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Resumen

En la presente tesis se realizo un analisis exhaustivo de las propiedades electronicas, opticas
y termicas de anillos cuanticos semiconductores con forma de diamante y con crater el ptico,
variando tanto la morfolog a como los campos externos a los que se exponen los sistemas. En
primer lugar, se considero un electron con nado en un anillo cuantico de GaAs=Gay.;Aly.3AS,
cuya forma se asemeja a los puntos cuanticos obtenidos mediante diversas tecnicas de creci-
miento. Se utilizo la curva de Lame para representar el contorno externo del anillo cuantico
de una forma mas realista. Se asignaron parametros topologicos asociados con el tamanro del
anillo, las proporciones del crater y la forma del contorno. Para llevar a cabo dicho estu-
dio, se planteo una ecuacion de Schrodinger que de muestra de la interaccion con campos
externos y con el con namiento geometrico, pudiendo observar fenomenos como el efecto
Stark, el efecto Aharonov-Bohm y la formacion de puntos de anti-crossing. El planteamiento
del Hamiltoniano se fundamenta en la aproximacion de masa efectiva, para luego recurrir a
metodos computacionales por elementos nitos para resolver la ecuacion diferencial. El anali-
sis realizado a partir de las variaciones y los barridos parametricos tanto en las morfolog as
como en los campos externos se llevaron a distintas situaciones, como el analisis topologico
como alternativa para predecir las propiedades del anillo cuantico, el comportamiento de la
nanoestructura cuando con na un sistema atomico con una impureza donadora, la manipu-
lacion de las propiedades termicas a partir de la conformacion de un ensamble estad stico
con los estados electronicos y las respuestas opticas de los sistemas propuestos a ra z de las

uctuaciones en las densidades de probabilidad provocadas por las variaciones topologicas y
de campos externos.

Palabras clave: Anillos cuanticos, Anillos acoplados, Impureza donadora, Complejo mo-
lecular, Susceptibilidad electrica, Respuesta optica, Efecto Aharanov-Bohm, Efecto Stark,
Propiedades termicas, Anti-crossing.

Abstract

In the present thesis, a exhaustive analysis of the electronic, optical and thermal properties
of diamond-shaped semiconductor quantum rings with elliptical crater was performed by
varying both the morphology and the external elds to which the systems are exposed.
First, an electron con ned in a GaAs=Ga,.;Aly:3As quantum ring was considered, whose
shape resembles quantum dots obtained by various growth techniques. The Lame curve was
used to represent the outer contour of the quantum ring in a more realistic way. Topological
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parameters associated with the size of the ring, the proportions of the crater and the shape of
the contour were assigned. To carry out this study, a Schrodinger equation was proposed to
show the interaction with external elds and geometrical con nement, being able to observe
phenomena such as the Stark e ect, the Aharonov-Bohm e ect and the formation of anti-
crossing points. The Hamiltonian approach is based on the e ective mass approximation,
and then resorts to nite element computational methods to solve the di erential equation.
The analysis performed from the variations and parametric sweeps in both morphologies
and external elds were taken to di erent situations, such as the topological analysis as an
alternative to predict the properties of the quantum ring, the behavior of the nanostructure
when it con nes an atomic system with a donor impurity, the manipulation of the thermal
properties from the conformation of a statistical assembly with the electronic states and the
optical responses of the proposed systems due to uctuations in the probability densities
caused by the topological and external eld variations.

Keywords: Quantum rings, Donor impurity, Molecular complex, Electric susceptibility, Op-
tical response, Aharanov-Bohm e ect, Stark e ect, Thermal properties, Anti-crossing.



Contents

Agradecimientos v
Resumen/Abstract \
List of symbols XVII
1 Introduction 1
2 Model and Computational Tools 4
2.1 Geometrical description of the system . . . . . . ... .. .. ... ...... 5
2.2 Quantum-mechanical Hamiltonian of the System . . . . . .. ... ... ... 6
2.3 Modelling by nite elements method computational tools . . . . .. ... .. 8
2.4 Linear and nonlinear response of the System . . . . . .. .. ... ...... 8
2.5 Thermal properties of the System . . . . .. .. ... ... ... ....... 9

3 Electronic properties and optical response into the diamond-shaped quantum
ring under external probes 11
3.1 Model validation and motivation. . . . . . .. ... ... ... ... ... 12
3.2 Aharonov-Bohm E ect varying the topological parameters . . . .. ... .. 16
3.2.1 Varying the contour factor . . . .. ... ... ... ... ..., 16
3.2.2 Varying the semi-axesratio . . .. .. ... ... ... .. ... .. 18

3.3 Optical response of the DQR under an external magnetic eld, varying the
topological parameters . . . . . . ... 20
3.3.1 \Varying the contour factor . . . .. ... ... ... ... ..., 20
3.3.2 \Varying the semi-axesratio . . .. .. ... ... ... .. ..., 22
3.4 Stark E ect varying the topological parameters . . . . . .. ... ... ... 24
3.4.1 Varying the contour factor . . . ... ... ... .. ... .... 25
3.4.2 \Varying the semi-axesratio . . .. .. ... ... ... .. ..... 27

3.5 Optical response of the DQR under an external electric eld, varying the
topological parameters . . . . . . . . .. 28
3.5.1 Varying the contour factor . . . . ... ... ... ... ... 29

3.5.2 Varying the semi-axes ratio . . ... ... ... .. ... ...... 30



viii Contents

4 Topological in uence over the energy spectrum and optical response of a

diamond-shaped quantum ring 32
4.1 Energy spectrum varying the semi-axis ratio and the contour Lame curve . 32
4.2 Optical response varying the semi-axisratio . . .. ... ... ....... 34
4.3 Energy spectrum varying the semi-axis ratio , the contour Lame curve, the
diagonals ratio , without controlling the area inside the DQR . . . . . . .. 36
4.4 Optical responses varying the diagonals ratio , without controlling the area
inside the DQR . . . . . . . . . . 40
4.5 Energy spectrum varying the semi-axis ratio , the contour Lame curve, the
diagonals ratio , without controlling the area inside the DQR . . . . . . .. 41
4.6 Optical responses varying the diagonals ratio , without controlling the area
inside the DOQR . . . . . . . . . . 43

5 Electronic properties and optical response of a atomic complex D° con ned
into a diamond-shaped quantum ring: e ects of geometry, external probes

and position of the donor impurity 46
5.1 Aharonov-Bohm e ect on a atomic complex D°: in uence of topology and
donor impurity position . . . . ... L 47
5.2 Optical response of a D atomic complex under magnetic eld: in uence of
topology and donor impurity position . . . . . . ... ... L., 50
5.3 Stark e ecton aatomic complex D?: in uence of topology and donor impurity
POSItION . . . . .. 55
5.4 Optical response of a D° atomic complex under electric eld: in uence of
topology and donor impurity position . . . . . .. ... ... ... 58

6 Thermal properties for a diamond-shaped quantum ring: in uence of geo-

metry, donor impurity and electric eld 62
6.1 Convergence criterion for the canonical partition function . . . . . .. .. .. 63
6.2 Thermal properties for an electron con ned in a diamond-shaped quantum
rNg ( =0) . . . . e 63
6.2.1 Evolution of thermal properties of an electron con ned into the DQR
varying the temperature . . . . . .. . ... L 63
6.2.2 Topological and electric eld e ects on thermal properties at constant
temperature for anelectron . . .. ... ... ... ... .. ... 70
6.3 Thermal properties for an D° atomic complex con ned in a diamond-shaped
quantumring ( =1) . . . . e e e 72
6.3.1 Evolution of thermal properties of a D° atomic complex con ned into
the DQR varying the temperature . . . . . . .. ... ... ...... 72

6.3.2 Topological and electric eld e ects on thermal properties at constant
temperature for a D° atomic complex . . . . ... ... ... ... 78



Contents iX

7 Conclusions and recommendations 82
7.1 Conclusions . . . . . . .. 82
7.2 Recommendations . . . . . . . . . . .. 83

References 84



List of Figures

1-1.

2-1.

2-2.
. Diagram of a D° atomic complex con ned ina at DQR under external probes:

3-1.

3-3.

3-4.

Microscopy atomic force images of pyramid-like and diamond-like quantum
dots [28]. . . . . . e e

Diagram of an electron con nedina at, diamond-shaped quantum ring under
external probes: an electric eld along x-axis and a magnetic eld along z-axis.

Contour shaped transformed by the Lame curve, varying the shape factor

an electric eld along x-axis and a magnetic eld along z-axis. . .. ... ..

(Color on-line) First eight eigenstates (numbered from bottom to top) of an
electron con ned in an elliptical quantum ring with circular hole, as a function
of the contour factor and the diagonals’ ratio . On sides for each graph,
the rst four probability densities for B =0 T (left) and B = 10 T (right).

. (Color in-line) First eight eigenstates (numbered from bottom to top) of an

electron con ned in an elliptical quantum ring with circular crater due a
harmonic potential and a repulsive, inverse-squared potential. The dotted-
line curves represent the calculations made with the model presented in the
current thesis. The solid-line curves represent the calculations made by Bejan
etal. [6] . . . . . .

(Color in-line) First sixteen eigenstates (numbered from bottom to top) of
an electron con ned into a DQR with an elliptical central crater ( = 2)
varying the contour parameter . The values of that were studied, as the
shapes they represent, are displayed in the rst column (from left to right).
The behavior of the eigenenergies due to the magnetic eld are displayed in
the second column. . . . . . . . . ..

(Color in-line) First sixteen eigenstates (numbered from bottom to top) for an
electron con ned in a DQR, varying the semi-axes ratio of the central crater

The values of that were studied, as the shapes they represent, are displayed
in the rst column (from left to right). The behavior of the eigenenergies due
to the magnetic eld are displayed in the second column. . . . ... ... ..

»

13

19



List of Figures

Xi

3-5

3-6.

3-8.

3-9.

(Color map) Light absorption coe cient ( rst row) and refractive index re-
lative change (second row) of an electron con ned in a DQR as functions of
the incident photon energy h!, the magnetic eld B and the contour factor

For each geometrical condition (each cell), the linear and nonlinear response
were measured, as well as the energy di erence of the states involved. . . . .

(Color map) Light absorption coe cient ( rst row) and refractive index rela-
tive change (second row) of an electron con ned in a DQR as functions of the
incident photon energy h!, the magnetic eld B and the semi-axes ratio

For each geometrical condition (each cell), the linear and nonlinear response
were measured, as well as the energy di erence of the states involved. . . . .

. (Color in-line) First sixteen eigenstates (numbered from bottom to top) of

an electron con ned into a DQR with an elliptical central crater ( = 2)
varying the contour parameter . The values of that were studied, as the
shapes they represent, are displayed in the rst column (from left to right).
The behavior of the eigenenergies due to the magnetic eld are displayed in
the second column. . . . . . . . . ...

(Color in-line) The rst sixteen eigenstates (numbered from bottom to top) of
an electron con ned into a DQR ( = 1) varying the semi-axes ratio . The
values of  that were studied, as the shapes they represent, are displayed in
the rst column (from left to right). The behavior of the eigenenergies due to
the magnetic eld are displayed in the second column.. . . . . ... ... ..

(Color map) Light absorption coe cient ( rst row) and refractive index rela-
tive change (second row) of an electron con ned in a DQR as functions of the
incident photon energy h!, the electric eld F and the contour factor . For
each geometrical condition (each cell), the linear and nonlinear response were
measured, as well as the energy di erence of the states involved. . . . . . ..

3-10.(Color map) Light absorption coe cient ( rst row) and refractive index re-

lative change (second row) of an electron con ned in a DQR as functions of
the incident photon energy h!, the electric eld F and the semi-axes ratio
with a diamond contour. For each geometrical condition (each cell), the linear
and nonlinear response were measured, as well as the energy di erence of the
states involved. . . . . . . ...

. (Color on-line) First ten eigenenergies (numbered from bottom to top) of the

electron con ned in a DQR as a function of , for two di erent contours. The
plot of the eigenenergies as a function of for the = 0;8 case is in the rst
row, while the plot for the =1 case isin the secondrow. .. ... .. ...

21

23

29



Xii

List of Figures

4-

[\

4-3.

4-4.

4-5.

4-8.

(Color on-line) Calculation of the relative change in refractive index and in-
traband optical absorption coe cient of DQR as a function of incident photon
energy, for values of equal to 1, 2 and 3. The pink line represents the linear
e ect, the red line represents the nonlinear e ect and the dashed black line
represents the overalle ect. . . . . . .. ... ... .. ... ... ...

(Color on-line) Energy spectrum of the rst ten states (numbered from bottom
to top) of the electron con ned in a DQR as a function of the parameter
varying the size of the central crater. . . . .. ... ... ... .. ......

(Color map) Probability densities of the electron con ned in the DQR for
=1 and a = 20 nm, calculated for certain values of the vertical diagonal of
the DQR (parameter ) and without maintaining the ring area. . . . .. ..

(Color map) Probability densities of the electron con ned in the DQR for
=1 and a = 30 nm, calculated for certain values of the vertical diagonal of
the DQR (parameter ) and without maintaining the ring area. . .. .. ..

. (Color map) Probability densities of the electron con ned in the DQR for

= 2 and a = 20 nm, calculated for certain values of the vertical diagonal of
the DQR (parameter ) and without maintaining the ring area. . .. .. ..

. (Color on-line) Calculation of the relative change in refractive index and in-

traband optical absorption coe cient of the DQR as a function of incident
photon energy, for values of equal to 0.9, 1, 1.3 and 1.5, for circular central
crater ( rst column) and elliptical central crater (second column). The pink
line represents the linear e ect, the red line represents the nonlinear e ect and
the dotted black line represents the overalle ect. . . ... .. ... ... ..

(Color on-line) Energy spectrum of the rst ten states (numbered from bottom
to top) of the electron con ned in a DQR as a function of the parameter ,
varying the size of the central crater and keeping the DQR area. . . . . . . .

. (Color map) Probability densities for the rst four states of the electron con-

ned in the DQR for = 1 and a = 20 nm, calculated for certain values of

the vertical diagonal of the DQR (parameter ) and controlling the DQR area. 43

4-10.(Color on-line) Calculation of the relative change in refractive index and in-

traband optical absorption coe cient of the DQR as a function of incident
photon energy, for values of equal to 0.9, 1, 1.3 and 1.5, for circular central
crater ( rst column) and elliptical central crater (second column). The pink
line represents the linear e ect, the red line represents the nonlinear e ect and
the dotted black line represents the overalle ect. . . . .. .. ... ... ..



List of Figures

Xiii

5-1.

5-2.

5-3.

5-4.

5-5.

(Color on-line) First twenty eigenenergies of the D° atomic complex con ned
in a DQR versus the applied magnetic eld, with  =1and = 0;8, varying
the angular position of the donor. The rst row corresponds to the case where
there is no donor (= 0). The second row corresponds to the case where the
donor is at an angular position p of 0 rad (= 1). The third row corresponds
to the case where the donor is at an angular position p of =2rad ( =1).
(Color on-line) First twenty eigenenergies of the D° atomic complex con ned
in a DQR versus the applied magnetic eld, with = 1and =1, varying
the angular position of the donor. The rst row corresponds to the case where
there is no donor (= 0). The second row corresponds to the case where the
donor is at an angular position p of 0 rad ( = 1). The third row corresponds
to the case where the donor is at an angular position p of =2rad ( =1).
(Color map) Calculation of the optical absorption coe cient (Second co-
lumn) and of the relative change of the refractive index n.=n, (Third co-
lumn) of a complex D° under the action of the magnetic eld, varying the
position of the donor impurity, for = 0;8. The rst row corresponds to the
case where there is no donor (= 0). The second row corresponds to the case
where the donor is at an angular position p of 0 rad ( = 1). The third row
corresponds to the case where the donor is at an angular position p of =2
rad (= 1). . . .
(Color map) Calculation of the optical absorption coe cient (Second co-
lumn) and of the relative change of the refractive index n,=n, (Third co-
lumn) of a complex D° under the action of the magnetic eld, varying the
position of the donor impurity, for = 1. The rst row corresponds to the
case where there is no donor (= 0). The second row corresponds to the case
where the donor is at an angular position p of 0 rad ( = 1). The third row
corresponds to the case where the donor is at an angular position p of =2
rad (= 1). . . ..
(Color in-line) First twenty eigenenergies of the atomic complex D° con ned
in a DQR versus the applied electric eld, with =2and =1, varying the
angular position of the donor. The rst row corresponds to the case where
there is no donor (= 0). The second row corresponds to the case where the
donor is at an angular position p of 0 rad ( = 1). The third row corresponds
to the case where the donor is at an angular position p of =2rad ( =1).

. (Color in-line) First twenty eigenenergies of the atomic complex D° con ned

in a DQR versus the applied electric eld, with =2 and = 1,5, varying
the angular position of the donor. The rst row corresponds to the case where
there is no donor (= 0). The second row corresponds to the case where the
donor is at an angular position p of 0 rad ( = 1). The third row corresponds
to the case where the donor is at an angular position p of =2rad ( =1).

48

50

51

53

56

57



Xiv

List of Figures

5-7.

5-8.

6-1.

6-2.

(Color map) Calculation of the optical absorption coe cient (Second co-
lumn) and of the relative change of the refractive index n,=n, (Third co-
lumn) of a complex D° under the action of the electric eld, varying the
position of the donor impurity, for =1and = 2. The rstrow corresponds
to the case where there is no donor ( = 0). The second row corresponds to
the case where the donor is at an angular position p of Orad ( =1). The
third row corresponds to the case where the donor is at an angular position

pof =4drad( =1).. ... . . .

(Color map) Calculation of the optical absorption coe cient (Second co-
lumn) and of the relative change of the refractive index n,=n, (Third co-
lumn) of a complex D under the action of the electric eld, varying the po-
sition of the donor impurity, for =1;5and = 2. The rst row corresponds
to the case where there is no donor ( = 0). The second row corresponds to
the case where the donor is at an angular position p ofOrad ( =1). The
third row corresponds to the case where the donor is at an angular position

pof =2rad ( =1).. .. . . . e

(Color in-line) Behavior of the canonical partition function Z by varying
the number of eigenstates that constitutes the statistical ensemble. The red
straight-line plot corresponds to a temperature of 50 K. The blue straight-
line plot corresponds to a temperature of 100 K. The black straight-line plot
corresponds to a temperature of 300 K. . . . . . . ... Lo

(Color in-line) Thermal properties of an electron con ned into a DQR as a
function of the contour factor , the temperature T and the electric eld F.
The rst and the third columns show the values of that were used for the
analysis and the shapes adopted by the DQR. The second and the fourth co-
lumns show the behaviour of the thermal properties (entropy, internal energy,
heat capacity and Helmholtz free energy) varying the temperature, where the
blue solid-line curve represents the case where F = 0 k\V/cm, the red solid-line
curve represents the case where F = 2 kVV/cm and the yellow solid-line curve
represents the case where F =10 kVv/cm. . . . . . ... ... ... ... ...

. (Color in-line) Thermal properties of an electron con ned into a DQR as a

function of the semi-axes ratio , the temperature T and the electric eld F.
The rst column shows the values of that were used for the analysis. The se-
cond column shows the behaviour of the thermal properties (entropy, internal
energy, heat capacity and Helmholtz free energy) varying the temperature,
where the blue solid-line curve represents the case where F = 0 kV/cm, the
red solid-line curve represents the case where F = 2 kV/cm and the yellow
solid-line curve represents the case where F = 10 kV/cm. The third column
shows the shapes adopted by the DQR for the analysis. . . . . ... ... ..



List of Figures

XV

6-4.

6-5.

6-6.

6-7.

(Color in-line) Thermal properties of an electron con ned into a DQR with
=1, as a function of the temperature T and the electric eld F, with every
dimension divided by 2. The blue solid-line curves represent the case where F
= 0 kV/cm, the red solid-line curves represent the case where F = 2 kV/cm
and the yellow solid-line curves represent the case where F = 10 kV/cm.

(Color in-line) Thermal properties of an electron con ned into a DQR as a
function of the contour factor and the electric eld F, for three di erent
temperatures. The rst column shows the values of that were used for the
analysis. The second column shows the behavior of the thermal properties
(entropy, internal energy, heat capacity and Helmholtz free energy) varying
the electric eld, where the blue solid-line curve represents the case where T
= 50 K, the red solid-line curve represents the case where T = 100 K and
the yellow solid-line curve represents the case where T = 300 K. The third
column shows the shapes adopted by the DQR for the analysis. . . . .. ..

(Color in-line) Thermal properties of an electron con ned into a DQR as a
function of the semi-axis ratio and the electric eld F, for three di erent
temperatures. The rst column shows the values of that were used for the
analysis. The second column shows the behavior of the thermal properties
(entropy, internal energy, heat capacity and Helmholtz free energy) varying
the electric eld, where the blue solid-line curve represents the case where T
= 50 K, the red solid-line curve represents the case where T = 100 K and
the yellow solid-line curve represents the case where T = 300 K. The third
column shows the shapes adopted by the DQR for the analysis. . . . .. ..

(Color in-line) Thermal properties of an D° atomic complex con ned into a
DQR as a function of the angular position for the donor impurity p, the
temperature T and the electric eld F, for = 1. The rst column shows the
values of p that were used for the analysis. The second column shows the
behaviour of the thermal properties (entropy, internal energy, heat capacity
and Helmholtz free energy) varying the temperature, where the blue solid-line
curve represents the case where F = 0 kV/cm, the red solid-line curve repre-
sents the case where F = 2 kV/cm and the yellow solid-line curve represents
the case where F = 10 kV/cm. The third column shows the shapes adopted
by the DQR for the analysis. . . . . . . . ... .. ... ... ... ... ...

69



XVi

List of Figures

6-8.

6-9.

(Color in-line) Thermal properties of an D° atomic complex con ned into a
DQR as a function of the angular position for the donor impurity p, the
temperature T and the electric eld F, for = 1. The rst column shows the
values of p that were used for the analysis. The second column shows the
behaviour of the thermal properties (entropy, internal energy, heat capacity
and Helmholtz free energy) varying the temperature, where the blue solid-line
curve represents the case where F = 0 kV/cm, the red solid-line curve repre-
sents the case where F = 2 kV/cm and the yellow solid-line curve represents
the case where F = 10 kV/cm. The third column shows the shapes adopted
by the DQR for the analysis. . . . . . ... ... ... ... .. ........
(Color in-line) Thermal properties of atomic complex D® con ned into a DQR
as a function of the impurity donor angular position p and the electric eld
F, for three di erent temperatures and with = 1. The rst column shows
the values of p that were used for the analysis with the corresponding geo-
metrical con guration. The second column shows the behavior of the thermal
properties (entropy, internal energy, heat capacity and Helmholtz free energy)
varying the electric eld, where the blue solid-line curve represents the case
where T = 50 K, the red solid-line curve represents the case where T = 100
K and the yellow solid-line curve represents the case where F = 300 K.

6-10.(Color in-line) Thermal properties of atomic complex D° con ned into a DQR

as a function of the impurity donor angular position p and the electric eld
F, for three di erent temperatures and with = 1;5. The rst column shows
the values of p that were used for the analysis with the corresponding geo-
metrical con guration. The second column shows the behavior of the thermal
properties (entropy, internal energy, heat capacity and Helmholtz free energy)
varying the electric eld, where the blue solid-line curve represents the case
where T = 50 K, the red solid-line curve represents the case where T = 100
K and the yellow solid-line curve represents the case where F = 300 K.

79

80



List of Tables

3-1. Initial geometrical conditions for a diamond-shaped QR with an electron con-
ned inside. . . . . . . . . e



List of symbols

Symbols with Latin letters

Symbol Term SI Unit
A Magnetic vector potential T/m
a Horizontal semi-axis of the elliptical hole m

B Magnetic induction eld T

b Vertical semi-axis of the elliptical hole m
Cp Heat capacity 2

C Speed of light m
Dy Horizontal diagonal of the diamond-shaped contour m
Dy Vertical diagonal of the diamond-shaped contour m

E Eigenenergy J

Fr Helmholtz free energy J

e Elemental charge C

F Electric eld V/m
A Hamiltonian operator J

h Reduced Planck constant J s
| Optical intensity X
kg Boltzmann constant 2

M Electric dipole moment C m
m Electron e ective mass kg
Me Electron mass kg
N Carrier density L
Ny Refractive index 1

R Radius m



List of Tables

XiX

Symbol Term SI Unit
r Radial position of the electron m
o Radial position of the donor impurity m
S Entropy 3
T Temperature K
U Internal energy J
V Potential energy J
Veonf Con nement potential J
Xa| Stoichiometrical coe cient of aluminum 1
X Position on the x-axis m
y Position on the y-axis m
Z Canonical partition function 1
y Position on the z-axis m

Symbols with Greek letters

Symbol

Term

ST Unit

Intraband absorption coe cient
Inverse of the thermal energy
Damping rate

Contour factor

Electric permittivity of the medium
Semi-axes ratio in the elliptical hole
Density operator matrix

Magnetic permeability of the medium
Electric susceptibility of the medium

Wavefunction

= 3|I = = 3m B ol Gk I



XX List of Tables

Subscripts

Subscript Term

Jk j-th and k-th quantum state
X X-axis
y y-axis

Superscripts

Superscript Term

() I-th order of susceptibility
3 3-th order of susceptibility

Abbreviations

Abbreviation Term

FEM Finite element method
QR Quantum ring
DQR Diamond-shaped quantum ring

COR Coupled quantum ring



1 Introduction

As technological advances related to telecommunications, electric energy, electronics and
computation emerged, physicists and scientists at materials began to concern about stud-
ying the electronic properties of the materials and how to obtain them. The research about
conductor, dielectric and semiconductor materials are the cornerstone of solid-state physics.
The latter, the semiconductors, are those materials whose valence band is lled with elec-
trons, while their conduction band is empty at absolute zero conditions. Semiconductors’
physical properties depends on several physical conditions like temperature, stoichiometric
composition, shear strain or energy gap between the conduction and valence bands. It is
mostly relevant to analyze how the semiconductors’ physical features can be altered in order
to improve their electronic performance. Processes like clamping donor impurities, modif-
ying the crystal lattice or applying coherent light sources are very preferred in this task.
As an example of this new need we can observe the researches that Lampert made in 1958
[30], where he proposed some theoretical conditions from the quantum theory for the growth
of systems with impurities in bulk semiconductors. The results obtained by Lampert made
possible to deepen into new researches about new interactions and the physical conditions
to obtain mobile and immobile quantum systems in bulk semiconductors. Among the sys-
tems analyzed by Lampert, immobile complexes are highlighted because of the possibility
to obtain various hydrogen-like systems: D systems, which corresponds to a clamped do-
nor impurity interacting with a con ned electron; D, systems, which corresponds to two
clamped donor impurities interacting with a con ned electron; and D systems, which co-
rresponds to two con ned electrons bound to a donor impurity. Later, in 1970, Leo Esaki and
Raphael Tsu published the article "Superlattices and Negative Di erential Conductivity in
Semiconductors"[13], which set a precedent about the study of semiconductor superlattices
and how electrons can go through them. In addition to that, they established the rst non
guantum-mechanical model for transport properties characterization. The most important
fact of this research is that it is possible to solve the rst concerns in condensed matter
physics, like manipulating the motion and the structure of nano-systems in order to achieve
some electronic, optical and thermal properties, in accordance with the technological poten-
tial needs. The relevant development of di erent growth crystal techniques has contributed
to the performance of this utopia: molecular beam epitaxy, Stranski-Krastanov epitaxy, che-
mical vapor deposition and dropping, mainly [14] [23] [36] [49] [21] [22]. By the use of these
techniques, quantum dots or arti cial atoms were obtained, which have di erent morpho-
logies, such as: lenses, disks, conical and truncated pyramids, and so, rings [15] [28] [16]
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[48] [45]. Indisputably, quantum rings are those structures that caught the attention from
the scientists due to the numerous phenomena of quantum nature [14] [2] that only can
be analyzed through quantum rings, because the close connection between the topological
parameters and the motion of the electron con ned inside them.

Once the semiconductor nanostructures started to be relevant for physicists and for the in-
dustry, studies related with the electron or donor impurities con nement in two-dimensional
regions started to gain relevance in elds related with solid-state physics and condensed
matter physics. In fact, scientists discovered that it was necessary to take into account the
guantum e ects that are not possible to observe in bulk semiconductors. The possibility to
reduce the e ective space in which the carriers can move into a heterojunction combined
with sophisticated tools in quantum mechanics and recent innovations the semiconductor
growth routes [14], [35] molecular beam epitaxy, self-assembled, lift-o , and droplet epitaxy,
among others have caught great interests of scientists in physics and materials science, in
recent years. This marked the beginning of the exploration of novel electronic, optical, and
thermal phenomena in low-dimensional systems: quantum wells (2D), quantum wires (1D),
and quantum dots (0D), since the carrier and electron motions are constrained. The last
systems can be used to model arti cial atoms, which are a trending topic in nanotechnology
because it is possible to manipulate their quantum con ned eigenenergies and wavefunctions
by controlling their size, shape or chemical composition, as well as the number and type of
carriers of the con ned inside of them. Accomplishing certain properties in accordance with
what is needed in the industry or in experimental physics laboratories is an essential step
in order to achieve optoelectronic device applications [50] [24] [47] such as semiconductor
lasers [41] [42], single-electron transistors, LEDs, quantum dot lasers, solar cells, quantum
computing gates [5] and so.

By controlling strain conditions related to the semiconductors lattice mismatch as well as
the kinetic parameters during growth techniques processes, that is, temperature of operation
or velocity deposition of the boundary layer, it is possible to obtain several quantum dots
morphologies [34] [28] [16] [38] [44] [20], among which there are: rings, lenses, dome camel,
etc. We can see the microscopy atomic force images in Figure 1-1.

Among the wide variety of quantum dots that can be experimentally obtained, the quan-
tum rings are under the spotlights. These nanostructures owe their properties due to the
constraint caused by the central crater that they usually have and by their non-uniform
height rim altered by the growth technique used for obtain the nanostructures, which leads
to obtaining quantum rings with exotic shapes [33][39]. It is possible and relevant to merge
the topological in uence with the electron’s behaviour under external probes which can con-
duce to brand-new quantum e ects: Aharonov-Bohm [2] and Stark [7] e ects, Berry phase
[35], persistent currents [35]. These quantum e ects are a direct consequence of competition
between the rotational motions around the nanostructure and the motion through a close,
narrow pathway.
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Figure 1-1: Microscopy atomic force images of pyramid-like and diamond-like quantum dots
[28].

Motivated by the technological advantage and scienti c relevance of the one-electron system
and the D° atomic complex, we report in the present thesis, numerical results of one-electron
system and D° atomic system con ned in a GaAs=Gay.;Alg:3As two-dimensional quantum
rings. In the Chapter 2, we describe the theoretical basis, including the geometrical des-
cription, the quantum-mechanical model and the models used to calculate both optical [25]
[1] [12] and thermal properties [18]. In the Chapter 3, we analyze how the electron motion
is modi ed by applying electromagnetic elds, which leads to modify the electron probabi-
lity density and, therefore, it has a noticeable impact on the electron’s optical and thermal
properties. These properties are strongly dependent of the topology parameters (size, shape,
etc), which are deeply studied in the Chapter 4 in absence of external probes. In the Chapter
5, we make the same analysis that we made in the Chapter 3, but for a D° atomic complex
con ned in the diamond-shaped QR. Finally, in the Chapter 6, we study how the thermal
properties of a DQR can be modi ed by applying electric elds, clamping an donor impurity
and varying the topological parameters.
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In the present work, a single-particle system con ned in self-assembled semiconductors QR’s
will be modeled. The con nement potential is determined from the energy gap di erence of
the two component materials which the QR is made of, and will be considered as an nite
well outside the QR and as a varying potential inside the QR.

It will be shown thoroughly in the subsequent chapters that diamond-shaped quantum rings
(DQRs) model with topology conditions is a general case, that allows us to study other
systems as limiting cases, when the geometrical parameters as the ellipsis’ semi-axes ratio
or the contour are set to be alike other systems reported in the literature. Hence, the one
electron system con ned in one single circular ring is expected to be obtained as a limiting
case, transforming the diamond contour into a circle, adjusting the semi-axes in order to
make them equal and entering some particular geometrical parameters.

This model is versatile enough that it allows us to show the strong dependence of the energy
spectrum on the topology in which the QR is set, and also explains the competition among
some geometrical parameters, the con nement potential and the external elds on several
guantum phenomena such the Aharonov-Bohm e ect and the Stark e ect, which are a con-
sequence of the vector potential in uence on con nement in these kinds of heterostructures.
We are looking for the interaction between the vibrational and the rotational states that
coexist inside the DQR.

As we study the behaviour of the electron that is con ned inside the DQR when the topology
speci cations and the external probes are varied, it is clear that it is possible to obtain some
thermal and optical properties of the semiconductor nanostructure as a re ection of the
altered densities of probability. Some tools in quantum optics and statistical mechanics are
consulted on in order to clarify the interaction between the electron, the donor impurity and
the external probes.

About the computational tools, by using a numerical FEM, the DQR system is solved for the
di erent external conditions by dividing the system into many sub-domains and solving the
respective di erential equations in all of them, obtaining some quantum-mechanical results
that are the key for measuring thermal and optical properties. In this work, FEM is applied
by a software like COMSOL Multiphysics for the quantum-mechanical nature of the DQR,
and then we take this results as data that we can use to calculate some thermal and optical
properties.
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In the next section it will be presented the system Hamiltonian of an electron and a donor
impurity con ned in a DQR. This Hamiltonian is set in a such general form in order to study
the size and shape e ects on the energy spectrum, the Aharonov-Bohm oscillations and the
Stark energy split.

2.1. Geometrical description of the system

The relevant advances made in recent years in growth semiconductor techniques have allowed
us to adjust the quantum ring geometrical parameters [14] [28] [30] [8]. In this regard, by
using techniques like the droplet molecular epitaxy or the Stranski-Krastanov method, it is
possible to obtain 2D QRs which allows us to consider a carrier con ned in the xy-plane.
Considering the features o ered by Stranski-Krastanov technique, we model, in the rst
instance, the DQR as a two-dimensional diamond with horizontal diagonal Dy and vertical
diagonal Dy, with an elliptical crater whose minor and major semi-axis are denoted as a and
b, respectively. The position vector of the electron is denoted as ¥. The schematic system is
shown in Figure 2-1.

+—>

Dy

Figure 2-1: Diagram of an electron con ned in a at, diamond-shaped quantum ring under
external probes: an electric eld along x-axis and a magnetic eld along z-axis.

As we are looking for relating the energy spectrum with topology changes, in order to obtain
a more versatile model, we represent the QR contour through a Lame curve:
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x Ly

=1 2-1
5 " b (2-2)

where a shape factor was de ned. For =1, the contour’s shape corresponds to a diamond.

Also, for = 2, the contour’s shape is transformed into an ellipse [11] [40]. This shape factor

is useful to take into account the di erent deformations that quantum rings can present and

reach the experimental results in an adequate way. Contour’s shape transformations varying
are shown in Figure 2-2.

y =0.8 y =10 y=1.5

Figure 2-2: Contour shaped transformed by the Lame curve, varying the shape factor

Also, as we are varying the topological parameters, we are interested in how the QR size
a ects the motion of the electron when we simultaneously apply electromagnetic elds. For
instance, we de ne a diagonals ratio = Dy=Dy as a dimensionless variable that represents
indirectly how large is the DQR.

Finally, when we embed a donor impurity into the DQR shown in the Figure 2-1 at a distance
ro from the origin of coordinates, we obtain a D° atomic complex con ned in the QR. This
can be show in the Figure 2-3.

2.2. Quantum-mechanical Hamiltonian of the System

As the GaAs DQR was grown by techniques like droplet epitaxy or Stransky-Krastanov met-
hod, it is surrounded by Gag.7Alp.3As. Within the scope of the e ective mass approximation
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Figure 2-3: Diagram of a D° atomic complex con ned ina at DQR under external probes:
an electric eld along x-axis and a magnetic eld along z-axis.

[4] [19] [20] [25], for a D° system under the presence of external probes: a uniform, static
electric eld F = F1; and a uniform, static magnetic induction eld B = BK. In this way,
this system can be modeled by means of a Schrodinger Equation:

h iehB @ 0 e’B? . e?
Iq = mrz'kvconf X— X2+y2 +JeJFX+ 4 "jf FDJ

2m oy @x 8m

(2-2)

The rst term of the Hamiltonian corresponds to the kinetic energy of the electron, while the
term Vone COrresponds to a con nement potential. A nite potential well was considered,
SO Veong = 0 inside the ring and Vong = 260 meV outside the ring. The e ect from the
magnetic induction eld B is re ected in the third and fourth terms of the Hamiltonian: a
paramagnetic term and a diamagnetic term, where these terms will be the responsible of the
Aharonov-Bohm oscillations. The fth term is associated to the in uence from the electric

eld F and the last term is a Coulombian interaction potential between the electron and the
donor impurity, which is controlled by an arti cial parameter that can adopt equal to zero
for a one-electron system or equal to one for a D° system.
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2.3. Modelling by nite elements method computational
tools

In general, the Schrodinger equation 2-2 are so complex that analytic solutions are not able
to be obtained, hence it is necessary to implement numerical solutions. In this thesis, the
software COMSOL Multiphysics is used to solve partial di erential equations by using nite
element method (FEM). (The software was supported by Ph.D Yoder Alberto Suaza at Ins-
titucion Universitaria Pascual Bravo) This method is used to solve eigenvalue problems by
means of dividing the region solution into several minute subdomains with polygonal shapes.
The boundary condition in each polygonal region are well-known, which allows to nd the
corresponding solution by using a set of base functions. The global solution is obtained from
each partial solution by taking into account to satisfy the continuity condition at the boun-
daries among each subdomain. The nite element method is based in a variational process
where we are looking for the best wavefunction for each quantum state and a Hamiltonian
matrix.

2.4. Linear and nonlinear response of the System

For the optical responses, the optical absorption and relative refractive index change coe -
cients are measured by means of the density-matrix formalism under steady state conditions
[4] [52] [20] [10] [17] [39], solving the von Neumann equations for the density operator, where
the complex electric susceptibility is calculated for the rst and the third order because of
the centrosymmetric nature of GaAs. As a result, the linear and the third-order nonlinear
susceptibilities for a three-level electronic quantum system can be written as follows:

First, for the linear term;

X iM.:i2
" O(1) = Nl 239)
ik Ekj h! ih jk
while for the third-order term one gets,
") (1) = NiMgr) ©
| | ik an( Ekj hi ih jk) (2_4)
4iMy (M M;jj)?

(( Eij hD)?2 (ih j)?) (( BEg ih j)?)( Eg h? ih 1)?)

where j;k = 1;2;3 corresponds to the rst, second and third level, respectively. Here, n,
represents the refractive index, | is the incident optical intensity, is the magnetic permea-
bility, and c is the free-space speed of light. Besides, jk is the - empirically added - damping
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term related with distinct possible scattering mechanisms in the system. Ex; = Ex  E;j is
the energy di erence between the state jki and the state jji and the dipole moment ma-
trix elements are My; = hkjfjji, where f represents the state of polarization of the incident
photon [39]. The expressions corresponding to the relative refractive index change and the
absorption coe cient are, respectively:

n® (1)
1) = -

~ (1) =Re 2n? (2-5)
r__

Omy=1 —1m " O@) (2-:6)
r

where ", is the real part of the permittivity and | = 1;3 corresponds to the order of the

susceptibility.

2.5. Thermal properties of the System

To obtain the thermal properties in our DQR, we suppose that our system is interacting with
large heat reservoir at temperature T. As we are analyzing a single electron moving around
the QR or in the D® atomic complex, we can assume that the system obeys the Maxwell-
Boltzmann statistics [9] [46] [18] [3]. For instance, we need to establish the corresponding
canonical partition function Z as a sum over all possible states of the system:

X

Z= exp( E) @7)
J

with = kBLT where kg is the Boltzmann constant and E; are the eigenenergies of the

accessible states in the DQR. Once the partition function has been calculated and its sa-
turation condition is assured, the thermal properties can be calculated. We are interested
in measuring four thermal properties: entropy S, heat capacity Cp, internal energy U and
Helmholtz free energy A, which are calculated as follows:

_ 0 1
S=gr ~Inz (2-8)

1 @2
Co== —(TInZ) (2-9)
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U= —InZ (2-10)
@
1
Fh= —InZ (2-11)



3 Electronic properties and optical
response into the diamond-shaped
guantum ring under external probes

Adopting the model described in the previous chapter and the diagram described in Figure
2-1, we analyze the con nement of an electron inside a GaAs=Gag.7Alp.3As DQR, which was
grown using techniques like Stranski-Krastanov method, droplet epitaxy and self-assemblage
[34] [14]. Based on AFM images reported by Kiravittaya and co-workers [28] in their article
about advanced techniques for obtaining quantum dots, we will model a DQR with an
elliptical crater under the following initial speci cations (Table 3):

Variable  Value
Dy 100 nm
Dy 150 nm

1
a 20 nm
2

Table 3-1: Initial geometrical conditions for a diamond-shaped QR with an electron con ned
inside.

About the quantum-mechanical conditions, as the electron is con ned inside a

GaAs=Gay.7Alp:3As DQR, we draw on the e ective-mass approximation [19], taking into a
account that the e ective mass of an electron obeys to the following mathematical relation:
m = (0;067 + 0;083xa;)Me, Where Xa; represents the stoichiometric coe cient of alumini-
um. As we are assuming a nite potential well con nement, we de ne the potential barrier
with a value of 260 meV, which is a common value reported in the literature [6] [41] [42].
Now, we will modify our initial model with parametric sweep over the principal geometrical
parameters (the contour factor , the ratio and diagonals’ ratio ), in addition to the
several modi cations in the interaction between the QR and the external elds. If we break
down some ways that the electron motion can be altered, varying both topology and external
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probes, we will be ready to calculate the thermal and optical properties, selecting the most
adequate conditions to bene t di erent phenomena.

3.1. Model validation and motivation

As we mentioned previously, a DQR can be described by a Lame curve by de ning some
geometrical parameters whose variation allows us obtaining several realistic morphologies
obtained by AFM, where the diamond-shaped quantum ring is just a particular case. For
the sake of proving how valid is the method used throughout this thesis and comparing
with the results available in the literature, an extensively studied model as the elliptical
QR is taken as the starting point of this research thesis. Our goal is to propose several
geometrical modi cations that t more accurately with the semiconductor nanostructures
obtained experimentally.

To justify the model previously shown and seeking for some reliable comparisons with lite-
rature, the Lame curve and the parameters and are drawn on to alter the morphology
of a concentric elliptical QR with a circular crater, adopting the same topological condi-
tions as those that were used by Bejan and co-workers for an elliptical ring [6] [7]. We are
focused on how the QR size ( parameter) and the contour shape ( parameter) can a ect
the Aharonov-Bohm e ect and how the vibrational and rotational states arise in which the
electronic states of the carrier con ned into the QR can be classi ed. Looking for visualizing
the repercussion of the spatial constraints, a parametric sweep was carried out varying both
the parameters ( =0;8;1;2;3) and ( = 0;75;0;8;0;9;1), whose results are shown in
the Figure 3-1.

Taking as starting point the case with = 0;8, where the morphology is more rounded on
the sides as we can observe in the rst column of the table shown in the Figure 3-1, from left
to right. To understand the e ect that arises from the electronic con nement, we vary the
values of in the parametric sweep to visualize the impact of the geometrical con nement.
For =0;75 (Figure 3-1, rst column, rst row), the rst two states can be identi ed with
a notorious localized behaviour on the side zones of the crater, which presents high areas,
hence these two states have primarily a vibrational nature. Nevertheless, it does not imply
that the electron is unable to have a considerable tendency to the rotation around the central
crater as we can see in the probability density gures, since the electronic cloud is spread
throughout the QR. It is possible to con rm this tendency if we interpret the variation of the
eigenenergies as oscillations while we are applying a static magnetic induction eld. Besides,
for the rst two states, the eigenenergy levels have an increasing behavior as the magnetic
induction eld increases since the orbital angular momentum increases, which translates
into slight, restricted pseudo-oscillations. If we analyze carefully the higher excited states,
the pseudo-oscillations become more relevant because of the new coverage of the electron over
the QR's area. As the orbital angular momentum increases due to the magnetic induction
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k=1,a=81nm, F=0kV/cm
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Figure 3-1: (Color on-line) First eight eigenstates (numbered from bottom to top) of an
electron con ned in an elliptical quantum ring with circular hole, as a function
of the contour factor and the diagonals’ ratio . On sides for each graph, the

rst four probability densities for B =0 T (left) and B = 10 T (right).

eld, the electron will extend its wavefunction to the farthest zone from the central crater
of the QR, as we can see in the probability density graphs. As increases, the QR stretches
vertically, so the area increases and the electron will have more freedom to rotate around
the central crater of the QR, fact that is widely favored when the magnetic induction eld
intensity that goes through the QR is increased.

Once reaches the value of 0.9 (Figure 3-1, rst column, third row), the system becomes
more symmetrical, so the probability of nding the electron inside the QR is distributed
more neatly over the QR's area, prioritizing the widest zones, although there is a permanent
constraint a ecting the system that causes uniform oscillations around the QR because of
the contour. Besides, it is evident that states 7 and 8 start to overlap with the sixth state,
forming an oscillating braid among the states 5, 6, 7 and 8, while the rst four states tend
to overlap and form a narrower braid. When reaches the value of 1 (Figure 3-1, rst
column, fourth row), the system acquires an isotropic symmetry, which allows that the four-
fold degeneracy arises, as can be seen in the probability densities for the third and fourth
states in absence of magnetic induction eld. In those probability densities, we can observe
that the electron breaks through the geometrical constraint, manifesting a notable rotational
e ect. Degeneracy is maintained as the magnetic eld intensity is increased, even though it is
modi ed by the compensation between the diamagnetic and the paramagnetic contribution,
accomplishing a quasi-periodicity. Additionally, the two groups of threading states are still
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present and more delimited by the symmetry of the QR.

In the case where a diamond contour is adopted ( = 1) (Figure 3-1, second column), we can
see a decrease in the geometrical con nement that is exerted over the electron, which could be
associated with an increase in the e ective area where the electron can be found, conducing
to lower values for the eigenenergies than those obtained in the previous case for = 0;8. By
gaining degrees of freedom because of the low con nement, the rotational states are bene ted
since the electron can move around a QR with a higher area. Besides, if a magnetic eld
is applied across the QR, the morphology is auspicious for the emergence of well-de ned
oscillations around the crater, which is re ected in the number of quasi-oscillations in the
eigenenergies versus magnetic eld gures, as well as in the extension of the probability
densities around the crater when the magnetic eld is applied. In addition to this, we can
observe that the eigenstates are threaded in groups of four states for =09and =1
(Figure 3-1, second column, second and third rows), with the di erence that the reduction
in the QR' s con nement causes that the energy gap between the braids to be slighter. We
realize that these geometries are more propitious to form and break degeneracies, an e ect
that is crucial to analyzing optical responses.

Once the elliptical-circular geometry is recovered ( = 2) (Figure 3-1, third column), it
can be observed that the electron is able to move with more freedom around the QR with
respect to the diamond contour, which can be only restricted by the ratio between the
diagonals that determine the size of the QR’ s external contour ( ). The rst two states
are more localized, with slight tendencies to oscillation. Besides, the higher is , the more
notorious are the oscillations, since in all cases the circular symmetry is recovered for the
system. Moreover, the eight states represented in the gures tend to create a unique braid,
becoming more uniform as the system acquires a circular symmetry and having a more
evident compensation between the diamagnetic and paramagnetic contributions.

Finally, when the QR's contour becomes into a rounded-edge square ( = 3) (Figure 3-
1, fourth column), there is a relaxation in the con nement over the electron, so it tends
to rotate easily around the QR because of the wide area that it disposes to extend its
probability density. It is to be warned that the behavior exposed by the curves associated
with the oscillations of the electronic states is alike to the one that is reported in QR with
certain thickness. It is noteworthy how the probability densities tend to occupy the more
distant zones with respect to the central crater in absence of magnetic eld. Once this eld
is applied, a fraction of the probability density will extend towards the QR's crater due to
the con nement power of the eld, which will bene t the degeneracy of the quantum states
with certain periodicity Increases in the kinetic energy are not lost, but it is harder to carry
out an oscillation because of the new e ective area that is covered by the electron.

As we exposed, modi cations in the topology of the QR through the variation of geometrical
parameters allow us to manipulate the probability associated with the localization of the
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electron, which is suitable for altering the optical and thermal properties of the materials
that contain these nanostructures. In this chapter, we are going to propose some topological
con gurations for the DQR, to which we are going to measure the electronic properties
and the optical response, to determine which conditions are propitious to obtain certain
phenomena.

k=1,a=81lnm, F=0kV/cm
y =2.0

n =0.75

o 1 2 3 4 5 6 7 8 9 10

Figure 3-2: (Color in-line) First eight eigenstates (numbered from bottom to top) of an elec-
tron con ned in an elliptical quantum ring with circular crater due a harmonic
potential and a repulsive, inverse-squared potential. The dotted-line curves re-
present the calculations made with the model presented in the current thesis.
The solid-line curves represent the calculations made by Bejan et al. [6]

For the sake of comparison and validation of the model, the con nement conditions adopted
by Bejan and co-workers [6] were considered in the present work, which consist in that the
electron is con ned into an elliptical QR with a circular central crater through a harmonic
potential and a repulsive, inverse-square potential, obtaining the results shown in the Figure
3-2. The harmonic potential is responsible for the high values of the eigenenergies because of
its con nement power and bene ts the rotational states in the electron. On the other hand,
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the repulsive potential localizes considerably the rst two states and hinders the oscillations
in the vicinity of the crater. As our model is enough versatile for recreating several con -
nement conditions, both in the morphology (by using the Lame curve with = 2) and in
the Hamiltonian of the system, we introduced the same potentials that Bejan and colleagues
[6] introduced in their article, using the same geometry and the stoichiometric compositions
of semiconductor nanostructure that were reported. Using a nite element method (which
was also used by Bejan et al. [6]), we found that our calculations (reported with solid-line
curve in the Figure 3-2) overlap almost completely the data reported by Bejan et al. [6],
which provides goodness of t to the study carried out in the current thesis and allow as
to describe the electronic behavior, the optical response and the thermal properties of an
diamond-shaped quantum ring or any variation of this morphology, altering the topological
parameters and applying external probes.

3.2. Aharonov-Bohm E ect varying the topological
parameters

After checking the tendency of our problem to approach adequately to the data reported
in the literature and showing the potential e ect of the topological modi cations in an
elliptical QR, we can resume the analysis with our DQR and establish how its electronic
properties change for each variation [48]. In the case of the Aharonov-Bohm oscillations, we
are interested in how the competence between vibrational and rotational states is developed
in the presence of a magnetic eld and how is the net e ect considering nite well-like
geometrical con nement.

3.2.1. Varying the contour factor

From the QR proposed initially in the present research, we make a parametric sweep in the
contour factor to accomplish variations for the external contour of the QR [48], adopting
values for equal to 0.8, 1, 1.5, 2 and 3, whose morphologies accompany the evolution of
the eigenenergies with the magnetic eld that crosses the QR, as can be seen in the Figure
3-3.

In the case where = 0;8 (Figure 3-3, rst row), a considerable con nement is imposed
over the electron specially between the external contour and the central crater, so the rst
four pairs of states are totally localized, prioritizing the vibrational motion, and showing a
two-fold degeneracy. A meaningful phenomenon is found for the most excited states when
some slight oscillations can be found from the ninth state. The oscillations among states 9
and 12 present a decreasing behavior for the eigenenergies when the magnetic eld is applied,
which is considerably counter-intuitive with the usual increase of the kinetic energy due to
the magnetic eld. The physical explanation for this singular situation is that the electron,






