noted that these non-cancellative examples all have dimension at least two.
An early result for noncommutative algebras is the following proposition.

Proposition 1.1.4. [BZ1, Proposition 1.3] Let k be a field and A be an algebra with
center being k. Then A is universally cancellative.

Proof. For any algebra A, let Z(A) denote the center of A. Let R be an affine
commutative domain such that R/I ∼= k for some ideal I ⊂ R and suppose that
φ : A⊗R→ B⊗R is an algebra isomorphism for some algebra B. Since Z(A) = k,
we have Z(A ⊗ R) = R. Since Z(B ⊗ R) = Z(B) ⊗ R and since φ induces an
isomorphism between the centers, we have

R ∼= Z(B)⊗R.

Consequently, Z(B) is a commutative domain. By considering the Gelfand-Kirillov
dimension of both sides of the last expression, one sees that GKdim(Z(B)) = 0,
when regarded as a k-algebra. Hence Z(B) is a field. Since there is an ideal I such
that R/I ∼= k, Z(B) = k. Consequently, Z(B⊗R) = R. Now the induced map φ is
an isomorphism between Z(A⊗R) = R to Z(B ⊗R) = R, so we have R/φ(I) = k.
Finally, φ induces an automorphism from A ∼= A⊗R/(I) ∼= B⊗R/(φ(I)) ∼= B. �

1.1.1 Makar-Limanov invariants

The Makar-Limanov invariant was introduced by Makar-Limanov [Ma1], who called
the invariant AK, and they are a powerful tool when dealing with the cancellation
problem. The effective computation of these invariants is a difficult task. However,
it is possible under certain conditions. In particular, Corollary 1.1.11 is a nice result
for classification of cancellative algebras.
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Definition 1.1.5. Let k be a field and let A be a k-algebra.

1. We let Der(A) denote the collection of k-linear derivations of A.

2. We let LND(A) = {δ ∈ Der(A) | δ is locally nilpotent}, δ ∈ Der(A) is locally
nilpotent if given a ∈ A there exists n ≥ 1 such that δn(a) = 0.

3. A Hasse-Schmidt derivation (or higher derivation) of A is a sequence of k-
linear maps ∂ := {∂i}i≥0 such that:

∂0 = idA, and ∂n(ab) =
n∑
i=0

∂i(a)∂n−i(b)

for a, b ∈ A and n ≥ 0.

4. A Hasse-Schmidt derivation ∂ = (∂n) is called locally nilpotent if

(a) for each a ∈ A there exists an integer N = N(a) ≥ 0 such that ∂n(a) = 0
for all n ≥ N , and

(b) the k-algebra homomorphism A[t] → A[t] given by t 7→ t and a 7→∑
i≥0 ∂i(a)ti is a k-algebra isomorphism.

5. A Hasse-Schmidt derivation ∂ = (∂n) is called iterative if ∂i ◦ ∂j =
(
i+j
i

)
∂i+j

for all i, j ≥ 0. The collection of Hasse-Schmidt derivations of an algebra A is
denoted DerH(A) and the collection of iterative Hasse-Schmidt derivations is
denoted DerI(A). The collection of locally nilpotent Hasse-Schmidt derivations
(resp. iterative Hasse-Schmidt derivations) of A is denoted LNDH(A) (resp.
LNDI(A)).

6. Given ∂ := (∂n) ∈ DerH(A), the kernel of ∂ is defined to be

ker(∂) =
⋂
i≥1

ker(∂i).

7. The Makar-Limanov∗ invariant of A is defined to be

ML∗(A) =
⋂

δ∈LND∗(A)

ker(δ).

8. The Makar-Limanov∗ center of A is defined to be

ML∗Z(A) = ML∗(A) ∩ Z(A).

9. We say that A is LND∗-rigid (respectively strongly LND∗-rigid) if ML∗(A) = A
(respectively ML∗(A[t1, . . . , td]) = A, for d ≥ 1).

10. We say that A is LND∗Z-rigid (respectively strongly LND∗Z-rigid) if ML∗Z(A[t])
is equal to Z(A) (respectively ML∗Z(A[t1, . . . , td]) = Z(A), for d ≥ 1).
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In items (7)–(10), ∗ is either blank, I, H.

Remark 1.1.6. Let k be a field and let A be a k-algebra. We recall some basic facts
about derivations and Hasse-Schmidt derivations.

1. If ∂ := (∂n) is a locally nilpotent Hasse-Schmidt derivation of A then by
definition the map G∂,t : A[t]→ A[t] defined by

a 7→
∞∑
i=0

∂i(a)ti, for all a ∈ A, t 7→ t (1.1)

extends to a k-algebra automorphism of A[t].

2. Conversely, if one has a k-algebra automorphism (resp. endomorphism) G :
A[t]→ A[t] such that G(t) = t and G(a)− a ∈ tA[t] for a ∈ A, then for a ∈ A
we have

G(a) =
∞∑
i=0

∂i(a)ti,

and (∂n) is a locally nilpotent Hasse-Schmidt derivation of A (see [BZ1, Lemma
2.2 (3)]).

3. If the characteristic of k is zero and δ : A → A is a k-linear derivation, then
the only iterative Hasse-Schmidt derivation (∂n) of A with ∂1 = δ is given by

∂n =
δn

n!
(1.2)

for n ≥ 0. This iterative Hasse-Schmidt derivation is called the canonical
Hasse-Schmidt derivation associated to δ. If, moreover, δ is locally nilpotent,
then by [BZ1, Lemma 2.2(2)], the map G∂,t defined in item (1.1) is an auto-
morphism and (∂n) is a locally nilpotent iterative Hasse-Schmidt derivation,
and conversely if (∂n) is locally nilpotent then so is δ. Thus locally nilpotent
iterative Hasse-Schmidt derivations correspond naturally to locally nilpotent
derivations in the characteristic zero case and so MLI(A) = ML(A) for algebras
with characteristic zero base field.

4. [MS, §1.1] If the characteristic of k is a positive integer p, then for an iterative
derivation ∂ = {∂i}i≥0, ∂i can be explicitly described as

∂i =
(∂1)i0 (∂p)

i1 . . . (∂pr)
ir

(i0)! (i1)! . . . (ir)!
,

where i = i0 + i1p+ · · ·+ irp
r is the base-p expansion of i. In this case, an iter-

ative Hasse-Schmidt derivation ∂ is completely determined by ∂1, ∂p, ∂p2 , . . ..

5. Let T be the polynomial ring A [t1, . . . , td] over a k-algebra A. We fix an
integer 1 ≤ i ≤ d. For each n ≥ 0, we can define a divided power A-linear
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differential operator ∆n
i as follows:

∆n
i : tm1

1 · · · t
md
d −→

{ (
mi
n

)
tm1
1 · · · t

mi−n
i · · · tmdd if mi ≥ n

0 otherwise,
(1.3)

where
(
mi
n

)
is defined in Z or in Z/(p). Then {∆n

i }
∞
n=0 is a locally nilpotent

iterative Hasse-Schmidt derivation of T . We can also extend an element (∂n) ∈
LNDH(A) to an element of LNDH(T ) by declaring that t1, . . . , td are in the
kernel of (∂n); moreover, the extension is iterative if the original Hasse-Schmidt
derivation is iterative, and it is in LNDH(T ) if the original locally nilpotent
Hasse-Schmidt derivation is in LNDH(A). Combining this observation along
with data from the maps ∆n

i , we see

ML∗(A[t1, . . . , td]) ⊆ ML∗(A),

where ∗ is either I, H.

Recall that if A is a k-algebra, then the Gelfand-Kirillov dimension of A is
defined by

GKdim(A) := sup
V

lim
n→∞

logn dimK V
n, (1.4)

where V ranges over all frames of A and V n := k〈v1 · · · vn|vi ∈ V 〉 (a frame of A is
a finite dimensional k-subspace of A such that 1 ∈ V ; since A is a k-algebra, then
k ↪→ A, and hence, k is a frame of A of dimension 1). For more information about
Gelfand-Kirillov dimension, we refer the reader to the book of Krause and Lenagan
[KL].

The following results show the relationship between LND-rigidity and cancella-
tion.

Lemma 1.1.7. [BZ1, Lemma 3.2] Let Y :=
⊕∞

i=0 Yi be an N-graded domain. If Z
is a subalgebra of Y containing Y0 such that GKdim(Z) = GKdim(Y0) < ∞, then
Z = Y0.

Theorem 1.1.8. Suppose A is an affine domain of finite Gelfand-Kirillov dimen-
sion. Let ∗ be either blank, H, or I. When ∗ is blank we further assume k has
characteristic zero.

1. If A is strongly LND∗-rigid, then A is strongly cancellative.

2. If ML∗(A[t]) = A, then A is cancellative.

Proof. Let φ : A[t1, . . . , tn] → B[t1, . . . , td] be an isomorphism for some algebra B.
By [KL, Proposition 3.11] GKdimB = GKdimA <∞. For each i, let ∂i := ∂

∂ti
when

∗ is blank and ∂i := {∆n
i }∞n=0 as in Remark 1.1.6(5) when ∗ is either H or I. We

have that ML∗(B[t1, . . . , td]) is contained in B since ∂i, for i = 1, · · · , d, are locally
nilpotent (higher) derivations of B[t1, . . . , td] and the intersection of the kernels of
these maps is exactly B. On the other hand, we have that ML∗(A[t1, . . . , td]) = A
by hypothesis.
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If ∂ is a locally nilpotent derivation of B[t1, . . . , td] then φ−1 ◦ ∂ ◦ φ is a locally
nilpotent derivation of A[t1, . . . , td]. Similarly if ∂′ is a locally nilpotent derivation
of A[t1, . . . , td] then φ ◦ ∂′ ◦ φ−1 is a locally nilpotent derivation of B[t1, . . . , td].
Similarly, the higher derivations of A[t1, . . . , td] and B[t1, . . . , td] correspond. Thus
φ induces an algebra isomorphism

ML∗(A[t1, . . . , td]) ∼= ML∗(B[t1, . . . , td]).

In particular φ maps A into B. Let Y = A[t1, . . . , td] with deg ti = 1 and Y0 = A
and Z = φ−1(B). Then Lemma 1.1.7 implies that φ−1(B) = A. So A and B are
isomorphic. The result follows. �

The previous Theorem will be used in Chapter 3, where we generalize it for affine
prime left Goldie k-algebras.

Lemma 1.1.9. [BZ1, Lemma 3.5] Let A be a finitely generated Ore domain over k
that contains Z. If A is LND-rigid, then ML(A[t]) = A.

Proof. Let C = ML(A[x]). Note that C ⊆ A since differentiation with respect to x
gives a locally nilpotent derivation of A[x] and the kernel of this map is exactly A.
It suffices to show that C ⊇ A. Suppose that there is a locally nilpotent derivation δ
of A[x] that does not send A to zero. Suppose a1, . . . , as generate A as a k-algebra.
Then δ(A) ⊆ Aδ(a1)A+ · · ·+Aδ(as)A and so there exists some smallest m ≥ 0 such
that δ(A) ⊆ A + Ax + · · ·+ Axm. If m = 0, then δ(A) ⊆ A. Since A is LND-rigid,
δ(A) = 0. This yields a contradiction and therefore m ≥ 1. We write

δ(a) = µ(a)xm + lower degree terms

for some derivation µ of A. We now consider the following three cases.

Case I: δ(x) ∈ A + Ax + · · · + Axm. In this case we have δ(xi) ⊆
∑i+m−1

n=0 Axn

and δ(Axi) ⊆
∑i+m

n=0 Ax
n for all i. Thus for every a ∈ A we have

δ2(a) = µ2(a)x2m + lower degree terms.

More generally, we see that

δj(a) = µj(a)xmj + lower degree terms.

Thus µ is a locally nilpotent derivation and so µ(A) = 0, contradicting the mini-
mality of m. Thus δ(A) = 0 in this case.

Case II: δ(x) = bxm+1+ lower degree terms for some b 6= 0 in A.

Applying δ to the equation [x, a] = 0, one sees that b commutes with every a
in A, and so b is in the center of A. Now we define a new derivation δ′ to A[x]
by declaring that δ′(a) = µ(a)xm for a ∈ A and δ′(x) = bxm+1. Then we see that
δ′ sends Axi to Axi+m for every i ≥ 0. We can view δ′ as an associated graded
derivation of δ. Since δ is locally nilpotent, δ′ is a locally nilpotent derivation
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of A[x] [CPWZ2, Lemma 4.11]. Applying [BZ1, Lemma 3.4] to the algebra A[x],
A[x] embeds in E[y; δ0] where δ0 is a derivation of E. Moreover, δ′ extends to a
locally nilpotent derivation of E[y; δ0] by declaring that δ′(E) = 0 and δ′(y) = 1.
Under this embedding x = p(y) for some nonzero polynomial p. Let d denote the
degree of this polynomial. Then bxm+1 gets sent to q(y)p(y)m+1 for some nonzero
polynomial q(y). But since δ′(x) is nonzero, it has degree exactly d − 1 and so we
have (m+ 1)d+ deg q(y) = d− 1, which is impossible.

Case III: δ(x) = bxi+ lower degree terms for some b 6= 0 in A and some i > m+1.
In this case we see that, for each n ≥ 2,

δn(x) =

{
n−1∏
s=1

((i− 1)s+ 1)

}
bnx(i−1)n+1 + lower degree terms,

so δ cannot be locally nilpotent, which contradicts the hypothesis.

Combining these cases, we see that δ(A) = 0. The result follows. �

Theorem 1.1.10. [BZ1, Theorem 3.6] Let A be a finitely generated domain con-
taining Z and suppose that A has finite GKdim. If A is LND-rigid, then A is
cancellative.

Proof. Since A is a domain of finite GKdim, it is an Ore domain. By Lemma 1.1.9,
ML(A[x]) = A. The assertion follows from Theorem 1.1.8. �

Corollary 1.1.11. [BZ1, Corollary 3.7] Let A be a domain of GKdim two over an
algebraically closed field k of characteristic zero.

1. If A is PI and not commutative, then A is LND-rigid. As a consequence, if we
assume in addition that A is finitely generated over k, then A is cancellative.

2. If A is not PI, then A is universally cancellative.

Quantum plane, Jordan plane and the unique universal enveloping algebra of
2-dimensional non-abelian Lie algebra are remarkable cancellative algebras by the
previous Corollary.

1.1.2 Retractability and detectability

Retractable property was studied in a paper of Abhyankar-Eakin-Heinzer [AEH], it
was called strongly invariant property. But in [LeWZ] it was changed by strongly
retractable. Also, we mention Z-retractability and detectability. Hopfian algebras
are considered.

Definition 1.1.12. [LeWZ, Definition 2.1, Definition 2.5]

(1) We call A Z-retractable, if for any algebra B, any algebra isomorphism φ :
A[t] ∼= B[s] implies that φ(Z(A)) = Z(B). If further φ(A) = B, we just say A
is retractable.
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(2) We call A strongly Z-retractable, if for any algebra B and integer n ≥ 1, any
algebra isomorphism φ : A[t1, . . . , tn] ∼= B[s1, . . . , sn] implies that φ(Z(A)) =
Z(B). If further φ(A) = B, we just say A is strongly retractable.

Every strongly retractable algebra is retractable, and hence cancellative. And
(strongly) retractable algebras are (strongly) Z-rectractable. Since LND-rigidity
control cancellation, they control retractable property. So with the hypothesis of
Theorem 1.1.8, the algebra is retractable. However we copy the following lemma for
Z-retractability.

Lemma 1.1.13. [LeWZ, Lemma 2.6] Let A be an algebra such that the center Z(A)
is an affine domain.

1. Suppose MLZ(A[t]) = Z(A) or MLHZ (A[t]) = Z(A). Then A is Z-retractable.

2. Suppose that A is strongly LNDZ-rigid (or strongly LNDH
Z -rigid). Then A is

strongly Z-retractable.

If B is a subring of C and f1, . . . , fm are elements of C, then the subring generated
by B and the set {f1, . . . , fm} is denoted by B{f1, . . . , fm}.

Definition 1.1.14. Let A be an algebra.

1. We call A detectable if, for any algebra B, an algebra isomorphism φ : A[t] ∼=
B[s] implies that B[s] = B{φ(t)}, or equivalently, s ∈ B{φ(t)}.

2. We call A strongly detectable if, for any algebra B and any integer n ≥
1, an algebra isomorphism φ : A[t1, . . . , tn] ∼= B[s1, . . . , sn] implies that
B[s1, . . . , sn] = B{φ(t1), . . . , φ(tn)}, or equivalently, for each i = 1, · · · , n,
si ∈ B{φ(t1), . . . , φ(tn)}.

In the above definition, we do not assume that φ(t) = s. Every strongly de-
tectable algebra is detectable. The polynomial ring k[x] is cancellative, but not
detectable.

Lemma 1.1.15. [LeWZ, Lemma 3.2] If A is Z-retractable (resp. strongly Z-
retractable), then it is detectable (resp. strongly detectable).

Definition 1.1.16. Let A be a k-algebra.

1. We say A is Hopfian if every k-algebra epimorphism from A to itself is an
automorphism.

2. We say A is strongly Hopfian if A[t1, . . . , tn] is Hopfian for every n ≥ 0.

Luckily, there exists enough algebras with this property.
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Lemma 1.1.17. The following algebras are strongly Hopfian.

1. Left or right noetherian algebras.

2. Finitely generated locally finite N-graded k-algebras.

3. Prime affine k-algebras satisfying a polynomial identity.

4. Prime Goldie algebras of finite Gelfand-Kirillov dimension.

Proof. (1–3) corresponding to [LeWZ, Lemma 3.5] and (4) is a consequence of [KL,
Proposition 3.15]. �

Detectability implies cancellation under some conditions.

Lemma 1.1.18. [LeWZ, Lemma 3.6] Suppose A is strongly Hopfian.

1. If A is detectable, then A is cancellative.

2. If A is strongly detectable, then A is strongly cancellative.

Theorem 1.1.19. [LeWZ, Theorem 4.1] If A is left (or right) artinian, then A is
strongly detectable. As a consequence, A is strongly cancellative.

With the previous definitions we can enunciate the theorem of Abhyankar, Eakin
and Heinzer. We will give a noncommutative version of this Theorem in Chapter 3.

Theorem 1.1.20. [AEH, Theorem 3.3, Corollary 3.4] Let A be an affine domain
of GKdimension at most one.

(1) If A = k, then it is trivially strongly retractable and strongly cancellative.

(2) If A = k[t], then it is strongly cancellative.

(3) If A 6∼= k[t], then it is strongly retractable, and consequently, strongly cancella-
tive.

1.1.3 Slice theorem

The slice theorem is a powerful tool when working on the Zariski cancellation prob-
lem. Roughly speaking, it says that if one has a locally nilpotent derivation δ of a
commutative algebra R of characteristic zero and a regular element r ∈ R such that
δ(r) = 1, then R ∼= S[t] where S is the kernel of δ. The theorem has been used in
commutative case to decide cancellation [Fr, vdE].

Definition 1.1.21. Let R be an k-algebra and δ ∈ Der(R). Any element r ∈ R
with δ(r) = 1 is called a slice for δ.
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Theorem 1.1.22. [Fr, Corollary 1.22] Suppose δ ∈ LND(R) admits a slice r ∈ R,
and let A = ker δ. Then:

1. R = A[r] and δ = d
dr

.

2. If R is affine, then A is affine.

A close problem to the cancellation in the commutative case is the kernel con-
jecture:

2-nd Kernel problem: Let δ be a locally nilpotent derivation on C[x1, . . . , xn]
having a slice. Does it follow that ker(δ) = C[F1, . . . , Fn−1] for some Fi ∈
C[x1, . . . , xn] algebraically independent over C?

Proposition 1.1.23. [vdE, Proposition 3.8] The cancellation problem is equivalent
to the 2-nd Kernel problem.

Proof. Let δ be a locally nilpotent derivation on C[x1, . . . , xn] with a slice s. Then
by slice theorem C[x1, . . . , xn] = ker(δ)[s]. So, if the cancellation problem is true,
then ker(δ) = C[F1, . . . , Fn−1] for some Fi ∈ C[x1, . . . , xn] algebraically independent
over C.

Conversely, let C[x1, . . . , xn] = A[T ], where A is a C-algebra. Then the derivation
d
dT

is locally nilpotent on A[T ] and has a slice, T . Furthermore ker( d
dT

) = A. So if
the 2-nd Kernel problem is true, then A = C[F1, . . . , Fn−1] for some Fi algebraically
independent over C, which shows that the cancellation problem is true. �

1.2 Morita cancellation

For any algebra A, let M(A) denote the category of right A-modules. The following
Morita version of the cancellation property is a natural generalization of the orig-
inal Zariski cancellation property when we study noncommutative algebras. The
definitions and results are copied of [LuWZ].

Definition 1.2.1. [LuWZ, Definition 1.2] Let A be an algebra.

(1) We call A m-cancellative if any equivalence of abelian categories M(A[t]) ∼=
M(B[s]) for some algebra B implies that M(A) ∼= M(B).

(2) We call A strongly m-cancellative if, for each n ≥ 1, any equivalence of abelian
categories

M(A[t1, · · · , tn]) ∼= M(B[s1, · · · , sn])

for some algebra B implies that M(A) ∼= M(B).

The letter m here stands for the word “Morita”.

The Makar-Limanov invariant was generalized as following.
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Definition 1.2.2. [LuWZ, Definition 1.7] Let A be an algebra and d a nonzero
element in A.

1. The Makar-LimanovHd invariant of A is defined to be

MLHd (A) :=
⋂

δ∈LNDHd (A)

ker(δ),

with
LNDH

d (A) = {∂ ∈ LNDH(A) | d ∈ ker(∂)}.

2. We say that A is LNDH
d -rigid if MLHd (A) = A.

3. A is called strongly LNDH
d -rigid if MLHd (A[t1, . . . , tn]) = A, for all n ≥ 1.

4. The Makar-LimanovHd center of A is defined to be

MLHd,Z(A) = MLHd (A) ∩ Z(A).

5. A is called strongly LNDH
d,Z-rigid if MLHd,Z(A[t1, . . . , tn]) = A, for all n ≥ 1.

Let Z be a commutative k-algebra , which is usually the center of a noncommu-
tative algebra. We now recall the definition of P-discriminant for a property P . Let
SpecZ denote the prime spectrum of Z and

MaxSpec(Z) := {m | m is a maximal ideal of Z}

is the maximal spectrum of Z. For any S ⊆ SpecZ, I(S) is the ideal of Z vanishing
on S, namely,

I(S) =
⋂
p∈S

p.

For any algebra A, A× denotes the set of invertible elements in A. A property
P considered in the following means a property defined on a class of algebras that
is an invariant under algebra isomorphisms.

Definition 1.2.3. [LuWZ, Definition 2.3] Let A be an algebra, Z := Z(A) be the
center of A. Let P be a property defined for k-algebras (not necessarily a Morita
invariant).

(1) The P-locus of A is defined to be

LP(A) := {m ∈ MaxSpec(Z) | A/mA has the property P}.

(2) The P-discriminant set of A is defined to be

DP(A) := MaxSpec(Z) \ LP(A).
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(3) The P-discriminant ideal of A is defined to be

IP(A) := I(DP(A)) ⊆ Z.

(4) If IP(A) is a principal ideal of Z generated by d ∈ Z, then d is called the
P-discriminant of A, denoted by dP(A). In this case dP(A) is unique up to an
element in Z×.

(5) Let C be a class of algebras over k. We say that P is C-stable if for every
algebra A in C and every n ≥ 1,

IP(A⊗ k[t1, · · · , tn]) = IP(A)⊗ k[t1, · · · , tn]

as an ideal of Z ⊗ k[t1, · · · , tn]. If C is a singleton {A}, we simply call P
A-stable. If C is the whole collection of k-algebras with the center affine over
k, we simply call P stable.

In general, neither LP(A) nor DP(A) is a subscheme of SpecZ(A).

Recall from the Morita theory that if A′ := A[t1, · · · , tn] is Morita equivalent
to B′ := B[s1, · · · , sn], then there is an (A′, B′)-bimodule Ω that is invertible and
induces naturally algebra isomorphisms A′ ∼= End(ΩB′) and (B′)op ∼= End(A′Ω) such
that

Z(A′) ∼= Hom(A′,B′)(Ω,Ω) ∼= Z(B′).

The above isomorphism is denoted by

ω : Z(A′) −→ Z(B′). (1.5)

Morita equivalences have been studied extensively for decades. For more details
about this topic the reader can see the books [AF, We]. Z-retractability and de-
tectability have been generalized to the Morita setting, and they are closely related
to the m-cancellative property.

Definition 1.2.4. Let A be an algebra.

(1) [LuWZ, Definition 2.6(3)] We call A m-Z-retractable if, for any algebra B, any
equivalence of categories M(A[t]) ∼= M(B[s]) implies that ω(Z(A)) = Z(B)
where ω : Z(A)[t]→ Z(B)[s] is given as in (1.5).

(2) [LuWZ, Definition 2.6(4)] We call A strongly m-Z-retractable if, for any al-
gebra B and any n ≥ 1, any equivalence of categories M(A[t1, · · · , tn]) ∼=
M(B[s1, · · · , sn]) implies that ω(Z(A)) = Z(B) where

ω : Z(A)[t1, · · · , tn]→ Z(B)[s1, · · · , sn]

is given as in (1.5).

Proposition 1.2.5. [LuWZ, Proposition 2.7] Let A be an algebra whose center Z :=
Z(A) is an affine domain. Let P be a stable Morita invariant property (respectively,
stable property) and assume that the P-discriminant of A, denoted by d, exists.
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1. Suppose MLHd (Z[t]) = Z. Then A is m-Z-retractable (respectively, Z-
retractable).

2. Suppose that Z is strongly LNDH
d -rigid. Then A is strongly m-Z-retractable

(respectively, strongly Z-retractable).

Corollary 1.2.6. [LuWZ, Corollary 2.11] Let A be an algebra such that the center
of A is k[x]. Let P be a stable Morita invariant property (respectively, stable prop-
erty) such that the P-discriminant of A, denoted by d is a nonzero non-invertible
element in Z(A) = k[x]. Then Z(A) is strongly LNDH

d -rigid and A is strongly
m-Z-retractable (respectively, strongly Z-retractable).

Definition 1.2.7. [LuWZ, Definition 3.3] Let A be an algebra and let ω be the map
given in (1.5).

1. We call A m-detectable if any equivalence of categories M(A[t]) ∼= M(B[s]) for
some algebra B implies that

A[t] = A{ω−1(s)},

or equivalently, t ∈ A{ω−1(s)}.

2. We call A strongly m-detectable if for each n ≥ 1 and any equivalence of
categories M(A[t1, . . . , tn]) ∼= M(B[s1, . . . , sn]) for some algebra B implies
that

A[t1, . . . , tn] = A{ω−1(s1), . . . , ω−1(sn)},

or equivalently, ti ∈ A{ω−1(s1), . . . , ω−1(sn)}.

The following result is analogous to Lemma 1.1.15.

Lemma 1.2.8. [LuWZ, Lemma 3.4] If A is m-Z-retractable (respectively, strongly
m-Z-retractable), then it is m-detectable (respectively, strongly m-detectable).

As in Lemma 1.1.18, m-detectability with Hopfian implies m-cancellative.

Lemma 1.2.9. [LuWZ, Lemma 3.6] Suppose A is strongly Hopfian.

1. If A is m-detectable, then A is m-cancellative and cancellative.

2. If A is strongly m-detectable, then A is strongly m-cancellative and strongly
cancellative.

The following theorem is a consequence of Corollary 1.2.6 and Lemma 1.1.17.

Theorem 1.2.10. Let A be a noetherian algebra such that its center Z(A) is k[x].
Let P be a Morita invariant property (respectively, stable property) such that the P-
discriminant of A, denoted by d, is a nonzero non-invertible element in Z(A). Then
A is strongly m-Z-retractable (respectively, strongly Z-retractable) and strongly m-
cancellative (respectively, strongly cancellative).
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Proof. By [LuWZ, Lemma 5.1], P is stable (when k is algebraically closed). The
assertion follows from Corollary 1.2.6 and Lemma 1.1.17. �

In general, when A is noncommutative, it is not clear what are the relationship
between both versions of cancellation property.

1.3 Skew PBW extensions

In this section we remembered some definitions and elementary properties of skew
PBW extensions. Examples of these algebras are presented. However, in chapter
2, we will extend the list and we determine the center for particular classes of these
algebras.

Definition 1.3.1 ([GL1]). Let R and A be rings. We say that A is a skew PBW
extension of R (also called a σ-PBW extension of R) if the following conditions
hold:

(i) R ⊆ A.

(ii) There exist finitely many elements x1, . . . , xn ∈ A such A is a left R-free
module with basis

Mon(A) := {xα = xα1
1 · · ·xαnn | α = (α1, . . . , αn) ∈ Nn}, with
N := {0, 1, 2, . . . }.

The set Mon(A) is called the set of standard monomials of A.

(iii) For every 1 ≤ i ≤ n and r ∈ R− {0} there exists ci,r ∈ R− {0} such that

xir − ci,rxi ∈ R. (1.6)

(iv) For every 1 ≤ i, j ≤ n there exists ci,j ∈ R− {0} such that

xjxi − ci,jxixj ∈ R +Rx1 + · · ·+Rxn. (1.7)

Under these conditions we will write A := σ(R)〈x1, . . . , xn〉.

Associated to a skew PBW extension A = σ(R)〈x1, . . . , xn〉, there are n injec-
tive endomorphisms σ1, . . . , σn of R and σi-derivations, as the following proposition
shows.

Proposition 1.3.2. Let A be a skew PBW extension of R. Then, for every 1 ≤
i ≤ n, there exist an injective ring endomorphism σi : R → R and a σi-derivation
δi : R→ R such that

xir = σi(r)xi + δi(r),



CHAPTER 1. PRELIMINARIES 15

for each r ∈ R.

Proof. See [GL1, Proposition 3]. �

A particular case of skew PBW extension is when all derivations δi are zero. An-
other interesting case is when all σi are bijective and the constants cij are invertible.
We recall the following definitions.

Definition 1.3.3. Let A be a skew PBW extension.

(a) A is quasi-commutative if the conditions (iii) and (iv) in Definition 1.3.1 are
replaced by

(iii’) For every 1 ≤ i ≤ n and r ∈ R−{0} there exists ci,r ∈ R−{0} such that

xir = ci,rxi. (1.8)

(iv’) For every 1 ≤ i, j ≤ n there exists ci,j ∈ R− {0} such that

xjxi = ci,jxixj. (1.9)

(b) A is bijective if σi is bijective for every 1 ≤ i ≤ n and ci,j is invertible for any
1 ≤ i, j ≤ n.

(c) A is constant if for every 1 ≤ i ≤ n and r ∈ R,

xir = rxi, (1.10)

i.e., σi = iR and δi = 0 for every 1 ≤ i ≤ n.

If A = σ(R)〈x1, . . . , xn〉 is a skew PBW extension of the ring R, then, as was
observed in Proposition 1.3.2, A induces injective endomorphisms σk : R → R and
σk-derivations δk : R → R, 1 ≤ k ≤ n. Moreover, from the Definition 1.3.1, there
exists a unique finite set of constants cij, dij, a

(k)
ij ∈ R, cij 6= 0, such that

xjxi = cijxixj + a
(1)
ij x1 + · · ·+ a

(n)
ij xn + dij, for every 1 ≤ i < j ≤ n. (1.11)

Definition 1.3.4. Let A = σ(R)〈x1, . . . , xn〉 be a skew PBW extension. R, n,

σk, δk, cij, dij, a
(k)
ij , with 1 ≤ i < j ≤ n, 1 ≤ k ≤ n, defined as before, are called the

parameters of A.

Definition 1.3.5. Let A be a skew PBW extension of R.

(i) For α = (α1, . . . , αn) ∈ Nn, |α| := α1 + · · ·+ αn.

(ii) For X = xα ∈Mon(A), exp(X) := α and deg(X) := |α|.

(iii) Let 0 6= f ∈ A, t(f) is the finite set of terms that conform f , i.e., if f = c1X1 +
· · ·+ctXt, with Xi ∈Mon(A) and ci ∈ R−{0}, then t(f) := {c1X1, . . . , ctXt}.
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(iv) Let f be as in (iii), then deg(f) := max{deg(Xi)}ti=1.

The next result is an important property of skew PBW extensions that will be
used later.

Theorem 1.3.6 ([LR]). Let A be an arbitrary skew PBW extension of the ring R.
Then, A is a filtered ring with filtration given by

Fm :=

{
R, if m = 0

{f ∈ A | deg(f) ≤ m}, if m ≥ 1,

and the graded ring Gr(A) is a quasi-commutative skew PBW extension of R. If
the parameters that define A are as in Definition 1.3.4, then the parameters that
define Gr(A) are R, n, σk, cij, with 1 ≤ i < j ≤ n, 1 ≤ k ≤ n. Moreover, if A is
bijective, then Gr(A) is bijective.

Remark 1.3.7. Additionally in this thesis we will assume that ifA = σ(R)〈x1, . . . , xn〉
is a skew PBW extension, then R is k-algebra such that σi(c) = c and δi(c) = 0 for
every c ∈ k and 1 ≤ i ≤ n. Therefore, A is also a k-algebra. In particular, if R = k,
then A is constant.

1.3.1 Examples

In this subsection we review some examples of skew PBW extensions. In addition
we mentioned the center of some algebras that has been computed before in the
literature. For more details about the precise definition of the next algebras and its
homological properties see [LR] and [Re]. Recall that k is a field with char(k) = 0.

Example 1.3.8 (PBW extensions). Any PBW extension (see [BG]) is a bijective
skew PBW extension since in this case σi = iR for each 1 ≤ i ≤ n, and ci,j = 1 for
every 1 ≤ i, j ≤ n. Thus, for PBW extensions we have A = i(R)〈x1, . . . , xn〉. Some
examples of PBW extensions are the following:

(a) The usual polynomial algebra A = k[t1, . . . , tn], titj = tjti, so Z(A) =
k[t1, . . . , tn].

(b) The Weyl algebra An(k) := k[t1, . . . , tn][x1; ∂/∂t1] · · · [xn; ∂/∂tn]. The ex-
tended Weyl algebra Bn(k) := k(t1, . . . , tn)[x1; ∂/∂t1] · · · [xn; ∂/∂tn], where
k(t1, . . . , tn) is the field of fractions of k[t1, . . . , tn]. It is known that Z(An(k)) =
k = Z(Bn(k)) (see [Di1]).

(c) The universal enveloping algebra of a finite dimensional Lie algebra U(G). In
this case, xir−rxi = 0 and xixj−xjxi = [xi, xj] ∈ G = k+kx1 + · · ·+kxn, for
any r ∈ k and 1 ≤ i, j ≤ n. The center of some of these algebras was studied
in [Lev] and [MR]:
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• The universal enveloping algebra U(sl(2, k)) of the Lie algebra sl(2, k) is
the k-algebra generated by the variables x, y, z subject to the relations

[x, y] = z, [x, z] = −2x, [y, z] = 2y.

Then Z(U(sl(2, k))) = k[4xy + z2 − 2z]. If char k = 2, then
Z(U(sl(2, k))) = k[x2, y2, z].

• U(so(3, k)) is the k-algebra generated by the variables x, y, z subject to
the relations

[x, y] = z, [x, z] = −y, [y, z] = x.

So, Z(U(so(3, k))) = k[x2 + y2 + z2].

• Let G be a three-dimensional completely solvable Lie algebra with basis
x, y, z such that

[y, x] = y, [z, x] = λz, [y, z] = 0.

With λ ∈ k − {0}. Then, if either λ ∈ k −Q, or, λ ∈ Q and λ > 0, then
Z(U(G)) = k. If λ ∈ Q and λ < 0 then Z(U(G)) ) k.

Example 1.3.9 (Ore extensions of bijective type). Any skew polynomial ring
R[x;σ, δ] of bijective type, i.e., with σ bijective, is a bijective skew PBW extension.
In this case we have R[x;σ, δ] ∼= σ(R)〈x〉. If additionally δ = 0, then R[x;σ]
is quasi-commutative. More generally, let R[x1;σ1, δ1] · · · [xn;σn, δn] be an iterated
skew polynomial ring of bijective type, i.e., the following conditions hold:

• for 1 ≤ i ≤ n, σi is bijective;

• for every r ∈ R and 1 ≤ i ≤ n, σi(r) ∈ R, δi(r) ∈ R;

• for i < j, σj(xi) = cxi + d, with c, d ∈ R and c has a left inverse;

• for i < j, δj(xi) ∈ R +Rx1 + · · ·+Rxn,

then R[x1;σ1, δ1] · · · [xn;σn, δn] is a bijective skew PBW extension. Under those
conditions we have

R[x1;σ1, δ1] · · · [xn;σn, δn] ∼= σ(R)〈x1, . . . , xn〉.

Some concrete examples of Ore algebras of bijective type are the following:

(a) The algebra of q-differential operators Dq,h[x, y]: Let q, h ∈ k, q 6= 0; consider
k[y][x;σ, δ], σ(y) := qy and δ(y) := h. By definition of skew polynomial ring
we have xy = σ(y)x + δ(y) = qyx + h, and hence xy − qyx = h. Therefore,
Dq,h

∼= σ(k[y])〈x〉. Then, Z(Dq,h) = k if q is not a root of unity, and Z(Dq,h) =
k[xn, yn] if q is a primitive n-th root of unity (see [CYZ1]).
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(b) The algebra of shift operators Sh: Let h ∈ k. The algebra of shift operators is
defined by Sh := k[t][xh;σh, δh], where σh(p(t)) := p(t−h), and δh := 0. Thus,
Sh ∼= σ(k[t])〈xh〉 and it is easy to check that Z(Sh) = k (see also [Jak]).

(c) The mixed algebra Dh: Let h ∈ k. The algebra Dh is defined by Dh :=
k[t][x; ik[t],

d
dt

][xh;σh, δh], where σh(x) := x. Then Dh
∼= σ(k[t])〈x, xh〉 and

Z(Dh) = k ([Jak]).

Example 1.3.10 (Quantum algebras). Some important examples of quantum
algebras are the following:

(a) Quantum algebra U ′(so(3, k)). It is the k-algebra generated by I1, I2, I3 subject
to relations

I2I1 − qI1I2 = −q1/2I3, I3I1 − q−1I1I3 = q−1/2I2, I3I2 − qI2I3 = −q1/2I1,

where q ∈ k − {0}. Then, U ′(so(3, k)) ∼= σ(k)〈I1, I2, I3〉 and it is known that
Z(U ′(so(3, k))) = k[−q1/2(q2 − 1)I1I2I3 + q2I2

1 + I2
2 + q2I2

3 ] for q generic, and
if q is a root of unity, Z(U ′(so(3, k))) = k[−q1/2(q2 − 1)I1I2I3 + q2I2

1 + I2
2 +

q2I2
3 , C

1
n, C

2
n, C

3
n], where C l

n = 2Tp(Il(q − q−1)/2) for l = 1, 2, 3 and Tp(x) is a
Chebyshev polynomial of the first kind ([Lev]).

(b) Quantum enveloping algebra of sl(2, k). Uq(sl(2, k)) is defined as the algebra
generated by x, y, z, z−1 with relations

zz−1 = z−1z = 1, xz = q−2zx, yz = q2zy, xy − yx =
z − z−1

q − q−1
,

where q 6= 1,−1. The above relations show that Uq(sl(2, k)) =
σ(k[z, z−1])〈x, y〉. Then for q generic, its center is generated by the Casimir
element C2 = (q2 − 1)2xy + qz + q3z−1, and if qn = 1 for some n ≥ 2, then
Z(sl(2, k)) = k[C2, x

n, yn, zn, z−n] ([Lev]).

(c) Quantum symplectic space Oq(sp(k2n)). It is the algebra generated by x1, . . . ,
x2n, satisfying the following relations:

xjxi = qxixj , i < j, i′ 6= j, xi′xi = q2xixi′ + (q2 − 1)
∑

1≤k<i

qi−kxkxk′ , i < i′,

where i′ = 2n− i+ 1 for 1 ≤ i ≤ 2n. From the relations above we have that
Oq(sp(k2n)) is isomorphic to a bijective skew PBW extension,

Oq(sp(k2n)) ∼= σ(σ(· · ·σ(σ(k)〈x1, x2n〉)〈x2, x2n−1〉) · · · )〈xn, xn+1〉.

In [Zh], Zhang studied the irreducible representations of Oq(sp(k2n)), where
the main step is the computation of the center, thus in Theorem 4.3 therein
is proved that if m is an odd positive integer and if q is a primitive m-th
root of unity, then the center is generated by xmi for all i = 1, 2, . . . , 2n.
However, by [Zh, Lemma 4.2], xmi are central elements if q is a m-th root of
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unity, and it is possible to show from their relations that if q is generic then
Z(Oq(sp(k2n))) = k.

(d) Quantum Weyl algebra of Maltsiniotis Aq,λn . Let q = [qij] be a matrix over
k such that qijqji = 1 and qii = 1 for all 1 ≤ i, j ≤ n. Fix an element
λ := (λ1, . . . , λn) of (k∗)n. By definition, this algebra is generated by xi, yj, 1 ≤
i, j ≤ n subject to the following relations: For any 1 ≤ i < j ≤ n, xixj =
λiqijxjxi, yiyj = qijyjyi, xiyj = qjiyjxi, yixj = λ−1

i qjixjyi. And for any 1 ≤
i ≤ n, xiyi − λiyixi = 1 +

∑
1≤j<i(λj − 1)yjxj. From these relations we have

that Aq,λ
n is isomorphic (see [LR]) to a bijective skew PBW extension

Aq,λ
n
∼= σ(σ(· · · σ(σ(k)〈x1, y1〉)〈x2, y2〉) · · · )〈xn−1, yn−1〉)〈xn, yn〉.

If none of λi is a root of unity, the quantum Weyl algebra of Maltisiniotis has
trivial center k ([Ta1, Theorem 1.4]).

(e) Multiparameter quantized Weyl algebra AQ,Γn (k). Let Q := [q1, . . . , qn] be a
vector in kn with no zero components, and let Γ = [γij] be a multiplica-
tively antisymmetric n × n matrix over k. The multiparameter Weyl algebra
AQ,Γn (k) is defined to be the algebra generated by k and the indeterminates
y1, . . . , yn, x1, . . . , xn subject to the relations: yiyj = γijyjyi, 1 ≤ i, j ≤ n,
xixj = qiγijxjxi, xiyj = γjiyjxi, 1 ≤ i < j ≤ n, xiyj = qjγjiyjxi, 1 ≤ j < i ≤ n,
xjyj = qjyjxj + 1 +

∑
l<j(ql − 1)ylxl, 1 ≤ j ≤ n. From these we have that

AQ,Γn (k) is isomorphic to a bijective skew PBW extension,

AQ,Γn (k) ∼= σ(σ(· · ·σ(σ(k)〈x1, y1〉)〈x2, y2〉) · · · )〈xn−1, yn−1〉)〈xn, yn〉.

In [Ta1] was studied the multiparameter quantized Weyl algebra of “symmetric
type”, where the relations are:

yiyj =γijyjyi, xixj = γijxjxi, 1 ≤ i < j ≤ n,

xiyj =γjiyjxi, xiyj = γjiyjxi, 1 ≤ j < i ≤ n,

xjyj =qjyjxj + 1 1 ≤ j ≤ n.

If none of qi is a root of unity, then this algebra has a trivial center k ([Ta1],
Corollary 1.1).

(f) n-multiparametric skew quantum space over R. Let R be a ring with a fixed
matrix of parameters q := [qij] ∈ Mn(R), n ≥ 2, such that qii = 1 = qijqji
for every 1 ≤ i, j ≤ n, and suppose also that it is given a system σ1, . . . , σn of
automorphisms of R. The quasi-commutative bijective skew PBW extension
Rq,σ[x1, . . . , sn] defined by

xjxi = qijxixj, xir = σi(r)xi, r ∈ R, 1 ≤ i, j ≤ n,

is called the n-multiparametric skew quantum space over R. When all auto-
morphisms of the extension are trivial, i.e., σi = iR, 1 ≤ i ≤ n, it is called n-
multiparametric quantum space over R. If R = k is a field, then kq,σ[x1, . . . , xn]
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is called the n-multiparametric skew quantum space, and the case particular
case when n = 2 it is called skew quantum plane; for trivial automorphisms we
have the n-multiparametric quantum space and the quantum plane (see [LR]).
Shirikov studied the center of the quantum plane; if q is not a root of unity, then
its center is k, if q is a root of unity of the degree m, m ∈ N, then the center is
the subalgebra generated by xm, ym ([Sh, Theorem 2.2]). A more general case
was studied extensively in [CYZ1] assuming that k is a commutative domain
and the parameters are roots of the unity, so if qij = exp(2π

√
−1kij/dij), where

dij := o(qij) < ∞, |kij| < dij, and mcd(kij, dij) = 1, then if Li := lcm{dij |
j = 1, . . . , n} and P := k[xL1

1 , . . . , xLnn ], the center Z(kq[x1, . . . , xn]) = P if
and only if Z(kq[x1, . . . , xn]) is a polynomial ring ([CYZ1, Lemma 4.3]).

Example 1.3.11. The Jordan plane is the k-algebra defined by J = k{x, y}/〈yx−
xy − x2〉; it is a skew PBW extension of k[x]. In fact, J = σ(k[x])〈y〉, with
multiplication given by yx = xy − x2. Then Z(J ) = k (if char(k) = p > 0, then
Z(J ) is the subalgebra generated by xp, yp, (see [Sh, Theorem 2.2])).

1.4 Artin–Schelter regular algebras

Artin–Schelter regular algebras are considered as a noncommutative generalization
of the commutative polynomial rings. We study Zariski Cancellation problem for
these algebras with Gelfand Kirillov dimension three in Chapter 4. In this section we
provide the basic background on Artin–Schelter regular algebras. These definitions
and properties can be found in [BRSSW, Le, LMZ, St].

Definition 1.4.1. A k-algebra A is graded if it has a k-vector space decomposition
A =

⊕
n∈ZAn such that AiAj ⊆ Ai+j for all i, j ∈ Z. We say that A is positively

graded or N-graded if An = (0) for all n < 0, and, A is connected if A0 = k, then we
write A = k⊕A1⊕A2⊕ · · · . An element x ∈ A is homogeneous if x ∈ An for some
n. A right or left ideal I of A is called homogeneous or graded if it is generated by
homogeneous elements, or equivalently if I =

⊕
n≥0(I ∩ An).

For example, the free algebra A = k〈x1, . . . , xn〉 is connected N-graded, where
Ai is the k-span of all words of length i. For a more general grading, one can put
weights di ≥ 1 on the variables xi and define Ai to be the k-span of all words
xi1 , . . . , xim such that

∑m
j=1 dij = i.

Definition 1.4.2. Let A be an N-graded k-algebra. A right A-module M is graded
if M has a k-space decomposition M =

⊕
n∈ZMn such that MiAj ⊆ Mi+j for all

i ∈ Z, j ∈ N.

Given a graded A-module M , we define M(i) to be the graded module which is
isomorphic to M as an abstract A-module, but which has degrees shifted so that
M(i)n = Mi+n. Any such module is called a shift of M .
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For graded A-modules M which are finitely generated, it is possible to find set
of homogeneous generators of M , say m1, . . . ,mr with mi ∈ Mdi , and thus define a
surjective graded right A-module homomorphism

⊕r
i=1 A(−di)→M , where the 1 of

the i-th summand maps to the generator mi. This shows that any finitely generated
graded A-module M over a finitely graded algebra A has dimkMn < ∞ for all n
and dimkMn = 0 for n < 0, and so the following definition makes sense.

Definition 1.4.3. Let A be finitely graded. If M is a finitely generated graded
A-module, then the Hilbert series of M is the formal Laurent series

hM(t) =
∑
n∈Z

(dimkMn)tn.

Example 1.4.4. The Hilbert series of the commutative polynomial ring k[x] is
1/(1 − t). More generally, if A = k[x1, . . . , xn] then hA(t) = 1/(1 − t)m. The
Hilbert series of the quantum plane and Jordan plane (Example 1.3.10(f), 1.3.11
respectively) is the same hA(t) = 1/(1− t)2.

Now we can define Artin–Schelter regular algebras.

Definition 1.4.5. A finitely generated connected graded algebra A is called Artin-
Schelter Regular (or, AS Regular, for short) if the following conditions hold:

(i) A has (graded) finite global dimension d.

(ii) GKdim(A) <∞; and

(iii) ExtiA(Ak,AA) ∼=

{
0, if i 6= d,

k(l)A if i = d.

for some shift l ∈ Z.

The interpretation of regular algebras is that they are the noncommutative
graded algebras most analogues to commutative polynomial ring. The classifica-
tion is a difficult task. The only AS-regular algebra of global dimension one is the
polynomial ring k[x]. In dimension two, there are three types of AS-regular algebras,
k[x1, x2], the Jordan plane J and the quantum plane ([BRSSW, Theorem 2.2.1]).
More generally, the quantum polynomial ring in n variables is AS-regular.

The classification in dimension three was more difficult and included geometric
techniques. Thus, every AS-regular algebra surjects onto a twisted homogeneous
coordinate ring B. However, according with the next lemma there are only two cases
to consider: either A is generated by two elements satisfying two cubic relations, or
else by three elements with three quadratic relations. This result will be useful in
the proof our main result in Chapter 4, Theorem 4.2.5.

Lemma 1.4.6. [BRSSW, Lemma 2.3.1] Let A be an algebra of global dimension 3
which is generated in degree 1. Then exactly one of the following holds:
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1. A ∼= k〈x1, x2, x3〉/(f1, f2, f3), where the fi have degree 2, and hA(t) = 1/(1−t)3;
or

2. A ∼= k〈x1, x2〉/(f1, f2), where the fi have degree 3, and hA(t) = 1/(1− t)2(1−
t2).

The next example presents some AS-regular algebras of dimension three (see [LMZ]).

Example 1.4.7. The following algebras are pair-wise non-isomorphic noetherian
AS-regular algebras of global dimension three:

1. A(2) is generated by t1, t2, t3 and subject to the relations

t1t2 − t2t1 = t1t3 − t3t1 = t3t2 − pt2t3 − t21 = 0,

where p ∈ k×.

2. A(3) is generated by t1, t2, t3 and subject to the relations

(t2 + t1)t1 − t1t2 = t3t1 − qt1t3 = t3t2 − q(t2 + t1)t3 = 0,

where q ∈ k×.

3. A(4) is generated by t1, t2, t3 and subject to the relations

(t2 + t1)t1 − t1t2 = t3t1 − pt1t3 = t3t2 − pt2t3 = 0,

where p ∈ k×.

4. A(6) is the graded down-up algebra A(α, β) which is generated by x, y and
subject to the relations

x2y − αxyx− βyx2 = xy2 − αyxy − βy2x,

where α ∈ k and β ∈ k×.

5. A(7) := S(p) is generated by x, y and subject to the relations

x2y − pyx2 = xy2 + py2x = 0,

where p ∈ k×.

By [LMZ, Corollary 0.9], these algebras are cancellative when p, q, β are not roots
of unity. We will show a general result in section 4 (Theorem 4.2.5) that covers the
Corollary mentioned.

It is well known that AS-regular algebras in low dimension (≤ 4) are domain,
noetherian satisfied other good homological properties, such as the Aulander condi-
tions and Cohen-Macaulay property.

Definition 1.4.8. Let A be a ring.
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(i) The grade j(M) of a left (or right) A−module M is defined by

j(M) := min{i | ExtiA(M,A) 6= 0}

or ∞ if no such i exists.

(ii) A satisfies the Auslander condition if for every Noetherian left (or right)
A−module M and for all i ≥ 0

j(N) ≥ i for all submodules N ⊆ ExtiA(M,A).

(iii) A is Auslander-Gorenstein (AG) if A is two-sided Noetherian, satisfies the
Auslander condition, id(AA) <∞ and id(AA) <∞.

(iv) A is Auslander regular (AR) if it is AG and gld(A) <∞.

(v) Let A be an algebra over a field k, we say that A is Cohen-Macaulay (CM)
with respect to the classical Gelfand-Kirillov dimension if:

GKdim(A) = jA(M) + GKdim(M)

for every non-zero noetherian A-module M .

Corollary 1.4.9. [Le, Corollary 6.2] Let A be an AS-Regular of global dimension
three. Then A is Auslander-regular and satisfies the property Cohen-Macaulay.

A ring A is called stably free if, for every finitely generated projective A-module
P , there exist integers n and m such that P ⊕ A⊕n ∼= A⊕m. Connected graded
algebras are automatically stably free [St].

Definition 1.4.10. An Ore domain A is called a maximal order if A ⊆ B inside the
quotient division ring Q(A) of A for some ring B with the property that aBb ⊆ A,
for some a, b ∈ A− {0}, then A = B.

Theorem 1.4.11. [St, Theorem] Let A be a noetherian algebra that is Auslander
regular, Cohen-Macaulay and stably free. Then A is a domain and a maximal order
in its quotient division ring Q(A).

To conclude this section we list two well-known results.

Lemma 1.4.12. [LPWZ, Lemma 7.6] Let A be a connected graded algebra and t be
a central element of degree 1. If A/(t) has finite global dimension, then so does A.

Lemma 1.4.13. [SmZ, Corollary 2] Let A be a finitely generated Ore domain that
is not PI. Let Z be the center of A. Then

GKdimZ ≤ GKdimA− 2.



CHAPTER 2

Center of skew PBW extensions

The center of an algebra plays a large role in whether the cancellation property
holds for that algebra. Therefore, in this chapter we compute the center and some
central elements of many noncommutative algebras that can be interpreted as skew
PBW extensions. The question about the center of the total ring of fractions is
considered. We show that, under some natural assumptions on the parameters that
define the extension, either the center is trivial, or, it is of polynomial type.

In the first section we describe the center of some general subclases of skew PBW
extensions, grouped according to some conditions imposed to the parameters that
define the extensions. One of the most important result of this chapter is Theorem
2.1.5 that establishes trivial center for a wide class of skew PBW extensions, there-
fore cancellation. Theorem 2.1.6 determines center for operator algebras. In the sec-
ond section, we deal others algebras that can not be covered by the theorems of the
first section. Corollary 2.2.14 summarize the list of cancellative skew PBW exten-
sions. Finally, in the third section we study the isomorphism Z(Qr(A)) ∼= Q(Z(A)),
with Qr(A) the right total ring of fractions of A. The Theorem 2.3.3 can be in-
terpreted as a way of computing the center of Qr(A). Results of this chapter will
appear in [LV1, LV2].

2.1 Centers of some skew PBW extensions

In this section we consider some algebras that can be described as skew PBW
extensions and we compute the center of these algebras. We classify these algebras
according to the parameters that define the extension. We start with extensions of
two variables. Let A be the k-algebra generated by x, y subject to relation

yx = q1xy + q2x+ q3y + q4, (2.1)

24



CHAPTER 2. CENTER OF SKEW PBW EXTENSIONS 25

with qi ∈ k, i = 1, 2, 3, 4 and q1 6= 0. Note that A is a skew PBW extension of k
with trivial endomorphisms and derivations (see Remark 1.3.7).

Lemma 2.1.1. For n ≥ 2, in A the following rules hold:

1.

yxn =

n∑
j=0

(n
j

)
qn−j1 qj3x

n−jy + q2

(
n−1∑
i=0

qi1

)
xn +

[
q4

(
n−1∑
i=0

qi1

)
+ q2q3

(
n−2∑
i=0

(i+ 1

1

)
qi1

)]
xn−1+

· · ·+

qj−1
3 q4

n−j∑
i=0

(i+ j − 1

j − 1

)
qi1

+ q2q
j
3

n−j−1∑
i=0

(i+ j

j

)
qi1

xn−j .

2.

ynx =

n∑
j=0

(n
j

)
qn−j1 qj2xy

n−j + q3

(
n−1∑
i=0

qii

)
yn +

[
q4

(
n−1∑
i=0

qi1

)
+ q2q3

(
n−2∑
i=0

(n+ 1

1

)
qi1

)]
yn−1+

· · ·+

qj−1
2 q4

n−j∑
i=0

(i+ j − 1

j − 1

)
qi1

+ qj2q3

n−j−1∑
i=0

(i+ j

j

)
qi1

 yn−j .
Proof. We proceed by induction on n. For n = 2 the equalities hold trivially. Then
we assume the formulae for n and we will prove them for n+ 1. To simplify, we can
write the product as yxn = (bnx

n + · · ·+ b1x+ b0)y+ (anx
n + · · ·+ a1x+ a0), where

bn−j =
(
n
j

)
qn−j1 qj3 , an = q2

∑n−1
i=0 q

i
1 , an−1 = q4

(∑n−1
i=0 q

i
1

)
+ q2q3

(∑n−2
i=0

(
i+1

1

)
qi1
)
, and

an−j = qj−1
3 q4

(∑n−j
i=0

(
i+j−1
j−1

)
qi1

)
+ q2q

j
3

(∑n−j−1
i=0

(
i+j
j

)
qi1

)
. Then,

yxn+1 =(yxn)x

=(bnx
n + · · ·+ b1x+ b0)yx+ (anx

n+1 + · · ·+ a1x
2 + a0x)

=(bnx
n + · · ·+ b1x+ b0)(q1xy + q2x+ q3y + q4) + (anx

n+1 + · · ·+ a1x
2 + a0x)

=
[
bnq1x

n+1 + (bn−1q1 + bnq3)x
n + · · ·+ (bn−jq1 + bn+1−jq3)x

n+1−j + · · ·+ b0q3

]
y

+ (an + bnq2)x
n+1 + (an−1 + bn−1q2 + bnq4)x

n + · · ·+
(an−j + bn−jq2 + bn+1−jq4)x

n+1−j + · · ·+ b0q4.

Now we compare coefficients: For xn+1−jy, bn−jq1 + bn+1−jq3 =
(
n
j

)
qn−j1 qj3q1 +(

n
j−1

)
q
n−(j−1)
1 qj−1

3 q3 =
[(

n
j

)
+
(
n
j−1

)]
qn+1−j

1 qj3 =
(
n+1
j

)
qn+1−j

1 qj3 is the coefficient

of xn+1−jy in the expansion of yxn+1. For xn+1−j we have: an−j + bn−jq2 +

bn+1−jq4 = qj−1
3 q4

(∑n−j
i=0

(
i+j−1
j−1

)
qi1

)
+ q2q

j
3

(∑n−j−1
i=0

(
i+j
j

)
qi1

)
+
(
n
j

)
qn−j1 qj3q2 +(

n
j−1

)
q
n−(j−1)
1 qj−1

3 q4 = qj−1
3 q4

(∑n+1−j
i=0

(
i+j−1
j−1

)
qi1

)
+ q2q

j
3

(∑n−j
i=0

(
i+j
j

)
qi1

)
. Similarly

for xn+1 y xn. So,

yxn+1 =

n+1∑
j=0

(n+ 1

j

)
qn+1−j
1 qj3x

n+1−jy + q2(

n∑
i=0

qi1)xn+1 +

[
q4

(
n∑
i=0

qi1

)
+ q2q3

(
n−1∑
i=0

(i+ 1

1

)
qi1

)]
xn+

· · ·+

qj−1
3 q4

n+1−j∑
i=0

(i+ j − 1

j − 1

)
qi1

+ q2q
j
3

n−j∑
i=0

(i+ j

j

)
qi1

xn+1−j .
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This completes the proof of the first equality. The second equality can be proved
similarly. �

In particular, if q2 = q3 = 0, then

yxn =qn1x
ny + q4

(
n−1∑
i=0

qi1

)
xn−1,

ynx =qn1xy
n + q4

(
n−1∑
i=0

qi1

)
yn−1.

Theorem 2.1.2. Let A = σ(k)〈x, y〉 be the skew PBW extension of k defined as in
(2.1).

(i) If q2 = q3 = 0, then

Z(A) =

{
k if q1 is not a root of unity, or, q1 = 1 and q4 6= 0;

k[xn, yn] if q1 is a root of unity of degree n ≥ 2.

(ii) If q2 6= 0, or, q3 6= 0, then

Z(A) =


k if q1 is not a root of unity, or, q1 = 1;

k[f(x), g(y)] if q1 is a root of unity of degree n ≥ 2,

with deg(f) = deg(g) = n.

Proof. (i) It is clear that k ⊆ Z(A); let f =
∑t

i=1 cix
αi1yαi2 ∈ Z(A), with ci ∈ k.

Since xf = fx, then
∑t

i=1 cix
αi1+1yαi2 =

∑t
i=1 cix

αi1yαi2x =
∑t

i=1 ciq
αi2
1 xαi1+1yαi2 +∑t

i=1 ciq4

(∑αi2−1
j=0 qj1

)
xαi1yαi2−1.

From this we get that ci = ciq
αi2
1 and

∑t
i=1 ciq4

(∑αi2−1
j=0 qj1

)
xαi1yαi2−1 = 0, so:

1. If q1 is not a root of unity, then αi2 = 0, thus f =
∑t

i=1 cix
αi1 , but fy = yf ,

then

t∑
i=1

cix
αi1y =

t∑
i=1

ciq
αi1
1 xαi1y +

t∑
i=1

ciq4

(
αi1−1∑
k=0

qk1

)
xk−1,

whence ci = ciq
αi1
1 , and this is valid if i = 0, so f = c0 ∈ k. Therefore,

Z(A) ⊆ k ⊆ Z(A).

2. If q1 is a root of unity of degree n ≥ 2, ci = ciq
αi2
1 implies that αi2 = nl with

l ∈ N, also
∑ln−1

i=0 qi1 = 0, so f =
∑t

i=1,l≥0 ci,lx
iynl. But fy = yf , then
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t∑
i=1

cilx
αi1ynl+1 =

t∑
i=1

cilq
i
1x

αi1ynl+1 +
t∑
i=0

cilq4

(
αi1−1∑
k=0

qk1

)
xk−1ynl.

Now, cil = cilq
i
1, thus i = nr, with r ∈ N, in this case

∑nr−1
i=0 qi1 = 0, and hence

f =
∑
crl(x

n)r(yn)l, whence k[xn, yn] ⊆ Z(A). Finally, since xn, yn are central
elements of A, then k[xn, yn] = Z(A).

(ii) From the basic conditions of commutation xf = fx, yf = fy, the proof of this
part is similar and it is possible to find the desired polynomials f(x) and g(y). �

Remark 2.1.3. 1. The precise description of polynomials f(x) and g(y) in the
previous Theorem it is in general difficult. However, in some particular cases
the computation is possible: If q1 is a root of unity of degree n, q3 = 0 and
q2 6= 0, then f(x) = xn, and if q3 6= 0 and q2 = 0, then g(y) = yn.

2. Some known results can be obtained as particular cases of the previous The-
orem:

(a) If q1 = q4 = 1 and q2 = q3 = 0, then A is the Weyl algebra and Z(A) = k.

(b) If q2 = q3 = 0 then A is the q1-quantum Weyl algebra; if q1 is a primitive
n-th roof of unity for some n ≥ 2, then Z(A) = k[xn, yn]. In [CYZ1],
section 2, it is proved that A is free over Z(A) of rank n2, with basis
B = {xiyj | 0 ≤ i, j ≤ n− 1}.

(c) If L is a two-dimensional solvable algebra generated by x, y, with [x, y] =
x, then for its universal enveloping algebra we get Z(U(L)) = k. This
particular case was considered in [Ma1].

Now we pass to study the center of extensions with n ≥ 3 variables. Related to
Example 1.3.10 (f), we have the following easy result.

Lemma 2.1.4 (n-multiparametric quantum space). For qij =
lij
kij
∈ k − {0},

(lij, kij) = 1, 1 ≤ i, j ≤ n (qii = 1), let A be the k-algebra defined as the quasi-
commutative skew PBW extension given by xjxi = qijxixj, for all 1 ≤ i < j ≤ n.
If qij is not a root of unity and (lij, lrs) = (kij, krs) = (lij, krs) = 1 for i, j, r, s ∈
{1, 2, . . . , n}, then Z(A) = k.

Proof. In this case we have the rule:

xlkk x
lj
j x

li
i = (q

lilj
ij q

lilk
ik q

lj lk
jk )xlii x

lj
j x

lk
k .
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Let f =
∑l

i=0 cix
αi1
1 . . . xαinn ∈ Z(A), with αij ≥ 0 and ci ∈ k−{0}, for i = 0, 1, . . . , l,

and j = 1, 2, . . . , n. Since x1f = fx1, . . . , xnf = fxn, then

l∑
i=0

cix
αi1+1
1 . . . xαinn =

l∑
i=0

ciq
αin
1n . . . qαi212 x

αi1+1
1 . . . xαinn

... =
...

l∑
i=0

ciq
αi(n−1)

n−1,n . . . qαi11n x
αi1
1 . . . xαinn =

l∑
i=0

cix
αi1
1 . . . xαin+1

n .

From this we get that ci = ciq
αin
1n . . . qαi212 , · · · , ci = ciq

αi1
1n · · · q

αi(n−1)

n−1,n , so 1 =
qαin1n . . . qαi212 ,. . . , 1 = qαin1n . . . qαi212 for i = 0, 1, 2, . . . , l. Since qij is not a root of unity
and by hypothesis, then necessarily αij = 0 for i = 0, 1, . . . , l, and j = 1, . . . , n.
Thus, f = c0 ∈ k. Therefore, Z(A) ⊆ k ⊆ Z(A). �

Theorem 2.1.5. Let A = σ(k)〈x1, . . . , xn〉 be a skew PBW extensions of k defined
by

xjxi = qijxixj + a
(1)
ij x1 + · · ·+ a

(n)
ij xn + dij,

with 1 ≤ i < j ≤ n, and qij =
lij
kij

, (lij, lrs) = (kij, krs) = (lij, krs) = 1 for i, j, r, s ∈
{1, 2, . . . , n}. If qij is not a root of unity, then Z(A) = k.

Proof. According to Theorem 1.3.6, Gr(A) is a quasi-commutative skew PBW
extension with relations xjxi = qijxixj, 1 ≤ i < j ≤ n (since A is a k-
algebra, σi = iR and δi = 0, see Remark 1.3.7). Then, by the previous Lemma,
k = Z(Gr(A)) ⊇ Gr(Z(A)). Thus Gr(Z(A)) = k and therefore Z(A) = k. �

The following Theorem allows us to give a wide list of algebras which center
probably has not been computed before.

Theorem 2.1.6. Let A = σ(k[x1, . . . , xn])〈y1, . . . , yn〉 be the skew PBW extension
defined by

yiyj = yjyi 1 ≤ i < j ≤ n, (2.2)

yjxi = xiyj i 6= j, (2.3)

yixi = qixiyi + diyi + ai, 1 ≤ i ≤ n. (2.4)

Then,

1. Z(A) = k in any of the following cases:

(a) For 1 ≤ i ≤ n, qi is not a root of unity.

(b) If for some i, qi = 1, then di 6= 0 or ai 6= 0.

2. If for every 1 ≤ i ≤ n, qi is a primitive li-th root of unity of degree li ≥ 2,
then the elements ylii are central and k ( Z(A).
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Proof. Step 1. For k = 1, . . . , n, in A the following relations hold for every m ≥ 1:

ykx
m
k =

∑m
j=0

(
m
j

)
qm−jk djkx

m−j
k yk + ak

(∑m−1
i=0 qik

)
xm−1
k + · · · +

dj−1
k ak

(∑m−j
i=0

(
i+j−1
j−1

)
qik

)
xm−jk ,

ymk xk = qmk xky
m
k + dk

(∑m−1
i=0 qik

)
ymk + ak

(∑m−1
i=0 qik

)
ym−1
k .

Hence, the elements ylkk are central, assuming that qk is a lk-th root of unity.

We verify the first equality by induction. The proof of the second identity is
similar. The case m = 1 is (2.4). Then we assume it is valid for m. So,

ykx
m+1
k =(ykx

m
k )xk

=(

m∑
j=0

(m
j

)
qm−jk djkx

m−j
k yk + ak

(
m−1∑
i=0

qik

)
xm−1
k + · · ·+ dj−1

k ak

m−j∑
i=0

(i+ j − 1

j − 1

)
qik

xm−jk )x

=

m∑
j=0

(m
j

)
qm−jk djkx

m−j
k (qkxkyk + dkyk + ak) + ak

(
m−1∑
i=0

qik

)
xmk + · · ·+

dj−1
k ak

m−j∑
i=0

(i+ j − 1

j − 1

)
qik

xm+1−j
k .

=
m∑
j=0

(m
j

)
qm+1−j
k djkx

m+1−j
k yk +

m∑
j=0

(m
j

)
qm−jk dj+1

k xm−jk yk + ak

m∑
j=0

(m
j

)
qm−jk djkx

m−j
k yk+

ak

(
m−1∑
i=0

qik

)
xmk + · · ·+ dj−1

k ak

m−j∑
i=0

(i+ j − 1

j − 1

)
qik

xm+1−j
k .

=

m+1∑
j=0

(m+ 1

j

)
qm+1−j
k djkx

m+1−j
k yk + ak

(
m∑
i=0

qik

)
xmk + · · ·+

dj−1
k ak

m+1−j∑
i=0

(i+ j − 1

j − 1

)
qik

xm+1−j
k .

=ykx
m+1
k .

Step 2. Let f =
∑t

i=1 Pi(X)yαi11 · · · yαinn ∈ Z(A), with αij ≥ 1 and Pi(X) ∈
k[x1, . . . , xn]− {0} for i = 1, . . . , t and j = 1, 2, . . . , n. Since x1f = fx1, then

t∑
i=1

Pi(X)x1y
αi1
1 · · · yαinn =

t∑
i=1

Pi(X)y
αi1
1 · · · yαinn x1

=
t∑
i=1

Pi(X)y
αi1
1 x1 · · · yαinn

=
t∑
i=1

Pi(X)(q
αi1
1 x1y

αi1
1 + d1

αi1−1∑
i=0

qi1

 y
αi1
1 +

a1

αi1−1∑
i=0

qi1

 y
αi1−1
1 )y

αi2
2 . . . yαinn

=

t∑
i=1

q
αi1
1 Pi(X)x1y

αi1
1 · · · yαinn +

t∑
i=1

Pi(X)(d1

αi1−1∑
i=0

qi1

 y
αi1
1

+ a1

αi1−1∑
i=0

qi1

 y
αi1−1
1 )y

αi2
2 . . . yαinn .
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Since x1f − fx1 = 0 and A is a left k[x1, . . . , xn]−free module with canonical
basis {yαi11 yαi22 . . . yαinn | (αi1, . . . , αin) ∈ Nn}, then Pi(X) = qαi11 Pi(X), and∑t

i=1 d1Pi(X)
(∑αi1−1

i=0 qi1
)
yαi11 yαi22 . . . yαinn +∑t

i=1 a1

(∑αi1−1
i=0 qi1

)
yαi1−1

1 yαi22 . . . yαinn = 0. Thus, if q1 is not root of unity, then the
first equality implies that αi1 = 0 for 1 ≤ i ≤ t. If q1 = 1, then we compare the
leader monomial of∑t

i=1 d1Pi(X)
(∑αi1−1

i=0 qi1
)
yαi11 yαi22 . . . yαinn if d1 6= 0, or∑t

i=1 a1

(∑αi1−1
i=0 qi1

)
yαi1−1

1 yαi22 . . . yαinn otherwise. Since A is a domain and
char(k) = 0, then necessarily αi1 = 0 for 1 ≤ i ≤ t, i.e., f does not have
powers of y1. Repeating this procedure with x2, . . . , xn we conclude that
f = P (X) =

∑r
i=1 kix

βi1
1 . . . xβinn ∈ k[x1, . . . , xn]− {0}, but y1f = fy1, so

r∑
i=1

kix
βi1
1 . . . xβinn y1 =y1

r∑
i=1

kix
βi1
1 . . . xβinn

=
r∑
i=1

ki(

βi1∑
j=0

(
βi1
j

)
qβi1−j1 dj1x

βi1−j
1 y1 + a1

(
βi1−1∑
j=0

qj1

)
xβi1−1

1 +

· · ·+ dj−1
1 a1

(
βi1−j∑
l=0

(
l + j − 1

j − 1

)
ql1

)
xβi1−l1 )xβi22 · · ·xβinn ;

then comparing terms, ki = kiq
βi1
1 implies βi1 = 0 if q1 is not root of unity. If

q1 = 1 and d1 6= 0 then ki
(
βi1
j

)
qβi1−j1 dj1 = 0, or a1

∑βi1−1
j=0 qi1 = 0 if d1 = 0; in

any case, it is only possible if βi1 = 0 , 1 ≤ i ≤ r, i.e., f =
∑r

i=1 k1x
βi2
2 · · · xβinn .

Performing the same procedure with y2, . . . , yn, we conclude that f = k0 ∈ k.
Therefore k ⊆ Z(A) ⊆ k.
In the case when each qi is a root of unity of degree li, then qlii = 1 and

∑li−1
j=0 q

j
i = 0.

Thus the relation ylii xi = qlii xiy
li
i +di

(∑li−1
j=0 q

j
i

)
ylii +ai

(∑li−1
j=0 q

j
i

)
yli−1
i = xiy

li
i , and

since yiyj = yjyi, yixj = xjyi, then for 1 ≤ i ≤ n, ylii is a central element of A.
Therefore, k ( Z(A). �

Remark 2.1.7. In (2.4), if dk = 0, then ykx
m
k = qmk x

m
k yk + ak

(∑m−1
i=0 qik

)
xm−1
k , and if

qi is a root of unity of degree li for 1 ≤ i ≤ n, then xlii are central elements. Thus,
Z(A) = k[xl11 , . . . , x

ln
n , y

l1
1 , . . . , y

ln
n ]. Finally, if some qi is not a root of unity, then we

exclude the variables xi, yi from the previous center.

Examples 2.1.8. According to Theorem 2.1.6, the following algebras have trivial
center:

1. Operator algebras. Some important well-known operator algebras can be de-
scribed as skew PBW extensions of k[t1, . . . , tn].

(a) Algebra of linear partial differential operators. The n-th Weyl algebra
An(k) over k coincides with the k-algebra of linear partial differential
operators with polynomial coefficients k[t1, . . . , tn]. The generators of
An(k) satisfy the following relations titj = tjti, ∂i∂j = ∂j∂i, 1 ≤ i < j ≤
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n, ∂jti = ti∂j +δij, 1 ≤ i, j ≤ n, where δij is the Kronecker symbol. Thus,
qi = 1, di = 0 and ai = 1 for 1 ≤ i ≤ n.

(b) Algebra of linear partial shift operators. The k-algebra of lin-
ear partial shift (recurrence) operators with polynomial, respec-
tively with rational coefficients, is k[t1, . . . , tn][E1, . . . , En], respectively
k(t1, . . . , tn)[E1, . . . , En], subject to the relations: tjti = titj, EjEi = EiEj
for 1 ≤ i < j ≤ n, and Eiti = (ti + 1)Ei = tiEi + Ei, 1 ≤ i ≤ n,
Ejti = tiEj, i 6= j. So qi = 1, di = 1 and ai = 0 for 1 ≤ i ≤ n.

(c) Algebra of linear partial difference operators. The k-algebra of linear par-
tial difference opertors with polynomial, respectively with rational coef-
ficients, is k[t1, . . . , tn][∆1, . . . ,∆n], respectively k(t1, . . . , tn)[∆1, . . . ,∆n],
subject to the relations:

tjti = titj, 1 ≤ i < j ≤ n, ∆iti = (ti+1)∆i+1 = ti∆i+∆i+1, 1 ≤ i ≤ n,
∆jti = ti∆j, i 6= j, ∆j∆i = ∆i∆j, 1 ≤ i < j ≤ n. Thus qi = 1, di = 1
and ai = 1 for 1 ≤ i ≤ n.

(d) Algebra of linear partial q-dilation operators. For a fixed q ∈
k − {0}, the k-algebra of linear partial q-dilation operators with
polynomial coefficients, respectively, with rational coefficients, is
k[t1, . . . , tn][H

(q)
1 , . . . , H

(q)
n ], respectively k(t1, . . . , tn)[H

(q)
1 , . . . , H

(q)
n ], sub-

ject to the relations: tjti = titj, 1 ≤ i < j ≤ n, H
(q)
i ti = qtiH

(q)
i ,

1 ≤ i ≤ n, H
(q)
j ti = tiH

(q)
j , i 6= j, H

(q)
j H

(q)
i = H

(q)
i H

(q)
j , 1 ≤ i < j ≤ n.

Thus qi = q, di = 0 and ai = 0 for 1 ≤ i ≤ n.

(e) Algebra of linear partial q-differential operators. For a fixed
q ∈ k − {0}, the k-algebra of linear partial q-differential
operators with polynomial coefficients, respectively with ratio-
nal coefficients is k[t1, . . . , tn][D

(q)
1 , . . . , D

(q)
n ], respectively the ring

k(t1, . . . , tn)[D
(q)
1 , . . . , D

(q)
n ], subject to the relations: tjti = titj, 1 ≤

i < j ≤ n, D
(q)
i ti = qtiD

(q)
i + 1, 1 ≤ i ≤ n, D

(q)
j ti = tiD

(q)
j , i 6= j,

D
(q)
j D

(q)
i = D

(q)
i D

(q)
j , 1 ≤ i < j ≤ n. So qi = q, di = 0 and ai = 1 for

1 ≤ i ≤ n.

2. The algebra D for multidimensional discrete linear systems. This alge-
bra is a quasi-commutative bijective skew PBW extension of k[t1, . . . , tn],
D = σ(k[t1, . . . , tn])〈x1, . . . , xn〉. In fact, by definition, D is the iterated skew
polynomial ring D := k[t1, . . . , tn][x1;σ1] · · · [xn;σn], where σi(p(t1, . . . , tn)) :=
p(t1, . . . , ti−1, ti + 1, ti+1, . . . , tn), σi(xi) = xi, 1 ≤ i ≤ n. Thus, qi = 1, di = 1
and ai = 0 for 1 ≤ i ≤ n.

3. Additive analogue of the Weyl algebra. The k-algebra An(q1, . . . , qn) is gener-
ated by x1, . . . , xn, y1, . . . , yn subject to the relations: xjxi = xixj, yjyi = yiyj,
1 ≤ i, j ≤ n, yixj = xjyi, i 6= j, yixi = qixiyi+1, 1 ≤ i ≤ n, where qi ∈ k−{0}.
From these relations we have An(q1, . . . , qn) ∼= σ(k)〈x1, . . . , xn; y1, . . . , yn〉 ∼=
σ(k[x1, . . . , xn])〈y1, . . . , yn〉. So qi 6= 0, di = 0 and ai = 1 for 1 ≤ i ≤ n.
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4. The Weyl algebra An(k) (Example 1.3.8 (b)), qi = 1, di = 0 and ai = 1 for
1 ≤ i ≤ n.

5. The algebra of q-differential operators Dq,h[x, y] (Example 1.3.9(a)), q1 = q,
di = 0 and a1 = h.

6. The algebra of shift operators Sh (Example 1.3.9(b)), q1 = 1, d1 = −h and
ai = 0 .

Examples 2.1.9. We have computed the center of the following algebras (our com-
putations of course are agree with Theorem 2.1.6, where the parameters qi are roots
of unity of degree li):

1. The algebra of q-differential operators Dq,h[x, y], q1 = q, di = 0 and a1 = h,
Z(A) = k[xl, yl].

2. Additive analogue of the Weyl algebra, qi 6= 0, di = 0 and ai = 1 for 1 ≤ i ≤ n,
Z(A) = k[xl11 , . . . , x

ln
n , y

l1
1 , . . . , y

ln
n ].

3. Algebra of linear partial q-dilation operators, qi = q, di = 0 and ai = 0 for
1 ≤ i ≤ n, Z(A) = k[tl1, . . . , t

l
n, H

l
1, . . . , H

l
n], l =degree(q).

4. Algebra of linear partial q-differential operators, qi = q, di = 0 and ai = 1 for
1 ≤ i ≤ n. Z(A) = k[tl1, . . . , t

l
n, D

l
1, . . . , D

l
n], l =degree(q).

2.2 Central subalgebras of other remarkable

quantum algebras

In this section we consider other noncommutative algebras of quantum type that
can be interpreted as skew PBW extensions, and for them, we compute either the
center or some central key subalgebras. These algebras are not covered by Thereom
2.1.6. The proofs of the next theorems are based in some lemmas which proofs we
avoid since they can be realized by direct computations.

2.2.1 Woronowicz algebra Wν(sl(2, k))

This algebra was introduced by Woronowicz in [Wo] and it is generated by x, y, z
subject to the relations

xz − q4zx = (1 + q2)x, xy − q2yx = qz, zy − q4yz = (1 + q2)y,

where q ∈ k − {0} is not a root of unity. Then Wq(sl(2, k)) ∼= σ(k)〈x, y, z〉.

Lemma 2.2.1. Let m ≥ 1, then in Wq(sl(2, k)) the following identities hold:

1. ymx = 1
q2mxy

m − (
∑m−1
i=0 q2i)
q

ym−1z − (
∑m−1
i=1 iq2(i−1)+

∑2m−2
i=m ((2m−1−i)q2(i−1))
q2m−1 ym−1.
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2. yxm = 1
q2mx

my − (
∑m−1
i=0 q2i)
q4m−3 xm−1z +

(
∑m−1
i=1 iq2(i−1)+

∑2m−2
i=m (2m−1−i)q2(i−1))
q4m−3 xm−1.

3. zmx =
∑m
i=0(−1)i(mi )(q2+1)ixzm−i

q4m .

4. zxm = 1
q4mx

mz + 1
q4m

(∑2m−1
i=0 q2i

)
xm.

5. zmy = y(q4z + (q2 + 1))m.

6. zym = q4mymz +
∑2m−1

i=0 q2iym.

Theorem 2.2.2. The Woronowicz algebra has trivial center, Z(Wq(sl(2, k))) = k.

Proof. Let f(x, y, z) =
∑n

i=0Cix
αi1yαi2zαi3 ∈ Z(Wq(sl(2, k))), with αij ∈ N, j =

1, 2, 3. Since zf = fz, then

n∑
i=0

Cix
αi1yαi2zαi3+1 = z

n∑
i=0

Cix
αi1yαi2zαi3 (2.5)

=

n∑
i=0

Ci

(
1

q4αi1
xαi1zyαi2zαi3

)
+

Ci

q4αi1

2αi1−1∑
j=0

q2j

xαi1yαi2zαi3 (2.6)

=

n∑
i=0

Ci

q4αi1

xαi1
q4αi2yαi2z +

2αi2−1∑
j=0

q2jyαi2

 zαi3

+

2αi1−1∑
j=0

q2j

xαi1yαi2zαi3


(2.7)

=
n∑
i=0

Ci
q4αi2

q4αi1
xαi1yαi2zαi3+1 +

Ci

q4αi1

2αi2−1∑
j=0

q2j +

2αi1−1∑
j=0

q2j

xαi1yαi2zαi3 . (2.8)

Equations (2.6) and (2.7) are the relations 4 and 6 in the previous lemma, re-

spectively. From this, Ci = Ci
q4αi2

q4αi1
and Ci

q4αi1

(∑2αi2−1
j=0 q2j +

∑2αi1−1
j=0 q2j

)
= 0,

so 1 = q4αi2

q4αi1
= 0, whence αi1 = αi2, and since char(k) = 0, Ci = 0, or,∑2αi1−1

j=0 q2j = 0, but q is not a root of unity, then
∑2αi1−1

i=0 q2j 6= 0, thus Ci = 0 for
αi1, αi2 > 0, i.e., f =

∑n
i=0Ciz

αi3 . But yf = fy, so
∑n

i=0Ciyz
αi3 =

∑n
i=0Ciz

αi3y =∑n
i=0 Ciy(q4z + (q2 + 1))αi3 , then Ci = Ciq

4αi3 and
∑αi3

j=1

(
αi3
j

)
q4(αi3−j)(q2 + 1)j = 0,

whence q4αi3 = 1, thus αi3 = 0 and therefore f = C0 ∈ k. Finally, Z(Wq(sl(2, k))) ⊆
k ⊆ Z(Wq(sl(2, k))). �

2.2.2 The algebra U

Let U be the algebra generated over the field k = C by the set of variables xi, yi, zi,
1 ≤ i ≤ n, subject to relations:

xjxi = xixj, yjyi = yiyj, zjzi = zizj, 1 ≤ i, j ≤ n,

yjxi = qδijxiyj, zjxi = q−δijxizj, 1 ≤ i, j ≤ n,

zjyi = yizj, i 6= j, ziyi = q2yizi − q2x2
i , 1 ≤ i ≤ n,

where q ∈ C−{0}. Note that U is a bijective skew PBW extension of C[x1, . . . , xn],
that is, U ∼= σ(C[x1, . . . , xn])〈y1, . . . , yn; z1, . . . , zn〉.
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Lemma 2.2.3. For m ≥ 1 and i = 1, . . . , n, in U the following relations hold:

1. ziy
m
i = q2mymi zi −mq2x2

i y
m−1
i ,

2. zmi yi = q2myiz
m
i −mq2mx2

i z
m−1
i ,

3. ymi xi = qmxiy
m
i ,

4. zmi xi = q−mxiz
m
i .

Theorem 2.2.4. If q is not a root of unity, then the algebra U has a trivial center
k. If q is a root of unity of degree l ≥ 2, xl1, . . . , x

l
n are central elements in U and

k[xl1, . . . , x
l
n] ⊆ Z(U).

Proof. Let f =
∑t

i=1 rix
γi1
1 · · ·xγinn yαi11 · · · yαinn zβi11 · · · zβinn ∈ Z(U), γij, αij, βij ≥ 0,

j = 1, . . . , n. Then x1f = fx1, and hence∑t
i=1 rix

γi1+1
1 · · ·xγinn yαi11 · · · yαinn zβi11 · · · zβinn =∑t

i=1 riq
αi1−βi1xγi1+1

1 · · ·xγinn yαi11 · · · yαinn zβi11 · · · zβinn .

Thus, 1− qαi1−βi1 = 0, so αi1 = βi1. Repeating this for x2, . . . , xn we conclude that
αij = βij, j = 1, . . . , n. Therefore, f =

∑t
i=1 rix

γi1
1 · · ·xγinn yαi11 · · · yαinn · · · zαinn . But

fz1 = z1f , then∑t
i=1 rix

γi1
1 · · ·xγinn yαi11 · · · yαinn zαi1+1

1 · · · zαinn =
∑t

i=1 riq
2αi1−γi1xγi11 · · ·xγinn yαi11 · · ·

yαinn zαi1+1
1 · · · zαinn +

∑t
i=1 αi1riq

2αi1−γi1+2xγi1+2
1 · · ·xγinn yαi1−1

1 · · · yαinn zαi11 · · · zαinn ,

so necessarily 1 − q2αi1−γi1 = 0 and αi1riq
2αi1−γi1+2 = 0, whence 2αi1 = γi1 and

αi1 = 0 = γi1, so f =
∑t

i=1 rix
γi2
2 · · ·xγinn yαi22 · · · yαinn zαi22 · · · zαinn ; repeating this for

z2, . . . , zn then we obtain that f = r ∈ k. Therefore, k ⊆ Z(U) ⊆ k.

If ql = 1, then yjx
l
i = xliyj, zjx

l
i = xlizj, and yix

l
i = qlxliyi = xliyi, zix

l
i = q−lxlizi =

xlizi, for 1 ≤ i ≤ n. Thus, k[xl1, . . . , x
l
n] ⊆ Z(U). �

2.2.3 Dispin algebra U(osp(1, 2))

It is generated by x, y, z over k satisfying the relations:

yx = xy − x, zx = −xz + y, zy = yz − z.

Then, U(osp(1, 2)) is a skew PBW extension of k, U(osp(1, 2)) ∼= σ(k)〈x, y, z〉. Us-
ing the defining relation of the algebra U(osp(1, 2)) we get the following preliminary
result.

Lemma 2.2.5. For n,m ≥ 1,

1. yxn = xny − nxn.
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2. ynx = x(y − 1)n.

3. ynxm = xm(y −m)n.

4. znx = (−1)nxzn − n
2
zn−1 +

(
1+(−1)n+1

2

)
yzn−1

4.1 If n = 2l, z2lx = xz2l − lz2l−1.

4.2 If n = 2l + 1, z2l+1x = −xz2l+1 + yz2l − nz2l.

5. zyn = (y − 1)nz.

6. zny = (y − n)zn.

7. znym = (y − n)mzn.

Theorem 2.2.6. The element f = 4x2z2 − y2 − 2xz − y is central in U(osp(1, 2))
and k[f ] ⊆ Z(U(osp(1, 2))).

Proof. Since fx = 4x2z2x−y2x−2xzx−yx = 4x2(xz2−z)−x(y−1)2−2x(−xz+y)−
(xy−x) = 4x3z2−4x2z−xy2+2xy−x+2x2z−2xy−xy+x = 4x3z2−xy2−2x2z−xy =
xf . yf = 4yx2z2−y3−2yxz−y2 = 4(x2y−2x2)z2−y3−2(xy−x)z−y2 = 4x2yz2−
8x2z2 − y3 − 2xyz − 2xz − y2. Whereas fy = 4x2z2y − y3 − 2xzy − y2 = 4x2(yz2 −
2z2)−y3−2x(yz− z)−y2 = 4x2yz2−8x2z2−y3−2xyz−2xz−y2. Thus, yf = fy.
zf = 4zx2z2−zy2−2zxz−zy = 4(x2z−x)z2−(y2z−2yz+z)−2(−xz+y)z−(yz−z) =
4x2z3− 4xz2− y2z+ 2yz− z+ 2xz2− 2yz− yz+ z = 4x2z3− y2z− 2xz2− yz = fz.
Therefore, f ∈ Z(U(osp(1, 2))). �

2.2.4 q-Heisenberg algebra Hn(q)

This algebra is generated by 3n variables, x1, . . . , xn, y1, . . . , yn, z1, . . . , zn with re-
lations:

xjxi =xixj, yjyi =yiyj, zjzi =zizj, i 6=j.
yjxi =xiyj, ziyj =yjzi, zjxi =xizj 1 ≤i < j ≤ n,

yixi =qxiyi, ziyi =qyizi, zixi =q−1xizi + yi,

with q ∈ k − {0}. Note that

Hn(q) ∼= σ(k)〈x1, . . . , xn; y1, . . . , yn; z1, . . . , zn〉 ∼= σ(k[y1, . . . , yn])〈x1, . . . , xn; z1, . . . , zn〉.

Theorem 2.2.7. Let Ci = (q2 − 1)xiyizi − y2
i , for i = i, . . . , n. Then

1. If q is not a root of unity, then the elements Ci are central, 1 ≤ i ≤ n, and
k[Ci]1≤i≤n ⊆ Z(Hn(q)).

2. If q is a root of unity of degree l, the following elements are central, Ci, x
l
i, y

l
i, z

l
i,

i = 1, . . . , n, and k[Ci, x
l
i, y

l
i, z

l
i]1≤i≤n ⊆ Z(Hn(q)).
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Proof. It is clear that xjCi = Cixj, yjCi = Ciyj, zjCi = Cizj, for i 6= j. Cixi =
(q2−1)xiyizixi−y2

i xi = (q2−1)xiyi(q
−1x1zi+yi)−yiqxiyi = q−1(q2−1)xi(qxiyi)zi+

(q2− 1)xiy
2
i − q2xiy

2
i = (q2− 1)x2

i yizi− xiy2
i = xiCi. ziCi = (q2− 1)zixiyizi− ziy2

i =
(q2 − 1)(q−1xizi + yi)yizi − q2y2

i zi = (q2 − 1)q−1xi(qyizi)zi + (q2 − 1)y2
i zi − q2yizi =

(q2 − 1)xiyiz
2
i − y2

i zi = Cizi, and yiCi = (q2 − 1)yixiyizi − y3
i = (q2 − 1)qxiy

2
i zi − y3

i ,
whereas Ciyi = (q2 − 1)xiyiziyi − y3

i = (q2 − 1)qxiy
2
i zi − y3

i , so yiCi = Ciyi, and
therefore, Ci, 1 ≤ i ≤ n are central elements in Hn(q). �

2.2.5 The coordinate algebra of the quantum matrix space,
Mq(2).

This is the k-algebra generated by the variables x, y, u, v satisfying the relations:

xu = qux, yu = q−1uy, vu = uv, (2.9)

and
xv = qvx, vy = qyv, yx− xy = −(q − q−1)uv, (2.10)

with q ∈ k − {0}. Thus, O(Mq(2)) ∼= σ(k[u])〈x, y, v〉. Due to the last relation in
(2.10), we remark that it is not possible to consider O(Mq(2)) as a skew PBW
extension of k. This algebra can be generalized to n variables, Oq(Mn(k)), and
coincides with the coordinate algebra of the quantum group SLq(2), see [BGV] for
more details.

Lemma 2.2.8. In O(Mq(2)) the following relations hold:

1. yxl = xly − (q − q−1)(q2(l−1) + q2(l−2) + · · ·+ q2 + 1)uvxl−1. In particular, if q
is a root of unity of degree l ≥ 3, then q2(l−1) + q2(l−2) + · · · + q2 + 1 = 0 and
yxl = xly.

2. ylx = xyl− (q−q−1)(1+q−2 + · · ·+q−2(l−2) +q−2(l−1))uvyl−1. Where 1+q−2 +
· · ·+ q−2(l−2) + q−2(l−1) = 0 if q is a root of unity of degree l.

With the previous relations it is possible proof the following theorem.

Theorem 2.2.9. Let A = Mq(2), then

1. k[xy − quv] ⊆ Z(A) if q is not a root of unity.

2. xl, yl, xy− quv, uivj, with i+ j = l, are central elements if q is a root of unity
of degree l, and k[xl, yl, xy − quv, uivj] ⊆ Z(A).

Proof. Let f = xy− quv, then fu = (xy− quv)u = xyu− quvu = xq−1uy− qu2v =
q−1quxy− qu2v = uxy− qu2v = uf . vf = v(xy− quv) = vxy− qvuv = vxy− quv2,
and fv = (xy−quv)v = xyv−quv2 = xq−1vy−quv2 = q−1qvxy−quv2 = vxy−quv2,
so vf = fv. Also, xf = x2y − qxuv = x2y − q(qux)v = x2y − q3uvx, fx =
xyx − quvx = x(xy − (q − q−1)uv) − quvx = x2y − (q − q−1)xuv − quvx = x2y −
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(q− q−1)q2uvx = x2y− q3uvx+ quvx− quvx = x2y− q3uvx = xf ; fy = xy2− quvy,
yf = yxy− qyuv = xy2− (q− q−1)uvy− q−1uvy = xy2− quvy+ q−1uvy− q−1uvy =
xy2 − quvy = fy.
For the second part it is clear from the previous relations that yxl = xly and
ylx = xyl if q is a root of unity of degree l. Also, ylu = q−luyl = uyl, ylv =
q−lvyl = vyl and xlu = qluxl = uxl, xlv = qlvxl = vxl, thus xl, yl are central
elements in A. For uivj with i+j = l we have, xuivj = qiuixvj = qiqjuivjx = uivjx,
yuivj = q−iuiyvj = q−iq−juivjy = uivjy, so uivj are central for i+ j = l. �

2.2.6 Quadratic algebras in 3 variables

For quadratic algebras in 3 variables the relations are homogeneous of degree 2.
More exactly, a quadratic algebra in 3 variables A is a k-algebra generated by x, y, z
subject to the relations

yx = xy + a1xz + a2y
2 + a3yz + ξ1z

2,

zx = xz + ξ2y
2 + a5yz + a6z

2,

zy = yz + a4z
2.

If a1 = a4 = 0 we obtain the relations

yx = xy + a2y
2 + a3yz + ξ1z

2,

zx = xz + ξ2y
2 + a5yz + a6z

2,

zy = yz.

One can check that A1
∼= σ(k[y, z])〈x〉. If a3 = a5 = 0, which implies a2 = a6 = 0,

and thus, there is a family of algebras with relations

yx = xy + a1xz + ξ1z
2,

zx = xz,

zy = yz + a4z
2.

These algebras are skew PBW extensions of the form A2
∼= σ(k[x, z])〈y〉. If a1 =

a3 = ξ1 = 0, then a4 = a5 = a6 = 0 and thus there is a family of algebras with
relations

yx = xy + a2y
2,

zx = xz + ξ2y
2,

zy = yz.

These algebras are skew PBW extensions of the form A3
∼= σ(k[x, y])〈z〉.

Lemma 2.2.10. Assume that in the previous algebra A2, a1 = a, ξ1 = b and a4 = c.
Then for m ≥ 1

1. yxm = xmy +maxmz +mbxm−1z2.
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2. zym =
∑m

i=0

m!

(m− i)!
ciym−iz1+i.

3. zmy = yzm +mczm+1.

Theorem 2.2.11. The quadratic algebra A2 generated by x, y, z with relations yx =
xy + axz + bz2, zx = xz, zy = yz + cz2, a, b, c ∈ k − {0} and ac < 0 has trivial
center.

Proof. Let f(x, y, z) =
∑n

i=0Cix
αi1yαi2zαi3 ∈ Z(A2), with αij ∈

N, j = 1, 2, 3. Since zf = fz, then
∑n

i=0Cix
αi1yαi2zαi3+1 =∑n

i=0Cix
αi1yαi2zαi3+1 +

∑n
i=0Ci

∑αi2
j=1

(αi2)!
(αi2−j)!c

jxαi1yαi2−jzαi3+1−j, so∑n
i=0 Ci

∑αi2
j=1

(αi2)!
(αi2−j)!c

jxαi1yαi2−jzαi3+1−j = 0, but char(k) = 0, then Ci = 0

for αi2 6= 0, i.e. f =
∑n

i=0Cix
αi1zαi3 . Also, yf = fy, this is

∑n
i=0 Cix

αi1yzαi3 +
Ciαi1ax

αi1zαi3+1 + Ciαi1bx
αi1−1zαi3+2 =

∑n
i=0Cix

α
i1yz

αi3 + Ciαi3cx
αi1zαi3+1. Thus,

Ci(αi1a − αi3c)x
αi1zαi3+1 + Ciαi1bx

αi1−1zαi3+2 = 0 for i = 0, 1, . . . , n. Since
αi1a− αi3c ≤ 0 or αi1a− αi3c ≥ 0, then αi1 = 0, αi3 = 0 and f = c0 ∈ k, therefore
k ⊆ Z(A2) ⊆ k. �

For A3 it is not difficult to prove the following result.

Theorem 2.2.12. The element ξ2y − a2z is central in the quadratic algebra A3.

2.2.7 Algebra D of diffusion type

In [IPR] were introduced the diffusion algebras ; following this notion we define for
n ≥ 2 the algebra D which is generated by {Di, xi | 1 ≤ i ≤ n} over k with relations:

xixj = xjxi, xiDj = Djxi, 1 ≤ i, j ≤ n;

ci,jDiDj − cj,iDjDi = xjDi − xiDj, i < j,

ci,j, cj,i ∈ k∗. Observe that A ∼= σ(k[x1, . . . , xn])〈D1, . . . , Dn〉 is a bijective skew
PBW extension of k[x1, . . . , xn], and of course we obtain the following trivial result.

Theorem 2.2.13. k[x1, . . . , xn] ⊆ Z(D).

2.2.8 Tables

In this subsection we summarize in tables the description of the center of some
remarkable examples of skew PBW extensions studied in the previous sections.
Recall that k is a field with char(k) = 0.
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Algebra Z(A)
Weyl algebra An(k) k
Extended Weyl algebra Bn(k) k

Universal enveloping algebra of sl(2, k) k[4xy + z2 − 2z]

Universal enveloping algebra of So(3, k) k[x2 + y2 + z2]
Tensor product R⊗k U(G) Z(R)⊗k Z(U(G))
Algebra of q-differential operators Dq,h[x, y] k
Algebra of shift operators Sh k
Mixed algebra Dh k
Discrete linear systems k[t1, . . . , tn][x1, σ1] · · · [xn;σn] k
Linear partial shift operators k[t1, . . . , tn][E1, . . . , En] k
L.P. Differential operators k[t1, . . . , tn][∂1, . . . , ∂n] k
L. P. Difference operators k[t1, . . . , tn][∆1, . . . ,∆n] k

L. P. q-dilation operators k[t1, . . . , tn][H
(q)
1 , . . . , H

(q)
m ] k

L. P. q-differential operators k[t1, . . . , tn][D
(q)
1 , . . . , D

(q)
m ] k

Additive analogue of the Weyl algebra An(q1, . . . , qn) k
Multiplicative analogue of the Weyl algebra On(λji) k
n−multiparametric quantum space k

Quantum algebra U′(so(3, k)) k[−q1/2(q2 − 1)I1I2I3 + q2I2
1 + I2

2 + q2I2
3 ]

Woronowicz algebra Wν(sl(2, )) k
Algebra U k

Quantum enveloping algebra of sl(2, k), Uq(sl(2, k)) k[(q2 − 1)2EF + qKe + q3Kf ]
Differential operators on a quantum space Sq, Dq(Sq) k
Particular Witten’s Deformation of U(sl(2, k) k

Quantum Weyl algebra of Maltsiniotis Aq,λ
n k

Multiparameter Weyl algebra AQ,Γn (k) k

Quantum symplectic space Oq(sp(k2n)) k
Jordan plane J k
Quantum plane k
Quadratic algebras in 3 variables, A2 k

Table 2.1. Center of some bijective skew PBW extensions which parameters q’s are not
roots of unity.

Algebra Z(A)

Quantum plane k[xn, yn]
Algebra of q-differential operators Dq,h[x, y] k[xn, yn]

L. P. q-dilation operators k[t1, . . . , tn][H
(q)
1 , . . . , H

(q)
m ] k[tl1, . . . , t

l
n, H

l
1, . . . , H

l
m]

L. P. q-differential operators k[t1, . . . , tn][D
(q)
1 , . . . , D

(q)
m ] k[tl1, . . . , t

l
n, D

l
1, . . . , D

l
m]

Additive analogue of the Weyl algebra An(q1, . . . , qn) k[x
α1
1 , y

α1
1 , . . . , xαnn , yαnn ]

Multiplicative analogue of the Weyl algebra On(λji) k[x
L1
1 , . . . , xLnn ]

n−multiparametric quantum space k[x
L1
1 , . . . , xLnn ]

Quantum algebra U′(so(3, k)) k[C,C
(1)
n , C

(2)
n , C

(3)
n ]

Quantum enveloping algebra of sl(2, k), Uq(sl(2, k)) k[(q2 − 1)2EF + qKe + q3Kf , E
n, Fn, Kne , K

n
f ]

Quantum symplectic space Oq(sp(k2n)) k[xm1 , . . . , x
m
2n]

Table 2.2. Center of some bijective skew PBW extensions which parameters q’s are
roots of unity.

Algebra ⊆ Z(A)
Algebra D of diffusion type k[x1, · · · , xn]

Dispin algebra U(osp(1, 2)) k[4x2z2 − y2 − 2xz − y]

Algebra U (ql = 1) k[xl1, · · · , x
l
n]

Coordinate algebra of the quantum group SLq(2) k[xy − quv]

Coordinate algebra of the quantum group SLq(2), ql = 1 k[xy − quv, xl, yl, uivj ], with i + j = l

q-Heisenberg algebra Hn(q) k[Ci], Ci = (q2 − 1)xiyizi − y2
i

q-Heisenberg algebra Hn(q), ql = 1 k[xli, y
l
i, z

l
i, Ci]

Quadratic algebras in 3 variables, A3 k[ξ2y − a2z]

Table 2.3. Central subalgebras of some bijective skew PBW extensions.

According to the conditions presented in the Table 2.1 and Proposition 1.1.4, we
have the following Corollary.

Corollary 2.2.14. The following skew PBW extensions are universally cancella-
tive, and hence, cancellative:

1. Weyl algebra An(k).
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2. Extended Weyl algebra Bn(k).

3. Algebra of q-differential operators Dq,h[x, y].

4. Algebra of shift operators Sh.

5. Mixed algebra Dh.

6. Discrete linear systems k[t1, . . . , tn][x1, σ1] · · · [xn;σn].

7. Linear partial shift operators k[t1, . . . , tn][E1, . . . , En] .

8. L.P. Differential operators k[t1, . . . , tn][∂1, . . . , ∂n].

9. L. P. Difference operators k[t1, . . . , tn][∆1, . . . ,∆n].

10. L. P. q-dilation operators k[t1, . . . , tn][H
(q)
1 , . . . , H

(q)
n ].

11. L. P. q-differential operators k[t1, . . . , tn][D
(q)
1 , . . . , D

(q)
n ].

12. Additive analogue of the Weyl algebra An(q1, . . . , qn).

13. Multiplicative analogue of the Weyl algebraOn(λji).

14. n-multiparametric quantum space.

15. Woronowicz algebra Wν(sl(2, k)).

16. Algebra U.

17. Differential operators on a quantum space Sq. Dq(Sq).

18. Particular Witten’s Deformation of U(sl(2, k).

19. Quantum Weyl algebra of Maltsiniotis. Aq,λ
n .

20. Multiparameter Weyl algebra AQ,Γn (k).

21. Quantum symplectic space Oq(sp(k2n)).

22. Jordan plane J .

23. Quantum plane.

24. Quadratic algebras in 3 variables, A2.
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2.3 The center of the total ring of fractions

Given an Ore domain, it is interesting to know when Z(Q(A)) ∼= Q(Z(A)), where
Q(A) is the total ring of fractions of A. This question became important after
the formulation of the Gelfand-Kirillov conjecture in the paper [GK]: Let G be an
algebraic Lie algebra of finite dimension over a field k, with char(k) = 0. Then,
there exist integers n, l ≥ 1 such that

Q(U(G)) ∼= Q(An(k[s1, . . . , sl])),

where U(G) is the enveloping algebra of G and An(k[s1, . . . , sl]) is the general Weyl
algebra over k. In the investigation of this famous conjecture the isomorphism
between the center of the total ring of fractions and the total ring of fractions of
the center occupies a special key role. In this section we prove that if A is finitely
generated and GKdim(A) < GKdim(Z(A)) + 1, then Z(Qr(A)) ∼= Q(Z(A)). Some
examples are included.

We start with the following easy proposition.

Proposition 2.3.1. Let A be a right Ore domain.

(i) If p
q
∈ Z(Qr(A)) then

(a) pq = qp.

(b) For every s ∈ A− {0}, psq = qsp.

(c) p ∈ Z(A) if and only if q ∈ Z(A).

(ii) Let p ∈ A. Then, p
1
∈ Z(Qr(A)) if and only if p ∈ Z(A). Thus, Z(A) ↪→

Z(Qr(A)).

(iii) If k is a field and A is a k-algebra such that Z(Qr(A)) = k, then Q(Z(A)) =
k = Z(Qr(A)).

Proof. (i) (a) We have p
q
q
1

= q
1
p
q
, so p

1
= qp

q
, whence p

1
q
1

= qp
q
q
1
, i.e., pq

1
= qp

1
, thus

pq = qp.

(b) Let s ∈ A− {0}, then p
q

= ps
qs

, so by (a), psqs = qsps, whence psq = qsp.

(c) If p
q

= 0, then p
q

= 0
1

and the claimed trivially holds. We can assume that

p 6= 0; by (b), for every s ∈ A− {0}, psq = qsp, hence if p ∈ Z(A), then sqp = qsp,
whence sq = qs, i.e., q ∈ Z(A). On the other hand, since q

p
∈ Z(Qr(A)), then if

q ∈ Z(A) we get p ∈ Z(A).

(ii) If p
1
∈ Z(Qr(A)), then by (i), ps = sp for every s 6= 0, whence p ∈ Z(A).

Conversely, let p ∈ Z(A)−{0} (for p = 0, p
1
∈ Z(Qr(A))), then for every a

s
∈ Qr(A)

we have p
1
a
s

= pa
s

and a
s
p
1

= ac
r

= acp
rp

, where sc = pr = rp, with c, r 6= 0. From this

we get acp
rp

= apc
sc

= ap
s

= pa
s

, i.e., p
1
∈ Z(Qr(A)).

(iii) From (ii), k ⊆ Z(A) ⊆ Z(Qr(A)) = k, so Z(A) = k, and hence Q(Z(A)) =
k = Z(Qr(A)). �
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The next example illustrates the part (iii) of Proposition 2.3.1.

Example 2.3.2. We consider the quantum plane A := kq[x1, x2], where q is not a
root of unity. We will show that Z(Qr(A)) = k. Let p

s
∈ Z(Qr(A)) − {0}, where

p :=
∑t

i=1 rix
αi
1 x

βi
2 and s :=

∑l
j=1 ujx

θj
1 x

γj
2 , with ri, uj ∈ k−{0}. From px1s = sx1p

and since q is not a root of unity, we get βi+βiθj = γj +γjαi for every 1 ≤ i ≤ t and
1 ≤ j ≤ l. Similarly, from px2s = sx2p we obtain θjβi + θj = αiγj + αi for all i, j,
whence βi + αi = γj + θj, so fixing i and then fixing j we conclude that p and s are
homogeneous of the same degree (this condition is not enough since x1

x2
/∈ Z(Qr(A))).

Now,

p
s
x1

1
= x1

1
p
s
, i.e.,

∑t
i=1 rix

αi
1 x

βi
2∑l

j=1 ujx
θj−1

1 x
γj
2

=
∑t
i=1 rix

αi+1
1 x

βi
2∑l

j=1 ujx
θj
1 x

γj
2

,

hence there exist c := xm1 pm(x2)+ · · ·+p0(x2), d := xk1qk(x2)+ · · ·+q0(x2) ∈ A−{0}
such that

(
∑t

i=1 rix
αi
1 x

βi
2 )c = (

∑t
i=1 rix

αi+1
1 xβi2 )d,

(
∑l

j=1 ujx
θj−1
1 x

γj
2 )c = (

∑l
j=1 ujx

θj
1 x

γj
2 )d.

Since p and q are homogeneous, we can assume α1 > · · · > αt and θ1 > · · · > θl,
whence β1 < · · · < βt and γ1 < · · · < γl. Then,

(r1x
α1
1 x

β1

2 )(xm1 pm(x2)) = r1q
mβ1xα1+m

1 xβ1

2 pm(x2),

r1x
α1+1
1 xβ1

2 x
k
1qk(x2) = r1q

kβ1xα1+1+k
1 xβ1

2 qk(x2),

whence α1+m = α1+1+k, i.e., m = k+1. Moreover, let pm be the leader coefficient
of pm(x2) and qk be the leader coefficient of qk(x2), then qβ1pm = qk. Similarly, we
can prove that qγ1pm = qk, but since q is not a root of unity, β1 = γ1. From
α1 + β1 = θ1 + γ1 we get that α1 = θ1 (considering instead the identity p

s
x2

1
= x2

1
p
s

we obtain the same result). Thus, we have

α1 = θ1 and β1 = γ1.

Notice that

p
s

= r1u
−1
1 +

p−r1u−1
1 s

s
, with r1u

−1
1 ∈ k ⊆ Z(Qr(A)),

hence
p−r1u−1

1 s

s
∈ Z(Qr(A)). But observe that

p−r1u−1
1 s

s
= 0, contrary, we could

repeat the previous procedure and find that there exists, either i ≥ 2 such that
αi = θ1 = α1, βi = γ1 = β1, or j ≥ 2 such that θj = θ1, γj = γ1, a contradiction.
Thus, p

s
= r1u

−1
1 ∈ k, and hence, Z(Qr(A)) = k.

The previous example shows that the proof of the isomorphism Z(Qr(A)) ∼=
Q(Z(A)) by direct computation of the center of the total ring of fractions is tedious.
An alternative more practical method is given by the following theorem.
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Theorem 2.3.3. Let k be a field and A be a right Ore domain. If A is a finitely
generated k-algebra such that GKdim(A) < GKdim(Z(A)) + 1, then

Z(Qr(A)) = {p
q
| p, q ∈ Z(A), q 6= 0} ∼= Q(Z(A)).

Proof. We divide the proof in three steps.

Step 1. As in the proof of Theorem 4.12 in [Kr], we will show that

Qr(A) ∼= A(Z(A)0)−1 = {p
q
| p ∈ A, q ∈ Z(A)0}, with Z(A)0 := Z(A)− {0}.

First observe that Z(A)0 is a right Ore set of A, so A(Z(A)0)−1 exists. From
the canonical injection Q(Z(A)) ↪→ A(Z(A)0)−1, p

q
7→ p

q
, we get that A(Z(A)0)−1

is a vector space over Q(Z(A)), moreover, A(Z(A)0)−1 = AQ(Z(A)). We will
show that the dimension of this vector space is finite. Let V be a frame that
generates A. Since {V n}n≥0 is a filtration of A, then A =

⋃
n≥0 V

n and AQ(Z(A)) =⋃
n≥0 V

nQ(Z(A)). Arise two possibilities: Either there exists n ≥ 0 such that
V nQ(Z(A)) = V n+1Q(Z(A)), or else

Q(Z(A)) ( V Q(Z(A)) ( V 2Q(Z(A)) ( · · ·

In the first case AQ(Z(A)) = V nQ(Z(A)) and we get the claimed. In the second
case,

dimQ(Z(A))Q(Z(A)) � dimQ(Z(A)) V Q(Z(A)) � dimQ(Z(A)) V
2Q(Z(A)) � · · ·

and we will show that this produces a contradiction. In fact, for every n ≥ 0,

dimQ(Z(A)) V
nQ(Z(A)) ≥ n+ 1;

let u1, . . . , ud(n) be a Q(Z(A))-basis of V nQ(Z(A)), thus, d(n) ≥ n + 1; we can
assume that ui ∈ V n for every 1 ≤ i ≤ d(n); let W be an arbitrary k-subspace of
Z(A) of finite dimension, then

(V +W )2n ⊇ V nW n ⊇ u1W
n ⊕ · · · ⊕ ud(n)W

n

(the sum is direct since the elements ui are linearly independent over Z(A)); from
this we get

dimK(V +W )2n ≥ d(n) dimk(W
n) ≥ (n+ 1) dimK(W n),

but since V +W is a frame of A, then GKdim(A) ≥ 1 + GKdim(Z(A)), false.

Now we can prove the claimed isomorphism. For this consider the canonical
injective homomorphism g : A → A(Z(A)0)−1, a 7→ a

1
. If a ∈ A − {0}, then a

1
is

invertible in A(Z(A)0)−1. In fact, the map h : A(Z(A)0)−1 → A(Z(A)0)−1, p
q
7→ a

1
p
q
,

is an injective Q(Z(A))-homomorphism since A is a domain, but as was observed
above, A(Z(A)0)−1 is finite-dimensional over Q(Z(A)), therefore h is surjective,
whence, there exists p

q
∈ A(Z(A)0)−1 such that a

1
p
q

= 1
1
. Observe that p

q
a
1

= 1
1
: In
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fact, since p 6= 0, there exists p′

q′
in A(Z(A)0)−1 such that p

1
p′

q′
= 1

1
, and since p

q
= 1

q
p
1
,

then

a
1

1
q
p
1
p′

q′
= 1

1
p′

q′
, i.e., a

1
1
q

= p′

q′
, so a

1
1
q
q
1

= p′

q′
q
1
, whence a

1
= p′

q′
q
1
, so

p
q
a
1

= p
q
p′

q′
q
1

= 1
q
p
1
p′

q′
q
1

= 1
q
q
1

= 1
1
.

In order to conclude the proof of the isomorphism A(Z(A)0)−1 ∼= Qr(A), observe
that any element p

q
∈ A(Z(A)0)−1 can be written as p

q
= g(p)g(q)−1.

Step 2. Let C := {p
q
| p, q ∈ Z(A), q 6= 0}. If p

q
∈ Z(Qr(A)), then by the first step

we can assume that q ∈ Z(A)0, and from the part (i)-(c) of Proposition 2.3.1, we
get p ∈ Z(A). Therefore, Z(Qr(A)) ⊆ C. Conversely, let p

q
∈ C, then p, q ∈ Z(A),

with q 6= 0, whence, by the part (ii) of Proposition 2.3.1, p
1
, q

1
∈ Z(Qr(A)), so

1
q
∈ Z(Qr(A)), and hence, p

q
= p

1
1
q
∈ Z(Qr(A)). Thus, C ⊆ Z(Qr(A)).

Step 3. According to the part (ii) of Proposition 2.3.1, we have the canonical
injective homomorphism Z(A)

ι−→ Z(Qr(A)), p 7→ p
1
, that sends invertible elements

of Z(A) in invertible elements of Z(Qr(A)), moreover, by the step 2, every ele-
ment p

q
∈ Z(Qr(A)) can be written p

q
= ι(p)ι(q)−1. This proves the isomorphism

Z(Qr(A)) ∼= Q(Z(A)). �

Example 2.3.4. Next we present some k-algebras that satisfy the hypotheses of
Theorem 2.3.3.

1. Any commutative finitely generated domain. In particular, k; k[x1, . . . , xn]/P ,
P prime ideal; k[x±1

1 , . . . , x±1
r , xr+1, . . . , xn], 1 ≤ r ≤ n.

2. Any domain A such that dimk A < ∞. For example, the real algebra H of
quaternions since dimR(H) = 4.

3. Consider a skew polynomial ring A := R[x;σ] with R a commutative domain
that is a k-algebra generated by a subspace V of finite dimension such that
σ(V ) ⊆ V , σ is k-linear of finite order m, Rσ = k and GKdim(R) = 0. Then,
GKdim(A) = 1, and Z(A) = k[xm], and hence, GKdim(Z(A)) = 1. Thus,
Z(Qr(A)) ∼= Q(Z(A)) = k(xm). A particular case of this general example is
A := C[x;σ] as R-algebra, with σ(z) := z, z ∈ C (here C and R are the fields
of complex and real numbers, respectively). In this case the order of σ is two
and GKdim(C) = 0 since dimR(C) = 2.

4. Let char(k) = p > 0 and A := Sh := k[t][xh;σh] be the algebra of shift op-
erators, GKdim(A) = 2. Moreover, for every n ≥ 0, σnh(t) = t − nh, then
σph(t) = t, i.e., the order of σh is p, therefore, Z(A) = k[t]σh [xph]. Note
that k[tp] ⊆ k[t]σh ⊆ k[t], and k[t] is finitely generated over k[tp], then
GKdim k[tp] = GKdim k[t] = 1, then GKdim k[t]σh = 1, so GKdim(Z(A)) = 2.
Thus, Z(Qr(A)) ∼= Q(Z(A)) = Q(k[t]σh)(xph).

5. Let char(k) = p > 0 and A := k[t][x; d
dt

][xh;σh] be the algebra of shift differ-

ential operators. Then GKdim(A) = 3 and Z(A) = k[xp, xph, t
p2 − tp]. Since

GKdim(Z(A)) = 3, then Z(Qr(A)) ∼= Q(Z(A)) = k(xp, xph, t
p2 − tp).
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6. Let char(k) = p > 0 and A := An(k) be the Weyl algebra. Since
GKdim(A) = 2n and Z(A) = k[tp1, . . . , t

p
n, x

p
1, . . . , x

p
n] (see [Lev], ejemplo

1.3.), then GKdim(Z(A)) = 2n. Therefore, Z(Qr(A)) ∼= Q(Z(A)) =
k(tp1, . . . , t

p
n, x

p
1, . . . , x

p
n).

7. Let char(k) = p > 0 and A := J := k{x, y}/〈yx − xy − x2〉 be the Jordan
algebra. Since GKdim(J ) = 2 and Z(A) = k[xp, yp] (Example 1.3.11), then
GKdim(Z(A)) = 2, whence Z(Qr(A)) ∼= Q(Z(A)) = k(xp, yp).

8. Consider the n-multiparametric quantum space kq[x1, . . . , xn], with matrix of
parameters q = [qij] and qij are roots of unity that satisfy the conditions of
Example 1.3.10-(f), then Z(A) = k[xL1

1 , . . . , xLnn ]. Therefore, GKdim(Z(A)) =
n = GKdim(kq[x1, . . . , xn]) and hence

Z(Qr(A)) ∼= Q(Z(A)) = k(xL1
1 , . . . , xLnn ).

The particular case when n = 2 and q is a root of unity of degree m ≥ 2, then
Z(Qr(A)) ∼= Q(Z(A)) = k(xm1 , x

m
2 ).

9. By example 2.1.9, we have the following algebras when the parameters q’s are
root of unity of degree l ≥ 2, or li ≥ 2, appropriately:

(a) Algebra of q-differential operators, then Z(A) = k[xl, yl] and
GKdim(A) = 2, so Z(Qr(A)) ∼= Q(Z(A)) = k(xl, yl).

(b) Additive analogue of the Weyl algebra, Z(A) = k[xl11 , . . . , x
ln
n , y

l1
1 , . . . , y

ln
n ]

and GKdim(A) = 2n, so Z(Qr(A)) ∼= Q(Z(A)) =
k(xl11 , . . . , x

ln
n , y

l1
1 , . . . , y

ln
n ).

(c) Algebra of linear partial q-dilation operators, in this case we have
GKdim(A) = 2n and Z(A) = k[tl1, . . . , t

l
n, H

l
1, . . . , H

l
n]. Therefore,

Z(Qr(A)) ∼= Q(Z(A)) = k(tl1, . . . , t
l
n, H

l
1, . . . , H

l
n).

(d) Algebra of linear partial q-differential operators, in this case we have
GKdim(A) = 2n and Z(A) = k[tl1, . . . , t

l
n, D

l
1, . . . , D

l
n]. Hence,

Z(Qr(A)) ∼= Q(Z(A)) = k(tl1, . . . , t
l
n, D

l
1, . . . , D

l
n).

10. Let sl(2, k) be the Lie algebra of 2 × 2 matrices with null trace. By exam-
ple 1.3.8-(c), if char(k) = 2, then Z(U(sl(2, k))) = k[x2, y2, z]. Moreover,
GKdim(U(sl(2, k))) = 3. Thus, Z(Qr(A)) ∼= Q(Z(A)) = k(x2, y2, z).

Remark 2.3.5. If the hypotheses of Theorem 2.3.3 fail, then the isomorphism
Z(Qr(A)) ∼= Q(Z(A)) could hold or fail. Thus, the hypotheses are not necessary
conditions. For example,

(a) H is not finitely generated as Q-algebra, however Qr(H) = H and Z(Qr(H)) ∼=
R ∼= Q(Z(H)).

(b) Let k be a field with char(k) = 0, and let G be a three-dimensional completely
solvable Lie algebra with basis x, y, z such that [y, x] = y, [z, x] = λz and
[y, z] = 0, λ ∈ k − {0} (Example 1.3.8-(c)). If λ ∈ k − Q, then Z(U(G)) = k
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and GKdim(U(G)) = 3, thus, in this case GKdim(U(G)) ≮ GKdim(Z(U(G)))+
1 and GKdim(U(G)) 6= GKdim(Z(U(G))), and 14.4.7 in [MR] shows that
Z(Qr(U(G))) � Q(Z(U(G))).

(c) Let A := U+
q (slm) be the quantum enveloping algebra of the Lie algebra of

strictly superior triangular matrices of size m × m over a field k, where q ∈
k − {0} is not a root of unity. In [AD] was proved that Z(A) is the classical
polynomial algebra over k in n variables, with m = 2n or m = 2n+1, whence,
GKdim(Z(A)) = n. On the other hand, according to [AD], A is an iterated

skew polynomial ring of k of m(m−1)
2

variables, hence GKdim(A) = m(m−1)
2

.
Thus, GKdim(A) ≮ GKdim(Z(A)) + 1, however, Z(Qr(A)) ∼= Q(Z(A)).



CHAPTER 3

Cancellation for algebras of Gelfand
Kirillov dimension one

In this third chapter we consider cancellation for finitely generated (not-necessarily
commutative) domains of Gelfand-Kirillov dimension one when the characteristic
of the base field is zero or positive. We settled a non-commutative analogues of
the result of Abhyankar, Eakin, and Heinzer (Theorem 1.1.20). Their theorem,
when one works in the category of commutative algebras, says that if A is a finitely
generated algebra that is an integral domain of Krull dimension one, then A is
strongly cancellative.

As we saw in Section 1.1.1, the Makar-Limanov invariants help to treat with
cancellation problem. Then, in the first section we introduce a new invariant when
we work with weak locally nilpotent Hasse-Schmidt derivations. And, we gener-
alize Theorem 1.1.8 and Lemma 1.1.13 in Proposition 3.1.4 when one works with
affine prime left Goldie k-algebras of finite Gelfand-Kirillov dimension. Moreover, in
Proposition 3.1.6 we prove a result that is related to a conjecture of Makar-Limanov.
In the second section, we will introduce a noncommutative version of slice theorem
for proving the main result of the chapter, Theorem 3.2.4. In addition, Theorem
3.2.6 provide examples that show affine domains of Gelfand-Kirillov dimension one
need not be cancellative when the base field has positive characteristic, giving a
counterexample to a conjecture of Tang, the named author, and Zhang. Finally,
in the third section we prove a result in a different direction; namely, skew can-
cellation: that is, if R[x;σ, δ] ∼= S[x;σ′, δ′] when do we necessarily have R ∼= S?
We show that this holds in the following two cases: skew polynomial extensions of
automorphisms type and derivations type when the coefficient ring R is an affine
commutative domain of Krull dimension one. Results of this chapter will appear in
[BHHV].

47
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3.1 Weak rigidity

This section is analogous to section 1.1.1 ([BZ1, Section 3]), we introduce a weak
locally nilpotent Hasse-Schmidt derivation modifying the condition in Definition
1.1.5-(4) and proving that weak LND-rigidity controls cancellation.

Definition 3.1.1. A Hasse-Schmidt derivation ∂ := (∂n) is called weakly locally
nilpotent Hasse-Schmidt derivation if for each a ∈ A there exists an integer N =
N(a) ≥ 0 such that ∂n(a) = 0 for all n ≥ N . The collection of weakly locally
nilpotent Hasse-Schmidt derivations of an algebra A is denoted LNDH′(A).

The following remark is similar to 1.1.6.

Remark 3.1.2. Let k be a field and let A be a k-algebra.

1. If ∂ := (∂n) is a weakly locally nilpotent Hasse-Schmidt derivation of A then
the map G∂,t : A[t]→ A[t] defined by

a 7→
∞∑
i=0

∂i(a)ti, for all a ∈ A, t 7→ t (3.1)

extends to a k-algebra injective endomorphism of A[t].

2. Conversely, if one has a k-algebra endomorphism G : A[t] → A[t] such that
G(t) = t and G(a)− a ∈ tA[t] for a ∈ A, then for a ∈ A we have

G(a) =
∞∑
i=0

∂i(a)ti,

and (∂n) is a weakly locally nilpotent Hasse-Schmidt derivation of A (see [BZ1,
Lemma 2.2 (3)]).

3. As in Remark 1.1.6-(5), {∆n
i }∞n=0 is a weak locally nilpotent Hasse-Schmidt

derivation, with ∆n
i differential operator. So we can see

ML∗(A[t1, . . . , td]) ⊆ ML∗(A),

where ∗ is either I, H, or H ′.

We begin by proving a lemma, which is the counterpart of Lemma 1.1.7.

Lemma 3.1.3. Let Y :=
⊕∞

i=0 Yi be an N-graded k-algebra and suppose that Y0yY0

contains a regular element whenever y is a nonzero homogeneous element of Y . If
Z is a subalgebra of Y containing Y0 such that GKdim(Z) = GKdim(Y0) <∞, then
Z = Y0.

Proof. Suppose that Z strictly contains Y0 as a subalgebra. Since Y is a graded
algebra, Z is an N-filtered algebra with F0Z = Y0. By [KL, Lemma 6.5],
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GKdim(Z) ≥ GKdim(gr(Z)), where gr(Z) is the associated graded ring of Z with
respect to the filtration induced by the N-grading on Y . Then gr(Z) is an N-graded
subalgebra of Y that strictly contains Y0 as the degree zero part, and so gr(Z) con-
tains some nonzero homogeneous element y ∈ Yd for some d ≥ 1. Then it contains
the Y0-Y0-bimodule Y0yY0 ⊆ Yd. In particular, there is some regular homogeneous
element a ∈ Z of positive degree and so by considering the grading we have

Y0 + Y0a+ · · ·

is direct and is contained in gr(Z). From this one can easily show that

GKdim(gr(Z)) ≥ GKdim((gr(Z))0) + 1 ≥ GKdim(Y0) + 1.

Combining these inequalities gives

GKdim(Z) ≥ GKdim(Y0) + 1,

a contradiction. Thus Z = Y0. �

We will use Lemma 3.1.3 in the case when A is a prime left Goldie algebra and
Y = A[t1, . . . , td], where we declare that elements of A have degree 0, and t1, . . . , td
are homogeneous of degree 1. Observe that if p(t1, . . . , td) is a nonzero homogeneous
polynomial of degree m in Y , then we can put a degree lexicographic order on the
monomials in t1, . . . , td by declaring that t1 > t2 > · · · > td. Then we let ti11 · · · t

id
d de-

note the degree lexicographically largest monomial that occurs in p(t1, . . . , td) with
nonzero coefficient and we let a ∈ A denote this coefficient. Then since A = Y0 is
prime Goldie, Y0aY0 contains a regular element, and so Y0p(t1, . . . , td)Y0 contains a
nonzero homogeneous polynomial q = q(t1, . . . , td) such that the degree lexicograph-
ically largest monomial that occurs in q(t1, . . . , td) with nonzero coefficient has the
property that this coefficient is regular; moreover, this monomial is again ti11 · · · t

id
d ,

and we let c ∈ A denote this coefficient. We now claim that q must be regular. To
see this, let h be a nonzero polynomial in Y . Then let tj11 · · · t

jd
d denote the degree

lexicographically largest monomial that occurs in h with nonzero coefficient, and let
b ∈ A denote this coefficient. Then by construction the coefficient of ti1+j1

1 · · · tid+jd
d

in qh is cb and since b is nonzero and c is regular, qh 6= 0; similarly, hq 6= 0 and
so q is regular. In particular, Y satisfies the hypotheses of Lemma 3.1.3, in this
case, which we will now apply in the following proposition that is more general that
Theorem 1.1.8 and Lemma 1.1.13.

Proposition 3.1.4. Let A be an affine prime left Goldie k-algebra of finite Gelfand-
Kirillov dimension. Let ∗ be either blank, H, H ′ or I. When ∗ is blank we further
assume k has characteristic zero.

1. If ML∗(A[t1, . . . , tn]) = A, then A is strongly-retractable and so is strongly
cancellative.

2. If ML∗(A[t]) = A, then A is retractable and so is cancellative.
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3. Suppose Z(A) is affine and MLZ(A[t]) = Z(A) or MLHZ (A[t]) = Z(A) or
MLH

′

Z (A[t]) = Z(A). Then A is Z-retractable.

4. Suppose Z(A) is affine and A is strongly LND∗Z-rigid where ∗ is either blank,
H, or H ′. Then A is strongly Z-retractable.

Proof. The proof is identical to the proof given in Theorem 1.1.8, with the one
exception being that we invoke Lemma 3.1.3 with Y = A[t1, . . . , td] (with elements
of A having degree 0 and t1, . . . , td having degree 1) as a replacement for Lemma
3.1.4. We point out that [LeWZ] do not use H ′ in their paper, but the argument in
the H ′ case goes through in the same manner as it does for H. �

The Makar-Limanov conjecture asks when ML(A[t1, . . . , td]) = ML(A) if A is a
commutative domain over a field of characteristic zero (See [Ma1, p. 55]). This is
the case when one works with algebras of Gelfand-Kirillov dimension one (remark
3.3.4), so that in Proposition 3.1.6 below, we give a result that is related to this
conjecture, which has interesting implications in terms of cancellation. We first
need a basic result about vanishing of polynomials in noncommutative rings.

Remark 3.1.5. Let A be a prime ring and let p(x) ∈ A[x] be a nonzero polynomial
of degree d. If there are d + 1 distinct central elements z ∈ A such that p(z) = 0
then p(x) is the zero polynomial.

Proof. Write p(x) = a0 +a1x+ · · ·+adx
d. Let Z denote the center of A, which is an

integral domain since A is prime. Suppose that there exist distinct z1, . . . , zd+1 ∈ Z
such that p(zi) = 0 for i = 1, . . . , d + 1. Let M be the (d + 1) × (d + 1) matrix
whose (i, j)-entry is zi−1

j . Then considering Ad+1 as a right Md+1(Z)-module, we
see [a0, a1, . . . , ad]M = 0. Then right-multiplying by the classical adjoint of M we
obtain ai det(M) = 0 for i = 0, . . . , d. Then M is a Vandermonde matrix and since
Z is an integral domain and the zi are pairwise distinct, det(M) is a nonzero central
element of A, and hence is regular since A is prime. It follows that a0 = · · · = ad = 0
and p(x) is the zero polynomial. �

Proposition 3.1.6. Let A be a prime finitely generated k-algebra with infinite cen-
ter. Then MLH

′
(A) = MLH

′
(A[x1, x2, · · · , xd]). In particular, if, in addition, A

is left Goldie, has finite Gelfand-Kirillov dimension, Z(A) is affine, and either
MLH

′

Z (A) = Z(A) or MLH
′
(A) = A, then A is strongly cancellative.

Proof. Remark 3.1.2 gives that MLH
′
(A[x1, x2, . . . , xd]) ⊆ MLH

′
(A) ⊆ A for all

d ≥ 1. It thus suffices to show that MLH
′
(A) ⊆ MLH

′
(A[x1, x2, . . . , xd]).

We show that MLH
′
(A) ⊆ MLH

′
(A[x]). Once we have proved this, it will imme-

diately follow by induction that MLH
′
(A) ⊆ MLH

′
(A[x1, . . . , xd]) and we will obtain

the result. Let ∂ := {∂n}n≥0 be an element of LNDH′(A[x]). As in Equation (3.1),
we have an induced k-algebra homomorphism φ : A[t] −→ A[x][t], given by

φ(a) =
∑
n≥0

∂n(a)tn for a ∈ A, φ(t) = t.
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In particular, if a ∈ MLH
′
(A), then φ(a) = a+tp(x, t), for some polynomial p(x, t) ∈

A[x, t]. We now fix z ∈ Z(A) and consider the map ez : A[x, t] → A[t], defined by
ez(g(x, t)) = g(z, t). Then the composition φz := ez ◦φ gives a homomorphism from
A[t] to A[t] and by construction φz(a) ≡ a (mod (t)), and φz(t) = t and so this
homomorphism is injective. Thus, there are maps µj : A → A with µ0 = idA such
that φz(a) =

∑
j≥0 µj(a)tj for a ∈ A. In particular, for a ∈ A, µn(a) = 0 for n

sufficiently large, and so (µn) is a weakly locally nilpotent Hasse-Schmidt derivation
of A. Thus, for a ∈ MLH

′
(A) we have µi(a) = 0 for every i ≥ 1; that is, for i ≥ 1,

∂i(a)|x=z = 0 for every z ∈ Z(A). Since Z(A) is infinite and ∂n(a) is a polynomial
in A[x], Remark 3.1.5 gives that ∂n(a) = 0 for n ≥ 1 and hence a ∈ MLH

′
(A[x]).

Thus MLH
′
(A) ⊆ MLH

′
(A[x]) as required.

Now suppose that Z(A) is infinite and affine and that A is prime left Goldie
and has finite Gelfand-Kirillov dimension. It follows that if MLH

′

Z (A) = Z(A) then
from the above MLH

′

Z (A[x1, . . . , xd]) = Z(A) and so A is strongly LNDH′

Z -rigid and
hence strongly Z-retractable by Proposition 3.1.4. Thus, by Lemma 1.1.15, A is
strongly detectable, and so is strongly cancellative by Lemma 1.1.18, since A is
strongly Hopfian by Lemma 1.1.17-(4). On the other hand if MLH

′
(A) = A then A

is strongly LNDH′-rigid and so by Proposition 3.1.4, A is strongly cancellative. �

3.2 The noncommutative slice theorem

We shall prove a noncommutative analogue of slice theorem. We make use of the
fact that for a k-algebra A with a locally nilpotent derivation δ, the map δ restricts
to a locally nilpotent derivation of the center of A. We first make a basic lemma.

Lemma 3.2.1. Let k be a field, let A be a prime k-algebra, let ∂ := (∂n) ∈ LNDI(A),
and let B = ker(∂). Then the following hold:

1. If there is x ∈ A and m ≥ 1 are such that ∂m+i(x) = 0 for i ≥ 1 and ∂m(x) is
a regular element of A, then the sum

B +Bx+Bx2 + · · ·

is direct;

2. If A is a field and A is algebraic over B then A = B;

3. If GKdim(A) <∞ and A is an affine domain and B 6= A then GKdim(B) ≤
GKdim(A)− 1;

4. If GKdim(A) = 1 and A is an affine domain and B 6= A then B is finite-
dimensional.

Proof. Suppose there exist x ∈ A and m ≥ 1 such that ∂m+i(x) = 0 for i ≥ 1 and
∂m(x) is a regular element of A. A straightforward induction shows that ∂ms(x

i) =
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0 for i < s and ∂ms(x
s) = ∂m(x)s. Suppose that there is a non-trivial relation

b0 + b1x + · · · + bsx
s = 0 with b0, . . . , bs ∈ B and bs nonzero. Then applying ∂ms

to this dependence gives bs∂m(x)s = 0, which is impossible as bs 6= 0 and ∂m(x) is
regular. This establishes (1). Next, to prove (2), observe that if A is a field, then B
is a subfield of A. We have just shown that for x ∈ A \B, the sum B +Bx+ · · · is
direct, and so if A is algebraic over B then we must have A = B.

We next prove (3). Suppose that A is a domain of finite Gelfand-Kirillov dimen-
sion and that B 6= A and that

GKdim(B) > GKdim(A)− 1.

Then there exists α > GKdim(A) − 1 and a finite-dimensional k-vector subspace
W of B that contains 1 and such that dim(W n) ≥ nα for n in an infinite set
T of natural numbers. Pick x ∈ A \ B. Then by (1), B + Bx + Bx2 + · · · is
direct. Now let V = W + kx. Then V 2n ⊇ W n + W nx + · · · + W nxn and so
dim(V 2n) ≥ (n+ 1)nα ≥ nα+1 for n ∈ T . Thus GKdim(A) ≥ α+ 1, a contradiction.
Thus we obtain (3).

We now prove (4). Suppose that A is an affine domain of Gelfand-Kirillov di-
mension one and that B 6= A. We claim that dimk(B) < ∞. Pick z ∈ A \ B. By
part (1), the sum B +Bz +Bz2 + · · · is direct. Now suppose towards a contradic-
tion that dimk(B) is infinite and let V be a finite-dimensional subspace of A that
contains 1 and z and which generates A as a k-algebra. Then since

⋃
i≥0 V

i ⊇ B,
we have Wn := V n ∩ B has the property that dim(Wn) → ∞ as n → ∞. Since A
has Gelfand-Kirillov dimension one, by a result of Bergman (see the proof of [KL,
Theorem 2.5]) there is some positive constant C such that dim(V n) ≤ Cn for n
sufficiently large. On the other hand, for each d ≥ 1 we have

dim(V n+d) ≥ dim(WdV
n) ≥ dim(Wd +Wdz + · · ·+Wdz

n) = dim(Wd)(n+ 1).

Thus dim(Wd) ≤ C(n + d)/(n + 1) for all n sufficiently large and so dim(Wd) ≤ C
for every d ≥ 1, a contradiction. Thus B is finite-dimensional. �

This following theorem is an extension of the slice theorem for a (not necessarily
commutative) k-algebra.

Theorem 3.2.2. (Noncommutative slice theorem) Let k be a field and let A be a
k-algebra. Then the following statements hold.

1. Suppose that the characteristic of k is zero and δ ∈ LND(A). If there exists
x ∈ Z(A) such that δ(x) = 1, and if A0 is the kernel of δ, then the sum∑

i≥0A0x
i is direct and A = A0[x].

2. Suppose that ∂ := {∂n}n≥0 ∈ LNDI(A). If there exists x ∈ Z(A) such that
∂1(x) = 1 and ∂i(x) = 0 for i ≥ 2, and if A0 is the kernel of ∂, then the sum∑

i≥0A0x
i is direct and A = A0[x].
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Proof. It suffices to prove part (2) by Remark 1.1.6. We let

A0 = {a ∈ A | ∂n(a) = 0 for n ≥ 1}.

We claim that A = A0[x]. By Lemma 3.2.1,
∑
A0x

i is direct. Thus, A0 and x
generate a polynomial ring and A ⊇ A0[x]. We next claim that A ⊆ A0[x]. To see
this, suppose that there exists some a ∈ A\A0[x]. Then there is some largest m ≥ 1
such that ∂m(a) 6= 0. Among all a ∈ A \A0[x], we choose one with this m minimal.
Since ∂i(∂m(a)) =

(
i+m
m

)
∂i+m(a) = 0 for i ≥ 1, ∂m(a) is in the kernel of ∂ and hence

in A0. Let c = ∂m(a) ∈ A0 and consider a′ = a − cxm. Observe that ∂j(a
′) = 0 for

j > m and ∂m(a′) = 0 by construction. Thus, by minimality of m, a′ ∈ A0[x] and
hence so is a, a contradiction. The result follows. �

Proposition 3.2.3. Let k be a field of characteristic zero and let A be a prime
finitely generated k-algebra of finite Gelfand-Kirillov dimension, and suppose that
Z(A) is an affine domain of Gelfand-Kirillov dimension at most 1. Then one of the
following alternatives must hold:

1. MLZ(A) = Z(A); or

2. there is a prime k-subalgebra A0 of A such that A ∼= A0[t].

Proof. If MLZ(A) 6= Z(A), then there is some δ ∈ LND(A) and some z ∈ Z(A) such
that δ(z) 6= 0. We now pick the largest j such that δj(z) 6= 0 and we replace z by
δj−1(z). By construction, δi(z) = 0 for i ≥ 2 and c := δ(z) 6= 0. Then c ∈ A0∩Z(A).
Now A0 ∩ Z(A) is a subalgebra of Z(A) and since Z(A) has Krull dimension one
and A0 ( Z(A), A0 is finite-dimensional by Lemma 3.2.1 and thus is a field. Thus
c is a unit and so if we replace z by c−1z then we have δ(z) = 1 and we may invoke
Theorem 3.2.2 to get that A ∼= A0[t]. Since A is prime, A0 is necessarily prime
too. �

In general, the proof of Proposition 3.2.3 shows that if A is an affine prime
k-algebra of finite Gelfand-Kirillov dimension over a field k of characteristic
zero, then either MLZ(A) = Z(A) or there is a prime subalgebra A0 of A and
some c ∈ Z(A) ∩ A0 such that A[c−1] ∼= A0[c−1][t]. In the case, that Z(A) is
affine of Gelfand-Kirillov dimension one we are able to deduce that c is invertible
in the proof, which gives us part (2) in the dichotomy occurring in Proposition 3.2.3.

The following theorem answers a question of Lezama, Wang, and Zhang about if
every affine prime k-algebra of Gelfand-Kirillov dimension one is cancellative? We
consider the domain case when the base field has characteristic zero. Moreover, The-
orem 3.2.4 specializes to the classical cancellation result of Abhyankar-Eakin-Heinzer
in the case of characteristic zero base fields when one takes R to be commutative.
Therefore, the result can be considered as a noncommutative version of the Theorem
1.1.20.

Theorem 3.2.4. Let k be a field of characteristic zero and let A be an affine domain
over k of Gelfand-Kirillov dimension one. Then A is cancellative.
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Proof. We recall that affine prime algebras of Gelfand Kirillov dimension one are
noetherian and hence left Goldie [SW]. If ML(A) = A then ML(A[x]) = ML(A)
by Lemma 1.1.9, then A is cancellative by Proposition 3.1.4. If ML(A) 6= A, then
there is a nonzero locally nilpotent derivation δ of A. Let A0 denote the kernel of
δ. Then by Lemma 3.2.1 A0 is finite-dimensional and since it is a domain, it is a
division ring.

In particular, Z(A) 6⊆ A0 since Z(A) has Gelfand-Kirillov dimension one [SW].
We let E = A0 ∩ Z(A). Then E is a commutative integral domain that is finite-
dimensional over k and hence E is a field. Since δ is not identically zero on Z(A)
and is locally nilpotent on A, there exists some z ∈ Z(A) such that z 6∈ E and
c := δ(z) ∈ E \ {0}. As E is a field and is contained in the kernel of δ, x :=
c−1z ∈ Z(A) satisfies δ(x) = 1 and so by the noncommutative slice theorem, we get
A ∼= A0[x]. Then by the same analysis as above if A[t] ∼= B[t] then we necessarily
have ML(B) 6= B and so B ∼= B0[x] for some finite-dimensional division ring B0.
Since A0 is a finite-dimensional division algebra, it follows from Theorem 1.1.19 that
A0 is strongly cancellative, therefore A0

∼= B0 and hence A is cancellative. Thus we
obtain the result in this case. �

Remark 3.2.5. We point out that Lezama, Wang, and Zhang [LeWZ, Theorem 0.6]
proved that for algebraically closed base fields k, affine prime k-algebras of Gelfand-
Kirillov dimension one are cancellative. The algebraically closed property is needed,
because the authors invoke Tsen’s Theorem at one point in their proof. However, our
Theorem is somewhat orthogonal to this result, since domains of Gelfand-Kirillov
dimension one over algebraically closed fields are commutative by an application of
Tsen’s Theorem to a result of Small and Warfield [SW] and hence the only part
of the previous theorem covered by [LeWZ, Theorem 0.6] is the commutative case,
which was previously known from the result of Abhyankar-Eakin-Heinzer.

Now we consider the positive characteristic case, the following Theorem gives a
family of counterexamples to a conjecture 4.5.5 ([TVZ, Conjecture 0.3]).

Theorem 3.2.6. Let p be prime. Then there exists a field k of characteristic p and
an affine domain A of Gelfand-Kirillov dimension one that is not cancellative.

Proof. Let p be a prime, and let K = Fp(x1, . . . , xp2−1). We let k = Fp(xp1, . . . , x
p
p2−1)

and we let δ be the k-linear derivation of K given by δ(xi) = xi+1 for i = 1, . . . , p2−1,
where we take xp2 = x1. Since k has characteristic p > 0, we have δp

i
is a k-linear

derivation for every i ≥ 0, and since δp
2
(xi) = δ(xi) = xi+1 for i = 1, . . . , p2 − 1,

then δp
j+2

= δp
j

for every j ≥ 0. We let δ′ := δp, which as we have just remarked
is a k-linear derivation of K. We let A = K[x; δ] and we let B = K[x′; δ′]. Since
adpu = adup for u in a ring of characteristic p, we have z := xp

2−x and z′ := (x′)p
2−x′

are central by the above remarks. We claim that A and B have Gelfand-Kirillov
dimension one, A 6∼= B, and A[t] ∼= B[t′].

Since [K : k] <∞, A and B are finitely generated k-algebras of Gelfand-Kirillov
dimension one [KL, Proposition 3.5]. We construct an isomorphism Φ : A[t]→ B[t′]
as follows. We define Φ(α) = α for α ∈ K, Φ(x) = (x′)p + t′ and Φ(t) = (x′)p

2 −
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x′ + (t′)p. Then to show that Φ extends to a k-algebra homomorphism from A[t] to
B[t′], it suffices to show that

δ(α) = Φ([x, α]) = [Φ(x), α]

for α ∈ K and that Φ(t) is central. For α ∈ K,

[Φ(t), α] = [(x′)p
2 − (x′), α] = (δ′)p

2

(α)− δ′(α) = 0

and since Φ(t) also commutes with x′, Φ(t) is central. To show that

δ(α) = Φ([x, α]) = [Φ(x), α]

for α ∈ K, observe that Φ([x, α]) = Φ(δ(α)) = δ(α) and

[Φ(x),Φ(α)] = [(x′)p + t′, α] = (δ′)p(α) = δp
2

(α) = δ(α).

Thus, Φ induces a homomorphism from A[t] to B[t′]. We claim that Φ is onto. We
have Φ(z) = (z′)p + (t′)p

2 − t′ and Φ(t) = z′ + (t′)p. In particular,

Φ(z − tp) = (z′)p + (t′)p
2 − t′ − (z′)p − (t′)p

2

= −t′

and so Φ(t + (z − tp)p) = z′. Thus, K, t′ and z′ are in the image of Φ. Since
Φ(x) = (x′)p + t′ we also have (x′)p ∈ Im(Φ). Finally, observe that z′ = (x′)p

2 − x′
and since z′ and (x′)p are in the image of Φ, so is

x′ = (x′)p
2 − z′ = ((x′)p)p − z′.

Hence x′, z′, t′ and K are in the image of Φ and so Φ is onto. Let I denote the kernel
of Φ. Then since Φ : A[t]→ B[t] is onto, we have A[t]/I ∼= B[t]. But A[t] and B[t]
are both affine domains of Gelfand-Kirillov dimension two, and so I is necessarily
zero [KL, Proposition 3.15]. Thus Φ is an isomorphism and so A[t] ∼= B[t].

Therefore, it only remains to show that A 6∼= B as k-algebras. To see this,
suppose that Ψ : A → B is a k-algebra isomorphism. Then since the units group
of A and B are both K∗, Ψ induces a k-algebra automorphism of K; furthermore,
every α ∈ K satisfies αp ∈ k and for β ∈ k there is a unique α ∈ K such that
αp = β. Since Ψ is the identity on k, Ψ is the identity on K. Thus Ψ(x) = p(x′)
for some p(x′) ∈ K[x′; δ′] \K. Let d ≥ 1 denote the degree of p(x′) as a polynomial
in x′. If d > 1, it is straightforward to show that Ψ cannot be onto, as every
element in the image of Ψ necessarily then has degree in x′ equal to a multiple of
d. Since Ψ(x) 6∈ K, we see Ψ(x) = αx′ + β with α ∈ K∗ and β ∈ K. Since Ψ is an
isomorphism, for ζ ∈ K we have

δ(ζ) = Ψ(δ(ζ)) = Ψ([x, ζ]) = [Ψ(x),Ψ(ζ)] = [αx′ + β, ζ] = α[x′, ζ] = αδ′(ζ).
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But by construction, δ(x1) = x2 and δ′(x1) = xp+1 and so α = x2/xp+1. We also have
δ(x2) = x3 and δ′(x2) = xp+2, and so α = x3/xp+2, which gives x2xp+2 = x3xp+1,
where we take xp+2 = x1 when p = 2. This is a contradiction. Thus A 6∼= B. �

3.3 Skew cancellation

We now consider the case when an isomorphism of skew polynomial extensions
R[x;σ, δ] ∼= S[x;σ′; δ′] implies that R and S are isomorphic. We consider the case
when R and S are finitely generated commutative integral domains of Krull di-
mension one over a field. We observe that when σ, σ′ are the identity maps and
δ, δ′ are zero, the question reduces to the classical cancellation problem for affine
curves, answered by Abhyankar, Eakin, and Heinzer (Theorem 1.1.20). To prove
the main Theorem, we must consider two types of extensions: skew extensions of
automorphism type and skew extensions of derivation type. We first look at the
automorphism type case, in which the analysis is more straightforward.

Lemma 3.3.1. Let k be a field, R be an affine commutative domain over k of Krull
dimension one, and σ be a k-algebra automorphism of R that is not the identity. If
A is a commutative domain of Krull dimension one that is a homomorphic image of
R[x;σ], then either A ∼= R or A ∼= K[x] for some finite extension K of k; moreover
R occurs as a homomorphic image of R[x;σ].

Proof. We consider prime commutative homomorphic images of T := R[x;σ] of Krull
dimension one. Observe that if P is a prime ideal of T such that T/P is commutative,
then since T/P is an integral domain and R/(P ∩ R) embeds in T/P , R/(P ∩ R)
is also an integral domain. Since R is an integral domain of Krull dimension one,
either P ∩ R = (0) or P ∩ R = I, with I a maximal ideal of R. In the former
case, observe that since xr = σ(r)x ≡ xσ(r) (modP ), we have x(r − σ(r)) ∈ P .
Moreover, since σ is not the identity and P is completely prime, we necessarily have
x ∈ P . Thus T/P is a homomorphic image of R[x;σ]/(x) ∼= R. Since T/P and R are
both integral domains of Krull dimension one, we then have T/P ∼= R in this case.
In the case where P ∩R = I, with I a maximal ideal of R, we claim that I = Iσ. To
see this, suppose that this is not the case. Then since I is maximal, I + σ(I) = R.
In particular, there are a, b ∈ I such that a + σ(b) = 1. Then ax, xb ∈ P and so
ax + xb ∈ P . But ax + xb = (a + σ(b))x = x and so x ∈ P . Thus T/P is a
homomorphic image of R/I, which contradicts the assumption that T/P has Krull
dimension one. Hence I = σ(I). Then by the Nullstellensatz K := R/I is a finite
extension of k and σ induces a k-algebra automorphism of K. We next claim that
σ is the identity on K; if not, there is some λ ∈ K such that λ 6≡ σ(λ) (modP ).
But since [λ, x] = (λ− σ(λ))x ∈ P and since P is completely prime, we again have
x ∈ P , which gives T/P ∼= K, a contradiction. Thus σ induces the identity map
on R/I = K and so T/IT ∼= K[x]. Since P contains IT , we then see that T/P
is a homomorphic image of K[x] and since T/P has Krull dimension one, we have
T/P ∼= K[x]. The result follows. �
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Proposition 3.3.2. Let k be a field and let R be an affine commutative domain
over k of Krull dimension one. If R[x;σ] ∼= S[x;σ′], with S an affine commutative
domain of Krull dimension one, then R ∼= S.

Proof. If σ is the identity then both R[x;σ] and S[x;σ′] are commutative and so σ′ is
also the identity and the result follows from Theorem 1.1.20. Hence we may assume
that σ and σ′ are not the identity maps on their respective domains. By Lemma
3.3.1, the set of isomorphism classes of prime commutative images of R[x;σ] of Krull
dimension one is contained in {K[x] : [K : k] <∞}∪ {R}, with R occurring on the
list. Similarly, the set of isomorphism classes of prime commutative images of S[x;σ′]
of Krull dimension one is contained in {K[x] : [K : k] <∞}∪{S}, with S occurring
on the list. It follows that either R ∼= S or R ∼= K[x] for some finite extension K
of k. Similarly, either S ∼= R or S ∼= K ′[x] for some finite extension K ′ of k. Thus
we may assume without loss of generality that R = K[t] and S ∼= K ′[t] with K,K ′

finite extensions of k. Then the k-algebra isomorphism R[x;σ] → S[x;σ′] restricts
to an isomorphism of the units groups. Since the units groups of R[x;σ] = K∗ and
the units group of S[x;σ′] is (K ′)∗, we see the isomorphism restricts to a k-algebra
isomorphism between K and K ′. Thus K ∼= K ′ and so R ∼= S. �

We now prove a lemma, which is a straightforward extension of Lemma 1.1.9.

Lemma 3.3.3. Let k be a field of characteristic zero and let A be a finitely generated
Ore domain over k. If ML(A) = A then ML(A[x; δ]) = ML(A).

Proof. Let µ be a locally nilpotent derivation of A. Then µ extends to a locally
nilpotent derivation of A[x; δ] by declaring that µ(x) = 1. Then the kernel of this
extension of µ is equal to ker(µ|A) and hence ML(A[x; δ]) ⊆ ML(A). Now we show
that the reverse containment holds. Let µ be a locally nilpotent derivation of A[x; δ]
and suppose that µ is not identically zero on ML(A). Since A is finitely generated
there is some largest m ≥ 0 such that for r ∈ A we have

µ(r) = ∂(r)xm + lower degree terms,

with ∂ a derivation of A that is not identically zero on ML(A). If m = 0 then ∂ is
a locally nilpotent derivation of A and hence vanishes on ML(A), a contradiction.
Thus we may assume that m > 0. We now argue as in the three cases given in
Lemma 1.1.9. �

The following result is due to Crachiola and Makar-Limanov [CM, Lemma 2.3].

Remark 3.3.4. Let k be a field of characteristic zero and let R be an affine commu-
tative domain of Krull dimension one. Then, either ML(R) = R or R ∼= k′[t] for
some finite field extension k′ of k.

Proof. Suppose that ML(R) 6= R. Then there is a locally nilpotent derivation δ of
R that is not identically zero on R. In particular, the kernel of δ is a subalgebra
R0 of R. By Lemma 3.2.1, R0 is finite-dimensional and hence a finite extension k′
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of k. Then pick x ∈ R such that δ(x) 6= 0 and δ2(x) = 0. Then δ(x) ∈ (k′)∗ and
so we may rescale and assume that δ(x) = 1. Then by Lemma 3.2.2, R ∼= k′[x], as
required. �

Combining Lemma 3.3.3 and Remark 3.3.4, we have the following result.

Corollary 3.3.5. Let k be a field of characteristic zero, let R be a finitely generated
k-algebra that is a commutative domain of Krull dimension one, and let δ be a k-
linear derivation of R. Then either R ∼= k′[t] for some finite extension k′ of k or
ML(R[x; δ]) = R.

Proposition 3.3.6. Let k be a field of characteristic zero and let R and S be affine
commutative domains over k of Krull dimension one. If δ and δ′ are respectively
k-linear derivations of R and S and R[x; δ] ∼= S[x; δ′], then R ∼= S.

Proof. If neither R nor S is isomorphic to an algebra of the form k0[t], with k0 a
finite extension of k, then by Corollary 3.3.5,

R = ML(R[x; δ]) ∼= ML(S[x; δ′) = S,

as desired. If precisely one of R and S is isomorphic to an algebra of the form
k0[t], then without loss of generality we may assume that R = k0[t]. Then again by
Corollary 3.3.5

S ∼= ML(S[x; δ′]) ∼= ML(R[x; δ]) = k′0,

which is impossible. Thus we may assume that R = k0[t] and S = k′0[t], where k0

and k′0 are finite extensions of k. But now the units group of R[x; δ] is (k0)∗ and the
units group of S[x; δ′] is (k′0)∗ and so the isomorphism from R[x; δ] to S[x; δ′] restricts
to a k-algebra isomorphism between k0 and k′0 and so R ∼= S in this case. �

We do not know whether Proposition 3.3.6 is true when the base field k has
positive characteristic. We compare the examples from Theorem 3.2.6 with the
positive characteristic case of Proposition 3.3.6. In positive characteristic, there
exists a field k and a finite extension K of k and k-linear derivations δ, δ′ of K such
that K[t; δ][x] ∼= K[t; δ′][x] but K[t; δ] 6∼= K[t; δ′]. But we can extend δ and δ′ to
K[x] by declaring that δ(x) = δ′(x) = 0 and we have

K[t; δ][x] ∼= K[x][t; δ] ∼= K[x][t; δ′] ∼= K[t; δ′][x].

So the algebra K[t; δ][x] ∼= K[x][t; δ] is cancellative with respect to the variable t
but not with respect to the variable x. Thus these examples do not give rise to
counterexamples to the positive characteristic of Proposition 3.3.6.

Theorem 3.3.7. Let k be a field, let A and B be affine commutative integral
domains of Krull dimension one, and let σ, σ′ be k-algebra automorphisms of A
and B respectively and let δ, δ′ be k-linear derivations of A and B respectively. If
A[x;σ] ∼= B[x′;σ′] then A ∼= B. If, in addition, k has characteristic zero and if
A[x; δ] ∼= B[x′; δ′] then A ∼= B.
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Proof. This follows immediately from Propositions 3.3.2 and 3.3.6. �

We do not know whether cancellation holds for skew polynomial extensions of
mixed type with coefficient rings being domains of Krull dimension one.

Remark 3.3.8. 1. A special case of Theorem 3.3.7 was proved by Bergen [Be] in
the derivation case. Specifically, he proved that if k is a field of characteristic
zero and R[t; δ] is isomorphic to k[x][y; δ′], with δ′(x) ∈ k[x] having degree at
least one, then R ∼= k[x].

2. In [AKP], the ring A is called Ore invariant whenever A[x; δ1] ∼= B[y; δ2]
implies A ∼= B. If, furthermore, the isomorphism σ carries A onto B then
A is said to be strongly Ore invariant. In this paper, the authors established
that regular self-injective rings with a polynomial identity and no Z-torsion
are Ore invariant. Also, they proved that Abelian regular rings are strongly
Ore invariant.

3. ([AKP, Example 11]) Let A be the ring Z2[x]/(x2) with the derivation δ such
that δ(x) = 1 where x = x + (x2). Consider the Ore extensions A[y; δ] =
(Z2[x]/(x2))[y; δ]. If we set e11 = xy, e12 = x, e21 = xy2 + y, e22 = 1 + xy,
then they form a system of matrix units in A[y; δ]. Now the centralizer of
these matrix units in A[y; δ] is Z2[y2]. Therefore, A[y; δ] ∼= M2(Z2[y2]) ∼=
M2(Z2)[t]. But M2(Z2) � Z2[x]/(x2). Hence M2(Z2) is a simple Artinian
ring of characteristic 2 which is not Ore invariant. Therefore, this example
and the constructions given in Theorem 3.2.6 show that skew cancellation and
cancellation can behave strangely with skew extensions of derivation type in
positive characteristic.



CHAPTER 4

Cancellation for AS-Regular algebras of
dimension three

In this chapter we study cancellation and Morita cancellation for noncommutative
noetherian connected graded Artin–Schelter regular algebras of global dimension
three. AS-regular algebras are considered as a noncommutative analogue of the
commutative polynomial rings. It is well-known that the only AS-regular algebra of
global dimension one is the polynomial ring k[x], which is cancellative by Theorem
1.1.20. Combining Example 1.1.2 with Corollary 1.1.11, every AS-regular algebra of
global dimension two (over a base field of characteristic zero) is cancellative. On the
other hand, by the Gupta’s results not every AS-regular algebra of global dimen-
sion three or higher are cancellative when the base field has positive characteristic.
However, in [LMZ] the authors showed that several classes of AS-regular algebras
of global dimension three are cancellative. Therefore it is natural to ask which
AS-regular algebras of global dimension three are cancellative.

Algebras with center trivial were considered in the previous chapters. In the first
section, we show that under certain conditions a k-algebra A with center Z(A) of
Gelfand-Kirillov dimension at most one is either k or k[t]. Next, considering the P-
discriminant we prove one of the most important result of this chapter: Lemma 4.1.6.
Then we can establish cancellation for AS-regular algebras of higher global dimension
in Theorem 4.1.7. In the second section, we show that connected graded Artin-
Schelter regular algebras of global dimension three that not satisfies polynomial
identity are cancellative.

Next, we collect some results that involve cancellation properties. As an applica-
tion, in Section 3 we establish cancellation for fixed subrings of generic 3-dimensional
Sklyanin algebra. In Section 4, Example 4.4.2 establishes cancellation for universal
enveloping algebras of 3-dimensional non-abelian Lie algebras. And, in Section 5, we
present a result similar to Theorem 4.1.7 for graded isolated singularities which have
infinite global dimension. In this chapter let k be a base field that is algebraically
closed. Results of this chapter will appear in [TVZ].

60
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4.1 Center Z(A) = k[t]

By Proposition 1.1.4, algebras with trivial center are cancellative. Now we begin to
consider algebras with center k[t].

Lemma 4.1.1. Let Z be a connected graded domain of GKdimension one.

(1) It is noetherian and finitely generated over k.

(2) If Z is normal, then Z is isomorphic to k[t].

Proof. Note that every domain of GKdimension one is commutative (See [SW]).

(1) Since Z is connected graded and k is algebraically closed, Z is a subring of k[t]
where deg t = 1. Now, let p(t) be a polynomial of smallest degree in Z, we denote
n := deg(p(t)) ≥ 1 and let k[p(t)] denote the subalgebra generated by p(t) and k in
k[t]. We claim that k[t] is a module over k[p(t)] with generators 1, t, . . . , tn−1. To see
this, let q ∈ k[t], then by induction on the degree of q, we show that q =

∑n−1
i=0 rit

i,
with ri ∈ k[p(t)]. Since by the Euclidean algorithm q = ap+

∑n−1
i=0 αit

i and α1 ∈ k,
and by induction hypothesis a =

∑n−1
i=0 rit

i with ri ∈ k[p(t)], so q =
∑n−1

i=0 (rip+αi)t
i.

Now k[p(t)], being an algebra on one generator over k is a principal ideal ring. Thus,
k[t] is a module with n generators over k[p(t)], and, since Z is a k[p(t)]-submodule
of k[t], it follows from theorem on modules over a principal ideal ring that Z has a
set of generators, g1, . . . , gm with m ≤ n. Thus, every element of Z can be written
in the form

∑m
i=0 rigi where ri ∈ k[p(t)], and hence Z is generated by the elements

p, g1, . . . , gm. The second part is clear (for more details see [Ga, Theorem], [No,
Theorem 2.1]).

(2) First of all, KdimZ = GKdimZ = 1. By part (1), Z is noetherian. Every
noetherian normal domain Z of Krull dimension one or zero is regular (namely, has
finite global dimension). So Z is regular of global dimension no more than one.
Since Z is connected graded, its graded maximal ideal is principal, which implies
that Z ∼= k[t]. �

Note that a noetherian commutative maximal order is a normal domain.

Lemma 4.1.2. Let A be a domain that is a maximal order.

(1) Its center Z(A) is a maximal order in the field of fractions Q(Z(A)).

(2) If A is connected graded and GKdimZ(A) ≤ 1, then Z(A) is either k or k[t].

Proof. (1) Let B be a subring of Q(Z(A)) containing Z(A) such that aBb ⊆ Z(A)
for some a, b ∈ Z(A). Let C = AB the subring generated by A and B. Then
aCb ⊆ AZ(A) = A. Since A is a maximal order, C = A. As a consequence,
B = Z(A). The assertion follows.

(2) The assertion follows from part (1) and Lemma 4.1.1. �
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Note that if GKdimZ(A) = 2, then Z(A) may not be regular. For example let
A = kpij [x1, x2, x3, x4] where

pij =


1 (i, j) = (1, 2),

−1 (i, j) = (1, 3), (2, 3), (1, 4), (2, 4),

q (i, j) = (3, 4)

where q is not a root of unity. Then it is easy to see that Z(A) is the second Veronese
subring k[x1, x2](2) of the commutative polynomial ring. Hence Z(A) is not regular.

Proposition 4.1.3. Let A be a noetherian connected graded Auslander regular
Cohen-Macaulay algebra. If GKdimZ(A) ≤ 1, then Z(A) is either k or k[t].

Proof. By Theorem 1.4.11 A is a domain that is a maximal order in its quotient
division ring Q(A). The result follows from Lemma 4.1.1. �

Lemma 4.1.4. Let A be a connected graded domain and t be a central element in
A of positive degree d.

(1) For every α ∈ k∗, A/(t− α) contains (A[t−1])0 as a subalgebra.

(2) Suppose that A is generated in degree 1 and that d 6= 0 in k. Then

gldimA/(t− α) = gldim(A[t−1])0.

(3) Suppose that A is generated in degree 1 and that d 6= 0 in k. If A has finite
global dimension, then so does A/(t− α) for all α ∈ k∗.

Proof. (1) Let T denote the dth Veronese subalgebra of A where d = deg t. So, in
T , t can be treated as an element of degree 1. Now

T/(t− α) ∼= T/(α−1t− 1) ∼= (T [(α−1t)−1])0 = (T [t−1])0
∼= (A[t−1])0 (4.1)

where the second ∼= is due to [RSS, Lemma 2.1].

Note that A/(t−α) is a Z/(d)-graded algebra with the degree 0 component being
T/(t− α). By (4.1) A/(t− α) contains (A[t−1])0 as a subalgebra.

(2) Since A is generated in degree 1, A/(t−α) is a strongly Z/(d)-graded algebra
with the degree 0 component being (A[t−1])0. Since we assume d 6= 0 in k, by [Yi,
Lemma 2.2(iii)],

gldimA/(t− α) = gldim(A[t−1])0.

(3) By part (2) it suffices to show that (A[t−1])0 has finite global dimension.
Since A has finite global dimension, A has finite graded global dimension. Then
A[t−1] has finite graded global dimension. As a consequence, (A[t−1])0 has finite
global dimension as required. �

Lemma 4.1.5. Let A be a noetherian domain with Z(A) = k[t]. Let P be a property
such that the P-discriminant is t.
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(1) A is strongly Z-retractable and strongly cancellative.

(2) If P is a Morita invariant, then A is strongly Z-retractable, strongly m-Z-
retractable, strongly cancellative and strongly m-cancellative.

Proof. We only prove (2).

t is an effective element in k[t] by [LeWZ, Example 2.8]. By [LuWZ, Theorem
2.10], Z is strongly LNDH

t -rigid. By Proposition 1.2.5(2), A is both strongly Z-
retractable and strongly m-Z-retractable. Since A is noetherian, it is Hopfian by
Lemma 1.1.17. By Lemmas 1.2.8 and 1.2.9, A is strongly cancellative and strongly
m-cancellative. �

Next we consider the connected graded case, this lemma is important for the
main theorems.

Lemma 4.1.6. Let A be a noetherian connected graded domain.

(1) If Z(A) has GKdimension ≤ 1 and Z(A) is not isomorphic to k[t], then A
is strongly Z-retractable, strongly m-Z-retractable, strongly cancellative and
strongly m-cancellative.

For the following parts, we assume that A is generated in degree 1, that Z(A) ∼= k[t]
and that char k = 0.

(2) If gldimA/(t) =∞ and gldimA/(t−1) <∞, then A is strongly Z-retractable,
strongly m-Z-retractable, strongly cancellative and strongly m-cancellative.

(3) Suppose the global dimension of A is finite and gldimA/(t) = ∞. Then A
is strongly Z-retractable, strongly m-Z-retractable, strongly cancellative and
strongly m-cancellative.

(4) Suppose A is AS-regular and gldimA/(t) = ∞. Then A is strongly Z-
retractable, strongly m-Z-retractable, strongly cancellative and strongly m-
cancellative.

Proof. (1) By Lemma 4.1.1(1), Z is an affine domain. By Lemma 1.1.20, Z is
strongly retractable. By taking P to be a trivial property, say being an algebra,
the P-discriminant is 1. By [LeWZ, Remark 3.7(6)], Z is strongly LNDH

1 -rigid. By
Proposition 1.2.5(2), A is both strongly Z-retractable and strongly m-Z-retractable.
Since A is noetherian, it is Hopfian by Lemma 1.1.17. By Lemmas 1.2.8 and 1.2.9,
A is strongly cancellative and strongly m-cancellative.

(2) Let P be the property of having finite global dimension. By Lemma 4.1.4,
for every 0 6= α ∈ k,

gldimA/(t− α) = gldim(A[t−1])0 = gldimA/(t− 1) <∞
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and by the hypothesis, we have that

gldimA/(t) =∞.

Hence P-discriminant is t. The assertion follows from Lemma 4.1.5(2).

(3) By Part (2), it suffices to show that gldimA/(t− 1) <∞. Since A has finite
global dimension, so does A[t−1]. Then A[t−1] has finite graded global dimension.
Since A is generated in degree 1, A[t−1] is strongly Z-graded. Hence gldim(A[t−1])0

is finite. By Lemma 4.1.4,

gldimA/(t− 1) = gldim(A[t−1])0 <∞

as required.

(4) The assertion follows from part (3) and the fact that an AS-regular algebra
has finite global dimension. �

The following theorem establish cancellation for AS-regular algebras of higher
global dimension.

Theorem 4.1.7. Suppose char k = 0. Let A be a noetherian connected graded
domain of finite global dimension that is generated in degree 1. Suppose that

(a) GKdimZ(A) ≤ 1, and

(b) gldimA/(t) =∞ for every homogeneous central element t in Z(A) of positive
degree.

Then A is cancellative.

Proof. If Z(A) is not isomorphic to k[t], the assertion follows from Lemma 4.1.6(1).
If Z(A) is isomorphic to k[t], the assertion follows from Lemma 4.1.6(3). �

4.2 Cancellation for AS-Regular algebras of di-

mension three

In this section we complete the study of cancellation for AS-regular algebras of
dimension three as a particular case of Theorem 4.1.7. However, we need some
previous results.

The following lemma concerns cancellation properties for a tensor product A⊗R
where R is commutative. An opposite result was proved in [LuWZ, Lemma 1.4].

Lemma 4.2.1. Let A be an algebra with trivial center and let R be a commutative
algebra that is cancellative (respectively, strongly cancellative). Then the tensor prod-
uct A⊗R is both cancellative (respectively, strongly cancellative) and m-cancellative
(respectively, strongly m-cancellative).
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Proof. The proofs for the assertions without the word “strongly” are similar by
taking n = 1 in the following proof. So we only prove the “strongly” version.

First we show that A ⊗ R is strongly cancellative assuming that R is strongly
cancellative. Let B be an algebra such that

φ : (A⊗R)[t1, · · · , tn]
∼=−→ B[s1, · · · , sn]

is an isomorphism of algebras. Taking the center on both sides, we obtain an iso-
morphism

φZ : R[t1, · · · , tn]
∼=−→ Z(B)[s1, · · · , sn]

where φZ is a restriction of φ on the centers. Since R is strongly cancellative,
R ∼= Z(B). Let

fi = φ−1
Z (si) = φ−1(si) ∈ R[t1, · · · , tn]

for i = 1, · · · , n. Let I be the ideal of Z(B)[s1, · · · , sn] generated by {si}ni=1. Then
J := φ−1(I) is an ideal of R[t1, · · · , tn] and

A⊗ (R[t1, · · · , tn]/J) ∼= B ⊗ (k[s1, · · · , sn]/I) ∼= B.

Taking the center on both sides of the above isomorphism and using the fact that
Z(A) = k, we have

R[t1, · · · , tn]/J ∼= Z(B) ∼= R.

Therefore
B ∼= A⊗ (R[t1, · · · , tn]/J) ∼= A⊗R

as required.

Next we show that if R is strongly cancellative, then A ⊗ R is strongly m-
cancellative. Let B be an algebra such that

A′ := (A⊗R)[t1, · · · , tn] is Morita equivalent to B[s1, · · · , sn] =: B′.

By [LuWZ, Lemma 2.1(3)], there is an invertible (A′, B′)-bimodule Ω and an iso-
morphism

ω : Z(A′) = R[t1, · · · , tn]
∼=−→ Z(B)[s1, · · · , sn] = Z(B′)

such that the left action of x ∈ Z(A′) on Ω agrees with the right action of ω(x) ∈
Z(B′) on Ω. Since R is strongly cancellative, R ∼= Z(B). Let

fi = ω−1(si) ∈ R[t1, · · · , tn]

for i = 1, · · · , n. Let I be the ideal of Z(B)[s1, · · · , sn] generated by {si}ni=1. Then
J := ω−1(I) is an ideal of R[t1, · · · , tn], and by [LuWZ, Lemma 2.1(5)],

A⊗ (R[t1, · · · , tn]/J) is Morita equivalent to B ⊗ (k[s1, · · · , sn]/I) ∼= B.
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Taking the center of the above Morita equivalence and using the fact that Z(A) = k,
we have

R[t1, · · · , tn]/J ∼= Z(B) ∼= R.

Hence
A⊗ (R[t1, · · · , tn]/J) ∼= A⊗R.

Therefore
A⊗R is Morita equivalent to B

as required. �

Corollary 4.2.2. Let k be of characteristic zero and A be a commutative algebra.
Let δ be a locally nilpotent derivation of A with δ(y) = 1 for some y ∈ A. Sup-
pose that ker(δ) is cancellative (respectively, strongly cancellative). Then A[x; δ] is
cancellative (respectively, strongly cancellative).

Proof. Let C = ker(δ). By [MR, Lemma 14.6.4] A[x; δ] ∼= C⊗A1(k). By hypothesis,
then C is cancellative and Z(A1(k)) = k. The assertion follows from Lemma 4.2.1.

�

With a slight modification to the previous Lemma we can consider the case in
which R is a (noncommutative) Z-retractable algebra.

Lemma 4.2.3. Let A be an algebra with trivial center and let R be a Z-retractable
algebra (respectively, strongly Z-rectractable). Then the tensor product A ⊗ R is
Z-rectractable (respectively, strongly Z-retractable).

The proof of Lemma 4.2.3 is similar to the proof of Lemma 4.2.1, so it is omitted.
We call an algebra R universally right noetherian if A ⊗ R is right noetherian for
every right noetherian k-algebra A. This property was studied in [ASZ]. Thus, if
in the previous Lemma, we suppose that A is right noetherian algebra and R is
universally right noetherian, then A⊗R is Hopfian, and by Lemma 1.1.18 A⊗R is
cancellative (respectively, strongly cancellative).

Lemma 4.2.4. Let k be a field of characteristic zero and q 6= 1 be a nonzero scalar
in k. The following hold.

(1) Algebras k〈x, y〉/(xy − yx), k〈x, y〉/(xy − yx − 1) and k〈x, y〉/(xy − yx − x)
are pairwise not Morita equivalent.

(2) If q is not a root of unity, k〈x, y〉/(xy − qyx) is not Morita equivalent to
k〈x, y〉/(xy − qyx− 1).

(3) The Jordan algebra k〈x, y〉/(xy − yx + x2) is not Morita equivalent to
k〈x, y〉/(xy − yx+ x2 − 1).

(4) The Jordan algebra k〈x, y〉/(xy − yx + x2) is not Morita equivalent to
k〈x, y〉/(xy − yx+ x2 − x).
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(5) The Jordan algebra k〈x, y〉/(xy − yx + x2) is not Morita equivalent to
k〈x, y〉/(xy − yx+ x2 − y).

Proof. (1) First of all k〈x, y〉/(xy−yx) and k〈x, y〉/(xy−yx−x) have global dimen-
sion two while k〈x, y〉/(xy− yx−1) has global dimension one. So either the algebra
k〈x, y〉/(xy − yx) or the algebra k〈x, y〉/(xy − yx − x) is not Morita equivalent to
k〈x, y〉/(xy−yx−1). Second, the centers of k〈x, y〉/(xy−yx) and k〈x, y〉/(xy−yx−x)
are non-isomorphic, so these algebras are not Morita equivalent.

(2) Let A := k〈x, y〉/(xy − qyx) and B := k〈x, y〉/(xy − qyx − 1). Suppose on
the contrary that A is Morita equivalent to B. Let J be the height one prime ideal
of B generated by (1− q)xy− 1 such that B/J = k[x±1] (with the image of y being
(1− q)−1x−1). Since A is Morita equivalent to B, there is an ideal I of A such that
A/I is Morita equivalent to k[x±1]. Since every projective module over k[x±1] is
free, A/I is a matrix algebra over k[x±1]. When q is not a root of unity, the only
height one prime ideals I of A are (x) or (y) [BrG, Example II.1.2]. In both cases,
A/I is isomorphic to k[t], which is not a matrix algebra over k[x±1]. This yields a
contradiction and therefore A is not Morita equivalent to B.

(3) Let A := k〈x, y〉/(xy − yx + x2) and B := k〈x, y〉/(xy − yx + x2 − 1) by
recycling notation from the proof of part (2) and suppose on the contrary that A is
Morita equivalent to B. Let J± be the height one prime ideals of B generated by
(xy − yx, x ± 1). Since A is Morita equivalent to B, there is an ideal I± of A such
that A/I± is Morita equivalent to B/J±. Since char k = 0, A has only a single height
one prime that is (x) [Sh, Theorem 2.4]. This yields a contradiction. Therefore A
is not Morita equivalent to B.

(4) The assertion follows from part (3) because k〈x, y〉/(xy − yx + x2 − 1) ∼=
k〈x, y〉/(xy − yx+ x2 − x).

(5) Let A := k〈x, y〉/(xy−yx+x2) and B := k〈x, y〉/(xy−yx+x2−y) by recycling
notation from the proof of part (2) and suppose on the contrary that A is Morita
equivalent to B. Let y′ = y−x2. Then the relation in B becomes xy′−y′x−y′ = 0.
Exchanging x and y′, one sees that B is isomorphic to k〈x, y〉/(xy − yx+ x). Let I
be the unique height one prime ideal of B generated by x. Then B/I ∼= k[y]. Since
A and B are Morita equivalent, there is a height one prime J of A. Since the only
height one prime of A is (x). Let J = (x), then I2 corresponds to J2. This implies
that B/I2 ∼= k〈x, y〉/(xy − yx + x, x2) is Morita equivalent to A/J2 ∼= k[x, y]/(x2).
Since the center is preserved by Morita equivalence,

k[x, y]/(x2) ∼= Z(k〈x, y〉/(xy − yx+ x, x2)) ∼= k

yielding a contradiction. Therefore A and B are not Morita equivalent. �

The central result of this section. Thus we establish cancellation for special
AS-regular algebras of dimension three that are non PI,

Theorem 4.2.5. Suppose char k = 0. Let A be an AS-regular algebra of global
dimension three that is generated in degree 1. If A is not PI , then it is cancellative.
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Proof. Note that every AS-regular algebra has finite global dimension. If A is not
PI, then by Lemma 1.4.13,

GKdimZ ≤ GKdimA− 2 = 3− 2 = 1.

If Z(A) is not isomorphic to k[t], the assertion follows from Lemma 4.1.6(1). If Z(A)
is isomorphic to k[t] and if gldimA/(t) = ∞, the assertion follows from Lemma
4.1.6(3). For the rest of the proof we assume that Z(A) = k[t] and A/(t) has finite
global dimension.

By Rees lemma, gldimA/(t) ≤ 2. By the Hilbert series computation, we obtain
that GKdimA/(t) = 2. This implies that A/(t) is AS-regular of global dimension
two. Since we assume that k is algebraically closed, A/(t) is either kq[x, y] or kJ [x, y].
In particular, the Hilbert series of A/(t) is 1

(1−s)2 . Since A is AS-regular of global
dimension three, it is generated by either 3 elements or 2 elements. Next we consider
these two cases.

Case 1: A is generated by two elements. Then the Hilbert series of A is
1

(1−s)2(1−s2)
. It forces that deg t = 2. If A/(t) = kq[x, y], then t = xy − qyx and

A/(t − 1) = k〈x, y〉/(xy − qyx − 1). If q = 1, let P be the property of not being
Morita equivalent to A/(t). Then the P-discriminant is t by Lemma 4.2.4(1). Now
the assertion follows from Lemma 4.1.5(2).

If q 6= 1, we claim that q is not a root of unity. If q is a root of unity, then A/(t−1)
is PI. By Lemma 4.1.4(1), (A[t−1])0 is PI. Note that A(2)[t−1] = (A[t−1])0[t±1]. So
A(2)[t−1] is PI. Consequently, A(2) is PI and whence A is PI, a contradiction. Then
by the argument with Lemma 4.2.4(2) being replaced by Lemma 4.2.4(1), one sees
that A is strongly cancellative and strongly m-cancellative.

If A/(t) = kJ [x, y], then t = xy − yx + x2 and A/(t − 1) = k〈x, y〉/(xy − yx +
x2−1). Let P be the property of being Morita equivalent to A/(t−1). Then the P-
discriminant is t by Lemma 4.2.4(3). By Lemma 4.1.5(2), A is strongly cancellative
and strongly m-cancellative.

Case 2: A is generated by three elements. Then the Hilbert series of A is 1
(1−s)3 .

If A is isomorphic to A′ ⊗ k[t] for some algebra A′, then Z(A′) is trivial and the
assertion follows from Lemma 4.2.1. So we further assume that A is not a tensor
product of two nontrivial algebras. In this case A is generated by x, y, t subject to
three relations

xt− tx = 0,

yt− ty = 0,

xy − qyx = ft+ εt2, or xy − yx+ x2 = ft+ εt2

where ε is either 0 or 1 and f is a linear combination of x and y.

Again we have three cases. If q = 1, using Lemmas 4.2.4(1) and 4.1.5(2), one
sees that A is strongly cancellative and strongly m-cancellative. If q 6= 1, then we
can assume that f = 0 and ε = 1 after a base change. Since A is not PI, q is not a
root of unity. Then we use Lemma 4.2.4(2) instead of Lemma 4.2.4(1). Otherwise
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we have the relation
xy − yx+ x2 − ft− εt2 = 0.

Up to a base change, we may assume that ε = 0. Then we have either xy − yx +
x2 − xt = 0 or xy − yx + x2 − yt = 0. In the case of xy − yx + x2 − xt = 0, using
Lemmas 4.2.4(4) and 4.1.5(2), one sees that A is strongly cancellative and strongly
m-cancellative. In the case of xy − yx + x2 − yt = 0, using Lemmas 4.2.4(5) and
4.1.5(2), one sees that A is strongly cancellative and strongly m-cancellative. �

Remark 4.2.6. In [LMZ, Corollary 0.9] (Example 1.4.7) and [BZ1, Example 4.8], the
authors showed that several classes of AS-regular algebras of global dimension three
are cancellative. However, Theorem 4.2.5 covers these results.

4.3 Cancellation for 3-dimensional Sklyanin alge-

bra

By Lemma 4.1.6(1), the case of GKdimZ(A) = 1 is covered except for Z(A) = k[t].

Lemma 4.3.1. Let A be a noetherian connected graded algebra.

(1) Suppose Z(A) = k[t] for some homogeneous element t of positive degree. If
(A[t−1])0 does not have any nonzero finite dimensional left module, then A
is strongly Z-retractable, strongly m-Z-retractable, strongly cancellative and
strongly m-cancellative.

(2) Suppose B is a connected graded subalgebra of A satisfying

(i) Z(B) = k[t] for some homogeneous element t ∈ B of positive degree.

(ii) Z(A) ∩ Z(B) 6= k.

(iii) (A[t−d])0 does not have any nonzero finite dimensional left module for
some td ∈ Z(B) ∩ Z(A), where d is a positive integer.

(iv) AB is finitely generated and B is noetherian.

(v) A = B ⊕ C as a right B-module.

Then B is strongly Z-retractable, strongly m-Z-retractable, strongly cancella-
tive and strongly m-cancellative.

Proof. (1) Let P be the property of not having nonzero finite dimensional left module
over an algebra. Since A is connected graded, P fails for A/(t). We claim that P
holds for A/(t − α) for all α ∈ k∗. By the hypothesis, (A[t−1])0 does not have any
nonzero finite dimensional left module. Since A/(t−α) contains (A[t−1])0 by Lemma
4.1.4(1), A/(t − α) does not have any nonzero finite dimensional left module. So
the claim holds. Therefore the P-discriminant of A is t. Now the assertion follows
from Lemma 4.1.5(2).



CHAPTER 4. CANCELLATION FOR AS-REGULAR ALGEBRAS OF DIMENSION THREE 70

(2) By part (1) it suffices to show that (B[t−1])0 does not have any nonzero
finite dimensional left module. Note that B[t−1] = B[t−d]. So it is equivalent
to show that (B[t−d])0 does not have any nonzero finite dimensional left module.
We prove this claim by contradiction. Suppose otherwise M is a nonzero finite
dimensional left (B[t−d])0-module. By hypotheses (iii)-(iv) and by inverting td,
A[t−d] = C[t−d] ⊕ B[t−d] and A[t−d] is a finitely generated right B[t−d]-module.
Then (A[t−d])0 = (C[t−d])0 ⊕ (B[t−d])0 and (A[t−d])0 is a finitely generated right
(B[t−d])0-module. Hence (A[t−d])0 ⊗(B[t−d])0

M is a nonzero finite dimensional left
(A[t−d])0-module. This yields a contradiction. At this point, we have proved that
(B[t−1])0 does not have any nonzero finite dimensional left module. The assertion
follows from part (1). �

Lemma 4.3.1 can be applied to many examples. Here is an easy one.

Example 4.3.2. Suppose char k = 0. Let A be a generic 3-dimensional Sklyanin
algebra generated by {x, y, z}, see [GKMW, Introduction] for the relations. Then
Z(A) = k[g] where g is a homogeneous element of degree three. Let G be any
finite group of graded algebra automorphisms of A. Let B be the fixed subring AG.
Then we claim that B is strongly Z-retractable, strongly m-Z-retractable, strongly
cancellative and strongly m-cancellative. It is easy to see that hypotheses (ii), (iii),
(iv) and (v) in Lemma 4.3.1(2) hold. If hypothesis (i) in Lemma 4.3.1(2) fails, then
the claim follows by Lemma 4.1.6(1). If hypothesis (i) in Lemma 4.3.1(2) holds,
then the claim follows by Lemma 4.3.1(2).

4.4 Cancellation for universal enveloping algebras

of dimension three

The following lemma is useful in some situations.

Lemma 4.4.1. Let A be a noetherian algebra such that

(i) its center Z(A) is the commutative polynomial ring k[t] for some t ∈ A, and

(ii) t is in the ideal [A,A] of A generated by the commutators and [A,A] 6= A.

Then A is strongly Z-retractable and strongly cancellative.

Proof. Let P be the property that the commutators generate the whole algebra. By
(ii) the property P fails for the maximal ideal (t) in k[t] since [A,A] 6= A where
A = A/(t). By (ii) again, (t − α) + [A,A] = A for all α 6= 0. This means that
the property P holds for the maximal ideal (t − α) in k[t] for all α 6= 0. Thus the
P-discriminant of A is t. The assertion follows from Theorem 1.2.10. �

To conclude this section we give some examples of non connected graded algebras
that are cancellative.
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Example 4.4.2. Suppose char k = 0. Let A be the universal enveloping algebra
U(g) where g is a 3-dimensional non-abelian Lie algebra. One can use Bianchi
classification to list all 3-dimensional non-abelian Lie algebras [Ja, Section 1.4] as
follows (Example 1.3.8-(c)).

(1) g = sl2.

(2) g is the Heisenberg Lie algebra

(3) g = L⊕ kz where L is the 2-dimensional non-abelian Lie algebra.

(4) g has a basis {e, f, g} and subject to the following relations

[e, f ] = 0, [e, g] = e, [f, g] = αf

where α 6= 0.

(5) g has a basis {e, f, g} and subject to the following relations

[e, f ] = 0, [e, g] = e+ βf, [f, g] = f

where β 6= 0.

For each class, one can verify that A is strongly cancellative.

(1) See [LuWZ, Example 5.11].

(2) The universal enveloping algebra of the Heisenberg Lie algebra has the center
Z = k[t] with t in the ideal generated by the commutators, then the assertion follows
from Lemma 4.4.1.

(3) In this case U(g) = U(L) ⊗ k[z] with Z(U(L)) = k. The assertion follows
from Lemma 4.2.1.

(4,5) In both cases, one can write A := U(g) as an Ore extension k[e, f ][g; δ] for
some derivation δ of the commutative polynomial ring k[e, f ]. If the center of A is
trivial, then A is strongly cancellative by Proposition 1.1.4. For the rest of proof we
assume that Z(A) 6= k. Note that the derivation δ of k[e, f ] is determined by

δ : e −→ −e, f −→ −αf (4.2)

in part (4), and by
δ : e −→ −(e+ βf), f −→ −f (4.3)

in part (5). By an easy calculation, one sees that

Z(A) = {x ∈ k[e, f ] | δ(x) = 0}

which is a graded subring of k[e, f ] (which is inside A). Since A contains U(L) as
a subalgebra where L is the 2-dimensional non-abelian Lie algebra, A is not PI. By
Lemma 1.4.13, GKdimZ(A) ≤ 1. Since Z(A) 6= k and k is algebraically closed,
GKdimZ(A) ≥ 1. Thus GKdimZ(A) = 1. By Lemma 4.1.1, Z(A) is a domain
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that is finitely generated over k. If Z(A) is not isomorphic to k[t], then Z(A) is
strongly retractable by Lemma 1.1.20(3). (The next few lines are copied from the
proof of Lemma 4.1.6(1).) By taking P to be a trivial property, say being an algebra,
the P-discriminant is 1. By [LeWZ, Remark 3.7(6)], Z is strongly LNDH

1 -rigid. By
Proposition 1.2.5(2), A is both strongly Z-retractable and strongly m-Z-retractable.
Since A is noetherian, it is Hopfian by Lemma 1.1.17. By Lemmas 1.2.8 and 1.2.9,
A is strongly cancellative and strongly m-cancellative. For the rest, we assume
that Z(A) ∼= k[t] for some homogeneous element t in k[e, f ]. By the form of δ in
(4.2)-(4.3), the degree of t is at least 2. This implies that k[e, f ]/(t) has infinite
global dimension. On the other hand, if α 6= 0, then k[e, f ]/(t − α) has finite
global dimension (applying Lemma 4.1.4 to the algebra k[e, f ]). Therefore A/(t) =
(k[e, f ]/(t))[g; δ] has infinite dimensional dimension and A/(t − α) = (k[e, f ]/(t −
α))[g; δ] has finite global dimension. Then the argument similar to the proof of
Lemma 4.1.6(2) shows that A is strongly cancellative. By the way, the center of
U(g) can explicitly be worked out, see [MR, Example 14.4.2] for some hints.

4.5 Cancellation for graded isolated singularities

We study cancellation property for some graded isolated singularities. In noncommu-
tative algebraic geometry, Ueyama gave the following definition of a graded isolated
singularity.

Definition 4.5.1. [Ue, Definition 2.2] Let A be a noetherian connected graded
algebra. Then A is called a graded isolated singularity if

(1) gldimA is infinite.

(2) The associated noncommutative projective scheme Proj A (in the sense of
[AZ]) has finite global dimension.

Examples of graded isolated singularities are given in [CYZ3, GKMW, MU1,
MU2, Ue]. One nice example of graded isolated singularities is the fixed subring of
the generic Sklyanin algebra under the cyclic permutation action [GKMW, Theorem
5.2] which is cancellative by Example 4.3.2.

Lemma 4.5.2. Suppose char k = 0. Let A be a graded isolated singularity generated
in degree one and t ∈ B be a central regular element of positive degree. Then
A/(t− α), for every 0 6= α ∈ k, has finite global dimension.

Proof. By Lemma 4.1.4(2) it suffices to show that (A[t−1])0 has finite global dimen-
sion. Since there is a localizing functor from Proj A to GrMod A[t−1],

gldim GrMod A[t−1] ≤ gldim Proj A <∞.

It is well-known that

gldim(A[t−1])0 = gldim GrMod A[t−1]
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as A[t−1] is strongly Z-graded. The assertion follows. �

The following result is similar to Theorem 4.1.7 for graded isolated singularities
which have infinite global dimension.

Theorem 4.5.3. Let A be a noetherian connected graded domain generated in degree
1. Suppose

(1) char k = 0, and

(2) GKdimZ(A) ≤ 1, and

(3) A is a graded isolated singularity.

Then A is strongly cancellative and strongly m-cancellative.

Proof. If Z(A) 6∼= k[t], then the assertion follows from Lemma 4.1.6(1). Now we
assume that Z(A) ∼= k[t] where t can be chosen to be a homogeneous element of
positive degree. Since A has infinite global dimension, so does A/(t) by Lemma
1.4.12. For every 0 6= α ∈ k, by Lemma 4.5.2, A/(t−α) has finite global dimension.
The assertion follows from Lemma 4.1.6(2). �

Now we are ready to prove the following Corollary.

Corollary 4.5.4. Suppose char k = 0. Let A be a noetherian connected graded AS-
regular algebra of global dimension three that is generated in degree 1. If A is not
PI , then the dth Veronese subring A(d) of A is cancellative for every d ≥ 1.

Proof. If d = 1, then it follows from Theorem 4.2.5.

Next we assume that d > 1. Note that the Hilbert series of A is either 1
(1−s)3

or 1
(1−s)2(1−s2)

. By an easy computation, the Hilbert series of A(d) can not be of the

form 1
f(s)

for some polynomial f(s). By [StZ, Theorem 2.4] and the argument before

it, A(d) does not have finite global dimension. By [AZ, Proposition 5.10(3)], A(d) is
a graded isolated singularity. Since A is not PI, GKdimZ(A) ≤ 1 by Lemma 1.4.13.
The assertion follows from Theorem 4.5.3. �

Finally, we have the following conjecture for a general noncommutative algebra.
Theorem 3.2.6 established that it is false when the characteristic of the base field is
positive. However, it remains open for characteristic zero.

Conjecture 4.5.5. [TVZ, Conjecture 0.3] Let A be a noetherian finitely generated
prime algebra.

(1) If GKdimZ(A) ≤ 1, then A is cancellative.

(2) If GKdimA = 3 and A is not PI, then A is cancellative.
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Future work

Following the line of work presented in the main papers [BZ1, LeWZ, LuWZ] and re-
cent advances in [TVZ, BHHV], we collect some important issues about cancellation
and related subjets.

In Conjecture 4.5.5 we posed for algebras with center Z(A) = k[t] and good
properties these algebras are cancellative. Also, in Theorem 3.2.6 we showed that
this affirmation is false when the base field has positive characteristic, so it shows
that under certain conditions the center of an algebra is sufficiently rigid then the
algebra is strongly cancellative. Then a new version of this conjecture suggests that
over nice base fields the center completely determine cancellation.

Question 5.0.1. [BHHV, Conjecture 2.10] Let k be an uncountable algebraically
closed field of characteristic zero and let A be an affine noetherian domain over
k. Suppose that Z(A) is affine and cancellative (respectively strongly cancellative).
Then A is cancellative (resp. strongly cancellative).

Following this line, the next question is obvious.

Question 5.0.2. [TVZ, Question 0.6] Let A be a noetherian connected graded
Auslander-regular algebra. If GKdim(Z(A)) = 2, what can we say about the center
Z(A)? For example, is Z(A) always noetherian in this case?

As in the commutative case, it is usually difficult to determine whether or not
an AS-regular algebra is cancellative. In particular the PI case remains open, even
for the following algebra.

Question 5.0.3. [TVZ, Question 0.7] Let q ∈ k \ {0, 1} be a root of unity. Is
the skew polynomial ring of three variables kq[x1, x2, x3] (or of odd number variables
kq[x1, x2, · · · , x2n+3]) cancellative?

When q = 1 and char k = 0, the above question is the classical Zariski Can-
cellation Problem which has been open for many years. Note that if q = 1 and
char k > 0, then k[x1, . . . , xn] for n ≥ 3 is not cancellative by [Gu1, Gu2].
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We have been studying cancellation for different kind of algebras of polynomial
type. By Corollary 1.1.11 every noncommutative domain of Gelfand-Kirillov dimen-
sion two is cancellative. In particular, the unique universal enveloping algebra of
a 2-dimensional non-abelian Lie algebra. And, by Example 4.4.2 this happens for
3-dimensional. So the next question is natural.

Question 5.0.4. Is every universal enveloping algebras of a 4-dimensional non-
abelian Lie algebra cancellative?

In light of the Zariski cancellation problem, in section 3.3 we studied skew can-
cellation, that is, if R[x;σ, δ] ∼= S[x′;σ′, δ′] implies R ∼= S. And we proved that this
holds in the derivation and automorphisms case when the coefficient ring is an affine
conmutative domain of krull dimension one. But the mixed case is more difficult,
even for usual ZCP. So we posed the following question.

Question 5.0.5. [BHHV, Question 5.7] Let k be a field, let R be an affine com-
mutative domain over k of Krull dimension one, and let σ and δ be respectively a
k-algebra automorphism and a k-linear σ-derivation of R. Is R[x;σ, δ] cancellative?

Several new methods were introduced to deal with the noncommutative versions
of the ZCP. For example, we worked with center, retractability and detectability, the
Makar-Limanov invariants, Slice theorem, Azumaya locus and P-discriminant. In
addition, [LMZ] used the Nakayama automorphisms and the discriminant method
was studied in [BZ1, CPWZ1, CPWZ2]. Thus one should continue to look for new
invariants and methods to handle with different kind of algebras. So the following
question is sufficient valid.

Question 5.0.6. Determine new invariants or properties that controls cancellation?

In [LuWZ] Morita cancellation was studied. Another generalization involves
the derived category of modules. Let D(A) denote the derived category of right
A-modules for an algebra A.

Definition 5.0.7. [LuWZ, Definition 0.2] An algebra A is called derived cancellative
if the statement that

D(A[t]) is triangulated equivalent to D(B[t]) for an algebra B

implies that
D(A) is triangulated equivalent to D(B).

The authors proved that if Z is a commutative domain, then Z is Morita can-
cellative if and only if Z is cancellative if and only if Z is derived cancellative.
However, when A is noncommutative, it is not clear what are the relationship be-
tween these three different versions of cancellation property. An interesting problem
is if the following question is true:

Question 5.0.8. Let A be a noetherian domain k-algebra that is cancellative. Is
cancellation equivalent to Morita cancellation and derived cancellation?
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Others interesting questions include to study cancellation for especial kind of
algebras such as: Yang Mills, Hopf algebras, Koszul, skew Calabi Yau and Calabi
Yau or even the invariant ring.
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[LMZ] J.-F. Lü, X.-F. Mao and J.J. Zhang, Nakayama automorphism and applica-
tions, Trans. Amer. Math. Soc. 369(4) (2017), 2425–2460.

[LPWZ] D.-M. Lu, J.H. Palmieri, Q.-S. Wu and J.J. Zhang, Regular algebras of
dimension 4 and their A∞-Ext-algebras, Duke Math. J. 137(3) (2007), 537–584.

[LuWZ] D.-M. Lu, Q.-S. Wu and J.J. Zhang, Morita cancellation problem, Canadian
J. Math. (2019), (to appear).

[Ma1] L. Makar-Limanov, Locally nilpotent derivations, a new ring invariant and
applications. Available online at http://www.math.wayne.edu/~lml/lmlnotes.

[Ma2] L. Makar-Limanov, On the hypersurface x + x2y + z2 + t3 = 0 in C4 or a
C3-like threefold which is not C3, Israel J. Math. 96 (1996), part B, 419–429.

[Mal] A.I. Malcev, On the representations of infinite algebras. (Russian) Rec. Math.
[Mat. Sbornik] N.S. 13 (55) (1943). 263–286.

[MR] J.C. McConnell and J.C. Robson, Noncommutative Noetherian Rings, Wiley,
Chichester, 1987.

[MS] M. Miyanishi and T. Sugie, Affine surfaces containing cylinderlike open sets,
J. Math. Kyoto Univ. 20 (1980), 11–42.

[MU1] I. Mori and K. Ueyama, Ample Group Action on AS-regular Algebras
and Noncommutative Graded Isolated Singularities, Trans. Amer. Math. Soc.
368(10) (2016), 7359–7383.

[MU2] I. Mori and K. Ueyama, Stable categories of graded maximal Cohen-Macaulay
modules over noncommutative quotient singularities, Adv. Math. 297 (2016), 54–
92.

[No] A. Nowicki, Finitely generated subrings of R[x], Analitic and Algebraic Geom-
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