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Title in English

A view toward the geometry of normalizing sequences in finitely semi-graded algebras

Titulo en espainol

Una mirada hacia la geometria de las sucesiones normalizadoras en algebras finitamente
semigraduadas

Abstract: In this work, we see the behavior of normalizing sequence in semi-graded al-
gebras. First, we define regular sequence and the Koszul complex in commutative case.
Using the variety of maximal ideals a geometry is reached between the sub-varieties and
regular sequences in graded algebras. Then, we turn to non-commutative case. The nor-
malizing sequence is defined and we see that it appears related to the height of an ideal.
Then we see that the normalizing sequence appears in graded skew Clifford algebras. Also,
we define the right point modules and the zero locus. With these definitions, we consider
the relation between the zero locus with the normalizing sequences in graded algebras.
We present the context of finitely semi-graded algebras and geometry of normalizing se-
quence in this case. Thus, we define the concept of finitely semi-graded ring and finitely
semi-graded algebra. We note that skew PBW extension are finitely semi-graded rings.
Also, we see the appearance of normalizing sequence in a type of semi-graded algebra.
For this, we consider the theory of the universal enveloping algebra of a Lie algebra. We
define a completely solvable algebra, a ring of fractions and we arrive at some properties
in which the normalizing sequence appears. Finally, we see how point modules can be
parameterized with a certain scheme in the case of graded algebras. With the help of this,
we get to the main purpose of this work, which is to see the geometry of the normalizing
sequences in certain finitely semi-graded algebras. Here, we find a geometry of the normal-
izing sequences in graded skew PBW extensions (Theorem 2.3.33). Then, a way is left to
continue investigating the geometry of normalizing sequences in more general semi-graded
objects.

Resumen: En este trabajo vemos el comportamiento de la sucesiéon normalizadora en
algebras semi-graduadas. Primero, definimos la sucesién regular y el complejo de Koszul
en el caso conmutativo. Usando la variedad de ideales maximos, llegamos a una geometria
entre las subvariedades y las sucesiones regulares en dlgebras graduadas. Luego, pasamos
al caso no conmutativo. Definimos la sucesién normalizadora y vemos que estd relacionada
con la altura de un ideal. Luego, vemos que la sucesiéon normalizadora aparece en alge-
bras de Clifford torcidas graduadas. Ademads, definimos los médulos punto derechos y el
zero locus. Con estas definiciones, vemos la relacion entre el zero locus con las sucesiones
normalizadoras en algebras graduadas. Presentamos el contexto de algebras finitamente
semi-graduadas y la geometria de la sucesién normalizadora en este caso. Asi, definimos
el concepto de anillo finitamente semi-graduado y dlgebra finitamente semi-graduada. Ve-
mos que las extensiones PBW torcidas son anillos finitamente semi-graduados. También,
vemos la aparicién de la sucesién normalizadoras en un tipo de algebra semi-graduada.
Para esto, consideramos la teoria del algebra envolvente universal de un algebra de Lie.
Definimos un algebra completamente solucionable, un anillo de fracciones y llegamos a
algunas propiedades en las que aparece la sucesién normalizadora. Finalmente, vemos



como los moédulos de puntos pueden parametrizarse con un cierto esquema en el caso de
algebras graduadas. Con la ayuda de esto, llegamos al objetivo principal de este trabajo,
que es ver la geometria de las sucesiones normalizadoras en ciertas algebras finitamente
semi-graduadas. Aqui, encontramos una geometria de las sucesiones normalizadoras en
las extensiones PBW torcidas graduadas (Teorema 2.3.33). Luego, se deja una via para
continuar investigando las geometria de las sucesiones normalizadoras en objetos semi-
graduados mas generales.

Keywords: Normalizing sequence, semi-graded algebra, regular sequence, sheaf, scheme,
point module.

Palabras clave: Sucesién normalizadora, dlgebra semigraduada, sucesién regular, haz,
esquema, médulo punto.



Dedication

Dedicated to my mom, Viviana, who has always made me strong.



Acknowledgments

This work has been very important for me, because it has made me enter into very
interesting and wide-ranging topics. This has been a very satisfying trip for me. For this
reason, I would like to give my special appreciation to my thesis director, Armando Reyes,
who has continued to teach me a lot about the topics we are discussing in this work.
Besides being my teacher, he is also a dear friend to me.

My grandmother Odilia, my grandfather Samuel, my mother Viviana and my sister
Nicole have been absolutely fundamental in this work. They may not have helped me
with issues related to this work, but they have helped me to strengthen myself, to move
forward when I once wanted to give up, to be a person with correct ethical values.

My friends have also been a fundamental piece in my career. Thanks to Jorge, I have
been with a student environment of the best, besides being like my brother. Thanks to
Camila, I have been able to count on a childhood friend for all situations of everyday
life, besides being like my sister. Thanks to Camilo and Ximena, I have been able to
understand the value of perseverance and continuity. Thanks to Ricardo, I have been able
to understand the value of responsibility and compliance.

After so many years, my girlfriend Daniela has taught me many things about life, love,
friendship, among other things. With her I have learned not to give up, to learn what
self-esteem and mutual effort means. Without her constant presence in my life, I doubt 1
could have reached where I am now.

Finally, there have been professors who have marked me in my career as a mathe-
matician. Therefore, I would like to emphasize Professor Oswaldo Lezama, who thanks to
his way of teaching algebra, managed to awaken in me (and I know that in many other
people) the love for mathematics.



Contents

Contents
Introduction

1. Normalizing and regular sequences
1.1 Regular sequences in commutative algebra . . ... ...... ... .. ... . ...
1.2 Normalizing sequences in non-commutative algebra . . ... .............

1.3 The geometry of normalizing sequences . .........................

2. Normalizing sequences in semi-graded algebras
2.1 Semi-graded algebras . .. ...... .. ...
2.2 Universal enveloping algebra of a Lie algebra .. ......... ... ... ...
2.3 Point modules and schemes in graded algebras ... ..................

2.4 Point modules in semi-graded algebras . .. ....... ... .. . Lo L.

A. Homological properties and category theory
A.1 Some properties of ideals and modules . . .. ....... ... ... ... . .....
A.2 General homological elements .. ................ .. ... ... ......
A.2.1 Complex and resolutions. . . ......... ... ... ... ... . ...
A2.2 DImMensions . .. ... ...ttt
A.2.3 Some important properties of homological algebra . ............

A.3 General elements of category theory . ... ... ... .. ... ... .. ... .. ..
B. Some important algebras
C. Algebraic geometry

Conclusions

III

19

25
25
34
42
60

63
63
68
68
71
76
78

82

91

100



CONTENTS

11

Future work

101



Introduction

The main purpose of this work is to see the geometry behind normalizing sequences in
finitely semi-graded algebras. In other words, we want to generalize the geometry found
in graded case, as can be seen in [CV14]. In the commutative case, the normalizing se-
quences do not have any gain as in the non-commutative case. However, a concept closely
related to normalizing sequences is the notion of regular sequence. In this context, there
is a geometry behind these sequences in commutative case, as Futorny showed in [FOO05].

Artin, Tate and Van den Bergh wanted to relate a certain type of graded algebra,
namely the regular algebras of dimension 3, to automorphisms of elliptic curves. In

[ATVdABO7], p. 44, they denoted by T' = K(xg,...,z,) the free associative K-algebra
on generators xo, ...,x, of degree 1, and V = T} the dual space of T7. A homogeneous
element f € Ty = 1] @ of degree d defines a linear map f Ve @V =V® Lk This
form may be Vlewed as a section of the sheaf O(1,1,...,1) = prl(’)p( )®---@priOp(1), on

the product PP x - - - X P of d copies of the projective space PP of lines in V' (or hyperplanes in
Ty). This product is denoted by (P)?. Since f is multilinear and hence multihomogeneous,
its zeros define a locus in (P)?. Let A = T/I be a graded quotient ring of T and let Iq
be the space of multilinear forms f such that f € I;. 'y denotes the scheme of zeros of I,
in the product (P)?, where I, is the space of multilinear forms f . This scheme is precisely
a subset of d copies of projective plane P. Then, with the definition of truncated point
module of length d 4+ 1, we have that there is a one-to-one correspondence between
points (p1,...,pq) € I'q and truncated point modules of length d + 1. The main part of
the parameterization is when the inverse limit of the sets I'y, called T, is taken. The points
of I' are in one-to-one correspondence with the module points.

Twelve years later, Shelton and Vancliff in [SV02] retook the parameterization made by
Artin, Tate and Van den Bergh, but they go beyond that, because the idea is to parameter-
ize modules called d-linear modules. This is a generalization of Artin’s parameterization,
because in the case when d = 0, the 0-linear modules are the point modules. In [SV02],
Section 1, it was defined a truncated d-linear module of length r. Then, it was considered
a functor Fy, from K-algebras to sets. With this, it was introduced the Grassmannian
scheme of n-dimensional subspaces of a finite-dimensional K-vector space W, denoted by
G (W); also it was defined the scheme of subspaces of W of codimension n, denoted by
G"™(W). Now, it was considered the following product of schemes: for each r € N and for

11
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,
each d € {0,1,...,d}, let 7, (V,d) = HGC(dH’d)((V*)@i), where C(d + i, d) denotes the
i=1

binomial coefficient (d;i). Shelton and Vancliff built, using all previous constructions, a
scheme called €2,.(A, d) which represents the functor Fy,; of isomorphism classes of trun-
cated d-linear modules of length r + 1. At the same way as Artin, they take a projective
limit of sets €,(A,d), denoted by Qs (A,d). [SV02], Corollary 1.5 tells us that the set
of closed points of Q4 (A, d) is in one-to-one correspondence with the set of isomorphism
classes of d-linear A-modules.

Until now, it had worked with graded rings and graded algebras, both in Artin, Tate
and Van den Bergh [ATVdBO07] and Shelton and Vancliff [SV02]. However, Lezama and
Latorre in [LL17] introduced the concept of point module for semi-graded rings. The differ-
ence between graded rings and semi-graded rings is that, in the first case, B, By, C By, n,
while in the second case B, B, € By ® --- ® By, . As we can see, the concept of graded
is more particular than that of semi-graded. The profit that is obtained is that we can
locate algebras that are not graded in the context of semigraduation (examples of this fact
are shown in Chapter 2). With this new definition, in [Lez20] it was introduced a concept
of point module in finitely semi-graded rings and the collection of isomorphism classes of
point modules for that algebra is defined, called P(B), where B is a finitely semi-graded
ring. Then, a scheme is defined ([Lez20], Section 2) that, later, parameterizes the class of
isomorphisms of point modules. We focus on these details in Chapter 2.

This work is organized into two chapters and three appendices. Chapter 1 is divided
into three sections. In Section 1.1, it is defined regular sequence and the Koszul com-
plex in commutative case. Using the variety of maximal ideals, denoted by Specm, a
geometry is reached between the sub-varieties of Specm and regular sequences in graded
algebras ([FOO05], Corollary 3.5). In Section 1.2, we turn to non-commutative case. The
normalizing sequence is defined and we see that it appears related to the height of
an ideal ([MRSO01], Theorem 4.1.13). Then we see that the normalizing sequence appears
in graded skew Clifford algebras. Finally, in Section 1.3, we define the right point
modules and the zero locus. With these definitions, we see the relation between the
zero locus (geometric object) with the normalizing sequences (algebraic object) in graded
algebras ([CV14], Corollary 11).

Attempting to generalize the geometry of normalizing sequences in graded context of
Chapter 1, in Chapter 2, we present the context of finitely semi-graded algebras and geom-
etry of normalizing sequence in this case. Chapter 2 is divided into 3 sections. In Section
2.1, we define the concept of finitely semi-graded ring and finitely semi-graded al-
gebra. We see that skew PBW extensions are finitely semi-graded rings. Examples
of semi-graded algebras that are not graded, of skew PBW extensions that are finitely
semi-graded algebras, and of finitely graded algebras that are not skew PBW extensions,
are exposed. In Section 2.2, we see the appearance of normalizing sequence in a type
of semi-graded algebra. For this, we consider to the theory of the universal enveloping
algebra of a Lie algebra. We define a completely solvable algebra, a ring of fractions
and we arrive at some properties in which the normalizing sequence appears. In Section
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2.3, we see how point modules can be parameterized with a certain scheme in the case of
graded algebras. Also, we see some properties about Gelfand-Kirillov dimension that
help us to find a geometry in graded skew PBW extensions. Finally, in Section 2.4
we find a scheme that allows us to parameterize point modules of certain semi-graded
algebras. With the help of this, we get to the main purpose of this work, which is to see
how can we find a geometry of the normalizing sequences in certain finitely semi-graded
algebras. We find a geometry of the normalizing sequences in graded skew PBW exten-
sions (Theorem 2.3.33). Then, a way is left to continue investigating the geometry of
normalizing sequences in more general semi-graded objects.

During these two chapters the details of certain results and examples that are omitted
in the literature are completed. This is said as this work progresses.

In carrying out this work, there were many important concepts that were used from
homological algebra, category theory, and algebraic geometry. Likewise, many algebras
were named as examples throughout the chapters. Therefore, there are three appendices
that complement the knowledge of the topics mentioned above.

Appendix A is divided into three sections. In Section A.1, we see the most important
notions of ideals and modules, such as being Noetherian, being maximal, being mini-
mal, among others. In Section A.2, we define all the most important homological algebra
concepts during this work. First, complexes and resolutions are defined. Then, all the
dimensions used are defined. And finally, we define some of the fundamental properties
for the proof of certain propositions and theorems during this work. In Section A.3, we
define the basic concepts of category theory and the properties that we were used.

Throughout this work, many types of algebras were named as examples of certain
properties. In Appendix B, these algebras are explicitly defined.

In Appendix C, we remember notions of algebraic geometry. Concepts like the affine
plane and the projective plane are defined in this part, along with their most important
properties. The fundamental concepts of presheaf, sheaf and scheme are also defined
here along with important examples and notions about these geometric objects.

Finally, after the appendices, certain topics are left that it can be seen as future research
works in relation to what has been worked on here.



Notation

N The set of natural numbers

4 The set of integers

Q The set of rational numbers

R The set of real numbers

C The set of complex numbers

K An algebraically closed field with char(K) =0
Ker(f) Kernel of the function f

Im(f) Image of the function f

A/C The set {aC' | a € A}

S The subset of invertible elements of the ring S

A Affine space

P Projective space

Ch The set of homogeneous elements of degree n in a graded algebra C
dimg (B) Dimension of B as K-vectorial space

M, (K) Square matrices of size n with entries in K

(M);j Entry of a matrix M in the position i, j
K[z1,...,2,] | Ring of polynomials in n variables on K

% Dual space of V', where V is a vectorial space

@ A; Direct sum of all A;,i € 1

i€l

® A; Tensor product of all A;,¢ € I

i€l

T(V) Tensor algebra of a vector space V

A An affine K-algebra

SpecmA The variety of all maximal ideals of A

V(I) The subset of SpecmA, which is all zeroes of an ideal I of A
V(fi,...,fs) | Denoted the same V(I), when I = (fi,...,fs) CA

VI




CHAPTER 1

Normalizing and regular sequences

It is important to consider what happens in the commutative case to see the differences
and similarities that it has in the non-commutative case. Although the central concept
of this work is normalizing sequence, we are going to see another type of sequence that
is closely linked to the normalizing sequence. Thus, in this chapter we see the definition
of regular sequence in commutative algebra. Next, we see the normalizing sequence and
regular sequence in non-commutative algebra, more specifically, in the context of Clifford
algebras. Then we come to a section that talks about the geometry of these sequences.

1.1 Regular sequences in commutative algebra

In this section we see the behavior of regular sequences in commutative algebra. Moreover,
we see relation between the variety of all maximal ideals of certain algebra with a regular
sequence of the same algebra. Regular sequences are important since there is a connection
between these and normalizing sequences in non-commutative algebra (Section 1.2).

Throughout this section, by dim we denote the dimension of vector spaces and algebraic
varieties.

Definition 1.1.1 ([GP12], Definition 7.6.1) Let A be a ring and M an A-module. The
set {ai,...,an} C A is called a regular sequence with respect to M, or, in short, an
M-sequence if,

(i) a; is not a zerodivisor for M/(a1,...,a;_1)M, for i =1,...,n.

(11) M 7'5 <a1,...,ai,1>M.

The next example and remark are presented in [GP12], p. 411 without details. How-
ever, details are included below.
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Example 1.1.2 ([GP12], p.411) Let a1 = z(y — 1),a2 = y,a3 = z(y — 1) € K[z, y, 2].
Then {a1,az2,a3} is a K[z, y, z]-sequence. Indeed, z(y — 1) is regular in K[z, y, z|, because
K[z, y, z] is an integral domain. Now, consider K[z, y, z]/(x(y — 1)). If yp = 0, for p €
K[z,y, 2], then yp = qz(y — 1), for some ¢ € K[z,y,z]. We have that ¢ = yq’, for
some ¢ € Klz,y,z] and p = ¢x(y — 1). Sop = ¢xz(y—1) = 0. Then ay is regular
in K[z,y,z]/(z(y — 1)). Finally, consider K[z, vy, z]/{z(y — 1),y). We have § = 0 and
xy—1) =a2y—xz = -2 =0,s07 =0. If 2(y—1)p = 0, for p € K[z,y, 2], then
z(y—1)p = qz(y—1)+ry for some q,r € K[z, vy, z]. We have that ¢ = z¢’ and r = z(y—1)r’
for some ¢/, € K[z,y,2]. Then, p = ¢z + 7'y and p = ¢ +r'y = ¢ + 'y = 0. So,
z(y — 1) is regular in K[z, y, z|/(z(y — 1),y). With this, we can see that {a1,az2,a3} is a
regular sequence with respect to K[z, y, z].

Remark 1.1.3 ([GP12], Remark 7.6.2) The permutation of a regular sequence need not be
a regular sequence. If we consider Example 1.1.2, we saw that {a1, a2, a3} is a Kz, y, z]-
sequence, but the sequence {ai,as,as} is not regular. Indeed, a; = z(y — 1) is reg-
ular in Klz,y, 2] for the same reason shown in the previous example. Now, consider
Klz,y, z]/{x(y — 1)). In this case T # 0 and we have that z(y — 1)z = zz(y—1) =
zz(y — 1) = 0. So, z(y — 1) is not regular in K[z, y, z]/(z(y — 1)), and then {a1, a3, as} is
not a regular sequence with respect to K[z, y, z].

With the following definition, we can define a relation between ring ideals and regular
sequences.

Definition 1.1.4 ([GP12], Definition 7.6.4) Let A be a ring, I C A an ideal and M an
A-module. If M # IM, then the maximal length n of an M-sequence {a1,...,a,} € I is
called the I-depth of M and denoted by depth(I, M). If M = IM then the I-depth of M
is by convention co. If (A, m) is a local ring, then the m-depth of M is simply called the
depth of M, that is, depth(M) := depth(m, M).

Example 1.1.5 (|[GP12], Example 7.6.5 (2)) Let A be a ring, I C A an ideal and M an
A-module. Then the I-depth of M is 0 if and only if every element of I is a zerodivisor for

M. Hence, depth(I, M) = 0 if and only if I is contained in some associated prime ideal of
M.

In particular, for a local ring (A, m), we have depth(m, A/m) = 0.

In the case that we take a finitely generated ideal, we can ask ourselves when the
set of its generators is a regular sequence on a module. For this, we have the following
proposition that gives us an answer to this question.

Proposition 1.1.6 ([GP12], Corollary 7.6.12) Let A be a Noetherian ring (Definition
A1.21), I ={f1,..., fn) anideal of A and M a finitely generated A-module. Assume that
M # IM. The following holds:
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(i) {f1,..., fn} is an M-sequence if and only if depth(I, M) = n.

(ii) Let J C A be an ideal and {f1,..., fn} an M-sequence in J, then

depth(J, M/(f1,..., fn)M) = depth(J, M) — n.

The details of the following example are not shown in [GP12]. Nevertheless , we include
every detail explicitly.

Example 1.1.7 (|[GP12], Example 7.6.13) Let A be K[z, ...,z,]. Consider {z1,...,z,}.
This sequence is an A-sequence. Indeed, x; is regular in A because A is an integral do-
main. Let x;, A/{xy,...,m;1), for 2 <i<n,and p e A/(x1,...,z;_1). HxT;p =0, we
have that x;p = rz1 + - +ri—1wi—1, r; € A, for all 1 < j <7 — 1. With this equality,
we can see that 7; = x;7, v € A, for all 1 < j <4 —1. Then, p=rjz1 + - +7]_171.

Thus, p = i1 +---+r}_jxi—1 = 0. Thereby, z; is regular in A/(x1,...,z;—1), for all
2 < ¢ < n. With this we show that {zi,...,z,} is an A-sequence.

Now, by Proposition 1.1.6 (i), we have that depth({z1,...,2,}, A) = n = dimg(A).

We remember that the goal is to see the geometry behind the regular sequences. For
this, we need the following definition that allows us to define an important concept: com-
plete intersection.

Definition 1.1.8 ([FOO05], p.188) Let U be an associative (not necessarily commutative)

algebra, and let M be a U-K|[zy,...,z;] bimodule. The associated Koszul complex
Ko, = Ko(M) of left U-modules is defined as follows. Let eq,...,e; be the standard basis
of K. Set

0, for ¢ < 0;

i =

i
M ®k /\Kt, for each 7 > 0.
K

Define the differential d; : K; — K;_; on the element m ® (ej; A --- Aej;) of K,
1< <---<ji <t,me M, as follows:

7
di(m @ (ejl ARERNA eji)) = Z(_l)kilm “Tj), ® (€j1 ARRREC AR eji))
k=1

where ¢}, indicates that e;, is omitted.

Now, let g = {g1,...,9:} C U be a sequence of mutually commuting elements, let
M = U with the natural structure of a left U-module, and let a - z; = ag;, a € U, where
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1 < i < t. We denote the corresponding Koszul complex by Ke(g,U). The sequence g
is called a complete intersection for U (or simply a complete intersection, if U is
fixed). In the special case when we consider an affine algebra A, we have that a regular
sequence g is a complete intersection for A.

An affine algebra A is called a complete intersection, provided that the isomorphism
A =2 K[zy,...,x,]/1, for some ideal I generated by a regular sequence g = {g1,...,g:} in
Klzi,..., 2]

As we saw in Remark 1.1.3, in general we have that the permutation of a regular
sequence is not a regular sequence. A natural question would be, when does the permu-
tation of a regular sequence remain regular? We have the following proposition, which its
proof in [GP12], Corollary 7.6.15 is presented without details. However, theses details are
included below.

Proposition 1.1.9 ([GP12], Corollary 7.6.15) Let (A, m) be a local ring, M a finitely gen-
erated A-module and 1, ...,z, an M-sequence. Then Ty (1, ..., ZTx(,) is an M-sequence
for all permutations .

Proof. By [GP12], Corollary 7.6.8, we have that for all permutation m, K(x,M)s =
K(y, M), where x = (z1,...,2,) and y = (Zr(1),---,Tr(n)). Now, by Corollary 1.1.6
we have depth(M) = n and by [GP12], Corollary 7.6.11 H;(xz, M) = 0, for all ¢ > 0, where
H;(x, M) is called the i-th homology of K (x, M), that is,

Hi(xz, M) := Ker(dy, ® 1p7)/Im(dpt1 @ 1ar).

In particular Hi(y, M) = Hy(x,M) = 0. Finally, by [GP12], Theorem 7.6.14(2), we
have that y is an M-sequence. O

When we have a regular sequence, we can build other different regular sequences from
the first one as follows:

Corollary 1.1.10 ([GP12], Corollary 7.6.16) Let A be a ring, M an A-module, I C A an
ideal. If {z1,...,2,} C I is an M-sequence, then {z7*,...,z]""} is an M-sequence, for all
m > 1.

Proof. We use induction on n. The case n = 1 is immediate. Assume that n > 1 and

that {z{",..., 2"} is an M-sequence. We first prove that z, is not a zerodivisor of
M/ (x, ...,z 1) M. It is enough to check this in the localization at any prime ideal P.
If P2 (x1,...,xn_1), then either z,, is a unit in Ap, or we have Mp = (2", ...,z ;) Mp,
that is, in this case x,, is a non-zerodivisor of Mp/(zT,..., 2" ) Mp.

For the remaining cases, we may assume that (A, m) is already local and z1, ..., z, € m.
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Now, x1,...,z, being an M-sequence implies that {z1,...,x,—1, 2} is an M-sequence.
Using what was said in Proposition 1.1.9, we obtain that {x]",x1,...,2,—1} is an M-
sequence. Repeating this n times we obtain that {z]",..., 21"} is an M-sequence and,
again, Proposition 1.1.9 completes the proof. O

Example 1.1.11 If we consider Example 1.1.2, we have that {z"(y—1)™,y™, 2™ (y—1)"}
is a K|z, y, z]-sequence, for m > 1.

Now, we see a particular case of algebras where we can find a geometry behind of
these. In this case, we see what happens with filtered algebras.

Remark 1.1.12 ([FOO05], p.190) Let U be a filtered algebra, that is, an associative algebra
over K endowed with an increasing filtration {Ui}izo such that Uy = K, U;U; C U and
U=U;>qUi Ifu €U\ U1, set deg(u) =i (by convention, U_; = {0}). Let

U=glU= @Ui/Ui—h
i=0

be the associated graded algebra of U. If u € U, let @ be its image in U, and for a
subset SCU. Let S;=SNU;and S={s5]|se S} CU.

Finally, with the following two results we can find a relation between geometry and
regular sequences. In particular, we find a relation of Specm with regular sequence, when
the algebra fulfills certain properties.

Proposition 1.1.13 ([FO05], Proposition 3.4 (iv)) Let U be a filtered algebra, and let g =
{g91,...,9¢} be a sequence of mutually commuting elements from U such that {g7,...,G:}
is a complete intersection for U. Let I' = K|gy,...,g:]. For any v € SpecmlI, there is a
simple left U-module M, generated by m € M, such that - m = y(v)m, for every v € T.
That is, v lifts to a simple U-module.

Proof. By [FOO05], Proposition 3.4(iii), we have that there exists a simple left U-module
M, generated by m € M, such that ggm = u;m, ¢ = 1,...,t, where y; € U such that
deg(g;) > deg(u;), for ¢ = 1,...,t. If we take p; = gi(v), i = 1,...,t, we finish the
proof. O

The last important result below is taken from [FOO05], Corollary 3.5, but its proof is
presented without details there. However, these details are included below.

Corollary 1.1.14 ([FOO05], Corollary 3.5) Let U be a filtered algebra such that the asso-
ciated graded algebra U is Cohen-Macaulay (Definition A.2.30). If g1,. .., g; are mutually

commuting elements of U such that V(g1,...,9;) € SpecmU is equidimensional (that
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is, all irreducible components have the same dimension), of codimension ¢, then every
u € SpecmK][gy, . .., g¢ lifts to a simple U-module.

Proof. [FO05], Proposition 2.1(v) says that in a Cohen-Macaulay algebra A a sequence of

elements of A fi,..., f; is a complete intersection if an only if the variety V(f1,..., fi) is
equidimensional, of dimension n — t. In this case, U is Cohen-Macaulay and V(91, . .., ;)
is equidimensional, then {g7,...,g;} is a complete intersection. By Proposition 1.1.13, we
finish the proof. O

1.2 Normalizing sequences in non-commutative algebra

In this section, we turn to the non-commutative case. We see that one of the occurrences
of the normalizing sequences is with the prime ideals and with a concept called height of a
prime ideal. Also, we see that it appears in the definition of the so-called graded skew Clif-
ford algebras. Some examples of normalizing sequences are shown throughout this section.

To begin, we define the notion of a normal element in an algebra and, with this, the
normalizing sequence.

Definition 1.2.1 ([CV10], Definition 1.9 (a)) Let B denote a K-algebra. An element
b € B is said to be a normal element, if Bb = bB. If by,...,b,, € B and if the image
of bg+1 in B/(b1,...,bg) is normal, for all k =1,...,m — 1, then {b1,...,by} is called a
normalizing sequence in B.

The next example is presented in [Vanl5b], Example 2.2 without details. However,
details are included below.

Example 1.2.2 ([Vanl5b], Example 2.2) Let B be the coordinate ring of quantum
2 x 2 matrices; that is, B is the quadratic K-algebra on generators a, b, ¢, d with defining
relations

ab = qba, bd = qdb,
ac = qca, cd = qdc,
bc = cb, ad —da = (¢ — g~ H)be,

where ¢ € K* and ¢? # 1. We have that {bc, b, c?,ad} is a normalizing sequence.
n

Indeed, let x € B. We can see x = Z kia®bPicid%  where k; € K, oy, 5, 7i, i € Z+U{0},
=1
forall1 <i<mn,n>1. Then '
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bex — be (Z kiaaibﬁic’ndéi> _ Z bckiaaibﬁicwd& _ Z kibcaaibﬂicwd&
=1 =1 =1

n n

— Z k‘iq_QaiaaibeﬂiC%déi — Z kiq—QaiaaibﬁiC%bcd&
=1 i=1
n

_ Z kiq—Qaiaaibﬁi C'Yiq26id6i be

i=1

n
= (Z kiqzo‘iao‘ibﬁic%(JQ‘sid‘si) be.

i=1

so, bex € B(be). Analogously, we have that

zbe = (Z kia®i b i d@') be = kia®bPictdbe = " kia® b ibeq P d”
i=1 =1 =1

n n
— Z kiaaibcbﬂicwq—%z‘d& — Z kibcq%ﬁaaibﬂiC’Yiq—25id5i
i=1 =1
n
— Z bckiq%‘i aipPicVi q_25i 4%

i=1

n
=bc <Z kiqzaiaaibﬁ"c%q%id‘;i) .

i=1

so, zbc € (bc)B. Then (bc)B = B(bc).

n m
Now, let Z € B/(bc). If T # 0, we can see T = Z kia®ibPid% + Z k;ja® c1id% | where
i=1 j=1
ki kj € K, ai,aj,Bi,75,0i,0; € ZT U{0}, forall 1 < i <n,1<j<m,nm>1 (the
elements that have bc are zero under the quotient). Then
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b2z = b2 kia® b d% + kia®cid% | =Y b2 ka®bPid% + Y b2 ka® i do%
J ]

i=1 j=1 =1 j=1
n m
= kib*a®bPd" + ) kibPa®id%
i=1 j=1
n m
= Z kig~ 2% a2 d% + Z qu_2°‘j a®i Vb2 d%
i=1 j=1
n m
_ Z kiq—QaiaaibBiq26id5ibQ + Z qu—2aj a% C'yjq25j déj b2
i=1 Jj=1

n m
_ Z kg 2% q®ibPi g2 qdi 4 Z qu*%‘j a®iVig¥id% | v2.
=1 7j=1

so, b2z € (B/(bc)) b2. Analogously, we have that

202 — Z k‘iaaibﬂ"déi + Z kjaajcwjdcij b2 — Z kiaaibﬁidéib2 + Z k,jaajc'de(sj b2
i=1 j=1 =1 7=1

n m
= kia® b id 4 " kja® b g% d%

i=1 j=1
n m

= kia® b0 g d% 4 kjaibP g% d%
i=1 j=1

n m
— Z kib2q2aiaa¢ bﬂz q7252' d(Si + Z kijQQQj i cVi q725j déj
=1 =1

n m
— 12 Z kiq_Qaiaaibﬁiq25id6i + Z qu—%lj a®i Vi q25j 4%
i=1 j=1

so, zb2 € b2 (B/(bc)). Then b2 (B/(bc)) = (B/(bc)) b2.

n m

Let T € B/(bc,b?). If T # 0, we can see T = Z kia®ibPido + Z k;ja®i i d% | where
i=1 j=1

ki k; € K, ai,aj,yj,éi,éj cZtU {0}, Gi=0,1,forall1<i<n,1<j<m,nm?>1
(the elements that have bc and b? are zero under the quotient). Then
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n m n m
2r = 2 Z kia®b% d% + Z kja®i Aido | = Z Akia®b d% + Z czkjaaj Vi d%

i=1 j=1 i=1 j=1
n m
— Z kic2a®ibPido + Z k:jczao‘j Vi dd
i=1 j=1
n m
= Z kig~2%ia® bR d% + Z qu_2°‘j a®i ¢V 2 d%
i=1 j=1
n m
_ Z k‘iq_QaiaaibﬂiQQ(sidaiCQ + Z qu—2aj a% C'yjq25j d6j02
i=1 j=1

n m
_ Z kg 2% q®ibPig?igdi 4 Z qu*QCYj a®cig?idd | 2.
i—1 j=1

so, 2z € (B/(bc, bQ>) ¢2. Analogously, we have that

n m n m
22 — Z kia® o gdi + Z kja® ¢ 4% | 2 = Z kiaaibﬁi ddic? 4 Z kjai ¢ 4% ¢?
i=1 Jj=1 i=1 J=1

n m
= Z kia®ibPic 20 % 4 Z kja®i ¢V ctq= %% 4P

i=1 j=1
n m

= Z kia®i 2bPig 20 % 4 Z kja®i i g2 q0
i=1 j=1

n m
_ Z ki62q2aiaa¢ bﬂz q7252' d(Si + Z k_jcquaj a%i Vi q725j déj
=1 j=1

n m
= 2 Z kiq_Qaiaaibﬁiq25id6i + Z qu—%lj a®i Vi q25j 4%
i=1 j=1

so, w2 € ¢ (B/{bc,b%)). Then ¢ (B/(be,b%)) = (B/(bc,b?)) .

n m
Finally, let T € B/(bc,b?,c?). If T # 0, we can see T = Z kia® b d% + Z kja®icli d%,
i=1 j=1
where ki, k;j € K, o, 5,0;,0; € ZT U{0}, Bi,y; = 0,1, forall1 <i<n,1<j<m,
n,m > 1 (the elements that have be, b and ¢? are zero under the quotient). It should be
noted that, under this quotient, we have ad — da = (¢ — ¢~1)bc = 0. Then
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n

ade = ad | Y kia®bPid% + " kja®id | = adkia®bPid% +) " adkja® ¢ d’

i=1 j=1 i=1 j=1
n m
= kiada® b’ d% + Y " kjada® i d%
i=1 j=1

n m
= kia%adb’icd” + ) k;ja® adci d%
i=1 j=1

n m
= kia®badd + ) kja®q 0 add’
i=1 j=1

n m
= Z kia® b5 d%ad + Z kja® g2 ¢ d%ad
i=1 j=1

n m
= | Y kia®bPid% + > kja%iq 1 id% | ad.
i=1 j=1

s0, adx € (B/(bc, b2, 02)) ad. Analogously, we have that

zad = kia®b%id% £ kia®cid% | ad = kia®bPidiad + S kia®cVid% ad
J )
1=1 j=1 i=1 j=1

= ka®bPiadd + " k;a " add’
i=1 j=1

= kia®adb’'d” + " kja® adcid%
i=1 j=1

= adk;a® b’ d” + " adk;a® id%
i=1 j=1

=ad | Y kia®b%d% +> " kja®d

i=1 j=1

so, zad € ad (B/(bc,b?,c*)). Then ad (B/(bc,b?, c*)) = (B/(bc,b?, c?)) ad. Effectively,
{be, b?, c%, ad} is a normalizing sequence.

Remark 1.2.3 With Definition 1.2.1, we can see why the normalizing sequences were not
worked in the commutative case. This is because any sequence of elements in an algebra
would be a normalizing sequence due to their commutativity.
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Now, we start with some previous definitions in order to arrive at the relation that
normalizing sequences have with prime ideals.

Lemma 1.2.4 ([MRS01], Lemma 4.1.10) Let R be a right Noetherian prime ring (Defi-
nition A.1.1) and 0 # a € R a normal element. Then, given any right ideal I of R, there
exists n > 0 such that I Na™"R C IaR.

Proof. We have the following chain
Iao'RNRCIa?RNRC---CIa"RNRC---.

Since R is a right Noetherian ring, Ta™""'RN R = Ia™"R N R, for some n. We can
multiply by a”, from the right, and we have ITaRNa"R = IRNa"R. Hence I Na"R C
IaR. O

Example 1.2.5 Consider R = Z, a = 8 and I = (2). We have IaR = (2)8Z = (2)(3) =
(6). When n = 2, we have (2) N 8%2Z = (2) N (16) = (16).

The following result involves the height of prime P (denoted by ht(P)), that is, the
largest length of a chain of prime ideals contained in P, or oo if no bound exists.

Proposition 1.2.6 ([MRS01], Theorem 4.1.11) Let R be a right Noetherian ring, a any
normal element which is not a unit, and P a prime ideal of R minimal over aR (Definition
A.1.7), that is, it is minimal among all prime ideals containing aR. Then P has height at
most 1.

Proof. Some details of this proof that are not included in [MRSO01], but we include them
here. Suppose it does not happen. Then P D P’ D P”. Factoring out P” means we can
suppose that R is prime; then a is regular. Since P’ is a nonzero ideal of R, it contains
some regular element b.

By Lemma 1.2.4, we have bR N a"R C baR, for some n. Then

bRNa" ™M R=bRNa"RNa" ™ 'RCbaRNa" 'R (since a"™RCa"R)
= (bRNa"R)a C (baR)a = ba*R.

Following the same way we have that bR N a?>"R C ba"R.

Hence, since P is minimal among all primes ideals containing aR and "R C aR, then
P is minimal over ¢"R and a™ is a normal non-unit (because a is a normal element and
(aR)™ = a"R). Thereby, replacing a by a”, we can assume that bR N a?R C baR. Then
bRN (a’R + baR) = baR. So

a’R + bR a’R + baR + bR

a?R+baR  a2R+ baR
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We consider

bR+ a’R + baR
a’R + baR
br — f(br) := (br)(a®R + baR).

fibR —

We can see that f is surjective and Ker(f) = bR N (a®?R + baR). By fundamental
isomorphism theorem, we have that

a’R +baR + bR ~ bR
a?R+baR  (a2R+baR) NbR’

Now, since bR N (a?R + baR) = baR

bR bR
(a2R+baR)NbR  baR’

We can consider

bR
‘R
907 R

r+— g(r) :=r(baR)

We can see that g is surjective and Ker(g) = bR. By fundamental isomorphism theo-
rem, we have that

bR R
baR  aR’

With this, we have the following isomorphism

aR+bR _ R
a’R+baR  aR’

Before continuing, we need to define the concept of reduced rank, since it will be used
heavily in this proof. If M is a right R-module, the reduced rank of M is defined to be
pr(M) = udim(M ® Q)!, where Q = Q(R) is the field of fractions of R.

Now, if I <t R, we consider the following set

Cr(I)={s€ R|(s+1) is regular inR/I}.

We can see that this set is multiplicatively closed.

Therefore p((a’R + bR)/(a’R + baR)) = p(R/aR) with p being the reduced rank? as
modules over R = R/aR.

!Uniform dimension is defined in Definition A.2.16
2For more details of reduced rank applications, see [MRS01] section 4.1.
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The aplication © — a~!ra gives an automorphism of R and of R. It yields a lattice

automorphism on the set of right ideals of R which preserves sums, intersections and the
property of being torsion with respect to C(N), where N/aR is the prime radical of R.
accordingly it preserves the reduced rank on subfactors. So, if a~'ba = ¢, then

p((aR+bR)/aR) = p((aR + cR)/aR).

Thus

aR+ bR aR+bR aR+bR aR
p <a2R+baR> =7 (a2R+acR> B p< aR > T <a2R—|—acR>
aR+ cR R B R
( aR >+p<aR+cR) _p<aR>

a’R + bR
P\ 2R +baR /)’

I
A

We have that

aR+bR \ 0
a’R+baR)
Therefore, there exists d € Cr(IN) such that ad € a®?R + bR and so ad = a’r + bs for
some r,s € R. Consequently a(d — ar) = bs € P'. But nevertheless, a ¢ P’ and, as it
is a normal element, is regular modulo P’. Therefore d — ar € P’ C P and then d € P.

However, P/N is a minimal prime of R/N, so C(N) C C(P). This shows that d € C(P).
Since P NC(P) = (), this brings us to a contradiction. O

Remark 1.2.7 ([MRS01], p. 105) a must comply with the imposed condition of being
normal. For example, let T'= Z[z]|, R = M»(T) and

[z
L0 x|
Then the only prime P of R containing aR is My(I), where I = (2,2) < T, i.e., I is a
two-sided ideal of T'; so, height(P) = 2.

With the following corollary, we are going to involve a normal element with a quotient
of ideals.

Corollary 1.2.8 ([MRSO01], Corollary 4.1.12) Let R be a right Noetherian ring, a any
normal element which is not a unit and P a prime ideal of R containing aRR. Then

height(P) < height(P/aR) + 1.



CHAPTER 1. NORMALIZING AND REGULAR SEQUENCES 14

Proof. Suppose that P =Py > P, D --- D Py,. If a € P,,_1, we can choose k such that
a € Py, a & Pry1. Applying Theorem 1.2.6 to R/Py1o we have that P is not minimal
over aR 4 Pyio. So, there exists P/, with Py D P, D Pryo and P, O aR. We
replace Pyy1 by P 41 and then we can repeat this process. Eventually we will have that
a € Py,_1; but then m < height(P/aR) + 1 as required. O

Example 1.2.9 We consider again Example 1.2.5. We have ht((2)) = 1, ht((2)/(8)) =
ht(Z) = 1. So, the inequality of Corollary 1.2.8 holds.

The main idea is to generalize Theorem 1.2.6 with the notion of normalizing sequence.
For this, we see another definition (equivalent to Definition 1.2.1) of normalizing sequence.

Definition 1.2.10 ([MRSO01], Definition 4.1.13) A sequence az, . .., a, of elements of a ring
R is called a normalizing sequence or, more specifically, a centralizing sequence, if
for each j € {0,. — 1}, the image of a;41 in R/ > 7_; a;R is a normal (respectively
central, i.e., Gj;1-T =7-aj41, for all 7 € R/ Zl 1 a;R) element and also » ;" ; a;R # R.
The ideal generated by such a sequence is sometimes called polynormal or polycentral.

The next example is presented in [Vanl5b], Example 2.4 without details. However,
details are included below.

Example 1.2.11 ([Vanl5b], Example 2.4) Let B be the K-algebra on degree-1 generators

x,y with defining relations zy + yxr = —z? — y?, 2%y = ya?. 22 and y? are central

elements in B. The sequence {22, 4%} is normalizing. Indeed, let p € B. We can see that

= Z kx5 where k; € K, o, Bi € Z+ U {0}, for all 1 < ¢ <n. Then
i=1

n n n n
$2p — 22 (Z kixaiyﬁi> _ Z~T2kixaiyﬁi — Z kix2xaiy5i — Z k'l'.TailUQyBi
= i=1 i=1 i=1
n
= Zk a:o”y 2% = (Z kixo"'y’gi> x>
i=1

So, #%p € Bz?. Analogously, we have that

pa® = (Zn:kziﬂa’yﬁl) kaaly T —kaalxy —Zk;:cz iy Bi

i=1
n

= lek‘il'aiyﬁi = 2 (Z k:ixaiy’gi> .
i=1 =1

So, pz? € z?B. Then 2B = Bx?.
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n m
Now, let p € B/(x?). If p # 0, we can see p = Z kiyP + Z kjmyﬁj where k;, kj € K,
i=1 j=1
Bi,B; € ZT U {0}, forall 1 <i <mn,1<j < m (the elements that have 22 are zero
under the quotient). It should be noted that, under this quotient, we have zy + yzr =
—12 —y?2 = —y2. Then

n m

n m
Pp=y? [ D k” + > kjey | =) kg + ) yikay”
i=1 =1 i=1 =1

n m n m
= kYT + D kytaey® = k"t 4+ kjay®iy?
i—1 =1 i—1 =1

n m
= Z kP + Z ijyﬁj Y2
i=1 j=1

So, y2p € (B/<x2>) y?. Analogously, we have that

n m n m
py? = Z kiyﬁi + Z k;jxyﬂj Y2 = Z kiyﬁiy2 + Z kjl.yﬂj y2
i=1 7j=1 i=1 7j=1

n m n m
=Y ki*y? Y kgt = ki 4>y kay®
=1 =1 i—1 =1

n m
=2 Z kiyﬁi + Z ijyﬁj
i=1 j=1

So, py? € y? (B/(z?*)). Then y*(B/(z?)) = (B/(z?)y?. Effectively, {z% y*} is a
normalizing sequence.

Finally, we arrive at the principal result that connects the prime ideals with the nor-
malizing sequences. The details of proof of this result are not explicitly in [MRSO1].
However, the proof is written in detail here.

Proposition 1.2.12 ([MRS01], Theorem 4.1.13) Let R be a right Noetherian ring. Let
ai,...,a, be a normalizing sequence and P a prime ideal containing A = Y | a;R. Then

height(P) < height(P/A) +n

Proof. We use induction over n.
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If n = 1, then we are in the case of Corollary 1.2.8. Suppose that the statement is true
for n — 1, i.e., we have

height(P) < height ( /Z laR ) +n-—1
height(P) + 1 — n < height ( /Zl L aiR )
Slnce R is Noetherian, then R/ Y 7" a;R is Noetherian. a,, is a normal element in
R/ S "' a;R, because it belongs to {ai,...,a,} which is a normalizing sequence. In
the same way, since P is an prime ideal 1n R, then P/ 7 ' a;R is an prime ideal in

R/> M ' 4;R that contains a,R(R/ ZZ 1 a;R). With these conditions, we can apply
Corollary 1.2.8 to obtain

height(P/Zlﬂz—llaiR>gheight<( /st )/( = ))>+1

We have that a,R ( /Zl | aiR ) = (anR+ Z?:_ll aiR) /Z?:—ll a;R- Indeed, we

consider

f:anR+7§aiR—>an ( /Zzlal )
=1

AnTn 4 -+ @171 = Qprp - arry.

We can see that f is surjective and Ker(f) = Z?;ll a; R. By fundamental isomorphism
theorem, we have that

( /Zz 1 aiR )g(anRJrZ i )/Zz 1 ailt

Then, we have the following isomorphism

(P /srta, )/anR(R/EL_11 ) = o (P /5nety, )/((anR-&-Z?:_llaiR)/Z?:_llaiR) (1.2.1)

Now, we have that a, R+ > | iR = Yo, aiR. So, Equation 1.2.1 is equal to

( /Z S )/( i= 1%3/21 L aR ) (1.2.2)

If we consider the following homomorphism
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n
g: Z a; R — apR
i=1
ApTp + +++ +a171 = apTp,

we can see that g is surjective and Ker(g) = Z?:_f a; R. By fundamental isomorphism
theorem, we have that

> e lazR/Zz LaR R = anR.

So, Equation 1.2.2 is isomorphic to

( /Z T iR )/anR- (1.2.3)

Now, we consider h as follows:

nip— (P /50 wR) Jar

p — planR),

We can see that h is surjective and Ker(h) = >_"" ;| a;R. By fundamental isomorphism
theorem, we have that

( /21 1 )/anRgP/EyzlaiR

And we have that

P /s 0k = (P/4).

Finally,

n—1
height (P/ > aZ-R> < height (P/A) + 1
i=1
Hence,

n—1
height(P) 4+ 1 — n < height (P/ aiR> < height (P/A) + 1
i=1
P/A)+1
)

P/A)+n

height(P) + 1 — n < height

(
height(P) < height (
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Remark 1.2.13 Although we have reached the concept of normalizing sequence by two
ways, Definition 1.2.1 and Definition 1.2.10, both definitions are the same. The difference is
that in Definition 1.2.1 normalizing sequence is defined for K-algebras, while in Definition
1.2.10 it is defined for rings.

Now, we move on to the second part of this section. In this part we see how the
normalizing sequence appears to define graded skew Clifford algebras. We begin defining
graded Clifford algebras and, with it, we generalize them to arrive at the algebras that
interest us.

Definition 1.2.14 ([Veel7], Definition 2.1) Let M, ..., M, € M,(K) be symmetric ma-
trices. A graded Clifford algebra is a K-algebra C' on degree-one generators z1,...,x,
and on degree-two generators 1, ..., y, with the following defining relations:

(1) @iwj +xjm; = 35y (Mk);; Y, for all i, j =1,...,m;

(ii) yg is central, for all k =1,...,n.

Next, we show a simple example of an algebra that meets both conditions to be graded
Clifford algebra.

Example 1.2.15 ([Veel7], Example 1) Suppose M; = [ i 8‘ } and M, = [ 8 (1) }

where A € K. Let C be the graded K-algebra on degree-one generators z1, xo and on
degree-two generators y1, yo with definitions given by Definition 1.2.14 (i). That is, for
i,j = 1,2, the defining relations of C are: 222 = 2y1, 23 = y2, and z172 + T2w] = Ay =
Az

In order to define graded skew Clifford algebras, we must first have the generalized
concept of symmetric matrix.

Definition 1.2.16 ([Veel7], Definition 3.2) For {i,j} C {1,...,n}, let p;; € K* such
that pijpu;; = 1, for all ¢,7 where @ # j, and py; = 1, for all ¢ = 1,...,n. We write
r= (pij) € Mp(K).

A matrix M € M(n,K) is called p-symmetric, if (M);j = p;j(M)j;, for all 4,5 =
1,...,n. We write M*(n,K) for the set of u-symmetric matrices in M (n, K).

Example 1.2.17 We have that M = is a p-symmetric matrix with pu =

A= =N
— =N
N W =



CHAPTER 1. NORMALIZING AND REGULAR SEQUENCES 19

N N T
Wi = N
w

Finally, we see the appearance of normalizing sequences in Clifford algebras.

Definition 1.2.18 ([Veel7], Definition 3.2) A graded skew Clifford algebra A =
A(p, My, ..., M,) associated to p and My, ..., M, € MH*(n,K) is a Z-graded K-algebra
on degree-one generator x1,...,x, and on degree-two generators yi, ..., ¥y, with defining
relations given by:

(i) mixj + pijrjzs = Yy (My); yk, for all i, j =1,...,n;

(ii) the existence of a normalizing sequence {yll, ..., y,} that spans Ky; 4 - - - + Ky,,.

Example 1.2.19 ([Vanlba], Examples 2.5) (Quantum affine plane) Let n = 2, and con-

sider My = [ (2) 8 ] and My = [ 8 g } The degree-2 relations of A(u, My, Ms) have
the form
227 = 2y, 223 = 2y, 122 + pi2zex1 = 0,

so that K(x1, z2)/(z122 + pri2xexy) is a graded skew Clifford algebra with isomorphism
M; s 222, for i = 1,2.

1.3 The geometry of normalizing sequences

With the definition of normalizing sequence, we proceed to see how it behaves with geom-
etry from an algebraic point of view. In this section, we see notions such as point module,
scheme and complete intersections.

First, we introduce an algebra whose role is important in algebraic geometry.

Definition 1.3.1 ([Vanlba], Motivation 1A) Consider the K-algebra S on generators
21, ..., %2n with defining relations
zjz; = pijzi%zj, for all distinct 4, 7,
where p;; € K*, for all 4, j, and p;;5; = 1, for all distinct 4, j.
Remark 1.3.2 Let A be a graded skew Clifford algebra. We consider V' = A; and we can

view V* as S; (S as Definition 1.3.1), so that U is the span in V* ®g V* of the defining
relations of S.
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Definition 1.3.3 ([CV10], Definition 1.5) For any ¢ € Sy we call the zero locus of ¢ in
V(U) the quadric associated to ¢, and denote it by Vy(q); in other words, Vy(q) =
VKg+U) = V(q) NV(U), where ¢ is any lift of ¢ to T'(S1)2. The span of elements
qi,---,qm in Sy will be called the quadric system associated to qi, ..., qm.

Definition 1.3.4 (J[CV10], Definition 1.7) We call a point (a,b) € V(U) a base point of
the quadric system associated to q1,...,qm € S, if (a,b) € Vy(gx) for all k = 1,...,m.
We say such a quadric system is base point free if (-, Vu(qx) is empty.

Now, we are going to define a geometry on modules, which are called point modules.

Definition 1.3.5 ([CV10], Definition 3.1) A right (respectively, left) point module
over S is a cyclic (Definition A.1.15) graded right (respectively, left) S-module M =
@D;>1 M; such that M = MyS or (respectively, SMp) and dimg(M;) = 1, for all 4.

Definition 1.3.6 ([Vanl5al, Definition 1.2) Let A = @;°, A; denote an N-graded, con-
nected K-algebra generated by A; where dimg(A;) = n < co. We define a right base-
point module over A to be a graded 1-critical with respect to GK-dimension (Definition
A.2.32) right A-module M such that M = @;°,; M; = MoA and M has Hilbert series
Hy(t) =¢/(1 —t), for some ¢ € N.

In Definition 1.3.6, if ¢ = 1 the module is a point module; if ¢ > 2, then the module is
called a fat point module.

Remark 1.3.7 ([CV10], p.101) We write I's = V(U) C P(V) x P(V), where P(V) is
projective plane (Definition C.0.24), V(U) is the zero locus in P((S1)*) x P((S1)*) of U.
and we use I'y C P(V) to denote the image of the projection of I'y onto the first copy of
P(V). Then, for all i > 3, let I'; denote all elements (p1,...,p;) of P(V) x --- x P(V') such
that (pj,pj+1) € I'g, forall j =1,...,i—1, and let

I'={(p1,p2,...) € P(V) x P(V) x --- | (pj, pj+1) € I'g, for all j > 1}.

By Proposition 2.3.7 and Corollary 2.3.8, I" parametrizes the isomorphism classes of
right (respectively, left) point modules over S (see Section 2.3). Let M = @, M; be
a right point module over S, and, for all i > 0, we have M; = Ku;. For all 7,75, we
can find that w;z; = o;ju;1+1, where a;; € K. Thereby, to M we can associate the point
p=(p1,p2,...) EP(V)XxP(V)x---, where pj+1 = (1, 22, . . ., p) € P(V), for all i > 0.
Even more, p is well defined, p € I'; and I'; 2 T', for all 4 > 1.

With the following lemma, we can find a characterization of the zero locus with point
modules.
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Lemma 1.3.8 ([CV10], Lemma 3.2) Suppose that p = (p1,p2,...) € I' and M = M;yS is
the right point module over S corresponding to p. Let f € Sy, where d > 0.

(i) We have f(p1,...,pq) = 0 if and only if Mo f = 0.
(ii) If f is normal in S, then f(p1,...,pq) = 0 if and only if M f = 0.

Proof. If we can prove (i), we have (ii). We write M = €P,5ku;, so that u;z; =
2j(Dit1)uis1, for all 4,5. Then, uof = f(p1,...,pa)uqd, since f € Sy, we have that (i)
holds. O

Definition 1.3.9 ([CV10], Definition 3.3) If I = (f1,..., fm) C S, where f; € Sy, and
d; >0, for all i = 1,...,m, then we say that p belongs to Vy(I), if p = (p1,p2,...) €T
and if fi(p1,...,pq;) = 0, for all 4. In other words, by Lemma 1.3.8(i), it is clear that
p € Vy(I) if and only if Myf; =0, for all i = 1,..., m, where M = M;S is the right point
module over S corresponding to p.

Example 1.3.10 Consider S in two indeterminates with relations zy = 2yx, I = (z,y?),
fi=x €Sy, fo=yeSyand dy =1, dy =2. Let p= (p1,p2,...) €T, where p; = ps = 0.
p S VU(I) Indeed7 fl(ph cee 7pd7;) - fl(o) == Oa f2(p17 cee 7pd2) - f1(070) =0.

Remark 1.3.11 We write Vi (I) to denote the set of isomorphism classes of right base-
point modules over S/I.

With this in mind, we have the following proposition that connects the normalizing
sequences with the geometry described above.

Proposition 1.3.12 ([CV14], Proposition 10) Let 1 = () € My (K*) such that jpj; =
1, for all 1 <i,j < n, let S as Definition 1.3.1 and let I = (f1,..., fu), where f; € S\ K*
is homogeneous, for all i = 1,...,n. If {f1,..., f,} is a normalizing sequence in S, then

Vu (1) is empty if and only if dimg(S/I) is finite.

Proof. Let M = ;2 M; € VU(I) Since M = My(S/I) and dimg(Mp) < oo, it follows
that dimg (S/I) = oo since dimg (M) =

Conversely, suppose dimg(S/I) = oco. If n = 1, then S is commutative and I = 0, so
the result follows. Henceforth, we suppose inductively that V(1) # 0, for all n < m — 1.

We will prove that Vi(I) is nonempty for n = m.

If there exists k such that dimg(S/( + (2x))) = oo, then we may apply the induction
hypothesis to S/(zx) to prove that there exists a base-point module M over S/(I + (zx)).

Since M is also a base-point module over S/I, it follows that V(1) # (). Hence, we may
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assume dimg (S/(I + (zx))) < oo for all k and that f; # 0, for all .

It follows that there exists ¢ € N such that z! € I + (z;), for all 4, k. Since I is homo-
geneous and zj is normal, there exists g;; € S;_1 such that zf — gikzr € 1, for all 4, k.

On the other hand, since dimg(S/I) = oo, Sq ¢ I for all d, so there exists z €
{z1,...,2,} such that z¢ ¢ I for all d € N. By relabelling, we may assume z = z,. Since
2 is normal and regular in S, we may form S’ = (S[z7!])o. Due to the relations of S, each
generator of ', namely, 2/ = z;27! for all i # n, is normal in $’. In fact, S’ has K-basis

() (2l 1) | i) € NU{O} for all k},

and we henceforth view deg(z]) = 1, for all .

Let f! = fizi_d", where d; = deg(f;), for all ¢, and let I' = > | f/S". If I' = &,
then 1 € I’, so 2zt € I, for some t € N, which is false; thus I’ # S’. Taking z, = 2
in 2! — gjzr, € I implies that there exists g} € S’, of degree at most ¢ — 1, such that
(z))t — gl € I, for all i # n. Since deg(g]) <t — 1 for all i # n, and since 2| is normal in

S’ for all 4, {(21)% - (2},_1)"1 | i, € NU {0} for all k} and (2})! — ¢g; € I’ imply that

n—1

S’/I' has a finite basis, whence dimg(S’/I") < cc.

By [CV14], Corollary 9, there exists a base-point module M over S and w € M such
that wf; = 0, for all 7. By [CV14], Lemma 5, MI = 0 since {fi,..., f,} is a normalizing

—_—

sequence in S. Hence, M € V(I), so V(1) # 0. O

Before stating an important corollary, we return to regular sequences from Definition
1.1.1 but this time in non-commutative case. Thus, we have the following definition.

Definition 1.3.13 ([CV10], Definition 1.9 (b)) Let B denote a K-algebra. A normaliz-
ing sequence {b1,...,by,} in B is said to be a regular sequence, if by, is regular in
B/(bi,...,b), forallk=1,...,m— 1.

The following example is presented in [GP12], Remark 7.6.2 without details. Here, we
include the details.

Example 1.3.14 ([GP12], Remark 7.6.2) Consider the ring K[z,y,z]. The sequence
{z,y(1 — x),2(1 — z)} is regular. Indeed, if zw = 0 for w € K[z,y, z], we have that
w = 0. Now if y(1 — z)w = 0, we have that K[z, y, z]/(z) = K]y, z]. K[y, 2] is an integral

domain, so w = 0. Finally, if 2(1 —z)w = 0, we have that Klz,y, z]/{(z,y(1 — z)) =
K[z,y, 2)/{z) & K[z, 2)/(y(1 — 2)) = Kly, 2] & Kz, y, 2]/ (y(1 — )} Then w = 0.

Finally, we come to the last two results of this section that show us a series of equiva-
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lences for normalizing sequences, in which the geometry of these sequences is involved.

Corollary 1.3.15 ([CV10], Corollary 2.6) Let S = K[z1,..., z,] with defining relations
zjzi = pijzizi. I {f1,..., fa} is a normalizing sequence in S of homogeneous elements of
positive degree, then {f1,..., fn} is a regular sequence in S if and only if

dimg (S/<f1, cey fn>) < 00.

In this case, for each k = 1,...,n, we find that {fi,..., f,} is a regular sequence in S
if and only if GKdim (S/{f1,..., fx)) = n — k ([CV10], Proposition 2.3).

(Gelfand-Kirillov dimension, GKdim, is defined in Definition A.2.19)

Proof. S is Noetherian and GKdim(S) = n. Indeed, by Proposition 2.3.24, we have that
GKdim(S) = GKdim(K) +n = 0 + n = n. Since the elements zq,..., 2z, are normal in
S and form a regular sequence, [CV10], Proposition 2.3(c) implies that S is Auslander-
Gorenstein (Definition A.2.30 (ii)) of injective dimension (Definition A.2.14 (ii)) n and
satisfies the Cohen-Macaulay property (Definition A.2.30 (iv)). Hence, [CV10], Theorem
2.5 applies to S, which completes the proof. O

Corollary 1.3.16 ([CV14], Corollary 11) As above, let S = K[z1,..., z,] with defining
relations z;z; = pijzi2;, for 1 < 4,5 <n. If {f1,..., fn} is a normalizing sequence in S of
homogeneous elements of positive degree, then the following are equivalent:

(i) {f1,..., fn} is a regular sequence in S.

(i) dimg(S/{f1,..., fn)) < 0.
(iii) For each k =1,...,n, we have GKdim(S/(f1,..., fx)) =n — k.

o —

(iv) Vy(I) is empty, where I = (f1,..., fn).

Proof. The equivalence of (i) trough (iv) follows from combining Proposition 1.3.12 with
Corollary 1.3.15. m

Example 1.3.17 ([Vanlba], Examples 3.2 (a)) We revisit the quantum affine plane from
Example 1.2.19, where n = 2. In this case, M; — ¢; = 222 € Sy, for i = 1,2. The sequence
{q1, ¢2} is normalizing in S and dimg (S/{(q1,¢2)) < co. Indeed, any element s € S can be

viewed as s = 37, kjz 25 with kj € K, l1j,l; e NU{0}, 1 <j<n,n>1 So

n

n n
6.2 6.2 lyy Iy | lijo 2 laj 2o 15 l2j
q18 = 2zi{s = 2z E kizy7 2" | = E kjz 72272, = E kj(po1)™% 21725 | qu.
J=1

J=1 J=1
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Then ¢1.5 = Sq1. Now, we consider S/{q1). If 0 =35 € S/{q1), it is clear that g5 = 35¢3.
So, let 0 # 5 € S/(q1). We can see 5 = 37, kailjzézj with k; € K, l1;,12; € NU {0},
k29 #2221 <j<n,n>1 Then

n

n n
GG — 9,26 — 9,2 by loj | _ 2 0y oy _ 2015 15 l2;
(25 = 2255 = 225 g kjzi7 2y | = g kj2z5217 257 = g kj(p2)" 27257 | qo.
J=1 J=1 Jj=1

We have that 25/(q1) = S/{q1)q2. Then, {q1, g2} is a normalizing sequence in quantum
plane. So by Proposition 1.3.12, the corresponding quadric system is base-point free.

We have the definition of complete intersection in the commutative case in Definition
1.1.8. However, we can make a definition of this for the non-commutative case as follows:

Definition 1.3.18 ([CV14], Definition 13) As Corollary 1.3.16, let S = K[z, ..., z,] with
defining relations z;z; = p;;2i2j, for 1 <i,5 <n. If {f1,..., fu} is a normalizing sequence
in S of homogeneous elements of positive degree, then we call S/(f1,..., fn) a complete
intersection, if any of the statements established in Corollary 1.3.16 (i)-(iv) hold.

Example 1.3.19 The set {q1, ¢z} from Example 1.3.17 is a complete intersection.
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Normalizing sequences in semi-graded algebras

We present the context of finitely semi-graded algebras and geometry of normalizing se-
quence in this case. For that, we define the concept of finitely semi-graded ring and
finitely semi-graded algebra. We see that skew PBW extensions are finitely semi-graded
rings. Examples of semi-graded algebras that are not graded, of skew PBW extensions
that are finitely semi-graded algebras, and of finitely graded algebras that are not skew
PBW extensions, are exposed. Then, we see the appearance of normalizing sequence in a
type of semi-graded algebra. For this we consider the theory of the universal enveloping
algebra of a Lie algebra. We define a completely solvable algebra, a ring of fractions and
we arrive at some properties in which the normalizing sequence appears. Finally, we see
how point modules can be parameterized with a certain scheme in the case of graded al-
gebras. Guided by this, we define a scheme that allows us to parameterize point modules
of certain semi-graded algebras. With the help of this, we get to the main purpose of this
work, which is to see the geometry of the normalizing sequences in certain finitely semi-
graded algebras. Finally, we come to Theorem 2.3.33, which tells us the behavior of the
normalizing sequence geometry in the graded skew PBW extensions. With this, we leave a
way to investigate what happens to this geometry in more general FSG algebras. It should
be noted that these results will be included in a manuscript which will be submitted for
publication.

2.1 Semi-graded algebras

Finitely graded algebras over fields cover many important classes of commutative and non-
commutative rings and algebras coming from mathematical physics. Examples of these
algebras are the multi-parameter quantum affine n-space, the Jordan plane, the Manin al-
gebra Mq(2), the multiplicative analogue of the Weyl algebra, among many others. There
exist recent interest in developing the non-commutative projective algebraic geometry for
finitely graded algebras (e.g. [CV14], [CV10], [NV15], [Vanlbal, [Veel7] and [Vanl5b)).

We are interested in investigating normalizing sequences behavior for algebras over
fields not being necessarily N-graded. For this purpose, we consider the finitely semi-graded

25
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algebras. These type of algebras extend finitely graded algebras over fields generated in
degree one and conform a particular subclass of finitely semi-graded rings.

Definition 2.1.1 ([LL17], Definition 2.1) Let B be a ring. We say that B is semi-graded
(SG), if there exists a collection { B, },>0 of subgroups B, of the additive group BT such
that the following conditions hold:

(i) B =&D,>0 Bn-
(ii) For every m,n >0, B, B, C By ® -+ ® Bpyin.
(iii) 1 € By.
The collection { By, },>0 is called a semi-graduation of B and we say that the elements
of B, are homogeneous of degree n. Let B and C be semi-graded rings and let f :

B — C be a ring homomorphism. We say that f is homogeneous, if f(B,) C C,, for
every n > 0.

Definition 2.1.2 ([LL17], Definition 2.2) Let B be a SG ring and let M be a B-module.
We say that M is a Z-semi-graded, or simply semi-graded, if there exists a collection
{M,},,c;, of subgroups M, of additive group M, such that the following conditions hold:

(1) M = @nEZ Mn
(ii) For every m > 0 and n € Z, B, M,, C @kngrn M;,.

We say that M is positively semi-graded, also called N-semi-graded, if M,, = 0,
for every n < 0. Let f: M — N be an homomorphism of B-modules, where M and N are
semi-graded B-modules. We say that f is homogeneous if f(M,) C N, for every n € Z.

The collection {My}, o, is called a semi-graduation of M and we say that the ele-
ments of M,, are homogeneous of degree n.

Definition 2.1.3 ([LL17], Definition 2.3) Let B be a SG ring and M be a semi-graded
module over B. Let N be a submodule of M, we say that N is a semi-graded submodule
of M, if N =D,y Nu-

Now, we introduce an important class of semi-graded rings.

Definition 2.1.4 ([LL17], Definition 2.4) Let B be a ring. We say that B is finitely
semi-graded (FSG), if B satisfies the following conditions:

(i) B is semi-graded.
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(ii) There exists finitely many elements x1,...,x, € B such that the subring generated
by By and z1,...,x, coincides with B.

(iii) For every n > 0, B,, is a free Bp-module of finite dimension.

Moreover, if M is a B-module, we say that M is FGS if M is semi-graded, finitely
generated, and for every n € Z, M, is a free Byg-module of finite dimension.

We see some important properties regarding semi-graded rings.

Proposition 2.1.5 ([LL17], Proposition 2.6) Let B = @nzo B, be a SG ring and I be a
proper two-sided ideal of B semi-graded as left ideal. Then,

(i) By is a subring of B. Moreover, for any n > 0, By @ - -- @ B, is a By-By-bimodule,
as well as B.

(ii) B has a standard N-filtration given by

Fo(B) =By @+ & By,

(iii) The associated graded ring Gr(B) satisfies

Gr(B), = By, for every n > 0 (isomorphism of abelian groups).

(iv) Let M = @,y My be a semi-graded B-module and N a submodule of M. The
following conditions are equivalent:

(I) N is semi-graded.
(IT) For every z € N, the homogeneous components of z are in N.

(III) M/N is semi-graded with semi-graduation given by

(M/N)n := (M, + N)/N,n € Z.
(v) B/I is SG.
(vi) If B is FSG and I N B,, C IB,, for every n, then B/I is FSG.

Finitely graded algebras over fields are examples of FSG rings. In order to present
many other examples of FSG rings not being necessarily graded algebras, we recall the
notion of skew PBW extension defined firstly in [GL10]. Skew PBW extensions are im-
portant since they are a generalization of PBW extensions defined by Bell and Goodearl
in [BG88]. In general, skew PBW extensions are not trivially graded rings (see Example
2.1.9). Therefore, the main motivation for the definition of semi-graded rings is to see that
all skew PBW extensions are semi-graded rings (see Proposition 2.1.16).
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Definition 2.1.6 ([GL10], Definition 1) Let R and A be rings. We say that A is a skew
PBW extension of R (also called a c-PBW extension of R), if the following conditions
hold:

(i) R is a subring of A sharing the same identity element.

(ii) There exist finitely many elements z1,...,x, € A such that A is a left free R-module,
with basis the set of standard monomials

Mon(A) := {z% := 2% - 2" |a = (a1,...,ap) € N'}.
Moreover, 20 - - - 20 := 1 € Mon(A).

(i) Foreach 1 <i <mnandr € R\ {0}, there exists ¢;, € R \ {0} such that z;r—¢; ,z; €
R.

iv) For every 1 < 1,5 < n, there exists ¢; ; € R 0} such that we have the expression
(iv) y ,J <, Jj p
TiTj — G jTjT; € R+ Rx1+ -+ Rx,,.

Under these conditions, we write A := o(R)(x1,...,xp).

Proposition 2.1.7 ([GL10], Proposition 3) Let A be a skew PBW extension of R. Then,
for every 1 < i < n, there exist an injective ring endomorphism o; : R — R and a
o;-derivation §; : R — R such that x;r = o;(r)z; + 6;(r) for each r € R.

Definition 2.1.8 ([Sudl7], Definition 2.5) Let A be a skew PBW extension.

(a) A is quasi-commutative, if the conditions (iii) and (iv) in Definition 2.1.6 are re-
placed by the following:

(iii") For every 1 < i < m and r € R \ {0}, there exists ¢;, € R \ {0} such that
TiT = CirZy.

(iv’) For every 1 < j <i <mand r € R\ {0} there exists ¢;; € R \ {0} such that
l‘j.m = ci,jazia:j.

(b) A is bijective, if o; is bijective, for every 1 < i < n and ¢;; is invertible, for any
1<i<i<n.

(¢) A is constant, if the condition (iii) in Definition 2.1.6 is replaced by the following:
forevery 1 <i<mnandr € R, x;v =rzx;

(d) A is pre-commutative, if the condition (iv) in Definition 2.1.6 is replaced by the
following: for any 1 <4,j < n, there exists ¢;; € R \ {0} such that z;x; — ¢; jz;x; €
Rxy + -+ Rxy.

(e) A is called semi-commutative, if A is quasi-commutative and constant.

Example 2.1.9 ([LG19], Example 1.10) Many important algebras and rings coming from
mathematical physics are examples of skew PBW extensions:
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(1)

(i)

(iii)

The algebra of q-differential operators Dy [z, y]: let ¢,h € K, g # 0; consider
the ring K[y|[z;0,4], o(y) := qy, 6(y) := h. Then zy = o(y)z + 0(y) = qyz + h
whence zy — qyz = h. Thus Dy [z, y] = o(K[y])(z) = o(K)(z, ).

Algebras of diffusion type: a diffusion algebra A with parameters a;; € C*,
1 <4,5 < nis an algebra over C generated by variables x1, . .., z, subject to relations

ai; 7T — bijr;T = rjx; — T,

whenever i < j, bjj,r; € C, for all i < j. From Definition 2.1.6, (iii) and (iv), it
is clear that the family of skew PBW extensions are more general than diffusion
algebras.

We denote ¢;; = Zﬂ If all coefficients ¢;; are nonzero, then the corresponding
ij

diffusion algebra have a PBW basis of standard monomials z%' ---z% and hence
these algebras are skew PBW extensions. More precisely, A = o(C)(x1,...,zp).

Quadratic algebras in 3 wvariables: a quadratic algebra in 3 variables A is a
K-algebra generated by x,y, z subject to the relations

yr = xy + a122 + agy® + azyz + &12°,
zx = 2z + &y + apyz + ag??,

2y =yz + a4z2.

If we consider the case a1 = a4 = 0, we obtain the relations

yr = zy + asy’® + asyz + 122,
zx = x2 + Eoy? + asyz + agz?,

2y = y=z.

And we have that A = ¢(K]y, z])(x). We can also consider the situation when & = 0
and as = ag = 0 which implies a2 = ag = 0 and thus there is a family of algebras
with relations

yr =y + a1xz + 5122,

zr = xz,
2y =yz + agz’.
These algebras are skew PBW extensions of the form o(K[z, 2])(y).
Quantum algebra: U'(s0(3,K)) is the K-algebra generated by the variables Iy, Ia, I3
subject to relations
LIy — qhly = —q"2I3, IsIy — ¢ "I Is = ¢ V215, IsT, — qIyIs = —q'/* 14,
where ¢ € K*. We have U'(s0(3,K)) = o(K)(I1, I2, I3).
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(v) Dispin algebra: U(osp(1,2)) is the algebra generated by x,y, z over the commuta-
tive ring K satisfying the relations

Yz — 2y =2,2r+x2 =Y, rYy —Yyr = T.
Thus, U(osp(1,2)) = o(K)(z,y, 2).

(vi) Hayashi algebra: It is the quantized K-algebra W,(J) defined as the algebra gen-
erated by the variables x;,v;, 2z;, 1 <i <mn, i € J, where | J |= n, and relations

T, = Xy, 25 = ZiZg,  YiYi = YiYs, L < 0,5 <n,
ZiYi = Yizj, 2T = TiZj,  Yilj = TjYi, U F J,

2 = quizi, (zix —i—quiz)y; = 1 = yi(zix — i — quiz;), yivi = qriy;, 1 <i <mn,

with ¢ € K*. We remark that W,(J) is a skew PBW extension of the Laurent
polynomial ring K[y, ..., y+']. Indeed, if we consider

-1 _ -1 -1 _ -1 -1 _ -1 _ _ -1
Ty =Yy T zY; =Y Z Yy, =Y Y= L aws = quiz vy,

for 1 <i,7 <mn, then W,(J) Z o(KyE, ..,y D@1, s Tns 215 - 20)-

For more details of theses examples, see [Rey13b]. Other algebras that are skew PBW
extensions are the following: Classical polynomial rings (Example B.0.5), skew polyno-
mial ring of derivation type (Example B.0.6), Weyl algebras (Example B.0.8), enveloping
algebras of finite dimensional Lie algebras (Example B.0.9), Ore algebras of derivation
type (Example B.0.7), additive and multiplicative analogues of the Weyl algebra (Exam-
ples B.0.11 and B.0.12), Woronowicz algebra (Example B.0.16), Manin algebra (Example
B.0.20), algebra of linear partial shift operators (Example B.0.23), ¢-Heisenberg algebra
(Example B.0.13), differential operators on a quantum space (Example B.0.17), multipa-
rameter quantized Weyl algebra (Example B.0.18), quantum symplectic space (Example
B.0.19), some 3-dimensional skew polynomial algebras (Example B.0.21), particular types
of Sklyanin algebras (Example B.0.14), homogenized enveloping algebra (Example B.0.15),
Sridharan enveloping algebra of 3-dimensional Lie algebra G, among many others. Ring
and module theoretical properties of these extensions have been investigated (e.g., [Art15],
[LAR15] - [LFG™], [Rey14], [RS17b], [NR17], [SR17Db]). Relations between graded skew
Clifford algebras and skew PBW extensions can be found in [RR].

Proposition 2.1.10 ([LFG'], Theorem 1.3.1) There exists a skew PBW extension A
satisfying the following conditions:

(i) RC A,
(ii) A is a left R-free module with basis Mon{x1, ..., z,},

(iii) zyr = oi(r)z; + 6(r), 1 <i<mn,r € R,
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(iv) zjz; = cijmix; + agjl-)m +---+ ag-l)l‘n +dij, 1 <i<j<m,
if and only if

1. for 1 <i < n, og; is an injective ring homomorphism and §; is a o;-derivation,
2. h(zjxir) = h(p(xjz;)r), for i < j and r € R,

3. h(zpxjz;) = h(p(zpxj)x;), for i < j < k.

Proposition 2.1.11 (Universal property) ([LFG'], Theorem 1.2.2) Consider A =
o(R){(z1,...,xn) be a skew PBW extension with parameters R, n, oy, 0k, ¢ij, dij, ag.c), 1<
1< j<mn,1<k<n. Let B be a ring with a homomorphism ¢ : R — B and elements

Y1, ---,Yn € B such that

(1) ypd(r) = d(ok(r)yr + @0k (r)), for every r € R, 1 < k < n.

(i) yjvi = é(cij)yiy; + ¢(a§;))y1 +F ¢(a§?))yn +¢(dij), 1 <1< j<n.

Then, there exists an unique ring homomorphism ngﬁ : A — B such that éi = ¢ and
&(x;) = yi, where i is the inclusion of Rin A4, 1 <1i < n.

Next, we see what the invariance in skew PBW extensions means and how this helps us
to say if a quotient between a skew PBW extension by an ideal, is a skew PBW extension.

Definition 2.1.12 ([LAR15], Definition 2.1) Let R be a ring. ¥ := {o1,...,0,} be a
finite set of endomorphisms of R and A = {d;,...,0,} be a finite set such that J; is
a oj-derivation of R, 1 < i < n. In this situation we say that (X,A) is a system of
endomorphisms and Y-derivations of R.

(i) If I is an ideal of R, I is called Y-invariant if o;(I) C I, for every 1 < i < n.
A-invariant ideals are defined similarly. If I is both ¥ and A-invariant, we say
that I is (X, A)-invariant.

(ii) A proper X-invariant ideal I of R is X-prime, if whenever a product of two -
invariant ideals is contained in I, one of the ideals is contained in I. R is a X-prime,
if the ideal 0 is Y-prime. A-prime and (3, A)-prime ideals and rings are defined
similarly.

(iii) The system ¥ is commutative if o;0; = 00y, for every 1 < i,j < n. The commuta-
tivity for A is defined similarly. The system (X, A) is commutative, if both ¥ and
A are commutative.

Proposition 2.1.13 ([LAR15], Proposition 2.2) Let R be a ring, (3, A) a system of en-
domorphism and Y-derivations of R, I a proper ideal if R and R := R/I.
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(i) If I is (%, A)-invariant, then over R it is induced a system (3, A) of endomorphism
and Y-derivations by o;(F) := o;(r) and 7;(F) := §;(r), 1 < i < n. If o; is bijective

and o;(I) = I, then 7; is bijective.

(i) If I is Y-invariant and ¥ is commutative, then ¥ is commutative. This property
holds for A and (X, A).

(iii) Let I be Y-invariant. I is ¥-prime if and only if R is ¥-prime. Similar properties
hold for A and (X, A).

With properties of X2 and A below, we can introduce some special classes of skew PBW
extensions.

Definition 2.1.14 ([LARI15], Definition 2.3) Let A be a skew PBW extensions of a ring
R with a set of endomorphism ¥ := {o1,...,0,} and X-derivations A := {d1,...,0,}.

(i) If 0; = iR, for every 1 < ¢ < n, we say that A is a skew PBW extension of
derivation type.

(ii) If 0; = 0, for every 1 < i < n, we say that A is a skew PBW extension of
endomorphism type. In addition, if every o; is bijective, A is a skew PBW
extension of automorphism type.

(iii) A is X-commutative if the set ¥ is commutative. A and (X, A)-commutative of
A are defined similarly.

The most important result for this work on skew PBW extensions is given in the
following Proposition. This tells us when a quotient of a skew PBW extension is also a
skew PBW extension.

Proposition 2.1.15 ([LAR15], Proposition 2.6) Let A be a skew PBW extension of a
ring R and [ a (X, A)-invariant ideal of R. Then

(i) TAis an ideal of A and TANR = I. I A is proper if and only if I is proper. Moreover,
if for every 1 < i < n, o; is bijective and o;(I) = I, then A = Al.

(ii) If I is proper and o;(I) = I, for every 1 < i < n, then A/I A is a skew PBW extension
of R/I. Moreover, if A is of automorphism type, then A/IA is of automorphism
type. If A is bijective, then A/IA is bijective. In addition, if A is Y-commutative,
then A/IA is ¥-commutative. Similar properties are true for the A and (X, A)
commutativity.

(iii) Let A be of derivation type and I proper. Then, IA = AI and A/IA is a skew PBW
extension of derivation type of R/I.

(iv) Let R be left (right) Noetherian and o; bijective for every 1 <i < n. Then, A/IA is
a bijective skew PBW extension of R/I.
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Now, going back to FSG rings, the following proposition tells us how skew PBW
extensions are with respect to semi-graduation.

Proposition 2.1.16 ([LL17], Proposition 2.7) We have the following assertions:

(i) Any N-graded ring is SG.
(ii) Any finitely graded K-algebra is FSG ring.
(iii) Any skew PBW extension is a FSG ring.
Proof. (i) Let A be a N-graded ring. A = @nzo Ap. 1 € Ag; and A;A; C Ay C
Ag@® - ® Aiyj, for all 4,5 € N. Then {A,}nen is a semi-graduation of A.

(ii) Let A be a finitely graded K-algebra. From (i) we have that A is semi-graded. We
have that Ay = K and that A is finitely generated as K-algebra, then (ii) from 2.1.4
holds. The last condition (iii) from 2.1.4 holds because Ay = K.

(iii) Let A= o(R)(x1,...,2n) be a skew PBW extension. Then A = B, Ak, where
Ag =g (z% € Mon(A) | deg(z®) :=aq + -+ + o, = k).

Thus, Ay is a free left R-module with

dimR<Ak>=<"+’,j_1 > :<n—7;—ﬁ;1>

(Definition A.1.19).
O

With the above definitions, we now consider a particular class of these types of rings.

Definition 2.1.17 ([LFGT], Definition 18.1.1) Let R be a commutative ring and B be an
R-algebra. We say that B is finitely semi-graded (FSG), if the following conditions
hold:

(i) Bis a FSG ring with semi-graduation B = P~ Bp.

)
(ii) For every p,q>1, ByB; C B1 & --- & Bpyq.
(iii) B is connected, i.e., By = R.

)

(iv) B is generated in degree 1.

There are many examples of finitely semi-graded algebras. We recall some of them.
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Example 2.1.18 ([LG19], Example 2.4) (Skew PBW extensions that are FSG algebras).
Note that a skew PBW extension of a field is a FSG algebra if and only if it is constant
and pre-commutative. Thus, we have:

(i) The following skew PBW extensions of the field K are FSG algebras: The classi-
cal polynomial algebra (Example B.0.5); the particular Sklyanin algebra (Example
B.0.14); the universal enveloping algebra of a Lie algebra (Example B.0.9); the quan-
tum algebra U’ (so(3,K)) (Example 2.1.9 (iv)); the dispin algebra (Example 2.1.9 (v));
among others.

(ii) In the class of skew quantum polynomials, the multi-parameter quantum affine n-
space is another example of skew PBW extension of the field K that is a FSG (actually
finitely graded) algebra. In particular, this is the case for the quantum plane.

Example 2.1.19 ([LG19], Example 2.5) (FSG algebras that are not skew PBW extensions
of K). One example that FSG algebras that are not skew PBW extensions of field K is
the Jordan plane. This algebra A is the free K-algebra generated by x, y with relation
yr = xy + 22, so A = K{z,y}/{yr — vy — 2?). A is not a skew PBW extension of K,
but of course, it is a FSG algebra over K, actually, it is a finitely graded algebra over K
(observe that A can be viewed as a skew PBW extension of K[z], i.e., A = o(K[z])(y))
(see [BRST16] Example 1.3.1).

Example 2.1.20 ([LG19], Example 2.6) (FSG algebras that are not skew PBW exten-
sions). The following FSG algebras are not skew PBW extensions:

(i) Consider the Sklyanin algebra generated by z,y, z with the following relations

ayz + bry + cz? = 0, azy + byz + cx® = 0, axz + bzx + cy®> = 0,a,b,c € K.

If we consider ¢ # 0, then S is not a skew PBW extension, but clearly it is a FSG
algebra over K.

(ii) The finitely graded K-algebra
B = Kla]/(s?)

In fact, B is a finite dimensional K-algebra, B = K® Kz, so B is Artinian, but none
skew PBW extension is an Artinian ring. Indeed, Let C' = o(R)(z1,...,2,) be a
skew PBW extension, then

21CDa2C D a3C D ---.

2.2 Universal enveloping algebra of a Lie algebra

Now, we see a first appearance of the normalizing sequence in a semi-graded algebra: the
universal enveloping of a Lie algebra.
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Definition 2.2.1 ([MRSO01], Definition 1.7.1) A Lie algebra g over a field K, or K-Lie
algebra for short, is a K-vector space equipped with a Lie product, i.e. a K-bilinear map
gxg—g, (z,y) — [z,y], such that [z,y] = —[y, z], [x,z] = 0, and satisfying the Jacobi
identity

[JL‘, [yv ZH + [yv [Z, -T]] + [Z, [.CE, yﬂ =0.

Note that if A is an associative K-algebra, one can define a K-Lie algebra structure on
A by setting [a,b] = ab — ba, this product being called the bracket product.

A representation of a K-Lie algebra g is defined to be a Lie algebra homomorphism
from g to any such A.

Example 2.2.2 ([MRS01], Example 1.7.3) If A is a K-algebra three-dimensional such that
[z,y] = 2, [y, 2] =z, [2,2] =y, with basis {x,y, 2z}, then A is a Lie algebra.

Example 2.2.3 ([Sam12], Example 2) Take for A the algebra of all operators (endo-
morphism) of a vector spaces V; the corresponding Ay (also called A as Lie algebra)
is called the gemeral Lie algebra of V, gl(V). Concretely, taking number space R"
as V, this is the general linear Lie algebra gl(n,R) of all n x n real matrices, with
[X,Y]=XY -YX.

Example 2.2.4 ([Sam12], Example 3) The special linear Lie algebra sl(n,R) consists
of all n x n real matrices with trace 0 (and has the same linear and bracket operations as
gl(n,R)-it is a “sub Lie algebra”); similarly for C. For any vector space V' we have s[(V),
the special linear Lie algebra of V, consisting of the operators on V' of trace 0.

Now, with the concept of representation and Lie algebra, we see how the universal
enveloping algebra is constructed.

Definition 2.2.5 ([MRS01], Definition 1.7.2) If g is a k-Lie algebra then the univer-
sal enveloping algebra of g is an (associative) K-algebra U = U(g) together with a
representation ¢ : g — U which is universal; i.e. given any (associative) K-algebra A
and representation ¢ : g — A, there exists a unique algebra homomorphism ¢ : U/ — A
such that ¥ = ¢. As usual with universal objects, U(g) is uniquely determined up to
isomorphism.

Example 2.2.6 ([MRS01], Example 1.6.11) Let S be the K-algebra K[z, y, z] with rela-
tions zy — yxr = 2, yz — 2y = x, zx — xz = y. This is the universal enveloping algebra
of the K-algebra described in Example 2.2.2. Indeed, [z,y] = z and with the relation
[x,y] = zy — yz of universal enveloping algebra, we have the previous relation. In the
same way, we get the other two relations.
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Example 2.2.7 ([LFG™], Example 1.1 ¢)) The universal enveloping algebra of the
Lie algebra sl(2,K), U(sl(2,K)), is the K-algebra generated by the variables x,y, z
subject to the relations zy — yx = z, yz — zy = 2y, vz — zox = —2z. Recall that s[(2, K)
is the Lie algebra of matrices over K of size 2 x 2 with null trace (see Example 2.2.4)

Example 2.2.8 ([LFG™], Example 1.1 (e)) U(so(3, K)) is the K-algebra generated by the
variables z,y, z subject to the relations zy —yz = 2z, yz — 2y = x, vz — za = —y. 50(3, K)
is the Lie algebra of matrices over K of size 3 x 3 that satisfy F + FT = 0.

Proposition 2.2.9 (Poincaré-Birkhoff-Witt theorem) ([LFG™], Theorem 2.1.1) The
standard monomials z{* - - 2%, a; > 0, 1 < < n, conform a K-basis of U(G).

Proof. For U(G) we take:

X :={z1,...,xn},0i == i}, 0, :==0

cij=1,d;; =0, [:z:i,xj] = az(-;):cl + -+ a,(;;b)xn, 1<i<y<n.

Instead of demonstrating directly, we will use Theorem 2.1.10 to see that conditions (1)-(3)
hold. It is clear that condition (i) holds. Recalling that h = gp, we have: For (2), let i < j
and r € K, then

h(zjzir) = h(zjra;) = h(rejz;) = h(rex;) + h(rlej, ;) = rox; + rlzj, z4];
h(p(zjzi)r) = h(xiz;r) + h([z), ]r) = h(zire;) + h(rlxj, ]) = roic; + rle;, ).

Condition (3) of Theorem 2.1.10 also holds. For 1 < j < k,

h(p(zrzj)z;) = h(zjore;) + h([zg, z5)z;) = hMxjzieg) + h(xj(zg, z]) + h([zk, ©j]x;)
= T;TjT) + h([$]’, xl]:l:k) + h(l‘j [l‘k, l‘l]) + h([l‘k, xj]z:i),

but expanding the brackets, we have that

h([zj, zilzk) = h(zg[z), 2i]) + h(([[z}, 23], 2]),
h(zj[wg, zi]) = h([Tg, zilTs) + h([2)), [T8, 24]]),
M2k, m5]wi) = hl(ws|zg, 25]) + h([[zk, 5], 2i]);

where Jacobi identity is used in the last equality. On the other hand,

h(xpxjz;) = h(rgzixg) + h(zg[z), 2])) = h(zizge;) + h([xg, 25)z;) + h(xgx;, 2])
= h(wizjzr) + h(zi[zy, 25]) + h([zg, vi]w;) + h(e]z;, )
= zixjxy + Moy, 25]) + h([2k, zilx;) + h(rglz;, x)).

From Theorem 2.1.10 we get that there exists a skew PBW extension A = o(k)(z1,...,2n).
Then, the monomials " -+ 28", a; > 0, 1 < i < n, conform a K-basis of A. Applying

Theorem 2.1.11 of A and the universal property of the free algebra K{z1,...,z,} we have
U(G) = A, whence 2" -+ 227, a; > 0,1 < i <n, is a K-basis of U(G). O
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Other alternative proofs of Proposition 2.2.9 can be found in [Hig69], Section 3 or
[Coh63].

Now, we focus on the universal enveloping of Lie algebras and we will see an important
lemma which relates it to the normalizing sequences. However, before we must define some
concepts concerning Lie algebras.

Definition 2.2.10 ([MRSO01], Definition 14.1.7) Let g be a K-Lie algebra. We say that g
is solvable, if it has a K-basis {x1,...,2,} such that Kz; + -+ + Kz; <Kag + -+ - Kz
for each i. This is equivalent to requiring that g have a chain of Lie subalgebras

0=gy<g <---48, =8,

with each an ideal in the next and each factor being Abelian.

Definition 2.2.11 ([Kir08], Definition 5.22) For a Lie algebra g, define the series of ideals
D'g (called the derived series) by D°g = g and D**lg = [D'g, D'g].

With Definition 2.2.11, we can arrive at a proposition that gives us some equivalences
of solvable.

Proposition 2.2.12 ([Kir08], Proposition 5.23) Let g be a Lie algebra. The following
conditions are equivalent:

(i) D"g =0, for large enough n.
(ii) g is solvable.

(iii) For large enough n, every commutador of the form [...,[[x1,x2], [z3, z4]]...] (27
terms, arranged in a binary tree of length n) is zero.

Proof. We begin with the equivalence of (i) and (iii). Suppose that D"g = 0 for large
enough n. Then

D"g = [D"'g,D""'g] = [[D"?g, D" ?g],[D"*g, D" *g]] = [...,[[g, 0], 8. 0]]...] = O

This happens for all g. Then we have that every commutador of the form

[ [[z1, 22, [23,24]] .. .], xi€g, 1<i<2n,

is zero. The other implication is demonstrated in the same way. Implication (i) = (i7)
is clear: we take a’ = D'g. (ii) = (i), if o’ satisfies the conditions of the proposition,
then by [Kir08], Lemma 5.20, we have a‘*! O [a?, a’]. Thus, using induction, we see that
al O Dig. =
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Definition 2.2.13 ([Kir08], Definition 5.25) For a Lie algebra g, define the series of ideals
D;g (called the lower central series), by Dog = g and D;y19 = [g, D;g].

With Definition 2.2.13, we can arrive at a proposition that gives us some equivalences
of nilpotent.

Proposition 2.2.14 ([Kir08], Proposition 5.26) Let g be a Lie algebra. The following
conditions are equivalent:

(i) Dpg =0, for large enough n.

(ii) There exists a sequence of ideals ap = g D a; D -+ D a; = {0} such that [g,q;] C
Ait1-

(iii) For large enough n, every commutador of the form [...,[[x1,z2], 23], 24] ... 2] (n
terms) is zero.

If g satisfies any of the equivalent conditions, g is called nilpotent.

Proof. We begin with the equivalence of (i) and (iii). Suppose that D,g = 0 for large
enough n. Then

Dng =1[9,Dn-19] = [8,18, Dn—29]] = [...,[[g,0],0],0]...9] =0

This happens for all g, then we have that every commutador of the form

.. [[x1, 22, 23], 4] o 2], xi€9, 1<i<n,
is zero. The other implication is demonstrated in the same way. Implication (i) = (i7)

is clear: we take a; = D;g. (i1) = (i), if g; satisfies the conditions of the proposition, then
using induction, we can see that a; D D;g. O

Example 2.2.15 ([Kir08], Example 5.28) Let b C gl(n, K) be the subalgebra of upper tri-
angular matrices, and n be the subalgebra of all strictly upper triangular matrices. Then
b is solvable, and n is nilpotent.

Let us first generalize it. Namely, if F is a flag in a finite-dimensional vector space V,
that is

F=({0tcvicWcCc---CV,=V)

with dimg (V;) < dimg(Vi4+1) (we do not require that dimg (V;) = i), then define
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b(F)={zegl(V)|aV;CVforali},
n(F)={zegl(V)|azV;CViforalli}.

Let B ={b1,...,b,} be a basis for V. By taking F to be the standard flag in K" (i.e.
when V; = (by,...,b;) and dimg(V;) = i) we recover the Lie algebras b, n defined above.

We claim that n(F) is nilpotent. Indeed, we define more general algebras

ap(F) ={z € gl(V)|aV; C Vi foralli}.

so that b(F) = ag, n(F) = ay. Then it is obvious that for x € ax, y € a;, we have
xy € ak + 1 (here xy is the usual product in End(V')); this, [ag, a;] C ax4y, so Din C a;41.
This proves nilpotency of n(F) (see [Kir08], Proposition 5.26).

We can show solvability of b (for the standard flag F), noting that even though for
x,y € b we can only say that xy € b, for the commutator we have a stronger condition:
[z,y] € n = a;. Indeed, diagonal entries of zy and yz coincide. This, D'b C n = a;. From
here it easily follows by induction that Db C as.

Definition 2.2.16 ([MRS01], Definition 14.1.8) We also recall that g is completely solv-
able if, in the notation of Definition 2.2.10, it can also be arranged that each Kz14- - -+Kux;
is an ideal of g or, equivalently, that each g; is an ideal of g and each g;,,/g; is one-
dimensional over K.

Example 2.2.17 ([Knal3|, Example 1.1.12) The Lie algebra of all matrices

t 0
0 ¢
0 0

ow &

is an example of completely solvable Lie algebra. This is isomorphic with the Lie algebra
of the group of translations and dilations of the plane.

With the above definitions, we now look at some properties and definitions of multi-
plicative closed subsets. This allow us to arrive at a proposition where we can find the
normalizing sequence in certain universal enveloping algebras.

Definition 2.2.18 ([MRSO01], Definition 2.1.6) A multiplicatively closed subset S of R is
said to satisfy the right Ore condition if, for each r € R and s € S, there exist ' € R,
s’ € S such that rs’ = sr'.
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Example 2.2.19 Consider the quantum plane described in Example 1.2.19. If we consider
S = K]ly], then S satisfies the right Ore condition. Indeed, if we consider r = az®'y*2,
s = by®3, where a3 > a9, i.e., there is v € N such that as +v = a3. Then v/ = b~ 1¢*1 3>
and s’ = =1y, and so Ore condition is fulfilled.

Definition 2.2.20 ([MRSO01], Definition 2.1.1) If R is a commutative ring and S is a
multiplicatively closed subset of R, the localization S~'R can be constructed (as in the
commutative case. If S satisfies right Ore condition, we say that Rg = S™!R is a ring of
fractions of R with respect to S.

Example 2.2.21 Some rings of fractions are the following:

(i) Let R =7 and S = R\{0}. Then the ring of fractions is Rg = Q.

(ii) If R =K][z] and S = {z" | n € Z}, then Rg = K[z, 2], the Laurent polynomials
over K.

(iii) If R is an integral domain and S = R\{0}, then Rg is a field, called the field of
fractions.

Definition 2.2.22 (]MRSO01], Definition 2.1.2) An element x € R is right regular, if
xr = 0 implies r = 0 for r € R. Similarly left regular is defined. Regular means both
right and left regular (and hence not a zero divisor).

Example 2.2.23 Some regular and not regular elements are the following

(i) Let R be an integral domain. Each r € R\{0} is regular.

(ii) If R = Zg, then 2 it is not regular, because 2-3 =3 -2 = 0.

Definition 2.2.24 ([MRSO01], Definition 2.1.3) Let S be a (non-empty) multiplicatively
closed subset of a ring R, and let

ass(S)={re€ R|rs=0 for somese S}.

Then a right quotient ring of R with respect to S is a ring @ together with a
homomorphism 6 : R — @ such that:
(i) for all s € S, 0(s) is a unit in Q;
(ii) for all ¢ € Q, ¢ = O(r)f(s)~, for some r € R, s € S; and
(iii) Ker(0) = ass(S).

If, further, ass(S) = 0, one can identify R with its image under #, and then each q € @

takes the form rs~1.
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Corollary 2.2.25 (]MRS01], Corollary 2.1.4) Let R be a ring and let S be a multiplica-
tively closed subset of R. Then

(i) If there exists a right quotient ring ) of R with respect to S, then it is unique up to
isomorphism.

(ii) If R also has a left quotient ring @' with respect to S then Q = Q.

Remark 2.2.26 The latter statement shows that, when both @ and Q' exist, then ass(S)
equals its left-hand version, namely {r € R | sr = 0, for some s € S}. The uniqueness
given by Corollary 2.2.25 makes razonable the notation Rg for ). This ring is also called
the (right) localization of R at S.

The examples below show that the right Ore condition is not always satisfied.

Example 2.2.27 ([MRSO01], Example 2.1.7)

(i) Let R = K(z,y) be the free associative algebra in two indeterminates over a field
K. Let S = R\ 0. It is immediate that the right Ore condition fails, choosing, say,
r = x and s = y. This also shows, by [MRS01], Proposition 2.1.6 (it says that if a
right quotient ring Rg exists then S satisfies the right Ore condition), that Rg does
not exist.

(ii) Let R = K|z, y] with zy = y(x + 1). This is a Noetherian integral domain and
P = xR + yR is a prime ideal with R/P = K. Let S = R/P. The right Ore

condition again fails, choosing »r =y and s =z — 1.

Definition 2.2.28 ([MRSO01], Definition 2.1.13) A multiplicatively closed subset S of a
ring R which satisfies the right Ore condition is called a right Ore set. A right Ore set
such that the elements of S are regular in R = R/assS (and so Rg exists) will be called a
right denominator set.

Example 2.2.29 Again, we consider quantum plane and S like in Example 2.2.19. S is
a right denominator set.

Definition 2.2.30 Let R be a ring, we define Z(R) as follows

Z(R) ={z€R|zr=rzforallre R}.

Definition 2.2.31 ([MRS01], Definition 14.1.3) A right g-module is a vector space M
together with a k-bilinear map M x g — M, (m,x) — [m, 2| such that

[m, [z, y]] = [[m, z],y] — [[m,y],z], for eachm € M,z,y € g.
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For example, g is itself a right g-module under its own product; and its ideals are the
submodules.

Definition 2.2.32 ([MRSO01], Definition 14.1.15) Let M be a nonzero g-module. The
nonzero elements m € M such that Km < M are called the eigenvectors (or semi-
invariants) of g in M. The set of eigenvectors is denoted by E(M;g) or simply E(M).
Those eigenvectors which also have mg = 0 are the invariants of g, and M8 denotes the
set of these.

All that is described throughout this section, is to get to the next Lemma. This is
important because the notion of normalizing sequence appears in the case of the universal
enveloping algebra of a Lie algebra.

Lemma 2.2.33 ([MRS01], Lemma 14.3.4) Let g be completely solvable, R be a factor
ring of U(g), and S be a right denominator set in R. Then:

(i) if 0 #£ I < Rg then I N E(R) # 0;
(ii

(iii

if a € E(Rg) then aR = Ra;
Z(R)\{0};

(iv) each ideal of R has a normalizing sequence of generators; and if g is nilpotent, a
centralizing sequence.

)
)
) R
)

Proof. (i) It is clear because we have I <Rg implies that I C E(Rg). Then INE(R) # 0.

(ii) if A € g* is the corresponding eigenvalue then [a,x] = A(x)a for each x in g. Thus
ax = za + A(z)a and so aR = Ra.

(iii) If we take A = 0 from the proof of ii), ax = za. So, R® = Z(R) \ {0}.

(iv) We will using induction over the generators of an ideal I C R. If I = (a), using i)
and ii), we have that aR = Ra.

Now, suppose that I = (a1, ..., an) and {a1, ..., ap—1} is a normalizing sequence. We
have that [ C R is an ideal, where I= I/(al, ce.yap—1) and R= R/{ay,...,an-1).
But [ = (@n). We are in the case of generation by a single element, then applying
the case when n = 1, we have that a,R = Ra,. So, {ai,...,a,} is a normalizing
sequence.

O]

2.3 Point modules and schemes in graded algebras

The main idea in this section is to see how schemes can parametrize point modules
in graded algebras, and try to find an analogy for point modules in semi-graded algebras.
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By achieving this, we can build a notion of locus zero on a finitely semi-graded algebras.

Definition 2.3.1 ([Vanlbal, p. 373) Let S be the K-algebra defined in Section 1.2. If
we take p;; = 1, for all 1 < ¢ < n, then S is the commutative polynomial ring and its
algebraic geometry is quite extensive, as shown in Section 1.3. In particular, we have that
the point of P(S]) are in one-to-one correspondence with certain ideals of S via

(a1,...,0p) & (@21 — 012, .., 052, — On2;), 0 # 0.

Another important fact is that we have an ideal I, the graded module S/I has Hilbert
series H(t) =1/(1 —t) and that S/I is a 1-critical graded cyclic module over S.

Now, in the case where p;; # 1, we can see S “close” to commutative. Therefore, we
can expect that there is a geometry behind. The geometrics objects are modeled on the
module S/I.

We will see how we can have geometry in .S. For that, next definition is very important.

Definition 2.3.2 ([Vanl5al, Definition 1.1) Let A = @;°, A; denote an N-graded, con-
nected K-algebra generated by A; where dimg(A;) = n < oo. A graded right A-module
M = @2, M; is called a line module, if

(i) M is cyclic with M = MpA, and

(i) dimg(M;) =i+ 1, for all 4.

Remark 2.3.3 ([Vanlbal, p. 374) If A is the polynomial ring S, then the module S/I is
a point module. In general, we may associate some geometry to point and line modules.
Indeed, first condition implies that A maps onto M via a — ma, for all a € A, where {m}
is a K-basis for My, and this map restricts via the grading to a linear map 3 : A1 — Mj.
Let K C A; denote the kernel of 3. The second condition implies that dimg(K) =n —1
(n — 2 if we take a line module), so that K+ C A} has dimension one (respectively, two).
Thus, P(K') is a point (respectively, a line) in the geometric space P(A}).

For point modules we have that its Hilbert series is 1/(1 —¢). On the other hand, the
Hilbert series for line modules is 1/(1 — ¢)2. With this, we can define a plane module,
changing the condition (ii) of Definition 2.3.2 by the requirement that the module has a
Hilbert series 1/(1 — t)3. In the same way, we may define d-linear modules, where the
definition is modeled on Definition 2.3.2, but the module has Hilbert series 1/(1 — )4+,

Now, we focus on how point modules can be parameterized by schemes. Categorically
speaking, there is a scheme that represents the functor of point modules.
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Although we are working on non-commutative algebraic geometry, it is important to
see an example of scheme in the commutative version. Therefore, the following example
is presented.

Example 2.3.4 ([LFGT], Example A.4.2) Consider K an algebraically closed field and
let A" be the affine space (Definition C.0.1). We consider the Zariski topology for A"
(Definition C.0.3). Let V' be any nonempty variety of A". We associate a scheme (V, F)
to V. Now, we have that V' is the set of nonempty varieties contained in V; we consider
U C V an open set and let U be the set of nonempty varieties contained in U. The
collection {U }ycvopen define a topology for V. Then, we define

Qf [~

€ K(V) | z is defined in every point P € U } .

fgv, L F(U) = FU),zw Z, for U C U,

where (V) := Q(A(V)) is the field of fractions of A(V) := Klx1,...,2,]/I(V), the
coordinate ring of V. Recall that F(U) := {z: U — K | Z is regular }.

Having the notion of a scheme, we can now focus on how a scheme can parameterize
the point modules.

Definition 2.3.5 (JATVABO7], Definition 3.8) A truncated point module of length
d+ 1 is a module M which satisfies (i) and (ii) from Definition 2.3.2, and whose Hilbert

function is
1, if0>i>d;

0, otherwise .

Let T = K(xo, ..., x,) denote the free associative k-algebra on generators x, ..., x,
of degree 1, and let V =T} denote the dual space of 11 =k (zo,...,Z,). A homogeneous
element f € T, = wa of degree d, ie., f=f1®---® fq, for f; € T1,1 < i < d, defines a
linear map

fiVe @V =v%_K,

or equivalently, a multilinear form ]7: Vx---xV =V?% 5 K. Indeed, let g1,...,94 €V

flo1s---594) = g1(f1) - ga(fa)-

Now, let r,s € Kand ¢1,...,6i,9.,...,94 € V; then:
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Flgrergits gh..,g)=a(f1) - (r-gi+ts g)f) ( d)

=q(f1) - (r- Qz(fz)+8 gé(fz)) ga(fa)

=aqi(f1) r-9i(fi) - ga(fa) + 9 ( 1) -5 gi(fi) -~ ga(fa)
ZT'91(f1)"'gz‘(fz‘)"' a(fa) +s-g1(f1) - gi(fi) -~ ga(fa)

:T'f(gla"wgi?"'agd)+S'f(gla"'7gi>"'7gd)a

)
)

for all 1 <4 <d.

As in [ATVABO07], we consider P ~ P". We want define a sheaf on the product Px- - - xP
of d copies of the projective space P of lines in V. We denote this product by (P)¢. We
consider twisting sheaf Op(1) (Definition C.0.32) on P. Now we have functions pr; : (P)¢ —
P such that for (p1,...,pi...,pq) — p;, for all 1 < ¢ < d. Since we have a sheaf on P,
Op(1), we can take pullback of function pr;, called pr} (Definition C.0.29). With this, we
have a presheaf pri(Op(1)) on (P)%, for all 1 <4 < d. Applying tensor product between
theses presheaves (Definition C.0.29), we obtain a presheaf priOp(1) ® - - - ® prOp(1 ) In
general, tensor product between sheaves is not a sheaf; for this, we have to sheaving ! for
see a presheaf priOp(1)®- - -®@prOp(1) as a sheaf. We denoted this sheaf as O(1,1,...,1).

Fach g € V is a regular function. In particular, f is a regular function. Then,
fe (prlo]p( )@ @ priOp(1))((P)4). It is equivalent to say that f is a section of sheaf
O1,1,...,1).

Since f is multilinear and hence multihomogeneous, its zeros define a locus in (P)?.

Definition 2.3.6 [ATVdBO07] Let A = T//I be a graded quotient ring of 7', let I be the
space of multilinear forms f such that f € I;. We will denote by I'y the scheme of zeros
if I; in the product (P)%: N

Iy = Z(1;) C (P)%

With this, we can get to the most important proposition of this section.

Proposition 2.3.7 (JATVdBO07], Proposition 3.9) With the above notation, there is a
one-to-one correspondence between points (po, ..., pq) € I'y and truncated point modules
of length d + 1.

Proof. Let M be a family of truncated point modules. Since point modules have been
rigidified by the requirement that My = R, they are compatible with descent. So we can
localize R, to reduce to the case that each graded piece M;, 1 < j < d, is a free R-module
of rank 1. We choose a basis b; for each M;. For 1 < j < d and 0 <17 < n, we write out
the products of the bases b; by the generators x; of A:

!For more details of turning a presheaf into a sheaf see [DFI"04], Chapter VII.
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bj_lxi = bjaij,

for some a;; € R. In this way, we obtain a set of d points a; = (agj, ..., an;) € P with
coordinates in R, i.e., an R-valued point of P¢. This point has the property that if f(x)
is any polynomial in R ® T" of degree d, then the formula by f(z) = bdf(al, ...,aq) holds,
where M is given the structure of T-module via the map T — A. O

Corollary 2.3.8 ([ATVdBO07], Corollary 3.13) Let I' denote the inverse limit of the sets
I'y (Definition A.3.10). Then the points of I" are in one-to-one correspondence with point
modules.

The collection of isomorphic classes of point modules for an algebra A is denoted by
P(A). The following is an example of correspondence of point modules and it is stated in
[LFG™], but the details are not there. However, such details are included here.

Example 2.3.9 ([LFG'], Example A.3.4 (ii)) Point modules of Jordan plane are pa-
rameterized by P!, that is, there is a bijective correspondence between the projective
space P! and the isomorphism class collection of the Jordan plane point modules J :=

K{z,y}/(yz — zy — 2?):

P! «— P(7).

We define P —% P(J),P := (ap : a1) + J/I(P), where I(P) := Jf, with f :=
apy —arz. Also, I(P) is a J-module N-graded and therefore, 7 /I(P) is a cyclic N-graded
J-module generated by 1+ I(P) € (J/I(P))o; besides, for all p > 0, dimg ((J /I1(P)),) =
dimg ([T, + I(P)]/I1(P)) = 1.

In fact, [Jp + I(P)]/I(P) = Jp/[JTp N I(P)]; note that ag # 0 or a3 # 0. Just consider
the first case, since the second is similar. Note that 2? € J, and =P ¢ I(P). Moreover,
suppose that 2 = h(agy —a1z) for some h € J —{0}, let h = ho(z) + ha(z)y+ - - - he ()Y,
for some t > 0 and hy(x) # 0, then aphy(z)y'™ = 0, which is a contradiction.

The idea is to show that 7,/[J, N I(P)] = KzP. It is clear that KaP C 7, /[T, N I(P)];
let g € Jp/[JpNI(P)], with g € T, then g is a K-linear combination of monomials of the
form x*0y™ | with ag + a1 = p; let ¥y any of these polynomials, if we prove that

zW0YoT = N\, o, 2P, for some Ay o, €K,

then there exists A € K such that g = AzP. If a; = 0, the statement is trivially true;
let oy > 1, we divide



CHAPTER 2. NORMALIZING SEQUENCES IN SEMI-GRADED ALGEBRAS 47

a1—2

20y = Y2 — agary™ e 4 (~1) 7 T (a0 + j) (e — Dyaoter?
j=0
a1—1 a1 —2 p—1
+ (=) ] (o + Dot + > (=12 ][ (o + )l = 3) (a1 —=2) + 2],
j=0 p=2 Jj=0

by f = apy — a1x. Doing the division, we get that x*0y*t — Ay o, 2P € T f.
Now, consider the function

P(J) —¢ P!
M — P,

where P is defined as follows: let M = Jmg, we know that M = J/J, with
J := Ann(myg) # 0; M is graded, then J is homogeneous, that is, N-graded like J-module.
For the homogeneous component of J of degree 1, we have that J; = J1NJ, so Ji is a sub-
space of dimension 1 of 71 = Kz+Ky: Indeed, My = (J/J), = (J1+J)/J = J1/TiNJ has
dimension 1, but 1 = dimg(J1/J1NJ) = dimg (J1) — dimg (J1NJ) = 2 —dimg (J1NJ), so
dimg (J1NJ) = 1. Thus, J; =k (f), with f = apy— a1, for some (ag, a1) # (0,0); besides,
the J-module generated by J; is J f. Note that J coincides with the J-module generated
by Ji, that is, J = J f: Indeed, dimg(Ms) = 1 = dimg (J2) — dimg(J2), so dimg (J2) = 2,
but {zf,yf} is K-linearly independent, so, Jo C Jf; similarly, dimg(J3) = 3 and
{22f,zyf,y>f} is a K-base of .J3, where J3 C Jf; continuing on this path we have that
dimg(J,) = p and {aP~Lf, aP2yf, ... 2yP~2 f,yP1 f} is a K-base of J, for all p > 2, that
is, J, CJf,soJ=Jf.

We define ¢(M) := P with P := (ag,a1). ¢ is well defined since if M’ is a point
module with M =% M’  then J = Ann(mg) = Ann(B(myp)) and M’ = JB(my); besides,
if we change the generator of M, that is M = Jzg, then for J' := Ann(z) and J' = Jg,
with g = boy — bz for some (bg, b1) # (0,0), we have g = Af for some A\ € K*: indeed,
gzo = 0, but zp = NM'myg, with X' € J — {0}, but since gr(zp) = 0 = gr(mg), then X' € K*;
gN'my =0, so g\ € J, also g\ = N'f, with A" € J — {0}, then comparing the degrees
we come to that A € KX, so g = A\f, with A = X ~1)\",

Moreover, (bg,b1) = A(ag, a1), and P is unique.

pp =ip(g): pp(M) = ¢(P) = T /I(P) =T /T | = J/Ann(mg) = M.
¢p =ip : pp(P) = (T /I(P) =¢(T/Tf) =P as Am(l)=J/f.

Now, we see another parameterization of point modules. The following example is an
adaptation of Example 2.3.9. However, the different parts in the proof are shown in detail
in this work.
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Example 2.3.10 Consider the K-algebra A = K{x,y}/(y — 2? + yx). The bijective
correspondence between the projective space P! and the isomorphism class collection of A

is exactly the same that in Jordan plane but in division of polynomials. In this case, we
divide

CL‘aOyal _ (_1)a0a1yall_a0 + <1 + (2_1)011) <1 + (2—1)(10) ya1_1$a0+1,

by f = apy — a1x. We have three cases. If « is even, doing the division we get

-1 -1 2 —2 -1
a0yt = (ag Ty a0 ary™ T 4

g ) <>(+) (5+1)

— ag

a/l 1 al +."

a1 —2
0 (ad o D S A2
5 —

where w =0 if 4 | (a1) and w = 1, otherwise; and

If a1 is odd and «q is even, doing the division we get

xaoyal — (aalyal—lxao + a62alya1—2xa0—1 4.

R () )

1

a1 —3
0 (ad ™ D ] A2
5 —

where w =01if 4 | (a1 + 1) and w = 1, otherwise; and

) (o), o5

Aag,a1 = Qg ay 1 Qg ay +

a1—1
D (ad ) Jaot a1
2

Finally, if ag, 1 are odd, doing the division we get
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:anyal — (7aalya1—1xa0 + (aal o a82a1)ya1—2xa0—1 4.

U ()

1

a1—1
e PP B e e A TS W)
5 —

where w =01if 4 | (a1 + 1) and w = 1, otherwise; and

Aag,a1 = G aq 1 )% aq +e

() (), o)

a1+1
D (e ar DR
2

Then, in the three cases, we have that z®y* — Ay o, 2? € T f.

The rest of the proof is the same as in Example 2.3.9.

In [VVRIT7], the scheme I' was called the point scheme. The idea now is to generalize
what Artin demonstrated and see that d-linear modules are parameterized by a scheme.

Definition 2.3.11 ([SV02], Definition 0.1) We define Proj B to be the following triple
((gr — B)/ #,0,0), where ¢ denotes the subcategory of gr-B of torsion modules, O
denotes an object of (gr — B)/_# that is represented by the right modules B, and o is the
operation .# — .#[1] on (gr — B)/_# induced by the shift of degree on a B-module.

Remark 2.3.12 We consider A from Definition 2.3.6. Now for any commutative K-algebra
R, we denote the graded algebras A ® R by A(R).

Definition 2.3.13 ([SV02], Definition 1.1) Let d be a non-negative integer and let R be
a commutative K-algebra.
(e 9]
(i) Let r € N. We say that a graded A(R)-module M = @ M; is a truncated d-linear
i=0
module of length r, if M is cyclic, generated by My, and has Hilbert series
r—1 .
d+1\ ;
H = L
) =3 (13
1=0
o0
(ii) We say that a graded A(R)-module M = @ M; is a d-linear module if M is cyclic,

i=0
generated by My, and has Hilbert series
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Any d-linear module can be “truncated” to a truncated d-linear modules of any re-
quired length. We refer to 0-linear modules as point modules, 1-linear modules as line
modules, and 2-linear modules as plane modules, with similar terminology for their trun-
cated analogues.

Definition 2.3.14 ([SV02], Definition 1.2) For d € {0,1,...,v} and r € N, let Fy,
denote the functor from k-algebras to sets, which assigns to each k-algebra R the set of all
isomorphism classes of truncated d-linear A(R)-modules of length r, and to each k-algebra
homomorphism f : R — R’ the induction functor __ ®pz R’. Similarly, we write F; for the
functor of d-linear modules. As they are functors on schemes over k, we will refer to these
functors as the functors of flat families of d-linear, or truncated d-linear, modules.

Now, let us fix r, d and recall v = dimg (V). Also, we introduce the following notation.

Let W denote any finite-dimensional K-vector space, and let U denote any subspace of
W. We write G, (W) for the Grassmannian scheme? of n-dimensional subspaces of W, and
G™(W) for the scheme of subspaces of W of codimension n. There is a natural embedding
of the scheme G"(W/U) into G"(W) as the subscheme of codimension n subspaces that
contain U. we denote this closed subscheme by G7;(W).

For convenience, C(a,b) denotes the binomial coefficient (§).

For each r € N and for each d € {0,1,...,v}, let

T, (V,d) = [J GO (V)=
=1

With the definition of Y,(V,d), we have that, there is a closed subscheme related to
the ideal I defining the algebra A,

d C(d+i,d *\ Q1
T(V,1,d) = [ (v,
=1

where I; denotes the homogeneous elements of degree ¢ in I.

Now it is defined a flag variety as follows: given a decreasing sequence of integers
el > ey > -+ > e > 0, we denote by F(ey,...,e,, W) the flag variety of flags

2For more details about Grassmannian scheme, see [KTT 03]
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Up C Uy C--- CU. CW, where the codimension of the vector subspace U; in W is
€;.

Now, we define a decreasing sequence of integers k; by k; = C(d +1i,d)v" %, 1 <i <.
There is a natural scheme morphism w, : T,(V,d) — [], G*((V*)®"). This morphism is
given by

wr(Q) = (Q1® (V)P D Qy0 (V)22 .. Qe (V)= ... Q,),

where Q = (Q1,...,Q,) is a closed point of Y,.(V,d).

Now, let ®,.(V,d) = w, }(F(ki, ..., k-, (V*)®)), which is a closed subscheme of Y ,.(V, d).
And we define Q,(A, d) as the scheme-theoretic intersection

0, (A, d) = &,.(V,d) N T(V, I,d).

To compute the set of closed points of 2,.(A, d), we consider a closed point (Q1, ..., Q)
of T,(A,d), that is, each Q; is a subspace of (V*)®* of codimension C(d +i,d). Tt follows
that the set of closed points of Q,(A,d) is

{(@1,..,Q) | Qi@V* + 111 CQit1,1 <i<r—1}

For each r > 2, let m,—1 : Y, (V,d) — Y,_1(V,d) be the projection onto the first r — 1
factors. Since m,_1(2,(4,d)) C Q,-1(A,d) for all r, we can define

Qoo(A,d) = {in Q,(A,d),

which will play a role analogous to that played by the scheme I' that appeared in
Corollary 2.3.8.

With that, the following proposition is a generalisation, from 0-linear to d-linear, of
Proposition 2.3.7, concerning a scheme, I';, that represents the truncated point modules
of length 7.

Proposition 2.3.15 ([SV02]|, Theorem 1.4) The scheme §2,(A, d) represents the functor
Fj 41 of isomorphism classes of truncated d-linear modules of length r 4 1.

Proof. We fix d and r and let F' = Fj;,,1. Let G be the functor from the category of
commutative K-algebras to the category of sets that is represented by Q,.(A,d). The K-
valued points of G have been described above. It suffices to give an isomorphism from the
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functor F' to the functor G.

Let R denote a commutative K-algebra and let M denote a d-linear A(R)-module of
length r + 1; that is, M represents an element of F'(R). Consider M as a T'(R)-module
that is annihilated by I(R) = I®@ R. We have that My = R. There exists u € My such that
M = uA(R). Let @ denote the annihilator of u in T'(R). Since w is unique up to multipli-
cation by a unit of R, and since R is central in A(R), it follows that @ is independent to
the choice of u. Moreover, @ has the form @;°, Q;, where Q; is the kernel of the epimor-
phism T'(R) : ¢ — M; given t — ut. Since each M;, where 0 < i < r, is a projective direct
summand of the free R-module T'(R); of rank C(d+1,d), Q; is projective with well defined
rank. For i > r, we have Q; = T'(R);, and, for 1 <i <r, Q; has corank C(d+1i,d) in T(R);.
Since M is an A(R)-module, we have Q; 2 I;(R). It follows that the point (Q1,...,Qr)
is an element of G(R). We have defined a transformation, M — (Q1,...,Q,), from F to G.

Conversely, let (Q1,...,Q,) be an R-valued point of Q,(A,d); that is, (Q1,...,Q,) €
G(R). Let Q = @;2, Qi, where, for i > r, we take Q; = T'(R);. The structure of (4, d)
implies that @ is a right ideal of T'(R) containing I(R). Let M denote the right T'(R)-
module, also A(R)-module, T'(R)/Q. By definition, M is a cyclic A(R)-module generated
by My, and, for i > 0, we have M; = T(R);/Q;. By the definition of G, for 1 <1i <r, Q; is
a direct summand of T'(R); of well defined corank C(d+1i,d). Thus every M; is projective
of the appropriate well defined rank, so M represents a point in F(R). O

Finally, we have an important result of parameterization of d-linear A-modules.

Corollary 2.3.16 ([SV02], Corollary 1.5) The set of closed points of Qs (A, d) is in one-
to-one correspondence with the set of isomorphism classes of d-linear A-modules, and the
scheme Q. (A, d) represents the functor of flat families of d-linear A-modules.

The scheme Q4 (A,0), that represents the functor of point modules of A is called in
[VVRI7] the point scheme of A.

With the results previously exposed, we saw how the bijective correspondence exists
between a scheme and the class of isomorphism of point modules in the context of graded
algebras. Next, we see some important results of this bijection for the case of semi-graded
algebras.

In [Lez20] we have an example about correspondence between point modules for a free
algebra and the points of infinite product P x P™ x - - - = [[>2 P"; this example is shown
below.

Example 2.3.17 ([Lez20], Example 1.3) The isomorphism classes of point modules for the
free algebra A := K{xo,...,z,} are in bijective correspondence with N-indexed sequences
of points in P, {(Xg; : --- : Apy) € P* | 4 > 0}. In other words, with the points of the
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infinite product P x P x --- = [[72,P". Thus, there exists a bijective correspondence
between [[72, P and P(K{zo,...,zn}):

ﬁ]P’" s P(A).
=0

Also it is said in [Lez20] that, thanks to the previous example, it is possible to com-
pute the collection of point modules for any finitely presented algebra and then, we could
calculate them for previous algebras. In Example 2.3.9, we saw the correspondence for
Jordan plane. For homogenized enveloping algebra the correspondence should be with P"
and for Manin algebra the correspondence should be with P3.

Now, we see another parameterization of point modules from a generalization of Jordan
algebra. The following example is an adaptation of Example 2.3.9. However, the different
parts in the proof are shown in detail in this work.

Example 2.3.18 Let sJ an K-algebra defined as follows: s7 is the free K-algebra gener-
ated by x, y with relation yx = qzy + 22, ¢ € K*, so sJ = K{z,y}/{yx — qvy — 2?). sJ is
called skew Jordan plane. The correspondence of point modules of skew Jordan plane
is given by P'. The proof of this fact is exactly the same as on Jordan plane (Example
2.3.9). However, the only thing different is the division of a monomial by f. In this case,
we divide

«@Q a1—1
xaoyal — qfalaoyalxao o (Z q1> <Z q(all)agk> yalflxa(ri»l
=1 k=0
a172 010+j alfl
+ (_1)a1—1 H (Z q—i> (Z q—ao—k) ywo‘°+o‘1_1
7=0 =0 k=0
alfl Oéo+j )
+ (_1)a1 H (Z q—z> pootan
=0

7=0
a;—2 p—1 fao+j
+ Z ((—1)P H (Z q—i> (q—(al—P)Oto + q—(al—p)a0—1_|_
=2 j=0 \ i=0
a1 —3
q*(alfp)a()*(alfl) _|_q*(alfp)a0*a1 + Z Qq(alfp)OIO*m))
m=2

by f = apy — a1x. Doing the division, we get that z*0y*t — A\, o, 2P € T f.

The parameterization of the point modules is important, since we want to know how
many point modules has an algebra, in order to try to adapt Corollary 1.3.16 to more
general algebras. In particular, we start by extending Corollary 1.3.16 for graded skew
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PBW extensions.

For this, we see a slightly more general version of Corollary 1.3.16. To do this, we see
what happens with graded skew Clifford algebras.

Proposition 2.3.19 ([Vanl5b], Proposition 2.3) Let A denote a graded skew Clifford
algebra and let F' denote the normalizing sequence of length n given in Definition 1.2.18(ii).
Then

(i) The algebra A is Noetherian.

(ii) If F is regular in A, then conditions (i)-(iv) from Corollary 1.3.16 hold for A and F'

The previous proposition allows us to generalize these conditions for graded skew PBW
extensions. These extensions are defined as follows:

Definition 2.3.20 ([Sual7], Definition 2.6) Let A = o(R)(z1,...,2,) be a bijective skew
PBW extension (Definition 2.1.8) of an N-graded K-algebra R. We said that A is a graded
skew PBW extension, if the following conditions hold:

i) x1,...,2, have degree 1 in A.

ii) o; is a graded ring homomorphism and o; : R(—1) — R is a graded o;-derivation, for
all1 <i<mn.

iii) T — CjjTix; € Ro+ Rix1 + -+ Rizg, Cij € Ry.

Example 2.3.21 ([Sual7], Example 2.8) Quasi-commutative skew PBW extensions with
the trivial graduation of R are graded skew PBW extensions: let r € R = Ry. Then
oi(r) = ¢ir € Ry, 0; =0 and zjz; — ¢; jxiz; =0 € Ry + Rz + - - - + Rizy; if we assume
that R has a different graduation to the trivial graduation, then A is graded skew PBW
extension provided that o; is graded and ¢; ; € Ro, 1 <,7,5 < n.

In [Sudl7], Example 2.9, we have many examples of graded skew PBW extensions of
the classical polynomial ring R with coefficients in K, which are not quasi-commutative
and where R has the usual graduation. Some of these algebras are the Jordan plane, the
homogenized enveloping algebra, Manin algebra, and others. Definitions of these algebras
can be founded in Appendix B [B].

We need some previous results to arrive to adaptation of Corollary 1.3.16 for graded
skew PBW extensions.

In the case of skew PBW extensions, there are important results on GK-dimension.
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Proposition 2.3.22 ([Reyl3a], Proposition 4.3.3) Let B be a K-algebra with finite filtra-
tion {B;}icz such that G(B) is finitely generated, where G(B) is the associated graded
ring of B. Then

GKdim(G(B)g(p) = CKdim(Bg)

Lemma 2.3.23 ([Reyl3a], Lemma 4.3.4) Let B be a K-algebra with a finite dimensional
generating subspace V, o a K-automorphism of B and § a o-derivation. If o(V) C V|,
then

GKdim(B]z;0,6]) = GKdim(B) + 1

Now, we consider the automorphisms o;, 1 <7 < n of R in Proposition 2.1.7.

Proposition 2.3.24 ([Reyl3a], Theorem 4.3.5) Let R be a K-algebra with a finite dimen-
sional generating subspace V' and let A be a bijective skew PBW extension of R given by
A=0(R)(z1,...,xn). If 05(V) CV, for 1 <i<mn, then

GKdim(A) = GKdim(B) + n.

Remark 2.3.25 In the previous proposition, an error that is in [Rey13a], Theorem 4.3.5
was corrected, because in that Theorem it says that only o, (V) C V is considered, when
in fact all o;(V) C V, 1 <7 < n, have to be considered.

Definition 2.3.26 ([Reyl3a], Definition 4.3.7) For a K-algebra B, an automorphism o of
B is said to be locally algebraic, if for any b € B the set {c™(b) | m € N} is contained
in a finite dimensional subspace of B.

With Definition 2.3.26, we can formulate another result about the GK-dimension for
certain types of skew PBW extensions. Again, consider the automorphisms o;, 1 <i < n,
of R in Proposition 2.1.7.

Proposition 2.3.27 ([Reyl3a], Theorem 4.3.9) Let R be a K-algebra with a finite dimen-
sional generating subspace V and let A be a bijective skew PBW extension of R given by
A=0(R)(x1,...,x,). If 0; is locally algebraic, for 1 <i < n, then

GKdim(A4) = GKdim(B) + n.

Again, as Remark 2.3.25, in previous Proposition we have to consider all ;, 1 <i <mn
to be locally algebraic.
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Now, with the following proposition we can find a relation between the Gelfand-Kirillov
dimension and the injective dimension of a ring. The details of the proof are not presented
in [ASZ98]. However, we include them with details here.

Proposition 2.3.28 ([ASZ98], Corollary 1.4) Let A be an Auslander-Gorenstein and
Cohen-Macaulay ring. For every non-zero Noetherian A-module M,

Kdim(M) < GKdim(M) — (GKdim(A) — id(A))

where GKdim(A) —id(A) > 0. (Kdim is the Krull dimension defined in Definition
A.1.9 and id is the injective dimension defined in Definition A.2.14).

Proof. Let d =id(A). By [ASZ98], Corollary 1.3, we have the following inequality

Kdim(M) < d — j(M), (2.3.1)

with M a finitely generated A-module, where j(M) is the graded number of M (Defi-
nition A.2.9). Now, A is a Cohen-Macaulay ring, that is

j(M) 4+ GKdim(M) = GKdim(A)

j(M) = GKdim(A) — GKdim(M), (2.3.2)

for every non-zero Noetherian A-module M. Equation 2.3.1 is true for every non-zero
Noetherian A-module M, since M is finitely generated (any Noetherian module is finitely
generated). With Equation 2.3.1 with Equation 2.3.2, we have

Kdim(M) < d — (GKdim(A) — GKdim(M))
=d — GKdim(A4) + GKdim(M)
= GKdim(M) — (GKdim(A) — d)
= GKdim(M) — (GKdim(A) —id(A)),

(2.3.3)

for every non-zero Noetherian A-module M. Now, we see that GKdim(A) —id(A) > 0.
Indeed, by Equation 2.3.2, we have GKdim(A) — j(M) = GKdim(M) > 0, for every
non-zero Noetherian A-module M. Thus, as A is Auslander-Gorenstein, we have that

id(A) = max{j(M) | 0 # M finitely generated right A-module}. (2.3.4)

Hence, A is a two-sided Noetherian ring, since A is Auslander-Gorenstein. This implies
that every finitely generated A-module is Noetherian. Equation 2.3.2 holds for every non-
zero Noetherian A-module M, then it holds for Equation 2.3.4. Let N be the A-module
such that j(N) =id(A). Then
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J(N) + GKdim(N) = GKdim(A)
id(A) + GKdim (V) = GKdim(A)
GKdim(N) = GKdim(A) —id(A) > 0.

O]

With Proposition 2.3.28 we can ensure that when a ring has the Cohen-Macaulay
property, it is enough to show that the Gelfand-Kirillov dimension is finite to know that
its injective dimension is also finite.

Proposition 2.3.29 ([CV10], Proposition 2.3)

(i) Suppose that B is a Noetherian K-algebra on which GK-dimension is exact (Defini-
tion A.2.31). If B is homogeneous with respect to GK-dimension (Definition A.2.32),
then the set X of regular elements in B satisfies

X = {b e B | GKdim(B/(Bb)) < GKdim(B)}
= {b € B | GKdim(B/(bB)) < GKdim(B)}.

(ii) If B is a Noetherian, Auslander-Gorenstein K-algebra of finite injective dimension
and finite integral GK-dimension (i.e. GKdim(B) = w € N) that satisfies the Cohen-
Macaulay property, then B is homogeneous with respect to GK-dimension. Addi-
tionally, if f € B is normal and regular, then B/(f) is Auslander-Gorenstein of finite
injective dimension, satisfies the Cohen-Macaulay property and is homogeneous with
respect to GK-dimension.

(iii) Suppose that B is finitely generated N-graded K-algebra with dimg(Bj) < oo such
that B has polynomial growth (Definition A.2.33). Let f € B be a homogeneous
normal element of positive degree.

(i)’ If f is not a zero divisor on a finitely graded B-module M, then

GKdim(M/(fM)) = GKdim(M) — 1.

(ii)” If f is regular in B, and if B/(f) is Auslander-Gorenstein of dimension v,
satisfies the Cohen-Macaulay property and has polynomial growth, then B is
Auslander-Gorenstein of dimension v + 1, satisfies the Cohen-Macaulay prop-
erty and has polynomial growth.

Proof. (i) By [MRSO01], Theorem 6.8.15, we have that

X = {b € B | GKdim(B/(bB)) < GKdim(B)}.

By [MRS01], Corollary 8.3.16, we can conclude that
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{b € B | GKdim(B/(bB)) < GKdim(B)} = {b € B | GKdim(B/(Bb)) < GKdim(B)}.

(ii) By [Lev92], Remark 5.8(3), we have that v(M) = id(B) — j(M) defines a dimension
function (Definition A.2.31) with M been finitely generated B-module and also we
have that v(M) + (GKdim(B) —id(B)) = GKdim(M). By [Lev92], Proposition 4.5,
we have « is an exact dimension function. Now, by [Lev92], p.297 (4.6.1), we have
that B is homogeneous with respect to v. With this, we can conclude that B is
homogeneous with respect to GKdim.

Now, [Lev92], Remark 3.4(3) and Proposition 3.5(a) we have B/(f) is Noetherian,
Auslander-Gorenstein of finite injective dimension and satisfies the Cohen-Macaulay
property. Hence, B/(f) is homogeneous with respect to GKdim.

(iii) By [Lev92], Lemma 5.7, we have (i)’ Now, by [Lev92], Theorem 3.6(2) and Propo-
sition 5.6, we have that B is Auslander-Gorenstein of dimension v 4+ 1 and B has
polynomial growth. For Cohen-Macaulay property, [Lev92], Lemma 5.8, says that
it is enough showing Cohen-Macaulay property for non-zero graded finitely gen-
erated B-modules (It is called graded Cohen-Macaulay property). Then, we
have to show that GKdim(M) + j(M) = GKdim(B/(f)) + 1 for all M been non-
zero graded finitely generated B-module. Let M = M/(fM), M’ = M /Kerp(f),
where Kerp(fP) = {z € M | fPx = 0}, n(M) is the smallest integer ¢ such that
Kerp(f9) = Kerp (f771). We noticed that n(M') < n(M) — 1 and we induct on
n(M). if M = Kerp(f), i.e. M’ =0 then M is a graded finitely generated B/(f)-
module. Hence GKdimp sy (M) + jg/ 5 (M) = GKdim(B/(f)), GKdimp s (M) =
GKdimp (M), jp/s(M) = jp(M) — 1 (by [Lev92], Proposition 3.4(b)). Thus
GKdimg (M) 4+ ja(M) = GKdim(B/(f)) + 1. If n(M) = 0, f is not a zero divisor in
M. By [Lev92], Lemma 5.7, GKdimp(M/(fM)) = GKdimp(M)—1, js(M/(fM)) =
iy (M/(fM))+1and jp(M/(fM)) = jg(M)+1 by [Lev92], Corollary 4.4. Since
GKdimp(M;(fM)) = Gidimg,( s, (M/(FM)) = GRdim(B/(f))—jes sy (M/(f M)
we obtain GKdimp(M)+jp(M) = Gkdim(B/(f))+1. If n(M) > 1, we may assume
M’ # 0. Consider the exact sequence 0 — Kerps(f) - M — M’ — 0. By [Lev92],
Sublemma 5.10, induction and the results above, we obtain GKdimpg(M)+ jp(M) =
Gkdim(B/(f)) + 1.

O]

Remark 2.3.30 ([CV10], Remark 2.4) In the setting of Proposition 2.3.29(i(i)’), where f
is not a zero divisor on M, since GKdim(M/(fM)) = Gkdim(M) — 1, it follows that if ¢
is a zero divisor on M, then GKdim(M/(gM)) > GKdim(M) — 1.

Now, the main idea is to be able to use Pproposition 2.3.29 to proof an analog of
Corollary 1.3.16 for graded skew PBW extensions. For this, we see some important results.

Proposition 2.3.31 ([Lezl7], Theorem 2.9) Let A be a bijective skew PBW extension of
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a ring R such that R is Auslander-Gorenstein, respectively Auslander-regular, then so too
is A

Proposition 2.3.32 ([Lez17], Theorem 3.9) Let A be a bijective skew PBW extension of
a ring R such that R is Auslander-Gorenstein, Cohen-Macaulay, and R = ) .., R; is a
connected graded K-algebra such that o;(R;) C R;, for each i > 0and 1 < j < n, then A
is Cohen Macaulay.

For algebraic and dimensional properties of graded skew PBW extensions, see [SLR17].

With this, we come to the main result of this section and the main theorem of this
work that will be included in a manuscript which will be submitted for publication.

Theorem 2.3.33 Let A = o(R)(x1,...,x,) be a bijective graded skew PBW extension of
a finitely generated K-algebra R such that R is Auslander-Gorenstein, Cohen-Macaulay,
finite dimensional generating subspace V, and R = > ,., R; is a connected graded K-
algebra such that either o;(V) C V or o; is locally algebraic and o;(R;) C R;, for each
i>0and 1 < j <mn If{fi,...,fn} is a normalizing sequence in A of homogeneous
elements of positive degree, then the following are equivalent:

(i) {f1,..., fn} is a regular sequence in A.

)

(ii) dimg(A/{(f1,..., fn)) < oc.

(iii) For each k =1,...,n, we have GKdim(A/(f1,..., fx)) =n — k.

(iv) If Ais quadratic quasi-commutative skew PBW extension, with finite global dimension
and R is a field, or if A/(f1,..., fn) = S/(G), where S is a regular skew polynomial
ring on m generators and G is a normalizing sequence in S \ K* of m homoge-
neous elements, then there are no right base-point modules over A/{fi,..., fn) (if
A/(f1,..., fn) is connected and generated by its degree-1 elements).

Proof. By Proposition 2.3.31 and Proposition 2.3.32, we can see that A is Auslander-
Gorenstein and Cohen-Macaulay. Since R is finite dimensional, then GKdim(R) = 0. By
Proposition 2.3.24 and Proposition 2.3.27, GKdim(A) = n, since GKdim(R) = 0 and,
hence, by Proposition 2.3.28 we have that A has finite injective dimension.

For equivalence between (i), (ii) and (iii). Suppose that {fi,..., fn} is a regular se-
quence. By Proposition 2.3.29(iii), we have GKdim(A/{f1,..., fx)) = n — k for all k, and
hence dimg (A/(f1,..., fn)) < co.

Now, to prove the converse, suppose that {f1,..., fx} is a regular sequence for some
k=1,...,n, but that fxy1 is not regular in A/(f1,..., fx). By Proposition 2.3.29(ii), we
have that A/(f1,..., fr) is homogeneous, and hence, by Proposition 2.3.29(i) and (iii), we
have that GKdim(A/(f1,..., fr+1)) = GKdim(A/(f1,..., fx)) = n — k. Now, it follows,
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from Proposition 2.3.29(iii) and Remark 2.3.30, that, for any N = k + 2,...,n, we have
GKdim(A/{fi,...,fn)) > (mn—k) — (N —k —1) = n— N + 1. Hence, we have that
GKdim(A/(f1,..., fn)) > 1, so that dimg(A/{f1,..., fx)) = cc.

If A is quadratic quasi-commutative skew PBW extension, with finite global dimension
and R is a field, then A is a graded skew Clifford algebra ([RR])3. By Proposition 2.3.19,
(iv) is equivalent to (i), (ii) and (iii).

Now, if A/{f1,...,fn) = S/(G), where S is a regular skew polynomial ring on m
generators and G is a normalizing sequence in S\ K* of m homogeneous elements, we
have that condition (iv) holds if and only if S/(G) has no right base-point modules. By
Corollary 1.3.16, this situation happens if and only if dimg(S/(G)) < oo. It follows that
condition (iv) is equivalent to condition (ii). O

Next, we will see an example of a skew PBW extension that meets the conditions of
Theorem 2.3.33.

Example 2.3.34 We consider the Ore extensions defined in [ALF16] as follows: R is a
commutative ring and A denote the Ore extension A := R[x1,...,x,; o] for which o is an
automorphism of R, z;x; = xj2; and ;7 = o(r)z;, for every 1 <i,j < n.

1. If R = K, we have the conditions of Theorem 2.3.33 with (V') C V| since o is an
automorphism of K.

2. If we consider R = K and n = 1, by Proposition 2.3.23, GKdim(K|z;0]) = 1. By
[Zha97], Theorem 1.2, we have that o is locally algebraic.

2.4 Point modules in semi-graded algebras

Finally, we are going to look at the theory of point modules in the semi-graded context. If
we realize, in the previous sections the concepts of point module, right base-point module
have been defined and the parameterization has been seen through a scheme in the graded
case. All of these definitions were given based on the graduation of an algebra. In the
last part of Section 2.3, we were able to see the geometry of the normalizing sequences of
the graded skew PBW extensions. In this section, we define the geometric and algebraic
concepts in the semi-graded context so that we can see the geometry of the normalizing
sequences in finitely semi-graded algebras.

Definition 2.4.1 ([Lez20], Definition 2.1) Let B = €P,5(Bn be a FSG ring that is
generated in degree 1.

3This statement is the result of the work we do to obtain the degree of mathematician in 2018. Currently,
we have a preprint with the aim of submitting to publication.
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(i) A point module for B is a finitely N-semi-graded B-module M = @, .y M,, such
that M is cyclic, generated in degree 0, i.e., there exists an element mg € My such
that M = Bmyg, and dimp,(M,,) =1 for all n > 0.

(ii) Two points modules M and M’ for B are isomorphic if there exists a homogeneous
B-isomorphism between them.

(iii) P(B) is the collection of isomorphism classes of point modules for B.

With definition of point modules over a FSG ring, we want to see how is its geometry.
First, we have to construct a generalization of right base-point module from Definition
1.3.6, since this definition is given by consider graded algebras. For this new definition,
we use the generalized Gelfand-Kirillov dimension (Definition A.2.26) and the generalized
Hilbert series (Definition A.2.35).

Definition 2.4.2 Let B a FSG K-algebra. We define a right (respectively, left) base-
point module over B to be any l-critical with respect to GGK-dimension semi-graded
right (respectively, left) B-module that is generated by its homogeneous degree-zero ele-
ments and which has generalized Hilbert series Gh(t) = ¢/(1 — t) for some ¢ € N.

Remark 2.4.3 Although we have that, in general, the classical Gelfand-Kirillov dimension
is different from the generalized Gelfand-Kirillov dimension, in this particular case where
we consider B as FSG K-algebra, GGKdim(B) = GKdim(B). Also, this happens for
generalized Hilbert series and classical Hilbert series.

Now, we have an important result of a scheme that parameterizes the point modules
in SG rings. This helps us to see the geometry of the normalizing sequences that we see
later.

Proposition 2.4.4 ([LG19], Theorem 11) Let B = €P,,>, Bn be a FSG ring generated in
degree 1 such that By = K and B is a K-algebra. Let X be a K-scheme that parametrizes

P(B). Then, there exists a bijective correspondence between the closed points of X and
P(B).*

—

Remark 2.4.5 As in the graded case, we write Vp(I) to denote the set of isomorphism
classes of (right) base-point modules over B/I, where B = @;° is a FSG K-algebra and
I is any homogeneous ideal of B.

Remark 2.4.6 After Theorem 2.3.33, the natural way to generalize would be to see what
happens to skew PBW extensions, not necessarily graded. Since we are in the case of
finitely semi-graded algebras, we must consider the constant and pre-commutative skew
PBW extensions, as stated in [LG19], Example 2.

“For all details of this parameterization, see [LG19]
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Now, if we want to get an analogous result, we should study the behavior of right
base-point modules in the semi-graded context. This definition has not been found in the
literature so far. Therefore, a possible notion was made in Definition 2.4.2 based on the
graded case.

If we work on the case where the FSG algebra is a K-algebra, Remark 2.4.3 tells us
that the generalized concepts of Gelfand-Kirillov dimension and Hilbert series coincide
with the classic ones. Therefore, the differences in the graded case to the semi-graded case
of the notion of right base-point module should be studied.

Proposition 2.3.29(iii) is valid for graded case and its proof is strongly based on the
graduation of an algebra, since with it important results are obtained that involve well
filtration, the concept of separation, among others. Therefore, for this part it is necessary
to see what analogous properties of finitely graded algebras exist for finitely semi-graded
algebras.

If it is possible to do the aforementioned, we arrive at a possible way for the geometry
of the normalizing sequences in FSG K-algebras.

Finally, we would have the case of FSG R-algebras, where R is not necessarily a field.
For this case, we must study the properties used of Gelfand-Kirillov dimension and Hilbert
series in the right base-point modules of the graded context and try to show analogous
properties for generalized Gelfand-Kirillov dimension and generalized Hilbert series.
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Homological properties and category theory

In this appendix all homological properties that have been used (directly or indirectly) in
the realization of the normalizing sequences in the semi-graded algebras are presented.

A.1 Some properties of ideals and modules

In this section, we see some properties of rings and modules that are mentioned throughout
the work.

Definition A.1.1 ([Hun74], Definition 3.2.14) An ideal P in a ring R is said to be prime,
if P # R and for any ideals A,Bin R, if ABC P=ACPor BCP.

We say that a ring R is prime if and only if the zero ideal {0} is a prime ideal.

Example A.1.2 Let R = Z[x] be the ring of polynomials over Z and the ideal I = (x).
We have that I is prime.

Proposition A.1.3 ([Hun74], Theorem 3.2.15) If P is an ideal in a ring R such that
P#Randforall a,b€eR,abe P=a€ P orbec P, then P is prime.

Proof. If A and B are ideals such that AB C P and A € P, then there exists an element
a € A—P. Forevery b€ B, abe AB C P, whence a € P or b € P. Since a ¢ P, we must
have b € P, for all b € B; that is, B C P. Therefore, P is prime. O

Example A.1.4 ([Hun74]|, Examples 3.2.15) The zero ideal in any integral domain is
prime since ab = 0 if and only if a = 0 or b = 0. If p is a prime integer, then the principal
ideal (p) in Z is prime since ab € (p) = p|ab=p|aorp|b=a € (p) or b € (p).

63



APPENDIX A. HOMOLOGICAL PROPERTIES AND CATEGORY THEORY 64

Definition A.1.5 ([Hun74], Definition 3.2.17) A right ideal (respectively left ideal) M in
aring R is said to be maxzimal, if M # R and for every right ideal (respectively left ideal)
N such that M C N C R, either N =M or N = R.

Analogously, a right ideal (respectively left ideal) M in a ring R is said to be minimal,
if M # {0} and for every right ideal (respectively left ideal) N such that {0} C N C M,
either N = M or N = {0}.

Example A.1.6 ([Hun74], p.127) The ideal (3) is maximal in Z; but the ideal (4) is not
since (4) C (2) C Z.

One of the most important ideals in this work are the prime ideals, since these are
related to the normalizing sequences. For this, we have the following definition.

Definition A.1.7 ([Hun74], Exercise 8.2.6) Let R be a ring with identity. A prime ideal
P in R is called a minimal prime over I, if I C P and there is no prime ideal P’ such
that I C P’ C P.

Example A.1.8 Consider Clz,y]/(xy). The ideals (z), (y) are the minimal prime ideals
in C[z,y]/(zy), since they are the extension of prime ideals for the morphism Clz,y] —
Clz,y]/(zy), contain the zero ideal and are not contained in any other prime ideal.

In this point, it is important to define a dimension that is tied to prime ideals.

Definition A.1.9 ([GP12], Definition 3.3.1) Let A be a ring and let C(A) be the set of
all chains of prime ideals in A, that is,

CA) ={p=(Py S - C P, CA)| P, prime ideal }.

=

(i) Ip=(P < - C P, CA) €C(A) then length(p) := m.
(ii) The Krull dimension of A is defined as Kdim(A) = sup{length(p) | p € C(4)}.
(iii) For an arbitrary ideal I C A the Krull dimension of I is defined by Kdim([/) :=
Kdim(A/T).

Example A.1.10 If we consider the polynomial ring K[z1, ..., z,], we have that the Krull
dimension Kdim(K[z1,...,z,]) = n!

One of the most important constructions in algebra is the localization. In it, prime
ideals are used to define a multiplicative system. This is defined as follows:

!This claim is not easy to proof. For all details, see [Nat18].
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Definition A.1.11 ([Hun74], p. 147) Let R be a commutative ring with identity and P a
prime ideal of R. Then S = R\ P is a multiplicative subset. The ring of quotients S™'R
is called the localization of R at P and is denoted Rp. If I is an ideal in R, then the
ideal S~'I in Rp is denoted Ip.

Example A.1.12 ([Mor98], Example 10) Let R; and Ry be commutative rings, and let
R =R1®Ry. Let P; be a prime ideal of Ry, and set P = P; ® Ro. Then P is a prime ideal
of R. Moreover, we claim that Rp = (R;)p,. To prove this, let o and o7 be the canonical
maps 0 : R — Rp and 01 : Ry — (R1)p,. Let 7 : R — Ry be the standard projection.
Then 7(P) = Py, and so 7(S — P) C (R1)p,- So, by the universal property, there is a
ring homomorphism 7' : Rp — (R1)p,, and this map satisfies 7/((r1,r2)/(s1,t2)) = r1/51.
Conversely, there is a ring homomorphism 7 : Ry — Rp given by 7(r) = (,0)/(1,1). Note
that since (1,0)/(1,1) = (1,1)/(1,1) in Rp, the map 7 does send 1 to 1, so 7 is a ring
homomorphism. The map 7 send R; — P; into the units of Rp, so the universal mapping
property gives us a map 7’ : (R1)p, — Rp. This map satisfies 7/(r/s) = (r,0)/(s,0).
From definition of localization, (r,r2)/(s,t2) = (r,0)/(s,0) for any r € Ry, s € Ry — P,
and r9,t3 € Ry. This proves that 7’ o ¢/ = id, and also equality ¢’ o 7/ = id. So,
Rp = (R1)p,-

Definition A.1.13 ([Hun74], Definition 3.4.12) A local ring is a commutative ring with
identity which has a unique maximal ideal.

Example A.1.14 ([Hun74], Example 3.4.12) If p is a prime and n > 1, then Z,» is a local
ring with unique maximal (p).

Now, we define modules that are fundamental in the development of this work.

Definition A.1.15 ([Hun74], Definition 4.1.4) If X is a subset of a module A over a ring
R, then the intersection of all submodules of A containing X is called the submodule
generated by X (or spanned by X).

If X is finite, and X generates the module B, B is said to be finitely generated. If
X consists of a single element, X = {a}, then the submodule generated by X is called the
cyclic (sub)module generated by a.

Example A.1.16 Let A,[x], n > 0, be the set of all polynomials of degree less than or
equal to n with coefficients in A. This set is an A-submodule of Afx] and it is finitely
generated: (1,z,...,2") = Ap[z]. At the same time, the set {2¥}2°  is a generator system
for Alx].

Proposition A.1.17 ([Hun74], Theorem 4.1.15) Let R be a ring and {4; | i € I} a family
of submodules of an R-module A such that
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(i) A is the sum of the family {A; |i € I}.

(ii) For each k € I, A, N A; =0, where A is the sum of the family {A; | i # k}.

Then there is an isomorphism A = Z A;.
el

A module A is said to be the (internal) direct sum of a family of submodules
{A; | i € I'} provided that A and {A;} satisfy the hypotheses of Proposition A.1.17.

Proposition A.1.18 ([Hun74|, Theorem 4.2.1) Let R be a ring with identity. The fol-
lowing conditions on a unitary R-module F' are equivalent:

(i) F has a nonempty basis.

(ii) F is the internal direct sum of a family of cyclic R-modules, each of which is isomor-
phic as a left R-module of R.

(iii) F' is R-module isomorphic to a direct sum of copies of the left R-module R.

A unitary module F over ring R with identity, which satisfies the equivalent conditions
of Proposition A.1.18, is called a free R-module on the set X.

Since, in general, the modules do not have a finite base, it is important to highlight
those that do have a finite base and, even more, those whose bases have the same cardi-
nality. For this, we have the following definition.

Definition A.1.19 ([Hun74], Definition 4.2.8) Let R be a ring with identity such that for
every free R-module F, any two bases of F' have the same cardinality. Then R is said to
have the invariant dimension property and the cardinal number of any basis of F' is
called the dimension (or rank) of F over R, denoted by dimpg(F).

Example A.1.20 ([Rot08], Proposition 2.37) If R is division ring, then R has invariant
dimension property. Indeed, it is enough to show that if F' is a free R-module with two
finite bases B = {b1,...,b,} and B’ = {b,...,b,,} then n = m. We use induction with
respect to n.

Assume that n = 1, and so B = {b1}. If B' = {b},...,b],} for some m > 1, we have
by = r1by and b, = roby, for some ri,re € R, 19 # 0. Therefore rflb’l — r;lbé = 0, which
contradicts the assumption that B’ is a linearly independent set. So, m = 1.

Now, we assume that for n > 1 if a free R-modules has a basis consisting of n elements
then every other basis of that module also has n elements.
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Let F be a free R-module with a basis B = by,...,b,4+1 consisting of n 4+ 1 elements
and let B" = {b},...,b),} be another basis of F. Since (B’) = F we have

b1 =116y + - 4 by,

for some rq,...,7, € R. Since b,11 # 0, we have r; # 0 for some 1 < ¢ < m. We can
assume that r,, # 0. Let B = {V},...,b,_1,bny1}. We have that B” is another basis of

F.
Now, we have the canonical epimorphism

7 F 5 F/{bpyr).

Since F is a free module with basis B = {b1,...,byn,bpt1}, thus F/(b,+1) is a free
module with basis {m(b1),...,m(by)}. On the other hand, since F' has a basis B"” =
{b,...,0,_1,bps1} there {m(V)),...,m(bl,_1)} is a basis of F/(by+1). By inductive as-
sumption we obtain that n =m — 1, and son + 1 = m.

The dimension on the modules defined in Definition A.1.19 is a very important concept
since, throughout this work, this dimension is used for higher calculations and for larger
results.

Next, we show the most important property of modules and rings, since this property
is fundamental to be able to apply enough theorems and propositions that are cited during
this work.

Definition A.1.21 ([Hun74], Definition 8.1.1) A module A is said to satisfy the ascend-
ing chain condition (ACC) on submodules (or to be Noetherian), if for every chain
A1, C Ay C --- of submodules of A, there is an integer n such that A; = A, for all i > n.

A module B is said to satisfy the descending chain condition (DCC) on sub-
modules (or to be Artinian), if for every chain B, By D --- of submodules of B,
there is an integer m such that B; = B,,, for all ¢ > m.

Example A.1.22 ([Hun74], Example 8.1.1) The Z-module (abelian group) Z satisfies the
ascending but not the descending chain condition on submodules. Indeed, since Z is a
principal ideal domain, any ideal is generated by some single element, and containment is
the same as divisibility. Hence, an ascending chain ideals (n1) C (ng) C (ng) C --- give
us a chain of nonnegative integers, each a factor of the one before - -- | ng | ng | ny. That
means that ny > ng > ng > -+ > 0, so certainly the chain stabilises, and hence Z is a
Noetherian Z-module.

Now, consider the following descending chain of ideals (1) 2 (2) D (4) D (8) D ---.
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This is not stabilise. So, Z is not an Artinian Z-module.

Definition A.1.23 ([Hun74], Definition 8.1.2) A ring R is left (respectively right) Noethe-
rian, if R satisfies the ascending chain condition on left (respectively right) ideals. R is
said to be Noetherian, if R is both left and right Noetherian.

A ring R is left (respectively right) Artinian, if R satisfies the descending chain
condition on left (respectively right) ideals. R is said to be Artinian, if R is both left
and right Artinian.

A.2 General homological elements

A.2.1 Complex and resolutions

Before arriving at the most advanced homological elements, it is necessary to define some
basic elements that allow to facilitate understanding of those that will be defined later on.

Definition A.2.1 ([Rot08], p. 28) A sequence or chain of A-modules homomorphisms of
the form

C:--- M_, Moy M, M, e

is called a complex, if Im(f;) C Ker(f;+1), for each ¢ € Z. The quotient module

Ker(fi+1)/Im(f;),

is called the i-th module of homology of the complex C. The sequence C is called
exact if Im(f;) = Ker(f;j+1), for each i € Z.

Definition A.2.2 ([Rot08], p. 47) A finite exact sequence of the form

00— M — =, 2

Ms; 0,
is said to be a short exact sequence. Two short exact sequences

0 Myt

M3 07

and

b

0 N —2> N, N3 0,

are said to be equivalents, if there are A-homomorphisms h, k,l such that the following
diagram commutes
g

0 M, —L M 0

Pl

0— >N — %> Ny— 2> N3 — >0
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With these definitions, we can get to a very important type of modules

Definition A.2.3 ([Rot08], p. 106) Let M be an A-module. It is said that M is finitely
presented, if there exists an exact sequence of the form

f

An Am 2\ 0,

where A™ and A™ are free A-modules of finite bases with n > 1 and m > 1 elements,
respectively.

An important proposition about Noetherian modules is the following:

Proposition A.2.4 ([Rot08], Corollary 3.19) Let A4 Noetherian. Then, each A-module
finitely generated M is finitely presented.

Proof. If we consider the null module M = 0 the statement is trivial. So, let 0 # M =
{z1,...,2m) be an A-module. Now, we define

g: A" — M
g(el) = T,

with 1 < i < m, where {e;}*, is the canonical basis of A™. Since A™ is a noetherian
module, K := Ker(g) is finitely generated and then we have the following exact sequence

0 K—tsAm 2o\ 0,

where 7 is the inclusion. O

Remark A.2.5 ([Lez], Definition 3.2.1) A functor (Definition A.3.4) F': 8 — € is said
exact to the right, if an exact sequence A — B — C — 0 in % implies that sequence
F(A) - F(B) — F(C) — 01in ¢ is exact. F is said exact to the left, if an exact sequence
0 - A — B — C'in # implies that sequence 0 — F(A) — F(B) — F(C) in ¥ is exact. If
F is a contravariant functor (Definition A.3.6), F' is exact to the right if an exact sequence
0 - A— B — C in % implies that sequence F(C) — F(B) — F(A) — 0 in % is exact
and F'is exact to the left if an exact sequence A - B — C' — 0 in £ implies that sequence
0— F(C)— F(B) — F(A) in ¥ is exact.

Definition A.2.6 ([Rot08], p. 100) Consider an A-module P. P is said to be projective,
if Hom (P, ) is an exact functor.

Definition A.2.7 ([Wei95], Definition 2.2.4) Let M be an A-module. A left resolution
of M is a complex P, with P; = 0, for ¢ < 0, together with a map € : Py — M such that
the augmented complex
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Py—S>M 0,

is exact. It is a projective resolution, if each P; is projective.

With Definition A.2.7, we can define a very important element in homological algebra
and that is used a lot, implicitly, in this work.

Definition A.2.8 ([Wei95], Definition 2.52) Let M and N be two A-modules. Consider
a projective resolution of M

JXP LNy LRy U £ L N —)

Now, we can take Hom 4(__, ) to resolution. We obtain the complex

*

0 — Homa(M, N) —~> Hom a(Py, N) —> Hom(Pp, N) —> - - |

with f*: Homy(P;—1,N) = Homu (P, N), h — hf;, for all i > 0.

With this complex, it is defined the following abelian groups

Ext% (M, N) := Hom (M, N),
Ext'y (M, N) := Ker(f{,,)/Im(f{), i>1.

Definition A.2.9 ([Lev92], Definition 1.2) Let M be an A-module. The grade number
of M is defined by

ja(M) = inf{i | ExtY (M, A) # 0} € NU {+oc0}.

Definition A.2.10 ([Rot08], p. 116) Consider an A-module N. N is said to be injective,
if Homa(_—, N) is an exact functor.

Definition A.2.11 ([Wei95], Definition 2.3.5) Let M be an A-module. A right resolu-
tion of M is a complex L, with L; = 0, for ¢ < 0, together with a map f : M — Lg such
that the augmented complex

0 M f fo L fi Ly .

Lo

is exact. It is a injective resolution if each L; is projective.
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Definition A.2.12 ([GWJ04], p. 89) Let M # 0 be an A-module and let 0 # N < M be
a submodule such that for all submodule X < M with X # 0, we have that N N X # 0.
It is said that N is an essential (or large) submodule of M, and we also say that M
is an essential extension of N. This relation is denoted by N <. M.

Definition A.2.13 ([GWJ04], p. 95) A module U is uniform, if U # 0 and every nonzero
submodule of U is essential in U.

A.2.2 Dimensions

Definition A.2.14 ([Wei95], Definition 4.1.1) Let M be a right R-module.

(i) The projective dimension of M, denoted by pdp(M), is the minimum integer n
(if it exists) such that there is a projective resolution of M

0 P, e P Py M 0.

(ii) The injective dimension of M, denoted by idr(M), is the minimum integer n (if
it exists) such that there is an injective resolution of M

0 M Lo L1 e Ln 0.

If no finite resolutions exists, we set pd(M) or id(M) equal to co. pd measures how
far a module is from being projective, while id measures how far a module is from being
injective.

Definition A.2.15 ([Wei95], Theorem 4.1.2) Let A be a ring. The right projective
global dimension of A, denoted by rpgld(A), is defined by

rpgld(A) = sup{ pd(M) | M is a right A-module }.

The right injective global dimension of A, denoted by rigld(A), is defined by

rigld(A) = sup{id(M) | M is a right A-module }

We have that rpgld(A) = rigld(A). Then, the right global dimension of A is defined
by rgld(A) := rpgld(A) = rigld(A).

Analogously, we can define the left global dimension of A by lgld(A) :=lpgld(A) =
ligld(A), where
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Ipgld(A) = sup { pd(M) | M is a left A-module },
ligld(A) :==sup {id(M) | M is a left A-module }.

We say that A has finite global dimension (respectively finite injective dimen-
sion), if the left and right global dimensions of A are finite and equal (respectively the
modules A4 and 4A have finite injective dimensions which are equal). In that case we
denote these numbers by gld(A) (respectively id(A)).

Definition A.2.16 ([GWJ04], p. 98) A submodule has finite uniform dimension, if
it does not have infinite direct sums of nonzero submodules.

Proposition A.2.17 ((GWJ04], Proposition 5.20) Let M # 0 be an A-module and n a
nonnegative integer. Then the following conditions are equivalent:

(i) M has finite uniform dimension.
(ii) M has an essential submodule which is a direct sum of n uniform submodules.

(iii) M contains a direct sum of n nonzero submodules but no direct sum of n+ 1 nonzero
submodules.

Remark A.2.18 Let M # 0 be an A-module with finite uniform dimension. The integer
n from Proposition A.2.16 is called the uniform dimension of M, also denominated
Goldie dimension, and it is denoted by udim(M) = n. If M does not have finite
uniform dimension we write udim(M) = co. Uniform dimension to the right of a ring A
is defined by rudim(A) := udim(A4). The udim measures how far a module is from being
uniform.

Next dimension measures some growth of algebra, in such a way that it establishes
how far it is from being of finite dimension as vector space.

Definition A.2.19 ([Lez|, Definition 4.9.1) Let K be a field and let A be a K-algebra.
The Gelfand-Kirillov dimension of A is defining by

GKdim(A) := h_)m log,, (dimgV™),

where V' goes through all frames of A and V" :=g (v; ---v,|v; € V); a frame of A is
a K-subspace of A with finite dimension such that 1 € V. It is said that a frame V is
generator if A is generated by V as K-algebra.

But we do not just have GK-dimension for algebras. We can also calculate GK-
dimension for both rings and modules. Next, this dimension will be defined for these
algebraic objects.
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Definition A.2.20 ([LV20], Definition 1.1) Let R be a commutative domain and @ be the
field of fractions of R. Let B be a R-algebra, then Q ® B is a Q-algebra and its classical
Gelfand-Kirillov dimension is denote by GKdim(Q ® B). If M is a finitely generated
R-module, then the rank of M is defined by

rankM := dimg(Q ®r M) < oco.

The Gelfand-Kirillov dimension of B is defined to be

GKdim(B) := sup lim log, rankV",

\% n—oo

where V' varies over all frames of B and V" :=g (v1---v,|v; € V,1 < i < n); a frame
of B is a finitely generated R-submodule of B containing 1. A frame V generates B if B
is generated by V as R-algebra.

Proposition A.2.21 ([LV20], Proposition 1.3) Let B be a R-algebra and V be a frame
that generates B. Then,

GKdim(B) = li_>m log,, (rankV™).

n

Moreover, this equality is independent of the generator frame.

Next, we see some important properties of GK-dimension for certain algebraic con-
structions.

Proposition A.2.22 ([LV20], Theorem 2.1) Let B a R-algebra.
(i) If B is finitely generated, then
GKdim(B) = 0 if and only if rankB < occ.

Moreover, if B is a domain with GKdim(B) < oo, then B is an Ore domain.

(ii) GKdim(Blz1,...,Zn]) = GKdim(B) + m.

(iii) For m > 2, GKdim(R{z1,...,zm}) = oo.

)
)

(iv) GKdim(M,(B)) = GKdim(B).

(v) If I is a proper two-sided ideal of B, then GKdim(B/I) < GKdim(B).
)

(vi) Let C be a subalgebra of B. Then, GKdim(C) < GKdim(B). Moreover, if C' C
Z(B) (the center of B) and B is finitely generated as C-module, then GKdim(C) =
GKdim(B).
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(vii) Let C be a R-algebra. Then,

GKdim(B x C') = max{GKdim(B), GKdim(C)}.

(viii) Let C' be a R-algebra. Then,

max{GKdim(B), GKdim(C)} < GKdim(B ® C') < GKdim(B) + GKdim(C).

In addition, suppose that C contains a finitely generated subalgebra Cjy such that
GKdim(Cp) = GKdim(C'), then

GKdim(B ® C) = GKdim(B) + GKdim(C).

(ix) Let S be a multiplicative system of B consisting of central regular elements. Then,

GKdim(BS™!) = GKdim(B).

Now, we can extend Definition A.2.20 to modules.

Definition A.2.23 ([LV20], Definition 3.1) Let B a R-algebra and M be a right B-module.
The Gelfand Kirillov of M is defined by

GKdim(M) := sup lim log,rank FV",

V.F n—oo

where V' varies over all frames of B and F over all finitely generated R-submodules of
M. In addition, GKdim(0) := —oc.

Proposition A.2.24 ([LV20], Proposition 3.2) Let B be a R-algebra and M be a right
B-module. Then,

GKdim(M) = GKdim(Q ®x M).

Now, we see some important properties of GK dimension.

Proposition A.2.25 ([LV20], Theorem 3.3) Let B a R-algebra and M be a right B-
module. Then,

(i) GKdim(Bp) = GKdim(B).
(ii) GKdim(M) < GKdim(B).
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(iii) Let 0 = K — M — L — 0 be an exact sequence of right B-modules, then
GKdim(M) > max{GKdim(K), GKdim(L)}.
(iv) Let I be a two-sided ideal of B and M = 0, then
GKdim(Mp) = GKdim(Mp/ ).
(v) GKdim (31 ; M;) = max{GKdim(M;)} , = GKdim (;_, M;).

Now, we see how the Gelfand-Kirillov dimension can be generalized with the following
definition.

Definition A.2.26 ([LL17], Definition 4.1) Let B be a FSG ring such that By is a left
Noetherian domain. The generalized Gelfand-Kirillov dimension of B is defined by

GGKdim(B) := supvklim log;, udimV*,
—00

where V ranges over all frames of B and V¥ ;=g (v1---vg|v; € V) (a frame of B is a
finite dimensional By-free submodule of B such that 1 € V).

The word “generalize” comes from the fact that if V is a free R-module of finite
dimension, dimg (V') = k, then
udim(V) = udim(rR @ - -- ®r R) = udim(gR) + - - - + udim(rR) = k.

that is, GGK-dimension coincides with GK-dimension.

Remark A.2.27 ([LL17], Remark 4.2)

(i) Note that B has at least one frame: By is a frame of dimension 1. We say that V' is
a generating frame of B, if the subring of B generating by V and By is B.

(ii) The notion of generalized Gelfand-Kirillov dimension of a FSG ring B depends on
the semi-graduation, in particular, depends on Bjy.

(iii) As above, if B is a finitely graded K-algebra, then the classical Gelfand-Kirillov
dimension of B coincides with the generalized Gelfand-Kirillov dimension.

Now, we see an analogous of Proposition A.2.21 for GGKdim.

Proposition A.2.28 ([LL17], Proposition 4.3) Let B be a FSG ring such that By is a left
Noetherian domain. Let V' be a generating frame of B, then
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GGKdim(B) = Tim log (udimV'*).
—00

Moreover, this equality does not depend on the generating frame V.

Now, we see the generalized Gelfand-Kirillov for some skew PBW extensions.

Proposition A.2.29 ([LL17], Theorem 4.4) Let R be a left Noetherian domain and A =
o(R){x1,...,xy) be a skew PBW extension of R. Then,

k
GGKdim(A) = klim log;, (Z dimRAi> =n.
—00
=0

A.2.3 Some important properties of homological algebra

We want to conclude this section of homological algebra, defining some of the most im-
portant properties that were used for certain proofs throughout this work.

Definition A.2.30 ([Lev92], Definition 2.1) Let B be a Noetherian ring.

(i) A B-module M satisfies the Auslander-condition, if Vp > 0, jp(N) > p, for all
B-submodule N of Ext, (M, B).

(ii) The ring B is said to be Auslander-Gorenstein of dimension ¢, if id(B) = ¢ < oo,
and every left or right finitely generated B-module satisfies the Auslander-condition.

(iii) The ring B is said to be Auslander-regular of dimension g, if gld(B) = ¢ < co and
every left or right finitely generated B-module satisfies the Auslander-condition.

(iv) Let B be an algebra. If GKdim(B) = jp(M) + GKdim(M) for every non-zero
Noetherian B-module M, then B is called Cohen-Macaulay.

Now, we have some important properties for the dimensions that we have considered.
However, we study theses properties for a general dimension. For that, we start with
definition of dimension function.

Definition A.2.31 ([MRSO01], Definition 6.8.4) A dimension function § for a right
Noetherian ring R assigns a value §(M) to each finitely generated module M and has the
following properties:

(i) 8(0) = —o0.

(ii) If0 - M’ — M — M" — 0 is exact, then 6(M) > sup{d(M'),§(M")}, with equality
if the sequence is split.
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(iii) If M P = 0 for some prime P and M is a torsion module over R/P, then 6(M)+1 <
S(R/P).

If, in condition (ii), equality is always true, then § is called an exact dimension
Sfunction.

We are going to define some properties for a dimension function

Definition A.2.32 ([ASZ98], Definition 0.2) Given a dimension function ¢, exact or not,
we say that a module M is

e s-pure (or s-homogeneous) with respect to ¢, if §(IN) = s, for all non-zero Noethe-
rian submodules N C M;

e Essentially s-pure (or essentially s-homogeneous) with respect to ¢, if it
contains an essential submodule which is s-pure with respect to d;

e s-critical with respect to ¢, if it is s-pure and §(M/N) < s for all non-zero
submodules n C M.

o
Definition A.2.33 ([Lev92], p. 288, 5.1) Let A = @Ai be a finitely generated graded
i=0
K-algebra. A has polynomial growth, if there exists positive real numbers ¢ and € such
that dimg(A4;) < i€, for all i > 0.

Definition A.2.34 ([Lev92], p. 289) Suppose B = K® B; & By @ - -+ is Noetherian. If
M = GB M, is a B-module, the Hilbert series is defined by

n

har(t) =) (dimg M, ) ",
nez

In particular,

As in the case of the Gelfand-Kirillov dimension, we can generalize the Hilbert series
for semi-graded modules.

Definition A.2.35 ([LL17], Definition 3.1) Let B =}_ -, ®B;, be a FSG ring and M =
@.,.cz M, be a FSG B-module. The generalized Hilbert series of M is defined by
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Ghyr(t) =Y _ (dimp, My) "
neL

In particular,

[e.9]

Ghp(t) := >  (dimp, Bn) t".

n=0

Remark A.2.36 ([LL17], Remark 3.2)

(i) Note that if B is a finitely graded K-algebra, then the generalized Hilbert series
coincides with the usual Hilbert series.

(ii) Observe that if a semi-graded ring B has another semi-graduation, then its gener-
alized Hilbert series can change, in particular, generalized Hilbert series depends on
By.

For skew PBW extensions, we have the following result:

Proposition A.2.37 ([LL17], Theorem 3.3) Let A = o(R)(z1,...,x,) be an arbitrary
skew PBW extension. Then,

A.3 General elements of category theory

Definition A.3.1 ([Leil4], Definition 1.1.1) A category </ consists of:

(i) a collection ob(<?) of objects;
(ii) for each A, B € ob(&), a collection Mor (A, B) of morphisms from A to B;
(iii) for each A, B,C € ob(4/), a function
Mor ., (B, C) x Mor.(A, B) — Mor (A, C)
(9. /) = gof
called composition.

(iv) for each A € ob(«7), an element i4 of Mor (A, A), called the identity on A, satis-
fying the following axioms:

e associativity: for each f € Mor (A, B), g € Mor(B,C) and h € Mor,(C, D),
we have

(hog)of=ho(gof);
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e identity law: for each f € Mor, (A, B) we have

foian=f=ipof.

Example A.3.2 ([Leil4], Examples 1.1.3) We can see the sets with their functions, as a
category. Indeed, we consider a category Set as follows.

(i) ob(Set) are sets.

)
(ii) Given A, B sets, a morphism from A to B is exactly a function between A and B.
(iii) Composition of morphism is the usual composition of functions.

)

(iv) Identity of Morges(A, A) is the identity function.

Remark A.3.3 Given a category &/, we can construct an opposite or dual category
/P, as follows

(i) ob(«7°?) = ob(«)
(ii) for each A, B € ob(&/P), Mor yor(B, A) = Mor (A, B)
(iii) for each f € Moryor(A, B) and g € Mor yop (B, C)

gof=(/"0g")"

(iv) identity is the same as category 7.

Now, we have to see how categories interact with each other. Therefore, we come to
notion of functor.

Definition A.3.4 ([Leil4], Definition 1.2.1)Let &/ and & be categories. A functor F :
o — A consists of:

(i) a function
ob(&/) — ob, (A)

written as A — F(A);
(ii) for each A, A’ € ob(&/), a function
Mor (A, A") — Morg(F(A), F(A")),
written as f — F(f), satisfying the following axioms:

o F(f'of)=F(f")oF(f) whenever f: A— A" f': A= A" in o
e F(ia) =ip(a) whenever A € ob(&).
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Example A.3.5 ([Leil4], Examples 1.2.3) There is a functor between category Grp (cat-
egory of groups) and category Set. Indeed, we consider U : Grp — Set defined as
follows:

(i) for G € ob(Grp), U(G) is the underlying set of G;

(ii) if f : G — H is a group homomorphism then U(f) is the function itself.
This type of functors are the so-called forgetful functors.

Definition A.3.4 describes a functor that is usually called a covariant functor. Now
we will see another type of functor which is important in theory of categories.

Definition A.3.6 ([Leil4], Definition 1.2.10)Let 7 and # be categories. A contravari-
ant functor from &/ to & is a functor /P — 4.

Example A.3.7 ([Leil4], Examples 1.2.11) Given a topological space X, let C(X) be the
ring of continuous real-valued functions on X. The ring operations are defined pointwise:

for instance, if p1,ps : X — R are continuous maps then the map p; + p2 : X — R is
defined by

(p1 + p2)(z) = p1(z) + p2(z),

for x € X. A continuous map f : X — Y induces a ring homomorphism C/(f):
C(Y) — C(X), defined at ¢ € C(Y) by taking (C(f))(q) to be the composite map

Xty 1R

C(f) goes in the opposite direction from f. Then, C is a contravariant functor from
Top to Ring.

Definition A.3.8 ([Leil4], Definition 1.2.16) A functor F' : &/ — A is faithful (respec-
tively, full) if for each A, A’ € &7, the function

(A, A') — B(F(A), F(A))
f= F(f),

is injective (respectively, surjective).
Definition A.3.9 ([Leil4], Proposition 3.2.4) A category &/ is small if Ob(&/) is a set.

Definition A.3.10 ([Lez], Definition 3.3.1) Let F': £ — € be a functor, with . a small
category and ¢ any category. For X € Ob(%) and each i € I := Ob(.%), let F; := F(i)
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and f; : X — F; be a morphism. The family (f;)ier is compatible if for each morphism
g :i— jin £ we have that f; = F(g) o f:

i =

X
fi Y

FA

F(g) J

A limit (or inverse limit) of F is an object lim F' of € along with a compatible family
—

F;
of morphisms p; : lim F' — Fj, such that for any other compatible family f; : X — F; there
<—
exists an unique morphism f: X — 1(£nF for which p; o f = f;, that is

e

It is said that ¥ is a complete category if for each small category . and each functor
F : £ — € there exists the inverse limit.

Definition A.3.11 ([Lez], Definition 3.3.2) Let F': £ — % be a functor, with .Z a small
category and % any category. For X € Ob(%) and each i € I := Ob(.%), let F; := F(i)
and f; : X — F; be a morphism.

A colimit (or direct limit) of F is an object lim F' of 4 along with a compatible family
—
of morphisms ¢; : F; — lim F', such that for any other compatible family f; : F; — X there
—
exists an unique morphism f : h_n}F — X for which fogq; = f;, that is

z'*>g J =

It is said that € is a cocomplete category if lim F' exists for each small category &
—
and for each functor F' : & — ¥.



APPENDIX B

Some important algebras

In this section we consider several algebras that are important throughout this work. We
have to define certain types of algebras and certain properties.

Throughout this work, examples of skew PBW extensions are mentioned. It is impor-
tant to take into account their origins and the motivation that was had at the time of
defining them. Ore in [Ore33] defined the Ore extensions, which are important since
they were generalized to define PBW extensions and then skew PBW extensions.

Definition B.0.1 ([GWJO04], p. 34) Let R be a ring, ¢ a ring endomorphism of R, and §
and o-derivation on R, that is

(i) 0 is a endomorphism of R as an additive group, and

(ii) 6(ab) = o(a)d(b) + d(a)b, for all a,b € R.
We shall write S = R[z; 0, d] provided

(i) S is a ring, containing R as a subring.

(ii) = is an element of S.
(iii) S is a free left R-module with basis {1, z,2?%,...}.
(iv) xr = o(r)x + 6(r), for all r € R.

Such a ring S is called an Ore extension of R.

This definition is important since it will be used later in the propositions and defini-
tions on PBW extensions.

A important subset of Ore extension is Ore algebras. These are defined as follows.

82
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Definition B.0.2 ([RS16], Definition 4.2) An Ore algebra is an Ore extension in which
the ring of coefficients is A := K[t1,...,ty],m > 0 and for each 1 < i < n, 0;,; are
K-linear. Note that this is equivalent to o;(k) = k, d;(k) = 0, for each k € K; moreover,
A is indeed a K-algebra. Thus, an Ore algebra is an extension with the form

K[tla cee 7tm] [$1501751] T [xn;a—mén} ,m > 0.
Remark B.0.3 In the case where o; = ig, it is said that Ore extension is derivation type.

Example B.0.4 ([Lez], Example 1.4.2) Let R be a ring and A an Ore extension of R,
A= R[r1;01,01] - - [Tn; 0n, 0n). We say that A is an Ore extension of derivation type if
o; = iR, for each 1 < i < n. Note that these are skew PBW extensions. Indeed, in this
case ¢, =7, ¢ij = 1, x;r —rx; = 6(r), vix; — xjz; = 0.

In particular, any Ore algebra of derivation type is a skew PBW extension. With this,
it is enough to see that some algebra are Ore algebras of derivation type to say that they
are skew PBW extensions.

Now, we see definition of algebras mentioned in this work and their properties.

Example B.0.5 (|[GL10], Example 1.(a)) (Classical polynomial ring) Let
A = RJ[ty,...,t,] be the classical polynomial ring, so t;r — rt; = 0 and t;t; — t;t; = 0, for
any 1 <i,j < n. The R-free basis is Mon(A).

Example B.0.6 ([GL10], Example 1.(b)) (Skew polynomial ring of derivation type)
Any skew polynomial ring A = R|x; 0, 6] of derivation type is a skew PBW extension. In
this case zr — rz = §(r) and xx — zx = 0; the R-free basis is {x! | I > 0}.

Example B.0.7 ([GL10], Example 1.(c)) (Ore algebra of derivation type) Let R =
K[t1,...,tm]. If A= R[x1;01,01] - [Tn;0n,dy] is an Ore algebra of derivation type, then
A is a skew PBW extension of R. In this case x;r — ra; = 6(r), z;2; — zj2; = 0 and
0i(r) € R, for any 1 <i,j <n,r € R.

Example B.0.8 ([GL10], Example 1.(d)) ( Weyl algebra)

An(K) =K[t1, ..., ty)[z1;01,01] - - - [Tn; On, On] is another important example of skew PBW
extension. In fact, the Weyl algebra A,(K) is an Ore algebra with o; = igy, . 4, and
d; = 0/0t;, for 1 < i < n. In this situation, x;p — px; = Op/0t;, xjx; — xjx; = 0, for any
p € K[t1,...,ty) and 1 <i,j <n.

Example B.0.9 (|[GL10], Example 1.(e)) (Enveloping algebras of finite dimensional
Lie algebras) Let g be a finite dimensional Lie algebra over K with basis
{z1,...,2,}; the universal enveloping algebra of g, U(g), is a skew PBW extension of K.
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In this case, x;k — kz; = 0 and xjz; — xjz; = (25, 2] € g = K+ Koy + - - - + Kzy, for any
keKand1<14,57 <n.

Now, we see an important example to show that certain algebras are skew PBW
extensions.

Example B.0.10 ([GL10], Example 5.(iii)) Any iterated skew polynomial ring
Rlz1;01,01] - - - [xn; 0n, 0n] is a skew PBW extension, if it satisfies the following conditions:

e For 1 < < n, g; is injective.
e For every r € Rand 1 <i <n, o4(r),0;(r) € R.
e For i < j, oj(x;) = cx; + d, with ¢,d € R, and ¢ has a left inverse.

e For i < j, d;(x;) € R+ Rx1 + - + Rua;.

Under these conditions we have

Rlz1;01,01] -+ [Tn; On, 0n) = o(R) (X1, ..., Tn).

In particular, any Ore algebra K[ti,...,tp][x1;01,01] - [Tn;0n,0s] is a skew PBW
extension if it satisfies the following condition:

e For 1 <i < n, g; is injective.

In fact, in Ore algebra for every r € Klt1,...,t] and 1 < i < n, o;(r),0;(r) €
K[t1,...,tm], for i < j, o;(x;) = z; and d;(x;) = 0. Under these conditions we get

Klt1, ... tm][x1;01,01] - [Xn; 00, 0n] = o(K[t1, ..., tn]) (21, ..., 2p).

Example B.0.11 ([GL10], Example 5.(iv)) (Additive analogue of the Weyl algebra)
The K-algebra A, (qi,...,qn) is generated by z1,...,2n,91,...,yn and subject to the
relations

YiTj = TjYi, 0 F J,
viri = iy + 1,1 <1 <,

where ¢; € K*. We observe that A,(qi,...,q,) is isomorphic to the iterated skew
polynomial ring Klz1,...,2,][y1;01,01] - [Yn; On, 0n] over the commutative polynomial
ring K[xq,...,x,]

oi(yi) == yi,05(yi) == 0,1 <i < j<mn,
oi(xj) = x5,0:(xj) = 0,i # j,
oi(x;) = qizi0i(x;) = 1,1 <i <mn.
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Thus, An(q1,...,qn) satisfies the conditions of Example B.0.10 and is bijective. We
have

An(qry -y qn) = o(Klzg, ..oy zn]) (Y1, - o Yn)-
Example B.0.12 ([GL10], Example 5.(v)) (Multiplicative analogue of the Weyl al-
gebra) The K-algebra O, ()\;;) is generated by 1, ..., x, and subject to the relations
TjT; = /\jixixj, 1 <1<y <n,
where \j; € K*. We note that O,,()j;) is isomorphic to the iterated skew polynomial
ring K[x1][xg : 09] -+ - [2n; 00

oj(xi) = Njizi, 1 <i < j < n. (B.0.1)

Thus, O, (\j;) satisfies the conditions of Example B.0.10, and hence

On()\ji) = U(K[$1])<1‘2, . ,.%'n>.

Example B.0.13 ([GL10], Example 5.(vi)) (¢-Heisenberg algebra) The K-algebra h,(q)
is generated by z1,...,Zn,Y1,.--,Yn, 21, - -, 2n and subject to the relations

Tjx; = Xikj, 2§z = ZiZj,  YiYi = YiYi, L <1, < n,
2iYi = VYiZj, 2T = TiZj,  Yikj = TVt # ],

-1 .
il = QYizi, ZTi = q TiZ +Yi, Yivi = qriy;, 1 <1< n,

with ¢ € K*. Note that h,(g) is isomorphic to the iterated skew polynomial ring
Klz1,...,zn][y1;01) - - [Un; onl[21; 01, 01] - - - [2n; On, Op] o0 the commutative polynomial ring
Klzi, ...,z

0;(z) == 2i,05(2) ' =0,05(y;) ==y, 1 <1 < j<m,
0i(yi) = vi,6;(yi) := 0,0;(z;) := x4, 65(z;) :=0,05(x;) := 4,7 # J,
0:(y:) := qui, 0i(yi) := 0,0;(;) := q 'y, i (25) = i, 04() := gy, 1 < i < .

Since 0;(z;) = y; & K[z1,...,zy], then hy,(g) is not a skew PBW extension of
K[z1,...,z,]. However h,(q) is bijective skew PBW extension of K:

hn(q) = o(K){(Z1, ..., Tni Yty ey Ynj 21y s Zn)-

Example B.0.14 ([SR17a|, Example 2.6.3) (Particular Sklyanin algebra) The K-
algebra S = K(z,y, 2)/{ayz +bry+cz?, axz +bzx +cy?, azy +byz +cx?), where a, b, c € K.
If ¢ # 0 then S is not a skew PBW extension. If ¢ =0 and a,b # 0 then in S:

a
YT = ——TY, 2T = ——TZ,2Y = ——Y2
a b a
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In this case, we have o1 = idg, o9(x) = —gx and o3(x) = =%z, 03(y) = —Sy. o1
corresponds to x, o3 corresponds to y and o3 corresponds to z. Therefore, S = o(K)(z,y, 2)
is a skew PBW extension of K.

Example B.0.15 ([SR17a], Example 2.6.5) (Homogenized enveloping algebra) Let g
be a finite dimensional Lie algebra over K with basis {z1,...,z,} and U(g) its enveloping
algebra. The homogenized enveloping algebra of g is A(g) := T'(g ® Kz)/(R), where
T(g @ Kz) is the tensor algebra, z is a new variable and R is spanned by {z®z — 2z ® z |
regitU{z@y—y®z—[r,y®z | z,y € g}. From Proposition 2.2.9 for g @ K(z),
considered as a Lie algebra over K(z), we get that A(g) is a skew PBW extension of K|[z].

Example B.0.16 ([Reyl3b], p. 26) ( Woronowicz algebra) 1t is the algebra denoted by
W, (s1(2,K)), generated by z,y, z subject to the relations

zz—vizr =1+ 1Yz, zy—rviyr=vz, z2y—viyz=1+1%y,

where v € K* is not a root of unity. If 1 + > = v, we have the isomorphism
Wy (s1(2,K)) = o(K)(z,y, z) (for more details see [Rey13b], Example 3.2.11).

Example B.0.17 ([Rey13b], p. 28) (The algebra of differential operators on a
quantum space) Let K be a commutative ring and let q = [¢;;] be a matrix with entries
in K* such that ¢;; = 1 = g;qjs, for all 1 <4,5 < n. The K-algebra Sq is generated by
zi, 1 <1 < n, subject to relations

xixj = qijxjxi.

The algebra Sq is regarded as the algebra of functions on a quantum space. The
algebra Dg(Sq) of g-differential operators on Sq is defined by

aﬂ}j — qz»ja:jé?i = 5ij7 for all Z,]

The relations between 9;, are given by

&ﬁj = qz-j@jai, for all Z,]

Therefore, Dq(Sq) = o(0(K){(z1,...,25))(01,-..,0n).

Example B.0.18 ([Reyl13b], p. 30) (Multiparameter quantized Weyl algebra) Let
Q = [q1,.-.,qn] be a vector in K™ with no zero components, and let I' = [;;] be a multi-
plicatively antisymmetric n X n matrix over K. The multiparameter Weyl algebra AS’F(K)
is defined to be the algebra generated by K and the indeterminates y1,...,Yn, T1,...,Tn
subject to the relations
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Yiyr = VijYiYi, 1<i,j<mn,

TiTj = qiYij TjTs, 1<i<j<n,

TilYj = V5iYjTis 1<i<y<n,

TiYj5 = q575iY;5 T4, 1< <1 <n,

vy = gz + 1+ (o — Dy, 1<j<n
I<j

From relations above we have that A" (K) is isomorphic to a skew PBW extension,
that is

APN(K) Z o (o(a(o(- - a(a(K){x1))(y1)) -+ Hzn-1))Yn-1))(Zn)) (Yn)-

Example B.0.19 ([Rey13b], p. 31) (Quantum symplectic space) For every nonzero
element ¢ in K, one defines this quantum algebra O, (sp(K?")) to be the algebra generated

by K and the variables y1,...,¥yn,Z1,..., 2, subject to the relations
Yz = q ziy;, YiYi = qYiYj, 1<i<jy<n,
zjr; = q lamg, Ty = qUYiTj, I1<i<j<mn,
i—1
vy — ¢y = (@ = 1) Y ¢y, 1<i<n.
1=1

From relations above we have that O, (sp(K?")) is isomorphic to a skew PBW extension,
that is

Og(sp(K*")) = o (a(o(o (- o (o (K) (1)) (y1)) - ) (@n—1)) (Y1) {20)) (U)-

Example B.0.20 ([Reyl3b], p. 26) (Manin algebra) By definition, O,(M>(K)), also
denoted O(M,(2)), is the coordinate algebra of the quantum matrix space My(K). It is
the K-algebra generated by the variables z,y, u, v satisfying the relations

ur = qru, Yu = quy, VU = U,

and

v =qv, yv=quy, yr—ay= (¢ " —quw,

where ¢ € K*. Thus, Oy(M2(K)) = o(o(o(o(Kz]))(u))(v))(y).
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Now we see the general definition of 3-dimensional skew polynomial algebras. It should
be noted that all are skew PBW extensions.

Example B.0.21 ([Rosl3], C4.3) (3-dimensional skew polynomial algebras) A 3-
dimensional skew polynomial algebra A is the K-algebra generated by the variables x,y, z
restricted to relations

yz—azy =X, zx—pfrz=u, IYy—YYr=mro,

such that

(i) A, pu,v € K+ Kz + Ky + Kz, and o, 8,7 € K*;

(ii) Standard monomials {x'y/2! | ,4,1 > 0} are a K-basis of the algebra.

Proposition B.0.22 ([Ros13], Theorem C4.3.1) If A is a 3-dimensional skew polynomial
algebra, then A is one of the following algebras:

(a) if [{a, 5,7} = 3, then A is defined by the relations yz — azy = 0, zz — fzz =
0, zy — yyz = 0. In this case A = K[z; 01][y; 02][2; 03] with o1 = idg, oo(x) = a1z
and o3(z) = 'z, o3(y) =77y

(b) if {a, B,7}| =2 and B # a = = 1, then A is one of the following algebras:

(i) yz—2y=2, zx—pfrz=y, ay-—yr=uz,
(ii) yz— 2y =2, zax—pPrz=0>b, zxy—yr=ux;
(iii) yz — 2y =0, zx—frz=y, xy—yx=70;
(iv) yz—2y =0, zx—frz=b, zy—yzr=0;
(V) yz—zy=az, zx—pPrz=0, zy—yzr=ux
(Vi) yz—z2y=2, zzx—Prz=0, zy—yzr=0,

where a, b are any elements of K. All nonzero values of b give isomorphic algebras.

(c¢) If {a, B,7}| =2 and 5 # o = v # 1, then A is one of the following algebras:

(i) yz—azy =0, zx—Prxz=y+b, zy—ayzr=0;
(ii) yz—azy =0, zzx—Pzrz=0>, zy—ayr=0.

In this case, b is an arbitrary element of K. Again, any nonzero values of b give
isomorphic algebras.

(d) If « = p = v # 1, then A is the algebra defined by the relations yz — azy =
a1x + by, zx — axz = agy + by, Ty — ayr = agz +bs. If a; =0 (i = 1,2,3), then all
nonzero values of b; give isomorphic algebras. If a; # 0 (i = 1,2,3), then A is not
an Ore extension.

(e) If a = =+~ =1, then A is isomorphic to one of the following algebras:
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(i) yz—zy=z, zx—2x2=yYy, =Y—Yyr=2
(ii) yz—2y=0, zx—2z=0, zy—yx=z;
(iii) yz2— 2y =0, zx—2z=0, zy—yx =10
(iv) yz—z2y=—y, zzx—zxz=x+y, xy—yx=70;

(v) y

Parameters a,b € K are arbitrary, and all nonzero values of b generate isomorphic
algebras.

z—zy=uaz, zx—xz=2, zy—yzx=070;

Example B.0.23 ([Reyl3b], p. 21) (Algebra of linear partial shift operators)
The K-algebra of linear partial shift operators with polynomial coefficients is the alge-
bra K[ti,...,t,][E1, ..., Ey] subject to the relations

tit; = tit;, 1<i<j<n,
Eit, = (ti+ 1)E; = t;E; + E;, 1<i<m,
Ejt; = LB, i # 3,
E;E; = E;E;, 1<i<j<n.

These relations imply that this algebra can be expressed as the iterated skew PBW
extension o (o (- o(o(K[E1,. .., Eyn]){t1))(t2)) - ) (tn-1)){tn).

Example B.0.24 ([LFG'], Example 18.2.1) (Sridharan enveloping algebra of 3-
dimensional Lie algebra G) Let G be a finite dimensional Lie algebra, and let f €
Z%(G,K) be an arbitrary 2-cocycle, that is, f : G x G — K such that f(z,z) =0 and

f@ 1y, 2]) + f(z [z, 9]) + f(y, [2,2]) = 0

for all z,y, z € G. The Sridharan enveloping algebra of G is defined to be the associative
algebra Uy(G) = T(G)/1, where T(G) is the tensor algebra of G and I is the two-sided
ideal of T'(G) generated by the elements

(r@y) - (y@r)—[2,9] — f(2,Y), forall z,y € G.

If G is a Lie K-algebra of dimension three, then the Sridharan enveloping algebra Us(G)
for f € Z%(G,K) is isomorphic to one of ten following associative K-algebras, defined by
three generators z,y,z and the following commutation relations (see [Nus91]|, Theorem
1.3)
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| Type [ [z,y] | [y,2] [ [z2] |

1 0 0 0

2 0 T 0

3 x 0 0

4 0 ay -

5 0 y —(z+y)
6 z —2y | —2z

7 1 0 0

8 1 T 0

9 x 1 0

10 1 Y x

where av € K*. Therefore the Sridharan enveloping algebra U;(G) is a skew PBW
extension of K, Us(G) = o(K)(x,y, 2).

The examples shown in this appendix are skew PBW extensions. This means that
the algebras shown have PBW basis. An algorithm to determine a basis of skew PBW
extensions can be found in [RS17a].



APPENDIX C

Algebraic geometry

In this appendix, we see the most important notions of algebraic geometry that it were
used throughout this work.

First, we define the notion of affine space, which is the motivation to then arrive at
the projective plane.

Definition C.0.1 ([Harl3], p. 1) Let K be a fixed algebraically closed field. We defined
affine n-space over K, denoted by AL, or simply A™, to be the set of all n-tuples of
elements of K. An element P € A" will be called a point, and if P = (aq,...,a,) with
a; € K, then the a; will be called the coordinates of P.

Let A =K[z1,...,x,] be the polynomial ring in n variables over K. We will interpret
the elements of A as functions from the affine space to K, by defining f(P) = f(a1,...,an),
where f € A and P € A™. Thus if f € A is a polynomial, we can talk about the set of
zeros of f, namely Z(f) ={P € A" | f(P) = 0}. More generally, if T' is any subset of A,
we define the zero set of T' to be the common zeros of all elements of T, namely

Z(T)={P e A" | f(P)=0, forall feT}.

Definition C.0.2 ([Harl3], p. 2) A subset Y of A" is an algebraic set, if there exists a
set T' C A such that Y = Z(T).

Definition C.0.3 ([Har13], p. 2) We define the Zariski topology on A™ by taking the
open subsets to be the complements of the algebraic sets.

Now, we see the analogy that we have with the previous concepts when defining the
projective space.

91
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Definition C.0.4 ([Harl3], p. 8) Let K be an algebraically closed field. We defined pro-
Jjective n-space over K, denoted by Pk, or simply P", to be the set of equivalence classes

of (n+ 1)-tuples (ao, ..., a,) of elements of K, not all zero, under the equivalence relation
given by (ag,...,an) ~ (Aag, ..., Aay,) for all A € K, X # 0.

An element of P" is called a point. If P is a point, then any (n + 1)-tuple (ao, ..., a,)
in the equivalence class P is called a set of homogeneous coordinate for P.

Let S be the polynomial ring K[z, ..., z,]. We can talk about the zeros of a homo-
geneous polynomial, namely Z(f) = {P € P" | f(P) = 0}. If T is any set of homogeneous
elements of S, we define the zero set of T to be

Z(T)={P eP"| f(P) =0, forall f € T}.

Definition C.0.5 ([Harl3], p. 9) A subset Y of P" is an algebraic set, if there exists a
set T' of homogeneous elements of S such that Y = Z(T').

Definition C.0.6 ([Harl3], p. 10) We define the Zariski topology on P" by taking the
open sets to be the complements of algebraic sets.

Definition C.0.7 ([Harl3], p. 10) A projective algebraic variety (or simply projec-
tive variety) is an irreducible algebraic set in P, with the induced topology. An open
subset of a projective variety is a quasi-projective variety.

If Y is any subset of P", we define the homogeneous ideal of Y in S, denoted I(Y'),
to be the ideal generated by {f € S | f is homogeneous and f(P) =0, for all P € Y'}. If
Y is an algebraic set, we define the homogeneous coordinate ring of Y to be S(Y) =

S/I(Y).

Definition C.0.8 ([Harl3], p. 15) Let us consider a quasi-projective variety Y C P". A
function f : Y — K is regular at a point P € Y if there is an open neighborhood U with
P € U CY, and homogeneous polynomials g, h € S = K|z, ..., z,], of the same degree,
such that h is nowhere zero on U, and f = g/h on U. We say that f is regular on Y, if
it is regular at every point.

Now, we define an essential concept that was used throughout this work, which is
associated with some given variety.

Definition C.0.9 ([Harl3], p. 16) Let Y be a variety. We denote by O(Y") the ring of all
regular functions on Y. If P is a point of Y, we define the local ring of P onY, Opy
(or simply Op) to be the ring of germs of regular functions on Y near P. In other words,
an element of Op is a pair (U, f) where U is an open subset of Y containing P, and f is
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a regular function on U, and where we identify two such pairs (U, f) and (V,g),if f = ¢
onUNYV.

Notation C.0.10 If S is a graded ring, and p a homogeneous prime ideal in S, then we
denote by S(p) the subring of elements of degree 0 in the localization of S with respect
to the multiplicative subset T' consisting of the homogeneous elements of S not in p. In
particular, if S is a domain, then for p = (0) we obtain a field S((g))-

Now, we define another topology as follows: Let A be a local ring with maximal ideal
m. The powers of m define a topology on A, called the m-adic topology. By completing
with respect to this topology, one defines the completion of A, denoted A. Alternatively,
one can define A as the inverse limit @Am” (Definition A.3.10).

Now we define an important concept about module theory. Let S be a graded ring. A
graded S-modules is an S-module M, together with a decomposition M = @ ;. Mg,
such that Sy - M, C Mg,.. For any graded S-module M, and for any I € Z, we define the
twisted module M (1) by shifting [ places to the left, i.e., M(l)g = Mgy

With the definitions mentioned above, we come to the notion of presheaf. Although
there is a general notion of presheaf, we will define it over a topological space.

Definition C.0.11 ([LFG™], Definition A.4.0.1)Let X be a topological space. A presheaf
F over X is defined with the following conditions:

(i) To every open set U C X is associated a set F(U). F(0) consists only of one element.

(ii) To any open sets U C V of X is associated a function 7} : F(V) — F(U) such that
the following conditions hold:

a) Fy = iF (), for any open set U of X.

b) for any open sets U C V C W of X we have 7}V = FY o F\V.

The sets F(U) are called the sections of F.

Example C.0.12 Let R be an integral domain and let X = Spec(R) be the set of its
primes ideals with the Zariski topology. We consider K = Q(R) and U C X open set.
Then R is a presheaf defined by:

e R(U)={0},if U =1,

e R(U) = {z € K | z has at least one representation of the form z = ,r ¢ P, for all
PeU}IU#D

e U CV C X open sets, then
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RU) > R(V), 20, ifU=0

X
SN
I

RU)—=R(V), zw 2z, ifU#D

Definition C.0.13 ([LFG™'], Definition A.4.0.2) A presheaf F on a topological space X
is a sheaf, if for any open set U C X and any open cover U = | J;c U; of U the following
two conditions hold:

(i) If 2, 2" € F(U) and Ff (2) = F ('), for all i € C then z = 2.

(ii) Let {z | zi € F(U;)}icc be a collection of elements such that for any i, j € C we have
fl%ng (z;) = fgijj (zj). Then there exists z € F(U) such that f[(]]i(z) = z;, for any
1€ C.

Example C.0.14 If R is a commutative ring, then R from Examples C.0.12 is a sheaf for
X = Spec(R).

Definition C.0.15 ([LFGT], Definition A.4.0.3) A ringed space is a pair (X,F) con-
sisting of a topological space X and a sheaf of rings F over X.

It is clear that (X, R) from Example C.0.14 is a ringed space.
Now we will see how two ringed spaces can be related.

Definition C.0.16 ([LFG™], Definition A.4.0.4) A morphism of ringed spaces
v : (X, F)— (Y,G) is defined by:
(i) A continous function ¢ : X — Y.
(ii) Given an open set U of Y, we have a ring homomorphism ¢y : G(U) — F(o~H(U)).

(iii) For any open subsets U C V of Y the following diagram is commutative:

e~ 1(v)
Fle (V) LR (e (1))
ﬂ)vT ¢UT
Gy
G(V) G(U)

A morphism of ringed spaces ¢ : (X, F) — (Yg) is an isomorphism, if there exists a
morphism of ringed spaces ¢ : (Y,G) — (X, F) such that ¢pp =i, ) and ¢ = iy g).

With all the above definitions, we have what is necessary to define the central element
of this chapter.
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Definition C.0.17 ([LFG™], Definition A.4.0.6) A scheme is a ringed space (X, F) for
which every point x € X has a neighborhood U, such that the induced ringed space
(Uy, Flu,) is isomorphic to (Spec(R), R), where R is some commutative ring depending
of x.

Example C.0.18 ([LFG'], Example A.4.2) Let R be a commutative ring and let Spec(R)
be the set of its primes ideals with the Zariski topology. Given U an open set of Spec(R)
we define

RU) = lglUngRf’

where Uy ranges over all basic open sets contained in U and Ry is the localization of
R with respect to f € R (if f is nilpotent, we take Uy := () and Ry := {0}). We have that

RWU) =3 (zp) € [] Rylzn=R{ (z), for Uy CU,CU ¢,
UsCU

where

Uy .
Ry? Ry — Ry,
a aul

P

with h* = gu, for some k > 1 and u € R. Rﬁj is a rign homomorphism, and hence,
R(U) is a subring of HXer Ry¢. Now, let U C V be open sets of Spec(R), we define

RY :R(V) = R(U)
(zf) = (zn),

where (zp,) is the subsequence of (zf) such that U, C U.

With this construction, we have (Spec(R), R) is a scheme, named the affine scheme
defined by R.

Definition C.0.19 ([Harl3], p. 62) If F is a presheaf on X, and if P is a point of X, we
define the stalk Fp of F at P to be the direct limit of the groups F(U) for all open sets
U containing P, via the restriction maps Fy;.

Definition C.0.20 ([Harl3], p. 65) Let f : X — Y be a continuous map of topological
spaces. For any sheaf F on X, we define the direct image sheaf f,.F onY by (f.F)(V) =
F(f~Y(V)) for any open set V C Y. For any sheaf G on Y, we define the inverse image
sheaf f~'G on X to be the sheaf associated to the presheaf U — limg/5 ¢y G(U), where
U is any open set in X, and the limit is taken over all open sets V' of Y containing f(U).

An important example of sheaf is the sheaf of regular functions; it is defined as follows



APPENDIX C. ALGEBRAIC GEOMETRY 96

Example C.0.21 ([Har13], Example 1.0.1) Let X be a variety over the field K. For each
open set U C X, let O(U) be the ring of regular functions from U to K, and for each
V CU,let FY : O(U) — O(V) be the restriction map. Then O is a sheaf of rings on X.
We call O the sheaf of regular functions on X.

Now, we construct the space SpecA associated to a ring A. As a set, we define SpecA to
be the set of all prime ideals of A. If a is any ideal of A, we define the subset V' (a) C SpecA
to be the set of all prime ideals which contain a.

We can define a topology on SpecA by taking the subsets of the form V(a) to be the
closed subsets.

As in Example C.0.21, we define a sheaf of ring O on Spec(A). For each prime ideal
p C A, let A, be the localization of A at p. For an open set U C Spec(A), we define O(U)
to be the set of functions s : U — | | ;s Ap, such that s(p) € Ay for each p, and such that
s is locally a quotient of elements of A.

Definition C.0.22 ([Harl3], p. 70) Let A be a ring. The spectrum of A is the pair
consisting of the topological space SpecA together with the sheaf of ring O defined above.

Above definition is an important example of ringed space (Definition C.0.15).

Definition C.0.23 ([Harl3], p. 72) A morphism of ringed spaces from (X,Ox) to
(Y, Oy) is a pair (f, f7) of a continuous map f: X — Y and a map f# : Oy — f.Ox of
sheaves of rings on Y.

Now, we return to definition of scheme (Definition C.0.17). We define an important
class of schemes constructed using graded rings.

Let S be a graded ring. We denoted by S the ideal @, ,Ss. We define the set
ProjS to be the set of all homogeneous prime ideals p, which do not contain all of S;. If
a is a homogeneous ideal of S, we define the subset V(a) = {p € ProjS | p D a}.

Example C.0.24 ([Har13], Example 2.5.1) If A is a ring, we define projective n-space
over A to be the scheme P} = ProjA[xo, ..., Zy).

Definition C.0.25 ([Harl3|, p. 78) Let S be a fixed scheme. A scheme over A is a
scheme X, together with a morphism X — S. If X and Y are schemes over S, a morphism
of X to Y as schemes over S, is a morphism f : X — Y which is compatible with the
given morphism to S. We denote by Gch(.S) the category of schemes over S.

Definition C.0.26 ([Harl3], p. 86) The dimension of a scheme X, denoted dimX, is
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its dimension as a topological space. If Z is an irreducible closed subset of X, then the
codimension of Z in X, denoted codim(Z, X) is the supremum of integers n such that
there exists a chain

I =0y< 1 << 2y

of distinct closed irreducible subsets of X, beginning with Z.

Now, we define an important product between schemes.

Definition C.0.27 ([Harl3], p. 87) Let S be a scheme, and let X,Y be schemes over S.
We define the fibred product of X and Y over S, denoted X xgY’, to be a scheme, together
with morphism p; : X xgY — X and ps : X xgY — Y, which make a commutative
diagram with the given morphisms X — S and Y — 5, such that given any scheme Z over
S, and given morphism f: Z — X and g : Z — Y which make a commutative diagram
with the given morphisms X — S and Y — S, then there exists a unique morphism
0:7Z — X xgY such that f = pj 00, and g = ps 0. The morphisms p; and ps are called
the projection morphisms of the fibred product onto its factors

If X and Y are schemes given without reference to any base scheme S, we take S =
SpecZ and define the product of X and Y, denoted X x Y, to be X Xgpecz Y.

With Definition C.0.27, we can extend concept of projective n-space.

Definition C.0.28 ([Harl3], p. 103) If Y is any scheme, we define projective n-space
over Y, denoted PY, to be P% xgpecz Y. A morphism f : X — Y of schemes is projective
if it factors into closed immersion ¢ : X — Py for some n, followed by the projection
Py — Y.

We are interesting in sheaves of modules. So, we begin by defining sheaves of modules
on a ringed space.

Definition C.0.29 ([Harl3], p. 109) Consider (X, Ox) be a ringed space. A sheaf of
Ox-modules (or simply an Ox-module) is a sheaf F on X, such that for each open set
U C X, the group F(U) is an Ox(U)-module, and for each inclusion of open sets V' C U,
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the restriction homomorphism F(U) — F (V) is compatible with the module structures
via the ring homomorphism Ox(U) — Ox(V). A morphism F — G of sheaves of
Ox-modules is a morphism of sheaves, such that for each open set U C X, the map
F(U) — G(U) is a homomorphism of Ox (U)-modules.

We define the tensor product F ®o, G of two Ox-modules to be the sheaf associated
to the presheaf U — F(U) @0 @) G(U).

Let f: (X,0x) — (Y,0Oy) be a morphism of ringed spaces. If F is an Ox-module,
then f,F is an f,Ox-module. Since we have the morphism f# : Oy — f,Ox of sheaves
of rings, this gives f,JF a natural structure of Oy-module. We call it the direct image of
F by the morphism f.

Now let G be a sheaf of Oy-modules. Then f~1G is an f~'Oy-module. Because of
the adjoint property of f~!, we have a morphism f~'Oy — Ox of sheaves of rings on X.
We define f*G to be the tensor product

fﬁlg ®f71(9Y OX

Thus f*G is an Ox-module. We call it the inverse image of G by the morphism f.

Now we see the definition of associated sheaf.

Definition C.0.30 ([Harl3], p. 110) Let A be a ring and let M be an A-module. We
define the sheaf associated to M on SpecA, denoted by M , as follows. For each prime
ideal p C A, let M, be the localization of M at p. For any open set U C SpecA, we define
the group M(U) to be the set of functions s : U — [ |,y My such that for each p € U,
s(p) € M,, and such that s is locally a fraction m/f with m € M and f € A.

Taking into account Definition C.0.30, we will now see what happens with associated
sheaf when we consider a graded ring and a graded module.

Definition C.0.31 ([Harl3], p. 116) Let S be a graded ring and let M be a graded S-
module. We define the sheaf associated to M on ProjS, denoted by M , as follows. For
each p € ProjS, let M) be the group of elements of degree 0 in the localization T-'M,
where T' is the multiplicative system of homogeneous elements of S not in p. For any open
subset U C ProjS we define M (U) to be the set of functions s from U to |_|peU M) which
are locally fractions. This means that for every p € U, there is a neighborhood V of p in

U, and homogeneous elements m € M and f € S of the same degree, such that for every
g€V, wehave f ¢ q, and s(q) =m/f in M.

The following definition is quite important, because Artin uses it in [ATVdABO7].
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Definition C.0.32 ([Harl3], p. 117) Let S be a graded ring, and let X = ProjS. For any

n € Z, we define the sheaf Ox(n) to be S(n). We call Ox (1) the twisting sheaf of Serre.
For any sheaf of Ox-modules, F, we denote by F(n) the twisted sheaf F @0, Ox(n).

Definition C.0.33 ([Harl3], p. 120) For any scheme Y, we define the twisting sheaf
O(1) on P§, to be g*(O(1)), where g : P{. — P}, is the natural map.

Definition C.0.34 ([Harl3], p. 143) For any ringed space X, we define the Picard group
of X, PicX, to be the group of isomorphism classes of invertible sheaves on X, under the
operation ®.



Conclusions

Throughout this work, we saw the geometry of two very important sequences: normalizing
sequence and regular sequence. We also saw that these sequences are not far from each
other, since both concepts appear precisely in Theorem 2.3.33, our main result. Also,
in both chapters the details of propositions, examples and remarks that are not in the
original literatures were completed.

Mainly, we sought to find the geometry of the normalizing sequences in finitely semi-
graded algebras. To do this, we wanted to try a generalization of Corollary 1.3.16.

Therefore, we studied graded skew PBW extensions looking for a way to generalize to
skew PBW extensions.

Citing what was said in Remark 2.4.6, if we want to generalize Theorem 2.3.33 to
the case of FSG R-algebras, where R is not necessarily a field, we have to study the
properties of Gelfand-Kirillov dimension and Hilbert series in the right base-point modules
of the graded context and try to show analogous properties for generalized Gelfand-Kirillov
dimension and generalized Hilbert series.
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Future work

Since the concept of semi-graded algebra is relatively new, there are questions about
whether certain properties that graded algebras meet also apply to semi-graded algebra.
Some of these questions are asked in [Lez19]. However, we want to leave some research
options related to algebraic geometry, as it was done in this work.

Although we work with normalizing sequences and arrive at their geometry in the
semi-graded context, we still do not have a characterization of normalizing sequences. It
would be interesting to study about a reciprocal of Corollary 1.3.16.

In this work, the concept of right base-point module for semi-graded algebra was de-
fined, based on the generalized Gelfand-Kirillov dimension and the generalized Hilbert
series. However, since we worked on FSG K-algebras, these notions agreed with the clas-
sical ones. An interesting job would be to see what happens when we do not work on K,
but on a Noetherian domain R.

Finally, an important and interesting work that could be carried out would be to see
the relation between filtration and semi-graduation of a SG algebra. It is well known
that some properties of the associated graded algebra of an algebra are inherited from the
algebra itself. It would be interesting to see what that is like in the semi-graded context.
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