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Abstract

This thesis provides a detailed exposition of Frédéric Bayart’s (2018) [7] framework for
multiple summing multilinear operators. While the theory of absolutely summing linear
operators is well established, deducing global multiple summability from isolated, coor-
dinatewise data presents significant challenges. This work systematically unpacks the
abstract machinery needed to bridge that gap.

Motivated by the classical Bohnenblust-Hille and Hardy-Littlewood inequalities, we
explore the core techniques, namely the Maurey-Schep factorization and a generalized
mixed-norm Summing Lemma, that allow us to pass from local to global summabil-
ity. We establish the precise conditions under which coordinatewise (rk, pk)-summability
implies global multiple (s,q)-summability for multilinear maps into spaces of cotype q.
Additionally, we examine the Multilinear Inclusion Theorem to show how global summa-
bility indices shift when the underlying weak sequence spaces are enlarged.

As a primary application, these theorems are applied to harmonic analysis to derive
the optimal properties of direct products of p-Sidon and p-Rider sets on compact abelian
groups. Finally, using Bennett-Carl inequalities, Walsh functions, and Riesz products,
we demonstrate that all the multiple summability bounds and harmonic analysis indices
derived within this framework are strictly optimal.

Keywords: Multiple summing operators, coordinatewise summability, Hardy-Littlewood
inequality, p-Sidon sets, Banach spaces.



Resumen

Esta tesis proporciona una exposición detallada del marco teórico de Frédéric Bayart
(2018) [7] para operadores multilineales múltiplemente sumantes. Si bien la teoŕıa de los
operadores lineales absolutamente sumantes está bien establecida, deducir la sumabilidad
múltiple global a partir de datos aislados por coordenadas presenta desaf́ıos significativos.
Este trabajo desglosa de manera sistemática la maquinaria abstracta necesaria para cerrar
dicha brecha.

Motivados por las desigualdades clásicas de Bohnenblust-Hille y Hardy-Littlewood,
exploramos las técnicas fundamentales, espećıficamente la factorización de Maurey-Schep
y un Lema de Sumabilidad de norma mixta generalizado, que permiten pasar de la suma-
bilidad local a la global. Establecemos las condiciones precisas bajo las cuales la (rk, pk)-
sumabilidad por coordenadas implica la (s,q)-sumabilidad múltiple global para aplica-
ciones multilineales con valores en espacios de cotipo q. Adicionalmente, examinamos el
Teorema de Inclusión Multilineal para mostrar cómo cambian los ı́ndices de sumabilidad
global cuando se ampĺıan los espacios de sucesiones débiles subyacentes.

Como aplicación principal, estos teoremas se emplean en el análisis armónico para
derivar las propiedades óptimas de los productos directos de conjuntos p-Sidon y p-Rider
en grupos abelianos compactos. Finalmente, mediante el uso de las desigualdades de
Bennett-Carl, funciones de Walsh y productos de Riesz, demostramos que todas las cotas
de sumabilidad múltiple y los ı́ndices de análisis armónico derivados dentro de este marco
son estrictamente óptimos.

Palabras clave: Operadores múltiplo sumantes, sumabilidad por coordenadas, desigual-
dad de Hardy-Littlewood, conjuntos p-Sidon, espacios de Banach.
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List of Notation and Symbols

Throughout this thesis, we adopt the following standard notation and conventions:

General Sets and Scalars

N,R,C The sets of positive integers, real numbers, and complex
numbers, respectively.

K The scalar field, denoting either R or C.
p∗ The Hölder conjugate exponent of p ∈ [1,∞], defined by

1
p

+ 1
p∗

= 1.

|C| The cardinality of a finite set C ⊂ {1, . . . ,m}.
C The complement of C in {1, . . . ,m}, i.e., {1, . . . ,m} \ C.
rn(t) The n-th Rademacher function on [0, 1], given by rn(t) =

sign(sin(2nπt)).

Banach Spaces and Sequence Spaces

E,F,X, Y Banach spaces over the scalar field K.
BE The closed unit ball of a Banach space E.
E ′ (or E∗) The topological dual of a Banach space E.
IE (or id) The identity operator on E.
Cq(X) The cotype q constant of a Banach space X (2 ≤ q <∞).
ℓp, ℓ

n
p The Banach space of p-summable scalar sequences (respec-

tively, Kn endowed with the ℓp-norm) for 1 ≤ p ≤ ∞.
c0 The Banach space of scalar sequences converging to zero,

equipped with the supremum norm.
(ek)

∞
k=1 The canonical unit vector basis of ℓp or c0.

ℓs(X) The space of strongly s-summable sequences in a Banach
space X.

ℓws (X) The space of weakly s-summable sequences in X, endowed

with the norm ∥(xj)∥s,w = supφ∈BX′

(∑∞
j=1 |φ(xj)|s

)1/s
.

XC The partial Cartesian product
∏

j∈C Xj for C ⊂
{1, . . . ,m}.
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Operator Spaces and Summability Ideals

L(E;F ) The Banach space of bounded linear operators from
E to F .

L(E1, . . . , Em;F ) The Banach space of bounded m-linear operators
from E1 × · · · × Em to F .

Πr,s(E;F ) The space of absolutely (r, s)-summing linear opera-
tors from E to F , with norm πr,s(·).

Πm
(q1,...,qm;p1,...,pm) The space of multiple (q1, . . . , qm; p1, . . . , pm)-

summing m-linear operators from E1 × · · · × Em to
F , with norm π(q1,...,qm;p1,...,pm)(·) (or πmult

s,q (·)).
TC(z) The |C|-linear map on XC induced by fixing z ∈ XC ,

defined by TC(z)(x) = T (x, z).
∥TC∥CW (r,p) The coordinatewise multiple (r, p)-summing norm in

the coordinates of C, defined as sup{πmult
r,p (TC(z)) :

∥z∥XC ≤ 1}.

Harmonic Analysis

G,Γ A compact abelian group G and its discrete dual group of
continuous characters Γ.

f̂(γ) The Fourier coefficient of f ∈ L1(G) at γ ∈ Γ.
[f ] The Rider norm of a trigonometric polynomial f , defined

by [f ] =
∫ 1

0

∥∥∥∑γ∈Λ rγ(t)f̂(γ)γ
∥∥∥
∞
dt.

Ω, wA The Cantor group Ω = {−1, 1}N and the Walsh character
wA(ω) =

∏
n∈A rn(ω).
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Introduction

The 1934 Hardy-Littlewood inequality [24] originated as a fundamental answer to a pre-
cise coefficient-summability problem in ℓp sequence spaces. Historically, this foundational
result was inspired by Littlewood’s seminal 1930 work on bilinear forms in c0 spaces [29],
which also laid the groundwork for the famous 1931 Bohnenblust-Hille paper [14]. In
their 1934 paper, Hardy and Littlewood developed a powerful methodological approach
designed to transfer summability results from the c0 spaces setting to the more general
framework of ℓp sequence spaces.

Rather than being a mere technical estimate, the Hardy-Littlewood inequality de-
rives its paramount importance from its external applications and its role in guiding the
development of the theory of multilinear multiple summing operators.

Multiple summing operators extend the theory of absolutely summing linear oper-
ators, which provided the first rigorous machinery to quantify how mappings improve
sequence convergence. Systematized by J. Lindenstrauss and A. Pelczynski [28] and A.
Pietsch [40], and deeply rooted in Grothendieck’s foundational work [23], absolutely sum-
ming linear operators mathematically characterize how bounded linear maps transform
weakly summable sequences into strongly summable ones. This linear theory has proven
to be of foundational structural importance, dictating the geometric layout of Banach
spaces and providing the baseline definitions for some interesting operator ideals. How-
ever, the analysis of higher-order interactions necessitated extensions beyond linear maps,
leading directly to the creation of multilinear multiple summing operators (Pérez-Garćıa
[39] and Matos [30]).

Beyond its intrinsic value in abstract Banach space theory, the framework of absolutely
and multiple summing operators serves as a vital mathematical vehicle across several ex-
ternal disciplines. In harmonic analysis, these operators are instrumental in characterizing
the behavior of Fourier multipliers and the structural embedding properties of functions
[46]. Other related disciplines are number theory [8], quantum information theory [32]
and computational learning theory ( see [6] and [46].)

One of the central goals in this multilinear framework is to understand how summabil-
ity through the Cartesian product is affected by simultaneous and independent summa-
bility requirements in each coordinate of the underlying spaces. A critical modern leap in
this interplay was achieved through the influential work of Defant, Popa, and Schwarting
[17] on coordinatewise summability in c0 spaces. Their contributions revolutionized the
area by decoupling global multilinear summability into finer, coordinate-by-coordinate
components. By establishing precise criteria for coordinatewise summability, Defant,
Popa, and Schwarting provided the modern machinery needed to interpolate between dif-
ferent classes of summing ideals. This systematic approach was subsequently improved
by Bayart, Pellegrino and Seoane [8] (and refined by Albuquerque et al. [4]), unlocking
new techniques to establish the exactly asymptotic Bohr Radius.

Recently, Bayart extended the ideas of Defant, Popa, and Schwarting by tackling the
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problem of coordinatewise summability in ℓp spaces. Crucially, Bayart’s [7] breakthrough
mirrors the original 1934 Hardy-Littlewood strategy: it reinterprets the coordinatewise
machinery developed for c0 spaces and adapts it to the ℓp spaces setting.

The significance of this multilinear summability framework extends beyond operator
theory into Hardy-Littlewood-type inequalities and abstract harmonic analysis, demon-
strating a profound relevance to the study of p-Sidon sets. In fact, as extensively detailed
in Blei’s landmark text [11], Analysis in Integer and Fractional Dimensions, p-Sidon sets
generalize classical Sidon sets by evaluating how thin sets of characters behave under
fractional dimensionality.

In this master thesis, we investigate this conceptual bridge between c0 and ℓp spaces
through the lens of modern coordinatewise summability, exploring its structural conse-
quences and external reach.

The work is organized as follows:
In the first chapter, we lay the theoretical foundation by reviewing absolutely sum-

ming linear operators and classical multilinear inequalities, such as Bohnenblust-Hille
and Hardy-Littlewood. We explore the crucial equivalence between these inequalities
and multiple summing operators. The chapter introduces the anisotropic expansion and
other results, ultimately highlighting the gap in deducing global multiple summability
from separate coordinatewise bounds.

In the second chapter, we unpack Frédéric Bayart’s abstract machinery to bridge
this gap. By generalizing the Hardy-Littlewood method and utilizing the Maurey-Schep
factorization, we establish the primary theorems that deduce global (s, q)-summability
from local coordinatewise (rk, pk)-summability under various conditions. This chapter
culminates in highly applicable corollaries and a sharper Multilinear Inclusion Theorem.

Finally, in the third chapter, we apply this abstract framework to harmonic analysis.
We demonstrate how evaluating trigonometric polynomials restricted to direct products
of p-Sidon and p-Rider sets naturally induces a multilinear map, allowing us to determine
the optimal properties of these product sets on compact abelian groups. Using tools
like Bennett-Carl inequalities, we then prove that all the multiple summability bounds,
inclusion theorems, and harmonic indices derived throughout the thesis are optimal.
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Chapter 1

Preliminaries

1.1 The Foundation

We begin our review by establishing the foundational concepts of linear summability. The
theory of summing operators provides a rigorous framework for measuring how operators
improve the convergence of sequences between Banach spaces [18].

1.1.1 Absolutely Summing Operators

The study of absolutely summing linear operators stands as one of the most defining
success stories of modern functional analysis. Emerging from Grothendieck’s pioneering
investigations in the 1950s [23], the theory was later developed by A. Pietsch [40] and
subsequently propelled into the mathematical mainstream by J. Lindenstrauss and A.
Pe lczyński [28]. The rapid ascent and success of this subject stems from its unifying
power; it provided analysts with a novel way to connect abstract Banach space geometry
with probability and harmonic analysis.

By rigorously quantifying how bounded maps transform weakly summable sequences
into strongly summable ones, the theory revolutionized the theory of Banach spaces,
allowing mathematicians to classify spaces by profound geometric features like cotype.
We present this linear foundation first, as it will gives a proper justification for the
multilinear mappings that follow.

To formally define summability, we must first establish how we measure sequences
that converge weakly but not necessarily strongly.

Definition 1.1 (Weak norm). The space of weakly s-summable sequences in E, denoted
by ℓws (E), is the set of sequences (xj)

∞
j=1 ⊂ E such that

∑∞
j=1 |φ(xj)|s <∞ for all φ ∈ E ′

[18, Section 2.1]. It is endowed with the norm:

∥(xj)
∞
j=1∥s,w := sup

φ∈BE′

(
∞∑
j=1

|φ(xj)|s
) 1

s

.

With this weak measurement established, we can define the core objects of our study.

Definition 1.2 (Absolutely (r, s)-summing operator). Let E,F be Banach spaces and
1 ≤ s ≤ r < ∞. A continuous linear operator u : E → F is called absolutely (r, s)-
summing if there is a constant K ≥ 0 such that for every sequence (xk)

∞
k=1 ⊂ ℓws (E), the
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following inequality holds:(
∞∑
k=1

∥u(xk)∥rF

) 1
r

≤ K∥(xk)∥s,w = K sup
φ∈BE′

(
∞∑
k=1

|φ(xk)|s
) 1

s

.

We denote by πr,s(u) the infimum of the constantsK such that the inequality continues
to hold [18, Section 10.1]. Furthermore, we denote by Πr,s(E;F ) the set formed by all
absolutely (r, s)-summing operators from E to F [18, Section 10.1]. When r = s, we
write Πr(E;F ) instead of Πr,r(E;F ) [18, Section 2.2]. Standard calculations show that
(Πr,s, πr,s) is a Banach space [18, Section 10.1].

A cornerstone of the linear framework is Grothendieck’s Theorem [18, Section 1.13]

Theorem 1.3. Every continuous linear operator from ℓ1 into ℓ2 is absolutely (1, 1)-
summing.

Building upon this, S. Kwapień established a powerful generalization in [26]

Theorem 1.4. Every continuous linear operator from ℓ1 to ℓp is absolutely (r, 1)-summing,
where r is determined by the relation

1

r
= 1 −

∣∣∣∣1p − 1

2

∣∣∣∣ .
Notably, when p = 2, this generalized formula yields r = 1, recovering Grothendieck’s

original theorem. A multilinear version of these theorems can be found in [35].
These spaces of summing operators do not exist in isolation; they are deeply rooted

in the broader algebraic structure of operator ideals.

Definition 1.5 (Operator Ideal). An operator ideal I is a subclass of the class L of all
continuous linear operators between Banach spaces such that, for any Banach spaces E
and F , the components I(E;F ) = L(E;F ) ∩ I satisfy:

1. I(E;F ) is a vector subspace of L(E;F ) which contains the finite rank operators.

2. The Ideal Property: If u ∈ L(E;F ), v ∈ I(F ;G), and t ∈ L(G;H), then the
composition t ◦ v ◦ u belongs to I(E;H).

Definition 1.6 (Banach Ideal). A normed operator ideal (I, ∥ · ∥I) is an operator ideal
I equipped with a function ∥ · ∥I : I → [0,∞) such that:

1. The restriction of ∥ · ∥I to I(E;F ) is a norm for any Banach spaces E and F .

2. ∥IK∥I = 1, where IK : K → K is the identity map on the scalar field.

3. If u ∈ L(E;F ), v ∈ I(F ;G), and t ∈ L(G;H), then ∥t ◦ v ◦ u∥I ≤ ∥t∥ · ∥v∥I · ∥u∥.

If the components (I(E;F ), ∥ · ∥I) are complete (Banach spaces), then the ideal is called
a Banach ideal.

Remark 1.7. It’s a known result, for 1 ≤ s ≤ r < ∞, the class of absolutely (r, s)-
summing operators (Πr,s, πr,s) forms a Banach ideal [18, Section 10.1].

A fundamental property governing these operators is the linear inclusion theorem,
which establishes how these ideal spaces embed into one another.

Theorem 1.8 (Linear Inclusion Theorem). If s ≥ r, q ≥ p, and 1
p
− 1

r
≤ 1

q
− 1

s
, then

every absolutely (r; p)-summing linear operator is absolutely (s; q)-summing [18, Theorem
10.4].
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1.1.2 Bennett-Carl Inequalities

We conclude the linear framework by analyzing the absolute summability of the inclusion
maps strictly between sequence spaces. The Bennett-Carl inequalities define precisely
when the canonical identity map moves a weakly summable sequence into a strongly
summable one (see [16] and [15]).

Theorem 1.9 (Generalized Bennett-Carl). Consider the canonical inclusion inc : ℓp → ℓq
(with p ≤ q). If 1 ≤ p, s ≤ 2, it is absolutely (r; s)-summing if, and only if,

r ≥ max

{
2pqs

2qs− 2ps+ 2pq − pqs
,

ps

p + s− ps

}
and s < p∗ [16, Theorem 10]. When s = 1, we recover the classical results of Bennett
(1973) [10].

The proof of this theorem is a consequence of results we will develop later: the com-
plete classification of anisotropic Hardy-Littlewood exponents (Theorem 1.36) and a re-
sult that connects this classification to the Bennett-Carl inequalities (Proposition 1.39).

1.1.3 Probabilistic and Geometric Tools

To analyze the properties of these operator ideals, we utilize specific probabilistic and
geometric machinery [18].

Definition 1.10 (Rademacher Functions). The Rademacher functions are defined by
rn : [0, 1] → R, for n ∈ N, as rn(t) := sign(sin 2nπt) [18, Section 1.1]. They possess
the following orthogonality property: if 0 < n1 < n2 < . . . < nk and p1, . . . , pk ≥ 0 are
integers, then ∫ 1

0

rp1n1
(t) . . . rpknk

(t)dt =

{
1, if each pj is even

0, otherwise.

For scalar sequences, Khinchine’s inequality establishes the equivalence of Lp-norms
for linear combinations of these functions.

Theorem 1.11 (Khinchine’s Inequality). Let (rk)
n
k=1 be a sequence of independent Rademacher

functions defined on [0, 1], and a = (a1, . . . , an) be a sequence of real or complex numbers.
For any 0 < p <∞, there exist constants Ap > 0 and Bp > 0 such that:

Ap

(
n∑
k=1

|ak|2
)1/2

≤

(∫ 1

0

∣∣∣∣∣
n∑
k=1

akrk(t)

∣∣∣∣∣
p

dt

)1/p

≤ Bp

(
n∑
k=1

|ak|2
)1/2

.

[18, Theorem 1.10]

Kahane’s inequality serves as the essential vector-valued extension.

Theorem 1.12 (Kahane’s Inequality). Let 1 ≤ p, q < ∞. There exists a constant
Kp,q > 0 such that for every Banach space X and for any finite sequence of vectors
x1, . . . , xn ∈ X, the following inequality holds:(∫ 1

0

∥∥∥∥∥
n∑
k=1

rk(t)xk

∥∥∥∥∥
p

dt

)1/p

≤ Kp,q

(∫ 1

0

∥∥∥∥∥
n∑
k=1

rk(t)xk

∥∥∥∥∥
q

dt

)1/q

.

[18, Theorem 1.11]
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Remark 1.13. While Khinchine’s inequality establishes the equivalence of Lp-norms for
linear combinations of Rademacher functions with scalar coefficients, Kahane’s result
guarantees that all Lp-norms (1 ≤ p < ∞) of Rademacher sums with coefficients in an
arbitrary Banach space X are uniformly equivalent.

The interaction between summability and probability is tightly controlled by the un-
derlying geometry of the Banach spaces involved, typically categorized by the space’s
cotype.

Definition 1.14 (Cotype). Given 2 ≤ q < ∞, a Banach space X is said to have cotype
q if there exists a constant C ≥ 0 such that for each choice of elements x1, . . . , xn ∈ X
we have (

n∑
i=1

∥xi∥q
) 1

q

≤ C

∫ 1

0

∥∥∥∥∥
n∑
i=1

ri(t)xi

∥∥∥∥∥
2

dt

 1
2

.

The optimal such constant C is usually denoted by Cq(X). [18, Section 11.1]

The following theorem is also known as Orlicz property (the converse is also true for
q > 2, as proved by Talagrand [47]).

Theorem 1.15 (Cotype implies Summing Identity). Let X be a Banach space with
cotype q where 2 ≤ q < ∞. Then the weak ℓ1 space is contained in the strong ℓq space,
ℓw1 (X) ⊂ ℓq(X) [18, Theorem 11.4]. In other words, the identity map IX : X → X is
absolutely (q, 1)-summing, and πq,1(IX) ≤ Cq(X) [18, Theorem 11.4].

Theorem 1.16 (Stability of Cotype for Sequence Spaces). Let Y be a Banach space with
cotype q ∈ [2,∞) and let 1 ≤ r < ∞. The vector-valued sequence space ℓr(Y ) has cotype
max(r, q) [18, Theorem 11.12].

1.1.4 Littlewood’s 4/3 and Bohnenblust–Hille Inequalities

In 1930, Littlewood demonstrated that for any continuous bilinear form T : ℓn∞×ℓn∞ → C,
the 4

3
-norm of its evaluations on the canonical basis is bounded by the supremum norm

of T , multiplied by
√

2 [29, Theorem 1]. This result, motivated by questions regarding
functions of bounded variation, is known as Littlewood’s 4/3 inequality.

One year later, Bohnenblust and Hille extended Littlewood’s result to the m-linear
framework, proving a crucial theorem to solve Bohr’s 1913 problem regarding the absolute
convergence of Dirichlet series [14].

Theorem 1.17 (Bohnenblust-Hille Inequality). For every positive integer m, there exists
a constant BK,m ≥ 1 such that for all continuous m-linear forms T : ℓn∞ × · · · × ℓn∞ → K
and all positive integers n:(

n∑
j1,...,jm=1

|T (ej1 , ..., ejm)|
2m
m+1

)m+1
2m

≤ BK,m∥T∥.

Moreover, the exponent 2m
m+1

is sharp.
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1.1.5 The Hardy-Littlewood Method

Hardy and Littlewood (1934) extended Littlewood’s 4/3 inequality to bilinear forms on
ℓnp spaces:

Theorem 1.18 (Isotropic Bilinear Hardy-Littlewood Inequality [24]). Let p1, p2 ∈ [2,∞].
Then the following global bounds hold, for all bilinear form A : ℓnp1 × ℓnp2 → K, and all
positive integers n:

• Case 1: If 1
p1

+ 1
p2

≤ 1
2
, then

(
n∑
i=1

n∑
j=1

|A(ei, ej)|µ
) 1

µ

≤
√

2∥A∥

where 1
µ

= 3
4
− 1

2

(
1
p1

+ 1
p2

)
.

• Case 2: If 1
p1

+ 1
p2
> 1

2
, then

(
n∑
i=1

n∑
j=1

|A(ei, ej)|λ
) 1

λ

≤
√

2∥A∥

where 1
λ

= 1 −
(

1
p1

+ 1
p2

)
.

Moreover, the exponents are optimal.

Inequalities of this sort, as well as their generalizations to multilinear forms, are known
as Hardy-Littlewood type inequalities. For a recent survey on the latter, see [34].

The following fundamental result (namely Mixed Hardy-Littlewood Inequality) is con-
tained in Theorems 1,2 and 4 from their 1934 paper [24]. To achieve these bounds, Hardy
and Littlewood developed a pioneering method to transition from c0 to ℓp spaces.

To construct the proof of this inequality, we require Khinchine’s Inequality (which
was previously established in Theorem 1.11) and the converse of Hölder’s inequality.

Theorem 1.19 (Converse of Hölder Inequality [24]). Let k and k∗ be conjugate exponents,
so k > 1 and 1

k
+ 1

k∗
= 1. Let a = (a1, . . . , an) be a sequence of real or complex numbers.

Suppose there exist two positive constants, A and B, such that the inequality

n∑
i=1

|aibi| ≤ A1/kB1/k∗

holds for all sequences b = (b1, . . . , bn) that satisfy the condition:

n∑
i=1

|bi|k
∗

= B.

Then, the sequence a must satisfy:

n∑
i=1

|ai|k ≤ A.

11



Theorem 1.20 (Mixed Hardy-Littlewood Inequality [24]). Let p1, p2 ∈ [2,∞] such that
1
p1

+ 1
p2
< 1. If λ is defined by

1

λ
= 1 −

(
1

p1
+

1

p2

)
,

then  n∑
i=1

(
n∑
j=1

|A(ei, ej)|2
)λ

2


1
λ

≤
√

2∥A∥

and  n∑
j=1

(
n∑
i=1

|A(ei, ej)|2
)λ

2


1
λ

≤
√

2∥A∥

,for all bilinear forms A : ℓnp1 × ℓnp2 → K and for all n. Moreover, the exponents are
optimal.

When n goes to ∞ the result holds but, in the specific case of pi = ∞, with c0 instead
of ℓ∞.

Proof. Case 1: We begin by analyzing the case where p1 = p2 = ∞, that is A : ℓn∞×ℓn∞ →
K. In this case, we have λ = 1, and we need to show that

n∑
i=1

(
n∑
j=1

|A(ei, ej)|2
) 1

2

≤
√

2∥A∥

and
n∑
j=1

(
n∑
i=1

|A(ei, ej)|2
) 1

2

≤
√

2∥A∥.

By Khinchine’s inequality 1.11 applied to A(ei, ej) with p = 1, we get

A1

(
n∑
j=1

|A(ei, ej)|2
) 1

2

≤
∫ 1

0

∣∣∣∣∣
n∑
j=1

rj(t)A(ei, ej)

∣∣∣∣∣ dt.
Since A1 = 1√

2
, summing over i yields:

n∑
i=1

(
n∑
j=1

|A(ei, ej)|2
) 1

2

≤
√

2
n∑
i=1

∫ 1

0

∣∣∣∣∣
n∑
j=1

rj(t)A(ei, ej)

∣∣∣∣∣ dt.
Using the bilinearity of A, we have∫ 1

0

∣∣∣∣∣
n∑
j=1

rj(t)A (ei, ej)

∣∣∣∣∣ dt =

∫ 1

0

∣∣∣∣∣A
(
ei,

n∑
j=1

rj(t)ej

)∣∣∣∣∣ dt.
Thus,

n∑
i=1

(
n∑
j=1

|A(ei, ej)|2
) 1

2

≤
√

2

∫ 1

0

n∑
i=1

∣∣∣∣∣A
(
ei,

n∑
j=1

rj(t)ej

)∣∣∣∣∣ dt.
12



For a fixed t, we consider the map induced by A
(
·,
∑n

j=1 rj(t)ej

)
. Recall that for every

φ ∈ (ℓn∞)′, we have
∑n

k=1 |φ(ek)| ≤ ∥φ∥(ℓn∞)′ . Therefore,

n∑
i=1

(
n∑
j=1

|A(ei, ej)|2
) 1

2

≤
√

2

∫ 1

0

∥∥∥∥∥A
(
·,

n∑
j=1

rj(t)ej

)∥∥∥∥∥ dt
≤

√
2

∫ 1

0

∥A∥ dt

≤
√

2∥A∥.

The other inequality is obtained similarly.

Case 2: Now we deduce the case A : ℓnp1 × ℓn∞ → K from the one above. In this case
1
λ

= 1 − 1
p1

, that is, λ = p∗1.
We need to show that n∑

i=1

(
n∑
j=1

|A(ei, ej)|2
) p∗1

2


1
p∗1

≤
√

2∥A∥

and  n∑
j=1

(
n∑
i=1

|A(ei, ej)|2
) p∗1

2


1
p∗1

≤
√

2∥A∥.

For a fixed x ∈ ℓnp1 , consider A1 : ℓn∞ × ℓn∞ → K defined by

A1

(
z(1), z(2)

)
= A

(
xz(1), z(2)

)
,

where xz(1) =
(
xkz

(1)
k

)n
k=1

. Using the previous case, we have:

n∑
i=1

|xi|

(
n∑
j=1

|A(ei, ej)|2
) 1

2

=
n∑
i=1

(
n∑
j=1

|A(xei, ej)|2
) 1

2

=
n∑
i=1

(
n∑
j=1

|A1(ei, ej)|2
) 1

2

≤
√

2∥A1∥ ≤
√

2∥A∥∥x∥ℓnp1 .

Then, by duality: n∑
i=1

(
n∑
j=1

|A(ei, ej)|2
) p∗1

2


1
p∗1

=

∥∥∥∥∥∥
( n∑

j=1

|A(ei, ej)|2
) 1

2

n

i=1

∥∥∥∥∥∥
p∗1

= sup
x∈Bℓnp1

n∑
i=1

|xi|

(
n∑
j=1

|A(ei, ej)|2
) 1

2

≤
√

2∥A∥.
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Now we prove the other inequality. For A1 defined as before, for all x ∈ Bℓnp1
, we have

n∑
j=1

(
n∑
i=1

|A(ei, ej)|2|xi|2
) 1

2

≤
√

2∥A∥. (1.1)

Since p1 ∈ [2,∞], we have p∗1 ∈ [1, 2]. If p1 = p∗1 = 2, the inequality holds trivially. If
p∗1 < 2, define

Sj =

(
n∑
i=1

|A(ei, ej)|2
) 1

2

.

We shall see that
∑n

j=1 S
p∗1
j ≤

(√
2∥A∥

)p∗1 . Applying Hölder’s inequality:

n∑
j=1

S
p∗1
j =

n∑
j=1

S
p∗1−2
j

n∑
i=1

|A(ei, ej)|2

=
n∑
j=1

n∑
i=1

|A(ei, ej)|2

S
2−p∗1
j

=
n∑
j=1

n∑
i=1

|A(ei, ej)|
2
s

S
2−p∗1
j

|A(ei, ej)|
2
s∗ ,

where (s, s∗) are conjugate exponents. Applying Hölder’s inequality once more:

n∑
j=1

S
p∗1
j ≤

n∑
i=1

(
n∑
j=1

|A(ei, ej)|2

S
(2−p∗1)s
j

) 1
s
(

n∑
j=1

|A(ei, ej)|2
) 1

s∗

≤

 n∑
i=1

(
n∑
j=1

|A(ei, ej)|2

S
(2−p∗1)s
j

) t
s

 1
t
 n∑

i=1

(
n∑
j=1

|A(ei, ej)|2
) t∗

s∗


1
t∗

.

Setting s = 1
2−p∗1

implies s∗ = 1
p∗1−1

. We choose parameters such that t
s

= p∗1, which gives:

n∑
j=1

S
p∗1
j ≤

 n∑
i=1

(
n∑
j=1

|A(ei, ej)|2

Sj

)p∗1
 1

t (√
2∥A∥

) p∗1
t∗
.

We need to control the left-hand side. By the converse Hölder inequality 1.19, it suffices
to check that for all x ∈ Bℓn

p∗1
:

n∑
i=1

(
n∑
j=1

|A(ei, ej)|2

Sj

)
|xi| ≤

√
2∥A∥.

We apply Hölder again with 2 = 2∗:

n∑
i=1

(
n∑
j=1

|A(ei, ej)|2

Sj

)
|xi| =

n∑
j=1

n∑
i=1

|A(ei, ej)|2

Sj
|xi|

≤
n∑
j=1

(
n∑
i=1

|A(ei, ej)|2

S2
j

) 1
2
(

n∑
i=1

|A(ei, ej)|2|xi|2
) 1

2

.

14



Noting that
∑n

i=1 |A(ei, ej)|2/S2
j = 1, we have

n∑
i=1

(
n∑
j=1

|A(ei, ej)|2

Sj

)
|xi| ≤

n∑
j=1

(
n∑
i=1

|A(ei, ej)|2|xi|2
) 1

2

,

and by (1.1), we can conclude. The case A : ℓn∞ × ℓnp2 → K is analogous.

Case 3: Finally, based on the previous cases, we deduce the case where A : ℓnp1×ℓ
n
p2

→
K. Here 1

λ
= 1 −

(
1
p1

+ 1
p2

)
.

For a fixed x ∈ ℓnp1 , considerA1 : ℓn∞×ℓnp2 → K defined byA1

(
z(1), z(2)

)
= A

(
xz(1), z(2)

)
.

Using the case just proved: n∑
i=1

|xi|p
∗
2

(
n∑
j=1

|A(ei, ej)|2
) p∗2

2


1
p∗2

=

 n∑
i=1

(
n∑
j=1

|A(xei, ej)|2
) p∗2

2


1
p∗2

=

 n∑
i=1

(
n∑
j=1

|A1(ei, ej)|2
) p∗2

2


1
p∗2

≤
√

2∥A1∥ ≤
√

2∥A∥∥x∥ℓnp1

Note that
p∗2
p1

+
p∗2
λ

= 1, so ( p1
p∗2

)∗ = λ
p∗2

. Therefore,

 n∑
i=1

(
n∑
j=1

|A(ei, ej)|2
)λ

2


1
λ

=

 n∑
i=1

(
n∑
j=1

|A(ei, ej)|2
) p∗2

2

(
p1
p∗2

)∗
1

p∗2

(
p1
p∗2

)∗

=


∥∥∥∥∥∥∥
( n∑

j=1

|A(ei, ej)|2
) p∗2

2


n

i=1

∥∥∥∥∥∥∥(
p1
p∗2

)∗


1
p∗2

=

 sup
x∈Bℓnp1

n∑
i=1

|xi|p
∗
2

(
n∑
j=1

|A(ei, ej)|2
) p∗2

2


1
p∗2

≤
√

2∥A∥.

The other inequality follows similarly by defining A2 : ℓnp1 × ℓn∞ → K.

The optimality of the exponents will be shown later when we analyze the more general
case in Theorem 1.36.

Now, we will introduce the multilinear theory of multiple summing operators and an
interpretation of Hardy–Littlewood type inequalities before proceeding with the proof of
the bilinear Hardy–Littlewood inequality
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1.2 From Inequalities to Coincidence results

Transitioning the well-established theory of absolutely summing operators into the multi-
linear setting brought several challenges, ultimately leading to the introduction of various
competing definitions. However, the framework of multiple summing operators stands
out, revealing an elegant duality: the classical Hardy-Littlewood type inequalities are
fundamentally equivalent to modern coincidence results concerning spaces of multiple
summing operators.

1.2.1 Multiple Summing Operators

We first formalize the concept of a multiple summing multilinear operator, introduced
independently by Matos [30] and Pérez-Garćıa in 2003 [38].

Definition 1.21 (Multiple Summing Operator). Let p = (p1, . . . , pm) and q = (q1, . . . , qm) ∈
[1,∞]m. A multilinear operator T : E1×· · ·×Em → F is said to be multiple (q1, . . . , qm; p1, . . . , pm)-
summing if there exists a constant C > 0 such that n∑

j1=1

· · ·

(
n∑

jm=1

∥T (x
(1)
j1
, . . . , x

(m)
jm

)∥qm
) qm−1

qm

· · ·


q1
q2


1
q1

≤ C
m∏
k=1

∥∥∥(x
(k)
jk

)njk=1

∥∥∥
w,pk

for all n ∈ N and all finite sequences (x
(k)
jk

)njk=1 ∈ Ek, where k = 1, . . . ,m. We represent
the class of all multiple (q1, . . . , qm; p1, . . . , pm)-summing operators by Πm

(q1,...,qm;p1,...,pm)(E1, . . . , Em;F ).
When qj = ∞, the respective sum is replaced by the supremum over 1 ≤ jj ≤ n.

The infimum of all C > 0 for which the inequality holds defines a complete norm,
denoted hereafter by π(q1,...,qm;p1,...,pm)(·). We have that

Πm
(q1,...,qm;p1,...,pm)(E1, . . . , Em;F )

is a subspace of L(E1, . . . , Em;F ) and ∥ · ∥ ≤ π(q1,...,qm;p1,...,pm)(·).
Also, if qj < pj for some j ∈ {1, . . . ,m}, then

Πm
(q1,...,qm;p1,...,pm)(E1, . . . , Em;F ) = {0}.

It is worth noting that if the exponents are different, we refer to it as the anisotropic
case. In symmetric scenarios this notation simplifies:

• If the target exponents are all equal (q1 = · · · = qm = q), we call this the isotropic
case, the nested sums consolidate into a single global sum, and we refer to the
operator simply as multiple (q; p1, . . . , pm)-summing.

• Similarly, if the domain sequence exponents are all equal (p1 = · · · = pm = p), the
notation is conventionally shortened to (q1, . . . , qm; p)-summing.

Just as cotype played a crucial role in the linear setting, it provides vital control over
multilinear matrices, as demonstrated by the following lemma found in [17].
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Lemma 1.22 (Defant, Popa, Schwarting,[17] lemma 2.2). Let Y have cotype q, 1 ≤ r ≤
q, and let (yi1...im)N1,...,Nm

i1,...,im=1 be a matrix in Y . Then(
N1,...,Nm∑
i1,...,im=1

∥yi1...im∥q
) 1

q

≤ Amq,r(Y )ρr

(
(yi1...im)N1,...,Nm

i1,...,im=1

)
where Amq,r(Y ) := Cq(Y )mKm

r,2 (cotype 1.14 and Kahane’s 1.12 constants) and

ρr

(
(yi1...im)N1,...,Nm

i1,...,im=1

)
:=

(∫ 1

0

· · ·
∫ 1

0

∥∥∥∥∥
N1,...,Nm∑
i1,...,im=1

ri1(t1) . . . rim(tm)yi1...im

∥∥∥∥∥
r

dt1 . . . dtm

) 1
r

.

1.2.2 Hardy–Littlewood Inequalities and Multiple Summing Op-
erators

To reformulate the Hardy–Littlewood type inequalities in the context of multiple summing
operators, we rely on the following isometries involving sequence spaces

Lemma 1.23 (Sequence-Operator Correspondence). Let X be a Banach space. The
space of bounded linear operators is isometrically isomorphic to the space of weakly
summable sequences in the following cases:

• General ℓp case (1 ≤ p < ∞): L(ℓp;X) ∼= ℓwp∗(X) [18, Proposition 2.2]. Any
sequence (xn) ∈ ℓwp∗(X) corresponds to an operator u : ℓp → X with u(en) = xn,
and ∥u∥ = ∥xn∥p∗,w.

• The c0 case: L(c0;X) ∼= ℓw1 (X) [18, Proposition 2.2]. For any sequence (xn) ∈
ℓw1 (X), there exists a unique operator u : c0 → X such that u(en) = xn, and the
norm equality holds: ∥u∥ = ∥xn∥1,w.

• The ℓs∗ to ℓp case: [18, Section 2.2] There is an isometric isomorphism L(ℓs∗ ; ℓp) ≃
ℓws (ℓp) (with the convention that if s = 1, the domain ℓ∞ is replaced by c0, yielding
L(c0; ℓp) ≃ ℓw1 (ℓp)) given by v(ej) = xj. This means that every weakly summable
sequence can be identified with an operator v, and ∥v∥ = ∥(xj)

∞
j=1∥s,w.

The following result is folklore

Lemma 1.24 (Weak Norm of the Basis). The canonical basis (ek) of ℓp has a weak p∗-
norm equal to 1. Using the isomorphism (ℓp)

′ ∼= ℓp∗ , any functional ϕ ∈ B(ℓp)′ corresponds
to a scalar sequence a ∈ ℓp∗ with ∥a∥p∗ ≤ 1, and ϕ(ek) = ak. Thus, the supremum
becomes:

∥ek∥p∗,w = sup
ϕ∈B(ℓp)′

(∑
k

|ϕ(ek)|p
∗

)1/p∗

= sup
∥a∥p∗≤1

∥a∥p∗ = 1

Similarly, the space ℓN1 is isometrically isomorphic to the dual space (ℓN∞)′

We can now definitively link the classical multilinear inequalities to the spaces of
multiple summing operators.

We present the following theorem due to D. Pérez-Garćıa and I. Villanueva [39]. Its
proof rests on the isometric isomorphisms we discussed before L(ℓp∗ , E) ∼= ℓwp (E) and
L(c0, E) ∼= ℓw1 (E) . This result allows us to link Hardy-Littlewood type inequalities to
the language of multiple summing operators, in what is known as a coincidence result.
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Theorem 1.25 (Pérez-Garćıa and Villanueva [39], Corollary 20). Let (p1, . . . , pm) ∈
[1,∞]m. The following statements are equivalent:

(1) There is a constant C > 0 such that for every T ∈ L(ℓp1 , . . . , ℓpm ;F ), the following
holds:  ∞∑

j1=1

· · ·

(
∞∑

jm=1

∥T (ej1 , . . . , ejm)∥qm
) qm−1

qm

· · ·


q1
q2


1
q1

≤ C∥T∥.

(2) For all Banach spaces E1, . . . , Em, we have:

L(E1, . . . , Em;F ) = Πmult
(q1,...,qm;p∗1,...,p

∗
m)(E1, . . . , Em;F ).

Proof. (1) ⇒ (2): We want to show that any continuous multilinear operator T ∈
L(E1, . . . , Em;F ) is multiple (q1, . . . , qm; p∗1, . . . , p

∗
m)-summing, assuming the scalar in-

equality holds.
Let T ∈ L(E1, . . . , Em;F ) be an arbitrary continuous multilinear operator. To verify

the definition of multiple summing, we take arbitrary finite sequences (xjk)
N
k=1 in Ej for

each j = 1, . . . ,m.
Using Lemma 1.23 (L(ℓpj ;Ej)

∼= ℓwp∗j (Ej)), for each j, we define the operator uj :

ℓpj → Ej by mapping the basis vectors to our sequences: uj(ek) = xjk. This operator is

well-defined and its norm is exactly the weak p∗j -norm of the sequence: ∥uj∥ = ∥xjk∥p∗j ,w.

Consider the composed operator S = T ◦(u1, . . . , um) ∈ L(ℓp1 , . . . , ℓpm ;F ). The action
of S on the basis vectors is:

S(ej1 , . . . , ejm) = T (u1(ej1), . . . , um(ejm)) = T (x1j1 , . . . , x
m
jm)

We can now apply hypothesis (1) to the operator S. Restricting the infinite sum to
our finite N terms: N∑

j1=1

. . .( N∑
jm=1

∥S(ej1 , . . . , ejm)∥qm
) qm−1

qm

. . .


q1
q2


1
q1

≤ C∥S∥

We estimate the norm of the composition as ∥S∥ ≤ ∥T∥
∏m

j=1 ∥uj∥. Substituting the

norm equalities derived above (∥uj∥ = ∥xj∥p∗j ,w) and the definition of S:

 N∑
j1=1

. . .( N∑
jm=1

∥T (x1j1 , . . . , x
m
jm)∥qm

) qm−1
qm

. . .


q1
q2


1
q1

≤ C∥T∥
m∏
j=1

∥xjk∥p∗j ,w

This is exactly the definition of T being multiple (q1, . . . , qm; p∗1, . . . , p
∗
m)-summing.

(2) ⇒ (1): Assume (2) holds. We apply it to the specific case where the Banach
spaces are Ej = ℓpj for all j = 1, . . . ,m. This means every continuous multilinear
operator T ∈ L(ℓp1 , . . . , ℓpm ;F ) satisfies the multiple summing inequality.
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We choose the sequences to be the canonical basis vectors (ejk)Njk=1 for every space
k = 1, . . . ,m. Substitute these sequences into the multiple summing definition provided
by (2): N∑

j1=1

. . .( N∑
jm=1

∥T (ej1 , . . . , ejm)∥qm
) qm−1

qm

. . .


q1
q2


1
q1

≤ C∥T∥
m∏
k=1

∥ejk∥p∗k,w

By Lemma 1.24, we have established that the weak p∗k-norm of the canonical basis in
ℓpk is 1 (∥ek∥p∗k,w = 1).

Consequently, the product term
∏m

k=1 ∥ejk∥p∗k,w = 1. Since the product of weak norms
is 1, the inequality simplifies to: N∑

j1=1

. . .( N∑
jm=1

∥T (ej1 , . . . , ejm)∥qm
) qm−1

qm

. . .


q1
q2


1
q1

≤ C∥T∥

Taking the supremum over N as N → ∞ yields the infinite series inequality defined
in statement (1).

Following the same ideas, we can see 1.17 as a coincidence result

Theorem 1.26 (Equivalence of Bohnenblust-Hille [38], Theorem 5.5). The following
assertions are equivalent:

(i) For every positive integer m, there exists a constant Cm > 0 such that for any
continuous m-linear form T : ℓN∞ × · · · × ℓN∞ → K and any positive integer N :(

N∑
i1,...,im=1

|T (ei1 , ..., eim)|
2m
m+1

)m+1
2m

≤ Cm∥T∥

(ii) For every positive integer m and Banach spaces X1, . . . , Xm, every continuous m-
linear form is multiple ( 2m

m+1
; 1)-summing:

Πm
( 2m
m+1

;1)
(X1, ..., Xm;K) = L(X1, ..., Xm;K)

and the summing norm satisfies π( 2m
m+1

;1)(·) ≤ Cm∥ · ∥.

In a similar fashion, Dimant and Sevilla-Peris [19], alongside Praciano-Pereira [42], ex-
tended the bilinear Hardy-Littlewood inequalities [24], thereby generalizing the Bohnenblust-
Hille inequality (Theorem 1.17) to ℓp spaces.

Theorem 1.27 (Multilinear Hardy-Littlewood Coincidence). Given p = (p1, . . . , pm)

with pk ≥ 1, let
∣∣∣ 1p ∣∣∣ =

∑m
k=1

1
pk
. We define the parameter γ by 1

γ
= 1 −

∣∣∣ 1p ∣∣∣. If γ ∈ (0, 2),

we define the exponent s by 1
s

= m−1
2m

+ 1
mγ

.
The following assertions are equivalent:
(i) The Scalar Inequality: For every m-linear form T : ℓp1 ×· · ·× ℓpm → K, there

exists a constant Cm such that:
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• If γ ∈ (0, 2):
(∑

i1,...,im
|T (ei1 , . . . , eim)|s

)1/s
≤ Cm∥T∥

• If γ ≥ 2:
(∑

i1,...,im
|T (ei1 , . . . , eim)|γ

)1/γ
≤ Cm∥T∥

(ii) The Operator Coincidence: For arbitrary Banach spaces X1, . . . , Xm:

• If γ ∈ (0, 2): Πm
(s;p∗1,...,p

∗
m)(X1, . . . , Xm;K) = L(X1, . . . , Xm;K)

• If γ ≥ 2: Πm
(γ;p∗1,...,p

∗
m)(X1, . . . , Xm;K) = L(X1, . . . , Xm;K)

The parameters in the results of [19] and [42] are optimal when the exponents are
equal. It turns out that the anisotropic versions (with different exponents) of the results
of [19] and [42] allow one to investigate the optimality of the exponents much more
precisely. Indeed, an extensive investigation of Hardy–Littlewood inequalities in this
sense was initiated in [3], leading to the following deep result (see Theorem 1.3 from [3],
and also Proposition 4.4 from [19]):

Theorem 1.28. Let p ∈ [1,+∞]m and 1 ≤ s ≤ q ≤ ∞ be such that∣∣∣∣ 1p
∣∣∣∣ < 1

2
+

1

s
− 1

min{q, 2}
.

Let

1

λ
:=

1

2
+

1

s
− 1

min{q, 2}
−
∣∣∣∣ 1p
∣∣∣∣ .

If λ > 0 and t1, . . . , tm ∈ [λ,max {λ, s, 2}] are such that

1

t1
+ · · · +

1

tm
≤ 1

λ
+

m− 1

max{λ, s, 2}
, (1.2)

then there exists C > 0 satisfying:+∞∑
i1=1

. . .( +∞∑
im=1

∥A (ei1 , . . . , eim)∥tmℓq

) tm−1
tm

. . .


t1
t2


1
t1

≤ C∥A∥, (1.3)

for every continuous m-linear operator A : ℓp1 × · · · × ℓpm → ℓs. Moreover, the exponents

are optimal except eventually if q ≤ 2 and
∣∣∣ 1p ∣∣∣ > 1

2
.

Obviously, this result also admits a corresponding interpretation as a coincidence
result in the theory of multiple summing operators. Recently, in the work [36], Theorem
1.28 was considerably extended by removing the restrictions on the exponents t1, . . . , tm ∈
[λ,max {λ, s, 2}].

1.3 The Summing Lemma and the Bilinear Hardy–

Littlewood Inequalities

To complete the overview of the theorems presented in [24], we introduce a result com-
bining the mixed-norm Hölder inequality [9] with Blei’s inequality [12]. This combined
result, which also appears in [41], will serve as a crucial tool for our later discussion of
Bayart’s framework [7].
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1.3.1 The Summing Lemma

Let (Mj, µj) be σ-finite measure spaces for j = 1, . . . , n. We define the product spaces
and measures as follows:

• Full Product Space (Mn, µn): This denotes the Cartesian product of all n spaces.

Mn =
n∏
k=1

Mk, µn =
n∏
k=1

µk.

• Partial Product Space (Mn
j , µ

n
j ): This denotes the product of all spaces except

the j-th one. It represents the space of the complementary coordinates to Mj.

Mn
j =

n∏
k=1
k ̸=j

Mk, µnj =
n∏
k=1
k ̸=j

µk.

Using this convention, any point in the full space Mn can be viewed as a pair (xj, yj),
where xj ∈Mj is the j-th coordinate and yj ∈Mn

j represents the remaining coordinates.

Lemma 1.29 (The Summing Lemma). Let q > 0, n ≥ 2 and r1, . . . , rn ∈ (0, q). If h ≥ 0
is µn-measurable, then

(∫
Mn

hQ dµn
) 1

Q

≤
n∏
j=1

∫
Mj

(∫
Mn

j

hq dµnj

) rj
q

dµj


1
rj

·
rj

R(q−rj)

where

R =
n∑
j=1

rj
q − rj

and Q =
qR

1 +R
.

For discrete sums, this takes the following form: Let q > 0 and r1, . . . , rm ∈ (0, q). Let
(al) be a sequence indexed by l ∈ Nm. Suppose that for each coordinate k ∈ {1, . . . ,m},
with indices split into i ∈ Ck and j ∈ Ck:∑

i∈NCk

∑
j∈NCk

|ai,j|q
rk/q


1/rk

≤ K

Then the global ℓp norm satisfies:

(∑
l∈Nm

|al|p
)1/p

≤
m∏
k=1


∑

i∈NCk

∑
j∈NCk

|ai,j|q
rk/q


1/rk


rk
R(q−rk)

≤ K

where p is determined by:

1

p
=

1

q
+

1

qR
with R =

m∑
k=1

rk
q − rk

.
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1.3.2 The Isotropic Bilinear Hardy-Littlewood Inequality

To demonstrate the power of the Summing Lemma (Lemma 1.29), we show how it
completes the Bilinear Hardy-Littlewood Inequalities [24]. Specifically, the Summing
Lemma provides a modern, elegant method to take the Mixed Hardy-Littlewood inequal-
ity bounds established in the previous section (Theorem 1.20) and use them to derive the
isotropic norm inequalities (Theorem 1.18), thus completing Theorems 1, 2 and 4 of [24].

Proof. Case 1: In this case, 1
p1

+ 1
p2
< 1

2
, which implies λ < 2 . We apply the Summing

Lemma (Lemma 1.29). Let ai,j = |A(ei, ej)|. Our mixed bounds show that for each
coordinate index k ∈ {1, 2}, the mixed norm is bounded by a constant K =

√
2∥A∥,

which corresponds to an inner sum exponent q = 2, and outer sum exponents r1 = r2 = λ.
The condition rk ∈ (0, q) is satisfied since λ < 2 .

The lemma relies on the ratio R defined as:

R =
2∑

k=1

rk
q − rk

=
λ

2 − λ
+

λ

2 − λ
=

2λ

2 − λ
.

The lemma determines the global exponent p via:

1

p
=

1

q
+

1

qR
=

1

2
+

1

2
(

2λ
2−λ

) =
1

2
+

2 − λ

4λ
=

1

4
+

1

2λ
.

Substituting the definition of λ:

1

p
=

1

4
+

1

2

(
1 −

(
1

p1
+

1

p2

))
=

3

4
− 1

2

(
1

p1
+

1

p2

)
.

This perfectly matches the exponent µ. The lemma guarantees the global sum is bounded

by
∏2

k=1K
rk

R(q−rk) . The exponent simplifies to 1
R
·R = 1. Thus, the global bound is exactly

K =
√

2∥A∥ .

Case 2: In this case, 1
p1

+ 1
p2

≥ 1
2
, implying λ ≥ 2 . We rely on the canonical inclusion

of sequence spaces . Since λ ≥ 2, the ℓ2 norm is greater than the ℓλ norm . Thus, for any
fixed i: (

n∑
j=1

|A(ei, ej)|λ
) 1

λ

≤

(
n∑
j=1

|A(ei, ej)|2
) 1

2

.

Raise both sides to the power of λ:

n∑
j=1

|A(ei, ej)|λ ≤

(
n∑
j=1

|A(ei, ej)|2
)λ

2

.

Sum over the index i from 1 to n:

n∑
i=1

n∑
j=1

|A(ei, ej)|λ ≤
n∑
i=1

(
n∑
j=1

|A(ei, ej)|2
)λ

2

.
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Take the 1
λ

root of both sides:

(
n∑
i=1

n∑
j=1

|A(ei, ej)|λ
) 1

λ

≤

 n∑
i=1

(
n∑
j=1

|A(ei, ej)|2
)λ

2


1
λ

.

Since we know from Theorem 1.20 that the right side is bounded by
√

2∥A∥, we
conclude: (

n∑
i=1

n∑
j=1

|A(ei, ej)|λ
) 1

λ

≤
√

2∥A∥.

The optimality of the exponents will be shown in the Subsection 1.3.4.

1.3.3 The Anisotropic Bilinear Hardy-Littlewood Inequality

The investigation of the anisotropic Hardy-Littlewood inequality for bilinear forms on
sequence spaces centers on identifying the exact, optimal region of exponents (a, b) for
which the inequality holds bounded. For a continuous bilinear operator U : ℓnp × ℓnq → K,
we seek a universal constant Cp,q,a,b ≥ 1 such that: n∑

i=1

(
n∑
j=1

|U(ei, ej)|a
) b

a


1
b

≤ Cp,q,a,b∥U∥. (1.4)

In 2016, a partial solution to the anisotropic Hardy-Littlewood inequality was estab-
lished using Bennett-Carl inequalities and interpolation [3]. By adapting Theorem 1.28
(Theorem 1.3 from [3]) to our specific parameters, we obtain the following derivations.

For a bilinear form we have m = 2. Given the input spaces ℓp1 and ℓp2 ,
∣∣∣ 1p ∣∣∣ becomes

1
p1

+ 1
p2

. Because the operator maps to the scalar field K, we have s = 1 and q = 2. The
exponents are denoted as t1 = a and t2 = b.

The generalized theorem requires the initial condition:∣∣∣∣ 1p
∣∣∣∣ < 1

2
+

1

s
− 1

min{q, 2}
.

Substituting our parameters, this becomes:

1

p1
+

1

p2
<

1

2
+

1

1
− 1

min{2, 2}
1

p1
+

1

p2
<

1

2
+ 1 − 1

2
1

p1
+

1

p2
< 1.

Next, we calculate λ, defined as:

1

λ
:=

1

2
+

1

s
− 1

min{q, 2}
−
∣∣∣∣ 1p
∣∣∣∣ .
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In our case, this reduces to:

1

λ
=

1

2
+ 1 − 1

2
−
(

1

p1
+

1

p2

)
1

λ
= 1 −

(
1

p1
+

1

p2

)
.

Isolating λ yields:

λ =

(
1 −

(
1

p1
+

1

p2

))−1

,

which can also be expressed as λ = p1p2
p1p2−p1−p2 .

The condition for the exponents states that t1, t2 ∈ [λ,max{λ, s, 2}]. Using our vari-
ables a and b, this interval is:

a, b ∈

[(
1 −

(
1

p1
+

1

p2

))−1

,max {λ, 1, 2}

]
.

Assuming 1
p1

+ 1
p2

≤ 1
2
, it follows that λ ≤ 2. Consequently, the maximum is 2, simplifying

our interval to:

a, b ∈

[(
1 −

(
1

p1
+

1

p2

))−1

, 2

]
.

Furthermore, the theorem states that the inequality holds if the exponents satisfy:

1

t1
+

1

t2
≤ 1

λ
+

m− 1

max{λ, s, 2}
.

Substituting our specific values (a, b,m = 2, and λ):

1

a
+

1

b
≤
(

1 −
(

1

p1
+

1

p2

))
+

2 − 1

2

1

a
+

1

b
≤ 1 −

(
1

p1
+

1

p2

)
+

1

2

1

a
+

1

b
≤ 3

2
−
(

1

p1
+

1

p2

)
.

This result successfully recovers the bounding hyperbola identical to the one established
later in the 2017 optimal bounds [37].

This leads to the formal statement of the 2016 bounds:

Theorem 1.30 (2016 Bounds for Distinct Inputs). Let p1, p2 ∈ [1,∞] such that 1
p1

+ 1
p2

≤
1
2
. If the exponents a and b are restricted to the interval

[(
1 −

(
1
p1

+ 1
p2

))−1

, 2

]
, and

they satisfy
1

a
+

1

b
≤ 3

2
−
(

1

p1
+

1

p2

)
,

then there exists a constant C > 0 such that for every continuous bilinear map A :
ℓp1 × ℓp2 → K,  ∞∑

i=1

(
∞∑
j=1

|A(ei, ej)|b
)a

b

 1
a

≤ C∥A∥.
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In the case where p1 = p2 = p, this reduces to the following symmetric form:

Theorem 1.31 (2016 Bounds for Identical Inputs). Let p > 2. If the exponents a and b

are restricted to the interval
[

p
p−2

, 2
]
, and they satisfy

1

a
+

1

b
≤ 3

2
− 2

p
,

then there exists a constant C > 0 such that for every continuous bilinear map A :
ℓp × ℓp → K,  ∞∑

i=1

(
∞∑
j=1

|A(ei, ej)|b
)a

b

 1
a

≤ C∥A∥.

1.3.4 The 2017 Optimal Bounds and Regularity Principle

In 2017, by utilizing interpolation alongside a novel regularity principle, the complete set
of admissible exponents for the anisotropic case was identified in [37]. The tools used in
this derivation include:

Theorem 1.32 (The Anisotropic Regularity Principle [37], Theorem 2.3). Let p1, p2, r1, r2 ≥
1 and r3 ≥ r1. Assume the following condition holds true:

1

r1
− 1

p1
≤ 1

r3
− 1

p3
.

If there exists a constant C > 0 such that the following inequality holds: n∑
i=1

(
n∑
j=1

|S(z1,i, z2,j)|p2
) p1

p2

 1
p1

≤ C∥(z1,i)∥w,r1∥(z2,j)∥w,r2

for all finite sequences z1,i and z2,j, then the inequality can be upgraded to: n∑
i=1

(
n∑
j=1

|S(z1,i, z2,j)|p2
) p3

p2

 1
p3

≤ C∥(z1,i)∥w,r3∥(z2,j)∥w,r2 .

We recall Minkowski’s inequality (see, for instance, [22]): if 1 ≤ p ≤ q, then ∞∑
i=1

(
∞∑
j=1

|aij|p
) q

p

 1
q

≤

 ∞∑
j=1

(
∞∑
i=1

|aij|q
) p

q

 1
p

(1.5)

for any matrix of scalars (aij).
We begin with a lemma which plays a fundamental role and has the Anisotropic

Regularity Principle established in Theorem 1.32 at its core:

Lemma 1.33. [37] Let E1 and E2 be Banach spaces, p ∈ (2,∞), and q ∈ [2,∞]. Then ev-

ery continuous 2-linear operator U : E1×E2 → K is multiple
(

2p
p−2

, q
q−1

; p∗, q∗
)

-summing.
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Proof. Choosing the simplest case where p1 = ∞ and p2 = ∞ in Theorem 1.20, there
exists a constant C such that:

∞∑
j=1

(
∞∑
i=1

|A(ei, ej)|2
) 1

2

≤ C∥A∥.

for all bounded bilinear forms A : c0 × c0 → K. We now apply Theorem 1.25,
which acts as a coincidence result establishing that the Hardy-Littlewood inequality is
equivalent to the definition of a multiple (q1, q2; p

∗
1, p

∗
2)-summing operator. With our

choice of parameters (q1 = 2, q2 = 1, p1 = ∞, p2 = ∞), their conjugates are p∗1 = 1 and
p∗2 = 1 . By this coincidence result, the operator U is multiple (2, 1; 1, 1)-summing. That
is:

∞∑
j=1

(
∞∑
i=1

|U(xi, yj)|2
) 1

2

≤ C∥U∥∥(xi)∥w,1∥(yj)∥w,1.

Next, we employ the Anisotropic Regularity Principle (Theorem 1.32). This allows
us to change an outer sum power p1 to p3, and its corresponding weak norm r1 to r3,
provided we satisfy the condition:

1

r1
− 1

p1
≤ 1

r3
− 1

p3
.

We have p1 = 1, and the weak norm for yj is r1 = 1. We want to change the outer
sum power to p3 = q∗, and correspondingly change the weak norm for yj to r3 = q∗.
Because both sides evaluate to 0, the condition is satisfied, yielding: ∞∑

j=1

(
∞∑
i=1

|U(xi, yj)|2
) q∗

2


1
q∗

≤ C∥U∥∥(xi)∥w,1∥(yj)∥w,q∗ .

We apply Minkowski’s Inequality for mixed sums (Equation 1.5) to swap the order of
the summations. For this to be valid, we require the new inner power to be less than or
equal to the new outer power, meaning q∗ ≤ 2. By hypothesis, q ∈ [2,∞], which implies
q∗ ≤ 2. Swapping the i and j sums gives: ∞∑

i=1

(
∞∑
j=1

|U(xi, yj)|q
∗

) 2
q∗


1
2

≤ C∥U∥∥(xi)∥w,1∥(yj)∥w,q∗ .

Once more, we apply the Anisotropic Regularity Principle . We want to change the
new outer sum, which requires verifying that 1

r1
− 1

p1
≤ 1

r3
− 1

p3
. Here, p1 = 2 and the

weak norm for xi is r1 = 1. We wish to change the outer sum power to p3 = 2p
p−2

and the
weak norm for xi to r3 = p∗.

The left-hand side evaluates to:

1

r1
− 1

p1
=

1

1
− 1

2
=

1

2
.

The right-hand side is given by:

1

r3
− 1

p3
=

1

p∗
− 1

2p
p−2

.
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Since 1
p∗

= 1 − 1
p
, both sides simplify exactly to 1

2
. Thus, the condition is met, and

applying the theorem yields: ∞∑
i=1

(
∞∑
j=1

|U(xi, yj)|q
∗

) 1
q∗ ·

2p
p−2


p−2
2p

≤ C∥U∥∥(xi)∥w,p∗∥(yj)∥w,q∗ .

By definition, we have proven that U is multiple
(

2p
p−2

, q∗; p∗, q∗
)

-summing.

We will make use of a Hölder-type inequality due to Benedek and Panzone [9] and a
proof can be found in [1].

Theorem 1.34 (Interpolative Hölder inequality, [9]). Let n be a positive integer and
q1(k), q2(k) ∈ [1,∞] with k = 1, 2 be such that(

1

q1
,

1

q2

)
= θ

(
1

q1(1)
,

1

q2(1)

)
+ (1 − θ)

(
1

q1(2)
,

1

q2(2)

)
for a certain θ ∈ [0, 1] . Then

 n∑
i1=1

(
n∑

i2=1

|ai1,i2|q2
) q1

q2

 1
q1

≤


 n∑
i1=1

(
n∑

i2=1

|ai1,i2|q2(1)
) q1(1)

q2(1)


1

q1(1)

θ

·


 n∑
i1=1

(
n∑

i2=1

|ai1,i2|q2(2)
) q1(2)

q2(2)


1

q1(2)


1−θ

for all positive integers n .

Finally, we need a generalization of Kahane–Salem–Zygmund done in [2] and with its
proof based on what is done in [13].

Theorem 1.35 (Kahane-Salem-Zygmund inequality, [2]). Let m,n ≥ 1 and p1, . . . , pm ∈
[2,∞]. There is a universal constant Cm depending only on m, and an m-linear mapping
An : ℓnp1 × · · · × ℓnpm → K of the form

An(z(1), . . . , z(m)) =
n∑

i1,...,im=1

±z(1)i1
· · · z(m)

im

such that

||An|| ≤ Cmn
m+1

2
−
(

1
p1

+···+ 1
pm

)
.

We now have all the tools needed to classify all possible exponents a, b > 0 for which
a Hardy-Littlewood-type inequality holds for bilinear forms U : ℓnp × ℓnq → K with p, q ∈
[2,∞] and 1

p
+ 1

q
< 1

Theorem 1.36 (Optimal Anisotropic Bounds [37], Theorem 5.1). Let p, q ∈ [2,∞] with
1
p

+ 1
q
< 1, and a, b > 0 . The following assertions are equivalent:
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(a) There is a constant Cp,q,a,b ≥ 1 such that n∑
i=1

(
n∑
j=1

|U(ei, ej)|a
) b

a


1
b

≤ Cp,q,a,b||U ||, (1.6)

for all bilinear operators U : ℓnp × ℓnq → K and all positive integers n.

(b) The exponents a, b satisfy (a, b) ∈
[

q
q−1

,∞
)
×
[

pq
pq−p−q ,∞

)
and

1

a
+

1

b
≤ 3

2
−
(

1

p
+

1

q

)
. (1.7)

Proof. We divide our analysis into two main cases: when p > 2 and when p = 2. We
begin with the case p > 2.

(b) ⇒ (a). Suppose that (a, b) ∈
[

q
q−1

, 2
]
×
[

pq
pq−p−q ,

2p
p−2

]
and satisfies the condition:

1

a
+

1

b
≤ 3

2
−
(

1

p
+

1

q

)
. (1.8)

By the inclusion properties of ℓp spaces, it suffices to consider the boundary case where
equality holds in (1.8) . Due to the relationships between the coefficients, there exists a
parameter θ ∈ [0, 1] such that:(

1

b
,

1

a

)
= θ

(
p− 2

2p
,
q − 1

q

)
+ (1 − θ)

(
1

λ
,
1

2

)
,

where λ = pq
pq−p−q .

Applying the interpolative Hölder inequality (Theorem 1.34), our established multiple
summing result (Lemma 1.33), and the Mixed Hardy-Littlewood inequality (Theorem
1.20), we conclude that there exist constants C0, C1 ≥ 1 such that: n∑

i=1

(
n∑
j=1

|U(ei, ej)|a
) b

a


1
b

≤


 n∑

i=1

(
n∑
j=1

|U(ei, ej)|
q

q−1

) p−2
2p


2p
p−2


θ

·


 n∑

i=1

(
n∑
j=1

|U(ei, ej)|2
)λ

2


1
λ


1−θ

≤ (C0∥U∥)θ · (C1∥U∥)1−θ

= (C0)
θC1−θ

1 ∥U∥.

The remaining cases where (a, b) ∈
([

q
q−1

, 2
]
×
[

2p
p−2

,∞
))

∪
(

[2,∞) ×
[

pq
pq−p−q ,∞

))
fol-

low as a direct consequence of the previous result by evaluating at the endpoints θ = 0
and θ = 1, combined with the standard inclusion of ℓp spaces.

(a) ⇒ (b). To establish the necessary conditions on the exponents, consider the
bilinear operator Un : ℓnp × ℓnq → K defined for any positive integer n by:

Un(x, y) = x1

n∑
j=1

yj.
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To compute the norm of this bilinear operator, we must evaluate:

∥Un∥ = sup
∥x∥p≤1,∥y∥q≤1

|Un(x, y)|.

By the definition of the p-norm, we know that |x1| ≤ ∥x∥p Ṫo bound the sum over y, we
apply Hölder’s inequality:∣∣∣∣∣

n∑
j=1

1 · yj

∣∣∣∣∣ ≤ ∥1∥q∗∥y∥q =

(
n∑
j=1

1q
∗

) 1
q∗

∥y∥q = n
1
q∗ ∥y∥q.

Multiplying these bounds yields:

|Un(x, y)| ≤ |x1|

∣∣∣∣∣
n∑
j=1

yj

∣∣∣∣∣ ≤ ∥x∥p · n
1
q∗ ∥y∥q.

Taking the supremum over the unit balls ∥x∥p ≤ 1 and ∥y∥q ≤ 1 provides the upper

bound ∥Un∥ ≤ n
1
q∗ .

We now evaluate Un at specific unit vectors designed to attain this maximum value
. Let x = e1 = (1, 0, . . . , 0) ∈ ℓnp , which satisfies ∥x∥p = 1 and x1 = 1. Let y =

(n−1/q, n−1/q, . . . , n−1/q) ∈ ℓnq . The q-norm of y is 1:

∥y∥q =

(
n∑
j=1

(
n− 1

q

)q) 1
q

=

(
n∑
j=1

n−1

) 1
q

=
(
n · n−1

) 1
q = 1.

Evaluating the operator on these unit vectors yields:

Un(x, y) = 1 ·
n∑
j=1

n− 1
q = n · n− 1

q = n1− 1
q .

Because n1− 1
q = n

1
q∗ , we have constructed unit vectors that attain the upper limit. We

conclude that:
∥Un∥ = n

1
q∗ .

We now substitute Un into the left-hand side of (1.6). We evaluate the operator on
the canonical basis vectors ei ∈ ℓnp and ej ∈ ℓnq . For ei, its first coordinate is 1 if i = 1,
and 0 if i ̸= 1. For ej, its j-th coordinate is 1 and the rest are 0, meaning the sum of its
coordinates is always

∑n
k=1(ej)k = 1. Therefore:

Un(ei, ej) = (ei)1

n∑
k=1

(ej)k =

{
1 · 1 = 1 if i = 1,

0 · 1 = 0 if i ̸= 1.

Substituting this into the left-hand side of (1.6), we begin by evaluating the inner
sum over j:

n∑
j=1

|Un(ei, ej)|a =

{∑n
j=1 1a = n if i = 1,∑n
j=1 0a = 0 if i ̸= 1.

29



Next, we compute the outer sum over i, raising the result of the inner sum to the
power of b

a
. Because every term where i ̸= 1 evaluates to 0, the entire sum reduces to

just the first term:

n∑
i=1

(
n∑
j=1

|Un(ei, ej)|a
) b

a

= n
b
a + 0 + · · · + 0 = n

b
a .

Finally, raising this to the power of 1
b

gives:(
n

b
a

) 1
b

= n( b
a
· 1
b ) = n

1
a .

From our previous calculation, the norm on the right-hand side is ∥Un∥ = n
1
q∗ .

Substituting both values back into (1.6) yields the inequality:

n
1
a ≤ Cp,qn

1
q∗

for a certain constant Cp,q. Since n is an arbitrary positive integer, it must hold that:

1 ≤ Cp,qn
1
q∗−

1
a .

This requires that the exponent of n be non-negative, meaning 1
q∗

− 1
a
≥ 0. We conclude

that a ≥ q
q−1

.
Next, we consider the bilinear operator Vn : ℓnp × ℓnq → K defined by:

Vn(x, y) =
n∑
j=1

xjyj.

We must find its norm, ∥Vn∥ = sup∥x∥p≤1,∥y∥q≤1 |Vn(x, y)|. To do this, we apply the
generalized Hölder’s inequality for three sequences: xj, yj, and the constant sequence 1
(a sequence of all ones). The inequality states that

∑
|xjyj · 1| ≤ ∥x∥p∥y∥q∥1∥r, where

the exponents satisfy 1
p

+ 1
q

+ 1
r

= 1 . Solving for 1
r
, we find:

1

r
= 1 −

(
1

p
+

1

q

)
.

The r-norm of the vector of ones is ∥1∥r =
(∑n

j=1 1r
) 1

r
= n1−( 1

p
+ 1

q ). Thus, the upper

bound is:
|Vn(x, y)| ≤ ∥x∥p∥y∥qn1−( 1

p
+ 1

q ) =⇒ ∥Vn∥ ≤ n1−( 1
p
+ 1

q ).

We evaluate Vn at the unitary vectors x = (n−1/p, . . . , n−1/p) and y = (n−1/q, . . . , n−1/q).
Substituting these into Vn gives:

Vn(x, y) =
n∑
j=1

(n−1/p)(n−1/q) = n · n− 1
p
− 1

q = n1−( 1
p
+ 1

q ).

Because this achieves the upper bound with unit vectors, we conclude:

∥Vn∥ = n1−( 1
p
+ 1

q ).
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We now evaluate the left-hand side of (1.6) using the canonical basis vectors ei ∈ ℓnp
and ej ∈ ℓnq . First, evaluating the operator on these vectors yields:

Vn(ei, ej) =
n∑
k=1

(ei)k(ej)k.

The product (ei)k(ej)k is 1 if and only if k = i = j. If i ̸= j, the product is 0. Therefore,
Vn(ei, ej) = δij, the Kronecker delta.

Substituting this into the inner sum of (1.6):

n∑
j=1

|Vn(ei, ej)|a =
n∑
j=1

(δij)
a = 1a = 1.

Next, evaluating the outer sum over i:

n∑
i=1

(1)
b
a =

n∑
i=1

1 = n.

Finally, raising it to the exponent 1
b

yields:

n
1
b .

Substituting both evaluated sides back into (1.6), we obtain:

n
1
b ≤ Cp,qn

1−( 1
p
+ 1

q ).

Because n is arbitrary, the exponents must satisfy:

1

b
≤ 1 −

(
1

p
+

1

q

)
,

which simplifies to:

b ≥ pq

pq − p− q
.

It remains to verify that for (a, b) ∈
[

q
q−1

,∞
)
×
[

pq
pq−p−q ,∞

)
, the exponents must obey

(1.7). Let An : ℓnp × ℓnq → K be the bilinear form given by the Kahane-Salem-Zygmund
inequality (Theorem 1.35). We apply (1.6) to this operator.

By Theorem 1.35, the Kahane-Salem-Zygmund bilinear form An evaluates to either
+1 or −1 on the canonical basis vectors. Therefore, its absolute value is 1:

|An(ei, ej)| = 1 for all i, j.

Evaluating the inner sum over j:

n∑
j=1

|An(ei, ej)|a =
n∑
j=1

1a =
n∑
j=1

1 = n.

Next, substituting this result into the outer sum over i and raising it to the power of
b
a
:

n∑
i=1

(n)
b
a = n · n

b
a = n1+ b

a .
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Finally, raising the entire expression to the power of 1
b

gives:(
n1+ b

a

) 1
b

= n
1
b (1+

b
a) = n

1
b
+ 1

a .

Theorem 1.35 also provides a strict upper bound for the norm of the Kahane-Salem-
Zygmund operator. For this bilinear form, the norm is bounded by:

∥An∥ ≤ C2n
2+1
2

−( 1
p
+ 1

q ) = C2n
3
2
−( 1

p
+ 1

q ).

Substituting our evaluated left-hand side and the norm bound back into (1.6):

n
1
a
+ 1

b ≤ Cp,q,a,b · C2n
3
2
−( 1

p
+ 1

q ).

Because n is arbitrary, the exponents must satisfy:

1

a
+

1

b
≤ 3

2
−
(

1

p
+

1

q

)
.

This concludes the proof of Theorem 1.36 when p > 2.
We now turn our focus to the boundary case where p = 2. Proceeding in the same

manner as in the proof of Lemma 1.33, but setting r3 = 2 and p3 = ∞ in the final
application of the Anisotropic Regularity Principle, we arrive at the following result: if
E1 and E2 are Banach spaces and q ∈ [2,∞), then every continuous 2-linear operator
U : E1 × E2 → K is multiple (∞, q∗; 2, q∗)-summing.

Thus, there is a constant C0 ≥ 1 such that

sup
i

(
n∑
j=1

|U(ei, ej)|q
∗

) 1
q∗

≤ C0∥U∥,

for all U : ℓn2 × ℓnq → K and all positive integers n. We proceed with the proof for p = 2.

(b) ⇒ (a). Suppose that (a, b) ∈
(

q
q−1

, 2
]
×
[

2q
q−2

,∞
)

with

1

a
+

1

b
≤ 1

q∗
. (1.9)

By the inclusion properties of ℓp spaces, it suffices to consider the case where we have
strict equality in (1.9) . Due to the relationships between the coefficients, we can find
θ ∈ [0, 1) such that: (

1

b
,

1

a

)
= θ

(
1

∞
,
q − 1

q

)
+ (1 − θ)

(
q − 2

2q
,
1

2

)
.

Applying the multiple summing result we just established and the mixed Hardy-
Littlewood inequality (Theorem 1.20), there exist constants C0, C1 such that: n∑

i=1

(
n∑
j=1

|U(ei, ej)|a
) b

a


1
b

≤

sup
i

(
n∑
j=1

|U(ei, ej)|
q

q−1

) q−1
q

θ

·


 n∑

i=1

(
n∑
j=1

|U(ei, ej)|2
) 2q

q−2


q−2
2q


1−θ

≤ (C0∥U∥)θ · (C1∥U∥)1−θ

= (C0)
θC1−θ

1 ∥U∥.
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The remaining case where (a, b) ∈ [2,∞) ×
[

2q
q−2

,∞
)

is a direct consequence of the

previous result by taking θ = 0 and applying the inclusion of ℓp spaces . The proof of
(a) ⇒ (b) follows as a consequence of the Kahane-Salem-Zygmund inequality exactly as
demonstrated in the p > 2 case.

This concludes the proof of the theorem.

We conclude by remarking on the case where the sums are in the reverse order. By
arguing by symmetry, the following counterpart to Theorem 1.36 also holds:

Theorem 1.37 (Symmetric Anisotropic Hardy-Littlewood Inequality [37]). Let p ∈
[2,∞] and q ∈ [2,∞] with 1

p
+ 1

q
< 1, and let a, b > 0. The following assertions are

equivalent:

(a) There is a constant C ≥ 1 such that n∑
j=1

(
n∑
i=1

|U(ei, ej)|a
) b

a


1
b

≤ C∥U∥

for all bilinear operators U : ℓnp × ℓnq → K and all positive integers n.

(b) The exponents a and b satisfy (a, b) ∈
[

p
p−1

,∞
)
×
[

pq
pq−p−q ,∞

)
with

1

a
+

1

b
≤ 3

2
−
(

1

p
+

1

q

)
.

p
p−1

p
p−2

2

p
p−2

2

2p
p−2

2017 Optimal Limit

- - - - 2016 Partial Limit

a

b

Figure 1.1: Plot of the region of all admissible anisotropic exponents (a, b) for which the
Hardy-Littlewood inequality remains universally bounded in the case p = q. The curve

joining the points
(

p
p−1

, 2p
p−2

)
and

(
2, p

p−2

)
is the hyperbola b = 2p·a

(3p−4)·a−2p
.
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1.3.5 Hardy-Littlewood Meets Bennett-Carl

We can now use the results we just proved Theorem 1.36 to link it to the Bennett-Carl
inequalities (Theorem 1.9).

Because for any arbitrary Banach spaces X and Y , the space of continuous bilinear
forms L(X, Y ;K) is isometrically isomorphic to the space of bounded linear operators
L(X;Y ∗) and employing the canonical identification of the dual space (ℓp)

′ ∼= ℓp∗ , we
arrive at the following result:

Lemma 1.38 (Bilinear Forms to Operators). The space of bilinear forms is isometrically
isomorphic to the space of linear operators:

L(ℓs∗ , ℓp∗ ;K) ∼= L(ℓs∗ ; ℓp).

There is a bilinear form A ∈ L(ℓs∗ , ℓp∗ ;K) such that ∥A∥ = ∥v∥, where the coefficients
satisfy A(ej, ei) = ⟨v(ej), ei⟩.

To demonstrate exactly how Hardy-Littlewood type inequalities connects to the Bennett-
Carl inequalities we present the following equivalence found in [16] as Proposition 9.

Proposition 1.39. The following assertions are equivalent for 1 ≤ p ≤ q <∞:

(i) The canonical inclusion map inc : ℓp → ℓq is absolutely (r; s)-summing with con-
stant C.

(ii) The following inequality holds for all continuous bilinear forms A : ℓs∗ × ℓp∗ → K
(with ℓs∗ replaced by c0 if s = 1): ∞∑

j=1

(
∞∑
i=1

|A(ej, ei)|q
) r

q

 1
r

≤ C∥A∥.

Proof. (ii) ⇒ (i): Let (xj)
∞
j=1 ∈ ℓws (ℓp). We aim to bound the ℓr-sum of the norms of this

sequence in ℓq. Using Lemma 1.23, there exists a continuous linear operator v : ℓs∗ → ℓp
(with domain c0 if s = 1) such that v(ej) = xj for all j, and ∥v∥ = ∥(xj)

∞
j=1∥s,w.

Using Lemma 1.38, there is a bilinear form A ∈ L(ℓs∗ , ℓp∗ ;K) associated with v such
that ∥A∥ = ∥v∥. The coefficients of the form correspond to the coordinates of the
sequence vectors:

A(ej, ei) =
∞∑
k=1

(v(ej))k · (ei)k =
∞∑
k=1

(xj)k · (ei)k = (xj)i

Now, we compute the term required for the summing definition. Note that the norm of
xj in the codomain ℓq is given by:

∥xj∥ℓq =

(
∞∑
i=1

|(xj)i|q
) 1

q

=

(
∞∑
i=1

|A(ej, ei)|q
) 1

q

.

Substituting this into the sum over j:(
∞∑
j=1

∥xj∥rℓq

) 1
r

=

 ∞∑
j=1

(
∞∑
i=1

|A(ej, ei)|q
) r

q

 1
r

.
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Applying the hypothesis from (ii), we obtain: ∞∑
j=1

(
∞∑
i=1

|A(ej, ei)|q
) r

q

 1
r

≤ C∥A∥.

Since ∥A∥ = ∥v∥ = ∥(xj)∥s,w, we conclude:(
∞∑
j=1

∥inc(xj)∥rℓq

) 1
r

≤ C∥(xj)
∞
j=1∥s,w.

Thus, the inclusion map is absolutely (r, s)-summing.

(i) ⇒ (ii): Assume the inclusion map inc : ℓp → ℓq is absolutely (r, s)-summing with
constant C. Let A ∈ L(ℓs∗ × ℓp∗ ;K) (with ℓs∗ replaced by c0 if s = 1) be any continuous
bilinear form.

Using the isomorphisms in the reverse direction, we associate A with an operator
v : ℓs∗ → ℓp (where the domain is c0 if s = 1, and ∥v∥ = ∥A∥) and subsequently with a
sequence (xj)

∞
j=1 ⊂ ℓp defined by xj = v(ej).

The weak norm of this sequence corresponds to the norm of the operator: ∥(xj)∥s,w =
∥v∥ = ∥A∥. Since the inclusion is absolutely summing, we apply the definition to this
specific sequence: (

∞∑
j=1

∥xj∥rℓq

) 1
r

≤ C∥(xj)
∞
j=1∥s,w.

Substituting the coordinates back in terms of the bilinear form A, where ∥xj∥ℓq =
(
∑

i |A(ej, ei)|q)1/q, we recover the inequality: ∞∑
j=1

(
∞∑
i=1

|A(ej, ei)|q
) r

q

 1
r

≤ C∥A∥.

1.4 The Gap: Motivation for Coordinatewise Summa-

bility

Extending foundational linear results to the multilinear setting presented significant chal-
lenges. A clear illustration of this is the Multilinear Inclusion Theorem, which was es-
tablished via the regularity principle in [37].

Theorem 1.40 (Multilinear Inclusion Theorem [37], Proposition 3.4). Let m be a positive
integer, r, p, q ∈ [1,∞) be such that q ≥ p and

1

r
− m

p
+
m

q
> 0.

Then
Πm

(r;p)(X1, . . . , Xm;Y ) ⊂ Πm
(s;q)(X1, . . . , Xm;Y ),
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for any Banach spaces X1, . . . , Xm and Y , with

1

s
− m

q
=

1

r
− m

p
,

and the inclusion operator has norm 1.

Notice that the above theorem only considers the case where p1 = · · · = pm = p,
operating strictly on the scalar parameters (r, p). Bayart’s method allows for a more
general inclusion theorem by considering the case where p = (p1, . . . , pm) is a tuple.
Crucially, while the global summability indices r and s remain scalars, this approach
successfully details the shift from an (r,p)-multiple summing map to an (s,q)-summing
map.

All the theorems discussed thus far address global multiple summability. However,
even though the formal notion of multiple summing mappings is relatively recent, its roots
trace back to the Bohnenblust-Hille inequality from 1931 (Theorem 1.17). Using a modern
reformulation, this inequality states that every m-linear form T : X1 × · · · ×Xm → K is
multiple (2m/(m+1), 1)-summing (Theorem 1.26). Observe, however, that the restriction
of T to each individual coordinate Xk (fixing the others) is, like all linear forms, merely
(1, 1)-summing.

This contrast motivated Defant, Popa, and Schwarting [17] to study a gap in the
theory: let T : X1 × · · · ×Xm → Y be an m-linear map and assume that the restriction
of T to each Xk is (r, p)-summing (we will say that T is separately summing). Can we
say something about the overall, global multiple (s, t)-summability of T?

The authors obtained a successful answer for the specific case where p = t = 1, proving
the following result:

Theorem 1.41 (Defant, Popa, Schwarting, [17]). Let T : X1 × · · · × Xm → Y be an
m-linear map with Y a cotype q space. Let r ∈ [1, q] and assume that T is separately
(r, 1)-summing. Then T is multiple (s, 1)-summing, with

1

s
=
m− 1

mq
+

1

mr
.

While Theorem 1.41 solves the case for p = t = 1, the challenge remained for general
parameters. Filling out this picture by allowing the full range of possible values for t and
p (namely t ≥ p ≥ 1) is the primary focus of Bayart’s 2018 paper [7], which will be the
core subject of our subsequent review.
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Chapter 2

Coordinatewise Multiple
Summability

2.1 Introduction and Notation

In this chapter, we explore the connection between coordinatewise summability and global
multiple summability, following the 2018 work of Frédéric Bayart. To facilitate this, we
must first establish the specific multi-index and projection notation utilized throughout
his framework [7].

Let X1, . . . , Xm (with m ≥ 2) be Banach spaces, and let C be a proper subset of
{1, . . . ,m}. We define the partial product space as XC =

∏
j∈C Xj. This allows us to

naturally identify the full product space X1 × · · · × Xm isometrically with XC × XC ,
where C denotes the complement of C in {1, . . . ,m}.

For any element x ∈ X1 × · · · × Xm, we denote its projection onto XC by x(C), so
that we may write x = (x(C), x(C)). We shall abbreviate the single coordinate projection
x({k}) simply by x(k), representing the k-th coordinate of x.

If T : X1 × · · · ×Xm → Y is an m-linear map and z ∈ XC is fixed, the induced map
TC(z) defined on XC by:

TC(z)(x) = T (x, z)

is clearly |C|-linear. For r, p ≥ 1, we say that T is coordinatewise multiple (r, p)-summing

in the coordinates of C provided that TC(z) is multiple (r, p)-summing for all z ∈ XC .
In this case, we define the coordinatewise summing norm as:

∥TC∥CW (r,p) = sup
{
πmultr,p (TC(z)) : ∥z∥XC ≤ 1

}
.

2.2 The Abstract Machinery

To prove his primary theorems, Bayart constructed an abstract mechanism to maneu-
ver between ℓp spaces and c0, generalizing the classic Hardy-Littlewood methodology,
introduced in Theorem 1.20.

Before introducing the abstract method, we establish a non-negative version of a
theorem by Praciano-Pereira [42]. This relies on a crucial factorization result due to
Schep [45], which extends a classic theorem by Maurey to multilinear maps [31].
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Lemma 2.1 (Maurey-Schep Factorization, Bayart’s Lemma 3.2). Let B : ℓp1×· · ·×ℓpm →
ℓq be a non-negative m-linear map such that r ≥ max(q, 1) with

1

r
=

1

p1
+ · · · +

1

pm
.

Then there exist a non-negative ϕ ∈ ℓs with s−1 = q−1 − r−1 and a non-negative m-
linear map C : ℓp1 × · · · × ℓpm → ℓr such that B = MϕC, where Mϕ is the operator of
multiplication by ϕ. Moreover,

∥B∥ = inf ∥ϕ∥s∥C∥

where the infimum is taken over all possible factorizations.
The condition that B is non-negative means that it preserves positivity. In terms of

basis vectors, this means that for any choice of standard basis vectors ei1 , . . . , eim , the
output sequence B(ei1 , . . . , eim) in ℓq consists entirely of non-negative coefficients, that
is:

B(ei1 , . . . , eim) = (c1, c2, c3, . . . ) where ck ≥ 0 for all k.

Proposition 2.2 (Coefficients of non-negative forms, Bayart’s Proposition 3.1). Let
m ≥ 1, 1 ≤ p1, . . . , pm ≤ +∞ and let A : ℓp1 × · · · × ℓpm → C be a non-negative m-linear
form. Then (∑

i∈Nm

A(ei)
ρ

)1/ρ

≤ ∥A∥ (2.1)

provided:
1

ρ
= 1 −

m∑
j=1

1

pj
> 0.

Here, non-negative simply means that for any basis index i ∈ Nm, A(ei) ≥ 0.

In [33, Theorem 1.3], by using elementary techniques, the authors obtain the optimal
anisotropic version of this Proposition.

Proof. We proceed by induction on the number of variables m.
Case m = 1: In this case, A is a bounded linear functional A : ℓp1 → C. The condition

on ρ becomes 1
ρ

= 1 − 1
p1

, which implies that ρ is exactly the conjugate exponent p∗1.

We rely on the fact that ℓp∗1
∼= (ℓp1)

′, that is, the standard isometric isomorphism
between the dual space (ℓp1)

′ and the space ℓp∗1 (or ℓρ).
Because A ∈ (ℓp1)

′, there exists a unique sequence y ∈ ℓp∗1 such that A(x) =
∑
xiyi

for all x ∈ ℓp1 . By the isometry we have

∥A∥(ℓp1 )′ = ∥y∥ℓp∗1 .

Since the coefficients A(ei) are exactly the terms of the sequence yi, this becomes:

∥A∥ =

(∑
i∈N

A(ei)
ρ

)1/ρ

.

Thus, for m = 1, the inequality is actually an equality.
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Inductive Step (m → m + 1): Assume the result holds for all m-linear forms. Let
A : ℓp1 × · · · × ℓpm+1 → C be a non-negative (m+ 1)-linear form.

We define a bounded operator B that fixes the first m variables and maps them to a
functional acting on the last variable:

B : ℓp1 × · · · × ℓpm → ℓp∗m+1
.

We define B specifically by its action on the basis vectors of the (m+ 1)-th space:

B(x)[ej] = A(x, ej) for x ∈
m∏
k=1

ℓpk and j ∈ N.

Here, B(x)[ej] denotes the functional B(x) evaluated at the vector ej. Note that B is
non-negative by construction and ∥B∥ = ∥A∥.

By Lemma 2.1 (Maurey-Schep factorization), the operator B factors through another
space ℓr. Specifically, B = MϕC, where:

• C : ℓp1 ×· · ·× ℓpm → ℓr is a non-negative m-linear operator, where r−1 =
∑m

k=1 p
−1
k .

• Mϕ is the multiplication operator by a sequence ϕ ∈ ℓs.

The exponent s is defined by s−1 = (p∗m+1)
−1 − r−1, which simplifies to:

1

s
= 1 − 1

pm+1

−
m∑
k=1

1

pk
= 1 −

m+1∑
k=1

1

pk
.

This matches the required ρ for the (m+ 1) case.
Let (C(x))j denote the j-th coordinate of the vector sequence C(x). The factorization

B = MϕC implies:
A(ei, ej) = B(ei)[ej] = ϕj · (C(ei))j

where i ∈ Nm represents the first m indices and j ∈ N represents the last index . Let
ai,j = A(ei, ej) and ci,j = (C(ei))j.

We aim to bound the total sum of coefficients (
∑

j

∑
i a

s
i,j)

1/s.(∑
j∈N

∑
i∈Nm

asi,j

)1/s

=

(∑
j∈N

∑
i∈Nm

(ϕjci,j)
s

)1/s

=

(∑
j∈N

ϕsj

[∑
i∈Nm

csi,j

])1/s

(Factoring out ϕj).

Using the property that
∑
xjyj ≤ (

∑
xj) · sup yj, we bound this by:(∑

j∈N

∑
i∈Nm

asi,j

)1/s

≤ ∥ϕ∥s · sup
j∈N

(∑
i∈Nm

csi,j

)1/s

.

Let t be the exponent for the m-variable case: t−1 = 1−
∑m

k=1 p
−1
k . Comparing s and

t, we have:
1

s
=

1

t
− 1

pm+1

=⇒ 1

s
≤ 1

t
=⇒ s ≥ t.

39



By the inclusion ℓt ⊂ ℓs, we get:(∑
i∈Nm

csi,j

)1/s

≤

(∑
i∈Nm

cti,j

)1/t

.

For a fixed j, consider the map Cj(x) = (C(x))j. This is an m-linear form with coefficients
ci,j. By the induction hypothesis, the t-sum of its coefficients is bounded by its norm:(∑

i∈Nm

cti,j

)1/t

≤ ∥Cj∥ ≤ ∥C∥.

Substituting this back into our inequality :(∑
j∈N

∑
i∈Nm

asi,j

)1/s

≤ ∥ϕ∥s∥C∥.

By Lemma 2.1, the infimum of ∥ϕ∥s∥C∥ over all factorizations is ∥B∥, which equals ∥A∥.
This completes the induction.

Remark 2.3 (Optimality of the Constant). The exponent ρ defined by 1
ρ

= 1 −
∑
p−1
j

in Proposition 2.2 is optimal.
Consider the diagonal form A on n-dimensional spaces (ℓnpk) defined by:

A(x(1), . . . , x(m)) =
n∑
k=1

xk(1)xk(2) . . . xk(m).

For any i = (i1, . . . , im) ∈ Nm, A(ei) = A(ei1(1), . . . , eim(m)) is non-zero whenever i1 =
· · · = im, and each time it equals 1. Therefore:(∑

i∈Nm

A(ei)
ρ

)1/ρ

=

(
n∑
k=1

1ρ

)1/ρ

= n1/ρ.

Now for each 1 ≤ j ≤ m we choose test vectors x(j) = (n−1/pj , . . . , n−1/pj). Each has
norm:

∥x(j)∥ℓpj =

(
n∑
k=1

(n−1/pj)pj

)1/pj

= 1.

Evaluating the operator on these vectors yields:

A(x(1), . . . , x(m)) =
n∑
k=1

(
m∏
j=1

n−1/pj

)
= n · n−

∑
p−1
j = n1−

∑
p−1
j = n1/ρ.

That is,

∥A∥ =

(∑
i∈Nm

A(ei)
ρ

)1/ρ

.

Thus, the value for ρ cannot be improved.
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We now introduce the abstract Hardy-Littlewood method, which allows us to transi-
tion between ℓp spaces and c0 in the bilinear case.

Lemma 2.4 (Bayart’s Abstract Hardy-Littlewood Method, Lemma 3.4). Let m1,m2 ≥ 1,
p1, p2, q ∈ [1,+∞), and (ai,j)i∈Nm1 ,j∈Nm2 be a sequence of non-negative real numbers.
Assume there exists κ > 0 and 0 < α, β ≤ q such that:

1. For all u ∈
∏m1

j=1Bℓp1
: ∑

j∈Nm2

( ∑
i∈Nm1

uqi a
q
i,j

)α/q
1/α

≤ κ

2. For all v ∈
∏m2

j=1Bℓp2
: ∑

i∈Nm1

( ∑
j∈Nm2

vqj a
q
i,j

)β/q
1/β

≤ κ

Then, provided γ > 0 and the scaling conditions hold (m1α
p1

≤ 1, m2β
p2

≤ 1):∑
j∈Nm2

( ∑
i∈Nm1

aqi,j

)γ/q
1/γ

≤ κ

where γ is defined by:

1

γ
=

1

α
− m1

p1

(
1 − q

α
− m2q

p2

1 − q
β
− m1q

p1

)
.

Proof. For j ∈ Nm2 , let Sj =
(∑

i∈Nm1 a
q
i,j

)1/q
. We wish to bound the norm

(∑
j S

γ
j

)1/γ
.

Let θ > 0 be such that m2/θ < 1. We define ρ by:

1

ρ
= 1 − m2

θ

We apply Proposition 2.2 to the multilinear form defined on
∏m2

k=1 ℓθ with coefficients

A(ej) = S
γ/ρ
j . Using the exponent ρ and the dual norm provided by the Hahn-Banach

duality for multilinear forms, we bound the sum of coefficients by the supremum over the
product of unit balls

∏m2

k=1Bℓθ :(∑
j

Sγj

)1/ρ

=

(∑
j

(S
γ/ρ
j )ρ

)1/ρ

≤ sup
w∈

∏m2
k=1Bℓθ

∑
j

wjS
γ′

j (2.2)

where γ′ = γ/ρ.

We rewrite the sum inside the supremum to prepare for splitting. Note that Sγ
′

j =

Sγ
′−q

j Sqj = Sγ
′−q

j

∑
i a

q
i,j. Thus:

∑
j

wjS
γ′

j =
∑
i

∑
j

wja
q
i,j

Sq−γ
′

j
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We apply Hölder’s inequality with conjugate exponents s and s∗ (and later t and t∗) to
split this into two factors :

∑
j

wjS
γ′

j ≤

∑
i

(∑
j

aqi,j

S
(q−γ′)s
j

)t/s
1/t

︸ ︷︷ ︸
Factor 1

×

∑
i

(∑
j

ws
∗

j a
q
i,j

)t∗/s∗
1/t∗

︸ ︷︷ ︸
Factor 2

Here, the exponents must satisfy 1
s

+ 1
s∗

= 1 and 1
t

+ 1
t∗

= 1 .
We analyze Factor 2 using Hypothesis 2.

Factor 2 =

∑
i

(∑
j

ws
∗

j a
q
i,j

)t∗/s∗
1/t∗

We set the condition t∗

s∗
= β

q
. To match the hypothesis, we need to check the space of the

variable.
Let vj = w

s∗/q
j . We assume w ∈

∏m2

k=1Bℓθ , which means
∑

j |wj|θ ≤ 1. We need to
find the space ℓp such that v ∈

∏m2

k=1Bℓp .∑
|vj|p =

∑(
|wj|s

∗/q
)p

=
∑

|wj|
s∗p
q

For this to remain ≤ 1, the exponent must match θ. Thus:

s∗p

q
= θ =⇒ p =

θq

s∗

To apply Hypothesis 2, we require v ∈
∏m2

k=1Bℓp2
, so we specifically choose θ = p2s∗

q
.

Substituting vj, the factor becomes:∑
i

(∑
j

vqj a
q
i,j

)β/q
1/t∗

By Hypothesis 2,
(∑

i(. . . )
β/q
)1/β ≤ κ. Raising to the power β, the inner sum is ≤ κβ.

Thus:
Factor 2 ≤ (κβ)1/t

∗
= κβ/t

∗

Note: The original text of Bayart contained a typo here, writing κ1/t
∗
instead of κβ/t

∗
.

The correct exponent is β/t∗.
We analyze Factor 1 using Hypothesis 1.

Factor 1 =

∑
i

(∑
j

aqi,j

S
(q−γ′)s
j

)t/s
1/t

We apply Proposition 2.2 to them1-linear form defined on
∏m1

k=1 ℓω byA(ei) =
∑

j∈Nm2

aqi,j

S
(q−γ′)s
j

where
m1

ω
= 1 − s

t
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(this requires s ≤ t). Using the dual norm provided by the proposition, we obtain:

∑
i∈Nm1

( ∑
j∈Nm2

aqi,j

S
(q−γ′)s
j

)t/s

≤

(
sup

y∈
∏m1

k=1Bℓω

∑
i∈Nm1

yi
∑

j∈Nm2

aqi,j

S
(q−γ′)s
j

)t/s

.

Fix y ∈
∏m1

k=1Bℓω and apply Hölder’s inequality again with r satisfying (q − γ′)sr = q.
We get:

∑
i

yi
∑
j

aqi,j

S
(q−γ′)s
j

=
∑
j

∑
i

yi
aqi,j

S
(q−γ′)s
j

≤
∑
j

(∑
i

aqi,j
Sqj

)1/r

︸ ︷︷ ︸
=1

(∑
i

yr
∗

i a
q
i,j

)1/r∗

.

Provided we set 1
r∗

= α
q

and match the space ℓω to ℓp1 as we did before (i.e., ωq
r∗

= p1),
the second term is bounded by κ via Hypothesis 1. Thus:

Factor 1 ≤
(
καt/s

)1/t
=⇒ Factor 1 ≤ κα/s

We now combine the bounds for Factor 1 and Factor 2 to conclude the proof.∑
j

wjS
γ′

j ≤ (Factor 1) × (Factor 2) ≤ κα/s × κβ/t
∗

= κ(α
s
+ β

t∗ )

We substitute this supremum back into the initial duality inequality derived in Equation
2.2: (∑

j

Sγj

)1/ρ

≤

(
sup
w

∑
j

wjS
γ′

j

)
≤ κ(α

s
+ β

t∗ )

To obtain the final result in the form (
∑
Sγj )1/γ, we raise both sides to the power ρ/γ:(∑

j

Sγj

)1/γ

≤ κ
ρ
γ (α

s
+ β

t∗ )

For the theorem to hold, the exponent of κ must be exactly 1. Therefore, γ is explicitly
defined by the condition:

1 =
ρ

γ

(
α

s
+
β

t∗

)
=⇒ 1

γ
=

1

ρ
(
α
s

+ β
t∗

) .
We now calculate the explicit values for all parameters to derive the final formula for

γ. The proof imposed the following constraints:

1. 1
ω

= α
p1

(from matching ℓp1 for Hypothesis 1)

2. s
t

= 1 − m1

ω
(from applying Proposition 2.2 inside Factor 1)

3. t∗

s∗
= β

q
(from matching powers for Hypothesis 2)
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4. (q − γ′)sr = q (from canceling the denominator in Factor 1)

First, we determine s and t. Substituting the expression for ω:

1

ω
=
α

p1
=⇒ s

t
= 1 − m1α

p1

Using s = (1− m1α
p1

)t, we solve for t using the conjugate relation t∗

s∗
= β

q
. Since 1

t∗
= 1− 1

t

and 1
s∗

= 1 − 1
s
:

β

q
=

1 − 1/t

1 − 1/s

Substituting s into this equation:

β

q
=

1 − 1/t

1 − 1
t(1−m1α

p1
)

Solving for t, we obtain:

t =
1 − β

q

(
1 − m1α

p1

)
(

1 − m1α
p1

)(
1 − β

q

)
And substituting t back to find s:

s =
1 − β

q

(
1 − m1α

p1

)
1 − β

q

.

Next, we solve for γ′. Using the constraint (q − γ′)sr = q and recalling that 1
r∗

= α
q

implies 1
r

= 1 − α
q
:

q − γ′ =
q

sr
=
q

s

(
1 − α

q

)
γ′ = q

(
1 − 1 − α/q

s

)
Substituting the expression for s:

γ′ = q

(
1 −

(1 − α
q
)(1 − β

q
)

1 − β
q

+ αβm1

p1q

)
.

We proceed to determine ρ. Recall the definition θ = p2s∗

q
. Substituting this into the

definition of ρ:
1

ρ
= 1 − m2

θ
= 1 − m2q

p2s∗

We calculate 1/s∗:

1

s∗
= 1 − 1

s
= 1 − 1 − β/q

1 − β
q

+ αβm1

p1q

=

αβm1

p1q

1 − β
q

+ αβm1

p1q

Thus:
1

ρ
= 1 − m2q

p2

(
αβm1

p1q

1 − β
q

+ αβm1

p1q

)
= 1 −

αβm1m2

p1p2

1 − β
q

+ αβm1

p1q
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Simplifying the fraction:

1

ρ
=

1 − β
q

+ αβm1

p1q
− αβm1m2

p1p2

1 − β
q

+ αβm1

p1q

.

Finally, we compute the value of 1/γ. Since γ = γ′ρ, we have 1
γ

= 1
ργ′

. From the
expression for γ′:

1

γ′
=

1 − β
q

+ αβm1

p1q

α
(

1 − β
q

+ βm1

p1

)
Multiplying this by 1/ρ:

1

γ
=

1 − β
q

+ αβm1

p1q
− αβm1m2

p1p2

α
(

1 − β
q

+ βm1

p1

)
Dividing numerator by denominator term-by-term:

1

γ
=

1

α
+
m1

p1

[
αβ
q
− β − m2αβ

p2

α(1 − β
q

+ βm1

p1
)

]
Factoring out terms to match the theorem statement:

1

γ
=

1

α
− m1

p1

(
1 − q

α
− m2q

p2

1 − q
β
− m1q

p1

)
.

We verify now that our applications of Hölder’s inequality and Proposition 2.2 were
legitimate. It is clear that s, r ≥ 1. Since s/t = 1 −m1α/p1, we also have 1 ≤ s ≤ t. In
particular, our application of Proposition 2.2 to

∏m1

k=1 ℓω was possible.
Finally, our first application of this proposition requires that ρ > 0, namely

αβm1m2

p1p2
≤ 1 − β

q
+
αβm1

p1q
⇐⇒ αm1

p1

(
βm2

p2
− β

q

)
≤ 1 − β

q

We define X = αm1

p1
, Y = βm2

p2
, and Z = β

q
. The inequality becomes X(Y − Z) ≤ 1 − Z.

We consider two cases:

• Case 1: Y ≤ Z. Since X > 0, X(Y − Z) is negative or zero. Since Z ≤ 1 (as
β ≤ q), 1 − Z side is non-negative. The inequality holds.

• Case 2: Y > Z. The X(Y −Z) is maximized when X is as large as possible. Since
X ≤ 1 (by assumption αm1 ≤ p1), we have X(Y −Z) ≤ 1 · (Y −Z). The inequality
reduces to Y − Z ≤ 1 − Z =⇒ Y ≤ 1. This is exactly the assumption βm2

p2
≤ 1.

Thus, the condition ρ > 0 is satisfied provided αm1 ≤ p1, βm2 ≤ p2, and β ≤ q.

The following proposition is the main step towards the proof of the primary coor-
dinatewise summability results. It serves as an n-linear generalization of the abstract
Hardy-Littlewood method established in Lemma 2.4.

Proposition 2.5 (n-Linear Abstract Hardy-Littlewood Method, Bayart’s Proposition
3.5). Let q ∈ [1,+∞)m. Let (C1, . . . , Cn) be a partition of {1, . . . ,m} into non-empty
open subsets and let us assume that there exists p ∈ [1,+∞)n such that, for any l ∈
{1, . . . , n} and any k ∈ Cl, qk = pl.
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Let also (ai)i∈Nm be a sequence of non-negative real numbers. Assume that there
exist κ > 0 and 0 < r1, . . . , rn ≤ q such that for all k ∈ {1, . . . , n}, and for all sequences
v ∈

∏
l ̸=k
∏

j∈Cl
Bℓpl

:

∑
i∈NCk

∑
j∈NCk

vqj a
q
i,j


rk
q

≤ κrk .

Define, for all k ̸= l:

1

γk
=

1

rk
−
∑
j ̸=k

|Cj|
p∗j

1 − q
rk

− |Ck|q
p∗k

1 − q
rj
− |Cj |q

p∗j


1

γk,l
=

1

rk
−
∑
j ̸=k,l

|Cj|
p∗j

1 − q
rk

− |Ck|q
p∗k

1 − q
rj
− |Cj |q

p∗j


Then, for all k ∈ {1, . . . , n}:∑

i∈NCk

∑
j∈NCk

aqi,j


γk
q


1
γk

≤ κ,

provided that for all k ̸= l, γk > 0, γk,l ∈ (0, q], and
|Cl|γk,l
p∗l

≤ 1.

Proof. The proof proceeds by induction on n.
For n = 1, there is nothing to prove as the inner sum does not appear (the partition

is the whole set). The case n = 2 corresponds exactly to the content of Lemma 2.4.
Let us assume that the result is true for n − 1 ≥ 2 and let us prove it for n. We

fix some l ∈ {1, . . . , n} and some w ∈
∏

j∈Cl
Bℓpl

. We then define, for i ∈ NCl (which
represents indices in all sets except Cl), the sequence:

bl(i) =

∑
j∈NCl

wqj a
q
i,j

1/q

.

Our assumption implies that for any k ̸= l:

∑
i∈NCk

 ∑
j∈NCk\Cl

vqj

∑
h∈NCl

wqha
q
i,j,h

rk/q

≤ κrk .

Simplifying the term in parentheses using the definition of bl, we obtain:

∑
i∈NCk

 ∑
j∈NCk\Cl

vqj bl(i, j)
q

rk/q

≤ κrk .

Here, v is any element of
∏

s̸=k,l
∏

j∈Cs
Bℓps . This effectively reduces the problem to n−1

sets (excluding Cl). We may thus apply the induction hypothesis to the sequence bl. This
yields that, for any k ̸= l:

∑
i∈NCk

 ∑
j∈NCk\Cl

bl(i, j)
q

γk,l/q

≤ κγk,l .
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We now define, for i ∈ NCk and j ∈ NCl :

ck,l(i, j) =

 ∑
h∈NCk∪Cl

aqi,j,h

1/q

.

Substituting the definition of bl back into our derived inequality, and noting that the sum
over Ck \ Cl combined with the definition of bl reconstructs the sum over Ck ∪ Cl, the
inequality becomes: ∑

i∈NCk

∑
j∈NCl

wqj ck,l(i, j)
q

γk,l/q

≤ κγk,l .

This holds for all w ∈
∏

j∈Cl
Bℓpl

. By the symmetry of the problem, we can exchange the
roles of k and l. Thus, we also have:

∑
j∈NCl

∑
i∈NCk

wqi ck,l(i, j)
q

γl,k/q

≤ κγl,k

for all w ∈
∏

j∈Ck
Bℓpk

.
We are now in the position to apply Lemma 2.4 (the case n = 2) to the sequences

indexed by Ck and Cl, treating them as the two sets in the lemma, with exponents γk,l
and γl,k. Applying Lemma 2.4 yields:∑

i∈NCk

∑
j∈NCl

ck,l(i, j)
q

γk/q


1/γk

≤ κ

where γk is determined by the recursive formula from Lemma 2.4:

1

γk
=

1

γk,l
− |Cl|

pl

1 − q
γk,l

− |Ck|q
pk

1 − q
γl,k

− |Cl|q
pl

 . (2.3)

It remains to verify that the value of γk obtained from the recurrence (2.3) matches the
formula in the original statement.

The definition of γk,l given in the proposition is:

1

γk,l
=

1

rk
−
∑
j ̸=k,l

|Cj|
pj

1 − q
rk

− |Ck|q
pk

1 − q
rj
− |Cj |q

pj

 .

First, we compute the term 1 − q
γk,l

− |Ck|q
pk

. Multiplying the expression for 1/γk,l by q:

q

γk,l
=

q

rk
−
∑
j ̸=k,l

|Cj|q
pj

1 − q
rk

− |Ck|q
pk

1 − q
rj
− |Cj |q

pj

 .
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Subtracting this from 1 and subtracting |Ck|q
pk

:

1 − q

γk,l
− |Ck|q

pk
= 1 −

 q

rk
−
∑
j ̸=k,l

|Cj|q
pj

1 − q
rk

− |Ck|q
pk

1 − q
rj
− |Cj |q

pj

− |Ck|q
pk

=

(
1 − q

rk
− |Ck|q

pk

)
+
∑
j ̸=k,l

|Cj|q
pj

1 − q
rk

− |Ck|q
pk

1 − q
rj
− |Cj |q

pj


=

(
1 − q

rk
− |Ck|q

pk

)1 +
∑
j ̸=k,l

|Cj|q

pj

(
1 − q

rj
− |Cj |q

pj

)
 .

We now perform the symmetric computation involving γl,k by simply swapping indices k
and l in the result above:

1 − q

γl,k
− |Cl|q

pl
=

(
1 − q

rl
− |Cl|q

pl

)1 +
∑
j ̸=l,k

|Cj|q

pj

(
1 − q

rj
− |Cj |q

pj

)
 .

Notice that the sums inside the square brackets are identical, as they both sum over all
j ∈ {1, . . . , n} \ {k, l}. Therefore, when we compute the ratio required for the recursion,
these bracketed terms cancel out:

1 − q
γk,l

− |Ck|q
pk

1 − q
γl,k

− |Cl|q
pl

=
1 − q

rk
− |Ck|q

pk

1 − q
rl
− |Cl|q

pl

.

Now we substitute this simplified ratio back into the recursion formula (2.3):

1

γk
=

1

γk,l
− |Cl|

pl

(
1 − q

rk
− |Ck|q

pk

1 − q
rl
− |Cl|q

pl

)
.

Finally, we substitute the definition of 1/γk,l into this expression:

1

γk
=

 1

rk
−
∑
j ̸=k,l

|Cj|
pj

1 − q
rk

− |Ck|q
pk

1 − q
rj
− |Cj |q

pj

− |Cl|
pl

(
1 − q

rk
− |Ck|q

pk

1 − q
rl
− |Cl|q

pl

)
.

We can merge the isolated term involving l into the main summation. The sum currently
runs over j ̸= k, l, and the isolated term corresponds exactly to the case j = l. Thus, we
can extend the summation index to all j ̸= k:

1

γk
=

1

rk
−
∑
j ̸=k

|Cj|
pj

1 − q
rk

− |Ck|q
pk

1 − q
rj
− |Cj |q

pj

 .

This formula matches the one given in the statement of the proposition, concluding the
proof.

Example 2.6. Let us illustrate this proposition with an example that will also be of
use later on. Let m = 6, and let C1 = {1}, C2 = {2, 4}, C3 = {3, 5, 6} be a partition of
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{1, 2, 3, 4, 5, 6}. Let q ∈ [1,+∞)6, with q = (p1, p2, p3, p2, p3, p3), and let (ai)i∈N6 (where
ai = ai1,i2,i3,i4,i5,i6) be a non-negative sequence of real numbers.

Assume that there exist κ > 0 and 0 < r1, r2, r3 ≤ q such that the conditions of
the proposition are valid. For example, in the case k = 3, we have C3 = {3, 5, 6}. For
v ∈ Bℓp1

×Bℓp2
×Bℓp2

where v = (v(1), v(2), v(4)), we have:

∑
i3,i5,i6

( ∑
j1,j2,j4

vj1(1)qvj2(2)qvj4(4)qaqj1,j2,i3,j4,i5,i6

) r3
q

=
∑
i∈NC3

∑
j∈NC3

vqj a
q
i,j


r3
q

≤ κr3 .

Define:

1

γ3
=

1

r3
−
∑
j=1,2

|Cj|
p∗j

1 − q
r3
− |C3|q

p∗3

1 − q
rj
− |Cj |q

p∗j

 .

For l = 1, 2, we define:

1

γ3,1
=

1

r3
− |C2|

p∗2

1 − q
r3
− |C3|q

p∗3

1 − q
r2
− |C2|q

p∗2

 ,

1

γ3,2
=

1

r3
− |C1|

p∗1

1 − q
r3
− |C3|q

p∗3

1 − q
r1
− |C1|q

p∗1

 .

Then, in the case k = 3, we get:

 ∑
i3,i4,i5

( ∑
j1,j2,j4

aqj1,j2,i3,j4,i5,i6

) γ3
q

 1
γ3

=

∑
i∈NC3

∑
j∈NC3

aqi,j


γ3
q


1
γ3

≤ κ,

provided that γ3 > 0, γ3,1, γ3,2 ∈ (0, q], |C1|γ3,1
p∗1

≤ 1, and |C2|γ3,2
p∗2

≤ 1.

In the same fashion, for k = 1, 2, defining γ1 and γ2 in the same way, and provided
similar conditions, we would have:

∑
i1

( ∑
j2,j3,j4,j5,j6

aqi1,j2,j3,j4,j5,j6

) γ1
q

 1
γ1

=

∑
i∈NC1

∑
j∈NC1

aqi,j


γ1
q


1
γ1

≤ κ,

and ∑
i2,i4

( ∑
j1,j3,j5,j6

aqj1,i2,j3,i4,j5,i6

) γ2
q

 1
γ2

=

∑
i∈NC2

∑
j∈NC2

aqi,j


γ2
q


1
γ2

≤ κ.

Finally, to complete our abstract machinery, we rely on the mixed-norm inequality
combining Hölder’s and Blei’s inequalities, which allows us to transition from coordinate-
wise bounds to a global bound. We have already established this result and the associated
partial product space notation in Lemma 1.29 of Chapter 1. With these tools in place,
we are now fully equipped to prove the primary coordinatewise summability theorems.
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2.3 The General Theorems

With the abstract machinery fully established, we can now address the main problem: de-
ducing the global multiple (s,q)-summability of an m-linear map from its coordinatewise
(rk, pk)-summability.

2.3.1 Proofs for Summability not Exceeding Cotype

Our first major result deals with the case where the starting summability indices rk do
not exceed the cotype q of the target space.

Theorem 2.7 (Bayart’s Theorem 2.1). Let m ≥ 2. Let {1, . . . ,m} be the disjoint union
of n ≥ 2 non-empty subsets C1, . . . , Cn. Let Y be a Banach space with cotype q and let
r1, . . . , rn ∈ [1, q), p1, . . . , pn ∈ [1,+∞). Define:

1

γk
=

1

rk
−
∑
j ̸=k

|Cj|
p∗j

×
1 − q

rk
− q|Ck|

p∗k

1 − q
rj
− q|Cj |

p∗j

, k = 1, . . . , n,

1

γk,l
=

1

rk
−
∑
j ̸=k,l

|Cj|
p∗j

×
1 − q

rk
− q|Ck|

p∗k

1 − q
rj
− q|Cj |

p∗j

, k ̸= l ∈ {1, . . . , n},

R =
n∑
k=1

γk
q − γk

,

s =
qR

1 +R
,

qj = pk provided j ∈ Ck, j = 1, . . . ,m,

q = (q1, . . . , qm).

Let us also assume that for all k ̸= l ∈ {1, . . . , n}, γk > 0, 0 < γk,l ≤ q and
|Cl|γk,l
p∗l

≤ 1.

Then all m-linear maps T : X1 × · · · × Xm → Y which are (rk, pk)-summing in the
coordinates of Ck for each k = 1, . . . , n are multiple (s,q)-summing.

Proof. Let, for 1 ≤ j ≤ m, x(j) = (xi(j))i∈N ⊂ XN
j with ∥x(j)∥qj ,w ≤ 1. We set

ai = ∥T (xi)∥ for i ∈ Nm and we intend to show that the assumptions of Proposition 2.5
are satisfied. So, let k ∈ {1, . . . , n}. For l ̸= k ∈ {1, . . . , n} and u ∈ Cl, we consider a
sequence v(u) ∈ Bℓp∗

l
= Bℓ∗qj

and we set y(u) = (vi(u)xi(u))i∈N. By Hölder’s inequality,

we get:

sup
φ∈X′

u

∑
i

|φ(yi(u))| = sup
φ∈X′

u

∑
i

|vi(u)φ(xi(u))| ≤ sup
φ∈X′

u

(∑
i

|vi(u)|p∗l
) 1

p∗
l

(∑
i

|φ(xi(u))|pl
) 1

pl

≤ 1,

therefore ∥y(u)∥1,w ≤ 1. Writing Ck = {u1, . . . , us} and picking j ∈ NCk , we set yj =
yj(Ck) = (yj1(u1), . . . , yjs(us)), so that

∑
i∈NCk

∑
j∈NCk

vqj a
q
i,j


rk
q

=
∑
i∈NCk

∑
j∈NCk

∥T (xi(Ck), yj(Ck))∥q


rk
q

.
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By Defant’s Lemma (Lemma 1.22) applied to the inner sum, that is,∑
j∈NCk

∥T (xi(Ck), yj(Ck))∥q


rk
q

,

we obtain∑
j∈NCk

∥T (xi(Ck), yj(Ck))∥q


rk
q

≤ Arkq,rk

∫
[0,1]|Ck|

∥∥∥∥∥∥
∑
j∈NCk

rj(t)T
(
xi(Ck), yj(Ck)

)∥∥∥∥∥∥
rk

dt,

where Aq,rk = (Cq(Y )Krk,2)
|Ck| .

Now let Y (ω) denote all of the coordinates of Ck involved in the summing with the
Rademacher functions. Therefore we get∑

j∈NCk

∥T (xi(Ck), yj(Ck))∥q


rk
q

≤ Arkq,rk

∫
[0,1]|Ck|

∥T (xi(Ck), Y (ω))∥rk dt.

Summing over i, we get

∑
i∈NCk

∑
j∈NCk

∥T (xi(Ck), yj(Ck))∥q


rk
q

≤ Arkq,rk

∫
[0,1]|Ck|

∑
i∈NCk

∥T (xi(Ck), Y (ω))∥rk dt.

Note that for each jl coordinate of Y (ω), using the fact that for Rademacher functions
|rjl | ≤ 1, and using the Hahn-Banach theorem, we get∥∥∥∥∥∑

jl

rjlyjl

∥∥∥∥∥
Xl

= sup
φ∈X′

l

∣∣∣∣∣φ
(∑

jl

rjlyjl

)∣∣∣∣∣
= sup

φ∈X′
l

∣∣∣∣∣∑
jl

rjlφ (yjl)

∣∣∣∣∣
≤ sup

φ∈X′
l

∑
jl

|rjl ||φ (yjl) |

= sup
φ∈X′

l

∑
jl

|φ (yjl) |

= ∥y(l)∥1,w ≤ 1.

This is valid for all coordinates of Y (ω), so now we can use the fact that T is (rk, pk)-
summing in the coordinates of Ck to obtain∑

i∈NCk

∥T (xi(Ck), Y (ω))∥rk ≤
∥∥TCk

∥∥rk
CW (rk,pk)

.

Then ∑
i∈NCk

∑
j∈NCk

∥T (xi(Ck), yj(Ck))∥q


rk
q

≤ Arkq,rk
∥∥TCk

∥∥rk
CW (rk,pk)

.
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Setting κ = maxk Ak∥TCk∥CW (rk,pk), we may apply Proposition 2.5 which yields, for any
k ∈ {1, . . . , n}, ∑

i∈NCk

∑
j∈NCk

∥T (xi(Ck), xj(Ck))∥q


rk
q


1
γk

≤ κ.

Finally, using Lemma 1.29 for sums, we get

(∑
i∈Nm

∥T (xi)∥s
) 1

s

≤
n∏
k=1

∑
i∈NCk

∑
j∈NCk

∥T (xi(Ck), xj(Ck))∥q


γk
q


1

R(q−γk)

=
n∏
k=1


∑

i∈NCk

∑
j∈NCk

∥T (xi(Ck), xj(Ck))∥q


γk
q


1
γk


γk

R(q−γk)

=
n∏
k=1

κ
γk

R(q−γk)

= κ
∑n

k=1
γk

R(q−γk)

= κ,

so T is multiple (s,q)-summing.

Example 2.8. To clarify this theorem, we provide an illustration utilizing the partition
defined earlier for Proposition 2.5. Suppose we have C1 = {1}, C2 = {2, 4}, C3 = {3, 5, 6}
as a partition of {1, 2, 3, 4, 5, 6}. Let γk for k = 1, 2, 3 and γk,l for l ̸= k be as defined in
Proposition 2.5 and define:

R =
3∑

k=1

γk
q − γk

,

s =
qR

1 +R
.

Let T : X1 × X2 × X3 × X4 × X5 × X6 → Y satisfy all the hypotheses from Theorem
2.7; that is, T is (rk, pk)-summing in the coordinates of Ck for k = 1, 2, 3, with all rk, pk
and γ satisfying the necessary conditions, and Y having cotype q. Then T is multiple
(s,q)-summing with q = (p1, p2, p3, p2, p3, p3).

Let, for 1 ≤ j ≤ 6, x(j) = (xi(j))i∈N ⊂ XN
j with ∥x(j)∥qj ,w ≤ 1. We set ai = ∥T (xi)∥

for i ∈ N6 and verify that the assumptions of Proposition 2.5 are satisfied. Let k ∈
{1, 2, 3}; for example, k = 3. For l ̸= k, let us say l = 2 and u ∈ C2 (e.g., u = 4), we
consider a sequence v(4) ∈ Bℓp∗2

and we set y(4) = (vi(4)xi(4))i∈N. By Hölder’s inequality,
we get:

sup
φ∈X′

4

∑
i

|φ(yi(4))| = sup
φ∈X′

4

∑
i

|vi(4)φ(xi(4))|

≤ sup
φ∈X′

4

(∑
i

|vi(4)|p∗2
) 1

p∗2
(∑

i

|φ(xi(4))|p2
) 1

p2

≤ 1.
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Therefore ∥y(4)∥1,w ≤ 1. Writing C3 = {1, 2, 4} and picking j ∈ NC3 , where j = (j1, j2, j4),
we set yj = yj(C3) = (yj1(1), yj2(2), yj4(4)), so that

∑
i3,i5,i6

( ∑
j1,j2,j4

vj1(1)qvj2(2)qvj4(4)q∥T (xj1 , xj2 , xi3 , xj4 , xi5 , xi6) ∥q
) r3

q

=
∑
i3,i5,i6

( ∑
j1,j2,j4

∥T (yj1 , yj2 , xi3 , yj4 , xi5 , xi6) ∥q
) r3

q

,

that is, ∑
i∈NC3

∑
j∈NC3

vqj a
q
i,j


r3
q

=
∑
i∈NC3

∑
j∈NC3

∥T (xi(C3), yj(C3))∥q


r3
q

.

By Lemma 1.22 applied to the inner sum, we get∑
j∈NC3

∥T (xi(C3), yj(C3))∥q


r3
q

≤ Ar3q,r3

∫
[0,1]|C3|

∥∥∥∥∥ ∑
j1,j2,j4

rj1(t1)rj2(t2)rj4(t4)T (yj1 , xi3 , yj2 , xi5 , yj4 , xi6)

∥∥∥∥∥
r3

dt

= Ar3q,r3

∫
[0,1]|C3|

∥∥∥T (∑ rj1yj1 ,
∑

rj2yj2 , xi3 ,
∑

rj4yj4 , xi5 , xi6

)∥∥∥r3 dt,
where Aq,r3 = (Cq(Y )Kr3,2)

|C3|.
Now we denote by Y (ω) all of the coordinates of C3 involved in the summing with the

Rademacher functions; that is, Y (ω) = (
∑
rj1yj1 ,

∑
rj2yj2 ,

∑
rj4yj4). Therefore we get∑

j∈NC3

∥T (xi(C3), yj(C3))∥q


r3
q

≤ Ar3q,r3

∫
[0,1]|C3|

∥T (xi(C3), Y (ω))∥r3 dt.

Summing over i we get

∑
i∈NC3

∑
j∈NC3

∥T (xi(C3), yj(C3))∥q


r3
q

≤ Ar3q,r3

∫
[0,1]|C3|

∑
i∈NC3

∥T (xi(C3), Y (ω))∥r3 dt.

We note for the first coordinate of Y (ω), using the fact that for Rademacher functions
|rj| ≤ 1 and using Hahn-Banach, we get∥∥∥∥∥∑

j1

rj1yj1

∥∥∥∥∥
X1

= sup
φ∈X′

1

∣∣∣∣∣φ
(∑

j1

rj1yj1

)∣∣∣∣∣ = sup
φ∈X′

1

∣∣∣∣∣∑
j1

rj1φ (yj1)

∣∣∣∣∣
≤ sup

φ∈X′
1

∑
j1

|rj1||φ (yj1) | = sup
φ∈X′

1

∑
j1

|φ (yj1) |

= ∥y(1)∥1,w ≤ 1.
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The same is valid for all coordinates of Y (ω). So now we can use the fact that T is
(r3, p3)-summing in the coordinates of C3 to obtain∑

i∈NC3

∥T (xi(C3), Y (ω))∥r3 ≤
∥∥TC3

∥∥r3
CW (r3,p3)

.

Then ∑
i∈NC3

∑
j∈NC3

∥T (xi(C3), yj(C3))∥q


r3
q

≤ Ar3q,r3
∥∥TC3

∥∥r3
CW (r3,p3)

.

Setting κ = maxk Ak∥TCk∥CW (rk,pk) for k = 1, 2, 3, we may apply Proposition 2.5 which
yields for k ∈ {1, 2, 3}:∑

i∈NCk

∑
j∈NCk

∥T (xi(Ck), xj(Ck))∥q


γk
q


1
γk

≤ κ,

and finally, using Lemma 1.29 for sums, we get

(∑
i∈N6

∥T (xi)∥s
) 1

s

≤
3∏

k=1

∑
i∈NCk

∑
j∈NCk

∥T (xi(Ck), xj(Ck))∥q


γk
q


γk

R(q−γk)

=
3∏

k=1

κ
γk

R(q−γk) = κ
∑3

k=1
γk

R(q−γk) = κ,

so T is multiple (s,q)-summing.

2.3.2 Proofs for Summability Exceeding Cotype

The following technical lemma is a necessary component for proving summability results
in cases where the starting index exceeds the cotype of the target space. It allows us to
bound the global multiple summing norm by the supremum of restricted coordinatewise
norms.

Lemma 2.9 (Bayart’s Lemma 4.2). Let T : X1 × · · · × Xm → Y be an m-linear map,
where Y is a Banach space with cotype q. Let q ∈ [1,+∞)m and C ⊂ {1, . . . ,m} be a
proper subset of coordinates. We define t ∈ [1,+∞)C by tk = qk for all k ∈ C.

Let s, r ∈ [1,+∞) satisfy the following conditions:

1. r ≥ q (The summability exponent is larger than the cotype);

2. s ≥ qk for all k ∈ {1, . . . ,m};

3. The scaling relation:
1

r
=

1

s
+
∑
j∈C

1

q∗j
(2.4)

Then there exists a constant κ > 0 (depending only on Y , r, and q) such that:

πmults,q (T ) ≤ κ sup
{
πmultr,t (TC(z)) : z ∈ XC , ∥z∥ ≤ 1

}
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Proof. Let (xi)i∈Nm be a sequence in X1 × · · · ×Xm such that the weak qk-norm of each
coordinate sequence satisfies ∥x(k)∥qk,w ≤ 1.

We partition the multi-index i ∈ Nm into two parts: j ∈ NC (corresponding to the

controlled coordinates) and k ∈ NC (corresponding to the uncontrolled coordinates). Fix

an index k ∈ NC and define the sequence of vectors yk in the space ℓs(Y ) by varying only
the coordinates in C:

yk =
(
T (xk(C), xj(C))

)
j∈NC

The global multiple summing norm can be expressed as an ℓs-sum of the ℓs-norms of
these sequences: (∑

i∈Nm

∥T (xi)∥s
)1/s

=

∑
k∈NC

∥yk∥sℓs(Y )

1/s

(2.5)

We analyze the operator involved in the summation.

• Since r ≥ q and Y has cotype q, by Theorem 1.16 the sequence space ℓr(Y ) has
cotype max(r, q) = r.

• Consequently, by Theorem 1.15 the identity map id : ℓr(Y ) → ℓr(Y ) is (r, 1)-
summing.

• From the hypothesis, we have 1/s < 1/r, which implies s > r. Thus, the inclusion
map id : ℓr(Y ) → ℓs(Y ) is bounded.

• By the Ideal Property of summing operators, Remark 1.7, the composition id :
ℓr(Y ) → ℓs(Y ) remains (r, 1)-summing.

By the Inclusion Theorem for summing (Theorem 1.8), an (r, 1)-summing map is (s, ρ)-
summing, where ρ is given by:

1

ρ
= 1 − 1

r
+

1

s

Substituting the relation from (2.4), we find:

1

ρ
= 1 −

∑
j∈C

1

q∗j

Applying this inclusion bound to the right-hand side of (2.5), we obtain:∑
k∈NC

∥yk∥sℓs(Y )

1/s

≤ κ sup
φ∈B[ℓr(Y )]′

∑
k∈NC

φ(yk)ρ

1/ρ

Treating the scalars φ(yk) as coefficients, we proceed in two steps. First, Proposition
2.2 guaranties that the ℓρ-sum of these coefficients is bounded by the operator norm of
the associated multilinear form. Second, expressing this operator norm as a supremum
over the product of unit balls, we obtain the existence of test sequences v such that:∑

k∈NC

|φ(yk)|ρ
1/ρ

≤ sup
v∈

∏
j∈C Bℓq∗

j

∣∣∣∣∣∣
∑
k∈NC

vkφ(yk)

∣∣∣∣∣∣
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Substituting this back into our inequality:(∑
i∈Nm

∥T (xi)∥s
)1/s

≤ κ sup
φ∈B[ℓr(Y )]′

sup
v∈

∏
j∈C Bℓ∗qj

∑
k∈NC

vkφ(yk)

We swap the supremums (since the sets for v and φ are independent) and exploit the
linearity of φ and T :

sup
φ

sup
v

∑
k

vkφ(yk) = sup
v

sup
φ
φ

(∑
k

vkyk

)

= sup
v

sup
φ
φ

T
∑

k∈NC

vkxk(C), xj(C)


j∈NC


Let us define the vector zv ∈ XC by the weighted sum:

zv =
∑
k∈NC

vkxk(C)

We must verify that zv lies in the unit ball. The norm on the product space is defined
as the maximum of the coordinate norms. Let us fix an arbitrary coordinate n ∈ C and
check the norm of the n-th component, zv(n) ∈ Xn. By Hahn-Banach, we have:

∥zv(n)∥Xn
= sup

ψ∈BX′
n

ψ(zv(n))

Using the linearity of ψ and the scalar Hölder inequality with conjugate exponents qn
and q∗n:

ψ(zv(n)) = ψ

(∑
k

vk(n)xk(n)

)
=
∑
k

vk(n)ψ(xk(n))

≤

(∑
k

vk(n)q
∗
n

)1/q∗n
(∑

k

ψ(xk(n))qn

)1/qn

The first factor is bounded by ∥v∥ℓq∗n ≤ 1. The second factor is bounded by the weak

qn-norm of the sequence x, which is ∥x∥qn,w ≤ 1 by assumption. Thus:

ψ(zv(n)) ≤ 1 · 1 = 1

Since this holds for any unit functional ψ, we have ∥zv(n)∥ ≤ 1. Since this holds for any
coordinate n, we conclude ∥zv∥ ≤ 1.

Returning to the inequality, the inner supremum over φ is exactly the definition of
the norm in the sequence space ℓr(Y ). Thus:(∑

i∈Nm

∥T (xi)∥s
)1/s

≤ κ sup
v

∥∥∥(T (zv, xj(C)))j

∥∥∥
ℓr(Y )

= κ sup
v

∑
j∈NC

∥T (zv, xj(C))∥r
1/r
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Since the set of constructed vectors {zv} is a subset of the unit ball of XC , we can upper
bound this by taking the supremum over all unit vectors z:(∑

i∈Nm

∥T (xi)∥s
)1/s

≤ κ sup
z∈XC ,∥z∥≤1

∑
j∈NC

∥T (z, xj(C))∥r
1/r

The term inside the supremum is precisely the coordinatewise summing norm of the
restriction TC(z). Therefore, we conclude:

πmults,q (T ) ≤ κ sup
∥z∥≤1

πmultr,t (TC(z))

Our second major result addresses the scenario where the global summability index
s is derived from coordinatewise summability indices that are initially bounded by the
cotype q, but a combined intermediate index γ exceeds q.

Theorem 2.10 (Bayart’s Theorem 2.2). Let m ≥ 2, let {1, . . . ,m} be the disjoint union
of n ≥ 2 non-empty subsets C1, . . . , Cn, let Y be a Banach space with cotype q and let
r1, . . . , rn ∈ [1, q), p1, . . . , pn ∈ [1,+∞). Define

1

γk,J
=

1

rk
−

∑
j /∈J∪{k}

|Cj|
p∗j

×
1 − q

rk
− q|Ck|

p∗k

1 − q
rj
− q|Cj |

p∗j

, k = 1, . . . , n, J ⊂ {1, . . . , n} \ {k}.

Let qj = pk provided j ∈ Ck, j = 1, . . . ,m and q = (q1, . . . , qm). Assume that there exists
J ⊂ {1, . . . , n} such that

1. there exists k0 /∈ J with γk0,J ≥ q;

2. for any k, l ∈ {1, . . . , n} \ J , k ̸= l, γk,J∪{l} ∈ (0, q];

3. for any k, l ∈ {1, . . . , n} \ J , k ̸= l,
|Cl|γk,J∪{l}

p∗l
≤ 1.

We finally set
1

s
=

1

γk0,J
−
∑
j∈J

|Cj|
p∗j

and assume that s > 0. Then all m-linear maps T : X1×· · ·×Xm → Y which are (rk, pk)-
summing in the coordinates of Ck for each k = 1, . . . , n are multiple (s,q)-summing.

Proof. We fix k0 and J satisfying the assumptions of the theorem. Let D =
⋃
j∈J Cj and

let z ∈ BXD . We also set C = D and C ′ = C \ Ck0 .
Consider the map TC(z) restricted to the coordinates in C. Let x(j) = (xi(j))i∈N ⊂

XN
j with ∥x(j)∥qj ,w ≤ 1 for j ∈ C. We set ai = ∥T (xi(C), z)∥ for i ∈ NC .

Let l ∈ {1, . . . , n} \ J with l ̸= k0 and let u ∈ Cl. We consider a sequence v(u) ∈ Bℓp∗
l

and we set y(u) = (vi(u)xi(u))i∈N. By Hölder’s inequality, we get:

sup
φ∈X′

u

∑
i

|φ(yi(u))| = sup
φ∈X′

u

∑
i

|vi(u)φ(xi(u))| ≤ sup
φ∈X′

u

(∑
i

|vi(u)|p∗l
) 1

p∗
l

(∑
i

|φ(xi(u))|pl
) 1

pl

≤ 1.
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Therefore ∥y(u)∥1,w ≤ 1. Writing Ck0 ∩ C = {u1, . . . , up} (the coordinates in C ′), and
picking j ∈ NC′

, we set yj(C
′) = (yj1(u1), . . . , yjp(up)).

We verify the hypothesis of Proposition 2.5 for the index k0. We examine the sum:

∑
i∈NCk0

∑
j∈NC′

vqj a
q
i,j


rk0
q

=
∑

i∈NCk0

∑
j∈NC′

∥T (xi(Ck0), yj(C
′), z)∥q


rk0
q

.

By Defant’s lemma (Lemma 1.22) applied to the inner sum, we obtain:∑
j∈NC′

∥T (xi(Ck0), yj(C
′), z)∥q


rk0
q

≤ A
rk0
q,rk0

∫
[0,1]|C′|

∥∥∥∥∥∥
∑
j∈NC′

rj(t)T (xi(Ck0), yj(C
′), z)

∥∥∥∥∥∥
rk0

dt,

where Aq,rk0 = (Cq(Y )Krk0 ,2
)|C

′|. Let Y (ω) denote the coordinates of C ′ involved in the
summing with the Rademacher functions.

Summing over i, we get:

∑
i∈NCk0

∑
j∈NC′

vqj a
q
i,j


rk0
q

≤ A
rk0
q,rk0

∫
[0,1]|C′|

∑
i∈NCk0

∥T (xi(Ck0), Y (ω), z)∥rk0dt.

As shown in previous proofs, for each coordinate of Y (ω), using the fact that |rj(t)| ≤ 1
and the Hahn-Banach theorem, we have ∥Y (ω)∥1,w ≤ ∥y∥1,w ≤ 1. Since T is (rk0 , pk0)-
summing in the coordinates of Ck0 , this yields:∑

i∈NCk0

∥T (xi(Ck0), Y (ω), z)∥rk0 ≤ ∥TCk0∥rk0CW (rk0 ,pk0 )
.

Thus, the sum is bounded by a constant κrk0 (independent of z).
We may now apply Proposition 2.5 to the map TC(z), which yields: ∑

i∈NCk0

∑
j∈NC′

∥T (xi(Ck0), xj(C
′), z)∥q


γk0,J

q


1

γk0,J

≤ κ.

Since γk0,J ≥ q by assumption, by the monotonicity of norms (∥ · ∥γk0,J ≤ ∥ · ∥q), we have:(∑
i∈NC

∥T (xi(C), z)∥γk0,J
) 1

γk0,J

≤ κ.

This implies that TC(z) is multiple (γk0,J , t)-summing uniformly in z. We apply
Lemma 2.9 to T with r = γk0,J . We set s such that:

1

s
=

1

γk0,J
−
∑
j∈D

1

q∗j
=

1

γk0,J
−
∑
j∈J

|Cj|
p∗j

.

Since s > 0, Lemma 2.9 implies that T is multiple (s,q)-summing.
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Our third and final general result handles the case where at least one coordinatewise
summability index rk is already greater than or equal to the cotype q.

Theorem 2.11 (Bayart’s Theorem 2.3). Let m ≥ 2, let {1, . . . ,m} be the disjoint union
of n ≥ 2 non-empty subsets C1, . . . , Cn, let Y be a Banach space with cotype q and let
r1, . . . , rn ∈ [1,+∞), p1, . . . , pn ∈ [1,+∞). Assume that there exists k ∈ {1, . . . , n} such
that rk ≥ q. We set

1

s
=

1

rk
−
∑
j ̸=k

|Cj|
p∗j

and assume that s > 0. Then all m-linear maps T : X1×· · ·×Xm → Y which are (rk, pk)-
summing in the coordinates of Ck for each k = 1, . . . , n are multiple (s,q)-summing where
q is defined by qj = pk for j ∈ Ck, j = 1, . . . ,m.

Proof. We fix k such that rk ≥ q. Let C = Ck and D = Ck =
⋃
j ̸=k Cj. Let z ∈ BXD .

Let x(j) = (xi(j))i∈N ⊂ XN
j with ∥x(j)∥pk,w ≤ 1 for j ∈ C. We set ai = ∥T (xi(C), z)∥

for i ∈ NC . Since T is (rk, pk)-summing in the coordinates of Ck, we have directly:(∑
i∈NC

∥T (xi(C), z)∥rk
)1/rk

≤ ∥TCk(z)∥CW (rk,pk).

Therefore,
sup{πmultrk,t

(TC(z)); ∥z∥XD ≤ 1} ≤ ∥TCk∥CW (rk,pk),

where t represents the vector of weak indices restricted to C (all equal to pk).
Since rk ≥ q, we can directly apply Lemma 2.9 with r = rk. The summation index s

is given by:
1

s
=

1

rk
−
∑
j∈D

1

q∗j
=

1

rk
−
∑
j ̸=k

|Cj|
p∗j

.

The assumptions of Lemma 2.9 are satisfied (r ≥ q and s > 0), thus T is multiple
(s,q)-summing.

2.4 Corollaries

The statements of Theorems 2.7, 2.10, and 2.11 may appear complex due to their high
level of generality. However, when applied to particular cases, they simplify significantly
and recover several known statements.

We begin by examining the case where pk = 1 for all k ∈ {1, . . . , n}. This recovers the
main result of Popa and Sinnamon, which was itself an improved version of a theorem by
Defant, Popa, and Schwarting.

Corollary 2.12 (Bayart’s Corollary 2.4). Let m ≥ 2, and let {1, . . . ,m} be the disjoint
union of n ≥ 2 non-empty open subsets C1, . . . , Cn. Let Y be a Banach space with cotype
q and r1, . . . , rn ∈ [1, q). Set:

R =
n∑
k=1

rk
q − rk

, s =
qR

1 +R

Then all m-linear maps T : X1 × · · · × Xm → Y which are (rk, 1)-summing in the
coordinates of Ck for each k are multiple (s, 1)-summing.
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Proof. We apply Theorem 2.7. We assume pk = 1 for all k ∈ {1, . . . , n}. This implies
that the conjugate exponent is p∗k = ∞, so 1

p∗k
= 0.

The formula for γk in Theorem 2.7 is:

1

γk
=

1

rk
−
∑
j ̸=k

|Cj|
p∗j

×

1 − q
rk

− q|Ck|
p∗k

1 − q
rj
− q|Cj |

p∗j


Since 1

p∗j
= 0 for all j, the entire summation term vanishes. Thus:

1

γk
=

1

rk
=⇒ γk = rk

Substituting γk = rk into the definition of R from Theorem 2.7:

R =
n∑
k=1

γk
q − γk

=
n∑
k=1

rk
q − rk

Theorem 2.7 concludes that T is multiple (s,q)-summing (where q = (1, . . . , 1) because
pk = 1) with:

s =
qR

1 +R

This gives us the desired result.

Remark 2.13 (Bayart’s Remark 2.5). Observe that there is no restriction to assume
rk < q. Any multilinear map with values in a cotype q space is always multiple (q, 1)-
summing.

Proof. 1. Since the map T is separately linear in each coordinate, it is separately
(q, 1)-summing. Thus, we can set rk = q and pk = 1.

2. Since rk = q ≥ q, we apply Theorem 2.11. The formula for s is:

1

s
=

1

rk
−
∑
j ̸=k

|Cj|
p∗j

With pj = 1, we have 1
p∗j

= 0.

1

s
=

1

rk
− 0 =

1

q
=⇒ s = q

Our second, perhaps more appealing, corollary arises when we start from an (rk, pk)-
separately summing map (meaning |Ck| = 1 for all k) with a constant difference 1

rk
− 1

pk
=

θ ∈ (−∞, 0]. In view of the linear inclusion theorem, this assumption is natural and causes
all the complex quotients in the general theorems to equal 1.

Corollary 2.14 (Bayart’s Corollary 2.6). Let T : X1×· · ·×Xm → Y with Y a cotype q
space and p ∈ [1,∞)m. Assume T is (rk, pk)-summing in the k-th coordinate and there
exists θ < 0 such that 1

rk
− 1

pk
= θ for all k. Set:

1

γ
= 1 + θ −

m∑
k=1

1

p∗k
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1. If γ ∈ (0, q), T is multiple (s,p)-summing with 1
s

= m−1
mq

+ 1
γm

.

2. If γ ≥ q, T is multiple (γ,p)-summing.

Proof. Here, |Ck| = 1 for all k.
Case 1: γ ∈ (0, q). We apply Theorem 2.7. First, we calculate γk. Because θ is

constant, the fraction in Theorem 2.7 simplifies to 1.

1

γk
=

1

rk
−
∑
j ̸=k

1

p∗j

=

(
1

rk
− 1

p∗k

)
+

1

p∗k
−
∑
j ̸=k

1

p∗j

Using 1
rk

= θ + 1
pk

= θ + 1 − 1
p∗k

:

1

γk
= 1 + θ −

m∑
j=1

1

p∗j
=

1

γ

Thus γk = γ for all k. Now we calculate R:

R =
m∑
k=1

γ

q − γ
=

mγ

q − γ

Finally, we calculate s = qR
1+R

:

1

s
=

1 +R

qR
=

1 + mγ
q−γ

mqγ
q−γ

=
q − γ +mγ

mqγ
=
q + (m− 1)γ

mqγ
=

1

mγ
+
m− 1

mq

This matches the conclusion of (1).
Case 2: γ ≥ q. We assume rk < q (if rk ≥ q, we use Theorem 2.11 directly to get

s = γ). We use Theorem 2.10 . We must show that there exists a set J satisfying the
strict conditions of the theorem. We choose a maximal set J such that there exists k0 /∈ J
with γk0,J ≥ q. Such a set exists:

• When J = ∅, we get γ1,∅ = γ. By the assumption of this case, γ ≥ q.

• When J = {1, . . . , n} \ {k}, then it becomes γk,{1,...,n}\{k} = rk. By assumption in
this subcase, rk < q.

Since we start at a value ≥ q and end at a value < q, there must exist a specific step
where the value is still ≥ q (satisfying Condition 1 of Theorem 2.10), but adding any
other element l forces the value to drop below q.

Because J is maximal, for any l /∈ J , we must have γk,J∪{l} < q (satisfying Condition

2). Crucially, we must also verify Condition 3 of Theorem 2.10:
|Cl|γk,J∪{l}

p∗l
≤ 1, which is

equivalent to 1
γk,J∪{l}

≥ 1
p∗l

. We verify this with the following inequality chain:

1

γk,J∪{l}
=

1

γk,J
+

1

p∗l
≥ 1

γ
+

1

p∗l
≥ 1

p∗l
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The first inequality holds because 1
γk,J

≥ 1
γ

(as adding indices only increases the inverse

value), and the second holds because 1
γ
> 0. Thus, all conditions of Theorem 2.10 are

met.
Theorem 2.10 gives the formula for s:

1

s
=

1

γk0,J
−
∑
j∈J

1

p∗j

Recall from our derivation that adding an index to J removes it from the subtraction in
the γ definition, adding its value:

1

γk0,J
=

1

γ
+
∑
j∈J

1

p∗j

Substituting this back into the formula for s:

1

s
=

(
1

γ
+
∑
j∈J

1

p∗j

)
−
∑
j∈J

1

p∗j
=

1

γ

Thus s = γ.

We now have the necessary tools to formally prove the generalized ”readable sum-
mary” that was stated as a main result in the Introduction. This theorem establishes
the multiple summability of a map based on a uniform shift in its separate summability
indices.

Theorem 2.15 (Bayart’s Theorem 1.1). Let T : X1 × · · · ×Xm → Y be m-linear with Y
a cotype q space. Assume T is separately (r, p)-summing and let t ≥ p.

1. If 1
r

+ 1
p∗

− m
t∗
> 1

q
, then T is multiple (s, t)-summing with:

1

s
=
m− 1

mq
+

1

mr
+

1

mp∗
− 1

t∗

2. If 0 < 1
r

+ 1
p∗

− m
t∗
≤ 1

q
, then T is multiple (s, t)-summing with:

1

s
=

1

r
+

1

p∗
− m

t∗

Proof. If t = p, then the conclusion follows directly from Corollary 2.14 with rk = r and
pk = p for all k.

If t > p, the inclusion theorem for linear maps implies T is separately (ρ, t)-summing
with:

1

ρ
=

1

r
+

1

t
− 1

p

We apply Corollary 2.14 with parameters (ρ, t). We first compute the value of γ used in
that corollary:

1

γ
= 1 +

(
1

ρ
− 1

t

)
−

m∑
k=1

1

t∗
= 1 +

(
1

r
− 1

p

)
− m

t∗
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Using 1 − 1
p

= 1
p∗

:
1

γ
=

1

r
+

1

p∗
− m

t∗

Case 1: If 1
r

+ 1
p∗

− m
t∗
> 1

q
, then 1

γ
> 1

q
, so γ < q. Corollary 2.14 gives:

1

s
=
m− 1

mq
+

1

mγ
=
m− 1

mq
+

1

m

(
1

r
+

1

p∗
− m

t∗

)
This simplifies to the first formula of the theorem.

Case 2: If 1
r

+ 1
p∗

− m
t∗
≤ 1

q
, then γ ≥ q. Corollary 2.14 gives s = γ.

1

s
=

1

γ
=

1

r
+

1

p∗
− m

t∗

This simplifies to the second formula of the theorem.

Finally, by restricting our target space to the complex scalars Y = C, which have
cotype q = 2, we recover the multilinear Hardy-Littlewood inequalities, given by Verónica
Dimant and Pablo Sevilla-Peris in[19] and by Tarcicio Praciano-Pereira in [42] (Theorem
1.27):

Corollary 2.16 (Bayart’s Corollary 2.7). Let T : X1 × · · · ×Xm → C be m-linear and
p ∈ [1,∞)m. Set:

1

γ
= 1 −

m∑
k=1

1

p∗k

1. If γ ∈ (0, 2), T is multiple (s,p)-summing with 1
s

= m−1
2m

+ 1
mγ

.

2. If γ ≥ 2, T is multiple (γ,p)-summing.

Proof. The target space is C, which has cotype q = 2. Any bounded linear form u : X →
C is (p, p)-summing for any p ≥ 1.

Recall the definition of a (p, p)-summing operator u:(∑
i

∥u(xi)∥p
)1/p

≤ C sup
φ∈BX′

(∑
i

|φ(xi)|p
)1/p

For a linear form, u acts as a functional. Thus, we can choose ϕ = u/∥u∥ in the supremum
on the right side.

(∑
|u(xi)|p

)1/p
= ∥u∥

(∑∣∣∣∣u(xi)

∥u∥

∣∣∣∣p)1/p

≤ ∥u∥ sup
φ∈BX′

(∑
|φ(xi)|p

)1/p
So u is always (p, p)-summing.

Since T is (pk, pk)-summing in each coordinate:

• rk = pk

• θ = 1
rk

− 1
pk

= 0
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We calculate γ using Corollary 2.14 with θ = 0:

1

γ
= 1 + 0 −

m∑
k=1

1

p∗k
= 1 −

m∑
k=1

1

p∗k

Since q = 2, we substitute q = 2 into the results of Corollary 2.14:

1. If γ ∈ (0, 2): 1
s

= m−1
2m

+ 1
mγ

.

2. If γ ≥ 2: s = γ.

2.5 The Inclusion Theorems

We conclude this chapter with a fundamental multilinear inclusion theorem. While the
classical linear inclusion theorem (Theorem 1.8) details how summability indices shift for
linear maps, the multilinear scenario behaves differently. Earlier, in Theorem 1.40, we
saw an initial approach to this index-shifting derived via the regularity principle.

The following result by Bayart improves upon Theorem 1.40, establishing a sharper
relationship for how an (r,p)-multiple summing map behaves when the weak summability
indices pk are increased to qk, producing a corresponding shift in the global index r to s.
It is worth noting, however, that the application of the regularity principle continued to
yield powerful results: independently, a more general Inclusion Theorem than Bayart’s
was eventually established by Albuquerque and Rezende in [5].

Theorem 2.17 (Multilinear Inclusion Theorem, Bayart’s Theorem 1.2). Let T : X1 ×
· · · × Xm → Y be an m-linear map. Let r, s ∈ [1,+∞) and p,q ∈ [1,+∞)m. Assume
that:

1. T is multiple (r,p)-summing;

2. qk ≥ pk for all k = 1, . . . ,m;

3. The following strict inequality holds:

1

r
−

m∑
j=1

1

pj
+

m∑
j=1

1

qj
> 0.

Then T is multiple (s,q)-summing, with s defined by:

1

s
−

m∑
j=1

1

qj
=

1

r
−

m∑
j=1

1

pj
.

Proof. Let x ∈
∏m

k=1Bℓwqk
(Xk). We introduce an auxiliary scalar sequence u ∈

∏m
k=1Bℓθk

,

where the exponents θk are defined by 1
θk

= 1
pk
− 1

qk
. (Note that θk ∈ (0,∞] since qk ≥ pk).

We first prove that the coordinate-wise product ux = (u(k)x(k))k belongs to the weak
space ℓwpk(Xk). Fix a coordinate k and let φ ∈ X∗

k with ∥φ∥ ≤ 1. We estimate the pk-sum
of the scalar sequence φ(ui(k)xi(k)):

∞∑
i=1

|φ(ui(k)xi(k))|pk =
∞∑
i=1

|ui(k)|pk |φ(xi(k))|pk .
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We apply the standard Hölder’s inequality with conjugate exponents C = θk
pk

and B = qk
pk

. Observe that these are valid conjugate indices because:

1

C
+

1

B
=
pk
θk

+
pk
qk

= pk

(
1

θk
+

1

qk

)
= pk

(
1

pk

)
= 1.

Applying this to the sum:

∞∑
i=1

|φ(ui(k)xi(k))|pk ≤

(
∞∑
i=1

(|ui(k)|pk)C

)1/C

·

(
∞∑
i=1

(|φ(xi(k))|pk)B

)1/B

=

(
∞∑
i=1

|ui(k)|θk
)pk/θk

·

(
∞∑
i=1

|φ(xi(k))|qk
)pk/qk

= ∥u(k)∥pkθk · ∥φ(x(k))∥pkqk .

Taking the pk-th root, and taking the supremum over ∥φ∥ ≤ 1, we obtain:

∥u(k)x(k)∥pk,w ≤ ∥u(k)∥θk∥x(k)∥qk,w ≤ 1.

Thus, ux ∈
∏m

k=1Bℓwpk
(Xk).

Since T is multiple (r,p)-summing, we apply its definition to the sequence ux:(∑
i∈Nm

∥T (uixi)∥r
)1/r

≤ πmultr,p (T ).

Factoring out the scalars |ui|r, we write this as a bound on a multilinear form. Let
vi = |ui|r. Since u(k) ∈ ℓθk , the sequence v(k) is in ℓθk/r. We define the form A on∏m

k=1 ℓθk/r by:

A(v) =
∑
i∈Nm

vi∥T (xi)∥r.

The inequality above shows that A is bounded.
We apply Proposition 2.2, which states that for a bounded non-negative form, the

coefficients are summable with exponent ρ defined by 1
ρ

= 1 −
∑m

k=1
r
θk

.(∑
i∈Nm

(∥T (xi)∥r)ρ
)1/ρ

≤ ∥A∥.

Setting s = rρ, we compute the index:

1

s
=

1

r

(
1 − r

m∑
j=1

(
1

pj
− 1

qj

))
=

1

r
−

m∑
j=1

1

pj
+

m∑
j=1

1

qj
.

This yields the desired result: 1
s
−
∑m

j=1
1
qj

= 1
r
−
∑m

j=1
1
pj

.
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2.6 Chapter Summary

In this chapter, we have successfully constructed a comprehensive framework for multiple
summability. By initiating our analysis with the Maurey-Schep factorization and the
abstract Hardy-Littlewood method, we developed the tools necessary to bridge the gap
between coordinatewise summability and global multiple summability bounds. Theorems
2.7, 2.10, and 2.11 establish these relations across all potential parameter ranges, whether
bounded by, or exceeding, the cotype of the target space.

Furthermore, we demonstrated the efficacy of these general results by deriving several
highly applicable corollaries, including a unified statement for index shifting (Theorem
2.15) and generalized Hardy-Littlewood inequalities (Corollary 2.16). We will now exam-
ine the optimality of some of these results and some applications in harmonic analysis.
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Chapter 3

Applications and Optimality

3.1 Applications to Harmonic Analysis

Up to this point, we have focused on the abstract math behind multiple summing op-
erators. Now, we will look at a concrete application in harmonic analysis: the study of
p-Sidon sets. Classical Sidon sets are special, “thin” sets of frequencies that guarantee
Fourier series converge nicely. In his work on fractional dimensions [11], Ron Blei gener-
alized this idea by introducing p-Sidon sets (where p ∈ [1, 2)). These sets give us a way to
measure different levels of “thinness.” They aren’t as restrictive as classical Sidon sets,
but they still force harmonic series to behave well.

A major question in this area is what happens when we take the Cartesian product of
several p-Sidon sets. Although at first glance this doesn’t seem related to what we have
done so far, we will see how it all connects nicely.

3.1.1 Preliminaries: Compact Abelian Groups

The following definitions and properties are standard harmonic analysis. For a detailed
exposition, we refer the reader to the classical texts by Rudin [44, Chapter 1].

Definition 3.1 (Compact Abelian Group). Let G be an abelian group equipped with a
topology such that the group operations (addition and inversion) are continuous. G is
called compact if it is compact as a topological space.

Key properties of these groups include:

• Haar Measure: Since G is compact, there exists a unique translation-invariant
probability measure dx (normalized so that

∫
G

1dx = 1). This allows us to define
standard Lp(G) spaces.

• Dual Group (Γ): The set of continuous characters γ : G → T forms a discrete
abelian group.

• Fourier Transform: For f ∈ L1(G), the transform is given by f̂(γ) =
∫
G
f(x)γ(x)dx.

3.1.2 Definitions of Harmonic Sets

The study of these harmonic sets has a rich history. As detailed by Blei [11, Definition
40], a natural extension of the classical Sidon set is the p-Sidon set, which relaxes the
absolute summability requirement of the Fourier coefficients.
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Definition 3.2 (p-Sidon Set). A subset Λ ⊂ Γ is called a p-Sidon set (1 ≤ p < 2)
if there exists a constant κ > 0 such that for every trigonometric polynomial f with
spectrum supported on Λ: ∥∥∥f̂∥∥∥

ℓp
≤ κ ∥f∥∞

A classical result of Edwards and Ross [20] and Johnson and Woodward [25] establishes
that the product of two 1-Sidon sets (respectively, m 1-Sidon sets) is a 4/3-Sidon set
(respectively, a 2m/(m + 1)-Sidon set). To generalize this to the product of arbitrary
p-Sidon sets, we require an extra assumption.

Definition 3.3 (Λ(p)-Set). A subset Λ ⊂ Γ is called a Λ(p)-set (p ≥ 1) if for one
q ∈ [1, p) (equivalently, for all q ∈ [1, p)), there exists a constant C > 0 such that for
every polynomial f with spectrum supported on Λ:

∥f∥Lp(G) ≤ C ∥f∥Lq(G)

While it is a standard result that every 1-Sidon set is automatically a Λ(p)-set for
any p ≥ 1 [Theorem5.7.7][44], it remains an open question whether arbitrary p-Sidon sets
possess the Λ(2) property. Consequently, we must explicitly impose this Λ(2) condition
to establish our product theorems. Note: Our proofs will frequently exploit the stabil-
ity of Λ(2)-sets under Cartesian products, a feature guaranteed by Minkowski’s integral
inequality.

Fortunately, we can bypass this supplementary hypothesis by shifting our focus to p-
Rider sets. First introduced by L. Rodŕıguez-Piazza [43], this alternative generalization
of 1-Sidon sets allows us to achieve parallel product results without imposing any extra
structural demands. [43].

Definition 3.4 (p-Rider Set). Let (rγ(t))γ∈Γ be a sequence of independent Rademacher
functions on [0, 1]. A subset Λ ⊂ Γ is called a p-Rider set (1 ≤ p < 2) if there exists a
constant κ > 0 such that for every polynomial f with spectrum supported on Λ:∥∥∥f̂∥∥∥

ℓp
≤ κ[f ]

where [f ] denotes the Rider Norm defined by:

[f ] :=

∫ 1

0

∥∥∥∥∥∑
γ∈Λ

rγ(t)f̂(γ)γ

∥∥∥∥∥
∞

dt

The terminology comes from Rider’s theorem, which asserts that 1-Sidon sets and 1-
Rider sets coincide. It was proven that a p-Sidon set is always a p-Rider set (see Lefèvre
and Rodŕıguez-Piazza [27]), but the converse is an open question.

Working with p-Rider sets presents some advantages over p-Sidon sets, primarily
because the Rider norm [·] is unconditional. Because of this unconditionality, p-Rider sets
are closed under finite unions, whereas the same cannot be definitively said for p-Sidon
sets. We will see that this behavior also applies to Cartesian products. Consequently, we
can establish our product theorems without needing to impose the supplementary Λ(2)
condition.

To effectively work with the Rider norm and the Rademacher functions it relies upon,
we will use the following powerful probabilistic tool found in [18, Section 12.2].
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Theorem 3.5 (Contraction Principle for Rademacher Functions). Let 1 ≤ p < ∞. Let
(xi)

n
i=1 be vectors in a Banach space X. For any choice of scalars a1, . . . , an ∈ R, the

following inequality holds:(∫ 1

0

∥∥∥∥∥
n∑
i=1

airi(t)xi

∥∥∥∥∥
p

dt

)1/p

≤
(

max
1≤i≤n

|ai|
)
·

(∫ 1

0

∥∥∥∥∥
n∑
i=1

ri(t)xi

∥∥∥∥∥
p

dt

)1/p

.

In our multilinear harmonic setting, we will utilize a specific consequence of this
principle:

Lemma 3.6 (Double Integral Contraction Principle). Let (xi) be vectors in a Banach
space. Let (ri(t)) and (r′i(s)) be two independent sequences of Rademacher functions
defined on [0, 1]. Then:∫ 1

0

∫ 1

0

∥∥∥∥∥∑
i

ri(t)r
′
i(s)xi

∥∥∥∥∥ dsdt ≤
∫ 1

0

∥∥∥∥∥∑
i

ri(t)xi

∥∥∥∥∥ dt
Interpretation: Adding extra independent random signs does not increase the average

norm.

Proof. We aim to show that if (ri(t)) and (r′i(s)) are two independent sequences of
Rademacher functions, then:∫ 1

0

∫ 1

0

∥∥∥∥∥
n∑
i=1

ri(t)r
′
i(s)xi

∥∥∥∥∥
p

ds dt ≤
∫ 1

0

∥∥∥∥∥
n∑
i=1

ri(t)xi

∥∥∥∥∥
p

dt.

Fix s ∈ [0, 1]. We apply the Contraction Principle (Theorem 3.5) with the specific scalar
choice ai = r′i(s). Since Rademacher functions take values in {−1, 1}, we have:

|ai| = |r′i(s)| = 1 =⇒ max
1≤i≤n

|ai| = 1.

Substituting these scalars into Theorem 3.5 yields the following inequality:∫ 1

0

∥∥∥∥∥
n∑
i=1

r′i(s)ri(t)xi

∥∥∥∥∥
p

dt ≤ 1 ·
∫ 1

0

∥∥∥∥∥
n∑
i=1

ri(t)xi

∥∥∥∥∥
p

dt.

Next, we integrate both sides with respect to s over [0, 1]. Observe that because the
right-hand side does not depend on s, we obtain:∫ 1

0

(∫ 1

0

∥∥∥∥∥
n∑
i=1

r′i(s)ri(t)xi

∥∥∥∥∥
p

dt

)
ds ≤

∫ 1

0

(∫ 1

0

∥∥∥∥∥
n∑
i=1

ri(t)xi

∥∥∥∥∥
p

dt

)
ds

=

∫ 1

0

∥∥∥∥∥
n∑
i=1

ri(t)xi

∥∥∥∥∥
p

dt.

69



3.2 Products of p-Sidon and p-Rider Sets

Equipped with the definitions of our harmonic sets and the requisite probabilistic tools,
we can now state and prove the primary harmonic applications of our abstract multiple
summability framework.

Theorem 3.7 (Bayart’s Theorem 1.3). Let G1, . . . , Gm (m ≥ 2) be compact abelian
groups. For each j, let Λj ⊂ Γj be a pj-Sidon set and a Λ(2)-set. Then the product set
Λ = Λ1 × · · · × Λm is a p-Sidon set in the product group, where:

1

p
=

1

2
+

1

2R
, with R =

m∑
k=1

pk
2 − pk

Proof. Let f(x) =
∑

l∈Nm alγl(x) be a polynomial on the product group G . We define
the multi-index l = (l1, . . . , lm).

We fix k ∈ {1, . . . ,m} . We split the multi-index l into i ∈ NCk (indices for Gk) and

j ∈ NCk (indices for the remaining groups) .

f(gk, g
′) =

∑
i∈NCk

∑
j∈NCk

ai,jγj(g
′)

 γi(gk)

The set of indices j corresponds to a Λ(2)-set . By Plancherel’s identity, this implies
the ℓ2 norm of the coefficients is controlled by the Lpk norm (since pk < 2) . For a fixed
i ∈ NCk : ∑

j∈NCk

|ai,j|2
1/2

≤ C

∥∥∥∥∥∥
∑
j∈NCk

ai,jγj(·)

∥∥∥∥∥∥
Lpk (Grest)

Raising to the power pk:∑
j∈NCk

|ai,j|2
pk/2

≤ Cpk

∫
Grest

∣∣∣∣∣∣
∑
j∈NCk

ai,jγj(g
′)

∣∣∣∣∣∣
pk

dg′

Summing over i:

∑
i∈NCk

∑
j∈NCk

|ai,j|2
pk/2

≤ Cpk

∫
Grest

∑
i∈NCk

∣∣∣∣∣∣
∑
j∈NCk

ai,jγj(g
′)

∣∣∣∣∣∣
pk

dg′

The inner sum (for fixed g′) is a function on Gk with coefficients Ai =
∑

j∈NCk
ai,jγj(g

′).
Since Λk is pk-Sidon: ∑

i∈NCk

|Ai|pk ≤ κpk ∥f(·, g′)∥pk∞,Gk
≤ κpk ∥f∥pk∞

This yields the mixed norm estimate for every k:∑
i∈NCk

∑
j∈NCk

|ai,j|2
pk/2


1/pk

≤ C ′ ∥f∥∞
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We now apply the product formula from the Summing Lemma (Lemma 1.29) with
q = 2, rk = pk, and bound K = C ′ ∥f∥∞.

(∑
l∈Nm

|al|p
)1/p

≤
m∏
k=1


∑

i∈NCk

∑
j∈NCk

|ai,j|2
pk/2


1/pk


pk
R(2−pk)

≤
m∏
k=1

[C ′ ∥f∥∞]
pk

R(2−pk)

= (C ′ ∥f∥∞)
∑m

k=1
pk

R(2−pk)

We simplify the exponent:

m∑
k=1

pk
R(2 − pk)

=
1

R

m∑
k=1

pk
2 − pk

=
1

R
·R = 1

Thus: (∑
l∈Nm

|al|p
)1/p

≤ C ′ ∥f∥∞

This proves Λ is a p-Sidon set.

Theorem 3.8 (Bayart’s Theorem 6.1). Let G1, . . . , Gm (m ≥ 2) be compact abelian
groups. For each j, let Λj ⊂ Γj be a pj-Rider set. Then the product set Λ = Λ1×· · ·×Λm

is a p-Rider set, where:

1

p
=

1

2
+

1

2R
, with R =

m∑
k=1

pk
2 − pk

Proof. Let f =
∑

l∈Nm alγl be a polynomial . Let [f ] be the Rider norm.

We fix k. Split indices into i ∈ NCk and j ∈ NCk . We consider the term
(∑

j∈NCk
|ai,j|2

)pk/2
.

We introduce a variable t1 ∈ [0, 1]. Since |ai,j| = |ai,jri,j(t1)|, we write:

∑
i∈NCk

∑
j∈NCk

|ai,j|2
pk/2

=
∑
i∈NCk

∑
j∈NCk

|ai,jri,j(t1)|2
pk/2

We apply Defant’s Lemma (Lemma 1.22) to the inner sum over j. We introduce
independent Rademacher functions rj(t2) to handle the ℓ2 sum.∑

j∈NCk

|ai,jri,j(t1)|2
pk/2

≤ K1

∫ 1

0

∣∣∣∣∣∣
∑
j∈NCk

ai,jri,j(t1)rj(t2)

∣∣∣∣∣∣
pk

dt2

Summing over i and swapping the integral:

∑
i∈NCk

∑
j∈NCk

|ai,jri,j(t1)|2
pk/2

≤ K1

∫ 1

0

∑
i∈NCk

∣∣∣∣∣∣
∑
j∈NCk

ai,jri,j(t1)rj(t2)

∣∣∣∣∣∣
pk
 dt2
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Since Λk is pk-Rider, we bound the sum over i by the integral of the randomized
polynomial, introducing ri(t3).

∑
i∈NCk

∣∣∣∣∣∣
∑
j∈NCk

ai,jri,j(t1)rj(t2)

∣∣∣∣∣∣
pk

≤ C

∫ 1

0

sup
g∈Gk

∣∣∣∣∣∣
∑
i∈NCk

∑
j∈NCk

ai,jri,j(t1)rj(t2)

 ri(t3)γi(g)

∣∣∣∣∣∣
pk

dt3

Thus: ∑
i∈NCk

∑
j∈NCk

|ai,jri,j(t1)|2
pk/2

≤ K2

∫ 1

0

∫ 1

0

sup
g∈Gk

∣∣∣∣∣∑
i,j

ai,jri,j(t1)rj(t2)ri(t3)γi(g)

∣∣∣∣∣
pk

dt2dt3

We integrate with respect to t1 to match the Rider norm definition:

∑
i∈NCk

∑
j∈NCk

|ai,jri,j(t1)|2
pk/2

≤ K

∫ 1

0

∫ 1

0

∫ 1

0

sup
g∈Gk

∣∣∣∣∣∑
i,j

ai,jri,j(t1)rj(t2)ri(t3)γi(g)

∣∣∣∣∣
pk

dt3dt2dt1

Using the Contraction Principle 3.5, we remove the variables t2 and t3:

∑
i∈NCk

∑
j∈NCk

|ai,jri,j(t1)|2
pk/2

≤ κ

∫ 1

0

sup
g∈Gk

∣∣∣∣∣∑
i,j

ai,jri,j(t1)γi(g)

∣∣∣∣∣
pk

dt1

We use Kahane’s inequality (Theorem 1.12) to pull the exponent pk outside the inte-
gral: ∑

i∈NCk

∑
j∈NCk

|ai,jri,j(t1)|2
pk/2

≤ κ

(∫ 1

0

sup
g∈Gk

∥∥∥∥∥∑
i,j

ai,jri,j(t1)γl(g)

∥∥∥∥∥ dt1
)pk

Since |ai,j| = |ai,jri,j(t1)|, we obtain:

∑
i∈NCk

 ∑
j∈NCk

|aij|2
pk/2

≤ κpk [f ]pk

72



Taking the 1/pk-th root of both sides, we arrive at an inequality that aligns perfectly
with the hypothesis of the discrete Summing Lemma (Lemma 1.29):∑

i∈NCk

 ∑
j∈NCk

|aij|2
pk/2


1/pk

≤ κ[f ]

We can now apply Lemma 1.29 by identifying the inner sum exponent as q = 2,
the outer sum exponent as rk = pk, and the uniform bound as K = κ[f ]. The lemma
guarantees that the global p-norm is bounded by this same constant K:(∑

l∈Nm

|al|p
)1/p

≤ κ[f ]

where the global exponent p is determined by the relation:

1

p
=

1

q
+

1

qR
=

1

2
+

1

2R

with the parameter R defined as:

R =
m∑
k=1

rk
q − rk

=
m∑
k=1

pk
2 − pk

Recognizing that the left-hand side of our global bound is exactly the ℓp norm of the

Fourier coefficients, we conclude that ∥f̂∥ℓp ≤ κ[f ], proving that the product set Λ is a
p-Rider set.

3.3 Optimality of the General Theorems

Before proving the optimality of our main results, we formalize a known result that is
proved partly in [3] and partly in [19] regarding the exact multiple summability index
of specific composed maps. This theorem will serve as the foundation for our counter-
examples.

Theorem 3.9 (Dimant–Sevilla-Peris & Albuquerque et al.). Let T = Iu,2 ◦ A, where A
is an m-linear map from ℓp∗ ×· · ·× ℓp∗ to ℓu and Iu,2 : ℓu → ℓ2 is the canonical inclusion.
The optimal multiple summability index ρ for such maps is given by two cases:

• Case A: If 0 < m
p∗
< 1

u
− 1

2
:

1

ρ
=

1

2
+

1

m

(
1

u
− 1

2
− m

p∗

)

• Case B: If 1
u
− 1

2
≤ m

p∗
< 1

u
:

1

ρ
=

1

u
− m

p∗
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The theorem below assumes 1
r
≥ 1

p
− 1

2
. This is not an arbitrary restriction. Since the

target space is ℓ2 (which has cotype 2) by 1.15, any linear map into ℓ2 is automatically
(2, 1)-summing. By the Inclusion Theorem 1.8, this implies the map is (r, p)-summing
whenever 1

r
− 1

p
≤ 1

2
− 1 = −1

2
. Thus, we only analyze parameters outside this range.

Theorem 3.10 (Bayart’s Theorem 7.1). Let p ∈ [1, 2], r ≥ p satisfying 1
r
≥ 1

p
− 1

2
, and

m ≥ 1. Let s be the optimal index such that every m-linear map T : X1 × · · · ×Xm → ℓ2
which is separately (r, p)-summing is multiple (s, p)-summing. Then s satisfies:

• Case 1: If 1
r
− m−1

p∗
> 1

2
:

1

s
=
m− 1

2m
+

1

mr
− m− 1

mp∗

• Case 2: If 0 < 1
r
− m−1

p∗
≤ 1

2
:

1

s
=

1

r
− m− 1

p∗

Proof. We construct a counter-example to show these values cannot be improved. Let
T = Iu,2◦A where A is a bounded m-linear map into ℓu and Iu,2 : ℓu → ℓ2 is the inclusion.
We select the space ℓu such that Iu,2 satisfies the hypothesis of being separately (r, p)-
summing exactly on the boundary.

First, we determine when the inclusion map is (r, p)-summing using Theorem 1.9.
We apply the theorem to the map Iu,2 with the following parameter correspondence: the
domain index p = u, the target index q = 2, and the summability index s = p. The
resulting summing index is r.

Substituting q = 2 into the first term of the maximum condition in Theorem 1.9, we
observe a simplification:

2u(2)p

2(2)p− 2up+ 2u(2) − u(2)p
=

4up

4p+ 4u− 4up
=

up

p+ u− up
.

This is identical to the second term of the maximum, up
u+p−up . Therefore, the condition

for Iu,2 to be absolutely (r, p)-summing reduces to a single inequality:

r ≥ up

u+ p− up
.

Inverting this expression gives:

1

r
≤ u+ p− up

up
=

1

p
+

1

u
− 1.

Rearranging to solve for the critical value of 1/u, and recalling that 1− 1
p

= 1
p∗

, we obtain:

1

u
=

1

r
− 1

p
+ 1 =

1

r
+

1

p∗
.

This relationship allows us to select the parameter u to test the sharpness of our results.

74



Assume the parameters satisfy the condition for Case B of Theorem 3.9: 1
u
− 1

2
≤ m

p∗
.

Using the formula for Case B:
1

s
=

1

u
− m

p∗
.

Substituting 1
u

= 1
r

+ 1
p∗

:

1

s
=

(
1

r
+

1

p∗

)
− m

p∗
=

1

r
− m− 1

p∗
.

This matches the statement of Case 2 exactly.
Assume the parameters satisfy the condition for Case A of Theorem 3.9: 1

u
− 1

2
> m

p∗
.

Using the formula for Case A:

1

s
=

1

2
+

1

m

(
1

u
− 1

2
− m

p∗

)
.

Substituting 1
u

= 1
r

+ 1
p∗

:

1

s
=

1

2
+

1

m

(
1

r
+

1

p∗
− 1

2
− m

p∗

)
=

1

2
+

1

mr
+

1

mp∗
− 1

2m
− 1

p∗

=

(
1

2
− 1

2m

)
+

1

mr
+

(
1

mp∗
− 1

p∗

)
=
m− 1

2m
+

1

mr
+

1 −m

mp∗

=
m− 1

2m
+

1

mr
− m− 1

mp∗
.

This matches the statement of Case 1 exactly. Thus, the general theorem cannot provide
a smaller s than this specific map permits.

3.3.1 Optimality of the Inclusion Theorem

We now prove that the general Multilinear Inclusion Theorem (Theorem 2.17) is sharp.

Theorem 3.11 (Bayart’s Theorem 7.2). Let r ≥ 2 and set p = 2r
r+1

. There exists a
bilinear form T : ℓ2 × ℓ2 → C which is (r, p)-summing, and such that for every s ≥ 2 and
q ≥ p, T is multiple (s, q)-summing if and only if:

1

s
− 2

q
≤ 1

r
− 2

p
.

Proof. Let T be the standard inner product on ℓ2:

T (x, y) =
∞∑
k=1

xkyk.

We must show T is multiple (r, p)-summing. We use Corollary 2.16, which states a
map is (γ, p)-summing where 1

γ
= 1 −

∑m
k=1

1
p∗k

. Here m = 2 and p1 = p2 = p. First, find

1/p∗:
1

p∗
= 1 − 1

p
= 1 − r + 1

2r
=

2r − r − 1

2r
=
r − 1

2r
.
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Now calculate γ:

1

γ
= 1 − 2

(
1

p∗

)
= 1 − 2

(
r − 1

2r

)
= 1 −

(
1 − 1

r

)
=

1

r
.

Thus γ = r. Since r ≥ 2, Corollary 2.16 confirms that T is multiple (r, p)-summing.
Assume now that T is multiple (s, q)-summing. We test this condition against the

finite sequence of basis vectors e = (e1, e2, . . . , en) in ℓ2.
The condition for multiple summability requires:(

n∑
i,j=1

|T (ei, ej)|s
)1/s

≤ C · wq(e) · wq(e).

Since T is the inner product defined by T (ei, ej) = δij, the double sum collapses to a
single sum of n terms, each equal to 1:(

n∑
i,j=1

|δij|s
)1/s

= (n · 1s)1/s = n1/s.

We need to evaluate the weak q-norm of the sequence e in ℓ2.

wq(e) = sup
ϕ∈B(ℓ2)

′

(
n∑
i=1

|ϕ(ei)|q
)1/q

.

where B(ℓ2)′ denotes the unit ball of the dual space.
Since (ℓ2)

′ ∼= ℓ2, maximizing over functionals in the dual unit ball is equivalent to
maximizing over vectors z in the unit ball of ℓ2:

wq(e) = sup
∥z∥2≤1

(
n∑
i=1

|z · ei|q
)1/q

= sup
∥z∥2≤1

(
n∑
i=1

|zi|q
)1/q

.

We are looking for the vector z = (z1, . . . , zn) with ∥z∥2 ≤ 1 that maximizes the ℓq
norm (

∑
|zi|q)1/q. Since we are interested in the case where optimality might fail, we

consider 1 ≤ q ≤ 2.
We choose the diagonal vector given by:

z =
(
n−1/2, n−1/2, . . . , n−1/2, 0, 0, . . .

)
.

We calculate the ℓ2 norm to ensure z is a valid test vector (i.e., it lies in the unit ball):

∥z∥2 =

(
n∑
i=1

|n−1/2|2
)1/2

=

(
n∑
i=1

1

n

)1/2

=

(
n · 1

n

)1/2

=
√

1 = 1.

Substituting the coordinates zi = n−1/2 into the weak norm formula:

wq(e) =

(
n∑
i=1

|n−1/2|q
)1/q

=

(
n∑
i=1

n−q/2

)1/q

=
(
n · n−q/2)1/q

=
(
n1−q/2)1/q

= n
1
q
− 1

2 .
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Substituting these results back into the summability inequality:

n1/s ≤ C ·
(
n

1
q
− 1

2

)
·
(
n

1
q
− 1

2

)
= C · n

2
q
−1.

For this to hold as n→ ∞, we must have 1
s
≤ 2

q
− 1.

Recall our definition of p. Let us evaluate 1
r
− 2

p
:

1

r
− 2

p
=

1

r
− 2

(
r + 1

2r

)
=

1

r
−
(

1 +
1

r

)
= −1.

Thus, the condition derived from the counter-example (≤ −1) is exactly:

1

s
− 2

q
≤ 1

r
− 2

p
.

This proves the theorem is sharp.

3.4 Optimality for the Product of p-Sidon Sets

We are now in a position to prove that Theorem 3.7 is sharp. To avoid cumbersome
notation, we restrict ourselves to the product of two sets. We work on the group Ω =
{−1, 1}N equipped with the usual probability measure P and its dual group Γ that consists
of the set of Walsh functions [11, Chapter VII]. We can also see the n-th Rademacher
function rn(ω) as the coordinate projection [11, Definition 4]:

rn(ω) = ωn ∈ {−1, 1} for ω ∈ Ω

Definition 3.12 (Walsh Functions). A Walsh function is a finite product of Rademacher
functions. For a finite set A ⊂ N:

wA(ω) =
∏
n∈A

rn(ω)

In particular, w∅ = 1.

They satisfy the following orthogonality property: For any two finite sets A,B ⊂ N:∫
Ω

wAwB dP =

{
1 if A = B

0 if A ̸= B

We will make use of the following known interpolation result,which can be found in
Folland [21] as propostion 6.10.

Lemma 3.13 (Log-Convexity of Lp Norms). Let (X,µ) be a measure space and let f
be a measurable function. For any exponents 1 ≤ p < r < q ≤ ∞, the Lr norm of f is
bounded by the interpolation of the Lp and Lq norms:

∥f∥r ≤ ∥f∥1−θp ∥f∥θq

where the parameter θ ∈ (0, 1) is determined by the relation:

1

r
=

1 − θ

p
+
θ

q
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We will also need a characterization of p-Sidon sets given in Blei [11, Theorem VII.41].

Lemma 3.14 (Blei’s Characterization). Let Λ ⊂ Γ and assume that Λ is p-Sidon. Then
there exists κ > 0 such that, for any polynomial f supported on Λ, for any s ≥ 1,

∥f∥Ls

√
s∥f̂∥ 2p

3p−2

≤ κ.

We now prove the optimality of Theorem 3.7.

Theorem 3.15 (Bayart’s Theorem 7.3). Let Ω = {−1, 1}N, let Γ be its dual group, and
let p1, p2 be rational numbers in [1, 2). There exist two subsets Λ1,Λ2 of Γ which are
respectively p1-Sidon and p2-Sidon, such that their direct product Λ1 × Λ2 is not p-Sidon
for:

1

p
>

1

2
+

1

2R
where R =

p1
2 − p1

+
p2

2 − p2
.

Proof. We start by defining the parameters for the first group. Let p1 = 2m1

m1+k1
. Let

S1
1 , . . . , S

1
n1

be subsets of {1, . . . ,m1}, each having cardinality k1. Let E1
1 , . . . , E

1
n1

be
infinite subsets of the Rademacher system. We enumerate each set E1

l for l ∈ {1, . . . , n1}
using indices in Nk1 :

E1
l = {γ1l,j : j ∈ Nk1}.

Define ΠS1
l

as the projection from {1, . . . ,m1} onto S1
l . We consider the first set of Walsh

functions given by
Λ1 = {γ11,Π

S1
1
j · · · γ1n1,ΠS1

n1
j : j ∈ Nm1}.

It is shown in [11, p. 465] that Λ1 is p1-Sidon.

Similarly, we define the parameters for the second group. Let p2 = 2m2

m2+k2
. Let

S2
1 , . . . , S

2
n2

be subsets of {1, . . . ,m2}, each having cardinality k2. Let E2
1 , . . . , E

2
n2

be
infinite subsets of the Rademacher system (disjoint from those of the first group). We
enumerate each set E2

l for l ∈ {1, . . . , n2} using indices in Nk2 :

E2
l = {γ2l,j : j ∈ Nk2}.

Define ΠS2
l

as the projection from {1, . . . ,m2} onto S2
l . We consider the second set of

Walsh functions given by

Λ2 = {γ21,Π
S2
1
j · · · γ2n2,ΠS2

n2
j : j ∈ Nm2}.

As before, Λ2 is p2-Sidon.

We shall prove that the direct product Λ1 × Λ2 is not p-Sidon for

1

p
>

1

2
+

1

2R
where R =

p1
2 − p1

+
p2

2 − p2
,

namely
1

p
>
m1k1 +m2k1 + k1k2

2(m1k1 +m2k2)
.
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To do this, we consider N a large integer and set N1 = Nk2 and N2 = Nk1 so that
Nk1

1 = Nk2
2 . We then define

fN =
∑

j∈{1,...,N1}m1

k∈{1,...,N2}m2

[
γ11,Π

S1
1
j · · · γ1n1,ΠS1

n1
j

]
·
[
γ21,Π

S2
1
k · · · γ2n2,ΠS2

n2
k

]

which is a polynomial supported on Λ1 × Λ2, and the Riesz product

RN =

 n1∏
l=1

∏
j∈{1,...,N1}k1

(1 + γ1l,j)

×

 n2∏
l=1

∏
k∈{1,...,N2}k2

(1 + γ2l,k)


For RN we calculate

∥RN∥1 =

∫
Ω×Ω

∏
(1 + γ) = 1 +

∑∫
Ω×Ω

(distinct characters)

Since the integral of any non-trivial character is 0 by orthogonality of Walsh functions,
only the constant term survives.

∥RN∥1 = 1

We calculate ∥RN∥22 =
∫
Ω×Ω

R2
N . Squaring the product means squaring each factor:

(1 + γ)2 = 1 + 2γ + γ2 = 1 + 2γ + 1 = 2(1 + γ)

Thus:
R2
N =

∏
2(1 + γ) = 2Total Factors

∏
(1 + γ) = 2MRN

Integrating this: ∫
Ω×Ω

R2
N = 2M

∫
Ω×Ω

RN = 2M · 1 = 2M

The total number of factors M is the sum of the number of factors:

M = n1 +Nk1
1 + n2 +Nk2

2 = n1 + n2 + 2Nk1k2

Taking the square root gives the L2 norm:

∥RN∥2 = 2M/2 = 2
n1+n2+2Nk1k2

2

We can now apply log-convexity with p = 1, q = 2 to estimate the norm at s∗. The
exponent is θ = 2/s.

∥RN∥s∗ ≤ (∥RN∥1)1−2/s(∥RN∥2)2/s = 1 · (2M/2)2/s = 2M/s

∥RN∥s∗ ≤ 2
n1+n2+2Nk1k2

s

On the other hand, by the very definition of RN , RN = fN +QN where the spectrum
of QN is disjoint from that of fN . Hence,∫

Ω×Ω

RNfN =

∫
Ω×Ω

f 2
N .
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By the construction of fN , it consists of products of one variable of Λ1 and one of Λ2,
so by orthogonality we get∫

Ω×Ω

RNfN =

∫
Ω×Ω

f 2
N =

∑
j,k

12 = Nm1
1 Nm2

2 = Nm1k2+m2k1 .

Now, observe that Hölder’s inequality also yields∣∣∣∣∫
Ω×Ω

RNfN

∣∣∣∣ ≤ ∥RN∥s∗∥fN∥s ≤ 2
n1+n2+2Nk1k2

s ∥fN∥s.

Therefore, we get
Nm1k2+m2k1

2
n1+n2+2Nk1k2

s

≤ ∥fN∥s.

By choosing s as Nk1k2 , the denominator gives

2
n1+n2

Nk1k2 · 22.

As N → ∞, this stays bounded, so

cNm1k2+m2k1 ≤ ∥fN∥s.

In order to apply Lemma 3.14, we compute ∥f̂N∥ 2p
3p−2

, because the coefficients of fN

are all 1, and we already found the number of coefficients before, which is Nm1
1 Nm2

2 :

∥f̂N∥ 2p
3p−2

= (Nm1
1 Nm2

2 )
3p−2
2p = N (m1k2+m2k1)

3p−2
2p .

If Λ1 × Λ2 is p-Sidon, then Lemma 3.14 tells us:

cN (m1k2+m2k1)
2−p
2p

− k1k2
2 ≤ ∥fN∥Ls

√
s∥f̂N∥ 2p

3p−2

≤ κ.

For the ratio to stay bounded as N → ∞, the total exponent of N must be ≤ 0:

(m1k2 +m2k1) −
k1k2

2
− (m1k2 +m2k1)

3p− 2

2p
≤ 0

Simplifying using 1 − 3p−2
2p

= 1
p
− 1

2
:

(m1k2 +m2k1)

(
1

p
− 1

2

)
≤ k1k2

2

Dividing by k1k2 and because R = m1

k1
+ m2

k2
:

1

p
≤ 1

2
+

1

2R
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3.5 Chapter Summary

In this chapter, we demonstrated the concrete reach of the abstract coordinatewise
summability framework by applying it to harmonic analysis and establishing the sharp-
ness of the main theorems developed in Chapter 2. Focusing on compact abelian groups,
we investigated the behavior of p-Sidon and p-Rider sets under Cartesian products. By
combining the discrete Summing Lemma with Plancherel’s identity for Λ(2)-sets, we
proved in Theorem 3.7 that the direct product of pk-Sidon sets (which are also Λ(2)-sets)
forms a p-Sidon set with index governed by 1

p
= 1

2
+ 1

2R
. Furthermore, by leveraging the

unconditionality of the Rider norm alongside Kahane’s inequality and the Contraction
Principle, Theorem 3.8 established the analogous product result for p-Rider sets without
requiring any supplementary Λ(2) hypothesis.

In the second half of the chapter, we proved that the exponents and inclusion relations
obtained throughout this thesis are strictly optimal. By composing multilinear maps with
canonical inclusions Iu,2 : ℓu → ℓ2 and utilizing the generalized Bennett-Carl inequalities,
Theorem 3.10 confirmed the sharpness of the global multiple summability bounds for
separately (r, p)-summing operators. Similarly, Theorem 3.11 employed the standard
inner product on ℓ2 to demonstrate that the index-shifting relation in the Multilinear
Inclusion Theorem (Theorem 2.17) cannot be improved. Finally, working on the Cantor
group Ω = {−1, 1}N with Walsh characters and Riesz products, Theorem 3.15 proved
that the product index for p-Sidon sets is sharp.
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Mathematica, 28 (1967), pp. 333–353.

[41] D. Popa and G. Sinnamon, Blei’s inequality and coordinatewise multiple summing
operators, Publications de l’Institut Mathématique, 93 (2013), pp. 33–41.
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